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Abstract 

The work in this thesis is concerned with the study of some aspects 

of the physics of flux vortices within the framework of a dynamical 

Ginzburg-Landau model, relevant to the description of a superconductor 

or of an idealized bosonic plasma. 

It is shown that a non-relativistic scalar field coupled minimally to 

electromagnetism supports in the presence of a homogeneous background 

electric charge density the existence of smooth, finite-energy topologically 

stable flux vortices. The static properties of such vortices and vortex-

pairs are studied in detail. By using a constrained variational calculation, 

the interaction potential of two minimal vortices is obtained. 

It is proven analytically that a free vortex is spontaneously pinned, 

while under the action of an external force it moves with a calculable 

speed perpendicular to it. Finally, the motion of vortices under the in

fluence of several external probes is studied numerically. It is shown 

that up to a fine "cyclotron" internal motion, also studied in detail, two 

vortices brought together, rotate around each other, while a vortex and 

an antivortex move in formation parallel to each other. The drift of the 

vortex under the influence of a homogeneous external current, in a direc

tion opposite to the current is also demonstrated. The velocities of the 

vortices in the above cases are measured to be in remarkable agreement 

with recent theoretical predictions. 
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Περίληψη 

Το αντικείμενο αυτής της διατριβής είναι η μελέτη της φυσικής των 

δινών μαγνητικής ροής στα πλαίσια μιας δυναμικής επέκτασης της θεωρίας 

Ginzburg-Landau, κατάλληλης για την περιγραφή ενός υπεραγωγού ή 

ακόμη ενός ιδεατού μποζονικού πλάσματος. 

Ενα μη-σχετικιστικό βαθμωτό πεδίο συζευγμένο με το ηλεκτρομαγνητικό 

δυναμικό επιδέχεται, παρουσία ενός ομογενούς ηλεκτρικού φορτίου υποβά

θρου, τοπολογικά ευσταθείς λύσεις πεπερασμένης ενέργειας, που αντιστοι

χούν σε δίνες μαγνητικής ροής. Οι στατικές ιδιότητες απομονωμένων δινών 

καθώς και ζευγών αλληλεπιδρώντων δινών μελετώνται λεπτομερειακά. Χρη

σιμοποιώντας έναν μεταβολικό υπολογισμό με δεσμούς κατασκευάζεται το 

δυναμικό αλληλεπίδρασης μεταξύ δύο δινών. 

Αποδεικνύεται αναλυτικά ότι οι δίνες παρουσιάζουν "συμπεριφορά Hall", 

δηλαδή ότι μία δίνη κάτω από την επίδραση μιας εξωτερικής δύναμης κινείται 

κάθετα στην εφαρμοζόμενη δύναμη. Η κίνηση των δινών κάτω από την 

δράση διαφόρων εξωτερικών αιτίων διερευνάται με την βοήθεια αριθμητικών 

προσομοιώσεων. Δείχνεται πως ένα ζεύγος δινών περιστρέφεται γύρω από 

το κέντρο μάζας του, ενώ μία δίνη και μία αντι-δίνη κινούνται σε ευθείες 

παράλληλες τροχιές. Υπό την επίδραση ενός ομογενούς εξωτερικού ρεύμα

τος η δίνη κινείται σε κατεύθυνση αντίθετη στο ρεύμα. Οι ταχύτητες των 

δινών στις παραπάνω περιπτώσεις βρίσκονται σε εξαιρετική συμφωνία με 

τις θεωρητικές προβλέψεις. 
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4 I. INTRODUCTION 

CHAPTER I 

Introduction 

Solitons 

Linear equations combine a number of good properties which make their 

study feasible and tractable. Due to their simplicity, an extensive study of 

linear systems has been carried out and numerous mathematical tools and 

techniques have been developed to cope with them. Yet linear equations 

are far too simple to describe realistic systems and only nonlinear equations 

can account for the complicated behaviour we observe in nature. In fact 

nonlinearity emerges in all the fields of scientific study. 

A particularly interesting class of nonlinear equations is those which 

possess so called 'soliton' solutions. Roughly speaking solitons are solu

tions of non-linear equations which have finite energy with a localized, non-

dispersive energy density. The term soliton is used with a variety of conno

tations in the natural sciences. To the mathematician the term is usually 

reserved for particle-like kink, pulse or envelope excitations appearing in 

totally integrable Hamiltonian systems. These are extremely rare and are 

associated with equally special properties. Real physics is never concerned 

with such strict soliton systems. Many of the physically important soliton 

characteristics like for example the existence of stable particle-like excita

tions do not impose any constraints to their dynamical behaviour, while 

in the rigorous mathematical definition of solitons, the elastic collision be

tween a pair of them is a fundamental property. Physicists in particle and 
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condensed matter physics, use 'soliton' to describe a wide variety of stable, 

finite-energy particle-like field patterns in various dimensions which retain 

some central physical nonlinear properties but few of the precise mathemat

ical ones. 

Theoretical studies show that phenomena such as water waves, light 

pulses in optical fibres, magnetic-flux quanta in superconducting devices and 

coherent excitations of biomolecules can be solitons. Computer simulations 

show that solitons can form in the presence of such realistic features as 

frictional loss mechanisms, external driving forces and thermal fluctuations. 

The solitons will exist under these circumstances for sufficiently long to 

be important features of the corresponding physical systems. A typical 

example in condensed matter physics where soliton notion applies, is the 

formation of magnetic flux fines in high T c superconductors, where flux 

lines contribute significantly to thermodynamic and transport properties of 

these systems. 

Superconductivity 

In sufficiently low temperatures there are many metals and alloys which 

conduct electricity without any resistance. This phenomenon first discov

ered by Onnes in 1911 [1] is called superconductivity and the materials which 

exhibit such behaviour are called superconductors. It was soon understood 

that the classical treatment of the phenomenon of superconductivity was 

insufficient. Apart from the currents formed in superconducting materials 

(supercurrents), the only other currents which flow without dissipation are 

the orbiting electrons in atomic and molecular systems. By analogy super-

currents must be quantum currents and superconductivity a macroscopic 

quantum effect. 

The theoretical explanation, of the phenomenon of superconductivity 

puzzled physicists for many decades. Since Onnes discovery, several phe-

nomenological models have been proposed [2] to account for the thermody-

namical and the electrodynamical properties of superconductors. However 

a thorough comprehension of superconductivity was only achieved with the 

formulation of the microscopic theory, developed by Bardeen, Cooper and 

Schrieffer [3] generally referred as BCS theory. The essential qualitative fea-
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ture of the BCS theory is that superconductivity results from an attractive 

interaction between electrons mediated by phonons. The effect of the inter

action on two isolated electrons is to bind them to an entity called a Cooper 

pair [4], in which the centre of mass momentum is zero and the electrons 

have opposite spin. Electrons which form Cooper pairs are responsible for 

the supercurrents and are known to be in the "superconducting state" to 

distinguish them from those which remain in the "normal state" i.e. those 

which are free fermionic states and contribute to dissipative currents. 

A large class of superconducting phenomena is well described by a set 

of phenomenological equations proposed by Ginzburg and Landau [5]. The 

theory, usually referred as GL theory, was actually preceded the microscopic 

theory and in fact soon after the formulation of BCS theory it was shown 

that in certain domains of temperature and magnetic field the GL equa

tions are a rigorous consequence of the microscopic theory [6]. The theory 

was based on the pioneering work of Landau [7] on second order phase 

transitions. He made the important observation that such a transition is 

associated with an abrupt change in the symmetry of the system, and that 

the system of lower energy can be characterized by a parameter which is 

the measure of its departure from the configuration in the more symmetric 

phase. To extend Landau theory of phase transitions to superconductivity, 

G-L introduced a quantity to characterize the degree of superconductivity 

at various points in the material, a quantity called the order "parameter" 

and denoted Φ ( Γ ) . The order parameter was defined so as to be zero for 

a normal region and unity for a full superconducting region. Rather to 

allow for supercurrent flow, Φ ( Γ ) was taken as a complex function and in

terpreted as analogous to a "wave function" for the superconductivity. Due 

to their simple form, GL equations are widely in use in systems where they 

are known to be valid, and form the theoretical basis for a large variety of 

phenomena. 

Encouraged by the wide region of validity of the GL equations, several 

attempts to derive a generalized GL theory for time dependent phenomena 

(TDGL), have been made during the past three decades, TDGL equations 

were formulated either departing from the microscopic theory [8], [9], [10] or 

by introducing phenomenological extensions of the GL theory [11], [12]. Of 
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particular interest to the work presented hear is the formulation of Feynman 

[11]. Noting that the energy density in G-L theory looks like that of a 

non-linear Schroedinger theory, Feynman naturally assumed that he could 

extended this analogy to the time dependent theory. Despite the numerous 

time-dependent models, none of them has succeeded to be established as 

the standard dynamical extension of the G-L theory. 

Magnetic Flux Lines 

The fundamental macroscopic property of a superconductor is the dis

placement away from it of a magnetic field (the Meissner effect [13]). If a 

normal metal is cooled below its superconducting transition temperature 

the magnetic flux is abruptly expelled. Thus the transition when it occurs 

in a magnetic field, is accompanied by the appearance of whatever surface 

currents are required to cancel the magnetic field in the interior of the spec

imen. This effect distinguishes a superconductor from a perfect conductor. 

The exclusion of magnetic field is correct provided that the magnetic 

field is not too strong. As a magnetic field is turned on, a certain amount of 

energy is expended to establish the magnetic field of the screening currents 

that cancels the field in the interior of the superconductor. If the applied 

field is large enough it becomes energetically favourable for the specimen 

to revert back to the normal state, allowing the field to penetrate. The 

manner in which penetration occurs with increasing field strength classifies 

the superconducting materials in two different types. 

Type I Below a critical field HC(T), there is no penetration of flux; when 

the applied field exceeds HC(T) the entire specimen reverts to the normal 

state and the field penetrates perfectly. 

Type II Below a critical field HC\{T) the magnetic flux is totally excluded. 

When the applied field exceeds an upper critical value HC2(T) > i î c i (T) , 

normal state is restored completely. For intermediate values of the applied 

field there is a partial penetration of flux, and the sample develops a rather 

complicated microscopic structure of both normal and superconducting re

gions known as the mixed state. 

It is nowadays well established by a wealth of experimental evidence 
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[14] that in the mixed state of type II superconductors, the magnetic field 

partially penetrates the sample in the form of thin filaments (often called 

vortices) of flux. Within each filament the field is high, and the material 

is not superconducting. Outside of the core of the filaments, the material 

remains superconducting and the field decays exponentially. Furthermore 

the magnetic flux of the vortices is quantized. Each vortex carries a quantum 

of flux[15] [16] equal to £ = 2.07 χ 10" 7 gauss cm 2 . 

The study of the dynamics of flux-vortices in ordinary or high—Tc super

conducting films under the influence of a variety of external probes and in 

various conditions of temperature, has been an area of vigorous experimen

tal as well as theoretical research during the past few decades. The interest 

stems from the fact that thermodynamic and transport properties of these 

systems are affected by the soliton contributions. The models used in the 

literature range from phenomenological ones based on an hydrodynamic 

description [17], [18], [19], to time dependent extensions of GL equations ei

ther relativistic [12] or non-relativistic [9], [20]. One issue that has not been 

settled yet is the question of the origin of the so-called Magnus force which 

acts on a flux- vortex. A lot of effort based on the microscopic theory has 

been devoted to this issue [9], [10], [21], [22], but no consensus has achieved 

yet. 

The interest on vortex dynamics was recently renewed, after it was ex

perimentally observed [23]-[26] that the Hall voltage changes sign in the 

superconducting mixed state. This inverse of the sign is attributed to the 

motion of vortices in a direction opposite to the applied current. Such a 

behaviour is not expected within the standard models of vortex motion 

in superconductors and considerable effort has been done to theoretically 

understand this phenomenon [9], [19], [20]. 

In this work we will we be concerned with the study of the physics 

of vortices within the framework of a field theoretical model which was 

introduced in reference [27] and studied extensively in subsequent works 

[28], [29]. The motivation for carrying this study is twofold: 
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1) Mathematically is an interesting system possessing topological solitone 

which exhibit unusual dynamical behaviour. 

2) The model is relevant to the theoretical treatment of several physical 

systems like plasma and superconductivity. 

In particular the model offers a natural explanation for the origin of the 

Magnus force, and succeeds to predict the anomalous sign Hall effect. It 

is thus believed that the model might prove reasonable starting point for 

the understanding of the dynamics of an isolated Abrikosov vortex in thin 

superconducting films. 

This thesis is laid out as follows. In chapter II we introduce the model, we 

analyze its topological properties and we show that it supports the existence 

of stable flux-vortices. Small oscillation analysis around the trivial vacuum 

is performed, to obtain an energy gap in the excitation spectrum of the 

system. In the following chapter we study in full detail the static properties 

of the isolated flux vortices. Also the vortex-pair system is studied and the 

interaction potential of two single vortices is obtained numerically. Chapter 

IV, deals with the canonical structure of the model. A direct link between 

the dynamical behaviour of the vortices and the topological features of the 

model is established. We also demonstrate the analogy of vortexs dynam

ics to the Hall motion and we obtain analytical predictions concerning the 

motion of the vortices. Finally in chapter V we describe in detail numerical 

simulations of the motion of a vortex pair as well as of a vortex-antivortex 

system. Furthermore we present numerical results which show that an iso

lated vortex under the influence of an external current moves in a direction 

opposite to the external current. 
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C H A P T E R II 

The Model 

2.1 Introduction 

When the electrons in a superconductor form a Cooper pair, the total spin 

of the pair is integer and thus Cooper pairs obey Bose statistics. According 

to Bose statistics, in sufficient low temperatures the single particle quantum 

state with lowest energy is occupied by a macroscopically large number of 

particles. This is the phenomenon known as the Bose-Einstein condensation, 

and the particles in the lowest level comprising what is called the condensate. 

When the electrons in a superconductor form a Cooper pair, the total spin 

of the pair is integer and thus Cooper pairs obey Bose statistics. It is 

generally believed that below the transition temperature Tc the Cooper 

pairs undergo an analogous condensation. The dynamics of the Cooper 

condensate might be handled in a similar manner to that of a superfluid 

one. The only difference is that the condensate is charged , i.e. it describes 

a charged quantum fluid. 

We introduce a phenomenological effective' model to study the physics 

of charged quantum fluids, emphasizing the issue of vortex dynamics within 

this model. The model combines features of the successful G-L theory for the 

static properties of superconductors and of the dynamical Gross-Pitaevskii 

[7] model for neutral quantum fluids, into a non-linear Schroedinger type 
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equation. The model is the most general one can write down in terms of the 

condensate wave function φ, minimally coupled to electromagnetism. The 

equation of motion for φ is taken to be of first order in time derivatives, 

and since the physical system does not have any kind of relativistic invari

ance the pure electromagnetic part is taken as an arbitrary positive definite 

combination of E 2 and B 2 . To make contact with the G-L theory a quar-

tic Mexican hat type potential is introduced. Also the condensate realizes 

a uniform positively charged background due to the ions which are taken 

to be rest. The role of the ions is to form the condensate but after that 

their role can be ignored, so that the effective theory does not contain these 

degrees of freedom. The only symmetries of the model are the electromag

netic U(l) gauge invariance together with the rotational and translational 

symmetry in time and in the two spatial dimensions. The ion lattice breaks 

spontaneously the Galilean invariance of the original fundamental model by 

the definition of a preferred reference frame. 

The model - with the arbitrary coupling constants of the electromagnetic 

part equal to one - was first proposed in reference [27], but in a sense it had 

been already introduced by Feynman [11] without the phenomenological 

potential term for Φ. Several other authors have considered similar systems 

[31], [33] while an attempt to derive the model from first principles was 

reported [10] recently. 

In section II we introduce the model. Since the bulk of our results refer 

to configurations independent of the third spatial coordinate we formulate 

it directly in two space dimensions. In the following section III we derive 

the main analytical results about the properties of the vacuum sector of 

the model. In section IV we briefly report some results from homotopy 

theory, which we subsequently apply in our model (section V) to show that 

it supports topologically stable vortex solutions. 

2.2 General Features 

We will be dealing with a non-relativistic complex scalar field Φ (the con

densate) minimally coupled with coupling q to the electromagnetic potential 



12 II. THE MODEL 

(AQ, Ai). To make the model physically sensible and mathematically consis

tent it is necessary to introduce a background (positive-ion) charge density 

to neutralize the system. For simplicity we take it to be constant and homo

geneous throughout. Since the system at hand is not Lorentz or Galilean 

invariant, the pure Maxwell part of the model is modified accordingly to 

allow for two arbitrary parameters in front of the terms E2 and B2. We 

concentrate on the physics of infinitely long straight vortices i.e. on field 

configurations uniform along the third spatial direction and define the model 

directly in two space dimensions by the lagrangian 

2 

£ = !l[y*T>t* _ c e ] + 7 < ? φ 2 Α ο _ ^ | ^ Φ | 2 

+ 2 - ( ε Ε

2 - μ Β 2 ) - V ( | * | ) (2.2.1) 

with £>** = ißt + i g A 0 ) * , τ>τΨ = (di - i^Ai)^, Β = €ijdiAjt and 

Ei = — -dtAi — diAo . 7, m, q, e and μ are parameters, e is the speed 

of light and the spatial indices i, j range from 1 to 2. As it will become 

clear, although the specific form of the potential V changes the details of the 

profile of the vortex solutions, it does not affect their dynamical behaviour. 

For the discussion of vortex dynamics V could even be absent but in order 

to make contact with a variety of models of physical interest we will allow 

for a mexican hat phenomenological potential 

Υ( |Φ|) = ^ ( Φ Φ * - Φ 2 ) 2 (2.2.2) 

with quartic self-coupling g . Rescale fields and coordinates according to 

2 „2 JJÏrnc urn c 
<£ - y y . . <·£ · î y -f 

V^^oqj ' 4 Τ Γ Φ ^ 2 7 3 

Φ ^ Φ ο Φ Λ,^ϋΟΪψ'Λ, ' A^^ßlM (2.2.3) 
μ mz cz y/μ m 

to obtain, in terms of the dimensionless quantities t, Xi, Φ, Ao and Ai 

used from now-on, the lagrangian 
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£ = ί ( φ * ( ^ - Λ 0 ) Φ + ce.) + A0- 1 |L> 2*| 2 

+ - ( ί Ε 2 - 5 2 ) - ^ 2 ( Φ Φ * - 1 ) 2 (2.2.4) 
2 ρ 8 

with Β = eijdiAj , Ei = —dtAi — diA0 and Di — di — iA, . We keep the 

same symbols to simplify our notation. 

Classically the model depends on the two free dimensionless parameters 

κ and β defined by 

1 " urn c 
*" = -—^- ß = , „ . 2 . 4 , T , 2 (2-2-5) 

2 _ ρμπι-ο" = μ-m-c 
4vrç274 ~~ 4 π ε ί 2 7 4 Φ 2 

An overall factor (7Φ0 //«2 was dropped from C since it does not enter the 

equations of motion. It plays though the role of \/% in the quantum theory 

and determines the necessary condition for the validity of our semiclassical 

approximation 

- ^ 4 - ° (2-2.6) 

In this limit we expect the quantum solitone to resemble closely their clas

sical ascendants studied below. 

The equations of motion on the other hand read 

ιΨ = --Ό2Ψ + Α 0 Φ + - κ 2 ( Φ * Φ - 1)Φ 
2 4 ν ' 

-Èi = etldjB - Jt (2.2.7) 

The Gauss constraint and the remaining Maxwell identity 

jdiEi = p B = -tijdiEj (2.2.8) 

complete the set of field equations of the model. The charge and current 

densities ρ and J ? respectively, are given by 

ρ = Φ*Φ - 1 J, = — [Φ*ΑΦ - (ΑΦ)*Φ] (2.2.9) 
li 
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The Lagrangian 2.2.4 is invariant under the local (gauge) transforma

tions, 

Φ' = earp(«A(x,i))* 

Ai' = Ai + dik (2.2.10) 

Ao' = A0 - dtA 

where Λ(χ, t) is an arbitrary function of space and time, It is easy to check 

that under the set of transformations 2.2.10, a total differential is added in 

the Lagrangian 2.2.4 which has no effect in the equations of motion. 

2.3 The Energy Spectrum 

Equations 2.2.8 and 2.2.7 admit the one parameter family of trivial vacuum 

solutions 

Φ = exp(ia) Ai = 0 A0 = 0 (2.3.1) 

for arbitrary constant value of a. 

We perform small oscillations analysis around a trivial vacuum to derive 

the energy spectrum of the model. To proceed analytically one has first 

to eliminate the degeneracy of the vacuua. Since a in 2.3.1 is arbitrary 

and constant, we define the vacuum by setting its value equal to zero or 

equivalently setting Ψ = 1. It is" then convenient to use the following 

parameterization for Φ: 

Φ = (1 + Φ)ε*'θ (2.3.2) 

The gauge freedom is eliminated by imposing the gauge fixing condition 

VA = 0. The Lagrangian 2.2.4 is rewritten keeping only up to quadratic 

terms in the fields. 

£ = - 0 * 0 ( 1 + 2Φ) - 2ΦΑ0 - ^(δζΘ
2 + 9,Φ2 + A2i) (2.3.3) 
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+ ±(dzA
2+dtA

2)-\B2-\K

2$2 

The equations of motion read 

dt$ + d2Q = 0 (2.3.4) 

at Θ = ΙδΪΦ-Α0-\κ2Φ (2.3.5) 
Ζ Ζ 

d2A0 + 2Φ = 0 (2.3.6) 
ß 

^d2At = &kAi - At (2.3.7) 

We take the Laplacian at eqs. 2.3.5 and the time derivative of 2.3.4 and 

we combine them with 2.3.6 to eliminate Θ and AQ. Finally we obtain the 

equation 

02Φ = -κ2δ2Φ-βΦ- -ô f Φ (2.3.8) 

By substituting At = A\ e^"*-1™) and Φ = Φ° e

i ( a " - k x ) at 2.3.7, 

2.3.8 we obtain the following dispersion relations 

ω 2 = ^ + Ì / ì 2 | k | 2 + Ì | k | 4 ( 2 > 3 > 9 ) 

4 4 

to2 = ß(\k\2 + l) • (2.3.10) 

As it follows from 2.3.10 the system has a mass gap, since ω does not 

disappear at |k| = 0 . In particular for |k| = 0 , ω2 = β and the 

energy gap of the model is given by the relation G — βϊ. 
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2.4 Topology and Homotopy Theory 

The analytical treatment of the equations of motion 2.2.7 derived in the 

previous section, turns out to be a very difficult task. This is a generic fea

ture of non-linear classical field theories in more than one spatial dimension. 

For a typical system of this sort no systematic method of obtaining even a 

single non-trivial classical solution in analytic form is available as yet. To 

study such systems, one has to implement indirect methods. 

A powerful tool which enables us to handle analytically a class of non

linear field theoretical systems is the mathematical branch of topology. The 

main consequence of topology when dealing with such topologically non-

trivial systems, is that enables us to classify the solutions of the corre

sponding equations according to a certain mapping that divides the space 

of solutions into many distinct subspaces. This classification in turn, en

ables us in some cases, to construct exact non-trivial solutions. Of particular 

interest is a class of solutions called "topological solitone". Topological soli-

tons are stable localized finite energy solutions of non linear field theories 

in 1, 2, and 3 spatial dimensions, which owe their stability to general topo

logical properties of the corresponding theory. They have been a subject 

of intense study in field theory over the last twenty five years, mainly be

cause they apply in a variety of physical problems. Among the best known 

examples [34] are domain walls and magnetic bubbles in a ferromagnetic 

continuum, vortices in Hell or in superconductor, topological defects in liq

uid crystals, as well as skyrmions and monopoles which are particle-like 

solutions in generic models of high energy physics. 

The common feature of topologically non-trivial field theories is that the 

space of non singular finite energy solutions can be divided to subspaces 

- usually called topological sectors - which are disconnected in the normal 

topological sense: it is not possible to continuously deform a solution in 

one component into a solution in another one. Cince the time evolution is 

continuous this implies that if a solution is in one component at any one 

time, then it is in the same component at all times. In other words the 

transition from one sector to another is forbidden [35]. 

An integer number can be associated with each sector, called topological 
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index or topological charge. Topological charge is t h e n a conserved quantity. 

Conservation of topological charge has a different origin t h a n the well known 

Noether conservation charges. In the lat ter case t h e conserved quantit ies 

are a result of t h e existence of a continuous s y m m e t r y of the Lagrangian, 

while in the former case t h e y are a consequence of the fact t h a t t h e space 

of non singular solutions is not-connected. 

In most of t h e cases it is easy t o carry out the relevant analysis, a n d 

determine t h e topological propert ies of the corresponding systems. For in

stance, consider a Lagrangian for a scalar field Φ in re-dimensions (spatial), 

a n d a degenerate potent ia l ν ( Φ ) . Denote by M the space which corresponds 

t o the m i n i m a of t h e potent ia l . T h e n denote by X the space which corre

sponds t o spatial infinity. T h e condition t h a t a solution t o the equat ion of 

mot ion is of finite energy implies t h a t the asymptot ic values of Φ ( Γ ) m u s t 

be zeros of ν ( Φ ) i.e. 

Urn Φ ( Γ ) —> Φο, as \r\ —»• oo (2-4.1) 

This condition can be considered as a m a p p i n g from X into M. F r o m 

topology theory we know t h a t mappings from one space to a n o t h e r can 

be classified into h o m o t o p y sectors. Mappings within one sector can be 

continuously deformed into each other, whereas mappings from two different 

sectors cannot be continuously so deformed. Thus if we have a par t icular 

solution t h e n it is its behaviour at infinity, t h a t classifies it to a certain 

homotopy sector, a n d t h e solution has t o remain in this sector independent ly 

of its t ime evolution. As a result, the stability of a soliton-like solution, 

against decaying t o a s ta te in a different sector, is assured. 

F u r t h e r m o r e , some general results are available in m a t h e m a t i c a l litera

t u r e which enable us t o determine whether a field theory is topologically 

non-trivial. These can be s t a t e d in t h e following form[34]: 

irn(Sn) = Z, (2.4.2) 

7Tn(Sm) = 0 for re < m, (2.4.3) 
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7rn(5 x) = 0 for η > 1 , (2.4.4) 

where Tvn(Sm) refers to the homotopy group of mappings of Sn into Sm and 

Ζ refers to the group of integers. The zero on the right hand side of 2.4.3, 

2.4.4 implies that the group is trivial i.e. that in these cases all mappings 

can be deformed into one another. 

Although in the previous example the classification was a consequence 

of the behaviour of the fields in the spatial infinity, this is not always the 

case. For instance in the non-linear 0(3) model the homotopy classification 

arises from the behaviour of the fields throughout the space. 

To summarize, implementation of topology and homotopy theory enables 

us to establish the existence of localized, finite energy solutions even in cases 

where an analytical treatment is extremely difficult. We end the section 

with a final remark: Non trivial topology is a sufficient condition but not a 

necessary one. As it is stated in [36], [37], it is possible to have soliton like 

solutions even in a topologically trivial field theory. 

2.5 Flux Quantization 

We now focus to the homotopy classification of finite-energy configurations 

in our model. The energy of our system is the sum of four positive terms 

W = Wd + Wb + We + Wv with 

Wd=
l- Id2x\D^\2 W<> = \ [d2xB2 

~ f d2x E 2 Wv = -κ2 !d2x (ΨΦ* - l ) 2 (2.5.1) 
2p J 8 J 

We 

For Wv to be finite |Φ(χ) | must tend to the minimum of the potential 

i.e. to 1, as |x| tends to infinity. Note that in contrast to relativistic models 

[12],[38], where the potential term is introduced in order to impose that 

particular boundary condition for |Φ | at infinity, here it could be absent 

since finiteness of We already implies that behaviour. More specifically any 

configuration with We finite, has to be neutral. A localized configuration 
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with non-zero net electric charge leads to an electric field behaving like 1/r 

at large distances and this makes We diverge. This neutrality requirement 

translates into a boundary condition for |Φ| at infinity. In fact |Φ | must 

tend to one, since otherwise it will lead to infinite charge at large distances. 

It is possible of course to interpolate to a neutral singular configuration 

but only at an infinite energy cost. One could in principle contemplate 

a logarithmically divergent energy due to a non-zero finite charge but it 

is impossible to allow for an asymptotic value of | Φ | different from one. 

Furthermore as it is demonstrated in the next chapter even without V the 

field equations do support the existence of non-trivial soliton solutions. We 

thus have to impose the conditions 

Q = J d2x p = 0 (2.5.2) 

and 

|Φ(χ) | -» 1 and | Α Φ | -> 0 as |x | -> oo (2.5.3) 

The phase of the complex field is not fixed by these boundary conditions 

at infinity. The field Φ approaches the value eia where the phase angles a 

form points in a circle S\. Since in 2 + 1 dimensions, the spatial boundary is 

also Si the finite-energy field configurations are classified according to the 

first homotopy group of Si into disjoint topological sectors characterized 

by an integer topological index (or "charge") Ν. Actually Ν describes the 

number of times the phase a is wound around the circle at spatial infinity 

and is also called winding number. Furthermore winding number has to be 

integer in order for Φ to be continuous. 

Let (r, φ) parameterize the space; then at r — oo 

Ν = — Γ Ύ7 αφ (2.5.4) 
2 Wo άφ Ψ y } 

But the condition 2.5.3 tells us that as |x| = r ' - t oo 

At -+ -i-^ (2.5.5) 

Hence Αφ, the tangential component at r —>• oo becomes 
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ce 

Ν = 
2ττ , 

ρ2π 

/ ΑφΓάφ 

Λ 

-Α^ = 

2 π „ 

1 <ia 

r άφ 

φ Ad 
Τ 

(2.5.6) 

(2.5.7) 

Thus we see that the magnetic flux is quantized within our model, in 

accord with Ginzburg-Landau theory as well as the experimentally observed 

flux quantization in superconductivity. It may seems surprising that mag

netic flux quantization is obtained purely from classical considerations. But 

as Coleman [35] has pointed out equation 2.5.7 is not exactly the flux-

quantization condition in superconductivity. In equation 2.5.7 the quantum 

flux is a constant depending on the parameters which initially appeared in 

the classical Lagrangian 2.2.1 and which are arbitrary. It is only in the quan

tum level, where these parameters will so be related to physical constants, 

as to yield the full flux quantization condition. 

From equation 2.5.7 follows that iV can be expressed as the volume 

2π integral of a topological density defined as η — 

Ν = — ίd2x Β 
2ττ J 

Equivalently one can use an expression for topological density depending 

on Φ 

Ν = — ί d2x ε*,9*Φ*9/Φ (2.5.8) 

or the manifestly gauge invariant formula 

Ν = J_[d2xT, τ = -L[e f e l(0k*r(A*)-tS(***-l)] (2.5.9) 
Ζπι J 2πι 

which as it is shown later can be directly associated with other physical 

properties of the system. 
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C H A P T E R III 

Static Properties of the Vortices 

3.1 Isolated Vortices 

3.1.1 The Ansatz 

In the previous chapter, it is shown that due to general topological argu

ments, soliton solutions in our model are in principle possible. Aside from 

these general existence arguments, we would like to find explicit solutions 

in any given non-trivial topological sector. We will particularly concentrate 

on the search of static axially symmetric solutions of the field equations. 

The most general ansatz for such a configuration with topological charge Ν 

is in polar coordinates (r, φ) given by 

* ( x ) = X(r)eiN* Ao(x) = /(r) A(x) = - ( 1 - α{ν))φ 

(3.1.1) 

At infinity 2.5.3 implies the boundary conditions 

X(r) -• 1 a(r) -> 0 ' (3.1.2) 

The field configuration described by the above ansatz, is localized, of finite 

energy and carries magnetic flux. It is clear that by adding a third dimension 

on which the fields have no dependence, this configuration is equivalent to 
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a magnetic flux tube, which often called vortex line. Within the ansatz the 

electric and the magnetic fields are 

Ν a' 
E = - / ' r Β = -—- (3.1.3) 

while the electric charge and current densities take the form 

ρ = X2-l J = —αΧ2φ (3.1.4) 
r 

Finally the field equations reduce to the following set of ordinary nonlinear 

differential equations 

1 N2 1 
X" + -X' - \Χο? = -κ\Χ2 - 1)X + 2fX (3.1.5) 

\ (/" + " / ' ) = -P «" - - « ' = « * 2 (3.1.6) 
ρ r r 

The behaviour of the solutions around the origin r = 0 is dictated by 

the requirement of smoothness and by the equations themselves to be 

X(r) -v ci r l w l a(r) -»· 1 + c 2 r 2 / ( r ) -»· c 3 + ^/3 r 2 (3.1.7) 

where ci, c 2 and c^ are undetermined constants. 

Equations 3.1.5,3.1.6 though simpler than the parent equations, are not 

amenable to an analytic solution, but one can implement asymptotic anal

ysis to show that the fields decay exponentially. To study the behaviour of 

the fields for large r > l w e use the following ansatz : 

/ — > » i rv e-u 

X —> 1 + s i r

s e~a 

a. —> (ii +t2r-1)rt e~T ' 

where v,v\,ijj,s,s\,a,t,ti,t2,T, are undetermined constants of order one. 

Substituting a, X in the right part of 3.1.6 and equating the coefficients 

of r* e~T and r i _ 1 e~T we obtain : a —» t\ r1'2 e~r. 
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Substitution of the asymptotic form of /, X in the left part of 3.1.6 yields 

a relation between / and X. Specifically the following equations must hold 

: ω — σ, ν = s, and ui = ^^-. 

Determination of σ, and thus of the asymptotic behaviour of X is a more 

complicated problem. After the replacement of the asymptotic form of the 

fields, and keeping only the higher terms, equation 3.1.5 becomes : 

(σ 2 - κ2 + %) sx Vs e"«7 = Ν2 t\ r'1 e~2r (3.1.8) 

Note that we are not allowed to neglect the right part of the above equation 

unless σ is smaller than 2. Omission of a similar term in the Abelian-Higgs 

model has led to wrong formula for the asymptotic behaviour of the Higgs 

field [39]. To proceed further, we assume that σ < 2. Then the right part 

3.1.8 is dropped and equation 3.1.8 yields 

4 2 2 ί Λ ο _ η ^ 2 _ Κ* ± V ^ 4 - 16/3 
σ — σ κ + 4/3 = 0 ==> σ2 = i (3.1.9) 

An argument that prefers + sign than — in 3.1.9 comes from the relativistic 

Abelian-Higgs model [12]. In fact the equations for static vortices in that 

model are identical to equations 3.1.5, 3.1.6 when β = 0. In that case 

asymptotic behaviour for the Higgs field is given by 3.1.9 with β = 0 and 

retaining the + sign in front of the root. Thus we expect that + sign remains 

when β smoothly turns on. Apparently equation 3.1.9 has no real solution 

when κ 4 < 16/3. Moreover it does not always yields a σ < 2. In either 

of those cases, our assumption on the value of σ has to be reconsidered. 

Assuming that σ > 2, equation 3.1.8 has to be resolved retaining all terms. 

Actually the fall-off of the matter field is determined by that particular term 

on the right hand side of 3.1.8, and turns out to be 

X — • 1 + s1r-1e~2 ' (3.1.10) 

where s\ is related to t\ by the equation s\ — (4 + β — n2)~lt\ 

Asymptotic analysis leads us to the quite "paradoxical" result, that - at 

least in a certain region of the parameter space - the behaviour of the fields 
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at large r is independent of the parameters of the model. On the other hand 

one must bear in mind, that the asymptotic behaviour of the fields actually 

refers to very large r, where all the fields have already reached their vacuum 

values and thus it is of no physical consequence. 

3.1.2 Variational Method 

Being unable to solve analytically the equations at hand we proceeded nu

merically. After some experimentation we decided that among the various 

methods available the variational approach is the most convenient. The 

method is based on the fact that the field equations 2.2.7 and 2.2.8 for static 

solutions are identical to the conditions for the minimization of the energy 

functional 2.5.1 under the Gauss-law and charge neutrality constraints. This 

is true even after we insert into the energy functional the spherically sym

metric ansatz 3.1.1 and leads in that case directly to equations 3.1.5, 3.1.6. 

We can thus use the variational method and minimize the energy in order 

to find approximate solutions of our equations. 

We approximate the fields of the ansatz by a set of trial functions de

pending on some number of variational parameters. We then evaluate the 

energy as a function of these parameters and minimize the resulting ex

pression. The position of the minimum in the parameter space determines 

the approximate solution, whose energy is the value of the energy func

tional at the minimum. The variational ansatz we used, compatible with 

the boundary conditions at large r is : 

in ι τη ι 

X{r) = 1 + e~kr Σ ζ " - a{r) = e~r £ a , ^ (3.1.11) 
;=o ' (=o 

1=0 ' 1=0 

To determine the exponential fall-off of the gauge field we used information 

from asymptotic analysis. Strictly speaking the exponential decay of Φ 
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should be determined in a similar way. Numerically though, it is more 

accurate to leave k as an independent variational parameter. The optimum 

value of k often deviates from what asymptotic analysis results. This is no 

contradiction. The variational ansatz is more effective when the exponential 

cutoff e~kr is close to the rate of decay of the condensate, in the region 

where the value of Φ is away from its vacuum value. And that rate is 

not in principle determined by the asymptotic form of the fields at large 

r. Yet one may insist on reproducing the exact asymptotic form of Φ, 

but this frustrates the other variational parameters, which are forced to 

take unnaturally diverse values in order to lead to the right solution. This 

induces in general higher numerical errors. 

Plugging the above expressions for X and / ' into Gauss' constraint equa

tion 3.1.6a we determine the coefficients c_i, d-\, C{ and di in terms of the 

Zi. The boundary conditions at the origin give «o = «1 = 1, zo = — 1 

for the Ν = 1 vortex. For higher-JV vortices one has more conditions due 

to the faster fall-off of X at r = 0. Thus, for the Ν = 2 vortex we ob

tain in addition to the above that z\ = —k. Finally, the vanishing of the 

total electric charge eliminates one more of the unknown coefficients of the 

variational ansatz. In our computations as it will be explained below, we 

achieve satisfactory accuracy for m = 10, i.e. with 16 and 15 independent 

variational parameters for Ν = 1 and Ν = 2 respectively. 

Having solved explicitly Gauss' constraint as well as the neutrality condi

tion, we insert the variational ansatz into the energy functional, we compute 

analytically the spatial integrals to end-up with a polynomial of fourth or

der in the variational parameters. A quasi-Newton minimization procedure 

in then used to evaluate its minimum. The method converges fairly rapidly 

within four or five iterations despite of the large number of parameters. 

The physical nature of the problem and the proper choice of the variational 

ansatz which restricts the fields to the right subspace of the configuration 

space, are the two factors to which it is reasonable to attribute this rapid 

convergence. 

Figure 3.1 shows the profiles of the Ν — 1 vortex solutions for two 

different sets of values of the parameters of the model. In figures 3.1a and 

3.1b we plot the magnitude of the electric current J , the magnetic field B, 
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Figure 3.1 : Ν = 1 vortex profiles, (la) and (lb) correspond to κ = 2 

and β = 0.1, while (1c) and (Id) to κ = 0 and β = 0.1 
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the charge density ρ and the magnitude of the electric field E divided by β 

as functions of the radius r from the center of the vortex for /3 = 0.1 and 

κ = 2. Similarly, in figures 3.1c and 3.Id we have the same quantities but 

for β = 0.1 and κ = 0, the case with no quartic potential. 

Before we proceed with further results a few comments about the ac

curacy of our numerical computations are in order. To obtain an estimate 

of the error induced by the truncation of the configuration space, we min

imized the energy for various values of m in order to check the stability 

of our results against a broadening of the trial ansatz 3.1.11, 3.1.12. The 

energy at the minimum for m = 10 differed from the one for m = 11 in the 

sixth significant digit. Thus we conclude that our energy calculations are 

correct to within one part in 105 or so. To eliminate the danger that during 

a minimization process we were accidentally trapped in a local minimum, 

we repeated each run several times starting with different initial configura

tions. An additional test is provided by the accuracy with which we verify 

the virial relation 

Wb = 2We + Wv (3.1.13) 

obtained by the well known scaling argument of Derrick [40]. We define 

= 2W.+W.-W. 

and check that in all our calculations Δ is smaller than 1 0 - 4 . Finally, the 

spherical symmetry of the ansatz provides another test of the accuracy of 

our results. Notice that the ansatz is spherically symmetric in the sense that 

a spatial rotation by some angle 7 can be compensated by a global internal 

U(l) rotation by Nj. This means that the corresponding generator Q — NL 

where L is the field angular momentum to be defined in the next chapter, 

must vanish for the solution. Q is zero by construction and we check, by 

explicit evaluation of the integral of the angular momentum density, that 

for all solutions L is also zero to within one part in 104. 

Figure 3.2 shows the values of the ratio R = E]<J=2/2EN=I of the energy 

of the double vortex to twice the energy of the single one, as well as the 

value of the energy of a single vortex itself divided by ix for various sets of 

the parameters of the model. For β — 0 and for static configurations our 

model reduces to the Ginzburg-Landau equations for a superconductor 
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Figure 3.2 : Plots of R = EN=2/2EN=I and of Ε^=χ/τ as functions 

of κ or β for the values of the second parameter as shown. (2d) corresponds 

to the Ginzburg-Landau model, while (2c) to the no- potential case. 
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and κ corresponds exactly to the ratio of the penetration depth to the 

coherence length defined there. 

Figure 3.2d is in perfect agreement with the results obtained previously 

in the context of the Ginzburg-Landau theory [41] [12] [38]. We divided all 

energies by π to make easier contact with previous results concerning the 

Ginzburg-Landau theory, in which for κ = 1 the Ν = η vortex solution 

has energy En = n. The fact that the energy of a vortex is an increasing 

function of the parameters κ and β is easily understood by the following 

argument: (we give the argument for κ). Start with the solution of the 

static equations for some value of the parameter κ and a given β which we 

keep fixed. By construction it satisfies Gauss' constraint and is neutral. It 

can thus be used as a trial initial configuration for the energy minimization 

for a different value κ' < κ. The energy E(n') of the solution for κ1 is 

smaller than the value of the energy functional for the above configuration. 

The latter is equal to the energy of the solution for the value κ minus the 

positive quantity (1/8) (κ2 — κ' ) f d2x (ΦΦ* — l ) 2 , where Φ is the solution 

for κ. Thus, Ε(κ') < Ε (κ). Q.E.D. A similar argument with a little extra 

care due to Gauss' constraint applies to β. 

The other extreme, the no-potential case κ = 0 is shown on figure 3.2c. 

The critical value of β for the Ν = 2 vortex to have the same energy with 

two well-separated single vortices is 0.0167. 

The critical fine separating the parameter space into regions-I and -II, 

according to the value of R being smaller or larger than one respectively, is 

shown on figure 3.3. Regions-I and -II correspond in the Ginzburg-Landau 

case to ordinary type-I and type-II superconductors. 

single vortices far from each other. In contrast to the Ginzburg-Landau 

case there exists inside region-I another critical line separating the param

eter space into two subregions according to whether E(N = 3) is larger 

or smaller than 3 times E(N = 1). Consistent with the well known facts 

about the Ginzburg-Landau model this fine too passes through the point 

(κ = Ι,β = 0). The subregion with E(N = 3) < 3E(N = 1) is further 

split into two subsubregions depending on the value of the ratio E(N = 

4L)/4:E(N = 1) being larger or smaller than one, and so on. 
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Figure 3.3 : Regions-I and -II of the parameter space. 

It is interesting to compare the energy of a triple vortex to that of three 

single vortices far from each other. In contrast to the Ginzburg-Landau case 

there exists inside region-I another critical line separating the parameter 

space into two subregions according In the context of a relativistic model 

we would talk about stable and unstable higher-iV vortices. For instance, 

a vortex with Ν = 2 and energy larger than twice the energy of a single 

one could not be absolutely stable against decay to two single vortices. In 

the model at hand though as we will see later a completely different picture 

arises [27]. 

3.2 Penetration depth and coherence length 

In this section we study the dependence of the size of the Ν = 1 vortices 

on the variation of the two parameters of the model. In accordance to the 

case of the vortices in real superconductors, we introduce two characteristic 
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lengths ; the penetration length λ which is related to the decay rate of the 

magnetic field, and the coherence length ξ, which defines the characteristic 

distance for variations of Φ. 

It is easy to derive some general features as for example that ξ is a 

decreasing function of κ by simple inspection on the exact form of the energy 

functional 2.5.1. The potential term is proportional to κ", which as we 

mentioned earlier, forces Φ to attain its vacuum expectation value (V.E.V.). 

Therefore when κ increases it becomes energetically more unfavourable to 

have Φ φ 1, and consequently Φ attains its V.E.V. sooner. The same 

argument applies to β. Equation 2.5.1 implies that the electrostatic energy 

term We is proportional to the inverse value οΐ β. At the same time because 

of Gauss law 2.2.8, the strength of the electric field is linear to β. The latter 

results a linear dependence of We on β. Given that the presence of the 

electrostatic term also forces Φ to relax to its V.E.V. we conclude that the 

variation of β has a similar effect to that of κ. Regarding the region where 

Φ φ 1 as a measure of the coherence length, the previous considerations 

justify our initial assertion. 

At that point we would like to dissociate the size of the fields from their 

asymptotic behaviour derived in the previous section. Physically the size of 

a field is related to the distance where the field varies from its vacuum value 

significantly. While in many cases that distance is similar to the rate of 

decay of the field at large r, this is not a general rule. Consider for example 

the asymptotic behaviour of the condensate as that arises from the analysis 

of the previous section. According to equation 3.1.10 for κ > 2 and β = 0 

the asymptotic form of Φ is independent of κ. If we now try to associate 

the coherence length with the asymptotic behaviour of Φ, we end up with a 

result which contradicts our earlier statement that ξ is a decreasing function 

of κ. 

Apart from those general remarks, in order to obtain solid results we 

have to resort to numerical methods. We use the same minimization tech

nique which described earlier to construct the vortex solutions for various 

values of the parameters and we then evaluate their size. To determine 

the characteristic lengths of the fields we adopt the following definition for 

"length" : The length of each field is associated to the square root of the 
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normalized second moment of the energy density. More precisely it is used 

that part of the energy density which is related to each field. For example, 

the penetration length is evaluated by the formula : 

λ = — / d2x x 2 wb (3.2.1) 
Wb J 

A similar formula is used for the evaluation of the coherence length, where 

Wb and Wb are substituted by (We + Wv) and (we + wv) respectively. 

Since the potential term and the electrostatic term have a similar effect 

on the size of the vortex, we consider it more convenient to isolate each term 

and study their effect separately. We first examine the case where there is 

no potential, i.e. κ is fixed to zero while β varies. Our starting point is the 

evaluation λ and ξ for two widely different values of β ; ι) β = 1 and ii) 

β = IO6. The corresponding numerical results are λ = 0.96, ξ = 0.76 and 

λ = 0.62, ξ = 0.026 respectively. Note that while ξ undergoes a significant 

change, λ is quite insensitive to the value of £. We could contemplate partly 

on that result in the sense that given the values of ξ, it is easy to predict 

the behaviour of λ. After Φ has attained its vacuum value (i.e. r > ξ), the 

gauge field decays with a rate equal to one. In particle physics terminology 

we would say that the gauge field due to the spontaneous symmetry breaking 

acquires a mass equal to the square V.E.V. of the Higgs field, i.e. equal to 

one. Thus its size is roughly of order one plus a fraction of the coherence 

length ( c ( with c < 1). The factor c was introduced to take into account 

the fact that the gauge field decreases, though with a lower pace, even for 

r < £. Taking into account the dependence of £ on the variation of β, we 

conclude that λ is a decreasing function of β. Moreover when ξ is small 

(i.e. ξ < 1) the dominant term - the rate of decay outside the core - is 

independent of β and thus λ is a slowly decreasing function of β. 

In the same line of reasoning, and assuming that our prediction about 

the dependence of λ on β is correct, we may conclude that the magneto-

static energy Wb is a slowly increasing function of ß. In fact in the previous 

numerical calculations we found, that for β — 1, Wb was equal to 0.314 π 

and for β = IO 6, Wb was equal to 0.496π One could not in principle con

template that such a tremendous change in the parameter β would result a 
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Wb of the same order. Yet it possible to explain that result using qualitative 

arguments. To do so we recall that a(r) is a smooth monotonous function 

which attains its maximum value at r = 0 and which asymptotically goes 

to 1 at large r. Assuming that the region where a varies from its asymptotic 

value is comparable to λ, and recalling the relation between a( r ) and B(r) 

in 3.1.3, we realize that the strength of the magnetic field in the two cases is 

comparable and so we end up with the same relation for the spatial integral 

oîB2. 

Similar considerations along with scaling analysis can provide us useful 

insight to the relation between β and £. Therefore we apply in detail the well 

known scaling argument of Derric [40] Suppose that a certain configuration 

of the fields Φ = Φ(χ) and A = A(x) is a static solution of the equations 

of motion and thus a stationary point of the energy functional 2.5.1 with 

finite energy 

W = Wd + Wb + We + Wv 

The energy of the configuration Φ = Φ ( ^ ) and A = A( — ) where ν is 

some constant is then given by 

W(v) = Wd + v2 Wb + -L We + ±WV (3.2.2) 

By our hypothesis ν = 1 is a stationary point of VF(y). Hence ap

plying the condition W'(u = 1) = 0 to equation 3.2.2 yields the virial 

relation 2 We + Wv — Wb which in the absence of potential term reduces 

to 2 We = Wb . An immediate consequence of that relation combined with 

the behaviour of Wb, is that large alterations on the value of β result a 

small change on the value of We . On the other hand as stated earlier We 

is linear to β and thus the field configuration for Φ must change drastically 

in order to retain the value of We at the same order. To illustrate that 

point we introduce E defined as follows: 

di£i = Φ*Φ - 1 (3.2.3) 

Apparently from Gauss law 2.2.8 follows that Ei — β Si and We — ßWe, 

where We = | J d2x £f. Thus when β increases, We decreases so as to 
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retain We at the same order of magnitude. Note that We is a quantity-

independent of β and it only depends on the spatial distribution of Φ. Let 

us now study deformations of the profile of Φ ( Γ ) and their effect to We. We 

first consider smooth deformations of Φ ( Γ ) which modify the form of the 

profile without altering its scale. The exact formula for We in terms of Φ 

reads 

We = / drr'1 ( d r V ( * * ( r ' ) « ( r ' ) - l ) J (3.2.4) 

and it is legitimate to assume that such deformations could only result to 

a multiplication of We by a numerical factor of order one. If instead we 

act to Φ ( Γ ) with a scale transformation of the form Φ ' ( Γ ) —• Φ(Ζ/Γ), it will 

result to a change : We —»• W'e — v~iWe-

From the previous considerations we realize that it is mainly a change 

on the scale of Φ which balances the variation of β. Furthermore this 

statement is quantified as follows : When β changes to β' the scale of the 

Φ field changes according to the law ^ = Λ u4 where ν is the scaling factor 

and Λ is a number of order one, which depends on β and β'. A scale trans

formation on Φ results to a change on the size of the field. Consequently 

one derives the following relation for the coherence length : ξ oc β* 

Having determined qualitatively the behaviour of £ we proceed with nu

merical calculations to check the validity of our conclusions. We performed 

a number of numerical calculation for several values of β and the results are 

illustrated in table I. In column one we insert the value of ß. In columns 

two and three the values of λ and ξ are written, where the lengths are de

termined by computing the first moment of the energy density. In columns 

four and five we insert the values of λ and ξ, where the lengths are deter

mined by equation 3.2.1 i.e by computing the second moment of the energy 

density. 

The coincidence of the numerical results to our prediction is remarkable. 

Although our reasoning was quite rough and vulnerable it is justified by 

that accordance. At the same time numerical results reveal the limits of our 

analysis. The values of β are exposed as powers of 16 and thus according to 

our prediction the magnitude of ξ has to underdouble each time. While for 

large β this prediction is quite accurate, for small β the deviation increases. 
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Even then, this deviation is explicable. When we studied deformations of 

Φ we did not take into account their effect on the gauge field. In the limit 

where ξ < λ (or equivalently for large β) their effect is insignificant, but as 

A and £ become comparable their coupling is getting more important and 

our analysis less reliable. 

Table I 

β 
IG"

1 

16° 

16
1 

16
2 

16
3 

16
4 

16
5 

16
6 

16* 

λι 

1.23 

0.96 

0.77 

0.67 

0.63 

0.62 

0.62 

0.62 

0.62 

Cl 
1.34 

0.76 

0.41 

0.21 

0.11 

0.053 

0.026 

0.013 

0.006 

λ
2 

1.41 

1.12 

0.92 

0.85 

0.83 

0.82 

0.82 

0.81 

0.81 

6 
1.57 

0.89 

0.48 

0.24 

0.12 

0.061 

0.030 

0.015 

0.007 

We can implement the same kind of reasoning to study the effect of κ, 

when the electrostatic term is absent. There are only two minor differences. 

The potential has quadratic dependence to scale transformations while We 

has quartic. Besides, the potential is quadratic to κ while We is linear 

to β . Thus the corresponding relation between £ and κ is expected to 

be : ξ oc κ~ι . Numerical study confirms that prediction. The numerical 

results for various values of κ and β = 0 are illustrated in table II. The 

columns are as those of table /, where in column one instead of values of β 

are inserted the values of κ. 

As in the case of β, the results are in accordance to our predictions and 

the same comments concerning limitations of our analysis apply also to the 

case of small κ. Note that values of κ, are written in powers of 2 and thus, 

coherence length is expected to under double each time. 
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Table // 

κ 

2° 
2 1 

22 

23 

24 

25 

2 6 

27 

λ! 
1.23 

1.00 

0.82 
0.72 

0.66 

0.63 

0.62 

0.62 

6 
1.21 

0.71 

0.40 

0.21 

0.11 

0.055 

0.027 
0.014 

λ2 

1.43 

1.18 

1.00 

0.90 

0.85 

0.82 

0.81 

0.81 

6 
1.40 

0.82 

0.46 

0.25 

0.13 

0.064 
0.032 

0.016 

Finally having determined the dependence of λ and ξ on each of the 

parameters β and κ separately, we would like to comment on the combined 

effect of the potential and the electrostatic term. So far, it appears that as 

far as the static properties of the vortices are concerned, both terms have 

similar effect. So when both are present, the behaviour of λ and ζ may 

change quantitavely but not qualitavely. In particular, when one of the 

two terms dominates, the behaviour will be much like as if the other term 

is absent. It is easy to estimate which is the dominant term simply by 

comparing β and κ. The two terms have equivalent effect when κ = 2 

and β = 1 and that equivalence is preserved when κ is multiplied by a 

power of 2 and β is multiplied by the same power of 16. Thus by comparing 

the two numbers n% = log2^) and η 2 = logi^ß) we can immediately 

determine the dominant term. 

3.3 The two-Vortex System 

Our main goal in this section is to compute the energy of two single vor

tices as a function of their separation d. Again we proceed numerically and 

choose a variational ansatz with the following characteristics: 1) The com

plex field vanishes at the points (±2 ,0 ) on the x-axis. 2) For large d the 

configuration reduces to two well-separated axially symmetric single vor

tices at a distance d from each other, while 3) for d —• 0 it takes the form 

of an axially symmetric Ν = 2 vortex located at the origin. 
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To formulate an ansatz, we first fix the phase of the matter field. This is 

equivalent to a choice of gauge. Parameterising the condensate as Φ(χ) = 

X(x) e ! 0 ( x ) , we choose the phase factor Θ to be [38] 

Q(x,y) = tan^l ^ } (3.3.1) 
χ2 - y2 - τ 

At large distances from the origin, as the argument χ varies by 2 π, Θ 

undergoes a rotation by 4 π. Furthermore Θ is undefined, at the points 

( ± | , 0 ) (where the magnitude of Φ vanishes) instead at the point (0,0). 

For the magnitude X of the complex field Φ we write 

x(x) = ω χ < 1 > ( | χ _ | ) χ < 1 > ( | χ + | ) + ( i - c o O ( | x " ! )

r 2

( | x + l ) - x ( 2 ) ( 0 + sx 

(3.3.2) 

where x-j-, correspond to the points χ ± | , X^1' and X^2' are the pre

viously determined solutions for the Ν = 1 and Ν = 2 vortices respectively 

and ω is a weight factor. The first term, for ω — 1, reproduces an asymp

totic configuration of separated vortices which is quite accurate for d < A , 

where by λ is denoted the size of the vortices. In the second term the factor 

-— 2 — has the effect of replacing the double zero of X^·2' with two 

zeros at χ = ± γ. For d = 0 and ω = 0 this second term reproduces the 

field of a JV = 2 vortex. 

The function 8X contains the variational parameters and is written in 

the form 

/ τη 

SX = flx-Uflx+Qcosfc-^fcr) Y^ Y^ zmn r2m cos(2n<j)) (3.3.3) 
m=0 n=0 

The first factor on the right hand side of equation 3.3.3 ensures that Φ 

vanishes at χ = i y , the second factor introduces an exponential cutoff 

and the third term is an expansion into powers of r and cosines of argument 

2ηφ which takes in account the symmetry of the field configuration. 

In a similar manner we formulate the variational ansatz for the gauge 

potential. 
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A(x) = ω Α ^ Ο χ - Ι ) + ω Α ^ Ο χ + Ι ) + ( l - a ; ) A < 2 > ( r ) + δΑ{χ) (3.3.4) 

where δ A = 8Ar f + 8 Αφ φ with 8Ar and 6Αφ defined by 

/ m 

δAr = r cos/i _ 1 (r) Σ Σ α " ^ r 2 m βίη(2ηΦ) ( 3 · 3 · 5 ) 

T7i = 0 7 1 = 0 

ί m 

£Α 0 = r cosÄ-^r ) ^ ] Γ α ? η η r 2 m cos(2n^>) (3.3.6) 
ro=0 n=0 

The angular dependence of the fields was restricted to the form given 

above by the requirement on the configuration to be invariant under spatial 

reflection with respect to either one of the coordinate axes. 

Once the ansatz for "Φ and A are formulated we use the same numerical 

procedure as in the isolated vortex case to determine the optimum values 

of the variational parameters af-,a[-, Zij and k. ω is in a sense also a 

variational parameter, the relative weight of N1 and N2 vortex solutions 

in the configuration, but we have chosen for it the value that minimizes 

the energy obtained from the ansatz without variational corrections (8X = 

SAr = δΑψ = 0). The dominant source of error in our results is due to the 

truncation of the configuration space. Again an estimate is obtained from 

the change in the value of the quantity of interest as we vary the number 

of variational parameters. To achieve an error of the order of 0.1% in the 

total energy for all values of d, it was enough to set 1 = 1 for d > 3, while 

for d < 3 it was necessary to take I = 2 i.e. a richer variational ansatz 

with 18 parameters. The uncertainty in We was a little larger, something 

like 0.2 — 0.3%, but since We contributes always a small fraction to the 

total energy, this error is negligible. Contrary to the isolated vortex case 

we did not perform the spatial integrations analytically. Instead we carried 

out these integrations numerically. Appropriate choice of the grid and the 

boundaries reduced the corresponding error to the order of 0.01%. 

In figure 3.4 we plot the energy divided by π of the two-vortex system 

as a function of their separation d for four sets of the parameters κ and β 
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corresponding to the points A, B,C and D shown in figure 3.3, from well 

inside region-II, to somewhere in region-I. We have included the point C on 

the critical line with (κ = 0.5 , β = 0.0115). Figure 3.4a corresponds to 

parameter values far from the critical line in region-II. The force between 

the vortices is everywhere repulsive. In all other cases one immediately 

recognizes a region of attraction and a region 
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Figure 3.4 : The energy of the two-vortex systpm as a function of their 

separation for the values of parameters corresponding to the points A, B, C 

and D of figure S.S. The dashed line is drawn at twice the energy of a single 

vortex. 
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of repulsion of the two solitons. The local extremum in the energy leads to 

the exciting possibility of the existence of chimb-bell shaped doubly-charged 

static solutions of the field equations for a rather wide range of parameters. 

We will have the opportunity to elaborate later when considering the dy

namics of a pair of vortices. 

J V. J •• -V 

d=0 d=2 

W \\> 

d = 4 d=6 

F i g u r e 3.5 : The total energy density of the two vortices d = 0, 2, 4 

and 6. κ = 0.5 and β = 0.0115. 

Finally, figures 3.5, 3.6, 3.7 and 3.8 show the total energy density wt, 

the gauge-invariant topological density r , the magnetic field Β and the 

electrostatic energy distribution toe respectively, of the optimum two-vortex 

configuration corresponding to the parameter values (κ = 0.5 , β — 0.0115) 
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on the critical line. The pictures in each one of them refer to distances d 

0, 2, 4, 6. 

d=0 d=2 

d = 4 d=6 

Figure 3.6 : The topological charge density τ of the two vortices for 

d = 0, 2, 4 and 6. κ = 0.5 and β = 0.0115. 

Notice that of the two definitions Β/2π and r of the topological density 

the former follows less closely the energy distribution and as such it offers a 

bad description of the two vortex positions. We have checked, although we 

do not show it here, that the topological density in terms of the complex 

field alone is even worse in that respect. 
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0.10 _ 

0.05 „ 

Figure 3.7 : The magnetic field of the two vortices for d = 0, 2, 4 and 

6. κ = 0.5 and β = 0.0115. 

Notice also that the distribution of we does not follow that of the total 

energy. It spreads over the whole region between the two vortices and is 

actually responsible for the bump in their interaction energy. Being so small 

in magnitude it does not alter the final picture that the two vortices can be 

safely considered far from each other already for d = 4. 
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d=0 d=2 

d = 4 d=6 

F i g u r e 3.8 : The electrostatic energy density of the two vortices d = 

0, 2, 4 and 6. κ = 0.5 and /? = 0.0115. 

These features of we as well as its negligible magnitude compared to wt 

are also shown on figure 3.9 for the case of an axially symmetric JV = 1 

configuration with κ = 0.5 and β — 0.0115. The virial relation given in the 

previous section shows that We is never dominant. It can at most be 1/3 

of Wt — Wd for any value of the parameters. 
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Figure 3.9 : Plot of the densities wt and 150ioe for an isolated Ν = 1 

vortex, κ = 0.5 and β = 0.0115. 

We end this section with a remark about the numerical procedure used 

to compute We at each step of the iterative minimization process. We 

exploited the linearity of the Poisson equation to compute once and for all 

the electric field created by the charge density due to the configuration (3.10) 

to (3.12) in terms of the parameters of the ansatz. Thus the calculation of 

the electric field after each iteration is immediate. One does not have to 

solve the Poisson equation again but just plug into the general formula 

the new values of the parameters. We is finally given by a straightforward 

spatial integration. This way the computation is, more accurate and much 

faster. 
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3.4 Fitting to a type-II Superconductor 

In this section we roughly compare the underlying physics of the model 

to the physics of a typical type-II superconductor. To make contact with 

superconductivity the parameters q, m, and 7 are fixed to the values : 

q = η?-, m = 2me, η — fi. The electric charge of Φ was set equal to 2e 

as well as its mass equal to 2m e in order to account for the results of the 

microscopic theory of superconductivity, namely that the charge carriers 

are pairs of electrons [4] (the Cooper pairs). The background density Φ 0 is 

determined by fitting it to the density of the superconducting electron pairs 

φ·* = ns. Because ns is the density of the Cooper pairs in the physical 

three dimensional space, the dimensionality of Φ is [L]~5'2. To avoid any 

confusion with dimensions we note that here the model is considered as 

three dimensional (3 + 1) and thus the dimensionality of the lagrangian 

density 2.2.1 is [ £ ] - 3 . Though in contrast to the convention we adopted in 

section 2.2 where the model was directly defined in two space dimensions, 

its three dimensional foundation is well defined and consistent. 

To estimate n s we write it as n s = -ζ'Ρηί w n e r e ns is the density of 

superconducting electron pairs, n/ is the density of the free electrons in the 

metal and ρ is the ratio of the superconducting over the free electrons in 

the metal. As typical value for n j is considered rif = (2A°)~3, and we 

indicatively set ρ = 0.01 in our calculations. 

Yet there are three undefined parameters, namely κ, μ and e. Since 

the physical origin of the potential term is arbitrary and given that the 

electrostatic term suffices to ensure the asymptotic convergence of Φ to 

Φο, the potential term is ommited i.e. we focus to the special case where 

g = 0 =ϊ κ = 0. To justify physically the introduction of e in the model 

we may assert that the presence of e in the Lagrangian 2.2.1 incorporates 

the screening effect on the electric field due to the presence of the normal 

electrons. In a similar manner μ accounts for the magnetic susceptibility of 

the normal phase as well as for the induced currents of the normal electrons. 

In the case we restrict our analysis to non magnetic materials, and assuming 

that the normal state currents are negligible - which is correct in thermal 

equilibrium - μ can be set equal to one. The only remained free parameter 
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is t h e n e. I ts value is relevant t o essential propert ies of t h e m o d e l like t h e 

energy s p e c t r u m a n d t h e coherence length. T h e claim of reproducing the 

physics of a superconductor will determine its value. 

Having fixed the p a r a m e t e r s of the model we are ready t o proceed t o t h e 

calculation of some of t h e fundamenta l properties of t h e superconduct ing 

s tate . Before embarking u p o n we add a comment about nota t ion . In section 

2.2 we used equat ion 2.2.3 t o rescale fields and coordinates while we reta ined 

the same n o t a t i o n for t h e rescaled quantities. Since here we alternatively 

use b o t h rescaled a n d original dimensionful fields a n d coordinates, we will 

use a tilde to denote t h e rescaled quantities a n d distinguish t h e m from the 

dimensionful ones. 

a) Quantization of magnetic flux 

As it follows from section 2.5 quantization of magnet ic flux is built-in the 

model. Specifically t h e claim for finite energy fixes t h e asymptot ic behaviour 

of A which subsequently yields 

Φ = J dx2 Β = €ij J dx2diÄj = 2πΝ (3.4.1) 

Using equat ion 2.2.3 t o restore dimensions with g = 0, μ — 1, magnet ic 

flux reads 

φ zzi dj / dx2 diAj 

= ^ Φ 

T h u s the model succeeds to derive the right formula for t h e q u a n t u m of 

magnet ic flux which in CGS units equals t o 2 x 10~ 7 Gauss c m 2 . 

b) Penetration depth 

Let us consider a superconduct ing specimen in t h e presence of an exter

nal magnet ic field Ho in t h e r m o d y n a m i c a l equilibrium [7]. I t is assumed 

t h a t the specimen occupies t h e half space namely t h e half of positive χ co

ordinate, while t h e magnet ic field is homogeneous a n d constant in t h e rest 

4πΨο<77 
e,: 

m 
ί dx2 dlÄ] 

= 2πΝ - = iV(1377re) (3.4.2) 
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half space and is parallel to the z-axis. Because of the symmetry of the 

system under consideration, the distribution of any physical quantity can 

only depend on coordinate x. In combination to Maxwell equation VB = 0 

the latter reduces to dxBx — 0 which in turn implies Bx = 0. Symmetry 

considerations also allows us to impose By — 0, which renders Bz as the 

only non vanishing component of B. The system possesses translational 

symmetry in the z-axis and thus it is essentially 2-dimensional. We thus 

ignore the third direction and invoke equations 2.2.9, 2.2.7 to describe the 

relevant physics in the limit of weak H. ( H <C HCl where HCl is the lower 

critical field of a type-II superconductor). The weak H condition excludes 

any significant influence of the magnetic field on the density of the super

conducting electrons, which is translated to the field Φ being in its ground 

state, i.e. |Φ(χ) | = 1. 

To find the distribution of Bz (which we denote as Β from now on to be 

consistent to our notation) inside the specimen we combine the second part 

of eqs. 2.2.7 with the curl of J as that is given from 2.2.9 to obtain 

d\B = (Φ*Φ)5 = Β (3.4.3) 

which yields an exponential decay for the magnetic field into the supercon

ductor. Note that in the derivation of 3.4.3, we imposed Ei •= 0 which is 

a consequence of the fact that Φ is in its ground state, and thus the charge 

density is zero. 

According to 3.4.3 the magnetic field penetrates into the specimen only 

to distances ~ 1. Denoting penetration length in rescaled units as λ we 

write λ = 1 In dimensionful units we get λ = ^ c λ — ^J^A° which 

becomes ~ 103 A" if we substitute the value of p. This result is in accordance 

to the penetration depth of a typical type-II superconductor [42] which is 

about 1 0 - 5 - 1 0 - 6 cm. 

c) Energy Gap 

In the BCS theory of superconductivity the energy gap is given by the 

formula Δ = l.76kBTc. [42]. Substitution of a typical value of Tc = 10 K°, 

results an energy gap Δ = 1.5 χ I O - 3 eV. According to our earlier derivation 

of section 2.3, the energy spectrum of the model has a gap which in the 
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absence of the potential term depends only on β, ω = βϊ. Note that we 

use ώ which is dimensionless to distinguish from ω which has dimension 

[ T ] - 1 . By restoring units and dimensions, the energy gap becomes 

G = %ω = tub 
2 2 

me 

47τΦρ573 

which after the proper substitutions yields G = -\/ff A.U. In order to fit the 

value of G to that of Δ, e and ρ must meet the following relation: 1 m IO8 

which for ρ = 0.01 results e = IO6 

dJCoherence Length 

We use the same definition of the coherence length ξ to that adopted in 

section 2.2, i.e. ξ defines the characteristic distance for variations of Φ in 

the vortex state. In that section, a relation between ξ and β was established, 

namely 

ξ = cß-

where c is a numerical factor of order one. To evaluate β we substitute the 

value of e derived earlier, in equation 2.2.5 to obtain β = 3.5 IO4. The value 

of the coherence length for that particular value of β is « "7p^-°- which fits 

well to the existing experimental data for type II superconductors. 

The previous calculations were rough based on several assumptions such 

as the effective mass of the Cooper pair, the fraction of the superconducting 

electrons, the magnetic properties of the material etc. Nevertheless the out

put contains useful information and the viability of the model as a candidate 

effective theory of superconductivity is established. We complete this sec

tion by briefly discussing whether the model is adequate to describe vortex 

physics in plasma. In that case, in first approximation parameter e is equal 

to one while 7, πι,μ, and q take similar values to those of the superconductor 

case. Then for a typical value of plasma density, |Φο| 2 = 10~GA°~3 , ξ, λ 

take values of order 10^4° and 104 A0 respectively. Yet the dependence of 

ξ, λ on the density is given by 

ξ oc * o " 1 / 2 λ <x Ψ'1 
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Thus, higher densities from the one considered above result a value for the 

coherence length which is comparable to the radius of Bohr. But at Bohr's 

length scale our effective field theory is not applicable. On the other hand, 

for low densities the model yields a penetration depth several orders of 

magnitude larger than the corresponding coherence length. 
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CHAPTER IV 

Hall Motion 

4.1 Introduction 

The study of the dynamical behaviour of topological solitone has attracted 

a rather intense interest over the past few decades. Among the most unex

pected features of topological solitons is their unusual dynamical response 

to external probes. The magnetic bubbles undergo a skew deflection under 

the influence of a magnetic field gradient. The behaviour of vortices in pure 

superconducting films at very low temperature is a puzzle yet unsolved. 

Recent theoretical studies in relativistic field theories [44] [43] have demon

strated that skyrmions and monopoles exhibit scattering patterns that are 

highly unusual from the point of view of familiar scattering processes of 

ordinary particles. Meanwhile, 90° scattering patterns have been reported 

in a large number of numerical studies of topological solitons in a variety of 

relativistic systems [46], [47], [48], [49], [50]. 

In a recent paper [51], the fundamental simplicity which underlies the 

skew deflection of magnetic bubbles, was established. In particular the 

gross features of bubble dynamics were shown to be similar to those of the 

familiar Hall effect. Later on it was proved [27] that the non-relativistic 

Abelian-Higgs model, exhibits an identical dynamical - Hall - behaviour. 

Furthermore it was demonstrated [28] that Hall behaviour is a common 
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feature of a whole class of non relativistic topological solitons. In contrast 

to the relativistic systems where the theoretical explanation of the unusual 

scattering patterns remains an interesting open question, the origin of Hall 

behaviour is well understood and is directly linked with the topological 

properties of the corresponding systems. 

The purpose of this chapter, is to demonstrate the analogy between the 

dynamical behaviour of the vortices and of the Hall effect. In section II we 

study the dynamics of vortices in our model. The canonical structure of the 

model is derived and it is shown that the unambiguous linear momentum 

is essentially the first moment of the topological density. The momentum 

conservation law in the absence of any external fields is shown to imply 

the spontaneous pinning of isolated vortices, while the application of an 

external force results in the motion of the vortex at a constant calculable 

speed in a direction (N/\N\) 90° relative to it. For completeness in section 

III we study the plane motion of charged particles in the presence of an 

external perpendicular to the plane magnetic field, and discuss its relevance 

to our model. Finally in section IV we formulate necessary conditions for 

the manifestation of the above Hall-behaviour in the dynamics of topological 

solitons. 

4.2 Vortex Dynamics 

4.2.1 Canonical s tructure of the model 

In order to investigate the dynamics of vortices we start with the canonical 

structure of the model. We follow the standard procedure [52] applied to 

gauge theories to determine its fundamental Poisson brackets. As mentioned 

in a previous section to eliminate the redundant degrees of freedom due to 

the gauge invariance of the model we impose the condition 

V A = 0 

Since the action does not depend on AQ, AQ is a dependent variable 
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satisfying the Gauss law constraint which we solve to obtain 

Ao(x,t) = - — / d 2 x ' / η | χ - χ ' | ( Φ * Ψ ( χ ' , ί ) - 1 ) (4.2.1) 
27Γ J 

(use was made of V 2 /n|x — x ' | = 27ri(x — x ')) . With the above gauge-fixing 

condition the purely electromagnetic part of the action takes the form 

SA = \J d2x [ ^ ( E r

2 + EL

2) - B2 ] (4.2.2) 

where the transverse and the longitudinal parts of the electric field are 

E T = —A and E L = —VAo respectively. 

The canonical momentum nk conjugate to Au is then π* = dC/dAk = 

—Ε^/β, while Φ and π = <9£/<9Φ = ι'Φ* are conjugate of each other. Thus, 

the fundamental Poisson brackets are 

{Φ(χ,ί),Ψ*(χ',ί)} = - * φ ί - χ ' ) 

{Λ;(χ,ί),Α,(χ', ί)} =ß6Tij{*--x!) (4.2.3) 

{Ψ(χ,ί), Α,·(χ',ί)} = 0 = {*(x,i),Â<(x',<)} 

where the transverse ό function is defined as <5T;J(X — χ ' ) Ξ 

Ξ (<5j: — V - 9j9:)5(x — χ ' ) . Finally, the Hamiltonian (total energy) of the 

system is 

H = [d2x[^-(ET

2 +EL

2) + ]-B2 + 1\Ό*\2 + 1κ2(ν*ν -l)2} (4.2.4) 
J 2p 2 2 ο 

All other Poisson brackets are obtained from the ones given above. It is 

straightforward to check that 

{Αο(χ,ί),Φ(χ', ί)} = - ^ / η | χ - χ ' | Ψ ( χ \ < ) 

{Ao{x,t), Α,-(χ',ί)} = 0 = {Αο(χ,ί),Λ·(χ',ΐ)} (4.2.5) 

as well as that the equations of motion 2.2.7 and 2.2.8 coincide with Hamil

ton's equations 

Φ(χ,ί) = {Φ(χ,ί),#} 

Àk(x,t) = {Ak(x.,t),H} (4.2.6) 
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7Tfc(x,i) = {Kk(x,t),H} 

We are now ready to proceed with the construction of the field momen

tum and angular momentum for the model at hand, valid in all topological 

sectors. We will show [27] [51] that the corresponding conservation laws de

scribe the basic feature of vortex motion in the absence of external forces, 

namely spontaneous pinning. 

4.2.2 Momentum and angular momentum in all sec
tors 

The Noether expression for the linear momentum in our model is 

P f = / d2x (-71-3*Φ - KjdkAj) (4.2.7) 

It is derived under the assumption that all fields approach their vacuum 

values fast enough as r —> oo so that all integrals are meaningful and surface 

terms appearing in intermediate steps are zero. It is straightforward to check 

that the above expression is ill-defined for any vortex configuration with 

non-zero topological charge. Under the same assumptions though which led 

to 4.2.7 the latter can be brought to the form 

Pk = -tki / d2x χ, e,m(din <9m* + d/vr,- dmAj) (4.2.8) 

which is well-defined for any smooth finite-energy field configuration with 

arbitrary topological charge. The two expressions 4.2.7 and 4.2.8 differ by 

exactly those surface terms which were omitted from the former and make 

the latter finite and unambiguous in all topological sectors. 

All the defining properties of the momentum are verified for P&. This is 

no surprise. They are formally valid for P^ and this differs from Pk only 

by surface terms. In any case, one can directly and unambiguously show 

using the equations of motion 2.2.7, 2.2.8 and the Poisson brackets derived 

above first, that P& is conserved 

(4.2.9) 
d 
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second, that it is the generator of spatial displacements 

{Pk,F} = dkT (4.2.10) 

and finally, that it is gauge-invariant. The only condition on the configu

ration Τ = (Ψ,Αο,Α;) necessary for the derivation is that AQ vanishes 

faster than r _ 1 as r —y oo. All our vortices have A0 approaching zero at 

infinity exponentially fast and consequently they safely belong to this set 

of configurations. Furthermore, using Gauss' constraint we can rewrite the 

momentum in the manifestly gauge-invariant form 

Pk = eki I d2x (2TT Xi τ + i EiB) (4.2.11) 

The second term is the Poynting vector, the pure electromagnetic contribu

tion to the field momentum. 

Thus, independently of derivation, Pk is the correct form of the momen

tum in our theory, valid in any topological sector and reducing to the naive 

expression in the trivial sector Ν = 0 and for configurations allowing for 

free integrations by parts. 

Before we discuss the implications of the above formula of the linear 

momentum on the motion of vortices, we would like to construct in a similar 

way the correct form of the angular momentum in our model. Again, the 

Noether expression 

LN = - / d2x e,j [ Xi (πα,-Ψ + π*9,·Α*) + πιΑί } (4.2.12) 

is formally conserved and generates rotations but is divergent in any non-

trivial sector. Allow for integrations by parts and ignore surface terms to 

rewrite it in the form 

L = I Sx [ ί χ 2 eij (dlndj^ + diirkdjAk) + el3AiKj } (4.2.13) 

or as a manifestly gauge invariant quantity in terms of the topological den

sity τ defined in section 2 

L = - J d2x ( Τ Γ Χ 2 Τ + ^ Χ · Ε Β ) (4.2.14) 
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Using either one of the last two formulas one can show that for essentially 

all finite-energy configurations as in the case of the linear momentum, L is 

well-defined, conserved and generates spatial rotations, i.e. it satisfies 

{Χ,Φ(χ,ί)} = eijxldJ^ 

{L,A*(x,i)} = tijXidjAk+ekiAt (4.2.15) 

L is then the proper definition of the angular momentum when deal

ing with topologically non-trivial configurations. As already explained it 

vanishes for the spherically symmetric neutral solutions studied in chapter 

three. 

4.2.3 Vortex motion 

In the next chapter we will present details of a numerical simulation of the 

motion of the flux vortices described above under the influence of various 

external forces. Here we would like for the sake of completeness to predict 

analytically and without any approximation the essential features of their 

dynamical behaviour [27]. It is already apparent that the momentum P& 

defined in the previous section is not a measure of the translational motion 

of a vortex but instead it describes its position. In fact the momentum 

of a static axially symmetric vortex with charge Ν centered at a is P j = 

2πΝefejaj. It is also clear that a localized free vortex of arbitrary shape 

moving in formation at constant velocity Vi would have P^ = 2nNeki(a1 + 

Vit). For any Vi φ 0 this is forbidden by the linear momentum conservation 

law. A free vortex is spontaneously pinned as a consequence of momentum 

conservation. 

Let us define the "guiding center" R of a generic configuration with 

I V ^ O b y 

Rt-~UNtl3P} ' ( 4 · 2 Λ 6 ) 

Since under a rigid displacement of the whole configuration by c, R changes 

to R + c and for a spherical vortex it coincides with its geometric center, 

we naturally interpret it as the mean position of the configuration. Note 

also in support of this interpretation, that R is related to the first moment 
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of the topological density r , so that for nearly spherical configurations R is 

close to their "center of topology". 

a. In the absence of external forces both Ν and Ρ are conserved and 

A generic vortex-like configuration produced in the system will of course 

fluctuate in its details but it will remain pinned at its initial mean position. 

b . Consider next the response of such a vortex to an externally pre

scribed electric current J;(x,t) . Its effect is studied by adding to the action 

the term SS = J d2x dt J i(x,i)A 2 . For consistency of the model the ex

ternal current should have zero divergence. The new term in the action 

modifies the A{ equation of motion 2.2.7 by the substitution Ji —> Ji + Ji 

on the right-hand side. Because of the external current the momentum and 

the angular momentum are no longer conserved. Instead, their time deriva

tives are equal to the external force and torque respectively. Indeed one can 

easily verify Newton's equation: 

d-Pk = pLorenU = - f d*X 6kl J , (x , i)J?(x, t) (4.2.18) 
dt 

as well as 

-L = Torque = I d2x xlJiB (4.2.19) LZ 

It 
Naturally the force on the vortex is opposite to the Lorentz force acting on 

the external current, while the torque is by definition expressed in terms 

of the force density fk = —ZkihB as the integral of tijXifj . We now use 

4.2.16 and the fact that for arbitrary J Ν is still conserved to obtain 

dRk 1 

dt 2πΝ 
/ d2x JkB (4.2.20) 

In the idealized situation of a homogeneous throughout the vortex ex

ternal current the above formula simplifies to 

dRk 

dt 
= -Jk(t) (4.2.21) 

In general, the naive expectation based on the usual Newtonian reasoning 

and Galilean invariance would be that the vortex should accelerate in the 
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direction of the force acting on it. Instead, 4.2.16 combined with dPk/dt = 

Fk for a generic force Fk, shows that the equation of motion of the mean 

position of the vortex is 

i.e. the vortex moves with speed |F|/27r|iV| and at ± 90° relative to the 

force for positive or negative Ν respectively. In the special case of the ho

mogeneous external current considered here, the force is also proportional to 

JV and all vortices move with the same velocity equal to minus the external 

current itself. If in particular the latter is due entirely to the condensate 

charges taken here by convention positive with unit charge density, its value 

is exactly equal to minus the velocity of the carriers. Thus the vortex will 

reorganize itself during a transient period following the onset of the external 

current and it will move with the same speed but opposite to the current 

carriers. Furthermore it should be pointed-out that in the context of our 

field theory model no approximation other than the implicit assumption 

that the vortex remains localized was necessary. The position interpreta

tion 4.2.16 of the momentum converts Newton's law into an equation giving 

directly the velocity of the vortex in terms of the applied force, while the 

€{j of 4.2.16 makes the vortex move at an angle (N/\N\) 90° relative to the 

direction of the external force (Hall-behaviour). The above general conclu

sion, reached without ever solving an equation of motion, does not depend 

on the details of the Hamiltonian of the system. Any potential V or any 

additional higher spatial derivative term in Η modifies the detailed profile 

of the vortex solutions but it does not alter their dynamics. 

The guiding center interpretation of the momentum 4.2.16 is not appli

cable in the case of topologically trivial (N = 0) configurations. Newton's 

law 4.2.18 is of course still true for any external force, but this does not 

strictly speaking tell us much about the actual motion of the vortex. In 

contrast to the case of ordinary particle dynamics with Poincaré or even 

Galilean invariance the relation between momentum and velocity is not a 

priori known in the present model. 
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4.3 Electron Motion in a Uniform Magnetic 

Field 

In order to illustrate the analogy with the Hall effect more explicitly, we 

briefly describe here the canonical structure associated with two-dimensional 

electron motion in a uniform magnetic field Β perpendicular to the plane 

and an in-plane electric field E = —VU, where U — U(x\,x2) is the elec

trostatic potential. In fact the magnetic field Β in the electron problem 

corresponds to the topological charge Ν of a vortex, while the electric field 

E multiplied by the electric charge of the electron, corresponds to J?Lorentz 

of eq. 4.2.18. The mass and the charge of the electron as well as the speed 

of light are set equal to unity. 

The electron motion is then governed by the equations 

X\ = 7Γι X2 = 7Γ2 

πχ = Βπ2 - diU 7Γ2 = -Βπχ - d2U (4.3.1) 

where πι and π2 are the components of the mechanical momentum. These 

equations may be understood as a hamiltonian system with hamiltonian 

Η = ^ K 2 + TT2

2) + U(xi,x2) (4.3.2) 

endowed with the Poisson brackets relations 

{ΤΓΙ,ΧΧ} = 1 = {ττ2,χ2} {πι,ττ2} = -Β (4.3.3) 

where we display only the nonvanishing Poisson brackets. A more transpar

ent set of variables is obtained by introducing the guiding center coordinates 

Ri = xi + ^ R2 =,x2 - ~ (4.3.4) 

while retaining the TX\ and π2 as independent variables. The corresponding 

Poisson brackets read as 

{ΤΓΙ,7Γ 2 } = -Β {Ri,R2} = 4 K , # „ } = 0 (4.3.5) 
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and the Hamilton equations as 

R dU . dU 
71"! = Βπ2 - ^r— π2 = -ΰ-κχ - — — 

oR\ dR2 

• 1 ÖU • 1 dU , 
Ä1 = ää* Ä2 = -ääüT ( 4 3 · 6 ) 

where [/ = U(xux2) = U(Ri - n2/B,R2 + τ η / 5 ) . 

In the absence of an electric field (U = const.) the last two equations 

in 4.3.6 become i?i = 0 = R2, implying that the guiding center remains 

fixed, which is the conservation law associated with invariance under space 

translations. The conserved quantity associated with invariance under space 

rotations, which requires that U be axially symmetric, is given by the an

gular momentum 

/ = Χιπ2 - ^ τ η + ^(xl+xl) = -{R\+R2

2) - 2^(7rî + π | ) (4.3.7) 

which is also seen to be different from its standard mechanical value χ\ττ2 — 

χ2πι. 

Now in the presence of a general electrostatic potential U = U(xi,x2) 

neither the guiding center remains fixed nor the angular momentum is 

conserved. Nevertheless some general properties of the electron motion 

can be derived without a detailed solution of the equations of motion. 

For instance in the case of a uniform electric field pointing in the Χχ-

direction, u = —Εχχ, the last two equations in eq. 4.3.6 read R\ = 0 

and R2 — —E/B, and imply that the guiding center drifts in a direction 

perpendicular to the electric field with constant Hall velocity VH = —E/B. 

For a more general potential U, the last two equations in 4.3.6 cannot be 

decoupled from the rest, except in the adiabatic (large b) limit where 

which may be viewed as a hamiltonian system for the pair of canonically 

conjugate variables R\ and R2 with hamiltonian U(Ri,R2). As a result 
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the guiding center again drifts along equipotential lines, i.e. in a direction 

perpendicular to the electric field, with a Hall velocity whose magnitude is 

given by \VU\/B. 

"-LO 0.0 1.0 

X(t) 

Figure 4.1 : The trajectory of one of the electrons of the pair (solid 

line), and the trajectory of its guiding center (dashed line). 

Although the electron pair system is much simpler than the model at 

hand, it may offer a useful guide for the physical interpretation and the 

dynamical implications of the results we derived in the previous section. 

In that context the dynamical behaviour of two interacting vortices as well 

as that of a vortex-antivortex pair can be parallelized to the motion of an 

electron-electron and an electron-positron pair respectively. Since we will 

extensively deal with that aspect of vortex dynamics in the next chapter, 

we give a short account of the electron analogue. 

We consider two electrons initially placed at separation d, with initial 

velocity V = 0, under the influence of a perpendicular magnetic field. As it 

ι .υ 
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^ η 
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can be shown analytically, due to the presence of the magnetic field the two 

electrons rotate around each other in roughly circular orbits. In Figure 4.1 

we plot the trajectories of the electrons for d = 1.75 and 5 = 4. Actually 

we draw only the trajectory of one of the electrons, since the trajectory of 

the other one is the mirror image of the former, with respect to the center 

of the coordinate system. Notice that the guiding center of the electron 

moves along almost circular path while the electron itself performs Larmor 

precession along that path. 

8.0 

ε4.„ 

X(t) 

F i g u r e 4.2 : Trajectories of the electron and the positron (solid line), 

and of their guiding centers (dashed line). 

In the case of the electron-positron pair at separation d and initial ve

locity V = 0, the two particles instead of rotation, move in formation in a 

direction perpendicular to the line that connects them. The motion of the 

electron-positron pair is plotted in Figure 4.2 for d — 1.5 and 5 = 4 where 

S Orbits of electrons 

y Guiding centers 
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as we see the guiding centers of the particles, move in parallel lines, while 

the trajectories of the particles oscillate along those lines. 

4.4 Discussion 

We presented a general treatment of the motion of flux-vortices in the con

text of our field theoretical model We argued that independently of the 

details of the Hamiltonian the vortices exhibit Hall-behaviour, like elec

trons moving on a plane under the simultaneous action of a perpendicular 

magnetic and an in-plane electric field. An external current was shown from 

first principles to pull the vortex in the opposite direction. It is tempting 

to think of our model as a field- theoretic realization of the hydrodynamic 

model discussed in reference [18] in the vanishing friction limit. The discus

sion there of vortex motion was based on the phenomenological use of the 

Magnus force [53] known from fluid mechanics [54] and led to the conclusion 

that V = J . Our result (4.21) is exactly the opposite and, to the extent that 

the model (2.1) captures the essential physics of a superconducting film, it 

implies the opposite sign Hall effect reported in ordinary as well as high-Tc 

superconductors [9]. 

The Hall motion of the vortices derived above is attributed to the radical 

change in the role of the momentum of the theory as a result of the under

lying topology. The Hall behaviour of an isolated vortex is exactly due to 

the fact that the linear momentum 4.2.11 contains a piece which is equal to 

the first moment of the topological density. An immediate consequence of 

this fact combined with the fundamental property 4.2.10 of the momentum 

is that 

{Ρ1,Ρ2} = 2πΝ (4.4.1) 

We thus conclude that necessary condition for the manifestation of Hall 

motion is that the translation part of the symmetry algebra of the model 

admits central extension. It is well-known [55] that this is not possible in 

the case of the Galilean or the Poincaré algebra in any spatial dimension 

higher than or equal to two. It is not even true for the Euclidean algebra 

E(D) for D > 3. Thus, the Hall behaviour encountered above is expected 
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a priori only in two-dimensional systems with spatial £"(2) algebra, or in 

D-dimensional systems with translational symmetry alone. In the system 

at hand one can immediately check that 

{L,P1} = P2 { i , P 2 } = - P i (4.4.2) 

and verify that it belongs to the first category as expected. 

We would also like to stress that although 4.2.8 is true even in theo

ries with canonical momentum π proportional to the time derivative of the 

complex field, our previous reasoning does not go through since Ρ is then 

related to the first moment not of the topological density but of a quantity 

which actually vanishes for static configurations. Thus, another condition 

which is necessary is that the equations of motion are first order in the 

fields which carry the topology in the particular model. In other words, 

we do not expect Hall- motion of the vortices in the relativistic-like model 

[8] derived as a dynamical extension of the Ginzburg-Landau theory of a 

superconductor appropriate for temperatures far below T c . 

On the other hand, the above formalism applies to the motion of vortices 

in a generalization of the present model which allows for dynamical positive-

ions forming a lattice, of the (Nh,Nss) with Nss φ —INh vortices of the 

high-Tc superconductor model proposed in reference [56], as well as to the 

motion of vortices in easy-plane ferromagnetic films [57], to mention just a 

few systems of considerable interest. 
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CHAPTER V 

Numerical Results 

5.1 Introduction 

In the previous chapter we analytically showed how the topological proper

ties of the vortices are related to their dynamics. In particular the vortices 

were shown to exhibit Hall behaviour and the gross features of their motion 

were determined using general analytical arguments. Those results acquire 

particular importance since they may account for the presence of the Mag

nus force in superconductors, whose origin is still an open question. 

In principle the motion of the vortex can be far more rich and complex 

from what Hall behaviour implies, without any contradiction to the theory. 

Even in the original Hall phenomenon, in the case where the strength of the 

magnetic field is very low (or equivalently the strength of the electric field 

is very high) the Hall motion though still valid for large time scales, fails to 

describe the motion of the electron at small time scale. In relative systems 

which exhibit Hall behaviour [58], the results of numerical studies, along 

with the confirmation of the general picture, revealed systematic patterns 

in the motion of magnetic bubbles which the theory could not account for. 

We thus realize that one has to solve in detail the equations of motion to 

have a thorough picture of the motion of the vortices. 

In this chapter we study numerically the dynamics of vortices performing 
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a large number of simulations. The purpose of this work is twofold : 

1) to analytically verify the picture developed in chapter IV, determine the 

range of applicability of the theory and study the deviations if any from the 

theoretical idealized picture, and 2) to investigate the finer details of the 

motion of the vortices. 

In section II we review concepts and techniques of lattice gauge the

ories which played an essential role in the construction of our numerical 

algorithm. Section III describes in detail the numerical simulations of the 

motion of a vortex pair. In section IV we refer briefly to the similar problem 

of the evolution of a vortex-antivortex pair. Finally in section V we study 

numerically the response of the vortex to the application of an homogeneous 

external current. 

5.2 Lattice Gauge Theories 

5.2.1 Discretization schemes 

Gauge physics play a fundamental role in our present understanding of 

physics. Originally invoked to describe electromagnetic interactions ; the 

notion of a gauge field has been extended and used in successful models 

of weak and strong interactions. Attempts to unify all these forces are 

also based on gauge theories and, if the connection in general relativity is 

recognized as a gauge potential, it appears that all particle interactions may 

accountable in terms of gauge fields. 

Notwithstanding the tremendous success of gauge theories and quantum 

field theory, there are classes of phenomena in Q.C.D. which due to their 

non-perturbative nature, resist to any field theoretical approach. To deal 

with those phenomena, a very interesting alternative has been proposed by 

K. Wilson [59] : it consists in defining the theory on a lattice (L.G.T.) rather 

than in continuous space-time. 

Every field theory can be defined on a lattice ; all that is required is the 

replacement of the partial derivatives occurring in the Lagrangian with fi

nite difference operators. However, the lattice formulation of a gauge theory 
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is particularly elegant and natural. It is strongly related to the geometrical 

meaning of gauge theories. Though L.G.T. were developed as a regular-

ization scheme and widely applied in Monte-Carlo calculations in quantum 

chromodynamics, they can also be implemented to any numerical computa

tion which involve gauge fields, in order to achieve better numerical accuracy 

and credibility. 

From computational point of view L.G. formulation is an odd complex 

and quite artificial discretization scheme. The main technical innovation 

is that the matter fields are associated with the vertices of the grid, while 

the gauge fields are associated with the oriented links. Furthermore the 

formulas which are used for the covariant derivatives are the least unusual. 

Naturally arises the question, why one should use L.T.G. ? To answer to this 

query and to bridge the conceptual gap between particle and computational 

physics, we give a short account of arguments which justify L.G.T. from 

either numerical and physical point of view. We start by emphasizing the 

importance of adopting the "right" discretization scheme. 

To solve a set of partial differential equations in the computer, one has to 

use a scheme to transform the differential equations to difference equations. 

It is well known that the whole performance of the computation is very 

sensitive to the discretization scheme which is used. A striking example 

relative to our discussion, is considered below 

Suppose we want to study numerically classical electrodynamics in 2 + 1 

dimensions in the absence of any charge sources. In the A0 = 0 gauge the 

equations of motion are written 

dtE1 = e12d2B = diA1 -d1d2A
2 

dtE
2 = e2iöi Β = d\A2 - d^A1 (5.2.1) 

and the Gauss constraint reads : dk.Ek = 0. We discretize the system as 

follows. We define a 2 — d lattice with lattice spacing Ax = Ay — a and 

the field ^"(x) is represented by T{^ where Τ = (Ak, Ek). For convenience 

time is left continuous. The differential operators transform as 
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9 ^ ( χ ) — ^(i,i)+l + Γν,Λ-Ι - 2:F>,}) (5·2·2) 

A major problem arises when we consider the preservation of Gauss 

Law in the discrete system. In the continuous system, the Gauss con

straint is preserved by the equations of motion i.e. dt(dkEk) = dkEk = 

dkekmdmB = 0. To the contrary, implication of the difference equations 

leads us to the following result 

dkÈl = ~dkAl3 - dld^ - d\d2A\} (5.2.3) 

where for notational simplicity we substituted in 5.2.3 the difference op

erators with the corresponding differential operators. It is evident that 

the discrete system fails to reproduce essential features of the continuous 

system, namely the preservation of gauss constraint, and even more the 

discrepancy remains in the continuum limit a —> 0. A slight modification 

of the difference operators is enough to cure this disease. The trick is to 

write the discretized lagrangian of the system, using a left derivative for

mula for the differential operators, and then derive the equations of motion. 

The difference equations which are obtained this way do preserve gauss law. 

Moreover they have the additional feature of being invariant under discrete 

gauge transformations. This is not a coincidence. As we state below these 

two properties of a gauge system are mutually dependent. 

The Lagrangian of a gauge system, is by definition invariant with re

spect to gauge transformations. This means that the time derivative of 

some components of the gauge fields, do not enter in the Lagrangian, be

cause the gauge transformations contain arbitrary functions of time [60]. 

Consequently these components are not dynamical variables. Variation of 

the Lagrangian with respect to these components yields constraint equa

tions, i.e. constraint equations are consequences of the gauge symmetry of 

the system. 
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One of the central features and prominent advantage, of the discretiza

tion scheme proposed by Wilson is that by construction retains the gauge 

symmetry of the continuum system. The underlying physical principles of 

that particular scheme is revealed when recalling the geometrical interpre

tation of the gauge fields. 

5.2.2 The Geometry of Gauge Fields 

Weyl was the first who tried to relate a gauge theory with geometry. Ein

stein's successful formulation of general relativity in 1916 unveiled a pro

found connection between gravitation and geometry. This discovery inspired 

Weyl (1919, 1921) to incorporate electromagnetism into geometry through 

the concept of a space-time dependent (local) scale transformation. His ini

tial attempt to identify the scale factor with the vector potential Αμ was 

not successful. After the foundation of quantum mechanics it was realized 

that the correct scale factor should be ϊΑμ instead of Αμ and that what 

would be required would be invariance of the theory under space-time de

pendent phase transformation. However when Weyl finally worked out this 

approach, he retained his initial terminology [61]. 

There is a deep geometrical foundation to the gauge field concept. In 

analogy to the notion of parallel transport in general relativity, gauge po

tentials specify "transport operators", which can be used to compare ori

entations in some intrinsic space of matter fields, at different space points. 

For example consider a field theory in 2 + 1 dimensions and a field Φ which 

belongs to a definite representation of the gauge group Ç, which for nota-

tional simplicity is identified with the Î7(l) group. Under an infinitesimal 

parallel transport, the field Φ(χ) undergoes, because of the local change of 

axes in internal space, an apparent change 

Φ(χ) —•+ Φ τ ( χ ; dx) = Φ ( χ ) ^ £ Φ ( χ ) (5.2.4) 

where 

£Φ(χ) = ι 'Α(χ)Φ(χ) dx (5.2.5) 

For parallel transport of a finite interval from χ to x' we can exponentiate 
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5.2.4 and obtain 

Ψ τ ( χ ' ) = exp[i / A c i y ] * ( x ) (5.2.6) 
Jc 

All these suggest that the gauge fields in analogy to the Christoffel symbols 

of general relativity, are the connection coefficients, because they connect 

the components of a vector (in an internal space) at a point, to its com

ponents at a nearby point. In fact a parallel can be drawn between gauge 

theory and general relativity in the whole structure of the two theories [62] 

To form a properly covariant derivative we have to compare Φ(χ + dx) 

not with Φ(χ) but with the value Φ(χ) would have if it were parallel trans

ported from χ to χ+<ix. The covariant is then reads (in the limit δχ, —> 0) 

V^ = ^ [ * r ( x ) ; (-δχ*)) - Φ(χ - δχ*)] 

= » Vi* = (di - iAi)V (5.2.7) 

By using equation 5.2.7 for finite όχ; , we can derive the form of the 

covariant derivative. We discretize space by defining the field Ψ(χ) —> *&ij 

on the vertices of a grid with lattice spacing a. The covariant derivative for 

δχί = a, reads 

where 

* £ , j ) + l = exp[-iaA^tj] * ( i i J . ) + J t 

Notice that the form of Φ τ is immediate consequence of 5.2.5, where due 

to the discretization of space the value of the gauge field along the link 

which connects the neighbouring vertices, has been taken constant. The 

previous example, suggests that on the lattice the gauge dynamical variables 

should be associated with the oriented links between neighbouring vertices 

rather than the vertices themselves. Moreover since a plays the role of the 

infinitesimal displacements of the continuum system, we can take as basic 

dynamical variables the finite group elements Uf j of Q 

Vij = expliaAlj] 
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The formulation of the gauge dynamical term also departs from geomet

rical notions. In the continuum theory, the all important FßU is associated 

with a sort of closed path, namely the one defined by the infinitesimal par

allelogram of sides άχμ and dx". The lattice equivalent of the elementary 

closed loop is the perimeter of a square usually called the plaquette having 

vertices in 4 neighbouring sites. The corresponding transport operator is 

denoted by Uf • 

TjV _ JJ\ 7-/2 TT* 1 Γ/* 2 

In the continuum theory the gauge action is defined in terms of ¥μν. Sim

ilarly, Uf • is used for the construction of the lattice gauge action. The 

requirements that determine the form of the action, is that it must be a 

gauge invariant function of the plaquette transport operator and that for

mally shall reduce to the continuum 

Ρ 

> · — S · 

u1.. 

Figure 5.1 : The Plaquette action Uf j 

theory as α —> 0. Thus we are led to a dynamical term for the gauge 

variables 

Su = ~YJ(l'\Re{Ul1) (5.2.9) 

Note that there are more than one ways to define a discrete action which 

meets these constraints, and in literature there are several alternatives [63]. 

Hitherto we have demonstrated in some detail the basic features of a 

/ Λ U' 
ij+1 
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gauge theory defined on a lattice as those naturally arise from the geo

metrical interpretation of the gauge theories. We will proceed further by 

applying similar considerations in our model Lagrangian 2.2.4 in order to 

derive the difference equations which then will be integrated numerically. 

5.3 The Motion of a Vortex Pair 

In this section we consider the physical problem of two vortices initially 

placed at a distance d from each other. Our objective is to study the time 

evolution of the vortex pair system induced by their mutual interaction. 

The dynamics of the system is determined by equations 2.2.7 which we 

are unable to treat analytically. Thus we performed a large number of sim

ulations for various values of the parameters κ, β and different separations 

d. 

Difference equations 

The computer simulation of any continuous dynamical system presup

poses a discretization of its degrees of freedom. In order to maintain as 

much as possible the symmetries of the continuous system in its discretized 

form we adopted techniques from lattice gauge field theory [64]. The points 

A*. 

> ψ« 

A1. 

Figure 5.2 : The 2-dimensional grid which is used to discretize the 

continuous system 
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of space are replaced with a two dimensional lattice (Fig. 5.2) with lattice 

spacing a. The matter field Φ(χ) is represented by the variables Ψ; j which 

live on the vertices of the lattice, while the gauge fields Αχ(χ),Α2('Χ.) are 

represented by A\ ,-,Α? ·, which five on the oriented links of the lattice. 

(A1 lives on the links in the x\ direction and A2 on the links in the x% 

direction.) The time component of the electromagnetic potential ^4o(x) 

represented by A\ lives also on the vertices of the grid. At that stage time 

is left continuous. It will be discretized later with time step much smaller 

than a. The lattice version of the covariant derivative is 

DkVl,j = -(tf*j*(i, j)+ii - **.;) w h e r e Ut

k

!} = exp(-iaAl?) 

(5.3.1) 

Using the above definition for the covariant derivative, the action for the 

discretized system reads 

s = jdto? Σ [|[ni(^-4i)*i.i+c-c-]+4i-^D**Ml2+èE^· 

- ^2(*ΐ,,-*ί,;-1)2 - ^ [ 1 - ^ ( α ( 4 3 + 4 ] + 1 - Α ί + , Γ Α ^ ) ) ] ] (5.3.2) 

where Ε\, = -dtA), - Η Α*. .. . - Α9· ,.Λ The last term of 5.3.2 corre-

sponds to the dynamical term of the gauge field and as can be easily checked 

in the a —> 0 limit goes to the familiar B2 term. 

The discretized system retains the gauge symmetry which possessed in 

its continuous form, which in turn ensures that difference equations will 

preserve Gauss constraint. Specifically, the action 5.3.2 is by construction 

invariant under the transformation 

Äi,j -* Ai,j + ä(^(i,j) + ~k ~ ^i,j) 

A0 —>· 4 ° _ A A - • 

(5.3.3) 
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This is the discrete version of the gauge transformations 2.2.10. As a 

consequence of the above symmetry the system obeys the constraint 

k=l,2 

which is the discrete version of Gauss law. By varying the action 5.3.2 with 

respect to Φ* and A1- we obtain the following difference equations 

fc=l,2 

- Α*- + ί - 4 , ) ] - sin[a(Al._j + A < j + - _ ? - A^ - A^ ._f)]} (5.3.5) 

In the derivation of the difference equations we have used the gauge sym

metry of the system to eliminate the Ao component. This particular choice 

of gauge simplifies considerably the equations of motion and make the nu

merical task more tractable. 

Initial data 

We begin the simulation with initial data describing two vortices in sep

aration d. The value of d is properly chosed to ensure that the vortices 

feel each others presence. That particular constraint on d complicates the 

determination of the initial data in the sense that the system which we 

want to describe is dynamical. The current problem is more difficult than 

its equivalent in the study of scattering properties of solitons in relativis

t s models. There, the solitons are initially supposed to be apart enough, 

and initial data are constructed quite accurately by proper superposition 

of isolate soliton solutions. To the contrary in our case one has to intro

duce a field configuration - the initial state - which essentially corresponds 

to a snapshot of the dynamical system of two interacting vortices in given 

distance. Yet that snapshot depends on the details of the process which 

brought the vortices close to each other. 
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We overcome this complication as follows. We introduce as initial data 

an approximate configuration which reproduces the physical properties of 

the system under consideration. Namely we use the constrained variational 

calculation presented in chapter III to relax the fields to that configuration 

which minimizes the energy of the system of two vortices at separation d. 

We expect that this configuration is quite accurate, especially in the limit 

where the two vortices have approached each other very slowly. We also use 

the knowledge we obtained from the study of the static sector to restrict to 

certain values of d (d = 3 — 7 for κ ~ 1 and β ~ 0.1), which ensure non 

trivial vortex interaction, but not so strong as to distort considerably the 

shape of each vortex. 

Boundary Conditions 

In this kind of simulations the proper treatment of the boundary con

ditions is important and requires special attention. After some experimen

tation we boiled down to the adoption of Neumann boundary conditions. 

This corresponds to setting the covariant derivative in the normal to the 

boundary direction equal to zero. To do so we fixed the value of the Higgs 

field at each point of the external layer of the grid equal to their first inner 

neighbour. Also the values of the gauge fields, which live at the links which 

connect those neighbours, were set equal to zero. To test the influence of 

the boundaries in our calculations we ran simulations in bigger grids and 

confirmed that our results are insensitive to any enlargement of the grid. 

Potential Energy 

We proceed further by computing the interaction energy between the 

two vortices, a quantity strongly related to the dynamics of the system. At 

that point we make a definite choice of the parameters. 

We set β — 0.04 and κ — 1.5. Implementation of the techniques mentioned 

in chapter III enables us to compute the minimum energy E(d) of the 

vortex pair for several separations d. By defining the interaction energy as 

U(d) — E(d) — 2EJV=I where E^=i is the energy of a single Ν — 1 

vortex, we evaluate U(d) which is then plotted in Fig. 5.3. According to 

the graph U(d) is repulsive for all distances and falls to zero very quickly. 

Considering the evolution of two vortices initially kept in separation d one 
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would naively expect that the two vortices will move further apart in order 

to minimize their energy. However the analysis of the canonical structure 

of the model (chapter III) implies a different scenario. The vortices are 

expected to exhibit Hall behaviour, namely they are expected to move in a 

direction perpendicular to the applied force. Thus it is more likely that the 

two vortices will rotate around each other in analogy to the motion of two 

electrons in a plane under the influence of a perpendicular magnetic field. 

0.75 

0.50 

JET 
> > 

Z> 

0.25 

0.00 
0 4 8 

d 

Figure 5.3 : The interaction energy of two single vortices for κ = 1.5 

and β = 0.04 as a function of their separation d. 

The rotation of the vortex pair 

We perform the first simulation for initial separation d = 4. That par

ticular choice of d ensures that vortices are close enough to yield significant 

interaction, while at the same time apart enough to describe two well sep

arated objects. Initially the two vortices were located on the x-axis at 
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Maximum of energy density Maximum of topological density 

(a) 

Zero of the Higgs 

(b) 

(c) 

Figure 5.4 : The trajectory of one vortex of the pair as determined 

by the location of the maximum of the energy density (fig. 5.^α), of the 

maximum of the topological density (fig. 5.4b) and of the zero of the scalar 

field ψ (fig. 5-4c). Time duration t=800. 



5.3. THE MOTION OF A VORTEX PAIR 79 

positions (+2 ,0) and (— 2,0). The motion of the vortices is illustrated in 

detail in figures 5.4, 5. 5 and 5.6. As it turns out the vortices rotate around 

each other in roughly circular orbits. 

In Fig. 5.4 the trajectory of the "center" of one of the vortices is plotted. 

To avoid overlapping of the trajectories, we interrupted the simulation when 

the vortices completed one whole rotation, i.e. at t — 800 time units. 

For the same reason only the trajectory of the vortex which was initially 

located at the right-half plane is plotted in Fig. 5.4. The other vortexs 

trajectory is the mirror image with respect to the origin of the coordinate 

system and thus it is omitted. Because any definition of the center of a non-

symmetric extended object is ambiguous we use three different methods to 

determine the positions of the "centers" of the vortices. Thus in Fig. 5.4a 

we plot the trajectory of the vortex as this is determined by tracking the 

maximum of the energy density w. In Fig. 5.4b the maximum of topological 

density r (as defined in equation 2.5.9) is tracked, while in Fig. 5.4c we 

track the location of the zeros of the Higgs field. In principle none of these 

methods determines accurately the position of a vortex, but it is expected 

that each of them provides a reasonable description of the overall motion of 

the vortices Because of this uncertainty these three different measurements 

of the position do not have to coincide. The fact that they yield quite similar 

results implies that the vortices perform very organized motion without 

significant oscillatory activity in their interior. 

Apart from the rotation around the origin, a finer periodic motion can 

be perceived in the trajectory of the vortex. The motion of the vortex is like 

a cycloid along a cyclic orbit and strongly reminds us of similar patterns 

which are encountered in the motion of interacting charged particles under 

the influence of external magnetic fields. We call that finer motion "larmor" 

motion and we will study it in detail later in this section. 

Useful information concerning the shape of the vortices is obtained from 

Fig. 5.5 where the energy density at specified times is plotted as 3 — d 

surface plot. Specifically it is plotted the energy density of the initial state 

(a) and three snap-shots (b), (c), (d) corresponding to time t = 200, 500, 700 

respectively. We see that each of the two energy lumbs is almost spherically 

symmetric in agreement to previous remark that the vortices are essentially 
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t = ο t = 2 0 0 

. 0 2 
t = 5 0 0 t = 7 0 0 

Figure 5.5: Four snapshots of the profile of the energy density of the 

vortex pair. 
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t = 0 t = 200 

0 2 

t = 500 t = 700 

>- 0 

Figure 5.6: The energy density contours for the same four snapshots 

as in fig. 5.5. 
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undistorted. Even more the shape of the energy profile seems to remain 

unchanged during the rotation. A more detailed examination including 

animation of successive snap-shots revealed a small oscillation of the size 

of the energy lumb. In fact the energy lumb slightly spreads and shrinks 

with a period equal to that of the larmor motion. Finally in Fig. 5.6 the 

contours of the energy density are plotted for the same snap-shots, where 

the rotation of the vortex and the rigidness of its motion are demonstrated 

beyond any doubt. 

Like in any numerical calculation there is a relevant error in our results 

and their reliability is under question. One way that one can partly check the 

accuracy of the results is by examining the manner in which the conservation 

laws are respected during the evolution. We start by considering Gauss 

law, which is essentially a local conservation law. Its preservation is built 

in the construction of the difference equations, and according to the results 

is conserved amazingly well. After a complete period, the total deviation 

from Gauss law (the sum of deviation over all points of the grid) was less 

than 1 0 - 6 . Similarly, the total energy of the system is conserved after the 

completion of a period up to the third decimal digit i.e. with accuracy better 

than 0.05%. The total energy W as function of time is plotted in Fig. 5.7 as 

well as its four components We, Wb, Wd and Wv. While the components of 

the energy are oscillate vividly, their sum is a perfect straight line parallel 

to the time axis. Angular momentum exhibits a similar behaviour as follows 

from Fig.5.8, where the angular momentum I and it's two components Ιχ 

and I2 are plotted. While both components undergo wide oscillations the 

total angular momentum is conserved reasonably well. Comparison of Fig. 

5.4 and Fig. 5.8 reveals a systematic relation between the period of larmor 

motion and that of angular momentums oscillations. This relation has its 

origin in the algebraic form of the l\ component of angular momentum. As it 

follows from equation 4.2.15 l\ is proportional to the second moment of the 

topological density and as such it is a measure of the size of the vortex pair. 

Due to the larmor motion the size of the pair (the inter-vortex separation) 

oscillates and that oscillation is reflected in the value of l\. Note that a 

periodical pattern with the same period can be also detected in the energy 

plots after careful examination. It seems that this oscillating behaviour is 

a general feature of the system. 
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Figure 5.7 : The time dependence of the various components of the 

energy of the vortex pair and the total energy W. Note the high accuracy in 

the conservation of the total energy of the system. 

Another quantity of interest, the total topological charge iV is plotted 

as a function of time in Fig. 5.9. Ν takes the value 1.993 at t = 0 

and retains that value, up to small fluctuations during the evolution. The 
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slight deviation from the Ν — 2 value of the continuum limit is due to the 

discretization of space. 
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Figure 5.8 : The two pieces of the angular momentum and their sum. 

The conservation of the total angular momentum to within 2% is quite sat

isfactory. 

Last but not least is considered the guiding center of the system (or 

equivalently the linear momentum) which is a conserved quantity. Due to 

the symmetry of the initial configuration the guiding center initially coin

cides with the origin of the coordinate system and remains there through 

out the simulation. 
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F i g u r e 5.9: The time evolution of the topological charge of the vortex 

•pair. 

So far, the general picture that arises confirms the Hall behaviour of the 

system in accordance to the analytical predictions. Furthermore the system 

is characterized by periodic patterns which - to mention only one of them - in 

the trajectory plots are manifested as the "larmor motion". The credibility 

of the results is supported by the high accuracy in the preservation of several 

characteristic quantities of the system. Within this model we performed a 

large number of simulations for several values of the parameters. In the 

subsequent simulations the above properties, i.e. rotation, larmor motion 

and high accuracy , are to be considered valid unless we explicitly state 

otherwise. 

We now focus in what we called larmor motion. We would like to stress 

the analogy to the larmor precession encountered earlier in the two electron 

problem. By comparing Fig 5.4a,b to Fig. 4.1 we see that the orbits of 

the electrons exhibit exactly the same patterns. Moreover a systematic 

coresspondence can be established in the details of larmor motion in the 

two systems. Due to the simplicity of the electron system we can derive 

analytically some features of the larmor motion. Specifically, when the 

separation of the two electrons decreases the length and the width of that 

finer oscillatory motion of the electrons increases. Similar is the effect of 
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decreasing the strength of the magnetic field or increasing the electron-

electron coupling. On the other hand the response of the vortex system in 

the decrease of d is quite the same. To illustrate that point we performed a 

number of simulations where κ and β were kept fixed while d varied. The 

trajectories of the vortices for d = 2.7,3.4,4., 5. are plotted in Fig. 5.10. 

3.5 

g 0.0 
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-3.5 0.0 3.5 
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Figure 5.10 : The dependence of the internal larmor motion of each 

vortex on their separation d. 

To demonstrate the analogy between the two cases we also plot in Fig. 5.11 

the trajectories of the electrons for different separations d = 1., 1.25,1.5, 2. 

We also ran another set of simulations to study the dependence of the 

motion of the vortices on the parameter β. d and κ were kept fixed to the 

values d = 3.6 and κ = 1.5 while β varied. The resultant trajectories are 

plotted in Fig. 5.12 for four different values of β = 0.01,0.02,0.04,0.08. It 

is worthwhile mentioned that as larmor motion is concerned, variation of β 

has the same effect to that variation of the magnetic field strength or the 

electron-electron coupling have in the electron problem. The time duration 
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for each simulation was the same (i = 670). As it is shown in Fig. 5.12 

for larger β's the arc of the trajectory which is plotted increases, which 

subsequently implies that the angular velocity also increases. This increase 

has its origin in the fact that as β grows the form of the potential becomes 

steeper, which in turn results a stronger interaction between the vortices. 

1 5 

0 5 

- 0 5 

-1 5 
-1.5 - 0 5 0 5 1 5 

Figure 5.11 : The dependence of the internal larmor motion of each 

electron on their separation d. 

Of course one should not take that analogy between Β and β literally since 

the vortex system is far more complicated. Nevertheless we consider this 

analogy interesting and indicative of the crucial role which the common 

algebraic structure of the two systems plays. 

As we mentioned in the previous chapter there are analytical arguments 

in support of the "Hall behaviour" of the vortices. Equation 4.2.22 already 

implies vortexs rotation and even more determines the handedness of the 

rotation. In fact it follows from 4.2.22 that the way each vortex rotates is 

determined by the orientation of the external force which acts on it, and 

thus it depends on the slope of the potential. When the potential between 
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the vortices is attractive the vortices will rotate clockwise, while they will 

rotate counter-clockwise if it is repulsive. This is clearly demonstrated in 

Fig. 5.13 and Fig. 5.14. In Fig.5.13 we plot the vortex-vortex potential for 

κ = 0.5 and β = 0.005. 

F i g u r e 5.12 : The vortex motion for various values of the parameter β 

This particular choice of the parameters results a bumb in the form of the 

potential, i.e. the potential is not monotonous function of d. Then we 

choose two values of d, d — 4.5 and d = 8 which correspond to attractive 
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and repulsive regions of the potential respectively. We run two simulations; 

one for a vortex pair at separation d = 4.5 and another for a vortex pair 

at separation d = 8. The trajectories of the vortices which were initially 

located at the positive x-axis in each of these two simulations are plotted in 

Fig. 5.14. 
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F i g u r e 5.13 : The interaction energy of two single vortices for κ ~ 0.5 

and β — 0.005. The potential is attractive for small distances and repulsive 

for d>7. 

As it is shown in Fig. 5.14 the direction of the rotation of the vortices 

is in agreement to our previous prediction. Note that the previous results 

can be used as a cross check which verifies that in a certain region of the 

parameters the inter-vortex potential has a bumb [28]. Another feature we 

encounter in Fig. 5.14 is the quick oscillation of vortexs position, which 

can be attributed to the fact that internal degrees of freedom of the vortex 

oscillate vividly. As a consequence the determination of the exact position 

of the vortex is ambiguous. The maximum of energy density which has been 

tracked in order to plot Fig. 5.14 does not reflects the exact position of the 

vortex. Nevertheless the tracking succeeds to describe the overall motion 

of the vortices which again are in complete agreement to the theoretical 

prediction. After some experimentation we have come to the conclusion 

that internal oscillatory activity is a common feature of small κ's region. 

Indicatively for κ = 0.5, one has to increase β up to values of order ~ 102 

in order to recover rigidness in the motion of the vortex. It seems that 
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the presence of the potential plays an important role in the coherence of 

the moving vortex and one has to understand analytically the underlying 

reason. 

κ = 05 * § * 
ß = 0005 ^ * 

-5.0 I ' 1 ' 
-5.0 0 0 5.0 

X(t) 

Figure 5.14 : The interaction energy of two single vortices for κ = 0.5 

and β = 0.005. 

The quantitative comparison of theoretical estimations and numerical re

sults is the next issue we address. A rough estimation of a vortexs revolution 

period is derived analytically and is then compared to the result obtained 

through straightforward numerical calculation. The analytical calculation 

is based on the assumption that each individual vortex behaves like a rigid 

body which lives in a potential equal to the vortex-vortex potential. When 

d^> L we can approximate the two vortices as point particles and then our 

assumption is valid, but for intermediate d's like those examined here such 

an approximation is questionable. Although our assumption is not com

pletely justified, the rigidness of the motion of the vortices as that arises 

from earlier numerical experiments, supports its validity. 

The calculation proceeds as follows. The potential U(d) as well as its 

gradient F = - | j is computed for κ = 1.5,, and β = 0.04 (Fig. 5.1). 

By substituting the value of the gradient for certain d in equation 4.2.22 

we obtain the velocity V{d) of each vortexs guiding center and use it to 

calculate the period of vortexs revolution Τ = ^ ^ , where R = | . In 

Fig. 5.15 the period of the revolution of the vortex pair is plotted as a 
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function of d. Continuous curve corresponds to the theoretical prediction 

while triangular points represent the results obtained when simulations were 

performed for specific separations d. The coincidence of the two curves is 

remarkable It is quite surprising that the result we obtain with such a crude 

calculation are in good agreement to those we get from explicit numerical 

simulations. 

6000 

ο 
φ 

CL 

3000 

Figure 5.15 : The period of revolution of the vortices around each other 

as a function of their separation, computed (solid line) from the theoretical 

formula and the slope of the curve of Figure 5.1 and from the numerical 

simulation ( triangular points). 

The coincidence of the results is remarkable and indicates that our as

sumption on the rigidness of the motion of the vortices is valid even for 

relatively small d's (2 — 3 space units). While commenting on the motion of 

the vortex earlier we encountered several other indications supporting that 

picture. The relative difference in the calculation of the period increases 
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for d's < 2, a behaviour which is considered natural since for small d's the 

assumption we did weakens. Relevant to this deviation is the error in the 

calculation of the gradient of the potential. Successive calculations of the 

potential and its gradient using bigger grids resulted a 1% error in gradient's 

evaluation which is quite insignificant. 

5.4 Vortex-antivortex pair 

Now we modify the previous problem by substituting one of the vortices of 

the pair with a JV = — 1 antivortex. The system we obtain is equivalent 

to a vortex -antivortex pair in separation d and this section is devoted to 

the study of its dynamics. At that point we are in position to appreciate 

the similarity of our system to that of two charged particles moving in a 

plane in the presence of a perpendicular magnetic field. Thus to gain some 

insight to the problem we recall what happens when an electron-positron 

pair interacts under those circumstances. In that case as we can easily 

check (see also Pig 4.2) the guiding centers of the particles move along 

parallel lines while the orbits of the particles perform cycloid motion along 

those lines. Similarly we expect the vortex and the antivortex to move 

in formation along parallel trajectories. That picture contradicts intuition 

which suggests that the vortex and the antivortex will gradually come closer 

to each other and finally will annihilate to radiation. 

A series of simulations were performed for the vortex-antivortex pair 

system. In the problem at hand, the implementation of any constrained 

calculation is not possible, and simple superposition methods were invoked 

to produce the initial data. Namely to construct the initial field configu

ration, two vortex fields with winding number TV = 1, and Ν = — 1 were 

superposed according to the rule 

*(x) = Φ ^ α χ - ^ ΐ ) ^ - 1 ) ^ + fi) 
A(x) = A W f l x - f l ) + At-^f lx + f | ) (5.4.1) 

where Φ ( 1 ) , A ( 1 ) are the static fields of the Ν = 1 vortex and Φ ( _ 1 ) , A ( _ 1 ) 
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are those of the Ν = — 1 antivortex. The Ao field was determined by solving 

the Poisson equation for the given Φ configuration. A gauge transformation 

5.3.3 was further imposed to the fields to switch to the Ao — 0 gauge. 

The trajectories of the vortices in a typical run of a vortex-antivortex 

pair are illustrated in Fig. 5.16. The exact positions of the centers were 

determined by tracking the maxima of energy density. The parameters took 

•1 
" I 
• I 

1 1 ' 

Maximum of Energy Density 
Guiding Center 

κ=1.5 
β = 0.04 

I 

( " 

1-
I ι I ι | 

- 3 0 3 

X(t) 

Figure 5.16 : The typical evolution of an initial vortex-antivortex con

figuration. The lines shown are the trajectories of the maxima of the energy 

density of the system. 

the values β — 0.04, κ = 1.5, and d = 4. Initially the Ν = 1 and the 

Ν = — 1 vortices were placed at the points (—2,10) and (2,10) respectively. 
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The vortices moved in the negative y-direction for 20 space units ~ 25 times 

their size retaining their initial shape and keeping their initial separation 

constant. They moved with constant velocity V2 = —0.0257. This value 

is to be compared to the velocity in the vortex-vortex pair case which for 

the same values of parameters and separation was found to be F = 0.016. 

The higher velocity in the vortex-antivortex case implies a steeper potential 

between them than in the case of the vortex pair. 

Apart from the parallel transport of vortices, there is finer oscillating 

motion similar to the "larmor motion" we encountered in the previous sec

tion. We ran several simulations to study the details of larmor motion for 

various values of d and β. It turns out that as in the vortex pair case both 

length and width of the oscillation are decreasing functions of either d or 

β. Moreover we verified that (as one would expect) the precession of the 

electron (or positron) in the electron-positron system exhibits the same re

sponse to the decreasing of either the initial distance between the particles 

or the intensity of the external magnetic field B. 

We bring the discussion of the results to an end by making a final com

ment on boundary effects. As it follows from Fig. 5.16 if we neglect the 

oscillation originated by the larmor motion, the paths of the two vortices 

are perfect straight fines parallel to the y-axis. When the two vortices are 

close enough to the boundaries this picture alters. The vortices move along 

almost parallel lines but a slight convergence of the trajectories towards 

each other is observed. When the vortices have moved sufficiently apart 

from the boundaries (6 — 7 space units) the convergence disappears to ap

pear again when the vortices reach close to the negative y-boundaries. By 

trying different sizes of grids we concluded that this behaviour is a bound

ary effect sensitive to the absolute separation between the vortex and the 

boundaries, but insensitive to the size of the grid. In the case of relatively 

small grids, the convergence of the paths could be misleadingly interpreted 

as a generic feature of vortex dynamics. To avoid this effect in our simula

tions the vortices were placed sufficiently apart from the boundaries of the 

grid. 
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5.5 Vortex Pull by an External Current 

We have previously argued that under the influence of an homogeneous 

external current the vortex moves with velocity opposite to the applied 

current. The unusual response of the vortex can be easily realized in the 

context of Hall behaviour discussed in the previous chapter. Specifically, 

according to electromagnetic theory when an electric field acts on a vortex 

of magnetic flux the vortex feels a Lorentz force perpendicular to the plane 

of the electric and the magnetic field. Combined to the fact that due to the 

Hall behaviour, the vortex moves in a direction perpendicular to the applied 

force we find that it actually moves in a direction antiparallel to the electric 

field. 

This is a notable result in the sense that can account for the rather 

puzzling sign change of the Hall effect which has been observed in the mixed 

state of the high temperature superconductors [23]-[26]. The sign reversal 

of the Hall voltage encountered there is attributed to the motion of the 

vortex with a velocity component opposite to the direction of the transport 

current. 

We perform a number of simulations to investigate the response of the 

vortex to the external current and to check the theoretical predictions of 

the previous chapter. The numerical techniques are essentially identical to 

those described earlier. As initial configurations to our calculations we use 

isolated static vortex solutions (with charge Ν = 1) placed at the origin 

of the coordinate system. The external current J e is taken parallel to the 

x-axis with direction to the positive x. In the framework of this model, the 

introduction of the external current is made possible by the addition of the 

term A J . In turn equations of motion are modified by the substitution 

Ji —> Ji + Jf at the right hand side of the second part of 2.2.7. 

The task of imposing boundary conditions is slightly problematic. We 

tried free b.c. as in section III as well as periodic ones and we found the 

former to be more reliable. Yet some boundary contributions crept in the 

simulations, caused by the incompatibility of free boundary conditions with 

the presence of the external current 3% at the boundaries. Though we did 

not manage to eliminate them we were able to isolate their effect and even 
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more to reduce it by using larger grids. 

Numerically it is found more convenient to introduce a current in the 

form of a strip instead of one occupying the whole space. We assume that 

in the limit where the width of the strip is much larger than the size of the 

vortex, the vortex essentially realizes an homogeneous current throughout 

the whole space and responds accordingly. The exact form of the current is 

Ji = ° Κ = h f(y) (5.5.1) 

where the function / is approximately equal to unity over a strip of width 

2L and drops to zero outside that strip. A function which meets the above 

description is 

/(y) = e- tMW" (5.5.2) 

especially for large n. The reason of introducing the "strip current" is 

twofold. First it reduces the contribution from the boundaries. Besides, it 

reduces the rate of the energy flow into the system, which is generated by 

the external current. 

>• 0 

-1 

K= 1.5 
β = 0.08 
Jo=0.04 

Guiding Center 
Maximum of Ener. Dens. 

Ν 

-3.0 -1.5 0.0 
X 

F i g u r e 5.17 : The trajectory of the vortex as determined by the guiding 

center (solid line), or the maximum of the energy density (dashed line). 
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We perform our first run for κ — 1.5 and β — 0.08. The duration of 

the simulation is 80 time units. The radius of the vortex as that measured 

by the second moment of the energy density is sa 0.85. The value of JQ is 

set equal to 0.04 which is one order of magnitude smaller than the average 

internal current of the vortex. The trajectory of the vortex for approxi

mately 4 times its radius is plotted in Fig. 5.17. The solid line corresponds 

to the trajectory of the guiding center while the dashed line to that of the 

maximum of the energy density. There is a marked agreement between the 

motion of the guiding center and the theoretical predictions. The guiding 

center initially moves along an almost perfect straight line in the negative χ 

direction which later on is modulated by an oscillatory motion in the y-axis. 

By experimenting with the size of the grid we realized that this oscillation 

of the guiding center is a boundary effect, which can be reduced by using 

larger grid in the cost of increasing the computational time which is needed 

for the simulations. 

Equation 4.2.21 provides a definite prediction for the velocity of the 

guiding center. Namely the vortex is expected to move in the negative x-

direction with a velocity Vx of measure equal to that of the external current. 

This prediction was also tested numerically and confirmed by the results. 

0.00 

-0 04 

-0.08 
80 0 

Figure 5.18 : The x-component of the velocity of the guiding center of 

the vortex. 
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In Fig. 5.18 we plot the x-component of the velocity of the vortex versus 

time, as this was measured in the previous simulation. As it is shown there, 

for 0 < t < 35 the velocity Vx is roughly constant and equal to —0.98 J 0 . 

For larger times an oscillation in the magnitude of Vx turns on, which as 

earlier, is generated from boundary contributions. The slight deviation of 

Vx from Jo is due to the strip form of the current. Actually the velocity 

of the vortex depends on the width of the strip as this is determined by 

parameter L. Experimenting with L we found the ratio — -f- — 0.89, 0.94 

and 0.98 for L = 3, 4 and 5 respectively. For larger L the ratio — -f-

was essentially equal to one indicating that the strip was wide enough for 

the vortex to realize the external current as homogeneous throughout the 

whole space. The exact way the current drops to zero does not affect the 

motion of the vortex. We tried the values η = 3, 5 and 8 in eqs. 5.5.2 

with L = 5, without any significant change in vortexs motion. Of course 

when L is small it is expected that η becomes important. Smaller value of 

η effectively means wider strip which in turn results higher velocity for the 

vortex. 

Another feature we encounter in Fig. 5.17 is the Larmor precession of 

the trajectory of the vortex, as this is tracked through the maximum of the 

energy density. We are by now familiar to that effect which is reminiscence 

of the Hall structure of the model. It is thus expected that the Larmor 

motion will have similar dependence on the parameter β to that traced in 

the problem of the two vortices, i.e the oscillations will become wider for 

smaller β. 

In Fig. 5.19 the β—dependence of Larmor motion is illustrated. There 

the trajectories of the vortex are plotted for β = 0.02, 0.16 and 0.32. J 0 

and κ are fixed to the values 1.5 and 0.02 respectively. The details of Larmor 

motion are also depend on Jo. When Jo increases the external force acting 

on the vortex also increases, which is similar to the effect of decreasing the 

inter-vortex separation in the vortex pair system. Thus we expect that the 

width of Larmor oscillations is an increasing function of Jo. We ran a set 

of simulations and though not quoted here the numerical results confirmed 

the Jo—dependence of Larmor motion. 
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Figure 5.19 : The dependence of the internal larmor motion of the 

vortex on parameter β. 

The last question we posed is the evolution of the vortex after the current 

is turned off. The canonical structure of the system implies that it is impos

sible for the vortex to move in the absence of external probes. Specifically, 

according to the discussion in section 4.2, when the current is turned off, 

the guiding center must froze at the point where is found at that time. On 

the other hand, because of the current, the vortex absorbs a considerable 

amount of energy and a part of it is transformed to kinetic energy. Note 

that the vortex is unable to expel this energy because the energy gap in the 

spectrum of the model prevents it from emitting radiation. Thus we end up 

with the puzzling picture of a body which possess kinetic energy and which 

is pinned at a certain point. 

A possible way of reconciling these two contradicting features, is by as-
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suming that some internal oscillatory motion is taken place. It turns out 

that there is an alternative to that explanation. The vortex continues to 

move, performing an oscillatory motion around the point where the guiding 

center of the vortex is frozen. This is illustrated in a simulation we per

formed for β = 0.08 and κ = 1.5. The value of J 0 was 0.02 for 0 < t < 40 

and then it was turned off. The total duration of the simulation was 125 

time units. 
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Figure 5.20 : The motion of the vortex after the current is turned 

°ff- (a) the trajectory of the vortex while the current is on, and (b) the 

subsequent evolution after the current is turned off. 

In Fig. 5.20 we plot the trajectories of both the guiding center and the 

maximum of the energy density. Plot (a) shows the trajectories till the 

time where the current vanished, while plot (b) shows the trajectories till 

t = 125. There we see that indeed the guiding center remains at the point 

where it was found when the current was turned off. To the contrary, the 

maximum of energy density which due to Larmor motion did not coincide 

with the guiding center at that time, starts to oscillate around the position 

of the guiding center. Thus beside any internal oscillation the vortex also 
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oscillates around the pinned guiding center. 

Due to the presence of the current the only quantity which is conserved 

is the total topological charge. To have an estimate of the accuracy of our 

routines we followed the evolution of topological charge which was conserved 

with accuracy 0.1% in all our simulations. All the calculations in this section 

were performed in a 300 X 300 grid with grid spacing a = 0.2 and time step 

0.002. In the above simulations the energy of the system is not constant, but 

increases with time due to the interaction with the external current. The 

increasing of energy imposes a constraint to the duration of the simulations 

since for large times the energy of the system blows up. For example in 

the first run when the current was turned off (t = 40), the energy of the 

vortex had risen by 20%, while in the first run described in this section, at 

t = 80 the energy of the vortex had been multiplied by a factor of four. 

Introduction of dissipation - which actually exists in any physical system 

- to control the energy balance is necessary in order to made feasible the 

numerical simulation of the motion of the vortex for longer times. 

5.6 Discussion 

The direct numerical simulation of the motion of a generic vortex-(anti)vortex 

configuration confirms the Hall behaviour, predicted analytically in a pre

vious publication [27]. The quantitative agreement persists even when the 

two solitons overlap to the point that they can hardly be considered as 

two. Physically, this behaviour may not be entirely surprising. It might 

be described as the well known Hall effect. After all, the vortex of the 

model is microscopically [28] a non-vanishing electric charge density, which 

is sustained by the non-linear forces (attractive electrostatic and Φ self-

interactions), and circulates around its center, thus giving rise to the vortex 

magnetic field. The current is locally perpendicular to the electric field and 

hence consistent with the absence of energy dissipation. Thus, the over

all situation looks similar to the ordinary Hall setting, only the circulating 

charges are immersed in their own magnetic field and repelled by it, instead 

of being kept in orbit by an externally prescribed one and quite naturally, 

a vortex is expected to exhibit the Hall behaviour described here. One may 
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push the picture even farther by noticing that since the charges as described 

by the wave-function Ψ, are spread over the entire region of the vortex, they 

feel the integral of the magnetic field, i.e. the winding number of the con

figuration, which makes plausible the appearance of Ν in formulas (4.4.1) 

and (4.2.22). 

Mathematically on the other hand, one is dealing with the most general 

model describing the dynamics of a condensate wave-function Φ coupled to 

the electromagnetic potential, and restricted only by the translational, rota

tional and gauge invariance of the system. The ion lattice assumed frozen, 

defines a preferred reference frame and breaks the Poincaré invariance of the 

underlying fundamental system. Topological or metastable non-topological 

solitons [65] in models with just these symmetries [37] are expected [28] to 

exhibit identical Hall behaviour. This is indeed what happens in all the sys

tems examined so far [56], [32], even in ferromagnets which have no physical 

similarity to a system of charges interacting with the electromagnetic field 

[51], [66]. 

Clearly, the next step is to test the predictions of the model at hand 

against more realistic experimental situations. One should study the static 

properties of vortices in thin films with finite thickness, and then analyze 

their response to an external current in the context possibly of an improved 

model to incorporate dissipation. 
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5.7 Appendix: The Numerical Algorithm 

To solve the initial value problem denned by the system of equations 5.3.5 

we used a leapfrog updating scheme [67] where the the time levels of the 

time derivative term, "leapfrogs" the time levels of space derivative terms. 

Equations 5.3.5 is a mixed system of first order and second order differen

tial equations in time. A leapfrog algorithm for a second order equation 

is equivalent to the updating of fields and momenta successively, but the 

coupling of that equation to a first order equation demands special care in 

the construction of the algorithm. Nevertheless the leapfrog algorithm gives 

marked improvement in the stability over the simpler approach of updating 

both fields and their momenta at the same time level. 

To perform our simulations we found a 161X161 grid, with lattice spacing 

a = 0.15 of sufficient accuracy. The space resolution of that grid is 

estimated by calculating numerically the total topological charge Ν and 

comparing it to the exact value Ν = 2. It is found to be 1.993 when 

the formula ?? is used for the topological density and 1.999 when formula 

?? was used. The accuracy of the simulations is further estimated by 

the conservation of energy which is respected in one period's time with 

accuracy better than 0.1% in all our runs. Another check of the accuracy of 

our results is provided by performing simulations in bigger grids 251 χ 251 

with the same or smaller lattice spacing (a = 0.1). The results we obtained 

were in total agreement to those of the previous runs. We used bigger grid 

( 251 χ 251 with a = 0.15) in the vortex-antivortex simulations in order to 

follow the orbits of the vortices for longer distances. The time step At we 

used in most of our runs was 0.001 or 0.002 but the algorithm was stable 

and accurate for even bigger time steps. All our simulations were performed 

on various HP workstations in Crete. A typical run of duration Γ sa 800 

time units with Δί = 0.002 in a 161 x 161 grid needed 80 hours CPU time 

in a HP 735 workstation. 

Finally we want to comment on our choice to use lattice gauge formalism. 

In numerical works on vortex dynamics in relativistic models there are two 

different discretization schemes in use. The most accurate one is based on 

techniques from lattice gauge formalism (L.G.T.)[64], [68], [48] especially 
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designed to preserve the local gauge constraint. In other works [49], [50], 

conventional discretization schemes (C.D.S.) are invoked to transform the 

differential equations of the continuum to difference equations. The latter 

method is less accurate in the sense that the gauge constraint is not very 

well preserved. Nevertheless the results of the two discretization schemes 

are in agreement. 

In our work we experimented with both alternatives and finally adopted 

the former. Our choice was motivated by reasons of elegance and function

ality. The construction of (L.G.T.) is particularly elegant and natural. On 

the other hand (C.D.S.) while they may work suffer from serious theoreti

cal trouble. Since they do not preserve gauge symmetry, imposition of any 

gauge fixing condition is arbitrary and problematic. This disease has no 

cure and its symptoms are demonstrated in the preservation of the Gauss 

constraint. In fact this discrepancy is a consequence of the violation of the 

equation of continuity. Gauge symmetry and continuity equation are closely 

related[69]. A discretization scheme that does not preserve gauge symmetry 

results to a set of difference equations which violate equation of continuity 

and consequently the gauge constraint. Although formally (C.D.S.) suffer 

serious problems, the relativistic analogue [49], [50] implies that they can 

be equally effective. And now we come to functionality. Use of (C.D.S.) 

results violation of Gauss law. The corresponding error is accumulative 

and increases with time. When that error becomes significant the routine 

destabilizes. Of course one can always use sufficiently small grid spacing to 

retain the error at sufficiently small values. But in the non-relativistic sys

tem which we study, in contrast to the relativistic analogue, the velocities 

are very small and one has to wait quite long to see a complete rotation of 

the vortex. This in turn results a very small grid spacing and consequently 

a very large grid and the whole numerical task becomes very CPU time 

consuming. 
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