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Abstract

Recent advances in the �elds of topological photonics and non hermitian optics have introduced
intiguing ideas which have attracted a lot of attention due to potential applications. However,
endeavours to explore the interplay between the robustness due to topology and the inherent sen-
sitivity of the non hermitian systems are scarce, especially in the non linear regime. In this thesis,
we explore the interplay between these two antagonostic phenomena and proposer a way to control
the dynamics of our system by controlling a single channel. Furthermore, we identify a third order
exceptional point of a topological lattice, and investigate systematically the role of topology on the
sensitivity of non hermitian systems close to the exceptional point.
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0.1 An overview of exceptional points

Introduction

Topological insulators are phases of matter characterized by topological indices which di�erentiates
them from trivial insulators like the vacuum and most conventional insulating crystals [2, 6]. This
kind of topological phases appeared �rst in condensed matter in the context of the Su-Schrie�er-
Hegger model in 1979 [9,10]. However they were understood properly in 1980 by Klaus von Klitzing
et al. in the context of the integer quantum hall e�ect [7]. In the initial work of Thouless et al. [4],
this topological ordering was described as a property of electronic Bloch bands of electrons on a
lattice, and was only generalized later to free electrons on a planar interface. This was done in 1988
by D. Haldane [5]. He considered a model of electrons on a graphene lattice, with time-reversal
symmetry broken explicitly but without any net magnetic �ux through the lattice. This model
has nontrivial topology because of a topological index called the Chern number [1, 2]. Such phases
have unique experimental signatures. Their existance has been experimentally veri�ed [8] both in
condensed matter and in photonics. Topological insulators originated from condensed matter physics
but the same models can describe photonic lattices, which are easier to realize experimentally. The
same analysis applies in the context of wave optics.

The introduction of topological models in photonics has led to the �eld of topological photonics
[22], where the properties of the topological models are intertwined with unique properties of photonic
systems. Another �eld that has attracted a lot of attention in the recent years is the physics of non
hermitian systems [23�31]. One of the main characteristics of this area is the existance of non
hermitian degeneracies, also known as exceptional points [16�18]. These are points in parameter
space where the eigenvalues and their corresponding eigenfunctions coalesce. It has been shown that
near these points there is enhanced sensitivity to perturbations. In 2017, Hodaei et al. experimentally
observed this enhanced sensitivity [15]. This model is one of the very few cases where a third order
exceptional point exists [19�21]. The order of the exceptional point is the number of the states that
coalesce at that point in parameter space, so a third order exceptional point means three states
coalesce into the same eigenstate with the same eigenvalue.

An interesting topic which has attracted far less attention is e�ect of nonlinearity on the topolog-
ical properties of a lattice. However, recent advances, show that nonlinearity can control and a�ect
the underlying symmetries of the system.

In this work, we examine this interplay between topology, non hermiticity and nonlinearity. We
explore the nonlinear dynamics of non hermitian topological systems and the exceptional points of
the Su-Schrie�er-Heeger model and found a third order exceptional point, which we systematically
explore.

0.1 An overview of exceptional points

Most of the standard theory of quantum mechanics revolves around the assumption that the oper-
ators describing any physically observable quantity of a quantum system must be hermitian. The
reason for this, is that this assumption demands the physical observable to be real, thus making
the theory physically relevant. However in recent years it has been shown that this assumption can
be relaxed, in the context of mathematical physics. In 1998, Bender and Boettcher [32] con�rmed
that quantum systems with non-Hermitian Hamiltonians can have real spectrum. Speci�cally, they
considered hamiltonians that respect parity-time (PT) symmetry and therefore may have entirely
real spectrum. Even though the Hermiticity of quantum observables was never in doubt, such
concepts have motivated discussions on several fronts in physics, one of which is photonics where
non-Hermitian systems can be experimentally realized by introducing complex potential. PT sym-
metric systems are extremely useful in optics as the have various applications including enhanced
sensitivity due to exceptional points, perfect transmission through disordered media, and nonrecip-
rocal behavior.

In this thesis, we will consider the physics of exceptional points in non-Hermtian topological
lattices. These are points in parameter space that mark the transition from a PT symmetric system
where the eigenvalues are real, to a PT symmetry broken system, where the eigenvalues are complex.
During this phase transition the eigenstates and eigenvalues of the system coalesce. Such coalescence
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0.2 Waveguide optical structures

is not to be confused with a genuine degeneracy, since the eigenstates participating are the same, and
not di�erent as is the case in genuine degeneracies. The number of the eigenstates and eigenvalues
that participate in the exceptional point is the order of the exceptional point and it determines its
sensitivity. Most systems have second order exceptional points, and thus higher order exceptional
points are rare.

0.2 Waveguide optical structures

A waveguide is a structure that guides electromagnetic waves with minimal loss of energy by re-
stricting the transmission of energy to one direction. Common types of waveguides include optical
�ber and slab waveguides. Waveguides can be classi�ed according to their geometry (planar, strip,
or �ber waveguides), mode structure (single-mode, multi-mode), refractive index distribution and
material (glass, polymer, semiconductor). Complex potential can be realized in a waveguide by
introducing gain or loss at the waveguide. In our work, we consider photonic lattices of coupled
optical waveguides, like the ones depicted in Figure 1.

Figure 1: Schematic depiction of a lattice of coupled optical waveguides.

The propagation axis of these structures is denoted with z. Additionally, couple mode theory
or tight binding approximation accurately describes the behaviour of light as it propagates over z.
Therefore, the dynamics are dominated by the discrete Schröedinger equation that is, the formula

i
d

dz
|ψ(z)〉 = H|ψ(z)〉 or i

d

dz
ψi(z) =

∑
j

Hi,jψj(z), i = 1, 2, ..., N

where the matrix H depends on the parameters of the system, |ψ(z)〉 is the state at propagation
length z and ψi(z) is the i'th element of the vector |ψ(z)〉. This is called discrete Schröedinger
equation due to its similarity whith the Schröedinger equation of quantum mechanics, however
instead of time, we have propagation distance z. The similarity of the two formalisms and the
fact that the matrix H corresponds to the quantum mechanical hamiltonian, allows us to name
the matrix H hamiltonian, and its eigenvalues energies. To conclude, we can use the formalism of
quantum mechanics to study classical optical systems.

0.3 Nonlinear Schrödinger equation

Nonlinear optical waveguides are the ones that have refractive index that depends on the intensity
of the light that is inside the waveguide. Then the dynamics are given by the nonlinear Schrödinger
equation. The nonlinearity that is most commonly used is Kerr nonlinearity but we also examine
the dynamics using saturable nonlinearity.The corresponding evolution equations are:

i
d

dz
ψj =

∑
k

Hj,kψk + g|ψj |2ψj , i
d

dz
ψj =

∑
k

Hj,kψk + U
|ψj |2

1− ε|ψj |2
ψj

These equations describe Kerr and saturable optical nonlinear media. The ψj is the j component of
the vector |ψ(z)〉 and g,U and ε are constant parameters of the system.
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1 Introduction to the Su-Schrie�er-Heeger model

1.1 Topology of the in�nite Hermitian SSH

The Hamiltonian of the SSH model is

H = v
∑
m

B†mAm + w
∑
m

A†m+1Bm + h.c.

where h.c. stands for Hermitian conjugate,m runs over all atom sites and v,w are the hopping
amplitudes shown in the next fugure. The form of the �nite Hamiltonian depends on the termination.
An arbitrary termination with N = 3 atoms is the following picture;

Figure 2: The SSH lattice.

We can easily use the result of appendix A and assign to cδ,a,b the following values; c0,B,A = v =
c0,A,B and c1,A,B = w = c−1,B,A. Using the formula in appendix A for the bulk momentum-space
hamiltonian, we get

H =

[
0 v + weika

v + we−ika 0

]
where a = |ri − ri+1| and k is the bloch wavenumber. This matrix describes the spectrum and
eigenstates of the in�nite SSH chain. We can work in a unit system where a=1, then we get

H =

[
0 v + weik

v + we−ik 0

]
from this we can easily �nd the dispersion relation

E±(k) = ±
√
v2 + w2 + 2vwcos(k)

Where k takes the values from the �rst Brillouin zone, that is, k = n 2π
N where n∈{0, 1, ..., N}. The

bands are seperated by an energy gap of 2∆ where ∆ = min(E(k)) = |v − w|.
We can rewrite the hamiltonian as H = dσ where σ = σx

∧
x+σy

∧
y+σz

∧
z and d = dx

∧
x+dy

∧
y+dz

∧
z

where ∧ means unitary and σx, σy, σz are the pauli matrices. Then we see that dx = v + wcos(k) ,
dy = −wsin(k) and dz = 0. Because dz = 0 this means that d moves on the xy plane. Additionally,
because dx and dy are periodic, we conclude that the path of d is closed. Therefore we can de�ne a
topological constant called the winding number which is given by the formula

ζ =
1

2π

∫
(
∧
d× d

dk

∧
d)zdk (1)

We can see that this takes the value 1 for v < w and the value 0 for v > w.
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1.2 Finite non-Hermitian SSH chain

(a) Phases of the in�nite SSH as indicated
by the winding number ζ.

(b) Phases of the �nite SSH as indicated
by the two zero energy edge states.

Figure 3: The topology in the in�nite model and the consequences in the �nite model.

Note that the termination of the system is very important. In order for this description to be
accurate, the system has to be terminated by entrire cells. For example, to the left edge of the chain,
the last site has to be A site, and at the right edge a B site. If this is not the case, the role of the
couplings v and w is reversed.

We can see that the system has 2 phases, a topological phase for v < w and a trivial phase for
v > w. This theory applies to the in�nite chain but despite this, consequences of the topological
properties are manifested in the �nite model in the form of uniquely robust edge states. These edge
states are localized at the edge of the topological chain, meaning that if, for example, we connect a
topological and a trivial chain, we will get an topological defect state between the two chains.

1.2 Finite non-Hermitian SSH chain

To study the non-Hermitian SSH chain, we insert gain and loss at the A and B sites respectively.
This is a PT symmetric system with hamiltonian

H = v
∑
m

B†mAm + w
∑
m

A†m+1Bm + h.c.+ iγ
∑
m

A†mAm − iγ
∑
m

B†mBm

In the tight binding approximation we write the hamiltonian as a matrix which will have the
form;

H =


iγ v 0 0
v −iγ w 0
0 w iγ v
0 0 v −iγ

. . .

 (2)

Despite the fact that the system is PT symmetric, the edge states are not, therefore the spectrum
becomes complex once gain and loss is introduced. For N=20 sites, v=1,w=3 and γ = 0.1 we see
the spectrum and the the edge states at Figure 4.

7



1.3 Finite non-Hermitian SSH chain with an interface

Figure 4: The spectrum in the complex plane (left) and the absolute value of the amplitudes of edge
states, one with loss (upper right) and one with gain (lower right).

1.3 Finite non-Hermitian SSH chain with an interface

In order to create a PT symmetric topological state we connect two SSH chains as shown in Figure
5

Figure 5: This depictures how we connect the two SSH chains with an interface inbetween them.

The termination at the two far ends of the chains is such that we have no edge states. Meanwhile,
we have tuned the couplings around the interface so that one of the chains is topological, but the
other is not. Therefore, we expect to �nd a topologically protected state localized at the interface.

The two chains have N1 sites each and the total number of sites, including the interface, is
N = 2N1 + 1. We number the sites so that the �rst site of the �rst chain is at position 1, and the
interface is at position N1 + 1. According to this notation we introduce the gain and loss γ at the
�rst chain in the same way as we did in the precious subsection. The second chain has the opposite
gain and loss −γ and the interface has potential γ0 = 0.

For v=1, w=3, γ = 0.4 and N=41, we �nd the energy spectrum of the hamiltonian, from which
it is easy to pick out the defect state in the middle of the gap.
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1.3 Finite non-Hermitian SSH chain with an interface

(a) Real values of the energies plotted in
increasing order.

(b) The energies on the complex plane.

Figure 6: The energy spectrum.

The system has exceptional point just after γ = 2, which we will study later in this thesis. For
now, we will mainly concern ourselves with the manipulation of the defect state by tuning γ0. As
seen in Figure 8, the Re(γ0) only slightly a�ects the absolute value of the amplitudes of the state,
as long as the state does not approach the bands. However, the Im(γ0) a�ects the amplitudes by
making the state assymmetric with respect to the interface.

Additionally, the energy of the defect state is a�ected by the potential at the interface γ0.
Speci�cally, the Re(E) is a�ected by Re(γ0) and the Im(E) is a�ected by Im(γ0). In �gure 7, we
vary γ0 by varying θ ∈ [0, 2π] with γ0 = eiθ. We also plot the "gainy" and "lossy" states, meaning
the states with zero Re(E) and gain and loss respectively.

Figure 7: The energy spectrum as we vary γ0 such that |γ0| = 1, the lossy defect state (blue
perimeter), gainy defect state (red perimeter) and neutral state defect state (green perimeter).
Notice that the single channel excitation a�ects the energy of the defect state and the defect state
heavily while the opposite is true for the bulk states.
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1.3 Finite non-Hermitian SSH chain with an interface

(a) The absolute value of the am-
plitude of the defect state for γ = 0
(Hermitian lattice)

(b) The absolute value of the ampli-
tude of the defect state for γ = 0.5
(Non-hermitian lattice)

(c) The absolute value of the
amplitude of the defect state for
γ = 0.5,γ0 = 1.

(d) The absolute value of the
amplitude of the defect state for
γ = 0.5,γ0 = −1.

(e) The absolute value of the
amplitude of the defect state for
γ = 0.5,γ0 = 1i.

(f) The absolute value of the
amplitude of the defect state for
γ = 0.5,γ0 = −1i.

Figure 8: Comparison of the defect state for the hermitian and non hermitian chains (a,b) and for
various values of γ0 (c,d,e,f).
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1.4 Robustness

1.4 Robustness

Robustness in the context of topological insulators is commonly used to describe perturbations at
the in�nite lattice, since it is in that approximation that the topological invariants are well de�ned.
The arguement for the robustness of the topological state is that in the in�nite model, if we perturb
the o�diagonal elements, in essence we change the couplings v and w and as long as v < w, we get
the same topology, thus get topological states with energy zero. 1

As we mentioned, in the �nite hermitian SSH, the robustness is expressed in terms of the value
of the energy of the defect state, which does not depend on the values of the coupling constants v
and w. In Figure 9(b) we vary the couplings to v + dv and w + dw and plot the energies on the
complex plane for several values of γ0 while γ = 0. Notice that for γ0 = 0, the energies remain zero
and are independent of the coupling constants. However as we vary γ0 that does not remain the
case. Remarkably, for all γ0, the perturbed energies seem to be distributed on a line when plotted
in the complex plane. We show this in Figure 9(d), where the dashed lines are those lines. In Figure
9(c), we do the same as in Figure 9(b), we plot the perturbed energies for the γ0 shown in Figure
9(a), however now we use γ = 1.

(a) Here we show the values of γ0
we use for the rest of the Figure

(b) Energies in the complex plane.
Here, γ = 0.

(c) Energies in the complex plane.
Here, γ = 1.

(d) Energies in the complex plane and the
respective linear �ts. Here, γ = 1.

Figure 9: The energies in the complex planes for γ = 0 (b) and γ = 1 (c). To get the blue dots, we
use the γ0 shown in (a). Notice that for γ0 = 0, the energy is robust. The further we move away
from γ0 = 0, the stronger the perturbations become.

1Note that diagonal perturbations ruin the validity of this arguement if and only if dz 6= 0.
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1.4 Robustness

Now we perturb the couplings individually at each pair of sites. In Figure 8 (a) we see the patern
for no gain or loss (γ = 0) and in Figure 10(b) the same diagram for γ = 1. Notice that in the
hermitian case, the perturbed energies have a similar pattern to the one shown in Figure 9, and the
energy for γ0 = 0 remains constant despite the perturbations. That pattern breaks as we introduce
gain and loss to the system. This diagram means that some of the robustness of the topological
state vanishes as we insert gain and loss. However, that does not mean that the arguement about
the existance of the state, due to topology, breaks down in the non hermitian case.

(a) Energies in the complex plane.
Here, γ = 0.

(b) Energies in the complex plane.
Here, γ = 1.

Figure 10: We plot the perturbed energies in the complex plane for the hermitian (a) and non
hermitian (b) model.

To summarize, in this section we introduced the SSH model, and talked about its topology and
how it manifests in the �nite model in the form of robust zero energy defect states. We examined
this robustness and noticed that for perturbed onsite potential at the interface, the distribution of
the energies in the complex plane is not isotropic, in a sense that it has a preferred direction in the
complex plane. Furthermore, we examined closely the e�ects of non hermiticity on the spectrum
and on the defect states. We note that some of the properties of the defect states of the hermitian
case, speci�cally the robustness to random perturbations at the individual couplings, are lost as we
transition in the non hermitian case.
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2 Exceptional points

2.1 The exceptional point for the SSH lattices with an interface.

In this section we take a closer look at the exceptional points of our system. First we show the
exceptional points for the three lattices, by plotting the real and imaginary parts of their energies in
Figure 11. Notice that the position of the �rst exceptional point does not depend on th parameter
γ0 so it is the same regardless of the potential at the interface.

(a) Here we plot the real part of the
energy as we increase γ, for γ0 = 0.

(b) Here we plot the imaginary part of the
energy as we increase γ, for γ0 = 0.

(c) Here we plot the real part of the energy
as we increase γ, for γ0 = −0.1i.

(d) Here we plot the imaginary part of the
energy as we increase γ, for γ0 = −0.1i.

Figure 11: Notice the EP at γ ≈ 2.055 for both lattices with neutral (a),(b) and gainy (c),(d)
interface.

We manually �nd the exact location of the EP (γEP = 2.055040582527446) and prove that three
states, one from each band and the original defect state, coalesce into the same state with accuracy
10−9 for both the states and their corresponding eigenvalues.

Near the area of the EP, it is known from theory that small perturbations at the lattice can be
described with perturbation theory, but unlike Hermitian systems, here the leading order is not 1.
To �nd it, we numerically �nd the energy of the perturbed system E±(p), where p is the perturbation
and the ± stands for the decreasing (gainy state) and increasing (lossy state) Im(E) of each state
respectively, and the initial energy E(0), and do a linear �t.

Im(E±(p)) = Im(E(0))∓ cpa ⇒ log(Im(E±(p)− E(0))) = alog(p) + log(∓c)
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2.2 Sensitivity to on-site perturbations near the EP.

Using this procedure we �nd the root of the energies that take part in the EP. Our results are shown
in Figure 12.

Figure 12: We see that the energies have a square root dependence and that the coe�cient c is
c = 2.02846 and c = −2.02846 for the increasing energy and the decreasing energy respectively.

2.2 Sensitivity to on-site perturbations near the EP.

We now explore the sensitivity of the energies of the EP to on-site perturbations. Instead of a square
root dependence we �nd cubic root dependence. We show this by plotting the Im(E) for the site
N1 + 2 in Figure 13, and the corresponding �t for perturbations at Figure 14.
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2.2 Sensitivity to on-site perturbations near the EP.

Figure 13: The EP for perturbations at the N1 + 2 site.

(a) Calculation of the leading order
exponent and its coe�cient, for the
state that has energy E−.

(b) Calculation of the leading order
exponent and its coe�cient, for the
state that has energy E+.

Figure 14: The value of leading order is 1/3 as seen in the diagrams, for both E−(a) and E+(b).

More generally, for on-site perturbations, we summarize our results in Figure 15.
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2.3 Sensitivity to perturbations at the couplings near the EP.

(a) Calculation of the leading order
exponent, for the states that have
energy E+ and E−.

(b) Calculation of the coe�cient c
of the leading order exponent, for
the states that have energy E+ and
E−.

Figure 15: The leading order exponent (a) and its coe�cient (b), for the states that have energy
E+ and E−. For both these states, the EP has leading order 1/3 for all onsite perturbations, except
onsite perturbations on the interface, where the energies remain constant.

Notice that the leading order for most of the on-site perturbations is 1/3, which suggests that
we are dealing with a 3rd order exceptional point.

2.3 Sensitivity to perturbations at the couplings near the EP.

We can do the same for o� diagonal perturbations on the couplings. Speci�cally we insert the
perturbations at the lattice as shown in Figure 16.

Figure 16: We show how we insert the coupling perturbations to the hamiltonian.

Then we calculate the exponent and coe�cient of the leading order as seen in Figure 17.
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2.4 Second exceptional point

(a) Calculation of the leading order
exponent, for the states that have
energy E+ and E−.

(b) Calculation of the coe�cient c of
the leading order exponent, for the
states that have energy E+ and E−.

Figure 17: The leading order exponent (a) and its coe�cient (b), for the states that have energy
E+ and E−. For both these states, the EP has leading order approximately 1/3 for all onsite
perturbations, except onsite perturbations on the interface, where the energies remain constant.

2.4 Second exceptional point

So far we have been examining the sensitivity of the �rst exceptional point of our system (EP3),
however the careful reader must have noticed form Figure 11 and Figure 12, that it is not the only
exceptional point of our lattice. An important result from Figure 17 is that γ0 does not a�ect the
�rst EP. Therefore we can vary γ0, but not a�ect the energies of the three states that participate to
the �rst EP. Despite this, it a�ects the second EP. This is what we will study in this subsection.

The second exceptional point is at γ = 2.06260354483, for γ0 = 0. Many of its poroperties are
di�erent from the �rst EP. Unlike the �rst EP, its position γ and its sensitivity depends on the
parameter γ0. For γ0 = 0, the EP is a third order EP, however for γ0 6= 0, it is a second order EP
(EP2) at best.

Figure 18: Position and order of the �rst and second
EP of our lattice, as we vary Re(γ0) for Im(γ0 = 0).
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2.4 Second exceptional point

(a) The real part of the energies of the de-
fect state and the four closest states as we
vary Im(γ0), for Re(γ0) = 0.

(b) The imaginary part of the energies of
the defect state and the four closest states
as we vary Im(γ0), for Re(γ0) = 0.

(c) The real part of the energies of the de-
fect state and the four closest states as we
vary Im(γ0), for Re(γ0) = 0.

(d) The imaginary part of the energies of
the defect state and the four closest states
as we vary Im(γ0), for Re(γ0) = 0.

(e) The real part of the energies of the de-
fect state and the four closest states as we
vary Im(γ0), for Re(γ0) = 0.01.

(f) The imaginary part of the energies of
the defect state and the four closest states
as we vary Im(γ0), for Re(γ0) = 0.01.

Figure 19: Here we study the e�ects of the Re(γ0) and Im(γ0) on the second EP, for γ close to γEP .
As we vary Im(γ0), in (a),(b) we show the spectrum for γ = γEP and Re(γ0) = 0, in (c),(d) we show
the spectrum for γ = 0.99999γEP and Re(γ0) = 0, in (e),(f) we show the spectrum for γ = γEP and
Re(γ0) = 0.01.

In Figure 18 we vary Re(γ0) and plot the position and order of the �rst and second EP. Notice
that by varying the Re(γ0), we can change the position and order of the second EP. For this diagram,
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2.5 Sensitivity of the second EP

we use Im(γ0) = 0. For Im(γ0) 6= 0, the story changes. As we vary Im(γ0) for Re(γ0) = 0 and
γ = γEP (Figure 19(a),(b)), we notice that the originally second EP has occured. However for
Re(γ0) 6= 0, we see that the EP does not occur as seen in Figure 19(e),(f). Despite the sensitivity of
our parameters, we identify this as a unique phenomenon, where two EP's can occur for the same
γ, in a non-PT symmetric lattice.

2.5 Sensitivity of the second EP

Similarly to the �rst EP, we manually �nd the position of the second EP (γ0 = 0.60977980355i
for γ = γEP ) and examine the sensitivity of the states that participate. In Figure 23 we show the
imaginary part of the energies that participate in the two EP's.

Figure 20: Im(E) as we perturb the onsite energy at the siteN1+2.

As shown in Figure 15, the energies of the �rst EP are not a�ected by the values of γ0, so the
sensitivity of the 3 states that participate in the �rst EP is the same as in the previous subsections
(cubic root). Unlike the �rst EP, the second one is a 2nd order EP so the energies have as a leading
term a square root. We show this in Figure 21, for onsite perturbations at all the sites and couplings,
similarly to Figures 15 and 17.
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2.5 Sensitivity of the second EP

(a) Calculation of the leading order
exponent, for the states that have
energy E+ and E−.

(b) Calculation of the coe�cient c of
the leading order exponent, for the
states that have energy E+ and E−.

(c) Calculation of the leading order
exponent, for the states that have
energy E+ and E−.

(d) Calculation of the coe�cient c of
the leading order exponent, for the
states that have energy E+ and E−.

Figure 21: The leading order exponent (a) and its coe�cient (b) for onsite perturbations, for the
states that have energy E+ (cyan in Figure 20) and E− (magenta in Figure 20). For both these
states, the EP has leading order approximately 1/2 for all onsite perturbations. The same its true
for the exponent (c) and the coe�cient (d), for perturbations to the couplings, with the exception
of the couplings at the interface, where there is a linear dependence.

To summarize this section, we explored the EP of the PT and non PT symmetric SSH lattice
with an interface and discovered a 3rd order EP. For the non PT symmetric lattices, we discovered
a speci�c set of parameters where a 2nd order EP can take place, simultaneously as the �rst EP.
We explored the sensitivity of the both EP's to onsite and coupling perturbations.
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3 Control of non-Hermiticity by using nonlinearity

3.1 Three lattices

In the previous section we studied the properties of the SSH chains, and focused on the spectrum
and the properties of the energies close to the exceptional point Now we will study the dynamics
away from the exceptional point. To begin with, we distinguish three lattices, depending on the sign
of Im(γ0), as seen in Figure 22. The red lattice has gain at the interface (Im(γ0) < 0), the blue
lattice has loss at the interface (Im(γ0) > 0) and the green lattice has neither gain nor loss at the
interface (Im(γ0) = 0). The only PT symmetric lattice is the green lattice, however there are a few
relations that connect the three lattices;

HGREEN =
1

2
(HRED +HBLUE)

HGREEN = PT (HGREEN )

HRED = PT (HBLUE)

where P is the parity operator, and T is the time reversal operator. These relations imply that the
spectrum of the red lattice is the complex conjugate of the spectrum of the blue lattice. That is why
for the rest of this thesis, we will only showcase the spectrum of one of the two lattices it will be
implied that the spectrum for the other lattice will be the complex conjugate of the result we show.

Figure 22: The three lattices we will study, the red lattice with gain at the interface (Im(γ0) < 0),
the blue lattice with loss at the interface (Im(γ0) > 0) and the green lattice with neither gain nor
loss at the interface (Im(γ0) = 0).

3.2 Restoration of PT symmetry for the gainy defect SSH lattice

In all three lattices, the dynamics of the system are controlled by the relation

i
dψi
dz

=

N∑
j=1

Hi,jψj , i ∈ [1, N ]
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3.2 Restoration of PT symmetry for the gainy defect SSH lattice

where Hi,j is the (i,j) element of the matrix hamiltonian and ψi is the i'th element of the state
which in our basis, corresponds to the i'th site. To this we add a saturable nonlinearity only at the
interface, so the relations become

i
dψi
dz

=

N∑
j=1

Hi,jψj , i 6= N1 + 1

i
dψi
dz

=

N∑
j=1

Hi,jψj +
U |ψi|2

1− ε|ψi|2
ψi , i = N1 + 1

where U and ε are constants.
The idea here is that the Im(U) is of opposite sign of Im(γ0), and as such, it nulli�es the e�ects

of the gain or loss at the interface. Therefore, we may have a non PT system, like the red lattice
but still observe the dynamical behaviour of a PT symmetric state, like the green lattice. So instead
of observing exponential ampli�cation of the power and an assymetric defect state, we observe a
symmetric defect state with constant power. This can be seen in Figures 23 and 24. In Figure 23 we
show the evolution of the initial condition after z=15 and compare it to the defect state. In Figure
24 we show the e�ects of gain and nonlinearity. In Figure 24(a),(b) we show how the initial condition
for the linear PT symmetric system evolves. To this lattice we add gain at the interface and see the
exponential expansion of the power at Figures 24(c),(d). Then we introduce nonlinearity and notice
that the dynamics, shown in Figure 24(e),(f), are similar to the PT symmetric system. The values
of the parameters we use here and for the rest of this section are v = 1, w = 3 and γ = 0.5.

Figure 23: A comparison of the defect state and the state we get after z=15.
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3.2 Restoration of PT symmetry for the gainy defect SSH lattice

(a) Evolution of single channel ex-
citation at the interface for γ0 = 0
and U = 0.

(b) Power-z diagram for (a).

(c) Evolution of single channel
excitation at the interface for
γ0 = −0.5i and U = 0. Here,
the states for each z, are nor-
malized to unity.

(d) Power-z diagram for (c).

(e) Evolution of single channel
excitation at the interface for
γ0 = −0.5i, U = 0.5i and ε =
0.5.

(f) Power-z diagram for (e).

Figure 24: As initial condition we use a single channel excitation at the interface. We show the
evolution of this initial condition for the green lattice (a), the red lattice (c) and the red lattice
with saturable nonlinearity (e) and their corresponding power diagrams (b),(d),(f). The states in
diagram (c) are normalized to unity for each z due to the huge power fo large z.

As a �nal remark, we acknowledge that the nonlinearity we used, speci�cally having Im(U) 6= 0,
is di�cult to realize in experiments. We propose a more natural way to control the imaginary part
of the energy in the following subsection.
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3.3 Controlling the gain and loss of the defect state

3.3 Controlling the gain and loss of the defect state

In this subsection, we propose a way to control the gain and loss of the defect state without using
imaginary U. Instead, the nonlinearity is real but the imaginary part of the energy is still a�ected.
Speci�cally, we vary Re(γ0) and notice that both the real and the imaginary part of the energy
are a�ected. In Figure 25(a),(b) we show how the imaginary part of the energy changes for several
values of Im(γ0). Notice that as the defect state approaches the bands, the imaginary part of the
energy approaches zero. This way, we can vary Re(γ0) and e�ectively control the gain and loss of
the defect state.

(a) Im(E) for the defect state as we
vary Re(γ0).

(b) The energy of the defect state in
the complex plane as we vary Re(γ0).

(c) The full spectrum in the complex plane as we vary Re(γ0).

Figure 25: For Im(γ0) = ±0.5 (a,b) we see that the Re(γ0) also a�ects the Im(E) of the defect state.
We also plot all of the spectrum (c). In these diagrams, Re(E) ∈ [−4, 4].

As a result of the dependence of the Im(E) of the defect state on the Re(γ0), we can tune the
value of Re(γ0) to reach a desired value of gain or loss. Therefore, since Re(U) can be considered
as an e�ective potential, the nonlinear term U and the power of the initial condition, e�ectively
controls the gain and loss of the defect state. In Figure 26(a) we vary Re(γ0), evolve the single
channel excitation at the interface dynamically and plot the power at z=10. Notice that there are a
few values where overall gain and loss of the state is reduced. Similarly, by varying U in Figure 26(b),
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3.3 Controlling the gain and loss of the defect state

we get similar results as in Figure 26(a) but after U = 3.3, we suddenly get a solution localized only
at the interface, so the power increases exponentially. This is a standard solution typically found in
the strong nonlinear regimes. These solutions are out of the scope of intrerest of this thesis.

(a) Here we plot the power at z=10
as we vary Re(γ0).

(b) Here we plot the power at z=10 as
we vary U .

Figure 26: For Im(γ0) = ±0.1 and 0, we see that the Re(γ0) and U a�ect the power, e�ectively
controlling the gain and loss of the defect state.

To summarize this section, we examined the dynamics of the defect state for a few PT and non
PT symmetric lattices. We explored the dynamics for a number of nonlinearities and proposed a
way to indirectly control the gain and loss of the defect state with saturable nonlinearity, which is
experimentally possible.
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3.3 Controlling the gain and loss of the defect state

Conclusions

In this work, we examined the interplay between topology, non hermiticity and nonlinearity. We
proposed a way to e�ectively control the gain and loss of our system using saturable nonlinearity.
We also examined the exceptional points of the SSH lattice with an interface and discovered a third
order exceptional point, which we subsequently explored.

We began by exploring the e�ect of non hermiticity on a single SSH chain, and noticed that PT
symmetry is immediately broken. Then we studied the SSH lattice with two chains and an interface.
We took a close look at the robustness of the energy of the defect state and examined examined
it in the context of the hermitian and non hermitian model. Some of the properties of the defect
state changed as we transitioned in the non hermitian model, particularly the robustness against
perturbations at each individual coupling of the �nite lattice. However, the robustness against
coupling perturbations at the entire lattice persisted. The anisotropic distribution of the energies of
the defect state in the complex plane, when nonzero potential is applied at the interface, is a unique
result, as most perturbations, tend to induce clouds near the original energy rather than lines. This
is related to the form of the defect state and thus the topology of the system.

One of the main results is the existence of a third order exceptional point at the SSH lattice.
We studied the exceptional point extensively including it's sensitivity to perturbations to the onsite
energies and coupling coe�cients. Additionally, we used the robustness of the �rst exceptional point
of our lattice to gain or loss at the interface, and managed to discover a value of gain that transfered
the second exceptional point near the �rst thus accomplishing to have a non PT symmetric system
with two exceptional points taking place at the same time. We explored the sensitivity of these
exceptional point

Finally, having examined the spectrum, we turned our attentioned to the dynamics of the defect
state away from the exceptional point. To enrich our work, we inserted saturable nonlinearity and
studied how it a�ected the dynamics. One of the nonlinearities we used, allowed us to transition from
the dynamics of a non PT symmetric lattice, to the dynamics of a PT symmetric lattice. Albeit this
only work one way, meaning we could only transition from the red to the green lattice dynamics but
not from the blue to the green lattice, we could control the �nal power of the system by varying the
parameters of our system. The other nonlinearity we used, is more physically relevant and is found
in many physical problems, and can indirectly control the gain and loss of the defect state. Overall,
this is a �rst attempt to control the dynamics of a lattice and its PT symmetry by controlling a
single channel.

We remark that, to the best of our knowledge, the third order exceptional point at the SSH
lattice we presented in this thesis, has never been explored before. This is among the few third order
exceptional points that have been discovered and among the �rst ones to take place at a lattice.
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Appendices

A A general form for the bulk momentum hamiltonian

We assume a hamiltonian of the form

H =
∑
i,j,a,b

ci,j,a,ba
†
ri
brj (3)

where a†
ri
is the creation operator of an electon at the atom with location ri and with internal degree

of freedom a = {A,B}. The coe�cients ci,j,a,b depend on the model that is being studied. The
indices i,j are just a brief notation for ri, rj . We restrict ourselves to a periodic lattice with N atoms.
Then we can take the fourier transformation

a†
ri

=
1√
N

∑
k

a†
k
eikri

a
ri

=
1√
N

∑
k

a
k
e−ikri

where the sum over k runs over the �rst Brillouin zone. Then

H =
∑
i,j,a,b

ci,j,a,ba
†
ri
brj =

1

N

∑
i,j,a,b

ci,j,a,b
∑
k,k′

a†
k
bk′ei(kri−k'rj) =

1

N

∑
k,k',a,b

a†
k
bk′

∑
i,j

ci,j,a,be
i(kri−k'rj)

With appropriate numbering of the atoms, we can usually de�ne a number δ such that both δ = i−j
and rδ = ri− rj are true. Then we assume that the coe�cient ci,j,a,b only depends on the di�erence
rδ = ri − rj (which is accurate when N →∞). In a mathematical notation, these assumptions can
be written as ci,j,a,b = ci−j,a,b = cδ,a,b. Now we can write the hamiltonian as

H =
1

N

∑
k,k',a,b

a†
k
bk′

∑
i,j

ci,j,a,be
i(kri−k'rj) =

1

N

∑
k,k',a,b

a†
k
bk′

∑
j,δ

cδ,a,be
i(k-k')rjeikrδ =

=
∑

k,k',a,b

a†
k
bk′

∑
δ

cδ,a,be
ikrδ
( 1

N

∑
j

ei(k-k')rj
)

=
∑

k,k',a,b

a†
k
bk′

∑
δ

cδ,a,be
ikrδδ(k− k′)

=
∑
k,a,b

a†
k
bk
∑
δ

cδ,a,be
ikrδ =

=
∑
k

[
A†

k
B†

k

] [∑
δ e

ikrδcδ,A,A
∑
δ e

ikrδcδ,A,B∑
δ e

ikrδcδ,B,A
∑
δ e

ikrδcδ,B,B

] [
Ak

Bk

]
From this formula we see that the bulk momentum-space Hamiltonian is

H (k) =

[∑
δ e

ikrδcδ,A,A
∑
δ e

ikrδcδ,A,B∑
δ e

ikrδcδ,B,A
∑
δ e

ikrδcδ,B,B

]
(4)

The formula can be useful. It can be used in 1D large systems and other systems as well, to quickly
move from a tight binding hamiltonian to the bulk momentum hamiltonian.

B Power dynamics with saturable nonlinearity

In Figure 24(f), we see that the power is approximately 1, similarly to our initial condition, that
however is not always the case. An intiuitive calculation can be made using the di�erential equation
that dominates the dynamics at the interface. We start from

i
dψi
dz

= w(ψi−1 + ψi+1) + γ0ψi +
U |ψi|2

1− ε|ψi|2
ψi , i = N1 + 1
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now we assume that the terms ψi−1 and ψi+1 are small compared to ψi and as such are negligible.
Then we write

i
dψi
dz

= γ0ψi +
U |ψi|2

1− ε|ψi|2
ψi , i = N1 + 1

Then we demand dψi
dz = iωψi to �nd the stable solution. Here, ω is the phase velocity. We can now

write
|ψi|2 = − γ0 + ω

U − ε(γ0 + ω)

from this we can deduce that ω = 0 if Re(γ0) = 0 = Re(U) because the second part of the equation
has to be real and positive. From this we get

|ψi|2 = − γ0
U − εγ0

for Re(γ0) = Re(U) = 0. We compare this theoretical result to the actual values of |ψi|2 as we
dynamically evolve our system using the same parameters as in section 3.2 in Figure . We see very
good agreement.

Figure 27: Comparison of our analytical and our numerical results. We see very good agreement.
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