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1.1 Chronoscopy

  For humanity, scientific research and knowledge have been the major means leading to mental and 
sentimental maturity. Legends have been overthrown from their high positions as sacred narrations 
which contain the True scenario of the Cosmogony and they are restricting themselves only to be  
considered as valuable sources of information about humanity's mental nature. Nature insists to 
exist separately from human will and does not reveal its secrets by mystic revelation in human 
minds. In order to keep satisfying the inherent need of understanding and controling Nature, human 
societies  have  started  to  substitute  mystic  revelation  and  magic  with,  more  effective  means,  
research and technology. Humanity has started to accept the “humiliation” of the fact that they do 
not stand at the center of the Universe and they are not the unique reason why everything exist.  
They start even to understand that all the important facts in the Universe do not happen at the space 
and time-scales which are appropriate to the human ones. Nevertheless, these macro- or micro-
events still are influencial to human life and lots of aesthetic and practical benefits come out from 
the investigation of the Macrocosm and the Microcosm. And as human perception is built for the 
human-scale Cosmos, only Technology can help it to penetrate into the realms of the Macro and  
Micro.
  In order to take a look inside the Microcosm, in space or time, one requires a physical quantity 
with a well-controlled spatial or temporal variation. In space such a gradient can be introduced by 
the  radial  profile  of  a  light  or  electron  focused  beam  or  by  a  tip.  The  technique  is  called 
microscopy. Correspondingly, in the temporal domain a physical quantity which presents a rapid 
variation in time needs to be introduced. The use of such a sharp temporal gradient, for measuring 
and visualizing brief processes is often called  chronoscopy, or time-resolved metrology. 
  Since the second half of the 19th century, it was arleady known that by using short flashes of light 
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rapid phenomena could be recorded which could not otherwise be perceived by the naked eye.  
Various techniques which allowed the recording of freeze-frame snapshots, were introduced just a 
few decades after the invention of the photography by Nicéphore Niépce and others in 1820's. The 
principles  of  the  Stop-Motion  Photography started  to  emerge.  From  1859  to 1864,  Toepler 
elaborated a pioneering method, managing to obtain with it  a  complete history of sound wave  
phenomena[1].  He  generated  sound  waves  with  a  short  light  spark  (pump)  and  subsequently 
photographed them with an electronically delayed second spark (probe). Pump-probe spectroscopy 
was born. In 1899, Abraham and Lemoine[2] improved the resolution of pump-probe spectroscopy 
by introducing a simple optical synchronism between the pump and the probe flash, commonly 
used in nowadays. They derived the pump and probe flashes from the same spark with a variable  
optical path length between them. This way, the temporal resolution of the method was improved to  
the limit set by the flash duration, the nanosecond duration of pulses of incoherent light. Here was 
the point where the progress in time-resolved imaging reached a first halt. Futher advance on this  
field was demanding a radical development of new sources of light and their concomitant new 
techniques.
  Technological  breakthroughs,  which allowed a  new boost,  came almost  half  a  century  later.  
Tranistors[3] succeeded to control fast switching of the electric current in the sub-nanosecond scale 
regime, while the invention of the first LASER (Light  Amplification by  Stimulated  Emission of 
Radiation), by Theodore Mainman in 1960[4], opened the way to a huge number of applications 
based on light-matter  interactions in unthinkable,  up to that  time,  spatial,  temporal  and energy 
scales. The first pulsed lasers had durations of several hundreds of microseconds, but the invention 
of the Q-switch by Hellwarth in 1962[5] offered to the pulse duration a four-order-of-magnitude 
decrease. Few years later, in 1966, DeMaria et al.[6] proposed the Mode-Locking technique which, 
in combination with the use of broad-gain dye laser media, resulted in a further reduction of the 
pulse duration down to the sub-picosecond regime. Then, one had had to wait another ten to fifteen 
years until the moment when another 3-order reduction took place. The use of solid state lasers, 
especially the introduction of the Ti:Sapphire crystal as a gain medium [7] in 1980's, in combination 
with the invention of intra-cavity group velocity dispersion compensation techniques, led to the 
production of laser pulses with duration of just a few femtoseconds [8]. The road to Femtochemistry 
had just been built.  
   The atoms within molecules (reactants) rearrange themselves to form new molecules (products). 
Chemical bonds break, form, or geometrically change with awesome rapidity. Before the mature 
growth of the scientific direction of Femtochemistry, these atomic transformations, which involve 
ultrafast displacements of electrons and atomic nuclei, had never been observed in real time. In 
order to take an idea about the duration of these procedures, one has to consider that the speed of  
atomic motion in a  molecule  is  around 1 km/sec.  So,  in order  to record the dynamics  over  a 
distance of an angstrom, one requires a good time resolution within a time interval of around 100 
femtoseconds. Femtochemistry, similar to the “stop-motion” photography, uses femtosecond lasers 
as  stroboscopes  and,  hence,  becomes  able  to  “freeze”* atoms in  motion  in  order  to  study  the 
evolution of molecular structures during the reactions. The field began in the middle of 1980's with 
simple systems of a few atoms. However until the year 1999, when Ahmed Hassan Zewail (the 
"father of Femtochemistry") was awarded the Nobel Prize in Chemistry, it had already reached the 
realm of biological systems such as proteins and DNA[9]. 
 The triumph of Femtochemistry pushed the scientific community to seek for techniques at smaller  
time-scales in order to observe, in real-time, processes that take place inside the atom. Scientists  
wished to give birth to a descendant of Femtochemistry; the Atto-physics**. At this new field, the 
goal would be to “freeze”* the motion of the electrons in the atoms. Taking into consideration that, 
according to the Bohr atomic model, an electron needs about 150 attoseconds in order to circle the 

* By “Freezing” we mean that, for the pulse duration used, they do not have enough time to move far away.
** 1 attosecond = 10-18sec
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nucleus of an Hydrogen atom***,  one can take a rough idea about  the range of pulse durations 
needed. They stand in the sub-femtosecond realm. At this point, the scientific commutiny had come 
to an other halt. Given that a pulse of light should be at least one cycle long, the spectrum of a sub-
femtosecond pulse has to be centered in the Extreme Ultraviolet (XUV) range. However, laser 
sources at such wavelengths did not seem to exist. 
  In early 1990's a scheme was slowly emerging that had the potential to break the “femtosecond 
barrier”. In 1990, Theodor Hansch suggested[10] that a pulse of a few attoseconds could be possibly 
generated from the Fourier Synthesis of a comb of equidistant frequencies in the spectral domain 
with controlled relative phases. Source of his inspiration had been of course the operation of the 
mode-locked laser.  In  1992,  Farkas  and Tóth[11],  combining Hansch's  idea with the remarkable 
features of the High-order Harmonic Generation (HHG) process which had been coming out from 
numerous experiments the past years, realized that the HHG plateau could be a possible relatively  
simple source of sub-femtosecond pulses. The key to go beyond the femtosecond barrier had just  
been provided. 
 The  following  10-15  years  (around  the  second  millennium)  was  the  period  during  which 
Attoscience[54] developped  its  basic  toolbox.  Various  techniques  in  order  to  generate  and  to 
characterize  subfemtosecond  pulses  in  trains,  in  pairs  or  single  ones  have  been  proposed  and 
elaborated[12,13,14,15,58,77,101,125].  Attosecond pulses  emerge  from a  large  number  of  coherent  atomic 
dipole emitters.  The coherence is the result  of the atomic dipoles being driven by a (spatially)  
coherent laser field and the nature of the electronic response of the ionizing atoms.
  An important feature of the attosecond science is that the XUV generation is associated with  
electron emission and recollision processes which are taking place during the non-linear interaction 
of the driving laser field with the medium (atom, molecule or solid). The duration of this process 
stands in the attosecond time scale while the wavelength of the re-collided electron can drop below 
the 1 Angstrom. This mechanism which combines the electron dynamics with the properties of the 
emitted XUV radiation, provides the possibility to reveal unique information in the atomic level  
with ultra high temporal resolution. Furthermore, the generation of intense attosecond pulses and 
the development of approaches with high degree of synchronization pushed the field of Attosecond 
science  to  perform experiments  in  all  state  of  matter  and  study  the dynamics  with  ultra  high 
spatiotemporal resolution. 
   Since the early 2000's, experiments using attosecond technology gave answers to questions that a 
few decades ago physists would hesitate even to ask. Uiberacker et al.[18]  experimentally examined 
how electrons escape from their atomic binding potential under the influence of a strong optical  
field and found that they are set free during a time window of less than 400 attoseconds near each  
field maximum of the ionizing few-cycle laser field. Drescher et al. [19] succeeded to provide direct 
time-domain observation of the decay of an inner-shell vacancy in isolated atoms through Auger  
relaxation. A lot of other experiments of equal importance took place during the last decade making 
Attoscience  a  field  where  experimentalists  do  not  let  the  theorists  to  get  bored,  challenging 
constantly their established theories and creating need for new ones.

1.2 In this Thesis

  The work described in this present thesis is focused on the study of the recollision process in high 
order harmonic generation (chapter 3), the generation of intense isolated attosecond pulses by using 
high power  multicycle  driving laser  field and the temporal  characterization  of  these  pulses  by 
means of a single-shot autocorrelation approach. Briefly, the thesis is divided in 4 distinct parts. 
 Chapter 2 provides the necessary theoretical background of the high order harmonic generation 

***Assuming that it moves in a circular orbit of radius equal to the Bohr radius.
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and attosecond pulse  formation process  while  in  Chapter  3  a unique method for revealing the 
quantum path  details  of  the  recollision  process  is  demonstrated.  This  is  done by mapping the 
electron wave-packet interferences which provide access to the intricacies of the generation of high  
order harmonics. This has been achieved by visualizing their  EUV-spatial-amplitute-distribution 
interference  pattern  created  by  spatiotemporal  overlapping  the  “Short”  and  “Long”  trajectory 
harmonics. Due to high degree of accuracy that the present approach provides, the quantum nature 
of the recollision process has been demonstrated for the first time. This is done by quantitatively  
correlating the photoemission time and the electron quantum path length differences taking into 
account the energy-momentum transfer from the driving laser field into the system.
 In Chapter 4 a novel single-shot second-order autocorrelation scheme for temporal characterization 
of the XUV radiation is presented. It is based on an ion imaging technique, which provides spatial 
information  of  the  ionization  products  in  the  focal  volume  of  the  XUV beam.  An  evaluation 
towards  selecting  an  optimum configuration  has  been  performed,  using  simple  analytical  and 
detailed numerical modeling. The implementation of the concept is discussed and the proposed  
setups are assessed. 
  Finally, in Chapter 5 we present the implementation of a new collinear, compact, “user-friendly”  
and with long term stability Polarization Gating Apparatus. We demonstrate the generation of a 
broadband coherent continuum extreme-ultraviolet (XUV) radiation produced by the interaction of 
gases with a many-cycle infrared (IR) laser field elliptically modulated by this Gating Aparatus. An 
ultra-short temporal gate, with high energy content, is formed and the XUV emission is restricted  
therein. The gate width has been measured and is in agreement with the theoretical calculations. 
The spectral width of the emitted XUV radiation can support isolated pulses of 200 attoseconds 
duration.
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2.1 Strong light-matter interaction

  A great number of important physical phenomena associated with attosecond science originate 
from the strong light-matter interaction. In this chapter we will  briefly  describe the ones most 
relevant to our research. 
  When a laser field interacting with an atom or a molecule is weak *, conventional time-dependent 
perturbation theory[20] allows us to understand and describe almost everything. But what can we do 
when the perturbation theory is no longer applicable? This is what happens when the laser field is 
comparable  or  stronger  than  the  atomic  field. Theoretical  models  based  on  the  Strong  Field 
Approximation (SFA) and pioneered by Keldysh, Reiss and Faisal[21-23], provided an answer to this 
question.

2.1.1 Strong Field Approximation, Volkov propagator and Ponderomotive Energy 

  The time-dependent Schrodinger equation (atomic units are used):

i ∂
∂t

∣Ψ 〉 = Ĥ (t) ∣Ψ 〉                                                          (2.1),

has a formal solution:
 

* Here, “weak” means that the laser field strength [given by E(V/cm) = 27.4 • √I(W/cm2)] is much smaller compared to the 
atomic field “seen” by a valence  electron (~109 V/cm for the Hydrogen atom in the ground state).
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∣Ψ (t ) 〉 = e− i∫0
t Ĥ ( t' ) dt' ∣Ψ (t=0) 〉                                                 (2.2).

In  the  end,  we  try  to  substitute  the  operator  exp(−i ∫0
t Ĥ (t ' ) dt ' ) with  a  number 

exp(−i ∫0
t E(t' ) dt ' ) where  E(t) is energy. Such a substitution can be made rigorously for a free 

electron in the presence of an arbitrary polarized laser field. This is what the SFA intends to exploit. 
  Let's try to summarize the physical picture in a few lines. In a low-frequency field * the electron, 
still in the ground state, follows slow oscillations of the laser field. In other words, the atom cloud 
is  polarized  by  the  laser  field.  If  the  electron  manages  to  escape  from  bound  states  to  the  
continuum,  its motion is mainly influenced by the oscillating laser field and the presence of the  
parent ion does not provide but a probability of rescatering or recombination. As a consequence, in 
equation (2.2), instead of the exact propagator exp(−i ∫0

t Ĥ (t' ) dt ' ) we will use an approximate 

propagator exp(−i ∫0
t Ĥ F (t ' ) dt ' ) which includes the laser field fully and exactly but completely 

ignores the field-free binding potential of the system V̂ A : 

Ĥ F ≡ Ĥ − V̂ A                                                           (2.3).

This approximation is the essence of the SFA and takes advantage of the fact that the propagator of  
the free electron in the laser field, the so-called Volkov propagator[24], is known analytically.
   If the “free”** electron escapes in the continuum at an instant t' with velocity v⃗ ', then its velocity ⃗v 
at any later time t will be:

v⃗ = v⃗'+ q
m

A⃗ (t ' )− q
m

A⃗ (t )                                              (2.4),

where  q and  m are the electron charge and mass and  A⃗ (t ) is the vector-potential of the electric 
field.  The  conserved  quantity  P⃗ ≡ m v⃗ (t ) − q A⃗ (t),  in  the  formula  (2.4),  is  the  canonical 
momentum. 
  From (2.4) we can reason that the instantaneous energy during the oscillations is:

U(t ) = 1
2

m [ v⃗ '−q A⃗ (t ' ) + q A⃗ (t )]2                                        (2.5).

It is very important to note here that U(t) is independent from the position of the electron. The force 
exerted on the electron by the laser field, at each moment, is considered to be the same everywhere  
in space.
  According to the above, the Volkov propagator is given by:

e
− i∫

t'

t

Ĥ F(t́́) dt́́

∣v⃗' 〉 = e
−i∫

t'

t

U (t́́) dt́́

∣v⃗ 〉                                             (2.6),

where ∣v⃗' 〉 and ∣v⃗ 〉 represent the plane waves exp[ i m v⃗
ℏ x⃗ ].

 It is very interesting also to check how easily one can extract the so-called ponderomotive energy 
Up (i.e. the mean kinetic energy of the electron during its quiver motion away from the parent ion) 
from equation (2.5). We just have to consider v⃗ '(t'=0) = 0, which means that the electron appears 
in the continuum with zero initial longitudinal velocity (component of the velocity parallel to the 

* “Low” in comparison to the characteristic response frequency of the system
** The quotation marks are added because the electron is not really free. It remains exposed to the influence of the laser 

field.
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direction of the electric field). We also have to remember that the electric field F⃗ is connected to the 
vector-potential via the formula:

F⃗ (t) = −
∂ A⃗(t)

∂t
                                                           (2.7).

Then,  by  calculating  the  mean  value  within  one  cycle  of  the  laser  field,  we  obtain  the  very 
important result:

U p = q2 F 2

4m ω2                                                               (2.8).

2.1.2 Ionization of atoms in the strong field regime

  When a strong laser field interacts with an atom, every bound electron starts to “feel” the presence 
of this external field by the periodic change induced to the potential well in which it is energetically  
located. 

Figure 2-1: (a) Multiphoton ionization channel (γ >> 1). (b) Tunneling ionization channel (γ << 1).

 The  potential  well  is  being  distorted  and  shaken  in  each  laser  cycle  only  if  the  well  has  a 
reasonable size*. Then, ionization can occur via multiphoton process or tunneling, leading to two 
different ionization channels which may coexist.
 Following the first channel (multiphoton), ionization proceeds via the classically allowed region 
(as shown in Figure 2-1(a)). According to a simplified classical description[25], the electron “heated” 
by the shaking walls of the potential well, may gain enough energy to slip out of the well. This  
mechanism becomes more probable as the size of the well is increased and as the laser frequency is  
not too low in comparison with the electronic response time. Consequently, for low-frequency ** 
laser fields and for ground states, which means small and deep effective well size  (i.e.  atomic 
ground states), this “classical” multiphoton channel of ionization is not very likely*. In other words, 

*  There cannot be distortion of a delta-function potential.
**   “Low” compared to the electronic response time.
*   Unless a  resonance with some excited state takes place, which slows down the electronic response time.
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the MPI channel comes less significant as the laser frequency decreases and the ionization potential 
(Ip)  increases.
  On the other hand, the second channel (tunneling ionization) is based on the posibility of the  
electron to tunnel through the barrier which is created every half-cycle of the driving field [as 
shown in Figure 2-1(b)]. If the frequency of the laser is very low, which can be interpreted as the 
inverse of the frequency being much bigger than the time the electron needs to tunnel out through 
the distorted potential, the barrier can be considered as quasi-static. In this case,  the ionization is 
dominated by electron tunneling.  The whole  process  can be described  quite well  by using the  
essential formulas which describe an electron tunneling through a barrier distorted by a constant 
Coulomb potential. Consequently, tunneling becomes the prevailing ionization channel as the laser 
frequency decreases and the ionization potential increases. 
  There is also a third case which stands in between the two described above. If the laser frequency 
is not “so-low”, the barrier moves while the electron tunnels, leading to changes in the electron 
energy under the barrier. This last case consists practically of a mixture of the multiphoton and  
tunneling ionization already described. The electron is “heated” by the shaking walls and tunnels 
through the moving barrier as well. To deal theoretically with this problem is quite harder.
  In 1964, Keldysh introduced[21] his famous parameter γ [see the equation (2.9)] in order to identify 
quantitatively the contribution of each of the two ionization channels.  In reality, this parameter  
expresses a comparison between the tunneling time τ** and the laser period T.

γ ≡ √ I p

2 U p

                                                                  (2.9),

  Keldysh has already proposed[21] to define tunneling time as the time that a classical particle would 
have taken in order to traverse the barrier if the motion had been classically allowed. Let' s consider 
a simple example. For a binding energy Ip and a short-range potential, the velocity of the particle 
travelling  through a  triangular  barrier  created  by  a  constant  electric  field is  given  in  time as:  
υ(t ) = υmax−F t,  with  υmax = √2 I p being  the  velocity  at  the  entrance  into  the  “classicaly 
forbidden region”. Setting υ(τ ) = 0, we obtain for the tunneling time τ:

τ =
υmax

F
= √2 I P

F
                                                           (2.10).

By taking into account expressions (2.8), (2.9) and (2.10), we see that:

ω τ =
ω √2 I P

F
= √ I P

2U P

≡ γ                                                (2.11), 

ω being the angular frequency of the laser field.
  For  γ << 1, the barrier can be considered as remaining static during the motion of the electron 
through it. Nevertheless also for γ > 1, as mentioned before, we cannot say that tunneling does not 
take place. The difference here is that the elecron absorbs energy while penetrating the barrier. As  
the electron increases its energy, the barrier is seen as “narrower” for it and the electron escapes 
more easily. This is the way the two channels of ionization, the classical multiphoton one and the  
tunneling one, are combined. Everything takes place inside the classically forbidden region.
 For  reasons  of  efficiency  in  the  generation  of  High-order  Harmonics  [see  section  2.2],  the  
experimental conditions for the work in the present thesis are selected in such a way that condition 

** The time that the electron needs to pass through the barrier [see figure 1-1(a)]
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γ << 1* is fulfilled. For the rest of this Chapter we will focus in this region of γ values. 
 
  The  ionization  process,  for  γ <<  1,  is  treated  successfully  by  mainly  two  analytical 
approximations. The one is the Keldysh approximation[21] and the other is the Ammosov-Delone-
Krainov approximation (ADK approximation)[26]. Both are based on the adiabatic approximation 
which considers the light field as practically static during the ionization process. A general and 
common feature of the above two approximations is the exponential law which rules the ionization 
rate. As an example, the rate provided by ADK for the hydrogen atom can be expressed as: 

W H ∝ I P exp(− 4 I P

3ℏωt
)                                                       (2.12),

where  ω t =
e F(t )

√2m I p

. 

The probability of ionization of an atom is decreasing in time by:

P(t ) = 1 − exp[−∫
−∞

t

W (t ' )dt' ]                                                (2.13).

 From equation (2.13) can one extract the total ionization yield generated at each moment t  by a 
laser pulse, taking into account its temporal profile.

2.2 High-Order Harmonic Generation (HHG)

2.2.1 The puzzle of HHG process

  In 1987, Mcpherson et al.[27] discovered high-order harmonic generation (HHG). In experiments 
seeking to characterize perturbative low-order harmonic generation, they unexpectedly observed a 
large number of odd harmonics of the fundamental driving laser (3 rd, 5th, 7th, 9th, 11th, 13th, 15th and 
17th harmonics). An additional surprising fact was that the intensity of successively higher harmonic 
orders did not decrease significantly, as it would be expected from perturbative nonlinear optics  
[see  Figure 2-2(a)]. Within a very short time, Anne L'Huiller and coworkers observed high-order 
harmonic emission using infrared driving lasers[28] that generated an even more remarkable comb of 
harmonic frequencies. Schematically, the harmonic spectrum depicted three characteristic regions 
[see  Figure 2-3]:

– Low-order Harmonics are situated in the so-called “pertubative” part, where the amplitudes  
of  the  harmonics  are  decreased  exponentially  as  expected  from  the  old  perturbative 
theories. Their photon energies stand below the Ionization Potential (Ip) of the genetating 
medium.

– The “plateau” which follows, is the spectral interval where is located a comb of high-order 
harmonics of more or less equal amplitude [see Figure 2-3(b)]. 

– The abrupt cut-off at the end of the “plateau” [see Figure 2-3(b)]. 

* Αn IR pulsed laser of 35 fs duration, with carrier wavelength 800 nm and intensity in the range of 1014 W/cm2 is used.
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Figure 2-2: Discovery of HHG process in rare gases. Early figures in the scientific literature. 
(a)  A plot of the relative energy-conversion efficiency for harmonic generation in Ne shows a sharp change in slope 
between the ninth and eleventh harmonics. The arrow indicates the energy at which a 2s electron in the neutral becomes 
excited. For the seventh harmonic, the typical error bar is shown. The efficiency of the thirteenth harmonic is ~2*10-11. 
[Figure and caption from McPherson et al.[27]].  (b) The relative intensity of the harmonics generated in Ar at a laser  
intensity of approximately 3*1013 W cm-2. The arrow indicates the highest harmonic order observed. The 13th harmonic is 
missing due to a strong absorption of the 81,9 nm radiation in the photoexcitation of a 5d state. [Figure and caption from  
Ferray et  al.[28]].  (c)  A schematic diagram of a high-harmonic spectrum. The generic shape is shown as well  as the  
associated cut-off energy provided by the three-step-model. 

  The above group of features gave a headache to the theorists who tried to give an explanation. The 
restriction to only odd-order harmonics which appear can be easily explained by taking symmetry 
reasons into consideration – the inversion symmetry of a gas medium precludes the generation of  
even-order harmonics. Nevertheless, the perturbative understanding of nonlinear optics could not 
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explain  why  many  harmonics  in  the  “plateau”,  all  of  comparable  intensity,  are  generated  all  
together.  This  unique  physics  of  the  HHG process  necessitated  a  new perspective  and  a  new 
formalism. 
  The key to uncovering the physics underlying HHG is to understand how atoms respond to strong 
laser fields.  This topic was appealing to a lot of scientists in the 1980s,  when above-threshold 
multiphoton  ionization  was  observed  and  studied[29].  The  time-dependent  Schrodinger  equation 
simulation of how a single electron is ionized from an atom by a strong laser field was already 
successfully used to explain the above-threshold multiphoton ionization. Kulander and coworkers 
used it again in order to reproduce the characteristic multiple harmonic spectra of HHG [30]. Other 
groups tried  to explain the  basic  HHG process,  considering it  to be a  Raman-like process  via 
continuum states[31,32] and describing the recollision process in classical  terms in the context  of 
above-threshold multiphoton ionization[33].  

2.2.2 The Three-Step-Model

  An  intuitive  picture  of  HHG  appeared  in  the  early  1990s.  Based  on  simple  classical 
considerations, explained well the universal form of the “plateau” and the “Cut-Off” region of the 
HHG spectrum.  It  was  the so-called  “three-step-model”[34].  In  this  scheme,  an  electron  is  first 
liberated from an atom through strong field ionization (Step 1), is then accelerated by the laser field 
(Step 2), and finally recombines with the parent ion, emitting any excess energy as a high-energy  
photon (Step 3) [see Figure 2-3].

Figure 2-3:  Schematic presentation of the three-step-model.

   The three-step-model not only explained well the universal scheme of the HHG spectrum, but  
offered additionally  a deep insight  into the whole  physical  procedure revealing very  important 
intrinsic  features  of  the procedure.  For instance,  predictions  like  the dual  contribution to  each 
generated harmonic from two distinct classes (named later as “short” and “long”) of trajectories 
followed by the electron in the continuum (Step 2), or the inherent linear chirp of the harmonics,  
would be soon experimentally proved and consist until  our days the most important guidelines 
concerned with the so-called “Atto-Science” and “pulse-engineering” in the attosecond scale. 
  Just  a few months after the publication of the classical  version of the “three-step-model” by 
Corkum[34], a semi-classical (or semi-quantum) treatment* of the same basic concept appeared[36]. 
Recovering the classical interpretations of Kulander et al[35] and Corkum[34], this work situated the 
ideas of the model in the quantum “linguistic” context of the Atomic Physics and revealed details 
not enough elucidated by the previous version. In particular, information about the phase of the 

*  “Semi-classical” has the sense here that the driving field is treated classically and not within a full quantum 
context.
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harmonic emission -which is of utmost importance for our work (see Chapter 3)- is for the first  
time offered by this semi-classical description of the procedure. 
   Here, the classical model first and the semi-classical one second, will be briefly presented in 
order to introduce the reader into the core of the semantic frame in which is situated the work  
presented in this Thesis.

2.2.2.1 The classical three-step-model

  By using the ADK tunnel ionization model[7], one can show that the probability of ionization is a 
function of the laser electric field and is higher just after the peak of the oscillating field. As a  
result, a sequence of electron wave packets is formed, one near each peak of the laser electric field.  
This is the “first step” of the three-step-model.
  Τhe “second step”, that is to say the evolution of the electron wave packet under the influence of 
the oscillating laser field, is treated by using classical mechanics. For reasons of simplicity, we 
assume that the laser is a monochromatic light and we consider only its electric field: 

F⃗ (t) = F0 cos(ωt ) e⃗ x + α F 0 sin(ωt ) e⃗ y                                      (2.14).

Both the magnetic field of the laser and the electric field of the ion are ignored. The initial velocity 
at the time of ionization is taken as 0 and the initial position is supposed to be the position of the 
parent ion (also selected as position 0). Thus, by taking into account all the above assumptions, the 
electron motion after tunneling is described by the following differetial equation:

d 2 r⃗

dt2 = −
qe

me

F⃗ (t )                                                 (2.15),

the solution of which in cartesian coordinates, taking into account the initial conditions, gives the  
group of equations:

x(t ) = x0 {[cos(ωt )−cos(ωt' )] + ωsin(ω t' )(t−t' )}                         (2.16),

y(t ) = −α x0 {[sin(ωt )−sin(ωt' )] − ω cos(ωt' )(t−t' )}                      (2.17),

υx(t) = −υ0[sin(ωt )−sin(ω t' )]                                        (2.18),

υ y(t ) = −α υ0[cos(ωt )−cos(ωt' )]                                            (2.19),

where α = 0 for linearly polarized light and α = ±1 for circular polarization,  υ0 = q F 0 /me ω and 
x0 = q F0 /me ω2. Let us take a numerical example. For light wavelength of 800 nm (typical for Ti-
Sapphire laser systems) and intensity on target of 5*1014 W/cm2, x0 ~2nm. This value gives an idea 
about the distance from the parent ion reached by the electrons which at the end some of them will 
return to the core.
  Here, we can already make a quick comment on the importance of the ellipticity of the driving 
field. As it can be immediately seen from equations (2.16) and (2.17), for circularly polarized light 
(α = ±1) the electron never returns to the vicinity of the ion (x = 0 and y = 0 at the same time) and 
consequently  the  photon  emission  (“third  step”)  does  not  take  place.  The  dependence  of  this 
photon emission on the ellipticity of the driving field is widely used in our days in “Atto-Science”.  
Particularly,  consists  the base for a  numerous “gating” techniques,  in which the change of the 
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ellipticity plays the role of a “switch” concerning the generation of the XUV radiation [see Chapter 
5].
  However, is not only the ellipticity which prevents electrons from returning back to the parent ion.  
Even with linearly polarized laser light (α = 0), the probability of recombination of the electron 
with the parent ion depends on its time  t' of ionization. As it can be seen from equation  (2.16), 
electrons which are revealed during the temporal intervals: ω t' = π/2 to ω t' = π and ω t' = 3π /2 
to  ω t' = 2π,  will  never  return back to  the ion.  On the other  hand,  electrons  revealed  during:  
ω t' = 0 to ω t' = π /2 and ω t' = π to ω t' = 3π /2, will return. 
  In the “third step” the electrons recombine with the parent emitting a photon, the energy of which 
is the sum of the kinetic energy gained during their travel away from the ion and of the ionization  
potential Ip of the atom. Thus, by using the equations (2.8) and (2.18), we obtain:

E ph = I P + 1
2

m υ2(t) = I P + 2U P [sin(ωt )−sin(ωt' )]2                      (2.20),

where  IP is the ionization potential of the atoms in target and  UP is the ponderomotive potential 
given  in  the  equation  (2.8).  The  energy  Eph depends  only  on  t and  t'.  As  the  time  t of  the 
recombination depends only on t' [equation (2.16)], we conclude that the time t' predetermines the 
trajectory  of  the  electron  during its  journey away from the parent  ion.  Predetermines  also the 
energy of the emitted photon after recombination [see Figure 2-4].
  By solving the equation (2.16) for x(t) = 0, one can obtain a simple analytical function[37] which 
correlates one-to-one the recombination time t with the ionization time t': 

t
T L

= 1
4

− 3
2π

sin−1(4
t '
T L

−1)                                          (2.21), 

where TL is the period of the laser field. The graphic representation is shown in Figure 2-4(a). 
  As it is noted in the equation (2.20), the kinetic energy of the returning electron is an important 
parameter  for  the calculation of the  harmonic  spectrum predicted  by this  classical  “three-step-
model”. Using the equations  (2.21), (2.18) and (2.8), one is able to obtain the dependence of the 
kinetic energy of the returning electron on its  time of  ionization  t'  [see  Figure  2-4(b)],  or  the 
dependence on its time of recombination [see Figure 2-5]. The most valuable information provided 
by this simple model and its success, is based on the calculation of this kinetic energy.
   The kinetic energy of the returning electron, as can be calculated from the equation (2.20) and 
shown  in  Figure  2-4(b),  takes  as  a  maximum  value:  3.17Up.  So,  depending  linearly  on  the 
ponderomotive  potential,  imposes  a  maximum value  on  the  photon  energy  emitted  during  the 
recombination:

ECutOff = I P + 3.17 U P                                                   (2.22).

This maximum value was immediately connected by Corkum with the highest order of efficient 
harmonic conversion nCutOff = ΕCutOff / ℏω, i.e. with the already experimentally known abrupt “cut-
off” of the High-order Harmonic Generation procedure. As it can be seen from equation  (2.22), 
keeping in mind the expression for the Up in (2.8), the position of the cut-off can be transposed to 
higher energy values either by increasing the ponderomotive potential  Up.  This can be realized 
either by increasing the laser intensity, or by increasing the wavelength. The successful explanation 
of the  cut-off law was one of the most notable successes of this model.
   Another very important intrinsic mechanism of the HHG process, which was revealed by this 
semi-classical three-step-model, is the existence of two different classes of electron “trajectories” 
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which contribute to the generation of the harmonic spectrum. With just one glance on Figures 2-
4(b) and 2-5, can be seen that for every value of kinetic energy corresponds to two different times 
of ionization and two different times of recombination. More specifically, one electron released at  
time t'long < 0.05 TL returns to the parent ion with the same kinetic energy as the one revealed at time 
t'short > 0.05 TL. From (2.21) and Figure 2-6(a), one can realize that electrons released earlier in time 
will return later in time. We say that the electrons released before 0.05 TL follow a “long” trajectory, 
while those which are released after 0.05 TL follow a “short” trajectory. 

Figure 2-4 : (a) Dependence of the time of recombination t of an electron on its corresponding time of ionization t' (both 
are presented normalized by the laser period TL).  (b) The kinetic energy of a returning electron normalized by Up as a 
function of its corresponding ionization time t'.

 The  importance  of  this  dual  contribution  on  the  harmonic  spectrum  by  “ long”  and  “short” 
trajectories, first predicted by this simple semi-classical model, is enormous. For 20 years now, an  
unimaginable quantity of paper, ink and computing power has been consumed in order to be better 
understood the nature of these two classes of trajectories and their consequences on HHG. A big 
part of this Thesis is dedicated to such a study and, practically, for the rest of this chapter and for all  
along the following one, we will not stop on discussing about “short” and “long” trajectories. 
  For the moment let us examine a very characteristic and interesting feature of the HHG from 
“short” and “long” electron trajectories. Looking at Figure 2-5, it becomes clear that the energy of 
the emitted photon, at the recombination of the electron with the parent ion, depends on the time t 
of the recombination. This introduces a chirp ∝ dE ph(t)/dt inside the bandwidth of each harmonic 
and  between  the  constitutive  harmonics  (harmonic  chirp).  Figure  2-5 shows  that  this  chirp  is 
negative for the “long” trajectories and, contrarily, positive for the “short” ones. In both cases, 
seems to be almost linear over a broad photon energy range in the plateau spectral region.
    Although in the HHG are always present contributions from both “short” and “long” trajectories, 
these contributions* are not equal. Elentrons which travel in “long” trajectories, leave their atoms at 
ionization times t' closer to the peaks of the oscillating laser peak. Those which travel in “short” 
trajectories  leave  their  atoms  at  later  times,  when  the  electric  field  gets  smaller  values.  This  
difference influences the rate of ionization which results not to be the same for both cases. The 

* Here we are not  taking into account  phase-matching effects  from propagation inside the medium, which we will 
examine later in this Chapter.
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“long”  trajectories  contribution  is  quite  stronger  than  the “short”  one,  because  there  are  more 
electrons which travel following “long” trajectories. This indirect prediction of the semi-classical 
three-step-model,  very  soon  was  experimentally  verified[38] and  nowadays  is  considered  as  a 
common effect.

Figure  2-5: Graph  of  the  kinetic  energy  of  returning  electrons  (normalized  by  Up)  and  of  the  corresponding 
recombination times (normalized by  TL) for each value. The branch above, with the negative slope, belongs to “ long” 
trajectories. On the contrary, the branch below, with the positive slope, belongs to “short” trajectories.

   The reader may be tortured by one bizarre question: The model has been presented in order to 
explain the high-order harmonic generation. But, up to now, where are the harmonics? The emitted 
spectrum shown in Figures 2-4(b) and 2-5 looks to be continuum. The answer is given by taking 
into  account  the  T/2  periodicity  of  the  process.  The  interference  between  spectra  emitted 
successively every half-cycle, results in producing  a spectrum which consists well confined odd 
harmonic frequencies as is shown in Figure 2-2. 
  Techniques are elaborated in order to modify the features of the generated spectrum by changing 
the periodicity of the “three-step”-procedure. If one imposes a periodicity of one cycle instead of 
half-cycle, then even-order harmonics will appear too[39].  If, on the other hand, one restricts the 
periodicity  of  the  procedure  for  only  one  or  maximum  two  laser-cycles*,  a  large  continuum 
spectrum will result. This is the main idea which triggered the development of the so-called Gating 
techniques [see Chapter 5]. 

2.2.2.2 The semi-classical three-step-model

  The semi-classical version of the three-step-model,  presented by Lewenstein et al. [36],  includes 
important quantum-mechanical effects such as quantum diffusion of wave packets and quantum 
interferences which are not included in the previous classical version. It allows us to get a better 
physical understanding of the harmonic generation in the tunneling limit. The model which is valid 

* ...or, even better, if it is possible to cancel totally the periodicity by imposing on the “three-step”-procedure to take place 
only once. The feasibility of this idea starts to emerge slowly at the present time with the development of the very few-
cycle femtosecond laser systems. 
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for harmonic photon energies higher than the ionization potential of the atom (ℏω > Ι p), is using 
the following three assumptions:

(1) The contribution of all the bound states apart from the ground state ∣0 〉 can be neglected.
(2) The depletion of the ground state can be neglected (as the intesity of the driving field which 

provides the ponderomotive energy Up  is lower than the saturation intensity). 
(3) In the continuum, the electron can be treated as a “free” particle moving in the electric field  

with no effect of the atomic potential V ( r⃗ ).
  For an atom under the influence of the laser field F⃗ (t) = F⋅cos(t)⋅ê x, of linear polarization in the 
x-direction, the Schroedinger equation using atomic units can be expressed as:

i
∂∣Ψ ( r⃗ ,t )〉

∂t
= [−1

2
∇ 2+V ( r⃗ ) − F⃗⋅⃗r ] ∣Ψ ( r⃗ ,t ) 〉                                (2.23).

After making the above three assumptions, the time-dependent wave functions can be expanded as:

∣Ψ (t) 〉 = e i I p t (α(t )∣0 〉 + ∫b( v⃗ ,t )∣v⃗ 〉 d3 v⃗ )                                    (2.24),

where α(t ) ≈ 1 is the ground-state amplitude, and b( v⃗ ,t ) are the amplitudes of the corresponding 
continuum states ∣v⃗ 〉. 
  By substituting (2.24) to  (2.23), one obtains the Schroedinger equation for b( v⃗ ,t ) which can be 
solved exactly and give:

b(v⃗ ,t ) = i∫
0

t

F⃗⋅d⃗ ( v⃗+ A⃗(t )− A⃗(t' ))dt' ∗

∗ exp[−i∫
t '

t [ ( v⃗+ A⃗(t )− A⃗(t ' ' ))2

2
+ I p] dt'' ]

                                (2.25),

A⃗ (t ) being the vector potential which is related to the electric field F⃗  via the formula: 

 F⃗ (t) = −
∂ A⃗ (t)

∂ t
                                                     (2.26),

and d⃗ ( v⃗ ) the  bound-free  transition  atomic  dipole  matrix  element,  which  is  a  function  of  the 
momentum (in atomic units) ⃗v. Explicitly:  d⃗ ( v⃗) ≡ 〈 v⃗∣⃗r∣0〉.
 In  order  to  calculate  the  time-dependent  dipole  moment,  one  needs  to  evaluate: 
R⃗(t) = 〈 Ψ (t )∣r⃗∣Ψ (t )〉.  By  doing  this  and  neglecting  the  contribution  from  the  continuum-
continuum transitions  (only  the  transitions  back  to  the  ground  state  are  considered),  the  final 
expression for the dipole moment of an atom in the time domain takes the form:

R⃗(t) = i∫
0

t

dt ' ∫ d 3 p⃗ ∗ [ d⃗ ∗( p⃗ − A⃗(t )) ] ∗ [ F⃗ (t ' )⋅d⃗ ( p⃗− A⃗(t' ))] ∗

∗exp [−i S( p⃗ ,t ,t' )] + c.c

                  (2.27),

where p⃗  is the canonical momentum:  p⃗ ≡ v⃗ + A⃗ (t)                                             (2.28),
and S is the quasiclassical action that the electron acquires during its excursion in the laser field: 
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S( p⃗ ,t ,t' ) = ∫
t '

t

dt ' ' ( [ p⃗ − A⃗(t' ' ) ]2

2
+ I p)                                     (2.29).

 A  nice  physical  interpretation  can  be  attributed  to  the  equation  (2.27).  The  term 
F⃗ (t' )⋅d⃗ ( p⃗ − A⃗(t ' )) is the probability amplitude for the electron to make the transition from the 
ground  state  ∣0 〉 to  the  continuum at  time  t' with  the  canonical  momentum  p⃗  {Step  1}.  The 
electronic  wave  function is  then  propagated  until  time  t and  acquires  a  phase factor  equal  to 
exp [−i S( p⃗ ,t ,t' )] *{Step 2}. Finally, the electron recombines at time t with a probability amplitude 
equal to d⃗∗( p⃗− A⃗(t) ) {Step 3}.
 Equation (2.27) contains  everything.  The  Fourier  transform  of  R⃗(t ) provides  the  harmonic 
emission spectrum. Of course is not so easy to take it out. Nevertheless, during the procedure, one 
obtains a beautiful understanding of the physical process. This understanding and elucidation of the 
physical  process, through the description of the calculation procedure,  is  the main goal  of this  
introductory section. The extraction of the emitted harmonic spectrum and its comparison with the 
experimental results is out of the scope of this thesis. Such details can be found in the scientific 
literature, which is quite rich on this topic[36,37,41,42].
  The  equation  (2.27) inspired  Lewenstein  et  al.[36] to  use  the  so-called  Saddle-Point  Method, 
introduced by Peter  Debye[43],  in order  to seek solutions  with a  very good approximation.  The 
Saddle-Point  Method is  applicable  here,  because  it  is  clear  that  the  major  contribution  to  the 
integral comes from the stationary points of the quasiclassical action S( p⃗ ,t ,t' ). 
  Let  us  start  with the stationary points of  the action  S( p⃗ ,t ,t ' ) in  respect  to  p⃗ .  These points 
correspond to the quantum paths for which is valid the following equation:

∇⃗ p⃗ S( p⃗ ,t ,t ' ) = 0 ⇒ p⃗st = 1
(t−t ' ) ∫

t '

t

A⃗ (u)du                               (2.30)

since ∇⃗ p⃗ S( p⃗ ,t ,t' ) = r⃗ (t )− r⃗(t ' ), it can be concluded that the stationary points of the S( p⃗ ,t ,t' ) in 
respect to p⃗  correspond to those canonical momenta for which the electron born at time t' returns to 
its “birth-position” at time t. This means that the dominant contribution to the harmonic emission 
comes from the electrons which, after their oscillation in the laser field, finally return to the parent  
ion. Here, is interesting to note that this was one of the basic assumptions made by Corkum et al. [34] 

in the description of the semiclassical version of the model.
  Using the Saddle-Point  Method and taking into account the above stationary points,  one can 
perform with a good approximation of the integral over  p⃗  in equation (2.27). This results in the 
following expression for the dipole moment:

R⃗(t) = i∫
0

+∞

dτ [ π
ε−i⋅τ /2 ]

3/2

∗ [ d⃗∗( p⃗ st− A⃗(t ))]∗
∗ [ F⃗(t−τ )⋅d⃗( p⃗st− A⃗(t−τ )) ] ∗ exp[−i⋅S( p⃗ st,t ,τ )] + c.c.

                          (2.31),

  
where is introduced the so called return (or traveling) time τ ≡ t – t', as a new parameter, taking 
values  from  0  to  +∞.  The  factor  [ π /(ε− i⋅τ /2)] 3 /2 in  the  integral  in (2.31), comes  from  the 
regularized  Gaussian  integration  over  p⃗  around  the  saddle-point  and  expresses  the  effects  of 
quantum diffusion*. This term makes the contributions from return times τ much larger than a laser 

* According to the previous assumption (3), the effects of the atomic potential are assumed to be small between t' and t, 
so that S practically dedcribes the motion of an electron “freely” moving in the laser field with a constant momentum 
p⃗ .

* The spread of the electronic wave packet during the return time τ in the continuum.
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cycle to be negligible.
  In equation (2.31) the integral over τ can also be calculated using the Saddle-Point Method. As it 
can be seen from equation (2.29), substituting t' with t - τ, the action S is stationary in respect to τ if: 

∂S( p⃗ ,t ,τ )
∂τ

= 0 ⇔
[ p⃗ − A⃗(t−τ )]2

2
+ I P = 0                                    (2.32).

  Here we can notice that if Ip were equal to zero [or if Up >>Ip   –– as Up is connected to the  stength 
of the electric field expressed by  A⃗  in (2.32)], then the equation above states that the dominant 
contribution to the harmonic emission comes from electrons which leave the nucleus with an initial  
velocity equal to zero. This is another basic assumption of the classical version of the three-step 
model justified in the limit by this new quantum one. Nevertheless, in reality Ip is not equal to zero 
and so the condition imposed by (2.32) cannot be fulfilled for any real value of  τ. In this case  τ 
needs to be a complex number, the imaginary part  of  which can be interpreted as a tunneling  
time[26].
  There is a third “saddle-point equation” which can be obtain after the Fourier transform on R⃗(t ) 
given in equation (2.31):

⃗̃R(Ω) = ∫
−∞

+∞

R⃗(t )⋅e i⋅Ω t dt                                                    (2.33).

Here, Ω is a frequency which corresponds to any given photon energy ℏ Ω. Via the Fourier tranform 
given by the equation (2.33), the amplitude of the emitted field with frequency Ω can be found. The 
total  emission  spectrum (of  the  radiation emitted  by one single  recombination) is  obtained by  
performing the integral in (2.33) for every frequency Ω. On the other hand, in order to obtain the 
harmonic emission spectrum one has to take into account the interference of emitted radiations  
from recombinations which happen within every half-cycle of the driving laser. In a similar way as  
the one we described in the discussion of the semiclassical version of the three-step-model [see  
paragraph 2.2.2.1].
 In  equation (2.33) [keep  in  mind the  expression  of  R⃗(t ) from (2.31)], the  exponential  term 
contains also the term Ω•t which comes from the Fourier transform. Consequently, the application 
of the Saddle-Point method in this case, in order to perform the integral over t, needs the stationary 
points for: 

Θ( p⃗ ,t ,τ ) = Ω t − S ( p⃗ ,t ,τ )                                                    (2.34).

From the equation (2.34), by substituting t' → t – τ, differentiating with respect to t and by taking 
into account the integral in the equation (2.29), it can be obtained that:

∂Θ
∂t

= 0 ⇒ ∂S
∂t

= Ω ⇒

[ p⃗−A⃗(t) ]2

2
−

[ p⃗−A⃗(t−τ )]2

2
= Ω

                                                 (2.35).

According to the equation (2.32),  So, the equation (2.35) can be rewritten in the form:

[ p⃗−A⃗(t) ]2

2
+ I P = Ω                                                      (2.36).
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Equation (2.36) expresses simply the energy conservation law. Gives the final kinetic energy of the 
recombining electron that generates a photon with frequency Ω. 
  The combination of the three “saddle-point equations”, namely (2.36), (2.32) and (2.30), is very 
fruitful from the point of view of theoretical predictions.The Cut-off law can be obtained by finding 
the maximum value of the left part of the equation (2.36), taking into account the equations (2.32) 
and (2.30).  The result  is  close  to  the  one provided by the classical  version of  the model  [see 
paragraph 2.2.2.1]. The small deviation from the result provided by the classical model is due to the 
quantum tunneling and quantum diffusion effects which were not taken into account in the frame of 
the previous classical model36]. 

ECut Off ≈ 3.17U p + 1.32 I p                                              (2.37).

  Another very important result comes out when one tries to solve the equation (2.36) for a certain 
value Ω<Ωmax (Ωmax is the photon energy at the Cut-Off). Using the equations (2.32) and (2.30), it 
can be found that there is always at least a pair of solutions for (t,  τ) [i.e. (t1,  τ1), (t2,  τ12)] which 
satisfies  the  boundaries  given  by  the  the  Saddle-Point  equations.  These  solutions  reflect  the 
different trajectories that an electron can follow in the continuum. Depending on the time that an 
electron spends in the continuum, these trajectories are named "Long" and "Short", in case that the 
traveling time of the “long” is longer than that  of  the “short” (i.e  τL  >  τS).  This is also in fair 
agreement with the predictions of the classical model described in the paragraph 1.2.2.1.
  In  our  days,  twenty  years  after  the  publication  on  the  quantum  (semi-classical)  three-step-
model[36], it is clear that the most important contribution of this model on the study of the High-
order Harmonic Generation was the information provided on the phase of each component of the 
harmonic  emission.  Equation  (2.27) shows  that  the  phase  of  the  induced  atomic  dipoles  is 
determined by the value of the action acquired along the most relevant saddle-point trajectories.  
This quasiclassical action is given by equation (2.29) and, as it is shown by Lewenstein et al. in Ref 
[36],  its  stationary  values  are  primarly  determined  by  the  ponderomotive  energy  Up and  the 
corresponding stationary return time τst.

S( ⃗pst ,tst ,τ st) ≈ U p⋅τ st + . . .                                                 (2.38).

The ponderomotive energy, as we remember from equation (2.8), depends linearly on the intensity 
of  the  driving  laser.  So,  equation  (2.38) predicts  that,  in  High-order  Harmonic  Generation, 
harmonics are not in phase with the driving laser. They exhibit phase shifts that depend strongly on 
the laser intensity. 
  These phase-shifts of the induced atomic dipole moments play a crucial role in the propagation of  
the driving field through the generating medium and have a major influence on the structure of the  
final outcome. Experimental evidence concerning the angular distributions of the emitted harmonic 
field or the strong dependence of the generated radiation on the focusing geometry [38], could not 
have been interpreted properly without having taken into account these phase-shifts and examined 
them using the theoretical tools offered by the semi-classical three-step model. 

  In the work for this phD Thesis, calculations based on the Lewenstein et al. 's semi-classical  
model[36] have been performed and used in simulation processes [read chapter 3]. A computational 
solution  of  the  model,  provided  by  Emmanouil  Skantzakis[82],  has  been  incorporated  in  the 
simulation computer algorithms which accompany the experimental results presented in this work.  
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Figure 2-6: (Light Grey) Real part of the ionization times and (Black) recombination times for the “short” and “long” 
quantum paths, respectively. Parameters used in the calculations: laser central wavelength 800nm, pulse peak intensity  
2.5•1014W/cm2, Xenon. [Figure and caption reprinted from “Emmanouil Skantzakis' PhD Thesis, University of Crete 
(2011)” [82]].

  The system of the three Saddle-Point equations consists of the equations (2.30), (2.32) and (2.36)  
with the same set of variables (Ω, t, τ). Within each cycle of the driving field, the system is solved 
and all the possible triplets (Ω, t, τ) are obtained. This means that to every single component of the 
generated radiation of frequency Ω, the algorithm reveals all the possible electron recombination t 
and return  τ times [see  Figure  2-6 where  instead  of  the  return  time variable  τ,  E.  Skantzakis 
preferred to use the ionization time variablet ' = t−τ]. The amplitude for each spectral component 
is given by the emission rate[82]:

W (Ω)=Ω3∣⃗̃R(Ω)∣2                                                         (2.39),

calculating  the Fourier  component  ⃗̃R(Ω ) of  the  dipole  moment  from the equations  (2.33)  and 
(2.31). By adding the spectra (taking into account the amplitude and the relative phase of each 
spectral component) of the generated radiation from every single cycle of the driving field, results 
the total outcome of the computer simulated generation process. 
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2.3  Phase-matching conditions for high-order harmonics

2.3.1  The role of field-gradient forces

 According  to  the  discussion  in  the  previous  paragraph,  the  phase  of  each  component  of  the 
harmonic radiation results from the phase acquired by the electron wave function in the continuum 
and from the phase due to the time delay between the recombination time t and the reference time 
of the laser period.

Φat = q ωt − 1
ℏ

S ( pst ,t ,τ )                                                  (2.40).

In  (2.40) ω stands for the laser angular frequency,  q for the harmonic order,  pst is the stationary 
action value of the canonical momentum and  S is the semiclassical  action along the stationary 
action trajectory considered. 
  Now, if one examines the spatial gradient of Φat, a useful tool for the profound understanding of 
the phase-matching in strong laser fields will emerge. Is the, so-called, effective wave vector  K⃗ 
which is introduced by P. Balcou et  al.[44] as the gradient of the atomic phase expressed in the 
equation (2.40). Namely:
 

K⃗ ≡ ∇⃗ Φat( r⃗ )                                                         (2.41), 

which, from the equation (2.40), results to:

  ℏ K⃗ = −∇⃗ S( r⃗ ,t ,τ )                                                         (2.42). 

  The great importance of K⃗ will be completely understood in the next paragraph (2.3.2) where we 
will  discuss  in  detail  about  the  generalized  phase-matching  conditions  inside  the  generating 
medium. In this  paragraph we will  focus on what  happens to the harmonic  radiation which is  
emitted from one and a single atom. But, what does it represent the spatial gradient of the action? 
Action and angular momentum have the same dimensions. Consequently, ℏ K⃗ represents a physical 
quantity with the dimensions of momentum. In what follows we will examine what is really the 
meaning of this quantity.
  Let us consider an atom being at the position r⃗0 and let us first examine the dependence of the 
semiclassical action S on the atom position. Using the definition of S provided by (2.29), we obtain:

ℏ K⃗( r⃗0) = −∇⃗ S( r⃗0,t ) =

= −∫
t−τ

t

[ ∇⃗⋅p⃗st( r⃗0,t ' )−∇⃗⋅A⃗( r⃗0,t ' )] ⋅ [ p⃗st( r⃗0,t ' )− A⃗( r⃗0 ,t ' ) ] dt '
                         (2.43).

In writing (2.43)  we have made a few approximations which can be well justified. In reality, the 
ionization and recombination times, t-τ and t, depend on the electric field amplitude. Howerver, in 
Ref [41] is shown that they can be considered as almost constant. Also, the spatial derivatives of A⃗  
are taken at the atom position r⃗0 as the typical electron excursion with respect to the atom is much 
smaller than the scale of variation of the laser intensity.  

  Now, if we take into account that (∇⃗ p⃗st(x0)) ∫t−τ
t υ⃗(t' ) dt' = 0, since the initial point coincides 

with the final point of the trajectory [remember the 3-step-model in section 2.2.2], and also that:

33



d p⃗
d t

= d υ⃗
d t

+ d A⃗
d t

⇒

⇒ d p⃗
d t

= −
∂ A⃗( r⃗0 ,t )

∂t
+ (∇⃗⋅A⃗ ) υ⃗ +

∂ A⃗( r⃗0 ,t )
∂t

⇒

⇒ d p⃗
d t

= ( ∇⃗⋅A⃗ ) ( p⃗− A⃗ )

                             (2.44),

then the expression in (2.44) gives:

ℏ K⃗ = ∫
t−τ

t
d p⃗
d t

dt' = p⃗(t)− p⃗(t−τ )                                      (2.45).

  Equation (2.45) says that the momentum ℏ⋅K⃗, which results from the gradient of the action S on 
the atom position, is nothing more than the canonical momentum gained by the electron in the 
continuum. Of course this gain is possible only if we consider the electric field, “seen” by the 

electron during  its  excursion,  as  slightly  inhomogeneous  (otherwise  ∇⃗⋅A⃗ = 0 everywhere)  in 
order  to  be  able  to  produce  the  so-called  field-gradient  forces  which  change  the  canonical  
momentum  p⃗  during  the  return  time  τ.  From  equation  (2.38) we  know  that  the  dominant 
contribution to S is U p⋅τ st. Thus, we can write (2.44) also in the form: 

δ P⃗ elec ≡ ℏ K⃗ = −[ ∇⃗ U p( r⃗0)]⋅τ st = p⃗(t)− p⃗ (t−τ )                             (2.46).

   Momentum and energy are left as an inheritance from the recombining electrons to the harmonic 
photons. Thus, the very important conclusion which came out from all this reasoning is that the  
momentum of an harmonic photon is no solely due to the sum of momenta of the incident laser  
photons. It is due also to this excess momentum δ P⃗ elec borrowed by the laser beam to the ionizing 
electron. That is to say:

ℏ k⃗q = q ℏ k⃗1 + δ P⃗ elec                                                   (2.47),

where q is the harmonic order and ℏ k⃗1 the momentum of the driving laser photons.

  Since ∣ℏ k⃗ q∣ = ∣qℏ k⃗1∣, one realises that δ P⃗ elec offers some angular deviation to ℏ k⃗q with respect to 

ℏ k⃗1
*. This deviation, examined here in the single atom level, plays a very important role in forming 

the very interesting angular distribution of the harmonic radiation generated by the driving field in  
a generating medium. This will be the subject of the following section. However, before leaving the 
single atom level, is very important to note that δ P⃗ elec is expected vary between the “Short” and the 
“Long” trajectories. Specifically, since the “Long” electron trajectories are longer than the “Short” 
ones, the canonical momentum in the first case tends to be more sensitive to the inhomogeneities of 
the driving field. Thus, the deviation caused by δ P⃗ elec tends to be bigger for the harmonics which 
come from “Long” trajectories than the ones which come from the “Short”. This tendancy in the 
atomic level leads to distinct angular distributions, between the “Long” and “Short” contributions, 
in the macroscopic level.  That  is to say, when propagation through a generating medium takes 
place. 

* Note that in perturbative low-order harmonic generation, where the harmonic dipole moment does not exhibit any 
intrinsic phase, ℏ k⃗q = q ℏ k⃗1.
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2.3.2  Generalized phase-matching conditions for high-order harmonics

  In order to provide a complete theoretical description of the harmonic generation process, one  
needs to divide his work into two parts:

– To calculate the single atom emission spectrum.
– To take  into account  the  propagation  of  the  generated harmonic  field in  the  nonlinear 

medium. Here, has to be taken into consideration the integral on the interaction volume of  
the harmonic field generated at each point ⃗r  in space and time[137].

Ε q( r⃗ ' ) = ( q ω
c )

2

∫ exp[i k q∣⃗r−r⃗'∣]
∣⃗r−r⃗ '∣

Pq( r⃗ )d3r                                    (2.48),

  Up to this point, we have discussed a lot about the first part, the single atom response, and we  
sketched out the procedure that the calculation has to follow. We showed how it is possible to  
calculate the amplitude and the phase of the atomic dipole moment for each harmonic frequency 
[see section 2.2.2.2]. In order to deal with the second part now, one has to solve the propagation 
equations inside the generating medium using these dipole moments as source terms at each point 
in space.
  In high-order harmonic generation (HHG) the spatial and temporal coherence properties of the  
incident laser, in high-order case, are not transmitted to the generated fields, like it happens in the 
“perturbative” case. This is due to the fact that the dipole moment dq at the qth-harmonic frequency, 
in HHG, does not vary simply as the qth-power of the incident electric field. The dipole moment in 
HHG, as already shown in section 2.2.2.2, is a complicated function of the laser electric field. 
Depends on whether the harmonic belongs on the plateau or the cut-off of the harmonic spectrum. 
Also, in case that it belongs on the plateau, depends on whether it is produced from an electron  
recombination after traveling along a  “Long” trajectory or a  “Short” one. If one takes also into 
account that the intensity and the direction of the driving field (usually produced by a focusing laser 
beam) usually varies throughout the generating medium, the problem on introducing propagation 
effects in HHG starts to reveal its complexity. Nevertheless, the problem has to be faced since there 
is no other way to interpret the numerous experimental results on the angular distributions of the 
HHG radiation in rare gases[38,45,46,47]. 
  In  the  following  section the harmonic  phase  matching  conditions  and their  influence  in  the 
properties  of  the  outgoing from the medium harmonic  radiation is  going to  be discussed.  The 
approach which will be followed has been suggested by Balcou [44] and consists the modification of 
the traditional phase-mathcing conditions by incorporating in them the gradient of the intensity 
dependent phase of the atomic dipole moments.
  In a region of space where the harmonic radiation is generated, optimal phase matching for the qth-
order harmonic will be obtained in direction k⃗q, if at any two points r⃗1 and r⃗2 in this direction the 
harmonic field generated interfere constructively[44]:

arg[ P q( r⃗1)exp( i k⃗ q⋅( r⃗2−r⃗1)) ] = arg[ P q( r⃗2) ]                                    (2.49),

Pq being the qth-Fourier component of the atomic polarization in the medium. It is proportional to 
the atomic density and the corresponding Fourier component of the atomic dipole moment provided 
by the 3-step-model in equation (2.33). 
   The infinitesimal version of the equation (2.49), i.e. for r⃗1 and r⃗2 close enough, becomes:

k⃗q = ∇⃗arg(P q)                                                     (2.50).
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For harmonics generated in a perturbative regime from a driving laser wave with plane wavefronts, 
the phase of the polarization is just q times the phase of the incident wave. Thus, the condition for 
the perfect phase matching is simply: kq = q k 1 ≡ q ω /c. However, in the case we examine here, 
there are two additional factors that need to be taken into account:

1. The phase induced by the focusing of the generating (let us suppose Gaussian) beam. This 
is the so-called Gouy phase which in cylindrical coordinates can be expressed as[48]:

ΦGouy(r ,z ) = arg[ 1
b + 2 i z

exp(− k 1 r2

b + 2 i z )]                                (2.51), 

b being the confocal parameter and (r, z) = (0,0) being associated to the “geometrical” focal 
point.

2. The  intensity-dependent  part  of  the  atomic  phase  Φat [see  equation  (2.40)],  discussed 
already in detail in sections 2.2.2.2 and 2.3.1.

  The total wave vector k⃗ 1, which is not any more space independent, can be expressed as:

k⃗1(r,z) = k 1 e⃗ z + ∇⃗arg[ 1
b+2 i z

exp(− k1 r2

b+2 i z )]                             (2.52),

where e⃗ z is the unit vector in the z direction.
   On the other hand, the spatial dependence of the atomic phase Φat can be characterized by means 
of the effective wave vector K⃗ , already introduced in section 2.3.1: 

K⃗( r,z) = ∇⃗Φat(r ,z)                                                 (2.41).

So, considering the equations (2.51) and (2.41), one can rewrite the equation (2.50) in the form:

k⃗q = q k⃗1+ K⃗                                                          (2.52).

   According to the equation (2.41) and because of the dependence of the Φat on the driving field 
intensity [see equations (2.40) and (2.38)], K⃗(r ,z) obtains a star-like form around the focal point (r 
= 0 and z = 0), which is the point of maximum intensity. Everywhere, K⃗(r ,z) points at a direction 
away from the focal point [see Figure 2-7(a)]. On the other hand, k⃗1(r,z), as it describes a focusing 
gaussian beam, is mostly directed along the z-direction. It converges for z < 0 and diverges for z > 0 

[see  Figure 2-7(b)]. Consequently, the addition of these vector fields,  k⃗1(r ,z)+ K⃗( r,z),  with so 
different  distributions to each other, results  in a complicated and asymmetric sum. Asymmetric 
between the parts before (z < 0) and after (z > 0) the focus.
  Now it  will  be  examined how the optimal phase matching  depends also  on the type of  the 
trajectory  (“Long”  or  “Short”)  followed  by  the  electron  before  its  recombination.  As  already 
mentioned, the intrinsic atomic phase Φat depends on the trajectories and the “Long” contribution in 
it is, in the “plateau” part of the spectrum, different from the “Short” one. This means that the 
equation (2.41), in which is defined the effective wave vector  K⃗ , has to be splitted in two parts. 
Namely:

K⃗ short(r,z) = ∇⃗Φat
S (r ,z)  and:  K⃗ long(r,z) = ∇⃗Φat

L(r ,z)                        (2.53).
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Αt the points of the generating medium where the intensity of the driving field imposes on the 
specific harmonic q to stand in the “cutoff” region of the spectrum, the above two distinct vector 
functions  coincide  with  each  other.  However,  everywhere  else  in  the  medium  (the  generated 
harmonic q standing on the “plateau”), K⃗ long(r,z) and K⃗ short( r,z ) are different to each other.  

Figure 2-7: (a) Distribution of the effective wave-vector K⃗  in the focal region. (b) Distribution of the generating field 
wave-vector k⃗1.

  The most characteristic difference between K⃗ short(r,z ) and K⃗ long(r,z) is that, for reasons explained 
in the section 2.3.1, the transverse components of the vectors in K⃗ long(r,z) tend to be bigger than 

those in K⃗ short(r,z). This feature is crucial for the optimum phase-matching conditions and leads to 
notable differences in the angular distribution between the “Long” and the “Short” contributions in 
the total harmonic radiation. 
   Let us first consider what is happening close to the focusing axis (r = 0), or close to it. For points 
located on the axis and after the focus (z > 0) the “Short” effective wave-vector K⃗ short presents a 
big component  parallel  to the axis and compensates for the focusing phase mismatch.  In other 

words, in the on the axis and after the focus (z > 0) case,  K⃗ shortmakes the difference between k⃗q and 
q k⃗1 to be small. As a result, the collinear phase-matching in this spatial region becomes efficient 
for the  “Short”  harmonics* [see Figure 2-8(a)]. Conversely, for points located on axis but before 
the focus (z < 0), the effective wave-vectors  K⃗ short and  K⃗ long make things worse with the phase-
matching [see Figure 2-8(c)]. As a consequence, the harmonic generation is very inefficient in the 
region close to the axis and before the focus (z < 0). Inefficiency of the harmonic generation is also 
realized at points close to the focus (r = 0 and z = 0). There, the effective wave-vectors are almost 
zero [see  Figure  2-8(b)],  as  the intesity  gradient  is  almost  zero,  and again the phase-matching 
contditions are not fulfilled.
  Nevertheless, in the area before the focus (z < 0) there are points off-axis (r > 0) for which 
noncollinear phase-matching is achieved [see Figure 2-8(d)] due to the transverse component of the 
K⃗ long. These points will form a large ring around the laser axis yielding an annular structure to the  
emitted harmonic field.  So,  this  case  is  favorable to harmonic emission dominated by  “Long” 
trajectories contribution. In this region (z < 0, r > 0) of the generation, it is very interesting also to 

* Also for the “cutoff” ones.
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notice the transverse components of k⃗q and q k⃗1 are opposite to each other. As a consequence, even 
if the driving laser field is convergent, the generated harmonic field results to be divergent.

  

Figure 2-8: (a) Example of phase-matching diagram at a point located on axis (r = 0) after the focus (z > 0). Collinear 
phase-matching is efficient, mainly for the “Short” or the “Cutoff” harmonics. (b) Example of phase-matching diagram 
at the focus (r = 0 and z = 0). The effective wave-vectors K⃗ short and K⃗ long are zero, as the intensity of the driving field 
there takes the maximum value. Phase-matching is inefficient. (c) Example of phase-matching diagram at a point located 
on axis (r = 0) before the focus (z < 0). Collinear phase-matching is very inefficient.  (d) Example of phase-matching 
diagram at a point located off-axis (r > 0) and before the focus (z < 0). Non-collinear phase-matching can be achieved, 
mainly for the “Long” harmonics.

  The previous just presented makes clear the great importance of the focusing geometry during the  
process of the high-order harmonic generation.  As it  is shown, many important  features of the  
generated  radiation  (like  the  total  energy,  the  angular  distributions,  the  spatial  and  spectral 
coherence[49],  the  phase  difference  in  comparison  to  the  driving  field)  depend  on  the  relative 
position between the generating medium and the focus, in combination with the confocal parameter 
of the focusing fundamental beam. The possibility to tune main features of the generated harmonic 
radiation by selecting, in each case, the proper focusing geometry, has been a lot appreciated since 
mid-late 1990s. Numerous techniques have been based on it, like the ones which use the phase-
matching conditions offered by the focusing geometry in order to select one[50] between the two 
contributions, from “Long” trajectories or “Short”.  
  
  Before closing this section, we would like to refer to the first experiment [51] which demonstrates, 
in a simple way, the above mentioned theoretical predictions. In this experiment, Bellini et al., 
imitating the famous Young's “two-slit experiment”, produced the interference pattern in the far  
field by generating two separated harmonic sources. In accordance to what is mentioned before 
about the importance of the focusing geometry,  we have to note here* that, during Bellini 's et al. 

* Even  if  Bellini  et  al.  do  not  state  it  clearly in  their  pupblished  article [51],  although it  can  be  extracted from the 
informations given about the focal length used and by making an assumption about the apperture of their gas jet.
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experiment, the generating medium seems that was covering an area extended before and after the 
focus The length of this area of generation was much bigger than the confocal parameter. As a 
consequence, all the possible phase-matching schemes discussed before [see Figure 2-8] used to 
take place at the same time. 
  What Bellini et al. discovered was an interference pattern exhibiting two clearly distinct regions  
[see Figure 2-9]. Namely: 

(i) an intense inner one, where the “Short” contribution seems to prevail,
(ii) an extended outer one (containing about 80% of the total energy) which seems that hosts  

mainly harmonics generated from “Long” trajectories.

  

Figure 2-9: XUV beam profile showing the different divergence between the shot and long trajectories. The interference  
frigies shown on the profiles have been used in order to measure the coherence times of the long and short trajectories.  
More detail description of the experiment can be found in the Reference [51].

  Bellini 's et al.[51] work depicts experimentally in an ideal way a lot of important conclusions from 
the theoretical description we have been providing all along this Chapter.
  
  

2.3.3  Dispersion

  Up to this point we have not written any single word about the impact of the dispersion on the 
propagation of both the fundamental and the harmonic field through the generating medium. We 
prefered first to focus on the interplay between the two parameters (i.e. the Gouy phase shift and 
the,  intensity  dependent,  atomic  dipole  moment  phases)  which  are  mainly  responsible  for  the 
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characteristic structure of the profile exhibited by the generated harmonic radiation. Nevertheless,  
for  one  who  desires  to  offer  the  least  description  of  the  procedure  of  high-order  harmonic  
generation (HHG), it is unthinkable not to mention the dispersion effects which take place.
  Dispersion  of  both  the neutral  and  of  the  ionized  medium has  to  be  taken  into  account [52]. 
However, the dispersion of the ionized medium (i.e. plasma) results to be the dominant one in most 
cases where even a small fraction of atoms is ionized in the generating medium. Thus, for most of 
the  high-order harmonic generation experiments, plasma dispersion has to be carefully considered. 
   If the laser intensity is high enough to ionize the generating medium, plasma is formed in the 
focal volume and presents a refractive index which depends on the radiation frequency as:

n p(ω) = √1 − (ω p

ω )
2

                                                        (2.54),

where ω p is the so-called plasma frequency*and is given by[52]:

 ω p
2 =

e2 N e

me ε0

≈ 3.18⋅109 N e                                                   (2.55),

where me is the electron mass, e the electron charge and Ne is the electron density. In the case of 
HHG, because of the relatively low gas densities used, ωp << ω. As a result, equation (2.54) can 
obtain the following simpler form: 

np(ω) ≈ 1−
ω p

2

2 ω2
< 1                                                     (2.56),

  Incorporating into the phase-matching theory presented in Section 2.3.2 the phase-mismatching 
between the fundamental and its generated harmonics, due to their propagation through the medium 
with different velocities, is not at all an easy work. Too much complication comes from the fact that 
harmonics  which are  generated at  a  certain point  of  the  medium do not  necessarily  propagate  
collinearly with their generating field [see Section 2.3.2]. The full treatment of this topic exceeds  
by  far  the  goals  of  the  present  introductory  chapter.  Nevertheless,  in  order  to  sketch  out  the  
procedure and to present a few very interesting and useful results, we will be restricted here to 
discuss a rather simplified hypothesis of collinear propagation between the fundamental and its q-
order harmonic. As mentioned in Section 2.3.2 this collinear co-propagation of the two, is close to 
what really happens at points of the medium located not far from the axis (r ~ 0) and after the focus 
(z > 0). Remember that the harmonic generation there comes out to be efficient mainly for the 
“Short” or the “Cutoff” harmonics [see Figure 2-8(a)]. 
  In this case of collinear propagation, the phase lag between the q-order harmonic field Eq and the 
q-order polarization Pq driven by the fundamental at a certain axial point  z (its distance from the 
focus), can be expressed as[52]: 

Δφ( z) ≡ φ(Eq)−φ(P q) = φ(E q)−q⋅φ(E1) ⇒
Δφ( z) = [k q z−arctan(2 z / b) ] − [ q k1 z −q⋅arctan(2 z /b)]                     (2.57),

where  k1 and  kq are the wavenumbers at frequency  ω and  qω correspondently,  b is the confocal 
parameter of the IR focusing, and the “arctan”-terms are the Gouy phase shift considered, at point 

* Plasma frequency expresses the resonance frequency for collective oscillations of the freed electrons, the much more  
massive ions being assumed as stationary. 
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z, for the fundamental and the q-order harmonic field*. 
  Perfect phase-matching would be perfect at points z where Δφ(z) = 0. According to the equation 
(2.57), this would necessitate:  [ k q z−arctan(2 z / b)] = [q k1 z −q⋅arctan(2 z / b) ]. Now, we can go 
on by using the approximation  arctan(2 z / b) ≈ 2 z / b, which is valid when  2 z / b small, and the 
equations: k1=n1 ω / c and kq=nq q ω / c. In this way, we conclude that:

Δφ( z) = 0 ⇔ nq−n1 =
2c(1−q)

q ωb
< 0                                       (2.58).

But,  as  is  shown from equation  (2.56),  in  typical  high-order  harmonic  generation  from gases 
(where, as told before,  plasma dispersion is the prevailing), the difference  nq−n1 cannot be but 
positive. Consequently, perfect phase-matching cannot take place. Δφ(z) remains positive for every 
z in this region. This means that harmonics generated at consecutive axial points z close to the 
focus, will interfere constructively only for a finite distance inside the generating medium, the so-
called Coherence Length (Lcoh). Hamonic generation from a medium longer than Lcoh will not result 
in a further enhancement of the generated field. In contrary, will lead to a certain reduction in the  
total number of “harmonic” photons. 

 

* The reader may ask about what is going on with the intensity dependent phase-shifts of the induced atomic dipole 
moments. The answer is that for  z << b, they remain almost constant as the intensity of the laser remains almost 
constant and as  the “Short” and “cutoff” harmonics, which are favorable in this specific region, depend weakly on the 
intensity. Consequently, it can be omitted in good approximation from a phase-difference equation like the (2.57).
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3.1.  Introduction 

  The tunnelling of an electron through a suppressed atomic potential followed by its motion in the 
continuum  and finally  by  its  re-collision  with  the  atomic core,  is  the  fundamental  mechanism 
underlying  strong-field  laser-atom interactions.  Due  to  the  quantum nature  of  the  process,  the 
properties of the electron wave-packet strongly correlate with those of the emitted radiation. 
  The two main contributions (from “Long” and “Short” electron trajectories) to the “plateau” part 
of the HHG spectrum emitted by a single atom, depend on the driving field intensity. They interfere 
to the total atomic polarization with different laser induced phases. These phases are related to the 
action accumulated along the orbit in each case and affect strongly the angular distributions of the 
emitted harmonic field [See Chapter 2]. Since 1996, Antoine et al.[50]  reported that is feasible the 
distinction between the parts, of the driven XUV radiation, which are due to different electronic 
trajectories  (“Long”  or  “Short”).  Needed only to  take  advantage  of  the  fact  that  under  certain 
geometrical conditions only one of these two contributions gets phase matched[44,50]. 
  In this work, information is extracted about the phase difference Δφ( I L)=φq

L( I L)−φq
S( I L) between 

the two parts of the XUV radiation which correspond to different electronic trajectories. Taking into 
consideration  the  profile  of  the  generated  XUV beam,  on  which  appears a  spatial  separation 
between the two distinct contributions (“Long” or “Short”) [see Section 2.3.2], the main idea is to 
focus together the two parts and to take pictures of the focal area under conditions which assure the  
interference of the contributions. These pictures are taken for a long series of values of the intensity  
IL of the driving pulse and consist the main tools we use in our study. 
  As will be shown in the following [see paragraph 3.4], the analysis made on this series of pictures 
offers us a direct measurement of the difference in harmonic emission times (Δte) and in electron 
quantum  paths  (ΔLe)  between  the  “Long”  and  “Short”  trajectories.  Although  the  harmonic 
generation mechanism has been extensively studied in the past[36,51,54-58], is the first time that takes 
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place a measurement which reveals directly this kind of intricacies in the fundamental mechanism 
of the strong-field laser-atom interactions. 
  Only the use of a detector able to provide a detailed spatial resolution of the focal area could make 
feasible our project. The ion-imaging-detector (I-ID)[59,60], which allows us to monitor the focal area 
by means of ions, generated on the way of the XUV beam through the detecting medium, is the  
most valuable instrument during this experiment.

3.2. The ion-imaging-detector

    The limit of vision of the unaided human eye is about 0,1 mm. This limit was pushed downwards 
by a factor of 1000 (to about 1000 Angstroms) by 300 years of work on the optical microscopy. 
However, within the short time of a few decades, the electron microscope has been able to further 
extend this limit of human vision by another 1000 times. Starting as an unexpected child of high 
voltage cathode ray oscilloscope, the development of the apparatus has been very rapid. The basic 
principle  of  the  instrument  is  to  use  electrons  as  the  image-forming  beam  and  symmetrical  
electrostatic or electromagnetic fields as lenses [61] [see Figure 3-1].

Figure 3-1 :  Scheme of an accelerating tube lens[74]. The voltages V1 and V2 denote the potential differences with respect 
to the ion source. The electric field acts at the entrance of the accelerating gap as a focusing lens and at the exit as a  
defocusing lens. 
  
 
  The history of the charge particle optics starts with the discovery of the cathode rays. Hittorf [61], 
Goldstein[62], Crookes[63], Hertz[64], Lenard[65], Perrin[66], Thomson[67], and Wiechert[68], during the last 
quarter  of  the nineteenth  century,  established the corpuscular  nature  of  these rays  and showed 
further that these could be concentrated by the use of long solenoids, producing axial magnetic 
fields.  The  electron  microscope  was  a  direct  descendant  of  the  high  voltage  cathode-ray 
oscilloscope.  Busch[69,70] was  the  first  who  developed  basic  theories  about  the  lens  action  of 
symmetrical  magnetic  fields  and may,  therfore,  be  said  to  be  the real  founder  of  geometrical 
electron optics.
  Shortly after Busch 's work on the focusing action of symmetrical magnetic and electrostatic 
fields, Davisson and Calbick in the U.S.A.[71] and Bruche and Johannson in the A.E.G. laboratories 
in Berlin[72] embarked on systematic investigations on electrostatic focusing devices. Davisson and 
Calbick showed theoretically that a hole in a charged plate would act as a lens so far as a charged 
particle  beam was concerned [see  Figure  3-2].  The development of  electrostatic  lenses  and of 
electron microscopes using such lenses proceeded at first almost side by side. 
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Figure 3-2 : Derivation of lens action of an aperture terminating an acceleration field.

 The Ion-imaging-detector we use in this work, which is developed by Max-Planck-Institut fur 
Quantenoptik* in collaboration with Stefan Kasdorf**, is a member of the big family of the charge-
particle-Microscopy.  A  combination  of  electrostatic  lenses  of  the  type  of  Einzel [74] provide 
magnification without modifying the energy of the charged particles [see Figure 3-3]. This feature 
gives the possibility to use the Ion-imaging-detector also as a mass spectrometer[59]. 

Figure 3-3 : The Einzel lens geometry. The outer cylinders are at potentials V0 and the inner cylinder is at potential Vi. As 
an example, for V0 = -10V and Vi = -100V,  are drawn with green colour the electrical field lines inside the lens and with  
red colour is drawn the shape of the beam of ions as passing through.
 

   A schematic view of the device, is presented in the Figure 3-4. Ions generated in the laser focus 
are first accelerated by an elecric field applied between repeller and extractor electrodes. The first  
electrostatic lens, images the spatial extent of the ion cloud into the ion microscope with a small 
magnification factor. This intermediate image is located in the focal plane of a second electrostatic  
lens, which projects a further magnified image onto the detector consisting of a pair of MCPs and a  
phosphor screen. The image of the ion cloud that appears on the phosphor screen is recorded by a  
CCD camera and represents a magnified orthogonal projection of the focal ion distribution under 
scrutiny. 

*  Max-Planck-Institut fur Quantenoptik, Hans-Kopfermann-Strasse 1, D-85748 Garching, Germany
**  Kaesdorf S Geräte für Forschung und Industrie, Gabelsbergerstr. 59 D-80333 München, Germany.
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Figure 3-4 : Schematic view of the ion-imaging-detector[59].

  As it will become apparent in the following of this chapter, Ion Microscopy is a really powerful  
method to characterize focal geometries.

3.3. Experimental procedure

  The  experiment  is  performed  by  utilizing  a  10  Hz  repetition  rate  Ti:sapphire  laser  system 
delivering pulses of up to 170 mJ energy, τL = 33fs duration and wavelength at 800nm (IR). The 
experimental setup can be seen schematically in Figure 3-5.

Figure 3-5   [Apparatus used for imaging of the EUV-phase-distribution] :  Intense EUV radiation[76, 77] is generated in 
Xenon gas by focusing, with a spherical lens (L) of 3m focal length, an 800nm centered 33 fs  long laser pulse onto a 
Xenon gas jet (P-GJ). The EUV radiation is reflected towards the interaction region by a Silicon plate (SP) which has  
been  used  for  the  elimination  of  the  IR  beam.  “F”,  “A”  and  “D” are  the  filter,  aperture  and  the  calibrated  EUV  
photodiode, respectively. The transmitted harmonics 11th, 13th and 15th are focused by an unprotected gold spherical  
mirror (SM), of focal length f = 5 cm, onto a second gas jet with Argon or Helium  as target gas (T-GJ). The images of the 
EUV focus are monitored by means of a high spatial resolution ion-imaging-detector (I-ID), the Ion-Microscope[59].

  An annular laser beam (formed using a super-Gaussian beam stop) with outer diameter of  ≈2.5 
cm and energy of  ≈15 mJ/pulse is focused with an f =3m lens onto a pulsed gas jet (P-GJ), filled 
with Xe. In our experiment, the generation of the harmonic radiation takes place with the focus of  
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the IR beam fixed up to the Xe gas jet. After the area where is generated the XUV radiation, a Si-
plate is placed at Brewster’s angle for the fundamental (75°). This Si-plate reflects the harmonics [75] 

towards the detection area and in parallel reduces substantially the IR field. The residual outer part  
of the IR beam is blocked by a 5mm diameter aperture (A), which on the contrary lets the EUV 
radiation passing through.
  Subsequently, the EUV beam is focused onto the target gas jet (T-GJ) by a spherical gold mirror  
(SM) of 5cm focal length. Great care has been taken in fixing the angle of incidence of the EUV 
beam on the gold mirror at zero degrees. The EUV images are monitored by means of a high spatial 
resolution (1μm) ion-imaging detector (I-ID),  the  Ion Microscope[59],  which records  the  spatial 
distribution of the ionization products resulted by the interaction of the EUV light with the target 
gas.
  Additionally, the spectrum of the EUV radiation in the interaction area is determined by measuring 
the energy-resolved, single-photon ionization, photoelectron spectra of Ar gas. The electron spectra 
are recorded using a μ-metal shielded time-of-flight (TOF) ion/electron spectrometer, attached to a 
second  EUV  beam-line  brunch,  as  it  appears  in  the  Figure  3-6. In  order  to  have  the  same 
experimental conditions in both, the TOF and the I-ID set-ups, the branch of TOF, is constructed in  
an identical way as the one of the I-ID. This is done by using another Si-plate (mounted on a  
translation stage) placed also  at  Brewster’s angle for the fundamental  (75°).  The length of  the 
second branch, the metal filter, the aperture and the spherical gold mirror are the same as those in 
the I-ID branch. For the measurement of the photoelectron spectrum, in the interaction region of the 
second branch, the focused EUV beam is tilted by  ≈1.5 deg with respect to the incoming beam. 
This is done in order to avoid measuring the photoelectrons generated by the incoming EUV beam.

Figure 3  -6   [Experimental set-up] :    (L): Spherical lens which focuses the IR beam into the Xe gas jet  (P-GJ).  (SP): 
Silicon plate which reflects the EUV beam towards the interaction area. (F, A): Sn filter and Aperture used for the spectral 
and spatial filtering. (D): EUV-calibrated photodiode used for the measurement of the EUV energy.  (SM): Unprotected 
spherical gold mirror which focuses the EUV beam into a second gas jet filled with the target gas (T-GJ). (I-ID): Ion-
Imaging-Detector  which  monitors  the  EUV  images.  (TOF):  Time  of  flight  electron  spectrometer  used  for  the 
measurement of the EUV spectrum.
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  For the two-photon ionization images (see  Figure 3-16), as well as for certain single-photon 
ionization images, an 150 nm thick Sn filter which transmits only the harmonics 11th, 13th and 15 th 

is placed after the aperture. The amplitudes of the harmonics 11 th, 13th and 15th in the interaction 
area are measured to be in arbitrary units 0.9, 1 and 0.7, respectively. Contrarily, in order to obtain  
the series of images showing the power dependence of the ion distribution from which is extracted  
the important structure presented in the Figure 3-9 and the Figure 3-17, the Sn filter is taken out of 
the EUV beam line. This way, any influence introduced by the filter on the properties of the EUV 
beam is avoided. With the filter removed, while all the generated harmonics are entering into the 
interaction  area  only  the  harmonics  above  the  11th can  ionize  the  Ar  gas  by  single-photon 
absorption. 
  Photoelectron spectra of the generated Harmonics, for various intensity values  IL of the driving 
field,  are  extracted  by  using  the Time-Of-Flight  spectrometer  mounted  on  the  first  branch (as 
depicted in the Figure 3-6) of the Experimental Setup. The peak heights of the harmonics 11th, 13th 

and 15th, after the reflection on the spherical gold mirror, are shown in arbitrary units in the Figure 
3-7. These experimental data, which reveal the dependence of the harmonic signal on the intensity 
IL, have been used in order to determine the cut-off region of every single harmonic.

Figure 3-7 : (a)  Harmonic spectrum recorded for  IL ~  7*1013  W/cm2.  The harmonic signal  has  been recorded as  a 
photoelectron spectrum by using a Time-Of-Flight spectrometer (TOF). (b) Dependence of the harmonic signal on IL. The 
intensity IL during the measurement started from values where all the harmonics are in the “plateau” region. The vertical 
black lines depict the cut-off intensity values for each one of the harmonics.

  For the driving field intensity values that we use in this experiment, we find that the contribution 
of harmonics of order higher than 15 is not important in comparison to the contribution of the 11 th, 
the 13th and the 15th. The 17th harmonic has been measured (for the maximum laser intensity values 
IL  ~1014  W/cm2)  to be of an amplitude of one order of magnitude  smaller  than that  of the 11th 

harmonic. All harmonics higher than the 17th are of even smaller amplitudes and thus give the right 
to neglect them. This is because, for the intensity values in discussion, they stand deep inside the 
“CutOff” region of the harmonics' spectrum.
  In order to measure the total energy of the EUV radiation we make use of an XUV calibrated 
photodiode  which  has  been  placed  after  the  aperture  (A)  [See  Figures  3-5 and  3-6].  This 
measurement on the total energy of the EUV radiation, combined with the photoelectron spectra 
extracted from the Time-Of-Flight spectrometer,  can give information about  the energy content 

48



within each harmonic envelope.
   The highest possible values of energy of the EUV radiation are used in order to obtain EUV-
focusing images resulted by the 2-photon-ionization of He (see Figure 3-16). For this purpose, the 
EUV energy has been maximized and is found to be ~120 nJ in the interaction area. Taking into 
account this energy value, the measured focal spot diameter, and assuming the average EUV pulse 
duration to be ~15 fs, the intensity of the EUV pulse on target is estimated to be ~5•1014 W/cm2.

3.4. Results & Discussion

  As mentioned already (see section 3.1), the key point of the present study is the experimental 
observation of the interference pattern between the inner part of the XUV beam (which contains 
mainly radiation resulted by the “Short” electron trajectories) and the outer one (which mainly 
contains radiation resulted by the “Long” electron trajectories). This inteference pattern depends on 
the  phase  difference  between  the  two  parts  (between  the  outer  and  the  inner  part) 
Δφ( I L)=φq

L( I L)−φq
S( I L), for any given intensity IL of the driving field. 

   As shown in Figure 3-10, to each value of the phase difference between the outer and the inner 
part of the XUV beam, can be attributed a very characteristic focusing structure. Taking this into 
account, for the analysis of our experimental data we followed the opposite way. The characteristic 
focusing structures observed in the pictures provided by the Ion Microscope (I-ID) are treated as 
the trace of the Δφ(IL).

3.4.1 Computer Simulation

  In  parallel  with  the  experimental  procedure,  a  computer  simulation  of  the  experiment  is  
elaborated.  Images of the XUV distribution at  the focus are  calculated taking into account the 
special features of our setup, the intensity distributions on the profile of the generated XUV beam,  
as well as the relative phases of the field between different parts on this beam profile. 
  The calculated XUV images of the focus are obtained by the Debye integral [80], after applying the 
Huygens–Fresnel  principle  on  a  spherical  mirror  with  10  cm radius  of  curvature  [for  a  more  
detailed description about this technique of calculation, read Section 4.4.1 in the next chapter]. The 
profile of the XUV beam on the spherical  mirror is  selected taking into consideration relevant 
references[38,52] in the scientific literature [see Figure 3-8 and the caption under it], as well as direct  
experimental measurements with our setup [see Figure 3-12]. In any case, a structure consisting of 
two parts is chosen.  An inner central  area with a gaussian intensity distribution simulating the  
“Short” trajectories contribution and an outer annular area, with a gaussian intenstity distribution as 
well,  simulating  the  “Long”  trajectories  contribution.  In  both  areas,  the   amplitudes  of  the 
harmonics in the plateau are considered as equal (which is a good approximation according to the  
literature[27,89,90]). 
   In the Figure 3-8 we give an example of intensity distribution of the XUV beam profile on the 
spherical mirror which is in accordance with the literature [38,52]. Structures of the XUV distribution 
at the focus calculated taking into account this profile are shown in the Figure 3-9 and the Figure 3-
10. For the sake of simplicity and clarity, and in contrary to how we proceed in the rest of our study, 
for this example the relative phases for the “Long” and the “Short” contributions of the harmonics 
are not obtained from the single-atom three-step model. Here, we only consider one and a single 
phase difference Δφ between the outer and the inner part of the profile and we give the focusing 
structures for the most characteristic values of Δφ. These structures and their correlation with Δφ, 
are of great importance for this study.
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Figure 3-8 :  In  (a) appears the intensity profile (dark-bright in linear scale), as it appears on the “virtual” spherical  
mirror, used for the calculation of the exaple foci images presented in the Figure 3-9.  The XUV beam is taken with a 
diameter of 6.4 mm and consisted of two distinct parts. The inner part represents the contribution from the “Short” 
trajectories and is simulated by the radial function: IS(r) = exp[-r2/rS

2], for 0 < r < 3.2mm and rS  =1mm. The outer part 
represents the contribution from the “Long” trajectories and is simulated by the radial function:  IL(r) = 1.6  *  exp[-(r-
r0)2/rL

2], for 0 < r < 3.2mm,  r0 = 3.1mm and rL = 1.5mm. In (b) is depicted the intensity as a function of the position of 
each point on the blue line drawn in (a). The intensity profile as simulated here is based on the XUV profiles detected by  
Salieres et al.[38] and the divergence law given by Protopapas et al. [52], taking into account the special geometry of our 
experimental setup. The harmonics used for this example are the 11 th, the 13th and the 15th. In contrary to how we proceed 
in order to simulate our experimental data in the rest of this chapter, here the relative phase for each harmonic (“ Long” or 
“Short”) is not obtained by the numerical solution of the three-step-model [M.Skantzakis, phD Thesis, 2011] [82]. All the 
harmonics within each one of the two parts (inner or outer) are supposed to be in phase.

Figure 3-9 : The Saw-Type structure
A series  of  XUV distribution  structures  simulated using  the XUV beam profile  shown in the  Figure 3-8.  Between 
succesive images, Δφ increases of π/2. Α “saw-type” structure appears to be formed by the maxima in intensity.  Compare 
with the line-outs shown in Figure 3-17. In the next figure (Figure 3-10), the reader can find a more detailed description 
of the focusing structures shown here in series. 
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Figure 3-10 : By using the XUV beam profile shown in the Figure 3-8, the structure is simulated for four characteristic 
values of the phase difference Δφ between the “Long” and the “Short” harmonics. In the images above, is depicted the 
normalized intensity distribution (in dark-bright linear scale) for every plane which contains the beam focusing axis (z-
axis).  The  cylidrically  symmetrical  geometry  of  the  focusing  setup  induces  a  cylidrical  symmetry  to  the  focusing  
structure. The graphs on the right side of every picture represent the intensity distribution along the z-axis. It is very  
interesting to notice the characteristic single-maximum structure for  Δφ = 2nπ and the characteristic  double-maxima 
structure for Δφ = (2n+1)π, n being integer in both cases. For other values of Δφ, an asymmetric double-maxima structure 
can be observed. It is very interesting also to notice that the maximum value of the intensity “moves” away from the point 
of the geometrical focus (z = 0) for every  Δφ different than 2nπ, n being integer. One final remark concerns to the 
brightness of the four simulated images above. The intensity distribution, in each one of the figures above, is normalized.  
So, the maxima appear equally bright. In reality, the maxima of the double-maxima structures are less intense than the  
maximum in the case of the single-maximum structure (“Long” and “Short” contributions being in phase). 
 

  In  order  to  ascertain the  coincidence between the computer  simulation and the experimental 
conditions, we need a direct measurement of the diameter of the XUV beam on the spherical mirror 
of our experimental  setup [see  Figure 3-5]. This  measurement is  performed with two different 
methods. The first one is to use pictures already recorded by the Ion-Imaging-Detector in order to 
extract from them the angle of convergence of the focusing XUV beam. Taking into account the 
5cm focal length of the spherical gold uncoated mirror, we can estimate the XUV beam diameter to 
be ~5 mm [see Figure 3-12.(e)]. The second method is to apply a direct Knife-Edge technique [see 
Figure  3-12.(d)].  Such an  application  on  the  11th  harmonic,  offers  an  estimation  of  the  beam 
diameter ~4.5 mm. Both methods can also reveal elements from the internal structure of the beam. 
These experimental evidences became an additional guide to computer simulate the profile of the 
XUV beam on the spherical mirror. This is a crucial point concerning to the whole simulation. The  
assumption about the size and the intensity distribution of the XUV beam profile on the spherical 
mirror has implications on the size  of the peaks and the distance between them in the various 
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structures [shown in the Figures 3-9 and 3-10]. 

Figure 3-11 : Normalized calculated profiles of the 11th, 13th and 15th harmonics on the surface of the EUV focusing 
mirror, at IL = 3*1013 W/cm2. The relative amplitudes and phases of the inner and outer EUV beams were determined from 
the three-step model. The beam diameters on the surface of the mirror for the “Short” and “Long” trajectory harmonics 
are taken in such a way as to be in accordance with our experimental data shown in the  Figure 2-11. The diameter found 
to be approximately the same for all the harmonics in the “plateau". 

  Here a simple way to simulate the XUV beam profile is chosen, which approximates the real  
profile to a reasonable extend. We use two gaussian radial distributions. The one, simulating the 
“Short” contribution,  is  expressed  by:  IS(r) =  exp[-r2/rS

2],  with  rS =  1.25  mm.  The  second, 
simulating the “Long” contribution: IL(r) = 2*exp[-(r-r0)2/rL

2] , with r0 = 2.5 mm and rL = 1 mm. For 
harmonics being in the cut-off spectral area, an exponential decay of the harmonic field amplitude 
is considered. In addition to this, is introduced a reduction of both the radii of the “Long” and the 
“Short” part of the profile according to a law of inverse square root in respect to the order of the  
harmonic. The relative field amplitudes of the harmonics inside the detection area are simulated by 
taking  also  into  account  the  reflectivity  of  the  spherical  golden  mirror  for  each  one  of  them. 
Explicitly, the manufacturer gives the following reflectivities: 13,4% for the 11th, 12,5% for the 13th, 
and  7% for  the  15th.  Finally,  the  relative  phases  for  each  harmonic  and for  each  contribution 
(“Long” and “Short”), for a certain intensity value IL of the driving field, are calculated from the 
single-atom three-step semi-classical model[36] as it is computationally solved by E. Skantzakis[82].
   Two characreristic structures calculated by using the above assumptions are shown in the Figure  
3-13. A doulbe-peak structure for IL  = 7,3*1013 W/cm2, and a single-peak-structure for IL  = 6,7*1013 

W/cm2. In comparison with those shown already in the Figure 3-10, we can immediately notice that 
these new ones (in the Figure 3-13) seem to be more blur. This happens because the difference in  
phase, between the “Long” and the “Short” contribution for each harmonic, are now calculated via 
the Three-Step-Model computanional solution[82] and not “put by hand”. For all the three harmonics 
considered here and for a certain value IL, the Three-Step-Model does not predict the same phase 
difference Δφ between their “Long” and their “Short” contribution. For the double-peak-structure 
shown in the Figure 3-13.(a) we can just say that Δφ ~ π, meaning that each one of the three Δφq is 
close to π. The same is valid for the single-peak-structure shown in the Figure 3-13.(b). There, Δφ~ 
0 means that each one of the three Δφq is close to 0. One can also notice that the focusing structures 
presented  in  Figure  3-13  are  larger  in  size  than  those  in  the  Figure  3-10.  This  is  due  to  the 
“blurring” just mentioned and discussed, but also to the smaller diameter of the XUV beam profile  
[see  Figure  3-12]  used  for  this  calculation  in  comparison  to  the  one  [see  Figure  3-8]  used 
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previously.

  

Figure 3-12 :  (a) shows the intensity profile (dark-bright in linear scale), as it would appear on the spherical mirror, used  
for the calculation of the foci images presented in the Figure 3-13. The XUV beam is taken with a diameter of ~5 mm and 
consists of two distinct parts. The inner part represents the contribution from the “Short” trajectories and is simulated by 
the radial function:  IS(r) = exp[-r2/rS

2], with rS  =1.25mm. The outer part represents the contribution from the “Long” 
trajectories and is simulated by the radial function: IL(r) = 2 exp[-(r-r0)2/rL

2] , with r0 = 2.5 mm and rL = 1 mm. In (b) is 
depicted the intensity as a function of the position on the blue line drawn in (a). The intensity profile as simulated here is  
based on the XUV profile structures detected by Salieres et al. [38], as well as on information obtained by the experiment.  
The harmonics used for this example are the 11th, the 13th and the 15th. In order to depict the intensity distribution on the 
profile, the “Long” and the “Short” contributions are supposed to be in phase. In (c) is shown the projection, of the profile 
shown in (a), on the horizontal axis. For each point of the horizontal axis, we take the integral of the signal along the  
vertical line which passes from it. In (d) is shown the horizontal intensity distribution of the 11 th harmonic on the surface 
of the golden spherical mirror determined by means of knife-edge technique. The beam profile and the diameter of the  
13th and 15th harmonics (for simplicity are not shown in the figure) are approximately the same with the 11 th. (e) shows 
the  measured,  by  the  Ion-Imaging-Detector,  EUV ionization  signal  along  a  direction  transverse  to  the  propagation.  
Clearly are depicted the on-axis (S-trajectories contribution) and off-axis (L-trajectories contribution) distinct parts. From  
this Figure we can extract information about the XUV beam profile on the surface of the mirror by taking into account the 
focal length of the mirror and the measured angle of convergence of the focusing beam.
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Figure 3-13 :  Panels (a) and (b) show the calculated images of the focused EUV beam at two different values of IL: IL = 
0,73*1014 and IL = 0,67*1014 respectively. At these intensities, the phase distribution of the EUV beam lead to on axis (z) 
destructive (a) and constructive (b) interference at the focus position with a double- (maxima at z = ±30 μm) and single- 
(maximum at z = 8 μm) peak structure, respectively. On the right side of each panel the intensity distributions along the 
propagation axis (z) are shown. Similar but sharper features appear in the image of the focal area for each individual  
harmonic. The interference pattern appearing in the blue shaded areas is the fingerprint of the spatial phase distributions  
of the beam along the z (propagation) axis. The phase distribution of the harmonics, for each IL, has been calculated by 
using the three-step quantum mechanical model [see Emmanouil Skantzakis phD Thesis, 2011 University of Crete]. For 
the considered values of  IL, harmonics 11th, 13th and 15th are lie in the “plateau” spectral region having approximately 
equal relative amplitudes.

  It would be very interesting to make an effort now to estimate how these focusing structures  
would be imaged by the detector [The Ion-Imaging-Detector  (I-ID),  see  section 3.2.].  For this 
purpose we need to project, on the plane of the MCP of the Detector, the total signal from the ions 
which are produced inside the focal space. The simplest way to deal with this is to take profit of the 
cylindrical symetry of the focusing structures and to integrate, in respect to the vertical axis (-y), 
the simulated signal on panels (a) and (b) in the Figure 3-13. This signal corresponds to the ion-
signal coming from 1-photon ionization, because in this case the intensity distribution coincides 
with the ion-ditribution. By doing so, we obtain the total ion-signal as it would be projected along 
the central horizontal axis of the plane of the MCP. 
  In the Figure 3-14 appear the projections of this kind which correspond to the focusing structures 
presented in the  Figure 3-13. It becomes clear that the “projected” picture of a certain focusing 
structure is “smoothed” in comparison to the “not projected” one. These “projected” pictures are 
expected to be much closer to what the experiment will show [See Figure 3-15]. 
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Figure 3-14 : (a) Projection of the intensity distribution along the central horizontal axis (the projected “focusing” axis)  
on the plane of the MCP of the Ion-Imaging-Detector (red line) for the double-peak focusing structure presented in the 
Figure 3-13.(a). The blue-shaded area, showing the intensity distribution along the z-axis of propagation of the beam, is 
taken from the  Figure  3-13.(a) and  is  added here  for  reasons  of  easier  comparison.  (b) Projection  of  the intensity 
distribution along the central axis (the projected “focusing” axis) on the plane of the MCP of the Ion-Imaging-Detector  
(red line) for the single-peak focusing structure presented in the  Figure 3-13.(b). The blue-shaded area, showing the 
intensity distribution along the z-axis of propagation of the beam, is taken from the Figure 3-13.(b) and is added here for 
reasons of easier comparison.

3.4.2.  Focusing  structures  taken  from  the  experiment  by one-photon  ionization 
process

  Up to this point, we have shown only various focusing structures calculated by the simulation 
program. We have discussed also the physics behind these structures and the connection of their 
features to the phase difference between the two distinct parts of the XUV beam. Nevertheless, the  
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experimental  observation  of  the  interference  pattern  described  above  is  the  necessary  point 
connecting Theory and Experiment in our study. In the Figures 3-15(a) and 3-15(b) are shown ion 
distributions recorded at the EUV focus, for two different values IL of the driving field, using Argon 
as a target gas. The characteristic interference patterns, exhibiting a double- [Figure 3-15(a)] and a 
single- [Figure 3-15(b)] peak structure around the focus, are in agreement with the characteristic 
distributions which appear in the Figure 3-14(a) and the Figure 3-14(b), respectively. 

Figure 3-15:  The interference pattern created experimentally at the focus of the EUV beam
EUV focus images produced by the single-photon ionization signal of Argon at two different drive-laser intensities IL, Imax 

being ~1014 W/cm2. The relative amplitudes of the harmonics in the interaction region were approximately equal for both  
images [see Figure 3-7]. The images show a characteristic interference pattern along the z-axis, with a double and single  
peak structure around the focus, respectively. The red lines are the 30-points running average of the raw data and the error 
bars represent one standard deviation from the mean value. 600 shots are accumulated for each image. To make the trend 
clearer, the interference pattern in both cases is retrieved after subtraction of the smoothed part of the signal (background  
signal). Reasons which are limiting the modulation depth of the interference pattern in the images, is (I) the existence of a  
background signal which is coming from the contribution of the out of plane signal in the projected focus image, (II) the 
ion signal which is produced by the incoming (unfocused) EUV beam, and (III) the finite resolution of the I-ID. The 
fringe visibility of the interference pattern is reaching almost its optimum value after subtracting the background signal.
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3.4.3.  Focusing structures  taken from the experiment by two-photon non resonant 
ionization process

  In order to take more experimental information about the structures presented in the Figure 3-15, 
pictures  produced  by  two-photon  non  resonant  ionization  process  have  been  recorded.  Using 
Helium as a target gas, filtering the XUV beam by using an 150 nm thick Sn metal filter, and  
increasing for many times the exposure time of the recording apparatus in order to accumulate up to 
15000 shots for each recorded image, we obtained the pictures which appear in the Figure 3-16. A 
clear difference between the single- and two-photon ionization images, which is associated with the 
different order of non-linearity of the involved processes, is the overall width of the contrast of the 
ion distribution pattern. The width of the profile along the z axis is found to be of a factor of  ~1.4 
narrower  in Helium (2-photon process  ionization) than in Argon (1-photon process ionization). 
Although the signal-to-noise ratio in these pictures is poor, the high fringe contrast supports the 
claim that the observed structures are real and according to the expectations.

Figure 3-16 : Non-linear visualization of the EUV-amplitude-distribution. a) and b) EUV focus images recorded by 
monitoring the two-photon ionization signal of Helium, at intensity values of IL ≈ 1014

 W/cm2 and IL  ≈ 0.9*  1014
 W/cm2. 

The EUV radiation is spectrally filtered by using an 150 nm thick Sn metal filter. For each image 15000 shots have been  
accumulated. c) and d) Intensity line-outs along the propagation axis (z). The red lines are the 30-points running average 
of the raw data and the error bars represent one standard deviation from the mean value.

3.4.4. The “saw-type” structure

  As the electron quantum path interference is strongly dependent on IL, we perform a systematic 
recording of the ionization focus images at different driving intensities. This dependence is shown 
in the contour plot of  Figure 3-17(a). In  this measurement, an intensity dependent  interference 
pattern along the z-axis is observed.  The dependence is clearly shown as a modulation from a  
single- to a double-peak structure in the normalized contour plot of Figure 3-17(b), which clearly 
confirms the statistical relevance of the structures shown in Figures 3-15(a) and 3-15(b). The “saw-
type” structure is the result of the phase angular distribution of the harmonics. This structure is  
strongly pronounced at high IL values, for which most of the harmonics, in the group of the 11th, the 
13th  and the 15th,  lie  in the “plateau” region. As the intensity of the driving field decreases, at 
different  IL values for each harmonic, becomes observable the transition which occurs  from the 
“plateau” to the “cut-off” region. A clear and intensity independent single peak structure appears 
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only for very low IL values. There, all the harmonics lie clearly in the deep “cut-off” region.  The 
measured structures are found to be in fair agreement with those retrieved from the simulation 
program [see Figure 3-17(c)].
   An advantage of the present approach in comparison to intereferometric approaches [78] is that any 
dispersion effect, which may be introduced by the ionization in the harmonic generation region is  
physically absent here. This is because the whole information about the harmonic emission time 
differences is obtained by measuring the phase differences between the contributions of “Short” 
and the “Long” trajectories to the same harmonic. These contributions, which interfere here, are 
generated “together”. They come from one and a single EUV source and they do not emerge from 
two distinct EUV sources, like in previous experiments[51,86,87]. Also the influence of any transient 
phase-matching  effect,  which  results  to  the  spectral  broadening  of  the  “Long”  trajectory 
harmonics[79], has negligible influence in these measurements. This is because the present study is  
based on the observation of extremes (maxima and minima) in the constructive and destructive  
interference pattern resulting by the overlap of the same carrier frequency of “Short” and “Long” 
trajectory harmonics. 
  The values of  ΔφS,L can be deduced from the “saw-type” structure by using the following three 
considerations: 

(a) ΔφS,L = 0 for the very low values of IL, where an intensity-independent single peak structure 
can be observed. This element is in agreement with the harmonic generation theory according 
to which, in the “cut-off” region, the two trajectories degenerate into one. 
(b) The ΔφS,L is increasing monotonically with  IL

[58]. 
(c) The ΔφS,L is increasing by π when we go from a single to the following double peak and 
vice versa.

  Taking into account the above three considerations we are able to use the experimental data of the  
“saw-type” structure, shown in the Figure 3-17, in order to extract the dependence of  ΔφS,L on IL. In 
the Figure 3-19(a), are shown the values of ΔφS,L = n π (n = 0,1,2,...) as a function of IL. 
 Τhe phase acquired by the electron wave function in the continuum can be given (see Chapter 2), 
in a rough approximation, as : 

                   φq
S ,L≈

te
(q)S, L .U P

ℏ
= −αq

S ,L . I L                                                (3.1),

where αq
S ,L is the phase coefficient of the qth harmonic emitted by “Short” and “Long” trajectories 

respectively,  t e
( q)S ,L is the emission time of the  qth harmonic photon for the “Short” and “Long” 

trajectories respectively, UP is the ponderomotive potential[41].
  From the measurements [see  Figure 3-19.(a)] it can be shown that for the Xenon gas, which is 
used for the generation of the Harmonics here, can be obtained:

            Δαq
S ,L = αq

S− αq
L ≈ 44∗10−14 rad cm2

W
                                   (3.2), 

  for q = 11, 13, 15.
  Although, the value Δαq

S, L has been already demonstrated for Argon, Krypton and Neon [78,79,41,83-

85], for Xenon until now there has been a lack of information. The value of Δαq
S, L

 which is obtained 
here, is in fair agreement with the theoretical predictions for the dominance of the two “shortest” 
(“Short” and “Long”) electron trajectories[57,41,84,85] and the recent experimental findings[79], while is 
larger  by  factor  of  ~3  compared  to  previously  reported  experimental  values  in  Argon  and 
Krypton[79]. 
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Figure 3-17:   Visualization of the intensity dependant spatial EUV-yield-distribution.
a) Contour plot which shows the dependence, on the IL, of the interference pattern (induced by single-photon ionization of 
Argon) along the z axis. For each value of IL, 600 shots are accumulated. The focus position of the IR field is placed on  
the Xenon gas jet. In order to avoid any influence on the EUV beam that may be introduced by the filter, a spectrally 
unfiltered EUV radiation has been used.  The relative amplitudes of the harmonics 11th, 13th  and 15th in the interaction 
region are those already shown in Figure 3-7. b) Contour plot retrieved after normalization of the plot (a). The black line 
depicts the maxima of the ion distribution. The error bars represent the standard deviation from the mean value resulted 
by taking into account the accuracy on measuring the laser intensity. c) Normalized calculated contour plot which shows 
the dependence on IL of the interference pattern along the z-axis. We have to keep in mind that even if the “saw-type” 
structure and the positions of the maxima on the z-axis are in agreement with the measured values, these calculations are 
meant to show only the general features  of the measurements.  They do not provide the possibility of a quantitative  
comparison with the data extracted from the Experiment.
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Figure 3-18: High-order-harmonic generation mechanism shown in the spirit of the “three step model” [34,36, 81]. The IR 
field suppresses the atomic potential and allows the valance electron to tunnel through. The electron moves almost freely  
in the driving field gaining kinetic energy, which is converted to photons upon its recombination. 

   A characteristic time value Δte can be associated to every phase difference value ΔφS,L:

Δte =
Δφ

ωaverage

                                                                 (3.3)

where  ωaverage reflects  the  average  value  of  the  harmonic  angular  frequency  weighted  by  the 
harmonic amplitude Eq. Namely:              

                            ωaverage =
∑

q

Eq⋅ωq

∑
q

Eq

                                                           (3.4)

  
  By using the experimental data (pairs of values ΔφS,L = n• π, {n = 0,1,2,...} and the mean intensity 
values  IL)  shown in the  Figure  3-19(a),  the corresponding characteristic  time value Δte can be 
deduced [see Figure 3-19(b)]. One just needs to take into account that differences in phases  ΔφS,L = 
n • π, {n = 0, 1, 2,...}, correspond to differences Δte≈Δt e

q=n(T q / 2) in characteristic time values. 
Where Tq is considered to be the time period of the q-order harmonic. 
  In addition to the  characteristic  time value Δte,  a  characteristic length value ΔLe can also be 
defined as:

                 ΔLe = √2⋅ℏωaverage/me Δt e                                                  (3.5),

where ℏ ωaverage = E e+ I p. Ee stands for the return kinetic energy of the recolliding electron and IP 

is the binding energy of the atom[36,55]. 
  We know that for a single recollision: 0 ≤ E e ≤ 3U P

[36]  and, as a result, the above formula (3.5) 
can be approximated by:
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     ΔLe ≈ √2(1,5U P+I P)/me Δt e                                              (3.6).

Extracting the ratio f ( I L)=ΔLe / λe, of the characteristic value ΔLe  to the mean De Broglie electron 
wavelength:

              λe=h / √2me(1,5U P+ I P )                                                  (3.7),

is found [see Figure 3-19.(c)] that for Δte ~ n  •  Tq / 2, ΔLe ~ n •  λe.  This is clearly shown in the 
intensity dependence of the differences Δf(IL) = f(IL

(i)) - f(IL
(i+1)), {i = 1, 2,...} [see Figure 3-19(d)]. 

There, easily can be seen a characteristic change between the “plateau” and the “cut-off” areas. 
Between every two consecutive values of f(IL), in the plateau area, one obtains Δf(IL) ~1. The small 
drift of Δf(IL) from the mean value 1, is mainly due to a deviation of Ee from the value of 1,5 
UP. On the other hand, inside the IL interval where all the three harmonics stand on the “cut-off” 
part of the spectrum, one obtains Δf(IL) ~ 0.  
  These results provide motivation to seek for a new understanding of the high-order harmonic 
generation in the context of the quantum information processing[88].

Figure  3-19  : (a) Measured  phase difference  between the  “Short” and “Long”  trajectories  as  a  function of  IL.  (b) 
Characteristic time values Δte as a function of IL. (c) Characteristic length values ΔLe normalized by the mean DeBroglie 
electron wavelenth λe.  Δte ~ n •T/2 => ΔLe  ~ n * λe . (d) Difference between two consecutive values of f(IL). In all graphs, 
the vertical black-dotted lines depict the harmonic “cut-off” points and the error bars represent one standard deviation 
from the mean value. 
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4.1.  Introduction

 The availability of attosecond pulses is now rather common in a number of laboratories. Spurred 
by  the  rapid  progress  in  modern  laser  systems,  different  methods  of  generation  have  been 
developed. They are all based on producing a quasi or pure spectral continuum in the XUV spectral  
range, which in the time domain corresponds to a train or even isolated attosecond pulses [91,92,54]. 
However,  the  readily  accessible  quantitative  characterization  of  the  attosecond  pulse  is  still  a  
challenge[93].  A complete  measurement  would  provide  information  on  the  number  of  as-pulses 
produced,  on their  duration and ultimately about  the temporal  shape and spectral  phase of the  
individual pulses. The common techniques used up to now can be divided into two main categories: 
(a)  cross-correlation  and  (b)  auto-correlation  techniques.  In  the  first  category  is  the  so  called 
RABITT (Reconstruction  of  Attosecond  Beating  by  Interference  of  Two-photon  Transitions) 
method for a train of attosecond pulses[14,58,94,95] and the ”streaking” or the XFROG method for 
isolated pulses[96–99]. The second category includes the IVAC (Intensity Volume Auto-Correlation)
[100–103] and the XUV-FROG techniques[104,105]. All these methods have been frequently applied, but 
are in fact  relatively cumbersome. They typically require acquisition over many (up to several 
millions) laser pulses, thus can only be utilized in conjunction with a high repetition rate laser or  
low repetition with good stability so that accumulation of single events is feasible.
  For the various applications of the as-pulses envisioned, it is highly desirable to have a quick and 
reliable  characterization  of  the  attosecond  source  before  launching  an  extensive  experimental  
series. Furthermore, in case of poor laser parameter stability (pulse energy, carrier envelope phase 
(CEP), duration), it is important to be able to periodically optimize the as-pulse duration. This is of 
particular importance for non-linear applications of as-pulses[104,77,106,107]. Consequently, an approach 
in which a single-shot or at the most a few-shot measurement can reveal the necessary information 
in a routinely used fashion would be very helpful[108]. A technique for single-shot characterization of 
attosecond  pulses  based  on  spectral  phase  interferometry  is  the  XUV-SPIDER [109,  110].  In  this 
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scheme, the two interfering beams are produced by splitting and manipulating the IR beam, which 
is  used  to  generate  the  XUV photons.  Although  this  characterization  method  is  under  certain 
conditions appropriate for XUV sources using atomic media, it is not in general applicable to every 
XUV source.
  Here,  we  propose  a  scheme in  which  the  conventional  method  commonly  used  in  fs-pulse 
metrology  of  the  single-shot  second-order  intensity  autocorrelation  technique  is  extended  by 
appropriate modifications to operation in the XUV spectral range. In the visible and IR part of the 
spectrum, the technique consists of crossing two pulses in a non-linear crystal and measuring the  
second-harmonic light beam produced when the temporal delay between the two initial pulses is 
varied[111–114]. As no crystals are available for the wavelength range of the harmonic emission ( 10-
80 nm), a replacement has to be found that will produced a two-photon signal. The second-order 
non-linearity is a necessary condition to deduce the as-pulse duration. As it has been demonstrated 
in the first autocorrelation experiment of as-pulse trains [101], the two-photon ionization process in 
gas is an appropriate alternative for this purpose[115]. In the case of laser pulse, the region of the 
spatial overlap between the pulses is straightforward to image using an optical system from which 
the sought after information on the pulse duration can be extracted. In the scheme we propose, the 
corresponding signal that needs to be recorded with spatial resolution stems from the ions produced 
by  twophoton ionization  in  the  overlap  region.  The  practicability  of  such  a  scheme  has  been 
demonstrated by Schultze et al.[59], who used an “ion microscope” to retrieve the spatial distribution 
of  ions  generated  in  the  laser  focus  via  ionization  of  a  target  gas.  In  their  study,  the  authors 
demonstrate  a  magnification  of  100 for  a  field-of-view of  200x100 micrometers  and  a  spatial  
resolution better than 4 micrometers. It should be emphasized that the resolution reported in Ref.
[59] is the resolution of the particular experiments presented by the authors and does by no means  
represent an intrinsic limitation of the ion microscope resolution, which can, in principle, reach a 
sub-micron level. The reported 4 micrometer resolution rather results from the fact that the ion 
distribution shown in Ref.[59] was integrated over many laser shots and thus affected by beam-
pointing fluctuations. Such beam pointing fluctuations, however, would play no role in the single-
shot autocorrelation scheme presented here. Furthermore, by adjusting the appropriate voltages in 
the ion optic section, the field-of-view of the instrument and the corresponding spatial resolution  
can be optimized to meet the requirements of a specific measurement.
  Although the proposed scheme requires high XUV pulse energies to produce an analyzable signal, 
it has in principle the great advantage of deducing the most pertinent information in a single shot.  
This makes it more suitable for use with sources delivering intense XUV fluxes such as the XFEL 
or harmonic emission from gas or solid targets in which TW laser systems and high conversion 
efficiency schemes are employed. 

4.2  The concept

The method relies on the same principle employed in single-shot auto-correlation (SSAC) of pulses 
produced  by  lasers  in  the  picosecond  and  subpicosecond  time  domains.  The  basic  idea  is  to 
transform the temporal shape of the pulse into a spatial profile, which can be readily recorded and 
analyzed.  The  main  differences  here  are  that  the  setup  has  to  be  appropriate  to  handle  XUV 
radiation and also capable of discerning a train of pulses. Therefore, the non-linear crystal should 
be  replaced  by  an  atomic  gas  where  two-photon  ionization  processes  can  take  place  and  the 
ionization products must be recorded in two dimensions. Analogous to alloptical setups, we assume 
that  two non-collinear XUV beams comprising a  group of harmonics of  the fundamental  laser 
frequency cross each other in the plum of a gas jet. For illustration, we assume that the two beams  
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are replicas of each other and emanate from two small openings at a distance d on the surface of a 
spherical mirror having focal length f  (see Figure 4-1). Assuming that the harmonics in the group 
are in phase, the temporal profile of the XUV pulse will generally have strong modulations and 
form a train of sub-laser-cycle duration pulses. In space, this translates to narrow regions where the 
electric field is confined, as illustrated in Figure 4-1. The regions where the attosecond pulses of the 
train cross each other will propagate through the gas jet volume as long as the two XUV pulses 
overlap  both  spatially  and  temporally.  A  detector  with  imaging  capabilities  looking  at  the 
interaction region along a line of sight perpendicular to the plane defined by the two openings and 
the focus will record a series of lines parallel to the z-axis. Simple geometrical considerations lead 
to an expression for the distance a between these lines as:
  

α =
λ0

4 sin θ
                                                              (4.1),

where θ = arctan[d/(2f)] and λ0 the wavelength of the fundamental laser frequency. In deriving this 
expression it was assumed that the harmonic emission emanatesn from an atomic medium. In this  
case only the odd harmonics are generated and as a consequence the sub-cycle pulses appear twice 
in every cycle of the fundamental frequency. For the plasma medium, the distance between the sub-
cycle pulses would be λ0

[116]. 
  Let Nions be the number of ions produced at the point x, y, z of the interaction region where the two 
incident pulses coincide both spatially and temporarily. If the ionization process of the gas atoms is 
occurring via two-photon transitions,  Nions is proportional to the square of the instantaneous total 
intensity I tot

2 (x , y,z ,t) = ∣ε A(x , y,z ,t)+ε B(x ,y ,z ,t )∣4 = ∣ε tot(x, y ,z,t )∣4 prevailing at this point. Here 
εA and εB are the amplitudes of the interfering fields from the two sources on the spherical mirror. 
To obtain  the  auto-correlation  signal  from the  number  of  ions  produced,  we  follow the  same 
intuitive picture presented in Reference [114], in conjunction with the second harmonic generation 
in a nonlinear crystal. This is depicted in the lower left inset of the Figure 4-1. For the present 
discussion, we assume that the two incident pulses have planar wavefronts and the gas density is  
spatially  uniform.  At  each  crossing  of  the  sub-cycle  pulses,  the  instantaneous  number  of  ions 
N ions ≈ Ι tot

2 = ∣ε A(t−τ )+εB(t+τ )∣4 at a distance y0 from its bisector depends on the delay between 
two different parts of the overlapping pulses (see lower left inset in Figure 4-1). The delay  τ  is 
related to the physical distance y0 by τ = (y0 /c) sinθ, where c is the velocity of light in the medium. 
The  ion  signal  integrated  over  the  XUV  pulse  width  is  proportional  to  the  interferometric 
autocorrelation function SAC of the incident pulse:

S AC (x, y ,z )≈∫
−∞

∞

∣εA(t−τ)+ε Β(t+τ )∣4
dt                                          (4.2)

  A spatially resolved ion signal of the interaction region with sufficient resolution reveals the most 
pertinent information about the XUV pulse in a single event. For example, provided the field-of-
view  encompasses  the  whole  interference  pattern,  the  number  of  attosecond  pulses  can  be 
immediately deduced. Furthermore, all the information from an interferometric AC trace in the case
of visible wavelengths is also available here, most  importantly an estimate of the duration and 
possibly of the chirp of the generated attosecond pulses. Namely, if the spatial width of the fringe-
averaged signal in the overlapping regions shown in Figure 4-1 is Δy = c•τAC, then the duration of 
the attosecond pulse would be:

τ as = τ AC sin θ                                                             (4.3)

 There is, nevertheless, a fundamental difference between this AC scheme and that employed in the 
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visible range using crystals. Because of momentum conservation, the second harmonic emission 
that is generated using crystals is produced along the bisector (observation) direction only in the  
regions where the beams cross each other in temporal coincidence inside the crystal, i.e., each beam 
by itself does not produce any signal in this direction. This gives the possibility of measuring the 
background-free single-shot AC signal. In the case of two-photon ionization, signal is produced 
wherever sufficient intensity is available, and therefore also in regions where only one beam is 
present. The background signal is indicated in Figure 4-1 and it will be quantified for specific cases 
in Paragraph 4.3.

Figure 4-1 : Concept of the proposed SSAC scheme. In the upper right inset a schematic of the proposed setup is shown.  
The  imaging  ion  microscope  provides  an  image  of  the  ionization  products  around the  common  focal  spots  of  the 
intersecting XUV beams. In the lower left inset, the analogy to Single Shot AC using fs-laser pulses and crystals is  
indicated. Provided that a two-photon ionization occurs, the fringe pattern shown schematically is the second-order AC 
trace to be analyzed.

4.3  Model calculation

  In this section, a simplified model is used to analytically investigate the main features of the  
interferometric auto-correlation function given in Equation (4.2). Two XUV beams consisting of N 
harmonics of the fundamental laser frequency ω0 are assumed, each emanating from an aperture of 
diameter D on a spherical surface with focal length f. Due to focusing of the spherical mirror, they 
interfere within an angle θ at the focus (see Figure 4-2). To make the calculation tractable, first two 
plane waves are considered interfering at the focus of the spherical surface. The effect of focusing 
is taken into consideration in an ad hoc manner in the second step.
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Figure 4-2 : Geometry considered in the model calculation.

 
  Given the difference in the propagation vectors of the two plane waves indicated in Figure 4-2, the 
combined field due to the qth harmonic from the two sources Eq(y, z, t) at y-z plane is: 

εq( y,z ,t) = Eq [e
j(l qy+k qz−ωqt) + e j(−l qy+k qz−ωqt )] = 2 Εq cos(lq y )e j(k qz−ωqt )               (4.4),

where Eq is the amplitude of the qth harmonic, k q = q 2π
λ0

cos θ, l q = q 2π
λ0

sin θ, ωq = q ω0 and λ0 is 
the fundamental wavelength. In the expression in Equation (4.4), the time delay τ between the two 
beams is indirectly included by the geometry via the dependence on the coordinate  y. The total 
instantaneous intensity Itot (y, z, t) at the region where there is complete overlap will be:

I tot( y,z ,t) = ∑
q

εq( y ,z,t ) ∗ ∑
p

ε̃ p( y ,z ,t ) =

= ∑
q

2 E q cos(lq y) e j(kq z − ωq t) ∗ ∑
p

2 E p cos(l p y) e− j(k p z − ω p t) =

= 4 ∑
q, p

Eq E p cos(lq y) cos(l p y ) e j[(kq−k p) z − (ωq−ω p)t ]

                (4.5).

  The  1st  order  AC  signal  is  proportional  to  the  time-average  intensity,  i.e.  to 
Î tot ∝ ∫t

t+T 0 I tot( y ,z ,t ) dt, with T0 the period of the fundamental wave. It is easily seen that terms 

containing  the  integral  ∫ e± j(q−p)ω0 t dt will  average  to  zero  unless  q  =  p.  Retaining  only  the 
surviving terms one obtains:

Î tot( y) = 4∑
q

Eq
2 cos2(lq y) =

= 4∑
q

Eq
2 cos2(q

π
2

y
α

)
                                           (4.6).

  As expected the time-average intensity pattern becomes independent of z. This justifies the picture 
presented in Figure 4-1, i.e., in a 2-D ion image of the interaction region by a time integrating 
detector, the lines along which the crossing points of the attosecond pulses propagate would appear  
as stripes.
  The 2nd order AC signal is proportional to the average value of the square of the time dependent  
intensity. Therefore, the intensity should be squared before the time average value is calculated, i.e., 
one should start from the following expression:

67



I 2
tot( y,z ,t) = [∑

q

2 Eqcos(lq y) e j( kqz−ωq t ) ∗ ∑
p

2 E p cos(l p y) e− j(k pz −ωp t)]
2

= 24[∑
q, p

Eq E p cos(lq y) cos(l p y) e j[ (kq−k p)z−(ωq−ω p)t ]]
2
=

= 24 ∑
q, p ,n ,m

Eq E p En Em cos(l q y) cos(l p y) cos(ln y ) cos(lm y) e j[(kq−k p+kn−k m)z−( ωq−ω p+ωn−ωm )t ]

   (4.7).

  Using the multiple sum in the last expression of Equation (4.7), the time average of each term can 
be  calculated.  Again  taking  into  consideration  that  terms  now  containing  the  integral 
∫ e± j(q−p+n−m)ω0t dt will average to zero unless q−p+n−m = 0, one obtains for the 2nd order AC 
signal as:

Î tot
2 ( y) = 24 ∑

q, p,n,m

Rq, p,n,m Eq E p En E m cos(l q y)cos(l p y)cos(l n y)cos(lm y) =

= 24 ∑
q, p ,n ,m

Rq, p,n,m E q E p E n Em cos(q
π
2

y
α

)cos( p
π
2

y
α

)cos(n
π
2

y
α

)cos(m
π
2

y
α

)
            (4.8),

where Rq, p,n,m = 1 for q+p−n−m = 0 and Rq, p,n,m = 0 otherwise. The factor Rq, p,n,m is introduced 
to take into consideration the effect of time averaging. It is interesting to note that the last result is  
not obtained by simply squaring the time average intensity in Equation (4.6).

Figure 4-3: Plot of the expression in Equation (4.6) and Equation (4.8) for a group of equal amplitude odd harmonics  
between q =101...111 and for f = 5 cm , d = 0:3 cm and λ = 800 nm.

  To illustrate the behavior of the interference pattern and the form of the 1 st  and 2nd  AC trace we 
consider a specific example. For a group of odd harmonics in the range qa = 101 to qb = 111 and for 
f = 5 cm, d = 0.3 cm and λ = 800 nm the last expressions in Equation (4.6) and Equation (4.8) are 
plotted in Figure 4-3. For these parameters the distance between the crossings of the attosecond 
pulses is a ≃ 6.7 μm . It is seen that while the 1st order AC is symmetric around an average value,  
the 2nd order AC exhibits the typical auto-correlation behavior with a signal-to-background ratio of 
~ 8 : 1 as in the case of single frequency interferometric AC. The fine structure inside each peak is  
due to the interference of the individual harmonics. It is to be noted here that the choice of the  
specific group of harmonics (H101-H111) is judicial to better demonstrate the features of multi-
frequency AC traces. In the following paragraphs a more realistic case of lower harmonics in the  
range H9-H15 is considered.
  Up to now the diffraction due to the apertures on the mask has not been taken into account. We 
now assume uniform illumination over the area of the opening having radius  R =  D/2. As each 
source is located on the surface of a focusing mirror, the focal spot will then be an Airy pattern. For 
waves having a wavelength λ0 the pattern at the focal plane is (see Reference: [80]):
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I( y) = [ 2 J 1(υ)
υ ]

2

                                                           (4.9),

where  υ = 2π
λ0

R
f  with  r = √x2+y2. Thus, the timeaverage intensity for a group of harmonics in 

Equation (4.6) is modified as follows: 

Î tot( y) = 4 ∑
q [ Eq

2J 1(υ1)
υ1

cos(uq)]
2

                                      (4.10),

where  uq = q 2π
λ0

y sin θ = q π
2

y
a   and  υq = q 2π

λ0

R
f

r. Similarly, the second order AC signal in 
Equation (4.8) becomes:

Î 2
tot( y) = 28 ∑

q, p,n,m

Rq, p,n,m E q E p E n Em ∗

∗
J 1(υq)

υq

cos(uq)
J 1(υ p)

υ p

cos(u p)
J 1(υn)

υn

cos(u n)
J 1(υm)

υm

cos(um)
                   (4.11),

where Rq, p,n,m = 1 for q+p−n−m = 0 and Rq, p,n,m = 0 otherwise.

  The last expressions in Equation (4.10) and Equation (4.11) for D = 100 μm are plotted in Figure 
4-4 for the same geometrical parameters as in the previous example, yet with group harmonics of q 
= 9...15.  This  harmonic  selection  is  technically  feasible  and  ensures  two-photon  ionization  in 
conjunction with He atoms[101,103]. The fine structure seen in Figure 4-4, is due to interference of the 
light from the two apertures while the overall shape is determined by diffraction through a single  
aperture (Airy pattern). Thus, the signal area is limited by the Airy spot size resulting at the focus of 
the spherical mirror and is given by RAiry ≈ 1.22 f λq0 / D ≃ 54.2 μm with q0 the lowest harmonic in 
the selection. In order to be able to deduce e.g., whether a single attosecond pulse is produced or  
not, at least three sub-cycle peaks should fit in the observable area. This imposes the condition RAiry 

≥ a. The smaller the diameter D of the apertures the larger the Airy radius. This however drastically 
reduces the XUV intensity at the focus. Alternatively, one can increase the distance  d of the two 
apertures to obtain shorter distance a between the peaks. The drawback then is that a higher spatial  
resolution is required to adequately resolve the peaks. As a consequence for optimum operation, a 
compromise in the selection of the apertures diameter and their distance should be carefully made 
(see discussion in Section 4.5).

Figure 4-4: Plot of the expression in Equation (4.10) and Equation (4.11) for q = 9...15 and equal amplitudes.  The  
geometry parameters are the same as in Figure 4-3.
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4.4  Setup optimization

  In this section we perform a detailed study to determine the optimum arrangement for the use of 
the Single Shot Auto-Correlation (SSAC) device in conjunction with attosecond light sources. The 
objective is to determine the geometry as to achieve the maximum possible throughput and the best 
resolution.  To  be  able  to  consider  quite  general  but  realistic  cases  we  apply  the  formulation 
presented in Reference [80] for the diffraction integral at the focus of a spherical converging wave.  
We then consider various masks or geometries for the spherical mirror from where the converging 
wave emanates.

4.4.1  Calculation of the diffraction integral

 The starting point  is  the  expression given in  Reference  [80]  for the  calculation of  the  three-
dimensional monochromatic light distribution near focus, namely:

U tot(P ) ∝ ∬
W

e j[k0(s− f )]

s
dS                                                (4.12),

where k0 = 2π / λ0 and λ0 the wavelenght of the converging wave. The point Q with coordinates xQ, 
yQ, zQ is located on the mirror surface W and P is the observation point with coordinates xP , yP , zP 

both with respect to a system centered at the focus of the spherical wave. The distance s between 
the two points Q and P determining the phase factor is derived from:

s2 = ( xP−xQ)2 + (y P−yQ)2 + ( zP−zQ)2 . 

To apply the method to our case one has to consider three notable differences:

1.  The  illumination  from the  spherical  surface  is  restricted  to  two apertures  through an 
appropriate mask.
2.  The  illumination is  not  monochromatic,  i.e.,  there  are  contributions  from a  group of 
harmonics.
3.  The time dependence can not be factored out.

In this case the diffraction integral has to be modified as follows:

U tot(P,t) ∝ ∬W
M (Q)∑

q

e j[k q( s− f )−ωqt ] dS                                   (4.13),

where k0 = 2π / λ0 and ωq = q ω0, M(Q) is the mask on the spherical surface and the sum runs over 
the harmonic numbers in the group.
If q = 1, i.e., monochromatic illumination, then the time dependent factor can be taken out of the 
integral  and  the  time  average  intensity  is  simply  Î tot ∝ U tot Ũ tot.  In  the  case  of  a  harmonic 
synthesis, the situation is more complicated. The different frequencies give rise to temporal beating 
(attosecond pulse train) and over a period the variation is not simply ∝ cos(ωt). For this reason the 
evaluation of the time average intensity in case of a group of harmonics needs special attention. The 
diffraction integral in this case can be written as:

70



U tot(P,t) ∝ ∑
q

U q e− j ωq t
                                                  (4.14),

where: U q = ∬W M (Q)e j[ K q( s− f )] dS.

In analogy to Equation (4.5) the corresponding instantaneous total intensity Itot  (x, y, z, t) is given 
by:

I tot(x, y,z ,t ) ∝ ∑
q

U q e− j ωq t ∗ ∑
p

Ũ p e+ j ωp t

∝ ∑
q, p

U q Ũ p e− j[ (ωq−ω p) t ]
                                 (4.15),

The time average can now be calculated, and using the same argument for the cross terms as in 
Equation (4.5) one obtains:

Î tot(x ,y ,z) ∝ ∑
q

U q Ũ q                                              (4.16),

The 2nd order AC signal will be proportional to:

I 2
tot(x, y ,z,t ) ∝ [∑q, p

U qŨ p e− j[ (ωq−ω p)t ]]
2

  and thus to

Î tot
2 (x, y ,z) ∝ ∑

q, p,n,m

Rq, p,n,m [U q U p Ũ n Ũ m ]                                             (4.17),

where Rq, p,n,m = 1 for q+p−n−m = 0 and Rq, p,n,m = 0 otherwise.

  In what follows we apply these formulas to numerically calculate the second-order AC signal for 
various masks of practical interest.

4.4.2  Two-aperture mask

  As a first example we consider a mask in which two pinholes select a small portion of the XUV 
beam incident on a spherical mirror. The XUV profile is assumed to be Gaussian with a FWHM 
waist of 2rb = 3.0 mm while the mask geometrical dimensions are the same as those considered for 
the analytical model in Section 4.3. The XUV profile and the mask are shown in Figure 4-5 along 
with the patterns in two planes of the 2nd order AC trace. Comparing the line-out along the y-axis 
of the focal plane pattern obtained through the numerical evaluation of the diffraction integral in 
Equation (4.17), it is seen that is identical to the one from the analytical model shown in Figure 4-4. 
This is to be expected since the intensity variation over the pinhole openings of the Gaussian beam 
and the focusing effect of the converging wave are negligible. The agreement constitutes a reliable 
confirmation for the validity  and correctness of the numerical method based on the diffraction  
integral.
  According to the basic concept of the SSAC device, the pattern in the y-z plane shown in Figure 4-
5 contains the information that  needs to be recorded. For the specific geometry considered,  its  

71



relevant dimensions are quite accessible to measurements assuming a sub-μm resolution capability 
of the ion microscope to be used. However, due to the large axial extent of the focus, the XUV 
intensity might not be high enough to produce two-photon ionization. In addition, the two-aperture 
mask is very inefficient as it exploits a very small part of the incident XUV beam.

4.4.3  Two-slit mask

  An alternative setup in which a better use of the available XUV energy is made is the two-slit  
mask.  In this configuration instead of two pinholes there are two slits  with width equal to the  
diameter of the pinhole in the previous example but of length extending over the whole XUV beam 
profile. This mask is shown in Figure 4-6. The effect is that the focal pattern in the y-z plane and x-
y plane has much smaller extent in the x- and z-direction but in the y-direction remains the same. 
This is depicted in Figure 4-6 where the 2nd order AC signal is shown as calculated for this mask 
using  Equation  (4.17).  As  expected,  the  line-out  of  the  signal  along the y-axis  in  this  case  is 
identical to the one from the previous one. An assessment of the factor gained in intensity using this 
mask is given in Section 4.5.1.

4.4.4  Beam splitter

  In both setups discussed in Paragraph 4.4.2 and Paragraph 4.4.3 it is obvious that in order to  
obtain an interaction region large enough to record sufficient information, the majority of the XUV 
energy is lost. This is primarily imposed by the requirement of dispersing the interference pattern to 
an extent that an ion microscope can ”see” the details, i.e., the beats in the focus of the crossed  
beams. Still, these setups are applicable if the XUV source to be characterized is intense enough 
and the recording ion microscope possesses adequate resolution. In this section we investigate an 
alternative setup that would be more appropriate for relatively weak XUV sources. It is based on 
the wavefront splitting technique and it is shown schematically in Figure 4-7. As no conventional 
beam splitters exist for XUV radiation, the wavefront,  instead of the amplitude of the beam, is  
divided into two. This can be easily achieved by using a wedge out of proper material as depicted in 
Figure 4-7. For example, Si exhibits for nearly grazing angle of incidence ψ very high reflectivity 
and for a wide spectral range (see Figure 4-7.(c)). Furthermore, if the angle of incidence is chosen  
equal  to  the  Brewster  angle  θB(Si)  ≃  75◦  for  λ =  800 nm and parallel  polarization,  the  same 
component can be used to substantially suppress the fundamental laser frequency.
   After splitting the beam into two, an optical arrangement can be used to cross and focus the two  
beams under a given angle θ thus generating an interference pattern within a gas jet where the two-
photon  ionization  takes  place.  We  show  two  possible  arrangements:  one  involving  nearly 
perpendicular reflection and therefore limited to low order harmonics (Figure 4-7(a)) and another  
employing grazing incidence optics, more appropriate for high-order harmonics (Figure 4-7(b)).  
The  first  option  imposes  the  condition  θ ≥  π−2ψ while  the  second  has  the  advantage  of 
independently choosing θ and ψ but is more demanding in bringing the focus of the two beams to 
coincidence. These schemes have the advantage that the total XUV energy after reflection off a  
wedge is focused in the gas medium. The main drawbacks are the reflection losses on the wedge 
and the small focus due to large illumination aperture.
  For reasons of comparison we use the same experimental parameters as in the previous examples, 
i.e., the same group of harmonics q = 9...15 of equal amplitudes and Gaussian XUV beam with a 
FWHM waist of 2rb = 3.0 mm. This corresponds to an 1/e2 waist of wb = √2 / ln2 rb=2.5 mm. The 
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beam however  is  divided into two equal  portions  which  subsequently are  focused by a  single 
optical component and cross each other at their focus. Since in this configuration the illuminated 
aperture is much larger compared to the previous cases, the condition wb ≥ a necessary to observe 
more than one attosecond beat at the focus is not satisfied for the same focal length. To compensate  
for this, the focal length of the spherical mirror must be increased. We choose f = 100 cm and an 
angle  θ = 2o. In this case  a = 5.7 μm and  d = 70 mm. The focal extent along the  y-direction is 
estimated from w0,y ≈ f λ9 / (π ẃb)≃ 22.2 μm with ẃb = wb / 2. Here, we consider the focal extent 
of the q = 9 harmonic, i.e., of the longest wavelength and we take the waist of the half beam to be 
approximately  half  of  the  original  waist.  Accordingly,  the  focal  extent  in  the  x-direction  is 
w0,x ≈ f λ9 / (π wb) ≃ 11.1 μm. The results of the numerical integration of the diffraction integral in 
Equation (4.17) are shown in Figure 4-8. It is seen that the estimates of the focal extent agrees very 
well with the results of the calculation. For the chosen experimental parameters, a readily resolved 
pattern comprising at least three attosecond beats is produced. The spatial extent (FWHM) of the 
central peak is Δy ≈ 2μm which corresponds to  τ as = sin θ⋅Δy /c ≃ 230 as, which is  indeed the 
duration of the individual attosecond pulses in the train formed by the H9-H15 harmonics if they 
are phase locked and of equal amplitude.
   A variation of the beam splitter method is the use of a split mirror in which the two parts are tilted  
with respect to the propagation axis. This way a magnified interference pattern is obtained just 
before the focus. The disadvantage of this setup is that, for realistic conditions, the region to be  
recorded is located close to the foci of the two half-beams. This would make the weak signal of the  
AC pattern difficult to distinguish from the signal due to the high intensity prevailing at the foci of 
the two half-beams.

Figure 4-5 :  The second-order AC pattern due to the interference of the harmonic radiation emanating from two aperture  
of 100μm in diameter.  Upper panels: The profile of the converging XUV beam and the mask imposed to it.  Lower 
panels: The 2nd order AC pattern in the two planes around the XUV focus as obtained from the numerical evaluation of  
Equation (4.17). The geometry parameters and the harmonic selection are the same as in Figure 4-4. (q = 9...15 and equal 
amplitudes).
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Figure 4-6 :  The second-order AC pattern due to the interference of the harmonic radiation emanating from two slits of 
100 m wide and 5 mm long. Upper panels: The profile of the converging XUV beam and the mask imposed to it. Lower
panels: The 2nd order AC pattern in the two planes around the XUV focus as obtained from the numerical evaluation of 
Equation (4.17). The geometry parameters and the harmonic selection are the same as in Figure 4-4. (q = 9...15 and equal 
amplitudes)

Figure  4-7  :  Schematic  diagrams of  two possible  setups  for  a  cross-beam arrangement.  (a) Setup  for  low order 
harmonics (long wavelength XUV emission) and (b) for higher order harmonics (short wavelength XUV emission). (c) 
The reflectivity  of  Si  as  a  function  of  angle  of  incidence  for  parallel  (solid  line)  and  perpendicular  (dashed  line)  
polarization and for the indicated harmonic orders q.
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Figure 4-8 :  Numerical calculation of the a cross-beam arrangement using a wavefront beam splitter. The upper panel 
shows the illumination geometry and the interference pattern for the H9 harmonic at the focus. The FWHM extent of the 
focal  spot  in  the two directions is  also indicated.  The lower panel shows the 2nd order  signal  due to  two-photon 
ionization by the harmonic group of H9-H15. The pattern in the  y-z plane is what  an ion microscope with enough 
resolution would record.
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4.5  Setup assessment

 The  criteria  on  which  the  most  appropriate  setup  can  be  chosen  depend  mainly  on  two 
experimental parameters: (a) the spatial resolution of the ion-microscope Δs and (b) the maximum 
XUV power PXUV available by the source. The given spatial resolution determines the minimum size 
of the interaction region required to discern enough details to extract the pertinent information. On 
the other hand, larger interaction region means lower XUV intensity in which case the two-photon 
process rapidly becomes less efficient and as a result the corresponding signal rapidly deteriorates. 
It becomes apparent that for a given values of these two parameters, one must carefully navigate  
through the remaining parameters such as type of mask or arrangement,  spherical  mirror focal  
length and angle of intersection in order to obtain the most suitable setup. In what follows we  
discuss the advantages and disadvantages of each of the setups we have considered and point out  
the interplay of the various parameters.
   

4.5.1  Efficiency comparison

  Since the application envisaged is based on a two-photon process, it is of outmost importance to  
examine the efficiency of the overall setup so that an estimate of the achievable intensity can be  
made.  Previous experiments[101,103,106] have shown that  an XUV intensity of  I XUV ≥1011W/cm2 is 
needed for recording a volume AC trace. In the scheme we propose here the signal is not spatially  
integrated as in previous experiments, but a 2-D image of the ionization products is required to 
deduce  the  sought  after  information.  This  increases  the  minimum  XUV intensity  needed  for 
recording an analyzable signal, by at least a factor of 100. It is therefore essential to examine the  
efficiency of each arrangement we have considered. Here we compare, from the point of view of  
the  mean  intensity  in  the  intersection  volume,  the  three  different  implementations  of  this  
autocorrelation method we have discussed so far, i.e.

(a) Using a mask with two apertures of diameter D = 100.0 μm in a distance of d = 3.0 mm 
from each other on a Gaussian beam with an  1/e2 waist of  2wb = 5.0mm and a spherical 
mirror of 5cm focal length. (see Paragraph 4.4.2)

(b) Using a mask with two slits of dimensions 1cm x 100μm in a distance of 3mm from 
each other. (see Paragraph 4.4.3)

(c) Using a beam splitter (Si-wedge) for the wavefront splitting of the incoming beam into 
two parts. In order to make them converge and intersect, we use a mirror of f = 100cm focal 
length. (see Paragraph 4.4.4)

 To meaningfully compare the three alternative configurations we assume that in all 3 cases an  
XUV power PXUV is available and estimate the mean intensity that this power can produced in the 
interaction volume for each case. Subsequently, we obtain a Figure of Merit F as the ratio of the 
mean intensity achieved at the focal region in each of the arrangements to a reference intensity I0. 
We choose as reference intensity the one obtained by the spherical mirror assumed in the two-
aperture and two-slit arrangements but without any mask.
  For a Gaussian beam profile, the intensity variation along the  z-axis of propagation and in the 

transverse  r-plane is:  I(r ,z) = 2 P XUV

π w2( z) exp[− 2 r 2

w2( z) ].  Here  w(z ) ≈ θ0 z is  the waist  radius far  from 

focus  and  2 w0 = 2 λ / π θ0 the  focal  spot  size.  The  angle  of  convergence  is  estimated  from 
θ0 ≈ arctan(wb / f ) where  wb = w(z= f ) = √2 / ln2 rb with  rb the initial beam radius and  f the 
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focal  length  of  the  spherical  mirror.  The  focal  mean  intensity  is  easily  seen  to  be 
I 0 = P XUV / (π w2

0). We now estimate F for each of the concrete cases (a)-(c).

(a)  At  the  position  of  the  apertures  the  intensity  is  reduced  and  therefore  the  power  
transmitted through each pinhole is:

P apt = Ι(d /2, f ) π D 2

4
=

2 PXUV

π wb
2

exp[− d 2

2 wb
2 ] π D2

4
                           (4.18).

Given the small dimensions of the aperture, a flat-top distribution can be assumed, which  
gives rise to an Airy pattern at the focus. The radius of the central disk is then RAiry ≈ 1.22 f 
λq0  /  D ≃ 54.2 μm with  q0 = 9 the lowest harmonic in the selection. The mean intensity 
achieved in this case is then:

I mean = 2
P apt

π R2
Airy

                                                       (4.19).

The corresponding figure of merit for the concrete example we have considered is  Fa = 
Imean/I0 ≃ 8 *10−8.

(b) The power through each slit with dimensions lx = 1cm and ly = 100μm in this case is:

P slit ≈
2 P XUV

π wb
2 exp(− d 2

2 wb
2 ) l y ∫

− l x / 2

+ l x / 2

exp(−2 x2

wb
2 ) dx

≈
2 P XUV

π wb
2 exp(− d 2

2 wb
2 ) l y √ π

2
wb

                          (4.20).

The pattern at the focus will be elliptical with approximate dimensions Lx ≈ 2 * 1.22 f λq0 /lx 

≃ 1.1 μm and Ly ≈ 2 * 1.22  f λq0 /ly ≃ 108.0 μm. Thus the mean intensity at focus follows 
as:

I mean = 2
P split

L x L y

                                                   (4.21).

As expected the figure of merit for the two slit arrangement increases greatly and is found 
to be Fb ≃ 2.5 • 10−4.

(c) In the case of the beam splitter, the only difference from using the whole beam is the  
splitting of the Gaussian profile into two halves. A rough estimate of the mean intensity at  
focus from each half can be made using the same arguments as in case (b). The power from 
each half with dimensions lx≃wb and ly≃wb  /2 in this case is simply PXUV  / 2. Accordingly, 
the mean intensity at focus is:

I mean =
P XUV

L x L y

                                                  (4.22).

77



  As it was already discussed in Paragraph 4.4.4, the pattern at the focus will be elliptical  
with approximate dimensions Lx ≈ 2 f λq0 / (π lx) ≃ 22.2 μm and Ly ≈ 2 f λq0 / (π ly) ≃ 44.2 μm 
for f = 100 cm and q0 = 9. The corresponding FWHM values of the elliptical spot 2r0;x ≃ 
13.1 μm and 2r0;y ≃ 26.2 μm are very close to the exact numerical results for the focal spot 
of H9 shown in Figure 4-8. The figure of merit for the beam splitter arrangement is as 
expected the highest Fc ≃ 1.0 • 10−3.

  In case (c) we have not included the reflection losses on the intervening beam splitter. For relative 
low order harmonics, the diagram in Figure 4-7.(c) indicates that they can be quite low. However in 
a realistic case, one should consider a loss factor of up to 10, especially if the group of harmonics is  
comprised of high orders. These losses nevertheless are also present in the other setups ((a) and (b))  
as  for most  of  the  applications  a  stage  for the suppression of the IR light  is  required.  In this  
arrangement, the necessity of having long focal length to encompass at least 3 attobeats in the focus 
results  in  lower  XUV  intensity,  in  the  specific  example  by  a  factor  of  ≃  400,  but  this  is 
compensated by the large apertures (half the XUV beam profile) used. This makes the beam splitter  
most efficient and in addition the sampling area of the XUV beam profile is more representative of 
the whole beam in this case.

4.5.2  Parameter selection

  From the previous discussion in Paragraph 4.5.1 it becomes apparent that one of the most efficient 
setups is the beam-splitter arrangement. Given the maximum resolution Δs associated with the ion-
microscope, there are two important parameters that will have to be appropriately chosen. They are 
the angle  θ at which the beams intersect each other and the focal length f of the focusing mirror. 
The angle  θ determines the distance a between the attosecond beats [see Equation (4.1)] whereas 
the  focal  length  defines  the  focal  spot  size  and  therefore  the  number  of  attosecond  beats  it 
encompasses. To illustrate this interplay we have used Equations (4.10) and (4.11) to calculate the 
1st and 2nd order AC for a number of combinations of f and θ values. Instead of assuming a flat-top 
intensity profile  at  the source we have assumed Gaussian intensity  distribution.  This  results  in 
replacing the Bessel function in Equations (4.10) and (4.11) with a Gaussian function having the  
same argument. The rest of the parameters are the same as in the example shown in Figure 4-8  
except that for simplicity two complete Gaussian beams are assumed instead of two halves. The 
results  are  shown in  Figure  4-9  along  with  the  modification  of  the  signal  assuming a  spatial 
resolution of Δs = 2 μm.
  There two distinct substructures in the 1st and 2nd order signals. The finer modulation represents 
the oscillations resulting from the superposition of the harmonic waves while the coarser is due to  
the beating of these waves giving rise to spatial localization i.e., to the formation of attosecond 
pulses. It  is seen that  under finite resolution conditions, the substructure in the 1st order signal 
disappears to a large extent where, for the 2nd order signal the substructure after the convolution 
with the instrument function prevails  in most  of  the  cases.  For  f =  100 cm and  θ =  2o,  three 
attosecond beats are contained in the focal spot as was also obtained by the numerical calculation 
shown in Figure 4-8. The signal blurring due to finite resolution of the instrument is depicted by the 
gray shaded curve. In this case the three attosecond peaks are still discernible but the oscillations 
within the attosecond wave beating disappear and the peak to background ratio is greatly reduced. 
Despite that, the duration of the peak in the middle of the 2nd order AC trace can be retrieved by 
careful deconvolution of the signal with the instrument function. For f = 50 cm and θ = 2o, the focal 
spot is half as large, and one cannot be sure whether the middle peak is affected by the focal spot  
size (see Figure 4-9(b)). For f = 100 cm and θ = 1o, the middle peak is spread out to the point of 
seeing the oscillations within the attosecond beating but the focal spot size cannot accommodate 
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satellite peaks (see Figure 4-9(c)). This is required to verify the existence of a single attosecond  
pulse. In contrast, the case illustrated in Figure 4-9(d), corresponding to  f = 100 cm and  θ = 5o, 
exhibits a number of satellite peaks but due to finite resolution they are smeared out and thus hardly 
discernible.

Figure 4-9 :  Numerical calculation of the cross-beam arrangement using a wavefront beam-splitter for the indicated  
combinations of focal lengths f and angles of intersection θ. The upper panel shows the first-order AC trace while the 
lower the second-order. The apparent signal assuming a spatial resolution of Δs = 2μm is shown as gray shaded area.

  It is to be noted here that if the signal level allows it, a complete record of the 2nd order signal in 
the  y-z plane like the one shown in the lower panel of Figure 4-8 can provide some of the most 
pertinent  information  even  for  finite  resolution.  A line-out  of  the  signal  along  the  axis  of 
propagation of one of the beams contains the spatial characteristics of the beating structure and  
provides  a  substantial  magnification.  It  is  easily  deduced  that  the  modulation  period  of  the 
attosecond beating in this case  is:  á = λ0 / (4sin 2θ ),  which for small  angles  θ is  considerably 
larger than the one given by Equation (4.1). As the instrument resolution is the same over the whole 
field of view, such a projection might provide a clearer picture of the information sought after, e.g.  
whether a single or multiple as-pulses are present. This is depicted in Figure 4-10 where the case  
studied in Paragraph 4.4.4 using the beam-splitter is shown smoothed to a degree corresponding to 
Δs = 2μm. It is seen that a line-out along the axis of propagation of one of the beams exhibits the 
multiple as-pulse structure. Clearly, it furnishes no additional information compared to a line-out 
perpendicular to the z-axis but provides considerable magnification.

Figure 4-10 :  Analysis  of  the 2D image of  the beam-splitter  case  described in  Paragraph 4.4.4 for  an instrument  
resolution of Δs = 2μm. The image has been smoothed to a degree corresponding to the finite instrument resolution and  
scaled to actual proportions. The line-outs along the axis of propagation of one of the beams and transverse to the z-axis 
are shown by the red yellow filled line.
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4.5.3  Ionization estimates

  In order to establish to what extent the ion microscope, described at length in Reference [59], can 
record details of the focal region, we calculate the ion signal expected for a given peak intensity in 
the interaction region. We consider the case of the Si-wedge beam-splitter discussed in Paragraph 
4.4.4 and assume an XUV source delivering an intensity distribution at the overlap region of the 
form I XUV( r⃗ ,t ) = exp(−t2 / τ as

2) I peak F( r⃗ ). Here τas is the duration of a single attosecond beat in 
the train delivered by the source and I peak F( r⃗ ) is the spatial intensity distribution in the overlap 
region where Ipeak denotes the peak intensity available. We consider the specific example again, i.e., 
a harmonic composition consisting of the 9th to 15th harmonic, a Ti:saphire laser frequency (λL = 800 
nm) and Helium gas as a two-photon ionization medium[117]. In general, the method is limited to 
photon energies in the range between  IP  /2 – IP of the ionization medium. The reason is that for 
lower photon energies,  two-photon ionization  is  not  occurring and for higher  photon energies,  
single-photon  ionization  will  distort  the  measurement.  Low photon  energies  do  not  present  a 
problem because  choosing  Xenon as  ionization  medium,  the 5 th harmonic  would  already two-
photon ionize it. For higher photon energies, direct double ionization processes or direct ionization 
to higher charge states of the atom can be employed instead of single-ionization. This is possible  
for short pulse durations[77].
  The number of ions Nions per shot for an attosecond pulse train comprising Nas attosecond pulses 
via two-photon ionization is estimated as:

N ions = N as ⋅ σ He
(2) ⋅∫

−∞

+∞

∫
V

ρ He( I XUV( r⃗ ,t)
ℏ ω XUV

)
2

dt dV

= N as ⋅ σ He
(2) ⋅ ρHe ⋅ [ I peak

ℏ ωXUV
]
2

⋅ ∫
−∞

+∞

e
− 2 t 2

τ as
2

dt ⋅∫
V

F( r⃗ )2 dV

= N as ⋅ σ He
(2) ⋅ ρHe ⋅ [ I peak

ℏ ω XUV
]
2

⋅ √ π
2

⋅ τas ⋅ FV

                        (4.23).

 
  The spatial integral F V = ∫V F( r⃗ )dV ≈10−9cm3 is obtained numerically from the time averaged 
intensity squared distribution given in the bottom row of Figure 4-8. The cross-section for two-
photon ionization of He for a mean photon energy of  ℏω XUV ≈20eV is in the literature given as 
σ He

(2)≈10−52cm4sec[118]. Furthermore, we consider a He atom density in the range of  ρHe ≈ (1−6)• 
1018cm−3 corresponding to a pressure of 50 − 250 mbar. As it has already been mentioned for a train  
formed by the H9 - H15 phase locked harmonics of equal amplitude, the duration of the individual 
attosecond pulses is τas ≃ 230 as and we assume a train of Nas = 10 of such attosecond pulses. Using 
Equation (4.23) we have calculated the number of ions Nions for an XUV source providing a peak 
intensity in the autocorrelation volume indicated in the first column of Table 1 and for two values 
of He ion concentrations.
  It is seen that while for Ipeak ≈ 1011W/cm2 the expected number of ions is in the range of N ions ≤ 10 
the number increases quadratically with intensity to the level of 10000 for Ipeak ≈ 1013 W/cm2. The 
signal due to this number of ions should be readily detectable by the ion microscope described in 
Reference [59] at least for I peak ≥1012 W/cm2.
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Table 4-1 :  Estimated number of ions for a range of XUV intensity values and He densities.

  In view of the “graininess” of the signal due to a limited number of ions, and assuming a finite  
spatial resolution of the instrument, the question that arises is: what is the minimum XUV intensity 
that would allow the retrieval of a statistically relevant signal from a single acquisition. To assess 
this we have distributed the total number of ions Nions in our estimation along the y-axis according 
to the amplitude of the smoothed 2nd order signal  in Figure 4-8.  This  presumes that  the XUV 
intensity along the z-axis within the recorded area is approximately constant thus allowing binning 
along  the  same  direction.  The  number  of  bins  along  the  y-axis  is  determined  by  the  spatial 
resolution  of  the  instrument.  Assuming  that  the  field  of  view  of  the  ion  microscope  is 
approximately the same as the one indicated in the lower row of Figure 4-8, there will be Nbin ~ 27 
bins for Δs = 2 μm and Nbin ~ 54 bins for Δs = 1μm. Let the average number of ions in the jth bin be 
⟨ΔNion  (j)⟩  normalized  as  to  give  ∑ j <ΔN ion( j)> = N ions.  We  now  assume  that  in  a  single 
recording the number of ions in each of the bins are Poisson distributed with expected value (mean)  
equal to m = ⟨ΔNion (j)⟩. Random deviates drawn from a Poisson distribution with that mean would 
then represent the fluctuations of the number of ions in each bin for a given total number of ions  
produced. Figure 4-11 depicts simulated signal due to the expected fluctuations for a range of ion 
number and two instrument resolutions. It becomes apparent that for Nions = 50 the signal recorded 
is not “clean” enough to reveal the information needed as the fluctuations are too high and mask the 
details.  The situation becomes considerably better for  Nions = 500 while for  Nions = 1000 a true 
reproduction of the 2nd order signal is expected even for Δs = 1μm. Under these circumstances, one 
can assess the presence of a single attosecond pulse and estimate its duration. The mean value of 
the  number  of  ions  per  bin  is  ~  Nions  /  Nbin.  Therefore,  according  to  the  Poisson  distribution 
properties the corresponding standard deviation is σ = √m, thus the fluctuations in each bin scale 

with the total number of ions and bins as δN ions = √ N bin / N ions (see Figure 4-11).
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Figure 4-11 :  Simulated ion signal for the indicated total number of ions and two different values of spatial resolution.  
The top row shows a line-out of the time averaged 2nd order signal of the setup shown in Figure 4-8 for infinite resolution 
(blue line) and convolved with the instrument function for finite resolution (red line) of Δs = 2μm (left column) and Δs = 
1μm (right column). Assuming Poisson distribution for the number of ions in each bin, the statistical signal expected for  
the total number of ions indicated and the two resolution values are shown in the lower six panels by the green filled 
points. The green dashed curve is a spline interpolation to guide the eye.

4.6  Summary

  We propose here a novel approach to the metrology of attosecond pulses that requires only a  
single event record. The principle of a single-shot autocorrelator is based on the same idea as in the 
case of visible or infrared light but it is designed to be used with XUV radiation. The objective is to  
be able to characterize the output of attosecond pulse sources in a convenient and reproducible way. 
We  have  analyzed  and  investigated  the  advantages  and  disadvantages  of  three  different 
configurations and provided a comparative study. The main parameters associated with each of 
these setups are summarized in Table 2. In our estimates we have come to the conclusion that a  
peak XUV intensity of Ipeak ≈ 1012 W/cm2 in the interaction region will be sufficient to provide an 
analyzable signal  even in a single  recording. This implies that  the XUV source should deliver  
enough power, which when focused by a spherical mirror with  f = 5cm would produce a peak 
intensity of Ipeak ≈ 1015 W/cm2. This intensity level appears quite within reach[104,77]. The XUV energy 
needed to produce this intensity with a train of 10 as-pulses and for ideal focusing conditions is 
estimated to be ~30 nJ. Although the concept appears feasible and within reach there are a number 
of practical problems that will have to be addressed before it can be routinely used. To identify 
these problems an experiment has to be performed with a source of XUV light providing enough 
intensity to ionize an atomic medium in a two-photon process.
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Table 4-2 :  Summary of the performance for the three setups considered. The reference intensity assumed here is I0 = 
1015 W/cm2. The dimensions of the interaction volume have been inferred from the calculated intensity distribution for  
each case. The number of ions is calculated according to the procedure outlined in Paragraph 4.5.3 for a He density of ρHe 

= 6,2 •1018 cm−3. The symbols are defined in the text.
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5.1   The Gating Technique

  The use of light sources which deliver energetic coherent continuum extreme-ultraviolet (XUV) 
radiation is highly beneficial for the real-time observation of dynamical processes in the atomic 
time scale (i.e. atomic unit of time = 24 asec, 1 asec = 10-18 sec). The importance of the generation 
of high photon flux XUV radiation stands on the non-linear processes which can be induced in the  
target system, and hence on the very interesting XUV-pump-XUV-probe type of experiments which 
become feasible[77]. 
  As discussed already in Chapter 2, during 1990's, high-order harmonic generation in rare gases 
became a topic of interest for the scientific community. The train of pulses which emerges in the 
time domain, if the harmonics are emitted in phase[11,119], provides a clear analogy with mode-locked 
lasers[48]. Keeping this analogy in mind, people started to think how it would be possible to pick and 
isolate just one attosecond pulse from the train[120]. In other words, how it would be possible to 
create something like a “Pockels cell” operating on the scale of atomic unit of time. 
 On the above extremely short time scale, it is electronically impossible to build such a “pulse 
picker” due to the limitations in time of reaction of any electronic equipment. So, any analogy with  
the Pockels Cells, used extensively in the standard laser technology, stops here. What can be done, 
as  proposed  by  Corkum et  al.  in  1994[120],  is  to  act  on  the procedure  of  high-order  harmonic 
generation itself and reduce it on a time scale of one period of the main wavelenght of the driving  
pulse. In this case the spectrum generated does not look anymore like a comb of peaks. It consists 
instead of a broad XUV quasi-continuum, which corresponds either to a single or to a pair of sub-
femtosecond pulses (here the role of the Carrier-Envelope Phase of the driving pulse becomes 
crucial for the final outcome[92]). 
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  This confinement of the XUV emission in one period of the main wavelength of the driving field,  
can be implemented either by using directly one-cycle driving pulses or by using few- or many-
cycle driving pulses formulated in such a way that the XUV emission is canceled anywhere but  
within a small energetic interval of the proper small duration. This interval is called: “the Gate”,  
and such a formulation of the driving pulse is called: “Gating Technique”. Since the first option  
remains still an ambitious goal for the scientific community and even the acquisition of an energetic 
few-cycle pulse laser system remains an expensive desire for many laboratories, Gating Techniques 
constitute  a  relatively  inexpensive  and  easy  to  implement  way  to  generate  energetic  coherent  
continuum XUV radiation.
   The Gating Technique proposed by Corcum et al. in 1994[120] relies on the strong dependence of 
the high-harmonic emission on the ellipticity of the fundamental. Harmonic generation driven by 
circularly or elliptically polarized laser pulses is indeed much less efficient than that induced by a  
linearly polarized laser field[121,122].  The semi-classical explanation is that in a circular polarized 
laser field the electron is prevented from recombining with the parent ion. Since the high harmonic  
yield is sensitive to the ellipticity of the laser field, the ellipticity can be exactly the key-feature of a 
Gating Technique. The harmonic generation can be canceled in a part of the formulated driving 
pulse with high ellipticity and persists only in a small one-cycle “Gate” of linear polarization (zero 
ellipticity). In other words, the harmonic generation process can be gated by the polarization of the 
laser field inside the pulse envelope. 
  In 1998, it was proposed by Platonenko et al. [123,124] that pulses with a time-dependent ellipticity 
could be formed by combining a left-circular pulse and a right-circular pulse of the same main 
wavelength with a certain delay. This way, an “open Gate” of linear polarization at the center of the 
formed final pulse is accompanied by wedges of high-elliptical polarization. It is very important  
that this proposal allows us to keep the most energetic part of the initial (unformed) laser pulse  
within the gate. The Platonenko et al. scheme is easier to implement than the superposition of two 
pulses with different main wavelengths as initially proposed by Corkum et al. in Reference [120].
  Nevertheless, the idea provided by Platonenko et al. turned out to be feasible only for few-cycle 
driving laser pulses (< 5 fsec for a main wavelength of 800 nm) [128,129,131]. For the utilization of the 
Polarization-Gating approach in high power multi-cycle driving fields, a step further was required.  
This step concerns the control of the relative field amplitudes between the perpediculary polarized 
fields in an elliptically modulated driving pulse. This step has been accomplished by P. Tzallas et  
al.[125].  By  elaborating  an  Interferometric  Polarization  Gating  (IPG)  technique  (a  schematic 
presentation of which is shown in Figure 5-1), for the first time coherent continuum XUV radiation 
has been generated by use of a high power multicycle driving field.
  Since 2007, two different types of IPG apparatuses have been invented by people of our group.  
The first is based on a Double Michelson Interferometer arrangement [125] (Figure 5-2(a)), while the 
second  on  a  Double  Mach-Zender  Interferometer  arrangement[126]  (Figure  5-2(b)).  The 
Interferometric Polarization Gating devices succeeded in making many-cycle laser pulses able to 
generate energetic  isolated attosecond pulses.  Nevertheless,  technical  aspects related to lack of  
handiness and long-term stability led us to seek an alternative idea.
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Figure 5-1 : Schematic  presentation of  the Interferometric  Polarization Gating technique.  The incoming pulse  with  
duration τL is split into two with different amplitudes Ed = E2 and Ec = E1. Subsequently, each one of these pulses is split 
again into two. In each pair the pulses are appropriately delayed with respect to each other in such a way that those of the  
first pair interfere constructively (forming a maximum at the center) and those of the second destructively (forming a  
minimum at the center). The fringe structures (Constructive and Destructive) formed by each pair of the delayed pulses,  
are polarized perpendicularly to each other. The two structures are superimposed forming a final pulse of modulated  
ellipticity and with linear polarization only at its central part. The width τg of this interval, where the polarization is almost 
linear, is called “gate width”. {Figure reprinted from Reference [138]} 

Figure 5-2: (a) IPG apparatus based on a Double Michelson Interferometer arrangement[125]. BS: beam splitters. M: flat 
mirrors.  TS1,2,3:  piezoelectric  translation stages.  A:  intensity  attenuator.  1st  and 2nd  MI: first  and second Michelson 
Interferometers.  (b) IPG apparatus based on a Double Mach-Zender arrangement [126]. P1, P2, P3: Delay plates. W1:  λ/2 
wave plate. BS1, BS2, BS3: Beam Splitters. BS1, BS2 are 50:50 beam splitters, while BS3 has 20% reflectivity and 80% 
transmission.  {Figure (a) reprinted from Reference [125],  Figure (b) reprinted from References [126] and [82]}
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5.2  Concept  and description  of  the  Collinear Many-cycle  Polarization 
Gating Scheme

  In 2003, Tcherbakoff et al.[127] tried to increase the bandwidth of the harmonics by introducing a 
linear method to modulate the ellipticity of the fundamental pulse. They used a combination of two 
quartz quarter wave plates. The first is a multiple-order quarter wave plate (MO) and the second 
wave plate is a zero-order quarter one (ZO). When the incident polarization is at 45o  in respect to 
the axis of the MO plate, the initial pulse splits into two identical delayed linearly polarized pulses 
with perpendicular polarizations to each other. The total field of the outgoing pulse results in being 
circularly polarized at the center and linearly polarized elsewhere. The second wave plate (ZO) is 
used in order to inverse this scheme. When its axis is rotated at 45o compared to the axis of the first 
plate, the transmission of the previously shaped pulse through it, changes the circular field into 
linear and the linear into circular. Consequently, the combination of the two plates transforms an 
input linearly polarized pulse into a pulse whose polarization changes from circular to linear and 
back to circular. Using this "waveplate" (WP) scheme, Tcherbakoff et al.[127] managed to observe a 
small broadening of the harmonic bandwidth but they didn't succeed on increasing it to the level 
which can support isolated attosecond pulses.
  As described in the introduction of this chapter,  the first successful experiment on generating 
energetic isolated attosecond pulses by using muti-cycle high power fs lasers came in 2007 by P.  
Tzallas et al.[125] by utilizing the IPG approach. In the present work, by combining the idea of the  
IPG approach with the WP scheme, a new Polarization Gating configuration has been developed.  
Additionally, this new cofiguration has the advantage to be linear, compact, user-friendly and with  
long-term stability.
 As  it  was  already  well-known  by  the  implementation  of  the  Interferometric  Polarization 
Gatings[125,126], the gate width can be tuned via the ratio  R=E p0 / E s0 of the  p-polarization and  s-
polarization amplitudes (Figure 5-3). Explicitly[126]:

        τ g≈
log2(A) τ L

2 δ
                                                             (5.1),

where:                           A=
−2 R √1−B2+Β(R2−1)

B−2R+B R2
                                                  (5.2),

R is the ratio above, δ the delay introduced by the MultiOrder (MO) waveplate and:

                B=sin(2 arctan(ε th))                                                         (5.3), 

with ε th the ellipticity threshold for the harmonic in consideration. As an example of applying the  
above relations: for  ε th=0.1333 (which is the ellipticity threshold for the 17th  harmonic[131]), and
R≈0.45, a τ g≈3.7fs is expected to be formed in a 66fs elliptically modulated pulse. 
  This possibility of tuning the gate width via the ratio R gave the idea to introduce an additional 
optical element with which it would be possible to control this ratio [130].  As such was chosen a 
silicon plate (Si) to be positioned with its surface vector on the plane of incidence. The reflectivity 
of the plate, for 800 nm wavelength, depends on the angle of incidence θ and on the polarization of 
the incident light as can be seen in Figure 5-4(e).
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Figure  5-3:  Normalized calculated squared  fields  of  the two components  are  depicted  for  the  formed pulse:  with  
polarization parallel (black color) and vertical (red color) to the plane of incidence.  (a) for  R = 1 (this means: without 
using the Si-plate). (b) The  squared fields  for R = 0,45. (c) Ellipticity curve calculated corresponding to the pulse in case 
(a).  (d) Ellipticity curve calculated corresponding to the pulse in case (b).  In (c) and (d),  with red dashed line,  the  
elipticity threshold for the 17th harmonic[131] is also depicted. The angle of the multi-order quarter wave plate is assumed to 
be 0. The pulse initially is taken with τL = 33 fs duration. Chirp induced to the pulse from the optics has not been taken 
into account. 

Figure 5-4:  (a) The reflectivity of the Si plate with respect to the angle of incidence, for parallel (black) and vertical  
(red) polarization of incident light of wavelength 800 nm [132]. (b) The ratio R (amplitude of p-polarized electric field after 
reflection to the amplitude of s-polarized electric field after reflection) with respect to the angle of incidence. As it can be 
seen, there are two distinct values of angle of incidence for which R = 0.45. For the second one (~840) the energy, carried 
by the pulse after reflection, is larger.
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 Apart from the Si-plate, the other three optical elements of the Collinear Many-Cycles Polarization 
Gating (CMC-PG) are the waveplates which are schematically shown in Figure 5-5. 

Figure 5-5 :  The CMC-PG device as it is used for the generation of the coherent continuum XUV radiation. ZO λ/2:  
Zero-order half waveplate, ZO λ/4: Zero-order quarter waveplate, Si: 15 cm long Silicon plate, MO λ/4: Multiple-order  
quarter waveplate. The orientations of the OA of the plates, which are shown at the top, are controlled by rotatable  
mounts on which the plates have been placed.  All  the surfaces of the wave-lates are set  to be perpendicular to the  
direction of the IR laser beam which is shown and to be towards the reader.

  The first, in the way of the beam, is a 1290 μm thick zero-order (ZO)  λ/2 waveplate with its 
optical axis (OA) at 22.50. This waveplate is used just to rotate the polarization of the laser (which 
is initially p-polarized) by 450. 
  The second waveplate is a 1060.7 μm thick multiple-order (MO)  λ/4 waveplate with its slow 
(ordinary) axis at an angle φΜΟ

 relative to the s-direction (vertical direction in the Laboratory). This 
angle φΜΟ (the proper value to reach the gating conditions in each case) is proved to be depended on 
the total chirp induced on the pulse by the optical elements which participate in the experimental  
setup [see also the discussion in Section 5.4]. The MO waveplate was ordered having in mind the 
very  specific  features  of  the  pulse  provided  by  our  laser  system:  FWHM  =  33  fs,  Central  
Wavelength = 804 nm. For each experiment, this has to be selected accordingly to the laser pulse 
features. In our case it provides a delay of 32.83 fs (which means: 12 full cycles and a quarter) to an 
electromagnetic wave at 804 nm moving with polarization parallel to the ordinary axis with respect  
to that  of the same wavelength moving with polarization parallel  to the extraordinary axis.  By 
measuring the duration of the IR laser pulse after the MO plate it is verified that a delay of ~33 fs is  
indeed introduced. This measurement is performed by a 3rd order autocorrelator after the passage  
of the beam through a p-polarizer. For this measurement, the OA of the ZO λ/2 waveplate is set at 
00. The green dots in the Figure 5-6(b) show the pulse form when setting one of the Optical Axes (it  
does not matter which) of the MO plate at 00  (neutral position in this case). The width at the half 
maximum of the Gaussian fit on the raw data (red line) corresponds to the laser pulse duration 
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which is found to be 33 fs. The black dots show the pulse form when setting the one of the Optical  
Axes of the MO waveplate at 450. The width of this last trace is found to be 66 fs and is in excellent 
agreement  with  the  overall  duration  of  the  double  pulse  created  by  the  MO  waveplate.  The 
outgoing field  is elliptically modulated with circular polarization at the center.
  Concerning the MO waveplate, it is also very important to recall that  the optical bandwidth, in 
which the plate has roughly the “correct” relative phase change, is limited. This results in the MO 
waveplate not acting in the same way for each wavelength within the spectral bandwidth of the 
pulse used [see Figure 5-6(a)]. 
     

Figure 5-6 :  (a) The polarization purity of half waveplate with respect to the wavelength for the MO waveplate [function 
graph sent by EKSMA Optics - http://eksmaoptics.com/].  (b) Temporal characterization of the  p-polarization IR pulse 
after passing through the MO plate. Green points: p-polarization IR pulse form for  φΜΟ = 0ο. The red line is a Gaussian fit 
on the raw data. Black points: p-polarization IR pulse form for φΜΟ = 45ο.

 
  The third waveplate,  in order, is  a 1265 μm thick zero-order  (ZO)  λ/4 waveplate.  At gating 
conditions the fast axis has to be at -45o angle with respect to the s-direction. This way it converts 
the circularly polarized field at the center of the pulse to a linearly polarized one (parallel to  p-
direction) and leaves the field circularly or elliptically polarized anywhere else. If the fast axis is at 
45o angle with respect to the s-direction, the circularly polarized field at the center of the pulse will  
become again linear, but parallel to the s-direction this time. The ZO λ/4 waveplate, together with 
the ZO  λ/2 waveplate, present roughly the correct  relative phase change throughout the optical 
bandwidth needed.

  

5.3 Experimental results and discussion

  The  experiment,  which  demonstrates  the  generation  of  a  broadband  quasi-continuum XUV 
radiation by using the CMC-PG, is performed with a CEP unstable 1 kHz repetition rate Ti:sapphire 
laser system delivering pulses of energy 2mJ/pulse at τL = 33 fs duration and central wavelength at 
804 nm. The experimental set-up is shown in the Figure 5-7.
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Figure 5-7: The CMC-PG device and the experimental set-up used for the generation of the coherent quasi-continuum 
XUV radiation.

  The Optical Axes of the three waveplates are oriented, with respect to the vertical direction, as 
described in the previous paragraph, with ΦΜΟ≈14ο. The angle of incidence θ of the beam on the Si 
plate has been set at 58o,  providing a ratio R≈0.45 of the  p-pol and  s-pol field amplitudes [see 
Figure  5-4(b)].  With  these  values,  a  τ g≈3.7 fs is  expected  to  form within  a  66  fs  elliptically 
modulated pulse. 
  The energy of the outgoing pulse was measured to be  E out

IR
=120 μJ and, so, the energy content 

inside the gate E g
IR is extracted:

             Eg
IR≈

Eout
IR

P(τ L,δ)
                                                              (5.4),

where:                                                    P(τ L ,δ)≈
τ out

IR

A τ g

                                                             (5.5), 

τ out
IR

 is the duration of the outgoing pulse and:  A=
E out

IR

∫−τ out/2

+τ out/2∣E⃗out
IR (t)∣2 dt

                                    (5.6).

Using the above formulas, it can be found that: E g
IR≈13μJ.

  This value of the energy content inside the gate for the CMC-PG is ~3 times lower compared to  
that reached by the Double Mach-Zender IPG (DMZ-IPG) arrangement [126]. Nevertheless, a higher 
value of E g

IR can be achieved by setting the angle of incidence on the Si plate at ~84 ο . As it can be 
seen in Figure 5-4(b), the same ratio R results for θ = 84ο  as for θ = 58ο. Ιn this case E g

IR will be 
comparable to that obtained by the DMZ-IPG arrangement.
  The CMC-PG output beam is focused by 20 cm focal length lens into a pulse gas jet filled with 
Argon gas where the XUV radiation is generated. The harmonic radiation is monitored by an XUV 
toroidal grating monochromator in a grazing-incidence configuration, equipped with an imaging 
detector, coupled to a CCD camera.
  The beam focus is placed at ~0.5 mm before the gas jet position (arrow in the Figure 5-8(a)) in 
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order to reduce the contribution from long electron trajectories[133,134]  [see also  Chapter 2].  The 
dependence of the XUV intensity on the focus position, shown in Figure 5-8(a), has been recorded 
by setting the OA of the ZO λ/2, ΜΟ, and  ZO λ/4 waveplates at 22.5o, 45o and 45o respectively and 
by using a linearly polarized 33 fs long pulse of 400 μJ energy. 
  The XUV spectra, which appear in Figure 5-8(b), have been recorded for four different angles of  
the slow (ordinary) axis of the MO plate (φΜΟ = 14ο, 33ο, 45ο). For each angle of the MO-plate, the 
energy outgoing from the CMC-PG device is  kept  constant  at  120 μJ/pulse in  order to permit 
accurate comparison between them. It has been found experimentally that the value of the angle 
between the Slow Optical Axis and the vertical direction for which the broader quasi-continuum 
XUV radiation  is  obtained,  is  not  at  0o (as  intuitively  was expected)  but  at  14o  (yellow filled 
spectrum in Figure 5-8(b)). This unexpected effect is explained by a computer simulation of the 
experiment [see Section 5.4]. For angles in the range  14o  < φΜΟ < 45o, the harmonic peaks in the 
spectrum are more pronounced (green and black lines in Figure 5-8(b)). For  φΜΟ = 45o  (neutral 
position - the outgoing pulse remains linearly polarized everywhere with 33 fs duration), an XUV 
spectrum with well confined harmonic frequencies is recorded (black line in Figure 5-8(b)). The 
inset of Figure 5-8(b) shows the images of an XUV continuum and a frequency comb spectrum 
recorded respectively for φΜΟ = 14o and φΜΟ = 45o. 

 
 

Figure 5-8:  (a) Harmonic intensity dependence on the focus position relative to the gas jet, which has been placed at 0  
mm position. The arrow depicts the focus position during the experiment. (b) XUV spectra redorded at different values of 
φΜΟ. The inset shows the image of an XUV continuum and an harmonic frequency comb spectrum recorded for φΜΟ = 14o 

and φΜΟ = 45o, respectively. For each value of the φΜΟ, the energy of the IR beam entering into the interaction chamber is 
120 μJ/pulse. For each spectrum, 5000 shots have been accumulated. 
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The energy of the XUV continuum emitted at φΜΟ = 14o, is found to be ~15 times lower compared 
to the energy of the harmonic spectrum recorded at φΜΟ = 45o. This factor is in agreement with the 
value of  ~10, which can be derived by calculating the ratio of the XUV emission for φΜΟ = 45o and 
φΜΟ = 14o:

                      
Y XUV

45ο

Y XUV
14ο = ( I ( IR)

45ο

I ( IR)
14ο )

p
τ( IR)

45ο

τ( IR)
14ο                                                     (5.7).

  

In equation (5.7) the yield of the XUV emission is:  Y XUV
φΜΟ ≈( I ( IR)

φΜΟ ) p τ( IR)
φΜΟ                                (5.8),

where: τ( IR)
φ ΜΟ  is the duration of the linear part of the outgoing pulse, I ( IR)

φΜΟ  the intensity of the outgoing 
linearly polarized IR field (the part of the pulse inside the “Gate” when we refer to elliptically 
modulated  pulses),  p≈4 is  the  nonlinearity  factor  of  the  harmonic  generation  procedure  for 
harmonics close to the “plateau” region[135].

5.4 Computer simulation - Results and discussion

 Calculations  of  the  propagation  of  the  IR  beam  through  the  whole  optical  arrangement  are  
performed, taking into account the reflectivity of the Si-plate and the dispersion of the optical 
elements in use; namely, the 3 waveplates, the lens and the vacuum windows. The initial pulse is  
analysed  into  frequency  components  and  for  each  color  is  considered  the  propagation  of  the 
corresponding plane wave.  The amplitude of  such a monochromatic wave is  calculated by the 
spectral distribution which corresponds to the pulse. That is to say, the pulse is considered as a 
gaussian one with a Full Width at Half Maximum (FWHM) of 33 femtoseconds and with central 
wavelength  L0 =  804 nm.  Thus,  the  inverse  Fourier  transformed  envelope  of  the  field,  in  the 
frequency domain, is given by:

FE(ω) = exp(−σ Ε
2 (ω−ω0)

2

4 )σ Ε √π                                      (5.9), 

where: ω0 = 2πc
L0

 and σ Ε = FWHM

√2⋅ln2
.

  The  refractive  indices  of  the  birefrigent  materials,  for  both  the  Optical  Axes  (ordinary  and  
extraordinary) and for each wavelength, are calculated using the data provided by the company 
Melles Griot*. The phase shift imposed to every single spectral component of the pulse passing 
through the MO, depends on the direction of the polarization in comparison to the optical axis.  
Thus, for the component of the monochromatic wave with wavelength  λ which is parallel to the 
extraordinary axis, the phase shift is given by:

 ExitPhaseE(λ) := 2π
λ

Ν e(λ) LM
                                       (5.10),

*  [http://www.cvimellesgriot.com]
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where LM is the length of the MO and Ne(λ) is the refractive index given by Melles Griot for the 
specific wavelength λ and polarization parallel to the extraordinary axis. Correspondingly, for the 
component parallel to the ordinary axis:

ExitPhaseO( λ) := 2π
λ

Ν o(λ)LM                                                   (5.11).

  In order to reconstruct the laser pulse after the transmission through the MO, we have to consider  
the interference of all  the spectral components. So, for each one of the field components, with 
polarization parallel to the extraordinary axis and those with polarization parallel to the ordinary 
axis, we obtain correspondingly:

PulseMultiE(t ,φMO) := cos[φMO]⋅E 0⋅∑
λ= λmin

λmax

FE( 2πc
λ )⋅exp[i⋅( 2πc

λ
⋅t+ExitPhaseE (λ))]         (5.12)

PulseMultiO(t ,φMO) := sin[φMO]⋅E 0⋅∑
λ=λ min

λmax

FE(2πc
λ )⋅exp[i⋅( 2πc

λ
⋅t+ExitPhaseO ( λ))]        (5.13),

where φΜΟ is the angle between the extraordinary axis and the direction of the pulse polarization 
before reaching the MO. E0 is a normalization factor which depends on the partition (the number of 
steps) used in the frequency domain and is given from:

E0 = [ σ E

√2
⋅√π⋅NumberSteps]

−1

                                              (5.14). 

In our calculation, we take into account the interval [Lmin, Lmax] = [704 nm, 904 nm] and we use a 
partition of 2000 steps. 
  For the other two waveplates, the zero-order ones, we do not separate the pulse into frequency  
components, but we use the simple Jones' formalism instead. This is done because the difference in 
dispersion, between propagations with polarization parallel to each one of the two axis, is not such, 
concerning the spectral region into consideration, as to impose to be followed a procedure similar  
to the case of the Multi-order waveplate. 
  Nevertheless, the additional dispersion (from the vacuum windows, the lens and the 2 zero-order 
waveplates)  is  taken  into  account  via  an  equation  similar  to  the  equations  (5.10)  and  (5.11).  
Namely:

ExitPhaseZ(λ) := 2π
λ

⋅N m(λ)⋅L z                                            (5.15),

where Nm(λ) is taken to be the mean value of Ne(λ) and No(λ) for any given wavelength λ. The Lz 

stands for the total thickness of dispersive media the driving pulse meets in its way towards the 
generating medium. By trying various values for  Lz, we can realize the effects of the total chirp 
induced by the optical components of the setup on the shape of the pulse and on the duration of the 
“Gate”.
  In fact, the computer simulation explains well the initially awkward effect the broader quasi-
continuum XUV spectrum to be generated not by putting the MO λ/4 Slow Axis at vertical position 
but, instead, by putting it at an angle of φΜΟ ~14o to the vertical direction. This “strange” offset is 
shown to be due to the fact that the narrowest “Gate” is not obtained for  φΜΟ = 0o . If the chirp 
induced to the pulse by the dispersion of the optical elements is taken into account, the narrowest 
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“Gate” is obtained for an angle φΜΟ > 0 [as it can be seen in Figures 5-9 and 5-10]. It is also proved, 
by running the simulation supposing the existance of a dispersive medium with various thickness, 
that this offset angle depends on the total amount of the chirp induced to the pulse.
   On the field of the “Gating” techniques, the most important function is the ellipticity throughout 
the duration of the pulse which comes out from the “Gating” apparatus. This ellipticity function is 
obtained by the equation[126]:

ε(t) = tan[ 1
2
⋅sin−1( 2⋅∣E⃗ s∣⋅∣E⃗ p∣

∣E⃗ s∣
2
+∣E⃗ p∣

2 )]                                          (5.16),

The width of the “Gate” and its exact position along the pulse can be provided by the function ε(t) 
in the equation (5.16). In what follows, we will examine a few characteristic cases.
  In the Figure 5-9 one can see, for various values of the φΜΟ, the intensity envelopes for the p- and 
s-polarization components of the exiting, from the CMC-PG, pulse together with the ellipticity 
curve throughout its duration. It is important to notice the lack of symmetry between the cases  φΜΟ 

= 10o and φΜΟ = -10o, what is clearly realized also experimentally. It is also important to notice that  
for φΜΟ = 10o, value for which the narrower gate is formed, the “Gate” does not contain the central 
(most energetic) part of the Ip envelope. Contrarily, the “Gate” contains a part of the envelope with 
a rising slope. 

Figure 5-9: (a) For  φΜΟ = 0o the “Gate” is opened at the center of the formed pulse and contains the central (most 
energetic part) of the Ip envelope.  (b) For  φΜΟ = 10o the “Gate” is the narrowest of all these four cases. The “Gate” is 
transposed towards the rising part of the formed pulse and contains a part of the Ip envelope with a rising slope. (c) For 
φΜΟ = 33o, the Ip and the IS components of the formed pulse do not remind much from the typical “Gating Scheme”. The 
“Gate” becomes very wide, with τg ~ 10fs. In addition to this, the linear polarization inside the “Gate” is not anymore 
parallel to the p-direction, but starts to be at an angle of 45 degrees with the p-direction (as you can see, inside the Gate, Ip 

= IS ). (d) For φΜΟ = -10o we have a completely different case than for φΜΟ = 10o. The envelopes for Ip  and  IS  are very 
similar (they are symmetric) to the ones in case (b). Nevertheless, the “Gate” formed is much wider. This is due to the  
relative phases between the field components in p- and s-direction. These relative phases do not appear in the Figure.
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  In the Figure 5-10, we transpose in time the previous ellipticity curves in order to make them all  
to share a common origin. This way we become able to compare their “Gate” widths to each other.

Figure 5-10 :  Comparison between the “Gate” widths. The ellipticity curves for the same φΜΟ values as in the Figure 5-9. 
The curves are transposed in time, in such a way as to present their minimum value at the same point on the time-axis  
(which is not at all true, as shown in Figure 5-9). The horizontal purple line marks the ellipticity threshold value (0.133)  
for the 17th harmonic.

 In  the  Figure  5-11  is  shown the  dependence  of  the  “Gate”  width  τg on  φMO (green  squares). 
Considering that:

       
Δωq

φ ΜΟ

Δωq
45ο =

τ q
45

ο

τ q
φΜΟ

                                                              (5.17),

(where  Δωq is the spectral width of the  qth harmonic and  τ q
45ο

 is the duration  τ L of the unformed 
driving  pulse)  one  is  able  to  compare  the  results  derived  from  the  calculation  with  the  data 
extracted from the experiment. The harmonic spectral broadening of the 17 th harmonic, for various 
values of the φMO, is measured and compared with the inverse of the corresponding calculated τg. 
The results are shown in the Figure 5-11, with red circles for the calculated ones and black for the 
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experimentally obtained ones. The width of the harmonic frequency is measured by fitting a sum of 
Gaussian functions with their maxima on the central frequencies of the harmonic peaks. For φMO < 
25o the Gaussian fitting function does not converge since the large broadening of the harmonics  
results in a spectral overlap. Nevertheless, it is apparent that for φMO > 25o the experimental values 
are in good agreement with the calculated ones.  

 

Figure 5-11 : The green squares show the dependence of τg on φMO. The measured and the calculated harmonic spectral 
broadening are shown in black and red circles, respectively. For each value φMO, the energy of the IR beam entering the 
interaction chamber is 120 μJoules/pulse.

5.5 Conclusions 
  
  A broadband coherent quasi-continuum XUV radiation which can support  pulses of 200 asec 
duration  has  been  generated  by  implementing  the  above  described  Collinear  Many-Cycle  
Pollarization Gating (CMC-PG) device. For the first time this waveplate-based Pollarization Gating 
Technique is expanded to Many-Cycle laser systems. The thickness of the Multi-Order waveplates, 
which is connected to the necessary temporal delay  δ [see Equation (5.1)], in previous schemes 
used to impose some limitation because it resulted in large B-integral values and in small energy 
content inside the “Gate”[136]. This limitation has been overcome here by the use of the Si-plate as a 
field amplitude ratio modulator. By using the CMC-PG device, a gate width of ~ 3.7 fs becomes 
feasible for many-cycle Ti:Sapphire laser systems delivering pulses of ~30 fs duration and intensity 
up to 1 TW/cm2.
  Nevertheless, limitations still exist concerning to the duration of the initial pulse. For a longer  
pulse  would  be needed a  Multi-Order  waveplate  able  to  induce  a  bigger  temporal  delay.  This 
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inevitably means a thicker one which would provide,  apart  from the larger B-integral  value,  a  
bigger degradation on the shape of the formed pulse [see Figure 5-9]. On the other hand, the CMC-
PG device would be an ideal  tool to be used with high-power  laser systems delivering pulses 
shorter than 30 fs. There, the “Gate” width could become narrower and containing more energy.
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