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Abstract

By exerting mechanical forces, biological cells cause striking spatial patterns of lo-
calised deformation in the surrounding fibrous collagen matrix. Tether-like paths
of high densification and fiber alignment form between cells, and radial hair-like
bands emanate from cell clusters. While tethers may facilitate cell communication,
the mechanism for their formation is unclear. In this study, modeling, numerical
methods and computations are combined to show that tether formation is a densifi-
cation phase transition of the fibrous extracellular matrix, caused by microbuckling
instability of network fibers under compression. The mechanical behaviour of the ex-
tracellular matrix (ECM) caused by cell contraction is modelled and analysed from
a macroscopic perspective employing the theory of nonlinear elasticity for phase
transitions. It is assumed that individual collagen fibers can sustain tension but
buckle and collapse under compression. Averaging over fiber orientations yields a
two-phase bistable strain energy density for fibrous collagen, with a densified sec-
ond phase. Simulated energy-minimizing deformations exhibit strain discontinuities
between the low- and the high-density phase, which localizes within intercellular
tethers and radial emanations from cell clusters, as experimentally observed. The
formation of the localized deformations is due to the fact that the resulting strain
energy function fails to be rank one convex, and essentially equivalent to a multi-well
potential. This failure of rank-one convexity implies a loss of ellipticity of the Euler-
Lagrange PDEs of the corresponding energy functional. For a wide class of similar
problems it is known that there exist oscillatory minimizing sequences with finer



microstructures involving increasing numbers of strain jumps. Similar behaviour is
observed in computed solutions as the mesh size decreases. In order to show that
this mesh dependence is not a numerical artefact, a higher gradient term is added to
the model. This term also introduces an internal length scale, which is an additional
material parameter related to characteristic fiber length, bending stiffness and other
parameters of the fiber network.

To approximate a variational problem involving a non rank-one convex strain-energy
function, regularized by a higher gradient term, a non conforming finine element
method is used. It is shown that a suitable numerical scheme is utilized in the sense
that the numerical approximations indeed converge in the limit to minimisers of
the continuous problem. This is done by employing the theory of Γ-convergence of
the approximate energy minimisation functionals to the continuous model when the
discretisation parameter tends to zero. This is a rather involved task due to the
structure of numerical approximations which are defined in spaces with lower regu-
larity than the space where the minimisers of the continuous variational problem are
sought. Furthermore, when the energy functional contains terms with exponential
growth, additional embedding theorems are required. For this purpose, an embed-
ding has been proved of piecewise polynomial spaces admitting discontinuities in the
gradient, into appropriate Orlicz spaces.
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Chapter 1

Introduction

Increasingly sophisticated mathematical techniques are needed in order to describe

biological phenomena. In this study, the mechanical behaviour of the extracellular

matrix (ECM) caused by cell contraction is modelled and analysed from a macro-

scopic perspective, using the theory of nonlinear elasticity for phase transitions. In

order to approximate solutions of the proposed model we use the finite element

method. In some cases the discretization is not straightforward, then we employ a

combination of continuous and discontinuous Galerkin methods and the convergence

of the numerical scheme is proved. We conclude with computational result, where

the desired properties of the proposed elastic energy function are validated.

Typical biological tissues are composed of cells surrounded by extracellular material,

known as the extracellular matrix (ECM). The fibrous ECM is composed mainly

of a random network of slender polymer fibers, see Figure 1-1. Cells are attached

onto the ECM fibers through proteins known as adhesion molecules. Through these

molecules, cells can detect mechanical alterations to their microenvironment and
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respond accordingly. Recent studies have revealed that apart from chemical cues

the process through which cells are also able to sense their environment is regulated

by force detection [8]. A characteristic example is a special type of cell, namely

fibroblasts, which induce ECM deformation and stress by actively contracting, thus

pulling at the fibers on which they are attached. These tractions can be high enough

to create distinct spatial patterns known as tethers, see [9, 10, 6]. It has been

shown that fibroblasts respond to localized tension by growing protrusion towards

one another, guided by the densely aligned fibers in tethers.

What is the mechanism underlying the formation of these patterns? Many studies

focus on the behaviour of collagen in tension, and argue that alignment and densi-

fication are induced by tensile strain [11], or are due to a stiffening nonlinearity of

the stress-strain behaviour of fibers in tension [12, 13]. At the same time, density

within tethers exceeds the undeformed value by almost an order of magnitude [4, 14];

this implies compressive strains at least twice as large as tensile ones in magnitude.

While cells, by contracting, apply radial tensile forces to the ECM they adhere to,

they also decrease their perimeter, thereby inducing compression in the circumferen-

tial direction [6, 15]. The ECM ligament between two cells, where a tether forms, is

thus under axial tension and transverse compression, but the observed compressive

strains are unexpectedly large [4]. This is suggestive of densification phase transi-

tions. We have shown that such phase transitions naturally arise in a constitutive

model of fibrin as a result of fibers buckling.

According to the theory of nonlinear elasticity, such phase transitions can occur

provided the constitutive law undergoes a failure of strict rank one convexity or the

closely related property of strong ellipticity [7, 16, 17]. This failure implies a loss

of ellipticity of the Euler-Lagrange PDEs of the corresponding energy functional (a
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Figure 1-1: A typical picture of collagen fibers which are the main component of the
extracellular matrix. Taken from [1].

second order quasilinear system), and the possibility of weak solutions of the latter,

involving gradient discontinuities across surfaces that would correspond to phase

boundaries.

In this work, we have constructed a constitutive law by modeling the matrix as a

homogeneous isotropic elastic material equivalent to a uniformly distributed fiber

network. The result of such averaging is a stored energy function with two rank one

connected potential wells, that exhibits phase transitions. This constitutive model

has been extracted by averaging over all orientations a one dimensional strain energy

function characterizing a one dimensional fiber, with the property that it buckles

under compression. This instability of the single fiber response leads to a loss of

rank one convexity and phase transitions in the averaged stored energy function.

The phase transition involves an additional high density phase where the fibers have

collapsed due to microbuckling.

Our numerical solutions exhibit deformation gradient discontinuities corresponding

to localized deformations, with sharp interfaces in the density of the material. Sim-
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ulating the deformations induced in the ECM by two contracting cells, we find that

at a critical value of cell contraction, tethers are formed which connect the cells.

These tethers are caused by phase transition, the material within them is in the high

density phase. These results are similar to the experimental observations of tether

formation between two cells [6], two clusters of cells, [9, 10, 18, 11, 4, 19, 14, 20], and

two active contracting particles [5].

We also find microstructures on the cell periphery which are evidence of oscillatory

minimizing sequences with an increasing number of gradient discontinuities as the

mesh resolution is increased. This is probably the first time this is encountered in

an isotropic material. As in the case for crystals [21, 22], the minimizing sequences

encountered here contain more and more gradient discontinuities forming microstruc-

tures, approximating better and better the infimum which is never attained. It is

likely that the computed microstructures capture finer and finer oscillations along a

minimizing sequence as the mesh resolution is increased. Experimentally, such mi-

crostructures forming in a fibrin matrix have been observed in the scale of multicel-

lular explants by Stopak et. al. [10] and, recently, in the smaller scale of contracting

active hydrogel particles [5].

In order to show that this mesh dependence is not a numerical artifact, we add

a regularization term. Furthermore, in many materials the discontinuities are not

sharp but jump from the one phase to the other gradually and localized deformation

zones can be small with finite size. The finite size means that microstructures have

a length scale and they should not increase infinitely as the minimizing sequences

approach the infimum. For this purpose we have introduced an interfacial energy,

a higher gradient energy, regularizing the constitutive law, [23, 24, 22]. As a con-

sequence the corresponding Euler-Lagrange equations are elliptic. Meanwhile, the

4



introduction of higher order derivative terms demands more sophisticated discretiza-

tion schemes.

To approximate solution of the proposed continuous variational problem we employ

the finite element method. For implementation simplicity and computation perfor-

mance nonconforming finite elements have been used for the regularized problem. A

nonconforming finite element method, is one where the discrete function space is not

a subspace of the continuous vector space. We propose an appropriate modification

of the energy functional, which is motivated by the analysis in [25].

We pose and answer the following question for the regularized problem: for a fixed

h let uh be an ambolute minimizer of the discrete problem, then, if h → 0 does uh

converge to an absolute minimizer of the continuous problem? To answer this ques-

tion first we reformulate the higher order terms of the discrete energy functional in

terms of lifting operators [26, 27]. Then, we prove equi-coercivity of the reformulated

discrete energy Ψh and the Γ−converge of Ψh to the continuous energy functional Ψ.

The proof of the latter step it is easier when the unregularized variational problem

contains terms with polynomial growth. Finally, using discrete Sobolev embeddings

and discrete compactness results, [28, 29, 30], we show the desired convergence re-

sult. Including terms with exponential growth, in order to prove the Γ-convergence

result, extensions of the discrete Sobolev embeddings are needed. For this purpose,

we extend Trudinger’s embedding theorem for Orlicz spaces [31], namely a broken

polynomial embedding into an appropriate Orlicz space is proved. Combining the

above results we show that uh → u in H1(Ω)2, where the function u ∈ H2(Ω)2 is an

absolute minimizer of the continuous problem.

The dissertation contains three more chapters. Chapter 2 contains the essential
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material for the modeling part. We begin with some biological background and what

we would like to model. Then, some preliminaries for phase transitions using the

theory of non-linear elasticity are introduced, like the connections of phase transitions

with strict rank-one convexity of the elastic energy and strict-rank one convexity

with strong ellipticity of the corresponding Euler-Lagrange equations. The main

result of this chapter is given in Section 2.3, where we construct the elastic energy

from an appropriate one-dimensional elastic energy function, assuming that a single

fiber buckles under compression. It is illustrated that the proposed constitutive law

possesess the desired properties. This section is concluded adding a simple form of

an isotropic higher gradient energy which regularizes the total potential energy and

introduces an internal length scale. Next, it is described how one can incorporate

the memory effect to the derived elastic energy function, in order to model the

remaining densified regions after the removal of loads. In the last section some

simple constitutive laws are presented for the response of a cell or a cluster of cells

on the applied forces. Here we depart from common practice and we allow cells or

clusters of cells to deform inhomogeneously under inhomogeneous forces, with the

ability that centers are free to move.

In Chapter 3 we study the convergence of the numerical scheme; some properties

of the continuum problem are shown, a lower bound is proved and the minimiza-

tion problem is stated rigorously. The necessary notation, some standard finite

elements results, the discrete total potential energy and the lifting operators are in-

troduced. Equi-coercivity, the lim inf and the lim sup inequalities are proved for the

discrete energy functional. The latter two inequalities imply the Γ-convergence of

the discrete functional to the corresponding continuous energy functional. From the

Γ−convergence result and a discrete compactness property we deduce the conver-
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gence of the discrete absolute minimizers. The latter convergence result is proved

also when the energy functional contains terms with exponential growth, proving an

embedding of broken polynomial spaces into appropriate Orlicz spaces.

We conclude with Chapter 4 performing numerical simulations. We compute the

deformation of the matrix when embedded circular cavities contract. It is shown that

the buckling instability results in tethers formation between two contracting circular

cavities and the emergence of hair-like microstructures on their periphery under

critical values of contraction. Next, we show the effect of the constitutive law for the

circular cavities, as a result the cavities deform inhomogeneously moving their centers

location, under inhomogeneous forces. Then it is explained how one can modify the

elastic energy in order to fit the computed density jumps to experimental data. As it

is expected, from the assumption of fibers buckling [6], the contraction of the circular

cavities induce long-range mechanosensing as it has been predicted experimentally,

[6]. In the sequel, some results for the regularized problem are illustrated and we show

that the regularization parameter can be considered as an internal length scale. Apart

from the predictions of tethers, hair-like microstructures formation and the property

of long-range mechanosensing, employing the elastic energy with the memory effect

the partially remaining densified regions after unloading, i.e. the circular cavities

recover their initial shape, are predicted too, [11, 32, 14, 5]. Next, we give some

preliminary studies regarding microstructures length, width and their dependence on

the type of the mesh. We end up Chapter 4 with various interesting computations

inspired from experimental results.
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Chapter 2

Modeling
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2.1 Biological background-What would we like to

model?

Figure 2-1: Typical animal’s tissue structure. Taken from [2].

Typical biological tissues are composed of cells surrounded by extracellular material,

known as the extracellular matrix (ECM). A tissue is an ensemble of similar cells

and their extracellular matrix from the same origin that together carry out a specific

function. Organs are a collection of two or more kinds of tissues that work together to

perform a certain function. Part of a typical animal’s organ is illustrated in Figure 2-

1. The epithelium tissue is a layer of cells covering an organ. The epithelium is

supported by the stroma, a loose connective tissue. The stroma consists of fibrous

Extracellular Matrix (ECM), the stromal cells and water with glycoproteins. The

fibrous ECM is composed mainly of a random network of slender polymer fibers.

Collagen and elastin are the primary fibers in the ECM. Every tissue component has

its own mechanical properties (elasticity, plasticity, viscosity, etc.). We focus on the

mechanical properties of the fibrin matrix.
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Figure 2-2: A cell connects to the ECM fibers through the bonds between the ad-
hesion proteins and the ECM ligands. The adhesion proteins are located on the cell
surface. Taken from [3].

Cells are attached onto the ECM fibers through proteins known as adhesion molecules.

The adhesion proteins are located on the cell surface. Bonds between adhesion pro-

teins and the ECM ligands, integrin-fibronectin connection, attach a cell on the

ECM, see Figure 2-2 . Through these molecules, cells can detect mechanical alter-

ations to their microenvironment, and also can deform the surrounding fibers. For

instance fibroblasts typically deform the fibrin matrix by actively contracting. A

characteristic example of cell-matrix mechanics can be found in the pioneer work of

Harris and Stopak, [9, 10]. They placed parts of tissues, i.e. explants, in collagen

matrix, showing dramatic spatial patterns of densification and fiber alignment, lo-

calized within tether-like bands joining cell clusters. Also they have shown radial

hair-like emanations from each cluster of cells, i.e. wrinkles. These tethers and hair-

like deformations emerged only when the explants contained cells with the ability to

contract, e.g. fibroblasts. Later examples of aligned matrix fibers with multicellular

explants can be found in [18, 11, 4, 19, 14, 20], see Figures 2-3 and 2-4b, in the

latter one can see also the hair-like microstructures. Furthermore, it has been shown
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that the phenomenon of tethers formation is reversible for crosslinked collagenous

networks, [11]. On the other hand, in uncrosslinked networks, when the loads are

removed part of the densified regions remain, [11, 32, 14, 5]. An example of this

behavior can be seen in Figure 2-4.

Tethers were recently observed between individual cells [6] as well. The displacement

or the stress fields of ECM can serve as signals to cells, thus enabling intercellular

communication. For example, in the case of fibroblast contraction, tethers are formed

which connect the cells. It has been shown that cells respond to localized tension

by growing protrusions towards one another, guided by the dense aligned fibers in

tethers [6]. The ability of cells to sense such fields is known as mechanosensing

Mechanosensing is the process through which cells sense stiffness, deformation, forces,

or stress of the surrounding extracellular matrix. It has been shown [6, 15] that the

special nonlinear mechanical behavior of the fibrin matrix due to microbuckling of

fibers causes long range mechanosensing. This range is longer than the correspond-

ing one provided by the linear elasticity theory. The aforementioned findings are in

better agreement with experimental observations compared to those which could be

predicted by linear elasticity. In addition, under uniaxial compression the special

nonlinearity, due to the microbuckling instability, results in localized deformation in

larger scale networks, [33], as well as in fibrin, [34]. In both cases the localized de-

formations correspond to bands of intense compressive deformation and high density

alternating with bands of normal density and low compressive strain.

To conclude, we would like to develop a macroscopic model which captures the for-

mation of tethers and the hair-like microstructures under loading, with the property

of long-range mechanosensing. Furthermore, we would like to model the residual
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(a) (b)

Figure 2-3: Long-range gel deformation by contractile acini (Source: [4]). The matrix
before, (a), and after contraction, (b). A tether connects the two clusters. The tether
contains aligned and densely packed matrix fibers. It is noteworthy the compression
in the transverse direction of the densified tract. The grid is generated by patterned
photo-activation of a collagen binding protein.

tethers, which occur under unloading. As it will be clear in the sequel, we employ

the theory of non-linear elasticity to model the aforementioned phenomena.
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(a) (b) (c)

Figure 2-4: Contracting active particles deform a network of collagen fibers, taken
from [5]. In (a) is depicted the undeformed configuration, i.e. before contraction,
with temperature 26◦C. (b): The active particles contract upon heating to 39◦C,
causing densified tether and hair-like microstructures to appear. (c): Cooling back
to 26◦C contraction is reversed, then part of the tether remains.
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Figure 2-5: Cells apply tensile force to the fibrin matrix, 5, 6 and 7 hours after they
have been seeded. Tethers are formed connecting the cells, white regions indicate
high density of fibers. The cells spread along these tethers. Source: [6].
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Figure 2-6: A material point with position vector x is mapped to a point of the
deformed configuration with position vector y.

2.2 Preliminaries of nonlinear elasticity for plane

deformations

In this section certain definitions and results are presented from the theory of non-

linear elasticity. We begin with some basic notions of continuum mechanics, for

a more comprehensive presentation see [35, 36, 37, 38]. We seek solutions to the

balance equation with discontinuous gradients. For this purpose the definitions of

Ellipticity and of strong Ellipticity are given. Next, the rank-one convexity and the

strict rank-one convexity are introduced and their connection with Ellipticity and

strong Ellipticity is discussed. We conclude with conditions for phase transitions

(gradient discontinuities) and with pointwise conditions for strong Ellipticity.
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2.2.1 Preliminaries on finite elastostatics

Let Ω be a two dimensional region, i.e. an open connected set of the two dimensional

euclidean space E , which is occupied by the interior of a body in the undeformed

configuration. Points in Ω are called material points, each material point corresponds

to a position vector x. The body is deformed by a smooth and invertible mapping

for each material point, i.e.

y = f(x) = x+ u(x), ∀x ∈ Ω, (2.2.1)

which maps Ω onto a domain Ω∗, y is the position vector of a point in the deformed

or current configuration, see Figure 2-6. The quantity u(x) denotes the displacement

vector of the material point x. The deformation gradient of the mapping (2.2.1) is

denoted by F = F (x), its ij component is

Fij = fi,j = δij + ui,j, 1 ≤ i, j ≤ 2 (2.2.2)

where δij denotes the Kronecker delta, also subscripts preceded by a comma indi-

cate partial differentiation with respect to the corresponding coordinate, e.g. fi,j =

∂fi/∂xj. The deformation gradient characterizes all geometric changes in the neigh-

borhood of a material point, e.g. given an infinitesimally small line, its length trans-

formation, orientation and angle, and also changes of area in the neighborhood of the

point. The requirement that the mapping is one-to-one ensures that the body does

not penetrate itself, which implies that the Jacobian determinant of the mapping

J = detF obey J > 0.

Let T denote the Cauchy stress-tensor field. Then T , is the field of contact forces
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which corresponds to the deformed configuration Ω∗. In the absence of body forces

the equilibrium equations imply

Tij,j = 0 and Tij = Tji on Ω∗. (2.2.3)

Formulating the mechanical principles in the reference configuration we obtain the

Piola-Kirchhoff stress tensor S. The Piola-Kirchhoff is related to the Cauchy stress

tensor T as follows

S = JTF−T (2.2.4)

Then the balance equations (2.2.3) imply

Sij,j = 0 and SikFjk = FikSjk on Ω. (2.2.5)

It is assumed that the body under consideration is elastic and possesses a constitutive

law, i.e. an elastic energy W . The elastic energy is known also as strain energy

density function. The elastic energy is the constitutive relation between strain and

stress and characterizes the material properties. Let the body be homogeneous, then

W is a function of the deformation gradient F . In the following we will use the

notation

W (∇u) = W̃ (1 +∇u), (2.2.6)

where 1 is the identity tensor. The strain energy density function is related to the
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Piola-Kirchhoff stress tensor by

S =
dW̃ (F )

dF
or Sij =

∂W̃ (F )

∂Fij
. (2.2.7)

Substituting (2.2.7) into (2.2.5) and using the chain rule yields

∂Sij
∂xj

=
∂

∂xj

∂W̃ (F )

∂Fij
=
∂2W̃ (F )

∂Fkl∂Fij

∂Fkl
∂xj

= 0. (2.2.8)

Letting cijkl = ∂2W̃ (F )/∂Fkl∂Fij we obtain from (2.2.2) the displacement equation

of equilibrium

cijkl(F (x))uk,lj(x) = 0, for all x ∈ Ω. (2.2.9)

The displacement equation of equilibrium (2.2.9), can be considered as the Euler-

Lagrange system of equations associated to the energy functional

Ψ[u] =

∫
Ω

W (∇u)dx =

∫
Ω

W̃ (1 +∇u)dx. (2.2.10)

Next we define the plane deformation invariants, which are defined by:

I1 = I1(F ) = tr(F TF ) = λ2
1 + λ2

2, J = J(F ) = detF = λ1λ2, (2.2.11)

where λ1 > 0, λ2 > 0 are the principal stretches, which equal the square roots of the

eigenvalues of the right Cauchy-Green tensor C, with C = F TF . The eigenvalues

of right Cauchy-Green tensor are computed from the characteristic equation

det (C − µ1) = 0 (2.2.12)
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where 1 is the identity tensor. From (2.2.12) the characteristic polynomial can be

written in terms of the principal invariants I1 and J , thus the eigenvalues are the

solutions of the quadratic equation

µ2 − I1µ+ J2 = 0. (2.2.13)

Therefore, the principal stretches can be derived from I1 and J as

λmax =

√
I1 +

√
I2

1 − 4J2

2
and λmin =

√
I1 −

√
I2

1 − 4J2

2
. (2.2.14)

where λmax, λmin denote the maximum, minimum principal stretches respectively.

Note that by definition it holds λmax ≥ λmin.

We conclude with the definition of an isotropic elastic energy. The strain energy

function is isotropic if and only if it can be written in terms of the principal invariants,

i.e.

W (F ) = W̄ (I1, J) = Ŵ (λ1, λ2) (2.2.15)

where the last equality is a direct consequence of (2.2.14).

2.2.2 Ellipticity and strong Ellipticity

The notions of ellipticity and strong ellipticity of the quasilinear fourth order system

of partial differential equations in (2.2.9) are crucial for solutions exhibiting loss of

smoothness. We are interested in solutions that possess finite jump discontinuities

in the gradient of the displacement, with continuous displacement. As it will be
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clearer later, these jumps correspond to density jumps of the material under some

critical strains. We begin with the definitions of Ellipticity and strong Ellipticity

and their connection with finite jump discontinuities with the second gradient of

the displacement. In the work of Knowles and Sternberg [39], these notions are

defined in the three dimensional space. For completeness their approach is adopted

for a two dimensional domain, as a result discontinuities can appear across certain

curves.

Let γ : [0, 1]→ Ω be a C2 curve and p a fixed point on γ. Then, there exist s ∈ [0, 1]

such that p = γ(s). Also, assume that γ is not singular in a neighborhood of p, i.e.

is one-to-one in this neighborhood. The unit target vector of γ is defined by

t(s) =
γ ′(s)

|γ ′(s)|
. (2.2.16)

The principal normal vector n(s) of γ(s), is the unit vector at the point p obtained

rotating t(s) anticlockwise by π/2. The vectors t(s) and n(s) define an orthonormal

basis and every position vector x can be expressed as

x = ξt(s) + ζn(s). (2.2.17)

Then

ξ = h(x) = x · t(s) and ζ = g(x) = x · n(s) (2.2.18)

Next, let u ∈ C1(Ω)2 be a solution of (2.2.9) with piecewise continuous partial

derivatives of second order. We can write u(x) = û(ξ, ζ), then differentiating u
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with respect to xj, from (2.2.18) and the chain rule we obtain

uk,j =
∂ûk
∂ξ

h,j +
∂ûk
∂ζ

g,j =
∂ûk
∂ξ

tj(s) +
∂ûk
∂ζ

nj(s). (2.2.19)

Differentiating again with respect to xl we have

uk,jl =
∂2ûk
∂ξ2

tl(s)tj(s) +
∂2ûk
∂ζ∂ξ

nl(s)tj(s) +
∂2ûk
∂ξ∂ζ

tl(s)nj(s)

+
∂2ûk
∂ζ2

nl(s)nj(s).

(2.2.20)

We have assumed that u ∈ C1(Ω)2, in addition let’s assume that in a neighborhood

of p the second partial derivatives of û are continuous except for the quantity ∂2û
∂ζ2

(the normal direction) which is possibly piecewise continuous. This means that, uk,jl

has at most a finite jump of discontinuity. Then from (2.2.20) we obtain

Juk,jlK =

s
∂2ûk
∂ζ2

{
nl(s)nj(s). (2.2.21)

where J·K is the jump operator across γ, i.e. for a function f the jump1 across γ

is

JfK = f+ − f−.

Then the balance equation (2.2.9) implies

cijkl(F )

s
∂2ûk
∂ζ2

{
nl(s)nj(s) = 0, (2.2.22)

recall that the summation convention is used. Defining the acoustic tensor Q as
1To denote functions that are evaluated at the curve, but approaching the curve from opposite

sides the superscripts ’+’ and ’−’ are used.
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Qik = cijkl(F )nlnj, equation (2.2.22) becomes

Qik

s
∂2ûk
∂ζ2

{
= 0, (2.2.23)

which can be viewed as two linear algebraic equations for the jumps ∂2ûk/∂ζ
2. Note

that if the determinant of the acoustic tensor Q is nonzero then the jump at the

material point p should vanish, which means it is twice continuous differentiable

across n, the only possible direction of discontinuity, thus u ∈ C2(Ω)2. To summarize

the aforementioned observations the definition of ellipticity is introduced.

Definition 2.2.1 (Ellipticity). The quasi-linear system of partial differential equa-

tions in (2.2.9) is said to be elliptic at the solution u and at the material point with

position vector x if and only if

det [cijkl(F (x))nlnj] 6= 0, (2.2.24)

for every unit vector n. We will call (2.2.9) elliptic if (2.2.24) holds for all x ∈ Ω.

Next the stricter notion of strong ellipticity is introduced.

Definition 2.2.2 (Strong Ellipticity). The partial differential equations in (2.2.9)

will be called strong elliptic at the solution u and in x, if

cijkl(F (x))nlnjmimk > 0 (2.2.25)

for every pair of unit vector m, n.

So far we have seen that solutions of the equilibrium equations (2.2.9) are smooth if

and only if the elastic energyW satisfies equation (2.2.24). Then, twice differentiable

solutions are ensured. However, for (weak) solutions that lose smoothness in the
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first derivative across a curve, i.e. exhibit strain discontinuities, as it is described in

more detail in the next section, strong ellipticity is a necessary condition [7], and is

closely related to the strict rank-one convexity of the elastic energy function which

is a sufficient and necessary property, [40], for solutions with deformation gradient

discontinuities.

2.2.3 Phase transitions: deformations with discontinuous de-

formation gradient.

We are interested in weak solutions of the displacement equations of equilibrium

(2.2.9) with continuous displacement vectors and discontinuous displacement gradi-

ents. We start with the preliminary remark, see also [16, 40], let γ be a line on R2

with equation x · n = c and consider a piecewise homogeneous plane deformations

of the form

u(x) =

 Ax+ a, if x · n > c,

Bx+ b, if x · n < c,

(2.2.26)

where a, b ∈ R2 are constant vectors and A,B ∈ R2×2 are constant tensors, with

detA > 0, detB > 0. Then, such a deformation exists with continuous displace-

ments and discontinuous deformation gradients if and only if A and B are rank one

connected, specifically

A−B = d⊗ n, (2.2.27)

for some d ∈ R2.

The smoothness of the solutions is related to some generalized notions of convexity
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for the elastic energy function. For this purpose we introduce the definitions of

rank-one convex and strict rank-one convex functions. More details can be found in

[41, 42].

Definition 2.2.3 (Rank-one and strict rank-one convexity). A function g : R2×2 →

R
⋃
{+∞} is called rank-one convex if the function φ : R→ R

⋃
{+∞} defined by

φ(t) = g(F + tb⊗ c) (2.2.28)

is convex for all t ∈ R, where F ∈ R2×2, b, c ∈ R2, and the operator ⊗ denotes the

tensor product, i.e. (b⊗ c)ij = bicj.

Let b⊗ c 6= 0, if φ(·) is strictly convex then g is called strictly rank-one convex.

Let us assume that from now on the elastic energy W is twice differentiable. Then,

the rank-one convexity of the elastic energy is equivalent to the ellipticity of the

Euler-Lagrange system of equations associated with the energy functional of (2.2.10),

see [41, 42], which means that solutions of the balance equation are twice differen-

tiable if and only if the elastic energy is rank-one convex. Similarly one can expect

that strong ellipticity is related to the strict rank-one convexity of the elastic energy.

For this purpose, as in Definition 2.2.3 let

φ(t) = W̃ (F + tb⊗ c), t ∈ R. (2.2.29)

Then, strong ellipticity implies φ′′(t) > 0 for all t ∈ R, i.e. φ is strictly convex, which

means W̃ is strictly rank-one convex. On the contrary, strict rank-one convexity

does not imply strong ellipticity. The latter is a result of the fact that φ′′(t) > 0 is

sufficient but not necessary condition for the strict-convexity of φ , take for example

the function φ(t) = t4 which is strictly-convex with φ′′(0) = 0. See also the example
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given in [43]. But how is the strict rank-one convexity related to solutions that

exhibit gradient discontinuities?

The strict rank-one convexity plays a major role in the existence of solutions with

discontinuous gradient. In [16] Knowles and Sternberg studied elastostatic fields

with discontinuous deformation gradients in plane deformations. They showed that

deformations with continuous displacement and discontinuous gradient imply the

failure of strong ellipticity. Where we can deduce that if strong ellipticity holds then

weak solutions of the displacement equations of equilibrium are C1(Ω). Latter Ball

[40] showed, for the more general case of Ω ⊂ Rn, that the strict one-convexity is a

necessary and sufficient condition for C1(Ω) solutions.

Unfortunately, since the notion of strict rank-one convexity is not a pointwise condi-

tion, it is hard to verify if a given elastic energy is strict rank-one convex and under

which stretches solutions with discontinuous gradients exist. Alternatively, one can

have indications of strain discontinuities using strong ellipticity conditions. For plane

deformations Knowles and Sternberg proved in [7] necessary and sufficient conditions

for strong ellipticity in the case of isotropic elastic materials. They involve princi-

pal stretches and derivatives of the strain energy function with respect to principal

stretches. Adopting partially their notation let Ŵ (λ1, λ2) = W̃ (F ) and

Wi =
∂Ŵ

∂λi
, Wij =

∂2Ŵ

∂λi∂λj
, i, j = 1, 2. (2.2.30)

Defining

B(λ1, λ2) =


1

λ21−λ22

(
λ1W1(λ1, λ2)− λ2W2(λ1, λ2)

)
, if λ1 6= λ2

1
2

(
W11(λ, λ)−W12(λ, λ) + 1

λ
W1(λ, λ)

)
otherwise,
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then strong ellipticity, of the corresponding equilibrium equation, holds iff the local

principal stretches satisfy the following inequalities:

• If λ1 6= λ2:
W11 > 0, W22 > 0, B > 0,

1

2

[
W11W22 −

(
W12 +

W1 −W2

λ1 − λ2

)
(
W12 −

W1 +W2

λ1 + λ2

)]
> −B

√
W11W22,

(2.2.31)

• Otherwise, i.e. λ1 = λ2:

W11 > 0, B > 0. (2.2.32)

Necessary and sufficient conditions for strong ellipticity for isotropic materials in

more dimensions can be found in [44].

2.3 Constitutive Model of the ECM using Phase

transitions in Nonlinear Elasticity Theory

It is by now recognized [6, 15, 33] that the fibrin ECM is a special material whose

characteristics are very different from those of a linear elastic homogeneous solid.

Fibrin is a network of polymer fibers. Experiments [33, 34] have revealed a phase

transition between denser and looser matrix regions. We hypothesize that phase

transitions occur because of a buckling instability of individual fibers. According

to the theory of nonlinear elasticity, such phase transitions can occur provided the

constitutive law undergoes a failure of strong ellipticity [7, 40, 16, 17], a property
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closely related to strict rank-one convexity of the stored energy function. This failure

implies a loss of ellipticity of the Euler-Lagrange PDEs of the corresponding energy

functional (a second order quasilinear system), and the possibility of weak solutions

of the latter, involving gradient discontinuities across surfaces that would correspond

to phase boundaries.

The compressive behavior of fiber networks has been studied in the larger scale of

open cell foams, see Lakes et al.[33]. This theory has been used recently for the

compressive behavior of fibrin networks, [34]. In these studies, material instabilities

have emerged under uniaxial compression, with density jumps with discontinuous

compressive strains. In both cases the material instabilities arise from a special

nonlinearity in individual fibers. The fundamental ingredient is the non-monotonic

microscopic stress-strain response. In one dimensional elastic bars, as it has been

shown from Ericksen in a seminal paper [45], the non-monotonic stress-stretch curve

is a key feature for phase transitions. We assume that the spatial patterns of den-

sification and fiber alignment of the ECM, induced by cells contraction, see Section

2.1, is a result of fibers buckling under compression.

We have constructed a two dimensional constitutive law arising from the one di-

mensional stress-stretch response of a single fiber. It is assumed that the matrix is

a homogeneous isotropic elastic material equivalent to a uniformly distributed fiber

network. The buckling instability of individual fibers in compression is considered

to be a consequence of the non-monotonic stress-strain curve of a single fiber. We

propose the following non-monotonic one dimensional stress response:

S(λ) = k(λ5 − λ3) (2.3.1)
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Figure 2-7: The proposed one dimensional stress-stretch response, assuming that
fibers are weaker in compression than in tension. Force = k(λ5−λ3), where λ is the
stretch ratio, we have set k = 1.

where k > 0 is a constant and λ is the stretch ratio, see Figure 2-7. Integrating over

λ, the single fiber response is characterized by the one dimensional strain energy

function

W̄ (λ) = k

(
λ6

6
− λ4

4
+

1

12

)
. (2.3.2)

To extract the two dimensional constitutive law, let {e1, e2} be an orthonormal basis

in the undeformed configuration and λ1, λ2 the associated principal stretches of the

deformation. From isotropy the strain density function can be written as a function

of the principal stretches, Ŵ (λ1, λ2). Let a single fiber exist on the plane with angle

θ from the axis e1, then equation (2.3.2) can be rewritten in terms of λ1, λ2, i.e.

λ =
√

(λ1cosθ)2 + (λ2sinθ)2 (2.3.3)

From the uniform distributed fiber network assumption, using the one dimensional
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strain energy density function for a single fiber as an input, equation (2.3.2), we

average it over all possible fiber directions. Then using (2.3.3), the resulted stored

energy function of the body is obtained by the following quantity:

Ŵ (λ1, λ2) =
1

2π

∫ 2π

0

W̄
(√

(λ1 cos θ)2 + (λ2 sin θ)2
)
dθ (2.3.4)

Following the above procedure the resulted two dimensional stored energy function

can be rewritten in terms of the deformation gradient tensor, having the form

W (∇u) = W̃ (F ) =
1

96
(5I3

1 − 12I1J
2 − 9I2

1 + 12J2 + 8), (2.3.5)

where we have set k = 12: recall that u denotes the displacement vector, F =

1 + ∇u the deformation gradient tensor, J = detF is the Jacobian determinant

of the mapping, I1 = trF TF is the first principal invariant. The terms (5I3
1 −

12I1J
2)/96, (−9I2

1 + 12J2)/96 and 8/96 are derived from the terms λ6/6, −λ4/4 and

1/4 respectively. More details of these derivations can be seen in section A.

To exclude deformations with interpenetration of matter, i.e. J < 0, a penalty

function Φ is added in (2.3.5), with the form:

Φ(∇u) = Φ̃(F ) = cee
a(b−J), a, b, ce > 0. (2.3.6)

Notice that Φ is a polyconvex function, because it is a convex function of J , with the

property that Φ → 0 as J → +∞. Bigger values for the variable a result in higher

penalization with steepest slopes, producing sharper response, while smaller values

of a result in smoother response with lower penalization. The variable b determines
2From now on to alleviate the notation we will assume that k = 1
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(a) (b)

Figure 2-8: In the event of uni-axial tension or compression along the basis vector
e2, with a constant principal stretch λ1 = 1, along the basis vector e1. (a): The
stress-stretch curve (blue line), in the event of uniaxial compression, i.e. S1(λ) =
∂Ŵf (1, λ)/∂λ. The Maxwell stress, σ0, is the load level (red dashed line) such that
the left hatched area is equal to the right hatched area. The areas lie between
the stress-stretch curve and the red dashed line. (b): The associated strain energy
density, Ŵf (1, λ) (blue line) and the derivative (red line) which intersects the strain
energy curve at the points λm, λM .

which values of volume ratio contribute to the strain energy. When the volume ratio

is bigger (smaller) than b the penalty term is reduced (increased) exponentially.

Consequently, the final proposed strain energy function has the form:

W̃f (F ) = W̃ (F ) + Φ̃(F ). (2.3.7)

From the isotropy of the energy functions (2.3.5) and (2.3.6) we can write Ŵf (λ1, λ2) =

W̃f (F ).

Now let’s set the following values to a, b and ce of the above equation:

a = 100, b = 0.01, ce = 2 (2.3.8)
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Then, to ensure that the constructed constitutive law of (2.3.7) adopt the aforemen-

tioned properties, first we study the material response under uniaxial strain. We

denote again by {e1, e2} an orthonormal basis and by λ1, λ2 the associated principal

stretches. For some fixed values of λ1, in the event of uni-axial tension or com-

pression along the axis e2 the constructed strain energy produces a non-monotonic

stress-stretch curve. For instance, letting λ1 = 1 the stress-stretch curve and the cor-

responding strain energy response are illustrated in Figure 2-8. The non-monotonic

stretch-stress response implies that there exist deformations where different strains

correspond to the same stress. Assume that the material undergoes deformations

which minimize the total potential energy and the deformation satisfies some bound-

ary conditions, then the stress satisfies the Maxwell relation, [45, 46, 47, 48]. In

one dimension the Maxwell relation implies that there exists a stress which cuts the

rising-falling-rising part of the stress-strain curve into two loops with equal area, σ0

in Figure 2-8a. The stress σ0 is called Maxwell stress and corresponds to the Maxwell

strains λm, λM . This means that there exist deformations with strain jump λM−λm.

Therefore, for a fixed stretch along the axis e1 one can compute the Maxwell strains

λm, λM . For the constitutive law in (2.3.7), varying λ1 from 1 to 1.4 with step 0.01

the Maxwell strains are illustrated in Figure 2-9. From these jumps one can have an

a priori estimate for the density discontinuities. Some examples can be found in the

chapter of computational results.

Next we show that the Euler Lagrange equations that correspond to the energy

functional of (2.3.7), i.e.

Ψ[u] =

∫
Ω

W (∇u) + Φ(∇u) (2.3.9)

suffer a loss of strong ellipticity. Recall from Section 2.2.3 that Knowles and Stern-
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Figure 2-9: For a given strain over the axis e1 one can compute the Maxwell strains
for a uniaxial strain over axis e2. for instance when λ1 = 1 see λm and λM of Figure
2-8. We compute λm and λM when λ1 = 1, 1.01, 1.02, ...., 1.38, 1.39, 1.4. In both
figures, the horizontal axes represent λ1. The vertical axes in (a) and (b) illustrate
λm and λM respectively.

berg in [7] gave necessary and sufficient conditions for strong ellipticity with respect

to the principal stretches. Applying the Knowles-Sternberg conditions, see equations

(2.2.31) and (2.2.32), to the proposed potential the failure of strong ellipticity is illus-

trated in Figure 2-10. From the aforementioned analysis we deduce that equilibrium

deformations with discontinuous gradient are allowed, which means that the pro-

posed strain energy function fails to be strict rank-one convex. The aforementioned

findings are also expected from the fact that strain energy Ŵf (λ1, λ2) = W̃f (F ) is a

multiwell potential modulo a Null Lagrangian, Figure 2-11.

For certain strain energy functions of this category it is known that no minimum

exists, but when ellipticity fails there are sequences of minimizers with an increasing

number of stain discontinuities and bands in alternating phases that approach an

energy infimum [21, 49]. In order to regularize the problem a selection mechanism is

used that adds higher gradient contributions to the energy functional. Given ε > 0
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Figure 2-10: Fail (white region) of strong ellipticity for the given potential of equation
(2.3.7) using Knowles-Sternberg conditions [7]. Axes represent principal stretches.

(a) (b)

Figure 2-11: The proposed strain energy is a multiwell potential modulo a Null
Lagrangian. Level curves (black) and local minima (red dots) of various energy
density functions in the (λ1, λ2)-plane. The contour plots of Ŵf (λ1, λ2), (a), and of
Ŵf (λ1, λ2)− 0.15(λ1λ2 − 1).
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the gradient energy functional has the form

ε2

2

∫
Ω

|∇∇u(x)|2dx, (2.3.10)

which is an isotropic gradient energy. These types of energies are called interfacial

energies, because phase transitions are penalized. Now gradient discontinuities are

prohibited, otherwise the term (2.3.10) becomes +∞. Therefore, gradient transitions

must have some smoothness which is controlled by ε. For a mathematical analysis

for these types of energies see [22]. The introduction of this interfacial energy is

not artificial, but can be derived by a discrete network with characteristic length ε,

[23, 24]. Consequently, the characteristic length can be viewed as a natural length

scale into the continuum model.

To conclude we propose the following total potential energy to model the response

of the fibrin ECM

Ψ[u] =

∫
Ω

W (∇u(x)) + Φ(u(x))dx+
ε2

2

∫
Ω

|∇∇u(x)|2dx, (2.3.11)

where x ∈ Ω ⊂ R2, Ω is the reference region, an open connected set, occupied by

the ECM, W (·) is the elastic energy derived from the one dimensional response of a

single fiber, Φ(·) is a term penalizing interpenetration of matter and the last term,

involving second gradients, is a regularization term that ensures the ellipticity of the

corresponding Euler-Lagrange equations of (2.3.11).
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2.4 Including the Memory Effect

So far we have presented a theory to explain the localized deformations of the ECM

under cells contraction. It has been shown that the phenomenon of tethers formation

is reversible for crosslinked collagenous networks, [11], after unloading, i.e. when the

contractile cells revert to the initial shape. In uncrosslinked networks, when the

loads are removed part of the densified regions remain, [11, 32, 14, 5]. In the recent

study of Ban et. al. experiments with contractile acini cells and fibroblasts have

been conducted and they attribute the behavior of the residual densified regions to

a plasticity effect.

Similar experimental results have been appeared in [5], where active hydrogel parti-

cles embedded in a fibrin matrix deform the matrix under contracting. The hydrogel

particles reduce their radius approximately to 50%, when the temperature of their

microenvironment is altered from 26◦C to 39◦C. Then, tethers are formed between

the particles, but also hair-like densified bands (microstructures) emerge in the ra-

dial direction of each particle. Restoring the initial temperature of 26◦C, particles

contraction is reversed. Then the densified tracts between two contracting particles

remain partially; the tracts are thinner and less prominent. On the contrary, the

hair-like microstructures, i.e. bands in the radial direction, of each particle disap-

pear. Therefore, we believe that this behavior is not attributed to plasticity but it

behaves closer to an elastic material with memory, analogously to some austenite-

martensite transitions where phase mixtures persist after loads are removed [50].

Various factors may contribute to this, such as adhesion of fibers that come into

contact due to densification, crosslinking, van der Waals, or other noncovalent types

of attraction [32].
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Figure 2-12: (a): The proposed one dimensional stress-stretch response including the
memory effect, Force = λ5 − (am + 1)λ3 + amλ, where λ is the stretch ratio and
we have set am = 0.5. (b): The corresponding one dimensional elastic energy, i.e.
Energy =λ6−1

6
− (am+1)λ4−(am+1)

4
+ amλ2−am

2
.

We model the aforementioned memory effect assuming that when the stretch λ of

a single fiber is close to zero then the end points attract each other and they can

create a bond connecting them. This means that the fiber collapse is energetically

favorable for small stretches λ. Consequently, we have to create a one dimensional

two well potential with a new minimum corresponding to the collapsed fiber state.

This can be done adding an extra term in the proposed one dimensional stress-stretch

response of equation (2.3.1). Specifically the one dimensional stress-stretch response

has the form

S(λ) = λ5 − (am + 1)λ3 + amλ (2.4.1)

where am is a parameter that one can adjust the minimum value of the collapsed

state. In Figure 2-12 the stress-stretch response and the resulted one dimensional

strain energy function are depicted as am = 0.5. Lower, higher values of am render

the collapsed states to be less, more energetically preferable respectively.
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The two dimensional constitutive law is extracted as before, see (2.3.4), averaging

the fiber response over all possible directions. Expressing the elastic energy function

with respect to the plane deformation invariants, we obtain:

W̃ (F ) =
1

96
(5I3

1 − 12I1J
2 − (1 + am)(9I2

1 − 12J2) + 24amI1 + 8). (2.4.2)

To avoid interpenetration of matter we add the penalty term Φ̃(J) = e80(0.22−J), and

the final elastic energy function W̃f has the form

W̃f (F ) = W̃ (F ) + e80(0.22−J) (2.4.3)

As it can be seen in Figure 2-13a W̃f is a multi-well potential. Also, from the Knowles-

Sternberg conditions, see Section 2.2.3, the strong ellipticity of the corresponding

Euler Lagrange equations fails under some critical strains, white region of Figure 2-

13b.
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(a) (b)

Figure 2-13: Studying the strain energy function of equation (2.4.3) when am = 0.5
in (2.4.2). Axes correspond to the principal stretches. A red dot indicates local
minimum location. (a) The contour plot of the strain energy function. (b) White
regions indicate stretches that strong ellipticity fails.
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Figure 2-14: A rectangular domain Ω containing circular cavities. The ECM occupies
the colored region Ω. Cells are modeled by the circular cavities. Cells’ radius can
vary.

2.5 Simple Models for cell or cluster of cells Me-

chanical Response

The homogeneous fibrin matrix, described by the proposed constitutive law in the

domain Ω, is deformed by the contraction of embedded cells. To model contractile

cells and clusters of cells we let Ω contain circular cavities, Figure 2-14. The ith cavity

has radius ri, i = {1, 2, ..., n}. The simplest way to model contraction is by imposing

boundary conditions to the corresponding circle. For instance, a homogeneous con-

traction corresponds to a radial contractile displacement of magnitude ri− r′i, where

r′i is the radius of the deformed cavity. In view of the fact that cells deform inho-

mogeneously under inhomogeneous tension, we assume that every cavity’s boundary

is connected with ECM through linear springs, see Figure 2-15a. Therefore, using

Hooke’s law, the potential of the forces applied by the cells is given as the sum over

i of the following surface integrals

G[u] =
κ

2

n∑
i=1

∫
Γi

(u(x)− gi(x)) · (u(x)− gi(x))ds, (2.5.1)
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(a)
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Figure 2-15: Modeling the mechanical response of a cell or a cluster of cells. The
boundary of the contracting cavity, (a), and the center of mass of the cavity, (b), are
connected with ECM through linear springs.

where κ is the stiffness constant factor characteristic of the spring, Γi is the boundary

of the ith cavity. The vector function gi(x) is the corresponding displacement vector,

i.e.

gi(x) = (ri − r′i)x− z̄i, for x ∈ Γi, (2.5.2)

where z̄i is the ith undeformed cavity’s center location, more details can be seen in

Figure 2-16.

It is expected that higher tension between cells will not only result in their inhomo-

geneous deformation but will affect their center position too. To account cells center
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Figure 2-16: A circular cell with radius ri is attached to the matrix, grey area. When
the cell contracts homogeneously, then it occupies the area of the dashed circle with
radius r′i. For a given x on the undeformed cell boundary, bold circle, gi(x) denotes
the radial displacement vector, i.e. blue arrows, where ‖gi(x)‖ = ri − r′i.

movement the potential of the forces applied by the cells is modified to

G[u;D] =
κ

2

n∑
i=1

∫
Γi

(u(x)− gi(x)− di) · (u(x)− gi(x)− di)ds (2.5.3)

where di is the center displacement vector of the ith cell center and D ∈ R2×n

contains the center displacement vectors, i.e. D = {d1, · · · ,dn}.

Note that if one assumes that every cell responds to the applied forces as a linear

spring, Figure 2-15b, then the previous energy functional has to be modified as

follows

G[u;D] =
κ

2

n∑
i=1

∫
Γi

(|u(x) + x− (ci + di)| − (ri − r′i))
2
ds, (2.5.4)

where ci is the center location of the i−th cell. Later, in the section of computational

experiments, simulation for both responses will be presented.
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The energy functionals corresponding to the cell response contribute to the total

potential energy. For example, accounting cell response and cell movement the total

potential energy becomes

Ψ[u;D] =

∫
Ω

W (∇u(x)) + Φ(u(x))dx+
ε2

2

∫
Ω

|∇∇u(x)|2dx+G[u;D], (2.5.5)

We can consider that each cavity can represent not only a single cell but also clusters

of cells, such as explants [9, 10] or acini [4, 14]. Furthermore, a cavity can model active

particles, like contracting active hydrogel particles [51, 52]. For every case different

values of κ are more suitable, for instance, for active particles an almost homogeneous

contraction is observed which means higher values of κ should be used.
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Chapter 3

Analysis of the Numerical

Methods

3.1 Introduction

In the previous chapter we have proposed strain energy functions, to model the

fibrin matrix of the ECM, that fail to be strict rank-one convex. Now, we would

like to approximate a variational problem involving these non strict rank-one convex

strain energy functions, regularized by a higher order term. Consider the problem of

minimizing the total potential energy

Ψ[u] =

∫
Ω

W (∇u(x)) +
ε2

2
|∇∇u(x)|2 + Φ(∇u(x))dx, (3.1.1)

with u ∈ H2(Ω)2 and u satisfies some appropriate boundary conditions, Φ is a

function that penalizes the interpenetration of matter and ε > 0 is a fixed real
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number. To approximate minimizers of (3.1.1) one can use comforting finite elements,

i.e. the discrete function space is a subspace of H2(Ω)2. Elements of this type

require C1 continuity across elements interfaces, e.g. Argyris element [53]. The

main drawback of these discrete spaces is the high computational cost under the

minimization process. Also, implementation is much more complicated than the C0

elements.

We use a non conforming finite element approach. For the discretization of the total

potential energy (3.1.1) a combination of Continuous and Discontinuous Galerkin

methods is used, as it is described in [25]. These methods are known as C0-interior

penalty methods, [54]. Specifically, it is used the usual Symmetric Interior Penalty

[55]. The discrete function space1 Aq
h(Ω) is a subspace of H1(Ω)2. Then one can ask;

Is the discretization suitable?

Here we study the convergence of discrete almost2 absolute minimizers. Otherwise,

we can assume the existence of discrete absolute minimizers without affecting any

of the following results. Specifically, let (uh) be a sequence of almost absolute mini-

mizers for the discretized energy functional Ψh, namely

Ψh[uh] = inf
wh∈Aqh(Ω)

Ψh[wh] + εh, (3.1.2)

for some sequence (εh) such that εh → 0, as h→ 0. Equation (3.1.2) indicates that,

for a fixed h, uh is an almost absolute minimizer of Ψh. Therefore, as h → 0, it

is natural to ask if uh → u in H1(Ω)2, where u is an absolute minimizer of the

continuous problem (3.1.1). Note that uh ∈ H1(Ω)2 and u ∈ H2(Ω)2. To answer
1As it will be clear in the definition of the space Aqh(Ω), q is denotes the polynomial degree of

the basis function.
2The existence of discrete minimizers is not proved, but a coercivity property of the energy

implies the existence of almost absolute minimizers.
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this question we assume first that the penalty functional Φ has polynomial growth.

Then the convergence result is given in Theorem 3.6.1, were we have employed the

theory of Γ−convergence and some discrete compactness results. Assuming that the

penalty term Φ has exponential growth, extra embedding results are needed to show

that Ψh Γ−convergence to Ψ. For this purpose, we extent Trudinger’s embedding

theorem for Orlicz spaces [31], namely a broken polynomial space embedding into

an appropriate Orlicz space is proved, Theorem 3.7.1. Consequently, the desired

convergence result holds.

This chapter is organized as follows. In section 3.2 we discuss some properties of

the continuum problem, a lower bound is proved and the minimization problem is

stated rigorously. In section 3.3 the necessary notation, some standard finite elements

results, the discrete total potential energy Ψh and the lifting operators are introduced.

Equi-coercivity, the lim inf and the lim sup inequalities are proved for the discrete

energy functional in section 3.5, which imply Ψh
Γ−−→ Ψ. From the Γ−convergence

result and a discrete compactness property we deduce the convergence of the discrete

almost absolute minimizers, section 3.6. In section 3.7 the latter convergence result

is showed when the penalty function has exponential growth, proving an embedding

of broken polynomial spaces into an appropriate Orlicz space.

3.2 The Continuum Problem

In sections 2.3 and 2.4 we have proposed two strain energy functions W + Φ. In this

chapter we assume the following bounds for W

c0

(
|1 +∇u|2 − c1

)
≤ W (∇u) ≤ c2 (|1 +∇u|m + c3) , (3.2.1)

45



for some m ≥ 2 and positive constants c0, c1, c2, c3. The proposed strain energy

functions of sections 2.3 and 2.4 satisfy the above bounds. The two dimensional

strain energies are derived, after an integration over all possible fiber direction, from

one dimensional functions respectively. Therefore one has to find bounds for the

one dimensional case. In section A.1.2 the coercivity property, lower bound, and an

upper bound for the proposed the strain energy function of section 2.3 are given in

Lemmas A.1.4 and A.1.2 respectively. Foloowing the same procedure, one can show

that these bounds hold for the elastic energy function accounting the memory effect,

see section 2.4.

Also, we will assume that the penalty term satisfies the conditions

Φ ≥ 0, and Φ(∇u) ≤


C0

(
|1 +∇u|2m0 + C1

)
or

C2e
C3|∇u|2

(3.2.2)

(3.2.3)

again for some m0 ≥ 1 and positive constants C0, C1, C2, C3.

To define a minimization problem we should declare appropriate boundary condi-

tions. We specify a globally injective, orientation preserving g ∈ H3(Ω). We encode

boundary conditions in the following set:

A(Ω) = {u ∈ H2(Ω)2 : u
∣∣
∂Ω

= g
∣∣
∂Ω
}. (3.2.4)

Now, the minimization problem can be defined as:

inf{Ψ[u] : u ∈ A(Ω)}. (3.2.5)
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We remark that, from Proposition A.2.1, one can see that classical solutions of (3.2.5)

satisfy uk,ijninj = 0 on ∂Ω, n being the corresponding unit normal vector. Here we

have employed the usual summation convention; also subscripts preceded by a comma

indicate partial differentiation with the respect to the corresponding coordinate. In

case of elastic beams and thin elastic plates the physical interpretation of v
∣∣
Γ0

= 0

and uk,ijninj
∣∣
Γ0

= 0 correspond to a hinged boundary Γ0 ⊂ ∂Ω, see [56, 36].

To ensure that the total potential energy has a minimizer u ∈ A(Ω), one can prove

that Ψ[·] is coercive and lower semicontinuous. The former can be derived from the

properties of the strain energy function, i.e. (3.2.1), and the Poincaré inequality.

One way to prove the latter is to show convergence of the lower order term using

V itali′s Theorem and the convexity of the higher order term. To avoid repeating

similar proofs, these ideas will be used to show that an appropriate discretization of

the energy functional Γ−converge to the continuous total potential energy. Then,

using a discrete compactness result we deduce that Ψ[·] admits a minimizer using

the Fundamental Theorem of Γ−convergence [57, 58].

3.3 Discretization of the Continuous Problem.

3.3.1 Notation.

Here we assume for simplicity that the domain Ω is polygonal and, henceforth, Th

denotes the triangulation of the domain Ω with mesh size h. ForK ∈ Th,K a triangle,

hK is the diameter of K and the mesh size is then defined as h := maxK∈Th hK . The

space of polynomials defined on K with total degree less than or equal to q is denoted

by Pq(K). Next we will require the partitions of the domain to be shape regular [53],
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i.e. there exists c > 0 such that

ρK ≥
hK
c
, for all K ∈ Th, (3.3.1)

where ρK is the diameter of the larger ball inscribed in K.

The boundaries of the elements comprise the set of mesh edges Eh. The set Eh is

partitioned into Eb
h, the boundary, and Ei

h, the internal edges, such that Eb
h = Eh∩∂Ω

and Ei
h = Eh \Eb

h. For all e ∈ Ei
h there exist two distinct elements, we denote them

Ke+ and Ke− , such that e ∈ ∂Ke+ ∩ ∂Ke− . Similarly, if e ∈ Eb
h, there exists one

element Ke such that e ∈ ∂Ke.

For an edge e ∈ ∂K we denote by he its length. Assuming shape regularity it can be

shown that there exist constants C, c independent of the mesh size h, such that

ChK ≤ he ≤ chK , for e ∈ ∂K and all K ∈ Th. (3.3.2)

To discretize the continuous functional we need to first define our finite element

spaces. We use continuous and discontinuous families of Lagrange elements. Consider

the space of continuous piecewise polynomial functions V q
h , viz.

V q
h (Ω) = {v ∈ C0(Ω) : v

∣∣
K
∈ Pq(K), K ∈ Th}, q ∈ N. (3.3.3)

Also consider the discontinuous finite dimensional space

Ṽ k
h (Ω) = {v ∈ L2(Ω) : v

∣∣
K
∈ Pk(K), K ∈ Th}, k ∈ N. (3.3.4)
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We know that V q
h (Ω) ⊂ H1(Ω). However, V q

h (Ω) 6⊂ H2(Ω) and thus describing (3.1.1)

over V q
h (Ω) will require the introduction of penalty and jump terms in the discrete

functional. Notice that for

uh ∈ V q
h (Ω), ∇uh ∈ Ṽ q−1

h (Ω).

In the sequel we shall use the following notation: The trace of functions in Ṽ q
h (Ω)

belong to the space

T (Eh) := Πe∈EhL
2(e), (3.3.5)

where we recall that Eh is the set of mesh edges. The average and jump operators

over T (Eh) for w ∈ T (Eh)
2×2×2 and v ∈ T (Eh)

2×2 are defined by:

{{·}} :T (Eh)
2×2×2 7→ L(Eh)

2×2×2

{{w}} :=


1
2
(w
∣∣
Ke+

+w
∣∣
Ke−

), for e ∈ Ei
h

w, for e ∈ Eb
h,

(3.3.6)

J·K :T (Eh)
2×2 7→ L(Eh)

2×2

JvK :=

 v
∣∣
Ke+
− v

∣∣
Ke−

, for e ∈ Ei
h

v, for e ∈ Eb
h.

(3.3.7)

Further,

J·K :T (Eh)
2×2×2 7→ L(Eh)

2×2×2

Jv ⊗ neK :=

 v
∣∣
Ke+
⊗ ne+ + v

∣∣
Ke−
⊗ ne− , for e ∈ Ei

h

v ⊗ ne, for e ∈ Eb
h.

(3.3.8)
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where Ke+ , Ke− are the elements that share the internal edge e; ne+ ,ne− are the

corresponding outward normal to the edge and v ⊗ ne is a third order tensor with

(v ⊗ ne)ijk = vijnek .

3.3.2 Discretization of the Energy functional.

A direct discretization of the minimization problem (3.1.1) would require an approx-

imation space, a subspace of H2(Ω)×H2(Ω). This means that, for conforming finite

elements, we would require C1 continuity at the interfaces, i.e. across element inter-

nal boundaries. It is well known that the construction of elements that ensure C1

continuity is quite complex. Here we adopt to our problem an alternative approach

based on the discontinuous Galerkin formulation. Our approximations will be sought

on V q
h (Ω)2; however the energy functional should be modified to account for possible

discontinuities of normal derivatives at the element faces. The appropriate modifica-

tion of the energy functional proposed below is motivated by the analysis in [25]; the

resulting bilinear form of the biharmonic operator obtained via the first variation,

will be the form of the C0 discontinuous Galerkin method for the linear biharmonic

problem, introduced in [54].

The discretized functional for uh ∈ V q
h (Ω)2 and q ≥ 2 has the form:

Ψh[uh] =

∫
Ω

[W (∇uh) + Φ(∇uh)] + ε2

(
1

2

∑
K∈Th

∫
K

|∇∇uh|2

−
∑
e∈Eih

[ ∫
e

{{∇∇uh}} · J∇uh ⊗ neK +
α

he

∫
e

|J∇uhK|2
])

=

∫
Ω

[W (∇uh) + Φ(∇uh)] + ε2Ψho
h [uh]

(3.3.9)
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where the functional Ψho
h [uh] contains the higher order terms, i.e.

Ψho
h [uh] =

1

2

∑
K∈Th

∫
K

|∇∇uh|2dx−
∑
e∈Eih

∫
e

{{∇∇uh}} · J∇uh ⊗ neKds

+
∑
e∈Eih

α

he

∫
e

|J∇uhK|2ds.
(3.3.10)

Similarly to the continuous problem we encode boundary conditions in the following

set:

Aq
h(Ω) = {uh ∈ V q

h (Ω)2 : uh
∣∣
∂Ω

= gh
∣∣
∂Ω
}, (3.3.11)

where gh → g in L2(∂Ω)2 as h → 0, g is given in (3.2.4). So, we have to solve the

corresponding discrete minimization problem

inf{Ψh[uh] : uh ∈ Aq
h(Ω)}. (3.3.12)

Clearly ∇uh ∈ Ṽ q−1
h (Ω)2×2. On the other hand, ∇∇uh does not exist as a function

in L2(Ω) and it can be defined only in the piecewise sense at the element level, i.e.

∇∇uh
∣∣
K
∈ Pq−2(K).

3.4 Preliminary results

3.4.1 Preliminary results for finite element spaces.

For convenience we briefly state some preliminary results on the finite element spaces

which will be useful in the sequel. Following partially the notation of Brenner &

Scott, [53], let K̂ = {(1/hK)x : x ∈ K} and, for w ∈ Pq(K), define the function
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ŵ ∈ Pq(K̂) by

ŵ(x̂) = w(hKx̂). (3.4.1)

Then w ∈ W p,r(K) is equivalent to ŵ ∈ W p,r(K̂) and

|ŵ|W p,r(K̂) = h
p−n/r
K |w|W p,r(K). (3.4.2)

Next we state the well known trace inequality:

Lemma 3.4.1. Assume that Ω is bounded and has a Lipschitz boundary. Let w ∈

W 1,p(Ω), p ∈ [1,+∞]. Then there exists a constant C depending only on p and Ω

such that

‖w‖Lp(∂Ω) ≤ C‖w‖1−1/p
Lp(Ω)‖w‖

1/p

W 1,p(Ω). (3.4.3)

In general one can have an estimate of the above constant, for instance if Ω is the unit

disk in R2 and p = 2 then C ≤ 81/4, see [53]. We state the discrete trace inequality

which is a consequence of Lemma 3.4.1 and of (3.4.2).

Lemma 3.4.2 (Discrete Trace Inequality). Let Th be a shape regular triangulation.

Then, there exists a constant cq independent of h, but depending on q, such that

‖uh‖2
L2(e) ≤

cq
he
‖uh‖2

K , ∀uh ∈ Pq(K),∀K ∈ Th. (3.4.4)

Proof. Here, we will use the trace inequality for a reference element independent of

h. Thereafter, we will substitute the norms of the reference to the mesh element.
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The relation between reference to mesh element is given from (3.4.2), thus we have:

‖ûh‖L2(ê) = h
−1/2
k ‖uh‖L2(e) (3.4.5)

‖ûh‖L2(K̂) = h−1
k ‖uh‖L2(K). (3.4.6)

Using the trace inequality (3.4.3) for the reference element K̂ we obtain

‖ûh‖L2(ê) ≤ C‖ûh‖1/2

L2(K̂)
‖ûh‖1/2

H1(K̂)

≤ cq‖ûh‖L2(K̂).
(3.4.7)

The last inequality holds because K̂ is independent of hK and ûh belongs in a fi-

nite dimensional space. So the norms are equivalent and there exist a constant Cq,

depending on the polynomial degree q, such that

‖ûh‖H1(K̂) ≤ Cq‖ûh‖L2(K̂) (3.4.8)

To the end, substituting (3.4.5) and (3.4.6) in (3.4.7) we obtain

‖uh‖2
L2(e) ≤

c′q
hK
‖uh‖2

L2(K) ≤
cq
he
‖uh‖2

L2(K),

where for the last inequality the assumption of mesh regularity has been used, see

inequality (3.3.2).

The standard nodal interpolation operator will be denoted by Iqh, where

Iqh : L2(Ω)2 → V q
h (Ω)2. (3.4.9)
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Next some well known interpolation error estimates are presented.

Lemma 3.4.3. Let u ∈ Hs(Ω)2, with s ≥ 2, Th be a shape-regular triangulation of

the domain Ω. If q ≥ dse− 1, where dse is the smallest integer value greater than or

equal to s, then there exists a constant c depending only on the domain Ω, a shape

parameter of the triangulation and s such that

|u− Iqhu|Hm(K) ≤ chs−mK |u|Hs(K), 0 ≤ m ≤ s (3.4.10)

where hK denotes the diameter of the element K.

Now using the trace inequality (3.4.3) we obtain the error estimates for norms defined

on the mesh edges.

Corollary 3.4.1. If the assumptions of Lemma 3.4.3 hold, then for a face e of an

element K, i.e. e ∈ ∂K we have the following error estimate of the integral over e:

|u− Iqhu|Hm(e) ≤ ch
s−m−1/2
K |u|Hs(K), (3.4.11)

3.4.2 Poincaré Inequalities for Broken Sobolev Spaces.

To bound vh ∈ V q
h (Ω)2 in higher order norms we will need Poincaré inequalities for

broken Sobolev spaces. For this purpose we define the broken Sobolev seminorm for

w ∈ V q
h (Ω)2:

|w|2H2(Ω,Th) :=
∑
K∈Th

∫
K

|∇∇w|2 +
∑
e∈Eih

1

he

∫
e

|J∇wK|2. (3.4.12)

Since Ω ⊂ R2 is an open, connected and bounded set with Lipschitz boundary, the
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main result in Lasis and Süli, [59], implies that

‖∇w‖2
Lr(Ω) ≤ cr

(
|w|2H2(Ω,Th) + |∇̂w|2

)
(3.4.13)

for all r ∈ [1,+∞), where ∇̂w can take any of the

∇̂w =


1
|Ω|

∫
Ω
∇w

1
|∂Ω|

∫
∂Ω
∇w

1
|∂Γi|

∫
∂Γi
∇w, Γi ⊂ ∂Ω and |Γi| > 0.

(3.4.14)

The constant cr depends on the minimum angle of the triangles, θmin, and r. We

have assumed that the family of partitions {Th} is shape regular, consequently θmin

is independent of h, see [59] for details.

3.4.3 Lifting and the Discrete Gradient Operators

In this section we begin with the definition of the piecewise gradient and the lifting

operator. Next, the discrete gradient is defined as a combination of the latter quan-

tities. We conclude with bounds in the L2−norm for the lifting operator and the

discrete gradient, these bounds will play a major role in the subsequent analysis. We

adopt the results of [26, 27] regarding lifting operators and discrete gradients.

Definition 3.4.1 (The vectorial piecewise gradient). Let w ∈ Ṽ k
h (Ω)m, Ω ⊂ Rn.

The vectorial piecewise gradient ∇h : Ṽ k
h (Ω)m → Ṽ k−1

h (Ω)m×n is defined component

wise as

(∇hwi)
∣∣
K

:= ∇(wi
∣∣
K

), i = 1, ...,m, ∀K ∈ Th. (3.4.15)
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Consequently for all uh ∈ V q
h (Ω)2, ∇h∇uh ∈ L2(Ω)2×2×2 and

∫
Ω

∇h∇uhdx =
∑
K∈Th

∫
K

|∇∇uh|2dx. (3.4.16)

For all e ∈ Eh we define the linear operator, known as lifting operator [26, 27],

re : L2(e)2×2 → Ṽ q−2
h (Ω)2×2×2, for all φ ∈ L2(e)2×2 as follows

∫
Ω

re(φ) ·whdx =

∫
e

{{wh}} · Jφ⊗ neKds, ∀wh ∈ Ṽ q−2
h (Ω)2×2×2. (3.4.17)

It can be shown that re(φ) is non zero only on the elements that contain e on their

boundary, i.e. supp(re) = {K ∈ Th : e ∈ ∂K}. Next we define the global lifting

operator as the sum of the lifting operators over all the internal mesh faces.

Definition 3.4.2 (The Global Lifting Operator). For all e ∈ Eh we define the global

lifting operator Rh : T (Eh)
2×2 → Ṽ q−2

h (Ω)2×2×2, for all φ ∈ T (Eh)
2×2 as follows

Rh(φ) =
∑
e∈Eih

re(φ). (3.4.18)

With the help of this operator we can represent the second term in the definition of

the discrete functional, see (3.3.10), as an integral over Ω; namely,

∫
Ω

Rh(∇uh) ·whdx =
∑
e∈Eih

∫
e

{{wh}} · J∇uh ⊗ neKds, (3.4.19)
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Since uh ∈ V q
h (Ω)2, we can substitute wh by ∇h∇uh to obtain

∑
e∈Eih

∫
e

{{∇∇uh}} · J∇uh ⊗ neK =
∑
e∈Eih

∫
e

{{∇h∇uh}} · J∇uh ⊗ neK

=

∫
Ω

Rh(∇uh) · ∇h∇uh

(3.4.20)

We next define the discrete gradient Gh, which is a combination of the vectorial

piecewise gradient and the global lifting operator. In particular, the discrete gradient

of ∇uh is defined as

Gh(∇uh) = ∇h∇uh −Rh(∇uh). (3.4.21)

Later we will show under which conditions Gh(∇uh) ⇀ ∇∇u in L2(Ω)2×2×2, when

uh → u in H1(Ω)2 as h → 0. For this reason it will be convenient to write the

higher order derivatives of the discrete total potential energy in terms of the discrete

gradient and the global lifting operator. We do this in Lemma 3.4.4 below which will

be useful in the sequel.

Lemma 3.4.4. The higher order terms of the discretized total potential energy can

be written in terms of the discrete gradient and the global lifting operator, as follows

1

2

∑
K∈Th

∫
K

|∇∇uh|2dx−
∑
e∈Eih

∫
e

{{∇∇uh}} · J∇uh ⊗ neKds

=
1

2

∫
Ω

|Gh(∇uh)|2 − |Rh(∇uh)|2dx.
(3.4.22)

Proof. From Definition 3.4.1 of the vectorial piecewise gradient, and equation (3.4.20)
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it is straightforward to show that

∑
K∈Th

1

2

∫
K

|∇∇uh|2 −
∑
e∈Eih

∫
e

{{∇∇uh}} · J∇uh ⊗ neK

=
1

2

∫
Ω

|∇h∇uh|2 −
∫

Ω

Rh(∇uh) · ∇h∇uh

=
1

2

∫
Ω

|∇h∇uh −Rh(∇uh)|2 −
1

2

∫
Ω

Rh(∇uh) ·Rh(∇uh)

=
1

2

∫
Ω

|Gh(∇uh)|2 −
1

2

∫
Ω

Rh(∇uh) ·Rh(∇uh).

From Lemma 3.4.4 the functional Ψho
h , which is displayed in (3.3.10), becomes

Ψho
h [uh] =

1

2

∫
Ω

|Gh(∇uh)|2 − |Rh(∇uh)|2dx

+
∑
e∈Eih

α

he

∫
e

|J∇uhK|2
(3.4.23)

Using inverse inequalities (3.4.4), one can show, see section A.3 or [27], the following

Lemma:

Lemma 3.4.5 (Bound on lifting operator). There exists a positive constant Cr,

independent of h, such that

‖re(J∇uhK)‖L2(Ω)2×2×2 ≤ Crh
−1/2
e ‖J∇uhK‖L2(e)2×2 (3.4.24)

for all e ∈ Ei
h, where Cr depends to the constant of the discrete trace inequality

(3.4.4).

The bound of inequality (3.4.24) finally implies the next Lemma, see also [29, Lemma
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4.34], [30, Lemma 7] and for a detailed proof see section A.3.

Lemma 3.4.6 (Bound on global lifting operator). For all uh ∈ V q
h (Ω)2 there holds

∫
Ω

|Rh(∇uh)|2 ≤ CR
∑
e∈Eih

h−1
e

∫
e

|J∇uhK|2, (3.4.25)

where the constant CR depends on the constant of (3.4.24).

Corollary 3.4.2 (Bound on Discrete Gradient). There exists a constant C > 0 such

that for all uh ∈ V q
h (Ω)2 it holds that

‖Gh(∇uh)‖L2(Ω)2×2×2 ≤ C|uh|H2(Ω,Th). (3.4.26)

Proof. The definitions of the discrete gradient (3.4.21), of the seminorm | · |H2(Ω,Th)

(3.4.12), and the bound of the global lifting operator, inequality (3.4.25), give∫
Ω

|Gh(∇uh)|2 =

∫
Ω

|∇h∇uh −Rh(∇uh)|2

≤
∫

Ω

2|∇h∇uh|2 + 2|Rh(∇uh)|2

≤
∫

Ω

2|∇h∇uh|2 + 2CR
∑
e∈Eih

h−1
e

∫
e

|J∇uhK|2

≤ c|uh|2H2(Ω,Th),

(3.4.27)

where c = max (2, 2CR).

3.4.4 Analytical preliminaries

In the subsequent sections we examine the convergence of the lower order terms in

L1(Ω), i.e. the terms W (·) and Φ(·) of (3.3.9), when uh → u in H1(Ω). For this
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purpose we employ Vitali’s convergence theorem [60].

Theorem 3.4.1 (Vitali convergence theorem). Let Ω be a set of finite measure and

(fn) be a sequence of functions in L1(Ω). Assume (fn) is uniformly integrable over

Ω, i.e., for each ε > 0, there exist δ > 0 independent of n such that

if A ⊂ Ω measurable and |A| < δ, then
∫
A

fndx < ε. (3.4.28)

If (fn)→ f pointwise a.e. on Ω, then f ∈ L1(Ω) and

lim
n→+∞

∫
Ω

fn(x)dx =

∫
Ω

f(x)dx. (3.4.29)

We now state a useful criterion of uniform integrability, know as the de la Vallée

Poussin criterion, [61, Theorem 4.5.9].

Theorem 3.4.2 (de la Vallée Poussin criterion). A family (fn) ⊂ L1(Ω), is uniformly

integrable if, and only if, there exists a non-negative increasing function G on [0,+∞)

such that

lim
t→+∞

G(t)

t
= +∞ and sup

n

∫
Ω

G (|fn(x)|) dx < +∞. (3.4.30)

3.5 Γ−Convergence of the discretization.

In this section we establish the Γ-convergence of the discretized functionals Ψh to the

continuum energy Ψ. The proof consists of three parts: we first prove equi-coercivity,

a necessary property to bound the sequence (uh) when the family of discrete energies

(Ψh[uh]) is bounded. Then, we show the lim inf inequality which provides a lower

bound of the discrete energies by the continuum counterpart. We conclude with the
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lim sup inequality which, as we will see in Section 3.6 ensures the attainment of the

limit.

3.5.1 Equi-Coercivity and Convergence of the Discrete Gra-

dient.

Proposition 3.5.1 (Equi-coercivity). Assume that a > CR, i.e. the penalty param-

eter in (3.3.10) is greater than the constant of Proposition 3.4.6. Let (uh)h>0 be a

sequence of displacements in V q
h (Ω)2 such that for a constant C > 0 independent of

h it holds that

Ψh[uh] ≤ C.

Then the there exists a constant C1 > 0 such that

|uh|2H2(Ω,Th) ≤ C1. (3.5.1)

In addition, if uh ∈ Aq
h(Ω) then

‖uh‖H1(Ω)2 ≤ C2, (3.5.2)

for a positive constant C2, where C1, C2 are independent of h.

Proof. We have shown, see (3.3.10) and (3.4.23), that Ψho[uh] can be written in

terms of the discrete gradient Gh and the lifting operator Rh. From the assumption

a > CR and the bound of the global lifting operator in (3.4.25), we see that Ψho[uh]
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is nonnegative:

Ψho
h [uh] =

1

2

∫
Ω

|Gh(∇uh)|2 −
∫

Ω

Rh(∇uh) ·Rh(∇uh)

+
∑
e∈Eih

α

he

∫
e

|J∇uhK|2

≥ 1

2

∫
Ω

|Gh(∇uh)|2 +
∑
e∈Eih

α− CR
he

∫
e

|J∇uhK|2 ≥ 0.

(3.5.3)

In particular,

Ψho
h [uh] ≥

1

2

∫
Ω

|Gh(∇uh)|2, (3.5.4)

Ψho
h [uh] ≥

∑
e∈Eih

α− CR
he

∫
e

|J∇uhK|2. (3.5.5)

By (3.2.1) it holdsW (∇uh) ≥ −c, for a constant c > 0, and Φ(∇uh) is a nonnegative

penalty parameter, consequently

Ψh[uh] ≥
∫

Ω

W (∇uh(x)) and c+ Ψh[uh] ≥ ε2Ψho
h [uh]. (3.5.6)

From the assumption that Ψh[uh] is uniformly bounded over h, i.e. Ψh[uh] ≤ C for

all h > 0, we obtain that all terms appearing in the right hand sides of (3.5.4), (3.5.5)

and (3.5.6) are uniformly bounded. Therefore, using the bound of the global lifting
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operator, (3.4.25), we conclude that∫
Ω

|∇h∇uh|2 ≤ 2

∫
Ω

|∇h∇uh −Rh(∇uh)|2 + 2

∫
Ω

Rh(∇uh)|2

≤ 2

∫
Ω

|Gh(∇uh)|2 + 2CR
∑
e∈Eih

h−1
e

∫
e

|J∇uhK|2

≤ C ′

(3.5.7)

and
|uh|2H2(Ω,Th) =

∫
Ω

|∇h∇uh|2 +
∑
e∈Eih

h−1
e

∫
e

|J∇uhK|2 ≤ C1. (3.5.8)

It remains to show that ‖uh‖H1(Ω)2 is uniformly bounded, when uh ∈ Aq
h(Ω). By the

coercivity condition on W given in (3.2.1), equation (3.5.6) gives

C ≥ Ψ[uh] ≥
∫

Ω

W (∇uh(x))dx ≥ c0

∫
Ω

(
|1 +∇uh|2 − c1

)
dx

= c0

∫
Ω

(
|1|2 + |∇uh|2 + 2(1 · ∇uh)− c1

)
dx

≥ c0

∫
Ω

(
|1|2 + |∇uh|2 − 2|1||∇uh| − c1

)
dx

≥ c0

∫
Ω

(
|1|2 + |∇uh|2 −

|1|2

δ
− δ|∇uh|2 − c1

)
dx,

(3.5.9)

where we have used the Cauchy-Schwarz and Young’s inequality. Choosing, for

example, δ = 1/2, we infer that

C ≥ c0

2

∫
Ω

(
|∇uh|2 − c

)
dx

and the proof is concluded by Poincaré’s inequality.
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3.5.2 The lim inf inequality.

Lemma 3.5.1 (Convergence of the lower order terms). Let uh → u in H1(Ω)2, with

uh ∈ H1(Ω)2 and u ∈ H2(Ω)2. Suppose further that

‖∇uh‖Lr(Ω)2×2 < C for all r ∈ [1,+∞) and for all h > 0, (3.5.10)

where C is independent of h. Then

∫
Ω

W (∇uh)→
∫

Ω

W (∇u) (3.5.11)

up to a subsequence.

Proof. From the assumption uh → u in H1(Ω)2 there exists a subsequence, not

relabeled, such that ∇uh → ∇u a.e. Note that W , see (3.2.1), is bounded from

above. Specifically

|W (∇u)| = |Ŵ (F )| ≤ c1 (|F |m + 1) , (3.5.12)

for some m ∈ N. Since (∇uh) is bounded in all Lr norms, by (3.5.10), this im-

plies that (W (∇uh)) is uniformly integrable and from Vitali’s Theorem 3.4.1 must

converge to W (∇u) in L1(Ω).

Remark 3.5.1 (Convergence of the penalty term). From inequality (3.2.2) the

penalty term is bounded from above, i.e.

Φ(∇u) ≤ c0 |F |m + C1
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Then as in Lemma 3.5.1 Φ(∇uh)→ Φ(∇u), as h→ 0 up to a subsequence.

If one would need to show the convergence of the whole sequence, for Lemma 3.5.1

and Remark 3.5.1, then the proof given in Lemma A.1.3 can be used.

Lemma 3.5.2. Let uh → u in H1(Ω)2, with uh ∈ V q
h (Ω)2. If |uh|H2(Ω,Th) is uni-

formly bounded with respect to h, then

lim
h→0

∫
Ω

Gh(∇uh) · φ = −
∫

Ω

∇u · (∇ · φ), ∀φ ∈ C∞c (Ω)2×2×2, (3.5.13)

where (∇ · φ)ij = φijk,k.

Proof. This proof is an adaptation of the proof in [28, Theorem 2.2]. Let φ ∈

C∞c (Ω)2×2×2, then from the definition of the piecewise gradient, equation (3.4.15),

and the divergence theorem, we obtain∫
Ω

Gh(∇uh) · φ =

∫
Ω

(
∇h∇uh −Rh(∇uh

)
· φ

=
∑
K∈Th

∫
K

∇∇uh · φ−
∫

Ω

Rh(∇uh) · φ

=
∑
K∈Th

(
−
∫
K

∇uh · (∇ · φ) +

∫
∂K

φ · ∇uh ⊗ n
)

−
∫

Ω

Rh(∇uh) · φ

=−
∫

Ω

∇uh · (∇ · φ) +
∑
e∈Eih

∫
e

φ · J∇uh ⊗ neK

−
∫

Ω

Rh(∇uh) · φ,

(3.5.14)

where we recall that (∇uh ⊗ n)ijk = ui,jnk.

First, we show that the last two terms convergence to 0 as h → 0. To this end, let
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Ī0
h be the piecewise average operator onto Ṽ 0

h (Ω)2×2×2, i.e. Ī0
hφ
∣∣
K

= 1/|K|
∫
K
φ, and

define φh = Ī0
hφ. Then from standard error estimates, see e.g. [29, Lemma 1.58],∫

Ω

|φ− φh|2 =
∑
K∈Th

∫
K

|φ− φh|2 ≤
∑
K∈Th

cKh
2
K

∫
K

|∇φ|2

≤ ch2

∫
Ω

|∇φ|2 → 0

(3.5.15)

Now, using the definition of Rh, see (3.4.19), for the last two terms of (3.5.14) we

obtain

∑
e∈Eih

∫
e

φ · J∇uh ⊗ neK−
∫

Ω

Rh(∇uh) · φ

=
∑
e∈Eih

∫
e

{{φ− φh}} · J∇uh ⊗ neK−
∫

Ω

Rh(∇uh) · (φ− φh)

=:I1 − I2

(3.5.16)

The assumption that |uh|H2(Ω,Th) is bounded for all h > 0, implies that the quantity

∑
e∈Eih

h−1
e ‖J∇uhK‖

2
L2(e)2×2

is also uniformly bounded. Also, from Proposition 3.4.6 the global lifting operator

is bounded from the jump terms, inequality (3.4.25). As a result,

∫
Ω

|Rh(∇uh)|2 ≤ CR
∑
e∈Eih

h−1
e

∫
e

|J∇uhK|2 ≤ C ′ (3.5.17)

and (Rh(∇uh)) is uniformly bounded in the L2(Ω)2×2×2 norm. From the last relation
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and the Cauchy-Schwarz inequality we bound I2:

|I2| =
∣∣∣∫

Ω

Rh(∇uh) · (φ− φh)
∣∣∣

≤‖Rh(∇uh)‖L2(Ω)2×2×2‖φ− φh‖L2(Ω)2×2×2

≤c‖φ− φh‖L2(Ω)2×2×2 → 0, h→ 0.

(3.5.18)

Hence, I2 → 0, as h → 0 by the error estimate given in (3.5.15). Similarly for the

term I1, using the previous uniform bound for the jump terms, the error estimate

for integrals that are defined over an edge e, (3.4.11), and letting Ke = {K ∈ Th :

e ∈ ∂K}, we show that

|I1| =
∣∣∣∑
e∈Eih

∫
e

{{φ− φh}} · J∇uh ⊗ neK
∣∣∣

≤
∑
e∈Eih

‖{{φ− φh}}‖L2(e)2×2×2‖J∇uhK‖L2(e)2×2

≤c
∑
e∈Eih

h1/2
e |φ|H1(Ke)2×2×2‖J∇uhK‖L2(e)2×2

=c
∑
e∈Eih

h1
e|φ|H1(Ke)2×2×2h−1/2

e ‖J∇uhK‖L2(e)2×2

≤c
(∑
e∈Eih

h2
e|φ|2H1(Ke)2×2×2

)1/2(∑
e∈Eih

h−1
e ‖J∇uhK‖

2
L2(e)2×2

)1/2

≤Ch|φ|H1(Ω)2×2×2 → 0,

(3.5.19)

Since uh → u in H1(Ω), taking the limit as h→ 0, employing (3.5.18) and (3.5.19),
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the relation (3.5.14) implies

lim
h→0

∫
Ω

Gh(∇uh) · φ = lim
h→0

(
−
∫

Ω

∇uh · (∇ · φ) +Rh(∇uh) · φ

+
∑
e∈Eih

∫
e

φ · J∇uh ⊗ neK
)

=−
∫

Ω

∇u · (∇ · φ).

(3.5.20)

Corollary 3.5.2. (Weak Convergence of the Discrete Gradients). Suppose the as-

sumptions of Lemma 3.5.2 hold. In addition assume that u ∈ H2(Ω)2, then

Gh(∇uh) ⇀ ∇∇u in L2(Ω)2×2×2. (3.5.21)

Proof. Lemma 3.5.2 ensures the limit of equation (3.5.13) for all φ ∈ C∞c (Ω), hence

lim
h→0

∣∣∣∣ ∫
Ω

(
Gh(∇uh)−∇∇u

)
· φ
∣∣∣∣ ≤ lim

h→0

∣∣∣∣ ∫
Ω

(∇uh −∇u) · (∇ · φ)

∣∣∣∣ = 0.

Theorem 3.5.1 (The lim inf inequality.). Assume that a > CR, i.e. that the param-

eter of the discrete energy function is larger than the constant of (3.4.25). Also, let

the penalty term satisfy condition (3.2.2). Then for all u ∈ A(Ω) and all sequences

(uh) ⊂ Aq
h(Ω) such that uh → u in H1(Ω) it holds that

Ψ[u] ≤ lim inf
h→0

Ψh[uh]. (3.5.22)

Proof. We assume there is a subsequence, still denoted by uh, such that Ψh[uh] ≤ C

68



uniformly in h, otherwise Ψ[u] ≤ lim inf
h→0

Ψh[uh] = +∞. The following steps conclude

the proof:

1. From Proposition 3.5.1, the uniform bound Ψh[uh] ≤ C implies that |u|H2(Ω,Th)

and ‖uh‖H1(Ω) are uniformly bounded.

2. Corollary 3.5.2 implies Gh(∇uh) ⇀ ∇∇u in L2(Ω)2×2×2.

3. The term
∫

Ω
|Gh|2 is convex which implies weak lower semicontinuity [42]. Con-

sequently, lim inf
h→0

∫
Ω
|Gh|2 ≥

∫
Ω
|∇∇u|2.

4. From the Poincaré inequality for broken Sobolev spaces, (3.4.13), there exist a

constant c independent of h such that for all m ∈ [1,+∞) it holds

‖∇uh‖2
Lm(Ω)2×2 ≤ c

(
|uh|2H2(Ω,Th) +

∣∣∣ 1

|Ω|

∫
Ω

∇uh
∣∣∣2)

≤ C
(
|uh|2H2(Ω,Th) + ‖∇uh‖2

L2(Ω)2×2

)
< +∞,

(3.5.23)

where the last bound holds from step 1.

5. Finally, the assumed convergence of uh to u in H1(Ω)2, Lemma 3.5.1 and

Remark 3.5.1 ensure the convergence of the remaining terms, i.e.
∫

Ω
W (∇uh)+

Φ(∇uh)→
∫

Ω
W (∇u) + Φ(∇u).

As a result we deduce that Ψ[u] ≤ lim inf
h→0

Ψh[uh].
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3.5.3 The lim sup inequality.

In this section we focus on the lim sup inequality. Given u ∈ A(Ω), we would like

to prove the existence of a sequence (uh) ⊂ Aq
h(Ω), such that uh → u in H1(Ω) and

Ψ[u] ≥ lim sup Ψh[uh] as h→ 0. To this end, choose a sequence of smooth functions

uδ such that uδ → u in H2(Ω) and we define uh to be an appropriate interpolant

of uδ, Iqhuδ, for a chosen δ. A similar strategy was used in [62]. We start with the

following Proposition:

Proposition 3.5.3. For u ∈ Hs(Ω)2, if s > 2 and q ≥ 2 it holds that

∑
e∈Eih

1

he

∫
e

|J∇IqhuK|2 ≤ C1h
2s−4|u|2Hs(Ω) and (3.5.24)

∑
e∈Eih

∫
e

{{∇∇Iqhu}} · J∇I
q
hu⊗ neK ≤ C2h

s−2|u|H2(Ω)|u|Hs(Ω), (3.5.25)

for some constants C1, C2 > 0.

Proof. To simplify the notation let vh := Iqhu. First we study (3.5.24). Adding and

subtracting the term ∇u, using the trace inequality (3.4.4) and the error estimates

given from (3.4.10), yields∫
e

|J∇vhK|2 =

∫
e

|∇v+
h −∇u

−
h |

2 =

∫
e

|∇v+
h −∇u+∇u−∇u−h |

2

≤ 2

∫
e

|∇v+
h −∇u|

2 + 2

∫
e

|∇v−h −∇u|
2

≤ C

he

(∫
K+
e

|∇vh −∇u|2 +

∫
K−e

|∇vh −∇u|2
)

≤ Ch2s−2
K

he
|u|2

Hs(K+
e

⋃
K−e )

= Ch2s−3
e |u|2

Hs(K+
e

⋃
K−e )

(3.5.26)
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where K+
e , K

−
e denote the distinct elements that share the edge e, i.e. e = K+

e ∩K−e .

Summing over all edges e ∈ Ei
h inequality (3.5.26) gives

∑
e∈Eih

h−1
e

∫
e

|J∇vhK|2 ≤ c
∑
e∈Eih

h2s−4
e |u|2

Hs(K+
e

⋃
K−e )

= c
∑
e∈Eih

h2s−4
e

(
|u|2

Hs(K+
e )

+ |u|2
Hs(K−e )

)
= Ch2s−4|u|2Hs(Ω).

(3.5.27)

To prove (3.5.25) notice that∫
e

{{∇∇vh}} · J∇vh ⊗ neK =
1

2

∫
e

(
∇∇v+

h +∇∇v−h
)
· J∇vh ⊗ neK

=
1

2

∫
e

∇∇v+
h · J∇vh ⊗ neK +∇∇v−h · J∇vh ⊗ neK.

(3.5.28)

The Cauchy Schwarz inequality and the discrete trace inequality (3.4.4) imply∫
e

∇∇v+
h · J∇vh ⊗ neK ≤

(∫
e

|∇∇v+
h |

2
)1/2(∫

e

|J∇vhK|2
)1/2

≤ C√
he

(∫
K+
e

|∇∇vh|2
)1/2(∫

e

|J∇vhK|2
)1/2

=C
(∫

K+
e

|∇∇vh|2
)1/2( 1

he

∫
e

|J∇vhK|2
)1/2

.

(3.5.29)

Therefore ∣∣∣ ∑
e∈Eih

∫
e

∇∇v+
h · J∇vh ⊗ neK

∣∣∣
≤c
∑
e∈Eih

(∫
K+
e

|∇∇vh|2
)1/2( 1

he

∫
e

|J∇vhK|2
)1/2

≤c
( ∑
e∈Eih

∫
K+
e

|∇∇vh|2
)1/2( ∑

e∈Eih

1

he

∫
e

|J∇vhK|2
)1/2

.

(3.5.30)
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However, ∑
e∈Eih

∫
K+
e

|∇∇vh|2

≤2
∑
e∈Eih

∫
K+
e

|∇∇vh −∇∇u|2 + 2
∑
e∈Eih

∫
K+
e

|∇∇u|2

≤2
∑
e∈Eih

c|u|2
H2(K+

e )
+ c2|u|2H2(Ω)

≤C|u|2H2(Ω) + c2|u|2H2(Ω) ≤ c3|u|2H2(Ω)

(3.5.31)

where we have used the error estimates of (3.4.10). Consequently (3.5.30) becomes

∣∣∣ ∑
e∈Eih

∫
e

∇∇v+
h · J∇vh ⊗ neK

∣∣∣
≤C|u|H2(Ω)

( ∑
e∈Eih

1

he

∫
e

|J∇vhK|2
)1/2

≤chs−2|u|H2(Ω)|u|Hs(Ω).

(3.5.32)

Similarly we show that

∑
e∈Eih

∫
e

∇∇v−h · J∇vh ⊗ neK ≤ chs−2|u|H2(Ω)|u|Hs(Ω) (3.5.33)

which concludes the proof.

Theorem 3.5.2 (The lim sup inequality.). Let the penalty function Φ satisfy condi-

tion (3.2.2). The following property holds: For all u ∈ A(Ω), there exists a sequence
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(uh)h>0 with uh ∈ Aq
h(Ω), such that uh → u in H1(Ω)2 and

Ψ[u] ≥ lim sup
h→0

Ψh[uh]. (3.5.34)

Proof. Given u ∈ A(Ω) we construct an appropriate sequence (uh)h>0 ⊂ V q
h (Ω)2, the

recovery sequence, such that ‖uh − u‖H1(Ω)2 → 0 and limh→0 Ψh[uh] = Ψ[u].

In particular, we approximate u via mollification by a sequence of smooth functions

in Ω to find that, for all δ > 0, there exists uδ ∈ H3(Ω)2, see Lemma A.4.3, such

that

‖uδ − u‖H2(Ω) < cδ and |uδ|H3(Ω) <
c

δ
‖u‖H2(Ω), (3.5.35)

here c is independent of δ.

Next, define uh,δ := Iqhuδ ∈ H1(Ω)2. From the error estimates in (3.4.10) and the

fact that q ≥ 2 we find that

‖uh,δ − uδ‖H1(Ω) ≤ ch|uδ|H2(Ω) (3.5.36)

|uh,δ − uδ|H2(K) ≤ C|uδ|H2(K), K ∈ Th, (3.5.37)

|uh,δ − uδ|H2(K) ≤ Ch|uδ|H3(K), K ∈ Th. (3.5.38)
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Inequality (3.5.35) and the error estimate of (3.5.36) imply that

‖uh,δ − u‖H1(Ω)

≤‖uh,δ − uδ‖H1(Ω) + ‖uδ − u‖H1(Ω)

≤h|uδ|H2(Ω) + ‖uδ − u‖H2(Ω)

≤h(|uδ − u|H2(Ω) + |u|H2(Ω)) + ‖uδ − u‖H2(Ω)

≤h(δ + |u|H2(Ω)) + δ.

(3.5.39)

Choosing

δ =
√
h, (3.5.40)

we deduce that the sequence (uh,δh) ⊂ V q
h (Ω) and uh,δh → u in H1(Ω), as h → 0.

From inequalities (3.5.35) and (3.5.36) it can be show that uh,δh ∈ Aq
h(Ω), because

‖uh,δh − g‖L2(∂Ω) → 0, as h→ 0. (3.5.41)

It remains to prove that

|Ψh[uh,δh ]−Ψ[u]| → 0, as h→ 0. (3.5.42)

For the convergence of the lower order terms we use Lemma 3.5.1 and Remark 3.5.1.

Hence, it suffices to show that ‖∇uh,δh‖Lq(Ω)2×2 , is uniformly bounded with respect

to h. Indeed, Sobolev’s embedding theorem, Proposition A.4.1, and classical error

estimates, see inequality (3.5.37), imply that uh,δh is uniformly bounded in W 1,q(Ω)
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with respect to h, for all q ∈ [1,∞):

‖uh,δh‖W 1,q(K) ≤ ‖uδh − uh,δh‖W 1,q(K) + ‖uδh‖W 1,q(K)

≤ c1‖uδh − uh,δh‖H2(K) + c2‖uδh‖H2(K)

≤ c‖uδh‖H2(K).

(3.5.43)

To extend the bound over the domain Ω, assume that q is integer and q ≥ 2; then

the multinomial formula implies

‖uh,δh‖W 1,q(Ω) =
( ∑
K∈Th

‖uh,δh‖
q
W 1,q(K)

)1/q

≤
(
cq
∑
K∈Th

‖uδh‖
q
H2(K)

)1/q

≤ c
(( ∑

K∈Th

‖uδh‖
2
H2(K)

)q/2)1/q

= c‖uδh‖H2(Ω)

≤ c
(
‖uδh − u‖H2(Ω) + ‖u‖H2(Ω)

)
≤ c
(
δh + ‖u‖H2(Ω)

)
.

(3.5.44)

The result can extended for q = 1 because |Ω| < +∞ and for q ∈ [1,+∞) using the

interpolation bound, [63]:

‖uh‖Lq(Ω) ≤ ‖uh‖
ξ

Lbqc(Ω)
‖uh‖1−ξ

Ldqe(Ω)
,

where b·c, d·e are the floor and ceiling integer functions respectively and ξ = (dqe−q)bqc
q

.
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Notice that Lemma 3.5.1 and Remark 3.5.1 give

W (∇uh,δh)→ W (∇u) (3.5.45)

and

Φ(∇uh,δh)→ Φ(∇u) (3.5.46)

in L1(Ω), as h→ 0. Also, since we have choosen δh =
√
h, Proposition 3.5.3, (3.5.35),

implies that

∑
e∈Eih

1

he

∫
e

|J∇uh,δhK|2 ≤ C1h
2|uδh|2H3(Ω) ≤ c

h2

δ2
h

‖u‖2
H2(Ω)

≤ ch‖u‖2
H2(Ω) → 0,

(3.5.47)

and

∑
e∈Eih

∫
e

{{∇∇uh,δh}} · J∇uh,δh ⊗ neK ≤ C2h|uδh|H2(Ω)|uδh|H3(Ω)

≤ Ch1/2
(
|u|H2(Ω) + cδh

)
‖u‖H2(Ω) → 0,

(3.5.48)

as h→ 0.

For the remaining higher order terms, we work similarly as before. We begin, showing

an inequality for a given element K using the error estimates of (3.5.37) and (3.5.38):
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∣∣|uδh|2H2(K)−|uh,δh|2H2(K)

∣∣
=
∣∣|uδh |H2(K) − |uh,δh|H2(K)

∣∣(|uδh |H2(K) + |uh,δh|H2(K)

)
≤
∣∣|uδh |H2(K) − |uh,δh|H2(K)

∣∣(2|uδh |H2(K) + |uh,δh − uδh|H2(K)

)
≤|uδh − uh,δh |H2(K)

(
2|uδh|H2(K) + c2|uδh|H2(K)

)
≤C2|uδh − uh,δh|H2(K)|uδh|H2(K)

≤ch|uδh|H3(K)|uδh|H2(K).

Then summing over K in Th and using the Cauchy-Schwarz inequality, gives:

∣∣ ∑
K∈Th

|uδh|2H2(K) −
∑
K∈Th

|uh,δh|2H2(K)

∣∣
≤
∑
K∈Th

∣∣|uδh|2H2(K) − |uh,δh|2H2(K)

∣∣
≤
∑
K∈Th

(
ch|uδh |H3(K)|uδh|H2(K)

)
≤ch|uδh|H3(Ω)|uδh|H2(Ω)

≤c
√
h‖u‖H2(Ω)|uδh|H2(Ω) → 0,

(3.5.49)

as h→ 0, where for the last inequality we have used (3.5.35) and (3.5.40). Further-

more, note that

∣∣|uδh|2H2(Ω) − |u|2H2(Ω)

∣∣ ≤ |uδh − u|H2(Ω)

(
|uδh |H2(Ω) + |u|H2(Ω)

)
≤ |uδh − u|H2(Ω)

(
|uδh − u|H2(Ω) + 2|u|H2(Ω)

)
≤ δh

(
δh + 2|u|H2(Ω)

)
≤ 2δh|u|H2(Ω) + δ2

h.

(3.5.50)
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Finally (3.5.49) and (3.5.50) give∣∣∣∣∣∑
K∈Th

|uh,δh|2H2(K) − |u|2H2(Ω)

∣∣∣∣∣→ 0, as h→ 0, (3.5.51)

which concludes (3.5.42).

3.6 Compactness and Convergence of Discrete Min-

imizers

In this section our main task is to use the results of the previous section to show that

under some boundedness hypotheses on uh, a sequence of almost absolute discrete

minimizers (uh) converges in H1(Ω) to a global minimizer u of the continuous func-

tional, Theorem 3.6.1. Such results are standard in the Γ−convergence literature,

[58, 64], but the application in our setting is not straightforward. The main reason

is that in our case we need certain intermediate results, such as discrete DG version

of the Rellich-Kondrachov theorem, which we show in the sequel. We use related

discrete bounds derived previously in [65, 66, 28, 30]

We will use the total variation of a function v ∈ L1(Ω), see [67], defined as

|Dv|(Ω) = sup

{∫
Ω

v(∇ · φ) : φ ∈ C1
c (Ω)2, ‖φ‖L∞(Ω) ≤ 1

}
. (3.6.1)

The space of functions of bounded variation in Ω, denoted by BV (Ω), contains all
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L1(Ω) functions with bounded total variation, i.e.,

BV (Ω) = {v ∈ L1(Ω) : |Dv|(Ω) < +∞}. (3.6.2)

The space BV (Ω) is endowed with the norm

‖v‖BV = ‖v‖L1(Ω) + |Dv|(Ω). (3.6.3)

The following inequality plays a key role in the desired compactness.

Lemma 3.6.1 (Bounds for the total variation). Let w ∈ V q
h (Ω)2. Then, there exist

a constant C independent of h such that

|D∇w|(Ω) ≤ C|w|H2(Ω,Th). (3.6.4)

A proof can be found in [65, Theorem 3.26] and a generalization in ([30, Lemma 2].

It is based on the observation

∫
Ω

wi,jφijk,k =
∑
e∈Eih

∫
e

φijkJ∇w ⊗ neKijk −
∑
K∈Th

∫
K

wi,jkφijk, (3.6.5)

where φ ∈ C1
c (Ω)2×2×2 and appropriate bounds on the right-hand side.

Proposition 3.6.1 (Discrete Rellich-Kondrachov). Let a sequence (uh) ⊂ V q
h (Ω)2

be bounded, for C > 0, as

‖uh‖H1(Ω) + |uh|H2(Ω,Th) < C, for all h > 0. (3.6.6)

Then (uh) is relatively compact in W 1,p(Ω)2 for 1 ≤ p < +∞, i.e. there exists a
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u ∈ W 1,p(Ω)2 such that

uh → u in W 1,p(Ω)2, (3.6.7)

up to a subsequence.

Proof. Using the Sobolev embedding theorem, the discrete Poincaré inequality (3.4.13)

and inequality (3.6.6) we conclude that

‖uh‖Lr(Ω)2 ≤ C‖uh‖H1(Ω)2 < C

‖∇uh‖2
Lr(Ω)2×2 ≤ c

(
|uh|2H2(Ω,Th) + ‖∇uh‖2

L2(Ω)2×2

)
< C,

(3.6.8)

uniformly with respect to h, for all r ∈ [1,+∞), where C is a positive constant

independent of h. The space W 1,r(Ω) is reflexive for r ∈ (1,+∞). Therefore, for

every bounded sequence there exists a subsequence, not relabeled, and a function

u ∈ W 1,r(Ω) such that

uh ⇀ u in W 1,r(Ω), for all r ∈ (1,+∞). (3.6.9)

From the Rellich-Kondrachov theorem, [63, Theorem 9.16], and since dim Ω = 2, it

is known that Lp(Ω) ⊂⊂ H1(Ω), i.e. it is compactly embedded for 1 ≤ p < +∞. In

particular, uh → u in Lp(Ω) for p ∈ [1,+∞).

It remains to prove that (∇uh) is relatively compact in Lp(Ω). Similar results have

been proved in [28, 30, 66], all of them are based on a bound of the BV norm,

‖·‖BV (Ω), from the higher order terms. To this end, from inequalities (3.6.4) and

(3.6.6) it follows that (∇uh) is uniformly bounded in BV (Ω)2×2. By standard em-

bedding theorems, see for example [67, Theorem 5.5], (∇uh) in BV (Ω)2×2 is relatively
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compact in L1(Ω)2×2 and, up to a subsequence, there exists w ∈ BV (Ω)2×2 such that

∇uh → w, in L1(Ω)2×2. (3.6.10)

Therefore, from the interpolation inequality, [63], and (3.6.8), we obtain that

‖w −∇uh‖Lp(Ω)2×2 ≤ ‖w −∇uh‖θL1(Ω)2×2‖w −∇uh‖1−θ
Lr(Ω)2×2

≤ C‖w −∇uh‖θL1(Ω)2×2 → 0,
(3.6.11)

where p ∈ (1, r) and θ = r−p
p(r−1)

∈ (0, 1). From (3.6.9) we conclude that uh → u in

W 1,p(Ω) for p ∈ [1,+∞).

The discrete Rellich-Kondrachov Theorem ensures that there exist u in H1(Ω)2×2

such that uh → u inH1(Ω) under some boundedness hypotheses on uh. However, the

proof that almost absolute minimizers of the discrete problem converge to a minimizer

of the continuous problem would require higher regularity on u, i.e. u ∈ H2(Ω)2.

Similar arguments were used previously in [28, 30].

Proposition 3.6.2. (Regularity of the limit and Weak Convergence of the Discrete

Gradient). Let a sequence (uh) ⊂ V q
h (Ω)2 with uh → u in H1(Ω)2, q ≥ 2. If the

sequence is bounded in the H2(Ω, Th) seminorm, then

u ∈ H2(Ω)2

and

Gh(∇uh) ⇀ ∇∇u in L2(Ω)2×2×2,

(3.6.12)

up to a subsequence. In addition, if uh ∈ Aq
h(Ω) then u ∈ A(Ω).
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Proof. Here we adopt partially the proof of [28]. From inequality (3.4.26), the dis-

crete gradient Gh(∇uh) is bounded by |uh|H2(Ω,Th) in the L2(Ω)2×2×2 norm. Hence,

there exists w ∈ L2(Ω)2×2×2 such that, up to a subsequence,

Gh(∇uh) ⇀ w in L2(Ω)2×2×2. (3.6.13)

To prove that w = ∇∇u, let φ ∈ C∞c (Ω)2×2×2. By Lemma 3.5.2

∫
Ω

w · φ = lim
h→0

∫
Ω

Gh(∇uh) · φ = −
∫

Ω

∇u · (∇ · φ), (3.6.14)

which means that w = ∇∇u.

It remains to prove that u ∈ A(Ω). If uh ∈ Aq
h(Ω) then uh

∣∣
∂Ω

= (Iqhg)
∣∣
∂Ω

and

g ∈ H3(Ω). Classical interpolation error estimates, see inequality (3.4.11), give

‖uh − g‖2
L2(∂Ω) = ‖Iqhg − g‖

2
L2(∂Ω) =

∑
e∈Ebh

‖Iqhg − g‖
2
L2(e)

≤ c
∑
e∈Ebh

hK |g|2H1(K) ≤ Ch|g|2H1(Ω) → 0.
(3.6.15)

Combining the last result with the trace inequality yields

‖u− g‖L2(∂Ω) ≤ ‖u− uh‖L2(∂Ω) + ‖uh − g‖L2(∂Ω)

≤ c‖u− uh‖H1(Ω) + ‖uh − g‖L2(∂Ω) → 0,
(3.6.16)

which means u = g a.e on ∂Ω.

Theorem 3.6.1 (Convergence of discrete almost absolute minimizers). Assume that
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a > CR, i.e. that the stabilization parameter is greater than the constant of (3.4.25).

Let (uh) ⊂ Aq
h(Ω) be a sequence of almost absolute minimizers of Ψh, i.e.,

Ψh[uh] = inf
wh∈Aqh(Ω)

Ψh[wh] + εh, (3.6.17)

for some sequence (εh) such that εh → 0, as h→ 0. If Ψh[uh] is uniformly bounded

then, up to a subsequence, there exists u ∈ A(Ω) such that

uh → u, in H1(Ω)2, (3.6.18)

and

Ψ[u] = min
w∈A(Ω)

Ψ[w]. (3.6.19)

Proof. The uniform bound for the discrete energies implies from the equi-coercivity

property, Proposition 3.5.1, that

‖uh‖H1(Ω)2 + |uh|H2(Ω,Th) < C, (3.6.20)

uniformly with respect to h. The discrete Rellich-Kondrachov, Proposition 3.6.1, en-

sures that there exists u ∈ H1(Ω)2 such that uh → u in H1(Ω)2 up to a subsequence

not relabeled here. Since |uh|H2(Ω,Th) is uniformly bounded, Proposition 3.6.2 implies

that u ∈ H2(Ω)2 and also u ∈ A(Ω).

To prove that u is a global minimizer of Ψ we use the lim inf and lim sup inequalities,

Theorems 3.5.1 and 3.5.2 respectively. Let w ∈ A(Ω), then the lim sup inequality

implies that there exist wh ∈ Aq
h(Ω) such that

wh → w in H1(Ω)2 and lim sup
h→0

Ψh[wh] ≤ Ψ[w]. (3.6.21)
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Therefore, since uh → u in H1(Ω) the lim inf inequality and the fact that uh are

almost absolute minimizers of the discrete problems imply that

Ψ[u] ≤ lim inf
h→0

Ψh[uh] ≤ lim sup
h→0

Ψh[uh] ≤ lim sup
h→0

(Ψh[wh] + εh) ≤ Ψ[w], (3.6.22)

for all w ∈ A(Ω). Therefore u is an absolute minimizer of Ψ.

3.7 Incorporating Penalty terms with Exponential

Growth.

So far we have shown the convergence of discrete almost absolute minimizers to a

global minimizer of the continuous problem. The proof is based on the Γ−convergence

of Ψh to Ψ and on discrete compactness results. To penalize interpenetration of mat-

ter we have added a penalty function Φ in the total potential energy (3.1.1), assum-

ing that Φ has polynomial growth, see (3.2.2). One can notice that the polynomial

growth penalizes also deformations where J > 1 and as a consequence can affect the

material properties.

Using a penalty of the form

Φ(∇u) = Φ̄(J) = eα(b−J), 0 < b < 1, (3.7.1)

for large enough α > 0, the penalty parameter contributes to the total potential

energy when J < 1, thus an assumption as (3.7.1) seems preferable. In addition,

computational results related especially to densified phase and its comparison to

experimental data indicates that (3.7.1) is a better choice, for more details see sec-
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tion 4.2.2.

In this section we will assume that instead of polynomial growth, (3.7.1) holds.

However, employing a penalty function Φ with exponential growth, affects the proofs

of the inequalities lim inf, Theorem 3.5.1, and lim sup, Theorem 3.5.2. The main

technical difficulty addressed in this section is the proof of the lim sup inequality

when (3.7.1) is assumed. To show the analog of Theorem 3.5.2, and in particular that

Φ is uniformly integrable one has to use appropriate Orlicz spaces and corresponding

embedding results. To do this in discrete DG spaces requires new ideas, which we

describe in this section. As far as we know these bounds are the first embedding

estimates for DG spaces using the Orlicz framework.

Below we recall some definitions and basic properties for Orlicz spaces which we

require. The reader is referred to [68] for a thorough review of Orlicz spaces. Let

ϕ : R→ [0,+∞] be a continuous, convex and even function satisfying

lim
t→0

ϕ(t)

t
= 0 and lim

t→∞

ϕ(t)

t
=∞.

The Orlicz class Lϕ(Ω)2 consists of all measurable functions u : Ω → R2 such

that ∫
Ω

ϕ(|u|) <∞.

The Orlicz space Lϕ∗(Ω)2 is the linear span of functions in Lϕ(Ω)2 and it becomes a

Banach space when equipped with the Luxemburg norm

‖u‖Lϕ∗ = inf

{
k ≥ 0 :

∫
Ω

ϕ(|u|/k) ≤ 1

}
.
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Remark 3.7.1. Let Eϕ(Ω)2 denote the closure of L∞(Ω)2 in Lϕ∗(Ω)2. The convexity

of ϕ implies Eϕ(Ω)2 ⊂ Lϕ(Ω)2, see [68]. Moreover, given a sequence (uk) ⊂ Lϕ(Ω)2

and u ∈ Lϕ∗(Ω)2, we say that uk is mean convergent to u if

∫
Ω

ϕ(|uk − u|) dx→ 0, k →∞.

Norm convergence in Lϕ∗(Ω)2 is stronger than mean convergence.

Next, we equip the space Ṽ r
h (Ω)2 with the norn

‖w‖2
H1(Ω,Th) = ‖w‖2

L2(Ω) + |w|2H1(Ω,Th), (3.7.2)

where

|w|2H1(Ω,Th) =
∑
K∈Th

∫
K

|∇w|2 +
∑
e∈Eih

1

he

∫
e

|JwK|2, (3.7.3)

for all w ∈ Ṽ r
h (Ω)2. Our strategy relies on proving an embedding theorem of the

space Ṽ r
h (Ω)2, for all r ≥ 1, into the Orlicz space Lϕ∗(Ω) where

ϕ(t) = e|t|
2 − 1.

This embedding is proved in Theorem 3.7.1 below, which extends Trudinger’s em-

bedding theorem for Orlicz spaces, [31, Theorem 2], to the DG finite element set-

ting.

We start with a preliminary algebraic result, stated and proved in [69, Lemma 2.2].
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Lemma 3.7.1. Given N real numbers c1, . . . , cN let M =
∑N

i=1 ci. Then

N∑
i=1

|ci −M |2 ≤ C

N−1∑
i=1

|ci+1 − ci|2,

where C depends only on N .

Some properties of the reconstruction operator follow, see [69].

Lemma 3.7.2. Let ωe(v) denote the set of edges that contain the node v, i.e. ωe(v) =

{e ∈ Ei
h|v ∈ e}. Then for u ∈ Ṽ (Ω)2 there exists a reconstruction operator Q :

Ṽ r
h (Ω)2 → V r

h (Ω)2 such that

∑
K∈Th

‖u−Qu‖2
Ha(K)2 ≤ c

∑
e∈Eih

h1−2a
e

∫
e

|JuK|2 (3.7.4)

‖u−Qu‖2
L∞(K)2 ≤ c

∑
e∈ωe(K)

1

he

∫
e

|JuK|2, (3.7.5)

where ωe(K) = ∪v∈Kωe(v).

Proof. For (3.7.4) see [70, Theorem 2.1], while to prove (3.7.5) we proceed as in the

proof of [69, Theorem 2.2].

Here we adopt partially the notation of [69] and we define the reconstruction operator

Q. Given that u ∈ Ṽ r
h (Ω)2 and Qu ∈ V r

h (Ω)2, each function can be expressed as

u =
∑

K∈Th

∑m
i=1 a

i
Kφ

i
K and Qu =

∑
v∈N b

vφv. We denote by NK the set of the

local nodes on K for the space Ṽ r
h (Ω)2, i.e. NK = {xiK , i = 1, ...,m}. The set of

the nodes can be defined as N = ∪K∈ThNK . The set of the triangles containing a

node v is denoted by ωv, i.e. ωv = {K ∈ Th|v ∈ K}. Note that for a v ∈ N it holds

v = xi1K1
= · · · = x

i|ωv|
K|ωv|, for some i1, . . . , i|ωv|.
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To determine ũ the associated basis functions are defined as follows:

φv
∣∣
K

= φiK , when xiK = v, with suppφv =
⋃

K∈ω(v)

, v ∈ N.

To ensure that û is continuous we set

bv =
1

|ωv|
∑
K∈ωv

aωv
K , where aωv

K = aiK , when v = xiK . (3.7.6)

Then, applying the Cauchy-Schwarz inequality and recalling that the basis functions

are bounded on every element, we infer that

‖u−Qu‖2
L∞(K)2 = sup

x∈K

∣∣∣∣∣
m∑
i=1

aiKφ
i
K −

∑
v∈K

bvφv

∣∣∣∣∣
2

= sup
x∈K

∣∣∣∣∣∑
v∈K

(aωv
K − b

v)φv

∣∣∣∣∣
2

≤
∑
v∈K

|aωv
K − b

v|2 sup
x∈K

∑
v∈K

|φv|2

≤ cm
∑
v∈K

|aωv
K − b

v|2 ≤
∑
v∈K

∑
Ki∈ωv

|aωv
Ki
− bv|2.

(3.7.7)

Now let ωv = {K1, ..., K|ωv|}, where every consequence pair share the edge ev
i =

Ki ∩Ki+1, when i = 1, ..., |ωv| − 1. Therefore, using Lemma 3.7.1 we obtain

∑
Ki∈ωv

|aωv
Ki
− bv|2 =

|ωv|∑
i=1

∣∣∣∣∣∣aωv
Ki
− 1

|ωv|

|ωv|∑
i=1

aωv
Ki

∣∣∣∣∣∣
2

≤ c

|ωv|−1∑
i=1

∣∣∣aωv−1
Ki
− aωv

Ki+1

∣∣∣2 ,
(3.7.8)

where c = c(|ωv|). Note that |aωv
Ki
−aωv

Ki+1
| =

∣∣∣u∣∣
Ki

(v)− u
∣∣
Ki+1

(v)
∣∣∣, which is the jump
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of u at v from the elements Ki, Ki+1. This jump can be bounded form the L2-norm

on ev
i using an inverse inequality

|aωv
Ki
− aωv

Ki+1
|2 ≤ ‖JuK‖2

L∞(ev
i)
≤ c

ei
‖JuK‖2

L2(ev
i)
,

where c is independent of h. Plugging the last inequality into (3.7.8) we deduce that

(3.7.7) becomes

‖u−Qu‖2
L∞(K)2 ≤

∑
v∈K

∑
Ki∈ωv

|aωv
Ki
− bv|2 ≤ C

∑
v∈K

|ωv|−1∑
i=1

c

ev
i

‖JuK‖2
L2(ev

i)

≤ c
∑

e∈ωe(K)

1

he

∫
e

|JuK|2.
(3.7.9)

Lemma 3.7.3. Let u ∈ Ṽ r
h (Ω)2, for all x ∈ Ω it holds

|u(x)| ≤ C|u|H1(Ω,Th) + |û(x)|, (3.7.10)

where û = Qu and Q the reconstruction operator of Lemma 3.7.2.

Proof. For all x ∈ Ω we have

|u(x)| ≤ |u(x)− û(x)|+ |u(x)| ≤ ‖u− û‖L∞(Ω) + |û(x)|.

Th is a triangulation of the domain Ω, consequently there exists K∗ ∈ Th such that
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‖u− û‖L∞(Ω) = ‖u− û‖L∞(K∗). Using inequality (3.7.5) we deduce that

‖u− û‖2
L∞(K∗) ≤ C

∑
e∈Eih

1

he

∫
e

|JuK|2 ≤ C|u|2H1(Ω,Th).

Next we state a crucial lemma, stated in [31, Lemma 1], for a complete proof of the

embedding theorem.

Lemma 3.7.4. Let Ω ⊂ R2 satisfy the cone condition and w ∈ H1(Ω)2. Then for

a.e. x ∈ Ω it holds that

|w(x)| ≤ C(Ω)

(
‖w‖L1(Ω) +

∫
Ω

|∇w(ξ)|
|x− ξ|

dξ

)

We may now prove the embedding.

Theorem 3.7.1. Let Ω ⊂ R2 satisfy the cone condition. For each h > 0, the space

Ṽ r
h (Ω)2 is continuously embedded into the Orlicz space Lϕ∗(Ω) where

ϕ(t) = et
2 − 1.

Furthermore, for any ψ such that ψ(t) ≤ ϕ(λt) for some λ > 0, the space Ṽ r
h (Ω)2

is continuously embedded, in the sense of mean convergence, into the Orlicz class

Lψ(Ω); i.e., whenever ‖uk − u‖H1(Ω,Th) → 0 then

∫
Ω

ψ(uk − u) dx→ 0.

Proof. We exhibit the existence of constants b = b(u) > 0 and C = C(Ω) > 0 such
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that ∫
Ω

eb|u|
2 − 1 ≤ C(Ω). (3.7.11)

To estimate the exponential of |u|2, we require to estimate all Lq norms of u for

1 ≤ q <∞. Since

‖u‖Lq = sup
f∈Lp

|
∫

Ω
u(x) · f(x) dx|
‖f‖Lp

,

using Lemma 3.7.3, we conclude∫
Ω

|f(x)u(x)| ≤
∫

Ω

c|f(x)||u|H1(Ω,Th) + |f(x)||û(x)|

≤ C|u|H1(Ω,Th)|Ω|1/q‖f‖Lp +

∫
Ω

|f(x)||û(x)|,
(3.7.12)

where û = Qu and û ∈ H1(Ω)2. As in the proof of [31, Theorem 2] one can show

that

∫
Ω

|û(x)||f(x)| dx ≤ CC(Ω)1/q‖û‖H1(Ω)q
1/2‖f‖Lp(Ω). (3.7.13)

For completeness we highlight some details in the proof of (3.7.13) following [31].

Using Lemma 3.7.4, we conclude

∫
Ω

|f(x)û(x)| ≤ C

(∫
Ω

|f(x)|‖û‖L1dx+

∫
Ω

∫
Ω

|f(x)||∇û(ξ)|
|ξ − x|

dξdx

)
≤ C‖û‖L1|Ω|1/q‖f‖Lp + C

∫
Ω

∫
Ω

|f(x)||∇û(ξ)|
|ξ − x|

dξdx.

(3.7.14)
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Regarding the double integral above, applying the Cauchy-Schwarz inequality gives

∫
Ω

∫
Ω

|f(x)||∇û(ξ)|
|ξ − x|

dξdx ≤
(∫

Ω

∫
Ω

|f(x)|
|x− ξ|2−1/q

)1/2(∫
Ω

∫
Ω

|∇û(ξ)|2|f(x)|
|x− ξ|1/q

)1/2

.

(3.7.15)

We estimate the two double integrals separately. Denoting by d the diameter of Ω,

we have

∫
Ω

1

|x− ξ|2−1/q
dξ ≤

∫
Bd(0)

|y|−2+1/q ≤ C

∫ d

0

r−2+1/qr dr = Cd1/qq.

Hence,

∫
Ω

∫
Ω

|f(x)|
|x− ξ|2−1/q

≤ Cqd1/q

∫
Ω

|f(x)| dx ≤ Cd1/q|Ω|1/q‖f‖Lpq ≤ Cd3/q‖f‖Lpq.

On the other hand, we find that

∫
Ω

|f(x)|
|x− ξ|1/q

dx ≤ ‖f‖Lp
(∫

Ω

|x− ξ|−1

)1/q

and, therefore as before,

∫
Ω

|f(x)|
|x− ξ|1/q

dx ≤ C1/qd1/q‖f‖Lp . (3.7.16)

Then, the second term in (3.7.15) becomes

∫
Ω

∫
Ω

|∇û(ξ)|2|f(x)|
|x− ξ|1/q

≤ C1/qd1/q‖∇û‖2
L2‖f‖Lp . (3.7.17)
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Combining (3.7.16)-(3.7.17) and (3.7.15), we deduce that

∫
Ω

∫
Ω

|f(x)||∇û(ξ)|
|ξ − x|

≤ CC1/qd2/q‖∇û‖L2‖f‖Lpq1/2.

Replacing the above bound in (3.7.14) we obtain (3.7.13).

Our target is to bound (3.7.12) with respect to ‖u‖H1(Ω,Th). From (3.7.4) the following

bound holds

‖û|‖2
H1(Ω) ≤ 2

∑
K∈Th

‖û− u|‖2
H1(K) + 2

∑
K∈Th

‖u‖2
H1(K)

≤ c

∑
e∈Eih

h−1
e

∫
e

|JuK|2 +
∑
K∈Th

|u|2H1(K) + ‖u‖2
L2(Ω)


≤ c‖u‖2

H1(Ω,Th).

Therefore equation (3.7.13) becomes

∫
Ω

|û(x)||f(x)| dx ≤ cC(Ω)1/q‖u‖H1(Ω,Th)q
1/2‖f‖Lp(Ω). (3.7.18)

Returning to (3.7.12) we infer that

∫
Ω

|f(x)u(x)| ≤ C‖u‖H1(Ω,Th)q
1/2‖f‖Lp(Ω),

leading to the estimate

‖u‖Lq ≤ CC(Ω)1/q‖u‖H1(Ω,Th)q
1/2.
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In particular, note that

∫
Ω

|u|2q ≤ C(Ω)
(
C‖u‖2

H1(Ω,Th)q
)q
,

so that, choosing b > 0 such that bC‖u‖2
H1(Ω,Th) < 1/e we reach (3.7.11).

Regarding the embedding in the sense of mean convergence, as in [31], we note that

bounded functions are dense in the space Ṽ r
h (Ω)2 and hence Ṽ r

h (Ω)2 ⊂ Eϕ(Ω) due to

the above embedding. In particular, if ψ(t) ≤ ϕ(λt), for some λ > 0, Ṽ r
h (Ω) ⊂ Lψ(Ω)

and the embedding is continuous with respect to mean convergence as, by Remark

3.7.1, norm convergence implies convergence in the mean.

Proposition 3.7.1. Let Φ : R2×2 → R a continuous function satisfying

|Φ(ξ)| ≤ c1e
c2|ξ|2 , ∀ξ ∈ R2×2

and suppose that

‖uh − u‖H1(Ω) + |uh − u|H2(Ω,Th) → 0, h→ 0,

for uh ∈ V q
h (Ω)2 and u ∈ H2(Ω)2. Then, up to extracting a subsequence,

∫
Ω

Φ(∇uh)→
∫

Ω

Φ(∇u), as h→ 0. (3.7.19)

Proof. Let wh = ∇uh, w = ∇u, then

‖wh −w‖L2(Ω) + |wh −w|H1(Ω,Th) → 0, h→ 0.

Up to extracting a subsequence, wh → w pointwise a.e. and, by the continuity of Φ,
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also Φ(wh)→ Φ(w) a.e. in Ω.

Next, note that

|Φ(wh)| ≤ c1

(
ec2|wh|

2 − 1
)

+ c1

= c1ψ(wh/2) + c1, (3.7.20)

where ψ(t) = e4c2|t|2 − 1, is a convex function such that ψ(t) = ϕ(λt) for λ = 4c2,

where φ is given in Theorem 3.7.1. The convexity of ψ implies that

ψ(wh/2) ≤ 1

2
ψ(wh −w) +

1

2
ψ(w).

By Theorem 3.7.1, we have that (ψ(wh −w)) converges in L1(Ω), as h→ 0. There-

fore ψ(wh/2) is uniformly integrable. But then (3.7.20) implies that (Φ(wh)) is a

uniformly integrable sequence and thus Φ(wh)→ Φ(w) in L1(Ω).

Remark 3.7.2. Proposition 3.7.1 and the classical embedding of Trudinger for Orlicz

spaces [31], also implies that if (uδ) ⊂ H2(Ω) and ‖uδ−u‖H2(Ω) → 0, as δ → 0 then

∫
Ω

Φ(∇uδ)→
∫

Ω

Φ(∇u), as δ → 0.

Finally, we establish the Γ-convergence and the convergence of discrete almost abso-

lute minimizers when the penalty term Φ has exponential growth.

Theorem 3.7.2. Let the penalty function Φ have an exponential growth, see (3.2.3).

Then the following properties hold:

(i) For all u ∈ A(Ω), there exists a sequence (uh)h>0 with uh ∈ Aq
h(Ω), such that
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uh → u in H1(Ω)2 and

Ψ[u] ≥ lim sup
h→0

Ψh[uh]. (3.7.21)

(ii) For all u ∈ A(Ω) and all sequences (uh) ⊂ Aq
h(Ω) such that uh → u in H1(Ω)

it holds

Ψ[u] ≤ lim inf
h→0

Ψh[uh]. (3.7.22)

(iii) Theorem 3.6.1 holds, i.e. the discrete almost absolute minimizers converge to an

absolute minimizer of the continuous problem.

Proof. (i) Following the proof of Theorem 3.5.2 it remains only to verify (3.5.46), i.e.

Φ(∇uh,δh) → Φ(∇u) in L1(Ω), where (uh,δh) is the sequence defined after (3.5.35).

It is enough to show

Φh(∇uh,δh)− Φ(∇uδh)→ 0 and Φ(∇uδh)− Φ(∇u)→ 0 (3.7.23)

in L1(Ω), as h→ 0. Using Proposition 3.7.1, it suffices to show that

|uh,δh − uδh|H2(Ω,Th) → 0, as h→ 0,
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i.e.,

∑
K∈Th

∫
K

|∇∇uh,δh −∇∇uδh|
2 +

∑
e∈Eih

∫
e

|J∇uh,δh −∇uδhK|
2 → 0, (3.7.24)

as h → 0. Using (3.5.38), (3.5.35) (3.5.40) we obtain the following bounds for the

first term

∑
K∈Th

∫
K

|∇∇uh,δh −∇∇uδh|
2 ≤ ch2

∑
K∈Th

∫
K

|uδh|2H3(K)

≤ Ch|u|2H2(Ω).

(3.7.25)

Note that uδ ∈ H3(Ω)2 implies uδ ∈ C1(Ω)2 from the Sobolev embedding. Then

working as (3.5.47) we obtain

∑
e∈Eih

∫
e

|J∇uh,δh −∇uδhK|
2 =

∑
e∈Eih

1

he

∫
e

|J∇uh,δhK|2 ≤ ch|u|2H2(Ω). (3.7.26)

From (3.7.27) and (3.7.28) we deduce (3.7.26).

Also Remark 3.7.2 implies Φ(∇uδh)→ Φ(∇u), in L1(Ω), which concludes the proof

of (i).

(ii) For the lim inf inequality we have only to prove the step where Φ is involved.

This is immediate as, by Fatou’s Lemma,

∫
Ω

Φ(∇u) ≤ lim inf
h→0

∫
Ω

Φ(∇uh), when uh → u in H1(Ω) (3.7.27)

because Φ is continuous.
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(iii) From the Γ−convergence result, (i) and (ii) , the proof of Theorem 3.6.1 can be

adopted.
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Chapter 4

Computational Results

Introduction

The simulated ECM domain contains one or more initially circular cavities. Each

cavity represent a cell or a cluster of cells. A contractile circular cavity induce

matrix deformations. In the following sections we start with some details for the

implementation, section 4.1. In the sequel, we simulate matrix deformations for the

material accounting the buckling instability, section 4.2, but not the memory effect.

In section 4.2.1 it is shown that densified tracts, tethers, between the circular cavities

emerge under some critical values of contraction. The latter provides an evidence

that buckling instability is the underlying mechanism responsible for the densified

regions observed in previous experimental studies, see section 2.1. Furthermore,

departing from common practice, [6, 14, 20] we allow cells and clusters to change

shape during ECM deformation in our model.

One can wonder if the predicted density jumps can be fitted to experimental data,
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for this purpose, as it is explained in section 4.2.2, the penatly parameter which

penalizes the interpenetration of matter is modified. Apart from the prediction of

the densified regions and the desired values of the jump discontinuity, a consequence

of the buckling instability is the long-range mechanosensing, section 4.2.3.

Increasing the mesh resolution we observe that more and thinner microstructures ap-

pear in the periphery of the contracting particles, section 4.2.4 . This is in agreement

with minimisation problems of multi-well energies for austenite-martensite mixtures

and twinning in crystals, where it has been proven that no minimum exists [71], in-

stead there is an energy-minimising sequence of deformations, where each term has

an increasing number of strain discontinuities and finer bands in alternating phases.

In order to show that this mesh dependence is not a numerical artifact, in section

4.2.5 we add a higher, gradient term to the energy functional.

In the sequel, some simulations including the memory effect are given, section 4.3.

Next, a preliminary study of how the minima location affects the width and length

of the formed microstructures and how different mesh triangulation affects the com-

puted solutions, are discussed in sections 4.4 and 4.5 respectively. We conclude the

computational simulations with section 4.6, where various computations are illus-

trated, like clusters of contracting cells, and some useful results which show that

traction is higher along the formed tether. The latter implies that tensiontaxis pos-

sible explains why cells respond to localized deformations by growing protrusions

towards one another.
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4.1 Implementation

The potential energy of the continuous model has been discretized using the finite

element discretization provided by the FEniCS project [72, 73]. Specifically, we have

used linear and quadratic Lagrange elements, i.e. uh ∈ V r
h (Ω)2 for r = 1, 2. The

quadratic elements are used when the potential includes the regularization term, i.e.

the second gradient of the displacement vector in equation (2.5.5). For the energy

minimization procedure we have employed the nonlinear conjugate gradient method,

see [74], provided by SciPy [75]. A parallelization of the nonlinear conjugate gradient

algorithm has been developed using petsc4py data structures [76, 77]. The resulting

deformations are visualized with paraview [78].

To describe the termination criterion of the minimization algorithm, let’s denote by

{φ1, φ2, . . . , φNh} a basis of V r
h (Ω), then for uh ∈ V r

h (Ω)2 each component of uh can

be written with respect to the nodal basis as

(uh)1(x) =

Nh∑
i=1

U2i+1φi(x),

(uh)2(x) =

Nh∑
i=1

U2iφi(x).

(4.1.1)

Let u?h be a minimizer of the discrete problem, then the first variation1 of the total

potential energy should vanish, i.e.

DvΨh[u
?
h] =

dΨh[u
?
h + δv]

dδ
= 0, for all v ∈ V r

h (Ω). (4.1.2)

1We have assumed that d
dδ

∫
Ω
G(Dauh +Daδv) =

∫
Ω

d
dδG(Dauh + δDav), for 0 ≤ a ≤ 2.
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Under the discrete minimization process, we assume that a deformation has reached

numerically an equilibrium state if

max
1≤j≤2Nh

|DviΨ[uh]| < 10−5, (4.1.3)

where v2i−1 = (φi, 0) and v2i = (0, φi), 1 ≤ i ≤ Nh.

4.2 Elastic Energy with buckling instability and

without memory.

In this section we will study solutions to the material arising from the one dimen-

sional stress-stretch relation S(λ) = k(λ5 − λ3), introduced in section 2.3. We start,

excluding the higher order terms, i.e. letting the regularization parameter of the

total potential energy (2.5.5) vanish, ε = 0. Tether formation, cell response, how one

can adjust the density jumps discontinuities, long-range mechanosensing and mesh

dependence will be presented. Then, it is illustrated how the regularization param-

eter affects the computed solution and how the parameter ε affects the width of the

localized deformations.

When the regularization term is omitted, i.e. ε = 0, linear Lagrange elements are

used, therefore the discretization space is the space of continuous piecewise linear

polynomial function V 1
h (Ω). Otherwise, if ε 6= 0 the method presented in chapter 3

is adopted, see the discrete functional of equation 3.3.9.
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(a) 20% contraction. (b) 40% contraction. (c) 60% contraction.

Figure 4-1: The deformed state when each cell contracts homogeneously 20%, 40%
and 60%, (a), (b) and (c) respectively, where the exterior boundary is free of forces.
The centers of the cells are located at (−2.5r, 0), (2.5r, 0), where rc is the initial
radius of the cells. The undeformed matrix is the circle with center at (0, 0) and
radius 6r.

4.2.1 Solutions without Regularization

The next computation results illustrate how and when tethers between two cells

are formed for uniform contraction, also the introduction of a functional modeling

inhomogeneous deformation of cells under inhomogeneous deformations and their

centers movement.

Excluding the potential energy accounting cells’ response, we seek discrete minimizers

for the total potential energy

I[u] =

∫
Ω

W (∇u) + e100(0.01−J), with u(x) = gi(x) on Γi, (4.2.1)

the elastic energy W is given in (2.3.5). Recall that Γi is the boundary of the ith

circular cavity representing the boundary of the ith cell and the displacement vector
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Figure 4-2: The critical values over cells’ distance for the energy of (4.2.1), i.e. no po-
tential for the cells’ response, cells’ centers are kept fixed and without regularization,
i.e. ε = 0; A critical value is the smallest radial displacement, for given distance of the
cells, such that tether between cells is formed. The horizontal axis represents cells’
distance and the vertical axis cells’ contraction percentage, x% means x% smaller
radius.

gi is given in (2.5.2). Note that (4.2.1) implies that the exterior boundary of the

matrix is free of forces under equilibrium.

Now, let two cells with radius r and distance 3r contract. As it is depicted in

Figure 4-1, under some critical values of cells’ contraction a densified tract between

cells emerge, while microstructures emanate around each circle. Given the cells’

distance, let the critical value be the lower contraction percentage of the cells such

that a densified tract between them emerge, i.e. (less) more contraction than the

critical value means (no) tether formation. In Figure 4-2 is depicted the graph of the

critical values over cells’ distance.

For a further study of these deformations let’s compute the maximum (λmax) and

minimum (λmin) principal stretches, equation (2.2.14). In Figure 4-3 the tensile
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(a) λmax under 60% contraction. (b) λmin under 60% contraction.

Figure 4-3: The maximum (λmax) and minimum (λmin) principal stretches in the
undeformed configuration when cells contract 60%, see Figure 4-1c for the deformed
state. For every triangle, of the triangulation, λmax and λmin are computed from
equation (2.2.14). (a) Values of λmax. High tension is apparent between cells (red
area), where tether is formed. Also, high tension is observed in the radial direction,
where the hair-like microstructures appear. A triangle with a high value of λmax is
high stretched in the deformed configuration. (b) Values of λmin. High compressed
regions (blue color) lie in the areas where tether and hair-like microstructures are
formed.

and compressive strains are depicted for the case of 60% contraction. The material

between cells is stretched along the axis passing through the cells’ center and is

compressed in the transverse direction. The principal stretches lie in the area where

strong ellipticity fails, recall Figure 2-10, as a result the discontinuous densified tract

is formed. Similarly, the hair-like microstructures around the cells is a consequence of

tension in the radial direction and compression in the circumferential direction.

It is natural to assume that cells do not deform homogeneously under inhomogeneous

forces. Also, their centers do not remain fixed. For this purpose let’s assume that

cells are connected to the ECM through linear springs. Then, as it has been presented

in section 2.5, the total potential energy becomes:

I[u;D] =

∫
Ω

W (∇u) + e100(0.01−J)dx+G[u;D], (4.2.2)
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the functional G is given in (2.5.3). Recall that κ denotes the stiffness constant of

the springs.

In Figure 4-4 it is illustrated the effect of the potential accounting cell’s response, for

κ = 1. It is apparent the inhomogeneous deformation of cells in Figures 4-4b and 4-

4c. For the latter case notice also the cells’ movement towards each other. The

egg-like shape of the deformed cell is formed for low values of κ. This shape change

agrees with early experimental observations of contractile explants [10, 9], which also

feature tether and hair-like microstructures. In addition, the egg-like shape results

in the reduction of the stretch along the axis of the tether, compare Figures 4-4a and

4-4b. Even less stretch, along this axis, occurs when cells are free to move. Therefore,

the critical values are affected after the introduction of cells’ response. For instance,

the critical value for two cells with distance 3r requires 30% contraction when the

functional G is not considered, see Figure 4-2 . But accounting G, with κ = 1, 36%

and 38% contraction is required for fixed and free centers respectively. It must be

noted that the initial circular shape is conserved for large values of κ (> 100). This a

direct consequence from the definition of G, where for large κ the quantity under the

line integral should vanish, otherwise G contributes to the energy significantly.
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(a) Dirichlet b.cs. and fixed centers.

(b) k = 1 and fixed centers.

(c) k = 1 and free centers.

Figure 4-4: Matrix density in the deformed configuration. Two cells with radius
r and distance 3r contract 60%. Only the highly deformed area of the matrix is
illustrated. (a): Cells contract homogeneously, Dirichlet boundary conditions are
applied on the boundary of the circular cavities. (b): Cells are connected to the
matrix through linear spring, with stiffness constant κ = 1 and fixed center. The
potential G[u] of (2.5.1) is employed. (c): Cells respond and contract as in (b), the
difference being the centers are free to move, i.e. G[u;D] of equation (2.5.3), is the
potential for the cells response. Note that densification is higher in (a) compared to
(b) and in (b) compared to (c).
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(a) (b)

Figure 4-5: In the event of uniaxial strain (horizontal axis) two strains, λM and λm on
vertical axis, correspond to the Maxwell stress. For discrete values of λ1 ∈ [1, 1.45],
i.e. from 1 to 1.45 with step size 0.01, the strains λM λm, are computed. (a) The
Maxwell strains for the elastic energy with the formW (∇u)+exp 100(0.01− J). (b)
The Maxwell strains for the elastic energy with the form W (∇u) + exp 80(0.22− J).
Note that the compressed state in (b) is much higher than the corresponding state
in (a), i.e. λm is close to 0.3 and in the latter case λm is close to 0.1.

4.2.2 Fitting Density jumps to experimental data.

So far we have seen tether formation between two cells and hair-like microstructures

in the radial direction emerging under some critical values of cells’ contraction. In

the presented simulations, the density within tethers is up to 13 times higher from

the undeformed state, but experimental results revealed, [5, 14], that the density

can be 3 to 5 times higher. The density jumps are determined by the strains that

correspond to the high and low compressed states. Therefore, keeping the location

of the low compressed state, one has to move the location of the high compressed

state. A more general description of how the location of the two different states

affects the formation and the values of the localized deformations can be seen in

section 4.4.

To avoid interpenetration of matter we have introduced a penalization parameter.
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Similarly to avoid the very high compressed states, the penalty parameter is al-

tered in such a way that these very high compressed phases are not energetically

favorable anymore. Replacing the penalty parameter form exp 100(0.01− J) to

exp 80(0.22− J) the final elastic energy Wf has the form

Wf (∇u) = W (∇u) + e80(0.22−J). (4.2.3)

Comparing the Maxwell strains in Figure 4-5, note that the jumps for the new elastic

energy are lower and the compressed phase corresponds to higher strains.

To compare the two elastic energies, let two cells with distance 4r to contract 50%.

In Figure 4-6 the densities, for the two elastic energies, in the deformed state are de-

picted, where it is apparent the difference on the localized deformations; wider bands

with lower density ratios have been formed for the elastic energy given in equation

(4.2.3). Therefore, altering the exponential term, which penilized the deformations

with interpenetration of matter, one can adjust the location of the compressed phase.

We have to mention that the critical values for the elastic energy do not coincide,

this can be seen from the areas where strong ellipticity fails.
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(a) Elastic Energy = W (∇u) + exp 100(0.01− J).

(b) Elastic Energy = W (∇u) + exp 80(0.22− J).

Figure 4-6: The density in the deformed state under 50% contraction, cells’ distance
is 5r. The Maxwell strains for the material in (a) are illustrated in Figure 4-5a, and
for the material in (b) see Figure 4-5b. Note that tethers’ densities are close to the
value 1/λm, where λm is the high compressed Maxwell strain.
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4.2.3 Long Range Mechanosensing

The long range mechanosensing is a result of the special nonlinearity of the fibrin

matrix. Even if strain stiffening enhances force transmission [79], it is not sufficient

to explain long range matrix displacements, [80]. Notbohm et. al., [6], conducted 3-

D experiments with fibroblasts seeded in a fibrin matrix. They studied cell induced

displacements of the matrix under cells’ contraction. They quantified the rate at

which displacement decayed over distance and they found that the displacement

magnitude u(r) is proportional to r−0.5, where r is the distance from the cell center.

This means that the displacement fields propagate over a longer range compared to

the range predicted by linear elasticity, where u(r) ∼ r−2. They performed finite

element simulations of discrete network models which provided strong evidence that

the key mechanism for this longer range is the fibers buckling and not the strain

stiffening. In addition, a theoretical support has been given in [15], creating a simple

continuum model with analytical solutions.

To calculate matrix displacements for the proposed constitutive law, we model a

single cell by a circle of radius r, contracting in a circular region of radius 4.5r. Cell

contracts isotropically with inward radial direction and displacement magnitude of

0.5r. In Fig. 4-7 the displacement field in the reference configuration and the density

ratio in the deformed state are depicted. The phase transitions in the circumferential

direction indicates nonlinear matrix response. From the aforementioned remarks a

slower decay rate of the displacement field is expected than the decay rate predicted

from linear elasticity.. Indeed, we have found that the displacement magnitude u(r)

scales as u(r) ∼ r−0.5 and the density magnitude % scales as %(r) ∼ r−1.7, see Figure 4-

8. Similarly to the experimental data, the displacement field decay much slower than
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(a) (b)

Figure 4-7: A circle with radius r = 2 contracts 50% uniformly in a circular region
of radius 4.5r. (a) The norm of the displacement field in the reference configura-
tion, i.e, Lagrangian representation. (b) The density in the deformed configuration,
i.e., Eulerian representation. Localized deformations have been developed in the
circumferential direction.

the predicted solution from 2-D linear elasticity theory where u(r) ∼ r−1. Longer

range matrix displacements produce density alterations in longer ranges.

One could wonder if the displacement and the density decay rates are similar for the

material with the very high compressed state, where the density ratio in the localized

deformations varies from 10 to 13. Recall that the difference between the two elastic

energies is the term for the penalization of interpenetration of matter. Calculating

the corresponding decay rates with the penalty exp(100(0.01 − J)) we find that

u(r) ∼ r−0.48 and %(r) ∼ r1.79, which are very close to the aforementioned results.

This is expected because the buckling instability is included in both materials.
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(a) (b)

Figure 4-8: The displacement and the density decays of Figure 4-7, where a single
cell with radius r = 2 contracts 50%. The horizontal axes represent the radial
distance from the cell center. (a) Displacement norm decay over radial distance in
the reference configuration. Red dots denote the displacement norm (u ·u)1/2 of the
discretization (triangle) nodes from Figure 4-7a. We fit the simulation data to the
curve Arn, using non-linear least squares, and we have found the values of A = 1.43
and n = −0.5. (b) Density over radial distance in the deformed state. The green
dots denote the density ratio in the center of a deformed triangle. The curve Ar−n+1
is fitted to the data from Fig. 4-7b, and we have obtained A = 1.25 and n = 1.7.
Note that the most density values belong to one of the two phases, the high (upper
group) and the low compressed (lower group) phases.
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4.2.4 Dependence on Mesh Size

So far, we have seen that tethers between two cells and microstructures in the ra-

dial direction of the cells emerge under some critical values cells’ contraction. The

localized deformations are formed from the special non-convexity of the elastic en-

ergy W . Specifically, the strain energy W fails to be rank-one convex. This means

that, under some critical strains,the ellipticity of the corresponding Euler-Lagrange

equations fails.

Increasing the mesh resolution, the computed solutions depend on the mesh size.

As it is depicted in Figure 4-9, mesh resolution must be fine enough to capture

localized deformations, but further increased resolution result in more and thinner

bands around the cell. The appearance of phase boundaries is due to the elliptic-

ity failure and the rank one connected minima. The appearance of finer and finer

phase mixtures as resolution is increased is related to incompatibility of the wells

with the boundary conditions. As a result the minimum in general is not attained

and minimizing sequences develop more and finer oscillations in order to create less

incompatible deformations, [71].

In the case of two or more contracting cells, the tether width connecting them remain

largely unaffected, for sufficient resolution, see Figure 4-10. Note again, the hair-like

microtsructures number increase while their thickness decrease in finer mesh. Similar

results have been shown in the computations of [81, 82] where higher mesh resolution

increases the number and the spatial frequency of twin boundaries. To show that

the mesh dependence is not an artificial numerical artifact, an interfacial energy is

introduced. More details are presented in the sequel.
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(a) (b)

(c) (d)

Figure 4-9: Solutions’ dependence on mesh resolution. The density in the deformed
configuration for a 50% contracting cell is computed. In (a) the mesh size is h0,
microstructures are thinner than h0 and cannot be captured. Increasing mesh res-
olution to h0/2, h0/4 and h0/8 in (b), (c) and (d) respectively, more and thinner
microstructures emerge. We have assumed that the fibrin matrix is a circle with
radius 7.5rc, with the external boundary fixed.
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(a)

(b)

(c)

Figure 4-10: The density in the deformed configuration for 50% contracting cells
with distance 3r. In (a) the mesh size is h0. The mesh size is decreased to h0/2, h0/4
in (b), (c) respectively, then more and thinner hair-like microstructures emerge, but
the main densified tract between cells remains largely unaffected in (b) and (c).
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4.2.5 Incorporating the Regularization term

We have seen, from the previous presented computational results, that solutions of

the minimization problem

min
uh∈V rh (Ω)2

Ψh[uh] together with some boundary conditions

can contain localized deformations. Then, the tether formation is not affected from

the mesh size. On the other hand, a mesh dependence for the hair-like microstruc-

tures can be seen in Figures 4-9 and 4-10. In addition, in many materials the dis-

continuities are not sharp but jump from the one phase to the other gradually and

localized deformation zones can be small with finite size. The finite size means that

microstructures have a length scale, and microstructures with smaller width cannot

appear, consequently they can not increase infinitely as the minimizing sequences

approach the infimum.

To tackle the aforementioned issues we have performed a simple modification of the

constitutive law adding a second gradient term. Recall from (2.3.11) that then the

total potential energy has the form

Ψ[u] =

∫
Ω

W (∇u) + Φ(∇u) +
ε2

2
|∇∇u|2dx. (4.2.4)

The higher order term accounts for the interfacial energy, penalizing discontinuities

of the deformation gradient. The transition from the one phase to the other is allowed

but there is an associated cost per unit area. Now, the corresponding Euler-Lagrange

equations are elliptic, which means mesh dependence is eliminated. This can be seen

also from the fact that the variable ε can be considered as an internal length scale,
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(a) ε = 0. (b) ε = 5 · 10−3r. (c) ε = 5 · 10−2r

Figure 4-11: The density in the reference configuration under 50% contraction. The
parameter ε can be considered as an internal length scale: microstuctures cannot have
a width smaller than Cε for some C > 0, in the reference configuration.. Increasing
the values of the regularization parameter ε. The centers are located at the points
(−2.5r, 0) and (2.5r, 0).

[83, 24], where the discontinuity jump is replaced by a smooth transition from the

one phase to the other with a width of order O(ε). Therefore, microstructures with

width less than Cε, for some C > 0, are not permitted anymore.

In Figure 4-11 it is illustrated an example with varying ε. When ε = 0 microstruc-

tures number and width is dependent on mesh size. For ε = 5 · 10−3r, only hair-like

microstructures with width larger that Cε are allowed, for a C > 0. Note that

when ε5 · 10−2r the hair-like microstructures disappear, where only the tether has a

permitted width.

It is noteworthy that for a given ε mesh independence2 is succeeded when the mesh

size is sufficiently fine. Specifically, there exists a function φ such that when

h ≤ φ(ε), (4.2.5)

2In the sense that refining a given mesh computed interfaces do not change for every further
refinement.
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(a) h = h0. (b) h = h0/2.9. (c) h = h0/3.3

Figure 4-12: Mesh size and locking effect. Let the domain be a unit circle, then the
potential given in (4.2.6) is minimized, for ε = 5 · 10−3 and the special initialization:
w(x, y) = 1 when x < 0.1, otherwise w(x, y) = −1. Varying the mesh size we note
the following; In (a) the mesh size is not fine enough, and the interface cannot move.
In (b) is depicted the computed solution just before the interface moving. (c): When
the mesh size is small enough then the interface can move, avoiding the locking effect,
and the discrete solution is a minimizer of the continuous problem.
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localized deformations remain unaffected. Consequently, for every h satisfying in-

equality (4.2.5) the well known locking effect is avoided. Otherwise, the computed

minimizer can evidently not be a minimizer for the continuum problem. Take, for ex-

ample, the potential proposed by Kohn and Sternberg, [84], which has the form

I[w] =

∫
Ω

ε‖∇w‖+
1

ε
(w2 − 1)dx, w : Ω −→ R. (4.2.6)

Then minimizers of the total potential energy are w = 1 or w = −1 over the whole

domain, which are global minimizers. An example of the locking effect can be seen

in Figure 4-12. The discrete solution in Figures 4-12a and 4-12b are not minimizers

of the continuum problem, but in Figure 4-12c the computed solution is a minimizer

of the continuous problem. Therefore, for a given ε there exists a resolution of the

mesh hcrit such that the interface can move for all h ≤ hcrit(ε). So, the minimization

algorithm attains one of the two global minimums. From the hcrit(ε) one can find

(an approximately) affine relation of ε and h for the potential in equation (4.2.6), in

order to avoid locking effects. Consequently, for our computations, we assume that

if h0 < ε and for every h < h0 the computed displacement field remains unchanged,

then the locking effect is avoided. From now on, in the following presented results

the above criterion will be satisfied, which means that, by refining the given mesh,

the localized deformations remain unaffected.

We have seen that, in the absence of interfacial energy, the computed displacement

fields imply long range deformations of the matrix, Figures 4-7, 4-8. It is natural to

ask if the regularization parameter affects the decay rates of the displacement fields

and the material density. We repeat the aforementioned computations for an ε > 0.

In Figure (4-13) the displacement magnitude in the reference configuration and the

density in the deformed state are depicted. We fit the curves Arn and Arn + 1 for
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(a) (b)

Figure 4-13: A circle with radius r = 2 contracts 50% uniformly in a circular region of
radius 4.5r. The regularization parameter has the value ε = 5 · 10−3r. (a) The norm
of the displacement field in the reference configuration, i.e, Lagrangian representa-
tion. (b) The density in the deformed configuration, i.e., Eulerian representation.
Localized deformations have been developed in the circumferential direction.

the data in Figures 4-13a and 4-13a respectively. We find, see Figure 4-14, that the

displacement magnitude u(r) decay on the same scale as before, i.e. u(r) ∼ r−0.5 and

the density ratio decay rate is close to the previous computed rate, i.e. % ∼ r−1.59.

Therefore, displacement decays, as before, slower than the decay predicted by the

theory of linear elasticity.
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(a) (b)

Figure 4-14: For ε = 5 ·10−3r, the displacement and the density decay are computed
when a single cell with radius r = 2 contracts 50%. The horizontal axes represent the
radial distance from the cell center. (a) Displacement norm decay over radial distance
in the reference configuration. Red dots denote the displacement norm (u · u)1/2 of
the discretization (triangle) nodes from Figure 4-13a. We fit the simulation data
to the curve Ar−n, using non-linear least squares, and we have found the values of
A = 1.43 and n = 0.5. (b) Density over distance in the deformed state. The green
dots denote the density ratio in the center of a deformed triangle. The curve Ar−n+1
is fitted to the data from Fig. 4-13b, and we have obtained A = 1.02 and n = 1.59.
Note that the most density values belong to one of the two phases, the high (upper
group) and the low compressed (lower group) phase.
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4.3 Elastic Energy with Memory

In section 2.4 we have used the non-convex nonlinear elasticity theory for the shape

memory effect in order to include the phenomenon of residual tethers. Specifically, as

we have already seen the computed solutions revealed localized deformations under

cells’ contraction, similar to the experimental data. For the memory effect we use

the strain energy W defined in (2.4.2). We simulate matrix deformations for the

following total potential energy:

I[u;D] =

∫
Ω

W (∇u) + exp (80(22− J)) +G[u;D], (4.3.1)

recall that G accounts for cells’ response, equation (2.5.4). In Figure 4-15 it is

shown that, when the contraction of the cells is reversed, residual tethers and hair-

like microstructures remain. These tethers are thinner and less prominent than ones

appearing during cells’ contraction. Here we let cells free to move in order to mention

that enabling cell centers free to move results in longer hair-like microstructures when

memory is enabled, see Figures 4-21 and 4-24 of section 4.4.
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(a)

(b)

Figure 4-15: Introducing the memory effect. Density in the deformed configuration
after loading and unloading. (a): Cells contract 50% forming a wide tether and long
hair-like microstructures. (b): After unloading, the localized deformations remain
partially. Initial cells’ radius is r and their distance 3r. Cells are free to move with
stiffness constant k = 5, see equation (2.5.4).
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4.4 Minimum Location affects Density jumps and

Microstructures Length.

So far, we have seen that the strain energy function is a double well potential with

minima at the undeformed state (λ1, λ2) = (1, 1) and at the deformed state (λ1, λ2) =

(λ∗1, λ
∗
2) 6= (1, 1), where λ1, λ2 denote the principal stretches. One could ask how the

location of the minimum, at the deformed state, influences the discontinuity jump

and the hair-like microstructures around the cell. For this purpose, an artificial strain

energy function is constructed, with a prescribed location of the minima.

To create a local minimum at (λ∗1, λ
∗
2), the strain energy function is written in terms

of the principal stretches as follows:

Ŵ (λ1, λ2) =
(
(λ1 − 1)2 + (λ2 − 1)2

)(
(λ1 − λ∗1)2 + (λ2 − λ∗2)2

)
(
(λ1 − λ∗2)2 + (λ2 − λ∗1)2

)
+ Φ̂(λ1, λ2),

(4.4.1)

where Φ̂ is a convex function of λ1, λ2 such that penalizes the interpenetration of

matter with negligible influence on the minimum location and value. From now on,

we will assume that λ∗1, λ∗2 ≥ 0.1, thus we can choose

Φ̂(λ1, λ2) = e100(0.01−λ1λ2). (4.4.2)

Indeed, as is illustrated in Figure 4-16a for (λ∗1, λ
∗
2) = (0.3, 1.2), Ŵ is a double3 well

potential. From the Knowles-Sternberg strong ellipticity conditions, see section 2.2.3,

the regions where strong ellipticity holds can be computed. The white region of

3 We call Ŵ a double well potential because the symmetric deformation of (λ∗1, λ
∗
2), i.e. (λ∗2, λ

∗
1),

is not distinguished.
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(a) (b)

Figure 4-16: The strain energy function of equation (4.4.1) for (λ∗1, λ
∗
2) = (0.3, 1.2).

Axes correspond to the principal stretches. A red dot indicates local minimum
location. (a) The contour plot of the strain energy function. (b) Fail (white region)
of strong ellipticity.

Figure 4-16b depicts the values of the principal stretches where the strong ellipticity

of the corresponding Euler-Lagrange equations fails. Which means that under some

critical deformations phase transition can emerge.

It would be convenient, e.g. during the implementation of a minimization algorithm

for the discrete problem, to rewrite the potential Ŵ in terms of the deformation

gradient F . To simplify this procedure we rewrite some terms of equation (4.4.1)

separately. Beginning from the term (λ1 − 1)2 + (λ2 − 1)2 we have

(λ1 − 1)2 + (λ2 − 1)2 =λ2
1 + λ2

2 − 2(λ1 + λ2) + 2

=I1 − 2
√
I1 + 2J + 2,

(4.4.3)

where we recall that J = detF is the Jacobian determinant of the mapping, and

I1 = trF TF is the first principal invariant. Similarly, for the remaining terms we

126



obtain

(
(λ1 − λ∗1)2 + (λ2 − λ∗2)2

)(
(λ1 − λ∗2)2 + (λ2 − λ∗1)2

)
=(

I1 + λ∗21 + λ∗22

)2 − 2(λ∗1 + λ∗2)
(
I1 + λ∗21 + λ∗22

)√
I1 + 2J +

4
(
λ∗1λ

∗
2I1 + (λ∗21 + λ∗22 )J

)
.

(4.4.4)

Furthermore, one can define

I∗1 := λ∗21 + λ∗22 and J∗ := λ∗1λ
∗
2 (4.4.5)

As a result we have obtained the strain energy function W with respect to the

deformation gradient F :

W (F ) =
(
I1 − 2

√
I1 + 2J + 2

)[(
I1 + I∗1

)2

− 2I∗1
(
I1 + I∗1

)√
I1 + 2J + 4

(
J∗I1 + JI∗1

]
+ e100(0.01−J)

(4.4.6)

Without loss of generality, let’s assume that λ∗1 ≤ 1 and λ∗2 ≥ 1. Then, increasing

λ∗1, λ
∗
2 the upper left red dot of Figure 4-16a is moved right, upwards respectively.

Similarly for the lower right dot which is always symmetric, over the axis λ1 = λ2, to

the former minimum. To understand how the minima location affects the emergence

of strain discontinuities we have to consider theMaxwell relation, [45, 46, 47, 48]. The

relation is a consequence of stability and states that across the surface of discontinuity

holds

W (F+)−W (F−)− (S(F+) · F+ − S(F−) · F−) = 0, (4.4.7)

where S is the Piola-Kirchhof stress and F+,F− denote the deformation gradients
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that approach the shock-line from each phase respectively. Thus, given the strain

energy function W , one would like to determine the possible deformation gradient

discontinuities, i.e. F+ and F−, that satisfy equation (4.4.7).

An easier task, is the special case of uniaxial strain. Then, if the one principal stretch

is constant, e.g. λ2 = c is constant, the relation (4.4.7) becomes the classical one

dimensional Maxwell condition, as in one dimensional elastic bars [45], i.e.

Ŵ (λ+, c)− Ŵ (λ−, c)−
(
Ŵλ1(λ

+, c)λ+ − Ŵλ1(λ
−, c)λ−

)
= 0, (4.4.8)

here Ŵλ1 means differentiation of Ŵ with respect to λ1. So, from (4.4.8) we would

like to derive λ+ and λ− with the restriction

Ŵλ1(λ
+, c) = Ŵλ1(λ

−, c) = σ0. (4.4.9)

An example has been illustrated in Figure 2-8 of section 2.3. Using an energy min-

imization criterion it can be shown that some critical values of stretch can cause

strain discontinuities, with a jump from λ− to λ+ or vice versa. Thus, under a non-

monotonic strain-stress curve, from the relations (4.4.8), (4.4.9) we can compute λ−

and λ+. Therefore, these values provide an indication for density discontinuities in

two dimensions.

In the following we will study how the minima location influence matrix deformation

under cells’ contraction. We simulate the contraction of two cells with radius r and

distance 4r. Each cell contracts 50%. To rule out matrix additional deformations

cell movement is prohibited. Now, let’s change minima location keeping λ∗2 fixed

and varying λ∗1 in the potential of equation (4.4.6). In Figure 4-17, simulations

for λ∗2 = 1.2 and λ∗1 = 0.2, 0.3, 0.4 are depicted. Increasing λ∗1, tethers with lower
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(a) (b) (c)

Figure 4-17: Changing local minima in equation (4.4.6) over the compressed principal
stretch, i.e. λ∗2 = 1.2, remains constant and λ∗1 = 0.2, 0.3, 0.4 in Figures (a), (b), (c)
respectively. Density is illustrated in the deformed configuration. Cells with radius
r and distance 4r contract 50%, with stiffness constant k = 10, the centers of the
cells are kept fixed.
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(a) (b)

Figure 4-18: In the event of uniaxial strain (horizontal axis) two strains (vertical
axis) correspond to the Maxwell stress. For discrete values of λ2 ∈ [1, 1.5], i.e.
from 1 to 1.5 with step size 0.01, the strains λ−, λ+, that satisfy equations (4.4.8)
and (4.4.9) are computed. The pairs denote the values of (λ−, λ2), (λ+, λ2). In
(a) (λ∗1, λ

∗
2) = (0.2, 1.2), as in Figure 4-17a, and in (b) (λ∗1, λ

∗
2) = (0.4, 1.2), as in

Figure 4-17c. Notice that in (a) for λ2 ≈ 1.5 there is a bifurcation point, and in (b)
at λ2 ≈ 1.4.

density emerge. Also the tether bands and the hair-like microstructures, around

the cell, become wider. Differences are more apparent between the materials with

λ∗1 = 0.2 and λ∗1 = 0.4, so we will restrict our study to these two cases. Notice that a

higher density means a higher compressed phase. To distinguish between the latter

materials, we will call them as high and low compressed phase materials for

λ∗1 = 0.2 and 0.4 respectively.

Firstly, to explain how density jumps are influenced from λ∗1 variations we are re-

stricted to the special case of uniaxial strain. In more detail, for a fixed value of

λ2 in the interval [1, 1.5], the strains λ+, λ− that correspond to the Maxwell stress

are computed numerically. This means that both (4.4.8) and (4.4.9) are satisfied.

In Figure 4-18 the pairs λ+, λ− are shown for the high and low compressed phase

materials, i.e. materials of Figures 4-17a and 4-17c. As we can see in Figure 4-18a,

higher strains jumps arise than in Figure 4-18b, which means higher density jumps
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Figure 4-19: The points p0,p1 are symmetric with respect to the vertical dashed
line. The line connecting the two symmetric points p0,p1 is stretched after 50% cells’
contraction. The line’s length connecting p0 and p1, black solid line, is |p1 − p0| =
d + 2(r − r cos θ), where d is the cells’ distance. The length of the stretched line,
i.e. red dashed line, is |p′1 − p′0| = d + 2(r − r/2 cos θ). Notice that the stretch
ratio |p′1 − p′0|/|p1 − p0| is reduced as |θ| increases (equals 1 when |θ| = π/2), with
θ ∈ [−π/2, π/2].

are expected for the former material, as it has been observed already in Figure 4-

17.

It remains to be understood, why we have wider tethers and microstructures as λ∗1
increases. Before delving into details, let’s mention some useful observations. In the

low compressed phase material, Figure 4-17c, one can notice the wider tether means

phase transitions can occur in lower tension than in the high compressed phase

material. To be more clear let p0 and p1 be two symmetric points as it is depicted

in Figure 4-19. The points p0 and p1 are located on the boundary of the left and

right cell respectively, in the undeformed configuration. Then 50% cells contraction

deform the line p0 − p1 to the line p′0 − p′1. The angle θ, in Figure 4-19, determines

points position on cells boundary, with θ ∈ [−π/2, π/2]. Higher |θ| results in lower

stretch ratio over the horizontal axis. Consequently, one can now ask why do density

discontinuities appear in low tension for the low compressed phase material.

For this question we recall the notion of strong ellipticity, which is a necessary con-
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(a) (b)

Figure 4-20: Regions of strong ellipticity failure (white area). Axes correspond to the
principal stretches. In (a) the strain energy function corresponds to the material of
Figure 4-17a , i.e. (λ∗1, λ

∗
2) = (0.2, 1.2). In (b) the strain energy function corresponds

to the material of Figure 4-17c , i.e. (λ∗1, λ
∗
2) = (0.4, 1.2). The black dots are located

at (λ1, λ2) = (1.1, 0.81) and at (λ1, λ2) = (0.81, 1.1). In (a) phase transitions cannot
emerge for deformations "close" to the black dot. In (b) deformations "close" to the
black dot with gradient discontinuities can occur.
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dition for gradient discontinuities. The area where strong ellipticity prevails (blue

region) and the area where strong ellipticity fails (white region) can be seen in Fig-

ure 4-20. Notice that the black dot, which is located on (1.1, 0.81), lies in the area

where strong ellipticity prevails for the high compressed phase material, Figure 4-

20a. Instead, the black dot lies in the area of strong ellipticity failure for the low

compressed phase material, Figure 4-20b. This means that, for the latter material,

lower compression in low tension can induce gradient discontinuities, while for the

former material there do not exist deformations such that phase transitions emerge.

Consequently, the wider tethers and microstructures are a result of strong ellipticity

failure in lower compression.

Now, keeping λ∗1 fixed let’s examine how variations of λ∗2 influence the computed

solution, repeating the above simulation of cells contraction. In Figure 4-21 one can

see the numerical results for λ∗1 = 0.3 and λ∗2 = 1, 1.1, 1.2, 1.3. Previously, it has

been observed that in increasing λ∗1 the microstructures width is affected. Now, one

can notice something new, the length of the hair-like microstructures around each

cell is influenced. Reducing λ∗2 longer microstructures appear. Before the explana-

tion of this behavior, it must be clear that under cells’ contraction the matrix is

stretched over the radial direction and is compressed over the circumferential direc-

tion. Moving away from the cell, tension and compression are reduced in the radial

and in the circumferential direction respectively. Therefore, we have to answer the

same question as before; Why phase transitions occur in lower tension and in lower

compression?

An intuitive answer can be found again from the Knowles-Sternberg strong ellipticity

conditions. In Figure 4-22 the areas of ellipticity are illustrated, for the materials with

minimum at (λ∗1, λ
∗
2) = (0.3, 1) and at (λ∗1, λ

∗
2) = (0.3, 1.3), we will call them long,
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short hair materials respectively. First note in Figure 4-22, that when (λ1, λ2) =

(0.81, 1), black dots, we conclude that phase transitions can occur only for the long-

hair material when the principal stretches belong in an area close to the black dot.

In addition, let’s examine areas where both ellipticity conditions fail in low tension-

compression, e.g. red dots of Figure 4-22. To have a better picture of the two phases

for each material the corresponding energies under the event of uniaxial stretch

are computed, Figure 4-23. It is obvious that the compressed state of the long-

hair material is energetically preferable than the compressed state of the short-hair

material. This is an indication that densified regions are energetically more favorable

in the long-hair material, under low compression. Which implies that , one can reduce

the length of the long-hair microstructures lifting-up the compressed well.

When the two cells are free to move then an additional stretch is added. As the

cell moves the matrix is pulled more in the opposite side of the movement direction.

Under cells contraction, they should move towards to each other, because the exter-

nal boundary is free to move and consequently the higher tension occurs between

cells. Then one can can expect longer microstructures to emerge to the corresponding

opposite sides. Indeed, as we can see in Figure 4-24, repeating the above simula-

tions for the long-hair and short-hair materials, letting the cells free to move, the

microstructures length has increased.

To conclude, the minima location for the functional of (4.4.1), affects the amplitude

of the jump discontinuities and the microstructures width and length. The Knowles-

Sternberg ellipticity conditions, the Maxwell stress under uniaxial stress and the

corresponding Maxwell strains provide indications about the discontinuities jumps,

length and width. A more systematic study is required for more rigorous results

which is left as future work.
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(a) (b)

(c) (d)

Figure 4-21: Density after cells contraction changing local minima in equation (4.4.6),
i.e. λ∗1 = 0.3 and λ∗2 = 1, 1.1, 1.2, 1.3, in Figures (a), (b), (c), (d) respectively. Cells
have radius r, distance 4r, they contract 50% with stiffness constant k = 10. The
centers of the cells are kept fixed.
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(a) (b)

Figure 4-22: Regions of strong ellipticity failure (white area). Axes correspond to
the principal stretches. In (a) the strain energy function corresponds to the (long-
hair) material of Figure 4-21a , i.e. (λ∗1, λ

∗
2) = (0.3, 1). In (b) the strain energy

function corresponds to the (short-hair) material of Figure 4-21d, i.e. (λ∗1, λ
∗
2) =

(0.3, 1.3). The black dot is located at (λ1, λ2) = (0.81, 1) and the red dot at (λ1, λ2) =
(1.05, 0.77).
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(b)

Figure 4-23: The strain energy function in the event of uniaxial stretch, with λ2 =
1.05. When two points have the same tangent line, red line, then these stretches
correspond to the Maxwell stress of the one dimensional stress-stretch curve. (a) The
long-hair material, i.e. (λ∗1, λ

∗
2) = (0.3, 1). (b) The short-hair material, i.e. (λ∗1, λ

∗
2) =

(0.3, 1.3). The compressed state of (a) is much more energetically preferable than
the compressed state of (b).

136



(a) (b)

Figure 4-24: As in Figures 4-21a and 4-21d the difference being that cells are free to
move. Moving cells induce longer microstructures around the cell. Letting the cells
center free to move the density after cells contraction is computed. The minima in
equation (4.4.6) are changed, setting the following values: λ∗1 = 0.3 and λ∗2 = 1, 1.3,
in Figures (a), (b) respectively. Cells have radius r, distance 4r, they contract 50%
with stiffness constant k = 10.
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(a) (b)

Figure 4-25: Triangulation of an annular domain. The domain occupies a hollowed
circular region. A non symmetric (a) and an axisymmetric (b) mesh.

4.5 Dependence on the Triangulation

We would like to examine how the computed solutions are affected from the triangu-

lation of the domain. For this purpose let us assume that the domain of interest is an

annular region. Then, discretizing the total potential energy using a non-symmetric

and an axisymmetric triangulation, we compare the result of the minimization pro-

cess. In Figure 4-25 examples for the two meshes are given. We simulate matrix

deformations for the following total potential energy:

I[u;D] =

∫
Ω

W (∇u) + exp (80(22− J)), (4.5.1)

where W accounts for the memory effect, equation (2.4.2). Note that the potential

accounting cell response is not included.

In the following computations, the annulus domain is defined between the circle
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Mesh hmin hmax nodes number symmetry
Figure 4-26a 0.17 0.96 5168 no
Figure 4-26b 0.11 1.9 5092 axial
Figure 4-26d 0.12 0.24 78445 no
Figure 4-26e 0.02 0.54 66275 axial
Figure 4-27a 0.47 1.46 5876 axial
Figure 4-27c 0.09 0.42 67936 axial

Table 4.1: Mesh information. Let Th be the triangulation of the domain, then hmin :=
mincell∈Thdiam(cell), where diam(cell) is the largest edge of the cell. Similarly,
hmax := maxcell∈Thdiam(cell).

centered on (0, 0) with radius r = 2 and the circle centered on (0, 0) with radius

R = 24. We impose 50% contraction to the interior circle, i.e. the new radius is

r′ = 1, and the exterior boundary is assumed to be free of forces. Increasing mesh

resolution for both mesh types, differences in the computed minimizers are apparent,

see Figure 4-26. The axisymmetric mesh is finer close to the internal boundary. As a

consequence more and finer microstructures are permitted, as we have presented in

section 4.2.4. For these simulations, as one can see from Table 4.1, the ratio maximum

diameter to minimum diameter of the mesh is much higher in the axisymmetric case.

This can be observed also in Figure 4-25b, where elements close to the internal

boundary are much finer than elements close to the outer boundary.

In order to preserve the axial symmetry and to reduce the ratio hmax/hmin, mesh is

refined in the following way: Let r < r1 < r2 < R, then the elements with distance

bigger than r1 from the center are refined. Similarly a second refinement follows

for elements with distance higher than r2. See an example in Figure 4-27. More

details about the construction of the mesh can be found in section 4.5.1. Note that

this approach of refinement results in less microstructures, in the radial direction,

compared to Figure 4-26.
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(a) (b)

(d) (e)

Figure 4-26: The deformed configuration after 50% contraction, with the exterior
boundary free of forces. Increasing the mesh resolution in asymmetric (left column)
and axisymmetric (right column) meshes. In (a) and in (b) (approximately) 10000
degrees of freedom. Increasing mesh resolution in (approximately) 150000 degrees of
freedom are used in (d) and in (e). For more details about each mesh see Table 4.1.
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(a) (b)

(c) (d)

Figure 4-27: Refining an axisymmetric mesh reducing the ratio hmax/hmin, see
Table 4.1. R, r denote the radius of the large, inner circle respectively. Let
r < r1 < r2 < R, then the elements with distance bigger than r1 from the cen-
ter are refined, a second refinement follows for the elements with distance bigger
than r2.
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4.5.1 Constructing an Axisymmetric Triangulation.

To control the triangulation of a hollowed disk with inner radius r and outer radius

R, a rectangular mesh is generated. Then from a standard mapping from polar

coordinates to Cartesian coordinates a hollow disk can be constructed, an example

of a part of the hollowed disk can be seen in [73]. In our case one should take into

account the connectivity of the mesh, removing some nodes and edges and creating

some new connections between the nodes of the upper and lower boundary of the

rectangular mesh.

Often a denser mesh toward the boundary is desired. For a rectangular domain occu-

pying the region [r, R]× [0, 1], let a triangulation have uniformly spaced coordinates

over the x−axis. Then the formula

x̂ = r + (R− r)
( x− r
R− r

)s
, x ∈ [r, R], (4.5.2)

makes a stretching toward x = r for s > 1, and toward x = R for s < 1, see Figure

4-28 where s = 1.5, r = 2 and R = 8.

To generate the hollowed disk, let x, y ∈ [r, R]× [0, 1], then the mapping

v = x cos
(
2πy

)
, w = x sin

(
2πy

)
, (4.5.3)

maps a point (x, y) of the rectangle [r, R]× [0, 1] to the point (v, w) of the hollowed

disk centered on (0, 0), with inner radius r and our radius R. From (4.5.2) and (4.5.3)

we can create denser triangulation over the radial direction and towards the desired

boundary, as in Figure 4-25b. In addition, to preserve mesh quality we would like to

avoid high angles variations over the triangulation. Thus, if Nr, is the discretization
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Figure 4-28: Using the formula (4.5.2) with s = 1.5, a reference mesh (left) is
stretched to create a denser mesh (right) toward the boundary x = 2.

points number over the radial direction then we choose the discretization points

number over the angular direction to be Nθ = 2πNr(R− r)/3.

So far, the presented simulations had meshes similar to Figure 4-25. One can notice

in the axisymmetric case that as we move from the center of the disk to the outer

boundary, elements become bigger. To tackle this issue, a simple refinement can be

applied to these wider elements, or by checking triangle diameter or by imposing

a refinement to the elements that have a prescribed distance from the center, an

example can be seen in Figure 4-27.

4.6 Various Computations.

In this section include computations for cluster of cells and two cells with a crack in

the middle.

4.6.1 Crack between two clusters of cells.

Our model captures complex experiments of [4], where a cut is made between two

acini in order to interfere with tether formation. The original tether disappears;

instead tethers form that bypass the crack by going around its corners, Figure 4-
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(a)

(b) (c)

Figure 4-29: (a) Experimental result; A crack (dotted line) is a cut of the ECM
between two acini. Two tethers are formed which bypass the crack (reproduced from
[4]). Simulation of pair with crack predicts this qualitatively; In (b) and (c) the
reference and deformed configurations are depicted respectively. In our simulation
cells contract 50%.

29.

4.6.2 Cluster of Cells

Here we show the interaction between two clusters of cells, with 50% radial contractile

displacement When each cluster contains few cells, then they do not communicate,
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(a)

(b)

Figure 4-30

Figure 4-30. Increasing the number of cells in each cluster a tether is formed con-

necting them, Figure 4-31. Under the inhomogeneous tension cells center is moved,

Figure 4-32.
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(a)

(b)

Figure 4-31
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(a)

(b)

Figure 4-32: Movement of cells under 50% radial contraction. (a): The reference
configuration. (b) The initial with the deformed location and shape of the cells.

147



Appendix A

Miscellaneous Results

A.1 Properties of the Elastic Energy

A.1.1 Derivation of a two Dimensional Elastic Energy Func-

tion.

Example A.1.1 (Extracting a two dimensional potential).

Let W̄ (λ) = λ2 and

Ŵ (λ1, λ2) =
1

2π

∫ 2π

0

W̄
(√

(λ1cosθ)2 + (λ2sinθ)2
)
dθ (A.1.1)
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then

Ŵ (λ1, λ2) =
1

2π

∫ 2π

0

λ2
1 cos2 θ + λ2

2 sin2 θdθ

=
1

2π

∫ 2π

0

λ2
1

1 + cos 2θ

2
+ λ2

2

1− cos 2θ

2
dθ

=
1

2
λ2

1 +
1

2
λ2

2 =
1

2
trF TF = I1/2

Notice that in equation (A.1.1) even powers of λ eliminate the square root, con-

sequently the computation of the integral is simplified. One can follow the same

procedure as in Example A.1.1, for more complicated one dimensional strain energy

functions Alternatively, a tool for symbolic computations can be used, e.g. Mathe-

matica. For instance let W̄ = λ6

6
− λ4

4
− 1

6
+ 1

4
, then

Ŵ (λ1, λ2) =
1

96

(
5(λ6

1 + λ6
2)− 9(λ4

1 + λ4
2) + 3(λ4

1λ
2
2 + λ2

1λ
4
2)− 6λ2

1λ
2
2 + 8

)
=

1

96
(5I3

1 − 12I1J
2 − 9I2

1 + 12J2 + 8)
(A.1.2)

A.1.2 Lower and Upper Bounds.

In section 2.3, we have constructed the two dimensional stored energy function which

can be written in terms of the deformation gradient tensor:

Ŵ (F ) =
1

96
(5I3

1 − 9I2
1 − 12I1J

2 + 12J2 + 8), (A.1.3)

where F denotes the deformation gradient tensor, J = detF is the Jacobian deter-

minant, and I1 = trF TF is the first principal invariant.

Here we prove lower and upper bounds of Ŵ . Following the same procedure, similar

bounds can be showed for the proposed elastic energy of section 2.4. An important
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lower bound for the elastic energy function is given from the following lemma.

Lemma A.1.1 (Coercivity). For all β ≥ 19
12

it holds

Ŵ (F ) ≥ F · F − β (A.1.4)

Proof. The function Ŵ is extracted from the one dimensional strain energy function

W̄ (λ) =
λ6

6
− λ4

4
+

1

12
.

Integrating over all possible directions we can compute the two dimensional elastic

energy function, depending on the principal stretches λ1 and λ2

W̃ (λ1, λ2) =
1

2π

∫ 2π

0

W̄
(√

(λ1cosθ)2 + (λ2sinθ)2
)
dθ. (A.1.5)

To determine the minimum of W̄ , first note that for every λ it holds W̄ (λ) = W̄ (−λ).

So it is enough to find the minimum for λ ∈ [0,+∞). Next, the derivative of W̄ is

given from

W̄ ′(λ) = λ3(λ2 − 1)



= 0, λ = 0

< 0, 0 < λ < 1

= 0, λ = 1

> 0, λ > 1

Where we can see that the minimum of W̄ is attained at λ = 1, with W̄ (1) = 0. The

fact that W̄ (λ) ≥ 0 and equation (A.1.5) imply

W̃ (λ1, λ2) ≥ 0, (A.1.6)

because a non-negative quantity is integrated.
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Now, let g(λ) = λ2 − 19
12

and define the one dimensional strain energy function

Ḡ(λ) = W̄ (λ)− g(λ).

The function Ḡ is an even function, hence we study the minimum for all λ ∈ [0,+∞).

Determining the sign of the derivative of G one can see that:

Ḡ′(λ) = λ(λ4 − λ2 − 2)



= 0, λ = 0

< 0, 0 < λ <
√

2

= 0, λ =
√

2

> 0, λ >
√

2

The minimum is attained for λ = ±
√

2, where Ḡ(−
√

2) = Ḡ(
√

2) = 0, thus Ḡ(λ) ≥

0, ∀λ ∈ R. Following the same procedure as in equation (A.1.5), we extract the

corresponding two dimensional energy functional

Ĝ(λ1, λ2) =
1

2π

∫ 2π

0

Ḡ
(√

(λ1cosθ)2 + (λ2sinθ)2
)
dθ

=
1

2π

∫ 2π

0

W̄
(√

(λ1cosθ)2 + (λ2sinθ)2
)
dθ

+
1

2π

∫ 2π

0

g
(√

(λ1cosθ)2 + (λ2sinθ)2
)
dθ

= W̃ (λ1, λ2)−
(
F · F − 19

12

)
,

(A.1.7)

but Ĝ(λ1, λ2) ≥ 0, as a result Ŵ (F ) ≥ F · F − β, for all β ≥ 19
12
.

The computation of an upper bound is more direct than the coercivity property as

it can be seen in the following Lemma.

Lemma A.1.2 (Upper bound of Ŵ ). For the elastic energy function of equation
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(A.1.3), it holds the following bound

Ŵ (F ) ≤ c1|F |6 + c2, (A.1.8)

where c1, c2 are some positive constants.

Proof. Recall that I1 = λ2
1+λ2

2 and J = λ1λ2, where λ1, λ2 are the principal stretches.

Therefore, it holds J ≤ 1
2
I1. Removing the negative terms of equation (A.1.3) we

obtain
Ŵ (F ) ≤ 1

96
(5I3

1 + 12J2 + 8) ≤ c(I3
1 + I2

1 + C)

≤ c1I
3
1 + c2.

(A.1.9)

The last inequality is obvious when I1 ≥ 1, if I1 < 1 then I3
1 + I2

1 < I3
1 + 1.

A.1.3 Convergence of the lower order terms.

Lemma A.1.3 (Convergence of the whole sequence). Let uh → u in H1(Ω)2, with

uh ∈ H1(Ω)2 and u ∈ H2(Ω)2. Suppose further that

‖∇uh‖Lr(Ω)2×2 < C for all r ∈ [1,+∞) and for all h > 0, (A.1.10)

where C is independent of h. Then

∫
Ω

W (∇uh)→
∫

Ω

W (∇u). (A.1.11)

Proof. From the definition of W , equation (A.1.3),

For simplicity we assume that the strain energy function has the form of equa-
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tion (2.3.5), i.e.

Ŵ (F ) =
1

96
(5I3

1 − 9I2
1 − 12I1J

2 + 12J2 + 8).

The following proof can be extended when the memory effect is introduced, see

equation 2.4.2. We choose to examine the convergence of every term, of the strain

energy function, separately:

I3
1 [uh] = (ch1 + ch2)3 = c3

h1 + 3c2
h1ch2 + 3ch1c

2
h2 + c3

h2 (A.1.12a)

I2
1 [uh] = (ch1 + ch2)2 = c2

h1 + 2ch1ch2 + c2
h2 (A.1.12b)

I1[uh]J [uh] = c2
h1ch2 + ch1c

2
h2 (A.1.12c)

J2[u] = c2
h1c

2
h2, (A.1.12d)

where ch1 = (1 + uh1,1)2 + u2
h2,1, ch2 = (1 + uh2,2)2 + u2

1,2, and uhi,j = ∂(uh)i/∂xj.

And analogously

I3
1 [u] = (c1 + c2)3 = c3

1 + 3c2
1c2 + 3c1c

2
2 + c3

2 (A.1.13a)

I2
1 [u] = (c1 + c2)2 = c2

1 + 2c1c2 + c2
2 (A.1.13b)

I1[u]J [u] = c2
1c2 + c1c

2
2 (A.1.13c)

J2[u] = c2
1c

2
2, (A.1.13d)

Where c1 = (1 + u1,1)2 + u2
2,1 and c2 = (1 + u2,2)2 + u2

1,2.

Following a divide and conquer technique we prove that each term of (A.1.12) con-

vergences to the corresponding term of (A.1.13). More precisely, we will show that

cah1 → ca1 and cah2 → ca2 in L1(Ω) for all a ∈ N. For this we employ the Vitali’s
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theorem. Therefore, we have to show that each term converges to the corresponding

term in measure and also is equi-integrable. Recall that uh → u in H1(Ω) implies

that uh → u and ∇uh → ∇u in measure, e.g. see chapter 7 from [85]. This means

that the measure of the set Eh(ε) = {x ∈ Ω : |∇uh(x)−∇u(x)| > ε} → 0 as h→ 0

for all ε > 0. What about the convergence of u2
hi,j → u2

ij in measure? To answer this

question we define the set

Eij
h (ε) = {x ∈ Ω : |u2

hi,j(x)− u2
ij(x)| > ε} (A.1.14)

Then

µ(Eij
h (ε)) =

1

ε

∫
Eijh (ε)

εdµ ≤ 1

ε

∫
Eijh (ε)

|u2
hi,j − u2

ij|dµ

=
1

ε

∫
Eijh (ε)

|uhi,j − uij||uhi,j + uij|dµ

≤ 1

ε
‖uhi,j − uij‖L2(Eijh (ε))‖uhi,j + uij‖L2(Eijh (ε))

≤ 1

ε
‖∇uh −∇u‖L2(Ω)2×2

(
‖∇uh‖L2(Ω)2×2 + ‖∇u‖L2(Ω)2×2

)
≤ 1

ε
‖∇uh −∇u‖L2(Ω)2×2

(
C + ‖∇u‖L2(Ω)2×2

)
→ 0,

(A.1.15)

where the last inequality holds from the assumption that ‖∇uh‖Lq(Ω)2×2 is uniformly

bounded for all q ∈ [1,+∞). To conclude , we have that

uhi,j → uij and u2
hi,j → u2

ij, in measure. (A.1.16)
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Consequently

2uh1,1 + u2
h1,1 → 2u1,1 + u2

1,1,

u2
h2,1 → u2

2,1

⇒ ch1 → c1, in measure. (A.1.17)

Obviously, ch2 → c2 in measure too. Now it remains to prove that |chi|a is equi-

integrabe, for a fixed a ∈ N. Using the de la Vallée-Poussin criterion for equi-

integrability we have to show for a nondecreasing function φ : [0,∞)→ R that

lim
t→∞

φ(t)

t
=∞ and

∫
Ω

φ
(
|chi|a

)
<∞.

We choose φ(t) := t2, then it suffices to show that

∫
Ω

|chi|2a <∞, for i = 1, 2. (A.1.18)

We prove the equi-integrability of ch1 only, the corresponding result for ch2 requires

identical steps. Using the binomial theorem we obtain∫
Ω

φ
(
|chi|a

)
=

∫
Ω

|ch1|2a =

∫
Ω

|(1 + uh1,1)2 + u2
h2,1|2a

=
2a∑
k=0

(
2a

k

)∫
Ω

(1 + uh1,1)2ku
2(2a−k)
h2,1

≤
2a∑
k=0

(
2a

k

)(∫
Ω

(1 + uh1,1)4k
)1/2(∫

Ω

u
4(2a−k)
h2,1

)1/2

.

(A.1.19)

The term
∫

Ω
u

4(2a−k)
h2,1 is bounded from (A.1.10). For the quantity

∫
Ω

(1 + uh1,1)4k we

155



use again the binomial theorem

∫
Ω

(1 + uh1,1)4k =
4k∑
l=0

(
2k

l

)∫
Ω

ulh1,1 < +∞, (A.1.20)

which means that (A.1.19) is bounded. As a result the de la Vallée-Poussin criterion

is satisfied and the quantity |chi|a is equi-integrabe. Thus from the Vitali’s theorem

cahi → cai in L1(Ω) for all a ∈ N, i = 1, 2. (A.1.21)

In practice we have proved that chi → ci in La(Ω) for all a ∈ N, but for clarity in the

following results it is stated the weaker result of (A.1.21). To conclude the proof of

(A.1.11), as we see from (A.1.12), there exist also terms of the form cah1c
b
h2, a, b ∈ N.

Thus, it is enough to prove that cah1c
b
h2 → ca1c

b
2 in L1(Ω). The triangle inequality and

an application of Cauchy-Schwarz inequality give

‖cah1c
b
h2 − ca1cb2‖L1(Ω) ≤ ‖c

a
h1c

b
h2 − ca1cbh2‖L1(Ω) + ‖ca1cbh2 − ca1cb2‖L1(Ω)

= ‖cbh2(cah1 − ca1)‖L1(Ω) + ‖ca1(cbh2 − cb2)‖L1(Ω)

≤ ‖cbh2‖L2(Ω)‖c
a
h1 − ca1‖L2(Ω)

+ ‖ca1‖L2(Ω)‖c
b
h2 − cb2‖L2(Ω)

(A.1.22)

Then from (A.1.21) it is straightforward

‖cah1 − ca1‖
2
L2(Ω) =

∫
Ω

(cah1 − ca1)2 =

∫
Ω

c2a
h1 + c2a

1 − 2cah1c
a
1

→
∫

Ω

c2a
1 + c2a

1 − 2ca1c
a
1 = 0

(A.1.23)

From the last result, notice that the quantity ‖cb2h‖L2(Ω)‖cah1− ca1‖L2(Ω) → 0, because
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from (A.1.21) ‖cbh2‖L2(Ω) ≤ ‖cb2‖L2(Ω) + ‖cbh2 − cb2‖L2(Ω) → ‖cb2‖L2(Ω) or because is

uniformly bounded form (A.1.10). Alike to (A.1.23), ‖ca1‖L2(Ω)‖cbh2 − cb2‖L2(Ω) → 0.

As a result

cah1c
b
h2 → ca1c

b
2 in L1(Ω) for all a, b ∈ N.. (A.1.24)

The convergence results of (A.1.21) and (A.1.24) give
∫

Ω
W (∇uh)→

∫
Ω
W (∇u).

A.2 Necessary boundary conditions for the bihar-

monic for Dirichlet boundary conditions.

A simple model to account the fibers bending has the form

I[u] =
1

2

∫
Ω

|∇∇u|2, u ∈ A(Ω),Ω ⊂ R2 bounded. (A.2.1)

The Euler Lagrange equation that arises from this energy functional is the bihar-

monic equation for each component, i.e. ∆2ui = 0, i=1, 2. Thus, if a minimizer

of (A.2.1) belongs to C4(Ω)2 then what are the correct remaining boundary condi-

tions? This, will help us to understand better the behavior of our solution close to

the boundary. To determine the remaining boundary condition we state the following

Proposition.

Proposition A.2.1 (Recovery of classical solutions). Let I[·] be the energy functional

of (A.2.1). If u ∈ C4(Ω)2 and also is a minimizer of (A.2.1) then

uk,ijninj = 0 on ∂Ω. (A.2.2)
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Proof. The function space A(Ω) encodes Dirichlet boundary conditions. Then the

corresponding test functions lie in the space

Ã0(Ω) = {v ∈ H2(Ω)2 : v
∣∣
∂Ω

= 0}. (A.2.3)

Minimizing the energy functional (A.2.1) we obtain the weak Euler-Lagrange equa-

tion: ∫
Ω

uk,ijwk,ij = 0, ∀w ∈ Ã0(Ω). (A.2.4)

where we have used the summation convention. Assume that u ∈ A(Ω) ∩ C4(Ω)2,

then integrating by parts leads to

0 =

∫
Ω

uk,ijwk,ij =

∫
∂Ω

uk,ijwk,inj −
∫

Ω

uk,ijjwk,i

=

∫
∂Ω

uk,ijwk,inj −
∫
∂Ω

uk,ijjwkni +

∫
Ω

uk,ijjiwk

= I1 −
∫
∂Ω

uk,ijjwkni︸ ︷︷ ︸
0

+

∫
Ω

uk,ijjiwk

(A.2.5)

where the second integral is equal to zero because w vanishes on the boundary. The

term wk,i of the integral I1 is a second order tensor. Let {e1, e2} be an orthonormal

basis then

∇wk = (∇wk · ei)ei = (∇wk · n)n+ (∇wk · s)s =
∂wk
∂n

n+
∂wk
∂s
s, (A.2.6)

where n and s are the unit normal and the unit tangential vectors over the boundary.

Note that wk,i = ∂wk
∂n
ni + ∂wk

∂s
si. So, we have expressed ∇wk with respect to normal
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and tangential coordinates and substituting to the integral I1 we find

I1 =

∫
∂Ω

uk,ijnjwk,ids =

∫
∂Ω

uk,ijnj

(
∂wk
∂n

ni +
∂wk
∂s

si

)
ds

=

∫
∂Ω

uk,ijninj
∂wk
∂n

+ uk,ijsinj
∂wk
∂s

ds

=

∫
∂Ω

uk,ijninj
∂wk
∂n
− ∂[uk,ijsinj]

∂s
wk︸ ︷︷ ︸

0

+
∂

∂s
[uk,ijsinjwk]︸ ︷︷ ︸

0

ds,

(A.2.7)

the last integral vanish because ∂Ω is a closed curve, the second is equal to zero

because w ∈ Ã0(Ω). Substituting I1 in (A.2.5) leads to:

∫
Ω

uk,ijjiwk +

∫
∂Ω

uk,ijninj
∂wk
∂n

= 0, ∀w ∈ Ã0(Ω). (A.2.8)

Because equation (A.2.8) must hold for all admissible variations it is deduced that

∫
Ω

uk,ijjiwk = 0 (A.2.9)∫
∂Ω

uk,ijninj
∂wk
∂n

= 0, (A.2.10)

which means uk,ijninj = 0 on ∂Ω, because w is arbitrary.

A.3 Bounds of the Lifting Operators

Lemma 3.4.5 (Bound on lifting operator). There exists a positive constant Cr,

independent of h, such that

‖re(J∇uhK)‖L2(Ω)2×2×2 ≤ Crh
−1/2
e ‖J∇uhK‖L2(e)2×2 (3.4.24)

159



for all e ∈ Ei
h, where Cr depends to the constant of the discrete trace inequality

(3.4.4).

(The original appears on p. 58)

Proof. From definition 3.4.17, re(J∇uhK) ∈ Ṽ q−2
h (Ω)2×2×2. Thus, one can substitute

wh in (3.4.17) with re(J∇uhK). Applying the definition of the lifting operator and

the Cauchy-Schwarz inequality yields∫
Ω

re(J∇uhK) · re(J∇uhK) =

∫
e

{re(J∇uhK)} · J∇uhK⊗ ne

≤ ‖J∇uhK‖L2(e)2×2

(∫
e

{{re(J∇uhK)}}2ds
)1/2

(A.3.1)

We have assumed that e is an internal edge. Because we have a regular triangulation,

let K+, K− be the elements that share e. Then supp(re) = {K+
⋃
K−}. Define

re(J∇uhK)+ = re(J∇uhK)
∣∣
K+ (A.3.2)

and

re(J∇uhK)− = re(J∇uhK)
∣∣
K−

(A.3.3)
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Now, using the discrete trace inequality (3.4.4), it holds∫
e

{re(J∇uhK)}2 =
1

4

∫
e

(
re(J∇uhK)+ + re(J∇uhK)−

)2

≤ 1

2

∫
e

(
re(J∇uhK)+

)2
+
(
re(J∇uhK)−

)2

≤
c+
q

he

∫
K+

(
re(J∇uhK)+

)2
+
c−q
he

∫
K−

(
re(J∇uhK)−

)2

≤
max(c+

q , c
−
q )

he

∫
K+

⋃
K−

(
re(J∇uhK)

)2

=
cr
he
‖re(J∇uhK)‖2

L2(Ω)2×2×2 .

(A.3.4)

Applying the above inequality to (A.3.1) gives

‖re(J∇uhK)‖L2(Ω)2×2×2 ≤
√
crh
−1/2
e ‖J∇uhK‖L2(e)2×2

Lemma 3.4.6 (Bound on global lifting operator). For all uh ∈ V q
h (Ω)2 there holds

∫
Ω

|Rh(∇uh)|2 ≤ CR
∑
e∈Eih

h−1
e

∫
e

|J∇uhK|2, (3.4.25)

where the constant CR depends on the constant of (3.4.24).

(The original appears on p. 59)

Proof. For general meshes it is assumed that every element has at most Ne faces.
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For a triangulation Ne = 3. By the definition of Rh, see (3.4.18), we have∫
Ω

|Rh(J∇uhK)|2 =

∫
Ω

∑
e∈Eih

re(J∇uhK) ·
∑
e∈Eih

re(J∇uhK)

=
∑
K∈Th

∫
K

∑
e∈Eih

re(J∇uhK) ·
∑
e∈Eih

re(J∇uhK)
(A.3.5)

Recall that the support of re contains the elements which share the edge e. So

integrating over an element K only the lifting operators re with e ∈ ∂K contribute,

i.e.

∫
K

∑
e∈Eih

re(J∇uhK) =

∫
K

∑
e∈∂K∩Eih

re(J∇uhK), (A.3.6)

where the set ∂K ∩ Ei
h is used in order to exclude facets of the boundary.

Now notice that any element contains 3 edges in a triangulation, or Ne for general

meshes. Therefore, with the help of (A.3.6) and the Cauchy-Schwarz inequality

equation (A.3.5) becomes∫
Ω

|Rh(J∇uhK)|2 =
∑
K∈Th

∫
K

∣∣∣ ∑
e∈∂K∩Eih

re(J∇uhK)
∣∣∣2

≤
∑
K∈Th

∫
K

Ne

∑
e∈∂K∩Eih

|re(J∇uhK)|2

=Ne

∑
K∈Th

∫
K

∑
e∈Eih

|re(J∇uhK)|2

=Ne

∑
e∈Eih

∫
Ω

|re(J∇uhK)|2

(A.3.7)
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From inequality (3.4.24) of Lemma 3.4.5, (A.3.7) becomes:∫
Ω

|Rh(J∇uhK)|2 ≤
∑
e∈Eih

NeC
2
rh
−1
e

∫
e

|J∇uhK|2 (A.3.8)

Setting CR = NeC
2
r we conclude the proof.

A.4 Functional Analysis Facts.

Proposition A.4.1 (Sobolev embedding for n = p). Let u ∈ H2(Ω) and p = n, then

‖u‖W 1,q(Ω) ≤ c‖u‖W 2,n(Ω), ∀q ∈ [1,∞), (A.4.1)

for a c > 0.

Proof. It is known, see [86, 87], that holds:

‖u‖Lq(Ω) ≤ c‖u‖W 1,n(Ω), ∀q ∈ [1,∞). (A.4.2)

Then (A.4.2) implies

‖∇u‖Lq(Ω) ≤ c1‖∇u‖W 1,n(Ω), (A.4.3)

for some constant c1 > 0. Using equations (A.4.2) and (A.4.3) we have:

‖u‖qW 1,q(Ω) =‖u‖qLq(Ω) + ‖∇u‖qLq(Ω) ≤ c0‖u‖qW 1,n(Ω) + c1‖∇u‖qW 1,n(Ω) ≤

c0‖u‖qW 2,n(Ω) + c1‖u‖qW 2,n(Ω) = c‖u‖qW 2,n(Ω) (A.4.4)
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A.4.1 Properties of mollifiers.

In the following we present some results regarding convolution and mollifiers. Recall

that the convolution of two functions f and g in R2 is given by

(f ∗ g)(x) =

∫
R2

f(x− y)g(y)dy, for all x ∈ R2. (A.4.5)

A proof, of the following Lemma, can be found in [88, Theorem 9.1].

Lemma A.4.1. Let f ∈ Lp(R2), 1 ≤ p ≤ +∞ and g ∈ L1(R2), then f ∗ g ∈ Lp(R2)

and

‖f ∗ g‖Lp(R2) ≤ ‖f‖Lp(R2)‖g‖L1(R2). (A.4.6)

Now, let Bδ(x) denote the open ball with radius δ centered at x. Next we will assume

that a sequence of mollifiers (ηδ) on R2 is given by the relation

ηδ(x) =
1

δ2
η(
x

δ
), (A.4.7)

where η ∈ C∞c (R2) with supp η ⊂ B1(0), η ≥ 0 and
∫
R2 η = 1. Then, notice

that

ηδ ∈ C∞c (R2), supp ηδ ⊂ Bδ(0).

Remark A.4.1 (Differentiation and Integartion of mollifiers). Differentiating with
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respect the i− th spatial coordinate the mollifier ηδ we have

∂

∂xi
ηδ(x) =

1

δ3
η,i

(x
δ

)
(A.4.8)

Note also that η,i ∈ L1(Ω), specifically

∫
R2

∣∣∣∣ ∂∂xiηδ
∣∣∣∣ dx =

∫
Bδ(0)

∣∣∣∣ ∂∂xiηδ
∣∣∣∣ dx =

1

δ3

∫
Bδ(0)

∣∣∣η,i (x
δ

)∣∣∣ dx
≤ 1

δ3

∫
Bδ(0)

Mdx =
M

δ
.

(A.4.9)

In the last step we have assumed that there exist a constant M > 0 such that

max
x∈B1(0)

|η,i| ≤M,

which holds because η,i ∈ C∞c (R2) with supp η,i ⊂ B1(0).

Lemma A.4.2 (Extension Operator). Let Ω be a Lipschitz domain, then there exist

an extension operator

EΩ : H2(Ω)→ H2(R2) (A.4.10)

such that

‖EΩu‖H2(R2) ≤ C‖u‖H2(Ω), for u ∈ H2(Ω). (A.4.11)

The latter result can be found in [89, Theorem 5, page 181]. For our problem we have

assumed that Ω is a polygonal domain which contains some polygonal holes, where

Ω is the undeformed region occupied by the fiber network and the the polygonal
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holes represent cells. When the domain contains arbitrary many holes, and possible

a rough boundary, then there exists an extension operator, [90, Theorem 2.2], as in

Lemma A.4.2.

Using the previous results of this section, the following Lemma is proved. From now

on we assume that Ω is compact.

Lemma A.4.3. Let u ∈ H2(Ω), then there exists a sequence (uδ), with uδ ∈ H3(Ω)

for δ > 0, such that

‖u− uδ‖H2(Ω) ≤ C1δ (A.4.12)

|uδ|H3(Ω) ≤
C2

δ
‖u‖H2(Ω) (A.4.13)

where C1, C2 are positive constants.

Proof. From Lemma A.4.2 there exist an extension of u on R2, where for x ∈ R2 \Ω

this extension is denoted by u. Let V ⊂ R2 be an open set such that Ω ⊂⊂ V , then

define

uδ(x) = (ηδ ∗ u)(x), for x ∈ Ω, (A.4.14)

where ηδ is a mollifier defined in A.4.7. The latter implies, uδ ∈ C∞(Ω). Then we

deduce that uδ → u in H2(Ω) as δ → 0, see [91, Lemma 3.16]. Therefore, up to a

subsequence, not relabeled, inequality (A.4.12) holds.

Let a denote a multi-index, then if |a| ≤ 2 we obtain

D2uδ(x) = D2(ηδ ∗ u)(x) = (ηδ ∗D2u)(x), for x ∈ Ω, (A.4.15)
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a proof can be found in [87, Theorem: Local Approximations by smooth functions].

Equation (A.4.15) implies for all x ∈ R2 that∣∣∣∣ ∂∂xiD2uδ(x)

∣∣∣∣ =

∣∣∣∣ ∂∂xi (ηδ ∗D2u)(x)

∣∣∣∣ ≤ (∣∣∣∣ ∂∂xiηδ
∣∣∣∣ ∗ ∣∣D2u

∣∣) (x) (A.4.16)

From the latter inequality and Lemma A.4.1 we obtain

‖ ∂
∂xi

D2uδ‖L2(Ω) ≤ ‖
(∣∣∣∣ ∂∂xiηδ

∣∣∣∣ ∗ ∣∣D2u
∣∣)‖L2(Ω)

≤ ‖
(∣∣∣∣ ∂∂xiηδ

∣∣∣∣ ∗ ∣∣D2u
∣∣)‖L2(R2)

≤ ‖ ∂
∂xi

ηδ‖L1(R2)‖D
2u|‖L2(R2).

(A.4.17)

Inequality (A.4.9) gives that ‖ ∂
∂xi
ηδ‖L1(R2) ≤ C/δ, also from Lemma A.4.2 (Extension

Operator), it holds ‖D2u|‖L2(R2) ≤ c‖u‖H2(Ω), where C, c are positive constants.

Therefore, we conclude from (A.4.17) that

|uδ|H3(Ω) ≤
C′
δ
‖u‖H2(Ω). (A.4.18)

167



Bibliography

[1] Paul A Janmey, Jessamine P Winer, and John W Weisel. Fibrin gels and their
clinical and bioengineering applications. Journal of the Royal Society Interface,
6(30):1–10, 2009.

[2] Vittorio Cristini and John Lowengrub. Miltiscale Modeling of Cancer: An Inte-
grated Experimental and Mathematical Modeling Approach. Cambridge Univer-
sity Press, 2010.

[3] C. Verdier. Rheological Properties of Living Materials. From Cells to Tissues.
Journal of Theoretical Medicine, 5(2):67–91, 2003.

[4] Quanming Shi, Rajarshi P Ghosh, Hanna Engelke, Chris H Rycroft, Luke
Cassereau, James A Sethian, Valerie M Weaver, and Jan T Liphardt. Rapid dis-
organization of mechanically interacting systems of mammary acini. Proceedings
of the National Academy of Sciences, 111(2):658–663, 2014.

[5] Georgios Grekas, Maria Proestaki, Phoebus Rosakis, Jacob Notbohm, Char-
alambos Makridakis, and Guruswami Ravichandran. Cells exploit a phase
transition to establish interconnections in fibrous extracellular matrices. arXiv
preprint arXiv:1905.11246, 2019.

[6] Jacob Notbohm, Ayelet Lesman, Phoebus Rosakis, David A Tirrell, and Gu-
ruswami Ravichandran. Microbuckling of fibrin provides a mechanism for cell
mechanosensing. Journal of the Royal Society, Interface / the Royal Society,
12(108):20150320, 2015.

[7] J. K. Knowles and Eli Sternberg. On the failure of ellipticity of the equations
for finite elastostatic plane strain. Archive for Rational Mechanics and Analysis,
63(4):321–336, 1976.

168



[8] Roger Oria, Tina Wiegand, Jorge Escribano, Alberto Elosegui-Artola, Juan Jose
Uriarte, Cristian Moreno-Pulido, Ilia Platzman, Pietro Delcanale, Lorenzo Al-
bertazzi, Daniel Navajas, et al. Force loading explains spatial sensing of ligands
by cells. Nature, 552(7684):219, 2017.

[9] Albert K Harris, David Stopak, and Patricia Wild. Fibroblast traction as a
mechanism for collagen morphogenesis. Nature, 290(5803):249, 1981.

[10] David Stopak and Albert K Harris. Connective tissue morphogenesis by fibrob-
last traction: I. tissue culture observations. Developmental biology, 90(2):383–
398, 1982.

[11] David Vader, Alexandre Kabla, David Weitz, and Lakshminarayana Mahade-
van. Strain-induced alignment in collagen gels. PloS one, 4(6):e5902, 2009.

[12] Jessamine P Winer, Shaina Oake, and Paul A Janmey. Non-linear elasticity
of extracellular matrices enables contractile cells to communicate local position
and orientation. PloS one, 4(7):e6382, 2009.

[13] Hailong Wang, AS Abhilash, Christopher S Chen, Rebecca GWells, and Vivek B
Shenoy. Long-range force transmission in fibrous matrices enabled by tension-
driven alignment of fibers. Biophysical journal, 107(11):2592–2603, 2014.

[14] Ehsan Ban, J Matthew Franklin, Sungmin Nam, Lucas R Smith, Hailong Wang,
Rebecca GWells, Ovijit Chaudhuri, Jan T Liphardt, and Vivek B Shenoy. Mech-
anisms of plastic deformation in collagen networks induced by cellular forces.
Biophysical journal, 114(2):450–461, 2018.

[15] Phoebus Rosakis, Jacob Notbohm, and Guruswami Ravichandran. A model for
compression-weakening materials and the elastic fields due to contractile cells.
Journal of the Mechanics and Physics of Solids, 85:16–32, 2015.

[16] J. K. Knowles and Eli Sternberg. On the failure of ellipticity and the emergence
of discontinuous deformation gradients in plane finite elastostatics. Journal of
Elasticity, 8(4):329–379, 1978.

[17] Layne Zee and Eli Sternberg. Ordinary and strong ellipticity in the equilibrium
theory of incompressible hyperelastic solids. Archive for Rational Mechanics
and Analysis, 83(1):53–90, 1983.

[18] Ravi K Sawhney and Jonathon Howard. Slow local movements of collagen
fibers by fibroblasts drive the rapid global self-organization of collagen gels. The
Journal of cell biology, 157(6):1083–1092, 2002.

169



[19] Alexandra S Piotrowski-Daspit, Bryan A Nerger, Abraham E Wolf, Sankaran
Sundaresan, and Celeste M Nelson. Dynamics of tissue-induced alignment of
fibrous extracellular matrix. Biophysical journal, 113(3):702–713, 2017.

[20] Ehsan Ban, Hailong Wang, J. Matthew Franklin, Jan T. Liphardt, Paul A.
Janmey, and Vivek B. Shenoy. Strong triaxial coupling and anomalous poisson
effect in collagen networks. Proceedings of the National Academy of Sciences,
116(14):6790–6799, 2019.

[21] J. M. Ball and R. D. James. Fine phase mixtures as minimizers of energy.
Archive for Rational Mechanics and Analysis, 100(1):13–52, 1987.

[22] JM Ball and ECM Crooks. Local minimizers and planar interfaces in a phase-
transition model with interfacial energy. Calculus of Variations and Partial
Differential Equations, 40(3-4):501–538, 2011.

[23] Scott Bardenhagen and Nicolas Triantafyllidis. Derivation of higher order gra-
dient continuum theories in 2, 3-d non-linear elasticity from periodic lattice
models. Journal of the Mechanics and Physics of Solids, 42(1):111–139, 1994.

[24] A Vainchtein, PA Klein, H Gao, and Y Huang. A strain-gradient virtual-
internal-bond model. Modeling and Simulation-based Life Cycle Engineering,
pages 31–46, 2002.

[25] Charalambos Makridakis, Dimitrios Mitsoudis, and Phoebus Rosakis. On
atomistic-to-continuum couplings without ghost forces in three dimensions. Ap-
plied Mathematics Research eXpress, 2014(1):87–113, 2014.

[26] Francesco Bassi and Stefano Rebay. A high-order accurate discontinuous finite
element method for the numerical solution of the compressible navier–stokes
equations. Journal of computational physics, 131(2):267–279, 1997.

[27] Franco Brezzi, Gianmarco Manzini, Donatella Marini, Paola Pietra, and
Alessandro Russo. Discontinuous galerkin approximations for elliptic problems.
Numerical Methods for Partial Differential Equations, 16(4):365–378, 2000.

[28] Daniele Di Pietro and Alexandre Ern. Discrete functional analysis tools for
discontinuous galerkin methods with application to the incompressible navier-
stokes equations. Mathematics of Computation, 79(271):1303–1330, 2010.

[29] Daniele Antonio Di Pietro and Alexandre Ern. Mathematical aspects of dis-
continuous Galerkin methods, volume 69. Springer Science & Business Media,
2011.

170



[30] Annalisa Buffa and Christoph Ortner. Compact embeddings of broken sobolev
spaces and applications. IMA journal of numerical analysis, 29(4):827–855,
2009.

[31] Neil S Trudinger. On imbeddings into orlicz spaces and some applications.
Journal of Mathematics and Mechanics, 17(5):473–483, 1967.

[32] Bart E Vos, Luka C Liebrand, Mahsa Vahabi, Andreas Biebricher, Gijs JL
Wuite, Erwin JG Peterman, Nicholas A Kurniawan, Fred C MacKintosh, and
Gijsje H Koenderink. Programming the mechanics of cohesive fiber networks by
compression. Soft matter, 13(47):8886–8893, 2017.

[33] R. Lakes, P. Rosakis, and a. Ruina. Microbuckling instability in elastomeric
cellular solids. Journal of Materials Science, 28(17):4667–4672, 1993.

[34] Oleg V. Kim, Xiaojun Liang, Rustem I. Litvinov, John W. Weisel, Mark S.
Alber, and Prashant K. Purohit. Foam-like compression behavior of fibrin net-
works. Biomechanics and Modeling in Mechanobiology, 2015.

[35] Morton E Gurtin. An introduction to continuum mechanics, volume 158. Aca-
demic press, 1982.

[36] Rohan Abeyaratne. Lecture notes on the mechanics of elastic solids. Department
of mechanical engineering (Massachusetts Institute of Technology). Can be found
online at http://web. mit. edu/abeyaratne/lecture notes. html, 1987.

[37] Rohan Abeyaratne. Lecture Notes on The Mechanics of Elastic Solids: Contin-
uum Mechanics, Volume 2. 2014.

[38] John M Ball. Constitutive inequalities and existence theorems in nonlinear
elastostatics. In Nonlinear analysis and mechanics: Heriot-Watt symposium,
volume 1, pages 187–241. Pitman London, 1977.

[39] James K Knowles and Eli Sternberg. On the ellipticity of the equations of
nonlinear elastostatics for a special material. Journal of Elasticity, 5(3-4):341–
361, 1975.

[40] John M Ball. Strict convexity, strong ellipticity, and regularity in the calculus of
variations. In Mathematical Proceedings of the Cambridge Philosophical Society,
volume 87, pages 501–513. Cambridge University Press, 1980.

[41] John M Ball. Convexity conditions and existence theorems in nonlinear elastic-
ity. Archive for rational mechanics and Analysis, 63(4):337–403, 1976.

171



[42] Bernard Dacorogna. Direct methods in the calculus of variations, volume 78.
Springer Science & Business Media, 2007.

[43] Phoebus Rosakis and Qing Jiang. Deformations with discontinuous gradients in
plane elastostatics of compressible solids. Journal of elasticity, 33(3):233–257,
1993.

[44] Bernard Dacorogna. Necessary and sufficient conditions for strong ellipticity
of isotropic functions in any dimension. Discrete And Continuous Dynamical
Systems, Series B, 1(CAA-ARTICLE-2001-001):257–263, 2001.

[45] J L Ericksen. Equilibrium of bars. Journal of Elasticity, 5(3-4):191–201, 1975.

[46] Richard D. James. Co-existent phases in the one-dimensional static theory of
elastic bars. Archive for Rational Mechanics and Analysis, 72(2):99–140, 1979.

[47] Richard D James. Finite deformation by mechanical twinning. Archive for
Rational Mechanics and Analysis, 77(2):143–176, 1981.

[48] Morton E Gurtin. Two-phase deformations of elastic solids. In The Breadth and
Depth of Continuum Mechanics, pages 147–175. Springer, 1986.

[49] JM Ball and C Carstensen. Compatibility conditions for microstructures and
the austenite–martensite transition. Materials Science and Engineering: A,
273:231–236, 1999.

[50] Kaushik Bhattacharya. Microstructure of martensite: why it forms and how it
gives rise to the shape-memory effect, volume 2. Oxford University Press, 2003.

[51] Brian Burkel, Maria Proestaki, Stephen Tyznik, and Jacob Notbohm. Hetero-
geneity and nonaffinity of cell-induced matrix displacements. Physical Review
E, 98(5):052410, 2018.

[52] M Proestaki, A Ogren, B Burkel, and J Notbohm. Modulus of fibrous collagen
at the length scale of a cell. Experimental Mechanics, pages 1–12, 2019.

[53] Susanne Brenner and Ridgway Scott. The mathematical theory of finite element
methods, volume 15. Springer Science & Business Media, 2007.

[54] Susanne C Brenner and Li-Yeng Sung. C0 interior penalty methods for fourth
order elliptic boundary value problems on polygonal domains. Journal of Sci-
entific Computing, 22(1-3):83–118, 2005.

172



[55] Douglas N Arnold. An interior penalty finite element method with discontinuous
elements. SIAM journal on numerical analysis, 19(4):742–760, 1982.

[56] Guido Sweers. A survey on boundary conditions for the biharmonic. Complex
variables and elliptic equations, 54(2):79–93, 2009.

[57] Andrea Braides. Global minimization. In Local Minimization, Variational Evo-
lution and Γ-Convergence, pages 7–24. Springer, 2014.

[58] Andrea Braides. Gamma-convergence for Beginners, volume 22. Clarendon
Press, 2002.

[59] A Lasis and E Süli. Poincaré-type inequalities for broken sobolev spaces, isaac
newton institute for mathematical sciences. Preprint No. NI03067-CPD, 2003.

[60] H Royden and P Fitzpatrick. Real analysis. 2010, 1968.

[61] Vladimir I Bogachev. Measure theory, volume 1. Springer Science & Business
Media, 2007.

[62] Sören Bartels, Andrea Bonito, and Ricardo H Nochetto. Bilayer plates: Model
reduction, γ-convergent finite element approximation, and discrete gradient flow.
Communications on Pure and Applied Mathematics, 70(3):547–589, 2017.

[63] Haim Brezis. Functional analysis, Sobolev spaces and partial differential equa-
tions. Springer Science & Business Media, 2010.

[64] Gianni Dal Maso. An introduction to Γ-convergence, volume 8. Springer Science
& Business Media, 2012.

[65] Adrian Lew, Patrizio Neff, Deborah Sulsky, and Michael Ortiz. Optimal bv es-
timates for a discontinuous galerkin method for linear elasticity. Applied Math-
ematics Research Express, 2004(3):73–106, 2004.

[66] Robert Eymard, Thierry Gallouët, and Raphaele Herbin. Discretization of het-
erogeneous and anisotropic diffusion problems on general nonconforming meshes
sushi: a scheme using stabilization and hybrid interfaces. IMA Journal of Nu-
merical Analysis, 30(4):1009–1043, 2009.

[67] Lawrence Craig Evans and Ronald F Gariepy. Measure Theory and Fine Prop-
erties of Functions. CRC Press, 2015.

[68] M. M. Rao and Z. D. Ren. Theory of Orlicz spaces. M. Dekker New York, 1991.

173



[69] Ohannes A Karakashian and Frederic Pascal. A posteriori error estimates for a
discontinuous galerkin approximation of second-order elliptic problems. SIAM
Journal on Numerical Analysis, 41(6):2374–2399, 2003.

[70] Ohannes A Karakashian et al. Adaptive discontinuous galerkin approximations
of second-order elliptic problems. 2004.

[71] John M Ball and Richard D James. Fine phase mixtures as minimizers of energy.
In Analysis and Continuum Mechanics, pages 647–686. Springer, 1989.

[72] Martin S. Alnæs, Jan Blechta, Johan Hake, August Johansson, Benjamin
Kehlet, Anders Logg, Chris Richardson, Johannes Ring, Marie E. Rognes, and
Garth N. Wells. The fenics project version 1.5. Archive of Numerical Software,
3(100), 2015.

[73] Anders Logg, Kent-Andre Mardal, Garth N. Wells, et al. Automated Solution
of Differential Equations by the Finite Element Method. Springer, 2012.

[74] Jorge Nocedal and Steve J. Wright. Numerical optimization. Springer Series in
Operations Research and Financial Engineering. Springer, Berlin, 2006. NEOS
guide http://www-fp.mcs.anl.gov/otc/Guide/.

[75] Eric Jones, Travis Oliphant, Pearu Peterson, et al. SciPy: Open source scientific
tools for Python, 2001–. [Online; accessed 2016-09-15].

[76] Lisandro D Dalcin, Rodrigo R Paz, Pablo A Kler, and Alejandro Cosimo.
Parallel distributed computing using python. Advances in Water Resources,
34(9):1124–1139, 2011.

[77] Satish Balay, Shrirang Abhyankar, Mark F. Adams, Jed Brown, Peter Brune,
Kris Buschelman, Lisandro Dalcin, Alp Dener, Victor Eijkhout, William D.
Gropp, Dinesh Kaushik, Matthew G. Knepley, Dave A. May, Lois Curf-
man McInnes, Richard Tran Mills, Todd Munson, Karl Rupp, Patrick Sanan,
Barry F. Smith, Stefano Zampini, Hong Zhang, and Hong Zhang. PETSc users
manual. Technical Report ANL-95/11 - Revision 3.10, Argonne National Lab-
oratory, 2018.

[78] Amy Henderson Squillacote, James Ahrens, Charles Law, Berk Geveci, Kenneth
Moreland, and Brad King. The paraview guide, volume 366. Kitware Clifton
Park, NY, 2007.

174



[79] Xinpeng Xu and Samuel A. Safran. Nonlinearities of biopolymer gels increase
the range of force transmission. Physical Review E - Statistical, Nonlinear, and
Soft Matter Physics, 92(3):1–10, 2015.

[80] Mathilda S. Rudnicki, Heather A. Cirka, Maziar Aghvami, Edward A. Sander,
Qi Wen, and Kristen L. Billiar. Nonlinear strain stiffening is not sufficient
to explain how far cells can feel on fibrous protein gels. Biophysical Journal,
105(1):11–20, 2013.

[81] Mitchell Luskin. On the computation of crystalline microstructure. Acta nu-
merica, 5:191–257, 1996.

[82] Timothy J Healey and Ulrich Miller. Two-phase equilibria in the anti-plane
shear of an elastic solid with interfacial effects via global bifurcation. Proceed-
ings of the Royal Society A: Mathematical, Physical and Engineering Sciences,
463(2080):1117–1134, 2007.

[83] Nicolas Triantafyllidis and Elias C Aifantis. A gradient approach to localization
of deformation. i. hyperelastic materials. Journal of Elasticity, 16(3):225–237,
1986.

[84] Robert V Kohn and Peter Sternberg. Local minimisers and singular perturba-
tions. Proceedings of the Royal Society of Edinburgh: Section A Mathematics,
111(1-2):69–84, 1989.

[85] G Bartle Robert. The elements of integration and lebesgue measure. John Wiley
and Sons, 1995.

[86] B. Dacorogna. Introduction to the Calculus of Variations. Imperial College
Press, 2004.

[87] L.C. Evans. Partial Differential Equations. Graduate studies in mathematics.
American Mathematical Society, 2010.

[88] Richard L Wheeden. Measure and integral: an introduction to real analysis.
Chapman and Hall/CRC, 2015.

[89] Elias M Stein. Singular integrals and differentiability properties of functions.
1970.

[90] SA Sauter and R Warnke. Extension operators and approximation on domains
containing small geometric details. East West Journal of Numerical Mathemat-
ics, 7:61–77, 1999.

175



[91] Robert A Adams and John JF Fournier. Sobolev spaces, volume 140. Elsevier,
2003.

176


	Introduction
	Modeling
	Biological background-What would we like to model?
	Preliminaries of nonlinear elasticity for plane deformations
	Preliminaries on finite elastostatics
	Ellipticity and strong Ellipticity
	Phase transitions: deformations with discontinuous deformation gradient.

	Constitutive Model of the ECM using Phase transitions in Nonlinear Elasticity Theory
	Including the Memory Effect
	Simple Models for cell or cluster of cells Mechanical Response

	Analysis of the Numerical Methods
	Introduction
	The Continuum Problem
	Discretization of the Continuous Problem.
	Notation.
	Discretization of the Energy functional.

	Preliminary results
	Preliminary results for finite element spaces.
	Poincaré Inequalities for Broken Sobolev Spaces.
	Lifting and the Discrete Gradient Operators
	Analytical preliminaries

	-Convergence of the discretization.
	Equi-Coercivity and Convergence of the Discrete Gradient.
	The liminf inequality.
	The limsup inequality.

	Compactness and Convergence of Discrete Minimizers
	Incorporating Penalty terms with Exponential Growth.

	Computational Results
	Implementation
	 Elastic Energy with buckling instability and without memory.
	Solutions without Regularization
	Fitting Density jumps to experimental data.
	Long Range Mechanosensing
	Dependence on Mesh Size
	Incorporating the Regularization term

	Elastic Energy with Memory
	Minimum Location affects Density jumps and Microstructures Length.
	Dependence on the Triangulation
	Constructing an Axisymmetric Triangulation. 

	Various Computations.
	Crack between two clusters of cells.
	Cluster of Cells


	Miscellaneous Results
	Properties of the Elastic Energy
	Derivation of a two Dimensional Elastic Energy Function.
	Lower and Upper Bounds.
	Convergence of the lower order terms.

	Necessary boundary conditions for the biharmonic for Dirichlet boundary conditions.
	Bounds of the Lifting Operators
	Functional Analysis Facts.
	Properties of mollifiers.



