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Abstract

The synchronization of coupled oscillators is a fascinating demonstration of
self-organization which is omnipresent in nature and in many physical phe-
nomena like the collective behavior of coupled metronomes, chemical sys-
tems like the Belousov-Zhabotinsky reaction, and technological systems like
the synchronization of a power grid. Collective synchrony is crucial in many
biological processes like the heart beat or in the human brain where synchro-
nization of neurons is vital for various cognitive tasks. In other situations,
oscillators are ordered into chains or lattices, where each element interacts
only with its nearest neighbors. Such structures are common for systems like
semiconductor laser, where synchronization is important for engineering ap-
plications.

Semiconductor laser arrays have been investigated experimentally and
theoretically from the viewpoint of temporal and spatial coherence for the
past forty years. In this thesis, we are focusing on a rather novel complex
collective behavior, namely chimera states, where synchronized clusters of
emitters coexist with unsynchronized ones. For the first time, we find such
states exist in large diode arrays based on quantum well gain media with
nearest-neighbor interactions. By employing a recently proposed figure of
merit for classifying chimera states, we provide quantitative and qualitative
evidence for the observed dynamics. The corresponding chimeras are iden-
tified as turbulent according to the irregular temporal behavior of the classi-
fication measure.

For a nonlocal coupling scheme the dynamics of a large array of coupled
semiconductor lasers has also been studied numerically. Our focus is again
on chimera states. In laser systems, such states have been found for global
and nearest-neighbor coupling, mainly in small networks. The technological
advantage of large arrays has motivated us to study a system of 200 nonlo-
cally coupled lasers with respect to the emerging collective dynamics. The
nonlocal nature of the coupling allows us to obtain robust chimera states
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with multiple (in)coherent domains. We find that multiclustered chimera
states exist in a wide region of the parameter space and we provide quantita-
tive characterization for the obtained spatiotemporal patterns. By proposing
two different experimental setups for the realization of the nonlocal coupling
scheme, we are confident that our results can be confirmed in the laboratory.

Finally, we have demonstrated a bistable star network of coupled class B
lasers. The theoretical model we use is originated from numerical and experi-
mental studies of a CO2 laser with an intracavity electro-optic modulator that
exhibits bistability. We demonstrate pinning between the peripheral and cen-
tral elements, an activation spreading where the activated periphery turns on
the center element, an activated center which drifts the periphery into the ac-
tive region and an activation of the whole system from the passive into the
active region. Similar dynamical behavior has also been recently found in
complex networks of coupled bistable chemical reactions. The current work
aims at bringing those novel results from electrochemical networks into the
field of laser arrays dynamics.
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Preface

Lasers are enabling components in multiple platform applications spanning
optical communication networks to laser surgery and sensing. They can be
treated as excellent examples of coupled nonlinear oscillators displaying a
large variety of useful phenomena. Arrays of coupled lasers are promising
devices for applications that require high optical power from a laser source.
They are also unstable devices and the main problem is to determine condi-
tions for stable operation (stable phase-locking). Phase locking of an array
of diode lasers increases the output power and reduces the overall needed
lasing threshold. Recent works include impressive advances in high-speed
lasers with low-power consumption, high-power vertical external cavity sur-
face emitting lasers and high-speed beam steering with phased vertical cav-
ity laser arrays. Of special importance for next generation applications such
as laser radars, is the design of photonically integrated semiconductor laser
arrays that consist of a very large number of properly coupled photonic emit-
ters. Moreover, it is well known that phase locking of an array of diode lasers
is a highly effective method in beam shaping because it increases the output
power and reduces the overall needed lasing threshold.

The task for a proper lasers modelling may be realized through different
levels of sophistication and it requires a full quantum treatment but many
laser dynamical properties may be captured by a semiclassical approach.
Rather than treating this topic in great depth, the first chapter aims to give
the basic elements that we consider necessary for a better understudying of
the laser rate equations model before we move to the main part of this thesis
which is the dynamical investigation of this model. We have attempted to
present a dynamical system suitable for the description of an array of mutu-
ally coupled solid states lasers. The meaning of the semi-classical approach
is to treat the electromagnetic field purely classically and to describe the ac-
tive medium with the quantum theory. The connection between these two
parts comes through the interaction of radiation with matter in terms of a
phenomenological classical polarization.
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We start in Chapter 1 by the description of the electromagnetic field from
Maxwell equations presenting the wave equation in a medium which play a
central role in optical physics and quantum optics. Then, we move inside the
optical cavity where by introducing the cavity losses we obtain an equation
describing the oscillations forced by the laser medium in the cavity. Then, we
discuss the wave functions for atomic systems and study their evolution un-
der the influence of applied perturbations. We use the simple atomic model,
the two-level atom subject to a resonant or nearly resonant classical field. Af-
ter the density matrix representation and through the adiabatic elimination
of the polarization we finally get the rate equations for class B lasers. At the
and of the chapter, we discuss the theoretical framework needed for a proper
coupling between each laser.

The material of Chapter 2 represents the minimum knowledge required
to follow the rest of this thesis. It addresses the theory of synchronization and
more specifically the idea of chimera states. By synchronization we mean that
a large part of the system of oscillators spontaneously locks to a common fre-
quency, forgetting the differences in the natural frequencies of the individual
oscillators. Into this frame, the most common behavior is when all oscilla-
tors have the same frequency, the so called complete or full synchronization.
However, synchronization manifests itself in another scenario where the sys-
tem splits into synchronized and unsynchronized domains. The last scenario
corresponds to the so called "chimera state" where a spatio-temporal pattern
of a system of oscillators with identical natural frequencies splits into coex-
isting regions of locked and unlocked phase.

In this chapter we start by describing a self-sustained oscillator which is
interacting with a periodic external force. This interaction may lead to com-
plete locking of the oscillation phase to that of the force. Then we develop a
phase dynamics approach for two coupled oscillators that is valid for a weak
coupling. The problem here reduces to coupled equations for the phases
difference between the two sites. A one-dimensional chain of oscillators is
the next step where we assume only nearest neighbour interactions. This
approach is a natural generalization of the system of two coupled systems
which after a numerical investigation provides cluster formations. Finally,
by considering a non-local interaction we demonstrate that N mutually cou-
pled oscillators having different or similar natural frequencies in the presence
of a phase-lag term split into coexisting regions of coherent and incoherent
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oscillations forming chimeras states. At the and of the chapter we present ex-
amples and experimental works proving the existence of chimera states into
a large range of different fields as well as additional features like breathing
and multichimera states.

In Chapter 3 we report our investigation on the emergence of a com-
plex collective behavior, in a large system of coupled semiconductor lasers.
This behavior involves the emergence of chimera states which we manage
to achieve for large arrays with nearest-neighbor interactions for the first
time. The crucial parameters are the coupling strength and the relative de-
tuning between the lasers. By employing very recently developed mathe-
matical measures for classifying chimera states, we provide quantitative evi-
dence of the observed dynamics. A systematic study in the optical frequency
detuning and coupling strength parameter space, shows that the region of
chimera states lies between full synchronization and desynchronization. A
slight change in the initial conditions may produce different values for these
measures. However, the range of the obtained values ensures the existence
of chimeras, the nature of which is turbulent. Finally, we found out that the
system size also has an effect on the calculated values, which saturate for ar-
rays with more that 200 emitters. The present results represent a significant
advance in the understanding of the existence criteria for the formation of
chimera states and the underlying dynamics responsible for their emergence.
Moreover, such investigations provide a path for multiple technological ap-
plications for next generation photonic emitters.

Chimera states have been found in a semiconductor laser arrays with
global and nearest-neighbor coupling or in the presence of time delays. How-
ever, the intermediate case between global and local coupling has never been
studied before, e.g., due to experimental difficulties. With our investigation
in Chapter 4, we aim to fill this gap. In fact, we provide a full scan of the
coupling range (from local to global) and observe regions of different dy-
namics including smooth wave structures, localized breathers, and turbu-
lent chimeras. Moreover, in our system we manage to observe robust multi-
clustered chimeras, i.e. states with multiple (in)coherent domains which we
have not found for local coupling. Therefore, apart from the multistability
which is crucial for the emergence of the chimera states in all types of cou-
pling, the nonlocality in the coupling kernel used in our case brings addi-
tionally the feature of the chimera multiplicity. Another important point of
our study is a careful selection of the parameters relevant for experimental
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realizations. We suggest two different experimental setups (a wave guide
laser and a laser array) and study the effects of three, experimentally accessi-
ble parameters: the real and imaginary part of the coupling strength and the
range of the coupling.

In Chapter 5 we deal with coupled bistable lasers systems. Such networks
of coupled bistable units support the spreading or the retreating of an initial
activation, but more interestingly, they support the formation of localized
stationary patterns dependent on the coupling strength and the degree dis-
tribution of the nodes. Rich dynamical behavior has been recently found
in complex networks of coupled bistable chemical reactions and the current
work aims at bringing these novel results from electrochemical networks into
the field of laser arrays dynamics. Here we have numerically demonstrated
a bistable star network of coupled class B lasers that supports stationary pat-
terns and activation spreading determined by the number of coupled lasers
to the central unit, by the coupling strength and the initial conditions. This
has been applied to a dynamical system of coupled CO2 lasers with opto-
electronic feedback. In our analysis we focus on the simple case where the
laser arrays form star networks where each bistable element is connected to
a central one, the hub. This connectivity structure is often found in many
natural or engineered systems that consist of dynamical elements interact-
ing with each other through a common medium and it has also been used in
optically coupled semiconductor lasers where synchronization phenomena
were investigated. After careful numerical calculations and by eliminating
the phase difference between the central laser and any peripheral unit, we
demonstrate a stationary activation between the peripheral and the central
elements, a spreading activation of the activated periphery through the cen-
ter element, a spreading activation from the active center to the peripheral
inactivated lasers and an activation of the whole system from the passive
into the operative region.
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Chapter 1

Laser dynamics

1.1 Introduction

In this chapter we will review the history of the development of solid state
lasers and provide a derivation and description of the equations that we
use in the whole text of this thesis. We will draw material from original
manuscripts as well as studies and established textbooks on photonics.

We develop a dynamical model suitable for the description of an array
of mutually coupled solid states lasers. This model considers the propaga-
tion of the electric field along the compound system as well as the evolu-
tion of the carrier densities within each laser. Phenomenological coupling,
passive optical feedback, and in more detail evanescent wave coupling are
accounted for in this framework, under weak to moderate coupling condi-
tions. We systematically describe the solid state laser dynamics on the spec-
trum of monochromatic solutions. By assuming single-longitudinal-mode
operation, two level atoms of the active medium, and slowly varying ap-
proximation, the dynamical model can be reduced to rate equations. These
equations capture the essential features of the response of a single-mode laser
and give a good agreement between theory and experiment. For larger cou-
pling, higher-order terms lead to a smaller threshold reduction, reflected it-
self in the spectrum of the monochromatic solutions and in the dynamics of
the optical power.

Modeling lasers may be realized with different ways. Rigorously it re-
quires a full quantum treatment but many laser dynamical properties may
be captured by semiclassical or even purely classical approaches. In this the-
sis we chose the middle point of view, the semi-classical approach, and try
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to extract analytically as much information as possible. The meaning of the
semi-classical approach is to treat the electromagnetic field purely classically
and to describe the active medium with the quantum theory. The connec-
tion between these two descriptions comes through the dipole moment of the
medium and its interaction with the optical field. The self-consistent set of
laser equations for the electromagnetic field and for the state of the medium
which interacts with this field will determine the final result of rate equations
as well as the structure of this chapter. At the and, we will describe in detail
the coupling scheme and the main dynamical properties of those equations.

For a review of this chapter, we will start in section 2 with the descrip-
tion of the electromagnetic field from Maxwell equations. We will present
the paraxial approximation and the wave equation in a medium which play
a central role in optical physics and quantum optics. Then, we move inside
the optical cavity by expanding the field as a superposition of eigenfunctions
and eigenmodes. By introducing the cavity losses we obtain equation de-
scribing the oscillations forced by the laser medium in the cavity. In section
3 we are concerned with the interaction of classical electromagnetic fields
with simple atomic systems. We discuss the wave functions for atomic sys-
tems and study their evolution under the influence of applied perturbations.
Time dependent perturbation theory and the rotating wave approximation
are used to predict transitions from one level (usually the ground state) to
an exited state. We use the simple atomic model, the two-level atom subject
to a resonant or nearly resonant classical field. We then discuss the nature
of the electric-dipole interaction and finally we generalize our treatment by
including various kinds of damping with the help of the density operator.
After the density matrix representation, we obey in section 4 the Bloch equa-
tions for a two level atomic medium and through the adiabatic elimination
of the polarization we finally get the rate equations for class B lasers. Then
we analyze the basic dynamical properties of rate equations and their linear
stability. The case of semiconductor lasers has also been accounted in this
section. There, we give a short proof for the deriving of the appropriate rate
equations in a more phenomenological approach, without looking into detail.
Finally, in section 5 we discuss the theoretical framework needed for a proper
coupling between each laser. After an introduction on the phenomenological
coupling, we introduce the field rate equations in the presence of an external
cavity feedback as well as a great detail of the evanescent wave coupling.
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1.2 Classical Electromagnetic Fields

1.2.1 The paraxial approximation

Inside a macroscopic medium, Maxwell’s equations are given by:

∇× � = −∂B
∂t

∇× D = p f

∇× H = J +
∂D
∂t

∇× B = 0, (1.1)

where the displacement electric field D is given by

D = ε�+ P, (1.2)

where the permittivity ε includes the contributions of the medium and P
is the induced polarization which is splitting, in general, into two parts. The
first part is the contribution of all atoms of the medium and can be repre-
sented as:

P = εχ� (1.3)

The second part, comes from the interaction of the field with the active
medium. The magnetic field H is given by

H =
B
µ
−M, (1.4)

where µ is the permeability of the medium and M is the magnetization of
the medium. In this thesis we will consider only nonmagnetic materials for
which M = 0. The current density J is often related to the applied electric
field E by the relation J = ς�, where ς is the conductivity of the medium. In
the process we find∇×∇×∇ = ∇(∇ · �)−∇2

�. In optics∇ · � = 0, since
most of the light field has a slight change along the direction of propagation.
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From Eq. 1.1 we arrive at:

∇2
� = µ

∂J
∂t

+ µε
∂2
�

∂t2 + µ
∂2P
∂t2 (1.5)

We can replace µε by 1/c2, where c is the speed of light in the medium.
Saturation effects slightly complicate the matter since the field inhomogeneities
lead to an inhomogeneity of the medium. However, for the majority of quan-
tum electronics systems the wave beams have the form:

�(r, t) = E(r, t)e−i(ωt−kz)

P(r, t) = P(r, t)e−i(ωt−kz) (1.6)

where ω is the field oscillation frequency and k is a constant vector in
the direction of propagation of the field with the magnitude |k| ≡ ω/c. The
complex amplitude is a slowly varying function in space and in time, so that
Eq. 1.6 describes a monochromatic wave beam. By ”slowly varying” we
mean that the scale of time for variations in phase, and in amplitude, is much
larger than the field oscillation period. These approximation leads to the
inequalities

∣∣∣∣∂2E
∂t2

∣∣∣∣� 2ω

∣∣∣∣∂E
∂t

∣∣∣∣
∣∣∣∣∣∂2E

∂x2
j

∣∣∣∣∣� 2k

∣∣∣∣∣ ∂E
∂xj

∣∣∣∣∣
∣∣∣∣∂2P

∂t2

∣∣∣∣� 2ω

∣∣∣∣∂P∂t

∣∣∣∣ , (1.7)

where, by differentiation a few terms of Eq. 1.6, we get:

∇2
� ∼

(
∇2
⊥E− k2E + 2ik

∂E
∂z

)
e−i(ωt−kz)

∂�

∂t
∼ −iωEe−i(ωt−kz)

∂2
�

∂t2 ∼ −
(

ω2E + 2iω
∂E
∂t

)
e−i(ωt−kz)

∂2P
∂t2 ∼ −

(
ω2P + 2iω

∂P
∂t

)
e−i(ωt−kz) (1.8)
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Inserting Eq. 1.8 into the wave Eq. 1.5 we arrive at a parabolic equation:

∇2
⊥E + 2i

(
k

∂E
∂z

+
ω

c2
∂E
∂t

)
+ iωµςE +

(
ω2

c2 − k2
)

E = −µω2P − i2ωµ
∂P
∂t
(1.9)

In general, the polarization P is a complex field with a real and an imag-
inary part and here we are interested only in the imaginary part. Moreover,
the latter assumes its simplest form when the dispersion law ω = ck is valid.
After this simplification, we take the imaginary part and we have

∂E
∂z

+
1
c

∂E
∂t

+
ς

2cε
E = − k

2ε
P (1.10)

This equation play a central role in optical physics and quantum optics.
It tell us how light propagates through a medium and specifically how the
imaginary parts of the polarization act. The real part has to do with the phase
velocity with which the electromagnetic wave propagates in the medium.
The effects described by this phase are those associated with the index of
refraction of the medium, such as dispersion and self focusing and are not
showing in this thesis. What is shown is the field amplitude that is driven by
the imaginary part of the polarization. This component gives rise to absorp-
tion and emission.

1.2.2 Normal mode expansion of the electromagnetic field in

a resonator

Consider the electric field E and the magnetic field H inside a volume V
bounded by a surface S of perfect conductivity. This mean that the real
boundary conditions on the metallized (S1) and the open (S2) areas of the
surface are replaced by the ideal ones (n× E)s1 = 0 and (n× H)s2 = 0. We
will expand E and H in terms of two orthonormal sets of vector fields Eλ and
Hλ, respectively:
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E(r, t) = ∑ eλ(t)Eλ(r)

H(r, t) = ∑ hλ(t)Hλ(r) (1.11)

This system obey the relations [Hall et al., 1970]:

kλEλ = ∇× Hλ

kλHλ = ∇× Eλ (1.12)

If we take the curl of both sides and neglect the ∇ · E or ∇ · H, using the
identity ∇×∇× A = ∇(∇ · A)−∇2A we have:

∇2Eλ + k2
λEλ = 0

∇2Hλ + k2
λHλ = 0 (1.13)

The functions Eλ(r) and Eλ(r) are orthogonal and satisfy the normaliza-
tion conditions [Yariv, 1989]:

∫
Vc

EλEµdV = Vcδλµ

∫
Vc

HλHµdV = Vcδλµ (1.14)

From the paraxial approximation Eq. 1.8 and from the definition of the
field expansion Eq. 1.11, the time-dependent expansion coefficients satisfy
the equations,

d2eλ

dt
+ ω2

λeλ = 0
d2hλ

dt
+ ω2

λhλ = 0 (1.15)

where ωλ = kλc.

We now turn to free oscillations in a real cavity. In the absence of the
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bulk losses the field in such a cavity can be approximated by a series Eq.
1.11 which is the system of equations for an ideal cavity. In order to find the
expansion for ∇× E we make use of the vector identity:

∇(E×∇× Eλ) = (∇× E)(∇× Eλ)− E · ∇ ×∇× Eλ

∇(E× kλHλ) = kλHλ(∇× E)− E · ∇ × (kλHλ)

∇(E× Hλ) = Hλ(∇× E)− kλEEλ (1.16)

Integrating this identity over the volume and using the Gauss divergence
theorem we arrive at:

∫
V
∇(E× Hλ)dV =

∫
V

Hλ(∇× E)dV − kλ ∑ eµ

∫
V

EµEλdV∫
S

n(E× Hλ)dS =
∫

V
Hλ(∇× E)dV − kλeλVc (1.17)

Since,

1
Vc

∑ Hλ

∫
V

Hλ(∇× E)dV

=
1
Vc

∑ Hλ

∫
V

Hλ ∑ eµ∇× EµdV

=
1
Vc

∑ Hλ

∫
V

Hλ ∑ eµkµHµdV

=
1
Vc

∑ HλeλkλVc

= ∑ eλkλHλ

= ∑ eλ(∇× Eλ)

= ∇× E (1.18)

we get:
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∇× E =
1
Vc

∑ Hλ

[∫
S

n(E× Hλ)dS + kλeλVc

]
= ∑ Hλ

[
kλeλ +

1
Vc

∫
S1

(n× E)HλdS
]

(1.19)

In similar way, it is easy to see the validity of:

∇× H = ∑ Eλ

[
kλhλ +

1
Vc

∫
S2

(n× H)EλdS
]

(1.20)

Introducing the expansions Eq. 1.11, into Eq. 1.1 we get:

∇× H = σE + ε
∂E
∂t

+
∂P
∂t

= σ ∑ eλEλ + ε ∑
∂eλ

∂t
+

∂P
∂t

(1.21)

From Eq. 1.20 and making use of the orthonormality relations Eq. 1.14 we
have

deλ

dt
+

σ

ε
eλ −

kλhλ

ε
=

1
Vc

∫
S2

(n× H)EλdS +
∫

Vc

∂P
∂t

EλdV (1.22)

In the same way, from Eq. 1.19 we get

dhλ

dt
+

kλελ

µ
= − 1

µVc

∫
S1

(n× E)HλdS (1.23)

Then, differentiating the first equation with respect to time we eliminate
the function dhλ/dt and arrive at:
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d2eλ

dt2 +
σ

ε

deλ

dt
+ k2

λc2eλ = −kλc2

Vc

∫
S1

(n× E)HλdS

+
1
Vc

∫
S2

(n× H)EλdS +
∫

Vc

∂2P
∂t2 EλdV (1.24)

For an ideal cavity the surface integrals of the above equation are equal
to zero. In a real cavity, the bulk losses can be given from [Khanin, 1995] into
these forms,

kλc2

Vc

∫
S1

(n× E)HλdS =
ωλ

Qs

deλ

dt

− 1
Vc

∫
S2

(n× H)EλdS =
ωλ

Qe

deλ

dt
ωσ

ε
= Qv (1.25)

where the quantity Qs represents the cavity losses due to the absorp-
tion by the walls of the cavity, Qe describes the cavity losses from emission
through the holes in the cavity and finally Qv represents the bulk losses in
the medium within the cavity. Moreover, with the notion of a net Q-factor
(1/Q = 1/Qs + 1/Qe + 1/Qv), we can rewrite Eq. 1.24 in a more simple
form:

d2eλ

dt2 +
ωλ

Q
deλ

dt
+ ω2

λeλ =
∫

Vc

∂2P
∂t2 EλdV (1.26)

For this equation, we consider solutions which are nearly harmonic oscil-
lations with a slowly varying amplitude and phase [Andronov et al., 1949],

eλ =
1
2

[
Fλ(t)e−iωt + F∗λ(t)e

iωt
]

(1.27)

where the complex amplitude of the polarization component can be in-
troduced through the equality:

∫
V

PEλdV =
1
2

[
Pλ(t)e−iωt + P∗λ(t)e

iωt
]

(1.28)
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Substituting Eq. 1.28, Eq. 1.27 into Eq. 1.26 and with the approximations
a) the field damping in a cavity to be small (ω � Q) and b) the frequency of
each mode to be very close to the main frequency (ωλ ∼ ω) we arrive at the
abbreviated equations

dFλ

dt
+ [κ + i(ωλ −ω)] Fλ = iωPλ (1.29)

where κ = ωλ/2Q.

1.3 The quantum dynamics of the material

1.3.1 The atom energy absorption from the electric field

The interaction between the radiation of the electric field with bound elec-
trons can be described from the electric dipole (er). The electric dipole is
defined as a pair of opposite charges of magnitude (e) times the distance be-
tween them (r) with a direction from the negative to the positive charge. With
this operator, we can bring together the quantum mechanical description of a
system with the polarization of the medium. The final one can be treated as a
classical quantity from the Maxwell’s equations. By definition from quantum
mechanics the expectation value of er takes the form,

〈er〉 =
∫

er|ψ(r, t)|2d2r (1.30)

where ψ(r, t) is the well known wave function. From the Schrödinger
equation,

ih̄
∂

∂t
ψ(r, t) = H0ψ(r, t) (1.31)

the time and space dependencies of the wave equation can be written as,

ψn(r, t) = un(r)e−iωnt (1.32)
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where h̄ is the Planck constant divided by 2π and H0 is the Hamiltonian
of an atom which is not interacting with the electric field. By the method of
separation of variables, we can quantify un(r) as the set of variables which
satisfy the energy eigenvalue equation

H0un(r)− h̄ωnun(r) = 0 (1.33)

The eigenfunctions un(r) have the property to be orthonormal and com-
plete that is,

∫
u∗n(r)um(r)d3r = δnm (1.34)

∑
n

u∗n(r)un(ŕ) = δ(r− ŕ) (1.35)

where δnm and δ(r− ŕ) are the Kronecker and Dirac delta functions, re-
spectively. Now, the wave function itself ψ(r, t), due to the fact that the
Schrödinger equation is linear, can be written as the superposition of the
ψn(r, t):

ψ(r, t) = ∑
n

Cn(t)un(r)e−iωnt (1.36)

This is a crucial step. The coefficients Cn(t), when the atom is not inter-
acting with the electric field, are in general time independent and the Hamil-
tonian of that system satisfies Eq. 1.33. In our case however, the time de-
pendence plays the role of a small additional interaction to the initial Hamil-
tonian. Such a modified Hamiltonian wouldn’t satisfy Eq. 1.33 and this is
the reason for the coefficients time dependency. The square of the absolute
value of those coefficients (|Cn(t)|2) is nothing else but the probability that
the system is in the n− th energy state.
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To find the expectation value of Eq. 1.30 in terms of the Cn(t), we simply
insert Eq. 1.36 into Eq. 1.30. This gives:

∫
(er)|ψ(r, t)|2 = ∑

n,m
C∗m(t)Cn(t)e−i(ωm−ωn)t

∫
u∗m(r)(er)un(r)d2r (1.37)

The small additional interaction is the electromagnetic field. Suppose that
this interaction is equal to V. Then the total Hamiltonian of the system will
be H = H0 + V. Now, the other important step is to expand the wave func-
tion in terms of eigenfunctions of the initial Hamiltonian (H0), holding the
probability amplitudes time dependent. This gives

ih̄
∂

∂t
ψ(r, t) = Hψ(r, t)

ih̄
∂

∂t ∑
m

Cm(t)um(r)e−iωmt = (H0 + V)∑
m

Cm(t)um(r)e−iωmt

ih̄ ∑
m
(Ċm(t)− iωmCm(t))e−iωmt = ∑

m
Cm(t)h̄ωmum(r)e−iωmt + ∑

m
Cm(t)Vum(r)e−iωmt

ih̄(Ċn(t)− iωnCn(t))e−iωnt = Cn(t)h̄ωne−iωnt + ∑
m

Cm(t)
∫

u∗n(r)Vum(r)d3re−iωmt

Ċn(t) = −
i
h̄ ∑

m
Cm(t)ei(ωn−ωm)t

∫
u∗n(r)Vum(r)d3r

(1.38)

This equation shows how the probability amplitudes for the wave func-
tion changes in time. In particular, the changes of Cn describe how an atom
absorbs energy from an electric field. This is the well known time dependent
perturbation theory. In a more strict form the proceed is by writing V as a
small interaction εV and the wave function as an expansion over those small
perturbations ψ ∼ ψ0 + εψ1 + ε2ψ2 + ... . First-order perturbation theory is
obtained by equating terms proportional to ε , secondorder terms propor-
tional to ε2 , and so on. One can then set ε = 1 at the end of the calculation.
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1.3.2 The rotating wave approximation

One very important question in a quantum system is the knowledge of the
probability for an initially unexcited atom to be excited in an upper level.
This can be done, in our case, by the interaction with an electromagnetic
field. Starting with the time equal to zero, the wave function has the initial
value,

ψ(r, 0) = uj(r) (1.39)

where Cj(0) = 1 and Cn 6=j(0) = 0. In that way, we can find the first-order
correction of the Cn which is:

Ċn(t) ∼ −
i
h̄

∫
u∗n(r)Vujd3r(r)ei(ωn−ωj)t (1.40)

This equation can be easily integrated for two important cases: one for
constant V and one for sinusoidal such that V = V0 cos(Ωt). For the first
case it can be prove that with the increasing of the frequency differences ωn−
ωj the probability for a transition to the first upper level becomes smaller
rapidly. This means that transitions are much more likely if the energy is
conserved between initial and final states. In this thesis, we will analyse the
sinusoidal interaction, which is frequently used for the interaction between
the atom with a monochromatic electromagnetic field. From Eq. 1.40 we
have:

Ċn(t) ∼ −
i
h̄

cos(Ωt)ei(ωn−ωj)t
∫

u∗n(r)V0uj(r)d3r (1.41)

If we rewrite cos(Ωt) = 1/2(eiΩt + e−iΩt) we can easily find the solution
which is:

Cn(t) ∼ −
i

2h̄

[
ei(ωn−ωj−Ω)t − 1
i(ωn −ωj + Ω)

+
ei(ωn−ωj+Ω)t − 1
i(ωn −ωj −Ω)

] ∫
u∗n(r)V0uj(r)d3r

(1.42)

This value is accurate so long as Cn(t) doesn’t change a lot from the initial
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value Cn(0) = 1. Now, in the case of positive detuning (ωn−ωj ≥ 0), the de-
nominator (ωn −ωj + Ω) is always larger than the detuning. In the opposite
case, if ωn − ωj ∼ Ω, the other denominator (ωn − ωj −Ω) vanishes. This
observation occurs only if the previous resonant condition is satisfied. Then,
the term with the small denominator is much larger than that with the large
value, allowing us to neglect the latter. For the same reason, we can prob-
ably neglect transitions to levels with energies very different from h̄Ω and
this remark is used to justify the two-level atom approximation. Neglecting
the term with the relatively large denominator is called the rotating wave
approximation. With this approximation Eq. 1.42 takes the simplest form:

Cn(t) ∼ −
i

2h̄

[
ei(ωn−ωj+Ω)t − 1
i(ωn −ωj −Ω)

] ∫
u∗n(r)V0uj(r)d3r (1.43)

With this calculation we can see that after some time the transitions to the
upper level are unlikely to occur unless the detuning between the two energy
levels is approximately equal to the applied field frequency. This result is
totally different with the case of a constant electromagnetic field where, as
we mentioned before, the probability for a transition is proportional to the
increase of the detuning.

1.3.3 The electric dipole interaction

So far, we have assumed that the electromagnetic field has sinusoidal expres-
sion. Here, we will construct the Hamiltonian of the interaction between a
light field and a bound atom proving that it is very close to the previous hy-
pothesis. We will start by the principle of minimum coupling , which states
that the canonical momentum p of a particle of charge q is no longer its kinetic
momentum mṙ, as is the case for a free particle, but rather p = mṙ + qA(r),
where A(r) is the vector potential of the magnetic field. With the introduction
of potential we can write the electric and magnetic field in the form:

E = −∂A
∂t
−∇U

B = ∇×A (1.44)



1.3. The quantum dynamics of the material 37

where U(r) is the scalar potential.

The interaction between an optical field and a charge q which is bounded
to an atomic nucleus by a potential V(r) is then given in the non-relativistic
limit by the Hamiltonian:

H = − 1
2m

[p− qA(r, t)]2 + qU(r, t) + V(r) (1.45)

We can work in the so-called radiation gauge, where U(r, t) = 0 and ∇ ·
A(r, t) = 0 [Pierre et al., 2007; Nagourney, 2014]. In addition, we exploit the
fact that in most problems in quantum optics, the wavelength of the optical
field is large compared to the size of an atom, so we can evaluate the vector
potential at the location R of the nucleus rather than at the location r of the
electron. This approximation allows us to treat the field as constant over the
dimensions of the atom, and is called the electric dipole approximation.

From the quantum representation of the canonical momentum p = −ih̄∇,
the Schrödinger equation becomes then:

ih̄
∂ψ(r, t)

∂t
=

[
− h̄2

2m

[
∇− iq

h̄
A(R, t)

]2

+ V(r)

]
ψ(r, t) (1.46)

The statement of local gauge invariance, requires that the physical predic-
tions of our theory must remain unchanged under the gauge transformation
( ψ(r, t)→ ψ(r, t)eiϕ(r,t)). Via the gauge transformation

ψ(r, t) = e(−iqr/h̄)A(R,t)φ(r, t) (1.47)

where φ(r, t) is a new wave function. If we replace in Eq. 1.45 the wave
equation with the above equation, after some calculations and using the fact
that E(R, t) = −∂A(R, t)/∂t, we find that,

φ(r, t) = [H0 − qrE(R, t)] φ(r, t) (1.48)

where H0 = p2

2m + V(r) is the unperturbed Hamiltonian of the electron.
This shows that the interaction between the electron and the electromagnetic
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field is described by the interaction V which is given by:

V = −qrE(R, t) (1.49)

The matrix element of the dipole operator between different levels is:

ermn =
∫

u∗m(r)erun(r)d3r (1.50)

Matrix elements of r between different states can also vanish, but we are
interested in two levels a and b between which the matrix element does not
vanish. We can then write the electric-dipole interaction matrix element in
the form,

Vab ≡
∫

u∗a(r)Vub(r)d3r

= −E(R, t)
∫

u∗b(r)erub(r)d3r ≡ E(R, t)dab (1.51)

where dab is the component of erab along E. For simplicity, we ignore the
spatial dependence into this section, and use E(R, t) ∼ E(t).

1.3.4 The rotating frame and the phenomenological decay terms

We will treat the atoms using the two-level approximation. We will ignore the
fact that levels usually have a number of sublevels that all can contribute to a
resonant transition. We emphasize the two-level atom because we can often
describe its interaction with the electromagnetic field in detail and obtain
analytic solutions. We indicate by a the upper level and by b the lower one
(see Fig. 1.1). The corresponding wave function is then

ψ(r, t) = Ca(t)e−iωatua(r) + Cb(t)e−iωbtub(r) (1.52)

We will assume that the field is given by a plane wave with frequency
Ω approximately equal to the two-level transition frequency ω = ωa − ωb.
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FIGURE 1.1: Energy level diagram for two-level atom, showing
decay rates γa and γb for the probabilities |Ca|2 and |Cb|2.

Having in our mind the rotating-wave approximation we keep only the 1
2 e−iΩt

term from cos(Ωt) and always for ω > 0. Hence, the electric-dipole interac-
tion matrix element takes the form

Vab ∼ −
1
2

E0e−iΩtdab (1.53)

Equation. 1.49 and Eq. 1.50 depend upon two very high optical frequen-
cies (ω and Ω) and upon two slowly varying quantities (Ca and Cb). This dis-
parate time dependences can be resolved if we place the wave function Eq.
1.49 into the rotating frame by the transformation [Nagourney, 2014; Landau
et al., 1977]:

[
Ca

Cb

]
=

[
eiδt/2 0

0 e−iδt/2

] [
Ca

Cb

]
(1.54)

Then, Eq. 1.49 takes the form,

ψ(r, t) = Ca(t)e[i(
1
2 δ−ωa)t]ua(r) + Cb(t)e[

i(− 1
2 δ−ωb)t]ub(r) (1.55)

where δ = ω−Ω.

Substituting this expansion into the Schrödinger equation and projecting
onto the eigenfunctions ua and ub we find:
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Ċa =
1
2

i
(
−δCa +

E0dab
h̄

Cb

)
Ċb =

1
2

i
(

δCb +
E0dba

h̄
Ca

)
(1.56)

Moreover, the populations of excited atomic levels have the property to
decay because of collisions and other phenomena. The lifetimes of these de-
cays can be described quite well by adding phenomenological decay terms
to the Eq. 1.53. For a more explicit description we need a quantum treat of
the electromagnetic field which is beyond the semiclassical approach. Hence,
into the frame of this approach we write

Ċa = −
1
2
(γa + iδ)Ca + i

E0dab
2h̄

Cb

Ċb = −
1
2
(γb − iδ)Cb + i

E0dba
2h̄

Ca (1.57)

where γa and γb are the decay constants of each state respectively.

1.3.5 The density matrix operator

The previous level decay causes the two-level probability amplitudes to de-
crease exponentially in time, thereby destroying the wave function’s normal-
ization. Moreover, we want to generalize our treatment of two-level systems
to include various kinds of damping. Some of these can be put directly into
the equations of motion for the probability amplitudes. However, two im-
portant kinds cannot: upper to lower level decay, and more rapid decay of
the electric dipole than the average level decay rate. For these two damping
mechanisms, we need a more general description than can be provided by
the state vector. Specifically, we need to consider systems for which we do
not possess the maximum knowledge allowed by quantum mechanics. In
other words, we do not know the state vector of the system, but rather the
classical probabilities for having various possible state vectors. We consider
the system that is part of a larger closed system and the last one is in some
state described by a wave function with coordinates those of the closed and
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the open system. In such situations we introduces the density matrix opera-
tor ρ see [Pierre et al., 2007; Landau et al., 1977].

Hence for the two-level system we write the wave function with the Schrödinger
picture amplitudes Ca and Cb in the form

ψ(r, t) = Ca(t)ua(r) + Cb(t)ub(r) (1.58)

or equivalently by the state vector

|ψ(t)〉 = Ca(t) |a〉+ Cb(t) |b〉 (1.59)

where the representation of the wave function for a state vector has the
form ψ(r, t) = 〈r|ψ〉 and for any n base un(r) = 〈r| |n〉. The correspond-
ing density operator is defined as the projector ρ = 〈ψ| |ψ〉 onto this state,
and the density matrix elements ρab = 〈a| |ψ〉 〈ψ| |b〉 are given by the bi-
linear products ρaa = 〈a| |ψ〉 〈ψ| |a〉 = CaC∗a = |Ca|2 which is the prob-
ability of being in the upper level, ρab = 〈a| |ψ〉 〈ψ| |b〉 = CaC∗b which is
the dimensionless complex dipole, ρba = 〈b| |ψ〉 〈ψ| |a〉 = CbC∗a = ρ∗ab and
ρbb = 〈b| |ψ〉 〈ψ| |b〉 = CbC∗b = |Cb|2 which is the probability of being in
lower level.

Now, for more simplicity, instead of the form Eq. 1.36, we can also ex-
pand the wave function as ψ(r, t) = ∑n cn(t)un(r) for which the h̄ωn time
dependence in Eq. 1.36 doesn’t cancel out. Then, the coefficients ca(t) and
cb(t), including phenomenological decays out of the rotative frame, obeys
the equations of motion,

ċa = −(iωa + γa/2)ca − ih̄−1Vabcb

ċb = −(iωb + γb/2)cb − ih̄−1Vbaca (1.60)

where Vnm = 〈n|V |m〉 = Vnm as in Eq. 1.51, is the whole interaction
between the atom and the optical field. Proceeding one element at a time, we
have:
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ρ̇aa = ċac∗a + ca ċ∗a
= −(iωa + γa/2)|ca|2 − ih̄−1Vabcbc∗a − (−iωa + γa/2)|ca|2 + ih̄−1Vbacac∗b
= −γaρaa − ih̄−1(Vabρba −Vbaρab) (1.61)

Similarly, we find,

ρ̇bb = −γbρbb + ih̄−1(Vabρba −Vbaρab) (1.62)

and for the off-diagonal element,

ρ̇ab = ċac∗b + ca ċ∗b
= −(iωa + γa/2)cac∗b − ih̄−1Vabcbc∗b − (−iωb + γb/2)cac∗b + ih̄−1Vabcac∗a
= −(iω + γab)ρab + ih̄−1Vab(ρaa − ρbb) (1.63)

where ω = ωa − ωb and γab = 1
2(γa + γb). Elastic collisions between

atoms in a gas or between phonons and atoms in a solid can cause ρab to
decay separately from the diagonal elements. To include this phenomena
we take the classical average over all collisions and we add this correction
to the gamma parameter (γab + γph). For typographical simplicity, we drop
the average notation, but we should always remember that ρ includes such
classical averages. For a brief discussion of this phenomena see [Pierre et al.,
2007].
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1.4 Rate equations

1.4.1 Equations for quadratic quantities

Let us represent the field as a sum of quasi-monochromatic components, the
frequencies of which are ωmn where ωa −ωb = Ω

E(r, t) =
1
2

(
Faa(r, t) + Fab(r, t)e−iΩt + Fba(r, t)eiΩt + Fbb

)
(1.64)

The elements of the density matrix in this field can be presented then as:

ρmn(t) = σmn(t)e−iωmnt (1.65)

Then, from Eq. 1.51 and from Eq. 1.61, 1.62, 1.63 we have

σ̇aa = −γaσaa −
i

2h̄
(dabFabσba − dbaFbaσab)

σ̇bb = −γbσbb +
i

2h̄
(dabFabσba − dbaFbaσab)

σ̇ab = − [γab − i(Ω−ω)] σab −
i

2h̄
dabFab(σbb − σaa) (1.66)

Slightly changing the notation: D = σbb − σaa, γab = γ⊥, σba = σ∗ and
σab = σ we obtain a set of two equations:

σ̇ + [γ⊥ − i(Ω−ω)] σ = − i
2h̄

dFD

Ḋ + γ‖(D− D0) =
i
h̄
(dFσ∗ − d∗F∗σ) (1.67)

where γ‖(D − D0) = (γbσbb − γaσaa) and D0 is unsaturated value of D
which corresponds to F = 0.
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Now, in terms of the density matrix, the expectation value < er > is given
by,

< er >= ρaadaa + ρabdba + ρbadab + ρbbdbb = tr(ρd) (1.68)

for a single atom. The polarization for the whole material is P = Ntottr(ρd)
where with Ntot we denote the number of molecules in a unit volume.

Combining Eq. 1.68, Eq. 1.64 and Eq. 1.65 with Eq. 1.10 and assuming
d ‖ F, and that the dipole moment matrix is real (dab = dba = d), we arrive at
a scalar model of a traveling wave laser:

∂F
∂z

+
1
c

∂F
∂t

+
( ς

2cε
− iΩ

)
= −k

ε
Ntotσd

∂σ

∂t
+ [γ⊥ − i(Ω−ω)] σ = − i

2h̄
dFD

∂D
∂t

+ γ‖(D− D0) =
i
h̄

d(Fσ∗ − F∗σ) (1.69)

while combining Eq. 1.68, Eq. 1.64 and Eq. 1.65 with Eq. 1.29 we arrive a
set of equations for the modal amplitudes:

∂Fλ

∂t
+ [κ + i(ωλ −Ω)] Fλ = iωdNtot

1
Vc

∫
σEλ(r)dV

∂σ

∂t
+ [γ⊥ − i(Ω−ω)] σ = − i

2h̄
dD ∑ EλFλ

∂D
∂t

+ γ‖(D− D0) = −
id
2h̄

(F∗λ σ− Fλσ∗)Eλ (1.70)

We now turn to a laser model expressed by Eq. 1.69 . If the losses for the
separate cavity elements (mirrors) are small then we can assume ∂F/∂z = 0.
Without fixing the normalization factor t we will introduce the dimensionless
variables and coefficients
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τ =
t
t̂

f =
∂F
h̄
(2γ⊥γ‖)

− 1
2 n =

2d2ω0cε

h̄γ⊥ς
NtotD

p =
2dcεω0

h̄ς
(2γ⊥γ‖)

− 1
2 Ntotσ A =

2d2cεω0

h̄γ⊥ς
NtotD0 κ̂ =

ςt̂
2cε

γ̂j = γj t̂ ∆0 =
Ω−ω

γ⊥
∆c = −

2(Ω)cε

ς

(1.71)

where ω0 = ck. It is most convenient to choose a normalization factor t
comparable with a characteristic time scale of the time-dependent laser ac-
tion. The wide variety of options requires to take an individual approach in
each particular case. If the notation of Eq. 1.71 is used, then the equations
become:

d f
dτ

= ik̂∆c f k̂(p− f )

dp
dτ

= iγ̂⊥∆0pγ̂⊥(n f − p)

dn
dτ

= γ̂‖

[
A− n− 1

2
( f ∗p + f p∗)

]
(1.72)

1.4.2 Adiabatic elimination of the polarization

The complex form of the Eq. 1.72 is most compact but not always conve-
nient. It is often necessary to return to the real variables by using the real and
imaginary parts of f and p. As real variables we can also use the quadratic
quantities:

m = | f |2 r = |p|2 s =
1
2
( f p∗ + f ∗p) q =

i
2
( f p∗ − f ∗p) (1.73)

These variables are related to each other and to n by five equations:
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dm
dτ

= 2k̂(s−m)

dn
dτ

= γ̂‖(A− n− s)

dr
dτ

= 2γ̂⊥(ns− r)

ds
dτ

= −(γ̂⊥ + k̂)s + γ̂⊥∆0cq + γ̂⊥mn + k̂r

dq
dτ

= −(γ̂⊥ + k̂)q− γ̂⊥∆0cs (1.74)

where ∆0c = 2Ω−ω.

In general, it becomes possible to reduce the number of differential equa-
tions by adiabatic elimination of part of the variables when a subspace with
a smaller number of dimensions, in which fast motions are absent, is distin-
guished in the phase space of the system. Starting from arbitrary initial con-
ditions, the representative point rapidly passes into this subspace and then it
moves along the phase space trajectories localized in it. Mathematically the
motion in the system described by,

µẋi = Fi(x, y) ẏj = Gj(x, y) (1.75)

where µ is a small parameter, differs little from the motion in a limiting
system:

Fi(x, y) = 0 ẏj = Gj(x, y) (1.76)

In our system the parameters looks like γ̂⊥ � γ̂‖ and γ̂⊥ � k̂. Hence, we
perform the standard procedure of adiabatic elimination of r, s and q putting
dr/dτ = ds/dτ = dq/dτ = 0. Then, substituting these relations into the first
two equations of Eq. 1.74, we find:
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FIGURE 1.2: Relaxation oscillations of the laser electric field.
From top to bottom γ = 0.001, γ = 0.0005 and γ = 0.0001

where P = 1.2.

dm
dτ

= 2k̂m

(
n

1 + ∆2
0c
− 1

)
dn
dτ

= γ̂‖

[
A− n

(
m

1 + ∆2
0c

+ 1

)]
(1.77)

But ∆0c = 2Ω− ω where (2Ω− ω)2 ∼ 0 (the rotating wave approxima-
tion). Moreover, by introducing the number of laser photons as the whole
electric m = E2 and by slightly changing the notation: t = 2k̂τ, γ =

γ̂‖
2k̂

and
n = N, after the derivation we get:

dE
dt

=
1
2

E(N − 1) (1.78)

dN
dt

= γ(P− N(1 + E2)) (1.79)
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FIGURE 1.3: Pitchfork bifurcation for the laser electric field for
γ = 0.001.

1.4.3 Linear stability

The steady state solutions of Eq. 1.78 and Eq. 1.79 satisfy the conditions

E(N − 1) = 0 P− N(1 + E2) = 0 (1.80)

where the possible solutions are the zero electric field solution (E, N) =

(0, P) and the non-zero intensity solution (E, N) = (±
√

P− 1, 1). It is clear
that lasering we have only for P > 1. In order to analyse the stability of the
steady states, we calculate the Jacobian of the differential equation system
Eq. 1.78 and Eq. 1.79 for the above fix points.

Jac =

[
1
2(N − 1) 1

2 E
−2γNE −γ(1 + E2)

]
(1.81)

A nontrivial solution is possible only if the growth rate λ satisfies the
characteristic equation given by

(λ− 1
2
(N − 1))(γ(1 + E2) + λ) + γNE2 = 0 (1.82)

In the case of the zero intensity steady state the above equation takes the
form (1

2(P− 1)− λ)(γ + λ) = 0 and admits the simple solutions λ1 = −γ

and λ2 = 1
2(P− 1). If Re(λj) < 0 for (j = 1, 2) then the fix point is stable. So,
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we conclude that the zero intensity steady state is stable if P < 1 and unstable
if P > 1. For both the non-zero intensity steady states Eq. 1.82 reduces to the
following quadratic equation

λ2 + γPλ + γ(P− 1) = 0 (1.83)

Solving this equation we obtain

λ1,2 = −γ
P
2
± i

√
γ(P− 1)− γ2 P2

4
(1.84)

The real part for both λ1 and λ2 is negative. Thus, the non-zero intensity
fix points are always stable. These solutions are represented as a function of
the pump parameter P in Fig. 1.1. The diagram is called a bifurcation dia-
gram because it represents the amplitude of the possible solutions in terms
of a control or bifurcation parameter. The bifurcation at P = 1 is a pitchfork
bifurcation which exists only if P ≥ 1. Below P = 1, only the zero intensity
solution is possible. Beyond P = 1, two new solutions corresponding to the
non-zero intensity state are available. The bifurcation is supercritical in our
case (the new solutions overlap with the unstable basic solution) but it can be
subcritical for other nonlinear problems (the new solution overlaps the stable
basic solution).

In Eq. 1.84, expanding the two roots for small γ we obtain a more simple
form:

λ1,2 = −γ
P
2
± i
√

γ(P− 1) (1.85)

The above expression implies that the intensity is oscillates with a fre-
quency proportional to

√
γ and slowly decays with a rate proportional to

γ. The frequency here is defined by ωR ≡
√

γ(P− 1), is called the laser
relaxation oscillation frequency and is a reference frequency for all lasers ex-
periencing intensity oscillations. The quantity γ(P/2) is called the damping
rate of the laser relaxation oscillations.

In summary, the linearized theory reveals that the non-zero intensity steady
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state is weakly stable for all lasers exhibiting a small γ and that slowly de-
caying oscillations of the laser intensity are possible (see Fig. 1.2).

1.4.4 Semiconductor lasers

So far we have infinitely sharp energy levels. In semiconductor lasers this
is not realistic because there may be a continuum of levels such as in the
energy bands in solid-state semiconductor media. For these situations, we
can make a summation by an integral with a proper density of state factor (for
more details see [Pierre et al., 2007]. Here we use just a more sophisticated
description of the active medium [Erneux et al., 2010]. Their formulation is
slightly different from the rate equations that were derived for gas or solid
state lasers. In general, the proper rate equations, refer to complex amplitude
E of the optical field (Eopt = E(T)eiωoT) and the carrier number Nc. They have
the form:

dE
dT

=
1
2
(ΓG(Nc)−

1
Tp

)E + i(ω(Nc)−ω0)E (1.86)

dNc

dT
=

J
e
− Nc

Ts
− G(Nc)|E|2 (1.87)

The coefficient ΓG(Nc) is defined as the power gain, Tp is the photon
lifetime, and ω(Nc) − ω0 is the detuning between the cavity resonance fre-
quency and the optical frequency ω0 of the field. The parameter Γ is called
the confinement factor and takes into account the fact that only a part of the
mode intensity contributes to the gain. J is the pump current, e is the elemen-
tary charge, Ts is the carrier lifetime, and the term −G(Nc)|E|2 accounts for
the stimulated loss of the carriers.

For low field intensity the optical gains vary almost linearly with N and
is approximated as ΓG(Nc) = 1

Tp
+ ΓGNc(Nc − Nth) where GNc and Nth are

called the gain coefficient and the threshold carrier number, respectively.
Similarly, the cavity resonance frequency is linearized around its value at
threshold ω(Nc) = ωth + ωNc(Nc − Nth). But ω(Nc) is not independent from
the gain coefficient GNc and the relation between the two coefficients is given
in terms of the linewidth enhancement factor a. The so-called a parameter is
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defined as,

a =
2ωNc

ΓGNc

(1.88)

and takes values from 1.3 to 7. Assuming ω0 = ωth and introducing the
new form of ΓG(Nc) and ω(Nc) we obtain

dE
dT

=
1
2
(ΓG(Nc))(1 + ia)nE (1.89)

dn
dT

=
J − Jth

e
− N

Ts
−
(

1
ΓTp

+ nG(N)

)
|E|2 (1.90)

where n ≡ Nc − Nth and Jth ≡ (Nthe)/Ts are called the inversion and the
threshold current, respectively. By introducing new variables,

t ≡ T/Tp E ≡
√

TsGNc

2
E N ≡

ΓGNc Tp

2
n (1.91)

we obtain from Eq. 1.89 and Eq. 1.90,

dE
dt

= (1 + ia)NE (1.92)

Tr
dN
dt

= P− N − (1 + 2N)|E |2 (1.93)

where the new parameters Tr and P are defined by:

Tr ≡
Ts

Tp
P ≡

TsTpGNc Γ
2

(
J − Jth

e

)
(1.94)

The fixed parameter Tr takes large values between 102 − 103 and repre-
sents the ratio of the carrier and photon lifetimes. P is the pump parameter
above threshold and takes values between 10−2 and 1.
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1.5 Coupled Lasers

1.5.1 Spacial Overlap

The simplest coupling scheme between the two lasers can be achieved through
spacial overlap of the electric fields. By assuming that each laser field has a
Gaussian intensity profile and a constant phase front, the transverse field can
be written as

E
′
k(x, y, t) =

Ek(t)
2πσ2 exp

[
−x2 + y2

2σ2

]
(1.95)

where σ = w/
√

2 and k = 1, 2. The overlap integral of the two beams
separated by a distance D is given by

∫ ∞

−∞

∫ ∞

−∞
dxdyE

′
1(x + D, y, t)E

′∗
2 (x, y, t) =

E1(t)E∗2(t)
2πσ2 exp

[
− D2

4σ2

]
(1.96)

The coupling coefficient k is obtained from the overlap integral with the
normalisation |κ| = 1 when D = 0. Then,

κ = ± exp
[
− D2

4σ2

]
(1.97)

In the case of two lasers, for the total field, we usually try solutions in the
form

E
′
(x, y, t) = [E1(t)B1(x, y) + E2(t)B2(x, y)] e−iωt (1.98)

where ω is chosen as the reference frequency. Then, with a Gaussian in-
tensity profile for each laser, we obtain

κ = ± exp
[
− D2

4σ2

]
e−iωτin (1.99)
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where τin is approaching as the roundtrip time in the laser cavity. A
strictly imaginary coupling coefficient corresponds to conservative coupling,
while a strictly real coefficient corresponds to dissipative coupling.

An example of this case of coupling has been used for the simplest model
[Fabiny et al., 1993] of two solid-states coupled lasers consists of equations
for the complex fields E and the gains G of the lasers,

dE1

dt
= (G1 − 1)E1 + κE2 + iω1E1

dG1

dt
= γ(p− G1 − G1|E1|2)

dE2

dt
= (G2 − 1)E1 + κE1 + iω2E2

dG2

dt
= γ(p− G2 − G2|E2|2) (1.100)

where the dimensionless time t and the population inversion decay time
γ−1 are measured in units of the field decay time rescaling by the cavity loss
coefficients. p is the pump coefficient. κ is the normalized coupling rate be-
tween neighboring lasers. The normalized angular frequency ω1,2 measures
the detuning of laser 1, 2 from a common reference.

Here, κ has been chosen real with positive sing to correspond to the ex-
perimentally observed results. The same model with this coupling scheme
has been demonstrated in many other papers [Kuske et al., 1997; Rogister
et al., 2007; Thornburg et al., 1997].

1.5.2 Optical feedback

A very important work in the research on laser dynamics is the paper by
Lang and Kobayashi [Lang et al., 1980], who reported on some aspects of
the dynamics of a semiconductor laser in the presence of the optical feed-
back. They showed that a diode laser subject to external optical feedback can
show multistability as well as hysteresis phenomena, analogous to the non-
linear Fabry-Perot resonator. These phenomena are caused by the fact that
the distant mirror creates an external cavity which has its own resonance fre-
quencies.
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FIGURE 1.4: The Fabry-Perot cavity model with an external
cavity to use in deriving the rate equations in the case of op-

tical feedback.

Here we will present the proper extensions needed to deal with external
optical feedback. As long as the polarization of the field is not rotated the
carrier equation needs no modification, and only the field equations must be
adapted to the optical perturbations. It is convenient to distinguish inside the
diode cavity between waves travelling in the positive, E+(t), and negative,
E−(t) (see Fig. 1.4). The difference equation describing the field amplitude
after one internal roundtrip time τin.

The amplitude E−(t) of the wave travelling in the negative z-direction at
z = 0 is the result of both the reflection of E+(t) and the amplitude of the
wave inside the external cavity,

E−(t) = rE+(t)

+ (1− r2)r3E+(t− τ)e−iωτ

+ (1− r2)r3(−rr3)E+(t− 2τ)e−2iωτ

+ (1− r2)r3(−rr3)
2E+(t− 3τ)e−3iωτ

+ ...... (1.101)

where r3 is the external mirror reflectivity and r the reflectivity of the laser
cavity. The external signal E−ext(t) can thus be written as:

E−ext(t) =
r2 − 1

r2

n=∞

∑
n=1

(−rr3)
ne−inωτE+(t− nτ) (1.102)
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When the feedback is weak can be approximated by taking into account
just one external round-trip. Moreover, if we have just the electric field before
the entry in the laser cavity then can be shown [Tartwijk et al., 1995] that the
feed is equal to 1

τin
(1

r − r) and the resulting equation can be written as:

dE
dt

= (1 + ia)EG + ke−iωτE(t− τ) (1.103)

where the first term is the well know semiconductor laser without feed-
back and k is the feedback-rate and is defined as:

k =
1− r2

τin

r3

r
(1.104)

1.5.3 Eigenmodes of a single waveguide

Using Eq. 1.1, 1.2, 1.3 we obtain the fundamental electromagnetic wave equa-
tion that describes the propagation of optical fields inside the medium:

∇2
�− σ

ε0c2
0

∂�

∂t
− 1

c2
0

∂2
�

∂2t
=

1
ε0c2

0

∂2P
∂2t

+∇(∇ · �) (1.105)

The term ∇ · � is often neglected, which can be justified by assuming
the absence of free charge [Agrawal et al., 1986]. Moreover, we often drop
the term which is related with the current density (− σ

ε0c2
0

∂�
∂t ), using it only to

simulate losses in a Fabry-Perot resonator [Pierre et al., 2007].

Now, of particular interest are the optical field with harmonic time varia-
tion. Therefore using the paraxial approximation Eq. 1.7, the wave equation
Eq. 1.105 reduces to:

∇2E(r) +
ω2

c2
0

E(r) = − ω2

c2
0ε0
P(r) (1.106)
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Under steady-state conditions the response of the medium to the electric
field is governed by the susceptibility χ:

P = ε0χE (1.107)

In general χ is a second-rank tensor, but here we restrict ourselves to
isotropic media for which χ is a scalar and position independent. We rewrite
the time-independent wave equation Eq. 1.106 using Eq. 1.107) yielding,

c2
0∇2E + n2ω2E = 0 (1.108)

where n =
√

χ + 1.

Let us introduce the index of the guide,

n(x, y) = n [1 + δn(x, y)] (1.109)

where we note by x and y the transverse coordinates with respect to the
direction of propagation z and suppose that this index it is independent of
z variable. Here, n is the index of the crystal and δn(x, y) is the thermally
induced index. For instance,

δn(x, y) = ae−r2/h2
n (1.110)

where r =
√

x2 + y2 is the transverse radial coordinate. This formula
describes a Gaussian index profile of characteristic width hn and amplitude
a and the whole index can be approximated, in the transverse region where
r � hn, by,

n(x, y) = n(1 + a)
(

1− r2

2H2

)
(1.111)

whereH = hn
√
(1 + a)/2a.

If the index is independent of the variable z, solving Eq. 1.108 with the
method of separation of variables (also known as the Fourier method) which
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satisfy boundary conditions where z = 0 and z = L→ E = 0 (where L is the
length of the crystal) one gets the field as,

E(x, y, z, t) = E(x, y)sin(βz)eiωt (1.112)

where the transverse envelop E(x, y), characterizes the transverse profile
of the field. Inserting Eq. 1.112 and Eq. 1.111 into Maxwell Eq. 1.108 leads to

∇2
⊥E(x, y) =

[
β2 −

(
n(1 + a)

(
1− r2

2H2

))2
ω2

c2
0

]
E(x, y) (1.113)

This mathematical expression leads to a Schrödinger-like equation for
a harmonic oscillator [Yariv, 1989]. Retaining the solution with cylindrical
symmetry, we get in the paraxial approximation (r � H) the eigenmode:

E(x, y) = exp
[
−x2 + y2

w2

]
(1.114)

where:

w =

√
2Hc0

ωn(1 + a)
β =

ωn(1 + a)
c0

(
1− 2c0

Hωn(1 + a)

)
(1.115)

The dispersion relation reads

ω =
c0

n

(
β(1− a) +

√
2a

hn

)
(1.116)

Boundary conditions at crystal ends lead to the quantization of wave vec-
tors (βn = nπc0/L). The related frequencies, given implicitly by Eq. 1.116,
are the cavity eigenfrequencies and depend on βn and on index parameters
a or hn. In other words, for a given wave-vector β (fixed by boundary condi-
tions), one can play on the eigenfrequencies by changing the index parame-
ters a or hn. They act on the effective length of the cavity.
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1.5.4 Evanescent waves coupling

We consider the case where the crystal is active and irradiated by two paral-
lel pump beams. Two lasers are generated interacting by evanescent waves
coupling. The refractive index profile is a generalization of Eq. 1.109,

n(x, y) = n [1 + δn1(x, y) + δn2(x, y)] (1.117)

where δnj(x, y) are the waveguide index profile (j = 1, 2). As in Eq. 1.110,

δnj(x, y) = aj exp

(
−(x− xj)

2 − y2

h2
nj

)
(1.118)

where hnj and aj are the width and amplitude of the jth index profile. With
the term (x − xj) we indicate the position of each beam in the x axes. We
take as reference solution the Eq. 1.112 and Eq. 1.112 with their respectively
eigenfrequencies. We note by E(x, y, z, t) the total laser field.

From Eq. 1.105, multiplying by the speed of light in the active medium of
the laser and after the previous neglecting terms in subsection 5.3, one has,

c2∇2E + n2(x, y)
∂2E
∂t2 = µ0c2 ∂2P

∂t2 (1.119)

where P(x, y, z, t) is now the polarization of the laser active medium which
acts as a source term and is not proportional to the electric field. The coupling
between the two lasers is controlled by the distance (D = x1 − x2) between
guides. For weak coupled lasers, we try the solution,

E(x, y, z, t) = �(x, y, z, t)e−iω1t

= [c1(t)B1(x, y, z) + c2(t)B2(x, y, z)] e−iω1t
(1.120)

where cj are complex amplitudes. ω1 is chosen arbitrary as the reference
frequency. Each guide with index nj has an eigenmode defined by Eq.1.108
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for each Bj. Inserting Eq.1.120 in Eq.1.119 we obtain,

c2
[
c1(t)∇2B1 + c2(t)∇2B2

]
= n2(x, y)

{[
c̈1(t)− 2iω1ċ1(t)−ω2

1c1

]
B1 +

[
c̈2(t)− 2iω1ċ2(t)−ω2

1c2

]
B1

}
− µ0ω2

1c2P
(1.121)

where P is the slowly varying envelope of the polarization:

P(x, y, z, t) = P(x, y, z)e−iω1t (1.122)

In the weak-coupling limit, the complex amplitudes c1(t) and c2(t) vary
slowly in time compared to the fast oscillations at frequency ω1 and this leads
to the slowly-varying approximation |c̈1| � ω1|ċ1|. Using Eq. 1.108, we
obtain:

n2 (ċ1B1 + ċ2B2)

= i
c1ω1

2

[
n2 − n2

1

]
B1 + i

c2

2ω1

[
n2ω2

1 − n2
1ω2

2

]
B2 + i

ω1

2ε0
P

(1.123)

In the semiclassical approach, as we have seen in subsection 1.3, the ma-
terial variables obey the Bloch equations for a two-level atomic medium

Ṗ = −γ⊥P − i(ωa −ω1)P −
iµ
2h̄

D�

Ḋ = −γ‖(D− D̂)− iµ
h̄
(P�∗ − �P∗) (1.124)

where µ is the dipole moment matrix (the same variable with the symbol
d in subsuction 1.3), D̂ is the pump parameter, D is the population inversion
and ωa is the resonance frequency of the laser active medium. The polar-
ization has been adiabatically eliminated and the detuning effect has been
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neglected in the limit (ωa −ω1)� γ⊥. We thus have:

Ḋ = −γ‖

(
D− D̂ +

µ2

h̄2γ⊥γ‖
D|�|2

)
(1.125)

With the proper rescaling:

(�, cj) =

√
µ2

h̄2γ‖γ⊥
(�, cj) (d, d̂) =

ω1

2ε0

µ2

h̄2γ⊥kn2
(D, D̂) (1.126)

where k is relative to the field relaxation, one has:

(ċ1B1 + ċ2B2) = i
c1ω1

2

[
1−

n2
1

n2

]
B1 + i

c2

2ω1

[
ω2

1 −
n2

2ω2
2

n2

]
B2 + kd�− k�

ḋ = γ‖

(
d̂− d− d|�|2

)
(1.127)

Detuning is noted ∆ω = ω2 − ω1. Assuming ∆ω � ω2,ω1 we have
ω2 ∼ ω1 and (ω2/ω1)

2 ∼ 2∆ω/ω1 + 1. With this approximation we get,

ċ1B1 + ċ2B2 = i
c1ω1

2

[
1−

n2
1

n2

]
B1 + i

c2ω1

2k

[
1− n2

2
n2

]
B2

− ic2δ
n2

2
n2 B2 + d�− �

ḋ = γ
(

d̂− d− d|�|2
) (1.128)

where time is now in k units δ = ∆ω/k and γ = γ‖/k. The detuning is
related to the effective lengths of each lasers. One can make index amplitudes
a1 6= a1 or widths hn1 6= hn2 by slightly different pump profiles.

In order to describe the temporal evolution of the amplitudes c1 and c2,
one should perform the projections of Eq. 1.128 on the nonorthonormal
eigenmodes B1 and B2. This procedure has been done by [Zehnlé, 2000] and
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here we present the results under four simplifications.

(I) For class A lasers the inversion can be adiabatically eliminated and
near threshold where � −→ 0 we can write:

d(x, y, z, t) = d̂(x, y)
[
1− cicjBiBj

]
(1.129)

We implied summation over the whole set of indexed terms (Einstein
summation convention). For class B lasers, this expression can be general-
ize in this form,

d(x, y, z, t) = d̂(x, y)
[
1− dijBiBj

]
(1.130)

where dij are real moments of inversion d(x, y, z, t) depending only on
time. The inversion of Eq.1.128 is then replaced by ODEs for moments dij,

ḋ1 = −γ(d1 − |c1|2)
ḋ2 = −γ(d2 − |c2|2) (1.131)

(II) Pump beams in each channel are assumed to be Gaussian and equal.

d̂(x, y) = d̂
(

e−r2
1/h2

p + e−r2
2/h2

p
)

(1.132)

(III) The only asymmetry between the lasers is the detuning term, which
is sensitive to very slight waveguide differences ( ω1 −ω2 ∼ cβ(a2 − a1) ).

(IV) In the weak coupling case, D is the largest. Due to thermal diffusion
hn is much larger than hp and also than w (D ≥ hn > hp ∼ w).

Under those approximations one finally gets the final form:
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ċ1 =

[
P− 1− 3

5
Pd1

]
c1 + gc2

ċ2 =

[
P− 1− 3

5
Pd2

]
c2 − iδc2 + gc1 (1.133)

where P is the usual gain term. With g we denote the coupling term which
can be written in terms of its real and imaginary parts in the form g = gr +

igim where:

gr =
2d̂

2 + w2/h2
p

[
2 exp

(
−D2 h2

p + w2

w2(h2
p + 2W2)

)
− exp

(
−D2/2w2

)]
(1.134)

gim =
( a1ω1

k

) [
exp

(
−D2/2w2

)] [
1− exp

(
−D2/h2

n

)]
(1.135)

Parameter gim, which is related to the refractive index, remains always
positive. The real part gr takes positive or negative values and vanishes for
D ∼ 2w if hp ∼ w.
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Chapter 2

Synchronization and Chimera
states

2.1 Introduction

The term synchronous comes from the Greek words "χρoνoς", meaning time
and "συν", meaning in common, occurring at the same time. Synchronization
refers to a variety of phenomena in almost all fields of natural sciences that
is observed when a large part of a system of oscillators spontaneously locks
to a common frequency, forgetting the differences in the natural frequencies
of the individual oscillators. Synchronization manifests itself in different sce-
narios, from complete synchronization, where all oscillators have the same
frequency, to partial synchronization where the system split into synchro-
nized and unsynchronized domains.

In this chapter we start by describing a self-sustained oscillator which
is interacting with a periodic external force. This interaction may lead to a
complete locking of the oscillation phase to that of the force. We consider
the case of small forcing to use a perturbation technique based on the phase
dynamics approximation. This approach leads to a simple phase equation
that can be treated analytically. Then we develop a phase dynamics approach
for two coupled oscillators that is valid if the coupling again is small. The
problem here reduces to coupled equations for the phases difference between
the two sites.

For a discrete medium we assume that each element is a self-sustained
oscillator. We begin by considering a one-dimensional chain of oscillators



64

assuming that nearest neighbors interact. This approach is a natural general-
ization of the system of two coupled systems. Starting with a description of
the phase dynamics in lattices where different sites can oscillate with differ-
ent periods and phases we extract a phase equation which after a numerical
investigation provides clusters formations.

The synchronization in a discrete lattice can be generalized to systems
where the oscillators can interact not only with neighbours but also with
many other oscillators. More precisely, the interaction can be global or non-
local. Here we consider a model of N mutually coupled oscillators having
different or similar natural frequencies in the presence of a phase-lag term.
The nature of the collective dynamics depends on the structure, the system
size, the coupling and the initial conditions. We emphasize on phenomena
where the system splits into coexisting regions of coherent and incoherent
oscillations, the so called chimeras states.

For a proper description of those states, we introduce the Kuramoto model
which describes a large population of all-to-all coupled phase oscillators. If
the coupling strength exceeds a certain threshold, the system exhibits a phase
transition and all oscillators synchronize. Finally, beyond the splitting of the
system into a coherent and incoherent domain, we present additional fea-
tures like breathing chimera states, an irregular motion of the position of the
coherent and incoherent regions and also multichimera states with many co-
herent and incoherent domains in the same system.

2.2 The synchronization from individual oscilla-

tors to a discrete latice

In this section we describe synchronization of periodic oscillators in the pres-
ence of a periodic external force. If this force is small, a complete locking of
the oscillation phase to that of the force can be achieved where the oscillation
frequency matches the frequency of the forcing. Then we analyse the effect
of synchronization for the interaction of two oscillating systems. The case
of periodic forcing can be considered here as a special case of two interact-
ing oscillators when the coupling is unidirectional. After this, we illustrate
an example in optics with two coupled lasers and finally we move to many
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interacting oscillators in a discrete lattice where the system goes to full syn-
chronization through the formation of many clusters.

2.2.1 Synchronization by external action

Consider a general M-dimensional (M ≥ 2) system of ordinary differential
equations

dx
dt

= f (x) x = (x1, ......, xM) (2.1)

and suppose that this system has a stable periodic (with period T0) so-
lution x0(t) = x0(t + T0). In the phase space this solution is an isolated
closed attractive trajectory, the so called limit cycle (see Fig. 2.1). The point
in the phase space moving along the cycle represents the self-sustained os-
cillations. By self-sustained oscillatory system [Arkady et al., 2001] we mean
an active system which contains an internal source of energy that is trans-
formed into oscillatory movement where the form of oscillations is stable to
small perturbations and the system itself is operating out of, and often far
from, the equilibrium with the environment with which it exchanges energy
(dissipative system). Moreover, this form of oscillation is determined by the
parameters of the system and does not depend on the transient to steady os-
cillation. Mathematically, it is described by an autonomous (without explicit
time dependence) dynamical system.

For this system we introduce the phase φ as a coordinate along the limit
cycle and we demand that the phase grows uniformly in time so that it
obeys the equation dφ/dt = ω0 where ω0 = 2π/T0 is the frequency of self-
sustained oscillations, the so called natural frequency. This equation has a
very important property. Consider two close trajectories in the phase space,
i.e., the unperturbed and the perturbed ones. After a time interval we will see
that, in the radial direction of the limit cycle they converge with time, while
in the direction of the phase they neither converge nor diverge. In terms of
nonlinear dynamics, the convergence/divergence properties of nearby tra-
jectories are characterized by the Lyapunov exponents. Convergence of tra-
jectories along some direction in the phase space corresponds to a negative
Lyapunov exponent. Similarly, the divergence of trajectories is characterized
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FIGURE 2.1: A limit cycle for a two-dimensional dynamical sys-
tem. The form of it can be any closed curve. The neighboring
trajectories are attracted to the cycle. (redrawn from Figure 7.1

of [Arkady et al., 2001])

by a positive exponent. Finally, the neutral direction (no divergence and no
convergence) corresponds to a zero Lyapunov exponent and this is the most
important conclusion: the phase of a self-sustained oscillator can be consid-
ered as a variable that corresponds to the zero Lyapunov exponent.

We now consider the effect of a small external periodic force on the self-
sustained oscillations. We describe the forced system by the equations,

dx
dt

= f(x) + εp(x, t) (2.2)

where the force εp(x, t) = εp(x, t + T) has a period T , which is in general
different from T0. The force is proportional to a small parameter ε, and below
we consider only first-order effects in ε. This external force is small to drive
the radial direction of the limit cycle out of equilibrium but can easily drive
the phase point along the cycle.

Returning to the phase, as this variable is a smooth function of the coor-
dinates x, we can represent its time derivative as,

dφ(x)
dt

= ∑
k

∂φ

∂xk

dxk
dt

(2.3)
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which gives in association with Eq. 2.2, the relation,

∑
k

∂φ

∂xk
fk(x) = ω0 (2.4)

and from Eq. 2.2 we get:

dφ(x)
dt

= ∑
k

∂φ

∂xk
( fk(x) + εpk(x, t)) = ω0 + ε ∑

k

∂φ

∂xk
pk(x, t) (2.5)

The second term on the right-hand side is small (proportional to ε), and
the deviations of x from the limit cycle x0 are small too. Thus, consider only
first order in ε we can neglect these deviations obeying the relation,

dφ(x)
dt

= ω0 + εQ(φ, t) (2.6)

where:

Q(φ, t) = ∑
k

∂φ(x0)

∂xk
pk(x0, t) (2.7)

The function Q is 2π-periodic in φ and T-periodic in t therefore we can
represent it as a double Fourier series,

Q(φ, t) = ∑
l,k

al,keikφ+ilωt (2.8)

where ω = 2π/T is the frequency of the external force. Moreover, from
Eq. 2.6, if we neglect the second term on the right-hand side we get the
solution,

φ = ω0t + φ0 (2.9)
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where φ0 is a constant which can be determined from the initial condition.
This approximation gives, together with Eq. 2.8, the relation:

Q(φ, t) = ∑
l,k

al,keikφ0ei(kω0+lω)t (2.10)

Substitution of Eq. 2.10 in Eq. 2.6 and by solving the differential equation
we get to the denominator terms in the form (kω0 + lω). This shows that only
the resonant terms (kω0 ∼ lω) can lead to large variation and are mostly
important for the dynamics. In that case, only the terms with k = −l are
resonant. Summation of these terms gives:

Q(φ, t) = ∑
l,k

al,keikφ+ilωt = ∑
k

a−k,keik(φ−ωt) = q(φ−ωt) (2.11)

Substituting this relation in Eq. 2.6 we get:

dφ

dt
= ω0 + εq(φ−ωt) (2.12)

Defining new variables like ψ = φ−ωt and v = ω−ω0 we finally obtain:

dψ

dt
= −v + εq(ψ) (2.13)

The simplest periodic function of q is the sinusoidal function which gives
the simplest form of the averaged phase equation:

dψ

dt
= −v + ε sin(ψ) (2.14)

and this is often called the Adler equation.

The function q(ψ) is a periodic function of ψ and thus has a maximum
qmax and a minimum qmin. If the frequency detuning v lies in the interval
εqmin < v < εqmax, then there is at least one stable fixed point of Eq. 2.13.
For that we first set −v + εq(ψ∗) = 0 and solve for the fixed point ψ∗. To
determine the stability we plot the ψ̇ in function of ψ and then sketch the
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vector field. The flow is to the right where −v + εq(ψ) > 0 and to the left
where −v + εq(ψ) < 0. Therefore, if ε(q − qmin) < ψ̇ < ε(q − qmax) is ful-
filled, the system evolves to one of the stable fixed points and stays there, so
that ψ = ψc is a constant. This fact for the phase φ means a constant rotation
with the frequency of the external force φ = ωt + ψc. This is the regime of
synchronization (see Fig. 2.2 (a)) and exists inside the domain on the param-
eter plane (v, ε). One often says that the phase is locked by the phase of the
external force and this regime is called phase locking.

If v is outside of the range εqmin < v < εqmax then the oscillation fre-
quency differs from the frequency of the external force. We can write then
the solution of Eq. 2.13 for one period Tψ in the form:

Tψ =

∣∣∣∣∫ 2π

0

dt
dψ

dψ

∣∣∣∣ = ∣∣∣∣∫ 2π

0

dψ

εqψ − v

∣∣∣∣ (2.15)

where the phase now has the relation φ = ωt + ψ(t). The frequency Ωψ

of this period, the so called observed frequency or the beat frequency, can be
defined by the equation,

Ωψ = 2π

(∣∣∣∣∫ 2π

0

dψ

εqψ − v

∣∣∣∣)−1

(2.16)

where the observed frequency Ω of the original phase φ is Ω = ω + Ωψ.

The beat frequency Ωψ depends on the detuning v and in the limit of the
synchronization region we can estimate this dependence analytically. The
synchronization transition happens when−v+ εq(ψ) = 0 and q(ψ) = qmax,min.
There, the stable and the unstable fixed points collide and disappear through
a saddle-node bifurcation. The expression |εq(ψ) − v| is very small in the
vicinity of the point ψmax, so we can expand the function q(ψ) in a Taylor se-
ries at ψmax and setting the integration limits to infinity. This procedure gives
εqψ − v ∼ εq(ψmax)− v + εq

′
(ψmax)(ψ− ψmax) + ε/2q

′′
(ψmax)(ψ− ψmax)2 ∼

vmax − v + ε/2q
′′
(ψmax)ψ2 where vmax = εqmax, q

′
(ψmax) = 0 ( the derivation

where the function gets the max value) and (ψ− ψmax)2 ∼ ψ2. Substitution
this expansion in Eq. 2.16 gives:
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FIGURE 2.2: (a) The synchronization region on the plane of pa-
rameters v, ε. where the borders of the synchronization region
are straight lines. (b) The observed frequency dependence on
frequency detuning. (redrawn from Figure 7.4 of [Arkady et

al., 2001])

Ωψ ∼ 2π

∣∣∣∣∣
∫ ∞

−∞

dψ
ε
2 q′′ψmax

ψ2 − (v− vmax)

∣∣∣∣∣
−1

=
√

ε|q′′ψmax
| · (v− vmax) ∼

√
v− vmax (2.17)

This dependence has been shown in Fig. 2.2 (b).

Until now, we have used only weak external force. For a moderate ampli-
tudes of the force two main features are slightly different with the previous
analysis. The boundaries of the synchronization region are no longer straight
lines but, generally, curved lines and the most important, the non resonant
terms can not be neglected any more. This causes the difference between the
phase of the oscillations and that of the external force to not be constant but
a periodic function of time. Finally, for large forcing amplitudes we have
even transition to synchronization through other bifurcations and for more
complex regimes, transition to chaos, may be observed.

2.2.2 Synchronization of two interacting periodic oscillators

In this subsection we consider the effects of synchronization due to the in-
teraction of two oscillating systems. The case of periodic forcing can be con-
sidered as a special case of two interacting oscillators when the coupling is
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unidirectional. The approach here is essentially the same as in the case of the
previous subsection. Our basic model is a system of two interacting oscilla-
tors:

dx(1)

dt
= f(1)(x(1)) + εp(1)(x(1), x(2))

dx(2)

dt
= f(2)(x(2)) + εp(2)(x(2), x(1)) (2.18)

The two interacting systems can be of different nature and have differ-
ent dimensions. Also, the coupling can be asymmetric. Moreover, the au-
tonomous dynamics (given by the functions f(1),f(2)) can be separated from
the interaction (described by generally different terms p(1), p(2)), propor-
tional to the coupling constant ε and this is the proper description for two
independent oscillators that can operate separately, but which may also in-
teract. We thus exclude a situation when two oscillating modes are observed
in a complex system that cannot be decomposed into two parts.

When the coupling constant is zero, each system has a stable limit cycle
with frequencies ω1,2. Thus, we can introduce two phases dφ1/dt = ω1 and
dφ2/dt = ω2. After that, we can write the equations for the phases in the
coupled system, in the first approximation, as:

dφ1(x(1))
dt

= ω1 + ε ∑
k

∂φ1

∂x(1)k

p(1)k (x(1), x(2))

dφ2(x(2))
dt

= ω2 + ε ∑
k

∂φ2

∂x(2)k

p(2)k (x(2), x(1)) (2.19)

The perturbations of the amplitudes are small, so we can substitute the
values of the variables (x(1), x(2)) on the cycles, and there these variables are
functions of the phase only. We thus obtain:
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dφ1

dt
= ω1 + εQ1(φ1, φ2)

dφ2

dt
= ω2 + εQ2(φ2, φ1) (2.20)

These periodic functions Q1,2 can be represented as double Fourier series:

Q1(φ1, φ2) = ∑
k,l

ak,l
1 eikφ1+ilφ2

Q2(φ2, φ1) = ∑
k,l

al,k
2 eikφ1+ilφ2 (2.21)

If we assume that the two natural frequencies ω1,2 are nearly in resonance
(ω1/ω2 ∼ m/n) then all the terms in the Fourier series with k = nj, l = −mj
are resonant and are not contributed. As a result we obtain,

dφ1

dt
= ω1 + εq1(nφ1 −mφ2)

dφ2

dt
= ω2 + εq2(mφ2 − nφ1) (2.22)

where:

q1(nφ1 −mφ2) = ∑
j

anj,−mj
1 eij(nφ1−mφ2)

q2(mφ2 − nφ1) = ∑
j

amj,−nj
2 eij(mφ2−nφ1) (2.23)

By introducing new variables for the difference between the phases of
two oscillators ψ = nφ1 −mφ2, for the detuning v = mω2 − nω1 and for the
whole interaction q(ψ) = nq1(ψ)−mq2(−ψ) we obtain again the equation:

dψ

dt
= −v + εq(ψ) (2.24)
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In the case of synchronization, Eq. 2.24 has a stable fixed point ψ0 and the
observed frequencies of the oscillators are:

Ω1 = ω1 + εq1(ψ0)

Ω2 = ω2 + εq2(−ψ0) (2.25)

In the simplest case of the resonance (ω1 ∼ ω2), we should put m = n =

1. Moreover, we assume that the coupling is symmetric (q1(ψ) = q2(ψ)), so
q(ψ) = nq1(ψ) − mq2(−ψ) = mq2(ψ) − nq1(ψ) = −q(−ψ) and we get an
antisymmetric coupling function. The simplest and the most natural anti-
symmetric and periodic function is sinusoidal, and the corresponding model
for the interaction of two oscillators is again the Adler equation:

dψ

dt
= −v + ε sin ψ (2.26)

For this equation, if ε < 0, then the stable value of the phase difference
ψ lies in the region −π/2 < ψ < π/2, and, in particular, for zero frequency
detuning v the stable phase difference is zero. If ε > 0, the stable phase
difference is in the interval π/2 < ψ < 3π/2, and for natural frequencies in
resonance regime it is equal to π. The two types of synchronous motion are
called "in-phase" and "anti-phase" (or "out-of phase").

2.2.3 Two coupled lasers

In Chapter 1, Subsection 5.1, we introduced an example of the simplest cou-
pling scheme between two solid state lasers. Here we refer to the phase dy-
namic of this system. By using polar coordinates Ej = εjeiφj in Eq. 1.98 and
separating real from imaginary part, we get:
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dε1

dt
= (G1 − 1)ε1 + kε2 cos(φ2 − φ1)

dε2

dt
= (G2 − 1)ε1 + kε1 cos(φ2 − φ1)

dφ1

dt
= ω1 + kε2 sin(φ2 − φ1)

dφ2

dt
= ω2 − kε1 sin(φ2 − φ1)

dG1

dt
= γ

(
P− G1 − G1|ε1|2

)
dG2

dt
= γ

(
P− G2 − G2|ε2|2

)
(2.27)

The lasers are coupled to each other with a small coupling strength k, and
the sign of the coupling terms is chosen to account for the observed stable
phase-locked state in which the lasers have a phase difference of π. By intro-
ducing new variables like the frequency detuning of the lasers (v = ω1−ω2)
and the phase difference (ψ = φ2 − φ1) and by considering the particular so-
lution where ε1 = ε2 = ε and G1 = G2 = G, Eq.2.27 reduce [Erneux et al.,
2010; Thornburg et al., 1997] to the following three equations:

dε

dt
= ε(G− 1− k cos(ψ))

dG
dt

= γ
(

P− G− G|ε|2
)

dψ

dt
= −v + 2k sin(ψ) (2.28)

The last equation is exactly the Eq. 2.26 for the phase difference ψ. Since
both ε and G do not appear in this equation, the variations of ψ are au-
tonomous, and ε and G are slaved to ψ. A phase-locking occurs if |v| < 2k.
The situation is however completely different outside the locking region. If
the condition of phase locking is violated, cos(ψ) is a pulsating function of
time that is driving the field ε.
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FIGURE 2.3: The observed frequencies versus the coupling con-
stant ε of five coupled oscillators. The coupling function is
q(x) = sin x. Increasing the coupling strength the oscillators
starts to form clusters moving gradually to the full synchroniza-

tion. (redrawn from Figure 11.1 of [Arkady et al., 2001])

2.2.4 Synchronization in a discrete latice

A discrete medium is a system, where each element can be assumed as a self-
sustained oscillator. We will start with a description of the phase dynamics in
lattices where different sites can oscillate with different periods and phases.
This is a natural generalization of the system of two coupled systems as we
described in Subsection.2.2.1. We begin by considering a one-dimensional
chain of oscillators assuming that nearest neighbors interact. If the coupling
is weak and identical for all pairs, the approximation of phase dynamics can
be used and the equations can be written in the form:

φk
dt

= ωk + εq(φk−1 − φk) + εq(φk+1 − φk) (2.29)

The index k = 1, ....N denotes the serial order of each oscillator and ωk

the corresponding natural frequency. We used periodical boundary condi-
tions where φ1 = φN. There are two limit cases. If the coupling is zero the
phase of each oscillator rotates with its own natural frequency. In the other
limiting case, when the coupling is very large ε � |ωk|, the differences in
the natural frequencies are negligible, and hence all oscillators eventually
synchronize. In between these situations we expect to find regimes with par-
tial synchronization, where several different frequencies are present. As the
coupling tends to synchronize nearest neighbors, clusters of synchronized
oscillators are observed. This has been illustrated numerically for a lattice of
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FIGURE 2.4: The mean frequency in time of the individual oscil-
lators in an array of 100 phase oscillators with random natural
frequencies. The coupling function is q(x) = sin x. (a) ε = 4.
(b) ε = 1 and (c) ε = 0.2. (redrawn from Figure 11.2 of [Arkady

et al., 2001])

five oscillators (see Fig. 2.3). The transition between the two limiting cases
depends on the distribution of frequencies ωk. The most popular that have
been considered in many manuscripts are the random distribution of natural
frequencies and the linear distribution. The transition from complete syn-
chronization to the state with two clusters can be treated analytically. As the
first step we substitute the phase difference between the neighboring sites,
ψk = φk+1 − φk , into Eq. 2.29 and obtain:

dψk
dt

= vk + ε [q(ψk−1) + q(ψk+1)− 2q(ψk)] (2.30)

Here vk = ωk+1 −ωk are the frequency differences where k = 1, ....N − 1.
For the steady state where ψk = 0 we get a system of N − 1 equations with
uk = q(ψk) unknown possible solutions. The problem is in inverting this re-
lation and finding ψk = q−1

uk
. It is known [Ermentrout et al., 1984] that Eq.

2.30, in the case where vk = 0 and q(φ) = sin φ, has 2N − 1 attractors, but
only one stable solution which depends on the sign of k. For k < 0 only the
completely in-phase solution is stable, while for k > 0 only the completely
anti-phase solution is stable. In the general case the coupling function q(ψ)
is periodic and has been proved that many inverse solutions can exist in the
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interval (qmin, qmax). In particular, in the same work it has been shown that, if
the coupling function has one minimum and one maximum, from all possible
2N − 1 roots only one solution is stable, whereas other fixed points are sad-
dles and unstable nodes. At some critical coupling we can have ul = qmin or
ul = qmax where the stable fixed point disappears through a saddle-node bi-
furcation and a periodic orbit appears. The phase space of the above system
is an N − 1-dimensional torus, and the appearing periodic trajectory rotates
in the direction of the variable ψl where ψk = 0 for all k except for k = l,
where ψl 6= 0. Therefore, all oscillators from 1 to l have the same frequency,
whereas from l + 1 to N has a different value. Thus, two clusters of synchro-
nized oscillators appear. Further, by decreasing the coupling strength we
obtain bifurcations at which clusters split again into two parts. For a large
lattice and random natural frequencies a typical picture is as in Fig. 2.4.

2.3 Chimera states

A chimera state is a spatio-temporal pattern in which a system of oscillators
with identical natural frequencies or frequencies that are drawn from some
known distribution splits into coexisting regions of coherent (phase locked)
and incoherent (phase unlocked) oscillations. We showed that both incoher-
ence and coherence were well demonstrated in arrays of non-identical cou-
pled oscillators, but complete incoherence and partial coherence were usu-
ally stable at different coupling strengths. Here, we introduce the Kuramoto
model in which a population of oscillators splits into two parts, one synchro-
nized and one desynchronized. This finding is a striking manifestation of
symmetry breaking, since oscillators break synchrony even when they are
identical and symmetrically coupled. Before we start to present in more de-
tails the idea and the relating results, it is worth noting that the name comes
from the Greek mythology. There, the chimera was a fierce fire-breathing
hybrid of a lion, a goat and a snake and in physics has the meaning of a
surprising mathematical hybrid like a state of mixed synchronous and asyn-
chronous behaviour in a network of coupled oscillators.
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2.3.1 Globally coupled oscillators

The synchronization between two coupled oscillators as we described pre-
viously can be generalized to systems where the oscillators can interact not
only with neighbours but also with many other oscillators. Here we consider
a model of N mutually coupled oscillators having different natural frequen-
cies ωk. The dynamics for this case are governed by the equation [Kuramoto,
1984]:

dφk
dt

= ωk +
ε

N

N

∑
j=1

sin
(
φj − φk

)
(2.31)

The parameter ε determines the coupling strength which is rescaled with
the population of the oscillators N to avoid the growth of force acting on each
oscillator with the size of the population. Then, we introduce the complex
mean field of the population according to:

KeiΘ =
1
N

N

∑
k=1

eiφk (2.32)

With this formula we can reconstruct Eq. 2.31 as a system of oscillators
forced by the mean field, by obtaining the imaginary part of Eq. 2.32,

dφk
dt

= ωk + εK sin(Θ− φk) (2.33)

where the parameter K has a special role. From Eq. 2.32 we see that if
all the frequencies are different, then the phases φk are uniformly distributed
in the complex unit circle, and the amplitude of the mean field K vanishes.
In this case dφk/dt = ωk, so each element oscillates with its own natural
frequency. Conversely, if some oscillators in the population lock to the same
frequency, then their fields sum coherently and K 6= 0 and this state is less
trivial. A nonzero K means that at least some oscillators are synchronized.
Numerical simulations of Eq. 2.33 are in Fig. 2.5.

Now, if we take a symmetric distribution of the ωk, it is natural to suppose
that the coherent oscillators will be those who have ωk near to the central
frequency ω of this distribution. So, we set Θ = ωt and ψk = φk − ωt to
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FIGURE 2.5: (a) Numerical simulations for a typical evolution
of K for the Kuramoto model. (b) Dependence of the parameter
K on the coupling strength ε (redrawn from Figure 2 and 3 of

[Strogatz, 2000])

obtain:

dψk
dt

= (ωk −ω− εK sin(ψk)) (2.34)

This relation is an Adler equation where the synchronous solution exist
when |ωk −ω| ≤ εK and the asynchronous solution when |ωk −ω| > εK.

The next step is to find the contributions of the sub-populations of syn-
chronous and asynchronous oscillators to the amplitude of the mean field.
To do that we take the limit N → ∞ where now the distribution of ωk is a
continuous function g(ω). Can be proved [Arkady et al., 2001] that the re-
lation between the parameter K and the phase differences ψ ( where ψ now
is a continuous function of k) comes through the distribution of all natural
frequencies g(ω) with those two relations:

∫ π
2

−π
2

cos(ψ) sin(ψ)g(ω + εK sin(ψ))dψ = 0 (2.35)∫ π
2

−π
2

cos2(ψ)g(ω + εK sin(ψ))dψ = 1/ε (2.36)

The first equation determines the amplitude of the mean field K and the
second determines the frequency. For a closed analytical solution we have
to choose a special distributions g(ω). Consider for example the Lorentzian
distribution,

g(ω) =
γ

π [(ω−ω)2 + γ2]
(2.37)
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we ones get for the coupling:

K =

√
1− 2γ

ε
(2.38)

This relation is valid if ε > 2γ. Nevertheless, the transition to synchro-
nization (see Fig. 2.5 (b)) can be characterized by K ∼ (ε − εc)1/2 where
εc = 2γ and this is true for general distributions g(ω). Indeed, for small
K only the oscillators with the frequency near the synchronization threshold
ω = ω are synchronized. Thus, for small K we can expand g(ω + εK sin ψ)

in a Taylor series,

g(ω + εK sin ψ) ∼ g(ω) +
g
′′

2
ε2K2 sin2 ψ (2.39)

where, after substitution in Eq. 2.35 we have:

εc =
2

πg(ω)
K ∼ ±

√
8g(ω)

|g′′ |ε2

√
ε− εc (2.40)

2.3.2 Identical coupled oscillators

In the previous subsection the all to all coupled scheme of oscillators allows
the splitting of the population into the two groups where the oscillators near
the center of the frequency distribution lock together at the mean frequency
ω while those in the tails of the distribution run near their natural frequen-
cies. This coexistence is not only possible due to heterogeneities in the natu-
ral frequencies ωk. Kuramoto and Battogtokh observed this behaviour even
when all of the oscillators were identical. They considered the system:

∂φ

∂t
= ω− ε

∫
G(x− x

′
) sin

(
φ(x, t)− φ(x

′
, t) + a

)
dx
′

(2.41)

and they observed that only non-local/non-global coupling and non-zero
phase lag a were required to observe coexistence of coherent and incoherent
oscillators.
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FIGURE 2.6: (a) Numerical results of the spatial distribution of
the phases obtained for an array of 512 oscillators with peri-
odic boundary conditions. Parameter: a = 1.457 and ε = 4.(b)
Spatial profiles of the long-time average of the order parameter
amplitude K. (c) The same for the phase order parameter Θ, (d)
and for the actual frequencies. With the blue color we present
the numerical results while the red color indicates the theoret-
ical curves. (redrawn from Figure 1 and 2 of [Kuramoto et al.,

2002])

To achieve this observation we introduce again, the relative phase devia-
tion ψ = φ−ωt from an arbitrary central frequency ω and we obtain:

∂ψ

∂t
= ω−ω− ε

∫
G(x− x

′
) sin

(
ψ(x, t)− ψ(x

′
, t) + a

)
dx
′

(2.42)

As in the theory of synchronization for globally coupled oscillators with
frequency distribution, we introduce a complex order parameter with ampli-
tude K and phase Θ through:

ε
∫

G(x− x
′
)eiψ(x

′
,t)dx

′
= K(x, t)eiΘ(x,t) (2.43)

The above quantity is space dependent but still very useful. Here, we are
practically working with an assembly of independent oscillators under the
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control of a common forcing field represented by K and Θ. This allows as to
rewrite Eq. 2.42 in terms of this common forcing field:

∂ψ(x, t)
∂t

= ω−ω− K(x, t) sin(ψ(x, t) + Θ(x, t) + a) (2.44)

The numerical and theoretical time average of spatial profiles of K(x) and
Θ(x) are showed in Fig. 2.6 (b) and (c), respectively. Here we present only
the results of Kuramoto and Battogtokh (see [Kuramoto et al., 2002]). We
see that the forcing mean-field amplitude is stronger near the boundaries
and weaker near the center of the system. Figure. 2.6 (d) shows the time
average of dφ/dt. In the coherent domain, the oscillation frequencies have
an identical value while in the incoherent domain they are distributed to a
well-defined continuous curve. From those figures it has been clear that the
system is divided into two subgroups of oscillators (Fig. 2.6 (a)). In the first
group, the forcing amplitude is large enough so that they oscillate with an
identical frequency ω. In the second group, in contrast, the forcing amplitude
is too weak, so that the frequencies of the individual oscillators differ from
ω.

For an investigation of the role of phase lag a we move to a more familiar
formulation where by discretizing the domain and defining Kij = G(xi − xj)

we obtain:

∂φi

∂t
= ω− ε

N

N

∑
j=1

Kij sin
(
φi − φj + a

)
(2.45)

There are two interpretations for this parameter. First, the phase lag can
be interpreted as an approximation for a time-delayed coupling when the
delay τ is small. To see this, consider the system:

∂φi

∂t
= ω− ε

N

N

∑
j=1

Kij sin
(
φi(t)− φj(t− τ)

)
(2.46)
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When τ � 2π/ω and ε sufficiently small, we can approximate the phase
throw the Taylor expansion,

φj(t− τ) ∼ φj(t)− τ
dφj(t)

dt
∼ φj(t)− τω ∼ φj(t)− a (2.47)

where a = τω. Thus phase lag can be thought of as a proxy for time delay
that allows us to replace a system of an effectively infinite-dimensional delay
differential equations with a system of ordinary differential equations [Crook
et al., 1997]. A second interpretation can be seen by rewriting the coupling
term in the form

N

∑
j=1

Kij sin
(
φi − φj + a

)
= cos(a)

N

∑
j=1

Kij sin
(
φi − φj

)
+ sin(a)

N

∑
j=1

Kij cos
(
φi − φj

)
(2.48)

When a = 0, only the sine coupling remains. In this case, complete syn-
chronization is the norm. When a = π/2, pure cosine coupling results in
an integrable Hamiltonian system [Watanabe et al., 1993]. This causes dis-
ordered initial states to remain disordered. Thus a determines a balance be-
tween the complete synchronization and complete disorder.

2.3.3 General coupling function and additional features

So far, only the simplest attractive coupling proportional to the sinusoidal of
phase difference has been considered. Here we will demonstrate that more
complex coupling functions can lead to a further complication of the col-
lective dynamics. Okuda [Okuda, 1993] has shown that a general coupling
function q(φ) between identical oscillators can result in the formation of sev-
eral clusters. All oscillators in a cluster have the same phase, and there is a
constant phase shift between different clusters. The model reads:

dφk
dt

= ω +
ε

N

N

∑
j=1

q(φj − φk) (2.49)
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FIGURE 2.7: The order parameter K over time for 128 coupled
oscillators in each population. (a) Stable chimeras, (b) breathing
chimeras and (c) long-period breather (redrawn from Figure 2

of [Abrams et al., 2008])

If the periodic (q(φ) = q(φ + 2π)) coupling function q contains higher
harmonics, formation of clusters may be observed for some initial conditions.

A general coupling function q(φ) between oscillators with a distribution
of natural frequencies has been investigated by Daido who introduced the
concept of "order function" . The formulation of the equation has the form:

dφk
dt

= ωk +
ε

N

N

∑
j=1

q(φj − φk) (2.50)

The coupling function q can be, in general, represented as a Fourier series:

q(φ) = ∑
l

qlei2πlφ (2.51)
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FIGURE 2.8: Two chimera trajectors with different initial con-
dictions for 200 oscillators. This difference is very small (10−3)
showing the sensitivity in initial condictions. The color coded
the time average of the frequency for each oscillator. (redrawn

from Figure 2 of [Omel’Chenko et al., 2010])

Supposing that the phases of all synchronous oscillators rotate with a fre-
quency ω, we can introduce generalized order parameters as,

Zl =
1
N

N

∑
k=l

ei2πl(φk−ωt) (2.52)

and rewrite the equations of motion as,

dφk
dt

= ωk − εH(φk −ωt) (2.53)

where:

H(ψ) = −∑
k=l

qlZle−i2πlψ (2.54)

The function H is the mean force that acts on each oscillator, and it is
called the order function. It is a generalization of the mean field used by
Kuramoto in his analysis. A nonzero order function is an indication of syn-
chronization in the population. Daido [Daido, 1992; Daido, 1993] has shown
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FIGURE 2.9: Transition from a classical chimera state with one
incoherent domain to multichimera states with two (a)-(d), and
three (c)-(d) incoherent domains. The left column shows snap-
shot of the amplitude of the FitzHugh-Nagumo oscillator and
the right column shows the corresponding time average of each
oscillator frequency. From the top to the bottom the range of
coupling between the oscillators is decreasing. (redrawn from

Figure 4 of [Omelchenko et al., 2013])

analytically that near the synchronization threshold, the norm of the order
function is proportional to the bifurcation parameter ‖H‖ ∼ ε− εc. This re-
sult demonstrates that the square-root derived by Kuramoto for is not valid
for a general coupling function.

Beyond the splitting of the system into a coherent and incoherent domain,
by changing the parameters or the topological setting of the coupling, addi-
tional features can be observed. A different type of partial synchronization,
the so called breathing chimeras has been discovered by Abrams [Abrams et
al., 2008]. In that work they obtain some results about the stability of chimera
states by analyzing a minimal model consisting of two interacting popula-
tions of oscillators. A pair of oscillator populations in which each oscillator
is coupled equally to all the others in its group, and less strongly to those
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in the other group. In Fig. 2.7 the order parameter of the dynamical sys-
tem has been plotted. Figure. 2.7 (a) illustrates numerical results for chimera
states since the order parameter is constant and greater than zero while in
Fig. 2.7 (b) and (c) for different parameters the order parameter pulsates, and
the chimera starts to breathe. Similar works with two interacting populations
have been done by Laing [Laing, 2009] where heterogeneity in frequency dis-
tribution has been found to destroy the chimera states, to destroy all states
except chimeras, or destabilize chimeras, depending on the form of the het-
erogeneity. Moreover, they systematically have investigated the effects of
gradually removing connections within the network [Laing et al., 2012] and
found that oscillations of chimera states can be either created or suppressed,
depending on exactly how the connections are gradually removed.

The spatiotemporal behavior of chimera states in arrays of nonlocally
coupled phase oscillators has been investigated also by[Omel’Chenko et al.,
2010]. An irregular motion of the position of the coherent and incoherent re-
gions with a regular macroscopic pattern in space, and an irregular motion
in time has been found. This motion was a finite-size effect that was not ob-
served in the limit of the system size (N −→ ∞). These structures were very
sensitive to initial conditions (see Fig. 2.8) exhibiting in time, chaotic fluc-
tuations to their position. Moreover, the same group has reported another
novel form of chimeras states [Omelchenko et al., 2013]. More specifically, in
a model with a ring of N nonlocally coupled FitzHugh-Nagumo oscillators
(a typical model for excitable systems) they have found that, depending on
the coupling strength and range, different multi-chimera states (see Fig. 2.9)
arise in a transition from classical chimera states.

2.3.4 Experiments and applications

For a long time the experimental observation of chimera states was a difficult
task. Many numerical simulations have shown chimera behaviour by a care-
fully chosen set of initial conditions. This sensitivity to the initial state was
the main problem for experimental proofs.

However, after 2012 a lot of research groups overcame this obstacle. Ken-
neth Showalter and his group used for the first time the Belousov-Zhabotinsky
reaction to create a realization of a two-cluster chimera states [Tinsley et al.,
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2012]. They used a population of photosensitive chemical oscillators and af-
ter dividing it into two groups and using light to provide feedback for each
reaction, they observed a variety of dynamical patterns including complete
synchronization, synchronized clusters and chimera states. Oscillators of the
same group were strongly coupled to the mean intensity and weakly cou-
pled to the mean intensity of the opposite group. They also induced a fixed
time delay between the interaction of the separations groups. Similar exper-
iment, this time on a non-locally coupled one-dimensional ring of oscillators
has shown again chimera-like patterns [Nkomo et al., 2016].

In optics, Rajarshi Roy and his group designed a coupled map lattice
using a liquid-crystal spatial light modulator to achieve optical nonlinear-
ity controlled by a computer with feedback from a camera. They reported
chimeras on both one-dimensional rings and two-dimensional lattices with
periodic boundaries [Hagerstrom et al., 2012]. In those discrete-time system
the phase was not a continuous variable, so chimeras states were more gen-
eralized chimeras.

In mechanical systems, Erik Martens and his colleagues used metronomes,
placed them on swings coupled by springs. The vibrations of the swings
provided strong coupling between oscillators on the same swing, and the
springs weakly coupled metronomes on opposite swings. By varying the
spring constant they were able to observe chimera states along with the ex-
pected in-phase and anti-phase synchronous states [Martens et al., 2013].

From the viewpoint of applications many natural phenomena may relate
with chimera states. In biology, many species become involved in unihemi-
spheric slow wave sleep. This means that one brain hemisphere appears to be
inactive while the other remains active. The neural activity during this state
reveals high amplitude and low frequency electrical activity in the sleeping
hemisphere, while the other hemisphere is more unstable. Ma,Wang and
Liu [Ma et al., 2010] reproduced this splitting of the synchronization by a
model like the Kuramoto one and found that for different reactions to envi-
ronmental forcing and for appropriate choice of coupling strengths, periods
of coherence and incoherence alternated in each hemisphere.

In engineering, many generators produce power at the same frequency.
Adilson E. Motter et al used a Kuramoto-like model to study the synchro-
nization of a power grid [Motter et al., 2013]. By the assumption that the net-
work structure of generators is fixed and the power demand is constant, they
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founded that perturbations to the network can cause full or partial desyn-
chronization, leading some times to blackouts. By managing the possibility
of chimera states in power distribution networks the possibility, as they em-
phasize, for a stable and robust synchrony in a power grid is high.

Finally, in social systems chimera states may also be possible. Gonz’alez-
Avella et al [González-Avella et al., 2014] used a model for cultural trends.
They observed that coupled populations can exhibit chimera-like patterns in
which a part from the population is synchronized while the second popula-
tion remains disordered.
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Chapter 3

Turbulent chimeras in large
semiconductor laser arrays

3.1 Introduction

Semiconductor lasers are enabling components in multiple platform appli-
cations spanning optical communication networks to laser surgery and sens-
ing. Recent works include impressive advances in high-speed lasers with low
power consumption, high-power vertical external cavity surface emitting
lasers and high-speed beam steering with phased vertical cavity laser arrays.
Significant advances have been made in nitride based lasers, record-high
temperature operation quantum dot lasers, and the field of nanolasers with
ultralow volume and threshold is coming to technological maturity [Johnson
et al., 2013].

Of special importance for next generation applications such as laser radars,
is the design of photonically integrated semiconductor laser arrays that con-
sist of a very large number of properly coupled photonic emitters [Heck,
2013]. It is well known that phase locking of an array of diode lasers is
a highly effective method in beam shaping because it increases the output
power and reduces the overall needed lasing threshold. Recent work on
phase-locked laser arrays through global antenna mutual coupling has em-
ployed custom made nano-lasers [Kao et al., 2016]. Moreover, reconfigurable
semiconductor laser networks based on diffractive coupling using Talbot ge-
ometry have been studied on commercially available vertical cavity diode
lasers [Brunner et al., 2015].

In this Chapter, we are interested in the collective behavior of a large array
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of semiconductor lasers with nearest-neighbor coupling. The crucial param-
eters for the observed dynamics are the coupling strength and the relative
optical frequency detuning between the lasers, which introduces realistic in-
homogeneities into the system. Our focus, in particular, is to identify the pa-
rameter regions where chimera states emerge and subsequently characterize
these states using suitable classification measures [Kemeth et al., 2016]. in-
troduced in Chapter 3. For over a decade now, a number of works has been
dedicated to this phenomenon of coexisting synchronous and asynchronous
oscillatory behavior. The latest developments in this field involve their study
in physical, higher-dimensional systems beyond phase oscillators.

Coupled lasers have been extensively studied in terms of nonlinear dy-
namics [Kozyreff et al., 2000; Oliva et al., 2001; Uchida et al., 2001; Dahms
et al., 2012] and [Soriano et al., 2013] (with references therein) and synchro-
nization phenomena [Lythe et al., 1997; Pecora et al., 2014; Alsing et al.,
1996], but works on chimera states in laser networks have appeared only
recently. In [Larger et al., 2013] chimera states were reported both theoret-
ically and experimentally in a virtual space-time representation of a single
laser system subject to long delayed feedback. Furthermore, so-called ”small
chimeras” were numerically observed in a network of four globally delay-
coupled lasers in [Böhm et al., 2015; Röhm et al., 2016], for both small and
large delays. Such chimeras exist for very small network sizes and do not re-
quire nonlocal coupling in order to emerge. In our study we use neither non-
local, nor global coupling but simple nearest-neighbor interactions which is
physically plausible for lasers, e. g., grown on a single chip. This coupling
realization is less expensive computationally. Moreover, it revises the general
belief that nonlocal coupling is essential for the existence of chimeras [Hizani-
dis et al., 2016].

We will show that the crucial parameter for the collective behavior in our
system is the frequency detuning between the coupled lasers. The effect of
detuning has been examined before in [Blackbeard et al., 2014] but with re-
spect to in- and anti-phase synchronization. Moreover, transitions from com-
plete to partial synchronization (optical turbulence) were explained, for a
small array of three lasers. Here, we address the emergence of the hybrid
phenomenon of chimera states in a large laser array and provide a quan-
tification of these patterns using newly developed classification measures
[Kemeth et al., 2016].
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This Chapter is organized as follows: First, we present the model equa-
tions and the bifurcation diagrams for two coupled lasers with the coupling
strength and the detuning as control parameters. Next, the collective behav-
ior for a laser array with and without detuning is discussed, whereas various
patterns including chimera states are presented and classified. Moreover, the
effect of noise, the system size and the initial conditions on the observed dy-
namics is addressed. In the concluding section we summarize our results
and discuss open problems.

3.2 Coupled semiconductors lasers

The dynamic description of semiconductor laser arrays with evanescent cou-
pling, in polar coordinates, is illustrated by the equations,

dXj

dt
=

g′

2
(Gj − Gth)Xi −

kc

n
[
Xj+1 sin

(
φj+1 − φj

)
+ Xj−1 sin

(
φj−1 − φj

)]
dφj

dt
= − ag′

2
(Gj − Gth) +

kc

n

[
Xj+1

Xj
cos
(
φj+1 − φj

)
+

Xj−1

Xj
cos
(
φj−1 − φj

)]
dGj

dt
= P−

Gj

τs
−
(

1
τp

+ g′(Gj − Gth)

)
(3.1)

where Gj is the carrier density, Xj is the amplitude, and φj is the phase
of the electric field in the jth channel. The other parameters are the differ-
ential gain g′, the coupling constant kc, the threshold carrier density Gth, the
linewidth enhancement factor a, the pump rate P, the photon lifetime τp and
the spontaneous carrier lifetime τs.

A closed form expression can be obtained by the next proper rescaling in
the variables and the parameters:

Ej =

√
g′τs

2
Xj Nj =

1
2

g′Gthτp

(
Gj

Gth
− 1
)

p =
1
2

g′Gthτp

(
P

Pth
− 1
)

η =
kc
n

τp T =
τs

τp
(3.2)



94

FIGURE 3.1: Amplitude maxima and minima of the electric
field. The coupling strength η has been rescaled to the relax-
ation oscillation frequency Ωr. Blue color refers to the first
laser and red to the second one. Other parameters are: TΩr =

20, p = 0.5, 1
Ωr

= 20, a = 5.

Then, the evolution of the slowly varying complex amplitudes Ej of the
electric fields and the corresponding population inversions Nj of the active
medium are given by [Arecchi et al., 1984; Wieczorek et al., 2005]:

dEj

dt
= (1− ia)EjNj − iη(Ej+1 + Ej−1)

T
dNj

dt
= (p− Nj − (1 + 2Nj)|Ej|2), j = 1 . . . M (3.3)

Our system consists of an array of M locally coupled semiconductor lasers.
The amplitude-phase coupling is modeled by the linewidth enhancement
factor a = 5 and T = 400 is the ratio of the lifetime of the electrons in
the upper level and that of the phonons in the laser cavity. The lasers are
pumped electrically with the excess pump rate p = 0.5 which is 50% above
laser threshold. The coupling strength η is a control parameter used to tune
the dynamics of the system.

For the special case of two lasers in polar coordinates where Ej = Ejeiφj

we get,
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Ė1 = N1E1 − ηE2 sin θ

Ė2 = N2E2 + ηE1 sin θ

TṄ1 = p− N1 − (1 + 2N1)E2
1

TṄ2 = p− N2 − (1 + 2N2)E2
2

θ̇ = −a(N2 − N1) + η(E1/E2 − E2/E1) cos θ (3.4)

where θ = φ2−φ1. This system of differential equations has the following
fixed points:

E1 = E2 =
√

p, N1 = N2 = 0, φ2 − φ1 = 0 (3.5)

E1 = E2 =
√

p, N1 = N2 = 0, φ2 − φ1 = π (3.6)

To investigate the stability of these steady states we introduce small per-
turbations and linearize Eqs. 3.4 about their steady-state values [Winful et
al., 1988]. The linear system of differential equations is:

Ė1 =
√

p(N1 − ηθ)

Ė2 =
√

p(N2 + ηθ)

TṄ1 = 2
√

pE1 − (1 + 2p)N1

TṄ2 = 2
√

pE2 − (1 + 2p)N2

θ̇ = −
[

a(N2 − N1) +
2η
√

p
(E2 − E1)

]
(3.7)

This system has a fifth order characteristic polynomial. We use the Routh-
Hurwitz criterion to determine the parameter value regions in which the
steady-state solutions are stable. After some calculations we find that the
fixed point of Eq. 3.5 is stable under the condition,

η <
1 + 2p

2aT
(3.8)
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and the fixed point of Eq. 3.6 is stable for:

η >
ap

1 + 2p
(3.9)

In the absence of coupling the phase variable does not influence the dy-
namics. In this case the intensity of the laser exhibits damped relaxation
oscillations with a decay rate γ = (1 + 2p)/2T. To prove that we take the
fix points (Ej =

√
p, Nj = 0) and we linearize about this steady state. The

Jacobian on this critical point is,

J =

[
0

√
p

−2
√

p
T −1+2p

T

]
(3.10)

with:

λ12 = −1 + 2p
2T

±
√

2p
T

(3.11)

The quantity Ωr =
√

2p/T is the so called the relaxation oscillation fre-
quency. Figure 3.1 depicts a numerically obtained bifurcation diagram of the
maxima and minima of the amplitude of the oscillating electric field. The
control parameter is the coupling strength normalized to the relaxation oscil-
lation frequency [Kuske et al., 1997]. A Hopf bifurcation occurs at η/Ωr =

0.01. As the coupling is increased the limit cycle exists until η/Ωr = 0.06. Af-
ter that, a period-doubling cascade takes place, leading to chaos. The system
remains chaotic until the approximate vale of 0.084 and then enters a new
limit cycle which is stable up to η/Ωr = 0.089, which is followed by a new
period doubling cascade into a second chaotic region.

The situation is much more complicated when we consider larger arrays.
If we set the saturated gain equal to the loss for all the lasers (Nj = 0) we
obtain the steady state, in function of the cavity supermodes of M coupled
waveguides with:

E(m)
j = A sin

[
jmπ

M + 1

]
Ω(m) = 2η cos

[
mπ

M + 1

]
m = 1, 2, .....M (3.12)
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FIGURE 3.2: Snapshots of the amplitude of the electric field in
an array of M = 200 lasers for different coupling strengths
without detuning: (a) η

Ωr
= 0.006, (b) η

Ωr
= 0.01, (c) η

Ωr
=

0.02.(d) η
Ωr

= 0.07. Other parameters: TΩr = 20, p = 0.5, 1
Ωr

=
20 and a = 5.

The frequency Ω is a possible frequency shift which play a central role
in stability of the system, according to [Winful, 1992]. The maximum super-
mode frequency shift of M passive coupled waveguides is ΩM = 2η cos(mπ/(M + 1)).
In the presence of the gain medium, amplitude-phase coupling through a cre-
ates a peak frequency of aΩM. Then, the instability will occur if aΩM > 1/T.
For the special case of the anti-phase region we have:

η <
1 + 2p

4aT cos
(

π
M+1

) (3.13)

As M increases, the critical coupling decreases roughly as M
M−1 and reaches

a limiting value at large M > 10 which is half of that corresponding to M = 2.
Throughout this work, we will consider an array of 200 lasers. The numerical
integration has been done by using the fourth order Runge-Kutta algorithm.
For faster numerical calculations we can rescale Eq. 3.3 with the laser relax-
ation oscillations frequency.

In Fig. 3.2 snapshots of the amplitude of the electric field are shown at
100T, where Tr = 2π/Ωr is the period of the relaxation oscillation of the free
running diode laser. According to Eq. 3.13, the Hopf bifurcation for our laser
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FIGURE 3.3: Extrema of the amplitude of the electric field in de-
pendence of the detuning, for different values of the coupling
strength. (a) η

Ωr
= 0.01, (b) η

Ωr
= 0.025, (c) η

Ωr
= 0.0635, (d) η

Ωr
=

0.08. The difference in the detuning ∆ωr has been rescaled
by the relaxation oscillation frequency Ωr. Other parameters:

TΩr = 20, p = 0.5, M = 2, 1
Ωr

= 20 and a = 5.

array occurs at the value η/Ωr = 0.005. Slightly above this value, the sys-
tem demonstrates a self-organized pattern (see Fig. 3.2, (a)): The laser array
splits into two sub-systems with each laser having a phase difference equal
to π with its nearest neighbors (anti-phase synchronization [Blackbeard et
al., 2014]). This pattern gradually vanishes with increasing coupling strength
and the system becomes fully incoherent (Figs. 3.2 (c-d)).

3.3 Effect of optical frequency detuning

Apart from the coupling strength, another crucial parameter is the optical fre-
quency detuning and its correlation with the amplitude instability and mu-
tual coherence of the light emitted by the laser. For both solid state [Thorn-
burg et al., 1997; Rogister et al., 2007] and semiconductor lasers [Blackbeard
et al., 2014], the complexity of the system increases immensely by introduc-
ing detuning. In the presence of detuning our system consists of an array of
M locally coupled semiconductor lasers in the form,
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FIGURE 3.4: a) In the absence of coupling (η = 0) each laser
is a limit cycle with stable amplitude equal to

√
p and a neu-

tral rotating phase with different frequency ωj. b) The linear
distribution of detunings in space interval.

dEj

dt
= (1− ia)EjNj − iη(Ej+1 + Ej−1) + iωjEj

T
dNj

dt
= (p− Nj − (1 + 2Nj)|Ej|2), j = 1 . . . M (3.14)

where the normalized angular frequency ωj measures the optical frequency
detuning of laser j from a common reference.

The bifurcation diagram of Fig. 3.3 shows the maxima and minima of the
electric field amplitude in dependence of ∆ω = ω2 − ω1, rescaled by the
free relaxation frequency Ωr. This has been repeated for various values of
the coupling strength (Figs. 3.3 (a-d)). We observe that in a certain range of
∆ω/Ωr values the amplitude of the laser oscillations increases significantly.
Moreover, for large coupling strengths (Figs. 3.3 (c,d)) the behavior of the
system is rich and complex in dynamical responses. It is also noticeable that
although some η values render the system chaotic in the case without detun-
ing (see Fig. 3.1), for the same coupling strengths the dynamics is regular in
the presence of detuning (Figs. 3.3 (d)).

To understand this phenomena let us calculate the stability of the system
in the case where the coupling strength is zero. In polar coordinates the sys-
tem has the form:
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dEj

dt
= EjNj

dφj

dt
= −aNj + ωj

dNj

dt
= p− Nj − (1 + 2Nj)E2

j (3.15)

Again, the phase variable does not influence the dynamics. By taking the
fixed points (Ej =

√
p, Nj = 0), from Eq. 3.10 has been proven that this point

is stable. However, the phase derivation is not anymore equal to zero (for
that point). The phase for each individual laser is equal with the correspond-
ing detuning parameter dφj/dt = ωj. Thus, each laser is a limit cycle with
stable amplitude and a neutral rotating phase with a different frequency (see
Fig. 3.4 (a)). Moreover, from Fig. 3.1 we can see that in the absence of detun-
ing and after a critical coupling strength (the Hopf bifurcation), the system
has a limit cycle, in general with different frequency than ωj. In the full sys-
tem, these two limit cycles for each individual laser are interacting, deliver-
ing more complexity in the system.

For the case of an array of lasers, we incorporate detuning in the following
way,

ωi

Ωr
= ∆i (3.16)

where ∆ is a constant (see Fig. 3.4 (b)).

With this distribution, the differences of the detuning have a simple form:∣∣∆ωj+1/Ωr
∣∣ = ∣∣∆ωj−1/Ωr

∣∣ = ∆ [Oliva et al., 2001]. Additionally, we re-
define η

Ωr
as H. It is possible to realize different forms of synchronization

depending on the coupling strength. One case is full synchronization, where
Ej = Ek holds for all lasers j, k = 1 . . . M (see Fig. 3.5 (a), bottom). The be-
havior is therefore similar to that of the uncoupled system since the whole
array ends up in the steady state (each laser is lasing with constant inten-
sity equal to

√
p ∼ 0.7). In a partially synchronized state the amplitudes are

different in one or more lasers (see Fig. 3.5 (b), bottom) and in the unsyn-
chronized state there is no fixed amplitude relation between the oscillators
(see Fig. 3.5 (c), bottom). In Fig. 3.5 (a-c) (top) we can see all of these states
depicted in the complex unit circle. The red circle denotes the steady state
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FIGURE 3.5: Top: The electric field in the complex unit circle.
Bottom: Snapshots of the amplitude of the electric field for dif-
ferent coupling strengths and constant detuning. (a) H = 0.008,
(b) H = 0.014, (c) H = 0.026. The red circle denotes the steady
state solution of the amplitude of the electric field. Other pa-
rameters: ∆ = 0.01, TΩr = 20, p = 0.5, 1

Ωr
= 20 and a = 5.
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solution where the amplitude of the oscillations is constant. In Fig. 3.5 (a) the
amplitudes are locked to this value, while the phases of the individual lasers
are randomly distributed over the steady state solution circle. This case cor-
responds to amplitude (intensity) synchronization. The opposite situation is
full asynchrony, displayed by Fig. 3.5 (c) where both amplitude and phase
exhibit incoherent behavior. The intermediate case is shown in Fig. 3.5 (b)
where an amplitude-chimera [Zakharova et al., 2014] is illustrated through
the coexistence of partial amplitude locking and incoherence.

3.4 The influence of noise

In the previous section, the frequencies were chosen in the way where each
laser is equal with the mean value of the two neighbourhoods (∆j = (∆(j +
1) + ∆(j− 1))/2) and the distribution is linear. In this section we investigate
the influence of random detunings between the lasers. The equation for the
detuning distribution now reads:

ωj

Ωr
= ∆j + noise (3.17)

The noise has been chosen from a normal random distribution with zero
mean and standard deviation compared to ωj/Ωr. The distribution is gener-
ated by the randn MATLAB function for a given state of the generator.

For a total random detuning between the lasers we have found a full un-
synchronised intensity on the array of lasers in time. However, in the case
where the standard deviation is lower than ωj/2Ωr the behavior of the sys-
tem remains similar with the case of zero noise. In Fig. 3.6 we illustrate the
system in the presence of noise with the same parameters as in Fig.3.5 (bot-
tom) . The similarity is clear even for standard deviation equal to ωj/2Ωr.

3.5 Suitable measures

Our next step is to characterize the observed states by using suitable mea-
sures. Recently, has been presented a very usefull classification scheme for
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FIGURE 3.6: Snapshots of the amplitude of the electric field for
different coupling strengths as in Fig.3.5 (b) with random dis-
tribution of detunings and standard deviation equal to ωj/2Ωr.

FIGURE 3.7: Spatio-temporal evolution of the local curvature
for different values of the coupling strength: (a) H = 0.008, (b)

H = 0.014, (c) H = 0.026. Other parameters as in Fig. 3.5.
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FIGURE 3.8: g0(t) over time. (a) H = 0.008, (b) H = 0.014, (c)
H = 0.026. Other parameters as in Fig. 3.5.

chimera states [Kemeth et al., 2016]. For measuring spatial coherence, in par-
ticular, they introduced a quantity called local curvature which may be cal-
culated at each time instance. This is done by applying the discrete Laplacian
DE on the spatial data of the amplitude of the electric field:

DEj(t) = |E|j+1(t)− 2|E|j(t) + |E|j−1(t), j = 1 . . . M. (3.18)

In the synchronization regime the local curvature is close to zero while
in the asynchronous regime it is finite and fluctuating. Therefore, if g is the
normalized probability density function of |DE|, g(|DE| = 0) measures the
relative size of spatially coherent regions in each temporal realization. For a
fully synchronized system g(|DE| = 0) = 1, while for a totally incoherent
system it holds that g(|DE| = 0) = 0. A value between 0 and 1 of g(|DE| =
0) indicates coexistence of synchronous and asynchronous lasers.

The quantity g is time-dependent. The definition of spatial synchronous
and asynchronous has to be compared to the maximal curvature in each sys-
tem. Thus, the characterization of coherence and incoherence depends on the
individual system. Hence, in order to characterize a system as coherent or in-
coherent, we have to peak a threshold value. This value does not change the
qualitative outcome. We have found out that if the absolute local curvature
is less than five percent of the maximum curvature then the system can be
characterized as coherent, and above that value as incoherent.
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Complementary to the local curvature we also calculate the spatial extent
occupied by the coherent lasers which is given by the following integral:

g0(t) =
∫ δ

0
g(t, |DE|)d|DE|, (3.19)

where δ is a threshold value distinguishing between coherence and in-
coherence which is related to the maximum curvature and for our system
is equal to δ = 0.05. We will apply these measures in order to classify the
observed patterns and we will discuss their dependence on the coupling
strength H and the detuning parameter ∆.

3.6 Optical frequency detuning and chimera states

By the previous measures we are now in position to characterise the behavior
of the system. Moreover, with the previous distribution, the differences of the
detuning have a simple form:

∣∣∆ωj+1/Ωr
∣∣ = ∣∣∆ωj−1/Ωr

∣∣ = ∆ [Oliva et al.,
2001]. Additionally, we redefine η

Ωr
as H.

We start by Fig. 3.7 which shows the spatio-temporal evolution of the local
curvature corresponding to the states of Fig. 3.5. In the fully synchronized
case the local curvature is equal to zero (Fig.3.7 (a)). In Fig. 3.7 (b) we have
the case of an amplitude-chimera state. We see that this is not a stationary
pattern since the local curvature oscillates in time. The fully incoherent states
is shown in Fig.3.7 (c), where the local curvature attains higher values.

In Fig. 3.8, the time evolution g0(t) for all three cases of Fig. 3.7 is plotted.
We see that for the case of Fig.3.7 (b) g0 oscillates in an irregular manner, and
therefore the corresponding amplitude chimera states are turbulent accord-
ing to the classification of [Kemeth et al., 2016]. The other two curves (a) and
(c) refer to full synchronization and full incoherence, respectively.

Apart from the detuning, the coupling strength has also an effect on the
synchronization patterns observed in our system. In Fig. 3.9 the tempo-
ral mean of g0(t) (averaged over 400Tr) is plotted in the (H, ∆) parameter
space. The initial conditions of the phases are randomly distributed between
−π and π, while for the electric field amplitudes and the population inver-
sions they are chosen identical for all lasers: Ej =

√
0.5, Nj = 0. The labels
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FIGURE 3.9: Dependence of the temporal mean 〈g0〉t on pa-
rameters H and ∆. Points (a) (H = 0.008, ∆ = 0.01), (b)
(H = 0.014, ∆ = 0.01), and (c) (H = 0.026, ∆ = 0.01), cor-
respond to Figs. 3.7(a-c). The boundary between full synchro-
nization (red) and full desynchronization (blue) marks the re-
gions where turbulent chimeras emerge. Other parameters as

in Fig. 3.5.

(a), (b) and (c) mark the coordinates corresponding to Figs. 3.7 (a), 3.7 (b)
and 3.7 (c), respectively. It is clear, that the parameter space is separated in
two main domains, one of < g0 >t values close to unity which corresponds
to full coherence and contains point (a), and one of < g0 >t values tend-
ing to zero which corresponds to full incoherence and contains point (c). On
the boundary between these two areas, lies a small region where the am-
plitude chimeras arise. Note that, due to multistability, the mapping of the
dynamical patterns may slightly change with different choice of initial con-
ditions. The qualitative result, however, will be the same. For example, in
Fig. 3.10 (a), we plot < g0 >t for a system with all initial phases randomly
distributed but fixed, except those of laser 50 and 150, which we vary from
0 to 2π. Clearly, the exact values of < g0 >t change but remain within the
range allowing for chimera states.

Finally, the question of system size is addressed. In our simulations we
observe that the behavior of the system does not change significantly when
increasing M from 200 to 1000. This is illustrated in Fig. 3.10 (b). After
M > 200 the temporal mean < g0 >t remains constant in time. From this
fact we can conclude that, for an appropriately large system, the formation
of chimera states is size-independent.
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FIGURE 3.10: (a) The temporal mean < g0 >t as a function
of the system size normalized to M̃ = 1000). (b) (φ50, φ150)-
projection. Initial phases for all lasers are random and fixed
while φ50 and φ150 are varied. The color bar shows the value
of the temporal mean < g0 >t. Parameters: H = 0.014, ∆ =
0.01, TΩr = 20, p = 0.5, 1

Ωr
= 20 and a = 5. Other parameters

as in Fig. 3.5.

3.7 Conclusions

In conclusion, we have found amplitude chimera states in a large network of
semiconductor lasers by properly modifying the optical frequency detuning.
Local coupling is sufficient to generate these states even for large noise in
detunings distribution compared to detuning itself. By using suitable clas-
sification measures we have quantified the observed dynamics. Due to the
system’s multistability, even a slight change in the initial conditions may pro-
duce different values for these measures. However, the range of the obtained
values ensures the existence of chimeras, the nature of which is turbulent.
The system size also has an effect on the calculated values, which saturate
for arrays with more that 200 emitters. A systematic study in the optical
frequency detuning and coupling strength parameter space, shows that the
region of chimera states lies between full synchronization and desynchro-
nization. For future studies it would be worthwhile to explore the effects in-
troduced by noise as well as the laser pump power which is the most conve-
niently accessible control parameter in chip scale diode systems. Such inves-
tigations may have multiple technological applications regarding next gener-
ation photonic emitters that provide on demand diverse states like turbulent
chimeras.
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Chapter 4

Multi-clustered chimeras in large
semiconductor laser arrays with
nonlocal interactions

4.1 Introduction

Most of studies in Coupled lasers have been concerned with semiconductor
laser arrays. They have been demonstrated as sources that can produce high
output power in a spatially coherent beam. Coupling between lasers may
arise due to the overlap of the electric fields from each laser waveguide or
due to the presence of an external cavity [Kozyreff et al., 2001; Böhm et al.,
2015]. In the latter case, a time delay is required for the mathematical mod-
elling of the system.

In this Chapter we will deal with the Lang-Kobayashi model [Lang et
al., 1980], which describes a semiconductor laser in the presence of a self-
feedback interaction as we introduced it in the first Chapter. This model
has become very popular and is based on the well known from the previous
chapters, rate equation model. By including variables like the carrier inver-
sion n and the complex electric field X, we have the description of the slowly
varying envelope of the field in the form,

dX
dt

= (1 + ia)(G− γ)X + ke−iω0τec X(t− τec) (4.1)

dG
dt

=
I
q
− γeG− G|X|2 (4.2)
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where I is the pump current, q the electron charge, γ the photon decay
rate, γe the carrier decay rate, k the feedback rate, τec the round trip in the
external cavity, a denotes the linewidth enhancement factor and ω0 is the
frequency of the laser without feedback.

In the case where ω0 � τec and τec very small, we can neglect the de-
nomination of τec by replacing ω0τec = 2Cp where Cp is now a constant pa-
rameter. This means that, since ω0 is very large, slight changes in the delay
time change only the phase without changing the delayed term of the slowly
varying envelope X. The gain G is a function of n and X and for this function
different forms can be used to model the laser. A common form is a gain
which is linear in n and saturates for large X,

G(X, n) = g
n− nT

1 + ε|X|2 (4.3)

where g is the differential gain, nT the carrier number at transparency and
ε the gain saturation coefficient. For a dimensionless form we introduce a
dimensionless time s = t/tc and dimensionless variables X = XcE(t/tc) and
n(t) = 2ncN(t/tc) + n0

c . The values of the characteristic factors tc, Xc and
nc will be determined. The including of a constant shift n0 has been done
so that N becomes zero at the laser threshold where N is the excess carrier
density or inversion. This allows sometimes for further simplifications. With
this transformation we get:

dE(s)
ds

=
1
2
(1 + ia)

[
tcg2nc

Nc + (n0
c − nT)/2nc

1 + |Xc|2|E |2
− γtc

]
+ ktce−i2CpE(s− τec/tc)

1
γetc

dN(s)
ds

=
I

2qncγe
− n0

c
2nc
− N(s)− g

γe
|X|2 2Nc + (n0

c − nT)/2nc

1 + |X|2|E(s)|2 |E(s)|2

(4.4)

Then, we require that tcg2nc = (n0
c − nT)/2nc = γtc = g|X|2/γe = 1.

This gives the final dimensionless equations,
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dE
dt

= (1 + ia)EN + ke−i2CpE(t− τ) (4.5)

dN
dt

=
1
T

(
p− N − (1 + 2N)|E |2

)
(4.6)

where T is the time-scale ratio of the carrier lifetime and the photon life-
time and p is the reduced excess injection current.

Time delay comes due to the fact that the process is not instantaneous,
but take place in a finite time. Many physical processes like production, con-
duction, transmission and diffusion can be described with a constant time
delay parameter. Moreover, in medicine, the control of physiological sys-
tems (heart rate, blood pressure, motor activity) is performed by negative
feedback loops that are in general delayed.

Apart from the good agreement with several experimental results, the
Lang-Kobayashi model has some limitations. First of all the external cavity
length, needs to be longer that the laser resonator driving to experimental
limitations. Secondly, the laser beam needs to operate close to a single-mode
frequency, something far from reality. Moreover, the slowly varying enve-
lope of the electric field has to change almost adiabatically during the travel-
ling time in the external cavity and this can be achieved only for small feed-
back strength. Finally, the gain part in the laser must come only from the
active medium and not by the feedback. This means that the gain saturation
ε is zero. This limit is valid when the laser is working close to threshold and
the output intensity is not too large. For a strong feedback or, in the case of
many lasers for strong coupling, the model fails.

The dynamical expression of a semiconductor laser with optical feedback
has a large variety in output. If we assume that a laser emits a continuous-
wave (cw), the possibilities in the presence of the external cavity are three:
(a) For small feedback strength the behavior will not change giving again a
continuous-wave. The situation will be different by increasing the coupling
strength and achieving the regime of external cavity modes (ECM). There,
the laser intensity will still be constant, emitting continuously but the phase
of the complex electric field will now start to rotate. (b) By increasing fur-
ther the feedback strength the laser eventually undergoes a Hopf bifurcation
where a stable limit cycle is born. This behavior corresponds to intensity
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pulsations. (c) Finally, after the Hopf bifurcation, through a series of period
doubling bifurcations, the system enters a chaotic regime where the predic-
tion is hopeless.

In general, delay-differential equations (DDEs) like the Lang-Kobayashi
model, with constant time delay are being used to model various phenom-
ena in the physical sciences. For such equations the value of the derivative
at any time depends on the solution at a previous τ time. Although the tech-
niques for solving are in general similar with those for ordinary differential
equations, they differ in some significant ways. A first important difference
is that for DDEs we must specify the initial condition values not just at the
initial point t = 0 but also for the whole interval [−τ, 0]. Another impor-
tant difference is that the solution of DDEs normally present a discontinuity
in the first derivative at the initial point and this discontinuity causes trou-
ble even for numerical methods. These discontinuities propagate: If the first
derivative is discontinuous at t = 0, then the second derivative will be dis-
continuous at t = τ, the third derivative at t = 2τ, and so on. But the most
important property is that a single delay-differential equation is capable of
producing periodic motion, in contrast to a single ordinary differential equa-
tion. This is because the single DDE is not 1-dimensional, but is actually
infinite dimensional.

Returning to our model, most works on laser arrays consider either global
coupling, where each laser interacts with the whole system [Silber et al.,
1993], or local coupling, where each laser interacts with its nearest neigh-
bors [Blackbeard et al., 2014; Winful et al., 1990]. The main property of those
systems is that although the emission from the individual elements is often
unstable and even chaotic [Wang et al., 1988], the total light output from the
semiconductor array can be stable.

In recent years however, as we have mentioned, semiconductor laser net-
works have been studied in terms of a peculiar form of synchronization
called chimera states. Since the first discovery of chimeras for symmetrically
coupled Kuramoto oscillators [Kuramoto et al., 2002], this counter-intuitive
symmetry breaking phenomenon of partially coherent and partially incoher-
ent behavior, in laser systems were first reported both theoretically and ex-
perimentally in a virtual space-time representation of a single laser system
subject to long delayed feedback [Larger et al., 2015].

Small networks of globally delay-coupled lasers class B have also been



4.1. Introduction 113

FIGURE 4.1: Conceptual model of (a) the overlap of the electric
fields in nonlocally coupled waveguide lasers, (b) a laser array
coupled by a common highly-reflective (HR) mirror via an ex-

ternal cavity. (FAC stands for Fast-Axis Collimating lense).

studied and chimera states were found for both small and large delays [Böhm
et al., 2015; Röhm et al., 2016]. In chimera states coherence and incoherence
patterns emerge not only in the phase but also in the amplitude of the electric
field and in inversion of the population of the active medium. Furthermore,
the dynamics of these two synchronous and asynchronous parts is chaotic.

The experimental realization of laser arrays is challenging, but these de-
vices have significant technological advantages: By achieving phase lock-
ing of the individual lasers we obtain a coherent and high-power optical
source. In [Nixon et al., 2012] synchronization phenomena were studied in
large networks with both homogeneous and heterogeneous coupling delay
times. Moreover, in [Nixon et al., 2013] a new experimental approach to ob-
serve large-scale geometric frustration with 1500, both nonlocally and locally,
coupled lasers was presented. In the present work, we will focus on the inter-
mediate case, i.e., nonlocal coupling. In laser networks this kind of coupling
has never been attempted before and we aim to fill this gap. In this Chap-
ter we use nonlocal coupling, where the crucial parameters for the observed
dynamics are the strength, the phase and the range of the coupling. Our fo-
cus, in particular, is to identify the parameter regions where chimera states
or other phenomena emerge and subsequently characterize them following
a recently proposed classification scheme [Kemeth et al., 2016].
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4.2 The Model

In the present analysis, we consider a ring of M = 200 semiconductors lasers
of class B. Each node j is symmetrically coupled with the same strength to its
R neighbors on either side (nonlocal coupling). The evolution of the slowly
varying complex amplitudes Ej = Ej exp

{(
iφj
)}

(where Ej is the amplitude
and φj the phase of the electric field) and the corresponding population in-
versions Nj are given by,

dEj

dt
= (1 + ia)EjNj +

ke−i2Cp

2R

j+R

∑
l=j−R

El(t− τ) (4.7a)

dNj

dt
=

1
T

(
p− Nj − (1 + 2Nj)|Ej|2

)
, j = 1, . . . , M, (4.7b)

where all indices has to be taken modulo M. Lasers are pumped electri-
cally with the excess pump rate p = 0.23 [Böhm et al., 2015]. We consider
a = 2.5, which is a typical value for semiconductor lasers. The coupling
strength k, the phase Cp and the number of coupled neighbors on either side
R, are the control parameters that are used to tune the collective dynamics of
the system.

Physically, nonlocal coupling arises due to the overlap of the electric fields
within a range of R neighbor waveguides of lasers (see Fig. 4.1 (a)). In this
case, a portion of the electric field from one laser extends into the active re-
gion of its 2R neighboring lasers. The strength of this field extension de-
creases in space but for simplicity we assume a uniform coupling k in every
active region of 2R lasers.

Equations 4.7 are numerically integrated using a fourth-order Runge-Kutta
algorithm with a fixed time step and periodic boundary conditions. For
the initial conditions, the phases of the individual lasers are randomly dis-
tributed along the complex unit circle while amplitudes and inversions are
chosen identical for all lasers Ej(t = 0) =

√
p, Nj(t = 0) = 0. Moreover,

the well known period Tr = 2π/Ω of the individual laser relaxation oscil-
lation frequency Ω =

√
2p/T will set the time scale of the system. For the

parameters considered in this work, Tr ' 183.
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As we mentioned before, for small feedback strength the behavior will not
change significantly. In Fig.4.2 we can see the maxima of the intensity (|E|2)
of the electric field for a semiconductor laser with feedback versus the time
delay τ. For small τ the intensity remains constant. Only when τ reaches
values above 10 a Hopf bifurcations takes place leading to periodic behavior.
For larger delay time the system goes to chaos through a cascade of period
doubling. This chaotic regime is interrupted by periodic windows and for a
very large delay even those windows disappear. The same behavior for small
τ can be shown for two coupled semiconductors lasers with feedback. Fig-
ure. 4.3 displays the bifurcation diagram of the maxima of the first coupled
laser intensity as a function of τ. The influence of the delay time for small
values is again negligible. There is a constant output (CW) and after a sig-
nificant increase of τ there is a transition to other regimes with quasiperiodic
chaotic oscillations. As expected, this diagram agree with the above ones
computed for a single laser with feedback.

The above analysis motivate us to neglect the delay term from our sys-
tem. More precisely, in our study, we consider the limit of short coupling
delay τ, that is, much smaller than the relaxation oscillation period Tr. In
what follows, the results we present are very similar to the case of τ = 1,
therefore, we have chosen to set the delay to zero. With this simplification,
the equations of the system have the form:

dEj

dt
= (1 + ia)EjNj +

ke−i2Cp

2R

j+R

∑
l=j−R

El (4.8a)

dNj

dt
=

1
T

(
p− Nj − (1 + 2Nj)|Ej|2

)
, j = 1, . . . , M, (4.8b)

The complex coupling coefficient models the important effect of a phase
shift introduced as the electric field of one laser couples into another [Katz
et al., 1984]. Equations 4.8 are a reduced form of the Lang-Kobayashi model
in the limit where the delay of the external cavity tends to zero [Böhm et
al., 2015]. By replacing k cos

(
2Cp

)
= kI , k sin

(
2Cp

)
= kR and R = M/2 or

R = 1 we can obtain the model that describes the interaction of each field of
semiconductor lasers in an array of waveguides where the coupling strength
is iK = i(kR + ikI), [Silber et al., 1993].



116

FIGURE 4.2: (a) The maxima of intensity in dependence on the
delay time τ for a semiconductor laser with optical feedback.
Parameters: p = 1, a = 4, T = 200, and k = 0.12. (b) Blow-up.

(Redrawing from P.h.d thesis [Dahms, 2011], Fig.2.5 )

FIGURE 4.3: Bifurcation diagrams of intensity for the first laser
as a function of τ. Parameters: p = 1.155, a = 5, T = 1710, and

k = 0.135. (Redrawing from [Junges et al., 2015], Fig.3 )

The scheme corresponding to this form of equations can be achieved by
replacing all waveguides by a single external cavity where the length of it
or the delay tends to zero (see Fig. 4.1 (b) ). In that case the converging lens
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FIGURE 4.4: (a): Dependence of the temporal mean 〈g0(t)〉t
on parameters k and R. (b): Snapshot of the amplitude of the
electric field (left), spatio-temporal evolution of the local cur-
vature (middle), and the local order parameter (right) for fixed
k = 0.21 and four different coupling ranges: (I) R = 2, (II)
R = 9, (III) R = 29, and (IV) R = 50. Other parameters:

T = 392, p = 0.23, a = 2.5, and Cp = 0.

coupler for all the lasers inside the cavity cannot converge all the M beams
of light in one beam and so a nonlocal coupling is a more realistic approach
than an all-to-all coupling.

In order now to understand the effect of all three control parameters,
namely the coupling strength k, the coupling range R and the coupling phase
Cp, we split the problem into two parts: In the first part, the coupling phase
is set to zero and the co-action of the coupling strength and range is studied.
In section 4.3, the coupling phase is also considered and we will show that
more complex phenomena like chimera states emerge.

For proper measures, first, by using polar coordinates the characteriza-
tion of the phase synchronization of our system can be done through the
Kuramoto local order parameter [Omelchenko et al., 2013]:

Zj =

∣∣∣∣∣∣ 1
2ζ ∑
|l−j|≤ζ

eiφl

∣∣∣∣∣∣ . (4.9)

We use a spatial average with a window size of ζ = 3 elements. A Zj value
close to unity indicates that the j-th laser belongs to the coherent regime,
whereas Zj is closer to 0 in the incoherent part. This quantity can measure
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only the phase coherence and gives no information about the amplitude syn-
chronization of the electric field.

For the latter, we will use the classification scheme presented in Chapter
3 [Kemeth et al., 2016] for spatial coherence. In particular, we will calculate
the local curvature at each time instance, by applying the absolute value of the
discrete Laplacian |DE|. As we have shown, in the synchronization regime
the local curvature is close to zero while in the asynchronous regime it is
finite and fluctuating. Moreover, the normalized probability density function
of |DE|, for a fully synchronized system g(|DE| = 0) = 1, while for a totally
incoherent system it holds that g(|DE| = 0) = 0. A value between 0 and 1 of
g(|DE| = 0) indicates coexistence of synchronous and asynchronous lasers.

4.3 Collective dynamics

In panel (a) of Fig. 4.4, the temporal mean of g0(t), averaged over 100Tr, is
plotted in the (R, k)-parameter space. There are four distinct regions: The
blue area corresponds to the unsynchronized region, where g0(t) is close to
zero and is marked by the letter I, and the red region, marked by the letter IV,
refers to a stationary state where all lasers enter a fixed point and therefore
g0(t) is close to unity. Apart from those two well defined regions, there exist
two more interesting ones for intermediate values of g0(t). The first one lies
on the border between the incoherent and the stationary state and is marked
by the letter II, while the second region exists within the stationary area and is
marked by the letter III. Figure 4.4 (b) shows the corresponding snapshot rep-
resentations of the amplitude of the electric field (left), the spatio-temporal
evolution of the local curvature (middle), and that of the local order parame-
ter (right). Note that the local curvature has been normalized to its maximum
value [Kemeth et al., 2016].

Moving from point I to IV, the system goes from the incoherent state to the
stationary one through a wave-like spatial structure (point II) and an almost
fully stationary state (point III). In the incoherent state the lasers are desyn-
chronized both in amplitude and in phase, which is depicted in the local
curvature and the local order parameter. With increase of the coupling range
R, the temporal oscillations of the lasers tend to become closer in amplitude.
This is reflected in the smooth wave-like structure of the amplitude of the
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FIGURE 4.5: Dependence of the temporal mean 〈g0(t)〉t on pa-
rameters k and Cp for different values of nonlocal coupling
range: (a) R = 40, (c) R = 64, and (e) R = 88. Dependence on
parameters R and Cp of the temporal mean 〈g0(t)〉t for different
values of the coupling strength: (b) k = 0.075, (d) k = 0.15, and
(f) k = 0.225. Other parameters: T = 392, p = 0.23, and a = 2.5.
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FIGURE 4.6: Dependence of the temporal mean < g0 >t on
parameters k and Cp for different values of nonlocal coupling
range: (a) R = 40, (b) R = 64, and (c) R = 88 for τ = 1 with

other parameters as in Fig.4.5.

electric fields and the discrete Laplacian which holds a value close to zero.
The corresponding phase oscillations are less coherent and this is evident by
the blue areas in the order parameter spatio-temporal plot.

Before entering the fully stationary state (IV) the system undergoes an-
other interesting region where g0(t) is close, but less than one because of a
deviation from the stationary state of two lasers (left panel of III), which holds
for both the amplitude (middle) and the phase (right). In coupled systems,
the phenomenon where one or more oscillators exhibit large amplitude os-
cillations whereas the rest are stationary, is called localized breather and has
been intensively investigated in the past [MacKay et al., 1994; Chen et al.,
1996].
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FIGURE 4.7: The electric field in the complex unit circle (top),
spatio-temporal evolution of the local curvature (middle), and
spatio-temporal evolution of the local order parameter (bottom)
for different coupling ranges and phases: (I) R = 88, Cp =
0.1π, k = 0.15 (II) R = 64, Cp = 0.06π, k = 0.15, (III) R =
40, Cp = 0.1π, k = 0.15, (IV) R = 27, Cp = 0.1π, k = 0.15,
and (V) R = 64, Cp = 0.4π, k = 0.225. Other parameters:

T = 392, p = 0.23, and a = 2.5.

FIGURE 4.8: The spatio-temporal evolution of the local curva-
ture for different coupling ranges and phases as in Fig.4.7 for

τ = 1.

For finite coupling phase Cp, the situation is much more complicated. By
plotting the temporal mean of g0(t) in the (Cp, k)-plane (Fig. 4.5 (a), (c), and
(e)) as well as in the (Cp, R)-plane (Fig. 4.5 (b), (d), and (f)) for various val-
ues of the coupling strength k and the coupling range R, we can identify
the existence of many patterns, among which chimera states, which we have
marked with roman letters. Each chimera state is characterized by its mul-
tiplicity, i.e., the number of the (in)coherent regions also known as number
of chimera clusters. Single chimeras (I), as well as chimeras with two (II), six
(III) and nine heads (IV) are observed. Moreover, localized oscillations and
waves similar to those of Fig. 4.4 are also found (not shown). Finally, ”turbu-
lent” chimeras where the position of the (in)coherent regions changes in time
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and g0(t) oscillates irregularly complete the picture of the observed patterns
(V).

More specifically, for nonlocal range coupling R > 10 and coupling strength
k > 0.05, we can distinguish different regions in terms of the coupling phase
value. Below those two values the interaction is so weak that each laser be-
haves like an uncoupled one (see Fig. 4.5, lower left corners of all panels).
Around the region Cp ≈ 0 and the region Cp ≈ π the case of full synchro-
nization is most prominent, where Ei = Ej holds for all lasers. The opposite
situation of full asynchrony where both amplitude and phase exhibit inco-
herent behaviour appears around the regions Cp ≈ π/4 and Cp ≈ 3π/4. On
the boundary between full synchronization and asynchrony lies a small area
where the chimeras arise.

Figure 4.7 shows typical snapshots of multi-clustered chimera states of
the electric field in the complex unit circle (top panel), the spatio-temporal
evolution of the local curvature (middle panel) and the spatio-temporal evo-
lution of the local order parameter (bottom panel) for points I-IV. We observe
that the decrease of R yields additional chimera heads both in amplitude and
in phase. Moreover, around the region where Cp ≈ π/2 turbulent chimeras
appear (Fig. 4.7, V).

Finally, the investigation of the system behavior in the presence of a finite
but small delay time has been performed. In Fig. 4.6 we have plotted the
temporal mean of g0(t) in the (Cp, k)-plane with τ = 1, for the same values
of the coupling range R as in Fig. 4.5. The similarities with the system in the
absence of the delay time are clear. More precisely, Fig. 4.8 depicts the spatio-
temporal evolution of the local curvature of the amplitude of the electric field
where chimera states emerge for delay (τ = 1) and different coupling ranges.
It is evident, that qualitatively, theses results are in good agreement with the
zero delay case (see middle panel of Fig. 4.7). Since the above results are
very similar with or without delay, the choice to set the delay to zero is a
reasonable limit.
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4.4 Conclusions

In conclusion, multi-clustered chimera states have been obtained and charac-
terized in large arrays of semiconductor class B lasers with nonlocal interac-
tions. The observed chimeras display the coherence and incoherence patterns
in both the amplitude and phase of the electric field and can be both station-
ary or ”turbulent”, where the size and position of the (in)coherent clusters
vary in time. In addition, other spatiotemporal dynamics including wave-
like spatial structures and spatially localized oscillations (breathers) are pos-
sible. The crucial parameters for the collective behavior are the complex
coupling strength and the nonlocal coupling range. The latter is responsi-
ble for the multiplicity of the (in)coherent domains of the obtained chimeras
which has not been observed neither for local nor for global coupling. By
applying recently presented measures for spatial coherence we have identi-
fied and classified the emerging dynamics in the relevant parameter spaces.
Our study addresses the effect of nonlocal coupling in large laser arrays
for the first time, providing a direction for various technological applica-
tions. By considering the proposed setups for the nonlocal coupling scheme,
our results can prove useful for further experimental investigations. For fu-
ture studies it would be worthwhile to explore the influence of noise and
anisotropy in the laser pump power.
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Chapter 5

Class B lasers in star networks with
optoelectronic feedback

5.1 Introduction

Solid-state and semiconductor laser arrays constitute a wide family of non-
linear coupled systems with complex dynamical behavior. In these systems
the emission from the individual units is often unstable with large amplitude
chaotic pulsations [Wang et al., 1988; Fabiny et al., 1993; Thornburg et al.,
1997], however, the overall system can show synchronization and other spa-
tiotemporal phenomena. The dynamics of semiconductor laser arrays can be
studied with conventional detectors whereas streak cameras are often neces-
sary for solid-state laser arrays. Another difference between semiconductor
and solid-state lasing media is the large value of the ”linewidth enhancement
factor” a, being 3 ≤ a ≤ 5 for semiconductor and a = 0 for solid-state sys-
tems. This difference makes solid-state lasers more suitable in applications
where phase locking is required.

In recent years, many studies have been concerned with semiconductor
lasers and the analysis of synchronization and chimera states [Winful, 1992;
Böhm et al., 2015]. Here, however, we focus on solid-state laser arrays and the
formation of localized stationary patterns of activity. The dynamic behavior
of each laser element is bistable and the coupling between the elements is
local and arises due to the overlap of the electric fields of each separated
beam [Zehnlé, 2000; Fabiny et al., 1993].

The theoretical model we use is originated from numerical and experi-
mental studies of a CO2 laser with an intracavity electro-optic modulator that
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exhibits bistability [Ye Wang et al., 1990]. Electrical feedback is frequently
used in laser design to achieve stable output and to protect the laser from
burnout while optical feedback has been successfully used for stabilizing the
laser frequency. This model has many similarities to that obtained by semi-
conductor lasers with a saturable absorber inside the cavity [Yamada, 1993].
A similar problem was revisited for a Nd:YAG laser with an acousto-optic
modulator [Meucci et al., 2002]. Bistability has also been found in semi-
conductor lasers with strong optical injection [Wieczorek et al., 2002] and in
semiconductor laser diodes with saturable absorber [Dubbeldam et al., 1999].

Rich dynamical behavior has also been recently found in complex net-
works of coupled bistable chemical reactions [Kouvaris et al., 2012; Kouvaris
et al., 2013; Kouvaris et al., 2016; Kouvaris et al., 2017]. Such networks of
coupled bistable units support the spreading or the retreating of an initial
activation, but more interestingly, they support the formation of localized
stationary patterns dependent on the coupling strength and the degree dis-
tribution of the nodes. The current work aims at bringing those novel results
from electrochemical networks into the field of laser arrays dynamics. The
topological structure of the system plays essential role in the emergent dy-
namics. Therefore, we start our analysis by focusing on the simple case where
the laser arrays form star networks where each bistable element is connected
to a central one, the hub. This connectivity structure is often found in many
natural or engineered systems that consist of dynamical elements interacting
with each other through a common medium. It has also been used in opti-
cally coupled semiconductor lasers [Zamora-Munt et al., 2010; Bourmpos et
al., 2012] where synchronization phenomena were investigated. We present
an extended numerical analysis that takes advantage of the simplicity of the
star network topology to determine the conditions required for the formation
of localized stationary patterns.

5.2 The Model and Stability analysis

The dynamical behavior of the CO2 laser with feedback can be described by
three coupled first-order differential equations, one for the laser field (E), the
second for the population inversion (G) and the last for the feedback volt-
age of the electro-optic modulator (V). In dimensionless form, the evolution
equations have the form [Ye Wang et al., 1990],
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dE
dt

= 1
2(G− 1− a sin2(V))E

dG
dt

= γ(P− G− G|E|2)
dV
dt

= β(B + f |E|2 −V) (5.1)

where γ denotes the population decay time, P denotes the pumping and a
scales the maximum loss introduced by the modulator. The damping rate β

of the feedback loop is normalized by the cavity decay rate. B is the bias volt-
age applied to the modulator amplifier and f is the scaling of the feedback
gain, i.e. it measures the relation between the intensity incident on the pho-
todiode and the voltage delivered by the differential amplifier. In general, B
is the control parameter.

Positive or negative feedback depends on the relative sign of f and B.
If B > 0, then V > 0 is favored in absence of feedback. As |E| > 0, f > 0
implies that the feedback increases V and the losses through−a sin2(V) since
modulators are generally operated at V < π/2. Therefore f > 0 implies
negative feedback and f < 0 positive feedback.

In the case of one laser, the phase of electric field is a constant variable in
time and has no role in system dynamic. Thus, we prefer to work with the
amplitude of electric field without loss of generality. In this frame, Equations.
5.1 possess a zero intensity solution given by (|E| = 0,G = P,V = B) and a
non-zero intensity solution given by,

P
1 + |E|2 = 1 + a sin2

(
B + f |E|2

)
G =

P
1 + |E|2

V = B + f |E|2 (5.2)

where |E| is the amplitude of electric field.

The zero intensity solution is stable if P− 1− a sin2(B) < 0 and always
unstable if a < P − 1. For the non-zero intensity steady state (Eq.5.2), the
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characteristic equation is,

λ3 + c1λ2 + c2λ + c3 = 0 (5.3)

where:

c1 = γ(1 + |E|2) + β

c2 = γG|E|2 + a|E|2 sin(2V)β f + γβ(1 + |E|2)
c3 = γβ|E|2

[
G + a f sin(2V)(1 + |E|2)

]
(5.4)

If c3 = 0 then we have the condition for a saddle-node bifurcation. Hence,
we find that this condition is realized either if |E| = 0 or if G+ a f sin(2V)(1+
|E|2) = 0. The first case has no interest since the amplitude of the electric field
is zero (no lasing). The second case corresponds to a saddle-node bifurcation
or limit point where by using Eq. 5.2 we have:

f = − (1 + a sin2(V))2

aP sin(2V)
(5.5)

A saddle-node bifurcation is the basic mechanism where two or more
fixed points are created and destroyed. The normal form of a saddle-node
bifurcation is: ẋ = r + x2 where r is a parameter. When r is negative there are
two fixed points (x∗ = ±r) where x∗ = −r is stable and x∗ = r is unstable.
As r approaches the value zero, the fixed points coalesce and the new fixed
point is half stable and half unstable (extremely delicate). When r = 0 we say
that a saddle-node bifurcation occurred (see [Strogatz, 1994]).

Now, if we introduce λ = iω we get the condition for a Hopf bifurcation
where f now must be equal to:

f = −
γ2P

[
P− 1− a sin2(V) + βP(1 + a sin2(V))−1]+ γβ2P

β2a(P− 1− a sin2(V)) sin(2V)
(5.6)
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FIGURE 5.1: Saddle-node (SN) and Hopf bifurcation stability
in terms of the steady state intensity |E|2 and f . (redrawn from

Figure 4.6 of [Erneux et al., 2010])

The Hopf stability and the saddle-node bifurcation are shown in Fig. 5.1
in terms of the steady state intensity |E|2 and feedback factor f .

We illustrate the stability of these steady states by studying the bifurca-
tion diagram in the case of high ( f = −0.6) gain and using B as the control
parameter [Ye Wang et al., 1990]. In Fig. 5.2 the system exhibits bistability (co-
existence of two stable steady states) and a hysteresis cycle is observed as we
increase or decrease B beyond the interval (0.35-0.40). As we progressively
increase B, the transition to the zero intensity steady state does not occur at
the steady state limit point but from the Hopf bifurcation branch. In the rest
of our analysis we hold the bias voltage constant and equal to (B = 0.37). The
reason for that is to build a controlled bistable system where in the presence
of the coupling strength any laser to be able to achieve the passive (where
|E|2 ≈ 0) or the active (where |E|2 ≈ (P − 1)) state. Moreover, the chosen
B = 0.37 allows as to avoid transitions from the Hopf branch, something that
makes the system less complex. The diagram has been determined numeri-
cally by the MatCont software.
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FIGURE 5.2: High-gain bifurcation diagram. The figure rep-
resents the stationary amplitude of the laser field (|E|) versus
the bias voltage (B). The thick line marks the stable state inter-
val. With H we denote the Hopf bifurcation point, with LP the
saddle node and with BP the branch point of a pitchfork bifur-
cation. The constant value of B has been indicated by the arrow.
Other parameters: γ = 0.003125, P = 1.66, β = 0.0521 ,a = 5.8,

and f = −0.6.
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ampli�er
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ampli�er
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Laser 2

FIGURE 5.3: Schematic diagram of optoelectronic feedback of
two coupled lasers. The optical power emitted by the first or
the second laser is detected by a photodiode with a fixed band-
width. The electrical output is fed back to each laser through
an amplifier. The remain intensity of each laser, after the beam
splitter, has been coupled by the overlap of the electric fields in

a nonlinear crystal.

5.3 Two coupled lasers

With the model having been clearly defined, the next step is the contraction of
two parallel waveguide of CO2 lasers each one with a proper optoelectronic
feedback (see Fig. 5.3). The mutual interaction lies on the overlap of both
laser fields inside the crystal with a proper refractive index profile [Zehnlé,
2000]. The evolution equations for this coupled system have the form,

dE
dt

=
E
2
(G− 1− a sin2(V))− ηEH

dEH

dt
=

EH

2
(GH − 1− a sin2(VH))− ηE (5.7)

where, with H we denote the second coupled laser. The equations for the
population inversion (G and GH) and the feedback voltage of the modulator
(V and VH) have the same form as Eq. 5.1. The parameter η is the coupling
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strength between the the two lasers and in general is a complex parameter
(η = ηR + iηIm). The real part ηR, takes usually negative values and vanishes
only when D ' 2w where D is the distance between the two beams while w
is the waist of the beam with a Gaussian portrait. Parameter ηIm is related
to the refractive index and can be zero for a weak intensity laser beam which
is the case in our model (ηIm = 0). Now, the phase differences between the
two lasers is a time dependent variable with great importance. However, we
are working in the phase locking regime which has been determined for the
whole system in the last section. In this regime, for proper initial conditions
and after a small time interval, the phase difference is constant (the steady
state) and the dynamic of the system can be describe now, only by the ampli-
tude of the electric field. The equilibria for this coupled system, after some
algebra, has the form,

P
1 + |E|2 = 1 + a sin2

(
B + f |E|2

)
− 2η

|EH|
|E|

P
1 + |EH|2

= 1 + a sin2
(

B + f |EH|2
)
− 2η

|E|
|EH|

(5.8)

where |E| is the amplitude of the electric field.

The solution of Eq. 5.8 and the stability of Eq. 5.7 have been calculated
numerically by the MatCont software using η as the control parameter. In
Fig. 5.4 (a) we show the stationary amplitude of the laser field versus the
coupling strength for both lasers while in Fig.5.4 (b) we show the top view of
Fig. 5.4 (a). With the fine line we present the fixed points of the system and
with the thick one the stable interval. With different colors we denote three
dissimilar dynamical cases. In the first case (red color) the initial condition
of the amplitude of the electric field for the first laser is located in the active
state and for the second in the passive state. Following the same logic, in the
second case (green color) we have the opposite condition where the ampli-
tude of the electric field for the second laser is located in the active state and
for the first in the passive state. Finally, in the third case (black color), the
amplitude of the electric field both for the first and the second laser is located
in the passive state. For clarity, we plot the stationary field both for positive
and negative values of η but only the positive have physical meaning.

In the first and the second case (red and green color) the fixed points of
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FIGURE 5.4: a) Stationary amplitude of the laser field for both
the first (|E|) and the second (|EH |) laser versus the coupling
strength. The thick line represent the stable interval. Active
and passive states of initial conditions for the first and the sec-
ond laser respectively, are denoted by the red color and the
opposite case by the green color. Passive and passive states
are denoted by the black color. The (LP) notation indicates a
saddle-node bifurcation where the (BP) a pitchfork bifurcation.
b) The top view of (a). The values of the fixed parameters are:
γ = 0.003125, β = 0.0512, P = 1.66, a = 5.8, B = 0.37 and

f = −0.6.
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the amplitude of the electric field, for the first laser remain stable in the pas-
sive state and for second laser remain stable in the active state. Then, at a
critical coupling strength (η = ±0.008819), a saddle-node bifurcation (LP)
occurs and the amplitude of the electric field of laser in the passive state
reaches the amplitude of the active state. For the third case (black color) both
the amplitude of the electric field of the first and the second laser remain
in the passive state until another coupling strength (η = ±0.04922) where a
sub-critical pitchfork bifurcation (BP) occurs and the amplitude of the elec-
tric field of two lasers moves in the active state. This last case needs much
more coupling strength for the whole system to reach the active region than
the previous two cases where the amplitude of the electric field of one laser
was, from the beginning, in the active region. In the final case, if the initial
conditions of the amplitude of the electric field are in the active state for both
lasers, they remain there for any value of the coupling strength.

We point out that fixed points where Hopf bifurcations occur have also
been observed. They appears slightly before each branch point as is shown
in Fig. 5.4. In Fig. 5.5 we have plotted the limit cycle that had been created
versus the coupling strength. The area between the two red curves depicts
the stable zone. This has been done numerically and we have shown that
the limit cycle is stable for a very thin region of coupling strength ( η f inal −
ηinitial ∼ 0.001) with small amplitude (Emax − Emin ∼ 0.1). For more clarity,
in Fig. 5.6 we have calculated the Floquet multipliers of the periodic orbit. If
the absolute value of these multipliers is less than one, then the limit cycle is
stable, otherwise is always unstable. The red line is the barrier between the
stable and unstable periodic orbit and as we see the stable area is too thin.
For this reason, in our study, these phenomena are considered negligible.

5.4 Star network of coupled lasers

In this section we look for stationary patterns, in a large system where the ge-
ometry of the interaction between the lasers follows a star network configu-
ration (a node in the center to be interacting with each laser in the periphery).
Equations 5.7 for a star network can be reformulated as,
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FIGURE 5.5: The limit cycle after the Hopf bifurcation before
each branch point as is shown in Fig.5.4.

FIGURE 5.6: The Floquet multipliers for the limit cycles as is
shown in Fig. 5.5.
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dEj

dt
=

Ej

2
(Gj − 1− a sin2(Vj))− ηEH

dEH

dt
=

EH

2
(GH − 1− a sin2(VH))− η

N

∑
j=1

Ej (5.9)

where j = 1, 2, 3....(N) and N is the size of the periphery and H is the cen-
tral node. In polar coordinates where E = |E|eiφ the coupled periphery-hub
system becomes,

d|Ej|
dt

=
1
2
|Ej|

[
Gj − 1− a sin2

(
Vj )]− η|EH| cos

(
θj
)

d|EH|
dt

=
1
2
|EH|

[
GH − 1− a sin2

(
VH )]− η

N

∑
j=1
|Ej| cos

(
θj
)

dθj

dt
= η

[
|EH|
|Ej|

sin
(
θj
)
+

N

∑
k=1

|Ek|
|EH|

sin(θk)

]
(5.10)

where θj = φH − φj and k = 1, 2, 3....(N). The evolution in time of variables
Gj, Vj, GH, VH has the same form with Eq. 5.1.

We have integrated Eq. 5.10 by using a fourth order Runge-Kutta algo-
rithm. We have used parameter values where the bias voltage applied to the
modulator for each laser is constant (B=0.37) and random initial conditions
in phases. Numerical calculations with initial conditions in amplitude of the
electric field chosen to be in the passive (where |E| ≈ 0) or the active (where
|E| ≈

√
P− 1) state, have shown that, for η > 0.001, in the whole N − η

parameters plane the phase difference θj, after a small time interval, remains
constant and equal to zero.

To show that fact we calculate a phase order parameter which is defined
as:

∆q =

〈
1
N
|

N

∑
j=1

eθj−(j−1)q |
〉

(5.11)

which is unity for the fully ordered system, and zero when the system
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FIGURE 5.7: Order parameter ∆0 in the η-t space for N = 10. a)
The system starts with periphery passive-hub active, b) periph-
ery passive-hub passive and c) periphery active-hub passive.

Other parameters as in Fig.5.4.

is completely disordered. Here, q is the expected phase difference between
oscillators and the average is over realizations of different, random initial
conditions θj (see [Giver et al., 2011]). In our case the phase differences con-
verge to zero, hence the q parameter is zero. In Fig. 5.7 we have calculated
∆0 in the η-t space for N = 10 and after a relaxation time interval equal to
1000. The average has been computed over 100 different initial conditions
in a range from −π to π. As we can see, for η > 0.001 the phase order
parameter ∆0 ∼ 1. This is true over the three initial preparations of the sys-
tem (periphery active-hub passive, periphery passive-hub active or periph-
ery passive-hub passive). This means that the phases between the hub and
all the periphery nodes are locked. This result allows as to assume that the
system, after a relaxation time interval, reaches a full symmetry where θj = 0
and all peripheral nodes can obey the steady state with the same equation
and thus the index j can be dropped.

In the presence of these results, Eq. 5.10, can be reduced into this form:

d|E|
dt

=
1
2
|E|
[

G− 1− a sin2
(

V )]− η|EH|

d|EH|
dt

=
1
2
|EH|

[
GH − 1− a sin2

(
VH )]− ηN|E| (5.12)

The stationary solution for this system, after some algebra, implies the
condition:
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FIGURE 5.8: Phase diagram in the η-N parametric space. Four
dynamical regions are separated by curves that correspond to
the continuation of the bifurcation points shown in Fig.5.4 us-
ing the same colors (red and green are saddle-node bifurca-
tions, while black curve is a pitchfork). In region I the coupling
is weak enough and all three initial conditions (IC) shown in the
inset are stable and constitute steady states of the system. In re-
gion I I the active periphery drifts the hub to the active state.
In region I I I the active hub drifts the periphery in the active
state. In region IV the whole network goes to the active state.
In the inset the inner circle represents the hub and the outer
circle represents the periphery, while the active state is denoted
with blue color and the passive state with yellow. Other param-
eters are γ = 0.003125, β = 0.0512, P = 1.66, a = 5.8, B = 0.37

and f = −0.6.

P
1 + |E|2 − 1− a sin2

(
B + f |E|2

)
= 2η

|EH|
|E|

P
1 + |EH|2

− 1− a sin2
(

B + f ε2
H

)
= 2ηN

|E|
|EH|

(5.13)

Stability analysis of Eq. 5.12 has been done again by the MatCont soft-
ware. The continuations of the (Fig. 5.4) bifurcations over the size parameter
N has been shown in Fig. 5.8. We plot with the same color the curves which
have been calculated as a continuation of the corresponding bifurcation point
in any of three cases as we mentioned in the section of the two coupled lasers.
In this size-coupling strength diagram there are four distinct regions. In the
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FIGURE 5.9: Phase diagram in the η− N parametric space as in
Fig.5.8. The black solid lines correspond to the continuation of
the steady states calculated by the Matcont while the red points
depict the results from the brutal, fourth order Runge-Kutta in-

tegration method of the system.

first region which is marked by the letter I, any initial state (periphery active-
hub passive, periphery passive-hub active or periphery passive-hub passive)
remains as it is. In the region I I the active periphery drifts the hub in the
active state where in the region I I I the active hub drifts the periphery in the
active state. Finally, in the region IV any initial state moves in the active state.
In the panel inside the figure we present the whole four cases in a schematic
form. The outer circle represents the periphery of the system while the inner
represents the hub. The color difference separates the active region (dark)
from the passive one (light).

Moreover, brute-force numerical integrations using the fourth order Runge-
Kutta algorithm leads to the same behaviour (see Fig. 5.9 shown). We have
calculated for the central node the temporal mean of its intensity (< IH >t),
where < . >t is the average over a time window of length T = 1000 after
T = 1000 relaxation time. For the periphery, apart from the temporal mean
of each laser intensity, we have made a calculation on the average over the
whole size of periphery nodes (Ip = 1

M ∑M
j=1 Ij) and then on the temporal

mean (< Ip >t) like with the hub case. In a N − η diagram, the borders
between the active and the passive regions in the three cases of initial con-
ditions (red points) coincide with the curves of Fig. 5.8 (black lines). The
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deviation between the two calculations comes due to the very long time inte-
gration that is required from the Runge-Kutta method to approach the steady
state of the MatCont continuation.

5.5 Conclusions

We have numerically demonstrated a bistable star network of coupled class
B lasers that supports stationary patterns and activation spreading deter-
mined by the number of coupled lasers to the central unit, by the coupling
strength, and the initial conditions. This has been implemented for a dynam-
ical system of coupled CO2 laser with optoelectronic feedback keeping the
bias voltage applied to the modulator constant and by considering the cou-
pling strength as a control parameter. After careful numerical calculations,
the phase difference between the central laser and any peripheral unit has
been locked after a very small time interval allowing as to investigate only
the steady state of the system. In a system size-coupling strength diagram
we demonstrate four distinct regions. A stationary activation between the
peripheral and central elements, a spreading activation where the activated
periphery turns on the center element, the activated center drifts the periph-
ery into the active region, and an activating of the whole system from the
passive into the operative region.
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Conclusions

In this thesis we studied various spatio-temporal patterns in arrays of cou-
pled lasers. The dynamics of the system in all cases was modeled by the rate
equations for type B lasers. The derivation of this model has been done in
Chapter 1 through the semi-classical approach by treating the electromag-
netic field purely classically and the active medium as a quantum system.

A brief presentation of the theory of synchronization has been presented
in Chapter 2. We have stressed the presence of a peculiar phenomenon,
namely the chimera states where a spatio-temporal pattern of a system with
identical natural frequencies oscillators, splits into coexisting regions of locked
and unlocked phases.

These two chapters are useful for the theoretical background in what fol-
lows. In the next three chapters we present the main results of our work. To
be more precise, in Chapter 3 we have found amplitude chimera states in a
large one-dimensional network of semiconductor lasers by properly modify-
ing the optical frequency detuning. Local coupling is sufficient to generate
these states even for large noise in detuning fluctuations from the linear dis-
tribution. By using suitable classification measures we have quantified the
observed dynamics. A systematic study in the optical frequency detuning
and coupling strength parameter space, shows that the region of chimera
states lies between full synchronization and desynchronization.

Multi-clustered chimera states have been obtained and characterized in
large arrays of semiconductor class B lasers with nonlocal interactions, in
Chapter 4. The observed chimeras display the coherence and incoherence
patterns in both the amplitude and phase of the electric field. In addition,
other spatiotemporal dynamics including wave-like spatial structures and
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spatially localized oscillations (breathers) are possible. The crucial param-
eters for the collective behavior are the complex coupling strength and the
nonlocal coupling range. The latter is responsible for the multiplicity of the
(in)coherent domains of the obtained chimeras which has not been observed
neither for local nor for global coupling. Our study addresses the effect of
nonlocal coupling in large laser arrays for the first time, providing a direc-
tion for various technological applications.

Finally, we have numerically demonstrated a bistable star network of cou-
pled class B lasers that supports stationary patterns and activation spreading
determined by the number of coupled lasers to the central unit, by the cou-
pling strength and the initial conditions. What we have observed is station-
ary activation between the peripheral and the central elements, a spreading
activation of the activated periphery through the center element, a spreading
activation from the active center to the peripheral inactivated lasers and an
activation of the whole system from the passive into the operative region.

For future studies it would be worthwhile to explore the effects intro-
duced by noise through the spontaneous emission of the active media. This
can been done by adding into the equation an extra term of white noise with
a proper amplitude and an independent uncorrelated noise source with a
Gaussian distribution. Another very important parameter is the laser pump
power which is the most conveniently accessible control framework in chip
scale diode systems. The activation of a laser which is pumping below the
threshold can arrive through its coupling with the other emitters. This phe-
nomena may have multiple technological applications and is our next goal
to investigate.

Moreover, the theoretical model of a bistable network of coupled lasers
with an intracavity electro-optic modulator we use in Chapter 5 has many
similarities to that obtained by semiconductor lasers with a saturable ab-
sorber inside the cavity. Our model of CO2 lasers has a disadvantage re-
garding the large size of each individual laser. Our next study will be the
extraction of the same results as in CO2 model in systems that are composed
by semiconductor lasers and their investigation close to the Hopf bifurcation.
The effect of the star geometry on coupled lasers configuration with respect
to the information spreading from one component to the other, may prove to
be a useful tool for various technological applications.
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Appendix A

Chimeras classification

A.1 The chimeras temporal classification scheme

Except from the space measurements as the discrete Laplacian D and the nor-
malized probability density function g0, there are additional temporal mea-
surements which provide valuable information for a distinction between dif-
ferent chimera dynamics. Suppose we have two time series Xi and Xj, real
or complex, with mean values µi and µj and standard deviations σi and σj.
Then, we can define the correlation coefficients in the form (see [Kemeth et
al., 2016]):

pij =

〈
(Xi − µi)

∗(Xj − µj)
〉

t
σiσj

(A.1)

where with 〈.〉t we indicate the temporal mean and with ∗ the complex
conjugation. The value pij = 1 corresponds to linear correlation time series
where pij = −1 characterizes linear anti-correlation time series. In our sys-
tem, for the case of turbulent chimeras (see Fig.3.5 bottom (b)) the calculation
of pij is shown in Fig. A.1. The next step is to construct the distribution func-
tion h of the absolute values |pij| as is shown in Fig. A.2. This quantity is
a measure for the correlation in time. For static chimera states, where the
coherent cluster is localized at the same position over time, h(|pij|) is non-
zero. In practice, we consider two time series or two lasers as correlated if
|pij| > 0.99 = γ. The percentage of the time-correlated oscillators can now
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be quantified as in the case of density function g0, with:

h0 =

√∫ 1

γ
h(|p|)dp (A.2)

Note that h0 does not always reflect the size of the synchronized cluster.
This is especially the case when coherent and incoherent regimes are non-
static and perform spatial movements over time. Then, h0 is much smaller
than g0(t) and may vanish for large enough time windows. So, for a static
chimeras h0 > 0 and for a moving chimeras h0 ∼ 0. In our case we take a
result where h0 = 0.03. This means that our chimeras are moving turbulent.

Now we have all the tools to classify any chimeras behavior. For a chimera
state the spacial probability density function holds values between zero and
one 0 < g0 < 1. Then, three more subsections take place.

(1) Stationary chimeras: Chimera states with constant coherent cluster
size g0(t). (2) Turbulent chimeras: Chimera states where the temporal evolu-
tion of g0(t) is irregular (3) Breathing chimeras: States in which the behavior
of g0(t) is periodic.

Based on the temporal correlation measure h0, these groups can be further
divided into three subclasses:

(a) Static chimeras, in which the coherent cluster is confined to the same
position in space over time. That means, h0 is non-zero and independent
of the time window evaluated. (b) Moving chimeras, where h0 vanishes
if the regarded time window is taken sufficiently large. (c) Time-coherent
chimeras, that is chimera states with no temporal incoherence and thus h0 =

1.

Examples: In the non-locally coupled Stuart-Landau oscillators investi-
gated by [Bordyugov et al., 2010] and in chimera states in a non-locally cou-
pled version of the complex Ginzburg-Landau equation.[Sethia et al., 2013],
a snapshot and the observables g0(t) and h0 of the latter are depicted in Fig.
A.3 (a) and (b), respectively. For this system g0(t) is constant and h0 > 1,
so according to our definition above, this chimera state is a static station-
ary chimera. Another example is the so-called type II chimera, which was
reported in the CGLE with nonlinear global coupling.[Schmidt et al., 2014].
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The temporal evolution of the absolute value of the complex amplitude and
the observables g0(t) and h0 are depicted in Fig. A.3 (c) and (d), respectively.
The oscillatory behavior of g0(t) and the value of h0 above zero indicates
breathing static chimeras. Finally, in our system, the temporal evolution of
the absolute value of the electric field and g0(t),h0 measurements are shown
in Fig. A.3 (e) and (f) pointing out a turbulent moving chimeras due to the
fact that g0 has an irregular evolution and h0 ∼ 0.
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FIGURE A.1: The correlation coefficients pij for the case of tur-
bulent chimeras (see Fig. 3.5 bottom (b)).

FIGURE A.2: The distribution function h of the absolute values
|pij|.
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FIGURE A.3: (a) Snapshot of the amplitude of the amplitude-
mediated chimera, (c) Temporal evolution of the modulus, (e)
Snapshot of the amplitude of electric field. (b), (d) and (f) g0(t)

and h0 from the data shown in (a),(d) and (f).
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