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PREFACE

We find it appropriate to start with the statement that all of the work presented henceforth
is not a result of research or innovative approach to the theorem of Mordell and Weil or the
elliptic curves over the rationals. This master thesis is more a detailed survey of one proof of
the Mordell-Weil theorem and a brief description of the main results of elliptic curves over
the rationals. The main chapters are two.

In the first chapter we formulate and show the Mordell-Weil theorem for elliptic curves
defined over any number field. The proof consists of two basic steps. The first one is the
proof of the weak version of Mordell-Weil theorem for the special case m = 2, which can be
found in [20]. The second step is the definition and the thorough study of heights. For these,
we mainly used [21] and [I8]. Finally, the proof of the Mordell-Weil theorem is based again
in [20].

The second chapter of this master thesis is focused on the study of elliptic curves over Q.
This chapter has also two parts. The first one is the statement of the basic results regarding
the torsion points and the complete proof of the Lutz-Nagell theorem. This part is follows the
approach of [9]. The next part is about the rank of an elliptic curve over the rationals. The
proofs of the results here are beyond the scope of this master thesis. Except for the elements
of cohomology theory in which [I8] was used, the rest of the chapter is based on personal
notes taken in various lectures.

There are also two appendices. We choose to write an appendix for absolute values and
valuations in number fields, since they are extensively used in the first chapter, particularly
in defining and examining the properties of heights. This appendix is based on [R], [12] and
[18]. The second appendix is about the canonical height, and it is also based on [18]. We also
use [I5]. The first chapter is focused on the proof of Mordell-Weil theorem, for which we
do not need the Néron-Tate height, but it is used for the formulation of the strong version of
Birch and Swinnerton-Dyer conjecture. Therefore, it is impossible to avoid the study of the
Néron-Tate height.

As we already mentioned the content of this thesis is the complete proof of a significant
result due to the work of two of the leading mathematicians of the previous century. Our
purpose is to present proof using "elementary” notions, in order to arouse the interest, not
only of the expert, but also of the inexperienced reader. We tried to do this to the second
chapter, too, but at some point it is inevitable to avoid the heavy machinery. However, we
hope that anyone will enjoy reading this master thesis!
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INTRODUCTION

A natural question that arises is why the Mordell-Weil theorem is important. Apparently, it
provides us with a very useful information about the structure of the group of rational points
of an elliptic curve, but is there any deeper reason, that makes the Mordell-Weil theorem
worth-studying?

Louis Joel. Mordell (1888-1972)

The answer to that question is simple enough, if we think of an elliptic curve as a geometric
object defined by a diophantine equation. One of the goals of number theory, even from
ancient times, is the study of diophantine equations, and the determination of their integral
or rational solutions, the so called diophantine problems. The geometric analogous of that, is
the finding of integral or rational points of the curve that a diophantine equation defines. So,
the general problem that we are interested in, is the following:

Given any curve, are we able to describe the set of the rational points on it,
or even better, to determine it explicitly?

The formulation of this general problem is rather imprecise, because the term "curve" has
not been specified. Historically, the first curves that were studied, were defined over Q. For
simplicity, we stick to the case of smooth curves. Given any smooth curve C, the problem is
to determine the set C(Q) of the rational points on C. It turns out that we may consider the
projective model of the curve, since it differs only in a finite set of points, i.e. the singularities
and the point at infinity. Of course, there is always the possibility for C not to have any
rational points, i.e. C(Q) = @. If otherwise, using the classification of curves according to
their genus, we obtain the following brief solution to our problem.
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e If Cis curve of genus 0, then the set C(Q) is isomorphic to the projective line P!(Q).
In other words, we may give a parameterization of C(Q) in terms of one-variable
rational functions.

e If C is a curve of genus 1, then it is an elliptic curve. Mordell (1922) proved that in
this case the set C(Q) is a finitely generated abelian group.

e Finally, if C is a curve of genus > 2, then the set C(Q) is finite, which is a result of
great importance due to Faltings.

André Weil (1906-1998)

Weil (1929) extended the result of Mordell for elliptic curves defined over arbitrary num-
ber field.

Strictly speaking, an elliptic curve E defined over a number field K is a nonsingular pro-
jective algebraic curve of genus 1, with at least one K-rational point. The elliptic curve E is
defined by

Elg :Y*=X>+aX + B,
with @, § € K. The interesting is that we are able to define the operation of addition on E, as
it seems in the following figure.

P+Q

It turns out that (E(K), +) is an abelian group, and so is (E(K), +). The theorem of Mordell
and Weil states that the group (E(K), +) is finitely generated.



CHAPTER 1

MOoRDELL-WEIL THEOREM FOR ELLIPTIC CURVES OVER NUMBER FIELDS

This chapter is focused on the formulation and the proof of the Mordell-Weil theorem for
elliptic curves defined over number fields. We will prove the Mordell-Weil theorem, which
is a generalization of what Mordell showed about rational elliptic curves.

THEOREM 0.1 (MorpELL,WEIL). Let K be a number field and E|x be an elliptic curve
defined over K. The group E(K) of the K -rational points of E is finitely generated.

1. Proof of the weak Mordell-Weil theorem for m = 2

Our first step is to prove a weaker version of Mordell-Weil theorem. This is necessary and,
as it is obvious by the proof, it is also not straightforward.

THEOREM 1.1 (WEAK MoORDELL-WEIL THEOREM). Let E|g be an elliptic curve defined over
the number field K, and m € N \ {1}. The quotient group E(K)/mE(K) is finite.

There are proofs of [1l, and we will mention one of these in the next chapter. However,
it turns out that it suffices to show the weak Mordell-Weil theorem for a specific choice of m
in order to prove the strong version of the theorem. And since we try to present a proof with
elementary tools, we will prove it only for m = 2. The rest of this paragraph is focused on
that proof.

PROPOSITION 1.2. Let L be a finite Galois extension of the number field K, E an elliptic
curve defined over K and m € N\ {1}. If the quotient group E(L)/mE(L) is finite, then so is
the quotient group E(K)/mE(K).

Proor. Let
t . E(K)/mE(K)— E(L)/mE(L)

[Plnek) = [PlmEw)

be the natural homomorphism. Then
ker(t) = {[Plnek) € E(K)/mE(K) | «(P) = 1gLymEw))
= {[Plnek) € E(K)/mE(K) | P € mE(L)}
(E(K) N mE(L))/mE(K).
9



10 1. PROOF OF THE WEAK MORDELL-WEIL THEOREM FOR M =2

It suffices to show that this kernel is finite. If so, the result is immediate by the first isomor-
phism theorem of groups. Let [P],,e (k) € ker(¢). There existst a point Qp € E(L), such that
mQp = P. We define the map

Ap : Gal(L/K) — E[m](K)
or— o(Qp) - 0Op,
where E[m](K) := {P € E(K) | mP = O}. Furthermore, we define
A ker(t) — Map(Gal(L/K), E[m])
Pr+— Ap.
We observe that for two points Py, P, € E(K) we have
Ap, = Ap, = 0 (Qp))—-Qp, = 0(Qp,)—0Qp, = 0(Qp,—0Qp,) = Qp,—Qp, , Yo € Gal(L/K)

= Qp, — 0Qp, € E(K) = [P1lnEk) = [P2lnEK)-

This means that the map A is injective. We know that the sets Gal(L/K) and E[m](K) are
finite, so the set Map(Gal(L/K), E[m]) is finite, too. Hence, the kernel of ¢ is also finite. O

REMARK 1.3. Let E be an elliptic curve defined over K, of the form
Elg:Y*=X+aX + B,

where @, § € K. We denote by ey, e; and e3 the roots of the polynomial X 34 aX + B. In
general eq, e, e3 € K. Proposition allows us to replace the field K by its finite Galois
extension L := K(ey, e2, e3), and prove the finiteness of the quotient group E(L)/mE(L). It
also allows us to assume without loss of generality that E is of the form

(1) E:Y?=X-e)X—-e)(X—e3) , epene;eKk.

Moreover, we may assume that ey, e, e3 € Rk, that is they are algebraic integers of K.
Indeed, we know that there exists a number 6 € Rk such that dej, des, ez € Rg. Therefore,
setting X’ := 6 X, we obtain that

1
X —eD)(X —e)(X —e3) = E(X, —de1) (X' — de3) (X' — be3).

If necessary, we enlarge the field K by considering the field K (V6) for instance, in order & to
be a perfect square in K, and we set ¥’ := §V6Y. Thus, we end up to an elliptic curve of the
form

Y%= (X - )X - )X - éb),

where elf := de; € Rk, for every i € {1,2,3}, which is the form (), with the difference that
the roots of the polynomial at the right-hand side of the equation are algebraic integers of the
field K.

At that point, the problem is that, unlikely to the case of Q, we do not have unique factor-
ization. However, we know that Rx is a Dedekind domain and so we have unique factorization
for the fractional ideals of K.

1But it is not unique!
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PROPOSITION 1.4. Let E be an elliptic curve over the number field K, of the form (). Then
we may assume that ey, e3, e3 € Rg. Furthermore, for any point P =[x : y : 1] € E(K)\{O}
there are r,t, s € Rk, such that
s

,
x=— and y:t—3,

2
with g.c.d.(r,t*) = ¢ and g.c.d.(s,t>) = ¢, where ¢ is an integral ideal of the ring Rx.
Proor. Since we proved that we may suppose that ey, e2,e3 € Rk, we assume that the
given elliptic curve E, is of the form
Elg :Y?’=X>+aX + B,
where «, S € Rk. Particularly,
a =ejep+eez+eze;r and B = —ejeres.

Let a € K. For the ideal {a), we know that it can be written in the form

)
(@ = [n",
i=1

where p; is a prime ideal and n; € Z, forevery i € {1,2,...,r}. If @ € Rk, then the power n;
of the prime ideal p; is a positive integer, for every i € {1,2,...,r}. Then the map
vp @ K—7ZU{0}
0r— oo

ni ,ifp=yp,ie{l,2,...,r}
ar {O , otherwise
is a (discrete) valuation. Let P =[x : y : 1] € E(K). We will prove the double equivalence
2) Up(x) <0 vy(y) <0 Jl eN:yy(x) = =21 and vy (y) = =31.
Suppose that v, (x) < 0. Then v,(x) = —k, for some k € N. We observe that
vp(ax + B) = min{up(ax),vp(B)}
= min{vy(@) + vp(x), vp(B)}
Since @, B € Rk, it holds that vy (@), vy (B) > 0. Therefore,
vp(@) +vp(x) 2 =k and  wvp(B) > 0.
From these inequalities it follows that
vp(ax + B) = min{vp(@) + vp(x), vp(B)} = =k > =3k = vp(x3)

= vp(x3 +ax+ p) = min{vp(x3), vp(ax + B)} = =-3k.
But,
Up (X + ax + B) = v1p,(y%) © 2up(y) = =3k = vy(y) < 0.
Also,
2up(y) =3k =2 k=>3dleN: k=2l
So we have proved (). Hence, there are integral ideals m, n and t, such that
(x) = g and (y) = %
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and g.c.d.(m, t2) = Rg = g.c.d.(n,tS). Lett € t. Then
tetot| ) © dcd Rk : (1) = tc.

So,
) m omeZ me?
X)= —= —— = ——,
t2 t2c2 <l,>2
Similarly,
3
ne
0 =g
ST

These relations inform us that mc? and nc? are principal ideals of Rk. Let 1/, s’ € Rk such
that,
meZ = ¢’y and ned = (s).

Then - (")
r h)
(x)=— and (y)=-—.
(t) (t)
Equivalently, there are €1, &, € R%, such that
7 SI
nglt_z and y:82I—3.
The result is now immediate, if we setB r := r’e; and s := §'&5. O

DEFINITION 1.5. Let E be an elliptic curve of the form (0). For every i € {1,2,3}, we
define the maps

¢i 1 E(K) — K*/(K*)
O+— [1](K><)2
lei : 0 1] ¥— [(e;i —ej)(ei —e) k=2 i)k} ={1,2,3}
[x:y: 1]+ [x = eilgxp-
We observe that for points # O the definition of ¢; is essentially the same, since
Y2 = (X —e)(X —e)(X —e3) = (X — e)(X — ¢))(X — eg)
=YX —e) = (X —e)* (X —¢))(X —ex)
= [X - ei](KX)Z =[(X —e)(X — ek)](KX)Z-
Further, define
¢ 1 EK) — K*/(K*)* & K*/(K) ® K*/(K*)?
P r— (¢1(P), p2(P), 3(P)).

THEOREM 1.6. Let
Elg : Y = (X —en)(X —e2)(X - e3),
where ey, e2, e3 € Rk, be an elliptic curve over K. Then the map ¢, as it was defined in [[3,
has the following properties:

(i) ¢ is a group homomorphism.
(ii) ker(¢) = 2E(K)

20f course, this representation of x and y is not unique.
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(iii) the image ¢(E(K)) is finite.

Proor. (i) In order to show that ¢ is a group homomorphism indeed, it suffices to show
that

3) @i(P1 + P2) = @i(P)gi(Py) , VYie{l,23).

For this, we have to will consider the following cases for the points Py and P;.
Case 1. If P = O or P, = O, then (B) holds trivially.
Case 2. Let Py + P, = O & P; = —P,. Then for each i € {1, 2, 3}, we have

@i(P1+ P2) = ¢i(0) = [1] k=),
and ¢;(—P2) = ¢;(P2). So,
0i(P)@i(P2) = 0i(=P2)gi(P2) = (9i(P2))* = [1]&x)2s

so (@) is also true.
Case 3. Let Py = [x; : y; : 1] and P> = [x2 : y2 : 1] be points of E(K), such that

P+ Py ¢{[e;:0:1]]i€{1,2,3}}U{O}.
Set Py + P, =: P3 = [x3 : y3 : 1]. Consider the line
Y=AX+v,

which passes through the points P; and P,. Then the numbers x1, x, and x3 are
solutions of the qubic equation

AX +v)> = (X —e))(X — ) (X — e3).

Equivalently,
AX+v)’ = (X —e)(X —e2)(X —e3) = =(X = x1)(X — x2)(X — x3).
So,
(ei — x1)(e; — x2)(e; — x3) = —=(de; +v)*  Vie{1,2,3)

—(de; + v)?
(x1 =€) (x2 — €)?
= [x3 — eil(gx2 = [(x1 =€) (x2 — )] (gx2 = [(x1 — e)](gx2[(x2 — )] (kxy2
= ¢i(P3) = ¢i(P1 + P2) = ¢;i(P1)gi(P2).

Cased. Let Py =[x;:y1:1],Po=[e; : 0:1]and P3 = P; + P, = [x3 : y3 : 1], where
x1 & {ej, ex}, where {1,2,3} = {i, j, k}. That means that x3 ¢ {ey, e, e3}. So,

> x3—¢ = (x1—¢e)(x2—¢)

@i(P1+ P2) = ¢i(P3) = [x3—eilgxe =[(x3—e;)(x3 —ex)]gx)
= [(x3- ej)](KX)Z[(XS - ek)](KX)Z
= [(x1 —ej)(x2 — ej) I (gxye[(x1 — ex) (x2 — ex)](gxx)
= [(x1 =€) (x1 — ex) g2 [(x2 =€) (x2 — ex) ] gy
= [(x1 - ei)](KX)Z[(Xz - ei)](KX)Z
= @i(P1)yi(P2)
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Case 5. Let Py =[¢; : O : 1]and P, = [¢; : 0 : 1]. Then Py + P> = [e; : O : 1], where
{i, j, k} = {1,2,3}. In that case we obtain
@i(P1+ Py) = lex —eilxxy
[(ex = ei)(ej =€)l gy
[(ex — ei)(e; — e)]xx2l(ej — €i)] gy
@i(P1)i(P2).
Case 6. Let Py and P; be points of E(K) such that P; + P, = [¢; : 0 : 1] and Py, P> ¢

{lej : 0:1],[ex : 0: 1]}, where {i, j, k} = {1,2,3}. If one of the points is equal
to [e; : 0 : 1], the result follows immediately. If otherwise, we have

P1+P2+[€i2031]20,

since the points [e; : 0 : 1], are points of order 2, for each i € {1,2,3}. Then
using the second case, it follows that

@i(P)@i(Py + [ : 0:1]) = [1]gx)2.
We use now the previous case and we have,
@i(P)gi(P2)[(ei —ej)(ei — ex)]gxy2 = [1(gxy2

= ¢i(P1)i(P2) = [(ei —ej)(ei — ex)] (kx> = @i(P1 + P2).

Now, it is easy to check that any choice of P; and P, falls into these six cases.
(i1) According to (i) we know that ¢ is a homomorphism, and so

¢(2P) = (¢(P))* = [l (xx2 , YPeEK)

= 2E(K) C ker(¢).

We will now prove that ker(¢) € 2E(K). First we observe that O € 2E(K). Let, now
P =[x:y:1] € ker(p), with x # 0. Setting

X =X-x and Y =Y,

we map the point P to the point P’ := [0 : y : 1]. This means that without loss of
generality we may assume that x = 0,andso P =[0: y : 1].
e If y = 0, then by defining equation of the elliptic curve we obtain that ejeze3 = 0.
Without loss of generality we assume that ez = 0. Since P € ker(¢), we have

@i(P) = [1gx2 , Vie{l, 23}
But
p1(P)=—er , ¢(P)=-e; and ¢3(P)=-e3=0.
Hence,
—e1,—€ey,—e3 € KZ.

o If y # 0, then y> = —e;ese3 and so, using again the defining equation of the elliptic
curve, we end up to the same conclusion, i.e. that —ej, —e3, —e3 € K2
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LetQ=[xp:y0:0]€E (K), such that P = 2Q. In order to complete the proof of (ii)
we will show that
—eq, —e3,—e3 € K2 = Q € E(K).

Let

Y=1X+V
be the tangent of E at the point Q. Then the point —2Q = [0 : —y : 1] lies on the tangent,
and so

v =-yeKk.
The intersection of the elliptic curve with the tangent at Q can be expressed by the
equation

WX +V)? = (X—eD(X -e)(X —e3)
= X’+aX+p,

where

a=eier+eres+eze; and B =—ejerez =y’ = V2

Equivalently, we have that
X+ (“UHX2+ (@-2v/21)X =0.

The roots of that equation are 0 and x¢ (double root). This means that the number x¢p
is double root of the equation

X2+ (=AHX +(@-2V1) =0.

Therefore,
772

' =4(@-2v'2) and xp = n

For any u € K, we have that
A +u)? = 2+ 200u+u?
8 ’
= (V2u)? = 2 (V2ud) + (i + da)
V2u

The left-hand side of this equation is a trinomial of variable V2uA’. The discriminant of
it is

( ild )2 —4Gd* +4a) = 4 (SV’2 - 4(1/)) =0
V2u u '

By multiplying with « and using the relation 8 = v, we obtain
—u® —dau+88 =0.
Setting u’ := —g, we end up to the qubic equationf
8w +au +B) =0,
for which we know that the roots are the numbers ¢, ¢ and e3. So,
u' € {ey, e e3} = u € {-2ey,—2e3,—2e3}.

3If P is the point [0 : O : 1] we have to be careful at the calculations, but we end up in the same equation.



16 1. PROOF OF THE WEAK MORDELL-WEIL THEOREM FOR M =2

Assume without loss of generality that u = —2e3. Then
(A =2e3)> = 1" —42%e3 + 4e3”.
Using the equality a = eje + exe3 + e3eq, we have that

(1% = 2e3)? 4(e1en + exes + ezer) — 8V A + dey? — desA'?

= 4d(e1er + 32 + eres + ezer) — 8V A — des 1’
= dejey — 8V A —desd”?

4
= —(—ejerez + 2V + 1)
€3

—4
= —( P2/ +
€3
-4 ’ ’ 2
= —(+Ae)
€3

Thus,

2 2
2 ey =+ (Ae3+v)==

(Ae3 = \—ejere3)
= o ey

= /1’2 —2e3 = i2/l,\/—€3 + 2\/—62\/—63.
= /1/2 —e3+etey = 4_-2/1/\/—63 =+ 2\/—62\/—63.

= (' FV=e)” = (V=er £ V=e2)’

=1 = i\/—el + \/—62 + \/—63.

A

But
—e; e KX, Vie{l,23) >V-e, €K, Yie{l,23) > A €K.
Finally, it follows that

/112_
xg = zazeK and yp =A'xp+V €K,

i.e. that Q € E(K), which was the desired result in order to complete the proof.
(ii1) Let Px be the group of all principal ideals of the ring Rk of integers of K. We define
the map

n : K/(K)* — Pg/(Pg)*
[x](xx)2 ¥ K] pg 2
It is easy to check that 77 is a group homomorphism. Also,
ker(n) = {[xlgxy € K*/(K*)* | n([x](x)2) = Lpg ey

= {[xlgxp € KX/(K¥) | (x) € (Px)?)
= {[X)gep € KX/(K)* | At € K = (x) = (1)*)
= {[xlkxp € K*/(K)* | At € K,Te € RS : x = et?)
= RYK*/(K*)?
> RY/(RE N (K
= RY/(RY)
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In other words,

ker(n) = Ri/(R¥)*.
But the last quotient group is finite, which is an immediate consequence of Dirichlet’s
units theorem. This means that the kernel of 7 is also finite. We define the map

¢ : E(K) — Px/(Pk)’ ®Pg/(Px)* ® Px/(Px)’
P — (n(e1(P)), n(2(P)), n(¢3(P)))
i.e. the map ¢ := i o . In order to prove the finiteness of ¢(E(K)), it suffices to prove
that the image ¢(E(K)) is finite. Let P = [x : y : 1] € E(K), i.e. we assume without

loss of generality that P # O. By proposition [4, we know that there are r, s, € Rk

such that
r s
X = 13 and y = t—3,
with g.c.d.(r,#?) = ¢? and g.c.d.(s,#’) = ¢3, where c is an integral ideal of the ring R.
Then

](KX)Z =lr- tzei](KX)z'

We may factorize the integral ideal (» — t?¢;) in a unique way, such that

(r — tzei> = ab?,

r
@i(P) =[x —eilgxy2 = [72 — e

where a and b are integral ideals of Rx and the ideal a is square-free. Let, now, m be an
integral ideal of Rk, such that b € [m]cyk), where CI(K) is the class group of the field
K. Therefore, there exists a b € K* such that b = m(b). So,

2

(r—1%e;) = ab® = am?(b)> = am? € Py = dc € KX : (c) = am?.
Since we assumed that the ideals a and m are integral, it follows that ¢ € Rg. Hence,
n(@i(P) = n(lr = Pelene) = [ = Peplpyr = [ 0], .

By the equation (c) = am? is finite. Indeed, the ideal a has been chosen uniquely, and
the class group CI(K) of K is finite. We will prove that (c) has finite prime divisors. Let
p be a prime ideal, so that v,(c) # 0.

e Let vp(c) = 1. This means that

plr—re).
For P =[x :y: 1] € E(K), we have that

= [ pgy2-

Y= (x—e)(x —e)(x —e3).
Therefore,
Y= (r = Pe)(r - Per)(r — e3)
= 1PK/(PK)2 = [(r — l261>](PK)2[<r - t2€2>](PK)2[<r — l2€3>](PK)2.
Hence, there exists a j € {1,2,3}, so that j # i and vy(c;) =1 (mod 2), where the
c; 1s constructed as c, for ¢; instead of ¢;. Then
plr—re.
Thus,
pl(P(ei—¢j)) and p|(r(e;—e)))
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From these relations it follows that the prime ideal p divides the discriminant of the
polynomial (X — e1)(X — e2)(X — e3) and the ideal g.c.d.(r, t?). This product can
be made independent of the point P and of i.

o If |up(c)| > 2 then p is a divisor of m and therefore, is in a finite set.

O

THEOREM 1.7 (WEAK MORDELL-WEIL THEOREM FOR m = 2). Let E be an elliptic curve
defined over the number field K. Then the quotient group E(K)/2(K) is finite.

Proor. For the group homomorphism ¢, as it was defined in 3, we obtain that

E(K)/ker(¢) = p(E(K)),

by the first group isomorphism theorem. But by theorem [Cf, we know that ker(¢) = 2E(K)
and the image ¢(E(K)) is finite. So E(K)/2E(K) is finite, indeed. O

2. Heights

Mordell-Weil theorem deals with the construction of the group of the K-rational points
of an elliptic curve. It is necessary to introduce a notion of measuring the "size" of the
K-rational points. Therefore, we define some functions that are called height functions, or
simply heights.

The goal of this paragraph is to define such functions over elliptic curves, in a way that
they satisfy some appropriate properties. To achieve that, we start by introducing the notion
of height on Q.

2.1. Height of rational numbers. Every reduced rational number is characterized by its
numerator and denominator. Therefore, a natural definition of the height of a rational point is
the following.

DEFINITION 2.1. Let @ = ad € Q, such as x,y € Z with g.c.d.(x,y) = 1. We define the
y

height of a by
H(a) := max{|x], |y[}.

PROPOSITION 2.2. For any given B € R, the set
{¢ € Q| H(a) < B}
is finite.
PROPOSITION 2.3. For any @ € Q* we have
H(@) =max{l, lalo} | | max(1,lal,}.

p prime

Proor. Let a = f, where x, y € Z with g.c.d.(x,y) = 1. Then

y
[[] maxitlel) = || max(llal,} [ | maxllal,) || max{L,lel,).

p prime p prime p prime p prime
ply plx ptxy
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Since ||, = 1, for every prime p { xy and |a,| < 1, for every p | x, we obtain

[] maxit1el) =1yl

p prime

Thus, it suffices to show that
H(a) = |y|max{l, |a|}.

e If |a| > 1, then |x| > |y|, and so

| x|
H(a) = max{|x|, |y} = |x| = mlyl = |yl max({1, |a[}.

e If |a| < 1, then |x| < |y|, and so
H(a) = max{|x|, |yl} = [y| = |yl max{l, |a|}.
e Finally, if |a| = 1, we easily check that
H(a) = |x| = |y| = |yl max{l, |a[}.

Therefore, we proved the desired equality in each case. O

2.2. Height of algebraic numbers. By definition, an algebraic number is a root of a ra-
tional polynomial. So, we can associate an algebraic number to all polynomials, which have it
as root. In order to choose uniquely such a polynomial, we do some additional assumptions.

DEFINITION 2.4. Let a be an algebraic integer. The polynomial f with the properties:

@) f(X) € Z[X],
(i) f(a) =0,
(ii1) the leading coeflicient is positive,
(iv) the g.c.d. of the coefficients is equal to 1, and
(v) for every polynomial g(X) € Z[X] \ {f(X)} that satisfies properties (i)-(iv), holds that

deg(g) > deg(f).

is called normalized minimal polynomial of «.

It is obvious, now, that for any algebraic integer « its the normalized minimal polynomial
is unique. So, we could associate the height of @ with a measure of the "size" of its nor-
malized minimal polynomial. This leads us to introduce the notion of Mahler measure of a
polynomial.

DEFINITION 2.5. BLet f(X) =ap+ a1 X + -+ a,X" € C[X]\ {0} and a1, ay,...,a, be
the roots of f. We define the Mahler measure of f by

u(f) = lanl | | max(1, lai)).

i=1

4Since we are dealing with algebraic numbers, the normalized minimal polynomials have rational coeffi-
cients. However, the Mahler measure is defined more generally for polynomials with complex coefficients.
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REMARK 2.6. By definition, the Mahler measure u(f) of a polynomial f is, up to the
leading coefficient of f, the product of the roots of f outside the complex unit circle. An
explicit way of computing Mahler measure u( f), without knowing the roots of f, is given by
Jensen’s formula.

COROLLARY 2.7. Let polynomials f(X),g(X) € C[X]\ {0} and f*(X) € C[X]\ {0} b
the reciprocal polynomial of f, i.e, the polynomial defined by

£ (X) = ydeg(f) f l )
X
For the Mahler measures of the above polynomials we have

u(fg) = u(Hug) and up(f*) = u(f).

Proor. The first equation is obvious by the definition of the Mahler measure. We assume
that f(X) =ap+ a1 X +---+ a,X". Then

p(f) = lanl | | max{1, |ail}
i=1

where a1, @y, . . ., @, are the roots of f. Then by definition of f*, we obtain that
) s 1
(%) = laol | | max{1, —1.
i ||

Thus,

u(f) Ian| H, 1maX{1 |a't |an|
a;l =1,
LCF)  aol [T/, max{l, | 1) ~ aol rll =

since by Vieta’s formulas for the polynormal f, we have

a i
= ==D"] |a.

LEMMA 2.8 (NorM INEQUALITY). Let f(X) =ap+ a1 X +---+ a,X" € C[X]. Then

laj| < (?),u(f) L Vjelol,.. . n—1).

Proor. Let ay, ay, ..., @, be the roots of f. By Vieta’s formulas we obtain
4 _ 1)/ s .
v (=1 QjQjy - Qj, ;e
" {1o2semin— Y EA 1.2}
Hence,
aj
A=l X meags )L lagllagl g,
" {to2eeemin=j }S{1,2,..0n} {to2eeemdn=j }S{1,2,..0n}
< > max{l,|aj]|}max{1,|aj2|}---max{l,|ajn_j|}

{J1:J25+0jin j} {L2,..,n}
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< Z max{1, ||} max{l, |a;|}---max{l, |a,|} = ( )l—[max {L, |a;]}.
{J1:J25nfin—j YE{1,2,..5n}
n
= la;| < (j),u(f)-

O

THEOREM 2.9 (KRrRONECKER). Let f(X) be a monic polynomial with integer coefficients.
Then u(f) = 1 if and only of all nontrivial roots of f are equal to roots of unity.

Proor. (&) Trivial.
(=) Let f(X) € Z[X], of degree n, with u(f) = 1 and f(0) # 0. We will show that the roots
of f are equal to roots of unity. According to the norm inequality and the fact that u(f) = 1,
for the j-th coeflicient a; of f we obtain that

s

For j = 0, we have |ag] < 1 = ag € {—1,0,1}. Since f(0) # 0, the standard coefficient |ag|
is equal to 1. Thus, if we denote by a1, @y, .. ., @, the roots of f, by the Vieta’s relations we

obtain that
n
= [lail =1.
i=1

) [ e
i=1
By corollary 27 we conclude that u(f*) = 1, and because |ag| = 1, we have

&) —[max{l E}:l.

We will prove that from the system of the equations (&) and (B) it follows that
lajl =1 , Vie{l,2,...,n}.

We assume that
Ak e{l,2,...,n}: |ai| #1.
Let |ag| > 1. In order for (8) to be true, there must exists an / € {1,2,...,n} \ {k} such that

|a;| < 1. Then
=
max4q1l,—p = —.
lal lal

1
1= max > — >1,
l—[ { |l } sl 1_[ { |ail } ||
z;&l

which is a contradiction. Assume now that |@,| < 1. Then the contradiction follows similarly
to the previous case. O

And so,

DEFINITION 2.10. Let a be an algebraic number. We define the height of a to be the
number H (@) given by
H(a) = p(f)" =D,

where f is the normalized minimal polynomial of «.
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REMARK 2.11. Note that the above definition is a generalization of the height of rational
number. Indeed, if @ = Z, with g.c.d.(r, s) = 1, then the normalized minimal polynomial of
s
ais f(X) =sX —r. Thus
1
H(a) = (Is| max{L, |a|}T,
which is equal to |s| if |a| < 1, or |r| if || > 1, as expected.
Proposition 3 provides us with a decomposition formula, since the height of the rational

point can be calculated using all archimedean and non archimedean valuations of Q. Our next
step is to establish a decomposition formula for heights of algebraic numbers.

DEFINITION 2.12. Let f(X) =ap+ a1 X +---+a,X" € K[X], where K is a number field.
Forf v € Mg we define the content of f at v to beB

cont,(f) := m
0<;j

{llajllv}-

X
<n

LEMMA 2.13 (Gauss). The content is multiplicative for every v. € Mg \ My, i.e. for
f1, f2 € K[X] it holds that

cont, (f1f2) = cont,(f1)cont,(f2).

Proor. Let
fiX)=ap+a1 X +---+a,X" and fo(X)=by+b1 X+ ---+b,X".
We assume that a,, with r € {1,2,...,m}, is a coefficient of f, such as
larlly = llaill, » Yief0,1...,m}

and it lies the furthest to the right with that property. Similarly, we choose by, with s €
{0, 1, ..., n}, in order to have the same properties as a,, with respect to f>. Then,

_ a a
a, lfl(X):a_0+...+Xr+...+_m
’

ar
and
_ bo b,
bsl X:—+-..+Xs+...+_.
F2(X) b, b
The coefficients of the polynomials at the left hand side are < 1. Considering the product
1
a,by S

we observe that the coefficient of X"*¥ is of the form 1 +c¢, where ||c||, < 1. For the coeflicient
of X', where i # r + s, we can easily check that its valuation is < 1. That is,

1
a,bg

cont, ( fle) =1= Contv(fle) = ”arbsHv = ||ar||v||bs”v = COIltV(fl)COntv(fz).

SBy Mk we denote the set of all equivalence classes of absolute values of K (see Appendix A).
5By || - ||, we denote the normalized absolute value associated to the place v of K (see Appendix A).
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THEOREM 2.14. Let K be a number field and @ € K.Then

1
LK:Ql

H(a) =| | | max{1 llell}

veMg

Proor. We first assume that K = Q(a), and @ € Rg = Rg(s), Where Rk is the ring of
algebraic integers of the field K. In this case, we havell

lall, <1 , Vve MQ(Q) \Mg(a)'

Therefore,

[ max{Lllell) =1.

VEMQ(Q) \M(E(a)

We will, now, examine the infinite places of @. Archimedean places of K are determined
by its embeddings to R or to C. Let o,0,...,0, be the real embeddings of Q(a) and
Orils Ortls Ori2s Ori2, - - .5 Og, O its complex embeddings. Then,

r N
[T maxtillel) =] [max(1loi@)} [ | max{1, loi(a)}.
VEMY ) i=1 i=r+1

But this is exactly the Mahler measure of the normalized minimal polynomial of «, let f. So,

[ | maxtLilet= ||  maxtLilell} || max(l i) =ucf)

VGMQ(Q) VEMQ(Q)\MES(G) VEMQ((,)
T
= H(@)**) = H@) %% 5 H@) = [] max{l,llel)
VEMQ(Q)

We showed the desired result in the case of K = Q(«), where « is an algebraic integer. We

will prove now the theorem in the case of algebraic integer @ € Rg, where K is a number
field, such that Q(a) < K. So

lall, 2 = T llelly.
wlv
We also recall that
lell, <1 e flal <1, Yw |y
Since @ € Rg and Q(a) < K, « is also an algebraic integer of Q(a) and hence
H@)' %@ =[] max(1, e}

VEMQ(Q)

[
= max { 1{ [ ] lleclhy

VEMq(a) wlv

K:Q(a)]

1
= [ [ maxt1, el ) m=e

vEMq(a) Wlv

"By Ma’( o) We denote the archimedean places of Q(«).
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So, we obtain

H(@)@ kel = [T T Tmax(1, llelly} = | | max{1, llalh)

VEMQ(a) Wlv weMg

= H@" @ = [ | max(1, el

weMg

In order to complete the proof we have to remove the assumption that « is an algebraic integer.
To that end we enlarge, if necessary, the field K, so that K is a Galois extension of Q. Then
the normalized minimal polynomial of « is of the form

FOOWRDN = g, 01 [T (X~ 0(a)) € QIXI.
oeGal(K/Q)

Let p be a prime number. Since the g.c.d. of the coeflicient of f is equal to 1, we have that
cont,(f) := conty,(f) = 1. Consequently,

(6) 1 = cont, a,EK:Q(“] l_[ X -0o()]|= |an|p[K:Q(“)] n cont, (X — o (a)),
oeGal(K/Q) oeGal(K/Q)

using the multiplicativity proven in Gauss’ lemma (Z-13)). But

cont, (X — o(a))
reGal(K/Q) oeGal(K/Q)

max{l, |o(a)lp}

1
|

K:Ql
= max 1,(]—[ ||(r(a)||v)

oeGal(K/Q) vip

1
= [ [maxt1, o), ==
oeGal(K/Q) v|p

K:Q
- [1 [ ]maxtiiow@i)
oeGal(K/Q) vip
®a
=[] [] wmaxttiic@i)
vip oeGal(K/Q)
= | [ max(Lliall).
vip
The last equality is immediate by the identification of the norms ||o-(@)|lo) = llally, for

every o € Gal(K/Q) (see more on Appendix A). And so by (B), we have

-1
a2 = (]_[ max(, ||a||v}) :

vlp
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According to the product formula, we have

anl [ ] lalp=1=a =[]

=[] [ [maxtt el sy

p prime p prime p prime v|p
1
[K:Q(a)]
:( [ max{l,nanv}) = a0 =[] max(1,llall,}.
vEMK \M§ veMg \M¥

Since the Mahler measure is multiplicative, by the form of f we obtain

p(HEC = g, KT T max{1, flal)
veEME

. K:
= (H@R@O) T =TT max(Lfell,) [ ] max(1llalh)
VEMg\ME vEME

= H(@)®% = [ ] max{1, llol}.
VGMK
O

DEFINITION 2.15. Let @ be an algebraic number. We call the number H(«), which we
defined in D710, the global absolute height of @, or just, the height of a. Furthermore, we
define the local K-height of a by

Hg (@) = max{L, [[all,},
where v € Mg, and the global K-height of a by
Hi(a) = [ | max{1llell} = [ | Heo(@).
veMg veMg

REMARK 2.16. By the definition of the global K-height and the decomposition formula
(Z14), we have that

Hy (@) = H(a)®Y,

2.3. Heights on projective spaces. Since elliptic curves are objects in the projective
space, we have to extend the definition of the height.

DEFINITION 2.17. Let K be a number field and P"(K) its (n + 1)-dimensional projective
space. For the point P = [x¢ : x1 : --- : x,] € P*(K) and some v € Mg we define the local
K-height of P by

Hg,,(P) := max {[[x;ll,},
0<j<n

the global K-height of P by
He(P):= | | max i) = | | Hico(P)

veMg veMg

and the global absolute height of P, or just, the height of P, by
H(P) := Hg(P)®a.
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We also define the absolute logarithmic height of P, or simply, the logarithmic height of P,
by
h(P) :=log (H(P)).

COROLLARY 2.18. According to the definition U4 for the point P € P"*(K) we obtain the

following results:

(i) The global K-height of P is independent of the choice of homogeneous coordinates.
(ii) If L/K is a finite extension, then for the heights of the point P we have

Hi(P) = Hg(P)K],

Proor. (i) We choose two different expressions [ag : a; : -+ : a,]and [bg : by : -+ :
b,] for P. Then, there exists 1 € K*, such that

a,-:/lbi , ViE{O,l,...,n}.

Then we have

Hi(ao:ar:---:a) = | | max{llajll,} = || max{llab,ll}
0<j<n 0<j<n
veMg veEMg
= | | max ey = | [0 max dinsy = [ [ i | | max ;i)
veEMk veMg veMg veMg

By the product formula we have that

[T nam =1,

vEMgK
and so
= | | max{iibjil} = H(ao : @< - : ).
0<j<n
vEMg
(i1) Itis immediate by the theorem T4 and the multiplicativity of the degree of field exten-
sions.

REMARK 2.19. We assume now that @ € K. We observe that
H(a) = H([a : 1]),

where [a@ : 1] € P'(K). This means that we could start by examining the heights on projective
spaces and extending to the heights on number fields, without using the Mahler measure.

PROPOSITION 2.20. Let
d
FX) =ap+a X+ +aX! =aq | |(X - i) € QX
i=1

Then

d d
p-d ﬂ H(a;)) < H(lao:ap: - : ag]) < 2¢ ]—[ H(a)).
i=1 i=1
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Proor. Without loss of generality we assume that a; = 1. Let K = Q(ay, @2, ...,a4). In
order to prove the desired inequality we must show for any v € Mg, that

n d
) 24 ];[max{l, lailly) < max (llajl} < 24 Dmax{l, llailly)-

We will prove () using induction on the degree d. For d = 1 the desired inequality holds
trivially. We assume that () holds for every polynomial of degree < d — 1, with roots that
belong in K. Let
d
FXO =ag+aiX +---+ X = [ [(X - ) € QUX].
i=1
Letalso k € {1,2,...,d} such that

lakll = lla;ll . Vje{l,2,...,d}.
We define the polynomial
) = L8 X bt by xR g x
X —ay
Then
F(X) =g(X)(X — ap).
Therefore,

a; = b1 —arb; , ViE{l,z,...,d},
where we set b_; :=0and b,_; := 1. If
e(v) = 2 ,%fveM;%’, ’
1 , if otherwise

then

max {||a;l,} max {||b;-1 — axbjlly} < e(v) max {||bj-1ll, llaxbjlly}
0<j<d 0<j<d

0<j<d
< &(v) max {[|bjll,} max{l, |lall}
0<j<d
d d
< &) [ maxiL, llaill} - ev) max(1, llagll} < 27| | max{1, el )

i=1 i=1
ik
where for the last step we used the induction’s hypothesis. Now, it remains to prove that

d

-d
2 | |max{1,llaillv} < max {|le;lly}.
i1 0<j<d

We consider two cases.
o If |||l < 2, then

d

d d
| | max {1, [[a;ll,} < max{L [Jagll,}" <2
i1 0<j<d
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d
-d
= 27 | max {1, llojlh} < 1 < llelly = max {llejll).
i1 0<j<d 0<j<d

o Let |lak|l > 2. We set ||b;]], = Omaj( l{||b,-||v}, for some t € {0,1,...,d — 1}, and so
<i<d-

we obtain that

max {[le;ll,} = max {[|bj_1 — axbjllv} = l1bi-1 — arblly
0<j<d 0<j<d
> lakbdly = be-1lly = (llaklly = Dbl
llavglly
> b
> 1Dl

Using the induction’s hypothesis for g, we obtain

d
Ibily = max {lIbill,} > 27D | | max{1, llaslly).
0<i<d-1 il

ik
Hence,
el < 4
max (llajll} 2 T 270D Dmax{l, levly} = 27 L_l[max{l, llevly}.
ik -
O
THEOREM 2.21. Let B and D be positive constants. Then the set
{PeP"(Q) | H(P) < B and [Q(P) : Q] < D},
is finite. Particularly, the set
{PeP"(K)| H(P) < B},
where K is a number field, is finite.
Proor. We choose the homogeneous coordinates of P = [xo : x1 : -+ : x,] so that at

least one of x;’s is equal to 1. Then, for every v € P*(Q(P)), we have

max {[[x;|l,} = max{L, [lx;|l,} , Vie{01,...,n}
0<j<n

Equivalently,
Hop),v(P) > Hoppyo([1 - x;) > H(P) > H([1 : x;1) = H(x;) , VYie{01,...,n}.

It is obvious that Q(x;) < Q(P), foreveryi € {0, 1, ..., n}, and so it suffices to prove that the
set

Yq:={x€Q| H(x) < Band [Q(x;) : Q] = d},
is finite for every 1 < d < D. Let x € Q of degree d and K = Q(x). If f is the normalized
minimal polynomialB of x, then it is of the form

f(M) =ap+aT+-+ag 1T +19 € Z[T).

8Here the normalized minimal polynomial coincides with the irreducible polynomial, and so it is monic.
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By norm inequality, for the coefficients of f we have
laj| < (?),u(f) = (;Z)H(x)d , Vje{01,...,d—-1}.
Assuming that x € £, we obtain that
laj| < (;,I)Bd , Vjelol,....d~-1}.

Thus, for every coefficient of f we have finite possible values. In other words, x is a root of a
polynomial, the coefficients of which are elements of a finite set. Therefore, there are finitely
many x’s, such that H(x) < B and [Q(x) : Q] = d, for 1 < d < D, fact that completes our
proof. O

REMARK 2.22. We will restate Kronecker’s theorem in a projective version. This result
gives us an explicit description of the projective points of height 1 and it is a consequence of
theorem 711,

COROLLARY 2.23 (KRONECKER). Let K be a number field and P = [xo : x1 : -+ : x,] €
P*(K). Let also k € {0,1,...,n}, such that x; # 0. Then H(P) = 1 if, and only if either X
Xk

is a root of unity, or x; =0, for everyi € {0, 1,...,n} \ {k}.

DEFINITION 2.24. A morphism F of degree d is a map between projective spaces, of the
form

F : P"(Q — P"(Q)
P [fo(P): fi(P) - fm(P)],
where fo, f1,..., fm € Q[Xo, X1, ..., X,,] are homogeneous polynomials, of degree d, with

no (non trivial) common zeros in Q". In case fo, f1s- - fm € K[ X0, X1, . . ., X;], we say that
the morphism F is defined over K.

DEFINITION 2.25. We define the content of the morphism F : P"(Q) — P™(Q) at v,
where F(P) = [fo(P) : fi(P):---: fu(P)] and v € Mg, by
cont,(F) := max{|al, : ais a coeflicient of some f;}
= max{cont,(f;) :i € {0, 1,...,m}}.

PROPOSITION 2.26. Let F : P*(Q) — P™(Q) be a morphism of degree d. Then there are
constants cy, co > 0, depending on F, such that

clH(P)Y < H(F(P)) < H(P)? , VP eP Q).

Proor. Let P = [xo : x1 @ - 1 x,] € P*(Q) and F = [fo : f1 : - : fml], Where
fo, f1,- -+ fm € P"(Q) are homogeneous polynomials of degree d. We choose an algebraic
number field K, which contains all the coordinates of P and the all the coeflicients of the

polynomials f;. We set
1 ,ifveMyP
e(v) = { ny K

0 , otherwise

Using this function, we are able to concisely write the triangle inequality

ey + 12+ - -+ 24l < n€Y max{||zg [ 1220l - - - 120l )s
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for every v € Mg. After all these preliminaries it is easy to compute an upper bound for
H(F(P)). We have

I£:(P)Il, < Co €M cont, (F)Hk,(P)? , Vie{0,1...,m}.

The constant C,; is equal to the number of monomials of f;. Indeed, assuming that
[ilXo, X, Xp) = ) ay Xo™a X - X, T,

where doj + dyj +---+d,;j =dforevery j € {0,1,...,n}, we obtain that

m
doj ., di,j dm,
P = || aixo®®de -
Jj=0 v
< ;") max {'a,--xodoﬁfxldl*f ce gy T }
- ’ 0<j<n J v
<

C2,;¢™ max {||a;ll,} - max {||x;]l,}
0<i<n 0<j<m
0<j<m

Cri€Ycont, (F)Hg ,(P)?.

Let
Cy = max{Ca;, i € {0, 1,...,n})
Then
1 /i(P)lly < C¥Mcont, (F)Hk,(P)? , Vie{01,...,n)
= max {[|fi(P)lly} < C*Veonty (F)Hy »(P)* , Viel{0,1,....n).
<i<n
Ans so,

Hky(F(P)) < C*cont, (F)Hk,(P)".
Finally, setting ¢, := C>,¢Mcont, (F), we have
Hi(F(P)) < caHg, (P)”.
Therefore, changing the constant ¢; if necessary, we obtain the inequality
H(F(P)) < c;H(P)".

We turn now to the proof of the lower bound of H(F(P)). Observe that for the upper bound
we did not use the fact that the f;’s have no nontrivial common roots. Let

I:<f0’f19-'-9fm>slK[XO’XI’---’XH]

Then
(0,0,...,0) e V{),

where by V(I) we denote the set of zeros of all polynomials of I Thus,
X, e (V) , VYie{01,...,n}.
By Nullstellensatz of Hilbert we know that
I(V({1)) = Rad(D),
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where by I(V (7)) we denote the vanishing ideal of V (/) and by Rad(/) we denote the radical
ideal of /. That means that

deeN:X;el , Vie{01,...,n}.
And so

m
X = ) gij(Xo. X1, X fj(Xo. X1, Xa) Vi€ {0,1,...,n}.
j=0
Enlarging the field K if necessary, we assume that g;; € K[Xp, X1,...,X,]. We can also

assume that each g;; is homogeneous polynomial of degree e—d. We observe that the numbers
e and
cont,(G) := l_[ max{||bl|, : b is a coeflicient of some g;;}
veEMgk
are bounded in terms of m, n, d and cont, (F). So, recalling that P = [x¢ : x1 : - -+ : x,,], we
have

llls = (13 8 (PLF(P)|| < e max (g (P)f;(P) )
20 <Jj<m

\%
< ™ max {llgi;(P)Ilv} Hg.,(F(P)).
0<j<m
Hence, we obtain

(8)  Hk,(P)* = max{llxll,} <™ max Ulgi;(P)lly} - Hi.o (F(P)).
0<i<n @,))€{0,1,...,n}x{0,1,...,m}

We apply the triangle’s inequality for the polynomials g;;, ans so we have
9) llgij (P)Il, < c3€Y) max{||b||, : b is a coeflicient of some g,-j}HK,V(P)"’_d,

where c3 is a constant that may depend on e, but as we mentioned before e is bounded.
Substituting the relation (B) to (R), it follows that

HK,V(P)d < C") max{||b||, : b is a coeflicient of some gij}Hk (F(P)),

for some constant C. Setting

— := CY max{||b||, : b is a coefficient of some 8ij},
C1
we conclude that
c1Hg,(P)! < Hy(F(P)),

and so the result follows. O

2.4. Heights on elliptic curves. Every elliptic curve E, defined over a number field K,
is determined by an equation of the form

Y2=X*+aX+B8 , apBek.

Viewing E as a projective plane curve, the abelian group E(K), where K is the algebraic
closure of K, of the points of E has the following form

EK)={[x:y:11€P*(K) | y* =x* +ax+ B} U{[0:1:0]).
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The height of O = [0 : 1 : 0] is defined to be equal to 1. Let [x : y : 1] € E(Q(x, y)). Then
the height of P is given by
T

HPy=| [ max{lixll, Iyl 1)

veMo(x,y)

But for given x, we obtain two possible values for y by the equation y> = x> + ax + 3, which
are actually opposite numbers and so their valuations are the same. In other words, for every
v € Mkg,, the number ||y||, is uniquely determined by the choice of the first coordinate x.
This observation leads to the following definition.

DEFINITION 2.27. Let E be an elliptic curve defined over the number field K,
P =[x:y:z] € E(K)and Q(P) be the minimal extension of Q containing the coordinates
of P. We define the height of P on E to be the number

Hi(P) ::( [ max{l,nxnv}) :

veMq(p)
Furthermore, we define the logarithmic height of P on E by the equation
he(P) = log (Hp(P)).
Of course, we define Hg(O) = 1 and so hg(O) = 0.

The following proposition reminds us the parallelogram law. Indeed, we prove that up to
an error, the height of a point on an elliptic curve is a quadratic form.

PROPOSITION 2.28. Let E be an elliptic curve over the number field K. There are constants
Ci, C; € R, depending only on E, such that for all P, Q € E(K), it holds that

2hg(P) +2hg(Q) —c1 S hg(P+ Q) + hg(P— Q) < 2hp(P) + 2hp(Q) + c.

Proor. We assume that the elliptic curve is of the form

Elg : Y2=X+aX + B,
where a, B € K. At first, we observe that #(Q) = 0 and h(—P) = h(P), for any P € E(K).
We define the map

x : PX(K) — PY(K)
Pr—[xp:1]
where P =[x, : y, : Zp], and let
x(Py=[x1:11 , x(@)=[x2:11 , x(P+Q)=[x3:1] , x(P-0Q)=[x4:1].

Here P + Q may be equal to the point at infinity, if P = +(Q. By the addition law for points

on E, follows that
2(X1 + XZ)(A + xl)Q) +4B

(Xl + x2)2 — 4X1X2

X3+ X4 =

and

(x1x2 — A)? —4B(x] + x2)

X3X4 =
()Cl + XZ)Z — 4X1X2
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We define the map
g : PX(K) — P*(K)
[t:u:v]— [ —41v: 2u(At +v) + ABt? (v - At)2 — 4Btu].
and the map o : E(K) — E(K) as the composition of the maps
E(R) x E(K) — P"(R) x P (K)
(P, Q) — (x(P), x(Q)),
and#
P!(K) x P(K) — P*(K)
([a1 : b1l [az : b2]) ¥ [b1b2 = a1by + azby : ayaz]
Furthermore, we define the map
G : E(K)XE(K)— E(K)xE(K)
(P,Q)— (P+0Q,P-0)
Then the diagram

E(R)x E(R) —%  + E(R) x E(R)

oy LN
o PY(K)xP'(R) PLR) x PLK) o
N 4

P2(K) P*(K)

easily follows that is commutative, i.e.
goo =000G.

Our next step is to prove that g is a morphism. Obviously, every coordinate of g is a homo-
geneous polynomial of degree 2. So, it suffices to show that

u>—4tv =0
2u(At +v)+4B?=0 =t=u=v=0.
(v—At)>—4Btu =0

If + = 0, it is easy to prove that u = v = 0. If otherwise, let x := 2% Then using the first
equation of the system it follows that

Thus, we obtain that
2u(At +v) +4Br* =0 = 4x(A+ x*) + 4B = 4x> + 4Ax +4B =0

and
(v—AN?—4Btu =0 = (x> — A)> —8Bx = x* —2Ax> —8Bx + A = 0.

°This is a natural way to map a product of projective spaces to a projective space of greater dimension.
Actually this map is a special case of the so called Veronese map.
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Let

Y1(X) :=4X> +4AX +4B and yr(X) := X* —2AX? - 8BX + A>.
An easy calculation shows that

(12X? + 16A)n(X) — (3X> —=5AX = 27B) 1 (X) = 4(4A° + 27B%) # 0.

This means that ¢; and ¥, have no common roots. So g is a morphism indeed. By the
commutativity of the diagram we have

h(c(P+Q,P—-0Q)) =h((coG)(P,Q)) = h((goo)(P,0)).
According to the proposition we know that
ciH(o(P,Q))* < H(g(o(P,Q))) < cH (0 (P, Q)
= 2h(c(P,Q)) + c1 < h(g(a(P,Q))) < 2h(c(P,Q)) + 2

(10) = 2h(o(P,Q)) +c1 < h((g e 0)(P,Q)) < 2h(c(P,Q)) + c2,
for some positive constants ¢ and c;. We will prove now that
(1) h(x(P1) + h(x(P2)) + &1 < h(o(P1, P2)) < h(x(P1)) + h(x(P2)) + &,
for P;, P, € E(K) and some positive constants & and &. It is easy to verify that if P; = O,
or P, = O, then
h(o(P1, P2)) = h(x(P1)) + h(x(P2)),
which is stronger than the desired inequality. If otherwise, we assume that
x(P1) =l[a;: 1] and x(P2) =[az: 1],
and so
O'(Pl,Pz) = [1 ar+ay i ajay] = h(O'(Pl,Pz)) = h([l caypt+ap: 611012]).

Consider the polynomial f(X) = (X + a;)(X + az) € K[X]. Then by proposition we
obtain that

1

ZH(al)H(aZ) <H(1:a1+a:aiaz]) <4H(a1)H(az) =

h(ay) + h(ay) —logd < h([1 : a1 + a> : ajaz]) < h(ay) + h(az) + log4.
Hence, we proved (I)M. Since
h(x(P)) = h(lxp : 1]) = he(P),

we are able to rewrite equation (1) in the form

hg(P1) + hg(P2) + ¢ < h(o (P, P2)) < hg(Py) + hg(P2) + &.
Consequently, applying for P = P+ Q and P, = P — Q, we have

he(P+ Q) + hg(P - Q) h(oc(P+Q,P-0Q)) ¢
h(o(G(P,Q))) — ¢
c2+2h(o(P,Q)) — ¢
2(hg(P) + hp(Q) + &) + 2 = ¢
2hg(P) +2hp(Q) + Gy,

IA

IAN A I

10Remember that H(a) = H([a : 1]).
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where C; := 2é + ¢ — ¢1. Similarly, we prove the other half of the desired inequality. O

The next result is significant for the proof of the Mordell-Weil theorem. It states the
three necessary properties that the function g must have, in order to complete the proof of
Mordell-Weil theorem. In the literature it is also referred as descent theorem.

THEOREM 2.29. Let E be an elliptic curve over the number field K.

(i) Let Q € E(K). There exists a constant C1 = C(E, Q), such that for all P € E(K) it
holds that
hg(P + Q) < 2hg(P) + (.
(ii) For each m € Z there exists a constant C; = Co(E, m) > 0, such that for all P € E(K)
we have
hg(mP) > m*hg(P) — C,.
(iii) For every constant C3 € R the set
{P € E(K)|he(P) <C5)

is finite.

Proor. (i) We have
he(P+ Q) < hg(P+ Q) + hg(P— Q) < 2hg(P) + ¢,

using the notation of Z2Z8. The result now is immediate if we set C; := 2hg(Q) + ¢3.
(i1)) We will prove a stronger result. Particularly, we will show that

m*hg(P) — Cy < hg(mP) < m*hg(P) + C,.

We will prove these estimates by induction for m € Ny. For m = 0 and m = 1, the result
is trivial. Let m > 2. By proposition 28, we have

2hg(mP) + 2hg(P) —c1 < hg((m = 1)P) + hg((m + 1)P) < 2hg(mP) + 2hg(P) + 2

= —hg((m = 1)P) + 2hg(mP) + 2hg(P) —c; < hg((m + 1)P)

< —hg((m—=1)P) +2hg(mP) + 2hg(P) + c;
Using the induction hypothesis we obtain
he((m+ 1)P) —hg((m = 1)P) + 2hg(mP) + 2hg(P) — ¢
~(m = 1)?hg(P) + 2hg(P) + 2m*hg(P)
—2c(E,m) + cr(E,m—1) — ¢y
(=(m = 1)* + 2+ 2m®) he(P) + ca(E.m — 1)
=2c(E, m) — ¢y
= (m+1)?hg(P) + c2(E,m — 1) = 2c2(E, m) — ¢
Similarly, we prove that
he((m+ 1DP) < (m+ D2*hg(P) + c2(E,m — 1) + 2¢2(E, m) + c1.

Setting

\%

v

C=C(E,m+1) = max{0,c2(E,m—1) +2c(E, m) + ca,
c(E,m—1) = 2c2(E,m) — 2}
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we get
(m+ 1)?hg(P) — Cy < hg((m + 1)P) < (m + 1)?hg(P) + C,,

which is what we need to complete the induction. So we proved our result for m > 0.
For m < 0 the result follows immediately, using the relation hg(mP) = hg(—mP).
(ii1) It suffices to show that the set

{P € E(K) | Hp(P) < €%}

is finite. Let P = [xp : yp : 1] € E(K). Without loss of generality we assume that
P # O. Then for every v € Mg(p) we have

2 3 3
(12) lyp“lly = llxp” + axp + Blly < max{{[xp’|ly, llaxpll, l| Bllv}-

Since the height Hg(P) is bounded, then so is [|xp||, for every v € Mg(p). This means
that by (I2) the ||yp||, is bounded by a positive number which depends on B, for each
v € Mg(p). This means that

max{|lxpllv, lIxplly, 1} < B” . Vv € Mgcp),

where B’ is a positive constant, which depends on B. Therefore, the number H(P) is
bounded. This means that we have finite choices for P. And so, the desired set is also
finite.

3. The proof of Mordell-Weil Theorem

We are now in position to prove the Mordell-Weil theorem, which gives us a significant
property about the K-rational points of an elliptic curve. In particular, this theorem states that
every K-rational point of an elliptic curve can be generated by finite K-rational points.

Proor or [I1l. Since E(K)/2E(K) is finite, as we proved in [Z, there is a complete system
of representatives

{Q17Q2?"' aQr}
of it. Let P € E(K). Then
P =2P + 0,
for some i) € {1,2,...,r} and P; € E(K). Analogously, we write
Py =2P, + Q;,,
for some iy € {1,2,...,r} and P, € E(K). Continuing as above, we obtain the relations
Pji1 =2Pj+Qi,

where Py := P,i; € {1,2,...,r} and P; € E(K) for eachi € {1,2,...,n} (n € N). By
theorem for m = 2, we obtain

he(P;) < % (he@2P) + C)) = }1 (he(Pioy = Qi) + ) < 5 (2he(Pi) + €1+ C)

FN.

1
he(P)) < 5 (2h£(Pj1) + C1+ ),
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Using this inequality n-times and taking the maximum of all constants that appear, it follows
that

2\" 1 2 on—l
]’ZE(Pn) < Z hE(P())+ ?+?+...+22n C

< 2"hg(P) +2C,
where C is a constant that depends on E and the points Q;, withi € {1,2,...,r}. Without loss
of generality we assume that »n is large enough, so that 27" hg(P) < 1. Thus,
hg(P,) <1+ 2C.
And since
P]’_1:2P]’+Qij s Vj€{1,2,...,n},
it follows that

n
P=2"P,+ > 2770,
j=1
This equation states that the every point P may be written as linear combination of the ele-
ments of the set
{01,02,...,0,}U{R € E(K) | hg(R) < 1+2C}.

The second set of this union is finite according to Z29. This fact completes the proof. O

We just shown that the abelian group E(K) is finitely generated. Since abelian groups are
Z-modules, we shall use the structure theorem of finitely generated modules over principal
ideal domains and we obtain the following result.

COROLLARY 3.1. Let E be an elliptic curve defined over the number field K. For the group
E(K) of the K-rational points of E, we have

E(K) = E(K)ir®Z',

where by E(K ), we denote the torsion group of E over K, i.e. the group of all points of finite
order, and r € Ny.

DEFINITION 3.2. Let E be an elliptic curve over the number field E. The nonnegative
integer r, that appears in Bl is called rank of the elliptic curve E, and it is denoted by rank(E).






CHAPTER 2

ELLipTIC CURVES OVER THE RATIONALS

The last few decades have witnessed a huge progress in the study of elliptic curves, notably
the study of elliptic curves defined over Q. The purpose of this chapter is to present the most
important results concerning the study of elliptic curves over the rational numbers.

Due to Mordell’s theorem for the group E(Q) of the rational points of the elliptic curve E
we have that

EQ) = E(QuwreZ.
This means that the problem of the study of E(Q) initially consists in the study of the torsion

points and of the rank r of E. We begin with the determination of the group E(Q), and the
characterization of the torsion points.

1. Torsion points of E(Q)

Two theorems about torsion points are of great significance. We start with the theorem
stated independently by Nagell (1935) and Lutz (1937).

THEOREM 1.1 (Lutz-NaGeLL). Let E be an elliptic curve over the rationals,
Elg:Y*=X+aX+8 , el
If P is a nonzero rational point on E of finite order, i.e. if P = [xp : yp : 1] € E(Q)oy, then

(i) xp,yp € Z, and
(ii) yp = 0, in case P is a point of order 2, or yp* | 4a> + 278>

This result does not give information about the structure of E(Q)o in general. The major
step was done by Mazur in 1977, who determined explicitly the possibilities for the structure
of the group E(Q);, for any elliptic curve E over the rationals.

Before we state Mazur’s theorem let us recall the affine picture of an elliptic curve, assum-
ing that it is defined over the field R.

The affine picture of an elliptic curve has either one, or two connected components, as it is
clear by FiGure 1. Projectively, we must consider the point at infinity, in which the open-
ended component of the elliptic curve is closed up. This, in combination with the fact that
elliptic curves, are smooth, means that topologically we get one or two circles. And so,
it turns out that the group E(R) of the real points of E is isomorphic either to S', or to
S' @ Z/2Z. If we ask the same question about the torsion subgroup E(C), of E(C), the

39



40 1. TORSION POINTS OF E(Q)

~/
i

Ficure 1. Affine picture of elliptic curves, depending on how many real roots
the defining polynomial has.

answer is straightforward. Using the fact that E(C) = C/L, where L is a lattice of C, it
follows that

E(Cor = Q/Z 0 Q/Z.

S'®Z/2Z. So, it is of the form Z/nZ or Z,/2Z & Z,/2nZ, for some natural number n. Mazur’s
theorem determines exactly the possible choices for the number n € N.

Therefore, the group E(Q)r € E(Q) is a finite and abelian subgroup either of S!, or of

THEOREM 1.2 (MAzUR). Let E be an elliptic curve over Q. Then the torsion group E(Q);,,
of E over Q is isomorphic to one of the following groups:

zZinZ, ne{l,2,...,10,12} or Z/2Z®Z/2nZ , n € {1,2,3,4}.

Further, each of these groups occur as torsion group over Q of some elliptic curve over the
rationals.

The proof of Mazur’s theorem is beyond the scope of this master thesis. However, as an-
other indication of its validity, we give examples of elliptic curves, that have one of the fifteen
groups Mazur’s result, as torsion group.
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ElQ E(Q)tor
Y2Z=X3+2 {0}
Y2=X3+X 7/27
Y2=X3+4 Z/3Z
Y2 =X3+4X Z/4Z
Y2+Y =X3-X? Z/5Z
Y2=X3+1 Z/6Z
Y2 - XY +2Y = X3 +2X? Z/7Z
YZ+7XY —6Y = X% - 6X2 Z/8Z
Y2 +3XY +6Y = X +6X? Z/9Z
Y2 -7XY -36Y = X - 18X? Z/10Z
Y2 +43XY —210Y = X3 - 210X2 Z/12Z
Y2=Xx3-X Z/2Z & Z/)2Z
Y2 =X34+5X2+4X Z/27 & Z/AZ
Y2 +5XY —6Y = X3 -3X? Z7/27. & Z/6Z
Y2 = X3 +337X% +20736X Z/27 & 7/8Z

1.1. The proof of Lutz-Nagell theorem. This section of the chapter is focused on the
proof of the theorem of Lutz and Nagell.

The theorem informs us that if P is a rational point on an elliptic curve E, defined over
Q, then its coordinates must be integer numbers. To prove that we would like to show that if
P=1[xp:yp:1] € E(Q),then

lxplp <1 and [yp|, < 1,

for each prime number p. Therefore, it makes sense to reduce the given elliptic curve modulo
P-

DEFINITION 1.3. Let p be a prime. The rational number r is called p-integral, if |r|, < 1.
The set of all p-integral rationals is a ring and it is denoted by Z ).

Let r be a rational number. Then it can be written in the form
a
n
r=p"—,
Py

where a, b,n € Z, such that g.c.d.(a,b) = 1 and p 1 ab. If n < 0, i.e. the prime number p is
a divisor of the denominator of r, then it is impossible to reduce r modulo p, because we can
not extend naturally the notation for integer residues modulo p. Hence, we initially restrict
the definition of the reduction map of rational numbers in the case of p-integral r. So, we
define the map

tp  Zyp) — Fp

. {[a]p[b]p-l Lifn=0
[01, ,ifn > 0.
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This definition suggests that we should normalize the coordinates of a point by multiplica-
tion with a power of p, in order that the reduction map to make sense. And there lies another
advantage of considering our curves projectively.

DEFINITION 1.4. Let P € P?>(Q) and p be a prime number. A choice [x : y : z] of
homogeneous coordinates for P, that satisfies the properties

(1) |wl, <1, forevery w € {x,y, z}, and
(i1) there exists w € {x, y, z} such that [w|, = 1,

is called p-reduced representation of P.

REMARK 1.5. Let P = [pMx; : pMy; : p™zi] € P?(Q), where ny,ny,n3 € Z and
x1,y1,21 € Q such that |xi|, = [yil, = |z1l, = 1. Then a p-reduced representation is
obtained by multiplying the components of P by p~™ntmmm) - A p_reduced representation
of a point P is unique, up to a factor of p-adic norm equal to 1. Indeed, if ¢ € Q, such that
lclp = 1, then [xg : x1 : x2] = [cxp : cx;1 : cx2] and for each i € {0, 1,2}, we obtain

IA

lxil, <1 & |exi|, £ 1

and
lxil, =1 & |exil, = 1.

Moreover, for any given point there is a p-reduced representation with integer coefficients.

Hence, we may extend the definition of the reduction map, as follows:
red, : P*(Q) — P*(F,)
[x:y:z]l ¥ [rp(x) 1 1p(y) f1p(2)],

where [x : y : z] is a p-reduced representation. It is easy to check that this reduction map is
well defined, which is exactly why we introduced the notion of the p-reduced representation.

We consider now the elliptic curve E. We know that, as a projective curve, E is the zero
locus of a homogeneous polynomial F, of degree 3. Since we can assume without loss of
generality that F € Z[X,Y, Z], such that the g.c.d of its coefficients is equal to 1, then the
reduced polynomial F, is a nonzero homogeneous polynomial of F,[X, Y, Z], of degree 3. In
particular, this polynomial F), is uniquely determined, up to multiplication by scalar, and so
is its zero locus, which is a curve E,,. So, using the reduction map we are able to show that

P € E(Q) = red,(P) € E,(F,),
and more generally, that
P € E(Q) = red,(P) € E,(F,),

Therefore we are able to redefine the reduction map, using the same notation for simplicity,
as a map of curves i.e,

red, : E(Q) — E,(F,).

DEFINITION 1.6. Let p be a prime number and E be an elliptic curve defined over Q. If E,
is an elliptic curve, then we say that E has a good reduction to p.
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A priori we do not know that the reduced curve E,, is nonsingular. In order to examine
that we need to check the discriminant of E,. Clearly, the discriminant A, of E}, and the
discriminant A of E are related as follows

A, =[A]l, =A (mod p).
Hence, the good reduction of E at p, is equivalent to the convention p { A.
If E has a good reduction at p, both E(Q) and E(F,) are groups.

PROPOSITION 1.7. Let E be an elliptic curve defined over Q, and p be a prime such that E
has a good reduction at it. Then the reduction map

red, : E(Q)— E,(F,)
[x :y:z]l ¥ [rp(x) rp(y)  rp(2)],

is a group homomorphism.

Proor. (see corrections to [9] at http://www.math.stonybrook.edu/ aknapp/) O

REMARK 1.8. For the rest of this section, we have to introduce some new coordinates for
the points of the elliptic curve E. For each point P € E(Q) \ {O},sothat P =[x : y : 1] and
P is not of order 2 in E(Q), we set

X
u:=— and w:=-—.
y y

Then

P=[x:y:1]=[u:1:w],
that is we normalize by dividing by y. We will use widely these coordinates for the points of
E.

PROPOSITION 1.9. For the reduction map defined in L4, we have that
ker(red,) = {[u:1:w] € EQ) | |ul, <1 and |w|, < 1}.

Proor. Let [x : y : z] € E(Q), such that red,([x : y : z]) = O,. The reduction map
is a group homomorphism, so O € ker(red,). So, without loss of generality we assume that
z = 1, and we try to describe the point [x : y : 1] € ker(red,,). Of course, for such a point we
have that y # 0, since it would be reduced to 0 otherwise, so we normalize as in remark 8.
In order for u and w to reduce to 0, they must be p-adic integers, i.e. |u|, < 1 and |w|, < 1.
Hence, we obtain the desired result. O

Set
E'Q) :={u:1:w] € EQ) | lul, <1 and |w|, < 1}.
This is exactly the kernel of the reduction map red,, only for the prime numbers p, for which
E), is an elliptic curve. But we want to remove the assumption of good reduction, or equiva-
lently, the condition p ¥ A. So we shall study the set E'(Q), independently of the choice of
the prime number.

LEMMA 1.10. Let [u : 1 : w] € E(Q) and a prime number p. If |w|, < 1, then |u|, < 1
and |wl, = ul,’.
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Proor. The elliptic curve E is of the form
Elg:Y*=X*+aX +8.
Let[x :y: 1] € E(Q). We recall the equivalence (I) (see page 7). This was proved generally
for any finite valuation of a number field. We apply it for p-adic valuations of Q. We have
(13) vp(x) <0 v,(y) <0 Il eN:v,(x) =-2] and v,(y) = -3I.

By definition, we have that
Irl, = pr L YreQ.
So, we rewrite (3) in the form
(14) x|, >1 e |y, >1 e A eN: x|, = p* and |y, = p*.
But then

3l

1
|w|p<1@‘— <lely,>1e3leN:|x|,=p* and |y|, = p*.
yl’

Thus,
¥ 20
LT

v, vl pY

X

|u|p =

Also,
7.3 _ _
ul, = (p™)" = p = yl, ™" = Iwl,.

DEFINITION 1.11. For any n € N, set
E"Q):={[u:1:wle EQ)|Iwl|, <1 and |ul, <p™}.
The p-adic filtration of E'(Q) is
(O)c-- CEQC - CEXQ CE(Q CEQ.
We have

ﬁE"(Q) = (0.
n=1

COROLLARY 1.12. For the set E"(Q) it holds that
E"(Q) ={[u:1:w]€EQ|Iwl|, <p™"}

REMARK 1.13. An important observation based on the lemma [T0 is that for any point
P € E'(Q), there exists a unique number n € N such that

P e E"(Q) \ E"N(Q).
This helps us to have a better check of the point P.
PROPOSITION 1.14. For any n € N the set E"(Q) is a subgroup of E(Q). Also, the map
M+ E"Q) — p"Zo /" Zp)
[u:1:w]+— [Ll]p3nz(p)
is a group homomorphism, such that
ker(17,) € E"(Q).
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Consequently, the homomorphism
E"(Q)/E™(Q — p"Zi»y /P L)
is injective.
Proor. The elliptic curve E is of the form
Elg:Y*=X>+aX + 8,

with a, B € Z. Since we use another coordinates’ system, that of u and w, we have to reform
the equation that defines E. By dividing by Y3, we obtain that

1 (x\V x(1\ 1\’ ; ) 3
—=|=| +ta=|=| +B8|l=s| =2W=U" +aUW~+ W,
Y Y Y\y Y
Let P, P, € E"(Q). Our goal is to show that P3 := Py + P, € E"(Q), too. Consider the
coordinates [u; : 1 : wil,[up : 1 : wp] and [u3 : 1 : ws] for the points Py, P, and Ps,
respectively. Then
_ .3 2 3 _ .3 2 3

wi =up” +aupwy” + Bwy” and  wy = up” + aupwr” + Bwr”,

and so

u13 - u23 + au1w12 — auzwzz + ,/3w13 - ﬁwz3

3 3 2 2 2 3 3
= up” —up” +aw; (U —up) + aup(wi” —wy”) + B(wi” —wy”)

w1 — w3

= (w1 —w)(ui” + uuy + %) + awi> (U1 — u2) + aup(wy — wa) (Wi + wo)
+B(w1 = w2) (Wi + wiwa + wo?).
Equivalently, for
A=1- aug(wl + Wz) - ﬁ(wlz + wiwy + W22) and B := u12 + ujuy + u22 + a'W12,

we have that
(Wi —=w2)A = (u1 —u2)B.
Let
W=A4U +v,
be the defining equation of the line L that passes through the points P; and P;.

Case 1. If P; # P, then the slope A is given by
wi—wy B

A= u —u, A
But,
|Al, = |1 - aua(wy +wa) = Bwi? + wiwy + wa?)l,
< max{L, ez (wy + w2)lp, B> + wiwz + wa?) )
We have
lauz (Wi + wo)lp < |alpluzl, max{iwilp, [walp} < 1
and

2 2 2 2
[BwW1™ + wiwp + wa )|, < | Bl max{[wil,”, [wilplwalp, [wal,”} < 1,
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SO
|Alp = max{L, lauz(wi +w2)lp, |BW1* +wiwz + w22} = 1.
Similarly,
— 2 2 2
|Bl, = |u1”+ujuz +ur” +awi”|,
< max{lui |, lur|pluzlp, lualp?, lalplwil,)
< max{p—Zn’ p—2n, p—2n’ p—3n}
— p—2n.
Hence, we obtain an upper bound for the slope, i.e.
B B
|/1|p = |— = ﬂ S —2}1.
Al, 1A,
Case 2. We assume now that P; = P,. Then the line L is actually the tangent of E at the

point P;. So we compute the slope, in order to find again an upper bound, by differ-
entiation. We have

W =U>+aUW? + W3 = (1 = 22UW = 3B8W3)dW = (3U? + aW?)dU

= d_W _ 3u12 + aw12
dUu U=u, 1- 2a/u1w1 — 3ﬁW13.
But
[1 - 2auiw; — 3,8w13|p < max{l, [2auiwip, |3/3w13|p},
and
Rawwil, <1 , 138wi’], <1,
and so
11— 2auywy —3B8wi’|, = 1.
Therefore,
2 2
U=ut|p I4

2 2 -2
< max{l?’lplullp P |a'|plwl|p } <p "

Thus, in each case we have that

|41, < p~".

Since we need to prove that P3 € E"(Q), using that Py, P, € E"(Q), we need to determine the
relations that their coordinates satisfy. Let P1 P, = [ii : 1 : w] be the third point of intersection
of the elliptic curve E and the line passing through P and P,. We first recall that u, u, and
i are solutions of the cubic equation

AU +v = U +aUQAU +v)* + B(AU +v)*

& (1+ad’+ AU + Qady +3B22V)U? + (av? +3BA1v* — DU + (Bv? —v) = 0.
Consequently,

_2a/lv +3BA%y
1 +ad?2+ pA3’

Uy +uy+i =
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Applying again the same argument we have that

11+ ad® + BA3|, < max{l, |@A?|,, | B2}
lalyl Al < 1 = [1+ad”+ A%, =1,
1Bl,12],° < 1

which means that
luy +up + il = 20y + 382%v|,.
‘We also have that,
vy = lwi = Adugl, < max{wyl, [Aluil,} < p~".
Thus,
2aAv +384%v|, < max{|2l,lalplAl,v],, 1Bl Bl140,% ], < p~"
(15) = |uy +up +iil, < p~".

By construction we have that P; = —P; P,. This means that [u3 : 1 : w3] = [—i : 1 : —W]. So,
for uz we have

lusl, = | —idly, = luy +up + i —uy —uzl, < max{luy + up +ilp, luly, luzl,} < p™.
Also,
. . N “n_—2n -3
|W3|p =|- Wlp = | + le < max{l/llplulpa |V|p} < max{p np n,p n} <1

So, by definition we have that Pz = P; + P, € E"(Q). Hence, E"(Q) is a subgroup of E(Q).
Let P=[u:1:w]e E"(Q). This means that |u|, < p™. So,

Pllul, <l e p™ul, <1 e pucZy ©ucp'Zy.

Hence, 7, is indeed a map from E"(Q) to p"Z, /p3”Z(p). It is obvious that 1,(Q) =
[0] PNZ- Also, according to (I3), we have that

3
U +uy—uz € pZpy = [ug +up - u3]p3nz(p) = [O]p3nz(p) = [u + uz]p3nz(p> = [u3]p3nz(p).

(il pnz,,, + 2]z, = (U3]panz,, = 1a(P1) + 00(P2) = 1,(P3) = 11,(P1 + P2),

0 17, is a homomorphism.
Consider the point P = [u : 1 : w] € ker(n,). Then

Nn(P) = [0]p3”Z(p) =uc p3nZ(p) = |p_3”u|p <l= Iulp < p_3n.

By the last inequality and the fact that |w|, = |u|p3, follows that |w|, < 1, and so we proved
that P € E*(Q). Hence, ker(n,) C E3"(Q). This completes the proof, since it is obvious
that E3"(Q) C ker(7,). O

PROPOSITION 1.15. For each prime p, we have

EQ)wr N ENQ) = {O).
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Proor. Let E(Q)r N EN(Q) # {O}. So, there is a nonzero point in the intersection
E(Q)r N EN(Q). Particularly, there is a point Q = [up : 1 : wg] of prime order! g, i.e.
qQ = O. Also, there exists unique n € N, such that

0 € E"(Q) \ E"(Q).

For that specific n, we define the homomorphism 7,,, as in proposition [CT4. Then
1n(qQ) = 12(0) = [0z, = qug € p*"Zy).

If p # g, then ug € p*'Z,) C p*Z,), while if p = ¢, then ug € p**~'Z,) € p*'Z,). In
each case, we have by injectivity that

ug € p*"Zy = 0 € E*(Q) < E"(Q),

which is a contradiction. O

The previous results are necessary for the proof of Lutz-Nagell theorem, which is actually
an easy-to-state theorem, but its proof is elaborate.

Proor oF THEOREM [Tl (1) We consider two cases. If yp = 0, then the point P is of
order 2, and xp is a rational root of the polynomial X* + X + $, and so an integer by
Gauss’ lemma. If otherwise, i.e. if yp # 0, we consider the change of coordinates

Uup = i and wp = L
yp yp
Then
P:[)Cpiypil]:[I/lP112Wp].
We fix a prime number p. By proposition LT3 we have that P ¢ E'(Q). This means
that |wpl, > 1 & |ypl, < 1. Since this is true for any prime p, we have that yp € Z.
Then by (), we also have |xp|, < 1, for every prime p. And, so xp € Z.
(i1) For the first coordinate x,p of the point 2P, we have that
xpt = 2axp? - 8Bxp + A2 B xpt = 2axp? - 8Bxp + a?
Axpd+axp+B) 4yp? '

Set A(xp) := xp* — 2axp> — 8Bxp + a. Then

Xop =

A(xp) = 4yp*xap.

According to (i), the numbers A(xp), yp2 and x,p are integers, and so it follows that
yp2 | A(xp). An easy calculation shows that

(Bxp> +4a)A(xp) — (B3xp> — Saxp —271B)yp’ = 4a’ + 2782

By the last equation and the fact the yp2 | A(xp), we conclude that yp2 | 403 + 27 ﬁz,
which is the desired result.

Let Q' € E(Q)or- Then there exists a natural number k > 2, so that kQ” = O. Let ¢ be a prime divisor of
k. Then

k
so the point — Q’ easily follows that it is of order 2.
q
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O

REMARK 1.16. The Lutz-Nagell theorem provides us with a rather not fast algorithm for
finding torsion points on an elliptic curve E, defined over the rationals. For any y, in the set

(k €Z:k?*| 4a> +27p%},

we try to find all integers x, which are roots of the polynomial X* + aX + 8 — y?. For those
x, we check whether the point [x : y : 1] is a torsion point, or not.

Moreover, given a point P € E(Q) we are able to determine if its order is infinite. We simply
calculate the coordinates of the points nP. If these are not integer numbers, then the point P
is of infinite order. Actually, it turns out that we need to check only the points 2P, 4P and
8P, to check if the point P is of finite order.

The following propositions (see [9]) give us some examples of families of elliptic curves,
the finite points of which, can be explicitly determined.

PROPOSITION 1.17. Let a € Z, such that p* t a, for every prime number p. Consider the
elliptic curve

Elg:Y* =X’ +aX.
Then, its torsion points, that differ from the point O, are the following:

(i) the point [0 : 0 : 1] of order 2.
(ii) if a = 4, the points [2 : £4 : 1] of order 4.
(iii) if @ = - for some r € Z, then [r : 0 : 1], of order 2.

In other words,

Z[AZ Jifa=4
E((Q)l‘orE Z/2Z@Z/2Z ,l:erEZ;a/:—ya_
Z[2Z , if otherwise

The previous result is due to Feuter in 1930, based broadly on an argument suggested by
Mordell. Five years later, Nagell proved the following result for another family of elliptic
curves.

PROPOSITION 1.18. Let 8 € Z, such that p® t B, for every prime number p, and let
Elg:Y*=X>+8.
Then the torsion points of E, that differ from the point O, are the following:

(i) if B = r?, for some r € Z, then the finite order points are the points [0 : +r : 1] of order
3.
(ii) if B = s>, for some s € Z, then the only finite point is the point [=s : 0 : 1], of order 2.

In other words,
Z/3Z LifAreZ:p=r>

E(Qr = {Z/ZZ JifdseZ:B=s
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2. Torsion Group of Elliptic Curves over Number Fields

The goal of this paragraph is to describe briefly what it is known about the group E (K)o
of an elliptic curve defined over an arbitrary number field K. One of the most significant
results concerning the torsion subgroup E (K ) is the following.

THEOREM 2.1 (MEREL). For every d € N, there exists a positive integer B, such that for
every number field K of degree d and elliptic curve E over K, it holds that

|E(K)t0r| < Bd-

This theorem is also known as "the strong uniform boundedness conjecture". The word
"strong" indicates that the bound is uniform in all number fields of the same degree over Q.
It is known as a conjecture of Ogg, but Levi was the first that conjectured the finiteness of
|E (K )ior|. Manin proved a local version of this conjecture in 1969 (see [14]).

THEOREM 2.2 (MaNIN). For any number field K and any prime number p, there exists an
integer e > 0, such that no elliptic curve defined over K has rational point of order p°.

Merel published an existential proof of this conjecture in 1996, but it was Parent, who
gave precise values for the constant B; some years later.

We introduce now some standard notation. For d € N, we define the following sets, which
depend only on the choice of the natural number d, as a consequence of the strong uniform
boundedness conjecture.

®d(d) := the set of all possible isomorphism classes of the torsion group E (K ) of
an elliptic curve E defined over a number field K of degree d over Q.

S(d) the set of primes that can appear as the order of a torsion point of an elliptic

curve E defined over a number field of degree d over Q.
= the set of primes p for which there exists an elliptic curve E over a number
field of degree d over Q, such that |E (K )| is divided by p.

As a consequence of Frey’s and Falting’s work, we have that

d(d) is finite & S(d) is finite.
Merel proved the finiteness of S(d) for each d > 1, and so the strong uniform boundedness
conjecture.

The ideal, for the study of the elliptic curves, would be to establish the set ®(d), for any
choice of the natural number d. Until today, this is an open question. Mazur’s theorem
determines the set @(1). Due to the work of Kamienny, Kenku and Momose the set ®(2) has
been determined explicitly.

THEOREM 2.3 (KaAMIENNY, KENKU, MOMOSE). Let K = Q(\/ﬁ ), be a quadratic number field
and E be an elliptic curve over K. Then

(i) for d = =3, we have E(Q(N=3)),,, = Z/3mZ & Z/3mZ, with m € {1,2)},
(ii) for d = —1, we have that E(Q(\/—_l))mr = 7/47 & Z/4Z, and
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(iii) for any other choice of d, we have either that E(K ), = Z/mZ, form € {1,2,...,16,18},
orthat E(K);y = Z/2Z ® Z/2mZ, withm € {1,2,...,6}.

For d > 3, we have some results for the torsion subgroup, but not conclusive answer for
the set d(d). It is worth-noting that the study of the torsion points of elliptic curves is an
active field of research. Even if the set ®(d) has not been established for any d, there are
several results concerning specific subsets of ®(d). We give an indicative example of such a
subset of ®(d) and of what it is known about it. Let

®g(d) := the set of possible isomorphism classes of groups E(K ), Where K is a

number field K of degree d over Q and E is an elliptic curve defined over Q.

Due to recent work of Conzalez-Jimenez and Najman the set ®qg(p), where p is a prime
number, is determined. Practically, this means that we know all possible torsion groups over
prime degree number fields of elliptic curves with rational coefficients.

3. The rank of elliptic curves over Q

We recall that for the group E(Q) of rational points of an elliptic curve E over the rationals,
it holds that
E(Q) = E(Q)tor @ Zr’
where E(Q)q is the torsion subgroup of E(Q) and r € Ny is the rank of the elliptic curve E.
We studied thoroughly the group E(Q)yr, and so in this section we focus on the rank of E.

The first question that arises is, whether we are able to determine the rank of an elliptic
curve, or not. For specific cases the rank has been determined, but in its generality this is an
open problem for now. In fact we do not know which nonnegative integers appear as rank of
an elliptic curve, or even better if the rank is a bounded number or not.

Another important question that we are interested in is about the generators of Z". Assum-
ing that we know the rank of an elliptic curve, are we able to establish a system of generators
of 27

3.1. The algebraic approach.

3.1.1. Cohomology of profinite groups. First, we note that the definitions and the results
we will mention are more generalB, but for simplicity we stick to the case that concerns us.

Let K be a number field and K be its algebraic closure. It is known that K is the direct
limit of all finite Galois extensions L of K, i.e.

K= li_r)n L.
L/K finite & Galois
Moreover, the extension K /K is an infinite Galois extensionB, such that the group Gal(K/K)
is profinite. In particular,
Gal(K/K) = l(iLn Gal(L/K).
L/K finite & Galois

2Instead of the profinite group Gal(K), we could state the results for any profinite group G.
3Sometimes the extension K of K is referred as the absolute Galois extension of K.
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This means that Gal(K/K) is also a topological group, such that a basis of open sets around
the identity consists of all subgroups of Gal(K/K) of finite index.

Let M be an abelian group on which the group Gal(K/K) acts. We denote the action of
o € Gal(K/K) onm € M, by
m+— m?.
The M is a (right) Gal(K /K)-module if the action of G on M satisfies the properties
m=m , m+m)"  =m" +m’’ and (m°)" =m°".

If M and N are both Gal(K/K)-modules, a Gal(K/K)-homomorphism is a homomor-
phism ¢ : M — N of abelian groups commuting with the action of G, i.e.

¢(m”) = p(m)?,
forall o € Gal(K/K) and m € M.

DEFINITION 3.1. A discrete Gal(K /| K)-module is an abelian group M, on which the group
Gal(K/K) acts continuously with respect to the topology on Gal(K/K), which described
above, and the discrete topology on M. In other words, the map

Ga(K/K)xM — M , (o,m)+— m”

1s continuous.

The definition of a discrete Gal(K /K )-module is rather not so practical, and so we need
other equivalent characterizations.

PROPOSITION 3.2. Let M be a Gal(K /K )-module. The following are equivalent:

(i) M is a discrete Gal(K | K)-module.
(ii) For each m € M, the stabilizer

G :={o € Gal(K/K) | m” = m)
is an open subgroup of Gal(K /K).
(iii) If B(1) is a basis of sets around the identity, which consists of open normal subgroups
H of Gal(K /K), then
M= [ ] m"

HeB(1)
where
M7 ={meM|m’ =m,Yo € H}.

THEOREM 3.3 (STRUCTURE THEOREM OF PROFINITE GROUPS (FOR GAL(K/K))). (i) Let H be
a normal subgroup of Gal(K /K). Then H is open if. and only if the group Gal(K /K)/H
is finite.

(ii) Let H be a subgroup of Gal(K /|K). The following are equivalent:
(1) H is close.
(2) H is profinite.
(3) H is intersection of infinitely many open subgroups of Gal(K | K).

Proor. (see [T7], or [?]) O
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EXAMPLE 3.4. Let M be the additive abelian group (K, +) and the action
Gal(K/K)x K — K

K:UL,

K<L<K
L/K finite

be the usual one. Since

the K is discrete Gal(K/K)-module. It holds the same if we consider the corresponding
multiplicative group. In other words, the group K* is also a discrete Gal(K /K )-module.

EXAMPLE 3.5. Let E be an elliptic curve defined over an arbitrary number field K. Then
E(K) is an additive abelian group and a discrete Gal(K/K)-module, because

E(R) = U E(L).

K<L<K
L/K finite

We are interested in calculating the largest submodule of a given Gal(K/K)-module, on
which Gal(K/K) acts trivially. To that purpose, we define the Oth cohomology group.

DEFINITION 3.6. The Oth cohomology group of the Gal(K | K)-module M is defined by
WO(Gal(IZ/K), M):={meM|m’ =m,Vo € Gal(K/K)).
That is the submodule of M, that consist of all Gal(K /K )-invariant elements.

This definition implies the existence of cohomology groups of higher order. Indeed, we
could define the n-th cohomology group for any n € Ny, but this not necessary for our goal.
We need only the Oth and the 1st cohomology group. Therefore, it remains to define the 1st
cohomology group.

Let
0—4258Lc—o0

be a short exact sequence of Gal(K/K)-modules. That is, ¢ and  are Gal(K/K)-modules
homomorphisms such that ¢ is injective, ¢ is surjective and

Im(¢) = ker(y).

Easily follows that taking the corresponding cohomology groups, we may write the following
exact sequence

0 — H(Gal(K/K), A) — H°(Gal(K/K), B) — H°(Gal(K/K),C).

The problem now is that the map on the right fails to be surjective. We would like to measure
this failure, i.e. this lack of surjectivity.

DEFINITION 3.7. Let M be a Gal(K/K)-module, and C! (Gal(K/K), M) the set of all maps
Gal(K/K) — M.

This is a group and it is called the group of 1-cochains from Gal(K/K) to M. We define the
group of 1-cocycles (from Gal(K /K) to M) by

Z'(Gal(K/K), M) := {£ € C(Gal(K/K), M)|£(o7) = £(0)" + £(7), Y o, 7 € Gal(K/K)} .
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We also define the group of 1-coboundaries (from Gal(K/K) to M) to be
B'(Gal(K/K), M) := {¢ € C'(Gal(R/K). M)|Am € M : £(0) =m” —m, ¥ o € Gal(K/K)}.

By these definitions we can prove that the group of 1-coboundaries is a normal subgroup of
the group of 1-cochains. The 1st cohomology group of the Gal(K | K)-module M is denoted
by H ' (Gal(K/K), M) and it is the quotient group of these groups, i.e.

H (Gal(K/K), M) = Z'(Gal(K/K), M) /B (Gal(K/K), M).
REMARK 3.8. If we consider the trivial action of Gal(K/K) on M, then
H°(Gal(K/K),M) =M and H'(Gal(K/K), M) = Hom(Gal(K/K), M).

Indeed, the first relation is immediate by the definition of Oth cohomology. For the second
relation, it suffices to observe that all maps from Gal(K/K) to M, i.e. all the I-cocycles, are
group homomorphisms and the only 1-coboundary is the trivial one.

We consider again the short exact sequence of Gal(K/K)-modules

0— A L B i) Cc —0.
Let ¢ € H°(Gal(K/K), C). Then there exists an b € B, such that ¢ (b) = c. We define the
& e C'(Gal(K/K), M) by
E(o) =m —m.
Then & € Z'(Gal(K/K), A). We define the 5(c), to be the cohomology class in H ! (Gal(K/K), A)

of the 1-cocycle &. This ¢ is a homomorphism, and by diagram chasing it follows that the
sequence

0 — H(Gal(K/K), A) — H°(Gal(K/K), B) — H°(Gal(K/K), C)

s H (Gal(R/K), A) — H (Gal(R/K), B) — H ' (Gal(K/K), C),
1s exact.

Let now M be a discrete Gal(K/K)-module and L/K be a finite Galois extension. Since
L/K is Galois the group Gal(K/L) is a normal subgroup of Gal(K/K). Further, it is known
that

Gal(L/K) = Gal(K/K)/Gal(K/L)

and

[Gal(K/K) : Gal(K/L)] = [L : K] < oo.
This means that M can be considered as a discrete Gal(K/L)-module, and so both 1st coho-
mology groups, H ' (Gal(K/K), M) and H' (Gal(K /L), M), are defined. If ¢ : Gal(K/K) —
M is a 1-cochain, then its restriction &|g, (g1 is @ 1-cochain from Gal(K/L) to M. There-
fore, it is clear that this restriction of & takes cocylces to cocycles and coboundaries to
coboundaries. So, we obtain a restriction homomorphism

Res : H' (Gal(K/K), M) — H'(Gal(K/L), M).
Since Gal(K/L) < Gal(K/K), the submodule
MSAKIL) — e M| m” =m, Yo € Gal(K/L))
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is a Gal(K/K)/Gal(K/L)-module. This observation leads us to write the following compo-
sition of maps

Gal(K/K) —> Gal(R/K)/Gal(R /L) —— MEIKIL) <, pp

where the map on the left is the natural projection and the map on the right is the natural

inclusion. That is actually a 1-cochain of Gal(K/K) to M. If & is a cocycle or coboundary,

the composition has the same property as well. Thus, we obtain an inflation homomorphism
Inf : H' (Gal(R/K)/Gal(K/L), MFKIL) — ! (Gal(R /K), M).

Using these homomorphisms, the restriction and the inflation, we can construct the following

exact sequence

0 — H' (Gal(K/K)/Gal(K /L), MGal(K/“) I 1 (Gal(R/K), M)

RS ! (Gal(R /L), M).

3.1.2. The groups of Selmer and Shafarevich. Let E be an elliptic curve defined over the
rationals and m € N. Recall that the m-torsion subgroup of E(Q) is defined by

E[m]|(Q) ={P € E(Q) | mP = O}

and it holds that
E@Q)or = ) EImI(@.

meN
Generally if an elliptic curve E is defined over a number field K, with K be its algebraic
closure, then
Em|(K) =2 Z/mZ ® Z/mZ.

Moreover, if the field K is algebraically closed field, the m-multiplication of a point, that is,
the homomorphism

[m] : E(K)— E(K)
P+ mP,
is a surjective homomorphism (see [I8], p. 98). We distinguish two cases. If K = C, then
E[m](C) = Z/mZ & Z/mZ.

If K is algebraically closed but not the field of complex numbers, then K < C, and so it
holds the same.

As we have mentioned the additive group E(K) is a discrete Gal(K/K)-module. This
means that the sequence

0 — E[m](K) — E(K) — E(K) — 0,

is a short exact sequence, where the map on the right is the m-multiplication of points of
E(K). Hence, we have the exact sequence

0 — E[ml(K) — E(K) m E(K) > H! (Gal(K/K), Elm](K))
— H(Gal(K/K), E(K)) — H'(Gal(K/K), E(K)),
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where ¢ is the connecting homomorphism, as we defined it in the previous paragraph. We
denote by H' (Gal(K /K), E(K))[m] the group of all elements of ' (Gal(K/K), E(K)) that
have order, which divides the natural number m. Then the sequence
(16) 0 — E(K)/mE(K) —> H! (Gal(K/K), E[m](K))

—s H'(Gal(K/K), E(K))[m] — 0
is exact.

Our purpose now is to determine a bound for the quotient group E(K)/mE(K). We ob-
serve that the group H ! (Gal(K/K), E[m](K)) depends only on the structure of the group
Gal(K/K), and not on the elliptic curve E, and if it is finite, then so is E(K)/mE(K). But the
group H' (Gal(K/K), E[m](K)) is infinite. The basic idea in order to overcome this obstacle
is to study our problem locally.

Let Mk be the set of all places of K and v € Mg. We denote by K, the completion of K
with respect to v, and by K, its algebraic closure. Then it is easy to verify that

Gal(K,/K,) < Gal(K/K).

Indeed, the profinite group Gal(K, /K,) acts on K,, and a fortiori on K, since K < K,. This
means that each K,-automorphism of K,, restricted to K, can be seen as K-automorphism of
K. Also, since we have assumed that the elliptic curve E is defined over K and K < K,, it is
also defined over K,. As in ([fl), we have an exact sequence

0 — E(K,)/mE(K,) ! (Gal(K,/K,), Elm](K,))
— H'(Gal(K,/K,), E(K,))[m] — 0

of discrete Gal(K,/K,)-modules. Each 1-cochain of H'(Gal(K/K), E(K)) induces a I-
cochain of H'(Gal(K,/K,), E(K,)). This means that we shall define a homomorphsim

H' (Gal(K/K), E(K)) — H'(Gal(K,/K,), E(K,)).
Similarly, we define a homomorphism
H' (Gal(K/K), E[m](K)) — H'(Gal(K,/K,), E[m](K,)).

Therefore, we obtain the following commutative diagram with exact rows.

0 — E(K)/mE(K) —> H' (Gal(R/K), E[m|(K)) —— H'(Gal(K/K), E(K))[m] — 0

l J PR Jlﬂ
T3

0— E(K,)/mE(K,) = H(Gal(K,/K,), E[m](K,)) — H!(Gal(K,/K,), E(K,))[m] — 0
We would like now to replace the cohomology group H ' (Gal(K/K), E[m](K)), with a sub-
set of it, so that it contains the image 6 (E(K)/mE(K)). It is obvious that

0(E(K)/mE(K)) C ker(¢p).
This means that
¢(6(E(K)/mE(K))) = 0= ¢ (¢(6(E(K)/mE(K)))) =0
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= 6(E(K)/mE(K)) C ker(y o ) = ker(s).

DEFINITION 3.9. The m-Selmer group of an elliptic curve E defined over K ,which is de-
noted by Sel™(E, K), is defined to be the kernel of the map s for all v € Mg. In other
words,

Sel™ (E, K) := ker (ﬂl(Gal(K/K),E[m](k)) — @ H I(Gal(I?V/KV),E(I?V))[m]).

veMg

Analogously, we define the Tate-Shafarevich group, usually denoted by III(E, K), as follows:

I(E, K) := ker(?—(l (Gal(K/K), E(K)) — @ H(Gal(K,/K,), E(KV))).

veMg

REMARK 3.10. The Tate-Shafarevich group is the set of all elements of H ! (Gal(K/K), E(K)),
so that restrictedB to v € Mg, are equal to the identity. This means that this group gives us a
measure of the difference between the local and the global.

LEmMMA 3.11. For each pair of homomorphisms of abelian groups A B i C, the
following sequence

0 — ker(a) — ker(f o @) — ker(B) — coker(a) — coker(f o @)
— coker(B) — 0.

IS exact.

Using this lemma, we may prove that the

0 — H'(Gal(K/K), Elml(K)) — H'(Gal(K,/K,), E(K,))[m]

— P H' (Gal(Ry/K,), E(K,))[m] — 0
vEMK
is a short exact sequence. This means that the
0 — E(K)/mE(K) — Sel™ (E, K) — III(E, K)[m] — 0

is a short exact sequence as well, where by III(E, K)[m], we denote the group of all elements
of the group III(E, K), that they have order that divides m.

THEOREM 3.12. The m-Selmer group Sel”™ (E, K) of an elliptic curve E defined over a
number field K is finite, for each m € N.

Proor. (see [I5], p. 110-117, or [A8], p. 60-65) O

COROLLARY 3.13. The groups E(K)/mE(K) and 1I(E, K)[m] are finite. In other words,
the finiteness of the group Sel”™ (E, K) implies the weak Mordell-Weil theorem and the finite-
ness of the group 11(E, K)[m].

4This restriction is induced by the inclusion Gal(K, /K,) € Gal(K/K).
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We are interested in the group E(K)/mE(K), in order to determine the rank of the elliptic
curve E. We just mentioned that the m-Selmer group is close to E(K)/mE(K), meaning that
the difference of the orders of these groups is finite. This difference is a number that depends
on the choice of m.

CONJECTURE 3.14 (Tatg). The Tate-Shafarevich group III(E, K) of an elliptic curve E
defined over K if finite.

Assuming the truth of the conjecture of Tate, we would be able to conclude, not only that
the difference of the orders of E(K)/mE(K) and Sel”™ (E, K) is a number that is independent
of the choice of m, but also that the two groups are equal for almost every m € N.

Till the end of 80’s there was no known example of elliptic curve with finite Tate-Shafarevich
group. This conjecture is still an open question. The importance of that conjecture will be-
come more clear, when we will present the strong version of the Birch and Swinnerton-Dyer
conjecture. We will mention some results at the end of the next paragraph.

3.2. The analytic approach. One of our goals is the formulation of the conjecture of
Birch and Swinnerton-Dyer, as part of the study of elliptic curves over the rationals. The
weak version of this conjecture is stated using L-series, and it turns out that L-series is a
necessary tool for attacking many conjectures and open questions in number theory.

3.2.1. The minimal discriminant. We begin by considering an elliptic curve E defined
over the rationals and given in long Weiestrass form, that is

(17) Elg: Y*+ a1 XY + a3Y = X* + apX? + ay X + as.

Without loss of generality we assume that a; € Z, for every i € {1,2,3,4,6}. Therefore,
the discriminant Ag of the elliptic curve E is an integer number. Equivalently, it holds that
|Agl, < 1, for every prime number p. Further,

Apl, =1 ptAg.

The problem now is that there are more than one long Weiestrass forms with integer coeffi-
cients for an elliptic curve E. Indeed, applying admissible change of variables, it is possible to
get a long Weierstrass form with integer coefficients from another one with the same property.
Such change of variables are of the form

(18) X=u’X"+r and Y =Y +su’X +1,

where r, s5,t,u € Q and u # 0. The observation that for such a form it holds that |[Ag|, < 1, or
equivalently v,(Ag) > 0, implies that the set

Sy :={|Aglp | E is given in long Weierstrass form with integer coefficients}
has an upper bound, and even better, a maximum.

DEFINITION 3.15. Let E be an elliptic curve defined over the rationals and p be a prime
number. The equation (IC2) is called p-minimal model of E, if the number |Ag|,, where Ag
is the discriminant of E , is equal to the maximal element of the set S,,. If (I'Z) is p-minimal
model for every prime number p, then it is called global minimal model of E.
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The next result ensures that there exists a minimal model for every elliptic curve over the
rationals, and so we may assume that every elliptic curve is given in long Weierstrass form,
which is a global minimal model.

THEOREM 3.16 (NERrRON). Given an elliptic curve E over the rationals, there exists an
admissible change of variables, so that the resulting equation is a global minimal model for
E. Two global minimal models for an elliptic curve E are related by an admissible change of
variable of the form (IR), such that r, s,t € Z and u € {—1, 1}.

REMARK 3.17. We can generalize the notion of the global minimal model to elliptic curves
defined over an arbitrary number fields. For the elliptic curve E over K, we are able to define
the v-minimal model of an elliptic curve for any v € Mg. However, it is not sure if a given
elliptic curve has global minimal model, i.e. Néron’s theorem is not true for elliptic curves
over number fields.

3.2.2. Reduction of elliptic curves over Q. We first dealt with the idea of reduction mod-
ulo prime number for the proof of the Lutz-Nagell theorem. We will now give more details,
that we will need in order to define the conductor and so, the L-series of an elliptic curve.

Let E be an elliptic curve over the rationals and p be a prime number. The curve that is
obtained after reduction modulo p is not necessarily an elliptic curve, too. In case it is we say
that £ has good reduction at p. Otherwise, it is a singular cubic curve. This means that E,,
has a unique singularity, which is either a node, or a cusp.

Figure 2. Affine picture of an elliptic curve with cusp (on the left), and an
elliptic curve with a nodal point and the tangents on it (on the right).

These two cases of singularities leads us to discrete to different types of bad reduction.

DEFINITION 3.18. Let E be an elliptic curve and p be a prime, so that E has bad reduction
at p. We say that E has multiplicative reduction modulo p, if the singularity of the curve E,
is a node. Otherwise, we say that E has additive reduction at p.
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In case of multiplicative reduction we have to give an extra characterization, depending on
where the tangents are defined.

DEFINITION 3.19. Let E be an elliptic curve over Q and p be a prime number, such that E
has multiplicative reduction at p. Then the multiplicative reduction at p is said to be split, if
the slopes of the tangent lines at the node are in F,,, and nonsplit otherwise.

DEFINITION 3.20. Let E be an elliptic curve over the rationals and

0 , if E has good reduction at p,
£ = 1 , 1f E has multiplicative reduction modulo p at p,
P2 , if E has additive reduction modulo p and p ¢ {2, 3}, ’

2+6, ,if E has additive reduction modulo p and p € {2, 3}

where 6, is defined by Ogg’s formula (see [I6]) and is calculated by Tate’s algorithm (see
[22]). The natural number
NE = ﬂ pfpa

p prime

is called conductor of E.

3.2.3. Elliptic curves defined over finite fields. We are interested now in elliptic curves
over finite fields. Let g be a prime number and E be an elliptic curve over the finite field F,,.
We would like to valuate the order of the group E(F,), that is to find appropriate upper bound
for the number N(q) := #E(F,). We assume that E is defined by an equation of the form [,
i.e. a long Weierstrass form with integer coefficients. Using the observation that for any x,
we get at most two different values of y, we conlude that

1 <N(g) £1+2q.

But this is a rather not so useful bound and of course it is not the best possible. Heuristically,
we would expect that for any quadratic equation of variable Y in terms of a given X, there
exists a solution with probability 1/2. This means that perhaps the number 1 + ¢ is close to
N(q). Up to an error of 24/q this is true, due to Hasse’s work.

THEOREM 3.21 (Hassk). Let E be an elliptic curve defined over the finite field F,. Then
IN(q) — (1 + @)| <2+/q.

Proor. (see [7]) O

This is a result of great importance since it is equivalent to the Riemann hypothesis for
elliptic curves. An elementary proof was given by Manin (see [4], or [13]).

3.2.4. Definition of L(E, s) and their properties. The algebraic approach we tried in or-
der to compute the rank of an elliptic curve E over the rationals is not useful enough. We
obtained an upper bound by computing the order of the group Sel” (E, Q), but the difference
between this order and the rank of E, is given by the mysterious group III(E, Q).

This conversation makes it clear that we need to try a different approach. The idea of Birch
and Swinnerton-Dyer was elementary. They claimed that, if the rank of E is a large number,
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then so is N(p) for many primes p. The two mathematicians worked on this idea at late 50’s
until early 60’s (see [2]). They computed the value of the function

N
=[] 22

p prime
p<B

for several positive real numbers B. The conclusion was the statement of the following con-
jecture.

CONJECTURE 3.22. For every elliptic curve E over the rationals, with rank r, there is a
constant ¢, so that

B _
B—+o c(log B)"
Or equivalently,
f(B) ~ c(log B)',
as B — +oo.

This conjecture anticipates that the computation of the rank r is possible if we compute
the values of N(p) and constant ¢c. However, Birch and Swinnerton-Dyer observed that as
B increases, the constant ¢ can not be determined explicitly, not even approximated with
accuracy. They modified their idea, and so the conjecture itself.

To do so, they defined the L-series of an elliptic curve, using the {-function of an elliptic
curve over the rationals. Consider an elliptic curve E defined over Q and given by a global
minimal model. In this case the reduction modulo some prime p is singular if, and only if
p | Ag, where Ag is the discriminant of E. Since the conductor Ng of E has the same prime
factors with the discriminant of E, then

plAg & p | Ng.

We will define the L-series of E locally, i.e. for any prime number. Let p be a prime number.
If E has good reduction modulo the prime p, then the L-series is defined, as follows

L,(E,T) :=1-a(p)T + pT?,
where a(p) := p+ 1 — N(p). Otherwise, we define
Ly(E,T) := 1 —a(p)T,

where
1 , if E has split multiplicative reduction at p
a(p) :== {—1 ,if E has nonsplit multiplicative reduction at p .
0 , if E has additive reduction at p

DEFINITION 3.23. The L-series of the elliptic curve E over Q, is defined by

LEs)= || LyEp™™

p prime

foreach s € C.
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Due to Hasse’s theorem, it can be proven that the infinite product which defines the L-

function converges for all s € C, such that R(s) > > Let, now,

A(E, s) := 2n) " Ng2T(s)L(E, s).

CONJECTURE 3.24. The L-series L(E, s) has an analytic continuation to the entire complex
plane and satisfies the functional equation

A(E,s) = wA(E, 2 — s),

where w € {—1, 1}

This conjecture was proven by Deuring for elliptic curves with complex multiplication.
Wiles and R. Taylor (see [25] and [23]) proved it in case of square free conductor. Finally,
the conjecture was proven for all elliptic curves over the rationals by Breuil, B. Conrad,
Diamond and R. Taylor (see [3]).

The number w in the conjecture is called root number, and the order of the root 1 of A(E, s)
depends on it. If for example w = —1, then

A(E, 1) =-A(E,2-1) = A(E, 1) =0.

Further, it holds that
w = (_l)ordS:I(L(E,s)).

Now we are ready to state the weak version of Birch and Swinnerton-Dyer.

CONJECTURE 3.25 (BircH, SWINNERTON-DYER). Let E be an elliptic curve over the ratio-
nals. Then

ords—1 (L(E, s)) = rank(E).

In other words, the conjecture informs us the the Taylor expansion of the L-series of E at
s = 1, is of the form

L(E,s) = a(s — 1)" + higher order terms,
such that a # 0 and r = rank(E). Consequently,

L(E,1) =0 & E(Q) is infinite.

An indicative of the significance and the elegance of the conjecture of Birch and Swinnerton-
Dyer is that it is one of the seven millennium problems, that Clay Mathematical Institute
announced on May, 2000, in Paris.

The first general result regarding this conjecture is due to Coates and Wiles (see [8]).

THEOREM 3.26 (Coates,WiLEs). If E is an elliptic curve over the rationals, with complex
multiplication, then

rank(E) > 1= L(E,1) = 1.

As a combination of the results of Gross and Zagier (see [A]) and Kolyvagin (see [10]), we
have the following theorem
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THEOREM 3.27 (Gross,ZAGIER, KOLYVAGIN). Let E be an elliptic curve defined over Q. If
ords—1 (L(E, s)) < 1,
then the Birch and Swinnerton-Dyer conjecture is true, that is
rank(E) = ords-1 (L(E, 5)),
and the group 111 (E, Q) is finite.

This result has been generalized by Zhang (see [26]) for modular elliptic curves defined
over totally real number fields.

The weak version of the conjecture was stated in 1963. There exists also a strong version
of the Birch and Swinnerton-Dyer conjecture, stated in 1965. In order ti formulate it, we need
some additional notions.

o Let
En(Qp) := {P € E(Q,) | P (mod p) € Ey(Fy)}

This is a subgroup of £(Q,), and so we define the index
Cp = [E(Qp) : EO(Qp)]

Of course, if E has good reduction at a prime p, then ¢, = 1. This means that the
number ¢, is equal to 1 for almost every prime number p.
e Q) is the positive real period of the differential form

_dy
-« 2y

up to the number of connected components of E, that is

Q= Vf lwl,
ER)

where by v we define the number of connected components of E. It is known that

cpNp
lw| = —.
E(R) p

For the proof of this equation Haar measure is used.
e We know (see Appendix B), that for any elliptic curve E, we can define the Néron-
Tate pairing
(~) : E(K)XE(K)—R
(P,Q) > hp(P + Q) = hp(P) — hp(Q).

This is a Z-bilinear basis. If the set { Py, P, ..., P,}, with r = rank(E), is a Z-basis
of the quotient group E(Q)/E(Q)r, then we define the regulator of E, by

Reg(E, Q) :=det ({P;, Pj)i<ij<r)-

We note that if E has zero rank then Reg(E, Q) := 1. Since the canonical height /i
is a positively defined quadratic form, the regulator is a positive number.

w
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CONJECTURE 3.28 (BircH, SWINNERTON-DYER). Let E be an elliptic curve over the ratio-
nals, so that r = rank(E). Then

lim ((s = L. 9)) = [E@uurl 7+ Q- [ | ¢+ ITI(E QI Reg(E. Q).
p prime
REMARK 3.29. (i) Every number that appears in the strong version of the Birch and
Swinnerton Dyer conjecture, except for the order of the Tate-Shafarevich group LI (E, Q),
can be computed by programs such as PARI, SAGE e.t.c.
(i1)) The number

.

EQ): ) PZ
i=1

is independent of the choice of P;’s. It turns out that it is also equal to the number

|E(Q)or] % - Reg(E, Q).

det ((Pi, Pj)1<ij<r)/

We finish this section chapter with the remark that until today, all the partial results that
have been proved, indicate that the conjecture of Birch and Swinnerton-Dyer is true. As an
indication of that, we mention that Bhargava, Skinner and Zhang proved that the majority of
elliptic curves, that is at least the 66,48% of them, have rank equal to 0 or 1, and so they
satisfy the desired conjecture (see [[]). Also, this lower bound can be improved.

As it seems from this brief introduction to this field of mathematics, there are interest-
ing open problems and questions to be answered, including the Birch and Swinnerton-Dyer
conjecture.

All we have to do is keep searching for answers...



Appendix A: VALUATIONS AND ABSOLUTE VALUES

In this paragraph we present elements of the theory of valuations that are necessary for the
definition of heights and the proof of their properties.

Given a real or complex number, a naive measure of its size is its absolute value, which
actually indicates its distance from the origin of the real axis or the origin of the complex
plane, respectively. We would like to generalize the notion of the absolute values to algebraic
number fields.

DEFINITION 3.30. Let K be a number field. A real-valued absolute value, is called a map
| -1 K — Ry,
that, for each a, 8 € K, satisfies the following properties:

() ] =0 a=0.
(i) Multiplicative: |a 8| = |a| - | B].
(ii1) Triangle inequality: |a + B] < |a| + | B].

If the absolute value, satisfies the following property:
(iii)* Ultrametric inequality: |a + 8| < max{|a|, | 5]},
then it is called nonarchimedeanB. Otherwise, it is called archimedean.

DEFINITION 3.31. Let K be a number field and |- |; and |- |, two real-valued absolute values
of K. These are called equivalent, if it holds that

lai <1 e lal <1,
for every a € K.
Using this definition, we are able to prove the following result, which is a probably more
helpful characterization of the equivalence of absolute values.

PROPOSITION 3.32. Let K be a number field and | - || and | - |, two real-valued absolute
values of K. These are equivalent if, and only if, there is a positive real number s, such that

lalk = lali’,

foreach a € K.

5The ultrametric inequality is stronger than the triangle inequality. Obviously, every nonarchimedean ab-
solute value satisfies the triangle inequality.
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This proposition makes it clear that, what we defined as equivalence of real-valued ab-
solute values of a number field, is actually an equivalence relation. This leads us to the
following definition.

DEFINITION 3.33. An equivalence class of absolute values of a number field K is called
place of K. The set of all places of the number field K is denoted by Mg. Moreover, we
denote the set of all archimedean places of K, by My.

By definition, an absolute value is a multiplicative map. The exponential analogous of the
absolute value, is also important.

DEFINITION 3.34. Let K be a number field and
v:K — RU{oo},
be a map, which satisfies the following properties:
v = a=0,
(1) v(ap) =v(a) +v(B), forany a, B € K, and
(ii1) v(a + B) > min{v(a@), v(B)}. The equality holds in case v(a) # v(S).
The map v is called (real-valued) valuation of K.

REMARK 3.35. As it is obvious the notions of valuations and absolute values are dual.
Some authors use the term "exponential valuation", rather than "valuation". In this case the
terms "valuation" and "absolute value" are identified.

REMARK 3.36. Given a valuation v of K, we can define a (nonarchimedean) absolute value
|1, by
la| = V'@,
with ¢ is a real number such that 0 < ¢ < 1. The inverse is also true. Given an absolute value
| - |, we can define a valuation v as the logarithm of the absolute value, i.e. by
v(a) = log,. |a|,

such that 0 < ¢ < 1, with the convention v(0) := co.

We begin with the most simple number field, the field Q. The only archimedean absolute
value is the usual one, and it is denoted by | - |. In other words, if @ € Q, then

|| = max{—a, a}.

We want to determine the nonarchimedean absolute valuations. Every rational number « is
written uniquely in the form

a = sign(a@) npi"",
i=1
where sign(a) € {—1, 1}, p;’s are prime numbers and n; € Z, for every i € {1,2,...,r}. For
any prime p, we define the map

vp ¢ Q—ZU{oo}

b

n; ,if p=p;, forsomeie€ {1,2,...,r}
o — A .
0 ,if otherwise
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with the the convention that v(0) = co. We define now the map

-l Q— Ry

a — p_Up (@)

It follows easily that v, is a valuationf of Q and | - |, is an nonarchimedean absolute value of

Q.

DEFINITION 3.37. The valuation v, is called p-adic valuation of Q and the absolute value
| - | 1s called p-adic absolute value, or p-adic norm of Q.

By the definition of p-adic absolute values, we obtain a bijection between p-adic valuations
and p-adic absolute values. Indeed, if @ € Q, then

lal, = p™ Y o vy(a) = —log,(|al,).

PROPOSITION 3.38. Every archimedean real-valued absolute value of Q is equivalent to
the usual one, i.e. to the absolute value | - |, and every nonarchimedean real-valued absolute
value of Q is equivalent to a p-adic norm | - |, for some prime number p.

Let now p € Mg be a placell of Q and | - |, its representative. The absolute value | - |,
induces a metric

dy(x,y):=|x-yl, , VYx,yeQ.
We denote by Q, the completion of the field Q, with respect to the metric d,. It is also known
that equivalent absolute values induce the same completion of Q. If the absolute value | - |,
is equivalent to the usual one, which symbolically means that p = oo, then the completion is

the field R of the real numbers, i.e. Q. = R. Otherwise, the absolute value | - |, is a p-adic
norm | - |,, and so the completion is the field Q,, i.e. the field of p-adic rational numbers.

A natural question that arises is why we choose the p-adic norms as representatives of
the equivalence classes of Mg. The answer is given by the following proposition, which
is an immediate consequence of the uniqueness of the factorization of a rational into prime
numbers.

PROPOSITION 3.39 (ProbucT FormuLA). Let @ € Q. Then

ol | ] lely = 1.

p prime

We would like, now, to study the absolute values of number fields. One of our purposes
is to define the representatives of places, in a way that they satisfy a relation like the product
formula. In order to do that we need some notation.

DEFINITION 3.40. Let L/K be an extension of number fields, v € Mg and w € M. We
say that w lies over v, or w is an extension of v, and we write w | v, if the restriction of w to
Kisv, ie. if wlg =v.

SMore precisely, v, is a discrete valuation.
7By that we mean that p is equal either to a prime number, or to co.
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Let | - |, be a representative of the place v € Mg. Then this absolute value induces a metric
d,, as in the case of Q. We denote by K,, the completion of K, with respect to v. Easily
follows that if v is a place of the number field K, its restriction in Q a place p of Q, and the
completion Q,, of Q is a subfield of the completion K, of K, with respect to v.

DEFINITION 3.41. Let K be a number field and v € Mg, which is extension of the place p
of Q. The local degree of v is the number

ny = [K, : Qp]

We shall generalize the definition of the local degree to any extension of number fields, and
study the relation of it with the global degree of the extension. This leads us to the following
well-known result.

PROPOSITION 3.42 (DeGREE ForRMULA). Let L/ K be an extension of number fields, and let
v € Mg. Then
[L:K]= Z[LW K]

wlv

Proor. (see [12], p. 14) O

DEFINITION 3.43. Let | - |, be an absolute value corresponding to the place v € Mg. If by
n, we denote the local degree of v, the normalized absolute value associated to v is the || - ||,,
defined by
lally = lah,™

foreach a € K.

Using the degree formula, we can prove the next result.

PROPOSITION 3.44. Let K be a number field, « € K, and | - |, be an absolute value of Q
corresponding to the place v € Mg. Then

[ [l = INk/g(@)h.

wlv

Proor. (see [IT], p. 39) O

PROPOSITION 3.45 (GENERALIZED PrRODUCT FORMULA). Let K be a number field and v € Mk.
Then for each @ € K*, it holds that
[ ] el =1.

veMk

Proor. (see [R],p. 172) |

We want now to describe precisely the absolute values of a number field K. Let
n = [K : Q]. We begin with the description of the archimedean absolute values of K. The
field K admits n pairwise distinct embeddings o : K < C. Each of these embeddings define
an absolute value, by
ol = |o(@)|e » VYaeK
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where by | - | we denote the usual absolute value on R or C. Of course, these embeddings
are either real, if 0(K) C R, or complex, if o(K) € R. In the case of complex embeddings,
it is easy to verify that conjugate complex embeddings define the same absolute value. The
opposite is also true. Let 0,0, : K < C be two embeddings of the number field K to
the complex field C. Then | - |5, = | - |, if, and only if o1 and o, are complex conjugate
embeddings of K.

We turn our attention to the nonarchimedean absolute values of K. In the case of Q, we
used the p-adic valuations, in order to describe the p-adic norms. We will do the same, except
we will use the prime ideals of K. Let Rx be the ring of the algebraic integers of K and p
be a prime ideal of K which lies above the prime number p, i.e. a prime ideal p of the ring
Rk, such that p | pRg. Using the fact that Rk is a Dedekind domain, we extend the notion of
p-adic valuations to the notion of p-adic valuations. Let @ € K. For the ideal (@), we know
that there is unique factorization into prime ideals, up to rearrangement, of the form

,
(@) =] [»m,
i=1

where p; is a prime ideal and n; € Z, for every i € {1,2,...,r}. Then the map

00— o

ni ,ifp=yp;,1i€({l,2,...,r}
a+— )
0 , otherwise

is a valuationf. Since the prime ideal p lies above the prime number p, the p-adic absolute
value is an extension of the p-adic norm. So, we would like to define a p-adic absolute value
| - |p, such that

Iply = Ipl, = p".

In order to accomplish that, we need to define | - |, using the ramification indexH e, of p.
Indeed, we define the p-adic norm, as follows

-l : K— Ry
a —> p—up(a/)/ep

The normal absolute value associated to the prime ideal p is defined by,

lall, == (Ngjg(®) ™,
for every a € K.

The above discussion for the absolute values of a number field K, is summarized in the
next proposition.

PROPOSITION 3.46. Let K be a number field of degree n over Q.

8Actually, like p-adic valuations, the map v, is also a discrete valuation
9The ramification index of the prime ideal p is the nonnegative integer number e,, with the property that
P IKp)-
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(i) Let 01,09,...,0, : K — R be the real embeddings of K and 11,71, T, T2, ..., Ts, Ts :
K — C be the complex embeddings of K. Then, there is a bijection

M[O{O(—>{0-170-2"'-70-r7Tl’T2a"-’TS} ’ Ql—)l.lg‘

(ii) Let Rk be the ring of algebraic integers of the field K. Let also p be a prime number,

such that .
PRk = nple'-
i=1

Then there is a bijection

{P1, P2, ..., 0} & {p-adic valuationson K} , pr—| |

Consequently, a number field K has one absolute value for each prime ideal, one absolute
value for each real embedding and one for each pair of conjugate complex embedding of
K. Further, the set of all nonarchimedean absolute values corresponds to the set of all prime
ideals.

Let now K be a number field and o be an automorphism of K. Then ¢ induces an isomor-
phism o : K — o (K). We could likewise identify the sets Mg and M, (k). Indeed, if for
each v € Mg, we define

|0'(a)|0'(v) = |al,,
then the map
g . MK — M(J'(K)
vi— o(v)

is a bijection. So, it follows that K, = 0 (K)(,) and so the local degrees n, and n.(,) are
equal.



Appendix B: Niron-Tate HEIGHT

Given elliptic curve E defined over a number field K we defined the height and the loga-
rithmic height of a point on E. Particularly, for two points P, Q € E(K) we proved that there
are constants c, co > 0, that depend only on E, so that

2hg(P) +2hg(Q) —c1 < hg(P+ Q) + hg(P— Q) < 2hg(P) + 2hp(Q) + cs.
Using to O(1) notation™, we have that
he(P+ Q) + he(P - Q) = 2hp(P) +2he(Q) + O(1).
It is clear now that the logarithmic height on E satisfies the parallelogram law up to an error,
which is expressed by this O(1). Similarly, by the descent theorem, we obtain that
he(mP) = m*hg(P) + O(1),

for each P € E(K) and m € Z. A natural question that arises is if we could modify the
logarithmic height A g, so that it becomes a quadratic form.

That was exactly the idea of Néron. He wondered if there is a function which is a quadratic
form and its difference from the height is bounded. To be precise, Néron gave the answer for
every height defined by a morphism, but we will stick to the case of hg.

We begin with the following observation. For each n € N, we have that
hg(2"P) = 4hp(2"'P) + O(1) = #hp(2"2P) + O(1) = -+ = 4"hp(P) + O(1).
Therefore, it follows that
—hE(inP) = he(P) + %11).
From this equation we conclude that if the sequence 4 ""hg (2" P) converges, then the limit
possibly has the desired properties.

LEMMA 3.47. For every P € E(K), the sequence 4" hg(2"P) is a Cauchy sequence.

Proor. Let P € E(K) and m, n € N, such that n > m. We have

n—1 i ] n—1
he(2"P)  he(2"P)| _|XO he(2*'P)  hp(2'P) 1 i+1 i
4 gm - Z qitl 4 = Z4i+1 (hE(2 P) —4hg(2 P)) :
1=m =m
We know that

he(2(2'P)) = 4hp(2'P) + O(1),

10When we write that f = O(1) for a function f, we mean that f is bounded by a constant, i.e. there exists
M > 0, so that | f(x)| < M, for each x in which f is defined.
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so there exists a constant ¢ > 0, so that

n m n
hE(2P)_hE(2P)SZ; L ¢
4n 4m P 4l+1 3.4m

Now it is immediate that the sequence 4 "hg (2" P) is Cauchy. O

DEFINITION 3.48. Let E be an elliptic curve over K, and P € E(K). We define the
canonical height or the Néron-Tate height of P, by

N 2"p
hg(P) := lim M

notoo 40
PROPOSITION 3.49. Let E be an elliptic curve defined over the number field K.
(i) For each P € E(K), it holds that
hg(2P) = 4hp(P).

(ii) For every P € E(K), we have that

hg(P) = hg(P) + O(1).
(iii) For each B € R, the set

{P € E(K) | hg(P) < B}

is finite.
(iv) For each point P € E(K), we have that hg(P) > 0. The equality holds if, and only if P
is a torsion point of E.

Proor. (i) We have that

- . hg@@t2P) . hp™'P) o hg(2™P)
hE(2P) = nl—l)r-ll:loo T = n1—1>r-{lw 4—11 = 4n+111£2—oo T = 4]’1E(P)
(i1) It is immediate from the equation
hg(2"'P) o(1)
SR o = he(P)+ =

(ii1) From (ii), we have that X
lhe(P) —he(P)| < c,
for some positive constant c. Then
he(P) < B & hg(P) < B+ hg(P) — hg(P) < B + |hg(P) — he(P)| < B +c.
That is
{PeEK) | hg(P)<B)C{PeEK)|hg(P)<B+c).

But the last set is finite due to Z229. This means that the desired set is also finite.
(iv) The fact that hg(P) > 0 is immediate by its definition. We will prove now that

he(P) =0 & P € E(K)or
(<) Let P be a torsion point of E. This means that the set
{2"P | n € Ny}
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is finite. This means that there exists a positive constant D, so that
hg(2"P) <D , VYneN,.

Thus,
hE(Z”P)

4n - 4n ’
Taking n — +co we obtain that hg(P) < 0. And since we know that the Néron-Tate
height is nonnegative number, it follows that hg(P) =
(=) Let P € E(K), so that hg(P) = 0. By (ii) we have that

heg(P) = hg(P) + 0(1) = hg(P) = 0(1) = ¢ > 0 : |hg(P)| < c.

And since hg(P) > 0, we have that hg(P) < c. From (i) it follows by induction, that

hg(2"P) = 4"hg(P) =0

Yn e Np.

Hence,

{2"P | n € No} € {Q € E(K) | hg(Q) < c}.
The set on the right is finite, and so is the set {2"P | n € Ng}. This means that the point
P is a torsion point.

O

PROPOSITION 3.50. Let E be an elliptic curve defined over the number field K. For every
P,Q € E(K), the following are true

(i) 2hE(P +0) + 2hE(P Q) = 2hg(P) + 2hg(Q), and
(ii) hE(mP) =m hE(P) Vm € Ny.

Proor. (i) From the equation
he(P + Q) + hg(P — Q) = 2hep(P) + 2hp(Q) + O(1),
we have
he(P+Q) he(P-0Q) _,he(P) ,he(@) O)
4n 4n 4n 4n 4n
Taking n — +oco, we obtain the desired result.
(i) Analogously.

O

This proposition informs us that the Néron-Tate height is a quadratic form, and so we are
able to define a bilinear form.

COROLLARY 3.51. Let E be an elliptic curve over the number field K. The pairing
(~y : E(K)XxE(K) —R
(P,Q) — he(P+ Q) — hp(P) — he(Q)
is bilinear.

DEFINITION 3.52. The pairing that defined in the corollary B51 is called Néron-Tate pair-
ing.
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Without proving it, we mention the following important result.

PROPOSITION 3.53. The Néron-Tate height is a positive definite quadratic form.

Proor. (see [O8], p. 232)
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