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Περίληψη

Η αντιστοιχία βαρυτικών θεωριών με θεωρίες βαθμίδας χρησιμοποιείται για την κατα-

σκευή ενεργών ολογραφικών μοντέλων που περιγράφουν την Κβαντική Χρωμοδυναμική

(Κ.Χ.Δ.) στο όριο ισχυρής σύζευξης. Υποθετοντάς ότι Nf << Nc, κατασκευάζουμε

ένα ολογραφικό μοντέλο που περιγράφει την φυσική του μεσονικού τομέα των ισχυρών

αλληλεπιδράσεων, όπως το σπάσιμο της chiral συμμετρίας, την αποκατάστασή της πάνω
απο την θερμοκρασία της αλλαγής φάσης απο την φάση περιορισμού χρώματος στην απε-

λευθέρωσή του και το φάσμα των μαζών των μεσονίων. Το μοντέλο επίσης χρησιμοποιείται

για την μελέτη του εγκάρσιου μέρους της συναρτησης συσχετισής του διανυσματικού-

ψευδοδιανυσματικού ρεύματος γεύσης υπό την παρουσία ασθενούς εξωτερικού ηλεκτρικού

πεδίου, η οποία είναι σημαντική στον υπολογισμό κβαντικών διορθώσεων της μαγνητικής

ροπής του μυονίου. Στη συνέχεια το μοντέλο γενικεύεται, ώστε να περιγράψει την Κ.Χ.Δ.

στο όριο του Veneziano, που τα Nf και Nc τείνουν στο άπειρο αλλά ο λόγος, x = Nf
Nc
, είναι

σταθερός. Τα κύρια αποτελέσματα είναι το διακριτό φάσμα μαζών για x < xc, όπου xc είναι

το σημείο της σύμμορφης αλλαγής φάσης. Καθώς x→ xc, όλες οι παράμετροι της θεωρίας

με μη-τερτιμμένη διάσταση μάζας τείνουν στο μηδέν ακολουθώντας την ασυμπτωτική συμ-

περιφορά Miransky. Ο ρυθμός διαχύσης Chern-Simons, ΓCS , υπολογίζεται στο πλαίσιο
της Improved Holographic QCD (IHQCD). Ο ΓCS είναι μία σημαντική ποσότητα για το
chiral magnetic effect στο πλάσμα κουάρκ-γλοιονίων και είναι ανάλογο με το όριο μηδε-
νικής ορμής και συχνότητας του φανταστικού μέρους της καθυστερημένης συνάρτησης

Green του περιττού υπό τον CP μετασχηματισμό τελεστή, Tr [F ∧ F ], όπου F είναι ο
YM τανυστής τάσης του πεδίου.



Abstract

The gauge/gravity duality is used in order to construct effective holographic models
that describe strongly coupled QCD. Assuming Nf << Nc, a holographic model is built
that describes the physics of the meson sector of strong interactions, such as chiral sym-
metry breaking, chiral symmetry restoration above confinement/deconfinement phase
transition and the meson mass spectrum. This model is also used to study the trans-
verse part of the vector-axial vector flavor current correlator in the presence of weak
external electric field, which is important for the calculation of the two-loop electroweak
radiative corrections to the muon anomalous magnetic moment. It is then generalized
to describe the spectrum of QCD in the Veneziano limit of large Nf and Nc but at fixed
x = Nf

Nc
. The main results include discrete and gapped spectrum for x < xc, where xc

is the conformal transition point. As x→ xc all the parameters of the theory with non
trivial mass dimension approach zero following Miransky scaling. The Chern-Simons
diffusion rate, ΓCS is studied in the context of Improved Holographic QCD model. ΓCS
is an important quantity for the chiral magnetic effect in the quark-gluon plasma and
is proportional to the zero-momentum, zero-frequency limit of the imaginary part of
the retarded two-point function of the CP-odd operator tr [F ∧ F ], where F is the YM
field strength.



Acknowledgements

I would like to deeply thank my advisor Elias Kiritsis for his guidance and
support during my diploma and PhD years. I am also grateful to my col-
laborators A. Paredes, B. S. Kim, M. Järvinen, U. Gürsoy, F. Nitti, A.
O’Bannon, D. Areán from whom I learned a lot. I am also indebted to
the members of the Crete Center for Theoretical Physics and in particu-
lar professors N. Papanicolaou, T. Tomaras, T. Petkou, N. Tsamis and the
members of C.N. Yang Institute for Theoretical Physics P. van Nieuwen-
huizen, G. Sterman, L. Rastelli and M. Rocek for teaching me interesting
courses in theoretical physics. I would also like to thank the students who
participated in the graduate program of the Physics Department of the Uni-
versity of Crete in the recent years for contributing in the formation of a
very stimulating environment. We had many discussions from which I have
been greatly benefited. Moreover, I would like to thank Y. Constantinou
for proof-reading of this thesis. Last but not least, I would like to thank
Polina and my family for their endless support.

This work was funded by the Physics Department of the University of Crete
and Manassaki fellowship from September 2008 to September 2009. I would
also like to thank A.S. Onassis Foundation for financial support from Octo-
ber 2009 to August 2010. From September 2010 to August 2013, this work
has been supported by the project "IRAKLITOS II - University of Crete"
of the Operational Programme for Education and Lifelong Learning 2007 -
2013 (E.P.E.D.V.M.) of the NSRF (2007 - 2013), which is co-funded by the
European Union (European Social Fund) and National Resources.



Contents

1 Introduction 1

Bibliography 7

2 AdS/CFT 10
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2 Large Nc QCD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3 String theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3.1 The bosonic string . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3.1.1 Lightcone quantization . . . . . . . . . . . . . . . . . . 19

2.3.2 The superstring . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.3.3 p-Branes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.3.4 D branes: Perturbation theory . . . . . . . . . . . . . . . . . . . 31

2.3.4.1 Dimensional reduction of 10d super Yang Mills . . . . . 34
2.3.4.2 Bulk fields . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.3.4.3 D-branes as BPS configurations . . . . . . . . . . . . . 37

2.4 Motivating the AdS/CFT correspondence . . . . . . . . . . . . . . . . . 39
2.4.1 The decoupling limit . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.4.2 The p-Brane viewpoint . . . . . . . . . . . . . . . . . . . . . . . 41
2.4.3 Matching the two theories . . . . . . . . . . . . . . . . . . . . . . 42

2.5 The geometry of AdSd+1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
2.5.1 Mapping of the global symmetries . . . . . . . . . . . . . . . . . 45

2.6 Correlation functions in AdS/CFT . . . . . . . . . . . . . . . . . . . . . 46
2.6.1 Mass dimension relation . . . . . . . . . . . . . . . . . . . . . . . 47
2.6.2 Two-point function . . . . . . . . . . . . . . . . . . . . . . . . . . 48

2.7 Wilson Loops . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
2.8 Finite temperature AdS/CFT . . . . . . . . . . . . . . . . . . . . . . . . 51
2.9 Holographic 4D Yang Mills . . . . . . . . . . . . . . . . . . . . . . . . . 53

2.9.1 The quark-antiquark potential in the IHQCD . . . . . . . . . . . 56

vii



Contents

2.9.2 Holographic 4D Yang Mills at finite temperature . . . . . . . . . 57
2.10 Tachyon AdS/QCD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

Bibliography 64

3 AdS/QCD model from an effective action for open string tachyons. 69
3.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
3.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
3.3 The model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
3.4 Fitting the meson spectrum . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

Bibliography 78

4 An AdS/QCD model from tachyon condensation: II 80
4.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.3 The gravitational background . . . . . . . . . . . . . . . . . . . . . . . . 83
4.4 The tachyon vacuum expectation value . . . . . . . . . . . . . . . . . . . 85

4.4.1 The confined phase . . . . . . . . . . . . . . . . . . . . . . . . . . 87
4.4.2 The deconfined phase . . . . . . . . . . . . . . . . . . . . . . . . 89
4.4.3 Holographic renormalization, the quark mass and the quark con-

densate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
4.4.4 The jump of the condensate at the phase transition . . . . . . . 92

4.5 Meson excitations: the confined phase . . . . . . . . . . . . . . . . . . . 94
4.5.1 Vector mesons . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

4.5.1.1 Schrödinger formalism and the mass spectrum . . . . . 96
4.5.1.2 Current-current correlator and normalization of the action 98
4.5.1.3 Decay constants . . . . . . . . . . . . . . . . . . . . . . 100
4.5.1.4 Regge trajectories for vector mesons and linear confine-

ment . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
4.5.2 Axial-vector mesons . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.5.2.1 Schrödinger formalism and the mass spectrum . . . . . 103
4.5.2.2 Current-current correlator and the pion decay constant 104

4.5.3 Scalar mesons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
4.5.4 Pseudoscalar mesons . . . . . . . . . . . . . . . . . . . . . . . . . 106

4.5.4.1 The mq = 0 case . . . . . . . . . . . . . . . . . . . . . . 108

viii



CONTENTS

4.5.4.2 The mq 6= 0 case . . . . . . . . . . . . . . . . . . . . . . 108
4.5.5 Mesonic excitations: a brief phenomenological analysis . . . . . . 110

4.6 Meson melting in the deconfined phase . . . . . . . . . . . . . . . . . . . 111
4.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4.7.1 Summary and general comments on the model . . . . . . . . . . 114
4.7.2 Comments on effective actions for the open string tachyon . . . . 117
4.7.3 On the OPEs and the slope of the Regge trajectories . . . . . . . 118
4.7.4 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

4.8 Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

Appendices 121
A Book-keeping summary of the parameters of the model . . . . . . . . . . 121
B Analysis of singularities in the tachyon differential equation . . . . . . . 122

B.1 Confining Background . . . . . . . . . . . . . . . . . . . . . . . . 122
B.2 Deconfined Background . . . . . . . . . . . . . . . . . . . . . . . 124

C Scheme dependence of the condensate and the constant α . . . . . . . . 125
D Appendix: converting to Schrödinger form . . . . . . . . . . . . . . . . . 126
E Two-point function and sum rules . . . . . . . . . . . . . . . . . . . . . . 128
F Axial current-current correlator . . . . . . . . . . . . . . . . . . . . . . . 129
G Excitation equations in the deconfined phase . . . . . . . . . . . . . . . 131
H The action with the symmetric trace and Regge slopes . . . . . . . . . . 132

Bibliography 138

5 Vector-axial vector correlators in weak electric field and the holo-
graphic dynamics of the chiral condensate 146
5.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
5.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
5.3 Action and dynamics of holographic chiral symmetry breaking . . . . . . 153
5.4 The Wess Zumino action . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

5.4.1 The chiral anomaly in the presence of the condensate . . . . . . 158
5.5 The Vector-Axial vector correlator . . . . . . . . . . . . . . . . . . . . . 160
5.6 Vector and Axial current-current correlators . . . . . . . . . . . . . . . . 163
5.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
5.8 Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

Bibliography 166

ix



Contents

6 V-QCD: Spectra, the dilaton and the S-parameter 170
6.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
6.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
6.3 V-QCD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
6.4 Quadratic fluctuations and spectra . . . . . . . . . . . . . . . . . . . . . 175
6.5 Two-point functions and the S-parameter . . . . . . . . . . . . . . . . . 179
6.6 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
6.7 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

Bibliography 183

7 The Chern-Simons Diffusion Rate in Improved Holographic QCD 186
7.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
7.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
7.3 Improved Holographic QCD . . . . . . . . . . . . . . . . . . . . . . . . . 191
7.4 The Chern-Simons Diffusion Rate . . . . . . . . . . . . . . . . . . . . . . 199
7.5 The Spectral Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205
7.6 Discussion and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . 208
7.7 Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

Appendices 216

Bibliography 218

8 Conclusions and Outlook 223
8.1 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226

List of Figures 229

List of Tables 230

x



1
Introduction

The strong interaction is one of the four fundamental forces of nature and is responsible
for the stability of protons and neutrons in nuclei. This interaction is described very
successfully in the context of Quantum Field Theory (QFT) as an SU(3) gauge theory
known as Quantum Chromodynamics (QCD). It’s spectrum contains six quarks in
the fundamental representation of SU(3) interacting by exchanging gauge bosons, the
gluons, transforming in the adjoint of SU(3). A main feature of strong interaction
is that it is asymptotically free. This was first revealed by deep inelastic scattering
experiments which showed that hadrons behave as nearly free particles in the limit of
large momentum transfer during the scattering, [1]. In the early seventies, non-abelian
gauge theories were proven to have coupling constant which decreases with increasing
energy scale, [2; 3]. Hence, QCD was proposed by Fritzsch and Gell-Mann, [4], as a
non-abelian gauge theory describing strong interactions which accurately matches the
experimental data from high energy scatterings.

The theory is strongly coupled in the low energy regime and it is very difficult to
make predictions or postdictions. To date, the main approaches to answer questions
about low energy phenomena of the strong interaction are Lund Monte-Carlo model,
lattice QCD and low energy effective field theories. Hadron-hadron collisions produce
multiparticle strongly coupled backgrounds. It is impossible to calculate even gross
properties of the products of the collision using standard QCD since the products of
the scattering are strongly interacting. Lund Monte-Carlo describes a partonic system

1



1. Introduction

which eventually hadronizes to the observed particles by string fragmentation, [5]. Lund
string model assumes that QCD is linearly confined, therefore quarks are connected
with a relativistic string of width at the order of hadronic size. As the quarks which
are attached to the string endpoints move apart the string energy increases and it may
break. The string fragmentation continuous until ordinary hadrons are formed.

In the context of lattice QCD, the theory is formulated on discretized Euclidean
spacetime and its path integral is directly computed using numerical techniques, [6; 7].
Some of the successes of this non-perturbative approach include evidence in favor of
confinement, computation of hadron masses which are compared to experimental data.
Lattice methods also give a good description of finite temperature phases of the theory
in equilibrium. Since, lattice QCD is de facto Euclidean it cannot answer questions
related to time dependent processes as scattering or finite temperature dynamical phe-
nomena. On the other hand, low energy effective models answer questions about specific
low energy phenomena. For instance, chiral perturbation theory (ChPT) is an effective
theory which successfully describes low energy interactions of light hadrons, [8; 9]. This
Lagrangian of the model is organized as an expansion in momenta and requiring that
it respects the global symmetries of QCD. The Lagrangian of order up to O(p4) has
twelve free parameters. QCD has an approximate global symmetry called flavor (or
chiral) symmetry UL(Nf )×UR(Nf ), where Nf is the number of quarks that are taken
to be approximately massless and L/R refer to left and right handed quarks. Chiral
symmetry is spontaneously broken by the QCD vacuum to the vector subgroup UV (Nf )
and it is responsible for various low energy phenomena of QCD.

This thesis is devoted to the study of low energy phenomena of QCD using the
concept of gauge/gravity duality (or holography) coming from the area of string the-
ory. Gauge/gravity duality states that a d-dimensional SU(N) gauge theory in the
limit of large N has a dual description in terms of a (d+ 1)-dimensional gravitational
theory. The prototype example of this, is AdS/CFT, which was discovered through
the study of black holes and D-branes in string theory, [10]. AdS/CFT is the duality
between N = 4 super Yang Mills theory and type IIB supergravity in AdS5 × S5. As
it is explained in section 2.2, QCD is an SU(Nc) gauge theory whose large Nc expan-
sion resembles the perturbative expansion of string theory. This suggests that QCD
dynamics can be described by a string theory dual. Until now, several models have
been built starting from D-brane constructions (top-down models) which try to model
pure Yang-Mills, either in critical string theory set-up [11] or in non-critical [12]. An-
other approach includes the bottom-up models which are formulated as two-derivative
actions in asymptotically AdS spacetimes. The first simplest effort for treating pure

2



gluon QCD is in [13]. Those phenomenological models use boundary conditions which
match QCD in order to describe IR dynamics of the theory. There are also efforts to
include flavor degrees of freedom in holographic models, for a review see [14]. The usual
approach is to consider a small number of flavors Nf << Nc. In top-down models, Nf

flavor branes are introduced in the background created by Nc color branes, [15]. Initial
efforts to treat meson physics with bottom-up models include the hard and soft wall
models, [16]. We are using intuition from the original AdS/CFT in order to construct
effective holographic models which are closer to QCD.

This thesis is organized as follows:

• in chapter 2, we present an introduction to AdS/CFT. We firstly analyze the
large Nc expansion of SU(Nc) gauge theories, we then review basic string the-
ory and D-branes. We discuss how AdS/CFT correspondence is motivated from
the physics of D3-branes. Then, AdS geometry is analyzed and the prescription
for computation of field theory correlation functions is described. Wilson loop is
then computed holographically in order to find the static potential of two "quarks"
in the field theory. Then, we present the holographic analysis of finite temper-
ature theories and their thermal transitions. Finally, we introduce an effective
holographic model for non-supersymmetric 4D Yang Mills theory called Improved
Holographic QCD (IHQCD) and a holographic model for the flavor sector of QCD
for the limit of Nf << Nc, which we call Tachyon AdS/QCD, [17; 18].

• In chapters 3, 4 and 5, our work in the Tachyon AdS/QCD model is presented.
For this work the glue part of the gauge theory is modeled holographically by
a simple gravitational background (AdS6 soliton) which is described in chapter
4 (see for references therein). Chapter 3 includes a phenomenological analysis
of the model. We focus on the computation of the meson spectrum, and we
find the dependence of the meson masses of different meson towers (vectors, axial
vectors, pseudoscalars, scalars) on the quark mass and then we fit to experimental
data. We use light mesons with isospin one. We also make a fit to heavier
"hypothetical states" which are are made of a pair of strange quark-antiquark.
In chapter 4, there is a thorough analysis of the model. The flavor vacuum of
the model is analyzed and spontaneous breaking of chiral symmetry is shown at
zero temperature and its restoration above the deconfinement transition. The
holographic renormalization of the action is performed and a detailed analysis of
the meson spectrum and decay constants follows. In chapter 5, the transverse
part of the vector-axial vector flavor current correlator in the presence of weak

3



1. Introduction

external electric field is studied in the context of the above holographic model.
This correlator plays a role in the calculation of two-loop electroweak radiative
corrections to the muon anomalous magnetic moment. In the context of simpler
AdS/QCD models Son and Yamamoto proposed a relation of this correlator to
the difference of the two-point functions of the vector flavor minus axial-vector
flavor currents. In our model, this relation is verified in the IR.

• In chapter 6, we study a combination of the IHQCDmodel with tachyon AdS/QCD,
called V-QCD. V-QCD is dual to a 4D SU(Nc) Yang Mills theory with Nf flavors
in the Veneziano limit where Nc and Nf are large but with finite ratio, x = Nf

Nc
,

[19]. There are Making reasonable assumptions the model produces a phase di-
agram which has similar structure as QCD in the Veneziano limit and does not
depend on the details of the potentials. Thus it is found that there is a point xc
where a conformal phase transition happens. Below xc the theory exhibits chiral
symmetry breaking and confinement in the IR. Above xc there is an IR fixed
point which is at strong coupling for x close to xc but it moves at weak coupling
as x increases. Above the point x = 11/2 the theory is not asymptotically free
any more. The region xc < x < 11/2 is called "conformal window" and the theory
is chirally symmetric. Upon matching the β-function of the Yang-Mills coupling
and the anomalous dimension of qq to the QCD result in the UV, xc is found to
be close to 4. In our work, we make a fluctuation analysis of the model, calcu-
late the meson masses, the decay constants and the S-parameter in terms of x.
The spectrum of the theory falls into two distinct classes, the singlet-flavor states
and the non-singlets. The singlet sector includes scalar mesons, tensor and scalar
glueballs. The non-singlet class has vector, axial-vector, scalar and pseudoscalar
mesons. It is found that below xc all spectra are discrete and gaped, except for
the pseudoscalar Goldstone bosons. In addition, all spectra fall to zero following
Miransky scaling as x → xc. There is mixing and level crossing of the states of
the singlet sector at leading order in 1/Nc since we are in the Veneziano limit. No
light dilaton state was found in the spectrum signaling the breaking of conformal
as argued in [20]. The S-parameter is computed to increase in terms of x and
reach a finite constant at x = xc contrary to previous results [21].

• Finally, in chapter 7, we calculate the Chern-Simons diffusion rate, ΓCS , in the
context of IHQCD model. ΓCS is found by the zero-momentum and frequency
limit of the retarded two-point function of the CP-odd operator tr [F ∧ F ], with F
the YM field strength. The Chern-Simons diffusion rate is a crucial ingredient for

4



the chiral magnetic effect in the quark-gluon plasma (QGP). ΓCS is non-zero for
instanton configurations, which are though suppressed in the vacuum. However,
ΓCS can become non zero at finite temperature due to thermal fluctuations which
excite sphaleron gauge field configurations in the medium. In this way bubbles
of net chirality are created in the QGP. Non-central heavy ion collisions create
QGP with finite angular momentum and magnetic field. Then, an electric current
parallel to the magnetic field is created in the medium due to its net chirality.
This is the chiral magnetic effect which is possible to be detected in heavy ion
collisions even though until now there is not conclusive. ΓCS cannot be computed
with perturbative techniques since the QGP is strongly coupled. Lattice methods
also face difficulties in calculating ΓCS , since it is defined as a real-time correlation
function. In our work, we calculate ΓCS in IHQCD by considering axion (which
is the dual field of tr [F ∧ F ]) fluctuations in IHQCD black hole backgrounds.

The main results of this work are summarized in the following.

1. Tachyon AdS/QCD:

• Chiral symmetry is broken dynamically at zero temperature and it is restored
at the confinement-deconfinement transition.
• The meson masses depend on the quark mass linearly in the limit of small
quark mass.
• The Gell-Mann-Oakes-Renner relation between the pion and the quark mass
is shown to be valid in the model. In case of zero quark mass there are N2

f

Goldstone bosons in the spectrum. The masses of highly excited states follow
linear Regge trajectories.
• The masses and some decay constants are fitted to the experimental data
quite successfully, with error εrms = 14.5%.
• The Wess-Zumino action of the system reproduces the correct anomaly.
• The formula, which was proposed by Son and Yamamoto in [22], relating
the vector-axial vector flavor current correlator in weak electric field to the
difference of the vector and axial vector two-point functions was found to be
valid only for low Euclidean momenta in our model.

2. V-QCD:

• In the conformal window the spectra are continuous. Below the conformal
window, x < xc (x = Nf/Nc and xc is the conformal transition point), the
spectra are discrete, except for the pions.
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• All the massive parameters of the theory are obeying Miransky scaling,
simΛUV exp(− κ√

xc−x
), in the walking region.

• All singlet and non-singlet mass ratios asymptote to finite constants as
x → xc. Therefore there is no “dilaton" state. Miransky scaling signals
the approximate conformal symmetry of the "walking region".

• There is mixing and level crossings of singlet mesons and glueballs at finite
x.

• The S-parameter in units of NfNc is an increasing function of x and asymp-
totes to a finite constant as x→ xc.

3. Chern-Simons Diffusion rate, ΓCS, in IHQCD:

• ΓCS is shown to be proportional to the dilaton dependent function, Z(λ),
which multiplies the axion kinetic term in the IHQCD action.

• The value of ΓCS as a function of temperature is bounded from below by
it’s value at infinite T .

• ΓCS is calculated for various choices of Z(λ), which match the lattice results
for topological susceptibility and for axial glueball mass ratios. ΓCS is always
increasing as the temperature approaches the confinement/deconfinement
transition temperature. ΓCS at T = Tc is found to be bounded by the values
1.64 ≤ ΓCS(Tc)/T 4

c ≤ 2.8.

• The renormalized spectral function signals the presence of an excitation with
energy of order of the lightest axial glueball mass at T = 0.
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2
AdS/CFT

2.1 Introduction

Modern string theory is understood as a theory of quantum gravity, [1; 2; 3; 4; 5; 6;
7; 8; 9; 10]. However, it was historically discovered as an attempt to describe low
energy spectrum of bound states formed by the strong interaction, [11]. This effort
was inspired by the observation that the spectrum of orbitally excited hadrons obeys
a linear relation M2 ∼ TJ + c, where M2 is the mass of the hadron, J is the total
angular momentum, T and c are constants. Hence, hadrons lie in linear trajectories on
the plot of M2 in terms of J , which are called linear Regge trajectories. The regime
of validity of the linear relation of M2 and J is for large J and the slope of the linear
trajectories of mesons and baryons is universal. A spinning relativistic string of tension
T can reproduce such a relation. Therefore, it was attempted to construct a theory of
strong interactions using strings as the fundamental degrees of freedom of the model.
The appearance of tachyonic and massless modes in the spectrum of the theory in four
dimensions and the agreement of QCD with experiment led to the abandonment of
string theory.

Quantum Chromodynamics was later formulated and successfully describes strong
interactions, [12]. In the limit of high energies the theory is treated perturbatively since
it is asymptotically free, i.e. it’s coupling decreases at high energy, [13; 14] . On the
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2.1 Introduction

other hand, in the low energy limit the theory is non-perturbative and very difficult to
calculate with. For large enough coupling quarks are confined in SU(3) singlet states.
In the context of gauge theory, mesons can be interpreted as a pair of quark and anti-
quark connected by a gauge flux tube. The typical width of the tube is proportional to
the QCD energy scale. Hence, the cost of energy increases when we try to separate the
two quarks. The dynamics of such a state are resembled by a string with two massive
quarks at the end. Closed strings can be matched to glueballs, which are low energy
bound states of gluons.

G. ’t Hooft proposed to study QCD in the limit of large number of colors. Instead
of taking Nc = 3 he considered Nc →∞ and then did an expansion in 1/Nc, [15]. Such
an expansion suggests that the theory is a free string theory at large Nc. The reason
is that the large Nc expansion can be matched to the topological expansion of string
theory if we replace the string coupling by the 1/Nc parameter of the gauge theory.
This argument applies to more general adjoint theories and not only to QCD. Using
the above arguments it is reasonable to expect that some kind of string theory can be
used to reformulate certain gauge theories in some limits.

The most recent proposal is AdS/CFT which arose from the study of black holes
and D-brane dynamics in the context of modern string theory, [17]. D-branes are
hypersurfaces where open string end, however they are dynamical objects since there
is momentum flowing on them by the open string which are attached on them, [18],
[19]. In the low energy limit, where the string coupling (gs) is small, the effective
theory of those open strings is a gauge field theory, described by Dirac-Born-Infeld
action. Branes can also be introduced as charged solitonic objects under the massless
forms which appear in the Ramond-Ramond sector of the spectrum of type II string
theories, [20]. Those are called p-branes, where p are the spatial dimensions of the
brane. p-branes in ten dimensions are found as solutions of the classical equations of
motion of type IIA/B supergravities which are the low energy limit of the corresponding
string theories. Stable solutions are in general supersymmetric, meaning that they are
invariant under some of the supersymmetry transformations of the action. p-branes
are found to be the same as the string theory D-branes. This "open/closed duality" is
the predecessor of AdS/CFT.

In particular, we may consider a system of N D3-branes on top of each other.
Then, the supergravity solution has a characteristic scale, L, which determines the
curvature of the solution. As it will be shown, it turns out that L4

`4s
∼ gsN , where `s

is the string length. Then, D3-branes can be described either as a gauge theory when
gsNc << 1 or as a classical gravitational background when gsNc >> 1⇒ L >> `s. In
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2. AdS/CFT

the second case, the gauge theory description of D3-branes fails due to strong coupling
but the solution of two derivative supergravity action provides a good description of
the system. The detailed analysis of this system eventually led to AdS/CFT, and will
be analyzed in detail in this chapter. Pedagogical presentations of AdS/CFT can be
found in the books [3; 4; 5; 6] and reviews [21; 22; 23].

2.2 Large Nc QCD
The connection of non-abelian gauge theories with string theory becomes more precise
in the large Nc limit of the field theory. Some reviews on the subject are in [24] and
[25]. We consider an SU(Nc) gauge theory with a fixed number (Nf ) of flavor fields
in the fundamental representation. Hence, the theory includes N2

c − 1 independent
gauge fields Aiµ j and fermion fields ψia, where i = 1, . . . , Nc and a = 1, . . . , Nf , with
Lagrangian

L = − 1
4g2
YM

TrFµνFµν +
Nf∑
a=1

ψa
(
i /D −ma

)
ψa . (2.2.1)

The theory possesses a dimensionless coupling constant, gYM , which is transmuted
to the dimensionfull energy scale, ΛQCD. Thus, it is interesting to study the limit
Nc → ∞ with fixed Nf . In order to understand how gYM scales with Nc so as ΛQCD
to remain finite as Nc →∞ we should look at the one loop β-function of the theory

µ
dgYM
dµ

= −Nc

(11
3 −

2
3
Nf

Nc

)
g3
YM

(4π)2 . (2.2.2)

By redefining ’t Hooft coupling, λ = g2
YMNc, the leading term of it’s β-function is

independent of Nc, µdλdµ = −
(

22
3 −

4
3
Nf
Nc

)
λ4

(4π)2 . The second term is suppressed as
Nc → ∞. Thus, the appropriate limit is to take Nc large, while ’t Hooft coupling is
fixed. Then flavor degrees of freedom have subleading effects with respect to the color
ones. Another interesting limit which we will consider in this thesis is the Veneziano
limit where Nf is also taken to infinity but the ratio Nf

Nc
is kept fixed. Then, the flavor

degrees of freedom play an equally important role as the color and both terms of the
β-function, 2.2.2, are of the same order.

We will study the structure of large Nc perturbation theory, in a general theory
with matrix fields, XM , in the adjoint representation of SU(Nc), where M includes all
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i j

k l

Figure 2.1: The gluon propagator in double line notation.

the possible Lorentz, flavor, etc indices. The gauge invariant Lagrangian is of the form

L = Tr
[
dXMdXN + gYMf

MNL
1 XMXNXL + g2

YMf
MNLK
2 XMXNXLXK + . . .

]
.

(2.2.3)
By rescaling the fields X̃M = gYMXN it becomes

L = Nc

λ
Tr
[
dX̃MdX̃N + fMNL

1 X̃MX̃NX̃L + fMNLK
2 X̃MX̃NX̃LX̃K + . . .

]
, (2.2.4)

where λ is t’ Hooft coupling. As Nc →∞, the overall coupling goes to zero and this is
a semi-classical limit.

Any field in the adjoint can be written as Xi
M j , where i and j are indices of the

fundamental and anti-fundamental representations, respectively. In this notation the
propagator of XM is

〈
Xi
M k(x)X l

N j(y)
〉

= 1
2

(
δijδ

l
k −

1
Nc
δikδ

l
j

)
∆MN (x− y) , (2.2.5)

where ∆MN (x−y) is the propagator of a single gauge field. The mixing term comes from
the fact that the gluon is traceless but it will not play any role since it is subleading
in Nc. Hence, Feynman diagrams of the Lagrangian (2.2.4) can be analyzed using
the double line notation, where each adjoint field propagates on two parallel lines of
opposite orientations. In terms of index structure, each line represents the propagator
of a quark/antiquark field.

To show how the large Nc perturbation series is organized, we begin by studying
vacuum diagrams, where each line makes a closed oriented loop. In each diagram every
propagator is proportional to λ

Nc
, every vertex to Nc

λ and each loop a Nc because of
the trace in gauge indices. Then, a diagram of E propagators, V vertices and F loops
scales as

(
λ

Nc

)E (Nc

λ

)V
NF
c = NχλE−V , (2.2.6)
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Figure 2.2: A planar diagram of order λN2
c and it’s associated Riemann surface which

has the topology of a sphere.

where χ = V − E + F . A closed double line diagram can be matched to a simplicial
decomposition of an oriented Riemann surface. Each propagator corresponds to an
edge of the surface, a closed loop to a face and a vertex to a simplicial vertex. The
number χ is then the Euler number of the closed surface which is topological invariant
of surfaces and is also given by χ = 2−2h−b, where h is the number of handles (genus)
and b is the number of boundaries of the surface. For a closed surface b = 0. Graphs
of adjoint fields consist only of double lines so they do not have boundaries. Therefore,
the large Nc expansion of any vacuum diagram of (2.2.4) is

D =
∞∑
h=0

Nχ
c

∞∑
n=0

cg,nλ
n . (2.2.7)

It is observed that for large Nc the series is led by diagrams of order N2
c which corre-

spond to a closed surface with h = 0. Such a surface is topologically equivalent to a
sphere, see Fig. (2.2). Those are planar diagrams and can be drawn on a plane without
any crossing of lines. The next terms are non-planar graphs corresponding to surfaces
with handles. For example, the second term in the series has h = 1 represents a surface
with the topology of a torus.

The expansion (2.2.7) is the same as the perturbative expansion of closed string
theory if 1

Nc
is identified with the string coupling. Such a correspondence would imply

that the large Nc limit of a gauge theory is matched to weakly-coupled closed string
theory.

In the case of a theory with Nf fields in the fundamental representation, the Feyn-
man diagrams would have single lines as well. Remember that each single line corre-
sponds to a fundamental or anti-fundamental index. The existence of single lines in
the diagrams leads to less Nc factors because in a closed loop of a double line there is
a trace over the gauge indices which is proportional to Nc but a closed line of a quark
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Figure 2.3: A planar graph with a quark loop. The diagram is of order λNfNc and it’s
associated Riemann surface has a boundary.

has no such factor. The flavor index of the fundamental field is though summed and
give an additional contribution analogous to Nf . Hence, quark loops are suppressed
by powers of Nf

Nc
. The corresponding surfaces of graphs with single lines are surfaces

with boundaries, i.e. b 6= 0, see Fig. (2.3). Then Eq. (2.2.7) is associated to the
perturbative expansion of a theory with both open and closed strings. This kind of
expansion contains boundaries which are created by the open strings.

Eq. (2.2.7) was shown only for vacuum diagrams but it actually holds for any
correlation function of single trace gauge invariant operators, Oi. To calculate the
connected correlation function 〈

∏n
I=1 OI〉 we deform the action as S → S+Nc

∑
I JIOI

and differentiate the generating functional of connected vacuum diagrams

〈
n∏
I=1

OI

〉
= 1

(iNc)n
∂nW [J ]

∂J1 . . . ∂Jn

∣∣∣∣
JI=0

. (2.2.8)

The scaling of the above correlator in terms of Nc is the same as for the vacuum
diagrams but now there are also insertions of operators which correspond to vertices
that come with 1/Nc factors. Thus, for operators made of adjoint fields the leading
diagram of the above correlation function scales as∼ N2−n

c . If we consider the operators
BI , containing fundamental fields then the leading contribution is ∼ N1−n

c . If we
normalize them such as their two point function is Nc independent (B′I =

√
NcBI),

then their n-point function scales as∼ N1−n2
c . Concluding, we point out that atNc →∞

limit interactions vertices scale as inverse powers of Nc, so there is an infinite tower of
stable single-particle states in the spectrum of the theory.

15



2. AdS/CFT

2.3 String theory
As it was mentioned above, AdS/CFT was formulated in the context of string theory
and in particular in the study of D-brane dynamics. In this section, we will present a
quick introduction to string theory. Firstly, we analyze the bosonic string, then move
to the superstring and finally introduce D-branes as extended solitonic gravitational
objects but also as dynamical objects in perturbative string theory.

2.3.1 The bosonic string

A bosonic string in D dimensional spacetime with metric GMN (X) is described by the
Polyakov action

S = −1
2T

∫ +∞

−∞
dτ

∫ π

0
dσ
√
−hhµν(∂µXM∂νX

N )GMN (X) , (2.3.1)

where XM ,M = 0, . . . D−1 are the string coordinates, hµν , µ, ν = 0, 1 is the worldsheet
metric and T is the string tension which can be expressed in terms of the string length,
`s,

T = 1
2πα′ = 1

π`2s
. (2.3.2)

The parameters σ ∈ [0, π] and τ parametrize the string worldsheet. The above action
has two gauge symmetries

• Diffeomorhism symmetry, δXM = ξµ∂µX
M and δhµν = ∂µξ

ρhρν + ∂νξ
ρhρµ +

ξrho∂ρhµν = ∇µξν +∇νξµ

• Weyl Symmetry, δXM = 0, δhµν = λ(x)hµν .

We will study the bosonic string in flat background metric GMN (X) = ηMN and
fix the above gauge semmetries by choosing the conformal gauge, hµν = ηµν .

The variation of the action is

δS = T

∫
d2xδX ·�X + T

∫ π

0
dσẊ · δX

∣∣∣τf
τi
− T

∫ τf

τ1
dτX ′ · δX

∣∣∣π
0
. (2.3.3)
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The second term is zero since δXM (τi = −∞) = δXM (τf = ∞) = 0. The third
term will vanish due to the boundary conditions (b.c.) which will be imposed in the
following. The equations of motion of string coordinates then are

�XM = (∂2
σ − ∂2

τ )XM (σ, τ) = 0 . (2.3.4)

The most general solution of the above equation is

XM (σ, τ) = 1
2X

M
L (τ + σ) + 1

2X
M
R (τ − σ) , (2.3.5)

where

XM
L (τ + σ) = xM + 2α′pM0 (τ + σ) + i

√
2α′

∑
n6=0

1
n
αMn e

−i2n(τ+σ) , (2.3.6)

XM
R (τ − σ) = x̃M + 2α′p̃M0 (τ − σ) + i

√
2α′

∑
n6=0

1
n
α̃Mn e

−i2n(τ−σ) . (2.3.7)

For the study of closed strings we have to impose periodic b.c. in σ coordinate

XM (σ, τ) = XM (σ + π, τ) , ∂σX
M (σ, τ) = ∂σX

M (σ + π, τ) , (2.3.8)

we also consider xM = x̃M , pM0 = p̃M0 ≡ pM , and the solution becomes

XM
L (τ + σ) = xM + 2α′pM (τ + σ) + i

√
2α′

∑
n6=0

1
n
αMn e

−i2n(τ+σ) , (2.3.9)

XM
R (τ − σ) = xM + 2α′pM (τ − σ) + i

√
2α′

∑
n6=0

1
n
α̃Mn e

−i2n(τ−σ) , (2.3.10)

where pM is the momentum of the center of mass of the string as it will be seen in
Eq.(2.3.19). The possible boundary conditions (b.c.) for the open string which cancel
the second term of Eq.(2.3.3)are

Neumann boundary condition: ∂σX
M
∣∣∣σ=π

σ=0
= 0 ,

(2.3.11)

Dirichlet boundary condition: δXM
∣∣∣σ=π

σ=0
= 0 .

In case of Neumann b.c., we have xM = x̃M , pM0 = p̃M0 ≡ pM , aMn = ãMn and the factor
of two in the exponential is absent

XM (σ, τ) = xM + 2α′pMτ + i
√

2α′
∑
n6=0

aMn
n
e−inτ cos(nσ) . (2.3.12)
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The case of Dirichlet b.c. will be studied later.
Even if, the worldsheet metric is fixed, it’s equations of motion should be satisfied.

The equations of motion of the metric are known to give the energy momentum tensor

Tµν = − 4πα′√
−h

δS

δhµν
= ∂µX · ∂νX −

1
2ηµνη

ρσ∂ρX · ∂σX = 0 . (2.3.13)

These provide constraints to the string coordinates that eliminate the ghosts which
would have been created by the X0 field. The constraints may be written explicitly as

T01 = Ẋ ·X ′ = 0 , T00 = T11 = 1
2(Ẋ2 +X ′2) = 0 . (2.3.14)

The above constraints can also be written in terms of worldsheet lightcone coordinates,
x± = t± σ, as

T++ = (∂+X)2 = 0 , T−− = (∂−X)2 = 0 , (2.3.15)

and they may be expanded in Fourier modes of closed string

T−− = α′

2

∞∑
n,m=−∞

αm−n · αne−imx
− = α′

∞∑
n=−∞

Lme
−imx− ,

T++ = α′

2

∞∑
n,m=−∞

α̃m−n · α̃ne−imx
+ = α′

∞∑
n=−∞

L̃me
−imx+

, (2.3.16)

where we have defined αM0 = α̃M0 =
√

α′

2 p
M . We have also set

Lm = 1
2

∞∑
n,m=−∞

αm−n · αn , L̃m = 1
2

∞∑
n,m=−∞

α̃m−n · α̃n , (2.3.17)

which are the Virasoro generators. The constraints (2.3.15) on the energy momentum
tensor lead to

Ln = L̃n = 0 , n = 0, 1, . . . (2.3.18)

Those are interpreted as constraint equations. The n = 0 part of the above equation
constrains the mass spectrum as it will be shown in the following. Polyakov action also
enjoys Poincare symmetry of the background which is interpreted as a global symmetry
in the worldsheet. The charges of this symmetry are the momentum and the angular
momentum

PM = T

∫ π

0
ẊMdσ = pM , JMN = T

∫ π

0
(ẊMXN − ẊNXM ) , (2.3.19)
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2.3 String theory

The Hamiltonian is then found to be

H =
∫ π

0
T00dσ = T

∫ π

0
(Ẋ2 +X ′2)dσ , (2.3.20)

which is set to zero due to Eq.(2.3.14). For the closed string it takes the form

Hcl =
∞∑

n=−∞
(α̃−n · α̃n + α−n · αn) = α′p2 + 2N + 2Ñ , (2.3.21)

where N =
∑∞
n=1 α−n ·αn and Ñ =

∑∞
n=1 α̃−n · α̃n. We may follow the same procedure

for the open string and similarly find that

Hop = 1
2

∞∑
n=−∞

α−nαn = α′p2 +N . (2.3.22)

Upon quantization of the theory, the H = 0 constraint is used to find the mass
spectrum. It is noticed that Hcl = 2(L0 + L̃0) and Hop = L0, where L0 for the open
string has the same form as for the closed.

2.3.1.1 Lightcone quantization
The gauge fixed action of the bosonic string has a remaining symmetry

δXM = ξµ∂µX
M , ξ+ = ξ+(x+) , ξ− = ξ−(x−) . (2.3.23)

The above transformation leaves the lightcone invariant, it therefore is a conformal
symmetry. We may use the above transformation to go to a coordinate frame (τ̃ , σ̃)
where the coordiantate X̃+(σ̃, τ̃) has the following form

X̃+(σ̃, τ̃) = x̃+
0 + α′p+τ̃ . (2.3.24)

Taking into account that the string coordinates transform like scalars under diffeomor-
phism and Weyl transformations on the worldsheet, i.e. X+(σ, τ) = X̃+(σ̃, τ̃), we find
τ̃ = p̃+α′(X+ − x̃+

0 ), where we have also used the lightcone coordinates of the string,
defined as X± = X0 ± XD−1. Using the constraints (2.3.15), we may express X− in
terms of the transverse string coordinates

2∂+X
−∂+X

+ =
D−2∑
I=1

∂+X
I∂+X

I , 2∂−X−∂−X+ =
D−2∑
I=1

∂−X
I∂−X

I . (2.3.25)
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These imply for the oscillators that

a−n = 1
p+
√

2α′
∞∑

m=−∞
aIn−ma

I
m = 1

p+
√

2α′
∞∑

m=−∞
ãIn−mã

I
m . (2.3.26)

Hence, X± fields are fixed in the lightcone gauge and only the XI , I = 1, . . . , D − 2
are propagating fields. The action in the lightcone gauge reads

S = −1
2T

∫ +∞

−∞
dt

∫ π

0
dσ ηµν(∂µXI∂νX

I) , I = 1, . . . , D − 2 (2.3.27)

where summation over I is implied. To quantize the theory, we impose the canonical
commutation relations

[xI , pJ ] = iδIJ , [x−, p+] = −i , [αIn, αJm] = [α̃In, α̃Jm] = mδIJδm+n,0

Since α−0 =
√

α′

2 p
−, Eq.(2.3.26) for n = 0 gives

2p+p− = pIpI +
∞∑
n=1

αI−nα
I
n = pIpI +

∞∑
n=1

α̃I−nα̃
I
n (2.3.28)

Hence the mass shell condition M2 = −p2 can be written in terms of the creation and
annihilation operators

M2 = 2p+p− − pIpI = 4
α′

(N − acl) = 4
α′

(Ñ − ãcl) (2.3.29)

where N =
∑∞
n=1 α

I
−nα

I
n and Ñ =

∑∞
n=1 α̃

I
−nα̃

I
n, the summation over I runs from 1

to D − 2. Since, p− is not an independent degree of freedom we must impose the
above constraints on the states, which coincide with the mass shell condition. The two
constants acl and ãcl parametrize the ordering ambiguity of the sums of creation and
annihilation operators that appears for n = 0. These constants will be determined by
physical arguments on the spectrum. By a similar procedure, the open string mass
shell condition is found

M2 = 2p+p− − pIpI = 1
α′

∞∑
n=1

αI−nα
I
n = 1

α′
(N − aop) , (2.3.30)

where aop also appears due to the ordering ambiguity of the creation and annihilation
operators. N is given by the same formula as in the closed string case.

The vacuum is defined by

p̂+|0, p+, pI〉 = p+|0, p+, pI〉 , p̂I |0, p+, pI〉 = pI |0, p+, pI〉 , (2.3.31)
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2.3 String theory

αIn|0, p+, pI〉 = α̃In|0, p+, pI〉 = 0 . (2.3.32)

The states which are produced by the creation operators are eigenstates of the p̂−

operator with eigenvalue

p− = 1
2α′p+

(
8(N − acl) + 2α′pIpI

)
= 1

2α′p+

(
8(Ñ − ãcl) + 2α′pIpI

)
, (2.3.33)

for the closed string and

p− = 1
2α′p+

(
2(N − aop) + 2α′pIpI

)
, (2.3.34)

for the open string. Hence, now the constraints are not written as operator equa-
tions but as eigenvalue equations. Then, if we assume acl = ãcl for the closed string,
Eq.[2.3.29] leads to

N = Ñ , α′M2 = 4N − 4αcl . (2.3.35)

The vacuum state of the closed string is |0, p+, pI〉 and its mass is α′M2 = −4acl. This
state is a negative mass state, i.e. it’s a tachyon. The next excitation includes

α
((I
−1α

J))
−1 |0, p+, pI〉 , α

[I
−1α

J ]
−1|0, p+, pI〉 ,

D−2∑
I=1

αI−1α
I
−1|0, p+, pI〉 , (2.3.36)

with mass α′M2 = 4(1− acl). These states form a symmetric traceless representation,
an antisymmetric and a scalar representation of SO(D − 2), which is the little group
of SO(1, D − 1) for massless states. Hence, the above states are ineterpreted as a spin
2 massless field (graviton) with 1

2(D − 2)(D − 1) − 1 degrees of freedom, a massless
antisymmetric tensor field (gauge field) with 1

2(D− 2)(D− 3) states, and a scalar field,
called dilaton. Since, the above excitations are massless states, the mass formula gives

acl = ãcl = 1 (2.3.37)

The open string mass formula is given by (2.3.30). The vacuum is |0, p+, pI〉 and its
mass is α′M2 = −aop, which corresponds to a tachyonic state. The first excitation is
αI−1|0, p+, pI〉 with D− 2 degrees of freedom. Therefore, this is a vector representation
of the SO(D − 2) little group. Hence, it must be a massless vector state. The mass
formula (2.3.30) accordingly gives

α′M2 = 1− aop = 0 , αop = 1 . (2.3.38)
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Choosing the lightcone gauge to quantize the theory leads to explicit breaking of
the Lorentz invariance of the background, which is a global symmetry from the world-
sheet point of view. This may lead to anomalies in the quantum level of the theory.
The requirement of nonanomalous Lorentz symmetry leads to a D = 26 dimensional
spacetime for the bosonic string.

2.3.2 The superstring
Type IIA/B theories are the two consistent ten dimensional closed string theories with
maximal supersymmetry. These two theories have N = 2 supersymmetry in ten di-
mensions, hence there are 32 supercharges. D-branes are contained in the type II
superstring theories.

We study the superstring using the Neveu-Schwarz and Ramond formulation. We
thus introduce a fermion field on the worldsheet

ΨαM =
(
ψM−
ψM+

)
, M = 0, ..., D − 1 , α = 1, 2 (2.3.39)

which is 2-component real spinor on the worldsheet (α: spinor index), and spacetime
vectors M : spacetime vector index. Its components, ψM− and ψM+ , are left and right
handed spinors, respectively.

The superstring action is constructed by coupling the scalar fields (XM ) and the
fermions to 2 dimensional supergravity. The resulting action is

S = T

∫
d2x e

[
− 1

2h
µν∂µX

M∂νX
N − 1

2ΨM
γµ∂µΨN + 1

2F
MFN

+ (χµγνγµΨM )(∂νXN ) + 1
4(ΨMΨN )(χµγνγµχν)

]
ηMN

(2.3.40)

where χαµ is a gravitino field (µ : worldsheet index) and FM are auxiliary fields. The
above action enjoys the following local symmetries

1. Einstein symmetry

2. Local Lorentz symmetry

3. Weyl symmetry

4. Superconformal symmetry

5. Supergravity (local supersymmetry)
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To find the spectrum of the superstring we must fix its gauge symmetries. The
gauge symmetries are fixed by choosing a flat worldsheet metric. In the bosonic case
the equations of motion of eaµ, i.e. Tµν = 0, provide the constraints that guarantee the
absense of longitudinal and timelike degrees of freedom in the string spectrum. The
satisfaction of the equations of motion of the gravitino field ensures the same for the
field ΨM of the superstring. Hence the constraints for the superstring are

T++ = ∂+X∂+X + i

2ψ+∂+ψ+ , T−− = ∂−X∂−X + i

2ψ+∂−ψ− , (2.3.41)

where both indices of the energy momentum tensor are obviously vector indices. The
gravitino equation of motion gives the supercurrent

Jµ,α ≡ 1
4T

δS

δχ̄µ,α
= 0 , (2.3.42)

where α is a two dimensional spinor index. Eq.(2.3.42) in components reads

J++ = ψ+∂+X = 0 , J−,− = ψ−∂−X = 0 , (2.3.43)

where one index in J is vector and the other spinor.The constraints Tµν = 0 and
Jµ,α = 0 are also generators of residual symmetries of the flat worldsheet space which
depend either on t + σ or t − σ. These symmetries are fixed by transforming the
coordinates to go to the lightcone gauge

X+ = x+ + l2p+t , Ψ+ = Ψ0 + ΨD−1 = 0 . (2.3.44)

The action in the lightcone gauge becomes

S = T

∫
d2x

[
−1

2η
µν∂µX

I∂νX
I − 1

2ψ
I
γµ∂µψ

I .

]
(2.3.45)

where I = 1, . . . , D − 2. The field equations for the fermions are

(∂τ − ∂σ)ψI+ = (∂τ + ∂σ)ψI− = 0 . (2.3.46)

Hence, right handed fermions are left-moving and left handed fermions are right-
moving. The boundary conditions for closed string fermions may be either periodic,
which correspond to the Ramond sector of the closed string, or antiperiodic which lead
to the Neveu-Schwarz sector. The mode expansions of the femions for the closed string
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2. AdS/CFT

are

Ramond case , ψI+(σ, τ) =
∑
n∈Z

dIne
−2in(τ+σ) , ψI−(σ, τ) =

∑
n∈Z

d̃Ine
−2in(τ−σ) ,

Neveu Schwarz case , ψI+(σ, τ) =
∑

r∈Z+ 1
2

bIre
−2ir(τ+σ) , ψI−(σ, τ)au =

∑
r∈Z+ 1

2

b̃Ire
−2ir(τ−σ) .

The canonical commutation relationships for the oscillator modes are

{dIm, dJn} = {d̃Im, d̃Jn} = δm+nδ
IJ ,

{bIr , bJs } = {b̃Ir , b̃Js } = δr+sδ
IJ .

The boundary conditions which open strings obey are

ψI+(σ = 0, τ) = ψI−(σ = 0, τ) ,

Ramond case , ψI+(σ = π, τ) = ψI−(σ = π, τ) ,

Neveu Schwarz case , ψI+(σ = π, τ) = −ψI−(σ = π, τ) .

These boundary conditions are the same for all I in order to preserve Lorentz invariance
of spacetime. In case of open string the mode expansions of the femions become

Ramond case , ψI+(σ, τ) = 1√
2
∑
n∈Z

dIne
−in(τ+σ) , ψI−(σ, τ) = 1√

2
∑
n∈Z

dIne
−in(τ−σ) ,

Neveu Schwarz case , ψI+(σ, τ) = 1√
2
∑

r∈Z+ 1
2

bIre
−ir(τ+σ) , ψIR(σ, τ) = 1√

2
∑

r∈Z+ 1
2

bIre
−2ir(τ−σ) .

The modes satisfy the following commutation relationships

{dIm, dJn} = δm+nδ
IJ ,

{bIr , bJs } = δr+sδ
IJ .

The constraint equations can now be written in terms of the open string oscillator
modes. In Ramond sector, the Fourier modes of the energy momentum tensor of open
strings are

Lm = 1
2

∞∑
n=−∞

(
αm−n · αn + (n+ m

2 )dm−n · dn
)

(2.3.47)
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and the Fourier modes of the supercurrent read

Fm =
∞∑

n=−∞
dm−n · an (2.3.48)

In the Neveu-Schwarz sector, the energy momentum tensor modes are

Lm = 1
2

∞∑
n=−∞

(
αm−n · αn + (n+ m

2 )bm−n · bn
)

(2.3.49)

and the supercurrent modes are written as

Gr =
∞∑

n=−∞
br−nan . (2.3.50)

The fermion number operator is given by

Ramond , N =
∑
I=1,8

∑
n∈Z

ndI−nd
I
n ,

Neveu-Schwarz , N =
∑
I=1,8

∑
r∈Z+ 1

2

rbI−rb
I
r

(2.3.51)

for the Ramond and the Neveu-Schwarz case respectively. The mass of a state is then
found by

α′M2 = −α′p2 = N − a . (2.3.52)

In open string theory, for the Neveu Schwarz sector we have a(NS) = 1
2 and for the

Ramond, a(R) = 0, as we will see later. Using Eq. (2.3.51) for the fermion number
operator in each sector we may express the mass in terms of creation and annihilation
operators.
Neveu Schwarz sector :

α′M2 =
8∑
I=1

∑
n∈Z

αI−nα
I
n +

∑
r∈Z+ 1

2

rbI−rb
I
r

− a(NS) .

The ground state has mass α′M2 = −a(NS). The first excited state is

bI−r|0, p〉 (2.3.53)

is a vector state with 8 degrees of freedom, which means that it is a massless bosonic
state. Thus, we find a(NS) = 1

2 , and the ground state is a tachyon.

25



2. AdS/CFT

Ramond sector :
The mass formula now reads

α′M2 =
8∑
I=1

∞∑
n=1

(
αI−nα

I
n + ndI−nd

I
n

)
− a(R) .

In this sector the ground state is a spinor. Since the operators dI0 satisfy the Clifford
algebra,

{dI0, dJ0 } = δIJ , (2.3.54)

they may be considered as Dirac matrices up to normalization, dM0 ≡ 1√
2ΓM . We may

define the annihilation and creation operators

da =
√

1
2(dI0 + idI+1

0 ) , I = 1, 3, 5, 7

d†a =
√

1
2(dI0 − idI+1

0 ) , I = 1, 3, 5, 7 , (2.3.55)

where a = 1, 2, 3, 4. These satisfy

{da, d†b} = δab , {da, db} = {d†a, d
†
b} = 0 . (2.3.56)

The vacuum for these operators is defined as

da|Ω〉 = 0 . (2.3.57)

Then, the creation operators acting on the vacuum give 16 states

|Ω〉 , d†a|Ω〉 , d†ad
†
b|Ω〉 , d

†
ad
†
bd
†
c|Ω〉 , d†ad

†
bd
†
cd
†
d|Ω〉 , (2.3.58)

which form a spinor representation of SO(8), since das satisfy Clifford algebra. Action
with dI0 on the above states results again in linear combination of the same states.
Hence, a 16×16 matrix representation of the dI0 operators was constructed. The states
with even number of creation operators do not mix with states with odd number of d†

operators. The spinor then decomposes into two spinors, one with even number of d†s
denoted by 8s and the other with odd number of d†s called 8c. Thus, the ground state
is in the chiral spinor representation of SO(8) group. There are two degenerate chiral
ground states that are denoted by

|a〉 and |ā〉 , (2.3.59)
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both with mass α′M2 = −a(R, open). These are 8 dimensional spinors of SO(8) that
can be embedded in the 10 dimensional spinors which are in the Majorana-Weyl (real
and chiral) representation of SO(1, 9). They also have opposite chiralities Γ11|a〉 = |a〉
and Γ11|ā〉 = −|ā〉, where Γ11 is the ten dimensional chirality matrix, the same is
valid by acting with the eight dimensional chirality matrix. These spinors have 16 real
components which correspond to 8 on shell states that make a massless Majorana-Weyl
spinor. Thus, we must have a(R, open) = 0.

The spectrum that we get from the above procedure is not supersymmetric. More-
over, the requirement of modular invariance, coming from string interactions, implies
that we have to truncate the spectrum that we have found, by GSO projection. In the
NS sector, the GSO operator is

ΠNS = 1
2(1− (−1)F ) , F =

∑
r= 1

2
∞
bi−rb

i
r , (2.3.60)

where F counts the number of bi−r. The tachyon of the NS sector and all states with
even number of bi−r are projected out.

In the Ramond sector there are two choices for defining GSO operator

ΠRam = 1
2(1 + γc(−1)F ) , Π̄Ram = 1

2(1− γc(−1)F ) , F =
∞∑
n=1

di−nd
i
n , (2.3.61)

where γc = γ1 . . . γ2 (with γi = di0) and F counts the number of di−n. The two choices
are equivalent in case of open superstring. For any of the two choices, GSO reduction
will project out one of the two possible Ramond ground states.

Thus, the open superstring massless spectrum contains a ten dimensional mass-
less vector from the NS sector one ten dimensional massless chiral spinor. As it will be
mentioned later, this is the field content of the maximally supersymmetric Yang Mills
theory in 10 dimensions.

The spectrum of the closed superstring comes from four sectors: NS⊗NS, R⊗R,
NS⊗R,R⊗NS. After tensoring states from left and right moving sectors and applying
the GSO projection to the spectrum we get the closed superstring spectrum. Here we
project out the states from left moving sector with ΠNS, L and ΠRam, L projectors,
where the index L shows that they act on the left movers. For the right moving sector
we use ΠNS, R. If we choose to project the right moving Ramond states by ΠRam, R we
conclude to the spectrum of type IIA, whereas if we use Π̄Ram, R we are led to type
IIB. The massless spectrum of the two closed superstring theories follows:

Type IIA (ΠNS, L,ΠNS, R,ΠRam, L and ΠRam, R)
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• NS ⊗NS : graviton, gµν , dilaton, φ, antisymmetric 2-form, Bµν .

• R⊗R : real vector, Cµ, real 3-form Cµνρ.

• NS ⊗ R : massless right-handed gravitino, χµα and a massless left-handed spin
1/2 state, λα.

• R⊗NS : massless left-handed gravitino, χµα̇ and a massless left-handed spin 1/2
state, λα̇.

Since, the fermionic part of the spectrum includes two gravitinos and spin 1/2 fields of
opposite chiralities, type IIA is nonchiral.

Type IIB (ΠNS, L,ΠNS, R,ΠRam, L and Π̄Ram, R)

• NS ⊗NS : graviton, gµν , dilaton, φ, antisymmetric 2-form, Bµν .

• R⊗R : a massles scalar C0, real 2-form, Cµν and a selfdual 4-form Cµνρσ

• NS ⊗R : massless gravitino, χµα and a massless spin 1/2 state, λα.

• R⊗NS : massless gravitino of the same chirality as the one from NS⊗R sector,
χµα and a massless spin 1/2 state of opposite chirality, λα.

In type IIB, all fermions have the same chirality, therefore the theory is chiral.

2.3.3 p-Branes
The forms in the R ⊗ R sector of the IIA/B transform under a generalized gauge
symmetry

Cp → Cp + dΛp−1 , (2.3.62)

and for each form we can define a gauge invariant field strength

Fp+1 = dCp . (2.3.63)

By taking the hodge dual of the field strengths of the forms that appear in the type II
spectrum

F̃10−p = ?Fp , (2.3.64)

F̃µ1···µ10−p = 1
p!εµ1···µ10−p

ν1···νpFν1···νp
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we find their duals. We may consider the Cp forms as electric potentials and the
potentials, C̃9−p, which are defined by F̃ as

F̃10−p = dC̃9−p (2.3.65)

are the magnetic potentials. Thus, in the spectrum of type IIA the following forms
exist: C1, C3 and their duals C̃7 and C̃5 respectively. In type IIB there exist the C0

and C2 forms, their duals C̃8 and C̃6 and the selfdual C4. Hence, type IIA contains all
the odd forms and type IIB the even ones.

A state which is charged under a RR form, Cp+1, is a p-brane, where p is the number
of its spatial dimensions. p-branes are p + 1 dimensional objects in total. A particle
of mass m and charge q couples to the spacetime and to the U(1) gauge field in the
following way

S = T

∫
ds+ iQ

∫
dxµAµ (2.3.66)

This is naturally generalized to the coupling of a Cp+1 form to the background where
it is located and a p-brane

S = Tp

∫ √
−g dp+1x+ iQp

∫
Cp+1 (2.3.67)

where
∫
Cp+1 =

∫
dxµ1 ∧ · · · ∧ dxµp+1Cµ1···µp+1 and g is the determinant of the world-

volume metric of the p-brane. Tp is the tension of the p-brane i.e. its mass per unit
volume in the p spacelike directions and Qp is the electric charge density. The electric
charge is defined by the flux on a sphere surrounding the source. The transverse space
of p-branes is R9−p. To compute the electric charge, we must consider an S8−p sphere
which surrounds the p-brane. The electric charge of the solution is calculated from the
flux through a 8− p sphere at infinity

NTp = 1
2κ10

∫
S8−p

?Fp+2 . (2.3.68)

Branes are not states that appear in the perturbative spectrum of type II super-
strings. The RR vertex operator contains only the field strength and not the potentials,
hence couplings of the form (2.3.67) are impossisble to appear in string perturbation
theory.

The massless spectra of IIA/B superstrings are the same as those of IIA/B super-
gravities. Therefore, the two derivative effective action that describes the low energy
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dynamics of the IIA/B superstrings is that of the IIA/B supergravities. The action
describing the bosonic massless modes of the superstring at low energies are

S = 1
κ2

10

∫
d10x

[√
−g e−2φ

[
R+ 4(∇φ)2 − 1

12H3

]
−
√
−g

2(p+ 2)!F
′
p+2

2
]
, (2.3.69)

where H3 = dB and F ′p+1 = dCp−B ∧ dCp−2. We are interested in p-branes which are
not charged under the B field, therefore we may set it to zero. The equations of motion
for the metric and the RR form are

Rµν + 2∇µ∇νφ = e2φ

2(p+ 1)!

(
Fµν···µp+2F

µ1···µp+2 − gµν
2(p+ 2)F

2
)

(2.3.70)

d ? Fp+2 = 0 .

Longitudinal coordinates on the brane will denoted by x and the transverse by
y. We require the p-brane to be spherically symmetric in (10 − p) dimensions. The
problem is then reduced to finding a spherically symmetric charged black hole solution
in (10− p) dimensions. The ansatz reads

ds2 = −f(r)2dt2 + dxidx
i√

H(r)
+
√
H(r)

(
dr2

f(r) + r2dΩ2
8−p

)
, (2.3.71)

where dΩ8−p is the infinitesimal distance on a (8− p) dimensional unit-sphere and the
functions H(r) and f(r) are harmonic functions in 9− p dimensions, satisfying

�H(r) = 0 , �f(r) = 0 . (2.3.72)

The solutions are

H(r) = 1 + L7−p

r7−p , f(r) = 1 + r7−p
0
r7−p

eφ(r) = gsH(r)
3−p

4 (2.3.73)

A0...p =
√

1 + r7−p
0
L7−p

Hp(r)−1
Hp(r) .

The p-brane electric charge is given by Eq.(2.3.68),

NTp = (7− p) Ω8−p
2κ2

10

√
L7−p(r7−p

0 + L7−p) . (2.3.74)

The corresponding ADM mass of the p-brane is

M = ΩpVp
2κ10

[
(8− p)r7−p

0 + (7− p)L7−p
]
, (2.3.75)
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with Vp being the p-brane worldvolume.
At the points r = 0 and r = r0 the metric becomes infinite. Calculating the the

Ricci scalar for the above solution we find

Rr = (3− p)(p− 7)2L7−p

4 r23−3pHp(r)
5
2

(
4(rr0)7−p + L7−p((p+ 1)r7−p − (p− 3)r7−p

0 )
)
, (2.3.76)

and observe that in case of D3-branes there is no curvature singularity. For −1 ≤
p < 3, Rr is regular but if we transform the metric from the string to Einstein frame,
gEµν = e−

Φ
2 gµν and REr ∼ r−

(p−3)2
8 which diverges at r = 0 for any p 6= 3, thus there is

a curvature singularity. In order for this not to be a naked singularity, the condition
r0 > 0 must be valid. This yields the Bogomol’ ny bound

M

Vp
≥ NTp , (2.3.77)

where we have used Eqs. (2.3.74, 2.3.75). In the extremal case, of D3-branes the above
bound is saturated and r0 = 0. The region close to r = 0 is known as the "throat" of
spacetime. The metric is of the form

ds2 = −dt
2 + dxidx

i√
H(r)

+
√
H(r)

(
dr2 + r2dΩ2

8−p

)
. (2.3.78)

The above solution can also be shown to be supersymmetric. When it is inserted in
the supersymmetry transformations of the fermions we are led to δψ = 0 for half of
the supersymmetry parameters. Thus, half of the sypersymmetries are preserved and
D3-branes are considered to be half BPS objects.

2.3.4 D branes: Perturbation theory
Dp-branes are extended objects of p spatial dimensions which can be introduced as
planes where open strings end due to Dirichlet boundary conditions. In [19], Polchinski
argued that the D-branes are dynamical objects whose fluctuations are the same with
the fluctuations of the open strings which are attached on the brane. The massless
spectrum of the open strings coincides with the collective excitations of the brane.
Consider the case of the bosonic string and a Dp-brane in 26 dimensions. The open
string action in conformal gauge is mentioned again

S = −T2

∫
d2x ηµν ∂µX · ∂νX . (2.3.79)
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There are two different kinds of boundary conditions for the equations of motion that
come from this action, Eq.(2.3.11). Dirichlet boundary conditions imply that the string
endpoints lie at a constant position, XM = x(0). In case that there is a Dp-brane, the
boundary conditions become

Neumann b.c. : ∂σXµ
∣∣∣π
0

= 0 , for µ = 0, . . . , p ,

(2.3.80)

Dirichlet b.c. : δXI
∣∣∣π
0

= 0 , for I = p+ 1, . . . , 25 ,

where it should noticed that now the greek index µ parametrizes the worldvolume of
the Dp-brane and not the string worldsheet. Since, the endpoints of the string are
restricted to a p + 1 dimensional plane, Lorentz symmetry breaks to SO(1, 25) →
SO(1, p)× SO(25− p). The Neumann boundary conditions impose αµn = α̃µn ≡ αµn and
the Dirichlet xI = x(0) I , pI = 0 and αIn = −α̃In ≡ αIn. Then, Eq.(2.3.6) and (2.3.7)
become

Xµ(τ, σ) = xµ + 2α′pµτ + i
√

2α′
∑
n6=0

1
n
αµne

−inτ cos(nσ) , (2.3.81)

XI(τ, σ) = x(0) i + i
√

2α′
∑
n6=0

1
n
αIne

−inτsin(nσ) . (2.3.82)

We observe that there are no zero modes for momenta in the transverse directions.
Therefore, the brane degrees of freedom propagate only on the longitudinal coordinates
of the Dp-brane. The spectrum of the bosonic string in the presence of the Dp-brane
is found similarly as in the case of the closed string. We use the lightcone gauge
(X± = 1√

2(X0 ±Xp)) and find the mass formula

M2 = 1
α′

p−1∑
µ=1

∑
n>0

αµ−nα
µ
n +

25∑
I=p+1

∑
n>0

αI−nα
I
n − 1

 . (2.3.83)

The ground state is annihilated by all annihilation operators

αµn|0, p〉 = αIn|0, p〉 = 0 , n > 0, µ = 0, . . . , p , I = p+ 1, . . . , 25 . (2.3.84)

Using Eq.(2.3.83) we find the mass of the ground state

M2 = − 1
α′
, . (2.3.85)
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Therefore, the ground state is tachyonic.
The states of the first excitation level are massless. The longitudinal states to the

brane are
αµn|0, p〉 , µ = 1, . . . , p (2.3.86)

and transform as a vector under the SO(1, p) Lorentz group of the brane worldvolume,
hence a brane vector field Aµ is associated with this state. It is known that we may
assign Chan Paton factors to the open string, i.e. put global charges at the ends of
the open string. This is needed in case that we have more than one D-brane where the
endpoints of the open string may lie. Then, the above vector field is promoted to a
non-abelian gauge field. The massless state is αµn|i, j; p〉 → AAµT

A
ij , where TAij are U(N)

generators. N is the number of coincident branes at a point of the transverse space
where the open string ends.

The transverse states are

αIn|0, p〉 , I = p+ 1, . . . , D − 1 , (2.3.87)

which are D−p−1 scalars under the SO(1, p) Lorentz group of the brane worldvolume,
but they transfrorm as vectors under the SO(D − p − 1) rotation group of transverse
rotations, which is a global symmetry from the worldvolume viewpoint. These scalars
will be understood as fluctuations of the position of the brane in the transverse space.

The same procedure may be followed for the superstring. The boundary conditions
for the fermions in the Neveu Schwarz and Ramond sectors are

Neumann b.c. : bµr = −b̃µr , dµn = d̃µn

Dirichlet b.c. : bir = b̃ir , din = −d̃in , (2.3.88)

where we strees again that µ = 0, . . . , p is not a worldsheet index but it parametrizes the
worldvolume of the Dp-brane. Upon GSO projection, the open superstring spectrum
involves the massless states

bµ− 1
2
|0, p〉 , bI− 1

2
|0, p〉 , (2.3.89)

which are one worldvolume vector and D − p − 1 scalars. In Ramond sector, GSO
projection gives a spinorial ground state |a〉 which is a 10 dimensional real chiral spinor.
Hence, the massless spectrum of open superstrings in the presence of N coincident Dp-
branes is the same as the dimensional reduction of the 10 dimensional, SU(N), super
Yang Mills action, which will be analyzed in the following section.
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2.3.4.1 Dimensional reduction of 10d super Yang Mills

In the presence of multiple D-branes there are several different branes where the end-
poinds of an open string have the choice to lie. Hence, the endpoints of each string
are labelled by indices which show what brane they lie on. Chan-Paton indices are
interpreted as those labels that indicate on which brane the open strings end. As it
was mentioned above, the low energy worldvolume theory on N coincident D-branes
turns out to be the dimensional reduction of the 10 dimensional U(N) super Yang Mills
(SYM) to p+ 1 dimensions. Ten dimensional super Yang Mills involves a gauge vector
field AM (x) and a Majorana-Weyl spinor field, Ψ(x). The action of the theory reads

S10d = − 1
g2
YM

∫
d10x Tr

(1
4FMNF

MN + Ψ̄ΓMDMΨ
)
, (2.3.90)

where the field strength of AM is FMN = ∂[MAN ] +[AM , AN ] and the covariant deriva-
tive reads DMΨ = ∂MΨ+[AM ,Ψ]. The above theory is supersymmetric and it contains
a ten dimensional massless vector field with eight degrees of freedom and a Majorana-
Weyl spinor which also has eight on shell degrees of freedom. Here, we concentrate
on the bosonic part of the action. When we dimensionally reduce the theory to p + 1
dimensions the vector breaks in a (p+ 1)-dimensional vector and 9− p scalars

AM (x, y) −→ Aµ(x) , φI(x) , (2.3.91)

where xµ are the longitudinal directions and yI the transverse ones. The fields do not
to depend on the transverse coordinates. They are also in the adjoint representation of
the gauge group, U(N). Then, the bosonic part of the action reduces to

S(p+1)d = 1
4g2
YM

∫
dp+1xTr

(
FµνF

µν + 2DµφID
µφI + [φI , φJ ] [φI , φJ ]

)
, (2.3.92)

where sum over I and J is implied. It is noticed that Lorentz symmetry breaks to the
Lorentz symmetry of the Dp-brane worldvolume and a global symmetry

SO(9, 1)→ SO(p, 1)× SO(9− p) . (2.3.93)

The above lagrangian is the effective theory of the open string gauge boson and the
transverse scalars which are the lightest bosonic states in the string spectrum in the
presence of a Dp-brane.
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The vaccua of the above field theory are static field configurations which minimize
the potential

V (φ) = [φI , φJ ] [φI , φJ ] . (2.3.94)

The fermion fields and the gauge field strength are set to zero. For supersymmetric
vaccua, we seek solutions of V (φ) = 0 up to gauge equivalence. Then,

[
φI , φJ

]
= 0 . (2.3.95)

This implies that the scalar fields are simultaneously diagonalizable

φI =


φI1 0

. . .
0 φIN

 ,

where φIi , (i = 1 . . . N) gives the position of the ith brane in the Ith direction of
transverse space. Dimensional analysis actually shows that the positions of the branes
are XI

i = α′φIi . The moduli space of vacua of the above field theory is
(
R9−p)N /SN ,

where
(
R9−p)N corresponds to the positions of the N Dp-branes in the transverse space

and the permutation SN acts on the eigenvalues of the scalar fields as the Weyl group
of U(N). This is interpreted as the permutations of N indistinguishable Dp-branes.

We now examine a concrete example of two D-branes which are seperated in the
transverse space. Then, the vacuum expectation values (vevs) of the p scalar fields are
2× 2 hermitian matrices

φI =
(
φI1 0
0 φI2

)
.

Since, the scalar has nonzero vacuum expectation value, the gauge symmetry breaks in
its Cartan subgroup, U(2)→ U(1)×U(1). We may check that a gauge transformation
of the form

g =
(
eiθ1 0
0 eiθ2

)

leaves the scalar vevs invariant. The gauge field fluctuations around the above vacuum
are given by

Aµ =
(
A11
µ A12

µ

A21
µ A22

µ

)
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Then, the kinetic term of scalars in the action (Eq.[2.3.92]) results in the following term

Tr
(
DµφID

µφI
)
→ Tr[Aµ, φI ]2 =

∑
I

(
φI1 − φI2

)2
|A12

µ |2 (2.3.96)

Hence, similarly to Higgs mechanism the diagonal part of the gauge field remained
massless (A11

µ , A
22
µ ) corresponding to the generators of the remaining U(1)×U(1) gauge

symmetry. The non-diagonal fields obtain a mass

m2
A12 =

∑
i

∣∣∣φi1 − φi2∣∣∣2 = 1
α′ 2

∑
i

∣∣∣Xi
1 −Xi

2

∣∣∣2 (2.3.97)

Geometrically, the above mass corresponds to the minimum energy of the strings
stretched between the two D-branes.

2.3.4.2 Bulk fields

In section (2.3.3), we described the minimal coupling of a p-brane to the background
and the corresponding Cp+1 RR form by the action [2.3.67]. However, this can be
generalized to the Dirac-Born-Infield (DBI) and the Wess-Zumino action. DBI gener-
alizes the interaction of the brane with the gravitational and other background fields
of spacetime

SDBI = T̂p

∫
dp+1e−φ

√
−det

(
g

(pb)
µν + 2πα′Fµν +B

(pb)
µν

)
. (2.3.98)

The action above shows how the fields on the brane (Aµ, φI) (where µ = 0, . . . , p and
I = p + 1, . . . , D − 1) couple to the NS-NS fields (g(pb)

µν , B
(pb)
µν , φ), where gµν and Bµν

are the pull-backs of the spacetime fields on the brane. The scalars φI appear in the
pull-back of the metric

g
(pb)
MNdx

MdxN = gµνdx
µdxν + gIJdX

IdXJ = gµνdx
µdxν + gIJ

dXI

dxµ
dXJ

dxν
dxµdxν ,

(2.3.99)
where M,N = 0, . . . , D − 1. Eventually we take

g(pb)
µν = gµν + gIJ

dXI

dxµ
dXJ

dxν
, (2.3.100)

where we have identified the transverse coordinates with the scalar fields XI(xµ), which
also depend on the worldvolume coordinates, xµ. The pull-back of B field is also defined
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as

B(pb)
µν = BMN

dxM

dxµ
dxN

dxν
(2.3.101)

In flat spacetime we have gµν = ηµν , gIJ = δIJ and Bµν = 0. If we expand the action
[2.3.98] in powers of α′ and keep up to two derivative terms we take the Yang-Mills
action

SDBI = (2πα′)2T̂p
4

∫
dp+1x e−φ

(
FµνF

µν + 2∂µXI∂µXI
)

+ O(α′) (2.3.102)

where gs = 〈e−φ〉, i.e. the expectation value of the dilaton. We then read the Yang-Mills
coupling constant

g2
YM = gs

T̂p(2πα′)2
= 1
Tp(2πα′)2 . (2.3.103)

where T̂p = gsTp. Tp is the p-brane tension which was defined in section 2.3.3. Hence,
the Yang Mills action describes the light strings attached to a Dp-brane in the limit of
small string length.

Even if there are non abelian generalizations of the DBI action, it is not known if
they are compatible with string amplitudes to a;; orders. The interaction of the p-brane
with the RR field (second part of action 2.3.67) is extended to the Wess-Zumino (WZ)
action

SWZ = T̂p

∫
dp+1xC ∧ e2πα′F(2)+B(2) (2.3.104)

where C =
∑
k Ck, is a formal sum of all RR forms and eventually we have to keep only

the (p + 1)-form of the above wedge product. For instance, in the case of a D3-brane
the WZ action reads

SWZ = T̂p

∫
d4xC(4)+C(2)∧(2πα′F(2)+B(2))+

1
2C(0)∧(2πα′F(2)+B(2))∧(2πα′F(2)+B(2))

(2.3.105)
Hence, the WZ couplings express the interactions of the brane fields with the RR-forms.

2.3.4.3 D-branes as BPS configurations
Dirichlet boundary conditions for the fermions imply the identification

ψµ+ = ψµ− , ψi+ = −ψi− (2.3.106)
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where ψ+ and ψ− are the left and right closed string movers in Ramond sector. The
identification of the modes of the Fourier expansion is given in Eq.(2.3.88). We consider
the identification of the following form

|α〉L = P |b̄〉R (2.3.107)

where |α〉L and |ᾱ〉R are the left and right handed Ramond ground states of the left and
right moving sectors. The indices L and R show the sector of the state. The operator
P acts on spacetime spinors by changing their chirality and parity. In order for the
above transformation to be compatible with the identification of dI0 and dµ0 (given in
Eq.[2.3.88]), which can be mapped to gamma matrices, we require

{P,ΓI} = 0 , [P,Γµ] = 0 (2.3.108)

Then, it is readily then checked that

P = Γ11ΓI (2.3.109)

If we consider a single Dp-brane, Dirichlet boundary conditions are imposed on 9 − p
directions. Then, left and right handed ten dimensional spinors must be identified
according to Eq.(2.3.107), but then we use P =

∏9
I=p+1 (Γ11ΓI). Type II superstring

theories have two ten dimensional spinor parameters εL (left mover) and εR (right
mover). These have the same chirality in type IIB and opposite in type IIA. In the
presence of Dp-branes they must satisfy

εL =
9∏

i=p+1
(Γ11Γi) εR = Γp+1 . . .Γ9εR = Γ0 . . .ΓpεR (2.3.110)

as any other spacetime spinor of the theory. The above equalities are valid up to a sign
which does not change our physical conclusions. Then, it follows that the presence of a
Dp-brane leads to conservation of half of the supersymmetries, since εL and εR are no
more independent. Leading to the conclusion the Dp-branes are BPS objects. Since, Γi
changes the chirality and εL and εR have the same chirality for type IIB and opposite
for type IIA, Dp-branes exist in IIA for even p and in IIB for odd p.

The interaction which is depicted in Fig.(2.4) is an one-loop vacuum energy for a
supersymmetric open string, thus it is zero. But, it can also be seen in the closed string
channel as a tree level exchange of bosonic NS-NS and R-R fields, see [19].

Since, the result of the diagram is zero, the force between the D-branes is zero. By
explicit calculation, we find that the tension of the brane is related to its R-R charge
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Figure 2.4: A system of two D-branes interacting through the exchange of an closed
string. The diagram can also be interpreted as a tree level interaction of open strings.

by the BPS condition

Tp = 1
(2π)pgs`p+1

s

. (2.3.111)

2.4 Motivating the AdS/CFT
correspondence
AdS/CFT was discovered along the study black holes in string theory. On the one
hand, they are described as charged solitonic objects generating curved gravitational
backgrounds and on the other hand their low energy fluctuations are described effec-
tively by gauge field theories. Taking certain limits of the above descriptions, it turns
out that they describe the same physical system from two different perspectives. One is
a gravitational and the other a gauge theory description. This led to the gauge/gravity
duality.

2.4.1 The decoupling limit

Consider N coincident D3-branes in a ten-dimensional spacetime. As it was analyzed
in section 2.3.4 the light open-string degrees of freedom of the system are described by
N = 4 super Yang Mills theory, in the limit of small string length, i.e. α′ → 0. Hence,
the theory contains one vector gauge field, six scalars and four Weyl fermions. As it is
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mentioned in Eq.(2.3.93), the gauge theory also has an SO(6) ' SU(4) global symme-
try, under which the vector is singlet, scalars are in the antisymmetric representaion
(6) and fermions in the fundamental (4). The theory is conformal at quantum level as
well.

There are also closed string excitations in the background spacetime. At energies
lower than the string scale those are described by type IIB supergravity. It’s spectrum
contains a graviton, a dilaton, a two-form, Ramond-Ramond form, two gravitini and
two fermions.

The total action describing the system is

Stotal = Sclosed + Sopen + Sop-cl , (2.4.1)

where the first two terms include the interactions of closed and open strings among
themselves and the third term the combined open-closed string interaction. The inter-
actions of open and closed strings are described by higher derivative terms, which can
be neglected at low energies.

To study the low energy limit of the system, we expand the gravitational (closed-
string) action in powers of κ10 and write the metric as a background metric plus the
graviton fluctuation, gµν = ηµν + κ10hµν . Then, the total string action is

Stotal ∼
1

2κ10

∫
d10x

√
gR+ . . .+ 1

4g2
YM

∫
d4x
√
−gTr

(
F 2
)

+ . . .

∼
∫
d10x

[
(∂h)2 + kh(∂h)2 + . . .

]
+ 1

4g2
YM

∫
d4x (FµνFµν)

+ κ10
4g2
YM

∫
d4xTrhµν

(
FµρF

ρ
ν −

δµν
4 F 2

)
+ . . .

(2.4.2)

The low energy limit can be taken by considering the characteristic scale of the theory
small, `s → 0, keeping all the other dimensionless parameters finite. Extracting the low
energy string effective action, which is typically a supergravity action we may express
Newton’s gravitational constant in terms of gs and `s,

κ10 =

√
(2π)7

2 gsl
4
s , (2.4.3)

see for instance [3]. Thus, when string length is approaching zero open strings are de-
scribed by N = 4 SYM theory (see section 2.3.4)) and all the closed string interactions,
either with open or among themselves are small. Concluding, as `s → 0

Stotal = Sfree gr + SSYM , (2.4.4)
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where the first part describes free gravitons.

2.4.2 The p-Brane viewpoint
As it was analyzed in section 2.3.3 N coincident D3-branes are described as extremal
solutions of classical type IIB supergravity. The background fields are reminded

ds2 = −dt
2 + dxidx

i√
H(r)

+
√
H(r)

(
dr2 + r2dΩ2

5

)
,

A0123 = L4/r4

1 + L4

r4

, H(r) = 1 + L4

r4 .

(2.4.5)

Using Eqs. (2.3.74) and (2.3.111) we determine L in terms of the parameters of the
theory

L4 = 4πgs`4sN . (2.4.6)

To take the corresponding low energy limit we have to take into account the gravita-
tional redshift. An observer at infinity measures energy which is related to the energy
measured at r by E∞ = H(r)−1/4Er. Meaning that modes of arbitrary energy are
measured at infinity to be low energetic if they are located at small distance, r << L.
He also observes the standard low energy modes in the bulk. These two types of modes
are decoupled, in the sense that if the observer at infinity emits low energy modes
towards the throat of the solution (r < L region) the cross section is ω3, where ω is
the frequency of the mode. Hence, at low energy the two kinds of modes interact very
weakly. Consequently, in the low energy limit, gravitational fluctuations of D3-brane
background are described by the action

Stotal = Sfree gr + SIIB hor , (2.4.7)

where the first term is the action of the bulk large wavelength modes which are described
by free graviton action, and the second term is the type IIB supergravity action which
describes the gravitons at the r << L region. Taking the limit r << L in the metric
of Eq. (2.4.5) we find

ds2 = r2

L2

(
−dt2 + dxidx

i
)

+ r2

L2dr
2 + L2dΩ2

5 , (2.4.8)

which is the metric of five dimensional anti-de Sitter times a 5d sphere (AdS5 × S5)
spacetime. Both AdS5 and S5 have radius L.
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Concluding, the low energy limit of D3-branes was described using two different
viewpoints. In both cases, the action describing the system has a free supergravity
part. On the one hand, the remaining part is N = 4 super Yang Mills theory and on
the other hand type IIB supergravity action in AdS5 × S5 background. Hence, the
conjecture that the these two theories are equivalent seems to be reasonable.

2.4.3 Matching the two theories
N = 4 SYM enjoys two global symmetries, the conformal SO(2, 4) symmetry and
SO(6), which were mentioned above. SO(2, 4) is also the isometry group of AdS5 and
SO(6) is the isometry group of S5, as it will be seen in section (2.5.1). The gauge theory
is a;so supersymmetric with 16 supercharges. Taking into account the conformal group
supersymmetry is enhanced to the superconformal symmetry with 32 supercharges. It
can be shown that even if the D3-brane solution is left invariant under the type IIB
supergravity transformations only for 16 parameters, AdS5 × S5 is invariant under 32
supergravity parameters. As a result the symmetries of the two theories match.

U(N) SYM theory is equivalent to a free U(1) and an SU(N) gauge theory. Geo-
metrically, the U(1) part corresponds to the motion of center of mass of D3-branes in
the bulk spacetime. In the low energy this motion appears as zero modes travelling in
the whole bulk spacetime. In the low energy limit, those modes were omitted. There-
fore, type IIB supergravity action in AdS5×S5 does not describe this U(1) free theory
but only the SU(N) part.

SYM theory has two dimensionless parameters, the order of the gauge group N and
t’ Hooft coupling λ = g2

YMN . On the supergravity side, the dimensionless parameters
are L/`s and gs. Eqs. (2.3.103), (2.3.111), (2.4.3) and (2.4.6) relate the parameters of
the two theories

L4

`4s
= 4πgsN = 2λ , g2

s = 2
(2π)7

κ2
10
`8s

= (2π)5 λ

N
. (2.4.9)

We notice that the low energy limit of the D3-branes is valid when gs is small, thus
string loop amplitudes are subleading. The above relations imply that this is happening
for N >> 1. Higher string states corrections to supergravity action are also suppressed
in the limit of large NL/`s >> 1, which yields that λ >> 1. Thus, a weakly coupled
two-derivative supergravity in AdS5 × S5 is dual to strongly coupled , N = 4 SYM
theory. We point out that supersymmetry was not used in the above argumentation.
Therfore, it does not seem to be an important ingredient of the conjecture even though
it is crucial in checking the correspondence by comparing correlation functions of the
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gauge theory operators to bulk field correlators.

2.5 The geometry of AdSd+1

Anti-de Sitter space AdSd+1 of dimension d+ 1 can be defined as a hyperboloid

X0 +Xd+1 −
d∑
i=1

X2
i = L2 (2.5.1)

embedded in a flat d+ 2 space Rd,2 with metric

ds2 = −dX2
0 − dX2

d+1 +
d∑
i=1

dX2
i . (2.5.2)

The isometry group of the space is SO(d, 2). Using the following parameterization

X0 = L coshρ cosτ, Xd+1 = L coshρ sinτ, (2.5.3)

Xi = L sinhρ Ωi (i = 1, · · · , d;
∑
i

Ω2
i = 1) (2.5.4)

we find the metric of the AdSd+1 space

ds2 = L2(−cosh2ρ dτ2 + dρ2 + sinh2ρ dΩ2), (2.5.5)

where Ωi are the standard coordinates of the d-Sphere Sd. If we consider 0 ≤ ρ < ∞
and 0 ≤ τ < 2π the metric covers the whole hyperboloid. Hence, the coordinates
(τ, ρ,Ωi) are called global. Near ρ = 0 the metric is approximated as

ds2 ' L2(−dτ2 + dρ2 + ρ2 dΩ2). (2.5.6)

So, the topology of the hyperboloid is S1 × Rd, where S1 yields that there are closed
timelike curves in the τ direction. By taking the covering space of the S1 coordinate
(−∞ < τ < ∞) we avoid closed timelike curves. The boundary of the space has two
disconnected boundary components, one to the right and another to the left part of the
hyperboloid. In the case of AdS2 space the boundary is a zero dimensional sphere S0

which is just two points.
It is now convenient to bring the endpoints of the ρ coordinate to finite values.

Therefore, we set

tan θ = sinh ρ , (2.5.7)

43



2. AdS/CFT

where 0 ≤ θ < π/2. Then the metric reads

ds2 = L2

cos2θ
(−dτ2 + dθ2 + sin2θ dΩ2) (2.5.8)

The space that is described by the above metric is causally equivalent to the metric
of Einstein static universe (ds2 = −dτ2 + dθ2 + sin2θ dΩ2). In our case though, the
coordinate θ is restricted to the values [0, π2 ) and not to the full range [0, π). The
boundary of the space is at θ = π

2 . There is also another coordinate system which is
defined as

X0 = 1
2u
(
1 + u2(L2 + ~x 2 − t2)

)
,

Xd+1 = L u t , Xi = L u xi (i = 1, · · · , d)

Xd = 1
2u
(
1− u2(L2 − ~x 2 + t2)

)
,

(2.5.9)

where 0 < u and ~x ∈ Rd. These coordinates are called Poincaré coordinates and cover
one half of the hyperboloid. The metric in Poincaré coordinates takes the form

ds2 = L2
(
du2

u2 + u2(−dt2 + d~x 2)
)
. (2.5.10)

We can finally set z = 1
u , the metric then becomes

ds2 = L2

z2

(
dz2 − dt2 + d~x 2

)
, (2.5.11)

with the boundary being at z = 0. It is noticed that at z = 0 the above metric blows up.
Hence, this is not really the boundary of the space but it is a conformal boundary, whose
metric is conformally equivalent to Rd−1,1 flat minkowski metric ds2

B = L2

z2 (−dt2+d~x 2).
By making a Wick rotation in time (τ → τE = −iτ) the metric (2.5.11) is analyti-

cally continued in Euclidean signature, i.e.

ds2 = L2

z2

(
dz2 + dt2E + d~x 2

)
, (2.5.12)

which is the metric of Lobachevsky space. The Euclidean space AdS2 in Poincare
coordinates is the upper half complex plane described by the Poincare metric. So, if
we set Z = tE + iz and L = 1 the Poincare metric reads

ds2 = dZdZ

(Im Z)2 . (2.5.13)
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By making the transformation

w = 1 + iZ

1− iZ (2.5.14)

The upper half plane is mapped into a disk, and infinity of the complex plane is mapped
to a point of the boundary of the disk. Therefore, we generalize to the case of Euclidean
AdSd+1 that is mapped to a d+ 1 disk. The boundary then at y = 0 is mapped to the
boundary of the disk Sd with one point removed. This point corresponds to the the
boundary at y = ∞. Indeed, the surface y = ∞ in Lorentzian case is a null surface,
hence it is mapped to a point after the Euclidean rotation.

2.5.1 Mapping of the global symmetries
The symmetries of the Anti-de Sitter space is the isometry group of the hyperboloid
and the d dimensional Poincaré symmetry which includes the SO(d − 1, 1) Lorentz
group and the d-dimensional translations. In general, if the Lorentz group of a space
of signature (p, q) is SO(p, q), then the conformal group is SO(p + 1, q + 1). The
boundary of AdSd+1 has (d − 1, 1) signature. The conformal group of the space is
SO(d, 2) which is the same as the isometry group of the AdSd+1. SO(d, 2) has the
maximal subgroup SO(d)× SO(2). SO(2) corresponds to translations of coordinate τ
and SO(d) to rotations on Sd−1. In conclusion, the conformal transformations in the
boundary correspond to the plain isometries of the bulk space. For example, if we make
a dilatation transformation in the boundary

~x→ λ~x

t→ λt

z → λz ,

the metric of the boundary becomes

ds′ 2
bound = λ2ds2

bound = λ2(−dt2 + d~x 2) . (2.5.15)

However, the metric of the bulk remains invariant

ds′ 2
bulk = L2

(λz)2 (d(λz)2 − d(λt)2 + d(λ~x) 2) = ds2
bulk , (2.5.16)

and we observe that a dilatation is a conformal transformation in the boundary and
corresponds to an isometry in the bulk.
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2.6 Correlation functions in AdS/CFT
A precise formulation of AdS/CFT correspondence should be set. Since N = 4 SYM
is a conformal field theory, hence we cannot define an S-matrix in its context. The
natural observables of the theory are correlation functions of gauge invariant operators.
For instance, the Lagrangian density operator is a marginal operator which has as a
source the Yang-Mills coupling, gYM . Eq. (2.3.103) relates this to the string coupling
which is given by the dilaton expectation value at the boundary of AdS5 spacetime,
gs = 〈e−φbound.〉. Hence, the above discussion yields that deforming the field theory by a
local gauge invariant operator (S → S+

∫
d4xφbound.(x)O(x)), the value of the dilaton

at the boundary changes. The mapping of the field theory operators to the bulk fields
arises from the couplings of background fields to the D-brane fluctuations in the DBI
action.

Therefore, AdS/CFT relates any local gauge invariant operator to an on shell bulk
field of string theory in AdS5 × S5. The precise correspondence reads

〈e
∫
d4xφI(x)OI(x)〉SYM = Zstr.

[
φI(x, z = 0) = z4−∆φI(x)

]
, (2.6.1)

where AdS5 metric is taken in Poincaré coordinates, Eq. (2.5.11), and the boundary
is at z = 0. Thus, the source of the operator O(x) is the boundary value of the bulk
field, φI(x), where x are the Minkowski coordinates and z is the AdS5 coordinate.
This motivates us to consider that the field theory lives at the boundary of AdS5. In
the large N and large λ limit the string theory partition function is approximated by
Zstr. ∼ e−Ssugra. .

To find which is the dual bulk field of a certain operator we must know the details
of the string theory which is reduced either to the gauge or to the supergravity theory.
An easier way to find the dual pairs is by symmetries. In particular, the bulk field
and the operator should have the same SO(2, 4) quantum numbers. Some conserved
currents have obvious couplings which are of the form

∫
d4x
√
−g [Aµ(x)Jµ(x) + hµν(x)Tµν(x)] . (2.6.2)

Jµ is a global conserved current (∂µJµ = 0) in the gauge theory, thus Aµ is gauge
field in the bulk which has as a gauge transformation δAµ = ∂µε which leaves invariant
the above coupling. Tµν is the energy-momentum tensor operator which is conserved
in a translationally invariant gauge theory. Then, hµν is a graviton transforming as
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δhµν = ∂(µξν) under diffeomorphisms. In conclusion, we notice that global symmetries
of the boundary theory are mapped to local symmetries in the bulk.

Hence, any theory with a conserved stress-energy tensor has a dual graviton field,
meaning that the bulk theory is a gravity theory. Eq. (2.6.1) also yields that a d-
dimensional field theory is dual to a gravity theory in AdSd+1 × K, where K is a
compact manifold. In case that the field theory is not conformal, the bulk spacetime
cannot be AdS since the symmetries of the two descriptions would not match, see
section (2.5.1).

2.6.1 Mass dimension relation
We consider a scalar field in AdSd+1 spacetime, which is dual to some local operator
of the boundary field theory. It’s action is

S = 1
2

∫
d5x
√
−g

[
(∂φ)2 +m2φ2

]
, (2.6.3)

and the equation of motion is

(�−m2)φ = 0 . (2.6.4)

In Poincaré coordinates, it becomes

φ′′ − d− 1
z

φ′ + ∂µ∂
µφ− m2L2

z2 φ = 0 . . (2.6.5)

We apply Fourier transformation at the field in Minkowski slices of AdS5

φ(x, z) =
∫

ddq

(2π)dφ(q, z)eiq·x . (2.6.6)

The solution of the equation of motion reads

φ(q, z) = c1z
d/2Iν(qz) + c2z

d/2Kν(qz) , (2.6.7)

where ν = 1
2
√
d2 + 4m2L2. The field close to the boundary, z → 0 reads

φ(q, z) = c1z
∆ + c2z

d−∆ , ∆ = d

2 + 1
2
√
d2 + 4m2L2 . (2.6.8)

Thus, the leading solution at the boundary is

φ(x, ε) = zd−∆φ0(x) (2.6.9)
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This solution is non-normalizable in the UV, since
∫
∂AdS d

dx
√
−h|φ|2 =∞, where hµν

is the induced boundary metric. Then φ0(x) is the source of the dual operator while the
normalizable solution, i.e. the first term in Eq.(2.6.8) is the vacuum expectation value
of the dual operator. Since the field φ is dimensionless, φ0 has dimension ∆ − d and
Eq.(2.6.1) yields that its dual operator has dimension [O] = ∆. The mass dimension
relation can be rewritten as

∆(∆− d) = 4m2L2 . (2.6.10)

We immediately notice that marginal operators correspond to massless fields, irrelevant
operators to massive and relevant ones to fields with negative mass square. Fields in
AdS with m2 < 0 do not break unitarity if their mass is above Breitenlohner-Freedman
(BF) bound, which is 4m2L2 ≥ −d2, [26].

2.6.2 Two-point function
To calculate correlation functions of local operators, OI(x), in N = 4 SYM we may
differentiate Eq.(2.6.1) with respect to the source, φI0(x). Zstr. is the generating func-
tional of string theory S-matrix elements in AdS5 × S5 spacetime, and it depends on
the boundary values of the massless string theory fields. As it is mentioned above in
the limit of large λ and N →∞ it is approximated by

Zstr ∼
∑
i

e−Ssugra ,i(φ0(x)) , (2.6.11)

where on the right hand side, we calculate the on-shell supergravity action with the
Dirichlet boundary conditions for the bulk fields, depending on their dual operator. It
is possible that supergravity equations of motion have several solutions with the same
boundary conditions. Hence, one should add the contributions from all the solutions,
even though in practice there is one solution that is the global minimum of the action
and this contributes mainly in the sum.

We now present the calculation of the two point function of a local scalar field
operator, O(x), using the above prescription. Consider the scalar field of section (2.6.1)
in AdSd+1. It’s on-shell action reads

Son-shell = 1
2

∫
AdS

d5x ∂µ
(√
−g φ∂µφ

)
= −1

2

∫
∂AdS

d4x
√
−hφ∂zφ

∣∣∣
z=ε

, (2.6.12)

where we take AdSd+1 in Poincaré coordinates. The general solution for the scalar
field is given in Eq. (2.6.7), from which we keep only the zd/2Kν(qz) part since it is
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normalizable in the interior of AdS5. The first term of (2.6.7) diverges for large z. The
normalization constant is set by requiring that φ(q, z = ε) = φ0(q)εd−∆, which is the
source of the corresponding operator. Then,

φ(q, z) = z2

ε2
Kν(qz)
Kν(qε)φ0(q)εd−∆ (2.6.13)

and the two point function is

〈O(p)O(q)〉 = ∂2eSsugra

∂φ0(p)φ0(q) = const. δ4(p+ q) p2∆−d + . . . , (2.6.14)

where there are also infinite terms which are absorbed by holographic renormalization
procedure. The two-point function in coordinate space reads

〈O(x)O(y)〉 = 1
|x− y|2∆ . (2.6.15)

To compute n-point functions we must differentiate eSsugra n times with respect to
the source

〈OI(x1) . . .OJ(xn)〉 = δne−Ssugra

δφI0(x1) . . . δφJ0 (xn)
. (2.6.16)

2.7 Wilson Loops
The Wilson loop is an important non-local gauge invariant operator of Yang-Mills
theory. It is defined as

W (C, R) = TrR
[
Pei

∫
C
Aµdxµ

]
, (2.7.1)

where P is the path ordering of the integral over the gauge field. This resolves the
ambiguity of the ordering of the non-abelian gauge field in the integral. The trace
can be taken in any representation R of the gauge group. We now take it to be the
fundamental. C is a closed path of integration. We consider C as a rectangular in t− x
plane with length T along t axis and ` along x, with T >> `. A Wilson loop then
describes the creation of a static pair of quak-antiquark at distance ` interacting for
time T. The vacuum expectation value of the Wilson loop then gives potential energy
of the pair

〈W (C)〉 = e−TV (`) . (2.7.2)
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In case of, V (`) ∼ `, for large ` the gauge theory is confined, whereas if V (`) ∼ 1
` the

interaction is of Coulomb type.
Holography may be used to calculate the Wilson loop of a gauge theory, [27; 28].

Already, intuition from gauge theory implies that the Wilson loop is related to a string
connecting the quark-antiquark pair. From the AdS/CFT point of view, the pair of
quarks lives at the boundary of spacetime and the string stretches in the ten dimensional
bulk space. A simple motivation of the above picture in N = 4 SYM, is to consider a
system of N + 1 D3-branes where one of them (probe brane) is put at a finite distance
from the others along the AdS direction. The gauge symmetry then is Higgsed to
U(N) × U(1) and the strings stretching from the stack of N branes to the probe
transform in the fundamental under the U(N). In order for the ground state of those
strings to be a very heavy quark the probe brane should be put at r = ∞ thus the
string ends at the boundary of AdS. Thus, in the bulk side, we should compute the
partition function of a string scanning a worldsheet which ends at the boundary and
stretches at the bulk. In the limit of large λ and N →∞ supergravity approximation
may be used.

We will calculate now a rectangular Wilson loop for T >> `, with the pair of quarks
to be put at X1 = ±`/2. The string stretches in the bulk and is located at point in S5.
The Nambu-Goto action for the string reads

S = 1
2π`2s

∫ T

0
dτ

∫ `/2

−`/2
dσ
√

(∂µXM∂νXN )GMN (X) = TL2

2π`2s

∫ `/2

−`/2
dσ

√
(∂σz)2 + 1

z2 ,

(2.7.3)
where we have used the static frame, τ = X0, σ = X1, X2,3(σ, τ) = const. and z(σ, τ) =
z(σ). Since, the action does not have explicit dependence on σ there is a conserved
charge

(∂σz)pz − L = L2

z2
1√

1 + (∂σz)2 = const. , (2.7.4)

where L =
√

(∂σz)2+1
z2 and pz = δL

δz . We then find

z2
√

1 + (∂σz)2 = c2 ⇒ σ(z) = c

∫ 1

z/(Lc)

y2√
1− y4dy

. (2.7.5)

In the limit z → 0, σ → `/2, this determines c = Γ( 1
4)

(2π)3/2 `. Then, Eqs. (2.7.3) and

50



2.8 Finite temperature AdS/CFT

(2.7.5) give

S = TL2

π`2sc

∫ 1

ε

dy

y2
√

1− y4 , (2.7.6)

where the lower limit of integration corresponds to the AdS boundary. The above
integral diverges as ε→ 0. To cancel this singularity we have to subtract by the action
of two non interacting quarks

Sfree = T

π`s

∫ ∞
ε

dz
L2

z2 . (2.7.7)

Then, we find

Sren = S − Sfree = TL2

π`2sc

[
−1 +

∫ 1

ε

dy

y2

(
1√

1− y4 − 1
)]

. (2.7.8)

In the limit of small ε we find

Sren = −4π
√

2λT

Γ
[

1
4

]4 1
`
. (2.7.9)

The potential between two static quarks is Coulomb (V (`) ∼ 1/`) because the theory
is conformal. We also notice the the dependence on λ is

√
λ for large λ, whereas at

weak coupling it is λ.

2.8 Finite temperature AdS/CFT
To describe a CFT at finite temperature we must consider appropriate gravitational
backgrounds, which are supposedly black holes, [29]. Possible thermal backgrounds dual
to thermal N = 4 SYM in S1×S3 spacetime are the thermal AdS background (which is
the Euclidean AdS spacetime) and the Euclidean AdS-Schwarzschild black hole, which
arises from the black D3-brane solution after its reduction on the S5. Making a Wick
rotation in time coordinate t, time is made compact with period β = 1

T , where T is the
temperature. The metric reads

ds2 =
(

1 + r2

L2 −
wM

r2

)
dt2 +

(
1 + r2

L2 −
wM

r2

)−1

dr2 + r2dΩ2
3 , (2.8.1)

where w = 16g5
3π2, and M is the ADM mass of the black hole. The boundary of the above

metric is at r =∞ and its topology is S1×S3, with radius of S3 to be r. Taking r →∞
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we recover S1 × R3 boundary. For M = 0 the above solution is the Euclidean AdS

metric. In this case the t-coordinate circle is not contractible thus the temperature
can be arbitrary. On the other hand the time circle is contractible for the black hole
(M 6= 0) and the temperature is found by requiring that there is no conical singularity
in the background

β = 2πL2rh
2r2
h + L2 , (2.8.2)

with rh being the position of the horizon. We observe that β has a maximum so that the
temperature has a minimum. The effective radius of time circle S1 is √gttβ. Close to
the boundary, we have β∞ = r

Lβ. Then, we may define the dimensionless temperature,
which is identified with the field theory dimensionless temperature, as

T = RS3

β∞
= L

β
= 2r2

h + L2

2πLrh
, (2.8.3)

where in the numerator of the second equality we have used that the radius of S3 is
RS3 = r. There are two black holes for each temperature which have different horizon
positions

rh = πL2

β

1±

√
1− β2

π2L2

 . (2.8.4)

Hence, there are black holes with horizon size rh < L which are qualitatively similar
to Schwarzschild black holes in asymptotically flat spacetime, meaning that they are
thermodynamically unstable due to Hawking radiation. In the second case, where
rh > L the black hole is stable with positive specific heat.

As it is pointed out above, holography states that the generating functional of
correlation functions in boundary field theory is equal to the functional of string theory
in the bulk spacetime. As it is stated in Eq. (2.6.11), there can be different bulk
manifolds Mi with the same boundary ∂M. The string theory functional will receive
contributions from string theories in all those saddle points. All of them have the same
boundary conditions at ∂M. We write this as

ZFT (∂M) = Zstr '
∑
i

e−Ssugra(Mi) '
∑
i

e−N
2F (Mi) , (2.8.5)

where F is the free energy of the bulk theory. In our particular case, we have to
compare the on-shell actions of the thermal AdS background and black hole in order
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to find which has the minimum free energy. The action from which the metric (2.8.1)
arises is

Ssugra = − 1
16πG5

∫
d5x
√
g

[
R+ 12

L2

]
− SHG , (2.8.6)

where the last term is the Hawking-Gibbons term which is important in order to have
a well-defined variational problem, [16]. In our discussion it will not play any role since
it will cancel in the difference of actions that we will consider. This happens because it
is a boundary term and the backgrounds that we will compare have the same boundary
asymptotics. However, this is not a general property. Hawking-Gibbons term should
be taken into account in similar calculations in asymptotically AdS spacetime. The
difference of the on-shell actions reads

∆S = Sbh − Sth = 1
2πG5L2

∫
dΩ3

[∫ β

0
dt

∫ 1/ε

rh

dr r3 −
∫ β′

0
dt

∫ 1/ε

0
dr r3

]

= π2

8G5L2

[
β

( 1
ε4
− r4

h

)
− β′

ε4

]
,

(2.8.7)

where β and β′ are such that the two metrics to be the same at the regulated boundary
of spacetime which is at r = ε. Then, β′

√
1 + 1

ε2L2 = β
√

1 + 1
ε2L2 − wMε2 and the

difference of the actions becomes

∆S|ε→0 = π3

8G5
r3
h(L2 − r2

h)
2r2
h + L2 (2.8.8)

Therfore, for rh < L, thermal AdS background is favored and for rh > L the black hole
is preferred. So, there is a phase transition in the corresponding boundary field theory
at T = 3

2π . As it is argued in [29] the thermal AdS background is dual to a confined
phase of the dual field theory, and the black hole to a deconfined phase.

2.9 Holographic 4D Yang Mills
Until now, we have studied the AdS/CFT correspondence between the conformal N = 4
SYM theory and type IIB supergravity in AdS5 × S5. Now, we will describe a holo-
graphic model which intends to describe 4-dimensional Yang-Mills (YM) gauge theory
with no supersymmetry or conformal symmetry. The D-brane construction whose low
energy limit is YM theory is not known yet and it is a very difficult problem to solve.
Critical 10-dimensional string theory models describe successfully some qualitative IR
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features of YM but they typically face the problem of Kaluza-Klein (KK) modes which
have masses of order of the dynamical gauge theory scale, [30]. Hence, there is notable
deviation of the holographic models from YM above this scale. Alternatively, non crit-
ical 5-dimensional string theory duals of YM gauge theory do not have KK modes but
the two-derivative supergravity action is not expected to be a good approximation for
large-Nc YM, [31]. In general, there are higher curvature terms in the action which are
of the string scale. Therefore, the expansion in powers of α′ cannot be trusted.

An alternative scenario is the construction of semi-phenomenological holographic
models which describe the main IR features of YM theory. In the original models, the
gravitational background is an AdS5 slice with a constant dilaton in it, [33]. Boundary
conditions are set in the IR and UV cutoffs of space. In this approach, main phenomena
such as confinement and chiral symmetry breaking (in the meson sector) are described
by setting certain boundary conditions.

The model which will be analyzed here is an effective holographic model for pure
large-Nc, 4-dimensional YM theory and is named Improved Holographic QCD (IHQCD),
[34], [35]. It is built by using intuition from string theory and matching the asymptotics
of the solutions to expectations from QCD. The action is (4+1)-dimensional Einstein-
dilaton gravity with a well-chosen dilaton potential. The main bulk fields are dual to
the operators of the YM with the lowest dimension in the UV. The graviton is dual to
the energy-momentum tensor Tµν ' Tr

[
FµρF

ρ
ν −

δµν
4 F 2

]
, the dilaton, dual to Tr

[
F 2]

and the axion is dual to Tr [F ∧ F ]. Moreover, the model should contain a RR four
form which sources the D3-branes which is non propagating in 5 dimensions. It can
be integrated out though and generate new terms in the dilaton potential. It is also
assumed that higher curvature and derivative terms generate a finite constant term in
the dilaton potential when they integrated out, for more details see [34]. In terms of
the holographic ’t Hooft coupling λ ≡ eΦ, the bulk action is

S = M3
pN

2
c

∫
d5x
√
−g

[
R− 4

3
(∂λ)2

λ2 + V (λ)− Z(λ)
2N2

c

(∂α)2
]
, (2.9.1)

where Mp is the Planck mass, related to the (4+1)-dimensional Newton’s constant G5

as M3
p = 1/(16πG5N

2
c ), V (λ) is the dilaton potential. Z(λ) encodes the interaction

of the axion with the dilaton. This term in suppressed with respect to the rest of the
action by a factor of 1

N2
c
, because axion is a RR field in string theory and its action

has not the e−2Φ factor, [35]. In case of V (λ) = 12/L2 with a constant length scale L,
the action becomes as Eq.(2.8.6). One solution of the equations of motion is constant
λ and an AdS metric with radius of curvature L, Eq.(2.5.11).
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For a general V (λ), the background solutions have the general form

ds2 = e2A0(z)(dz2 + ηµνdx
µdxν) , λ = λ(z) , (2.9.2)

where eA0(z) is the metric scale factor. As z → 0, the metric approaches AdS5, so
eA0(z) → L/r + O(1/ log(r)) and that λ vanishes logarithmically, λ → −1/ log r, so as
to match the running of the large-Nc YM coupling.

Pure YM theory is strongly coupled in the IR and weakly coupled in the UV. So,
large-Nc YM in the IR regime, is expected to have a two-derivative gravitational dual
theory which will describe the z → ∞ region (which corresponds to the IR of the
field theory) appropriately. As it is mentioned above, intuition from AdS/CFT yields
that the AdS coordinate corresponds to the energy scale of the boundary field theory.
The boundary region of AdS corresponds to the UV of the theory where the coupling
is small. Then, the low energy supergravity description is not valid. However, the
equations of motion of the bulk fields are solved in the whole region from z = ∞ to
z = ε→ 0, where the boundary conditions of the fields are set. Then, as it is mentioned
in section (2.6) the physical observables of the field theory are computed in the gravity
side by the bulk solution for th fields and by setting the suitable boundary conditions
at z = ε. The role of the axion field will not be analyzed in this section because it is
suppressed by 1/N2

c compared to the background field. It is described though in detail
in chapter 7.

The IHQCD describes the IR phenomena of YM theory. One needs however the
UV asymptotics of the two dual theories to be matched. For instance, to find the YM
free energy for T & Tc with the correct normalization, the IHQCD free energy should
follow Stefan-Boltzmann law of a gluon gas at high T . This determines L in units of
the Planck mass, (MpL)−3 = 45π2 , [36].

The perturbative UV β-function of YM constrains the asymptotics of V (λ) in the
z → 0 region, where λ→ 0 . It is found that V (λ) has a regular series expansion

V (λ) = 12
L2

(
1 + v0λ+ v1λ

2 + O
(
λ3
))
. (2.9.3)

Matching field theory energy scale to AdS coordinate, E ≡ E0 e
2A0(z), where E0

can be fixed by matching to the lowest glueball mass, determines the coefficients v0 and
v1 in terms of the coefficients of the perturbative large-Nc YM β-function:

β(λt) = −β0λ
2
t − β1λ

3
t + O(λ4

t ) , β0 = 22
3(4π)2 , β1 = 51

121β
2
0 , (2.9.4a)

where λt is taken to be ’t Hooft coupling and

v0 = 8
9β0, v1 = 4

9β1 + 23
81β

2
0 . (2.9.4b)
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In the vacuum solutions, generically λ diverges at the bottom of spacetime. IR
features of the theory constrain the IR aymptotics of the potential, which is

V (λ) ∝ λ2Q(log λ)P . (2.9.5)

The potential presents a good IR singularity for Q < 2
√

2/3. A good singularity is a
repulsive singularity, which cannot be probed arbitrarily deep by finite energy modes,
[37]. It also generates a confining background for Q > 2/3 or Q = 2/3 and P > 0. The
most common choice is Q = 2/3. P = 1/2 in order for the asymptotic glueball spectra
for large excitation number, n, to be linear. Therefore,

V (λ) ∝ λ
4
3
√

log λ . (2.9.6)

The asymptotic solution of the fields in the IR reads

e2A0(z) ∝ e−(zΛIR)2
, λ(z) ∝ zΛIR e

3
2 (zΛIR)2

, (2.9.7)

where ΛIR is a scale determined by the value of λ at the boundary z = ε. The IR
asymptotics of e2A0(z) are such that there is confinement in the dual field theory. The
metric actually has a repulsive singularity at r =∞, which guarantees that we do not
need extra boundary conditions at z → ∞ when we solve for the fluctuations of the
fields in order to determine the spectrum of the theory.

2.9.1 The quark-antiquark potential in the IHQCD
We now follow the analysis of section 2.7, in order to compute the static potential of
a quark-antiquark pair in the IHQCD, [34], which is a criterion for confinement. The
Wilson loop is computed by the Nambu-Goto action of a string stretching in the bulk
spacetime and its endpoints in a rectungular loop with sides ` (distance of the quark-
antiquark pair) and T (time interval of evolution of the system). We consider a general
form for the 5-dimensional metric

ds2 = gzz(z)dz2 − g00(z)dt2 + gxx(z)d~x2 . (2.9.8)

In [28], it was showed, for differentiable worldsheets, that the on-shell action produces
a potential

V (`) = 1
2π`s

f(zF )`− 2Tf
∫ zF

ε
ds
g(z)
f(z)

√
f2(z)− f2(zF ) (2.9.9)
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where ε is the location of the boundary of spacetime and zF is the turning point of the
worldsheet. f(s) and g(s) are defined as

f2(z) = g00(z)gxx(z) , g2(z) = g00(z)gzz(z) (2.9.10)

From momentum conservation, it is found that zF depends on `

` = 2
∫ zF

ε
dz
g(z)
f(z)

1√
f2(z)/f2(zF )− 1

, (2.9.11)

In the limit of large `, the second term in Eq. (2.9.9) is suppressed.
Witting the metric in Einstein frame, we have

(gS)µν(z) = e2AS(z)ηµν , AS(z) = A(z) + 2
3Φ(z) , f(z) = g(z) = e2AS(z) , (2.9.12)

and Eq. 2.9.11 becomes

` = 2
∫ zF

ε
dz

1√
e4AS(z)−4AS(zF ) − 1

. (2.9.13)

Close to z = ε→ 0 the integral is finite, because the integrand behaves as e−2AS(z) ∼ z2.
Then zF ∼ `3 for small `. In the vicinity of zF the denominator reads

1√
e4AS(z)−4AS(zF ) − 1

' 1√
4A′S(zF )(zF − z) + 8A′′S(zF )(zF − z)2 + . . .

. (2.9.14)

In general, the integral in Eq. (2.9.13) is finite, except for the case that zF → z∗,
where z∗ is the location of a minimum of AS(z), A′S(z∗) = 0. Then, the integral goes
to infinity. Hence,

zF → z∗ as `→∞. (2.9.15)

Eq. (2.9.9) yields that the quark-antiquark potential energy is

V (`) ∼ e2AS(r∗)

2π`2s
` (2.9.16)

which exhibits an area law if and only if AS is finite at its minimum. This requirement
constraints the dilaton potential, in Eq. (2.9.5), to have Q > 2/3 and P > 0.
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Figure 2.5: The two branches of black hole solution in the IHQCD. Left: The temperature
in terms of the horizon radius. We observe that for each temperature above Tmin, there is
a small and large black hole branch. Right: The free energy of two black hole branches in
terms of the horizon radius.

2.9.2 Holographic 4D Yang Mills at finite temperature
Action (2.9.1) has also black hole solutions which is dual to a finite quantum field theory
as states in section 2.8, [36]. We consider a metric of the form

ds2 = e2A(z)
(
dz2

f(z) − f(z)dt2 + dxidxi

)
. (2.9.17)

The function f(z) has roots, f(zh) = 0, which indicate the position of the black hole
horizon (z = zh). The corresponding Hawking temperature can be calculated by ap-
plying a Wick rotation in time coordinate and making compact with period β. The
temperature then reads T = 4πf ′(zh). As in the simple case of action ((2.8.6)), black
hole solutions only exist for temperatures above a value Tmin, and in fact two branches
of solutions exist, the large and small black holes for zh > L and zh < L respectively,
see Fig. (2.5). Near horizon asymptotics of the scale factor are eA(z→zh) = const. for
both branches. Its actual value determines the entropy density, s = e3A(zh)/(4G5), and
as z → 0, A(z) → − log(r/L), indicates that the field theory thermal energy density
and pressure are both of order N2

c .
There is also another possible background solution at finite T which is the Euclidean

form of (2.9.2), and is called the thermal gas background. As mentioned above, the
thermodynamically preferred vacuum of the theory is the one with the less free energy,
which is dual to the bulk on-shell Euclidean action, see Fig. (2.5). The system sits in
the thermal gas vacuum for low temperature and at T = Tc it undergoes a first order
phase transition to the large black hole background. The thermal gas solution is dual
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to a confined phase of the gauge theory and the black hole corresponds to a deconfined
phase.

Eventually, the potential which was used for the numerical solution of the equations
of motion is of the form

V (λ) = 12
`2

[
1 + V0λ+ V1λ

4/3
√

log
(
1 + V2λ4/3 + V3λ2)] . (2.9.18)

the parameters V0 and V2 are determined by the matching of the β-function coefficients
to the near boundary expansion of V (λ). Then, V1 and V3 are determined by matching
to lattice results for two thermodynamic quantities of large-Nc YM, the latent heat at
T = Tc and the pressure at T = 2Tc. Then, the model describes succesfully various
IR features of the theory at T = 0, like glueball spectrum and several thermodynamic
quantities at finite T.

2.10 Tachyon AdS/QCD
In this section, we will try to set a general framework for the holographic study of the
flavor sector of QCD. The most striking low-energy phenomenon, related to flavors,
in QCD is chiral symmetry breaking, U(Nf )L × U(Nf )R → U(Nf )V , where Nf is the
number of flavors. Initially, top-down models were formulated by taking Nf branes
in non-supersymmetric backgrounds generated by Nc color branes, [38]. In this con-
text, U(1)A is an isometry of spacetime and it breaks due to the flavor branes. Then,
one reproduces correctly the Gell Mann-Oakes-Renner (GOR) relation for the quark
condensate for small quark mass, f2

πm
2
π = −2mq〈q̄q〉. The shortcoming of this model

is that the flavor symmetry can not be generalized to the non-abelian case. Another
approach is the Sakai-Sugimoto model where Nf probe D8-D8 branes are put in a D4-
brane background, with Nf << Nc so they do not backreact to the geometry, [39].
Chiral symmetry, U(Nf )L × U(Nf )R, is generated by the brane-antibrane pairs and
breaks due to the recombination of the pairs in the IR of background spacetime. Suc-
cesses of the model include N2

f massless Goldstone bosons in the spectrum, calculation
of chiral anomaly by WZW term and good phenomenological fit of low mass meson
states to experimental data. The main disadvantage of the model is the absence of
parameter which corresponds to quark mass or condensate and the fact that there are
no massive pseudoscalar states in the spectrum.

The flavor sector of QCD can be also described by using phenomenological holo-
graphic models, mostly called AdS/QCD models, [40]. In those approaches, the back-
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Figure 2.6: A system of D − D̄ branes. The lightest states from the strings attached to
them is a complex scalar, a left and right gauge field.

ground spacetime is usually AdS5, which has either an IR cutoff or some modified IR
geometry which reproduces confinement and other IR features of QCD. Then, the bulk
action which describes the dual quark bilinear operators is introduced by hand. It
usually contains a left and right vector fields corresponding to the left and right flavor
currents of QCD and a bulk scalar field which is dual to qq and it receives an non-
trivial vacuum expectation value by IR boundary conditions which are set by hand.
Such models successfully incorporate characteristics as GOR relation, the existence of
Goldstone bosons, vector meson dominance. The fit of the models to experimental data
is also at the order of 10%.

We will now present a phenomenological holographic model which is a fusion of
Sakai-Sugimoto and AdS/QCD models, [41]. Initially, a confining asymptotically AdS
background of the form

ds2
5 = gxx(z)ηµν + gzz(z)dz2 , gxx(z → 0) = gzz(z → 0) = L2

z2 + . . . (2.10.1)

is used where a stack of Nf coincident Dp brane- Dp antibrane pairs is introduced.
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2.10 Tachyon AdS/QCD

The lightest state of the string stretching among the branes and antibranes is the open
string tachyon field and transforms under U(Nf )L×U(Nf )R. This is a complex scalar
which is dual to the operator qq. Strings having both their endpoints on D/D̄ brane
transform in the adjoint of U(Nf )L/R and their lightest state is a vector field AL/R

dual to the left/right flavor current of QCD, see figure (2.6). The low energy regime
of the system is studied using a generalization of DBI and WZW action, including the
tachyon field.

The DBI action for the simpler case of one Dp brane- Dp antibrane pair reads

S = −
∫
dp+1xV (τ2)

(√
−det AL +

√
−det AR

)
, (2.10.2)

where

A(i)MN = ĝMN + 2πα′F (i)
MN + πα′(DMT )∗(DNT ) + πα′(DNT )∗(DMT )

F
(i)
MN = ∂MA

(i)
N − ∂NA

(i)
M , DMT = (∂M + iALM − iARM )T , (2.10.3)

where i = L,R and ĝ is the pullback of the background metric on the worldvolume
of the brane-antibrane pair, where BMN and transverse scalars are not included since
they do not have a dual interpretation in QCD. Hence, the flavor fields are the complex
tachyon T = τeiθ, form which τ is dual to qq and θ to qγ5q. AL/R(x) are dual to
ql/RγµqL/R currents of QCD. The tachyon potential in front of the action is derived in
flat background using string field theory

V (τ) = Ke−µ
2τ2

. (2.10.4)

This potential cannot be generalized straightforwardly in curved backgrounds. How-
ever, in this context the above form of the potential is assumed. As it will be shown in
chapter 4, eventually this choice of potential leads to many expected characteristics of
QCD in the IR regime like linear Regge trajectories for highly excited mesons. Most of
the other physical observables do not depend on the details of the potential.

The vacuum solution that arises from the action (2.10.2) has AL = AR = θ = 0 and
τ = τ(z). The worldvolume action (2.10.2) for τ is

S = −2K
∫
d4xdze−

1
2µ

2τ2
g

1
2
ttg

3
2
xx

√
gzz + 2πα′λ(∂zτ)2 (2.10.5)

and the corresponding equation of motion:

τ ′′ + 4πα′ g′xx
gxxgzz

τ ′3 + τ ′

2

(
4g
′
xx

gxx
− g′zz
gzz

)
+
(
gzz

2πα′ + τ ′2
)
µ2τ = 0 . (2.10.6)
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Eq. (2.6.10), relates the mass of the tachyon bulk field to the dimension of the qq

L2µ2

2πα′ = 3 . (2.10.7)

The solution of (2.10.6) close to the the boundary of spacetime z = 0 is

τ = (mqz + . . . ) + (σz3 + . . .) (2.10.8)

The first term is a non-normalizable solution which corresponds to the source of the dual
operator, the coupling in the boundary field theory

∫
d4xmq q(x)q(x). The parameter

σ is proportional to 〈qq〉. σ is related to mq by requesting regularity at IR. In case of
this model the regularity condition is τIR = ∞. This condition is natural to consider
in order to reproduce correctly the dual field theory anomaly.

Using the Wilson loop criterion, presented in (2.7), for the background (2.10.1) we
find that it describes a confined gauge theory if at some z0, gzz(z0)→∞ while gxx(z0)
is finite. Assuming to have a metric with gzz = b(z0 − z)−1, the solution of Eq.(2.10.6)
for large τ is of the form τ ' (z0− z)n, where n = µ2

4πα′
gxx
g′xx

∣∣∣
z=z0

. Usually the derivative
of gxx is negative, therefore the tachyon diverges. The tachyon, τ , may diverge only at
the end of AdS coordinate.

It was argued above, that confining gravitational backgrounds lead to chiral sym-
metry breaking, U(Nf )L × U(Nf )R → U(Nf )V , through the diverging tachyon in the
IR. In [42], Coleman and Witten proved that in the large Nc massless QCD chiral
symmetry is spontaneously broken if the following assumptions hold:

1. existence of the large Nc limit of QCD.

2. Confinement at large Nc.

3. There is one order parameter of the spontaneous breaking, that is qq operator
transforming in the bifundamental of U(Nf )L × U(Nf )R.

4. Its vev can be found by minimizing some potential.

5. The potential does not have degenerate minima.

For any holographic QCD model, the assumptions 1) and 2) are true. Since, there is
not an exact string theory dual of QCD until now, one should also assume the existence
of a hologrphic dual of QCD. Assumption 3) and 4) are automatic in our model since
the tachyon field, which is dual to qq, provides us with the necessary order parameter of
the symmetry breaking. The vev, 〈qq〉 is found by minimizing the bulk action. In other
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words, we solve the equations of motion of the tachyon with UV boundary condition
mq = 0 and IR regularity condition τIR → ∞. This determines holographically 〈qq〉.
The final assumption, 5), cannot be proven in the general set-up which is considered
here. This should be taken as a further assumption of the present setup. Hence, the
Tachyon AdS/QCD provides holographic version of Coleman-Witten theorem.

Gell-Mann-Oakes-Renner relation is also proved holographically in the context of
the Tachyon AdS/QCD model, see section 4.5.4. We consider an expansion of the pseu-
doscalar fluctuation equation for small pseudoscalar mass, which is identified with pion
mass. Pion decay constant is defined as the pole of the axial-vector current two-point
function at zero momentum. This is determined by solving the fluctuation equation of
the bulk axial-vector wavefunction, with the appropriate boundary conditions. Then,
one can prove the GOR relation, −4mq〈qq〉 = m2

πf
2
π , which holds in the limit mq → 0.

Another appealing feature of the model is that the generic IR behavior of the
tachyon potential yields linear Regge trajectories for the masses of the fluctuations
in terms of the excitation number, n, as n → ∞, see section 4.5.1.1. The tachyon
potential decreases exponentially in the IR if the tachyon asymptotes toinfinity, (2.10.4).
If one formulates the fluctuation equations in Schrödinger form, the corresponding
Schrödinger potentials asymptote to the IR as V (u) ∼ u2 , where u is the Schrödinger
AdS coordinate. WKB approximation then shows that the masses of the fluctuations
follow linear Regee trajectories for large n.

The Wess-Zumino coupling of a pair of branes-antibranes is a generalization of the
standard term, (2.3.104), and it correctly reproduces the flavor anomaly of QCD if
τ(z → z0) =∞, as it will be analyzed in chapter 5.
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3.1 Abstract
We construct a new, simple phenomenological model along1 the lines of AdS/QCD.
The essential new ingredient in the brane-antibrane effective action including the open
string tachyon was proposed by Sen. Chiral symmetry breaking happens because of
tachyon dynamics. We fit a large number of low-spin meson masses at the 10 %-15 %
level. The only free parameters involved in the fits correspond to the overall QCD scale
and the quark masses. Several aspects of previous models are qualitatively improved.
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3. AdS/QCD model from an effective action for open string tachyons.

3.2 Introduction
Understanding the strong dynamics underlying many observations related to the strong
interaction remains an unsolved problem. Much progress has been made to date with
different methods but new insights are always welcome. A recent development that
has led to reconsidering the strong interaction has been the AdS/CFT duality. This
has been applied to obtain new insights on QCD phenomenology. In this paper, we
focus on the meson spectrum (see [1] for a review of the gauge-gravity literature on the
issue).

There are two main ways to address the problem at hand. Top-down approaches use
string theory from first principles in order to build dual theories as close as possible to
QCD. Notable examples are [2], [3]. On the other hand, bottom-up approaches, starting
from the works [4; 5; 6], use known QCD features to develop holographic models that are
only inspired by string theory. The model we present here is more of the second kind,
but includes the main stringy ingredients we expect from first principles, namely the
effective action controlling the chiral dynamics. Our main observation is that merging
this stringy input of top-down holographic models for flavor allows us to improve the
existing bottom-up models both qualitatively and quantitatively.

3.3 The model
In [7], it was shown, quite generally, that effective actions for brane-antibrane systems
derived from string theory [8] encode a set of qualitative features related to chiral
symmetry breaking and QCD at strong coupling. The goal of this paper is to build
a concrete model within the framework of [7]. We will consider the simplest smooth
gravitational background that is asymptotically AdS, while having a confining IR in
the same spirit as [9]. This turns out to be the AdS6 soliton, which was shown to be a
solution to the two-derivative approximation of subcritical string theory and used as a
toy model for certain aspects of 4D Yang-Mills in [10]. The metric reads:

ds2
6 = R2

z2

[
dx2

1,3 + f−1
Λ dz2 + fΛ dη

2
]

(3.3.1)

with fΛ = 1 − z5

z5
Λ
. The coordinate η is periodically identified and z ∈ [0, zΛ]. The

dilaton is constant and we do not write the RR forms since they do not play any role in
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3.3 The model

the following. We now consider a D4-D̄4 pair, located at fixed η in this background1.
We write the action proposed by Sen [8] as

S = −
∫
d4xdzV (|T |)

(√
−det AL +

√
−det AR

)
(3.3.2)

The objects inside the square roots are defined as

A(i)
MN = gMN + πα′

[
2F (i)

MN + ((DMT )∗(DNT ) + (M ↔ N))
]

(3.3.3)

where M,N = 1, . . . , 5, the field strengths F (i)
MN = ∂MA

(i)
N − ∂NA

(i)
M and the covari-

ant derivative of the tachyon is DMT = (∂M + iALM − iARM )T . The active fields
in (3.3.2), (3.3.3) are two 5-d gauge fields and a complex scalar T = τ eiθ, which
are dual to the low-lying quark bilinear operators that correspond to states with
JPC = 1−−, 1++, 0−+, 0++; see [7] for details. In the action of [8], the transverse
scalars (namely η in the present case) are also present. We have discarded them when
writing (3.3.3) since they do not have any interpretation in terms of QCD fields. Ac-
cordingly, even if the background (3.3.1) is six dimensional, the holographic model for
the hadrons is effectively five dimensional and, in fact, its field content coincides with
those of [5], [6]. For the tachyon potential we take, as the simplest possibility, the one
computed in boundary string field theory for an unstable Dp-brane in flat space [12],
although one should keep in mind that this expression for V is not top-down derived for
the present situation. In the present conventions, V = K e−

π
2 τ

2 , where K is an overall
constant that will play no role in the following since it does not enter the meson spec-
trum computation (it is important though, in the normalization of correlators when
computing for instance decay constants [5], [6], [13]). The tachyon mass is m2

T = − 1
2α′ ,

and we will impose R2 = 6α′ in order to have m2
TR

2 = −3. This should not be inter-
preted as a modification of the background due to the branes, but just as a (bottom-up)
choice of the string scale that controls the excitations of those branes, such that the
bifundamental scalar T is dual to an operator of dimension 3, as in [5], [6]. Since the
AdS radius is not parametrically larger than α′, the two-derivative action cannot be a
controlled low enegy approximation to string theory. This is the main reason why a
model of this kind cannot be considered of top-down nature. Notice the value of R2 we
take differs from the one used in [10].

1In 5 dimensional holographic models of QCD, the flavor branes are expected to be a D4-D̄4 system,
[11].
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3. AdS/QCD model from an effective action for open string tachyons.

The tachyon vacuum and chiral symmetry breaking
As shown in [7], an essential ingredient of the present framework is that the generation
of the correct flavor anomaly on the flavor branes requires the tachyon modulus τ
to diverge somewhere. Therefore, τ must have a nontrivial vacuum expectation value
(vev), which breaks the chiral symmetry. From the action (3.3.2) we obtain the equation
determining τ(z):

τ ′′ − 4π z fΛ
3 τ ′3 + (−3

z
+ f ′Λ

2fΛ
)τ ′ +

( 3
z2fΛ

+ π τ ′2
)
τ = 0 (3.3.4)

where the prime stands for derivative with respect to z. Near z = 0, the solution can
be expanded in terms of two integration constants as

τ = c1z + π

6 c
3
1z

3 log z + c3z
3 + O(z5) (3.3.5)

where, on general AdS/CFT grounds, c1 and c3 are related to the quark mass and
condensate (see [13] for a careful treatment). From (3.3.4), we find that τ can diverge
only at z = zΛ. There is a one-parameter family of diverging solutions in the IR:

τ = C

(zΛ − z)
3
20
− 13

6πC (zΛ − z)
3
20 + . . . (3.3.6)

The interpretation is the following: for a given c1 (namely quark mass1) fixed in the UV
(near z = 0), the value of c3 (namely the quark condensate) is determined dynamically
by requiring that the numerical integration of (3.3.4) leads to the physical IR (near
z = zΛ) behavior (3.3.6). Hence, for any value2 of c1, one can obtain numerically the
function for the vev 〈τ〉.

Meson spectrum: numerical results
There is a rather standard method for computing the meson spectrum in holographic
models; see [1] for a review. Each bulk field is dual to a boundary operator. By looking
at normalizable fluctuations of the bulk fields, one typically encounters discrete towers
of masses for the physical states with the corresponding quantum numbers. Eventually,
the computation translates into a Schrödinger-like problem. We just quote here the
results of these numerical computations. Further details will appear in [13].

1For the present work, we will just use that c1 is proportional to mq. Finding the proportionality
coefficient requires normalizing the action and fields as in [14].

2In practice, we have been able to perform numerics in a controlled manner only for 0 ≤ c1 < 1.
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3.4 Fitting the meson spectrum

By computing the different towers at different values of c1, we found the following
expressions to be very good approximations to the numerical results, in the range
0 < c1 < 1 where we could perform the numerics reliably. For the vectors,

zΛm
(1)
V = 1.45 + 0.718c1 , zΛm

(2)
V = 2.64 + 0.594c1

zΛm
(3)
V = 3.45 + 0.581c1 , zΛm

(4)
V = 4.13 + 0.578c1

zΛm
(5)
V = 4.72 + 0.577c1 , zΛm

(6)
V = 5.25 + 0.576c1.

For the axial vectors,

zΛm
(1)
A = 1.93 + 1.23c1 , zΛm

(2)
A = 3.28 + 1.04c1

zΛm
(3)
A = 4.29 + 0.997c1 , zΛm

(4)
A = 5.13 + 0.975c1

zΛm
(5)
A = 5.88 + 0.962c1 , zΛm

(6)
A = 6.55 + 0.954c1.

For the pseudoscalars,

zΛm
(1)
P =

√
2.47c2

1 + 5.32c1 , zΛm
(2)
P = 2.79 + 1.16c1

zΛm
(3)
P = 3.87 + 1.08c1 , zΛm

(4)
P = 4.77 + 1.04c1

zΛm
(5)
P = 5.54 + 1.01c1 , zΛm

(6)
P = 6.24 + 0.997c1.

For the scalars,

zΛm
(1)
S = 2.47 + 0.683c1 , zΛm

(2)
S = 3.73 + 0.488c1

zΛm
(3)
S = 4.41 + 0.507c1 , zΛm

(4)
S = 4.99 + 0.519c1

zΛm
(5)
S = 5.50 + 0.536c1 , zΛm

(6)
S = 5.98 + 0.543c1.

It turns out that meson masses increase linearly with c1. Namely, they increase
linearly with the bare quark mass, as expected from an expansion in mq and in qual-
itative agreement with lattice results; see for instance [15],[16],[17]. The exception,
of course, is the first pseudoscalar for which mπ is proportional to √mq (for small
mq), as expected from the Gell-Mann-Oakes-Renner relation. Actually, the behavior
mπ =

√
bmq + dm2

q was also found in the lattice [15].

3.4 Fitting the meson spectrum
We now proceed to make a phenomenological comparison of the results above for the
meson masses to the experimental values quoted by the Particle Data Group [18].
Obviously, we can only model those mesons with JPC = 1−−, 1++, 0−+, 0++. From
[18], we will just take the central value quoted for each resonance. We do not discuss
decay widths here (in the strict Nc →∞ limit they are, of course, zero).
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3. AdS/QCD model from an effective action for open string tachyons.

Isospin 1 mesons
We start by looking at mesons composed of the light quarks u and d. In particular,
we discuss the isovectors. In Table 3.1, we show all the mesons listed in [18] under
light unflavored mesons which have isospin 1 and the JPC ’s present in our model.
The exceptions are a0(980), which is considered to be a four-quark state [18] and
ρ(1570) which is a non-confirmed state1. We have fitted the parameters of the model

to these observables by minimizing the rms error εrms = 100 × 1√
n

(∑
O

(
δO
O

)2
) 1

2
,

where n = 11 − 2 = 9 is the number of observables minus the number of parameters.
We obtain for the parameters

z−1
Λ = 503MeV , c1,l = 0.0135 (3.4.1)

with εrms = 11%.

JPC Meson Measured (MeV) Model (MeV)
1−− ρ(770) 775 735

ρ(1450) 1465 1331
ρ(1700) 1720 1742
ρ(1900) 1900 2083
ρ(2150) 2150 2380

1++ a1(1260) 1230 980
a1(1640) 1647 1661

0−+ π0 135.0 135.3
π(1300) 1300 1411
π(1800) 1816 1955

0++ a0(1450) 1474 1249

Table 3.1: A comparison of the results of the model to the experimental values for light
unflavored meson masses.

In Table 3.2, we display the resonance masses with isospin 1 listed in [18] under other
light unflavored mesons. These are, namely, states considered as “poorly established
that thus require confirmation." For the results given by our model, we use (3.4.1)
and therefore no further parameter is fitted here. For this set of observables we get

1We however include in the fit other non-confirmed states as ρ(1900) and ρ(2150) because they rely
on firmer experimental grounds than ρ(1570). We thank S. Eydelman for useful explanations on the
issue.
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3.4 Fitting the meson spectrum

εrms = 23%, where we have inserted n = 8 − 0 = 8. One should keep in mind that
it is plausible that some of these "un-confirmed" states may not be real or may be
misinterpreted as part of the meson towers. In this sense, our model seems to favor
the ρ(2150) as the fourth member of the ρ-meson tower [19]. We have not included
ρ(1570) in Table 3.2 because its excitation number is smaller than ρ(1700) which was
included in the previous fit. In case ρ(1570) gets confirmed as a member of this tower,
the fit should be redone. We observe that the model tends to consistently overestimate
the masses of the excited axial vectors and pions. This is connected to the fact the
model yields a Regge slope for axial mesons larger than the one for the vectors [7]. If
the experimental results of Table 3.2 are confirmed, one should think of improving the
model in order to ameliorate this discrepancy.

JPC Meson Measured (MeV) Model (MeV)
1−− ρ(2270) 2270 2649
1++ a1(1930) 1930 2166

a1(2096) 2096 2591
a1(2270) 2270 2965
a1(2340) 2340 3303

0−+ π(2070) 2070 2406
π(2360) 2360 2798

0++ a0(2020) 2025 1883

Table 3.2: A comparison of the results of the model to the experimental values for other
light unflavored meson masses.

ss̄ states
A nice feature of the present model compared to AdS/QCD is that it incorporates the
dependence of the hadron masses on the quark mass. This allows us to study ss̄ states.
More precisely, it allows us to discuss “hypothetically states" with quark content ss̄
assuming no mixing with other states. In the real world, the mixing for pseudoscalars
and scalars is important (see Chapter 14 of [18]), and therefore it is not possible to
compare directly the outcome of the model to the experimental results. Nevertheless,
as in [20], we can estimate the masses of these “hypothetical" ss̄ mesons from the
light-strange and light-light mesons. Then, using quotation marks for the hypothetical
states, and using the quark model classification (Table 14.2 of [18]), we can write

75



3. AdS/QCD model from an effective action for open string tachyons.

m(“η”) =
√

2m2
K −m2

π, m(“φ(1020)”) = 2m(K∗(892)) −m(ρ(770)), m(“η(1475)”) =
2m(K(1460)) −m(π(1300)), etc. Keeping the value of zΛ found in (3.4.1), we fit the
value of c1 associated with the strange quark to the “experimental" values of Table 3.3,
obtaining

c1,s = 0.350 (3.4.2)

The rms error for this set of observables (n = 6− 1) is εrms = 11%.

JPC Meson Measured (MeV) Model (MeV)
1−− “φ(1020)” 1009 857

“φ(1680)” 1363 1432
1++ “f1(1420)” 1440 1188
0−+ “η” 691 740

“η(1475)” 1620 1608
0++ “f0(1710)” 1386 1365

Table 3.3: A comparison of the results of the model to the hypothetical states with ss̄

quark content.

We end this section by commenting on the estimates given by the model on two
other physical quantities. Without fixing the proportionality coefficient between c1 and
the quark mass, from (3.4.1), (3.4.2), we can infer the ratio of the strange quark to
the light quark mass: 2ms

mu+md ≈
c1,s
c1,l
≈ 26. Moreover, the background studied here

experiences a first order deconfinement phase transition in full analogy with [9]. The
deconfinement temperature is given by Tdeconf = 5

4π zΛ ≈ 200 MeV. Both of these values
are close to the experimental values.

3.5 Conclusions
We have built a new phenomenological model for the meson sector of QCD. In this paper
we have discussed the mass spectrum. We note the simplicity of the construction, whose
essential point is the use of Sen’s action [8] including the open string tachyon field. We
have applied it to one of the simplest backgrounds exhibiting confinement [10]. Despite
the minimal input, we have found the following interesting qualitative properties:

• The model includes towers of excitations with JPC = 1−−, 1++, 0−+, 0++, namely
all low-lying operators that do not need a dual excited stringy state.
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3.5 Conclusions

• Chiral symmetry breaking is consistently realized. Moreover, the value of the
quark condensate is computed dynamically and is not a tunable input. Hence,
the number of tunable parameters coincides with those present in QCD: they are
just the dynamically generated scale and the quark masses.

• We find Regge trajectories for the excited states m2
n ∝ n, as in the soft wall

model [21]. This allows good predictions for the higher excitations, as opposed
to the hard wall model [5; 6]. Notwithstanding, the Regge slope for axial vectors
is bigger than the one for vectors. This fact requires further study.

• Our model incorporates the increase of the vector meson masses due to the in-
crease of quark massess, as mρ ≈ k1 + k2m

2
π for small mπ.

Previous AdS/QCD models present some of these properties, but as far as we know,
no existing model is able to encompass all of them; see [22] for recent related discussions.
We briefly comment on the three benchmark models: the Sakai-Sugimoto model [3]
misses the first and third points listed above, the hard wall model [5; 6] misses the
third one and partially the second one; and the soft wall model [21] misses the second
one. All of these models [3; 5; 6; 21] and variations thereof fail to get the fourth point
(although it is worth mentioning that D3D7 models with Abelian flavor symmetry do
capture the physics of this fourth point; see Sec. 6.2.3 of [1]).

Moreover, the quantitative matching shown in Tables 3.1 and 3.3 with the central
values of the meson resonances is excellent, at the 10%-15% level. This is a typical
accuracy of AdS-QCD-like models (a recent example is [23], which accounts for excited
spin states of the ρ and ω families). Since the systematic error produced by quenching
is of the order of 10% [24] and the differences between quenched lattice computations
with Nc = 3 and Nc =∞ are again of the order of 10% [16; 17], it would be unexpected
to get a better accuracy from any model of the kind presented here.

It would be of utmost interest to generalize the set up to the non-Abelian case,
allowing several quark flavors, but this is beyond the scope of the present work.
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4.1 Abstract
A simple holographic model is presented and analyzed that describes chiral symmetry
breaking and the physics of the meson sector in QCD. This is a bottom-up model that
incorporates string theory ingredients like tachyon condensation which is expected to
be the main manifestation of chiral symmetry breaking in the holographic context. As
a model for glue the Kuperstein-Sonnenschein background is used. The structure of the
flavor vacuum is analyzed in the quenched approximation. Chiral symmetry breaking
is shown at zero temperature. Above the deconfinement transition chiral symmetry is
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4.2 Introduction

restored. A complete holographic renormalization is performed and the chiral conden-
sate is calculated for different quark masses both at zero and non-zero temperatures.
The 0++, 0−+, 1++, 1−− meson trajectories are analyzed and their masses and decay
constants are computed. The asymptotic trajectories are linear. The model has one
phenomenological parameter beyond those of QCD that affects the 1++, 0−+ sectors.
Fitting this parameter we obtain very good agreement with data. The model improves
in several ways the popular hard-wall and soft wall bottom-up models.

4.2 Introduction
The AdS/CFT correspondence [1] has been one of the most fruitful arenas for research
in fundamental physics in the last decade. Having the possibility of mapping strongly-
coupled field theories to weakly coupled gravity has set the stage for a large amount
of effort devoted to use this idea in order to obtain new results on the physics of the
strong interactions (see [2], for an introduction). It is clear that a precise and con-
trollable string dual of QCD is far from our present understanding. However, it is
possible to build models that describe interesting strong coupling phenomena which
share many similarities with real world physics. For the physics of pure glue, models
descending from string theory, [3; 4; 5] have provided important clues towards the con-
finement of color. Phenomenological models for glue inspired and motivated from the
AdS/CFT correspondence ranged from very simple like AdS/QCD [6] to more sophis-
ticated versions, namely “Improved Holographic QCD" that capture rather accurately
the dynamics of glue at both zero [7] and finite temperature [8].

In this context, the holographic description of chiral symmetry breaking (χSB) has
been thoroughly studied. Early examples were studied in the Maldacena-Nunez [4] and
Klebanov-Strassler backgrounds [5]. Later, more QCD-like χSB, in the sense that the
operator condensing was bilinear of fundamental fields, was described in [9; 10]. In the
beginning chiral symmetry breaking involved abelian chiral symmetry, [4; 5; 9; 10]. A
major breakthrough was the Sakai-Sugimoto model [11] where the broken symmetry is
non-abelian U(Nf )L × U(Nf )R → U(Nf )V , as opposed to just a U(1). However, the
model of [11] and generalizations of it have its own limitations. Just as an example,
one can mention the absence of a tower of excited pions.

All the aforementioned models come from well controlled approximations to string
theory and, accordingly, are top-down approaches. A different possibility is to use
string theory just as inspiration and define ad hoc holographic models using some QCD
features as inputs. This is the bottom-up approach. The obvious question is whether
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4. An AdS/QCD model from tachyon condensation: II

the output extracted from such models is larger than their input, and we believe that
experience has shown that the answer is yes. The benchmark bottom-up models for
chiral symmetry breaking and meson physics are the hard wall model [12; 13] based on
the Polchinski-Strassler background [6] and the soft wall model [14].

In the present work, we analyze in detail several aspects of a bottom-up model
presented first in [15]. It gives a explicit realization of the framework for chiral sym-
metry breaking first advocated in [16]: the quarks and antiquarks are introduced by a
brane-antibrane pair. A key point of the dynamics is the condensation of the lowest
lying bifundamental scalar which comes from the strings connecting the brane to the
antibrane. Around flat space this scalar has negative mass squared and this is called
the tachyon. This corresponds precisely to a QCD-like chiral symmetry breaking. We
need an effective action to describe this dynamics and we will resort to the tachyon-DBI
action proposed by Sen in [17]. Once we have decided that we will use this action, we
still have to choose an expression for the tachyon potential and a holographic geometry
in order to use as curved background. For these choices, we will constrain ourselves
to the (arguably) simplest possibilities. Another interesting property of considering
brane-antibrane tachyonic actions is that there is a natural Wess-Zumino term, which
correctly incorporates to the model features like parity and charge conjugation symme-
tries and anomalies; see the discussions in [16].

So far our ingredients are those of a top-down approach. However, it is not possible
to stay in a limit in which the approximation to string theory is controlled if one wants to
reproduce some QCD features in this context. For instance, we will need a background
with curvature comparable to the string scale. We do not regard this point as a negative
feature, but just as a sign that our approach should be considered of the bottom-up
type. This has its own advantages, since for instance it seems impossible to get Regge
trajectories for excited mesons m2

n ∼ n from any top-down approach, because in those
cases the meson mass scale is parametrically smaller than the QCD string tension scale,
see for instance [18]. Therefore, the model discussed in this work should be regarded as
a phenomenological model, partly inspired by top-down consideration and in particular
by Sen’s action [17]. These top-down inputs will generate some dynamics (compared to
other bottom-up approaches) which will be crucial in the successful modeling of several
QCD features, see the discussions in [16] and also in section 4.7.1.

We will constrain ourselves to the abelian case of a single quark flavor but, unlike
[9; 10], this is not an essential limitation, since we can make the model non-abelian by
piling up branes and antibranes, in the spirit of [11]. This elaboration, however, is left
for future work.
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4.3 The gravitational background

In section 4.3, we will discuss the backgrounds (both for confined and deconfined
phases) and the gravity action of which they are solutions. In section 4.4, we will study
in detail the equation for the tachyon modulus τ and its bulk vacuum expectation
value. In other words, we find the open string vacuum and show how it dynamically
breaks the chiral symmetry. In section 4.5, we discuss in detail linearized open string
excitations around the vacuum, namely the meson physics. A good review of this kind
of analysis in different holographic frameworks is [19]. Apart from remarking several
general qualitative properties, we end the section with a quantitative phenomenological
analysis. Section 4.6 provides a brief analysis of the same kind of excitations, but in the
deconfined phase. We conclude in section 4.7 with several discussions; we will convey
the pros and cons of the present model and give some ideas for future directions. We
have relegated various technical comments to eight appendices. In particular, in order
to facilitate the reading of the text, we review the meaning of the different constants
and parameters that will appear throughout the paper and for which physical reasons
some of them are fixed in appendix A .

4.3 The gravitational background
As acknowledged in the introduction, the model we will discuss does not come from
any controlled approximation to string theory. Notwithstanding, we will follow general
insights coming from string theory and effective actions developed in that framework,
especially in the non-critical setting, [20]-[24]. In this sense, the meson physics (in the
quenched approximation) is described by the dynamics of a D4-anti D4 system in a
fixed closed string background, [16].

We take the following gravitational two-derivative action [20] for the background
fields:

S =
∫
d6x
√
g(6)

[
e−2φ

(
R + 4(∂φ)2 + c

α′

)
− 1

2
1
6!F

2
(6)

]
, (4.3.1)

with a constant c. We consider the solution discussed in [21] whose metric is given by:

ds2
6 ≡ −gttdt2 + gzzdz

2 + gxxdx
2
3 + gηηdη

2 = R2

z2

[
dx2

1,3 + f−1
Λ dz2 + fΛ dη

2
]

(4.3.2)

with:

fΛ = 1− z5

z5
Λ

(4.3.3)
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This is the AdS soliton, a double Wick rotation of an AdS6 Schwartszchild black hole.
The only active RR-form we consider is:

F(6) = Qc√
α′

√
−g(6) d

6x (4.3.4)

for some constant Qc which is proportional to the number of colors and that will not
be important in the following. The dilaton is constant:

eφ = 1
Qc

√
2c
3 (4.3.5)

The coordinate η is compactified and regularity of the metric at z = zΛ requires the
following periodicity condition:

η ∼ η + δη , δη = 4π
5 zΛ = 2π

MKK
. (4.3.6)

The AdS radius is given by:
R2 = 30

c
α′ (4.3.7)

The application of this geometry for a phenomenological non-critical strings/gauge
duality was first discussed in [20; 21]. The solution is dual to 1+4 dimensional gauge
theory compactified in a circle with (susy-breaking) antiperiodic boundary conditions
for the fermions. Thus, the low energy theory is 1+3 dimensional confining gauge
theory coupled to a set of massive Kaluza-Klein fields.

One can consider the theory at non-zero temperature by compactifying to Euclidean
time tE . When both circles tE and η are compactified, there is a second solution
competing with (4.3.2):

ds2
6 = R2

z2

[
−fTdt2 + dx2

3 + f−1
T dz2 + dη2

]
(4.3.8)

while (4.3.4), (4.3.5), (4.3.7) still hold. We have introduced:

fT = 1− z5

z5
T

(4.3.9)

and zT is related to the period of the euclidean time and therefore to the temperature
as:

tE ∼ tE + δtE , δtE = 4π
5 zT = 1

T
. (4.3.10)

Since when we Euclideanize (4.3.2), (4.3.8) both solutions are related by the interchange
tE ↔ η, zT ↔ zΛ, the symmetry makes obvious that there is a deconfining first order
phase transition at

Tc = MKK

2π = 5
4π zΛ

(4.3.11)

For T < Tc, the confining solution (4.3.2) is preferred and, conversely, (4.3.8) dominates
for T > Tc. Of course, this discussion is just a straightforward generalization of [25].
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4.4 The tachyon vacuum expectation value

4.4 The tachyon vacuum expectation value
Our main interest will be to study a “tachyon-DBI" action for a single brane-antibrane
pair of the form advocated in [17]. In section 4.7.2 we will comment about the literature
related to effective actions including open string tachyon fields and the possible impact
of different choices of actions in a holographic model of this kind.

We take the brane-antibrane pair to be at a fixed value of η and we will not consider
oscillations of the transverse scalar, which has no QCD counterpart1. The brane and
antibrane are at zero distance and are therefore overlapping. We have therefore a 5D
model for the quarks embedded in a 6D model for the glue. The Sen action reads:

S = −
∫
d4xdzV (|T |)

(√
−det AL +

√
−det AR

)
(4.4.1)

The quantities inside the square roots are defined as:

A(i)MN = gMN + 2πα′

g2
V

F
(i)
MN + πα′λ ((DMT )∗(DNT ) + (DNT )∗(DMT )) (4.4.2)

where (i) = L,R and the complex tachyon will be denoted T = τeiθ. Indices M,N

run over the 5 world-volume dimensions while we will use µ, ν for the Minkowski di-
rections (indices to be contracted using ηµν). With respect to [17], we have included
two constants gV , λ in (4.4.2), which are related to the normalization of the fields to
be discussed later.

The covariant derivative of the tachyon field is defined as:

DMT = (∂M + iALM − iARM )T (4.4.3)

For the tachyon potential we take:

V = K e−
1
2µ

2τ2 (4.4.4)

where K is a constant2 which in principle should be related to the tension of the D4-
branes. The gaussian is a simple choice that has been discussed in different situations for
instance in [26; 27; 28], but we warn the reader that it is not at all top-down derived for
the present situation and thus should be considered as an ingredient of the bottom-up
approach. We will comment further in section 4.7.2. For book-keeping, let us enumerate

1A different construction involving D4-anti D4 in this background was considered in [24]. The
present scenario is more successful in describing different features of QCD.

2We have included the constant dilaton in K, in order to avoid unnecessary cluttering of formulae.
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here the constants that have been introduced up to now: R,α′, λ, gV ,K, µ, zΛ. In the
following, we will impose, on physical grounds, some relations among these constants
and in appendix A we will summarize these arguments.

We must first find the vacuum of the theory. We should set θ,AL, AR to zero
because of Lorentz invariance, but τ must have non-trivial dynamics, at least in the
confined phase, as will be argued below. We thus discuss here the function τ(z) that
defines the vacuum. The corresponding reduced action reads:

S = −2K
∫
d4xdze−

1
2µ

2τ2
g

1
2
ttg

3
2
xx

√
gzz + 2πα′λ(∂zτ)2 (4.4.5)

and the corresponding equation of motion:

τ ′′+ πα′λ

gzz
τ ′3
(
g′tt
gtt

+ 3g
′
xx

gxx

)
+ τ ′

2

(
g′tt
gtt

+ 3g
′
xx

gxx
− g′zz
gzz

)
+
(

gzz
2πα′λ + τ ′2

)
µ2τ = 0 (4.4.6)

We want to study this equation in both the confined and deconfined backgrounds
of section 4.3. For this, we need to explicitly substitute the components of the metric
of each background, as given in section 4.3. We will make these studies separately in
the following subsections. Before that, since the UV of both solutions is identical (up
to O(z5)), the analysis of the UV asymptotics of (4.4.6) is the same. We find that the
near-boundary limit z → 0 limit is given in terms of the two integration constants as:

τ = c1z + µ2

6 c
3
1z

3 log z + c3z
3 + O(z5) (4.4.7)

In order to find this expansion, we have imposed that:

R2µ2

2πα′λ = 3 . (4.4.8)

This enforces that the scalar bifundamental operator dual to the scalar field (which
has mas m2

τ = −µ2/(2πα′λ)) has UV dimension 3 matching the dimension of q̄q in
QCD. This is in agreement with the usual AdS/CFT rule ∆(∆ − 4) = m2

τR
2. It

is worth stressing that (4.4.8) should be understood as a bottom-up condition on the
parameters determining the open string data µ, α′, λ and not onR, since in the quenched
approximation one should not think of the flavor branes affecting the closed string
background.

The asymptotic expansions for τ in the confined and deconfined backgrounds start
differing at order O(z6). On the other hand, the IR behaviour for both cases is very
different, as will be discussed below.
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4.4.1 The confined phase
Inserting the metric for the confining background (4.3.2) into (4.4.6), we obtain the
following equation of motion for the order parameter:

τ ′′ − 4µ2zfΛ
3 τ ′3 + (−3

z
+ f ′Λ

2fΛ
)τ ′ +

( 3
z2fΛ

+ µ2τ ′2
)
τ = 0 (4.4.9)

Before going on, notice that equation (4.4.9) depends on two constants zΛ and µ.
However, such dependence can be easily reabsorbed by redefining the field and radial
coordinate as z → z̃ = z/zΛ, τ → τ̃ = µτ . The plots in this section will be performed
by taking zΛ = 1, µ2 = π, but it is automatic to find the solution for different values
of the constants by rescaling as mentioned above.

According to the discussion of [16], since the background is confining, we must
require the tachyon to blow up somewhere. Heuristically, one can think of the diverging
tachyon as a brane-antibrane recombination; if the tachyon were finite until the bottom
of the space one would have an open brane (and antibrane). In [16], it was argued that
this would lead to bulk flavor anomalies that do not match those of QCD1. The fact that
confinement requires brane recombination (and therefore, chiral symmetry breaking)
is a Coleman-Witten-like theorem [30] for the present set-up, and it is analogous to a
similar discussion of [31] for the Sakai-Sugimoto model [11]. The difference is that the
realization of chiral symmetry breaking in [31] is geometrical while here it is driven by
the field τ .

Equation (4.4.9) only allows the tachyon to diverge at exactly the end of space (the
tip of the cigar) z = zΛ, see appendix B for details.

In the IR, generically the two linearly independent solutions behave as a constant
and
√
z − zΛ and they are regular at the tip. There is however a one parameter “bound-

ary" family of solutions that (1) depends on a single parameter (2) diverges at the tip.
This is the solution we should allow in the IR. If we call the single parameter C then
the acceptable IR solution is:

τ =
∞∑
n=0

(zΛ − z)
3(2n−1)

20 Cn gn(z) (4.4.10)

where
gn(z) = 1 +

∞∑
m=1

Dn,m

(
1− z

zΛ

)m
(4.4.11)

1Anomalies in the hard wall model have been discussed in [29]. In that case, appropriate IR
boundary conditions have to be imposed on the gauge fields in order to get rid of the IR contribution
to the gauge variation of the Chern-Simons term. In our case, that contribution is killed due to the
divergent tachyon.
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For the first few constants we have

C0 = C , C1 = − 13
6µ2C

, C2 = 247
72µ4C3 , C3 = − 26975

1296µ6C5 (4.4.12)

C4 = 6381505
31104µ8C7 , C5 = − 276207997

103680µ10C9 , C6 = 1402840243831
33592320µ12C11

and the first few functions

g0(z) = 1− 9
20

(
1− z

zΛ

)
+ O

((
1− z

zΛ

)2
)

(4.4.13)

g1(z) = 1− 1479
3380

(
(1− z

zΛ

)
+ O

((
1− z

zΛ

)2
)

(4.4.14)

g2(z) = 1− 8481
4940

(
(1− z

zΛ

)
+ O

((
1− z

zΛ

)2
)

(4.4.15)

g3(z) = 1− 396189
82004

(
(1− z

zΛ

)
+ O

((
1− z

zΛ

)2
)

(4.4.16)

As C increases, the radius of convergence of this series increases.
The condition that the solution should end up in the one parameter family described

above is our “‘regularity condition". It relates the two UV initial conditions, the source
(mass) c1 and the vev (chiral condensate) c3. This is a dynamical determination of the
condensate as a function of the mass by the condition τ(z = zΛ) = ∞. This relation
will be found numerically.

In practice, one has to solve numerically the equation of motion (4.4.9) arranging
the asymptotics to be (4.4.7) in the UV and (4.4.10) in the IR. One can implement a
standard shooting routine whose inputs are c1 and some UV and IR cutoffs, where the
numerical solution is required to match the mentioned asymptotics. The value of c3

leading to (4.4.10) is the limiting point between a behavior of diverging derivative of τ
and a behaviour where τ remains finite everywhere, see figure 4.1.

In fact, for fixed c1 there are two values of c3 for which τ diverges at zΛ, since τ
can diverge to +∞, for a particular c3 > 0; or to −∞, for a particular c3 < 0, (we
are assuming by convention that c1 > 0). However, the c3 < 0 solution is unstable
and should be discarded. This can be understood by comparing the free energy of
both solutions or, alternatively, by realizing that there is a tachyonic mode in the
pseudoscalar sector. In the massless quark case c1 = 0, both solutions are related
by τ → −τ and are physically equivalent. They are just related by a rotation in the
direction of the Goldstone pion, which is exactly massless. This behaviour is completely
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analogous to the one described in [10]. For illustrative purposes, we plot in figure 4.1
the result of numerically integrating (4.4.9) and the behaviour of τ(z) for different
values of c3.

Figure 4.1: All the graphs are plotted using zΛ = 1, µ2 = π and c1 = 0.05. The vertical
line at z = zΛ = 1 represents the IR end of space (tip of the cigar). On the left, the
solid black line represents a solution with c3 ≈ 0.3579 for which τ diverges at zΛ. The
red dashed line has a too large c3 - in particular, it corresponds to c3 = 1 - such that
there is a singularity at z = zs where ∂zτ diverges while τ stays finite (a behaviour of
the type τ = k1 − k2

√
zs − z, that is unacceptable since the solution stops at z = zs

where the energy density of the flavor branes diverges). The red dotted line corresponds
to c3 = 0.1; this kind of solution ought to be discarded because the tachyon stays finite
everywhere. The plot in the right is done with the same conventions but with negative
values of c3 = −0.1,−0.3893,−1. For c3 ≈ −0.3893 there is a solution of the differential
equation such that τ diverges to −∞. As explained in the text, this solution is unstable.
Thus, the physical solution for this particular value of c1 is uniquely determined to be the
solid line of the graph on the left.

In figure 4.2, we plot the values of c3 and C obtained dynamically, as a function of
c1.

4.4.2 The deconfined phase
Inserting the metric (4.3.8) in (4.4.6), we obtain the following equation for τ in the
deconfined phase:

τ ′′ + µ2z2fT
3 τ ′3

(
−4
z

+ f ′T
2fT

)
+ (−3

z
+ f ′T
fT

)τ ′ +
( 3
z2fT

+ µ2τ ′2
)
τ = 0 (4.4.17)

The IR behaviour of this equation is quite different from the one of (4.4.9). First of all
τ is not allowed to diverge at any point. The difference with respect to the confining
case is that since there is a horizon, one can allow the branes not to recombine as long
as they end on the horizon. Then, they will not generate any anomaly.
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Figure 4.2: The values of c3 and C determined numerically as a function of c1. In the
first plot we portray c3 in terms of c1, for c1 ≤ 1. In the second plot we show c3 for a
larger range of c1. The third plot depicts the constant C entering the IR expansion as a
function of c1. Again, we have used zΛ = 1, µ2 = π for the plots.

Still, one has to discard solutions for which τ ′ diverges at some z < zT (with
τ remaining finite). Those solutions yield infinite energy density and are physically
inconsistent, just as in the confining case. It turns out that this condition uniquely
selects a value for c3, for which τ reaches the horizon at z = zT taking there a finite
value, say τ |z=zT = cT , as shown in the first plot of figure 4.3.

Thus, we have a one parameter family of physical solutions (which again fix c3 in
terms of c1 as expected on physical grounds). In a similar fashion to the confined
case, by redefining the field and radial coordinate as z → z̃ = z/zT , τ → τ̃ = µτ , the
dependence of the equation on these two parameters can be reabsorbed. Near the IR,
these solutions read, in terms of the parameter τ(zT ) ≡ cT :

τ = cT −
3cT
5zT

(zT − z)−
9cT

200zT
(8 + µ2c2

T )(zT − z)2 + . . . (4.4.18)

Once c1 is fixed, c3 and cT are dynamically determined by this IR condition, and
their values can be found numerically; using a standard shooting technique. Notice
that for c1 = 0, the solution is simply τ = 0 and chiral symmetry is unbroken. We
display some plots with numerical results in figure 4.3.

4.4.3 Holographic renormalization, the quark mass and the
quark condensate

On general AdS/CFT grounds, we expect the integration constants c1, c3 of the UV
expansion (4.4.7) to be related to the source and vacuum expectation value of the
boundary operator associated to the bulk field τ , which is the scalar quark bilinear q̄q.
Namely c1 should be, essentially, the quark mass and c3 the quark condensate. In this
section, we will make this connection precise.
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4.4 The tachyon vacuum expectation value

Figure 4.3: Plots corresponding to the deconfined phase. All the graphs are plotted using
zT = 1, µ2 = π. For the first plot we have taken c1 = 0.05. The solid line displays the
physical solution c3 = −0.0143 whereas the dashed lines (c3 = −0.5 and c3 = 0.5) are
unphysical and end with a behaviour of the type τ = k1 − k2

√
zs − z. The second and

third plots give the values of c3 and cT determined numerically by demanding the correct
IR behaviour of the solution, as a function of c1.

As has been pointed out many times -see for instance [32], [33]-, in QCD the quark
mass runs all the way to zero in the far UV, a fact that cannot be matched in a
holographic model with AdS asymptotics (such that the mq we will define is the UV
value, which does not run further). If we want to make a phenomenological analysis,
the most natural option is to identify the mq of the model with the QCD quark mass
measured at a scale around 1 or 2 GeV. It is conceivable that this feature can be
ameliorated by using the tachyon action in a holographic setup which incorporates
asymptotic freedom, as in “Improved holographic QCD" [7].

The quark condensate is defined as:

〈q̄ q〉 = −δSren
δmq

(4.4.19)

where in order to find Sren we have to follow the procedure of holographic renormal-
ization, see for instance [36]. The first step is to regularize the action by placing a UV
cut-off at z = ε, namely Sreg =

∫ zΛ
ε L, where we have defined, from (4.4.5):

L = −2K e−
1
2µ

2τ2
g

1
2
ttg

3
2
xx

√
gzz + 2πα′λ(∂zτ)2 (4.4.20)

Since we are just concerned with the variation of Sreg with respect to mq, we compute
the functional derivative with respect to τ :

δSreg =
∫ zΛ

ε

(
δτ
∂L

∂τ
+ δτ ′

∂L

∂τ ′

)
dz =

∫ zΛ

ε

d

dz

(
δτ
∂L

∂τ ′

)
(4.4.21)

and therefore
δSreg
δτ

= −∂L
∂τ ′

∣∣∣
z=ε

(4.4.22)

91



4. An AdS/QCD model from tachyon condensation: II

We are interested in δSreg
δc1

= δτ
δc1

δSreg
δτ . In order to compute δτ

δc1
, one should take into

account that c3 is a non-trivial function of c1. We find by explicit computation, using
the UV expansion (4.4.7):

δSreg
δc1

= KR5µ2
(2c1

3ε2 + 2
3c

3
1µ

2 log ε+ 2c3 −
1
3c

3
1µ

2 + 2
3c1∂c1c3

)
(4.4.23)

where we have disregarded terms that vanish as ε → 0. We now have to write the
appropriate covariant counterterms that should be added to Sreg in order to define the
subtracted action Ssub = Sreg + Sct:

Sct = −KR
∫
d4x
√
−γ

(
−1

2 + µ2

3 τ
2 + µ4

18τ
4 log ε+ µ4

12α τ
4
)

(4.4.24)

where γ corresponds to the induced metric at z = ε, namely
√
−γ = R4ε−4. We have

introduced a constant α which captures the scheme dependence of the condensate and
reflects an analogous scheme dependence in field theory. It will be further discussed in
appendix C. The renormalized action is just Sren = limε→0 Ssub. It is now straightfor-
ward to find:

δSren
δc1

= −(2πα′KR3λ)
(
−4c3 + c3

1µ
2(1 + α)

)
(4.4.25)

Notice that the term with c1∂c1c3 in (4.4.23) drops out because there is one with the
opposite sign in δSct

δc1
that cancels it. We now want to evaluate the quark condensate

(4.4.19). The quark mass is proportional to c1, and we take it to be

mq = β c1 (4.4.26)

where β is a constant.
The arbitrariness of this multiplicative constant related to the normalization of the

fields has been stressed (in analogous situations) in [33], [37]. We finally obtain

〈q̄q〉 = 1
β

(2πα′KR3λ)
(
−4c3 +

(
mq

β

)3
µ2(1 + α)

)
(4.4.27)

4.4.4 The jump of the condensate at the phase transition
The first term of the expression for the quark condensate (4.4.27) depends on the
quantity c3 that is determined dynamically via the numerical integration. The second
term depends on the quark mass and a scheme dependent constant α. We now compute
an observable which is independent of this second term by finding the jump of the quark
condensate when the theory is heated such that it undergoes the deconfinement phase
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4.4 The tachyon vacuum expectation value

transition. Concretely, we take a fixed mass (fixed c1) and compare c3 for a confined
theory and deconfined theories, such that zΛ = zT , namely at the phase transition
point. We have that ∆〈q̄q〉 ≡ 〈q̄q〉conf − 〈q̄q〉deconf = −4 1

β (2πα′KR3λ)∆c3. In figure
4.4 we plot ∆c3, which in practice is nothing else that the difference between the first
plot in figure 4.2 and the second plot of figure 4.3. It turns out to be a monotonously
decreasing function, at least in the range of c1 which we have been able to study
numerically. We plot the result in figure 4.4.

,

Figure 4.4: The finite jump of the quark condensate and its derivative with respect to c1
when the confinement-deconfinement transition takes place. The values zΛ = zT = 1 and
µ2 = π have been used in the plot.

Let us now discuss how the quark condensate changes when tuning the temperature,
while keeping fixed the quark mass and the QCD scale. We will plot the quantity:

〈q̄q〉R = mq

T 4
c

(〈q̄q〉T − 〈q̄q〉0) , (4.4.28)

where 〈q̄q〉T is the condensate evaluated at temperature T . We have included the
power of Tc in the denominator in order to make the quotient dimensionless. Let us
start by computing the explicit value of 〈q̄q〉0 from (4.4.27). We will consider small
quark masses (compared to the QCD scale or MKK) so we can neglect the last term
of (4.4.27) and use the value c3 ≈ 0.37z−3

Λ computed for small c1 in the first plot1 of
figure 4.2. Inserting the value of zΛ in terms of Tc (4.3.11) and advancing the value of
the normalization constant that will be found in (4.5.34), we have 〈q̄q〉0 ≈ −0.3Ncβ T

3
c .

Turning on the temperature but staying below the phase transition, the functions of
the metric do not depend on the temperature and therefore 〈q̄q〉R = 0 for T < Tc.
This is just a consequence of large-N volume independence. In order to compute the
result in the deconfined phase, we would like to use the values of c3 as a function of

1We remind the reader that the plots were done by fixing zΛ = 1 and zT = 1 respectively. The
values for generic zΛ, zT are obtained just by rescaling c1 = (c1|zΛ=1)z−1

Λ and c3 = (c3|zΛ=1)z−3
Λ , and

similarly in the deconfined phase, substituting zΛ by zT .
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4. An AdS/QCD model from tachyon condensation: II

c1 plotted in figure 4.3. From the figure, one can fit, for small c1zT the value of c3 to
be c3z

3
T ≈ −0.286c1zT . Using this expression, together with (4.4.26), (4.3.10), (4.5.34),

we have 〈q̄q〉T ≈ 0.09NcmqT
2. Finally, we reach the result:

〈q̄q〉R ≈ Nc
mq

T 4
c

(0.3β T 3
c + 0.09mqT

2) , (T > Tc) (4.4.29)

We illustrate the behaviour of 〈q̄q〉R in figure 4.5. Notice that, since we are considering
light quarks, the constant term is the largest until T � Tc.

Figure 4.5: Behaviour of 〈q̄q〉R as a function of the temperature. We have taken Nc = 3,
β = 1, mq/Tc = 1/40 for the plot.

This is in rough qualitative agreement with lattice results, see figure 4 of [38]. In
our case, the jump at the phase transition is sharp due to the large N limit.

4.5 Meson excitations: the confined phase
Up to now, we have discussed the vacuum (saddle point) of the model. We will now
discuss in turn the different excitation modes, by expanding the action (4.4.1) up to
quadratic order in all the fields. In this section, we will only refer to the confined phase
and therefore 〈τ〉(z) is computed as in section 4.4.1.

We define the vector and axial vector fields as:

VM = ALM +ARM
2 , AM = ALM −ARM

2 (4.5.1)

The notation for the associated field strengths will be VMN , AMN . We use a gauge
Az = Vz = 0. We split the relevant fields as:

Vµ(xµ, z) = ψV (z)Vµ(xµ) ,

Aµ(xµ, z) = A⊥µ (xµ, z) +A‖µ(xµ, z) = ψA(z)Aµ(xµ)− ϕ(z) ∂µ(P(xµ)) ,

θ(xµ, z) = 2ϑ(z)P(xµ) ,

τ(xµ, z) = 〈τ〉(z) + s(xµ, z) = 〈τ〉(z) + ψS(z) S(xµ) . (4.5.2)
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where Vµ and Aµ are transverse vectors ∂µVµ = ∂µAµ = 0. A few comments are
in order: we have used the residual gauge freedom to make Vµ transverse. We have
anticipated the behaviour of the equations of motion in order to write down the terms
containing P(x), associated to the pseudoscalars. The symbol 〈τ〉(z) represents the
tachyon vev in the bulk, as discussed in section 4.4.

The different bulk fields are dual to the field theory quark bilinears due to the
boundary couplings1:

∫
d4xVµJ

µ
V ,
∫
d4xAµJ

µ
A,
∫
d4xPJP ,

∫
d4xSJS , where the J’s are

the different bilinear quark currents: J
µ
V = q̄γµq, J

µ
A = q̄γµγ5q, JP = q̄γ5q, JS =

q̄q − 〈q̄q〉.
We also define the useful quantity:

g̃zz = gzz + 2πα′λ(∂z〈τ〉)2 (4.5.3)

In the rest of this section, we will discuss the explicit prescriptions to compute the
masses and decay constants for the different mesonic modes. In particular, the decay
constants will require computing two-point correlators for which one has to holograph-
ically renormalize. We give here the complete set of counterterms which make the
on-shell action finite.

Sct = −KR
∫
d4x
√
−γ
(
− 1

2 + µ2

3 τ
2 + µ4

18τ
4 log ε+ µ4

12ατ
4 +

+(2πα′)2

g4
V

1
2γ

µργνδ(VµνVρδ +AµνAρδ)(log ε+ 1
2) + R2µ2

3 γµν(DµT )∗(DνT )(log ε+ 1
2)
)
(4.5.4)

This expression completes (4.4.24) by including all the active fields we are considering.
The terms of 1/2 inside the brackets of the second line are finite contact terms that
have been chosen for convenience.

We now discuss in turn each of the modes.

4.5.1 Vector mesons
The quadratic action corresponding to the vector mesons that comes from expanding
(4.4.1) reads:

SV = −(2πα′)2

g4
V

K

∫
d4x dze−

1
2µ

2τ2
[1

2 g̃
1
2
zzVµνV

µν + gxxg̃
− 1

2
zz ∂zVµ∂zV

µ
]
, (4.5.5)

where we have constrained ourselves to the confining phase in which gtt = gxx. Here
and in the following, it should be understood that the µ, ν indices are contracted using

1The various discrete symmetries and their realization are detailed in [16].
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the flat Minkowski metric, since we have explicitly written the factor of gxx = R2/z2.
The equation of motion can be easily derived:

1

e−
1
2µ

2τ2
g̃

1
2
zz

∂z

(
e−

1
2µ

2τ2
gxxg̃

− 1
2

zz ∂zψ
V (z)

)
− q2ψV (z) = 0 (4.5.6)

where we have gone to Fourier space and defined the 4d-momentum such that for the
eigenmodes it corresponds to the mass eigenvalues q2 = −m2

V . The above equation
explicitly depends on only two parameters zΛ and µ2. It is easy to check that zΛ

just gives an overall scale to m2
V (and, in fact, to all dimensionful quantities that will

appear later) and µ2 only enters through the combination τ̃2 = µ2τ2. This was the
same combination in the tachyon equation (see the comment below (4.4.9)), and in fact
one can fix the value of µ2 without any loss of generality. From now on, we will set
µ2 = π, zΛ = 1 in all the plots, although we will keep the parameters explicit in the
equations.

Finally, notice that (4.5.6) depends implicitly on c1 (the quark mass) through the
bulk vacuum expectation value of τ . In short, the vector spectrum given by the model
depends just on a multiplicative constant zΛ and the parameter c1, namely the quark
mass. All the other parameters that we have defined drop out from this computation.

4.5.1.1 Schrödinger formalism and the mass spectrum
In order to gain some insight in the problem, let us transform equation (4.5.6) to a
Schrödinger problem, following appendix D. We immediately read C(z) = M(z) = 0
and:

A(z) = e−
1
2µ

2τ2
gxxg̃

− 1
2

zz , B(z) = e−
1
2µ

2τ2
g̃

1
2
zz , (4.5.7)

such that the Schrödinger radial variable is defined by:

u =
∫ z

0

√
B(z̃)
A(z̃)dz̃ =

∫ z

0

√
g̃zz(z̃)
gxx(z̃)dz̃ . (4.5.8)

Notice that u ∈ [0,∞). It is now a straightforward exercise to obtain the Schrödinger-
like potential (D.7), for a given c1. One has to compute numerically τ(z) as in section
4.4.1, then evaluate (D.7) and finally implement the variable change (4.5.8). Some
examples are plotted in figure 4.6.

We observe that the potentials move up as we increase c1. This is of course expected
on general grounds, since meson masses should grow with increasing quark masses,
but this feature is missing from the hard wall or soft wall models. In [15], we made

96



4.5 Meson excitations: the confined phase

Figure 4.6: The Schrödinger potential associated to the vector excitation for different val-
ues of the quark mass. From bottom to top c1 = 0, 0.5, 1, 2, 3, 4. For illustrative purposes,
on the right we plot the second normalizable “wavefunction" for c1 = 1.

a phenomenological fit including the strange-strange meson masses in the analysis,
finding good agreement with experimental data.

One can check that the leading contribution to V (u) near u = 0 is of the form
V (u) = 3

4u
−2 + . . . . This just comes from the UV AdS asymptotics. Let us now find

the leading IR contribution to V (u). For large u (namely near z = zΛ), we have that
gxx ≈ R2/z2

Λ and g̃zz ≈ 2πα′λ(∂zτ)2. Using the expressions in appendix D, a little
algebra shows that for large u, we have du

dz ≈
µ√
3zΛ∂zτ and therefore u ∼ µ√

3zΛτ . The

function Ξ behaves as Ξ ≈
(
R
zΛ

) 1
2 e
− 3u2

4z2Λ what finally leads to V (u) = 9
4z4

Λ
u2 + O(u).

Therefore, V (u) grows quadratically at large u, a fact that leads to standard Regge
trajectories for large excitation number n [14]. Asymptotically, the slope of these
trajectories is limn→∞

dm2
n

dn = 6
z2
Λ
, as can be found by evaluating (D.9).

By using standard numerical shooting techniques, we have computed the mass spec-
trum. In particular, we have computed the first seven states, changing the quark mass
parameter in the range 0 < c1 < 5. We plot some results in figure 4.7. It turns out
that for small c1 the growth of meson mass on the quark mass is linear. This is just
what one expects from a Taylor expansion if we consider the meson masses as function
of the quark masses. This was a result already found in [15]. We have:

zΛm
(1)
V ≈ 1.45 + 0.718c1 , zΛm

(2)
V ≈ 2.64 + 0.594c1 , zΛm

(3)
V ≈ 3.45 + 0.581c1 , (c1 ≤ 1)

zΛm
(4)
V ≈ 4.13 + 0.578c1 , zΛm

(5)
V ≈ 4.72 + 0.577c1 , zΛm

(6)
V ≈ 5.25 + 0.576c1. (4.5.9)

At around c1 ≥ 1, the graphs start departing from the straight line, as can be seen
on the second plot in figure 4.7.

97



4. An AdS/QCD model from tachyon condensation: II

Figure 4.7: Vector meson masses as a function of c1 (proportional to the quark mass). On
the left, we plot the fitted straight lines together with several points computed numerically,
for the seven lowest-lying vector modes, in the range c1 < 1. On the right, we go to
larger values of c1 and, for clarity, only plot the three ligthest states. The dashed lines
correspond to the linear fits valid for small c1 whereas the solid line are the actual values
found numerically.

4.5.1.2 Current-current correlator and normalization of the
action
We have discussed the vector spectrum, but we are also interested in the decay constants
of each state. In order to compute them, we have to fix the multiplicative constant
associated to the normalization of the action associated to the vector modes. We will
follow the reasoning of [12; 13] and match the correlator ΠV to the quark bubble per-
turbative computation at large Euclidean momentum. In fact, all the discussion of this
subsection is completely parallel to [12; 13], since it only depends on the asymptotically
AdS structure. We however repeat the argument in the present notation for the sake
of clarity.

The current-current correlator is defined as:∫
d4x eiqx〈Jµ(x)Jν(0)〉 = (ηµνq2 − qµqν)ΠV (q2) . (4.5.10)

As usual, we compute it holographically from the on-shell action. Integrating by parts
in (4.5.5) and adding the counterterm from (4.5.4), we find:

SV = (2πα′)2K

g4
V

∫
d4q

(2π)4 e
− 1

2µ
2τ2
gxxg̃

− 1
2

zz Vµ(q, z)∂zV µ(−q, z)
∣∣∣
z=ε

+

−KR5(2πα′2)
g4
V

∫
d4q

(2π)4

(
q2Vµ(q, ε)V µ(−q, ε)(log ε+ 1

2)
)

(4.5.11)

where Vµ(q, z) = ψV (q, z)V µ
0 (q), and ψV (q, z) is the solution to (4.5.6) subject to

V (q, ε) = 1 and with normalizable behaviour in the IR. At small z, the solution for
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ψV (q, z) can be expanded in terms of two integration constants as:

ψV = b1(q) +
(
b2(q) + 1

2b1(q)q2 log z
)
z2 + . . . (4.5.12)

Substituting this expression into (4.5.11) and taking two derivatives with respect to
V µ

0 (q), we find that:

ΠV (q2) = −4KR(2πα′)2

g4
V

b2
q2 (4.5.13)

where we have set b1(q) = 1 consistent with the two-point function prescription and the
non-trivial q2-dependence comes through b2(q), which has to be found by integrating
numerically and demanding the physical IR behaviour.

Before entering into numerical integration, we are interested in computing the lim-
iting behaviour for ΠV for large q2. In order to do this, we consider again the equation
written in Schrödinger form and notice that, for small z:

u ' z , α(u) ' u−
1
2ψV (u) (4.5.14)

The leading large q behaviour is not affected by the details of the Schrödinger potential,
so we may just approximate it by an expression that interpolates between its UV and
IR behaviours, as discussed in subsection 4.5.1.1. Namely, we can just write:

−∂2
uα+

( 3
4u2 + c2u2

)
α+ q2α = 0 , (4.5.15)

where we should take c2 = 9
4z4

Λ
. However, we will see that the value of c2 does not

matter for the normalization we want to make. (4.5.15) is nothing else than the soft
wall model of [14]. The general solution of (4.5.15) is:

α(u) = k1
e
−cu2

2
√
u
U(q

2

4c , 0, cu
2) + k2

e
−cu2

2
√
u
L−1
−q2
4c

(cu2) (4.5.16)

where U stands for the confluent hypergeometric function and L for a generalized
Laguerre polynomial. IR normalisability requires k2 = 0. We now substitute in (4.5.14)
and fix k1 by demanding that limz→0 ψ

V (q, z) = limu→0 u
1
2α(u) = 1.

ψV (q, u) = q2

4cΓ
(
q2

4c

)
e
−cu2

2 U(q
2

4c , 0, cu
2) (4.5.17)

We can now expand this expression for small u ≈ z and compare to (4.5.12), in order to
read b2 and, accordingly ΠV from (4.5.13). The leading pieces at large q2 for b2 read:

lim
q2→∞

b2
q2 = 1

4 log q2 − 1
4(1 + log 4− 2γ)− c2

3q4 + . . . , (4.5.18)
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where γ is Euler’s constant. Therefore, the leading piece which we can compare to the
quark bubble via (4.5.13) is:

ΠV (q2) = −KR(2πα′)2

g4
V

log q2 (4.5.19)

By matching this expression to the perturbative result, we find1:

(2πα′)2KR

g4
V

= Nc

12π2 (4.5.20)

One may wonder how good the results obtained from the simple Schrödinger problem
we have discussed (4.5.15) are as an approximation to the full problem (4.5.6). In figure
4.8, we compare (4.5.18) to the value of b2(q2)/q2 computed numerically.

Figure 4.8: We plot the value of b2/q2, proportional to the vector current-current corre-
lator. The plot is a comparison of the approximation found in the text from a simplified
Schrödinger problem, Eq.(4.5.18) (red dashed line) to the actual numerical result (solid
line). The numerical plot was made by taking c1 = 0.1, µ2 = π.

4.5.1.3 Decay constants
We are now interested in determining the decay constants of our mesonic states. We
start by writing the current-current correlator as a sum rule.

ΠV (q2) =
∑
n

F 2
n

(q2 +m2
n − iε)

(4.5.21)

1Notice that we are dealing with abelian flavor symmetry. There is a factor of 1
2 difference with

respect to [12] since in that paper they deal with a non-abelian case and define Tr(tatb) = 1
2δ
ab. This

also makes different the definition of the decay constants, for instance the fπ defined in [12] is the fπ
we will use divided by

√
2.
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The idea is to derive the form of the sum rule holographically. In appendix E we
give a general description on how to write holographically a two-point correlator as an
infinite sum. Then we use properties of the normalizable modes in order to determine
the values of Fn. The argument follows [12; 13] so we directly quote the result in the
present notation1:

F 2
n = Nc

6π2
R

m2
n

(
d2ψ

(n)
V

dz2

∣∣∣
z=0

)2

(4.5.22)

where ψ(n)
V , n = 1, 2, . . . ,∞ are the solutions of (4.5.6) normalized as:∫

B(z)(ψ(n)
V )2dz = 1 (4.5.23)

with B(z) given in (4.5.7). Again, we can compute numerically the values of the decay
constants given by the model. We have plotted them in figure 4.9. One can see that
the dependence on excitation number is rather mild for small quark masses and for a
large number of modes.

Figure 4.9: The decay constant, in units of z−1
Λ for the four lowest-lying, the seventh and

the twelve-th vector mode (from bottom to top), as a function of c1. The numerical plot
was made by taking µ2 = π and Nc = 3.

4.5.1.4 Regge trajectories for vector mesons and linear
confinement
Typical holographic models lead to a behaviour of the masses with the excitation num-
ber as m2

n ∝ n2, for large n [39]. However, experiment and semiclassical quantization
of a hadronic string (assuming linear confinement) suggest that m2

n ∝ n in QCD. Cir-
cumventing this problem was the motivation for developing the soft-wall model [14].

1Notice our definition of Fn is different from [12].
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4. An AdS/QCD model from tachyon condensation: II

As pointed out above and also in [16], a model including an open string tachyon with
action (4.4.1) and gaussian tachyon potential, naturally implements this behaviour.
In figure 4.10, we plot the results of some numerical computations which display this
feature. We remind the reader that, as we saw in section 4.5.1.1, for vector mesons
limn→∞m

2
n+1 −m2

n = 6/z2
Λ. This seems to be born out by the figure.

Figure 4.10: Results corresponding to the forty lightest vector states with c1 = 0.05 and
c1 = 1.5. On the right, the horizontal line signals the asymptotic value 6 of the Regge
trajectory, the lower line corresponds to c1 = 0.05 and the upper line to c1 = 1.5. Masses
are given in units of z−1

Λ .

4.5.2 Axial-vector mesons
The quadratic action corresponding to the axial vector mesons that comes from ex-
panding (4.4.1) picks an extra term with respect to (4.5.5), coming from the covariant
derivative of the tachyon:

SA = −(2πα′)2

g4
V

K

∫
d4x dze−

1
2µ

2τ2
[

1
2 g̃

1
2
zzAµνA

µν + gxxg̃
− 1

2
zz ∂zAµ∂zA

µ + 4R2g4
V

3(2πα′)2µ
2τ2gxxg̃

1
2
zzAµA

µ

]
(4.5.24)

The equation of motion can be derived to be:

1

e−
1
2µ

2τ2
g̃

1
2
zz

∂z

(
e−

1
2µ

2τ2
gxxg̃

− 1
2

zz ∂zψ
A(z)

)
− kµ

2τ2

z2 ψA(z)− q2ψA(z) = 0 (4.5.25)

where we have introduced a new constant k as the combination:

k = 4R4g4
V

3(2πα′)2 (4.5.26)

We observe that τ only enters through the combination µ τ so µ is immaterial since
it can be rescaled away. On the other hand, the constant k, that did not enter the
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4.5 Meson excitations: the confined phase

parity even sector does affect the physics. In fact, by comparing (4.5.6) to (4.5.25), one
can see that the difference between the equation for the vectors and the one for the
axials in controlled by k. Therefore, it is natural to guess that k somehow enhances
or suppresses the effects of chiral symmetry breaking on the P-odd spectra. In the
following, we will see how the physics depends on this parameter. The model of our
previous work [15] was more constrained since, in terms of the present notation, k was
fixed to 12

π2 .

4.5.2.1 Schrödinger formalism and the mass spectrum

The functions for converting to a Schrödinger problem A(z), B(z) are as before (4.5.7).
On top of that, we have here a non-trivial M(z) given by M(z) = B(z) k µ2τ2/z2.
It is easy to check that the leading piece in the UV of the Schrödinger potential is
3/4u2 as for the vectors. However, the leading IR behaviour is modified due to the
term proportional to k to VIR(u) = 9

4z4
Λ

(
1 + 4k

3

)
u2. From this observation, one can

immediately realize that the model gives different Regge slopes for vectors and axials
and that the leading behaviour of ΠA(q2) at large Euclidean momentum coincides,
consistently, with the vector one (4.5.19). We will later comment further on these
issues.

The qualitative appearance of the Schrödinger potentials for the axial excitation is
similar to the ones for the vectors. But the value of the potentials in the axial case is
always higher due to the terms coming from M(z). Thus, for equal excitation number
and quark mass, the axial mode is always heavier than the vector mode (with the
difference controlled by k). For small values of c1, the dependence of the meson masses
on the quark masses is linear

zΛm
(1)
A ≈ 2.05 + 1.46c1 , zΛm

(2)
A ≈ 3.47 + 1.24c1 , zΛm

(3)
A ≈ 4.54 + 1.17c1 , (c1 ≤ 1)

zΛm
(4)
A ≈ 5.44 + 1.13c1 , zΛm

(5)
A ≈ 6.23 + 1.11c1 , zΛm

(6)
A ≈ 6.95 + 1.10c1 . (4.5.27)

For this calculation, we used k = 18
π2 as it is found by the fit of the parameters in section

(4.5.5), whereas in [15], we used k = 12
π2 . For larger c1, the plots of the meson mass

dependence on the quark mass for the axial excitation look similar to the vector case,
see the plot on the right of figure 4.7.
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4.5.2.2 Current-current correlator and the pion decay constant
By explicit computation it is easy to check that the UV expansion of the solution to
(4.5.25) is given in terms of the two integration constants as:

ψA = b1 +
(
b2 + 1

2b1(q2 + π k c2
1) log z

)
z2 + . . . (4.5.28)

For the case of the axial vector, the corresponding sum rule generalising (4.5.21)
reads:

ΠA(q2) = f2
π

q2 +
∑
n

F 2
n

(q2 +m2
n − iε)

(4.5.29)

where of course now the n run over the axial resonances. The Fn here are computed in
essentially the same way as for the vector case, namely using (4.5.22) with a normal-
ization condition (4.5.23).

Now, we are also be able to compute the value of fπ. We do this by directly
computing the 2-point function at zero-momentum, namely:

f2
π = − Nc

6π2 b2|q=0 (4.5.30)

where we have used the expansion (4.5.28), which up to that order, is also valid for
the axial case. The value of b2 to be inserted in (4.5.30) is found numerically by
solving (4.5.25) with q2 = 0, with initial condition ψA|z=ε = 1 and demanding IR
normalizability.

Figure 4.11: The pion decay constant and its derivative as a function of c1 - the quark
mass. The different lines correspond to different values of k. From bottom to top (on the
right plot, from bottom to top in the vertical axis) k = 12

π2 ,
24
π2 ,

36
π2 . The pion decay constant

comes in units of z−1
Λ .

From the figure, we observe that the decay constant grows with the quark mass for
small quark masses and then starts decreasing. We can also observe that increasing
the parameter k, increases the value of the pion decay constant. This is in agreement
with the intuitive notion given above that k somehow controls the amount of chiral
symmetry breaking.
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4.5 Meson excitations: the confined phase

4.5.3 Scalar mesons
We now deal with the scalar excitation. The quadratic action reads:

S = −2πα′Kλ

∫
d4xdze−

1
2µ

2τ2[
g2
xxgzz g̃

− 3
2

zz (∂zs(x, z))2 − 2µ2g2
xxg̃
− 1

2
zz τ(z)τ(z)′s(x, z)∂zs(x, z)

+ µ2

2πα′ λ(µ2τ(z)2 − 1)g2
xxg̃

1
2
zzs(x, z)2 + gxxgzz g̃

− 1
2

zz (∂µs(x, z))2
]

(4.5.31)

From (4.4.1), it can be seen that there is also a linear term in the bulk action, but can
be easily shown to be a total derivative.

We can read the functions that are used to rewrite this problem is Schrödinger form,
as defined in appendix D:

A(z) = e−
1
2µ

2τ2
g2
xx

gzz

g̃
3/2
zz

, B(z) = e−
1
2µ

2τ2
gxx

gzz

g̃
1/2
zz

,

C(z) = −2µ2e−
1
2µ

2τ2 g2
xx

g̃
1/2
zz

τ(z)∂zτ(z) , M(z) = µ2

2πα′ λe
− 1

2µ
2τ2(µ2τ2 − 1)g2

xxg̃
1
2
zz .(4.5.32)

Notice that B(z)/A(z) takes the same value as for the vector and axial excitations,
which means that the definition of the u-radial coordinate is the same as in those cases.
The expression built from B(z), C(z) andM(z) which enters the Schrödinger potential
takes a remarkably simple form:

1
B(z)

(
M(z)− 1

2∂zC(z)
)

= − 3
z2 (4.5.33)

We will find the UV and IR limiting behaviour of the associated Schrödinger potential.
At small z ≈ u, we find Ξ ≈ R

3
2 /u

3
2 and one can immediately compute from (D.7) the

UV leading term to be V (u) = 3
4u2 . Similarly, the term that dominates for large u is

quadratic 9u2

4z2
Λ
. Thus, we have found that the UV and IR asymptotics are the same

as for the vector case and, as a first approximation, we can use the soft wall equation
(4.5.15). Thus, we can again match the asymptotic behaviour of the current-current
correlator to the perturbative result. For that, we make an argument similar to [32]
assume that the qq̄ operator is dual to the tachyon rescaled by some constant β, such
that the boundary coupling is, schematically,

∫
β(τ/z)qq̄. This is what we anticipated

in the relation between c1 and the quark mass (4.4.26). Then, matching the large q2

result ΠS(q2) = Nc
8π2 q

2 log q2 and reasoning as in the the vector case, we find:

(2πα′)KR3λ

β2 = Nc

8π2 (4.5.34)

In figure 4.12, we depict the associated Schrödinger potential for different values of c1.
Comparing figure 4.12 to figure 4.6, one can check that the potentials for the scalars
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4. An AdS/QCD model from tachyon condensation: II

are above those of the vectors. Thus, for equal excitation number, scalar mesons are
typically heavier than vectors in the present model.

Figure 4.12: The Schrödinger potentials associated to the scalar excitation for c1 =
0, 0.5, 1, 2, 3, 4.

The relation of the lowest scalar meson masses to c1 follows

zΛm
(1)
S ≈ 2.47 + 0.683c1 , zΛm

(2)
S ≈ 3.73 + 0.488c1 , zΛm

(3)
S ≈ 4.41 + 0.507c1 , (c1 ≤ 1)

zΛm
(4)
S ≈ 4.99 + 0.519c1 , zΛm

(5)
S ≈ 5.50 + 0.536c1 , zΛm

(6)
S ≈ 5.98 + 0.543c1 . (4.5.35)

We point out that the scalar meson masses do not depend on the parameter k.

4.5.4 Pseudoscalar mesons
We now focus on the pseudoscalar mesons. With respect to the previous modes, there
is an extra complication because the physical modes are a combination of two bulk
fields θ and A‖µ. However, we will see that it is possible to find a combination of the
fields for which one obtains a standard Sturm-Liouville problem.

The quadratic action reads:

S = −(2πα′)2K

∫
d4xdze−

1
2µ

2τ2[ 1
g4
V

gxxg̃
− 1

2
zz (∂zA‖µ)2

+ λ

2πα′ τ
2g2
xxg̃
− 1

2
zz (∂zθ)2 + λ

2πα′ τ
2gxxg̃

1
2
zz(∂µθ + 2A‖µ)2

]
(4.5.36)

Defining ϕ(z) and ϑ(z) as in (4.5.2) and Fourier transforming P(xµ), we can write the
equations of motion for A‖µ and θ as:

1

e−
1
2µ

2τ2
g̃

1
2
zz

∂z(e−
1
2µ

2τ2
gxxg̃

− 1
2

zz ∂zϕ(z))− kµ
2τ2

z2 (ϕ(z)− ϑ(z)) = 0 (4.5.37)

k
µ2τ2

z2 ∂zϑ(z) + q2∂zϕ(z) = 0 (4.5.38)
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These two equations can be combined into one by solving (4.5.37) for ϑ and inserting
this into (4.5.38).

e−
1
2µ

2τ2
τ2g2

xxg̃
− 1

2
zz ∂z

 1

e−
1
2µ

2τ2
τ2gxxg̃

1
2
zz

∂zψ
P (z)

− kµ2τ2

z2 ψP (z)− q2ψP (z) = 0(4.5.39)

where we have defined:

ψP (z) = −e−
1
2µ

2τ2
gxxg̃

− 1
2

zz ∂zϕ(z) (4.5.40)

and we have used the definition of k in (4.5.26). We can transform equation (4.5.39) to
a Schrödinger form following appendix D. Comparing (4.5.39) to (D.2) (and inserting
C(z) = 0) , we find:

A(z) = e
1
2µ

2τ2
τ−2g−1

xx g̃
− 1

2
zz , B(z) = e

1
2µ

2τ2
τ−2g−2

xx g̃
1
2
zz ,

M(z)
B(z) = k

µ2τ2

z2 .

(4.5.41)
Notice that the value of B/A coincides with those for the rest of modes and, therefore,
the Schrödinger coordinate u is the same for all the possible excitations. Let us compute
the IR (large u) leading behaviour of such a Schrödinger potential. It turns out to be
VIR(u) ≈ 9

4z4
Λ

(1 + 4k
3 )u2, as for the axials. The coefficient of this quadratic term is

what controls the slope of the Regge trajectories for highly excited mesons. Thus, the
outcome of the present model in this respect is that vectors and scalars have the same
Regge slope, whereas the slopes for axials and pseudoscalars coincide and are larger
than the vector one.

An important observation is that the natural normalization condition is not (D.4)
but, looking for the kinetic term of the pseudoscalar field in (4.5.36), we obtain:

(2πα′)2K

∫ zΛ

0
dze−

1
2µ

2τ2[ 1
g4
V

gxxg̃
− 1

2
zz (∂zϕn(z))2 + 4λ

2πα′ τ
2gxxg̃

1
2
zz(ϑn(z)− ϕn(z))2

]
= 1

2 .

(4.5.42)
Rewriting this expression in terms of ψP , we find:

1
2 = (2πα′)2K

g4
V

∫ zΛ

0
dz e

1
2µ

2τ2
g−1
xx

(
g̃

1
2
zzψ

P
n (z)2 + 2πα′

4λg4
V τ

2 g̃
− 1

2
zz (∂zψPn (z))2

)
=

= (2πα′)2K

g4
V

∫ ∞
0

du

(
gxxτ

2α(u)2 + 2πα′

4λ g4
V

e
1
2µ

2τ2
g
− 3

2
xx τ

−2
[
∂u

(
e−

1
4µ

2τg
3
4
xxτα(u)

)]2
)

(4.5.43)

where in the last line we have changed to the Schrödinger variables following the con-
ventions of appendix D. There are some subtleties related to the UV behaviour of
(4.5.43) which are worth explaining. Since the leading UV behaviour of our model is
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the same as in the hard wall [12], [13] or soft wall [14] models, the following arguments
are analogous in all these cases. However, we are unaware of any reference where the
discussion below is explicitly shown. It turns out that this UV behaviour is qualita-
tively different for massless (c1 = mq = 0) or massive (c1 ∼ mq > 0) quarks. We will
study both cases separately below.

4.5.4.1 The mq = 0 case
We will now study the qualitative properties of the physical spectrum for mq = 0. In
this case, the τ ∼ u3 near the UV and therefore Ξ = (AB)

1
4 ∼ u−

3
2 , which implies that

VUV (u) = 15
4u2 + . . . (4.5.44)

The first correction represented by the dots comes at order u3. One can then find
the UV expansion for α(u) that solves (D.6) in terms of the two integration constants
which we denote k1, k2 as α(u) = k1u

− 3
2 + 1

4k1m
2
nu

1
2 − 1

16k1m
4
nu

5
2 log u + k2u

5
2 + . . .

We now want to insert this in the last line of (4.5.43) and check whether the integral
converges near u = 0. The first term is always convergent so we focus on the second
term which behaves as

∫
0 duu

−3[∂u(u
3
2α(u))]2. Therefore, for mn = 0, this mode is UV-

normalizable irrespective of the values of k1 and k2. Thus, one can always tune k2/k1

in order to find a solution that is well-behaved in the IR. This means that for mq = 0
there is always a normalizable solution withmn = 0, which corresponds to the expected
massless Goldstone boson. On the other hand, if mn 6= 0, one has to impose k1 = 0
in order to have UV-normalizability. Then, as in a standard Sturm-Liouville problem,
there will be a discrete set of massive modes, where mn is selected by matching the
normalizable UV and IR behaviours.

In summary, for mq = 0 the UV structure of the Schrödinger potential and normal-
izability condition ensures the existence of a massless Goldstone boson together with a
discrete tower of massive excitations, as expected.

4.5.4.2 The mq 6= 0 case

Near the UV, we now have τ ∼ u and therefore Ξ = (AB)
1
4 ∼ u

1
2 , and

VUV (u) = − 1
4u2 + . . . (4.5.45)

where the first correction in the dots is O(u0). We can find again the UV solution in
terms of two integration constants α(u) = k1u

1
2 log u + k2u

1
2 + O(u

5
2 ). Now, requiring
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that the last term of (4.5.43) is UV-finite requires setting k1 = 0. Again, one has a
Sturm-Liouville problem with a discrete spectrum.

Figure 4.13 depicts a few Schrödinger potentials for the pseudoscalar mode, for
different values of c1.

Figure 4.13: On the left, we plot the associated Schrödinger potential for small quark
mass, concretely c1 = 0, 0.001, 0.005, 0.01. Even if the UV behaviour is completely different
for c1 = 0, we see that for small c1, the potential looks very similar to the massless case
except precisely around u = 0. On the right, we plot the same but with larger values of c1,
in particular c1 = 0, 0.5, 1, 2, 3. All plots have been done taking k = 12

π2 . As for the axial
case, increasing k amounts to pushing up the IR part of the potential.

Let us now look at the lowest-lying excitation when mq is small. This should be a
pseudo-Goldstone boson with its mass given by the Gell-Mann-Oakes-Renner relation.
One indeed can find this following the argument of [12]: for zero quark mass, the q2 = 0
solution of (4.5.37), (4.5.38) is given by ϑ(z) = −1, ϕ(z) = ψAq2=0(z)−1, where we have
defined ψAq2=0(z) as the solution at zero momentum of (4.5.25) with boundary condition
ψAq2=0 = 1. Consequently, regarding (4.5.30), z−1∂zψ

A
q2=0|z=0 = −6π2

Nc
f2
π . We now find

perturbatively the small m2
π solution just by integrating (4.5.38) and we obtain:

−1 = m2
π

∫
z2

µ2kτ2∂zψ
A
q2=0dz (4.5.46)

Using that this integral is dominated by the small z region and taking into account∫ z3

τ2 ≈
∫ z3

(c1z+c3z3)2 ≈ 1
2c1c3 , we can substitute the relations between c1, c3 and mq, 〈q̄q〉

(4.4.26), (4.4.27) together with (4.4.8), (4.5.20) and (4.5.26) to find the GOR relation
[40]:

−4mq〈qq̄〉 = m2
πf

2
π (4.5.47)

We have obtained this expression by making a series of approximations. However, we
can crosscheck it with the values for the mass obtained by the standard numerical
computation, see figure 4.14. (4.5.47) is very accurate for small masses. When going
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to larger masses (up to c1 ≈ 1), we can fit the mass of the lowest lying pseudoscalar to√
amq + bm2

q . We include here the masses of the first six pseudoscalar modes in terms
of c1

zΛm
(1)
P ≈

√
3.53c2

1 + 6.33c1 , zΛm
(2)
P ≈ 2.91 + 1.40c1 , zΛm

(3)
P ≈ 4.07 + 1.27c1 , (c1 ≤ 1)

zΛm
(4)
P ≈ 5.04 + 1.21c1 , zΛm

(5)
P ≈ 5.87 + 1.17c1 , zΛm

(6)
P ≈ 6.62 + 1.15c1 . (4.5.48)

where we have also set k = 18
π2 for this calculation.

Figure 4.14: We plot the mass of the lowest lying pseudoscalar as a function of c1 (namely,
the quark mass). On the left, we crosscheck the GOR relation (where for 〈qq̄〉, fπ we
have introduced the result found numerically in the chiral limit) to some points computed
numerically. The approximation is very good for small c1, and deviations start seeing visible
around c1 = 0.03. On the right, we have fitted b in the expression mπ =

√
−4mq〈qq̄〉

f2
π

+ bm2
q

and checked that the fit is rather good up to c1 = 1. the parameter k has been taken to
be 12

π2 in these plots.

4.5.5 Mesonic excitations: a brief phenomenological analysis

We now make a phenomenological analysis of our model by comparing our results for
the spectrum and the decay constants of light unflavored mesons to their experimental
values. An extensive study of meson spectrum appeared in [15], without including the
decay constants. We will fit the three parameters of the model, zΛ, c1 and k, using
mesons with isospin 1 and JPC = 1−−, 1++, 0−+, 0++. Since zΛ ∼ Λ−1

QCD and c1 ∼ mq,
it turns out that there is a single phenomenological parameter k, apart from those
inherent of QCD physics.

The experimental values of the meson masses which are used are quoted by [41].
We fit the three parameters of our model to the masses of the light mesons which

appear in table [4.1] and the decay constants appearing in [4.2]. To make the fit we
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minimize the rms error

εrms =
(

1
n

∑
i

(
δOi
Oi

)2) 1
2

(4.5.49)

where n is the number of the observables minus the number of the fitted parameters,
n = 9− 3. The values of the parameters minimizing εrms read

z−1
Λ = 549 MeV , c1lzΛ = 0.0094 , k = 18

π2 (4.5.50)

The rms error then is εrms = 14.5% and the comparison between the experimental and
model values appears in table (4.1), for the masses and in table (4.2), for the decay
constants.

JCP Meson Measured (MeV) Model (MeV) 100|δO|/O
1−− ρ(770) 775 800 3.2%

ρ(1450) 1465 1449 1.1%
1++ a1(1260) 1230 1135 7.8%
0−+ π0 135.0 134.2 0.5%

π(1300) 1300 1603 23.2%
0++ a0(1450) 1474 1360 7.7%

Table 4.1: The results of the model and the experimental values for light unflavored
meson masses.

JCP Meson Measured (MeV) Model (MeV) 100|δO|/O
1−− ρ(770) 216 190 12%
1++ a1(1260) 216 228.5 5.8%
0−+ π0 127 101.3 20.2%

Table 4.2: A comparison of the results to the experimental values for the decay constants
of light unflavored mesons.

4.6 Meson melting in the deconfined phase
We briefly discuss in this section the fate of the mesonic modes when the gauge theory
undergoes a deconfining phase transition [42], namely when we use the background of
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equation (4.3.8). The first observation is that, as we saw in section 4.4.2, the tachyon
cannot diverge at any point in this case and, therefore, the brane reaches the horizon,
and we only have “black hole embeddings", in analogy with the terminology introduced
in [43]. This means that there is no discrete spectrum above the deconfining phase
transition. When we are considering small quark masses, this is perfectly realistic.

However, in the real world, charmonium and bottomonium do survive the QCD
phase transition. We want to study this problem in the present model, and therefore
we will compute the spectral functions at different values of mq/T . In particular, we
will focus in the vector excitation.

We start by discussing the associated Schrödinger potential for the vector excita-
tion in the deconfined background, at zero momentum. The expressions in (4.5.7) are
modified to:

A(z) = e−
1
2µ

2τ2
g

1
2
xxg

1
2
tt g̃
− 1

2
zz , B(z) = e−

1
2µ

2τ2
g

1
2
xxg
− 1

2
tt g̃

1
2
zz , (4.6.1)

where one should remember that now gµν refers to the metric (4.3.8). Notice that
√
B/A

diverges at z = zT as a single pole, such that
∫ √

B/Adz diverges and the horizon z = zT

corresponds to u =∞ in the Schrödinger coordinate. V (u) is exponentially decreasing
for large u. For completeness, we write in appendix G the functions determining the
potential for the rest of modes. In figure 4.15, we show several examples of potentials
computed numerically, for different values of c1 ∼ mqzT ∼ mq/T . In the second and
third plots, we also compare it to the potentials in the confined phase for the same value
of c1. Namely, we show how the potentials for the vector excitations are modified at
the phase transition. They share the same UV behaviour, but are drastically modified
in the IR due to the different behaviour of the tachyon and the metric.

Figure 4.15: The Schrödinger potentials associated to the vector excitation in the de-
confined phase, at zero momentum, for different values of c1 ∼ mq/T . In the first plot
c1 = 0.01, 1, 2, 3, 4. The second and third plot (respectively c1 = 1, 2) make a comparison
with the potentials in the confined phase for the same values of c1.

In [46], it was shown that a step-like potential gives quasi-particle behaviour. More-
over, if the position of the step coincides with that of a barrier in the confined phase,
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4.6 Meson melting in the deconfined phase

the quasi-particle mass is related to the mass of the meson before the phase transition.
The third plot seems to point along that line. However, in the present model the po-
tentials for the deconfined phase are never step-like enough, nor present bumps, and
thus do not create sharp peaks in the spectral function, as we will see below.

Once we have the potentials, it is straightforward to compute the spectral function
from the retarded correlator which is computed following the prescription of [47]. In
practice, what one has to do is to impose ingoing boundary conditions at the horizon
(α(u) ∼ ei ω u near u = ∞)1 and find the behaviour of the wavefunction near the
boundary, namely compute b1, b2 matching the numerical result to the UV-expansion
(4.5.12). Then, the spectral function is given by:

ρ(ω) = −Im GR(ω) = Nc

3π2 Im
(
b2
b1

)
(4.6.2)

where we have replaced the parameters of our model by Nc
3π2 , using (4.5.20). We show

in figure 4.16 some examples of this computation. We have plotted 12π
Nc

ρ(ω)
ω2 in terms of

ω for various values of c1.

Figure 4.16: The spectral function (divided by ω2) in units of Nc
12π for c1 = 0.01, 1, 2, 3, 4,

from top to bottom.

In [44], a bottom-up holographic model was built in order to discuss the physics of
the J/Ψ above the phase transition (see also [45] for related work). In the model of
[44], there is also no discrete spectrum but, for low enough temperature, by engineering
the potential, the J/Ψ shows up as a peak in the spectral function (or, alternatively,
as a small negative imaginary part of the associated quasinormal frequency). Namely,
it has quasi-particle behaviour.

We now discuss the results comparing to [44]. The authors of [44] showed how the
Schrödinger potential should look like to find some qualitative physical properties of the

1Even if we use the notation with u since it is better for illustrative purposes, we have found easier
to perform the numerical computations in the z-coordinate.
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J/Ψ meson. In our model, the potentials are found dynamically, and look similar to [44]
except for the important fact that they fail to have the dip of [44]. As a consequence,
the J/Ψ decay constant is too low (see figure 4.9) and a clear peak in the spectral
function is absent. One may compare our figure 4.16 to figure 3 in [44].

It does not seem possible to introduce the dip feature in our model without inserting
at least a new scale in the problem. Notice that the ΛQCD does not play any role in the
deconfined case for the present model, apart from setting the value of T at which the
transition takes place. In other words, the zΛ does not appear at all in the deconfined
background. We speculate that one should modify the background by including some
dependence on ΛQCD in the deconfined phase in order to improve the model in these
respects. It would be interesting to investigate whether analyzing the tachyon action in
the less simple but well motivated backgrounds of “improved holographic QCD" models
[35] might ameliorate the issue along this path.

4.7 Discussion

4.7.1 Summary and general comments on the model
In this paper, we have analyzed in detail several issues of the holographic model pre-
sented in [15]. The main ingredient is to describe the open string (meson) physics by
using tachyon condensation, captured by Sen’s action [17], as first advocated in [16].
The “tachyon", namely the lowest lying bifundamental scalar of the brane-antibrane
system, is dual to the quark mass scalar bilinear operator and its condensation cor-
responds to chiral symmetry breaking. In order to make explicit computations, it is
necessary to give an explicit form of the tachyon potential and to choose a curved grav-
itational background. We have considered extremely simple possibilities for both, see
(4.4.4) and (4.3.2).

As we have already remarked, the model is inspired by string theory but is phe-
nomenological. It does not provide a well controlled approximation to string theory
in any limit. In this sense, it should be considered a bottom-up model. Neverthe-
less, the main point we want to make in this work is that it can be very useful to
incorporate top-down derived ingredients as (4.4.1) into bottom-up models. We will
make a comparison between qualitative properties of our model and the soft wall model
[14] and modifications thereof. Successes of [14] include a reasonable qualitative and
quantitative matching of properties of the measured mesonic states, including the Gell-
Mann-Oakes-Renner relation and the Regge trajectories. These are also found in our
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model, together with the following extra appealing properties, which are automatic in
our general set-up:

• The model incorporates confinement in the sense that the quark-antiquark po-
tential computed with the usual AdS/CFT prescription [49] confines. Moreover,
magnetic quarks are screened. The background solution stems from a gravita-
tional action, that allows, for instance, to compute thermodynamical quantities.
All of this are properties associated to the background geometry and were already
discussed in [21].

• The string theory nature of the bulk fields dual to the quark bilinear currents is
readily identified: they are low-lying modes living in a brane-antibrane pair.

• Chiral symmetry breaking is realized dynamically and consistently, because of the
tachyon dynamics. See [48] for discussion and possible solutions in the soft-wall
model context.

• In the present model, the mass of the ρ-meson grows with increasing quark mass,
or, more physically, with increasing pion mass. This welcome physical feature is
absent in the soft wall model, [14]. It occurs here because the tachyon potential
multiplies the full action and in particular the kinetic terms for the gauge fields,
which therefore couple to the chiral symmetry breaking vev. In our previous work
[15], we exploited this fact in order to fit the strange-strange mesons together with
the light-light mesons, with rather successful results. In [50], the authors added
the strange quark mass to the hard wall model and computed the dependence
of vector masses on the quark mass. In that case however, this dependence of
the vector masses originated only from the non-abelian structure and therefore
misses at least part of the physics1.

• The soft wall requires assuming a quadratic dilaton in the closed string theory
background. It has been shown that such a quadratic dilaton behaviour can never
be derived from a gravitational action while keeping the geometry to be that of
AdS.2. That the background is not found as a solution is a shortcoming if for
instance one wants to study the thermodynamics of the underlying glue theory.

1On the other hand, the quark mass dependence of the ρ-meson can be seen in different top-down
models, see [51] for a recent work in the context of the Klebanov-Strassler model.

2This was shown in the second reference of [8]. In [7] such behavior can be implemented for glue,
but the metric changes appropriately, an important ingredient for implementing confinement in the
glue sector.
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The thermodynamics of the soft wall model is therefore ill-defined. In the present
model, we found the background as a solution of a two-derivative approximation
to non-critical string theory, see section 4.3. In order to obtain Regge behaviour,
we also needed a further assumption: that the tachyon potential is asymptotically
gaussian. However, this is rather natural since this potential has appeared in the
literature, for instance [26; 27]. Still, we warn the reader that the formalism of
[26; 27] cannot be directly and controllably connected to the present setup.

• Considering that the dynamics is controlled by a tachyon world-volume action
automatically provides the model with a WZ term of the form given in [27; 52; 53].
We have not discussed this term at all in this work, but in [16] it was shown that
properties like discrete symmetries (parity and charge conjugation) and anomalies
are, in general, correctly described by analyzing this term.

In summary, we regard our model as being in the general framework of [14], but
with several qualitative improvements due to the dynamics built in the action (4.4.1).
Moreover, our starting assumptions are rather simple and well motivated from a top-
down perspective, such that the ad hoc input is scarce. It is also encouraging to find
that quantitative fits to experimental data are reasonably good, see [15] and section
4.5.5, but those are not the main aim of the present work.

We have also found several aspects in which the model does not capture features
which are known from perturbative QCD.

The main issue is the leading large q2 contribution to ΠV (q2) − ΠA(q2) as will
be discussed in section 4.7.3. We have also seen that our model does not work that
well for large quark masses1 as it would grossly underestimate the decay constants for
charmonium and no clear peaks are observed in the corresponding spectral functions
in the deconfined phase (see the discussion of section 4.6). It would be interesting to
know whether mild corrections of the model could ameliorate these issues or whether
these are unsurmountable differences of models of this class to actual QCD physics.

The behaviour of d〈q̄q〉
dmq

for small mq (figure 4.2) has been investigated in earlier
classic works [54]. However, the leading IR divergence-free correction, is of order 1/N2

at large N, originating from a pion loop, [55]. The leading-N corrections come from
the four-derivative terms and are dominated by the scalar meson contribution. The
behavior is qualitatively similar to what we find. For large mq we have not been

1Perhaps this is not surprising since for heavy quarkonium perturbative methods and in particular
non-relativistic QCD (see [56] for reviews) are accurate and it may be naive to expect that a dual
theory can be a good approximation to the physics.

116



4.7 Discussion

able to calculate the asymptotic behavior but generically speaking we do not expect
it to necessarily match that of QCD, as discussed in [54]. The reason is that the UV
asymptotics of the bulk gravity solution are not necessarily the same as in QCD.

4.7.2 Comments on effective actions for the open string
tachyon
The notion that a scalar bifundamental in a brane-antibrane system should be the
holographic dual of QCD-like chiral symmetry breaking is rather simple and robust,
see for instance [16; 57; 58; 59; 60].

What is not obvious, however, is which effective action is best in order to describe a
brane-antibrane system if curved spacetime. We have used the simple proposal of [17],
but one should keep in mind that other alternatives might also be useful. We provide
here a short guide to the literature on the issue.

Garousi and collaborators, starting from the early work [61], have tried to use
explicit string theory computations in order to constrain the tachyon generalization
of the DBI and WZ actions [62], see also [63]. In [28], an action for a Dp-D̄p system
based on a particular symmetriced trace prescription was proposed1. There are subtle
differences between the proposal of [28] and the one by Sen [17], which may have
dramatic consequences. In fact, we have checked that using the symmetrized trace
action of [28] for our model, one still finds Regge trajectories for vector and axial
mesons but the slope for the axials changes, see appendix H. The study of other physical
properties inferred from the action of [61] is beyond the scope of the present work.

In [64], it was discussed how to take into account the brane-antibrane distance in
the string action. This is important for holographic duals, specially if one wants to
insist in top-down approaches. A reason is that, in the weakly coupled picture, if one
has brane and antibrane on top of each other in flat space, the tachyon would create
a real instability (it cannot be compensated by the AdS curvature). Therefore one
should think of separated branes as in the Sakai-Sugimoto model [11]. With this in
mind, generalizations of [11], based on the action proposed in [64] where constructed
in [65].

In a beautiful recent paper [66], building on the work [67], Niarchos proposed a
1In [28], a trace is needed even for a single brane-antibrane pair since the degrees of freedom are 2×2

matrices. In order to non-abelianize the flavor group in our case, one should also deal with the problem
of how to implement traces on a non-abelian generalization of Sen’s action (4.4.1). Investigating the
physical consequences on the dual theory of this non-abelianization and of different proposals for the
effective action [62] would be very interesting, but is beyond the scope of the present work.
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different way of building the effective action which should better capture the physics of
a separated brane-antibrane system. This may be useful in holographic modeling and
in particular to improve the Sakai-Sugimoto model. We also refer the reader to [66] for
a more exhaustive overview of the literature of tachyon effective actions.

4.7.3 On the OPEs and the slope of the Regge trajectories
There has been some debate in the literature on whether the large Euclidean mo-
mentum behaviour of two-point correlators can be used to constrain the behaviour of
the QCD spectrum of excited mesons. The main point is to compare infinite sums like
(4.5.21) (or, more precisely, differences of such sums: vector minus axial or scalar minus
pseudoscalar) to the large q2 behaviour expected from the operator product expansion
(OPE). In particular, there is the question of whether different Regge slopes in the
vector and axial (or scalar and pseudoscalar) channels

(mV,A
n )2 ∼ Λ2

V,An+ const for large n (4.7.1)

are consistent with the OPEs. Notice that this is a theoretical question, irrespective of
the experimental observation of the spectra. Let us give a brief and incomplete overview
about the debate regarding this issue. For instance, in [68], a model with ΛV 6= ΛA was
put forward. Later, in [69], it was claimed that this model was inconsistent with the
OPEs, but the arguments of [69] were called into question in [70], due to subtleties in the
regularization of infinite sums like (4.5.21). More recently, works like [71; 72; 73] claim
that the Regge slopes should be equal whereas the opposite conclusion was reached in
[74; 75; 76].

We have found above that in our model, there are different asymptotic Regge slopes
ΛA > ΛV . However, the coefficients of the leading logarithms in the large q2 correla-
tor for vectors and axials coincide, consistently. In order to illustrate this fact, let us
remember that, asymptotically in the UV, our model resembles the soft wall of [14],
see equation (4.5.15). In the soft wall model, the Regge slope is controlled by the
constant c of (4.5.15), but the quotient F 2/Λ2 is independent of c [77]. This quotient
is indeed what controls the coefficient of the leading logarithm [70]. We thus have
limq2→∞

(
ΠV (q2)−ΠA(q2)

)
= 0 together with different Regge slopes. However, this is

not enough to comply with the OPEs. The leading contribution to
(
ΠV (q2)−ΠA(q2)

)
at large q2 should be of order q−4 because QCD does not have dimensionful quantities
that allow to rewrite for instance a q−2 term. We can resort to numerics to com-
pute

(
ΠV (q2)−ΠA(q2)

)
in our model and the result does not comply with the q−4

expectation. This fails in the axial channel as shown in appendix F.
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The obvious guess is that, since our holographic model is clearly not exactly QCD, it
includes operators or condensates which are absent in QCD, modifying the subleading
pieces of the correlators.

The same kind of problem is present for any holographic model we are aware of,
see [77] for a discussion concerning the soft wall1. However, this seems to us more of
a technical problem that may be resolved by finding the appropriate potentials than a
general obstruction to this class of models. Settling these issues requires further work.

4.7.4 Outlook

As we have discussed, our simple model is quite successful in describing many features
of QCD. A lot of effort has been devoted in bottom-up models to estimate other QCD
related properties as for example form factors, see for instance [78]. To reproduce such
computations in the present setting and compare the results is an interesting problem
that we leave open for the future. We have not studied non-trivial baryon number or
chemical potentials, which would clearly be worthy extensions of the model.

There are some aspects of the present that would be worth improving, like the
physics associated to heavy quarks (compared to the QCD scale). We have just ex-
plored the result of working with Sen’s action in the simplest confining holographic
background available in the literature [20; 21]. Therefore, it is still left to understand
the consequences of implementing the tachyon action in different backgrounds, as for
instance those which go under the name of improved holographic QCD [7; 35] or mod-
ifications thereof.

It could also be interesting to try to introduce the quarks beyond the quenched
approximation and therefore compute the backreaction of the tachyon action for the
fundamental fields on the gravity background. For a review of unquenched flavor in
critical (ten-dimensional) string theory backgrounds, see [79].

Of course, it would be worth to provide a non-abelian generalization of this model,
for which one should provide a technical prescription on how to take traces in the
action. Another line of obvious interest would be to use the model for baryons. Since
quark masses play a more dynamical role than in other bottom-up approaches, this
could be interesting for the physics of the sigma-term.

Finally, and most importantly, we would like to point out that using an effective
open string action like (4.4.1) in the framework of holography can well have interesting
applications beyond the realm of strong interactions. For instance, many bottom-up

1A.P. thanks O. Cata for a discussion on this subject.
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technicolor models have appeared in the literature, see [80] for a review. It is a very
interesting question to understand whether chiral symmetry breaking controlled by an
action like (4.4.1) may offer new dynamical possibilities for the modeling of electroweak
symmetry breaking. On the other hand, in the last years, many phenomenological
models have been constructed in order to address some issues of superconductors and
other condensed matter systems, for a review see [81]. Again, we would like to remark
that (4.4.1) could hopefully lead to interesting new dynamics in different set-ups.
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A Book-keeping summary of the parameters of the model

APPENDIX

A Book-keeping summary of the
parameters of the model

We summarize here the parameters of the our model. There are two parameters coming
from the background, the AdS radius R and the position of the cigar tip zΛ.

The action of the flavor brane-antibrane pair also includes α′ and two more param-
eters gV and λ which are related to the normalization of the vector and tachyon fields
respectively. The tachyon potential also includes two constants, K which is an overall
factor in front of the action and µ2. It should also noticed that µ can be absorbed
in τ(z) by redefining τ̃ → µτ . Then this parameter disappears from all equations.
We used µ2 = π, for the numerics through our analysis, but this does not affect any
physical results of our model.

Another parameter which exists in the model is c1 which appears in the UV asymp-
totic of the tachyon expectation value (4.4.7). c1 is proportional to the quark mass,
with a proportionality constant β which was introduced in (4.4.26), however β does
not appear in the equations for the spectrum or the decay constants, so its value is not
relevant for the model predictions.

In total we have the following parameters R, zΛ, α′, gV , λ, K and c1. R, α′ and
λ are related by equation (4.4.8), which relates the tachyon mass to the dimension of
its dual operator. Then, we relate gV and λ to the number of colors Nc in QCD by
matching the results of the vector and scalar two point functions as calculated in bulk
on the one hand and in QCD on the other hand. The results are given in (4.5.20),
(4.5.34), which relate gV to λ. Hence, finally the spectrum and the decay constants
depend on zΛ, c1 and a combination of R, gV and α′ which was named k and is given
by, (4.5.26),

k = 4R4g4
V

3(2πα′)2 (A.1)
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B Analysis of singularities in the tachyon
differential equation

B.1 Confining Background
In this appendix, we will investigate the existence of singular solutions of the tachyon
equation of motion (4.4.9). It was argued already that τ can diverge only at the tip
of the cigar. Therefore what is left to investigate is solutions where τ ′(z) diverges at
a point z0 ∈ [0, zΛ], but τ(z) remains finite at the same z0. We call these solutions
“spurious". Taking into account τ ′(z) � τ(z) in the neighborhood of z0, the leading
terms of Eq.(4.4.9) are the first and the second one. Hence, the leading order equation
is (we set µ = 1 in the sequel as it can be absorbed in the normalization of τ and
zΛ = 1)

τ ′′(z)− 4
3zf(z)τ(z) = 0 (B.1)

with solution in the vicinity of the divergence

τ ′(z) = 1√
g(z)

= 1√
C − 4

3z
2
(
1− 2

7z
5
) , τ(z) =

∫ z

0

dz√
g(z)

+ τ0 (B.2)

where g(z) = C − 4
3z

2
(
1− 2

7z
5
)
. The function g(z) has either one or three real roots.

In particular, there are the following three cases

1. C < 0 : There are no roots of g(z) in the interval [0, 1], since the only one root
is at z0 > 1. It should also pointed out that for z ∈ [0, 1], g(z) is negative so the
solution does not exist.

2. 0 < C < 20
21 : There is a single real zero at z0 ∈ [0, 1]. While, the other two real

zeros lie outside that interval.

3. When C = 20
21 the divergence happens exactly at the tip of the cigar.

4. C > 20
21 : Again there is no real zero in [0, z0].

If g(z) has a real root z0 ∈ [0, 1], then it follows from (B.2) that τ ′(z) diverges at
z = z0, but τ(z) is regular there. Only in case that z0 is a double root of g(z), both τ(z)
and τ ′(z) diverge at the same point. We are particularly interested in the above case
where the acceptable solution diverges at some point z0 in order to obtain the effect of
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chiral symmetry breaking in the dual quantum field theory. This is only managed if we
tune the initial conditions (C here). There are two possibilities which lead to a double
root of g(z), in the context of the above approximation

1. C = 0 : In that case the double root is at z0 = 0. Then, Eq.(B.1) has not real
solutions, so it is not considered here.

2. C = 20
21 : The double root now is at z = 1.

The only rigorous result of the aforementioned analysis is that “spurious" singular-
ities are generic if 0 < C < 20

21 .
If the tachyon diverges as a power law τ ∼ (z−z0)−a with a > 0, τ ′τ ∼

1
z−z0 and the

approximation described above is still valid, provided z0 6= 1. But then, this is not a
valid solution since the solution in the above approximation is of the form (B.2). This
excludes such a divergence if z0 6= 1.

The only other option of divergence of τ(z), and/or τ ′(z) at a point z0 ∈ [0, 1] is
the case where τ ′2τ term is dominating. The relevant equation then is

τ ′′(z) + τ ′(z)2τ = 0 (B.3)

which leads to

τ ′(z) = C e−
1
2 τ(z)2 (B.4)

For τ(z)� 1, an approximate solution to Eq.(B.3) is

1
τ(z)e

1
2 τ(z)2 ' Cz + . . . (B.5)

Therefore, τ(z) diverges only if z → ∞ which is not allowed in the present geometry
as z ∈ [0, 1]. Hence this case is excluded.

From the above mentioned, we conclude that the only place where τ(z) diverges
is at z = 1. In order to find the solution of diverging τ(z) we must tune the initial
conditions in the UV, see section 4.4. We also showed that “spurious" singularities in
the interior of the interval [0, 1] are generic for a range of initial conditions.

The existence of “spurious" singularities has been verified numerically, and it fits
the asymptotics (B.2). An example of this behavior is shown in Fig. 17. We solve
numerically eq. (4.4.9) for arbitrary initial conditions, meaning that the mass and the
vev are not tuned according to the plot in Fig. 4.2. In particular, we have chosen
c1 = 0.1, c3 = 0.439. In this case we notice that τ ′(z0) � τ(z0) at z0 = 0.8696 < 1.
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The right part of Fig.(17) includes the plot of the derivative of the numerical solution
(red line) and the expression for τ ′(z) given in Eq.(B.2) (dashed blue line), near z0.
On the left part we have plotted τ(z) and the asymptotic solution (B.2) (blue dots).
The parameters of the expressions in (B.2) are C = 2.71758 < 20

21π and τ0 = −0.28.
For those values the asymptotic solution (B.2) fits the numerical solution of the full
equation near z0.

Figure 17: An example of a solution of type which diverges at z0 = 0.8696 < 1 was found
numerically. The numerical solution and its derivative are compared to the asymptotic
solution

B.2 Deconfined Background
We now look for singular solutions of the tachyon equation of motion in the deconfined
background, Eq.(4.4.17). Considering again that τ ′(z) � τ(z) at the vicinity of z0,
with z0 being the point where τ ′(z0)→∞, the leading terms of Eq.(4.4.17) near z0 are

τ ′′(z) + z2

3 f(z)
(
−4
z

+ f ′(z)
2f(z)

)
τ ′(z)3 = 0 , (B.6)

where f(z) = 1− z5

z5
T
. The solution reads

τ(z) =
∫ z

0

dz√
C − 4

3z
2
(

1− 3
28

z5

z5
T

) + τ0 (B.7)

The function g(z) = C − 4
3z

2
(

1− 3
28

z5

z5
T

)
has a maximum in z = 0 and no other

extrema in the interval [0, zT ]. If this function is zero at some point z0, then τ ′(z0)
is infinite and τ(z0) is finite except if g(z0) = 0 has a double root. Similarly to the
confining background case, there are three choices
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1. C < 0 : g(z) is not zero in the interval [0, zT ].

2. 0 < C < 25
21z2

T : g(z) has one real root in the interval [0, zT ] which is not a double
root. When, C = 25

21 the root of g(z) is at z0 = 1.

3. C > 25
21z2

T : There is no root of g(z) in [0, zT ].

So, for a suitable range of the initial conditions (C) we may have a solution with
diverging τ ′(z) and finite τ(z) at some point z0 ∈ [0, 1]. A double root is possible to be
found in case of C = 0, and it is at z = 0.

The discussion about the case where the term τ ′2τ of Eq.(4.4.17) is leading, remains
the same as the one that follows Eq.(B.3) in the previous appendix. Therefore, in case
of the deconfined background tachyon cannot diverge in the interval [0, 1] but “spurious"
singularities of the form τ ′(z)� τ(z) exist in general.

C Scheme dependence of the condensate
and the constant α
We have introduced an arbitrary constant α in (4.4.24) associated to a counterterm that
gives a finite contribution and therefore cannot be fixed by demanding the cancellation
of divergences. This is a common situation in holographic renormalization and is related
to scheme dependence of renormalization in the field theory side, as we now discuss.

The gauge invariant composite operator q†LqR must be defined by a subtraction in
QFT. To asses what enters in such subtractions we must study the OPE q†L(x)qR(y)
as x → y. The operator can then be defined by point splitting, subtracting divergent
contributions, and then taking the limit x = y.

Apart from the identity operator, all other operators that can appear in the OPE
q†L(x)qR(y) do not provide divergences. These include the operator itself : q†L(x)qR(x) :
as well higher dimension operators. Therefore this composite operator can be defined
by normal ordering. To make this precise we use a Dirac basis, so that we have the real
part q̄(x)q(y) and the imaginary part q̄(x)γ5q(y). The imaginary part is finite and no
subtraction is needed. For the real part we introduce a momentum cutoff Λ as we will
be working in momentum space. We will therefore define

: q̄q := lim
Λ→∞

[
q̄q − a1Λ3 − a2mΛ2 − a3m

2Λ− a4m
3 log Λ2

m2 − a5m
3
]

(C.1)

where on the left-hand side we subtracted the most general expression of scaling di-
mension 3. This should be enough in a conformally invariant theory. If the theory is
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4. An AdS/QCD model from tachyon condensation: II

asymptotically free, as in QCD, more subtractions are necessary, as there is one more
relevant scale entering the problem, namely ΛQCD. However in the model we consider
in this paper, the physics in the UV is conformal so these subtractions are enough.

To establish the coefficients in (C.1) we must require that the (perturbative, short
distance) part of the vev is finite when we remove the cutoff. We have

〈: q̄q :〉 = lim
Λ→∞

[
〈q̄q〉 − a1Λ3 − a2mΛ2 − a3m

2Λ− a4m
3 log Λ2

m2 − a5m
3
]

(C.2)

We calculate (in Euclidean space)

〈q̄q〉 = −NcTr

∫
d4p

(2π)4
−iq/+m

q2 +m2 = −4Ncm

∫
d4p

(2π)4
1

q2 +m2 (C.3)

= −2NcΩ3m

∫ Λ2

0

p2dp2

p2 +m2 = −2NcΩ3m

[
Λ2 −m2 log Λ2 +m2

m2

]

= −2NcΩ3m

[
Λ2 −m2 log Λ2

m2 + O(Λ−2)
]

where Ω3 is the volume of th unit 3-sphere.
To renormalize we must choose

a1 = 0 , a2 = −2NcΩ3 = −a4 , a3 = 0 (C.4)

while a5 can be arbitrary. It is this arbitrariness that is reflected in the coefficient α in
the holographic renormalization setup in (4.4.27).1

In some cases, this scheme dependence can be fixed on physical grounds. For
instance, in supersymmetric cases, one can demand that the renormalized on-shell
action is zero, see [82] for an example. We could not find any convincing prescription
to fix α in the present case. A possibility would be to demand that the condensate
vanishes for asymptotically large quark masses, but we have checked numerically that
it is not possible. This is not surprising, since we have seen that our model works much
better for small masses than for large ones.

D Appendix: converting to Schrödinger
form
In many cases, it is useful to write down the Sturm-Liouville problem which determines
the spectrum of any given mode as a Schrödinger-like equation. Let us start by writing

1In a theory like QCD, the arbitrariness involves the addition of a finite function m3f
(

m
ΛQCD

)
that reflects the presence of an extra mass scale.
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a generic quadratic five-dimensional action for a field Ψ(xµ, z):

S = −1
2KΨ

∫
d4xdz

(
A(z)(∂zΨ)2 +B(z)ηµν∂µΨ∂νΨ + C(z)Ψ∂zΨ +M(z)Ψ2

)
,

(D.1)
where we have allowed an arbitrary constant multiplying the action. Let us consider
Ψ = eiqxψ(z) and define as m2

n the discrete set of values of −q2 which satisfy the
appropriate normalizability conditions of the Sturm-Liouville problem. The discrete
set of solutions satisfy the equation of motion extracted from (D.1):

− 1
B(z)∂z (A(z)∂zψn(z)) + h(z)ψn(z) = m2

nψn(z) (D.2)

where we have introduced:

h(z) ≡ 1
B(z)

(
M(z)− 1

2∂zC(z)
)
. (D.3)

We can define the orthonormality condition:∫
dzB(z)ψn(z)ψm(z) = δmn (D.4)

We now define a new radial variable u, and a rescaled field α in terms of a function Ξ
as:

du =
√
B(z)
A(z)dz , α = Ξψ , Ξ = (A(z)B(z))

1
4 , (D.5)

The Sturm-Liouville problem now takes the Schrödinger form:

−d
2αn(u)
du2 + V (u)αn(u) = m2

nαn(u) (D.6)

where the Schrödinger potential is:

V (u) = 1
Ξ
d2Ξ
du2 + h(u) (D.7)

Substituting (D.4) in (D.5), we find that in the new variables, the normalization con-
dition is the canonical one: ∫

duαn(u)αm(u) = δmn (D.8)

In order to estimate the mass of the modes with large eigenvalues, it is sometimes useful
to employ a WKB formula:

d(m2
n)

dn
= 2π

[∫ u2

u1

du√
m2
n − V (u)

]−1

(D.9)

where u1 and u2 are the classical turning points.
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E Two-point function and sum rules
We describe here how, typically, the bulk solution needed to compute a two-point
correlator from the gravity side can be written in terms of an infinite sum. Physically,
two-point functions at arbitrary momenta are expressed as a sum over the discrete set of
physical states. This is not a new result but, however, we believe that explicitly making
the discussion as shown below can be illustrative. We remark that the argument of this
appendix is not general in the sense that we have not included in the reasoning the
possibility of having counterterms or other subtleties which may to be dealt with in a
case by case basis.

Let us start with the equation:

− 1
B(z)∂z (A(z)∂zψ(z)) + h(z)ψ(z) = −q2ψ(z) (E.1)

where we have used the notation of appendix D. We want to find a solution ψq(z)
such that in the boundary ψq(0) = 1, and which is IR-normalizable. Our goal is to
write ψq(z) in terms of the discrete infinite set of solutions ψn(z) of the Sturm-Liouville
problem (D.2), normalized as (D.4). Let us momentarily change to the notation with
α(u), in which the problem is converted to:

−d
2α(u)
du2 + V (u)α(u) = −q2α(u) (E.2)

and the discrete spectrum is αn(u) with (D.8) as normalization and the completeness
relation: ∑

n

αn(u)αn(u′) = δ(u− u′) (E.3)

We introduce:
G(u, u′) = −

∑
n

αn(u)αn(u′)
q2 +m2

n

(E.4)

such that it is a Green function,
[
d2

du2 − V (u)− q2
]
G(u, u′) = δ(u− u′). Let us assume

now that the UV boundary is at u = 0 and that UV-normalizability implies that
αn(0) = 0, such that G(0, u′) = 0. Regarding (D.5), αq = Ξψq, such that for generic
momentum the UV condition is αq(0) = Ξ(0). The solution we are looking for reads:

αq(u) = Ξ(u) +
∫ ∞

0
G(u, u′)(h(u′) + q2Ξ(u′))du′ (E.5)

We can translate this back to the original variables. After some manipulations, we get
our final result:

ψq(z) = 1−
∑
n

ψn(z)
m2
n

∫ ∞
0

h(z′)B(z′)
Ξ(z′) ψn(z′)dz′ − q2A(0)

∑
n

ψn(z)ψn(0)
m2
n(q2 +m2

n) (E.6)
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Two-point correlators are built from the on-shell action associated to this solution,
which can be typically found by computing the derivatives fo ψq(z) at the boundary.
From the last term in (E.6) one can find the decay constants of the states in the
spectrum, as in section 4.5.1.3. The second term is q-independent and in fact it can
be thought of as the q2 = 0 contribution. For the axial excitation, this is related to
the pion decay constant whereas for the vector excitation, this term is absent since
h(z) = 0 in that case.

F Axial current-current correlator
The axial current-current correlator is now derived following the same procedure as
in section (4.5.1.2). We are interested in the two point function in the limit of large
Euclidean momenta. We expect that the leading term will be the same as in the vector
current correlator, but the subleading term is different.

We define the correlator as

∫
x
eiqx < Jµ(x)Jν(0) >= (q2ηµν − qµqν)ΠA(q2) (F.1)

This is calculated by differentiating twice the on-shell bulk action. Integrating by parts
(4.5.24) we find

SA,reg = (2πα′)2

g4
V

K

∫
d4q

(2π)4

(
e−

1
2µ

2τ2
gxxg̃

− 1
2

zz Aµ(q, z)∂zAµ(−q, z)
)
z=ε

(F.2)

where Aµ(q, z) = ψA(q, z)A0(q). Then, we insert the asymptotic solution (4.5.28) into
the action

SA = (2πα′)2

g4
V

KR

∫
d4q

(2π)4A
0
µ(q)Aµ0 (−q)

(
2b2(q) + (q2 + kµ2c2

1)(1
2 + log ε)

)
(F.3)

where we have set b1 = 1. The last term is cancelled by the corresponding counterterm
from (4.5.4), so after differentiating twice with respect to A0(q) we find the final answer

ΠA(q2) = −4KR(2πα′)2

g4
V

b2(q)
q2 (F.4)
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We now compute b2(q) for large q2, similarly with section (4.5.1.2). We convert (4.5.25)
to Schrödinger form. Then, the new variable u reads

u ' z , u ' zΛ√
3
µτ (F.5)

in the UV and IR respectively. We calculate the asymptotic behavior of the Schrödinger
potential in the UV and IR

VUV '
3

4u2 + kµ2c2
1 , VIR ' c2u2 (F.6)

where c2 = 1
z4
Λ

(
9
4 + 3k

)
. Adding these two contributions we finally find the equation

of motion the axial modes

−∂2
uα+

( 3
4u2 + kµ2c2

1 + c2u2
)
α+ q2α = 0 (F.7)

where α(u) ' u−
1
2ψA(u) near z = 0. Its general solution reads

α(u) = k1
e
−cu2

2
√
u
U

(
q2 + kµ2c2

1
4c , 0, cu2

)
+ k2

e
−cu2

2
√
u
L−1

(
q2 + kµ2c2

1
4c , 0, cu2

)
, (F.8)

we set k2 = 0, since the generalized Laguerre polynomial is going to infinity in the IR.
k1 is found such that limz→0 ψ

A(q, z) = 1

ψA = q2 + kµ2c2
1

4c Γ
(
q2 + kµ2c2

1
4c

)
e
−cu2

2 U

(
q2 + kµ2c2

1
4c , 0, cu2

)
(F.9)

By expanding the solution for large momenta we find

lim
q2→∞

b2
q2 = 1

4 log q2−1
4(1+log 4−2γ)+kµ2c2

1(2γ − log 4 + log q2)
q2 + 3k2µ4c4

1 − 8c2

24q4 +. . .

(F.10)
and eventually

ΠA(q2) = −KR(2πα′)2

g4
V

(
log q2 − (1 + log 4− 2γ) + 4kµ

2c2
1(2γ − log 4 + log q2)

q2 + 3k2µ4c4
1 − 8c2

6q4 + . . .

)
(F.11)

We notice that for c1 = 0 the result coincides with the vector current two point function.
The 1/q2 term, which is absent in the QCD result, comes from the mass term of the
axial field (∼ τ2AµA

µ), see (4.5.24).
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G Excitation equations in the deconfined phase

G Excitation equations in the deconfined
phase
We assemble here the the Shrödinger functions, as defined in Appendix B, for the
equations of motion of field excitation modes in the deconfined background (4.3.8), at
vanishing spatial momentum. These modes satisfy an equation of the form (D.2) but
there is no discrete spectrum.

In case of the vector excitations, we have already mentioned the functions giving
rise to the Schrödinger potential approach in (4.6.1). Then, the variable u reads

u =
∫ z

0

√
g̃zz(z̃)
gtt(z̃)

dz̃ , (G.1)

which remains the same for all different excitations.
For axial-vector mesons A(z) and B(z) are the same as for the vectors (4.6.1), but

now we also have:

h(z) = M(z)
B(z) = kµ2 τ

2

z2 fT (z) . (G.2)

The Schrödinger functions appearing in the equations of motion of scalar excitation
modes are

A(z) = e−
1
2µ

2τ2
g

3
2
xxg

1
2
tt

gzz

g̃
− 3

2
zz

, B(z) = e−
1
2µ

2τ2
g

3
2
xxg
− 1

2
tt

gzz

g̃
1/2
zz

,

C(z) = −2µ2e−
1
2µ

2τ2 g
3
2
xxg

1
2
tt

g̃
1/2
zz

τ(z)∂zτ(z) , M(z) = µ2

2πα′ λe
− 1

2µ
2τ2(µ2τ2 − 1)g

3
2
xxg

1
2
tt g̃

1
2
zz .(G.3)

The function M(z), B(z) and C(z) combine to give a quite simple expression for the
h(z) defined in (D.3):

h(z) = − 3
z2 fT (z) (G.4)

Finally, for the pseudoscalars we have

A(z) = e
1
2µ

2τ2
τ−2g

− 3
2

xx g
1
2
tt g̃
− 1

2
zz , B(z) = e

1
2µ

2τ2
τ−2g−2

xx g̃
1
2
zz , h(z) = M(z)

B(z) = k
µ2τ2

z2 fT (z) .

(G.5)
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H The action with the symmetric trace
and Regge slopes
In [28], Garousi proposed an effective action for the brane-antibrane system which has
subtle difference with respect to Sen’s one [17], which we have used in this work. One
may wonder what would be the physical consequences of using such an action in our
model. We focus in this appendix on the behaviour of the spectra of highly excited
vectors and axial vectors. The equations for the vectors are not modified with respect
to the main text. The equations for the axials are different. It turns out that they
still obey a Regge law m2

n ∝ n for large excitation number n but with different slope
compared to the main text. This slope is still larger than the one for vectors. We will
not deal in the present work with other possible phenomenological implication of this
different tachyon action.

Garousi’s action reads1:

S = −STr
∫
d4xdz e−T̂

2
√
−det(gMN + F̂MN +DM T̂DN T̂ ) (H.1)

where hatted symbols are 2x2 matrices:

T̂ =
(

0 T

T ∗ 0

)
, F̂MN =

F (L)
MN 0
0 F

(R)
MN

 , DM T̂ =
(

0 DMT

(DMT )∗ 0

)
. (H.2)

with F (i)
MN = ∂MA

(i)
N −∂NA

(i)
M and DMT = ∂MT+i(A(L)

M −A
(R)
M )T = ∂MT+2iAMT the

usual field strength and covariant derivative, where the definition (4.5.1) has been sub-
stituted. The STr means that one has to symmetrice in F̂MN , DM T̂ , T̂ after expanding
the square root, and then take the trace.

The expression (H.1) is quite involved but we will see that in the particular case we
are interested, one can deal with it: we will consider quadratic excitations of the gauge
fields, while the tachyon phase is set to a trivial constant and the tachyon modulus is
a non-trivial z-dependent function (so we have to keep all orders in τ , ∂zτ). We again

1We adapt it to our present framework, for instance defining the covariant derivative with a different
sign and disregarding the Bµν field. With respect to the main text, we will fix the value of some of the
constants that we have defined, namely g2

V = 2πα′, λ = 1/(2πα′), K = 1, µ2 = 2. Regarding (4.4.8),
this implies R2 = 3/2. This is inessential (the constants can be easily restored) and we have done it
for the sake of clarity of the equations. Our convention will be that indices M,N running over the
five space-time coordinates are contracted with the metric gMN whereas indices µ, ν running over the
Minkowski directions are contracted with the flat metric ηµν .
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take a gauge with A(i)
z = 0. This is enough to compute the vector and axial spectrum

in the tachyon background.
So let us compute the quadratic expansion in gauge fields. There are terms in A2

µ

coming from the covariant derivatives and terms with F (i)2. In principle, there could be
terms with, schematically, iτ∂zτAF coming from a DTDT F product, but these terms
would make the action complex and are removed by the symmetric trace prescription.
In the following, we make the computation in two steps: we first compute the A2

µ terms
and then compute the F 2 terms.

In order to compute the A2
µ terms, we can consider the action:

SA2 = −STr
∫
d4xdz e−T̂

2
√
−det(gMN +DM T̂DN T̂ ) =

= −
∫
d4xdz

√
−det g STr

[
e−T̂

2
√

det(δMN +DM T̂DN T̂ )
]

(H.3)

We now compute the determinant. Being inside a STr, the T̂ matrices can be considered
as commuting objects, so

√
det(δMN +DM T̂DN T̂ ) =

√
1 +DM T̂DM T̂ . We have to

expand the square root. In order to simplify notation, let us define sj , the coefficients
of such expansion:

√
1 + ξ =

∞∑
j=0

(−1)j+1 (2j − 3)!!
j!2j ξj ≡

∞∑
j=0

sjξ
j (H.4)

Thus, also expanding the exponential:

LA2 = −
√
−det g

∞∑
k=0

(−1)k

k!

∞∑
j=0

sjSTr
[
T̂ 2k(DM T̂DM T̂ )j

]
(H.5)

The next step is to perform the symmetriced trace, and a major simplification comes
out because of the particular computation we are doing. Define:

Ĵ1 =
(

0 1
1 0

)
, Ĵ2 =

(
0 −1
1 0

)
(H.6)

such that (use T = T ∗ = τ):

T̂ = τ Ĵ1 DM T̂ = ∂Mτ Ĵ1 − 2iAMτ Ĵ2 (H.7)

The order zero term in AM , i.e. the action for the tachyon modulus is just

Lτ = −2
√
−det g e−τ2

√
1 + ∂Mτ∂Mτ , (H.8)

the same used in the main text. This means that the discussion of section 4.4 still
holds.
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We now isolate the quadratic term in AM . One out of the j factors of (DM T̂DM T̂ )j

has to be g−1
xx (−2iτ Ĵ2)2AµA

µ while the other j−1 factors are Ĵ2
1g
−1
zz (∂zτ)2 each. Notice

there cannot be crossed terms because ∂MτAM = 0 in the case we are conisdering.
Thus:

LA2 = −g−1
xx

√
−det g

∞∑
k=0

(−1)k

k!

∞∑
j=0

sjj τ
2k(g−1

zz (∂zτ)2)j−1(−4AµAµτ2)STr
[
Ĵ2k+2j−2

1 Ĵ2
2

]
(H.9)

The j at the beginning of the second line of course comes because the AµAµ term can be
chosen from any of the j factors in (DM T̂DM T̂ )j . In order to perform the symmetriced
trace, notice that, in general:

STr[Ĵ2n
1 Ĵ2

2 ] = 1
2n+ 1

(
(n+ 1)Tr[Ĵ2

2 ] + nTr[Ĵ1Ĵ2Ĵ1Ĵ2]
)

= − 2
2n+ 1 (H.10)

where we have used that Ĵ2
1 is the 2x2 identity matrix and Tr[Ĵ1Ĵ2Ĵ1Ĵ2] = −Tr[Ĵ2

2 ] = 2.
Substituting:

LA2 = −8g−1
xx

√
−det g

∞∑
k=0

(−1)k

k! τ2k+2
∞∑
j=0

sjj (g−1
zz (∂zτ)2)j−1AνA

ν 1
2k + 2j − 1

(H.11)
We should now resum the series. Let us use the identity1:

∞∑
i=0

1
i!x

i
∞∑
j=0

j sj
2i+ 2j − 1y

j = y

2

∫ 1

0

exa
2√

1 + y a2da (H.12)

Using x = −τ2 and y = g−1
zz (∂zτ)2, we finally find:

LA2 = −4g−1
xx

√
−det g τ2AνA

ν
∫ 1

0

e−τ
2a2√

1 + g−1
zz (∂zτ)2a2

da (H.13)

Let us now compute the F 2 terms. We want to expand the determinant of (H.1) to
second order in F̂ but to all orders in DzT̂DzT̂ . The determinant reads:

−det(gMN+F̂MN+DM T̂DN T̂ ) = g4
xx(gzz+DzT̂DzT̂ )+1

2 F̂µνF̂
µνg2

xx(gzz+DzT̂DzT̂ )+g3
xxF̂

2
µz

(H.14)
and thus the F 2 contribution to the square root is:

1
4g

1
2
zz

√
(1 + g−1

zz DzT̂DzT̂ )F̂µνF̂µν + 1
2gxxg

− 1
2

zz
1√

1 + g−1
zz DzT̂DzT̂

F̂ 2
µz (H.15)

1In order to prove this, notice that
∑∞

j=0 jsjy
j = y

2
√

1+y and consider an auxiliary function g(a) =∑∞
i=0

1
i!x

i
∑∞

j=0
j sj

2i+2j−1y
ja2i+2j−1 such that ∂ag(a) = a−2exa

2 a2 y

2
√

1+a2 y
. Since g(0) = 0 and g(1) is

what we want to compute, we arrive at (H.12).
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Let us start by computing the term with F̂µνF̂µν . We have to expand before taking the
symmetrized trace. Notice that now DzT̂ = ∂zτ Ĵ1 up to subleading terms. To shorten
notation, we define:

x ≡ −τ2 , y = g−1
zz (∂zτ)2 (H.16)

The F̂µνF̂µν term in the lagrangian density (H.1) then reads:

LF 2
µν

= −1
4g

1
2
zz

∞∑
k=0

xk

k!

∞∑
j=0

sjy
jSTr[Ĵ2k+2j

1 F̂µνF̂
µν ] (H.17)

It is now easy to compute the symmetriced trace:

STr[Ĵ2k+2j
1 F̂µνF̂

µν ] = 1
2k + 2j + 1

(
(k + j + 1)Tr[F̂µνF̂µν ] + (k + j)Tr[Ĵ1F̂µν Ĵ1F̂

µν ]
)

(H.18)
Now, Tr[F̂µνF̂µν ] = F

(L)
µν Fµν(L) + F

(R)
µν Fµν(R) which, splitting in vector and axial part

and using notation of section 4.5 gives Tr[F̂µνF̂µν ] = 2VµνV µν + 2AµνAµν . Similarly,
Tr[Ĵ1F̂µν Ĵ1F̂

µν ] = 2F (L)
µν Fµν(R) = 2VµνV µν−2AµνAµν and we find STr[Ĵ2k+2j

1 F̂µνF̂
µν ] =

2VµνV µν + 2
2i+2j+1AµνA

µν . Inserting this in (H.17):

LF 2
µν

= −1
4g

1
2
zz

∞∑
k=0

xk

k!

∞∑
j=0

sjy
j
(

2VµνV µν + 2
2i+ 2j + 1AµνA

µν
)

=

= −1
2g

1
2
zz

[
ex
√

1 + yVµνV
µν +

(∫ 1

0
ea

2x
√

1 + a2yda

)
AµνA

µν
]

(H.19)

The fact that for non-trivial tachyon the symmetric trace produces a coupling between
the left and right gauge fields was already pointed out in [28]. It results in different
kinetic terms for vectors and axials. We skip the details of the similar computation
leading to F̂ 2

µz:

LF 2
µz

= −gxxg
− 1

2
zz

[
ex

1√
1 + y

(∂zVµ)2 +
(∫ 1

0
ea

2x 1√
1 + a2y

da

)
(∂zAµ)2

]
(H.20)

By comparing (H.19), (H.20) to (4.5.5), we find that the quadratic action for the vector
excitation is identical regardless the choice between Sen’s and Garousi’s actions. Nev-
ertheless, the axial part changes. From (H.19), (H.20) it can be read that, introducing
notation of appendix D:

Laxial = −
[1

2B(z)AµνAµν +A(z)(∂zAµ)2 +M(z)A2
µ

]
(H.21)
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with:

A(z) = gxxg
− 1

2
zz

∫ 1

0
e−τ

2a2
(√

1 + a2g−1
zz (∂zτ)2

)−1
da ,

B(z) = g
1
2
zz

∫ 1

0
e−τ

2a2
√

1 + a2g−1
zz (∂zτ)2da ,

M(z) = 4gxxg
1
2
zzτ

2
∫ 1

0
e−τ

2a2
(√

1 + a2g−1
zz (∂zτ)2

)−1
da (H.22)

In order to proceed further, we need estimate the integrals near the IR, where z → zΛ

and the tachyon diverges, see section 4.4.1. We will use that in the limit where −x� 1
and y � 1 with − y

x � 1, it happens that:

∫ 1

0
ex a

2
√

1 + y a2da ≈ −
√
y

2x ,

∫ 1

0
ex a

2(
√

1 + y a2)−1da ≈
log

(
y
−x

)
− γ + 2 log 2
2√y

(H.23)
where γ is Euler’s constant. The first equality is just found by neglecting the 1 inside the
square root. For the second computation, it is not possible to directly neglect the 1 since
the result would be divergent, but one can express the integral as

∫ 1
0 (
√

1 + y a2)−1da+∫ 1
0 (ex a2 − 1)(

√
1 + y a2)−1da, such that the first integral can be done explicitly and in

the second one the 1 inside the square root can be neglected.
We are now ready to compute the leading IR behaviour of the Schrödinger potential

which will determine the behaviour of the highly excited states. We will use that near
the IR (zΛ − z � 1), we have:

gxx ≈
R2

z2
Λ
, gzz ≈

R2

z2
Λ

zΛ
5(zΛ − z)

, τ =
√
−x ≈ C (zΛ − z)−

3
20

g−1
zz (∂zτ)2 = y ≈ 9zΛC

2

80R2 (zΛ − z)−
13
10 (H.24)

From (H.22)-(H.24) one can readily check that limz→zΛ M(z)/B(z) = 0 and therefore
the term h(u) does not contribute in the IR to the Schrödinger potential (D.7). On the
other hand, we can obtain the relation of the z-coordinate to the u-coordinate of the
Schrödinger problem (D.5):√

B(z)
A(z) ≈

3zΛ
20

(zΛ − z)−1√
− log(b(zΛ − z))

, u ≈ 3
10zΛ

√
− log(b(zΛ − z)) . (H.25)

where b is a positive constant that will not be important in the following. We also
compute:

Ξ = (AB)
1
4 ∼ e

− 5u2
6z2Λ (H.26)
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where we have not written multiplicative constants and powers of u which do not affect
the leading IR behaviour of the Schrödinger potential. Finally, from (D.7) we find

V (u) ≈ 25
9z4

Λ
u2 (H.27)

Since we have a quadratic potential in the IR, the behaviour for asymptotically highly
excited axials is still Regge-like. Unlike in the main text - section 4.5.2.1 -, the slope
found using Garousi’s action does not depend on the constant k. Comparing to the
vector modes - section 4.5.1.1 -, we see that the Regge slope for the axials is slightly
larger, in particular Λ2

A/Λ2
V = 10/9, where ΛV,A are defined as in (4.7.1).
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5.1 Abstract
The transverse part of the vector-axial vector flavor current correlator in the presence
of weak external electric field is studied using holography. The correlator is calculated
using a bottom-up model proposed recently, that includes both contributions of higher
string states and the non-linear dynamics of the chiral condensate. It is shown that
for low momenta the result agrees with the relation proposed by Son and Yamamoto
motivated by a simpler holographic model. This suggests that the Son-Yamamoto rela-
tion is generically valid in the IR of models with the proper chiral symmetry breaking

147

http://hep.physics.uoc.gr/~kiritsis/
http://arxiv.org/abs/arXiv:1003.2377
http://arxiv.org/abs/arXiv:1010.0718


5. Vector-axial vector correlators in weak electric field and the
holographic dynamics of the chiral condensate

pattern.

5.2 Introduction
Global symmetries of class3ical field theories which fail to survive quantization of the
theory lead to quantum anomalies. These appear as the non-invariance of the quan-
tum effective action under the symmetry transformation and as the violation of Ward
identities of certain correlators. One such example is the chiral (triangle) anomaly
with one axial and two vector currents. The longitudinal part of that correlator is not
renormalized as was shown by Adler and Bardeen, [1]. However, the transverse part is
not necessarily constrained.

This correlator is of importance in the context of the calculation of the two-loop
electroweak radiative corrections to the muon anomalous magnetic moment, an im-
portant precision observable. In this context the transverse part of the vector - axial
vector QCD flavor current correlator in the presence of weak electric field was stud-
ied in [2] and [3]. The physical significance of the above correlator led to its further
study both in perturbative QCD and in the strong coupling limit, in [4] and [5]. A
non-renormalization theorem beyond the one-loop term was proved, perturbatively.

At the non-perturbative level, the correlator was studied using the operator product
expansion, see [2], [3] and [4]. There it was shown that the first most important non-
perturbative correction at high momenta is non-perturbative, due to chiral symmetry
breaking. In the absence of a model for the non-perturbative dynamics, only a high-
momentum estimate can be done using the operator product expansion.

The first non-perturbative correction scales like 1/q6 at large q and is generated
by the expectation value of the dimension three (in the UV) antisymmetric tensor
current, Jµνij ∼ ψ̄iRσ

µνψjL. To be more precise, the general form of the vector-axial
vector correlator is, [4]

〈T{Jaµ(q)Jb (5)
ν (p)}〉F̂ = −Tr(Q tatb) 1

4π2 (2π)4δ4(q + p)
{
wT (q2)(−q2Oµν + qµq

σOσν − qνqσOσµ)

+ wL(q2)qνqσOσµ
}

(5.2.1)

where Q is the electric charge matrix and ta are the flavor matrices. The leading
contribution comes from the dimension 2 operator Oµν = 1

2εµνρσF
ρσ and the coefficients

read w1 loop
L = 2w1 loop

T = 2Nc
q2 , where F ρσ is the electromagnetic field strength tensor

and Nc the number of colors. In the chiral limit the next contribution comes from
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non-perturbative effects (non-trivial vevs) and in the large Nc limit it reads

Oµν = εµνρσ〈ψ̄RψL〉〈ψ̄RσρσψL〉 (5.2.2)

Its coefficient is computed at short distances and is wnon pert.T ∼ αs
q6 , where αs is the

QCD fine structure constant. It should be emphasized that the longitudinal part does
not receive any correction beyond the one-loop result. Therefore, for the subleading
corrections, and in particular for the correlator at lower values of q near the QCD scale
one must have a non-perturbative setup in order to compute them.

In [6] a simple ansatz was used for the quadratic action of the bulk gauge fields dual
to the axial and vector currents. This ansatz appeared in earlier bottom up models for
Mesons like the “cosh" model [7], or the top down Sakai-Sugimoto model, [9]. In the first
model the chiral symmetry breaking is done by appropriate IR boundary conditions,
while in the second by the dynamics of the brane embedding in the higher dimensional
space.

Son and Yamamoto (SY) have shown that for this class of actions, a relation holds
between the transverse correlator wT in (5.2.1) above and the difference between the
axial-axial and vector-vector correlators, namely

wT (q) = Nc

q2 −
Nc

f2
π

[ΠA(q)−ΠV (q)] (5.2.3)

where the transverse current two-point functions in momentum space are defined as∫
d4xd4yeiqx+ipy〈T{Ja(V/A)µ(x)Jb(V/A) ν(y)}〉 = δab(q2ηµν−qµqν)ΠV/A(q2)(2π)4δ(4)(p+q)

(5.2.4)
It is noted that in perturbative massless QCD, only the first (one-loop) term in (5.2.3)
is non-zero, and the rest vanish (as they are non-perturbative)

The following points were made in [6]:

• Relation (5.2.3) implies sum rules for vector and axial vector resonances that
resemble the ’t Hooft matching conditions for anomalies.

• Such sum rules seem phenomenologically successful at low values of momenta.

• At large values of momenta, it is expected, based on the OPE in massless QCD,
that beyond perturbation theory, both the left and right-hand side in (5.2.3)
behave as 1/q6.

• For the “cosh" model and the Sakai-Sugimoto model that realize the action
ass3umed in [6] the non-perturbative contributions on both sides of (5.2.3) are
exponentially suppressed in q2 rather than power-suppressed.
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• A similar analysis in the hard-wall model, [16], has provided a different relation
namely in the UV

wT (q) = Nc

q2 −
48π2

q2 [ΠA(q)−ΠV (q)] (5.2.5)

while in the IR, it was found that (5.2.3) is true at q2 = 0.

Although the particular models in [7] and [9] satisfying the SY relation (5.2.3) have
both sides in disagreement with QCD, Son and Yamamoto suggested that the relation
be valid in real QCD, [6].

This claim was subsequently analyzed in [8] who tried to test it in perturbation
theory, valid at very high energy. However, as mentioned, the SY relation seems triv-
ially satisfied in massless perturbative QCD, and therefore any non-trivial test must
approach the massless limit by starting first from the massive theory. Indeed, in [8]
such a limit was devised, and by removing in a specific order the regulator and taking
the quark mass to zero, they have claimed that the relation fails. Despite this claim,
it may still be possible for the relation to be valid if a different sequence of limits is
devised, or the limit is defined in a different way.

At this stage we are faced with two questions:

• How robust is the validity of the SY relation at low energies? In particular how
much is it affected by the dynamics of the chiral condensate?

• Is the SY relation valid at arbitrarily high momenta? In particular is there an
appropriate massless limit in QCD compatible with (5.2.3)?

In the present work, we will try to answer (at least partly) the first of the previous
two questions. We will revisit the axial correlator in question, and its calculation from
holography. We will use a setup that contains contributions from higher-spin states and
models the dynamics of the chiral condensate in a more realistic fashion. We will find
that the low energy structure of the transverse correlator is robust and the SY relation
holds at low enough energy. We will also comment on the high-energy structure of the
model.

To motivate the setup it is important to revisit the low-dimension operators (di-
mension=3) in the flavor sector and their realization in string theory. At the spin-zero
level we have the (complex) mass operator

ψ̄iRψ
j
L ↔ Tij (5.2.6)
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dual to a complex scalar transforming as (Nf , N̄f ) under the flavor symmetry U(Nf )R×
U(Nf )L. At the spin-one level we have the two classically conserved currents

ψ̄iLσ
µψjL ↔ AµL,ij , ψ̄iRσ̄

µψjR ↔ AµR,ij (5.2.7)

They transform in the adjoint of the U(Nf )R respectively the U(Nf )L symmetry. The
flavor symmetry is expected to arise in string theory from Nf flavor branes (R) and Nf

favor antibranes (L). The precise realization and dimensionality of the branes depends
on the theory. In the most popular top-down theory of Sakai and Sugimoto, [9] the
flavor branes are 8-dimensional (while the full bulk is 10-dimensional and the gauge
theory 5 dimensional) while in a 5-dimensional setup expected to hold for the minimal
YM realization, the favor branes are expected to be space-filling D4 branes, [10]. Due
to the quantum numbers, the vectors are the lowest modes of the fluctuations of the
open strings with both ends on the D branes (AµR), or the anti-D branes , AµL.

The bifundamental scalar T, on the other hand, is the lowest mode of the D − D̄
strings, compatible with its quantum numbers. Its holographic dynamics is dual to the
dynamics of the chiral condensate. This is precisely the scalar that in a brane-antibrane
system in flat space is the tachyon whose dynamics has been studied profusely in string
theory, [11]. It has been proposed that the non-linear DBI-like actions proposed by
Sen and others are the proper setup in order to study the holographic dynamics of
chiral symmetry breaking, [12]. This dynamics was analyzed in a toy example, [13; 14],
improving several aspects of the hard [16], and soft wall models, [17]. We will keep
referring to T as the “tachyon", as it indeed corresponds to a relevant operator in the
UV.

Going further, the antisymmetric current

ψ̄iRσ
µνψjL ↔ Bij

µν (5.2.8)

is dual to a two-index antisymmetric tensor1 that transforms as (Nf , N̄f ) under the
flavor group. It therefore originates in the D− D̄ sector, and is a stringy descendant of
the tachyon. Indeed, in flat-space open-string spectra, the antisymmetric tensor appears
at the level just above the tachyon, arising from two antisymmetrized oscillators acting
on the ground state, with reversed GSO projection2.

In string theory, the effective action for low-lying states (typically massless) is often
used. It is non-linear, contains an infinite series of higher-derivatives, and is generated

1Recent discussions on the inclusion of this antisymmetric tensor explicitly in the holographic flavor
action can be found in [18].

2Such stringy states were recently discussed in connection with the Sakai-Sugimoto model and
Mesons in [19].
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by integrating out (usually at tree level) the massive modes of the relevant strings. In
the particular case of open strings, it is known that the action containing all modes of
the string contains only cubic interactions. Upon integrating out however the massive
modes, the action becomes non-linear and non-local. In a low wavelength expansion
and around nearly flat space, it has been calculated to be of the DBI type.

For the two vectors and the bifundamental scalar described above, the effective
action has been proposed before by Sen. One of the characteristics of the Sen action
for the tachyon, is its non-linearity, and the fact that contains (a class of) higher
derivatives. In analogy with the standard DBI action, it contains contributions from
all intermediate open string states, to leading order in derivatives. In the open string
sector, leading order implies that the effective action for the tachyon scalar is a function
of its first derivatives but not higher ones. Therefore, we expect that the DBI-like Sen
action contains the corrections due to the stringy modes.

The non-linearity of the action and the fact that chiral symmetry breaking is dynam-
ical makes an evaluation of the axial correlator in such holographic models interesting.

In this paper we will calculate this correlator using the simplified holographic model
proposed and analyzed in [13], [14]. The relation (5.5.6) derived in [6] in the simpler
model is not valid in general here. The reason is instructive. One can class3ify the
terms that one in principle expects at the quadratic level that could contribute to the
mixed correlator wT or ΠA/V . For ΠA/V the terms come from the CP-even sector and
involve three terms: F 2

zµ, F 2
µν and A2

µ. The last term is only present for the axial vector
field and is the result of chiral symmetry breaking. All of these terms maybe multiplied
by various combinations of the closed string fields (including the bulk metric) as well as
the chiral condensate (the tachyon T ). The last term, giving a mass to the axial vector
is absent. This very general action is in the class3 assumed by Son and Yamamoto.

The terms that can appear in the CP-odd sector are strongly constrained by the
anomaly and can only include the 5-dimensional Chern-Simons (CS) action for the
gauge fields, times an overall coefficient W(T) that depends on the tachyon1. As long
as W (T ) = W (0) = Nc

24π2 is a constant independent of the tachyon (and therefore
matching the QCD flavor anomaly), the Son-Yamamoto relation is guaranteed to hold,
as shown in [6].

In general, holographic models that contain the dynamics of the chiral condensate
(alias the tachyon), also contain a quadratic term A2

µ that originates from the kinetic
term of the tachyon field via its covariant derivative.2 Therefore a priori we would

1Such a CP-odd coupling has been calculated exactly in D − D̄ pairs around flat space, [27; 40].
There are also subleading terms that implement the proper axial anomaly.

2It should be stressed that in this discussion the dynamics of the tachyon is assumed to be local. For
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expect that the SY relation is violated somewhere in the energy domain. Moreover,
we would expect that the CS coefficient W (TT †) is not constant. Indeed, general
arguments due to Sen, imply that for the IR value of the tachyon, TIR, W (TIR) = 01.
Therefore the functionW (TT †) is not expected to be constant but rather to interpolate
between W (0) and zero.

From the general comments above we conclude that in holographic models that
contain explicitly the local dynamics of a condensate,

• we expect that generically the SY relation is violated,

• only in very special cases it may be valid in at least a part of the full energy
domain.

What we find in this paper is that in the class of models advocated in [12] and the
specific examples analyzed in [13; 14], the SY relation is valid at low energies. This is
a welcome result as it suggests that its IR validity seems insensitive to the details of
the holographic model as long as the physics of chiral symmetry breaking is correct.
We are lacking however something like a broken Ward identity that would explain the
IR validity of the SY relation at low energy.

Some comments on the UV asymptotics are also pertinent. We should first stress
that our model is not capable of shedding light to the question whether the SY relation
is valid at high energy in QCD. The reason is that there is no guarantee that holographic
models should capture the quantitative UV physics at weak coupling.

We have calculated the large momentum behavior of ΠV − ΠA and find that it
asymptotes to 1/q6 as expected in QCD. This corrects our analytic estimate in [14].
We have also examined the large q2 behavior of wT . We have found numerically and
analytically that the first non-perturbative correction falls off as 1/q8. Therefore the
UV structure of the present model seems somewhat different from that expected from
QCD. A scaling analysis however indicates that the leading non-trivial wT behavior
will be 1/q6 if the subleading asymptotics of the CS tachyon function W is W (TT †) =
W (0) + O(TT †)

2
3 ) for small T . However, this is a fit and cannot answer the question

on the UV validity of the SY relation.

this to happen, the branes and antibranes must be very close or on top of each other in the equilibrium
configuration. This is expected to be the case in pure 5-dimensional models of QCD, [10], but is not
the case for the Sakai-Sugimoto model, [9], where the tachyon sector is non-local as the relevant string
is stretched in the extra sixth compact dimension, [15].

1The same is true also for the coefficients of the kinetic terms of the vectors on the D-branes. Their
vanishing is interpreted as the fact that at that point the brane-antibrane pair annihilates and the
world-volume gauge fields disappear from the dynamics, [11]. In the models of [13; 14], TIR →∞.
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We have also calculated wT as a function of the bare quark mass. Using our earlier
fits to the meson spectrum [14], we calculate the correlator for two non-zero masses.
The first is the up-down quark mass, where we observe that the correlator is almost
identical to that with mq = 0. We also calculate it with a mass matching the strange
quark mass, and find that it is larger as shown in figure 5.2.

We have good reasons to expect that the same open string sector with a proper
glue sector, close to QCD, as for example in [10; 41], will provide a correlator that is
quantitatively reliable at low momenta and qualitatively correct at high momenta.

5.3 Action and dynamics of holographic
chiral symmetry breaking
We consider a system of Nf pairs of D4-branes - D̄4-antibranes in a fixed bulk gravita-
tional background that describes the “glue". The background was analyzed in [20] and
[21] and is a solution of the non-critical string theory action in six dimensions. The
metric is an AdS6 soliton

ds2 ≡ −gttdt2 + gzzdz
2 + gxxdx

2
3 + gηηdη

2 = R2

z2

[
dx2

1,3 + f−1
Λ dz2 + fΛ dη

2
]

(5.3.1)

where fΛ = 1 − z5

z5
Λ

and the η direction is cigar shaped with its tip to be at zΛ, so
z ∈ [0, zΛ]. There is also a constant dilaton and a RR-form which is

F(6) = Q
√
−g(6)d

6x (5.3.2)

Q is a constant which will be fixed by matching to the anomaly of the dual boundary
field theory as it was proposed in [22] and further analysed in [23]. Although the bulk
geometry is not very close to standard YM, compared to finer constructions like [10],
it has the advantage of simplicity, and this is the main reason that we consider it
here. It is the bulk geometry obtained from a five-dimensional supersymmetric CFT
compactified on a “small" circle, with supersymmetry breaking boundary conditions for
the fermion operators. Despite the simplicity of the geometry, it turns out to fulfill the
main qualitative necessary ingredients .

We now consider the generalization of Sen’s action [24] for describing Nf coincident
pairs of D4-branes - D̄4-antibranes, see [12] and references therein. For the present
study, the full non-abelian "tachyon-DBI" is not necessary. The non abelian results
that we need, come from a simple generalization of the abelian ones, which were found

154



5.3 Action and dynamics of holographic chiral symmetry breaking

in [12] and [14]. The D4 - D̄4 pairs are taken at a fixed point in η direction1. The
action is

S = −
∫
d4xdz Str

[
V (|T |)

(√
−det AL +

√
−det AR

)]
(5.3.3)

where

A(i)MN = gMN+2πα′

gV
F

(i)
MN+πα′λ ((DMT )∗(DNT ) + (DNT )∗(DMT )) ,M,N = 1, . . . , 5

(5.3.4)
(i) = L,R denotes the left and right parts of the U(Nf )L/R gauge field strengths
F = dA− iA ∧A. More details about the definitions and conventions can be found in
[12].

The tachyon T is a complex bifundamental scalar. We also define

DT ≡ dT + iTAL − iART (5.3.5)

We introduced the couplings gV and λ which determine the normalization of the bulk
fields. These two couplings can be fixed by matching the results of the vector and scalar
two point functions as calculated in the bulk on the one hand and in QCD on the other
hand, as was proposed in [16]. They have been matched in [14].

The tachyon potential is
V (τ) = K e−

1
2µ

2τ2 (5.3.6)

where K is a constant. The vacuum of the above theory was analyzed in [14]. The only
nonzero field is the tachyon which diverges at the tip of the cigar. As it is pointed out
in [26] and [12], in case that the Nf quarks have the same mass the vacuum of the non
abelian action consists of Nf copies of the abelian solution

〈T 〉 = τ(z)I (5.3.7)

The background solution for τ(z) was studied in [14]. The near-boundary expansion
(z → 0) of the tachyon reads

τ(z) = c1z + µ2

6 c
3
1z

3 log z + c3z
3 + . . . (5.3.8)

where c1 is proportional to the quark mass and c3 is proportional to the vacuum ex-
pectation value of the q̄q operator.

The study of the above model in [13], [14] led to the description of many low energy
QCD properties.

1This is because in the 5-dimensional world, this is the case that is expected to describe the flavor
sector.
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• The model incorporates confinement in the sense that the quark-antiquark po-
tential computed with the usual AdS/CFT prescription [32] confines. Moreover,
magnetic quarks are screened. The background solution stems from a gravita-
tional action, that allows, for instance, to compute thermodynamical quantities.
All of this are properties associated to the background geometry and were already
discussed in [21].

• The string theory nature of the bulk fields dual to the quark bilinear currents is
readily identified: they are low-lying modes living in a brane-antibrane pair.

• Chiral symmetry breaking is realized dynamically and consistently, because of the
tachyon dynamics. See [35] for discussion and possible solutions in the soft-wall
model context.

• In this model, the mass of the ρ-meson grows with increasing quark mass, or, more
physically, with increasing pion mass. This welcome physical feature is absent in
the soft wall model, [17]. It occurs here because the tachyon potential multiplies
the full action and in particular the kinetic terms for the gauge fields, which
therefore couple to the chiral symmetry breaking vev. In our previous work [13],
we exploited this fact in order to fit the strange-strange Mesons together with
the light-light Mesons, with rather successful results. In [36], the authors added
the strange quark mass to the hard wall model and computed the dependence
of vector masses on the quark mass. In that case however, this dependence of
the vector masses originated only from the non-abelian structure and therefore
misses at least part of the physics1.

• The soft wall requires assuming a quadratic dilaton in the closed string theory
background. It has been shown that such a quadratic dilaton behaviour can never
be derived from a gravitational action while keeping the geometry to be that of
AdS.2. That the background is not found as a solution is a shortcoming if for
instance one wants to study the thermodynamics of the underlying glue theory.
The thermodynamics of the soft wall model is therefore ill-defined. In the present
model, the background is a solution of a two-derivative approximation to non-
critical string theory. In order to obtain Regge behaviour, we also needed a further
assumption: that the tachyon potential is asymptotically gaussian. However, this

1On the other hand, the quark mass dependence of the ρ-meson can be seen in different top-down
models, see [37] for a recent work in the context of the Klebanov-Strassler model.

2This was shown in [38]. In [10] such behavior can be implemented for glue, but the metric changes
appropriately, an important ingredient for implementing confinement in the glue sector.
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is rather natural since this potential has appeared in the literature, for instance
[27; 39].

• Considering that the dynamics is controlled by a tachyon world-volume action
automatically provides the model with a WZ term of the form given in [27; 28;
29; 40]. In [12] it was shown that properties like discrete symmetries (parity
and charge conjugation) and anomalies are, in general, correctly described by
analyzing this term and we will detail them also here.

In practice, the matching of the the predicted mass spectrum and some decay con-
stants to experimental data is considered successful since the model has two parameters
which correspond to those of QCD (quark mass and QCD scale) and one phenomeno-
logical parameter which is fitted to data1. Eventually, the rms error of numerical fits to
spectra and decay constants is 10%−15%. In conclusion this simple bottom-up model,
which is string theory inspired, incorporates many interesting QCD features.

5.4 The Wess Zumino action
The Wess-Zumino term describing the coupling of the flavor branes-antibranes to the
RR background field was studied in [27], [28], [29] and is

SWZ = T4

∫
Mp+1

C ∧ Str ei2πα′F (5.4.1)

where C =
∑
n(−i)

p−n+1
2 Cn is a sum of the RR fields, and F = dA − iA ∧ A. The

integration picks up the (p + 1)- form of the infinite sum of forms. In terms of the
tachyon field and the left and right U(Nf ) gauge fields we have

iA =
(
iAL T †

T iAR

)
, iF =

(
iFL − T †T DT †

DT iFR − TT †

)
(5.4.2)

We also set 2πα′ = 1. The Wess-Zumino action on the worldvolume of the D4 − D̄4

flavor branes in the background of Nc D4 color branes is

SWZ = iT4

∫
M5

C−1 ∧ Str eiF
∣∣∣
6−form

= iT4

∫
M5

F(0) ∧ Ω5 (5.4.3)

1It turns our that spectra and decay constants depends rather weakly on this phenomenological
parameter, [14].
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where F0 = dC−1 is proportional to the number of colors. We work in a non-critical
supergravity 6-dimensional background which has a non trivial RR form with field
strength given in (5.3.2). It’s dual form is F(0) = ?F(6) = Q, so

SWZ = iT4Q

∫
Ω5 (5.4.4)

where iT4Q = i Nc4π2 was fixed by matching to the QCD chiral anomaly in [12]. Ω5 is the
5-form that comes from the expansion of eiF and was found in [12]

Ω5 = 1
6Tr e−τ2

{
−iAL ∧ FL ∧ FL + 1

2AL ∧AL ∧AL ∧ FL + i

10AL ∧AL ∧AL ∧AL ∧AL

+ iAR ∧ FR ∧ FR −
1
2AR ∧AR ∧AR ∧ FR −

i

10AR ∧AR ∧AR ∧AR ∧AR

+ τ2
[
iAL ∧ FR ∧ FR − iAR ∧ FL ∧ FL + i

2(AL −AR) ∧ (FL ∧ FR + FR ∧ FL)

+ 1
2AL ∧AL ∧AL ∧ FL −

1
2AR ∧AR ∧AR ∧ FR + i

10AL ∧AL ∧AL ∧AL ∧AL

− i

10AR ∧AR ∧AR ∧AR ∧AR

]
+ iτ3dτ ∧

[
(AL ∧AR −AR ∧AL) ∧ (FL + FR) + iAL ∧AL ∧AL ∧AR

− i

2AL ∧AR ∧AL ∧AR + iAR ∧AR ∧AR ∧AR

]
+ i

4τ
4(AL −AR) ∧ (AL −AR) ∧ (AL −AR) ∧ (AL −AR) ∧ (AL −AR)

}
(5.4.5)

We now split the U(Nf ) gauge fields into their U(1) and SU(Nf ) parts

AL = ÂL√
2Nf

+AL , AR = ÂR√
2Nf

+AR (5.4.6)

where we denote as AL, AR the SU(Nf ) part and ÂL, ÂR the U(1) part of the gauge
field. We also consider the vector combination of the U(1) fields, ÂL = ÂR = Â. Since,
we are interested in the calculation of the correlation function of the vector and the
axial current in the presence of a weak electromagnetic field we expand Ω5 to linear
order in F̂ and quadratic in the SU(Nf ) gauge fields. So, the relevant terms of Ω5 are

Ω′5 = 1
6Tr e−τ2 {−iAL ∧ FL ∧ FL + iAR ∧ FR ∧ FR + τ2

[
iAL ∧ FR ∧ FR − iAR ∧ FL ∧ FL

+ i

2(AL −AR) ∧ (FL ∧ FR + FR ∧ FL)
]

+ iτ3dτ ∧ (AL ∧AR −AR ∧AL) ∧ (FL + FR)
}

(5.4.7)
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We also define the vector and axial vector fields

V a = AaL +AaR
2 , Aa = AaL −AaR

2 (5.4.8)

where a = 1, . . . , N2
f − 1. After the decomposition the action reads

Slin.WZ = Nc

8π2

∫
M5

e−
1
2µ

2τ2
F̂ ∧ Tr (AL −AR) ∧ d(AR +AL)

= Nc

2π2

∫
M5

e−
1
2µ

2τ2
F̂ ∧ Tr (A ∧ dV ) (5.4.9)

In order to express the action in the above form, we have added some boundary terms
to the initial action

Slin.WZ = i
Nc

4π2

∫
Ω′5 + Sb. 1 + Sb. 2 + Sb 3 (5.4.10)

where

Sb. 1 = Nc

24π2

∫
∂M5

e−
1
2µ

2τ2
Â ∧ Tr (AR ∧ dAR −AL ∧ dAL − 3AL ∧ dAR + 3AR ∧ dAL)

Sb. 2 = Nc

24π2

∫
∂M5

µ2

2 τ
2e−

1
2µ

2τ2
Â ∧ Tr (AR ∧ dAR −AL ∧ dAL − 3AL ∧ dAR + 3AR ∧ dAL)

Sb. 3 = − Nc

24π2

∫
∂M5

µ2τ2d
(
e−

1
2µ

2τ2) ∧ Â ∧ Tr (AL ∧AR)

(5.4.11)

5.4.1 The chiral anomaly in the presence of the condensate

We will now calculate the anomaly under a U(Nf )V symmetry transformation in the
presence of a non zero tachyon (=chiral vev). In the derivation of the expression (5.4.5),
the tachyon was considered to be proportional to unity matrix (5.3.7), which breaks the
flavor symmetry to its diagonal subgroup, U(Nf )L×U(Nf )R → U(Nf )V . Hence we can
only test transformations that preserve this form ,namely vector transformations. The
variation of the action (anomaly) under the symmetry transformation can be written
as

(Dµ〈Jµ(x)〉)a =
(
Dµ

δW

δAµ(x)

)
a

∣∣∣∣∣
A=0

= −Aa(x) (5.4.12)
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where Jµ is the symmetry current and W is the generating functional of the theory.
Then, the variation under the symmetry gives

δΛW[A] = −δΛSbulk[A] =
∫
d4xΛaAa (5.4.13)

where Λ is the transformation parameter. Direct calculation gives,

δSWZ = − iNc

24π2

∫
∂M5 ε

Tr Λ
{
e−

µ2
2 τ(ε)2(1 + µ2

2 τ(ε)2)
[
− FL ∧ FL −

i

2(AL ∧AL ∧ FL+

+ AL ∧ FL ∧AL + FL ∧AL ∧AL) + 1
2AL ∧AL ∧AL ∧AL + FR ∧ FR+

i

2(AR ∧AR ∧ FR + AR ∧ FR ∧AR + FR ∧AR ∧AR)− 1
2AR ∧AR ∧AR ∧AR

]
−

− µ2

4 τ(ε)2 de−
µ2
2 τ(ε)2 ∧

[
(AL −AR) ∧ (FL + FR) + (FL + FR) ∧ (AL −AR)+

i(AL ∧AL ∧AL −AL ∧AL ∧AR −AR ∧AL ∧AL + AL ∧AR ∧AR+

+ AR ∧AR ∧AL −AR ∧AR ∧AR)
]}

(5.4.14)

where ε is the UV cut off near the AdS boundary. We have also used the following
variations of the fields

δΛAL/R = −iDΛ = −i dΛ−AL/RΛ + ΛAL/R

δΛFL/R = [Λ,FL/R]
(5.4.15)

In case that the tachyon is a function of the radial AdS coordinate only, so the quark
condensate and mass are not spacetime dependent, the term which is proportional to
de−

µ2
2 τ(ε)2 in (5.4.14) is zero. Hence, we recover the known QCD flavor anomaly up to

an overall consatnt term which depends on the UV cutoff, and can be reabsorbed in
the coupling, T4 of the Wess Zumino action, Eq.(5.4.1). We notice that the anomaly
depends on the condensate in case that there is a finite UV cutoff and the condensate
has non trivial spacetime dependence. But also in this case, when we remove the cut-off
(take ε→ 0), Eq.(5.4.14) reproduces the known QCD anomaly, see [12],

δSWZ = − iNc

24π2

∫
∂M5

Tr Λ
{
− FL ∧ FL −

i

2(AL ∧AL ∧ FL + AL ∧ FL ∧AL + FL ∧AL ∧AL)+

1
2AL ∧AL ∧AL ∧AL + FR ∧ FR + i

2(AR ∧AR ∧ FR+

AR ∧ FR ∧AR + FR ∧AR ∧AR)− 1
2AR ∧AR ∧AR ∧AR

}
(5.4.16)
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In the case of the linearized action in the presence of the external EM field, (5.4.9),
that we use here, Eq.(5.4.9), it is observed that there is no triangle anomaly under
U(1)V and SU(Nf )V , due to the addition of the boundary terms which are given in
(5.4.11). This is in agreement with treatment of anomalies in quantum field theory,
where one may consider the one loop (due to fermion loops) effective action of the
theory, which is a functional of external vector and axial vector fields, and add local
counterterms in order to cancel the vector anomalies and be left with the axial vector
anomaly. This form of the anomaly is called the Bardeen anomaly.

5.5 The Vector-Axial vector correlator
To calculate the vector-axial vector correlator in the presence of an external weak
electromagnetic electric field we use the gauge, where V a

z = Aaz = 0 and the split of the
relevant fields in momentum space is

V a
µ (q, z) = P⊥νµ (q)V a (0)

ν (q)ψV (q, z)

Aaµ(q, z) = P⊥νµ (q)Aa (0)
ν (q)ψA(q, z)− P ‖ νµ (q)Aaν (0)(q)φ(z) (5.5.1)

where the projection operators read P⊥νµ (q) = (δνµ −
qµqν

q2 ), P ‖ νµ (q) = qµqν

q2 . The corre-
lator is defined as

〈T{Jµa (x)Jν (5)
b (y)}〉F̂ = δ2Slin.WZ [A]

δV
a (0)
µ (x)δAb (0)

ν (y)
(5.5.2)

In general, the correlator can be split to a transverse and a longitudinal part. So, to
linear order in F̂ it reads

〈T{Jaµ(q)Jb (5)
ν (p)}〉F̂ = −Tr(Q tatb) 1

4π2 (2π)4δ4(q + p)
{
wT (q2)(−q2F̃µν + qµq

σF̃σν − qνqσF̃σµ)

+ wL(q2)qνqσF̃σµ
}

(5.5.3)

where F̃µν = 1
2εµνρσF̂

ρσ. Substituting (5.5.1) in the action (5.4.9)

Slin.WZ = −Tr(Q tatb)
2

Nc

4π2

∫
d4q

(2π)4

∫
dz e−

1
2µ

2τ(z)2
εµνzρσF̂µν

P⊥κσ (q)P⊥λρ (−q)V a (0)
κ (q)Ab (0)

λ (−q)ψV (q, z)′ψA(−q, z)
(5.5.4)
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where prime denotes the derivative with respect to z. By differentiating with respect
to the sources twice we find

wT (q2) = −2Nc

q2

∫ zΛ

0
dz e−

1
2µ

2τ(z)2
ψV (q, z)′ψA(−q, z) (5.5.5)

where ψV (q, z), ψA(−q, z) are the solutions of bulk equations of motion of the vector
and axial vector gauge fields, Eqs.(4.6) and (4.9) of [14]. We calculate the correlator
by using the numerical solutions of the vector and axial vector equations of motion. In
region of low momenta, the result for wT (q2) approximately matches the relation

wT (q) = Nc

q2 −
Nc

f2
π

[ΠA(q)−ΠV (q)] (5.5.6)

which was proposed in [6], as it is explained below.
On the left side of Fig.(5.1), the quantities 1− q2

Nc
wT , q

2

f2
π

[ΠA(q)−ΠV (q)] and their
ratio are plotted in terms of q for low momentum. We observe that the ratio of the two
quantities is very close to one, so they coincide for small values of momentum, namely
q . 2ΛQCD. Hence Eq.(5.5.6) is satisfied in the low momentum limit. The dependence
of wT on momentum in this limit matches the chiral perturbation theory analysis, [5],

1− q2

Nc
w

(QCD)
T (q2) ∼ 1− q2

Nc
128π2CW22 + O(q4) , q2 → 0 (5.5.7)

where CW22 is a coupling constant of the parity odd sector of the low energy chiral
Lagrangian, [30]. However, there is no independent calculation of the value of CW22 in
order to verify Eq.(5.5.6) from the QCD viewpoint, [8]. On the right side of figure 5.1,
we observe that as q & 2ΛQCD , the two quantities start differing substantially.

In Fig.(5.2), we plot the transverse part of the correlator, 1− q2

Nc
wT (q) for different

values of the bare quark mass. The slopes of the curves in Fig.(5.2) for low momenta
lead to the value of CW22 for different quark masses

CW22 = 6.71 10−3GeV −2 for mq

ΛQCD
= 0

CW22 = 6.21 10−3GeV −2 for mq

ΛQCD
= 0.0092

CW22 = 4.45 10−3GeV −2 for mq

ΛQCD
= 0.31

(5.5.8)

where CW22 was defined in (5.5.7) and captures the low momentum asymptotics of the
correlator. We have used ΛQCD = 549 MeV , as found by the fit to meson spectra
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Figure 5.1: The numerical result of 1 − q2

Nc
wT , the difference of the vector and axial

vector two-point functions
(
q2

f2
π

[ΠA(q)−ΠV (q)]
)
that appear in Eq.(5.5.6), and their ratio

are plotted a a function of q, which is measured in units of z−1
Λ which is essentially ΛQCD,

defined in [13]. On the left, there is a zoom of the plot for small q and on the right the
whole plot is depicted until large values of q.

in [14]. The mass mq
ΛQCD = 0.0092 corresponds to mu+md

2 as fit in [14]. The mass
mq

ΛQCD = 0.31 corresponds to the mass of the strange quark again from the same fit.
The transverse part of the vector-axial vector correlator times q2/Nc, for large

momentum, is plotted in Fig.(5.3). We have not been able to derive analytically the
large q asymptotics of this correlator. We have therefore calculated it numerically
and fitted a power law at sufficiently large q. As seen in Fig.(5.3), the subleading
UV behavior of q2

Nc
wT (q) is 1/q6, instead of the 1/q4 expected from QCD. This is not

unexpected, and suggests that in the UV of the model we are using there are lighter
stringy states (before the antisymmetric tensor) that contribute to the correlator and
dominate its UV asymptotics.

We observe that the subleading behavior of the correlator is subleading to the
expected QCD result. In [2], [3] the nonperturbative effect to the correlator was found
by using operator product expansion as it is mentioned in the introduction. It was
shown that for large momentum, the subleading part of wQCDT is expected to be ∼ 1/q6,
hence q2

Nc
wQCDT ∼ 1/q4. By finding the best fit to our numerical data we find that the

subleading term of q2

Nc
wT is ∼ 1/q5.9974. This disagreement with QCD for large q is

suggesting that for the simplistic glue theory we are using , the fermionic operator in
question does not appear in the appropriate OPE of the currents.

As it is shown in the next section the difference of the vector two point function from
the axial one for large momentum is found to be similar to the QCD result which is 1/q6,
hence q2

Nc
(ΠA(q2)−ΠV (q2) ∼ 1/q4. Therfore, Eq.(5.5.6) is violated for large momentum

since our result for the vector-axial vector correlator gives 1 − q2

Nc
wT ∼ 1/q5.9974. A
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Figure 5.2: The transverse part of the vector-axial vector correlator is plotted in terms
of q for different bare quark masses. We used the values for the quark mass which were
found by matching to the meson spectrum in [13] and [14].

discussion of Eq.(5.5.6) in the context of QCD exists in [8]. The above outcome is
similar to the result of the hard wall AdS/QCD model which is analyzed in Appendix
B of [6].

5.6 Vector and Axial current-current
correlators
We present here the vector and axial current-current correlators for large Euclidean
momentum, following [16]. Those have already been calculated analytically in the
abelian case of our model in [14] and found to contain a subleading power of 1/q4, (for
more details see Eqs.(4.18) and (F.11) of [14]) that is absent from QCD which predicts
a 1/q6 subleading behavior. However it turns that the analytical approximations made
were unreliable. Here we will calculate the difference numerically and show agreement
with QCD.

The two-point functions are defined as

∫
d4xd4yeiqx+ipy〈T{Ja(V/A)µ(x)Jb(V/A) ν(y)}〉 = δab(q2ηµν−qµqν)ΠV/A(q2)(2π)4δ(4)(p+q)

(5.6.1)
We now calculate ΠA(q2) − ΠV (q2) numerically using the full equations of motion

without any approximation. The result for low momentum is shown in Fig.5.1. The
above difference is plotted in terms of q, Fig.(5.4), for large Euclidean momentum and
we find that the function that fits the data is 0.653

q6.00933 . The difference of the axial
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6 8 10 12 14 16 q

0.9996

0.9997

0.9998

0.9999

1.0000

q2

Nc
wTHqL

Figure 5.3: The numerical plot and the fit of the transverse part of the vector-axial vector
correlator times q2/Nc in terms q, for large Euclidean momentum. The function that fits
the numerical data is 1− 18.75

q5.9974 . As usual q is given in units of ΛQCD as defined in [13].

vector and vector two point functions was calculated in QCD, using operator product
expansion method, [31]. In the chiral limit the QCD result reads

ΠA(q2)−ΠV (q2) ∼ 2παs
q6 〈(ψ̄Lγµt

aψL)(ψ̄RγµtaψR))〉 (5.6.2)

whose leading power agrees with the numerical result of our calculation at large mo-
menta.

6 8 10 12 14 16 q

5.´ 10-7

1.´ 10-6

1.5´ 10-6

2.´ 10-6

2.5´ 10-6

-
6 Π2

Nc

HPVHqL-PAHqLL

Figure 5.4: The numerical plot and the fit of the difference of the vector and axial vector
2 point functions. The fit reads 0.653

q6.00933 . As usual q is given in units of ΛQCD as defined in
[13].
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5.7 Conclusions
In the present work, we have shown that the relation (5.5.6) which was proposed by
Son and Yamamoto relating the vector-axial vector flavor current correlator in weak
electric field to the difference of the vector and axial vector two point functions is valid
only for low Euclidean momenta in the context of an AdS/QCD model with non-trivial
dynamics for the chiral condensate.

For large momenta, this relation is no longer valid in our model. Moreover, the
dependence of the wT correlator on q2 for large q2 is subleading to that expected from
QCD.

We also notice that the difference of the vector and axial vector flavor current two-
point functions in our model falls off as q−6 for large q2 as it is expected from the
operator product expansion in QCD.

This computation could be sharpened by using a more realistic theory for the glue
sector, like the Improved holographic QCD model, [10]. This investigation in underway.
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Note added
After this paper was in its last stages, [42] appeared that studied the same correlator
in the soft wall model.
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6.1 Abstract
Zero temperature spectra of mesons and glueballs are analyzed in a class of holographic
bottom-up models for QCD (named V-QCD), as a function of x = Nf

Nc
with the full back-

reaction included. It is found that spectra are discrete and gapped (modulo the pions)
in the QCD regime, for x below the critical value xc where the conformal transition
takes place. The masses uniformly converge to zero in the walking region x → xc due
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to Miransky scaling. The ratio of masses all asymptote to non-zero constants as x→ xc

and therefore there is no “dilaton" in the spectrum. The S-parameter is computed and
found to be of O(1) in the walking regime.

6.2 Introduction
The dynamics of “walking" (or nearly conformal) quantum field theories, have been the
subject of intensive study, since they have been argued to be an important ingredient,
[1; 2; 3] in providing viable non-perturbative mechanisms for electroweak symmetry
breaking like technicolor, [4]. This regime is expected to appear in standard QCD with
Nc colors and Nf flavors, just below the boundary of the conformal window, Nf ' 4Nc,
as well as in other quantum field theories, [5].

The transition between the conformal window and QCD-like IR behavior, has been
called a conformal transition [6]. The “walking" regime has been conjectured to dis-
play Miransky scaling, [7]. It was recently suggested that in holographic theories this
conformal transition is associated with a violation of the BF bound in the dual bulk
theory, [8]. Moreover, in QCD, this correlates with fermion bilinear operators reaching
a scaling dimension equal to 2, another prerequisite of viable extended technicolor.

Apart from Miransky scaling several other phenomena have been associated with
the “walking regime" of QFT:

(a) The appearance of a light scalar state, the “dilaton", due to the almost unbroken
scale invariance, [2].

(b) The strong suppression of the S-parameter, a crucial ingredient for the experi-
mental viability of technicolor theories, [9].

Both issues are controversial, especially as “walking regimes" appear at strong coupling,
and perturbative techniques do not apply.

In recently studied holographic models with walking behavior, the lightest state is
often a scalar, [10], [11]. Whether this state can be identified as the dilaton is, however,
a difficult question and appears to depend on the model. The S-parameter has been
studied in popular holographic bottom-up [12] as well as brane-antibrane models [13]
with a variety of answers found. Recently, it was argued that in a class of holographic
models the S-parameter is substantial and definitely bounded below, [14].

What we plan to do in this letter is to report on these and related issues in a class
of holographic theories that have been proposed recently, under the name of V-QCD,
[15] which has physics that is very close to QCD in the Veneziano limit.
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6.3 V-QCD
The class of models in question combine two sectors whose dynamics are inspired by
string holographic models. The first is improved holographic QCD (IHQCD), which is
a holographic model for large-N Yang Mills in 4 dimensions, [16]. The second is a model
for flavor inspired by tachyon condensation in string theory, [17]. The relevant fields in
the gravity description that are kept in these models (in order to describe the vacuum
structure) are as follows: apart for the five-dimensional metric, there is a scalar, (the
dilaton, φ) that is dual to the YM ’t Hooft coupling constant, and a complex Nf ×Nf

matrix field, (the tachyon, Tij) transforming in the (Nf , N̄f ) of the U(Nf ) × U(Nf )
flavor group. We will be working in the Veneziano limit, Nc, Nf → ∞ with Nf

Nc
= x

fixed, [18].
The complete action for V-QCD models can be written as

S = Sg + Sf + Sa (6.3.1)

where Sg, Sf , and Sa are the actions for the glue, flavor and CP-odd sectors, respec-
tively1. The glue action was introduced in [16; 21],

Sg = M3N2
c

∫
d5x
√
−g

(
R− 4

3
(∂λ)2

λ2 + Vg(λ)
)
, (6.3.2)

with λ = eφ. The dilaton potential Vg asymptotes to a constant near λ = 0, and
diverges as Vg ∼ λ

4
3
√

log λ as λ → ∞, generating confinement, a mass gap, discrete
spectrum and asymptotically linear glueball trajectories.

The flavor action is2

Sf = −1
2M

3Nc

∫
d4x drTr

[
Vf (λ, T †T )

√
−det AL + Vf (λ, TT †)

√
−det AR

]
. (6.3.3)

The quantities inside the square roots are defined as

A(R)MN = gMN + w(λ)F (R)
MN + κ(λ)

2
(
(DMT )(DNT )† + (DNT )(DMT )†

)
A(L)MN = gMN + w(λ)F (L)

MN + κ(λ)
2

(
(DMT )†(DNT ) + (DNT )†(DMT )

) (6.3.4)

1We will not discuss Sa here. We will address its physics (that contains the U(1)A anomaly) in a
future publication, [19].

2This is inspired by the Sen’s action for tachyon condensation, [22]. The non-abelian action is not
well understood, but its knowledge is not needed for this paper.
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Χ broken

Χ symm.

xc xas

Conformal

Window

HΧ symm.L

1 2 3 4 5
x f

T

SUHNL gauge theory, massless fermions

Figure 6.1: Qualitative behavior of the transition temperature between the low and high
temperature phases of V-QCD matter, [23].

with (i) = L,R, and the fields A(i) as well as T are Nf × Nf matrices in the flavor
space. The covariant derivative of the tachyon field is defined as

DMT = ∂MT + iTALM − iARMT . (6.3.5)

The class of tachyon potentials that we will explore are

Vf (λ, T ) = Vf0(λ)e−a(λ)TT † . (6.3.6)

For the vacuum solutions (with flavor independent quark mass) we set T = τ(r)1Nf
where τ(r) is real, and the flavor gauge fields are trivial. Vg(λ) has been fixed already
from glue dynamics [21]. The other undetermined functions in the flavor action (Vf0(λ),
κ(λ), a(λ), w(λ)) must satisfy the following generic requirements:

(a) There should be two extrema in the potential for τ : an unstable maximum at
τ = 0 with chiral symmetry intact and a minimum at τ =∞ with chiral symmetry
broken.

(b) The dilaton potential at τ = 0, namely Veff(λ) = Vg(λ) − xVf0(λ), must have a
non-trivial IR extremum at λ = λ∗(x) that moves from λ∗ = 0 at x = 11

2 to large
values as x is lowered.

In [15; 23], the flavor potential was parametrized as Vf (λ, τ) = Vf0(λ) exp(−a(λ)τ2) in
order to satisfy the first requirement, and several choices for the remaining functions
were explored. The models were classified according to the IR behavior of the tachyon
(I or II) and the constant W0, that controls the flavor dependence of the UV AdS scale.
We refer to [23] for a detailed exposition.
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Figure 6.2: Non-singlet meson spectra in the potential II class with Stefan-Boltzmann
(SB) normalization for W0 (see [23]), with xc ' 3.7001. Left: the lowest non-zero masses
of all four towers of mesons, as a function of x, in units of ΛUV, below the conformal
window. Right, the ratios of masses of up to the fourth massive states in the same theory
as a function of x.

At zero temperature the phase diagram as a function of 0 < x < 11
2 , is essen-

tially universal. In the region 0 < x < xc, the (massless) theory has chiral symmetry
breaking, and flows to a massless SU(Nf ) pion theory in the IR. For xc < x < 11

2
(the conformal window) the theory flows to a non-trivial IR fixed point and there is
no chiral symmetry breaking. It was found that xc ' 4, its precise value depends on
the details of the potential. In the regime just below the conformal window, x ' xc

the theory exhibits Miransky scaling, [7] where in particular for the chiral condensate
σ ∼ Λ3

UV exp(− κ√
xc−x

) with κ calculable from the flavor action, [15]. This regime is
also known as the “walking" regime as the coupling flows to almost λ∗, stays there for
many decades in the RG time, and then at the end the non-trivial tachyon drives the
theory away from the non-trivial fixed point and towards λ =∞.

At finite temperature a rich structure of hairy black holes was found, with one
and two scalar hairs, [23]. The general structure of their phase diagram is depicted in
figure 6.1. The chiral restoration transition is first order at low values of x but typically
becomes second order as we approach xc. In this region extra chirally broken phases can
appear and several extra first-order transitions (up to two), depending on the detailed
potentials. The transition temperatures also exhibit Miransky scaling, [23].
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Figure 6.3: Non-singlet meson spectra in the potential I class (W0 = 3
11 ), with xc '

4.0830. Left: the lowest non-zero masses of all four towers of mesons, as a function of x, in
units of ΛUV, below the conformal window. Right, the ratios of masses of up to the fourth
massive states in the same theory as a function of x.

6.4 Quadratic fluctuations and spectra
The purpose of this letter is to study further interesting aspects of the physics of V-QCD
models and address several interesting questions that are now accessible to calculation.
In this paper we consider the theory with massless quarks.

The strategy is to consider small (quadratic) fluctuations of all the fields in V-QCD
(gµν , φ, T,AL,Rµ ) around the vacuum (zero temperature) solutions of [15], involving a
Poincaré invariant metric, no vectors and radially depended scalars,

ds2 = e2A(r)(dx2
1,3 + dr2) , φ(r) , T = τ(r) 1Nf . (6.4.1)

There are several fluctuations that we will classify into two distinct classes: singlet
fluctuations under the flavor group, and non-singlet fluctuations.

• The non-singlet fluctuations include the L and R vector meson fluctuations, pack-
aged into an axial and vector basis, Vµ, Aµ, the pseudoscalar mesons (including
the massless pions), and the scalar mesons. Their second order equations are
relatively simple, and we present those of the vectors below. We work in axial
gauge Vr = 0 and write the factorized Ansatz Vµ(xµ, r) = ψV (r)Vµ(xµ). The
radial wave functions satisfy
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Figure 6.4: Singlet scalar meson spectra in the potential II class with SB normalization
for W0. They contain the 0++ glueballs and the singlet 0++ mesons that mix here at
leading order. Left: the four lowest masses as a function of x in units of ΛUV. Right: the
ratios of masses of up to the fourth massive states as a function of x.

∂r
(
Vf (λ, τ)w(λ)2eAG−1 ∂rψ

V
)

Vf (λ, τ)w(λ)2eAG
+m2

V ψ
V = 0 , G ≡

√
1 + e−2Aκ(λ)(∂rτ)2

(6.4.2)
For the axial vectors we define transverse and longitudinal parts as Aµ(xµ, r) =
A⊥µ (xµ, r) +A

‖
µ(xµ, r) with A⊥µ (xµ, r) = ψA(r)Aµ(xµ) and ∂µAµ = 0. The radial

wave function satisfies

∂r
(
Vf (λ, τ)w(λ)2eAG−1 ∂rψ

A
)

Vf (λ, τ)w(λ)2eAG
− 4τ2e2Aκ(λ)

w(λ)2 ψA +m2
Aψ

A = 0 . (6.4.3)

The non-singlet scalar and pseudoscalar fluctuation equations are more compli-
cated and we will present them in [19]. A few general properties are as follows:

1. In the conformal window all spectra are continuous.

2. Below the conformal window, x < xc, the spectra are discrete and gapped.
The only exception are the SU(Nf ) pseudoscalar pions that are massless,
due to chiral symmetry breaking.

3. All masses in the Miransky scaling region (aka “walking region") are obeying
Miransky scaling mn ∼ ΛUV exp(− κ√

xc−x
). This is explicitly seen in the case

of the ρ mass in figure 6.5, left.

4. All non-singlet mass ratios asymptote to non-zero constants as x→ xc.
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Figure 6.6: The masses of the lightest states of various towers, and fπ/
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II with SB normalization for W0. Solid black, dashed blue, dotted red, and dotdashed
magenta curves show the masses of the lightest vector, axial, flavor nonsinglet scalar, and
flavor singlet scalar states, respectively, while the long-dashed green curve is fπ/

√
NfNc.

In figures 6.2 and 6.3 we present the results for the non-singlet meson spectra
(note that the plots on the left of those figures are in logarithmic scale). The
lowest masses of the mesons vary little with x until we reach the walking region.
There, Miransky scaling takes over and the lowest masses dip down exponentially
fast. The ΛUV scale is extracted as usual from the logarithmic running of λ in
the UV.
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• The singlet fluctuations, that include the 2++ glueballs, the 0++ glueballs and
scalar mesons that mix to leading order in 1/N in the Veneziano limit, and the
0−+ glueballs and the η′ pseudoscalar tower. Although the spin-two fluctuation
equations are always simple, summarized by the appropriate Laplacian, the scalar
and pseudoscalar equations are involved and we refrain from presenting them here.
They will appear in a future publication, [19].

A few general properties of the singlet spectra are as follows: Both items 1 and 3
above remain as such (see figure 6.4 for 0++ scalars). In addition we find that

– Below the conformal window, x < xc, the singlet spectra are discrete and
gapped. The U(1)A anomaly appears at leading order and the mixture of
the 0−+ glueball and the η′ has a mass of O(1).

– In the scalar sector, for small x, where the mixing between glueballs and
mesons is small, the lightest state is a meson, the next lightest state is a
glueball, the next a meson and so on. However, with increasing x, non-
trivial mixing sets in and level-crossing seems to be generic. This can be
seen in figure 6.3, right.

– All singlet mass ratios asymptote to constants as x → xc (see figure 6.4,
right). The same holds for mass ratios between the flavor singlet and nons-
inglet sectors, as confirmed numerically in figure 6.6. There seems to be no
unusually light state (termed the “dilaton") that reflects the nearly unbroken
scale invariance in the walking region. The reason is a posteriori simple: the
nearly unbroken scale invariance is reflected in the whole spectrum of bound
states scaling exponentially to zero due to Miransky scaling.

The asymptotics of the spectra at high masses is in general a power-law with loga-
rithmic corrections, with the powers depending on the potentials. The trajectories are
approximately linear (m2

n ∼ cn) for type I potentials and quadratic (m2
n ∼ cn2) for

type II potentials. There is the possibility, first seen in [17] that the proportionality
coefficient c in the linear case is different between axial and vector mesons1. These
possibilities do not affect substantially the issues of the dilaton and the S-parameter.

Finally, let us comment on the possibility of using as background the non-trivial
saddle points, found in [15], where the tachyon solution has at least one zero (analogous
to the Efimov minima). We have verified explicitly that such saddle points are unstable

1A careful analysis of the effects of different potentials on the asymptotics of the spectra will be
presented in [19].
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Figure 6.7: Left: The S-parameter as a function of x for potential class I with W0 = 3
11 .

Right: The S-parameter as a function of x for potential class II with SB normalization for
W0. In both cases S asymptotes to a finite value as x→ xc.

(also pointed out in [11]), as the scalar meson equation has a single mode with a negative
mass squared, both in the singlet and non-singlet channels. This mass is small for small
x, but becomes large as x → xc. Therefore the Efimov minima are strongly unstable
in the walking regime.

6.5 Two-point functions and the
S-parameter
We have computed the two-point functions of several operators including the axial and
vector currents as well as the scalar mass operator. We will focus here on the two-point
function of the vector and axial currents which can be written in momentum space as

〈V a
µ (q)V b

ν (p)〉 = Πab
µν,V,A(q, p) = −(2π)4δ4(p+ q) δab

(
q2ηµν − qµqν

)
ΠV (q) . (6.5.1)

and similarly for the axial vector. We have Vµ(x) =
∫ d4q

(2π)4 e
iqxV a

µ (q)ta ψV (r), where ta,
a = 1, . . . , N2

f − 1 are the flavor group generators.
Using the expansions

ΠA = f2
π

q2 +
∑
n

f2
n

q2 +m2
n − iε

, ΠV =
∑
n

F 2
n

q2 +M2
n − iε

(6.5.2)

we determine fπ as

f2
π = −NcNf

12π2
∂rψ

A

r

∣∣∣∣∣
r=0, q=0

(6.5.3)
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where the normalization was fixed by matching the UV limit of the two point functions
to QCD and we chose ψA(r = 0) = 1.

A typical example is plotted in figure 6.5, right. The pion scale changes smoothly for
most x, but is affected directly by Miransky scaling which makes it vanish exponentially
in the walking regime.

The S-parameter is

S = 4π d

dq2

[
q2(ΠV −ΠA)

]
q=0

= −NcNf

3π
d

dq2

(
∂rψ

V (r)
r

− ∂rψ
A(r)
r

)∣∣∣∣∣
r=0, q=0

(6.5.4)

= 4π
∑
n

(
F 2
n

M2
n

− f2
n

m2
n

)
.

As both masses and decay constants in (6.5.2,6.5.4) are affected similarly by Miran-
sky scaling, the S-parameter is insensitive to it. Therefore its value cannot be predicted
by Miransky scaling alone. Our results show that generically the S-parameter (in units
of NfNc) remains finite in the QCD regime, 0 < x < xc and asymptotes to a finite
constant at xc (see figure 6.7). The S-parameter is identically zero inside the conformal
window (massless quarks) because of unbroken chiral symmetry. This suggests a subtle
discontinuity of correlators across the conformal transition.

This behavior of S is in qualitative agreement with recent estimates based on anal-
ysis of the BZ limit in field theory [24]. We have also found choices of potentials where
the S-parameter becomes very large as we approach xc. Our most important result is
that generically the S parameter is an increasing function of x, reaching it highest value
at xc contrary to previous expectations, [24].

6.6 Outlook
We have analyzed zero temperature spectra of glueballs and mesons in a class of holo-
graphic theories (V-QCD) that are in the universality class of QCD in the Veneziano
limit. We have verified some generic properties of such spectra in the theory with
massless quarks.

• In the conformal window all spectra are continuous.

• Below the conformal window, x < xc, the spectra are discrete and gapped (except
for the pions).
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• All masses in the Miransky scaling region (aka “walking region") are obeying
Miransky scaling mn ∼ ΛUV exp(− κ√

xc−x
). The same applies to other mass pa-

rameters like fπ.

• All singlet and non-singlet mass ratios asymptote to non-zero constants as x→ xc.
Therefore there is no “dilaton" state. The approximate conformal symmetry is
correlated with Miransky scaling instead.

• For finite values of x there is strong mixing between singlet mesons and glueballs,
and occasional level crossings as we vary x.

• The S-parameter in units of NfNc is generically O(1). It is an increasing func-
tion of x and asymptotes to a finite constant as x → xc. This suggests subtle
discontinuities at the conformal transition.

The results on the S-parameter suggest that making S arbitrarily small in a walking
theory may be more difficult than expected before. Moreover our results indicate that
is probably not the case in QCD in the Veneziano limit. In [25] that appeared while
this work was being finalized, similar conclusions are reached in a different context
(probe tachyon-flavor dynamics in AdS). We find that in the walking region of V-QCD,
backreaction of flavor to matter (that is fully implemented here) is important, among
other things, for the spectra, and therefore the two results are not directly comparable.
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7.1 Abstract
In (3 + 1)-dimensional SU(Nc) Yang-Mills (YM) theory, the Chern-Simons diffusion
rate, ΓCS , is determined by the zero-momentum, zero-frequency limit of the retarded
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two-point function of the CP-odd operator tr [F ∧ F ], with F the YM field strength.
The Chern-Simons diffusion rate is a crucial ingredient for many CP-odd phenomena,
including the chiral magnetic effect in the quark-gluon plasma. We compute ΓCS
in the high-temperature, deconfined phase of Improved Holographic QCD, a refined
holographic model for large-Nc YM theory. Our result for ΓCS/(sT ), where s is entropy
density and T is temperature, varies slowly at high T and increases monotonically as
T approaches the transition temperature from above. We also study the retarded
two-point function of tr [F ∧ F ] with non-zero frequency and momentum. Our results
suggest that the CP-odd phenomena that may potentially occur in heavy ion collisions
could be controlled by an excitation with energy on the order of the lightest axial
glueball mass.

7.2 Introduction
(3+1)-dimensional SU(Nc) Yang-Mills (YM) theory has an infinite number of degener-
ate classical vacua distinguished by a topological invariant, the Chern-Simons number,
NCS . Normalizing the YM kinetic term as − 1

4g2 tr[FµνFµν ], NCS is

NCS ≡
1

8π2

∫
d3x εijk tr

[
Ai∂jAk −

2ig
3 AiAjAk

]
, (7.2.1)

where i, j, k = 1, 2, 3 and the trace is over gauge indices. A change in the Chern-Simons
number is thus

∆NCS =
∫
d4x q(xµ), (7.2.2a)

q(xµ) ≡ 1
16π2 tr [F ∧ F ] = 1

64π2 ε
µνρσtrFµνFρσ, (7.2.2b)

where xµ = (t, ~x). In a state invariant under translations in space and time, the rate of
change of NCS per unit volume V per unit time t is called the Chern-Simons diffusion
rate, denoted ΓCS,

ΓCS ≡
〈(∆NCS)2〉

V t
=
∫
d4x 〈q(xµ)q(0)〉W , (7.2.3)

where the subscript W denotes the Wightman function. In an equilibrium state with
non-zero temperature T , let GR(ω,~k) denote the retarded Green’s function of q(xµ) in
Fourier space, with frequency ω and spatial momentum ~k. In such states, eq. (7.2.3)
can be rewritten as

ΓCS = − lim
ω→0

2T
ω

ImGR(ω,~k = 0). (7.2.4)
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Gauge field configurations for which
∫
d4x q(xµ) is non-zero produce a non-zero

∆NCS. At zero temperature, such gauge field configurations, called instantons, rep-
resent quantum tunneling events between vacua. At both zero and non-zero T , the
contribution of instantons to ΓCS is exponentially suppressed [1; 2]. When T is non-
zero, however, classical thermal fluctuations can also produce a non-zero ∆NCS, for
example by exciting unstable gauge field configurations called sphalerons [3; 4] which
generate non-zero ∆NCS upon decay. Such classical thermal processes are not expo-
nentially suppressed [5; 6; 7]: in YM perturbation theory ΓCS ∝ λ5

t log(λt)T 4, where
λt ≡ g2Nc is the ’t Hooft coupling [8; 9; 10; 11].

In YM coupled to fundamental-representation fermions,
∫
d4x q(xµ) also contributes

to chiral anomalies in global symmetries. In the electroweak theory, gauge field con-
figurations with non-zero

∫
d4x q(xµ) play a role in electroweak baryogenesis [12; 13],

while in Quantum Chromodynamics (QCD), for sufficiently high T they may play a role
in generating bubbles of net chirality (more left-handed than right-handed quarks, for
example), in which parity, P, and charge conjugation times parity, CP, are broken [14].1

Such CP-odd domains in hot QCD may have observable consequences in heavy ion
collisions at the Relativistic Heavy Ion Collider (RHIC) and Large Hadron Collider
(LHC). These collisions produce a hot soup of QCD matter with T on the order of
two to four times the QCD crossover temperature. The resulting state behaves as a
nearly-ideal fluid of strongly-interacting quarks and gluons, the quark-gluon plasma
(QGP) [15; 16; 17]. A non-central collision may produce a QGP with non-zero angular
momentum and hence a magnetic field, both pointing perpendicular to the reaction
plane (spanned by the beam axis and impact parameter). In the presence of a magnetic
field, a net chirality will produce an electric current parallel to the magnetic field, due
to the axial anomaly. This is the Chiral Magnetic Effect (CME) [18; 19]. A detection
of the CME in heavy ion collisions would thus be a detection of CP-odd processes in
QCD.

One observable consequence of the CME in a heavy ion collision is charge separation:
positive charges will move to one side of the reaction plane, negative charges to the
other. We know from experiment that the strong interactions preserve P and CP,
however, so any charge separation from CP-odd sources will, over many events, average
to zero. An observable that could serve as a “smoking gun” for the CME is thus hard
to find. For heavy ion collsions at RHIC and LHC the focus so far has been on three-
particle correlations [20; 21; 22], which indeed indicate that charge separation occurs in

1Sometimes ΓCS is also called the “sphaleron transition rate” or, in the context of electroweak
baryogenesis, the “baryon number violation rate.”
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heavy ion collisions. These correlations are sensitive to event-by-event charge separation
from both CP-odd and CP-even processes, however, making a positive identification of
a signal from the CME difficult [23]. In short, to date the experimental evidence for
the detection of the CME in heavy ion collisions at RHIC and LHC is inconclusive.

The experimental situation raises a number of urgent questions for theorists. Can
we compute the size of the signal from the CME, relative to backgrounds? How will
that signal depend on temperature, magnetic field, centrality, etc.? Clearly an auxiliary
question is: how big is the rate of chirality production, which is ∝ ΓCS, in a heavy ion
collision?

Unfortunately, ΓCS is difficult to calculate for the QGP, for the same reasons that
the shear viscosity, η, is difficult to calculate. The quarks and gluons are strongly-
interacting, so perturbation theory is a priori unreliable. Calculating transport coeffi-
cients, such as ΓCS and η, from lattice QCD requires a problematic analytic continuation
from Euclidean signature.1 Currently no reliable technique exists to compute ΓCS or η
for QCD at the temperatures reached in the QGP.

An alternative approach is holography [26; 27; 28], which equates certain strongly-
coupled gauge theories in the large-Nc limit with weakly-coupled theories of gravity in
spacetimes of one higher spatial dimension. A deconfined thermal state of the gauge
theory is dual to a black hole spacetime [29], and transport coefficients are relatively
straightforward to calculate [30; 31; 32]. Remarkably, the ratio of η to entropy density,
s, for any theory dual to higher-dimensional Einstein gravity is η/s = 1/(4π) [33],
which is close to the estimate for η/s for the QGP extracted from data [34]. Such
universality serves as encouragement for computing other transport coefficients, like
ΓCS, from holography.

Previous calculations of ΓCS in holography employed “top-down” models, i.e. mod-
els descending from a known string theory or supergravity construction. The best-
understood example is N = 4 supersymmetric YM (SYM) with large Nc and large λt,
dual to supergravity in an Anti-de Sitter (AdS) space, for which ΓCS ∝ λ2

t T
4 [30].

Other holographic calculations included the effects on ΓCS due to a magnetic field [35]
or confinement [36]. To our knowledge, in all previous cases the holographic results
for ΓCS were ultimately fixed by some underlying (perhaps “hidden” [36]) conformal
symmetry.

In this paper we compute ΓCS in Improved Holographic QCD (IHQCD) [37; 38; 39;
1In fact, ΓCS may be more difficult to calculate from lattice QCD than other transport coefficients.

The operator q(xµ) obeys various constraints. For example, ∆NCS =
∫
d4x q(xµ) must be an integer,

the second Chern character. Defining a lattice version of the operator q(xµ) that obeys all of the
constraints can be difficult, as discussed for example in refs. [11; 24; 25].
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40; 41; 42; 43; 44], a holographic model of large-Nc YM theory. The model is “bottom-
up," i.e. does not descend from a known string theory or supergravity construction,
but is tailored to model string theory systems very closely, unlike other bottom-up
models. The bulk theory is Einstein-dilaton gravity, where the dilaton Φ is dual to
trFµνFµν . A non-trivial dilaton solution will describe non-trivial running of the YM
coupling, hence the choice of dilaton potential is crucial. The simplest choice involves
only two free parameters, which can be adjusted such that the model reproduces both
the T = 0 glueball spectrum and the thermodynamics of large-Nc YM, including a
first-order deconfinement transition at a critical temperature Tc. In particular, the
model has no (hidden) conformal symmetry. We briefly review IHQCD in section 7.3.

In IHQCD the operator q(xµ) is dual holographically to an axion field in the bulk [37;
38; 40; 42; 44]. Defining for convenience a holographic ’t Hooft coupling λ ≡ eΦ, the
normalization of the axion’s kinetic term includes a dilaton-dependent factor, Z(λ). In
principle, Z(λ) could be fixed by matching to lattice results for the Euclidean correlator
of q(xµ), as we explain in section 7.3. We work instead with several simple choices for
Z(λ), in part to study the generic behavior of ΓCS in holographic models. Specifically,
we consider a Z(λ) with two free parameters, which we fix by demanding that the
model match large-Nc YM lattice results for the topological susceptibility and for axial
glueball mass ratios to within one sigma.

In section 7.4 we compute ΓCS in the high-temperature, deconfined phase of IHQCD.
Letting s denote the entropy density and λh the value of λ at the black hole horizon,
our result for ΓCS is of the form

ΓCS = 1
N2
c

sT

2π Z(λh). (7.2.5)

Figs. 7.4, 7.5, and 7.6 show our numerical results for ΓCS/(sT/N2
c ) = Z(λh)/(2π). For

our choices of Z(λ), the value of Z(λh) is bounded from below as a function of T by
its value in the T → ∞ limit, and increases monotonically as T approaches Tc from
above, with most of the increase occurring between 2Tc and Tc. We will argue that such
behavior is generic in a large class of confining theories with classical gravity duals. In
a scan through various choices of Z(λ), each of which reproduces the first two axial
glueball mass ratios to within one sigma, we find that the increase can be as large as
60%. For our optimal choice of Z(λ), which provides the best fit to the lattice results
for the first two axial glueball mass ratios, the increase is only 0.01%.

To obtain ΓCS, we compute the low-frequency limit of GR(ω,~k = 0) holographi-
cally. In section 7.5 we initiate the study of GR(ω,~k) at non-zero ω and |~k|, in the
T ≥ Tc regime. We focus in particular on ImGR(ω,~k), which is proportional to the
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spectral function of q(xµ). After suitably subtracting the high-frequency asymptotics,
by computing the difference in the value of the correlator at two temperatures, our
results suggest the presence of a reasonably long-lived excitation with energy of order
of the lightest axial glueball mass at T = 0. That is sufficiently light to prompt the
speculation that perhaps such an excitation could dominate many CP-odd phenomena
in the QGP created in heavy ion collisions.

In section 7.6 we summarize our results and discuss directions for future research.

7.3 Improved Holographic QCD
The holographic model that we consider as the dual to pure large-Nc YM is (4+1)-
dimensional Einstein-dilaton gravity with a well-chosen dilaton potential [37; 38; 39;
40; 41; 42; 43; 44]. In terms of the holographic ’t Hooft coupling λ ≡ eΦ, the bulk
action is

S = M3
pN

2
c

∫
d5x
√
−g

[
R− 4

3
(∂λ)2

λ2 + V (λ)
]

+ Sbdry, (7.3.1)

where Mp is the Planck Mass, related to the (4+1)-dimensional Newton’s constant G5

asM3
p = 1/(16πG5N

2
c ), g and R are the determinant and Ricci scalar of the bulk metric,

V (λ) is the dilaton potential, and Sbdry represents all boundary terms, including the
Gibbons-Hawking term as well as counterterms.

If V (λ) = 12/`2 with a constant length scale `, then the equations of motion arising
from eq. (7.3.1) admit a solution with constant λ and an AdS metric with radius of
curvature `,

ds2
AdS = `2

r2

(
dr2 − dt2 + d~x2

)
, 0 < r <∞. (7.3.2)

Here r is the holographic radial coordinate, dual to the field theory energy scale: the
region near the AdS boundary at r → 0 is dual to the ultra-violet (UV) of the field
theory, while the region near the Poincaré horizon at r → ∞ is dual to the infra-red
(IR). Such a solution describes a conformal field theory.

For non-trivial V (λ), the equations of motion admit vacuum solutions in which λ
depends only on r and the metric takes the form

ds2 = b0(r)2(dr2 − dt2 + d~x2), 0 < r <∞, (7.3.3)

with warp factor b0(r). In IHQCD we demand that as r → 0 the metric approach that of
AdS, b0(r)→ `/r (up to corrections logarithmic in r) and that λ vanish logarithmically,
λ→ −1/ log r, to mimic the running of the large-Nc YM coupling.
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Large-Nc YM approaches a free theory in the UV, so we expect the holographic
dual in the r → 0 region to be a string theory, not just a classical gravity theory like
IHQCD. On the other hand, in large-Nc YM, λt diverges in the IR, so a classical gravity
theory may be a reliable description in the r → ∞ region. IHQCD is intended to be
such a low-energy effective description of large-Nc YM, reliable in the r → ∞ region.
In practice, the role of the r → 0 region in IHQCD is simply to provide boundary
conditions for the fields in the r → ∞ region. We impose those boundary conditions
at a cutoff, i.e. at some small but finite r = ε. We then compute low-energy quantities
that are insensitive to the cutoff, some of which we match to large-Nc YM, while the
rest are predictions of the model. A more detailed discussion of these issues appears
for example in ref. [41].

Using classical gravity in the r → 0 region has an important consequence, however:
IHQCD will actually be dual to a theory that flows to a non-trivial UV fixed point.
Generically, the UV physics of large-Nc YM and IHQCD will thus be different. For
example, in IHQCD, η/s = 1/(4π) [33], which is much smaller than the high-T pertur-
bative result for η/s in large-Nc YM [45]. Nevertheless, in order to match IHQCD to
known results for IR quantities in large-Nc YM, we must match some quantities in the
UV. For example, to reproduce lattice results for the free energy of large-Nc YM for
T & Tc with the correct normalization, we must demand that at high T the free energy
of IHQCD obey a Stefan-Boltzmann law. That requirement fixes the value of ` in the
asymptotic AdS region in units of the Planck mass: (Mp`)−3 = 45π2 [39; 40].

By matching to another UV quantity, the perturbative large-Nc YM β-function, we
can also constrain V (λ). In the r → 0 region, where λ is small, V (λ) has a regular
series expansion

V (λ) = 12
`2

(
1 + v0λ+ v1λ

2 + O
(
λ3
))
. (7.3.4)

Committing to an identification of the field theory renormalization scale E ≡ E0 b0(r),
where E0 can be fixed by matching to the lowest glueball mass or to the result for Tc
from lattice large-Nc YM, we can fix the coefficients v0 and v1 in terms of the coefficients
of the perturbative large-Nc YM β-function [37; 38; 44]:

β(λt) = −β0λ
2
t − β1λ

3
t + O(λ4

t ), β0 = 22
3(4π)2 , β1 = 51

121β
2
0 , (7.3.5a)

v0 = 8
9β0, v1 = 4

9β1 + 23
81β

2
0 . (7.3.5b)

In the vacuum solutions, generically λ diverges as r → ∞. The large-λ expansion
of V (λ) must take the form V (λ) ∝ λ

4
3
√

log λ in order for the glueball spectrum to be
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gapped and discrete with asymptotically linear trajectories [37; 38; 41; 44]. With this
asymptotic form for V (λ), as r →∞ the warp factor and λ(r) take the form

b0(r) ∝ e−(r/L)2
, λ(r) ∝ r

L
e

3
2 (r/L)2

, (r →∞) (7.3.6)

where L is a length scale determined by the value of λ at r = ε. The form of b0(r) in
eq. (7.3.6) is sufficient to guarantee that the dual field theory is confining [37; 38]. The
metric actually has a mild singularity1 at r =∞ that can be cloaked by a regular horizon
and hence is a “good” singularity [46]. Moreover, the singularity is repulsive [38; 40],
which guarantees that the low-energy spectrum and other observables are insensitive
to the details of the resolution of the singularity.

The black hole solutions of the model defined by the action in eq. (7.3.1) have
non-trivial λ(r) and a metric of the form [39; 40]

ds2 = b(r)2
(
dr2

f(r) − f(r)dt2 + d~x2
)
, 0 < r < rh. (7.3.7)

The surface r = rh is the horizon, where f(rh) = 0, and the corresponding Hawking
temperature is T = 4πf ′(rh). Black hole solutions only exist for temperatures above
a value Tmin, and in fact two branches of solutions exist, the large and small black
holes (comparing rh to `). Fig. 7.1 depicts the typical form of T as a function of rh,
including the two branches of black hole solutions. For both large and small black
holes, as r → rh, the warp factor b(r) asymptotes to a constant whose value determines
the entropy density, s = b(rh)3/(4G5), and as r → 0, b(r) → r/`, up to O(r4) (times
logarithmic) corrections, indicating that in the field theory the thermal energy density
and pressure are both of order N2

c .
In large black hole solutions, λ(r) decreases monotonically as T increases, so that

λ → 0 as T → ∞. In small black hole solutions, λ(r) increases as T increases. In
particular, as discussed in refs. [40; 42], the value of λ(r) at the horizon, λh ≡ λ(rh),
is a monotonically increasing function of rh, so a plot of T versus λh is qualitatively
similar to fig. 7.1: in the T → ∞ limit, λh → 0 on the large black hole branch and
λh →∞ on the small black hole branch (see for example fig. 2 (a) of ref. [40]).

If we Wick-rotate to a compact Euclidean time direction of length 1/T , then for
T ≥ Tmin three bulk solutions exist: the Wick-rotated version of eq. (7.3.3), which de-
scribes a thermal gas of gravitons and is dual to a confined state, and the Wick-rotated
large and small black holes, which are dual to deconfined states. To determine which

1On the other hand, in the string frame, where the metric scale factor is λ2/3(r)b0(r), the curvature
approaches zero as r →∞.
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Big black holes Small black Holes

0 rmin

rh

Tmin

T

Figure 7.1: Schematic plot for the typical form of the black hole Hawking temperature
T as a function of the horizon position rh, for a generic choice of V (λ) (with the correct
small- and large-λ asymptotics). The temperature exhibits a minimum, Tmin, at rmin,
which separates the large black hole (rh < rmin) from the small black hole (rh > rmin)
branches.

solution is thermodynamically preferred at any given T , we must determine which has
the smallest on-shell Euclidean action, dual to the field theory’s free energy (times
1/T ). As shown in refs. [39; 40; 42], the small black hole solutions are never thermo-
dynamically preferred, but at some Tc > Tmin the large black hole solutions become
thermodynamically preferred. Indeed, the system exhibits a first-order Hawking-Page
type transition at Tc, dual to a confinement-deconfinement transition.

In general, for a given potential V (λ) we cannot solve the equations of motion arising
from eq. (7.3.1) exactly, so we resort to numerics. Here we will only sketch our numerical
procedure, which is described in detail for example in ref. [42]. At the cutoff r = ε we
impose a Dirichlet condition on each field, and in particular we demand that the metric
take the AdS form. We then fix the remaining integration constants, including λh, by
a shooting algorithm. Given a choice of V (λ) and the Dirichlet conditions at r = ε,
we obtain a one-parameter family of solutions labeled by T , or equivalently by λh.
Following refs. [42; 43], in our numerics we use a simple form for V (λ) with the correct
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small- and large-λ asymptotics,

V (λ) = 12
`2

[
1 + V0λ+ V1λ

4/3
√

log
(
1 + V2λ4/3 + V3λ2)] . (7.3.8)

Expanding eq. (7.3.8) about λ = 0 and matching to eq. (7.3.4), we find v0 = V0 and
v1 = V1

√
V2. The coefficients V0 and V2 can be determined in terms of V1 by imposing

the conditions in eq. (7.3.5b). The potential thus has two free parameters, V1 and
V3. We fit these two parameters by matching to lattice results for two thermodynamic
quantities in large-Nc YM: the latent heat of the deconfinement transition, which is
proportional to the entropy density at the transition, s(Tc)/(N2

c T
3
c ) ' 0.31 [47], and

the pressure at T = 2Tc [47; 48; 49]. Upon fixing V1 and V3 in this fashion, IHQCD
describes very well both the T = 0 glueball spectra (0++ and 2++) as well as the finite
T thermodynamics of large-Nc YM [42; 50].

The instanton number density operator, q(xµ) in eq. (7.2.2b), is dual to a bulk
pseudoscalar, the axion α (as in many top-down models). In the field theory, the
source for q(xµ) is an angular variable, the θ-angle. As a result, the action of the bulk
axion must be invariant under shifts of α, and hence must depend only on derivatives1

∂α. General arguments in string theory and in YM theory, including the argument
that θ dependence should appear in the YM vacuum energy only at order one in the
large-Nc limit rather than at order N2

c [51], imply that the axion action is suppressed
by O(1/N2

c ) compared to the action S in eq. (7.3.1) [37; 38; 41; 44]. We thus add to
the model an axion with an action Sα of the form [37; 38; 41; 44]

Sα = −1
2M

3
p

∫
d5x
√
−g Z(λ)(∂α)2, (7.3.9)

where, following the rules of effective field theory, we have included a dimensionless,
λ-dependent normalization function, Z(λ), consistent with the symmetries.

Being a massless pseudo-scalar, in an expansion of α(r) about r = 0, the leading,
non-normalizable term is a constant, which is proportional to the YM θ-angle defined
in the UV,

α(r = 0) = κ θ, (7.3.10)

where in top-down models the proportionality constant κ will be fixed, but not in
bottom-up models. In other words, in our model the normalization of the operator
dual to α is ambiguous: α is dual to q(xµ)/κ. Nevertheless, by fixing the normalization
of the topological susceptibility we will be able to compute two-point functions of q(xµ)
unambiguously, as we explain below.

1Instanton effects may produce a non-trivial axion potential, such as a term cosα. These instanton
effects are exponentially suppressed in the large-Nc limit, however.
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To specify Sα completely we must specify Z(λ). In principle, Z(λ) can be fixed
as follows. First, perform a lattice calculation of the Euclidean two-point function of
q(xµ) with non-zero T for some set of frequencies. Second, compute the same Euclidean
two-point function holographically for all frequencies for some choice of Z(λ). A least
squares fit of the holographic results to the lattice results should then determine Z(λ).
To study generic behavior of holographic models, we will instead proceed by using
simple forms for Z(λ) that we constrain by matching to lattice results for the topological
susceptibility and axial glueball mass spectrum. Notice that matching to any lattice
data will always have room for improvement: lattice definitions of q(xµ) generically
suffer from power-law divergences that dominate in the continuum limit, making lattice
calculations of correlators of q(xµ) noisy [24]. Accurate calculations may be possible in
the near future1.

We can constrain Z(λ) as follows. Since Z(λ) is the coefficient of a kinetic term,
we demand that Z(λ) ≥ 0. We can also constrain Z(λ)’s small- and large-λ asymp-
totics [37; 38; 41; 44]:

Z(λ) ∝

Z0 + O(λ), λ→ 0,

λ4 + O(1/λ), λ→∞,
(7.3.11)

where Z0 is a dimensionless constant. The small-λ form follows from the rules of
effective field theory: a constant is the most general allowed term. The large λ behavior
is fixed by glueball universality [38]. Various towers of glueballs have linear asymptotic
trajectories: for large excitation number n, their squared masses go as (mi

n)2 = cin+· · · ,
with constants ci, where the integer i labels different towers. Glueball universality is the
statement that all the slopes ci are similar, i.e. do not depend on i. That is automatic
for the 0++ and 2++ glueballs. Requiring the same for the 0−+ glueballs forces Z(λ)
to go as λ4 at large λ [38].

We will use the simplest form of Z(λ), also used for example in ref. [42],

7Z(λ) = Z0(1 + c4λ
4), (7.3.12)

where c4 is a dimensionless constant. To fix Z0 we match to the large-Nc YM lattice
result for the Euclidean topological susceptibility, χ, defined in terms of the T = 0
vacuum energy density E(θ) as

χ ≡ d2E(θ)
dθ2 =

∫
d4x 〈q(xµ)q(0)〉E , (7.3.13)

1We thank F. Bruckmann, H. Panagopoulos, and A. Schäfer for discussions on this issue.
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where the subscript E denotes the Euclidean correlator. The holographic result for χ
is2 [38],

χ =
κ2M3

p∫∞
0

dr
b30(r)Z(λ(r))

. (7.3.14)

Clearly χ will be proportional to κ2Z0. Thus, for any given value of the parameter c4,
matching the holographic result for χ to the lattice result, χ ≈ (191MeV)4 [24; 52],
fixes the product κ2Z0. On the other hand, since the locations of poles in the two-
point function of q(xµ) are independent of the overall normalization κ2Z0, we can fix
c4 independently by matching the mass of the lowest 0−+ glueball to the lattice result
of ref. [53],

m0−+/m0++ = 1.50(4). (7.3.15)

The resulting values are1 [42]

κ2Z0 = 33.25, c4 = 0.26. (7.3.16)

These values can then be used to predict the masses in the full tower of 0−+ glueballs.
As shown in refs. [37; 38; 41; 44], the holographic result for the first excited 0−+ glueball
mass, m0∗−+ , agrees very well with the lattice result [53],

m0∗−+/m0++ = 2.11(6). (7.3.17)

Crucially, notice that by fixing the normalization of χ we have fixed the normal-
ization of any two-point function of q(xµ), and thus have eliminated the normalization
ambiguity mentioned below eq. (7.3.10). In other words, the holographic calculation of
the two-point functions of q(xµ) will only depend on the combination κ2Z0 (as we will
see explcitly in section 7.4), which we have fixed to the value in eq. (7.3.16).

Solutions for α as a function of T were studied in refs. [40; 42]. When T = 0, a non-
trivial UV θ-angle forces α(r) to be non-trivial. The resulting normalizable solution
then indicates that the non-zero UV θ-angle flows to zero in the IR, as shown in fig. 7.2,
and additionally triggers a non-zero 〈q(x)〉/κ. The T = 0 solution for α(r) is unchanged
when T < Tc: Wick-rotating the metric in eq. (7.3.3) to a compact Euclidean time does
not affect the static solution α(r). Such behavior is expected in a confined phase at
leading order in Nc, due to large-Nc volume independence. When T > Tc, however,
the only non-singular solution for the axion is a constant, α(r) = κ θ, indicating that
〈q(x)〉 = 0, in agreement with evidence from lattice data for large-Nc YM [24].

2The holographic calculation of χ in ref. [38] assumed κ = 1. Here we allow for arbitrary κ.
1The result for κ2Z0 in ref. [42] was too large by a factor of four, producing an erroneous result,

κ2Z0 = 133. In eq. (7.3.16) we present the correct value, κ2Z0 = 133/4 = 33.25.
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Figure 7.2: The normalizable solution α(r) for the axion at T = 0, expressed as a running
θ-angle normalized to the UV value, as a function of the energy scale, E(r) = E0b(r). We
fix E0 by matching our holographic result for Tc to the large-Nc YM lattice result.

What is the behavior of the topological susceptibility as a function of temperature,
χ(T )? When T < Tc, χ(T ) is independent of T , i.e. takes the same value as at T = 0,
eq. (7.3.14), again due to large-Nc volume independence. When T > Tc, the holographic
result for the topological susceptibility is

χ(T ) =
κ2M3

p∫ rh
0

dr
b3(r)f(r)Z(λ(r))

. (T > Tc) (7.3.18)

The denominator on the right-hand-side of eq. (7.3.18) diverges at the black hole hori-
zon, so in fact χ(T ) = 0 when T > Tc, up to O(e−Nc) corrections [40; 42].

We will also consider a form for Z(λ) more general than that of eq. (7.3.12). On
the large black hole branch, if T is large then λ is small, in which case we expect the
largest polynomial correction to the Z(λ) in eq. (7.3.12) to be a term linear in λ, hence
we consider

Z(λ) = Z0
(
1 + c1λ+ c4λ

4
)
, (7.3.19)

where c1 is a dimensionless constant, which we choose to be positive. If we continue
to fit only to the lattice result for the lowest 0−+ glueball mass, we find a substantial
degeneracy (which is not surprising, given that we have introduced an additional pa-
rameter, c1). Specifically, for any positive value of c1, a value of c4 exists such that,
upon matching to the lowest axial glueball mass in eq. (7.3.15), the value of the first
excited axial glueball mass is in rough agreement with the value in eq. (7.3.17), exhibit-
ing at most a 3% discrepancy, as shown in fig. 7.3. To constrain c1 we will demand
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that our holographic results for the axial glueball masses fall within one sigma of the
lattice values in eqs. (7.3.15) and (7.3.17). That results in the constraints

0 . c1 . 5, 0.06 . c4 . 50. (7.3.20)

In fact, the optimal values, which provide the best fit, are the ones in eqs. (7.3.12)
and (7.3.16): (c1, c4) = (0, 0.26).

Figure 7.3: Our holographic results for the masses of the 0−+ glueball states with
excitation number n, normalized to the lowest 0++ glueball mass, obtained by vary-
ing the coefficients c1 and c4 in the Z(λ) in eq. (7.3.19). From the top (red)
dots (visible only for n = 2 and n = 4) to the bottom (blue) dots, (c1, c4) =
(0, 0.26), (0.5, 0.87), (1, 2.2), (5, 24), (10, 75), (20, 230), (40, 600). The lowest axial glueball
mass, n = 1, is always fixed to be the value in eq. (7.3.15). The two horizontal blue lines
with surrounding blue bands indicate the results and errors, respectively, of the large-Nc
YM lattice calculations for the masses of the lowest and first excited states, n = 1 and
n = 2 (see eqs. (7.3.15) and (7.3.17)) [53]. Only the mass of the n = 2 state is appreciably
sensitive to changes of c1 and c4, differing from the lattice result by 3% at most.

As we have seen, the function Z(λ) must be non-negative and is constrained in the
λ → 0 and λ → ∞ limits. For intermediate values of λ, the most natural assumption
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is that Z(λ) is monotonic. At least, we are not aware of any compelling evidence for
the existence of maxima or minima in Z(λ). Our choices for Z(λ) were thus monotonic
functions of λ, namely polynomials in λ with strictly positive coefficients. To test
the effect of maxima and minima in Z(λ), we considered two changes to the Z(λ)
in eq. (7.3.19). First, we allowed slightly negative c1, while maintaining Z(λ) ≥ 0.
Second, we introduced a maximum by a adding a Gaussian peak to Z(λ). In each case
we computed the axial glueball mass spectrum. After matching to the lattice result for
the lowest axial glueball mass, we found that the fit to the first excited axial glueball
mass was worse, deviating from the lattice result by about 10%. We consider that a
preliminary indication that monotonic Z(λ) may indeed be the best choice. We leave
more thorough tests for future research.

Our assumption that Z(λ) is monotonic in λ determines the qualitative behavior
of Z(λ) as a function of T . On the large black hole branch, as T → ∞, λ → 0, and
as T decreases towards Tc, λ increases monotonically. As a result, for our choices of
Z(λ)—simple polynomials in λ with positive coefficients—when T → ∞, Z(λ) → Z0,
and when T → Tc, Z(λ) will increase monotonically. As functions of T , our Z(λ)
are thus bounded from below by their value in the T → ∞ limit: Z(λ) ≥ Z0. The
behavior of Z(λ) as a function of T will translate directly into the behavior of ΓCS as
a function of T , as we will show in the next section. In particular, the dimensionless
combination ΓCS/(sT ) will be bounded from below by its value in the T → ∞ limit,
and will increase as T → Tc. In the next section we will also present a more general
argument that ΓCS/(sT ) must increase as T approaches Tc from above.

7.4 The Chern-Simons Diffusion Rate
7

We will compute ΓCS using eq. (7.2.4), rewritten as

ΓCS = −κ2 lim
ω→0

2T
ω

Im ĜR(ω,~k = 0), (7.4.1)

where ĜR(ω,~k) is the retarded two-point function of q(xµ)/κ, the operator dual to our
axion α.

In holography, the on-shell bulk action is the generating functional for field theory
correlation functions [27; 28]. To compute the two-point function ĜR(ω,~k) in the high-
temperature, deconfined phase of IHQCD, we must solve the linearized equation of
motion of the axion in the black hole spacetime with metric in eq. (7.3.7), with T ≥ Tc.
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We thus introduce a fluctuation of the axion, δα(r, xµ), where xµ = (t, ~x). When
T ≥ Tc, the background solution for the axion is trivial, hence the linearized equation
of motion for δα(r, xµ) is simply

1
Z(λ(r))

√
−g

∂r
[
Z(λ(r))

√
−g grr∂rδα(r, xµ)

]
+ gµν∂µ∂ν δα(r, xµ) = 0, (7.4.2)

where the metric is that of eq. (7.3.7). Notice in particular that δα will not couple
to the fluctuations of any other fields because the background solution preserves CP
and the axion is the only CP-odd field in the bulk. We must solve eq. (7.4.2) with
Dirichlet boundary condition at the asymptotically AdS boundary and with in-going
wave boundary condition at the horizon [30]. The solution takes the form

δα(r, xµ) =
∫

d4k

(2π)4 e
ikx δα(r, kµ) a(kµ), (7.4.3)

where kµ = (ω,~k) and where a(kµ) is fixed by the Dirichlet boundary condition,

lim
r→0

δα(r, xµ) =
∫

d4k

(2π)4 e
ikx a(kµ), (7.4.4)

while δα(r, kµ) obeys the equation

1
Z(λ(r))

√
−g

∂r
[
Z(λ(r))

√
−g grr∂rδα(r, kµ)

]
− gµνkµkν δα(r, kµ) = 0, (7.4.5)

with unit normalization at the asymptotically AdS boundary, limr→0 δα(r, kµ) = 1, and
in-going wave boundary condition at the horizon. The on-shell axion action is then

Son-shell
α =

∫
d4k

(2π)4 a(−kµ)F(r, kµ) a(kµ)
∣∣∣∣∣
rh

0
, (7.4.6)

where

F(r, kµ) ≡ −
M3
p

2 δα(r,−kµ)Z(λ(r))
√
−g grr ∂rδα(r, kµ). (7.4.7)

The retarded Green’s function is then [30]

ĜR(ω,~k) = −2 lim
r→0

F(r, kµ). (7.4.8)

To compute ΓCS, we need to solve eq. (7.4.5) with ~k = 0 and with small ω. We will
do so in two ways, first using near-horizon matching and second using the membrane
paradigm, following ref. [32]. In each case we can determine ΓCS analytically, essentially
because δα is a massless fluctuation.
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In the near-horizon matching technique, we first solve eq. (7.4.5) with ω = 0 and
then expand the solution near the horizon. We then reverse the order of operations,
solving the equation in the near-horizon region and then expanding the solution in ω.
Finally, we match the two solutions to obtain F(r, kµ).

When ~k = 0 and ω = 0 the solution of eq. (7.4.5) is

δα = C1 + C2

∫ r

0

dr′

Z(λ(r′))b(r′)3f(r′) , (7.4.9)

with constant coefficients C1 and C2. The second term on the right-hand side of
eq. (7.4.9) diverges as r → rh. As a result, when ω = 0 a normalizable solution must
have C2 = 0. When ω is small but non-zero, a normalizable solution may have C2 ∝ ω.
Plugging eq. (7.4.9) into eq. (7.4.7), we find

lim
r→0

F(r, kµ) = −
M3
p

2 C1C2. (ω � T,~k = 0) (7.4.10)

We will choose C1 = 1 so that our δα has unit normalization at the asymptotically
AdS boundary. Our task is thus to determine C2. Expanding the solution in eq. (7.4.9)
around the horizon, we find

δα = C1 + C2
Z(λh) b(rh)3 f ′(rh) log(rh − r) + O(rh − r), (7.4.11)

where f ′(rh) = 4πT . Now we reverse the order of operations. Expanding eq. (7.4.5) in
(rh − r), we find the solution in the near-horizon region,

δα = C+(rh − r)
iω

4πT + C−(rh − r)−
iω

4πT , (7.4.12)

with coefficients C± that depend on ω but not on r. We set C+ = 0 so that the near-
horizon solution is an in-going wave [30]. Now we expand the solution in eq. (7.4.12)
for small ω:

δα = C− − i
ω

4πT C− log(rh − r) + O(ω2/T 2). (7.4.13)

By matching the constant and logarithmic terms in eqs. (7.4.11) and (7.4.13), we find

C1 = C−, C2 = −iω Z(λh) b(rh)3C−. (7.4.14)

Setting C1 = 1, we obtain limr→0 F(r, kµ) via eq. (7.4.10) and then ĜR(ω,~k) via
eq. (7.4.8),

ĜR(ω,~k = 0) = −i ωM3
p Z(λh) b(rh)3. (ω � T ) (7.4.15)

We thus obtain our main result for ΓCS,

7ΓCS = −κ2 lim
ω→0

2T
ω

Im ĜR(ω,~k = 0) = 1
N2
c

sT

2π κ
2Z(λh), (7.4.16)
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where we have used M3
p = 1/(16πG5N

2
c ) and where s = b3(rh)

4G5
is the entropy density.

Notice that the normalization of this result is fixed by the product κ2Z0, which we
fixed in section 7.3 by matching to the topological susceptibility at T = 0.

The second equivalent, but more efficient, method that we will use to obtain
ĜR(ω,~k) is the membrane paradigm [32]. Kubo’s formula for the retarded Green’s
function is

Π(ω,~k) = ĜR(ω,~k)δα(ω,~k), (7.4.17)

where Π(ω,~k) is the one-point function of q(xµ)/κ in Fourier space. Following ref. [32],
we extend eq. (7.4.17) into the bulk by defining an r-dependent response function,

ζ(r, ω,~k) ≡ Π(r, ω,~k)
ωM3

p δα(r, ω,~k)
, (7.4.18)

where Π(r, ω,~k) is the canonical momentum of δα(r, ω,~k) with respect to the r-foliation
of the bulk space-time,

7Π(r, ω,~k) ≡ δSα
δ∂rδα

= −M3
p Z(λ(r))

√
−g grr ∂rδα(r, ω,~k). (7.4.19)

The retarded Green’s function is then proportional to the boundary value of ζ:

7ĜR(ω,~k) = −M3
p ω lim

r→0
ζ(r, ω,~k). (7.4.20)

An equation of motion for ζ is straightforward to derive using eq. (7.4.19) and δα’s
equation of motion, eq. (7.4.5),

∂rζ = ω

Z(λ(r))
√
−g grr

[
ζ2 + Z(λ(r))2g grrgtt

(
1 + gxx

gtt

~k2

ω2

)]

= ω

Z(λ(r))b(r)3f(r)

[
ζ2 + Z(λ(r))2b(r)6

(
1− f(r)

~k2

ω2

)]
. (7.4.21)

To obtain the retarded Green’s function ĜR(ω,~k), we must impose regularity at the
horizon, meaning ∂rζ is finite there [32], hence the term in brackets in eq. (7.4.21) must
vanish1 at r = rh:

ζ(rh) = +iZ(λh)b(rh)3. (7.4.22)

We can now easily derive ΓCS. In eq. (7.4.21) we take ~k = 0 and observe that if ω → 0
then ζ becomes independent of r. The value of ζ for all r is then the same as the value

1When ~k 6= 0 but ω = 0, the boundary condition is modified from that in eq. (7.4.22), as discussed
in ref. [32]. In what follows, whenever we consider ~k 6= 0 we will work with ω 6= 0, hence we will use
the boundary condition in eq. (7.4.22).
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at the horizon, eq. (7.4.22), and via eq. (7.4.20) we trivially obtain ĜR(ω,~k = 0), which
is identical to eq. (7.4.15). We thus find again

7ΓCS = −κ2 lim
ω→0

2T
ω

Im ĜR(ω,~k = 0) = 1
N2
c

sT

2π κ
2Z(λh). (7.4.23)

Our result suggests a natural dimensionless quantity to study,

ΓCS
sT/N2

c

= κ2Z(λh)
2π , (7.4.24)

which has implicit dependence on T through Z(λh), and is constant in T if and only
if Z(λ) is a constant in λ, that is, if the axion does not couple to the dilaton. Indeed,
as we mentioned at the end of section 7.3, the behavior of Z(λ) as a function of T
determines the behavior of ΓCS/(sT/N2

c ) as a function of T . In particular, on the large
black hole branch, ΓCS/(sT/N2

c ) is bounded from below by its value in the T → ∞
limit,

lim
T→∞

ΓCS
sT/N2

c

= κ2Z0
2π . (7.4.25)

If we use the preferred value κ2Z0 = 33.25 [42] then κ2Z0/(2π) ' 5.29. Moreover,
ΓCS/(sT/N2

c ) will increase monotonically as T approahces Tc from above.
For the simplest choice of Z(λ), given in eq. (7.3.12), ΓCS/(sT/N2

c ) has extremely
mild dependence on T : as T approaches Tc from above, ΓCS/(sT/N2

c ) is nearly con-
stant, experiencing an increase of only about 0.01%, mostly between 2Tc and Tc, as
shown in fig. 7.4. In bulk terms, the reason for this mild T dependence is that between
T → ∞ and T = Tc, λh increases from zero up to only λh ≈ 0.14, which for the Z(λ)
in eq. (7.3.12) translates into a very small change in ΓCS/(sT/N2

c ).
On the other hand, for the Z(λ) in eq. (7.3.19), for different values of the coefficients

c1 and c4 we find more variation in ΓCS/(sT/N2
c ) as T approaches Tc from above, as

shown in fig. 7.5. For example, if c1 = 40 and c4 = 600, then ΓCS/(sT/N2
c ) increases

near Tc by more than a factor of six. For all values of c1 and c4 that we considered, most
of the increase occurs between 2Tc and Tc. Fig. 7.6 shows ΓCS/(sT/N2

c ), normalized to
the T →∞ value κ2Z0/(2π), as a function of T/Tc for values of c1 and c4 that reproduce
the lattice results for axial glueball mass ratios to within one sigma, eq. (7.3.20). At
the upper limits of the allowed (c1, c4) values, namely (c1, c4) = (5, 50), we find that as
T approaches Tc from above, ΓCS/(sT/N2

c ) increases by about 60%, with most of the
increase occuring between 2Tc and Tc.

In heavy ion collisions at RHIC and LHC, T reaches two to four times the QCD
crossover temperature. We would thus like to know the value of ΓCS in QCD near
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Figure 7.4: Our numerical result for ΓCS/(sT/N2
c ), normalized to the T → ∞ value

κ2Z0/(2π), as a function of T/Tc for the Z(λ) given in eq. (7.3.12), with c4 = 0.26 [42]. As
T decreases, ΓCS/(sT/N2

c ) remains nearly constant, experiencing only an approximately
0.01% increase, mostly between 2Tc and Tc.
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Figure 7.5: (a) Our numerical results for ΓCS/(sT/N2
c ), normalized to the T →∞ value

κ2Z0/2π, as functions of T/Tc, for the Z(λ) in eq. (7.3.19), for different choices of the
dimensionless parameters (c1, c4). From the bottom (red) curve to the top (blue) curve,
(c1, c4) = (0, 0.26), (0.5, 0.87), (1, 2.2), (5, 24), (10, 75), (20, 230), (40, 600). (b) Close-up of
the curves for (from bottom to top) (c1, c4) = (0, 0.26), (0.5, 0.87), (1, 2.2). In all of these
cases, as T approaches Tc from above ΓCS/(sT/N2

c ) increases by anywhere from 0.01% up
to a factor greater than six. The increase occurs mostly between 2Tc and Tc.

the crossover temperature, which is a key ingredient determining the magnitude of any
current produced via the CME [18].1 No controlled calculation of ΓCS from QCD at

1We thank D. Kharzeev for a discussion on this point.
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Figure 7.6: Our numerical results for ΓCS/(sT/N2
c ), normalized to the T → ∞ value

κ2Z0/2π, as functions of T/Tc, for the Z(λ) in eq. (7.3.19) with (c1, c4) constrained such
that the holographic model reproduces the lattice results for axial glueball mass ratios to
within one sigma: 0 . c1 . 5 and 0.06 . c4 . 50. A generic choice of (c1, c4) within these
limits will produce a curve inside the shaded region. The lower bound of the shaded region,
given by the solid pink curve, has the lowest values, (c1, c4) = (0, 0.06), while the upper
bound, given by the solid blue curve, has the largest values, (c1, c4) = (5, 50). At the upper
bound we see that as T approaches Tc from above, ΓCS/(sT/N2

c )× (2π)/(κ2Z0) increases
by about 60%. The dashed line is the result for the optimal values (c1, c4) = (0, 0.26), as
shown also in fig. 7.4.

these temperatures exists, hence we turn to holography. Suppose we use N = 4 SYM
as a holographic proxy for QCD near the crossover temperature. The result for ΓCS in
large-Nc, strongly-coupled N = 4 SYM is [30],

ΓN=4
CS = λ2

t

28π3 T
4. (7.4.26)

Being a conformal field theory, N = 4 SYM has no phase transitions at non-zero T , so
to obtain a sensible result we should consider the dimensionless quantity ΓCS/T

4. As
a crude estimate we take αs ≡ g2/(4π) = 0.5 and we use Nc = 3, so that λt = 6π, in
which case we find

ΓN=4
CS /T 4 ≈ 0.045. (λt = 6π) (7.4.27)

For a better estimate, let us consider ΓCS(Tc)/T 4
c in IHQCD. As discussed above, if

Z(λ) is monotonic in λ, then ΓCS/(sT/N2
c ) is bounded from below by its value in the

T → ∞ limit, eq. (7.4.25). We can obtain a lower bound on ΓCS(Tc)/T 4
c by using

the large-Nc YM lattice result for the entropy density at Tc [47], s(Tc) = 0.31N2
c T

3
c .

Letting λc denote the value of λh at Tc, we find

ΓCS(Tc)/T 4
c = 0.31× κ2Z(λc)

2π > 0.31× κ2Z0
2π = 1.64, (7.4.28)
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which is about 36 times larger than the N = 4 SYM estimate, eq. (7.4.27). In fact,
eq. (7.4.28) is closer to the perturbative QCD result, if we naïvely extrapolate to αs =
0.5: ΓCS(T )/T 4 ≈ 30α5

s ≈ 0.94 (up to logarithms) [8; 9; 10; 11]. If we consider the
Z(λ) in eq. (7.3.19), and constrain c1 and c4 to the values in eq. (7.3.20), then we can
also place an upper bound on ΓCS(Tc)/T 4

c , given by the solid blue curve in fig. 7.6. For
these choices of Z(λ), we thus find

1.64 ≤ ΓCS(Tc)/T 4
c ≤ 2.8. (7.4.29)

Finally, we have also calculated ΓCS using the small black hole solutions [39; 40; 42].
Our results for those cases appear in the appendix. Although the small black hole
branch is always thermodynamically disfavored, we can actually use the results for
ΓCS/(sT/N2

c ) on the small black hole branch to argue quite generally that on the
large black hole branch ΓCS/(sT/N2

c ) should increase as T approaches Tc from above.
A similar argument also applies for the bulk viscosity, as discussed in ref. [43]. The
key result, shown in fig. 11 in the appendix, is that for T > Tmin ΓCS/(sT/N2

c ) is
larger on the small black hole branch than on the large black hole branch, but the
two branches meet at Tmin. On the large black hole branch, then, ΓCS/(sT/N2

c ) must
increase as T → Tmin from above, in order to meet ΓCS/(sT/N2

c ) from the small black
hole branch. In fact, we can show in full generality that on the large black hole branch
ΓCS/(sT/N2

c ) must increase as T → Tmin: we simply take (d/dT )(ΓCS/(sT/N2
c )) =

(dλh/dT )(d/dλh)(κ2Z(λh)/2π) and observe that by definition (dλh/dT ) diverges when
T → Tmin, while (d/dλh)(κ2Z(λh)/2π) remains finite. Notice also that ΓCS/(sT/N2

c )
itself remains finite when T → Tmin. Given that Tmin is generally very close to Tc, we
are then guaranteed that ΓCS/(sT/N2

c ) will be increasing as T → Tc from above, if we
assume that Z(λ) is monotonic as a function of T between Tmin and Tc. In principle,
Z(λ) could exhibit maxima or minima for T ∈ (Tmin, Tc), although such behavior seems
un-natural. On the large black hole branch an increase of ΓCS/(sT/N2

c ) as T → Tc from
above seems to be the generic behavior. We thus learn that the increase in ΓCS/(sT/N2

c )
in the vicinity of Tc on the large black hole branch is tied to the existence of Tmin, and
hence to the existence of small black hole solutions. As argued in ref. [40], the existence
of small black hole solutions follows from the fact that the zero-temperature theory is
confining. These arguments suggest that perhaps any confining, strongly-interacting,
large-Nc gauge theory with a (4+1)-dimensional holographic dual1 may exhibit an
increase in ΓCS/(sT/N2

c ) in the vicinity of Tc.
1Our arguments may not apply for (3+1)-dimensional confining theories obtained from higher-

dimensional theories with compact spatial directions, such as the low-energy worldvolume theory on D4-
branes with one spatial direction compactified and anti-periodic boundary conditions for fermions [29].
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7.5 The Spectral Function
7 We now turn our attention to GR(ω,~k) with non-zero ω and ~k. Generically GR(ω,~k)
is a complex-valued function of the real variables ω and ~k. A pole in GR(ω,~k) indi-
cates a large response to an infinitesimal source for q(xµ), and is thus associated with a
resonant excitation of the system. Being complex-valued, GR(ω,~k) is not directly ob-
servable. To study the excitations of our system, we thus turn to the spectral function,
−2 ImGR(ω,~k), which is real and hence observable in principle.2 Typically, a pole in
GR(ω,~k) produces a peak in the spectral function. In this section we initiate the study
of these peaks in our system.

To be precise, we will compute ImGR(ω,~k). To do so, we will compute GR(ω,~k)
using the membrane paradigm [32], as explained in section 7.4. In particular, we must
solve eq. (7.4.21), which we reproduce here for convenience

∂rζ = ω

Z(λ(r))b(r)3f(r)

[
ζ2 + Z(λ(r))2b(r)6

(
1− f(r)

~k2

ω2

)]
, (7.5.1)

with the boundary condition in eq. (7.4.22),

ζ(rh) = +iZ(λh)b(rh)3, (7.5.2)

and then obtain GR(ω,~k) via eq. (7.4.20),

7GR(ω,~k) = −κ2M3
p ω lim

r→0
ζ(r, ω,~k). (7.5.3)

We have not been able to solve eq. (7.5.1) exactly for all values of ω and ~k, hence we
turn to numerical solutions. In this section we exclusively use the Z(λ) in eq. (7.3.12),
with c4 = 0.26.

We consider first the case ~k = 0. Fig. 7.7 shows our numerical result for ImGR(ω,~k =
0)/(TcM3

p ) at Tc as a function of ω/Tc. As we saw in section 7.4, for ω sufficiently
small, ImGR(ω,~k = 0) ∝ ω. On the other hand, at asymptotically large ω we expect
ImGR(ω,~k = 0) ∝ ω4 because in the UV the theory is conformally invariant and q(xµ)
is dimension four. Our results are consistent with that expectation: fig. 7.7 shows that
the function (1.6× 10−7)× (ω/Tc)4.051 provides an excellent fit to our data.

The ω4 scaling of ImGR(ω,~k = 0), and hence of GR(ω,~k = 0), at asymptotically
large ω is a divergence in the coincidence limit of the two-point function that prevents

2Given ImGR(ω,~k) we can obtain ReGR(ω,~k) via a Kramers-Kroning relation, provided the large-
ω and large-|~k| asymptotics have been suitably regulated.
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Figure 7.7: Our numerical results for ImGR(ω,~k = 0)/(TcM3
p ) as a function of ω/Tc, at

Tc, for the Z(λ) in eq. (7.3.12) with κ2Z0 = 33.25 and c4 = 0.26. The red dots are our
numerical results while the solid blue curve is the function (1.6× 10−7)× (ω/Tc)4.051. Our
results are clearly consistent with the expectation that ImGR(ω,~k = 0) ∝ ω4 at large ω.

the correlator from obeying the sum rules and dispersion relations typically used to
give physical meaning to the poles of GR(ω,~k) in the complex ω plane, which require
GR(ω,~k) to vanish at large frequency. Such a divergence may overwhelm peaks in
ImGR(ω,~k), rendering them practically invisible.

One way to improve the large-ω behavior of ImGR(ω,~k) is to consider subtracted
correlators. For example, one possible option is to determine the form of ImGR(ω,~k) at
large ω exactly by solving eq. (7.5.1) in a WKB approximation, and then subtracting
that large-ω form from all subsequent calculations of ImGR(ω,~k). That approach
encounters ambiguities in sub-leading divergences in ω, as discussed for example in
ref. [54]. We will instead eliminate the large-ω divergence by computing GR(ω,~k) at
two different temperatures, T1 and T2, and then taking the difference,

7∆GR(ω,~k;T1, T2) ≡ GR(ω,~k)
∣∣∣
T2
− GR(ω,~k)

∣∣∣
T1
. (7.5.4)

We could also imagine subtracting the T = 0 result for GR(ω,~k), that is, by taking
T1 = 0, but that is difficult to do numerically. When T = 0, GR(ω,~k) is a sequence
of delta-functions whose locations and amplitudes correspond to the masses and wave-
function normalizations of axial glueballs. We would need to subtract the enveloping
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7.5 The Spectral Function

function of this sequence of delta-functions, which is difficult to implement numerically.
We will thus always consider T1, T2 ≥ Tc. Fig 7.8 shows our numerical results for
ImGR(ω,~k = 0) at two different temperatures, Tc and 2Tc, while fig. 7.9 shows our
numerical results for ∆ImGR(ω,~k = 0;Tc, 2Tc). In each figure we observe that the
difference in ImGR(ω,~k = 0) between Tc and 2Tc approaches zero as ω/Tc → ∞, at
least within our numerical precision. Our numerical subtraction thus appears to be
reliable, so we may interpret peaks in ImGR(ω,~k) as physical excitations.
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Figure 7.8: Our numerical results for ImGR(ω,~k = 0)/(TcM3
p ) as a function of ω/Tc, at Tc

(lower blue dots) and at 2Tc (upper red dots), for the Z(λ) in eq. (7.3.12) with κ2Z0 = 33.25
and c4 = 0.26. A both Tc and 2Tc, for ω/Tc sufficiently large ImGR(ω,~k = 0) ∝ ω4.

From figs. 7.8 and 7.9, we see that as T increases from Tc to 2Tc, ImGR(ω,~k = 0)
changes by at most 10%. Fig. 7.9 also clearly reveals a minimum in ∆ImGR(ω,~k =
0;Tc, 2Tc) near ω/Tc ≈ 10 and a maximum near ω/Tc ≈ 22, indicating a shift in spectral
weight towards higher ω as T increases. Indeed, fig. 7.9 strongly suggests that a peak in
the spectral function is moving to higher ω as T increases. The location of the peak, at
ω on the order of twenty times Tc, is roughly the same as the scale of the lightest 0−+

glueball mass at T = 0, around 2600MeV [53]. In other words, fig. 7.9 provides evidence
that the plasma supports an excitation with roughly the same energy as the lightest
0−+ glueball at T = 0. The width of the peak in fig. 7.9 is about 10Tc ≈ 1300MeV, so
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Figure 7.9: Our numerical results for the difference ∆ImGR(ω,~k = 0;Tc, 2Tc)/(TcM3
p )

as a function of ω/Tc, for the Z(λ) in eq. (7.3.12) with κ2Z0 = 33.25 and c4 = 0.26. The
difference goes to zero (within our numerical precision) as ω/Tc → ∞, as expected. The
prominent minimum at ω/Tc ≈ 10 and maximum at ω/Tc ≈ 22 indicate a shift in spectral
weight with increasing T , presumably from the motion of a peak in the spectral function.

the excitation is reasonably long-lived.

Figure 7.10 shows our result for the subtracted correlator with non-zero ω and |~k|,
using the same two temperatures as above. We observe that as |~k| increases up to
|~k|/Tc ≈ 10, the largest peak shifts from ω/Tc ≈ 22 up to ω/Tc ≈ 30. Although this
change in the position of the peak is roughly order one, the change in the shape of the
peak is very mild. In particular, the width of the peak changes very little, indicating
that the lifetime of the excitation stays nearly constant as |~k| increases.

The typical time scale for dynamical processes in the QGP created in heavy ion col-
lisions is about 1 fm/c ≈ (200MeV)−1. Our results suggest the existence of a relatively
long-lived excitation with energy on the order of 2600MeV, corresponding to a time
scale of about 0.1 fm/c. We cannot resist speculating that perhaps such an excitation,
if present in the QGP, could dominate correlators of q(xµ) and hence many dynamical
CP-odd phenomena. Regrettably, we will leave a detailed analysis of this excitation,
and its effect on CP-odd physics, for the future.

212



7.6 Discussion and Outlook

0

5

10

k

Tc

0
20

40

Ω

Tc

-0.002

-0.001

0.000

0.001

DHIm GRL

Tc Mp
3

Figure 7.10: Our numerical results for ∆ImGR(ω,~k = 0;Tc, 2Tc)/(TcM3
p ) as a function

of ω/Tc and |~k|/Tc, for the Z(λ) in eq. (7.3.12) with κ2Z0 = 33.25 and c4 = 0.26. As |~k|
increases up to |~k|/Tc ≈ 10, the largest peak shifts from ω/Tc ≈ 22 up to ω/Tc ≈ 30. The
width of the peak changes very little.

7.6 Discussion and Outlook
IHQCD is a state-of-the-art bottom-up holographic model for the low-energy physics
of (3+1)-dimensional large-Nc YM theory. In this paper we computed the retarded
Green’s function of the instanton density operator q(xµ) in the high-temperature, de-
confined phase of IHQCD. Our primary motivation was to compute the Chern-Simons
diffusion rate, ΓCS, with the result in eq. (7.2.5). In particular, our result for ΓCS is
proportional to Z(λh), where Z(λ) is the normalization factor of the bulk axion action,
and λh is the value of the holographic ’t Hooft coupling at the black hole horizon. A
combination of available data for the topological susceptibility and axial glueball spec-
trum of large-Nc YM, and glueball universality, are sufficient to determine the small and
large λ limits of Z(λ) [37; 38; 41; 44]. We considered several forms for Z(λ). Assuming
that Z(λ) is a monotonic function of λ, we found quite generally that ΓCS/(sT/N2

c )
is bounded from below by its value in the T → ∞ limit and increases monotonically
as T → Tc from above. Indeed, we presented an argument that the same will be true
in many (3+1)-dimensional, confining, strongly-coupled, large-Nc theories with holo-
graphic duals. For the Z(λ) producing our optimal fit to the lattice results for the axial
glueball spectrum, we found that the increase was only 0.01%. Fixing Z(λ) completely
by a least-squares fit to lattice results for the Euclidean two-point function of q(xµ), as
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explained in section 7.3, is an important task for the future. We also presented evidence
for a relatively long-lived excitation in the system with energy roughly on the order of
the mass at T = 0 of the lightest 0−+ glueball, which prompted us to speculate that
perhaps such an excitation could dominate CP-odd phenomena in the QGP created in
heavy ion collisions.

IHQCD is dual to pure large-Nc YM, so an important goal for the future is to
include the effects of quarks in the holographic calculation of ΓCS. Some key questions
are how the quark mass and chiral symmetry breaking affect ΓCS. The axial and vector
flavor U(1) currents are dual to two U(1) Maxwell fields in the bulk, and the quark
mass operator is dual to a complex scalar field, a tachyon, that is bi-fundamental under
these two gauge fields. In the bulk, the axion couples to the axial U(1) gauge field and
the to phase of the tachyon, as explained in refs. [55; 56]. A solution for the tachyon
describing either a non-zero quark mass or chiral symmetry breaking can thus influence
the axion and affect ΓCS.

Introducing flavors fields would also enable us to compute holographically the cur-
rent produced via the CME. A preliminary requirement is a bulk solution describing a
magnetic field and a net chirality.

We plan to study these and other related issues in the future.
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Appendix: The Small Black Hole Branch
As discussed in section 7.3, when T > Tmin IHQCD admits two branches of black hole
solutions, large black holes and small black holes [40]. In this appendix we compute
ΓCS using the small black hole solutions.

We can determine the dependence of ΓCS on T in the large-T limit of the small
black hole solutions as follows. For generality, we will consider a dilaton potential
V (λ) whose large-λ asymptotic form is V (λ) ∝ λ4/3 (log λ)P , with P a non-negative
real number. In the body of the paper we used P = 1/2. From fig. 7.1, we observe
that for the small black hole solutions, when T is large, rh is also large. When rh is
large, λh is also large, in which case we can approximate Z(λh) ≈ Z0c4λ

4
h and hence

ΓCS/(sT/N2
c ) ≈ κ2Z0 c4 λ

4
h/(2π). As shown in refs. [37; 38; 41; 44], in the r → ∞

limit, λ(r) ∝ exp(r1/(1−P )) r
3
4

P
1−P . Evaluating at rh gives us λh in terms of rh. From

ref. [40] we know rh in terms of T on the small black hole branch in the rh →∞ limit,
rh ∝ T (1−P )/P . We thus find

ΓCS
sT/N2

c

∝ κ2Z0c4
2π (T/Tc)3 eC(T/Tc)

1
P , (.1)

where C is a dimensionless positive constant that depends on the choice of V (λ).

Figure 11: (a.) Our numerical result for ΓCS/(sT/N2
c ), divided by Z0κ

2/(2π), as a
function of T/Tc, for the Z(λ) in eq. (7.3.12) with c4 = 0.26. The upper dot-dashed blue
curve is our result obtained from small black hole solutions, while the lower solid blue
curve is the result obtained from large black hole solutions. Both curves begin at Tmin,
indicated by the vertical dashed black line, which is slightly below Tc. The result on the
small black hole branch increases as T increases, and in the T → ∞ limit approaches the
form in eq. (.1). (b.) Close-up of (a.) near Tmin.

To compute ΓCS in the entire range Tmin < T < ∞, we resorted to numerics. For
the Z(λ) in eq. (7.3.12) with c4 = 0.26, our results appear in fig. 11, where we see clearly
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that the result grows as T increases, and in the T → ∞ limit approaches the form in
eq. (.1). Fig. 11 also shows that the result for ΓCS/(sT/N2

c ) is always larger on the
small black hole branch than on the large black hole branch, except at Tmin where the
two are equal. This result is important for our argument at the end of section 7.4 that
ΓCS/(sT/N2

c ) computed on the large black hole branch will increase as T approaches
Tc from above.
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8
Conclusions and Outlook

In this thesis a class of holographic models, namely IHQCD, Tachyon AdS/QCD and V-
QCD were studied in order to understand low-energy phenomena of QCD. In chapters
3 and 4, Tachyon AdS/QCD in a simple gravitational background was studied in order
to address several aspects of the low energy meson sector of QCD. Even if this is a
bottom-up phenomenological holographic model it is string inspired. Therefore, we
readily recognize the bulk fields as the lightest fields of a brane-antibrane system.
AdS/QCD models can be thought as small field expansion of the above model, since
upon expansion of Sen’s DBI action we find the usual AdS/QCD quadratic action. The
UV (near boundary) behavior of the model is very close to other AdS/QCD models,
but the IR significantly changes.

In other holographic models, physics is determined by boundary conditions in the
IR while now we have a consistency condition that the tachyon potential becomes zero
in the IR and consequently the tachyon infinite. Moreover, brane-antibrane system has
a natural Wess-Zumino part in its action which gives the correct anomaly, parity and
charge conjugation symmetries. The model incorporates confinement in the sense that
the quark-antiquark potential, computed with the usual AdS/CFT prescription (see
section 2.7), confines. The gravitational background comes from an action that allows,
black hole solutions as well. Thus, one can describe thermal phase transitions within
these backgrounds as described in section 2.8.

The flavor vacuum of the model has spontaneously broken chiral symmetry at zero
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temperature. While, it is restored at the confinement-deconfinement transition. An
advantage of the present model is that the IR consistency condition for the tachyon
allows us to determine the vacuum expectation value of the quark bilinear in terms of
the quark mass. So, we have one less parameter with respect to hard wall AdS/QCD.
Having quark mass as a parameter in our model we find that meson masses depend on
it linearly in the limit of small quark mass. The pion and the quark mass are shown
to obey the Gell Mann-Oakes Renner relation and in case of zero quark mass there
are N2

f Goldstone bosons in the spectrum. It is also found that the masses of highly
excited states follow linear Regge trajectories. Finally, the comparison of the model to
the experimental data is quite successfull since we find an error, εrms = 14.5%.

The Tachyon AdS/QCD model also has some disadvantages. One main issue is
that in order for the bulk tachyon to be dual to the dimension three quark bilinear,
its mass should be m2

TR
2
AdS = −3, where the mass of the tachyon is m2

T = − 1
2α′ .

This shows that R2
Ads = 6α′, meaning that background spacetime is highly curved

and higher derivative corrections to the gravitational action could be important. This
is a general problem of non-critical holographic models. However, even if we do not
have top-down controlled model, we notice that incorporating top-down ingredients to
a simple effective holographic model we achieve unifying all the good predictions of
different AdS/QCD models in one simple construction automatically.

In the context of Tachyon AdS/QCD model, we have shown that the relation, which
was proposed by Son and Yamamoto connecting the vector-axial vector flavor current
correlator in weak electric field to the difference of the vector and axial vector two-
point functions is valid only for low Euclidean momenta. This seems to be a feature
of a general class of holographic models which have similar UV asymptotics (hard/soft
wall, tachyon AdS/QCD). In addition, the dependence of the correlator on q2 for large
q2 is 1/q8 while in QCD it is 1/q6.

As explained in chapter 5, the 1/q6 contribution in the OPE of the vector-axial
correlator comes from the operator ψ̄RσµνψL. The bulk dual of this operator is a two-
index antisymmetric tensor which is absent in the most common AdS/QCD models.
This field transforms as (Nf , N̄f ) under the flavor group and is a higher massive string
state in the tower of the tachyon. Sen’s action, describing our bulk fields, is supposed
to arise as an effective action after integrating out higher stringy states as the one
mentioned above. Hence, we were expecting that we could find the correct large q2

expansion of the axial-vector correlator. It turned out that the correlator is similar to
other simple holographic models and different from QCD.

The chapter 6 contains the main results of the fluctuation analysis of V-QCD model
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at zero temperature. We have considered all the fluctuations classified in two categories:
singlets and non-singlets under the flavor group. Singlets include the 2++ glueballs, the
0++ glueballs and scalar mesons which were found to mix to leading order in 1/N in the
Veneziano limit, and the 0−+ glueballs and the η′ pseudoscalar tower. The non-singlet
fluctuations contain vector and axial-vetor meson fluctuations, the pseudoscalar mesons
(including the massless pions), and the scalar mesons. The main result of this analysis
is that masses and in general the observables, which have non-zero mass dimension,
follow Miransky scaling as x → xc, where xc is the place where a conformal phase
transition takes place. Moreover, there is no light dilaton state in spectrum which has
been proposed as a signal of the conformal symmetry breaking at xc. This breaking is
correlated to the Miransky scaling close to xc.

The S-parameter of the model is found to asymptote to a finite value at xc. This
analysis is generalized in a publication that will soon follow. There is a thorough
analysis of the model where different classes of potentials that appear in Sen’s action
are constrained in terms of their prediction about the spectrum. For instance, their
IR behavior affects the behavior of the spectra at large excitation number. Hence,
demanding that the spectrum follows linear Regge trajectories constraints are set to
the model.

Finally, the chapter 7 describes the calculation of Chern-Simons diffusion rate, ΓCS ,
in IHQCD. ΓCS is shown to be proportional to the dilaton dependent function, Z(λ),
which multiplies the axion kinetic term. We have found that the value of ΓCS as
a function of temperature is bounded from below by it’s value at infinite T . This
seems to be a generic result for confining theories with classical gravity duals. ΓCS is
computed for various choices of Z(λ), which are such that Z(λ) matches the lattice
results for topological susceptibility and for axial glueball mass ratios. ΓCS is always
increasing as the temperature approaches the confinement/deconfinement transition
temperature. By requiring that the choices of Z(λ) reproduce the lattice results for
the axial glueball mass ratios to within one sigma, we set an upper bound on ΓCS .
Therefore, we found 1.64 ≤ ΓCS(Tc)/T 4

c ≤ 2.8. We also calculate the axion spectral
function which is proportional to the imaginary part of the retarded Green function
GR(ω,~k), for T ≥ Tc. The renormalized spectral function suggests the presence of a
reasonably long-lived excitation with energy of order of the lightest axial glueball mass
at T = 0. Such an excitation could dominate many CP-odd phenomena in the quark
gluon plasma.
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8.1 Outlook

It is observed that the tachyon AdS/QCD model does not work very well for large
quark mass. For example, we studied the spectral function of the vector excitations in
the deconfined phase in order to argue if there is a peak corresponding to J/Ψ meson,
but no peak was found. As it has been argued a step-like Schrödinger potential for
the bulk excitation gives the desired quasi-particle behavior, see 4.6. In the present
model the potentials in the deconfined phase do not appear to have step-like behavior,
therefore they do not create sharp peaks in the spectral function. Having only one
scale in our model, which does not really affect the deconfined phase physics, does
not seem possible to introduce the desired dip in the potentials. The Schrödinger
potentials do not depend on ΛQCD. Indeed, zΛ only sets the temperature at which the
confinement/deconfinement transition takes place. An interesting future direction is to
try to address this issue in the context of V-QCD. In this case, there are two scales
(ΛUV/IR) in the problem defined by the UV and the IR expansions of the fields. For
x < xc the two scales are of the same order. They become distinct as x→ xc. ΛUV is
the scale where the coupling starts decreasing and ΛIR sets the location where it starts
increasing. In the intermediate region the coupling walks. The Schrödinger potentials
of the fluctuations depend on the gravitational and dilaton background and the ΛIR
scale may set the location of a possible dip of Schrödinger potentials. Exploring the
fluctuation spectrum on the finite temperature backgrounds of V-QCD is important in
order to find possible long-lived fluctuations in thermal backgrounds.

We also observe in the spectrum fits to the experimental data that the Tachyon
AdS/QCD model tends to consistently overestimate the masses of the excited axial
vectors and pseudoscalars. This is connected to the fact that the model yields larger
Regge slope for axial mesons than for the vectors. In V-QCD the normalization factors
of the kinetic terms in Sen’s DBI action depend on the dilaton as well. So, their
functional form can be contrained by requiring that they produce the same slopes
for vectors with axial-vectors and scalars with pseudoscalars. This is an imprortant
improvement that will soon be published. Hence, the phenomenological fit of the specra
and decay constants of those models is expected to be of better accuracy. Therefore,
this is another interesting future task.

Moreover, the result for the vector-axial vector flavor current correlator in weak
electric field indicates that the Son-Yamamoto relation is valid in the IR for a general
class of models where chiral symmetry breaking is properly described. However, we are
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lacking something like a Ward identity which would explain where this relation comes
from. This is would be an important improvement since from the point of view of chiral
perturbation theory this relation connects couplings of the CP odd and even sector of
the chiral Lagrangian. In case of large momenta, it is shown that the holographic
calculation of the vector-axial vector correlator does not agree with the OPE answer
of QCD. Even if holographic models are not guaranteed to give correct predictions in
the UV, we expect that the UV behavior of the above correlator can be corrected. A
modified tachyon potential (W (TT †)) in the Wess-Zumino (WZ) term may change the
result. For instance, in the Tachyon AdS/QCD, a WZ potential with UV expansion of
the formW (TT †) = W (0)+O(TT †)

2
3 ) gives the proper behavior of the correlator. This

is a fit though, which is not supported by any other argumentation. However, in V-QCD
the normalization factors of the kinetic terms, the tachyon potential and the Wess-
Zumino potential become non-trivial functions of the dilaton. Therefore, the result for
the correlator will change in V-QCD since the on-shell action and the equations of the
vector and axial vector fluctuations will change. Hence, It is important to check how
the dilaton dependence of those functions affects the result for the correlator.

Moreover, we start examining the model in the case of finite baryon density. We
aim to construct the finite temperature (T ) and baryon chemical potential (µ) phase
diagram of V-QCD. The real QCD phase diagram exhibits many interesting features.
At zero baryon chemical potential QCD passes from the chirally broken to the chirally
symmetric phase through a crossover. In case of finite chemical potential, the crossover
turns into a first order transition. This happens at a critical point on the (T −µ) plane,
which has not been reached experimentally until now. Therefore, not much is known
about the properties of matter in the viccinity of that point. Future experiments are
believed to create quark-gluon plasma close to that point. In the limit of large chemical
potential several exotic phases have been proposed to exist, like color superconducting
phase. Lattice methods cannot be applied appropriately for finite chemical potential
due to the sign in the path integral. Therefore, studying holographically the QCD
phase diagram in terms of the temperature and baryon chemical potential is of great
importance. States with finite chemical potential in QCD correspond to bulk solutions
with non-trivial vector field. Hence, working in the context of V-QCD, we aim to study
gravitational backgrounds with non-zero dilaton, tachyon and vetor field.

The generalization of the IHQCD calculation of ΓCS by including the flavor degrees
of freedom is very important as well. Non-zero quark mass and chiral symmetry break-
ing are expected to affect ΓCS. The information about both the quark mass and quark
condensate is in the bulk tachyon field. Therefore, through the coupling of the tachyon
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phase to the axion field the Chern-Simons diffusion rate will be changed by the tachyon
vacuum. Moreover, in order to describe the chiral magnetic effect holographically one
should consider a background axial-vector field in the bulk corresponding to the chiral
chemical potential of the field theory. A non-zero bulk vector gauge field is dual to the
neccesary background magnetic field which causes the effect. In this construction, a
non-zero electric current parallel to the magnetic field should appear in the dual field
theory.
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