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≈ı˜·ÒÈÛÙflÂÚ

‘ÈÚ ÈÔ ËÂÒÏ›Ú ÏÔı Âı˜·ÒÈÛÙflÂÚ Ë›Î˘ Ì· ÂÍˆÒ‹Û˘ ÛÙÔÌ ÂÈ‚Î›ÔÌÙ· Í·ËÁ„ÁÙfi

ÏÔı ≈ÎÂıË›ÒÈÔ œÈÍÔÌ¸ÏÔı „È· ÙÁ ‰È·ÒÍfi Í·È ÏÂ ‹ÌÙ· Ò¸ËıÏÁ ‰È‹ËÂÛÁ

Í·ËÔ‰fi„ÁÛfi ÙÔı. œÈ ÔÎ˝ÙÈÏÂÚ ÛıÏ‚ÔıÎ›Ú Í·È Á ÂÔÈÍÔ‰ÔÏÁÙÈÍfi ÍÒÈÙÈÍfi ÙÔı,

·¸ÒÒÔÈ· ÙÁÚ ‚·ËÂÈ‹Ú „Ì˛ÛÁÚ Í·È ÂÏÂÈÒfl·Ú ÙÔı ÛÂ Ë›Ï·Ù· ˆıÛÈÍfiÚ, Â›‰Ò·Û·Ì

·Ôˆ·ÛÈÛÙÈÍ‹ ÛÙÁ ‰È·Ï¸Òˆ˘ÛÁ ÙÔı ÙÒ¸Ôı ÛÍ›¯ÁÚ ÏÔı. « ÛıÌÂÒ„·Ûfl· Ï·Êfl

ÙÔı fiÙ·Ì ÏÈ· ·ÌÂÍÙflÏÁÙÁ ÂÏÂÈÒfl· „È· Ï›Ì·.

≈Ì· ÏÂ„‹ÎÔ Âı˜·ÒÈÛÙ˛ ÂflÛÁÚ ÔˆÂflÎ˘ ÛÙÔÌ ÃÈ˜‹ÎÁ ”È„‹Î· Ù¸ÛÔ „È· Ù·

ÒÔ„Ò‹ÏÏ·Ù· ÙÔı ‹Ì˘ ÛÂ ıÔÎÔ„ÈÛÏ¸ ‰ÔÏfiÚ Ê˛ÌÁÚ ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì ¸ÛÔ

Í·È „È· ÙÁÌ ÔÎ˝ ˜ÒfiÛÈÏÁ „È· Ï›Ì· ÂÈÍÔÈÌ˘Ìfl· Ôı Âfl˜·ÏÂ ¸Î· Ù· ˜Ò¸ÌÈ·

ÂÍ¸ÌÁÛÁÚ ÙÁÚ ‰È·ÙÒÈ‚fiÚ ·ıÙfiÚ Í·È ÙÁ ‚ÔfiËÂÈ· ÙÔı ÛÂ ¸ÙÈ ·ˆÔÒ‹ ÙÁÌ Í·Ù·Ì¸ÁÛÁ

ÙÁÚ ÍıÏ·ÙÈÍfiÚ ‰È‹‰ÔÛÁÚ ÛÂ ÂÒÈÔ‰ÈÍ‹ ÛıÛÙfiÏ·Ù·.

”Â ¸ÙÈ ·ˆÔÒ‹ ÙÁÌ Í·Ù·Ì¸ÁÛÁ ÙÁÚ ÍıÏ·ÙÈÍfiÚ ‰È‹‰ÔÛÁÚ ÛÂ Ùı˜·fl· ÛıÛÙfiÏ·Ù·

ÔÎ˝ÙÈÏÁ ıfiÒÓÂ Á ÂÈÍÔÈÌ˘Ìfl· ÏÂ ÙÔÌ Kurt Busch. ‘ÔÌ Âı˜·ÒÈÛÙ˛ ¸˜È Ï¸ÌÔ

„È· ÙÁ ‚ÔfiËÂÈ‹ ÙÔı ·ÎÎ‹ Í·È „È· ÙÁÌ Âı„›ÌÂÈ· Í·È ÙÁÌ ÒÔËıÏfl· ÏÂ ÙÁÌ ÔÔfl·

·ÌÙ·ÔÍÒÈÌ¸Ù·Ì ÛÙÈÚ ÂÒ˘ÙfiÛÂÈÚ ÏÔı.

»· fiËÂÎ· ÂflÛÁÚ Ì· Âı˜·ÒÈÛÙfiÛ˘ ÙÁÌ ÂÙ·ÏÂÎfi ÂÓÂÙ·ÛÙÈÍfi ÂÈÙÒÔfi ÙÁÚ

‰È·ÙÒÈ‚fiÚ „È· ÙÈÚ Â˝ÛÙÔ˜ÂÚ ·Ò·ÙÁÒfiÛÂÈÚ Í·È ıÔ‰ÂflÓÂÈÚ ÙÔıÚ Í·È È‰È·flÙÂÒ· ÙÔÌ

Í·Ë.  ˛ÛÙ· ”Ô˝ÍÔıÎÁ Ô ÔÔflÔÚ fiÎËÂ ÛÙÔ «Ò‹ÍÎÂÈÔ ÂÈ‰ÈÍ‹ „È· ÙÁÌ ·ÒÔıÛfl·ÛÁ

Í·È Ô ÔÔflÔÚ ‰È‹‚·ÛÂ ÙÔ ·Ò¸Ì ÍÂflÏÂÌÔ Í·È ›Í·ÌÂ ‰ÈÔÒË˛ÛÂÈÚ.

ƒÈÔÒË˛ÛÂÈÚ ÛÂ ÙÏfiÏ·Ù· ÙÔı ÍÂÈÏ›ÌÔı ·ıÙÔ˝ ›Í·ÌÂ Í·È Ô ˆÔÈÙÁÙfiÚ ¡Î›ÓÈÔÚ

 ÎÁÒÔÌ¸ÏÔÚ. ‘ÔÌ Âı˜·ÒÈÛÙ˛ ËÂÒÏ‹.

√È· ÙÁ Î˝ÛÁ Í·ËÁÏÂÒÈÌ˛Ì ıÔÎÔ„ÈÛÙÈÍ˛Ì ÒÔ‚ÎÁÏ‹Ù˘Ì Ë· fiÙ·Ì ·Ò‹ÎÂÈ¯Á Ì·

ÏÁÌ ·Ì·ˆ›Ò˘ ÙÁ ‚ÔfiËÂÈ· ÙÔı ‹ÌÙ· Ò¸ËıÏÔı  ÔÛÏ‹ –··˜ÒfiÛÙÔı Í·È Ù˘Ì

ÂÒ„·ÊÔÏ›Ì˘Ì ÛÙÔ ıÔÎÔ„ÈÛÙÈÍ¸ Í›ÌÙÒÔ.

≈ı˜·ÒÈÛÙ˛ ÂflÛÁÚ ËÂÒÏ‹ ÙÔıÚ ˆflÎÔıÚ Í·È ÛıÏˆÔÈÙÁÙ›Ú ÏÔı Ù¸ÛÔ „È· ÙÈÚ ˜ÒfiÛÈÏÂÚ

ÛıÊÁÙfiÛÂÈÚ Ôı Âfl˜·ÏÂ ¸ÛÔ Í·È „È· ÙÁÌ ÂÌË‹ÒÒıÌÛÁ Í·È ÛıÏ·Ò‹ÛÙ·ÛÁ ÙÔıÚ.

‘ÈÚ ÁÏ›ÒÂÚ ÙÁÚ Ûı„„Ò·ˆfiÚ ÙÁÚ ÂÒ„·Ûfl·Ú ·ÌÂÍÙflÏÁÙÁ ıfiÒÓÂ Á ‚ÔfiËÂÈ· Í·È Á

ÛıÏ·Ò‹ÛÙ·ÛÁ ÙÁÚ  ÈÍfiÚ ◊ÒıÛÔÔ˝ÎÔı.

≈ı˜·ÒÈÛÙ˛ Ù›ÎÔÚ ÙÔ ÙÏfiÏ· ÷ıÛÈÍfiÚ ÙÔı –·ÌÂÈÛÙÁÏflÔı  ÒfiÙÁÚ Í·È ÙÔ

…ÌÛÙÈÙÔ˝ÙÔ «ÎÂÍÙÒÔÌÈÍfiÚ ƒÔÏfiÚ Í·È À›ÈÊÂÒ ÙÔı …‰Ò˝Ï·ÙÔÚ ‘Â˜ÌÔÎÔ„fl·Ú Í·È

≈ÒÂıÌ·Ú „È· ÙÁÌ ÙÂ˜ÌÈÍfi Í·È ÔÈÍÔÌÔÏÈÍfi ıÔÛÙfiÒÈÓÁ Ù· ˜Ò¸ÌÈ· Ù˘Ì ÛÔı‰˛Ì

ÏÔı. TÔ ÙÏfiÏ· ÷ıÛÈÍfiÚ, ÂÍÙ¸Ú ·¸ ÔÈÍÔÌÔÏÈÍfi ıÔÛÙfiÒÈÓÁ, ÏÔı ›‰˘ÛÂ Í·È ÙÁÌ

ÂıÍ·ÈÒfl· Ì· ·ÔÍÙfiÛ˘ ‰È‰·ÍÙÈÍfi ÂÏÂÈÒfl· ÛıÏÏÂÙ›˜ÔÌÙ·Ú ÛÙÁÌ ÂÍ·È‰ÂıÙÈÍfi

‰È·‰ÈÍ·Ûfl· Û·Ì ‚ÔÁË¸Ú ÛÂ ÂÌ‰È·ˆ›ÒÔÌÙ· Ï·ËfiÏ·Ù· Í·È Ì· ˘ˆÂÎÁË˛ ·¸ ÙÈÚ

„Ì˛ÛÂÈÚ Í·È ÙÁÌ ÂflÒ· ÂÓ·ÈÒÂÙÈÍ˛Ì ‰·ÛÍ‹Î˘Ì.
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≈ÈÛ·„˘„fi

« ‰È‹‰ÔÛÁ ÍÎ·ÛÈÍ˛Ì ÍıÏ‹Ù˘Ì ¸˘Ú Ù· ÁÎÂÍÙÒÔÏ·„ÌÁÙÈÍ‹, ·ÍÔıÛÙÈÍ‹ fi ÂÎ·ÛÙÈÍ‹1

Í˝Ï·Ù· ÛÂ ÂÒÈÔ‰ÈÍ‹ Í·È Ùı˜·fl· Ï›Û· ›˜ÂÈ „flÌÂÈ ·ÌÙÈÍÂflÏÂÌÔ È‰È·flÙÂÒÔı

ÂÌ‰È·ˆ›ÒÔÌÙÔÚ Ù· ÙÂÎÂıÙ·fl· ˜Ò¸ÌÈ· „È· ÔÎÎÔ˝Ú ÙÔÏÂflÚ ÙÁÚ ÂÈÛÙfiÏÁÚ Í·È ÙÁÚ

ÙÂ˜ÌÔÎÔ„fl·Ú. ¡¸ ÙÁÌ ÎÂıÒ‹ ÙÁÚ ˆıÛÈÍfiÚ ÛÙÂÒÂ‹Ú Í·Ù‹ÛÙ·ÛÁÚ ÙÔ ÂÌ‰È·ˆ›ÒÔÌ

ÂÈÍÂÌÙÒ˛ÌÂÙ·È ÛÙÁÌ ÂÒ˛ÙÁÛÁ „È· ˝·ÒÓÁ fi ¸˜È ˜‹ÛÏ·ÙÔÚ2 ÛÂ ÂÒÈÔ‰ÈÍ‹ fi

ÂÌÙÔÈÛÏ›Ì˘Ì Í·Ù·ÛÙ‹ÛÂ˘Ì ÛÂ Ùı˜·fl· ÍÎ·ÛÈÍ‹ ÛıÛÙfiÏ·Ù· ÛÂ ·Ì·ÎÔ„fl· ÏÂ ¸ÙÈ

ÛıÏ‚·flÌÂÈ ÛÙ· ÁÎÂÍÙÒ¸ÌÈ·. « ·‹ÌÙÁÛÁ ÛÙÔ ÂÒ˛ÙÁÏ· ·ıÙ¸ ÏÔÒÂfl Ì· Ô‰Á„fiÛÂÈ ÛÂ

Âˆ·ÒÏÔ„›Ú ·Ì‹ÎÔ„ÂÚ ÏÂ ÙÈÚ Âˆ·ÒÏÔ„›Ú Ù˘Ì ÁÎÂÍÙÒÔÌÈÍ˛Ì ˜·ÛÏ‹Ù˘Ì ÍÈ ÂÌÙÔÈÛÏ›Ì˘Ì

Í·Ù·ÛÙ‹ÛÂ˘Ì ÛÙÔıÚ ÁÏÈ·„˘„Ô˝Ú, Âˆ·ÒÏÔ„›Ú ÔÈ ÔÔflÂÚ ›˜ÔıÌ ·ÔÙÂÎ›ÛÂÈ ÙÁÌ

Í·Ò‰È‹ ÙÁÚ ÙÂ˜ÌÔÎÔ„fl·Ú Ù· ÙÂÎÂıÙ·fl· ˜Ò¸ÌÈ·. ≈ÈÎ›ÔÌ, Á ÏÂÎ›ÙÁ Ù˘Ì ÍÎ·ÛÈÍ˛Ì

ÛıÛÙÁÏ‹Ù˘Ì ·ÒÔıÛÈ‹ÊÂÈ ‚·ÛÈÍ‹ ÎÂÔÌÂÍÙfiÏ·Ù· ÛÂ Û˜›ÛÁ ÏÂ ÙÁ ÏÂÎ›ÙÁ ‰È‹‰ÔÛÁÚ

Ù˘Ì ÁÎÂÍÙÒÔÌfl˘Ì.

¬·ÛÈÍ¸ ÎÂÔÌ›ÍÙÁÏ· ÂflÌ·È ¸ÙÈ Ù· ÍÎ·ÛÈÍ‹ ÛıÛÙfiÏ·Ù· ·ÔÙÂÎÔ˝Ì ÂÒÈÛÛ¸ÙÂÒÔ

``Í·Ë·Ò‹'' ÂÈÒ·Ï·ÙÈÍ‹ ÛıÛÙfiÏ·Ù· ÛÂ Û˜›ÛÁ ÏÂ Ù· ÁÎÂÍÙÒ¸ÌÈ·. ¡ıÙ¸ Î¸„˘

ÙÁÚ ·ÔıÛfl·Ú Û˝ÌËÂÙ˘Ì ·ÎÎÁÎÂÈ‰Ò‹ÛÂ˘Ì ¸˘Ú ·ÎÎÁÎÂfl‰Ò·ÛÁ ÁÎÂÍÙÒÔÌflÔı-

ÁÎÂÍÙÒÔÌflÔı fi ÁÎÂÍÙÒÔÌfl˘Ì-ˆ˘ÌÔÌfl˘Ì, ÙÁÚ ›ÎÎÂÈ¯ÁÚ ÈÛ˜ıÒfiÚ ÂÓ‹ÒÙÁÛÁÚ ·¸ ÙÁ

ËÂÒÏÔÍÒ·Ûfl· Í·È ÙÔı „Â„ÔÌ¸ÙÔÚ ¸ÙÈ Á Ûı˜Ì¸ÙÁÙ· ÙÔı ÍÎ·ÛÈÍÔ˝ Í˝Ï·ÙÔÚ ÏÔÒÂfl Ì·

Í·ËÔÒÈÛÙÂfl ÂÓ˘ÙÂÒÈÍ‹ Â˝ÍÔÎ· Í·È ÏÂ ·ÍÒfl‚ÂÈ·.

–·Ò‹ ÙÔ „Â„ÔÌ¸Ú ¸Ï˘Ú ¸ÙÈ Ù· ÍÎ·ÛÈÍ‹ ÛıÛÙfiÏ·Ù· ÂflÌ·È Û˜ÂÙÈÍ‹ ``Í·Ë·Ò‹''

ÂÈÒ·Ï·ÙÈÍ‹ ÛıÛÙfiÏ·Ù· Ô ÂÌÙÔÈÛÏ¸Ú ÛÙÁÌ ÂÒflÙ˘ÛÁ ÙÔıÚ ‰ÂÌ ÂflÌ·È Í‹ÙÈ ÂÍ

Ù˘Ì ÒÔÙ›Ò˘Ì ÂÓ·Ûˆ·ÎÈÛÏ›ÌÔ. ”ı„ÍÒflÌÔÌÙ·Ú ÙÁÌ ‚·ËÏ˘Ùfi ÂÓflÛ˘ÛÁ Í˝Ï·ÙÔÚ,

r2� � ��2�c2�r��� � 0, ÏÂ ÙÁÌ ÂÓflÛ˘ÛÁ ÙÔı Schr�odinger, r2� � 2�E � V �r��� � 0,

ÏÔÒÂfl Ì· ‰ÂÈ Í·ÌÂflÚ ¸ÙÈ Ù· ÍÎ·ÛÈÍ‹ Í˝Ï·Ù· ÂflÌ·È ÈÛÔ‰˝Ì·Ï· ÏÂ Í˝Ï·Ù· ÁÎÂÍÙÒÔÌfl˘Ì

ÂÌ›Ò„ÂÈ·Ú, E, ÏÂ„·Î˝ÙÂÒÁÚ ·¸ ÙÁ Ï›„ÈÛÙÁ ÙÈÏfi ÙÔı ‰ıÌ·ÏÈÍÔ˝ V �r�. ”Â ·ıÙfi ÙÁÌ

ÂÌÂÒ„ÂÈ·Ífi ÂÒÈÔ˜fi Ô ÂÌÙÔÈÛÏ¸Ú Ù˘Ì ÁÎÂÍÙÒÔÌfl˘Ì ‰ÂÌ ˆ·flÌÂÙ·È Ì· ÂflÌ·È Â˝ÍÔÎÔÚ

(·Ì Í·È ÙÔ Ò¸‚ÎÁÏ· ‰ÂÌ ›˜ÂÈ ÏÂÎÂÙÁËÂfl ÎfiÒ˘Ú).

« ÏÂÎ›ÙÁ Ù˘Ì ÍÎ·ÛÈÍ˛Ì ÍıÏ‹Ù˘Ì ÓÂÍflÌÁÛÂ ·¸ Ù· ‚·ËÏ˘Ù‹ Í˝Ï·Ù·3 Ôı

ÏÂÎÂÙfiËÁÍ·Ì ÍıÒfl˘Ú ËÂ˘ÒÁÙÈÍ‹ Ù¸ÛÔ ÛÂ ÂÒÈÔ‰ÈÍ‹ ¸ÛÔ Í·È ÛÂ Ùı˜·fl· ÛıÛÙfiÏ·Ù·

ÛÍÂ‰·ÛÙ˛Ì Ï›Û· ÛÂ ÔÏÔ„ÂÌfi Ï›Û·. ¬Ò›ËÁÍÂ ¸ÙÈ ÔÈ ‚·ÛÈÍ¸ÙÂÒÂÚ ·Ò‹ÏÂÙÒÔÈ „È· ÙÔÌ

Í·ËÔÒÈÛÏ¸ Ù˘Ì ˜·Ò·ÍÙÁÒÈÛÙÈÍ˛Ì ÙÁÚ ‰È‹‰ÔÛÁÚ ÂflÌ·È Á Ûı„Í›ÌÙÒ˘ÛÁ Ù˘Ì ÛÍÂ‰·ÛÙ˛Ì

Í·È Ô Î¸„ÔÚ ÙÁÚ Ù·˜˝ÙÁÙ·Ú ‰È‹‰ÔÛÁÚ ÙÔı Í˝Ï·ÙÔÚ ÛÙÔıÚ ÛÍÂ‰·ÛÙ›Ú ÒÔÚ ÙÁÌ Ù·˜˝ÙÁÙ·

‰È‹‰ÔÛÁÚ ÛÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ ÂÌ˛ ‹ÎÎÂÚ ·Ò‹ÏÂÙÒÔÈ ¸˘Ú Á ÙÔÔÎÔ„fl·, ÙÔ Û˜fiÏ·

Ù˘Ì ÛÍÂ‰·ÛÙ˛Ì ÍÎ. ˆ‹ÌÁÍ·Ì Ì· ·flÊÔıÌ ÂflÛÁÚ ›Ì· Ò¸ÎÔ.

¡ÍÔÎÔ˝ËÁÛÂ Á ÏÂÎ›ÙÁ Ù˘Ì ÁÎÂÍÙÒÔÏ·„ÌÁÙÈÍ˛Ì («Ã) ÍıÏ‹Ù˘Ì, ËÂ˘ÒÁÙÈÍ‹

‰ıÛÍÔÎ¸ÙÂÒÁ Î¸„˘ ÙÔı ‰È·ÌıÛÏ·ÙÈÍÔ˝ ˜·Ò·ÍÙfiÒ· œ ‰È·ÌıÛÏ·ÙÈÍ¸Ú ·ıÙ¸Ú

˜·Ò·ÍÙfiÒ·Ú ËÂ˘ÒfiËÁÍÂ ıÂ˝ËıÌÔÚ „È· ÙÁÌ ÏÂ„·Î˝ÙÂÒÁ - ÛÂ Û˜›ÛÁ ÏÂ Ù· ‚·ËÏ˘Ù‹

1ÃÂ ÙÔÌ ¸ÒÔ ·ÍÔıÛÙÈÍ‹ ‰ÁÎ˛ÌÔÌÙ·È Ù· Í˝Ï·Ù· ÂÎ·ÛÙÈÍ¸ÙÁÙ·Ú Ôı ‰È·‰fl‰ÔÌÙ·È ÛÂ ÒÂıÛÙ‹ ÂÌ˛

ÂÎ·ÛÙÈÍ‹ Ù· Í˝Ï·Ù· ÛÙ· ÛÙÂÒÂ‹.
2œ ¸ÒÔÚ ˜‹ÛÏ· ‰ÁÎ˛ÌÂÈ Í·È ÛÙÁÌ ÂÒflÙ˘ÛÁ ÍÎ·ÛÈÍ˛Ì ÛıÛÙÁÏ‹Ù˘Ì ÂÒÈÔ˜›Ú Ûı˜ÌÔÙfiÙ˘Ì ÛÙÈÚ ÔÔflÂÚ

‰ÂÌ ı‹Ò˜ÂÈ ‰È‹‰ÔÛÁ ÙÔı Í˝Ï·ÙÔÚ.
3À›„ÔÌÙ·Ú ‚·ËÏ˘Ù‹ ÂÌÌÔÔ˝ÏÂ Í˝Ï·Ù· Ôı ÈÍ·ÌÔÔÈÔ˝Ì ÙÁ ‚·ËÏ˘Ùfi ÍıÏ·ÙÈÍfi ÂÓflÛ˘ÛÁ r2� �

��2�c2�� � 0.
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- ·ÌÙflÛÙ·ÛÁ Ù˘Ì «Ã ÍıÏ‹Ù˘Ì ÛÙÁ ‰ÁÏÈÔıÒ„fl· ˜‹ÛÏ·ÙÔÚ. –·Ò¸Î· ·ıÙ‹ ‚Ò›ËÁÍ·Ì

Ù¸ÛÔ ıÔÎÔ„ÈÛÙÈÍ‹ ¸ÛÔ Í·È ÂÈÒ·Ï·ÙÈÍ‹ ÂÒÈÔ‰ÈÍ›Ú ‰ÔÏ›Ú Ôı ÂÏˆ·ÌflÊÔıÌ ·ÒÍÂÙ‹

ÏÂ„‹Î· ˜‹ÛÏ·Ù·. ”ÙÁÌ ÂÒflÙ˘ÛÁ ‰È‹‰ÔÛÁÚ ÛÂ Ùı˜·fl· ÛıÛÙfiÏ·Ù· ›Ì· ·ÓÈÔÛÁÏÂfl˘ÙÔ

·ÔÙ›ÎÂÛÏ· (ÙÔ ÔÔflÔ Ë· ÛıÊÁÙÁËÂfl ÂÒÈÛÛ¸ÙÂÒÔ ÂÍÙÂÙ·Ï›Ì· ÛÙÔ ÍÂˆ‹Î·ÈÔ 3), Ù¸ÛÔ

„È· ‚·ËÏ˘Ù‹ ¸ÛÔ Í·È „È· ÁÎÂÍÙÒÔÏ·„ÌÁÙÈÍ‹ Í˝Ï·Ù·, ·ˆÔÒ‹ ÙÁÌ Ù·˜˝ÙÁÙ· ‰È‹‰ÔÛÁÚ

ÙÁÚ ÂÌ›Ò„ÂÈ·Ú. « Ù·˜˝ÙÁÙ· ·ıÙfi ‚Ò›ËÁÍÂ Ì· ÏÁÌ Ù·ıÙflÊÂÙ·È Ô˝ÙÂ ÏÂ ÙÁÌ Ù·˜˝ÙÁÙ·

ˆ‹ÛÁÚ Ô˝ÙÂ ÏÂ ÙÁÌ Ù·˜˝ÙÁÙ· ÔÏ‹‰·Ú ·ÎÎ‹ ÛÂ ÔÒÈÛÏ›ÌÂÚ ÂÒÈÙ˛ÛÂÈÚ Ì· ÂflÌ·È ÔÎ˝

ÏÈÍÒ¸ÙÂÒÁ ÍÈ ·¸ ÙÈÚ ‰˝Ô.

‘ÂÎÂıÙ·fl· ÛÙÁ ÛÂÈÒ‹ Í·È ÙÔ ‚·ËÏ¸ ÏÂÎ›ÙÁÚ Ù¸ÛÔ ·¸ ÙÔıÚ ËÂ˘ÒÁÙÈÍÔ˝Ú ¸ÛÔ ÍÈ ·¸

ÙÔıÚ ÂÈÒ·Ï·ÙÈÍÔ˝Ú ˆıÛÈÍÔ˝Ú ›˜ÔıÌ ÏÂflÌÂÈ Ù· ·ÍÔıÛÙÈÍ‹ Í·È Ù· ÂÎ·ÛÙÈÍ‹ Í˝Ï·Ù· Ù·

ÔÔfl· ·ÔÙÂÎÔ˝Ì Í·È ÙÔ ·ÌÙÈÍÂflÏÂÌÔ ÙÁÚ ·ÒÔ˝Û·Ú ÂÒ„·Ûfl·Ú.

À¸„ÔÈ Ôı ˛ËÁÛ·Ì ÙÔ ÂÌ‰È·ˆ›ÒÔÌ Ï·Ú ÛÙÁ ÏÂÎ›ÙÁ Ù˘Ì ·ÍÔıÛÙÈÍ˛Ì ÍÈ ÂÎ·ÛÙÈÍ˛Ì

ÍıÏ‹Ù˘Ì ÂflÌ·È Ù¸ÛÔ ÔÈ ÔÎÎ›Ú Âˆ·ÒÏÔ„›Ú ÙÔıÚ (ÛÂ ÏÁ˜·ÌÈÍfi, È·ÙÒÈÍfi, Í.Ô.Í) ·ÎÎ‹

ÍıÒfl˘Ú Á ÎÔ˝ÛÈ· ˆıÛÈÍfi ÙÔıÚ. ‘· ÂÎ·ÛÙÈÍ‹ Í˝Ï·Ù· ÂflÌ·È ÎfiÒ˘Ú ‰È·ÌıÛÏ·ÙÈÍ‹

Í˝Ï·Ù· (Â„Í‹ÒÛÈ· Í·È ‰È·ÏfiÍÁ) Í·È Ï‹ÎÈÛÙ· ÏÂ ‰È·ˆÔÒÂÙÈÍfi Ù·˜˝ÙÁÙ· ‰È‹‰ÔÛÁÚ

ÏÂÙ·Ó˝ ÙÁÚ ‰È·ÏfiÍÔıÚ Í·È ÙÁÚ Â„Í‹ÒÛÈ·Ú ÛıÌÈÛÙ˛Û·Ú. œÈ ‰˝Ô ·ıÙ›Ú ÛıÌÈÛÙ˛ÛÂÚ

ÂÌ˛ ‰È·‰fl‰ÔÌÙ·È ·ÌÂÓ‹ÒÙÁÙ· ÛÂ ›Ì· ÔÏÔ„ÂÌ›Ú Ï›ÛÔ ·Ì·ÏÈ„Ì˝ÔÌÙ·È ÛÙÁÌ ·ÒÔıÛfl·

·ÌÔÏÔÈÔ„›ÌÂÈ·Ú Í·È Â„Í‹ÒÛÈÔ Í˝Ï· ÏÂÙ·ÙÒ›ÂÙ·È ÛÂ ‰È·ÏfiÍÂÚ ÍÈ ·ÌÙflÛÙÒÔˆ·.

≈ÈÎ›ÔÌ Á ‰È‹‰ÔÛÁ ·ÍÔıÛÙÈÍ˛Ì ÍÈ ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì ÛÂ ›Ì· Ï›ÛÔ ÂflÌ·È ›Ì·

Ò¸‚ÎÁÏ· ÎÔ˝ÛÈÔ ÛÂ ·Ò·Ï›ÙÒÔıÚ ·ˆÔ˝ ÂÓ·ÒÙ‹Ù·È Ù¸ÛÔ ·¸ ÙÈÚ Ù·˜˝ÙÁÙÂÚ ‰È‹‰ÔÛÁÚ

¸ÛÔ ÍÈ ·¸ ÙÁÌ ıÍÌ¸ÙÁÙ· ÙÔı Ï›ÛÔı Í·È Ï‹ÎÈÛÙ· ÏÂ ÙÒ¸Ô ÏÂ ¸˜È ‹ÏÂÛ· ÒÔ‚Î›¯ÈÏÂÚ

ÛıÌ›ÂÈÂÚ.

œÎÁ ·ıÙfi Á ÎÔ˝ÛÈ· ˆıÛÈÍfi ›Ò· ·¸ Á„fi ÂÌ‰È·ˆ›ÒÔÌÙÔÚ ¸Ï˘Ú ÂflÌ·È Í·È Á„fi

ËÂ˘ÒÁÙÈÍ˛Ì ‰ıÛÍÔÎÈ˛Ì ÍÈ ›Ì·Ú ·¸ ÙÔıÚ Î¸„ÔıÚ Ôı ›‰˘Û·Ì ÛÙ· ·ÍÔıÛÙÈÍ‹

ÍÈ ÂÎ·ÛÙÈÍ‹ Í˝Ï·Ù· ÙÁ ÏÈÍÒ¸ÙÂÒÁ ÒÔÙÂÒ·È¸ÙÁÙ· ÛÙÁ ÛÂÈÒ‹ ÏÂÎ›ÙÁÚ ·¸ ÙÔıÚ

ËÂ˘ÒÁÙÈÍÔ˝Ú ˆıÛÈÍÔ˝Ú. ≈ÈÎ›ÔÌ Î¸„ÔÚ „È· ÙÁÌ ¸˜È ÂÍÙÂÙ·Ï›ÌÁ ËÂ˘ÒÁÙÈÍfi ÏÂÎ›ÙÁ

ÂflÌ·È Í·È Ù· ÂÒÈÔÒÈÛÏ›Ì· ÂÈÒ·Ï·ÙÈÍ‹ ·ÔÙÂÎ›ÛÏ·Ù·.

œÛÔÌ ·ˆÔÒ‹ Ù· fi‰Á ı‹Ò˜ÔÌÙ· ËÂ˘ÒÁÙÈÍ‹ ·ÔÙÂÎ›ÛÏ·Ù· Ù· ÂÒÈÛÛ¸ÙÂÒ· ·¸

·ıÙ‹ ·ˆÔÒÔ˝Ì ‰È‹‰ÔÛÁ ÛÂ ÂÒÈÔ‰ÈÍ‹ ÛıÛÙfiÏ·Ù·. « ‰È‹‰ÔÛÁ ÛÂ ÂÒÈÔ‰ÈÍ‹

ÛıÛÙfiÏ·Ù·, Î¸„˘ ÙÁÚ ÛıÏÏÂÙÒfl·Ú Í·È ÙÁÚ ıÔÎÔ„ÈÛÙÈÍfiÚ ÂÏÂÈÒfl·Ú ·¸ ÙÁ ÏÂÎ›ÙÁ

ÙÁÚ ÁÎÂÍÙÒÔÌÈÍfiÚ ‰ÔÏfiÚ Ê˛ÌÁÚ, ÂflÌ·È ÂıÍÔÎ¸ÙÂÒÔ Ò¸‚ÎÁÏ· ÛÂ Û˜›ÛÁ ÏÂ ÙÁ ‰È‹‰ÔÛÁ

ÛÂ Ùı˜·fl·. ≈ÈÎ›ÔÌ Î¸„ÔÚ „È· ÙÁÌ ``ÒÔÙflÏÁÛÁ'' Ù˘Ì ÂÒÈÔ‰ÈÍ˛Ì ÛıÛÙÁÏ‹Ù˘Ì ÂflÌ·È

ÙÔ „Â„ÔÌ¸Ú ¸ÙÈ ·¸ ›Ì· ÂÒÈÔ‰ÈÍ¸ Û˝ÛÙÁÏ· ÏÔÒÂfl Í·ÌÂflÚ Ì· ‹ÒÂÈ ÎÁÒÔˆÔÒflÂÚ „È·

ÙÔ Ùı˜·flÔ Û˝ÛÙÁÏ· Ôı ÒÔÍ˝ÙÂÈ ·¸ ÙÁ ÛÙ·‰È·Ífi ``Ùı˜·ÈÔÔflÁÛÁ'' ÙÔı ÂÒÈÔ‰ÈÍÔ˝.

–·Ò‹ ÙÔ ¸ÙÈ Ô ÎfiÒ˘Ú ‰È·ÌıÛÏ·ÙÈÍ¸Ú ˜·Ò·ÍÙfiÒ·Ú Ù˘Ì ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì fiÙ·Ì

ÏÈ· ›Ì‰ÂÈÓÁ ÏÂ„·Î˝ÙÂÒÁÚ - ÛÂ Û˜›ÛÁ ÏÂ Ù· ‹ÎÎ· ÍÎ·ÛÈÍ‹ Í˝Ï·Ù· - ·ÌÙflÛÙ·ÛÁÚ

ÛÙÁ ‰ÁÏÈÔıÒ„fl· ˜‹ÛÏ·ÙÔÚ ‚Ò›ËÁÍ·Ì - ıÔÎÔ„ÈÛÙÈÍ‹ - ÂÓ·ÈÒÂÙÈÍ‹ ÏÂ„‹Î· ˜‹ÛÏ·Ù·

„È· ·ÒÍÂÙ›Ú ÂÒÈÙ˛ÛÂÈÚ ÂÒÈÔ‰ÈÍ˛Ì ‰ÔÏ˛Ì. ÃÂÎÂÙfiËÁÍÂ ÂflÛÁÚ ÂÍÙÂÙ·Ï›Ì· Á

ÂÓ‹ÒÙÁÛÁ Ù˘Ì ˜·ÛÏ‹Ù˘Ì Í·Ë˛Ú Í·È Ù˘Ì ‹ÎÎ˘Ì ˜·Ò·ÍÙÁÒÈÛÙÈÍ˛Ì ÙÁÚ ‰ÔÏfiÚ Ê˛ÌÁÚ

(˜. È‰È·flÙÂÒ· ÛÙÂÌ›Ú Ê˛ÌÂÚ) ·¸ ·Ò·Ï›ÙÒÔıÚ ¸˘Ú Ûı„Í›ÌÙÒ˘ÛÁ ÛÍÂ‰·ÛÙ˛Ì,

ÎÂ„Ï·ÙÈÍfi ‰ÔÏfi, ·ÌÙflËÂÛÁ ıÍÌÔÙfiÙ˘Ì fi Ù·˜ıÙfiÙ˘Ì Ù˘Ì ıÎÈÍ˛Ì (ÛÍÂ‰·ÛÙ˛Ì-

ÂÒÈ‚‹ÎÎÔÌÙÔÚ Ï›ÛÔı) Í·È ıÔÎÔ„flÛÙÁÍ·Ì ÔÈ ‚›ÎÙÈÛÙÂÚ ÛıÌËfiÍÂÚ „È· ÙÁÌ ÂÏˆ‹ÌÈÛÁ

˜‹ÛÏ·ÙÔÚ.

‘· ıÔÎÔ„ÈÛÙÈÍ‹ ·ıÙ‹ ·ÔÙÂÎ›ÛÏ·Ù· ‹Ì˘ ÛÙÁ ‰È‹‰ÔÛÁ ·ÍÔıÛÙÈÍ˛Ì ÍÈ ÂÎ·ÛÙÈÍ˛Ì

ÍıÏ‹Ù˘Ì ÛÂ ÂÒÈÔ‰ÈÍ‹ Ï›Û· ·ÔÙÂÎÔ˝Ì ÙÁÌ ·ˆÂÙÁÒfl· Í·È ÙÔ ÍflÌÁÙÒÔ „È· ÙÔ Ò˛ÙÔ

Ï›ÒÔÚ ·ıÙfiÚ ÙÁÚ ÂÒ„·Ûfl·Ú. –·flÒÌÔÌÙ·Ú ı¸¯Á ¸ÙÈ ›Ì·Ú ·¸ ÙÔıÚ ÏÁ˜·ÌÈÛÏÔ˝Ú
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‰ÁÏÈÔıÒ„fl·Ú ÙÔı ˜‹ÛÏ·ÙÔÚ ÂflÌ·È Á ÛÍ›‰·ÛÁ ·¸ Í·Ë›Ì· ÛÍÂ‰·ÛÙfi ÏÂÎÂÙfiËÁÍÂ Á

ÛÍ›‰·ÛÁ ·¸ Ïfl· Ï¸ÌÔ Ûˆ·flÒ· ‚ıËÈÛÏ›ÌÁ ÛÂ ÔÏÔ„ÂÌ›Ú Ï›ÛÔ Í·È ÂÓÂÙ‹ÛÙÁÍÂ ˛Ú

Í·È ÛÂ ÔÈÔ ‚·ËÏ¸ ·ıÙfi Á ÛÍ›‰·ÛÁ ÏÔÒÂfl Ì· ‰˛ÛÂÈ Ò¸‚ÎÂ¯Á ÍÈ ÂÓfi„ÁÛÁ „È·

Ù· ˜·Ò·ÍÙÁÒÈÛÙÈÍ‹ ÙÁÚ ‰ÔÏfiÚ Ê˛ÌÁÚ ÛÂ Û˝ÛÙÁÏ· ÂÒÈÔ‰ÈÍ‹ ÙÔÔËÂÙÁÏ›Ì˘Ì ¸ÏÔÈ˘Ì

Ûˆ·ÈÒ˛Ì. « ÏÂÎ›ÙÁ ·ıÙfi Í·È Ù· ·ÔÙÂÎ›ÛÏ·Ù· ·Ì·ˆ›ÒÔÌÙ·È ÛÙÔ ÍÂˆ‹Î·ÈÔ 2.

‘Ô ‰Â˝ÙÂÒÔ Ï›ÒÔÚ ÙÁÚ ÂÒ„·Ûfl·Ú ·ˆÔÒ‹ ÏÂÎ›ÙÁ ÙÁÚ ‰È‹‰ÔÛÁÚ Ù¸ÛÔ ·ÍÔıÛÙÈÍ˛Ì

¸ÛÔ Í·È ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì ÛÂ ‰È‹ˆÔÒ· Ùı˜·fl· ÛıÛÙfiÏ·Ù·. ◊ÒÁÛÈÏÔÔÈ˛ÌÙ·Ú

‰È‹ˆÔÒÂÚ ÂÂÍÙ‹ÛÂÈÚ ÙÁÚ „Ì˘ÛÙfiÚ ·¸ ÙÔ ÁÎÂÍÙÒÔÌÈÍ¸ Ò¸‚ÎÁÏ· ÏÂË¸‰Ôı Coherent

Potential Approximation (CPA) Í·È ÏÂ ·ˆÔÒÏfi Ò¸Ûˆ·Ù· ÂÈÒ‹Ï·Ù· ıÔÎÔ„flÊÔÌÙ·È

ÔÈ Ù·˜˝ÙÁÙÂÚ ÂÌ›Ò„ÂÈ·Ú Í·È ˆ‹ÛÁÚ, Á Ï›ÛÁ ÂÎÂ˝ËÂÒÁ ‰È·‰ÒÔÏfi ÍÈ ÂflÛÁÚ ÂÓÂÙ‹ÊÂÙ·È

Á ‰ıÌ·Ù¸ÙÁÙ· ÂÌÙÔÈÛÏÔ˝ ÙÔı Í˝Ï·ÙÔÚ ÛÙ· ‰È‹ˆÔÒ· ·ıÙ‹ Ùı˜·fl· ÛıÛÙfiÏ·Ù·. «

Ï›ËÔ‰ÔÚ Í·È Ù· ·ÔÙÂÎ›ÛÏ·Ù· ·ÒÔıÛÈ‹ÊÔÌÙ·È ÛÙÔ ÍÂˆ‹Î·ÈÔ 3.

‘›ÎÔÚ, ÛÙÔ ÍÂˆ‹Î·ÈÔ 1 „flÌÂÙ·È ÏÈ· Û˝ÌÙÔÏÁ ·ÒÔıÛfl·ÛÁ ËÂÏÂÎÈ˘‰˛Ì ÏÂ„ÂË˛Ì ÍÈ

ÂÓÈÛ˛ÛÂ˘Ì ÙÁÚ ËÂ˘Òfl·Ú ÂÎ·ÛÙÈÍ¸ÙÁÙ·Ú Ù· ÔÔfl· ˜ÒÁÛÈÏÔÔÈfiËÁÍ·Ì ÛÙÁÌ ÔÒÂfl· ÙÁÚ

ÂÒ„·Ûfl·Ú. ¡Ì·ˆ›ÒÔÌÙ·È ÔÈ ÍıÏ·ÙÈÍ›Ú ÂÓÈÛ˛ÛÂÈÚ ÂÛÙÈ‹ÊÔÌÙ·Ú ÛÙÁÌ ÂÓflÛ˘ÛÁ ‰È‹‰ÔÛÁÚ

ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì ÛÂ ÔÏÔ„ÂÌfi Ï›Û· Í·È ÙÈÚ Î˝ÛÂÈÚ ÙÁÚ.





1

¡ÍÔıÛÙÈÍ‹ Í·È ÂÎ·ÛÙÈÍ‹ Í˝Ï·Ù· - ≈ÓÈÛ˛ÛÂÈÚ

1.1 »ÂÏÂÎÈ˛‰Á ÏÂ„›ËÁ Í·È ÂÓÈÛ˛ÛÂÈÚ ÙÁÚ ËÂ˘Òfl·Ú ÂÎ·ÛÙÈÍ¸ÙÁÙ·Ú

 ‹Ù˘ ·¸ ÙÁÌ Âfl‰Ò·ÛÁ ‰ıÌ‹ÏÂ˘Ì Ù· Û˛Ï·Ù· ÛÂ Í‹ÔÈÔ ‚·ËÏ¸ ·Ò·ÏÔÒˆ˛ÌÔÌÙ·È.

« ·Ò·Ï¸Òˆ˘ÛÁ ·ıÙfi Ù˘Ì Û˘Ï‹Ù˘Ì (Ù· ÔÔfl· ËÂ˘ÒÔ˝ÌÙ·È Û·Ì ÛıÌÂ˜fi, ÎfiÒ˘Ú

ÂÎ·ÛÙÈÍ‹ Ï›Û·) ÂflÌ·È ÙÔ ÍÂÌÙÒÈÍ¸ Ë›Ï· ÙÁÚ ËÂ˘Òfl·Ú ÂÎ·ÛÙÈÍ¸ÙÁÙ·Ú.

« ÏÂÙ·Ù¸ÈÛÁ ÂÌ¸Ú ÛÁÏÂflÔı Î¸„˘ ·Ò·Ï¸Òˆ˘ÛÁÚ ‰fl‰ÂÙ·È ·¸ ÙÔ ‰È‹ÌıÛÏ·

ÏÂÙ·Ù¸ÈÛÁÚ, u, ÏÂ ÛıÌÈÛÙ˛ÛÂÚ [1]

ui � x
�

i � xi �1�1�

¸Ôı xi Í·È x
�

i ÔÈ ÛıÌÈÛÙ˛ÛÂÚ ÙÔı ‰È·Ì˝ÛÏ·ÙÔÚ Ë›ÛÁÚ, r, ÒÈÌ Í·È ÏÂÙ‹ ÙÁÌ

·Ò·Ï¸Òˆ˘ÛÁ ·ÌÙflÛÙÔÈ˜·.

œÙ·Ì ›Ì· Û˛Ï· ·Ò·ÏÔÒˆ˛ÌÂÙ·È Á ·¸ÛÙ·ÛÁ ÏÂÙ·Ó˝ „ÂÈÙÔÌÈÍ˛Ì ÛÁÏÂfl˘Ì ÙÔı, dl,

·ÎÎ‹ÊÂÈ Í·Ù‹ ÙÒ¸Ô ˛ÛÙÂ1

�dl
�

�2 � �dl�2 � 2uijdxidxj �1�2�

dl
�

ÂflÌ·È Á ·¸ÛÙ·ÛÁ Ù˘Ì ËÂ˘ÒÔ˝ÏÂÌ˘Ì ÛÁÏÂfl˘Ì ÛÙÔ ·Ò·ÏÔÒˆ˘Ï›ÌÔ Û˛Ï·

Í·È uij ÂflÌ·È ÔÈ ÛıÌÈÛÙ˛ÛÂÚ ÙÔı „Ì˘ÛÙÔ˝ ÛÙÁÌ ËÂ˘Òfl· ÂÎ·ÛÙÈÍ¸ÙÁÙ·Ú Ù·ÌıÛÙfi

·Ò·Ï¸Òˆ˘ÛÁÚ ÔÈ ÔÔflÂÚ ÛÂ Í·ÒÙÂÛÈ·Ì›Ú ÛıÌÙÂÙ·„Ï›ÌÂÚ Í·È „È· ÏÈÍÒ›Ú

·Ò·ÏÔÒˆ˛ÛÂÈÚ ‰fl‰ÔÌÙ·È ·¸2

uij �
1

2
�
�ui
�xj

�
�uj
�xi

� �1�3�

≈ÍÙ¸Ú ÙÔı Ù·ÌıÛÙfi ·Ò·Ï¸Òˆ˘ÛÁÚ ›Ì·Ú ‹ÎÎÔÚ ËÂÏÂÎÈ˛‰ÁÚ ÛÙÁ ËÂ˘Òfl·

ÂÎ·ÛÙÈÍ¸ÙÁÙ·Ú Ù·ÌıÛÙfiÚ ÂflÌ·È Ô ÎÂ„¸ÏÂÌÔÚ Ù·ÌıÛÙfiÚ Ù‹ÛÁÚ3. œ Ù·ÌıÛÙfiÚ Ù‹ÛÁÚ,

�ij , ÛıÌ‰›ÂÙ·È ÏÂ ÙÔÌ Ù·ÌıÛÙfi ·Ò·Ï¸Òˆ˘ÛÁÚ ÏÂ ÙÁ „ÂÌÈÍfi Û˜›ÛÁ

�ij � Cijklukl �1�4�

Cijkl ÂflÌ·È Ô Ù·ÌıÛÙfiÚ ÂÎ·ÛÙÈÍ¸ÙÁÙ·Ú, ˜·Ò·ÍÙÁÒÈÛÙÈÍ¸Ú ÙÔı Ï›ÛÔı.

√È· ÙÔÈÍ‹ ÈÛÔÙÒÔÈÍ‹ Ï›Û· Ô Cijkl ÏÔÒÂfl Ì· „Ò·ˆÂfl Û·Ì4 : Cijkl � ��ik�jl �
	�il�jk � 
�ij�kl Í·È Á Û˜›ÛÁ ·Ò·Ï¸Òˆ˘ÛÁÚ-Ù‹ÛÁÚ (≈Ó.1.4) ·flÒÌÂÈ ÙÁ ÏÔÒˆfi

1”Â ¸ÎÁ ÙÁ ÛıÊfiÙÁÛÁ ËÂ˘ÒÔ˝ÏÂ ‹ËÒÔÈÛÁ ˘Ú ÒÔÚ ÙÔıÚ Â·Ì·Î·Ï‚·Ì¸ÏÂÌÔıÚ ‰ÂflÍÙÂÚ.
2√È· ÙÈÚ ÛıÌÈÛÙ˛ÛÂÚ ÙÔı uij ÛÂ Ûˆ·ÈÒÈÍ›Ú Í·È ÍıÎÈÌ‰ÒÈÍ›Ú ÛıÌÙÂÙ·„Ï›ÌÂÚ ‰ÂÚ ·Ì·ˆÔÒ‹ [1, ÛÂÎ.3]. œÈ

ÛıÌÈÛÙ˛ÛÂÚ ÛÂ Ûˆ·ÈÒÈÍ›Ú ÛıÌÙÂÙ·„Ï›ÌÂÚ ·Ì·ˆ›ÒÔÌÙ·È ÂflÛÁÚ ÛÙÔ –·Ò‹ÒÙÁÏ· ¡.
3‘¸ÛÔ Ô uij ¸ÛÔ ÍÈ Ô Ù·ÌıÛÙfiÚ Ù‹ÛÁÚ ÂflÌ·È ÛıÏÏÂÙÒÈÍÔfl Ù·ÌıÛÙ›Ú.
4œÈ �ik�jl , �il�jk Í·È �ij�kl ÂflÌ·È ÔÈ Ï¸ÌÔÈ Ù·ÌıÛÙ›Ú Ù›Ù·ÒÙÁÚ Ù‹ÓÁÚ Ôı Ï›ÌÔıÌ ·Ì·ÎÎÔfl˘ÙÔÈ Í‹Ù˘

·¸ ÛÙÒÔˆ›Ú ÍÈ ·Ì·ÍÎ‹ÛÂÈÚ ÙÔı ÛıÛÙfiÏ·ÙÔÚ ÛıÌÙÂÙ·„Ï›Ì˘Ì.

5
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�ij � 2�uij � 
u���ij �1�5�

ÏÂ � � ���	��2. œÈ ÛıÌÙÂÎÂÛÙ›Ú 
 � 
�r� Í·È � � ��r� ÂflÌ·È ÔÈ ÎÂ„¸ÏÂÌÔÈ ÛıÌÙÂÎÂÛÙ›Ú

Lam�e ÙÔı Ï›ÛÔı [1]. œ � ÂÍˆÒ‹ÊÂÈ ÙÁÌ ·ÌÙflÛÙ·ÛÁ ÛÙÈÚ ‰È·ÙÏÁÙÈÍ›Ú Ù‹ÛÂÈÚ ÂÌ˛ Ô

ÛıÌ‰ı·ÛÏ¸Ú B � 
� �2�3�� ‰flÌÂÈ ÙÔ ı‰ÒÔÛÙ·ÙÈÍ¸ Ï›ÙÒÔ ÂÎ·ÛÙÈÍ¸ÙÁÙ·Ú.

Ã›Û˘ ÙÔı Ù·ÌıÛÙfi Ù‹ÛÁÚ Á ‰˝Ì·ÏÁ ·Ì‹ ÏÔÌ‹‰· ¸„ÍÔı, F, ÛÂ ÏÈ· ÂÒÈÔ˜fi ÙÔı

·Ò·ÏÔÒˆÔ˝ÏÂÌÔı Û˛Ï·ÙÔÚ ÏÔÒÂfl Ì· ÂÍˆÒ·ÛÙÂfl Û·Ì

Fi �
��ij
�xj

�1�6�

œÎÔÍÎÁÒ˛ÌÔÌÙ·Ú ‹Ì˘ ÛÙÔÌ ¸„ÍÔ ÙÁÚ ÂÒÈÔ˜fiÚ Í·È ÏÂÙ·ÙÒ›ÔÌÙ·Ú ÙÔ ÔÎÔÍÎfiÒ˘Ï·

ÛÂ ÂÈˆ·ÌÂÈ·Í¸ Â˝ÍÔÎ· ‚ÒflÛÍÂÈ Í·ÌÂflÚ ¸ÙÈ Á Ù‹ÛÁ, P, ‹Ì˘ ÛÂ ›Ì· ÛÙÔÈ˜ÂflÔ

ÂÈˆ‹ÌÂÈ·Ú ÙÁÚ ËÂ˘ÒÔ˝ÏÂÌÁÚ ÂÒÈÔ˜fiÚ ÂÍˆÒ‹ÊÂÙ·È Û·Ì

Pi � �ijnj �1�7�

ÏÂ nj ÙÈÚ ÛıÌÈÛÙ˛ÛÂÚ ÙÔı ÏÔÌ·‰È·flÔı Í‹ËÂÙÔı ÛÙÔ ËÂ˘ÒÔ˝ÏÂÌÔ ÛÙÔÈ˜ÂflÔ ÂÈˆ‹ÌÂÈ·Ú.

”ÁÏÂÈ˛ÌÔıÏÂ Ù›ÎÔÚ ¸ÙÈ Á ‰ıÌ·ÏÈÍfi ÂÌ›Ò„ÂÈ· ·Ì‹ ÏÔÌ‹‰· ¸„ÍÔı ÙÔı

·Ò·ÏÔÒˆÔ˝ÏÂÌÔı Û˛Ï·ÙÔÚ, ≈V , ‰fl‰ÂÙ·È ·¸

≈V �
1

2
�ijuij �1�8�

ÂÌ˛ Á ÒÔfi ÂÌ›Ò„ÂÈ·Ú ·Ì‹ ÏÔÌ‹‰· ÂÈˆ‹ÌÂÈ·Ú, J, ·¸ ÙÁ Û˜›ÛÁ5 [2]

Ji � �ij
�uj
�t

�1�9�

1.2  ıÏ·ÙÈÍ›Ú ÂÓÈÛ˛ÛÂÈÚ

–·flÒÌÔÌÙ·Ú ı¸¯Á ÙÁ Û˜›ÛÁ 1.6 Í·È ÙÔÌ ‰Â˝ÙÂÒÔ Ì¸ÏÔ ÙÔı ÕÂ˝Ù˘Ì· Á „ÂÌÈÍfi ÂÓflÛ˘ÛÁ

ÍflÌÁÛÁÚ „È· ›Ì· ÂÎ·ÛÙÈÍ¸ Ï›ÛÔ ÏÔÒÂfl Ì· „Ò·ˆÂfl Û·Ì [1, p.87]

�
�2ui

�t2
�

��ij
�xj

�1�10�

¸Ôı � � ��r� Á ıÍÌ¸ÙÁÙ· ÙÔı Ï›ÛÔı.

√È· ÙÁÌ ÂÒflÙ˘ÛÁ ÈÛÔÙÒÔÈÍ˛Ì Ï›Û˘Ì Í·È ·ÌÙÈÍ·ËÈÛÙ˛ÌÙ·Ú ÙÔ �ij ·¸ ÙÁÌ

·ÌÙflÛÙÔÈ˜Á ›ÍˆÒ·ÛÁ (≈Ó. 1.5) Á „ÂÌÈÍfi ÂÓflÛ˘ÛÁ ÍflÌÁÛÁÚ (≈Ó.1.10) ÛÂ Í·ÒÙÂÛÈ·Ì›Ú

ÛıÌÙÂÙ·„Ï›ÌÂÚ ·flÒÌÂÈ ÙÁ ÏÔÒˆfi

�2ui

�t2
�

1

�
f �

�xi
�

�u�

�x�
� �

�

�xj
���

�ui

�xj
�
�uj

�xi
��g� �1�11�

« Û˜›ÛÁ 1.11 ÂflÌ·È Á „ÂÌÈÍfi ÍıÏ·ÙÈÍfi ÂÓflÛ˘ÛÁ ÛÂ ÈÛÔÙÒÔÈÍ¸ Ï›ÛÔ.

√È· ÒÂıÛÙ‹, ¸Ôı Á ·ÌÙflÛÙ·ÛÁ ÛÙÁ ‰È‹ÙÏÁÛÁ ÂflÌ·È ÏÁ‰›Ì (� � 0), Á ÂÓflÛ˘ÛÁ 1.11

ÂÈÛ‹„ÔÌÙ·Ú ÙÁÌ flÂÛÁ, p � �
ru, ·flÒÌÂÈ ÙÁ ÏÔÒˆfi

5‘¸ÛÔ „È· ÙÔ ≈V ¸ÛÔ Í·È „È· ÙÔ Ji , ÛÙÁ Ë›ÛÁ Ù˘Ì �ij , uij Í·È uj ËÂ˘ÒÔ˝ÌÙ·È Ù· Ò·„Ï·ÙÈÍ‹ Ï›ÒÁ

Ù˘Ì ·ÌÙflÛÙÔÈ˜˘Ì ÔÛÔÙfiÙ˘Ì.



1.3 À˝ÛÂÈÚ ÙÁÚ ÍıÏ·ÙÈÍfiÚ ÂÓflÛ˘ÛÁÚ „È· ÔÏÔ„ÂÌfi Ï›Û· 7

�2p

�t2
� 
r�

1

�
rp� �1�12�

œÏÔ„ÂÌfi Ï›Û· : ”ÙÁÌ ÂÒflÙ˘ÛÁ ÔÏÔ„ÂÌ˛Ì Ï›Û˘Ì, ‰ÁÎ·‰fi Ï›Û˘Ì ÏÂ 
, �, �
= ÛÙ·ËÂÒ‹, Á „ÂÌÈÍfi ÂÓflÛ˘ÛÁ ÂÎ·ÛÙÈÍÔ˝ Í˝Ï·ÙÔÚ, ≈Ó.1.11, ËÂ˘Ò˛ÌÙ·Ú ˜ÒÔÌÈÍfi

ÂÓ‹ÒÙÁÛÁ ÙÁÚ ÏÔÒˆfiÚ e���t ÏÔÒÂfl Ì· „Ò·ˆÂfl Û·Ì [2, 3]

�
� 2��r�r � u�� �r �r� u� ��2u � 0 �1�13�

»›ÙÔÌÙ·Ú u � ul � ut ¸Ôı r � ut � r � ul � 0 ‰ÁÎ·‰fi ˜˘ÒflÊÔÌÙ·Ú ÙÔ ‰È‹ÌıÛÏ·

·Ò·Ï¸Òˆ˘ÛÁÚ, u, ÛÂ ‰È·ÏfiÍÁ Í·È Â„Í‹ÒÛÈ· ÛıÌÈÛÙ˛Û· (ul Í·È ut ·ÌÙflÛÙÔÈ˜·) Á

≈Ó.1.13 ˜˘ÒflÊÂÙ·È ÛÂ ‰˝Ô ·ÌÂÓ‹ÒÙÁÙÂÚ ‰È·ÌıÛÏ·ÙÈÍ›Ú ÂÓÈÛ˛ÛÂÈÚ Helmholtz [2]

r2ul �
�2

c2l
ul � 0 �1�14�

r2ut �
�2

c2t
ut � 0 �1�15�

÷ıÛÈÍfi ÛıÌ›ÂÈ· ÂflÌ·È Á ˝·ÒÓÁ „È· ÔÏÔ„ÂÌfi Ï›Û· ·Û˝ÊÂıÍÙ˘Ì ‰È·ÏfiÍ˘Ì ÍÈ

Â„Í‹ÒÛÈ˘Ì ÍıÏ‹Ù˘Ì Ôı ‰È·‰fl‰ÔÌÙ·È ·ÌÂÓ‹ÒÙÁÙ· ÏÂ Ù·˜˝ÙÁÙÂÚ

cl �
p
�
� 2���� „È· ÙÔ ‰È·ÏfiÍÂÚ Í·È ct �

p
��� „È· ÙÔ Â„Í‹ÒÛÈÔ 6.

1.3 À˝ÛÂÈÚ ÙÁÚ ÍıÏ·ÙÈÍfiÚ ÂÓflÛ˘ÛÁÚ „È· ÔÏÔ„ÂÌfi Ï›Û·

ÃÂ ÙÔ ˜˘ÒÈÛÏ¸ ÙÔı ‰È·Ì˝ÛÏ·ÙÔÚ ÏÂÙ·Ù¸ÈÛÁÚ ÛÂ ‰È·ÏfiÍÁ ÍÈ Â„Í‹ÒÛÈ· ÛıÌÈÛÙ˛Û· Á

Î˝ÛÁ ÙÁÚ ÂÓflÛ˘ÛÁÚ ‰È‹‰ÔÛÁÚ ÂÎ·ÛÙÈÍÔ˝ Í˝Ï·ÙÔÚ ÛÂ ÔÏÔ„ÂÌ›Ú Ï›ÛÔ (≈Ó.1.13) ·Ì‹„ÂÙ·È

ÙÂÎÈÍ‹ ÛÙÔÌ ıÔÎÔ„ÈÛÏ¸ Ù˘Ì Î˝ÛÂ˘Ì Ù˘Ì ‰˝Ô ‰È·ÌıÛÏ·ÙÈÍ˛Ì ÂÓÈÛ˛ÛÂ˘Ì Helmholtz

≈Ó.1.14 Í·È ≈Ó.1.15.

”Â ÔÒËÔ„˛ÌÈ· ÛıÛÙfiÏ·Ù· ÛıÌÙÂÙ·„Ï›Ì˘Ì ÏÈ· ‰È·ÌıÛÏ·ÙÈÍfi ÂÓflÛ˘ÛÁ Helmholtz

ÏÔÒÂfl Ì· ·Ì·ÎıËÂfl ÛÂ ÙÒÂÈÚ ‚·ËÏ˘Ù›Ú ÍıÏ·ÙÈÍ›Ú ÂÓÈÛ˛ÛÂÈÚ ÏÈ· „È· Í‹ËÂ ÛıÌÈÛÙ˛Û·

ÙÔı ÒÔÚ ıÔÎÔ„ÈÛÏ¸ ‰È·Ì˝ÛÏ·ÙÔÚ. ≈ÂÈ‰fi ÙÔ fl‰ÈÔ ‰ÂÌ ÂflÌ·È ‰ıÌ·Ù¸Ì ÛÂ

Í·ÏıÎ¸„Ò·ÏÏÂÚ ÛıÌÙÂÙ·„Ï›ÌÂÚ ÔÈ ÒÔÛ‹ËÂÈÂÚ „È· „ÂÌÈÍ¸ ÙÒ¸Ô Î˝ÛÁÚ ÙÁÚ 1.13

ÛÙÒ‹ˆÁÍ·Ì ÛÙÁÌ ÒÔÛ‹ËÂÈ· Â˝ÒÂÛÁÚ ÙÒÈ˛Ì ·ÌÂÓ‹ÒÙÁÙ˘Ì ‰È·ÌıÛÏ·ÙÈÍ˛Ì Î˝ÛÂ˘Ì

Ò‹„Ï· ÂˆÈÍÙ¸ „È· Ù· ÂÒÈÛÛ¸ÙÂÒ· ÛıÛÙfiÏ·Ù· ÛıÌÙÂÙ·„Ï›Ì˘Ì [3, 4].

≈ÛÙ˘ ÛıÌ·ÒÙfiÛÂÈÚ �, 
 Í·È � Ù›ÙÔÈÂÚ ˛ÛÙÂ

�r2 � k2
l �� � 0� �r2 � k2

t ��
� �� � 0 �1�16�

ÏÂ kl � ��cl Í·È kt � ��ct Í·È a ›Ì· ÛÙ·ËÂÒ¸ ‰È‹ÌıÛÏ·. ÃÔÒÂfl Ì· ‰ÂflÓÂÈ Í·ÌÂflÚ

Â˝ÍÔÎ· ÏÂ ·ÌÙÈÍ·Ù‹ÛÙ·ÛÁ ¸ÙÈ ÔÈ ·ÌÂÓ‹ÒÙÁÙÂÚ ‰È·ÌıÛÏ·ÙÈÍ›Ú ÛıÌ·ÒÙfiÛÂÈÚ

l �
1

kl
r� m � r� a
 n �

1

kt
r�r� a� �1�17�

ÂflÌ·È Î˝ÛÂÈÚ ÙÁÚ ≈Ó.1.13. « l ‰flÌÂÈ ÙÁ ‰È·ÏfiÍÁ ÛıÌÈÛÙ˛Û· ÙÔı Í˝Ï·ÙÔÚ (Î˝ÛÁ ÙÁÚ

1.14) ÂÌ˛ ÔÈ m Í·È n ÙÁÌ Â„Í‹ÒÛÈ· (Î˝ÛÂÈÚ ÙÁÚ 1.15).

6”ÁÏÂÈ˛ÌÂÙ·È ¸ÙÈ Á ÔÏÔ„›ÌÂÈ· ÙÔı Ï›ÛÔı ÂflÌ·È ·Ì·„Í·fl· ÛıÌËfiÍÁ „È· ÙÁÌ ˝·ÒÓÁ ÙÁÚ ·ÌÂÓ·ÒÙÁÛfl·Ú

ÏÂÙ·Ó˝ ÙÁÚ ‰È·ÏfiÍÔıÚ Í·È ÙÁÚ Â„Í‹ÒÛÈ·Ú ÛıÌÈÛÙ˛Û·Ú ÙÔı Í˝Ï·ÙÔÚ.
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”ˆ·ÈÒÈÍ›Ú ÛıÌÙÂÙ·„Ï›ÌÂÚ : ”Â Ûˆ·ÈÒÈÍ›Ú ÛıÌÙÂÙ·„Ï›ÌÂÚ a= 7r Í·È Á Î˝ÛÁ u

ÂÍˆÒ‹ÊÂÙ·È ÛıÌfiË˘Ú Û·Ì „Ò·ÏÏÈÍ¸Ú ÛıÌ‰ı·ÛÏ¸Ú Ù˘Ì ÛÙÔÈ˜ÂÈ˘‰˛Ì Î˝ÛÂ˘Ì le
onm�

me
onm Í·È ne

onm [3, 2].

œÈ ÛÙÔÈ˜ÂÈ˛‰ÂÈÚ Î˝ÛÂÈÚ le
onm, me

onm Í·È ne
onm (‰È·ÌıÛÏ·ÙÈÍ›Ú Ûˆ·ÈÒÈÍ›Ú ·ÒÏÔÌÈÍ›Ú)

ÂflÌ·È ÔÈ Î˝ÛÂÈÚ Ôı ÒÔ›Ò˜ÔÌÙ·È (ÏÂ ‚‹ÛÁ ÙÈÚ ÂÓÈÛ˛ÛÂÈÚ 1.17) ·¸ ‚·ËÏ˘Ù›Ú

ÛıÌ·ÒÙfiÛÂÈÚ8 ÙÁÚ ÏÔÒˆfiÚ

�e
onm � Rn�kr�P

m
n �cos ��cos

sin m� �1�18�

¸Ôı n � �0���, m � �0� n�, Rn ÛıÌ‹ÒÙÁÛÁ Bessel, k � kl „È· ÙÈÚ ‰È·ÏfiÍÂÈÚ Î˝ÛÂÈÚ

(le
onm) Í·È k � kt „È· ÙÈÚ Â„Í‹ÒÛÈÂÚ (me

onm, ne
onm) ÂÌ˛ Ù· e� o ‰ÁÎ˛ÌÔıÌ ÙÈÚ ‹ÒÙÈÂÚ

(even) Í·È ÙÈÚ ÂÒÈÙÙ›Ú (odd) ·ÌÙflÛÙÔÈ˜· Ûˆ·ÈÒÈÍ›Ú ·ÒÏÔÌÈÍ›Ú.

œÈ ·Ì·ÎıÙÈÍ›Ú ÂÍˆÒ‹ÛÂÈÚ Ù˘Ì le
onm�me

onm Í·È ne
onm ·Ì·ˆ›ÒÔÌÙ·È ÛÙÔ ·Ò‹ÒÙÁÏ·

¡.

7‘Ô r ‰ÂÌ ÂflÌ·È ÛÙ·ËÂÒ¸ ‰È‹ÌıÛÏ· ·ÎÎ‹ ·Ô‰ÂÈÍÌ˝ÂÙ·È ¸ÙÈ ÛÙÁÌ ÂÒflÙ˘ÛÁ Ù˘Ì Ûˆ·ÈÒÈÍ˛Ì

ÛıÌÙÂÙ·„Ï›Ì˘Ì ‰flÌÂÈ ·ÌÂÓ‹ÒÙÁÙÂÚ Î˝ÛÂÈÚ ÏÂ ÙÁ ‰È·ÏfiÍÁ Î˝ÛÁ, l, Í‹ËÂÙÁ ÛÙÁÌ ÂÈˆ‹ÌÂÈ· Ûˆ·flÒ·Ú

ÏÂ Í›ÌÙÒÔ ÙÁÌ ·Ò˜fi ÙÔı ÛıÛÙfiÏ·ÙÔÚ ÛıÌÙÂÙ·„Ï›Ì˘Ì.
8À˝ÛÂÈÚ ÙÁÚ ‚·ËÏ˘ÙfiÚ ÂÓflÛ˘ÛÁÚ Helmholtz.
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”Í›‰·ÛÁ ÂÎ·ÛÙÈÍÔ˝ Í˝Ï·ÙÔÚ ·¸ Ûˆ·flÒ· Û·Ì

Ï›ÛÔ Ò¸‚ÎÂ¯ÁÚ ÙÁÚ ‰ÔÏfiÚ Ê˛ÌÁÚ

2.1 ≈ÈÛ·„˘„fi

œ˘Ú ·Ì·ˆ›ÒËÁÍÂ ÛÙÁÌ ÂÈÛ·„˘„fi ÙÁÚ ÂÒ„·Ûfl·Ú Ù· ÂÒÈÛÛ¸ÙÂÒ· ·¸ Ù· fi‰Á

ı‹Ò˜ÔÌÙ· ·ÔÙÂÎ›ÛÏ·Ù· ‹Ì˘ ÛÙÁ ‰È‹‰ÔÛÁ ·ÍÔıÛÙÈÍ˛Ì ÍÈ ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì

·ˆÔÒÔ˝Ì ‰È‹‰ÔÛÁ ÛÂ ÂÒÈÔ‰ÈÍ‹ ÛıÛÙfiÏ·Ù· [5, 6, 7, 8, 9, 10, 11]. –ÂÒÈÛÛ¸ÙÂÒÔ

ÂÍÙÂÙ·Ï›Ì· ›˜ÂÈ ÏÂÎÂÙÁËÂfl Á ‰È‹‰ÔÛÁ ÛÂ ÛıÛÙfiÏ·Ù· Ûˆ·ÈÒÈÍ˛Ì ÛÍÂ‰·ÛÙ˛Ì ÂÒÈÔ‰ÈÍ‹

ÙÔÔËÂÙÁÏ›Ì˘Ì ÛÂ ÂÎ·ÛÙÈÍ¸ Ï›ÛÔ. ƒÈ·ÈÛÙ˛ËÁÍÂ Á ‰ıÌ·Ù¸ÙÁÙ· ˝·ÒÓÁÚ ÛÂ ÔÎÎ›Ú

ÂÒÈÙ˛ÛÂÈÚ ÏÂ„‹Î˘Ì ˜·ÛÏ‹Ù˘Ì Í·È ÏÂÎÂÙfiËÁÍ·Ì ÔÈ ÛıÌËfiÍÂÚ Ôı ÂıÌÔÔ˝Ì ÙÁÌ

˝·ÒÓÁ ·ıÙfi. ÃÂÒÈÍ‹ ·¸ Ù· ‚·ÛÈÍ‹ ÛıÏÂÒ‹ÛÏ·Ù· [8, 9] Ôı ‰È·Ùı˛ËÁÍ·Ì ÂflÌ·È

¸ÙÈ Á ÂÏˆ‹ÌÈÛÁ ˜‹ÛÏ·ÙÔÚ ÂıÌÔÂflÙ·È ·¸ �i� Ûı„Í›ÌÙÒ˘ÛÁ Ûˆ·ÈÒ˛Ì: 10 - 50%, �ii� ÛÙÈÚ

ÂÒÈÛÛ¸ÙÂÒÂÚ ÂÒÈÙ˛ÛÂÈÚ ÏÈÍÒ¸ Î¸„Ô ‰È·ÏfiÍÔıÚ ÒÔÚ Â„Í‹ÒÛÈ· Ù·˜˝ÙÁÙ· (cl�ct) „È·

ÙÈÚ Ûˆ·flÒÂÚ Í·È ÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ1, �iii� ÏÂ„‹ÎÂÚ Ù·˜˝ÙÁÙÂÚ „È· ÙÔ ÂÒÈ‚‹ÎÎÔÌ

Ï›ÛÔ (co), ÏÈÍÒ›Ú Ù·˜˝ÙÁÙÂÚ „È· ÙÔ ıÎÈÍ¸ Ù˘Ì Ûˆ·ÈÒ˛Ì (ci) - „È· ÛÙ·ËÂÒfi ıÍÌ¸ÙÁÙ·

·ÌÙÔ˝ ÛÙÔ Û˝ÛÙÁÏ· - Í·È �iv� ÏÈÍÒ¸Ú Î¸„ÔÚ �o��i „È· ÛÙÂÒÂ‹ ÂÌ˛ ÏÂ„‹ÎÔÚ Î¸„ÔÚ

�o��i „È· ı„Ò‹ ¸Ôı �Ô Á ıÍÌ¸ÙÁÙ· ÙÔı Ï›ÛÔı Í·È �i Á ıÍÌ¸ÙÁÙ· ÙÔı ıÎÈÍÔ˝

Ù˘Ì Ûˆ·ÈÒ˛Ì. ƒÈ·ÈÛÙ˛ËÁÍÂ ÂflÛÁÚ ÏÈ· Û˜ÂÙÈÍfi ·ÌÂÓ·ÒÙÁÛfl· Ù˘Ì ‚·ÛÈÍ˛Ì ˜·Ò/Í˛Ì

ÙÁÚ ‰ÔÏfiÚ Ê˛ÌÁÚ (˜‹ÛÏ·Ù· Í·È ÔÎ˝ ÛÙÂÌ›Ú Ê˛ÌÂÚ2) Ù¸ÛÔ ·¸ ÙÁ Ûı„Í›ÌÙÒ˘ÛÁ Ù˘Ì

ÛÍÂ‰·ÛÙ˛Ì (Ûˆ·ÈÒ˛Ì) ¸ÛÔ ÍÈ ·¸ ÙÁÌ ÎÂ„Ï·ÙÈÍfi ‰ÔÏfi. ‘›ÎÔÚ, ›Ì· Ò¸Ûˆ·ÙÔ ÏÁ

·Ì·ÏÂÌ¸ÏÂÌÔ ·ÔÙ›ÎÂÛÏ· ÂflÌ·È Ô ıÔÎÔ„ÈÛÏ¸Ú ·ÓÈÔÛÁÏÂfl˘Ù· ÏÂ„‹Î˘Ì ˜·ÛÏ‹Ù˘Ì ÛÂ

ÛıÛÙfiÏ·Ù· Ûˆ·ÈÒ˛Ì ·¸ Ï›Ù·ÎÎÔ ÏÂ„‹ÎÁÚ ıÍÌ¸ÙÁÙ·Ú, ÂÒÈÔ‰ÈÍ‹ ÙÔÔËÂÙÁÏ›Ì˘Ì

ÛÂ Î·ÛÙÈÍ‹ (ıÎÈÍ‹ ˜·ÏÁÎfiÚ ıÍÌ¸ÙÁÙ·Ú) ¸˘Ú epoxy, PMMA ÍÔÍ. [10, 11, 12]

·Ò‹ ÙÔ ¸ÙÈ Á ·ÌÙflËÂÛÁ Ù·˜ıÙfiÙ˘Ì, co�ci, Û' ·ıÙ‹ Ù· ÛıÛÙfiÏ·Ù· ÂflÌ·È Û˜Â‰¸Ì

·Ì˝·ÒÍÙÁ. ‘· ˜‹ÛÏ·Ù· ·ıÙ‹ ‚Ò›ËÁÍ·Ì Ì· ÂflÌ·È ÔÎ˝ ÏÂ„·Î˝ÙÂÒ· ·¸ ˜‹ÛÏ·Ù·

Ôı ıÔÎÔ„flÛÙÁÍ·Ì ÛÂ ÛıÛÙfiÏ·Ù· ÏÂ ÙÔÌ fl‰ÈÔ Î¸„Ô ıÍÌÔÙfiÙ˘Ì ÏÂÙ·Ó˝ ÛÍÂ‰·ÛÙ˛Ì

Í·È ÂÒÈ‚‹ÎÎÔÌÙÔÚ Í·È ÏÂ„·Î˝ÙÂÒÔ Î¸„Ô Ù·˜ıÙfiÙ˘Ì co�ci.

« ÒÔÛ‹ËÂÈ· Ì· Í·Ù·ÌÔÁËÔ˝Ì Ù· ·Ò·‹Ì˘ ·ÔÙÂÎ›ÛÏ·Ù· Í·È Ì· ‚ÒÂËÂfl ›Ì·Ú

·Î¸Ú ÙÒ¸ÔÚ Ò¸‚ÎÂ¯ÁÚ ÙÔıÚ Í·È Ò¸‚ÎÂ¯ÁÚ Í·Ù‹ÎÎÁÎ˘Ì „È· ‰ÁÏÈÔıÒ„fl· ˜‹ÛÏ·ÙÔÚ

ıÎÈÍ˛Ì Ô‰fi„ÁÛÂ ÛÙÁ ÏÂÎ›ÙÁ ÙÁÚ ÛÍ›‰·ÛÁÚ ·¸ ÏÈ· Ï¸ÌÔ Ûˆ·flÒ·3 [10, 11, 13] Á ÔÔfl·

·ÔÙÂÎÂfl Í·È ÙÔ Ò˛ÙÔ Ï›ÒÔÚ ÙÁÚ ·ÒÔ˝Û·Ú ÂÒ„·Ûfl·Ú.

« ÛÍ›‰·ÛÁ ·¸ Ïfl· Ûˆ·flÒ· ›˜ÂÈ ÙÔ ÎÂÔÌ›ÍÙÁÏ· ¸ÙÈ ·ÔÙÂÎÂfl ›Ì· ˆıÛÈÍ¸ Û˝ÛÙÁÏ·

1H ÂÎ‹˜ÈÛÙÁ ÙÈÏfi Ôı ÏÔÒÂfl Ì· ›˜ÂÈ Ô Î¸„ÔÚ cl�ct ÛÂ Ï›Û· ˜˘ÒflÚ ·ÔÒÒ¸ˆÁÛÁ (˛ÛÙÂ ÔÈ ÛÙ·ËÂÒ›Ú

Lam�e Ì· ÂflÌ·È ËÂÙÈÍÔfl ·ÒÈËÏÔfl) ÂflÌ·È
p

2. « ÂÓ‹ÒÙÁÛÁ ÙÔı ˜‹ÛÏ·ÙÔÚ ·¸ ÙÔ cl�ct ÛÂ ÔÎÎ›Ú ÂÒÈÙ˛ÛÂÈÚ

ÂflÌ·È ·ÒÍÂÙ‹ Û˝ÌËÂÙÁ ÍÈ ¸˜È ÔÎ˝ Í·Ë·Òfi.
2œÈ ``ÛÙÂÌ›Ú Ê˛ÌÂÚ'' ·Ò‹„ÔıÌ ÍÔÒıˆ›Ú ÛÙÁÌ ıÍÌ¸ÙÁÙ· Í·Ù·ÛÙ‹ÛÂ˘Ì.
3« ÛÍ›‰·ÛÁ ·¸ Ïfl· Ï¸ÌÔ Ûˆ·flÒ· Ï·Êfl ÏÂ ÙÁÌ ÔÎÎ·Îfi ÛÍ›‰·ÛÁ Í·È Í·Ù·ÛÙÒÔˆÈÍfi ÛıÏ‚ÔÎfi Ù˘Ì

ÛÍÂ‰·ÊÔÏ›Ì˘Ì ÍıÏ‹Ù˘Ì ÂıË˝ÌÂÙ·È „È· ÙÁÌ ÂÏˆ‹ÌÈÛÁ ÙÔı ˜‹ÛÏ·ÙÔÚ.

9



10 2. ” ≈ƒ¡”« ≈À¡”‘… œ’  ’Ã¡‘œ” ¡–œ ”÷¡…—¡ ....

Ôı ÏÔÒÂfl Ì· ÏÂÎÂÙÁËÂfl Û˜ÂÙÈÍ‹ Â˝ÍÔÎ·, ˜˘ÒflÚ ·Ì‹„ÍÁ ÏÂ„‹ÎÔı ıÔÎÔ„ÈÛÙÈÍÔ˝

˜Ò¸ÌÔı Í·È ÏÌfiÏÁÚ Í·È Ôı Î¸„˘ ÙÁÚ ·Î¸ÙÁÙ·Ú ÙÔı ‰flÌÂÈ ‰ıÌ·Ù¸ÙÁÙ· ˆıÛÈÍfiÚ

ÂÒÏÁÌÂfl·Ú Ù˘Ì ·ÔÙÂÎÂÛÏ‹Ù˘Ì. ≈ÈÎ›ÔÌ, Á Û˜ÂÙÈÍfi ·ÌÂÓ·ÒÙÁÛfl· Ù˘Ì ‚·ÛÈÍ˛Ì

˜·Ò·ÍÙÁÒÈÛÙÈÍ˛Ì ÙÁÚ ‰ÔÏfiÚ Ê˛ÌÁÚ Ù¸ÛÔ ·¸ ÙÁ Ûı„Í›ÌÙÒ˘ÛÁ Ù˘Ì ÛÍÂ‰·ÛÙ˛Ì ¸ÛÔ

ÍÈ ·¸ ÙÁÌ ÎÂ„Ï·ÙÈÍfi ‰ÔÏfi ÂflÌ·È ÏÈ· ÈÛ˜ıÒfi ›Ì‰ÂÈÓÁ „È· ÙÔ ¸ÙÈ Ô Ò¸ÎÔÚ ÙÁÚ

ÛÙÔÌ Í·ËÔÒÈÛÏ¸ Ù˘Ì ˜·Ò/Í˛Ì ÙÁÚ ‰ÔÏfiÚ Ê˛ÌÁÚ ÛÙÔ ·ÌÙflÛÙÔÈ˜Ô ÂÒÈÔ‰ÈÍ¸ Û˝ÛÙÁÏ·

(Û˝ÛÙÁÏ· Ù˘Ì ÂÒÈÔ‰ÈÍ‹ ÙÔÔËÂÙÁÏ›Ì˘Ì ¸ÏÔÈ˘Ì Ûˆ·ÈÒ˛Ì) ÂflÌ·È ÍıÒfl·Ò˜ÔÚ.

»· Ò›ÂÈ Ì· ÛÁÏÂÈ˘ËÂfl ¸ÙÈ ÏÂÎ›ÙÁ ÙÁÚ ÛÍ›‰·ÛÁÚ ·¸ Ïfl· Ûˆ·flÒ· ÛÙÁÌ ÂÒflÙ˘ÛÁ

Ù˘Ì ‚·ËÏ˘Ù˛Ì ÍıÏ‹Ù˘Ì [14] Í·Ù‹ˆÂÒÂ Ì· ‰˛ÛÂÈ ÂÍÙflÏÁÛÁ Ù¸ÛÔ „È· ÙÔ Ï›„ÂËÔÚ

¸ÛÔ Í·È „È· ÙÁ Ë›ÛÁ ÙÔı ˜‹ÛÏ·ÙÔÚ („È· Ù· «Ã Í˝Ï·Ù· ·Ì‹ÎÔ„Á ÏÂÎ›ÙÁ Ô‰fi„ÁÛÂ ÛÂ

·ÔÙÂÎ›ÛÏ·Ù· ÎÈ„¸ÙÂÒÔ ``Í·Ë·Ò‹'' Î¸„˘ ÙÔı ‰È·ÌıÛÏ·ÙÈÍÔ˝ ˜·Ò·ÍÙfiÒ· Ù˘Ì ÍıÏ‹Ù˘Ì

·ıÙ˛Ì).

H ÏÂÎ›ÙÁ ÙÁÚ ÛÍ›‰·ÛÁÚ ·¸ ÏÈ· Ï¸ÌÔ Ûˆ·flÒ·, „flÌÂÙ·È Â‰˛ Ï›Û˘ ıÔÎÔ„ÈÛÏÔ˝

Í·È ·Ì‹ÎıÛÁÚ ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÛÍ›‰·ÛÁÚ. « ‚·ÛÈÍfi È‰›· ÂflÌ·È Ô ›ÎÂ„˜ÔÚ „È·

ÈË·Ìfi Û˝Ì‰ÂÛÁ Ù˘Ì ÛıÌÙÔÌÈÛÏ˛Ì ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÏÂ ÙÈÚ ÔÎ˝ ÛÙÂÌ›Ú Ê˛ÌÂÚ

Í·È Ù· ˜‹ÛÏ·Ù· ÙÁÚ ‰ÔÏfiÚ Ê˛ÌÁÚ ÂÎ›„˜ÔÌÙ·Ú ›ÙÛÈ ÙÁÌ ÈË·Ìfi Â›ÍÙ·ÛÁ ÙÁÚ „Ì˘ÛÙfiÚ

·¸ ÙÔ ÁÎÂÍÙÒÔÌÈÍ¸ ÂÒÈÔ‰ÈÍ¸ Ò¸‚ÎÁÏ· È‰›·Ú ÙÔı LCAO („Ò·ÏÏÈÍ¸Ú ÛıÌ‰ı·ÛÏ¸Ú

·ÙÔÏÈÍ˛Ì ÙÒÔ˜È·Í˛Ì) ÛÙÁÌ ÂÒflÙ˘ÛÁ Ù˘Ì ·ÍÔıÛÙÈÍ˛Ì ÍÈ ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì ÏÂ

ÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú Ì· ·flÊÔıÌ ÙÔ Ò¸ÎÔ Ù˘Ì È‰ÈÔÍ·Ù·ÛÙ‹ÛÂ˘Ì. ”ıÌ‰›ÔÌÙ·Ú ÙÔıÚ

ÛıÌÙÔÌÈÛÏÔ˝Ú ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÏÂ Ù· ˜·Ò·ÍÙÁÒÈÛÙÈÍ‹ ÙÁÚ ‰ÔÏfiÚ Ê˛ÌÁÚ ÔÈ

ÛıÌËfiÍÂÚ „È· ˝·ÒÓÁ ˜‹ÛÏ·ÙÔÚ ÏÔÒÔ˝Ì Ì· ÏÂÙ·ÙÒ·Ô˝Ì ÛÂ ÛıÌËfiÍÂÚ „È· ÙÁÌ

ÂÌÂÒ„¸ ‰È·ÙÔÏfi Í·È Ì· ‰ÔËÂfl ÏÈ· ˆıÛÈÍfi ÂÒÏÁÌÂfl· „È· ÙÈÚ ÛıÌËfiÍÂÚ ·ıÙ›Ú.

”ÙÁÌ ÒÔÛ‹ËÂÈ· Â›ÍÙ·ÛÁÚ ÙÁÚ È‰›·Ú ÙÔı LCAO ÛÙÁÌ ÂÒflÙ˘ÛÁ Ù˘Ì ·ÍÔıÛÙÈÍ˛Ì

ÍÈ ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì Ë· Ò›ÂÈ Ì· ÛÁÏÂÈ˘ËÔ˝Ì ‰ıÔ ÛÁÏ·ÌÙÈÍ›Ú ‰È·ˆÔÒ›Ú ÛÂ Û˜›ÛÁ

ÏÂ Ù· ÁÎÂÍÙÒ¸ÌÈ· Ôı Í‹ÌÔıÌ ÙÔ Ò¸‚ÎÁÏ· ÏÁ ÙÂÙÒÈÏÏ›ÌÔ. ‘Ô ¸ÙÈ (i) ÔÈ ÛıÌÙÔÌÈÛÏÔfl

‰ÂÌ ÂflÌ·È Ò·„Ï·ÙÈÍ›Ú È‰ÈÔÍ·Ù·ÛÙ‹ÛÂÈÚ ÎfiÒ˘Ú ÂÌÙÔÈÛÏ›ÌÂÚ4 Í·È (ii) ÂÍÙÔÚ ·¸ ÙÔ

Í·Ì‹ÎÈ ‰È‹‰ÔÛÁÚ Ï›Û˘ Ù˘Ì ÛıÌÙÔÌÈÛÏ˛Ì ı‹Ò˜ÂÈ Í·È Á ‰ıÌ·Ù¸ÙÁÙ· ‰È‹‰ÔÛÁÚ Ï›Û˘

ÙÔı ıÎÈÍÔ˝ Ôı ÂÒÈ‚‹ÎÎÂÈ ÙÈÚ Ûˆ·flÒÂÚ ÙÔ ÔÔflÔ ÏÔÒÂfl Ì· ıÔÛÙÁÒflÓÂÈ Í˝Ï·Ù· „È·

Í‹ËÂ ÙÈÏfi ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú.

√È· ÙÁ Û˝Ì‰ÂÛÁ ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÏÂ Ù· ˜·Ò·ÍÙÁÒÈÛÙÈÍ‹ ÙÁÚ ‰ÔÏfiÚ Ê˛ÌÁÚ ÛÙ·

Î·flÛÈ· ÙÁÚ ·ÒÔ˝Û·Ú ‰ÔıÎÂÈ‹Ú ·) ÂÓÂÙ‹ÛÙÁÍÂ Á ÂÓ‹ÒÙÁÛÁ ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ

·¸ ·Ò·Ï›ÙÒÔıÚ ÙÔı ÒÔ‚ÎfiÏ·ÙÔÚ Ôı ÂÁÒÂ‹ÊÔıÌ ÙÁÌ ÂÏˆ‹ÌÈÛÁ ˜‹ÛÏ·ÙÔÚ Í·È

Ûı„ÍÒflËÁÍÂ ÏÂ ÙÁÌ ÂÓ‹ÒÙÁÛÁ ÙÔı ˜‹ÛÏ·ÙÔÚ ·¸ ÙÈÚ fl‰ÈÂÚ ·Ò·Ï›ÙÒÔıÚ, ‚) Á Ë›ÛÁ

ÙÔı ˜‹ÛÏ·ÙÔÚ Í·È Ù˘Ì ÔÎ˝ ÛÙÂÌ˛Ì Ê˘Ì˛Ì ÛıÌ‰›ËÁÍÂ ÏÂ ÙÁ Ë›ÛÁ Ù˘Ì ÛıÌÙÔÌÈÛÏ˛Ì

ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ Í·È „) ÔÈ ‚›ÎÙÈÛÙÂÚ „È· ÙÁÌ ÂÏˆ‹ÌÈÛÁ ˜‹ÛÏ·ÙÔÚ ÛıÌËfiÍÂÚ

ÂÍˆÒ‹ÛÙÁÍ·Ì Û·Ì ÛıÌËfiÍÂÚ ‹Ì˘ ÛÙÁÌ ÂÌÂÒ„¸ ‰È·ÙÔÏfi ÍÈ ›„ÈÌÂ ÏÈ· ÒÔÛ‹ËÂÈ·

ˆıÛÈÍfiÚ ÂÒÏÁÌÂfl·Ú Ù˘Ì ÛıÌËÁÍ˛Ì ·ıÙ˛Ì. ”ÙÁÌ ·ÒÔıÛfl·ÛÁ Ôı ·ÍÔÎÔıËÂfl, ÒÈÌ

ÙÁÌ ·Ì·ˆÔÒ‹ Ù˘Ì ÍıÒÈÔÙ›Ò˘Ì ·ÔÙÂÎÂÛÏ‹Ù˘Ì Á ÔÔfl· „flÌÂÙ·È ÛÙÔ ıÔÍÂˆ‹Î·ÈÔ 2.3,

·Ì·ˆ›ÒÔÌÙ·È ÛıÌÔÙÈÍ‹ ÔÈ ‚·ÛÈÍ¸ÙÂÒÔÈ ıÔÎÔ„ÈÛÏÔfl.

2.2 ¬·ÛÈÍÔfl ıÔÎÔ„ÈÛÏÔfl

‘Ô Í˝ÒÈÔ Ï›ÒÔÚ Ù˘Ì ıÔÎÔ„ÈÛÏ˛Ì ·ıÙÔ˝ ÙÔı ÍÂˆ·Î·flÔı ·ˆÔÒ‹ ıÔÎÔ„ÈÛÏ¸ ÂÌÂÒ„Ô˝

‰È·ÙÔÏfiÚ ÛÍ›‰·ÛÁÚ, Î·Ù˛Ì ÛÍ›‰·ÛÁÚ Í·È ıÔÎÔ„ÈÛÏ¸ ÂÌ›Ò„ÂÈ·Ú ¸Ù·Ì ¡) ‰È·ÏfiÍÂÚ

4”‚fiÌÔıÌ ÔÎ˝ ·Ò„‹ (Û·Ì 1�r) „È· r ��.
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Í·È ¬) Â„Í‹ÒÛÈÔ ÂflÂ‰Ô Í˝Ï· ÛÍÂ‰‹ÊÂÙ·È ·¸ ÂÎ·ÛÙÈÍfi Ûˆ·flÒ· ‚ıËÈÛÏ›ÌÁ ÛÂ

ÂÎ·ÛÙÈÍ¸ Ï›ÛÔ.

”·Ì Ï·ËÁÏ·ÙÈÍ¸ Ò¸‚ÎÁÏ· Á ÏÂÎ›ÙÁ ÙÁÚ ÛÍ›‰·ÛÁÚ ·¸ ÏÈ· Ûˆ·flÒ· ÂflÌ·È ·ÒÍÂÙ‹

·ÎÈ¸. œ ıÔÎÔ„ÈÛÏ¸Ú ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÛÍ›‰·ÛÁÚ ›„ÈÌÂ „È· Ò˛ÙÁ ˆÔÒ‹ ·¸

ÙÔıÚ Yiang Í·È Truell ÙÔ 1956 [15, 2, 16, 17]. –ÔÎÎfi ‰ÔıÎÂÈ‹ ‹Ì˘ ÛÙÁ ÛÍ›‰·ÛÁ ·¸

ÏÈ· Ûˆ·flÒ· ›˜ÂÈ „flÌÂÈ ÂflÛÁÚ ·¸ ÙÔıÚ Brill, Gaunaurd, Í·È �Uberall ÔÈ ÔÔflÔÈ ÏÂÎ›ÙÁÛ·Ì

ÍıÒfl˘Ú Ù· Î‹ÙÁ ÛÍ›‰·ÛÁÚ [18, 19, 20, 21, 22, 23]. ÃÂÒÈÍ‹ ·¸ Ù· ÛıÏÂÒ‹ÛÏ·Ù·

ÙÔıÚ Ë· ·Ì·ˆÂÒËÔ˝Ì Í·È Ë· ˜ÒÁÛÈÏÔÔÈÁËÔ˝Ì ÛÙÁÌ ÔÒÂfl· ÙÁÚ ·ÒÔıÛfl·ÛÁÚ ·ıÙÔ˝

ÙÔı ÍÂˆ·Î·flÔı.

œ Î¸„ÔÚ Ôı ‚·ÛÈÍÔfl ıÔÎÔ„ÈÛÏÔfl Â·Ì·ÎfiˆËÁÍ·Ì ÍÈ ·Ì·ˆ›ÒÔÌÙ·È Â‰˛ ÂflÌ·È ·¸

ÙÁ ÏÈ· „È· Ì· ·ÒÔıÛÈ·ÛÙÔ˝Ì ÏÂ ›Ì· ÂÌÈ·flÔ ÙÒ¸Ô „È· ÙÁÌ ÂÒflÙ˘ÛÁ ‰È·ÏfiÍÔıÚ

ÍÈ Â„Í‹ÒÛÈÔı ÒÔÛflÙÔÌÙÔÚ Í˝Ï·ÙÔÚ ÍÈ ·¸ ÙÁÌ ‹ÎÎÁ Î¸„˘ ÙıÔ„Ò·ˆÈÍ˛Ì Î·Ë˛Ì

ÛÙÁÌ ı‹Ò˜ÔıÛ· ‚È‚ÎÈÔ„Ò·ˆfl·.

œÈ ıÔÎÔ„ÈÛÏÔfl Ôı ·Ì·ˆ›ÒÔÌÙ·È ·ˆÔÒÔ˝Ì ÙÁÌ ÂÒflÙ˘ÛÁ Ûˆ·flÒ·Ú (·ÍÙflÌ·Ú a)

·¸ ÂÎ·ÛÙÈÍ¸ ÛÙÂÒÂ¸ ÏÂ ·Ò·Ï›ÙÒÔıÚ: �i (ıÍÌ¸ÙÁÙ·), cli, cti (‰È·ÏfiÍÁÚ Í·È Â„Í‹ÒÛÈ·

Ù·˜˝ÙÁÙ· ·ÌÙflÛÙÔÈ˜·), ÙÔÔËÂÙÁÏ›ÌÁÚ ÛÂ ÂflÛÁÚ ÛÙÂÒÂ¸ ÂÎ·ÛÙÈÍ¸ Ï›ÛÔ ÏÂ ·ÌÙflÛÙÔÈ˜ÂÚ

·Ò·Ï›ÙÒÔıÚ �o, clo, cto. –ÂÒÈÙ˛ÛÂÈÚ ¸˘Ú .˜. ÒÂıÛÙ‹ Í·È ÛÍÎÁÒfi fi ‹‰ÂÈ· Ûˆ·flÒ·,

ıÔÎÔ„ÈÛÙÈÍ‹, ÏÔÒÔ˝Ì Ì· ËÂ˘ÒÁËÔ˝Ì Û·Ì ÔÒÈ·Í›Ú ÂÒÈÙ˛ÛÂÈÚ ÙÁÚ ·Ò·‹Ì˘.

≈ÛÙ˘ Á ÂÒflÙ˘ÛÁ (¡) ¸Ôı ‰È·ÏfiÍÂÚ Í˝Ï· ÙÁÚ ÏÔÒˆfiÚ

uinc�r� � e��klor��z� klo � ��clo �2�1�

Ôı ‰È·‰fl‰ÂÙ·È Í·Ù‹ ÏfiÍÔÚ ÙÔı �z ‹ÓÔÌ· ÒÔÛflÙÂÈ ÛÙÁÌ ÂÈˆ‹ÌÂÈ· ÙÁÚ Ûˆ·flÒ·Ú5.

¬‹ÛÁ ¸Î˘Ì Ù˘Ì ıÔÎÔ„ÈÛÏ˛Ì ÂflÌ·È Ô ÒÔÛ‰ÈÔÒÈÛÏ¸Ú ÙÔı ÛÍÂ‰·Ê¸ÏÂÌÔı Í˝Ï·ÙÔÚ6,

usc, Í·È ÙÔı Í˝Ï·ÙÔÚ ÛÙÔ ÂÛ˘ÙÂÒÈÍ¸ ÙÁÚ Ûˆ·flÒ·Ú, uin. –Ò˛ÙÔ ‚fiÏ· ÂflÌ·È Á ·Ì‹ÙıÓÁ

ÙÔı ÒÔÛflÙÔÌÙÔÚ Í˝Ï·ÙÔÚ ÛÙÁ ‚‹ÛÁ Ù˘Ì ‰È·ÌıÛÏ·ÙÈÍ˛Ì Ûˆ·ÈÒÈÍ˛Ì ·ÒÏÔÌÈÍ˛Ì

le
o nm, me

o nm, ne
o nm Ôı ÔÒflÛÙÁÍ·Ì ÛÙÔ ÍÂˆ‹Î·ÈÔ 1. ‘Ô uinc Û·Ì ÛıÌ‹ÒÙÁÛÁ Ù˘Ì le

o nm,

me
onm Í·È ne

o nm ÏÔÒÂfl Ì· „Ò·ˆÂfl Û·Ì7 [3]

uinc�r� �
�X
n�0

�n�2n� 1�����len0�j� klo� �2�2�

¸Ôı j Á Ûˆ·ÈÒÈÍfi ÛıÌ‹ÒÙÁÛÁ Bessel Ò˛ÙÔı Âfl‰ÔıÚ [24] ÏÂ ¸ÒÈÛÏ· klor Í·È � �
p�1.

–·flÒÌÔÌÙ·Ú ı¸¯Á ¸ÙÈ Á Ûˆ·flÒ· ‰È·ÙÁÒÂfl ÙÈÚ ÛıÏÏÂÙÒflÂÚ ÙÔı ÒÔÛflÙÔÌÙÔÚ Í·È

··ÈÙ˛ÌÙ·Ú ÂÓÂÒ˜¸ÏÂÌÔ Ûˆ·ÈÒÈÍ¸ Í˝Ï· Ï·ÍÒı‹ ·¸ ÙÁÌ ÂÈˆ‹ÌÂÈ· ÙÁÚ Í·È Â‰flÔ

Í·Î‹ ÔÒÈÛÏ›ÌÔ ·ÌÙÔ˝ ÛÙÔ ÂÛ˘ÙÂÒÈÍ¸ ÙÁÚ8, ÙÔ ÛÍÂ‰·Ê¸ÏÂÌÔ Í˝Ï·, usc, Í·È ÙÔ

ÂÛ˘ÙÂÒÈÍ¸ Â‰flÔ, uin, ÏÔÒÔ˝Ì Ì· „Ò·ˆÔ˝Ì Û·Ì [15]

usc�r� �
�X
n�0

�n�2n� 1��Aen0len0�h� klo� � Cen0nen0�h� kto�� �2�3�

Í·È

5« ·Ò˜fi ÙÔı ÛıÛÙfiÏ·ÙÔÚ ÛıÌÙÂÙ·„Ï›Ì˘Ì ÙÔÔËÂÙÂflÙ·È ÛÙÔ Í›ÌÙÒÔ ÙÁÚ Ûˆ·flÒ·Ú.
6‘Ô Í˝Ï· ÛÙÁÌ ÂÒÈÔ˜fi ›Ó˘ ·¸ ÙÁ Ûˆ·flÒ· ÂflÌ·È ‹ËÒÔÈÛÏ· ÙÔı ÒÔÛflÙÔÌÙÔÚ Í·È ÙÔı ÛÍÂ‰·Ê¸ÏÂÌÔı

Í˝Ï·ÙÔÚ.
7œ ‰È·ÏfiÍÁÚ ˜·Ò·ÍÙfiÒ·Ú ı·„ÔÒÂ˝ÂÈ Ï¸ÌÔ Î˝ÛÂÈÚ lnm ÂÌ˛ Á ÛıÏÏÂÙÒfl· „˝Ò˘ ·¸ ÙÔÌ ẑ ÂÒÈÔÒflÊÂÈ

Û' ·ıÙ›Ú ÏÂ m � 0.
8œÈ ÛıÌËfiÍÂÚ ·ıÙ›Ú Í·ËÔÒflÊÔıÌ ÙÁ ÛıÌ‹ÒÙÁÛÁ Bessel.
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uin�r� �
�X
n�0

�n�2n� 1��Een0len0�j� kli� �Gen0nen0�j� kti�� �2�4�

¸Ôı h Á Ûˆ·ÈÒÈÍfi ÛıÌ‹ÒÙÁÛÁ Hankel Ò˛ÙÔı Âfl‰ÔıÚ [24] Í·È klj � ��clj , ktj � ��ctj
(j � o� i). œÈ ÛıÌÙÂÎÂÛÙ›Ú Aen0� Cen0� Een0� Gen0 ıÔÎÔ„flÊÔÌÙ·È (‚Î›Â ·Ò‹ÒÙÁÏ· ¬)

ÏÂ Âˆ·ÒÏÔ„fi Í·Ù‹ÎÎÁÎ˘Ì ÛıÌÔÒÈ·Í˛Ì ÛıÌËÁÍ˛Ì ‹Ì˘ ÛÙÁÌ ÂÈˆ‹ÌÂÈ· ÙÁÚ Ûˆ·flÒ·Ú,

r � a, ÔÈ ÔÔflÂÚ Ë· ÛıÊÁÙÁËÔ˝Ì ·Ò·Í‹Ù˘.

”ÙÁÌ ÂÒflÙ˘ÛÁ (B) ¸Ôı Â„Í‹ÒÛÈÔ ÂflÂ‰Ô Í˝Ï· ÔÎ˘Ï›ÌÔ ÛÙÔÌ �x ‹ÓÔÌ· Ôı

‰È·‰fl‰ÂÙ·È Í·Ù‹ ÏfiÍÔÚ ÙÔı �z ‹ÓÔÌ· ÒÔÛflÙÂÈ ÛÙÁÌ ÂÈˆ‹ÌÂÈ· ÙÁÚ Ûˆ·flÒ·Ú

uinc�r� � e��ktor��x �
�X
n�1

�n
2n� 1

n�n � 1�
�mon1�j� kto�� �nen1�j� kto�� �2�5�

‘Ô ÛÍÂ‰·Ê¸ÏÂÌÔ Í˝Ï· Û'·ıÙfi ÙÁÌ ÂÒflÙ˘ÛÁ ‰fl‰ÂÙ·È ·¸ [2]

usc�r� �
�X
n�1

�n
2n � 1

n�n� 1�
�Aen1len1�h� klo� �Bon1mon1�h� kto� � Cen1nen1�h� kto�� �2�6�

ÂÌ˛ ÙÔ Í˝Ï· ÛÙÔ ÂÛ˘ÙÂÒÈÍ¸ ÙÁÚ Ûˆ·flÒ·Ú ·¸

uin�r� �
�X
n�1

�n
2n � 1

n�n � 1�
�Een1len1�j� kli� � Fon1mon1�j� kti� �Gen1nen1�j� kti�� �2�7�

œÈ ÛıÌÙÂÎÂÛÙ›Ú Aen1� Bon1� Cen1� Een1� Fon1 Í·È Gen1 ÒÔÛ‰ÈÔÒflÊÔÌÙ·È ÍÈ Â‰˛ (‚Î›Â

·Ò‹ÒÙÁÏ· ¬) ·¸ Âˆ·ÒÏÔ„fi ÛıÌÔÒÈ·Í˛Ì ÛıÌËÁÍ˛Ì ÛÙÁÌ ÂÈˆ‹ÌÂÈ· ÙÁÚ Ûˆ·flÒ·Ú.

”ıÌÔÒÈ·Í›Ú ÛıÌËfiÍÂÚ [2] : « Ò˛ÙÁ ÛıÌÔÒÈ·Ífi ÛıÌËfiÍÁ ÒÔÍ˝ÙÂÈ ·¸ ÙÁÌ

··flÙÁÛÁ Á Ûˆ·flÒ· Í·È ÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ Ô˝ ‚ÒflÛÍÔÌÙ·È ÛÂ Â·ˆfi Ì· ÛıÌÂ˜flÛÔıÌ

Ì· ‚ÒflÛÍÔÌÙ·È ÛÂ Â·ˆfi ÛÂ Í‹ËÂ ˜ÒÔÌÈÍfi ÛÙÈ„Ïfi. Ã·ËÁÏ·ÙÈÍ‹ ·ıÙ¸ ÂÍˆÒ‹ÊÂÙ·È ÏÂ

ÙÁ ÛıÌ›˜ÂÈ· ÙÔı ‰È·Ì˝ÛÏ·ÙÔÚ ÏÂÙ·Ù¸ÈÛÁÚ, u, ‹Ì˘ ÛÙÁÌ ÂÈˆ‹ÌÂÈ· ÙÁÚ Ûˆ·flÒ·Ú,

r � a

uincjr�a � uscjr�a � uinjr�a �2�8�

« ÛıÌËfiÍÁ 2.8 ÛÙÁÌ ÈÔ „ÂÌÈÍfi ÂÒflÙ˘ÛÁ (Ûˆ·flÒ· ·¸ ÂÎ·ÛÙÈÍ¸ ÛÙÂÒÂ¸ ÛÂ ÛÙÂÒÂ¸

ÂÎ·ÛÙÈÍ¸ Ï›ÛÔ) Ô‰Á„Âfl ÛÂ ÙÒÂÈÚ ÂÓÈÛ˛ÛÂÈÚ Ïfl· „È· Í‹ËÂ ÛıÌÈÛÙ˛Û· ÙÔı u.

ƒÂ˝ÙÂÒÁ ÛıÌËfiÍÁ ÂflÌ·È Á ÛıÌ›˜ÂÈ· ÙÔı ‰È·Ì˝ÛÏ·ÙÔÚ ÙÁÚ Ù‹ÛÁÚ ‹Ì˘ ÛÙÁÌ ÂÈˆ‹ÌÂÈ·

Pincjr�a �Pscjr�a � Pinjr�a �2�9�

–·flÒÌÔÌÙ·Ú ı¸¯Á ÙÔ ¸ÙÈ ÔÈ ÛıÌÈÛÙ˛ÛÂÚ ÙÁÚ Ù‹ÛÁÚ ‰fl‰ÔÌÙ·È ·¸ Pi � �ijnj (‰ÂÚ.

≈Ó.1.7) ÏÂ ÏÔÌ·‰È·flÔ Í‹ËÂÙÔ ÛÙÁÌ ÂÈˆ‹ÌÂÈ· ÙÁÚ Ûˆ·flÒ·Ú (�n) ÙÔ ‰È‹ÌıÛÏ· �r Á 2.9

Ô‰Á„Âfl ÛÙÈÚ ÛıÌËfiÍÂÚ

��incrr � �scrr�r�a � ��inrr�r�a

��inc�r � �sc�r�r�a � ��in�r�r�a (2.10)

��inc�r � �sc�r�r�a � ��in�r�r�a
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”ÙÁÌ ÂÒflÙ˘ÛÁ Ôı Ô ÛÍÂ‰·ÛÙfiÚ ÂflÌ·È ‹ÂÈÒ· ÛÍÎÁÒfi Ûˆ·flÒ· (�� 
� � �
�� cl� ct � 0) fi ‹‰ÂÈ· Ûˆ·flÒ· (�� 
� �� cl� ct � 0) ¸Ôı ÙÔ Â‰flÔ ÛÙÔ ÂÛ˘ÙÂÒÈÍ¸

ÂflÌ·È ÏÁ‰›Ì Í·È ÂflÛÁÚ ÛÙÁÌ ÂÒflÙ˘ÛÁ ¸Ôı Í‹ÔÈÔ ·¸ Ù· ‰˝Ô ıÎÈÍ‹ ÂflÌ·È ÒÂıÛÙ¸

Í·È ‹Ò· ‰ÂÌ ıÔÛÙÁÒflÊÂÈ Â„Í‹ÒÛÈ· Í˝Ï·Ù·, ÎÈ„¸ÙÂÒÂÚ ·¸ ›ÓÈ ÂÓÈÛ˛ÛÂÈÚ ÂflÌ·È ·ÒÍÂÙ›Ú

„È· ÙÔÌ ÒÔÛ‰ÈÔÒÈÛÏ¸ ÙÔı Â‰flÔı ·ÌÙÔ˝ ÛÙÔ ˜˛ÒÔ. ”ÙÁÌ ÂÒflÙ˘ÛÁ ÙÁÚ ‹ÂÈÒ·

ÛÍÎÁÒfiÚ Ûˆ·flÒ·Ú Á ·‰ıÌ·Ïfl· ·Ò·Ï¸Òˆ˘ÛÁÚ ÂÈ‚‹ÎÎÂÈ ÙÁ ˜ÒfiÛÁ ÙÁÚ ÂÓflÛ˘ÛÁÚ 2.8

‹Ì˘ ÛÙÁÌ ÂÈˆ‹ÌÂÈ· ÏÂ ÙÔ ‰ÂÓÈ¸ Ï›ÎÔÚ ÏÁ‰›Ì. ”ÙÁÌ ÂÒflÙ˘ÛÁ ÙÁÚ ‹‰ÂÈ·Ú Ûˆ·flÒ·Ú

Á ·‰ıÌ·Ïfl· ÙÔı ÛÍÂ‰·ÛÙfi Ì· ·ÛÍÂfl Ù‹ÛÂÈÚ ÂÈ‚‹ÎÎÂÈ ÙÁ ˜ÒfiÛÁ Ù˘Ì ÂÓÈÛ˛ÛÂ˘Ì 2.9 ÏÂ

ÙÔ ‰ÂÓÈ¸ Ï›ÎÔÚ ÂflÛÁÚ ÏÁ‰›Ì. ‘›ÎÔÚ ÛÙÁÌ ÂÒflÙ˘ÛÁ Ô˝ ÂflÙÂ Ô ÛÍÂ‰·ÛÙfiÚ ÂflÙÂ ÙÔ

ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ ÂflÌ·È ÒÂıÛÙ¸ ÔÈ ÛıÌÔÒÈ·Í›Ú ÛıÌËfiÍÂÚ ÂflÌ·È Á ÛıÌ›˜ÂÈ· ÙÁÚ Í‹ËÂÙÁÚ

ÛÙÁÌ ÂÈˆ‹ÌÂÈ· ÏÂÙ·Ù¸ÈÛÁÚ Í·È Ù‹ÛÁÚ (ur� �rr), ÍÈ Ô ÏÁ‰ÂÌÈÛÏ¸Ú Ù˘Ì Â„Í‹ÒÛÈ˘Ì

Ù‹ÛÂ˘Ì (��r� ��r) ‹Ì˘ ÛÙÁÌ ÂÈˆ‹ÌÂÈ·.

≈ÌÂÒ„¸Ú ‰È·ÙÔÏfi : « ÂÌÂÒ„¸Ú ‰È·ÙÔÏfi ÛÍ›‰·ÛÁÚ ÔÒflÊÂÙ·È Û·Ì Ô Î¸„ÔÚ ÙÁÚ

ÛÍÂ‰·Ê¸ÏÂÌÁÚ ÒÔfiÚ ÂÌ›Ò„ÂÈ·Ú ÒÔÚ ÙÁÌ ÒÔÛflÙÔıÛ· ÒÔfi ÂÌ›Ò„ÂÈ·Ú ·Ì‹ ÏÔÌ‹‰·

ÂÈˆ‹ÌÂÈ·Ú. √È· ÙÁÌ ÂÒflÙ˘ÛÁ ÒÔÛflÙÔÌÙÔÚ Í˝Ï·ÙÔÚ Ôı ‰È·‰fl‰ÂÙ·È Í·Ù‹ ÙÔÌ

�z ‹ÓÔÌ· Í·È ÛÍÂ‰‹ÊÂÙ·È ÛÙÁÌ ÂÈˆ‹ÌÂÈ· Ûˆ·flÒ·Ú ÙÔÔËÂÙÁÏ›ÌÁÚ ÛÙÁÌ ·Ò˜fi Ù˘Ì

·Ó¸Ì˘Ì ·ıÙ¸ ÂÍˆÒ‹ÊÂÙ·È Ï·ËÁÏ·ÙÈÍ‹ Û·Ì [13, 11]

� �

R
� Jsc

r � r2d	

� J inc
z �

„È· r�� �2�11�

¸Ôı

� Ji ��� ���scij ��� _uscj � �� �1

2
�	���ij ��uj� �2�12�

‘Ô Û˝Ï‚ÔÎÔ _uj ‰ÁÎ˛ÌÂÈ ÙÁ ˜ÒÔÌÈÍfi ·Ò‹„˘„Ô ÙÔı uj , ÙÔ Û˝Ï‚ÔÎÔ �� Ï›ÛÁ ÙÈÏfi

˘Ú ÒÔÚ ˜Ò¸ÌÔ ÂÌ˛ Ù· ��	 Ò·„Ï·ÙÈÍ¸ Í·È ˆ·ÌÙ·ÛÙÈÍ¸ Ï›ÒÔÚ ·ÌÙflÛÙÔÈ˜· ÏÈ„·‰ÈÍÔ˝

·ÒÈËÏÔ˝. ‘Ô ÙÂÎÂıÙ·flÔ Ï›ÎÔÚ ÙÁÚ 2.12 ÒÔÍ˝ÙÂÈ Î·Ï‚‹ÌÔÌÙ·Ú ı¸¯Á ÙÁ ˜ÒÔÌÈÍfi

ÂÓ‹ÒÙÁÛÁ ÙÔ˝ Í˝Ï·ÙÔÚ (��u 
 e���t).
√È· ÙÁÌ ÂÒflÙ˘ÛÁ ÙÔı ‰È·ÏfiÍÔıÚ ÒÔÛflÙÔÌÙÔÚ Í˝Ï·ÙÔÚ ÙÁÚ ÂÓflÛ˘ÛÁÚ 2.1 Á

ÂÌÂÒ„¸Ú ‰È·ÙÔÏfi, �l, (·ÌÙÈÍ·ËÈÛÙ˛ÌÙ·Ú ÛÙÔıÚ Ù˝ÔıÚ 2.12 Í·È 2.11 ÙÈÚ ·ÌÙflÛÙÔÈ˜ÂÚ

ÂÍˆÒ‹ÛÂÈÚ „È· Ù· uj Í·È �ij - ‰ÂÚ ·Ò‹ÒÙÁÏ· ¡) ıÔÎÔ„flÊÂÙ·È Û·Ì [15, 13]

�̂l �
�l
�a2

�
�X
n�0

4�2n� 1��
jAen0j2
jZloj2 � n�n � 1��

Zlo

Zto
�
jCen0j2
jZtoj2 � �

�X
n�0

�̂l�n� �2�13�

ÏÂ Zlo � kloa, Zto � ktoa Í·È �̂l�n� ·‰È‹ÛÙ·ÙÁ ÏÂÒÈÍfi ÂÌÂÒ„¸Ú ‰È·ÙÔÏfi ÔˆÂÈÎ¸ÏÂÌÁ

ÛÙÁ ÛıÌÂÈÛˆÔÒ‹ ÙÔı ÙÔı nÔı Ûˆ·ÈÒÈÍÔ˝ Í˝Ï·ÙÔÚ.

√È· Â„Í‹ÒÛÈÔ ÒÔÛflÙÔÌ Í˝Ï· (≈Ó.2.5) Á ·ÌÙflÛÙÔÈ˜Á ÙÁÚ 2.13 ›ÍˆÒ·ÛÁ „È· ÙÁÌ

ÂÌÂÒ„¸ ‰È·ÙÔÏfi, �t, ÂflÌ·È [2, 13]

�̂t �
�t
�a2

�
�X
n�1

2�2n�1��
1

n�n� 1�
�
Zto

Zlo
�
jAen1j2
jZloj2 �

jBon1j2
jZtoj2 �

jCen1j2
jZtoj2 � �

�X
n�1

�̂t�n� �2�14�

”ÙÔıÚ ‰˝Ô ·Ï›Û˘Ú ÒÔÁ„Ô˝ÏÂÌÔıÚ Ù˝ÔıÚ (2.13, 2.14) Ô ¸ÒÔÚ Ôı ÂÒÈ›˜ÂÈ ÙÔÌ

ÛıÌÙÂÎÂÛÙfi Aen ‰flÌÂÈ ÙÔ ‰È·ÏfiÍÂÚ ÛÍÂ‰·Ê¸ÏÂÌÔ Í˝Ï· ÂÌ˛ ÔÈ ¸ÒÔÈ Ôı ÂÒÈ›˜ÔıÌ ÙÔıÚ

Bon Í·È Cen ÙÔ Â„Í‹ÒÛÈÔ.



14 2. ” ≈ƒ¡”« ≈À¡”‘… œ’  ’Ã¡‘œ” ¡–œ ”÷¡…—¡ ....

‘Ô ‹ÂÈÒ· ·ËÒÔflÛÏ·Ù· Ù˘Ì 2.13 Í·È 2.14, ıÔÎÔ„ÈÛÙÈÍ‹, ÛÙ· Î·flÛÈ· ÙÁÚ ·ÒÔ˝Û·Ú

‰ÔıÎÂÈ‹Ú, ÒÔÛÂ„„flÊÔÌÙ·È ÏÂ ÂÂÒ·ÛÏ›Ì· ˜ÒÁÛÈÏÔÔÈ˛ÌÙ·Ú ÍÒÈÙfiÒÈÔ Ôı Ûı„ÍÒflÌÂÈ

Í‹ËÂ ¸ÒÔ ÙÔı ·ËÒÔflÛÏ·ÙÔÚ (�̂�n�) ÏÂ ÙÔ ‹ËÒÔÈÛÏ· Ù˘Ì ÒÔÁ„Ô˝ÏÂÌ˘Ì ¸Ò˘Ì. √È·

˜·ÏÁÎ›Ú Ûı˜Ì¸ÙÁÙÂÚ (Zl� Zt � 2) ÙÒÂÈÚ ›˘Ú Ù›ÛÛÂÒÈÚ ¸ÒÔÈ ÛÙÔ ‹ËÒÔÈÛÏ· ÂflÌ·È ·ÒÍÂÙÔfl

Ì· ‰˛ÛÔıÌ ÈÍ·ÌÔÔÈÁÙÈÍfi ·ÍÒfl‚ÂÈ· ÂÌ˛ ÛÂ ¸ÎÔıÚ ÙÔıÚ ıÔÎÔ„ÈÛÏÔ˝Ú 20 ¸ÒÔÈ ÂflÌ·È

ÔÈ ÂÒÈÛÛ¸ÙÂÒÔÈ Ôı ›˜ÔıÌ ˜ÒÁÛÈÏÔÔÈÁËÂfl.

¡ÓflÊÂÈ Ì· ·Ì·ˆÂÒËÂfl Ù›ÎÔÚ ¸ÙÈ ÛÙÔ ¸ÒÈÔ Ù˘Ì ˜·ÏÁÎ˛Ì Ûı˜ÌÔÙfiÙ˘Ì (Rayleigh

ÛÍ›‰·ÛÁ) Ù¸ÛÔ Á �l ¸ÛÔ Í·È Á �t ÙÂflÌÔıÌ ÛÙÔ ÏÁ‰›Ì Û·Ì �4.

–Î‹ÙÁ ÛÍ›‰·ÛÁÚ: ‘· Î‹ÙÁ ÛÍ›‰·ÛÁÚ, fl� ft, Ù· ÔÔfl· ‰flÌÔıÌ ÎÁÒÔˆÔÒflÂÚ „È· ÙÁÌ

„˘ÌÈ·Ífi Í·Ù·ÌÔÏfi ÙÔı ÛÍÂ‰·Ê¸ÏÂÌÔı Í˝Ï·ÙÔÚ ÔÒflÊÔÌÙ·È Í·È ÛÙÁÌ ÂÒflÙ˘ÛÁ Ù˘Ì

ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì ¸˘Ú Í·È ÛÙÁÌ ÂÒflÙ˘ÛÁ Ù˘Ì ÁÎÂÍÙÒÔÌfl˘Ì ·¸ ÙÁÌ ›ÍˆÒ·ÛÁ

ÙÔı ÛÍÂ‰·Ê¸ÏÂÌÔı Â‰flÔı Ï·ÍÒı‹ ·¸ ÙÁÌ ÂÈˆ‹ÌÂÈ· ÙÔı ÛÍÂ‰·ÛÙfi9

usc�r� � fl��� ��
e�klor

r
� ft��� ��

e�ktor

r
„È· r �� �2�15�

ƒÈ·ˆÔÒ›Ú ÏÂ Ù· ÁÎÂÍÙÒ¸ÌÈ· ÂflÌ·È (i) Á ˝·ÒÓÁ ÛÙÁÌ ÂÒflÙ˘ÛÁ Ù˘Ì ÂÎ·ÛÙÈÍ˛Ì

ÍıÏ‹Ù˘Ì ‰˝Ô Î·Ù˛Ì ÛÍ›‰·ÛÁÚ Ô˝ ·ÌÙÈÛÙÔÈ˜Ô˝Ì ÙÔ ›Ì· (fl) ÛÂ ‰È·ÏfiÍÂÚ

ÛÍÂ‰·Ê¸ÏÂÌÔ Í˝Ï· Í·È ÙÔ ‹ÎÎÔ (ft) ÛÂ Â„Í‹ÒÛÈÔ Í·È (ii) ¸ÙÈ Ù· Î‹ÙÁ ÛÍ›‰·ÛÁÚ ÂflÌ·È

ÛÙÁÌ ÂÒflÙ˘ÛÁ ·ıÙfi ‰È·Ì˝ÛÏ·Ù· (ÏÂ fl � fl�r Í·È �r � ft � 0). √È· ˜·ÏÁÎ›Ú Ûı˜Ì¸ÙÁÙÂÚ

(� � 0) ÙÔ Ò·„Ï·ÙÈÍ¸ Ï›ÒÔÚ Ù˘Ì fl, ft ÙÂflÌÂÈ ÛÙÔ ÏÁ‰›Ì Û·Ì �2 ÂÌ˛ ÙÔ ˆ·ÌÙ·ÛÙÈÍ¸

Û·Ì10 �5.

œÙÈÍ¸ ËÂ˛ÒÁÏ·: ¡¸ ÙÁÌ ··flÙÁÛÁ ‰È·ÙfiÒÁÛÁÚ ÙÁÚ ÔÎÈÍfiÚ ÂÌ›Ò„ÂÈ·Ú ÒÔÍ˝ÙÂÈ

Í·È ÛÙÁÌ ÂÒflÙ˘ÛÁ Ù˘Ì ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì ÙÔ ÂflÛÁÚ „Ì˘ÛÙ¸ ·¸ Ù· ÁÎÂÍÙÒ¸ÌÈ·

ÔÙÈÍ¸ ËÂ˛ÒÁÏ· ÙÔ ÔÔflÔ ÛıÌ‰›ÂÈ Ù· Î‹ÙÁ ÛÍ›‰·ÛÁÚ ÏÂ ÙÁÌ ÂÌÂÒ„¸ ‰È·ÙÔÏfi [25].

√È· ÒÔÛflÙÔÌ ‰È·ÏfiÍÂÚ Í˝Ï· Ôı ‰È·‰fl‰ÂÙ·È Í·Ù‹ ÙÔÌ �z ‹ÓÔÌ· Á Ï·ËÁÏ·ÙÈÍfi

ÙÔı ›ÍˆÒ·ÛÁ ÂflÌ·È

�l �
4�

klo
	�fll���0 � �a2

�X
n�0

4�2n� 1�
	�Aen0�

Z2
lo

�2�16�

¸Ôı Ô Ò˛ÙÔÚ ‰ÂflÍÙÁÚ ÛÙÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ‰ÁÎ˛ÌÂÈ ÙÁÌ ¸Î˘ÛÁ ÙÔı ÒÔÛflÙÔÌÙÔÚ

Í˝Ï·ÙÔÚ Í·È Ô ‰Â˝ÙÂÒÔÚ ÙÁÌ ¸Î˘ÛÁ ÙÔı ÛÍÂ‰·Ê¸ÏÂÌÔı11. √È· Â„Í‹ÒÛÈÔ ÒÔÛflÙÔÌ

Í˝Ï·, ÔÎ˘Ï›ÌÔ ÛÙÔÌ �x ‹ÓÔÌ·

�t �
4�

kto
	��x � ftt���0 � �a2

�X
n�1

2�2n� 1�
	�Cen1 � �Bon1�

Z2
to

�2�17�

≈Ì›Ò„ÂÈ·: « ıÍÌ¸ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú ÛÂ Í‹ËÂ ÂÒÈÔ˜fi ÙÔı ˜˛ÒÔı ÂflÌ·È ‹ËÒÔÈÛÏ·

ıÍÌ¸ÙÁÙ·Ú ÍÈÌÁÙÈÍfiÚ ÂÌ›Ò„ÂÈ·Ú, ≈‘ Í·È ıÍÌ¸ÙÁÙ·Ú ‰ıÌ·ÏÈÍfiÚ ÂÌ›Ò„ÂÈ·Ú, ≈V (‰ÂÚ

9‘· Î‹ÙÁ ÛÍ›‰·ÛÁÚ, „ÂÌÈÍ‹, ÂflÌ·È ÛıÌ‹ÒÙÁÛÁ ÙÔı ÒÔÛflÙÔÌÙÔÚ Í·È ÙÔı ÛÍÂ‰·Ê¸ÏÂÌÔı

ÍıÏ·Ù·Ì˝ÛÏ·ÙÔÚ (f � f�k�k
�

�). √È· ÂÎ·ÛÙÈÍfi ÛÍ›‰·ÛÁ (flÛÔ Ï›ÙÒÔ, k, ÒÔÛflÙÔÌÙÔÚ, k, Í·È

ÛÍÂ‰·Ê¸ÏÂÌÔı, k
�

, ÍıÏ·Ù·Ì˝ÛÏ·ÙÔÚ) Í·È k Í·Ù‹ ÙÔÌ ẑ ‹ÓÔÌ·, Ù· Î‹ÙÁ ÛÍ›‰·ÛÁÚ „flÌÔÌÙ·È ÛıÌ‹ÒÙÁÛÁ

ÙÔı k Í·È Ù˘Ì „˘ÌÈ˛Ì � Í·È � (·ˆÔ˝ Á ‰ÈÂ˝ËıÌÛÁ ÙÔı k
�

Ù·ıÙflÊÂÙ·È Ï'ÂÍÂflÌÁ ÙÔı r).
10≈Ó·flÒÂÛÁ ·ÔÙÂÎÂfl Á ÂÒflÙ˘ÛÁ ÛÙÁÌ ÔÔfl· Ô ÛÍÂ‰·ÛÙfiÚ ÂflÌ·È ‹ÂÈÒ· ÛÍÎÁÒfi Ûˆ·flÒ·. ≈ÍÂfl Ù¸ÛÔ

ÙÔ ·Ò·„Ï·ÙÈÍ¸ ¸ÛÔ Í·È ÙÔ ˆ·ÌÙ·ÛÙÈÍ¸ Ï›ÒÔÚ Ù˘Ì Î·Ù˛Ì ÛÍ›‰·ÛÁÚ ÙÂflÌÂÈ ÛÙÔ ÏÁ‰›Ì Û·Ì �.
11fll ‰ÁÎ·‰fi ÂflÌ·È ÙÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ‰È·ÏfiÍÔıÚ ÛÍÂ‰·Ê¸ÏÂÌÔı Í˝Ï·ÙÔÚ Ôı ÒÔ›Ò˜ÂÙ·È ·¸

‰È·ÏfiÍÂÚ ÒÔÛflÙÔÌ.
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≈Ó.1.8) ÏÂ
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��� _ui��� _ui�
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1

2
���ij���uij� (2.18)

–·flÒÌÔÌÙ·Ú ı¸¯Á ÙÁÌ ˜ÒÔÌÈÍfi ÂÓ‹ÒÙÁÛÁ ÙÔı Í˝Ï·ÙÔÚ, ÂÍˆÒ‹ÊÔÌÙ·Ú Ù·

Ò·„Ï·ÙÈÍ‹ Ï›ÒÁ Ï›Û˘ Ù˘Ì ·ÌÙflÛÙÔÈ˜˘Ì ÏÈ„·‰ÈÍ˛Ì ÔÛÔÙfiÙ˘Ì Í·È ·flÒÌÔÌÙ·Ú

˜ÒÔÌÈÍfi Ï›ÛÁ ÙÈÏfi, Á ÔÎÈÍfi ıÍÌ¸ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú, � ≈�r� � , ÏÔÒÂfl Ì· „Ò·ˆÂfl Û·Ì12
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œ ıÔÎÔ„ÈÛÏ¸Ú ÙÔı � ≈�r� � „È· ÙÔ Û˝ÛÙÁÏ· Ûˆ·flÒ· ÛÂ ÔÏÔ„ÂÌ›Ú Ï›ÛÔ Í·È ÛÍ›‰·ÛÁ

‰È·ÏfiÍÔıÚ ÍÈ Â„Í‹ÒÛÈÔı Í˝Ï·ÙÔÚ ·Ì·ˆ›ÒÂÙ·È ·Ì·ÎıÙÈÍ‹ ÛÙÔ ·Ò‹ÒÙÁÏ· ¬.

2.3 ¡ÔÙÂÎ›ÛÏ·Ù·

œ˘Ú ·Ì·ˆ›ÒËÁÍÂ ÛÙÁÌ ÂÈÛ·„˘„fi ·ıÙÔ˝ ÙÔı ÍÂˆ·Î·flÔı ÙÔ Ò˛ÙÔ ‚fiÏ· „È· ÙÁ

Û˝Ì‰ÂÛÁ Ù˘Ì ˜·Ò·ÍÙÁÒÈÛÙÈÍ˛Ì ÙÁÚ ‰ÔÏfiÚ Ê˛ÌÁÚ ÏÂ ÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú ÙÁÚ ÂÌÂÒ„Ô˝

‰È·ÙÔÏfiÚ ÂflÌ·È Á ÏÂÎ›ÙÁ ÙÁÚ ·Ò‹ÎÎÁÎÁÚ ÂÓ‹ÒÙÁÛÁÚ ÙÔıÚ ·¸ ÙÈÚ ·Ò·Ï›ÙÒÔıÚ ÙÔı

ÒÔ‚ÎfiÏ·ÙÔÚ. –ÒÈÌ ÒÔ˜˘ÒfiÛÔıÏÂ ÛÙ· ·ÔÙÂÎ›ÛÏ·Ù· ÙÁÚ Ûı„ÍÒÈÙÈÍfiÚ ÏÂÎ›ÙÁÚ ·ıÙfiÚ

ÙÁÚ ÂÓ‹ÒÙÁÛÁÚ Ë· ·Ì·ˆ›ÒÔıÏÂ ÛıÌÔÙÈÍ‹ ÏÂÒÈÍ‹ ·¸ Ù· ÙıÈÍ‹ ˜·Ò/Í· ÙÁÚ ÂÌÂÒ„Ô˝

‰È·ÙÔÏfiÚ Ù· ÔÔfl· Ë· ˜ÒÁÛÈÏÔÔÈÁËÔ˝Ì ÛÙÁÌ ÂÒ·ÈÙ›Ò˘ ·Ì‹ÎıÛÁ.

2.3.1 ‘ıÈÍ‹ ˜·Ò·ÍÙÁÒÈÛÙÈÍ‹ ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ

ÃÈ· ÙıÈÍfi ÏÔÒˆfi ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÛÍ›‰·ÛÁÚ ˆ·flÌÂÙ·È ÛÙÔ ”˜.2.1 ‘Ô ”˜.2.1(a)

‰Âfl˜ÌÂÈ ÙÁÌ ÂÌÂÒ„¸ ‰È·ÙÔÏfi „È· ÒÔÛflÙÔÌ ‰È·ÏfiÍÂÚ Í˝Ï· ÂÌ˛ ÙÔ ”˜.2.1(b) „È·

Â„Í‹ÒÛÈÔ ÛÙÁÌ ÂÒflÙ˘ÛÁ ``ÛÍÎÁÒ˛Ì'' ÛÙÂÒÂ˛Ì ÏÂ cl�ct �
p

2. « ÂÌÂÒ„¸Ú ‰È·ÙÔÏfi

¸˘Ú ˆ·flÌÂÙ·È ÛÙÔ ”˜.2.1 ·ÔÙÂÎÂflÙ·È ·¸ ÔÓÂflÚ ÛıÌÙÔÌÈÛÏÔ˝Ú ÏÂ ÏÈ· ÂÒÈÔ˜fi

·ÛËÂÌ›ÛÙÂÒÁÚ ÛÍ›‰·ÛÁÚ ·Ì‹ÏÂÛ· Û' ·ıÙÔ˝Ú. œÈ ÛıÌÙÔÌÈÛÏÔfl ·ıÙÔfl ·Ò·ÙÁÒÔ˝ÌÙ·È

¸Ù·Ì Á Ûı˜Ì¸ÙÁÙ· ÙÔı ÒÔÛflÙÔÌÙÔÚ Í˝Ï·ÙÔÚ ÛıÏflÙÂÈ ÏÂ Í‹ÔÈ· ·¸ ÙÈÚ

È‰ÈÔÙ·Î·ÌÙ˛ÛÂÈÚ ÙÁÚ Ûˆ·flÒ·Ú.  ·Ë›Ì·Ú ·¸ ÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú ÂflÌ·È ÛıÌÂÈÛˆÔÒ‹

ÂÌ¸Ú Ûˆ·ÈÒÈÍÔ˝ ÏÂÒÈÍÔ˝ Í˝Ï·ÙÔÚ (n) ÙÔ ÔÔflÔ ‰ÁÎ˛ÌÂÙ·È ÛÙÔ ”˜.2.1 ÏÂ ›Ì· ·ÒÈËÏ¸

‰flÎ· fi ‹Ì˘ ·¸ ÙÔÌ ·ÌÙflÛÙÔÈ˜Ô ÛıÌÙÔÌÈÛÏ¸. ”ÁÏÂÈ˛ÌÂÙ·È ¸ÙÈ ÛÙÁÌ ÂÒflÙ˘ÛÁ

Â„Í‹ÒÛÈÔı ÒÔÛflÙÔÌÙÔÚ Í˝Ï·ÙÔÚ ‰ÂÌ ı‹Ò˜ÂÈ ÛıÌÙÔÌÈÛÏ¸Ú ÒÔÂÒ˜¸ÏÂÌÔÚ ·¸ ÙÔ

n � 0 Ûˆ·ÈÒÈÍ¸ Í˝Ï· ÙÔ ÔÔflÔ ÂflÌ·È Ï¸ÌÔ ‰È·ÏfiÍÂÚ13 ÍÈ ÂflÛÁÚ ¸ÙÈ ÙÔ ÏÂ„·Î˝ÙÂÒÔ

Ï›ÒÔÚ ÙÁÚ ÛÍÂ‰·Ê¸ÏÂÌÁÚ ÂÌ›Ò„ÂÈ·Ú ÂflÌ·È ÏÂ ÏÔÒˆfi Â„Í‹ÒÛÈÔı Í˝Ï·ÙÔÚ.

œÈ ÛıÌÙÔÌÈÛÏÔfl „È· Ò¸ÛÙ˘ÛÁ ‰È·ÏfiÍÔıÚ Í˝Ï·ÙÔÚ (”˜.2.1(a)) (ÂÓ·ÈÒ˛ÌÙ·Ú ·ıÙÔ˝Ú

Ôı ÒÔ›Ò˜ÔÌÙ·È ·¸ ÙÔ n � 0) ÛıÏflÙÔıÌ ÛÂ Ë›ÛÁ ÏÂ ÛıÌÙÔÌÈÛÏÔ˝Ú „È· Ò¸ÛÙ˘ÛÁ

Â„Í‹ÒÛÈÔı (”˜.2.1(b)). œÈ ÛıÏflÙÔÌÙÂÚ ·ıÙÔfl ÛıÌÙÔÌÈÛÏÔfl ÂflÌ·È ÛıÌÂÈÛˆÔÒ‹ Ù˘Ì

12”ÙÁÌ ÂÓflÛ˘ÛÁ 2.19 ı‹Ò˜ÂÈ ›Ì·Ú ÒÔÚ ›Ì· ·ÌÙÈÛÙÔÈ˜fl· Ù˘Ì ¸Ò˘Ì ÙÔı ÏÂÛ·flÔı ÏÂ ÙÔıÚ ¸ÒÔıÚ ÙÔı

‰ÂÓÈÔ˝ Ï›ÎÔıÚ.
13‘Ô n � 0 (Ûˆ·ÈÒÈÍ‹ ÛıÏÏÂÙÒÈÍ¸) Í˝Ï· ·ÌÙÈÛÙÔÈ˜Âfl ÛÂ Ûˆ·ÈÒÈÍ‹ ÛıÏÏÂÙÒÈÍfi Ù·Î‹ÌÙ˘ÛÁ ÙÁÚ Ûˆ·flÒ·Ú

Á ÔÔfl· ‰ÂÌ ÏÔÒÂfl Ì· ‰ÈÂ„ÂÒËÂfl ·¸ ÙÔ Â„Í‹ÒÛÈÔ ÒÔÛflÙÔÌ Í˝Ï· ¸˘Ú ˆ·flÌÂÙ·È ·¸ ÙÁÌ ≈Ó.2.5.
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”˜. 2.1: œÎÈÍfi ÂÌÂÒ„¸Ú ‰È·ÙÔÏfi „È· ‰È·ÏfiÍÂÚ (a) ÍÈ Â„Í‹ÒÛÈÔ (b) ÒÔÛflÙÔÌ Í˝Ï·. cl�cs �
21�2 „È· ÙÁ Ûˆ·flÒ· Í·È ÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ, �o��i � 1 Í·È clo�cli � 5�48. a ÂflÌ·È Á ·ÍÙflÌ·

ÙÁÚ Ûˆ·flÒ·Ú Í·È klo � ��clo Ô ‰È·ÏfiÍÁÚ ÍıÏ·Ù‹ÒÈËÏÔÚ ÛÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ. œ ·ÒÈËÏ¸Ú

‰flÎ· fi ‹Ì˘ ·¸ Í‹ËÂ ÛıÌÙÔÌÈÛÏ¸ ‰ÁÎ˛ÌÂÈ ÙÁÌ ıÂ˝ËıÌÁ „È· ÙÁÌ ÒÔ›ÎÂıÛfi ÙÔı Ûˆ·ÈÒÈÍfi

·ÒÏÔÌÈÍfi.

fl‰È˘Ì ÏÂÒÈÍ˛Ì ÍıÏ‹Ù˘Ì ¸˘Ú ˆ·flÌÂÙ·È ·¸ ÙÔıÚ ·ÒÈËÏÔ˝Ú ÛÙÔ ”˜.2.1 Í·È Ï‹ÎÈÛÙ·

ÙÁÚ l Í·È n ÛıÌÈÛÙ˛Û·Ú ÙÔıÚ. ”ÙÁÌ ÂÒflÙ˘ÛÁ Â„Í‹ÒÛÈÔı ÒÔÛflÙÔÌÙÔÚ Í˝Ï·ÙÔÚ

ı‹Ò˜ÔıÌ ÂÈÎ›ÔÌ ÛıÌÙÔÌÈÛÏÔfl (ÒÔÂÒ˜¸ÏÂÌÔÈ ·¸ ÙÁÌ m ÛıÌÈÛÙ˛Û·) ÔÈ ÔÔflÔÈ

ÛÙÈÚ ÂÒÈÛÛ¸ÙÂÒÂÚ ÂÒÈÙ˛ÛÂÈÚ ıÎÈÍ˛Ì ÂflÌ·È ÔÎ˝ ÔÓÂflÚ (‰ÂÚ. ˜. ÙÔÌ ‰Â˝ÙÂÒÔ

Í·È Ù›Ù·ÒÙÔ ÛıÌÙÔÌÈÛÏ¸ ÙÔı ”˜.2.1(b)). ‘›ÙÔÈÔÈ ÔÓÂflÚ ÛıÌÙÔÌÈÛÏÔfl ·ÌÙÈÛÙÔÈ˜ÔıÌ ÛÂ

ÔÎ˝ ÏÂ„‹ÎÁ Ûı„Í›ÌÙÒ˘ÛÁ ÂÌ›Ò„ÂÈ·Ú ÛÙÔ ÂÛ˘ÙÂÒÈÍ¸ ÙÁÚ Ûˆ·flÒ·Ú ÛÂ Û˜›ÛÁ ÏÂ ÙÁ

ÛÍÂ‰·Ê¸ÏÂÌÁ ıÍÌ¸ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú. ¡ÌÙflËÂÙ· ÈÔ ÂıÒÂflÚ ÛıÌÙÔÌÈÛÏÔfl ÛıÌÔ‰Â˝ÔÌÙ·È

·¸ ÏÂ„·Î˝ÙÂÒÁ ÂÍÒÔfi ÂÌ›Ò„ÂÈ·Ú ·¸ ÙÔ ÂÛ˘ÙÂÒÈÍ¸ ÙÁÚ Ûˆ·flÒ·Ú ÛÙÔ ÂÓ˘ÙÂÒÈÍ¸ ÙÁÚ.

”ÙÁÌ ÂÒflÙ˘ÛÁ ÙÔı ”˜.2.1 ¸˘Ú Í·È ÛÂ Í‹ËÂ ÂÒflÙ˘ÛÁ ÛÙÁÌ ÔÔfl· ÙÔ ÂÒÈ‚‹ÎÎÔÌ

Ï›ÛÔ ÂflÌ·È ``ÛÍÎÁÒ¸'' ÛÙÂÒÂ¸ (cl�ct �
p

2) Ô Ò˛ÙÔÚ ÛıÌÙÔÌÈÛÏ¸Ú ÒÔ›Ò˜ÂÙ·È ·¸

ÙÔ Ûˆ·ÈÒÈÍ¸ Í˝Ï· ÏÂ n � 1. ¡ÌÙflËÂÙ· ÛÙÈÚ ÂÒÈÙ˛ÛÂÈÚ ÛÙÈÚ ÔÔflÂÚ ÙÔ ÂÒÈ‚‹ÎÎÔÌ

Ï›ÛÔ ÂflÌ·È ÒÂıÛÙ¸ Á Ò˛ÙÁ ÍÔÒıˆfi ÛÙÁÌ ÂÌÂÒ„¸ ‰È·ÙÔÏfi ÔˆÂflÎÂÙ·È ÛÙÔ n � 0 Í˝Ï·.

ÃÈ· Ù›ÙÔÈ· ÂÒflÙ˘ÛÁ ÂflÌ·È ÂÍÂflÌÁ ÙÔı ”˜.2.2(a) ¸Ôı ÂÈÍÔÌflÊÂÙ·È ÏÈ· ÙıÈÍfi ÏÔÒˆfi

ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÛÍ›‰·ÛÁÚ ·¸ Ûˆ·flÒ· ‚ıËÈÛÏ›ÌÁ ÛÂ ı„Ò¸. »· Ò›ÂÈ Ì· ÛÁÏÂÈ˘ËÂfl

¸ÙÈ ¸Ù·Ì ÂflÙÂ Á Ûˆ·flÒ· ÂflÙÂ ÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ ÂflÙÂ Í·È Ù· ‰˝Ô ÂflÌ·È ÒÂıÛÙ‹, ÔÈ

‰È·‰Ô˜ÈÍÔfl (Ì � 1� Ì) ÛıÌÙÔÌÈÛÏÔfl ÙÁÚ Í‹ËÂ ÏÂÒÈÍfiÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ �l�n� ·›˜ÔıÌ

ÏÂÙ·Ó˝ ÙÔıÚ ÛÙ·ËÂÒfi ·¸ÛÙ·ÛÁ Ù›ÙÔÈ· ˛ÛÙÂ �d�
li�Ì�1 � �d�
li�Ì � 1 (
li � 2��kli,

d � 2a)14

¡Ì·ˆ›ÒÔıÏÂ Ù›ÎÔÚ ›Ì· ·ÓÈÔÛÁÏÂfl˘ÙÔ ·ÔÙ›ÎÂÛÏ· ÙÔ ÔÔflÔ Ë· ˜ÒÁÛÈÏÔÔÈÁËÂfl „È·

ÙÁÌ Í·Ù·Ì¸ÁÛÁ ‚·ÛÈÍ˛Ì ·ÔÙÂÎÂÛÏ‹Ù˘Ì: œÙ·Ì Á Ûˆ·flÒ· ÂflÌ·È Û˜ÂÙÈÍ‹ ÍÔÌÙ‹ ÛÂ

·Ò·Ï›ÙÒÔıÚ ÛÙÁÌ ‹ÂÈÒ· ÛÍÎÁÒfi (fi ‹‰ÂÈ·) Ûˆ·flÒ· ÙÔ Í‹ËÂ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ, fj
�j � l� s�, ÏÔÒÂfl Ì· „Ò·ˆÂfl Û·Ì ‹ËÒÔÈÛÏ· ‰˝Ô ÛıÏ‚·ÎÎ¸ÏÂÌ˘Ì ¸Ò˘Ì [18, 19, 20, 21,

22, 23]. œ Ò˛ÙÔÚ ¸ÒÔÚ (fj�0�) Ù·ıÙflÊÂÙ·È ÏÂ ÙÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ‹ÂÈÒ· ÛÍÎÁÒfiÚ

(fi ‹‰ÂÈ·Ú) Ûˆ·flÒ·Ú ‚ıËÈÛÏ›ÌÁÚ ÛÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ. ¡ıÙ¸Ú Ô ¸ÒÔÚ ·ÌÙÈÛÙÔÈ˜Âfl ÛÂ

ÛÍ›‰·ÛÁ ·¸ ÙÔ Û˝ÌÔÒÔ ÙÁÚ Ûˆ·flÒ·Ú ·ÌÂÓ‹ÒÙÁÙ· ·¸ ÙÔ ıÎÈÍ¸ ÙÁÚ. ”ÙÈÚ ÂÒÈÔ˜›Ú

Ûı˜ÌÔÙfiÙ˘Ì Ôı ÍıÒÈ·Ò˜Âfl ‰ÂÌ ı‹Ò˜ÂÈ ÛÁÏ·ÌÙÈÍfi ÂÈÛÒÔfi Í˝Ï·ÙÔÚ Ï›Û· ÛÙÁ Ûˆ·flÒ·

14¡Ì ÂÓ·ÈÒ›ÛÂÈ Í·ÌÂflÚ ÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú Ôı ÒÔ›Ò˜ÔÌÙ·È ·¸ ÙÁÌ m ÛıÌÈÛÙ˛Û· ÙÔı Í˝Ï·ÙÔÚ ÈÛ˜˝ÂÈ

ÙÔ fl‰ÈÔ Í·È „È· ÙÈÚ �t�n� ¸Ù·Ì Ûˆ·flÒ· ·¸ ı„Ò¸ ÂflÌ·È ‚ıËÈÛÏ›ÌÁ ÛÂ ÛÙÂÒÂ¸ ÂÎ·ÛÙÈÍ¸ Ï›ÛÔ.
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”˜. 2.2: (a) : ≈ÌÂÒ„¸Ú ‰È·ÙÔÏfi „È· ÛÍ›‰·ÛÁ Í˝Ï·ÙÔÚ ·¸ Ûˆ·flÒ· ·¸ ı„Ò¸ ‚ıËÈÛÏ›ÌÁ ÛÂ

ı„Ò¸ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ ÏÂ clo�cli � 3, �o��i � 3 Í·È cso � csi � 0. (b) : ≈ÌÂÒ„¸Ú ‰È·ÙÔÏfi

„È· ÛÍ›‰·ÛÁ ·¸ ÍÂÌfi Ûˆ·flÒ· ‚ıËÈÛÏ›ÌÁ ÛÙÔ fl‰ÈÔ ÏÂ ÙÔ (a) ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ (‰È·ÍÂÍÔÏÏ›ÌÁ

„Ò·ÏÏfi) Í·È ÂÌÂÒ„¸Ú ‰È·ÙÔÏfi Ôı ÒÔÍ˝ÙÂÈ ·Ì ·¸ ÙÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ÙÁÚ Ûˆ·flÒ·Ú ·¸

ı„Ò¸ ·ˆ·ÈÒ›ÛÔıÏÂ ÙÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ÙÁÚ ÍÂÌfiÚ Ûˆ·flÒ·Ú (ÛıÌÂ˜fiÚ „Ò·ÏÏfi). a : ·ÍÙflÌ·

Ûˆ·flÒ·Ú klo � ��clo Ô ÍıÏ·Ù‹ÒÈËÏÔÚ ÛÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ. œ ·ÒÈËÏ¸Ú ‰flÎ· fi ‹Ì˘ ·¸

Í‹ËÂ ÛıÌÙÔÌÈÛÏ¸ ‰ÁÎ˛ÌÂÈ ÙÁÌ ıÂ˝ËıÌÁ „È· ÙÁÌ ÒÔ›ÎÂıÛfi ÙÔı Ûˆ·ÈÒÈÍfi ·ÒÏÔÌÈÍfi.

¸˘Ú ÈÛÙÔÔÈÂflÙ·È ·¸ ıÔÎÔ„ÈÛÏÔ˝Ú ÙÁÚ ıÍÌ¸ÙÁÙ·Ú ÂÌ›Ò„ÂÈ·Ú ÛÙ· Î·flÛÈ· ÙÁÚ

·ÒÔ˝Û·Ú ÂÒ„·Ûfl·Ú. œ ‰Â˝ÙÂÒÔÚ ¸ÒÔÚ (fj � fj�0�) ‰flÌÂÈ ÏÈ· ·ÍÔÎÔıËfl· ÛıÌÙÔÌÈÛÏ˛Ì

Í·Î‹ ˜˘ÒÈÛÏ›Ì˘Ì ·¸ ÂÒÈÔ˜›Ú Û˜Â‰¸Ì ÏÁ‰ÂÌÈÍfiÚ ÛÍ›‰·ÛÁÚ. œÈ ÛıÌÙÔÌÈÛÏÔfl ·ıÙÔfl

ÂflÌ·È ˜·Ò·ÍÙÁÒÈÛÙÈÍÔfl ÙÔı ıÎÈÍÔ˝ ÙÁÚ Ûˆ·flÒ·Ú Í·È ·ÌÙÈÛÙÔÈ˜Ô˝Ì ÛÂ Ûı˜Ì¸ÙÁÙÂÚ

Ï›„ÈÛÙÁÚ ·ÔÒÒ¸ˆÁÛÁÚ ÙÔı Í˝Ï·ÙÔÚ ·¸ ÙÔ ıÎÈÍ¸ ·ıÙ¸. À·Ï‚‹ÌÔÌÙ·Ú ı¸¯Á ÙÔ

ÔÙÈÍ¸ ËÂ˛ÒÁÏ· ·ÌÙflÛÙÔÈ˜ÂÚ ÏÂ Ù· Î‹ÙÁ ÛÍ›‰·ÛÁÚ ÂÈÍ¸ÌÂÚ ›˜ÔıÏÂ Í·È „È· ÙÁÌ

ÂÌÂÒ„¸ ‰È·ÙÔÏfi ÛÍ›‰·ÛÁÚ ÏÂ ÏÈ· ÙıÈÍfi ÂÈÍ¸Ì· ÙÔ ”˜.2.2(b).

2.3.2 ≈Ó‹ÒÙÁÛÁ ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ·¸ ÙÈÚ ·Ò·Ï›ÙÒÔıÚ Ù˘Ì ıÎÈÍ˛Ì

« Ûı„ÍÒÈÙÈÍfi ÂÓ‹ÒÙÁÛÁ ˜‹ÛÏ·ÙÔÚ Í·È ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÛÍ›‰·ÛÁÚ ·¸ ·Ò·Ï›ÙÒÔıÚ

¸˘Ú Î¸„Ô Ù·˜ıÙfiÙ˘Ì Ù˘Ì ıÎÈÍ˛Ì, Î¸„Ô ıÍÌÔÙfiÙ˘Ì Í·È ÛÍÎÁÒ¸ÙÁÙ· (cl�ct),

·ÒÔıÛÈ‹ÊÂÙ·È ÂÍÙÂÙ·Ï›Ì· ÛÙÔ ·Ò‹ÒÙÁÏ· ƒ. ”Â ¸ÙÈ ·ÍÔÎÔıËÂfl ÂÈ˜ÂÈÒÂflÙ·È ÏÈ·

ÛıÌÔÙÈÍfi ·Ì·ˆÔÒ‹ Ù˘Ì ÍıÒÈÔÙ›Ò˘Ì ·ÔÙÂÎÂÛÏ‹Ù˘Ì.

≈Ó‹ÒÙÁÛÁ ·¸ ÙÔÌ Î¸„Ô Ù·˜ıÙfiÙ˘Ì clo�cli : œ˘Ú ·Ì·ˆ›ÒËÁÍÂ ÛÙÁÌ ÂÈÛ·„˘„fi

·ıÙÔ˝ ÙÔı ÍÂˆ·Î·flÔı ÙÔ ˜‹ÛÏ· (·ÔıÛfl· ‰È·ˆÔÒ‹Ú ıÍÌÔÙfiÙ˘Ì Í·È ÍÒ·Ù˛ÌÙ·Ú

ÛÙ·ËÂÒfi ÙÁÌ ÛÍÎÁÒ¸ÙÁÙ·, cl�ct, Ù˘Ì ıÎÈÍ˛Ì) ÂıÌÔÂflÙ·È ·¸ ÙÁÌ ·˝ÓÁÛÁ ÙÔı Î¸„Ôı

clo�cli. ¡ıÓ‹ÌÔÌÙ·Ú ÙÔ clo�cli „È· ÙÈÏ›Ú ÏÂ„·Î˝ÙÂÒÂÚ ·¸ ÏÔÌ‹‰· ÙÔ ˜‹ÛÏ· ·Ì ı‹Ò˜ÂÈ

„flÌÂÙ·È ¸ÎÔ Í·È ÂıÒ˝ÙÂÒÔ ˆÙ‹ÌÔÌÙ·Ú ÏÈ· ÙÈÏfi ÍÔÒÂÛÏÔ˝. ¡ÌÙflËÂÙ· ÂÎ‹ÙÙ˘ÛÁ ÙÔı

Î¸„Ôı clo�cli ÛÂ ÙÈÏ›Ú ÏÈÍÒ¸ÙÂÒÂÚ ·¸ ÏÔÌ‹‰· ÂÌ˛ ÂflÛÁÚ ÛıÌÂ‹„ÂÙ·È ·˝ÓÁÛÁ ÙÁÚ

‰È·ˆÔÒ‹Ú ·Ì‹ÏÂÛ· ÛÙ· ‰ıÔ ıÎÈÍ‹ ‰ÂÌ ˆ·flÌÂÙ·È Ì· ÂıÌÔÂfl ÙÁÌ ÂÏˆ‹ÌÈÛÁ ˜‹ÛÏ·ÙÔÚ.

œÛÔÌ ·ˆÔÒ‹ ÙÁÌ ÂÌÂÒ„¸ ‰È·ÙÔÏfi, „È· clo�cli � 1 ‰ÁÎ·‰fi ÛÍÂ‰·ÛÙfi ˜·ÏÁÎfiÚ

Ù·˜˝ÙÁÙ·Ú ÛÂ ı¯ÁÎfiÚ Ù·˜˝ÙÁÙ·Ú ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ, Á ·˝ÓÁÛÁ ÙÔı clo�cli ÒÔÍ·ÎÂfl15

(i) ÙÁÌ ÂÏˆ‹ÌÈÛÁ ÔÎÔ›Ì· Í·È ÈÔ ÔÓÂfl˘Ì (ı¯ÁÎ¸ÙÂÒ˘Ì Í·È ÛÙÂÌ¸ÙÂÒ˘Ì) ÛıÌÙÔÌÈÛÏ˛Ì,

(ii) ÔÈ ÛıÌÙÔÌÈÛÏÔfl ·ıÙÔfl ›˜ÔıÌ ÙÁÌ Ù‹ÛÁ Ì· ›Ò˜ÔÌÙ·È ÍÔÌÙ˝ÙÂÒ· ÛÂ Ë›ÛÁ Ô ›Ì·Ú

15 Ò·Ù˛ÌÙ·Ú ÛÙ·ËÂÒfi ÙÁ ÛÍÎÁÒ¸ÙÁÙ· (cl�ct) Ù¸ÛÔ ÙÁÚ Ûˆ·flÒ·Ú ¸ÛÔ Í·È ÙÔı ÂÒÈ‚‹ÎÎÔÌÙÔÚ Ï›ÛÔı.
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ÛÙÔÌ ‹ÎÎÔ Í·È Ì· ÏÂÙ·ÍÈÌÔ˝ÌÙ·È ÛÂ ˜·ÏÁÎ¸ÙÂÒÂÚ Ûı˜Ì¸ÙÁÙÂÚ Í·È (iii) ÂÎ·ÙÙ˛ÌÂÙ·È Á

ÛÍ›‰·ÛÁ ÛÙÈÚ ÂÒÈÔ˜›Ú Ûı˜ÌÔÙfiÙ˘Ì ·Ì‹ÏÂÛ· ÛÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú (ı¸‚·ËÒÔ).

√È· clo�cli � 1, Á ÂÎ‹ÙÙ˘ÛÁ ÙÔı clo�cli ·Ò‹ ÙÔ ¸ÙÈ ·ıÓ‹ÌÂÈ ÙÁ ‰È·ˆÔÒ‹ ·Ì‹ÏÂÛ· ÛÂ

Ûˆ·flÒ· Í·È ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ ‰ÂÌ ÒÔÍ·ÎÂfl ·ÈÛËÁÙfi ·ÎÎ·„fi ÛÙÁÌ ÂÌÂÒ„¸ ‰È·ÙÔÏfi Á

ÔÔfl· ·Ò·Ï›ÌÂÈ ˜·ÏÁÎfi ÛÂ ÙÈÏ›Ú Í·È ÔÏ·Îfi ÛÙÁÌ ÂÓ‹ÒÙÁÛfi ÙÁÚ ·¸ ÙÁ Ûı˜Ì¸ÙÁÙ·.

« ‰È·ˆÔÒ‹ ·ıÙfi ÏÂÙ·Ó˝ Ù˘Ì ÂÒÈÙ˛ÛÂ˘Ì clo�cli � 1 Í·È clo�cli � 1 ‰ÂÌ

ÂflÌ·È ·Ò¸ÛÏÂÌÁ ·Ì ÛÍÂˆÙÂfl Í·ÌÂflÚ ¸ÙÈ ÛÍÂ‰·ÛÙ›Ú ÏÂ ˜·ÏÁÎfi Ù·˜˝ÙÁÙ· ‰È‹‰ÔÛÁÚ

·ÌÙÈÛÙÔÈ˜Ô˝Ì ÛÂ ‚·ËÂÈ‹ Á„‹‰È· ‰ıÌ·ÏÈÍÔ˝ ÛÙÁÌ ÂÓflÛ˘ÛÁ Schr�odinger. œ˘Ú ÂflÌ·È

„Ì˘ÛÙ¸ ‚·Ë˝ Á„‹‰È ‰ıÌ·ÏÈÍÔ˝ ÛÙÔ ÁÎÂÍÙÒÔÌÈÍ¸ Ò¸‚ÎÁÏ· ÛıÌÂ‹„ÂÙ·È ›ÌÙÔÌÔıÚ

ÛıÌÙÔÌÈÛÏÔ˝Ú ÛÙÁÌ ÂÌÂÒ„¸ ‰È·ÙÔÏfi.

œ˘Ú ÂflÛÁÚ ˆ·flÌÂÙ·È ·¸ Ù· ·Ò·‹Ì˘, ›ÌÙÔÌÂÚ ÍÔÒıˆ›Ú ÛÙÁ ÛÍ›‰·ÛÁ ·¸ Ïfl·

Ûˆ·flÒ· ÂıÌÔÔ˝Ì ÙÁÌ ˝·ÒÓÁ ˜‹ÛÏ·ÙÔÚ ÛÙÔ Û˝ÛÙÁÏ· Ù˘Ì ÂÒÈÔ‰ÈÍ‹ ÙÔÔËÂÙÁÏ›Ì˘Ì

¸ÏÔÈ˘Ì Ûˆ·ÈÒ˛Ì.

≈Ó‹ÒÙÁÛÁ ·¸ ÙÔ Î¸„Ô ıÍÌÔÙfiÙ˘Ì �o��i : œÛÔÌ ·ˆÔÒ‹ ÙÁÌ ÂÓ‹ÒÙÁÛÁ ÙÁÚ ÂÌÂÒ„Ô˝

‰È·ÙÔÏfiÚ ·¸ ÙÔ Î¸„Ô �o��i Á ·˝ÓÁÛÁ ·ıÙÔ˝ ÙÔı Î¸„Ôı „È· ı„Ò‹ ÛıÌÂ‹„ÂÙ·È

·ÓÈÔÛÁÏÂfl˘ÙÁ ·˝ÓÁÛÁ ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÛÍ›‰·ÛÁÚ. « ÈÔ ‰Ò·Ï·ÙÈÍfi ·˝ÓÁÛÁ

ÛıÏ‚·flÌÂÈ ÛÙÔÌ Ò˛ÙÔ ÛıÌÙÔÌÈÛÏ¸ Ô ÔÔflÔÚ ¸˘Ú ›˜ÂÈ ·Ì·ˆÂÒËÂfl ÂflÌ·È ÛıÌÂÈÛˆÔÒ‹

ÙÔı n � 0 Ûˆ·ÈÒÈÍÔ˝ Í˝Ï·ÙÔÚ Í·È ÛÙÔ ı¸‚·ËÒÔ (ÛÍ›‰·ÛÁ ÛÙÁÌ ÂÒÈÔ˜fi Ûı˜ÌÔÙfiÙ˘Ì

·Ì‹ÏÂÛ· ÛÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú) ÙÔ ÔÔflÔ ÂflÛÁÚ ÂflÌ·È ÛıÌÂÈÛˆÔÒ‹ ÙÔı n � 0 Í˝Ï·ÙÔÚ.

√È· ÛÙÂÒÂ‹ ·ÌÙflËÂÙ· Á ·˝ÓÁÛÁ ÙÔı Î¸„Ôı �o��i ÛıÌÂ‹„ÂÙ·È ÂÎ‹ÙÙ˘ÛÁ Í·È ÙÔı ˝¯ÔıÚ

Í·È ÙÔı Â˝ÒÔıÚ Ù˘Ì ÛıÌÙÔÌÈÛÏ˛Ì. œÈ ÛıÌÙÔÌÈÛÏÔfl ÛÙÁÌ ÂÒflÙ˘ÛÁ ·ıÙfi ÂıÌÔÔ˝ÌÙ·È

·¸ Ûˆ·flÒ· ı¯ÁÎfiÚ ıÍÌ¸ÙÁÙ·Ú ÛÂ ˜·ÏÁÎfiÚ ıÍÌ¸ÙÁÙ·Ú ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ.

« ÂÓ‹ÒÙÁÛÁ ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ·¸ ÙÔ Î¸„Ô Ù˘Ì ıÍÌÔÙfiÙ˘Ì Ûı„ÍÒÈÌ¸ÏÂÌÁ

ÏÂ ÙÁÌ ·Ì·ˆÂÒËÂflÛ· ÛÙÁÌ ÂÈÛ·„˘„fi ·ıÙÔ˝ ÙÔı ÍÂˆ·Î·flÔı ÂÓ‹ÒÙÁÛÁ ÙÔı ˜‹ÛÏ·ÙÔÚ

·¸ ÙÔÌ fl‰ÈÔ Î¸„Ô ‰Âfl˜ÌÂÈ ÂflÛÁÚ ¸ÙÈ ÂÌÙÔÌ¸ÙÂÒÂÚ ÍÔÒıˆ›Ú ÛÙÁÌ ÂÌÂÒ„¸ ‰È·ÙÔÏfi

ÛıÌÂ‹„ÔÌÙ·È ÏÂ„·Î˝ÙÂÒÔ ˜‹ÛÏ·. Ã›ÌÂÈ Ì· Í·Ù·ÌÔÁËÂfl Á Á„fi ÙÁÚ ‰È·ˆÔÒ‹Ú ÏÂÙ·Ó˝

ÛÙÂÒÂ˛Ì ÍÈ ı„Ò˛Ì ÛÙÁÌ ÂÓ‹ÒÙÁÛÁ ·¸ ÙÔ Î¸„Ô Ù˘Ì ıÍÌÔÙfiÙ˘Ì. « ‰È·ˆÔÒ‹ ·ıÙfi

ÏÔÒÂfl Ì· Í·Ù·ÌÔÁËÂfl ·Ì ÛÍÂˆÙÂfl Í·ÌÂflÚ ¸ÙÈ ÛÙÁÌ ÂÒflÙ˘ÛÁ Ù˘Ì ı„Ò˛Ì Í·È Á

Ò˛ÙÁ ÍÔÒıˆfi ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ Í·È ÙÔ ı¸‚·ËÒÔ ÔˆÂflÎÔÌÙ·È ·ÔÍÎÂÈÛÙÈÍ‹

ÛÙÁ ÛıÌÂÈÛˆÔÒ‹ ÙÔı n � 0 ÏÂÒÈÍÔ˝ Í˝Ï·ÙÔÚ Á ÔÔfl· ÂflÌ·È Û˜Â‰¸Ì ·Ì˝·ÒÍÙÁ ÛÙÁÌ

ÂÒflÙ˘ÛÁ Ù˘Ì ``ÛÍÎÁÒ˛Ì'' ÛÙÂÒÂ˛Ì (ÛÂ ÛÙÂÒÂ‹ Î¸„˘ ÙÔı ÏÂ„‹ÎÔı ct Á ÛÍ›‰·ÛÁ

Â„Í‹ÒÛÈÔı Í˝Ï·ÙÔÚ ÍıÒÈ·Ò˜Âfl ÛÙÁÌ ÂÌÂÒ„¸ ‰È·ÙÔÏfi). « n � 0 ·ıÙfi ÛÍ›‰·ÛÁ Ôı

·ÌÙÈÛÙÔÈ˜Âfl ÛÂ Ûˆ·ÈÒÈÍ‹ ÛıÏÏÂÙÒÈÍ›Ú Ù·Î·ÌÙ˛ÛÂÈÚ ÙÁÚ Ûˆ·flÒ·Ú ÏÂ„ÈÛÙÔÔÈÂflÙ·È ÏÂ

ÙÁÌ ·˝ÓÁÛÁ ÙÔı Î¸„Ôı �o��i ÏÈ· Í·È Ûˆ·flÒ· ·¸ ¸˜È ıÍÌ¸ ıÎÈÍ¸ Ï›Û· ÛÂ ı„Ò¸

ÏÔÒÂfl Ì· ‰˛ÛÂÈ ÂÌÙÔÌ¸ÙÂÒÂÚ È‰ÈÔÙ·Î·ÌÙ˛ÛÂÈÚ Í·È ‹Ò· ÂÌÙÔÌ¸ÙÂÒÁ ÛÍ›‰·ÛÁ ÛÂ Û˜›ÛÁ

ÏÂ Ûˆ·flÒ· ·¸ ıÍÌ¸ ıÎÈÍ¸.

≈Ó‹ÒÙÁÛÁ ·¸ ÙÁÌ ÛÍÎÁÒ¸ÙÁÙ· Ù˘Ì ıÎÈÍ˛Ì clo�cto Í·È cli�cti : œÛÔÌ ·ˆÔÒ‹

ÙÁÌ ÂÓ‹ÒÙÁÛÁ ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ·¸ ÙÁÌ ÛÍÎÁÒ¸ÙÁÙ· ÙÁÚ Ûˆ·flÒ·Ú, cli�cti, Í·È

ÙÔı ÂÒÈ‚‹ÎÎÔÌÙÔÚ Ï›ÛÔı, clo�cto, ·ÓflÊÂÈ Ì· ÛÁÏÂÈ˘ËÂfl ¸ÙÈ Ù· ·ÔÙÂÎ›ÛÏ·Ù· ÛÂ

¸ÎÂÚ ÙÈÚ ÂÒÈÙ˛ÛÂÈÚ Ôı ÏÂÎÂÙfiËÁÍ·Ì ˆ‹ÌÁÍ·Ì Ì· ÂflÌ·È ÔÎ˝ ÈÔ Âı·flÛËÁÙ· ÛÙÁÌ

ÛÍÎÁÒ¸ÙÁÙ· ÙÔı ÂÒÈ‚‹ÎÎÔÌÙÔÚ Ï›ÛÔı ·' ¸ÙÈ ÛÙÁ ÛÍÎÁÒ¸ÙÁÙ· ÙÁÚ Ûˆ·flÒ·Ú. ≈ÙÛÈ Á

ÂÒflÙ˘ÛÁ Ûˆ·flÒ·Ú ·¸ ı„Ò¸ ÛÂ ÛÙÂÒÂ¸ (ı„Ò¸) Ï›ÛÔ ‰flÌÂÈ ÔÎ˝ ·Ò¸ÏÔÈ· ÂÌÂÒ„¸

‰È·ÙÔÏfi ÏÂ ÙÁÌ ÂÒflÙ˘ÛÁ Ûˆ·flÒ·Ú ·¸ ÛÙÂÒÂ¸ ÛÂ ÛÙÂÒÂ¸ (ı„Ò¸) Ï›ÛÔ (¸Ù·Ì Ô Î¸„ÔÚ

Ù·˜ıÙfiÙ˘Ì Í·È ıÍÌÔÙfiÙ˘Ì Ù˘Ì ‰˝Ô ıÎÈÍ˛Ì ÂflÌ·È Ô fl‰ÈÔÚ). ¡Ì‹ÎÔ„·, ·Ì·Ï›ÌÂÙ·È Í·È

„È· ÙÔ ˜‹ÛÏ· Á fl‰È· Û˜ÂÙÈÍfi ›ÎÎÂÈ¯Á Âı·ÈÛËÁÛfl·Ú ÛÙÁ ÛÍÎÁÒ¸ÙÁÙ· Ù˘Ì ÛÍÂ‰·ÛÙ˛Ì

ÛÂ Û˜›ÛÁ ÏÂ ÙÁÌ Âı·ÈÛËÁÛfl· ÛÙÁ ÛÍÎÁÒ¸ÙÁÙ· ÙÔı ÂÒÈ‚‹ÎÎÔÌÙÔÚ ÙÔıÚ.
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2.3.3 ”˜ÂÙÈÍfi Ë›ÛÁ ÛÙÂÌ˛Ì Ê˘Ì˛Ì, ˜‹ÛÏ·ÙÔÚ Í·È ÛıÌÙÔÌÈÛÏ˛Ì ÙÁÚ ÂÌÂÒ„Ô˝

‰È·ÙÔÏfiÚ

”Â ¸ÎÂÚ ÙÈÚ ÂÒÈÙ˛ÛÂÈÚ ıÎÈÍ˛Ì Ôı Âfl˜·Ì ÏÂÎÂÙÁËÂfl ·Ò˜ÈÍ‹ (ÏÂ Ûı„Í›ÌÙÒ˘ÛÁ

ÛÍÂ‰·ÛÙ˛Ì 10-60%) Í·È Ôı ›‰ÂÈÓ·Ì Ì· ÂÏˆ·ÌflÊÔıÌ ›Ì· ˜‹ÛÏ·, ÙÔ ˜‹ÛÏ· ·ıÙ¸

‚Ò›ËÁÍÂ Ì· ÂflÌ·È ÂÒflÔı ÛÙÔ Ï›ÛÔ ÏÂÙ·Ó˝ Ò˛ÙÔı Í·È ‰Â˝ÙÂÒÔı ÛıÌÙÔÌÈÛÏÔ˝ ÙÁÚ

ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÏÂ ÙÔ Â˝ÒÔÚ ÙÔı ÔÎ˝ ÏÈÍÒ¸ÙÂÒÔ ·¸ ÙÁÌ ·¸ÛÙ·ÛÁ Ù˘Ì ‰˝Ô ·ıÙ˛Ì

ÍÔÒıˆ˛Ì. œÈ ÛÙÂÌ›Ú Ê˛ÌÂÚ ÛÂ ¸ÎÂÚ ÙÈÚ ÂÒÈÙ˛ÛÂÈÚ ‚Ò›ËÁÍ·Ì Ì· ÂflÌ·È ÔÎ˝ ÍÔÌÙ‹

ÛÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú ÂÌ˛ Á Ù·˝ÙÈÛÁ ÙÔıÚ ÏÂ ÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú ÂflÌ·È Ù¸ÛÔ ÏÂ„·Î˝ÙÂÒÁ

¸ÛÔ ÈÔ ÛÙÂÌfi ÂflÌ·È Á Ê˛ÌÁ.

≈ÍÙÂÙ·Ï›ÌÁ ÏÂÎ›ÙÁ ÙÁÚ Ë›ÛÁÚ ÙÔı ˜‹ÛÏ·ÙÔÚ Í·È Ù˘Ì ÛÙÂÌ˛Ì Ê˘Ì˛Ì Û·Ì ÛıÌ‹ÒÙÁÛÁ

ÙÁÚ Ûı„Í›ÌÙÒ˘ÛÁÚ Ù˘Ì ÛÍÂ‰·ÛÙ˛Ì ›‰ÂÈÓÂ ¸ÙÈ Á Ò˛ÙÁ ÂÏˆ‹ÌÈÛÁ ÙÔı ˜‹ÛÏ·ÙÔÚ (ÛÂ

ÔÎ˝ ˜·ÏÁÎ›Ú Ûı„ÍÂÌÙÒ˛ÛÂÈÚ) ÛıÏ‚·flÌÂÈ ÔÎ˝ ÍÔÌÙ‹ ÛÙÔÌ Ò˛ÙÔ ÛıÌÙÔÌÈÛÏ¸. œÛÔ

Á Ûı„Í›ÌÙÒ˘ÛÁ ·ıÓ‹ÌÂÈ ÙÔ ˜‹ÛÏ· ·ÔÏ·ÍÒ˝ÌÂÙ·È ·¸ ÙÔ ÛıÌÙÔÌÈÛÏ¸ ÎÁÛÈ‹ÊÔÌÙ·Ú

ÙÔ Ï›ÛÔ ‰ıÔ ‰È·‰Ô˜ÈÍ˛Ì ÍÔÒıˆ˛Ì, Ë›ÛÁ ÛÙÁÌ ÔÔfl· ÛÙ·ËÂÒÔÔÈÂflÙ·È Ï›˜ÒÈ ÙÁÌ

ÂÓ·ˆ‹ÌÈÛÁ ÙÔı („È· ÏÂ„‹ÎÂÚ Ûı„ÍÂÌÙÒ˛ÛÂÈÚ) ÂÌ˛ ÛÙÂÌ›Ú Ê˛ÌÂÚ ÂÏˆ·ÌflÊÔÌÙ·È ÔÎ˝

ÍÔÌÙ‹ ÛÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú. ‘· ·ÔÙÂÎ›ÛÏ·Ù· ·ıÙ‹ ÂflÌ·È ÔÎ˝ ·Ò¸ÏÔÈ· ÏÂ

·ÌÙflÛÙÔÈ˜· ·ÔÙÂÎ›ÛÏ·Ù· ÛÙÁÌ ÂÒflÙ˘ÛÁ ‚·ËÏ˘Ù˛Ì ÍıÏ‹Ù˘Ì [14] Í·È ·¸ÎıÙ·

ÛıÌÂfi ÏÂ ÙÁ ‚·ÛÈÍfi È‰›· ÙÔı LCAO. ”Â ˜·ÏÁÎ›Ú Ûı„ÍÂÌÙÒ˛ÛÂÈÚ Á ÂÏˆ‹ÌÈÛÁ

ÙÔı ˜‹ÛÏ·ÙÔÚ ÔÎ˝ ÍÔÌÙ‹ ÛÂ ›Ì· ÛıÌÙÔÌÈÛÏ¸ ÏÔÒÂfl Ì· ·Ô‰ÔËÂfl ÛÙÔ ¸ÙÈ ÛÙÈÚ

Ûı„ÍÂÌÙÒ˛ÛÂÈÚ ·ıÙ›Ú Á ‰È‹‰ÔÛÁ ÙÔı Í˝Ï·ÙÔÚ „flÌÂÙ·È ÍıÒfl˘Ú Ï›Û˘ ÙÔı ÂÒÈ‚‹ÎÎÔÌÙÔÚ

Ï›ÛÔı Í·È ÔÈ ÛÍÂ‰·ÛÙ›Ú ·Î˛Ú ·ÔÙÂÎÔ˝Ì ÂÏ¸‰ÈÔ „È· ·ıÙfi ÙÁ ‰È‹‰ÔÛÁ. ¡Ò·

ÙÔ ˜‹ÛÏ· ÂÏˆ·ÌflÊÂÙ·È ÛÙÁÌ ÂÒÈÔ˜fi ›ÌÙÔÌÁÚ ÛÍ›‰·ÛÁÚ ·¸ Í·Ë›Ì· ÛÍÂ‰·ÛÙfi.

œÛÔ Á Ûı„Í›ÌÙÒ˘ÛÁ ·ıÓ‹ÌÂÈ ÔÈ Í·Ù·ÛÙ‹ÛÂÈÚ ÛıÌÙÔÌÈÛÏÔ˝ „ÂÈÙÔÌÈÍ˛Ì Ûˆ·ÈÒ˛Ì

·ÎÎÁÎÔÂÈÍ·Î˝ÙÔÌÙ·È ‰flÌÔÌÙ·Ú Ê˛ÌÂÚ ‰È‹‰ÔÛÁÚ Í·È ÒÔÛˆ›ÒÔÌÙ·Ú ›ÙÛÈ ÛÙÔ Í˝Ï·

›Ì· ‹ÎÎÔ Í·Ì‹ÎÈ ‰È‹‰ÔÛÁÚ, ÒÔÙÈÏÁÙ›Ô Û' ·ıÙfi ÙÁÌ ÂÒÈÔ˜fi Ûı„ÍÂÌÙÒ˛ÛÂ˘Ì (¸Ôı Á

‰È‹‰ÔÛÁ Ï›Û˘ ÙÔı ÂÒÈ‚‹ÎÎÔÌÙÔÚ Ï›ÛÔı ÂflÌ·È ÂÒÈÛÛ¸ÙÂÒÔ ‰˝ÛÍÔÎÁ). ≈ÙÛÈ ÙÔ ˜‹ÛÏ·

ÍÈÌÂflÙ·È ÒÔÚ ÙÁÌ ÂÒÈÔ˜fi Ûı˜ÌÔÙfiÙ˘Ì ·Ì‹ÏÂÛ· ÛÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú ÂÌ˛ Á Ë›ÛÁ Ù˘Ì

ÛıÌÙÔÌÈÛÏ˛Ì Ù·ıÙflÊÂÙ·È ÏÂ ÙÁ Ë›ÛÁ Ù˘Ì ÛÙÂÌ˛Ì Ê˘Ì˛Ì ÙÔı ÛıÛÙfiÏ·ÙÔÚ (ı‚ÒÈ‰ÈÛÏ¸Ú

fi ·˛ËÁÛÁ Ù˘Ì È‰ÈÔÍ·Ù·ÛÙ‹ÛÂ˘Ì ÂflÌ·È ÈË·ÌÔfl Î¸„ÔÈ „È· ÙÔıÚ ÔÔflÔıÚ ‰ÂÌ ı‹Ò˜ÂÈ

·ÍÒÈ‚fiÚ Ù·˝ÙÈÛÁ ÏÂÙ·Ó˝ ÛÙÂÌ˛Ì Ê˘Ì˛Ì Í·È ÛıÌÙÔÌÈÛÏ˛Ì).

‘· ·Ò·‹Ì˘ ·ÔÙÂÎ›ÛÏ·Ù· ·Ì·ˆ›ÒÔÌÙ·È ÂÒÈÛÛ¸ÙÂÒÔ ·Ì·ÎıÙÈÍ‹ Í·È

ÈÛÙÔÔÈÔ˝ÌÙ·È ÏÂ ‰È·„Ò‹ÏÏ·Ù· ÛÙÔ ·Ò‹ÒÙÁÏ· ƒ.

2.3.4 ¬›ÎÙÈÛÙÂÚ ÛıÌËfiÍÂÚ „È· ÙÔ ˜‹ÛÏ· Í·È ÂÒÏÁÌÂfl· ÙÔıÚ

œ˘Ú ·Ì·ˆ›ÒËÁÍÂ ÛÙÁÌ ÂÈÛ·„˘„fi ·ıÙÔ˝ ÙÔı ÍÂˆ·Î·flÔı ›Ì· ·ÓÈÔÛÁÏÂfl˘ÙÔ Í·È

ÏÁ ·Ì·ÏÂÌ¸ÏÂÌÔ ·ÔÙ›ÎÂÛÏ· ÙÁÚ ÏÂÎ›ÙÁÚ ÙÁÚ ‰ÔÏfiÚ Ê˛ÌÁÚ ÂflÌ·È ÙÔ ¸ÙÈ ÂÌ˛ ÙÔ

˜‹ÛÏ· ·ÔıÛfl· ‰È·ˆÔÒ‹Ú ıÍÌÔÙfiÙ˘Ì ÂıÌÔÂflÙ·È ·¸ ÏÂ„‹ÎÔ Î¸„Ô clo�cli, ÛÙÁÌ

·ÒÔıÛfl· ‰È·ˆÔÒ‹Ú ıÍÌÔÙfiÙ˘Ì ‚Ò›ËÁÍ·Ì ÔÎ˝ ÏÂ„·Î˝ÙÂÒ· ˜‹ÛÏ·Ù· ÛÂ ıÎÈÍ‹ ÏÂ

Î¸„Ô Ù·˜ıÙfiÙ˘Ì ÔÎ˝ ÍÔÌÙ‹ ÛÙÁ ÏÔÌ‹‰· ·' ¸ÙÈ ÛÂ ıÎÈÍ‹ ÏÂ ÏÂ„‹ÎÔ Î¸„Ô clo�cli
(ÏÂ ÙÔÌ Î¸„Ô Ù˘Ì ıÍÌÔÙfiÙ˘Ì ÙÔÌ fl‰ÈÔ Í·È ÛÙÈÚ ‰˝Ô ÂÒÈÙ˛ÛÂÈÚ). —Â·ÎÈÛÙÈÍ›Ú

ÂÒÈÙ˛ÛÂÈÚ Ù›ÙÔÈ˘Ì ÛıÛÙÁÏ‹Ù˘Ì ÂflÌ·È Ûˆ·flÒÂÚ ·¸ ‚·Ò˝ Ï›Ù·ÎÎÔ (˜. Ag, ˜‹Îı‚·)

ÂÒÈÔ‰ÈÍ‹ ÙÔÔËÂÙÁÏ›ÌÂÚ ÛÂ Î·ÛÙÈÍ¸ (˜. epoxy, PMMA).

‘ıÈÍfi ÏÔÒˆfi ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÛÙÁÌ ÂÒflÙ˘ÛÁ ·ıÙ˛Ì Ù˘Ì ÏÂ„‹Î˘Ì ˜·ÛÏ‹Ù˘Ì

‚Ò›ËÁÍÂ Ì· ÂflÌ·È ·ıÙfi ÙÔı ”˜.2.3(a). « ÂÌÂÒ„¸Ú ‰È·ÙÔÏfi ·ÔÙÂÎÂflÙ·È ·¸ ›ÌÙÔÌÔıÚ

(ı¯ÁÎÔ˝Ú ÍÈ ÂıÒÂflÚ) ÛıÌÙÔÌÈÛÏÔ˝Ú, Û˜ÂÙÈÍ‹ ·ÔÏ·ÍÒıÛÏ›ÌÔıÚ ÏÂÙ·Ó˝ ÙÔıÚ, ÏÂ ÏÈ·
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”˜. 2.3: (a) : ≈ÌÂÒ„¸Ú ‰È·ÙÔÏfi „È· ÛÍ›‰·ÛÁ ‰È·ÏfiÍÔıÚ Í˝Ï·ÙÔÚ ·¸ Ûˆ·flÒ· ·¸ ‹Ò„ıÒÔ

‚ıËÈÛÏ›ÌÁ ÛÂ epoxy. (b) : ≈ÌÂÒ„¸Ú ‰È·ÙÔÏfi „È· ÛÍ›‰·ÛÁ ·¸ ‹ÂÈÒ· ÛÍÎÁÒfi Ûˆ·flÒ· ‚ıËÈÛÏ›ÌÁ

ÛÂ epoxy. (c) : ≈ÌÂÒ„¸Ú ‰È·ÙÔÏfi Ôı ÒÔÍ˝ÙÂÈ ·Ì ·¸ ÙÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ÙÁÚ Ûˆ·flÒ·Ú

·¸ ‹Ò„ıÒÔ ·ˆ·ÈÒ›ÛÔıÏÂ ÙÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ÙÁÚ ‹ÂÈÒ· ÛÍÎÁÒfiÚ Ûˆ·flÒ·Ú. a : ·ÍÙflÌ·

Ûˆ·flÒ·Ú, klo � ��clo Ô ‰È·ÏfiÍÁÚ ÍıÏ·Ù‹ÒÈËÏÔÚ ÛÙÔ epoxy. œ ·ÒÈËÏ¸Ú ‰flÎ· fi ‹Ì˘ ·¸

Í‹ËÂ ÛıÌÙÔÌÈÛÏ¸ ‰ÁÎ˛ÌÂÈ ÙÁÌ ıÂ˝ËıÌÁ „È· ÙÁÌ ÒÔ›ÎÂıÛfi ÙÔı Ûˆ·ÈÒÈÍfi ·ÒÏÔÌÈÍfi. ‘· ‚›ÎÁ

ÛÙÔ (c) ‰Âfl˜ÌÔıÌ ÙÁ Ë›ÛÁ Ù˘Ì ÛÙÂÌ˛Ì Ê˘Ì˛Ì ÂÌ˛ ÙÔ ‰ÈÎ¸ ‚›ÎÔÚ Ôı Î·ÈÛÈ˛ÌÂÈ ÙÔ „Ò‹ÏÏ·

G ‰Âfl˜ÌÂÈ Ù· ¸ÒÈ· ÙÔı Ï›„ÈÛÙÔı ˜‹ÛÏ·ÙÔÚ ÛÙÔ fcc ÂÒÈÔ‰ÈÍ¸ Ò¸‚ÎÁÏ· Ûˆ·ÈÒ˛Ì ·¸ ‹Ò„ıÒÔ

ÛÂ epoxy.

ÂÒÈÔ˜fi ÈÛ˜ıÒfiÚ ÛÍ›‰·ÛÁÚ ·Ì‹ÏÂÛ· Û' ·ıÙÔ˝Ú. « ÛÍ›‰·ÛÁ ÛÙÁÌ ÂÒÈÔ˜fi ·Ì‹ÏÂÛ·

ÛÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú (ı¸‚·ËÒÔ) ÔˆÂflÎÂÙ·È Û˜Â‰¸Ì ·ÔÍÎÂÈÛÙÈÍ‹ ÛÂ ÛıÌÂÈÛˆÔÒ‹ ÙÁÚ

‹ÂÈÒ· ÛÍÎÁÒfiÚ Ûˆ·flÒ·Ú (‰ÂÚ ıÔÍÂˆ‹Î·ÈÔ 2.3.1) ¸˘Ú ˆ·flÌÂÙ·È ÛÙÔ ”˜.2.3(c) ¸Ôı

Á ÛıÌÂÈÛˆÔÒ‹ ·ıÙfi ›˜ÂÈ ·ˆ·ÈÒÂËÂfl Í·È ÔÈ ÛıÌÙÔÌÈÛÏÔfl ·Ì·‰ÂÈÍÌ˝ÔÌÙ·È Í·Ë·Ò‹. ‘Ô

˜‹ÛÏ· ÍÈ Â‰˛ (‰ÂÚ ”˜.2.3(c)) ÂÏˆ·ÌflÊÂÙ·È ÛÙÁÌ ÂÒÈÔ˜fi ·Ì‹ÏÂÛ· ÛÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú

ÂÌ˛ ÛÙÂÌ›Ú Ê˛ÌÂÚ ‰È‹‰ÔÛÁÚ ÂÏˆ·ÌflÊÔÌÙ·È ÍÔÌÙ‹ Û' ·ıÙÔ˝Ú.

ÃÂÙ‹ ·¸ ÛıÛÙÁÏ·ÙÈÍfi ÏÂÎ›ÙÁ ·Ô‰Âfl˜ÙÁÍÂ ¸ÙÈ ÔÔÙÂ‰fiÔÙÂ ÛÙÁÌ ÂÌÂÒ„¸ ‰È·ÙÔÏfi

ÛÍ›‰·ÛÁÚ ÂÏˆ·ÌflÊÔÌÙ·È ›ÌÙÔÌÂÚ ÍÔÒıˆ›Ú, Û˜ÂÙÈÍ‹ ·ÔÏ·ÍÒıÛÏ›ÌÂÚ, ˜˘ÒÈÛÏ›ÌÂÚ ·¸

ı¯ÁÎ¸ ı¸‚·ËÒÔ Î¸„˘ ÛıÌÂÈÛˆÔÒ‹Ú ‹ÂÈÒ· ÛÍÎÁÒfiÚ Ûˆ·flÒ·Ú, ÂÏˆ·ÌflÊÂÙ·È ÏÂ„‹ÎÔ

˜‹ÛÏ· ÛÙÁ ‰ÔÏfi Ê˛ÌÁÚ ÙÔı ·ÌÙflÛÙÔÈ˜Ôı ÂÒÈÔ‰ÈÍÔ˝ ÛıÛÙfiÏ·ÙÔÚ.

‘Ô ·Ò·‹Ì˘ ·ÓÈÔÛÁÏÂfl˘ÙÔ ·ÔÙ›ÎÂÛÏ· ÏÔÒÂfl Ì· Í·Ù·ÌÔÁËÂfl ·Ì ‰Â˜ËÂfl Í·ÌÂflÚ

ÙÁÌ ˝·ÒÓÁ ‰˝Ô ÔÒÈ·Í˛Ì Í·Ì·ÎÈ˛Ì ‰È‹‰ÔÛÁÚ ¸˘Ú ›˜ÂÈ fi‰Á ÛıÊÁÙÁËÂfl. ‘Ô ›Ì· Í·Ì‹ÎÈ

ÂflÌ·È Ï›Û˘ ÙÔı ÂÒÈ‚‹ÎÎÔÌÙÔÚ ÙÈÚ Ûˆ·flÒÂÚ Ï›ÛÔı ÂÌ˛ ÙÔ ‹ÎÎÔ Á„·flÌÔÌÙ·Ú ·¸

Í‹ËÂ Ûˆ·flÒ· ÛÙÈÚ „ÂÈÙÔÌÈÍ›Ú ÙÁÚ Ï›Û˘ Ù˘Ì ·ÎÎÁÎÔÂÈÍ·ÎıÙ¸ÏÂÌ˘Ì Í·Ù·ÛÙ‹ÛÂ˘Ì

ÛıÌÙÔÌÈÛÏÔ˝ ÙÔıÚ (ÛÙÈÚ ÂÒÈÛÛ¸ÙÂÒÂÚ ÂÒÈÙ˛ÛÂÈÚ ˜ÒÁÛÈÏÔÔÈÔ˝ÌÙ·È Í·È Ù· ‰˝Ô

Í·Ì‹ÎÈ·).

”ÙÁÌ ÂÒÈÔ˜fi ·Ì‹ÏÂÛ· ÛÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú, ¸Ôı Á ÛÍ›‰·ÛÁ ÔˆÂflÎÂÙ·È ÛÙÁÌ ‹ÂÈÒ·

ÛÍÎÁÒfi Ûˆ·flÒ·, Í·Ì›Ì· ·¸ Ù· ‰˝Ô ·ıÙ‹ Í·Ì‹ÎÈ· ‰ÂÌ ÂflÌ·È ÒÔÛ‚‹ÛÈÏÔ. ‘Ô Í˝Ï·

‰ÂÌ ÏÔÒÂfl Ì· ˜ÒÁÛÈÏÔÔÈfiÛÂÈ ÙÈÚ Ûˆ·flÒÂÚ „È· ÙÁ ‰È‹‰ÔÛfi ÙÔı ·ˆÔ˝ Í·È ‰ÂÌ ÏÔÒÂfl

Ì· ÙÈÚ ‰È·ÂÒ‹ÛÂÈ Â˝ÍÔÎ· ÍÈ Ô˝ÙÂ ı‹Ò˜ÂÈ ÛıÌÙÔÌÈÛÏ¸Ú ÍÔÌÙ‹. ≈flÛÁÚ ‰ÂÌ ÏÔÒÂfl

Ì· ˜ÒÁÛÈÏÔÔÈfiÛÂÈ ÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ Î¸„˘ ÙÁÚ ÈÛ˜ıÒfiÚ ÛÍ›‰·ÛÁÚ. ≈ÙÛÈ „flÌÂÙ·È

Â˝ÍÔÎÁ Á ‰ÁÏÈÔıÒ„fl· ˜‹ÛÏ·ÙÔÚ ÛÂ ·ıÙfi ÙÁÌ ÂÒÈÔ˜fi. ≈ÈÎ›ÔÌ, Á ÏÂ„‹ÎÁ ·¸ÛÙ·ÛÁ

Ù˘Ì ÛıÌÙÔÌÈÛÏ˛Ì (Î¸„˘ ›ÎÎÂÈ¯ÁÚ ‰È·ˆÔÒ‹Ú Ù·˜ıÙfiÙ˘Ì) ÂÈÙÒ›ÂÈ ›Ì· ·ÒÍÂÙ‹ ÏÂ„‹ÎÔ
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Â˝ÒÔÚ ÙÔı ˜‹ÛÏ·ÙÔÚ16. ”ÙÁÌ ÂÒÈÔ˜fi Ù˘Ì ÛıÌÙÔÌÈÛÏ˛Ì ·¸ ÙÁÌ ‹ÎÎÁ, ÙÔ ÏÂ„‹ÎÔ Â˝ÒÔÚ

ÙÔıÚ (Ò‹„Ï· Ôı ‰Âfl˜ÌÂÈ ÏÂ„‹ÎÁ ÂÍÒÔfi ÂÌ›Ò„ÂÈ·Ú ·¸ ÙÔ ÂÛ˘ÙÂÒÈÍ¸ ÙÁÚ Ûˆ·flÒ·Ú ÛÙÔ

ÂÓ˘ÙÂÒÈÍ¸ ÙÁÚ Í·È ‹Ò· Â˝ÍÔÎÁ ·ÎÎÁÎÔÂÈÍ‹Îı¯Á ÏÂÙ·Ó˝ Ù˘Ì ÛıÌÙÔÌÈÛÏ˛Ì „ÂÈÙÔÌÈÍ˛Ì

Ûˆ·ÈÒ˛Ì) Í‹ÌÂÈ ÒÔÙÈÏÁÙ›· ÙÁ ‰È‹‰ÔÛÁ ÙÔı Í˝Ï·ÙÔÚ Ï›Û˘ Ù˘Ì Ûˆ·ÈÒ˛Ì ‰flÌÔÌÙ·Ú

Ê˛ÌÂÚ ‰È‹‰ÔÛÁÚ ¸˘Ú ˆ·flÌÂÙ·È ÛÙÔ ”˜.2.3(c).

‘· ·Ò·‹Ì˘, ÛÂ ÛıÌ‰ı·ÛÏ¸ ÏÂ ÙÔ Ò¸ÎÔ ÙÔı co�ci Ôı ÛıÊÁÙfiËÁÍÂ ÛÙÔ

ıÔÍÂˆ‹Î·ÈÔ 2.3.2, ‰Âfl˜ÌÔıÌ ¸ÙÈ Ô Î¸„ÔÚ Ôı ÂıÌÔÂfl Á ÏÈÍÒfi ‰È·ˆÔÒ‹ Ù·˜ıÙfiÙ˘Ì ÛÙÈÚ

ÂÒÈÙ˛ÛÂÈÚ ÛıÛÙÁÏ‹Ù˘Ì ¸Ôı ı‹Ò˜ÂÈ fi‰Á ‰È·ˆÔÒ‹ ÛÙÈÚ ·Ò·Ï›ÙÒÔıÚ Ù˘Ì ıÎÈÍ˛Ì

Î¸„˘ Ù˘Ì ıÍÌÔÙfiÙ˘Ì ÂflÌ·È ¸ÙÈ ·¸ ÙÁ Ïfl· ‰flÌÂÈ ÈÛ˜ıÒ¸ ı¸‚·ËÒÔ Î¸„˘ ‹ÂÈÒ·

ÛÍÎÁÒfiÚ Ûˆ·flÒ·Ú (·Ì ÒÔÛ›ÓÂÈ Í·ÌÂflÚ Ù¸ÛÔ ÙÁÌ ·ÌÙflËÂÛÁ ıÍÌÔÙfiÙ˘Ì ¸ÛÔ Í·È ÙÁÌ

·ÌÙflËÂÛÁ Ù·˜ıÙfiÙ˘Ì Í·È ÛÙ·ËÂÒ˛Ì Lam�e ÏÔÒÂfl Ì· ‰ÂÈ ¸ÙÈ Ûˆ·flÒ· ·¸ ‚·Ò˝ Ï›Ù·ÎÎÔ

ÛÂ ÂÎ·ˆÒ˝ ıÎÈÍ¸ ÏÂ ÙÔ Î¸„Ô co�ci ¸˜È ÏÂ„‹ÎÔ ÂflÌ·È ÍÔÌÙ˝ÙÂÒ· ÛÂ ·Ò·Ï›ÙÒÔıÚ ÛÙÁ

‹ÂÈÒ· ÛÍÎÁÒfi Ûˆ·flÒ· ‚ıËÈÛÏ›ÌÁ ÛÙÔ fl‰ÈÔ ıÎÈÍ¸) ÂÈÙÒ›ÔÌÙ·Ú ÙÔ ‹ÌÔÈ„Ï· ÙÔı

˜‹ÛÏ·ÙÔÚ ÍÈ ·¸ ÙÁÌ ‹ÎÎÁ ÍÒ·Ù‹ ÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú Ï·ÍÒı‹ ÂÈÙÒ›ÔÌÙ·Ú ÛÙÔ

˜‹ÛÏ· Ì· „flÌÂÈ ·ÒÍÂÙ‹ ÂıÒ˝.

»· Ò›ÂÈ Ì· ·Ì·ˆ›ÒÔıÏÂ Ù›ÎÔÚ ¸ÙÈ, Û˝Ïˆ˘Ì· ÏÂ Ù· ·Ò·‹Ì˘, Í‹ÔÈÔÚ

Ë· ÂÒflÏÂÌÂ ÏÂ„‹ÎÔ ˜‹ÛÏ· ÛÂ ÂÒÈÙ˛ÛÂÈÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ Ôı ·ÔÙÂÎÂflÙ·È

·¸ ı¯ÁÎÔ˝Ú ÍÈ ÂıÒÂflÚ ÛıÌÙÔÌÈÛÏÔ˝Ú ˜˘ÒÈÛÏ›ÌÔıÚ ·¸ ı¯ÁÎ¸ ı¸‚·ËÒÔ Î¸„˘

ÛıÌÂÈÛˆÔÒ‹Ú ‹‰ÂÈ·Ú Ûˆ·flÒ·Ú. ¡ıÙ¸ Ë· ÏÔÒÔ˝ÛÂ Ì· ÛıÏ‚Âfl „È· Ûˆ·flÒ· ˜·ÏÁÎfiÚ

ıÍÌ¸ÙÁÙ·Ú Í·È Ù·˜˝ÙÁÙ·Ú ÛÂ ı¯ÁÎfiÚ ıÍÌ¸ÙÁÙ·Ú Í·È Ù·˜˝ÙÁÙ·Ú ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ

ÏÂ ÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ Ì· ÂflÌ·È ÒÂıÛÙ¸. À¸„˘ ÙÔı ÏÂ„‹ÎÔı ¸Ï˘Ú ÙÔı ı¯ÁÎÔ˝ co�ci
Ôı ··ÈÙÂflÙ·È „È· ÙÁÌ ÏÂ„·Î˝ÙÂÒÁ ÛıÌÂÈÛˆÔÒ‹ ÙÁÚ ‹‰ÂÈ·Ú Ûˆ·flÒ·Ú ÛÙÔ ı¸‚·ËÒÔ,

ÔÈ ÛıÌÙÔÌÈÛÏÔfl ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ Û'·ıÙfi ÙÁÌ ÂÒflÙ˘ÛÁ ‰ÂÌ Ë· ÂflÌ·È ·ÒÍÂÙ‹

·ÔÏ·ÍÒıÛÏ›ÌÔÈ. ƒÂÌ ÈÛÙÂ˝ÔıÏÂ ›ÙÛÈ ¸ÙÈ Á ÂÒflÙ˘ÛÁ ·ıÙfi ÂıÌÔÂfl ›Ì· ·ÒÍÂÙ‹ ÂıÒ˝

˜‹ÛÏ·.

16’ÂÌËıÏflÊÂÙ·È ¸ÙÈ ÙÔ Â˝ÒÔÚ ÙÔı ˜‹ÛÏ·ÙÔÚ ÂflÌ·È ÏÈÍÒ¸ÙÂÒÔ ·¸ ÙÁÌ ·¸ÛÙ·ÛÁ ·Ì‹ÏÂÛ· ÛÙÔıÚ

ÛıÌÙÔÌÈÛÏÔ˝Ú.
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¡ÍÔıÛÙÈÍ‹ Í·È ÂÎ·ÛÙÈÍ‹ Í˝Ï·Ù· ÛÂ Ùı˜·fl·

Ï›Û· - CPA

3.1 ≈ÈÛ·„˘„fi

œ˘Ú ›˜ÂÈ fi‰Á ·Ì·ˆÂÒËÂfl, Á ÏÂÎ›ÙÁ ÙÁÚ ‰È‹‰ÔÛÁÚ ÍÎ·ÛÈÍ˛Ì ÍıÏ‹Ù˘Ì ÛÂ Ùı˜·fl·

Ï›Û· - Ï›Û· ÛÙ· ÔÔfl· ÛÍÂ‰·ÛÙ›Ú ÂflÌ·È Ùı˜·fl· ÙÔÔËÂÙÁÏ›ÌÔÈ ÛÂ ÔÏÔ„ÂÌ›Ú ıÎÈÍ¸

- ›˜ÂÈ „flÌÂÈ ·ÌÙÈÍÂflÏÂÌÔ È‰È·flÙÂÒÔı ÂÌ‰È·ˆ›ÒÔÌÙÔÚ Ù· ÙÂÎÂıÙ·fl· ˜Ò¸ÌÈ· „È· ÙÔıÚ

ˆıÛÈÍÔ˝Ú ÛÙÂÒÂ‹Ú Í·Ù‹ÛÙ·ÛÁÚ Î¸„˘ ÙÁÚ Û˝Ì‰ÂÛfiÚ ÙÁÚ ÏÂ ÙÔ „Ì˘ÛÙ¸ ·¸ Ù·

ÁÎÂÍÙÒ¸ÌÈ· Ò¸‚ÎÁÏ· ÙÔı ÂÌÙÔÈÛÏÔ˝. « ÏÂÎ›ÙÁ ·ıÙfi ‚·ÛflÊÂÙ·È ÛÙÔÌ ıÔÎÔ„ÈÛÏ¸

Ï·ÍÒÔÛÍÔÈÍ˛Ì ˜·Ò·ÍÙÁÒÈÛÙÈÍ˛Ì ÙÁÚ ‰È‹‰ÔÛÁÚ ¸˘Ú Ù·˜˝ÙÁÙ· ˆ‹ÛÁÚ, ÔÏ‹‰·Ú ÍÈ

ÂÌ›Ò„ÂÈ·Ú (cph, vg Í·È vE ·ÌÙflÛÙÔÈ˜·), Ï›ÛÁ ÂÎÂ˝ËÂÒÁ ‰È·‰ÒÔÏfi ÛÍ›‰·ÛÁÚ, ls, Í·È

ÏÂÙ·ˆÔÒ‹Ú, lt, ·Ò‹ÏÂÙÒÔÚ ÂÌÙÔÈÛÏÔ˝, kls � ���cph� ls, ÍÔÍ.

–·Ò‹ ÙÈÚ ·ÌÙÈÛÙÔÈ˜flÂÚ ÏÂ ÙÔ ÁÎÂÍÙÒÔÌÈÍ¸ Ò¸‚ÎÁÏ·, ÔÈ ÔÔflÂÚ ‰flÌÔıÌ ‰ıÌ·Ù¸ÙÁÙ·

ÒÔÛ·Ì·ÙÔÎÈÛÏÔ˝ ÛÙÔ Ò¸‚ÎÁÏ· Ù˘Ì ÍÎ·ÛÈÍ˛Ì ÍıÏ‹Ù˘Ì Í·È ÈË·ÌfiÚ Ò¸‚ÎÂ¯ÁÚ Í·È

Í·Ù·Ì¸ÁÛÁÚ ·ÔÙÂÎÂÛÏ‹Ù˘Ì, ı‹Ò˜ÔıÌ ‚·ÛÈÍ›Ú ‰È·ˆÔÒ›Ú ÏÂÙ·Ó˝ ÍÎ·ÛÈÍ˛Ì ÍıÏ‹Ù˘Ì

Í·È ÁÎÂÍÙÒÔÌfl˘Ì Í·È Ô ›ÎÂ„˜ÔÚ „È· ÙÔ ·Ì ÔÈ ‰È·ˆÔÒ›Ú ·ıÙ›Ú ·ÔÙÂÎÔ˝Ì Á„fi Ì›·Ú

ˆıÛÈÍfiÚ ›‰˘ÛÂ ˛ËÁÛÁ ÛÙÔ ÂÌ‰È·ˆ›ÒÔÌ. œÈ ‰È·ˆÔÒ›Ú ›„ÍÂÈÌÙ·È i) ÛÙÁ „Ò·ÏÏÈÍfi

Û˜›ÛÁ ‰È·ÛÔÒ‹Ú Ù˘Ì ÍÎ·ÛÈÍ˛Ì ÍıÏ‹Ù˘Ì ÛÂ ÔÏÔ„ÂÌfi Ï›Û· - Á ÔÔfl· Á„‹ÊÂÈ

·¸ ÙÁÌ ‰Â˝ÙÂÒÁ Ù‹ÓÁ ÙÁÚ ˜ÒÔÌÈÍfiÚ ·Ò·„˛„Ôı ÛÙÁÌ ÍıÏ·ÙÈÍfi ÂÓflÛ˘ÛÁ, ii) ÛÙÔ

„Â„ÔÌ¸Ú ¸ÙÈ ÙÔ ‰ıÌ·ÏÈÍ¸ ÛÙÁÌ ÂÒflÙ˘ÛÁ Ù˘Ì ÍÎ·ÛÈÍ˛Ì ÍıÏ‹Ù˘Ì ÂflÌ·È ÛıÌ‹ÒÙÁÛÁ

ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú1, � Í·È iii) ÛÙÔ ¸ÙÈ ÔÈ ÍÎ·ÛÈÍÔfl ÛÍÂ‰·ÛÙ›Ú ‰ÂÌ ÂflÌ·È ÛÁÏÂÈ·ÍÔfl ·ÎÎ‹

Ï·ÍÒÔÛÍÔÈÍ‹ Û˛Ï·Ù·.

« ‰È‹‰ÔÛÁ ÛÂ Ùı˜·fl· Ï›Û· ›˜ÂÈ ÏÂÎÂÙÁËÂfl ÂÍÙÂÙ·Ï›Ì· Ù¸ÛÔ „È· ‚·ËÏ˘Ù‹ ¸ÛÔ

Í·È „È· ÁÎÂÍÙÒÔÏ·„ÌÁÙÈÍ‹ («Ã) Í˝Ï·Ù· („È· ÏÈ· ·Ì·ÛÍ¸ÁÛÁ ‰ÂÚ ·Ì·ˆÔÒ›Ú [26,

27, 28, 29]). ≈˜ÔıÌ ·Ì·Ùı˜ËÂfl ‰È‹ˆÔÒÂÚ Ï›ËÔ‰ÔÈ, ÔÈ ÂÒÈÛÛ¸ÙÂÒÂÚ ‚·ÛÈÛÏ›ÌÂÚ ÛÂ

ËÂ˘ÒflÂÚ ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı (effective medium theories) Í·È È‰È·flÙÂÒ· ÛÂ ÂÂÍÙ‹ÛÂÈÚ

ÙÁÚ - „Ì˘ÛÙfiÚ ·¸ ÙÔ ÁÎÂÍÙÒÔÌÈÍ¸ Ò¸‚ÎÁÏ· - ``ÒÔÛ›„„ÈÛÁÚ Û˝Ïˆ˘ÌÔı ‰ıÌ·ÏÈÍÔ˝"

(CPA : Coherent Potential Approximation) [30, 29]. « CPA, Á ÔÔfl· ıÔÎÔ„flÊÂÈ

›Ì· ÔÏÔ„ÂÌ›Ú ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ Û·Ì ÒÔÛ›„„ÈÛÁ Ù˘Ì Ï›Û˘Ì È‰ÈÔÙfiÙ˘Ì ÙÔı Ùı˜·flÔı,

›‰˘ÛÂ ÔÎ˝ Í·Î‹ - Ûı„ÍÒÈÌ¸ÏÂÌ· ÏÂ ÙÔ ÂflÒ·Ï· - ·ÔÙÂÎ›ÛÏ·Ù· Ù¸ÛÔ „È· ‚·ËÏ˘Ù‹

¸ÛÔ Í·È „È· ÁÎÂÍÙÒÔÏ·„ÌÁÙÈÍ‹ Í˝Ï·Ù·. ≈˜ÔıÌ ÏÂÎÂÙÁËÂfl ÂflÛÁÚ Ù· ¸ÒÈ· ÈÛ˜˝ÔÚ

Ù˘Ì ‰È·ˆ¸Ò˘Ì ËÂ˘ÒÈ˛Ì Í·È ÒÔÛÂ„„flÛÂ˘Ì Í·È ›˜ÂÈ ÛıÊÁÙÁËÂfl ÂÍÙÂÙ·Ï›Ì· ÙÔ ˆıÛÈÍ¸

Ì¸ÁÏ· Ù˘Ì ˜·Ò·ÍÙÁÒÈÛÙÈÍ˛Ì ÏÂ„ÂË˛Ì ÙÁÚ ‰È‹‰ÔÛÁÚ [29, 31].

¡¸ ÂÈÒ·Ï·ÙÈÍfi ‹Ô¯Á ÙÔ ÈÔ ÂÌ‰È·ˆ›ÒÔÌ ·ÔÙ›ÎÂÛÏ· ÒÔfiÎËÂ ·¸ ÏÂÙÒfiÛÂÈÚ

ÙÔı ÛıÌÙÂÎÂÛÙfi ‰È‹˜ıÛÁÚ, D �� vElt�3�, „È· ‰È‹‰ÔÛÁ ÁÎÂÍÙÒÔÏ·„ÌÁÙÈÍ˛Ì ÍıÏ‹Ù˘Ì

[32, 33]. œÈ ÏÂÙÒfiÛÂÈÚ ·ıÙ›Ú ›‰ÂÈÓ·Ì ¸ÙÈ Á Ù·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú, vE , Á ÔÔfl· ÂflÌ·È Á
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Û˘ÛÙfi Ù·˜˝ÙÁÙ· „È· ÙÁÌ ÂÒÈ„Ò·ˆfi ÙÁÚ ‰È‹‰ÔÛÁÚ ÙÁÚ ÂÌ›Ò„ÂÈ·Ú ÛÂ ›Ì· Ùı˜·flÔ Ï›ÛÔ,

‰ÂÌ Ù·ıÙflÊÂÙ·È ÂÌ „›ÌÂÈ Ô˝ÙÂ ÏÂ ÙÁÌ Ù·˜˝ÙÁÙ· ˆ‹ÛÁÚ Ô˝ÙÂ ÏÂ ÙÁÌ Ù·˜˝ÙÁÙ· ÔÏ‹‰·Ú.

√È· ˜·ÏÁÎ›Ú Ûı„ÍÂÌÙÒ˛ÛÂÈÚ ÛÍÂ‰·ÛÙ˛Ì Á vE ‚Ò›ËÁÍÂ Ì· ÂflÌ·È ÏÈÍÒ¸ÙÂÒÁ ·¸ ÙÈÚ

ÒÔÁ„Ô˝ÏÂÌÂÚ ‰˝Ô È‰È·flÙÂÒ· ÛÂ Ûı˜Ì¸ÙÁÙÂÚ ÍÔÌÙ‹ ÛÙÈÚ Ûı˜Ì¸ÙÁÙÂÚ ÛıÌÙÔÌÈÛÏÔ˝ ÙÔı

ÂÌ¸Ú ÛÍÂ‰·ÛÙfi ÂÌ˛ ÛÂ ı¯ÁÎ¸ÙÂÒÂÚ Ûı„ÍÂÌÙÒ˛ÛÂÈÚ Á ÂÓ‹ÒÙÁÛÁ ÙÁÚ ·¸ ÙÁ Ûı˜Ì¸ÙÁÙ·

ˆ‹ÌÁÍÂ Ì· ÂflÌ·È ·ÛËÂÌfiÚ.

œÈ ·Ò·‹Ì˘ ÏÂÙÒfiÛÂÈÚ ›ÛÙÒÂ¯·Ì ›Ì· ÛÁÏ·ÌÙÈÍ¸ Ï›ÒÔÚ ÙÔı ÂÌ‰È·ˆ›ÒÔÌÙÔÚ ÛÙÔÌ

ıÔÎÔ„ÈÛÏ¸ ÙÁÚ vE (Ô ÔÔflÔÚ ‰ÂÌ ÏÔÒÂfl Ì· „flÌÂÈ ‹ÏÂÛ· Ï›Û˘ CPA). ¡ÍÒÈ‚fiÚ ËÂ˘Òfl·

·Ì·Ù˝˜ËÁÍÂ Ï¸ÌÔ ÛÙÔ ¸ÒÈÔ ˜·ÏÁÎ˛Ì Ûı„ÍÂÌÙÒ˛ÛÂ˘Ì ÛÍÂ‰·ÛÙ˛Ì Í·È „È· ‚·ËÏ˘Ù‹

Í˝Ï·Ù· [32, 34, 35, 31]. « ËÂ˘Òfl· ·ıÙfi - ‚·ÛÈÛÏ›ÌÁ ÛÙÔ ¸ÒÈÔ ˜·ÏÁÎ˛Ì Ûı„ÍÂÌÙÒ˛ÛÂ˘Ì

ÙÁÚ ÂÓflÛ˘ÛÁÚ Boltzmann - ÂÂÍÙ‹ËÁÍÂ Í·È „È· «Ã Í˝Ï·Ù· ÏÂ ›Ì· Ï‹ÎÎÔÌ ÂıÒÈÛÙÈÍ¸

ÙÒ¸Ô ˜˘ÒflÚ Ì· Î·Ï‚‹ÌÂÙ·È ı¸¯Á ·¸ ÙÁÌ ·Ò˜fi Ô ‰È·ÌıÛÏ·ÙÈÍ¸Ú ˜·Ò·ÍÙfiÒ·Ú

Ù˘Ì ÍıÏ‹Ù˘Ì ·ıÙ˛Ì [32, 34, 35, 31]. √È· ÙÈÚ ı¯ÁÎ›Ú Ûı„ÍÂÌÙÒ˛ÛÂÈÚ, ÏÈ· ÒÔÛ‹ËÂÈ·

ÒÔÛ›„„ÈÛÁÚ ÙÁÚ vE ·ÔÙÂÎÂfl ›Ì·Ú ÛıÌ‰ı·ÛÏ¸Ú ÙÁÚ ËÂ˘Òfl·Ú ˜·ÏÁÎ˛Ì Ûı„ÍÂÌÙÒ˛ÛÂ˘Ì

ÏÂ ÏÈ· Â›ÍÙ·ÛÁ ÙÁÚ CPA [36, 37]. »· Ò›ÂÈ Ì· ·Ì·ˆÂÒËÂfl Ù›ÎÔÚ ÏÈ· Í·ÈÌÔ˝ÒÈ·

Ï›ËÔ‰ÔÚ „È· ÙÔÌ ıÔÎÔ„ÈÛÏ¸ ÙÁÚ vE ‚·ÛÈÛÏ›ÌÁ ÂflÛÁÚ ÛÙÁÌ È‰›· ÙÁÚ CPA, „Ì˘ÛÙfi

Û·Ì CPA ÂÌ›Ò„ÂÈ·Ú [38, 39], Á ÔÔfl· ·Ì·Ù˝˜ËÁÍÂ Ò¸Ûˆ·Ù· Í·È Á ÔÔfl· ˆ·flÌÂÙ·È

Ì· ÒÔÛÂ„„flÊÂÈ Ù· ÂÈÒ·Ï·ÙÈÍ‹ ·ÔÙÂÎ›ÛÏ·Ù· Ù¸ÛÔ „È· ı¯ÁÎ›Ú ¸ÛÔ Í·È „È· ˜·ÏÁÎ›Ú

Ûı„ÍÂÌÙÒ˛ÛÂÈÚ. œÈ ˜·ÏÁÎ›Ú ÙÈÏ›Ú ÙÁÚ vE ÍÔÌÙ‹ ÛÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú ÛÂ ˜·ÏÁÎ›Ú

Ûı„ÍÂÌÙÒ˛ÛÂÈÚ ·Ô‰¸ËÁÍ·Ì ÛÙÁÌ Í·ËıÛÙ›ÒÁÛÁ ÙÔı Í˝Ï·ÙÔÚ Ï›Û· ÛÙÔıÚ ÛÍÂ‰·ÛÙ›Ú

ÛÙÁ „ÂÈÙÔÌÈ‹ Ù˘Ì ÛıÌÙÔÌÈÛÏ˛Ì. œÛÔ Á Ûı„Í›ÌÙÒ˘ÛÁ ·ıÓ‹ÌÂÙ·È Á Í·ËıÛÙ›ÒÁÛÁ ·ıÙfi

„flÌÂÙ·È ÏÈÍÒ¸ÙÂÒÁ - ‰flÌÔÌÙ·Ú ÈÔ ÔÏ·Îfi ÂÓ‹ÒÙÁÛÁ ·¸ ÙÁ Ûı˜Ì¸ÙÁÙ· ÛÙÁÌ vE - Î¸„˘

ÙÔı ¸ÙÈ ÔÈ Í·Ù·ÛÙ‹ÛÂÈÚ ÛıÌÙÔÌÈÛÏÔ˝ „ÂÈÙÔÌÈÍ˛Ì ÛÍÂ‰·ÛÙ˛Ì ·ÎÎÁÎÔÂÈÍ·Î˝ÙÔÌÙ·È

ÒÔÛˆ›ÒÔÌÙ·Ú ÛÙÔ Í˝Ï· ÙÁ ‰ıÌ·Ù¸ÙÁÙ· Ì· ÏÂÙ·‚Âfl Â˝ÍÔÎ·, Ï›Û˘ ·ıÙ˛Ì, ·¸ ÙÔÌ

›Ì· ÛÍÂ‰·ÛÙfi ÛÙÔÌ ‹ÎÎÔ [32, 34, 35, 29, 31].

≈Ì˛ Á CPA Í·È ÔÈ ÂÂÍÙ‹ÛÂÈÚ ÙÁÚ ›˜ÔıÌ ˜ÒÁÛÈÏÔÔÈÁËÂfl ÂÍÙÂÙ·Ï›Ì· Ù¸ÛÔ „È·

‚·ËÏ˘Ù‹ ¸ÛÔ Í·È „È· «Ã Í˝Ï·Ù·, Á ÏÂÎ›ÙÁ ÙÁÚ ‰È‹‰ÔÛÁÚ ·ÍÔıÛÙÈÍ˛Ì ÍÈ ÂÎ·ÛÙÈÍ˛Ì

ÍıÏ‹Ù˘Ì ÛÂ Ùı˜·fl· Ï›Û· ÂflÌ·È ÔÎ˝ ÎÈ„¸ÙÂÒÔ ÂÍÙÂÙ·Ï›ÌÁ. ‘Ô „Â„ÔÌ¸Ú ·ıÙ¸ ÔˆÂflÎÂÙ·È

·¸ ÙÁ ÏÈ· ÛÙÈÚ ËÂ˘ÒÁÙÈÍ›Ú ‰ıÛÍÔÎflÂÚ ·ıÙfiÚ ÙÁÚ ÏÂÎ›ÙÁÚ ÍÈ ·¸ ÙÁÌ ‹ÎÎÁ ÛÙÁÌ

›ÎÎÂÈ¯Á ·ÒÍÂÙ˛Ì ·ÓÈ¸ÈÛÙ˘Ì ÂÈÒ·Ï‹Ù˘Ì. œÈ ËÂ˘ÒÁÙÈÍ›Ú ‰ıÛÍÔÎflÂÚ Á„‹ÊÔıÌ ·¸

(i) ÙÔÌ ÎfiÒ˘Ú ‰È·ÌıÛÏ·ÙÈÍ¸ ˜·Ò·ÍÙfiÒ· Ù˘Ì ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì (ÔÈ fi‰Á ı‹Ò˜ÔıÛÂÚ

ËÂ˘ÒflÂÚ Âfl˜·Ì ·Ò˜ÈÍ‹ ·Ì·Ùı˜ËÂfl „È· ‚·ËÏ˘Ù‹ Í˝Ï·Ù· Í·È ÛÙÈÚ ÂÒÈÛÛ¸ÙÂÒÂÚ

ÂÒÈÙ˛ÛÂÈÚ ‰ÂÌ ı‹Ò˜ÂÈ ÏÈ· Â˝ÍÔÎÁ Í·È ÒÔˆ·ÌfiÚ Â›ÍÙ·ÛÁ ÙÔıÚ ÛÙÁÌ ÂÒflÙ˘ÛÁ

‰È·ÌıÛÏ·ÙÈÍ˛Ì ÍıÏ‹Ù˘Ì) (ii) ÙÁÌ ‰È·ˆÔÒÂÙÈÍfi Ù·˜˝ÙÁÙ· ÏÂÙ·Ó˝ ‰È·ÏfiÍÔıÚ ÍÈ

Â„Í‹ÒÛÈ·Ú ÛıÌÈÛÙ˛Û·Ú ÂÎ·ÛÙÈÍÔ˝ Í˝Ï·ÙÔÚ Í·È ÙÔ „Â„ÔÌ¸Ú ÙÁÚ ·Ì‹ÏÈÓÁÚ2 Ù˘Ì ‰˝Ô

·ıÙ˛Ì ÛıÌÈÛÙ˘Û˛Ì ÛÙÁÌ ·ÒÔıÛfl· ·ÌÔÏÔÈÔ„›ÌÂÈ·Ú (ÔÈ ÒÔÍ˝ÙÔıÛÂÚ ‰ıÛÍÔÎflÂÚ Ë·

ÛıÊÁÙÁËÔ˝Ì ÛÙÁÌ ÔÒÂfl· ÙÁÚ ·ÒÔıÛfl·ÛÁÚ ÙÔı ÍÂˆ·Î·flÔı) Í·È (iii) ÙÔÌ ÏÂ„·Î˝ÙÂÒÔ

ÙÁÚ Ïfl·Ú ·ÒÈËÏ¸ ·Ò·Ï›ÙÒ˘Ì Ôı ˜ÒÂÈ‹ÊÔÌÙ·È „È· ÙÔÌ ÎfiÒÁ ÒÔÛ‰ÈÔÒÈÛÏ¸ ÂÌ¸Ú

ÔÏÔ„ÂÌÔ˝Ú ÂÎ·ÛÙÈÍÔ˝ Ï›ÛÔı3 (ıÍÌ¸ÙÁÙ· Í·È Ù·˜˝ÙÁÙÂÚ). ‘Ô ÙÂÎÂıÙ·flÔ Ô‰Á„Âfl ÛÂ

·Ì‹„ÍÁ ÂÒÈÛÛ¸ÙÂÒ˘Ì ·¸ Ïfl· ÂÓÈÛ˛ÛÂ˘Ì „È· ÙÔÌ ıÔÎÔ„ÈÛÏ¸ ÙÔı ˆ·ÈÌ¸ÏÂÌÔı

Ï›ÛÔı, ÛÙ· Î·flÛÈ· Âˆ·ÒÏÔ„fiÚ ÙÁÚ CPA, ÏÂ ·ÔÙ›ÎÂÛÏ· Ù¸ÛÔ ËÂ˘ÒÁÙÈÍ›Ú ‰ıÛÍÔÎflÂÚ

(ÂÒ˛ÙÁÏ· „È· ÙÔ ÔÈÂÚ ÂflÌ·È ÔÈ ÈÔ Í·Ù‹ÎÎÁÎÂÚ ÂÓÈÛ˛ÛÂÈÚ „È· ÙÔÌ ıÔÎÔ„ÈÛÏ¸) ¸ÛÔ

Í·È ıÔÎÔ„ÈÛÙÈÍ›Ú (ÒÔ‚ÎfiÏ·Ù· Û˝„ÍÎÈÛÁÚ, ÔÎÎ·Î›Ú Î˝ÛÂÈÚ ÍÔÍ.).

2ÃÂ ÙÔÌ ¸ÒÔ ·Ì‹ÏÈÓÁ ‰ÁÎ˛ÌÂÙ·È Á ÏÂÙ·ÙÒÔfi ‰È·ÏfiÍÔıÚ Í˝Ï·ÙÔÚ ÛÂ Â„Í‹ÒÛÈÔ ÍÈ ·ÌÙflÛÙÒÔˆ·.
3‘¸ÛÔ ÛÙÁ ‰È‹‰ÔÛÁ ‚·ËÏ˘Ù˛Ì ¸ÛÔ Í·È «Ã ÍıÏ‹Ù˘Ì Ïfl· Ï¸ÌÔ ·Ò‹ÏÂÙÒÔÚ (˜. Á ‰ÈÁÎÂÍÙÒÈÍfi

ÛÙ·ËÂÒ‹) ÂflÌ·È ·ÒÍÂÙfi „È· Ì· ÂÒÈ„Ò‹¯ÂÈ ÙÁ ‰È‹‰ÔÛÁ ÙÔı Í˝Ï·ÙÔÚ ÛÂ ›Ì· ÔÏÔ„ÂÌ›Ú Ï›ÛÔ.
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‘· ÂÈÒ‹Ï·Ù· ·¸ ÙÁÌ ‹ÎÎÁ ÏÂÒÈ‹ Ù· ÔÔfl· Ë· ÏÔÒÔ˝Û·Ì Ì· ÂflÌ·È

ÍflÌÁÙÒÔ „È· ËÂ˘ÒÁÙÈÍfi ÏÂÎ›ÙÁ ·ˆÔÒÔ˝Ì ÍıÒfl˘Ú ÏÂÙÒfiÛÂÈÚ Ù·˜ıÙfiÙ˘Ì ÛÂ ÂÒÈÔ˜›Ú

˜·ÏÁÎ˛Ì Ûı„ÍÂÌÙÒ˛ÛÂ˘Ì fi ˜·ÏÁÎ˛Ì Ûı˜ÌÔÙfiÙ˘Ì (ÂÒÈÔ˜›Ú ·ÛËÂÌÔ˝Ú ÛÍ›‰·ÛÁÚ)

[40, 41, 42, 43]. œÈ - ÈÔ ÂÌ‰È·ˆ›ÒÔıÛÂÚ - ÂÒÈÔ˜›Ú Ûı˜ÌÔÙfiÙ˘Ì ÛÙÈÚ ÔÔflÂÚ Á

‰È‹‰ÔÛÁ Í·ËÔÒflÊÂÙ·È ·¸ ÛÍ›‰·ÛÁ ÛıÌÙÔÌÈÛÏÔ˝ Í·È ÛıÏ‚ÔÎfi Ù˘Ì ÛÍÂ‰·ÊÔÏ›Ì˘Ì

ÍıÏ‹Ù˘Ì (ÂÒÈÔ˜›Ú ÈÛ˜ıÒfiÚ ÛÍ›‰·ÛÁÚ) ÂflÌ·È ÛÙÁÌ ÔıÛfl· ÂÈÒ·Ï·ÙÈÍ‹ ·ÌÂÓÂÒÂ˝ÌÁÙÂÚ.

–Ò¸Ûˆ·Ù·, ÏÂÙÒfiËÁÍÂ „È· Ò˛ÙÁ ˆÔÒ‹ ÛıÌÙÂÎÂÛÙfiÚ ‰È‹˜ıÛÁÚ, D, Í·È Ï›ÛÁ ÂÎÂ˝ËÂÒÁ

‰È·‰ÒÔÏfi ÏÂÙ·ˆÔÒ‹Ú, lt, - ÂÈÙÒ›ÔÌÙ·Ú ›ÙÛÈ ıÔÎÔ„ÈÛÏ¸ ÙÁÚ Ù·˜˝ÙÁÙ·Ú ÂÌ›Ò„ÂÈ·Ú,

vE - ÛÂ Ùı˜·flÔ Ï›ÛÔ ·ÔÙÂÎÔ˝ÏÂÌÔ ·¸ Ûˆ·flÒÂÚ „ı·ÎÈÔ˝ ÛÂ ÌÂÒ¸, ÛÂ ÂÒÈÔ˜›Ú

ÈÛ˜ıÒfiÚ ÛÍ›‰·ÛÁÚ [44]. ÃÂÙÒfiËÁÍ·Ì ÂflÛÁÚ Ù·˜˝ÙÁÙÂÚ ˆ‹ÛÁÚ Í·È ÔÏ‹‰·Ú Í·È

Ï›ÛÁ ÂÎÂ˝ËÂÒÁ ‰È·‰ÒÔÏfi ÛÍ›‰·ÛÁÚ ÛÙÔ fl‰ÈÔ Û˝ÛÙÁÏ· [45]. ‘· ÂÈÒ‹Ï·Ù· ·ıÙ‹ ÛÂ

ÛıÌ‰ı·ÛÏ¸ ÏÂ ·ÎÈ¸ÙÂÒ· ÂÈÒ‹Ï·Ù· Ï›ÙÒÁÛÁÚ Ù·˜˝ÙÁÙ·Ú ˆ‹ÛÁÚ [40, 43] ·ÔÙÂÎÔ˝Ì

ÙÔ ÍflÌÁÙÒÔ „È· ÙÔ ‰Â˝ÙÂÒÔ Ï›ÒÔÚ ÙÁÚ ·ÒÔ˝Û·Ú ÂÒ„·Ûfl·Ú. ”ÍÔ¸Ú, ÂflÌ·È Ô ›ÎÂ„˜ÔÚ

Í·È Á Â›ÍÙ·ÛÁ ÏÂË¸‰˘Ì Ôı ·Ì·Ù˝˜ËÁÍ·Ì „È· ‚·ËÏ˘Ù‹ Í·È ÁÎÂÍÙÒÔÏ·„ÌÁÙÈÍ‹

Í˝Ï·Ù· ÛÙÁÌ ÂÒflÙ˘ÛÁ Ù˘Ì ÂÎ·ÛÙÈÍ˛Ì Í·È ·ÍÔıÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì. œÈ Ï›ËÔ‰ÔÈ ·ıÙÔfl

ÂflÌ·È ‰˝Ô ÂÂÍÙ‹ÛÂÈÚ ÙÁÚ ÙıÈÍfiÚ CPA („Ì˘ÛÙ›Ú ÏÂ ÙÔ ¸ÌÔÏ· ·Îfi CPA Í·È coated

CPA [36]) „È· ÙÔÌ ıÔÎÔ„ÈÛÏ¸ Ù·˜ıÙfiÙ˘Ì ˆ‹ÛÂ˘Ì, Ï›Û˘Ì ÂÎÂ˝ËÂÒ˘Ì ‰È·‰ÒÔÏ˛Ì ÍÈ

ÂÍÙflÏÁÛÁ ÙÁÚ ‰ıÌ·Ù¸ÙÁÙ·Ú ÂÌÙÔÈÛÏÔ˝ Í·È Á ÒÔ·Ì·ˆÂÒËÂflÛ· CPA ÂÌ›Ò„ÂÈ·Ú Á ÔÔfl·

ÂÛÙÈ‹ÊÂÈ ÙÔ ÂÌ‰È·ˆ›ÒÔÌ ÙÁÚ ÛÙÔÌ ÂÈÎ›ÔÌ ıÔÎÔ„ÈÛÏ¸ ÙÁÚ Ù·˜˝ÙÁÙ·Ú ÂÌ›Ò„ÂÈ·Ú.

OÛÔÌ ·ˆÔÒ‹ ÙÁ ‰ÔÏfi ÙÁÚ ·ÒÔıÛfl·ÛÁÚ ÙÔı ÍÂˆ·Î·flÔı : (·) √flÌÂÙ·È ÏÈ·

ÛıÌÔÙÈÍfi ·Ì·ˆÔÒ‹ ÛÂ ÔÒÈÛÏ¸ Í·È ·Ì‹ÎıÛÁ Ù˘Ì Ï·ÍÒÔÛÍÔÈÍ˛Ì ˜·Ò·ÍÙÁÒÈÛÙÈÍ˛Ì

ÙÁÚ ‰È‹‰ÔÛÁÚ ÍÈ ÂflÛÁÚ ÛÙ· ¸ÒÈ· ÈÛ˜˝ÔÚ Ù˘Ì ‰È·ˆ¸Ò˘Ì ËÂ˘ÒÈ˛Ì Í·È ÒÔÛÂ„„flÛÂ˘Ì.

« ·Ì·ˆÔÒ‹ „flÌÂÙ·È „È· ÙÁÌ ÂÒflÙ˘ÛÁ ‚·ËÏ˘Ù˛Ì ÍıÏ‹Ù˘Ì ÏÂ Ù· ·ÔÙÂÎ›ÛÏ·Ù· Ì·

ÈÛ˜˝ÔıÌ ÂflÛÁÚ „È· ·ÍÔıÛÙÈÍ‹ Í˝Ï·Ù·4. √È· ÂÎ·ÛÙÈÍ‹ Í˝Ï·Ù· ı‹Ò˜ÔıÌ Í‹ÔÈÂÚ

È‰È·ÈÙÂÒ¸ÙÁÙÂÚ ÔÈ ÔÔflÂÚ ÛÁÏÂflÔ ÒÔÚ ÛÁÏÂflÔ Ë· ÛıÊÁÙÁËÔ˝Ì ÛÙÁÌ ÔÒÂfl· ÙÁÚ

·ÒÔıÛfl·ÛÁÚ ÙÔı ÍÂˆ·Î·flÔı. (‚) –·ÒÔıÛÈ‹ÊÔÌÙ·È ÍÈ ·Ì·Î˝ÔÌÙ·È ÔÈ Ï›ËÔ‰ÔÈ Ôı

˜ÒÁÛÈÏÔÔÈÔ˝ÌÙ·È. « ·ÒÔıÛfl·ÛÁ Ù˘Ì ÏÂË¸‰˘Ì, ÛÙ· ÛÁÏÂfl· Ôı ÛÍÔ¸Ú ÂflÌ·È Á

Í·Ù·Ì¸ÁÛÁ Ù˘Ì ‚·ÛÈÍ˛Ì È‰Â˛Ì, „flÌÂÙ·È ÍÈ Â‰˛ (Î¸„˘ ·Î¸ÙÁÙ·Ú Í·È ‰ıÌ·Ù¸ÙÁÙ·Ú

Û˝„ÍÒÈÛÁÚ) „È· ‚·ËÏ˘Ù‹ Í˝Ï·Ù·. ”Â ‰Â˝ÙÂÒÔ ‚fiÏ· ÛıÊÁÙÔ˝ÌÙ·È ÔÈ È‰È·ÈÙÂÒ¸ÙÁÙÂÚ

Ù˘Ì ·ÍÔıÛÙÈÍ˛Ì (¸Ôı ı‹Ò˜ÔıÌ) Í·È Ù˘Ì ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì. („) –·ÒÔıÛÈ‹ÊÔÌÙ·È

·ÔÙÂÎ›ÛÏ·Ù· Ôı ›˜ÔıÌ ÂÓ·˜ËÂfl ·Ì·ÎıÙÈÍ‹ „È· „È· ‰È‹ˆÔÒÂÚ ÔÒÈ·Í›Ú ÂÒÈÙ˛ÛÂÈÚ

Í·È (‰) ·ÒÔıÛÈ‹ÊÔÌÙ·È Í·È Û˜ÔÎÈ‹ÊÔÌÙ·È ·ÒÈËÏÁÙÈÍ‹ ·ÔÙÂÎ›ÛÏ·Ù·.

3.2 Ã·ÍÒÔÛÍÔÈÍ‹ ˜·Ò·ÍÙÁÒÈÛÙÈÍ‹ ÙÁÚ ‰È‹‰ÔÛÁÚ

”Â ›Ì· ÔÏÔ„ÂÌ›Ú Ï›ÛÔ ˜˘ÒflÚ ·ÔÒÒ¸ˆÁÛÁ ›Ì· ÂflÂ‰Ô Í˝Ï· ˜·Ò·ÍÙÁÒflÊÂÙ·È ·¸

ÙÁ Ûı˜Ì¸ÙÁÙ·, � Í·È ÙÁ ‰ÈÂ˝ËıÌÛÁ ‰È‹‰ÔÛÁÚ. –ÎÁÒÔˆÔÒfl· „È· ÙÁ ‰ÈÂ˝ËıÌÛÁ

‰È‹‰ÔÛÁÚ ‰flÌÂÈ Á ‰ÈÂ˝ËıÌÛÁ ÙÔı Ò·„Ï·ÙÈÍÔ˝ („È· ÔÏÔ„ÂÌfi Ï›Û· ˜˘ÒflÚ ·ÔÒÒ¸ˆÁÛÁ)

ÍıÏ·Ù·Ì˝ÛÏ·ÙÔÚ, k, ÙÔı ÔÔflÔı ÙÔ Ï›ÙÒÔ ÛıÌ‰›ÂÙ·È ÏÂ ÙÁ Ûı˜Ì¸ÙÁÙ· Í·È ÙÁÌ Ù·˜˝ÙÁÙ·

ˆ‹ÛÁÚ ÏÂ ÙÁ „Ì˘ÛÙfi „È· Û˘Ï·Ùfl‰È· ˜˘ÒflÚ Ï‹Ê· Û˜›ÛÁ ‰È·ÛÔÒ‹Ú � � kcph. « cph
ÂflÌ·È Á Ù·˜˝ÙÁÙ· ÏÂ ÙÁÌ ÔÔfl· ‰È·‰fl‰ÂÙ·È ›Ì· ÛÙ·ËÂÒ¸ Ï›Ù˘Ô ÙÔı Í˝Ï·ÙÔÚ Í·È

ÛÙÁÌ ÂÒflÙ˘ÛÁ ·ıÙfi Ù·ıÙflÊÂÙ·È ÏÂ ÙÁÌ Ù·˜˝ÙÁÙ· ÔÏ‹‰·Ú, vg � d��dk, ÙÁÌ Ù·˜˝ÙÁÙ·

‰ÁÎ·‰fi ‰È‹‰ÔÛÁÚ ÙÁÚ ÂÌ›Ò„ÂÈ·Ú ÂÌ¸Ú Û˝Ïˆ˘ÌÔı ·ÎÏÔ˝.

”Â ›Ì· Ùı˜·flÔ Ï›ÛÔ ·ÌÙflËÂÙ·, Î¸„˘ Ù˘Ì ÔÎÎ·Î˛Ì ÛÍÂ‰‹ÛÂ˘Ì, Á Û˜›ÛÁ ‰È·ÛÔÒ‹Ú

·˝ÂÈ Ì· ›˜ÂÈ ÙÁÌ ·Ò·‹Ì˘ ·Îfi ÏÔÒˆfi fi Í·È Ì· ÈÛ˜˝ÂÈ ˘Ú ›ÌÌÔÈ·. œÈ ÔÎÎ·Î›Ú

4‘· ·ÍÔıÛÙÈÍ‹ Í˝Ï·Ù· „È· ÛÙ·ËÂÒfi ıÍÌ¸ÙÁÙ· Ù·ıÙflÊÔÌÙ·È ÏÂ Ù· ‚·ËÏ˘Ù‹.
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ÛÍÂ‰‹ÛÂÈÚ Í‹ÌÔıÌ ÙÔ Í˝Ï· Ì· ˜‹ÌÂÈ ÙÁ ˆ‹ÛÁ ÙÔı, Ùı˜·ÈÔÔÈ˛ÌÙ·Ú ÙÁ ‰ÈÂ˝ËıÌÛÁ

ÙÔı. « Ùı˜·ÈÔÔflÁÛÁ ·ıÙfi, Á ÔÔfl· ÛÂ ÏÂ„‹ÎÔ ‚·ËÏ¸ ÂflÌ·È ÛıÌ‹ÒÙÁÛÁ ÙÔı ¸ÛÔ

›ÌÙÔÌÁ ÂflÌ·È Á ÛÍ›‰·ÛÁ ·¸ Í‹ËÂ ›Ì· ÛÍÂ‰·ÛÙfi Í·È ‹Ò· ÛıÌ‹ÒÙÁÛÁ ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú,

Í‹ÌÂÈ ÙÈÚ Ù·˜˝ÙÁÙÂÚ ‰È‹‰ÔÛÁÚ Ì· ÂflÌ·È ÂflÛÁÚ ÛıÌ·ÒÙfiÛÂÈÚ ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú Í·È ÛÂ

ÂÒÈÙ˛ÛÂÈÚ ÈÛ˜ıÒfiÚ ÛÍ›‰·ÛÁÚ Í·È ÙÁÚ ‰ÈÂ˝ËıÌÛÁÚ. ‘Ô Ï›ÛÔ ÏfiÍÔÚ ÛÙÔ ÔÔflÔ Á

ÛıÏˆ˘Ìfl· ˆ‹ÛÁÚ ‰È·ÙÁÒÂflÙ·È ÛÂ ›Ì· Ùı˜·flÔ Ï›ÛÔ ˜·Ò·ÍÙÁÒflÊÂÙ·È Û·Ì Ï›ÛÁ ÂÎÂ˝ËÂÒÁ

‰È·‰ÒÔÏfi ÛÍ›‰·ÛÁÚ, ls, ÙÔı Í˝Ï·ÙÔÚ [46, 47]. ”Â ˜·ÏÁÎ›Ú Ûı„ÍÂÌÙÒ˛ÛÂÈÚ ÛÍÂ‰·ÛÙ˛Ì

ÈÛ˜˝ÂÈ ¸ÙÈ ls � 1�n� ¸Ôı n Á Ûı„Í›ÌÙÒ˘ÛÁ Ù˘Ì ÛÍÂ‰·ÛÙ˛Ì Í·È � Á ÔÎÈÍfi ÂÌÂÒ„¸Ú

‰È·ÙÔÏfi ÛÍ›‰·ÛÁÚ ·¸ ›Ì· ÛÍÂ‰·ÛÙfi.

”ÙÁÌ ÂÒflÙ˘ÛÁ ·ÛËÂÌÔ˝Ú ÛÍ›‰·ÛÁÚ fi ÎÂÙ˛Ì ‰ÂÈ„Ï‹Ù˘Ì, L, ÙÔı Ùı˜·flÔı Ï›ÛÔı

Ù›ÙÔÈ˘Ì ˛ÛÙÂ L � ls, (·ÍÒÈ‚›ÛÙÂÒ· ÛÂ ÍÎflÏ·ÍÂÚ ÏfiÍÔıÚ L � ls) Ù· ˆ·ÈÌ¸ÏÂÌ·

ÔÎÎ·ÎfiÚ ÛÍ›‰·ÛÁÚ ‰ÂÌ ·flÊÔıÌ Í·ËÔÒÈÛÙÈÍ¸ Ò¸ÎÔ ÛÙÁ ‰È‹‰ÔÛÁ (ÔÈ ÛÍÂ‰·ÛÙ›Ú

ÂflÌ·È Í·Ù‹ Í‹ÔÈÔ ÙÒ¸Ô ·ÛıÛ˜›ÙÈÛÙÔÈ) Í·È Á ·Ò˜ÈÍfi ˆ‹ÛÁ ÙÔı Í˝Ï·ÙÔÚ ÛÂ ÏÂ„‹ÎÔ

‚·ËÏ¸ ‰È·ÙÁÒÂflÙ·È. « ÂÒÈÔ˜fi ·ıÙfi (L � ls), Á ÔÔfl· ˜·Ò·ÍÙÁÒflÊÂÙ·È Û·Ì ÂÒÈÔ˜fi

‚·ÎÎÈÛÙÈÍfiÚ ‰È‹‰ÔÛÁÚ, ÂflÌ·È Á ÂÒÈÔ˜fi Ï›„ÈÛÙÁÚ ÂÈÙı˜fl·Ú Ù˘Ì ËÂ˘ÒÈ˛Ì ˆ·ÈÌ¸ÏÂÌÔı

Ï›ÛÔı, ËÂ˘ÒflÂÚ Ôı ‚·ÛflÊÔÌÙ·È ÛÂ ··ÈÙfiÛÂÈÚ ‹Ì˘ ÛÙÁ Ï›ÛÁ ÛıÌ‹ÒÙÁÛÁ Green5,

� G �c. ≈flÛÁÚ ÂflÌ·È Á ÂÒÈÔ˜fi ¸Ôı ÏÂ„›ËÁ ¸˘Ú Á Ù·˜˝ÙÁÙ· ˆ‹ÛÁÚ Í·È ÔÏ‹‰·Ú

(Ù·˜˝ÙÁÙÂÚ Ôı Û˜ÂÙflÊÔÌÙ·È ÏÂ Û˝Ïˆ˘ÌÁ ‰È‹‰ÔÛÁ ÙÔı Í˝Ï·ÙÔÚ) ›˜ÔıÌ Í‹ÔÈÔ ˆıÛÈÍ¸

Ì¸ÁÏ· [29, 31, 39].

”ÙÁÌ ÂÒflÙ˘ÛÁ ¸Ôı ÙÔ Ùı˜·flÔ Ï›ÛÔ ÂflÌ·È ÛÂ ‰È‹ÛÙ·ÛÁ ÔÎ˝ ÏÂ„·Î˝ÙÂÒÔ ·¸

ÙÁ Ï›ÛÁ ÂÎÂ˝ËÂÒÁ ‰È·‰ÒÔÏfi (L 
 ls) ÔÈ ÔÎÎ·Î›Ú ÛÍÂ‰‹ÛÂÈÚ (ÔÈ ÔÔflÂÚ, ·Í¸Ï·

ÍÈ ·ÛËÂÌÂflÚ, ‰ÒÔ˝Ì ÛıÛÛ˘ÒÂıÙÈÍ‹) ÍıÒÈ·Ò˜Ô˝Ì ÛÙÔÌ Í·ËÔÒÈÛÏ¸ ÙÁÚ ‰È‹‰ÔÛÁÚ. ‘Ô

·ÔÙ›ÎÂÛÏ· ÂflÌ·È ÎfiÒÁÚ ·˛ÎÂÈ· ÙÁÚ ˆ‹ÛÁÚ ÙÔı Í˝Ï·ÙÔÚ. ”ÙÁÌ ÂÒÈÔ˜fi ·ıÙfi

Ô Û˝Ïˆ˘ÌÔÚ ÍıÏ·ÙÈÍ¸Ú ˜·Ò·ÍÙfiÒ·Ú ÂÈÛÍÈ‹ÊÂÙ·È ·¸ ›Ì· ˜·Ò·ÍÙfiÒ· ‰È‹˜ıÛÁÚ6.

–ÎÁÒÔˆÔÒfl· „È· ÙÁ ‰È‹˜ıÛÁ ÙÔı Í˝Ï·ÙÔÚ ‰flÌÂÈ ÙÔ „ÈÌ¸ÏÂÌÔ � GG �c. ≈ÙÛÈ, „È· ÙÁÌ

ÂÒÈ„Ò·ˆfi ÙÁÚ ‰È‹‰ÔÛÁÚ Û' ·ıÙfi ÙÁÌ ÂÒÈÔ˜fi - Á ÔÔfl· ˜·Ò·ÍÙÁÒflÊÂÙ·È Û·Ì ÂÒÈÔ˜fi

‰È‹˜ıÛÁÚ - ˜ÒÂÈ‹ÊÔÌÙ·È ËÂ˘ÒflÂÚ ‚·ÛÈÛÏ›ÌÂÚ ÛÂ ··ÈÙfiÛÂÈÚ ‹Ì˘ ÛÙÔ � GG �c fi

Í·Ù‹ÎÎÁÎÁ ÙÒÔÔÔflÁÛÁ Ù˘Ì ËÂ˘ÒÈ˛Ì ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı ˛ÛÙÂ Ì· ÂÒÈ„Ò‹ˆÔÌÙ·È

ÂÒÈÛÛ¸ÙÂÒÔ ÈÍ·ÌÔÔÈÁÙÈÍ‹ Ù· ˆ·ÈÌ¸ÏÂÌ· ÔÎÎ·ÎfiÚ ÛÍ›‰·ÛÁÚ. ≈flÛÁÚ Â‰˛ Á

ÂÒÈ„Ò·ˆfi Ï›Û˘ Ù˘Ì Ù·˜ıÙfiÙ˘Ì ˆ‹ÛÁÚ Í·È ÔÏ‹‰·Ú ˜‹ÌÂÈ ÙÔ Ì¸ÁÏ· ÙÁÚ Í·È Á ‰È‹‰ÔÛÁ

ÙÁÚ ÂÌ›Ò„ÂÈ·Ú ÏÔÒÂfl Ì· ÂÒÈ„Ò·ˆÂfl Ï¸ÌÔ Ï›Û˘ ÙÁÚ Ù·˜˝ÙÁÙ·Ú ÂÌ›Ò„ÂÈ·Ú7, vE � 3D�lt
[29, 31, 39]. lt ÂflÌ·È Á ÎÂ„¸ÏÂÌÁ Ï›ÛÁ ÂÎÂ˝ËÂÒÁ ‰È·‰ÒÔÏfi ÏÂÙ·ˆÔÒ‹Ú Á ÔÔfl· ÔÒflÊÂÙ·È

Û·Ì ÙÔ Ï›ÛÔ ÏfiÍÔÚ ÛÙÔ ÔÔflÔ ÙÔ Í˝Ï· ‰È·ÙÁÒÂfl ÙÁ ÏÌfiÏÁ ÙÁÚ ·Ò˜ÈÍfiÚ ÙÔı ‰ÈÂ˝ËıÌÛÁÚ

(ˆ‹ÛÁÚ) [46, 47]. « Ï›ÛÁ ÂÎÂ˝ËÂÒÁ ‰È·‰ÒÔÏfi ÏÂÙ·ˆÔÒ‹Ú ‰È·ˆ›ÒÂÈ ·¸ ÙÁÌ ls (� 1�n�)

Í·Ù‹ ÙÔ ¸ÙÈ ÂÒÈ›˜ÂÈ ›Ì·Ì ¸ÒÔ ÙÁÚ ÏÔÒˆfiÚ (1 � cos �) ÛÙÔÌ ıÔÎÔ„ÈÛÏ¸ ÙÁÚ ÂÌÂÒ„Ô˝

‰È·ÙÔÏfiÚ, �, ÂÌ˛ Ù·ıÙflÊÂÙ·È ÏÂ ·ıÙfiÌ Ï¸ÌÔ „È· ÈÛÔÙÒÔÈÍfi ÛÍ›‰·ÛÁ.

œÛÔÌ ·ˆÔÒ‹ Ù›ÎÔÚ ÙÁ ‰ıÌ·Ù¸ÙÁÙ· ÂÌÙÔÈÛÏÔ˝ ÙÔı Í˝Ï·ÙÔÚ, ÙÁ ‰ıÌ·Ù¸ÙÁÙ·

‰ÁÎ·‰fi ›Ì·Ú ‰È·‰È‰¸ÏÂÌÔÚ ·ÎÏ¸Ú Ì· ÏÂÙ·ÙÒ·Âfl ÛÂ ÂÍËÂÙÈÍ‹ ·ÔÛ‚ÂÌ˝ÏÂÌÔ Î¸„˘

Í·Ù·ÛÙÒÔˆÈÍfiÚ ÛıÏ‚ÔÎfiÚ Ù˘Ì ÔÎÎ·Î‹ ÛÍÂ‰·ÊÔÏ›Ì˘Ì ÍıÏ‹Ù˘Ì, Ë· Ò›ÂÈ Ì·

·Ì·ˆÂÒËÂfl ¸ÙÈ ·ıÙ¸ „ÂÌÈÍ‹ ‰ÂÌ ÂflÌ·È ·Ì·ÏÂÌ¸ÏÂÌÔ Ô˝ÙÂ ÛÂ ˜·ÏÁÎ›Ú Ûı˜Ì¸ÙÁÙÂÚ ¸Ôı

Á ÛÍ›‰·ÛÁ ÂflÌ·È ·ÛËÂÌfiÚ Ô˝ÙÂ ÛÂ ÔÎ˝ ı¯ÁÎ›Ú ¸Ôı Á ÛÍ›‰·ÛÁ ÂÒÈ„Ò‹ˆÂÙ·È ·¸

5« ÛıÌ‹ÒÙÁÛÁ Green ÏÔÒÂfl Ì· ‰˛ÛÂÈ ÎÁÒÔˆÔÒfl· „È· ÂÌ‰È·ˆ›ÒÔÌÙ· ÏÂ„›ËÁ ¸˘Ú ÂflÌ·È Á ıÍÌ¸ÙÁÙ·

Í·Ù·ÛÙ‹ÛÂ˘Ì, Á Ï›ÛÁ ÂÎÂ˝ËÂÒÁ ‰È·‰ÒÔÏfi ÛÍ›‰·ÛÁÚ ÍÔÍ. « Ï›ÛÁ ÙÈÏfi ·flÒÌÂÙ·È ‹Ì˘ ÛÂ ¸ÎÂÚ ÙÈÚ ‰ıÌ·Ù›Ú

‰È·Ù‹ÓÂÈÚ ÛÍÂ‰·ÛÙ˛Ì.
6« ÂÒÈ„Ò·ˆfi ÙÁÚ ‰È‹‰ÔÛÁÚ ÙÁÚ ÂÌ›Ò„ÂÈ·Ú ÔÎÎ·Î‹ ÛÍÂ‰·ÊÔÏ›Ì˘Ì ÍıÏ‹Ù˘Ì „flÌÂÙ·È Ï›Û˘ ÙÁÚ

ÂÓflÛ˘ÛÁÚ ‰È‹˜ıÛÁÚ.
7”Â ÂÒÈÔ˜›Ú ·ÛËÂÌÔ˝Ú ÛÍ›‰·ÛÁÚ ÔÈ Ù·˜˝ÙÁÙÂÚ cph, vg Í·È vE ÂflÌ·È ÂÒflÔı ÔÈ fl‰ÈÂÚ.
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ÙÁ „Â˘ÏÂÙÒÈÍfi ÔÙÈÍfi Í·È ˆ·ÈÌ¸ÏÂÌ· ÛıÏ‚ÔÎfiÚ ‰ÂÌ ÛıÏÂÒÈÎ·Ï‚‹ÌÔÌÙ·È. Ã¸ÌÁ

‰ıÌ·Ù¸ÙÁÙ· „È· ÂÌÙÔÈÛÏ¸ ı‹Ò˜ÂÈ ÛÂ ÂÒÈÔ˜›Ú Ûı˜ÌÔÙfiÙ˘Ì Ôı ·ÌÙÈÛÙÔÈ˜Ô˝Ì ÛÂ

ÏfiÍÁ Í˝Ï·ÙÔÚ Ûı„ÍÒflÛÈÏ· ÏÂ ÙÁÌ ‰È‹ÛÙ·ÛÁ Ù˘Ì ÛÍÂ‰·ÛÙ˛Ì (ÂÍÂfl Á ÂÌÂÒ„¸Ú ‰È·ÙÔÏfi

ÛÍ›‰·ÛÁÚ ›˜ÂÈ ÙÁÌ ÎÔ˝ÛÈ· ÛÂ ‰ÔÏfi ÏÔÒˆfi Ôı ·ÒÔıÛÈ‹ÛÙÁÍÂ ÛÙÔ ÍÂˆ‹Î·ÈÔ 2).

–ÔÛÔÙÈÍ‹, Ô ›ÎÂ„˜ÔÚ „È· ÂÌÙÔÈÛÏ¸ „flÌÂÙ·È ÏÂ ÂÓ›Ù·ÛÁ ÙÁÚ ·Ò·Ï›ÙÒÔı ÂÌÙÔÈÛÏÔ˝

kl � ���cph� � ls. « ·Ò‹ÏÂÙÒÔÚ ·ıÙfi Ûı„ÍÒflÌÂÈ ÙÔ ÏfiÍÔÚ Í˝Ï·ÙÔÚ 
 �� 2��k�
ÏÂ ÙÁ Ï›ÛÁ ÂÎÂ˝ËÂÒÁ ‰È·‰ÒÔÏfi ls. ≈ÌÙÔÈÛÏ¸Ú ÏÔÒÂfl Ì· ı‹ÒÓÂÈ Ï¸ÌÔ „È· ÙÈÏ›Ú

ÙÁÚ ·Ò·Ï›ÙÒÔı kl ÏÈÍÒ¸ÙÂÒÂÚ ·¸ ÏÔÌ‹‰· ÂÌ˛ ÙÔ ·ÍÒÈ‚›Ú ¸ÒÈÔ ÏÂÙ‹‚·ÛÁÚ, �kl�c,
·¸ ÂÍÙÂÙ·Ï›ÌÂÚ ÛÂ ÂÌÙÔÈÛÏ›ÌÂÚ Í·Ù·ÛÙ‹ÛÂÈÚ ‰ÂÌ ›˜ÂÈ ÒÔÛ‰ÈÔÒÈÛÙÂfl ·ÍÒÈ‚˛Ú.

–ÒÔÛ‹ËÂÈ· ıÔÎÔ„ÈÛÏÔ˝ ÙÁÚ ÍÒflÛÈÏÁÚ ÙÈÏfiÚ �kl�c, ·ÔÙ›ÎÂÛÂ Á ÎÂ„¸ÏÂÌÁ PWA

[48, 49, 50] ÛÙÁÌ ÔÔfl· ÙÔ Ò¸‚ÎÁÏ· ÙÁÚ Â˝ÒÂÛÁÚ ÂÌÙÔÈÛÏ›Ì˘Ì Í·Ù·ÛÙ‹ÛÂ˘Ì ÛÂ

Ùı˜·flÔ Ï›ÛÔ ÛıÌ‰›ÂÙ·È ÏÂ ÙÔ Ò¸‚ÎÁÏ· Â˝ÒÂÛÁÚ ‰›ÛÏÈ˘Ì Í·Ù·ÛÙ‹ÛÂ˘Ì ÛÂ Á„‹‰È

‰ıÌ·ÏÈÍÔ˝. « ËÂ˘Òfl· ·ıÙfi ‰flÌÂÈ �kl�c � 0�844 [48, 49, 50] ÂÌ˛ ‹ÎÎÁ ÙÈÏfi Ôı

ı‹Ò˜ÂÈ ÛÙÁ ‚È‚ÎÈÔ„Ò·ˆfl·, ·ÔÙ›ÎÂÛÏ· ‰È·ˆÔÒÂÙÈÍÔ˝ ÙÒ¸Ôı ÒÔÛ›„„ÈÛÁÚ, ÂflÌ·È Á

�kl�c � 0�911 [29].

3.3 CPA

œ˘Ú ·Ì·ˆ›ÒËÁÍÂ ÛÙÁÌ ÂÈÛ·„˘„fi, Á CPA ·ÌÙÈÍ·ËÈÛÙ‹ ÙÔ Ùı˜·flÔ Ï›ÛÔ ÏÂ ›Ì·

ÔÏÔ„ÂÌ›Ú ˆ·ÈÌ¸ÏÂÌÔ (effective) Ï›ÛÔ. ‘Ô ˆ·ÈÌ¸ÏÂÌÔ ·ıÙ¸ Ï›ÛÔ ˜·Ò·ÍÙÁÒflÊÂÙ·È ·¸

›Ì· ÏÈ„·‰ÈÍ¸, ÂÓ·ÒÙ˛ÏÂÌÔ ·¸ ÙÁ Ûı˜Ì¸ÙÁÙ· ÍıÏ·ÙÔ‰È‹ÌıÛÏ· ‰È‹‰ÔÛÁÚ, qe���,
(fi ÈÛÔ‰˝Ì·Ï· ÏÈ· ÏÈ„·‰ÈÍfi Ù·˜˝ÙÁÙ·, ce � ��qe) ÙÔ ÔÔflÔ Í·È ıÔÎÔ„flÊÂÙ·È

·ıÙÔÛıÌÂ˛Ú8 [30, 29]. ‘Ô Ò·„Ï·ÙÈÍ¸ Ï›ÒÔÚ ÙÔı qe, ˜·Ò·ÍÙÁÒflÊÂÙ·È Û·Ì ÙÔ

Â·Ì·Í·ÌÔÌÈÍÔÔÈÁÏ›ÌÔ ÍıÏ·ÙÔ‰È‹ÌıÛÏ· ‰È‹‰ÔÛÁÚ ÛÙÔ Ùı˜·flÔ Ï›ÛÔ Í·È ‰flÌÂÈ ÙÁÌ

Ù·˜˝ÙÁÙ· ˆ‹ÛÁÚ, cph � ����qe� ÂÌ˛ ÙÔ ˆ·ÌÙ·ÛÙÈÍ¸ Ï›ÒÔÚ ÛıÌ‰›ÂÙ·È ÏÂ ÙÁÌ ·˛ÎÂÈ·

ÙÁÚ ˆ‹ÛÁÚ ÙÔı Í˝Ï·ÙÔÚ Î¸„˘ ÔÎÎ·Î˛Ì ÛÍÂ‰‹ÛÂ˘Ì Í·È ‰flÌÂÈ ÙÁ Ï›ÛÁ ÂÎÂ˝ËÂÒÁ

‰È·‰ÒÔÏfi ÛÍ›‰·ÛÁÚ, ls � 1�2	�qe�.
‘Ô ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ, qe, ÛÙ· Î·flÛÈ· ¸Î˘Ì Ù˘Ì ÂÍ‰Ô˜˛Ì ÙÁÚ CPA ıÔÎÔ„flÊÂÙ·È

·¸ ÙÁÌ ‚·ÛÈÍfi ··flÙÁÛÁ Á ÛıÌ‹ÒÙÁÛÁ Green ÙÔı Ï›ÛÔı ·ıÙÔ˝, Ge, Ì· ÂflÌ·È flÛÁ ÏÂ

ÙÁÌ Ï›ÛÁ ÙÈÏfi ÙÁÚ ÛıÌ‹ÒÙÁÛÁÚ Green ÙÔı Ò·„Ï·ÙÈÍÔ˝ Ï›ÛÔı, � G �c, ¸Ôı Á Ï›ÛÁ

ÙÈÏfi ·flÒÌÂÙ·È ‹Ì˘ ÛÂ ¸ÎÂÚ ÙÈÚ ‰ıÌ·Ù›Ú ‰È·Ù‹ÓÂÈÚ ÙÁÚ Ùı˜·È¸ÙÁÙ·Ú [30]. « ÛıÌËfiÍÁ

·ıÙfi Ï·ËÁÏ·ÙÈÍ‹ ÂÍˆÒ‹ÊÂÙ·È Û·Ì

� G �c� Ge ��
1

q2
e � k2

� �3�1�

‘Ô ‰ÂÓÈ¸ Ï›ÎÔÚ ÛÙÁÌ 3.1 ÂflÌ·È Á ›ÍˆÒ·ÛÁ ÛÙÔ ˜˛ÒÔ Ù˘Ì ÔÒÏ˛Ì (k-˜˛ÒÔ) ÙÁÚ

ÛıÌ‹ÒÙÁÛÁÚ Green ÔÏÔ„ÂÌÔ˝Ú Ï›ÛÔı ÏÂ ÍıÏ·Ù‹ÌıÛÏ· qe.

≈ÛÙ˘ Ù˛Ò· ›Ì· ÔÏÔ„ÂÌ›Ú Ï›ÛÔ Ôı ˜·Ò·ÍÙÁÒflÊÂÙ·È ·¸ ·¸ ›Ì· ÍıÏ·Ù‹ÌıÛÏ· km
(fi ÈÛÔ‰˝Ì·Ï· ÏÈ· Ù·˜˝ÙÁÙ· cm � ��km). ‘¸ÙÂ Á ÛıÌ‹ÒÙÁÛÁ Green, G, ÙÔı Ùı˜·flÔı

Ï›ÛÔı ÏÔÒÂfl Ì· „Ò·ˆÂfl Û·Ì [30, 29]

G � Gm �GmTmGm �3�2�

8¡Ì·ˆÂÒ¸Ï·ÛÙÂ ÛÂ Ï›Û· Ôı ˜·Ò·ÍÙÁÒflÊÔÌÙ·È ÎfiÒ˘Ú ·¸ Ï¸ÌÔ ›Ì· ÍıÏ·ÙÔ‰È‹ÌıÛÏ·. « Â›ÍÙ·ÛÁ

ÛÙÁÌ ÂÒflÙ˘ÛÁ Ù˘Ì ÂÎ·ÛÙÈÍ˛Ì ÍÈ ·ÍÔıÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì Ë· ÛıÊÁÙÁËÂfl ·Ò·Í‹Ù˘.
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¸Ôı Gm ÂflÌ·È Á ÛıÌ‹ÒÙÁÛÁ Green ÙÔı ÔÏÔ„ÂÌÔ˝Ú ·ıÙÔ˝ Ï›ÛÔı Í·È Tm Ô Í·Î‹

„Ì˘ÛÙ¸Ú ·¸ ÙÁ ËÂ˘Òfl· ‰È·Ù·Ò·˜˛Ì ÙÂÎÂÛÙfiÚ ÛÍ›‰·ÛÁÚ9, Ô ÔÔflÔÚ ÂÒÈ›˜ÂÈ ¸ÎÁ ÙÁÌ

ÎÁÒÔˆÔÒfl· „È· ÛÍ›‰·ÛÁ ·Ì‹ÏÂÛ· ÛÙÔ ÔÏÔ„ÂÌ›Ú Ï›ÛÔ, km, Í·È ÙÔ Ùı˜·flÔ (Ô ‰ÂflÍÙÁÚ

m ‰ÁÎ˛ÌÂÈ ¸ÙÈ Ô T ÔÒflÊÂÙ·È Û˜ÂÙÈÍ‹ ÏÂ ÙÔ Ï›ÛÔ km).

–·flÒÌÔÌÙ·Ú Ï›ÛÁ ÙÈÏfi ÛÙÁÌ ≈Ó.3.2 ÒÔÍ˝ÙÂÈ Á

� G �c� Gm � Gm � Tm �c Gm �3�3�

Á ÔÔfl· ÛÙÔÌ k-˜˛ÒÔ ÏÔÒÂfl Ì· „Ò·ˆÂfl Û·Ì [29]:

� G �c�
1

k2
m � k2 � šm���

�3�4�

”ÙÁ Û˜›ÛÁ 3.4 ¸ÎÁ Á ÎÁÒÔˆÔÒfl· „È· ÙÁ ÛÍ›‰·ÛÁ ›˜ÂÈ ÏÂÙ·ˆÂÒËÂfl ·¸ ÙÔÌ � Tm �c

ÛÙÁÌ ÏÈ„·‰ÈÍfi ÛıÌ‹ÒÙÁÛÁ šm��� „Ì˘ÛÙfi Û·Ì È‰ÈÔÂÌ›Ò„ÂÈ· (self-energy)10. « š „È·

·ÛËÂÌfi ÛÍ›‰·ÛÁ ÂflÌ·È ·Ì‹ÎÔ„Á ÙÔı � T �c [29, ÛÂÎ.55] ÂÌ˛ Ô ‰ÂflÍÙÁÚ m Ï·flÌÂÈ ÍÈ

Â‰˛ „È· Ì· ‰ÁÎ˛ÛÂÈ ÛÍ›‰·ÛÁ Û˜ÂÙÈÍ‹ ÏÂ ÙÔ Ï›ÛÔ km.

¡ÓflÊÂÈ Ì· ·Ì·ˆÂÒËÂfl Ù›ÎÔÚ ¸ÙÈ Ô ÙÂÎÂÛÙfiÚ ÛÍ›‰·ÛÁÚ T ÏÔÒÂfl Ì· „Ò·ˆÂfl Û·Ì ›Ì·

‹ÂÈÒÔ ‹ËÒÔÈÛÏ· ÙÁÚ ÏÔÒˆfiÚ [30]

Tm �
X
i

ti �
X
i��j

tiGmtj �
X

i��j ��k

tiGmtjGmtk � ���� �3�5�

¸Ôı ÔÈ ÙÂÎÂÛÙ›Ú ti ·ÌÙÈÒÔÛ˘Â˝ÔıÌ ÙÁ ÛÍ›‰·ÛÁ ·¸ Í‹ËÂ ‰ÔÏÈÍfi ÏÔÌ‹‰·

ÙÔı Ùı˜·flÔı Ï›ÛÔı Ôı ÂÒÈ‚‹ÎÎÂÙ·È ·¸ ÙÔ Ï›ÛÔ km ÂÌ˛ ¸ÒÔÈ ‹Ì˘ ·¸ ÙÔÌ

Ò˛ÙÔ ÂÒÈ„Ò‹ˆÔıÌ ˆ·ÈÌ¸ÏÂÌ· ÔÎÎ·ÎfiÚ ÛÍ›‰·ÛÁÚ ÏÂÙ·Ó˝ Ù˘Ì ‰È·ˆ¸Ò˘Ì ‰ÔÏÈÍ˛Ì

ÏÔÌ‹‰˘Ì.

œÈ ·Ò·‹Ì˘ Ù˝ÔÈ (≈Ó.3.1-≈Ó.3.5) ÂflÌ·È Á ‚‹ÛÁ „È· ÙÁÌ ·Ì‹ÎıÛÁ Í·È Í·Ù·Ì¸ÁÛÁ

Ù˘Ì ÂÍ‰Ô˜˛Ì ÙÁÚ CPA Ôı ˜ÒÁÛÈÏÔÔÈÔ˝ÌÙ·È ÛÙÁÌ ·ÒÔ˝Û· ‰ÔıÎÂÈ‹. œÈ ÂÍ‰Ô˜›Ú

·ıÙ›Ú ¸˘Ú fi‰Á ·Ì·ˆ›ÒËÁÍÂ, ÂflÌ·È Á ·Îfi Í·È Á coated CPA [36] ÔÈ ÔÔflÂÚ ÂflÌ·È

‹ÏÂÛÂÚ ÂÂÍÙ‹ÛÂÈÚ ÙÁÚ ÙıÈÍfiÚ CPA ÍÈ ÂflÛÁÚ Á CPA ÂÌ›Ò„ÂÈ·Ú [38, 39] Á ÔÔfl·

ÂflÌ·È ·Î˛Ú ‚·ÛÈÛÏ›ÌÁ ÛÙÁÌ È‰›· ÙÁÚ CPA.

3.3.1 ‘ıÈÍfi CPA

« ‚·ÛÈÍfi ÛıÌËfiÍÁ „È· ÙÔÌ ıÔÎÔ„ÈÛÏ¸ ÙÔı ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı, qe, ÛÙ· Î·flÛÈ· ÙÁÚ

ÙıÈÍfiÚ CPA [30, 29] ÂflÌ·È Ô ÏÁ‰ÂÌÈÛÏ¸Ú ÙÁÚ Í·Ù‹ Ï›ÛÔ ¸ÒÔ ÛÍ›‰·ÛÁÚ ·Ì‹ÏÂÛ· ÛÙÔ

ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ, qe, Í·È ÙÔ Ò·„Ï·ÙÈÍ¸ Ùı˜·flÔ Û˝ÛÙÁÏ· [30, 29]. « ÛıÌËfiÍÁ ·ıÙfi

Ï·ËÁÏ·ÙÈÍ‹ ÂÍˆÒ‹ÊÂÙ·È Û·Ì

� Te �c� 0 �3�6�

« ≈Ó.3.6 ‰ÂÌ ÂflÌ·È ÙflÔÙÂ ‹ÎÎÔ ·Ò‹ Ô ÙÒ¸ÔÚ ıÎÔÔflÁÛÁÚ, ÛÙ· Î·flÛÈ· ÙÁÚ

ÙıÈÍfiÚ CPA, ÙÁÚ ‚·ÛÈÍfiÚ ··flÙÁÛÁÚ ÙÁÚ CPA Û˝Ïˆ˘Ì· ÏÂ ÙÁÌ ÔÔfl· Á ÛıÌ‹ÒÙÁÛÁ

Green ÙÔı ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı Ë· Ò›ÂÈ Ì· Ù·ıÙflÊÂÙ·È ÏÂ ÙÁ Ï›ÛÁ ÛıÌ‹ÒÙÁÛÁ Green

ÙÔı Ùı˜·flÔı. –Ò‹„Ï·ÙÈ, ¸˘Ú Â˝ÍÔÎ· ÏÔÒÂfl Ì· ‰ÂÈ Í·ÌÂflÚ, ·Ì � Tm �c� 0 ÛÙÁÌ

9‘¸ÛÔ Ô T ¸ÛÔ Í·È Á G ÂflÌ·È Ù·ÌıÛÙ›Ú. ”ıÌ·ÒÙfiÛÂÈÚ ÂflÌ·È ÔÈ ·Ì··Ò·ÛÙ‹ÛÂÈÚ ÙÔıÚ ÛÙÔÌ Ò·„Ï·ÙÈÍ¸

˜˛ÒÔ fi ÛÙÔÌ ˜˛ÒÔ Ù˘Ì ÔÒÏ˛Ì.
10« š „ÂÌÈÍ‹ ÂflÌ·È ÛıÌ‹ÒÙÁÛÁ Ù¸ÛÔ ÙÔı � ¸ÛÔ Í·È ÙÔı k. √È· ÙÁÌ ·ÌÂÓ·ÒÙÁÛfl· ÙÁÚ š ·¸ ÙÔ k ‰ÂÚ

·Ì·ˆÔÒ‹ [29] ÛÂÎ.67.
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≈Ó.3.3, Á ‚·ÛÈÍfi ··flÙÁÛÁ ÙÁÚ CPA ÈÍ·ÌÔÔÈÂflÙ·È ·ıÙ¸Ï·Ù· Í·È ÙÔ ÔÏÔ„ÂÌ›Ú Ï›ÛÔ

Gm, Ù·ıÙflÊÂÙ·È ÏÂ ÙÔ ÒÔÚ ıÔÎÔ„ÈÛÏ¸ ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ Ge (Gm � Ge �� G �c

� Tm � Te ). ”' ·ıÙfi ÙÁÌ ÂÒflÙ˘ÛÁ šm��� � še��� � 0 Í·È ÙÔ km ÂflÌ·È ÙÔ

ÍıÏ·ÙÔ‰È‹ÌıÛÏ· ‰È‹‰ÔÛÁÚ qe.

« Âˆ·ÒÏÔ„fi ÙÁÚ ÛıÌËfiÍÁÚ 3.6 ··ÈÙÂfl ıÔÎÔ„ÈÛÏ¸ ÙÁÚ ÛıÌÔÎÈÍfiÚ ÛÍ›‰·ÛÁÚ ·Ì‹ÏÂÛ·

ÛÙÔ ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ Í·È ÙÔ Ùı˜·flÔ. ‘Ô „Â„ÔÌ¸Ú ¸ÙÈ Á ÛÍ›‰·ÛÁ ·ıÙfi, ÂÌ „›ÌÂÈ, ‰ÂÌ

ÏÔÒÂfl Ì· ıÔÎÔ„ÈÛÙÂfl ·ÍÒÈ‚˛Ú, Ô‰Á„Âfl ÛÙÁÌ ·Ì‹„ÍÁ ÒÔÛ›„„ÈÛÁÚ. ÃÂ ÙÁ ‚·ÛÈÍfi

ÒÔÛ›„„ÈÛÁ ÙÁÚ CPA Á ÛıÌËfiÍÁ � T �c� 0 (Ô ‰ÂflÍÙÁÚ e ÛÙÔ ÂÓfiÚ Ë· ·Ò·ÎÂflÂÙ·È)

·ÌÙÈÍ·ËflÛÙ·Ù·È ·¸ ÙÁÌ ÈÔ ˜·Î·Òfi ··flÙÁÛÁ [30]

� t �c� 0 �3�7�

¸Ôı � t �c�� ti �c (‰ÂÚ ≈Ó.3.5) Á Ï›ÛÁ ÙÈÏfi ÙÁÚ ÛÍ›‰·ÛÁÚ ·¸ Í‹ËÂ ·ÌÂÓ‹ÒÙÁÙÁ

‰ÔÏÈÍfi ÏÔÌ‹‰· ÙÔı Ùı˜·flÔı Ï›ÛÔı Ôı ÂÒÈ‚‹ÎÎÂÙ·È ·¸ ÙÔ ˆ·ÈÌ¸ÏÂÌÔ. ‘Ô

ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ ‰ÁÎ·‰fi ·ÌÙÈÍ·ËflÛÙ·Ù·È Ï¸ÌÔ ÙÔÈÍ‹ ·¸ ÙÔ Ùı˜·flÔ Í·È ··ÈÙÂflÙ·È

Á ÛÍ›‰·ÛÁ Ôı ÒÔÍ˝ÙÂÈ ·¸ ÙÁÌ ÙÔÈÍfi ·ıÙfi ·ÌÙÈÍ·Ù‹ÛÙ·ÛÁ Ì· ÂflÌ·È Í·Ù‹ Ï›ÛÔ

¸ÒÔ ÏÁ‰›Ì.

≈Ò˘ÙfiÏ·Ù· Ôı ÒÔÍ˝ÙÔıÌ ÂflÌ·È ·) ÔÈ›Ú ÂflÌ·È ÔÈ ÛıÌ›ÂÈÂÚ ÙÁÚ ·Ò·‹Ì˘

ÒÔÛ›„„ÈÛÁÚ ¸ÛÔÌ ·ˆÔÒ‹ Ù· ¸ÒÈ· ÈÛ˜˝ÔÚ ÙÁÚ ÏÂË¸‰Ôı Í·È ‚) ˘Ú Ò›ÂÈ Ì· „flÌÂÈ

Á ÙÔÈÍfi ·ÌÙÈÍ·Ù‹ÛÙ·ÛÁ Ôı ÒÔ·Ì·ˆ›ÒËÁÍÂ ˛ÛÙÂ Ì· ·Ì··Ò·ÛÙ·ËÂfl Í·Î˝ÙÂÒ·

ÙÔ Ûı„ÍÂÍÒÈÏ›ÌÔ Ùı˜·flÔ Ï›ÛÔ. –˘Ú Ë· ‰È·ÎÂ˜ËÔ˝Ì ‰ÁÎ·‰fi ÔÈ ‰ÔÏÈÍ›Ú ÏÔÌ‹‰ÂÚ ÙÔı

Ùı˜·flÔı Ï›ÛÔı Ôı ÂÏ‚·ÙflÊÔÌÙ·È ÛÙÔ ˆ·ÈÌ¸ÏÂÌÔ.

œÛÔÌ ·ˆÔÒ‹ ÙÔ ÂÒ˛ÙÁÏ· (·) ·ÓflÊÂÈ Ì· ·Ò·ÙÁÒfiÛÂÈ Í·ÌÂflÚ ¸ÙÈ ÛÙÔ ¸ÒÈÔ ¸Ôı

� T �c� 0 Á ÛÍ›‰·ÛÁ „flÌÂÙ·È ·ÒÍÂÙ‹ ·ÛËÂÌfiÚ. ¡ıÙ¸ ÛÁÏ·flÌÂÈ ·ÛËÂÌfi ÛÍ›‰·ÛÁ

·¸ Í‹ËÂ ÛÍÂ‰·ÛÙfi ÓÂ˜˘ÒÈÛÙ‹ Í·È ‹Ò· ÛÍÂ‰·ÛÙ›Ú ·ÛıÛ˜›ÙÈÛÙÔıÚ ÏÂÙ·Ó˝ ÙÔıÚ. ¡Ì

‰ÁÎ·‰fi ti ÂflÌ·È Á ÛÍ›‰·ÛÁ ·¸ ÙÔÌ ÛÍÂ‰·ÛÙfi i Ù¸ÙÂ � titj �i ��j�� ti �� tj �.

ÃÂ ‚‹ÛÁ ÙÁÌ ÂÓflÛ˘ÛÁ 3.5 ÏÔÒÂfl Ì· ‰ÂÈ Í·ÌÂflÚ ¸ÙÈ Á ÛıÌËfiÍÁ Ôı ÒÔÍ˝ÙÂÈ

ÏÂÙ‹ ·¸ ÙÁÌ ‚·ÛÈÍfi ÒÔÛ›„„ÈÛÁ ÙÁÚ CPA, ≈Ó.3.7, ÏÁ‰ÂÌflÊÂÈ ÙÔıÚ ÙÒÂÈÚ Ò˛ÙÔıÚ

¸ÒÔıÚ ÛÙÔ ·Ì‹Ùı„Ï· „È· ÙÔÌ � T �c. –ÂÒÈÏ›ÌÔıÏÂ ÎÔÈ¸Ì ¸ÙÈ ·Ì ÏÔÒÂfl Ì· „flÌÂÈ

� T �c� 0, Á CPA Ë· ÂflÌ·È ·ÒÍÂÙ‹ ·ÍÒÈ‚fiÚ ÏÈ· Í·È ¸ÒÔÈ ‹Ì˘ ·¸ ÙÔÌ ÙÒflÙÔ -

Û·Ì „ÈÌ¸ÏÂÌ· ÏÈÍÒ˛Ì ÔÛÔÙfiÙ˘Ì - ‰ÂÌ Ë· ÛıÌÂÈÛˆ›ÒÔıÌ ÛÁÏ·ÌÙÈÍ‹. –ÂÒÈÏ›ÌÔıÏÂ

ÂflÛÁÚ Ì· ·ÔÙı„˜‹ÌÂÈ ÛÂ ÂÒÈÙ˛ÛÂÈÚ ¸Ôı ¸ÒÔÈ ‹Ì˘ ·¸ ÙÔÌ ÙÒflÙÔ ÍıÒÈ·Ò˜Ô˝Ì

ÛÙÔ ·Ì‹Ùı„Ï· ÙÔı � T �c, ÂÒÈÙ˛ÛÂÈÚ ‰ÁÎ·‰fi ¸Ôı Á ÛÍ›‰·ÛÁ ÍıÒÈ·Ò˜ÂflÙ·È

·¸ ˆ·ÈÌ¸ÏÂÌ· ÔÎÎ·ÎfiÚ ÛÍ›‰·ÛÁÚ ÂÌÙÔÈÛÏ›Ì· ÛÂ ÂÒÈÔ˜›Ú ÛıÛÛ˘Ï·Ù˘Ï‹Ù˘Ì

ÛÍÂ‰·ÛÙ˛Ì [30].

œÛÔÌ ·ˆÔÒ‹ ÙÔ ÂÒ˛ÙÁÏ· (‚), ÙÔ ÔÈ¸Ú ‰ÁÎ·‰fi ÂflÌ·È Ô Í·Ù·ÎÎÁÎ¸ÙÂÒÔÚ ÙÒ¸ÔÚ

ÙÔÈÍfiÚ ·ÌÙÈÍ·Ù‹ÛÙ·ÛÁÚ ÙÔı ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı ·¸ ÙÔ Ùı˜·flÔ, Á ·‹ÌÙÁÛÁ ÙÔı ‰flÌÂÈ

˝·ÒÓÁ ÛÂ ‰È‹ˆÔÒÂÚ ÂÍ‰Ô˜›Ú ÙÁÚ ÙıÈÍfiÚ CPA ¸˘Ú ÂflÌ·È Á ·Îfi CPA Í·È Á coated

CPA ÔÈ ÔÔflÂÚ ·ÒÔıÛÈ‹ÊÔÌÙ·È ·Ï›Û˘Ú ·Ò·Í‹Ù˘.

”ÙÁÌ ·ÒÔıÛfl·ÛÁ Ôı ·ÍÔÎÔıËÂfl ÂÒÈÔÒÈÊ¸Ï·ÛÙÂ ÛÂ Ùı˜·fl· ÛıÛÙfiÏ·Ù· Ôı

·ÔÙÂÎÔ˝ÌÙ·È ·¸ ¸ÏÔÈÔıÚ Ûˆ·ÈÒÈÍÔ˝Ú ÛÍÂ‰·ÛÙ›Ú (·ÍÙflÌ·Ú a) ÙÔÔËÂÙÁÏ›ÌÔıÚ, ÛÂ

ÔÛÔÛÙ¸ ¸„ÍÔı fs, Ï›Û· ÛÂ ÔÏÔ„ÂÌ›Ú ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ. œÙÈ ·ˆÔÒ‹ ÙÔıÚ ÛÍÂ‰·ÛÙ›Ú

Ë· ˜·Ò·ÍÙÁÒflÊÂÙ·È ·¸ ÙÔÌ ‰ÂflÍÙÁ i (in), ¸ÙÈ ·ˆÔÒ‹ ÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ ·¸ ÙÔÌ

‰ÂflÍÙÁ o (out), ÂÌ˛ ¸ÙÈ ·ˆÔÒ‹ ÙÔ ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ ·¸ ÙÔÌ ‰ÂflÍÙÁ e (effective). ‘¸ÛÔ

Á ·Îfi ¸ÛÔ Í·È Á coated CPA Âˆ·ÒÏ¸ÊÔÌÙ·È ÏÂ ÙÔÌ fl‰ÈÔ ÙÒ¸Ô (¸˘Ú ÂÒÈ„Ò‹ˆÂÙ·È

·Ò·Í‹Ù˘) „È· Í‹ËÂ Í·ÙÁ„ÔÒfl· ÍÎ·ÛÈÍ˛Ì ÍıÏ‹Ù˘Ì.
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¡Îfi CPA

”Ù· Î·flÛÈ· ÙÁÚ ·ÎfiÚ CPA ÙÔ ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ ·ÌÙÈÍ·ËflÛÙ·Ù·È ÙÔÈÍ‹ ÏÂ

ÈË·Ì¸ÙÁÙ· p1 � fs ·¸ ›Ì· Ûˆ·ÈÒÈÍ¸ ÛÍÂ‰·ÛÙfi ¸ÏÔÈÔ ÏÂ ÙÔıÚ ÛÍÂ‰·ÛÙ›Ú ÛÙÔ

Ò·„Ï·ÙÈÍ¸ Ùı˜·flÔ Û˝ÛÙÁÏ· (ÛÍÂ‰·ÛÙfiÚ Ù˝Ôı 1) Í·È ÏÂ ÈË·Ì¸ÙÁÙ· p2 � 1� fs ›Ì·

ÛÍÂ‰·ÛÙfi flÛÁÚ ·ÍÙflÌ·Ú, a, ·¸ ÙÔ ıÎÈÍ¸ ÙÔı ÂÒÈ‚‹ÎÎÔÌÙÔÚ Ï›ÛÔı (ÛÍÂ‰·ÛÙfiÚ Ù˝Ôı

2).

Coated CPA

”Ù· Î·flÛÈ· ÙÁÚ coated CPA [36, 39] ÙÔ ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ ·ÌÙÈÍ·ËflÛÙ·Ù·È ÙÔÈÍ‹ ÏÂ

ÈË·Ì¸ÙÁÙ· p1 ·¸ ›Ì· Ûˆ·ÈÒÈÍ¸ ÛÍÂ‰·ÛÙfi ¸ÏÔÈÔ ÍÈ Â‰˛ ÏÂ ÙÔıÚ ÛÍÂ‰·ÛÙ›Ú ÙÔı

Ùı˜·flÔı ÛıÛÙfiÏ·ÙÔÚ ·ÎÎ‹ Í·ÎıÏÏ›ÌÔ ÏÂ ›Ì· Ûˆ·ÈÒÈÍ¸ Í›ÎıˆÔÚ (·ÍÙflÌ·Ú r1) ·¸ ÙÔ

ıÎÈÍ¸ ÙÔı ÂÒÈ‚‹ÎÎÔÌÙÔÚ Ï›ÛÔı (ÛÍÂ‰·ÛÙfiÚ Ù˝Ôı 1). ¡ÌÙÈÍ·ËflÛÙ·Ù·È ÂflÛÁÚ ÏÂ

ÈË·Ì¸ÙÁÙ· p2 ·¸ ÏÈ· Ûˆ·flÒ· ·ÍÙflÌ·Ú r2 ·¸ ÙÔ ıÎÈÍ¸ ÙÔı ÂÒÈ‚‹ÎÎÔÌÙÔÚ Ï›ÛÔı

(ÛÍÂ‰·ÛÙfiÚ Ù˝Ôı 2) (‰ÂÚ. ”˜.3.1). œ ÙÒ¸ÔÚ ·ıÙ¸Ú ·ÌÙÈÍ·Ù‹ÛÙ·ÛÁÚ ·Ì··ÒÈÛÙ‹ ÙÔ

„Â„ÔÌ¸Ú ¸ÙÈ ÛÙÔ Ò·„Ï·ÙÈÍ¸ Ùı˜·flÔ Û˝ÛÙÁÏ· Ù· ‰˝Ô ıÎÈÍ‹ (ÛÍÂ‰·ÛÙ›Ú-ÂÒÈ‚‹ÎÎÔÌ)

‰ÂÌ ÂflÌ·È ÙÔÔÎÔ„ÈÍ‹ ÈÛÔ‰˝Ì·Ï· ÏÈ· Í·È ÔÈ ÛÍÂ‰·ÛÙ›Ú ÂflÌ·È ·ÔÏÔÌ˘Ï›ÌÔÈ ÂÌ˛ Á

ˆ‹ÛÁ ÙÔı ÂÒÈ‚‹ÎÎÔÌÙÔÚ Ï›ÛÔı ÂflÌ·È ÛıÌÂÍÙÈÍfi. ÃÂ ÙÁÌ ›ÌÌÔÈ· ·ıÙfi ÂÒÈÏ›ÌÂÈ

Í·ÌÂflÚ Á coated CPA Ì· ÂÒÈ„Ò‹ˆÂÈ Í·Î˝ÙÂÒ·, ÛÂ Û˜›ÛÁ ÏÂ ÙÁÌ ·Îfi, ÙÁ ‰È‹‰ÔÛÁ ÛÂ

Ùı˜·fl· ÛıÛÙfiÏ·Ù· ˜˘ÒÈÍ‹ ·ÔÏÔÌ˘Ï›Ì˘Ì ÛÍÂ‰·ÛÙ˛Ì.

2p1p
r

e
iq  r

e
iq  r

r2

q qe

e e

e

1

”˜. 3.1: œ ÙÒ¸ÔÚ Ôı „flÌÂÙ·È Á ·ÌÙÈÍ·Ù‹ÛÙ·ÛÁ ÙÔı ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı ·¸ ÙÔ Ùı˜·flÔ ÛÙ·

Î·flÛÈ· ÙÁÚ coated CPA. « ÛÍÈ·ÛÏ›ÌÁ ÂÒÈÔ˜fi ·ÒÈÛÙ‹ÌÂÈ ÙÔ Ùı˜·flÔ Ï›ÛÔ, Á Ï·˝ÒÁ Ûˆ·flÒ·

Ù·ıÙflÊÂÙ·È ÏÂ ÙÔıÚ ÛÍÂ‰·ÛÙ›Ú ÛÙÔ Ùı˜·flÔ Û˝ÛÙÁÏ· ÂÌ˛ Á ‹ÛÒÁ ÂÒÈÔ˜fi ÏÂ ÙÔ ÂÒÈ‚‹ÎÎÔÌ

Ï›ÛÔ. « ÛÍ›‰·ÛÁ ıÔÎÔ„flÊÂÙ·È ËÂ˘Ò˛ÌÙ·Ú Ò¸ÛÙ˘ÛÁ ÂflÂ‰Ôı Í˝Ï·ÙÔÚ.

œÈ ·ÍÙflÌÂÚ r1, r2 Í·È ÔÈ ÈË·Ì¸ÙÁÙÂÚ p1, p2, Ôı ÒÔ·Ì·ˆ›ÒËÁÍ·Ì ÂflÌ·È ÛıÌ·ÒÙfiÛÂÈÚ

ÙÔı ÔÛÔÛÙÔ˝ ÙÔı ¸„ÍÔı, fs, Ù˘Ì ÛÍÂ‰·ÛÙ˛Ì ÛÙÔ Ùı˜·flÔ Û˝ÛÙÁÏ·. ¡ˆÂÙÁÒfl· „È· ÙÔÌ

ıÔÎÔ„ÈÛÏ¸ ÙÔıÚ ÂflÌ·È ÔÈ ÒÔˆ·ÌÂflÚ ÈÛ¸ÙÁÙÂÚ

p1 � p2 � 1 (3.8)

V

V1 � V2

� fs (3.9)

¸Ôı V � 4
3
�a3 Í·È Vi �

4
3
�r3

i �i � 1� 2�. œÈ ‰˝Ô ·Ò·‹Ì˘ ÛıÌËfiÍÂÚ, ¸˘Ú Â˝ÍÔÎ·

‰È·ÈÛÙ˛ÌÂÈ Í·ÌÂflÚ, ‰ÂÌ ÂflÌ·È ·ÒÍÂÙ›Ú „È· ÙÔÌ ıÔÎÔ„ÈÛÏ¸ Ù˘Ì pi, ri �i � 1� 2�. √È·
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”˜. 3.2: œÈ ÈË·Ì¸ÙÁÙÂÚ p1� p2 Í·È ÔÈ ·ÍÙflÌÂÚ r1� r2 „È· ÙÔıÚ ‰˝Ô Ù˝ÔıÚ ÛÍÂ‰·ÛÙ˛Ì ÛÙ·

Î·flÛÈ· ÙÁÚ coated CPA, Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÔı ÔÛÔÛÙÔ˝ ÙÔı ¸„ÍÔı Ù˘Ì Ûˆ·ÈÒ˛Ì, fs.

ÙÁÌ Â˝ÒÂÛÁ ÂÈÎ›ÔÌ ÛıÌËÁÍ˛Ì ·ÍÔÎÔıËÂflÙ·È Á ·Ò·Í‹Ù˘ ‰È·‰ÈÍ·Ûfl·. »Â˘ÒÂflÙ·È

ÙÔ ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ Ì· ˜˘ÒÔÎÁÒÂflÙ·È ·¸ ÏÁ ·ÎÎÁÎÔÂÈÍ·ÎıÙ¸ÏÂÌÂÚ Íı¯ÂÎfl‰ÂÚ

Wigner-Seitz ÏÂ ¸„ÍÔ Vp � z3V . ‘Ô z ÂflÌ·È ÂÎÂ˝ËÂÒÁ ·Ò‹ÏÂÙÒÔÚ ÏÂ ÙÁÌ ÔÔfl·

„flÌÂÙ·È ÒÔÛ‹ËÂÈ· Ì· ÛıÛ˜ÂÙÈÛÙÔ˝Ì ÔÈ ÒÔÚ ıÔÎÔ„ÈÛÏ¸ ÔÛ¸ÙÁÙÂÚ. ”ÙÔ Í›ÌÙÒÔ ÙÁÚ

Íı¯ÂÎfl‰·Ú ÙÔÔËÂÙÂflÙ·È ›Ì·Ú ÛÍÂ‰·ÛÙfiÚ Ù˝Ôı 1 ÏÂ ÈË·Ì¸ÙÁÙ· p1 ÍÈ ›Ì·Ú ÛÍÂ‰·ÛÙfiÚ

Ù˝Ôı 2 ÏÂ ÈË·Ì¸ÙÁÙ· p2.

≈flÌ·È ÒÔˆ·Ì›Ú ¸ÙÈ ÈÛ˜˝ÔıÌ ÔÈ ÂÓÈÛ˛ÛÂÈÚ

p1V � fs (3.10)

p1�V1 � V � � p2V2 � 1� fs (3.11)

¸Ôı Á ÛÙ·ËÂÒ‹ ·Ì·ÎÔ„fl·Ú ÂflÌ·È Á fl‰È· Í·È ÛÙÈÚ ‰˝Ô ÂÒÈÙ˛ÛÂÈÚ. ≈ÈÎ›ÔÌ Ô

¸„ÍÔÚ V1 ÏÔÒÂfl Ì· ËÂ˘ÒÁËÂfl flÛÔÚ ÏÂ Vp��n � 1� ¸Ôı n ¸ Ï›ÛÔÚ ·ÒÈËÏ¸Ú Ûˆ·ÈÒ˛Ì

(Ò·„Ï·ÙÈÍ˛Ì ÛÍÂ‰·ÛÙ˛Ì) Ï›Û· ÛÙÔÌ ¸„ÍÔ Vp „˝Ò˘ ·¸ ÙÁÌ ÍÂÌÙÒÈÍfi. œ n

ÂflÌ·È ·Ì‹ÎÔ„ÔÚ ÏÂ ÙÔ ÔÛÔÛÙ¸ ÙÔı ¸„ÍÔı Ù˘Ì Ûˆ·ÈÒ˛Ì, fs, Í·È ÏÂ ÙÔÌ ‰È·Ë›ÛÈÏÔ

¸„ÍÔ. ≈ÂÈ‰fi ÙÔ z ÂflÌ·È ÂÎÂ˝ËÂÒÁ ·Ò‹ÏÂÙÒÔÚ ÏÔÒÔ˝ÏÂ Ì· ‰È·Î›ÓÔıÏÂ ÙÁ ÛÙ·ËÂÒ‹

·Ì·ÎÔ„fl·Ú Ì· ÂflÌ·È ÏÔÌ‹‰·, ‰ÁÎ·‰fi n � fs�z
3 � 1�. ≈ÙÛÈ V1 � V z3��fs�z

3 � 1� � 1�.
œÏÔÈ·, V2 � Vp � ~nV1 ¸Ôı Ô ~n, Ô Ï›ÛÔÚ ·ÒÈËÏ¸Ú Ûˆ·ÈÒ˛Ì ÛÙÔÌ ¸„ÍÔ Vp, ÂflÌ·È

·Ì‹ÎÔ„ÔÚ ÏÂ ÙÔÌ ‰È·Ë›ÛÈÏÔ ¸„ÍÔ Vp�V Í·È ÙÔ fs. –·flÒÌÔÌÙ·Ú ‹ÎÈ ÏÔÌ‹‰· ÙÁ

ÛÙ·ËÂÒ‹ ·Ì·ÎÔ„fl·Ú Ë· ÈÛ˜˝ÂÈ ¸ÙÈ V2 � z3�V � fsV1�. ÃÂ ÙÈÚ ·Ò·‹Ì˘ ÂÈÎÔ„›Ú ÔÈ

p1� p2 ÂÓ·ÒÙ˛ÌÙ·È Ï¸ÌÔ ·¸ ÙÔ fs Í·È ÙÁÌ ÂÎÂ˝ËÂÒÁ ·Ò‹ÏÂÙÒÔ z Ï›Û˘ Ù˘Ì ÔÔfl˘Ì

ÂÍˆÒ‹ÊÔÌÙ·È Û·Ì

p1 �
fsz

3

fsz3 � 1
(3.12)

p2 �
1

fsz3 � 1
(3.13)

œ ıÔÎÔ„ÈÛÏ¸Ú ÙÔı z „flÌÂÙ·È ·¸ ÙÁÌ ··flÙÁÛÁ Ù· ·ÔÙÂÎ›ÛÏ·Ù· Ì· ‰flÌÔıÌ „Ì˘ÛÙ‹

ÒÔÛÂ„„ÈÛÙÈÍ‹ ·ÔÙÂÎ›ÛÏ·Ù· „È· ÙÈÚ Ù·˜˝ÙÁÙÂÚ Í·È Ï›ÛÂÚ ÂÎÂ˝ËÂÒÂÚ ‰È·‰ÒÔÏ›Ú ÛÙÔ

¸ÒÈÔ Ù˘Ì ÏÂ„‹Î˘Ì ÏÁÍ˛Ì Í˝Ï·ÙÔÚ (� � 0). ¬Ò›ËÁÍÂ ¸ÙÈ Á ÙÈÏfi z � 1�7 ÒÔÛÂ„„flÊÂÈ

·ÒÍÂÙ‹ ÈÍ·ÌÔÔÈÁÙÈÍ‹ Ù· ·ÔÙÂÎ›ÛÏ·Ù· ·ıÙ‹. ÃÂ ‚‹ÛÁ ÙÔ z � 1�7 ÔÈ ·ÍÙflÌÂÚ r1� r2

Í·È ÔÈ ÈË·Ì¸ÙÁÙÂÚ p1� p2 Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ Ûı„Í›ÌÙÒ˘ÛÁÚ fs ‰Âfl˜ÌÔÌÙ·È ÛÙÔ ”˜.3.2.
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≈ÓÈÛ˛ÛÂÈÚ

ÃÂÙ‹ ÙÁÌ ÂÈÎÔ„fi Ù˘Ì ‰ÔÏÈÍ˛Ì ÏÔÌ‹‰˘Ì ÙÔı Ùı˜·flÔı ÛıÛÙfiÏ·ÙÔÚ Ôı ÂÏ‚·ÙflÊÔÌÙ·È

ÛÙÔ ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ ÙÔ Ò¸‚ÎÁÏ· „È· ÙÔÌ ıÔÎÔ„ÈÛÏ¸ ÙÔı qe Ï›Û˘ ÙÁÚ ÛıÌËfiÍÁÚ 3.7,

·Ì‹„ÂÙ·È ÛÙÔÌ ıÔÎÔ„ÈÛÏ¸ ÙÔı Ù·ÌıÛÙfi ÛÍ›‰·ÛÁÚ, t, „È· ÛÍ›‰·ÛÁ ÂflÂ‰Ôı Í˝Ï·ÙÔÚ

·¸ Í‹ËÂ Ïfl· ‰ÔÏÈÍfi ÏÔÌ‹‰·. œ t ÂflÌ·È ÛıÌ‹ÒÙÁÛÁ Ù¸ÛÔ ÙÔı ÒÔÛflÙÔÌÙÔÚ

ÍıÏ·Ù·Ì˝ÛÏ·ÙÔÚ, ›ÛÙ˘ qe, ¸ÛÔ Í·È ÙÔı ÛÍÂ‰·Ê¸ÏÂÌÔı, ›ÛÙ˘ q
�

e Í·È ÛıÌ‰›ÂÙ·È ÏÂ ÙÔ

Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ÏÂ ÙÁ Û˜›ÛÁ [29]

t
qe�q

�

e
� �4�f�qe�q

�

e� �� �4�f��� ��� �3�14�

¸Ôı � Í·È � Á ÔÎÈÍfi Í·È ·ÊÈÏÔıËÈ·Ífi „˘Ìfl· ÙÔı ‰È·Ì˝ÛÏ·ÙÔÚ Ë›ÛÁÚ. ‘Ô

ÙÂÎÂıÙ·flÔ Ï›ÎÔÚ ÙÁÚ ·Ò·‹Ì˘ ÈÛ¸ÙÁÙ·Ú ÒÔÍ˝ÙÂÈ ‰È·Î›„ÔÌÙ·Ú ÙÁ ‰ÈÂ˝ËıÌÛÁ ÙÔı

ÒÔÛflÙÔÌÙÔÚ Í˝Ï·ÙÔÚ Ì· ÂflÌ·È ÂÍÂflÌÁ ÙÔı �z ‹ÓÔÌ· Í·È ·flÒÌÔÌÙ·Ú ı¸¯Á ¸ÙÈ Á

‰ÈÂ˝ËıÌÛÁ ÙÔı q
�

e Ù·ıÙflÊÂÙ·È ÏÂ ÂÍÂflÌÁ ÙÔı ‰È·Ì˝ÛÏ·ÙÔÚ Ë›ÛÁÚ.

ÃÂ ‚‹ÛÁ Ù· ·Ò·‹Ì˘, Á ÛıÌËfiÍÁ ÙÁÚ ÙıÈÍfiÚ CPA (≈Ó.3.7) „flÌÂÙ·È

� f �c� 0 �3�15�

‘Ô Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ¸Ï˘Ú ÛÙÁÌ ÂÒflÙ˘ÛÁ Ù˘Ì ÍÎ·ÛÈÍ˛Ì ÍıÏ‹Ù˘Ì (Î¸„˘ ÙÁÚ

Ï·ÍÒÔÛÍÔÈÍfiÚ ˆ˝ÛÁÚ Ù˘Ì ÛÍÂ‰·ÛÙ˛Ì) ‰ÂÌ ÂflÌ·È ·Î˛Ú ·ÒÈËÏ¸Ú ·ÎÎ‹ ÏÈ· ÛıÌ‹ÒÙÁÛÁ

Ù˘Ì „˘ÌÈ˛Ì Í·È ›Ì· ‚·ÛÈÍ¸ ÂÒ˛ÙÁÏ· ÂflÌ·È „È· ÔÈ‹ ÙÈÏfi Ù˘Ì „˘ÌÈ˛Ì Á Ï›ÛÁ ÙÈÏfi

ÙÁÚ ÛıÌ‹ÒÙÁÛÁÚ ·ıÙfiÚ Ë· Ò›ÂÈ ·ÒËÂfl flÛÁ ÏÂ ÏÁ‰›Ì.

”·Ì Í·Ù·ÎÎÁÎ¸ÙÂÒÁ ÔÛ¸ÙÁÙ· „È· ÙÔÌ ÏÁ‰ÂÌÈÛÏ¸ ‰È·Î›„ÂÙ·È ÙÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ

ÛÙÁ ‰ÈÂ˝ËıÌÛÁ Ò¸ÛÙ˘ÛÁÚ, f�� � 0�. œ Î¸„ÔÚ ÂflÌ·È ¸ÙÈ Á ÔÛ¸ÙÁÙ· ·ıÙfi ÛıÌ‰›ÂÙ·È

ÏÂ ÙÁÌ ÔÎÈÍfi ÂÌÂÒ„¸ ‰È·ÙÔÏfi ÛÍ›‰·ÛÁÚ (Ï›Û˘ ÙÔı ÔÙÈÍÔ˝ ËÂ˘ÒfiÏ·ÙÔÚ - ‰ÂÚ ≈Ó.2.16

Í·È ≈Ó.2.17) Í·È ‹Ò· o ÏÁ‰ÂÌÈÛÏ¸Ú ÙÁÚ ÂÓ·Ûˆ·ÎflÊÂÈ ÏÁ‰ÂÌÈÍfi Ï›ÛÁ ÛÍ›‰·ÛÁ. ¡ÓflÊÂÈ

Ì· ÛÁÏÂÈ˘ËÂfl ÂflÛÁÚ ¸ÙÈ ÛÙÔ ¸ÒÈÔ ¸Ôı Ô T ÏÔÒÂfl Ì· ÒÔÛÂ„„ÈÛÙÂfl Ï¸ÌÔ ·¸

ÙÔÌ Ò˛ÙÔ ¸ÒÔ ÙÔı ·Ì·Ù˝„Ï·ÙÔÚ 3.5, Ô ÏÁ‰ÂÌÈÛÏ¸Ú ÙÔı Ï›ÛÔı Î‹ÙÔıÚ ÛÍ›‰·ÛÁÚ

ÛÙÁ ‰ÈÂ˝ËıÌÛÁ Ò¸ÛÙ˘ÛÁÚ, Ô ÔÔflÔÚ ÛÁÏ·flÌÂÈ ÏÁ‰ÂÌÈÛÏ¸ Ï¸ÌÔ Ù˘Ì ``‰È·„˘Ìfl˘Ì''

ÛÙÔÈ˜Âfl˘Ì ÙÔı � t �c (� tqe�qe �c), ÛıÌÂ‹„ÂÙ·È ·ÍÒÈ‚fi ÏÁ‰ÂÌÈÛÏ¸ ÙÔı ÔÎÈÍÔ˝11

� T �c.

…‰È·ÈÙÂÒ¸ÙÁÙÂÚ Ù˘Ì ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì : ”ÙÁÌ ÂÒflÙ˘ÛÁ Ù˘Ì ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì

¸Ôı ›Ì· ÔÏÔ„ÂÌ›Ú Ï›ÛÔ ˜·Ò·ÍÙÁÒflÊÂÙ·È ·¸ ‰˝Ô ÍıÏ·Ù·Ì˝ÛÏ·Ù· (›Ì· „È· ‰È‹‰ÔÛÁ

‰È·ÏfiÍÔıÚ Í˝Ï·ÙÔÚ ÍÈ ›Ì· „È· Â„Í‹ÒÛÈÔı) Í·È ÙÁÌ ıÍÌ¸ÙÁÙ·, ÙÔ ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ

Ë· ˜·Ò·ÍÙÁÒflÊÂÙ·È (ÂÍÙ¸Ú ·¸ ÙÁÌ ıÍÌ¸ÙÁÙ· �e) ·¸ Ù· ‰˝Ô ÍıÏ·Ù·Ì˝ÛÏ·Ù·

qle� qte (Ô ‰ÂflÍÙÁÚ l ‰ÁÎ˛ÌÂÈ ÙÔ ‰È·ÏfiÍÂÚ ÍÈ Ô ‰ÂflÍÙÁÚ t ÙÔ Â„Í‹ÒÛÈÔ) ÏÂ ÛıÌ›ÂÈÂÚ ‰˝Ô

Ù·˜˝ÙÁÙÂÚ ˆ‹ÛÁÚ, cphl � ����qle� Í·È cpht � ����qte� Í·È ‰˝Ô Ï›ÛÂÚ ÂÎÂ˝ËÂÒÂÚ ‰È·‰ÒÔÏ›Ú

ÛÍ›‰·ÛÁÚ12, ll � 1�2	�qle� Í·È lt � 1�2	�qte�. ‘Ô „Â„ÔÌ¸Ú ·ıÙ¸ ÛıÌÂ‹„ÂÙ·È ··flÙÁÛÁ

›ÌÙÂ ÙÔıÎ‹˜ÈÛÙÔÌ ÂÓÈÛ˛ÛÂ˘Ì „È· ÙÔÌ ıÔÎÔ„ÈÛÏ¸ ÙÔı ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı (Ù›ÛÛÂÒÈÚ

ÂÓÈÛ˛ÛÂÈÚ „È· ÙÔÌ ıÔÎÔ„ÈÛÏ¸ Ù˘Ì ÏÈ„·‰ÈÍ˛Ì ÍıÏ·Ù·ÌıÛÏ‹Ù˘Ì Í·È ÏÈ· ÂÓflÛ˘ÛÁ „È·

ÙÁÌ ıÍÌ¸ÙÁÙ·).

œÈ ÂÈÎ›ÔÌ ÛÂ Û˜›ÛÁ ÏÂ Ù· ‹ÎÎ· ÍÎ·ÛÈÍ‹ Í˝Ï·Ù· ÂÓÈÛ˛ÛÂÈÚ ÒÔ›Ò˜ÔÌÙ·È ·¸ ÙÁ

‰È·ˆÔÒÂÙÈÍfi ›ÍˆÒ·ÛÁ ÙÔı Ù·ÌıÛÙfi ÛÍ›‰·ÛÁÚ, t, „È· ‰È·ÏfiÍÂÚ ÍÈ Â„Í‹ÒÛÈÔ ÒÔÛflÙÔÌ

11¡Ì T �
P

i
ti, Ù¸ÙÂ ÙÔ „Â„ÔÌ¸Ú ¸ÙÈ Ô � T 	c ·ÌÙÈÛÙÔÈ˜Âfl ÛÂ ÛıÌ‹ÒÙÁÛÁ Green ÔÏÔ„ÂÌÔ˝Ú Ï›ÛÔı Í·È

‹Ò· ÂflÌ·È ÛıÌ‹ÒÙÁÛÁ Ï¸ÌÔ ÂÌ¸Ú k ÛıÌÂ‹„ÂÙ·È ¸ÙÈ Ô ÏÁ‰ÂÌÈÛÏ¸Ú Ï¸ÌÔ Ù˘Ì ‰È·„˘Ìfl˘Ì ÛÙÔÈ˜Âfl˘Ì Ù˘Ì

� ti 	c, ÂflÌ·È ÈÍ·Ì¸Ú Ì· ÂÓ·Ûˆ·ÎflÛÂÈ ÏÁ‰ÂÌÈÛÏ¸ ÙÔı ÔÎÈÍÔ˝ � T 	c (‰ÂÚ ·Ì·ˆÔÒ‹ [29], ÛÂÎ.54).
12”ÁÏÂÈ˛ÌÂÙ·È ¸ÙÈ Ô ‰ÂflÍÙÁÚ t Â‰˛ ‰ÁÎ˛ÌÂÈ ÙÁ Ï›ÛÁ ÂÎÂ˝ËÂÒÁ ‰È·‰ÒÔÏfi Â„Í‹ÒÛÈÔı Í˝Ï·ÙÔÚ ÍÈ ¸˜È ÙÁ

Ï›ÛÁ ÂÎÂ˝ËÂÒÁ ‰È·‰ÒÔÏfi ÏÂÙ·ˆÔÒ‹Ú Á ÔÔfl· ÛÙÔ ÂÓfiÚ Ë· ‰ÁÎ˛ÌÂÙ·È ÂÍÂˆÒ·ÛÏ›Ì·.
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Í˝Ï·. √È· ‰È·ÏfiÍÂÚ ÒÔÛflÙÔÌ Í˝Ï· (Í·È ·flÒÌÔÌÙ·Ú ÙÔÌ �z ‹ÓÔÌ· ÛÙÁ ‰ÈÂ˝ËıÌÛÁ

Ò¸ÛÙ˘ÛÁÚ) Ù· ‰È·„˛ÌÈ· ÛÙÔÈ˜Âfl· ÙÔı t (tqe�qe) ÂflÌ·È ·Ì‹ÎÔ„· ÏÂ ÙÔ ‰È·ÏfiÍÂÚ

Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ÛÙÁ ‰ÈÂ˝ËıÌÛÁ Ò¸ÛÙ˘ÛÁÚ13 fll�� � 0� � fll�0� (‰ÂÚ ≈Ó.2.16)

[51, 52, 53]. ≈ÙÛÈ Á ··flÙÁÛÁ ÏÁ‰ÂÌÈÛÏÔ˝ ÙÁÚ Ï›ÛÁÚ ÙÈÏfiÚ ÙÔı t Ô‰Á„Âfl ÛÂ ··flÙÁÛÁ

ÏÁ‰ÂÌÈÛÏÔ˝ ÙÔı � fll�0� �c. √È· Â„Í‹ÒÛÈÔ ÒÔÛflÙÔÌ, ÔÎ˘Ï›ÌÔ ÛÙÔÌ �n ‹ÓÔÌ·,

Ôı ‰È·‰fl‰ÂÙ·È Í·Ù‹ ÙÔÌ �z ‹ÓÔÌ·, Ù· ‰È·„˛ÌÈ· ÛÙÔÈ˜Âfl· ÙÔı t ÂflÌ·È ·Ì‹ÎÔ„· ÏÂ ÙÔ

Â„Í‹ÒÛÈÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ, ftt�0�, ¸Ôı ftt�0� � �n fttj��0 (‰ÂÚ ≈Ó.2.17) [51, 52]. ≈ÙÛÈ

Ô ıÔÎÔ„ÈÛÏ¸Ú ÙÔı ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı ·Ì‹„ÂÙ·È ÛÂ ÂflÎıÛÁ Ù˘Ì ÂÓÈÛ˛ÛÂ˘Ì

� fll�0� �c � p1fll1�0� � p2fll2�0� � 0

� ftt�0� �c � p1ftt1�0� � p2ftt2�0� � 0
�3�16�

Á ÔÔfl· „flÌÂÙ·È ·ıÙÔÛıÌÂ˛Ú. ”ÙÈÚ 3.16, pi (i � 1� 2) ÂflÌ·È Á ÈË·Ì¸ÙÁÙ· ÙÔ ˆ·ÈÌ¸ÏÂÌÔ

Ï›ÛÔ Ì· ·ÌÙÈÍ·ËflÛÙ·Ù·È ·¸ ÙÔÌ ÛÍÂ‰·ÛÙfi Ù˝Ôı i (¸˘Ú ·ıÙ¸Ú ÔÒflÛÙÁÍÂ ÛÙÁÌ ·Îfi

Í·È coated CPA) Í·È flli�0� (ftti�0�) ÙÔ ‰È·ÏfiÍÂÚ (Â„Í‹ÒÛÈÔ) Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ÛÙÁ

‰ÈÂ˝ËıÌÛÁ Ò¸ÛÙ˘ÛÁÚ14 „È· Ò¸ÛÙ˘ÛÁ ‰È·ÏfiÍÔıÚ (Â„Í‹ÒÛÈÔı) ÂflÂ‰Ôı Í˝Ï·ÙÔÚ

Û' ·ıÙ¸Ì ÙÔÌ ÛÍÂ‰·ÛÙfi15.

œÈ ·Ò·‹Ì˘ ÂÓÈÛ˛ÛÂÈÚ (3.16) ÂflÌ·È ‰ıÔ ÏÈ„·‰ÈÍ›Ú ÂÓÈÛ˛ÛÂÈÚ ·ÒÍÂÙ›Ú „È· ÙÔÌ

ıÔÎÔ„ÈÛÏ¸ Ï¸ÌÔ Ù˘Ì ‰˝Ô ÏÈ„·‰ÈÍ˛Ì ÍıÏ·Ù·ÌıÛÏ‹Ù˘Ì qle Í·È qte. œ˘Ú ¸Ï˘Ú fi‰Á

·Ì·ˆ›ÒËÁÍÂ, Ô ÎfiÒÁÚ ÒÔÛ‰ÈÔÒÈÛÏ¸Ú ÙÔı ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı Ù¸ÛÔ „È· ÂÎ·ÛÙÈÍ‹

Í˝Ï·Ù· ¸ÛÔ Í·È „È· ·ÍÔıÛÙÈÍ‹, ··ÈÙÂfl Í·È „Ì˛ÛÁ ÙÁÚ ıÍÌ¸ÙÁÙ·Ú, �e (Á ÔÔfl·

ÛıÏÏÂÙ›˜ÂÈ ÛÙÔÌ ·ıÙÔÛıÌÂfi ıÔÎÔ„ÈÛÏ¸ 3.16). √È· ÙÔÌ ıÔÎÔ„ÈÛÏ¸ ÙÁÚ �e ÏÈ·

ÙÔıÎ‹˜ÈÛÙÔÌ ÂÈÎ›ÔÌ ÂÓflÛ˘ÛÁ ··ÈÙÂflÙ·È. ”Â ‰ÈÂÒÂ˝ÌÁÛÁ ÛÙ· Î·flÛÈ· ÙÁÚ ·ÒÔ˝Û·Ú

‰ÔıÎÂÈ‹Ú „È· ÙÔ ÔÈ· ÂflÌ·È Á ÈÔ Í·Ù‹ÎÎÁÎÁ, ÛıÏÎÁÒ˘Ï·ÙÈÍfi Ù˘Ì ÛıÌËÁÍ˛Ì 3.16,

ÂÓflÛ˘ÛÁ ‰ÂÌ ›˜ÂÈ ‚ÒÂËÂfl Ï›˜ÒÈ ÛÙÈ„ÏfiÚ ÈÍ·ÌÔÔÈÁÙÈÍfi ·‹ÌÙÁÛÁ. »›ÙÔÌÙ·Ú flÛÁ ÏÂ

ÏÁ‰›Ì ÙÁ Ï›ÛÁ ÙÈÏfi Í‹ÔÈÔı ·¸ Ù· Î‹ÙÁ ÛÍ›‰·ÛÁÚ fll Í·È ftt ÛÂ ‰ÈÂ˝ËıÌÛÁ

‰È·ˆÔÒÂÙÈÍfi ·¸ ÙÁ ‰ÈÂ˝ËıÌÛÁ Ò¸ÛÙ˘ÛÁÚ, ÙÔ ·ÔÙ›ÎÂÛÏ· fiÙ·Ì ÒÔ‚ÎfiÏ·Ù·

Û˝„ÍÎÈÛÁÚ, ÔÎÎ·Î›Ú Î˝ÛÂÈÚ Á Ïfl· ÍÔÌÙ‹ ÛÙÁÌ ‹ÎÎÁ fi ˆıÛÈÍ‹ ÏÁ ·Ò·‰ÂÍÙ›Ú

Î˝ÛÂÈÚ. ÃÈÍÒfi ‚ÂÎÙfl˘ÛÁ („È· ÂÎ·ÛÙÈÍ‹ Í˝Ï·Ù·) ıfiÒÓÂ Ë›ÙÔÌÙ·Ú flÛÔ ÏÂ ÏÁ‰›Ì

ÛÂ Í‹ÔÈ· ‰ÈÂ˝ËıÌÛÁ, ÙÔ Ï›ÛÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ Ôı ·ÌÙÈÛÙÔÈ˜Âfl ÛÂ Â„Í‹ÒÛÈÔ

ÛÍÂ‰·Ê¸ÏÂÌÔ Í˝Ï· ÒÔÂÒ˜¸ÏÂÌÔ ·¸ ‰È·ÏfiÍÂÚ ÒÔÛflÙÔÌ16 (� flt �c) ÙÔ ÔÔflÔ ÛÙÁ

‰ÈÂ˝ËıÌÛÁ Ò¸ÛÙ˘ÛÁÚ ÂflÌ·È ÏÁ‰›Ì. ”ÙÈÚ ÂÒÈÙ˛ÛÂÈÚ ¸Ôı Í·Ù·ˆ›Ò·ÏÂ Ì· ›˜ÔıÏÂ

ÏÈ· ·ıÙÔÛıÌÂfi ÎfiÒÁ Î˝ÛÁ (ıÔÎÔ„ÈÛÏÔ Ù·ıÙ¸˜ÒÔÌ· Ù·˜ıÙfiÙ˘Ì Í·È ıÍÌ¸ÙÁÙ·Ú)

ÙÔ ·ÔÙ›ÎÂÛÏ· fiÙ·Ì ÔÎ˝ ÍÔÌÙ‹ ÛÂ ¸ÙÈ ıÔÎÔ„flÛÙÁÍÂ ˜ÒÁÛÈÏÔÔÈ˛ÌÙ·Ú „È· ÙÁÌ �e
ÙÁÌ Ï›ÛÁ ÙÈÏfi Ù˘Ì ıÍÌÔÙfiÙ˘Ì Ù˘Ì ‰˝Ô ıÎÈÍ˛Ì (ÛÍÂ‰·ÛÙ˛Ì-ÂÒÈ‚‹ÎÎÔÌÙÔÚ Ï›ÛÔı),

�e � fs�i � �1 � fs��o, fi ÒÔÛÂ„„ÈÛÙÈÍÔ˝Ú Ù˝ÔıÚ „È· ÙÁÌ ıÍÌ¸ÙÁÙ· ÛÙÔ ¸ÒÈÔ Ù˘Ì

˜·ÏÁÎ˛Ì Ûı˜ÌÔÙfiÙ˘Ì [54, 55]. ‘· ÂÒÈÛÛ¸ÙÂÒ· ·¸ Ù· ·ÔÙÂÎ›ÛÏ·Ù· Ôı Ë·

·ÒÔıÛÈ·ÛÙÔ˝Ì ·Ò·Í‹Ù˘ ›˜ÔıÌ ÂÓ·˜ËÂfl Ï'·ıÙfi ÙÁÌ ÒÔÛ›„„ÈÛÁ.

13œ Ò˛ÙÔÚ ‰ÂflÍÙÁÚ ÛÙÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ‰ÁÎ˛ÌÂÈ ÙÁÌ ¸Î˘ÛÁ ÙÔı ÒÔÛflÙÔÌÙÔÚ Í·È Ô ‰Â˝ÙÂÒÔÚ

ÙÁÌ ¸Î˘ÛÁ ÙÔı ÛÍÂ‰·Ê¸ÏÂÌÔı Í˝Ï·ÙÔÚ.
14œÈ ·Ì·ÎıÙÈÍ›Ú ÂÍˆÒ‹ÛÂÈÚ Ù˘Ì fll�0� Í·È ftt�0� ÏÔÒÔ˝Ì Ì· ÂÓ·˜ËÔ˝Ì Â˝ÍÔÎ· ·¸ ÙÈÚ ÂÓÈÛ˛ÛÂÈÚ

2.16 Í·È 2.17 Í·È ÂflÌ·È fl‰ÈÂÚ ÛÂ ÏÔÒˆfi Ù¸ÛÔ „È· ·Îfi Ûˆ·flÒ· ¸ÛÔ Í·È „È· Û˝ÛÙÁÏ· ‰˝Ô ÔÏ¸ÍÂÌÙÒ˘Ì

Ûˆ·ÈÒ˛Ì.
15« ÛÍ›‰·ÛÁ ·¸ Û˝ÛÙÁÏ· ‰˝Ô ÔÏ¸ÍÂÌÙÒ˘Ì Ûˆ·ÈÒ˛Ì (coated Ûˆ·flÒ·) ÂÒÈ„Ò‹ˆÂÙ·È ·Ì·ÎıÙÈÍ‹ ÛÙÔ

·Ò‹ÒÙÁÏ· √.
16‘Ô Î‹ÙÔÚ ·ıÙ¸ ÂflÌ·È ·Ì‹ÎÔ„Ô ÏÂ ÙÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ Ôı ·ÌÙÈÛÙÔÈ˜Âfl ÛÂ ‰È·ÏfiÍÂÚ ÛÍÂ‰·Ê¸ÏÂÌÔ

Í˝Ï· ÒÔÂÒ˜¸ÏÂÌÔ ·¸ Â„Í‹ÒÛÈÔ ÒÔÛflÙÔÌ.
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3.3.2 CPA ÂÌ›Ò„ÂÈ·Ú - ‘·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú

« CPA ÂÌ›Ò„ÂÈ·Ú ÂflÌ·È ÏÈ· Í·ÈÌÔ˝ÒÈ· Ï›ËÔ‰ÔÚ Ôı ˜ÒÁÛÈÏÔÔÈfiËÁÍÂ ÏÂ ÂÈÙı˜fl· ÛÙÔÌ

ıÔÎÔ„ÈÛÏ¸ ÙÁÚ Ù·˜˝ÙÁÙ·Ú ÂÌ›Ò„ÂÈ·Ú Ù¸ÛÔ ÁÎÂÍÙÒÔÏ·„ÌÁÙÈÍ˛Ì ¸ÛÔ Í·È ‚·ËÏ˘Ù˛Ì

ÍıÏ‹Ù˘Ì [38, 39]. ◊ÒÁÛÈÏÔÔÈÂfl ÏÂÌ ÙÁ ‚·ÛÈÍfi È‰›· ÙÁÚ CPA (≈Ó.3.1) Í·È Ù·

‚·ÛÈÍ‹ ÙÁÚ ÎÂÔÌÂÍÙfiÏ·Ù· ‰ÁÎ·‰fi ÙÁÌ ·Î¸ÙÁÙ· ¸ÛÔÌ ·ˆÔÒ‹ ÙÁÌ È‰›· Í·È ÙÔıÚ

ıÔÎÔ„ÈÛÏÔ˝Ú ·ÎÎ‹ ÎÁÛÈ‹ÊÂÈ ÙÔ Ò¸‚ÎÁÏ· ·¸ ÏÈ· ‰È·ˆÔÒÂÙÈÍfi ÔÙÈÍfi „˘Ìfl· ÏÈ·

Í·È ÙÔ ‚·ÛÈÍ¸ ÙÁÚ ÂÌ‰È·ˆ›ÒÔÌ ÂflÌ·È Ô ıÔÎÔ„ÈÛÏ¸Ú È‰ÈÔÙfiÙ˘Ì ÏÂÙ·ˆÔÒ‹Ú, È‰ÈÔÙfiÙ˘Ì

Ôı ˜·Ò·ÍÙÁÒflÊÔıÌ ÙÁ ‰È‹‰ÔÛÁ Í·È ÛÂ ÂÒÈÔ˜›Ú ¸Ôı Á ˆ‹ÛÁ ›˜ÂÈ ˜·ËÂfl ÂÌÙÂÎ˛Ú. ÃÈ·

ËÂ˘Òfl· Ôı Ë· ÈÛ˜˝ÂÈ Í·È Û'·ıÙ›Ú ÙÈÚ ÂÒÈÔ˜›Ú Ë· Ò›ÂÈ Ì· ‚·ÛflÊÂÙ·È ÛÂ ··flÙÁÛÁ

‹Ì˘ ÛÙÔ � GG �c fi ÏÈÎ˛ÌÙ·Ú ÏÂ ¸ÒÔıÚ Â‰flÔı ÍÈ ¸˜È ÛıÌ·ÒÙfiÛÂ˘Ì Green ÛÙÁ

Ï›ÛÁ ÂÌ›Ò„ÂÈ·. –Ò‹„Ï·ÙÈ, Á CPA ÂÌ›Ò„ÂÈ·Ú ÓÂÍÈÌ‹ ·¸ ÙÁÌ È‰›· ¸ÙÈ ÛÂ ›Ì· Ùı˜·flÔ

Ï›ÛÔ Á ıÍÌ¸ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú Ë· Ò›ÂÈ Ì· ÂflÌ·È ÔÏÔ„ÂÌfiÚ ÛÂ ÍÎflÏ·ÍÂÚ ÏÂ„·Î˝ÙÂÒÂÚ

·¸ ÙÁ ‚·ÛÈÍfi ‰ÔÏÈÍfi ÏÔÌ‹‰· ÙÔı Ï›ÛÔı17. ‘Ô ÙÂÎÂıÙ·flÔ ÂflÌ·È ·¸ÒÒÔÈ· ÙÔı ¸ÙÈ

ÛÂ Ù›ÙÔÈÂÚ ÍÎflÏ·ÍÂÚ ÙÔ Ùı˜·flÔ Ï›ÛÔ ÂflÌ·È „Â˘ÏÂÙÒÈÍ‹ ÔÏÔ„ÂÌ›Ú. ”Â ¸ÙÈ ·ÍÔÎÔıËÂfl

·ÒÔıÛÈ‹ÊÔıÏÂ ·Ò˜ÈÍ‹ ÙÁ Ï›ËÔ‰Ô ¸˘Ú ·Ì·Ù˝˜ËÁÍÂ „È· ‚·ËÏ˘Ù‹ Í·È „È· «Ã

Í˝Ï·Ù· [38, 39] Í·È ÛÂ ‰Â˝ÙÂÒÔ ‚fiÏ· ·Ì·ˆ›ÒÔıÏÂ ·Ì·ÎıÙÈÍ‹ ÙÔÌ ıÔÎÔ„ÈÛÏ¸ „È·

·ÍÔıÛÙÈÍ‹ ÍÈ ÂÎ·ÛÙÈÍ‹ Í˝Ï·Ù· Ï·Êfl ÏÂ ÙÈÚ È‰È·ÈÙÂÒ¸ÙÁÙÂÚ ·ıÙfiÚ ÙÁÚ ÂÒflÙ˘ÛÁÚ.

ee

k

c

m

mik  r mik  r

km

r rc

”˜. 3.3: œ ÙÒ¸ÔÚ Ôı ·ÌÙÈÍ·ËflÛÙ·Ù·È ÙÔ ÔÏÔ„ÂÌ›Ú Ï›ÛÔ km (ÛÍÈ·ÛÏ›ÌÁ ÂÒÈÔ˜fi) ·¸

ÙÔ Ùı˜·flÔ ÛÙ· Î·flÛÈ· Âˆ·ÒÏÔ„fiÚ ÙÁÚ CPA ÂÌ›Ò„ÂÈ·Ú. « Ï·˝ÒÁ Ûˆ·flÒ· (‹ÛÒÁ ÂÒÈÔ˜fi)

Ù·ıÙflÊÂÙ·È ÏÂ ÙÔıÚ ÛÍÂ‰·ÛÙ›Ú (ÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ) ÛÙÔ Ùı˜·flÔ Û˝ÛÙÁÏ·. ‘Ô km ıÔÎÔ„flÊÂÙ·È

·¸ ÙÁÌ ··flÙÁÛÁ Á ÔÎÈÍfi ÂÌ›Ò„ÂÈ· ÛÙÁ ‚·ÛÈÍfi ‰ÔÏÈÍfi ÏÔÌ‹‰· ÙÔı Ùı˜·flÔı ÛıÛÙfiÏ·ÙÔÚ -

coated Ûˆ·flÒ· (·ÒÈÛÙÂÒ¸ Î·flÛÈÔ) - Ì· ÂflÌ·È flÛÁ ÏÂ ÙÁÌ ÔÎÈÍfi ÂÌ›Ò„ÂÈ· ÛÙÁÌ ÂÒÈÔ˜fi

Ôı ÂÒÈÍÎÂflÂÙ·È ·¸ ÙÔÌ Í˝ÍÎÔ ÛÙÔ ‰ÂÓÈ¸ Î·flÛÈÔ. « ÂÌ›Ò„ÂÈ· ıÔÎÔ„flÊÂÙ·È ËÂ˘Ò˛ÌÙ·Ú

Ò¸ÛÙ˘ÛÁ ÂflÂ‰Ôı Í˝Ï·ÙÔÚ.

”Ù· Î·flÛÈ· ÙÁÚ CPA ÂÌ›Ò„ÂÈ·Ú Ô ıÔÎÔ„ÈÛÏ¸Ú ÙÔı ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı „flÌÂÙ·È

ÛÂ ‰˝Ô ÛÙ‹‰È·. ”ÙÔ Ò˛ÙÔ ÛÙ‹‰ÈÔ ıÔÎÔ„flÊÂÙ·È ›Ì· ÔÏÔ„ÂÌ›Ú Ï›ÛÔ, Gm, ·¸ ÙÁÌ

··flÙÁÛÁ Á ıÍÌ¸ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú ÛÂ ·ıÙ¸ ÙÔ Ï›ÛÔ Ì· ÂflÌ·È flÛÁ ÏÂ ÙÁ Ï›ÛÁ ıÍÌ¸ÙÁÙ·

ÂÌ›Ò„ÂÈ·Ú ÛÙÔ Ùı˜·flÔ. « ·Ò·‹Ì˘ ··flÙÁÛÁ ÂÓflÛ˘ÛÁÚ ÙÁÚ ÂÌ›Ò„ÂÈ·Ú ıÎÔÔÈÂflÙ·È

ÏÂ ÙÔ Ì· ËÂ˘ÒÂflÙ·È ÏÈ· ‚·ÛÈÍfi ‰ÔÏÈÍfi ÏÔÌ‹‰· ÙÔı Ùı˜·flÔı Ï›ÛÔı (‰ÂÚ ”˜.3.3) Á

ÔÔfl· ÂÏ‚·ÙflÊÂÙ·È ÛÙÔ ÔÏÔ„ÂÌ›Ú Ï›ÛÔ, Gm, Í·È Ì· ··ÈÙÂflÙ·È Á ÔÎÈÍfi ÂÌ›Ò„ÂÈ· ÛÂ

·ıÙfi ÙÁ ‰ÔÏÈÍfi ÏÔÌ‹‰· Ì· ÂflÌ·È flÛÁ ÏÂ ÙÁÌ ÔÎÈÍfi ÂÌ›Ò„ÂÈ· ÛÂ ›Ì· ÙÏfiÏ· flÛÔı ¸„ÍÔı

ÙÔı ÔÏÔ„ÂÌÔ˝Ú Ï›ÛÔı. « ÂÌ›Ò„ÂÈ· ıÔÎÔ„flÊÂÙ·È ËÂ˘Ò˛ÌÙ·Ú Ò¸ÛÙ˘ÛÁ ÂflÂ‰Ôı

17»Â˘Ò˛ÌÙ·Ú ÏÁ ÂÌÙÔÈÛÏ›ÌÔ Í˝Ï·.
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Í˝Ï·ÙÔÚ. « ‰È·‰ÈÍ·Ûfl· Ôı ·Ì·ˆ›ÒËÁÍÂ ıÔÎÔ„flÊÂÈ ·ıÙÔÛıÌÂ˛Ú ›Ì· ÍıÏ·Ù‹ÌıÛÏ·,

km, ÙÔ ÔÔflÔ ˜·Ò·ÍÙÁÒflÊÂÈ ÙÔ ÔÏÔ„ÂÌ›Ú Ï›ÛÔ. ‘Ô km ÛÙÁÌ ÂÒflÙ˘ÛÁ ·ıÙfi ÂflÌ·È

Ò·„Ï·ÙÈÍ¸ ÏÈ· Í·È ıÔÎÔ„flÊÂÙ·È Ï›Û˘ ÛıÎÎÔ„ÈÛÏÔ˝ ‰È·ÙfiÒÁÛÁÚ ÙÁÚ ÂÌ›Ò„ÂÈ·Ú ÛÂ

Ï›Û· ˜˘ÒflÚ ·¸Û‚ÂÛÁ.

”Â ‰Â˝ÙÂÒÔ ‚fiÏ· ıÔÎÔ„flÊÂÙ·È ÙÔ ÏÈ„·‰ÈÍ¸ ÍıÏ·Ù‹ÌıÛÏ· qe Ôı ˜·Ò·ÍÙÁÒflÊÂÈ

ÙÔ ı¸ ·Ì·ÊfiÙÁÛÁ ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ. œ ıÔÎÔ„ÈÛÏ¸Ú ÙÔı qe „flÌÂÙ·È ÂÓÈÛ˛ÌÔÌÙ·Ú ÙÁ

ÛıÌ‹ÒÙÁÛÁ Green ÙÔı ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı ÏÂ ÙÁÌ Ï›ÛÁ ÛıÌ‹ÒÙÁÛÁ Green ÙÔı Ùı˜·flÔı

¸˘Ú ‰flÌÂÙ·È ÏÂ ‚‹ÛÁ ÙÔÌ Ù˝Ô 3.4. ”ı„ÍÒflÌÔÌÙ·Ú ÙÔıÚ Ù˝ÔıÚ 3.1 Í·È 3.4 ÏÔÒÂfl Ì·

‰ÂÈ Í·ÌÂflÚ ¸ÙÈ ÙÔ qe Ë· ‰fl‰ÂÙ·È ·¸

q2
e � k2

m � šm��� �3�17�

« šm��� (ÛÂ Ò˛ÙÁ Ù‹ÓÁ ˘Ú ÒÔÚ ÙÁ Ûı„Í›ÌÙÒ˘ÛÁ Ù˘Ì ÛÍÂ‰·ÛÙ˛Ì) ıÔÎÔ„flÊÂÙ·È

·¸ ÙÔÌ ·Î¸ Ù˝Ô [29, 37, 39]

šm � �4�nf�0� �3�18�

¸Ôı n ÂflÌ·È Á Ûı„Í›ÌÙÒ˘ÛÁ (·ÒÈËÏÁÙÈÍfi ıÍÌ¸ÙÁÙ·) Ù˘Ì ÛÍÂ‰·ÛÙ˛Ì ÛÙÔ Ùı˜·flÔ

Û˝ÛÙÁÏ· Í·È f�0� ÙÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ÛÙÁ ‰ÈÂ˝ËıÌÛÁ Ò¸ÛÙ˘ÛÁÚ „È· ÂflÂ‰Ô Í˝Ï·

Ôı ÛÍÂ‰‹ÊÂÙ·È ·¸ ÙÁ ‚·ÛÈÍfi ‰ÔÏÈÍfi ÏÔÌ‹‰· ÙÔı Ùı˜·flÔı Á ÔÔfl· ›˜ÂÈ ÂÏ‚·ÙÈÛÙÂfl

ÛÙÔ Ï›ÛÔ km.

”·Ì ‚·ÛÈÍfi ‰ÔÏÈÍfi ÏÔÌ‹‰· ÙÔı Ùı˜·flÔı Ï›ÛÔı Ôı ÂÏ‚·ÙflÊÂÙ·È ÛÙÔ km ËÂ˘ÒfiËÁÍÂ

·Ò˜ÈÍ‹ „È· Ù· «Ã Í·È ‚·ËÏ˘Ù‹ Í˝Ï·Ù· ÏÈ· Ûˆ·flÒ· fl‰È· ÏÂ ÙÔıÚ ÛÍÂ‰·ÛÙ›Ú ÙÔı

Ùı˜·flÔı Ï›ÛÔı Í·ÎıÏÏ›ÌÁ ÏÂ ›Ì· Ûˆ·ÈÒÈÍ¸ Í›ÎıˆÔÚ ÂÓ˘ÙÂÒÈÍfiÚ ·ÍÙflÌ·Ú rc (ÏÂ

r3
c � a3�fs) ·¸ ÙÔ ıÎÈÍ¸ ÙÔı ÂÒÈ‚‹ÎÎÔÌÙÔÚ Ï›ÛÔı (‰ÂÚ ”˜.3.3).

≈Î·ÛÙÈÍ‹ Í˝Ï·Ù· : ”ÙÁÌ ÂÒflÙ˘ÛÁ ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì Ù˛Ò·, ¸Ôı ›Ì· ÔÏÔ„ÂÌ›Ú

Ï›ÛÔ ˜·Ò·ÍÙÁÒflÊÂÙ·È ·¸ ‰˝Ô ÍıÏ·Ù·Ì˝ÛÏ·Ù· Í·È ÙÁÌ ıÍÌ¸ÙÁÙ·, ÛÙÔ Ò˛ÙÔ ‚fiÏ·

ÙÔı ıÔÎÔ„ÈÛÏÔ˝ ÙÔı ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı ÛÙ· Î·flÛÈ· ÙÁÚ CPA ÂÌ›Ò„ÂÈ·Ú, ˜ÒÂÈ‹ÊÂÙ·È

Ì· ıÔÎÔ„flÛÂÈ Í·ÌÂflÚ Ù¸ÛÔ Ù· ‰˝Ô Ò·„Ï·ÙÈÍ‹ ÍıÏ·Ù·Ì˝ÛÏ·Ù· klm Í·È ktm ¸ÛÔ Í·È

ÙÁÌ ıÍÌ¸ÙÁÙ· �m.

‘· ‰˝Ô ÍıÏ·Ù·Ì˝ÛÏ·Ù· ıÔÎÔ„flÊÔÌÙ·È ·¸ ÙÁÌ ··flÙÁÛÁ ÔÏÔ„›ÌÂÈ·Ú ÙÁÚ ÂÌ›Ò„ÂÈ·Ú

¸˘Ú ·ıÙfi ·Ì·ˆ›ÒËÁÍÂ ·Ò·‹Ì˘. œÈ ·ÌÙflÛÙÔÈ˜ÂÚ ‰˝Ô ÂÓÈÛ˛ÛÂÈÚ ÒÔÍ˝ÙÔıÌ ÏÂ ÙÔ

Ì· ËÂ˘ÒfiÛÔıÏÂ Ò¸ÛÙ˘ÛÁ Ù¸ÛÔ ‰È·ÏfiÍÔıÚ ¸ÛÔ Í·È Â„Í‹ÒÛÈÔı Í˝Ï·ÙÔÚ ‹Ì˘ ÛÙÁ

‚·ÛÈÍfi ‰ÔÏÈÍfi ÏÔÌ‹‰· ÙÔı Ùı˜·flÔı Ôı ÂÏ‚·ÙflÊÂÙ·È ÛÙÔ ÔÏÔ„ÂÌ›Ú.

”Ù· Î·flÛÈ· ÙÁÚ ·ÒÔ˝Û·Ú ‰ÔıÎÂÈ‹Ú Û·Ì ‚·ÛÈÍfi ‰ÔÏÈÍfi ÏÔÌ‹‰· ‰È·Î›„ÂÙ·È ÂflÙÂ Á

‰ÈÎfi Ûˆ·flÒ· ÂÓ˘ÙÂÒÈÍfiÚ ·ÍÙflÌ·Ú rc � a��fs�1�3 (‰ÂÚ ”˜.3.3) Ôı ˜ÒÁÛÈÏÔÔÈfiËÁÍÂ

ÛÙ· ‚·ËÏ˘Ù‹ Í·È «Ã Í˝Ï·Ù· ÏÂ ÈË·Ì¸ÙÁÙ· ÏÔÌ‹‰· (Á CPA ÂÌ›Ò„ÂÈ·Ú ÏÂ ·ıÙfi

ÙÁ ‚·ÛÈÍfi ‰ÔÏÈÍfi ÏÔÌ‹‰· Ë· ˜·Ò·ÍÙÁÒflÊÂÙ·È Û·Ì E-CPA1) ÂflÙÂ ÙÔ Û˝ÛÙÁÏ· Ù˘Ì

‰˝Ô Ûˆ·ÈÒ˛Ì Ôı ÔÒflÊÂÙ·È ÛÙÁÌ coated CPA ÏÂ ÙÈÚ fl‰ÈÂÚ ÈË·Ì¸ÙÁÙÂÚ ÍÈ ·ÍÙflÌÂÚ

(E-CPA2).

« ··flÙÁÛÁ ÔÏÔ„›ÌÂÈ·Ú ÙÁÚ ÂÌ›Ò„ÂÈ·Ú, „È· ÙÁÌ ÂÒflÙ˘ÛÁ ÙÁÚ E-CPA2, Ô‰Á„Âfl ÛÙÈÚ

‰˝Ô ·Ò·Í‹Ù˘ ·ıÙÔÛıÌÂ˛Ú ÂÈÎ˝ÛÈÏÂÚ ÂÓÈÛ˛ÛÂÈÚ
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0
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‘Ô Û˝Ï‚ÔÎÔ ~≈ ‰ÁÎ˛ÌÂÈ ÙÁ Ï›ÛÁ ÙÈÏfi ÙÁÚ ıÍÌ¸ÙÁÙ·Ú ÂÌ›Ò„ÂÈ·Ú, E, ˘Ú ÒÔÚ ˜Ò¸ÌÔ

ÍÈ ˘Ú ÒÔÚ ¸ÎÂÚ ÙÈÚ ‰ÈÂıË˝ÌÛÂÈÚ („È· ÙÔÌ ıÔÎÔ„ÈÛÏ¸ ÙÁÚ ~≈ ‚Î›Â ·Ò·ÒÙfiÏ·Ù· ¬

Í·È √). œÈ ‰ÂflÍÙÂÚ l Í·È t ‰ÁÎ˛ÌÔıÌ ¸ÙÈ ·ıÙfi Á ıÍÌ¸ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú ıÔÎÔ„flÛÙÁÍÂ

ËÂ˘Ò˛ÌÙ·Ú Ò¸ÛÙ˘ÛÁ ‰È·ÏfiÍÔıÚ ÍÈ Â„Í‹ÒÛÈÔı Í˝Ï·ÙÔÚ ·ÌÙflÛÙÔÈ˜· ÂÌ˛ ÔÈ c Í·È

s ¸ÙÈ ÛÙÁÌ ·Ò˜fi ÙÔı ÛıÛÙfiÏ·ÙÔÚ ÛıÌÙÂÙ·„Ï›Ì˘Ì ›˜ÂÈ ÙÔÔËÂÙÁËÂfl ·ÌÙflÛÙÔÈ˜· Á

coated Í·È Á ·Îfi (simple) Ûˆ·flÒ·. ‘Ô ‰ÂÓÈ¸ Ï›ÎÔÚ Ù˘Ì 3.19 Í·È 3.20 ıÔÎÔ„flÛÙÁÍÂ

·flÒÌÔÌÙ·Ú ı¸¯Á ¸ÙÈ Á ıÍÌ¸ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú „È· ‰È·ÏfiÍÂÚ ÍÈ Â„Í‹ÒÛÈÔ ÂflÂ‰Ô

Í˝Ï· Ûı˜Ì¸ÙÁÙ·Ú � Ôı ‰È·‰fl‰ÂÙ·È ÛÂ ÔÏÔ„ÂÌ›Ú Ï›ÛÔ ıÍÌ¸ÙÁÙ·Ú �m ‰fl‰ÂÙ·È ·¸
~≈ � �m�

2�2.

”Ù· Î·flÛÈ· ÙÁÚ ·ÒÔ˝Û·Ú ‰ÔıÎÂÈ‹Ú, Á ıÍÌ¸ÙÁÙ· �m (Á „Ì˛ÛÁ ÙÁÚ ÔÔfl·Ú ÂflÌ·È

··Ò·flÙÁÙÁ Ù¸ÛÔ „È· ÙÔÌ ıÔÎÔ„ÈÛÏ¸ 3.19 Í·È 3.20 ¸ÛÔ Í·È „È· ÙÔÌ ÂÒ·ÈÙ›Ò˘

ıÔÎÔ„ÈÛÏ¸ ÙÔı ÏÈ„·‰ÈÍÔ˝ ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı, Ge) ÒÔÛÂ„„flÊÂÙ·È ·¸ ÙÔÌ Ï›ÛÔ ¸ÒÔ

Ù˘Ì ıÍÌÔÙfiÙ˘Ì ÛÍÂ‰·ÛÙ˛Ì ÂÒÈ‚‹ÎÎÔÌÙÔÚ Ï›ÛÔı (�m � fs�i � �1 � fs��o) fi ·¸

ÂÍˆÒ‹ÛÂÈÚ Ôı ›˜ÔıÌ ÂÓ·˜ËÂfl „È· ÙÔ ¸ÒÈÔ ˜·ÏÁÎ˛Ì Ûı˜ÌÔÙfiÙ˘Ì [54, 55] - ÏÂ Ò·ÍÙÈÍ‹

Ù· fl‰È· ·ÔÙÂÎ›ÛÏ·Ù·.

‘›ÎÔÚ, Ù· ÏÈ„·‰ÈÍ‹ ÍıÏ·Ù·Ì˝ÛÏ·Ù· qle Í·È qte ·¸ Ù· ÔÔfl· ÒÔÍ˝ÙÔıÌ ÔÈ

Ù·˜˝ÙÁÙÂÚ ˆ‹ÛÁÚ Í·È ÔÈ Ï›ÛÂÚ ÂÎÂ˝ËÂÒÂÚ ‰È·‰ÒÔÏ›Ú ıÔÎÔ„flÊÔÌÙ·È ·¸

q2
le � k2

lm � šllm��� (3.21)

q2
te � k2

tm � šttm��� (3.22)

¸Ôı

šjjm��� � �4�
X
i

nifjji�0� �j � l� t� �3�23�

”ÙÁÌ ÂÓflÛ˘ÛÁ 3.23, flli�0� (ftti�0�) ÂflÌ·È ÙÔ ‰È·ÏfiÍÂÚ (Â„Í‹ÒÛÈÔ) Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ

ÛÙÁ ‰ÈÂ˝ËıÌÛÁ Ò¸ÛÙ˘ÛÁÚ „È· ‰È·ÏfiÍÂÚ (Â„Í‹ÒÛÈÔ) (‰ÂÚ ≈Ó.3.16) ÂflÂ‰Ô

ÒÔÛflÙÔÌ Í˝Ï· Ôı ÛÍÂ‰‹ÊÂÙ·È ·¸ ›Ì· ÛÍÂ‰·ÛÙfi Ù˝Ôı i ÙÔÔËÂÙÁÏ›ÌÔ ÛÙÔ

ÔÏÔ„ÂÌ›Ú Ï›ÛÔ Gm Í·È ni ÂflÌ·È Á Ûı„Í›ÌÙÒ˘ÛÁ ÙÔı i Ù˝Ôı ÛÍÂ‰·ÛÙ˛Ì. √È· ‰È‹Ù·ÓÁ

ÛÍ›‰·ÛÁÚ ·ıÙfi ÙÁÚ coated CPA (E-CPA2), n1 � fs�V Í·È n2 � �1 � n1V1��V2

(Vj � 4�r3
j�3 (j � 1� 2), V � 4�a3�3).

‘·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú

œ ıÔÎÔ„ÈÛÏ¸Ú ÙÁÚ Ù·˜˝ÙÁÙ·Ú ÂÌ›Ò„ÂÈ·Ú, vE , ÛÙ· Î·flÛÈ· ÙÁÚ CPA ÂÌ›Ò„ÂÈ·Ú „flÌÂÙ·È

ÏÂ ·ˆÂÙÁÒfl· ÙÁ ËÂ˘Òfl· Ôı ·Ì·Ù˝˜ËÁÍÂ ÛÙÔ ¸ÒÈÔ Ù˘Ì ˜·ÏÁÎ˛Ì Ûı„ÍÂÌÙÒ˛ÛÂ˘Ì

ÛÍÂ‰·ÛÙ˛Ì [32, 34, 35, 31]. ”˝Ïˆ˘Ì· ÏÂ ÙÁ ËÂ˘Òfl· ·ıÙfi Á Ù·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú

‰fl‰ÂÙ·È ·¸ ÙÁÌ ·Ò·Í‹Ù˘ ÛıÌ‹ÒÙÁÛÁ ÙÁÚ ÛÍ›‰·ÛÁÚ, šo��� �� �4�nf�0�), ·Ì‹ÏÂÛ·

ÛÂ ›Ì· ÛÍÂ‰·ÛÙfi ÙÔı Ùı˜·flÔı ÛıÛÙfiÏ·ÙÔÚ Í·È ÛÙÔ ÂÒÈ‚‹ÎÎÔÌ ÙÔı Ï›ÛÔ ko

vE �
�

k2
o

q
k2
o � ��šo�

1 � �
�3�24�

« ÔÛ¸ÙÁÙ· �, ˜·Ò·ÍÙÁÒÈÛÙÈÍfi ÛÙÁ ‰È‹‰ÔÛÁ Ù˘Ì ÍÎ·ÛÈÍ˛Ì ÍıÏ‹Ù˘Ì („È·

ÁÎÂÍÙÒ¸ÌÈ· � � 0)18, ÏÔÒÂfl ÂflÛÁÚ Ì· ÂÍˆÒ·ÛÙÂfl Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ ÛÍ›‰·ÛÁÚ

18« ‰È·ˆÔÒ‹ ÍÎ·ÛÈÍ˛Ì ÍıÏ‹Ù˘Ì Í·È ÁÎÂÍÙÒÔÌfl˘Ì ÛÂ ·ıÙ¸ ÙÔ ÛÁÏÂflÔ Á„‹ÊÂÈ ·¸ ÙÁ ‰È·ˆÔÒÂÙÈÍfi

Ù‹ÓÁ ÙÁÚ ˜ÒÔÌÈÍfiÚ ·Ò·„˛„Ôı ÛÙÈÚ ·ÌÙflÛÙÔÈ˜ÂÚ ÂÓÈÛ˛ÛÂÈÚ.
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·Ì‹ÏÂÛ· ÛÙÔÌ ÛÍÂ‰·ÛÙfi Í·È ÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ. ‘Ô � ÂflÌ·È ·Ì‹ÎÔ„Ô ÙÔı ˜Ò¸ÌÔı

Ôı Í·Ù·Ì·Î˛ÌÂÈ ÙÔ Í˝Ï· Ï›Û· ÛÙÔıÚ ÛÍÂ‰·ÛÙ›Ú Ô ÔÔflÔÚ ÏÂ ÙÁ ÛÂÈÒ‹ ÙÔı ‚Ò›ËÁÍÂ Ì·

ÂflÌ·È ·Ì‹ÎÔ„ÔÚ ÙÁÚ ÂÌ›Ò„ÂÈ·Ú Ôı Ûı„ÍÂÌÙÒ˛ÌÂÙ·È Ï›Û· ÛÂ Í‹ËÂ ÛÍÂ‰·ÛÙfi. ≈ÙÛÈ ÙÔ �
„flÌÂÙ·È Ï›„ÈÛÙÔ ÍÔÌÙ‹ ÛÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÛÍ›‰·ÛÁÚ ·¸ ›Ì·

ÛÍÂ‰·ÛÙfi (ÛıÌÙÔÌÈÛÏ¸Ú ÛıÌfiË˘Ú ÛÁÏ·flÌÂÈ Ï›„ÈÛÙÁ Ûı„Í›ÌÙÒ˘ÛÁ ÙÔı Í˝Ï·ÙÔÚ Ï›Û·

ÛÙÔÌ ÛÍÂ‰·ÛÙfi) ‰flÌÔÌÙ·Ú Ù· ÂÎ‹˜ÈÛÙ· ÛÙÁÌ vE Ôı ·Ì·ˆ›ÒËÁÍ·Ì ÛÙÁÌ ÂÈÛ·„˘„fi.

”Ù· Î·flÛÈ· ÙÁÚ CPA ÂÌ›Ò„ÂÈ·Ú Ù˛Ò·, Á Ù·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú vE , ıÔÎÔ„flÊÂÙ·È

·¸ ÙÁÌ fl‰È· ÏÂ ÙÁÌ ›ÍˆÒ·ÛÁ 3.24 ÛıÌ‹ÒÙÁÛÁ, ÛÙÁÌ ÔÔfl· ÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ ko
·ÌÙÈÍ·ËflÛÙ·Ù·È ·¸ ÙÔ ÔÏÔ„ÂÌ›Ú Ï›ÛÔ km ÂÌ˛ Ô ·Î¸Ú ÛÍÂ‰·ÛÙfiÚ Ï›Û˘ ÙÔı ÔÔflÔı

ıÔÎÔ„flÊÂÙ·È Á È‰ÈÔÂÌ›Ò„ÂÈ·, š, ·ÌÙÈÍ·ËflÛÙ·Ù·È ·¸ ÙÁ ‚·ÛÈÍfi fi ÙÈÚ ‚·ÛÈÍ›Ú ‰ÔÏÈÍ›Ú

ÏÔÌ‹‰ÂÚ ÙÔı Ùı˜·flÔı ÛıÛÙfiÏ·ÙÔÚ Ôı ÂÏ‚·ÙflÊÔÌÙ·È ÛÙÔ km. ¡ÔÙ›ÎÂÛÏ· ÂflÌ·È Á

›ÍˆÒ·ÛÁ

vE �
�

k2
m

q
k2
m � ��šm�

1 � �
�3�25�

¸Ôı Ù· š Í·È � ıÔÎÔ„flÊÔÌÙ·È Û˜ÂÙÈÍ‹ ÏÂ ÙÔ Ï›ÛÔ km.

« ›ÍˆÒ·ÛÁ 3.25 ÛÙ· Î·flÛÈ· ÙÁÚ CPA ÂÌ›Ò„ÂÈ·Ú ˜ÒÁÛÈÏÔÔÈÂflÙ·È „È· Í‹ËÂ

Ûı„Í›ÌÙÒ˘ÛÁ. « ÈÛ˜˝Ú „È· Í‹ËÂ Ûı„Í›ÌÙÒ˘ÛÁ ‰ÈÍ·ÈÔÎÔ„ÂflÙ·È ·¸ ÙÔ ¸ÙÈ

·ÌÙÈÍ·ËÈÛÙ˛ÌÙ·Ú ÙÔ Ò·„Ï·ÙÈÍ¸ Ï›ÛÔ „˝Ò˘ ·¸ Í‹ËÂ ÛÍÂ‰·ÛÙfi ÏÂ ›Ì·

ÒÔÛÂ„„ÈÛÙÈÍ¸ ÔÏÔ„ÂÌ›Ú Ï›ÛÔ - Ô ıÔÎÔ„ÈÛÏ¸Ú ÙÔı ÔÔflÔı Î·Ï‚‹ÌÂÈ ı¸¯Á ÙÔı

ˆ·ÈÌ¸ÏÂÌ· ÔÎÎ·ÎfiÚ ÛÍ›‰·ÛÁÚ - Á Í·Ù‹ÛÙ·ÛÁ ÎÁÛÈ‹ÊÂÈ ÂÍÂflÌÁ Ù˘Ì ·ÌÂÓ‹ÒÙÁÙ˘Ì

ÛÍÂ‰‹ÛÂ˘Ì, Á ÔÔfl· ÏÔÒÂfl Ì· ÂÒÈ„Ò·ˆÂfl ÈÍ·ÌÔÔÈÁÙÈÍ‹ ·¸ ÙÁ ËÂ˘Òfl· ˜·ÏÁÎ˛Ì

Ûı„ÍÂÌÙÒ˛ÛÂ˘Ì.

‘Ô ÎÂÔÌ›ÍÙÁÏ· Ù˛Ò· ÙÁÚ ÂÈÎÔ„fiÚ ÙÔı km ÏÂ ÙÁÌ ı¸ËÂÛÁ ÙÁÚ CPA ÂÌ›Ò„ÂÈ·Ú

ÂflÌ·È ÙÔ ¸ÙÈ Î¸„˘ ÔÏÔ„›ÌÂÈ·Ú ÙÁÚ ÂÌ›Ò„ÂÈ·Ú ‰ÂÌ Ë· ı‹Ò˜ÂÈ ÂÈÎ›ÔÌ Í·ËıÛÙ›ÒÁÛÁ

ÙÔı Í˝Ï·ÙÔÚ ÛÙÔ Ò·„Ï·ÙÈÍ¸ Ï›ÛÔ Û˜ÂÙÈÍ‹ ÏÂ ÙÔ Ï›ÛÔ km. ≈ÙÛÈ, ÂÒÈÏ›ÌÂÈ Í·ÌÂflÚ Á

ÔÛ¸ÙÁÙ· � ÛÙÔÌ Ù˝Ô 3.25 (Á ÔÔfl· ›˜ÂÈ ıÔÎÔ„ÈÛÙÂfl Ï›Û˘ ·ÍÒÈ‚Ô˝Ú ËÂ˘Òfl·Ú Ï¸ÌÔ

„È· ‚·ËÏ˘Ù‹ Í˝Ï·Ù· Í·È Á Â›ÍÙ·ÛÁ ÙÁÚ ÛÙ· «Ã Âfl˜Â „È· ÔÎ˝ Í·ÈÒ¸ ·ÏˆÈÛ‚ÁÙÁËÂfl)

Ì· ÂflÌ·È ÂÒflÔı flÛÁ ÏÂ ÏÁ‰›Ì Í·È Ì· ÏÔÒÂfl Ì· ·„ÌÔÁËÂfl.

–Ò‹„Ï·ÙÈ, Ù¸ÛÔ „È· «Ã ¸ÛÔ Í·È „È· ‚·ËÏ˘Ù‹ Í˝Ï·Ù· Á ›ÍˆÒ·ÛÁ 3.25 ÏÂ � �
0 ›‰˘ÛÂ ·ÔÙÂÎ›ÛÏ·Ù· Ôı ÒÔÛÂ„„flÊÔıÌ ÔÎ˝ ÈÍ·ÌÔÔÈÁÙÈÍ‹ Ù· ÂÈÒ·Ï·ÙÈÍ‹

‰Â‰ÔÏ›Ì· Ù¸ÛÔ „È· ˜·ÏÁÎ›Ú ¸ÛÔ Í·È „È· ı¯ÁÎ¸ÙÂÒÂÚ Ûı„ÍÂÌÙÒ˛ÛÂÈÚ.

ƒıÛÙı˜˛Ú „È· ·ÍÔıÛÙÈÍ‹ ÍÈ ÂÎ·ÛÙÈÍ‹ Í˝Ï·Ù· Á Í·Ù‹ÛÙ·ÛÁ ÂflÌ·È ÂÒÈÛÛ¸ÙÂÒÔ

Û˝ÌËÂÙÁ. ”Ù· Î·flÛÈ· Âˆ·ÒÏÔ„fiÚ ÙÁÚ CPA ÂÌ›Ò„ÂÈ·Ú ÛÂ ‰È‹‰ÔÛÁ ·ÍÔıÛÙÈÍ˛Ì ÍÈ

ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì - ¸˘Ú ·Ô‰Âfl˜ÙÁÍÂ ÛÙÔıÚ ıÔÎÔ„ÈÛÏÔ˝Ú ·ıÙfiÚ ÙÁÚ ÂÒ„·Ûfl·Ú - Á

ÔÛ¸ÙÁÙ· �, ÂÌ˛ ÂflÌ·È ·ÒÍÂÙ‹ ÏÈÍÒfi, ‰ÂÌ ÂflÌ·È ·ÏÂÎÁÙ›· ˛ÛÙÂ Ì· ·„ÌÔÁËÂfl ÂÌÙÂÎ˛Ú

- È‰È·flÙÂÒ· ÛÂ ˜·ÏÁÎ›Ú Ûı˜Ì¸ÙÁÙÂÚ.

œ Î¸„ÔÚ „È· ·ıÙfi ÙÁ ‰È·ˆÔÒ‹ Ù˘Ì ·ÍÔıÛÙÈÍ˛Ì ÍÈ ÂÎ·ÛÙÈÍ˛Ì Û˜ÂÙÈÍ‹ ÏÂ Ù·

‚·ËÏ˘Ù‹ Í·È «Ã Í˝Ï·Ù· Á„‹ÊÂÈ ·¸ ÙÁÌ ˝·ÒÓÁ ÙÁÚ ıÍÌ¸ÙÁÙ·Ú Û·Ì ·ÌÂÓ‹ÒÙÁÙÁÚ

·Ò·Ï›ÙÒÔı „È· ÙÔÌ Í·ËÔÒÈÛÏ¸ ÙÁÚ ‰È‹‰ÔÛÁÚ ÛÂ ›Ì· ÂÎ·ÛÙÈÍ¸ Ï›ÛÔ. ”ÙÁ

Ûı„ÍÂÍÒÈÏ›ÌÁ ÂÒflÙ˘ÛÁ, Á ÂÈÎÔ„fi ÙÁÚ ıÍÌ¸ÙÁÙ·Ú, �m, ÙÔı ÔÏÔ„ÂÌÔ˝Ú Ï›ÛÔı

ÂÁÒÂ‹ÊÂÈ ·ÈÛËÁÙ‹ ÙÁÌ ÙÈÏfi ÙÔı �. « ÂÈÒÒÔfi ·ıÙfi ÏÂÈ˛ÌÂÙ·È ¸ÛÔ ·ıÓ‹ÌÂÈ Á

Ûı˜Ì¸ÙÁÙ·. √È· ÂÌ‰È‹ÏÂÛÂÚ Í·È ı¯ÁÎ›Ú Ûı˜Ì¸ÙÁÙÂÚ ÙÔ � ÂflÌ·È ÔÎ˝ ÏÈÍÒ¸ Í·È Û˜Â‰¸Ì

·ÌÂÓ‹ÒÙÁÙÔ ·¸ ÙÁÌ ÂÈÎÔ„fi ÙÔı �m. »· Ò›ÂÈ Ì· ÛÁÏÂÈ˘ËÂfl ‹ÌÙ˘Ú, ÍÈ ÂÍÂfl

‚·ÛflÊÂÙ·È Á ·ÓÈÔÈÛÙfl· Ù˘Ì ·ÔÙÂÎÂÛÏ‹Ù˘Ì Ôı ·ÒÔıÛÈ‹ÊÔÌÙ·È, ¸ÙÈ Á ÂÓ‹ÒÙÁÛÁ

Ù˘Ì km, šm Í·È � �� �m� ·¸ ÙÔ �m ÂflÌ·È Ù›ÙÔÈ· ˛ÛÙÂ Ì· Ô‰Á„Âfl ÛÂ Ò·ÍÙÈÍ‹ fl‰È·
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Ù·˜˝ÙÁÙ· vE „È· Í‹ËÂ ÂÈÎÔ„fi ÙÔı �m.

ÃÈ· ÂÈÎ›ÔÌ ‰È·ˆÔÒ‹ Ù˘Ì ·ÍÔıÛÙÈÍ˛Ì ÍÈ ÂÎ·ÛÙÈÍ˛Ì ·¸ Ù· ‚·ËÏ˘Ù‹ Í·È «Ã

Í˝Ï·Ù·, Á ÔÔfl· Û˜ÂÙflÊÂÙ·È ‹ÏÂÛ· ÏÂ ÙÁÌ Ù·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú Í·È ÙÁÌ ÂÓ‹ÒÙÁÛÁ ÙÁÚ

·¸ ÙÁ Ûı˜Ì¸ÙÁÙ· ¸˘Ú ·ıÙfi ÂÒÏÁÌÂ˝ÙÁÍÂ ÛÙÁÌ ÂÈÛ·„˘„fi, Á„‹ÊÂÈ ·¸ ÙÁ ˆ˝ÛÁ Ù˘Ì

ÛıÌÙÔÌÈÛÏ˛Ì ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÛÍ›‰·ÛÁÚ. œ˘Ú ÛıÊÁÙfiËÁÍÂ ÛÙÔ ÍÂˆ‹Î·ÈÔ 2, ÛÙÁ

ÛÍ›‰·ÛÁ ·ÍÔıÛÙÈÍ˛Ì ÍÈ ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì ı‹Ò˜ÔıÌ ÛıÌÙÔÌÈÛÏÔfl ÒÔÂÒ˜¸ÏÂÌÔÈ

·¸ ÙÁÌ ÛÍÎÁÒfi fi ‹‰ÂÈ· Ûˆ·flÒ·. œÈ ÛıÌÙÔÌÈÛÏÔfl ·ıÙÔfl ‰ÂÌ ÛıÌÔ‰Â˝ÔÌÙ·È ·¸

ÏÂ„‹ÎÁ Ûı„Í›ÌÙÒ˘ÛÁ ÂÌ›Ò„ÂÈ·Ú Ï›Û· ÛÙÁ Ûˆ·flÒ·. ‘Ô „Â„ÔÌ¸Ú ·ıÙ¸ ÛıÌÂ‹„ÂÙ·È

¸ÙÈ Á ÂÓ‹ÒÙÁÛÁ ÙÁÚ vE ·¸ ÙÁ Ûı˜Ì¸ÙÁÙ· ‰ÂÌ ÂÒÈÏ›ÌÂÈ Í·ÌÂflÚ Ì· ›˜ÂÈ ÛÂ ¸ÎÂÚ

ÙÈÚ ÂÒÈÙ˛ÛÂÈÚ ÙÁÌ ÙıÈÍfi ÏÔÒˆfi Ôı ·Ò·ÙÁÒfiËÁÍÂ Í·È ÂÒÏÁÌÂ˝ÙÁÍÂ Ù¸ÛÔ ÛÙ·

‚·ËÏ˘Ù‹ ¸ÛÔ Í·È ÛÙ· «Ã Í˝Ï·Ù·.

≈Ò˜¸ÏÂÌÔÈ Ù˛Ò· ÛÂ Âˆ·ÒÏÔ„fi ÙÁÚ CPA ÂÌ›Ò„ÂÈ·Ú ÛÙÁÌ ÂÒflÙ˘ÛÁ Ù˘Ì ÎfiÒ˘Ú

‰È·ÌıÛÏ·ÙÈÍ˛Ì ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì Á Í·Ù‹ÛÙ·ÛÁ „flÌÂÙ·È ·Í¸Ï· ÂÒÈÛÛ¸ÙÂÒÔ

ÂÒflÎÔÍÁ. ≈‰˛, ÙÔ ·ÔÙ›ÎÂÛÏ· ÙÁÚ ÒÔÛ›„„ÈÛÁÚ ÙÔı Ùı˜·flÔı Ï›ÛÔı ÏÂ ÔÏÔ„ÂÌ›Ú,

ÂflÌ·È Ô ıÔÎÔ„ÈÛÏ¸Ú ‰˝Ô Ù·˜ıÙfiÙ˘Ì ‰È‹‰ÔÛÁÚ ÙÁÚ ÂÌ›Ò„ÂÈ·Ú Ïfl· „È· ‰È·ÏfiÍÂÚ

ÒÔÛflÙÔÌ Í˝Ï· Í·È Ïfl· „È· Â„Í‹ÒÛÈÔ. ‘Ô Ò¸‚ÎÁÏ· ÙÔı Í·Ù‹ ¸ÛÔÌ ›˜ÂÈ Í‹ÔÈÔ

ˆıÛÈÍ¸ Ì¸ÁÏ· „È· ÙÔ Ùı˜·flÔ Ï›ÛÔ - ¸Ôı ÙÔ Ì¸ÁÏ· ÒÔÛflÙÔÌÙÔÚ Í˝Ï·ÙÔÚ Ïfl·Ú Ï¸ÌÔ

¸Î˘ÛÁÚ ÂÓ·ˆ·ÌflÊÂÙ·È - Á ˝·ÒÓÁ ‰˝Ô ‰È·ˆÔÒÂÙÈÍ˛Ì Ù·˜ıÙfiÙ˘Ì ÂÌ›Ò„ÂÈ·Ú Í·È ÙÔı

˛Ú Û˜ÂÙflÊÔÌÙ·È ÔÈ Ù·˜˝ÙÁÙÂÚ ·ıÙ›Ú ÏÂ ÙÔÌ ÛıÌÙÂÎÂÛÙfi ‰È‹˜ıÛÁÚ ÛÙÔ Ï›ÛÔ ÂflÌ·È ›Ì·

·¸ Ù· ·ÌÔÈ˜Ù‹ ÒÔ‚ÎfiÏ·Ù· ÛÙÁ ‰È‹‰ÔÛÁ ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì. ‘Ô Ò¸‚ÎÁÏ· ·ıÙ¸,

ÙÔ ÔÔflÔ Á„‹ÊÂÈ ·¸ ÙÁ ‰È·ˆÔÒ‹ ÏÂÙ·Ó˝ ÔÏÔ„ÂÌ˛Ì Í·È Ùı˜·fl˘Ì Ï›Û˘Ì ¸ÛÔÌ ·ˆÔÒ‹

ÙÁ Û˝ÊÂıÓÁ fi ÏÁ ÙÁÚ ‰È·ÏfiÍÔıÚ Í·È ÙÁÚ Â„Í‹ÒÛÈ·Ú ÛıÌÈÛÙ˛Û·Ú ÙÔı Í˝Ï·ÙÔÚ, ÂflÌ·È

·¸ÒÒÔÈ· ÙÔı „ÂÌÈÍÔ˝ ÂÒ˘ÙfiÏ·ÙÔÚ Í·Ù‹ ¸ÛÔ ÙÔ ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ (›Ì· ÔÏÔ„ÂÌ›Ú Ï›ÛÔ

ÛÙÔ ÔÔflÔ ‰È·ÏfiÍÂÚ Í·È Â„Í‹ÒÛÈÔ Í˝Ï· ÂflÌ·È ·Û˝ÊÂıÍÙ·) ÏÔÒÂfl Ì· ÒÔÛÂ„„flÛÂÈ ÙÔ

Ùı˜·flÔ ¸Ôı ÛıÏ‚·flÌÔıÌ ÛıÌÂ˜ÂflÚ ÏÂÙ·ÙÒÔ›Ú ‰È·ÏfiÍÔıÚ Í˝Ï·ÙÔÚ ÛÂ Â„Í‹ÒÛÈÔ Í·È

·ÌÙflÛÙÒÔˆ·, ¸ÛÔÌ ·ˆÔÒ‹ ÏÂ„›ËÁ Ôı ÂÌ‰È·ˆ›ÒÔıÌ ÛÙÁÌ ÂÒflÙ˘ÛÁ Ôı Á ÔÎÎ·Îfi

ÛÍ›‰·ÛÁ ÍıÒÈ·Ò˜Âfl ÙÁ ‰È‹‰ÔÛÁ.

–·Ò·Í‹Ù˘ ·Ì·ˆ›ÒÂÙ·È Ô ıÔÎÔ„ÈÛÏ¸Ú ÙÁÚ Ù·˜˝ÙÁÙ·Ú ÂÌ›Ò„ÂÈ·Ú ÛÙÁÌ ÂÒflÙ˘ÛÁ

‰È‹‰ÔÛÁÚ ·ÍÔıÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì ¸Ù·Ì ‰ÁÎ·‰fi ÙÔ Ùı˜·flÔ Û˝ÛÙÁÏ· Ï·ÍÒÔÛÍÔÈÍ‹ ÂflÌ·È

ÒÂıÛÙ¸. ¡ıÙ¸ ÏÔÒÂfl Ì· ÛıÏ‚Âfl „È· ÛÍÂ‰·ÛÙ›Ú ·¸ ÂflÙÂ ÒÂıÛÙ¸ ÂflÙÂ ÛÙÂÒÂ¸ ÛÂ ÒÂıÛÙ¸

ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ. √È· ‰È‹‰ÔÛÁ ·ÍÔıÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì Á Ù·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú, vE ,

‰fl‰ÂÙ·È ·¸ ÙÁÌ ›ÍˆÒ·ÛÁ 3.25. ”ÙÁÌ 3.25 ÙÔ km � klm ÂflÌ·È ÙÔ ÍıÏ·Ù‹ÌıÛÏ· Ôı

ıÔÎÔ„flÊÂÙ·È ·¸ ÙÁÌ ıÎÔÔflÁÛÁ ÙÁÚ ··flÙÁÛÁÚ ÔÏÔ„›ÌÂÈ·Ú ÙÁÚ ÂÌ›Ò„ÂÈ·Ú, ÂÓflÛ˘ÛÁ

3.19. « ÛıÌ‹ÒÙÁÛÁ šm � šllm ‰fl‰ÂÙ·È ·¸ ÙÁÌ ›ÍˆÒ·ÛÁ 3.23 ÂÌ˛ Á ÔÛ¸ÙÁÙ· � � �m
·¸ � �

P
i ni�i (i � 1� 2) [34, 35, 38, 39] ÏÂ

�i � 4����fi�km�km�

�k2
m

� �
Z
d	

d�i

d	

��i
kmk

�

m

�km
�3�26�

”ÙÁ Û˜›ÛÁ 3.26

fi � flli �‰ÂÚ ≈Ó�3�23��
d�i

d	
� jfi�km�k�

m�j2

Í·È fi�km�k
�

m� � �jfi�km�k�

m�j exp ���i
kmk

�

m
�� (3.27)

¡ÌÙÈÍ·ËÈÛÙ˛ÌÙ·Ú ÙÈÚ 3.27 ÛÙÁÌ 3.26, Á ÔÛ¸ÙÁÙ· �i ÏÔÒÂfl Ì· ‹ÒÂÈ ÙÁÌ ÈÔ ·Îfi

Í·È Ò¸ÛˆÔÒÁ „È· ·ÒÈËÏÁÙÈÍÔ˝Ú ıÔÎÔ„ÈÛÏÔ˝Ú ÏÔÒˆfi
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�i � 4�
�

km
�� 1

2km

�fi�km�km�
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� �

�
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Z
d		f�fi�km�k�

m���
�fi�km�k

�

m�

��
g �3�28�

3.4 –ÒÔÛÂ„„ÈÛÙÈÍ‹ ·ÔÙÂÎ›ÛÏ·Ù·

3.4.1 œÒÈÔ ˜·ÏÁÎ˛Ì Ûı˜ÌÔÙfiÙ˘Ì

œ˘Ú ÛıÊÁÙfiËÁÍÂ ÛÙÔ ÍÂˆ‹Î·ÈÔ 2 Ù· Î‹ÙÁ ÛÍ›‰·ÛÁÚ ÛÂ ˜·ÏÁÎ›Ú Ûı˜Ì¸ÙÁÙÂÚ ÙÂflÌÔıÌ

ÛÙÔ ÏÁ‰›Ì Û·Ì �2. √Ò‹ˆÔÌÙ·Ú ÙÔ Í‹ËÂ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ Û·Ì ‹ËÒÔÈÛÏ· ÏÂÒÈÍ˛Ì

Î·Ù˛Ì (ÛıÌÂÈÛˆÔÒ˛Ì ·¸ Í‹ËÂ ÏÂÒÈÍ¸ Ûˆ·ÈÒÈÍ¸ Í˝Ï·) ‰È·ÈÛÙ˛ÌÂÈ Í·ÌÂflÚ ¸ÙÈ Ô

·Ì‹ÎÔ„ÔÚ ÏÂ �2 ¸ÒÔÚ ÛÙÔ ·Ì‹Ùı„Ï· „È· ÏÈÍÒ›Ú Ûı˜Ì¸ÙÁÙÂÚ ÒÔ›Ò˜ÂÙ·È ·¸ Ù· n � 0

Í·È n � 1 Ûˆ·ÈÒÈÍ‹ Í˝Ï·Ù·. √È· n 
 2 Ù· ÏÂÒÈÍ‹ Î‹ÙÁ ÛÍ›‰·ÛÁÚ ÙÂflÌÔıÌ ÛÙÔ ÏÁ‰›Ì

Û·Ì �� ÏÂ � 
 3 („È· ÒÂıÛÙ‹ � � 2n). ≈ÙÛÈ, Âˆ·ÒÏ¸ÊÔÌÙ·Ú ÙÁ ÛıÌËfiÍÁ ÙÁÚ CPA ÛÙÔ

¸ÒÈÔ ˜·ÏÁÎ˛Ì Ûı˜ÌÔÙfiÙ˘Ì, ·ÒÍÂfl Í·ÌÂflÚ Ì· ··ÈÙfiÛÂÈ ÙÔÌ ÏÁ‰ÂÌÈÛÏ¸ Ï¸ÌÔ Ù˘Ì ‰˝Ô

Ò˛Ù˘Ì ¸Ò˘Ì (n � 0 Í·È n � 1) ÛÙÔ � fll�0� �c Í·È ÙÔı n � 1 ¸ÒÔı ÛÙÔ � ftt�0� �c.

œ ÏÁ‰ÂÌÈÛÏ¸Ú ÙÔı Ò˛ÙÔı (n � 0) ¸ÒÔı ÙÔı � fll�0� �c „È· Ùı˜·flÔ Û˝ÛÙÁÏ·

ÛÙÂÒÂ˛Ì Í·È ÛÙ· Î·flÛÈ· ÙÁÚ ·ÎfiÚ CPA Ô‰fi„ÁÛÂ ÛÙÁÌ ›ÍˆÒ·ÛÁ

fs
Bi � Be

3Bi � 4�e
� �1� fs�

Bo �Be

3Bo � 4�e
� 0 �3�29�

¸Ôı B ÂflÌ·È ÙÔ ı‰ÒÔÛÙ·ÙÈÍ¸ Ï›ÙÒÔ ÂÎ·ÛÙÈÍ¸ÙÁÙ·Ú (B � 
� 2
3
�).

√È· Ï·ÍÒÔÛÍÔÈÍ‹ ÒÂıÛÙ‹ ÛıÛÙfiÏ·Ù· (�e � �o � 0), ·ÔÙ›ÎÂÛÏ· ÙÔı ÏÁ‰ÂÌÈÛÏÔ˝

ÙÁÚ n � 0 ÛıÌÂÈÛˆÔÒ‹Ú ÛÙÔ � fll�0� �c ÛÙ· Î·flÛÈ· Ù¸ÛÔ ÙÁÚ ·ÎfiÚ CPA ¸ÛÔ Í·È

Í·È ÏÈ·Ú coated CPA ÏÂ ‚·ÛÈÍfi ÏÔÌ‹‰· ÛÍ›‰·ÛÁÚ Ïfl· Ï¸ÌÔ coated Ûˆ·flÒ· ÂÓ˘ÙÂÒÈÍfiÚ

·ÍÙflÌ·Ú rc � a��fs�
1�3 ÂflÌ·È Á ›ÍˆÒ·ÛÁ

1

Be
�

fs
Bi

�
1� fs
Bo

�3�30�

Á ÔÔfl· ÂflÌ·È „Ì˘ÛÙfi Û·Ì Ì¸ÏÔÚ ÙÔı Wood [29].

œ ÏÁ‰ÂÌÈÛÏ¸Ú ÙÔı n � 1 ¸ÒÔı ÛÙÔ � fll�0� �c Ô‰fi„ÁÛÂ ÛÙÁÌ fl‰È· Û˜›ÛÁ ÏÂ ÙÔÌ

ÏÁ‰ÂÌÈÛÏ¸ ÙÔı n � 1 ¸ÒÔı ÛÙÔ � ftt�0� �c, Á ÔÔfl· ÂflÌ·È Û˜›ÛÁ ·Ì‹ÏÂÛ· Ï¸ÌÔ ÛÙÈÚ

ıÍÌ¸ÙÁÙÂÚ �i� �o Í·È �e Í·È Á ÔÔfl· ‰È·ˆ›ÒÂÈ ·Ì‹ÎÔ„· ÏÂ ÙÁ ‰È‹Ù·ÓÁ ÛÍ›‰·ÛÁÚ

Ôı ˜ÒÁÛÈÏÔÔÈÂflÙ·È. ”Ù· Î·flÛÈ· ÙÁÚ CPA ÏÂ ‚·ÛÈÍfi ÏÔÌ‹‰· ÛÍ›‰·ÛÁÚ Ïfl· Ï¸ÌÔ

coated Ûˆ·flÒ· ÂÓ˘ÙÂÒÈÍfiÚ ·ÍÙflÌ·Ú rc, ÙÔ �e Ù¸ÛÔ „È· ÛÙÂÒÂ‹ ¸ÛÔ Í·È „È· ÒÂıÛÙ‹

ıÔÎÔ„flÛÙÁÍÂ Û·Ì

�e � �o
fs��i � �o� � 2�i � �o
2fs��o � �i� � 2�i � �o

�3�31�

”Ù· Î·flÛÈ· ÙÁÚ ·ÎfiÚ CPA Á ÂÓ·˜ËÂflÛ· ›ÍˆÒ·ÛÁ ÙÔı �e „È· Ùı˜·flÔ Û˝ÛÙÁÏ·

ÒÂıÛÙ˛Ì (�i � �o � �e � 0) ÂflÌ·È

fs
�i � �e
2�i � �e

� �1� fs�
�o � �e
2�o � �e

� 0 �3�32�

ÂÌ˛ „È· ÛÙÂÒÂ‹ (�i� �o� �e �� 0)

�e � fs�i � �1� fs��o �3�33�
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3.4.2 œÒÈÔ ˜·ÏÁÎ˛Ì Ûı„ÍÂÌÙÒ˛ÛÂ˘Ì

œÛÔÌ ·ˆÔÒ‹ ÙÔ ¸ÒÈÔ ˜·ÏÁÎ˛Ì Ûı„ÍÂÌÙÒ˛ÛÂ˘Ì, ÏÔÒÂfl Ì· ‹ÒÂÈ Í·ÌÂflÚ ·Ì·ÎıÙÈÍ¸

·ÔÙ›ÎÂÛÏ· ËÂ˘Ò˛ÌÙ·Ú ÙÁ ‰È·ˆÔÒ‹ ·Ì‹ÏÂÛ· ÛÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ ÙÔı Ò·„Ï·ÙÈÍÔ˝

ÛıÛÙfiÏ·ÙÔÚ Í·È ÙÔ ˆ·ÈÌ¸ÏÂÌÔ Ï›ÛÔ Û·Ì ÏÈÍÒfi ÔÛ¸ÙÁÙ·, ·Ì·Ù˝ÛÛÔÌÙ·Ú ÙÁ ÛıÌËfiÍÁ

ÙÁÚ CPA ˘Ú ÒÔÚ ·ıÙfi ÙÁ ÏÈÍÒfi ÔÛ¸ÙÁÙ· Í·È ÍÒ·Ù˛ÌÙ·Ú ¸ÒÔıÚ Ò˛ÙÁÚ Ù‹ÓÁÚ ˘Ú

ÒÔÚ ÙÁ Ûı„Í›ÌÙÒ˘ÛÁ. √È· ‰È‹Ù·ÓÁ ÛÍ›‰·ÛÁÚ ·ıÙfi ÙÁÚ ·ÎfiÚ CPA Á ·Ò·‹Ì˘

‰È·‰ÈÍ·Ûfl· Ô‰Á„Âfl ÛÂ ÂÍˆÒ‹ÛÂÈÚ „È· ÙÈÚ Ï›ÛÂÚ ÂÎÂ˝ËÂÒÂÚ ‰È·‰ÒÔÏ›Ú ÛÍ›‰·ÛÁÚ. √È·

ÙÁÌ ÎfiÒÁ ÂÎ·ÛÙÈÍfi ÂÒflÙ˘ÛÁ (Ùı˜·flÔ Û˝ÛÙÁÏ· ÛÙÂÒÂ˛Ì) ‚ÒflÛÍÔıÏÂ

ll �
1

n�l
(3.34)

lt �
1

n�t
(3.35)

¸Ôı n ÂflÌ·È Á Ûı„Í›ÌÙÒ˘ÛÁ Ù˘Ì Ûˆ·ÈÒ˛Ì ÛÙÔ Ùı˜·flÔ Û˝ÛÙÁÏ· Í·È �l (�t) Á ÂÌÂÒ„¸Ú

‰È·ÙÔÏfi ÛÍ›‰·ÛÁÚ ‰È·ÏfiÍÔıÚ (Â„Í‹ÒÛÈÔı) Í˝Ï·ÙÔÚ ·¸ Ïfl· Ûˆ·flÒ·.

3.5 ¡ÒÈËÏÁÙÈÍ‹ ·ÔÙÂÎ›ÛÏ·Ù·

”Ù· ıÔÎÔ„ÈÛÙÈÍ‹ ·ÔÙÂÎ›ÛÏ·Ù· Ôı ·ÒÔıÛÈ‹ÊÔÌÙ·È ·Ò·Í‹Ù˘ „flÌÂÙ·È Í·Ù'·Ò˜fiÌ

ÏÈ· Û˝„ÍÒÈÛÁ ·ÎfiÚ Í·È coated CPA ¸ÛÔÌ ·ˆÔÒ‹ ıÔÎÔ„ÈÛÏ¸ ˜·Ò·ÍÙÁÒÈÛÙÈÍ˛Ì ÙÁÚ

‰È‹‰ÔÛÁÚ. ”Â ‰Â˝ÙÂÒÔ ‚fiÏ· ÛıÊÁÙÔ˝ÌÙ·È ÙıÈÍ›Ú ÏÔÒˆ›Ú Ù˘Ì ˜·Ò·ÍÙÁÒÈÛÙÈÍ˛Ì ·ıÙ˛Ì

„È· ‰È‹ˆÔÒÂÚ ÂÒÈÙ˛ÛÂÈÚ ıÎÈÍ˛Ì. ≈flÛÁÚ „flÌÂÙ·È ÏÈ· Û˝„ÍÒÈÛÁ ÏÂ Ù· ÂÈÒ·Ï·ÙÈÍ‹

‰Â‰ÔÏ›Ì·. ‘›ÎÔÚ ·ÒÔıÛÈ‹ÊÔÌÙ·È Í·È Û˜ÔÎÈ‹ÊÔÌÙ·È ‰È·„Ò‹ÏÏ·Ù· „È· ÙÁÌ Ù·˜˝ÙÁÙ·

ÂÌ›Ò„ÂÈ·Ú.

« ·ÒÔıÛfl·ÛÁ Í·È Á ÒÔÛ‹ËÂÈ· Í·Ù·Ì¸ÁÛÁÚ Í·È ÂÒÏÁÌÂfl·Ú „flÌÂÙ·È ÛÂ ÛÙÂÌfi

Û˝Ì‰ÂÛÁ ÏÂ ÙÔ Ò¸‚ÎÁÏ· ÙÁÚ ÛÍ›‰·ÛÁÚ ·¸ Ïfl· Ï¸ÌÔ Ûˆ·flÒ·. ‘Ô „Â„ÔÌ¸Ú ¸ÙÈ

Á ÛÍ›‰·ÛÁ ·¸ Ïfl· Ûˆ·flÒ· Í·Ù‹ˆÂÒÂ Ì· ÂÒÈ„Ò‹¯ÂÈ ÙÁ ‰È‹‰ÔÛÁ ÛÂ ÂÒÈÔ‰ÈÍ‹

ÛıÛÙfiÏ·Ù·, ÛıÌ‰ı·Ê¸ÏÂÌÔ ÏÂ ÙÔ ¸ÙÈ Á ‰È‹‰ÔÛÁ Ù¸ÛÔ ÛÂ ÂÒÈÔ‰ÈÍ‹ ¸ÛÔ Í·È ÛÂ Ùı˜·fl·

ÛıÛÙfiÏ·Ù· Í·ËÔÒflÊÂÙ·È ·¸ ÙÔı fl‰ÈÔıÚ ÏÁ˜·ÌÈÛÏÔ˝Ú (ÛÍ›‰·ÛÁ Í·È ÛıÏ‚ÔÎfi Ù˘Ì

ÔÎÎ·Î‹ ÛÍÂ‰·ÊÔÏ›Ì˘Ì ÍıÏ‹Ù˘Ì) ‰ÈÍ·ÈÔÎÔ„Âfl ·ıÙ¸ ÙÔÌ ÙÒ¸Ô ·ÌÙÈÏÂÙ˛ÈÛÁÚ. œ

ÒÔÛ·Ì·ÙÔÎÈÛÏ¸Ú ÛÙÁ ÛÍ›‰·ÛÁ ·¸ Ïfl· Ûˆ·flÒ· ıÔÍÈÌÂflÙ·È ÂÈÎ›ÔÌ ÍÈ ·¸ ÙÁÌ

ÂÏÂÈÒfl· ·¸ ÙÁ ‰È‹‰ÔÛÁ «Ã Í·È ‚·ËÏ˘Ù˛Ì ÍıÏ‹Ù˘Ì (‚Î›Â ÂÒÏÁÌÂfl· „È· ÙÁÌ

ÂÓ‹ÒÙÁÛÁ ÙÁÚ Ù·˜˝ÙÁÙ·Ú ÂÌ›Ò„ÂÈ·Ú ·¸ ÙÁ Ûı˜Ì¸ÙÁÙ·).

3.5.1 ”˝„ÍÒÈÛÁ ·ÎfiÚ Í·È coated CPA

œÛÔÌ ·ˆÔÒ‹ ÙÁÌ Û˝„ÍÒÈÛÁ ·ÎfiÚ Í·È coated CPA - Á ÔÔfl· ›„ÈÌÂ Û·Ì Ò˛ÙÔ ‚fiÏ·

ÙÁÚ ıÔÎÔ„ÈÛÙÈÍfiÚ ÏÂÎ›ÙÁÚ - ›Ì· ÂÌ‰ÂÈÍÙÈÍ¸ ·ÔÙ›ÎÂÛÏ· ÂflÌ·È ÂÍÂflÌÔ ÙÔı Û˜fiÏ·ÙÔÚ

3.4. ”ÙÔ ”˜.3.4 ·ÂÈÍÔÌflÊÔÌÙ·È ÔÈ Ù·˜˝ÙÁÙÂÚ ˆ‹ÛÁÚ ‰È·ÏfiÍÔıÚ Í·È Â„Í‹ÒÛÈÔı Í˝Ï·ÙÔÚ

Ôı ‰È·‰fl‰ÂÙ·È ÛÂ Û˝ÛÙÁÏ· Ûˆ·ÈÒ˛Ì (·¸ ı¯ÁÎfiÚ ıÍÌ¸ÙÁÙ·Ú, ı¯ÁÎfiÚ Ù·˜˝ÙÁÙ·Ú

ıÎÈÍ¸) Ùı˜·fl· ÙÔÔËÂÙÁÏ›Ì˘Ì ÛÂ ÔÏÔ„ÂÌ›Ú (˜·ÏÁÎfiÚ Ù·˜˝ÙÁÙ·Ú, ˜·ÏÁÎfiÚ ıÍÌ¸ÙÁÙ·Ú)

ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ, Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ Ûı„Í›ÌÙÒ˘ÛÁÚ. ‘¸ÛÔ ÔÈ Ûˆ·flÒÂÚ ¸ÛÔ Í·È ÙÔ

ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ ÂflÌ·È ``ÛÍÎÁÒ‹'' ÛÙÂÒÂ‹ (cl�ct �
p

2). œ ıÔÎÔ„ÈÛÏ¸Ú ›„ÈÌÂ ÛÂ

˜·ÏÁÎ›Ú Ûı˜Ì¸ÙÁÙÂÚ, ÂÒÈÔ˜fi ‚›ÎÙÈÛÙÁÚ ÈÛ˜˝ÔÚ ÙÁÚ CPA (ÛÂ ˜·ÏÁÎ›Ú Ûı˜Ì¸ÙÁÙÂÚ -

ÏÂ„‹Î· ÏfiÍÁ Í˝Ï·ÙÔÚ - Ù· ˜·Ò·ÍÙÁÒÈÛÙÈÍ‹ ÙÁÚ ‰È‹‰ÔÛÁÚ ÂflÌ·È ÛıÌ‹ÒÙÁÛÁ Ï¸ÌÔ ÙÁÚ
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”˜. 3.4: ‘·˜˝ÙÁÙÂÚ ˆ‹ÛÁÚ ‰È·ÏfiÍÔıÚ (cphl ) Í·È Â„Í‹ÒÛÈÔı (cpht ) Í˝Ï·ÙÔÚ Ôı ‰È·‰fl‰ÂÙ·È

ÛÂ Ùı˜·flÔ Û˝ÛÙÁÏ· Ûˆ·ÈÒ˛Ì Ï›Û· ÛÂ ÔÏÔ„ÂÌ›Ú Ï›ÛÔ Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÔı ÔÛÔÛÙÔ˝ ÙÔı

¸„ÍÔı Ù˘Ì Ûˆ·ÈÒ˛Ì, fs. œÈ ·Ò‹ÏÂÙÒÔÈ ÙÔı ÛıÛÙfiÏ·ÙÔÚ ÂflÌ·È �o��i � 1�4, clo�cli � 8�66,

cl�ct � 1�4143. œÈ Ù·˜˝ÙÁÙÂÚ ıÔÎÔ„flÛÙÁÍ·Ì ÛÂ Ûı˜Ì¸ÙÁÙ· �a�clo � 0�05 (a : ·ÍÙflÌ·

Ûˆ·ÈÒ˛Ì). œÈ ‰ÂflÍÙÂÚ l Í·È t ‰ÁÎ˛ÌÔıÌ ÙÔ ‰È·ÏfiÍÂÚ Í·È Â„Í‹ÒÛÈÔ ·ÌÙflÛÙÔÈ˜· ÂÌ˛ ÔÈ i Í·È o
ÙÈÚ Ûˆ·flÒÂÚ Í·È ÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ. œÈ Í˝ÍÎÔÈ ‰Âfl˜ÌÔıÌ ÙÔ ·ÔÙ›ÎÂÛÏ· ÛÙÔ ·ÌÙflÛÙÔÈ˜Ô fcc

ÂÒÈÔ‰ÈÍ¸ Ò¸‚ÎÁÏ·, Á ÛıÌÂ˜fiÚ „Ò·ÏÏfi ÙÔ ·ÔÙ›ÎÂÛÏ· ÙÁÚ coated CPA Í·È Á ‰È·ÍÂÍÔÏÏ›ÌÁ

ÙÔ ·ÔÙ›ÎÂÛÏ· ÙÁÚ ·ÎfiÚ CPA.

Ûı˜Ì¸ÙÁÙ·Ú ¸˘Ú ‰›˜ÂÙ·È Á CPA). « Û˝„ÍÒÈÛÁ ·ÎfiÚ Í·È coated CPA „flÌÂÙ·È Ï›Û˘

Û˝„ÍÒÈÛÁÚ ÏÂ ·ÍÒÈ‚fi ·ÒÈËÏÁÙÈÍ‹ ·ÔÙÂÎ›ÛÏ·Ù· ÙÔı ·ÌÙflÛÙÔÈ˜Ôı fcc ÂÒÈÔ‰ÈÍÔ˝

ÒÔ‚ÎfiÏ·ÙÔÚ. ‘· ·ÔÙÂÎ›ÛÏ·Ù· ·ıÙ‹, Î¸„˘ ÙÔı ¸ÙÈ ÙÔ ÏfiÍÔÚ Í˝Ï·ÙÔÚ ÂflÌ·È ·ÒÍÂÙ‹

ÏÂ„·Î˝ÙÂÒÔ ·¸ Ù· ‰È‹ˆÔÒ· ˜·Ò·ÍÙÁÒÈÛÙÈÍ‹ ÏfiÍÁ ÙÔı Ï›ÛÔı Í·È ‹Ò· ÙÔ Í˝Ï· ‚Î›ÂÈ

ÙÔ Ï›ÛÔ Û·Ì ÔÏÔ„ÂÌ›Ú, Ë· Ò›ÂÈ Ì· Ù·ıÙflÊÔÌÙ·È ÏÂ Ù· ·ÔÙÂÎ›ÛÏ·Ù· Ù˘Ì CPA.

”ÙÔ ”˜.3.4 Á ÛıÌÂ˜fiÚ „Ò·ÏÏfi ÂflÌ·È ·ÔÙ›ÎÂÛÏ· ÙÁÚ coated CPA, Á ‰È·ÍÂÍÔÏÏ›ÌÁ

·ÔÙ›ÎÂÛÏ· ÙÁÚ ·ÎfiÚ CPA ÂÌ˛ ÔÈ Í˝ÍÎÔÈ ·ÌÙÈÒÔÛ˘Â˝ÔıÌ ÙÈÚ Ù·˜˝ÙÁÙÂÚ ˆ‹ÛÁÚ

ÛÙÔ ·ÌÙflÛÙÔÈ˜Ô fcc ÂÒÈÔ‰ÈÍ¸ Ò¸‚ÎÁÏ·. ”ÙÔıÚ ıÔÎÔ„ÈÛÏÔ˝Ú Ï›Û˘ Ù˘Ì CPA Á

ıÍÌ¸ÙÁÙ· ÙÔı ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı ÒÔÛÂ„„flÛÙÁÍÂ ·¸ ÙÔ Ï›ÛÔ ¸ÒÔ Ù˘Ì ıÍÌÔÙfiÙ˘Ì

ÛÍÂ‰·ÛÙ˛Ì ÂÒÈ‚‹ÎÎÔÌÙÔÚ.

œ˘Ú ˆ·flÌÂÙ·È ·¸ ÙÔ ”˜.3.4, Á coated CPA ‰flÌÂÈ ·ÔÙÂÎ›ÛÏ·Ù· ÎÁÛÈ›ÛÙÂÒ· ÛÂ

ÂÍÂflÌ· ÙÔı ÂÒÈÔ‰ÈÍÔ˝ ÒÔ‚ÎfiÏ·ÙÔÚ ÛÂ Û˝„ÍÒÈÛÁ ÏÂ ÙÁÌ ·Îfi. « ·Îfi CPA ÂÌ˛

·ÔÍÎflÌÂÈ „È· ÂÌ‰È‹ÏÂÛÂÚ Ûı„ÍÂÌÙÒ˛ÛÂÈÚ ÙÂflÌÂÈ Ì· Â·Ì›ÎËÂÈ ¸ÛÔ ÙÔ fs ÎÁÛÈ‹ÊÂÈ

ÙÁ ÏÔÌ‹‰·. ¡ıÙ¸ ÂflÌ·È ·Ì·ÏÂÌ¸ÏÂÌÔ ÏÈ· Í·È ÛÂ ı¯ÁÎ›Ú Ûı„ÍÂÌÙÒ˛ÛÂÈÚ (fs 
 0�64)

ÔÈ ÛÍÂ‰·ÛÙ›Ú ÂflÌ·È ÛıÌ‰Â‰ÂÏ›ÌÔÈ ÏÂÙ·Ó˝ ÙÔıÚ Í‹ÌÔÌÙ·Ú ÙÈÚ ‰˝Ô ˆ‹ÛÂÈÚ ÙÔı Ùı˜·flÔı

ÛıÛÙfiÏ·ÙÔÚ (ÛÍÂ‰·ÛÙ›Ú-ÂÒÈ‚‹ÎÎÔÌ) Ì· ÂflÌ·È ÙÔÔÎÔ„ÈÍ‹ ÈÛÔ‰˝Ì·ÏÂÚ ¸˘Ú ‰ÁÎ·‰fi

·ÍÒÈ‚˛Ú ËÂ˘ÒÔ˝ÌÙ·È ·¸ ÙÁÌ ·Îfi CPA. ƒÈ·ÈÛÙ˛ËÁÍÂ Ù›ÎÔÚ ¸ÙÈ Á coated CPA

ÒÔÛÂ„„flÊÂÈ Ù¸ÛÔ Í·Î˝ÙÂÒ· Ù· ·ÔÙÂÎ›ÛÏ·Ù· ÙÔı ÂÒÈÔ‰ÈÍÔ˝ ÒÔ‚ÎfiÏ·ÙÔÚ ¸ÛÔ

ÏÂ„·Î˝ÙÂÒÔÚ ÂflÌ·È Ô Î¸„ÔÚ co�ci.

3.5.2 ‘ıÈÍ›Ú ÏÔÒˆ›Ú Ù˘Ì ˜·Ò·ÍÙÁÒÈÛÙÈÍ˛Ì ÙÁÚ ‰È‹‰ÔÛÁÚ

”ÙÁÌ ·Ò‹„Ò·ˆÔ Ôı ·ÍÔÎÔıËÂfl ÛıÊÁÙÔ˝ÌÙ·È ÙıÈÍ›Ú ÏÔÒˆ›Ú Ù˘Ì ˜·Ò·ÍÙÁÒÈÛÙÈÍ˛Ì

ÙÁÚ ‰È‹‰ÔÛÁÚ „È· ‰È‹ˆÔÒ· Ùı˜·fl· ÛıÛÙfiÏ·Ù· Ûˆ·ÈÒ˛Ì ÛÂ ÔÏÔ„ÂÌ›Ú ÂÒÈ‚‹ÎÎÔÌ.

 ÒÈÙfiÒÈÔ „È· ÙÁÌ ÂÈÎÔ„fi Ù˘Ì ÛıÛÙÁÏ‹Ù˘Ì, ÂÍÙ¸Ú ·¸ ÙÁÌ ˝·ÒÓÁ ÂÈÒ·Ï·ÙÈÍ˛Ì

·ÔÙÂÎÂÛÏ‹Ù˘Ì ÏÂ Ù· ÔÔfl· „flÌÂÙ·È Û˝„ÍÒÈÛÁ, ÂflÌ·È Í·È Á ÏÔÒˆfi ÙÁÚ ·ÌÙflÛÙÔÈ˜ÁÚ

ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÛÍ›‰·ÛÁÚ ·¸ Ïfl· Ûˆ·flÒ·, Ï›Û˘ ÙÁÚ ÔÔfl·Ú „flÌÂÙ·È ÒÔÛ‹ËÂÈ·
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”˜. 3.5: ‘·˜˝ÙÁÙÂÚ ˆ‹ÛÁÚ ‰È·ÏfiÍÔıÚ (a) ÍÈ Â„Í‹ÒÛÈÔı (b) Í˝Ï·ÙÔÚ Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ

Ûı˜Ì¸ÙÁÙ·Ú „È· ÙÔ Ùı˜·flÔ Û˝ÛÙÁÏ· Ôı ÂÒÈ„Ò‹ˆÂÙ·È ÛÙÔ Û˜fiÏ· 3.4. œÈ Ù·˜˝ÙÁÙÂÚ

ıÔÎÔ„flÛÙÁÍ·Ì ÛÂ ÔÛÔÛÙ¸ ¸„ÍÔı Ûˆ·ÈÒ˛Ì fs � 0�144. « ÛıÌÂ˜fiÚ „Ò·ÏÏfi ‰Âfl˜ÌÂÈ ÙÔ

·ÔÙ›ÎÂÛÏ· ÙÁÚ coated CPA ÂÌ˛ Á ‰È·ÍÂÍÔÏÏ›ÌÁ ÙÁÚ ·ÎfiÚ CPA.

Í·Ù·Ì¸ÁÛÁÚ Ù˘Ì ·ÔÙÂÎÂÛÏ‹Ù˘Ì.

‘· ‰˝Ô Ò˛Ù· Û˜fiÏ·Ù·, ”˜.3.5 Í·È ”˜.3.6, ÂflÌ·È ÙıÈÍ‹ Ù˘Ì ˜·Ò·ÍÙÁÒÈÛÙÈÍ˛Ì ÙÁÚ

‰È‹‰ÔÛÁÚ ÛÂ ÛıÛÙfiÏ·Ù· ÛÍÂ‰·ÛÙ˛Ì ˜·ÏÁÎfiÚ Ù·˜˝ÙÁÙ·Ú ÛÂ ı¯ÁÎfiÚ Ù·˜˝ÙÁÙ·Ú

ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ. √È· ÛÍÂ‰·ÛÙfi ˜·ÏÁÎfiÚ Ù·˜˝ÙÁÙ·Ú ÛÂ ı¯ÁÎfiÚ Ù·˜˝ÙÁÙ·Ú

ÂÒÈ‚‹ÎÎÔÌ, Á ÂÌÂÒ„¸Ú ‰È·ÙÔÏfi - ¸˘Ú ÛıÊÁÙfiËÁÍÂ ÛÙÔ ÍÂˆ‹Î·ÈÔ 2 - ·ÔÙÂÎÂflÙ·È

·¸ ÔÓÂflÚ ÛıÌÙÔÌÈÛÏÔ˝Ú, Ô ›Ì·Ú ÍÔÌÙ‹ ÛÙÔÌ ‹ÎÎÔ, ÔÈ ÔÔflÔÈ ÛıÌfiË˘Ú ÛıÌÔ‰Â˝ÔÌÙ·È

·¸ ÏÂ„‹ÎÁ Ûı„Í›ÌÙÒ˘ÛÁ ÂÌ›Ò„ÂÈ·Ú Ï›Û· ÛÙÔÌ ÛÍÂ‰·ÛÙfi. ‘›ÙÔÈ·Ú ÏÔÒˆfiÚ ÂÌÂÒ„¸Ú

‰È·ÙÔÏfi ÂflÌ·È ˜·Ò·ÍÙÁÒÈÛÙÈÍfi Í·È ÛÙÁÌ ‰È‹‰ÔÛÁ «Ã ÍıÏ‹Ù˘Ì. ÃÂ ‚‹ÛÁ ·ıÙ¸

ÂÒÈÏ›ÌÔıÏÂ Í·È Ù· ·ÔÙÂÎ›ÛÏ·Ù· Ôı ·ÒÔıÛÈ‹ÊÔÌÙ·È ÛÙ· Û˜fiÏ·Ù· 3.5 Í·È 3.6 Ì·

ÂflÌ·È ·Ì‹ÎÔ„· ÏÂ ·ıÙ‹ Ôı ›˜ÔıÌ ıÔÎÔ„ÈÛÙÂfl „È· «Ã Í˝Ï·Ù· Í·È Ì· ÏÔÒÔıÌ Ì·

„flÌÔıÌ Í·Ù·ÌÔÁÙ‹ ÏÂ ‚‹ÛÁ ÙÔıÚ fl‰ÈÔıÚ ÛıÎÎÔ„ÈÛÏÔ˝Ú.

”ÙÔ ”˜.3.5 ‰Âfl˜ÌÔÌÙ·È ÔÈ Ù·˜˝ÙÁÙÂÚ ˆ‹ÛÁÚ Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú „È·

ÙÔ Ùı˜·flÔ Û˝ÛÙÁÏ· Ôı ÂÒÈ„Ò‹ˆÂÙ·È ÛÙÔ Û˜fiÏ· 3.4. œ ıÔÎÔ„ÈÛÏ¸Ú ›„ÈÌÂ „È·

ÔÛÔÛÙ¸ ¸„ÍÔı Ûˆ·ÈÒ˛Ì fs � 0�144. « Ûı„Í›ÌÙÒ˘ÛÁ fs � 0�144 ÂflÌ·È ÂÍÂflÌÁ

„È· ÙÁÌ ÔÔfl· ı‹Ò˜ÂÈ ÙÔ Ï›„ÈÛÙÔ ˜‹ÛÏ· ÛÙÔ ·ÌÙflÛÙÔÈ˜Ô fcc ÂÒÈÔ‰ÈÍ¸ Ò¸‚ÎÁÏ·

[7] Ô¸ÙÂ ‰ÂÌ ÏÔÒÂfl Ì· ËÂ˘ÒÁËÂfl ˜·ÏÁÎfi Ûı„Í›ÌÙÒ˘ÛÁ „È· ÙÔ Û˝ÛÙÁÏ·. œ˘Ú

ÏÔÒÂfl Ì· ·Ò·ÙÁÒfiÛÂÈ Í·ÌÂflÚ ·¸ ÙÔ ”˜.3.5 Á Ù·˜˝ÙÁÙ· ˆ‹ÛÁÚ ·ÒÔıÛÈ‹ÊÂÈ Ï›„ÈÛÙ·

„È· Í‹ÔÈÂÚ Ûı˜Ì¸ÙÁÙÂÚ ÛÙÈÚ ÔÔflÂÚ Ï‹ÎÈÛÙ· „flÌÂÙ·È ·ÒÍÂÙ‹ ÏÂ„·Î˝ÙÂÒÁ ·¸ ÙÁÌ

Ù·˜˝ÙÁÙ· ÙÔı (ı¯ÁÎfiÚ Ù·˜˝ÙÁÙ·Ú) ÂÒÈ‚‹ÎÎÔÌÙÔÚ Ï›ÛÔı. ‘Ô „Â„ÔÌ¸Ú ·ıÙ¸ ›˜ÂÈ

ÙÔ ·Ì‹ÎÔ„Ô ÙÔı ÛÙÁÌ ÂÒflÙ˘ÛÁ ‰È‹‰ÔÛÁÚ «Ã ÍıÏ‹Ù˘Ì ¸Ôı Á Ù·˜˝ÙÁÙ· ˆ‹ÛÁÚ

„flÌÂÙ·È ÛÂ ÔÒÈÛÏ›ÌÂÚ ÂÒÈÙ˛ÛÂÈÚ ÏÂ„·Î˝ÙÂÒÁ ·¸ ÙÁÌ Ù·˜˝ÙÁÙ· ÙÔı ˆ˘Ù¸Ú. ‘·

Ï›„ÈÛÙ· ·ıÙ‹ ÙÁÚ Ù·˜˝ÙÁÙ·Ú ˆ‹ÛÁÚ ·ÌÙÈÛÙÔÈ˜Ô˝Ì ÛÙÈÚ Ûı˜Ì¸ÙÁÙÂÚ ÂÍÂflÌÂÚ ÛÙÈÚ ÔÔflÂÚ

ı‹Ò˜ÂÈ ÍÔÒıˆfi ÛÙÁÌ ÂÌÂÒ„¸ ‰È·ÙÔÏfi ÛÍ›‰·ÛÁÚ ·¸ Ïfl· Ûˆ·flÒ· ¸˘Ú ˆ·flÌÂÙ·È ·¸

Ù· Û˜fiÏ·Ù· 10(a) Í·È 11(a) ÙÔı Ò˛ÙÔı ‹ÒËÒÔı ÛÙÔ ·Ò‹ÒÙÁÏ· ƒ. ”ÙÈÚ ÂÒÈÔ˜›Ú

·ıÙ›Ú ÈÛ˜ıÒfiÚ ÛÍ›‰·ÛÁÚ, Á Ù·˜˝ÙÁÙ· ˆ‹ÛÁÚ ˜‹ÌÂÈ ÙÔ Ì¸ÁÏ‹ ÙÁÚ - ÏÈ· Í·È ı‹Ò˜ÂÈ

ÎfiÒÁÚ ·˛ÎÂÈ· ÙÁÚ ˆ‹ÛÁÚ ÙÔı Í˝Ï·ÙÔÚ - Í‹ÌÔÌÙ·Ú Â˝ÎÔ„Ô ÙÔ Ì· ÏfiÌ ·Ì·ÊÁÙfiÛÂÈ

Í·ÌÂflÚ Í‹ÔÈÔ ˆıÛÈÍ¸ Ì¸ÁÏ· „È· ÙÈÚ ıÂÒ‚ÔÎÈÍ‹ ı¯ÁÎ›Ú ÙÈÏ›Ú ÙÁÚ cph.

”ÙÔ ”˜.3.6 ‰Âfl˜ÌÔÌÙ·È Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú ÔÈ Ï›ÛÂÚ ÂÎÂ˝ËÂÒÂÚ ‰È·‰ÒÔÏ›Ú

ÛÍ›‰·ÛÁÚ ‰È·ÏfiÍÔıÚ (ll) Í·È Â„Í‹ÒÛÈÔı (lt) Í˝Ï·ÙÔÚ Ôı ‰È·‰fl‰ÂÙ·È ÛÙÔ Û˝ÛÙÁÏ· Ôı

ÂÒÈ„Ò‹ˆÂÙ·È ÛÙÔ Û˜fiÏ· 3.4. œ ıÔÎÔ„ÈÛÏ¸Ú ›„ÈÌÂ ÍÈ Â‰˛ ÛÂ fs � 0�144. « ÛıÌÂ˜fiÚ

„Ò·ÏÏfi ÂflÌ·È ÙÔ ·ÔÙ›ÎÂÛÏ· ÙÁÚ ·ÎfiÚ CPA, Á ‰È·ÍÂÍÔÏÏ›ÌÁ ÙÁÚ coated CPA ÂÌ˛
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”˜. 3.6: Ã›ÛÂÚ ÂÎÂ˝ËÂÒÂÚ ‰È·‰ÒÔÏ›Ú Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú „È· ‰È·ÏfiÍÂÚ (a) Í·È

Â„Í‹ÒÛÈÔ (b) Í˝Ï· Ôı ‰È·‰fl‰ÂÙ·È ÛÙÔ Ùı˜·flÔ Û˝ÛÙÁÏ· Ôı ÂÒÈ„Ò‹ˆÂÙ·È ÛÙÔ Û˜fiÏ· 3.4.

œÈ Ï›ÛÂÚ ÂÎÂ˝ËÂÒÂÚ ‰È·‰ÒÔÏ›Ú ıÔÎÔ„flÛÙÁÍ·Ì ÛÂ ÔÛÔÛÙ¸ ¸„ÍÔı Ûˆ·ÈÒ˛Ì fs � 0�144. «

ÛıÌÂ˜fiÚ „Ò·ÏÏfi ‰Âfl˜ÌÂÈ ÙÔ ·ÔÙ›ÎÂÛÏ· ÙÁÚ coated CPA, Á ‰È·ÍÂÍÔÏÏ›ÌÁ ÙÁÚ ·ÎfiÚ CPA Í·È

Á ÛÙÈÍÙfi ÙÔ ·ÔÙ›ÎÂÛÏ· ˜·ÏÁÎfiÚ Ûı„Í›ÌÙÒ˘ÛÁÚ ÒÔÛÂ„„ÈÛÙÈÍ˛Ì Ù˝˘Ì.

ÛÙÈÍÙfi ÂflÌ·È ·ÔÙ›ÎÂÛÏ· Ù˘Ì ˜·ÏÁÎfiÚ Ûı„Í›ÌÙÒ˘ÛÁÚ ÒÔÛÂ„„flÛÂ˘Ì ll � 1�n�l (‰ÂÚ

ÂÓflÛ˘ÛÁ 3.34) „È· ÙÔ (a) Í·È lt � 1�n�t (‰ÂÚ ÂÓflÛ˘ÛÁ 3.35) „È· ÙÔ (b). ‘· ÂÎ‹˜ÈÛÙ·

ÛÙÈÚ Ï›ÛÂÚ ÂÎÂ˝ËÂÒÂÚ ‰È·‰ÒÔÏ›Ú ·ÌÙÈÛÙÔÈ˜Ô˝Ì ÍÈ Â‰˛ ÛÙÈÚ Ûı˜Ì¸ÙÁÙÂÚ ÛıÌÙÔÌÈÛÏÔ˝

ÙÔı ÂÌ¸Ú ÛÍÂ‰·ÛÙfi ¸˘Ú ÏÔÒÂfl Ì· ‰ÂÈ Í·ÌÂflÚ Ûı„ÍÒflÌÔÌÙ·Ú ÏÂ Ù· Û˜fiÏ·Ù· 10(a) Í·È

11(a) ÙÔı Ò˛ÙÔı ‹ÒËÒÔı ÛÙÔ ·Ò‹ÒÙÁÏ· ƒ.

œÛÔÌ ·ˆÔÒ‹ ÂÓ›Ù·ÛÁ „È· ‰ıÌ·Ù¸ÙÁÙ· ÂÌÙÔÈÛÏÔ˝ ÙÔı Í˝Ï·ÙÔÚ ÛÙÔ ·Ò·‹Ì˘

Û˝ÛÙÁÏ·, ıÔÎÔ„flÛÙÁÍ·Ì ÔÈ ·Ò‹ÏÂÙÒÔÈ �kl�l � �ll�c
ph
l Í·È �kl�t � �lt�c

ph
t . ‘ÈÏ›Ú

ÏÈÍÒ¸ÙÂÒÂÚ ·¸ ÏÔÌ‹‰· Ù˘Ì �kl�l Í·È �kl�t ‚Ò›ËÁÍ·Ì „È· Ûı˜Ì¸ÙÁÙÂÚ �a�clo � 0�29 (a:

·ÍÙflÌ· Ûˆ·ÈÒ˛Ì). ‘Ô ˜‹ÛÏ· ÛÙÔ ·ÌÙflÛÙÔÈ˜Ô fcc ÂÒÈÔ‰ÈÍ¸ Ò¸‚ÎÁÏ· ÂÏˆ·ÌflÊÂÙ·È

„È· Ûı˜Ì¸ÙÁÙÂÚ �a�clo ·Ì‹ÏÂÛ· ÛÂ 0.31 Í·È 0.36. »· Ò›ÂÈ Ì· ÛÁÏÂÈ˘ËÂfl ¸ÙÈ

¸ÛÔÌ ·ˆÔÒ‹ ÂÌÙÔÈÛÏ¸ ÙÔı ÂÎ·ÛÙÈÍÔ˝ Í˝Ï·ÙÔÚ, Ô ÔÔflÔÚ ÏÔÒÂfl Ì· ı‹ÒÓÂÈ Ï¸ÌÔ

ÛÂ ÂÒÈÔ˜›Ú ÈÛ˜ıÒfiÚ ÛÍ›‰·ÛÁÚ ÛıÌÙÔÌÈÛÏÔ˝, Á ·ÔÛ˝ÊÂıÓÁ ‰È·ÏfiÍÔıÚ ÍÈ Â„Í‹ÒÛÈÔı

Í˝Ï·ÙÔÚ Ôı ÂÈÛ‹„ÂÈ Á ÂÓ›Ù·ÛÁ ÓÂ˜˘ÒÈÛÙ‹ ÙÁÚ �kl�l Í·È �kl�t, Ï·flÌÂÈ Í‹Ù˘ ·¸

Ù· fl‰È· ÂÒ˘ÙÁÏ·ÙÈÍ‹ Ôı ÛıÊÁÙfiËÁÍ·Ì ÛÂ Û˜›ÛÁ ÏÂ ÙÁÌ Ù·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú (‚Î›Â

·Ò‹„Ò·ˆÔ 3.4).

»· Ò›ÂÈ Ì· ·Ì·ˆÂÒËÂfl Ù›ÎÔÚ ¸ÙÈ Á Û˝„ÍÎÈÛÁ (‰ıÌ·Ù¸ÙÁÙ· ˝·ÒÓÁÚ Î˝ÛÁÚ, qle� qte)

ÙÁÚ CPA „È· ÙÁÌ ·Ò·‹Ì˘ ÂÒflÙ˘ÛÁ „flÌÂÙ·È ÂÓ·ÈÒÂÙÈÍ‹ ‰˝ÛÍÔÎÁ È‰È·flÙÂÒ· ÛÙÈÚ

ÂÒÈÔ˜›Ú ÍÔÌÙ‹ ÛÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú. ‘Ô „Â„ÔÌ¸Ú ·ıÙ¸ ·ÌÙ·Ì·ÍÎ‹ ÙÁÌ ·‰ıÌ·Ïfl· ÙÔı

ÔÏÔ„ÂÌÔ˝Ú Ï›ÛÔı Ì· ÂÒÈ„Ò‹¯ÂÈ ÙÈÚ ›ÌÙÔÌÂÚ ÏÂÙ·‚ÔÎ›Ú ÛÙÁ ‰È‹‰ÔÛÁ Ôı ÛıÏ‚·flÌÔıÌ

ÛÂ ·ıÙ›Ú ÙÈÚ ÂÒÈÔ˜›Ú Î¸„˘ Ù˘Ì ›ÌÙÔÌ˘Ì ÔÎÎ·Î˛Ì ÛÍÂ‰‹ÛÂ˘Ì.

œ˘Ú ·Ì·ˆ›ÒËÁÍÂ ÛÙÁÌ ÂÈÛ·„˘„fi ÙÔı ÍÂˆ·Î·flÔı, ›Ì· ·¸ Ù· ÍflÌÁÙÒ· „È·

ÙÁÌ Âˆ·ÒÏÔ„fi ÙÁÚ CPA ÛÙÁÌ ÂÒflÙ˘ÛÁ ÂÎ·ÛÙÈÍ˛Ì ÍıÏ‹Ù˘Ì ÂflÌ·È Í‹ÔÈ·

·ÎÈ¸ÙÂÒ· ÂÈÒ‹Ï·Ù· Ï›ÙÒÁÛÁÚ ÙÁÚ Ù·˜˝ÙÁÙ·Ú ˆ‹ÛÁÚ. ”Ù· ÂÈÒ‹Ï·Ù· ·ıÙ‹

ÏÂÙÒfiËÁÍÂ Á Ù·˜˝ÙÁÙ· ˆ‹ÛÁÚ ‰È·ÏfiÍÔıÚ Í˝Ï·ÙÔÚ ÛÂ Û˝ÛÙÁÏ· Ûˆ·ÈÒ˛Ì ·¸ Ï¸Îı‚‰Ô

(� � 11�3 g�cm3� cl � 2�21 km�s� ct � 0�86 km�s) Ùı˜·fl· ÙÔÔËÂÙÁÏ›Ì˘Ì ÛÂ epoxy

(� � 1�202 g�cm3� cl � 2�64 km�s� ct � 1�2 km�s) ÙÔ ÔÔflÔ Û˜ÔÎÈ‹ÊÔıÏÂ ÛÙÁ ÛıÌ›˜ÂÈ·.

≈Ì· ˜·Ò·ÍÙÁÒÈÛÙÈÍ¸ ÛÙÔ Û˝ÛÙÁÏ· ·ıÙ¸ ÂflÌ·È ÔÈ ·Ò·ÎfiÛÈÂÚ Ù·˜˝ÙÁÙÂÚ ÛÍÂ‰·ÛÙ˛Ì

Í·È ÂÒÈ‚‹ÎÎÔÌÙÔÚ Í·È Ô ÏÈÍÒ¸Ú Î¸„ÔÚ ıÍÌÔÙfiÙ˘Ì, �o��i, Ò‹„Ï· Ôı Ô‰Á„Âfl

ÛÂ ÂÌÂÒ„¸ ‰È·ÙÔÏfi ÛÍ›‰·ÛÁÚ ˜·Ò·ÍÙÁÒÈÛÙÈÍfi ÙÁÚ ÂÒflÙ˘ÛÁÚ ÏÂ„‹Î˘Ì ˜·ÛÏ‹Ù˘Ì

(‚Î›Â ÍÂˆ. 2.3.4). ”ÙÔ ”˜.3.7 ‰Âfl˜ÌÔÌÙ·È Ù· ÂÈÒ·Ï·ÙÈÍ‹ ·ÔÙÂÎ›ÛÏ·Ù· (ÙÒfl„˘Ì·)



44 3. ¡ œ’”‘… ¡  ¡… ≈À¡”‘… ¡  ’Ã¡‘¡ ”≈ ‘’◊¡…¡ Ã≈”¡

0.0 0.5 1.0 1.5 2.0 2.5 3.0
kloa

0.75

0.85

0.95

1.05

1.15

c tph
 / 

c to

coated CPA
simple CPA

0.0 0.5 1.0 1.5 2.0 2.5 3.0
kloa

0.75

0.85

0.95

1.05

1.15
c lph

 / 
c lo

                                          Pb spheres in epoxy (fs=0.05)

experiment
coated CPA
simple CPA

(a) (b)

”˜. 3.7: ‘·˜˝ÙÁÙÂÚ ˆ‹ÛÁÚ Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú „È· ‰È·ÏfiÍÂÚ (cphl ) Í·È Â„Í‹ÒÛÈÔ

(cpht ) Í˝Ï· Ôı ‰È·‰fl‰ÂÙ·È ÛÂ Û˝ÛÙÁÏ· Ûˆ·ÈÒ˛Ì ·¸ Ï¸Îı‚‰Ô Ùı˜·fl· ÙÔÔËÂÙÁÏ›Ì˘Ì ÛÂ epoxy.

–ÔÛÔÛÙ¸ ¸„ÍÔı Ûˆ·ÈÒ˛Ì, fs � 0�05. ‘· ÙÒfl„˘Ì· ‰Âfl˜ÌÔıÌ ÙÔ ÂÈÒ·Ï·ÙÈÍ¸ ·ÔÙ›ÎÂÛÏ·,

Á ÛıÌÂ˜fiÚ „Ò·ÏÏfi ÙÔ ·ÔÙ›ÎÂÛÏ· ÙÁÚ coated CPA Í·È Á ‰È·ÍÂÍÔÏÏ›ÌÁ ÙÁÚ ·ÎfiÚ CPA.

kloa � �a�clo, a: ·ÍÙflÌ· Ûˆ·ÈÒ˛Ì.

Ù˘Ì Kinra et al [40] „È· ÔÛÔÛÙ¸ ¸„ÍÔı ÛÍÂ‰·ÛÙ˛Ì fs � 0�05, ¸˘Ú ÂflÛÁÚ Í·È ÔÈ

Ù·˜˝ÙÁÙÂÚ ˆ‹ÛÁÚ cphl Í·È cpht ıÔÎÔ„ÈÛÏ›ÌÂÚ ÛÙ· Î·flÛÈ· ÙÁÚ ·ÎfiÚ (‰È·ÍÂÍÔÏÏ›ÌÁ

„Ò·ÏÏfi) Í·È ÙÁÚ coated (ÛıÌÂ˜fiÚ „Ò·ÏÏfi) CPA (ÛÙÔıÚ ıÔÎÔ„ÈÛÏÔ˝Ú ·ıÙÔ˝Ú Á

ıÍÌ¸ÙÁÙ· ÙÔı ˆ·ÈÌ¸ÏÂÌÔı Ï›ÛÔı ıÔÎÔ„flÛÙÁÍÂ ·ıÙÔÛıÌÂ˛Ú ··ÈÙ˛ÌÙ·Ú ÏÁ‰ÂÌÈÛÏ¸

ÙÔı � flt�� � ��2� �c). œ˘Ú ÏÔÒÂfl Ì· ‰ÂÈ Í·ÌÂflÚ ·¸ ÙÔ Û˜fiÏ·, ÙÔ ·ÔÙ›ÎÂÛÏ· Ù˘Ì

CPA ÒÔÛÂ„„flÊÂÈ ·Ò‹ ÔÎ˝ ÈÍ·ÌÔÔÈÁÙÈÍ‹ ÙÔ ·ÌÙflÛÙÔÈ˜Ô ÂÈÒ·Ï·ÙÈÍ¸ ·ÔÙ›ÎÂÛÏ·.

√È· ÙÔ Û˜ÔÎÈ·ÛÏ¸ ÙÁÚ ÏÔÒˆfiÚ Ù˘Ì Ù·˜ıÙfiÙ˘Ì ˆ‹ÛÁÚ Ë· Ò›ÂÈ Ì· ·Ì·ˆÂÒËÂfl

Í·Ù' ·Ò˜fiÌ ¸ÙÈ Á Ûı„Í›ÌÙÒ˘ÛÁ fs � 0�05 ÂflÌ·È Û˜ÂÙÈÍ‹ ˜·ÏÁÎfi Ûı„Í›ÌÙÒ˘ÛÁ „È· ÙÔ

Û˝ÛÙÁÏ· (ÙÔ ˜‹ÛÏ· ÛÙÔ ·ÌÙflÛÙÔÈ˜Ô ÂÒÈÔ‰ÈÍ¸ Ò¸‚ÎÁÏ· ÂÏˆ·ÌflÊÂÙ·È ÛÂ ÔÛÔÛÙ¸

¸„ÍÔı ÏÔÎ˝‚‰Ôı ÏÂ„·Î˝ÙÂÒÔ ·¸ 10%). « ÂÌÂÒ„¸Ú ‰È·ÙÔÏfi ÛÍ›‰·ÛÁÚ „È· Ûˆ·flÒ· ·¸

Ï¸Îı‚‰Ô ‚ıËÈÛÏ›ÌÁ ÛÂ epoxy (Á ÔÔfl· ‰Âfl˜ÌÂÙ·È ÛÙÔ ”˜.1 ÙÔı ‰Â˝ÙÂÒÔı ‹ÒËÒÔı ÙÔı

·Ò·ÒÙfiÏ·ÙÔÚ ƒ) ·ÔÙÂÎÂflÙ·È ·¸ Û˜ÂÙÈÍ‹ ı¯ÁÎÔ˝Ú ·ÎÎ‹ Í·È ÂıÒÂflÚ ÛıÌÙÔÌÈÛÏÔ˝Ú

- Ò‹„Ï· Ôı ÛıÌÂ‹„ÂÙ·È ¸˜È ÈÛ˜ıÒfi ·„fl‰ÂıÛÁ ÙÔı Í˝Ï·ÙÔÚ Ï›Û· ÛÙÁ Ûˆ·flÒ· -

˜˘ÒÈÛÏ›ÌÔıÚ ·¸ ÏÈ· ÂÒÈÔ˜fi ÂflÛÁÚ ÛÁÏ·ÌÙÈÍfiÚ ÛÍ›‰·ÛÁÚ (Î¸„˘ ÛıÌÂÈÛˆÔÒ‹Ú ÙÁÚ

‹ÂÈÒ· ÛÍÎÁÒfiÚ Ûˆ·flÒ·Ú).

« ˜·ÏÁÎfi Ûı„Í›ÌÙÒ˘ÛÁ, ÛıÌ‰ı·Ê¸ÏÂÌÁ ÏÂ ÙÁÌ ¸˜È ÔÓÂfl· ÏÔÒˆfi Ù˘Ì ÛıÌÙÔÌÈÛÏ˛Ì

ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ, Í‹ÌÔıÌ ·Ì·ÏÂÌ¸ÏÂÌÔ ÏÈÍÒ›Ú Ï¸ÌÔ ·ÔÍÎflÛÂÈÚ ·¸ ÙÁ Û˝Ïˆ˘ÌÁ

‰È‹‰ÔÛÁ ÙÔı Í˝Ï·ÙÔÚ ÛÙÔ Û˝ÛÙÁÏ· ÙÔı Û˜fiÏ·ÙÔÚ 3.7. œÈ Ù·˜˝ÙÁÙÂÚ ˆ‹ÛÁÚ ÔÈ ÔÔflÂÚ

¸˘Ú ˆ·flÌÂÙ·È ·¸ ÙÔ Û˜fiÏ· ‰ÂÌ ·ÒÔıÛÈ‹ÊÔıÌ ·ˆ˝ÛÈÍÂÚ ÙÈÏ›Ú ÈÛÙÔÔÈÔ˝Ì ÙÔ

„Â„ÔÌ¸Ú ·ıÙ¸. ≈flÛÁÚ ÔÈ Ù·˜˝ÙÁÙÂÚ ˆ‹ÛÁÚ ˆ·flÌÂÙ·È Ì· ÂÁÒÂ‹ÊÔÌÙ·È Ï¸ÌÔ ·¸ ÙÔÌ

Ò˛ÙÔ ÛıÌÙÔÌÈÛÏ¸ ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ÂÌ˛ „È· kloa 
 1 ÂflÌ·È Û˜Â‰¸Ì ÛÙ·ËÂÒ›Ú Í·È

ÍÔÌÙ‹ ÛÙÈÚ Ù·˜˝ÙÁÙÂÚ Ù˘Ì ‰˝Ô ÛıÛÙ·ÙÈÍ˛Ì ÙÔı ÛıÛÙfiÏ·ÙÔÚ. »· Ò›ÂÈ Ì· ÛÁÏÂÈ˘ËÂfl

Ù›ÎÔÚ ¸ÙÈ Á ‰ıÌ·Ù¸ÙÁÙ· ÙÁÚ CPA Ì· ‰˛ÛÂÈ ·ÔÙÂÎ›ÛÏ·Ù· „È· ÙÔ ·Ò·‹Ì˘ Û˝ÛÙÁÏ·

ÛÂ ı¯ÁÎ¸ÙÂÒÂÚ Ûı„ÍÂÌÙÒ˛ÛÂÈÚ ÂflÌ·È ÔÎ˝ ÂÒÈÔÒÈÛÏ›ÌÁ - È‰È·flÙÂÒ· ÛÙÁÌ ÂÒÈÔ˜fi

Ûı˜ÌÔÙfiÙ˘Ì ÏÂÙ·Ó˝ Ù˘Ì ÛıÌÙÔÌÈÛÏ˛Ì ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ19. ◊·Ò·ÍÙÁÒÈÛÙÈÍ¸ ÙÁÚ

19œ˘Ú ÛıÊÁÙfiËÁÍÂ ÛÙÔ ÍÂˆ‹Î·ÈÔ 2 Á ÂÒÈÔ˜fi ·ıÙfi ÂflÌ·È ÂÒÈÔ˜fi ÈÛ˜ıÒfiÚ ÛÍ›‰·ÛÁÚ ÛÙÁÌ ÔÔfl·

Ï‹ÎÈÛÙ· ÙÔ Í˝Ï· ‰ÂÌ ÏÔÒÂfl Ì· ‰È·ÂÒ‹ÛÂÈ Â˝ÍÔÎ· ÙÈÚ Ûˆ·flÒÂÚ. ¡Ò· ı‹Ò˜ÂÈ ÏÂ„‹ÎÁ ·¸ÍÎÈÛÁ ·¸ ÙÁ

Û˝Ïˆ˘ÌÁ ‰È‹‰ÔÛÁ.
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”˜. 3.8: (a) : ¡‰È‹ÛÙ·ÙÁ ÂÌÂÒ„¸Ú ‰È·ÙÔÏfi ÛÍ›‰·ÛÁÚ Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú kloa �
�a�clo „È· Ûˆ·flÒ· ·¸ „ı·Îfl (ÛıÌÂ˜fiÚ „Ò·ÏÏfi) ÛÂ ÌÂÒ¸ Í·È „È· ``‹ÂÈÒ· ÛÍÎÁÒfi'' Ûˆ·flÒ· ÛÂ

ÌÂÒ¸ (‰È·ÍÂÍÔÏÏ›ÌÁ „Ò·ÏÏfi). « ÛÙÈÍÙfi „Ò·ÏÏfi ‰Âfl˜ÌÂÈ ÙÁÌ ÂÌÂÒ„¸ ‰È·ÙÔÏfi Ôı ÒÔÍ˝ÙÂÈ ·Ì

·¸ ÙÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ÙÁÚ ÛÍÎÁÒfiÚ Ûˆ·flÒ·Ú ·ˆ·ÈÒÂËÔ˝Ì Ù· Î‹ÙÁ ÛÍ›‰·ÛÁÚ ÙÁÚ Ûˆ·flÒ·Ú

·¸ „ı·Îfl. (b) : –ıÍÌ¸ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ ·¸ÛÙ·ÛÁÚ, r, ·¸ ÙÔ Í›ÌÙÒÔ

ÙÁÚ Ûˆ·flÒ·Ú „È· ÙÈÚ ÙÒÂÈÚ Ûı˜Ì¸ÙÁÙÂÚ Ôı ‰Âfl˜ÌÔıÌ Ù· ‚›ÎÁ ÛÙÔ (a) (Á ÛıÌÂ˜fiÚ „Ò·ÏÏfi ÛÙÔ

(b) ·ÌÙÈÛÙÔÈ˜Âfl ÛÙÁ Ûı˜Ì¸ÙÁÙ· Ôı ‰Âfl˜ÌÂÈ ÙÔ ‚›ÎÔÚ ÏÂ ÙÁÌ ÛıÌÂ˜fi „Ò·ÏÏfi ÛÙÔ (a) ÍÔÍ.) a:

·ÍÙflÌ· Ûˆ·flÒ·Ú, clo Ù·˜˝ÙÁÙ· fi˜Ôı ÛÙÔ ÌÂÒ¸.

ÂÒÈÔ˜fiÚ ·ıÙfiÚ ÂflÌ·È Ù· ÒÔ‚ÎfiÏ·Ù· Û˝„ÍÎÈÛÁÚ Í·È ÔÈ ÔÎÎ·Î›Ú ·ˆ˝ÛÈÍÂÚ Î˝ÛÂÈÚ.

ƒÂ˝ÙÂÒÔ Û˝ÛÙÁÏ· ÙÔ ÔÔflÔ ›˜ÂÈ ÏÂÎÂÙÁËÂfl ÂÈÒ·Ï·ÙÈÍ‹ Í·È ÙÔ ÔÔflÔ ·ÒÔıÛÈ‹ÊÂÙ·È

·Ï›Û˘Ú ·Ò·Í‹Ù˘ ÂflÌ·È Û˝ÛÙÁÏ· Ûˆ·ÈÒ˛Ì ·¸ „ı·Îfl (� � 2�5 g�cm3� cl �
5�7 km�s� ct � 3�4 km�s), Ùı˜·fl· ‚ıËÈÛÏ›Ì˘Ì ÛÂ ÌÂÒ¸ (� � 1 g�cm3� cl � 1�5 km�s)
ÛÂ ÔÛÔÛÙ¸ ¸„ÍÔı 63% (ÛÁÏÂÈ˛ÌÂÙ·È ¸ÙÈ Û'·ıÙfi ÙÁÌ ÂÒflÙ˘ÛÁ Á Ù·˜˝ÙÁÙ· ÛÙÔ

ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ ÂflÌ·È ÔÎ˝ ˜·ÏÁÎ¸ÙÂÒÁ ·¸ ÂÍÂflÌÂÚ ÛÙÔÌ ÛÍÂ‰·ÛÙfi). « ÂÌÂÒ„¸Ú

‰È·ÙÔÏfi, �, „È· Ûˆ·flÒ· ·¸ „ı·Îfl ‚ıËÈÛÏ›ÌÁ ÛÂ ÌÂÒ¸ ‰Âfl˜ÌÂÙ·È ÛÙÔ Û˜fiÏ· 3.8(a)

(ÛıÌÂ˜fiÚ „Ò·ÏÏfi). ◊·Ò·ÍÙÁÒÈÛÙÈÍ‹ ÙÁÚ ÂflÌ·È Á ¸˜È ›ÌÙÔÌÁ ÂÓ‹ÒÙÁÛÁ ·¸ ÙÁÌ

Ûı˜Ì¸ÙÁÙ· Í·È ÔÈ Û˜ÂÙÈÍ‹ ˜·ÏÁÎÔfl ÍÈ ÂıÒÂflÚ ÛıÌÙÔÌÈÛÏÔfl ÛÙÔıÚ ÔÔflÔıÚ Ï‹ÎÈÛÙ· ÙÔ

Í˝Ï· ‰ÂÌ ›˜ÂÈ Ù‹ÛÂÈÚ Ûı„Í›ÌÙÒ˘ÛÁÚ Ï›Û· ÛÙÁ Ûˆ·flÒ· (ÛıÌÙÔÌÈÛÏÔfl Ôı ÔˆÂflÎÔÌÙ·È

ÛÂ ÛıÌÂÈÛˆÔÒ‹ ÙÁÚ ``‹ÂÈÒ· ÛÍÎÁÒfiÚ'' Ûˆ·flÒ·Ú). ‘Ô ÙÂÎÂıÙ·flÔ ˆ·flÌÂÙ·È ·¸ ÙÁÌ

ÛÙÈÍÙfi „Ò·ÏÏfi ÙÔı Û˜fiÏ·ÙÔÚ 3.8(a) ¸Ôı ÂÈÍÔÌflÊÂÙ·È Á ÂÌÂÒ„¸Ú ‰È·ÙÔÏfi, �sb, Ôı

ÒÔÍ˝ÙÂÈ ·Ì ·¸ ÙÔ Î‹ÙÔÚ ÛÍ›‰·ÛÁÚ ÙÁÚ Ûˆ·flÒ·Ú ·¸ „ı·Îfl ·ˆ·ÈÒÂËÂfl ÙÔ Î‹ÙÔÚ

ÛÍ›‰·ÛÁÚ ÙÁÚ ÛÍÎÁÒfiÚ Ûˆ·flÒ·Ú (‰ÂÚ ÍÂˆ‹Î·ÈÔ 2). œÈ ÍÔÒıˆ›Ú ÙÁÚ �sb ·ÌÙÈÛÙÔÈ˜Ô˝Ì

ÛÂ ÂÒÈÔ˜›Ú Ï›„ÈÛÙÁÚ Ûı„Í›ÌÙÒ˘ÛÁÚ ÙÔı Í˝Ï·ÙÔÚ Ï›Û· ÛÙÁ Ûˆ·flÒ· (Á ›ÎÎÂÈ¯Á ÈÛ˜ıÒfiÚ

Ûı„Í›ÌÙÒ˘ÛÁÚ ÙÔı Í˝Ï·ÙÔÚ ÛÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú ÙÁÚ � Í·È Á ÏÂ„·Î˝ÙÂÒÁ Ûı„Í›ÌÙÒ˘ÛÁ

ÛÙÈÚ ÍÔÒıˆ›Ú ÙÁÚ �sb ÈÛÙÔÔÈÔ˝ÌÙ·È Í·È ·¸ ÙÔ ‰È‹„Ò·ÏÏ· 3.8(b) ¸Ôı ÂÈÍÔÌflÊÂÙ·È

Á ıÍÌ¸ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ ·¸ÛÙ·ÛÁÚ ·¸ ÙÔ Í›ÌÙÒÔ ÙÁÚ Ûˆ·flÒ·Ú).

ÃÂ ‚‹ÛÁ ÙÁÌ ·ÛËÂÌfi ÂÓ‹ÒÙÁÛÁ ÙÁÚ ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ ·¸ ÙÁ Ûı˜Ì¸ÙÁÙ·, ÂÒÈÏ›ÌÂÈ

Í·ÌÂflÚ „È· ÙÔ Ùı˜·flÔ Û˝ÛÙÁÏ· Ûˆ·flÒÂÚ „ı·ÎÈÔ˝ ÛÂ ÌÂÒ¸, ·ÛËÂÌfi ÂÓ‹ÒÙÁÛÁ Ù˘Ì

Ù·˜ıÙfiÙ˘Ì Í·È Ù˘Ì ‹ÎÎ˘Ì ˜·Ò·ÍÙÁÒÈÛÙÈÍ˛Ì ÙÁÚ ‰È‹‰ÔÛÁÚ ·¸ ÙÁ Ûı˜Ì¸ÙÁÙ·.

–ÂÒÈÏ›ÌÂÈ ÂflÛÁÚ Ù·˜˝ÙÁÙÂÚ ÎÁÛÈ›ÛÙÂÒ· ÛÂ ·ıÙfi ÙÔı ÌÂÒÔ˝ ·Í¸Ï· Í·È ÛÂ ÏÂ„‹ÎÂÚ

Ûı„ÍÂÌÙÒ˛ÛÂÈÚ, ·¸ÒÒÔÈ· Ù˘Ì ˜·ÏÁÎ˛Ì ÙÈÏ˛Ì ÙÁÚ �sb.

‘Ô ÂÈÒ·Ï·ÙÈÍ¸ ·ÔÙ›ÎÂÛÏ· „È· ÙÁÌ Ù·˜˝ÙÁÙ· ˆ‹ÛÁÚ [45], ÙÁ Ï›ÛÁ ÂÎÂ˝ËÂÒÁ

‰È·‰ÒÔÏfi ÛÍ›‰·ÛÁÚ [45] Í·È ÙÁÌ Ù·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú [44] ÙÔ ÔÔflÔ ‰Âfl˜ÌÂÙ·È ÛÙÔ

”˜.3.9 ÈÛÙÔÔÈÂfl ÙÈÚ ·Ò·‹Ì˘ ÒÔ‚Î›¯ÂÈÚ.

”ÙÔ ”˜.3.9 ˆ·flÌÔÌÙ·È ÂflÛÁÚ Ù· ·ÔÙÂÎ›ÛÏ·Ù· Ù˘Ì CPA. –·Ò·ÙÁÒÂfl Í·ÌÂflÚ ¸ÙÈ
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”˜. 3.9: ‘·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú vE (a), Ù·˜˝ÙÁÙ· ˆ‹ÛÁÚ cph (b) Í·È Ï›ÛÁ ÂÎÂ˝ËÂÒÁ ‰È·‰ÒÔÏfi

ÛÍ›‰·ÛÁÚ, ls, (‰ÂÓÈ¸ Î·flÛÈÔ) Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú kloa � �a�clo „È· Ûˆ·flÒÂÚ

„ı·ÎÈÔ˝ Ùı˜·fl· ‚ıËÈÛÏ›ÌÂÚ ÛÂ ÌÂÒ¸. –ÔÛÔÛÙ¸ ¸„ÍÔı „ı·ÎÈÔ˝, fs � 0�63. ‘· ÙÒfl„˘Ì· Í·È

ÔÈ Í˝ÍÎÔÈ ‰Âfl˜ÌÔıÌ ÙÔ ÂÈÒ·Ï·ÙÈÍ¸ ·ÔÙ›ÎÂÛÏ· „È· Ûˆ·flÒÂÚ ·ÍÙflÌ·Ú 0.25 mm Í·È 0.5 mm

·ÌÙflÛÙÔÈ˜·. « ÛıÌÂ˜fiÚ, ‰È·ÍÂÍÔÏÏ›ÌÁ Í·È ÛÙÈÍÙfi „Ò·ÏÏfi ‰Âfl˜ÌÔıÌ ·ÌÙflÛÙÔÈ˜· ÙÔ ·ÔÙ›ÎÂÛÏ·

ÙÁÚ CPA ÂÌ›Ò„ÂÈ·Ú, ÙÁÚ coated CPA Í·È ÙÁÚ ·ÎfiÚ CPA. « ÛÙÈÍÙfi-‰È·ÍÂÍÔÏÏ›ÌÁ „Ò·ÏÏfi ÛÙÁ

Ï›ÛÁ ÂÎÂ˝ËÂÒÁ ‰È·‰ÒÔÏfi ‰flÌÂÈ ÙÁ ˜·ÏÁÎfiÚ Ûı„Í›ÌÙÒ˘ÛÁÚ ÒÔÛ›„„ÈÛÁ ls � 1�n�. clo ÂflÌ·È Á

Ù·˜˝ÙÁÙ· ÙÔı fi˜Ôı ÛÙÔ ÌÂÒ¸.

ÙÔ ·ÔÙ›ÎÂÛÏ· ÙÁÚ coated CPA (‰È·ÍÂÍÔÏÏ›ÌÁ „Ò·ÏÏfi) ÒÔÛÂ„„flÊÂÈ ‹Ò· ÔÎ˝

ÈÍ·ÌÔÔÈÁÙÈÍ‹ ÙÔ ·ÌÙflÛÙÔÈ˜Ô ÂÈÒ·Ï·ÙÈÍ¸ ·ÔÙ›ÎÂÛÏ·. œÈ ·ÔÍÎflÛÂÈÚ, ¸Ôı

ı‹Ò˜ÔıÌ, Í·Ë˛Ú Í·È ·Ì·ÎıÙÈÍfi Û˝„ÍÒÈÛÁ Ù˘Ì ÏÂË¸‰˘Ì ÛÂ ·ıÙfi ÙÁÌ ÂÒflÙ˘ÛÁ

Û˜ÔÎÈ‹ÊÔÌÙ·È ÂÍÙÂÙ·Ï›Ì· ÛÙÔ Ù›Ù·ÒÙÔ ‹ÒËÒÔ ÙÔı ·Ò·ÒÙfiÏ·ÙÔÚ ƒ. ¡ÓflÊÂÈ Ì·

·Ì·ˆÂÒËÂfl Â‰˛ ¸ÙÈ ÔÈ ·ÔÍÎflÛÂÈÚ ÂÈÒ·Ï·ÙÈÍ˛Ì ·ÔÙÂÎÂÛÏ‹Ù˘Ì ÍÈ ·ÔÙÂÎÂÛÏ‹Ù˘Ì

ÙÁÚ coated CPA „È· kloa � 3 ·Ô‰fl‰ÔÌÙ·È ÛÂ ˆ·ÈÌ¸ÏÂÌ· ·ıÓÁÏ›ÌÁÚ ÔÎÎ·ÎfiÚ

ÛÍ›‰·ÛÁÚ Ù· ÔÔfl· ‰ÂÌ ÏÔÒÔ˝Ì Ì· ÂÒÈ„Ò·ˆÔ˝Ì ÔÎ˝ ÈÍ·ÌÔÔÈÁÙÈÍ‹ ·¸ ÙÁÌ

CPA. H ·˝ÓÁÛÁ ÙÁÚ ÔÎÎ·ÎfiÚ ÛÍ›‰·ÛÁÚ Û'·ıÙfiÌ ÙÁÌ ÂÒÈÔ˜fi ‰ÈÍ·ÈÔÎÔ„ÂflÙ·È ·¸

ÙÁÌ ÈÛ˜ıÒfi ÛÍ›‰·ÛÁ ·¸ ›Ì· ÛÍÂ‰·ÛÙfi (‰ÂÚ ÂÌÂÒ„¸ ‰È·ÙÔÏfi ÛÍ›‰·ÛÁÚ) ÍÈ ·¸ ÙÔ

„Â„ÔÌ¸Ú ¸ÙÈ ÛÂ kloa � 3 ÙÔ ÏfiÍÔÚ Í˝Ï·ÙÔÚ, 
lo � 2��klo, „flÌÂÙ·È Ûı„ÍÒflÛÈÏÔ ÏÂ ÙÁÌ

Ï›ÛÁ ·¸ÛÙ·ÛÁ „ÂÈÙÔÌÈÍ˛Ì ÛÍÂ‰·ÛÙ˛Ì.

3.5.3 ‘·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú

0.0 0.5 1.0 1.5 2.0
kloa

0.0

0.2

0.4

0.6

0.8

1.0

υ Ε /
 c
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co/ci=3
ρο/ρi=3

”˜. 3.10: ‘·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú Û·Ì ÛıÌ‹ÒÙÁÛÁ

ÙÁÚ ·‰È‹ÛÙ·ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú kloa � �a�clo
„È· Ùı˜·flÔ Û˝ÛÙÁÏ· Ûˆ·ÈÒ˛Ì ·¸ ÒÂıÛÙ¸ ÛÂ

ÒÂıÛÙ¸ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ. œÈ ·Ò‹ÏÂÙÒÔÈ ÙÔı

ÛıÛÙfiÏ·ÙÔÚ ÂflÌ·È �o��i � 3 Í·È clo�cli � 3.

œÈ ‰ÂflÍÙÂÚ i Í·È o ˜·Ò·ÍÙÁÒflÊÔıÌ ·ÌÙflÛÙÔÈ˜·

ÙÈÚ Ûˆ·flÒÂÚ Í·È ÙÔ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ. a:

·ÍÙflÌ· Ûˆ·ÈÒ˛Ì.



3.5 ¡ÒÈËÏÁÙÈÍ‹ ·ÔÙÂÎ›ÛÏ·Ù· 47

”ÙÔ ÙÂÎÂıÙ·flÔ ·ıÙ¸ Ï›ÒÔÚ Ù˘Ì ·ÔÙÂÎÂÛÏ‹Ù˘Ì ·ÒÔıÛÈ‹ÊÔÌÙ·È ‰È·„Ò‹ÏÏ·Ù·

ÙÁÚ Ù·˜˝ÙÁÙ·Ú ÂÌ›Ò„ÂÈ·Ú, vE , Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú. ‘Ô ÂÌ‰È·ˆ›ÒÔÌ

ÂÈÍÂÌÙÒ˛ÌÂÙ·È ÛÙÔ ˘Ú ÂÁÒÂ‹ÊÂÙ·È ·ıÙfi Á ÛıÌ‹ÒÙÁÛÁ ·¸ ÙÁ Ûı„Í›ÌÙÒ˘ÛÁ Ù˘Ì

ÛÍÂ‰·ÛÙ˛Ì ÛÙÔ Û˝ÛÙÁÏ·.

”ÙÔ ”˜.3.10 ÂÈÍÔÌflÊÂÙ·È Á vE Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú „È· ›Ì· Ùı˜·flÔ

Û˝ÛÙÁÏ· Ûˆ·ÈÒ˛Ì ·¸ ıÎÈÍ¸ ˜·ÏÁÎfiÚ Ù·˜˝ÙÁÙ·Ú, ˜·ÏÁÎfiÚ ıÍÌ¸ÙÁÙ·Ú, ÛÂ ı¯ÁÎfiÚ

Ù·˜˝ÙÁÙ·Ú, ı¯ÁÎfiÚ ıÍÌ¸ÙÁÙ·Ú ÒÂıÛÙ¸ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ. « ·ÌÙflÛÙÔÈ˜Á ÂÌÂÒ„¸Ú

‰È·ÙÔÏfi ÛÍ›‰·ÛÁÚ „È· ÙÔ Û˝ÛÙÁÏ· ·ıÙ¸ ÂÈÍÔÌflÊÂÙ·È ÛÙÔ ”˜.2.2. « ÂÌÂÒ„¸Ú ‰È·ÙÔÏfi

ËıÏflÊÂÈ ÍÈ Â‰˛ ÙÁÌ ÙıÈÍfi ÏÔÒˆfi Ôı ÛıÌ·ÌÙ‹Ù·È ÛÂ «Ã Í·È ‚·ËÏ˘Ù‹ Í˝Ï·Ù·

ÏÂ ÙÔıÚ ÔÓÂflÚ ÛıÌÙÔÌÈÛÏÔ˝Ú Ôı ÛıÌÔ‰Â˝ÔÌÙ·È ·¸ ÏÂ„‹ÎÁ Ûı„Í›ÌÙÒ˘ÛÁ ÂÌ›Ò„ÂÈ·Ú

Ï›Û· ÛÙÁ Ûˆ·flÒ·. ¡Ì‹ÎÔ„·, Á Ù·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú vE, ¸˘Ú ˆ·flÌÂÙ·È ÛÙÔ ”˜.3.10,

·ÍÔÎÔıËÂfl Ù· ¸Û· ›˜ÔıÌ ÛıÊÁÙÁËÂfl „È· ÙÁÌ vE ÛÙÁ ‰È‹‰ÔÛÁ «Ã Í·È ‚·ËÏ˘Ù˛Ì

ÍıÏ‹Ù˘Ì. ◊·Ò·ÍÙÁÒÈÛÙÈÍ‹ ÙÁÚ ‰ÁÎ·‰fi ÂflÌ·È Á ›ÌÙÔÌÁ ÂÓ‹ÒÙÁÛÁ ·¸ ÙÁ Ûı˜Ì¸ÙÁÙ·

ÏÂ Ù· ‚·ËÂÈ‹ ÂÎ‹˜ÈÛÙ· „È· ˜·ÏÁÎ›Ú Ûı„ÍÂÌÙÒ˛ÛÂÈÚ (Î¸„˘ ÙÁÚ Í·ËıÛÙ›ÒÁÛÁÚ ÙÔı

Í˝Ï·ÙÔÚ ÛÙÔıÚ ÛÍÂ‰·ÛÙ›Ú) ÍÈ ÂflÛÁÚ Á ÔÏ·Î¸ÙÂÒÁ ÂÓ‹ÒÙÁÛÁ ·¸ ÙÁ Ûı˜Ì¸ÙÁÙ· „È·

ı¯ÁÎ¸ÙÂÒÂÚ Ûı„ÍÂÌÙÒ˛ÛÂÈÚ (Î¸„˘ ÙÔı ¸ÙÈ ÙÔ Í˝Ï· ‰Ò·ÂÙÂ˝ÂÈ Ù˛Ò· ÂıÍÔÎ¸ÙÂÒ· ·¸

ÙÔıÚ ÛÍÂ‰·ÛÙ›Ú Ï›Û˘ Ù˘Ì ·ÎÎÁÎÔÂÈÍ·ÎıÙ¸ÏÂÌ˘Ì Í·Ù·ÛÙ‹ÛÂ˘Ì ÛıÌÙÔÌÈÛÏÔ˝ ÙÔıÚ).

« ÏÂÙ·ÍflÌÁÛÁ Ù˘Ì ÂÎ·˜flÛÙ˘Ì ¸ÛÔ ·ıÓ‹ÌÂÈ Á Ûı„Í›ÌÙÒ˘ÛÁ ÈÛÙÂ˝ÔıÏÂ ¸ÙÈ ÔˆÂflÎÂÙ·È

ÛÂ Û˝ÊÂıÓÁ Ù˘Ì Í·Ù·ÛÙ‹ÛÂ˘Ì ÛıÌÙÔÌÈÛÏÔ˝ „ÂÈÙÔÌÈÍ˛Ì ÛÍÂ‰·ÛÙ˛Ì (·Ì‹ÎÔ„· ÏÂ ÙÁÌ

ÏÂÙ·ÍflÌÁÛÁ Ù˘Ì ÂÌÂÒ„ÂÈ·Í˛Ì Í·Ù·ÛÙ‹ÛÂ˘Ì ÛÙÔ ÁÎÂÍÙÒÔÌÈÍ¸ Ò¸‚ÎÁÏ· Î¸„˘ ÈÛ˜ıÒfiÚ

Û˝ÊÂıÓÁÚ).
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”˜. 3.11: ‘·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú, vE , Û·Ì

ÛıÌ‹ÒÙÁÛÁ ÙÁÚ ·‰È‹ÛÙ·ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú

kloa � �a�clo „È· Ûˆ·flÒÂÚ ·¸ „ı·Îfl Ùı˜·fl·

‚ıËÈÛÏ›ÌÂÚ ÛÂ ÌÂÒ¸. « vE ›˜ÂÈ ıÔÎÔ„ÈÛÙÂfl

„È· ÙÒÂÈÚ ‰È·ˆÔÒÂÙÈÍ›Ú ÙÈÏ›Ú ÙÔı Í·Ù' ¸„ÍÔ

ÔÛÔÛÙÔ˝, fs, ÙÔı „ı·ÎÈÔ˝ ÛÙÔ Û˝ÛÙÁÏ·. a:

·ÍÙflÌ· Ûˆ·ÈÒ˛Ì.

ƒÂ˝ÙÂÒÔ Û˝ÛÙÁÏ· Ôı ·ÒÔıÛÈ‹ÊÂÙ·È ÂflÌ·È ÙÔ Û˝ÛÙÁÏ· Ûˆ·ÈÒ˛Ì ·¸ „ı·Îfl ÛÂ

ÌÂÒ¸ Ôı ÛıÊÁÙfiËÁÍÂ ÒÔÁ„ÔıÏ›Ì˘Ú. ‘Ô Û˝ÛÙÁÏ· ·ıÙ¸ ÂflÌ·È ·ÌÙÈÒÔÛ˘ÂıÙÈÍ¸ ÙÁÚ

ÂÒflÙ˘ÛÁÚ ÛÍÂ‰·ÛÙ˛Ì ı¯ÁÎfiÚ Ù·˜˝ÙÁÙ·Ú Í·È ıÍÌ¸ÙÁÙ·Ú ÛÂ ˜·ÏÁÎfiÚ Ù·˜˝ÙÁÙ·Ú

Í·È ıÍÌ¸ÙÁÙ·Ú ÒÂıÛÙ¸ ÂÒÈ‚‹ÎÎÔÌ Ï›ÛÔ. ¬·ÛÈÍ¸ ˜·Ò·ÍÙÁÒÈÛÙÈÍ¸ ÙÁÚ ·ÌÙflÛÙÔÈ˜ÁÚ

ÂÌÂÒ„Ô˝ ‰È·ÙÔÏfiÚ Û' ·ıÙfi ÙÁÌ ÂÒflÙ˘ÛÁ (‰ÂÚ ”˜.3.8 Í·È ÒÔÁ„Ô˝ÏÂÌÁ ÛıÊfiÙÁÛÁ)

ÂflÌ·È ÙÔ ¸ÙÈ ÔÈ ÛıÌÙÔÌÈÛÏÔfl ÔˆÂflÎÔÌÙ·È ÛÂ ÛıÌÂÈÛˆÔÒ‹ ÙÁÚ ÛÍÎÁÒfiÚ Ûˆ·flÒ·Ú.

« Ù·˜˝ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú Û·Ì ÛıÌ‹ÒÙÁÛÁ ÙÁÚ Ûı˜Ì¸ÙÁÙ·Ú „È· ÙÔ Û˝ÛÙÁÏ· „ı·Îfl-

ÌÂÒ¸ Í·È „È· ‰È‹ˆÔÒÂÚ Ûı„ÍÂÌÙÒ˛ÛÂÈÚ ÂÈÍÔÌflÊÂÙ·È ÛÙÔ ”˜.3.11. « ÔÏ·Îfi ÂÓ‹ÒÙÁÛÁ

·¸ ÙÁ Ûı˜Ì¸ÙÁÙ· ÛÂ ˜·ÏÁÎ›Ú Ûı„ÍÂÌÙÒ˛ÛÂÈÚ ÔˆÂflÎÂÙ·È ÛÙÔ ¸ÙÈ ‰ÂÌ ı‹Ò˜ÂÈ Â‰˛

ÛıÛÛ˛ÒÂıÛÁ ÂÌ›Ò„ÂÈ·Ú Ï›Û· ÛÙÈÚ Ûˆ·flÒÂÚ ÛÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú Í·È ‹Ò· ‰ÂÌ ı‹Ò˜ÂÈ

›ÌÙÔÌÁ Í·ËıÛÙ›ÒÁÛÁ ÙÔı Í˝Ï·ÙÔÚ. « Ï¸ÌÁ Í·ËıÛÙ›ÒÁÛÁ - ÛÙÔıÚ ÛıÌÙÔÌÈÛÏÔ˝Ú -

ÔˆÂflÎÂÙ·È ÛÙÔ ÛÍÂ‰·Ê¸ÏÂÌÔ Í˝Ï· (ÛÙÔ ¸ÙÈ ‰ÁÎ·‰fi ›Ì· ÏÂ„‹ÎÔ Ï›ÒÔÚ ÙÔı ÂflÂ‰Ôı

ÒÔÛflÙÔÌÙÔÚ Í˝Ï·ÙÔÚ ÏÂÙ·ÙÒ›ÂÙ·È ÛÂ ÛÍÂ‰·Ê¸ÏÂÌÔ). ≈ÙÛÈ, ¸ÛÔ ·ıÓ‹ÌÂÙ·È Á

Ûı„Í›ÌÙÒ˘ÛÁ ·ıÙ¸ ÙÔ „Â„ÔÌ¸Ú Ë· ÂÌÙÂflÌÂÙ·È Í·È ÙÔ ·ÔÙ›ÎÂÛÏ· Ë· ÂflÌ·È ¸ÎÔ
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Í·È ‚·Ë˝ÙÂÒ· ÂÎ‹˜ÈÛÙ· ÛÙÁÌ vE ¸˘Ú ÈÛÙÔÔÈÂflÙ·È ·¸ ÙÔ Û˜fiÏ· 3.11. ¡ÓflÊÂÈ

Ì· ÒÔÛ›ÓÂÈ Í·ÌÂflÚ ÂflÛÁÚ Ù· ÂÎ‹˜ÈÛÙ· ÙÁÚ vE ÛÙÁ Ûı˜Ì¸ÙÁÙ· kloa � 6 ¸Ôı,

¸˘Ú ˆ·flÌÂÙ·È ·¸ ÙÁÌ ÂÌÂÒ„¸ ‰È·ÙÔÏfi �sb ÍÈ ·¸ ÙÔ ‰È‹„Ò·ÏÏ· ıÍÌ¸ÙÁÙ·Ú ÙÁÚ

ÂÌ›Ò„ÂÈ·Ú (‰ÂÚ ”˜.3.8), ÙÔ Í˝Ï· ›˜ÂÈ Ù‹ÛÂÈÚ Ûı„Í›ÌÙÒ˘ÛÁÚ Ï›Û· ÛÙÈÚ Ûˆ·flÒÂÚ ÍÈ ‹Ò·

Í·ËıÛÙ›ÒÁÛÁÚ. ¡ÓflÊÂÈ Ì· ·Ì·ˆÂÒËÂfl Ù›ÎÔÚ ¸ÙÈ ÛÙÔ ¸ÒÈÔ ˜·ÏÁÎ˛Ì Ûı˜ÌÔÙfiÙ˘Ì Í·È

ÂflÛÁÚ ÛÂ ÂÒÈÔ˜›Ú ÔÎ˝ ·ÛËÂÌÔ˝Ú ÛÍ›‰·ÛÁÚ, Á ·˝ÓÁÛÁ ÙÁÚ Ù·˜˝ÙÁÙ·Ú ÂÌ›Ò„ÂÈ·Ú ÏÂ

ÙÁÌ ·˝ÓÁÛÁ ÙÁÚ Ûı„Í›ÌÙÒ˘ÛÁÚ ÔˆÂflÎÂÙ·È ÛÙÁÌ ÏÂ„·Î˝ÙÂÒÁ ÛıÏÏÂÙÔ˜fi ÙÔı (ı¯ÁÎfiÚ

Ù·˜˝ÙÁÙ·Ú) „ı·ÎÈÔ˝ ÛÙÔ Û˝ÛÙÁÏ·.



–·Ò·ÒÙfiÏ·Ù·





A

”ÙÔÈ˜ÂÈ˛‰Á ÏÂ„›ËÁ ÛÂ Ûˆ·ÈÒÈÍ›Ú

ÛıÌÙÂÙ·„Ï›ÌÂÚ

A.1 ‘·ÌıÛÙfiÚ ·Ò·Ï¸Òˆ˘ÛÁÚ, uij , ÛÂ Ûˆ·ÈÒÈÍ›Ú ÛıÌÙÂÙ·„Ï›ÌÂÚ

”ıÌÈÛÙ˛ÛÂÚ ÙÔı Ù·ÌıÛÙfi ·Ò·Ï¸Òˆ˘ÛÁÚ ÛÂ Ûˆ·ÈÒÈÍ›Ú ÛıÌÙÂÙ·„Ï›ÌÂÚ (r, �, �) Û·Ì

ÛıÌ‹ÒÙÁÛÁ Ù˘Ì Ûˆ·ÈÒÈÍ˛Ì ÛıÌÈÛÙ˘Û˛Ì ÙÔı ‰È·Ì˝ÛÏ·ÙÔÚ ÏÂÙ·Ù¸ÈÛÁÚ, u :
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A.2 ƒÈ·ÌıÛÏ·ÙÈÍ›Ú Ûˆ·ÈÒÈÍ›Ú ·ÒÏÔÌÈÍ›Ú

”ÙÔÈ˜ÂÈ˛‰ÂÈÚ Î˝ÛÂÈÚ le
onm, me

onm, ne
onm (‰ÂÚ ÍÂˆ‹Î·ÈÔ 1) ÙÁÚ ÂÎ·ÛÙÈÍfiÚ ÍıÏ·ÙÈÍfiÚ

ÂÓflÛ˘ÛÁÚ (≈Ó.1.13) ÛÂ Ûˆ·ÈÒÈÍ›Ú ÛıÌÙÂÙ·„Ï›ÌÂÚ (‰È·ÌıÛÏ·ÙÈÍ›Ú Ûˆ·ÈÒÈÍ›Ú ·ÒÏÔÌÈÍ›Ú):

le
onm�R� kl� �

1

kl

�

�r
Rn�klr�P

m
n �cos ��cos

sin m� r̂ �
1

klr
Rn�klr�

�

��
Pm
n �cos ��cos

sin m� �̂

�
�

m

klr sin �
Rn�klr�P

m
n �cos ��sincosm� �̂ (A.2)

me
onm�R� kt� � �

�
m

sin �
Rn�ktr�P

m
n �cos ��sincosm� �̂ � Rn�ktr�

�

��
Pm
n �cos ��cos

sin m� �̂(A.3)

ne
onm�R� kt� �

n�n � 1�

ktr
Rn�ktr�P

m
n �cos ��cos

sin m� r̂ �
1

ktr

�

�r
�rRn�ktr��

�

��
Pm
n �cos ��

cos
sin m� �̂�

�
m

ktr sin �

�

�r
�rRn�ktr��P

m
n �cos ��sincosm� �̂ (A.4)

Rn : ÛıÌ‹ÒÙÁÛÁ Bessel, Pm
n �cos �� : ÔÎı˛ÌıÏÔ Legendre.
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A.3 ‘·ÌıÛÙfiÚ Ù‹ÛÁÚ, �ij , ÛÂ Ûˆ·ÈÒÈÍ›Ú ÛıÌÙÂÙ·„Ï›ÌÂÚ

¡¸ Ù· ÛÙÔÈ˜Âfl· ÙÔı Ù·ÌıÛÙfi Ù‹ÛÁÚ ÂÍÂflÌ· Ù· ÔÔfl· ˜ÒÁÛÈÏÔÔÈÔ˝ÌÙ·È ÛÙÈÚ

ÛıÌÔÒÈ·Í›Ú ÛıÌËfiÍÂÚ „È· ÙÔÌ ÎfiÒÁ ÒÔÛ‰ÈÔÒÈÛÏ¸ ÙÔı Í˝Ï·ÙÔÚ ÛÙÔ Ò¸‚ÎÁÏ· ÙÁÚ

ÛÍ›‰·ÛÁÚ ·¸ Ïfl· Ûˆ·flÒ· ÂflÌ·È Ù· �rj ÏÂ j � r� �� �1. ”Â ¸ÙÈ ·ÍÔÎÔıËÂfl ·Ò·Ë›ÙÔıÏÂ

ÙÔ ·ÔÙ›ÎÂÛÏ· „È· Ù· �rj ¸Ù·Ì ÙÔ Â‰flÔ, u, ÂflÌ·È ›Ì· ·¸ Ù· ÛÙÔÈ˜ÂÈ˛‰Á ‰È·Ì˝ÛÏ·Ù·

len0
1
�R� kl�, mon0

1
�R� kt� Í·È len0

1
�R� kt� (Á ÙÈÏfi ÏÁ‰›Ì (›Ì·) ÙÔı ÙÒflÙÔı ‰ÂflÍÙÁ (m) Ù˘Ì

‰È·ÌıÛÏ·ÙÈÍ˛Ì Ûˆ·ÈÒÈÍ˛Ì ·ÒÏÔÌÈÍ˛Ì ·ÌÙÈÒÔÛ˘Â˝ÂÙ·È ·¸ ÙÁÌ ‹Ì˘ (Í‹Ù˘)

„Ò·ÏÏfi Ù˘Ì ÂÍˆÒ‹ÛÂ˘Ì Ù˘Ì �rj). œÔÈÔÛ‰fiÔÙÂ „Ò·ÏÏÈÍ¸Ú ÛıÌ‰ı·ÛÏ¸Ú Ù˘Ì

·Ò·‹Ì˘ ‰È·ÌıÛÏ‹Ù˘Ì Û·Ì u, Ô‰Á„Âfl ÛÙÔÌ fl‰ÈÔ „Ò·ÏÏÈÍ¸ ÛıÌ‰ı·ÛÏ¸ ÛÙÔÈ˜Âfl˘Ì

ÙÔı Ù·ÌıÛÙfi Ù‹ÛÁÚ. ‘· �rj ıÔÎÔ„flÊÔÌÙ·È ÏÂ ˜ÒfiÛÁ ÙÁÚ ÂÓflÛ˘ÛÁÚ ÔÒÈÛÏÔ˝ ÙÔı

Ù·ÌıÛÙfi Ù‹ÛÁÚ „È· ÈÛÔÙÒÔÈÍ‹ Ï›Û· (≈Ó.1.5) Í·È Ù˘Ì ÂÓÈÛ˛ÛÂ˘Ì ¡.1.

√È· u � len0
1
�R� kl�,

�rr � kl�2�R
��

n�klr�� 
Rn�klr��
Pn�cos��
P 1
n�cos�� cos�

(A.5)

�r� � 2�kl�
R

�

n�klr�

klr
� Rn�klr�

�klr�2
�
	Pn�cos ���	�
�	P 1

n�cos ���	�� cos�
(A.6)

�r� � �2�kl�
R

�

n�klr�

klr
� Rn�klr�

�klr�2
� 0�P 1

n�cos ��� sin �� sin � (A.7)

√È· u � mon0
1
�R� kt�,

�rr � 0 (A.8)

�r� � �kt�R
�

n�ktr��
Rn�ktr�

ktr
� 0�P 1

n�cos ��� sin �� cos� (A.9)

�r� � ��kt�R�

n�ktr��
Rn�ktr�

ktr
� 0�	P 1

n�cos ���	�� sin � (A.10)

√È· u � nen0
1
�R� kt�,

�rr � 2�ktn�n� 1��
R

�

n�ktr�

ktr
� Rn�ktr�

�ktr�2
�
	Pn�cos ���	�
P 1
n�cos �� cos�

(A.11)

�r� � �kt�R
��

n�ktr� � �n�n� 1�� 2�
Rn�ktr�

�ktr�2
�
	Pn�cos ���	�
�	P 1

n�cos���	�� cos�
(A.12)

�r� � ��kt�R��

n�ktr� � �n�n� 1�� 2�
Rn�ktr�

�ktr�2
� 0�P 1

n�cos ��� sin �� sin� (A.13)

”ÙÈÚ ·Ò·‹Ì˘ ÂÓÈÛ˛ÛÂÈÚ (¡.5-¡.13) Ù· 
 Í·È � ÂflÌ·È ÔÈ ÛÙ·ËÂÒ›Ú Lam�e ÂÌ˛ Ù· R
�

n

Í·È R
��

n ‰ÁÎ˛ÌÔıÌ ·ÌÙflÛÙÔÈ˜· ÙÁÌ Ò˛ÙÁ Í·È ‰Â˝ÙÂÒÁ ·Ò‹„˘„Ô ˘Ú ÒÔÚ ÙÔ ¸ÒÈÛÏ·

ÙÁÚ Rn.

1’ÂÌËıÏflÊÂÙ·È ¸ÙÈ Ô Ù·ÌıÛÙfiÚ Ù‹ÛÁÚ ÂflÌ·È ÛıÏÏÂÙÒÈÍ¸Ú.



B

”Í›‰·ÛÁ ·¸ ÏÈ· Ûˆ·flÒ· - ıÔÎÔ„ÈÛÏÔfl

B.1 –ÎfiÒÁÚ ÒÔÛ‰ÈÔÒÈÛÏ¸Ú ÙÔı Â‰flÔı

œ˘Ú ·Ì·ˆ›ÒËÁÍÂ ÛÙÔ ÍÂflÏÂÌÔ ÔÈ ÛıÌÙÂÎÂÛÙ›Ú Ôı ÂÏˆ·ÌflÊÔÌÙ·È ÛÙÈÚ ÂÍˆÒ‹ÛÂÈÚ

Ù¸ÛÔ ÙÔı ÛÍÂ‰·Ê¸ÏÂÌÔı Í˝Ï·ÙÔÚ ¸ÛÔ Í·È ÙÔı Í˝Ï·ÙÔÚ ÛÙÔ ÂÛ˘ÙÂÒÈÍ¸ ÙÁÚ Ûˆ·flÒ·Ú

ÛÙÔ Ò¸‚ÎÁÏ· ÙÁÚ ÛÍ›‰·ÛÁÚ ·¸ Ïfl· Ûˆ·flÒ· ıÔÎÔ„flÊÔÌÙ·È ·¸ Âˆ·ÒÏÔ„fi

Í·Ù‹ÎÎÁÎ˘Ì ÛıÌÔÒÈ·Í˛Ì ÛıÌËÁÍ˛Ì ÛÙÁÌ ÂÈˆ‹ÌÂÈ·. √È· Ò¸ÛÙ˘ÛÁ ‰È·ÏfiÍÔıÚ

Í˝Ï·ÙÔÚ ÙÁÚ ÏÔÒˆfiÚ Ôı ÂÒÈ„Ò‹ˆÂÙ·È ·¸ ÙÁÌ ÂÓflÛ˘ÛÁ 2.1, ÔÈ ÛıÌÔÒÈ·Í›Ú ·ıÙ›Ú

ÛıÌËfiÍÂÚ Ô‰Á„Ô˝Ì ÛÙÔ ·Ï›Û˘Ú Â¸ÏÂÌÔ „Ò·ÏÏÈÍ¸ Û˝ÛÙÁÏ· ·¸ ÙÁ Î˝ÛÁ ÙÔı ÔÔflÔı

ıÔÎÔ„flÊÔÌÙ·È ÔÈ Aen0, Cen0, Een0 Í·È Gen0 (‰ÂÚ ≈Ó.2.3 Í·È ≈Ó.2.4).

�
����
a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

�
����
�
����
Aen0

Cen0

Een0

Gen0

�
���� �

�
����
bl1
bl2
bl3
bl4

�
���� �B�1�

‘· aij Í·È bli (i� j � �1� 4�) ·Ì·ˆ›ÒÔÌÙ·È ÛÙÁ ÛıÌ›˜ÂÈ· ÙÔı ·Ò·ÒÙfiÏ·ÙÔÚ. « Ò˛ÙÁ

ÂÓflÛ˘ÛÁ ÙÔı ÛıÛÙfiÏ·ÙÔÚ B.1 (Á ÂÓflÛ˘ÛÁ Ôı ÒÔÍ˝ÙÂÈ ·¸ ÙÁÌ Ò˛ÙÁ „Ò·ÏÏfi ÙÔı

4x4 flÌ·Í· ÙÔı ·ÒÈÛÙÂÒÔ˝ Ï›ÎÔıÚ) ÒÔ›Ò˜ÂÙ·È ·¸ ··flÙÁÛÁ ÛıÌ›˜ÂÈ·Ú ÙÁÚ Í‹ËÂÙÁÚ

ÛÙÁÌ ÂÈˆ‹ÌÂÈ· ÙÁÚ Ûˆ·flÒ·Ú ÛıÌÈÛÙ˛Û·Ú ÙÁÚ ÏÂÙ·Ù¸ÈÛÁÚ, Á ‰Â˝ÙÂÒÁ ·¸ ··flÙÁÛÁ

ÛıÌ›˜ÂÈ·Ú ÙÁÚ Âˆ·ÙÔÏÂÌÈÍfiÚ ÛıÌÈÛÙ˛Û·Ú ÂÌ˛ Á ÙÒflÙÁ Í·È Á Ù›Ù·ÒÙÁ ·¸ ··flÙÁÛÁ

ÛıÌ›˜ÂÈ·Ú ÙÁÚ Í‹ËÂÙÁÚ ÍÈ Âˆ·ÙÔÏÂÌÈÍfiÚ ·ÌÙflÛÙÔÈ˜· ÛıÌÈÛÙ˛Û·Ú ÙÁÚ Ù‹ÛÁÚ.

√È· Ò¸ÛÙ˘ÛÁ Â„Í‹ÒÛÈÔı Í˝Ï·ÙÔÚ (ÙÁÚ ÏÔÒˆfiÚ Ôı ÂÒÈ„Ò‹ˆÂÙ·È ·¸ ÙÁÌ ÂÓflÛ˘ÛÁ

2.5) ÔÈ ÛıÌÔÒÈ·Í›Ú ÛıÌËfiÍÂÚ ·ÔÛıÌ‰›ÔıÌ ÙÔÌ ıÔÎÔ„ÈÛÏ¸ Ù˘Ì Bon1 Í·È Fon1 ·¸

Ù˘Ì ıÔÎÔ„ÈÛÏ¸ Ù˘Ì ı¸ÎÔÈ˘Ì ÛıÌÙÂÎÂÛÙ˛Ì. œÈ ÛıÌÙÂÎÂÛÙ›Ú Aen1, Bon1, Cen1, Een1

Fon1 Í·È Gen1 (‰ÂÚ ÂÓÈÛ˛ÛÂÈÚ 2.6 Í·È 2.7) Û' ·ıÙfi ÙÁÌ ÂÒflÙ˘ÛÁ ıÔÎÔ„flÊÔÌÙ·È ·¸

ÙÁ Î˝ÛÁ Ù˘Ì ÛıÛÙÁÏ‹Ù˘Ì

�
����
a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

�
����
�
����
Aen1

Cen1

Een1

Gen1

�
���� �

�
����
bt1
bt2
bt3
bt4

�
����

�
e11 e12

e21 e22

	 �
Bon1

Fon1

	
�

�
ct1
ct2

	

�B�2�

‘· aij , b
l
i, b

t
i, eij Í·È cti ‰fl‰ÔÌÙ·È ·¸

53



54 ¬. ” ≈ƒ¡”« ¡–œ Ã…¡ ”÷¡…—¡

a11 � h
�

n�Zlo� a21 � hn�Zlo��Zlo

a12 � n�n� 1�hn�Zto��Zto a22 � h
�

n�Zto� � hn�Zto��Zto

a13 � �j �

n�Zli� a23 � �jn�Zli��Zli

a14 � �n�n � 1�jn�Zti��Zti a24 � �j �

n�Zti�� jn�Zti��Zti

bl1 � �j
�

n�Zlo� bl2 � �jn�Zlo��Zlo

bt1 � �n�n� 1�jn�Zto��Zto bt2 � ��j
�

n�Zto� � jn�Zto��Zto�

�B�3�

a31 � Zlo�2�oh
��

n�Zlo�� 
ohn�Zlo��

a32 � 2n�n� 1��o�h
�

n�Zto�� hn�Zto��Zto�

a33 � �Zli�2�ij
��

n�jli�� 
ijn�Zli�� (B.4)

a34 � �2n�n� 1��i�j
�

n�Zti�� jn�Zti��Zti�

bl3 � �Zlo�2�oj
��

n�Zlo�� 
ojn�Zlo��

bt3 � 2�n�n� 1��o�j
�

n�Zto�� jn�Zto��Zto�

a41 � 2�o�h
�

n�Zlo�� hn�Zlo��Zlo�

a42 � �o�Ztoh
��

n�Zto� � �n� 1��n� 2�hn�Zto��Zto�

a43 � �2�i�j
�

n�Zli�� jn�Zli��Zli� (B.5)

a44 � ��i�Ztij
��

n�Zti� � �n� 1��n� 2�jn�Zti��Zti�

bl4 � 2��o�j
�

n�Zlo�� jn�Zlo��Zlo�

bt4 � ��o�Ztoj
��

n�Zto� � �n� 1��n� 2�jn�Zto��Zto�

e11 � hn�Zto� e21 � �o�Ztoh
�

n�Zto�� hn�Zto��

e12 � �jn�Zti� e22 � ��i�Ztij
�

n�Zti�� jn�Zti��

ct1 � �jn�Zto� ct2 � ��o�Ztoj
�

n�Zto�� jn�Zto��

�B�6�

”ÙÈÚ ·Ò·‹Ì˘ ÂÍˆÒ‹ÛÂÈÚ, Zlj � klja � �a�clj (j � i� o) Í·È Ztj � ktja � �a�ctj
ÏÂ cli� cti Ì· ‰ÁÎ˛ÌÔıÌ ·ÌÙflÛÙÔÈ˜· ÙÁÌ Ù·˜˝ÙÁÙ· ‰È‹‰ÔÛÁÚ ÙÁÚ ‰È·ÏfiÍÔıÚ Í·È ÙÁÚ

Â„Í‹ÒÛÈ·Ú ÛıÌÈÛÙ˛Û·Ú ÙÔı Í˝Ï·ÙÔÚ Ï›Û· ÛÙÁ Ûˆ·flÒ· Í·È clo� cto ÛÙÔ ÂÒÈ‚‹ÎÎÔÌ

Ï›ÛÔ. a ÂflÌ·È Á ·ÍÙflÌ· ÙÁÚ Ûˆ·flÒ·Ú Í·È jn, hn ÂflÌ·È ·ÌÙflÛÙÔÈ˜· Á Ûˆ·ÈÒÈÍfi

ÛıÌ‹ÒÙÁÛÁ Bessel Ò˛ÙÔı Âfl‰ÔıÚ Í·È Ûˆ·ÈÒÈÍfi Hankel ÂflÛÁÚ Ò˛ÙÔı Âfl‰ÔıÚ [24].

‘›ÎÔÚ, ‰˝Ô ˜ÒfiÛÈÏ· „È· ÙÁÌ ÂÓ·„˘„fi Ù˘Ì ÛıÛÙÁÏ‹Ù˘Ì B.1 Í·È B.2 ÔÎÔÍÎÁÒ˛Ï·Ù·

ÂflÌ·È Ù· [3]

Z 


0
�
dPm

n

d�

dPm
n�

d�
�
m2Pm

n Pm
n�

sin2 �
� sin�d� �

2

2n � 1

�n�m�!

�n�m�!
n�n � 1��nn�

Z 


0

d

d�
�Pm

n Pm
n� �d� � 0 (B.7)

ÏÂ Pm
n �cos �� : ÔÎı˛ÌıÏ· Legendre Í·È �nn� � 1 „È· n � n� Í·È 0 „È· n �� n�.
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B.2 –ıÍÌ¸ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú

”ÙÔ Ò¸‚ÎÁÏ· ÙÁÚ ÛÍ›‰·ÛÁÚ ÂflÂ‰Ôı Í˝Ï·ÙÔÚ ·¸ ÏÈ· Ûˆ·flÒ·, Ù¸ÛÔ ÛÙÁÌ

ÂÒflÙ˘ÛÁ ‰È·ÏfiÍÔıÚ ÒÔÛflÙÔÌÙÔÚ Í˝Ï·ÙÔÚ ¸ÛÔ Í·È ÛÙÁÌ ÂÒflÙ˘ÛÁ Â„Í‹ÒÛÈÔı, ÙÔ

Â‰flÔ, u, ÛÂ Í‹ËÂ ÂÒÈÔ˜fi ÙÔı ˜˛ÒÔı Í·È ÙÔ fl˜ÌÔÚ, usumii , ÙÔı Ù·ÌıÛÙfi ·Ò·Ï¸Òˆ˘ÛÁÚ

uij (¸˘Ú ÏÔÒÂfl Ì· ‰ÂÈ Í·ÌÂflÚ Â˝ÍÔÎ· ·ÌÙÈÍ·ËÈÛÙ˛ÌÙ·Ú ÛÙÔıÚ Ù˝ÔıÚ 2.2-2.7, A.5

Í·È ¡.11 ÙÈÚ ·ÌÙflÛÙÔÈ˜ÂÚ ÂÍˆÒ‹ÛÂÈÚ Ù˘Ì le
onm, me

onm Í·È ne
onm) ÏÔÒÔ˝Ì Ì· „Ò·ˆÔ˝Ì

Û·Ì1

ur�r� �
X
n

N�n� �nur�n�r�ðr�n���ýr�n��� (B.8)

u��r� �
X
n

N�n� �n�u
f1g
��n�r�ð

f1g
��n ��� � u

f2g
��n �r�ð

f2g
��n ����ý��n��� (B.9)

u��r� � �
X
n

N�n� �n�u
f1g
��n�r�ð

f2g
��n ��� � u

f2g
��n �r�ð

f1g
��n ����ý��n��� (B.10)

usumii �
X
i

uii�r� � �rr�
 � 1� � � 0� �
X
n

N�n� �nusumii�n �r�ðr�n���ýr�n���(B.11)

¸Ôı „È· ÒÔÛflÙÔÌ ‰È·ÏfiÍÂÚ Í˝Ï·, N�n� � �2n � 1�, ðr�n��� � Pn�cos ��,

ýr�n��� � 1, ð
f1g
��n ��� � �Pn�cos ����� � �P 1

n�cos ��, ð
f2g
��n ��� � 0, ý��n��� � 1,

ý��n��� � 0, u
f2g
��n � 0

ÂÌ˛ „È· ÒÔÛflÙÔÌ Â„Í‹ÒÛÈÔ, N�n� � �2n � 1��n�n � 1�, ðr�n��� � P 1
n�cos ��,

ýr�n��� � cos�, ð
f1g
��n ��� � �P 1

n�cos �����, ð
f2g
��n ��� � P 1

n�cos ��� sin�, ý��n��� � cos �,

ý��n��� � sin�.

œ˘Ú ÛıÊÁÙfiËÁÍÂ ÛÙÔ ÍÂˆ‹Î·ÈÔ 2 Á ıÍÌ¸ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú, ·flÒÌÔÌÙ·Ú Ï›ÛÁ ÙÈÏfi

˘Ú ÒÔÚ ˜Ò¸ÌÔ, ÏÔÒÂfl Ì· „Ò·ˆÂfl Û·Ì

� ≈�r� ��� ≈‘ � ≈V1
�≈V2

��
1

4
��2

X
i

uiu
�
i �

1

4


X
i

uiiu
�
ii �

1

2
�
X
i�j

uiju
�
ij �B�12�

”ıÏ‚ÔÎflÊÔÌÙ·Ú ÏÂ ~≈j (j � T� V1� V2) ÙÁ Ï›ÛÁ ÙÈÏfi ÙÔı � ≈j � ˘Ú ÒÔÚ ¸ÎÂÚ ÙÈÚ

‰ÈÂıË˝ÌÛÂÈÚ ( ~≈j � �1�4��
R
� ≈j � sin � d� d�), ÔÈ ÂÌ›Ò„ÂÈÂÚ ~≈T , ~≈V1

Í·È ~≈V2
Ù¸ÛÔ „È·

Ò¸ÛÙ˘ÛÁ ‰È·ÏfiÍÔıÚ Í˝Ï·ÙÔÚ ¸ÛÔ Í·È „È· Ò¸ÛÙ˘ÛÁ Â„Í‹ÒÛÈÔı ‰fl‰ÔÌÙ·È ·¸

~≈T � 	
1

4
��2

X
n

N�n��jur�nj2 � n�n � 1��juf1g��n j2 � juf2g��n j2�� (B.13)

~≈V1
� 	

1

4


X
n

N�n�jusumii�n j2 (B.14)

~≈V2
� 	

1

2
�
X
n

N�n��jurr�nj2 � 1

2r2
n�n� 1��n� 1��n� 2��juf1g��n j2 � juf2g��n j2�(B.15)

�
1

2
ju���nj2 � 2n�n� 1��juf1gr��nj2 � juf2gr��nj2��

1”ÙÔıÚ Ù˝ÔıÚ ·ıÙÔ˝ ÙÔı ·Ò·ÒÙfiÏ·ÙÔÚ ‰ÂÌ ËÂ˘ÒÔ˝ÏÂ ‹ËÒÔÈÛÁ ˘Ú ÒÔÚ ÙÔıÚ Â·Ì·Î·Ï‚·Ì¸ÏÂÌÔıÚ

‰ÂflÍÙÂÚ.
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¸Ôı 	 � 1 „È· ‰È·ÏfiÍÂÚ ÒÔÛflÙÔÌ Í·È 	 � 1�2 „È· Â„Í‹ÒÛÈÔ ÍÈ ÂflÛÁÚ

urr�n �
�ur�n
�r

u
f1g
r��n �

�u
f1g
��n

�r
� u

f1g
��n

r
�
ur�n
r

u
f2g
r��n �

�u
f2g
��n

�r
� u

f2g
��n

r
u���n � usumii�n � urr�n �B�16�



√

”Í›‰·ÛÁ ·¸ Û˝ÛÙÁÏ· ‰˝Ô ÔÏ¸ÍÂÌÙÒ˘Ì

Ûˆ·ÈÒ˛Ì

√.1 –Â‰flÔ - ≈ÌÂÒ„¸Ú ‰È·ÙÔÏfi ÛÍ›‰·ÛÁÚ

œ ıÔÎÔ„ÈÛÏ¸Ú ÙÁÚ ÛÍ›‰·ÛÁÚ ·¸ ›Ì· Û˝ÛÙÁÏ· ‰˝Ô ÔÏ¸ÍÂÌÙÒ˘Ì Ûˆ·ÈÒ˛Ì ¸˘Ú

ÂÍÂflÌÔ ÙÔı ·Ò·Í‹Ù˘ Û˜fiÏ·ÙÔÚ ·ÍÔÎÔıËÂfl ÙÁÌ fl‰È· ÔÒÂfl· ÏÂ ÙÔÌ ıÔÎÔ„ÈÛÏ¸ ÙÁÚ

ÛÍ›‰·ÛÁÚ ·¸ ÏÈ· ·Îfi Ûˆ·flÒ·. ¡ˆÂÙÁÒfl· ÂflÌ·È Ô ıÔÎÔ„ÈÛÏ¸Ú ÙÔı Â‰flÔı ·ÌÙÔ˝

ÛÙÔ ˜˛ÒÔ ÏÂ Âˆ·ÒÏÔ„fi Í·Ù‹ÎÎÁÎ˘Ì ÔÒÈ·Í˛Ì Í·È ÛıÌÔÒÈ·Í˛Ì ÛıÌËÁÍ˛Ì.

”˜. √.1 : ”ˆ·flÒ· ·ÍÙflÌ·Ú r2

Í·ÎıÏÏ›ÌÁ ÏÂ Ûˆ·ÈÒÈÍ¸ Í›ÎıˆÔÚ

·ÍÙflÌ·Ú r1 Ï›Û· ÛÂ ÔÏÔ„ÂÌ›Ú

Ï›ÛÔ (ÂÒÈÔ˜fi …). ‘· �, cl, ct

˜·Ò·ÍÙÁÒflÊÔıÌ ·ÌÙflÛÙÔÈ˜· ÙÁÌ

ıÍÌ¸ÙÁÙ· Í·È ÙÁ ‰È·ÏfiÍÁ ÍÈ

Â„Í‹ÒÛÈ· Ù·˜˝ÙÁÙ·.

t1

cl1

ct3 ρ3

cl3

ct2

c
ρ

l2

II

ρ2

1

c

r1
I

2

III
r

√È· ÒÔÛflÙÔÌ Ù¸ÛÔ ‰È·ÏfiÍÂÚ Í˝Ï· ¸ÛÔ Í·È Â„Í‹ÒÛÈÔ (ÔÎ˘Ï›ÌÔ ÛÙÔÌ �x ‹ÓÔÌ·)

Ôı ‰È·‰fl‰ÔÌÙ·È Í·Ù‹ ÙÔÌ ‹ÓÔÌ· �z ÙÔ Â‰flÔ ÛÙÁÌ ÂÒÈÔ˜fi … (›Ó˘ ·¸ ÙÈÚ Ûˆ·flÒÂÚ)

Í·È ÛÙÁÌ ÂÒÈÔ˜fi ……… (ÛÙÁÌ ÂÛ˘ÙÂÒÈÍfi Ûˆ·flÒ·) Ë· ‰fl‰ÂÙ·È ·¸ ÙÈÚ ·ÌÙflÛÙÔÈ˜ÂÚ

ÂÍˆÒ‹ÛÂÈÚ „È· ÙÔ Â‰flÔ Ï›Û· ÍÈ ›Ó˘ ·¸ ÙÁ Ûˆ·flÒ· ÛÙÔ Ò¸‚ÎÁÏ· ÙÁÚ ÛÍ›‰·ÛÁÚ

·¸ ÏÈ· Ï¸ÌÔ Ûˆ·flÒ· (ÏÂ Ù· ÍıÏ·Ù·Ì˝ÛÏ·Ù· Ì· ›˜ÔıÌ ·ÌÙÈÍ·Ù·ÛÙ·ËÂfl ·¸ Ù·

ÍıÏ·Ù·Ì˝ÛÏ·Ù· ÛÙ· ·ÌÙflÛÙÔÈ˜· ıÎÈÍ‹). ”ı„ÍÂÍÒÈÏ›Ì· „È· Ò¸ÛÙ˘ÛÁ ‰È·ÏfiÍÔıÚ

Í˝Ï·ÙÔÚ ÙÔ ÛÍÂ‰·Ê¸ÏÂÌÔ Í˝Ï· Ë· ‰fl‰ÂÙ·È ·¸ ÙÁÌ ›ÍˆÒ·ÛÁ

usc�r� �
�X
n�0

�n�2n� 1��Aen0len0�h� kl1� � Cen0nen0�h� kt1�� �√�1�

ÂÌ˛ ÙÔ Í˝Ï· ÛÙÁÌ ÂÛ˘ÙÂÒÈÍfi Ûˆ·flÒ· ·¸ ÙÁÌ

u………�r� �
�X
n�0

�n�2n� 1��Een0len0�j� kl3� � Gen0nen0�j� kt3�� �√�2�

¡Ì‹ÎÔ„·, „È· Ò¸ÛÙ˘ÛÁ Â„Í‹ÒÛÈÔı, ÙÔ ÛÍÂ‰·Ê¸ÏÂÌÔ Í·È ÙÔ Í˝Ï· ÛÙÁÌ ÂÛ˘ÙÂÒÈÍfi

Ûˆ·flÒ· Ë· ‰fl‰ÔÌÙ·È ·¸ ÙÈÚ ÂÍˆÒ‹ÛÂÈÚ

usc�r� �
�X
n�1

�n
2n� 1

n�n� 1�
�Aen1len1�h� kl1� � Bon1mon1�h� kt1� � Cen1nen1�h� kt1�� �√�3�
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u………�r� �
�X
n�1

�n
2n� 1

n�n� 1�
�Een1len1�j� kl3� � Fon1mon1�j� kt3� � Gen1nen1�j� kt3�� �√�4�

‘Ô Í˝Ï· ÛÙÁÌ ÂÒÈÔ˜fi …… (ÏÂÙ·Ó˝ Ù˘Ì ‰˝Ô Ûˆ·ÈÒ˛Ì) Ë· ÂflÌ·È ‹ËÒÔÈÛÏ· ÙÔı

Í˝Ï·ÙÔÚ Ôı Ë· ıfiÒ˜Â ·Ì ‰ÂÌ ıfiÒ˜Â Á ÂÛ˘ÙÂÒÈÍfi Ûˆ·flÒ· Í·È ÙÔı ÛÍÂ‰·Ê¸ÏÂÌÔı

·¸ ÙÁÌ ÂÈˆ‹ÌÂÈ· ·ÍÙflÌ·Ú r2 Í˝Ï·ÙÔÚ. ≈ÙÛÈ ÙÔ Â‰flÔ ÛÙÁÌ ÂÒÈÔ˜fi …… „È· ‰È·ÏfiÍÂÚ

ÒÔÛflÙÔÌ Í˝Ï· ÏÔÒÂfl Ì· „Ò·ˆÂfl Û·Ì

u……�r� �
�X
n�0

�n�2n� 1� � Hen0len0�j� kl2� � Jen0nen0�j� kt2� � Len0len0�h� kl2�

�Nen0nen0�h� kt2�� (√.5)

ÂÌ˛ „È· Â„Í‹ÒÛÈÔ ÒÔÛflÙÔÌ Û·Ì

u……�r� �
�X
n�0

�n
2n� 1

n�n� 1�
� Hen1len1�j� kl2� � Ion1mon1�j� kt2� � Jen1nen1�j� kt2� �

Len1len1�h� kl2� �Mon1mon1�h� kt2� �Nen1nen1�h� kt2�� (√.6)

”Â ¸ÎÂÚ ÙÈÚ ·Ò·‹Ì˘ Û˜›ÛÂÈÚ kli � ��cli Í·È kti � ��cti �i � 1� 2� 3�. œÈ

‰È·ÌıÛÏ·ÙÈÍ›Ú Ûˆ·ÈÒÈÍ›Ú ·ÒÏÔÌÈÍ›Ú l, m, n ÔÒflÊÔÌÙ·È ÛÙÔ ·Ò‹ÒÙÁÏ· ¡ ÂÌ˛

ÔÈ ÛıÌÙÂÎÂÛÙ›Ú Ôı ÙÈÚ ÔÎÎ·Î·ÛÈ‹ÊÔıÌ ıÔÎÔ„flÊÔÌÙ·È ·¸ Âˆ·ÒÏÔ„fi Ù˘Ì

ÛıÌÔÒÈ·Í˛Ì ÛıÌËÁÍ˛Ì 2.8 Í·È 2.9 ÛÙÈÚ ÂÈˆ‹ÌÂÈÂÚ ·ÍÙflÌ·Ú r1 Í·È r2.

≈ˆ·ÒÏ¸ÊÔÌÙ·Ú ÙÈÚ ÛıÌÔÒÈ·Í›Ú ÛıÌËfiÍÂÚ Í·Ù·Îfi„ÔıÏÂ „È· Ò¸ÛÙ˘ÛÁ ‰È·ÏfiÍÔıÚ

Í˝Ï·ÙÔÚ ÛÂ ›Ì· 8x8 „Ò·ÏÏÈÍ¸ Û˝ÛÙÁÏ· ÂÓÈÛ˛ÛÂ˘Ì ÙÁÚ ÏÔÒˆfiÚ

aijX
l
j � blj ÏÂ ~X l � �Aen0� Cen0� Hen0� Jen0� Len0� Nen0� Een0� Gen0� �√�7�

√È· Ò¸ÛÙ˘ÛÁ Â„Í‹ÒÛÈÔı Í·Ù·Îfi„ÔıÏÂ ÛÂ ›Ì· 8x8 ÍÈ ›Ì· 4x4 Û˝ÛÙÁÏ·. ¡¸ ÙÁ

Î˝ÛÁ ÙÔı Ò˛ÙÔı ıÔÎÔ„flÊÔÌÙ·È ÔÈ ÛıÌÙÂÎÂÛÙ›Ú Ôı ÔÎÎ·Î·ÛÈ‹ÊÔıÌ ÙÈÚ l Í·È n

‰È·ÌıÛÏ·ÙÈÍ›Ú Ûˆ·ÈÒÈÍ›Ú ·ÒÏÔÌÈÍ›Ú ÂÌ˛ ·¸ ÙÁ Î˝ÛÁ ÙÔı ‰Â˝ÙÂÒÔı ÔÈ ÛıÌÙÂÎÂÛÙ›Ú

Ôı ÔÎÎ·Î·ÛÈ‹ÊÔıÌ ÙÁÌ m. ‘Ô 8x8 Û˝ÛÙÁÏ· ÂflÌ·È ÙÁÚ ÏÔÒˆfiÚ

aijX
t
j � btj ÏÂ ~X t � �Aen1� Cen1� Hen1� Jen1� Len1� Nen1� Een1� Gen1� �√�8�

ÂÌ˛ ÙÔ 4x4 ÙÁÚ ÏÔÒˆfiÚ

eijY
t
j � ctj ÏÂ ~Y t � �Bon1� Ion1�Mon1� Fon1� �√�9�

‘Ô Û˝Ï‚ÔÎÔ ~ ÛÙÈÚ ·Ò·‹Ì˘ ÂÍˆÒ‹ÛÂÈÚ ‰ÁÎ˛ÌÂÈ ÙÔÌ ·Ì‹ÛÙÒÔˆÔ flÌ·Í·. œÈ

·Ì·ÎıÙÈÍ›Ú ÂÍˆÒ‹ÛÂÈÚ Ù˘Ì ÛÙÔÈ˜Âfl˘Ì aij , eij , b
l
j , b

t
j Í·È ctj ·Ì·ˆ›ÒÔÌÙ·È ÛÙÔ ÙÂÎÂıÙ·flÔ

Ï›ÒÔÚ ÙÔı ·Ò·ÒÙfiÏ·ÙÔÚ.

≈ÌÂÒ„¸Ú ‰È·ÙÔÏfi : « ÂÌÂÒ„¸Ú ‰È·ÙÔÏfi ÛÍ›‰·ÛÁÚ ıÔÎÔ„flÊÂÙ·È ÍÈ Â‰˛ ÏÂ ÙÔÌ fl‰ÈÔ

ÙÒ¸Ô ¸˘Ú ÛÙÔ Ò¸‚ÎÁÏ· ÙÁÚ ÛÍ›‰·ÛÁÚ ·¸ Ïfl· Ï¸ÌÔ Ûˆ·flÒ·. œÈ ÂÍˆÒ‹ÛÂÈÚ Ôı
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ÒÔÍ˝ÙÔıÌ ÂflÌ·È ·Ì‹ÎÔ„ÂÚ Ù˘Ì Ù˝˘Ì 2.13 Í·È 2.14. « ÙÂÎÈÍfi ›ÍˆÒ·ÛÁ „È· ÙÁÌ

ÂÌÂÒ„¸ ‰È·ÙÔÏfi, �l, ¸Ù·Ì ÙÔ ÒÔÛflÙÔÌ Í˝Ï· ÂflÌ·È ‰È·ÏfiÍÂÚ ÂflÌ·È Á

�̂l �
�l
�a2

�
�X
n�0

4�2n� 1��
jAen0j2
jZl11j2

� n�n � 1��
Zl11

Zt11

�
jCen0j2
jZt11j2

� �√�10�

ÏÂ Zl11 � kl1r1 Í·È Zt11 � kt1r1. √È· Â„Í‹ÒÛÈÔ ÒÔÛflÙÔÌ Á ·ÌÙflÛÙÔÈ˜Á ›ÍˆÒ·ÛÁ „È·

ÙÁÌ �t ÂflÌ·È Á

�̂t �
�t
�a2

�
�X
n�1

2�2n� 1��
1

n�n� 1�
�
Zt11

Zl11

�
jAen1j2
jZl11j2 �

jBon1j2
jZt11j2 �

jCen1j2
jZt11j2 � �√�11�

√.2 ≈Ì›Ò„ÂÈ·

œ˘Ú Â˝ÍÔÎ· ·Ò·ÙÁÒÂfl Í·ÌÂflÚ ÙÔ Â‰flÔ, u, ÛÂ Í‹ËÂ ÂÒÈÔ˜fi ÙÔı ˜˛ÒÔı ›˜ÂÈ ÙÁÌ fl‰È·

ÏÔÒˆfi ÏÂ ÂÍÂflÌÁ Ôı ÂÒÈ„Ò‹ˆÂÙ·È ÛÙÈÚ ÂÍˆÒ‹ÛÂÈÚ B.8-B.11 ÙÔı ·Ò·ÒÙfiÏ·ÙÔÚ ¬.

‘Ô „Â„ÔÌ¸Ú ·ıÙ¸ ‰flÌÂÈ Û·Ì ÔÎÈÍfi ıÍÌ¸ÙÁÙ· ÂÌ›Ò„ÂÈ·Ú ÙÔ ‹ËÒÔÈÛÏ· Ù˘Ì ÂÍˆÒ‹ÛÂ˘Ì

B.13, B.14 Í·È B.16 ÙÔı fl‰ÈÔı ·Ò·ÒÙfiÏ·ÙÔÚ (¬).

√.3 ¡Ì·ÎıÙÈÍ¸Ú ıÔÎÔ„ÈÛÏ¸Ú ÙÔı Â‰flÔı

”ÙÔ ÙÂÎÂıÙ·flÔ ·ıÙ¸ Ï›ÒÔÚ ÙÔı ·Ò·ÒÙfiÏ·ÙÔÚ ·Ì·ˆ›ÒÔÌÙ·È ÔÈ ·Ì·ÎıÙÈÍ›Ú ÂÍˆÒ‹ÛÂÈÚ

Ù˘Ì aij , eij , b
l
j , b

t
j Í·È ctj ¸˘Ú ÒÔÍ˝ÙÔıÌ ·¸ Âˆ·ÒÏÔ„fi Ù˘Ì ÛıÌÔÒÈ·Í˛Ì ÛıÌËÁÍ˛Ì

ÛÙÈÚ ÂÈˆ‹ÌÂÈÂÚ ·ÍÙflÌ·Ú r1 Í·È r2.

a11 � h
�

n�Zl11� a21 � hn�Zl11��Zl11

a12 � n�n� 1�hn�Zt11��Zt11 a22 � h
�

n�Zt11� � hn�Zt11��Zt11

a13 � �j �

n�Zl21� a23 � �jn�Zl21��Zl21

a14 � �n�n � 1�jn�Zt21��Zt21 a24 � �j �

n�Zt21�� jn�Zt21��Zt21

a15 � �h�

n�Zl21� a25 � �hn�Zl21��Zl21

a16 � �n�n � 1�hn�Zt21��Zt21 a26 � �h�

n�Zt21�� hn�Zt21��Zt21

a17 � 0 a27 � 0

a18 � 0 a28 � 0

bl1 � �j
�

n�Zl11� bl2 � �jn�Zl11��Zl11

bt1 � �n�n� 1�jn�Zt11��Zt11 bt2 � ��j
�

n�Zt11� � jn�Zt11��Zt11�

�√�12�

a31 � Zl11�2�1h
��

n�Zl11�� 
1hn�Zl11��

a32 � 2n�n� 1��1�h
�

n�Zt11�� hn�Zt11��Zt11�

a33 � �Zl21�2�2j
��

n�Zl21�� 
2jn�Zl21��

a34 � �2n�n� 1��2�j
�

n�Zt21�� jn�Zt21��Zt21�

a35 � �Zl21�2�2h
��

n�hl21�� 
2hn�Zl21�� (√.13)

a36 � �2n�n� 1��2�h
�

n�Zt21�� hn�Zt21��Zt21�

a37 � 0
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a38 � 0

bl3 � �Zl11�2�1j
��

n�Zl11�� 
1jn�Zl11��

bt3 � 2�n�n� 1��1�j
�

n�Zt11�� jn�Zt11��Zt11�

a41 � 2�1�h
�

n�Zl11�� hn�Zl11��Zl11�

a42 � �1�Zt11h
��

n�Zt11� � �n� 1��n� 2�hn�Zt11��Zt11�

a43 � �2�2�j
�

n�Zl21�� jn�Zl21��Zl21�

a44 � ��2�Zt21j
��

n�Zt21� � �n� 1��n� 2�jn�Zt21��Zt21�

a45 � �2�2�h
�

n�Zl21�� hn�Zl21��Zl21� (√.14)

a46 � ��2�Zt21h
��

n�Zt21� � �n� 1��n� 2�jn�Zt21��Zt21�

a47 � 0

a48 � 0

bl4 � 2��1�j
�

n�Zl11�� jn�Zl11��Zl11�

bt4 � ��1�Zt11j
��

n�Zt11� � �n� 1��n� 2�jn�Zt11��Zt11�

a51 � 0 a61 � 0

a52 � 0 a62 � 0

a53 � j
�

n�Zl22� a63 � jn�Zl22��Zl22

a54 � n�n � 1�jn�Zt22��Zt22 a64 � j
�

n�Zt22� � jn�Zt22��Zt22

a55 � h
�

n�Zl22� a65 � hn�Zl22��Zl22

a56 � n�n � 1�hn�Zt22��Zt22 a66 � h
�

n�Zt22� � hn�Zt22��Zt22

a57 � �j �

n�Zl32� a67 � �jn�Zl32��Zl32

a58 � �n�n � 1�jn�Zt32��Zt32 a68 � ��j �

n�Zt32� � jn�Zt32��Zt32�
bl5 � 0 bl6 � 0

bt5 � 0 bt6 � 0

�√�15�

a71 � 0

a72 � 0

a73 � Zl22�2�2j
��

n�Zl22�� 
2jn�Zl21��

a74 � 2n�n� 1��2�j
�

n�Zt22�� jn�Zt22��Zt22�

a75 � Zl22�2�2h
��

n�Zl22�� 
2hn�Zl22�� (√.16)

a76 � 2n�n� 1��2�h
�

n�Zt22�� hn�Zt22��Zt22�

a77 � �Zl32�2�3j
��

n�Zl32�� 
3jn�Zl32��

a78 � �2n�n � 1��3�j
�

n�Zt32�� jn�Zt32��Zt32�

bl7 � 0

bt7 � 0

a81 � 0

a82 � 0
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a83 � 2�2�j
�

n�Zl22�� jn�Zl22��Zl22�

a84 � �2�Zt22j
��

n�Zt22� � �n� 1��n� 2�jn�Zt22��Zt22�

a85 � 2�2�h
�

n�Zl22�� hn�Zl22��Zl22� (√.17)

a86 � �2�Zt22h
��

n�Zt22� � �n� 1��n� 2�jn�Zt22��Zt22�

a87 � �2�3�j
�

n�Zl32�� jn�Zl32��Zl32�

a88 � ��3�Zt32j
��

n�Zt32� � �n� 1��n� 2�jn�Zt32��Zt32�

bl8 � 0

bt8 � 0

e11 � hn�Zt11� e21 � �1�Zt11h
�

n�Zt11�� hn�Zt11��

e12 � �jn�Zt21� e22 � ��2�Zt21j
�

n�Zt21�� jn�Zt21��

e13 � �hn�Zt21� e23 � ��2�Zt21h
�

n�Zt21�� hn�Zt21��
e14 � 0 e24 � 0

ct1 � �jn�Zt11� ct2 � ��1�Zt11j
�

n�Zt11�� jn�Zt11��

�√�18�

e31 � 0 e41 � 0

e32 � jn�Zt22� e42 � �2�Zt22j
�

n�Zt22�� jn�Zt22��

e33 � hn�Zt22� e43 � �2�Zt22h
�

n�Zt22�� hn�Zt22��

e34 � �jn�Zt32� e44 � ��3�Zt32j
�

n�Zt32�� jn�Zt32��
ct3 � 0 ct4 � 0

�√�19�

”ÙÈÚ ·Ò·‹Ì˘ ÂÍˆÒ‹ÛÂÈÚ Zlij � klirj , Ztij � ktirj �i � 1� 2� 3�� �j � 1� 2� Í·È

� �
p�1. œÈ 
 �� ��c2l � 2c2t��, � �� �c2t� ÂflÌ·È ÔÈ ÛÙ·ËÂÒ›Ú Lam�e ÂÌ˛ ÔÈ ‰ÂflÍÙÂÚ 1, 2,

3 ÛÙ· ÍıÏ·Ù·Ì˝ÛÏ·Ù· Í·È ÛÙÈÚ ÛÙ·ËÂÒ›Ú Lam�e ˜·Ò·ÍÙÁÒflÊÔıÌ ÙÈÚ ÂÒÈÔ˜›Ú …, …… Í·È

……… ·ÌÙflÛÙÔÈ˜· ÙÔı Û˜fiÏ·ÙÔÚ √.1.
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Interpretation of the Band Structure Results for Elastic and Acoustic Waves
by Analogy with the LCAO Approach

M� Kafesaki and E� N� Economou
Research Center of Crete� FORTH� P�O� Box ����� ����� Heraklio� Crete� Greece

and Department of Physics� University of Crete�

The band structure results for elastic and acoustic waves propagating in a composite
�consisting of periodically placed spheres in a host material� are analyzed by employing
the frequency dependence of the scattering cross�section from a single sphere� Two lim�
iting modes of propagation can be visualized� According to the �rst the wave propagates
mainly through the host material� according to the second the wave hops coherently from
a sphere to its neighbors using the resonances in the single sphere scattering cross�section�
This second mode is the analog of the linear combination of atomic orbitals �LCAO� in
electronic propagation� with the atomic orbitals replaced by the resonances�

PACS no � �������Kf � �	����
d

I� INTRODUCTION

There is a growing interest in recent years for the propagation of classical waves��� �CW� such as
electromagnetic���� �EM� � acoustic����� �AC� in 
uids� and elastic����� �EL� in solids� in composite
materials either periodic or random� The interest for CW in periodic materials� is mainly connected to
the question of the existence or not of spectral gaps �stop bands�� This same question applied to the
electron waves� constitutes the heart of solid state physics and has been studied extensively over the last
sixty��ve years�

However� CW propagating in composites� where each component allows free propagation� present
novel aspects not encountered in electron waves� i� The classical wave equation� r��
����c��r��� � ��
is equivalent with Shr�odinger�s equation� r�� 
 	�E � V �r��� � �� if and only if� the corresponding
electronic energy� E� is higher than the maximum value of the potential V �r�� In that energy region
localization of the electrons �for random systems� or spectral gaps �for periodic systems� do not appear
easily� although systematic examination of the problem has not been done �at least for the random case��
ii� The vector character of EM and EL waves plays an important and novel role in connection with the
question of spectral gaps iii� The spatial variation of the mass density entering the equations for AC and
EL waves� modi�es the wave equation in a non�trivial way introducing the possibility of novel behavior
such as the exclusion of the wave from one of the two components of the binary by allowing the density
ratio to be much larger or much smaller than unity �while the velocity ratio remains �xed�� The interest
in spectral gaps for CW stems from the possibility of tailoring the EM� AC and EL spectrum and thus
possibly repeating with photons or even phonons some of the wonderful things we did with electrons in
semiconductors�

CW possess also many advantages over electron waves for the study of their propagation in random
media and especially for checking experimentally the disorder induced transition from propagating to
localized eigenstates� Such a transition although very important for the transport properties of many
materials� cannot be studied experimentally in an unambiguous way for electron waves because of the
di�culty of �xing the electronic energy and because of the interactions among electrons and phonons�
In contrast� for CW� the frequency can be chosen accurately and easily and the complications due
to interactions are absent �at least for weak �elds�� However� one has to overcome the di�culty of
constructing composites sustaining localized CW�

The solution of this last problem was greatly facilitated by the suggestion by John and Rangarajan�

and by Economou and Zdetsis� that the existence of a band of localized eigenstates in a random system is
directly related with the existence of spectral gaps in a periodic system since both are due to destructive
interference of multiple scattered waves� Indeed� by gradually disordering a periodic system possessing
gaps� we create tails of localized eigenstates within the gap� This was the main reason for the initial
revival of interest in CW propagating within periodic media�
Scalar waves were the �rst to be studied����� It was found��������� that the main parameters determining

the appearance or not of band gaps and of bands of localized eigenstates were the volume fraction of one
of the components of the binary composite structure and the ratio of velocities of propagation in each
component of the system� Indeed� the velocity of propagation ratio between the two components of the
composite medium must exceed a certain threshold value and the volume fraction of the low velocity

�



component must be in a certain range which depends on the topology and the geometry of the composite
structure for gaps to appear�

Other factors such as the topology �whether the low velocity component consists of isolated inclusions
� cermet topology � or forms a continuous network � network topology�� the lattice structure and other
geometrical characteristics were found to play a role too�
Led by the pioneer experiment of Yablonovitch and Gmitter�� attention was directed to the possible

existence of gaps in the propagation of EM waves in periodic composite structures �where one of the
components may be just air�� Although the conditions for gaps in the EM case were more severe than
those in the scalar case� structures were found computationally��� and constructed experimentally �see
e�g� the article by E� Yablonovitch in ref� ���� exhibiting gaps up to the ���� Hz range��� The coupling
between the two components of the EM wave� through a term involving r�E� seems�� to be responsible
for some notable di�erences from the scalar case such as the preference for the network topology�
Acoustic �ACW� and elastic waves �ELW� attracted attention in connection with the gap or localization

possibility����� not only because of their many application but for their rich physics as well� The latter
stems from the enormous variety of easily constructed structures� the appearance of a term proportional
to r�r � u �where u is the acoustic �eld displacement and � is the mass density� and the full vector
character of the elastic case with various velocity ratio between the longitudinal and the transverse
components� The wealth of computational����������� and experimental�������	 data which have been
accumulated regarding the midgap frequency� the size of the gap and its dependence on the various
parameters need further physical interpretations�

For all types of CW it has been found that�
i� The material corresponding to low propagation velocity embedded in a high propagation velocity

matrix is a more e�cient scatterer than the inverse arrangement� everything else being the same� This
is not surprising since low propagation velocity corresponds to negative potential in the electronic case�
It is well known �in the electronic case� that a negative scattering potential may exhibit strong peaks
�resonances� in the scattering cross�section�

ii� The higher the velocity ratio between the two components of the composite� the more favorable the
condition for gaps �although saturation appears for very high values of this ratio��
iii� The volume fraction occupied by the low velocity component must be in certain range for gaps to

exist� For AC and EL waves� in three dimensional structures� this range is usually around the ��� to
	�� mark �although higher values have been observed�	�� while for EM higher values up to ��� have
been found� The higher the ratio �ga�c the higher the favorable volume fraction tends to be ��g is the
midgap frequency� a is the sphere radius� and c is the wave velocity��
iv� AC and EL waves seem to prefer in most cases the cermet topology while the network topology

gives better results for EM waves�
v� For AC and EL waves besides the velocity contrast� the density contrast is very important� However�

for AC waves low density scatterers �i�e� low density inclusions in high density matrix� is favoring gaps�
while for EL waves high density inclusions in a low density matrix is the preferable set�up�
vi� For EL waves the ratio of longitudinal to transverse velocities �cl�cs� in each component is another

parameter� usually the smaller this ratio the better for gap creation although the dependence on this
parameter in some cases appears more complicated and less clear�

Considerable success in understanding the above results for simple scalar classical waves �corresponding
to ACW and constant density� was achieved by considering a plane wave scattered by a single inclusion
and by connecting the strong resonances in this scattering cross�section with the appearance of gaps�
In this way the position as well as the size of the gap can be estimated���� by the position and the
magnitude of the �rst few strong resonances which occur when half the wave length within the inclusion
medium is comparable to an integer times its linear size� By considering also the condition for Bragg
interference of these strongly scattered waves� one obtains a rough estimate of the optimum volume
fraction� Similar analysis was used to interpret the appearance and the size of the gaps for EM wave
propagation�� although the connection is more complicated probably because of the vector character of
the EM waves�

In the present paper we attempt the same approach of connecting the multiple scattering induced
gaps with strong resonances in the single scattering cross�section for AC and EL waves� For this purpose
we calculate the scattering cross�section for a plane ACW and ELW scattered by a single spherical
inclusion� We compare the features of this cross�section with previous band structure results����� in
periodic composites� checking thus the connection between the two and possibly interpreting the existing
results� especially the puzzling observation of the mass density contrast in 
uids and in solids�

II� MODEL AND METHODS OF CALCULATION

	



As was mentioned above� the main part of the present work is the calculation of the scattering cross�
sections by a single spherical inclusion and their possible connection with spectral gaps in periodic
composites�

This calculation was �rst done by Yiang and Truell�	��
� Also G� Gaunaurd and H� Uberall����� �see
also ref��	� have worked extensively on the scattering from a single spherical inclusion�

Here� we calculate this cross�section following mainly Straton�s�� notation and formulae� We apply
these formulae� among other systems� to combination of matrix�scatterer for which band structure results
in composites are available��������������� In Appendix B we write explicitly the rather complicated
formulae for the cross�section for completeness �and because of a few misprints in the existing literature
regarding these formulae��
We shall present the analytical results for the case where the two materials �matrix � inclusion� are

solids� Liquids� in computational work� can be treated as solids with shear wave velocity almost equal
to zero�

We consider two types of incident wave propagating in the �z � direction and incident on the surface of
the sphere�
a� a longitudinal plane wave �L� scattering��
b� a shear �transverse� plane wave polarized in the �x�direction �S�scattering��
For the calculation of the scattering cross�section which is de�ned as the scattered energy 
ux to the

incident energy 
ux per unit area� the knowledge of the scattered wave and the wave inside the sphere
is necessary� The above waves result from partial solutions of the elastic wave equation with application
of proper boundary conditions on the surface of the sphere�

Assuming a time dependence of the form e���t� the time independent elastic wave equation in a
homogeneous medium can be written as�

�� 
 	��r�r � u�� �r�r � u
 ���u � � �	���

where u is the displacement vector� � the mass density and �� � the so called Lam�e coe�cients of the
medium���

This equation gives rise to uncoupled longitudinal and shear waves with velocities cl �
p
�� 
 	����

and cs �
p
��� respectively� These waves are mixed through the scattering process�

The solution of �	��� in spherical coordinates can be reduced to the solution of three scalar Helmholtz
equations �see Straton��� p���	��	�� and has the following general form�

u � l
m
 n �	�	�

where l�m�n are three independent vector solutions of �	���� Each of them is obtained as a linear
combination of vectors le

o
nm� me

o
nm� ne

o
nm �see Appendix A� each one of which comes from a solution of

the scalar Helmholtz equation �see Straton����
In the following discussion the subscript �o� �out� in the velocities �c�� wave vectors �k�� and Z�s �see

below� is refered to the medium of the matrix and the subscript �i� �in� to the medium of the scatterer�
In the vector spherical harmonics l� m� n� and the constants which appeared in the formulae for the
cross�sections �A�B��� the subscripts �e�� �o� mean even and odd respectively �note the double use of
�o���
In case �a� we consider a plane longitudinal incident wave of the form�

u
inc�r� � e��klor��z� klo � ��clo� �	���

propagating in the �z�direction �klo � klo�z��
This involves the m��� even l components only and can be written as�

u
inc �

�X
n
�

��	n����	n
 ��len��j� klo� �	���

The scattered wave and the wave inside the sphere result from the solution of �	��� in each region and
the boundary conditions on the surface of the sphere �see Appendix A� and have the form�

u
sc �

�X
n
�

	n�	n
 ���Aen�len��h� klo� 
Cen�nen��h� kso�� �	���

and

u
in �

�X
n
�

	n�	n
 ���Een�len��j� kli� 
Gen�nen��j� ksi�� �	���

The coe�cients Aen�� Cen�� are determined in Appendix B� The symbols in the parentheses of l� n
�or m� denote the kind of Bessel function the �rst� and the wavevector the second which contained in

�



the de�nition of l� n �or m�� h� the spherical Hankel function of the �rst kind� j� the spherical Bessel
function and kso � ��cso� kli � ��cli� ksi � ��csi�
The dimensionless scattering cross�section ��
l� for the case of eq��	��� is given by�

�
l �

l
�a�

�
�X
n
�

��	n
 ���
jAen�j�
jZloj� 
 n�n
 ���

Zlo

Zso

�
jCen�j�
jZsoj� � �

�X
n
�


l�n�

�a�
�	� �

where a is the radius of the sphere� Zlo � kloa and Zso � ksoa � ���cso�a� 
l�n� are the partial
scattering cross�sections for each mode �n�� Each of them� as can be seen from the above formula� is a
sum of two terms� the �rst arises from the longitudinal and the second from the shear scattered wave�
For the derivation of �
l see Appendix A�
In case �b� we consider a shear �x � polarized incident wave of the form�

u
inc�r� � e��ksor��x �

�X
n
�

	n
	n
 �

n�n
 ��
�mon��j� kso�� 	nen��j� kso�� �	�!�

propagating in the �z�direction �kso � kso�z��
In this case the scattered wave is�

u
sc �

�X
n
�

	n
	n
 �

n�n
 ��
�Aen�len��h� klo� 
Bon�mon��h� kso� 
 Cen�nen��h� kso�� �	���

the wave inside the sphere is�

u
in �

�X
n
�

	n
	n
 �

n�n
 ��
�Een�len��j� kli� 
 Fon�mon��j� ksi� 
 Gen�nen��j� ksi�� �	����

and the dimensionless S�scattering cross�section ��
s� is given by �see Appendix A��

�
s �

s
�a�

�
�X
n
�

	�	n
 ���
�

n�n
 ��
�
Zso

Zlo

�
jAen�j�
jZloj� 


jBon�j�
jZsoj� 


jCen�j�
jZsoj� �

�
�X
n
�


s�n�

�a�
�	����

Aen�� Bon�� Cen�� are also determined in Appendix B� In the case of S�scattering� each partial cross�
section �
s�n�� is a sum of three terms� The �rst one is the contribution of the longitudinal scattered
wave and the second and third the contribution of the transverse m and n scattered waves respectively�

The in�nite sums appearing in the de�nition of �
l� �
s� in all of our calculations have been approximated
with �nite sums �by using a truncation criterion� containing� at most� �� terms� For small frequencies
�Zl� Zs � ��� in most of the cases� three or four terms are able to give satisfactory accuracy� In all cases
the relative truncation error is less than �����

III� RESULTS AND DISCUSSION

As was mentioned earlier� a systematic examination of the elastic wave propagation through various
periodic lattices each one consisting of scatterers periodically embedded in a homogeneous matrix � with
emphasis in the case of spherical scatterers � has been done and the optimal conditions for gap creation
have been extensively studied���������

Here� we try to connect the appearance of a gap and other characteristics of the band structure in a
periodic system consisting of spherical inclusions in an homogeneous matrix with the form of the cross�
section from a single inclusion� This connection determines to what extent single sphere scattering is an
important factor in determining some characteristic features in the band structure and how it can be
used to predict the possible existence of gaps�
For this reason we calculated the cross�section from a single scatterer and examined its dependence

on�
i� the velocity contrast of the two materials �sphere and matrix��
ii� the ratio of longitudinal to shear wave velocity in each of them�
iii� the density contrast of the two materials for both the liquid and the solid case�
We compared this dependence with the aforementioned dependence of some features of the band

structure on the same parameters and we connected the position of the resonances with 
at bands and
possibly with gap positions�

The central idea is to check whether the approach of linear combination of atomic�like orbitals �LCAO
or tight binding method�� which is so fruitful for analyzing the electronic band structure in crystalline

�



solids� can be extended to the case of CW propagating in periodic composite media� Cross�section
resonances in the CW case are expected to be the analogs of the atomic like orbitals in the electronic
case�

In attempting this extension of the LCAO approach to CW� one should keep in mind some important
di�erences between the two cases� �i� Resonances are not true eigenstates� rigorously localized inside and
around each scatterer as the atomic�like orbitals� actually� as will be discussed later on� there are some
broad �resonances� associated with a depletion of energy distribution within the scattering sphere� �ii�
Because of the vector character of EL waves there is much higher degeneracy or near degeneracy than in
the electronic case �e�g� the n � � resonant modes corresponding to the three p orbitals in the electronic
case are now in general nine�� as a result the problem of possible hybridization of the resonances is much
more complicated in the EL wave case� �iii� Because �� corresponds to the case where the electronic
energy is higher than the maximum of the potential� there is an additional �besides the hopping from
resonances of one sphere to resonances of neighboring spheres� mode of propagation employing mainly
�or at least on equal basis� the host material� It means that resonant states for CW are states embedded
in the continuum� this is a novel aspect of the problem not encountered in the electronic case� �iv�
Another novel aspect of the EL �and AC� case is associated with the role of the mass density contrast
between host and scatterer which seems to be equally important as the velocity contrast�

In Fig�� we show the dimensionless total scattering cross�sections �
l �a� and �
s �b� for longitudinal
and shear incident wave respectively �L� and S�scattering�� The parameters are as follows� �o��i � ��
cl�cs �

p
	 ��extreme� solids both in and out� and clo�cli � ���!� The number next or above each

resonance denote the partial wave the scattering of which causes the appearance of the corresponding
resonance �note that in the shear incident wave the n � � mode does not exist�� The height of the
very narrow resonances �presented as a single vertical line� may be larger than shown in the �gures
throughout the present work� because our �nite mesh points do not always coincide with the maximum
for such sharp peaks�

In the case of Fig�� the �rst resonance �appearing in kloa � ����� arises from the n � � mode� We
found that this happens in all cases of materials with small cl�cs ratio which we have examined� Another
common characteristic of these materials ��hard� solids� is that the higher contribution in all resonances
is due to the shear scattered wave�

It is also noticeable that in Fig�� and in all other cases examined� the position of the resonances in
the L�scattering case �with the exception of the n � � resonances� coincides with the position of the
l and n resonances in the S�scattering� See for example that the �rst and third resonance in Fig��b�
which are both due to the l and n scattered waves� coincide in position with the �rst and second �at
kloa � ����� resonance respectively of Fig��a� In the S�scattering� there are additional� in most of the
cases very narrow peaks� corresponding to the m scattered wave� see the second �at kloa � ��� �� fourth�
and seventh resonances in Fig��b� We shall comment on these sharp resonances later on�
The matrix � spherical inclusions combination shown in Fig�� has been studied�� for various periodic

lattice structures� sc with inclusion volume fraction x � ������ bcc with x � ������ fcc with x � ����� and
simple hexagonal with c�a

�

� ��� and x � ����� �a
�

is the lattice constant to be distinguished from the
sphere radius a used throughout in the present work�� In all these cases a narrow gap appears at midgap
frequency �g such that kloga � �ga�clo � ���� for all lattices� The position of the midgap frequency
is denoted by a double arrow in Fig��� Furthermore� the EL wave band structure exhibits�� 
at bands
corresponding to rather sharp peaks in the density of states �DOS�� their positions are denoted by single
arrows in Fig��� It must be stressed that these 
at bands appear at kloa � �a�clo � ���	������ ���������
and ����� ����� independently of the lattice structure� This� strongly suggests that the positions of the

at bands are not in
uenced appreciably by multiple scattering and are mainly dependent on the single
scattering resonances� Indeed� this seems to be the case as evidenced by the close correlation of the
arrows with the resonances in the scattering cross�sections� It is worthwhile to note that the �rst 
at
band is above the �rst resonance �by a non�negligible margin� while the second is just below the second
resonance �Fig��b�� the third 
at band is again above the third resonance �although the margin is now
smaller�� The gap lies between the �rst and the second resonance� Let us mention that one should
not expect an exact coincidence between 
at bands and resonances because of �level� repulsion and
hybridization�

As it was noticed above� in the S�scattering� there are some extremely sharp peaks in the cross�section
�see Fig��b�� Sharp peaks correspond to very long life times� i�e� extremely low radiation which in turn
means very weak scattering �eld �relative to the �eld inside the sphere�� On the basis of this argument�
to be substantiated later on� one expects that very sharp peaks in the single scattering cross�section may
not in
uence appreciably the band structure�

�



In Fig�	 we plot the total cross�section for incident longitudinal wave and for gold sphere in silicon
matrix �a� or lead sphere in silicon matrix �b� or lead sphere in beryllium matrix �c�� The cross�sections
for shear incident wave are shown in Fig���

The general features of these cross�sections follow what have been mentioned in the description of Fig��
�see for example the extra narrow peaks in the S�scattering cross�section�� Also� here� next or above
each resonance appear in some cases more than one indices� This denotes coincidence in the resonances
of two or more modes�
The band structure of all combinations of Figs 	� � for fcc lattice �with the volume fraction of the

spheres being just below ���� has been calculated�
 and the results for the 
at bands �arrows� and the
gap �double arrow� are indicated in these �gures �Figs 	� ��� Again we observe a correlation between the
resonances and the 
at bands although a 
at band in the Pb"Be combination �Fig�	c��c� appearing in
the middle of the gap does not seem to be related with a resonance�

In all cases shown in Figs 	 and � the �rst 
at band is located above the �rst resonance and the second
below the second resonance �if we ignore the sharp resonances appearing in the shear case�� The gap lies
between the �rst and the second resonance�
In Fig�� we plot the trajectory of the �rst few 
at bands and the two midgaps vs volume fraction of the

spheres for an fcc lattice consisting of lead spheres �� � ����� g�cm�� cl � 	���! km�s cs � ��!�� km�s�
embedded in epoxy �� � ���!� g�cm�� cl � 	���� km�s cs � ����� km�s�� in the same picture we indicate
the position of the �rst four resonances� We see that the dependence on the volume fraction� x� occupied
by the spheres is weak for ��	 � x � ��� with a downwards tendency for smaller values of x� For very
small values of x the gap disappears while the 
at bands tend to coincide with the resonances� The
weak dependence on x at intermediate volume fractions is an indication that the multiple scattering is
not so important in determining the midgap frequency and the 
at bands� The downwards tendency
for small x and �nally the disappearance of the gap is the same with what has been observed for scalar
waves��� This downwards tendency is expected because at very low concentrations the wave propagates
mainly through the host and the spheres just obstruct its propagation� As the concentration increases�
the resonances can be mixed� broaden into bands and become the preferable channels of propagation at
least at certain frequency regions� Thus the gap tend to be opened near a resonant mode �area of strong
individual scattering� at very low concentration of scatterers and move away from it as the concentration
increases and the resonances o�er themselves for the propagation�

In Figs � and � we plot the cross�sections for a steel sphere �� �  �! g�cm�� cl � ���� km�s cs �
��		 km�s� in an epoxy matrix and vice versa� For the case of steel sphere in epoxy there is some
experimental evidence�	 of spectral gaps� also recent preliminary theoretical results�� indicate wide gaps�
The cross�sections for a steel sphere in epoxy are shown in Fig�� �panels �a� for longitudinal and �a

�

� for
shear incident wave�� We see that the resonances appear weak buried in a strong background�

Following the analysis of references ����	 we calculate the scattering cross�sections for a rigid sphere
in a place of the steel sphere �Figs �b� �b

�

�� A rigid sphere is one for which �i �	� �i �	� �i �	�
cli � �� csi � �� so that the displacement �eld inside and at the surface of the sphere is zero�

In Figs �c� �c
�

we plot the cross�sections calculated by subtracting from the steel scattering amplitudes
the rigid sphere scattering amplitudes� Then the background disappears �except at very low frequencies�

and the two widely separated resonances emerge very clearly� �in Fig��c
�

the lowest resonance is a double
one�� Fig�� suggests that in the spectral regions where the cross�sections of the steel sphere and the rigid
sphere are almost identical �e�g� ��� � kloa � 	���� the �eld will hardly penetrate inside the steel sphere�
We had veri�ed this point by calculating the total �eld energy density �averaged over the angles� vs r

�the distance from the center of the steel sphere�� see the dotted line in Fig� corresponding to kloa � ����
This exclusion of the �eld from the interior of the sphere implies that in the periodic composite �steel
spheres in epoxy� and for these spectral regions �e�g� ��� � kloa � 	��� the propagation� if any� must take
place almost exclusively through the matrix material �epoxy�� this� combined with the large cross�section
�more than twice the geometrical cross�section� strongly suggests that a gap may appear�
Indeed� preliminary results�� show a rather wide gap �see Fig��c� surrounded by 
at bands as indicated

by arrows in Fig��c� These 
at bands may be associated with hopping propagation �linear combination
of resonance �orbitals�� from one steel sphere to its neighbors using the resonances �linear combination
of resonance �orbitals���

This picture is also supported by the results shown in Fig� � where the solid line corresponds to kloa �
���� �i�e� the maximum of the rather broad �rst peak in Fig��� and the dashed line to kloa � ��!� �i�e�
to the sharp �rst peak in Fig���� We see that the resonances correspond to a �eld distribution strongly
localized inside the sphere �the sharper the peak the stronger the localization� with some weak leakage
outside �the sharper the peak the weaker the leakage and the less probable the hopping propagation��

�



From Fig� one can obtain a rough estimate of the optimum volume fraction for wide gap� the neigh�
boring spheres must be close enough to overlap with the broad maximum of the dotted line �as to make
the propagation through the matrix material more di�cult� and far apart to avoid the strong broadening
of the resonance�based bands� Keeping the neighboring spheres apart by a distance equal to ���a to a
seems to be a reasonable compromise on the basis of Fig� � This implies an optimum volume fraction
between � ��� and 	���� �assuming a close�packed type of lattice��
In Fig�� we show the results of the same analysis for the case of an epoxy sphere in a steel matrix� In

this case instead of a rigid sphere� the background �which was calculated �Figs �b� �b
�

� and subtracted
�Figs �c� �c��� refers to a �soft� sphere� de�ned by �i � �� �i � �� �i � �� cli � �� csi � ��
With the subtraction of the background the many sharp resonances �characteristic of the large clo�cli

ratio� emerge very clearly�
On the basis of the arguments developed in connection with Fig��� one expects that the periodic

composite� epoxy spheres in steel matrix� is not favorable for producing a wide gap because of the many
closely spaced resonances� which would probably produce overlapping bands� The best chance is for a
narrow band around kloa � �� Even that is doubtful� because the background cross�section around kloa
is not as large as in the case of Fig���

In Fig�! we show the e�ect of the velocity contrast on the cross�section for the shear incident wave
and for a case where �o��i � ���� clo�cso � cli�csi �

p
	 ��extreme� solid�� In Fig�!a the velocity ratio

clo�cli � �� The low velocity scatterer produces many sharp resonances in the present elastic case as
in the electromagnetic and scalar cases� These sharp resonances disappear when clo�cli � � �Fig�!b� or
when clo�cli � ��� �Fig�!c�� For a longitudinal incident wave the cross�section is smaller� smoother and
with fewer peaks �in agreement with what has been noticed above�� The rigid sphere background �not
shown here� is almost constant and large �about four �three� times the geometrical cross�section for a
shear �longitudinal� incident wave� but does not dominate the cross�section at any spectral region� No
results for the corresponding periodic case are available� On the basis of the analysis developed in the
present work one would guess that there is a small chance for a narrow gap between the �rst and second
�or possibly between the second and third� peak of Fig�!a�

In Fig�� we show the e�ects on the longitudinal incident wave cross�section of increasing the ratio
of the longitudinal to shear velocity for the case presented in Fig��a� For the upper panels the ratio
cl�cs � 	 and for the lower panels the ratio cl�cs � 	�!��

The background cross�sections �panels b and b
�

� refer to a soft sphere� For the shear incident wave
the picture is more complicated with many additional peaks�

Fig�� shows that these combinations are not favorable for a spectral gap� because the separation
between the �rst two peaks is not large and the value of the background in between is not so large�
Comparing Fig��a and Figs �a� �a

�

we see that by increasing the ratio cl�cs �in both matrix and sphere�
the separation of the �rst two peaks is reduced making it more and more di�cult for a gap to appear�
The actual calculation�� verify this �educated� guess � indeed the narrow gap of the case in Fig��a
disappears in the cases of Figs �a and �a

�

because of the overlap of the �rst and second 
at bands �their

midfrequencies are indicated by arrows in Figs �a and �a
�

�� Note that the �rst two 
at bands in the

cases of Figs �a and �a
�

conform with the general picture discussed earlier� i�e� they are located above
and below the �rst and the second resonance respectively�
In Figs ����� we show results concerning the role of the mass density contrast and its opposite e�ect on

solids and 
uids periodic media which constitutes a puzzling and unresolved issue� In Figs �� �longitudinal
incident wave� and �� �shear incident wave� we examine a case for which cl�cs �

p
	 for both the sphere

and the matrix� clo�cli � !��� and for which �o��i � ��� �Figs ��a���a�� �o��i � � �Figs ��b���b� and
�o��i � � �Figs ��c���c��

The periodic problem �with volume fraction x � ����� and fcc lattice� has been already studied�
the �
at� bands �arrows� and the gap �double arrow� are indicated in Fig���� The main feature of
the increase of the density ratio �o��i is that the peaks become narrower �sometimes to the point of
disappearance� without their maximum value becoming lower�

Taking into account that the cross�section between peaks is very small� the reduction of the strength
of the peaks with increasing �o��i implies easier propagation and the eventual disappearance of any gaps
in agreement with the actual results�

In Fig��	 we show results for the total cross�section of the corresponding clo�cli � !��� 
uid �cs � � in
both the sphere and the matrix� case with �o��i ��"�� �� � for panels �a�� �b� and �c� respectively �note
the change of the vertical scale��
What distinguishes the 
uid from the solid case is the dominant role of the isotropic oscillation �n � ��

component� In the solid case the n � � component makes a relatively insigni�cant contribution at high

 



frequency and for the longitudinal component only �see Fig����� On the other hand� for the 
uid case the
n � � component dominates the background and produces a strong �rst resonance� This resonance can
be studied analytically �see Appendix C� and in the high �o��i limit the resonance frequency is given by

�o � �ci�a�
p
��i��o� Both the background and the �rst resonance� in contrast to the solid case� become

larger as the ratio �o��i increases �see Fig����� This basic di�erence is shown in Fig��� where in panel
�a� the area under the �rst n � � resonance of the 
uid case is plotted vs �o��i� while in panel �b� the
areas under the lowest �n � �� resonance for longitudinal �solid line� and shear �dashed line� incident
wave are exhibited� The conclusion is that a large density ratio �o��i is indeed very favorable for gap
creation in 
uid periodic media because of the n � � component�

In Fig��� we show the cross�section for a 
uid sphere in a 
uid matrix with velocity contrast clo�cli �
	��� and density contrast �o��i � ��� �panel �a�� � �panel �b�� and �� �panel �c��� The corresponding
periodic case has been studied before��� The case of Fig���a exhibits no gaps but show sharp peaks
in the density of states �arrows in Fig���a�� The case of Fig���b develops two gaps� a relatively wide
one between the �rst and the second �
at� band �arrows� and a narrow one just above the third �
at�
band� The case of Fig���c has three gaps� a very wide one extending from the �rst to second arrow� a
second one extending from ka � ��	� to ka � ��� and a third one above the fourth arrow� Note also the
correspondence between the resonances and the �
at� bands with the exception of the second resonance
which was expected to produce a 
at band in the middle �approximately� of the very wide gap� such a
band does not appear in the results of ref����

The large gaps associated with the case �o��i � �� is again due to the strong scattering �both the low
lying resonance and the background� associated with the isotropic �n � �� oscillation�

In view of the above results� it is interesting to examine what happens in the mixed cases of a solid
sphere in a 
uid host or a 
uid sphere in a solid matrix� Preliminary results indicate that the solid
sphere in 
uid behaves similarly to the 
uid in 
uid case� while the 
uid sphere in solid follows the solid
in solid behavior� This is not surprising� since for the n � � mode �which is purely compressional� there
is not di�erence between a solid and a 
uid sphere with the same �i and Bi � �i 
 �	����i�

IV� CONCLUDING REMARKS

We have examined the dependence of the cross�sections of an elastic sphere embedded in an in�nite ho�
mogeneous elastic medium on various parameters such as velocity contrast clo�cli� mass density contrast�
�solidity� of the sphere �cli�csi� and the host �clo�cso��

We have paid particular attention to the various resonances appearing in the cross�section and we have
connected them with speci�c spherical harmonic modes� In many cases it was useful to calculate and
subtract the cross�section and the scattering amplitude �respectively� corresponding to a rigid or soft
sphere� We have connected the above data for the scattering from a single sphere with the features of
the band structure associated with the propagation of elastic waves in a periodic medium consisting of
spheres embedded in an homogeneous matrix� In particular we were interested in �
at� bands �peaks
in the density of states� and spectral gaps� We found that the resonances in the single scattering were
closely associated with the �
at� bands supporting thus the idea of a linear combination of resonance
states �in analogy with the LCAO approach in the electronic propagation in solids��
In addition to this hopping propagation from sphere to sphere �utilizing the resonances� there in

another mode of propagation utilizing mainly the host material� The analysis through the rigid or soft
sphere is helpful in deciding whether one of the two modes of propagation �hopping or through the host�
is dominant or whether the wave utilizes both the host and the spheres for its propagation�

We have developed some criteria for the appearance of gaps in the periodic case on the basis of the
single sphere scattering� e�g� widely separated resonances �especially the lowest ones� with a strong
background in between �due to the rigid or soft sphere� is very favorable for wide gaps and consequently
for localized states in a disordered composite medium�
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APPENDIX A

In this Appendix� we present the general solution of the elastic wave equation in spherical coordinates�
the boundary conditions on the surface of the sphere and the formulae used for the derivation of the
scattering cross�sections�

The time dependent elastic wave equation in an homogeneous medium is

�� 
 	��r�r �U� � �r�r�U � �

�U


t�
�A��

Assuming the time dependence to be of the form e���t� the general solution of �A�� in spherical
coordinates �r� �� �� can be written as�

U � e���t
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�r �� �� are the spherical unit vectors�
kl � ��cl� ks � ��cs with � the frequency� cl the longitudinal and cs the shear wave velocity in the
medium�
� � ��c�l � 	c�s�� � � �c�s are the Lam�e coe�cients of the medium �� is the mass density��
Rn is an appropriate Bessel function �chosen from the boundary conditions at r � � or r�	��
Pm
n are the associated Legendre polynomials�

The subscripts �e� and �o� which appear in the de�nition of le
o
nm�me

o
nm� ne

o
nm� and in the coe�cients

Ze
o
nm� He

o
nm� $e

o
nm �see �A���� mean even and odd respectively and the subscripts n and m are integers

going from zero to in�nity the �rst and from zero to n the second�

The boundary conditions on the surface of the sphere �r � a� which are the continuity of normal and
tangential displacements and of normal and tangential stresses� can be expressed as�
�a� Continuity of the displacements�

uinci jr
a 
 usci jr
a � uini jr
a i � �r� �� �� �A!�

�



�b� Continuity of the stresses�

P inc
i jr
a 
 P sc

i jr
a � P in
i jr
a i � �r� �� �� �A��

where�

Pi �
X
j


ijnj� i� j � �r� �� ��� �A���

with nj the components of the outgoing unit vector normal to the surface of the sphere which in our
case is the �r�


ij � 	�c�suij 
 ��c�l � 	c�s��ij
X
l

ull i� j � �r� �� ��� �A���

are the stress tensor elements�� and uij the strain tensor elements which result from the components
of the displacement vector �for the calculation of uij in the spherical coordinate system see ref���� p����
The superscripts inc� sc� in� denote the incident� the scattered and the inner �eld respectively�

The total scattering cross�section for an incident plane wave propagating in the �z direction and scat�
tered by a sphere is given by�


 �

Z
jscr r�

jincz

d% for r�	 � �A�	�

where jai ��
X
j

Re�
aij�Re� &uj
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X
j

Im��
aij�
�uaj � i� j � �r� �� �� or i� j � �x� y� z� �A���

a � sc or inc

The symbols �� denote time average and the Im� �'� and �&�� imaginary part� complex conjugate and
time derivative respectively while the �A��� is valid only for a wave with time dependence of the form
e���t�

APPENDIX B

In this Appendix� we present the results from the calculations of the
coe�cients Aen�� Cen�� Aen�� Bon�� Cen� which appeared in the formulas for the cross�sections �see 	� 
and 	�����
We present them for completeness and because of a few misprints which were found in papers where

these coe�cients are given� Furthermore� here� both the longitudinal and the shear incident wave scat�
tering expressions are given under a single heading � something that could be useful for the interested
reader�

The unknown coe�cients Aen�� Cen�� Aen�� Bon�� Cen� �with the subscripts �e� and �o� to mean even
and odd respectively and the subscript n to go from zero to in�nity� are given by�
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aij� eij result from the boundary conditions on the surface of the sphere and have the following form�
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n�Zsi� 
 �n � ���n
 	�jn�Zsi��Zsi� �B �

al�� � 		�o�j
�

n�Zlo� � jn�Zlo��Zlo�

as�� � 	�o�Zsoj
��

n�Zso� 
 �n � ���n
 	�jn�Zso��Zso�

e�� � hn�Zso�
e�� � �jn�Zsi�
e�� � �jn�Zso�

e�� � �oZso�h
�

n�Zso�� hn�Zso��Zso� �B!�

e�� � ��iZsi�j
�

n�Zsi� � jn�Zsi��Zsi�

e�� � ��oZso�j
�

n�Zso� � jn�Zso��Zso�
where�
Zl� � kl�a �

�

cl�
a � Zs� � ks�a �

�

cs�
a

�� � ��c
�
s�

�� � ���c
�
l� � 	c�s�� � � o �out��� i �in���

The subscripts �o� �out� and �i� �in�� refer to the medium of the matrix and the scatterer respectively�
�� is the mass density� cl� and cs� are the longitudinal and the shear wave velocity in the medium ��� o� i��

jn denotes the spherical Bessel function and hn the spherical Hankel function of the �rst kind �h
���
n ��

� note the di�erent meaning of subscript �o� in the de�nition of Bon��
�� note the di�erence between �i� �in� �used as subscript in this appendix� with 	 �

p���

APPENDIX C

In this appendix we will calculate the scattering cross�sections for a longitudinal wave� scattered in a
liquid sphere embedded in a liquid host� We will derive analytical expressions for some limited cases�

��



We assume the incident wave displacement �eld to have the form U � e���t
u with u � e�kor�z and

ko � ko�z � ��co�z� co is the wave velocity in the host �out� while with ci �see below� we denote the wave
velocity in the medium of sphere �in�����
The incident wave � in terms of spherical waves � can be written as �see Eq��	��� and Appendix A��

uinc �
�X
n
�

��	n����	n
 ��len��j� ko� �C��

The scattered wave and the wave inside the sphere will have the form�

usc �
�X
n
�

	n�	n
 ��Aen�len��h� ko� �C	�

uin �
�X
n
�

	n�	n 
 ��Ben�len��j� ki� �C��

For the de�nition of len� see Appendix A� The symbols in the parentheses of len� denote the kind of
bessel function and the wave vector which contained in the expressions for the len�� ko � ��co� ki � ��ci
and j� h are the spherical bessel function and the spherical hankel function of the �rst kind respectively�
The unknown coe�cients Aen�� Ben� can been determined from the boundary conditions on the surface

of the sphere which are the continuity of normal displacements� ur in this case� and the continuity of
normal stresses� 
rr�


rr can been calculated as described in Appendix A and has the form�


�rr � �
�X
n
�

�	n
 ��	n��k�D�R�
n�k

�r�Pn�cos �� �C��

The superscript � means inc� sc or in� For the incident �eld D� � �	� R�
n � jn� k� � ko and �� � �oc

�
o

� for the scattered �eld D� � Aen�� R
�
n � hn� k

� � ko and �� � �oc
�
o� for the inner �eld D� � Ben��

R�
n � jn� k� � ki and �� � �ic

�
i ��o� �i � the mass density out and in respectively�� Pn are the Legendre

polynomials�

The application of the boundary conditions on the surface of the sphere �r � a� gives for the Aen��

Aen� � 	
�# jn�Zo�j

�

n�Zi� � jn�Zi�j
�

n�Zo�

�#hn�Zo�j
�

n�Zi� � jn�Zi�h
�

n�Zo�
�C��

Zo � koa� Zi � kia� # � �o��i �the density contrast of the two materials� and � � co�ci � Zi�Zo �the
velocity contrast��

The dimensionless cross�section is given by �see Eq��	� ���

�
l �

l
�a�

�
�X
n
�

��	n
 ��
jAen�j�
jZoj� �C��

Taking in to account that hn � jn 
 	yn we see that jAen�j � �� the equality is obtained when

�# yn�Zo�j
�

n�Zi� � jn�Zi�y
�

n�Zo� �C �

Equation �C �� which can be rewritten as�

y
�

n�Zo�

yn�Zo�
� �#

j
�

n�Zi�

jn�Zi�
�C!�

is also the condition for a resonance to appear�

We are interested in �nding the low lying resonances for which Zo� Zi 
 �� In this case the Bessel
functions can be expanded�

y
�

n�Zo�

yn�Zo�
� �n
 �

Zo



n

�� 	n
Zo �

j
�

n�Zi�

jn�Zi�
� n

Zi

� �

	n
 �
Zi �C��

Substituting �C�� in �C!� we see that there is no solution for n �� �� which means that the lowest
n �� � resonances do not satisfy the conditions Zo� Zi 
 ��

For n � �� we have from �C�� and �C!� � Z�
i �

�

#

�	



which is valid only if #� � and ��#� ��

Under these conditions there is a low lying resonance at

kia �
r

��i
�o

�C���

or

� � ci
a

r
��i
�o

�C���

��� note the di�erence between i �in�� used as a subscript in this appendix and 	 �
p���

��
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FIGURE CAPTIONS

Fig� �� Total dimensionless cross�section vs kloa for longitudinal �a� and shear �b� incident wave� cl�cs �p
	 for both sphere �in� and matrix �out�� �o��i � � and clo�cli � ���!� a is the radius of the sphere

and klo � ��clo the longitudinal wave number in the medium of the matrix� The number next or
above each resonance denotes the spherical harmonic responsible for this resonance� The height of
the very narrow resonances maybe larger than indicated� The arrows indicate the positions of the

at bands and the double arrow the position of the gap in the corresponding fcc periodic composite
with volume fraction of the spheres x � ������

Fig� 	� Total dimensionless cross�section vs kloa for Au spheres in Si matrix �a�� Pb spheres in Si matrix
�b�� and Pb spheres in Be matrix �c�� The incident wave is longitudinal� a is the radius of the sphere
and klo � ��clo is the longitudinal wave number in the medium of the matrix� The numbers have
the same meaning as in Fig��� the arrows indicate the positions of the 
at bands and the double
arrow the position of the gap in the corresponding fcc periodic composites with volume fraction
of the spheres ��� for �a�� ��!� for �b� and !�	�� for �c��

Fig� �� Total dimensionless cross�section vs kloa for the cases of Fig�	 but shear incident wave�

Fig� �� Midgap frequency �open circles� and �
at� band position �crosses� vs volume fraction of the scat�
terers for lead spheres in epoxy matrix and fcc structure� �Flat� bands correspond to peaks in the
density of states �which may occasionally merge together or become ill�de�ned�� d is the diameter
of the sphere �d � 	a� and �li � 	��kli the longitudinal wave length in the medium of the sphere�
The dashed horizontal lines correspond to the �rst four single sphere resonances�

Fig� �� Total dimensionless cross�sections vs kloa for steel sphere in epoxy matrix �a� a
�

�� rigid sphere in

epoxy matrix �b� b
�

�� The third column �c� c
�

� represents the cross�section calculated by subtracting
from the steel sphere scattering amplitudes the rigid sphere scattering amplitudes� The upper
panels correspond to longitudinal incident wave and the lower to shear incident wave� a is the
radius of the sphere and klo � ��clo the longitudinal wave number in the medium of the matrix�
The arrows indicate the positions of the 
at bands and the double arrow �with the symbol G inside�
the position of the gap in the corresponding fcc periodic composite with volume fraction of the
spheres x � ����	�� The numbers have the same meaning as in Fig���

Fig� �� Total dimensionless cross�section vs kloa for the case of epoxy sphere in steel matrix �a� a
�

�� The
upper panels correspond to longitudinal incident wave and the lower to shear incident wave� The
second column �b� b

�

� represents the soft sphere in steel matrix cross�section and the third �c� c
�

�
the cross�section calculated by subtracting from the epoxy sphere scattering amplitudes the soft
sphere scattering amplitudes� a is the radius of the sphere and klo � ��clo the longitudinal wave
number in the medium of the matrix� The numbers have the same meaning as in Fig�� and the
arrows indicate the positions of the 
at bands in the corresponding sc periodic composite with
volume fraction of the spheres x � ��	�!�

Fig�  � Total energy density vs r �the distance from the center of the sphere� on a �wide� resonance ��rst
resonance of Fig��c � solid line�� on a �narrow� resonance ��rst resonance of Fig��c � dashed line�
and �o�� resonance �between the two resonances in Fig��c � dotted line�� The energy is in the
incident wave energy density units and the r in units of the sphere radius �a��

Fig� !� Total dimensionless cross�section vs kloa for cl�cs �
p
	 �for both sphere and matrix�� �o��i � ���

and clo�cli � � �a�� � �b�� �"� �c�� The incident wave is shear� a is the sphere radius and klo � ��clo�
The numbers next or above each resonance denote its origin �the corresponding modes��

Fig� �� Total dimensionless cross�section vs kloa for clo�cli � ���!� �o��i � � and cl�cs � 	 �a�� and 	�!!

�a
�

� �for both sphere and matrix�� The incident wave is longitudinal� In the second column �b�

b
�

� the above sphere has been replaced by a soft sphere and in the third �c� c
�

� the cross�section
was calculated by a subtraction similar to what described Fig��� a is the radius of the sphere and
klo � ��clo the longitudinal wave number in the medium of the matrix� The numbers and the
arrows have the same meaning as in Fig���



Fig� ��� Total dimensionless cross�section vs kloa for clo�cli � !���� cl�cs �
p
	 for both sphere and matrix

and �o��i � �"� �a�� � �b�� ��c�� a is sphere radius and klo � ��clo� The incident wave is
longitudinal� the numbers� arrows� and the double arrow have the same meaning as in Fig���

Fig� ��� Total dimensionless cross�section vs kloa for the cases of Fig��� and for shear incident wave�

Fig� �	� Dimensionless scattering cross�section vs ka for clo�cli � !���� cso � csi � � �liquid case� and
�o��i � �"� �a�� � �b�� � �c�� a is the radius of the sphere� k � ��clo� The number above each
resonance indicates the spherical harmonic responsible for the resonance�

Fig� ��� Dimensionless n � � partial cross�section vs ka for the cases of Fig��	�

Fig� ��� �a� � Area under the dominant n � � �rst resonance vs �o��i for cl�cs � �� for both matrix and
sphere �
uid�like case�� �b� � Area under the dominant n � � �rst resonance vs �o��i for cl�cs �

p
	

for both matrix and sphere �extreme solid case�� The solid line corresponds to longitudinal incident
wave and the dashed line to shear incident wave� For both panels clo�cli � !����

Fig� ��� Dimensionless scattering cross�section vs ka for clo�cli � 	���� cso � csi � � �liquid case� and
�o��i � �"� �a�� � �b�� �� �c�� a is the sphere radius and k � ��clo� The numbers have the same
meaning as in Fig�� and the arrows indicate the positions of the peaks in the density of states of
the corresponding fcc periodic system with volume fraction of the spheres x � ������
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Keywords� D� acoustic properties D� elasticity

Abstract

We present band structure results for elastic waves in periodic composite materi�
als consisting of scatterers �spheres� cubes� or rods� embedded in a homogeneous
polymer matrix� The material of the scatterers is a high density material �such as
Steel� Ni� Pb� Cu� etc��� In all cases� we �nd wide full band gaps in fcc� bcc and
sc structures for a wide range of �lling ratios� We show that the existence of these
wide gaps can been analyzed and predicted by using the single scattering results�

There is a growing interest in recent years for the propagation of elastic �EL� and acoustic
�AC� waves in random and periodic composite materials ��� � ����	 The interest among
solid state physicists is mainly connected to the question of the existence or not of spec�
tral gaps in periodic systems or localized waves in disordered systems in analogy with
what happens to the electrons in solids	 The attention to the acoustic and elastic waves
in connection with gaps or localization is not only due to their many applications �in geo�
physics
 medicine
 oil exploration
 etc	� ���
��� but to their rich physics as well
 EL waves
are full vector waves with di�erent velocity of propagation between the longitudinal and
the transverse component� in the EL and AC wave equation there is a term proportional
to the mass density variation which may cause the appearance of novel behavior	 Further�
more
 ACW and ELW in structures exhibiting localized eigenwaves �i	e	 mobility gaps�
o�er themselves for an accurate experimental investigation of open questions regarding
the problem of disorder induced localization	

The di�culty to construct composites sustaining localized eigenstates
 was greatly re�
duced following the suggestion by John and Rangarajan ���� and by Economou and
Zdetsis ����� they pointed out that the existence of bands of localized eigenstates in ran�

Preprint submitted to Elsevier Preprint � October ����



dom systems is directly related to the existence of gaps in periodic systems since both are
due to destructive interference of the multiple scattered waves	 For this reason attention
has been focused on the easier problem of ACW and ELW propagation in periodic sys�
tems for which one can employ computational methods that have been already developed
for the electronic propagation in periodic crystals	

The study of acoustic and elastic wave propagation in periodic binary composites con�
sisting of spheres embedded in a host ���D� or from cylinders embedded in a host ���D�

shows ��
�
�
��
��� that gaps can exist under rather extreme conditions	 These conditions
concern mainly the density and velocity contrast of the components of the composite

the volume fraction of one of the two components
 the lattice structure and the topology
���
���� they are realized in a Be or Si or SiO� matrix with embedded Au or Pb spheres
placed periodically in an fcc lattice ����	 For ��D square lattice
 full band gaps have been
found only in Au cylinders in Be host ���	 However
 the ��D hexagonal lattices have proven
more favorable for the creation of the gaps� in particular
 rods from Mo
 Al�O�
 Fe
 and
steel embedded in Lucite host exhibit relatively wide gaps ����	 From the experimental
point of view
 Kinra and Ker ��� have measured the phase velocity of longitudinal waves
through ��D periodic polymer matrix composites as a function of frequency	 Vasseur
et	 al	 ���� studied numerically the elastic band structure of ��D commercially available
composite materials such as epoxy reinforced C or glass �bres and they found several
extremely large complete band gaps in those systems	

Recently
 considerable progress was achieved in understanding the above results and in
predicting favorable material combinations ����	 Whenever the scattering cross�section
from a single spherical inclusion exhibits strong and well�separated resonances with a
considerable background in between attributed to either a rigid or soft sphere �in either
case the �eld inside the inclusion is zero�
 a wide gap is expected	 One can understand
this basic result by considering two limiting channels of propagation in a composite

one is using the host material and avoids the inclusions� the other is employing the
inclusions and hops coherently among them by a linear combination of the resonances in
analogy with the LCAO in molecules and solids	 In the spectral region of high background
between two well�separated resonances neither channel is operational and consequently
no propagation is expected to take place	 This explanation was con�rmed by comparing
single sphere cross�sections with band structure results under various conditions ����	

In Fig	� we show a case �Pb spherical inclusion in an epoxy host� which according to
the previous reasoning is expected to exhibit as a periodic composite wide spectral gaps	
Fig	�a shows the total cross�section of a transverse plane wave scattered by a Pb spherical
inclusion embedded in epoxy	 In Fig	�b the Pb sphere has been replaced by a rigid sphere
�� � �
 � � �
 � � �
 c� � �
 ct � �� where � is the density
 � and � are
the Lam�e elastic coe�cients and c�
 ct the longitudinal and the transverse velocities 

c�� � ��������
 c�t � ���� Fig	�c shows the cross�section calculated by subtracting from
the Pb scattering amplitude the rigid sphere scattering amplitude ���
��
���	

There are two broad resonances �the �rst is a double one� in the Pb sphere � epoxy matrix
cross�section �Fig	�a�
 well separated by a region of non negligible scattering	 This strong
background scattering cross�section in the region between the resonances is due to the



contribution of the rigid sphere as the results of the subtraction of this contribution show
�Fig	�c�	 In the longitudinal incident wave scattering concerning the same system
 the
cross�sections � not presented here � have almost the same form with those of Fig	�	 An
exception is that the �rst resonance is not a double one and that the peaks are a little
lower	 The previous reasoning suggests that a wide gap is expected between �rst and
second resonance with its width to be narrower than the spectral distance between them	
Also
 the resonances are expected to coincide in position with the �at bands of the system
�due to level repulsion and hybridization some deviations are expected�	 Indeed
 as will
be discussed below
 this turned out to be the case	 The half arrows in Fig	�a �with the G
in between� show the position and the width of the gap and the regular arrows indicate
the positions of �at bands �see Fig	��	

The single sphere scattering cross�section for the opposite case of Pb as matrix and epoxy
as sphere was also calculated	 What was found is that in the longitudinal incident wave
scattering case the result of the subtraction of the corresponding background �soft sphere�
is two very low resonances
 while in the transverse incident wave case the cross�section
is very smooth and low	 These results are not favorable for gap creation	 Indeed
 explicit
band structure calculations show no gaps in this case	

The conclusion of the above discussion is that periodic composites consisting of polymers
�such as epoxy� as a host with high density metal inclusions �such as Pb� are expected to
produce wide spectral gaps in ELW propagation	 An additional advantage is that polymer
materials are easily fabricated	 Below we present EL wave band structure computational
results for ��D periodic composites consisting of inclusions formed by a high density metal
such as steel
 Pb and W and embedded in epoxy	

For a locally isotropic medium
 the elastic wave equation is ����
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where ui is the i�th component of the displacement vector �u��r�� ���r� and ���r� are the Lam�e
coe�cients ���� and ���r� is the density	 For periodic media f��r� �f � �� � or ���� can
be expanded in terms of its Fourier components fG	 The displacement vector �u��r� which

satis�es Bloch�s theorem can be expanded in terms of plane waves
 �u��r� �
P

�K �u �Ke
i �K�r

where �K � �k � �G
 and the summation is over �G	 Keeping N reciprocal vectors
 �G

in the previous sum and substituting in Eq	��	��
 we get a �N � �N matrix eigenvalue
equation for the �N unknown coe�cients �u �K	 The number N is increased until the desired

convergence is achieved	 In the present calculations we kept N���� �G vectors to achieve
convergence better than ��	

Fig	� shows the band structure of elastic waves propagating in an fcc lattice consisting
of Pb spheres �� � ������ g�cm�
 c� � ����� km�s ct � ����� km�s� embedded in epoxy
�� � ����� g�cm�
 c� � ����� km�s ct � ����� km�s�� the radius of the spheres is �	�� of
the lattice constant corresponding to �lling ratio �	���	 There is a complete band gap for
all the directions in the Brillouin zone between the �th and �th bands	 The lower edge of



the gap is at � point
 the upper edge of the gap is at W point and the width of the gap
over the midgap frequency
 �	�	g
 is �	��	

Fig	� shows the �	�	g vs the �lling ratio for a Pb spheres�epoxy matrix system for
three di�erent structures
 fcc
 bcc
 and sc	 The curves are almost the same for both fcc
and bcc structures� the maximum �	�	g is almost �	�� at �lling ratios around �	��	
For sc structure
 the maximum �	�	g is �	� at �lling ratio �	��	 The gap appears for
�lling ratios between �	� and �	�� for both fcc and bcc structures while for sc structure
there is gap for �lling ratios between �	�� and �	��	 This is consistent with the empirical
observation which states that the cermet topology is better for gap appearance than the
network topology ���
���	 In the case of spherical scatterers
 the cermet topology exists for
�lling ratios less than �	��
 �	��
 and �	�� in fcc
 bcc
 and sc structures respectively �for
�lling ratios greater than those values the spheres overlap which corresponds to network
topology�	 Thus
 in sc structures the transition from cermet to network topology appears
at smaller �lling ratios than for both fcc and bcc structures	

Comparing the results of the sc structure with scatterers either cubes or spheres
 we
found that the maximum value of �	�	g appears for spheres	 On the other hand
 the
gaps appear in a wider range of �lling ratios for the case of cubes	 This can be explained
by noting that the transition from the cermet to network topology appears at the �lling
ratio � �the cubes are touching each other only in the extreme case where the edge is
equal to the lattice constant�	

There are no gaps in systems consisting of isolated epoxy scatterers in Pb background
which is in accordance with the previously mentioned requirements for the appearance of
gaps	 We also studied structures consisting of tetragonal rods connecting nearest neigh�
bors in sc lattice ����	 We did not �nd any gaps for either Pb rods in epoxy or epoxy rods
in Pb background	 This is further support the empirical requirement which states that
the cermet topology is more favorable for the appearance of the gaps ���
���	

Full band gaps were found for several other systems	 In all the cases
 the fcc structures
give slightly wider band gaps than the bcc structures while the sc lattices give even
smaller gaps	 Plastics
 such as epoxy or PMMA
 are ideal materials for the background
medium and the maximum value of �	�	g appeared for �lling ratios of the isolated
spherical scatterers between �	�� to �	�	 As scatterer material
 we used W
 Ni
 Fe
 Cu

Steel
 and Ag	 The densities and velocities of these materials as well as the maximum
value of �	�	g for epoxy host and fcc lattice are given in the following table	



c� �km�s� ct �km�s� � �g�cm�� max��	�	g�

W �	��� �	��� ��	��� �	��

Ni �	��� �	��� �	��� �	��

Fe �	��� �	��� �	��� �	��

Cu �	��� �	��� �	��� �	��

Steel �	��� �	��� �	��� �	��

Ag �	��� �	��� ��	��� �	��

For all these systems the gap appears between the �th and �th bands	 Also
 the scatterer
is the high density material in accordance with the previous experience	 On the other
hand
 the velocities of the scatterers are either smaller �for the Pb� or higher �for all the
other materials� than those of the matrix material	 From the present results
 it seems
that high density scatterers in a low density background is the most important condition

for the appearance of gaps	

It is worth mentioning that experiments on two systems similar with those that we have
studied in the present work have already been done ���	 The �rst system consists of
Steel spheres embedded in plastic �PMMA� forming a tetragonal lattice and the second
one consists of Glass spheres in plastic �epoxy� forming a sc lattice	 The results from
our calculations for the dispersion curve of the longitudinal�like waves �these are the
only modes that have been measured in the experiments� are in good agreement with
the measurements �the di�erences are less than �� �� However
 our calculations show
that none of those systems exhibit a full band gap
 although
 in particular for the Steel
in PMMA system
 full band gaps can be found in sc structures instead the tetragonal
structure that they used in the original experiment ���	

In all examined cases �epoxy as host and W
 Ag
 Fe
 Ni
 Cu as sphere material� for
which wide gaps where found
 the single scattering study gave cross�sections similar to
that shown in Fig	� with the two broad resonances and the noticeable contribution of the
background between them	 In all these cases the single�scattering study gave also good
estimations for the position of the gap as obtained from the corresponding band structure
calculations	

Finally
 the above mentioned as well as additional single scattering results
 strongly in�
dicate that the density contrast of the two materials �scatterer � matrix� is a much more
important parameter for the appearance of a gap than the velocity contrast	

Acknowledgment � Ames Laboratory is operated by the U	S	 Department of Energy by
Iowa State University under Contract No	 W������Eng���	



References

�	
 P� Sheng� ed�� Scattering and Localization of Classical Waves in Random Media� �World
Scienti�c� Singapore� 	�����

�

 See the proceedings of the NATO ARW� Photonic Band Gaps and Localization� ed� C� M�
Soukoulis� �Plenum� New York� 	�����

��
 V� K� Kinra and E� L� Ker� Int� J� Solids Structures ��� ��� �	�����

��
 M�M� Sigalas and E�N� Economou� J� Sound Vibration ���� ��� �	��
��

��
 J� P� Dowling� J� Acoust� Soc� Am� ��� 
��� �	��
��

��
 L� Ye� G� Cody� M� Zhou� P� Sheng� and A� N� Norris� Phys� Rev� Lett� ��� ���� �	��
��

��
 M�S� Kushwaha� P� Halevi� L� Xobrzynski� and B� Djafari�Rouhani� Phys� Rev� Lett� ���

�

 �	�����

��
 M�M� Sigalas and E�N� Economou� Solid State Commun� ��� 	�	 �	�����

��
 E�N� Economou and M�M� Sigalas� in Photonic Band Gaps and Localization ed� by C�M�
Soukoulis �Plenum Press� New York� 	����� pp� �	������

�	�
 E�N� Economou and M�M� Sigalas� Phys� Rev� B ��� 	���� �	�����

�		
 M�M� Sigalas� E�N� Economou� and M� Kafesaki� Phys� Rev� B �	� ���� �	�����

�	

 E�N� Economou and M�M� Sigalas� J� Acoust� Soc� Am� ��� 	��� �	�����

�	�
 M�S� Kushwaha� and P� Halevi� Appl� Phys� Lett� ��� 	��� �	�����

�	�
 M�S� Kushwaha� P� Halevi� G� Martinez� L� Xobrzynski� and B� Djafari�Rouhani� Phys� Rev�
B ��� 
�	� �	�����

�	�
 W� A� Smith and B� A� Auld� IEEE Trans� Ultrason� Ferroelectrics� Frequency Control 
��
�� �	��	��

�	�
 B� A� Auld� Y� A� Shui� and Y� Wang� J� de Physique� Colloque C�� suppl� No��� �� �	�����

�	�
 S� John and R� Rangarajan� Phys� Rev� B 
�� 	�	�	 �	�����

�	�
 E� N� Economou and A� Zdetsis� Phys� Rev� B �	� 	��� �	�����

�	�
 M� Kafesaki and E� N� Economou� unpublished�

�
�
 S� John� Physics Today �	� �
 �	��	�� Philip St� J� Russel� Physics World 
�� August 	��
�
J� Maddox� Nature 
��� ��	 �	�����

�
	
 See the special issue of the J� Opt� Soc� Amer� B �	� 
������ �	���� on Development and

Applications of Materials Exhibiting Photonic Band Gaps�

�


 S� John� Phys� Rev� Lett� ��� 
��� �	�����

�
�
 J� O� Vasseur� B� Djafari�Rohani� L� Xobrzynski� M�S� Kushwaha� and P� Halevi� J�
Phys��Condens� Matter �� ���� �	�����



�
�
 H� S� Sozuer and J� W� Haus� J� Opt� Soc� Am� B �	� 
�� �	�����

�
�
 Landau� L� D�� and Lifshitz� E� M�� 	���� 	Theory of Elasticity
� �Pergamon� London� 	�����

�
�
 G� Gaunaurd and H� Uberall� J� Acoust� Soc� Am� ��� 	��
 �	�����

�
�
 L� Flax� G� Gaunaurd and H� Uberall� in Physical Acoustics� edited by W� P� Mason
�Academic� New York� 	��	�� vol XV�



FIGURE CAPTIONS

Fig� 	� Total dimensionless cross�sections vs ktoa for Pb sphere in epoxy matrix �a�� rigid sphere
in epoxy matrix �b�� The third panel �c� represents the cross�section calculated by subtracting
from the Pb sphere scattering amplitude the rigid sphere scattering amplitude� The incident
wave is transverse� a is the radius of the sphere and kto � ��cto the transverse wave number
in the medium of the matrix� The arrows indicate the positions of the �at bands and the half
arrows �with the symbol G in between� the position of the gap in the corresponding fcc periodic
composite with volume fraction of the spheres x���
�
�

Fig� 
� Elastic wave band structure for a fcc periodic composite consisting of Pb spheres in
epoxy matrix� The volume fraction of the spheres is ��
�
� � is the frequency� a is the lattice
constant and c the transverse wave velocity in the epoxy �cto��

Fig� �� The width of the gap over the midgap frequency vs �lling ratio for a periodic composite
consisting of Pb spheres in epoxy matrix and fcc �solid line�� bcc �dotted line� and sc �dashed
line� structure� The dotted�long dashed line corresponds to Pb cubes in epoxy matrix and sc
structure�
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ELASTIC WAVES IN PERIODIC COMPOSITE MATERIALS
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Greece� and Department of Physics� University of Crete�

AND

��� Ames Laboratory and Department of Physics and Astronomy Iowa State
University� Ames IA �		���

�� Introduction

There is a growing interest in recent years for the propagation of acoustic �AC� and elastic
�EL� waves in random and periodic composite materials ������	 The interest among solid state
physicists is mainly connected to the question of existence or not of spectral gaps in periodic
systems or localized states in disordered systems in analogy with what happens to the electron
wave propagation	

Apart from the many applications of the AC and EL waves �in geophysics
 medicine
 oil
exploration
 etc	�
 their advantages for experimental study as well as their rich physics
 are the
other two poles of attraction for the solid state physicists	

The rich physics stems from� i� the full vector character of EL waves with the di�erent
propagation velocity of the longitudinal and the transverse component
 these two components

while travel independently in a homogeneous medium
 are mixed together when the wave passes
through inhomogeneities
 ii� the term proportional to the mass density variation �r�� appearing
in the AC and EL wave equation which may cause the appearance of novel behavior
 iii� the
richness in parameters of the AC and EL wave propagation �on this we will return in more
detail later on�	

The advantages for experimental study � common for any type of classical waves �CW� �
have to do with the absence of the complicated non linear interactions �such as electron�electron
or electron�phonon interactions which appear in the study of the electrons� as well as from the
fact that CW frequency can been controlled accurately and easily	

There is
 however
 the problem of the absorption and the problem of the di�culty to con�
struct composites sustaining localized eigenstates	 The solution of the latter was greatly facili�
tated by a suggestion by John and Rangarajan ���� and by Economou and Zdetsis ����	 They
connected the spectral gaps of a periodic system with the mobility gaps �bands of localized
eigenstates� of a random system by pointing out that when we gradually randomize a periodic
system possessing gaps
 tails of localized eigenstates start to appear inside the gap
 changing
it gradually to a band of localized eigenstates of the resulting random system	 This connection
is not surprising because both gap and localized states are due to the same mechanisms
 i	e	

multiple scattering and the destructive interference of the waves	

Following the above suggestion
 attempts were focused in the examination of CW wave
propagation in periodic systems	 The study of the periodic systems is greatly facilitated due to
the strong symmetry of the periodicity and to the computational experience from the study of
the electrons in crystalline materials	

These periodic systems are binary composites consisting of scatterers
 in most of the cases
spheres or cylinders
 embedded in a host material �matrix�	



The two components of the composite can be either both connected to form a continuous
network �network topology� or one of the two �the scatterers� can be completely surrounded by
the other �cermet topology�	 The study of the classical wave propagation in periodic systems
concerns mainly the examination of the possible existence of spectral gaps �frequency regions
where no propagation of the wave exists� and the determination of the optimal conditions for the
appearance of these gaps	 Although the appearance of a gap in the electron wave propagation
is something a priory guaranteed
 the same is not true for CW �such as ACW and ELW�	 CW
correspond to electron waves with energy higher than the maximumvalue of the potential as can
be seen from the comparison of scalar classical wave equation with Schr�odinger�s equation	 In
such energy region
 gaps appear under rather extreme conditions
 as shown for both simple scalar
waves �SSW� ��
������ and EM waves ��
��
��
������ which were the �rst studied experimentally
����	 In the EMW case it was found that gap appears with greater di�culty than in the scalar
case due to their vector character ���	 On the basis of this result
 elastic waves are expected to
resist even more than EMW the opening of gaps due to their full vector character
 as a result
of which each of the longitudinal and the transverse component must develop gaps overlapping
with each other in order for a full band gap to exist ��
 ��	 The di�erent propagation velocity of
the longitudinal and the transverse component makes this overlapping more di�cult and thus
the situation more problematic	

However
 the many parameters of the problem
 and in particular the density contrast
 o�er
the possibility for the gap to be opened	 Indeed
 computational and experimental data ����
���
concerning AC and EL wave propagation in periodic systems consisting mainly from spheres
embedded in a host ��D� or from cylinders embedded in a host ��D� showed gaps under proper
conditions	 These conditions concern mainly the density and velocity contrast of the components
of the composite
 the volume fraction of one of the two components
 the lattice structure and
the topology
 they are realized numerically in a Be or Si or SiO� matrix with embedded Au or
Pb spheres placed periodically in an fcc lattice ���	 For a �D square lattice
 full band gaps have
been found in Au cylinders in the Be host ���	 For �D hexagonal lattices 
 Mo
 Al�O�
 Fe
 and
steel rods embedded in a Lucite host gave relatively wide gaps ����	 Recent numerical studies
of the elastic wave band structure of �D and �D composite materials such as C or glass �bers
or Pb spheres in epoxy host gave extremely large complete band gaps in those systems ��
 ��	
�From the experimental point of view
 Kinra and Ker ��� have measured the phase velocity of
longitudinal waves through �D periodic polymer matrix composites as a function of frequency	
Their results are consistent with the existing numerical results	

Recently
 considerable progress in understanding the above results and in predicting favor�
able �for gap� material combinations were achieved by considering a plane AC or EL wave
scattered by a single scatterer and by connecting the resonances of the single scattering cross�
section with the gap and the other characteristics of the band structure ����	 The main idea
was the qualitative extension of the linear combination of atomic orbitals �LCAO� method
 well
known from the study of the electrons
 in the AC and EL wave case with the resonance to play
the role of the eigenstates	 The simplicity of the single scattering problem gave the possibility
to understand physically some of the open problems of the study of the periodic systems	 Also

single scattering results predicted new systems with extremely wide gaps ���	

In this paper we present �rst a review of previous results in combination with some recent
results concerning the dependence of the AC and EL wave spectral gaps on various parameters
of the problem	 We sum up what we already know for the AC and EL wave propagation in
periodic composites focusing on some unanswered questions	 Since the single scattering may
give the key for these questions
 we will attempt to interpret some of the above results by using
single scattering analysis	 It is shown that single scattering can predict the basic characteristics
of the band structure giving
 also
 some optimal conditions for the appearance of the gaps	 In
what follows
 we present �rst the basic equations governing AC and EL wave propagation as
well as a summary of our methods of calculation	



�� Equations and Methods of Calculation

The general equation of motion for an elastic solid can be written as �

�
��ui

�t�
�

��ik

�xk

� ���

where ui is the i�th component of the displacement vector
 u�r�
 and ��r� the mass density
 �ij

is stress tensor ���� which is related with the strain tensor

uij �
�

�
�
�ui

�xj

�
�uj

�xi

� ���

by�

�ij � Cijklukl ���

Cijkl is the elasticity tensor	
For a locally isotropic medium the stress�strain relation ��� becomes �

�ij � ��uij � �u���ij � ���

where � and � are the so called Lam�e coe�cients of the medium ����	 The elastic wave equation
��� in this case can be written as�

��ui

�t�
�
�

�
f �

�xi

��
�u�

�x�

� �
�

�x�

���
�ui

�x�

�
�u�

�xi

��g	 ���

For homogeneous media ��
 � � constant� Eq	 ��� gives rise to uncoupled longitudinal and
transverse waves with velocities cl �

p
��� ���
� and ct �

p
�
�
 respectively	

For liquids
 � � � �only longitudinal waves exist�
 and by introducing the pressure
 p �
��ru
 Eq	��� can be rewritten as

��p

�t�
� �r��

�
rp� ���

which for � � constant is reduced to a scalar Helmholtz equation	
In all the above formulae
 repeated indices denote summation	 Also
 the indices are referred

to a general coordinate system with the exception of ��� and consequently ��� which are valid
only for cartesian coordinates �for the expression of uij in cylindrical or spherical coordinates
see ref	 �� page ��	

For periodic media the displacement vector u which satis�es Bloch�s theorem can be written
as u � uk�r�e

ikr
 where uk�r� is a periodic function with the same periodicity as ��r�
 ��r� and
����r� �see Eq	����	 All these periodic functions can been expanded into a Fourier series �plane
waves� with corresponding coe�cients uk�G
 �G
 �G and ���

G
respectively	 G is a vector of the

reciprocal lattice	
Approximating the in�nite sums in the Fourier series by �nite sums containing N terms
 Eq	

��� and Eq	 ���� reduce to a �N��N �N�N� arithmetically solvable matrix eigenvalue equation
for the �N �N� unknown coe�cients uk�G ���	

The above procedure is known as the PW �plane waves� method	 The number N is increased
until the desired convergence is achieved	 In the calculations which we will present in this work

we kept N���� G vectors to achieve convergence better than ��	



The study of the single scattering is based on the calculation of the scattering cross�section for
either a longitudinal or a transverse plane wave scattered by a homogeneous scatterer embedded
in a homogeneous host	

The main step for the calculation of the cross�section is the calculation of the wave
 u
 inside
and outside the scatterer	 These waves are obtained from the general solution of the elastic wave
equation in each region ���
 ��� with the application of proper boundary conditions on the surface
of the scatterer	 The boundary conditions concern the continuity of the displacement vector u
as well as the continuity of the stress vector
 P �with components Pi � �ijnj 
 where n is the
outgoing unit vector normal to the surface of the scatterer� ���
������	

The scattering cross�section for an incident plane wave propagating in the m�direction is
given by ���
 ���

� �
Z � niRe��

sc
ij �Re� �u

sc
j � �

� miRe��inc
ij �Re� �u

inc
j � �

r�d for r� �	 ���

The angular brackets denote time average
 the dot denotes time derivative
 and the super�
scripts sc and inc refer to the scattered and the incident �which can be either longitudinal or
transverse� �elds
 respectively	 The quantities mi are the components of the m unit vector
 the
symbol !Re" denotes the real part and the repeated indices indicate summation	

The single scattering calculations presented in this work are restricted to the case of spherical
scatterers	 In this case the spherical coordinate system is the most convenient	 The displacements
and the stresses of Eq	 ��� are expanded into spherical waves giving the cross�section in the form
of an in�nite sum of partial cross�sections
 each from the contribution of each partial spherical
wave	

In all of our calculations
 these in�nite sums have been approximated by �nite sums �by
using a truncation criterion� containing
 at most
 �� terms	 For small frequencies
 three or four
terms were usually plenty to give satisfactory accuracy	 The relative truncation error in all cases
was less than ����	

�� Study of the Periodic Systems

As mentioned earlier an extensive study of the acoustic and elastic wave propagation through
periodic composites has been done concerning the dependence of the gap on various parameters
of the composite ����
���	 We will present some of the main results of these studies which show
the dependence of the gap on parameters such as the topology
 the solidity of the scatterers
and host
 the density and velocity contrast between the two materials
 the volume fraction
 the
lattice structure
 and the shape of the scatterers	

Let us �rst discuss the role of the topology in the appearance of a gap	 In Fig	 � we show
the band structure of a sc periodic composite consisting of steel spheres �� � �	� g
cm�

cl � �	�� km
s
 ct � �	�� km
s� embedded in epoxy �� � �	��� g
cm�
 cl � �	��� km
s

ct � �	��� km
s�	 The volume fraction occupied by the spheres is �	���
 i	e	
 the spheres are
unconnected �cermet topology�	 There is a complete band gap between the �th and �th band	
The midgap frequency is 
ga
cto � �	� with !a" being the lattice constant and cto the transverse
wave velocity in epoxy	 The upper edge of the gap is at the M point while the lower edge is
at the # point �indirect gap�	 The three lowest lying branches below the gap are the so�called
acoustic branches	 They are characterized by the fact that at the # point �long wave length
limit� they tend linearly to zero	 For high symmetry directions the two lowest lying acoustic
branches are degenerate and are pure transverse waves while the third is pure longitudinal wave	
For an arbitrary direction of k there is small admixture of the other polarization �compare the
#X with the #M direction�	 The other
 almost $at branches
 corresponding to sharp peaks in
the density�of�states
 are the so�called optical branches and
 in most of the cases
 they have both



longitudinal and transverse character	 We note the above characteristics �acoustic and optical
branches� are common characteristics in the elastic wave band structures of periodic composites
with one scatterer in each primitive shell	

In Fig	 � the steel spheres of Fig	 � have been replaced by steel tetrahedral rods connecting
nearest neighbors	 This arrangement produces a network topology	 We can see here that the
wide gap of Fig	 � has disappeared	

Figures � and �
 as well as
 a variety of other computational data ��
 ��� indicate that the
preferable topology for the gap in both acoustic and elastic wave propagation is the cermet
topology in contrast to the electromagnetic waves which seem to prefer the network	 The most
unexpected point in these results is that elastic waves are closer to the AC rather than to the
EM waves
 although one would expect the opposite �due to the vector character of both EL
and EM waves�	 The isotropic scattering present in both the AC and EL case and absent in
the EM case does not seem to explain this behavior because in the !hard" �with high ct
cl�
solids
 the role of this component is negligible as we will show later on	 In the following
 we will
restrict ourselves to the structures with cermet topology	 The subscript !o" �out� will denote
the matrix material and the subscript !i" �in� will denote the scatterers	

Next
 we discuss the e�ects of non constant solidity �ratio of the transverse to the longitudinal
wave velocity
 ct
cl� for scatterers and host	 Although the role of this parameter seems to be
not decisive for the gap
 the existing results ��� seem to suggest that gap is slightly favored from
the largest possible ratio ct
cl �� �


p
�� for both materials	 This is not surprising because in

high solidity materials due to the similar velocity of the longitudinal with the transverse mode

the stronger mixing of these modes occurs	

A very important parameter for the appearance of a gap
 which is absent in the EM as well
as in the simple scalar case
 is the density contrast
 �i
�o
 between scatterers and host	 This
ratio gives the possibility for the gap in the ELW propagation to appear in many cases more
easily than in the EMW propagation inspite of the full vector character of the elastic waves	
What has been found ����� is that
 for solids
 the gap is favored from the largest ratio �i
�o
 i	e	

high density inclusions in a low density matrix
 for liquids the opposite condition is required

thus
 low density inclusions in a high density matrix is the ideal combination for a wide gap	
To this strange and unexpected di�erence between liquids and solids we will return later on for
a possible explanation	

Another parameter which a�ects the gap in a unclear way is the velocity contrast between
scatterers and host	 Here
 we consider �rst the e�ects of velocity contrast in the absence of
density contrast	 In Fig	 � we show the gap over midgap vs r�c � c�o
c

�
i for a �D periodic composite

consisting of liquid circular rods embedded in a liquid host in a square �B� or hexagonal �C�
arrangement	 The density of the rods are the same with the density of the host and the volume
fraction occupied by the rods is �	��	 From Fig	 � a critical value of rc �rcrc � can be seen above
where the �rst appearance of a gap occurs	 As the ratio rc increases from this critical value

the gap gets wider approaching a saturation in higher values of rc	 A gap has also been found
for values of rc less than one	 In this case though
 the critical velocity contrast ��
rcrc � for the
�rst appearance of the gap is higher than that of the previous case
 i	e	
 gap appears with more
di�culty ��
 ��	 The above tendencies have also been observed for spherical scatterers as well as
for the full elastic case �ELW in solids� ���	 Considering the dependence of the critical value rcrc
on the concentration of the scatterers and the lattice structure
 it has been found ����� that rcrc
has no strong dependence on the lattice structure while it remains nearly constant for a range
of �lling ratios around an optimum one
 which depends on many factors
 this optimum �lling
ratio is as low as ��� for elastic waves in composites such as Au in SiO� ��� and as high as ���
for W spheres in epoxy ���	

The widening of the gap as the velocity contrast increases is not unexpected because in the
absence of density contrast
 the impedance mismatch between the two materials �which gives
the strong scattering and consequently the gap� is exclusively due to the velocity contrast	



Although the role of the velocity contrast in the absence of density contrast is rather clear

the same is not true if density contrast is present as well	 According to the above discussion
 one
would expect a material combination of high density combined with high velocity contrast will
be the ideal for the appearance of a gap	 However
 wider gaps were found ��
 �� in cases where rc
is far from its values considered as optimum according to the above	 In Fig	 � we show the band
structure for an fcc periodic composite consisting of Ag spherical scatterers �� � ��	��� g
cm�

cl � �	��� km
s
 ct � �	��� km
s� embedded in epoxy	 The volume fraction of the scatterers
is �	��	 We can see here an extremely wide gap with midgap frequency 
ga
cto � �� which
appears between �th and �th band	 Note also
 the multitude of very $at bands corresponding
to very sharp peaks in the elastic wave density�of�states	 The Ag in epoxy case is a case of a
wide gap
 although the velocity contrast rc is not that di�erent from one	 Some other results on
this point are listed in Table � where with max�%


g� we denote the width of the gap over
the midgap frequency	 These results concern spherical scatterers in fcc structures	

TABLE �	

sphere&matrix �i
�o clo
cli cto
cti max�%


g�

W&Epoxy ��	�� �	�� �	�� �	���

Ni&Epoxy �	�� �	�� �	�� �	���

Fe&Epoxy �	�� �	�� �	�� �	���

Cu&Epoxy �	�� �	�� �	�� �	���

Steel&Epoxy �	�� �	�� �	�� �	���

Ag&Epoxy �	�� �	�� �	�� �	���

Pb&Epoxy �	�� �	�� �	�� �	���

Au&Si �	�� �	�� �	�� �	���

Pb&Si �	�� �	�� �	�� �	���

In the last two cases of Table � �Au&Si
 Pb&Si�
 the gap appears between the higher acoustic
branch and the lower optical ���
 i	e	
 between the third and fourth branch as in all cases with
rc much larger than one which we have examined	 The other cases in the table follow the
Ag in epoxy system of Fig	 � �i	e	
 the gap appears between the �th and �th band�	 What
distinguishes the last two cases from the others is that in the last cases the high values of
rc give Lam�e coe�cients of the matrix higher than those of the scatterers
 while the density
contrast contributes in the opposite direction	

The above results indicate that in the presence of strong density contrast the velocity con�
trast
 rc
 not only ceases as the dominant parameter for the gap
 but it may a�ect its appearance
in the opposite way than in the absence of density contrast	 Later we will try to make this point
clearer and to give a physical interpretation for the complicated case of the coexistence of density
and velocity contrast	

In the following
 we will discuss the role for the gap of the volume fraction
 the lattice
structure
 and the scatterer shape	

In Fig	 � we show the width of the gap over the midgap frequency vs volume fraction of the
scatterers for a system consisting of gold �Au � � � ��	�� g
cm�
 cl � �	�� km
s
 ct � �	�� km
s�
scatterers arranged in an fcc structure within a silicon �Si � � � �	�� g
cm�
 cl � �	�� km
s

ct � �	�� km
s� matrix	 The scatterers are either spheres �A� or cubes �B� or cylinders with
height over diameter being �	�� �C� or �	� �D�	

In Fig	 � we show the gap over midgap vs volume fraction for Ag spheres in an epoxy matrix
composite in fcc �solid line�
 bcc �dotted line�
 and sc �dashed line� structure	 The dotted�long
dashed line corresponds to an sc structure in which the Ag spheres have been replaced by Ag
cubes	



As can be seen in Fig	 �
 spherical scatterers exhibit wider gaps than cylindrical or cubic	 In
most of the cases of our existing results
 the more isotropic scatterer produces the wider gap ���	
There are some exceptions concerning mainly the sc structure in cases with rc less than unity

where the cubic scatterers give a wider gap than the spheres �see Fig	 ��	 Comparing the results
for the sc structure with scatterers
 either spheres or cubes �see Fig	��
 one can see
 also
 that
cubes produce gaps in a wider range of �lling ratios than the spheres	 This is consistent with
the preference of the cermet topology	 The transition from the cermet to the network topology
for the cubes in the sc structure occurs at �lling ratio �
 thus
 giving the chance for the gap to
preserve itself for a wide range of �lling ratios	

Considering the role of the lattice structure in the �D case
 fcc
 bcc and diamond lattices
seem to give better results than the sc �see Fig	 ��
 while the di�erences among them
 especially
in the cases with rc larger than unity
 are not dramatic	 In the �D case
 hexagonal lattices have
proven the most favorable for the gap �see Fig	 ��	

Finally
 we will consider the role of the volume fraction of the scatterers	 As can be seen in
Fig	 � the optimum for the gap �lling ratio for all structures except sc
 is almost �	�
 while for
sc it is around �	�	 In Fig	�
 the wider gap appears for �lling ratios less than �	�	 In all cases
which we examined
 the optimum for the gap �lling ratio was between �	�� and �	� �the EM
waves gap is favored for values of �lling ratio closer to �	� ����	 Usually the higher the number of
branches below the midgap frequency
 the larger the optimum �lling ratio	 For the sc structure

the wider gap usually appears in lower �lling ratios than for the other structures
 while the
range of �lling ratios in which gaps exist is narrower than that of the others	 This last remark
can be explained also by noting that the transition from the cermet to the network topology
for the sc structure and spherical scatterers occurs at a lower concentration than for the other
structures	

Considering the position of the gap vs �lling ratio
 it was found ���� that in the range in
which a gap already exists
 its position is almost independent from this parameter	 The same
almost independence is followed also by the $at bands of the periodic system �more detailed
results on this point will be presented later�	 This relative independence is an indication that
the multiple scattering does not in$uence appreciably this aspect of the band structure	

�� Single Scattering Study

The attempts to understand the above results and to �nd a simple way to predict optimum
conditions for gap creation were focused on the examination of the single scattering	 The relative
insensitivity of certain important features of the band structure results on both the volume
fraction of the scatterers and the lattice structure
 as well as the $atness of certain bands
 provide
strong evidence for the dominant role of the single scattering in determining the positions of
the $at bands and the gap�s�	 Furthermore
 the conceptual and calculational simplicity of the
single scattering allows a physical picture to emerge and an understanding to be achieved	

In the single scattering results which are presented in this work we have restricted ourselves to
the case of spherical scatterer	 Considering a plane wave scattered by a single spherical inclusion
embedded in a homogeneous host �matrix�
 we calculated the total and the partial scattering
cross�sections	 We compared these cross�sections with certain features of the corresponding band
structure results	

The main idea
 as mentioned in the introduction
 is to check the possible connection between
the resonances of the cross�section and the $at bands or other characteristics of the band
structure
 to examine the possible extension of the LCAO method
 in the AC and EL wave
case with the resonances to play the role of the eigenstates	 More speci�cally
 the idea is to
express the periodic �eld pattern u�r� as a linear combination


P
��a c��aua�r�R��
 of the single

resonance states ua�r � R��
 where a refers to the various resonances from a single scatterer



and R� are the lattice vectors determining the position of the center of each scatterer in the
periodic system	 Two important di�erences from the corresponding electronic method should
be stressed � i� Resonance states are not localized �i	e	
 decay too slowly
 as �
r as r ���
 and
this may lead to divergences	 ii� Besides the resonance states in the present problem
 there is
another channel of propagation employing at least partially
 if not mainly
 the host material	
Both of these complications arise because in the classical wave case
 as opposed to the electronic
case
 the host medium supports propagating solutions for every value of the frequency	 Proper
inclusion of the host propagation channel must face the formal problem of orthogonality to
the resonance states and may possibly cancel any divergence due to the long range nature of
the resonances	 In the present work
 we shall not deal with the mathematical formulation of
the linear combination of resonance modes �LCRM�	 We restrict ourselves to provide evidence
supporting the proposition that an LCRM may work	

To establish a connection between the resonances and the $at bands
 one must examine if
there are some correspondences between them as well as if they depend in the same way on the
parameters of the problem �it should be noted that by the term !$at bands
" we denote peaks
in the density�of�states rather than exact $atness�	

Below
 we discuss the relative dependence of resonances and $at bands on parameters like
velocity or density contrast of the two materials
 mentioning
 also
 some of the main character�
istics of the cross�section and attempting to answer some of the open questions from the band
structure study	

In Fig	 � we show the single scattering cross�section in a case of !hard" solids �with ct
cl �
�

p
�� with the density of the scatterers to be the same as the density of the host and clo
cli �

�	�� �a�
 �a
�

� and �
�	�� �b�
 �b
�

�	 The upper panels �a
 b� correspond to longitudinal incident
waves while the lower �a

�


 b
�

� to transverse waves	

In the left panels of Fig	 � one can see very sharp resonances in the cross�section	 Each is due
to the contribution of a partial spherical wave �mode� denoted by a number next or above the
resonance
 note that in the transverse incident case the pure longitudinal
 n � �
 �spherically
symmetric� mode does not exist	 All the resonances of the longitudinal incident wave case are
in the same position as the resonances of the transverse incident case	 Both are associated with
the same mode as indicated by the numbers	 However
 in the transverse incident wave case
�see �a

�

�
 there are additional resonances not present in the longitudinal case
 which usually are
very narrow	 These narrow peaks correspond to long life times
 i	e	
 low radiation �eld which
means the scattered �eld is weak as compared with the �eld inside the sphere ����	 In all of the
resonances
 the higher amount of the scattered energy is of the form of transverse waves	 The
above features are common characteristics of the cross�sections in the case of solids with a high
ct
cl ratio	 The �rst resonance is usually due to the n � � oscillation
 while the contribution
of the n � � mode is negligible �see Fig	 �a�	 In the right panels of Fig	� the cross�sections are
very low and featureless	

The conclusion from Fig	 � �comparison of Fig	 �a ��a
�

� with Fig	 �b ��b
�

�� and from other
computational data on this point ���� is the role of the velocity contrast
 clo
cli
 in the absence
of density contrast is to form sharp
 closely placed resonances	 As the ratio clo
cli decreases

these resonances move to higher frequencies and become lower and more well�separated
 while
the small background cross�section between them starts to grow	 In the clo
cli � � limit
 the
resonances as well as the background disappear �due to the absence of any contrast� and in the
opposite direction
 clo � cli �not completely examined�
 a very low and smooth cross�section is
formed which remains almost una�ected after certain values of the contrast	

The existence of strong resonances in the low velocity scatterer case is not surprising because
low velocity scatterers in the classical case correspond to deep potential wells in the electronic
case	 As is well known
 deep potential wells in the electronic problem exhibit strong peaks in the
scattering cross�section	 The lowering of the resonances as the clo
cli decreases is also expected
due to the decreasing of the contrast between the two materials	



In order to examine the role of the velocity contrast in the presence of density contrast
 we
repeated the above calculations in the presence of a small density contrast	 What was observed
is that the role of velocity contrast �at least in the most well examined region of clo
cli � ��
remains almost the same as what has been noticed above	 In the clo
cli � � limit
 the scattering
does not vanish in this case	

In summary
 one can say that the role of the velocity contrast
 co
ci
 is to form �by its
increase� sharp
 closely placed resonances
 to move them to lower frequencies and to reduce the
background scattering	

For the matrix�spherical inclusion combination shown in Figs	 �a and �a
�


 the corresponding
fcc periodic problem has been studied with volume fraction of the spheres �	��� ���	 A relatively
narrow gap has been found with midgap frequency 
ga
clo � �	�� �a � sphere radius� which is
denoted by a double arrow in Figs	 �a and �a

�

	 This band structure was found also to exhibit
$at bands �corresponding to rather sharp peaks in the density of states� which in Figs	 �a and
�a

�

are denoted by single arrows	 We see the position of the gap is between the �rst and second
resonance of Fig	 �a and between �rst and third resonance of Fig	 �a

�

	 The width of the gap is
much smaller than the frequency distance between these resonances	 The �rst $at band is above
the �rst resonance of Figs	 �a and �a

�

and the second below the second resonance of �a and
the third of �a

�

	 The second resonance of �a
�

is not connected with the characteristics of the
band structure due to its extremely weak strength	 For this reason
 we ignore such very sharp
resonances in many points of this discussion	

By lowering the density contrast from �	�� to �	��
 $at bands
 the gap
 and the resonances
moved in such a way as to retain their relative positions	 ��
 ���	

The existence of the gap between the �rst and second resonance in this range of �lling ratios
is something observed in all of the cases in which band structure results have been compared
with the corresponding single scattering data	 The $at bands in all these cases have been found
to appear very close to the resonances
 while the $atter the band the better the coincidence
which has been observed �due to level repulsion and hybridization
 an exact coincidence is not
expected�	

Extensive study of the position of the gap and the $at bands vs volume fraction ���� showed
the �rst appearance of the gap �in the very low �lling ratio limit� occurs very close to the �rst
resonance	 As the concentration increases
 the gap moves away from this resonance approaching
the midresonance position	 These results � similar to what has been observed for scalar waves
���� � are consistent with the main idea of LCRM	 The appearance of the gap very close to
a resonance in the low concentration limit can be attributed to the fact that in these low
concentrations the propagation of the wave takes place mainly through the host material and
the scatterers only obstruct its propagation	 As the concentration increases
 the resonances
of the neighboring spheres are mixed together and are broadened into bands giving the wave
another
 preferable in this range
 channel of propagation	 Thus
 the resonances create $at bands
and consequently
 the gap �if any� moves to the region between them	

We will discuss next the role of the density contrast and its puzzling opposite e�ect on $uids
and solids periodic media	 In Fig	 � we show the total scattering cross�section for longitudinal
incident wave and for materials with co
ci � � and �i
�o � �� �upper panels� and �	� �lower
panels�	 The left panels correspond to the !hard" solid case �with ct
cl � �


p
��
 while the

right panels to the $uid case �with ct � ��	 What distinguishes the solid from the $uid case

as Fig	 � shows
 is the role of the n � � mode	 In the solid case the n � � mode has an
insigni�cant contribution to the cross�section
 while in the liquid case both the �rst resonance
and the background �cross�section between the resonances� are due to n � � contribution	

What can be seen also from Fig	 � is that in the solid case the resonances become signi�cantly
lower and narrower as the ratio �i
�o decreases	 On the other hand
 in the $uid case there is
the opposite trend due again to the dominant role of the n � � mode	 As �i
�o decreases
 both
the resonances and the background become signi�cantly higher �note the change of the vertical



scale�	 The most dramatic enhancement occurs for the �rst resonance �this resonance has been
studied analytically ���� and in the low �i
�o limit its frequency is given by 
o � �ci
a�

p
��i
�o�	

The dependence of the cross�section on the density ratio is consistent with the dependence
of the gap on this ratio	 The stronger single scattering corresponds to the wider gap	 For the
liquid case
 the growth of the cross�section as the density ratio �i
�o decreases is due to the
enormous increase of the n � � scattering which dominates the liquid case cross�section and is
almost absent in solids �in solids
 due to the high ct
 the transverse wave scattering dominates
the cross�section�	 Thus
 this enhanced n � � scattering must be responsible for the appearance
of the gap for the liquids in the low �i
�o limit	

Corresponding band structure results for the speci�c cases of Fig	 � do not exist	 In some
other cases of materials in which high density was combined with high velocity contrast
 in
which both band structure and single scattering results existed
 the band structure results gave
wide gaps ���	 The position of these gaps was usually between the �rst and second resonance
of the corresponding single scattering cross�section	 There were also $at bands very close in
position with these resonances ����	

As discussed earlier
 the surprising result on this point is that wider than the above gaps
were found in cases with high density contrast
 but velocity contrast was not much di�erent
from one �see Table ��	

In Fig	 � we show the cross�section for Ag sphere in epoxy matrix �Fig	 �a� and for longitu�
dinal incident wave	 The Ag epoxy case �as show in Fig	 �� has an extremely wide gap
 although
the velocity contrast is not that large	 In the second panel of Fig	 �
 �b�
 the Ag sphere has
been replaced by a rigid sphere �� � �
 � � �
 � � �
 cl � �
 ct � ��
 and in the third
panel �c� the cross�section calculated by subtracting from the Ag sphere scattering amplitudes
the rigid sphere scattering amplitudes are presented	 The arrows in Fig	�c and the half arrows
with the symbol !G" inside denote the $at bands and the gap
 respectively
 of the Ag in epoxy
fcc periodic system with volume fraction of the spheres �	�� �see Fig	 ��	

appearance	

There are some broad resonances in the Ag in epoxy cross�section well separated by a
region of non negligible scattering	 The scattering in this region is almost exclusively due to the
contribution of the rigid sphere �for this analysis see ref	 �������� as can be seen in panel �c�
where this contribution has been subtracted and the resonances emerge clearly	

This analysis clearly indicates that in the spectral region between the resonances
 the wave
can hardly penetrate the sphere �note that for a rigid sphere
 the �eld inside and at the surface
is zero�	 Calculations of the total elastic energy vs the distance from the center of the sphere in
this spectral region veri�ed this statement ����	 The same calculation showed that at the broad
peaks �like those of Fig	 �� the higher amount of the energy is concentrated inside the sphere

although a signi�cant leakage outside exists	 The narrower the peak
 the smaller the leakage	

Similar analysis
 through single scattering of the other material combinations of Table �
which exhibit extremely wide gaps
 showed similar to Ag in epoxy cross�sections �with the broad
and well separated resonances and the high background between them
 the latter is associated
with a rigid sphere� ��
 ���	

It was noticed that the contribution of the background in these cases is not unexpected	 From
both density and velocity
 and also from the Lam�e coe�cients contrast �the Lam�e coe�cients
of the matrix are lower in these cases than those of the scatterer�
 one can see these composites
are closer to the rigid sphere in epoxy composite than any system with very high or very low
velocity contrast �co
ci�	

The above results strongly suggest that in order to obtain a wide gap in a composite peri�
odic structure
 a combination of inclusion�host is required such that the single inclusion cross�
section exhibits strong and well separated resonances with a considerable background in between

attributed to either a rigid or maybe soft sphere �on this we will comment later on�	



This basic result can be understood by considering two limiting channels of propagation
in a composite	 The �rst is mainly through the host material	 The second is by hopping from
scatterer to scatterer through the overlapping resonance modes �LCRM� �in most cases both
channels seem to be operational�	

On the basis of this argument
 in the spectral region between �rst and second resonance
of Fig	 �a
 the wave can use neither the spheres for its propagation �since no resonances are
nearby� nor the host �because of the high cross�section�	 Thus
 it will be natural for a gap to
open in that region	 The fact that the peaks are well�separated �due to the absence of high
velocity contrast� permits the appearance of a wide gap �note that the width of the gap is
usually considerably less than the distance between the two resonances�	 On the other side
 the
considerable width of the resonances indicates strong leakage of the �eld outside each sphere
and consequently a strong overlap and easy propagation through the resonance modes	

According to the above picture
 one expects similar results in the cases for which well�
separated strong resonances sandwich a high background due to a soft sphere contribution	
This occurs because for a soft sphere ��� �� �� cl� ct � �� the �eld inside and at the surface
is zero as in a rigid sphere	 This situation may arise in the case of low density
 low velocity
scatterers in a high density
 high velocity matrix
 although the results of Fig	 � indicate the
resonances in this case may be neither strong nor well separated �for solid composites�	

We will close this discussion with few comments concerning the role of the solidity
 ct
cl	
Most of our single scattering results seem to be much more sensitive to the solidity of the matrix
than to the solidity of the scatterer	 A solid sphere in a solid �liquid� host combination seems to
give similar cross�sections with a liquid sphere in the same solid �liquid� host �with the velocity
and density contrast between the two materials remaining the same�	 On the basis of this result

we expect for the characteristics of the band structure a similar insensitivity on the solidity of
the scatterers	
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FIGURE CAPTIONS

Figure �� Elastic wave band structure for a sc periodic composite consisting of steel spheres in epoxy
matrix	 The volume fraction of the spheres is �	���
 
 is the frequency
 a is the lattice
constant and c the transverse wave velocity in the epoxy �cto�	

Figure �� Elastic wave band structure for a sc periodic composite consisting of steel tetrahedral rods
connecting nearest neighbors and embedded in epoxy	 The volume fraction of the rods is
�	���
 
 is the frequency
 a is the lattice constant and c the transverse wave velocity in the
epoxy �cto�	

Figure �� The width of the gap over the midgap frequency vs the velocity contrast r�c � c�o
c
�
i for a �D

periodic composite consisting of liquid circular columns embedded in a liquid in a square
�B� or hexagonal �C� arrangement	 Volume fraction of the columns � �	�� and �i
�o � �	

Figure �� Elastic wave band structure for a fcc periodic composite consisting of Ag spheres in an
epoxy matrix	 The volume fraction of the spheres is �	��
 

 a and c are the frequency
 the
lattice constant and the transverse wave velocity in the epoxy �cto� respectively	

Figure �� The width of the gap over the midgap frequency vs �lling ratio
 x
 for a fcc periodic
composite consisting of gold scatterers in a silicon matrix	 The scatterers are spheres �A�

cubes �B�
 or cylinders with height over diameter �	�� �C�
 or �	� �D�	

Figure 
� The width of the gap over the midgap frequency vs �lling ratio for a periodic composite
consisting of Ag spheres in epoxy matrix in a fcc �solid line�
 bcc �dotted line� and sc
�dashed line� structure	 The dotted�long dashed line corresponds to Ag cubes in epoxy
matrix and sc structure	

Figure �� Total dimensionless cross�section
 �
�a�
 vs kloa for longitudinal �upper panels� and trans�
verse �lower panels� incident wave
 ct
cl � �


p
� for both sphere and matrix
 �i
�o � � and

clo
cli � cto
cti � �	�� for �a� and �a
�

� and �&�	�� for �b�
 �b
�

�	 a is the radius of the sphere
and klo � 

clo the longitudinal wave number in the matrix	 The number next or above
each resonance denotes the spherical harmonic responsible for its appearance	 The arrows
indicate the positions of the $at bands and the double arrow the position of the gap in the
corresponding fcc periodic composite with volume fraction of the spheres �	���	

Figure �� Total dimensionless cross�section
 �
�a�
 vs kloa for clo
cli � �
 �i
�o � �� �a�
 �b� and
�	� �a

�

�
 �b
�

�	 The left panels �a
 a
�

� correspond to a solid case with ct
cl � �

p
� for both

sphere and matrix and the right panels �b
 b
�

� to a $uid case �ct � � for both materials�	
a � sphere radius
 klo � 

clo	 The incident wave is longitudinal and the number next or
above each resonance denotes the corresponding spherical harmonic	

Figure �� Total dimensionless cross�sections
 �
�a�
 vs kloa for an Ag sphere in epoxy matrix �a� and
a rigid sphere in epoxy matrix �b�	 The third panel �c� represents the cross�section calcu�
lated by subtracting from the Ag sphere scattering amplitude the rigid sphere scattering
amplitude	 The incident wave is longitudinal
 a is the radius of the sphere and klo � 

clo
the longitudinal wave number in the epoxy	 The arrows indicate the positions of the $at
bands and the half arrows �with the symbol G in between� the position of the gap in the
Ag spheres in epoxy fcc periodic composite with volume fraction of the spheres �	��	 The
number above each resonance indicates the mode responsible for its appearance	
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PACS� ����� � Mechanical and elastic waves�
PACS� ������Mq� Velocity and attenuation of acoustic waves�
PACS� ����	�Bf � Ultrasonic velocity
 dispersion
 scattering
 di�raction

and attenuation in liquids
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 suspensions and emulsions�

Abstract� � Motivated by recent experimental results we test how well various extensions of
the well�known coherent potential approximation 
CPA� determine the characteristics of the
acoustic wave propagation through a random composite consisting of glass spheres in water�
In spite of the approximate character of the methods
 our results seem to be in reasonable
agreement with recent experimental data�

The coherent potential approximation �CPA� method widely used for electrons in disordered
solids has been extended in recent years to the problem of classical wave �CW� propagation
through random systems ��� �� ��� The e�orts to extend the CPA to the CW case gave rise to
more than one versions of the method depending on the nature of the CW� the structure of
the system� and the quantity to be calculated� Various versions of the CPA have been applied
to simple scalar waves �SSW� and to electromagnetic waves �EMW� with results in reasonable
agreement with the existing experimental data ��� �� ���

On the other hand acoustic �AC� and elastic �EL� waves have received less attention�
Their study has been restricted mostly to periodic systems �
� or random systems in the
low concentration or long wavelength limit ��� ��� The main reasons for this scarcity of
calculations are the theoretical di�culties of the problem combined with the absence of reliable
experimental data� The theoretical di�culties stem from i� the full vector character of the
ELW giving rise to scattering induced mode conversion� ii� the more than one parameter
which characterize a homogeneous elastic medium �density and velocities� which require a
larger number of equations for their calculation� Thus one has to �nd a set of equations which
would produce optimum results without creating serious computational problems�

On the experimental side the di�culty is in the interpretation of velocity measurements
in the very interesting and poorly understood regime of resonant multiple scattering� In this
regime the study of the EMW and SSW has shown that the energy transport velocity� vE �
i�e� the velocity entering the di�usion constant� D �� vE l���� is the appropriate velocity
characterizing the propagation �
� �� ��� The velocity vE � as a function of frequency� was found

c� Les Editions de Physique
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to exhibit pronounced dips near the single scattering resonances at low concentrations while as
the concentration increases its frequency dependence becomes smoother ��� 
� �� �� 	� ���� The
dips at low concentrations are attributed to the delay of the wave inside the scatterers near
the resonances while the smoothness as the concentration increases is due to the fact that the
scattering material now provides an additional path for propagation because of the coherent
hopping of the wave from scatterer to nearby scatterers�

Recently� Page et� al� measured for the �rst time� to the best of our knowledge� the di�usion
coe�cient� the mean free paths �determining thus the transport velocity� as well as the phase
and group velocity for ACW propagating through a suspension of glass beads of radius a
immersed in water in the strong scattering regime ���� ���� They determined velocities far
from the velocity of glass although the volume fraction of the glass beads �
��� was near the
close�packing� The present work is a brief presentation of calculational results motivated by
their data ���� ���� which thus allow us to test various extensions of the CPA in the particular
case examined by Page et� al�

We consider a random composite consisting of glass spheres �material i �in� of volume
fraction fs � 
��� immersed in water host �material o �out��� We calculate the phase and
energy velocity� the scattering mean free path and the localization parameter in the composite
by the use of the simple CPA �S�CPA�� the coated CPA �C�CPA� ���� and two versions of an
energy based CPA �E�CPA� and E�CPA�� see below� �	��

The basic idea of the S�CPA and C�CPA is the replacement of the random medium by
a homogeneous e�ective medium with a complex propagation vector qe which is calculated
self�consistently ���� ��� by requiring that the scattering arising from the local substitution of
the e�ective medium by the actual medium should vanish on the average� Thus the e�ective
vector qe is calculated by �

p�f��qe�qe� � p�f��qe�qe� � � ���

where fi�qe�qe� �i � �� �� is the forward scattering amplitude for an incident plane wave
scattered by a scattering unit of the type i embedded in the e�ective medium with probability
pi�

Within the S�CPA the scattering unit of the type � ��� is regarded as a glass �water� sphere
of radius a embedded in the e�ective medium with probability p� � fs �p� � �� fs�� Within
the C�CPA the scattering unit of the type � is regarded as a coated sphere �the actual glass
sphere coated with a water coating� of external radius r� and the scattering unit of the type
� as a simple water sphere of radius r� �this choice reproduces the fact that the two materials
are not topologically equivalent�� The radii of the two scattering units and the corresponding
probabilities throughout the present work are chosen either in the same way as in ref� ��� or

by the relations � p� � p� � ���� r� � ��	��
a�f
���
s � r� � ������a�f

���
s with practically the

same results in all cases which have been examined�
From qe one can calculate immediately the scattering mean free path ls � ����Im�qe�� the

phase velocity c � ��Re�qe� and the localization parameter kels�
The self�consistency condition for the determination of the real e�ective propagation con�

stant� km� within the energy based CPA is that the total energy stored in a scattering unit
embedded in the homogeneous medium to be equal with the energy stored in a region of
the homogeneous medium of the same volume as this scattering unit �	�� The energies are
calculated by considering an incident plane wave� The basic scattering unit is regarded either as
a single coated sphere of radius r�c � a��fs and concentration n� � fs�Va� where Va � 
�a���
�E�CPA�� or a coated sphere �of radius r� and concentration n� � fs�Va� and a simple sphere
�of radius r� and concentration n� � �� � n�V���V�� �E�CPA��� Vj � 
�r�j��� j � �� � and
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r�� r� are as in the C�CPA�
The complex e�ective propagation vector� qe� within either E�CPA� or E�CPA� is deter�

mined by �

q�e � k�m ����� ���

where the self�energy ���� is obtained by using its low concentration expression ���� �

���� � �
�
X
i

nifi�km�km� ���

In eq����� fi�km�km� is the forward scattering amplitude for an incident plane wave scattered
by a scattering unit of the type i embedded in the homogeneous medium km�

Within the E�CPA� or E�CPA� approach the transport velocity� vE � is calculated by
�
� �� �� �� ��� �

vE �
�

k�m

p
k�m � Re���

� �
X
i

ni�i
�
�

where the quantity �i is given by �
� �� �� �

�i � 
�Re�
�fi�km�km�

�k�m
� �

Z
d�

d	i

d�

�
i
kmk

�

m

�km
���


i
kmk�

m

is the phase of fi�km�k
�

m� and
d	i

d�
� jfi�km�k

�

m�j��

In contrast to the SS and the EM waves where only one material parameter� namely the
velocity� de�nes the e�ective medium� for ACW one needs two parameters �e�g� velocity and
density�� Thus one more self�consistency condition besides eq���� is needed� For the S�CPA
and C�CPA we attempted to put the average scattering amplitude in a direction other than
the forward equal to zero as well� In several cases this led us to convergence di�culties and�or
unphysical multiple solutions� We employed also an approximate expression for the e�ective
density �instead of a self�consistent one� appropriate for the long wavelength limit ��� as well as
the simple average �� � fs�i����fs��o � In the cases where the two self�consistency conditions
provide uniquely convergent solutions� the results were very close to those obtained by using
eq���� and the approximate expression of ref� ��� for the e�ective density� In the E�CPA the
density of the e�ective medium� �m� was replaced either by the average density or by the long
wavelength limit e�ective density ��� with practically the same results�

Recently� success in predicting and understanding the basic features of the ACW and ELW
propagation in periodic systems was achieved by the use of the single scattering analysis ��
��
Below� we apply this analysis in order to provide an explanation for of our CPA�s results� We
present �rst the total scattering cross section� 	� for a plane ACW scattered by a glass sphere
immersed in water ��g�� � solid line�� One can see that the scattering cross section is not very
large� We show also the scattering cross section� 	h� by a rigid �hard� sphere immersed in the
water �dashed line�� and the cross section� 	sb� calculated by subtracting from the glass sphere
scattering amplitude the rigid sphere scattering amplitude �dotted line� ��
� ���� 	sb is clearly
lower than either 	 or 	h� especially at the �rather weak� resonances� which means that the
wave does not penetrate appreciably within the glass sphere� This was veri�ed directly by
calculating the energy density as a function of the distance from the center of the glass sphere�
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Fig� �� � Total dimensionless cross section 
���a�� vs koa � �a�co for a glass sphere 
solid line� and
for a rigid sphere 
dashed line� both of radius a embedded in a water host� The dotted line represents
the cross�section calculated by subtracting from the glass sphere scattering amplitude the rigid sphere
scattering amplitude� � is the frequency and co the wave velocity in the water�

As a result we expect the propagation velocity to be close to that of water� Furthermore� its
frequency variation is expected to be weak as a result of the rather smooth 	 vs ��

In �g��a we show our results for vE according to the E�CPA� together with the experimental
point ����� The discrepancy is of the order of ��� or less� Note that the values of vE are very
close to co and they do not exhibit any strong variation with frequency� Both of these features
are consistent with our expectations based on the previous analysis of the single scattering�
Furthermore� the weak dips of vE at koa � 
 and ��� can possibly be attributed to the delay
of wave propagation due to its increased penetration inside the spheres as evidenced by the
corresponding peaks in 	sb� We have calculated vE at lower concentrations as well and we
found that the form of vE vs � is similar to that of �g��a reinforcing thus our interpretation�

In �g��b we present results for the phase velocity� cph� according to S�CPA� C�CPA and
E�CPA�� The agreement with the experimental results� especially for the C�CPA� is very good
to excellent with the exception of the frequency region arount koa � ��� �ko � ��co�� We
think that this discrepancy �which can be reduced slightly if we average over the �uctuation in
the size of the glass spheres� is due to the increase of the multiple scattering in this frequency
region� This increase is due �i� to the resonance in the single scattering and �ii� to the
matching of the wavelength �o � ���ko with the nearest neighbor separation d � �a� at
around koa � ���� This matching makes the multiple scattering not only stronger but more
coherent as well� making thus more di�cult for the CPA to describe the e�ect�

In �g�� we show the scattering mean free path as a function of frequency calculated by
employing the same approximations for the e�ective density and the same con�gurations
as in the case of �g��� The triangles and the circles indicate Page�s et� al� experimental
result ���� while the dotted�dashed line shows the mean free path calculated by using the low
concentration expression ls � ��n	 �n is the number density of the scatterers in the actual
material and 	 the single glass sphere cross section� it is remarkable that this simple formula
produces results not so di�erent from the experimental ones in this very high concentration
system��

We can see that the mean free path which is calculated within the C�CPA approximates
better the experimental data than the S�CPA or the E�CPA� mean free path� The discrepancy
between C�CPA and experimental result at koa � ���� as well as� the frequency shift of the
theoretical curves compared to the experimental data can been attributed again to the increase
of the strength and the coherent nature of the multiple scattering discussed in connection with
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Fig� �� Fig� ��

Fig� �� � Energy transport velocity vE 
a�
 and phase velocity cph 
b�
 versus the dimensionless
frequency koa � �a�co for glass spheres of volume fraction ��� randomly placed in water� The
triangles and the circles indicate Page�s et� al� experimental result for spheres of radius ���	 mm and
��	 mm respectively� The solid
 dashed
 and dotted lines indicate the velocities calculated within the
E�CPA�
 the C�CPA and the S�CPA respectively� co is the wave velocity in the water and a the sphere
radius�

Fig� �� � Scattering mean free path
 ls
 
in units of the sphere radius a�
 versus the dimensionless
frequency koa � �a�co for glass spheres of volume fraction ��� randomly placed in water� The mean
free path is calculated within the S�CPA 
dotted line�
 the C�CPA 
dashed line�
 the E�CPA� 
solid
line� and by the low concentration expression ls � ��n� 
dotted�dashed line�� The triangles and
the circles indicate Page�s et� al� experimental result for spheres of radius ���	 mm and ��	 mm
respectively� co is the wave velocity in the water�

�g��� The discrepancies were reduced somehow when we took an average over slightly di�erent
sphere radii�

Concerning the di�erences between the E�CPA� result and the others� one has to notice that
the self�energy ���� �from which the E�CPA� mean free path was obtained �see eq������ was
calculated by eq���� which is clearly a low concentration expression� In contrast� the S�CPA
and C�CPA do not employ any explicit low concentration approximation for obtaining either
velocity or mean free path� The above mentioned discrepancy becomes more pronounced if
one employs E�CPA�� We point out that all the methods tend� as expected� to the same low
concentration limit for the mean free path� ls � ��n	�

Finally� we mention that the calculated values of the localization parameter kels are not
close to the localization threshold �kels�c � ���
 ��
� �or �kels�c � ��	� ����� �the minimum
calculated value of kels as the frequency varies is ��	�� i�e� far from the critical region�� This
implies the validity of the di�usion approximation in describing the energy propagation even
at these high concentration regimes�
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Spectral gaps for Electromagnetic and Scalar waves� Possible
explanation for certain di�erences�
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University� Ames IA �����

and

Maria Kafesaki

Research Center of Crete�FORTH� P�O� Box ���	� 	�� �� Heraklion Crete�
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Abstract

We study two di�erent scalar wave equations� One of them ex�

hibits the main gross features of the simple scalar and elastic wave

propagation in periodic composite media� The other behaves simi�

larly to the electromagnetic waves in prefering the network topology

and the higher volume fractions for developing spectral gaps�

PACS no � ��
�
��Kf � ���
���d

�



There is recently an increased interest in the propagation of classical
waves �electromagnetic �EM�� acoustic �AC�� elastic �EL�� in composite ma�
terials both periodic and random� In the periodic case� attention has been
focused on the composites which exhibit spectral gaps� In the random case�
the interest stems from the question of Anderson localization� indeed if ran�
dom non�absorbing composite materials are fabricated exhibiting spectral re�
gions of localized eigenstates� several unsolved problems regarding Anderson
localization can be studied experimentally under well controlled conditions
and without the inevitable complications present in the electronic case �tem�
perature e�ects� electron�electron and electron�phonon interactions� etc���

In most cases the systems under considerations were binary composites �in
many instances air was one of the two components�� The low propagation
velocity component will be called the scattering component �or material��
while the high propagation velocity component will be refered to as the host
material� The composite is characterized by several parameters� Among
them the most important are�

�i� the propagation velocity ratio vs�vh �for EL waves there are three
velocity ratios� since each material in general sustains both longitudinal and
transverse waves with di�erent propagation velocities� the subscripts s and
h refer to the scattering and host component respectively��

�ii� the volume fraction� fs � Vs�V � occupied by the scattering material�
where V is the total volume of the composite� and

�iii� the topology which for our purposes can be classi�ed either as a cer�
met topology �where the scattering material consists of isolated inclusions
each of which is completely surrounded by the host material� or as network
topology �where the scattering material is connected and forms a multiple
self�intersecting continuous network running throughout the whole compos�
ite��

The theoretical and experimental studies especially in the periodic case
show that the EM waves behave di�erently than the simple AC or EL waves�
The two main di�erences are the following�

�i� for simple scalar �acoustic� and elastic waves it seems that the cer�
met topology is more favorable for spectral gap creation than the network
topology���� the opposite is true for EM waves������

�ii� for simple scalar �acoustic� or elastic waves the optimum value of fs
for gap creation seems to be in the range ���� to ����� while for EM waves
the range of optimum values of fs is much broader� sometimes extending to

�



about ���� �the optimum value of fs depends also on the lattice structure��
One is tempted to connect these di�erences with the vector character

and in particular with the transverse vector character of the electromag�
netic waves�� As a result of these the scattering from a single sphere lacks
an isotropic component� which� however� is present in both the scalar and
the elastic waves� An isotropic scattering will be reinforced by a closed
packed structure� which is consistent with a cermet topology� while a strongly
anisotropic scattering may possibly favor the network topology�� Another
argument o�ered as a possible explanation for the increased ability of the
network topology to create spectral gaps for EM waves is its supposedly
unlimited polarizability� However� the polarizability is limited by the wave�
length of the radiation which is comparable or smaller than the dimensions
of the primitive cell �in the spectral gap regions�� as a result of this the
polarizability argument does not seem to be convincing��

In the present paper we analyze two di�erent scalar wave equations� One
of the two exhibits the main characteristics of the EM waves in spite of the
fact that it is a scalar equation� This provides strong evidence that the expla�
nation of the di�erent behavior of the EM case is not mainly connected with
its transverse vector character but with the speci�c mathematical structure
of the corresponding di�erential equation�

r� ����r� �H� �
��

c�
�H ���

The �rst scalar equation we have studied is the ordinary simple scalar
equation�

r
�� � �

��

v�
� ���

where v � vs or vh in the scattering and the host component respectively
and � is the �angular� frequency of the wave�

The methods of numerical calculation are described in ref� ��
In Fig��a we show the threshold ratio r�c � �v�h�v

�

s �c �above which a spec�
tral gap opens up� versus the volume fraction fs �of the scattering� i�e� the
low velocity component� for the cermet topology� i�e� for isolated spheres of
the scattering component forming face centered �fcc� or body centered �bcc�
or simple cubic �sc� periodic lattices� We see that the optimum values of fs
is around ���� and that the minimum value of r�c is 
� 
�
� and ��
 for fcc�
bcc� and sc respectively� As shown in Fig� �b the network topology �where






the host �high v� material is now the spheres �overlapping or not� depend�
ing on fs� and the scattering material occupies the space among the spheres
forming a continuous self�intersecting network� is clearly less favorable than
the cermet topology of Fig��a� Indeed� the minimum value of r�c is now 
�	
and ��� for fcc and sc respectively�

In Figs �a�b we show corresponding results but for the following wave
equation�

r�v�r�� � ���� �
�

where again v � vs� vh for the scattering and host material respectively�
Apart from the vector character Eq� �
� is similar to the EM equation

�Eq� �����
We see in Fig� �a that for Eq� �
�� the cermet topology is not so favorable

for spectral gap appearance since the minimum required value of r�c is about
� as opposed to 
 for the cermet case of Eq� ���� On the other hand�
the network topology for Eq� �
� produces signi�cantly lower values of r�c
than the cermet topology� 
��� � �see Fig��b� for fcc and bcc as opposed
to ��� and � for the corresponding values of the cermet topology �Fig��a��
Furthermore� the optimum value for fs is considerably higher as compared
with those of Eq� ��� but they are comparable with those of EM waves�����

�Eq� ����� in particular for fcc the optimum fs are ��
 and ��� for the cermet
and network topologies respectively� for bcc structure the optimum fs are
��
 and ��	 for the cermet and network topologies respectively� Thus Eq�
�
� behaves similarly to the EM equation regarding both its preference for
the network topology as well as higher optimum values of fs �close to ������
The sc structure seems to prefer the cermet topology since there are not gaps
for the network topology� but the r�c in that case are extremely high �greater
than �
��� so it does not seem to change the previous conclusion� Also� notice
that for sc structure the cases with fs greater than ���� belong to network
topology and the optimum fs ����
�� is close to that value�

It must be pointed out� that these di�erences between Eqs ��� and �
�
persist in two dimensional systems as well��

A clue for the origin of these di�erences between Eqs ���� �
� may come
by considering the scattering from a single sphere embedded in a uniform
background with propagation velocity vo�

In Fig� 
 we show the total scattering cross section for Eq���� �which
corresponds to the boundary conditions on the surface of the sphere� both �






and ����r continuous�� In Fig� 
a the propagation velocity inside the sphere
vi � vo��� This is the single scatterer version of the cermet topology� We see
that the cross section is large on the average and in addition exhibits very
large resonances� In contrast� for the case where vi � �vo �Fig� 
b� the cross
section is small without any resonances�

The conclusion from this comparison is that much stronger scattering is
produced for Eq� ��� if the high velocity material surrounds the low velocity
material than vice versa� Hence� Eq� ��� would produce spectral gaps �in
the periodic case� or localization �in the random case� easier in the case of
the cermet topology than in the case of the network topology�

Fig� 
 shows that Eq� �
� �which corresponds to the boundary condi�
tions� both � and v�����r continuous� behaves di�erently� In spite of the
complicated resonance structure for the case where vi � vo�� �Fig� 
a� the
cross section on the average is about the same as in the case where vi � �vo
�Fig� 
b� indicating that there is not any strong dependence on the veloc�
ity of the surrounding material� Thus one is led to expect that there is not
any advantage to the cermet topology and that a topology consisting of two
interpenetrating complicated networks �one for each of the two components�
of about equal volume fraction may be closer to the optimum structure for
which Eq� �
� develops spectral gaps� Fig� � as well as the data of ref� �
tend to support this suggestion�
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� FIGURE CAPTIONS

FIG� �� The threshold velocity ratio r�c � �v�h�v
�

s �c for the appearance
of a spectral gap vs the volume fraction fs of the low velocity �vs�
component for Eq����� �a� The low velocity component consists of
isolated spheres forming face centered �fcc�� body centered �bcc� and
simple cubic �sc� lattices� �b� The high velocity component consists of
isolated spheres forming fcc or sc lattices�

FIG� �� The threshold velocity ratio r�c vs the volume fraction fs of the low
velocity �vs� component for Eq��
�� �a� The low velocity component
consists of isolated spheres forming fcc� bcc� and sc lattices� �b� The
high velocity component consists of isolated spheres forming fcc or bcc
lattices�

FIG� 
� The total scattering cross�section vs ka for a single sphere of radius
a and propagation velocity vi � vo�� �a� or �vo where vo� k are the
propagation velocity and the wave number of the surrounding material�
The wave is described by Eq�����

FIG� 
� The same as Fig� 
� but the wave is described by Eq� �
��

	


