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Introduction

As we know, the classical Hall effect arises when we apply an external magnetic field
perpendicular to the direction of the current density. One can define the Hall coefficient
Ry = E,/ (j.B.), where E, is the induced electric field. For a single band the Hall num-
ber depends only on the sign and density of carriers. That is why, at low temperatures, it
can be used to determine the number of electrons or holes in electron and hole-like pockets
respectively. However, in systems with multiple bands or near Fermi-surface topological transi-
tions, the Hall coefficient starts to deviate from its exclusive counting nature. This anomalous
behavior can be attributed to singularities in the density of states, called Van Hove singulari-
ties [1,2]. Most materials show logarithmic-type Van Hove singularities, which correspond to
a logarithmic divergence of the density of states at the Lifshitz transition. In our work, we are
interested in higher order Van Hove singularities, which arise from more complicated Lifshitz
transitions. Such singularities can be observed, for example, in Sr3RusO7 which exhibits a more
complicated singularity when an external magnetic field is applied [3,41]. Another example is
highly overdoped graphene and twisted bilayer graphene [5—5].

In the first section of this thesis (Chapters 1-2), we extend the well-known Chambers’
formula [9] to the case of a time-dependent electric field as well as a band with non-zero
Berry Curvature. To this end, we study the solution of the Boltzmann equation to first order
in the magnetic field B and to quadratic order in the electric field E?. We note that the
equations of motion used in this work are valid to leading order in the electric and magnetic
fields. We also neglect Zeeman splitting and spin orbit coupling which would result in more
complicated expressions. We then apply our generalized Chambers’ formula to study three
different systems. The first is a simple rectangular lattice [10], the second is a simple model
for highly doped graphene and the last is the Haldane model as an example of a system with
non-zero Berry Curvature. In all of the above cases, we study the effect of the high order Van
Hove singularities to the Hall coefficient of the system.

In the second section of the work (Chapter 3), we study the Reactive Hall response [11]
(T — 0, w — 0) for the case of a rectangular lattice, to which we have added a spin-orbit
coupling in the form of Rashba interaction. To do this, we consider a magnetic field in the y-
direction modulated by a one component wave vector ¢q. Furthermore, we study the “screening”
(or slow) response, by first taking the w — 0 limit and then the ¢ — 0 limit. Through our
analysis, we analytically derive an equation that connects the Hall constant Ry with the Drude
weight D of the system. We then apply our formula to study the behavior of the Hall constant
of our system for different values of the hopping elements. This gives us a qualitative image of
the sign change of the carriers close to a metal-insulator transition. Once again, we observe that
closely to the Van Hove singularity points, the behavior of the Hall constant rapidly changes.



Chapter 1

Chambers’ formula for time dependent
Electric fields

1.1 Boltzmann equation and solution

The semiclassical equations of motion for a single particle Hamiltonian H (k) to leading order
in the electric and magnetic field can be written as:

dr
& = Vi () (1.1)
‘;1; — B (r,1) — Ve (K) x B (r, 1) (1.2)

In the relaxation time approximation, the Boltzmann equation is given by

_ fO (5 (k)) B f (k,I‘,t)
TS (k)

where 75 is the relaxation time, w = (%, %) and V = (V,, Vi). If we consider our electric

and magnetic fields to be spatially uniform the above equation reduces to the following:

g (k,r,t)+W'V[f(kar7t)]

o (1.3)

of dk of 1

o T d ok T (k)

This equation can be analytically solved and its solution is given by

[f = fo (e (k)] (1.4)

Fds P fole(k(9))) P
f(k,t) = f (ko,to) exp (_tO/TS(k(S))) +t0/ds7'5(k(s))€xp (_8/7'5(k(t/))> (1.5)

If the intial time is set to tg — —oo then the solution becomes

B (Y G0 0)) Y S S
Fin = [ a0 p( / Ts<k<t'>>) (0

The distribution function of the electrons can now be used in order to calculate the current
density in our 2D case. We have that

() =~ | 55 G e (1.7)



1.2 Derivation of the formula

To find the current to first and second order in the electric field we write: E (t) = AE () with
= 1. The solution of our equations can now be written as an analytic asymptotic series of

the form
with k; (t9) = ka (t) = ... = 0. From the equations of motion we obtain to 0" and to 1%¢ order
in A that
dk (t
((j)t( ) = —eVke (ko (t)) x B (1.9)
dk
(;t( = —e Zkla sz—: (ko (2))| x B—€E(t) (1.10)

In exactly analogous way we can write

e(t) =eo(t) + ey () + Nea () + ... (1.11)

with &1 (tg) = &3 (tg) = ... = 0. We note here that

dg(;‘t(t» Vi (k (1)) - dl;f) — Ve (K (1) - [E (1) + Viee (k (1)) x B (r, )] =
da(;@ Ve (k (1) - E (1) (1.12)
To order A and \? we have that
e (t) = —e/VkE (ko (5)) - E (s) ds (1.13)
82

_ _eazﬂth/Eﬁ o 9) g e B () ds (1.14)

Before we Taylor expand our solution we first note that

/dt exp( /tTS(il{S(S))) =1 (1.15)

so we do need to expand this term to obtain the correct formula to first order in the electric
field. Expanding our solution we can write:

~ fo (o (1)) + PO / R (‘/ <16<i<>>) (1-16)

The first term does not contribute to the current density, since we cannot have current without
an electric field. The current density can now be written as follows:
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&k Ofo (e Fds
Ja(t):—e/(2 ? 5 Vi€ (k ){ /dt Ts ko t’ ————eap (_/Ts(ko(s)))] (1.17)

Integrating the last term by parts and using the fact that dal = —eVie (ko (1)) - E (t) we get

Ju(t) =~ | (g”j Ve (k >[3f°<§ / 0V (ko (1)) - E(t'm(t;t')] (118)

where we have also defined 7 (t;t') = exp (— I %) for convenience. The conductivity
tensor components can now be written in the following form:

rur = —¢* [ L9, (k >{af0< tolD / A1 (o (1 >>exp<—zw<t—t’>>n<t;t'>]

(2m)”
(1.19)
In the limit 7" — 0 and for 75 (k) = 75 we obtain
SB[ t 1
Oup = 5 /dtua (t) / dt'ug (t') exp (— {iw + } (t — t')) (1.20)
(2m) J I Ts

where 7 is the period of a single orbit. In the limit w — 0 the last formula reduces to Chambers’
formula. The same procedure can be used to obtain the 27¢ order correction term to the current
density. We know that:

, Jo(eo + &1 + ] (1)) t ds
/dt ([ko + ko + ko (7)) 7 <_t/75([k0+k1+k2] (3))) (1.21)

To order E? the terms that contribute to the current density are

1) o 2 / dt'ig kﬁ S )
;8% / W e (7)) Ts ( ko t’ n(t:t)
e 0
IRZLIC / dt/TSEi{Ot/t’ ;1) / dlvaSTSkOkO )l))kl 1) (1.22)



Integrating the last term by parts we get that

e (1) Viers (ko (1)) - (1)
/ g — S\ ~ 0 (t:t' / dl -

(ko (¢')) 75 (ko (1))
,d51 Vs (ko (I ) t VkTs (ko (1)) - ky (') )
= [ @) [ a@l dt £t
/ / 72( ko / 75 ( 75 (ko (1)) n ()
(1.23)
Our solution now reduces into:
0 € ,
et~ 20 € /dtTS i)
8f0 82 t’ o
/ dt Ts ko t/ (t7 t)
1a2f0 /
+5 /dt - ko t, 0 (1)
G dey ( VkTs( (1) - ki (1)
1.24
/dt 0 (t:1) /dl o () (1.24)

Doing a final integration by parts and substituting the result into the current density equa-
tion we are left with our final expression

g = et [ £ T Ve 1 200 06) / 0EVe (ko (1) - E (¢) 7 (8 1)

[ 000 09) | i~ iy O o
—e / (27T)2vkza€ (k) 884 dt %Eﬁ (t)kl,ymg (ko (t ))n(t,t)

(27r)2 0e? s
) [ &k dfo o [ Vs (ko (1) - (1)
— ¢ [ Ve 09 [ A% (o (1)) E ()0 (5:1) / S )

(1.25)
For our applications we will use only the order E formula.



1.3 Application to the Rectangular lattice

In this section we use the frequency dependent Chambers’ formula to calculate the conduc-
tivity tensor components for the following dispersion:

e (k) = =2t cos (k) — 2t cos (ky), (t, > t) (1.26)

For this dispersion we have the following topologies:

—po < < —fhe electron pockets
— e < b < e open Fermai sur face (1.27)
fhe < b < o hole pockets

where we have defined py = 2 (¢, +t,) and p. = 2(t, — t,). The components of the conduc-
tivity are derived in detail in Appendix A and are found to be

[1 + iwTs| sech? [”;rff/} sin? [%}

; 20’0
i 1.28
woK zn: 1+ iw75]2 + [nwcTs]2 (1.28)
. 0005 6 1 . 200 Z (1 + iwTs] sech? {n;rll{(/} cos? [n;Ku} s
ol = , — .
vy K 1+iwrs K 4 1+ iwrs]” + [nwers]”
nr K’ . nTU;
A 0o < [MWeTs) sech? [ T } sin {—Kl}
ol = 5Z~0—|—5i6—5i - 1.30
o = (% ’ n) K ; 1+ iwig}z + [anTS]Q ( )

where e stands for electron orbits, h stands for hole orbits and o stands for open orbits. We

2_
have also defined Kk = ,/Z%_Zz, wy = eBAt,t,, my = ﬁ, oy = eZTS,MItmty and K (k)
c vy

is the complete elliptic integral of the first kind. For closed surfaces K = K (k) and K' =

K (vl - /<¢2). For open surfaces we substitute K (k) — LK (1/x) and similarly for K”. In
addition

T0 bit
o, = { 275{52) open or z.s (131)
TR (1) closed orbits

Finally, u; and ug are defined via Jacobian elliptic functions as follows:

Mo — He
SN (Ue, K) = 1.32
(tte, k) e (1.32)
Mo — He
sn(up, k) = 1.33
() = L2 (1.33)

Ho + H
sn (Ko, 1/k) = 1.34
(1) = | [ 0L (1.34)

For closed Fermi surfaces the sums are over positive odd integers, whereas for open surfaces
the sums are over even integers. The hall number is found to be independent of frequency

both in the high and low magnetic field limits, as we will show in Appendix A. Here we present
our numerical results for two intermediate cases.
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The first case is w.7s = 0.01 < 1 and the second one w.7s = 1. For both cases the mag-
netic field is eB = 0.01 in units of hc/a® where a is the lattice constant. For convenience we
will work with h = ¢ = a = 1. We have also chosen t,/t, = 5/3. One can observe that
at p/t, = 0.2 there is a regular Van Hove singularity. Around this singularity the Hall coef-
ficient changes sign from electron to hole-like. At the values p/t, = £0.8 the hall constant
displays a discontinuity, which is due to transition from electron pockets to open Fermi sur-
face, or from open Fermi surface to hole pockets respectively. Even though the real part of
the conductivity does not show any significant dependence on the electric field frequency, its
imaginary part does. Namely, the above characteristics become much more pronounced as
the frequency grows. Finally, away from the Van Hove singularities the imaginary part of the
Hall coefficient drops to zero. It is also worth emphasizing that our results are valid outside
the grey areas. Close to the Van Hove singularities quantum effects become important and
our semiclassical approach cannot be applied.



1.4 Application to highly doped graphene model

For our graphene model we will consider the following Hamiltonian on a hexagonal lattice:

H= (f*(zk) fgk)> (1.35)

£ = —t [e 4 o (ot | oh(~viss)

. |:62iky 4 omi(VBhathy) | o=i(—VBkothy)

(1.36)
The energy dispersion of this Hamiltonian is:

ex (k) = £/ f* (k) f (k) (1.37)

Figure 1.5: Dispersion for graphene with ¢ = 30 and ¢ = t/4

This leads to a higher order Van Hove singularity in both bands at wave vector G = %’r (0,1)
for ¢ = t/4. For this value of ¢ and for a magnetic field eB = 0.01 we present numerical
results of the conductivity components and hall coefficient for two different values of w.7s.
Here, w, is defined as w, = ;—fc, with the effective mass m* ~ ¢t~!. In each case we present
our results for w = 0 and also for three non-zero electric field frequencies. The results for
we.Ts = 0.3 are shown below. One can see that around the Van Hove singularity, which oc-
curs at pu/t = 0.25 for ¢ = t/4, the Hall coefficient changes sign. At the Van Hove singu-
larity, many discontinuities can be observed in the conductivity components and the Hall
coefficients. In addition, the frequency dependence shows itself on the imaginary parts. For
the imaginary part of the Hall coefficient, this frequency dependence occurs around the Van
Hove singularity and becomes more pronounced as the frequency increases. Away from the
van Hove singularity the imaginary part of the Hall coefficient again goes to zero.
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Chapter 2

Chambers’ formula for bands with
Berry Curvature

2.1 Boltzmann equation and solution

The semiclassical equations of motion for a single particle Hamiltonian H (k) to leading order
in the electric and magnetic field for a band with non-zero Berry curvature can be written as:

dr

= =D v,k t) [Viceur (K) + cE (x,1) x 2(k)] + ¢ [2 (k) - Vicews (W] B (x, ) (2.1)
Cfllt‘ = D7 (r,k 1) [eE (r,t) + eVien (k) x B (r,1)] + ¢ [B (r,) - E (r,1)] Q (k) (2.2)

where we have introduced D (r, k,t) = 1 + eB (r,t) - Q (k). The berry curvature is de-
fined as the pseudovector 2 (k) = Vi x A(k), where A(k) = i(u(k)|Vy|u(k)). Here
|u (k)) is an eigenstate of the Hamiltonian. Finally e)s (k) = (k) — m (k) - B (r,t), with
m (k) = —ig (Viu (k) [x [H (k) — € (k)]| Vku (k)). In our 2D case the berry curvature is
perpendicular to the xy plane so our previous equations reduce into the following ones:

dr B
- =
dk _
i —D7 (1, k, t) [eE (r,t) + eVien (k) x B (r,t)] (2.4)

In the relaxation time approximation, the Boltzmann equation is given by

D7 (r,k, t) [Vien (k) + eE (r,t) x Q (k)] (2.3)

g, Jo(e(k) — f(k,r,t)

—f(k,r,t . k,rt) = 2.5
where 75 is the relaxation time, w = g‘jl‘;, %‘) and V = (V,, V). If we consider our electric
and magnetic fields to be spatially uniform the above equation reduces to the following:

of dk Of 1
e — k 2.

This equation can be analytically solved and its solution is given by

f(k,t) = f (ko,to) exp (—/Tsélj(s))) —i—/dt’mexp <_/T5(is(s))) (2.7)

to
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If the initial time is set to t; — —oo then the solution becomes

o (e (K () [ ds
f(k,t) / dt Wexp (—/Ts(k(s))) (2.8)

The distribution function of the electrons can now be used in order to calculate the current
density in our 2D case. We have that

@wzw/ﬂﬂDwﬁﬁ&@ (2.9

2.2 Derivation of the formula

To find the current to first and second order in the electric field we write: E (t) = AE (¢) with
A = 1. The solution of our equations can now be written as an analytic asymptotic series of
the form

k() = ko (t) + Aky (t) + ANko (2) + ... (2.10)

with ki (t9) = ka (tg) = ... = 0. From the equations of motion we obtain to 0* and to 1%
order in A that

dko (1)

S = —eD ™ (ko (1) [Views (k (1)) x Bl

(2.11)

0

dkl

:—eZkla [‘9 [D‘l(k(t))[vksM(k(t))><B]” —eD N (ko) E(t) (2.12)

ko

For convenience we introduce ug (k) = D! (k) Ve (k). In exactly analogous way we can
write

e (1) = o (t) + Aey (£) + N2eq () + ... (2.13)
with &1 (tg) = &3 (tp) = ... = 0. We note here that
d&”f;(t)) = Vien (k (t))-dl;f) = —eD 7' (k(t)) Vien (k (t))-[E (t) + Vien (k (1) x B(r,t)] =
dEng(t)) =—eD ' (k(t) Vien (k (1)) - E (1) (2.14)

To order X and \? we have that

t

t) = —e / D™ (ko (1)) [Vienr (K (5)) - E (s)],, ds (2.15)
0 [ )
_—e§ ZO B3 (5) bua () - [ (<(0) - () kods (2.16)
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Before we Taylor expand our solution we first note that

t/ 1 Fds B
_Ld“s&@%aw(_/rﬂk@»)_l (2.17)

so we do need to expand this term to obtain the correct formula to first order in the electric
field. Expanding our solution we can write:

/dt,fo Z':J\/f ))))T](t,t/) ~

= fo e (e (1)) + 2o Ear Bl / a2 219

The first term does not contribute to the current density, since we cannot have current with-
out an electric field. The current density can now be written as follows:

Jut) =~ | (;’;D (ko) [t (o) + €D (ko) [E (£) x (o), ] -

[h@M&Mm) Ofo (e /ﬁrfgilnmﬂ] (2.19)

Dropping the 0 order term in the electric field, since it does not contribute to the current
density, and keeping only the 1% order terms we get:

IO () =~ [ 5 e () B () x 2.k,

(27)°
Ak afo 51 t/
— ——D(k o (k /dt t;t 2.2
e [ gy o) van (ko) e ) (2.20)
Integrating the last term by parts and using the fact that dsl(t) = —eD (ko (t)) [Vien (k (1)) - E(1)]

we get

@ = | (;ﬂf; fo e (o (0) [E.0) % 9 (o),

—ef (;Z:;D (ko) g (ko) 221 / due (1) ()0 (¢)  (221)

In the limit 7" — 0 and for 75 (k) = 75 the conductivity tensor components become

or = =20 [ 520 enr (ko (1) (o)

e’ B

+ o / D (1) (1) [o it e (<[ TJe-0) ez

14



where 7 is the period of a single orbit. In the limit 2 (k) — 0 we recover equation (1.20).
The same procedure can be used to obtain the 2"¢ order correction term to the current den-
sity. We have previously shown that to second order in the electric field

- dfo ( €M ko /
£ 06,8) 2= fo (s (ko (1)) + / & ko t, n(t:t)
RICHUTL /dtf A
10%fo (e
+5 / d )
afg €M ko d€1 vaS kO (l)
/dt 0 (1) /dl > ko (2.23)
The current density up to second order in the electric ﬁeld equals:
2
T (1) = e [ 225 () [ (ko) + €D (o) [E (1) x 2 (o)l ] fo (e (ko (1)
(2m)
2
e f 5 ) o () + D7 () [0 x 20| P / a )

2
_e/(deD(ko) o (o) 9o 5M ko /dt )

2m)

e [ &k P folen (ko (D) [ 0 ()
5] (g (o) ton (ko) =55 Zo W ko)

&k ) 2fo gM k0 F o Virs (ko (1) - K (1)
+e/7pkuak /dt tt/dl
oy ()t S e @)
(2.24)
Dropping now the lower order terms which are included in equation (2.21) and performing

some integration by parts we are left with:

T (1) = —ePes / (;‘ljf)QEﬂ (1) (ko) 20 5M ko / dt'u ) n (t:1')
—? / (;‘l:;zp(ko) Uoa (ko) Ol <€Maik0 / dt'Eg (t') kyy () aii lD—l (ko (t’))aakﬁeM (ko ()| n (t;1)
te? / (Z;I;D(ko)u()a (1) 210! ggEZkO / dt'ug ( 0 (t: t)_Z w () - B (s) ds
o B e 20O [ iy 1) 0100 tjdlm (o) o)
(2.25)
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2.3 Application to the Haldane Model
The Haldane model Hamiltonian is given by H () = dy (6) + d (0) - o, where

do (0) = —2t5 [cosO; + cosby + cos (01 + 03)] cosp
dy (0) = —t1 [1 + cosby + cosby]
dy (0) =t [sinb; — sinbs]
d, (0) = m — 2ty [sinh; + sinby — sin (01 + 05)] sing

(2.26)

and o denotes the Pauli matrices. We have also defined 8, = % (kx + \/§ky) and 6y = % (kx — \/gky)

The energy eigenvalues for this Hamiltonian are given by e+ (k) = do + \/d2 + d2 + d?. For

simplicity we choose ¢ = 7/2, m = 0 and consider ¢, for t; = 50 and t; = 25 with a non
trivial Chern number of -1. A contour plot of this dispersion is shown below.

140
120

100

Figure 2.1: Dispersion for Haldane model with ¢; = 50 and t5 = 25

We present numerical results for the case where eB = 0.01 and w.7s = 0.3. Once again w,

is defined as w. = £ with m* ~ ¢;'. The contributions from Eq. (2.22) are also presented
separately. We note here that a constant —% has been added t the total conductivity, due to
the contribution from the lower band. We see that the conductivity is dominated by the sec-
ond term of Eq. (2.22). In Figure (2.4) the different Fermi surface regimes are shown, making
clear the type of topological transitions that occur in the system. The Hall conductivity dis-

plays a different behavior in each regime.
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A constant of —1/(27) has been included due ductivity. This comes from the second term in

to the lower band contribution. Eq. (2.22)
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Chapter 3

Reactive Hall Response with spin orbit
coupling

3.1 Calculation of the Hall Coefficient

In this section we will consider a simple tight binding Hamiltonian in a rectangular lattice, to
which we have included a spin-orbit coupling term in the form of Rashba interaction. In the
absence of an electric and a magnetic field this Hamiltonian be written as:

Hy = —t Z clTH’vacl’m’J +He —t Z CzT,m+1,aCl,mya + H.c.

l,m,o lm,o

—tso Z [C;+1,m,¢cl7mff - ClT+1,m,TCl,m,¢} + H.c. —tso Z [iCzT,m+1,¢Cl,m,T + ic},m+1,¢01,m,¢} + H.c.

Im Im
(3.1)
Now we add a magnetic field along the z direction modulated by a one component wave vec-
tor q along the y direction, generated by the vector potential A,,. We also add electric fields
in the x,y directions modulated by the time dependent vector potentials ¢V ().

;Y
H=—t) ¥ Weitn clﬂmaclma +He —t' ) el¢m+1/2(t)czmﬂ,acl,m,g + H.c.

l,m,o l,m,o

e A,
—tso Z €z¢ (t)el {C;{—ﬁ-l,m,l,clvmﬁ — sz+17m7TCl7m7¢} + H.c.

ipY t) [. .
—ts0 > ¢'Pm1/2(0) [zc;7m+17¢01,m,¢ + ZC}L,m+1,TClvva + H.c. (3.2)

lm

Here A,, = '™ 251;@ 5y e“?””B is the vector potential that produces the magnetic field and

it satisfies By,11/2 = — (Amy1 — Am) Be'1m+1/2) " The vector potentials of the electric fields
satisfy ¢=¥ (1) = 220 and OY 119 (1) = 128 (1), where we have also defined E” (t) =

Ee™"t EY (t) = iEYe "*'. Current densities can now be calculated through derivatives in the

Hamiltonian:
Jx - 6¢x —t Z ( wr (t ZAmc;+1,m7aCl,m7o' + HC)
l,m,o
+ts0 3 (16 Vet [l yimt = cliymacima] + He) (3.3)
Im
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and

J‘?Zj = - = t/ eiq(m+1/2) (iei¢gq+l/2(t)cg"m_i_l’o_cl’m’o. + HC)
a¢y Im,o
+tso Z gla(m+1/2) (ieid’gnﬂ/?(t) [iCzT,m+1,¢Cl7m7T + Z‘ClT,erl,Tcl,m,i} + H.c.) (3.4)

Iym

Expanding in ¢ and keeping only the linear terms we identify a diamagnetic and a paramag-
netic part in the current density.

t=t 3 (i€l o Clme + Hc)

l,m,o

+ tso Z ( [Cl—i-l m J,Cl m,t C;+1,m,¢cl,m,¢} + HC) (35)

Fl ==t 3 (el g tma + Hee) ¢ (1)

l,m,o
—ts0 Z ( m {Cl-&-l m Climt — C;+1,m,¢cl7m7¢} + H.c.) " (1) (3.6)

where j* is the paramagnetic part and j%? is the diamagnetic part. Similarly we have for the
y components that:

=ty elatmt/ (iClT,mH,aCl,m,a - H.c.)

lm,o
o Y ellmtL/2) (z [ic}7m+17¢cl,m,¢ + ic}ymﬂﬁcl’m@ + H.c.) (3.7)
l,;m
jg’d =t Z eatmti/2) (C;r,erl,aCl,m,a + H'C-) @Y (1)
Im,o
—tho Y eHalmtl/2) ({zcl ma1,,Clim,t T ic} mi14CL ,w} + H.c. ) @Y (t) (3.8)
lm

Expanding our initial Hamiltonian in ¢ and keeping only the linear terms we see that it can
be written a follows:

H = Hy— j*¢" (t) = jio* (t) (3.9)
Using the Kubo formula we get that:

(57 = (") + Xjo= 0" () + Xjej20” (t) (3.10)
(48) = (G0), + xiaged" () + X" (1) (3.11)

where we have defined
Xap = i / dte* ([A(t), B]) (3.12)
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Furthermore considering that without an electric field all currents are zero we must have
(1%)0 = < j}]’>0 = 0. For the diamagnetic parts we can observe that

(i) = = (5o ) o 0 (3.13)

(i) =~ (5 ) o @) (3.14)

Combining the above equations along with the fact that = 0 we can write the total

¢za¢y
current density mean values in the following form:
<J$> = O'jzsza; (t) + ijngy (t) (315)
where we have defined
? O?H

We will now proceed by converting the current-current to current-density correlations. The
following equations are derived in detail in Appendix B. We have that

1
(J) = 0o ¥ (1) + ananEy (t) (3.18)

. 2
1 . v [z
() = = e B (1) + <q> Ko, B () (3.19)

where we have defined ny, = 33, , (—ie'?™) clﬁmﬂcl’m’g. Now, in contrast to the usual Hall
coefficient derivation, we will first take the w — 0 limit and then the qg — 0. The previous
expressions now become

(J) = 0l (W — 0) {E” ()] + iX;znq (w — 0) EY (t) (3.20)
(Ty), = —;X;Enq (w — 0) E* (t) + i <°;> Xomy (W = 0) [iEY (t)] (3.21)

where the subscript zero implies the w — 0 limit. We also denote with ’ the real part of a
quantity and with ” its imaginary part. Now, let |n), F, be the eigenstates and eigenvalues
respectively of the Hamiltonian in the presence of the magnetic field.

XapB (w—0) = hmz/dtem = hmz/dtem t)B— BA(t)) =

= ;> / dte™ [(m| pA (t) B |m) — (m| pBA () |m)] =

= lim Z /dtem = [(m A(t) [n) (n] B |m) — (m| B|n) (n| A(¢) |m)] =
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= hm Z /altem6 “"’"”t (m| A|n) (n| B|m) — e“m* (m| B |n) (n| A ]mﬂ

Since we are working at T' — 0 we see that we are going to have contribution only from m =
0. Additionally we dont have any contributions from n = m. Therefore

X (@ = 0) = lim 3~ /dtem [e0nt (0] A[n) {n] B|0) — €' (0| B |n) {n| A |0)] =

n>0

:—limz

z—0 ns0

[<0|A|n> (n| B|0) (0] B]n) <n|AIO>] N
z 4+ won Z + Wwno

(0| A|n) (n| B|0) + H.c.

—0) = 3.22
Xap (W — 0) nZ>O B E (3:22)
Now, following [12] we can express the different terms of Eqgs. (3.20), (3.21) as derivatives of
the ground state of the following fictitious Hamiltonian:
H(¢", pg) = —t Z ei‘z’z(t)emmclTJerJcl,m,U +He —t Z ClT,erLgCl,m,a + H.c.
l,m,o l,m,o
—tso Z €'" () iAm {C;+17m7¢01,m,¢ — ClT+1,m,TCl’m’¢} + H.c.
—tho 2 [icl i1 Clmt + i€ iy pCmt | + Hoeo+ pgng (3.23)

Im

For a general Hamiltonian depending on two parameters p and A, we have the following iden-
tity:

o - P <0‘82H’0> [< 221 n) (n|%E]0) + H.c. )
n>0

oo OO E, — FEy

The above result is derived in Appendix C. With this observation, we can rewrite the current
densities in the following form.

(J%)o = igiw BT (6)] + ;Eizquy (t) (3.25)
<J‘§/>O - _;€2q¢xEx ( ) o ;ugllqﬂq [ZEy (t>] (326)

We will now set <Jé’ >o = 0 and calculate the hall constant:

1 EY(t e
= — ():>RH:g Hq®

5T (3.27)

0 0 0 0
B Eprge€hgng + gt Edrpq

Neglecting the cross O (B?) term qu(ﬁzegz 4, and Taylor expanding the numerator in B we can
rewrite the above equation as:

93¢0 9 ( 520 ) 8D,
Ry = q 0BOuq 09 q Oug \O0BOP™ ) Ouq (3 28)
— 10 0 - 0 0 - )
€476 Cpuang €797 Epiqnq Driq
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where in the last step we have defined:

ji=tY (—ieiqm) (z’cLLm’gcl,m,U o H.c.)

e
+tso ;nj (=ie™™) (i [elyrm Clmt = ClyrmpCim] + Hoc.) (3.29)
’T; = —tlz (=€) (cl 1 moCmo + Hee.)
—ts0) (—ieiq’mﬁa([c}+17m, VGt = Clympim | + Hoe.) (3.30)
and "
o~ =4[} 5 [ ] -
Dq:; (0]-12 0>—n§>:0 [<0|jz|n)E<j\_jgg>+H.c. ] 1)

In addition D = %egz v 18 the Drude weight and it is identical to D, by the replacement of

Jq and T7 by j* and j; respectively. We also define the comressibility as 52q hy = Kg = g%z.
Finally, by taking the ¢ — 0 limit we are left with
10D
Ry =——— 3.32
" D on ( )

As a quick application of our model, we will begin by calculating the Hall coefficient for ¢/ —
0 and t’sp — 0. In this case the Hamiltonian can be exactly diagonalized. We find the follow-
ing two bands:

t
er (k) = =2\/12 + t3,cos (ky, — &" F ko), ko = tan™" <5:)> (3.33)

We can now proceed to calculate the Drude weight.

ko +7’L7l'/2

1 L 628+ 1 L O%c_
D=D,+D_= s ke + 57 o0x Ah =

ko—nm/2 —ko—nm/2

—k0+n7r/2

\/m ko+nm/2 —ko+nm/2
V. 50 / cos (ky — ko) dk, + / cos (ky + ko) dk, | =

T
ko *kO
24/t + t2
p="V""%%, (m) (3.34)
s 2
10D 1
Ry = S (3.35)

“Don _EW

We see that the Hall coefficient does not depend on the Rashba coupling, since the contri-
butions from the two bands cancel one another. In addition close to the metallic state the
Hall coefficient is equal to Ry =~ —1/n, whereas close to the insulating state it is equal to
Ry ~ 1/6, with 6 =2 — n.
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3.2 Numerical Simulations

In this section we present our numerical results for the Hall coefficient for three different
cases. In the first case we have taken ¢/t = 2 and tgso = tiyy = 0, in the second case we
have taken t'/t = 1, tgo/t = 2 and tiy,/t = 2 and in the third case we have taken t'/t = 2,
tso/t = 2 and t,/t = 2. In all of the graphs below we have included the Fermi surface con-
tour plots for different topology regimes. In the Fermi surface contour plots the blue line is
the lower band, whereas the red line is the upper band. The dispersion of those bands can be

found by diagonalizing the full Hamiltonian. It is given by:

g4 (k) = —2tcos (k;) — 2t'cos (k,) £ 2\/(t503in (ko)) + (tsosin (k) (3.36)

The Hall coefficient graphs for all three cases are shown below:
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Figure 3.1: Hall coefficient for '/t = 2, tgo = tlyp = 0.
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Figure 3.2: Hall coefficient for t'/t = 1, tso/t = 2, thyp/t = 2.
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Ry

Figure 3.3: Hall coefficient for t'/t = 2, tgo/t = 2, thyp/t = 2.

As was the case before, close to the metallic state the Hall coefficient is equal to Ry ~ —1/n,
whereas close to the insulating state it is equal to Ry = 1/ ~, with 6 = 2 — n. In addi-
tion, around every topological transition the behavior of the Hall coefficient changes. More
specifically, when different parts of the Fermi surface connect or disconnect the Hall coeffi-
cient displays a discontinuity in its derivative. On the other hand when a part of the Fermi
surface disappears from the lower band and appears on the upper band the Hall coefficient
displays a discontinuity.
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Appendix A

In Ref. [10] the authors have solved Boltzmann transport equations for this energy disper-
sion analytically. Then they calculated the velocities u, and u, and took their Fourier series
expansions which are shown below:

2K 2K 2K (k)
(A1)

(1) = (1= 26) 23 sech [@" ) ”K'] sin [@” ) W] win l@n - 1>Wot]

i (1) = —2 S seeh [W] cos l@”;;“‘] cos lW] (A2)

where ¢ = e for electrons and i« = h for holes. For open surfaces the corresponding results are

0 = 2 S et | " i [ 15 i [ 2t (A3)

u;,(t):%f(m{ +zsech[ K] o [ o [g’;ﬁg]} (A4)

For electron and hole pockets we can write for simplicity:

_ 4 Z oF sin lW] (A5)

_ g, Z ol cos l”2;(1()£“0t] (A.6)

The previous equations are also true for open surfaces. But in the case of w, (¢) we should
write

4, za smlnmﬂ (A7)

1 & nmwrwWot
ot) =1u,3 = + 4 A8
K “y{z s sl A9
We can now use the above equations to calculate the o components for all 3 cases. We be-
gin by calculating the o components for closed Fermi surfaces. For convenience we define

n(tt) =exp (—[1/7+iw] (t —1)).

4K /wo

3B > (2n — 1) Twot p > (2m — 1) mwot’
Ty — Ngj Y dt/ U Y dt -
Oy 2n)? O/ a 712::1 a, sin [2K %) J Ty mz::1 a¥ cos oK () n(t;t)

3B > 2n —1
= Paa,y atal " S (A.9)
47 =1 [1/7_ + Z(.U]2 + |:(2n—1)7rw0:|
2K (k)
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e’B 1) mwpt P . . | (2m—1) 7wt ,
Ope = —— / U$Za sm[wldt/uzglamsml 2K () ] (t;¢") dt’ =

(2m)° , s
s 1 ] 2K
= ——a2 > (al ,[ /27 i Zg]_l) ) (A.10)
(2m)” "= [1/7 +iw]” + [721((5”0} “o
e3B W (2n — 1) mwpt / > (2m — 1) mwot’
N - 0 _ - ol"| -
Oyy = W 0/ uy;a%cos lﬂ((’f)] dt_/ Ty, mzz:l a? cos [ oK (1) ] n(t;t)dt' =
3 [e'¢) :
- Dy @y /7t ) K ) (A.11)
(o) ST [+ iw]? + [Gma]
Similarly, for open surfaces we have that
e3B s N RWot mmkwot
0 0
=y | L sn | ] o 3 ahein g ] 760
3 [e'¢) .
Ly () WT i) K {1/x) (A.12)

= 2ux n . 19 o 2
(2m)” "o [1/7 +iw]” + {K(l/ﬁo)} KWo

4K /kwo

e’ B X, . [ nrkwet P11 & mmkwot | ]
Ozy = / Uy Y arsin [K(l//{)} dt / Uy 5 + Y a¥cos K (1/n) 7t t)dt =

— 00

3 5
_ (Z;axay > aial . iw}?i P (A.13)
K(1/r)
_ €B e y nm KWl o1& y mrkwot |\ <, o
=g | ela S [ o o s Soven S e -
GB @ K(r) | B L& riie]  K(/n)

N (27T)2 [1/7 +iw] Kwo - (27T)2uy ‘s (a?)

.12 nrrwg |2
[1/7 +iw]? + [ ] Ko

Substituting the appropriate ,,a,,a;,a¥%, equations (1.28), (1.29), (1.30) follow. It also needs
to be pointed out that for closed Fermi surfaces the sums are over positive odd integers while
for open surfaces the sums are over positive even integers. We can now proceed to calculate

the hall number for both high and low magnetic fields. For high magnetic fields we have that

1 1 —o,
= lim —# (A.14)
N B0 B 0gyoy, + 02,

26



Using the above equation we get

nhuz—iézor_gaﬂﬁ“ﬁ—é)ﬁgé?]mnk%fwygﬁﬂ (A.15)
nl o = ig e i y sech? [(n _ ;) Wg(g)] sin [(Qn _1) }?7{2)] (A.16)

o _
NHal =

K (1/k) K (1/k)

(A.17)
We observe that in the high-field case the hall number does not depend on the frequency.
Now for the low-field case we have

2 nrK' (1/K) nTU, ,
1 2oy sesech [ K(i/r) }sm [ (1/5)} 1 & 1 o2 [mrK (1//1)] , [anu(,]

T ot [ i (] A

1 1 —0,
= lim 7—@/
NHall B—0 B OraOyy + O'

(A.18)

Similarly we get:

4 {Zfﬁl sech? {(n — %) ok } sin? [(n — 1) ”;éH {2?1 sech? {(n — %) LS } cos® [(n — %) ”;éH

ot = 7 S, (n — f) sech? [(n - f) mK’ } sin {7(2"}?”‘3]
(A.19)

L a|Tseen (= 3) = sin? [(n = ) ] S seen? | (n = §) =] eos? [(n— §) 5]

Npan = - - R
(o Dt (o= [ o [
(A.20)
A [Zzol sech? {”7}?/] sin® [’”I?"H {; + 302, sech® {”7}?/] cos? [”}r{“OH
Njan = —— = AR (A.21)
™ >ooo msech? {"7}( } sin [ ”;“0}
The above results for the hall coefficient are the same with the ones calculated in [10], both

in the high and the low magnetic field limits.
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Appendix B

In this Section we will convert the current-current to current-density correlations. We will
use the following

{clcb, cicd} = cjlcdébc - cicbéad (B.1)
We also define:
pq = Z eiqmczm,ocl,m,ff (BQ)
l,m,o

We have that

. Y - ig(m+1/2) —igm/ T T
{93 ’Pfq] =t Y el {Cz,mﬂ,acl',mao/51,1'5m,m'5a,a/ = it o Clim, o OLY Oy 1,m7 000 + H.C.

! / !
Im,o,l’,;m’ o

/ - _iq(m~+1/2) —igm/ g T - f
+ tSO Z € a( / )6 a {ch7m+17¢cl’,m’,a’5l,l’6m,m’5'r7a’ — ZCl/7m/’0/Cl,m,T5171/5m+1,m/5¢70/+

! / !
Lm,l’ m’ o

.t -t _
+49C g1 1€ 0 O Ot O = TC gt 9 Clan L 0L Ot O + HLC.} =

=t > i (eiq/Z — e’iq/2) (clT,mH,ocl,m,o + H.c.)

l,m,o
+t'so ZZ (eiq/2 — @*iq/2) ([iczr,erl,icl:m,T + iczr,m+1,TCl,m,¢} + H.c,)
lm

We can now define the quantity

TY = —¢/ Z (C;mﬂyaqym,g + H.c.) — tso Z ({icj,m+1,¢cl,m,T + iCI7m+1,TCl,m,¢] + H.c.) (B.3)

l,m,o Il,m
and since we are working with small ¢ one can observe that

Oy = z (=) = xju30) (B.4)

Finally we can conclude that:

2, p—q| = 2sin (q/2) TV ~ qT" (B.5)
Similarly

_ iqgm/’ ip*(t) iA t T
[Ha pq] =—t Z et {6 ? ()6 " (ClJrl,m,aCl',m’,G’dl,l’6m,m’6a,a’ - Cl’,m’,o’cl,m,06l+1,l’5m,m’5a,a’) - H-C-}

/ / /
lym,o,l’,m’ o

/ iqm! [ iYL () (1 f
_t Z € 7 {e 2 Cl,m+1,0'cl/7m/7a',5l7l/6m7ml5070, - Cl’,m’,a’clymﬂal:l/6m+1,m/5070' - H.C.

/ ’ !
lm,o,l’,;m' o

igm! [ _id*(t) iAm /.t T
—tso »_ €U N (A O Omam G0t = Ch 01 CLn 4O 1 OOt —

/ / !
Lym,l’,m’ o

t f
= ClLptm O Oy O O ? + Clr g 1 Clam L0141, O 0,0 ) — H.c.}
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/ iqm! 1 _i¢Y @ 1 - f
—tso Z e"m {ePmr1/2 (ZCz,m+1,¢Cl',m',o'5l,l'5m,m'5T,a’—ch/,m',a/Cl,m,T5l,z'5m+1,m'5¢,af+

/ / !
Lym,l’m’ o

. .
+ 8] 1 4C0 0,0 O O O 07— ACY 1 1€l L 0L O 1, Ot,0r) — H..}

We see that we have no contribution from the x component. Using the fact that ¢™¥ () — 0
we get.

_ / igm/ [ T T
[H’ pq] =—t Z e {Cl,m—kl,acl’,m’ﬁ’él,l’6m7m’5070’ - Clhm’,a’Cl7m706l7l’5m+1am’6070’ - H.c.}

! / !
lym,ol’,m' o

/ igm/ [ 1 .t
—tso D EUHic] i Gt o O O Ot 0t — UCh 1 Clm 1011 Ot e Oy o1

/ / !
Lm,’'m' o

.t -t _
+ 0C 1 1€t 0 O Oy O ot — €Yy 1 CLm, A OL1 Oy 1, O — Hoc} =

=—t' ) (eiqm - eiQ(mH)) {c}:mﬂﬂcl’mp - H.c.}

l,m,o
_tSO Z ( qm _ l m+1)) {Z'C;,m+1,¢cl,m¢ —+ ic;,m+1,TCl,m,¢ — HC}

It is easy to see that

. . ‘ dp.
[H, pg] = 2sin (q/2) j& ~ qj) = 8tq iqj) (B.6)

In a similar way, we can trivially show that

[qup—q] =0, [jxapq] =0 (B.7)

We now start converting the current-current to current-density correlations. We have:

ey = [ dte= ([ (0), 32]) =i [ ate™ (57,50 (~0)]) =

__1 izt zzt & 'th _ E )
=~ g (D I+ / At ([, py (- / de 0O = i
Similarly
00 ' 1 .
P 12t 7] T — zzt = zzt A A -
g = [ e ([0 7]) = e o0, 5D I / e {[py (1).,5°) = = o

Xjuy = i/dtem <[jg (t) ,quD = ;em <[pq (t) ,qub I&° —ZZ / dte' <[pq (t) ,qub —
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= (-2 / 16 ([p % (~0)]) = (=)= 556" (o p-o () I +i (q) / At {[pgs p—y (=)

TV 4 (q) / dte™ {[p, (1) . p—q) = (~T") + (q> Xouo,

Instead of p, we are going to use

Ng = —ipg = Z (_ieiqm> Czr,m,achmﬁ (B.8)
lm,o
We finally get
1z 1
Xpit = "X = X = O = T = X, (B.9)
2\ i (2\°
ngjf{ = <_Ty> - (q) annq = O-jgjg - ; (q) annq (BlO)
With the above convertion equations 25 and 26 become
x xr 1
<J > = O'Ja:JxE (t) + Qngcany (t) (Bll)
1 i (2
(Jy) = —ngzanx () + - (q) Xngng EY (t) (B.12)
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Appendix C

Let us consider a Hamiltonian depending on two parameters u, A, with a ground state energy

= 5 0610 = (0\58 o)+ (S0} o)+ o1 (0] -

) e

N

We proceed to calculate the second derivative.

Hi) =10 = G0+ 1 (10) = 5 10+ (7 10) =

2§<n%5P>+Edm<£Jm>:Eﬂm<£“m>j
ol (5101) = o), (55,00 1 - {0l ©2)
e 1) 2B () v 2 3

~(elaanlo) (o)

oH
a0+ (o) ) e (7))
For the n = 0 term we have

(o)A 2 o o)
(3w} o ()] - ) o=

Since we have no contribution from n = 0 we can write
0
— |0 =
n> " ((’M | >>]

) [ ) 2 o

2 0|51 9110) + H.c.
€2A:<O‘C‘i;‘o>_z[< ’w’”lﬁj‘_a%() )+ He

n>0

(C.3)

We will now define the following fictitious Hamiltonian with parameters ¢* and j,:

<¢ /J“q __tz el(bxt) m Cl+1maclmU+HC —t Z Clm+1Uclmg+HC

l,m,o l,m,o

i A,
—tso Z ei® (t)el {CLl,m,ﬁl,m,T — C;r+17mﬁcl,m,¢} + H.c.

—tso Z [ic}7m+17¢cl7m¢ + ic{mH,Tqmd + H.c. + pgny (C.4)

lm
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We can now express the terms of Egs. (3.20) and (3.21) as derivatives of the ground state of
this Hamiltonian. Specifically:

Ojoje (W — 0) = isg%z (C.5)
Xjeng (W —0) = eg% (C.6)
Xngge (W = 0) = €}y 4o (C.7)

Xngng (W = 0) = —&, (C.8)

Using the above results, Egs. (3.25) and (3.26) follow.
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