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Abstract 
 

 This thesis is focused on the study and control of femtosecond light filaments in 

transparent materials. Since filamentation is a complex phenomenon in which multiple physical 

effects take place, the understanding and modeling of the whole process is of great importance. 

The thesis starts with a brief introduction of the linear and nonlinear effects that take place in the 

filamentation process. It is followed by the description of the numerical model used in the 

simulations and the main limitations and approximations are stated. Throughout this work 

numerical simulation will be used in conjuncture with laboratory experiments to study and 

ultimately control the nonlinear propagation of filaments. The control of the attributes of light 

filaments, or else filamentation tailoring, is investigated in mainly two different ways; by the use 

of optical periodic lattices and second by use of various non-diffracting waves.  

 It is shown that photonic periodic lattices can be used to spatially tailor a light filament in 

respect to its peak intensity and beam waist. In addition it is shown that the stabilizing effect of 

the lattice can result in the generation of intense dynamic light bullets. The tailoring properties of 

multiple lattice geometries are explored in materials as water, fused silica glass and BK7 glass 

both through simulations and experiments.  

 The use of nondiffracting beams as driving pulses for filaments reveals never seen before 

light structures in the nonlinear regime. The use of Bessel beams is demonstrated to increase the 

length and homogeneity of filaments in air. In addition Bessel filaments are shown to generate 

linear X-waves through means of cross-phase modulation in fused silica glass. The propagation 

dynamics of 2D high power nonlinear Airy beams is investigated in great detail in both air and 

water. In one spatial dimension the existence of a stationary nonlinear Airy solution in the 

presence of high nonlinear losses is presented. Finally the use of a new type of abruptly 

autofocusing wavepacket is studied in the nonlinear regime, revealing that it can overcome 

intensity clamping issues which are observed in all Gaussian filaments. In addition it is shown 

that the nonlinear focus shift of autofocusing waves cannot be described by Marburgers formula 

as in the case of Gaussians, and a new semi-empirical formula is given. Finally the creation of a 

nonlinear quazi-light bullet structure is reported for abruptly autofocusing waves carrying 

multiple critical powers. 
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1. Introduction and motivation 
 

1.1 The Gaussian spatio-temporal wavepacket 

 

 Most commercial laser sources have a spatial intensity distribution ( 00ΤΕΜ  mode that 

develops in within the resonator) that can be approximated by a Gaussian function [1]. As a 

Gaussian beam is interacting with lenses and mirrors, it is transformed into another Gaussian 

with different parameters, which makes them a convenient way to describe laser beams in optics. 

The Gaussian function ( ) 2xf x e−= , is a solution to the Helmholtz Eq. (1.1-1): 

 

 2 2 0E k E∇ + =  (1.1-1) 

 

which is the simplest way to describe the propagation of an electromagnetic wave with electric 

field E in space. The spatial electric field amplitude, or envelope ( )r , of a laser beam with a 

Gaussian spatial distribution is given by Eq. (1.1-2): 

 

 ( )
2

0 2
0

exp rr I
w

 
= − 

 
  (1.1-2) 

 

where ( )2

0 0I ≡   is the peak intensity of the beam corresponding to the square of the peak 

amplitude of the electric field envelope 0 , 0w  is the beam width at 21/ e  radius (at roughly 

13.5% of 0I ), and r is the radial coordinate. In optics there are many other ways to characterize 

the width of Gaussian beams. The other norm that is often used in optics is the full width at half 

maximum (FWHM), which measures the beam diameter at the point where the amplitude has 

dropped to half of the maximum value 0I . In this thesis 0w  is always referring to 21/ e  radius if 

not stated elsewise, which can be easily converted to FWHM using Eq. (1.1-3): 
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 0 0.85w FWHM= ×  (1.1-3) 

 

We can see a plot of a Gaussian distribution in Fig 1-1, where both 21/ e  radius and FWHM are 

shown with the red and blue lines respectively. 

 

 

Fig 1-1   Normalized Gaussian distribution indicating the two typical 

width used in optics. FHWM in blue, and 21/ e diameter in red. 

 

 

 In case the wavefront has an initial curvature induced by a refracting element like a lens, 

Eq. (1.1-2) is modified by the addition of the phase term. In the case of an ideal achromatic 

spherical lens the phase term can be written as
2

2
kri

f
− , and electric field envelope is given by 

Eq. (1.1-4) 

 ( )
2 2

0 2
0

exp
2

r krr I i
w f

 
= − − 

 
  (1.1-4) 
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2k π
λ

≡  corresponds to the wavenumber of the beam with wavelength λ , and initial curvature 

.f  The intensity profile is given by the square of the electric field envelope ( )r , and is shown 

in Fig 1-2 for a typical two dimensional Gaussian beam with 2
0 1 /I W cm= and 0 500w mµ= . 

 

 

Fig 1-2   Two dimensional Gaussian intensity distribution with peak intensity 2
0 1 /I W cm= and

0 500w mµ= . 

 

 In case of laser pulse, the temporal dimension must be taken into account. The rapidly 

oscillating electric field of a point source is given by Eq. (1.1-5): 

 

 ( ) ( ) ( )( ){ }0Re expE t t i t tω ϕ = − +   (1.1-5) 

 

where ( )t  is the temporal complex envelope of the electric field of the pulse, 0
0

2 cπω
λ

≡ is the 

central frequency, 0λ the central wavelength, and 299792458 m / sc =  is the speed of light in 

vacuum, while ( ) ( )argt tϕ =    . 
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 The temporal intensity profile is given (as in the spatial coordinate) by ( ) ( ) 2
I t t=  . 

Today many different pulse shapes can be generated, like Lorentzian ( ) ( )2
1/ 1 / pI t t t ∝ +  

, 

hyperbolic ( ) ( )2sec / pI t h t t∝  and Gaussian profiles. Gaussian pulses are of particular interest 

since they are readily available in the femtosecond (fs) time scale, and as such will be used 

extensively in this thesis. To include the Gaussian pulse shape in Eq. (1.1-4), the factor 2 2/ pt t−  

is added in the exponential and the field envelope is now a function of both space and time as 

written in Eq. (1.1-6): 

 

 ( )
2 2 2

0 2 2
0

, exp
2 p

r kr tr t I i
w f t

 
= ⋅ − − − 

  
  (1.1-6) 

 

where pt  is the pulse duration at 21/ e radius of the electric field amplitude. In analogy to the 

beam curvature in the spatial dimension, we can introduce a temporal phase term in Eq. (1.1-6) 

with a quadratic dependence on time ( ) 2t Ctϕ = , which is called pulse chirp with parameter C. 

 

 The approximation of the rapidly oscillating electric field ( )E t  with its envelope ( )t  

simplifies the modeling of laser pulses significantly. However the approximation is valid only if 

the envelope is slowly varying (both amplitude and phase) in time compared to the wavelength, 

and hence it is called the slowly varying envelope approximation (SVEA). Effectively this 

simplification constrains the physical model to pulses that cannot be shorter than one wavelength 

[2]. A graphical representation of the electric field end envelope can be seen in Fig 1-3, for two 

laser pulses with 35 and 5 fs duration. The negative times correspond to the leading part of the 

pulse, while the positive to the trailing part.  
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Fig 1-3   Graphical representation of the electric field (blue) and envelope (red) of a Gaussian laser pulse with  

35 fs duration (left), and 5 fs duration (right). Central wavelength is 0 800 nmλ = . Propagation from right 

to left. 

 

 

 From the above we can clearly define the spatio-temporal wavepacket with peak intensity

0I , beam waist 0w , curvature f , pulse duration pt , and chirp parameter C  with Eq. (1.1-7): 

 

 ( )
2 2 2

2
0 2 2

0

, exp
2 p

r kr tr t I i iCt
w f t

 
= ⋅ − − − − 

  
  (1.1-7) 

 

with an intensity distribution of ( ) ( ) 2
, ,I r t r t 

 
 

 ( )
2

2 2 2
2

0 2 2
0

, exp
2 p

r kr tI r t I i iCt
w f t

 
= − − − − 

  
 (1.1-8) 

 

A three dimensional representation of such a wavepacket with beam waist 0 850w mµ= and 

pulse duration of 200pt fs= is shown in Fig 1-4. 
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Fig 1-4   Three dimensional Gaussian intensity profile with 0 850 ,w mµ= 200pt fs= and

12 2
0 2.8 10 /I W cm= × . 

 

The pulse energy and power of a Gaussian spatio-temporal wavepacket is given by Eqs. (1.1-9) 

and (1.1-10): 

 
2
0 0

2in
w IP π

=  (1.1-9) 

 
/ 2

p
in in

t
E P

π
=  (1.1-10) 

 

 The spectral representation of a laser pulse is defined by the Fourier transformation 

{ }F  of the temporal electric field from Eq. (1.1-5) is given by Eq. (1.1-11): 

 

 ( ) ( ){ } ( ) ( ) ( )expi tE F E t E t e dt E iωω ω ϕ ω
+∞

−

−∞

= = =   ∫  (1.1-11) 
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 Experimentally the spectral representation of laser pulses is measured with spectrometers, 

which measure the spectral intensity ( ) ( ) ( )2 2
I Eω ω ω= =  . Since the Fourier transform of a 

Gaussian results in another Gaussian, ( )E ω is a Gaussian distribution which is centered on the 

central frequency 0
0

2 cπω
λ

= of the laser pulse. 0λ is the central wavelength and ( )ϕ ω is the 

spectral phase.  

 Generally the electric field of any spatio-temporal wavepacket propagating in the z 

direction can be written in the form: 

 

 ( ) ( ) ( )0 0
1, , , , exp
2

E r t z r t z i k z t ccω= − +    (1.1-12) 

 

where ( ), ,r t z denotes the spatio-temporal electric field envelope with carrier envelope 

( )0 0exp i k z tω−   with central frequency 0ω . In case of a Gaussian wavepacket in space and 

time the envelope is written in the form of Eq. (1.1-7). This however is not constricting since 

other profiles are possible, like super-Gaussians, top-hats, etc. 

 

1.2 Linear propagation regime 

 

 Before we investigate the nonlinear dynamics observed in femtosecond pulse propagation 

it is vital that we describe the linear effects which are the basis of any propagation model. In the 

case of laser pulse propagation in a transparent medium there are mainly two linear effects to 

consider: diffraction and dispersion. 

 

1.2.1 Beam diffraction 

 

Diffraction is a fundamental linear property of finite size waves, causing them to spread in 

space as they propagate. Diffraction always occurs, even in vacuum. The laws of Gaussian optics 
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predict that any beam with a Gaussian intensity profile that has a flat spatial phase (no initial 

wavefront curvature) will double the area of illumination after propagating one Rayleigh length. 

The doubling of the area corresponds in an increase of the beam radius by a factor 2 . The 

Rayleigh length is given by Eq. (1.2-1): 

 

 
2 2
0 0 0

02Diff
kw n wL π

λ
= =  (1.2-1) 

 

where 0λ is the central wavelength in vacuum, 0n is the refraction index of the medium at 

wavelength 0λ , while 0 0k n k= and 0
0

2k π
λ

= are the wavenumbers in the medium and in vacuum 

respectively. Since DiffL is a function of 2
0w , diffraction becomes increasingly important as the 

beam width becomes smaller. To give an example, a Gaussian beam with 0 800 nmλ =  and

0 100w mµ= propagating in vacuum has a Rayleigh length of 3.93DiffL cm= . However if the 

beam has a width of one inch (2.54 cm) instead, the Rayleigh length will be over 2.5 km long.   

 The spreading of a Gaussian beam after one and two Rayleigh lengths, as well as the 

associated drop in intensity, can be seen in Fig 1-5 

 

 

Fig 1-5   Normalized intensity of a Gaussian beam after propagation of one (middle) and two (left) Rayleigh 

lengths. 
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By applying the paraxial approximation we can obtain the functions describing the beam waist 

along z and the divergence angle θ. 

 

 ( )
1/2

2

0 21
Diff

zw z w
L

 
= ⋅ +  

 
 (1.2-2) 

 

 
0w

λθ
π

=  (1.2-3) 

 

Which in turn give us an analytic function of the intensity along propagation distance z: 

 

 ( ) ( ) ( )

2 2

0
0, exp 2w rI r z I

w z w z

    
 =          

 (1.2-4) 

 

The electric field of the beam at position ( ),r z in space can be written in the form: 

 

 ( ) ( ) ( ) ( ) ( )
2 2

0
0 2, exp exp exp

2
w r rE r z ik ikz i z

w z R zw z
ζ

   
= − − − +      

     
  (1.2-5) 

where: 

 ( )
2

1 DiffL
R z z

z

  
 = +  
   

 (1.2-6) 

 ( ) 1tan
Diff

zz
L

ζ −=  (1.2-7) 

 

 The paraxial propagation equation for diffraction, which is the basis of the whole 

computational model used in this thesis, is the following: 

 

 2

02
i

z k ⊥

∂
= ∇

∂
   (1.2-8) 
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where
2 2

2
2 2x y⊥ ⊥

∂ ∂
∇ = ∆ = +

∂ ∂
denotes the transverse (spatial) Laplacian operator, and z is the 

propagation axis. Eq. (1.2-8) can be numerically solved through a computational scheme on a 

computer. More inportanly, it serves as the basic equation for all linear and nonlinear effects 

studied in this thesis. A graphical representation of the diffraction of a laser beam with waist 0w

propagating along the z direction can be seen in Fig 1-6 

 

 

 

Fig 1-6  Graphical representation of diffraction of a beam with initial waist 0w and no initial curvature. 

 

 

 Eq. (1.2-8) is directly derived from the Maxwell equations for a non-magnetic medium 

without free charges ( )0ρ = and currents ( )0J =


as it is shown in the Appendix. 

  

 

 

2

02
i

z k ⊥

∂
= ∇

∂
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1.2.2 Dispersion of femtosecond pulses 

 

 

 The second linear effect that will be analyzed is the material chromatic dispersion. 

Dispersion describes the spreading of polychromatic waves as they propagate in a transparent 

medium. It originates from the wavelength dependence of the refractive index ( )n λ observed in 

dispersive materials, which results in different wavelengths propagating at different speeds

( )
c

n
υ

λ
= . Dispersion is a temporal phenomenon, thus it is meaningless for continuous laser 

beams. However, for laser pulses in the femtosecond time scale, which are by definition 

polychromatic, dispersion becomes increasingly important, effectively distorting the initial shape 

of the pulse envelope as it propagates.  

 At this point the group and phase velocity have to be defined. The velocity of propagation 

of the electric field envelope  is called group velocity ( )
group

k
k

ω
υ

∂
=

∂
, where ( )k n

c
ωω= . The 

phase velocity ( )
phase

k
k

ω
υ = is the velocity at which the phase fronts propagate in the medium. 

In vacuum both phase and group velocity are equal to c, and all frequency components

( )kω ω= propagate with the same speed c. Consequently the pulse shape remains undistorted. 

The same is true if the refractive index n is independent of wavelength λ (or frequency ω), since 

both group phase
c
n

υ υ= = . However, in a dispersive material each frequency component propagates 

at its own speed, resulting in a difference between groupυ and phaseυ , which will change the pulse 

shape. Most transparent materials exhibit the so called "normal dispersion", in which longer 

wavelengths propagate at higher velocities than shorter ones (red frequencies are faster than blue 

frequencies). Equivalently, the refractive index of normal dispersion materials is a decreasing 

function of wavelength. This however is not true for the whole spectral region, since close to the 

materials absorption lines, dispersion becomes anomalous and the refractive index is increasing 

with wavelength. A graphical representation of the wavelength dependence of the refractive 

index and absorption can be seen in Fig 1-7 (taken from [3]).  
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Fig 1-7   Graphical representation of the absorption (top) and refractive index (bottom) as a function of 

wavelength.  

 

 To model both normal and anomalous dispersion, a single empirical equation was 

proposed by Sellmeier in 1871 [4], called the Sellmeier dispersion formula: 

 

 ( )
2

2
2 21 i

i i

Bn λλ
λ λ

= +
−∑  (1.2-9) 

 

where iB are experimentally determined Sellmeier coefficients, and 1,2,3,...iλ = correspond to 

the absorption lines. The Sellmeier equation can be found in many different forms in the 

literature, some of which are extended versions of the original, specialized to better describe 

specific materials. In this thesis three different version of the Sellmeier dispersive relation are 

used to describe the dispersion of i) air with Eq. (1.2-10) [5], ii) noble gases with Eq. (1.2-11) 

[6], and iii) liquids and condenses materials with Eq. (1.2-12).  
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 ( ) 6
2 21 10 B Dn A

C E
λ

λ λ
−

− −
 − = + + − − 

 (1.2-10) 

 

 ( )2
2 4 6 8 101 B C D E Fn Aλ

λ λ λ λ λ
− = + + + + +  (1.2-11) 

 

 ( )
22 2

2 231 2
2 2 2 2 2 2

1 2 3

BB Bn A D Fλλ λλ λ λ
λ λ λ λ λ λ

= + + + + +
− − −

 (1.2-12) 

 

where the wavelength λ is given in μm. The coefficients in Eqs. (1.2-10) - (1.2-12) for various 

materials can be found in section 9. 

 Most femtosecond laser sources have a relative narrow spectrum, which is centered on 

the central frequency 0ω . In these cases dispersion can adequately be described mathematically 

by the Taylor expansion of the wavenumber ( )k ω around the central frequency 0ω : 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 3

2 3
0 0 0 02 3

1 1
2! 3!

k k k
k k

ω ω ω
ω ω ω ω ω ω ω

ω ω ω
∂ ∂ ∂

= + − + − + − +
∂ ∂ ∂

 (1.2-13) 

 

where ( ) 0
0 0k n

c
ωω= . The term ( ) '

k
k

ω
ω

∂
=

∂
corresponds to the inverse of the group velocity

1'
group

k
υ

≡ , or else group delay per unit length. The third term of the RHS is the second order 

dispersive term, containing the change of the group delay per unit length, also called group 

velocity dispersion (GVD): ( )2

2

1 ''
group

k
k

ω
ω ω υ

 ∂ ∂
= =  ∂ ∂  

. Higher dispersive term like ''', '''',...k k

are rarely used since the validity of the Taylor expansion is lost, and the full Sellmeier dispersion 

relation is preferred instead.  

 In analogy to diffraction in the spatial domain we can define the characteristic length of 

dispersion in the temporal domain: 

 

 
2

2 ''
p

GVD

t
L

k
=  (1.2-14) 
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which defines the distance over which the pulse duration will increase by a factor 2 . Typical 

values for ''k are 20.2 /fs cm for air, 2248 /fs cm for water, and 2360 /fs cm for fused silica 

glass for an 800 nm pulse. For a Fourier limited pulse duration of 35 fs and without initial chirp 

the dispersive length which correspond to these materials are ( ) 30.65GVD airL m= ,

( ) 2.47GVD waterL cm= , ( )2
1.7GVD SiOL cm= respectively. The broadening of a pulse with two 

frequency components over 1 GVDL× due to normal dispersion can be seen in Fig 1-8 

 

  

 

Fig 1-8   Electric field of two in phase frequency components (blue and red) of a 35 fs laser pulse, and the 

corresponding envelope, before (first row) and after the effect of normal dispersion (second row) over one 

dispersive length. Propagation from right to left. 



27 
 

 In case the pulse has an initially negative chirp, the propagation through a normal 

dispersion material will lead to a shortening of the duration through the accumulation of positive 

chirp. This way it is possible to deliver very short pulses inside dispersive materials (normal or 

anomalous), by inducing the appropriate chirp (negative of positive) in the initial pulse. This is 

possible because the difference in propagation speed of the various spectral components will 

eventually lead to an increase of the pulse duration after the minimum duration is reached.  

 Note that the use of pt in Eq. (1.2-14) can be misleading, since the dispersive length is 

dependent on the spectrum bandwidth. Thus pt is referring to the Fourier limited pulse duration 

obtained from the Fourier transformation of the spectrum with a flat spatial phase (no initial 

phase difference between spectral components).  

   

1.3 Nonlinear femtosecond laser pulse propagation 

 

 Up to this point only linear optical phenomena have been discussed. Linear optical 

phenomena are "linear" in the sense that they depend in a linear manner on the strength of the 

optical field. In other words, the optical properties of the material are independent of the light 

intensity. However, when the optical field becomes strong enough the linear dependence is lost 

and the light itself is modifying the optical properties of the material. The change of the optical 

properties of the material will in turn modify the propagation of the optical field which is seeding 

this process, giving rise to the so called "nonlinear self-action effects". The first reported 

nonlinear optical phenomenon was the generation of the second harmonic (SHG) in 1961 by 

Franken et al. [7], shortly after the invention of the laser by Maiman in 1960 [8], [9]. 50 years 

later, the field of nonlinear optics has evolved into one of the most active research communities 

in science, boasting numerous research laboratories around the world with an extensive 

theoretical and experimental background [10]. Nowadays, optical pulses in the femtosecond time 

scale are generated by commercially available tabletop laser sources through the chirped pulse 

amplification technique (CPA) [11].  The availability of femtosecond laser pulses sparked 

multidisciplinary research activities in fields like biology, material science and medicine leading 

to important practical applications. 
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1.3.1 Optical Kerr effect and self-focusing 

 

1.3.1.1 The nonlinear optical susceptibility 

 

 The material response to optical fields is the dipole moment per unit of volume, also 

called electric polarization ( )P t


. ( )P t


is dependent on the electric field of the light that is 

propagating through the material. In the linear regime, the electric polarization ( )P t


is a linear 

function of the electric field strength ( )E t


, which for simplicity can be written in scalar form as: 

 

 ( ) ( ) ( )1
0P t E tε χ=  (1.3-1) 

 

where ( )1χ is the linear optical susceptibility of the material. However in the nonlinear regime, 

where the optical field strength is comparable to the interatomic field, Eq. (1.3-1) is not valid 

anymore. In order to properly describe the nonlinear response of the material we express Eq. 

(1.3-1) as a power series of ( )E t : 

 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 32 3
0P t E t E t E tε χ χ χ = + + +   (1.3-2) 

or else 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 3P t P t P t P t= + + +  (1.3-3) 

 

where ( )2χ and ( )3χ are the second and third order optical susceptibilities of the medium 

respectively. ( ) ( ) ( ) ( )2 2 2
0P t E tε χ= and ( ) ( ) ( ) ( )3 3 3

0P t E tε χ= are the second and third order 

nonlinear polarizations. The above formulation is standard in the field of nonlinear optics, and 

can be found in numerous textbooks in the literature [12], [13], [14]. Note that Eqs. (1.3-1) and 

(1.3-2) are written in scalar form, however in general, the polarization and electric field are 

vector functions of time, and the constants ( ) ( ) ( )1 2 3, ,χ χ χ are tensors depending on the material 
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properties and the frequency of the applied optical field. Eq. (1.3-2) also assumes that the 

material response is instantaneous, or at least much faster than the pulse duration. This 

assumption is valid for femtosecond pulses and nonlinearities with electronic origin [15]. 

 It is known that second order nonlinear optical interactions are possible ( )( )2 0χ ≠ only in 

noncentrosymetric nonlinear crystals [12], which are crystals that do not display inversion 

symmetry. Materials, like gases, amorphous solids (glasses) and liquids, which exhibit inversion 

symmetry, have no second order susceptibility. In these materials the first nonlinear effect that 

comes into play is associated with the third order susceptibility ( )3χ , and Eq. (1.3-2) can be 

simplified to: 

 

 ( ) ( ) ( ) ( ) ( )1 3 3
0 0P t E t E tε χ ε χ+  (1.3-4) 

 

which gives the electric polarization of materials exhibiting only third order nonlinear 

interaction. The study of second order nonlinear interaction is out of the scope of this thesis. 

 The third order nonlinear polarization for a monochromatic wave ( ) ( )cosE t tω=  with 

frequency ω is given by: 

 

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

33 3
0

3 3 33 3
0 0

3

cos
3 1cos cos 3
4 4

3 1cos cos cos 3
4 4

P t t

P t t t

x x x

ε χ ω

ε χ ω ε χ ω


=    


⇒ = +


= +



  (1.3-5) 

 

The last term on the RHS of Eq. (1.3-5) corresponds to the generation of a new wave with 

frequency 3ω , a phenomenon called third harmonic generation (THG). In the THG process, 

three photons of frequency ω are converted into one photon with frequency 3ω , as it is depicted 

in Fig 1-9. 
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Fig 1-9   Third harmonic generation. a) Schematic representation of the interaction geometry, and  b) energy 

level diagram. 

 

 

We can now write the polarization for only the frequency ω (neglecting 3ω) in the form: 

 

 ( ) ( ) ( ) ( )21 3
0

3 cos
4

P t tε χ χ ω + 
 

    (1.3-6) 

 

or else: 

 

 ( ) ( )0 cosP t tε χ ω   (1.3-7) 

 

where: 

 

 ( ) ( ) ( ) 21 1 33
4nonlinearχ χ χ χ χ= + = +   (1.3-8) 

The term ( ) ( )3 3
0

3 cos
4

tε χ ω  of Eq. (1.3-6) describes the nonlinear contribution to the 

polarization at frequency ω of the driving optical field. Eq. (1.3-8) defines the total susceptibility 

of the material for frequency ω, from both linear and nonlinear origin. 

 



31 
 

1.3.1.2 Intensity dependent refractive index 

 

 The optical susceptibility χ is related to the refractive index of the medium with the 

relation: 

 

 1n χ= +  (1.3-9) 

 

which can be written as:  

 

 ( )1
0

0

11
2nonlinear nonlinearn n

n
χ χ χ= + + +

 (1.3-10) 

 

where 0n is the linear refractive index of the medium at frequency ω: 

 

 ( )1
0 1n χ= +  (1.3-11) 

 

and 

 ( )1
nonlinearχ χ χ= +  (1.3-12) 

 

By substituting ( ) 233
4nonlinearχ χ=   from Eq. (1.3-8) in Eq. (1.3-10) we can write the total 

refractive index as a function of the optical intensity of the incident wave 

 

 0 2n n n I= +  (1.3-13) 

 

where 2n I is the nonlinear contribution of ( )3χ to the total refractive index for frequency ω. 

( )2
2 /n cm W is called the nonlinear refractive index of the medium and depends on the 

frequency of the incident wave and the material properties: 
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 ( )3
2 2

0 0

3
4

n
n c

χ
ε

=  (1.3-14) 

 

The intensity of the envelope  is given by: 

 

 20 0

2
n cε

Ι =   (1.3-15) 

 

 The dependence of the refractive index of a material to the strength of an applied static 

electric field was first reported in 1877 by John Kerr [16]. In the field of nonlinear optics, where 

the static electric field is replaced by a rapidly oscilating optical electric field from a laser, the 

same phenomenon is observed and is called the optical Kerr effect. It is the driving effect of 

femtosecond filamentation and the origin of rich nonlinear phenomena. Typically the nonlinear 

refractive index 2n is of the order of 19 210 /cm W− in gases and 16 210 /cm W−  in amorphous 

solids and liquids. Therefore nonlinear phenomena can only be observed when the term 2n I

becomes large enough and is able to compete with the linear phenomena of diffraction and 

dispersion. For a 35 fs laser pulse at 800 nm, the nonlinear refractive index is typically positive 

and of the order of 19 23.2 10 /cm W−× in air [17], [18], 16 21.6 10 /cm W−× in water [19], [20], 

and around 16 23 10 /cm W−× in fused silica glass [21]. Experimentally, both real and 

imaginary parts of 2n can be measured using the z-scan technique [22].  

 

 

1.3.1.3 Self-focusing of Gaussian beams 

 

 Since most transparent materials have positive 2n , the total refractive index is increasing 

with beam intensity according to Eq. (1.3-13). Since laser beam profiles are in general not 

homogeneous, the total refractive index will be a function of the spatial intensity profile ( ) :I r  
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 ( ) ( )0 2n r n n I r= +  (1.3-16) 

 

 This means that the refractive index acting on any beam propagating in a nonlinear 

medium is dependent on the intensity profile of the beam itself. As a direct result a beam with a 

Gaussian intensity profile will induce a Gaussian refractive index modulation as it propagates. 

This refractive index modulation resembles a positive lens and will cause the beam to focus as it 

is shown in Fig 1-10. The focusing of the beam due to self-action effects (without any initial 

beam curvature), called self-focusing, was first investigated by P. L. Kelly in 1965 [23] and has 

been extensively studied thereafter [24]. 

 

  

 Self-focusing of Gaussian beams is always happening in positive 2n nonlinear media, 

even at very low intensities. However in order to be observable self-focusing must overcome 

diffraction. This is possible only if the power carried by the beam is above a critical value which 

depends on the beam shape. For Gaussian beams the critical power is given by Eq. (1.3-17) [25], 

[26]: 

 

Fig 1-10   Schematic representation of the self-focusing of a Gaussian beam. Black line: Intensity distribution. 

Yellow: refractive index modulation. 
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2
0

0 2

3.77
8crP

n n
λ

π
=  (1.3-17) 

 

Note that Eq. (1.3-17) is referring to the critical power value for collimated Gaussian beams 

only, and is independent of intensity. Typically the critical power for an 800 nm laser pulse is 

about ~3.2 GW in air and ~4 MW in water. 

 Self-focusing is a self-fueling process, since the increasing intensity will only strengthen 

self-focusing further, eventually leading to a catastrophic collapse of the beam on itself. The 

collapse distance can be approximated by a semi-empirical formula [25], [27]: 

 

 
( )2

0.367

/ 0.852 0.0219

Diff
C

L
L

Pin Pcr
=

− −
 (1.3-18) 

 

Eq. (1.3-18) is called the Marburger's formula, and is widely used in the literature to estimate the 

collapse distance of collimated Gaussian laser beams. For Gaussians with initial curvature (focal 

length f), the collapse distance is given by ,C fL : 

 

 
,

1 1 1

C f CL L f
= +  (1.3-19) 

 

In reality however the beam collapse is arrested by saturating mechanisms like ionization and 

nonlinear absorption losses, which will be mentioned in detail later on. 

 In analogy to the characteristic lengths of diffraction and dispersion, which were 

introduced previously, we can define the characteristic length for self-focusing [28] with: 

 

 
0 2

Kerr
cL
n Iω

=  (1.3-20) 
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1.3.2 Optical field ionization 

 

 Optical field ionization (OFI), or else called photo-ionization, is one of the main 

saturating mechanisms that arrest the beam collapse from self-focusing. Close to the point of 

collapse, the optical intensity is high enough to ionize the medium through the simultaneous 

absorption of multiple photons. The number K of photons required depends on the ionization 

potential of the material iU and the frequency of the optical field: 

 

 1i

photon

UK
E

= +  (1.3-21) 

 

where 166.58211928 10 eV s−= × ⋅  is the reduced Plank constant, and photonE is the photon 

energy given by: 

 photonE ω=   (1.3-22) 

 

The brackets . in Eq. (1.3-21) denote the integer part. For an 800 nm laser pulse, which is the 

reference wavelength that will be used throughout this thesis, the energy is 800 1.5498 .nmE eV=  If 

the process is taking place in air, the number of photons needed to liberate on electron are K = 8, 

for 12.063iU = taking into account only oxygen [29]. In liquids and condensed materials K is 

in general smaller than in gases. For the same 800 nm laser we need K = 5 photons in water, and 

6 in fused silica glass in order to generate an electron. 

 This nonlinear process, called Multi-Photon Ionization (MPI) and depicted in Fig 1-11(a), 

is extremely improbable to happen at low intensities. The MPI rate is given by  

 

 K
MPI KW Iσ=  (1.3-23) 

 

where Kσ denotes the MPI coefficient depending on the material.  

 The generation of free electron plasma through the simultaneous absorption of multiple 

photons (MPA) leads to a decrease of the intensity. MPA scales with KI , therefore it will be 
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strongest at the most intense points of the beam, namely closest to the position of collapse. Since 

MPA (scales with KI ) is a higher order nonlinear process than self-focusing (scales with I ) it 

will dominate as intensity increases, ultimately arresting the collapse of the beam. The exact 

intensity at which the collapse is arrested by MPA is dependent on the focusing geometry, beam 

power and the material parameters. For paraxial beams it is generally between
13 14 210 10 /W cm− . The characteristic length of MPA is given by Eq.(1.3-24): 

 

 1

1
2MPA K

K

L
Iβ −=  (1.3-24) 

 

where Kβ denotes the MPA coefficient given from: 

 

 0K at KKβ ω ρ σ=   (1.3-25) 

 

 At higher intensity levels ( )15 210 /I W cm> and shorter optical frequencies, OFI occurs 

mainly through tunneling ionization, in which the electron tunnel escapes under the combined 

strength of the optical field and the coulomb potential.  A schematic representation of tunnel 

ionization is depicted in Fig 1-11(b). 

 

 

Fig 1-11   Schematic diagram of: (a) multiphoton and (b) tunnel ionization. 
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1.3.3 Plasma defocusing and absorption 

 

 The generated through MPI electron plasma will locally decrease the refractive index of 

the medium and therefore interact with the laser pulse. The modified refractive index is given by 

Eq. (1.3-26) [30]: 

 

 0 2 c

n n ρ
ρ

−
 (1.3-26) 

 

where ρ is electrons density of the generated plasma and cρ the critical plasma density at 

which the medium becomes opaque, given from: 

 

 
2

0 0
2
e

c
m
e

ε ωρ ≡  (1.3-27) 

 
319.1093829140 10em kg−= × , and 191.602176565 10e C−= − ⋅ are the electron mass and charge. 

For 800 nm we get 21 31.7 10c cmρ −≈ × . 

 The modification of the refractive index due to the presence of plasma will influence the 

propagation of light, depending on its shape and density. Specifically, if a self-focusing laser 

pulse with spatial intensity distribution ( )I r is used to generate the plasma, the shape of the 

plasma will be ( )KI r . In most cases the shape of the generated plasma will resemble a bubble, 

since most laser profiles ( )I r are more intense at the center (Gaussian, Lorentzian, hyperbolic 

secant, etc ). Since the densest plasma is located on-axis, the effect of the plasma will resemble a 

defocusing lens much like an air bubble in water. As already mentioned, the strength of the 

plasma lens is dependent not only on the shape of the plasma but also on the peak electron 

density, which ultimately depends on the peak intensity 0I of the driving laser. Consequently 

plasma defocusing becomes increasingly important close to the position of the collapse, and is 

able to locally overcome self-focusing and arrest the collapse. The reason behind this is the same 

as in the case of MPA; plasma defocusing is a higher order nonlinear process than self-focusing, 
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and therefore it will eventually dominate given high enough intensity values. A schematic 

representation of plasma defocusing is shown in Fig 1-12. 

 

 

Fig 1-12   Schematic representation of plasma defocusing. Black line: intensity distribution. Green: Refractive 

index modulation.  

 

 In addition to its defocusing effect, plasma is also able to absorb photons and deplete the 

energy of the laser pulse that is propagating through it. In this process existing free electrons 

(possibly generated by OFI) are accelerated by the electric field of the pulse. The accelerated 

electrons collide with other atoms and molecules, and given enough kinetic energy, will 

generated new electrons in an avalanche like process. This phenomenon, also known as inverse 

Bremsstrahlung effect, is especially strong for pulses with long durations. 

 Both plasma defocusing and plasma absorption are saturating mechanisms of the 

intensity. The characteristic lengths of plasma defocusing ( )PlasmaL and absorption ( )ABS
L are 

given by: 

 
0

2
PlasmaL

σω ρτ
=  (1.3-28) 

and 
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 2
ABS

L
σρ

=  (1.3-29) 

 

where σ the cross section for inverse Bremsstrahlung is given by Eq. (1.3-30) [31]: 

 

 ( )
2

2 2
0 0 1

c

e C

e
m cn

τσ
ε ω τ

≡
+

 (1.3-30) 

 

where cτ is the characteristic time for electron collisions depending on the material. 

 Here it must be noted that both the defocusing and absorption effects of the plasma are 

mainly affecting by the trailing part of the pulse, since most of the plasma is generated at the 

center time slice where intensity is highest. A more detailed description of the space-time 

coupling found in filamentation will be given later on. 

 

 

 

1.3.4 Self-phase modulation and white light generation 

 

 Self-Phase Modulation (SPM) is the phenomenon where the phase of a pulse is changing 

due to a self-induced modulation of the refractive index in time. The time varying phase will 

cause the spectrum to change, leading to spectral broadening and white light generation. The 

modulation of the refractive index 0 2n n n I= +  can generally be associated to both its linear and 

nonlinear parts, since in the filamentation process both of these quantities are changing in time. 

The phase of the carrier wave ( )0i kr te ω−




 is given by ( ) 0t kr tϕ ω= −


 . For simplicity we assume that 

the propagation direction is along the z axis, so we can write: ( ) 0 0t nk z tϕ ω= − . In general the 

new frequencies that are generated are given by the simple relation: 

 

 ( ) ( )tt
t

ϕ
ω

∂
= −

∂
 (1.3-31) 
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So by substitution we have: 

 

( ) ( ) [ ] ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
0 0 0 0

0 0 0 2

0 2 0 2

2

2

C

C

t n t
t nk z t k z

t t t t
t k z n n I t

t
t

n t n t n I t n n I t

ϕ
ω ω ω

ρ
ω ω

ρ
ρ
ρ

∂ ∂∂
= − = − − = − 

∂ ∂ ∂   ∂⇒ = − − +  ∂  
= + = − +


(1.3-32) 

 

 

 The term ( )2n I t is associated with the optical Kerr effect, which is increasing the 

refractive index when intensity is increased. The term 
( )

2 C

tρ
ρ

−  is associated with plasma 

defocusing, i.e. the reduction of the liner part of the refractive index due to the presence of 

plasma. The calculation of the derivative gives us finally the relation that links the spectrum with 

the time dependent intensity ( )I t and electron density ( )tρ : 

 

 

( ) ( ) ( )

( ) ( ) ( )

0 0
0 2 0

0 0 2 0
0

0
0

2

2
:

C

C

t I tn k zt n k z
t t

t I tn z n zt
c t c t

where k
c

ρ
ω ω

ρ
ρω ωω ω

ρ
ω

∂ ∂ 
= + − ∂ ∂  ∂ ∂⇒ = + − ∂ ∂

=


(1.3-33) 

 

 On the RHS of Eq.(1.3-33), only the two partial derivatives in time are varying quantities, 

everything else is constant. This means that the new frequencies that are nonlinearly generated 

depend on these two derivatives. When intensity is increasing ( )( )0t I t∂ > as in the leading part 

of the laser pulse, lower frequencies are generated (red shift). Likewise when intensity is 

decreasing ( )( )0t I t∂ < as in the trailing part of the pulse, higher frequencies are generated (blue 

shift). The plasma contribution is working in a similar fashion. When the electron density is 

increasing ( )( )0t tρ∂ >  the spectrum is blue shifted, while red shifted in the opposite case. Note 
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here that since electron recombination is on much longer time scale (ps) than the typical pulse 

duration of fs lasers pulses, the latter case is rarely observable with ultrashort pulses. This means 

that plasma will almost exclusively produce blue frequencies in femtosecond filaments.    

 

 

1.3.5 Self-steepening 

 

 Self-steepening is the formation of a steep edge in the trailing part of an intense laser 

pulse due to nonlinear self-action effects in a medium with positive 2n  [32]. The edge is formed 

because the most intense part (peak) of the pulse is propagating at a smaller speed than the 

trailing part. This speed difference makes it possible for the trailing part to catch up to the rest of 

the pulse, resulting in the formation of the sharp edge. The effect of self-steepening on a pulse 

profile is shown in Fig 1-13. 

 

 

 
Fig 1-13   Numerical simulated pulse reshaping due to self-steepening taken from [33]. 
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 The origin behind this phenomenon is once again the intensity dependent refractive index

( ) ( )0 2n t n n I t= + , which is high at the intense parts (peak) and low at the less intense parts 

(tails). The difference in refractive index results in a difference in propagation speed according 

to: 

 ( ) ( ) ( )0 2

c ct
n t n n I t

υ = =
+

 (1.3-34) 

 

 By looking at Eq. (1.3-34) it becomes clear that in the nonlinear regime all different pulse 

slices with different intensities propagate at different speeds. This will lead to a form of pulse 

dispersion, which however is fundamentally different than the material chromatic dispersion 

analyzed in section 1.2.2. 

The modification of the pulse shape will in turn lead to an increase of the generation of bluer 

frequencies [33] from SPM in the trailing part due to the term ( )I t
t

∂
∂

in Eq. (1.3-33) becoming 

smaller. In addition the increase of the intensity in the trailing part of the pulse will lead to an 

local increase of self-focusing, eventually forcing asymmetric pulse splitting [34], [35] as it is 

shown in Fig 1-14. 

 

 

Fig 1-14   Numerical simulated pulse reshaping highlighting asymmetric pulse splitting, taken from [29]. 

 

 

 



43 
 

1.3.6 Filamentation: an equilibrium of linear and nonlinear effects 

 

 The goal of this section is to give a qualitative understanding of the filamentation 

phenomenon. 

 Filamentation is the result of the dynamic equilibrium of numerous linear and nonlinear 

effects acting on intense ultrashort laser pulses when they propagate through transparent media. 

The effects that create and sustain filaments were described individually in sections 1.2 and 

1.3.1-1.3.5, however their combination and interplay will be described in detail here: 

 Imagine an above critical power collimated laser pulse with a noise-free Gaussian 

spatiotemporal profile propagating in a transparent medium with positive 2n . Initially only 

diffraction, dispersion and self-focusing are acting on the wavepacket, and given enough power 

the beam will start to self-focus. Self-focusing will lead to an increase of the intensity, which will 

in turn accelerate the self-focusing process further. As the pulse is propagating, self-steepening 

will reshape the pulse shape and Kerr SPM will generate new frequencies in the wake of the 

pulse. Close to the point of collapse the intensity of the pulse is high enough to ionize the 

medium through MPI and generate plasma arresting the collapse. MPA will locally drop the 

intensity, while plasma defocusing will defocus the trailing part of the pulse widening the beam. 

The plasma related SPM will generate additional frequencies, broadening the spectrum of the 

pulse even more. The length of this process depends on beam geometry and the material. At its 

end it leaves the wavepacket defocused in space and split in time. The energy that was contained 

in the initial wavepacket has been reduced due to multi-photon and plasma absorption, while the 

spectrum is significantly broader. 

 The above described nonlinear process will repeat itself if the wavepacket has enough 

power left to initiate a second self-focusing stage. In fact the process repeats itself multiple 

times, up to the point where the power carried by the wavepacket is not high enough to re-initiate 

a new self-focusing stage and linear effects will finally disperse the wavepacket. The light-

material interactions of each refocusing cycle are depending on the output of the previous one, 

which makes the whole process very complex. The schematic representation of the refocusing 

cycles taking place in filamention is shown in Fig 1-15. 
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Fig 1-15   Schematic representation of refocusing cycles of an intense laser beam undergoing filamentation. 

 

 For detailed information on filamentation and the field of nonlinear pulse propagation 

consult the reviews found in [10], [36], [37]. 

 

 

1.4 Main attributes of femtosecond filaments 

 

1.4.1 Robustness 

 

 Macroscopically filaments are very robust in the sense that they are very durable to 

perturbations. Once formed, filaments are able to regenerate themselves even after the central 

part has been blocked by an opaque object [38], [39], [40], [41], an ability called self-healing 

[39] or self-reconstruction [40] in the literature. The reason behind this peculiar behavior is the 

energy reservoir that surrounds the intense core of the beam, which is constantly feeding energy 

to the center [42]. The demonstration of self-reconstruction of a filament in water can be seen in 

Fig 1-16. 
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Fig 1-16   Numerical results for (top) free and (bottom) blocked at z = 18 mm filament propagation in water. 

Self-reconstruction takes place at z = 35 mm. Taken from [40]. 

 

 

 

 

 

1.4.2 Long range propagation 

 

 As already mentioned, high power laser pulses can undergo multiple refocusing cycles 

until they finally disperse. Given enough power, filaments can stretch out over extremely long 

distances, even reaching several km in the atmosphere [43], [44], [45]. Over this range, the 

filament diameter remains very narrow (about ~100 μm in air), while intensity is sufficiently 

high to generate extremely long plasma channels. An experimental demonstration of the long 

range propagation of filaments can be seen in Fig 1-17. 

 This very impressive phenomenon is possible because of the relatively low energy losses 

that occur in the atmosphere with fs pulses, since inverse Bremsstrahlung and MPA is relatively 

limited. 
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Fig 1-17   Long range propagation of light filaments in the atmosphere for different laser pulses. (a) 100 fs, (b) 

1 ps, and (c) 2 ps. Taken from [45]. 

 

1.4.3 Intensity clamping 

 

 Close to the position of collapse, filamentation is mainly driven by the competition of 

self-focusing and MPA. Self-focusing will tend to increase the intensity while on the other hand; 

MPA will work towards the opposite direction, depleting the pulse energy and decreasing the 

intensity. As already mentioned, MPA will always dominate over self-focusing over certain 

intensity values because it is a higher order nonlinear process. Once the intensity is increased 

above this threshold value, MPA will rapidly deplete the pulse energy and intensity will drop. 

This threshold value is called the intensity clamping value, given by [46], [47], [48]: 
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( )

2 2 c

I
n I

ρ
ρ

=  (1.3-35) 

 

If the propagation is taking place in air we can estimate the electron density of the plasma to be 

about: 

 ( ) ~ K
K at pI I tρ σ ρ  (1.3-36) 

 

where atρ is the density of neutral atoms and Kσ is the ionization cross section for K photons. 

By substitution we obtain the clamping value of the intensity: 
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−
 
  
 

 (1.3-37) 

 

Typically for an 800 nm laser pulse with 100 fs duration propagating in air the clamping 

intensity is about 13 2~ 2 10 /I W cm× . Intensity clamping was demonstrated through numerical 

simulation in [46], as shown in Fig 1-18. 

 

 

Fig 1-18   Peak intensity of a simulated filament in air, demonstrating intensity clamping. Taken from [46]. 
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1.4.4 Modulation instability and multiple filamentation 

 

 In section 1.3.6 we assumed that the initial wavepacket was noise-free. However this is 

hardly the case in real life laser sources, since beam inhomogeneities are always present. These 

inhomogeneities will evolve into separate filament cores under the effect of self-focusing, given 

that the total beam power is high enough [49]. In the multi-filamentation regime each individual 

filament carries approximately one critical power, while the intensity remains clamped along 

propagation. The number of individual filaments is slightly less than the number of critical 

power contained in the whole wavepacket. 

 Once the nonlinear loses deplete the power of an individual filament, it will disperse 

restoring energy to the extended energy reservoir which surrounds the whole beam. The change 

in the intensity distribution of the energy reservoir will lead to the generation of new filaments in 

a seemingly random fashion. As the beam propagates in space, nonlinear losses will eventually 

deplete the pulse energy and the number of individual filaments will decrease. The multi-

filamentation pattern of a 100 fs laser pulse is shown in Fig 1-19 after propagation of (a) 50 m, 

and (b) 600 m in air. 

The spatial control of multi-filamentation is possible through a number of different 

approaches, like air turbulence [42], the insertion of a mesh into the beam [50], induced beam 

astigmatism [51], initial beam ellipticity [52], or amplitude masks [53]. 

 

Fig 1-19   Multiple filamentation pattern after (a) 50 m, and (b) 600 m propagation. Taken from [54]. 
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 It is evident that the theoretical study of the propagation of pulses in the multi-

filamentation regime cannot be done with radially symmetric models. All three spatial 

dimensions plus time must be taken into account in order to properly describe the dynamics.  

 

1.4.5 Spectral broadening - White light generation 

 

 Spectral broadening is commonly observed in laser pulses undergoing filamentation. The 

new frequency components are mainly generated through self-steepening [32], [55], and SPM 

associated with Kerr and plasma as it was described in detail in section 1.3.4. As we can see in 

Eq. (1.3-32) the generated frequencies depend on the partial derivatives of the temporal shapes of 

the pulse and the generated plasma in respect to time ( ) ( ),
I t t

t t
ρ∂ ∂ 

 ∂ ∂ 
. As already mentioned, 

both longer and shorter wavelengths will be generated by SPM. In case a near infrared input 

laser pulse is used (like 800 nm), the newly generated frequencies will span over the whole 

visual region and even reach UV wavelengths, as can be seen in Fig 1-20. They will thus appear 

as white light to the human eye, which is why the phenomenon is called white light 

supercontinuum generation. The conversion rate of the narrow bandwidth spectrum into white 

light is strongly dependent on the numerical aperture (NA) of the setup, given by [56]: 

 

 0 / 2wNA n
f

=  (1.3-38) 

 

The stronger the focusing (higher NA) the more white light is generated. 

 White light supercontinuum generation is observed in most transparent nonlinear 

materials, like in gases, liquids [57], and transparent solids [58]. However since most condensed 

materials have relatively low transmittance at the extreme ends of the spectrum, experimentally 

measuring the spectral broadening accurately is problematic.   
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Fig 1-20   (a) Experimentally measured spectral broadening of a 3 TW 70 fs laser pulse with central 

wavelength of 800 nm after the propagation of 10 m in air. The drop between 800 to 900 nm corresponds to 

the fall of the detectivity of the measuring apparatus. Taken from [59]. (b) Simulated spectral broadening of a 

100 fs, 800 nm pulse with 3 mJ energy after propagation of 65 m in air. Taken from [10]. 

 

1.4.6 Conical emission 

 

 The white light generated in laser filaments is mostly located on-axis. This white spot is 

surrounded by conical emission in the form of multicolored rings, as can be seen in Fig 1-21. 

The radial order of the colored rings is inverse of the one we would expect from pure diffraction, 

with red frequencies located closer to the center and bluer ones on the outer part.  

 The last two decades several mechanisms have been proposed to explain the conical 

emission associated with laser filaments, like Cerenkov radiation [60], [61], SPM [62], [63], 

four-wave mixing [64], [65], and nonlinear X-waves [66], [67], [68]. For more details on conical 

waves consult the text book by D. Faccio et al. [69].  
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Fig 1-21   Conical emission of a 5 mJ, 45 fs, 800 nm laser pulse after 25 m of propagation in air. Taken from 

[70]. 

 

 

1.4.7 Pulse self-compression 

 

 As already mentioned the nonlinear effects taking place during femtosecond laser 

filamentation are strongly reshaping the wavepacket. It is possible, by carefully tuning the 

focusing conditions and material parameters (pressure, temperature, etc), to shorten the initial 

laser pulse close to the single-cycle limit [71], [72]. The numerical study of the spatiotemporal 

dynamics that are reshaping a wavepacket during filamentation in argon gas was investigated in 

[73], and is shown in Fig 1-22. 

 

Fig 1-22   Pulse reshaping of 25 fs , 800 nm laser pulse carrying 1.1 mJ energy from filamentation in argon at 

various propagation distances. Taken from [73]. 
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 Approaches like filamentation in anomalous dispersion [74], and pressure gradients in 

noble gases [75] have also been proposed. In addition, it is possible to flatten the spectral phase 

of the supercontinuum through dispersion compensation to reach even shorter pulse durations. A 

very impressive demonstration of this technique was able to reach 5.7 fs carrier-envelope phase-

locked pulses carrying 0.38 mJ energy [76]. The setup used in [76] is shown in Fig 1-23. It 

utilizes two successive gas tanks filled with argon for the supercontinuum generation and chirped 

mirrors to synchronize the spectral components. 

 

 

Fig 1-23   Experimental setup of [76] containing two low pressure argon gas cells and a set of chirped mirrors 

for dispersion compensation. The pulse is compressed from 43 fs down to 5.7 fs while containing 0.38 mJ of 

energy (inset).  

 

The self-compressed laser pulses from femtosecond filamentation can be used as driving 

lasers sources for  attosecond XUV pulse generation through high-harmonic generation [77], 

[76], [78].  
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1.4.8 THz radiation generation 

 

 The plasma channels generated in femtosecond filamentation can act as sources for THz 

radiation [79]. The generation of THz radiation is especially strong in the case of 2-color 

filamentation setups [80], in which the fundamental and the second harmonics (generated by a 

frequency doubling crystal) are focused collinearly in order to generate a plasma channel in air 

or other gas. The typical 2-color filamentation setup used for THz generation is schematically 

shown in Fig 1-24. 

 

 

 

Fig 1-24   Schematic representation of a 2-color filament setup used for THz radiation generation. 

 

 

 The discovery of this phenomenon is very important since the ways to generate intense 

THz radiation with tabletop setups are extremely limited. On the other hand the high demand on 

intense THz sources in multiple research fields like  chemical biology [81], genetic analysis [82], 

non-destructive imaging [83], and materials science (metamaterials) [84], has made THz 

generation one of the most active field in nonlinear optics [85]. 

 Furthermore the emitted THz radiation can be tailored by the control of the filament itself 

and the plasma channel left in its wake. Such approaches are for instance: the elongation of the 

plasma channel through concatenation [86], and the tailoring of the plasma string geometry with 

the help of an  axicon [87]. 
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1.5 Applications 

 

1.5.1 White light LIDAR 

 

 The robustness and long range propagation [44] of filaments are making them excellent 

tools for the study of remote targets high in the atmosphere with remote ranging and sensing 

[88], [89]. In white light detection and ranging (while light LIDAR), the white light generated 

from filaments is used to perform atmospheric diagnostics by measuring the atmospheric 

absorption spectrum at various altitudes, giving information about air pollution, aerosols, and the 

concentration of gaseous and solid particles [90]. The altitude at which the filament is generated 

is controlled by a negative chirp in the initial laser pulse.  

 Filament based LIDAR techniques have many advantages when compared to 

conventional LIDAR systems. Filament based LIDAR gives a much stronger signal and is 

therefore able to operate over longer distances [91]. In addition by utilizing the broad spectrum 

of filaments, single-shot multi-species measurements are possible. In comparison, classical 

monochromatic LIDAR systems must scan over an extended frequency range in order to obtain 

similar results. A schematic representation of white light LIDAR setup is shown in Fig 1-25. 

 

 

Fig 1-25   (A) Graphical representation of a white light LIDAR system. (B) Vertical white light LIDAR at 

three different wavelengths. (C) Atmospheric absorption spectrum measured at 4.5 km altitude. From [89]. 
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 In addition, filament based LIDAR techniques can be applied in meteorology and cloud 

microphysics. Cloud characteristics, like droplet size and density, and meteorological values like 

temperature and humidity, can be measured at various altitudes [92]. In [93] femtosecond laser-

induced nonlinear spectroscopy was used for the remote sensing of methane gas. The 

condensation of supersaturated water vapor in the presence of filamentation generated plasma 

was demonstrated in [89].  

 

1.5.2 Remote LIBS 

 

 In Laser Induced Breakdown Spectroscopy (LIBS) an intense beam is used to ablate the 

surface of an object and produce a plasma plume. The spectral analysis of the plasma gives 

information about the composition of the ablated material. The technique has proved to be very 

successful in the quantitative and qualitative detection of elements in paintings, glasses and 

generally materials with unknown chemical composition.  

 In remote LIBS an intense filament is used to create the plasma plume on the surface of 

the sample. The main advantage of this technique is that the distance between the setup and the 

sample can be much longer than in classical tabletop LIBS systems, even reaching a distance of 

90 m [94], [95], [96]. The large working distance of remote LIBS has been proven to be of great 

importance for the mapping of large monuments [97]. 

 

 

Fig 1-26   Schematic representation of the remote LIBS setup, taken from [97]. 
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1.5.3 Electric discharge triggering and guiding 

 

 Since filaments generate an extended plasma channel along propagation, they can be used 

in order to trigger and,-or guide electric discharges, as can be seen in Fig 1-27.  

 

 

 An impressive application of a this principle is the laser induced lightning rod, which was 

proposed in [99], [100], [101], [98]. An artistic view of the possible lightning triggering and 

guiding schemes is shown in Fig 1-28. 

 

Fig 1-27   Experimental demonstration of the electric discharge guiding with filamentation. Taken from [98]. 

 

Fig 1-28   Artistic view of possible lightning triggering and guiding techniques. Taken from [102]. 
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1.5.4 Nano-fabrication 

 

 Filaments are used for the fabrication of miniature structures inside the bulk of glasses 

[103]. The damage suffered by the dielectric can be exploited to produce waveguides [104], 

[105], [106], transmission gratings [107], [108], and even 3D optical storage devices [109]. By 

controlling the intensity and beam size it is possible to induce a permanent refractive index 

modulation in the bulk of glasses while at the same time avoiding structural damage (like 

cracks). The waveguides that are produced this way are of very high quality [108], [110], as can 

be seen in Fig 1-29. 

 

 

Fig 1-29   Left: waveguide output profile at 633 nm inside the bulk of fused silica glass. Right: near field. 

Taken from [110]. 

 

  

 An interesting phenomenon is observed when high numerical apertures are used to focus 

the fs laser pulses inside the bulk of fused silica glass. Under the right conditions, the formation 

of periodic nanonstructures is observed [111], [112], also called nanogratings. The nanogratings 

arrangement in space depends on the writing electric field polarization, as can be seen in Fig 

1-30. 
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Fig 1-30   Scanning electron microscope images of chemically etched laser-modified regions. (a) High 

resolution image of a weakly etched structure. (b) and (c) are arrayed nanostructures written with E S⊥

and E S , respectively, after extensive etching. Taken from [112]. 

 

 

 

1.6 Uncontrollable attributes of filaments 

 

 Even though many different approaches have been proposed to control the attributes of 

filaments, the degree of control obtained by those techniques is quite limited. Thus filamentation 

still remains an essentially self-regulated process. The major problem all attempts have to 

consider is the extreme intensity of filaments which makes the use of conventional optical 

elements like lenses and prisms impossible. In addition the filament size is on the micrometer 

scale, which makes any attempt of controlling them even more difficult. The varying attributes of 

femtosecond filaments are presented in this section. 
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1.6.1 Beam waist - Peak intensity and plasma channel uniformity 

 

 Although the spatial characteristics of a filament are generally on the micrometer scale, 

they cannot be characterized as uniform or homogeneous. As already mentioned in section 1.3.6, 

after the first nonlinear focus the filament diameter will increase mainly due to MPA and plasma 

defocusing, while at the same time the peak intensity and plasma density will drop. In more 

complex cases however, multiple refocusing cycles will constantly reshape the spatial shape of 

and consequently the intensity and generated plasma will greatly vary along propagation. This 

can be clearly seen in Fig 1-31, where the beam waist, peak intensity, plasma density and fluence 

of two laser pulses (UV and IR) are plotted along propagation in logarithmic scale.   

 

 

Fig 1-31   Spacial reshaping of collimated laser beams in air. Left: UV laser pulse with λ = 248 nm, 100 fs 

duration, and 1 mJ total energy. Right: IR laser pulse with λ = 800 nm, 100 fs duration, and 3 mJ total 

energy. First line: Beams waist at FWHM along z. Second line: Peak intensity (left axis) and electron density 

(right axis) along z. Third line: Fluence distribution along z. Taken from [113]. 
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 In the multi-filamentation regime the dynamics are even more complex, since new 

filaments are constantly forming and dispersing at different positions in space. The control of 

these spatial characteristics is very difficult, and is still regarded as an open challenge today. 

 

1.6.2 Pulse shape and spectrum 

 

 The temporal shape (and the corresponding spectrum) of a laser pulse undergoing 

filamentation is constantly being reshaped, mainly due to Kerr and plasma related SPM. The 

pulse profile is undergoing multiple asymmetric splitting during subsequent refocusing cycles. 

The spatiotemporal reshaping of the IR laser pulse used in the right column of Fig 1-31 can be 

seen in Fig 1-32.  

 

 

Fig 1-32   Evolution of the temporal profile of the pulse during the nonlinear propagation of the same IR 

pulse as in Fig 1-31. The initial pulse (a) undergoes contraction in the transverse diffraction plane (b) plasma 

defocusing of its trailing part (c) which is subsequently refocused by the optical Kerr effect (apparent 

splitting beyond the nonlinear focus) (d,e,f) During the propagation in the form of a filament, successive 

focusing–defocusing cycles reinforce and accentuate the shortening and the stiffening of the pulse beyond the 

nonlinear focus. From [113]. 
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 The control of the temporal shape of pulses in undergoing filamentation is mostly limited 

to dispersion compensation, since the temporal dynamics of the filamentation process are 

completely self-regulated.  

 

1.6.3 Nonlinear losses 

 

 The most complex nonlinear processes are found in the multi-filamentation regime. 

Although the position of individual filaments can be controlled reasonably well [43], [114], as 

shown in Fig 1-33, many open problems remain unsolved.  

 

 

Fig 1-33   Spatial control of multiple filaments. (a) and (b): Comparison between the multiple filamentation 

patterns obtained in (a) experiments and (b) (3+1)D simulations after propagation over 68 m of a 190 mJ, 800 

nm laser pulse stretched to 1.2 ps by a negative chirp. (c) Multiple filaments predicted by (3+1)D simulations. 

The iso-surfaces for the fluence distribution are shown for a 150 mJ, chirped 500 fs, 800 nm input pulse 

whose initial beam includes azimuthal perturbations of order 10. Taken from [43], [114]. 
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 In the multi-filamentation regime, the high intensity of individual filaments is generating 

multiple plasma stings in the medium through MPI. This way the energy of the initial laser pulse 

is rapidly depleted, making lossless long range energy transfer very difficult.  Since 

filamentation is mainly driven by the competition of self-focusing and MPA, high nonlinear 

losses can only be avoided by maintaining the filament intensity bellow the MPI threshold. This 

would demand the presence of a different intensity saturating mechanism than MPA, which must 

be able to stop the collapse of the beam before ionization sets in. At relatively low input powers 

various approaches where proposed utilizing materials with anomalous higher order dispersion 

[115], competing higher order nonlinearities [116], and materials with saturating nonlinearities 

from the photorefractive effect of electro-optic materials [117]. However the lossless long range 

propagation of extremely high power laser pulses in gases, fibers, or liquids still remains an open 

challenge up to this day. 

 

 

1.7 Thesis outline 

 

 The study of nonlinear propagation of ultrashort laser pulses in the filamentation regime 

has been extensively studied in the last decades. However many questions about the interplay of 

physical effects and their interaction with the material still remain unanswered. The numerous 

linear and nonlinear effects that are driving femtosecond filaments are constantly competing with 

each other as the wavepacket propagates. This competition is resulting in a dynamic equilibrium 

that is very difficult to predict and control. 

Over the years many different approaches have been proposed to harness filaments and 

control their attributes, mostly by controlling the shape of the initial wavepacket and the 

properties of the propagation medium. These approaches include the spatial control of the initial 

beam shape, optimizing the focusing geometry, negative of positive chirp, or the propagation in 

controlled dispersion materials. However, controlling a filament (spatially or temporally) once it 

is formed is still an open challenge. 

It is clear that the control of the attributes of femtosecond filaments is of fundamental 

importance in the field of nonlinear optics. Not only will it have a big impact on research topics 
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utilizing filaments (like attosecond pulse generation, and THz generation), but also benefit 

numerous practical applications (see section 1.5). Filamentation tailoring, which is the main axis 

of this thesis, consist of the selective control of specific filament attributes (like peak intensity, 

pulse shape and generated plasma) in order to optimize their use in research and practical 

applications. Two different approaches are explored in chapters 3 and 4 utilizing periodic lattices 

and nondiffracting beams. 

 Chapter 2 starts with the analytic derivation of the extended nonlinear Schrodinger 

equation from the Maxwell equations, which describes the propagation of the envelope of the 

electric field along z. The temporal evolution of the electron plasma due to MPI, avalanche 

ionization and recombination is taken into account and introduced into the model. The second 

part of the chapter explains in detail the numerical scheme that is solving the mathematical 

model. The numerical code described will be used for the majority of the numerical simulations 

throughout this thesis. The third part of the chapter presents the results of numerical simulations 

using the described model. Starting from simple linear effects like diffraction and dispersion, one 

by one additional effects are added in order to give the reader a qualitative and quantitative 

understanding of each mechanism and its effect on the propagation of the laser pulse.  

 In Chapter 3 filamentation tailoring using periodic photonic lattices is studied. The 

chapter is starting with an overview of previous attempts of filamentation control. The spatial 

control of a single filament using a cylindrical symmetric plasma lattice in air is presented. Next 

the transition from the moderate power soliton regime to the high power filament regime is 

explained and analyzed. In addition to the spatial control, the temporal control of the wavepacket 

by the same cylindrical lattice is shown to lead to the formation of a nonlinear dynamic light 

bullet in air. Multiple different approaches that target the increase of power of the tailored 

filament both in the single and multi-filamentation regime are numerically explored. These 

approaches utilize multiple lattice geometries (square, polygon, elliptical etc) and materials (air, 

water, fused silica glass). In addition to numerical simulations, two lab experiments were carried 

out in BK7 glass and water, where a permanent lattice with elliptical waveguides and a Bessel-

like plasma lattice are used to tailor the filaments.  

 Chapter 4 is approaching filamentation tailoring through the use of non-diffracting 

beams. The first part of the chapter is about filamentation tailoring using Bessel beams. First the 

generation of a stationary UV Bessel filament in air is presented. Next the nonlinear X-wave is 
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introduced and the generation of a linear X-wave by cross-phase modulation through the use of a 

second pump pulse is reported. The second part of the chapter is studying the nonlinear 

propagation of Airy beams. First an overview of the linear exotic characteristics of Airy beams is 

given, and the main techniques used for their generation are depicted. A complete numerical 

study of the nonlinear propagation dynamics of 2D airy beams in air is presented. In addition, 

experiments in water are compared with matching simulations to verify the results. For one 

spatial dimension, a stationary nonlinear Airy beam solution is found in the presence of high 

nonlinear losses. Finally a radial variation of the Airy beam, which is a member of a family of 

autofocusing waves that was recently discovered, is studied in the nonlinear regime. Numerical 

studies in air reveal that the focus position and peak intensity of nonlinear autofocusing waves is 

driven by very different mechanics than the ones found in Gaussian filaments.  
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2.  Nonlinear wave propagation equation  
and its solution 

 

2.1 The nonlinear propagation equation 

 

 The nonlinear propagation of ultrashort laser pulses in transparent materials is modeled 

using an extended nonlinear Schrödinger equation, which describes the evolution of the slowly 

varying electric field envelope  along z: 

 

 ( ) ( ) ( )2 2
0 ,

2 Kerr NLL Plasma
iK D k T N TN N

z
ρ⊥

∂    = ∇ + + + +   ∂
       (2.1-1) 

 

Eq.(2.1-1) takes into account both linear (first term on the RHS) and nonlinear effects (second 

term on the RHS) that are acting on the electric field envelope  . 
2 2

2
2 2x y⊥ ⊥

∂ ∂
∇ = ∆ = +

∂ ∂
is the 

transverse Laplacian operator which is used to model diffraction, while D is the dispersive 

operator used to model the material chromatic dispersion. The operators '
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t
∂

= +
∂
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1
01T i

t
ω− ∂

= +
∂

account for space-time focusing and self-steepening of the laser pulse. The 

nonlinear source terms , ,Kerr NLL PlasmaN N N on the RHS of Eq.(2.1-1) are associated with the 

optical Kerr effect, nonlinear losses from MPA and plasma related effects like plasma defocusing 

and absorption.  They are given by: 
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   (2.1-3) 
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 ( ) ( ), 1
2Plasma CN iσρ ωτ ρ= − +   (2.1-4) 

 

 The optical Kerr effect described by Eq.(2.1-2) consists out of an instantaneous and a 

delayed component with fraction alpha. The instantaneous part is associated with the electronic 

response of the medium and is described by the term ( ) 20
2 1i n a

c
ω

−   , while the delayed 

component associated with stimulated molecular Raman scattering can be written as

( ) 20
2

t

i n a R t d
c
ω τ τ

−∞

−∫   . ( )R t is the function describing the delayed molecular response: 

 ( ) [ ] ( )0 exp sin RR t R t tω= −Γ  (2.1-5) 

where Γ and Rω are the characteristic time and frequency of the molecular response. Eq.(2.1-2) 

can be re-written for instantaneous material response only ( )0a = in the form: 

 

 ( ) 20
2KerrN i n

c
ω

=    (2.1-6) 

 

 The nonlinear losses term of Eq.(2.1-3) describes the losses to the field envelope due to 

MPA of order K.  

 The plasma contribution term described by Eq.(2.1-4) consists of an imaginary part 

describing plasma defocusing and a real part describing plasma absorption. 

 

 Eq.(2.1-1) is coupled with an electron evolution equation in order to follow the evolution 

of the generated plasma in time: 

 

 ( )2 2 2K
K at rec

i

a
t U
ρ σσ ρ ρ ρ ρ∂
= − + −

∂
   (2.1-7) 

 

Eq.(2.1-7) is taking into account MPI (first term on the RHS) with rate K
MPI KW Iσ=  , and 

avalanche ionization (second term on the RHS). The last term of the RHS accounts for the 
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electron to ion recombination with coefficient 1
rec

rec

a
τ

= . Since recombination time recτ is much 

longer than the typical femtosecond laser pulse duration, the last term of Eq.(2.1-7) can safely be 

neglected in most cases (gases). 

 The analytic derivation of the mathematical model will be shown in the next section.  

 

 

2.1.1 Analytic derivation from the Maxwell equations 

 

 In this section the derivation of the nonlinear propagation equation will be analytically 

shown. The basic six steps are the following:  

 

1. Starting from Maxwell's equations in a non-magnetic medium, the nonlinear wave 
equation is derived. 

2. The material polarization is separated into linear (dispersion) and nonlinear parts (optical 
Kerr effect).  

3. Next the wave equation will be re-written using the field envelope, along with both 
material polarization and current density terms.  

4. The dispersive coefficient is calculated through a Taylor expansion of the wavenumber in 
the spectral domain. 

5. Finally the evolution equation for the electric field envelope is derived by rewriting the 
nonlinear wave equation in the moving reference frame of the laser pulse.  

6. The nonlinear source terms are calculated from the nonlinear polarization and current 
density. 

 

In this process multiple approximations will be made, which are standard in the field of 

femtosecond filamentation optics. 
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Step#1: Derivation of the nonlinear wave equation from Maxwell's 

 

 Maxwell’s equations in differential form for transverse electromagnetic waves can be 

written in SI units as shown below:  

 D ρ∇ =


 (2.1-8) 

 0B∇ =


 (2.1-9) 

 BE
t

∂
∇× = −

∂





 (2.1-10) 

 DH J
t

∂
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∂



 

 (2.1-11) 

and:  

 0D E Pε= +
  

 (2.1-12)  

 0B µ= Η +Μ
  

 (2.1-13) 

Where: 

 

E


 : electric field B


 : magnetic field 
D


 : electric displacement  Η


 :  magnetic field strength 
P


 : electric polarization Μ


 : magnetization 
J


 : current density ρ  : charge density 

0ε : permittivity of vacuum 0µ : permeability of vacuum 
 

 

For a non-magnetic material:  
0

0
µ
Β

Μ = ⇒ Η =


 

, and Eq.(2.1-11) can now be written as: 

 

 0 0
0

D DH J J
t t

µ µ
µ
Β ∂ ∂

∇× = ∇× = + ⇒ ∇×Β = +
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 (2.1-14) 

 

 

We will start from Eq.(2.1-10): 
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 (2.1-15) 

 

From basic vector calculus we know that:  

 

 ( ) 2E E E∇×∇× = ∇ ∇⋅ −∇
  

 (2.1-16) 

 

Also by definition:  

 0 0 2

1
c

µ ε =  (2.1-17) 

 

By substituting Eq.(2.1-16) and Eq.(2.1-17)  in Eq(2.1-15). we get:  
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Step#2: Separating linear and nonlinear polarization 

 

 The polarization vector P


can be written as: 

 

 linear nonlinearP P P= +
  

 (2.1-19) 

 

This way the nonlinear polarization is separated from the linear response of the medium, which 

can be later combined with the electric field to form the linear electric displacement: 

 

 0linear linearD E Pε= +
  

 (2.1-20) 

 

By substituting Eq.(2.1-19) in Eq.(2.1-18) we have: 

 

( ) ( )

( )

2 2 2
02

2 2 2 2
0 02

1

1

t t linear nonlinear t

t t linear t nonlinear t

E E E P P J
c

E E E P P J
c

µ

µ µ

 ∇ −∇ ∇⋅ − ∂ = ∂ + + ∂ 

 ∇ −∇ ∇⋅ − ∂ = ∂ + ∂ + ∂ 

     

     

 

 ( )2 2 2
02

0

1 linear
t t nonlinear t

PE E E P J
c

µ
ε

 
 ∇ −∇ ∇⋅ − ∂ + = ∂ + ∂   

 



    

 (2.1-21) 

 

We assume that the electric field remains linearly polarized, transverse to the propagation 

direction. This way the term ( )E∇ ∇⋅


can be neglected and Eq. (2.1-21) can now be written in 

scalar form, simplifying calculations: 

 

 2 2 2
02

0

1 linear
t t nonlinear t

PE E P J
c

µ
ε

 
 ∇ − ∂ + = ∂ + ∂   

 
 (2.1-22) 
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We are taking in account dispersion, which means that the linear polarization linearP is given by 

[13]: 

 ( ) ( ) ( ) ( )1
0, ' , ', '

t

linear
P r t t t E r t z dtε χ

−∞

= −∫  (2.1-23) 

 

where: 

 ( ) ( ) ( )11t tε χ= +  (2.1-24) 

 

is the instantaneous dielectric constant of the material, which can be written in the frequency 

domain using the Fourier transform: 

 

 ( ) ( )
( )1ˆ1 ωε ω χ= +  (2.1-25) 

 

where ( )
( )1ˆ ωχ  is the Fourier transform of the first order susceptibility of the medium in the 

frequency domain. The Fourier transform of a function ( )f t  is defined by:  

 

 ( ) ( )ˆ i tf f t e dtωω
+∞

−

−∞

= ∫  (2.1-26) 

 

The frequency dependent dielectric constant of Eq.(2.1-25) is complex in general. Its real 

and imaginary parts represent the linear refractive index ( )n ω  and absorption coefficient ( )α ω

, which are both frequency dependent and are given by the relations: 

 

 
( ) ( )

( ){ }
( ) ( )

( ){ }

1
2

1

ˆ1 Re

2 ˆIm

n
n i

nc

ω

ω

ω χ
αε ωω α ω χ

 = +
+   = ⇒   

   = 
 

 (2.1-27) 

 

By substituting Eq.(2.1-23) in Eq.(2.1-22) we get:  
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 ( ) ( )
( )
( ) ( )1

0 '
2 2 2

02
0

, ', '
1, , , ,

t

t t

t t nonlinear t

E r t z dt
E r t z E r t z P J

c

ε χ
µ

ε

−
−∞

 
 
   ∇ − ∂ + = ∂ + ∂  
 
 

∫
 (2.1-28) 

 

but because 

 ( ) ( ) ( ), , ' , ', 'E r t z t t E r t z dtδ
+∞

−∞

= −∫  (2.1-29) 

we can write: 

( ) ( ) ( )
( )
( ) ( )1

0 '
2 2 2

02
0

, ', '
1, , ' , ', '

t

t tt

t t nonlinear t

E r t z dt
E r t z t t E r t z dt P J

c

ε χ
δ µ

ε

−
−∞

−∞

 
 
   ∇ − ∂ − + = ∂ + ∂ ⇒  
 
 

∫
∫  

 

 ( ) ( ) ( )
( )( ) ( )12 2 2

0'2

1, , ' , ', '
t

t t nonlinear tt tE r t z t t E r t z dt P J
c

δ χ µ−
−∞

 
 ∇ − ∂ − + = ∂ + ∂   

 
∫  (2.1-30) 

 

By substituting Eq.(2.1-24)  in Eq.(2.1-30) we can write: 

 

 ( ) ( ) ( )2 2 2
02

1, , ' , ', '
t

t t nonlinear tE r t z t t E r t z dt P J
c

ε µ
−∞

 ∇ − ∂ − = ∂ + ∂ ∫  (2.1-31) 

 

We assume here that the absorption coefficient is small compared to the refractive index, thus 
2nε  , and we can write: 

 ( ) ( ) ( )2 2 2 2
0'2

1, , , ', '
t

t t nonlinear tt tE r t z n E r t z dt P J
c

µ−
−∞

 ∇ − ∂ = ∂ + ∂ ∫  (2.1-32) 

 

and since:  
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( ) ( )

( ) ( )

2 2 2
2

2 2 2

2 2
2 2 2

2 2

2 2

, , , ,

, ,z

E r t z E r t z
x y z

E r t z
x y

r x y

⊥ ⊥

 ∂ ∂ ∂
∇ = + + ⋅  ∂ ∂ ∂  




∂ ∂ + = ∇ ∇ + ∂∂ ∂ 


= +

  

we can write Eq.(2.1-32) in the form: 

 

 ( ) ( ) ( ) ( )2 2 2 2 2
0'2

1, , , ', '
t

z t t nonlinear tt tE r t z n E r t z dt P J
c

µ⊥ −
−∞

 ∇ + ∂ − ∂ = ∂ + ∂ ∫  (2.1-33) 

 

 

 

 

Step#3: Re-writing of the wave equation using the electric field envelope 

 

 We will now rewrite the electric field using the envelope and carrier wave: 

 

 ( ) ( ) ( )0 01, , , , . .
2

i k z tE r t z r t z e c cω−= +  (2.1-34) 

 

Now it is time to apply the envelope decomposition on all terms of Eq.(2.1-33). First we 

calculate the partial derivatives with respect to the propagation coordinate “z”: 

 
( )0 02 2 i k z tE e ω−

⊥ ⊥• ∇ = ∇   (2.1-35) 
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( ) ( )( ) ( ) ( ) ( )( )
( ) ( )

( )( ) ( )( )
( ) ( ) ( )( ) ( )

0 0 0 0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0 0

2 2

2
0

2
0

2
0

i k z t i k z t i k z t i k z t
z z z z z z z

i k z t i k z t
z z z

i k z t i k z t
z z z z

i k z t i k z t i k z
z z z z z z

E e e e e

E e ik e

E e ik e

E e e ik e

ω ω ω ω

ω ω

ω ω

ω ω ω

− − − −

− −

− −

− − −

    • ∂ = ∂ = ∂ ∂ = ∂ ∂ ⋅ + ∂     
 ⇒ ∂ = ∂ ∂ + 

⇒ ∂ = ∂ ∂ + ∂

⇒ ∂ = ∂ ∂ ⋅ + ∂ ∂ + ∂ ⋅

   

 

 

   ( ) ( )( )
( ) ( ) ( ) ( ) ( )

0 0 0

0 0 0 0 0 0 0 0

0

22 2
0 0 0

t i k z t
z

i k z t i k z t i k z t i k z t
z z z z

ik e

E e ik e ik e ik e

ω

ω ω ω ω

−

− − − −

+ ∂

⇒ ∂ = ∂ + ∂ + ∂ +



   

 

 ( ) ( )0 02 2 2
0 02 i k z t

z z zE ik k e ω−⇒ ∂ = ∂ + ∂ −   (2.1-36) 

 

We assume that the nonlinear terms of Eq.(2.1-33) follow the envelope of the electric field, and 

are given from the relations: 

 

 ( )0 0i k z tenv
nonlinear nlP P e ω−= ⋅  (2.1-37) 

 ( )0 0i k z tenvJ J e ω−= ⋅  (2.1-38) 

 

By applying the envelope in the same way we calculate the partial derivatives in respect to the 

time coordinate “t”: 

 

( ) ( )( )
( ) ( ) ( )( )

( ) ( ) ( )

0 0 0 0

0 0 0 0

0 0 0 0

2 2

2

2
0

2

i k z t i k z tenv env
t nonlinear t nl t t nl

i k z t i k z tenv env
t nonlinear t t nl nl t

i k z t i k z tenv env
t nonlinear t t nl nl

t nonlinear t t nl

P P e P e

P P e P e

P P e i P e

P P

ω ω

ω ω

ω ωω

− −

− −

− −

  • ∂ = ∂ ⋅ = ∂ ∂ ⋅   
 ⇒ ∂ = ∂ ∂ ⋅ + ∂ 
 ⇒ ∂ = ∂ ∂ + − 

⇒ ∂ = ∂ ∂ ( )( ) ( ) ( )( )

( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( )

0 0 0 0

0 0 0 0

0 0 0 0

0

2

0 0

i k z t i k z tenv env
t nl

i k z t i k z tenv env
t nonlinear t t nl t nl t

i k z t i k z tenv env
t nl nl t

e i P e

P P e P e

i P e i P e

ω ω

ω ω

ω ω

ω

ω ω

− −

− −

− −

+ ∂ −

⇒ ∂ = ∂ ∂ + ∂ ∂

+ − ∂ + − ∂
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( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0 0 0 0

0 0 0 0

0 0 0 0 0 0 0 0

2 2
0

2
0 0

2 2 2
0 0 0

2

i k z t i k z tenv env
t nonlinear t nl t nl

i k z t i k z tenv env
t nl nl

i k z t i k z t i k z t i k z tenv env env env
t nonlinear t nl t nl t nl nl

t non

P e P i e P

i e P i e P

P e P i e P i e P e P

P

ω ω

ω ω

ω ω ω ω

ω

ω ω

ω ω ω

− −

− −

− − − −

⇒ ∂ = ∂ + − ∂

+ − ∂ + −

⇒ ∂ = ∂ − ∂ − ∂ −

⇒ ∂ ( ) ( )0 0 0 0

2 2
2 2 2 2
0 02 2

0 0 0 0

2 1 2 1i k z t i k z tenv envt t t t
linear nl nl

i P e e i i Pω ωω ω
ω ω ω ω

− −   ∂ ∂ ∂ ∂
= − − = − + +   
   

 

 ( )0 0

2
2 2

0
0

1i k z t env
t nonlinear t nl

iP e Pωω
ω

−  
⇒ ∂ = − + ∂ 

 
 (2.1-39) 

 

And in the same way: 

 

( ) ( ) ( ) ( )( )
( ) ( )

0 0 0 0 0 0

0 0 0 0
0

i k z t i k z t i k z tenv env env
t t t t

i k z t i k z tenv env
t t

J J e J e J e

J e J i e J

ω ω ω

ω ωω

− − −

− −

 • ∂ = ∂ ⋅ = ∂ ⋅ + ⋅∂ 

⇒ ∂ = ∂ −
 

 ( )0 0
0

0

1i k z t env
t t

iJ i e Jωω
ω

−  
∂ = − + ∂ 

 
 (2.1-40) 

 

Let 

 
0

1 t
iT
ω

 
= + ∂ 
 

 (2.1-41) 

 

denotes the operator responsible for self – steepening and optical shock formation. Then we can 

rewrite Eq.(2.1-39) and Eq.(2.1-40) in the form: 

 

 ( )0 02 2 2
0

i k z t env
t nonlinear nlP T e Pωω −∂ = −  (2.1-42) 

 ( )0 0
0

i k z t env
t J i Te Jωω −∂ = −  (2.1-43) 
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Step#4: Calculation of the dispersive coefficient 

 

 Next, the integral term on the LHS of Eq.(2.1-33) will be Fourier transformed with 

respect to the time coordinate, as defined by Eq.(2.1-26). Then the wavenumber ( )k ω will be 

written as a Taylor expansion around the central frequency 0ω , followed by an inverse Fourier 

transform which will bring us back to the time domain [13], [14], [12]. We represent the 

envelope ( ), ,r t z  in terms of the spectral content through it inverse Fourier transform: 

 

 ( ) ( )1 ˆ, , , ,
2

i tr t z r z e dωω ω
π

+∞

−∞

= ∫   (2.1-44) 

 

Note that field and envelope can be related in the spectral domain with the relation (2.1-45) [12]: 

 

 ( ) ( ) 0
0, ,

ˆˆ , , ik z
r zE r z eω ω ω≈ −  (2.1-45) 

 

The Fourier transform of the integral term reads: 

 

( ) ( ) ( ) ( ) ( ) ( )

( )
( ) ( )

0 0 0
2'2 2 2

0 0'2 2

0

1 1 ˆ, ', ' , ,

2

t
i k z t ik z

t t tFT n r t z e dt i n r z e
c c

n n
k

c

ω
ω

ω

ω ω ω

π ω ω ω
λ

−
−

−∞

 
− ∂ = − −  

  ⇒


= = 

∫  

 

 ( ) ( ) ( )
( ) ( )0 0 0'2 2 2

0'2

1 ˆ, ', ' , ,
t

i k z t ik z
t t tFT n r t z e dt k r z e

c
ω

ω ω ω−
−

−∞

 
− ∂ = − 
 

∫    (2.1-46) 

 

The Taylor expansion of ( )k ω around 0ω  can be applied since ( )k ω is an analytic function 

close to 0ω  (can be expressed by a convergent power series): 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0

0

2 3'' '''
0 0'

0 0 2 3!

k k
k k k ω ω

ω

ω ω ω ω
ω ω ω ω

− −
= + − + + +  
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 ( ) ( )
( ) ( )

0 0

0 !

nn

n

k
k

n
ω ω ω

ω
∞

=

−
=∑  (2.1-47) 

 

which for ( )0 0k k ω= , can simply be written: 

 

 

 ( ) ( ) ( ) ( )
'' '''

2 3' 0 0
0 0 0 0 02 3!

k kk k kω ω ω ω ω ω ω= + − + − + − +  (2.1-48) 

 

where ( )
( )
( )

( )
( )
( )0

0

0

n
n n

n

k
k k ω

ω

ω ω
ω

=

∂
= =

∂
denote the partial derivatives of the frequency dependent 

wavenumber with respect to ω. The physical meaning of these partial derivatives can be 

associated with the group velocity groupυ for the central frequency 0ω  of the propagating wave 

and the group velocity dispersion, with dispersive coefficient of 2nd order and higher.  

 We will evaluate the term ( )
2k ω  

in Eq.(2.1-46) by using the Taylor expansion from 

Eq.(2.1-48). First we define: 

 ( ) ( )'
0 0 0K̂ k kω ω ω= + −  (2.1-49) 

 

Then by using relations (2.1-49)  and (2.1-48) we can write ( )
2k ω : 

 

( )

( ) ( )
22

0 02

2

ˆ
!

n

n

k
k K

nω

ω ω∞

=

 −
= + ⇒ 
 
 

∑  

 ( )

( ) ( ) ( ) ( )
22 2

0 0 0 02 2

2 2

ˆ ˆ2
! !

n n

n n

k k
k K K

n nω

ω ω ω ω∞ ∞

= =

 − −
= + +  

 
 

∑ ∑  (2.1-50) 
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The last term of Eq.(2.1-50) can be neglected because its contribution is invariably small. In 

order to separate the dispersive from the non-dispersive terms, we define the dispersive operator 

D: 

 ( )
( ) ( )2
0 0

2

ˆ ˆ2
!

n

n

k
D K

n
ω ω

ω
∞

=

−
= ∑  (2.1-51) 

so that 

 ( )
2 2ˆ ˆk K Dω ≈ +  (2.1-52) 

 

The full dispersive relation for the propagation equation is thus given by the term
ˆ
ˆ2

D
K

, which 

can be written as: 

 ( )
2 2ˆˆ

ˆ ˆ2 2

k KD
K K

ω −
=  (2.1-53) 

 

By using Eqs.(2.1-48) and (2.1-49) we can easily evaluate Eq.(2.1-53): 

 

( )
( ) ( ) ( ) ( )

'' ''' '' '''
2 3 2 30 0 0 0

2 2 0 0 0 0
ˆ2ˆ 2 3! 2 3!

ˆ ˆ2 2

k k k kK
k K

K K
ω

ω ω ω ω ω ω ω ω
  

− + − + + + − + − +  −   =

 

 

( ) ( ) ( )
2 2 '' '''

2 30 0
0 0

ˆ

ˆ 2 3!2

k K k k
K

ω ω ω ω ω
−

⇒ ≈ − + − +  

 

The above simplification is valid if we assume that: 

 

 
( ) ( )2
0 0

2

ˆ2
!

n

n

k
K

n
ω ω∞

=

−
>>∑  (2.1-54) 

 

By using Eq.(2.1-52) inside the Fourier transform of the integral term of Eq.(2.1-46) we obtain: 

 



79 
 

 ( ) ( ) ( ) ( ) ( )0 0 0'2 2 2
0'2

1 ˆˆ ˆ, ', ' , ,
t

i k z t ik z
t t tFT n r t z e dt D K r z e

c
ω ω ω−

−
−∞

 
− ∂ = + − 
 

∫    (2.1-55) 

 

By applying the inverse Fourier transform on Eq.(2.1-55) we return to the temporal domain. To 

do this we need to multiply by ( )0i te ω ω−  and integrate over all values of 0ω ω− . We finally 

obtain: 

 

 ( ) ( ) ( ) ( ) ( ) ( )0 0 0 0'2 2 2
'2

1 , ', ' , ,
t

i k z t i k z t
t t tn r t z e dt K D r t z e

c
ω ω− −

−
−∞

− ∂ = +∫    (2.1-56) 

 

where D and K are now in the time domain. Here K is given by: 

 

 '
0 0K k ik t= + ∂  (2.1-57) 

 

while the operator D is accounting for all dispersive terms exactly computed by the Sellmeier 

dispersion relation. However D can be analytically expressed only in the frequency domain, as 

defined previously in Eq.(2.1-52): 

 ( )
2 2ˆ ˆD k Kω≈ −  (2.1-58) 

 

 In order to write the wave equation for the envelope, we now need to substitute all the 

terms we previously calculated in steps 3 and 4 into Eq.(2.1-33). These are: (2.1-35), (2.1-36), 

(2.1-42), (2.1-43) and (2.1-56): 

 
( ) ( ) ( ) ( ) ( )

( ) ( )

0 0 0 0 0 0

0 0 0 0

2 2 2 2
0 0

2 2
0 0 0

2i k z t i k z t i k z t
z z

i k z t i k z tenv env
nl

e ik k e K D e

T e P i Te J

ω ω ω

ω ωµ ω ω

− − −
⊥

− −

∇ + ∂ + ∂ − + +

 = − − ⇒ 

  

 

 ( ) ( )2 2 2 2 2 2
0 0 0 0 02 env env

z z nlik k K D T P i TJµ ω ω⊥  ∇ + ∂ + ∂ − + + = − +    (2.1-59) 
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Eq.(2.1-59) is the spatiotemporal nonlinear wave equation in the time domain for the pulse 

envelope. It takes into account diffraction, dispersion, as well as the nonlinear polarization of the 

material and current density from nonlinear losses and plasma formation. Note that for simplicity 

sake the electric field envelope is written as ( ), ,r t z =  . 

 

Step#5: Re-writing the propagation equation in the reference frame of the pulse 

 

 In order to solve numerically the Eq.(2.1-59) we will now rewrite it in the reference 

frame of the pulse:  

 '
0 ,t k z zτ ζ= − =  (2.1-60) 

 

so that ( ) ( ), , , ,r r z tζ τ =  . The partial derivatives for the new variables are must of course be 

calculated by applying the chain rule of differentiation: 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

'
0

'
0

, , , , , ,
, ,

, , , ,
, ,

, , , ,
, , 1

z

z

z

r z t r r
r z t

z z z

t k zr z r
r z t

z z
r r

r z t k

ζ τ ζ τζ τ
ζ τ

ζ τ ζ τ
ζ τ
ζ τ ζ τ
ζ τ

∂ ∂ ∂∂ ∂
• ∂ = = +

∂ ∂ ∂ ∂ ∂

∂ −∂ ∂ ∂
⇒ ∂ = +

∂ ∂ ∂ ∂

∂ ∂
⇒ ∂ = ⋅ + ⋅ −

∂ ∂

  


 


 


 

 ( ) ( ) ( )'
0, , , ,z r z t k rζ τ ζ τ⇒ ∂ = ∂ − ∂   (2.1-61) 

 ( ) ( ) ( )22 '
0, , , ,z r z t k rζ τ ζ τ• ∂ = ∂ − ∂   (2.1-62) 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

, , , , , ,
, ,

, , , ,
, ,

, , , ,
, , 0 1

t

t

t

r z t r r
r z t

t t z
r z r

r z t
t t

r r
r z t

ζ τ ζ τζ τ
ζ τ

ζ τ ζ τ τ
ζ τ
ζ τ ζ τ
ζ τ

∂ ∂ ∂∂ ∂
• ∂ = = + =

∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
⇒ ∂ = +

∂ ∂ ∂ ∂

∂ ∂
⇒ ∂ = ⋅ + ⋅

∂ ∂

  


 


 


 

 ( ) ( ), , , ,t r z t rτ ζ τ⇒ ∂ = ∂   (2.1-63) 
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 ( ) ( )2 2, , , ,t r z t rτ ζ τ• ∂ = ∂   (2.1-64) 

 

By substituting Eqs.(2.1-61), (2.1-62) and (2.1-63) in Eq.(2.1-59) we get: 

 

( )
( )

2 2 ' '2 2 '2 2
0 0 0 0 0 0

2 2 2
0 0 0

2 2 2
env env

nl

ik k ik k k k

K D T P i TJ

ζ τ ζ τ ζ τ

µ ω ω

⊥∇ + ∂ − ∂ ∂ + ∂ + ∂ − ∂ −

 + + = − + 




 (2.1-65) 

 

Some simplifications can be made once we group together the terms that make us K and 2K as 

follows:  

 

( ) ( ) ( )2 2 ' '2 2 '2 2 2 2 2
0 0 0 0 0 0 0 0 02 2 2 env env

nlk ik k ik k k K D T P i TJζ τ ζ ζ τ τ µ ω ω⊥  ∇ + ∂ − ∂ ∂ + ∂ + ∂ − ∂ − + + = − +   
 

which can be written as: 

 

( )( ) ( ) ( )22 2 ' ' 2 2 2
0 0 0 0 0 0 02 env env

nli ik k k ik K D T P i TJζ ζ τ τ µ ω ω⊥  ∇ + ∂ + ∂ ∂ + + ∂ − + + = − +    (2.1-66) 

 

Multiplying '
0 0K k ik t= + ∂  with i  we get: 

 

 ( )' '
0 0 0 0iK ik k k ik iKτ τ= − ∂ ⇒ ∂ − = −  (2.1-67) 

 

By substituting Eq.(2.1-63) in Eq.(2.1-66) we get: 

 

 ( ) ( )2 2 2 2 2 2
0 0 02 env env

nliK K K D T P i TJζ ζ µ ω ω⊥  ∇ + ∂ + ∂ − + + = − +     (2.1-68) 

 

which is giving us: 

 ( )2 2 2 2
0 0 02 env env

nliK D T P i TJζ ζ µ ω ω⊥  ∇ + ∂ − ∂ + = − +    (2.1-69) 
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Here we make the slowly varying envelope approximation along the propagation direction  [13], 

[14], [12], [69]. By this we assume that: 

 2
0kζ ζ∂ << ∂  (2.1-70) 

This way we can neglect the contribution of 2
ζ∂ , and finally write the evolution equation along 

the propagation direction ζ for the envelope:  

 2 2 2
0 0 02 env env

nliK D T P i TJζ µ ω ω⊥  ∂ +∇ + = − +     (2.1-71) 

 

We can define  

 2
0 0 02 env

Kerr nlik N Pµ ω= −  (2.1-72) 

 ( )0 0 02 env
NLL plasmaik TN N i TJµ ω+ = −  (2.1-73) 

 

Finally we rewrite the evolution equation in a more straight forward way: 

 

 2 2
02 Kerr NLL plasma

iK D k T N TN N
ζ ⊥

∂    = ∇ + + + +   ∂
    (2.1-74) 

 

Where the terms ,Kerr NLLN N  and plasmaN are source terms that account for the optical Kerr effect, 

nonlinear losses due to multiphoton absorption, and plasma related effects (absorption and 

defocusing). Since ,Kerr NLLN N  and plasmaN  are related to the pulse envelope, we must calculate 

them accordingly.  

 

 

Step#6: Calculation of the nonlinear terms 

 

 First we calculate KerrN . The nonlinear polarization due to the optical Kerr effect for the 

frequency ω was calculated as a function of the envelope in the first chapter in section 1.3.1.1: 

 

 ( )3 3
0

3
4

env
nlP ε χ=   (2.1-75) 
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Eq.(2.1-75) can be written as a function of the nonlinear refractive index ( )3
2 2

0 0

3
4

n
n c

χ
ε

= as: 

 2 2 3
0 0 2

env
nlP c n nε=   (2.1-76) 

 

By substituting Eq.(2.1-76) in Eq.(2.1-72) we can calculate the Kerr term in Eq.(2.1-74) as a 

function of the central wavenumber 0 :k  

 

 0 2KerrN ik n I=   (2.1-77) 

20 0

2
n cε

Ι ≡  is the intensity of the laser pulse, as it was defined in the first chapter. 

 

 Next we will calculate the term NLLN . The nonlinear losses due to optical field ionization 

are associated with the dissipative current J


given by: 

 

 ,
MPI

x x i x
x

J E W Uρ⋅ =∑
 

 (2.1-78) 

 

Where , MPI
x xWρ  and ,i xU  are the atom density, ionization rate ,

MPI K
x x KW Iσ= ⋅ , and ionization 

potential of the species x in the medium. For a single species of order K we get: 

 

 K
MPI KW Iσ= ⋅  (2.1-79) 

and 

 ( ) 2 2
0 1K K

K at K
at

J E K ρω σ ρ ρ β
ρ

 
⋅ = − = − 

 

 

    (2.1-80) 

 

The quantity ( )atρ ρ−  corresponds to the population of non-ionized atoms that can still 

contribute electrons through MPI. 
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The term NLLN in Eq.(2.1-73) associated with the dissipative current of Eq.(2.1-80) is calculated 

as follows: 

 

 1 2 2 1 2 21 1 1env env K K K
K K K

at at at

J J ρ ρ ρβ β β
ρ ρ ρ

− − −     
= ⋅ = ⋅ − = − = −     

     
        (2.1-81) 

 

And thus the nonlinear losses due to OFI are given by Eq.(2.1-82) [69], [10]: 

 

 2 21
2

KK
NLL

at

N β ρ
ρ

− 
= − − 

 
   (2.1-82) 

 

Kβ  and Kσ  are the multiphoton absorption and multiphoton ionization coefficients of the 

material for order K, that were already defined previously. 

 

 Finally will calculate the last term of Eq. (2.1-74), PlasmaN . Following the Drude model 

the electron plasma is treaded as a fluid with coefficient for inverse Bremsstrahlung 

( )
2

2 2
0 0 1

c

e C

e
m cn

τσ
ε ω τ

≡
+

 [118]. The evolution of the electron density of the plasma is given as a 

function of the position vector r  : 

 
2

2
e

e
C

mr rm eE
t tτ
∂ ∂

+ =
∂ ∂

 (2.1-83) 

 

The velocity of the free electrons is by definition: 

 

 e
r
t

υ ∂
=
∂

 (2.1-84) 

 

Now we can re-write Eq.(2.1-83) as a first order ODE of the electron velocity: 
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 e e
e e

C

mm eE
t
υ υ

τ
∂

+ =
∂

 (2.1-85) 

 

The current density is defined by: 

 eJ eρυ=  (2.1-86) 

 

We now multiply Eq.(2.1-83) with the term eρ  and by substitution of Eq.(2.1-86) we get: 

2

2

e e
e e

C

e e
C

me m e e E
t

J Jm m e E
t

υρ ρ υ ρ
τ

ρ
τ

∂
+ =

∂

∂
⇒ + =

∂

 

 
2

e C

J e JE
t m

ρ
τ

∂
⇒ = −

∂
 (2.1-87) 

 

Eq.(2.1-87) can be solved in the frequency domain, giving us the current density: 

 

 ( )
( )

2

2 2

1ˆ ˆˆ
1

C C

C e

i e
J E

m
τ ωτ

ρ
ω τ
+

=
+

 (2.1-88) 

 

 

The absorption of the laser pulse from the plasma is given by: 

 

 [ ] ( )
2

2

2 2

1 Re
2 2 1

C

C e

eJ E E
m

τ ρ
ω τ

⋅ =
+

 (2.1-89) 

 

We can write Eq.(2.1-89) using the pulse intensity 20 0

2
n cε

Ι ≡  and coefficient for inverse 

Bremsstrahlung ( )
2

2 2
0 0 1

c

e C

e
m cn

τσ
ε ω τ

≡
+

in the form: 
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 [ ]1 Re
2

J E Iσ ρ⋅ =  (2.1-90) 

 

Using Eq.(2.1-88) we can now express the contribution of the electron plasma as a function of 

the generated plasma density and the coefficients ,σ and :Cτ  

 

 ( )1
2Plasma CN iσ ωτ ρ= − +   (2.1-91) 

 

The real and imaginary parts of Eq.(2.1-91) correspond to plasma absorption and plasma 

defocusing respectively. 

 

 

 A simplified version of the model (2.1-1) where only the second order dispersion is taken 

into account is the following: 

 

 ( )
'' 2

2 2 21 2 10
0 2 02

0

1 1
2 2 2 2

K
C

at

ki T i ik n T T i
z k t

β ρ σ ω τ ρ
ρ

Κ−− −
⊥

 ∂ ∂
= ∇ + + + − − + ∂ ∂  

        (2.1-92) 

 

This slightly simplified form of the propagation equation is much easier to interpret, since the 

evolution of the envelope along z ( )/ dz∂ is now isolated on the LHS. As already explained, 

each term on the RHS is corresponding to a physical effect, namely: diffraction, second order 

dispersion, Kerr, MPA, and Plasma absorption and defocusing. The way Eq.(2.1-92) is written 

makes it easy to distinguish between phase (imaginary) and amplitude terms (real) acting on 

electric field envelope. In most media dispersive effects can be accurately approximated by 

second order dispersion
0

2
''
0 2

kk
ω ωω
=

∂
=
∂

only, and the use of Eq.(2.1-92) is recommended. 
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2.2 Numerical implementations of the propagation equation 

 

2.2.1 Numerical implementation of diffraction 

 

2.2.1.1 Cylindrical symmetry scheme 

 

Our desire is to simulate the nonlinear propagation of a laser pulse in a transparent 

material. As we already showed by using the electric field envelope the propagation can be 

described by an extended nonlinear Schrödinger equation (Eq.(2.1-74)), which takes into account 

diffraction, dispersion, the optical Kerr effect, multiphoton absorption, and plasma related effects 

as plasma defocusing and absorption. In order to numerically solve Eq.(2.1-74) we need to 

transform it into a matrix form, which can then be solved with the help of a numerical scheme on 

a computer.  

The very basic effect that governs the propagation of (almost) all waves is diffraction. So 

we will start to model this simplest case first. Diffraction is described by the paraxial wave 

equation for the envelope of the electric field, which was also derived in the first chapter: 

 

 2

02
i

z k ⊥

∂
= ∇

∂
   (2.2-1) 

 

Eq.(2.2-1) can be easily derived from Eq.(2.1-74) if dispersion and nonlinearities are neglected. 

Eq.(2.2-1) describes the evolution of the electric field envelope along the “z” direction due to 

diffraction only. Since 2
⊥∇  is the transverse Laplacian operator (spatial partial derivatives only), 

there is no temporal evolution in Eq.(2.2-1). The transverse variables can be expressed in the 

Cartesian (x, y) or the cylindrical coordinate system (r, φ). The Laplacian operator is defined for 

both of the coordinate systems as follows: 

 
2 2 2

2
2 2 2:Cartesian f f f f

x y z
∂ ∂ ∂

∇ = + +
∂ ∂ ∂
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2 2

2
2 2

transverse f f f
x y⊥

∂ ∂
→∇ = +

∂ ∂
 (2.2-2) 

2 2
2

2 2 2

2

2

1 1:

1

1

transverse

f fCylindrical f r f
r r r r z

f r f
r r r

rf f r f
r r r r r

ϕ

⊥

⊥

∂ ∂ ∂ ∂ ∇ = + + ∂ ∂ ∂ ∂ 
∂ ∂ →∇ =  ∂ ∂ 
 ∂ ∂ ∂ ∂  ⇒∇ = +   ∂ ∂ ∂ ∂  

 

 
2

2
2

1f f f
r r r⊥

∂ ∂
⇒∇ = +

∂ ∂
 (2.2-3) 

 

 Note that the symbol ∆  is completely equivalent to 2∇ , and is widely used in the 

literature. In this work both of the notation styles will be used. The “Greek Delta” (Δ) that stands 

for a small variation of a variable, i.e. Δz : small variation in the z direction, will also be used 

and is not to be confused with the Laplacian operator.  

 The diffraction of a light pulse in a transparent medium is an “initial value problem” (the 

alternative is a boundary value problem like in the case of Laplace’s equation), and is defined by 

the “parabolic” partial differential Eq.(2.2-1). Because of the above, the stability of the algorithm 

that will be used to solve Eq.(2.2-1) is of primary concern and in most cases a tradeoff between 

stability and accuracy is necessary. We will use the Crank – Nicolson algorithm to solve Eq.(2.2-

1), which will be analyzed in detail later on. In any case, all physical problems that are solved 

numerical must be discretized first, since computers only recognize discrete values and points. 

 Because of discretization there is a limit in the accuracy of the result. This limit is defined 

in the very beginning with the resolution at which the physical space is discretized. In addition, 

in every calculation (addition, subtraction, multiplication, etc) an additional numerical error is 

induced by the “finite arithmetic” of the binary computer language. The continuous addition of 

errors could result in a numerical explosion of the error that will cover the interesting part of the 

solution. However in a numerically stable algorithm these errors will converge to 0, which makes 

the use of such algorithms a necessity. Lastly the accuracy is also reduced by the approximations 

used in the modeling of the physical phenomenon. This however is not a numerical problem and 

cannot be cured by technical solutions.  
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 In order to discretize Eq.(2.2-1), first we need to define the numerical grid and the 

notation used in the numerical scheme. First we will assume radial symmetry in the transverse 

dimension. This assumption is valid for any radial symmetric beam diffracting in homogeneous 

media, which is enough for now. A more detailed discussion on the use of cylindrical symmetric 

and full X-Y simulation will follow at a later stage. Let’s start by using a uniform grid in the 

radial axis r, with N⊥ equally spaced points by Δr, and a maximum box size of maxr . The same 

goes for the propagation direction, where N equally spaced points by Δz are used to discretize 

propagation from z = 0 up to z = maxz .  So we can define the spatial numerical grid as: 

 

 
max

max

, 1,..., :
:

, 1,..., :

j

n

rr j r j N where N
rGrid

zz n z n N where N
z

⊥ ⊥
 = ∆ = =  ∆
 
 = ∆ = =
  ∆ 

 (2.2-4) 

 

The graphical representation of the numerical grid described in Eq.(2.2-4) is shown in Fig 2-1. 

 

 

Fig 2-1   Graphical representation of a computational grid used in initial value problems. 
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Also let ( ),n
j j nE r z=   denote the discretized field envelope at the ( ),j n  point of the numerical 

grid. The detailed representation of the N N⊥× numerical grid can be seen below: 

 

 

 

Fig 2-2   Detailed graphical representation of the numerical grid N N⊥× used for discretizing the 

electric field envelope.  

 

 

 We will now use finite differencing methods to discretize the partial derivatives of 

Eq.(2.2-1). For the term
z

∂
∂


on the LHS, we will use the “Forward Differencing Method” 

(FDM) applied in the z direction [119]: 

 

 ( )
1n n

j jE E
Forward Differencing in z O z

z z

+ −∂
= + ∆

∂ ∆
  (2.2-5) 
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Here the “Big O” notation is used to give us an estimation about the growth rate of the error. In 

our case the error is of the order of Δz, which is relative small and just a small perturbation 

compared to
1n n

j jE E
z

+ −

∆
.  For the term: 2

02
i
k ⊥∇  we have to discretize the transverse Laplacian in 

the cylindrical coordinate system. Using Eq.(2.2-3) we write: 

 

 
2

2
2

1
r r r⊥

∂ ∂
∇ = +

∂ ∂
    (2.2-6) 

 

Now we must apply a finite differencing method to both of the partial derivatives. We will use 

the “Central Differencing Method” (CDM) applied in the r direction [119]: 

 

 1 1

2

n n
j jE E

Central Differening in r
r r

+ −−∂
=

∂ ∆
  (2.2-7) 

 

 
( )

2
1 1

22

2n n n
j j jE E E

Central Differening in r
r r

+ −− +∂
=

∂ ∆
  (2.2-8) 

 

Also note that with Eqs.(2.2-4) we have defined that: 

 

 jr r j r= = ∆  (2.2-9) 

 

By substitution of (2.2-7), (2.2-8) and (2.2-4) in Eq.(2.2-6) we get the discrete transverse 

Laplacian 2
j⊥∇ : 

( )
( )21 1 1 12 2

2

2 1
2

n n n n n
j j j j jn

j j

E E E E E
E O r

j r rr
+ − + −

⊥ ⊥

− + −
∇ = ∇ = + + ∆

∆ ∆∆
  

 

 
( ) ( )

( )1 1 1 12
2 2

2 1 2.8
2

n n n n n
j j j j jn

j j

E E E E E
E

jr r
+ − + −

⊥

− + −
⇒∇ ≈ +

∆ ∆
 (2.2-10) 
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After some rearranging we get: 

 

( ) ( ) ( ) ( ) ( )
2

1 1 1 12 2 2 2 2
1 2 1 1 1 1 1

2 2
n n n n n n

j j j j j j jE E E E E E
j jr r r r r⊥ + − + −∇ = − + + −

∆ ∆ ∆ ∆ ∆
 

 
( )

2
1 12

1 1 11 2 1
2 2

n n n n
j j j j jE E E E

j jr⊥ − +

    
∇ = − − + +    

∆     
 (2.2-11) 

 

And if we define the following: 

 
11
2ju

j
 

= − 
 

 (2.2-12) 

 

 
11

2j j
υ

 
= + 
 

 (2.2-13) 

 

 ( )'
1 12n n n n

j j j j j j jE u E E Eυ− +∆ = − +  (2.2-14) 

 

where the operator 

 ( )2' 2
j jr ⊥∆ = ∆ ∇  (2.2-15) 

 

in Eq.(2.2-14) is the normalized discrete transverse Laplacian operator for cylindrical 

coordinates. 

 

We can now write Eq.(2.2-11) by using Eqs.(2.2-12), (2.2-13), (2.2-14) as: 

 

 
( )

2 '
2

1n n
j j jE E

r⊥∇ = ∆
∆

 (2.2-16) 

If we take a closer look at Eq.(2.2-14) we notice that the operator '
⊥∆  is actually a tridiagonal 

matrix which acts on the vector n
jE  as shown below: 
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 ( )

0
0

1 1 1

'
1 1

11 1

2 0 0 0 0 0

2 0 0 0 0

0 0 0 0

0 0 2 0 02
0 0 0 0

0 0 0 0 2

0 0 0 0 0 2

n

n

nn n n n
jj jj j j j j j j

n
NN N

n
NN

E
u E

EuE u E E E

Eu
Eu

υ

υ

υυ

υ ⊥
⊥ ⊥

⊥
⊥

− +

−
− −

−      −          −∆ = − + =           −      −   

  





  

(2.2-17) 

 

 Eq. (2.2-17)  is a ( ) ( )1 1N N⊥ ⊥+ × +  tridiagonal system. A tridiagonal system is defined 

by a tridiagonal matrix, which is a square matrix with nonzero elements only on the diagonal and 

slots horizontally or vertically adjacent to the diagonal (i.e., along the subdiagonal and 

superdiagonal). Tridiagonal matrix systems are easily solvable with optimized matrix algorithms 

[119], which in addition of being very accurate are also much faster than algorithms that solve 

full matrix systems. For reference a tridiagonal matrix systems requires ( )O n  operations while a 

full matrix system requires ( )3O n . It is evident that a full matrix system becomes very 

expensive numerically for large grids. In addition we can use the tridiagonal property of the 

system to save memory and decrease computation time by using the integrated “sparse matrix 

function” which converts a full matrix to sparse form by squeezing out any zero elements. 

Generally, smart numerical implementations always result in faster and more accurate codes. 

In the system (2.2-17), notice that the first line of the matrix (element 0υ ) is not 

completely defined from the finite differencing method. This does not pose a problem since in 

the final reformed matrix system, which will be calculated from '
j∆ with the use of a numerical 

scheme, the first and last lines will be replaced so that the boundary conditions are satisfied (see 

below). 

 At this point we have discretized Eq.(2.2-1) by using the finite differencing method for 

the partial derivatives, and finally obtaining Eq.(2.2-5) and (2.2-17). We now have to use a 

numerical scheme to solve Eq.(2.2-1). For this we will use the Crank – Nicolson (C-N) method, 

which is a second order accurate and implicit in z. In addition it is also unconditionally 

http://mathworld.wolfram.com/SquareMatrix.html
http://mathworld.wolfram.com/Nonzero.html
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numerically stable, and because of that a very good choice to implement in a numerical code. 

The C-N method is schematically shown below: 

 

 

Fig 2-3   Schematic representation of the Crank – Nicolson numerical method. 

 

 

 The Crank – Nicolson method is actually the average of both the explicit centered 

differencing methods at point n (also called forward Euler) and the implicit centered differencing 

methods at n+1 (also called backward Euler). 

 

 
( ) ( )

1
' 1 '

2 2
0 0

1 1 1 1
2 2 2 2

n n
j j n n

j j j j

E E i iE E
z k kr r

+
+

   −
= ∆ + ∆   

   ∆ ∆ ∆   
 (2.2-18) 

 

The Crank – Nicolson scheme for Eq.(2.2-1) reads: 

 

( ) ( )

( )

1
2 ' 1 '

2 2
0 0

1
' 1 '

2
0

1 1 1
2 2 2

1 1
2 2

n n
j jfinite differencing n n

j j j jCrank Nicoloson

n n
j j n n

j j j j

E Ei i E E
z k z k r r

E E i E E
z k r

+
+

⊥ −

+
+

 −∂
= ∇ → = ∆ + ∆ 

∂ ∆ ∆ ∆  

−
 ⇒ = ∆ + ∆ ⇒ ∆ ∆
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( )

1 ' 1 '
2

04
n n n n
j j j j j j

i zE E E E
k r

+ +∆  − = ∆ + ∆ ∆
 (2.2-19) 

 

which for  

 
( )2

02
z

k r
δ ∆
=

∆
 (2.2-20) 

 

can be written as: 

 1 ' 1 '

2
n n n n
j j j j j j

iE E E Eδ+ + − = ∆ + ∆   (2.2-21) 

 

We now want to propagate the envelope of the field one step in the z direction, which means we 

want to calculate 1n
jE +  for all j (radial coordinate). We solve Eq.(2.2-21) in a way to isolate 1 :n

jE +

 
 

1 ' 1 '

1 ' 1 '

1 ' 1 '

' 1 '

2

2 2

2 2

1 1
2 2

n n n n
j j j j j j

n n n n
j j j j j j

n n n n
j j j j j j

n n
j j j j

iE E E E

i iE E E E

i iE E E E

i iE E

δ

δ δ

δ δ

δ δ

+ +

+ +

+ +

+

 − = ∆ + ∆ 

⇒ − = ∆ + ∆

⇒ − ∆ = ∆ +

   ⇒ − ∆ = + ∆   
     

 
1

1 ' '1 1
2 2

n n
j j j j

i iE Eδ δ−
+    = − ∆ + ∆   

   
 (2.2-22) 

Keep in mind that Eq.(2.2-22) is still a matrix system, therefore 
1

'1
2 j
iδ −

 − ∆ 
 

and  '1
2 j
iδ + ∆ 

 
 

are ( ) ( )1 1N N⊥ ⊥+ × +  complex matrices, that are calculated from '
j∆ . Let’s call these two 

matrices '1
2 j
iL δ

− = − ∆  and '1
2 j
iL δ

+ = + ∆ . Note here that in order to calculate Eq.(2.2-22)  the 
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calculation of the inverse matrix of L−  cannot be avoided. 1L−
−  is the inverse matrix of L− , which 

satisfies the relation 1 1L L L L I− −
− − − −= =  exclusively. Also remember that '

j∆ was tridiagonal, and 

since multiplication preserves this property, the resulting matrix 1L L L−
− +=  will also be 

tridiagonal. 

At this point we will apply the boundary conditions to ,L L+ − . Both Dirichlet and 

Neumann boundary conditions will be used, resulting in a mixed type of boundary condition: 

 

 
0

: 0
env

r

ENeumann
z

=

∂
=

∂
 (2.2-23) 

 

This means that at the beginning of the spatial numerical box the partial derivative of the field 

envelope in respect to z is zero. 

 

 
max

: 0env

r r
Dirichlet E

=
=  (2.2-24) 

 

The meaning of the Dirichlet boundary condition is that we assume that at the end of the spatial 

numerical box there is no radiation present. In order to satisfy the above condition we must 

choose a sufficiently large spatial box so that the beam is well contained inside it, and is not 

truncated in any way by the box. This is easily accomplished at the beginning of the simulation 

at 0 0z = . But the possibility exists that as the simulation goes on, that due to reshaping of the 

beam under the effect of diffraction, the beam will become wide enough, reaching this way the 

boundary and cause numerical problems. To counter this effect, boundary layers are added near 

the edge of the numerical boxes, which act as suppressors before the radiation can reach the last 

grid point where the Dirichlet boundary condition is applied. In any case, the result of a 

simulation run must be checked for boundary problems, boundary reflections, and other 

numerical problems that may occur. More details about the usage of boundary layers will be 

given later, after the full spatio-temporal numerical grid is introduced. 



97 
 

 In order to apply the mixed boundary conditions from Eqs.(2.2-23) and (2.2-24) to the 

tridiagonal matrix system we must modify the ,L L+ −  matrices. That is achieved by replacing all 

the elements of the first and last lines of L+  by zeroes: 

 

 ( ) ( ) ( )1, , 0 0j N jL L
⊥+ += =   (2.2-25) 

 

Also we must replace the first line of L−  with: 

 ( ) ( )1, 1 1 0 0jL− = −   (2.2-26) 

and the last line with of L−  with: 

 ( ) ( ), 1 0 0N jL
⊥− =   (2.2-27) 

 

So finally in full matrix form, L+  and L−  are written as: 

 

 

1 1

1 1

0 0 0 0 0 0 0

1 0 0 0 0
2 2

0 0 0 0

0 0 1 0 0
2 2

0 0 0 0

0 0 0 0 1
2 2

0 0 0 0 0 0 0

j j

N N

i iu i

i iL u i

i iu i

δ δδ υ

δ δδ υ

δ δδ υ
⊥ ⊥

+

− −

 
 
 
 − 
 
 
 
 

= − 
 
 
 
 
 − 
 
 
  

  

  

 (2.2-28) 
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1 1

1 1

1 1 0 0 0 0 0

1 0 0 0 0
2 2

0 0 0 0

0 0 1 0 0
2 2

0 0 0 0

0 0 0 0 1
2 2

0 0 0 0 0 0 1

j j

N N

i iu i

i iL u i

i iu i

δ δδ υ

δ δδ υ

δ δδ υ
⊥ ⊥

−

− −

 − 
 
 − + − 
 
 
 
 

= − + − 
 
 
 
 
 − + − 
 
 
  

  

  

(2.2-29) 

 Now we can finally calculate the inverse matrix of L− in order to propagate the envelope 

one step in the z direction using the described Crank – Nicolson scheme:  

 

 1 1n n
j jE L L E+ −

− +=  (2.2-30) 

 

If we define the matrix L as: 

 1L L L−
− +=  (2.2-31) 

we get: 

 1n n
j jE LE+ =  (2.2-32) 

 

Note here that because L  is non-singular, it always is invertible, so the linear system (2.2-32) has 

always a solution. 

 The way the described numerical scheme is implemented into a computer code is 

relatively simple after the derivation of Eq.(2.2-32) has been performed. The matrix that applies 

the Crank – Nicolson method (L) is only calculated once, even before the propagation starts. It is 

stored (in sparse matrix form) and is used to propagate all transverse points of the field envelope 

one step in the z direction. This will effectively advance the field n
jE   to 1n

jE + , for all jr . Then 

the same procedure is repeated using the output of the previous cycle as input to propagate to the 
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next step. This will advance the field 1n
jE +  to 2n

jE + , again for all jr . This procedure eventually 

stops after the desired z – point is reached. The starting values for the field envelope must of 

course be defined in advance, so that 2
jE  can be calculated from 1

jE . 

 In order to get a result in the end of the simulation, we must use some diagnostics to plot 

the physical values we are interested in. In this simple case of two dimensional (2D) paraxial 

diffraction, we mostly care about the evolution of the beam waist and peak intensity along the 

propagation. In order to plot these values, additional matrices must be used to periodically store 

them and finally plot them in an easy to read way. The diagnostics are therefore necessary 

components in any computer code. Often diagnostics can grow into very complicated structures 

that require a lot of memory and computation time. 

 Now we will describe a computer code that uses Eq.(2.2-32) to solve Eq.(2.2-1).  The 

way we will do this is by using pseudo-code, a standard way to describe computer programs in a 

symbolic way: 

 

1. Code initialization 
• Clearing all variables 

 
 

2. Definition of initial data 
• Physical 

i. Laser parameters (λ, waist, starting intensity, etc) 
ii. Material parameters and physical constants (refractive index, etc) 

• Numerical 
i. Transverse grid (box size, resolution, from Eq.(2.2-4)) 
ii. Propagation grid (box size, resolution, from Eq.(2.2-4)) 
iii. Boundary layers (from Eq.(2.2-23) and Eq.(2.2-24)) 
iv. Initialization of all matrices used in the code 

 
 

3. Calculation of matrix L 
• Calculation of L+  using boundary conditions (from Eq.(2.2-28)) 

• Calculation of L−  using boundary conditions (from Eq.(2.2-29)) 

• Calculation of 1L−
−  

• Calculation of 1L L L−
− += (from Eq.(2.2-31)) 
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4. Starting Electric Field Envelope calculation 1
jE  for all points in jr j r= ∆  

• Beam shape definition (Gaussian, Super – Gaussian, etc) 
 
 

5. Propagation of the envelope n
jE   one step in z 

 
Start loop z  ( N steps) 

 
  Start loop r  ( N⊥   steps) 

 
• Calculation of 1n

jE +  from n
jE  using 1n n

j jE LE+ =  ,  for each point 

in r. From Eq.(2.2-32). 
 

  End loop r 
 

• Diagnostics along z 
 

End loop z 
 
 

6. Plotting of results from diagnostics 

 

 
 A simple numerical code, written in Matlab, can be found in the electronic file 

code_linear_RZ.m, which implements the above mentioned numerical scheme in cylindrical 

symmetry. 
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2.2.1.2 Implementation for Cartesian coordinates 

 
In case we choose to use the Cartesian coordinate system things are even simpler. 

Remember that from Eq.(2.2-2) and Eq.(2.2-3), the transverse Laplacian operators can be written 

as: 
2 2

2
2 2

2
2

2

:

1:

Cartesian f f f
x y

Cylindrical f f f
r r r

⊥

⊥

∂ ∂
∇ = +

∂ ∂

∂ ∂
∇ = +

∂ ∂  

 

In the simplest case where we only want to use the x and z dimensions, we can drop the term 
2

2y
∂
∂

 of Eq.(2.2-2). The discrete transverse Laplacian for the x – axis can be written as: 

 

 
( ) ( )

2 '
1 12 2

1 1 2n n n n n
j j j j j j jE E E E E

x x⊥ − + ∇ = ∆ = − + ∆ ∆
 (2.2-33) 

 

which is written in matrix form as: 

 

 ( )

1

2

'
1 1

1

2 1 0 0 0 0 0
1 2 1 0 0 0 0
0 0 0 0

2 0 0 1 2 1 0 0
0 0 0 0
0 0 0 0 1 2 1
0 0 0 0 0 1 2

n

n

nn n n n
jj j j j j

n
N

n
N

E
E

EE E E E

E

E
⊥

⊥

− +

−

 − 
  −   
  
  ∆ = − + = −   
  
  

−   
  −    



  



  

 (2.2-34) 
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This simplification originates from the term 
1
r r
∂
∂

 that is not present in the Cartesian case, 

because of 1j ju υ= = , and r∆ is equivalent to x∆ .  Following the same steps as in the 

cylindrical case we can now write the ,L L+ − matrices for Cartesian coordinates: 

 

 

 

0 0 0 0 0 0 0

1 0 0 0 0
2 2

0 0 0 0

0 0 1 0 0
2 2

0 0 0 0

0 0 0 0 1
2 2

0 0 0 0 0 0 0

i ii

i iL i

i ii

δ δδ

δ δδ

δ δδ

+

 
 
 
 − 
 
 
 
 

= − 
 
 
 
 
 − 
 
 
  

  

  

 (2.2-35) 

 

and 

 

1 1 0 0 0 0 0

1 0 0 0 0
2 2

0 0 0 0

0 0 1 0 0
2 2

0 0 0 0

0 0 0 0 1
2 2

0 0 0 0 0 0 1

i ii

i iL i

i ii

δ δδ

δ δδ

δ δδ

−

 − 
 
 − + − 
 
 
 
 

= − + − 
 
 
 
 
 − + − 
 
 
  

  

  

 (2.2-36) 
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We can clearly see that these new matrices for the XZ case are a bit simpler than for the RZ case. 

The main idea however is the same, and the pseudo – code described in the previous part is still 

valid. 

 A simple numerical code, written in Matlab, can be found in the electronic file 

code_linear_XZ.m, which implements the above mentioned numerical scheme in XZ geometry. 

 

 

2.2.2 Addition of nonlinear effects 

 

In this part we will extend the numerical scheme for paraxial diffraction, in order to 

include the basic nonlinear effects that act on the laser beam. We still are only considering 

spatial effects; therefore no change in the computational grid is required. We will assume 

cylindrical symmetry throughout this analysis. At this point the nonlinear effects that we will 

take into account are the instantaneous part of the optical Kerr effect and nonlinear losses to the 

beam due to Multi – Photon Absorption of order K. The nonlinear propagation equation for the 

field envelope is then written: 

 

 2 2 22 0 2

02 2
KKni i

z k c
ω β −

⊥

∂
= ∇ + +

∂
       (2.2-37) 

 

It is clear that the Crank – Nicolson method used to solve the linear part of Eq.(2.2-37)  must be 

extended in order to include the two newly added nonlinear terms. We can describe these terms 

with the discrete operator n
jN :  

 

 ( ) 2 2 20 2
0 2

Kn n n n n nK
j j j j j j

nN N E k i E E E E
c

ω β − = = +  
 (2.2-38) 

 

Remember that the linear part of Eq.(2.2-37) was solved in the previous section using finite 

differencing: 
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 ( ) ( )

1
2 ' 1 '

2 2
0 0

1 1 1
2 2 2

n n
j jfinite differencing n n

j j j jCrank Nicoloson

E Ei i E E
z k z k r r

+
+

⊥ −

 −∂
= ∇ → = ∆ + ∆ 

∂ ∆ ∆ ∆  

  (2.2-39) 

 The new terms from Eq.(2.2-38) can be introduced using the Dufort – Frankel scheme, an 

explicit scheme that preserves the second order accuracy of the Crank – Nicolson scheme [69, 

119]. The propagation equation with the addition of the Dufort – Frankel scheme for the 

nonlinear operator n
jN   of equation (2.22) reads: 

 

( ) ( )

2 2 22 0 2

0

1
' 1 ' 1

2 2
0

2 2

1 1 1 3 1
2 2 2 2

KK

n n
j jfinite differencing n n n n

j j j j j jCrank Nicoloson

Dufort Frankel

ni i
z k c

E E i E E N N
z k r r

ω β −
⊥

+
+ −

−
+
−

∂
= ∇ + +

∂

 −  → = ∆ + ∆ + −   ∆  ∆ ∆  

     

 1 ' 1 ' 13 1
2 2 2

n n n n n n
j j j j j j j j

iE E E E z N Nδ+ + −  ⇒ − = ∆ + ∆ + ∆ −    
 (2.2-40) 

 

Eq.(2.2-40) can be solved in respect to 1n
jE +  so we can reach a relation that will give us 1 :n

jE +

 

1 ' 1 ' 1

1 ' 1 ' 1

1 ' 1 ' 1

' 1 '

3 1
2 2 2

3 1
2 2 2 2

3 1
2 2 2 2

1 1
2 2

n n n n n n
j j j j j j j j

n n n n n n
j j j j j j j j

n n n n n n
j j j j j j j j

n n
j j j j

iE E E E z N N

i iE E E E z N N

i iE E E E z N N

i iE E

δ

δ δ

δ δ

δ δ

+ + −

+ + −

+ + −

+

  − = ∆ + ∆ + ∆ −    
 ⇒ − = ∆ + ∆ + ∆ −  

 ⇒ − ∆ = + ∆ + ∆ −  

   ⇒ − ∆ = + ∆   
   

1

1 1

3 1
2 2

3 1
2 2

n n
j j

n n n n
j j j j

z N N

L E L E z N N

−

+ −
− +

 + ∆ −  

 ⇒ = + ∆ −  
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 1 1 13 1
2 2

n n n n
j j j jE L L E z N N+ − −

− +

  ⇒ = + ∆ −    
 (2.2-41) 

 

Note that ', , ,j L Lδ + −∆ , and 1L−
− are the same as when they were first defined for the paraxial 

equation of diffraction in cylindrical coordinates in previous chapter. Eq.(2.2-41) can be written 

in a more clear way as: 

 

 ( ) ( )1 1 13 1
2 2

n n n n
j j j jE L L E z N E N E+ − −

− +

  = + ∆ −    
 (2.2-42) 

 

We can see that we can now propagate the field one step in the z direction, using the already 

calculated values at position (n) and (n-1). This demands two initial conditions instead of one. 

 However the most important difference in the implementation of Eq.(2.2-42) is that we 

cannot calculate the matrix 1L L L−
− +=  before the propagation loop, store it, and keep using it for 

every position in z. Here, we can only calculate L+  and 1L−
−  in advance, since at each step in z the 

matrices n
jN  and 1n

jN −  are different and must be recalculated. This is expected to happen in the 

nonlinear regime where the reshaping of the beam depends on the local intensity. It is therefore 

also expected that nonlinear problems have higher computational demands that linear ones. 

The stability of the scheme is related to the term N, which describes the perturbations that 

the nonlinear effects induce onto diffraction. This means that the unconditional stability of the 

Crank – Nicolson scheme is not preserved completely. In the nonlinear regime described by 

Eq.(2.2-42), the propagation must be done “slow” enough in order to have numerical 

convergence, which literally means that for a given transverse grid we need a sufficiently small 

Δz. Since Δz is a numerical constant, we can make Eq.(2.2-42) more compact by defining  

 

 ( ) ( ) 2 2 20 2
0' '

2
Kn n n n n n nK

j j j j j j j
nN N E z N E k z i E E E E

c
ω β − = = ∆ ⋅ = ∆ +  

 (2.2-43) 

 

So we can write Eq.(2.2-42) as: 
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 1 1 13 1' '
2 2

n n n n
j j j jE L L E N N+ − −

− +
 = + −  

 (2.2-44) 

 

 We can again write the pseudo-code describing the implementation of the numerical 

scheme of Eq.(2.2-44): 

 

1. Code initialization 
• Clearing all variables 

 
 

2. Definition of initial data 
• Physical 

i. Laser parameters (λ, waist, starting intensity, etc) 
ii. Material parameters and physical constants (refractive index, etc) 

• Numerical 
iii. Transverse grid (box size, resolution, from Eq.(2.2-4)) 
iv. Propagation grid ((box size, resolution, from Eq.(2.2-4)) 
v. Boundary layers (from Eq.(2.2-23) and Eq.(2.2-24)) 
vi. Initialization of all matrices used in the code 

 
 

3. Calculation of non – changing matrices 
• Calculation of L+  using boundary conditions (from Eq.(2.2-28)) 

• Calculation of L−  using boundary conditions (from Eq.(2.2-29)) 

• Calculation of 1L−
−  

 
 

4. Starting Electric Field Envelope calculation 1
jE  for all points in jr j r= ∆  

• Beam shape (Gaussian, Super – Gaussian, etc) 
 
 

5. Propagation of the envelope n
jE   one step in z 

 
Start loop z  ( N steps) 
 
 

  Start loop r  ( N⊥   steps) 
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• Calculation of '
,
n
j lN from Eq.(2.2-43) 

 
• Calculation of 1n

jE +  from n
jE , 'njN  and 1'njN − , using 

1 1 13 1' '
2 2

n n n n
j j j jE L L E N N+ − −

− +
 = + −  

 for each point in r. From 

Eq.(2.2-44). 
 

  End loop r 
    
 

• Storing of 'njN  in place of 1'njN −  in order to be used for the next z-

step    
 

• Diagnostics along z 
 

End loop z 
 

6. Plotting of results from diagnostics 

 

 

 Note that up to stage #4, the only difference from the linear case is that we do not 

calculate and store the matrix L in step #3. Both L+  and L−  are identical with the linear case.  In 

step #5, each time a new n
jN  is calculated, and must be stored in order to be used as 1n

jN −  in the 

next z-step. 2 ,n
jN − as well as all older values of jN  are not needed, so at each z-step the freshly 

calculated n
jN  overwrites 1n

jN − after the calculation of 1n
jE + . This way memory is spared, and 

only one N matrix is stored between subjacent z-steps. 

 

 A simple numerical code, written in Matlab, can be found in the electronic file 

code_nonlinear_RZ.m, which implements the above mentioned numerical scheme in 

cylindrical symmetry. 
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2.2.3 Addition of time and temporal effects 

 

 In this part we will extend the numerical scheme by adding the temporal coordinate. By 

adding time to the numerical scheme we will be able to describe linear and nonlinear temporal 

effects in the temporal domain.  Of course we must now define a laser pulse rather than only a 

beam, and discretize it on a new temporal grid. The main effects that will be added are 

Dispersion, Self – Phase Modulation, Space – time focusing and self – steepening, as well as 

plasma related effects like absorption (real part) and defocusing (imaginary part). 

 Every time an additional dimension is added in the propagation equation, a new 

numerical grid must also be defined in order to discretize it properly. This means that the 

numerical scheme must perform additional loops for the new dimension, and thereby increase the 

computation time of the program significantly.  

 Just to get a feeling of this, let’s suppose that a 2D scheme (for example XZ) has a 

numerical grid that consists of 300 points in the transverse direction and 1000 points in the z 

direction. If for each z-step M operations are needed, then the whole propagation will need 

1000 M× operations to finish. If we extend the scheme for one additional spatial dimension Y 

with a grid of another 300 points, then the number of operations for each z – step will increase to 
2M , and the whole propagation will need 21000 M× operations. Note that the number of 

operations is directly related to computation time. If for example the 2D scheme described above 

would need 5 hours in order to finish, then the 3D scheme using the same grids, will need 90 

hours. For each additional dimension the computation time will increase in similar fashion, 

making full 4D (x, y, z, t) numerical simulations extremely demanding on computational 

resources. In reality the use of specific algorithms that work fast for a high number of 

dimensions (like the Fast Fourier Transform for 2D) are helping in decreasing the computation 

time. Nonetheless the higher dimension codes are generally slow and use lower resolutions to 

compensate. 

 First we have to extend the spatial grid we used previously by adding the temporal 

coordinate. The discretized temporal coordinate reads: 

 

 0lt t l t= + ∆  (2.2-45) 
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The temporal grid (2.2-45) corresponds to a spectral grid: 

 

 0l lω ω ω= + ∆  (2.2-46) 

 

As derived in section 2.1.1 the propagation equation for the electric field envelope including 

dispersion with operator D and self-steepening with operator T, is defined by Eqs.(2.1-1), (2.1-

2), (2.1-3), (2.1-4). We can rewrite Eq.(2.1-1) in the spectral domain as: 

 

 ( ) ( ) ( )2 2
0

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ,
2 Kerr NLL Plasma
iK D k T N TN N

z
ρ⊥

∂    = ∇ + + + +  ∂
       (2.2-47) 

 

We define the discretized operators of Eq.(2.2-47) as a function of the discrete frequency lω as

( ) ( )ˆ ˆ ˆ ˆ, ,l l l lK K T Tω ω= = and ( )ˆ ˆ .l lD D ω=  

 

The numerical scheme used to solve Eq.(2.2-47) [69] is defined with the equations: 

 

 ( ) ( )1 ' 1 ' 1 ' ' 1
, , , , , , , ,

3 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
2 2 2 2

n n n n n n n nl l
j l j l j j l j j l j l j l j l j l

dE E i E E i E E N Nδ+ + + −− = ∆ + ∆ + + + −  (2.2-48) 

where: 

 
( )2ˆ ˆ2l

l l

z
K r K
δδ ∆

= =
∆

 (2.2-49) 

 
ˆ
ˆ2

l
l

l

zDd
K

∆
=  (2.2-50) 

 

The nonlinear term is written as: 

 

 ( ) ( ) ( ) ( )' 20
, , , , , , ,

ˆ ˆ ˆ ˆ ˆ ˆ ˆ, ,ˆ
n n n n n n n
j l j l j l l Kerr j l l NLL j l Plasma j l j l

l

k zN z N E T N E T N E N E
K

ρ ρ∆  = ∆ ⋅ = + +  (2.2-51) 

 

while ( )2' 2
j jr ⊥∆ = ∆ ∇  remains as it was defined in Eq.(2.2-15) 
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Taking similar actions as in the derivation of Eq.(2.2-41) we can find the value of the at point 

n+1 starting from point n: 

 

 1 1 ' ' 1
, , , , , ,

3 1ˆ ˆ ˆ ˆ
2 2

n n n n
j l l l j l j l j lE L L E N N+ − −

− +
 = + −  

 (2.2-52) 

 

The matrices ,lL− and ,lL+ are defined by: 

 

 '
, 1

2 2
l l

l j
dL iδ

+ = + ∆ +  (2.2-53) 

 '
, 1

2 2
l l

l j
dL iδ

− = − ∆ −  (2.2-54) 

 

Which are written in full matrix form as: 

 

 ,

0 0 0 0 0
0 0

0 1 0
2 2 2 2 2

0 0
0 0 0 0 0

l l l l l
l j l j

d d dL u i i iδ δδ υ+

 
 
 
      = + − + +      

      
 
 
 

  

  

 (2.2-55) 

 ,

0 0 0 0 0
0 0

0 1 0
2 2 2 2 2

0 0
0 0 0 0 0

l l l l l
l j l j

d d dL u i i iδ δδ υ−

 
 
 
      = − + + − − +      

      
 
 
 

  

  

 (2.2-56) 

 

As we can see the introduction of the temporal dimension has modified the L matrices by an 

additional frequency term. However ,lL+ and ,lL− still operate on the transverse vectors ,
ˆ n

j lE , 
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which are now defined for each frequency component lω . This means that the previously used 

Crank – Nicolson and Dufort Frankel schemes are still applicable, since the propagation from 

point (n) to point (n+1) is done for each frequency component separately ( )1
, ,

ˆ ˆn n
j l j lE E +→ .  This 

means that in the numerical code a new frequency loop must be introduced, which will apply the 

C-N scheme for all discrete frequencies lω . Since Eq.(2.2-52) is written in the frequency 

domain, two Fourier transformations (one to go the frequency domain and one to back to the 

time domain) are also necessary to complete the calculation ( ), , ,
ˆn n n

j l j l j lE E E→ → .  

 For the calculation of the electron density of the plasma, the plasma evolution equation 

(2.1-7) must be solved N⊥ times. 

 The pseudo-code describing the implementation of the numerical scheme of Eq.(2.2-52): 

 

1. Code initialization 
• Clearing all variables 

 
2. Definition of initial data 

• Physical 
i. Laser parameters (λ, waist, starting intensity, pulse duration, spectral 

phase, Chirp, etc) 
ii. Material parameters and physical constants (refractive index, dispersion 

relation, etc) 
• Numerical 

iii. Transverse grid (box size, resolution, from Eq.(2.2-4)) 
iv. Propagation grid (box size, resolution, from Eq.(2.2-4)) 
v. Temporal and frequency grid (box size, resolution, from Eqs.(2.2-45), 

(2.2-46)) 
vi. Boundary layers (from Eq.(2.2-23) and Eq.(2.2-24)) 
vii. Initialization of all matrices used in the code 

 
 

3. Calculation of non – changing matrices 
• Calculation of ,lL+  using boundary conditions (from Eq.(2.2-53)) 

• Calculation of ,lL−  using boundary conditions (from Eq.(2.2-54)) 

• Calculation of 1
,lL−

−  
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4. Starting Electric Field Envelope calculation 1
,j lE  for all points in jr j r= ∆ and 0lt t l t= + ∆  

• Pulse shape (Gaussian, Super – Gaussian, etc) 
 
 
 

5. Propagation of the envelope ,
n
j lE   one step in z, and calculation of ρ: 

 
 
Start loop z  ( steps) 
 
 

  Start loop r  (   steps) 

 
• Calculation of electron density ρ from Eq.(2.1-7): 

( )2 2 2K
K at rec

i

a
t U
ρ σσ ρ ρ ρ ρ∂
= − + −

∂
  , by solving ordinary 

differential equations (odes) for the whole temporal box. 
 

• Calculation of '
.
n
j lN  for all time steps (loop) 

 
• Fourier transform of .

n
j lE , '

.
n
j lN  and ' 1

.
n
j lN −  in order to be able to use 

Eq.(2.2-52) which is in the frequency domain. 
 
 

   Start loop ω ( l steps) 
 

Calculation of 1
.

ˆ n
j lE + from .

ˆ n
j lE , '

.
ˆ n

j lN  and ' 1
.

ˆ n
j lN − , using Eq.(2.2-

52): 1 1 ' ' 1
, , , , , ,

3 1ˆ ˆ ˆ ˆ
2 2

n n n n
j l l l j l j l j lE L L E N N+ − −

− +
 = + −  

 for a point jr and a 

frequency component lω . 

 

 

End loop ω 

 

N

N⊥

N⊥
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• Inverse Fourier transform to get back to the time domain: 

{ }1 1
. .

ˆ n n
j l j lIFT E E+ +→  

   
  End loop r 
    

• Storing of '
.

ˆ n
j lN in place of ' 1

.
ˆ n

j lN −  in order to be used for the next z-

step 
 

• Diagnostics along z 
 

End loop z 
 

 
6. Plotting of results from diagnostics 

 

2.2.4 "Frozen time" scheme (XYZ) 

 

 In cases where the spatial reshaping of filaments is studied in two spatial dimensions 

(XYZ), temporal effects can be safely neglected entirely in order to reduce computation time. 

Thus the envelope evolution equation of the envelope ( ), ,x y z is now rewritten in three spatial 

dimensions (XYZ) in the form: 

 

 
2 2 22 0 0

2
0 0

1
2 2 2

K

at C

i i n i
z k c n c

ω ωβ ρ ρ
ρ ρ

Κ−
⊥

 ∂
= ∇ + + − − ⋅ ∂  

        (2.2-57) 

 

Note that Eq.(2.2-57) does not take into account dispersion, self-steepening, and SPM . 

 The plasma density in the last term of Eq.(2.2-57) must still be calculated by Eq.(2.1-7), 

which takes into account the temporal intensity profile of the pulse. However, since temporal 

effects are neglected, we assume that the pulse shape remains undistorted, or "frozen", along 

propagation. This way the plasma density can be calculated by solving multiple ODEs (in the 

form of Eq.(2.1-7)) on a temporal grid (like the one described by Eq.(2.2-45)), which is quite 

inexpensive in term of computation time. The real gain in computation time is coming from the 
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removal of the temporal dimension from the propagation equation, where most of the 

calculations take place (2 Fourier transforms and the solution of the propagation equation for 

each frequency component separately). 

 This simplification of the numerical model is mostly valid in cases where the main focus 

of the simulations revolves around the study of spatial dynamics. In addition dispersion must be 

relatively weak compared to the other effects, which is the case in most gases or even liquids and 

condensed materials for long pulse durations. The validity of the "frozen time" scheme for any 

given numerical experiment must be carefully evaluated by the use of the characteristic lengths 

(Table 1) of each physical mechanism. The characteristic lengths can give a good estimation 

about the significance of each physical effect, and if or not it can be safely neglected. 

 

 

 

2.2.5 Uniform and non-uniform grids 

 

Up to this point three different computational grids have been introduced, one for each 

dimension. These are the transverse and propagation grids of Eq.(2.2-4) and the temporal grid of 

Eq.(2.2-45). In all three cases the spacing between neighboring grid points is constant along the 

whole grid. These types of numerical grids are called uniform, and are ideal for the mapping of 

physical space in the modeling of processes that do not exhibit great variation. A good example 

of such a physical process is dispersion in the temporal dimension. However in the case of 

filamentation phenomena, the use of uniform grids for the mapping of space is not 

recommended. 

Let's assume for simplicity that a cylindrical symmetric uniform grid in the transverse 

dimension is used to model a pulse in the single filamentation regime. The initial laser beam will 

shrink down to a much smaller core, and will propagate along z with only small variation in size. 

In order to properly describe the physical effects in the filament core where the intensity is high, 

a minimum resolution is required. This resolution however is maintained over the rest of 

numerical box, where the intensity is much lower and the required numerical resolution is 
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smaller. Thus the use of a uniform grid in the modeling of filaments results in a wasteful increase 

of computation time and memory, which should always be avoided. 

A solution to this problem is to use non-uniform grids. A non-uniform grid has an uneven 

distribution of points, in order to provide high resolution when it is need and low resolution 

everywhere else. This way a physical phenomenon can be model accurately without the use of 

excess grid points. In the case of filamentation, a good non-uniform grid would have a higher 

resolution at the center and lower resolution in the periphery. A schematic representation of such 

a non-uniform grid is shown in Fig 2-4. 

 

 

Fig 2-4   Schematic representation of a uniform computational grid (first line), and a non-

uniform computational grid (second line). 

 

 

The numerical implementation of a non-uniform grid is done with the help of a mapping 

function between the physical space r and computational space R. 

 

 ( )r f R=  (2.2-58) 

 

Of course the numerical scheme must now be expressed in the terms of Eq.(2.2-58), which 

mean that the transverse variable r and all partial derivatives of if must rewritten as bellow [69]: 

 

 
( )'

1
r f R R
∂ ∂
=

∂ ∂
 (2.2-59) 

Uniform Grid 

Non-Uniform Grid 
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2 2 '' 2

2 '2 2 ' 2

1 f
r f R f R

 ∂ ∂ ∂
= − ∂ ∂ ∂ 

 (2.2-60) 

 

The transverse Laplacian of Eq.(2.2-3) will be rewritten as: 

 

( )
2 2 '' 2

2
2 '2 2 ' 2 '

1 1 1 1f
r r r f R f R r f R R⊥

 ∂ ∂ ∂ ∂ ∂
∇ = + = − + ∂ ∂ ∂ ∂ ∂   

 ( ) ( )
2

2
2F R G R

R R⊥

∂ ∂
⇒ ∇ = +

∂ ∂
 (2.2-61) 

 

where: 

 ( ) '2

1F R
f

=  (2.2-62) 

 ( )
''

' '3

1 fG R
f f f

 
= − ⋅ 

 (2.2-63) 

 

In order to use the same numerical schemes as described in sections 2.2.1 - 2.2.3 it is needed to 

discretize the computational space using again a uniform grid: 

 

 jR j R= ∆  (2.2-64) 

 

Note that we still map the physical space with a non-uniform grid expressed by the function f. 

 

Now we can rewrite the matrices ' , ,j L+∆ and L− using the discrete versions of ( )j jF F R= and

( ) :j jG G R=  
 j j ju F G= −  (2.2-65) 

 j j jF Gυ = +  (2.2-66) 

 

And 
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 (2.2-67) 

 

Using Eq.(2.2-65)-(2.2-67), the same numerical schemes can be applied for any given mapping 

function f. 

 

 

2.2.6 Boundary conditions 

 

In simulations, light that reaches the boundary of the numerical box will be back-reflected 

towards the center. This back-reflection is a numerical artifact and can lead to huge numerical 

problems if left unattended. Moreover numerical back-reflections can be easily misinterpreted as 

actual physical phenomena, which can lead to results that are in fact nothing more than 

numerical errors. 

The use of extremely large numerical boxes can be used to delay the occurrence or 

reflections; however it is extremely costly in terms of computation time. The correct way to 

avoid numerical back-reflection is with the use of appropriate boundary layers which will cause 

light to disappear when it reaches the edge of the numerical box. A simple way to implement this 

approach is with the addition of a boundary layer, through an absorption function that is applied 

to the envelope. 

Another other type of boundary condition that can be used to avoid back-reflections is 

known as "perfectly matched layers" in the literature [120], which reduces the reflection 

coefficient to zero close to the box edge. 

In general both of the above boundary condition can be applied, and a sufficient number of 

steps in the z-direction must be used in order to have good results. 
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2.2.7 Checking for numerical errors 

 

The end result of any numerical experiment must always be checked for numerical errors. 

These errors are not always easily recognizable, especially in the study of complex phenomena 

taking place in laser filaments. However a simulation result that is free of numerical errors will 

not change much when the resolution or the size of the numerical box is increased. Therefore 

once an interesting result is obtained, both resolution and box size should be increased by a 

factor of 2 or 3, in order to check for any discrepancies. The most efficient way to this, is by 

increasing the resolution of each dimension (r, t, z) separately while keeping the box size 

constant. In a similar way, the increase of the box size should be done with a simultaneous 

increase of grid points so that the overall resolution remains the same. 

For diffraction, which is the basis of the whole model, the accuracy of the numerical scheme 

is proportional to
( )2

z
r
∆

∆
. The smaller

( )2
z
r
∆

∆
, the better the accuracy of the simulation. This 

means that the accuracy of the numerical scheme can be improved either by decreasing Δz or by 

increasing Δr. Decreasing Δz is in most cases a good approach; however it can result in a large 

accumulation of errors if the too many points are used. The second way to increase accuracy is to 

increase Δr, which means fewer points in the transverse direction. Of course r∆ must be 

sufficiently small to properly describe the filament structures, which are quite small at the core. 

In practice a tradeoff between numerical accuracy 
( )2

z
r
∆

∆
and proper discretization of the 

transverse dimension is used. In case where the temporal dimension is also taken into account, 

the accuracy of the numerical scheme is also dependent on
( )2

z
t
∆

∆
, which should in the same 

fashion kept as small as possible. When performing numerical simulations, once a good 

numerical accuracy has been reached, it should be kept constant when resolution is increased in 

any dimension. This means that a decrease of Δr by a factor of X (for example to better resolve 

tiny features at the core of a filament) should be accompanied by an decrease of Δz by a factor of
2 ,X so that the accuracy of the numerical scheme is kept constant. 
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2.3 Typical simulation results 

  

 In this section typical simulation results will be presented. The numerical scheme used in 

this section is assuming cylindrical symmetry, and the propagation medium is air at atmospheric 

pressure. 

 

2.3.1 Linear diffraction 

 

 The basis of any spatial wave propagation code is the effect of diffraction. The laser pulse 

used will have a Gaussian spatial shape with beam waist 500 μm at 21/ e radius at a wavelength

800 nmλ = . The starting peak intensity is 21 /W cm . The spatial spreading of the beam can be 

seen in Fig 2-5. 

 

 

Fig 2-5   Diffraction of a collimated Gaussian beam in air. (a) Peak intensity along propagation 

distance. (b) Beam waist at FWHM along propagation distance. (c) 3D radial intensity 

distribution along z. 

 

 The numerical parameters used to generated the results shown in Fig 2-5 are the 

following: For the transverse dimension: max 2.2r mm= and 251N⊥ = points, which corresponds 

to 8.7 .r mµ∆ = For the longitudinal dimension: max 3z m= and 1000N = points, which 
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corresponds to 3 .z mm∆ =  A typical computer needs a few seconds to numerical solve the 

problem over the whole propagation distance. 

 A second example of a Gaussian beam with a larger beam waist of 2 mm at 21/ e radius 

and an initial curvature of 150f cm= is shown in Fig 2-6.  

 

 

Fig 2-6   Diffraction of a focused Gaussian beam in air. (a) Peak intensity along propagation 

distance. (b) Beam waist at FWHM along propagation distance. (c) 3D radial intensity 

distribution along z. 

 

 

 

2.3.2 Addition of time and dispersion 

 

 The first physical effect that will be added is dispersion. This demands the addition of the 

temporal dimensions and the definition of temporal grid as described in section 2.2.3. In order to 

be able to observe dispersion properly, the pulse duration is chosen to be as short as 10pt fs= , 

which will result in a broad spectrum centered around 0 800 nmλ = , shown in Fig 2-7.  
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Fig 2-7   Fourier limited spectrum (left) and spectral phase (right) of a 10 fs laser pulse at 800 

nm. 

 

 In order to isolate the effect of dispersion, the beam is considered collimated with a waist 

of 5 mm at 21/ e radius, which is large enough in order to neglect diffraction over the 

propagation distance of 3 m. The dispersion of air is modeled in this case by using the second 

order dispersive coefficient only; with '' 20.2 / .k fs cm=  As we can see in Fig 2-8 the initial 10 fs 

pulse is evenly spreading out as it propagates over 3 m in air. Since diffraction is effectively 

negligible, the observed intensity drop is solely due to dispersion. 

 

 

 

Fig 2-8   Pulse duration at 0r = of a 10 fs pulse (first column) after propagation of 150 cm 

(second column) and 300 cm (third column) in air. 
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 In general both diffraction and dispersion are spreading the beam in space and time. The 

combined action of both diffraction and dispersion can be seen in Fig 2-9, where the intensity 

cross-sections of a wavepacket at various positions along z are plotted in the XY plane. In this 

case the beam has a waist of 500 μm at 21/ e radius and 10 fs pulse duration, which makes both 

diffraction and dispersion observable over the 3 m long propagation in air.   

 

 

Fig 2-9   Spatio-temporal (r-t) intensity cross-section of a Gaussian wavepacket undergoing 

diffraction and dispersion in air. (a) z = 0 cm, (b) z = 150 cm, and (c) z = 300 cm. Initial pulse 

duration and beam waist is 10 fs and 500 μm respectively.  

 

 

2.3.3 Addition of the optical Kerr effect 

 

 Next the optical Kerr will be added to the simulation. The power of the wavepacket has 

to be increased above the critical value in order to overcome diffraction. For air the nonlinear 

refractive index is 19 2
2 3.2 10 /n cm W−= × which gives a critical value from self-focusing

3.2Pcr GW . The addition of the Kerr effect has both spatial and temporal implications, in the 

form of spatial self-focusing and temporal self-phase modulation (SPM) and spectral broadening.  

 The collimated 800 nm laser pulse used has a Gaussian spatio-temporal intensity 

distribution with 0 500w mµ= and 35pt fs= . The specific wavelength an pulse duration 

corresponds to the output of the Ti-Sapphire laser in the laboratory, and will be used extensively 

throughout this thesis. The starting peak intensity is 12 2
0 2 10 /I W cm= × which corresponds to 

roughly 2.5Pcr . Dispersion and diffraction are accounted for as in the previous example.  
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 In Fig 2-10 we can see the peak intensity and beam waist along z. The beam starts to self-

focus and collapses after ~46 cm of propagation. At the point of collapse intensity becomes 

extremely high and the beam shrinks so much that it cannot be properly modeled with the current 

resolution. This extreme behavior will result in an explosion of numerical errors and the "crash" 

of the code. This outcome is expected since MPA, which is the main mechanism responsible for 

the arrest of the collapse is not modeled here.  

 

 

Fig 2-10   Peak intensity (first line) and beam waist at FWHM (second line) of 2.5 Pcr laser pulse 

propagating in air under the effects of diffraction, dispersion and the optical Kerr effect. The 

pulse collapses after 46.35 cm of propagation in the absence of any saturating mechanisms.  

 

 

 Temporally the pulse experience self-compression and spectral broadening due to the 

self-phase modulations (SPM). This can be seen in Fig 2-11 where the pulse profiles and 

corresponding spectra are depicted at various propagation distances. As we can see in the first 

line, the pulse intensity is increased and the duration is decreasing as is approaches the collapse 
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point. The new frequencies generated by SPM are covering a large part of the spectral window 

from 650 nm up to 1000 nm, resulting in a spectrum that is over 3 times broader at the exit.  

 The temporal reshaping stops at the point of collapse where the numerical code crashes. 

However, once the filament is formed and all physical effects are taken into account, the 

temporal reshaping of the pulse will increase dramatically.  

 

 

Fig 2-11   Pulse profiles (first line) and corresponding spectra (second line) of a 35 fs 2.5 Pcr 

laser pulse propagating in air under the effects of diffraction, dispersion and the optical Kerr 

effect. In the second line, the initial spectra is depicted with red, while the blue line corresponds 

to the spectral content at the given position in z. 
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2.3.4 Addition of saturating mechanisms 

 

 In order to propagate further we need to introduce the main physical mechanisms 

responsible for the arrest of the collapse, namely optical field ionization (OFI), and plasma 

defocusing. In air MPA is of the order of K = 8 photons, if we consider oxygen as the main 

molecule contributing electrons. This approximation is valid since oxygen has a lower electron 

gap 12.06iU eV= in contrast to the electron gap of Nitrogen which is 15.576iU eV= . In case 

of only oxygen, the coefficient for MPA and MPI are 95 13 7
8 4 10 /cm Wβ −= ×  and

96 1 16 8
8 4 10 /s cm Wσ − −= × . The density of neutral oxygen molecules in air is 18 35 10nt cmρ −= × . 

 Using the same wavepacket as previously, we can now observe how MPA is arresting the 

collapse in Fig 2-12. As we can see a filament is created at around z = 45 cm and extends up to z 

= 105 cm. In Fig 2-12(a) we can see that the intensity reaches values around 13 23 10 /W cm×

(blue continuous line) which leads to the generation of plasma with an electron density above
16 33 10 cm−× (green dashed line). The beam waist, shown in Fig 2-12(b), shrinks down to a 

diameter of about 100 μm, and remains almost constant as long as the filament is maintained. In 

Fig 2-12(c) we can see the radial intensity distribution along z, zoomed close to the core of the 

filament. 

 As we can see, after about 60 cm of propagation (from 45 cm up to 105 cm) the filament 

starts to break up, and the linear effects of diffraction and dispersion dominate. 
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Fig 2-12   Nonlinear propagation of a 2.5 Pcr laser pulse in air. The physical effects that are 

taken into account are diffraction, dispersion, Kerr, OFI and plasma defocusing. (a) Peak 

intensity (blue continues line) and plasma density (green dashed line) as a function of 

propagation distance. (b) Beam waist at FWHM as a function of propagation distance. (c) 

Radial intensity distribution vs. propagation distance. 

 

 

Fig 2-13 shows the temporal dynamics that take place inside the filament. As we can see the 

initial Gaussian pulse (shown of Fig 2-13(a)) is undergoing pulse splitting under the combined 

action of linear and nonlinear effects. The evolution of the intensity profile along z can be seen in 

Fig 2-13(c) for the center of the beam (r = 0). 
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Fig 2-13   Temporal evolution of a 35 fs Gaussian laser pulse, undergoing pulse splitting. (a) 

Initial pulse profile. (b) Pulse profile at the end of the filament. (c) Pulse profile as a function of 

propagation distance.  

 

The nonlinear propagation of the pulse will lead to spectral broadening due to Kerr and 

plasma related SPM. Fig 2-14 shows the spectrum of the pulse at the end of the filament (z = 105 

cm). As we can clearly see the spectrum at this point, represented with the blue line, is spanning 

from the near UV up to the near IR, and is much broader than at the start (red line). Note that the 

abrupt cut off at 1600 nm is not a physical effect but the absorbing boundary condition of the 

spectral box which forces the field to vanish. 
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Fig 2-14   Spectral broadening of a 35 fs 800 nm pulse carrying 2.5 Pcr in air. The red line is the 

spectrum at the start of the propagation. The blue line corresponds to the spectrum at the end of 

the filament at z = 105 cm. 

 

 

 

2.3.5 Addition of self-steepening 

 

 As already mentioned, self-steepening is the formation of a steep edge in the trailing part 

of the pulse profile. In numerical simulations this physical effect can be arbitrarily switched on 

or off by substituting the space-time coupling term T in Eq.(2.1-1) with 1
01T i

t
ω− ∂

= +
∂

, or

1T = respectively. Other nonlinear effects like avalanche ionization, plasma absorption, and 

electron recombination are less important, since they have very little effect on femtosecond 

pulses. However for longer pulses, as in the picosecond timescale, they must also be taken into 

account.   

 In Fig 2-15 we can see the effect of self-steeping on the pulse shape and spectrum of the 

previously used laser pulse. The oscillations in the intensity profile of the pulse are not numerical 

artifacts, but the manifestation of optical shock formation. The tendency to form a steep edge in 

the trailing part of the pulse should in principle result in a bluer spectrum, since the term ( )I t
t

∂
∂

of Eq.(1.3-33)  will decrease. As we can see the second line of Fig 2-15, self-steepening will 
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indeed force strong blue shift in spectrum, since even the spectral region beyond 350 nm is 

covered. This was not the case in Fig 2-14 where self-steeping was not accounted for.  

 

 

Fig 2-15   Pulse profile (first line) and spectrum (second line) of a 35 fs 800 nm pulse carrying 2.5 

Pcr undergoing filamentation in air, taking into account self-steeping. The red line is the 

spectrum at the start of the propagation. The blue line corresponds to the spectrum at the end of 

the filament at z = 105 cm. 
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3. Filamentation tailoring with photonic lattices 
 

 

3.1 Classical approaches 

 

 Filamentation tailoring denotes the selective optimization of specific filament attributes. 

Its importance is fundamental in view of the numerous applications of filaments that are 

promising but remained compromised up to now by the poor control over the filamentation 

process. For instance, it has recently been shown that the THz emission from 2-color filaments 

strongly depends on the uniformity of the plasma string and its length [87]. In another example 

one could consider the use of long filaments at intensities just below ionization for the generation 

of higher harmonics and attosecond pulses.  

 Yet, as filamentation results from the competition between self-action effects, its 

attributes are not easily controllable, while the control is further hindered by the high intensities 

in filaments (exceeding 1013 W/cm2 in air) that exclude optical elements from being introduced 

in their path. Thus, the majority of efforts, up to date, were limited to the control of the spatial 

and temporal characteristics of the initial laser pulses [10]. Examples of these approaches include 

the use of amplitude and phase masks or the introduction of aberrations on the initial beam 

wavefront [53, 115]. More recently impulsive alignment of molecular gases has been shown to 

also strongly affect the propagation of laser pulses [121]. 

 

 

3.2 Radial symmetric lattice in air 

 

 To find more efficient ways to control filamentation one must go back to the principles of 

nonlinear propagation. The propagation of intense pulses under fairly constant intensity and 

beam waist has also been observed in solitons, where the intensities are much lower than those 

observed in filaments. In this case, self-focusing induced by the optical Kerr effect is balanced 

by diffraction or other linear propagation phenomena. Since the intensity never reaches values 
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where multiphoton absorption is important, these pulses propagate practically without losses. 

However, it is known that in two spatial dimensions the soliton solutions supported by the 

nonlinear Schrödinger equation are unstable [23] leading to diffraction or wave collapse of the 

initial beam. Nevertheless, it was shown that in the presence of a periodic waveguide lattice, 

light has the tendency to be localized in the high-index areas leading to the formation of discrete 

solitons [122, 123]. Interestingly, in two-dimensional setting such soliton solutions can be 

stabilized by the presence of a periodic lattice [124-126]. Experimentally, two-dimensional 

lattice solitons were observed [127] using an optical induction technique [128]. It was already 

demonstrated that the attributes of solitons can be tailored by using discrete waveguide arrays 

(see [129] and references therein). In the presence of a periodic potential, self-focusing balances 

the linear diffraction induced by the waveguide array. Furthermore, the soliton attributes such as 

the peak intensity and width are controlled by the waveguide array parameters and the total input 

power. 

 Inspired by the waveguide arrays and optically induced lattices used to control the 

attributes of solitons, we investigate the use of lattices to control the features of intense 

femtosecond laser filaments. In this way, we demonstrate a propagation regime of intense lattice 

solitons bridging the field of spatial solitons with that of filamentation. By tuning the parameters 

of the lattice, we can tailor the filaments’ uniformity, peak intensity, plasma density, beam width 

and total length. This tunability is not the result of a linear guiding effect but of an enforced 

balance between the nonlinear propagation effects and the linear diffraction induced by the 

lattice. 

 To start with, we consider a discrete waveguide array structure, similar to that used in 

[126] to control the attributes of solitons. A proper choice of the array parameters allows for a 

control of the FWHM and the peak intensity of a propagating soliton. Application of this idea to 

the dynamic propagation of optical pulses during filamentation in gases, without introducing 

optical materials in their paths, can be realized by using, for instance, plasma photonic lattices 

that can survive high intensities. Plasma is an ideal candidate for generating a waveguide array 

structure by interference of intense light beams [130, 131], since it withstands damage in contrast 

with classical optical elements, while the refractive index of the medium can be easily perturbed 

with changes as large as ∆n~10-3. Another possibility is to use positive or negative ∆n lattices 

exploiting the molecular alignment of air molecules (or other gases) [121]. In the latter case the 



132 
 

laser intensities needed are lower than the ones needed for ionization and one can use pulse trains 

to further enhance the alignment [132] and consequently the strength of the lattice. 

 The numerical model that is used in the simulations resolves the nonlinear Schrödinger 

type equation (Eq.(2.1-92)) , which is extended by an additional term taking into account the 

photonic lattice: 

 

 ( )
'' 2

1 2 1
2 , ( , )

2 2 o
o

i kT i N i k T n x y
z k t

ρ− −
⊥

∂ ∂
= ∆ − + ⋅ + ∆ ⋅

∂ ∂
      (3.2-1) 

  

Eq.(3.2-1) describes the evolution of the slowly varying envelope ( ), , ,x y z t of the electric 

field ( )0 0Re exp ik z i tωΕ = −    of a laser pulse that propagates in the z direction in a transparent 

Kerr medium.  ( ) 0 0
0 0

nk k
c
ωω= =  and 0ω  are the central wavenumber and frequency of the 

carrier wave, respectively, 0n  is the linear refractive index of the medium and c is the speed of 

light in vacuum. The model takes into account diffraction, group velocity dispersion with 

coefficient
0

2
''

2

kk
ωω

∂
=
∂

, and various nonlinear effects ( )2 ,N E ρ , as also described in Eq.(2.1-92) 

In particular we can write: 

 

 ( ) ( )2 2 22 10
2 0, 1 1

2 2
KK

C
at

N iT n T i
c
ω βσ ρρ ω τ ρ

ρ
−−  

= − + − − 
 

    (3.2-2) 

 

where 
0

1 iT
tω

 ∂
= + ∂ 

 is an operator that corresponds to the space-time focusing and self-

steepening of the laser pulse. The first term of Eq.(3.2-2) accounts for the Kerr nonlinearity with 

coefficient 19 23.2 10 /cm W−× , leading to a critical power for self-focusing 3crP GW= [17, 18]. 

The second term accounts for plasma absorption and plasma defocusing, 20 25.5 10 cmσ − −= ×  is 

the cross section for inverse Brehmsstrahlung, and Cτ = 350 fs is the collision time in air. Finally 

the last term in Eq.(3.2-2) accounts for multiphoton absorption, where 
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95 13 7
0 4 10K at KK cm Wβ ω ρ σ −= = ×

, and 96 16 83.4 10 cm /W /sKσ −= ×  are the multi-photon 

ionization coefficients for 
0

1 8iUK
ω

= + =


 photons in air [10, 133, 134]. 

 Eq.(3.2-1) is coupled with the evolution equation for the electron density in the form of 

Eq.(3.2-3), which describes plasma generation as a result of the laser pulse interaction with the 

medium: 

 

 ( )2 2K
K nt

it U
ρ σσ ρ ρ ρ∂
= − +

∂
   (3.2-3) 

  

Eq.(3.2-3) takes into account multiphoton ionization with rate K
MPI KW Iσ= , as well as avalanche 

ionization where ntρ is the density of neutral atoms. 

 Before moving to the filamentation regime we confirmed the existence of soliton 

solutions for a lattice consisting of an array of equally spaced negative ∆n rods using a simplified 

form of Eq.(3.2-1) (keeping only the diffraction, the Kerr, and the linear potential terms). We 

look for soliton solutions to a simplified form of Eq.(3.2-1), with a lattice consisting of an array 

of equally spaced negative ∆n rods (see inset of Fig 3-1(a)). Eq.(3.2-1) can be written in 

normalized coordinates , , , . In particular, we set 

,  and keep only the diffraction, the Kerr, and the linear potential terms 

leading to 

 

 ( ) ( ) 21 , 0
2

i Vζ ξξ ηηψ ψ ψ ξ η ψ ψ ψ+ + + + =   (3.2-4) 

 

In Eq.(3.2-4) the potential contrast is related to the index contrast by , where 

Λ is the lattice period. In our numerical simulations, each rod is modeled by an eighth order 

super-Gaussian (mimicking a realistic experimental plasma profile in air), the distance between 

neighboring waveguides is unity, the diameter of each waveguide is 0.75, whereas . 

 

0/z zζ = 0/x wξ = 0/y wη = /E Aψ =

2
0 0 0z w k= 2

0 2 01/( )A k n z=

( )2
0 0 0V k n= Λ ∆

0 20V =
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 In this type of lattice, light has the tendency to become localized in the high index areas 

between the low-index leaky-waveguides. Although the potential maxima are not isolated, this 

lattice supports stable lattice solitons of the form ( ) ( ), expu ikψ ξ η ζ= . We are interested in 

soliton solutions with eigenvalues in the semi-infinite gap of the spectrum. The properties of this 

family of stationary solutions are shown in Fig 3-1. In particular, the total power

( ) 2
,P d dψ ξ η ξ η= ∫∫ , the maximum intensity Imax, and the soliton width w, defined as the 

averaged value ( )1/222 2 /w r r d d Pψ ξ η= = ∫∫
  are presented as a function of the 

propagation constant k. The solitons shown in Fig 3-1 exhibit both lower and upper power 

thresholds. The upper power threshold is independent of the lattice type and is equal to the 

critical power of the NLS equation without a lattice max 1.86225 5.85043crP P π= ≈ ⋅ ≈ (norm. 

units). On the other hand, the lower power threshold minP depends on the parameters of the 

lattice. 

 We are now interested in the transition from lattice solitons to the regime of single 

filamentation with power close to Pcr. We therefore consider the cylindrically symmetric version 

of Eq.(3.2-1) which describes well the single filamentation regime and a cylindrically symmetric 

waveguide array structure for which stable lattice solitons exist as in the case of square lattices, 

 

Fig 3-1    A family of two-dimensional lattice solitons. (a) Total power P, (inset: graphic 

representation of the rectangular lattice, black represents lower refractive index), (b) maximum 

intensity Imax, and (c) beam width are shown as a function of the propagation constant k  (all values 

are given in normalized units). 
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as it was shown previously.  The isolated negative index plasma strings are thus transformed into 

plasma cylinders and the structure resembles now to a multilayered waveguide. The refractive 

index of this structure reads: 

 

 
4

2 2

0

1( , , )
2cyl o o

m
n x y z n n f x y m

=

  = + ∆ + − + Λ    
∑  (3.2-5) 

 

where ( )f r is the function describing a generic refractive index distribution, in our case a super-

Gaussian of order p: ( )2( ) pf r Exp r w = −  , w is the typical width of the distribution ( )f r  and 

with order p = 8, Λ is the period of the structures, no is the bulk refractive index and ∆no is the 

refractive index modulation amplitude. For the simulations that will be shown in the following, 

unless stated otherwise, w = 100 μm, Λ = 350 μm and 
73.3 10on −∆ = − × corresponding to electron 

densities of 15 31.14 10plasma cmρ −≅ × . The graphical representation of the lattice can be seen in 

Fig 3-2. 

 

Fig 3-2   3D graphical representation of the electron density distribution used for the lattice 

realization in the transverse plane.  
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 The input laser pulse is 35 fs long, with a Gaussian spatio-temporal profile, a central 

wavelength at 800 nm, and a beam waist of 500 μm (1/e2 radius), with no initial wavefront 

curvature. Simulations were performed for propagation in air at atmospheric pressure, while the 

input power is either 10-6 Pcr for the linear regime or 1.25 Pcr for the nonlinear regime. 

 Fig 3-3 depicts simulation results that show the effect of the lattice on the propagation of 

pulses in both the linear and nonlinear regimes. Fig 3-3(a) shows the propagation of the pulse in 

the linear regime (10-6 Pcr) without the presence of the lattice, which corresponds to diffraction 

of the beam over 3 m of propagation. As the power is increased to 1.25 Pcr the beam self-focuses 

and reshapes into a typical filament in air, which extends from 125 cm to 150 cm as shown in Fig 

3-3(b). In this case, the peak intensity in the nonlinear focus reaches 13 23 10 /W cm× , while the 

beam waist shrinks down to ~ 100 μm. At this intensity, multiphoton ionization is not negligible 

and the plasma density reaches 1016 cm-3. Fig 3-3(c-d) show the effect of the lattice on the 

propagation of the pulse. In the linear regime (Fig 3-3(c)), the beam is coupled in the lattice but 

the energy gradually spreads out during propagation as a result of diffraction. When the power is 

increased the behavior is strikingly different. As shown in Fig 3-3(d) a quasi-stationary soliton-

like filament is formed with nearly constant intensity of 12105×  W/cm2 over 1.8 m of 

propagation. The peak intensity is about 1 order of magnitude lower than that obtained in the 

typical filament shown in Fig 3-3(b), i.e. not significant enough to generate through multiphoton 

ionization a plasma that could affect propagation. This result clearly demonstrates filamentation 

tailoring while the balance of the nonlinear propagation effects of the high power beam with the 

linear propagation effects induced by the lattice reveals a new regime bridging solitonic and 

filamentary propagation. This propagation regime is not the result of a linear guiding effect. As 

shown in Fig 3-3(c), where only linear effects are present, the coupling between the concentric 

waveguide structures leads to the spreading of the energy towards the outer waveguides. On the 

other hand, practically all the energy is maintained in the central waveguide when the input 

intensity is high, thus the nonlinear propagation effects balance the linear diffraction properties 

of the lattice. In addition, the results of simulations made with a lattice comprising only the 

central plasma ring are close to the case without lattice and significantly differs from the 

propagation in the full lattice. 

 The ability of the waveguide structure to affect filamentation properties is clearly 

visualized in Fig 3-4 which shows the evolution of the filament width as a function of the 



137 
 

propagation distance. Without lattice (Fig 3-4(a)), the filament width remains fairly constant, 

around 100 µm, for about 25 cm. Fig 3-4(b) depicts the width of the filament tailored by the 

lattice. The effect of the waveguide structure on the beam waist of the propagating pulse is 

striking. The lattice leads to an almost constant beam waist of ~ 270 µm for a propagation 

distance of 180 cm. In this case, the beam width actually depends on the lattice period, allowing 

control over its size and consequently its peak intensity. 

 

 

Fig 3-3   Peak Intensity Ipeak(r, z) for various propagation regimes. The first row (a), (b) refers to 

propagation in air without the presence of a lattice while the second row (c), (d) refers to the 

propagation in the presence of a cylindrical lattice. The left column (a), (c) refers to the linear 

propagation regime Pin = 10-6 Pcr while the right column refers to the nonlinear propagation regime 

Pin = 1.25 Pcr.(Lattice parameters Λ = 350 μm, w = 100 μm, Δno = -3.3 10-7) (insets: graphic 

representation of the cylindrical lattice, black represents lower refractive index) 

 

 A systematic study of the effect of lattice parameters (period and modulation) on the 

propagation of the filament is shown in Fig 3-3(c) and Fig 3-3(d). Fig 3-3(c) depicts the peak 

intensity as a function of the propagation distance for various depths on∆ of the effective 
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refractive index modulation, for a constant period of Λ = 350 µm. The modulation depth on∆ is 

varied from 0 (curve (i)), corresponding to the absence of lattice, to 75.0 10−− × (curve (v)). As 

the modulation becomes deeper the peak intensity drops and its distribution is widened and 

shifted towards longer propagation distances. Furthermore, these curves show that the balance 

between nonlinear effects and diffraction by the lattice is quite sensitive to the modulation depth 

∆no. Curve iv in Fig 3-4(c) with 7
0 3.3 10n −∆ = − × presents the optimum value for this balance. 

For weaker modulation depths, [curves i, ii, and iii in Fig 3-4(c)], the peak intensity is still high, 

and nonlinear effects (mainly the optical Kerr effect) dominate. By further strengthening the 

modulation amplitude, [curve v in Fig 3-4(c)], the peak intensity monotonically decreases due to 

the prevailing linear effect of the waveguide structure over nonlinear effects.  

 

 

Fig 3-4   (a-b) Beam waist as a function of the propagation distance z. (a) without lattice (b) with 

lattice. (c-d) Peak Intensity Ipeak as a function of the propagation distance z for: (c) various lattice 

strengths (Δno) (i) 0, (ii) -2x10-7, (iii) -2.5x10-7, (iv) -3.3x10-7, (v) -5.0x10-7. and (d) various lattice 

periodicities (Λ) (1) ∞ , (2) 450μm, (3) 400μm, (4) 350μm, (5) 300μm. (insets: graphic representation 

of the cylindrical lattice, black represents lower refractive index) 

 

 Another important parameter of the lattice that affects the propagation attributes is its 

period Λ. Fig 3-4(d) depicts the peak intensity as a function of the propagation distance for 

various lattice periods, for a constant modulation depth 7
0 3.3 10n −∆ = − × . The period Λ is varied 
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from infinity [curve (1)], corresponding to the absence of lattice, down to 300 µm [curve (5)]. 

The behavior is similar to that obtained for a variation of the modulation depth. As the lattice 

period gets smaller, the peak intensity drops and its distribution is widened and shifted towards 

longer propagation distances. As shown by these curves the regime where nonlinear propagation 

effects and the linear contribution of the lattice are balanced is also sensitive to the period Λ. 

Curve 4 in Fig 3-4(d), for which Λ = 350 µm presents the optimum value for this balance. 

 To get a better understanding on the homogeneity of the tailored filament it is best to 

compare the radial fluence distribution with and without lattice vs z, as it is shown in Fig 3-5. As 

we can see in Fig 3-5(a), the filament in the absence of the lattice is exhibiting an intense focal 

spot, typical in the nonlinear regime. In comparison, the fluence of the tailored filament shown in 

Fig 3-5(b) is much more homogeneous. 

 

 

 

Fig 3-5   Radial fluence distribution along z. (a) Without lattice. (b) With optimal lattice. 

 

 In conclusion, we have presented a robust way to tailor the attributes of intense 

femtosecond laser filaments in transparent media by the use of lattices. By tuning the parameters 

of the lattice, we enforce the formation of a new kind of filaments that can also be described as 

Fluence ( )2/mJ cm  
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intense lattice solitons, with regulated attributes like their peak intensity, plasma density, beam 

waist, length and uniformity. We have shown that this filamentation tailoring is not a linear 

guiding effect but a result of the balance between the nonlinear propagation effects and the linear 

diffraction induced by the lattice. In contrast to typical filaments, where self-action effects 

dominate and prohibit control over the filamentation attributes, we manage to gain control by 

introducing a lattice and appropriately tuning its period and modulation depth. Our approach 

opens up the way for extensive control of the filament attributes in the spatial and temporal 

domain, with a big potential impact to various applications utilizing filaments, such as THz 

generation or attosecond pulse generation, among many others. 

 

 

3.3 Soliton to filament transition and superposition 

 

 It is of particular interest to exploit the transition between lattice solitons and lattice 

filaments. Fig 3-7 shows simulations of Eq.(3.2-1) when the input pulse keeps the same  

temporal profile as previously and the input beam corresponds to a lattice soliton, for cylindrical 

(Fig 3-7(a)) or rectangular lattices (Fig 3-7(b)). 

 However before exploring the most complex case with all physical effects taken into 

account, it is better to make a small step first. When all other effects in Eq.(3.2-1) are ignored 

except diffraction and the optical Kerr effect, pulsed cylindrical lattice solitons remain quasi 

stationary over extremely long propagation distances. However even without dispersion and non-

Kerr nonlinearities, the fact the wavepacket has a Gaussian pulse shape leads to perturbations of 

the perfectly stationary soliton solution. This happens because the soliton beam shape is 

calculated based on a given intensity value, the peak intensity in this case. However when we 

move away from the central time slice, the beam shape does not correspond anymore to the exact 

soliton solution (for the given lattice) and light is slowly diffracting. This can be seen in Fig 3-6 

where the spatiotemporal intensity profiles of a pulsed version of the soliton solution for the 

radial lattice setup are shown at three different positions along z. We can clearly see that after 

16.8 m of propagation, light is diffracting close to the tails of the pulse and redirected to the 

second ring waveguide. After 26.6 m the pulse has clearly split in time, since the leading and 
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trailing parts of the pulse cannot support solitonic propagation due the low intensity. Close to the 

center time-slice the pulse is propagation quasi-stationary with a slightly lower peak intensity. As 

we can see the propagation of solitons is extremely sensitive, since even the transition from a 

continuous wave spatial soliton to its pulsed version results in observable perturbations in the 

propagation regime.  

 

 

 

 When GVD and higher order nonlinearities (multiphoton ionization, plasma defocusing, 

optical shock) are also taken into account as in the filamentation dynamics, the propagation 

distance of lattice solitons dramatically reduces (5 m in the example of Fig 3-7(a)). In general, as 

the maximum intensity of the input lattice soliton increases and its beam width decreases, high-

order effects become more important, leading to faster reshaping of the lattice soliton into a 

standard filament. Without the presence of the lattice, a pulsed lattice soliton is rapidly self-

focused and a filament is formed reaching intensities as high as 13 23 10 /W cm× (“normal 

filament” in Fig 3-7(a)). The lattice regulates the pulse propagation, as is clearly shown in Fig 

3-7(a). The propagation distance of the lattice filaments and that of the lattice soliton (with all 

effects included) are in the same order of magnitude. More generally, our simulations show that 

the features of lattice filaments closely follow those of lattice solitons. Furthermore, 

filamentation tailoring by means of lattices is feasible with various types of lattices beyond the 

cylindrical lattices discussed above. For instance, results using rectangular lattices, obtained from 

(3+1)D simulations with "frozen" time (pulse duration fixed), are shown in Fig 3-7(b) and 

 

Fig 3-6   Spatiotemporal intensity distribution at different positions in z of the pulsed version (200 fs 

at FWHM) of soliton solution for the radial lattice setup.  
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demonstrate tailoring properties of filaments in a similar way to the cylindrical ones. A more 

detailed presentation of the square lattice geometry will be given later on.  

 

 

 

Finally, it is worth noting that the same approach of filamentation tailoring using lattices in gases 

can be used as well for filaments in transparent solids. In this case the lattice can be either 

 

Fig 3-7   Peak intensity as a function of propagation distance reveals the transition dynamics 

between lattice solitons and lattice filaments. (a) 2D+1 (cylindrically symmetric) simulations. (b) 

3+1D (frozen time) simulations using a rectangular plasma lattice. (a) and (b): Lattice soliton: pulsed 

version of the cylindrical lattice soliton solution (taking into account only diffraction and Kerr 

effect). Lattice soliton (all effects included): including GVD, multiphoton ionization and plasma 

defocusing. Normal filament: typical filament in air from a Gaussian spatio-temporal pulse.  Lattice 

filament 1,2: tailored lattice filaments for two different cases of lattice strength (Δn). (insets: 

graphical representation of the lattices used, black represents lower refractive index) 

(a) 

(b) 
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transient (like plasma lattices) or permanently written in the bulk in the form of an array of 

waveguides (see section 3.7), which can be easily fabricated (see for instance [135]) 

 To summarize this section, we have presented a robust way to tailor the attributes of 

intense femtosecond laser filaments in transparent media by the use of lattices. By tuning the 

parameters of the lattice, the formation of a new kind of filaments is enforced that can also be 

described as intense lattice solitons, with regulated attributes like their peak intensity, plasma 

density, beam waist, length and uniformity. It is shown that this filamentation tailoring is not a 

linear guiding effect but a result of the balance between the nonlinear propagation effects and the 

linear diffraction induced by the lattice. In contrast to typical filaments, where self-action effects 

dominate and prohibit control over the filamentation attributes, we manage to gain control by 

introducing a lattice and appropriately tuning its period and modulation depth. 

 

 

3.4 Temporal solitons and nonlinear light bullets 

 

 One of the major goals in the study of nonlinear wave interactions in optics is the 

generation of pulses that propagate in the form of localized wavepackets in all the transverse 

dimensions of space, as well as in time i.e., nondiffracting and non-dispersing [136]. 

Localization is typically achieved by nonlinearity that competes with the natural spreading of the 

wave in space or time. (N+1) dimensional solitons have N localized dimensions and the 1 refers 

to the propagation dimension. Numerous observations of (1+1)D solitons were made in Kerr 

media with refractive index change 2n n I∆ = that vary linearly with the wave intensity. (N+1)D 

solitons in Kerr media with N > 2 are however unstable. The prototypical model for (3+1)D 

solitons, the light bullet proposed by Silberberg in 1990, triggered intense experimental and 

theoretical activity in the field so as to generate spatio-temporal solitons [137]. Even though the 

field has greatly advanced in the last 20 years, up to date a true (3+1)D soliton has never been 

reported [136]. 
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3.4.1 Previous works in the literature 

 

 The simplest case is the (1+1)D temporal soliton inside a single mode optical fiber. The 

existence of this soliton was first predicted in 1973 [138], and observed later in 1980 [139]. The 

basic principle tells us that by choosing an appropriate wavelength inside the anomalous 

dispersion regime of an optical fiber, the nonlinear phase shift due to the Kerr effect can be 

perfectly matched by the dispersion inside the glass core. As a result, a stationary wave in time is 

created that can propagate inside the fiber over many kilometers. Additional research that 

followed has led to commercial soliton based fiber-optic telecommunication systems [140, 141]. 

(1+1)D spatial solitons where observed in 1990 [142] by lunching a beam in a planar waveguide, 

effectively limiting diffraction to only one dimension. In analogy to temporal solitons, diffraction 

must be perfectly matched by the Kerr induced self-focusing in order to create a stationary beam 

in one spatial dimension. (2+1)D spatial solitons on the other hand are unstable in homogenous 

Kerr media since they suffer from modulation instability. The reason is that self-focusing leads 

only to stronger self-focusing, and without a saturating mechanism even small xy fluctuations 

will lead to beam collapse. One type of saturating mechanism was provided by the 

photorefractive effect in electro-optic materials, and in 1993 the first (2+1)D spatial soliton was 

observed [117, 143]. Another type of saturating mechanism was created through the parametric 

interaction between multiple beams in (2)χ media. In this case the cascading effect between 

multiple (2)χ processes creates a tunable effective (3)χ which acts as a saturating nonlinearity. 

The first (2+1)D solitons using this technique where generated in 1996 [144] and great progress 

has been made since [145]. One of the main drawbacks of both of the above techniques is that 

the use of high intensity pulses is prohibited due to the low damage threshold of both 

photorefractive and (2)χ materials.  

 The generation of full (3+1)D spatiotemporal solitons is the most difficult task, since a 

balance in all 4 dimensions must be reached, utilizing numerous linear and nonlinear effects. It 

was predicted [137] that in anomalous dispersion homogeneous Kerr media, collapse can be 

arrested by diffraction and anomalous dispersion which oppose self-focusing and self-

compression, creating this way a light-bullet. But since 2 spatial dimensions are needed, this 

approach is unstable due to modulation instabilities. In reality the collapse is arrested by 
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multiphoton ionization and stimulated Raman scattering, and since these are dissipative 

processes a light bullet cannot be sustained due to high nonlinear losses. Many lossless 

mechanisms have been proposed for the stabilization of the above process. The effect of higher 

order dispersion [146], competing higher order nonlinearities [147], materials with symmetric 

nonlocal nonlinear response [148], optical lattices [149] and nonlocal media [150] are all good 

candidates for the stabilization and the arrest of collapse. But until now no configuration has 

been found that supports stable light bullets. In one of the latest works [151] it is shown that the 

propagation of light inside optical tandems, i.e. radially periodic rings with different dispersive 

and nonlinear properties, can lead to the creation of stable light bullets. 

 The use of an artificial saturable Kerr nonlinearity in order to avoid pulse collapse limits 

these approaches strictly to theoretical study. In the majority of setups used so far, anomalous 

dispersion materials is needed to counterbalance temporal collapse, which i a limiting factor in 

experimental applications. In the most extreme cases the propagation regime of the soliton or 

bullet-like structure is taking place in the weak nonlinear regime, since modulation instabilities 

and nonlinear losses have devastating effect on the bullet-stability. In addition higher order 

effects like multi-photon absorption, optical field ionization, pulse self-steepening and plasma 

defocusing are rarely taken into account. Different types of spatiotemporal localized structures 

such as X-waves [66], Bessel-Airy linear bullets [152] and Airy-Airy-Airy nonlinear light bullets 

[153] have been experimentally observed, whereas three dimensional vortices have been 

predicted. The main limiting factors in the experimental realization of light bullets are the 

anomalous dispersion and the slow time response of nonlinear media that mathematically support 

stable bullets. 

 The availability of intense ultra-short light bullets in normally dispersive media would 

however offer ultimate control over a high power wavepacket, which could be used in various 

materials and have applications in fields like THz generation [87], telecommunications, optical 

metrology and sensing, long range femtosecond filamentation [154] and attosecond pulse 

generation [10, 78].  

 In the next section we will exploit the filament dynamics in the presence of the lattice 

described in section 3.2 in both the spatial and the temporal domain. We find from numerical 

simulations that it is possible to generate spatiotemporal structures supporting intense laser 

propagation in normally dispersive air at a wavelength of 800 nm and remaining almost invariant 
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(in space, time and maximum intensity) for over 90 cm in a lattice. We call these structures 

intense dynamic bullets (IDB) to distinguish them from perfectly stationary light bullets or 

solitons. The lattice is essential in the formation of the IDB. The role of each physical 

mechanism in the formation of the IDB is also analyzed.  

 

3.4.2 Intense dynamic bullets in a periodic lattice 

  

 The lattice consists of concentric rings that describe a perturbation of the refractive index. 

These perturbations can be realized using different approaches for various transparent media. For 

example plasma can be used in the case of gases. One dimensional plasma lattices have recently 

been generated in air by interference of intense IR light beams for periodicities ranging from 500 

nm [130] to 100 μm [131] and electron densities higher than 18 310 cm− . The generation of 

cylindrically symmetric lattices is demanding but feasible since their Fourier transform is simply 

a sum of zero order Bessel functions. Note that the effect of such lattices on intense pulse 

propagation has not been explored yet. Thus, in principle, illumination of an amplitude mask 

allows the generation of intense concentric rings in the Rayleigh range of a long Fourier 

transforming lens. Furthermore, one could consider the use of positive or negative Δn lattices 

exploiting the molecular alignment of air molecules (or other gases). In the latter case the laser 

intensities needed are even lower than the ones needed for ionization and one can use pulse trains 

to further enhance the alignment [132] and consequently the strength of the lattice. Finally, in the 

case of filamentation in transparent solids, like glasses, one can use permanently written lattices 

in the bulk of the glass [155]. 

 In our case, the cylindrically symmetric refractive index modulation is identical to the 

one used in section 3.2, and can be written as ( ) 0cyln r n n= + ∆ , for ( )
5

0
0

m
m

n n f r r
=

∆ = ∆ −∑ . 

Where ( ) ( )2exp / pf r r w = −  is the function describing the refractive index distribution of 

each ring, in our case a super-Gaussian of order p = 8 with width w = 100 μm. The position of 

each ring is defined by [ ]1/ 2mr m= + Λ . The period of the lattice is Λ = 350 μm and the 

refractive index modulation is 7
0 3 10n −∆ = − × . Assuming that plasma is used to generate such a 
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modulation, this corresponds to a moderate plasma density of 15 3~ 10 cm− . The laser pulse used 

in the simulations has a Gaussian spatiotemporal profile with duration of 35 fs at FWHM and 

500 μm beam width ( )21/ e radius . The 150 μJ pulse is launched in the center cylinder of the 

refractive index modulation as it is shown in Fig 3-8.  

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

The model relies on a nonlinear propagation equation along the z direction for the frequency 

components ( )ˆ , ,r z ω of the envelope ( )ˆ , ,r z t of the laser pulse coupled with an evolution 

equation for the electron density ( ), ,r z tρ generated by the intense pulse [10]. The model used 

in section 3.2 can be written in the frequency domain as follows: 

 

 ( ) 0
0

ˆ ˆˆ
2 2

NLPi D k n i
z K cω

ωω
ε

⊥ ∆∂
= + + ∆ + ∂  

   (3.4-1) 
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Fig 3-8    Input radial intensity distribution superimposed on the lattice potential. 
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 2K
K ntt

ρ σ ρ∂
=

∂
  (3.4-3) 

 

 The first term on the right hand side of Eq.(3.4-1) describes diffraction and space-time 

focusing through the operator '
0 0K k kω δω≡ + ⋅ , ( )0δω ω ω≡ − , ( )0 0k k ω= . 

( ) ( ) ( )0 / !mm

m
k k mω δω≡∑  denotes the dispersion relation in air and ( )

0

0

n
n

n

kk
ωω

∂
=
∂

denote the 

dispersive coefficients corresponding to the frequency 0ω of the carrier wave. Dispersion and 

the effect of the lattice are described by ( ) ( ) ( )D k Kω ω ω≡ − and n∆ , respectively. The 

nonlinear polarization N̂LP in Eq.(3.4-2) accounts for the optical Kerr effect, plasma defocusing, 

and multiphoton absorption (MPA), first calculated in the temporal domain and transformed into 

spectral components of N̂LP .  Pulse self-steepening is given by the explicit frequency dependence

0ω ω δω≡ + in Eq.(3.4-1). In some simulations discussed below and referred to as ``Shock term 

off'', its effect was switched off by setting 0ω ω= in the explicit frequency dependence of the 

nonlinear polarization in Eqs.(3.4-1) and (3.4-2). The gas filling the gap of the lattice is air with 

nonlinear index 16 2
2 3.2 10 /n W cm−= × , multiphoton ionization and absorption cross sections

96 1 16 83.4 10K s cm Wσ − − −= × and 0K nt KKβ ω ρ σ=  for 8K = photons. The density of neutral 

oxygen molecules is 19 30.5 10nt cmρ −= × and the critical plasma density is 21 31.7 10C cmρ −≈ × .  

 From Marburger's formula
2

0 2

3.77
8crP

n n
λ

π
= , the critical power for collapse of a Gaussian 

beam is ~ 3crP GW . In the following we consider pulses with peak power of 1.25 crP  and we 

stress that the critical power is only used as a reference indicating that a beam with the same 

input power would collapse in a pure Kerr medium. Due to the weak dispersion in air

( )2'' ~ 0.2 /k fs cm , self-focusing prevails for input powers only a few percent above crP  [156]. 

 Fig 3-9 (Video_IDB.mov) depicts the spatiotemporal reshaping of the laser pulse as it 

propagates in air without (top row) or with (bottom row) the lattice. In the case of standard 

filamentation in air, the intense pulse initially shrinks both in space and time due to the Kerr 

nonlinearity. At the nonlinear focus ( z ~ 130 cm ), the pulse becomes sufficiently intense to 
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generate an underdense plasma which defocuses the pulse trailing part while nonlinear effects 

including the Kerr effect and multiphoton absorption compete to sustain propagation of the 

leading part in the form of a filament (130 cm < z < 150 cm). Beyond the filamentation stage z > 

150 cm, the pulse finally widens due to diffraction and dispersion. Such behavior is typical for 

pulses undergoing filamentation and is accompanied by high nonlinear losses [10].  

 Propagation of the same intense pulse inside the lattice is significantly different: during 

the initial self-focusing stage, the beam does not shrink as much as it does without the lattice. 

After the initial self-focusing stage, the spatiotemporal dynamics reach a quasi-equilibrium. The 

intensity profile of the resulting IDB remains almost stationary in both space and time for about 

1 m, i.e. a factor of 5 larger than the filamentation distance in air for the same input pulse. The 

IDB finally starts to spread out slowly at z ~ 240 cm. The peak intensity for the two regimes as a 

function of the propagation distance is shown in Fig 3-11. 

 

 

Fig 3-9   3D iso-surface plots of the intensity distributions for the cases of a standard filamentation (red iso-

surfaces, first row) and the IDB formation inside the periodic lattice (blue iso-surfaces, second row), for 

various propagation distances (Video_IDB.mov). Isovalue is set to half of the peak intensity at each z position. 

 

 In Fig 3-10 we can see the energy that is contained in various sized cylinders for the 

normal filament and the IDB along propagation distance. The radius of the cylinder is varied 

from 100 μm (blue line) up to the whole numerical box at 2.2 mm (purple line). As we can 

clearly see radial energy distribution is much more homogeneous in the case of the IDB, 

especially for small cylinders. We can see in Fig 3-10(b) that the energy contained in the 

cylinder with 100 μm radius is slowly but constantly increasing (with exception of the small 

transitional stage at the first 25 cm) up in the first 2 m of propagation. The energy is starting to 

spread out after z ~ 240 cm, which corresponds to the point where the IDB breaks down. On the 

other hand, the standard filament is showing a strong energy concentration at the same radius. 
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This increase however only lasts a few centimeters before rapidly decreasing due to beam 

spreading and nonlinear losses (Fig 3-10(a)). 

 

  

In order to investigate the interplay between different physical mechanisms responsible 

for the IDB formation, we performed numerical experiments by switching off each of the 

relevant effects, at z = 150 cm, where the IDB is already formed. Namely, we considered the 

effects of dispersion, self-steepening (shock-terms) and the periodic potential. Fig 3-11(b) shows 

the radially averaged pulse duration over a 100 μm radius which corresponds to the central 

cylinder of the lattice. The duration of the IDB remains nearly constant to about 15 fs over 90 cm 

(continuous curve). When group velocity dispersion (GVD) is switched off at z = 150 cm, the 

IDB with peak power above crP undergoes self-compression due to the competition between 

self-steepening and nonlinearity (Kerr focusing and plasma defocusing). This leads to a 

 

 

Fig 3-10   Energy contained in different cylinders (from 100 μm up to 2.2 mm radius) for (a) the 

normal filament and (b) the IDB, versus propagation distance. 

(a) 

(b) 
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continuous decrease of the pulse duration [dash-doted curve in Fig 3-11(b)] that ultimately 

becomes shorter than the single cycle limit (not shown here) and results from a well identified 

singularity of the standard filamentation model in the absence of GVD [157]. The periodic lattice 

modifies the effective diffraction of the beam and plays a crucial role in its stabilization since the 

pulse duration increases (dotted curve in Fig 3-11(b)) if the lattice is replaced by air. In this case, 

the beam survives until z = 170 cm but then rapidly disperses. Finally the dashed curve depicts 

the pulse duration if the shock-term is switched off at z = 150 cm. The comparison of the dashed 

and continuous curves shows that the shock-term is essentially limiting dispersion since the pulse 

broadens in its absence. 

 

 

Fig 3-11   (a) Peak intensity vs z for a standard filament in air (continuous line) and the IDB (dashed 

line). (b) Pulse duration (Radially averaged over 100 μm) of the IDB vs propagation distance z when 

all effects are accounted for (continuous curve) or when a specific effect is switched off at z = 150 cm: 

dotted curve: the lattice is removed; dashed curve: self-steepening is switched off; dash-doted curve: 

GVD is switched off. 

 

 From these numerical experiments, we identified the physical effects that dynamically 

balance each other to generate an IDB via nonlinear propagation in the periodic potential. Fig 

3-12 shows the evolution of typical lengths characterizing these effects, namely the Kerr effect

( ) 12
0 2KerrL k n I

−
= , diffraction 2

0 / 2DiffL k R= , Dispersion ( )2 ''/ 2GVDL T k= ⋅ , MPA

( )11/ 2 K
MPA KL Iβ −= , self-steepening ( )2/ShockL cT n I= and the effect of the lattice

( ) 1
0LatL k n −= ∆ . In these expressions, the peak intensity of the pulse I varies as a function of 

propagation distance, as well as the filament width R and the shortest pulse duration pt supported 

by the pulse spectrum. For standard filamentation (Fig 3-12(a)), the main prevailing effect is 
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MPA as indicated by the shortest lengths of all effects over the whole filamentation distance 130 

< z < 150 cm. The Kerr and self-steepening effects need centimetric lengths to play a role while 

diffraction and dispersion need about 10 cm. Thus the filament lives for about 20 MPAL× or 

equivalently one DiffL or GVDL . For the IDB (Fig 3-12(b)), the intensity is stabilized by the 

lattice at a lower level than that reached in the filament, thus the Kerr effect prevails with a 

typical length in the range 10-15 cm over the whole propagation distance 150 < z < 240 cm. Two 

independent equilibriums take place in the spatial and temporal dimensions: For the spatial 

equilibrium, diffraction and the lattice effect with lengths in the range 30-40 cm both compete 

with the Kerr effect as 1/ ~ 1/ 1/Kerr Diff LatL L L+ . For the equilibrium of the pulse profile, self-

steepening and dispersion compete with self-phase modulation induced by the Kerr effect as

1/ ~ 1/ 1/Kerr Shock GVDL L L+ . These two separate equilibriums maintain the peak intensity below 

ionization threshold for a propagation distance of about 10 KerrL× or 2 GVDL× , which is a factor 

of at least 5 larger than the filamentation length for the same input pulse. 

 

 

Fig 3-12   The smallest lengths characterize the most important physical effects in competition along 

the propagation axis. (a) Case of a standard filament. (b) Case of an IDB in a periodic lattice. 

 

3.4.3 The effect of random noise 

 

 Up until now only perfect noise-less Gaussian pulses have been used in the numerical 

simulations. However real femtosecond laser sources always contain some amount of noise in 

the beam in and pulse shapes. This random noise, originating from the laser cavity, is the main 

reason multi-filament structures form in the high power regime.  
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 In order to test the durability of the IDB shown in Fig 3-9, the simulations of both normal 

filament and IDB where repeated with the addition of random noise in the input beam profiles, 

imitating this way a real laser source in the laboratory. The results can be seen in Fig 3-13, where 

the 3D isosurfaces of the normal filament and the IDB can be seen at different position in z. As 

we can clearly see the IDB (second line) is not as stable as in the ideal noise-free case. In the first 

30 cm of propagation the wavepacket is showing signs of stability loss, which however are 

smoothed out at z = 135 cm. As in the ideal case the IDB is propagating relatively unchanged up 

to z = 240 cm, which shows that the IDB is quite resistant to the added noise. However when the 

IDB starts to break-up after z = 240 cm, it does so in much more abrupt fashion compared to 

noise-less case. As we can in the last frame of Fig 3-13, at z = 285 cm, the IDB can barely be 

recognized with the choosen iso-value.  

 

 

 For the standard filament case with noise, shown in red in the first line of Fig 3-13, the 

propagation is not much different than in the ideal case (first line in Fig 3-9). Since the power is 

not high enough to support multiple filamentation, no modulation instability is observed and the 

spatiotemporal reshaping is very similar with the noise-less case. 

 To summarize sections 3.4.2 and 3.4.3, we have shown numerically that filamentation of 

intense pulses in a radial symmetric periodic potential leads to the generation of intense dynamic 

bullets. Their intensity is above 12 210 /W cm and their power is above crP while they exhibit a 

quasi-stationary spatiotemporal profile for long propagation distances as a result of the 

competition of linear and nonlinear effects. In the spatial domain the Kerr self-focusing is mainly 

balanced by the combined action of the effective lattice diffraction whereas in the temporal 

 

Fig 3-13   Same as Fig 3-9 with the addition of random noise.  
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domain self-steepening and normal dispersion compete with self-phase modulation. Since the 

lattice parameters are in a feasible regime for experimental realization (refractive index changes 

in the order of 710− and periodicity of 350 μm, these intense dynamic bullets can be realized in 

transparent media using permanent or transient refractive index modification induced by high 

power commercial fs laser sources. In addition the IDBs proved to be resistant to numerically 

added random noise in the starting intensity profile of the pulse. 

 

 

3.5 Increasing the power of tailored filaments using cylindrical lattices 

 

 Up to this point we have seen that by using a cylindrical symmetric lattice consisting out 

of concentric rings, the propagation of intense laser pulses can be controlled both spatially and 

temporally. Although the pulse power is above the critical value ( )1.25 crP , the increase of power 

is the next logical step. 

For all the following numerical experiments in this section (3.5 - 0) the initial laser pulse 

is similar to the one used in the previous sections (λ = 800 nm, 35 fs). The main difference lies in 

the fact that the input power is doubled to 2.5 crP . However, since filamentation tailoring is 

based on the equilibrium between lattice diffraction and self-focusing, the starting peak intensity 

of the beam is very important. Because of this, the beam waist is increased to 707 μm, which 

corresponds to a factor of 2 so that the starting peak intensity is kept at the same value as in 

sections 3.2 and 3.4.2. Following the same reasoning, the lattice period has to be appropriately 

increased by the same factor, to Λ = 495 μm. This way a similar result should be obtained if the 

refractive index modulation depth and ring thickness is kept close to the values used in the 

previous numerical experiments ( )15 3 7
0 01.14 10 3.3 10 , 100cm n w mρ µ− −= × ⇒ ∆ = − × = . 

 However this goal is not so easily reached since the dynamic spatiotemporal equilibrium 

proves to be quite sensitive an increase in input power. In simulations it proved impossible to 

obtain any type of IDB for higher power by just tuning the lattice characteristics (period Λ, 

waveguide thickness w and refractive index depth 0n∆ ). As we can see in Fig 3-14(b), this is 

because the center part of the beam (inside the first ring), has enough power to generate a 
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filament on its own, effectively neglecting the regulating effect of the lattice entirely. When 0n∆

is doubled (shown in Fig 3-14(c)) and the lattice strength is increased, the filament is completely 

contained in the center waveguide, which is effectively the opposite of our goal. This wave 

guiding effect is only getting stronger as the lattice strength is increased further, as can be seen in 

Fig 3-14(d) where the 0n∆ is increased by a factor of 5. For comparison the 2.5 crP standard 

filament (without lattice) is depicted in Fig 3-14(a). 

An intuitive approach is the addition of a diffracting element inside the center ring, in 

order to suppress the on-axis filament formation. Such elements can be a diverging lens, an 

additional on-axis super-Gaussian anti-waveguide, or even a miniature lattice of much smaller 

scale. In any case the diffractive element must be impervious to the high intensity of the laser 

pulse, thus as before an electron plasma will be used to simulate it. Aside from the addition of a 

diffracting element, in all three cases the main lattice will remain unchanged. Results of these 

approaches will be analyzed in the next sections (0 - 0). 
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Fig 3-14  Radial peak intensity along propagation distance for a 2.5 Pcr filament (a) without lattice, 

and inside the radial plasma lattice with maximum plasma density of (b)
 

( )15 3 7
0 01.14 10 3.3 10cm nρ ρ − −= = × ∆ = − × , (c) 02ρ ρ= × ,  and (d) 05ρ ρ= × . 

 

 

 

 

 

 

 

(a) (b) 

(c) (d) 

2 
2 

2 
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3.5.1 Addition of a diverging lens to the cylindrical lattice 

 

 The first approach explored will be the addition of a diverging plasma lens inside the 

center ring. The refractive index distribution of the lens is chosen to be Gaussian, which ideal 

since the input beam shape of the laser also Gaussian.  

 

  

 Since the refractive index modulation of plasma is negative, the lens must have a convex 

shape in order to diverge light off-axis. The plasma lens has a diameter of 300 μm at FWHM 

with a maximum plasma density which is 67% of the plasma density of the main lattice

( )14 37.64 0 cmρ −= × , which was found to be the optimum value. The input beam and lattice 

with the added diverging lens are shown in Fig 3-15. 

 

Fig 3-15   (black line) Lattice and diverging lens. (red line) Gaussian beam profile superimposed on 

the radial lattice. The maximum electron density of the rings of the main lattice is

15 3
0 1.14 0 cmρ ρ −= = × ( )7

0 3.3 0n −∆ = − × , while the maximum density of the central plasma 

lens is 00.67ρ ρ= × . 
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 The result of the simulation can be seen in Fig 3-16, where the radial intensity along z is 

shown over 6 m of propagation. As we can see the addition of the diverging lens is able to 

suppress the filament creation and regulate the peak intensity at values under the ionization 

threshold. The maximum intensity value reached is 12 2~ 2 10 /W cm× , which is varying slightly 

over 2 m. After 5 m of propagation the beam breaks up and diffraction dominates. 

 

 

Fig 3-16   Radial intensity along propagation of the 2.5 crP tailored filament, inside the radial 

lattice with the addition of the on-axis diverging plasma lens.  

 

  

2 
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3.5.2 Addition of an anti-waveguide to the cylindrical lattice 

 

 The second approach is the addition of an on-axis anti-waveguide in order to prevent the 

filament formation. For this setup a standard super-Gaussian index modulations was used. The 

super-Gaussian function is of 8th order like the lattice itself, and the maximum index depth is

03 n×∆ which corresponds to an electron density of 15 33.42 10 cmρ −= × .  

 

 

Fig 3-17   (black line) Lattice and central anti-waveguide. (red line) Gaussian beam profile 

superimposed on the radial lattice. The maximum electron density of the rings of the main lattice is

15 3
0 1.14 0 cmρ ρ −= = × ( )7

0 3.3 0n −∆ = − × , while the density of the central anti-waveguide is

03ρ ρ= × . 

 

 Unfortunately the addition of the on-axis anti-waveguide cannot tailor the 2.5 crP

filament, but only delay its formation. This can be seen in Fig 3-18(a)-(c) where the radial 

intensity distribution of the filament along z is plotted, for three anti-waveguides strengths. In 

Fig 3-18(a) the anti-waveguide has the same refractive index depth with the rest of the lattice, 

but as we see an intense focus is still forming and intensity reaches values as high as
13 23 10 /W cm×

. In Fig 3-18(b) and (c) the plasma density of the anti-waveguide is increased 
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by a factor of three and five respectively. However this increase of strength is only able to delay 

the formation of the filament, rather that tailor it.  

 

 

 

Fig 3-18   Radial intensity along propagation of the 2.5 crP tailored filament, inside the radial 

lattice with the addition of the on-axis super-Gaussian anti-waveguide. The electron density of the 

ring is ( )15 3 7
0 01.14 0 3.3 0cm nρ ρ − −= = × ∆ = − × , while the density of the central anti-

waveguide is (a) 0ρ ρ= , (b) 03ρ ρ= × , and (c) 05ρ ρ= × . 

 

 

 The delay of the onset of the filament formation is due the change of the optical path 

length at the center of the beam. The optical path length is defined by 

 

 OPL n L= ×  (3.5-1) 

 

where n is the total refractive index of the medium and L the physical length. The reduction of n 

by a factor of 0n∆  (Fig 3-18 (a)), 02 n×∆  (Fig 3-18 (b)), and 05 n×∆ (Fig 3-18 (c)) will force the 

beam to propagate additional distance in the space to cover the same overall optical path. In short 

the filament forms always after propagating a given OPL, when n is reduced due to the on-axis 

anti-waveguide then physical distance the L is increased to compensate. 

 

 

  

(a) (b) (c) 2 
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3.5.3 Addition of a miniature lattice to the cylindrical lattice 

 

 The third approach consists of the addition of a miniature cylindrical plasma lattice inside 

the central waveguide. Although the experimental realization of such a lattice is a formidable 

task, the theoretical study can be done relatively easily. 

 The miniature plasma lattice is placed inside the central part of the main lattice, opposing 

the effect of self-focusing. The miniature lattice has a period of 50 μm and the plasma rings have 

10 μm thicknesses at FWHM with an 8th order super-Gaussian profile. For this geometry the 

miniature lattice consist out of 5 concentric rings. The maximum plasma density and 

corresponding refractive index modulation was varied in the multiple simulations so that optimal 

value could be obtained at 03ρ ρ×
. In Fig 3-19 we can see the plasma lattice with the added 

miniature lattice, and the superimposed input beam profile. 

 

 

Fig 3-19   (black line) Lattice and miniature lattice. (red line) Gaussian beam profile superimposed 

on the radial lattice. The maximum electron density of the rings of the main lattice is

15 3
0 1.14 0 cmρ ρ −= = × ( )7

0 3.3 0n −∆ = − × , while the density of the miniature lattice is in this 

case 03ρ ρ= × . 
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  The impact of this new complex lattice on the propagation of the beam can be seen in 

Fig 3-20, where the radial intensity along propagation distance is plotted in logarithmic scale. As 

we can see it is possible to limit the peak intensity and beam waist of the filament over the 8 m 

of propagation shown in Fig 3-20. The peak intensity keeps and almost constant value of
12 2~ 2 3 10 /W cm− × from 2 m up to 5 m of propagation, well under the ionization threshold. 

After 5 m of propagation the beam starts to break up abruptly, in a similar way as in the case of 

the diverging lens shown in section 3.5.1. 

 

Fig 3-20   Radial intensity along propagation of the 2.5 crP tailored filament, inside the radial 

lattice with the addition of the miniature plasma lattice inside the central cylinder. 

 

 From the result in the previous three sections we can conclude that the tailoring of higher 

power single filaments is theoretically possible. However in order to reach higher powers, the 

lattice has to be modified by the addition of a diffraction element in the center waveguide 

preventing the formation of an on-axis filament. Numerical simulations showed that the 

diffracting element can be either a diverging lens or a miniature lattice.  

2 



163 
 

3.6 Square lattices in the single filamentation regime 

 

 

 In this section, the tailoring of filaments with the use of square lattices will be 

investigated in numerous transparent nonlinear materials. Since square lattices are widely used in 

the literature to study soliton dynamics, the following results are bridging the regimes of high 

power filaments and low power solitons. First a simple and clear example will be shown on how 

to tailor a single filament using a square lattice. Next the importance of various factors like: the 

waveguide shape, focusing geometry and lattice size will be studied in fused silica and BK7 

glass, water.  

 All numerical experiments in this section are performed with the "frozen time" scheme. 

The refractive index modulation is now simulated as a phase mask, rather than a pre-existing 

electron plasma, which has effectively no difference in the "frozen time" numerical scheme used 

in the XYZ geometry. 

 

 

3.6.1 Filamentation tailoring in air with square lattices 

 

 For this first demonstration of filamentation tailoring with square lattices, the lattice 

characteristics are chosen close to the before mentioned cylindrical cases. The square lattice used 

has consists of a multiple rods each with a 8th order super-Gaussian refractive index distribution, 

placed at the points of a square grid. A schematic representation of such a square lattice can be 

seen in Fig 3-21. 

 The 800 nm laser pulse has a Gaussian spatiotemporal profile, with 35 fs duration and a 

beam waist of 500 μm at 21/ e radius. The power contained in the initial wavepacket is 1.25 crP , 

which makes the starting pulse identical to the one used in sections 3.2 and 3.4.2. The physical 

parameters for air that are used in this section are identical to the ones used in the previous 

sections.  
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Fig 3-21   Graphical representation of a square lattice. 

 

 In Fig 3-32 we can see the effect of the square lattice on the beam waist and peak 

intensity of the filament. The optimum lattice parameters where found to be
7

0 7 10 , 300 100n m and w mµ µ−∆ = − × Λ = = . As we can see in Fig 3-22(a) and (b) the square 

lattice regulates the beam waist, and prevents the nonlinear focus formation in a much similar 

way it was observed in the cylindrical case. The control over the beam intensity is obtained again 

by tuning of the diffractive strength of the lattice through the index depth 0n∆  and period Λ. 

This can be clearly seen in Fig 3-22(c) and (d) where the peak intensity of the tailored filament 

can be increased or decreased through a slight modification of the 0n and∆ Λ . 

 The results essentially show that for propagation in air at input power slightly over the 

critical value, both cylindrical symmetric and square lattices are able to tailor the filament in a 

similar way. In both cases the peak intensity and beam waist can be controlled by slightly tuning 

the lattice parameters. 
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Fig 3-22   (a-b) Beam waist as a function of the propagation distance z. (a) without lattice (b) with 

square lattice. (c-d) Peak Intensity Ipeak as a function of the propagation distance z for: (c) various 

lattice strengths Δno: (black line) 0, (blue line) -6x10-7, (red line) -7x10-7, (green line) -8x10-7. (d) For 

various lattice periodicities Λ: (black line) ∞ , (blue line) 320 μm, (red line) 300 μm, (green line) 280 

μm. 

  

 

 In the next sections, the use of square lattices is explored in nonlinear media excibiting 

stronger nolinearity like fused silica, water and BK7 glass. 

 

 

3.6.2 Filamentation in fused silica 

 

 In this section the use of square lattices inside the bulk of fused silica glass will be 

explored. Since fused silica is a condensed medium it has a much stronger nonlinear response 

that air. On the other hand has a higher refractive index and is also much more dispersive. The 

latest is effectively neglected in the simulation, since the "frozen time" scheme is used. 
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 We will start by simulation a standard filament inside the bulk of fused silica glass 

without any lattice present. The material parameters for fused silica used in the simulation are
16 2

2 3.2 10 /n cm W−= × associated with a critical power for self-focusing of ~ 2.3crP MW=

[158] at the laser wavelength of 800 nm [12, 159]. The linear refractive index is 0 1.453n = at the 

given wavelength. The coefficients for MPI and MPA are 55 1 10 5
5 1.3 10 /s cm Wσ − −= × and

0K K ntKβ ω σ ρ= 
using 7.8iU eV= , K = 5 photons and 22 32.1 10nt cmρ −= × atoms [160, 161]. 

The cross-section for inverse Bremsstrahlung is 18 22.78 10 cmσ −= × [158, 162]. The dispersive 

coefficient is '' 2360 /k fs cm= , and can safely be neglected for simulations of a few centimeters. 

Avalanche ionization and electron recombination (τ = 150 fs) are neglected since they are on a 

much larger time scale than the pulse duration (35 fs). 

 Fig 3-23 shows the peak intensity, electron density and beam waist at FWHM vs 

propagation distance of a standard 2.5 crP filament in fused silica. The initial collimated 

wavepacket has 35 fs duration, with a central wavelength of 800 nm, and a beam waist of 40 μm 

at 21/ e radius. As we can see the peak intensity reaches very high values, over 12 25 10 /W cm× , 

which is enough to generate an electron plasma with a density above 16 32.5 10 /electrons cm× . 

The slightly lower intensities reached in fused silica when compared to air are due to the fact that 

MPA and MPI, which are the main limiting nonlinear effects, are much stronger here. The 

material parameters of fused silica result in a different equilibrium between linear and nonlinear 

effects, and the generation of much narrower filament. As we can see in Fig 3-23(b) the filament 

diameter shrinks down to ~7 μm, while the length of the nonlinear focus is roughly 1 mm. These 

values are much smaller than the ones observed in air, where the typical filament diameter is 

about 100 μm and the length of the nonlinear focus is typical in the order of 10-30 cm for the 

same input power.  
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Fig 3-23   A standard 2.5 crP filament in fused silica glass. (a) Peak intensity and electron density vs 

propagation distance. (b) Beam waist at FWHM vs propagation distance. 

 

  In the next two sections we will explore the effects of square lattices on the filaments in 

fused silica glass.  

 

 

3.6.2.1 Single-waveguide excitation in fused silica 

 

 Before exploring filamentation tailoring is useful to demonstrate the most basic 

phenomenon observed in square lattices, discrete diffraction. Discrete diffraction is extensively 

used in the literature mainly to test the fabrication quality of a lattice after construction and also 

to study soliton dynamics [163, 164]. Discrete diffraction is effective observed by the 

illumination of single waveguide with a low power beam. The beam will gradually spread out by 

(a) 

(b) 
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moving from one waveguide to the next, as it was recently reported in [164]. The next step is to 

increase input power in order to observe localization at the center waveguides. 

 As we can see in Fig 3-24, discrete diffraction and localization at high input power are 

both observed when a narrow beam excites a single waveguide of the square lattice in fused 

silica glass. In this case the input beam has a beam waist is 0 3w mµ= which is slightly smaller 

than the waveguide diameter and an input power of 610 crP− and 1.25 crP for the linear and 

nonlinear case respectively. The lattice used in Fig 3-24 has 31x31 Gaussian waveguides with 

period Λ = 14 μm and waveguide diameter w = 4 μm. The refractive index potential is
3

0 10n −∆ = + . 

 

 

Fig 3-24   Cross sectional fluence along propagation distance. Observation of (first line) discrete 

linear diffraction and (second line) localization in the nonlinear regime in a 31x31 lattice in fused 

silica glass. 
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3.6.2.2 Multi-waveguide excitation in fused silica 

 

 The single waveguide excitation regime is very limiting concerning filamentation 

tailoring, due to the constraints it applies on the initial beam waist and total input power. This is 

because in the single-waveguide excitation regime the beam waist must be smaller or equal to 

the waveguide diameter, which effectively limits the total power the beam can carry. In the 

nonlinear regime, the increase of input power will increase the starting peak intensity to values 

over the ionization threshold and the filament will be formed before the lattice could have any 

effect on it. Since the techniques for writing lattices in fused silica produce waveguides of rather 

small diameter (~ 10 μm) [158], the input power in the single waveguide excitation regime is 

limited to a few crP . 

 In this section the use of square lattices for the tailoring of filaments in fused silica will 

be explored in the multi-waveguide excitation regime. For this numerical experiment we will use 

a square lattice close to the one of the previous section with 3
0 10 4 ,n and w mµ−∆ = + = with a 

varying periodicity from 10 30 mµ− . The input beam carries 2.5 critical powers and has a beam 

waist of 100 mµ at 21/ e radius. The pulse duration is 35 fs and the central wavelength 800 nm. 

In order to save computation time the beam has an initial curvature of 5 cm, and in the absence 

of the periodic lattice generates a standard filament with the nonlinear focus at z = 2.5 cm. As we 

can see in Fig 3-25, where the starting beam intensity is superimposed to the lattice potential, 

multiple waveguides are illuminated. 

 By varying the period of the lattice it possible to control the peak intensity and beam 

waist of the 2.5 crP filament inside the lattice. This can be seen in Fig 3-26, where the maximum 

reached intensity and the minimum beam waist at FWHM are plotted as a function of the lattice 

period. As can see by for the given lattice strength a very good control over peak intensity and 

beam waist is achieved for a wide variety of periods. The maximum intensity of the tailored 

filament can be varied from 11 24 10 /W cm× to 
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Fig 3-25   Peak intensity of the input beam superimposed with square lattice potential in fused silica. 

The period, index depth and waveguide diameter of the lattice is
3

020 , 10 , 4m n w mµ µ−Λ = ∆ = + = respectively. 

 

 
12 21.5 10 /W cm× as is shown in the blue line in the first row of Fig 3-26. Note that the 

maximum intensity reached by the filament in the absence of the lattice is about
12 2~ 5 10 /W cm× , represented by the red line. An interesting observation is that the maximum 

intensity is not monotonically varying with the increase of the periodicity of the lattice. The 

intensity is increasing as a function of Λ up to Λ = 16 μm. Further increase of Λ is causing the 

filament to slowly become less intense. The minimum beam diameter is varying from 18 μm to 8 

μm as Λ is increased (blue line in the second row of Fig 3-26).  The minimum beam waist of the 

same filament in the absence of the lattice is about ~ 5.5 mµ (red line in the second row of Fig 

( )2/W cm  
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3-26). Since the beam waist is linked with peak intensity of the beam, for periods larger than 16 

μm the beam waist is starting to increase. 

 

 

 

Fig 3-26   (Blue line): Tuning of the maximum intensity (first row) and minimum beam waist 

(second row) of the 2.5 crP filament by the variation of the lattice period. The period of the square 

lattice is varied from 10 μm up to 30 μm, while the rest of the lattice parameters are kept constant

( )3
0 10 , 4n w mµ−∆ = + = . Red line represents the maximum intensity and minimum beam waist 

of the filament without lattice. 
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3.6.3 Filamentation in water 

 

 In this section the tailoring of filaments in water using square lattices will be explored. In 

addition, the importance of the lattice size, lattice starting position and initial beam curvature will 

be presented in the following sections. 

 Simulations in water use the following material parameters: nonlinear refractive index is
16 2

2 1.6 10 /n cm W−= × , which corresponds to a critical value for self-focusing of 4crP MW=

[19, 20], for K = 5 photons. The MPI and MPA coefficients are 54 1 10 51 10 /K s cm Wσ − −= × and

50 7 48.3 10 /K cm Wβ −= × [20, 165] respectively. The density of neutral molecules is 

22 36.6 10nt cmρ −= ×  [166], and the linear refractive index is 0 1.33.n =  

 Again we will start this section by simulating a standard filament in water without any 

lattice present. The numerical scheme that will be used will be again the "frozen time" scheme, 

as in all 2D lattice cases. The input beam used has a beam waist of 40 μm at 21/ e radius with a 

Gaussian spatiotemporal profile with 35 fs duration and an 800 nm central wavelength. The 

beam caries 2 critical powers and has a flat spatial phase. 

 We can see the peak intensity, electron density and beam waist of the filament in water in 

Fig 3-27. The peak intensity reaches values as high as 12 25 10 /W cm× , and is generating an 

electron plasma with a maximum density of 16 34.6 10 cm−× . The beam waist is as small as 8.7 

μm on the nonlinear focus, which is about 2 mm long in z. As we can see filamentation in water 

is very similar to filamentation in condensed media, since most physical parameters, like the 

nonlinear refractive index, ionization potential, MPI and MPA coefficients, have similar values. 

It is thus expected that the tailoring of filaments with periodic lattices will work in the same 

fashion. 
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Fig 3-27   A standard 2 crP filament in fused water. (a) Peak intensity and electron density vs 

propagation distance. (b) Beam waist at FWHM vs propagation distance. 

 

 

 The square periodic lattice used here consist of negative Δn anti-waveguides, since in 

water the writing of permanent positive Δn waveguides is impossible. This could experimentally 

be realized by multiple plasma strings generated by individual laser filaments in a water tank. 

The lattice used has a period of Λ = 15 μm with a maximum index depth 4
0 4 10n −∆ = − × . Each 

waveguide has a super-Gaussian refractive index profile of order 5, with a diameter of w = 5 μm. 

These values are in agreement with the plasma strings generated by laser filaments in water at 

the given wavelength. In Fig 3-28 we can see the initial beam profile superimposed to the lattice 

potential. 

 

(a) 

(b) 
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Fig 3-28   Cross section of the peak intensity of the input beam superimposed with square lattice 

potential in water. The period, index depth and waveguide diameter of the lattice is 15 mµΛ = ,

4
0 4 10n −∆ = − × , and 5w mµ=  respectively. 

 

 In Fig 3-29 we can see the radial intensity distribution of the tailored filament in water 

along propagation distance. Again as in the previous cases (air and fused silica glass) we can 

clearly see that the lattice is regulating the propagation by limiting the intensity and beam waist. 

The spiky structures that are observed on the intensity profile in Fig 3-29 are not numerical 

artifacts, but are manifested due to the strong lattice potential which is in a dynamic equilibrium 

with the optical Kerr effect. These radial intensity oscillations are not observed if the lattice 

potential is lower, as in the case of air in section 3.6.1 where 7
0 ~ 10n −∆ = . Note that similar 

oscillations were also observed in filamentation tailoring in fused silica (data not shown), where 

that lattice potential was strong.  

 

( )2/W cm
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Fig 3-29   Cross sectional intensity distribution along propagation distance of the 2 crP tailored 

filament inside the square lattice in water. 
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3.6.4 Dependence on setup parameters 

 

 Since filamentation tailoring with square lattices in water is one of the most delicate cases 

explored this far, it will be used to study the effect that various setup parameters have on the 

tailored filament. 

 

 

3.6.4.1 The importance of initial beam curvature 

 

 In most simulations the initial beam has a flat spatial phase, i.e. it is collimated. In these 

cases the focus that is observed is enforced by the optical Kerr effect and its shape and position 

depends on the input beam power and size. In the physically limited laboratory however the use 

of focused beams is often a necessity.  In this section the importance of focusing geometry will 

be determined when a square lattice in water is used to tailor the filaments.  

 In order to investigate the importance of initial beam curvature, the collimated pulse of 

the previous section will be used. Instead of an infinite beam curvature (collimated beam), four 

different focusing setups will be used, with f = 30 cm, 10 cm, 5 cm, and 1 cm. The result of those 

simulations can be seen in Fig 3-30, where the radial intensity distribution along propagation 

distance is depicted for the four focusing geometries. As we can see the beam behavior is not 

changing drastically from the collimated case, even if the linear focus is at z = 5 cm. However 

when f = 1 cm, the focusing becomes too strong and the focus is significantly affected. 

 This behavior is to some degree also observed in standard filaments where the main 

effect controlling the focus is self-focusing. In the presence of a photonic lattice, where the focus 

is a result of both self-focusing and lattice diffraction, the importance of initial beam curvature is 

further diminished. As we can see, the initial curvature becomes effectively important only when 

the linear focus is very close to the position of the nonlinear focus inside the lattice. This 

observation is very important for laboratory experiments paired with numerical simulations, 

since in these cases the experimental setup can be difficult to simulate or vice versa.  
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Fig 3-30   Cross sectional intensity distribution along propagation distance of the 2 crP tailored 

filament inside the square lattice in water, for four different input beam curvatures. (a) f = 30 cm, 

(b) f = 10 cm, (c) f = 5 cm, and (d) f = 1 cm. 

 

3.6.4.2 The importance of lattice size 

 

 Up until now we have used periodic lattices that always cover the whole numerical box. 

This way all parts of the beam will "feel" the effect of the lattice even after a possible spreading 

along propagation. This approach can lead to large number of waveguides contained in a lattice, 

as for example in section 3.6.2.2 a 31x31 lattice was used in fused silica which counts 961 

individual waveguides. The large number of waveguides can be slightly problematic for 

numerical simulations, since a larger numerical box and higher enough resolution might be 

required. In addition the use of non-uniform grids may result in poor waveguide discretization at 

the box edges. However in a laboratory experiment, where each waveguides has to be separately 

(a) (b) 

(c) (d) 
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written in the bulk of the glass, large lattices are very difficult to manufacture. In the case of a 

plasma lattice (negative Δn) in a gas or liquid, the experimental realization of a large number of 

waveguides is even more difficult, since multiple plasma channels need to be generated 

simultaneously. Therefore the importance of the lattice size on the filamentation tailoring process 

must be investigated, which will be done in this section. 

 For this purpose the tailored filament of section 3.6.3 (2 Pcr filament in water, collimated 

input beam) will be used. The lattice size will be changed from 9x9 to 7x7, to 5x5, and 3x3 as 

depicted in Fig 3-31. Note that any change in lattice size is leaving the periodicity and 

waveguide profile unaltered ( )4
015 , 4 10 , 5m n and w mµ µ−Λ = ∆ = − × = , and only the number of 

waveguides contained in the lattice is modified.  

 

 

 

Fig 3-31   Cross section of peak intensity of the input beam superimposed with the four square 

lattices in water. (a) 9x9, (b) 7x7, (c) 5x5, and (d) 3x3. 
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Fig 3-32   Cross sectional fluence distribution along propagation distance of the 2 crP tailored 

filament inside the square lattice in water, for four different lattice sizes. (a) 9x9, (b) 7x7, (c) 5x5, 

and (d) 3x3. 

 

 

  Fig 3-32 shows the radial fluence distribution along propagation distance of the 2 crP

filament for the four different lattice sizes. The tailored filament inside the 9x9 lattice depicted in 

Fig 3-32(a) is essential identical to the one obtained in section 3.6.3 (lattice covering the whole 

box). As the lattice size in decreased the edges will diffract light outwards. This can clearly be 

seen in Fig 3-32(b) and (c) where the strong diffraction at the edge of the lattice is causing light 

to rapidly spread out. However even at this point, the intense part of the beam that is inside the 

lattice is still evolving similar to the full lattice case. In other words, the tailoring process is 
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mainly a local effect. This observation can be very useful in future laboratory experiments, since 

it shows that it is possible to tailor a filament with the use of a 25 waveguide lattice. Further 

decrease of the lattice size results in the complete loss of the filamentation process, which can be 

seen in Fig 3-32(d). 

 

 The next two sections are combining numerical simulation with laboratory experiments 

in BK7 glass and water. 

 

 

 

 

3.7 Permanent elliptical waveguide lattice in BK7 glass 

 

 As demonstrated in the previous sections by means of numerical simulations the 

techniques for stabilizing spatial solitons via the use of photonic lattices [122, 123, 126, 129, 

167] extend advantageously to filamentation control. We showed that the temporal dynamics of a 

self-induced filament (SF) is quenched by sending the laser pulse in a lattice of reduced 

refractive index generated by plasma in air. Diffraction due to the lattice modifies the 

competition between linear and nonlinear effects that occur in a SF. It prevents high intensities to 

be reached, thereby limiting nonlinear losses, by regularizing the energy flux from the periphery 

to the core of the filament. A nonlinear structure called intense lattice filament (LF), or tailored 

filament, forms over a short propagation distance in the lattice, with attributes that can be 

effectively tailored by adjusting the lattice properties (modulation depth and period). 

 In this section, we extend this idea to lattices in solid media by combining numerical 

simulations with laboratory experiments. We present the first experimental realization of LFs 

and show that the LF properties can indeed be tailored. We demonstrate that a LF can be refilled 

in energy by interaction with a filament, opening the way to remote replenishment of filaments. 

 For our experiments, we fabricated photonic lattices in BK7 glass using the femtosecond 

laser writing technique [168, 169]. Our lattice consists of 8 periodically arranged waveguides 24 



181 
 

mm long, spaced by 25 μm with an elliptical cross section ( )5 25 mµ× , see Fig 3-33 and inset in 

Fig 3-34(c). The refractive index modification is negative and is estimated to be 4~ 10n −∆ − . 

 

 

  

 The input laser pulse is a Gaussian beam centered at 800 nm with a beam waist of 80 μm 

and a pulse duration of 35 fs. The input power is 0.6 μJ corresponding to 5 crP (where

3.7crP MW= in BK7 [10]) . An initial curvature corresponding to the effect of a 30 cm focal 

length lens is added to take into account the focusing. The model for the lattice reproduces the 

experimental lattice, and particularly the elliptical cross section as can be seen in Fig 3-33. 

 Due to the high intensity of the filament, its propagation is accompanied by a nonlinear 

fluorescence emission [170]. This emission is laterally (yz plane in Fig 3-34) imaged on a linear 

CCD camera, using a 0.11 NA microscope objective, and thus allowing the visualization of the 

 

Fig 3-33   Elliptical waveguide lattice in BK7 glass, used in the simulations. 

x (μm) 

y 
(μ

m
) 
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nonlinear propagation. Since a nonlinear law correlates the fluorescence signal to the intensity, 

the image contrast and the intensity ratio between SF and LF are affected [170].  

 Fig 3-34 depicts both numerical and experimental results showing how the photonic 

lattice affects the propagation of the filament. In the presence of the lattice, the peak intensity 

drops and the filament length extends from 2 to 7 mm giving rise to a LF. 

 The inherent birefringence of the induced structures, a common side effect in laser 

structuring of glass, is exploited to fine tune the LF attributes by rotating the input laser 

polarization (the optical properties of the birefringent lattice are a function of the input 

polarization orientation). A study of the effect of the input polarization P and period Λ on the 

propagation of the LF is presented in Fig 3-35. For a given period ( Λ = 25 μm), as the input 

polarization is rotated, the peak intensity drops, its distribution becomes more homogeneous and 

the propagation length is extended. The optimal configuration, in terms of length and uniformity, 

is achieved for 60P = ° (Fig 3-35 (b)). Then, by further rotating the polarization, the beam is 

still elongated but is less uniform with an intense peak at 4 mm (Fig 3-35 (d)). Similarly, at a 

given polarization state ( )60P = ° , when the lattice period is increased to 35 μm (Fig 3-35 (c)), 

the propagation length remains relatively long but a peak emerges at 5.5 mm affecting the LF 

uniformity. 
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Fig 3-34   (a and b). Simulated and experimental self-induced filament (SF) propagation (yz plane). (c and d) 

Simulated and experimental lattice filament (LF) propagation. The input is an 80 μm wide Gaussian beam 

(xy plane). The white arrow indicates the light propagation direction. The photonic lattice parameters are:
44 10n −∆ = − × , Λ = 25 μm and L = 24 mm. For the simulation, the inset shows the elliptical cross section. 

For the experimental visualization, the emitted fluorescence is collected by imaging the yz plane on a CCD 

camera. Note that the yz images size is 0.4 13 mm× . The inset shows a transverse view of the fs laser 

induced structures. The white line corresponds to 30 μm. (e and f) are the corresponding intensity profiles 

versus the propagation length. 
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Fig 3-35   Fluorescence images for different input polarization (P) and lattice period (Λ): (a)

20P = ° , Λ = 25 μm; (b) 60P = ° , Λ = 25 μm; (c) 60P = ° , Λ = 35 μm and (d) 90P = ° , Λ = 25 

μm. (e). Corresponding longitudinal profiles (in log scale) compared to the SF profile (gray dashed 

line). 
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 As depicted in Fig 3-36, the photonic lattice also affects the filament width and 

consequently the output power. Without lattice, the measured waist at FWHM of the SF is 5 μm 

(dashed line). The presence of the lattice leads to a clear widening up to 8.5 μm ( )60P = ° . The 

total losses encountered by the pulse during the propagation, as measured by the output power, 

are shown in Fig 3-36(b). For input powers much smaller than crP , the intensity does not reach 

values where multiphoton absorption is important and the pulse propagates almost without losses 

(dashed line). By increasing the input power, nonlinear losses become more significant. For 

instance, for an input power of 5 crP , the losses can be as high as 25% for a SF. However, due to 

its larger width and consequently lower intensity, the LF experiences weaker nonlinear losses 

during the propagation (10% at 5 crP ). Thus, due to their tailored properties (intensity, 

propagation length, uniformity and width), the formation of LFs also offers significantly lower 

losses, which makes them great candidates for applications such as pulse compression, etc. 

 

 

 

Fig 3-36   (a). Transverse profile of the LF for various configurations (P and Λ, see Fig 3-35) 

compared to SF (dashed curve and crosses). (b). Power measured at the output of the glass sample 

for different input power for the LF (filled circles) and the SF (crosses). The gray dashed line 

represents the linear propagation regime (i.e. no losses). The inset shows the output power for 5 Pcr 

input power in various configurations. The drop of the peak intensity and the increase of the 

propagation length are associated to a widening of the filament, and consequently a more significant 

output power. 
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 In the following, the nonlinear nature of the lattice filaments is clearly demonstrated 

during their interaction. We explore the interaction between filaments in lattices and offer 

additional means of tailoring the LF attributes. We used the experimental setup presented in Fig 

3-37(a) to separate two filaments both spatially and temporally. We study first the interaction 

between two LFs. As qualitative reference we show in Fig 3-37(b) the fluorescence images of 

two SFs (labeled SF1 and SF2) separated by 50 μm (along the y axis, green arrow) that are either 

overlapped in time (i.e. zero time delay, 0τ = ) or not ( )0τ ≠ . 

 We clearly observe no interaction between the two SFs even when they are overlapped in 

time as expected for a separation distance that is larger than the typical interaction length of SFs 

[171]. Fig 3-37(c) shows the same experiment for two beams LFs (labeled LF1 and LF2) (with

60P = ° , Λ = 35 μm, same as Fig 3-35(c)) that are also spatially separated by 50 μm. When the 

LFs are not overlapped in time the image is equivalent to the addition of two independent LFs as 

expected if no interaction takes place. However, the situation is strikingly different when the two 

LFs are at zero time delay. Interaction is now clear. Indeed, due to their wider transverse 

distribution, compared to the SFs, there is coupling between the two LFs leading to an energy 

exchange.  The total energy (integrated intensity) of the LF1 is shown in Fig 3-37(d) and 

compared to the evolution of the total energy of the LF2. While the energy of LF1 increases by 

about 25%, the energy of LF2 drops by a similar quantity. A careful view of Fig 3-37(b) shows 

that the maximum intensity of the 2 LFs is slightly different. The energy transfer occurs between 

the 2 LFs from the stronger to the less intense filament, LF2 and LF1 respectively. As plotted in 

Fig 3-37(e) ( 0τ = case) the energy transfer leads to a more intense LF. This behavior is also 

encountered during the interaction of solitons and filaments. Nonlinear interaction through the 

energy reservoir that sustains these structures leads to an energy exchange. 
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Fig 3-37   (a) Experimental setup. A delay line is used to separate in time the two pulses. One of the 

beam splitter (BS) is slightly rotated either around the x (green arrows) or the y axis (blue arrows) 

to spatially separate the two filaments. (b) Two SFs (SF1 and SF2) spaced by 50 μm (green arrow) 

overlapped in time ( 0τ = , bottom) and not ( 0τ ≠ , top). (c) Same as (b) for two LFs (LF1 and 

LF2). The top and the bottom filaments are labeled 1 and 2 respectively. The widening of the LF 

waist increases the coupling and leads to the 2 LFs to interact. (d) Total energy (integrated 

fluorescence intensity) of the LF1 (circles) and the LF2 (triangles) at both 0τ = (opened symbols) 

and 0τ ≠  (filled symbols) cases. An energy transfer occurs from LF2 to LF1. (e) Longitudinal 

profiles of the LF1 for 0τ =  (opened blue circle) and 0τ ≠  (filled red circle) cases. 
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 Next we investigated the interaction between a SF and a LF. The spacing between the 

two input beams is reduced to 20 μm in the y direction. As sketched in Fig 3-38(a) and (b), one 

beam is slightly shifted along the x axis (blue arrow) to spatially place it out of the photonic 

lattice. Again as a qualitative reference, we show in Fig 3-38(a) the interaction of two SFs (SF1 

and SF2), separated by 20 μm. In this case, the SFs are close enough to strongly interact when 

they are overlapped in time, and merge to form an intense filament with its focus shifted towards 

the laser source. This configuration leads to an unstable propagation. On the other hand, Fig 

3-38(b) shows that when the two pulses are not temporally overlapped the LF propagation is not 

affected by the presence of the SF. However, when they are at τ = 0 (bottom image), the intensity 

of the LF is increased, a clear indication of energy transfer from the SF to the LF. The wider 

spatial profile of LFs enables them to interact with other nonlinear optical waves like SF in favor 

of their energy. 

 To better visualize this effect we show in Fig 3-38(c) the propagation of the LF for longer 

propagation distances (from 6 to 13 mm). The corresponding transverse profiles measured at a 

propagation distance L = 10 mm are plotted in Fig 3-38(d). The dashed line represents the profile 

of a single LF (without the SF). At this distance, the LF is spatially broadened. In the presence of 

a SF at 0τ ≠ (filled circle), the widened profile simply corresponds to the addition of two 

contributions: the single LF signal (centered at position 2, dashed curve) and the intense SF trace 

(centered at the position 1, not shown). We observe that when the two filaments are at τ = 0 

(open circle), the LF is drastically affected by the presence of the SF. The propagation length of 

the LF is enhanced up to 11 mm leading to the sharp peak centered at the position 2. The 

increased background corresponds to the SF signal. It is worth noting that this behavior is not 

observed when a single LF propagates with twice the initial power (i.e. 10 crP ). In that case, 

though the amplitude is twice more intense, the distribution is similar to the initial LF. These 

results suggest that the SF acts as an energy reservoir for the LF, allowing a significant increase 

of its propagation length. 
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Fig 3-38   (a) Two SFs (SF1 and SF2) spaced by 20 μm (blue arrow) overlapped in time ( 0τ = , 

bottom) and not ( 0τ ≠ , top). (b) One SF and one LF at 0τ =  (bottom) and 0τ ≠  (top). The SF 

is obtained by slightly shifting the top beam (blue arrow) to be out of the photonic lattice. (c) Same 

as (b) for longer propagation length (from 6.5 to 13 mm). (d) Transversal profile at z = 10 mm 

(white line of c) of a single LF (dashed gray curve), of both the SF and LF at 0τ ≠  (filled red 

circle) and of both the SF and LF at 0τ =  (opened blue circle). The 2 gray lines represent the 

position of the SF (1) and the LF (2). 
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 To summarize, we have shown the first experimental evidence of photonic lattice 

filaments in solid media, i.e. new type of filaments with some attributes belonging to solitons and 

others to self-induced filaments. Self-action effects, which dominate self-induced filamentation 

and exclude any remote control over the filament attributes, have been regulated by appropriately 

selecting the lattice properties. Likewise, the inherent birefringence of the lattice fabricated in 

glass has been exploited to fine tune the lattice filament attributes by rotating the input 

polarization. We have also shown that, through a nonlinear interaction process, a second filament 

can be used as a virtual optical element to further tailor a lattice filament in respect to its 

intensity, uniformity and propagation length. Since our results open up the way for all optical 

control of the propagation of intense ultrafast wavepackets, our approach is expected to have a 

significant impact not only on the technologies utilizing laser filaments but also on numerous 

photonic applications. 

 The results shown in this section are the first experimental evidence of the filamentation 

tailoring with use of a lattice with positive Δn. The experimental demonstration of filamentation 

tailoring using a negative index plasma lattice will be demonstrated in the next section.  

 

 

3.8 Filamentation tailoring in Bessel-like plasma lattices in water 

 

 In this section we provide another direct experimental evidence of effective control of the 

filament properties using a periodic lattice in water. The lattice is a transient plasma lattice 

generated by two co-propagating non-diffracting intense Bessel beams. The complex intensity 

pattern induced by the interference of the two Bessel beams correspondingly leads through 

multiphoton ionization to a local quasi-2D periodic plasma lattice. With numerical simulations 

we confirm that the observed tunability is not a result of linear guiding but of an enforced 

balance between the nonlinear propagation effects and linear diffraction from the refractive index 

modulation induced by the plasma lattice. 

 The schematic of the experimental setup is shown in Fig 3-39(a). The output of a Ti: 

Sapphire amplified laser system (35 fs pulses with energies up to 30 mJ, central wavelength 800 

nm, 50 Hz repetition rate, linearly polarized) was split into two arms, the pump and the probe 
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(BS1). The pump pulses (up to 1 mJ) were used for the generation of the plasma lattice. Using a 

half-waveplate their polarization was rotated by 90° and then their spatial phase was modulated 

by a reflective type phase-only spatial light modulator (SLM, Hamamatsu LCOS). The phase 

modulated pump beam was then transmitted through the beamsplitter (BS2) and was collinearly 

recombined with the delayed probe beam. The two beams were directed into a variable length 

tank filled with distilled, de-ionized water. The probe beam used to generate the filament was 

independently focused inside the water tank, using a +200 mm focal-length lens. The relative 

timing between pump and probe was adjusted by using an optical delay line. 

 

 

 

Fig 3-39   (a) Schematic of the experimental setup: BS1, BS2, beam-splitters; L1, L2, L3, lenses; P, 

polarizer; SLM, spatial light modulator. (b) Gray-scale image of the phase mask (white denotes 2π 

phase and black 0). A zoomed view of the central part of the mask is shown in the inset. 

 

 The position of the imaging part of the setup, comprised of a two-lens telescope (L2, L3) 

with magnification of 5.7 and a charge-coupled device (CCD) camera, was used to capture the 

pump and probe intensity distributions in water on the exit window of the water tank.. Since the 

polarizations between pump and probe are crossed, their intensities could be recorded 

independently using an analyzer placed in front of the CCD. 

 Let us now explain in more detail the way we create the desired lattice of refractive index 

modulation in water. It is important that the lattice length be sufficiently long, much longer than 

the normal filament [172]. Therefore, to create such long transient structures we used non-

diffracting Bessel beams [173] which can be realized with good approximation by focusing 

Gaussian beams with a conical lens, or an axicon [174]. By combining two parallel, co-
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propagating Bessel beams that are π phase shifted in respect to each other, we succeeded to 

generate a quasi-periodic modulation of the intensity and thus of the corresponding refractive 

index. In our experiment, each Bessel beam was generated by using a combination of radially 

symmetric linear and quadratic phase corresponding to an axicon combined with a spherical lens, 

which is necessary for their spatial separation and the extension of the Bessel zone. In our case, 

the required phase is given by 2( ) (2 / )[tan( ) / 2 ]r r r fϕ π λ γ= − ⋅ + , where r is the radius, λ is the 

wavelength, γ is the Bessel cone angle, and f  is the focal length of the lens. The phase mask used 

is shown in Fig 3-39(b). The left- and right- π phase shifted halves of the image correspond to 

the wrapped (modulo 2π) phase of a Bessel beam of cone angle 0.25°, combined with a negative 

lens ( f = -700 mm ). The centers of the two distributions are separated by 250 µm as can be seen 

from the inset in Fig 3-39(b). 

 The resulting simulated intensity distribution that is created at a propagation distance of 

100 cm from the SLM is depicted in Fig 3-40(a), while Fig 3-40(b) shows the experimentally 

recorded intensity of the pump beam at the same distance. There is a fairly good qualitative 

agreement between simulation and experiment, while the most important aspect is that the 

intensity profile remains practically invariant along the propagation axis. As clearly shown in Fig 

3-40(c), the mean period changes by less than 1.5% within 15 mm of propagation. The high 

intensity of the pump beam leads to electron excitation and plasma formation that in turn 

perturbs the refractive index [165, 175]. In this way the intensity and plasma distribution act as a 

template for the generation of an elongated transient refractive index modulation. Due to the 

multiphoton nature of the process the refractive index distribution is proportional to a power of 

the intensity distribution Kn I∆ ∝ (K =5 for water at 800 nm). 

 In the experiment, the probe pulse energy was set at ~2 µJ, slightly above the 

experimental threshold for filamentation, and the created light filament was launched parallel 

and exactly in-between the central pump intensity fringes as shown by a yellow spot in Fig 

3-40(d). The red solid and black dashed curves in this figure represent the intensity profiles, 

along the x-direction, of the filament and the pump beams, respectively. For comparison, in the 

linear regime the measured waist of the probe beam was 40 µm. Clearly, in such an arrangement 

at an appropriately adjusted pump-probe delay, the reduced refractive index due to the plasma 

generated by the pump effectively results in the formation of a ~75 µm-wide slab type (quasi-

2D) lattice for the probe beam propagation.   
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Fig 3-40   The simulated (a) and measured (b) double-Bessel intensity distribution of the pump beam. 

(c) xz-plane cut of the pump intensity. (d) Magnified image of the two brightest pump fringes with a 

yellow spot indicating the launching position of the filament.   

 

 The laser system compressor was tuned to compensate for the normal group-velocity 

dispersion of water and optics upstream to obtain the shortest pulses, and hence the highest pump 

intensities, at a propagation distance of 7 cm in water. The position of L1 was also adjusted to 

initiate the probe beam filamentation at the same z-position.  

 The xz-cuts of the recorded filament intensity in the absence of the lattice (top) and with 

the lattice at 80 fs relative delay (bottom) between pump and probe are shown in Fig 3-41(a). 

These filament profiles were obtained by stitching the respective filament intensity distributions 

captured at various z-planes over 6.6 mm of propagation with a 0.2 mm step (in each step the 

length of the variable water cell is increased). 
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Fig 3-41   (a) Experimental xz-plane intensity distribution of the filament without lattice (top), and 

in the presence (bottom) of the plasma lattice. (b) The 1D filament intensity without (black solid) 

and with lattice (red solid). Blue dashed and green dash-dotted curves are the respective FWHM of 

the filament. (c) The simulated intensity of the filament without (top) and in the presence (bottom) of 

the lattice. 

 

 Note that the action of the lattice drastically changes the filamentary propagation, 

resulting in filament elongation and peak intensity depression, similarly to the prediction of 

numerical simulations in section 3.2 [172]. Our measurements indicate that at the relative delay 

of 80 fs, this refractive index modulation is due to the presence of the pump excited plasma. To 

better visualize the differences between these two filamentation regimes, in Fig 3-41(b) we plot 

the respective filament peak intensities and beam widths (FWHM). As can be seen, the 

propagation inside the plasma structure generated by the pump results in a ~4 times elongation of 

the filament length (FWHM) while its peak intensity is decreased by ~40%. Moreover, a nearly 

constant filament waist of ~20 µm is sustained over more than 3 mm of propagation, which is in 

striking contrast with the typical filament behavior whose minimum waist of 10 µm is doubled 

within less than half a millimeter. This result is a clear demonstration of filamentation tailoring 

where the competition of nonlinear effects with the linear diffraction induced by the lattice 

results in a new regime of filamentary propagation. 

 To confirm that the observed changes in the filament propagation are not just the result of 

linear wave guiding inside the plasma-induced positive index slab waveguide, numerical 

simulations where conducted using the three-dimensional (3D: 3 spatial coordinates with frozen 



195 
 

time) propagation code. The refractive index changes due to the free-electron plasma generated 

in the trail of the pump pulse were modeled based on a five-photon ionization process in water at 

800 nm wavelength and the Drude model for plasma defocusing and absorption [175] using the 

pump intensity distribution of Fig 3-40(a). The peak power of the probe pulse was set to crP

where 3.8crP MW= is the critical power for self-focusing in water ( 16 2
2 1.9 10 /n W cm−= × at 

800 nm). The simulated xz-plane intensity profiles of the probe filament are shown in Fig 

3-41(c) where the upper and the lower images represent propagation without and with the lattice, 

respectively. In excellent agreement with the experiment, similar changes in the filament 

attributes - its elongation, greater uniformity, and peak intensity depression - are clearly 

identified. In the linear regime the coupling of the probe beam into the neighboring waveguides 

of the lattice leads to the spreading of energy toward the outer waveguides, thus confirming that 

the observed changes in the filamentary propagation in the high-intensity regime are not the 

result of linear guiding (data not shown).  

 To summarize this section, it is experimentally demonstrated that femtosecond laser 

filamentation can be tailored by using periodic lattices of refractive index inside a water tank. 

The major filament attributes, such as its length, uniformity, peak intensity and diameter were 

effectively controlled. Numerical simulations confirm that the observed changes in the 

filamentary propagation are not the result of a linear guiding but of an enforced balance between 

the nonlinear propagation effects and linear diffraction caused by the refractive index modulation 

of the lattice. The results suggest that more sophisticated structures both transient (e.g. laser 

generated plasma, molecular alignment [176] and permanent (e.g. laser written waveguides in 

solids as was shown in section 3.7) can open the way for extensive and effective control of the 

filamentation process. 
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3.9 Multi filamentation control with 2D lattices in fused silica 

 

 

 Up until now filamentation tailoring with photonic lattices have been limited to the single 

filamentation regime. In this section the effect of 2D lattices on the propagation of Gaussian 

wavepackets in the multi-filamentation regime will be numerically investigated. 

 

3.9.1 Bravais lattices 

 

 Due to symmetry reasons, there exist exactly five basic lattice cell geometries (Bravais 

lattices) in periodic crystalline structures in two dimensions. These are: square, rhombic, 

rectangular, parallelogramic (or oblique) and hexagonal. They are shown in Fig 3-42.  The first 

case, the square lattice, has already been extensively studied in sections 3.6 in multiple materials. 

The remaining 4 types of lattice geometries have been extensively studied in the field of spatial 

solitons in the literature (see [136] and referenced therein). The use of them in filamentation 

tailoring in the multi-filament regime will be investigated here.  

 Each of the five lattices shown in Fig 3-42 is defined by three parameters, the distance

1a and 2a from one point to his two first neighbors and the angle φ formed by the two vectors

1a and 2a . A schematic representation of a 2D rectangular lattice can be seen in Fig 3-43, 

showing 1a , 2a , and φ. 

 All five lattices shown in Fig 3-42 can be generated by using different values for the 

parameters 1a , 2a , and φ using the following rules: 

 

• Square lattice: 1 2 , 90a a ϕ= = °  

• Rectangular lattice: 1 2 , 90a a ϕ= = °  

• Rhombic lattice: 1 2 , 90a a ϕ> ≠ °  

• Parallelogramic lattice: 1 2 , 90a a ϕ< ≠ °  

• Hexagonal lattice: 1 2 , 120a a ϕ= = °  
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Where the vectors 1 2,a a  and the angle φ are shown in Fig 3-43 

 

  

 

 

 

 

 

 

 

 

 

 

  

 

Fig 3-42   Schematic representation of the five basic two dimensional lattice geometries. Square, 

rhombic, rectangular, parallelogramic, and hexagonal. 

 

Fig 3-43   Schematic representation of a 2D rectangular lattice, with parameters ( )1 2, ,a a ϕ  . 
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To investigate the effect of the five 2D lattices depicted in Fig 3-42 we modeled each of 

them as in a similar way as the square lattice used in section 3.6. Each waveguide has a 2D 

super-Gaussian refractive index distribution of order K = 5 which corresponds to the multiphoton 

ionization order of fused silica in which the propagation is taking place. The diameter of each 

waveguide is 10 μm at FWHM with a maximum refractive index modulation of 410−+ . The 

spacing 1a , and 2a  was varied from 25 μm to 75 μm for each of the five lattice geometries. In 

the cases of rhombic and parallelogramic lattices where 1 2a a≠ , we used 1 2 10a a mµ= ± . The 

input laser pulse used is a 10 ,crP  35 fs Gaussian laser pulse with 100 μm beam waist at 21/ e

radius. The propagation length is set to 3 cm which is enough to observe spatial dynamics within 

the bulk of fused silica glass. Since only spatial dynamics are studied here, for convenience the 

"frozen time" scheme is used in the simulations. 

 The best results for all five cases are depicted in Fig 3-44, where the radial fluence 

distribution is plotted along z. Note that in all cases the first priority is to lower the peak intensity 

of the tailored filament, so that MPA losses are limited. Then the fine tuning of the lattice can 

give spatial control over the intensity distribution of the beam. As we can see in Fig 3-44, any 

one of the five lattices can effectively tailor the 10 crP filament to some degree. For the right 

parameters ( )1 2, ,a a ϕ  the spatial energy distribution is reformed into a multi-peak structure 

which propagates over 3.2 cm inside the bulk of fused silica glass. In contrast to the tailoring of 

single filaments, in the multi-filamentation regime, multiple filaments are now spatially 

controlled using the lattice lattice geometry. The small spatial oscillations along z are expected 

since the lattice-filament interaction is a dynamic equilibrium between the optical Kerr effect and 

lattice diffraction. 

 Further study of filamentation tailoring with the use of 2D Bravais lattices is out the 

scope of this thesis. 
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Fig 3-44   Filamentation tailoring in the multi-filament regime with use of 2D Bravais lattices. Each 

line shows the best result for the given lattice geometry. Plotted is the cross sectional intensity 

distribution vs z. First line: square lattice with 35 μm spacing. Second line: Parallelogramic lattice 

with 30 μm and 40 μm spacing, φ = 60. Third line: Rectangular lattice with 35 μm and 45 μm 

spacing. Fourth line: Rhombic lattice with 50 μm and 60 μm spacing, φ = 30. Last line: Hexagonal 

lattice with 40 μm spacing. 



200 
 

3.9.2 Discrete cylindrical lattices 

 

 Another, more intuitive lattice geometry is the discrete version of the cylindrical lattice 

used in section 3.2. In this case each ring is approximated by a number of rods, similar to the 

plasma strings generated by individual filaments (negative Δn) or permanently written 

waveguides (positive or negative Δn) as the ones in section 0. Since each successive ring has a 

bigger radius, the number of rods contained in each ring must be increased (doubled in this case), 

each time we move to an outer ring. Such a type of lattice is depicted in Fig 3-45, where the first 

layer has 5 rods, organized in a standard pentagon. Each waveguide has super-Gaussian 

refractive index distributions of order 5, like in the previously shown 2D Bravais lattices. The 

maximum refractive index modulation is 4
0 10n −∆ = + .  

 

 

Fig 3-45   XY cross section. Refractive index modulation of the discrete cylindrical pentagonal 

lattice. Each waveguide has a super-Gaussian distribution of order 5 and a diameter of 10 μm at 

FWHM. The spacing between each ring of waveguides is 25 μm and the modulation depth
410n −∆ = . 
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 The input pulse has a Gaussian spatio-temporal intensity distribution with the central 

wavelength at 800 nm and pulse duration of 35 fs at FHWM. The beam is collimated with a 100 

μm waist at 21/ e radius, and is launched inside the lattice exciting multiple waveguides as seen 

in Fig 3-46. The material parameters for fused silica that were used in the simulations are 

identical with the ones used in section 3.6.2. Again the "frozen time" numerical scheme was 

used, since we are only interested in the spatial dynamics of the propagation.  

 

 

 

Fig 3-47 shows the tailored filament attributes inside the lattice depicted in Fig 3-45. In  

Fig 3-47(a) we can see the peak intensity (blue continuous line) and corresponding electron 

density (green dashed line) along propagation distance. As we can see, the intensity is limited 

under 12 24 10 /W cm× while the plasma remains relatively low (about 15 3~ 2 10 cm−× ). In Fig 

3-47(b) we can see the radial fluence distribution of the beam along propagation. We can clearly 

 

Fig 3-46   XY cross section. Gaussian beam launched in the pentagonal lattice of Fig 3-45. 
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see that the beam is reorganized in a pentagonal pattern at z = 1.5 cm and propagates as 5 distinct 

"beamlets" up to z = 3.2 cm. Interestingly, the point where the reshaping process completes 

coincides with the point of maximum intensity and plasma density. This indicates that the 

equilibrium is reached gradually, since once the threshold intensity value ( )12 2~ 4 10 /W cm× is 

reached the reshaping process stops and the beam shape stabilizes. Before this point, the system 

seems to be oscillating around the most stable state, as the peak intensity is oscillating over one 

order of magnitude along z. 

 

 

Fig 3-47   (a) Peak intensity and electron density along propagation, and (b) Cross sectional fluence 

distribution, of the 10 crP laser pulse propagating in fused silica glass along z. 
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 Note that in the case of the discrete cylindrical pentagonal lattice, the reshaping process is 

much slower than it was for the 5 Bravais lattices in section 3.9.1. Here, 1.5 cm of propagation 

inside the lattice are necessary in order to obtain a stable distribution, while in all cases of section 

3.9.1 the required distance is shorter than 0.25 cm. This observation gives us an additional 

control factor of the propagation of high power beams, since the spatial energy localization can 

be delayed in z by over 1 cm by choosing the appropriate lattice geometry. 

 If we take a closer look on the spatial intensity cross-sections at various positions along z, 

an interesting observation can be made. As we can see in Fig 3-48 at z = 0.64 cm, the beam is 

initially self-focusing and 5 intense spots are formed in the center ring, which coincide with the 5 

lattice waveguides. After this point the lattice induced diffraction is overcoming the optical Kerr 

effect and the beam starts spreading out, which can be seen at z = 1.12 cm. At z = ~1.6 cm, the 

spatial equilibrium between Kerr and diffraction is obtained, and the waveguides of the second 

ring are excited. As we can see not all waveguides are illuminated equally. Half of the 

waveguides of the second ring are much brighter than the rest. This distribution of bright spots 

seems to be rotating as the beam propagates along z (z = 20.8 cm, z = 2.4 cm, and z = 2.88 cm), 

as shown in Fig 3-48.  Note that the positions at which the cross-sections are chosen are not 

equally spaced in z, which means that the speed of the rotation is not constant. This is expected 

since, as in all tailored filaments shown before, the propagation is governed by the dynamic 

equilibrium between self-focusing and lattice diffraction. The stationary behavior observed in 

solitons cannot be seen in pulses carrying above 1 critical power.  

The most important limiting factor to the tailoring process of filaments using periodic 

lattices is the fact that the lattice itself is mandatory for the whole process. This means that 

tailored filament can only exist inside the lattice potential. Any change in the lattice parameters 

after the equilibrium has been obtained will has destructive consequences on the tailored 

filament. This can be seen in Fig 3-49, where the radial fluence distribution of the tailored 

filament is shown, but this time the lattice stops at z = 2 cm. As we can clearly see the spatial 

beam distribution quickly disperses, since the equilibrium is lost. 
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Fig 3-48   Discrete cylindrical pentagonal lattice. Intensity cross-sections at various position along z. 
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Fig 3-49   Cross sectional fluence distribution, of the 10 crP laser pulse propagating inside the 

cylindrical symmetric lattice in fused silica glass along z. Lattice stops at z = 2 cm. 

 

For practical applications it would be useful to be able to extract the tailored filament at the 

edge of glass sample. However this proves to be extremely difficult. As we already seen in Fig 

3-49, the beamlets diffract rapidly once the equilibrium is perturbed. By changing the medium 

from glass to air is even more severe. This can be clearly seen in Fig 3-50, where the tailored 

filament shown in Fig 3-47(b) is propagating an addition 1 cm in air. As we can see right after 

the silica block ends (white line) the beamlets are diffracting rapidly. 

 

 

Fig 3-50   Cross sectional fluence distribution, of the 10 crP laser pulse propagating inside the 

cylindrical symmetric lattice in fused silica glass along z. Silica block stops at z = 3.2 cm, while the 

beam propagates an additional 1 cm in air.   
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4. Filamentation tailoring with non-diffracting beams 
 

 

 The linear wave equation supports various stationary solutions, which are called non-

diffracting waves. A non-diffracting wave is essentially maintaining its spatial intensity 

distribution as it propagates in space. Numerous different non-diffracting solutions have been 

discovered in the literature in multiple dimensions, like the Airy beams, Bessel beams, and 

Mathieu beams [177]. The main limitation of non-diffracting waves is that they have infinite size 

and energy, and thus can only exist in theory. However the finite versions of them do exhibit 

non-diffracting properties over a limited distance in space.  

 The importance of non-diffracting waves in optics is essential, since their non-diffracting 

properties can prove useful for both experimental and practical applications. In this section non-

diffracting beams will be used in order to tailor light filaments in air, water and fused silica glass. 

 

4.1 Finite energy Bessel beams 

 

 Bessel beams are the simplest type of conical waves. Conical waves owe their name to 

the fact that their energy flux is on the surface of a cone. In addition they are stationary, i.e. 

nondiffracting, stationary solutions to the wave equation. The main linear characteristic of 

optical Bessel beams is the ability to propagate without diffracting in space, maintaining a 

constant intensity profile. 

 Bessel beams in particular, can be viewed as the superposition of infinite plane waves 

whose wave-vector lies on a cone or as a superposition of two Hankel beams [178]. As the 

conical wave propagates, due to interference effects, an intense central core, surrounded by lower 

intensity rings is formed along the propagation direction. The intensity distribution of a Bessel 

beam is analytically described by the Bessel function of the first kind aJ  [179] by:   
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where Γ is the gamma function of ordinal in mathematics, an extension of the factorial function 

to real and complex numbers, with its argument shifted down by 1: 

 

 ( ) ( )1 !n nΓ = −  (4.1-2) 

 

The Bessel function was first defined by the Daniel Bernoulli and Friedrich Bessel, as the 

solution of Bessel's differential equation: 

 

 ( )
2

2 2 2
2 0y yx x x a y

x x
∂ ∂

+ + − =
∂ ∂

 (4.1-3) 

 

The central part of the 2D Bessel function can be seen in Fig 4-1.  

  

 

Fig 4-1   Graphical representation of a 2D Bessel function. 

 

Ideal theoretical optical Bessel beam are infinite in size, carrying infinite energy, therefore 

not experimentally feasible. In the laboratory frame, Bessel beams have finite size and energy; 

however they retain their nondiffracting properties of the ideal Bessel beam over a small distance 

in space, called the Bessel zone. 
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4.1.1 Generation with an axicon 

 

 Bessel beams are commonly generated using axicons [174], while more complex optical 

systems such as holographic elements [180] and lensacons [181] can also be used offering a 

more flexible setup. An axicon is an optical element with one side flat and the other side conical. 

As the pulse propagates through the axicon and exits from the conical side, the wavefront is 

transformed to conical. The total length of the Bessel zone depends on the input beam diameter 

and the axicon’s conical angle. 

 

 

Fig 4-2   Generation of a Bessel beam using an axicon with cone angle of τ. 

 

 

4.1.2 Stationary UV Bessel filaments in air 

 

 In this section the use of Bessel beams will be utilized to control the attributes of UV 

filaments in air.  

 When the input laser pulse power is low its propagation is governed by the laws of linear 

optics. For instance, when a laser pulse is focused by a spherical lens the longitudinal length L of 

the focal region, known as the Rayleigh length, is L ∝ d2 while the intensity I ∝ 1/d2, where d is 
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the focal spot diameter. Thus, in the linear regime any extension of the focal region is always in 

the expense of intensity. In contrary, when the laser pulse power exceeds the critical power for 

self-focusing Pcr [12], a number of interesting nonlinear effects take place associated with the 

filamentation phenomenon. This phenomenon can be qualitatively explained as a dynamical 

competition between linear and nonlinear effects including Kerr self-focusing, ionization 

defocusing, nonlinear losses and dispersion effects [10]. For typical Gaussian beams, focused by 

spherical lenses, filamentation extends on a region much longer than the Rayleigh length L while 

the intensity is maintained at very high levels (~ 1013 W/cm2). Although filamentation seems a 

perfect candidate for the generation of long regions of high intensity there are also drawbacks. 

As mentioned already filamentation is a dynamical process with strong spatio-temporal effects 

that lead to a more or less modulated on axis distribution of intensity and plasma density. This 

modulation can somehow be moderated when the beam propagates in a medium exhibiting 

strong nonlinear absorption (two or three photon absorption), or when the high intensity peak is 

reached by means of a sufficiently smooth growth inside the nonlinear medium (adiabatic 

coupling) [182, 183]. 

 On the other hand, filamentary-like propagation is also achievable, even in the linear 

propagation regime, by Bessel beams. In the nonlinear regime the high intensity core of the 

Bessel beam will lead to the generation of free electrons through multi-photon ionization. 

 Filamentation dynamics in various media using pulsed Bessel beams has already been 

studied (see [184], and references therein). More recently, ultrafast IR (800 nm) Bessel beams 

have been used to generate long plasma strings in air [185, 186]. In these works the reported 

simulated electron density values were in the range of 1016 cm3. Furthermore, the plasma density 

was not uniform exhibiting either oscillations, due to the use of narrow beams and a blunt-tip 

axicon, [185] or significant variation over the propagation distance [186]. Also, it was reported 

[186] that by adding temporal chirp in the pulse, the plasma string position and length could be 

relatively extended but in the expense of peak electron density. 

 In this section we report on the creation of tunable in length, uniform plasma strings of 

high electron densities (~ 1018 cm-3) in air using UV short pulse Bessel beams. The use of UV 

radiation makes the ionization process very efficient and along with the optimization process 

achieved by the tuning of the Bessel beam angle makes it a perfect candidate for the generation 

of very long and uniform plasma strings in air. The string length tunability is achieved without 



210 
 

sacrificing the plasma uniformity, while the impact on the peak electron densities is also very 

small.  

 

4.1.2.1 Experimental setup 

 

 A hybrid feedback distributed dye/KrF excimer laser, delivering 0.5 ps (or 5 ps), 248 nm 

pulses was used in our study. The output laser beam profile was top-hat with spatial dimensions 

of 50 mm x 50 mm. The central part of the laser beam was selected by means of an iris and was 

directed towards the optical system that transformed the beam to conical. The optical system was 

either a simple fused silica axicon, with base angle of γ = 5° (170° apex angle) or a system 

composed by the same axicon preceded by a fused silica plano-concave lens of f = -200 mm 

focal distance, placed 3 cm from the axicon, as shown in Fig 4-3(a). In the experiments both 

available laser pulse modes, 0.5 ps and 5 ps, were used. 

 

 

Fig 4-3   (a) Experimental setup. (b) Ray tracing for (i) an axicon, (ii) an axicon preceded by a 

diverging lens. (iii) Axial focusing distance fz(h) as a function of the ray height h for an γ = 5o axicon 

(dashed line) and a combination of this axicon with a diverging lens  (f = -200 mm) (solid line). 

 

 An electric conductivity technique was used to characterize the generated plasma strings 

after the axicon [187]. The measurement system consisted of two steel electrodes (~ 1 mm 
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diameter) separated by 3 mm distance. A Teflon slit aperture was placed in front of the 

electrodes to exclude undesired ionization on the electrode’s surfaces from the UV laser beam. 

The plasma string passed between the two electrodes while a DC high voltage (1.4 kV) was 

applied on them. The laser generated plasma redistributed in the presence of the applied external 

electric field (~ 4.7 kV/cm) and screened out [188] the external field, generating a potential drop 

across the electrodes that caused a current to flow though the 8 kΩ probe resistance. The voltage 

drop across the resistance was measured using a standard oscilloscope. When this detection setup 

is operated in the ohmic regime (current is proportional to the applied high voltage) the measured 

electric signal depends linearly on the mean, over the plasma channel diameter, excited electron 

density <Ne>. The correlation of the electric conductivity measurements to plasma density 

estimations was done by comparison with a precise, but more complex, holographic method 

[175].  

 As mentioned above an axicon was used to generate the Bessel beam. From a ray tracing 

point of view an axicon focuses all the rays that lie on a cylinder of radius h to an axial focus at a 

distance fz(h) from the axicon apex, as shown in Fig 4-3(b)(i). In contrast to a spherical lens the 

axial focus position depends linearly on the ray height h. For an axicon with small base angle the 

axial focus position can be written as: ( ) / [( ) ]f h h n nz o γ≅ − , where γ is the base angle of the 

axicon, n is the refractive index of the axicon and no is the refractive index of the surrounding 

medium (air). The longitudinal size of the focal region in this case is defined by the base angle of 

the axicon and the beam diameter. A highly efficient way to expand this region is to place a 

diverging lens before the axicon. The axial focusing range is expanded while the axial focus 

position is now a nonlinear function of the ray height h, as shown in Fig 4-3(b)(ii). In this case 

with a good approximation the axial focus position can be written as: 

 

 ( )
( ) /

hf hz n n h fo γ
≅

− +
 (4.1-4) 

  

where f is the focal distance of the diverging lens. It is clear that after the insertion of the 

diverging lens the optical system acts as an axicon with an effective base angle γeff given by: 
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( )

h
eff f n no
γ γ≅ +

−
 (4.1-5) 

 

The effective base angle is no longer constant and linearly depends on the ray height. Fig 

4-3(b)(iii) shows the significant extension of the longitudinal focusing range achieved by this 

approach.  

 

4.1.2.2 Experimental and simulation results 

 

 The electron density distributions of the plasma strings created when using the axicon 

alone are shown in Fig 4-4(a) for both pulse durations. In both cases a homogeneous plasma 

channel ~ 150 mm long is created. The estimated electron density values are in the range of 

~2.5.1018 cm-3 and 1017 cm-3 for the 0.5 ps and 5 ps pulses respectively. The difference in the 

peak electron densities is due to the lower pulse intensity of the longer pulses. 

 Although homogeneous, the plasma strings obtained in this way are relatively short in 

length. To obtain longer plasma strings we introduced the diverging lens as described above. The 

obtained plasma string electron distributions are shown in Fig 4-4(b), for the same input pulse 

parameters as in Fig 4-4(a). One observes a considerable increase in the length of the plasma 

strings, without any compromise in the plasma uniformity, accompanied by a small reduction of 

the peak electron density. For the shorter 0.5 ps pulses the plasma string length was extended by 

a factor of ~10x with a ~3.4x reduction of the electron density (~ 7.4 x 1017 cm-3). Despite this 

reduction, the plasma density is still 2 orders of magnitude higher than previously reported 

values from relative studies [15, 16]. Likewise, for the 5 ps pulses the plasma string length was 

increased by a factor of ~5x, accompanied with a ~2x reduction of the electron density values 

(~6 1016 cm-3).  
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Fig 4-4   Electron density ρ versus propagation distance for 248 nm, UV Bessel beams. (squares) - 7.5 

mJ, 0.5 ps, (circles) - 10.25 mJ, 5 ps. (a) axicon only (base angle γ = 5o), (b) axicon with diverging lens 

( f = -200 mm) 

 

 Beyond the spatially achieved stationarity we verified that this conically driven 

filamentary propagation does not involve any temporal effects either. For this we monitored the 

UV laser pulse spectrum before and after the formation of the plasma strings. The comparative 

spectra are shown in Fig 4-5 for both pulse durations, showing insignificant spectral evolutions. 

This is a strong indication that no temporal effects, like pulse splitting, take place during the 

pulse propagation and plasma string formation. 

 

 

Fig 4-5   The measured spectra of the pulse before (solid curve) and after (dashed line) formation of 

the plasma channel; (a) for 5 ps pulse duration and (b) for 0.5 ps pulse duration. 
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 In order to further explore this conical filamentation regime numerical simulations of the 

nonlinear propagation have also been performed, using a complete 3D code that solves the 

nonlinear Schrödinger equation (NLSE) coupled with a rate equation for the electron density 

evolution. The numerical model is described in detail in [8] and it takes into account diffraction, 

plasma defocusing, group velocity dispersion by using the full dispersion relation (Sellmeier - 

like) for air, and nonlinear effects such as the Kerr effect, and multi photon absorption. The 

electron density evolution equation takes into account multi-photon ionization, as well as 

avalanche ionization and trapping. The effect of the axicon is modeled by the multiplication of 

the input field with a phase mask, exp[ ( )]i hϕ  where 1( ) 2 sin[( 1) ]h h nϕ π λ γ−= − − , λ is the wavelength 

and n, γ are respectively the refractive index and the base angle of the axicon.  

 Simulations were performed under the same conditions as in the experiment (0.5 ps, 248 

nm, axicon base angle γ =5o, diverging lens f  = -200 mm). Furthermore, to clarify the role of 

nonlinear effects in the propagation we simulated two distinct cases: one for input energy of 7.5 

mJ, as in our experiments, and one for very low, 7.5 nJ input energy (corresponding to a power 7 

10-5 Pcr) with all other parameters unchanged. The results of the simulation are shown in Fig 4-6. 

As it is clear, the on-axis intensity for the low input energy is ~106 times smaller than the on-axis 

intensity, corresponding to the 106 times higher input energy, but follows the same shape as for 

the high input laser energy. This result confirms that the propagation is governed by the linear 

induced conical wavefront. The on-axis electron density, for the case of the 7.5 mJ input energy 

is also shown in Fig 4-6. The peak electron density value of 6.5 1017 cm-3 of the simulation 

agrees nicely with the measured one 7.4 1017 cm-3, while the simulated electron density is 

decaying faster as a function of the propagation distance. This discrepancy could be attributed to 

the fact that the electric conductivity technique, which is sensitive to the plasma string volume 

between the electrodes, results in averaged electron density values <Ne>, while the simulation 

results refer to the peak electron densities in the center of the plasma string core. Finally, the 

numerical results show no temporal evolution of the filamented laser pulses, in agreement with 

the experimental findings. 
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Fig 4-6   Simulated on axis intensity and electron density profiles for 7.5 mJ, 248 nm, 0.5 ps pulses 

illuminating an axicon (base angle γ = 5o) preceded by a diverging lens (f = -200 mm). (solid line) – 

Intensity, (circles) –intensity values for 7.5 nJ pulses (x106), (dashed line)- on axis electron density 

 

  

 To summarize, we have demonstrated in this section that long, uniform and high density 

plasma strings can be generated in air using conically shaped UV short laser pulses. The 

combination of axicons with diverging lenses, actively tunes the conical angle, and results in a 

remarkable increase of the plasma string length with no sacrifice in the string uniformity and 

minimal peak electron density changes. Since the beam propagation is mainly governed by linear 

effects the propagation is stationary both in space and in time. These results could be scaled-up 

to higher input energies as the presence of strong nonlinear absorption would result to intensity 

clamping effects that would further flatten the intensity spatial profile, keeping the plasma 

density high over long propagation distances. The presented approach is an attractive candidate 

for numerous applications like THz pulse generation or lightning control. 
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4.1.3 X-waves 

 

 In this section the X-wave will be introduced, and the interaction of nonlinear X-waves 

with low power wavepackets will be explored.  

 X-waves are spatiotemporal conical wavepackets that propagate without undergoing 

diffraction and dispersion. They take their name from their intensity distribution in both the near 

field and far field which has the shape of an X centered around an intense core, as is shown in 

Fig 4-7. X-waves are known in the context of linear acoustics [189-194] and electromagnetic 

propagation [195, 196]. In optics they are found to be a stationary solution to the linear 

propagation equation in dispersive materials: 
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 The first experimental measurement of the intensity distribution of an optical X-wave 

was done in 1997 [197], which sparked great research activity in the field of nonlinear optics 

since [69].  

 

 

Fig 4-7   (a) Near field (r, t) profile of an X-wave. (b) Far-field ( ),k ω⊥ of the X-wave in (a). Taken 

from [10]. 
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4.1.3.1 The angular spectrum 

 

 The angular spectrum, or else (θ, λ) spectrum is the spectrum of a wavepacket as a 

function of propagation angle. The reason it is measured is because it is a robust way to extract 

the group velocity of a pulse. If we analyze the wavevector ( )k ω in it longitudinal and 

transverse components like shown in Fig 4-8(b). The group velocity is then equal to the inverse 

derivative of zk (the longitudinal wavevector) with respect to ω, but from the Pythagorean 

theorem we can write the relation 

 

 ( ) ( )2 2
zk k kω ω⊥= −  (4.1-7) 

 

( ) ( )n
k

c
ω ω

ω
⋅

= is given by the material dispersion relation, while the transverse component of 

the wavevector is directly calculated from the experimentally measured (θ, λ) spectrum from 

 

 ( ) ( )k kω θ ω⊥ = ⋅  (4.1-8) 

 

As we already mentioned in the first chapter, the group velocity is given by 

 

 group
zk
ωυ ∂

=
∂

 (4.1-9) 

 

 The angular spectrum can be used to validate that a wavepacket is an X-wave or not. A 

wavepacket has to be both non-diffracting and non-dispersing to be an X-wave. The first can be 

satisfied if a non-diffracting beam, like a Bessel, is used as input. To be non-dispersing, the 

wavepacket has to satisfy the X-wave dispersion relation 

 

 ( ) 0z
group

k kω
υ
Ω

= +  (4.1-10) 
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Fig 4-8   (a) Angular spectrum of a simulated 5 crP Gaussian pulse. (b) Angular wavevector 

analyzed in its components.  

 

where 0ω ωΩ = − , ( )0 0k k ω= and ( ) ( )n
k

c
ω ω

ω
⋅

= , using ( )n ω  can be given by the Sellmeier 

dispersion relation for the material. Add the above in Eq.(4.1-10) we can write 

 

 ( ) ( )0 0 0
z

group

n
k
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ω ω ω ωω

υ
⋅ −

= +  (4.1-11) 

 

Note that the group velocity in Eq.(4.1-11) is a free parameter and is found by the best fit of the 

X-wave curve (white line in Fig 4-8) in the angular spectrum. In order to plot the X-wave curve 

in Fig 4-8 we need to calculate 

 

 ( ) ( ) ( )2 2
zk k kω ω ω⊥ = −  (4.1-12) 

 

for a given value of groupυ . 
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As we can see by substituting ( ) ( )n
k

c
ω ω

ω
⋅

=  and the measured angular spectrum from 

Eq.(4.1-11) we can calculate the X-wave curve for a given group velocity from the equation: 

 

 ( ) ( ) ( )
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 (4.1-13) 

 

The group velocity is found by the best-fit-value of the X-wave curve and the conical shape in 

the angular spectrum of the wavepacket, shown with the white line in Fig 4-8(a). This way the 

group velocity of a pulse can be measured from the angular spectrum as shown in Fig 4-8(a), 

where the angular spectrum of a 5 crP Gaussian pulse is shown after undergoing spectral 

broadening in air. In this case the group velocity of the pulse was calculated to be
82.998 10 /group m sυ = × . 

 

 

4.1.3.2 Linear X-wave generation by cross-phase modulation in air 

 

 In this section we experimentally study in detail the effect of cross phase modulation 

(XPM) in the absence of energy transfer between a filament (1055 nm) and a weak probe pulse 

(527 nm) in conditions similar to those simulated in [198]. We observe that XPM induces on the 

probe a reshaping into a linear X-wave that travels at the same group velocity as the filament. As 

the X-wave is well spectrally isolated, we filter out the filament at the end of the sample and 

characterize the propagation of the X-wave alone in air, which shows remarkable nondiffracting 

properties. Moreover we show that, as long as the XPM-inducing pulse maintains a high 

intensity over a long propagation distance, a filament is not strictly necessary to induce the X-

wave reshaping; to this purpose we repeat the experiment using a Bessel pulse as the driving 

pulse. 

 Experiments in the filamentation regime were carried out using 1.2 ps duration (FWHM) 

1055 nm laser pulses delivered by a 10 Hz amplified Nd: glass laser. The beam was split into 
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two by means of a 50/50 beam splitter. On one arm the 527 nm pulse was generated by 

frequency doubling the fundamental pulse with a potassium diphosphate crystal beyond which a 

variable delay line was mounted. The green and IR pulses were then recombined with an IR high 

reflectivity dielectric mirror and focused with an f = 50 cm lens to a diameter of 100 μm onto the 

input facet of a 2 cm long fused silica sample. The energies of the two pulses ( ),pump probeE E were 

controllable independently by first-order half-wave plates and polarizers. The absence of energy 

transfer from the filament to the green pulse was experimentally verified by measuring the 

energy of the green pulse before and after the sample with a power meter (OPHIR, Nova). 

 In Fig 4-9 we show the angularly resolved (θ, λ) spectrum of the 527 nm pulse measured 

with an imaging spectrometer (Lot-Oriel, MS260i) after the sample and recorded with a digital 

Nikon D70 camera.  

 

 

Fig 4-9   (θ, λ) Spectrum of the 527 nm probe pulse after the sample (a) when the IR pulse is  locked 

and (b) when the IR filamenting pulse is co-propagating with the probe in the sample. XPM induces 

the formation of conical structures on the probe spectrum. The dashed curve is the plot of Eq.(4.1-

14), describing the X-wave shape with the experimental group velocity of the X wave xυ deduced 

from the spectrum of the filament as described in [7].  
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 In Fig 4-9(a) the IR pulse was blocked, and the weak green pulse was let to propagate 

alone inside the sample; as expected the intensity profile in the spectrum is Gaussian like. In Fig 

4-9(b) the filamenting IR pulse ( )20pumpE Jµ= was spatially and temporally superimposed to 

the central portion of the green pulse ( )0.5probeE Jµ= . Although in the absence of any energy 

transfer from the filament, the green seed pulse clearly reshapes and develops conical tails, 

which in the angularly resolved spectrum are the well-known signature of X-wave formation 

[199]. 

 To prove the genuine X-wave nature of this object, however, it is necessary to show its 

non-dispersive and non-diffracting propagation. To demonstrate the first, in Fig 4-9(b) we fit the 

spectrum using the X-wave relation that, for a given material and central wavelength, describes 

in the (θ, λ) spectrum the loci, where the angular dispersion is able to compensate the material 

dispersion. In ( ),k ω⊥ coordinates, equivalent to (θ, λ), this relation takes the simple form [200]: 

 

 ( ) ( ) 0
0z

x

k k ω ωω ω
υ
−

= +  (4.1-14) 

 

where 0ω is a reference central frequency and ( ) ( ) ( )2 2
0zk k kω ω ω⊥ = + and xυ is the group 

velocity of the X-wave. As can be seen in Fig 4-9(b), the curve matches very closely the 

experimental shape. We underline that this simple spectral intensity characterization is sufficient 

to prove that the pulse propagates without dispersing within the glass sample as, indeed, for a 

given medium; pulse spreading along the propagation direction is completely determined by the 

pulse dispersion relation ( )z zk k ω= . We note also that in our fit the group velocity of the X-

wave is not a free parameter; indeed, it is the group velocity of the driving pulse measured 

experimentally using the method described in detail in [200] and yielding
82.22 0.03 10 /x m sυ = ± × . This allows us to confirm experimentally the prediction made in 

[198, 200] that the X wave induced by XPM travels at the same group velocity as the driving 

pulse. 

 We then verified the nondiffracting propagation of the X-reshaped green pulse. To 

demonstrate this we simply let the two pulses propagate out of the sample in air, where the 
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nonlinear refractive index is about 1000 times smaller than in silica, thus quenching the filament 

and all nonlinear effects. We then removed the IR light with a low-pass filter and scanned the 

green beam profile along its propagation in air, starting from the output facet of the sample. Our 

imaging system was composed by a lens and a 12-bit CCD camera (DTA iCam 400 E). 

 In Fig 4-10(a) the normalized intensity profile of the probe at the output facet of the 

sample is shown. The effect of XPM from the filament is evident, with the formation of a narrow 

(7.8 μm at FWHM) central peak surrounded by slowly decaying tails. We could fit its radial 

intensity profile with a rational function having the form ( )2/ ,a br cr+ which agrees well with 

the 21/ r decay for large radii expected for a linear X wave [190]. In Fig 4-10(b) the measured 

FWHM of the beam profile along the z axis is shown. As can be seen, the central peak 

propagates non-diffractively, keeping its FWHM constant within the experimental error for a 

distance of about 5 mm, and then diffracts abruptly. This behavior at the end of the 

nondiffracting zone is typical of all the experimental realizations of conical waves and is due to 

the finite energy contained in the conical wave packet. Notably, on the same distance of 5 mm a 

collimated Gaussian beam with the same initial diameter would have reached a FWHM of about 

120 μm.  

 We performed a complementary experiment using a pulsed Bessel beam (PBB) instead of 

the filament as the driving pulse. Here our driving pulse was a 1 mJ, 35 fs pulse positively 

chirped to 1 ps (to optimize pump and seed temporal overlap) at 800 nm from an amplified Ti: 

sapphire laser system. The probe pulse was generated by frequency doubling with β-barium 

borate crystal. The setup scheme was conceptually the same as the first experiment, with the 

addition of a 175 apex angle axicon mounted onto the IR beam line to reshape the driving pulse 

into a Bessel beam. 

 As we show in Fig 4-11(a), the probe pulse (as expected) developed X-wave tails in the 

(θ, λ) spectrum due to XPM. We also performed a series of numerical simulations to confirm the 

validity of this last experimental result. In Fig 4-11 the numerically predicted (θ, λ) spectra of the 

probe pulse with and without XPM reshaping are reported. As may be seen, the numerics 

confirm our experimental findings. We note that the driving Bessel pulse suffered no significant 

changes owing to self-induced nonlinear effects as verified both numerically and experimentally 

(data not shown); i.e., no spectral broadening was observed. These last results confirm that the 

XPM reshaping of the probe pulse into an X-wave is not necessarily related to filamentation of 
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the pump pulse. Indeed Eq.(4.1-14) is derived under the sole assumption that the scattering 

polarization is localized in space (allowing the probe spectrum to spread in angle) and in time 

(allowing the probe to spread its temporal spectrum) [68]. 

 

 

 

Fig 4-10   (a) Normalized intensity profile of the probe at the output of the sample in the presence of 

XPM. The dashed curve is the fit of the profile with a rational quadratic function. In the insets the 

near field of the green pulse is acquired with the CCD system (b) without XPM and (c) with XPM. 

Note that the probe energy was unchanged between the two measurements. (d) Probe beam FWHM 

along propagation after the sample (dashed curve with solid circles), nondiffracting over 5 mm. The 

theoretically predicted broadening for a Gaussian beam with the same FWHM is shown for 

comparison (dashed curve). 
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Fig 4-11   (a) Experimentally measured (θ, λ) spectrum for the probe pulse at 400 nm reshaped by 

XPM driven from a PBB at 800 nm. The white curve is the X-wave relation curve calculated with 

Eq.(4.1-14), where 82.043 10 /x m sυ = × is the theoretically predicted group velocity for the PBB. 

Numerically simulated (θ, λ) spectrum for the probe pulse (b) before interaction with the driving 

pulse and (c) with XPM induced by the PBB. 

 

 To summarize this section, it was shown that the spatiotemporal reshaping induced by 

XPM from an intense driving pulse on a weaker probe at a different wavelength in a bulk Kerr 

medium. It was shown that the XPM can be exploited to generate spectrally isolated linear X-

waves that propagate over a finite distance with no dispersion and no diffraction. Moreover the 

generality of this mechanism, which holds as long as the driving pulse propagates for a distance 

long enough with a sufficient intensity. These results can be useful both as a tool to better 

understand current studies on two-color systems in the field of ultrashort nonlinear optics and to 

provide a feasible method to generate X-waves in the optical domain. 

 

 Next the nonlinear propagation of another type of non-diffracting beam will be 

investigated, the nonlinear propagation of the Airy beam. 
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4.2 Finite energy Airy beams 

 

 The Airy function was discovered by Berry and Balazs in 1979 [201] in the field of 

quantum mechanics a 1D non-spreading solution of the Schrödinger equation. They still are the 

only 1D solution that has been found up to this day. The Airy function is mathematically defined 

in integral form as: 

 

 ( )
3

0

1 cos
3
tAi x xt dt

π

∞  
= + 

 
∫  (4.2-1) 

 

which is the solution of the differential equation: 

 

 
2

2 0y xy
x
∂

− =
∂

 (4.2-2) 

 

 In optics, Airy beams are beams whose electric field follows the Airy function, which can 

be either 1D or 2D. They retain their non-spreading nature and propagate in space without 

changing their electric field profile. This non-spreading property is fundamental, and can be used 

in either in the spatial or temporal dimension, given non-diffracting and non-dispersing 

wavepackets respectively. 

 The electric field and intensity distribution of a 1D Airy beam is given by 

 

 ( ) ( )0 00, /z x Ai x w= =   (4.2-3) 

 

where Ai denotes the Airy function and 0w is a scaling factor. The electric field and intensity 

distribution for an Airy beam with 0 1w = can be seen in Fig 4-12. As we can see the Airy beam 

intensity profile exhibits multiple lobes which are decreasing in amplitude as we move further 

out.  
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Fig 4-12   Normalized (a) electric field φ, and (b) intensity distribution of a 1D Airy beam. 

 

 Airy beams can also be easily extended into two spatial dimensions, as can be seen in Fig 

4-13, or even 3D Airy wavepackets that have an Airy intensity distribution in X, Y and t, a was 

shown in [153]. 

 

 

Fig 4-13   Normalized 2D Airy intensity distribution with 0 1w = . 
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 Ideal theoretical Airy beams have infinite size, and therefore carry infinite energy. In 

reality finite energy Airy beams (FEABs) are realized instead. The experimental techniques to 

generate FEABs produce beams with an Airy profile multiplied with an exponential decay factor. 

These techniques will be presented in detail later in section 4.2.2. The normalized electric field 

and intensity of a 1D finite energy Airy beam can be seen in Fig 4-14. 

 

 

Fig 4-14   Normalized (a) electric field φ, and (b) intensity distribution of a 1D finite energy Airy 

beam. Taken from [202]. 

  

 

4.2.1 Airy beams in the literature 

 

 Although the discovery of optical Airy beams is very recent, they have triggered great 

interest in the science of optics and let to a number of publications. Airy beams with finite 

energy were first proposed as genuine non-spreading optical waves [202, 203]. Even though Airy 

beams are intrinsically one-dimensional structures [201], but several combinations were 

demonstrated since 2007 for realizing a two- or three-dimensional non-spreading optical wave 

packet by linear superposition of sub-dimensional non-spreading structures [204-206]. In 2010, 

Chong et al. generated Bessel-Airy beams consisting of a Bessel beam in the transverse plane 

and an Airy distribution along the longitudinal dimension [152]. Abdollahpour et al. generated 

three-dimensional (3D) Airy light bullets consisting of an Airy beam profile in each dimension 

[153]. Nonlinear generation techniques were also used; for example, by Ellenbogen et al. who 
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generated Airy beams at the second harmonic of a pump beam by using nonlinear three-wave 

mixing in nonlinear crystals [207]. 

 In the linear regime the propagation dynamics of Airy beams has been studied 

extensively. The two most exotic features of Airy beams (namely, self-healing and transverse 

acceleration) have been investigated by Broky et al. [208] and Siviloglou et al. [209]. The 

dependence of Airy wave packets on wavelength, spatial coherence and dispersion have been 

investigated in [210, 211]. One of the interests of these structures is their potential for 

applications in extreme nonlinear optics. Airy beams in the nonlinear regime were discussed in 

Refs. [153, 212-214] from the observation of spectacular manifestations common with the 

nonlinear dynamics of light filaments, such as supercontinuum generation and conical emission. 

Lotti et al. recently discovered the existence of stationary nonlinear Airy beams in one transverse 

dimension as will also be shown in section 0 [215]. An open question concerns the properties of 

multidimensional Airy beams in the nonlinear regime. High-intensity Airy beams propagating in 

a gas or a transparent medium can be strongly affected by nonlinear effects that play a key role in 

the dynamics of ultrashort laser pulse propagation (i.e., the optical Kerr effect, multiphoton 

absorption and ionization to cite only a few [10, 216, 217]). 

 

 

4.2.2 Generation techniques 

 

 The experimental generation of Airy beam is achieved by mainly two techniques, both of 

which induce a strong spatial cubic phase, as the one shown in Fig 4-15, on a Gaussian laser 

beam, followed by a Fourier transformation with the help of a converging lens. The FEAB is 

formed at the focal plane of the Fourier lens. The technique is based on the discovery the FEAB 

and a Gaussian with an added cubic spatial chirp are a Fourier pair [202, 203].  
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Fig 4-15   Phase masks used to generate (a) 1D and (b) 2D-Airy beams. The cubic phase is 

‘wrapped’’ between [ ]0, 2π . In the gray scale pattern, black corresponds to 0 and white to 2π 

radians. Taken from [203]. 

 

 The first technique that was developed in [203] is using a spatial light modulator (SLM) 

to induce the spatial cubic phase on the driving Gaussian laser beam. The experimental setup can 

be seen in Fig 4-16.  

 

 

Fig 4-16   Experimental setup for the generation of a 2D FEAB. Taken from [208]. 
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 The second and more recent approach is using cylindrical lenses, utilizing aberrations in 

order to induce the cubic phase shift to the driving Gaussian laser beam [204]. The experimental 

setups for 1D and 2D can be seen in Fig 4-17(a) and (b) respectively.  

 

 

Fig 4-17   Tilted cylindrical telescope systems. (a) Configuration for the generation of 1D (along the x 

axis) cubic phase modulation. (b) Configuration for the generation of the 2D cubic phase modulation 

(along the x and y axes). Taken from [204]. 

 

 In simulations the easiest way to implement Airy beams is to use the analytic function 

that gives the Airy beam field distribution directly. However, the experimental generation 

method can also be simulated, as can be seen in Fig 4-18. The drawback of this approach is of 

course that additional simulation time is needed to reform the Gaussian into the FEAB over a 

propagation distance of / 2f f+ . 

 

 

Fig 4-18   Simulated peak intensity along propagation distance of a 1D FEAB. The generation 

technique mimics the experimental one, using a phase mask (at z = 0 cm) which is applied to a 

Gaussian and a focusing lens f = 10 cm located at z = 10 cm. Focal plane at z = 20 cm. 
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4.2.3 The Linear Airy beam 

 

 The propagation of the finite-energy Airy beam (FEAB) introduced by Siviloglou and 

Christodoulides [202, 203] is governed by the paraxial equation 

 

 
2
i

z k ⊥

∂
= ∆

∂
   (4.2-4) 

 

where ⊥∆ denotes the Laplacian in the transverse diffraction plane and k denotes the propagation 

constant. Eq.(4.2-4) describes the evolution of the envelope of the electric field of a quasi-

monochromatic beam ( )/ 1λ λ∆  in a dispersionless medium along the propagation axis z in 

the linear regime (i.e., due to diffraction effects). It is directly derived from the Maxwell 

equations for a material without magnetization and no free charges and currents, by applying the 

paraxial approximation (wavelength much shorter than beam waist: 0 0wλ  ) and the slowly 

varying envelope approximation (wavelength much shorter than typical evolution distance for 

the beam envelope: 0 0zλ  , where
2
0

0 2
kwz = denotes the diffraction length of a beam of waist

0w ) [10]. 

 In one transverse dimension x, the propagation of the FEAB given by 

 

 ( ) ( ) [ ]0 0 00, / exp /z x Ai x w ax w= =   (4.2-5) 

 

where Ai denotes the Airy function and 0w denotes the width of the central lobe. Along z the 1D 

Airy beam is described by 

 

 ( ) ( ) ( ) ( )2 2 2 2
0, 2 exp 2 exp 2 / 3z x Ai s i a a s i a sζ ζ ζ ζ ζ   = − + − − + +      (4.2-6) 

 

where 0/s x w= and 0/ 4z zζ = are the normalized transverse coordinate and propagation 

distance respectively.  
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4.2.3.1 Transverse acceleration, self-healing and the Airy zone 

  

 The most impressive attribute of the linear Airy beam is the transverse acceleration, 

which causes the beam to propagate in a parabolic trajectory [209], while keeping a constant 

central lobe diameter. This exotic behavior is forced by a strong spacial cubic phase which is 

imprinted on the beam profile. This spacial chirp causes a constant energy flux from the 

oscillating tail of the beam towards the main lobe, effectively forcing the beam to accelerate in 

the transverse direction. Most importantly, spatial acceleration is maintained from the transition 

from the infinite size Airy to the FEAB as can be seen in Fig 4-19. 

 

 

 

Fig 4-19   Transverse acceleration of  (a) an infinite energy 1D Airy beam, and (b) a finite energy 1D 

Airy beam. Insets showing the initial intensity distributions. Taken from [203]. 

 

 

From Eq.(4.2-6), the acceleration obeys 2
0s sζ− =  (physical units); 

 

 
2

0 2 3
04

zx x
k w

= +  (4.2-7) 
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where 0x denotes the initial position of the peak at z = 0. Eq.(4.2-7) shows that the Airy beam 

follows a parabolic trajectory 2
0 / 2 Cx x z r= + with curvature radius 2 3

02Cr k w= . The typical 

propagation distance for the peak of the Airy beam to translate by 0w is 04z .  

 

 However, due to the finite size and energy, FEAB will gradually spread as they 

propagate. More specifically, the peak intensity of a FEAB beam should vary as 
2 2

0exp / 4az z −  ; which corresponds to the length over which the intensity of the FEAB is larger 

than half the maximum value due to finite size effects is 

 

 ( )04 ln 2 /Az z a=  (4.2-8) 

 

By analogy with the Bessel zone for Bessel beams, we will call this quantity the Airy zone. The 

FEAB given by Eq.(4.2-6) extends to two transverse dimensions ( ),x y by a superposition of two 

one-dimensional (1D) FEABs: in this case, its acceleration in the y z− plane is characterized by 

the same curvature 2
0 / 2 Cy y z r= + , where 0y denotes the initial position of the peak at z = 0. 

 The acceleration of the peaks of the intensity distribution is even preserved in the 

temporal domain, where an pulse with an Airy distribution in time can propagate at superluminal 

or subluminal velocities inside the Airy zone.  

 

 In addition to transverse acceleration, Airy beams exhibit another interestig property, the 

ability of self-healing or self-reconstruction. This property, which is also observed in Bessel 

beams, was first investigated in [208] and is shown in Fig 4-20. 

 As we can see in Fig 4-20(a)-(c) an Airy beam is able to reconstruct itself when part of 

the beam is blocked. This reconstruction is fueled by the transverse energy flux from the 

secondary lobes of the Airy, as it shown in Fig 4-21. These results were confirmed by numerical 

simulations as can be seen in the second line of Fig 4-20(d)-(f).  
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Fig 4-20   Self-healing of an Airy beam when its main lobe is blocked. Observed intensity profile at 

(a) the input z = 0, (b) z = 11 cm, and (c) z = 30 cm. The corresponding numerical simulations are 

shown in (d-f). Taken from [208]. 

 

Fig 4-21   Calculated transverse power flow at (a) the position where the main lobe is removed (z = 1 

cm) and (b) 10 cm after (z = 11 cm) (a). Taken from [208]. 
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4.2.4 Nonlinear Airy beams 

 

 In this section we will investigate the propagation dynamics of intense Airy beams with 

particular emphasis on the competition between the features of linear Airy beam propagation 

(acceleration property, stationarity) and the trend of the most intense lobes of an Airy beam to 

behave as filaments. We identify nonlinear propagation regimes of intense Airy beams in a Kerr 

medium by means of numerical simulations, with special attention paid to beam transverse 

acceleration and stationarity. We notably answer to the following questions: Is the Airy beam 

profile affected by nonlinear propagation or by finite size effects? Does the trajectory and 

transverse acceleration of the most intense peak of an Airy beam depend on its power content? 

 Throughout this section we will use the "frozen time" numerical scheme for all 

simulations both in air and water. The material parameter for air and water are the same as the 

ones used in sections 3.2 and 3.6.3  respectively, also given in section 9. The propagation 

equation is the same as the one used in all "frozen time" cases: 

 

 2 2 20 0
2

02 2 2
KK

C

i i n i
z k c n c

ω ω ρβ
ρ

−
⊥

∂
= ∆ + − −

∂
        (4.2-9) 

 

which is coupled with electron evolution equation which considers only MPI of order K 

 

 ( ) ( )2K
K ntt

t
ρ σ ρ ρ∂
= −

∂
  (4.2-10) 

 

 

4.2.4.1 Nonlinear propagation of 2D Airy beams (x, y, z) 

 

 In this section the nonlinear propagation dynamics of FEAB will be investigated in air 

and water, both with numerical simulations and laboratory experiments.  
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4.2.4.1.1 Initial condition: Truncated Airy beam 

 

 Our simulations start from an already formed Airy beam described by 

 

 ( ) ( ) ( ) ( )0 0 00, , / / ,z x y Ai x w Ai y w T x y= =   (4.2-11) 

 

where T mimics the effect of a circular diaphragm which truncates the Airy beam and transforms 

it into a FEAB: ( ) 2 2, 1 dT x y if r x y r= ≡ + < and ( ), 0 dT x y if r r= ≥ . This input condition 

constitutes a two-dimensional FEAB similar to Eq.(4.2-5), as if it was generated in vacuum; for 

example, by methods described in [203, 204] and entered in the nonlinear medium (air) from the 

focus. With air, this can be achieved with the setup proposed by Diels et al. [218]. By placing the 

circular diaphragm at the focal point we truncate the already formed wide Airy beam to the 

desired size without influencing the shape of the inner lobes. The position immediately after the 

circular diaphragm is the initial state for the simulation. This is analogous to linearly focusing a 

beam on the entrance face of a sample and investigating the subsequent nonlinear dynamics 

[182]. The corresponding laser pulse is assumed to be Gaussian with full width at half maximum 

of 35 fs and to remain undistorted (frozen time). We consider Airy beams with initial peak 

intensity 12 2
0 7 10 /I W cm= × and different lobe width 0 100w mµ= , 0 200w mµ= , and 

0 300w mµ= . 

 Widening the main lobe width while keeping the input intensity 2
0I =  constant is 

effectively increasing the power content of the main lobe, AP , which is evaluated as the power in 

the quadrant of the (x, y) plane delimited by the first zero of the Airy function: 

 

 ( ) ( )
0 0 0 0

2 2
0 0,

u w u w

P x y dxdy I w f
+∞ +∞

= = ⋅∫ ∫   (4.2-12) 

 

where ( )
0

2 2 1.71,
u

f m Ai u du
+∞

−= =∫ 0 2.34u = − denotes the first zero position, and m ∼ 0.54 

denotes the maximum of the Airy function. The three chosen lobe widths correspond to powers
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( )2 0.65A crP GW P= , ( )8 2.6A crP GW P= , and ( )18 5.8A crP GW P= . The critical power for self-

focusing and the ratio / crP P , where P denotes the total beam power, usually constitutes a 

reference for evaluating the potential of a Gaussian beam for self-focusing at powers slightly 

exceeding crP , or breaking up into multiple filaments at higher powers. For Airy beams, the main 

lobe power AP is a much better indicator than the total power in the Airy beam for characterizing 

self-focusing of the main lobe since P strongly depends on the truncation size whereas AP does 

not, except in extreme situations that no longer correspond to an Airy beam. Using AP also 

allows us to consider crP as an estimate for the self-focusing threshold even if the main Airy lobe 

is not Gaussian. For the three powers considered above, AP exceeds crP for the Airy beams with

0 200w mµ=  and 300 μm, which are thus expected to self-focus and collapse upon themselves. 

Higher powers are actually required in order to clearly observe self-focusing. We compare 

nonlinear propagation of the three intense Airy beams defined above, hereafter called Airy 

beams with moderate powers, with that of high power Airy beams having the same peak 

intensity and width but a tenfold increase of the ratio /A crP P . 

 

 

4.2.4.1.2  Propagation of intense Airy beams in the weakly nonlinear regime 

 

 Fig 4-22 shows cross sections of intense Airy beams at different propagation distances 

during their nonlinear propagation. For the three cases displayed in columns 0 200w mµ= , 200 

μm, and 300 μm, the radius of the circular diaphragm is 4.5dr mm= . Propagation distances 

increase from top to bottom from z = 0 up to z = 80 cm with 20 cm steps. The last row of Fig 

4-22 shows the beam profiles that would be obtained for a linear propagation over 80 cm of each 

input Airy beam with the same 0w . The intense peak of the Airy beam accelerates transversely 

faster when the initial size of the central lobe is small. At a propagation distance of 80 cm, the 

peak of the Airy beam with 0 100w mµ=  (first column in Fig 4-22) reached the position x = y ∼ 

2.5 mm, whereas the peaks of the Airy beams with 0 200w mµ=  and 0 300w mµ=  (second and 

third column in Fig 4-22) show a slower transverse acceleration by a factor of 8 and 27, 
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respectively. It is readily seen in the third column in Fig 4-22 that the Airy beam with the largest 

lobe remains nearly in place but undergoes self-focusing. The effect of self-focusing on the Airy 

lobes is also clear from the comparison of the beam cross sections after nonlinear and linear 

propagation over 80 cm, shown in the last two rows of Fig 4-22. For the same input intensity, the 

main lobe of the Airy beam carrying the highest power ( 0 300w mµ= , third column of Fig 4-22) 

shrinks faster than that of the less-powerful Airy beams. Even the secondary lobes of the most 

powerful Airy beam are significantly reshaped. This trend to self-focus due to the Kerr effect 

competes with the acceleration of the Airy beam inherited from the properties of linearly 

propagating Airy beams. Both processes can be viewed as a transfer of power: the acceleration 

corresponds to a transfer from the secondary lobes to the main lobe and is responsible for the 

self-healing property of Airy beams [208], whereas self-focusing concentrates the power of a 

given lobe upon itself. 

  The left column of Fig 4-23 shows a comparison of the peak intensity and generated 

plasma density during the nonlinear propagation of the three Airy beams with moderate powers. 

In these cases, for each propagation distance, intensities and electron densities reported in Fig 

4-23 correspond to different positions ( ),x y of the peak of the Airy beam because it is turning. 

However, as shown in Fig 4-22, the initial main lobe remains the most intense all along the 

propagation distance and the reported electron densities in Fig 4-23 are generated by that lobe. 

The right column of Fig 4-23 shows iso-intensity surfaces for the three cases, plotted in the (x, y, 

z) space (central time slice t = 0). It can be readily seen that, in these cases, in spite of high 

intensities and nonlinear effects, the main and the secondary lobes follow the parabolic trajectory 

which would characterize the linear propagation of the input Airy beam. 
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Fig 4-22   (x,y) intensity plots of nonlinear Airy beams with initial peak intensity 12 27 10 /W cm×

and different central lobe size. First column is for 0 100w mµ= , second column is for 

0 200w mµ= , and third column is for 0 300w mµ= . The propagation distance varies from z = 0 

(first line) to z = 80 cm (fifth line) by steps of 20 cm. The diaphragm radius for all cases is

4.5dr mm= . The last line shows the beam profiles after linear propagation of the three Airy 

beams over z = 80 cm. Note the larger window used for plotting the cross section in the bottom-left 

corner. 
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 Airy beams with 0 200w mµ=  and 300 μm have / 1A crP P > . Thus if the most intense 

Airy lobe behaved like a typical Gaussian beam, it would self-focus and collapse upon itself 

under the nonlinear action of the optical Kerr effect. Then collapse would be arrested by 

multiphoton absorption, plasma generation, and plasma defocusing as in ultrashort pulse 

filamentation. Since these phenomena are high-order processes, they should lead to saturation 

and prevent intensity to grow above a certain value which can be predicted by simple estimations 

[77, 219]. However, our simulations show a different behavior that is more similar to that of 

Bessel filaments [182, 184]. First, no obvious nonlinear focus of the main Airy lobe appears even 

though we considered propagation distances much larger than the collapse distance estimated 

from Marburger’s formula for Gaussian beams with the same widths and powers as the 

considered Airy beams (i.e., 7.7 and 8.4 cm for the beams with 200 μm, 2.6 crP and 300 μm,

5.5 crP , respectively). 

 Second, for the widest Airy beams with width of 200 μm (Fig 4-23(b)) and 300 μm (Fig 

4-23(c)), the peak intensity reaches values up to 13 22 10 /W cm× and the electron density exceeds
16 310 cm− but no plateau is obtained indicating the absence of a saturation process of the same 

nature as in filamentation [219]. The intensity profile plotted in Fig 4-23(a) does exhibit a 

plateau over several tens of centimeters but it corresponds to the smallest Airy beam with width 

of 100 μm Fig 4-23(a), the power of which is below threshold. Its peak intensity is lower than
13 210 /W cm and also lower than for a standard filament in air; the electron density of the 

generated plasma does not exceed a few 12 310 cm− , indicating a weakly nonlinear propagation of 

the Airy beam. The lack of a clear nonlinear focus as well as the absence of intensity plateau in 

the nonlinear regime suggest that the propagation dynamics of nonlinear Airy beams are 

governed by the same principles that apply to Bessel filaments. 
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Fig 4-23   Nonlinear propagation of intense Airy beams with initial central lobe width of 100 µm 

(first line), 200 µm (second line), and 300 µm (third line). Left column is peak intensity (continuous 

curve, left axis), electron density (dashed curve, right axis). Right column is for isosurfaces of the 

intensity distribution showing the trajectories of the main and secondary lobes of the Airy beam. 

The axes crossing at the origin are a guide for the eye so as to evaluate the curvature radius of the 

main peak trajectory. Note the different box sizes. 
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 The intensity profile is well explained by finite size effects: If the Airy beam was 

infinitely wide, an energy flux from the tail carrying infinite energy would push the main lobe 

along the diagonal x = y and could sustain its intensity over extended distances exactly as in the 

case of Bessel beams [184]. With finite energy, the profile of the peak intensity of a linearly 

propagating Airy beam is known to be governed by finite-size effects and should decrease as

( )2 2 4
0exp /az k w −  according to Eq.(4.2-6) (i.e., faster for large Airy beam lobes). This is the 

behavior we observe in the nonlinear regime [second stage of propagation in Fig 4-23(b) and 

(c)], in conjunction with an initial self-focusing stage that prevails at the beginning of the 

propagation. At moderate powers, Airy beams are intense enough to undergo Kerr self-focusing 

and induce multiphoton absorption; however, the trajectory of the main lobe obtained in the 

linear regime is preserved in the three cases shown in Fig 4-23. The parabolic trajectory of the 

Airy beam with the smallest lobe width (Fig 4-23(a)) exhibits the smallest curvature radius. Fig 

4-24 shows the projection of the main lobe trajectory in the (x, z) plane and its full width at half 

maximum (FWHM) diameter. The peak clearly turns as a linear Airy beam would do, following 

a parabolic trajectory that coincides with that given by Eq.(4.2-7) (dashed curves in Fig 4-24). 

For the wider input Airy beams (Fig 4-23(b), (c) and Fig 4-24(b), (d)] the nonlinear propagation 

starts by a Kerr-induced self-focusing stage with a decrease of the FWHM diameter from z = 0 

cm to z = 30 cm. This indicates a competition between Kerr self-focusing and the acceleration of 

the Airy beam. From this observation, we identified two situations for which the transverse 

acceleration of the Airy peak is modified by the nonlinear propagation: (i) higher-power Airy 

beams and (ii) narrower Airy beam truncation.  
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Fig 4-24   Projection of main lobe trajectory and FWHM of Airy beam along the x direction. (a) 

Input Airy beam with 0 100w mµ= . (b) Input Airy beam with 0 200w mµ= . (c) Input Airy beam 

with 0 300w mµ= . 

 

4.2.4.1.3 Propagation of intense Airy beams in the strongly nonlinear regime 

 

 The Airy peak acceleration is quenched when the power of the main lobe is large enough 

so that self-focusing of the most intense Airy lobe prevails over the peak acceleration. Increasing 

the width of the main lobe at constant input intensity does increase its power content; however, it 

simultaneously increases the curvature radius of the Airy beam trajectory, thus requiring a longer 

propagation distance to see the effect of acceleration quenching. Increasing the input intensity 

while keeping the width of the main lobe constant results in intensities approaching 13 210 /W cm , 

which ionize air sufficiently to produce a plasma responsible for a defocusing effect. This leads 
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to an immediate decrease rather than an increase of the intensity in the early stage of 

propagation. In order to demonstrate the effect of acceleration quenching with a high-power Airy 

beam having narrow lobes so as to keep propagation distances smaller than 1 m, we arbitrarily 

increased the Kerr index coefficient by a factor of 10 and used the same input Airy beams as in 

section 4.2.4.1.2. This keeps the curvature radius of the trajectories of the linearly propagating 

Airy beams unchanged but increases /A crP P by a factor of 10 and allows us to isolate the effect 

of self-focusing on the beam shape from other nonlinearities, like multiphoton absorption and 

plasma defocusing. This mimics to some extent an experimental situation in which an Airy beam 

is formed in vacuum and enters a gas chamber containing pressurized air at 10 atm. Due to the 

rescaling properties of Eq.(4.2-9), the results also represent the propagation of an input Airy 

beam with 0 93w mµ= , 12 2
0 1.4 10 /I W cm= × generated with an infrared (1500 nm), 130 fs 

pulse, in water (gap Ui = 6.5 eV, same number of photons K = 8 in multiphoton processes at 

1500 nm, 16 2
2 2 10 /n cm W−= × , 22 36.7 10nt cmρ −= × , 89 13 72 10 /K cm Wβ −= × , and

943 10Kσ −= × 1 16 8/s cm W− ). There are many other combinations of beam or pulse parameters 

ensuring that, for water, the ratios /Kerr DiffL L , /MPA DiffL L , and /Plasma DiffL L are equal to their 

counterparts in air at 10 atm.  

 Fig 4-25 shows the results of this numerical experiment: The peak intensity displayed on 

the first line exhibits several cusps which indicate the distances where the intensity of the most 

intense lobe is decreasing below the intensity of a secondary lobe, which in turn becomes the 

most intense. Correspondingly, each dashed curve indicates the electron density generated by the 

most intense peak as a function of propagation distance. Except at the beginning, this electron 

density is obtained for a different lobe of the Airy beam, which was initially not the most intense. 

This competition between the different-intensity lobes is illustrated on the iso-intensity plot 

shown on the second column of Fig 4-25. A general trend of the intensity peaks to follow curved 

trajectories 
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Fig 4-25   Nonlinear propagation of intense Airy beams with initial central lobe width of 200 µm,
12 2

0 7 10 /I W cm= × in a highly nonlinear Kerr medium with 18 2
2 3.2 10 /n cm W−= × . First 

column is for peak intensity (continuous curve, left axis), electron density (dashed curve, right axis). 

Second column is for isosurfaces of the intensity distribution. 

 

is observed; however, the initial main lobe clearly undergoes self-focusing over a much shorter 

distance and disappears after 15 cm. Then the most intense peak is located in a secondary lobe 

which, after some propagation distance, also disappears. This dynamical process repeats itself 

until the power in the whole beam is exhausted. The trajectory of the most intense lobe is 

therefore discontinuous each time a different secondary lobe becomes dominant. The 

competition between the main and secondary lobes can be followed on the I (x,y) cross sections 

of the Airy beam as it propagates along z (second column of Fig 4-26). The main lobe width 0w

and its power content AP are therefore important parameters for characterizing nonlinear Airy 

beam propagation: We observe from numerical simulations a transition between a regime where 

the turning ability of the Airy beam is preserved to a regime where nonlinear effects seemingly 

modify the curvature radius of the Airy peak trajectory due to self-focusing of intense lobes and 

lobe competition for the available power. This trend is clearly illustrated by the comparison of 

the second column of Fig 4-26 with the first that shows the I (x, y) cross sections of the same 

Airy beam propagating in air with nonlinear index coefficient 2n at 1 atm (also shown in the 

second column of Fig 4-22). At high powers, the Airy beam eventually undergoes a reshaping 

into a multi-filamentation pattern with multiple filaments located at the positions of the main 

secondary lobes of the input Airy beam.  
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Fig 4-26   (x, y) intensity plots of nonlinear Airy beams with 

initial peak intensity 12 2
0 7 10 /I W cm= × , with

0 200w mµ= , and a diaphragm of 4.5 .dr mm=  First 

column is 19 2
2 3.2 10 /n cm W−= × (moderate power regime). 

Second column is for 18 2
2 3.2 10 /n cm W−= ×  (high-power 

regime). The propagation  distance varies from z = 0 (first line) 

to z = 80 cm (fifth line) by steps of 20 cm. 
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4.2.4.1.4 The significance of the truncation in the nonlinear regime 

 

 We identified a second situation of transverse acceleration quenching, that proceeds from 

the idea of managing the competition between energy fluxes induced by Kerr self-focusing and 

by peak acceleration. We kept our initial Airy beam parameters 0 200w mµ= , 

12 2
0 7 10 /I W cm= × and changed the radius of the circular diaphragm. The input Airy beams we 

considered so far in our simulations were truncated by a circular diaphragm with a rather large 

radius ( )4.5dr mm= compared to the main lobe width. This approach makes finite the energy of 

the input Airy beam while preserving a large number of secondary lobes. Our simulations show 

that the diaphragm radius has an important effect on the nonlinear propagation of the Airy beam 

and on its transverse acceleration since the number of secondary lobes controls the energy flux 

that refills and pushes the main lobe. To facilitate the comparison with previous results, all 

simulations concerning this topic where conducted for the nonlinear index coefficient 2n

characterizing propagation in air at 10 atm or in water owing to the above-mentioned rescaling. 

 Fig 4-27 shows a comparison of the propagation of three Airy beams which have 

identical main lobe width (200 μm) but which are truncated differently: the diaphragm radius is

4.5dr mm= in the first column, 2.5dr mm= in the second column, and 1dr mm= in the third 

column of Fig 4-27. By using Eq.(4.2-8), we obtain Airy zones of 351, 261, and 165 cm which 

are much larger than the typical distance for self-focusing of the 200-μm-wide lobe containing

26 crP . The input peak intensity and beam width are the same for all columns of Fig 4-27; hence 

the main lobes of the input Airy beams carry the same power. 

 In the case of the large apodizer, the linear energy flux of the Airy beam is sustained over 

a larger propagation distance. The beam truncated by the small diaphragm containing only 3 

lobes of the input Airy beam propagates under the action of nonlinear effects over a much shorter 

distance. The linear energy flux responsible for the curved trajectory is in this case not strong 

enough to bring energy from the tail to the peak of the Airy beam over the whole Airy zone. The 

small diaphragm quenches the power refilling of the secondary lobes and therefore 

simultaneously tends to quench the turning ability of the Airy beam. Secondary lobes still 

undergo self-focusing and form filaments, but they subsequently follow a standard filament 

interaction process featured by energy exchange with the neighborhood. Their intensity increases 
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until multiphoton absorption becomes efficient and plasma is generated that eventually 

participates in beam spreading and nucleation of other filaments from the reservoir. Fig 4-27 

shows that, although these multiple filaments are initiated at the same locations regardless of the 

diaphragm size, the smaller the diaphragm radius the earlier in their propagation they depart 

from each other. In this case the nonlinear dynamics dominate and seemingly prevent the main 

lobe to turn. In fact, these nonlinear dynamics require a much shorter distance than the Airy 

zone, thus the associated energy flux is used to fill the secondary lobes of the Airy beam rather 

than to induce a curvature of the trajectory of the main lobe. So effectively, the diaphragm radius 

allows us to switch off the energy flux at a given distance.  

 Nonlinear Airy beam propagation falls into two separate regimes identified in Fig 4-26 

and Fig 4-27, depending on whether the linear acceleration and beam profile is preserved. In the 

strongly nonlinear regime (i.e., for a large relative strength of the self-focusing nonlinearity), the 

input Airy beam is effectively destroyed during its propagation. This is clearly demonstrated in 

Fig 4-27 at z = 40 cm (3rd row) for all three apodizers. In the weakly nonlinear regime, the linear 

dynamics prevails and the parabolic trajectory of the Airy peak is unperturbed. The strongly 

nonlinear regime, however, may show manifestations of linear dynamics such as the self-healing 

property reported in [208], where part of a linearly propagating Airy beam profile was obscured 

and observed to be reconstructed after a few cm. The first column of Fig 4-27 shows this effect 

(i.e., the destroyed profile at z = 40 cm is partially reconstructed at z = 60 cm). At this point 

multiphoton absorption becomes strong enough to gradually destroy once again the beam profile, 

as we can see at z = 80 cm. The outcome of this competition is actually controlled by the size of 

the apodizer. As the apodizer size is reduced 2.5dr mm= , the reconstruction ability of the Airy 

beam is weakened, as can be seen in the second column of Fig 4-27. In the third case (third 

column), where 1dr mm= , the Kerr effect completely dominates over all linear dynamics and the 

Airy profile is entirely ruined after the short Airy zone.  

Note that, in all three cases, the strength of the Kerr effect is unchanged and only the 

apodizer radius (related to the Airy zone length and the self-healing strength) is modified. 
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Fig 4-27   Effect of truncation in high-power regime. The three columns correspond to the 

propagation of nonlinear Airy beams with initial peak intensity 12 2
0 7 10 /I W cm= × , central 

lobe size 0 200w mµ= µm, diaphragmed by circular apertures of radius 4.5dr mm=  (first 

column), 2.5dr mm=  (second column), and 1dr mm=  (third column), with nonlinear-index 

coefficient[220] 18 2
2 3.2 10 /n cm W−= × . The propagation distance varies from z = 0 (first line) to 

z = 80 cm (fifth line) by steps of 20 cm. 
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4.2.4.1.5 Energy flux along propagation 

 

  In order to study the dynamics of Airy beam propagation in greater detail, the transverse 

energy flux is evaluated at different position along propagation. A usefull way of presentation is 

with movies showing the evolution, as a function of the propagation distance z, of the cross 

section of the intensity I (x,y) superimposed to an arrow plot showing the associated local energy 

density flux. The transverse components of the energy density flux are simply proportional to the 

beam intensity and to the phase gradient in the corresponding direction [184, 220-222]. 

 The first movie is associated with the regime of moderate powers [i.e., the propagation of 

the 200 μm lobe width shown in Fig 4-26(a)], while the second is associated with the high-power 

regime; that is, the propagation of the same input Airy beam in the medium with larger Kerr 

coefficient used for Fig 4-26(b). Fig 4-28 shows the main features of the energy flux as identified 

from the movies. We can observe in the weakly nonlinear regime that the main lobe of the Airy 

beam is turning because of the energy flux along the symmetry axis x = y, from the quadrant ( x 

< 0, y < 0 ) toward the peak, as in the case of linear propagation [Fig 4-28(a) and Fig 4-28(b) 

and Video_Flux1.mov]. In the strongly nonlinear regime, we observe that the main Airy lobe 

undergoes standard filamentation and part of the energy flux from the tail of the Airy beam is 

feeding the secondary lobes which in turn undergo self-focusing and nonlinear losses. Upon 

further propagation the main lobe peak decays while one or several of the secondary peaks 

becomes dominant, until they too decay [Fig 4-28(c)-(g) and Video_Flux2.mov]. Visualization 

of the energy flux allows us to understand the presence of notches in the curve shown in Fig 

4-25(a), which correspond to propagation distances when a secondary lobe with growing 

intensity takes over the decaying intensity of the main lobe. Similarly to the scenario for spatial 

replenishment in filaments [223], a notch in the intensity curve in Fig 4-25 is explained as that 

propagation distance where the increasing secondary peak takes over as the global maximum 

from the decreasing main lobe peak. This process can repeat itself if the power in the secondary 

lobe is sufficient to be further transferred to a third-order lobe. 
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Fig 4-28   First line shows evolution of energy flux during nonlinear propagation of Airy beams with

0 200w mµ= and moderate power. The arrows indicate the direction of the energy flux while its 

strength is proportional to arrow lengths. The propagation distances are z = 30 and z = 40 cm. 

Second and third lines are same as for the first line but for the high-power regime. The propagation 

distances are z = 2, 16, 36, 46, 50, and 56 cm from left to right and from the second to third line. 
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4.2.4.1.6 Experimental results 

 

 In addition to numerical simulations, laboratory experiments where performed to observe 

the moderate- and high-power regimes in Airy beam propagation as well as the effect of Airy 

beam truncation. As shown in Fig 4-29, the laser beam is reshaped into an exponentially 

apodized 2D Airy beam by using a recently developed technique [204] which exploits coma 

aberration as a means to imprint a 2D spatial cubic phase onto the initial Gaussian beam 

followed by spatial Fourier transformation via a spherical lens. The Airy beam is generated at the 

focus of the Fourier lens, located 2 cm inside a variable length transparent water tank, where an 

iris is used to truncate the Airy profile to the desired size. Experiments are performed in water to 

profit from the higher nonlinearity of the medium.  

 

 

Fig 4-29   Experimental layout. 

 

 Fig 4-30 shows the experimentally generated Airy beam with main lobe FWHM of 230 

μm, which corresponds to 0 ~ 140w mµ (Fourier lens f = 50 cm), after propagation over 10 cm in 

water, for 8 different input energies. The 800 nm laser pulse duration where the Airy beams are 

generated is 80 fs (as the initial pulse of 35 fs goes through a number of dispersive optical 

elements). The power contained in the Airy profile, at the point of creation inside the water tank, 

is increased from ( )0.03 9.5crP nJ , which is essentially linear, up to ( )94 32crP Jµ . These values 

refer to the power contained in the whole Airy beam profile and not only in the main lobe, since 
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the latter is difficult to accurately measure experimentally. However, from previous studies [153, 

204] the power content of the main lobe can be estimated around 7% of the whole beam, and 

thus the cases for the highest energy are well inside the high-power regime. As the energy of the 

pulse is increasing, nonlinear dynamics start to act on the beam shape in the same way as 

predicted by simulations. Self-focusing of the main Airy lobe clearly occurred for 22 crP (total 

beam). As the beam energy is increased further, secondary lobes start to self-focus and increase 

in intensity, showing exactly the same trend as predicted by numerical simulations.  

 

 

Fig 4-30   Normalized experimentally measured intensity at z = 10 cm after the focus, inside the 

water tank, for different input pulse energies. (a) ( )9.5 0.03 crnJ P ), (b) ( )65 0.19 crnJ P , (c) 

( )507 1.75 crnJ P , (d) ( )2.9 8.5 crJ Pµ , (e) ( )5.4 16 crJ Pµ , (f) ( )7.5 22 crJ Pµ , (g)

( )15 44 crJ Pµ , (h) ( )32 94 crJ Pµ . 0 ~ 140w mµ  (FWHM 230 µm). 

 

 In Fig 4-31, a close-up of the measured Airy beam profile at 94 crP is shown side by side 

with the simulated intensity profile of the truncated ideal Airy beam. The input parameters of the 

simulated Airy beam are matching the ones of the experiment. Since the code operates in frozen 

time we take an average pulse duration of 160 fs inside the water tank (due to the dispersion of 
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water). In the simulation, the Airy beam propagates in 10 cm of water with
16 2

2 1.6 10 /n cm W−= × , which corresponds to 4crP MW at the laser wavelength of 800 nm 

[19]. The ionization coefficients used for water are 54 1 10 51 10 /K s cm Wσ − −= × for K = 5 photons, 

and neutral atom density 22 36.6 10nt cmρ −= × [166]. As we can see in Fig 4-31, the measured and 

the calculated patterns agree very well. In both cases the main lobe is starting to generate a 

filament-like structure with an extended reservoir around it. The nearby secondary lobes are 

strongly perturbed, while the subsequent ones are self-focusing and gaining intensity. Beyond the 

6th lobe, the beam shape remains unchanged. 

 

 

Fig 4-31   Comparison of nonlinear dynamics between experiments and simulations. Left shows 

normalized experimentally measured intensity at z = 10 cm after the focus inside the water tank, for 

the highest power ( )94 crP and 0 ~ 140w mµ . Right shows simulated intensity distribution with 

identical input conditions after propagation of 10 cm in water. 

 

 We also studied the effect, previously shown in simulations; of Airy beam truncation on 

nonlinear propagation. Fig 4-32 shows a comparison between measurements and simulations of 

two input Airy beams truncated by two different-radius irises. The first line shows the two initial 

Airy beams used in the experiment. The main lobe size is 0 30w mµ= (Fourier lens f = 10 cm) 

and the apodizer radius is 750 μm (left) and 450 μm (right). The power contained in the two Airy 

beams is 35 crP and 20 crP for the large and small apodizer, respectively. After nonlinear 
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propagation over 4.6 cm in water the beams are reshaped as can be seen in the second line of the 

same figure. In the case of the large iris, some features of the Airy profile are preserved while the 

most intense first and nearby secondary lobes show manifestations of filamentation. In the case 

of the small iris, the Airy profile is almost completely destroyed by the nonlinear dynamics, and 

a multi-filamentary pattern is formed in its place. These experimental observations are in very 

good agreement with corresponding simulation results shown in the third line of Fig 4-31. 

 To summarize this section so far, we have investigated numerically and experimentally 

the nonlinear dynamics of intense finite energy Airy beams. Nonlinear propagation of Airy 

beams is found to be governed by the same principles that rules propagation of nonlinear Bessel 

beams: two regimes are distinguished by the power content of the most intense Airy lobe. At 

moderate powers, Airy beams propagate smoothly without exhibiting an abrupt increase of 

intensity that would define a nonlinear focus, even if the power carried by the main lobe is 

several times above the critical power for self-focusing. The peak intensity does not reach a 

plateau but slowly increases and eventually drops due to finite size, truncation or apodization 

effects. The Airy peak is transversely accelerated as in the linear regime. In the high-power 

regime, the nonlinear dynamics is no longer smooth. The competition between the Kerr effect 

and the transverse energy flux regulated by the cubic spatial phase of the beam leads to an 

unsteady propagation featured by the formation and interaction of multiple filaments. If the Kerr 

effect dominates, multiple lobes will indeed self-focus on themselves and form filaments. This 

procedure leads to a destruction of the Airy beam profile and as a result the turning ability is lost. 

Alternatively, when the linear transverse flux dominates, the beam tends to accelerate along the 

diagonal, even though individual lobe shrinking (due to self-focusing) is still observed. This 

competition can be observed over an Airy zone, the length of which is determined by apodization 

or truncation effects. These results apply to transparent media in general: gases liquids or solids 

and might be useful for engineering optical materials with Airy beams [224]. 
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Fig 4-32   Truncation effect for two different apodizers. First line shows normalized experimental 

input beams. The apodizers used are 750dr mµ= (left) and 450dr mµ=  (right), the main lobe 

FWHM is w0 = 30 µm. Input powers are 35 crP  (left) and 20 crP (right). Second line is normalized 

experimental intensity profiles after z = 4.6 cm of propagation inside the water tank, for the same 

pulses as in line one. Last line is simulated intensity profiles at the same position as in line two for 

identical input conditions.  
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4.2.4.1.7 Validity of the "frozen time" approximation 

 

 The goal of section 4.2.4.1 is to describe the spatial dynamics of nonlinear Airy beams. In 

the experiments presented, we used femtosecond laser pulses with 35pt fs= nominal duration 

propagating in air or passing through various optical elements to generate an Airy beam which 

results in 80 fs pulses propagating further in water. We assumed that the laser pulse profile 

remains undistorted along the propagation; that is, we considered that effects associated with 

changes in the temporal profile are sufficiently weak (or slow) with respect to the spatial effects 

induced by self-focusing, plasma defocusing, and multiphoton absorption. This approximation 

requires justification to guarantee the validity of the model to describe the spatial dynamics of 

propagating nonlinear pulses. This is the goal of this section, where we evaluate the importance 

of temporal effects by comparing their characteristic lengths. 

 Taking into account the material parameters, we evaluated the nonlinear lengths
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= of the Airy beams used in this work and 

compared them to the dispersive length of our laser pulse. Since both lengths are a function of 

the local intensity, they generally vary along z. For propagation in air, the dispersive length of 

the pulse is 
2

''
0

~ 30.6
2

p
GVD

t
L m

k
= , for a dispersive coefficient '' 2

0 0.2 /k fs cm= , whereas at their 

minimum value both nonlinear characteristic lengths decrease down to about 1.6 cm (Kerr) and 

0.4 cm (MPA). This is three orders of magnitude shorter than GVDL . Comparison of these lengths 

justify that the effect of dispersion can be safely neglected compared to nonlinear effects. 

 For the Airy beams propagating in water, the nonlinear lengths are as short as

~ 110KerrL mµ and ~ 76MPAL mµ at their minimum, both much shorter than the dispersive 

length 2.47GVDL cm= , for a dispersive coefficient '' 2
0 360 /k fs cm= [225]. This means that, 

despite the high dispersion of water, we can still neglect it since the nonlinear effects are much 

stronger in the high-intensity regime. 

 Fig 4-33 shows the characteristic lengths for the three main cases (one Airy beam 

propagating in air and two others in water) in this work along propagation distance. In addition 
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Table 1 is showing the analytical formulas for all characteristic lengths used for the calculations 

of the curves in Fig 4-33, and the values that give the minimum for each physical effect. 

 Dispersion effectively broadens the pulse even in the linear propagation regime, although 

neglected in Eq.(4.2-9), but for our parameters it has a homogeneous effect on the whole beam 

which does not seriously affect the much faster spatial dynamics. The laser pulse profile can 

therefore be safely assumed to remain undistorted along propagation. We used this undistorted 

profile to calculate the generated plasma density by means of Eq.(4.2-10), where ionization rate 

depends on the local intensity. The electron density used in the plasma defocusing term in 

Eq.(4.2-9) is evaluated at the central local time t = 0 after calculation by Eq.(4.2-9). 

 

 

Our model includes another approximation: we considered multiphoton ionization of a 

single species in air (i.e., oxygen) with the lowest ionization potential 12.06iU eV= . This is 

usually an excellent approximation in the regime of ultrashort laser pulse filamentation since a 

more  complete model taking into account ionization of both oxygen and nitrogen molecules 

gives a negligible additional contribution to the electron density due the much smaller ionization 

rate of nitrogen compared to oxygen molecules [29]. 

 

Fig 4-33   Log scale plot of the characteristic lengths of physical effects vs propagation distance for 

(a) the Airy beam of Fig 4-23(c) propagating in air, (b) the Airy beam of Fig 4-31 propagating in 

water, and (c) the Airy beam of figure Fig 4-32 propagating in water. The blue and magenta 

continuous lines that correspond to the characteristic lengths of dispersion and diffraction 

respectively. Green dotted line is for MPA, red dashed line is for Kerr, and black dash-dotted line is 

for plasma defocusing. 
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 The above evaluation of dispersive lengths justifies this assumption and the use of 

Eq.(4.2-9) [216]. We emphasize that assuming the spatial profile is mainly shaped by spatial 

dynamics (diffraction, self-focusing,  multi-photon absorption, and plasma defocusing) and 

neglecting the effect of the much weaker temporal dynamics on the beam shape will be further 

justified by the good agreement between simulation and results and measurements of nonlinear 

Airy beam profiles. 

 

 

Table 1   Minimum Characteristic lengths of physical effects. 

Physical 
effect Length formula* 

Fig 4-23(a) Fig 4-31(b) Fig 4-32(c) 
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2.3x102 
maxρ ρ= =

3.2 x1018 
3cm−  

1.0 
maxρ ρ= =

3.9x1018 
3cm−  

0.9 

Dispersion 
2

''
02GVD

tL
k

=  t = 35 fs 3.1 x103 t = 35 fs 2.47 t = 35 fs 2.47 

Diffraction 
2

0 0

2Diff
k RL =

 

0R w= =
300 μm 

35 0R w= =
140 μm 

10 0R w= =
 30 μm 

0.47 

 

* The characteristic lengths naturally arise when the propagation equation (Eq.(2.1-92)) is made dimensionless.   
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4.2.4.2 Stationary nonlinear Airy beams 

 

 Here we demonstrate the existence of stationary Airy-like solutions in the presence of 

third-order Kerr nonlinearity of any sign (i.e., focusing or defocusing) and, most importantly, 

even in the presence of nonlinear losses (NLLs). We perform an detailed analysis that describes 

the shape and main features of one-dimensional nonlinear Airy wave packets, i.e., 

monochromatic beams that exhibit a curved trajectory. The Kerr nonlinearity is shown to lead to 

a compression of the Airy lobes (for a focusing nonlinearity) and nonlinear losses lead to an 

imbalance of the incoming energy flux toward the main lobe which in turn induces a reduction in 

the contrast of the Airy oscillations. This finding is then verified in numerical simulations and 

experiments that show the spontaneous emergence of the main features of stationary nonlinear 

Airy beams. 

 We consider the propagation of a monochromatic beam of frequency 0ω in one spatial 

dimension. The electric field ( ), ,E x z t is decomposed into carrier and envelope as

( ) ( ) [ ]{ }0, , Re , , expE x z t x z t i t ik zω= − + , as before. In the presence of nonlinearity, such as 

the optical Kerr effect and multiphoton absorption, propagation may be described by the 

nonlinear Schrödinger equation for the complex envelope of the field: 

 

 
2

2 2 22
02

0 02 2
ni ik

z k x n
β Κ−Κ∂ ∂

= + −
∂ ∂
       (4.2-13) 

 

where the nonlinear Kerr modification of the refractive index is 2
2n nδ =  , while K and Kβ are 

the order and the coefficient of multiphoton absorption, respectively. In the case of linear 

propagation, Eq.(4.2-13) admits the Airy beam solution ( ) ( )exp ,LAi y i yϕ ζ=    , whose 

intensity profile is invariant in the uniformly accelerated reference system defined by the 

normalized coordinates 2
0 0/z k wζ = , 2

0/ / 4y x w ζ= − , with ( ) 3, / 2 / 24L y yϕ ζ ζ ζ≡ +  and

0w a typical length scale so that the acceleration or curvature is given by 2 3
0 01/ 2k w . We are 

interested in finding stationary nonlinear solutions to Eq.(4.2-13), in the above sense (invariant in 
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the accelerated reference system), with boundary conditions compatible with the shape and 

properties of Airy beams, whose asymptotic behavior as y →±∞ reads [226]. 

 

 ( ) ( )1/42~ sin / 4Ai y y for yπ ρ π
−

+ → −∞  (4.2-14) 

 ( ) ( ) 1/42

~ exp
2

y
Ai y for

π
ρ ρ

−

−  → +∞   (4.2-15) 

 

where ( ) [ ] 3/22 / 3 sgn y yρ = . We therefore impose the constraints of a weakly localized tail 

toward y →−∞ and an exponentially decaying tail toward y →+∞. Solutions, hereafter called 

nonlinear Airy beams (NABs) must also match Airy beams in the absence of nonlinearity. We 

thus rewrite Eq.(4.2-13) in normalized units in the accelerated reference frame (ζ, y) as 

 

 
2

2 2 2
2

1
2 2

Ki i a
y y

ζ γ
ζ

−∂ ∂ ∂
− = + −

∂ ∂ ∂
        (4.2-16) 

 

The nonlinear parameters read as 2 2
0 2 0 0/k n w nγ = and 2

0 0 / 2Ka k wβ= . In order to find the shape 

of NABs, we consider the complex envelope ( ) ( )exp ,A y i yϕ ζ=    with a ζ -invariant 

modulus, substitute into Eq.(4.2-16), separate real and imaginary parts, and require that the ζ 

dependence of the phase be the same as that of linear Airy beams ( ) ( ) ( ), ,Ly y yϕ ζ ϕ ζ ψ= + . 

The modulus ( )A y and nonlinear phase ( )yψ satisfy 

 

 ( )2 3'' ' 2 0A yA A Aψ γ− − + =  (4.2-17) 

 2 2' 2 K
y

y

A a A dy Nψ
+∞

= =∫  (4.2-18) 

where primes stand for d/dy. The LHS of Eq.(4.2-18) represents the net power flux yN per unit 

propagation length through a y boundary of a semi-infinite domain [ y, +∞) in the co-accelerating 

reference frame. Eq.(4.2-18) imposes the requirement that the flux compensates for the power

yN lost by nonlinear absorption within this domain. In the linear case, i.e., with no nonlinear 
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losses (α = 0), there is no net energy flux ( )' 0ψ = and phase fronts exhibit the curvature of Airy 

beams [201]. Nonlinear losses, assumed to be finite, since K > 2, increase from 0+∞Ν = at

y →+∞ to 22 KN a A dy
+∞

−∞
−∞

= ∫ at ,y →−∞ thereby establishing an additional curvature of the 

phase front in the weakly decaying tail of the beam, since 2' /N Aψ −∞→ , whereas the 

exponentially decaying tail has the curvature of the Airy beam. By introducing the variable

( ) ( ) 1/6B A yρ ρ= , Eqs.(4.2-17) and (4.2-18) can be combined into a Newton-like equation 

governing the tail amplitude in the limit , :y ρ → ±∞  

 

 
22

2 3

NB B for
B

ρ
ρ

±∞∂
± = → ±∞

∂
 (4.2-19) 

 

Eq.(4.2-19) admits solutions in the form ( )~ expB ρ− and ( ) ( )2 2~ 1 sin 2B B Cρ ρ−∞  +  as ρ → 

±∞. The latter exhibits oscillations of finite amplitude around the mean value B−∞ and contrast

( )1/22 41 /C N B−∞ −∞≡ − , decreasing as the amount of total losses increases. In the absence of 

nonlinear absorption ( )0N−∞ → , it reduces to the asymptotics of Eq.(4.2-14) with maximum 

contrast C = 1. The contrast vanishes for 2B N−∞ −∞= , showing that no solution exist above a 

certain threshold of total losses. 

 In analogy with the physics of nonlinear Bessel beams [227], NABs can be viewed as 

Airy beams reshaped by nonlinear absorption and the Kerr effect, the former being responsible 

for the power flux from the weakly decaying tail toward the intense lobes where nonlinear 

absorption occurs and the latter of a nonlinear phase shift [228]. This is expressed by considering 

the NAB as an unbalanced superposition of two stationary Hankel beams, each carrying energy 

in the direction of, or opposite to the main lobe:  

 

 ( ) ( ) ( ) ( ) ( )
2

1/3
1

1exp exp / 6
2 3

l
l

l

yA y i y a l i Hψ π ρ
=

−
= −      ∑  (4.2-20) 
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The power fluxes associated with each Hankel component exactly compensate for the balanced 

superposition with 1 2 1a a= = , which gives the stationary Airy beam with no net power flux. 

Unbalancing creates a net flux associated with a lowering of the contrast of the oscillating tail.  

 We numerically integrated Eqs.(4.2-17) and (4.2-18) from +∞ to −∞ starting from the 

linear asymptotic solution as a boundary condition in order to retrieve the intensity and phase 

profiles of the NAB. Fig 4-34(a) shows the normalized intensity profiles in the pure Kerr case, 

i.e., α = 0, for focusing (γ > 0) and defocusing (γ < 0) Kerr nonlinearity, respectively. The width 

of the main lobe is narrower or wider depending on the sign of γ. Since the reference system in 

which we are considering the solutions is always referred to the linear case, the nonlinear 

solution preserves the same acceleration although the relation between the width of the main lobe 

and the peak acceleration no longer holds. In Fig 4-34(b) for the K = 5 case and γ = 0 (red dashed 

line), we show the effect of multiphoton absorption and we observe a reduction of the contrast in 

the decaying oscillations, which asymptotically goes to C, and this reduction is greater when the 

total amount of energy lost in absorption (proportional to N−∞ ) is greater (data not shown). When 

we have both Kerr nonlinearity and multiphoton absorption, we observe features characteristic of 

both regimes (blue dotted line). As in the pure Kerr case, the acceleration of linear Airy beams is 

preserved. We performed a scan in the parameter space in order to derive the region of existence 

of these stationary solutions. 

 Fig 4-34(c) shows this domain in the ( )0 0,I w coordinates for water at 0 800 nmλ = (we 

considered 16 2
2 2.6 10 /n cm W−= × , 0 1.3286n = , K = 5, and 50 7 48.3 10 /K cm Wβ −= × [229]), 

where 0I is the maximum intensity of the nonlinear profile and 0w is the width of the 

corresponding linear solution, which represents the acceleration as ( ) ( )2 3
0 0 01/ 2a w k w= . 

 A relevant question is whether one is actually able to excite or experimentally observe 

stationary NABs. The ideal beams described above have infinite energy whereas experiments 

obviously resort to finite-energy realizations that cannot guarantee perfect stationarity. However, 

as in the linear case in which finite energy Airy beams still exhibit the main stationary features, 

e.g., sub-diffractive propagation of the main intensity peak, over a limited distance [203], we 

may expect the nonlinear Airy beam to emerge during propagation in the nonlinear regime. 
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Fig 4-34   Nonlinear Airy wave forms for (a) a pure Kerr focusing (green dotted line) and defocusing 

(red dashed line) nonlinearity with no NLLs; (b) NLLs alone with K = 5 (red dashed line) and Kerr + 

NLLs (blue dotted line). (c) Domain of existence (shaded region) of the NAB solution in the case of 

water at 0 800nmλ = as a function of peak intensity and width of the linear solution. The circles 

indicate the peak intensities at which numerical simulations were performed (Fig 4-35). 

 

 

The rationale behind this reasoning is also based on the observation that stationary wave forms 

have been shown to act as attractor states for the dynamical evolution of laser beams and pulses 

in the nonlinear regime, e.g., dynamically evolving X-waves during ultrashort laser pulse 

filamentation [68, 230], nonlinear unbalanced Bessel beams during the evolution of high-

intensity Bessel beams [182, 227], and the spatial Townes profile during the self-focusing of 

intense Gaussian pulses [231].  
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Fig 4-35    Numerical results: propagation in water with focal length f = 20 cm. Solid blue line, linear 

Airy profile; dashed red line, nonlinear Airy profile; black dotted line, nonlinear case with 

artificially increased NLLs. All profiles are shown in the focal plane of lens f (z = 20 cm). 

 

We performed a series of numerical simulations, solving Eq.(4.2-13) for the same 

material parameters as in Fig 4-34 with an input Airy beam defined as in the linear regime, for 

various increasing input intensities. The Airy beam was generated by applying a third-phase 

mask to a Gaussian beam (full width at half maximum of 0.5 mm) followed by a 2-f linear 

propagation so as to obtain the Fourier transform in the focal plane of the lens (focal length f = 

20 cm). This layout is shown at the top of Fig 4-35. In Fig 4-35 we show a line-out of the 

nonlinear profile (dashed red line) obtained by numerical simulations based on Eq.(4.2-13), at z 

= 20 cm from the last focusing lens for 2
0 2 /I TW cm= . The linear Airy profile (solid blue line) 

is included for comparison. The contraction of the main lobe and the different periodicity of the 

side lobes is clearly evident, while the effect of NLLs (i.e., loss of contrast in the side-lobe 

oscillations) is not observed. We therefore performed an additional simulation (black dotted line) 

at the same peak intensity with an increased nonlinear absorption coefficient,
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45 7 48.3 10 /K cm Wβ −= × : the strong reduction in the contrast of the Airy beam oscillations is 

now clear, indicating the presence of an inward flux that is stabilizing the energy loss in the main 

lobe. 

 We performed two series of experiments by launching one-dimensional Airy beams with 

increasing input energy into two different nonlinear media: (1) a 2 cm thick cuvette filled with 

water and (2) a 2.5 cm thick sample of the polymer polymethyl-methacrylate (PMMA). The 

experimental setup is shown in Fig 4-36(a) : a third order spatial phase, together with a quadratic 

one corresponding to a cylindrical Fourier lens, is impressed onto a Gaussian-shaped beam 

delivered by an amplified Ti: sapphire laser with 35 fs pulse duration, using a spatial light 

modulator (Hamamatsu LCOS). The Airy-shaped beam then propagates through the nonlinear 

sample and the beam profile at the exit surface is imaged onto a CCD camera. Fig 4-36(b) shows 

the spatial fluence profiles (in logarithmic scale) for three different input energies 25 nJ (linear 

propagation), 350 μJ, and 530 μJ and for an input phase profile such that the linear Airy main 

lobe full width at half maximum (FWHM) is 159 μm. The main lobe undergoes an evident 

contraction that increases with increasing energy, in agreement with the prediction summarized 

in Fig 4-34(a) for the Kerr-dominated NAB. We then repeated the measurements with an 

increased input phase such that the Airy main lobe has a FWHM of 182 μm. Fig 4-36(c) shows 

the results for the same energies as in Fig 4-36(b). The reduced density of the Airy peaks and the 

correspondingly lower spatial intensity gradients imply that now both self-focusing effects and 

the energy flux within the beam are weaker. We may therefore expect the effects of NLLs to 

become more evident. Indeed, while Kerr self-focusing effects are nearly absent, the contrast in 

the secondary Airy lobes decreases in agreement with the expected behavior of the “unbalanced” 

Airy beam, as summarized in Fig 4-34(b). These effects are even more pronounced in 

measurements performed in PMMA which is expected to have higher NLLs due to the lower 

multiphoton absorption photon number, K = 3. As for the case of water, two different Airy 

widths were tested, 78 μm (Fig 4-34(d)) and 159 μm (Fig 4-34(e)), at three different energies 25 

nJ, 78 μJ, and 246 μJ, with similar dynamics as in water and with the larger Airy peak leading to 

increased NLL effects. We observe an increase of minimum intensity values by nearly an order 

of magnitude with increasing input energy. Although we do not have the same resolution and 

dynamic range as in the numerics, the experiments clearly show the predicted trends for the 

stationary NAB.  
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Fig 4-36   Experimental results: (a) Experimental layout. (b)–(e) Output Airy beam fluence profiles 

in logarithmic scale. (b) Water at three input energies 25 nJ (solid line), 350 µJ (dashed line), and 

530 (dotted line) µJ and for an input Airy pulse with a main lobe FWHM of 159 µm. (c) Water at 

same energies as in (b) and a main lobe FWHM of 182 µm. (d) PMMA at three input energies 25 nJ 

(solid line), 78 µJ (dashed line), and 196 (dotted line) µJ and for an input Airy main lobe FWHM of 

78 µm. (e) PMMA at same energies as in (d) and a main lobe FWHM of 136 µm. 

 

 To summarize this section, the existence of a freely accelerating solution in the nonlinear 

regime that remains stationary even in the presence of nonlinear losses is demonstrated. Clearly 

these results may be extended to the original quantum context in which Airy wave packets were 

proposed for the first time [201]. NABs could also find practical applications in a similar fashion 
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to stationary Bessel beams where the beam stability above ablation intensities has led to 

technical improvements in micromachining optical materials [232] or soft tissue laser surgery by 

using them as razor blades with a well-defined curvature. Stationarity is also a critical issue in 

“analog Hawking” emission experiments [233]: the nonlinear Airy beam may be used to reach 

huge 21 2~ 10 /m s accelerations and thus investigate related photon emission mechanisms [234]. 

 

4.2.5 Autofocusing waves 

 

 By exploiting the transverse acceleration and the 1D nature of the Airy function, 

Efremidis et al. recently introduced the cylindrically symmetric Airy beam, or ring-Airy 

wavepacket (RAW), which is able to abruptly autofocus in the linear regime [232]. As shown in 

a recent work [233], abruptly autofocusing waves are experimentally feasible, and can be used to 

deliver high energy pulses inside thick transparent samples without damaging the material prior 

to the focus. The abrupt intensity increase at the focus of the cylindrical symmetric Airy makes it 

easy to combine a long working distance with a small focal volume. The remarkable abilities of 

these wavepackets make them ideal candidates for laser ablation applications in previously hard 

to reach environments.  

 

4.2.5.1 Linear autofocusing waves 

 

 The linear RAW that was introduced in [232] is in our case a radial symmetric Airy 

beam. The electric field envelope follows the function 

 

 ( ) 0 0
0

0 0

,0 expr r r rr Ai a
w w

    − −
=     

    
  (4.2-21) 

 

where Ai corresponds to the Airy function from Eq.(4.2-1), r  is the radial coordinate, 0r

represents the radius of the primary ring, a is a constant, and 0w is a scaling factor. The radial 

fluence distribution of a ring-Airy beam can be seen in Fig 4-37. More precisely, the primary 
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ring of the beam has its peak intensity at a radius of 0 0 0 ( )R r w g α≡ − ⋅ , where ( )g α denotes the 

position of the first zero of the function Ai (x) Ai(x)α′ + ⋅ , while its full width at half maximum 

(FWHM) is 0~ 2.28w [233]. 

 

 

Fig 4-37   Radial fluence distribution of a ring-Airy beam with 0.05a = , 0 921r mµ= , and 

0 61.4w mµ= . 

 

 Fig 4-38 shows the normalized radial electric field amplitude distribution of a RAW 

along propagation distance. The normalized coefficients of Eq.(4.2-21) are 0.05a = , 0 10r = , 

and ( )max 0 1I z = = . As we can see at z ~ 6 the beam exhibits an intense autofocus. The 

maximum intensity inside the auto-focus depends on the beam initial beam characteristics a and
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0r . The maximum contrast max 0/I I  was found in [232] to be 156 for 0.05a =  and 0 15r =  

(dimensionless units), which will be the values used in the next sections. 

 

   

Fig 4-38   (a) Radial field envelope distribution along propagation of a ring-Airy beam with

0.05a = , 0 10r = , and ( )max 0 1I z = = . (b) Maximum intensity as a function of 0r . Taken from 

[232].  

 

 The experimental realization of RAWs is utilizing the same approach as is used in the 1D 

and 2D (x, y) Airy beams, a phase mask in the form of an SLM and a Fourier transformation 

lens. The experimental setup used in [233] can be seen in Fig 4-39. The phase mask used in this 

case must a cylindrical symmetric version of the XY Airy phase mask, as is shown in Fig 4-40. 

As we can see the experimental result matches the theoretical prediction (Fig 4-40(b), (c)). 

 

 

Fig 4-39   Experimental setup for the generation of RAWs. FT, Fourier transform; Lf , FT lens focal 

length; Aif , effective focal length of the Airy ring. Taken from [233]. 

 

 

(a) (b)   
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Fig 4-40   (a) Radial profile of the phase mask. Inset, phase mask (b) Theoretical intensity at the FT 

plane (in the center is the zero order) (c) Experimental intensity profile of the generated Airy ring as 

captured by the CCD at z = 200mm (zero order blocked). Taken from [233]. 

 

4.2.5.2 Nonlinear autofocusing waves 

 

 In this section, we will numerically explore the nonlinear dynamics of high power 

abruptly autofocusing waves generated with Gaussian laser pulses, hereafter called high power 

ring-Airy wavepackets (HPRAW). We compare the attributes of HPRAW to those of Gaussian 

beams carrying the same power and identify a number of very useful and interesting features for 

practical applications [89, 234-236]. In addition, novel spatio-temporal mechanisms are observed 

in the high power regime, which are directly related to the RAW wavefront and the electron 

plasma generated at the focus. 

 Three different laser beam profiles were used in the simulations, a RAW and two 

Gaussian beams. All simulations were done in air at atmospheric pressure. The RAW electric 

field envelope is described by Eq.(4.2-21). The power content carried by the beam is numerically 

calculated by integration of the starting spatial intensity profile over the whole computational 
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box (5 mm radius). In our simulations we used 0 921r mµ= , 0 61.4w mµ= and α = 0.05, leading 

to ( ) 0.97g a ≈ − . We can see in Fig 4-41, that using these parameters the ring-Airy beam is auto-

focusing at a position z = 23.95 cm. 

 In order to study nonlinear propagation of HPRAWs, we compare their dynamics to that 

of Gaussian beams. Following a recent work [233], we consider two types of Gaussian beams 

that are equivalent to a given ring-Airy beam, i) the equivalent envelope Gaussian beam (EEGB) 

defined as the Gaussian beam with FWHM equal to the diameter of the ring Airy beam, and ii) 

the equivalent peak contrast Gaussian beam (ECGB) which in the linear regime reaches the same 

value of peak intensity contrast at the focus. Both beams are focused at the focus of the ring-Airy 

using a lens. Both of them carry the same power so the EEGB and the ECGB only differ by their 

beam width and initial peak intensity. In our simulations, the widths at 1/𝑒2 radius of the EEGB 

and ECGB are 1738 μm and 855 μm, respectively. Fig 4-41(b), (c) show the distribution of the 

beam amplitude of both Gaussian beams in the (r, z) plane. Regardless the spatial profile of the 

beams used the temporal profile in our simulations was in all cases Gaussian with a FWHM of 

200 fs at a central wavelength of 800 nm. 

 

 

 

 

 

 

Fig 4-41   Radial distribution of electric field amplitude as a function of the propagation distance in 

the linear regime. a) ring-Airy wavepacket (RAW), b) Equivalent envelope Gaussian beam (EEGB), 

and c) Equivalent peak contrast Gaussian beam (ECGB). 
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4.2.5.2.1  Nonlinear focus shift 

 

 We performed numerical experiments by increasing the input power for all beams. As 

expected, the focus is shifted towards the laser source as the input power is increased. Fig 

4-42(a) shows a comparison of the position of the nonlinear focus of the HPRAW with those 

obtained for the two equivalent Gaussian beams. The focal shift is measured from the linear 

focus obtained at low power, the position of which, ( )λπ /4 2/1
0

2/3 Rwf = , is known analytically 

by considering  large HPRAWs as quasi-1D structures, i.e. the trajectory of the intensity 

maximum of the HPRAW in the linear regime is given by the quadratic acceleration for the 1D 

Airy beams [202, 233]: 

 

 2
0( ) 1 ( / )R z R z f= −  (4.2-22) 

 

Interestingly, in the nonlinear regime, the HPRAW focus shifts in a significantly smaller amount 

compared to the two equivalent Gaussian beams as the beam power increases. For the HPRAW, 

the focus position moves from 24 cm to roughly 22 cm, while the input power is gradually 

increased up to 10 crP . Further increase in power up to 24 crP  seems to have negligible effect on 

the focus position. For both Gaussian beams, the focus shift is much larger than in the HPRAW 

case. Especially for the ECGB, the focus position is shifted down to 11 cm for 24 crP , which is 

more than half the initial distance. For the EEGB, the focus shift is not as strong, but still reaches 

6 cm, about 3 times more than for the HPRAW case. The difference between the two Gaussian 

beams is explained by the wider beam width for the EEGB and the fact that the nonlinear focus 

position is proportional to the Rayleigh length, i.e., scales as 2
0w [10, 25].  
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Fig 4-42   (a) Focus position as a function of the input power for the HPRAW (black 

squares), and the two Gaussian beams with equivalent contrast (red dots), and equivalent 

envelope (blue triangles). (b) Focus shift for the HPRAW as a function of the input power. 

Simulation results (black dots), Empirical formula (green line), minf  empirical limiting 

focus position (blue line). Inset: comparison between expected and simulated focus 

position. 

 

 Since the spatial profile of HPRAW is significantly different from that of a typical 

Gaussian beam, Marburger’s formula [25] cannot be used to predict the collapse distance. 

Following a similar approach, we attribute the focal shift towards the laser source to the optical 

Kerr effect. The collapse of a ring-Airy beam is described in two stages: (i) a quasi linear stage 

during which the ring structure shrinks over a propagation distance minf , and follows the 

parabolic trajectory Eq.(4.2-22). (ii) a second stage from minf  to the collapse distance HPRABf , 

during which intensity of the HPRAW increases more abruptly and the assumption of a quasi 1D 

trajectory for the peak intensity no longer holds. This happens when the primary ring becomes 

sufficiently narrow to induce significant mutual attraction between opposite parts of the ring, in 

analogy with the mutual attraction and merging of two individual filaments induced by cross 

Kerr effects when they are separated by less than approximately three typical filament diameters. 

Pursuing this analogy, we assume that in the case of HPRAWs as well, non-linear effects will 

take over when the diameter of the primary ring is ~3 times larger than the diameter of a typical 

filament in the medium [171]. Using Eq.(4.2-22) we can estimate the propagation distance minf

from the condition min( ) 3 / 2R f wα= : 

(a) (b) 
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 min
0

31
2
wf f
R
α= −  (4.2-23) 

 

where wα ≅ 90 µm is the typical filament diameter in air and R0 ~980 μm. In our case the ring-

Airy focus in the linear regime is f = 23.95 cm. For the second stage, a simple empirical formula 

that fits nicely the simulation results for the nonlinear focus shift as a function of the power RingP  
contained in the primary ring of the HPRAW is given by: 

 

 ( )( )2
/

min 1 Ring crP P
HPRABf f f f e−= − − −  (4.2-24) 

 

where crP  refers to the critical power of a Gaussian beam with the same central wavelength. The 

quantity minf f−  corresponds to the maximum shift that would be obtained at very large power, 

i.e. with an extremely abrupt collapse of the ring in the second stage, due to the optical Kerr 

effect. In order to confirm that Eq.(4.2-24) adequately predicts the non-linear focus position for 

different HPRAW, we have performed simulations for a range of HPRAWs parameters (different 

radius and width). The results of these simulations are compared with the predictions from 

Eq.(4.2-24) and are shown in the inset of Fig 4-42(b). In all cases Eq.(4.2-24) nicely predicts the 

focus position of HPRAWs. 

 

 

4.2.5.2.2 Intensity clamping 

 

 The peak intensity of the HPRAW is shown in Fig 4-43(a) as a function of the 

propagation distance for five different input powers. As the input power is increased, the 

distribution of the peak intensity along the beam propagation changes significantly showing an 

escalating abrupt increase near the focus. For example, at 5 Pcr, the first peak appears much 

more abruptly and high peak intensities extend over a longer propagation distance, compared to 

the linear case. Two additional features appear as the input power is increased. The first, 

emerging at moderate powers (2 Pcr < Pin < 10 Pcr ), is a secondary wide (along z) peak of the 
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intensity profile which initially appears around z = 40 cm. This broad feature is strengthened and 

widened as the input power is increased and is transformed to a plateau at Pin > 10 Pcr. At these 

powers, the peak intensity is almost constant ≅ 2.5 1013 W/cm2 along the plateau, without 

significantly increasing as the input power is further increased. We attribute this effect to the 

presence of nonlinear losses, which are strong enough to limit the increase of the peak intensity. 

The resulting structure is a long filament similar to the filament obtained by propagation of a 

high power Gaussian beam [10], except that it results from the collapse of a ring Airy beam as 

detailed below.  

 The second feature in the peak intensity profile, appearing at very high input powers

( )20in crP P> is an intense sharp peak emerging at the focus. This peak, in contrast to the plateau 

coming next, monotonically increases as the input power is increased. Fig 4-43(b) shows a 

detailed view of this sharp peak intensity for various input powers. When the input power is 

increased above 20 crP a sharp peak is clearly visible in the focal region. As the input power is 

further increased at 24 crP , this peak gets even sharper reaching an intensity of 

13 2~ 6.46 10 /W cm× , indicating a peculiar ability of ring-Airy beams to surpass clamping effects 

at high input powers. Remarkably, this occurs for relatively low numerical apertures whereas 

reaching high intensity within a short filament requires tight focusing geometries [237]. To our 

knowledge, this type of intensity spike was obtained at similar numerical apertures only once in 

numerical simulations [238] and recently in experiments on filamentation in air [239]. In both 

cases, the spike was obtained at the end of the filament after significant reshaping of the initially 

Gaussian beam. In contrast, Airy–ring beams carry by construction a spatial phase that drives an 

energy flux organized to form a spike at the beginning of the filament.  

This unique feature of the HPRAWs is clearly demonstrated in Fig 4-43(c) where the 

maximal peak intensity of equivalent Gaussian and HPRAWs are compared in a range of input 

powers up to 25 crP . In contrast with Gaussian beams, the maximum intensity of the HPRAW 

keeps increasing as the input power is increased. Interestingly, this process is accelerated for 

input powers above 20 crP , which is exactly the power value at which the sharp peak forms in the 

focal region. On the other hand, for both Gaussian beams we observe a similar behavior: In the 

case of the EEGB, the maximal intensity does not increase above 13 2~ 4.4 10 /W cm× at ( )21 crP . 
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Fig 4-43   a) Peak Intensity distribution of the HPRAW vs. propagation distance for various input 

powers. c) Peak Intensity distribution in the focal area as a function of the propagation distance for 

various input powers c) Maximal peak intensity of the HPRAW, and the two Gaussian beams with 

equivalent contrast (red dots), and equivalent envelope as a function of the input power. d) Maximal 

peak intensity at the plateau region (z = 40 cm) as a function of the input power for the ring-Airy 

(black squares) and the EEGB (blue triangles) 

 

This regularization of the maximum intensity is referred to as intensity clamping [171], 

and is usually interpreted as resulting from a balance between self-focusing and plasma 

defocusing. It is actually the combined action of nonlinear losses and plasma defocusing that 

effectively prevents the increase of the laser pulse intensity beyond a certain value (typically 3 - 
13 24 10 /W cm× ) [157]. Likewise, in the case of the ECGB, the maximal peak intensity is 

marginally increasing as the input power is increased, without exceeding 13 23 10 /W cm× . The 

smaller value is due to the lower numerical aperture of the ECGB compared to the EEGB beam.  

(a) (b) 

(c) (d) 
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Interestingly, this exciting behavior of the HPRAW is limited to the focal region. Beyond 

the focal region, nonlinear propagation of HPRAWs is similar to filamentation, like in the case 

of Gaussian beams, in the sense that the combined action of various non-linear effects regulates 

the peak intensity. This is clearly demonstrated in Fig 4-43(d) where the peak intensity of a 

HPRAW at the plateau region (z = 40 cm) is shown in comparison to two Gaussian beams, as a 

function of the input power. The peak intensity for all beams is practically identical for input 

powers above 5 crP . 

An important question to answer for the purpose of predicting the presence of an intensity 

spike in a given experimental situation is: what is the mechanism that allows a paraxial beam 

such as the ring-Airy to surpass the combined limiting action of nonlinear effects and exhibit a 

region of non-regulated intensity in the highly non-linear regime? 

  

4.2.5.2.3 Plasma focusing mechanism 

 

 In order to give an explanation for the intensity increase beyond the clamping value, we 

carefully examined the spatio-temporal evolution of the optical wave packet at the focal region. 

Fig 4-44 depicts the spatiotemporal distribution of the intensity (first row), generated plasma 

(second row) and overall refractive index modulation due to Kerr and plasma, for various 

propagation distances. We find that the annular shape of the intensity and excited plasma profiles 

results in a cooperative action of the optical Kerr effect and the plasma, to form the intense sharp 

peak, in contrast to the situation where the same effects are induced by a Gaussian beam and 

competing.  In a first stage, due to the auto-focusing action, the ring structure shrinks until a 

central peak emerges, enhanced by cross-Kerr effects (Fig 4-44(a)). This position corresponds to 

z = 22 cm, which in our preceding analysis is referred as minf (Eq.(4.2-23)). As the primary ring 

structure continues to shrink, the combined action of Kerr self-focusing towards the center and 

the plasma defocusing from the intense central peak leads to the formation of an intense narrow 

inner ring (Fig 4-44(b)). This narrow ring is accompanied by a thin plasma tubular structure.  As 

a second stage of this process, this intense ring in turn collapses into a single intense spot. Fig 

4-44(c) shows that the defocusing action of the tubular plasma structure splits spatially the 

trailing part of the wave packet creating conical structures in the space-time intensity 
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distribution. The cylindrical geometry of this splitting action results in redirecting energy 

towards the center, acting cooperatively with Kerr self-focusing and linear autofocusing. This 

unique spatiotemporal behavior leads to the very intense hot spot shown in Fig 4-44(d).   

 In the paraxial propagation regime, it is unusual that, the peak intensity of this hot spot is 

not immediately regulated by nonlinear losses (Fig 4-43(c)). The reason behind this behavior lies 

in the abruptness of the process. The spatiotemporal reshaping of the HPRAW is taking place on 

a too short propagation distance for allowing nonlinear losses to actually compensate the abrupt 

energy flux towards the beam center. It is clearly shown in Fig 4-43(b) and Fig 4-44 that the 

ring-Airy wave packet transfers its energy to the intense central peak in only 140 µm of 

propagation. Locally in the beam center, multiphoton absorption is not efficient until its 

characteristic length 
( )1

1
2MPA K

K

L
Iβ −

=  decreases below ~ 140 µm, as intensity grows. This 

occurs for intensities exceeding 13 2~ 4 10 /W cm×   (for which LMPA = 181 μm). In other words, 

increasing the power of a HPRAW leads to a ring-collapse bringing more energy to the central 

peak, without significantly changing the position for the nonlinear focus. This additional energy 

can be absorbed by MPA over the same distance only if the MPA rate increases, i.e. if the peak 

intensity reaches a substantially higher value. Beyond this intense spike, nonlinear losses and 

plasma defocusing regulate again the wave packet intensity of the central peak around the 

clamping value, resulting in the formation of a long filament.  

 As shown in Fig 4-43(c), this unique nonlinear spatiotemporal reshaping mechanism 

leads to higher and higher intensities as the input power is increased. This counterintuitive 

behavior results from the cooperating action of the plasma defocusing and Kerr self-focusing. As 

input power increases the plasma tubular structure (Fig 4-44(c)) becomes denser and thus more 

strongly defocusing. This stronger defocusing directs more energy towards the center leading to 

higher intensities. Does this process have a limit after which the peak intensity at the focus 

cannot be increased anymore? Actually this limit is reached when the medium is fully ionized, 

i.e. when one electron per molecule is liberated. At this point the excited plasma density saturates 

since the second level of ionization would require higher intensities in the primary ring, and so 

does the amount of energy that is redirected towards the center. Furthermore, at much higher 

input powers (Pin > 100 Pcr) the peak intensity of the ring Airy beam exceeds 13 22 3 10 /W cm− × , 

even from an early stage of propagation (z ≈ 0). The combined action of high nonlinear losses 



280 
 

and strong plasma defocusing then depletes the power of the ring-Airy beam and seriously 

reduces the fraction of energy reaching the focus. 

 As we can see in the last line of Fig 4-44, where the total refractive index in (r, t) is 

depicted, the beam is driven by the plasma induced negative Δn almost exclusively. This 

behavior is the key mechanism that shapes the wavepacket at the nonlinear autofocus, with Kerr 

and linear autofocusing being much weaker. Before this point however the Kerr contribution is 

strong, as can be seen at 4 mm and 2 mm before then onset of ionization (at z = 22 cm). This can 

be clearly seen in Fig 4-45, where the total refractive index is plotted again in the (r, t) plane at 

21.6 cm, 21.8 cm and 22 cm. 

 

 

Fig 4-44   (Video_HPRAW_Focus.avi) spatiotemporal distribution of optical wavepacket intensity (first row), 

plasma density (second row), and total Δn (third row) of an HPRAW carrying 24 Pcr powers for various 

positions along the propagation. 
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Fig 4-45   Total refractive index before the nonlinear autofocus position of the 24 crP HPRAW. 

  

 

4.2.5.2.4 Quasi light bullet formation 

 

 Besides the intense peak at the HPRAW focus, interesting spatiotemporal dynamics take 

place beyond the focal region. Fig 4-46 depicts the intensity isosurfaces for an EEGB (first row), 

an ECGB (second row) and HPRAW (third row) for various propagation distances beyond the 

nonlinear focus. Each of the three wave packets carries 10 critical powers. Due to the different 

nonlinear dynamics (Fig 4-42(a)) the actual focus position (denoted as 0 cm in Fig 4-46) along 

the propagation axis is different for each beam. The two Gaussian beams exhibit a typical 

spatiotemporal reshaping process extensively studied in the literature [10]. As shown in Fig 4-46 

the initial Gaussian wavepacket is reshaped into a ring structure with an intense spot that is split 

in the temporal domain. We can clearly see that for both cases the space and time distributions of 

the wavepacket are constantly evolving in a complex way, as expected in filamentation of 

Gaussian pulses. The dynamic reshaping action of nonlinear effects diminishes after ~15 cm of 

propagation. After this point both Gaussian wavepackets spread due to linear diffraction and 

dispersion  

 On the other hand, as shown in the last line of Fig 4-46, the spatiotemporal dynamics of 

the ring-Airy beam are very different. The wavepacket has the form of a ring with an intense 

core in its center while no pulse splitting occurs in the temporal domain. This nonlinear quasi-

light-bullet structure propagates without significant changes over 15 cm. Only after 18 cm of 
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propagation the nonlinear dynamics are starting to weaken and the ring-Airy wavepacket starts to 

spread due to the action of diffraction and dispersion. 

 Note that the ring that surrounds the ring-Airy intense peak at 15 cm after the focus, 

although resembles to the ring feature formed in the Gaussian wavepacket, is generated by 

different mechanisms. In the case of the nonlinear ring-Airy beam, the ring is sustained by the 

combination of the pre-organized energy flux from the tail to the main lobe of the Airy profile 

[232, 233] and light coming from the nonlinear focus, diffracted by the generated plasma. In the 

case of the Gaussian beam, the ring is generated by a spontaneous transformation of the Gaussian 

beam into a Bessel-like beam induced by nonlinear effects [240] and featured by conical 

emission [222]. The extreme case of two-photon absorption exemplify this type of ring formation 

[183]. 

 

 

Fig 4-46   (Video_HPRAW_Bullet.avi) Intensity iso-surfaces for a EEGB (first row), a ECGB 

(second row) and ring-Airy wave packet (third row) at various positions along z after the nonlinear 

focus. Beam propagation direction is from left to right. 

 

 Summarizing this section, we have conducted a numerical study of the spatiotemporal 

dynamics of high power ring-Airy wave packets (HPRAW). Compared to Gaussians, nonlinear 

ring-Airy wave packets have unique and unexpected features for paraxial beams.  They are able 

to locally surpass saturating nonlinear effects and exhibit a region of non-regulated intensity in 

the highly non-linear regime. Our simulations show that this behavior originates from the annular 

shape of the beam that leads to the cooperative action of plasma defocusing with Kerr self-
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focusing and linear auto-focusing of the ring-Airy. Furthermore, the nonlinear focus shift, as the 

beam power is increased, is much smaller for a ring-Airy beam compared to equivalent Gaussian 

beams. By attributing this small shift to a Kerr induced ring-collapse, we proposed a simple 

semi-empirical formula that predicts the position of the non-linear focus for ring-Airy beams. 

Another exciting feature is that beyond the high intensity focal region, the ring-Airy wave packet 

is reshaped into a nonlinear quasi-light-bullet.  These unique features make ring-Airy 

wavepackets very promising for applications of filaments that require high intensities, such as 

harmonic generation, laser micromachining, and remote sensing.  
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5. Appendix 
 

 

 In this section a simple derivation of the linear paraxial propagation equation will be 

derived directly from the Maxwell equations. 

 The Maxwell equations in differential form in SI units are: 

 

 D ρ∇ =


 (5.1-1) 

 0B∇ =


 (5.1-2) 

 BE
t

∂
∇× = −

∂





 (5.1-3) 

 DH J
t

∂
∇× = +

∂



 

 (5.1-4) 

and: 

 

 0D E Pε= +
  

 (5.1-5) 

 0B µ= Η +Μ
  

 (5.1-6) 

 

where: 

 

E


 : electric field B


 : magnetic field 
D


 : electric displacement  Η


 :  magnetic field strength 
P


 : electric polarization Μ


 : magnetization 
J


 : current density ρ  : charge density 

0ε : permittivity of vacuum 0µ : permeability of vacuum 
 

 

For a non-magnetic material:
0

0
µ
Β

Μ = ⇒ Η =


 

.    Eq. (5.1-4) can now be written as: 
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 0 0
0

D DH J J
t t

µ µ
µ
Β ∂ ∂

∇× = ∇× = + ⇒ ∇×Β = +
∂ ∂

 

  

 (5.1-7) 

 

We also assume for the time being that no electric polarization is present in the material 0P =


, 

and Eq. (5.1-5) can be simplified to  

 0D Eε=
 

 (5.1-8) 

 

Using Eqs. (5.1-7) and (5.1-8), and the assumption that the propagation is taking place in a 

material without free charges ( )0ρ = and currents ( )0J =


, the Maxwell equations can now be 

written in the following way: 

 

 0D∇ =


 (5.1-9) 

 0B∇ =


 (5.1-10) 

 BE
t

∂
∇× = −

∂





 (5.1-11) 

 0 0
E
t

µ ε ∂
∇×Β =

∂





 (5.1-12) 

 

Starting from Eq. (5.1-11) we can write: 

 

( ) ( )1.2 20
0 0

B BE E
t t

EE B E
t t t

µ ε

∇×

−

 ∂ ∂
∇× = − → ∇×∇× = ∇× − ∂ ∂ 

 ∂ ∂ ∂
⇒∇×∇× = − ∇× → ∇×∇× = −  ∂ ∂ ∂ 

 

 



  

 

 

 

2

0 0 2
2

0 02
2

2:
t

t t

E E
t E E

for and
t t

µ ε
µ ε

∂
⇒∇×∇× = − ∂ ⇒∇×∇× = − ∂

∂ ∂ = ∂ = ∂ ∂ ∂ 

 

 

 (5.1-13) 
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From basic vector calculus we know that: 

 

 ( ) 2E E E∇×∇× = ∇ ∇⋅ −∇
  

 (5.1-14) 

Also by definition: 

 0 0 2

1
c

µ ε ≡  (5.1-15) 

 

By substituting Eqs. (5.1-14) and (5.1-15) in equation (5.1-13) we get: 

 

 ( ) 2 2
2

1
tE E E

c
∇ ∇⋅ −∇ = − ∂

  

 (5.1-16) 

 

We assume that the electric field remains linearly polarized, transverse to the propagation 

direction. This way the term ( )E∇ ∇⋅


can be neglected.  Eq. (5.1-16) can now be written in 

scalar form simplifying calculations: 

 

 2 2
2

1
tE E

c
∇ = ∂  (5.1-17) 

 

Equation (5.1-17) is the paraxial wave equation in vacuum. 

 

 In order to obtain the evolution equation along z we use the method of separation of 

variables of space and time: 

 

 ( ) ( )E A r T t=  (5.1-18) 

 

where ( )A r and ( )T t are function of r and t. 

 

By substitution of Eq. (5.1-18) in Eq. (5.1-17) we get: 
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( ) ( ) ( ) ( )2 2
2

1
tA r T t A r T t

c
∇ = ∂  

 

 
( ) ( ) ( ) ( )2 2

2

1 1
tA r T t

A r c T t
∇ = ∂  (5.1-19) 

 

Note that the left hand side (LHS) of Eq. (5.1-19) is a function of only r, while the right hand 

side (RHS) is a function of only t. This means that Eq. (5.1-19) can only be valid if both sides are 

constant for all values of r and t. Let this constant be a function of the wavenumber
2k

c
π ω
λ

≡ =  , 

so we can write: 

 
( ) ( ) ( ) ( )2 2 2

2

1 1
tA r T t k

A r c T t
∇ = ∂ = −  (5.1-20) 

 

This gives us two separate equations, one spatial and one temporal: 

 

 
( ) ( ) ( ) ( )2 2 2 21 0A r k k A r

A r
∇ = − ⇒ ∇ + =  (5.1-21) 

 
( ) ( )

( ) ( )

2 2
2

2 2

1

0

t

t

T t k
c T t

T t
kc

ω
ω

∂ = − 
⇒ ∂ + =
= 


 (5.1-22) 

 

To find the spatial evolution equation we will use the electric field envelope ( ), ,x y z  
 

 ( ) ( ) [ ], , , expA r z x y z ikz=   (5.1-23) 

 

where 2 2r x y= + . 

 

By substitution of Eq. (5.1-23) in Eq. (5.1-21) we get: 
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 ( ) ( )2 2 , , e 0ikzk x y z∇ + =  (5.1-24) 

( ) ( )2 2

2 2 2
2

2 2 2

, , e , , e 0ikz ikzx y z k x y z

x y z


⇒∇ + =
⇒
∂ ∂ ∂ ∇ = + +

∂ ∂ ∂ 

 
 

 

( ) ( ) ( ) ( )
2 2 2

2
2 2 2

2 2
2

2 2

, , e , , e , , e , , e 0ikz ikz ikz ikzx y z x y z x y z k x y z
x y z

x y ⊥

∂ ∂ ∂
⇒ + + + = ∂ ∂ ∂ ⇒

∂ ∂ + = ∇
∂ ∂ 

   

 

 

 ( ) ( ) ( )
2

2 2
2, , e , , e , , e 0ikz ikz ikzx y z x y z k x y z

z⊥

∂
∇ + + =

∂
    (5.1-25) 

 

However, the second term of the LHS can be written as: 

 

( ) ( )( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

2

2

2

2

22

2 2

, , e, , e , , e e , ,

, ,
, , e e e , ,

, , , ,e e, , e e , , e

ikz
ikz ikz ikz

ikz ikz ikz

ikz ikz
ikz ikz ikz

x y z
x y z x y z x y z

z z z z z z

x y z
x y z ik x y z

z z z

x y z x y z x
x y z ik x y z

z z z z z

∂ ∂ ∂ ∂ ∂ ∂ = = + ⇒  ∂ ∂ ∂ ∂ ∂ ∂   

∂ ∂ ∂
= + ⇒ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂ ∂
= + + +

∂ ∂ ∂ ∂ ∂


  


 

  
  ( )

( ) ( ) ( ) ( ) ( )22
2

2 2

, ,

, , , , , ,
, , e e e e , , eikz ikz ikz ikz ikz

y z
z

x y z x y z x y z
x y z ik k x y z ik

z z z z

 
⇒ ∂ 

∂ ∂ ∂∂
= + − + ⇒

∂ ∂ ∂ ∂
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 ( ) ( ) ( ) ( )
22

2
2 2

, , , ,
, , e 2 e e e , ,ikz ikz ikz ikzx y z x y z

x y z ik k x y z
z z z

∂ ∂∂
= + −

∂ ∂ ∂
 

   (5.1-26) 

 

By substituting Eq. (5.1-26) in Eq. (5.1-25) we get: 

 

( ) ( ) ( ) ( ) ( )
2

2 2 2
2

, , , ,
, , e 2 e e e , , , , e 0ikz ikz ikz ikz ikzx y z x y z

x y z ik k x y z k x y z
z z⊥

∂ ∂
∇ + + − + = ⇒

∂ ∂
 

  

 

 

 ( ) ( ) ( )2
2

2

, , , ,
, , e 2 e e 0ikz ikz ikzx y z x y z

x y z ik
z z⊥

∂ ∂
∇ + + =

∂ ∂
 

  (5.1-27) 

 

Now we consider the slowly varying envelope approximation in space (SVEA), which was 

already mentioned in the previous section, and can now neglect the 3rd term of the RHS of Eq. 

(5.1-27) since: 

 ( ) ( )2

2

, , , ,x y z x y z
z z

∂ ∂
∂ ∂



 
 (5.1-28) 

 

This will simplify Eq. (5.1-27) to: 

 ( ) ( )2 , ,
, , e 2 e 0ikz ikz x y z

x y z ik
z⊥

∂
∇ + =

∂


  (5.1-29) 

 

which, finally gives us the paraxial evolution equation for the spatial envelope of the electric 

field of a laser beam in vacuum: 

 

 ( ) ( )2, , , ,
2
ix y z x y z

z k ⊥

∂
= ∇

∂
   (5.1-30) 

 

  



290 
 

6. List of Electronic Files 
 

 

Video_IDB.mov: Video clip of the 3D iso-surface plots of the intensity distribution for a 

standard filament (red) and Intense Dynamic Bullet (IDB) of the radial lattice. Plotting was done 

using as an iso-value the half of the peak intensity at each z position. Found in section 3.4.2. 

 

Video_Flux1.mov: Video clip of the transverse flux along propagation distance for a nonlinear 

2D Airy beam with moderate power. Found in section 4.2.4.1.5. 

 

Video_Flux2.mov: Video clip of the transverse flux along propagation distance for a nonlinear 

2D Airy beam with very high power. Found in section 4.2.4.1.5. 

 

Video_HPRAW_Focus.avi: Video clip of the 2D spatiotemporal intensity and plasma density 

distribution of a high power ring-Airy wavepacket (HPRAW) carrying 24 crP , along propagation 

distance. Plotting was done using a varying colormap. Found in section 4.2.5.2.3. 

 

Video_HPRAW_Bullet.avi: Video clip of the 3D spatiotemporal intensity distribution of a high 

power ring-Airy wavepacket (HPRAW) and its equivalent contrast Gaussian beam (ECGB), both 

carrying 10 crP , along propagation distance. Plotting was done using a constant colormap and a 

common iso-value of 12 22.75 10 /W cm× . Found in section 4.2.5.2.4. 

 

code_linear_RZ.m: Matlab code solving the linear propagation equation in RZ geometry. 

Found in section 2.2.1.1. 

 

code_linear_XZ.m: Matlab code solving the linear propagation equation in XZ geometry. 

Found in section 2.2.1.2.  

 

code_nonlinear_RZ.m: Matlab code solving the nonlinear propagation equation in RZ 

geometry. Found in section 2.2.2. 
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7. Index of Symbols 
 

 

E : Electric field 

: Electric field envelope of a light beam 

:r Radial coordinate 

0 :I Peak intensity in 2/W cm  

0 :w Beam waist at 21/ e  radius 

:pt pulse duration at 21/ e radius 

[ ]exp :x the exponential function xe  

( )2 :k n
c

π ωω
λ

≡ = wavenumber in the medium 

0
0

2 :k π
λ

= wavenumber in vacuum 

:λ wavelength 

0 :λ denotes the central wavelength of broad spectrum laser pulse 

0
0

2 :cπω
λ

≡ is the central frequency 

0 0

1 =299792458 m / sc
µ ε

≡  is the speed of light in vacuum 

3.1415926535π   

, ,
x y z

 ∂ ∂ ∂
∇ =  ∂ ∂ ∂ 

: Del vector differential operator, also called the Nabla operator 

2 2 2
2

2 2 2x y z
∂ ∂ ∂

∆ = ∇ = + +
∂ ∂ ∂

: Laplacian differential operator in Cartesian coordinates 

2 2
2

2 2x y⊥ ⊥

∂ ∂
∆ = ∇ = +

∂ ∂
: Spatial Laplacian operator in Cartesian coordinates 

2

2

1
r r r r

∂ ∂
∆ = +

∂ ∂
: Spatial Laplacian operator in cylindrical coordinates 
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E


 : electric field B


 : magnetic field 

D


 : electric displacement  Η


 :  magnetic field strength 

P


 : electric polarization Μ


 : magnetization 

J


 : current density ρ  : charge density 

0ε : permittivity of vacuum 0µ : permeability of vacuum 

 

:t t
∂

∂ =
∂

first order partial derivative 

2
2

2 :t t
∂

∂ =
∂

second order partial derivative 

( ) :group

k
k

ω
υ

∂
=

∂
group velocity 

( ) :phase

k
k

ω
υ = phase velocity 

( )2

2

1 ''
group

k
k

ω
ω ω υ

 ∂ ∂
= =  ∂ ∂  

: Group Velocity Dispersion (GVD) 

( )
2

2
2 21 i

i i

Bn λλ
λ λ

= +
−∑ : Sellmeier dispersion formula 

0n : linear refractive index 

2n : nonlinear refractive index 

2 2
0 0 0

02Diff
kw n wL π

λ
= = : characteristic length for diffraction 

2

''
02GVD

tL
k

= : characteristic length for dispersion 

0 2

1
KerrL

k n I
= : characteristic length for Kerr 

2
Shock

cTL
n I

= : characteristic length for Shock 

0

2
PlasmaL

σω ρτ
= : characteristic length for plasma defocusing 
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2
ABS

L
σρ

= : characteristic length for plasma absorption 

0

1
LattL

k n
=

∆
: characteristic length related to a periodic lattice 

crP : critical power for self-focusing 

CL : collapse distance 

( )1χ : linear optical susceptibility 

( ) ( )2 3, ,...χ χ : nonlinear optical susceptibilities of a nonlinear medium 
154.1356673310 10h eV s−= × ⋅ : Plank constant 

166.58211928 10
2
h eV s
π

−= = × ⋅ : reduced Plank constant 

X integer part of X 

photonE ω=  : photon energy 

2
0 0

2
e

c
m
e

ε ωρ ≡ : critical plasma density at which it becomes opaque 

ntρ : density of neutral atoms or molecules 

319.1093829140 10em kg−= × : electron mass 

191.602176565 10e C−= − ⋅ :  electron charge 

0 / 2wNA n
f

= : numerical aperture of a beam 

Kσ : MPI coefficient 

0K at KKβ ω ρ σ=  : MPA coefficient 

( )
2

2 2
0 0 1

c

e C

e
m cn

τσ
ε ω τ

≡
+

: cross section for inverse Bremsstrahlung 

Cτ : characteristic time for collisions 

recτ : characteristic time for electron recombination 

20 0

2
n cε

Ι ≡  : Intensity as a function of the envelope 
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max

max

0

0

: , 1,..., :

: , 1,..., ::

:
:

j

n

l

l

rRadial r j r j N where N
r

zLongitudinal z n z n N where NNumerical Grids z
Temporal t t l t
Frequency lω ω ω

⊥ ⊥
 = ∆ = = ∆ 
 = ∆ = = ∆ 

= + ∆ 
 = + ∆ 
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8. Index of Abbreviations 
 

 

 

FWHM: Full Width at Half Maximum 

 

SVEA: Slowly Varying Envelope Approximation 

 

LHS: Left Hand Side 

 

RHS: Right Hand Side 

 

GVD: Group Velocity Dispersion 

 

SHG: Second Harmonic Generation 

 

THG: Third Harmonic Generation 

 

CPA: Chirped Pulse Amplification 

 

SPM: Self-Phase Modulation 

 

XPM: Cross Phase Modulation 

 

MPI:  Multi-Photon Ionization 

 

MPA:  Multi-Photon Absorption 

 

NA: Numerical Aperture 
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LIDAR: Light Detection And Ranging 

 

LIBS: Laser Induced Breakdown Spectroscopy 

 

FDM: Forward Differencing Method 

 

CDM: Central Differencing Method 

 

C-N: Crank – Nicolson 

 

2D: 2 Dimensional 

 

3D: 3 Dimensional 

 

4D: 4 Dimensional 

 

IDB: Intense Dynamic Bullet 

 

ODE: Ordinary Differential Equation 

 

OPL: Optical Path Length 

 

SF: Self-induced Filament 

 

LF: Lattice Filament 

 

BS: Beam Splitter 

 

NLSE: Non-Linear Schrödinger Equation 

 

NAB: Nonlinear Airy Beam 
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PMMA: PolyMethyl-MethAcrylate 

 

NLLs: NonLinear Losses 

 

PBB: Pulsed Bessel Beam 

 

FEAB: Finite Energy Airy Beam 

 

NAB: Nonlinear Airy Beam 

 

SLM: Spatial Light Modulator 

 

RAW: Ring-Airy Wavepacket 

 

HPRAW: High Power Ring-Airy Wavepacket 

 

ECGB: Equivalent Contrast Gaussian Beam 

 

EEGB: Equivalent Envelope Gaussian Beam 
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9. Physical Parameters and coefficients 
 

Table 2   Table of physical parameters for λ = 800 nm, 35 fs duration, and 800 1.5498 .nmE eV=  

 Air Water Fused Silica BK7 

0n  1 1.33 1.45332 [241] 1.5108 

2n  
19 23.2 10 /cm W−×

[17, 18] 
16 21.6 10 /cm W−×

[19, 20] 
16 23.2 10 /cm W−×

[21] 
16 2~ 2 10 /cm W−×  

crP  3.2 GW 4 MW 2 MW ~3.37 MW 

''
0k  20.2 /fs cm  2248 /fs cm  2360 /fs cm  [241] 

2506 /fs cm  

iU  ~12.063 eV 6.9 eV [242] 9 eV [243-247] ~4 eV 

K 8 5 6 3 

Kσ  
96 16 83.4 10 cm /W /s−×

[10, 133, 134] 
54 10 51 10 cm /W /s−×

[20, 165] 
71 1 12 61.5 10 /s cm W− −×
[245] 

27 6 32.4 10 /cm W s−×
 

Kβ  95 13 74 10 cm /W−×  50 7 48.3 10 cm /W−×  0K at KKβ ω ρ σ=   

ntρ  18 3~ 5 10 cm−×  22 3~ 6.6 10 cm−×  22 32.1 10 cm−×  [166] 28 3~ 2.1 10 cm−×  

recτ  >> 35 fs ~150 fs [248] 150 fs [249] ~150 fs 

σ 20 2~ 5.5 10 cm− −×  ( )
2

2 2
0 0 1

c

e C

e
m cn

τσ
ε ω τ

≡
+

 22 2~ 5.23 10 cm− −×  

Cτ  ~350 fs 10 fs [230] 1 fs [250] ~5.5 fs 

 

Dispersion coefficients for Eq.(1.2-10), Eq.(1.2-11), and Eq.(1.2-12). From [251]. 

• Air: 

    
( ) 6

2 21 10 B Dn A
C E

λ
λ λ

−
− −

 − = + + − −   
 

A = 80.6051; B = 24809.9; C = 132.274; D = 174.557; E = 39.3295. 

From [5] 
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• Noble Gases: 

 

    
( )2

2 4 6 8 101 B C D E Fn Aλ
λ λ λ λ λ

− = + + + + +  

 

• He: 

 

A = 56.927 10−× ; B = 82.24 10−× ; C = 65.94 10−× ; D = 81.72 10−× ; E = 0; F = 0; 

 

 

• Ne: 

 

A = 41.335 10−× ; B = 32.24 10−× ; C = 68.06 10−× ; D = 83.56 10−× ; E = 0; F = 0; 

 

 

• Ar: 

 

A = 45.547 10−× ; B = 35.15 10−× ; C = 54.19 10−× ; D = 74.09 10−× ; E = 94.32 10−× ; F = 0; 

 

 

• Kr: 

 

A = 48.377 10−× ; B = 36.7 10−× ; C = 58.84 10−× ; D = 61.49 10−× ; E = 82.74 10−× ;  

F = 105.1 10−× ; 

 

 

• Xe: 

 

A = 41.366 10−× ; B = 39.02 10−× ; C = 41.81 10−× ; D = 64.89 10−× ; E = 71.45 10−× ;  

F = 94.34 10−× ; 
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• Liquids and condensed media: 

 

   
( )

22 2
2 231 2

2 2 2 2 2 2
1 2 3

BB Bn A D Fλλ λλ λ λ
λ λ λ λ λ λ

= + + + + +
− − −

 

 

• Water 

 
2 2

1 1.49119 10λ −= × ; 3 2
1 16.44277 10 /B λ−= × ; A = 1.76004457 - 1B ; D = 21.54182 10−− × ;  

F = 34.03368 10−×  

 

 

• Fused silica: 

 

1 0.0684043λ = ; 2 0.1162414λ = ; 3 9.896161λ = ; A = 1; 1 0.6961663B = ; 2 0.4079426B = ; 

3 0.8974794B = ; D = 0; F = 0 

 

 

• BK7: 

 
2 3

1 6.00069867 10λ −= × ; 2 2
2 2.00179144 10λ −= × ; 2 2

3 1.03560653 10λ = × ; A = 1; 

1 1.03961212B = ; 1
2 2.31792344 10B −= × ; 3 1.01046945B = ; D = 0; F = 0 
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