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Abstract

In the following thesis a study of non-Hermitian PT -symmetric lattice

Hamiltonians is presented. In 1998, it has been discovered by Bender

et.al [1][2][3], that PT -symmetric operators however non-Hermitian, have

completely or partially real eigenvalue spectrum. We focus our attention

to the study of Hamiltonian operators that are PT -symmetric and show

how one can predict the reality or complexity of the spectrum and the

point of transition to the so-called broken PT phase, where the eigenval-

ues become complex. After that there is also a numerical study of various

PT -symmetric Hamiltonians in which their eigenvalue spectrum and band

structure is investigated as the spatial frequency of the imaginary poten-

tial increases. Moreover,wavepacket diffraction has been studied in these

lattices. One can discern the interesting and counter intuitive ideas of

the PT symmetry in wave propagation dynamics. It is quite interest-

ing the fact that however non-Hermitian some Hamiltonians have a com-

pletely real eigenvalue spectrum, which is considered to be a trait of the

PT -symmetry. This fact helps us bypass one of the axioms of Quantum

Mechanics which is that the operators that represent physical quantities

must be hermitian.
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Chapter 1

Introduction

One of the axioms of Quantum Mechanics is that physical quantities are represented

by linear hermitian operators which act on a Hilbert space. And what is physically

measurable is the expectation values of these operators in the state that describes our

system. Because what we measure is real we want those expectation values to be real.

The problem is that the states that describe the systems in Quantum Mechanics are

pure phases, which means they are complex, in general. Since the expectation values

are connected with the eigenvalues of the operators, physicists had to find operators

that have real eigenvalues. Such operators exist and are called Hermitian operators

which by definition obey the condition Ô† = (Ô∗)T = Ô i.e. the complex conjugate

and transpose operator is the same as the operator. This condition ensures the reality

of the eigenvalues of the operator. However, in 1998, Bender et al.[1] have shown that

it is in fact possible for operators that are non-Hermitian to have a completely real

eigenvalue spectrum as long as they are P-parity and T −time-symmetric. This result

appears to be fascinatingly counter-intuitive since conventional Quantum Mechanics

do not work. Another fascinating characteristic of a system with such symmetry, is

the spontaneous PT symmetry breaking beyond which this class of systems undergo

a phase transition where the system loses its PT property and some of the eigenvalues

become complex. The notion of PT symmetry is considered in many diverse areas of

physics today, such as lattice QCD, optics and other active research areas.

When we say that an operator is PT -symmetric we only mean that, that operator

commutes with the PT -operator. This does not mean that the eigenfunctions of such

operator are also eigenfunctions of the PT operator. This is because time inversion

operator is not linear as is required by the QM axiom. The action of the PT operator

is defined as the combined action of the parity operator P and the time inversion

operator T . Specifically, the action of the parity operator takes p̂→ −p̂ and x̂→ −x̂
while the time inversion operator takes p̂ → −p̂, x̂ → x̂ and i → −i where x̂ and p̂
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are the position and the momentum operators respectively. It is now obvious that a

Hamiltonian, which consists of a conventional kinetic term and a potential V, is PT
symmetric if and only if:

V (x) = V ∗(−x) (1.1)

For Eq.(1.1) to hold true we want the real part of the potential to be an even

function while the imaginary part to be an odd function of x.

As these counter intuitive ideas were beginning to take shape and were explored

in the aforementioned fields, it was shown in [5] that the basic ideas of PT symmetry

can be realized experimentally in the context of photonics. In this framework of PT-

optics, the authors of [5] studied the band structure that corresponds to the potential:

V (x) = 4cos2(x) + i4V0sin(2x) (1.2)

They found, numerically, that there is a critical point V0 beyond which we have

a phase transition and the eigenvalues of the Hamiltonian form complex conjugate

pairs. They found that above the critical point, bands merge forming loops within

the Brillouin zone while the in the regions where the bands overlap the eigenvalues

become complex conjugate pairs and the modes are substantially altered. They also

studied the dynamics of wave propagation which lead to power oscillations and double

refraction.

It was shown, later, in [6] that the potential in Eq.(1.2) can be transformed and be

written in a pseudo-Hermitian form by a similarity transformation. With this method

and the notion of the pseudo hermiticity, that was introduced in [7], they showed

analytically that there is indeed a critical point V0 beyond which the symmetry is

broken and the eigenvalues become complex as expected.

In this work we are going to study some Lattice Hamiltonians by applying both

analytical and computational techniques.

In the second chapter, we will introduce the notion of pseudo hermiticity which

was first introduced in[7].

In the third chapter after a short introduction to antiunitary operators and their

corepresentations we will be able to better understand the ideas of the following

chapter.

In the fourth chapter we analyze the work done by Mock[8] on PT Lattices group

theory.

In the fifth chapter there is an introduction to the ideas behind the numerical

methods that were used to obtain the results of the present work.
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After all those introductory chapters we will present the main results regarding

novel optical non-Hermitian lattices. We will study potentials of the form:

V (x) = cos2n(x) + i
m=2n∑
m=1

V2msin(2mx) (1.3)

and see that there is a line in the parameter space where the potential has completely

real eigenvalue spectrum. In the same chapter we will use an example to showcase

the transformation and also study optical wave dynamics in the interesting regime

which obviously is the unbroken PT phase.

In the seventh chapter we study potentials with just varying spatial frequency

of the imaginary part. We prove in two ways that the higher the frequency of the

imaginary part the higher is the order of the band that has complex eigenvalues.

Which means that the more physically irrelevant become the complex eigenvalues

and thus we can treat them as Hamiltonians with unbroken symmetry.

In the final eighth chapter we summarize our work and discuss how they are

related to realistic PT -symmetric photonic systems.
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Chapter 2

Pseudo-Hermitian Operators

In 2002, Mostafazadeh[7] introduced the notion of Pseudo-Hermiticity and showed

that every non-Hermitian Hamiltonian with a real spectrum is Pseudo-Hermitian.

This statement implies that it is not the PT -symmetry that gives the Hamiltonian

the property of the real spectrum, but its Pseudo-Hermiticity. However, we know

that PT -Hamiltonians are of two kinds. Those which have an exact PT -symmetry

which from now on we will call PT -exact Hamiltonians and those who have a phase

of broken PT -symmetry which we will call PT -broken from here on. It is one of the

properties of the PT symmetric Hamiltonians that if they are PT -exact then the

spectrum is completely real while the PT -broken ones have complex conjugate pairs

of eigenvalues. Another property is that the inner product:

〈〈ψ2|ψ1〉〉P = 〈ψ2|P |ψ1〉 (2.1)

is invariant under time inversion. Note, that the states are eigenstates of the Hamil-

tonian.

Since we cannot be sure that PT symmetry is in principle the reason responsible

for the reality of the eigenvalue spectrum, we introduce the concept of pseudoher-

miticity defined as:

• A linear operator O is η-pseudohermitian if:

O# := η−1O†η = O (2.2)

where η is linear positive definite operator.

What the previous definition says is that if the hermitian conjugate of an operator

is equal to the original operator up to a similarly transformation then we call it

Pseudo-Hermitian. Now using Schroedinger’s equation and its Hermitian conjugate

along with Eq.(2.2) for the Hamiltonian we see that:
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〈
ψ|ηH −H†η|ψ

〉
= i∂t 〈〈ψ|ψ〉〉η

H†η = ηH
(2.3)

So the indefinite inner product is time invariant if the Hamiltonian H is pseudo-

hermitian. It should be obvious that in the limit where η = 1 we have the regular

hermiticity condition for an operator. Moreover, a PT symmetric Hamiltonian:

H =
p2

2m
+ V (x) (2.4)

where V(x) obeys Eq.(1.1) is also P pseudohermitian since

H† = pHp−1 = pHp (2.5)

Now using the second relation of the Eq.(2.3) one can easily show that energy

eigenstates are η orthogonal to themselves if their eigenvalues are not real or complex

conjugate. This can be seen from〈
ψi|−ηH +H†η|ψj

〉
= (E∗i − Ej) 〈ψi|η|ψj〉 (2.6)

There are a lot more properties of the pseudohermitian operators. However, their

proof is a simple application of the previous ones and of the definition, and they will

not be shown here.

To close this section we will show that pseudohermitian Hamiltonians with discrete

spectrum and a complete biorthonormal basis have either real spectrum or complex

conjugate pairs of eigenvalues. The previous statements can be formulated like this:

H |n, a〉 = En |n, a〉 , H† |m, a〉 = E∗m |m, a〉

〈m, a|n, b〉 = δmnδab∑
n,a

|n, a〉 〈n, a| = 1
(2.7)

where a and b are degeneracy indices From these relations and the second part of

Eq.(2.3) it’s now straight forward exercise to show that

H(η−1 |n, a〉) = η−1H† |n, a〉 = E∗n(η−1 |n, a〉) (2.8)

To prove the proposition the other way around we just deconstruct our Hamiltonian

in real energy states and states with positive and negative imaginary part. Using

Eq.(2.7) one can construct the η in terms of the basis states. Then one can show

that the formulae we get for the Hamiltonian and the η satisfy the second relation of

Eq.(2.3). We will, later on, use this notion on a simple potential to find out where in

the parameter space the eigenvalues of the Hamiltonian are real.
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Chapter 3

Antiunitary Operators

Within the framework of quantum mechanics we are mostly interested in unitary

operators. And that is completely comprehensible since we want the operators to

preserve the norm. That is to say we want our operators to preserve the probability.

Conservation of probability is one of the most basic ideas of Quantum Mechanics.

However, the PT operator is not unitary. Although, parity operator may be unitary

since P2 = 1 the time reversal operator is not. The T operator is antiunitary. To

better understand antiunitarity consider two operators that act as below:

L := t→ t+ τ (3.1)

T := t→ −t (3.2)

Now if we first perform a time reversal and then a time translation by τ we will

be at time −t + τ . However if we do the same thing but reverse the order of the

operators we will be at time −t− τ . This means that:

(L)× (T ) = (T )× (−L) (3.3)

Which is exactly the antiunitary character of the time reversal operator in action.

Now assume that the T operator is linear and a symmetry operator of a given

system. Then if we have a state in the form: Φ0 =
∑

k akψk, where ψk are the

eigenvectors f the Hamiltonian of the system, the linearity of T would suggest T Φ0 =∑
k akT ψk and since it is a stationary state with the same energy as the one written

before, then the time evolved state will be:

T Φ0 =
∑
k

ake
−iEkt/h̄T ψk (3.4)
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However this should be the same state as obtained from acting with the time reversal

operator on the state: Φ−t:

T Φ−t =
∑
k

ake
iEkt/h̄T ψk (3.5)

As you can see the Eqs.(3.4) and (3.5) are not consistent with each other.

To fix the problem we would very much like to have:

T Φ0 =
∑
k

a∗kT ψk (3.6)

Operators that obey the Eq.(3.6) we call them antilinear. However, time reversal

is still a symmetry operator, which means it should leave the transition probability

between two states invariant, which means:

|(Φ,Ψ)|= |(T Φ, T Ψ)| (3.7)

If an operator obeys simultaneously the Eqs(3.6) and (3.7) we call it antiunitary.

There are many properties of these kind of operators that we could write down. For

example, every antiunitary operator can be written in a product form between a

unitary operator and the anti unitary operator of the complex conjugation.

T = UC (3.8)

The time inversion operator has the additional property that if we act 2 times on

a state we will get the same state. Hence, the new state can differ from the first only

by a constant factor. This factor can be ±1. This can be seen if one writes T = UC

then we have T 2 = UCUC = UCCU∗ = UU∗ = ±1 since U is unitary.

When a group contains both unitary and antiunitary operators we would have

a problem in finding the groups representations. If a group contains both kinds of

operators, the set of the unitary operators form a subgroup of that group while the

antiunitary operators will form a coset of the subgroup (Eq.(3.8)).

The problem that we mentioned before is that since we have antilinear operator

its matrix representation must obey antilinear relations which means that the usual

relations for the representations: D(T OUOV ) = D(T OUV ) do not hold. Instead, we

should have:

D(T OU)D(OV )∗ = D(T OUOV ) (3.9)

We call matrices that obey Eq.(3.9) corepresentations. Obviously the notion of

corepresentations applies only to a group which contains both kinds of operators

mentioned before.
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Now we have to somehow find the irreducible corepresentations of the group.

Which is translated to finding the solutions of equations like the one in (3.9). Equiv-

alent solutions are called the solutions that are related to each other with the following

transformation:

D̄(U) = A−1
0 D(U)A0

D̄(A) = A−1
0 D(A)A∗0

(3.10)

where A0 is a unitary matrix while A is antiunitary. If they are a multiple of the

identity then the transformation of the matrices of the unitary operators remain the

same while the matrices of the antiunitary matrices differ by a numerical factor.

Suppose we know the representation of the unitary subgroup and we denote them

as: ∆(u). Note that ∆(a) is meaningless to write down since a is an antiunitary

operator. However ∆(a1a2) and ∆(a−1ua) are well defined since these operators are

unitary and we can write them down.

Let us assume that D(u) as a representation of the unitary subgroup has been

completely reduced and that the dimension is l:

uψk =
l∑
1

∆(u)kmψm (3.11)

for k less than l. We now define the primed wavefunctions which are the normal

wavefunctions but we act on those l wave functions with an antiunitary operator a

ψ′k = aψk =

f∑
1

D(a)ψ (3.12)

We shall show that the primed wavefunctions belong to an irreducible representation

of the unitary subgroup:

uψ′k =
∑
m

[D(u)D(a)]mk ψm =
∑
m

D(ua)ψ =
∑
m

D(a)D(a−1ua)∗ψ =
∑
m

D(a)∆(a−1ua)∗ψ

(3.13)

We can see that these matrices form a different representation of the unitary subgroup:

∆̄(u) = ∆(a−1ua)∗ (3.14)

Note that the similar relations hold true for ∆(a1a2)

It is the relation between the barred and the unbarred representation that will

help us in our case.
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It can be shown that the primed wavefunctions can all be written as a linear com-

bination of the l linearly independent wavefunctions of the irreducible representations

of the unitary subgroup or are all linearly independent.

In the first case: it follows that uψk and aψk are linear combinations of these l

functions. In this case the corepresentation is reduced to an l-dimensional and to an

(f − l)-dimensional part.

In the second case: the corepresentation will have 2 parts with the first if them

being of dimension 2l and the second one f − 2l. Where the first 2l-dimensional

irreducible first part will contain both ∆ and ∆̄

So we arrive at the conclusion that every reduced part of the corepresentation will

contain:

• only one irreducible representation

• or only two, ∆ and ∆̄

Finally, let us take a look in the relation between the two irreducible representa-

tions that we found.

There are two possibilities, that the corepresentations are inequivalent and equiv-

alent. However, the case when these two are equivalent is more complicated.

• inequivalent

If ∆(u) and ∆(a−1ua)∗ are inequivalent then this means that the l wavefunctions

are orthogonal to the l primed wavefunctions and thus the matrices can be

written in the form:

D(u) =

[
∆(u) 0

0 ∆(a−1ua)∗

]
(3.15)

D(a) =

[
0 ∆(aa0)

∆(a−1
0 a) 0

]
(3.16)

• equivalent

In this situation the two are related with (3.10) β−1∆(u)β = ∆̄(u). There are

two cases to be distinguished: the representation D and ∆ may have the same

dimension or double the dimension of ∆. In both cases it is trivial to write down

D(u). However we have to see what happens on the D(a) Using the equivalence

transformation (3.10) twice on a unitary matrix we get:

∆(a−2)∆(u)∆(a2) = ∆(a−2ua2) = β−1∗β∆(u)ββ∗
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It follows that the matrix ββ∗∆(a−2) commutes with all of the matrices of the

representation of the unitary subgroup. And thus its a multiple of a number a.

However since all matrices are unitary this number can only be ±1. Hence we

have:

ββ∗ = ∆(a2)

ββ∗ = −∆(a2)
(3.17)

It is clear that for each case discussed above we have a difference in the corepre-

sentation of the antiunitary operators in the case of plus or minus. For example

in the case of plus(minus):

1. β = D(a) (∆(aa−1
0 )β = D(a))

2. β × E2x2 = D(a) (∆(aa−1
0 )β × C2x2 = D(a)) Where E is the 2 by 2

identity matrix and C is the 2 by 2 skew symmetric matrix with elements 1 and

−1.

To summarize we have 3 types of irreducible corepresentations. The type (a)

where the dimension of D and ∆ is the same and ∆ is equivalent with ∆̄, the type

(b) where the dimension of D is double that of ∆ and also ∆ is equivalent with ∆̄

and finally the type(c) where the barred and the unbarred representations are not

equivalent.

As a final remark we note that the irreducible parts of the corepresentations are

determined by the irreducible representations of the unitary subgroup. Which means

that the character of the representation of the unitary subgroup is the criterion that

determines which one of the three types our problem falls into.
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Chapter 4

Group Theory in PT -Lattices

One of the initial motivations of this thesis was to find a group theoretical way to

classify the PT Hamiltonians. That is to say that we wanted to find a general

behaviour of the eigenvalue spectrum of a given Hamiltonian purely based on the

symmetry operations that leave the system invariant.

In 2016 Mock [8] made some steps forward in this direction, using the formalism

we just showcased. In this chapter we will present his work and assumptions. Finally,

we will make some comments on the results that come to contradict some of his

statements.

Let us consider a PT -symmetric system. It is quite well known ([1], [5]) that the

eigenvalues of the Hamiltonian that governs our system has real or pairs of complex

conjugate eigenvalues. In general, we have two categories of Hamiltonians depend-

ing on the reality of the eigenvalue spectrum. The Hamiltonians whose spectrum

remains real as we turn on the non-Hermiticity factor but become complex after a

critical point, and the Hamitlonians whose spectrum becomes complex at the mo-

ment we turn on the non-Hermiticity. We call the Hamiltonians of the second kind

thresholdless, because there is not a threshold up to which our PT -symmetry is not

broken. According to Mock’s study the precise spatial symmetry of the non Hermitian

potential determines the reality or complexity of the eigenvalues in the thresholdless

case. In his work he used a one dimensional electromagnetic periodic structure with

alternating gain and loss. Since the gain and loss appear in the Maxwell equations as

a complex index of refraction n = nr± ini where the plus is for gain or loss depending

on the Fourier convention used. He solved the electromagnetic wave equation in a

source-free non-magnetic medium with nr constant and ni a constant with alternat-

ing sign periodically. Considering that a cell of the lattice is of length Λ and in that

cell the gain and loss is equally distributed in the first half(Λ
2
) and in the second half

of the cell accordingly we can now write down all the symmetry operators- elements
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that leave the structure invariant. These are e = {E|0}, m = {σ|0}, ξ = {T |Λ/2}
and µ = {T σ|Λ/2}where the first part describes a group operation and the second

part describes a translation by the amount in the bracket. Obviously E stands for

the identity element, σ is a reflection and T is an inversion of gain and loss (or time

inversion ). The first two operators do not include time reversal so they are unitary.

However the last two contain T and thus they are antiunitary. Hence, the unitary

subgroup is of index 2.

Before we go on note that since ξξ is a pure translation we will have to use the

full space group. Thankfully the Bloch theorem constrains the form of the modes of

periodic systems and we can use the representation of the space group exp(iknΛ)

As we mentioned before as a final remark on the previous chapter the irreducible

parts of the corepresentations are determined by the irreducible representations of

the unitary subgroup. Which means that the character of the representation of the

unitary subgroup is the criterion that determines which one of the three types our

problem falls into. To help us determine the category of the corepresentations Frobe-

nius and Shur developed a test (Frobenius-Shur Lemma) which is:

∑
B∈W

χ(B2) =


n, Type (a)

−n, Type (b)

0, T ype (c)

(4.1)

where χ(B) is the character of the representation of the operator B and n is the

index of the unitary subgroup while W is the set of the antiunitary operators. Type

(a) corepresentations contain only one representation of the unitary subgroup, and

thus we have no new degeneracy. Type (b) corepresentations contain the same rep-

resentation of the unitary subgroup twice, and new degeneracy may appear, while

type (c) corepresentations contain two inequivalent correpresentations of the unitary

subgroup, and thus we have a degeneracy.

We can now distinguish two cases of interest. We are interested in the two places

on the Brillouin zone where we have the maximum symmetry, which translates to

k = 0 and k = pi/Λ.

• k = 0 Here the set of symmetry operations is Mk=0 = (e,m, ξ, µ) = N + AN

where N is the unitary subgroup and A is an arbitrary antiunitary operator.

Since k=0, exp(i0nΛ) = 1 . Also squaring the antiunitary operators we get the

identity operator and thus the character is 1 in both cases. So the test says

that we have no degeneracy at k=0, because the corepresentations there, are
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all of Type (a). Thus, Mock concludes that thresholdless PT degeneracy isn’t

expected to occur there. Which just means that we expect real eigenvalues on

k = 0

• k = π/Λ Here the space group representation is einπ = ±1 in case n is even

or odd. To take into account this fact we introduce the bar operators ē, m̄, ξ̄, µ̄

which are of the form {R|(2n+1)Λ+ t} while the previous ones are {R|2nΛ+ t}
Now the unitary subgroup is of index 4 and our set is isomorphic to C4ν while the

unitary subgroup is isomorphic to C2ν . In this case W = (ξ, ξ̄µ, µ̄) which when

squared gives: (ē, ē, e, e) Looking up the character of the isopmorphic group

in a book we see that we have both Type(a) ant Type (c) corepresentations.

However, it is Mock’s argument that: ”Physically, we seek corepresentations

that change sign upon application of e and ē. Therefore he discards the type (a)

which do not change sign. And thus concludes that at the edge of the Brillouin

zone modes exhibit a thresholdless PT transition, we conclude that Type (c)

2D corepresentations are associated with thresholdless PT -degeneracy and vice

versa.

This, as we will show in the next chapters, does not hold true in our case. One of

the assumptions that is different is that he is working with Hamiltonians with discrete

spectrum and also with the Maxwell equations instead of the Schroedinger as we did.
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Chapter 5

Numerical Methods

Before we continue with the analytical and numerical results of the thesis we would

like to introduce the methods that were used to solve the equations of our problem.

As mentioned before one of the topics of the thesis is the band structure of non-

Hermitian PT -symmetric Hamiltonians. To find the band structure of a lattice

Hamiltonian is to find the energy eigenvalues of the Hamiltonian for every differ-

ent Bloch mode. Therefore we have to solve the Schroedinger equation for a periodic

potential V(x). In the general case of potential the problem is not analytically solv-

able, and that is why we rely on computational methods. One of the methods is

called Finite Differences Method.

5.1 Finite Differences Method (FDM)

To explain in detail this numerical method that was used to calculate the band struc-

ture of a one dimensional periodic potential (V (x) = V (x + a)) we will have as a

starting point the linear paraxial equation of diffraction in the presence of a potential

which is mathematically the same with the Schroedinger’s Equation, which in the

context of photonics is given in normalized units:

i
∂u

∂z
+
∂2u

∂x2
+ V (x)u = 0 (5.1)

To determine the eigenmodes of the potential, we use the Ansatz:

u(x, z) = u(x)eiβz (5.2)

That way we eliminate the time (z) derivative and we get a linear eigenvalue problem.

Now by applying the Floquet-Bloch theorem which is nothing more than decompo-

sition of the field envelop into an infinite number of orthogonal modes φm which are
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called Floquet Bloch modes:

u(x) =
∑
m

φme
ikmx (5.3)

we can further simplify our task. So by putting Eqs. (5.2) and(5.3) in Eq. (5.1) we

get:

φ”
m + 2ikmφ

′

m − k2
mφm + V (x)φm = βφm (5.4)

Since the last relation holds true for all Bloch modes we can omit the m index for

convenience. Also since our problem is periodic we can and are going to work in only

one cell and impose periodic boundary conditions.

As you may have guessed this method is based on discretizing our space. This

helps us write down the derivatives of φ as:

φ
′
=
φi+1 − φi−1

2∆x

φ” =
φi+1 − 2φi + φi−1

∆x2

where ∆x is the distance between two discrete points in our space.

Substituting the last two expressions in Eq. (5.4) we get:[
1

∆x2
+

ik

∆x

]
φi+1 +

[
1

∆x2
− ik

∆x

]
φi−1 +

[
Vi − k2 +

2

∆x2

]
φi = βφi (5.5)

The above equation describes a tridiagonal matrix eigenvalue problem. By defin-

ing A,B,C the coefficients in front of the φi+1, φi−1, φi respectively we can write down

this equation as:

M · φ = βφ (5.6)

where M is a tridiagonal matrix [B C A] with the only non zero elements being the

diagonal and the 1-off diagonal ones. So all we have to do is find the eigenvalues of

M for every k in the first Brillouin zone
[
−π
a
, π
a

]
where a is the period of the lattice.

5.2 Plane Wave Expansion Method (PWE)

PWE is a computational method whose main purpose is to solve differential equations

by formulating them to a corresponding eigenvalue problem. This method is very

popular in condensed matter physics of periodic systems, as well as photonic crystal

physics as a method to determine the band structure of a crystal.

15



Again the starting point will be Eq.(5.1)

i
∂ψ

∂z
+
∂2ψ

∂x2
+ V (x)ψ = 0 (5.7)

Again we use the ansatz (5.2) and the Floquet-Bloch theorem (5.3) but now instead

of discretizing our space we use the assumption that the amplitudes of the Bloch

modes are plane waves:

u =
∑
n

pne
−i 2πnx

a (5.8)

and also our potential can be written in the form:

V (x) =
∑
m

Vme
−i 2πmx

a (5.9)

which is not a problem since our potential is periodic. Note that a is the period of

our lattice.

Substituting all these in Eq.(5.7) and renaming the dummy variables inside the

summing signs we get:

−
(

2πn

a
+ k

)2

pn +
∑
m

Vmpn−m = Epn (5.10)

Again we can express the above equation as an eigenvalue problem.

Note that this semi-analytical method is exact up to the point we have to calculate

the eigenvalues. And its precision depends only on the precision of the code that

calculates the eigenvalues of a matrix.

5.3 Spectral Method for Beam Propagation (SMBP)

The study of wavepacket diffraction in an optical lattice defined by a periodic potential

is not a trivial task. The method that we use for this task is the Spectral method.

It is quite well known that the Maxwell equation for light propagation in a source-

free, non-magnetic material under the paraxial approximation can be written in a

Schroedinger-like form as:

i∂zφ+ ∂xxφ+ +V (x)φ = 0 (5.11)

where one can imagine z as the corresponding temporal coordinate of Schroedinger

Equation since we can arrange the lattice in such way so that the beam is propagated

in the z direction. The numerical method we used is also applicable in the case
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of the Non-Linear Schroedinger Equation (NLSE) which has the same form with

the Gross-Pitaevskii equation used in the mean field theory approximation. These

equations have a Kerr non-linearity in the form of g|φ|2φ. The initial value problem

with the non-linearity is in general not solvable analytically so that is why we proceed

numerically.

We have to note here, that we focus on linear diffraction effects without taking

into account any non-linear interactions. From the computational point of view, the

treatment of the potential term is the same with the Kerr non-linear term.

The basic idea of this method is to find a transformation such that the linear

part of the PDE is cancelled out in the Fourier space. In this way we can reduce

the problem to a non-linear ODE in Fourier space and use the standard methods

for solving them like for example the Runge-Kutta method. The transformation in

question is actually an ansatz. We use the ansatz that the solution of the full problem

would not be much different from the solution of the linear problem which is:

φ(x, z) =

∫
φ̄(k, z0)e−ik

2zeikxdk (5.12)

where we solved the one dimensional problem for simplicity. One can see that the

φ̄(k, z0), which is the amplitude of the solution in the Fourier space, does not depend

on z(time). Our ansatz is that we have the same form in the solution of the full

problem but the amplitude now depends on z(time):φ̄(k, z). Using now the proposed

solution together with Eq.(5.11) with the non-linear term we get:

∂φ̄

∂z
= ieik

2zF
{

[V (x)]F−1
(
φ̄e−ik

2z
)}

(5.13)

Now we can solve the ODE in Eq.(5.13) with the Runge-Kutta method and once

we are done we can Fourier transform the solution back to real space. That is why

we call this method Spectral.
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Chapter 6

Potentials with varying real and
imaginary part

In this chapter we will use the notion of Pseudo-Hermiticity to find the exceptional

points of the non-Hermitian potentials and study their spectrum. We will start with

the general case with arbitrary n in Eq.(1.3). After that we will consider the specific

case of n = 2 to see what happens to the band structure. Subsequently, we will

examine the wave propagation of a wide Gaussian beam in such lattice Hamiltonians.

6.1 The cos2nx potentials

We want to study the lattice Hamiltonian with the potential given in Eq.(1.3):

V (x) = cos2n(x) + i
m=n∑
m=1

V2msin(2mx) (6.1)

since such potentials can describe semiconducting waveguide arrays. Experimental-

ists can fabricate semiconducting complex materials that are described by this kind

of potentials. In the case of an arbitrary n we have n free parameters which we call

V2m and m varies from m = 1 to m = n. What we are going to do is to transform

this potential in a way that enables us to see what would be the appropriate simi-

larity transformation and under what linear automorphism this Hamiltonian can be

Hermitian. We have the following:

cos2n(x) =
1

22n

(
eix + e−ix

)2n

sin(2mx) =
1

2i

(
ei2mx − e−i2mx

) (6.2)
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Now we can use the formula for the binomial expansion:

(x+ y)2n =
k=2n∑
k=0

(
2n
k

)
x2n−kyk (6.3)

where the parenthesis is the binomial expansion coefficient and it is calculated by:(
2n
k

)
=

2n!

(2n− k)! k!

Applying Eq.(6.3) in the first relation of Eq.(6.2) we can see that the terms with

e±i(2n−2k)x will have the same coefficients in front of them we can group together with

the sin(2n− 2k)x terms. So by focusing on the term 2(n− k) to avoid the sums we

have:

t2(n−k) =
1

22n

(
2n
k

)(
e2ix(n−k) + e−2ix(n−k)

)
+

+
V2(n−k)

2

(
e2ix(n−k) − e−2ix(n−k)

) (6.4)

We can rewrite Eq.(6.4) to look like:

t2(n−k) =

(
2n
k

)
22n

ei2x(n−k) (1 + yk) +

+

(
2n
k

)
22n

e−i2x(n−k) (1− yk)

(6.5)

where

yk =
V2(n−k)2

2n−1(
2n
k

)
Before we continue, note that:

tanh−1(x) =
1

2
ln

(
1 + x

1− x

)
(6.6)

and the fact that we can distinguish two cases depending on the sign of the second

parenthesis in Eq.(6.5). So we have:

• positive parenthesis. Since our free parameter is the Vi’s we must have:

V2(n−k) <

(
2n
k

)
22n−1

(6.7)
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Now we can use Eq.(6.6) to rewrite Eq.(6.5) as:

Ak

√
1− y2

kcos
(
2x(n− k)− itanh−1yk

)
(6.8)

where:

Ak =

(
2n
k

)
21−2n

• negative parenthesis. Now we have to take:

V2(n−k) >

(
2n
k

)
22n−1

(6.9)

In this case Eq.(6.5) is written in this form:

iAk

√
y2
k − 1sin

(
2x(n− k)− itanh−1

(
1

yk

))
(6.10)

Now that we have the final transformed form of our 2(n−k)th term of our potential

we can start looking for automorphisms such that the Hamiltonian obeys the pseu-

dohermiticity condition. One can actually guess the transformation from Eq.(6.8).

We want to make a transformation that cancels out the imaginary part in the cosine.

Well, that is an easy task, since:

e−θpxeθp = x+ iθ, e−θpV (x)eθp = V (x+ iθ) (6.11)

where x is the position operator, p is the momentum operator and θ is a parameter

that we can tune so as to eliminate the itanh−1 term. The appropriate θ is:

θ =
1

n− k
tanh−1yk (6.12)

And now one can see that if we are in the positive parenthesis case V ∗(x) =

e−θpV (x)eθp while in the negative parenthesis case V ∗(x) 6= e−θpV (x)eθp. So we have

arrived at the conclusion that if condition (6.7) holds then our Hamiltonian is pseu-

dohermitian and as such has a real spectrum.

However we have to satisfy similar equations for θ for n − 1 more terms since k

can take values from 0 to n − 1. So we will have n equations of the form of (6.12).

By eliminating the free parameter θ that was introduced later in the analysis we have

n− 1 equations of the form:

1

n
tanh−1y0 =

1

n− 1
tanh−1y1 = ... = tanh−1yn−1 (6.13)
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To sum up we have n free parameters to determine and only n-1 equations. This

means that there is a solution for those parameters it will always be on a line on the

whole n-dimensional parameter space. One should note that the parameters should

satisfy both Eq.(6.7) and Eq.(6.13). Under these conditions the eigenvalue spectrum

of the Hamiltonian will always be real on the aforementioned line in the parameter

space. Here we have shown that the critical point-condition depends on the difference

on the power of the real and imaginary parts. One can also see that the reality of

the spectrum highly depends on the existence and suitability of the real part of the

potential.

6.2 Example: The n = 2 case

Since the case n=1 has been studied extensively both numerically [5] and analytically

[6], to acquire more intuition about the problem we will use the formulae that we

derived above to study the simple case of:

V (x) = cos4x+ iV2sin(2x) + iV4sin(4x) (6.14)

In the Fig.6.1 is depicted the real and imaginary parts of the potential in the n=2

case. In this case n=2 and k can take only the values 0 and 1. In this case our

0 π/4 π/2 3π/4 π

x

-3

-2

-1

0

1

2

3

4

V
(x

)

Re{V(x)}
Im{V(x)}

Figure 6.1: The potential of Eq.(6.14) with V2 = 0.5 and V4 = 0.125

21



Figure 6.2: The 2d map of the parameter space. One can actually verify that the line
described by Eq.(6.16) is inside the dark blue sector.

potential can be written in the following form:

V (x) =



3 + Ac(2x− ith−12V2) +Bc(4x− ith−18V4), a

3 + Ac(2x− ith−12V2) + iBs(4x− ith−1 1

8V4

), b

3 + iAs(2x− ith−12V2) +Bc(4x− ith−18V4), c

3 + iAs(2x− ith−1 1

2V2

) + iBs(4x− ith−1 1

8V4

), d

(6.15)

where c stands for cos, s stands for sin, th stands for tanh and a,b,c,d correspond to

the cases:

• a : V2 < 0.5 and V4 < 0.125

• b : V2 < 0.5 and V4 > 0.125

• c : V2 > 0.5 and V4 < 0.125

• d : V2 > 0.5 and V4 > 0.125

while the condition that needs to be satisfied so as to have real eigenvalue spectrum

in the case a is:

8V4 = tanh(2tanh−12V2) (6.16)

This is also partially verified by numerical analysis of the potential as shown in the

figure Fig.6.2. We used the Plane Wave Expansion method to solve the Schroedinger’s

equation numerically and make a 2 dimensional map. In the figure we can see the

maximum value of the imaginary part of the energy for all Bloch wave numbers(κ is
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the normalized Bloch wave number.) and all energy bands. In the two axes we have

our parameters V2 and V4. This is a map of the 2 dimensional parameter space. As

one can see we have a surface of zero maximum imaginary part which grows as V4

grows. However one should note that the Eq.(6.16) is inside the surface.

To acquire further intuition concerning the potential, we have studied the band

structure and the behaviour of the bands in the case of vanishing V2 and vanishing

of V4.

• V2 = 0 In this case we vary V4. As you can see in the Fig.6.3, that have been
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Figure 6.3: The band structure in the first case. The 1st, 2nd, 3rd and 4th bands
correspond to the lines with red, blue, black and magenta color respectively.

acquired using the Plane Wave Expansion method (PWE) as we turn V4 on we

have an overlap between the second and the third band at the center of the

Brillouin zone and another merging between bands number 3 and 4 at the edge

of the Brillouin zone. As V4 grows the first two bands merge at V4 ∼ 1.55 and

in the limit of large V4 ∼ 2.8675 bands 1 and 2 become the same while the 2nd

and 3rd become different and 3rd and 4th also are the same band.

• V4 = 0 In this case we vary V2. Utilizing the same method we plotted the band

structure for V2 0.4, 0.8 and 1.0. As we can also see in the diagram below we

start with an overlap between the second and third band and while V2 is growing,
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it appears a merging of the first and second bands which finally surmounts and

negates the overlap between the second and third bands at V2 = 1.
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Figure 6.4: The band structure in the second case. Again here, the red line corre-
sponds to the 1st Band the blue line to the 2nd Band, while the black line to the 3rd

Band.

6.3 Wavepacket Diffraction Dynamics

In this section we will study the beam propagation in an optical lattice defined by

the potential we introduced in the section 6.2. The method that we applied is the

Spectral method which was introduced in the previous chapter.

The plots in Fig. 6.5 depict the propagation of a Gaussian beam in an optical

Lattice made by an array of waveguides which are constructed so that they are gov-

erned by the potential we just introduced. In 6.5(a) the Gaussian beam is narrow

enough to excite only an individual channel, and thus we call it single excitation while

in 6.5(b) the Gaussian beam is wide enough to excite much more channels. As we

can see in both cases we are in the exact PT regime since we see this unexpected

asymmetric diffraction pattern of these PT optical lattices. This assymetric pattern

stems from the asymmetry of the imaginary part of the refractive index, namely the

loss inside a channel resides on the right side. One can think that the openess of

our system leads to energy flow from the gain towards the lossy regions. Intuitively

24



Figure 6.5: The dynamic evolution of optical field as the beam is propagated in
the z direction(y-axis of plot) and one (b) or many waveguides are excited (a).
In the figure we plotted the evolution of the optical field for V2 = 0.49 and
V4 = 0.125tanh(2atanh(2V2)) in the potential of the previous section.

this can also be seen as gain and loss dipoles, which promote energy flow from left

to right thus from gain to loss. Another feature associated with beam propagation

is power oscillation. In this case the quantity that is conserved is the quasipower

introduced in [9], instead of the physical power which oscillates during propagation.

This phenomenon is augmented under single channel excitation.

One can see that we have many interesting and counterintuitive behaviors. Similar

results have been found in [5].
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Chapter 7

Potentials with Varying Imaginary
Part

In this chapter we are going to investigate potentials with a fixed real part and an

imaginary part of varying spatial frequency. Here we consider the real part to be

cos2x which has a period of π. If we take as the imaginary part the functions sin(nx)

then we can distinguish two cases depending on the result of the integral:

I =

∫
cell

Im{V (x)}dx (7.1)

If I is 0 then this means that n is an even number while non-0 means that n is odd.

We are going to examine in detail both cases separately.

• I = 0: In this case we have the same amount of gain and loss in a single cell

of our lattice. As one could intuitively guess things are better when we have

the same amount of gain and loss (on average) in one cell. We may have not

have a regime where our parameter makes the eigenvalue spectrum entirely real

but we have some intriguing properties. It is known by [5] that in the case of

V (x) = cos2x+ iV2sin2x that we have a critical point at V2 = 0.5 and that after

that point the first 2 bands merge and become degenerate. According to our

reuslts, the bands that will merge first and will be physically relevant will be n

and n+1 if the imaginary part is written as such V2nsin(2nx). However, as one

can also glean from the figures Fig.7.2 there is a quite small overlap between the

fourth and fifth band which is in the center of the Brillouin zone and only for

κ = 0 independently from the value of our parameter. This leads us to believe

that it is irrelevant. In the figure we can see the merged bands in the case of

n=2 and n=3. We can also see that we may have thresholdless PT -symmetry

breaking but the degeneracy in the case of sin(4nx) happens in the middle of the
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Figure 7.1: The bandstructure in the first case. In the first pair of plots the with the
red line is depicted the 2nd Band while with the blue line the 3rd. Below, black is
used for the 3rd Band and magenta for the 4th Band

Brillouin zone. This comes to a disagreement to [8], something to be expected

since he was considering discrete spectrum in his work. Before we proceed, note

that in Fig.7.3 the values of the imaginary part of the propagation constants

(energy eigenvalues in quantum mechanics) are not 0 but of order 10−7.

• I 6= 0 In the case at hand we don’t have the same amount of gain and loss in

one cell. Here as we can see, the merging of the bands happens only at the edge

of the Brillouin zone. We also see the same behaviour, that the first bands to

merge are the n and n + 1 in the case we write our imaginary part as sin(nx)

where n is odd. However in this case the overlap between lower bands remains.

Finally, in the last two figures one can see the behaviour of the maximum imag-

inary part of the propagation constants (energy eigenvalues) of the whole lattice as

we increase the amplitude of gain-loss. In the second case we have a linear relation

while in the first case there is a more violent first order phase transition-like relation.

This happens for every sin(2nx) imaginary part except for the case of n = 4. That

is because there exist the small degeneracy of 4th and 5th band for all n ≤ 4.
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Figure 7.2: The bandstructure in the second case. With red we represent the first
band, with blue the second band and the 3rd and 4th bands with black and magenta
respectively.

7.1 Wavepacket Diffraction Dynamics

In this section we will study the beam propagation in an optical lattice defined by the

potential we introduced in this chapter. For obvious reasons we examine potentials

with I = 0. The results were obtained for the potential

V (x) = 4(cos2x+ iV4sin4x)

. This potential is as shown previously in the PT -broken phase. However, it is the

modes belonging to the second and third bands that break the PT -symmetry. Thus

we would expect that under single mode excitation the power to look like in Figure

7.5 while under wide beam excitation we expect to have an exponential increase in

power as the beam propagates. Since we are in the broken PT -symmetry regime all

the energy would go to the gainy sites and thus the energy would not be conserved.

And that is indeed what we see in the figure below.

One can see that as we increase n in sin(2nx) the modes that break the symmetry

become more and more physically irrelevant since these modes are of higher and higher

energy,which experimentally is a difficult if not impossible task to excite.
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Figure 7.3: The maximum imaginary part of the Energy eigenvalue in the whole
lattice for V (x) = cos2xiV1sin4x.
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Figure 7.4: The maximum imaginary part of the Energy eigenvalue in the whole
lattice for V (x) = cos2xiV1sinx.
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Figure 7.5: The dynamic evolution of the optical intensity as the beam propagates
in the z direction(y-axis of plot) under single (a) channel exciation, and (b) under
wide gaussian beam excitation. In the figure we plotted the evolution of the optical
intensity for V4 = 0.15 for the potential.
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Chapter 8

Conclusions and Discussion

In conclusion, we have studied novel classes on non-Hermitian Hamiltonians that

respect PT -symmetry. More specifically we used the notion of Pseudo-Hermiticity

to analytically predict a critical ”line” in the parameter space on which we have

real eigenvalues. We showed that what determines the critical point-condition is the

difference in power of the imaginary and real part of the non-Hermitian potential and

that the real part of the potential is crucial to the existence of such a point-condition.

Finally, we have studied potentials without changing the real part of the potential

and concluded that when the gain and loss is balanced on average in a cell of a lattice

we have a more violent transition in the imaginary part of the propagation constants

and that the faster the oscillations in the imaginary part the higher are the bands that

merge(and have complex conjugate pairs of energy eigenvalues). Since our excitation

beam has finite energy and width, it can excite mostly Floquet-Bloch modes in the

first three bands. Therefore we can construct a wide class of PT-lattices with their

first three bands unbroken for a wide range of gain-loss amplitudes.
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