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Evyooiotieg

Tig o Bepués pou evyoLotieg BEAM va EXpPEAOM OTOV EMOAETOVTO ®OONYNTY
uov ElevBegro Owrovopov yio ) OLoQxrn %L ue mavto meobuun dudbeon
200001 YN01| Tov. Ol TOAITIUES CUUBOUAES KOL 1) ETTOLXOOOUNTLXY] HQLTLXY] TOV,
atOQEOLOL TNG BOOELAS YVIOONG XAl EUTTELQLOS TOV OF BEUATO PUOLRNG, ETTEDQULOMLY
OTTOPAOLOTIXG 0T OLOUOQYMON TOU TEOTOV oxéyms wov. H cuvvegyaoia pali
TOU NTAV ULOL OLVEXTLUNTY) EUTTELQLOL YLOL LEVOL.

Eva peydlo evyoQuotm emiong ogeldw otov MuixdAn Zwydho TG00 yio TO
TQOYQUUUOTO. TOV TTAV® OF VITOAOYLOUO dourg Cavng EA0OTIRMV XUUdT®mV 000
2OL VLG TNV TTOAU XONOLUY YO UEVA ETTLXOLVOIVLCL TTOU ELYOUE OAOL TA YQOVLOL
EXTTOVNONG TNG OLOTOLONG CLUTNG %Al TN 6oNOELDL TOV OE OTL ALPOQAL TNV RATOVONO
™G ®UUATLRNG OLAdOONG OE TTEQLOOLXA CUOTNUOLTO.

Ze OTL aQOoQEd TNV RATAVONOY] TG XUUATLXNG OLAd00NG OF TUXOLO CUOTHUOTA
oAt vinege 1 emxowvovio pue tov Kurt Busch. Tov euyoaguotom OxL uovo
yia ™) 6on0eLd Tov GAAG ROL YLOL TV EVYEVELQ XOL TV TEOOUVULO UE TNV OTTOLOL
OVTOITOXQLVOTOY OTLS EQWTNOELS UOU.

Oa Moeha eTLONG VO EUYOQLOTNOW TNV ETTOUEM] EEETOLOTLXY| EMLTQOTY| TNG
OLATOLONG YLOL TIG EVOTOYES TTALQOLTYQNOELS KOl VTTOOELEELS TOUG Ol LOLOLTEQO TOV
7a0. ~ woTo Z0U%0UAY 0 0Tolog NAOe 0to HodnAelo 101xd yLoL TV TaQOVGLO.oN
%0L O OTTOLOG OLABAOE TO TAQOV REWUEVO RO EXAVE OLOQOMOELS.

ALOQDMOELS 08 TUNUATA TOU XEWEVOU CUTOU €XOAVE XAl O @orTnTig AAEELOG
~ Mngovouos. Tov evyagLotm Oegud.

Tt Aon xaOMUeEQLYDV VITOAOYLOTIXMV TEOGAUATWV B0 jTaV TOQAAEWN VO
unv avagegm T 6oMbeo Tov avta TEoduuov © ooud IMamayenotov ot Twv
€QYOCOUEVIV OTO VTTOLOYLOTLRO REVTQO.

Evyoouotm emiong Beoud Toug (pLAOUS %Ol OUUPOLTNTES OV TOOO VLA TLS Y QOV|OLUES
oviNTNOELS TTOV ELYOUE OO0 %Ol YLOL TV EVOAQQUVOT %Al GUUTOQACTOON TOUS.
Tig MUEQES TNG CUYYQOPNS TNG EQYALOLOGS CLVEXTLUNTY VTtEEE 1 Gonbela xan M
OUUTTAQAO0TOON TNG ~ LXNG XQUOOTTOUVAOV.

Evyogiotow téhog 1o tunuoa dvowwng touv Ilovemotuiov ~ onmmg xou 1o
Ivotitouto Hhextoovixng Aoung »ar Aélep tov 1dguuatog Teyvoloyiag »an
Egevvag yio v TeXVLXY %Ol OLXOVOULXY] VITOOTHQLEN T YQOVLO TWV GITOVOMV
uov. To tunua PuoLrng, EXTOS ATTO OLXOVOULXY] VITOOTNOLEY], OV £0MOE %Ol TNV
EUROLOLAL VOl OLTTOXTNOW OLOOKTLXY| EWTELQLOL CUUUETEXOVTOS OTNV EXTTOLOEVTLRY
dradiraocio oov 60m00g oe eVOLOPEQOVTA LAONUATO %L VA wPEAOD AT TG
YVOOELS ROL TNV TTELQA EEQUQETIRMV OOORAAWY.
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Ewoyoyn

H S513800M %#A00IAMV XUUATOV OO TO NAEXTQOUAYVITLHGL, OHOVOTLRA 1| EAALOTLXG!

2UUOTO. OF  TTEQLOOLXAL RKOL TUXOLOL UECO €YEL YLVEL OVILXEWUEVO  LOLOLTEQOV
eVOLAPEQOVTOS TO. TEAEUTOLA YQOVLOL YLO TTOAAOUG TOUELS TNG ETLOTNUNG XOL TNG
TEYVOAOYLOGC. ATO TNV TAEUQA TNG (PUOLXYNG OTEQENS RATAOTOONS TO EVOLOPEQOV
EMXEVIQOMVETOL OTNV €0MTNON Lo VIOEEN 1 Oyl xdouotoc” oe meolodixd 1)
EVTOTILOUEVV ROATOOTACEWMV OE TUXOLO XAOOLXO OVOTNUATO O OVOAOYLOL UE OTL
ovubaiver ota nhextoovia. H amdvinon oto egmtnua outo UTOQEL Vo 0dNYNOEL O
EQPOQUOYES OVALOYES UE TLG EQPOQUOYES TV NAEXTQOVIXMDV XOOUATWV %L EVTOTILOUE VWV
RATOOTAOEMY OTOVG NUAYWYOUS, EQPAQUOYES OL OTOLES €YOUV  CLTTOTEAEOEL TNV
720G TG TEXYVOLOYLOGS T Televtaio XQovia. Emumhéov, m uelétn tov xAooiwmv
OVOTNUATMOV TOQOVOLALEL BAOLRA TTAEOVEXTNUOTO OF OYEOYN Ue TN UELETN dLddoomg
TOV NAEXTQOVIMV.

Boowo mheovértnuo elvar OTL TO. XAOOLXA CUOTNUOTO OJTOTEAOVV TTEQLOCOTEQO
“%00000”° TELQAUATIXG OCUOTNUOTO OF OYEON UE TA MAEXTQOVIO.  Auto AOYw
™G QToVotlog OUVOETWV  aAMAETLOQACEMY OIS  AAANAETLOQOON MAEXTQOVIOV-
NAEXTQOVIOU 1) MAEXTQOVIWV-MVOVIWV, TG EALELYNS LOoYVONS €EAQTNONG Ao TN
OeQUORQAOLOL ROL TOV YEYOVOTOS OTL 1] OUYVOTNTO. TOU XAOOLXOU RVUOTOS WTOQEL VO
ra00QLOTEL EEMTEQLUA EVRONOL KOl UE ORQLOELCL.

IMagd to Yyeyovog Ouwg OTL TO %AOOXO OCUOTNUOTO €LvoL OYeTd “‘nobood”
TELQOUOTIXG CUOTHUATO O EVIOMLOUOS OTHV TTEQLILTMON TOUS OEV E€LVOL RATL €X
TOV TEOTEQWV €EAOPOALOUEVO.  Zuyxpivovias Vv 600uwt) eElowon xvuatog,
V26 + (w?/c3(x))¢ = 0, ue v eEtowon Tov Schrodinger, V2¢ + 2(E — V(r))é = 0,
WITOQEL VOL OEL HOVELS OTL TOL XAOLOLKA KVUOTO ELVOL LOOOUVOUO LE RUUOTO NAEXTQOVIWV
evégyelog, F, pueyoliteong amo tn uéytotn Ty tov duvaurov V(r). Ze avty v
EVEQYELANY] TTEQLOYT) O EVTIOTMLOUOS TWV NAEXTQOVIMV OEV (POLVETOL VO ELVOL EVROAOG
(av now To TEOGANUOL deV €xeL uehetnBel TANQWGS).

H pehétn tov rhaowrov xuvpdtov Eexivnoe omd to 600umtd ®vpata’ mwou
uehemOrav xvplwg BewenTird TOCO O€ TEQLOOLXA OO0 %OL O TUYOLO OUOTHUOTOL
Oo®eDAOTMWV UECO O€ OUOYEVY UEOC. BoéBnre OTL 0L 6AOLROTEQES TAQAUETQOL YLO TOV
2AO0QLOUO TV YAQUAKTNOLOTIXMV TNG OLAOOONS ELVOL 1] CUYXEVTQWON TWV OXEDAOTDV
%0l 0 MOYOS TNG TAYVTNTOS OLAO0ONG TOU KVUOTOS OTOVG OREDAOTES TTQOS TV TOYVTNTO
OLAd0o0NS 0TO TEQLOAALOV UECO €V AMAES TTAQAUETQOL OTTWS 1] TOTOAOYLCL, TO OYNUCL
TOV O%EQUOTOV AT, pavNrav va talfovv emiong €va QOLO.

ArolovOnoe m pelétn twv miextoopoyvnuxov (HM) xvudtov, Oeswontixd
OuoroAOTEQN AOY® TOU dlavvopativov  yagaxtnoo O  diavuouatirog  avtdg
YOQOXTNEAS DewEnOnxre vTeVOUVOG YLaL TV peyaliTeQn - o€ ox€on ue to. 6aOumTA

3

"Me Tov 000 axovoTIRG dMADVOVTAL TO. RUUATO EAALOTIXOTNTOS OV dLodidovTal o QEVOTd eV
EAALOTIRG TOL HUUOTAL OTOL OTEQECL.

20 600¢ %Gopo. MADVEL XL OTNY TEQLITTOOY XAAOIADY CUOTHULATOV TTEQLOYES GUYVOTHTMV OTIC OTTOLES
dev vrdyel OLddooN TOU HUUATOG.

3 Aéyovtag 6aOumTd EVVOOUIE HUUOTC TTOU XOVOTTOLOWY T1 6abumty ®vpotny eEiowon V24 +

(W?/c*)p = 0.



2 EIZATQIH

- aviiotaon tov HM xuvudtwv ot dnuovgyta ydouotos. TTagolo avtd 60e0nuov
TOOO VTOAOYLOTLXA OCO %O TTELQUUATIXG TTEQLOOKES OOUES TTOV eupaviCouv aQxeTd
UEYAAO XAOUOTO. ZTNV TEQLITTWON OLAO00NG 08 TUYXOLA CUOTNUATO €VO. AELOONUELWTO
amotéheopa (To omolo o ovlnTnoel TEQLOOOTEQO EXTETAUEVO. OTO KEPANLO 3), TOCO
yia 600UMTA 000 KoL VLA NAEXTOOUOYVNTIXG KUUATA, OPOQO. TNV TOXVTNTA dLAd00Ng
™™g evégyelas. H tayvmmro avtr) 60€Onxe va unv toutiletor ovte pe TV To)UTITA
PAONG OUTE YE TNV TAXVTNTO OUAOAS OAACL O OQLOUEVES TTEQLITTMOELS VO ELVAL TTOA
UWRQOTEQN %L ATTO TS dVO.

Tehevtola 0Ty 0€Ld %aL TO 6aOUO PEAETNS TOCO ATO TOVS HEMENTLXOVS 00O %L ALTTO
TOUG TTELQOUATLIROUG (PUOLROVS €XOUV UELVEL TOL OXOVOTLXO KO TO. EAOLOTIXG XVUOTOL TOL
OTTOLO. OITOTEAOVV %Ol TO OVTLXELUEVO TNG TTOLQOVCOS EQYOOLAG.

AdyoL Tov MONOOV TO EVOLOPEQOV OGS OTY UEAETH TWV OXOVOTIXMV %L EAACTIXMV
AUUATOV ELVOL TOCO OL TTOMMES EQPOQUOYES TOUS (O0€ UNYOVLKRY, LOTQLXY, R.0.%X) GAAGL
®Volmwg 1 Thovola uowky tovs. Ta ehaoTind ropaTa €lval TANQMS OLAVUOUATIXA
20UATO (EYRAQOLOL %Ol OLOUNKY) %Ol WAALOTO UE OLOPOQETLXY TAXVUTNTO. OLAOOONS
UETAEY NG dLouMxrovg %ol TG €YrAQoLag ouviotmwoos. Oi dVo avtég ouVIOTMOES
eva dLadldovVTOL aveEAQTNTO 0 €VO. OUOYEVES UECO OVAULYVYOVTOL OTHV TTOLQOVCLO
OVOUOLOYEVELAS %L EYRAQOLO XUUO. UETOTQETETOL OF OLOUNKES KL OVTLOTQOQOL.
Emmhéov 1 OLdd00N OxOVOTIRMV %L ENCOTIXOV XUUATWV O€ €VO UECO ELVAL EVA
TEOGANUO TTAOVOLO O€ TAQAUETQOUS AoV EE0QTATOL TOOO ATTO TIS TAVTNTES dLAOOOS
000 %L OTTO TNV TUXRVOTITA TOU UECOU RAL LAALOTO LE TEOTTO UE OYL GUETO TTQOOAEWLUES
OUVETELEC.

OAn avt) 1 TAOVOLAL UOLKY TTEQA OTTO TTNYY] EVOLAPEQOVTOS OUMS ELVOL RO TTNYY
OeENTROV OUOROMMV %L €VOS A0 TOVS AOYOUS TTOU €00V OTA OXOVOTLXA
%L ENOOTIRA RVUOTO. TN ULXQOTEQY] TTQOTEQOLOTNTC OTY OELQO UEAETNG OO TOUG
BewonTrovg puowovs. Emimhéov AOYOS yLor TNV Oyl EXTETOUEVY] BemQnTiny] UELETY
eLVOL %Ol TOL TTEQLOQLOUEVA TTELQOUATLXG OLTTOTEAEOUALTOL.

Oocov agoed To 1O VITAQYOVTO OEmONTIXG ATOTEAEOUOTO TO TTEQLOOOTEQO OITO
outd  agoouv duddoon ot meQLodrd ovotiuatoa.  H duadoon oe meQuodird
OUOTNUOTA, AOY® TNG CUUUETOLAS ROL TNG UTOAOYLOTLXNG EUTTELQLAG OITO TV UEAETY
™ NAextoovIrYg doung Cmvng, elval eUXOMOTEQO TEOOGANUA O OYEon Ue T OLadoon
oe Tuyoia. Emumiéov MOyog yia Ty “mootiunon”’ Tov TEQLOOLRMV CUOTHUAT®Y ELVOL
TO YEYOVOS OTL OTTO €VOL TTEQLOOLKO OVOTNUC UWITOQEL KOVELS VAL TTAQEL TTAQOWOQLES YLaL
TO TUYOLO OVUOTNUO TTOV TTQOXVITTEL OITO T OTAOLAXY “TUXOLOTTOINON’ TOV TTEQLOJLROV.

IMaed to 6Tl 0 TANEMG ALAVUOUOTLIXOS YOQOXTIQOS TWV EACOTIRMOV KUVUATOV NTOV
uia EVOELEN UeYOAUTEQNS - OE OYEOY UE TA GAAOL XAAOLXA XKUUATO - OVILOTOONG
ot ONULOVEYLO XAOUATOS GEEONUAV - VITOAOYLOTIXA - EECULQETIXA UEYAAO YOOUATOL
YLOL OLQXETES TTEQLITTMOELS TTEQLOOLXMV douwv. MelemOnxe emiong exteTOUEVO M
€EAQTNON TV YAOUATOV ROOMS ROl TOV GAADV XOQAXTNOLOTIXMV THS doung Cmvng
(my. Owaitego 0TEVES CmVES) GO TOQOUETQOUS OIS OUYXREVTOWOTN OXEDAOTWV,
mheyuaTiy Soun, avtifeon TUXVOTNTOV 1) TOYVTNTOV TOV VMXOV (0redAOTMV-
TEQLOAAAOVTOG UECOV) RO VITOMOYLOTNROV OL GEATLOTES CUVONKES YLOL TNV EUPAVLON
Y ALOUOTOG.

To VITOAOYLOTLXA AUTA ATTOTEAEOUOTAL TTAV® OTY SLAOOCY) OUOVOTIXMY %L ENLOTLXMDV
AUUATOV O TEQLOOLKA UECC ALTTOTEAOUV TNV CLPETNOLAL AL TO RLVNTQO YL TO TQMTO
ué€Qog avtg g eoyaotag. Ilailgvovtag vmoym OTL €vog a0 TOUS Wy OVLOUOUS



ONMULOVQYLOG TOU YAOUOTOS €LvoL 1) oxEdAON Ao xobéva oxedoot uehetnonue M
Oo®€OAON OO PloL WOVO OQOLEO GUOLOUEVY] O OUOYEVEG UECO ROL ESETOOTNUE TGS
%L O€ TTOL0 6aBuo aut) M orEdAOYN UITOQEL Vo OWOEL TTEQOGAEYN %L €ENyNom yLo
TO, Y OLQOXTNQLOTIXG TNG Ooung Cmvng og oVoTNUO TEQLOOLXA TOTODETNUEVOV OUOLWDV
opalmv. H uehétn autn zal To amoTeAECUOTO OVOPEQOVTOL OTO KEPAAALO 2.

To deUteQo WEQOS TNG €QYOOLAS OPOQA UEAETN TNG OLAOOONS TOOO OXOVOTLXMV
000 %OL ENOOTIXMV XUUATOV OF OLAQPOQO TVYAid CUOTHUATO. XQONOLWOTOLWVTOG
OLAPOQES ETTEXTAOELS TG YVOOTHS OTO TO MAEXTQOVIRO TTROGANUO uebodov Coherent
Potential Approximation (CPA) »ow pe ogpooun mTeooQata TEQAUATO VIToloYLLovTol
OL TaVTNTES EVEQYELOS ROL AONG, 1 UEOT elevBeor dradgoun %i emiong eEetdleton
N dUVOTOTNTO. EVTOTLOUOU TOU XUUATOS OTO. OLAQOQO. auTd Tuyoia cvotnuoto. H
ueB0d0G ROl TA ALTTOTELEOUATA TTOQOVOLALOVTAL OTO XeEPAALO 3.

Téhog, 0t0 ne@aiato 1 yivetal po ocuvtoun Ta.Qovoiaon Oeuehmdnv ueyedmv «i
eELomoewV TG DewELag EAAOTIXOTNTOS TO OTTOLOL Y QNOLULOTOONRAY 0TV TOQELNL TNG
€QYOOLOGS. AVOPEQOVTUL Ol HUUATIXES EELOMOELS E0TLALOVTOS OTNV €ELOWON dLAdOONS
EMOLOTIRMV RUVUATOV O€ OUOYEVH NECO. ROL TIG MIOELS TG,






1

Axzovotizd zou ehaotiza xvpoto - EElomoseig

1.1 Oguehmdn peyedn zou eElomoels s 0emEiog EAAGTIXOTTOS

” AT amo TV emLOQMON SUVAUENMV TO. CMUOTO OF RATOL0 GABUO TAQUUOQPDVOVTOL.
H mogopogpmon auvt) tmv ocoudtov (to omoio. Bemeouvtol oav ouveyy, TAEmS
eAAOTLXG UEOQ) ELVAL TO ®EVTQLXRO Ogua g Bewolog elaoTIrOTITAG.

H petatdmon evog onueiov AOym moQauoopmons dldetor amd to dtdvvoua
UETOATOTLON G, U, Ue oVVIOTWOoES [1]

U = 1 — (1.1)

OmOV I; UOL T; OL CUVIOTMOES TOU SLOVUOWOTOS Ofomg, r, MOV XOL UETA TNV
TOQOUOQPMOY OVTLOTOLY L.

Otav €vo 0OUa TAQUUOQPMVETAL 1] ATTOOTOON UETOEY YELTOVIXMOV ONUELWVY TOV, dl,
aldLer natd Tdmo mote!

(dI'Y? = (di)? + 2ug;dade; (1.2)

dl' eivar n oméotaon Twv OemEoVuevVWY ONUElOV OTO TTUQUUOQPMUEVO GO
®OL w;; €LVOL Ol CUVIOTOES TOU YVOOTOU OtV Bemplo ehaoTiwomTag TavVoTH
TAQOUOQPWONS Ol  OTOLEG O€  UUQTECLOVEG OUVTETAYUEVES HOL  YLO.  ULXQES
TOQAUORPMOELS didovToL amrd’

_ 1(8?“ %)
2 dx;  Ox;

Wi (1.3)

Extoc tou Tavuvot) moQauoopmong évag  dAlog  Oepewdng oty Bemolo
EAOLOTIXOTNTOS TAVVOTHC elvol o Aeyduevog Tavvotic tdong’. O Tovvotig Tdovg,
Ti;, OUVOEETOL UE TOV TOVUOTY TOQOUOQPWONG UE TN YEVLXY] OXEON

o5 = Cijriun (1.4)

Cijrl €LVOL O TaVVOTHG EAQOTIXOTNTAS, YOQOUTNOLOTLROS TOU UECOV.
T tomuxd 1ooteomixd uéoa o Cyjy umogel va yoopet ocavt @ Cip = abipé +
B6116;5 + Ao;;05 nan M ox€on moanoepmons-taons (EE.1.4) maiover ™ pnoogn

Se oM ) ovlipnon Bempovpe dOEOLON wE TTEOC TOug Emavolaubavopuevoug deinteg.

Lo TIC GUVLOTMOES TOV i; OF OQPOLOIKEC HOL nUMVOQIHéS cuvTeTayuéves dec avagopd [1, oel.3]. Ou
OUVLOTMOES O€ OPOLQLXES CUVTETAYUEVES avapEQovTaL emtiong oto ITagdotnua A.

3T660 0 u;; 66O %KL O TAVVOTIS TAONC ELVOL CUUUETOLXOL TAVUOTEC.

YO 81651, 861 now 8;;6k1 ELVOL OL WOVOL TOVUOTEC TETOQTNG TAENS TTOU UEVOUY OVOAAOLTOL XATM
OTTO OTQOPES KL AVOXAGOELS TOU GUOTNUATOS CUVTETOYUEVWV.
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i = 2,uu2']‘ + /\Ugg(sij (15)

ue i = (a+53)/2. Ovovvteheotés A = A(r) vow o = p(r) elvan oL AeyOUEVOL CUVTELEOTESG
Lamé tov péoov [1]. O p expodlel v aviloTtaon OTIS OLATUNTIXES TAOELS EVMD O
owvdvaonos B = A+ (2/3)p  divel 1o vdQO0TUTLIRO UETQO ELAOTLROTITAG.

Méow tou Tavvoty taong 1 dvvaun avda povado oyrov, F, o wa megroyn tov
TTOLQOUOQPOVUEVOU OMUATOS WTOQEL VO EXPQAOTEL OOV

oy
O
OAOXANOMVOVTOS TTAVM OTOV OYRO TNG TTEQLOYNG KOl UETOTOETTOVIAS TO OLOXATQWUC

oe emupavelarnd evxoha Goloxrel xavelg ot 1 taon, P, mavem oe éva otouyelo
ETLPAVELAS TNG OEMQOVUEVNG TTEQLOYNS EXPQALETAL TOV

F (16)

Py =o4n; (1.7)

UE 7; TIG CUVLOTMOES TOU UOVAILOLOU RAOETOV 0TO BEWQEOVUEVO OTOLYELO ETLPAVELAG.
Znueltwvouue  TEAOS  OTL 1 OUVOULXY  EVEQYELD. VA UOVAOO OYXOU  TOV
TTOLQOUOQPOVUEVOV 0MUATOS, Ey, didetan amo
1

Ey = 501 Uij (1.8)

eV 1) 00N eVEQYELOS avd novada emupdvetag, J, amd ) oxéon’ [2]

Jdu;

= (1.9)

Ji = oy

1.2 7 vpotxég eElomoerg

[Taigvovtag voym tn oxéon 1.6 xot tov devtego vouo Tov Nevtwva 1 yevixr eElowon
%LVNONG YLOL VAL EAOOTIRO UECO UTTOQEL VoL Yoael oav [1, p.87]

821/ 802']‘
Poe = 0x;

OmoV p = p(r) N TURVOTNTO TOU UECOV.
o v TEQLITTWOT LOOTQOTLHMY UECMY KOL AVTLXAOLOTOVTAS TO 0;; ATO TNV

avtiotoryn éxgoaon (EE. 1.5) n yevixn eElowon nivnong (EE.1.10) oe ragteoioveg
OUVTETAYUEVES TTOLQVEL TN LOQPY

(1.10)

Put 1.9, ou' 0 out ou
A A Nl SR .
ot? p{awz( 8$g) + axj [“(axj + Ox; )]}
H oyéon 1.11 eivor m yeviri] ®Uuotiry] eEL0mon 0€ LoOTQOTLXO UECO.
INa gevorad, 6mov M avtiotaon ot ddtunor eivor undev (¢ = 0), n eElowon 1.11
ELOAYOVTOG TNV TTLeoT, p = —AVu, TOLQVEL TN LoEY

(1.11)

>Té00 Yo To Ev 660 %ow yia 1o J;, 0T 0£0M TOV 0755, u:; %ol u; OEmQOVVTOL TaL TQOYLOTING UEQT
TOV OVTLOTOL{ MV TTOCOTHTMV.
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0?p 1

— = AV(- 1.12

G = AV D) (1.12)
Opoyevi] péca @ ZTNV TEQUITTWON OUOYEVOV uéowv, OMAadN UEOWV UE A, i, p
= otabed, M yeviun eElowon elootrov xvuatog, EE.1.11, Bewomvtog yoovixn
eEGoTNom g noegg e~ ! umoel va yoagel oav [2, 3]

A4 20)V(V-u) = uV x Vxu+ pou=0 (1.13)

O¢tovtag u = w; + u; 0mov V- u; = V x w; = 0 dnhadn yweiloviag to didvuoua
TOQOUOQPMONG, U, OF OLAUN®N %Al EYRAQOLO. OUVIOTMOO (u; ®OL uy OVTLOTOLYXO) )
EE.1.13 ywolCetor oe dvo aveEagtreg dravvonatinég eElomoels Helmholtz [2]

Vi + 2 =0 (1.14)

Viu, + Su; = 0 (1.15)

duown ouvemela elval 1 UTOQEEN YLo OUOYEVN UECA aoVCEVXTWYV OLOUNKOV KL
EYRAQOLWV XVUATWV TTOU OLodidovtanl aveEdoTnTo pe ToyUTNTES

aq=V(A+2u)/p YLoL TO dLopnnes %O e =/p/p YL T gyrdoto .

1.3  Avoeis T ®vpaTixg €ELGMONGS YL OMOYEVI] HEGH

Me T0 ¥®WELOWO TOU ALOVUOUOTOS UETOTOTILONG OF OLOWUXY] %L EYRAQOLO. CUVLOTMOO 1)
Moom g eElomong dLadoomg eA0oTIXOV xipatog og ouoyeves uéoo (EE.1.13) avdyeton
TEMXA OTOV UTTOAOYLOUO TV AVOEMV TV OV0 diavvouatikmv eElowoemv Helmholtz
EE£.1.14 nouw EE.1.15.

Ze 0000YMVIOL CUOTNUOTO CUVIETAYUEVWV Mo drovvopatirny eEiowon Helmholtz
UWIToQeL var avalvOEeL 0€ TEELS BAOUMTES KVUOTIXES EELOMOELS ULOL YLOL RAOE OUVLOTMOO
TOU TEOS UmoloyLoud dtavvouatos.  Emeldn to 0o dev eivor duvotov oe
ROWTUAOYQOUUES OUVIETAYUEVES Ol TTQOOTAOELES YLoL YEVIXO TQOTO Avong tng 1.13
OTQAENUAV OTNV TTQOOTTAOELO. EVQREONS TOLWV AVEECQTNTWV OLAVVOUATIXWY NOEWV
TEAYUA EPLYTO YLOL TOL TTEQLOOOTEQX CUOTHUATA OUVIETAYUEVQWV [3, 4].

Eotw ouvvapmoels ¢, ¥ noL x TETOLEG WOTE

(V2 + k)¢ =0, (V2 + k) ($,0) =0 (1.16)

ue k; = w/ep non ky = w/e; now a éva atalfepo didvvopa. Mmogel vo detEer naveig
€UXOAOL UE OVTLXATAOTOON OTL OL AVEEAQTNTES OLALVUOUOTIXES CUVOQTIOELS
1 1
l:k—qu m=V xa n:k—VXVXaX (1.17)
I t
elvar Moelg g EE.1.13. H 1 diver t doumxn ovviotmwoo tov ®ipatog (Avon tng
1.14) evo ov m xou n v eyraoro. (Aoewg g 1.15).

SZnuethveTan OTL 1) OUOYEVELD TOV UEGOV elval avayxaia ovvOxy Yo TV VILoEEN g aveEaoTnoiag
UETAED TNG SLoHOUG ROL TNG EYRAQOLAS CUVLOTMONS TOU HUUOTOGC.
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TQoIQIXES CUVIETOYNEVES @ SE OQalolxéc ouVTeTayuévee a= 'r xow 1 ADON u

enealetal ovvilmg OOV YOOUUKOG CUVOVAOUOS TOV OTOLXELWOMY AVOEWV leyy,,
mMey,y, HOL ey, [3, 2]

Ou otouetmdelg Moelg ley,,,, me,,,, %ol Ny (SLAVVOUATINES OPOALOLAES AOUOVLHES)
elvor oL Moelg mov meoggyovtal (ue 6adon Tg eSwomoes 1.17) amd 600uwteg
ouvaeTioelc® g noegg

Penm = Ry (kr)P"(cos 0)(s:i0ns me (1.18)
omov n € [0,00), m € [0,n], R, ovvdgton Bessel, k£ = k; yia g dropmnerg Avoelg
(Iepp) now k = k¢ yio0 g €y1AQOLES (Meyyy, Nepyy ) EVOD TA €, 0 INAOVOUV TIS GLOTLEG
(even) rou TG meQLTTES (0dd) AVTLOTOLY O OQALQLKES OLQUOVLKEG.

Ot avohuTinég EXPEACELS TOV lejp,, Mey,, KOL Nejp, AVOPEQOVTOL OTO TTOQAUQTNUCL
A.

"To r dev eivar otafepd Sidvuopo olhd amodelnvieTal OTL 0TV TEQLTTMON TWV OGQOLOLL®OV
ouvtetayuévay diver aveEdomrec Adoelg pe ™ Swopnxn Avom, 1, #dOetn omy empdveia opaigag
UE KEVTQO TNV 0LQYN TOU GUCTHUOTOS CUVTETAYUEVDV.

8 Aboeic e 6abuwtyg eElowong Helmholtz.
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X%E00L01) EAULOTIZOU XVUATOS OLTTO GYPAULOU. GOV
uEGo mEOBLeYNS s domig Covng

2.1 Ewayoyn

Onwg avageéednxre otV EL0O0YWYY| TG €QYOOLAS TO TEQLOOOTEQX OO Ta MO
VITAQYOVTO. ALTTOTELEOUATA TTAVD OTY OLAO00T GXOVOTIXMV %L EACCTIXMV XUUATWV
agoouv diddoon oe meQLodrd ovotuata [S, 6, 7, 8, 9, 10, 11]. TIleguoodtego
exteTopéva €xel uehetOel 1 OLAd00Y 08 CUOTNUATO TPALOIXDY THEOATTOV TEQLOOLKA
TOTOOETNUEVOV 0 EAALOTLXO UECO. ALammotwOnxe 1 duvatoTTa VITOQENS 08 TOALES
TEQUTTMOELS UEYAAWV YAUOUGTOV %Al UEAETNOMRAV OL CUVONXES TOU EUVOOUV TNV
VAN auty). Meguxd oo ta 6aoixd ovumepaouata [8, 9] mov dotvmwOnHay eivor
OTL 1) EUPAVLON X AOUATOG EVVOELTOL OTTO (7) oVYREVTQWON ogawv: 10 - 50%, (ii) otig
TTEQLOOOTEQES TTEQUITTMOELS ULXQO AOYO SLOUNXOUS TTOOG EYXRAQOLO TaUTTA (¢7/¢t) YL
TIg opoiges xar To meQUBAAAOV péoo!, (iii) ueydhes TayvTTES Yoo TO TEQLBAMAOV
UECO (¢,), MHQES TAYVTNTES YLO. TO VALXO TOV OQALQMOV (¢;) - YLo 0TaHEQN TURVOTNTO
TOVTOU 0TO OVOTNUO - ®OL (10) WtxQ0S MOYOS p,/pi YO, OTEQED eV ueyarog hOYOG
Polpi YWO VYA OOV po N TUXVOTNTO TOU UECOV XOL p; 1] TTUXVOTNTO TOU UAXOU
TOV OQPALQMV. ALOTLOTMONKE ETLONG LA OYETLRY OVEEAQTNOLOL TOV BACLRWMV Y O0LQ/RDV
e Sowig Cavne (xdouarta #ar ol otevéc Lhvec?) TOCO OITd T OUYREVTOWOY TWV
oxedaoTOV (OPALEMV) 000 %L oo TV mAeywotixr) dowr). Télog, €va mEOopATO Uy
OVOUEVOUEVO OUTOTEAECUOL ELVAL O VITOAOYLOUOS AELOONUELMTO UEYAAWV XOOUATWV OE
OVOTNUOTA OPAULQMOV OTTO UETAMMO UEYAANG TUXRVOTNTOG, TTEQLOOLKA TOTTOOETNUEVOV
oe TAOOTKA (VMXA yaumAng muxvotntag) omwg epoxy, PMMA xox. [10, 11, 12]
TOQA TO OTL 1 OVTLOEON TAXVTITOV, ¢,/¢;, 0' CUTA TO OVOTHUATO €LvoL OYedOV
ovumoerty. Ta ydouoto avtd 6QeOnxav va eivar TOM ueyaliTeQo amd XAoUOTO
IOV VITOAOYLOTNXOV O€ CUOTHUOTA UE TOV LOLO AOYO TTUXVOTNTWV UETOEY OXEDAOTDV
%O TEQLOAAAOVTOS %O UEYOAVTEQO AOYO TAYVUTITWOV ¢,/ ¢;.

H mpoomafeio va xatavonfolv to TaQamave AroTeELEOUATA ®oL Vo, 60eDeL €vag
QITAOG TQOTTOS TTQOBAEYNS TOUG ROl TTQOOAEYNS RATAAANAWMV YLOL ONULOVQYLAL Y AOUATOS
VM@V odynoe ot uehétn g oxédaong amd uo wovo opaipa’ [10, 11, 13] n oot
OITOTEAEL %Ol TO TEMTO UEQOS TNG TTAQOVOUS EQYAOLAG.

H oxédaon amo ula ogoloo £xeL TO TAEOVEXRTNUO OTL OITOTEAEL EVAL (PUOLKO CVOTNUL

"H eldytot tyu mov Wiroget vo. £xeL o AOyog ¢i/c: 08 néco. xwolg amoeeogpnom (wote oL oTadeéc
Lamé va eivan Oetinol aopol) eivar v/2. H eEGQTNom Tov 3Aopatog amd To ¢;/c: 08 TOMES TEQUITTMOELS
elva oQretd ouvheTn #L oYL TOAD ®o0aQM.

201 “otevég LmVES” TOQAYOUV ROQUIPES GTNV TURVOTHTO, XOTAOTAOEMYV.

*H oxédaon amd pio wdvo ogaio woli pe TV TOAOITAY o*ESOON %0l ROTUOTQOPLAY GUUBOMY| TV
oxred0LOUEVOY HUUATOV EVOVVETAL YLOL TNV EUPAVLON TOV YAOUATOGC.
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OV UTTOQEL VO UEAETNOEL OYETLRA EVRONO, YWQELS OAVAYXY UEYAAOU VTOAOYLOTLXOV
YOOVOU %OL UVIUNG %OL TTOU AOY® TNG OTTAOTHTOS TOU OLVEL QUVOTOTNTO (PUOLKYG
eounvelog tov amoteleoudtov. Emmhéov, n oxetwn aveSoQmola Twv 600trmV
YOQOXTNOLOTLXMV TNG doung Cwvng TO00 O TN OUYREVIQWOY TWV OREDAOTMV OGO
% OO TV TAeywoTixn doun elvor piol Loyuen €vOoelEn yiwo to Ot 0 QOAOS TG
otov ®0.000L0ud TOV Yae/nwv TG doung COVNG OTO OVTLOTOLXO TTEQLOOLXO GUOTNUOL
(ovoTuo TV TEQLOOLXA TOTTODETNUEVV OUOLDV GPOLQMV) ELVOL KVQLOQYOG.

Oa TEETEL Vo ONUELMOEL OTL UEAETY) TNG OXEDOONG OLITO WL OQALQCL OTNV TTEQLITTWON)
TV 600unTOv xuudtov [14] xotdgege vo dmoel exTiunorn TOo0 yLo. To uéyebog
000 ot yio. ™) B€on Tov yaouatog (yia too HM »dpata avaroyn uehétn odnynoe oe
aToTEAEOUOTO MYOTEQO ““1000QA’” AOYM TOU dLAVUOUATIXOV Y OLQOXTIQM TWV KUUATWV
QUTMV).

H uedétny g onédoong amd wo povo oQaiQa, YLVETOL €dm UECW VITOAOYLOUOU
2Ol AVOAUONG TG €veQYoU dtatoung oxedaons. H Gaowxn wdéa elval o €heyyog yio
OOVY] OVVOECY] TWV GUVTOVIOUMV TNG EVEQYOU OLOTOUNG UE TLG TTOA) OTEVES Cwveg
2OL TO YA0UATA TNG doung CmVNg EAEYYXOVTOS £TOL TNV OOV ETEXTOON THG YVOOTHS
atd TO NAEXTEOVIXO TEQLOOLXO TTROGANUO LO€ag Tou LCAO (yoouuxrog ouvouoouog
OTOULXMDV TQOYLOXMYV) OTNV TEQLITTWOY TWV OXOVOTIXMV %L EACOTIRMOV XUUATWV UE
TOUG OUVTOVLOWOUS VO TALCouv To QOAO TV LOLOXATAOTACEMYV. ZUVOEOVTOS TOUG
OUVTOVLOUOUG TNG €VEQYOU OLATOUNG UE TA YUQOXTNOLOTIXG TNG doung Cwvng ot
ouvOnres yLo. VTAEEN XOOUATOS UTTOQOUV VO, UETATQOTOVV OF OUVONKES YLo. TNV
eveQYO OLatour] ®ot vo. O00EL ULl UOLKY] EQUNVELXL YLOL TLG OUVOTHES CLUTES.

Zv meoomdbela emextaons g LOEag Tou LCAO oty TEQLITTWOY TWV OXOVOTLXMV
%L EAOLOTIRMV RUUATOV OaL TEETEL VO ONUELWOOVV dUO ONUOAVTLRES OLAPOQES OF OYEOM
UE TO. MAEXTQOVLOL TTOV RAVOUV TO TTROGANUA un teTouuevo. To ot (i) oL ouvtoviouol
dev elvan moayuamxés 1dlonaTaoTdoeg TAowe evromouévect wau (i) extog omd To
2aVAAL SLAOOONS UEC TWV CUVTOVIOUMV VITAQYEL ROL 1] OUVOATOTNTO OLAOOONS UECW
TOU VALXOU TTOU TTEQUOAMAEL TIG OPOLQES TO OTTOLO WITOQEL VAL VITOOTNQLEEL RVUOTA YLOL
rAOE T TNG OVYVOTNTOG.

o ™ ovvdEoT TN €VEQYOU OLOTOUNS UE TO YALQOXTNOLOTIXA TNG doung Cwvng ota
TAALOLOL TG TTOQOVOAS OOVAELAS o) €EETAOTNXE 1) €EAQTNON TG EVEQYOU OLOTOUTS
otd TOQAUETQOVS TOU TTQOOANUOTOS TTOV ETNQEALOUV TNV EUPAVLOTN YXAOUWOTOS %OL
ouyxlOnxe pe v €€AQTNON TOU XAOWATOS OO TS LOLES TTaQouéTEovs, 6) 1 Bgom
TOU YAOUATOS XOL TOV TOA) OTEVOV Covmv ouvdednue ue tn B€0m Twv CUVTOVIOU®V
TG €VEQYOU OLOTOUNG XKOL Y) OL GEATLOTES YLOL THV EWPAVLON YXOAOWOTOS OUVOTMES
EXPQAOTNXAV OOV CUVONMES TTAVD OTNV EVEQYO OLOTOUN XKL EYLVE WO TTQOOTTAOELN
(PUOLXNG EQUNVELOS TWV OUVONRMOV OUTMV. ZTNV TAQOVCLAOYN TOV OXOAOVOEL, TOLV
TV AVOPOQCG TWV RVQLOTEQWV OUTOTEAECUATWV 1) OTTOLAL YIVETOL OTO VITOREPAAALO 2.3,
OVOLPEQOVTAL OUVOTTTLXG OL BOOLROTEQOL VTOAOYLOUOL.

2.2 Boowol vroloyiopoi

To ®0QLO UEQOS TV VITOAOYLOUMVY OUTOV TOU KEPOANLOV OPOQU. VITOLOYLOUO EVEQYOU
dLatoung oxedAONG, TAATMV OXEDOONS KL VITOAOYLOUO EVEQYELOS OTAV A) dLaxeg

4S6vouy ol apyd (oo 1/r) Yo+ — co.
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ol B) eyrdoolo emimedo wipo oxeddletor amd ehaotiny) ogaigo GuvBlouévr oe
eAAOTINO UECO.

Zov podnuotnd TEOGANUO 1| LEAETY TNG OXEDOONGS OTTO WLOL OQPOLQOL ELVOL OLQKRETA
ToAo. O VTOAOYLOUOS TNG EVEQYOU dLATOUNG OXEDOONG EYLVE VLA TTOMTY (POQA OO
tovg Yiang »aw Truell To 1956 [15, 2, 16, 17]. IToAA dovleld TAvw 0Ty Oo%EdAOY ATTO
uLe: ogaioa £yel yivel extong amd Toug Brill, Gaunaurd, xow Uberall o omotol pehétnooy
nvolmwg tar wAdty oxédaons [18, 19, 20, 21, 22, 23]. Meourd amd TA CUUITEQUOUATOL
Toug Ba avageeBouv xot Bo xENOWOTOMBOVY OTNV TOEELO TG TTOQOVOLACYS QUTOV
TOU XEPOAAALOV.

O AOYog Tov 60.01%0L VITOAOYLOUOL ETAVOAMPONKOAY %L AVOEPEQOVTOL EDM ELVOL OITO
TH WA YL VO TTO.QOVOLOLOTOUV UE €VOL EVLOLO TQOTO YLOL TYV TEQLITTWON OLOUIUOUG
%L EYRAQOLOV TTQOOTILITTOVTOS KVUOTOS %L ATTO TV GAAY AOY® TUTOYQOPLX®VY AaBmV
OTNV VTAQYOVO0 GLOALOYQMpLAL.

OL VTOAOYLOUOL TTOU OVAPEQOVTOL OLPOQOVV TNV TTEQLITTWON OPailQas (axtivag a)
OTTO ENOLOTIRO OTEQED UE TTOQAUETQOVG: p; (TVRVOTNTA), ¢y;, ¢t (OLOUNKNG ROl EYRAQOLOL
TAUTITA AVTLOTOLY L), TOTTOOETNUEVNG O ETTLONG OTEQED EMALOTIRO UEGO UE OLVTLOTOLYES
TOQOUETQOVS Py, Cloy Cto- LIEQUTTMOELS OGS TT.). QEVOTA ROL OXANQY 1) AOELA OQPaALQQL,
VITOAOYLOTLXA, UITTOQOUVV VO. BEWENO0UV GOV 0QLOKES TTEQLITTMOELS TG TTAQATTAV®.

Eotw 1 megimtwon (A) O0mmov dtaunxes »0uo. g LoQgmg

uinc(r) — 6Z(klor)2, klo = W/Clo (21)

mov SLodideTon *ATA PHOC TOV Z AEOVA TEOOTULTTEL OTNV EMLPAVELL TNS OPOLQOC.

Bdion 6Mmv Twv vITOLOYLOUOY Elval 0 TEoodLoELoUOS Tov oxedalduevoy xupatoc?,
u’®, %0l TOV XUUATOC OTO E0WTEQLHO TNS opaipag, u'”. Todto Grua eivar 1 avdmTuEn
TOU TTQOOTLITTOVTIOS XKUVUATOS OTY 60N TOV OLOVUOUATIRMOV OQULQLXMDV CLQUOVIRMOV
Lo, Mc M, TOV OQLOTNRAY OTO %EQAAQLO 1. TO u'™ oav ouvaeTNON TOV Le i,
me ., XOL Dy, WTOQEL VOL YOOPEL GOV [3]

u™(r) = iz”(Zn + 1)(=2)leno(J, k1o) (2.2)
n=0

émov j 1 oparory) ouvdeTnon Bessel momTov etdovg [24] ue dotoua ki,r xow @ = /1.

[Taigvovtog voyn OTL M OPOLQO JLATNEEL TS CUUUETQLES TOV TTQOCTLITTOVTOS XOL
OTTALTOVTOS EEEQYOUEVO OPAULOLXO XKUUOL UOXQUA OTTO TNV EMLPAVELD TNG %L TTEDLO
#0Ad. OQLOUEVO TTOVTOU OTO £0MTEQXO TNCS, TOo onedaliouevo #iua, us, uaL To
eomTeQrd medto, u'”, uwoovv va yoagovy cav [15]

usc(r) = Zln(zn + 1)[Aen016n0(h7 klo) + Cenonen()(hv kto)] (23)
n=0

KoL

SH ,0y1) TOU GUCTIIOTOS CUVTETOYUEVOV TOTODETELTOL GTO XEVTQO TS OQPALQaC.

To wipo otV megLoyy) £Ew amd T opaiga eival GOQOLOLC. TOV TTQOOTLITTOVTOE %ail TOV 0XeSALOUEVOU
HOUOTOG.

7O SLopnrng Y0aRTHEOS VITOYOQEVEL LOVO AMIOELS L VG 1) OUMUETOLC YUOW OTO TOV % TEQLopiCeL
0’ autég ue m = 0.

801 ouvOes autéc xaBopilovy T cuvdotnon Bessel.



12 2. X" EAAYH EAAZTI OY " YMATOX AIIO XPAIPA ...

uin(r) = Zln(zn + 1)[E67’L0167’L0(j7 klz) + Genonen()(jv ktl)] (24)
n=0

omov h m ogpaigx ovvaetnon Hankel mowtov eldovg [24] now ki; = w/eyj, kij = w/et;
(j = 0,1). OL ovvtereoTtes Ao, Cenos Eenos Geno VTohoyilovian (6Aeme mapdotnua B)
UE EPAQUOYN HOTAMMNAWY OUVOQLOXMY CUVONUMV TTAVMD OTNV ETLPAVELD TG OPOLQS,
7 = a, oL 07oLeg Ba ouINTMOOVY TaARATW.

Zmv mepimtwon (B) omov eyxdolo emimedo xvuo ToAwuévo otov k daova movu
OLaOLOETAL ROTA UNHOG TOV Z AEOVA TTQOOTILITTEL OTNV ETLPAVELXL TNG OPOLQOS

. - 2n + 1 . .
uznc(r) = el(ktor)i = Zlni[monl(]v kto) — Mep (]7 kto)] (25)
— n(n+1)

To oxedalouevo xvuo o’ oty v megimtmon didetar oo [2]

sc - n 2n + 1
u (I') = ZZ W[Aenllenl(hv klo) + Bonl monl(h7 kto) + Cenlnenl (h7 kto)] (26)
n=1

EVM TO XVUO OTO E0MTEQLRO TNG OPOLQAS CLTTO

in = n 2n+1 . . .
u (I') = ZZ W[Eenllenl (]7 klz) + Fonlmonl(]v ktz) + Genl ., (]7 ktz)] (27)
n=1

Ou ovvteleotés Acp1, Bonts Ceonts Eents Font oL Goyp mooodlogllovron #u edw (6AEme
T0QAQTNUO B) 0o e@poouoyn ouvogLaxmv cuvOnumv oTNV ETLPAVELL TNG OPOLQAS.
Tuvoguaxés ovvOnxes [2] : H mowtn ouvoglaxy ouvvOnxny mTEOxUTTEL A0 TNV
OITALTNOT 1] OQPOLOO %Ol TO TTEQLOAMAOV UECO TTOV GQLOROVTOL OF ETTAPY| VO. OUVEYLOOUV
va. 6ploxovTaL og emogn o xa0e yooviry otryur). Mabnuotird auto expodletal pe
TN OUVEYELD. TOVU OLOVUOUOTOS UETATOTLONG, U, TOVW OTNV ETLPAVELD TNG OPALQOG,
rT=a

umc|T:a 1+ u5c|7°:a — um|T:a (28)

H ouvOnxn 2.8 otv o yevirt] megimtmon (opoioo om0 EAOOTIRO OTEQED O OTEQED
eAAOTIXO UECO) OONYEL OF TEELS EELOMOELS ULOL YLl ®AOE CUVIOTOO TOV u.
AgiTeQn ouvOnxn ELVAL 1] CUVEXELD TOV JLAVUOUATOS TNG TAONG TTAVM OTHV ETTLPAVELO

PmC|T:a n PSC|7’:(1 — Pm|r:a (29)

[Taigvovtag vmdyn To OTL Ol CUVLOTWOES TS TAong didovtar and P; = o;;n; (dec.
EE.1.7) pe povadiaio »dbeto otnv emupdvela g opaipas (i) to didvvoua # m 2.9
odnyel oTg ouvONxreg

(@ + 0% r=a = (07))r=a
(07 + 0)s = (3o (2.10)
(Uéﬁc + U;i)rza = (Uqu)T:a
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TV TEQLTTWON TOU O OxeDOOTNG ELVAL CATELQO OXANQY ogaiga (p, A\, u —
00, ¢, ¢¢ — 0) 1 adewa oaiga (p, A, i, ¢, ¢; — 0) 0mov T0 TEALO OTO ECWTEQLHO
elvol undEv %ol ETLONG OTNV TEQLITTMON OTTOV KATTOLO ATTO TAL dVO VALKA ELVOL QEVOTO
2Ol AQA OEV VITOOTNQLLEL EYRAQOLOL HVUATA, MYOTEQES ATTO €EL EELOMOELS ELVOIL OLQRETES
YLOL TOV TTQOCOLOQLOUO TOU TTEQLOV TTAVTOU OTO YMQEO. ZTNV TEQLITTWOY TNG ATELQ
oXANONG 0Qaipag M AdUVOULO TAQOUOQRYPWONS ETLOGAAEL TN XoNoN g eElowong 2.8
AV OTNV ETUPAVELD UE TO OELO UENOG UNOEV. ZTNV TEQLITTWON TNG AdELAS OPALQUS
N aduvaulo TOv OrREQAOTY VA 0LO%EL TAOELS ELOAAAEL T YONON TV eELowoewV 2.9 ue
to 0gEL0 puéhog emiong undév. Téhog OtV TEQLITTWON TTOV €lTE O OREDAOTNG ELTE TO
TEQLOAAAOV LECO ELVOL QEVOTO OL CUVOQLAXES OUVONXES ELVAL 1) OUVEXELD TNG RAOETNG
OTNV ETLPAVELD. UETOTOTLONG KL TAONS (U, Orr), UL O UNOEVIOUOS TWV EYRAQOLWV
TAOEWV (Tgy, Tpr) TAVD OTNV ETLPAVELQL.

Evepyog owropny : H evegyog dwatoun oxedoong oopiletar ocov o AOyog Tng
oxedATOUEVNS QONG EVEQYELOS TTQOS TNV TTQOOTLITTOVO0. QOY) EVEQYELOS VA UOVADW
empdvelas. o Ty TEQLTTWON TEOOTULITTOVTOS KVUATOS TOU OLOOLOETOL ROTA TOV
Z dBovo ol oxedAleTaL OTNV EMUPAVELD OQALQOS TOTOOETNUEVNS OTNV 0QYN TWV
0EOVWV ouTo exgpedletor nabnuatikd oav [13, 11]

sc 2
__<ur>ate

= Jine S YL 7 — 00 (2.11)

OOV

. 1
< Ji >=< REIR(E) >= =503 (03] w;) (2.12)

To oUUBOAO u; INAMVEL TN YXQOVLXY| TTARAYWYO TOV j, TO OVUBOLO < > uéon Tum
WG TTOG XOOVO eV TO R, F TOOYUOTIRO ROl PAVTAOTIXO UEQOS AVTLOTOLYO ULYOOLXOV
aoBuov. To tehevtaio puehog g 2.12 mEOrVITEL AAUBAVOVTOS VITOYN T XQOVLXY
eEqoon o0 ®VuoTog (o, u ~ e~ ),

lNa v meQltmorn Tov SLoHOVS TROOTLITTOVTOS ®VUOTog g eEtowons 2.1
eveQyog dtatoun, o;, (avtrablotwvrog otovg Tumovg 2.12 xow 2.11 g avtioTolyEg
ENPOAOELG YLOL TAL u; XAl 0;; - 0gg TapdQTua A) vrrohoyiletow oav [15, 13]

A gl = |Aen0|2 Zlo |Cen0|2 > N
1= —> HZ:% (2n +1)] 7P + n(n + )(Zto) IZtOIZ] n§:0m(n) (2.13)

Ue Z1, = kiott, Zio = kioa mow &y(n) aduaotatn ueouxn eveQyos dLOTour) oQethouevn
0T GUVELOPOQG TOU TOU n°Y O(ailQLron ®UUATOG.

INa eyrdpoo mooomitrov »vuo (EE2.5) m avriotouyn g 2.13 éxgpooon yia v
eveQYo diatour), oy, elvon [2, 13]

A ¢ - 1 Zto |Aen1|2 |Bon1|2 |Cen1|2 = N
" HZ:: e 2 12e T 12 T 120 ;Ut(") (214)

Ztoug dvo auéowg mEonyovuevovs tomovs (2.13, 2.14) o 0QOg OV TEQLEXEL TOV
ouvteLeoT) Ag, Olvel TO draunreg oxedaAlOUEVO HUUA EVA OL OQOL TTOV TTEQLEYXOVY TOUG
B, wouw Cepy TO €YRAQOLO.



14 2. X" EAAYH EAAZTI OY " YMATOX AIIO XPAIPA ...

To dmewpa abgoiopata twv 2.13 »ow 2.14, vITOAOYLOTIRA, 0T TAALOLOL TNG TTALQOVOOG
OOVAELAG, TTQOOEYYLLOVTOL UE TETEQAUOUEVO Y ONOLUOTTOLMVTOS KOLTNQOLO TTOV CUYXQLVEL
®G0e 6o Tou abgoiowatog (6(n)) pue to dbgoloua TV TEONYOUUEVDY OwV. T
YOUNAES ovyvotntes (7, Z; < 2) TEELS €wg TEGOEQLS OQOL 0TO ABQOLOUOL ELVOL OLQAETOL
Vo OMOOUV LXAVOTTOLTLXY] AXQLOELO. EVED 0€ OAOVS TOUS VITOAOYLOUOUs 20 OQoL €ivol
Ol JTEQLOCOTEQOL TTOV €XOUV Y QNOWOTTOLNOEL.

AEiCel va avogebel Téhog OTL 0TO 0QL0 TV Younhov ouvyvottov (Rayleigh

onédaon) 1600 N 07 G400 naL N oy TELvowy oTo UNdév cav W,

MAatn oxédaons: To mhdatn oxédaong, £, f;, Ta omola divovv mANEOpOies Yo TNV
YOVLOXTY RATAVOUY TOU 0%eQATOUEVOU RUUATOS 0QLLOVTOL XOL OTHV TEQLITMON TWV
EAAOTIXMV HVUATOV OTTWG XAl OTNV TTEQLITTMON TWV NAEXTQOVIMV OITO TNV EXPQOON
ToV o%edATOUEVOV TTESLOV LOKEUEG AT TNV EMTLPAVELD TOV 0%ESOOTY

1kyor ikior

+ ft(07 (b)

T T

€

u*(r) = (6, ¢)

ALapoQeg ue tor Mhextoovio eivar (i) 1M VTaEEN OTNV TEQLITTWON TWV EAAOTIRMOV
2UUATOV dV0 TAATOV OxEdAONG TOU ovtotolyovv Tto éva (f) o diomxeg
oxedafouevo xvua xot to arro (f;) oe eyraolo xal (ii) OTL Ta TAATY O%ESOONS ELVOL
otV meplmTwon ovt dwavvopota (ue f; = fi £ wou £ - £, = 0). T yaunhés ovyvotnteg
(w — 0) o moayuaTnd uéooc TV fi, f; Teiver oto UNdEV oav wW? EVH TO PAVTOOTIRG
oav!0 w3,

YL T — 00 (2.15)

Otz Osmonua: Ao TV aoiTNon SLATHENONG TNG OMXNG EVEQYELOS TTQORVITTEL
AL OTNV TEQLITTMON TWV EAAOTIXMV KUUATOV TO ETLONG YVOOTO OITO TO. NAEXTQOVLOL
OTTTLXO OEMENUA TO OTTOLO OUVOEEL T TAATY OXEDAONG UE TNV €vEQYO Owatoun [25].

INa meoomisttov draunxres ®UUo Tov SLAdLOETAL ®OTA TOV Z AEova 1 uabnuatixy
TOU €X(PQALOY ELVAL

4m S SlAen
o] = E%[f”]@:o = FQZZ 4(271 + 1) [Zz 0] (216)
o n=0 lo

OOV 0 TTEMTOG OELRTNG OTO TAATOS O%REOAONG ONAWDVEL TNV TTOAWOT TOV TTQOOTTLITTOVTOS
#OUOTOC %O 0 OevTEQOC TNV TOMMON Tov oxedatouevou!!. Ta eyndooto mpoomimTov
2VUOL, TTOAWUEVO OTOV X AEova

4r . >
oy = k—m%[x Fitlo—0 = FQZZ 2(2n 4 1)

%[Cenl - 7/Bonl]
zz,

(2.17)

n=1

Evégyare: H muxvomro evégyelog oe »dbe meQLOY TOU YmWQEOU glval dabgolouo
TVRVOTNTOGS RVNTLNG evEQYeLlas, Er now munvotntoag duvapunng evégyelas, Ey (deg

°Ta. mhdtn oxédaong, YeVIXE, €lvol oUVAQTNON TOV TQOOTITTOVIOZ %KoL TOU 0xedulouevou
’ ! ’ ’ ’ ’ ’
wopatovoopatos (f = f(k,k )). Tw ehaotwr oxédoon (loo uétgo, k, mooomimrtoviog, k, nou
’ / ’ ’ ’ ’ ’ ’ ’
oxedalopevoy, k , nupataviouatog) xon k natd tov 2 dEova, ta Thdtn oxédaong yivovral cuvdtnon
’, ’ ’ ! ’ ’

ToU k ®ow Twv yoviov § xat ¢ (agov 1 dievbuvon tou k- tautileTon ueneivy tou r).

Egaipeon amotehel 1 mepimTwon 0TV 0moL0 0 O%EdALOTYC ElvOL ATELa oxAnEY ogaipa. Exel t1dc0
TO TTAQUYUATIXO OCO %OL TO POVTAOTIXG UEQOS TV TTAATMV GREDOLONG TELVEL GTO UNOEV OOV w.

Uf dhadn eivar To mhdtog onédaong douirovs oredalouevoy ®UUATOS OV TQOLQYETAL OO
SLOUNXES TTQOOTILITTOV.
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EE.1.8) e
1 . .
ET = ip%(uz)%(uz)
Ey = %%(Uij)%(uij) (2.18)

[Maigvovtog vmoyn TV xoovixy €EAQTNON TOU ®VUATOS, exgealoviag T
TQAYUATIRG UEQY UECH TWV AVTLOTOLYWV WYOOLXMV TOCOTNTWV %Ol JTOLQVOVTOG
AQOVLAY EoM Ty, M o] TuxvoTTa. evégyetag, < E(r) > , wogel va yoaget oav!?

1 1 1
< E(r) >=<Er >+ < Ey, > + < Ey, >= przuiuf + Z/\u”’u% + i,uuijufj (2.19)
O vrohoyiouds Tov < E(r) > yuo 1o ovotnuo ogaloa o€ OloYeVES LECO ®oL OrEDOLOM
OLAUNHOVS %L EYRAQOLOV KVUOTOS OVAPEQETAL AVOAUTIXRA OTO TTOQAQTNUO B.

2.3 Amotehéopato

Onwg avagébnre oTNV ELOAYWMYY CUTOU TOU KEPAALOLOU TO TEMOTO ONUO YLd TV
OUVOEDN TV YOQUXTNOLOTIXMV TNG doung Cavng Ue Toug GUVTOVLOUOUS TNG EVEQYOU
dlatoung elvor 1 UEAETN TG TAQAAAANG €EAQTNONG TOVUS OTTO TIS TTALQOUETQOVS TOU
eo6Muatog. IToLv TEOXWENOOUUE OTA OTTOTEAECUATO TNG OUYRQLTLXNG UEAETNG QLUTYG
™G €EAQTNONG OO OVAPEQOUUE CUVOTTTIXG UEQLRA OTO TOL TUTTLXA Y OLQ/%AL TG EVEQYOU
dratoung To omoila Ba xeNoWoToOoVV 0TV TEQULTEQW OVAAVO).

231 Tumxd yeQeXTOLOTIXA TS EVEQYOU dtaTopigS

Mo vty pogn €vepyou dtatoung oxedaons gaivetar oto Zx.2.1 To Zy.2.1(a)
OelyveL TV €veQyO OLotoun YLo. TTEOOTLITTOV draunxes »vuo evao to 2x.2.1(b) yia
EYXAQOL0 OTNY TEQLITTWON “OxAMNOMV” OTEQEmV Ue ¢/c; ~ V2. H evegydg Siatoun
omwg @oivetolr oto Xy.2.1 omoteheltor amd OEELS OUVIOVIOUOUS UE ULOL TTEQLOYM
ao0evéoteQng oxedoong avaueoa o’ avtovg. Ou GUVTOVLOUOL QUTOL TTAQOTQOUVTOL
OTOV 1 OUYVOTNTO. TOU JTQOOTLITTOVIOS AHUUOTOS OUUTILITTEL UE KATOLN OITO TG
LOLOTOAAVIMOELS TG OQalQos. ~— 0Bévag amd TOUS GUVIOVIOUOUS ELVOL OUVELOWMOQD
eVOC O(OLOLXOU UEQLXOV ®VUATOS (n) To omoio dlwvetal oto Zy.2.1 ue éva aQlbuo
OLTha 1] AV OTO TOV AVTLOTOLYO CUVTOVLOUO. ZNUELMVETUL OTL OTNV JTEQLITTWON)
€YRAQOLOV TTQOOTILITTOVIOS HUUATOS OEV VITAQYEL OUVTOVIOUWOS TTQOEQYOUEVOS ATTO TO
n = 0 oporgnd #ua To omolo etvar wovo drourrec'® L emtong ot To peyoliTeQo
UEQOG NG oxedALOUEVNG EVEQYELAGS ELVAL LE LOQPY] EYHAQOLOV KUUATOG.

OL ouvToviouol Yo TEOCTTTWOY dtounxrovg ®Vuatos (Zy.2.1(a)) (eEapmvtag autovg
TTOV TTEOEQYOVTOL ATt TO 1 = () oUUTTLITTOVV 08 BEOT UE GUVTOVIOUOUVS YLO. TTQOOTTTWON)
eyraowov (Zyx.2.1(b)). Ot OUUTLTTOVTES OUTOL OGUVTOVLOUOL ELVOAL GUVELOPOQC TWV

23y eEiowon 2.19 vrdgyel €vog QO £VO. OVTLOTOLYLO. TV OQWY TOU UECOLOV [E TOUS OQOUS TOU
deELov uéhoug.

BTo n = 0 (0qaIQutd CUUIETOLRO) HUIO. CVTLOTOLYEL OF GQPOLOLAC GUUIETOLAY TOAGYTWON TG OPOLQaC
1 omoia dev Wtoel vo dieyeebel amd To eyrAQOLO TEOOTLITTOV RVUA OTTWS aivetal oo v EE2.5.
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10.0 : : 10.0 : \

(b)

G,/ToL
(S
o
G,/Tol

0.0

1.0

0.5
Ko
Zy. 2.1: Ohnn) eveyog dratoun yio dopnreg (a) xu eyrdooio (b) meoomimtov xiua. ¢;/cs =
2172 i) ogaiga waw To mEQLBAAOV 1éGo, po/pi = 1 non ¢, /el = 5.48. a givan M axtiva
™mg ogaigas o ki, = w/c, 0 dopnung xupatdeduog oto meeuedAhov uéco. O aQLBudg
dlmha N TAvew amd vAbe oVVTOVIOUO OMAMVEL TNV VITEVOUVE YLOL TNV TTQOEAEVOY] TOU OQPOLOLKT
OQUOVLXY.

0LV UEQLLMV KUUATOV OTTMG POLVETOL 0TO Tovg aeuBuovg oto Zy.2.1 xnou pdioto
™™g 1 »ou n ouwvioTwog Toug. ETNV TEQLITTWOY] EYRAQOLOV TTQOOTILITTOVTOS KUUOTOS
VITAQYOVV EMLITAEOV OUVTOVLOUOL (TTQOEQYOUEVOL QIO TNV m OUVLOTMOO) Ol OTOLOL
OTIC TTEQLOOOTEQES TTEQLITTMOELS VAWV €lval oMY oEeig (dec. my. Tov dgUTEQO
%0l TETOQTO ouvToviouo tou Xyx.2.1(b)). Tétowor 0Eelg OUVTOVIOUOL OVTLOTOLXOVV OF
TTOMD UEYAAY OUYHEVTQWON EVEQYELOS OTO E0MTEQLXO TNG OPALQOS OF OXEON UE T
oxedATOUEVY] TUXVOTNTO EVEQYELOS. AVTLOETO TTLO EVQELS CUVTOVLOUOL GUVOOEVOVTOL
OTtO PEYUANVTEQY EXQON| EVEQYELOS OLITO TO ECMTEQLXRO TNG OPOLQUS OTO EEMTEQLRO TNG.

Zv meplmtmon Tov Zy.2.1 6mtwg ®au og ®AOE TEQLITWON OTNV OTTOLOL TO TEQLOAALOV
uéoo eivor “oxined” oteged (cj/c; — v2) 0 TEMTOS OUVTOVIOUOS TTQOLQYETOL OO
TO OQoLErd ®Uuo ue n = 1. AviiDeTo 0TI TEQUTTMOELS OTLG OTOLES TO TTEQLOAALOV
UECO ELVOL QEVOTO 1] TTEWTY ROQUPY] OTNV €VEQYO dlaTow| ogeiretor oto n = 0 xvua.
Mo TEToLa TTEQLITTMON ELVAL EXELVY TOU ZY.2.2(a) OOV EOVITETAL ULOL TUTTLRY] LOQEP
EVEQYOU dLaToung o%EdOONG AITO OpaLEa GVBLOUEVY 0E VYQO. O TTEETEL VO ONUELWOEL
OTL OTOV ELTE 1 OQOLQO €LTE TO TTEQLOAMAOV WECO €lTE ROl TO. OVO €LVOL QEVOTA, OL
dwadoyrol (v 4+ 1,v) ovvroviopol g ®AaBe peguung evegyov diatouns o(n) améyxovv
UeTAEY Toug otabeQr amootaon tétola wote [d/Ajlye1 — [d/Aulv = 1 (A = 27 /ky,
d = 2a)

Avogpégouue TELOG Eva 0ELOONUELMTO OTTOTELEOUO TO OTTOLO Bl ¥ ENOLULOTOLNOEL YLOL
TV %OTOVONOY Go0MV amoteleoudtmv: OTOoV 1) OQalQO ELVOL OYETIRA KOVTIA OF
TOQOUETQOVG OTNV drtelpa oxAnen (1 ddewa) opaipo to xdbe whdtog oxedaong, f;
(j = 1,s), nwoget va yoapel oov abgowopna dvo ovubarhouevaov ogwv [18, 19, 20, 21,
22, 23]. O mpwtog 600og (f;(0)) Tavtiletor pue 1o TAATOG OREOAONG GITTELQA OXANONG
() aderag) opaigag GuOLoUEVNS 0TO TEQLOAAAOV PECO. AUTOS O 0OQOS CLVTLOTOLYEL O
O®€J0OY OTO TO OUVOQO TG OQPOLQOS OVEEAQTNTO ALTTO TO VAMXO TNG. ZTIS TTEQLOYES
OUYVOTNTWV TTOU KUQLALQYEL OEV VITAQYEL CNUAVTLXY] ELOQOY XVUOTOS UECO. OTY OPALQOL

1 Av eEaL0E0EL XOVEIC TOUZ GUVTOVLOLOUC TTOV TTQOEQXOVTCL GO THY I GUVLOTMG. TOU XUULOTOS LOYVEL
7O 1010 nOL YO TG o4 (1) OTOV OQALQO. 0T VYQEO €ival GUBLOUEVN 08 0TEQED EMAOTLRO LETO.
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40.0 : : : : 40.0
30.0 - 30.0 |
(o]
S L
B 200 | 200 |
©
100 - 100 |
00—~ ) 0.0 !
0.0 05 15 2.0 0.0

1.0 1.0
Ko Kio@
2x.2.2: (a) : Evepydg diatour) yio ox£€00.01 ®UUOTOS OO OQaiQa ogto vyed 6uBiouévn oe
VY0 TeQUBAANOV uéoo ue ¢/ cri = 3, po/pi = 3 man cs, = ¢5; = 0. (b) : Evegyog dratoun
yia o%EQAON aItO ®EVH opaiga 6uBLouévy oto L0Lo ue To (a) mTeQLBAALOV HEco (dLoneroupnevn
YOOUUT)) %Ol EVEQYOS OLOLTOUT TTOU JTQOXVITTEL OV OTTO TO TTAGTOS OXEDAONG TNG OPALQOS ATTd
VYQO OUPOLQECOUUE TO TTAGTOS OXEDUONG TNG AEVNG OQPALQAS (OUVEXNS YoOUUY). @ : oxtivol
ogaigag ki, = w/cj, 0 nopoTdelduog oto mEQLBdMov néco. O agLBuds dimha 1 TEvw Ao
©00g oUVTOVLOUO ONAMVEL TNV VITEVOUVY YLOL TV TTQOEAEVOT| TOU OPOLQLXY] CLOUOVLKY.

OTMG TILOTOTOLELTAL OITO VITOAOYLOUOUS TNG TTUXRVOTNTAS EVEQYELAS OTO TTAAULOLOL TNG
nopovoag gpyaoiag. O devtepog 0og (f; — f;(0)) dlver wa arorovbio. ovvtoviouwv
RANG YWOLOUEVOV OTTO TTEQLOYES 0%edOV undevixng oxédaons. Ou cuvtoviouol autol
ELVOL YOQAXTNOLOTIXOL TOU UVAXOU TNG OQOLQUS XOL CAVTLOTOLYOUV Of CUYVOTNTES
UEYLOTNG OLTOQQOPNONS TOU KVUOTOS OTtO TO VAMXO autd. AoubAvoviog vaoyn to
OTTTIRO OEMOENUA AVTLOTOLYES UE TO TTAATY] OXEDOONG ELKROVES EYOUUE XOL YLOL TNV
eveQYo dlatowr| oxEdoNg ne wa TumLky ewrova to 2y.2.2(b).

2.3.2 EEdGet)o1 TS EVEQYOU dLATOMS L0 TIS TAQUUETOOUS TOWV VXMV

H ouyxrortiny] eEAotnomn Y Aouatog ®oL EVEQYOU dLATOUNG OXEDOONS ALTTO TTALQOUETQOVS
OmWG AOYO TOYUTNTWV TWV VAMX®V, AOYO TUXVOTNTWV %ol OxANQoTTa (¢;/ct),
TOQOVOLALETOL EXTETAUEVO. OTO TTOQAQTNUO. A. €& OTL aXOMOVOEL ETTLYELQELTOL ULOL
OUVOTTTLXY] GVOPOQCG TMV KUQLOTEQWV (LTTOTELEOUATOV.

E&aptnon amo tov Aoyo tayvtitov cp,/c; @ Onwg avagpédnre oty eloaynyn
OUTOV TOU AEPALOLOU TO YAOouo (ATOVOLO SLOPOQAS TTUXVOTNTWV %Al AQOTMVTOG
otafeQn TV OXANEOTNTA, ¢;/¢;, TOV VAMXMV) EVVOELTAL OTTO TV AVENOYN TOV AOYOU
1o/ i AVEAVOVTOG TO €7,/ ¢1; YLOL TWIES UEYOMDTEQES OTTO LOVADX TO Y AOUOL 0LV VITAQYEL
YiveTor OMO %Ol €VQUTEQO PTAVOVTOS ULOL TW| XOQECUOV. AVIiBeTa AATTOOYN TOU
MOYOU ¢,/ ¢y O€ TWEG ULXQOTEQES ATTO UOVAOO EVM ETLONG OUVETAYETOL QAVENCY TNG
OLaOQAS AVAUETT OTO VO VMKRA OEV (ULVETAL VO, EUVOEL TNV EUPAVLON Y AOUOTOG.

Oocov agopd TV &vepyo dwatoun, yua c¢,/c;; > 1 dmhadn oxedaotn youning
TaUTTAS 08 WMANS TayiTTog TeQLBGALoV wéco, M adEnon Tov ¢,/ ¢; mooxohet!
(7) TNV eupavion ohoEva %o o 0EelMV (VYMAOTEQWY %Al OTEVOTEQWV) GUVTOVLOUMYV,
(i7) oL CUVTOVLOUOL CUTOL €YOUV TNV TAON VA €QXOVIOL ROVTUTEQX o€ O€om o €vag

13 oarmvrog otadegh T oxAnedtTa. (ci/c:) TO00 TG 0gaiag 460 KoL TOL TEQLBAAAOVTOE HEGO.
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OTOV AAMO O VO UETAXLVOUVTOL OF YOUNAOTEQES OUYVOTNTES %o (ii7) EAOTTOVETOL 1)
O®€D0ON OTLS TTEQLOYES OUYVOTITMV GAVAUETO OTOVS CUVTOVLOUOUS (Vrtd60.000).

TN ¢, /e < 1, ) EMATTOOY TOV €7,/ ¢7; TAQA TO OTL AVEAVEL T OLOPOQG AVAUETTL OF
OQaLQO %Ol TEQLOAMAOV UECO OEV TTQOXOAEL coONT ohAaryn) OTV €vEQYO dlortoun M
OTTOLOL TTOLQOUEVEL XOUNAY OE TUES HOL OUOA OTNV €EAQTNON TNG ATTO T CUYVOTITA.

H Owogogd avty] ueta&l tov meQuutaoemvy /e < 1 nan ¢,/c; > 1 dgv
eLVOL OLTTQOOUEVY] OV OXEPTEL ROVELS OTL OXEDOOTES UE YOUNA| ToxVTNTO dLAdooNg
ovTLoToLoUV og 6abeld mryddia duvouxov oty eEiowor Schrodinger. Omwg etvol
YVOOTO 600V TyddL duvouLxoy 0TO NMAEXTQOVIXRO TTEOGANUO. OUVETTAYETOL EVIOVOUS
OUVTOVLOUOUG OTHV EVEQYO dLotoun).

Onwg emlong QOLVETAL ATTO TO. TOQATAV®, EVIOVEG ROQUYPES OTN OxEDOON OTTO Ulo
oQolEa EVVOOUV TNV VTTAQEN XAOUOTOS OTO CUOTNUA TWV TEQLOOLKA TOTTOOETNUEVOV
OUOLMV OPALQMYV.

E&aptnon amo to Loyo mvxvotntov p,/p; : Ocov agpoed TV EGQTNON TNG EVEQYOU
dtatoung amwd 1o AOYO po/pi M QUENOY 0UTOU TOU AOYOU YLO vYQd GUVETTAYETOL
oEloonuetmty avEnon g evegyov dratouns oxeédoone. H mo dgopatiny avgEnon
OUUBOLVEL OTOV TTEMTO CUVIOVLOUO O OTTOLOS OTTMG EXEL AVOPEQDEL ELVAL OUVELOPOQA
Tou 1 = 0 OPALELXOV RVUOTOS %Al O0TO VITO600Q0 (0%EDAON OTNV TEQLOYY| CUYVOTIT®V
OVAUEDO 0TOUG CUVTOVLOUOUS) TO OTTOLO ETTLONG ELVAL GUVELGPOQEA TOU 1 = 0 ®VUOTOG.
TN otegea avtiBeta 1 aVENON Tov AOYOU p,/p; CUVETTAYETAL EAATTWOT ROL TOV MYPOUG
%0L TOU €VQOVS TWV CUVTOVIOU®V. Ol GUVTOVIOUOL OTHV TTEQLITTMON CUTY EVVOOUVTOL
atd OQOLQO VYNANG TTURVOTHTAS OF YOUNAIG TTUXVOTNTOS TTEQLOAAAOV UETO.

H eEdptnon tng evepyov diotouns omtd T0 AOYO TV TTUXVOTHTOV OUYXQLVOUEVY
Ue TNV ovapeBeLoa 0TV ELOAYMYY CUTOU TOU XEQPOAALOV €EAQTNON TOV YAOUATOS
artd Tov L0L0 AOYO OelyveL €mLONG OTL EVIOVOTEQES KOQUYPES OTNV EVEQYO OLOTOUN
OUVETTAYOVTOL UEYAADTEQO YAoua. Mével va ratavondel 1 Tnyn g OLopoeds HeTagy
OTEQEMV %L VYQMV OTNV €EAQTNON a0 TO AOYO TV muxvotntwv. H diapoed auvm
WITOQEL VO ROTOVONOEL OV OXEPTEL AAVELS OTL OTNV TEQLITTWON TWV VYQMV %OL M)
TQMTY] ROQUPY TNG EVEQYOU OLOTOUNG %OL TO VITOBAOQ0 OPELAOVTOL OUTOXAELOTLXA
0T OVVELOEOQEA TOU 1 = 0 UEQLROV RVUOTOS 1) OTOLAL ELVOL OYEOOV OVUTTOQATY OTHV
TEQLITWON TWV “‘OrANEMV’’ 0TEQemV (0 0TEQER AOY®W TOV UEYANOV ¢; 1 O%EQOON
EYRAQOLOV KUUOTOS HUQLOQYEL 0TV eveeyo dwatoun). H n = 0 avt) oxédaorn mov
OVTLOTOLYEL O OMOLOLKG CUUUETQLRES TAAOVIMOELS TNG OQALQUS UEYLOTOTTOLELTAL UE
™V AVENON TOU AOYOU p,/p; WO ROL OQPOLQO ATTO O)L TUXVO VMRO UECO. O VYQO
WITOQEL VO OMOEL EVTOVOTEQES LOLOTUAAVTMOELS ROLL AQCL EVIOVOTEQY OEDAON OE OYEON
UE OQALEO. ATTO TUXVO VALKO.

E&dptnon amo v oxAnootyta twv vAxov ¢/, 2ot cifcy 2 Ooov agpoed
™V €EAQTNON NG €VEQYOU ALOTOUNG ATTO TNV OXANQOTNTO TNG OQPOLQOS, €7;/Cti, ROL
TOU TTEQLOAMAOVTOG UEOOV, ¢,/ Cty, OELCEL VO ONUELWOEL OTL TO. OTOTEAEOUATO OF
OAES TIG TTEQLITTMOELS TTOU UEAETNONUAV QAVIHOV VO ELVOL TTOAD TTLO gvoilodnto otnv
O®MEOTNTA TOV TTEQLOAMAOVTOS UECOV at’ OTL 0T OXANEOTNTO TNG Opaigas. Etol m
TEQLTTMWON OPOLQAS ATTO VYQO 0 0TeQED (VYQO) UECO OLVEL TOA) TOLQOUOLO. EVEQYO
OLaTOUY| UE TNV TTEQLITTWOY] OPALQOS ATTO OTEQED 0€ 0TEQEO (VYQEO) WECO (OTOvV 0 AOYOS
TOYVTNTWV ROL TTVXVOTHTMV TOV OV0 VMMV ELVOL O 1OLOG). AVALOYO, OVAUEVETOL KOL
yia TO XAouo 1 Lola oxeTivn EMAELYN EVOLOONOLOS OTY OXANQOTNTA TWV OREDAUOTMV
O€ OYE0Y UE TNV EVALOONOLO. 0TY) OXANQEOTNTO TOV TTEQLOAAAOVTOS TOVG.
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2.3.3 Xyetuxn 0¢on otevov Covov, YOOHATOS X0l GUVTOVIOU®MY TS EVEQYOU
dwaropng

Ze OleC TIG TEQUTTMOELS VMAXMOV TTOU elyav ueletnoel agyurnd (Ue ouyrEévtowon
oxedaotwv 10-60%) nor mov €delEav va gupovilovv €va xAouo, To XAoUo auto
60EONxE VO ELVOL TTEQLITOV OTO UECO UETOEY TOMTOU ROl OEVUTEQOV GUVIOVIOUOU THG
EVEQYOU dLATOUNG UE TO EVQOG TOU TTOAD WLXQOTEQO OTTO TNV OUTOOTAON TWV VO AUTMV
20QUPMV. Ou 0TeVES Tmveg 08 OMES TIS TEQUITTMOELS 6REOMUAY VO elval TTOAM) ROVTA
O0TOUG OUVTOVLOUOUS EVM 1] TOUTLON TOUG UE TOUS GUVTOVLOUOUS ELVAL TOOO UEYAAVTEQN
000 TLO OTEVY €LvaL 1) TCOv).

Extetauévn uehét tg 6£€0mg Tov YAOUOTOS ROl TWV OTEVOV LwVOV GOV OUVAQTNON
TG OUYXEVTQWONG TWV OXEQAOTMV €0€LEE OTL 1) TTEWTY EUPAVLOYN TOV YAouatog (o€
TTOMD Y OUNAES OUYREVTQMOELS) OUUOOLVEL TTOAD ®OVIGQ OTOV TEMTO ouvioviouod. Oco
1 OUYREVIQWOY QLUEAVEL TO YOOU0 OTTOUOXQUVETOL OTTO TO CUVTOVLOUO TTANOLALOVTOG
TO UECO VO JLAdOYLRMV ROQUPWV, OECY OTNV OTOoLo. OTOOEQOTTOLELTAL UEYQL TNV
eEapadvion Tov (YLo UeYAAES OUYREVIQMOELS) EVM OTEVES COVES eupavilovtal ol
2OVTO OTOUS Ouvioviouovs. Ta asmotehéoporto autd eivol TTOAD TTOQOUOLO UE
OVTLOTOLY O OLITOTEAEOUATO OTNV TEQLTTWOY 600unTov xuvudtov [14] xor amolvta
ouvvermy ue T G6a0owxy] éo Tov LCAO. Ze younhés OUYREVIQWOELS 1) EUPAVLON
TOU YAOUOTOS TTOAU XOVTO O€ €VO. OUVTOVIOUWO WToQel va amrodobel 0to OTL OTIg
OUYXEVTQWOELS OUTES 1) OLAD00N TOU RUUOLTOG YIVETOL RUQLMS UECW TOV TEQLOAALOVTOG
UECOU %OL Ol OAREQUOTEG OUTAWS OITOTEAOVV €UTTOOL0 Yo awtr) T duddoorn. Ao
TO YAOUO EUPOVICETOL OTNV TTEQLOYN EVTOVNG OxEdAoNG oo %obéva oxnedaoT).
000 1 OVYREVIQWOY OQUEAVEL OL XOTOOTAOELS OGUVTOVIOUOU YELTOVIXMV OQOLQMV
oMnroemxalvmtovror divoviag Caveg dLAdOoNg %Al TEOOPEQOVTIAS £TOL OTO AU
€va AALO ravVAAL OLAO00NG, TQOTLUNTED G QLUTY TNV TTEQLOYY OUYREVTIQMOEMV (OTOU M)
OLAd00N PECM TOV TEQLOAAAOVTOS LECOV glval TTEQLOOOTEQO OVOo®OAY). ETol TO Ydoua
ALVELTOL TTQOG TNV TTEQLOYN] CUYVOTITMWV GVAUETO OTOUS OUVTOVLOUOUS EVD 1) B0 TwV
OUVTOVIOUMV TavTileTon pe ™) B€on Twv oteVOV Covov Tou cuotUaTog (VEELOLOUOS
N aT®ONON TOV LOLORATAOTACEMVY ELVAL TLOAVOL AOYOL YLOL TOUS OTTOLOVG OEV VITALQYEL
O%QLONG TAUTLON UETAED OTEVAOV COVMV ROL CUVTOVIOUMDV).

To TOQOTAVMD — ATOTEAEOUOTA  OVOEPEQOVTOL  TTEQLOOOTEQO  AVOAUTIXG KO
TLOTOTTOLOVVTOL UE LAYQAUUATA OTO TTOQAQTNUC A.

2.3.4 BéhTiotes GUVONKES Y10 TO JAGHO %O EQUIVELX TOVS

Onwg avogpeQdNre OTNV ELOOYMYYT] AUTOU TOU XEPALALOU €vo aELOONUELMTO %Ol
U1 OVOUEVOUEVO OTTOTELEOUO. TNG UEAETNG TG doung Cavng eivor To OTL v TO
YOOoUC OTOVoLa OLOPOQAS TTUXVOTHTWY EUVOELTOL OTO UEYANO AOYO ¢i/c¢i, OTNV
TO.QOVOLO. OLAPOQAS TUXVOTNTWV GREOMRAV TOM) HeyaAUTEQO XAOUOTO. OF VARG UE
AOYO TOXUTNTWV TTOAD ROVTA 0T WOVAdQ 0T’ OTL 08 VAMXA UE UEYAAO AOYO ¢,/ ¢y
(ue Tov AOYO TWV TUXVOTNTWV TOV (OL0 %aL OTLS OVO TEQUITMOELS). Pealotinég
TEQUTTMOELS TETOLWV CUOTNUATMOV ELVAL OQALEES OTO 60U UETAAAO (Ty. Ag, XAAvow)
meQLodLnd tomobeTnuéveg oe TAaoTrO (Y. epoxy, PMMA).

Tumxn Lo TG EVEQYOU dLATOUNG OTNV TTEQLITTMON AUTOV TV UEYAAWYV Y OLOUATMOV
60£0Nxe vo eivor avty) tov Xy.2.3(a). H evegyog duatoun amoteleiton amd €viovoug
(VYMAoUg %L EVEELS) CUVTOVLOUOUS, OYETIXO OTTOUOXQUOUEVOUS UETAED TOUG, UE ULOL
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Ag in epoxy

60 I @ | | (b)

Cross-section

20 30 4000 10 20 30 4000 10 20
ke ka2 ke
2x.2.3: (a) : Evegyog diatour] Yo, o%xEd0or SLopunous #UUATOS oUtd OQOiQo atd GQYVQO
6vOLopuévn oe epoxy. (b) : Evegydg diatoun Yo oxédaon amd GImeLQo oxAngn opaioo Gubiouévn
oe epoxy. (c) : Evegydg dlotour] mou QoxUITEL OV A0 TO TTAGTOG OREDOONG THG OQALQAS
07T0 GQYUQO APOLQECOUUE TO TTAATOG OXEQAONG TNG GAITELQA OXANQEYG OQOLQAS. @ : OoxTLvOl
ogaigag, ki, = w/ci, 0 dopixrng xupatdodpog oto epoxy. O aLOuds dimha M Tavew Ao
©a0e OVVTOVIOUO IMMAWVEL THY VITEVOUVY YLOL TNV TTEOEAEVOY] TOU o@aLLxt] auovixt. To GEin
oto (c) delyvouv t 0o Twv 0TEVOV COVV evid TO ITAO GEMOG TTOU TTAOLOLMVEL TO YQAUUOL
G delyveL Ta OQLa TOV UEYLOTOU YAOUOTOS OTO fcc TTEQLOOLKO TTROBANUA GPALQMV OO GEYVQO
O€ epoxy.

TEQLOYN LOYVENG oxEdaong avaueoa o avtovs. H oxédoon otnv megLoyy avaueoo
0TOVG OUVTOVLOUOUS (VTO600Q0) OPELAETAL 0YEOOV ATTOXAELOTIXG OE GUVELOQPOQU TNG
amelpa oxAnENg ogaias (deg voxepaiato 2.3.1) omws gaivetar oto Zy.2.3(c) dmov
1 OUVELOQOQA QUTY €XEL ALPOLEEDEL ®aL Ol ouvToviowol avadetrviovtal xabagd. To
yaouo %t €dw (deg Zy.2.3(c)) eupavileTor 0TNV TEQLOYN OVAUETH OTOUS GUVTOVIOUOUS
eva oteveg Cmveg OLadooNg eupaviloviol ®ovTd 0" auTtogs.

Metd amtd ovoTNUATLRY UEAETY] ATTOOELYTN®E OTL OTOTEONTOTE OTNV EVEQYO dLOLTOUN
o%€ESOONG EUPAVILOVTOL EVTOVEG XOQUYES, TYETIXA ATTOUAHQVIUEVES, YWOLOUEVES QIO
VYN A0 V660000 A0y TUVELTPOQUS ATTELQO. TXANQEN S OPaiQaS, euPavILeETOL peydlo
yaoua ot doun COVNg TOU AVILOTOLYOU TTEQLOILKOV GUOTNUOTOG.

To mogamdve aELOoNUELMTO OTOTEAEOUO WITOQEL Va. raTavondel ov deybel navelg
™V VITaEEN dV0 0gLtaxwv ®ovalmv dtadoons omwg £xel 10N ouvlntndetl. To évo xovail
elvolr UEom TOV TTEQLOAMAOVTOS TIS O(QALQES UECOV EVM TO GAAO TINYAULVOVTOS OITO
rA0E OQPOLOO OTIS YELTOVIXES TNG UECW TWV OAANAOETUXAAVTTTOUEVWV HOTOOTACEWV
OUVTOVLOUOU TOVS (0TS TTEQLOCOTEQES TEQUITTWOELS YQNOWOTOLOUVTOL XKoL TA OVO
RAVAALQL).

ZTNV TEQLOYN CLVAUETC. GTOUG GUVTOVLOUOUGS, OTTOU 1) OXEQOLOT) OPELAETAL OTNV ALTTELQOL
O®ANEN OQOLOOL, KOVEVO OTTO TO. OVO aUTd ®avAaALo Ogv elval teoobaoyo. To xiua
OEV WITOQEL VA X ONOLUOTTOLOEL TIS OPALQES YLO. TN OLADOO0Y TOU POV KAl OEV WITOQEL
VO TIG OLOITEQALOEL EVROAOL %L OUTE VTTAQYEL OUVTOVIOUOS ®ovtd. Emiong dev wroget
VO YONOLWOTONOEL TO TEQLOAAAOV UECO AOYmw NG Loyveng oxedaons. Etol yivetow
VO 1 dNULOVEYLOL YAOUATOG 08 QUTH TNV TeQLoy. EmumAeov, n ueydln amootaon
TOV CUVTOVLOUMV (AOYW EMAELYNG SLAPOQAS TAYUTHTWV) ETLTOETEL EVOL AQHRETA UEYANO
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£000C TOV YAoNaToc ®. v megLoym Twv ouvtovioumv omd TV ALY, To neydho evpog
TOVG (TTQAYUO TTOV OELYVEL UEYAAY EXQOY| EVEQYELAS OITO TO ECMTEQLXO TNG OPOLQAS OTO
eEMTEQLHO TNG O ALQAL EVROAY OAANAOETTLRAA N UETAED TOV GUVTOVIOUMY YELTOVIXMDV
OMPOLOMV) KAVEL TQOTIUNTEN TN OLAO00N TOU XKUUATOS UECH TWV OPOLQMV OLVOVTOG
Cmveg dLadoong omws gaivetal oto Zy.2.3(c).

To magoamdvm, o ouvduvooud He To QOMO TOU ¢,/¢; mou ovinmbnxe oto
vrtoxepahalo 2.3.2, delyyvouv OTL 0 AOYOS TTOU EVUVOEL 1) ULXQY OLAPOQA TAXVTNTWY OTIS
TEQUTTMOELS OUOTNUATWV OOV VTTAQYEL NON OLOPOQA OTLS TAQUUETQOUS TWV VALXMV
AOY® TOV TUXVOTHTWV elvor OTL omtd TN ol OLVEL Loyveo vmobabgo AOYm dmelQa
oxMENg opailag (av TEOOEEEL KAVELS TOCO TNV AVTIOEDN TUXVOTHTOV OGO %Al TNV
avtifeon TaxvmTwv ®ou otafegmv Lamé wwoet va OgL 0TL opaia artd 6000 UETAAAO
o€ €AOPEU VMXO UE TO MOYO ¢,/¢; OYL UEYAAO ELVAL ROVIVTEQO OF TTALQOUETQOVS OTH)
AmELQAL OXANQY O@aLEa GUOLOUEVY 0TO (OO VMKRO) ETLTQETOVTOS TO GVOLYUO. TOU
YAOUATOS %L OITO TNV JAAY %QATA TOUG GUVTOVIOUOUS UOXQUA ETLTQETOVTOS OTO
YOOUOL VO YIVEL CLOUETO. EVQV.

B0 TEETEL VO AVOPEQOUUE TEAOG OTL, OVUPOVO UE TO TTAQOITOV®, AAITTOLOG
O meQiueve PeYGAO YAOUO OF TEQLITMOELS EVEQYOU OLOTOUNG TTOU OUTOTEAELTOL
atd VYMAOUG %L EVQELS OUVTOVIOUOUS YWOLOUEVOUS OO VYMAO vmo6abgo Adym
OUVELOQOQUS ddetas opaipas. Auto 0o WroQovoe vo. OUUBEL VLo OQALOA XOUUNANG
TVRVOTNTOGS %OL TOYVTNTOS O€ VYNANG TUXVOTNTOS XOL TAYVTNTOS TEQLOAALOV UECO
UE TO TEQLOAALOV UECO VAL Elval QEVOTO. AOY® TOU UEYAAOU OUMS TOUV VYMAOU ¢, /¢;
IOV OUTALTELTOL YLOL TV UEYAAVTEQY CUVELGPOQA TNG GOELOS OPALQAS 0TO VTO6a0Q0,
OL OUVTIOVLOUOL TNG €VEQYOU OLOTOUNG O’ CUTY] TV TTEQLITTWOY Oev Ba elvol aQXETA
OITOULAXQUOUEVOL. AEV TILOTEVOVUE ETOL OTL 1] TTEQLITTWON OLUTY] EVVOEL EVOL OLQUETA EVQU
yaoua.

oY mevOuniletar 611 T0 €£000C TOV YGOUOTOS ELVOL WKHQOTEQO OITO TNV OTOCTOOY OVOUESH GTOUG
OUVTOVIOUOUG.
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AZOVOTIAG 2Ol EAVLOTIAO XUHOTO OE TUYCLO
pnéoo - CPA

3.1 Ewayoyn

Onwg €xer MON avapebel, 1 UeAET NG OLADOONG HAACLXDV KUUATOV OF TUYOLO
UECO - UECOA OTO. OTOLOL OXEQOOTES ELVAL TUYXOLO TOTOOETNUEVOL O OUOYEVES VAXO
- €YEL YLVEL OVTIXELUEVO LOLOLTEQOV EVOLOPEQOVTOS TO. TEAEVUTOUL YQOVLOL VLA TOUG
(PUOLXOUG OTEQEAS KROATAOTAONG AOY® TG OUVOEOHS TNG UE TO YVWOTO OO T
NAexTEOVIO. TEOGANUO Tov evromiouov. H pehétn avt) 6aotletor otov vmoloyiouo
UWAXQOOXOTIXMY Y OQUXTNOLOTIXMV TNG OLAA00NG OGS TAVTNTO (PACNS, OUAOUS %L
evéQyelag (cpn, v, nOL vE aviiotolyo), uéon ehevbeon diadooun oxédaong, I, nou
UETOPOQUG, I;, TTAQAUETQOG EVTOTLOUOV, kls = (w/c,p) s, ROX.

[Tapd TIg avTLoTOLYlES UE TO NAEXTQOVIXO TTEOGANUO, OL OTTOLES OLVOUV dUVOTOTNTO
TQOCOUVATOMOUOU OTO TROGANUOL TOV KAUCLXMV KVUATOV %Al TLOAVIG TEOGAEYNS %O
RATAVONONG OITTOTEAECUATOV, VITAQYOVY BAOLRES OLOPOQES UETAED RAAOIRMV HVUATWV
AOL NAEXTQOVIMV %OL O EAEYYOS YLOL TO OV OL OLOPOQES OUTEG OLITOTEAOVV TTNYY| VEOS
puolrng €dwoe mONon oto evilagéQov. OL OLOPOQES EYHELVTOL @) OTN YOOUWHKY
OY€0M OLAUOTOQAS TV XAOCLXMV HKUUGTOV O€ OUOYEVI] UECO - 1 omola myalel
artd ™V deUTEEN TAEN TNG XQOVIXNG TAQAYMYOU OTNV Xuuatixky €ELowon, ii) oTo
YEYOVOS OTL TO OUVOULXO OTHV TEQLITTMON TV XAAOLXMV XUUATWV ELVOL OUVAQTNON
g ouxvotrog!, w xaL iii) 0To dTL oL ®haowxol onedaoTéC dev eivar onueloxol alld
UWOXQOOXOTUKA, COUATAL.

H duadoon oe tuyala péoo €xer puehetndel extetapévo tOo0 Yoo 6abuwtd 600
ran Yoo Miextoouoyvnuird (HM) »dpatoa (yia o ovaoxomnon dgg avopoés [26,
27, 28, 29]). Exouv avamtuybel dudgpoges uebodol, oL meQuocoteQes 600LOUEVES OF
Bewoleg @arvouevou uéoov (effective medium theories) %o LOLOLTEQO. O EMEXTAOELS
NG - YVOOTHG OO TO NAEXTQOVIXO TTEOOANUA - ““TTQOCEYYLONG CUUPMOVOU duvauxov”
(CPA : Coherent Potential Approximation) [30, 29]. H CPA, n omoia vmoloyilel
EVAL OUOYEVEG QPALVOUEVO UECO OAN TTQOOEYYLOYN TV UECMV LOLOTNTOV TOU TUYOLOV,
€dw0oe TOM) HOAG - CUYRQLVOUEVO, UE TO TTELQOUA - CLTTOTELEOUATA TOOO Yo 600UmTA
000 %OL YLo. MAexTQouoyvnTird xvpoto. Eyouv pelemOel emiong taw OQLa Loyvog
TOV SLOPOQWV BEWELMV %Al TTQOCEYYLOEMV ROl £XEL CUINTNOEL EXTETOUEVA TO PUOLKO
VONUO. TWV YOQAXTNOLOTIXRMOV Ueyedmv tng duadoons [29, 31].

ATO TEQAUATIXY ATOYN TO TTILO EVOLOPEQOV OUTOTEAECUO TTQONAOE OITO UETONOELS
Tov ouvvtereoty dudyvong, D (= vgli/3), yio dLAdO0N NAEXTQOUAYVNTLROV HUUATOV
[32, 33]. Ou petonoels outég €0elEav OTL 1) TOXVTNTO EVEQYELOS, Vg, 1) OTOLAL ELVOL M

lv2¢+

£0=0= 2+ %4+ - Lo =0.

2 2(r)
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OWOTY TAYVTNTO YLOL TV TEQLYQOPY TNG OLADOONS TNG EVEQYELAS OF EVA TUYOLO UEDO,
Oev TavTileTaL €V YEVEL OUTE PE TNV TOXUTNTO (PACNS OVTE UE TNV TAYVTNTO OUAdIS.
TN younhés ovyrevtomoels oxedootmv 1 vy 6EONKE va elvol WrQOTEQN ATTO TIG
TTQONYOUUEVES OVO LOLALTEQO. O OUYVOTNTES KOVTA OTLS OUYVOTNTES GUVTOVLOUOU TOV
EVOG OREDUOTY EVM O VYNAOTEQES OUYAEVTOMOELS 1) EEAQTNON TG OITO T OUYVOTNTO
QPAVNRE VO, ELVOL A0OEVTC.

OL TOQOTAVM PETQNOELS E0TQEYPOV €VOL ONUOAVTLXO UEQOS TOU EVOLAPEQOVTOS OTOV
vtohoyLouo ™ v (0 omoilog dev wroget va yiver aueoca uécw CPA). Axuomg Bemola
ovaTTUYON®E HOVO OTO OQLO YUUNAMY OUYREVIQWOEMY OREOAOTMV %AL YL 600UMTA
wopatao [32, 34,35, 31]. H Bewgio ot - 60.010u€VH 0T0 OQLO YOUNADYV OUYREVTQMOEMV
g eElowong Boltzmann - emextdOnre wow yioo HM »dpato pue éva pdAhov guoLotino
TQOTO YWELG VO AOUOAVETOL VITOYY OO THV Q)Y O OLAVUOUATIXOS Y OQOXTIQOG
TV ®uudtov avtwv [32, 34, 35, 31]. Ta Tig VYNAES OUYREVTOMOELS, WLaL TTEOOTTAOELNL
TQOCEYYLONG TN vE ATTOTELEL EVOG OUVOVAOUOS TNG BEMELOG XOUNADV CUYREVTOWOEWV
ue wo eméxtoon g CPA [36, 37]. Oa meémer vo avopeobel TEMOG (La ®owvouoLa
uefodog yLa Tov vTohoyloud g vr Gaotouévy emiong oty Wéa g CPA, yvoot
oav CPA evégyerag [38, 39], n omoiar avasmtiyOnue mQOOEQATA %Ol 1] OTOLAL POLVETOL
VO TTQOOEYYLLEL TOL TTELQOUATIXA OTTOTEAECUALTO TOOO YLOL VYNAES OO %AL YL YOUNAES
ouy%evtomwoels. Ou YOUNAES TES TG vE ROVTA OTOUS CUVTOVLOUOUS OF YOUNAES
OUYXEVTQMOELS OTOd0ONRAY 0TV ®O.OVOTEQNOY TOU RVUOTOS UECO. OTOVS OXEQOOTES
0T YELTOVLA TV ouvtovioumv. Oco 1 ouyrEVTEWON avEdveTal 1 xoBvoTEQNOoN aUTY
YIVETOL RQOTEQT - OLVOVTAS TTLO OUOAY] EEAQTNOY ATTO TH CUYVOTNTA OTNV vg - AOY®
TOU OTL Ol ROTOOTACELS CUVTOVLOUOU YELTOVIXMDV OXEUOTOV AAANAOETLRAAVTTOVTAL
TQOOWPEQOVTOS OTO XRUUO TN OUVATOTNTA VO, UETOBEL EVROAD, UECH OUTMV, OTTO TOV
éva oxedoot otov dAlo [32, 34, 35, 29, 31].

Evoo 1 CPA nouL 0oL €TEXTAOELS TNG €XOUV YXONOWOTTOLNOEL EXTETOUEVA TOOO YLO
6a0umtd 000 7ot Yoo HM »vpota, 1 pehétn g dLddoong oxovoTinmy %l ENLOTLRMV
AUUATWV OE TUYOLO LETOL ELVOL TTOAD AMYOTEQO eXTETAUEVT. TO YEYOVOS autd OelieTol
artd ™ wa otg OemoNTIXES OUONOALES QUTNG TNG UEAETNS %L GO TV GAAY OTNHV
EMAELYM 0EAETOV OELOTLOTWV TTeleapdtov. Ot Bemonuirés dvonoiieg mrydlovv amo
(7) TOV TANEWS ALOVUOUOTLXO Y OLQOXTIQO TV EAALOTLXMV XUUAT®V (OL MO VITAQYOVOES
Oewpieg elyav aQywd avamtuxOel yio 6aOUMTA ®VUOTO %Al OTIS TTEQLOOOTEQES
TEQUITTMOELS OEV VTTAQYEL A EVXROAY %Ol TQOPOVNG ETEXTOON TOUG OTHV TTEQLITTWON)
OLAVVOUATIRMOV  ®UUATWV) (1) TNV OLOPOQETIXY) TOXUTNTA UETOEY OLOUNMOVs %L
£YRAQOLOC OUVLOTMOOS EMAOTLXOV KVUATOS %L TO YEYOVOS TS avdutEnc® twv dvo
OQUTMV CUVLOTWOWMV OTNV TTOQOVOLO. CLVOUOLOYEVELOS (0L TEOXVITTOVOES dVoROAiES Do
ovCnNTnOoUV OTNV TOQEELD TNG TAQOVOLOONG TOV KEPAAALOV) %Al (i7i) TOV UEYAAUTEQO
™S wag aoliud TOQAUETQMV TTOU YQELALOVTOL VLo TOV TTANQY TQOCOLOQLOUO EVOG
ouoyevolg ehaotinol uéoov’ (munvomnro non Tovmnreg). To tehevtaio odnyel o
OVAYRY TEQLOCOTEQWV OTO UL0L EELOMOEMV YLOL TOV VTOAOYLOUO TOU (POLVOUEVOU
ugoov, oto mhaiowo epaguoyns ts CPA, ue amotéleono tOo0 Bemonuirneés duorohieg
(EQTNUA YLOL TO TTOLES ELVAL OL TTLO RATAAANAES EELOMOELS YLO. TOV VITOAOYLOUO) 000
%O VITOAOYLOTIXES (TTQOOANUOTA OUYRALONG, TTOMATTAES AVOELS HOX. ).

“Me TOV 600 VAUEN SNAMVETOL 1) LETCTOOTY SLOUIROUS KULOTOS OF EYHGOOLO %L OVTLOTQOQCL.
3Téco ot diddoon 6aduwtmdv 6co xon HM nuudtov pia pévo maoduetoog (my. m Sinhentouny
0T00eQa) ELVOL ALQXETY| YLOL VO TTEQLYQUEL T ALAOOT TOU RVUATOG O€ VA OUOYEVES UETO.



3.2 Maxpooxomixd yapoxTnoLoTixd ¢ OLadoans 25

To mewpdpota amd TV dAAN ueQLd To. omoio. B pwwogovoav  va €LVl
%VNTEO YLOoL BeENTIXY UEAETN CLPOQOVV %UVQLMG UETQNOELS TAYVUTTOV OF ITTEQLOYES
YOUNADV CUYREVIQMOEMV 1) YOUNADV OUXVOTNTWV (TTEQLOYES aobevolg oredaONG)
[40, 41, 42, 43]. Ou - 7O eVOLAPEQOVOES - TTEQLOYES OCUYVOTHTWV OTIS OTOLES M
OLadoon raboiletal amd OrEOAON OUVTOVIOUOU %L OVUOOM] TV oxedalouevmv
RUUATOV (TTEQLOYES LOYVONG OXEDOONS) ELVAL OTHV OUOLOL TTELQUUOTIXG. OLVEEEQEVVNTES.
[Tpoogata, uetoNONxe yLoL TOMTY POQA CUVTEAESTNG OLdyVoNG, D, ®ou ueor ehevbeon
OLadQOUN UETAPOQAS, I, - EMLTOETOVTAS £TOL VITOAOYLOUWO TG TOYVTNTOS EVEQYELUGS,
vE - O TUYOLO UECO OITOTENOVUEVO OO OQPOLQES YVOMOU Of VEQD, OF TTEQLOYES
woyvons oxédaons [44]. MetonOnrav emiong ToyUTNTES PAONG %OL OUAdoS %ot
ueor ehevbegn Orodoowr) oxedaong oto oo ovotnua [45]. Ta mewpduota avtd oe
OUVOVOLIOUO UE TTOALOTEQO TTELQOUATA UETENONG TOXVTNTAS aong [40, 43] amotelovv
TO %LVNTQO YLO. TO OEVTEQO UEQOGS TNG TTOQOVOAS EQYAOLOS. ZROTOG, ELVAL O ENEYYOG
%OL 1) ETEXTOON UEOBOOMV TTOU avarTTUXONRAV Yo 60OUMTA ®OL NAEXTOOUOYVNTLXA
AUUOLTO OTNV TTEQLITTON TWV EAACTIXMV %Ol OXOVOTIXMV XuudTwv. O uébodot avtol
elvan dvo emextaoels g tvmxs CPA (yvwotég pe to ovopa amin CPA xal coated
CPA [36]) yia TOV VTTOAOYLOUO TOXUTIHTWV (QPACEDV, LECMV EAEVOEQMV OLOLOQOUMV %L
EXTLUNON TNG OUVOTOTNTOS EVTOTLOUOV %L 1) TRoavopeebeioo CPA evégyelag ) omoio
€0TLALEL TO EVOLOPEQOV TNG OTOV ETMLITAEOV VITOAOYLOUO TNG TAXUTNTOS EVEQYELOS.

Ooov agoed T Ooun g maEovoLaons Tov xepalaiov :  (a) Tivetar wa
OUVOTTTLXY] OVAPOQA O€ OQLOUO ROL OVAAVOT TWV UOXQOCROTILKMV Y ULQOKTIQLOTLXMV
™G OLAdO0NG %L ETLONG OTA OQLOL LOYVOS TV dLAPOQMY DEMOLMOV %AL TQOOEYYLOEWV.
H avogopd yivetal yio v TeQLttwon 600umwTtmv ®uudTmy Ue Ta OTOTEAECUOTO VO,
ooy emione yia axovotird xouatat. Tio eAaotind ®OUOTO VITAQXOVY HATTOLES
LOLALTEQOTNTES OL OTOlES onueto EOg onueto Bo ocuvlnmmbovv oty mogeila TNg
moQovotoong Tov xeparaiov. (6) IMagovordlovtar i avaivovtar or uebodol Tov
yonowornotovvror. H magovoiaon twv uebodwv, oto onuelor Tov OxOTOS ELvAL M)
RATAVONOY] TWV 6aotrOV LOEMV, Yivetor %t €dm (AOyw amhdtnTag xat duvatdTnTag
ouyxELoNg) Yo 600uwtd ®rvpota. Ze dgUTeQo GMUa oVTNTOVVTOL OL LOLOLTEQOTNTES
TOV AXOVOTIRMV (OTTOV VITAQYOUV) %Ol TWV EAAOTIXOV xuudTtov. (Y) [Tagovotdfovron
amoteléoparto Tou €xovv eEay0el avalvtixd Yo Y10 OLAPOQES OQLAKES TTEQLITTMOELS
naw (0) magovolalovtar xaw oyoMAalovtal aptBunTixd oTOTELEOUATO.

3.2 MoxQoo*omIna (OQUXTIOLOTIXA THS OLAd0aNS

e €VO OUOYEVEG UECO YWOLS ATTOEOENON €va emimedo xwvuo yogoxtnolietor amo
™ ouxvotnTa, w %ot T Oevbuvon duadoons.  ITAngogopia yio T Oievbuvon
dLadoomns diver M dLevBuvon Tov TEAYUATIXOV (YLOL OUOYEVY] UECOL YWELS OITOQEOYOY))
AUUOTOVVOUOTOS, k, TOU OTTOLOV TO UETQO CUVIEETOL IE T CUYVOTITA XAl TV TOYVTNTO
PAONG UE TN YVWOTY| YLo. owpatidlo xmels udta oxéon diaomogds w = keyp. H cpp,
elvor M TayvTnTo ue TV omola OLodLdeTOL €vol O0TABEQO UETWTO TOU AUUOATOS %OL
OTNV TEQLITTMWOT QT TavTileTon pe Ty tavutnTo ouddag, v, = dw/dk, v ToyvTnTa
OMhadn dLadoong g eVEQYELAS EVOS OUUPOVOU TTOALOV.

e €va TUXOLo UECO AVTLOETA, AOYW TOV TTOAATAMY OREDATEWYV, 1| OXE0N OLALOTTOQAS
TOVEL VAL €XEL TNV TTOQATAVM CLTTAY] LOQY| 1) RAL VO LOYVEL 05 €vvora. O TOAAOITAES

*Ta 0novoTIRG ROUATO YI0: OTOOEQY TUXVOTHTA TAUTLLOVTOL e Ta BaOUWTA.
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O®€DAOELS XAVOUV TO XUUA VO XOVEL TN QAON TOV, TUXOLOTOLMVIAS TN dlevbuvon
tov. H tuyatomoinon avt, M omolo o€ ueydho 60.6ud eivoar ouvdotnon tou Tooo
EVTOVT ELvaL 1] OrEDAON OO RAOE €VOL OREDOOTY| ROL AQA CUVAQTNON TNG OUYVOTNTOG,
RAVEL TIG TOYVTNTES OLAOOONS VO ELVAL ETLONG OUVAQTNOELS TNG CUYVOTNTOS XOL OE
TEQUTTMOELS LOYVONG oxédaong xor g Oevbuvons. To uéoo unrog oto omoio M
OUUPOVLOL (A0S OLALTNQELTAL O €VOL TUYOLO UECO YoQoxTNoLlCeTal oav uéon ehevbeon
dradooun orédaong, ls, Tov ®vvpatog [46, 47]. Ze yoaunAés CUYREVTQWOELS OXEDAOTMV
LOoYVEL OTL [; = 1/no OOV n 1 CUYHEVTQWON TOV OREQAUOTMV KL T 1] OMXY] EVEQYOS
dratour] oxnEdOONG Ao €VO OREDAOT).

Zmv meQlmTmwon aobevoig oxédaons 1 AeTTOV deLyudTmv, L, TOU TUYALlov UECOV
tétowwv wote L < [;, (axoubéotega o xhpoxes uqrovs L < I;) Tta qowvoueva
molamting oxédaong dev mailouvv rabogLotird QOAO ot OLadoon (oL oxnedaoTeg
eLVOL %OTA KATTOLO TEOTTO CLOVOYETLOTOL) XOL 1) CLOYLXY (PAOY TOU RUUATOS O UEYAAO
6a0uo dratneeitar. H meguoyn avm (L < [5), M omola yagoxtnolletor oov meoLoxn
6alloTing OLAd00NG, ELVAL 1 TTEQLOYY] UEYLOTNG ETLTUXLOS TOV BEWQLOV POLVOUEVOD
uéoov, Oewotec mov Gaotlovral of amouTioES TAvw ot wéon ouwvdoemon Green?,
< G >.. Emlong eivor M meguoyn Omou UeyEdn ommg 1 TayvTNTo QAONG KOl OUddag
(Tayvtnteg mov oyeTtilovtol pe oVUPmVY SLAd00Y) TOU RUUATOS) EXOVV RATOLO (UOLRO
vonuo [29, 31, 39].

ZTNV TEQLITWON OOV TO TUXOLO UECO €LVOL OF OLAOTAON TTOAD UEYOAUTEQO OO
™ uéom elevBegn dvadooun (L > ;) ov molhamhés oxeddoels (ov omoieg, axoua
%L ao0evelg, OQOUV GUOOMQEEVTIXA) HVQLOQYXOUV 0TOV %aboguouo g duadoons. To
OTTOTELEOUOL ELVOL TTANQONG OITMAELR TG (PAONS TOU XUUOTOS. TNV TTEQLOYY] OUTH
0 OVUQPOVOS KUUOTIROS YOQOATNQOC EMOXLALETAL atd €vo. xaooxtioo Sudyvonc®.
ITAngogogia yio ™) dLdyvomn Tov ®upatog divel To yivouevo < GG >.. Etol, yuo v
TEQLYQOPT TNG OLADOONG O° CLUTY) TNV TTEQLOYY| - 1] OTTOLOL Y OLQOUXTNELLETOL COV TTEQLOYN
dudyvons - yoeralovral Oemoleg GOOLOUEVES O OITALTIOES TAVWD 010 < GG >. 1
RATAAANAY] TQOTOTOINON TV OEWOLOV (PALVOUEVOU UECOV MOTE VO TTEQLYQAPOVTOL
TTEQLOCOTEQO LXAVOTTONTIXG. TO. (OLVOUEVA TOMATAg oxédaons. Emiong €dw 1
TEQLYQOPT] UECH TMV TOXVTITMV (PAONG ROl OUAOAS YAVEL TO VONUA TNG XOL 1] OLAd00N
NG EVEQYELOC WITOQEL VOL TTEQLYQOpEL OVO éow TN T vTTag evéoyelos’, vg = 3D /1
[29, 31, 39]. I; eivon 1 Aeyouevn uéon ehevBeon dLadQout) UETAPOQAS 1) OTTOLOL 0QLTETAL
00V TO UECO UNUOG OTO OTTOLO TO KUUO OLOLTNQEL T UVIUT TS OQYLXYG TOU dLevbuvong
(qpaong) [46, 47]. H péon ehevBegn duodoun uetagods dtapépel amod v s (~ 1/no)
2ATA TO OTL TEQLEYEL EVOV 000 NG Loy (1 — cosé) otov vTohoyLoud TN EVEQYOU
dLatoung, o, EVM TOUTLLETAL UE CUTIV LOVO YLOL LOOTQOTTLXY] OXEDALON).

Oocov agoed TELOG TN OUVATOTNTO EVIOMOUOU TOU XRUUOTOS, T OuvoToOTNTO
OMhadn évag dLodLdoueEVOS TOAMIOG VO UETOTQATEL 08 EXOETIXG ALTTOOGEVUUEVO MOV
RATAOTQOPLXNG OUUOOMG TV TTOAAAITTAG OrEOATOUEVOV ®VUATOV, B0 TEETEL VO
ovapeQbel OTL aUTO YEVIXA OEV ELVOL OVAUEVOUEVO OUTE O€ YOUNAES OUYVOTNTES OTTOV
N ox€daon elvar aobevrg oUte 0 TOADY VYMAES OTTOU 1) O%EDOON TTEQLYQAPETOL ATTO

SH ovvdomon Green umoet vo. Smoel wAngopogia yio evologpéoovTa neyétmn dmug elval 1 TuxvOTHTo
AATAOTACEWV, 1] UEON eAeVOEQN dadooun onédaons wox. H uéom tun maigvetan mavw oe OAeS T duvatég
dLaTdEelg oredaoTWV.

SH meouyoaq g dddoong g evépyelag TOAMOTAG oredOLOUEVOV HUUGTOV YiveTow Héow Tng
eElowong dudyvong.

"Se meoloyéc ao0evoUg onESAONG OL TOYVTNTES Cph, Uy KOL VE ELVOL TIEQLTTOV OL OLEC.
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TN YEMUETQLXY] OTTTLXY] ROL (POLVOUEVO, OUUWOOANG Oev cuwmeguhopnbdvovial. Movn
OUVOTOTNTO YLO. EVIOMLOUO UTTAQYEL OF TEQLOYES OUYXVOTNTWV JTOU OVTILOTOLXOUV OF
WIXY ®VUATOS CUYXQLOLUO UE TNV OLAOTAON TV o%edOOTMOV (EXEL 1) EVEQYOS dLaToun
ox€dAONG €xEL TNV TAOVOLOL 0 OOUY UOQYPY] TTOV TTALQOVCLAOTNXE OTO XEPAAALO 2).
[Tocotind, 0 €\eYyOGS YLOL EVTOTLOUO YLVETOL UE EEETOON TNG TTOQOUETQOV EVTOTLOUOV
kl = (w/epn) - I,. H mopduetgog auty) ovyxplvel To unrog xvpotog A (= 2w /k)
ue T uéorn erevbegn dradooun Is. Evromioudg wwogel vor vidoEer uovo Yo TES
™G TOQAUETEOV Kl UnQoteQeg amtd LovAadd Ve TO OxQLegs OgLo petddoong, (kl).,
OTtO EXTETOUEVES OE EVTOTLOUEVES UOTAOTAOELS OEV €)EL TQOOOLOQLOTEL OXQLOWMG.
ITooomdBeta vohoylopoVy g xotowung twng (kl)., amotéheoe m Aeyouevy PWA
[48, 49, 50] otV omola TO TEOOGAUO TG EVQEONS EVIOMLOUEVIV ROATOOTACEWV OF
TUYOLO UECO OUVOEETOL UE TO TTROGANUOL EVEEONG OEOULMV RATAOTACEMV OF TTNYAOL
dvvarot. H Bewola avtn diver (kl). = 0.844 [48, 49, 50] evad dAAn T mOV
VITAQYEL OTY GLOMOYQAPLO, OUTOTEAECUO OLAPOQETLXOV TQOTTOV TTQOOEYYLONG, ELVAL )
(k). = 0.911 [29].

3.3 CPA

Onwg avagéednre oty ewoaywyyn, n CPA avixablotd to Tuyaio UEco Ue €va
ouoyeveg parvouevo (effective) uéco. To pauvouevo outd HEco yoQuxTLLeTOL OO
eva uryodnd, eEormuevo amd T ouvotnto. ®vuatodidvuouo dtadoong, ¢.(w),
(M wodvvopa wo pryodwwn toxvmTo, ¢ = w/g¢.) TO Omolo oL vwoloyiLeTa
avtoovvertme® [30, 29]. To moayuamxd U€EOg TOV ¢., YCQAXTNOLLETOL COvV TO
ETTALVOROLVOVIXOTTONUEVO KUUATOOLAVUOUO. OLAO00NG OTO TUXOLO UECO %Ol OLVEL TNV
TAXVTNTO PAONG, ¢, = w/R[ge] EVD TO PAVTOOTIRO UEQOG OUVOEETAL UE TNV OITMAELOL
™G (PAONG TOU XVUATOS AOY®W TOANOTAMV oxeddoemv xnow dlvel T uéorn elevbegn
dradooun oxédaong, Is = 1/23(q.].

To qoawvouevo uéco, ¢., ota mAaiolo OAV Twv exdoymv tg CPA vroloyileton
oo ™V 6aoxn amaitnon 1 ovvdeton Green TOV UECOU QUTOV, G, VO ELVOL LOT) UE
™V UEON Tur) TS ovvaETong Green TOU TTQAYUATIROU UECOV, < (G >., OOV 1] UEOM
LW TTALQVETOL TTAVM 08 OAES TS OUVaTES dLartaEels g tuyonotntog [30]. H ouvOnxy
ouTH LoONUOTLXG EXPEALETAL OOV

1

<G >=0G (= ﬁ)

(3.1)

To 0eEL0 uéhog omv 3.1 elvor 1 €xQEAOY OTO YMQEO TWV oQuUMV (k-x®0QEO) TNg
ouvaTnons Green OUOYEVOUS UECOU UE KVUOTAVUOUD. (.

Eotm tea €vo ouoYeVES UECO TTOU YALQOKTNQLLETOL QTTO OTTO EVO XKUUATAVVOUC Ky
() wodvvapo wo oI ¢ = w/ky, ). TOte 1 ouvdetnon Green, G, TOU TUYALOV
ueoov uoget va yoopet oav [30, 29]

G =G+ G TG (3.2)

8 Avagegduaote oe HEca OV YUEOATNELEOVTOL TANEWS 0o WOVO €va nupaTodidvuoua. H eméxtaon
OTNY TEQLTTTWON TWV EAAOTIXMDV %L AXOVOTIXMV XUUATOV B0 cuintnOel magondtm.
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omov G, elvar 1 ovvagtnon Green TOU OUOYEVOUS OUTOV UEoov xair T, o %ald
YVvwotdc amd ) Oswpio drotagaymv Teheotic oxédaonc’, o omolog meQLéyeL OAN TNV
TTANQOOQLOL YLOL OREDAOY| OVAUEDO OTO OUOYEVES UECO, Ky, XL TO TUYALO (O OelnTNg
m Ohawver 0tL o T' oplleton oxeTnd Ue TO UECO Ky, ).

[Maigvovtag pueon tum oty EE.3.2 mooxvmtel 1

<G >=Gn+ G, <Dy > G, (3.3)
1] OTTOLOL OTOV k-Y(MQEO UTOQEL Va. Yooel oav [29]:

1
<G >.=

(3.4)

21 oyeom 3.4 Ohn 1 TANEOYOQELOL YLaL T OrEdAOY €xelL uetapebel amo tov < T, >.
oy wyody ovvdemon =, (w) yvwor cav dloevégyeta (self-energy)!®. H = yia
000evr) onedaon elvar avaloyn tov < T >. [29, 0e).55] evo o deintng m umaiver xi
edm yLoL Vo OMAMOEL OEDOON OYETLHA UE TO UECO Ky, .

AEiCeL vo avagebel TEMOG OTL 0 TeEAEOTNS 0x%EdAONG T UTOQEL VO YQOUPEL OOV EVAL
amelgo aboowopa g poogrs [30]

T, = Zti + ZtiGmtj + Z tiGmt]‘Gmtk + ... (35)
4 £ 1#jFk
OOV OL TEAEOTES 1; OVILTQOOMITEVOVV TN Ox€dON amd %dbe douxn wovdada
TOU TUYOLOU UECOV TTOU TEQLOGALETOL OTO TO WECO Ky €VO OQOL TTAVM OO TOV
TEMTO TTEQLYQAPOVY (PULVOUEVO TTOAAATTANG O%EDAONG UETOED TMV OLAPOQWV OOULRDV
UoVAdmV.

O tagamave tumol (EE.3.1-EE.3.5) eivar m 6d0m Yo Ty avaAlvon xoL ®aTavonon
tov exdoymv s CPA mov xoNnoyoTolouvTol 0TV ToQovod dovAeld. Ou exdoyég
oUTéS Ommwg NON avapeednxre, eivar 1 amhy xou m coated CPA [36] oL omoieg etvor
aueoeg ementaoelg ™G tvmxns CPA w emiong n CPA evégyewag [38, 39] n omoia,
elvol amhwg 6aotouévn oty dga g CPA.

331 Tvmxn CPA

H 6aowy ovvOnxn yio Tov vroloyLopud Tov QoLvOUEVOY UEGOV, (., OTO TAOLOLOL THG
tumxng CPA [30, 29] etvar 0 undeviopog g ®oTd UECO OQO OAEDOONS AVAUETC. OTO
(PALVOUEVO UECO, (e, XOL TO TEAYWATIXO TUXoio ovotnua [30, 29]. H ouvOnun avy
uabnuaTnd exgpoaletal oav

<T.>.=0 (3.6)

H EE.3.6 dev eivor Timote GAAO TaQd O TEOTOS VAOTOLNONG, OTO TTAGLOLOL TNG
tumxng CPA, tng 6aoumg amaitnons g CPA ovugpmva pe Ty omola 1 ouvaQTno
Green TOU QALVOUEVOL nEcov Ba meémer vo towwtiletal ue ™ uéon ovvagtor Green
Tou tuyoiov. Ilodyuatt, Omwg evnolo umoel va der raveig, av < T, >.= 0 omv

*Té00 0 T 600 %o G elval TAVUOTEC. SUVAQTIOELS ELVOL OL OVOTOQAOTAOELS TOUS GTOV TQOYILOTIXG
¥MQO 1] OTOV (MEO TWV OQUMV.

"H = vevind eivan ouvdgmon 1600 Tov w 600 #at Tov k. Twa ™y aveEaptnoia g = omd 1o k dec
avopod [29] oel.67.
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EE.3.3, ) 6aownr) amaitnon g CPA 1x0ovOTOLELTOL AUTOUATA KAl TO OUOYEVES UECO
G, TOUTICETAL YE TO TTQOG VITOAOYLOUO pauvouevo uéoco G. (G, = G. =< G >,
= Ty =T, ). 2 avty mv meglmtwon 2, (w) = Z.(w) = 0 zow 1o £y €LVl TO
AUUOTOOLA VOO ALADOONS (.

H eqpaouoyn tg ouvOnung 3.6 amartel vtohoyLouod TG CUVOAXNG OREDAONG OVAUETL
0TO (POLVOUEVO UECO %Ol TO Tuyaio. To yeyovog OtL 1 oxeédaoy avty), €V YEVEL, Oev
WTOQEL VO, UTTOAOYLOTEL AXQLBMG, OONYEL OTNY avAyxn TEOOEYYLoNS. Me ™) 6aouxn
moooéyyon s CPA m ouvbnun < T >.= 0 (o deintng e oto €Eng o magaletmeTon)
ovuxadiotator oo Ty mo yohaen asaitnon [30]

<t>.=0 (3.7)

omov < t >.=< t; >, (deg EE.3.5) m uéon wun g onédaong amod wabe aveEaomnm
doun] WOVAdO TOU TUYOLOU WECOV TTOU TEQLOAMAETAL OtO TO @arvouevo. To
QALVOUEVO UECO OMAOdN avTLroOLloTaTAL LWOVO TOMTLXdA OTTO TO TUYOLO XL CLTTOLTELTOL
1 O%EQOLON TTOV TTQOXVITTEL OITO TNV TOTLXY] CLUTY] AVTLXATAOTOON VO ELVOL RATA UECO
0Q0 UNOEV.

Epomuorto mov TeoxrumTouy €lvol o) JTOLEG ELVOL OL CUVETELES TNG TTOQOITAVM
TQOCEYYLONG OO0V 0pOQd. T OQLAL LOYVOS TS UeBOdOV %L 6) TTwg TEETEL VO YLVEL
N TOMKY OVTLXOTAOTOON TTOU TTQOOVAPEQONKE MOTE VA OVATAQAOTAOEL ®OAVTEQA
TO ovyxexQEVO Tuyalo uéco. Ilwg Bo draiexBovv dMhady) oL dourés novadeg tou
TUYOLOV UECOV TTOV EUOATTLCOVTIOL OTO (POULVOUEVO.

Oocov agoed 1o gomtnua (o) afllel va ToQOTNENOEL RAVELS OTL 0TO OQLO OOV
< T >.— 0 n oxédaon yivetow apretd aobevrg. Autd onuaiver aobevi) oxédaon
ortd ®abe onedaoT) EEXMOLOTA ROl GQO. OREQAOTES CLOVOYETLOTOVS UETOEY TOvs. AV
Omhaodn t; elvor M oxn€daon oo Tov O%edAOTY) i TOTE < iit; >iziR< 1 >< 1 >.
Me 6don v eEiowon 3.5 umogel va gL ®OVELS OTL M OUVONUN TTOU TTQOXVITTEL
ueta omd Vv 6aowy meooeyywon s CPA, EE3.7, undevilel Toug TQES TEMOTOUG
0QOVg 0TO avastTuyuo yua Tov < T >.. Tleguuévouue AOLTOV OTL OV UTTOQEL VO YLVEL
< T >.~ 0, CPA Ba elvolL 0QXETA AXOLONG ULO. ROl OQOL AV OITO TOV TOLTO -
OaV YLVOUEVO ULXQMV TOCOTNTWV - gV Ba ovvelopeégovy onuavtird. Ileguévouue
ETMLONG VO OITOTUYYAVEL OE TEQLITTWOELS OTTOV OQOL TTAV®W OITO TOV TQLTO RUQLOQYOUV
oto ovdmtuypa tov < 1T >., meQuutmoels dMAadn Omou N ox€daon %uoLOQ)ELTOL
otd PALVOUEVO, TTOMATIANG OXEDOONG EVIOTLOUEVO OF TTEQLOYES OUVCOMUNTOUATWV
oxedaotwv [30].

Ooov agoed to gotua (6), To moLdg dMAadN eivor 0 ®UTOAMANAOTEQOS TEOTTOG
TOTULXYG AVTLXATAOTOONS TOU (POLVOUEVOU HEGOV OITO TO TUYALO, 1) OLITAVTNOY TOU OLVEL
VTOQEN o€ dLdpopeg exdoyes g Tumxng CPA omwg eivon ) ammdy CPA »aw v coated
CPA oL omoieg maQovoldLovTol auéows TOQURATO.

ZTV TAQOVCLOON TTOU OXOAOUDEL TTEQLOQLLOUOOTE O TLYALD CUOTNUOTO TTOU
OTTOTEAOVVTOL OTTO OUOLOVS OQPaLOIX0VS 0xeDAOTES (AXTIVOG @) TOTOOETUEVOLS, O
TTOOOOTO OY®OV f5, UECO O OUOYEVES TTEQLOAALOV Y€co. OTL 0poQad TOVg O%EDOOTES
Ba yaooxtnoiletonr amo Tov deint ¢ (in), OTL 0POQEA TO TEQLOAAAOV UECO ALTTO TOV
delntr o (out), Eved OTL APOQA TO POLVOUEVO UECO amtd Tov deinty e (effective). Toco
N amy 0o xnou 1 coated CPA epoouoloviar pe Tov idLo TEOmo (OTTMG TEQLYQAUPETAL
TOQOXATM) YLOL RAOE ROUTIYOQLOL KAOUCLXDV KUUATWV.
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Amiq CPA

Zta mhaiowa g omAng CPA 10 @ouwvouevo Ueco avixadlototal TOmxd UE
mbavotTa p1 = fs omd €va opolrd oxedaoTr] OUOLO UE TOUG OxEDOOTES OTO
TEAYUATIRO TUXOLo ovoTnua (oxedaotng Tumov 1) xal pe mbavomta p, = 1 — f; éva
O®€DAOTY LONG OKTIVAS, @, OITTO TO VMARO TOU TEQLOAAAOVTOS LECOV (OREDAOTNS TUTTOV
2).

Coated CPA

Zta mhaiowa g coated CPA [36, 39] T0 gauvouevo u€co ovtiroOiloTaToL TOTLRA UE
mOaVOTNTA pp ATTO €V OQPOLOLXO OREDAOTY) OUOLO KL €0M UE TOVUS OREDUOTES TOU
TUYOLOV OUOTHUATOS MG XOAUUUEVO PE EVO OPALOLKO REAVPOS (axTivog r1) amd TO
VM®O TOU TTEQLOAMAOVTOS nécou (oxedaotng tumov 1). Avtxabiotator emiong we
TOAVOTNTA Py OTO ULOL OQPALQO. AXTLVAS 7 ATTO TO VAMXO TOV TTEQLOAAAOVTOS UECOV
(oxedaotng tomov 2) (deg. Zyx.3.1). O TEOTOg QUTOS AVTIXATAOTOONS OVATTOQLOTA TO
YEYOVOG OTL OTO TTQOYUOTLXO TUXOLO oVOTHUO T dV0 VMRA (0%EDAUOTES-TTEQLOAALOV)
OeVv elval TOTTOAOYLXA LOOOUVOUO ULOL KOL Ol OXEQOOTES ELVOL OUTOUOVOUEVOL EVM 1)
QAOY TOV TTEQLOAMAOVTOS UECOU €LVOL OUVEXTIXY. Me TNV €VVoLo OUTY) TTEQUUEVEL
ravelg 1 coated CPA va meoLryQdgel xohITEQQ, OE OYEOY UE TV OITAY), TH OLAd00N o€
TUYOLOL CUOTHUATA YWOLXG OTTOUOVOUEVOV OREDOOTMV.

p1 p2
g, r e|qe r

€

VO Y VN

o3 o3

2x.3.1: O 1007m0g OV YIVETOL 1 AVILXATACTOO0Y TOU (PULVOUEVOU UECOV OITO TO TUXOLO OTO.
mhaiora g coated CPA. H oxloouévn meoLoy mToQLOTAVEL TO TUXOLo UECO, 1) LoQY OQaiQa.
TOUTLCETOL e TOUG O%EQAOTEG OTO TUXOLO OVOTNUO EVM 1) GOTIQY TTEQLOYY UE TO TTEQLEAALOV
uéoco. H oxédaomn vrroloyiletor Oewomviag medomtwor emimedoy vUUATog.

OL axTiveg r1, 7 ®0L OL TILOAVOTNTES P1, P2, TTOV TQOOVAPEQONHAY ELVAL CUVOQTNOELS
TOU TTOCOOTOV TOU OYXOV, fs, TWV OXEDAOTMV OTO TUYOLO CUOTNUO. APETNQLO YLOL TOV
VITOAOYLOUO TOUS ELVOL Ol TTQOPAVELS LOOTNTES

pr+p =1 (3.8)
V

_— 3.9

i o (39

omov V = jra® xon Vi = Jard (i = 1,2). Ov dvo magamdve ouvbijres, dmog evroha

OLATILOTMVEL RAVELS, OV ELVOAL OQXETES YLOL TOV VITOAOYLOUO TV p;, 7 (i = 1,2). TN
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rfa rja

2x.3.2: O mBavoTTeg P, Py ®OL OL OXTIVEG 71,77 YLO. TOUG OVO TUTOUS OREDAOTOV 0T,
mhaioto g coated CPA, 00v 0UVAQTNOT TOU TTOGOGTOU TOU OYXOU TWV OQOLQOV, f.

TNV €VEEOY EMITAEOV CUVONMMV axolovBeltor 1 ToQOXATM dLadiwooio. Oemoeital
TO (PULVOUEVO UECO VO YWQOTANQELTOL OO U AAMAOETILROAVTTOUEVES HUWEALDES
Wigner-Seitz pe dyxo V, = 2°V. To z givon ehevbegn TOQAUETQOS We TV oot
YLVETOL TTQOOTTADELO VO GUOYETLOTOVV OL TTQOS VITOAOYLOUO TTOCOTNTES. ZTO KEVIQO TNG
rnpehidag Tomobeteitan £vog oxedooTg TUTTOV 1 pe mBavoTNTA p1 %L EVOS OXEDAOTYG
Tomov 2 pe mbavotnta p;.

Eivow moogaveg 0tL Loyvouv oL eELomoelg

plv X fs (310)
n(Vi=V)+pVa o« 1-f; (3.11)

omou 1 otabepd avaloyiag elval M e xou ot dVo mEQUITWOELS. EmumAéov o
oyrog Vi umopet vor Oemonbet toog ue V,/(n 4+ 1) 0mov n 6 uéoog aLbudg oparomv
(moorynotirwy oxedaotwv) uéoa otov oyxo V, yvow amo v xeviom). O n
elvol ovAAOYOg UE TO TTOCOOTO TOU OYROU TV OQALQMYV, fs, ROl Ue TOV OLoBEotuo
oyro. Emeldn to z elvar eheBegn moQdueTQog numwogovue va dtadéEovue T otabegd
avaoyiog va eivar povdda, dhadi n = f,(z3 —1). Erolr Vi = V23 /[f.(z3 — 1) +1].
Ouwoiwa, V, = V, — nVj dmov o 7, 0 uéoog agbudg opopmv otov oyro V,, elvol
avaloyog ue tov diabéopo oyro V,/V nan to f;. Ilaigvovioag mdle povada
otadepd avaloytag Oa woyler 6t Vo = 23(V — £,V]). Me tig magoamdve emioyés ot
P1, P2 EEAQTMVTIOL UOVO ATTO TO fs ROl TNV EAEVOEQN TAQAUETQO z UECH TWV OTOLOV
exgpoatovral oov

fs?
D W (3.12)
1
Py = W (3.13)

O vtoAOYLOUOS TOU Z YIVETOL OITTO THV OITALTNOT) T ALTTOTELEOUATA VO, dLVOUV YVOOTA
TTQOOEYYLOTIXG OUTOTEAECUOLTO YLOL TIG TOXVUTNTES KOl UEoES eAeVBeQeg dLadooués oto
000 TV UeydAmv unxaov xouatog (w — 0). Begbnue ot ) tum z = 1.7 mpooeyyitet
OLQRETA LXOVOTTOLNTLRA TO. OTOTEAEOUATO avtd. Me 6don to z = 1.7 oL axrtiveg r1, 7
%OL OL TLOAVOTNTES pp, Pr OAV OUVAQTNON TNG CUYXEVTOWONS fs Oelyvovial oto Zy.3.2.
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E&wwnosig

Metd ™V emAloyn TV SOURMV LOVAIMY TOU TUXALOV CUOTHUOTOS TTOv gubasttifovral
0TO (PALVOUEVO UECO TO TTROGANUO YLO. TOV VTTOAOYLOUO TOV ¢ UECW TS ouvOTMNg 3.7,
OVAYETOL OTOV VTTOAOYLOUO TOU TAVUOTH OXEDAONG, T, VLo OXEDOON ETLITEOOV HVUATOG
artd xabe wia dowxn povada. O t €lval CuVAQTNOYN TOOO TOU ITTQOOTTLITTOVIOS
KUUATOVIOULOTOS, £0TM (e, OO0 %0l TOV OXEDATOUEVOV, E0TW (p ACL CUVOLETAL ILE TO
TAdTog oxédaons ue T oyxéon [29]

leq, = ~47/(de: de) (= =47 /(6, 9)) (3.14)

omov 6 nour ¢ M mohxy rou alpovbuaxy yovia tov diavvopotog Oéons.  To
TEAEUTOLO UENOG TG TTAQOITAVM LOOTNTOS TTQOXVITTEL OLAAEYOVTAS TN dlevbuvon tou
TTQOOTILITTOVTOS KVUOTOS VO ELVOL EXELVY] TOU Z AEOVO RO TALQVOVTIOS vtoyn OTL M)
drevBuvon Tov q, TavTiletol e exeivy Tov dtaviopatog BEonc.

Me 6dom to moastdve, 1 ouvOrun g Tumkng CPA (EE.3.7) yivetow

<f>=0 (3.15)

To mAAGTOog O%ESOONG OUMG OTNV TEQLITTWON TWV XAAOLXMV XUVUATWV (AOYW TN
UWOXQOOXOTILXNG (PUONG TV OXEQOOTMV) OEV elval ATTAMG aQLOUOS AALG e oUVAQTNOY
TOV YOVIOV ROL EVA OA0IX0 EQMTNUA ELVOL YLO. TTOLG T TOV YOVIOV 1] UECT T
TG OUVAQTNONG QUTYS B0 TTEETEL TTOEOEL LOM Ue UNOEV.

Zov ®OTOAANAOTEQY TTOCOTNTO. YLOL TOV UNOEVIOUO OLOAEYETOL TO TTAATOS OREQAONG

oty oevbvvon mooomtwons, f(6 = 0). O Adyog elvar OTL 1) TOCHTNTO CLUTH CUVOEETOL
ue TNV olxr) eveyo dvotour) oxédaons (UEcw tov omtxol Bemonuortog - deg EE.2.16
rnaw EE2.17) now dpa o undevionog g eEaopaiilel undevixn ueon oxédaor. AEitel
vo. onuelwOel emiong OTL 0TO 0QLO0 Oov O T’ WITOEEL VA TTQOOEYYLOTEL WOVO OLTTO
TOV TEMTO 0QO TOU AVOTTUYUATOS 3.5, 0 UNdeVIoUOS TOU UECOV TTAATOUS OXEOOONG
ot dLevbuvon TEOCTTWONG, O OTOLOG ONUOLVEL UNOEVIOUO UOVO TV ““diaywviowv”’
otoelov Tov < t >, (< tge.qe >c)» OUVERAYETOL axQl6l undevioud tov ohxov!!
<T >..
IdLonTEQOTNTES TOV EAAOTIXOV XVHATMV : ZTNV TEQLTTMON TWV EAAOTIXOV XUUATWV
OOV €VOL OUOYEVES UECO YOQaXTNOLEETAL ATO dvo ®upotaviouato (€vo yio duadoon
OLAUNXOVS RVUOTOS %L EVA YLO. EYRAQOLOV) ROL THV TTUXVOTNTO, TO (POLVOUEVO UECO
0o yogaxmoiletal (extdg A0 TV TURVOTHTO p.) OTO TO VO XKUUATOVUOUOTO
Qie, qte (0 O€lnNg | INAWVEL TO dLanes %L O QELRTNG ¢ TO EYRAQOLO) UE CUVETELES OVO
TOUTITES PAONG, ¢f "= W/ Rqre] mow P = w/R[gre] won S0 péoeg eredOeoeC SLadoopéc
onédaonc'?, I; = 1/23[qie] »ow Iy = 1/23[gse]. To yeyovog owtd ovvemdyetol amaitnon
TEVTE TOVAAYLOTOV EELOMOEMV YLO TOV VTTOAOYLOUO TOU (POLVOUEVOU UECOV (TECOEQLS
€ELOMOELS YLOL TOV VITOAOYLOUO TMV ULYOOLXMV KUUOTOVUOUATOV XL U0 EELOMOT YLOL
TV TURVOTITA).

OL emumAéov oe ox€oN Ue Ta AMAAL XAOOLXA HVUATA EELOMOELS TTQOEQYOVTIOL ALTTO TN
OLAPOQETLRY| EXPQOLOT TOV TAVUOTY] OREDAONG, £, YLOL OLAUNAES %L EYHAQOLO TTQOOTILITTOV

AV T = >, ti, TOTE TO Yeyovog 0L 0 < T' >, avtioTouy el og ouvdQTnon Green OUOYEVOUS LEGOV %a
4o glvar ouvaTon wovo evog k ouvemdyetor 0Tl 0 UNOEVIOUOS UOVO TV AAYOVIOV OTOLYEIWV TOV
< t; >, elvar iavog vo eEaopaiioel undeviond tov orot < T >, (deg avagopd [29], oel.54).

Z3nuerdveton 6t 0 deintng t ed dMhdvel T uéon eheviBen dLodooy eYRAQOLOV HURATOS %L OXL T
Ueom eAe0eQT dLOdQOUT| UETAPOQUS 1) OTTOLO. 0TO €ENG OO INADMVETOL EXTEPQOOUEVQL.
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wopa. Tor duopnres TEOOTLITTOV ®vpo (xoL TolQvovtag Tov Z dagova otn dievbuvon
TEOOTTWONG) T OLAYDVLL OTOLYELD TOV ¢ (lge,ge) ELVOL QVAROYQ UE TO OLOUTIHES
mhdTog oxédaong ot dievduvon medomtwonc! f(6 = 0) = f(0) (dec EE.2.16)
[51, 52, 53]. Etou 1 amaitnon undeviouon g LEoNS TS Tov ¢ odNYel 0 amaitnon
undeviouov tov < fi(0) >.. Ta eyndoolo mEoominTov, TOAWUEVO oTov i dEova,
7OV OLaOLOETOL RATA TOV Z AEOVaL, TA dLAYMVLO, OTOLXELOL TOV ¢ ELVOL AVAAOYQ UE TO
eyraQoLo hdtog orédaong, f1:(0), omov fi(0) = ify,|s—o (0eg EE2.17) [51, 52]. Etou
0 VITOAOYLOUOS TOU (POLVOUEVOL UECOV OVAYETOL OE ETLAVON TV EELOMOENV

< fu(0)>. = p1fun(0) +p2fin(0) = 0

< ftt(o) >e plfttl(o) -I-pzfttz(()) = O (316)

1] OTTOLOL YLVETOL QUTOOUVETTWG. 211G 3.16, p; (i = 1,2) elvan ) mbavoTnTa To PaLvOuevo
UECO VO, VTLXOOLOTATOL OTTO TOV OXREOAOTY TUTTOV ¢ (OIS AUTOG OQLOTNKE OTNV OITAY
nau coated CPA) »aw fi;(0) (f1:(0)) To dropnres (eyndQolo) TAATOS oxedaong oty
dtevBuvon mpdomTwonc'* yia mpdomTmwon droprovg (eyrdoolov) emimedov wbuorog
o’ autdv Tov oxedoot.

Ou magamave eEtomoelg (3.16) eivar dvo wyodirnés eELOMOELS CLOUETES YLOL TOV
VITOAOYLOUO UOVO T™V QU0 ULYAILRMOV HUUATOAVUOUATOV ¢re RAL Gz OTG Oumg Mo
ovapéinre, o TANENG TEOOALOQLOUOS TOU (POLVOUEVOL UECOU TOOO YLO. EAALOTLXA
2UUOATO. 000 ROL YO OXOVOTLXA, OJTOLTEL ROL YVMON TNG TUXVOTNTAS, p. (1 omoia
OUUUETEYEL OTOV OUTOOLVEMY| vohoylouo 3.16). T Tov vmohoyloud g p. W
TOUAGYLOTOV EMLITAEOV EELOMON OTTALTELTOL. Z€ OLEQEVVIOT OTA TTACLOLOL TNG TTOQOVOOS
OOVAELAG YLOL TO TTOLQL ELVOL 1) TTLO XOTAMMAY, ovuITAnowuaTi®g Twv cuvinuwv 3.16,
eElomon Oev €xeL 6ebel UEXOL OTLYUNS LXOVOTTOLNTLXY] OTAVTNOY. OFftovtag Lon ue
undév ™ uéon Tun rATOLOL amO TO TAATN Ox€daons fi nou fi; oe devbuvon
dlaoeTirn] amtd T Olevbuvon TEOCTTWONG, TO CITOTEAEOU NTOV TQOOAMUATOL
ovyrALong, TOMOATAES AIOELS 1 WOL XOVIA OTNV GAAN 1 QUOLKG WY TTOLQOOEXTES
Moglg. M) G6eltiwon (Yoo eAaoTivd xvuoto) vmnese Bétoviag oo ue undév
oe rAmoLo. OLlevBuvoY, TO UECO TAATOG O%EDOONG TTOU CVILOTOLXEL OE €YRAQOLO
0%e80LOUEVO #VUOL TTEOEQYOUEVO 0Ttd dtapres moomimtov!® (< fi; >.) 1o omoio ot
dLevBuvon mEOOTTWONG elval UNOEV. ZTIG TEQLITTMOELS OTTOV KOUTOPEQOUE VA, EXOVUE
ULCL CLUTOCUVET] TTANEN AVON (VTOAOYLOUO TAUTOYQOVA TOXUTITMV KOl TTURVOTHTOG)
TO OITOTEAEOUOL MTAV TTOAM) XOVTA O€ OTL VTTOAOYLOTNXE YONOLUOTOLMVTAS YLOL TV P
TV UEON TUUT) TOV TTUXVOTITOV TOV OV0 VMMV (0XEDAOTMV-TTEQLOAALOVTOS UETOV),
pe = fspi + (1 = fs)po, M TQOOEYYLOTLXOUG TUTTOUG YLOL TNV TTUXVOTNTO OTO OQLO TWV
YounAwv ocvyvottwv [54, 55]. Ta mepuocotego amd To ootehéopato mTou Oa
TO.QOVOLACTOVV TTALQOKATM €YOUV eEayOel W auTy) TNV TEOOEYYLON).

B0 momrtog deintng oto TAGTOC 0AEdAONC INADVEL TNV TOAWOY TOV TEOCTLITOVTIOC ROl O SEVTEQOS
™V TOAWON TOV o%EJALOUEVOU HVUUATOG.

0L avolutinég engodoeig Twv fu(0) nar fr:(0) umogovv va eEayBoitv eixoha amd T ELOMOELS
2.16 now 2.17 now eivan idLeg 08 LOQYN TOOO YLo OTTAY OO O0O0 %Ol Lo CUOTNUO VO OUOREVTQWV
OQPALQMY.

5 5 oV 1o do oud oWV (coate l 1y Qd L (e

BH oxédaom amd ovotua S0 OUOAEVTQWMY OQOLQMY ted ogaiga) meQLyQApeTaL AvoluTIRd OTO
moagtnua I

1®To mhdtog autd eival avdhoyo pe To TAATOC OXESOONS TOV AVTLOTOLYEL OE Slones oxedalonevo
AUUUOL TTQOEQYOUEVO ALTTO EYRAQOLO TTQOOTILITTOV.
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3.3.2 CPA evépyearos - Tayutnta evépyerog

H CPA evégyeLag elvar puo xouwvougLa uEB0d0G Tov eNoYOTOLONKE YE ETLTUYLA OTOV
VITOAOYLOUO THG TOYVTNTOS EVEQYELOS TOCO MNAEXTQOUOYVNTIXMV OCO %ol 6aOumTmv
ruudtov [38, 39]. Xonowomolel puev ™ Goown wea g CPA (EE3.1) o to
6aowrd g TheoverTUATO OMAOOYN TNV ATAOTNTA OO0V APOQAd TNV LOEQ %Ol TOUG
VITOAOYLOUOUS OAACL TTANOLALEL TO TEOBANUOL OTTO ULOL OLOLPOQETLXY] OTTTLXY| YWVLOL ULOL
%0l TO GOOLKO TNG EVOLOPEQOV ELVAL O VITOAOYLOUOS LOLOTHTMV UETOPOQAS, LOLOTHTWV
7OV 0QOXTNELEOVV TN SLADOOY %A OE TTEQLOYES OTTOV 1) (PA.ON €xeL Y abel eviehms. Mia
Bewplo OV Ba LoYVEL RAL 0" AVTES TIS TEQLOYES Bl TTEETMEL Vo GaolleTol o amaltnon
Tove 010 < GG >, M WAOVTOS pe 0govg mediov %L Oyl ovvoetyoewv Green 0OTH
uéon evépyera. Ipdyuott, 1 CPA evégyeiog Eextvd amd ™V t0éa OTL 08 €va TUYOLo
UECO 1] TURVOTNTA EVEQYELOS B0l TTOETEL VO ELVOL OUOYEVNG O RAUOKES UEYAAVTEQES
a6 ™ ooty downy) wovdda tov péoov!’. To televtaio elval amdppolo Tov Ot
0€ TETOLEG AALUAAES TO TUXOLO UECO ELVOL YEMUETQLXA OUOYEVES. € OTL axohovOel
moovolalovue aywrd T uéBodo omwg avamtiyOnxe yio 6abuwtd xwor yio HM
wopato [38, 39] naL og devTEQO GNUAL AVOPEQOUUE AVOAUTIXG TOV UTTOAOYLOUO YLO
OXOVOTIXA %L EAOOTIRA ®OUOTA UOCL UE TIS LOLOLTEQOTNTES OLUTHS TNG TTEQLITTMWONG.

eikmr

ik r
ekm

K

K

2x.3.3: O 106mog mov avixadiotatal To opoyevég WEco ki, (ORLOOUEVY TTEQLOYY) OTTO
TO TUXOLO OTta TAaiolo epaguoyns s CPA evégyelas. H pavgn ogaiga (Gomen meoloyxn)
tavtileTon pue Tovg onedaotés (to meQBallov néco) oto Tuxaio ovotnua. To &, vrohoyileton
OTT0 TNV OTTOLTNON 1) OALXY] EVEQYELDL OTN BOOLXY] dOULKY] LOVADD TOU TUXOLOU CUOTNUOTOS -
coated ogaiga (0QLOTEQO TAGLOLO) - VO €LVOL LOY UE THV OMXY EVEQYELD. OTNV IJTEQLOYM
7TOV TTEQUXAELETOL OuTtd TOV ®UxAo 0TO OeELd mhaioto. H evégyeia vmohoyiletan Hemowvtag
TTEOOTITMON ETTLITEDOV RVUOLTOS.

Zta mhatowa g CPA evéQyelog O UTOAOYLOUOS TOU (POLVOUEVOU UECOU YLVETOL
og dVo otadia. Xto TEWTO 0TAdLo VITOMOYLLETOL €vol OUOYEVES uEco, Gy, QIO TNV
ATALTHON 1) TURVOTNTO EVEQYELAS OE OUTO TO UECO VOL ELVOL LOY] UE TN UECT] TTUXVOTNTO,
evéQYeLog 0To tuyaio. H mapoamdve amaitnon eElomong g eVEQYELNS VAOTOLE(TL
ue tTo va Beweeitar woe 6oownn dowxn povada tov Tuyaiov uécov (deg Xy.3.3) M
oToLo. EWOATTTICETAL OTO OUOYEVES UECO, (7, HOL VO CLTTOLTELTAL 1) OMLXY) EVEQYELOL O
outn T douLxn LOVAdQ VO ELVAL LOT) UE TNV OMKY] EVEQYELOL O€ £VOL TUNUA LOOV OYXOV
Tou opoyevoug uécov. H evégyeia vmoloyiletar Oemowvtog mEOOTTWON EMLITEOOV

7 ©emoavTag wn eVIOmOouEVO HUUA.
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ropatos. H draduraoio mov avagpegdnxre vtohoyilel aUTOOUVETMG £VO XUUATAVUOUCL,
kpm, TO omolo yoooxtneilel To opoyevég uéco. To k, omnv meplmtmon avty elvol
TQAYUATIRO ULOL RO VTTOAOYLCETOL UECW OUAAOYLOUOU SLATNENONG TNG EVEQYELAS OF
UECT XWELS OTTO0GED.

e Oevtepo Onua VTOMOYLLETAL TO ULYOdIHO KUUOTAVUOUD ¢ TTOU YOQOXTNQLTEL
TO VO avolnmon gatvouevo ueco. O VTOAOYLOUOS TOV ¢ YLVETAL EELOMVOVTOS TN
ouvvamnon Green TOU (POLVOUEVOL UECOV UE TNV UEOY ovvdetnon Green TOU TUYALOV
omwg dlvetol pe 640 Tov Tomo 3.4. Zuyxolvovtog tovg Tumovg 3.1 xaw 3.4 umoel va
deL navelg OtL To ¢. Oa dildeTon amod

@ = k2 = S (w) (3.17)

H Z,,(w) (o0& mowtn TAEN g TEOG TN OUYXREVTQWOY TV o%edAoT™V) vrtoloyileTon
artd Tov amho Tomo [29, 37, 39]

2, = —4mnf(0) (3.18)

Omov n elval 1 ovyx€viQmon (aLOuUNTLX) TUXVOTNTA) TV OXESOUOTOV OTO TUYXOLO
ovotua xat f(0) to TAdTog o%édaong ot dLevBuVoY TEOOTTWONS YLaL emtimedo vV
7oV o%edAleTaL Ao T 600X doULKY) LOVADO TOU TUXOLOU 1) OTTOLAL €XEL ELOOITTLOTEL
0TO UETO Ky, .

Zav 6001%1) dour LOVAdO TOV TUXOLOV LECOV TTov eubarttiletal oto &, BewerOnre

aywd yio too HM zar 6abumtd »Uuoto uor ogoigo tola Ue Tovg OrREQAOTES TOV
TUYOLOU UECOU ROAUUUEVY] UE EVO OQPOLOLXO %EAMUPOS EEMTEQLUNG OXTIVOS 7. (U
r3 = a3/ f,) amd 1o vrd Tov mebdihovtog pécov (deg =y.3.3).
EAaotizd 20patoe @ STV TEQLTTWON EAAOTIRMV RUUATOV TMQO, OTTOV €VO. OUOYEVES
UECO YOQOXTNOLLETOL ATTO AVO KUUOTOVUOUOTO KOL TNV TTUXVOTNTO, OTO TTQMTO OMjual
TOU VITOAOYLOUOU TOV (POLVOUEVOL uécou ota mhatola tg CPA evégyelog, xoetaletan
VO UVTTOAOYLOEL RAVELS TOOO T OVO TTQOYUOATIXA RUUOTAVUOUATA Ky HOL Ky OO0 ROW
TV TURVOTNTA Py

To V0 ®rvpotoviouota VITOAOYLLOVTOL ATTO TNV OTTALTYOT) OUOYEVELAS TNG EVEQYELOGS
Ommg ATy avapéodnre mogamdvw. O aviiotolyes dV0 EELOMOELS TQOXVITTOUV UE TO
Vo BeENOOVUE TEOOTTTWOY TOOO JLAUNKOUS OO0 %Ol EYRAQOLOV XVUOTOS TAVM OTH
6a.0L% douLrt) LOVADO TOV TUYXOULOV TTOV EUOATTICETOL OTO OUOYEVES.

210 TAoloLe TG TAQOVo0S OOVAELAS OOV 6aoLx] douxY) LOVAdX OLOAEYETOL ELTE 1)
dumh ogatoa eEwteoung axtivag 7. = a/[f]'/3 (deg =x.3.3) mov yonowomomOnxe
ota 600umta xor HM »dpoto pue mbavomro povada (n CPA evégyelag ue out
™ Goowr dounrn) pnovada Ba yopaxtmoiletan cav E-CPAL) eite to ovotquo tov
dvo opalpwv ov ogiletar otv coated CPA pe tig idteg mBavOTTES %L ORTIVES
(E-CPA2).

H amaitnon opoyévelog g eveéQyeLags, yio v mepimtmon g E-CPA2, odnyel otig
OV0 TOQOXATW CUTOCUVETIMG EMAVOLUES EELOMTELS

M=o 2 2=y 5 1 5 T3 73
o[BS [P = el nZ) (G19)
0 0 2 3 3

-, 5 "2, 1 ) 7‘% rg
pr | Eirsdr+py [ Ejridr = spnwipiy +p25] (3.20)
0 0 2 3 3
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To oVuBoho E dnhdver m) péon i e muxvoTnrog evégyelag, B, og moog x0ovo
%L G TEOG OAeg TG Oevbuvoels (Yo Tov vrtohoyloud g E 6Aéme mogagmuota B
rnan ). Ou deinteg [ oL ¢ OMAMVOUV OTL QUTY 1] TTUXVOTHTO. EVEQYELOS VITOAOYLOTNXE
BeWEMVTAS TEOOTTWOY SLOUNKOVS %L EYRAQOLOU XUUATOS OVTILOTOLYXO. EVM OL ¢ %O
s OTL OTNV 0QYY] TOU OVOTHUATOS OUVIETOYUEVOV €xel TomobetnOel avtiotouya M
coated »aw M o (simple) opaiga. To deEL0 uéhog twv 3.19 »ow 3.20 vroloyiotnue
TOLQVOVTOS VIO OTL 1] TTUXVOTNTO EVEQYELOS YLO. OLOUNXES %L EYRAQOLO ETLITEDO
HUUOL OUYVOTNTOG W TTOU OLOOLOETOL OE OUOYEVEG UECO TUXVOTNTOS Py, OldETOL QITO
E = pw?/2.

210 TAALOLOL TG TTOQOVOAS OOVAELAS, 1) TTUXVOTNTO Py (1] YVOON TNG OTTOLOG ELVOL
OTTAQOLTNTY TOOO YLt TOV VmoAoylopno 3.19 zar 3.20 000 %ol YLo TOV TTEQULTEQW
VITOAOYLOUO TOU ULYOdLXOU (POLVOUEVOU UEOOV, () TEOOEYYLLETOL ATTO TOV LECO OQO
TOV TURVOTNTWV OXEDUOTMV TTEQLOAALOVTOS Ueoov (p,, = fspi + (1 — fs)po) M amd
EXPQAOELS TTOV EXOVV eEayOEL YLOL TO OQLO YOUNA®V ouyvottwv |54, 55] - ue meaxTnd
To LOLo aToTELEopOTA.

Téhog, To pyadund AVUOTAVOOUOTO e KOL e OO TO OTOLO. TEOXVTTOUV OL
TOYVTNTES PAONS ®oL OL UEoes ehevbeges dtadgoués vmoroyifovralr amo

G = kin— Zum(w) (3.21)
f]tze = ktzm — Zpm(w) (3.22)

OOV
Zijm(w) = =47y nifi(0) (j=11) (3.23)

2wy eElowon 3.23, f1:(0) (fui(0)) elvon To draunxes (eyrdoolo) mAdTog oxrédaong
ot devbuvon meoomTwong  yia dwounxes  (gynadgoto) (deg EE3.16) emimedo
TQOOTILITTOV ®VUAL TTOU oxedALETAL A0 €val O%eDOOT] TUTTOV @ TOTOOETNUEVO OTO
OUOYEVES UECO (G AL Ty ELVAL 1] OUYREVTQWOY] TOV ¢ TUTTOV oxedAoTV. [l didTtakn
oxédaong avtn g coated CPA (E-CPA2), ny = fi/V now ny = [1 — niV4]/Va
V; = 47rr]3/3 (G =1,2), V = 4ra’/3).

Toyvtnro evépyelog

O vToAoYLOWOS TG TaVTNTOS EVEQYELAS, vE, OTa Aaiota Tng CPA evégyelag yivetol
Ue el ™) Bemeio TOV AvoTTUXON®E OTO OQLO TWV YOUNADV CUYHEVIQWOEWV
oxedaotwv [32, 34, 35, 31]. Zvugovo ue T Oewola vt 1 TOXVTNTO EVEQYELOGS
OldeToL atd ™V TOQOXATM OVVAQTNON TNG oxEdaOoNS, Z,(w) (= —4nn f(0)), avdueoa
0€ €va O%edA0TY] TOU TUYULOV CUOTHUATOS XOL OTO TTEQLOAAAOV TOV UECO K,

w /K — Rz (3.24)

R =R W
H moodtnra 6, yoooxtnolotixy] ot Olddoon TV %AACIXOV  ®uudtov (Y
nhextodvio. § = 0)!8, umopel emiong va enqoaotel oav ouvvdotnon g oxédaong

BH 810p00d #A00HMOV #URETOV RO NAEXTQOVIMV 08 auTd TO onueio mydlel amd T dLopoeTIry
TAEN TG XQOVIHNG TTAQOYWDYOU OTLS OVTLOTOLYES EELOMOELS.
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OVAUEDO OTOV O%EQOOTN %Ol TO TEQLOAAMAOV néco. To 6 elvar avaloyo Tou YEOVoU
TTOV RATAVOADVEL TO HUUA UEGO OTOVS OREOOOTES O OTTOLOG UE TY) OELQA TOV 6EEON®E VaL
elvol avAAOYOG TG EVEQYELOS TTOV CUYKEVIQMVETAL U o€ ®A0e oxedaoty. Etol to 6
YIVETOL UEYLOTO ROVTA OTOUG GUVTOVLOUOUS THG EVEQYOU OLOTOUNG O%EDOONG OO €val
oxedaotn (CUVTOVIOUOS OUVNOWS ONUALVEL UEYLOTY OUYXEVTOWOT TOU KVUOTOS UEOO
0ToV 0%ed0OTY]) dLVOVTAGS TO EAAYLOTA OTNV v TTOV AVOPEQONUOV OTNV ELCAYWYY).
Zta mhaiota g CPA evéQyelag tma, 1 TayUTNTO EVEQYELNS v, VITOAOYLCeTOL
artd ™V O pue ™y Exgeaon 3.24 ouvagTtnoy, OtV OIoLo TO TEQLOAMAOV WEco k,
ovVTLXOOLOTATOL ATTO TO OUOYEVES UECO Ky, EVM O ATTAOG OREQAOTIG UECH TOU OTOLOV
vrtohoyiletar 1 1OLoeveQYeLa, =, aviraOloTaToL Ao T 6aoLxY| 1 TG GAOLRES OOULKES
UOVAOES TOV TUYOLOU OUOTHUATOS TTOU eUOATTLCOVTAL OTO k. ATOTEAECUO ELVOL W)

ENPOOLON)

w k%n - 3%[zm]

OOV To = %ol & VTOAOYLLOVTOL OYETLIRA e TO UEDO Ky

H éxgpooon 3.25 ota mhoiowa g CPA evégyelag yomowwomoleitor Yo xA0e
ovyxevtowon.  H woyig yio xdbe ouvyrévtowon Ouxaloloyeitor omd TO  OTL
ovVTIXOOLOTOVTIOS TO  TEOYUOTIXO UECO  YUow otd  xA0e oxedaotn ue €va
TTQOCEYYLOTLRO OUOYEVES UECO - O VITOAOYLOUOS TOU OTTOLOU ACUOAVEL VITOYY TOU
PALVOUEVO TTOAMOTTANG OXEQAONG - 1) ROTAOTAON TANOLALEL EXELVY TOV OVEEAQTNTWV
Oo®eDAOEMV, 1] OTOLO. UWITOQEL VO TTEQLYQOPEL LXAVOTTOLNTLXA, ATTO TN Bewio yaunimv
OUYXEVTQWOEWV.

To mheovéxTnUO TOEO. TNG ETMAOYNG TOV k,y UE TNV VOOeom g CPA evéQyelog
elvol TO OTL AOYW OUOYEVELOS TNG EVEQYELOS Oev Ba VITdQYEL EmITAEOV ®aBVOTEQNON
TOU ®RVUOTOS OTO TTQAYUATIXO UECO OYETIXA UE TO WECO k. EtOL, meouuéver novelg M
moooTTa 6 otov Tumo 3.25 (M omola €)XEL VITOAOYLOTEL UECW axELOOVS Bewlog Hovo
yia 6aBumTA ®UpOTO ®ow 1 eTEXTOON TNG 0Ta. HM elye yiow Toh »ow@o opgLobrTnoet)
VoL ELVOL TTEQLITOV LOY) UE UNOEV ROl VO UTTOQEL VO, aryVONOEL.

ITodypott, T0co yioo HM 600 naw yio 60.0umtd xvpoto m éxgoaon 3.25 ue § =
0 €dwoe amoteléopota TOU TEOOEYYLLOUV TTOAD LXOVOTTONTIXG T TTELQOUATIRA
OedOUEVA TOOO YLO XAUNAES OGO HOL YLOL VYNAOTEQES OUYREVIQMOELS.

AVOTUY(MG VL0 OKOVOTIXG %KL EACOTIXG HUUATO 1] ROTAOTAOY ELVOL TTEQLOCOTEQO
ouvOetn. Zta mhaiowo epaguoyns s CPA evégyelag oe dLAd00N AXOVOTIRMOV %L
EAAOTIXMV HVUATWV - OTTMG ALTTOOELYTNRE OTOVS VITOAOYLOUOUS OUTNS TNG EQYOOLAS - 1)
TOOOTNTA 6, EVM ELVOL CLOXETA WXQY], OEV ELVOL OUEANTEQ DOTE VA aryvONOEeL EVIEAWDGS
- LOLOLTEQA OF YOUNAES CUYVOTNTES.

O MOYyog yia out) TN OLOPOQG TWV AXOVOTIXMV %L EAACTIXMV OYETIXO UE TO
6a0umtd now HM »vpoto mydaler amo v 0o g TurvOoTNTOS OaV AVEEAQTITNG
TOQOUETQOV Yot TOV %0boQuoud g Otddoong o€ €va ehaotrd UEsO. =T
OUYXEXQUUEVY] TTEQLITTMON, 1 ETLAOYN TNG TTUXVOTNTOC, P, TOU OUOYEVOUS UECOU
emnoealer awobntd ™V Tun tov 4. H emEon auvty pelmveToL 000 OQUEAVEL )
ovyvotnta. o evdildueoeg xar VYmAES oUYVOTNTES TO & €LvOL TTOAMD IKQO %Al OYEIOV
OVEEAQTNTO A0 TNV EMAOYN TOV p,,. OO0 TEEMEL VA ONUELWOEL TAVTWG, %L EXEL
6aotletor 1 aELOMLOTIO TV OTOTEAEOUATOV TOV TALQOVoLALovtal, OTL 1 €EdoTnom
TOV ki, 2 0L 6 (= 6,,) OO TO pyy, €LVOL TETOLAL MOTE VAL OONYEL O€ TEANTLXA LOLAL
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TOYVTNTA g VLo XAOE ETAOYN TOV .

Mo emLTAEOV OLOPOQEA TWV AXOVOTIXMV %L EAAOTIRMOV a0 Ta 60.0umtd now HM
HUUOLTOL, 1) OTTOLOL OYETLEETOL GUETO UE TNV TAYVTNTO EVEQYELAS XOAL TNV EEAQTNON TNG
aTtd T OUYVOTNTO OIS CLUTY) EQUNVEVTNKRE OTNV ELOAYWYY], TTNYALEL ATTO T VO TV
OUVTOVLOUMV TNG EVEQYOU dtatoung oxédaons. Omwe ovintOnxre 0to ®epAioLo 2, ot
O®EDAON OHOVOTIXMV %L EAAOTIXMV AKUUATOV VITAQYOVV GUVTOVLOUOL TTQOEQYOUEVOL
artd v oxdnon M adela ogpaiga. Ou ouvtoviouol autol dev GUVOOEVOVTOL OITO
UEYAAY) OUYREVIQWOY EVEQYELOS UECO OTY ogaiga. To yeyovog autd ouvemdyetol
OTL M €EAQTNON NG vE QIO TN OUYVOTNTO OEV TTEQUUEVEL XAVELS VO EYEL OF OAEG
TIG TEQLITTMOELS TV TUTLXY] UOQYY| TTOV TTOQATNONON®E XROL EQUNVEVTNXE TOOO OTA
6a0umtd 000 %o oto. HM »iuota.

Egyouevor twpa oe epoguoyn s CPA evéQyelag otV TEQLITTWON TV TANQWGS
OLOAVUOUOTLRMY  EAQOTIXOV XVUATOV 1] ROTOOTOON YLVETAL OXOU0 TTEQLOCOTEQO
neolmhoxnn. Edw, TO ammotéleoua Tng TQOOEYYLONG TOU TUXOLOU UECOV UE OUOYEVES,
elvol 0 VTOAOYLOWOS OV0 TOYXUTNTWV OLAd00NS TNG EVEQYELAS WAL YLOL OLOTUES
TTQOOTILITTOV XVUOL ROL ULaL VL0 €YRAQ0L0. TO TEOBANUO TOV RATA TOCOV €)EL RAITTOLO
PUOLXO VONUO YLOL TO TUYALO UECO - OTTOV TO VONUO TTQOOTILITTOVTOS XUUOTOS ULOG WOVO
molwong eEapavitetal - 1 VTaEEN dVO SLOPOQETIRMV TAYVUTITOV EVEQYELOS KL TOU
TG OYETLLOVTOL Ol TOYVTNTES AUTES UE TOV CUVTEAEOTY dLAVONG OTO UECO ELVOL EVOL
atd TA OVOLYTA TTEOGAMUATO 0TY dLdd00N ehAoTIXMV ®uudTwy. To TEOGANUO aUTo,
TO 07olo TTNYALEL OO TN OLOPOQRA UETOEY OUOYEVIIV RO TUXOLMV UECHV OO0V APOQd
™) oVCEVEN M un ™G SLIUNROVE %Ol TNG EYRAQOLOS OUVLOTMOOS TOU RVUOTOS, ELVAL
ITOQOOLOL TOV YEVLXOU EQWTIUATOS ROATA TTOCO TO (POLVOUEVO UECO (EVA OUOYEVES UECO
OTO OTTOLO OLOUTHES KO EYRAQOLO KUUA ELVAL OLOVTEVHTOL) UTTOQEL VAL TTQOOEYYLOEL TO
TUYOLO OTTOV OUUGALVOUV GUVEYELS UETOTQOTES OLAUNXOVS KUUATOS OF EYRAQOLO %L
OVTLOTQOMO, OGOV APOQA. UEYEDT TTOV EVOLOPEQOUV OTNV TTEQLITTMON TTOV 1) TTOAMAITAY
Oo®€AON ®VQLOQYEL TN OLAOOON).

TMoordTm avopEQETOL O VTOLOYLOWOS TG TOYXVTNTAS EVEQYELAS OTNV TTEQLITTMON
OLAd0ONG axoVaTIXWY HVUATOV OTAV INAOOT TO TUYOLO GVOTNUO LWARQOCROTILRO, ELVOL
Q€VOTO. AUTO UWITOQEL VAL OUUOEL YLOL OREOAOTES ALTTO ELTE QEVOTO ELTE OTEQED OE QEVOTO
meQloahhov uéco. Ta dLAdOON AXOVOTIXROV HUUATWV 1) TOYVTNTO EVEQYELOS, VE,
otdetanl amo v éxgooon 3.25. Zmv 3.25 10 k,, = ki €LVAL TO XUUATAVUOUO TTOV
VtohOYLLETOL ATTO TV VAOTTOINOY| TS ATTOLTNONG OUOYEVELOS TG EVEQYELAS, EELOMON
3.19. H ovvagmon Z,,, = Xy, 0ldetol amo v exgoaor 3.23 eva 1 mocotnto 6 = 6,
amo 6 = Y, nié; (i =1,2)[34, 35, 38, 39] ue

8 :4ﬂ%[7afi(;‘;%1km)]+ / dg%% (3.26)
21 oyéon 3.26
fi = fui (dec EE.3.23), Z‘; = |fi(kn. k)
won filkno k) = =l filkno k) explidy o 1 (327)

Avuradiotovrog g 3.27 omy 3.26, ) TOCOTNTO §; UTOQEL VAL TTAQEL TNV TLO CLTTAY
%OL TTEOOMOQY YL ALOLOUNTLXOVS VITOAOYLOUOUS WOQET)
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w e o L0 fi(kn k)
I+ [ aQu (il de, ) =SSy (308)

w1 dfilka k)
62_4ﬂkm%[2km O

3.4 TIQ00eYYIOTIXC. OTOTEAEGHOTO

3.4.1 Oguo younrov cuyvoTTOY

Onwg ovlnTnOnre 0TO REPAAOLO 2 TO TTAATY) OREDAONG OE YOUUNAES OUYVOTNTES TELVOUV
oto undév oav w?. Todpovtag To #dle TAATOC 0%ESUONS OOV GOQOLOUCL UEQLHDY
TAat@v (OVVELOPOQMV OTTO ®AOE UEQLHO OPOLOLKO HUUML) OLOTILOTMVEL ROVELS OTL O
avaLoYOoS e w? GROC 0TO AVUITTUYILOL VL0, WKQES CUYVOTNTES TTEOEYETAL atd TaL 1 = 0
rnal n = 1 opatgurnd xopoata. Fia n > 2 ta pegurd TAAT) orEdAONS TELVOUV 0TO UNOEV
oav w' e £ > 3 (ya gevotd £ = 2n). Etot, epagudlovrac ) ouvOixn e CPA oto
OQLO YOUNAMV OUYVOTNTOV, OLOQKEL ROVELS VO ATTOLTNOEL TOV UNOEVIOUO UOVO TV OVO
TEOTWV 6wV (n = 0 now n = 1) oto < f;(0) >, »naw tov n = 1 6gov o010 < f1(0) >..

O undeviouds tov memtov (n = 0) dgov tou < fi(0) >. yio TVYaio cVoTHUC
oTepewV wou oto. Thotota g artAng CPA odvynoe oty €xgpoaon

BZ_B Bo_Be

€ 1_ 5 —
35, +an, T 3E T

omov B eival To v00oTaTind UETEo ehaotirotnrog (B = A + % ).

TN uaxpooxomixa gevord ovorquata (pe = p, = 0), 0TOTELEOUO TOV UNOEVIOUOU
™g n = 0 ovvewopogdg oto < f;;(0) >, ota mhaiola tooo g amiig CPA 6co nou
ra ag coated CPA pe 6aowiun povado oxédaong uia uovo coated opaioo eEmWTEQLANG
antivag . = a/[fs]'/3 eivon 1 éxqpoaon

1 fs 1- fs
BB B
1) OTTOLOL ELVOL YVOOTI 0OV VOuog Tov Wood [29].

O undeviouodg tov n = 1 6gov oto < f;;(0) >. odnynoe otv LdLo Ox€om ue tov
undevioud tov n = 1 6gov oto < fi;(0) >., n omola elvar oy€oN avauesa LOVO OTIG
TVRVOTNTES P4, Po KOL pe NOL 1] OTTOLOL OLOLPEQEL OVAAOYO Ue TN OLATOEYN orédaoNg
7oV yonowornoteital. 2to whaiowa g CPA pe 6aouxn novada oxnédoons uio povo
coated OQOLOO EEMTEQURNG AXTIVOG T, TO p. TOOO YLO. OTEQEC OO0 ROL YLO. QEVOTA.
VITOAOYLOTN1E OOV

(3.29)

(3.30)

fs(pi = po) + 2pi + po
Pe = Po 3.31
2f5(po_pi)+2pi+po ( )
Zto mhaiowa ™g amg CPA m eEaybeioa €xpeaon Tov p. Yo Tvyaio oVOTHUO.

oevataw (p; = o = pe = 0) givon

Pi — Pe Po — Pe
o 1-f)——=0 3.32
f2p¢+pe+( f)zpoJr,O6 (3.32)

EVD YL 0TEQED ([, fos e 7 0)

Pe = fspz + (1 - fs)po (333)
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3.4.2 010 YouNA®V CUYREVIOMGEMY

O00V apoEd TO OQLO YOUNADV CUYXEVTQWOEMV, UITOQEL VO TTAQEL ROAVELS OVAAUTIXO
atoTELEOUO. DEMOMVTAS T SLAPOQA AVAUETO OTO TEQLOGAAALOV LEGO TOU TTQOYUOTLLOU
OUOTNUOTOS %AL TO (POLVOUEVO UECO OV WKQY] TTOCOTNTO, CLVOITTTUOCOVTIOS T CuvOTUn
™ CPA mg TEOg auTh TN ULxE TOCOTNTO KOl XQATMVIAS OQOVS TEMTNG TAENS WG
oG TN ovyxévigwor. [ dudtaln oxédaong avt) g amiig CPA 1 magamdvm
OLadLraoto. 00NYeEL 08 en(PQACELS IO TIG Ueoeg eAevBepeg dradgoués oxedaons. Ta
TV TAEN EAOOTLRY TTEQLITTWON (TUXOLO CVUOTNUO OTEQEMV) GOLOROVUE

L = (3.34)

1
noj
1

Iy = .

t o (3.35)
OTOV 1 ELVAL 1] OUYREVTQWOY TWV OPOLOMY OTO TUYULO ovoTthua xoL o; (oy) 1 eveQyog
dratour] oxédaons dtounrovg (eyrA.QoLOV) RVUOTOS ALTTO Lo OQOLQOL.

3.5 AplOuTiza amoteréopato

210 VTTOAOYLOTLXC ALTTOTEAEOUOTAL TTOV TTALQOVOLALOVTOL TTOQOXATM YLVETOL ROT OQYNY
wa ovyxolon amhig xat coated CPA 000V apoQd VITOAOYLOUO Y OLQOXTNOLOTLXMV THG
OLadoomns. e devTeEQO GNUO CUCNTOUVTOL TUTTLRES LOQPES TMV Y OQAXTNOLOTIXMYV QUTMV
yiaL OLAPOQES TTEQLITTMOELS VARMV. Emiong YiveTal uor oUyxoLon Ue TO TTELQOUOTLXAL
dedopéva. Téhog magovolalovtal xot oxoMAatovrol dLayQduuata yio. TV ToyUTN T
EVEQYELUG.

H magovoiaon zal 1 TEOOTAOELD. RATAVONONG XOL EQUNVELOS YLVETOL OF OTEVY
ouvOeoN ue 1o TEOGAMUOL TG OoxEdaONG O wion wovo ogoaiga. To yeyovog ot
N ox€d0oN amd WO OPOLEO AATAPEQE VO TEQLYQOYPEL TN OLAdOON OF TTEQLOOLKAL
ovoTNuaTa, ouvovatouevo ue To 0Tl 1 dLddOoY) TOOO O€ TEQLOOLXA OO0 ROl OE TUYALOL
ovotnuota ®aBoQLleToL amd TOu LOLOVS UNYAvIoUWoUs (OxEdOoN %Al OUUWOGOA| TwV
ol atAG oxedalouévmy ®undTwv) dRaLOMOYEL OUTO TOV TEOTO aAvVTETMmLONG. O
TQOCOUVATOMOUOS OTY OXREQAOY] OTO ULOL OPOLQO VTTOXKLVELTOL ETLITAEOV %L OLTTO TNV
eumelpla. amd ™ dadoony HM xon 600uwtwv xuvudtwv (6Aéme egunveio yio TtV
€EAQTNON TNG TOYXVTNTAS EVEQYELAS ALTTO TN OUYVOTNTQ).

3.51 XZvyxpwon asths xou coated CPA

Ooov agod TV ouyxoLon artAng xou coated CPA - v omoia €yLve ooV TEMTO 6N
TNG VTTOLOYLOTLXNG UEAETNG - €VOL EVOELXTIRO ALTTOTELEOUO. ELVOL EXELVO TOU OYNUOTOS
3.4. Zto Zy.3.4 ametnoviLovtol oL TaUTNTES PAONS OLAUNKOUS KOl EYRAQOLOV XUUOTOS
7oV OLadLOETOL 08 CVOTNUO. OPALEMV (ATTO VYMANG TURVOTNTOS, VYMANG TOYUTHTOG
VMRO) TUY AL TOTTOOETNUEVWV O OUOYEVES (XAUNANG TOYXVTNTOS, XAUNANG TURVOTNTOG)
TEQLOAAAOV UECO, OOV OUVAQTNON TNG OUYXEVTOWONS. TOOO oL OpailQes 000 ROl TO
meQUBAMOV Uéco elvon “ouAnod’ oteoed (¢i/c; ~ V2). O vmohoyloudg éywve oe
YOUNAES ouyvoThTes, meQLoym GEATLotng Loyvog tns CPA (o younkés ovyvotntes -
UEYAAO, UM% HVUATOG - TOL XOUQAXTNOLOTIXA TNG OLAd00NS ELVOL CUVAQTNOY UOVO TG
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1.0 1.0
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3y.3.4: Toyioyres @dong dropirovs (cf h) 0L EYRAQOLOV (cfh) ©OUOTOS TTOU OLadLOETAL
0€ TUYOLO OVOTNUO OPOLQMV UECC OF OUOYEVES UECO OAV OUVAQTNOYN TOU JTOOOOTOU TOU
Oynov TV ooV, fs. Ol TAQAUETQEOL TOV CLOTHUATOS elvar p,/p; = 1/4, ¢,/ c;; = 8.66,
ci/cs = 1.4143. Ou toyinteg vmohoyiomuay oe ovyvomnra wa/c, = 0.05 (a : axtiva
ogaromv). Ou deinteg [ naw £ SNADOVOLY TO doumresg 1oL EYRGEQOLO OVTLOTOLY O EVEMD OL ¢ XOL O
LS 0QOLeg ®ow TO TEQLBAMOV néco. OL xnhol deiyvouy To artotéheoua oTo avtiotowyo fec
7TEQLOOLKO TTEOBANUA, 1 ouveEXNS Yoouun to amotéleoua g coated CPA now 1 dLoneroupuévn
To omotéleocpa g aming CPA.

ovyvotntag omwg Oéxetar | CPA). H ovyxrouon aming xow coated CPA yivetow péow
oUY®QLONG UE aXQLOY 0QLOUNTIXG OITOTEAEOUATO TOU OVTLOTOLXOU fcc TTEQLOOLXOV
meobMuatos. To amotehéouato auTd, AOYm TOU OTL TO UNHOG KVUOTOS ELVAL OQKRETA
UEYOAUTEQO QO TO. OLAPOQO. Y OLQOXTNOLOTLXA UNXY] TOU UECOV RAL AQA TO RUUOL BAETTEL
TO UEOO oav ouoyeves, Oa moémer vo tavtilovrar ue ta amotehéopato twv CPA.
210 Zyx.3.4 m ovveyng yoouur eivor ootéheopo g coated CPA, m diaxexounévn
amotéheopo ™G otAng CPA v oL ®U®AOL OVTLITQOOMITEVOUV TLS TOYUTNHTES QPAONG
0TO OVTLoTOLYO fce TeEQLOdKO TEOGANUA. ZToug VmoAoyiouovs uéow twv CPA 1
TVRVOTNTO TOV (POLLVOUEVOU UECOV TTQOOEYYLOTNUE ALTTO TO UEGO OQO TMWV TTUXVOTNTWV
ox®edAOTWV TEQLOAALOVTOG.

Onwg gatvetar amo 1o Zy.3.4, 1 coated CPA divel amoteAéouaTo TANOLECTEQA OF
EXELVOL TOVU TTEQLOOLXOV TTROGANUOTOS 0€ ouyxroLon ue tv amin. H amin CPA evo
OTTOXALVEL YLOL EVOLOUEDES OUYREVIQMWOELS TELVEL Vo emavéLDeL 000 TO fs mAnoLaLel
TN UovAda. AUTO ELVOL OVOUEVOUEVO ULOL ROl O VYNAES ovyxevtowoels (fs > 0.64)
oL o%ed0oTES elvoL oUVOEDEUEVOL UETAED TOUS RAVOVTAGS TLG OVO (PAOELS TOU TUYALOV
oVOTNUOTOS (OREDAUOTES-TTEQLOGALOV) VO ELVOL TOTTOAOYLXA LOOOUVOUES OTTmg ONAadn
oxELomg Bewpovviar amd ™y oA CPA. AwmotwOnxe téhog 0Tl 1 coated CPA
7EooeYYLLEL TOOO %OAUTEQ TO CLITOTEAEOUATO TOU TTEQLOOLXOV TTQOOGANUATOS OGO
UEYOAAUTEQOS ELVOL O AOYOGS ¢,/ ¢;.

3.5.2 Tumuxés HOQEPES TOV YOQAXTIOLOTIXMV THS OLadoons

ZTNV TOQAYQAPO TTOV axOhOVOEL CUINTOVVTOL TUTTLXES LOQYPES TMV Y ULQOKTIQLOTLXMV
™G OLAdoOoNS YL OLAPOQO TUXOLO CUOTHUATO OQOLQMY OF OUOYEVES TTEQLOAMAOV.
7 QUTNOLO YLOL TNV ETTLAOYY TWV OVOTNUATWV, EXTOS GO TNV VITOQEN TELQUUATIXMY
OTTOTELEOUATOV LE TO. OTTOLOL YLVETOL GUYRQLOY], ELVAL %AL 1] WOQEY) TNG OVTLOTOLYNG
EVEQYOU OLaToUng O%EDOONG OTTO ULl OQPOLOOL, UECM TNG OTTOLAG YLVETOL TQOOTAOELD
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2x.3.5: Tayvmnreg @dong dwopunxovg (a) %L eyrdootov (b) ®xUUOTOg GOV GUVAQTNON TNG
OUYVOTNTOS YLO TO TUXOLO OVOTNUO TOU TeQLyQdgetal oto oynua 3.4.  Ou tayvmteg
vrtoloyiotrav oe m1ooootod Oyxov opoenv fs = 0.144. H ovveyng yoouur Ogiyver to
omotéleopa g coated CPA v 1 draxexoupuévn g aming CPA.

RATAVONONG TOV ALTTOTELEOUATOV.

To dvo mpwta oynuota, 2x.3.5 ror Zy.3.6, ELVaL TUTLXA TV K AQUKTNOLOTIXMVY TNG
OLAdOONG OE OVATHUATO OXEOATTWV YOUNANG TOYVTHTAS O VYNANG TaXVTNTAS
meotbdldov péco. T oxedoot) Younig ToxUTTOS O VYNANG ToxUTNTOG
TEQLOAAAOV, 1 €VEQYOS OLaTtoun - OmwS oviNTHON®E OTO REPAAOLO 2 - OTTOTEAELTOL
atd 0Eelg CUVTOVLOUOUS, O €VOS ROVTO OTOV GAAO, OL omoiol ocuvnBwg cuvodevovTaL
otO UEYAAY OUYHEVTOMON EVEQYELOS UECA OTOV OxedAOTY. TETOL0g MoQYNG eVeQYOS
diatour] eivor yaooaxtnolotixy xour oty dtddoon HM xuvudtwv. Me 6don avtod
TEQUUEVOUUE %Ol TO ALTTOTEAEOUATA TTOV TTO.QovoLAlovTal ota oynuato 3.5 xot 3.6 va
elvol avaloyo ue autd mou €xouvv umoloylotel yioo HM xiuata ®ou vo pwogouvv va
YLVOUV ®OTOVONTA pe 640N TOUg LOLOVS OUVALOYLOUOVS.

210 Zyx.3.5 Oelyvovial oL TaYUTNTES (PAONS OO0V GUVAQTNOYN TNG CUYVOTNTOS YLOL
TO TUXOLO OVOTHUA TTOU TEQLYQApeTaL oto oxnua 3.4. O vmoloylouog €yuve yua
T0000TO Oyrov ogoewv fs = 0.144. H ovyxévromon f; = 0.144 eivon exetvn
YLOL TV OTTOLOL VITAQYEL TO UEYLOTO YAOUO. OTO OVTLOTOLXO fce TTEQLOOLRO TTROGANUOL
[7] omote dev wmwogel va Bewoendel younAn ovyxEVIQWOY Yo To ovotnua. Omwg
WITOQEL VO TTAQATNONOEL RAVELS ATTO TO Zx.3.5 1) TaVUTNTO PAONS TTOQOVOLALEL UEYLOTA
VL0 RATTOLEG OUYVOTNTES OTIS OTTOLES WAALOTOL YLVETOL OQXETA UEYAAVTEQN OO TNV
ToyvmTo. Tov (VYMANg ToyutnTag) meQuodAloviog uécov. To yeyovog outd €xel
TO AVAAOYO TOV OtV TEQLTT™WON Oiddoons HM »uudtwv 0mov n toyvuinto @aong
YIVETOL O OQLOUEVES TTEQLITTMOELS UEYUAUTEQN aTO TNV TAXVTNTO TOv Qwtoc. Ta
UEYLOTA QUTA TNG TOYVTNTAS PAONS OVTLOTOLXOVV OTILS CUYVOTNTES EXELVES OTLS OTTOLES
VITAQYEL KOQUEPTY OTNV EVEQYO OLATOWUY OREDAONG OITO ULl OPOLQA OTIWS PALVETAL OLTTO
to. oynuata 10(a) xow 11(a) Tov mEwTov AEOEOV OTO TaRAQTHUA A. ZTIS TTEQLOYES
OUTES LOYVONG OXEDOONG, N TAXVTNTO QAONG YAVEL TO VONUA TG - ULO. ROL VITAQYEL
TMONG GTTMAELDL TNG PAONG TOU KVUOTOS - XAVOVTAS EVAOYO TO Vo WiV avalntioet
HAVELS HATOLO PUOLRO VONUAL Lo TIC VITEEBOMAA VYMAES TéS Tng PP,

210 Zy.3.6 delyvOovTOL OOV OUVAQTNON TNG CUYVOTNTAS OL uéoeg ehevbeges dLadQOUES
oxédaong dropnrous (I;) »naw eyrdoowov (I;) xvuatog mov dLadidETAL 0TO CVOTNUO TOV
meoLryQagetol 0to oynua 3.4. O vrohoylouog eywve x edw oe f; = 0.144. H ovveyrg
yoouun etvor to amotéleoua g amtAng CPA, 1 dvaxexouuévn g coated CPA evm
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2. 3.6: Méoeg ehevbegeg dLOOQOUES GOV OUVAQTNOTN TG ouyvOTHTaS YLow dtounxes (a) xo
eyraooto (b) »Uuo ov OLadideTal 0TO TUXALO CUOTHUA TTOU TTeQLYQAEeTaL 0To oynua 3.4.
Ou péoeg ehetBegeg dLodoués vmoloyiotnray oe m0000Td Oyrov opoedv fs = 0.144. H
ouveyns yoouun Ogtyver to amotéleopa g coated CPA, 1 duanexouuévn g aming CPA xo
1] OTLKTY TO GTTOTEAEOUO. YOUNAIG CUYHEVTQWONG TTQOOEYYLOTLXMY TUTTMV.

OTLXTY] ELVOL QUTOTEAEOUO TV YOUNANG OUYREVTOWONG TtRooeyyioewv [ = 1/no; (deg
eElomon 3.34) yia 1o (a) now I; = 1/noy (8eg eElowon 3.35) yia to (b). Ta eldyiota
oTIg néoeg ehevbeQeg OLAOQOUES AVTLOTOLYOUV %L €M OTLS CUYVOTNTES OUVTOVLOUOU
TOU €VOG 0%EDAOTY) OTTMG WITOQEL VO OEL RAVELG OUYRQLVOVTAS UE Tao oynuato 10(a) now
11(a) Tov TEWTOUV AEOEOV OTO TALEAQTNUA A.

Ooov agoed €EEtaon yior duvaTOTNTA EVTOTLOUOU TOU XKUUATOS OTO TTOQUTAVM
oVOTNUOL, VTTOAOYLOTN®OV OL ToQauetol (kl); = wl;/cfh nou (ki) = wly /. Twéc
WrQOTEQES Ao povada twv (ki) naw (kl), 60¢Bnrav yia ovyvotntes wa/cj, ~ 0.29 (a:
oxtiva ogolpwv). To ydouo oto aviiotouyo fee meQLOdLKO TEOGANUA eugpavitetol
v ovxvotnteg wa/cy, avapeoa oe 0.31 o 0.36. Oa mEémer va onuelwbel OTL
000V aPOQd. EVTOTLOUO TOU EAOOTIXOU XUUATOS, O OTTOLOG UTTOQEL VO VTTAQEEL HOVO
O€ TTEQLOYES LOYVONG OXEDAONG OUVTIOVLOUOU, 1] OTOOVCEVEY] SLoUNroug ®U £YRAQOLOV
wUUOTOS TTOU eLodyel 1 eEétaon Eexwoiotd g (ki) non (kl);, pumoiver ndtw omod
TO LOL0L EQMTNUATLXAL TTOV OUENTNONMOV OE OYEON UE TNV TaXUTNTO VEQYELOS (OAETE
ToQayQago 3.4).

Oa meémel va avapeebel TELOG OTL 1) oVYrALoN (duvaToTnTa VITOENS AVONG, Gic, G1e)
™ CPA yLa TV TOQOTAVe TEQLITTMON YIVETOL EEALQETING OVONOAY LOLALTEQA OTIG
TEQLOYES HOVTA OTOVG OUVTOVLOUOUS. To yeEyovoag outo aviavoxrid TV aduvouLo Tov
OUOYEVOUG UECOV VO TTEQLYQUEL TLG EVTOVES UETOBOAES 0T OLADOOY TTOV CUUBALVOUV
O€ QUTES TIG TTEQLOYES MY TWV EVIOVWV TOMATADV OREATEMV.

Onwg avageéednxre OTNV ELOOYWOYN TOU AEQPOACLOV, €VO OO TO RLVNTQO YLO
™mv epoaguoyn t™s CPA otV TEQIMTWON EAAOTIXROV  XKUUATWV  ELVOL  RATOLAL
TOALOTEQO TTELQAUATO. UETONONG TNG TAXVUTNTOS (PAONG.  =ZTO. JTELQAUOTO  OUTA
UETONOM®E M) TOYVTNTA PAONG OLOROUS RKVUOTOS O€ CUOTNUO OPAULQMV ATTO LOAIBAO
(p = 11.3g/em>,¢; = 221 km/s,c; = 0.86km/s) tuyoio TomoOeTUEVWV OF epoxy
(p=1202g/cm3,¢; =2.64km/s,c; = 1.2 km/s) 10 omolo 6X0MALOUUE 0T OUVEXELOL.
Eva x0QaxtoLotind 0To oV0THUO OUTO ELVAL OL TTOQATANOLES TAYVTNTES OREDAOTWV
2Ol TTEQLOGALOVTOG %Ol O WxQOS AOYOS TTUXVOTNTWV, p,/pi, TQOYWO. TOU OONYEL
o€ €VEQYO OLOTOUN OXEDAONG YOQOUXTNOLOTLXY] TNG TEQLILTWONG UEYAAWV YOOUATWV
(OGhéme ne. 2.3.4). Zto Zx.3.7 delyvovtal To TELQAUOATIXG AoTeLéopata (Tolywva)
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Pb spheres in epoxy (f;=0.05)

1.15 T 1.15 T
1.05 B 1.05
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- --- simple CPA ---- simple CPA
K J L
0'75 L L L L L 0'75 L L L L L
0.0 05 1.0 20 25 3.0 0.0 05 1.0 20 25 3.0

1.5 1.5
Ko Ko
3y.3.7: Taybmres pdong oav ovwvdetnon tg ouxvotntog o diopnxeg (¢f h) %O EYRAQOLO
(c? h) VIO TTOU OLOOLOETOL O€ GUOTNUO. OPALEMYV ATtd LOAVGAO TUYALO TOTTOOETNUEVWV OF epoxy.
ITocooto 6yrov oparpwv, f; = 0.05. Ta tolywva deiyvouv To TELQOUATIXG OTTOTENEOUAL,
N ouvvexng yoouuwnq to omotéleopo g coated CPA wow m dioxexouuévn g omig CPA.
kpa = wa/cr,, a: oxTive opalmy.

tov Kinra et al [40] yio T0o00t0 O0yrov oxedaotwv f; = 0.05, dmwg emiong »ou oL
TOUTHTES (PAONG €] " vau " vmohoylopéveg ota mhaioto g amdig (dLamexouuEY
voouun) ot g coated (ouveyns yoouun) CPA (otoug vmoloylopovs autovg 1
TUVRVOTNTA TOV (POLLVOUEVOU LEGOV VITOAOYLOTUE ALUTOCUVETTMG OITALTMVTOS UNOEVLOUO
Tov < fiu (0 = 7/2) >.). Omwg uwoget va deL navelg amo To oMU, TO UTOTELECUO TOV
CPA mpooeyyilel mod TOAD 1XavOTOMTLXA TO OVTLOTOLYO TTELQOUOTLXO CLTTOTELEOUA.

lNa 1o oxoMaoud ™G UoQENS TOV TOXVTNTWV (PAaons Oo meémer va avopeQbet
7aT aQYNV OTL M ovyxEVIQwor fs = 0.05 elval oxeTnd Younky oVYrREVIQWOY YLO. TO
ovoTNUa. (TO XAOWO OTO AVTLOTOLYO TTEQLOOLXO TTQOOANUA EUPAVICETOL OF TOOOOTO
OY®ov LoA6d0L pueyalivtego amod 10% ). H evegydg diartour) oxEdaong yLo opaioo oo
uoA6d0 GubLouévn oe epoxy (M omoio deiyvetar oto Zy.1 tov devtegou dpboov Tov
TOQOQTNUOTOS A) ATTOTEAELTAL ATTO OYETLRA VYNAOUS AALG %Ol EVQELS CUVTOVLOUOUS
- JTQAYWOL TTOU CUVETTAYETAL OYL LOYUQN TTAYLOEVoN TOU RUUOTOS UECH OTY OQOLQO -
YWOLOUEVOUG OLITO ULOL TTEQLOYY ETTLONG ONUOAVTLRYG O%EdaoNS (AOY®W OUVELGPOQAS TG
ATTELQAL OUANQNG OPALQAG).

H younhy ovyxéviomon, cuvovalouevn ue tv OxL oEela HoQyp TWV GUVTOVLOUMV
NG EVEQYOU dLATOUNG, HAVOUV AVOUEVOUEVO ULXQES LOVO OUTORAMOELS ALTTO T CUUPOVY
OLAdO0N TOU ®VUOTOS OTO CVOTNHUA TOV OXNUATOS 3.7. OL TayUTNTES (PAONG OL OTTOLES
OIS (POLVETOL OTO TO OYNUO. OEV TAQOVOLALOUV apUOLXES TUYES TLOTOTTOLOVV TO
veyovog outo. Emiong oL tayvtntes paons @oivetol vo. erneedtoviol uovo oo Tov
TEMTO CUVTOVLOUO TG EVEQYOU OLATOUNG eV Lo kj,a > 1 elvan oyedov otabegés non
ROVTO OTLS TAYVTNTES TOV OVO CUOTATIXMV TOV OVOTHUATOS. O TRETEL Vo ONUELWOEL
téhog OTL 1 duvatotnta s CPA va dwoel amoTeAECUOTO YLOL TO TAQATTAV® OVOTHUO
0€ VYMAOTEQES OUYREVIQMOELS ELVOL TTOM) TTEQLOQLOUEVY - LOLOLTEQO OTNV TTEQLOYN
OVYVOTHTOV UETAED TOV oUVTOVIOUADY T eveeyol dtatourc!”. Xapoxtmolotind g

POnwe ouvlnmiOnre 0To xe@AAoLo 2 1) TEQLOYN CUTY Elval TTEQLOYY LOYUONS OXESOONS OTNV OOl
WAALoTa TO ®UUOL OEV WITOQEL VO OLALTTEQALOEL EVROAAL TIG OPALLOES. AQOL VITAQYEL UEYAAN ATTORALOT OTTO TN
ovugpwvn dLddoom.



3.5 Aopbuntixa amotedéouato. 45

3.0 T T 2.0

first peak
| 1 \ - difference peak
| 15 | ——— second peak

25 @

2.0

15 J Se—mm7 10 [

|
|
\
1
\
<E>9~'D

cross section

1.0 -
05 | ‘
o8 7 R SN ®

0.0 = sl - 0.0
0.0 3.0 6.0 9.0 0.0 0.5 1.0 15 2.0 25 3.0 35 4.0

k& r/a

2x.3.8: (a) : Adidotaty evepyog dtatoun oxédaong ooV CUVAQTHON TG ouyvotntog k.o =
wa /e, yio ogpaiga amd yval (cuveyns yoauun) og veQd xal yio. “dmelga oxhnen’’ opaiga oe
veo (draxexoupuévn yoouun). H otuntr yoouur Oelyvel Ty evegyo OLOTOUT TTOU TTQOXVITTEL OV
070 TO TTAATOG OXEDAONG THG OXANQNG OQaleag apaleefolv Ta TAATY O*EDOONG TNG OQPALQAS
070 yuvohl. (b) : ITuxvomTo evéQyelag ooV OUVAQTNON TNG ATOOTAONS, T, A0 TO KEVIQO
THG OQOLQOS YLOL TG TOELS OUYVOTNTES TTOV delyvouv tor GEAN oto (a) (N ouvexng Yoouur oto
(b) aviloToLyEL 0T CUYVOTNTO. TTOV delyVeL TO GEMOG UE THV GUVEXY] Yoouur oto (a) xox.) a:
OXTLVAL OQPOLEOG, €], TAYUTNTO MOV OTO VEQO.

TEQLOYNG CLUTNG ELVOIL TOL TTQOOAUATO CUYHRALONG ROl OL TTOAAOITTAES OlpUoLKeS AMVOELS.

Ag0TEQO CVOTNUA TO OTTOLO £)€L UEAETNOEL TTELQOUOTLXA ROLL TO OTTOLO TALQOVOLALETAL
apéomg TaEOXATL Elvol oVOTNUO. OpaLdV amd yvadl (p = 2.5¢g/cmi e =
5.7km/s,c; = 3.4km/s), Tuyata Gulouévav oe veed (p = 1g/em, ¢ = 1.5km/s)
0€ 7T0000TO OY®OU 63% (ONueEL®VETAL OTL O’OUTH TNV TEQLITTWON 1) TAYUTHTO OTO
TEQLOAIAOV uédo eivon oAV yaunAoteon amo exeives otov oxedaorn). H eveyog
diatour), o, Yo opaiga ortd Yvall Gublouévn oe vepd Oelyvetar oto oxnuo 3.8(a)
(ovveymg yoouwn). XoQOKTNQOLOTIXG, TNG E€LVAL 1) O)L €vtovr €EAQTNOoYN amd TNV
OUYVOTNTO KO OL OYETLRA YOUNAOL %L EVQELS OUVIOVIOUOL OTOUS OTTOLOVS UAALOTO TO
w0UaL OeV €XEL TAOELS OUYREVIQUONG UECO OTY OQOLQC (OUVTOVIOUOL TTOV OPELAOVTOL
O€ OUVELOPOQA NG “‘amelgo. oxhnong”’ ogaigag). To televtaio @aiveror amd v
oTXT yoouun tov oynuotos 3.8(a) omov ewxoviletor 1 eveQyog diatowr|, osp, TOU
TTQOXVITTEL ALV OTTO TO TTAATOS OREDAONG TNG OPALQOS ATTO YVOAL 0poLQeDEL TO TAATOG
ox€dAONG TNG OXANEYG OaiQog (deg rnewdlaro 2). OL ®OQUEPES TNG Ty AVTLOTOLYOUV
O€ TEQLOYES UEYLOTNG OUYREVIQWONG TOU XUUATOS UETO OTY 0QaLea (1) EAAELYM LOYVONS
OUYXEVTOWONS TOU RUUOTOG OTOVUS GUVTOVLOUOUS TNG O KOL 1) UEYAAVTEQY OUYHREVIQWON
OTIC HOQUYES TNG Ty TILOTOTTOLOVVTOL X0 OtO TO didryeapuuo 3.8(b) dmov erroviteton
N TURVOTNTA EVEQYELAS OOV OUVAQTNOT TNG OTTOOTAONG OTTO TO REVIQO TNG OPALQOG).

Me 6dom v aoBev) eEAQTNON TG EVEQYOU dLATOUNG OTTO T CUYVOTNTO, TTEQUUEVEL
AOVELS VLA TO TUXOLO OVOTNUO OQOLQES YVAAOU Og VEQO, aobevr] eEdQtnom twv
TOYUTNTOV ROL TOV GAM®V XOQAXTNOLOTIXMV TNg OLddoons amd Tn ouyvoTiTd.
[TeQuuével emiong ToyUTNTES TANOLEOTEQA O€ OLUTY TOU VEQOU OXOUCL %Ol OF UEYAAES
OUYXEVTQWOELS, OTTOQQOLO. TWV YOUNADV TV TNG O gp.

To mELQOUOTIXO ATOTELEOUO. YLO. TNV TOXUTHTO. (aons [45], ™) uéon ehevbeon
dradooun oxedaong [45] »aw v TaxvTnTo evégyelas [44] to omoto delyvetar OTo
2%.3.9 MLOTOTOLEL TIG TTOQOTTAV® TTQOOAEWELS.

210 Z%.3.9 @aivoviar emiong to. amotehéoporto twv CPA. Tlogatneel »xaveig OTL
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energy CPA

——— coated CPA
(b) - simple CPA

0.0 30 6.0 2.0 0.0 30 6.0 9.0

kiua kﬂ)a

2y.3.9: Tayvmra evégyewag v (a), TaxvmTo @Aons cpp (b) xow péon ehevBeon dtadooun
onédaong, I, (8eEL0 mhaiowo) cav ouvdemon g ouxvottag k.t = wa/cr, Yo OQOaiQES
yuahlot tuyoio Gubiouéves oe vepd. Tlocootd Oyxou yvahov, f; = 0.63. Ta toiymva xou
oL ®UXAOL OELYVOUV TO TTELQOUOTIXO OITOTEAECUO YLt o@aigeg axtivag 0.25 mm xor 0.5 mm
ovtiotouya. H ovveyng, dtaxexopupuévn xot otinty yoouun el vouv ovTioToLyo TO AtOTEAEOUA
g CPA evégyelag, tng coated CPA nou g amAng CPA. H otunti-dtaxexoupuévn yoauun ot
uéon ehevOeon dradgown diver ™) yoaunhng ovyréviowong meootyywon ls = 1/no. ¢, givau 1
TO(UTITOL TOU N0V OTO VEQO.

to amotéleopo tng coated CPA (diaxexouuévn yoouun) moooeyyilel maQa TTOAY
UXOLVOTTOLTLXCGL TO OVTLOTOLXO TTELQUUOTIXO atoTéheoud. Ou omoxAlogls, Omov
VITAQYOVY, XAOME %Ol OVOAUTIXY] OUVYXQLOY TwV UeBOOMV O€ QUTH TNV TEQLITTMON
oxoMalovtal eXTETOUEVA OTO TETOQTO B0 Tov magoQmquotos A.  AEiler va
ovapeebel €dM OTL OL ATTOXALOELS TELQOUATIRMOV OITOTEAEOUATWV %L OITOTEAECUATWV
g coated CPA yio kj,a = 3 omodldoviol Og QOLVOUEVA OUENUEVNS TTOMATTANG
Oo®€OAONG TA OTOLO. OEV UITOQOUV VO TTEQLYQUPOUV TTOA) LROVOTTOLNTLIXG OTO TNV
CPA. H avEnon g molamhng oxEédaong o’ vtV TV TEQLOYT) OLXOLOAOYELTAL OLTTO
™V LoYVEY] o%ED0ON amo €va oxedaoty (deg evegyod dratoun oxedoong) %L amd To
YEYOVOS OTL O kj,a = 3 TO UNROG RVUOTOS, Aj, = 27/ ki, YLVETOL OUYXQLOWWO UE TNV
UECY] ATTOOTOON YELTOVIRMOV OXEDOOTMV.

3.53 Tayvmro evépyelog

2x. 3.10: Taylvtnra evéQyelag oav GuvAaQTo
™mg addotatyg ovyvomrag k,a = wa/c,
YLO TUXOLO OVOTNUO. OQPALQWYV ATTO QEVOTO OF
Q€V0TO TEQLBAALOV néco. OL TAQGUETQOL TOV
OVOTHUATOS Elvan po/p; = 3 wan ¢/ ¢ = 3.
O deinteg @ wou 0 yogoxTnELLovv avrtiotoLyo
TG OQOLQES %Ol TO TEQLOAMAOV WECO.  a:
OXTLVOL OQOLQMYV.
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210 TEAEVUTOLO QUTO UEQOS TWV OITOTEAEOUATOV TTAQOVOLALOVTOL  OLayQauuoTa
™G TAVTNTOGS EVEQYELDS, Vg, OAV OUVOQTNON Tng ouvyvotntas. To eviiagégov
ETMUXEVTQMVETOL OTO TG EMNQEATETAL OUTN 1) CUVAQTNON OO T CUYHREVIQWON TWV
O®€AOTWV OTO OVOTHUAL.

210 Zy.3.10 ewxoviletow M vE OOV OUVAQTNOYN TG OUXVOTNTOS YLd €VO. TUXOLO
OVOTNUO. OPOLOMV ATTO VAXO XOUNANG TOYXVTNTOS, XOUNMG TUXVOTNTOS, OF VYMAYG
TavTTag, WmMMg TurvoTNTog eevoto meQuodhhov uéco. H avtiotouym eveyog
dLatour] orEdAONG YLOL TO oVOTNUO. OVTO errovitetor oto yx.2.2. H evegyog dtatoun
OuuiCer %1 €0 ™V TLMIKY poEEYN Tou cuvvavtator o HM xzaw 600umtd xvpato
UE TOUG OEELS OUVTOVLOUOUS TTOU GUVOOEVOVTUL GTTO UEYAAY CUYHEVTQWON EVEQYELOGS
Ue€oa Ot opalea. AvAloyd, 1 TOXUTNTA EVEQYELOS vE, OTWS QALVETAL 0To 2Y.3.10,
oxolovbel Ta 0oa €xouv ovtntmBel yia v vy oty dddoon HM xnaw 6abumtmv
AUUATOV. XOQAXTNOLOTIXA TNG ONACOY] Elval M) €vTovr €EAQTNON ATTO TH OUYVOTNTA
ue to 600eld ehdyiota Yo yauniés ovyxevrowoers (Moyw g ®abBvoTéQNONG TOV
2UUOTOS OTOVS OXEQOOTES) %L ETTLONG 1 OUOAOTEQY €EAQTNOYN ATTO TN OUYVOTHTO YL
vy Aotepes ovyxevTomoels (MOYW TOU OTL TO ®VUA OQATIETEVEL TMQO EVXOLOTEQM OLTTO
TOVG O%EQAOTEG UECW TWV OAANAOETLRAAVTTTOUEVV HATACTAOEMYV GUVTOVLOUOU TOVG).
H petoxivnon twv eAoyiotmv 000 OUEAVEL 1] OUYREVTQMOY] TTLOTEVOUUE OTL OpELAETOL
o¢ OVCEVEN TV XATAOTACEMV GUVIOVIOUOU YELTOVIXMVY OXEDAOTOV (AVAAOYQ UE TNV
UETAXLVION TV EVEQYELARMV XATAOTAOEMY OTO NAEXTQOVIXO TTROGANUO AOYW LOYVONG
oVTevENC).

15 T T

2x.3.11:  Toaylbmro evégyewos, vg, oav
OUVOQTNON TS  adLAoTOTNG  CUYVOTNTOG
ko0 = wa/ ey, Yo ogaigeg amo yuohl Tuyoio
6vOLouéveg oe vepd. H vy éxel vmoloylotel
YLOL TQELG OLOPOQETLREG TIWES TOU RAT OYXO
T0000TOY, fs, TOU YVOMOU OTO CVOTHUC. «:

05 : ‘ AXTLVOL OQPOLQMYV.
0.0 3.0 6.0 9.0

Ko

AglTeQo OVOTNUOL TTOV TTAQOVOLALETAL ELVAL TO CUOTNUO OQOLQMV OO YVOAM O
veQO mov ouinmOnxe meonyovuévmg. To cvoTUO OUTO ELVOL OVTLITQOOMITEVTLXO TG
TEQLITTMWONG OXEAAOTMV VYMANG TOYVTNTOS XAl TTUXVOTNTOS OE YOUNAG TOXUTNTOG
RO TTUXVOTNTAS QEVOTO TTEQLOAMAOV UECO. Baond y0QaxTnoLOTLXO TNG AVILOTOLYNG
eveQyou dtatoung ¢’ avty) TV mepimtwon (0eg Zy.3.8 rou ;onyouuevy ovlitnon)
€lvOlL TO OTL OL CUVTOVLOUOL OELAOVTOL OF OUVELOWPOQX TNG OXANQNS OPALQAS.

H toayvmro evégyelag oov ouvdQtnon Tng CuyvVOTNTOS YLo TO OUOTNUO YUOAL-
VEQO %O YLOL OLAPOQES OUYAEVTOWOELS ewxoviletar oto Zy.3.11. H opaln eEdomon
oo TN OUYVOTTA O XOUNAEG CUYHEVIQWOELS OMELAETOL OTO OTL OEV UTAQYEL €O
OVOOMQEVON] EVEQYELOS UEDO OTLS OQALQES OTOUS CUVTOVIOUOUS ROl GO0 OEV VITAQYEL
évrovn rabuvotégnon tou xvuatoc. H pdvn xabuvotégnomn - otoug ouvtoviouovg -
ogpeileTor 0to oxedalouevo xvua (0to OtL dMAOdN €va ueYAho HEQOS TOV ETLITEOOV
TTQOOTILITTOVTOS XHVUATOS UETATQETETOL 0 oxedalouevo). Etol, 6co avEdvetor
OUYXEVTOWON OUTO TO YEYOVOS Oo evteivetolr %ol To amotéleoua Oo eivor OAO
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raL 600vTEQO ENAYLOTO OTNV vy OTWG mLoTtomoteltar amo to oynua 3.11. AEite
VO TTQOOEEEL KOVELS ETLONG TA EAAYLOTO TNG vg OTH OVXvOoTNto ki,a ~ 6 Omov,
OIS (POLVETOL ATTO TNV EVEQYO OLATOUY| T4 KL OTTO TO OLAYQOUUO TUXVOTNTAS TNG
evepyelag (0eg Zy.3.8), TO nUaL EYEL TAOELS OUYREVIQWONG UECO OTLS OPOLOES %L ALQOL
rabvotégnons. AEiler va avagebel TELOg OTL 0TO OQLO YOUNADV OUYVOTNTWV %OL
ETMLONG O€ TTEQLOYES TTOMY aoBeEVOUS O%EDOONG, 1| QUENON TG TOXUTNTAS EVEQYELOS UE
TNV QUENON TNG OUYXEVTOWONS OPELAETOL OTNV UEYOAUTEQY) OUUUETOYN TOv (VYmAng
TOYVTNTOS) YVOAMOU 0TO OUOTHUA.



IHogaotuato






A

XToLELmON neYEdn 0 oPaLOLXES
GUVTETOYUEVES

Al Tavvoetis TaQANOQPMONGS, U;j, OF CPOLOLXES CUVIETAYHEVES

ZUVIOTMOES TOV TOVUOTI TTOLQOUOQPMONG OF OPOLOLKES OVVTETAYUEVES (7, 6, ¢) oov
OUVAQTNON TOV GQPOLQLXMV CUVLOTWOMY TOU OLOVUOUATOS UETUTOTLOYG, U

Y O L0v | = g
o 100 =08 T’ U0 = L sing o) 0
1, Jug 1 Ouy dug  ug 10u,
Qugy = ~(L28 _ 0 e _Ju e 2 .
uo¢ ( ag " cotf) + rsinf 0¢’ 2urg or T + r 06’ (A1)

1 8UT 8U¢ Ugp
rsind d¢ r

g, =

A2 ALOVUOHOTIZES GQULOIXES COUOVIXES

Ztou eLmdelg MoeLS Ly, My, neyy, (d8g ne@dlaro 1) g EAOOTLHNG HULOTLANG
eElomong (EE.1.13) o opaugurég OUVIETAYUEVES (OLAVUOUATIRES OPOLQLXES OLQUOVLXES):

10 [ N 1 9 m CosS
Lom (R k) = k_,a_R n(kir) P (cos e)sin mo *+ %Rn(klr)GOP” (cos e)sm mq§0
_ m . A
+mR n(Kir) B (cos 0)3g% me ¢ (A2)
_m : A 8 m A
me,,, (R, k) = Y oghn w(ker) P (cos 0) 20 mp 8 — R, (kyr) 50 (cos B)S m(.3)
_ n(n+1) COS 1 0 [
ngnm(R, k‘t) = TR (kﬂ‘) (COS 0)811’1 m(b -I— %y[ar(ktT)] %Pn (COS 0)
cos,sp-_ " Opp (k)] P (cos )3 1o & (A.4)
sin T kyrsind or t n Ccos :

R,, : ovvdotnon Bessel, P (cos#) : mohvwvuuo Legendre.

51
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A.3 Tavvoetig taons, 0;j, 68 CPULQIXES CUVIETUYNEVES

Ao TO. OTOLXELOL TOU TAVVOTI] TAONS EXELVOL TO ONOLA YQNOLUOTOLOVVTIOL OTIG
OUVOQLOXES OUVONKES YLOL TOV TTANQY] TEOOOLOQLOUO TOU XUUATOS OTO TTQOGANUA TNG
oxnédaong amod uta opaiga eivar Ta o, ue j = r, 0, ¢. Ze dn anorovdel magadétovue
TO OTTOTEAEOUAL YLOL TOL 0,5 OTOV TO TedLO, u, ELVOL EVa aTtd T OTOLYELWON dLavUoUaTOL
len(l)(R, k1), mon?(R, k) non len(l)(R, k) (n T undév (éva) tov toitov deinty (m) Twv
OLAVUOUATIXRMV  OQALQLXDV OQUOVIXMV OVTLITQOOMITEVETAL ATO TNV TOVD (1ATW)
yoouun Twv expedoewv Twv o,;). Omoloodnmote yooumuxrog ouvovaouog Tov
TOQOITAVD OLOVUOUATMOV OaV u, OOMYEL OTOV LOLO YQOUULXO OUVOUAOUO OTOLYELWV
tov tovvot) tdons. Ta o,; vmohoyilovron ue yonon g eElomong oQLopuol Tou
TOVVOTYH TAoNS Yo Looteomxd puéoa (EE.1.5) nou twv eElowoemv A.l.

T'o u= len(l)(R, kl),

0 = Ri[2uR (ki) = ARu(kir) oo (A.5)
_ R.(kir)  Ru(kir).op,(cost)/06
ovo = 2kl =p = 1 IoPicosa)jancoso (A.6)
B R (kir)  Ru(kir).,
Iré = _2’uk1[ kr a (klr)z ][P,ll(cosé’)/siné’]sin¢ (A7)
T u= mon(l)(R,kt),
oy = 0 (A.8)
_ ! Ry(kir) o
are = ’ukt[Rn(ktT)_ kﬂ‘ ][P,ll(cosé’)/siné’]cos¢ (A9)
: R (k1) 0
o u = nen(l)(R,kt),
_ R (kir)  Ro(kir) 0P, (cost) /06
o = 2ukim(n 4 1)[ kT (k)2 Ip1 P (c0s6) cos (A.11)
" R, (ki) .0P,(cos0) /56
oo = i Ro(kir) + [n(n + 1) = 2= ( N e e (A1)
Orp = _,ukt[R;;(ktT) + [n(n+1) = 2] (kEr)z)][P | (cos6)/ sin 6] sin & (A.13)

Sug mapamdvo eElomoeg (A5-A.13) to A xou g eivar ol otadeoéc Lamé evd to R,
xou R SNAMYVOUV avTLoTOLYOL TV TTOMTH %0t SEVTEQN TOQEYMYO WS TOS TO OOLOUOL
™ms R,.

"'YrevOuuiletar 6T o TovuoTyg TdoNG eival oupupeToLRoC.



B

%000 OUTO LG OQPALOO - VTTOAOYLOMOL

B.1 IIAons TeoodLogLopos Tov tediov

Onwg avopeQbNne OTO AELWEVO OL OUVTIEAEOTES TTOU eUPAVICOVTOL OTIS EXPQAOELS
TOOO TOU 0%eQATOUEVOU RVUOTOG OCO %L TOU XVUOTOS OTO E0MTEQLXO THS OPOLQOS
0TO TEOGAMUO TG oxedaong amd wior opaiga vmoloyifovrar amd epoaguoyn
RATAAMNAOV OUVOQLOXMV OUVONXMV OTNV empavela. [lo TEOOTTwon dLaunrovg
®UUOATOS TNG UOQEPYG TTOV TTEQLYQAYETOL OtO TNV €5Lomor 2.1, oL OUVOQLOXES QUTES
ouvOnreg 0dMNYOUV OTO CUECMS ETOUEVO YQAUULXO CUOTNUO. ATTO T AVOT TOU OTOLOV
vrtohoyiCovtar ot A, g, Cenos Feng ®ol Gong (86 EE2.3 now EE.2.4).

apr app a3 dig Acno bl

ai ayp a3 a4 Ceno | _ | ¥ (B.1)
a3 azx a3 a4 Eoo | — | 8 '
ag] Qg Q43 Q44 Geno by

Ta a;; now b (4,5 € [1,4]) avagpégoviar ot ouvéyelo Tov magogmiuatos. H mod
eElomon tov ovotnuoatog B.1 (1 eElowon mov TEORVTTEL QITO TNV TEMTY YQAUUT] TOV
4x4 FLvoro TOV AQLOTEQOV UEAOUS) TTQOEQYETOL ATTO CLTTOLTIOY OUVEYELOS TG RAOETNG
OTNV EMUPAVELLL TNG OQPOLQOS CUVLOTMOOS TNG UETATOTLONG, 1) OEVTEQN ATTO OTTALTNON
OUVEYELOGS TNG EPOATTTOUEVLXNG OUVLOTMOOOS EVM 1) TOLTY ROL 1] TETAQTY OTTO OITOLTION
OUVEYELOG TNG RAOETNG KL EQOITTOUEVIXNS ALVTLOTOLY O CUVLOTMOAS TNG TAONG.

INa TEOoTTMWON £YRAQOLOV ®VUOTOS (TNG LOQEPNG TTOU TTEQLYQAPETAL ATTO TNV EELOMON
2.5) oL OVVOQLOXES OUVONKRES ATTOCUVOEOUV TOV VUTOAOYLOWO TV B,,1 »au F,,; amo
TOV VITOAOYLOUO TWV VITOLOLTTWV ouvTeAeoT®V. OL ouvtereoTes Aoty Bonts Cents Fent
F,.1 mau Gepp (085 €Elomoelg 2.6 xou 2.7) 0° avt) v megiatmon viroloyifovror amo
T Ao TOV CUOTNUATOV

ailr a1y a13 a4 Acnt b

ai Gy a3 a4 Cent | _ | % €11 €12 By | | ¢

a3l az; a3z asg Eep | | B8 €1 €2 Foi | | &

ag] Qg 43 44 Gent b, 52)
B.2

Ta a;j, bl, bt, e;; now ct didovrar amd

(2
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an = h;z(Zlo) @1 = hzl(Zlo)/Zlo
ap = n(n+ Dha(Zio)/Zio 2 = hy(Zio) + ha(Zio) [ 2o
as = —ju(Zi) a2 = —jnlZu)/Zi (B.3)
ayg = —n(n+1)jn(Zu)/ Zs arg = —julZu) = (26| Zui
b= 1(Z) b = unlZ0)/ e
bt = wm(n4 1)ju(Zi)/ Zeo by = ZU;(Z“) + Jn(Ze0) [ Zso]
ay = Zlo[zﬂoh;;(ZZO) — Aohn(Z1,)]
azy = 2n(n+ Dpsolh(Zio) = hn( Z10)/ Z10)
as = —Zul2uidn (i) — Nijn( Z13)] (B4
azg = —2n(n+ 1),ui[j;b(Zti) — Jn(Zi) [ Z1i]
Vs = 0210200 (Z10) = Non(Z1o)
by = 2wn(n+ 1)Ho[j7/1(Zto) — Jn(Zto) [ Z1o)]
v = )~ (7))
a4y = :uo[Ztoh;;(Zto) + (0= 1)(n+ 2)hn(Z10) [ Z1o]
as = =2ulin(Zi) = u( Zi) | Z0i) (B:5)
ag = —pilZiij, (Zi) + (n = 1)(n + 2)ju(Z0) [ Z1i)
by = 20,5 (Z1) — jn(Z10) ] Z1)
by, = 'L,Uo[Ztoj;:(ZtO) +(n—=1)(n42)ju(Z10)] Z10)
er1 = ho(Zs) ey = ,uO[Ztoh;/(Zto) — hu(Z15)]
ey = —jn(Zy) e = —pilZ4ijn(Zei) = Ju(Z1i)] (B.6)
¢t = —ju(Zw) &= ol Zojn(Zio) = Ju(Zio)]

2GS TOQATAVD EXPEAOELS, Z; = kija = wafcy (5 = t,0) wow Zy; = kija = wa/cy;
UE €, €p VA ONMADVOUY OVTLOTOLYA TNV TOXVTNTO OLAd00NS TNG OLOUNMOUS XAl TNG
EYRAQOLOS OUVLOTMOOS TOU XUUATOS UECO OTY OQOLQO ROL €y, Ct, OTO TEQLOAAAOV
UECO. @ ELVOL 1 OXTIVO TNG OQOLQOS %Al J,, h, ELVOL OVTLOTOLXO 1] OQOLOLXY
ouvvamnon Bessel momtov eidovg »an ogargiwr) Hankel emiong mowtov eidovg [24].
Téhog, dvO yonowa yio v eEaywyn twv ovothudtov B.1 ot B.2 ohoxinomuoto
elvon ta [3]

T dP™dP% m?PmPh 2 (n+m)!
n %n n ) singdf = )6,
/0( a0 T g )P 201 (0 =y Do
™ d
R Y .
| e e =o (B7)

ue P (cosf) : mohvwvoua Legendre xaw 6,y = 1 yio n = n' now 0 yia n # n'.
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B.2 TITuxvotinto evéQyelag

210 7EOGAMUOL TS O%EdOONG EMLTEOOV RVUOTOS OO WO OQOLQQ, TOOO OTNV
TEQLTTTMON SLOUNHOVG ngoontmovrog %I'Juocrog 000 RO OTNV TTEQLITTWOT EYRAQOLOV, TO
medlo, u, 0g ®ABE TEQLOYN TOU Y WEOV XA TO LYVOS, U™, TOU TAVVOTY TOQOUOQPWONG
u;; (OTWG UTOEEL Vo OgL navelg gurola avrmaewtwvwg otouvg tomovg 2.2-2.7, A5
not A1l TG avTLOTOLYES EXPQAOELS TWOV Ly, My, KO Mefy, ) UTOQOVV VOL YOOUPOVY

oav!

ur(r) = ZN )"y (1), (0) D, () (B.8)
ug(r) = ZN [ (1OF1(8) + ul™) ()02 (6))®s,4 () (B.9)
usle) = ~ XN [N (O (0) + uf (r)©1H (6)] 4,0 () (B.10)

= Zun )= 00X = Loge = 0) = TN (1) P (110 (O) P (B11)

omov yio mooomismttov dwoamreg woua,  N(n) = (2n + 1), O,,(0) = P,(cosb),
®,,,(¢) = 1, ©]'/(6) = OP.(cos0)/0 = —P)(cosb), OF(6) = 0, Py,(¢) = 1,
Dy,(¢) = 0, uf =0

gV ylo. mpoomimtov eyrdoolo,  N(n) = (2n + 1)/n(n + 1), ©,,.(0) = Pl(cosb),
®@,,,(¢) = cosé, ©}')(8) = P! (cos8) /08, O}’ (8) = Pl(cos8)/ sinf, By, (¢) = cos o,
q)¢7n((b) = sin (b

Onwg ovinmOnxe 0TO %EPAMALO 2 1) TUXVOTNTA EVEQYELOS, TTOLQVOVTAS UEON T
WG TTEOS YQOVO, UTTOQEL VO. YQOPEL OOV

2
< E(r) >=< Er+ Ey, + Ey, >= 4pw Zuzu + /\Zu“u“—l—z,uZu” 5 (B.12)

7

Zvuboritovrog ue ]::]‘ (j =1T,V1,V2) ™ péon ) tov < E; > wg mpog Oheg Tig
devBuvoels (E; = (1/47) [ < E; > siné df do), ou evégyeieg E7, Ey, now Ey, 1000 i
TEOOTTTMON SLOUUNKROVS HVUATOG 000 KL YLOL TTQOOTTTMON EYRAQOLOV OLOOVTOL ATTO

1
Br = ﬁprZZ N(mural + nln -+ (g )P+ [l (B13)

ws]
<
[l

ﬁ A Z N(n f;‘jf (B.14)

™
S
[

1
ﬁiuZN( (sl 4 530+ 1)(n = D0+ 2)(ug,)]* + [ugs PYXB.LS)

1 2
taluannl + 200+ ()P + ufZ] )

I S1oug THMOUS AUTOY TOV TOQATHATOS dev BewEOVIE AOQOLOY WS TTEOE TOVC ETAVAAAUBAVOUEVOUS
delnteg.
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omov = 1 yua duopunres eoomimtov xou 3 = 1/2 Yo eyrAQoLo %L ETLONG

u . 8“7“,71 u{l} . 8“;,173 _ ué}g 1 Up
T o TS r

r

2 2
{2y 3“§} “ég

_ . sum
rfn — or - r Upn = U5 — Urrpn (B16)
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X%E00.01 OUTO CUOTUC. OVO OUOXEVIQOMV
CPULOMV

I'.1 Iledio - Evegyog dwatopn oxédaong

O vrohoylouds g o%EdOONS A0 €VO CUOTNUO OV0 OUOKREVIQWV OQOLQMY OGS
EXELVO TOV TTOQOXATM OYNUOTOS OXOAOUDEL TNV LOLOL TTOQELOL UE TOV VITOAOYLOUO TNG
O®EOAONG OITO LAl ALTTAY OPaLEa. AETNQLOL ELVAL O VITOAOYLOUOS TOU TTESLOV TAVTOU
0TO YMQEO UE EPOQUOYY HOTAMMNAWY 0QLOKMV ROL CUVOQLOKMDV OUVONRMOV.

Zy. Il : Zgoaigo axtivog 7 |

HOAMVUUEVT] LE OQPOLQOLRO HEAVPOG G
OXTLVAG 7] UEOO OE OWOYEVES A !
uéoo (meoroxyn I). Ta p, ¢, e Ca
Y0QOXTNELLOVV OVTLOTOLYO TNV o}

TTUXVOTNTO. XaL TN OLouNxY %L
EYRAQOLAL TAYVTNTO.

INa meoomitTov TO00 dLouNxeg ®VUO 000 %L EYRAQOLO (TOAMUEVO OTOV X AEOVL)
7oV OLadLdoVTAL ROTA TOV GEova Z To medio oty megoyn I (€Ew amd Tig opaies)
rnar oty megroyn III (omqv eowteQun) ogaiga) Bo OLOETOL GO TIS OVTLOTOLYES
EXPQAOELS YLOL TO TTeALO UEOH %L €EM A0 TN OPOLEO OTO TEOBANUOL TNG OREDAONG
oo Wa UOvVo oQaiQa (UE TO RKVUOTAVUOUATO VO €XOVV AVILXATOOTAOEL Ao T
AUUOTOVUOUOTO OTO OVTLOTOLYXO. VALXA). ZUYAEXQUUEVO YLO. TTQOOTTTWOY OLAUNKOUG
2VUATOS TO oxedalouevo xvpo Ba dldeToL OO TV EXPEOON

usc(r) = Zln(zn + 1)[A67’L0167’L0(h7 kll) + CenonenO(h7 ktl)] (Fl)
n=0
EVM TO XVUO OTHV ECWTEQLXY] OPALQO OTTO TNV
uIH(r) = Zln(zn + 1)[E67’L0167’L0(j7 kl3) + Genonen()(jv kt3)] (Fz)
n=0

Avaloya, YLo TEOOTTTMWON EYRAQOLOV, TO OXEUTOUEVO ROl TO KVUO OTNV ECOTEQLXY
opaiga Ba dLdOVTUL Ao TIG EXPQATELS

sc .- n 2n + 1
u (I') = ZZ W[Amﬂlenl(hv kll) + Bonlmonl(h7 ktl) + Cenlnenl(h7 ktl)] (F3)
n=1
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=, 2n+1 , . .
uIH(I') = Z'L W[Eenllenl (]7 kl3) + Fonlmonl(]v kt3) + Genlnenl (]7 kt3)] (F4)
n=1

To »vua oty meguoyn II (ueta&v twv dvo ogoalpwv) Ba elvar abgolopa Tov
2VUATOS TTOV OaL VIINEYE OV OEV VITNQOXE 1) ECMTEQLXRY OPALQO ROl TOU oxedaLouevou
aTtd TNV EMUPAVELL OXTIVAS T ®ouatos. Etol to medio oty megroym 11 yia dvoprueg
TTQOOTILITTOV KUUA UTTOQEL VAL YQUPEL OOV

uH(r) = Zln(zn + 1) [ HenolenO(jv klZ) + JenonenO(jv ktZ) + LenolenO(h7 klZ)
n=0
—I'NenonenO(hv ktZ)] (FS)

EVM YLO. EYROQOLO TTQOOTILITTOV GOV

=, 2n+1 , . .
uH(r) = ZZ m [ Henllenl (]7 klZ) + Ionlmonl(]v ktZ) + Jenl ., (]7 ktZ) +
n=0

Lenllenl (h7 klZ) + Monlmonl(h7 ktZ) + Nenlnenl (h7 ktZ)] (F6)

Ze Oheg TG TOQATMAVD Oyéoels ki = w/cy non ky = wfey (1= 1,2,3). O
OLaVVOUATIRES OQOLOLXES aguovirés 1, m, n ogilovrtor 0to0 moQAQTMUO A &V
OL OUVTEAEOTES TOU TS TTOAMATAOOLALOUV VTOAOYLLOVTIOL OO €QPOAQUOYY TWV
OUVOQLOXMV OVVONRMV 2.8 %aL 2.9 OTIC ETUPAVELEG AUTIVAG T1 HOL T7.

Eq@oouoloviag Tig ouvoQLonés ouvONreS XATAANYOUUE YLO. TTQOOTITMON OLAUNAOUS
2VUATOS O Vo 8x8 Yoauurd oVoTNUO. EELOMOEWV TNG WOQPNS

ain]l‘ = bé ue Xl = [Aen07 Cen07 Henoy Jen0y Lenos Nenos Eenos GenO] (F7)

INa meoomTwor eyndQotov ratalyovue o€ €va 8x8 i €va 4x4 ovotnua. Amo T
Ao TOv TEOTOV VITOAOYLLOVTAL Ol OUVTEAEOTES OV oMathaotalovy Tig 1 vow n
OLOVUOUATIRES OQOLQLXES OLQUOVIXES EVM OTTO T AVOYN TOU OEVTEQOV OL CUVTEAECTEG
7ov moAhathaoalovy v m. To 8x8 cvotua eivol TG LoEENS

ain; = b; ne Xt = [AenlvcenlvﬂenlvJenlvLenlvNenlvEenlvGenl] (FS)
evd To 4x4 TG POQPNS
einjt = C; ue f/t = [Bon17]on17 MonlvFonl] (F9)

To oUUGOLO ~ OTIC TOQATAVW EXPQAOELS ONAMVEL TOV OAVAOTQOQO mivoxa. Ot
AVOAMUTLRES EXPOUOELS TWV OTOLYXELWV ¢jj, €5, b;, bl maw ¢ avagpégovton oto Televtaio
UEQOG TOV TTOLQOQTNUOLTOG.

Evepyog dwaropn : H evepyog dwatoun oxédaong vroroyiletor %t €dm pue Tov 0o
TQOTO OTWG OTO TEOGANUO TG OXEDAONG ATTO UL WOVO Oaiga. Ol ExpQAOELS TOV
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TEOXVITOVV €lvol avdioyes Twv Tumwv 2.13 xaw 2.14. H tehxn €xgoaon yia v
eVeQYO dLatowr), o7, OTAV TO TQOOTILITTOV KVUC ELVOL OLAUNKES ELVAL 1)

Znn | Conol?
Za | Zm)?

] (T.10)

A gl > | en0|
T =0 (@n+ )[|Z111|2 o+ 1

ue Zj1 = knry mow Ziqq = kyqrp. o €y»AQ010 TTQOOTILITTOV 1] ALVILOTOLYT EXPQOL.ON YLOL
™V o; elval M

1 Zut A1 > | Bontl? 2
(/j\_t: 22 2n_|_1)[ t11 | en1| | on1| |Cen1|

I.11
Wz 1 n(n + 1)(Zm 1Zml* 1 Zm]? |Zt11|2] (T-11)

I.2 Evépyeawn

Ommg VRO TOQATNQEL KOVELS TO TEDLO, U, 08 RAOE TEQLOYY TOV MOV EXEL TNV LOLAL
LOQ(PY UE EXELVY] TTOV TTEQLYQApETOL 0TS exgaoels B.8-B.11 tov mapagtiuatog B.
To yeyovog autd OLVEL GOV OMLXT) TTUXVOTNTA EVEQYELOS TO GLOQOLOUA TWV EXPQACEMV
B.13, B.14 »ou B.16 tov idtov mapagmuatog (B).

I3 Avolutizog vToloyiopnos Tov Tediov

270 TELEVTOLO QUTO UEQOG TOV TTAQAQTHUATOS OVOAPEQOVTAL Ol CLVOMUTLRES EXPQACELS

. . t t ’ ’ ’ ’ ’ ’
OV a;j, €;j, b 25 b% o ¢l OTmg TEOXVTTOUV A0 EPAQUOYY TWV GUVOQLORMV GUVONOY

OTIG ETLPAVELES OKTIVOS T RO T7.

ay = h;b(lel) a = hao(Zim)/%Zim

apy = n(n+ Dh(Za1)/Zm an = h(Za) + ha(Zi)/Zn

ay = —j.(Zo) a; = _jn(Z121)/Z121

alg = —n(n+1)j(Zn1)/Zm ay = —j(Zo1) — ju(Z1)] Zen

ais = —h,(Zm) s = F(Z’”)/Zm (I'12)
ae = —n(n+ D)ho(Zi21)/Zi1 axe = —h,(Z21) = ha(Zi21)/Zi21

a7 = 0 a7 = 0

ag = 0 ag = 0

W= o (Zim) by = u(Zn1)/Zim

bl = m(n+ 1)jn(Zin1)/Z vy = alia(Zan) + ju(Zen) [ Zeni]

a1 = Zm[2mhy(Zin) — Mha(Zin1)]

az; = 2n(n+ 1),u1[h;b(Zt11) — hn(Z11)/ Ze11]

axs = —Zpi[24,(Zi21) — Mja(Zi1)]

a = =2n(n+ Dol (Zor) = ju(Zo1) [ Ze]

ass = —Zpi[2pah,(hi1) — Aok (Zm)] (I'13)

!

aze = —2n(n+ Dpalh,(Z21) = hn(Z121)/ Zi21]
az7 = 0
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e
t
b3

a4y
ag
as3
a44
ass
a46
ag7

asg

b4

as1
as2
as3
54
ass
56
as7

asg
l
bS
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0

Zm2emdn(Zi1) = Min(Z01)]
2in(n 4+ D) [j.(Zar) — 3u(Zi1)/ Zi1)

2plho (Zin1) = o Zin)/ 2]

[ Zarh, (Zi1) + (0 = D) (0 + 2)hn(Z11)/ Zi11]

2230 (Zio1) — G Zi21) [ Z121]

—1[Zi1Gi (Zi21) + (0 = D) (0 + 2)5n(Zi21) ) Zi1]

—212[h(Zi21) = b Z121) | Z21]) (I'.14)
— [ Zn i (Zia1) + (0 = 1) (0 + 2)5n(Zi21) ) Zi1)

0
0

201 (Zi11) = Ga(Zi) /7]
i [Zedn (Zen) + (n = D)+ 2)jn(Ze1) [ Zeai]

0 a61 0
0 app = 0
Jn(Zi2) ag3 = j?/%(ZlZZ)/ZlZZ
n/(n + 1)in(Zi22) [ Zi22 ags = Jo(Z22) + jn(Z22)/ Zi22
P (Z122) ags = hzz(ZIZZ)/ZIZZ (T.15)
n(?;c + Dho(Z22)/ Zi22 age = h,(Zo2)+ hn(Zi2)] Zin
—Jn(Z132) a1 = —jn(Z132)/ %132
—n(n +1)ju(Zi32)/ Zi32 ags = —(Jo(Z32) + jn(Z132)] Z132)
0 o= 0
0 bé =0

a;; = 0

a;p, = 0

a73 Zo[212, (Z12) — Mjn(Zin1)]

az4 2n(n + Vwaljn(Ziaz) — ju(Zi22) | Zina)

a7s Zio2pah (Zin2) — Mahi(Zina)) (I'.16)

a76 20n(n 4 Vol (Zi22) — ho(Zi22) ] Z122)

ary ~ Z[2035, (Z132) — Nsjn(Ziz2)]

azg —2n(n + Vpa[j,(Ziz2) — ju(Ziz2) | Ze32)

bh 0
by = 0
aggr = 0
agp = 0
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€11
€12
€13
€14
‘i
€31
€32
€33

€34
1
€3

2105, (Z122) = §n(Z122) ] Z122)
12l Z2jn (Zizo) + (n = 1)(n + 2)ju Zi22) | Zi22)

(2] Ziah, (Ziaa) + (n = 1)(n + 2)5n( Zi22) | Zi20)

—113[Zi32, (Zi2) + (n = 1)(n + 2)jn(Zi32) | Ze32)

,ul[ZtHh;(/Ztll) — hn(Zi11)]
—,uz[ij?}(Zm) — Jn(Z21)]
— 12l Zo1h, (Zi21) — ha(Zi21)]

— 11 Z1dn(Zi11) = Gu(Z111)]
12122270 (Z122) = ju(Zi22)]

,uz[thzh;(/thz) — hy(Z22)]
—13[Z:32J,(Z132) — 3n(Z132)]

agy =

aga

ags 240l (Z122) — B Z122) | Z12)]

ase

agy —21307,(Z132) — jnlZi32)/ Z130]

ass

bh 0

by = 0

= ho(Zim) €1 =

= —Jn(Z01) €n =

= —hu(Z21) €3 =

=0 eas = 0
—Jn(Ze11) d
0 €41 0

= Ju(Z22) e =

= hu(Zi2) €43 =

= —ja(Zi32) €44 =

=0 ¢ =0
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(I.17)

(I.18)

(I.19)

2TUG TAQUITAV® EXPQAUCELS Zyi; = kurj, Zu; = kur; (1= 1,2,3), (7 = 1,2) noun
1= V—1. OL A (= p(c? — 2¢2)), (= pe?) eivar oL otafegég Lamé evd ou deinteg 1, 2,
3 oto xvpatavoouata xot ot otabepés Lamé yopaxtollovv tig meguoyes I, I xow
IIT avtiotouyo Tov oynuatog I'.1.






A

Anpooievoels (Publications)

A.1 Interpretation of the Band Structure Results for Elastic and
Acoustic Waves by Analogy with the LCAO Approach

A.2 Elastic Wave Band Gaps in 3-D Periodic Polymer Matrix
Composites

A.3 Elastic Waves in Periodic Composite Materials
A.4 Acoustic Waves in Random Media

A.5 Spectral gaps for Electromagnetic and Scalar waves: Possible
explanation for certain differences

63






BioAoyoapia.

[
[
[
[
[

[1]

15

]
16]
17]
18]

]

19

Landau and Lifshitz, Theory of Elasticity, 3rd Edition, (Pergamon Press, Oxford,
1986).

N. Einspruch and R. Truell, J. Appl. Phys. 31, 806 (1960).
J. A. Straton, Electromagnetic Theory, (McGraw-Hill, New York, 1941).

Morse and Feshbach, Methods of Theoretical Physics (McGraw-Hill, New York,
1953) p.142-150.

M. M. Sigalas and E. N. Economou, J. Sound Vibr. 158, 377 (1992).
M. M. Sigalas and E. N. Economou, Sol. St. Comm. 86, 141 (1993).

E. N. Economou and M. M. Sigalas, in Photonic Band Gaps and Localization, edited
by C. M. Soukoulis (Plenum, New York, 1993), pp.317-338.

M. M. Sigalas, E. N. Economou, and M. Kafesaki, Phys. Rev. B 50, 3393 (1994).
E. N. Economou and M. M. Sigalas, J. Acoust. Soc. Am. 95, 1734 (1994).
M. Kafesaki, M. M. Sigalas and E. N. Economou, Sol. St. Commun. 96, 285 (1995).

M. Kafesaki, E. N. Economou and M. M. Sigalas, in Photonic Band Gap Materials,
edited by C. M. Soukoulis (Kluwer Academic Publishers, Dordrecht, 1996), pp.143-
164.

J. O. Vasseur, B. Djafari-Rohani, L. Dobrzynski, M. S. Kushwaha and P. Halevi, J.
Phys. : Cond. Mat. 6, 8759 (1994).

M. Kafesaki and E. N. Economou, Phys. Rev. B 52, 13317 (1995).

S. Datta, C. T. Chan, K. M. Ho, C. M. Soukoulis, E. N. Economou, in Photonic
Band Gaps and Localization, edited by C. M. Soukoulis, (Plenum, New York, 1993),
p-289.

C. F. Yiang and R. Truell, J. Appl. Phys. 27, 1086 (1956).

G. Johnson and R. Truell, J. Appl. Phys. 36, 3467 (1965).

D. W. Kraft and M. C. Franzblau, J. Appl. Phys. 42, 3019 (1971).
G. Gaunaurd and H. Uberall, J. Appl. Phys. 50, 4642 (1979).

G. Gaunaurd and H. Uberall, J. Acoust. Soc. Am. 67, 1432 (1980).



II BIBAIOT'PA®PIA

[20] D. Brill, G. Gaunaurd and H. Uberall, J. Acoust. Soc. Am. 67, 414 (1980).

[21] D. Brill, G. Gaunaurd and H. Uberall, J. Appl. Phys. 52, 3205 (1981).

[22] D. Brill and G. Gaunaurd, J. Acoust. Soc. Am. 81, 1 (1987).

[23] L. Flax, G. Gaunaurd and H. Uberall, in Physical Acoustics, edited by W. P. Mason
(Academic, New York, 1981), vol. XV.

[24] M. Abramowitz and 1. Stegun, Handbook of Mathematical Functions (Dover Publi-
cations, Inc., New York, 1970).

[25] V. V. Varadan, V. K. Varadan, in Acoustic Electromagnetic and Elastic Wave
Scattering - Focus on the T-Matrix Approach, edited by V. K. Varadan, V. V.
Varadan (Pergamon Press, New York, 1979), p.3.

[26] P. Sheng, editor, Scattering and Localization of Classical Waves in Random Media
(World Scientific, Singapore, 1990).

[27] C. M. Soukoulis, editor, Photonic Band Gaps and Localization (Plenum, New York,
1993).

[28] C. M. Soukoulis, editor, Photonic Band Gap Materials (Kluwer Academic Publishers,
Dordrecht, 1996).

[29] P. Sheng, Introduction to Wave Scattering, Localization and Mesoscopic Phenomena
(Academic Press, San Diego, 1995).

[30] E. N. Economou, Green’s Functions in Quantum Physics (Springer-Verlag, Berlin,
1983).

[31] Ad Lagendijk, B. A. van Tiggelen, Physics Reports 270 145 (1996).

[32] M. P. van Albada , B. A. van Tiggelen , Ad Lagendijk, A. Tip, Phys. Rev. Lett. 66,
3132 (1991).

[33] A.Z. Genack, J. H. Li, N. Garcia, A. A. Lisyansky, in [27], pp.23-55.

[34] B. A. van Tiggelen, Ad Lagendijk, M. P. van Albada and A. Tip, Phys. Rev. B 45,
12233 (1992).

B. A. van Tiggelen, Ad Lagendijk, Eur. Phys. Lett. 23, 311 (1993).
C. M. Soukoulis, S. Datta and E. N. Economou, Phys. Rev. B 49, 3800 (1994).

[35]
[36]
[37] K. Bush, C. M. Soukoulis and E. N. Economou, Phys. Rev. B 52, 10834 (1995).
[38] K. Bush and C. M. Soukoulis, Phys. Rev. Lett. 75, 3442 (1995).

[39]

K. Bush, Transport Properties of Classical Waves in Disordered Media (PhD thesis,
Karlsruhe, 1996).

[40] V. K. Kinra, E. L. Ker and S. K. Datta, Mech. Res. Commun 9, 109 (1982).



I

V. K. Kinra and E. L. Ker, Int. J. Solids Structures 19, 393 (1983).
V. K. Kinra and P. Li, Int. J. Solids Structures 22, 1 (1986).
L. Schwartz and T. J. Plona, J. Appl. Phys. 55,3971 (1984).

J. H. Page, H. P. Schriemer, A. E. Bailey and D. A. Weitz, Phys. Rev. E 52, 3106
(1995).

[45] J. H. Page, P. Sheng, H. P. Schriemer, 1. Jones, X. Jing and D. A. Weitz, Science
271, 634 (1996).

E. N. Economou and C. M. Soukoulis, Phys. Rev. B 40, 7977 (1989).
K. Bush, C. M. Soukoulis and E. N. Economou, Phys. Rev. B 50, 93 (1994).
E. N. Economou, C. M. Soukoulis and A. Zdetsis, Phys. Rev. B 30, 1686 (1984).

E. N. Economou, C. M. Soukoulis, M. H. Cohen and A. Zdetsis, Phys. Rev. B 31,
6172 (1985).

E. N. Economou and C. M. Soukoulis, in [26], pp.404-421.
J. E. Gubernatis, E. Domany and J. A. Krumhansl, J. Appl. Phys. 48, 2804 (1977).

J-Y Kim, J-G Th and B-H Lee, J. Acoust. Soc. Am. 97, 1380 (1995).

]
]
52] A.J. Devaney, J. Math. Phys. 21, 2603 (1980).
]
] J. G. Berryman, J. Acoust. Soc. Am. 68, 1809 (1980).
]

P. N. Sen and D. L. Johnson, Phys. Rev. B 27, 3133 (1983).



Interpretation of the Band Structure Results for Elastic and Acoustic Waves
by Analogy with the LCAO Approach

M. Kafesaki and E. N. Economou
Research Center of Crete, FORTH, P.O. Box 1527, 71110 Heraklio, Crete, Greece
and Department of Physics, University of Crete.

The band structure results for elastic and acoustic waves propagating in a composite
(consisting of periodically placed spheres in a host material) are analyzed by employing
the frequency dependence of the scattering cross-section from a single sphere. Two lim-
iting modes of propagation can be visualized. According to the first the wave propagates
mainly through the host material; according to the second the wave hops coherently from
a sphere to its neighbors using the resonances in the single sphere scattering cross-section.
This second mode is the analog of the linear combination of atomic orbitals (LCAO) in
electronic propagation, with the atomic orbitals replaced by the resonances.

PACS no : 0.3.40.Kf, 62.30.+d
I. INTRODUCTION

There is a growing interest in recent years for the propagation of classical wavesl'? (CW) such as
electromagnetic3=14 (EM) , acoustic!®=16 (AC, in fluids) and elastic!®=2% (EL, in solids) in composite
materials either periodic or random. The interest for CW in periodic materials, is mainly connected to
the question of the existence or not of spectral gaps (stop bands). This same question applied to the
electron waves, constitutes the heart of solid state physics and has been studied extensively over the last
sixty-five years.

However, CW propagating in composites, where each component allows free propagation, present
novel aspects not encountered in electron waves: i) The classical wave equation, V2¢ + (w?/c%(r))¢ = 0,
is equivalent with Shrodinger’s equation, VZ¢ + 2(E — V(r))¢ = 0, if and only if, the corresponding
electronic energy, F, is higher than the maximum value of the potential V(r). In that energy region
localization of the electrons (for random systems) or spectral gaps (for periodic systems) do not appear
easily, although systematic examination of the problem has not been done (at least for the random case).
ii) The vector character of EM and EL waves plays an important and novel role in connection with the
question of spectral gaps iii) The spatial variation of the mass density entering the equations for AC and
EL waves, modifies the wave equation in a non-trivial way introducing the possibility of novel behavior
such as the exclusion of the wave from one of the two components of the binary by allowing the density
ratio to be much larger or much smaller than unity (while the velocity ratio remains fixed). The interest
in spectral gaps for CW stems from the possibility of tailoring the EM, AC and EL spectrum and thus
possibly repeating with photons or even phonons some of the wonderful things we did with electrons in
semiconductors.

CW possess also many advantages over electron waves for the study of their propagation in random
media and especially for checking experimentally the disorder induced transition from propagating to
localized eigenstates. Such a transition although very important for the transport properties of many
materials, cannot be studied experimentally in an unambiguous way for electron waves because of the
difficulty of fixing the electronic energy and because of the interactions among electrons and phonons.
In contrast, for CW, the frequency can be chosen accurately and easily and the complications due
to interactions are absent (at least for weak fields). However, one has to overcome the difficulty of
constructing composites sustaining localized CW.

The solution of this last problem was greatly facilitated by the suggestion by John and Rangarajan'
and by Economou and Zdetsis? that the existence of a band of localized eigenstates in a random system is
directly related with the existence of spectral gaps in a periodic system since both are due to destructive
interference of multiple scattered waves. Indeed, by gradually disordering a periodic system possessing
gaps, we create tails of localized eigenstates within the gap. This was the main reason for the initial
revival of interest in CW propagating within periodic media.

Scalar waves were the first to be studied®?!. It was found' %2122 that the main parameters determining
the appearance or not of band gaps and of bands of localized eigenstates were the volume fraction of one
of the components of the binary composite structure and the ratio of velocities of propagation in each
component of the system. Indeed, the velocity of propagation ratio between the two components of the
composite medium must exceed a certain threshold value and the volume fraction of the low velocity



component must be in a certain range which depends on the topology and the geometry of the composite
structure for gaps to appear.

Other factors such as the topology (whether the low velocity component consists of isolated inclusions
- cermet topology - or forms a continuous network - network topology), the lattice structure and other
geometrical characteristics were found to play a role too.

Led by the pioneer experiment of Yablonovitch and Gmitter®, attention was directed to the possible
existence of gaps in the propagation of EM waves in periodic composite structures (where one of the
components may be just air). Although the conditions for gaps in the EM case were more severe than
those in the scalar case, structures were found computationally®=® and constructed experimentally (see
e.g. the article by E. Yablonovitch in ref. 11), exhibiting gaps up to the 1012 Hz range?3. The coupling
between the two components of the EM wave, through a term involving V - E, seems?° to be responsible
for some notable differences from the scalar case such as the preference for the network topology.

Acoustic (ACW) and elastic waves (ELW) attracted attention in connection with the gap or localization
possibility®:16 not only because of their many application but for their rich physics as well. The latter
stems from the enormous variety of easily constructed structures, the appearance of a term proportional
to VpV - u (where u is the acoustic field displacement and p is the mass density) and the full vector
character of the elastic case with various velocity ratio between the longitudinal and the transverse
components. The wealth of computationall® 161820 and experimental?*2517 data which have been
accumulated regarding the midgap frequency, the size of the gap and its dependence on the various
parameters need further physical interpretations.

For all types of CW it has been found that:

i) The material corresponding to low propagation velocity embedded in a high propagation velocity
matrix is a more eflicient scatterer than the inverse arrangement, everything else being the same. This
is not surprising since low propagation velocity corresponds to negative potential in the electronic case.
It is well known (in the electronic case) that a negative scattering potential may exhibit strong peaks
(resonances) in the scattering cross-section.

ii) The higher the velocity ratio between the two components of the composite, the more favorable the
condition for gaps (although saturation appears for very high values of this ratio).

iii) The volume fraction occupied by the low velocity component must be in certain range for gaps to
exist. For AC and EL waves, in three dimensional structures, this range is usually around the 10% to
20% mark (although higher values have been observed!”), while for EM higher values up to 50% have
been found. The higher the ratio wya/c the higher the favorable volume fraction tends to be (w, is the
midgap frequency, a is the sphere radius, and ¢ is the wave velocity).

iv) AC and EL waves seem to prefer in most cases the cermet topology while the network topology
gives better results for EM waves.

v) For AC and EL waves besides the velocity contrast, the density contrast is very important. However,
for AC waves low density scatterers (i.e. low density inclusions in high density matrix) is favoring gaps,
while for EL waves high density inclusions in a low density matrix is the preferable set-up.

vi) For EL waves the ratio of longitudinal to transverse velocities (¢;/¢;) in each component is another
parameter; usually the smaller this ratio the better for gap creation although the dependence on this
parameter in some cases appears more complicated and less clear.

Considerable success in understanding the above results for simple scalar classical waves (corresponding
to ACW and constant density) was achieved by considering a plane wave scattered by a single inclusion
and by connecting the strong resonances in this scattering cross-section with the appearance of gaps.
In this way the position as well as the size of the gap can be estimated®?® by the position and the
magnitude of the first few strong resonances which occur when half the wave length within the inclusion
medium is comparable to an integer times its linear size. By considering also the condition for Bragg
interference of these strongly scattered waves, one obtains a rough estimate of the optimum volume
fraction. Similar analysis was used to interpret the appearance and the size of the gaps for EM wave
propagation?® although the connection is more complicated probably because of the vector character of
the EM waves.

In the present paper we attempt the same approach of connecting the multiple scattering induced
gaps with strong resonances in the single scattering cross-section for AC and EL waves. For this purpose
we calculate the scattering cross-section for a plane ACW and ELW scattered by a single spherical
inclusion. We compare the features of this cross-section with previous band structure results'®=2° in
periodic composites, checking thus the connection between the two and possibly interpreting the existing
results, especially the puzzling observation of the mass density contrast in fluids and in solids.

II. MODEL AND METHODS OF CALCULATION



As was mentioned above, the main part of the present work is the calculation of the scattering cross-
sections by a single spherical inclusion and their possible connection with spectral gaps in periodic
composites.

This calculation was first done by Yiang and Truell?”=2°. Also G. Gaunaurd and H. Uberall3°—3! (see
also ref.32) have worked extensively on the scattering from a single spherical inclusion.

Here, we calculate this cross-section following mainly Straton’s3? notation and formulae. We apply
these formulae, among other systems, to combination of matrix-scatterer for which band structure results
in composites are available!16:18-20.34  Tpn Appendix B we write explicitly the rather complicated
formulae for the cross-section for completeness (and because of a few misprints in the existing literature
regarding these formulae).

We shall present the analytical results for the case where the two materials (matrix - inclusion) are
solids. Liquids, in computational work, can be treated as solids with shear wave velocity almost equal
to zero.

We consider two types of incident wave propagating in the Z - direction and incident on the surface of
the sphere.

a) a longitudinal plane wave (L- scattering),
b) a shear (transverse) plane wave polarized in the %-direction (S-scattering).

For the calculation of the scattering cross-section which is defined as the scattered energy flux to the
incident energy flux per unit area, the knowledge of the scattered wave and the wave inside the sphere
is necessary. The above waves result from partial solutions of the elastic wave equation with application
of proper boundary conditions on the surface of the sphere.

Assuming a time dependence of the form e~*“!, the time independent elastic wave equation in a
homogeneous medium can be written as:

A+20)V(V-u) —puV x V xu+ pw’u=0 (2.1)
where u is the displacement vector, p the mass density and A, p the so called Lamé coefficients of the
medium?®,
This equation gives rise to uncoupled longitudinal and shear waves with velocities ¢; = /(A +2p)/p

and ¢, = \/p/p respectively. These waves are mixed through the scattering process.
The solution of (2.1) in spherical coordinates can be reduced to the solution of three scalar Helmholtz
equations (see Straton®3, p.392-423) and has the following general form:

u=l4+m+n (2.2)

where 1, m,n are three independent vector solutions of (2.1). Each of them is obtained as a linear
combination of vectors le,p, Menm, Nenm (see Appendix A) each one of which comes from a solution of
the scalar Helmholtz equation (see Straton33).

In the following discussion the subscript “o” (out) in the velocities (¢), wave vectors (k), and Z’s (see
below) is refered to the medium of the matrix and the subscript “¢” (in) to the medium of the scatterer.
In the vector spherical harmonics 1, m, n, and the constants which appeared in the formulae for the
cross-sections (A, B..) the subscripts “e”, “0” mean even and odd respectively (note the double use of
“077 .

II)l case (a) we consider a plane longitudinal incident wave of the form:
umc(r) = el(klor)i, ki, = w/clo, (2.3)
propagating in the z-direction (ki, = kio2).

This involves the m=0, even 1 components only and can be written as:
(o]

uine = Z(—z”"’l)(Zn + Dleno(d, ko) (2.4)
n=0
The scattered wave and the wave inside the sphere result from the solution of (2.1) in each region and
the boundary conditions on the surface of the sphere (see Appendix A) and have the form:

u’t = Zln(zn + 1)[Aen016n0(ha klo) + Cenoneno(ha kso)] (25)
n=0

and -

uin = Zln(zn + 1)[Een016n0(ja klz) + GenoneHO(ja ksz)] (26)

n=0
The coefficients A.,0, Ceno, are determined in Appendix B. The symbols in the parentheses of 1, n
(or m) denote the kind of Bessel function the first, and the wavevector the second which contained in



the definition of 1, n (or m); h: the spherical Hankel function of the first kind, j: the spherical Bessel
function and ks, = w/cso, kii = w/cy, kg = w/eg.
The dimensionless scattering cross-section (47) for the case of eq.(2.3) is given by:

oQ

~ a7 |Aen0|2 Zlo |Cen0|
0= a7 = 2 A+ DI n(n+ D) T

Ta

(2.7)

n=0 n=0

where @ is the radius of the sphere, 7;, = ki,a and Z;, = ksoa = (w/cso)a. oi(n) arve the partial
scattering cross-sections for each mode (n). Each of them, as can be seen from the above formula, is a
sum of two terms; the first arises from the longitudinal and the second from the shear scattered wave.
For the derivation of d; see Appendix A.

In case (b) we consider a shear % - polarized incident wave of the form:

(o)
. . 2n+1 . .
uznc(r) = ez(ksor)x = ;an[monl(]a kso) - Znenl(]a kso)] (28)
propagating in the z-direction (k;, = k;o2).

In this case the scattered wave is:

2n+1
u’c = Zln L[Aenllenl(ha klo) + Bonlmonl(ha kso) + Cenlnenl(ha kso)] (29)
n=1

n(n+1)
the wave inside the sphere is:
. e 2n+1 . . .
u'” = V' —— Een len aki + Fon myp aksz' + Gen Nep aksi 2.10
HZ:; n(n+ 1)[ 1 1(] l) 1 1(] ) 1 1(] )] ( )

and the dimensionless S-scattering cross-section (&;) is given by (see Appendix A):

oQ

~ Os 1 Zso |Aen1|2 |Bonl|2 |Cen1|2
s = = 2(2 1
o= =5 Z o+ V) (O e )

(2.11)

Aent, Bont, C’enl, are also determined in Appendix B. In the case of S-scattering, each partial cross-
section (o4(n)) is a sum of three terms. The first one is the contribution of the longitudinal scattered
wave and the second and third the contribution of the transverse m and n scattered waves respectively.

The infinite sums appearing in the definition of 67, 65, in all of our calculations have been approximated
with finite sums (by using a truncation criterion) containing, at most, 15 terms. For small frequencies
(Z1, 75 < 1), in most of the cases, three or four terms are able to give satisfactory accuracy. In all cases
the relative truncation error is less than 10~*,

III. RESULTS AND DISCUSSION

As was mentioned earlier, a systematic examination of the elastic wave propagation through various
periodic lattices each one consisting of scatterers periodically embedded in a homogeneous matrix - with
emphasis in the case of spherical scatterers - has been done and the optimal conditions for gap creation
have been extensively studied!3—20:34,

Here, we try to connect the appearance of a gap and other characteristics of the band structure in a
periodic system consisting of spherical inclusions in an homogeneous matrix with the form of the cross-
section from a single inclusion. This connection determines to what extent single sphere scattering is an
important factor in determining some characteristic features in the band structure and how it can be
used to predict the possible existence of gaps.

For this reason we calculated the cross-section from a single scatterer and examined its dependence
on:

i) the velocity contrast of the two materials (sphere and matrix),

ii) the ratio of longitudinal to shear wave velocity in each of them,

iii) the density contrast of the two materials for both the liquid and the solid case.

We compared this dependence with the aforementioned dependence of some features of the band
structure on the same parameters and we connected the position of the resonances with flat bands and
possibly with gap positions.

The central idea is to check whether the approach of linear combination of atomic-like orbitals (LCAO
or tight binding method), which is so fruitful for analyzing the electronic band structure in crystalline



solids, can be extended to the case of CW propagating in periodic composite media. Cross-section
resonances in the CW case are expected to be the analogs of the atomic like orbitals in the electronic
case.

In attempting this extension of the LCAO approach to CW, one should keep in mind some important
differences between the two cases: (i) Resonances are not true eigenstates, rigorously localized inside and
around each scatterer as the atomic-like orbitals; actually, as will be discussed later on, there are some
broad “resonances” associated with a depletion of energy distribution within the scattering sphere. (ii)
Because of the vector character of EL waves there is much higher degeneracy or near degeneracy than in
the electronic case (e.g. the n = 1 resonant modes corresponding to the three p orbitals in the electronic
case are now in general nine); as a result the problem of possible hybridization of the resonances is much
more complicated in the EL wave case. (iii) Because w? corresponds to the case where the electronic
energy is higher than the maximum of the potential, there is an additional (besides the hopping from
resonances of one sphere to resonances of neighboring spheres) mode of propagation employing mainly
(or at least on equal basis) the host material. It means that resonant states for CW are states embedded
in the continuum; this is a novel aspect of the problem not encountered in the electronic case. (iv)
Another novel aspect of the EL (and AC) case is associated with the role of the mass density contrast
between host and scatterer which seems to be equally important as the velocity contrast.

In Fig.1 we show the dimensionless total scattering cross-sections 4; (a) and &, (b) for longitudinal
and shear incident wave respectively (L- and S-scattering). The parameters are as follows: p,/p; = 1,
afes =2 (“extreme” solids both in and out) and ¢;,/c;; = 5.48. The number next or above each
resonance denote the partial wave the scattering of which causes the appearance of the corresponding
resonance (note that in the shear incident wave the n = 0 mode does not exist). The height of the
very narrow resonances (presented as a single vertical line) may be larger than shown in the figures
throughout the present work, because our finite mesh points do not always coincide with the maximum
for such sharp peaks.

In the case of Fig.1 the first resonance (appearing in kj,a = 0.45) arises from the n = 1 mode. We
found that this happens in all cases of materials with small ¢; /¢, ratio which we have examined. Another
common characteristic of these materials (“hard” solids) is that the higher contribution in all resonances
is due to the shear scattered wave.

It is also noticeable that in Fig.1 and in all other cases examined, the position of the resonances in
the L-scattering case (with the exception of the n = 0 resonances) coincides with the position of the
1 and n resonances in the S-scattering. See for example that the first and third resonance in Fig.1b,
which are both due to the 1 and n scattered waves, coincide in position with the first and second (at
ki,a = 0.65) resonance respectively of Fig.la. In the S-scattering, there are additional, in most of the
cases very narrow peaks, corresponding to the m scattered wave; see the second (at kj,a = 0.57), fourth,
and seventh resonances in Fig.1b. We shall comment on these sharp resonances later on.

The matrix - spherical inclusions combination shown in Fig.1 has been studied!® for various periodic
lattice structures: sc with inclusion volume fraction # = 0.144, bce with ¥ = 0.144, fec with # = 0.144 and
simple hexagonal with c/al =3/4 and = 0.144 (al is the lattice constant to be distinguished from the
sphere radius a used throughout in the present work). In all these cases a narrow gap appears at midgap
frequency w, such that kg0 = wya/ci, = 0.54 for all lattices. The position of the midgap frequency
is denoted by a double arrow in Fig.1. Furthermore, the EL wave band structure exhibits'® flat bands
corresponding to rather sharp peaks in the density of states (DOS); their positions are denoted by single
arrows in Fig.1. It must be stressed that these flat bands appear at kj,a = wa/c;, & 0.5240.01, 0.5440.01
and 0.66 & 0.01, independently of the lattice structure. This, strongly suggests that the positions of the
flat bands are not influenced appreciably by multiple scattering and are mainly dependent on the single
scattering resonances. Indeed, this seems to be the case as evidenced by the close correlation of the
arrows with the resonances in the scattering cross-sections. It is worthwhile to note that the first flat
band is above the first resonance (by a non-negligible margin) while the second is just below the second
resonance (Fig.1b); the third flat band is again above the third resonance (although the margin is now
smaller). The gap lies between the first and the second resonance. Let us mention that one should
not expect an exact coincidence between flat bands and resonances because of “level” repulsion and
hybridization.

As 1t was noticed above, in the S-scattering, there are some extremely sharp peaks in the cross-section
(see Fig.1b). Sharp peaks correspond to very long life times, i.e. extremely low radiation which in turn
means very weak scattering field (relative to the field inside the sphere). On the basis of this argument,
to be substantiated later on, one expects that very sharp peaks in the single scattering cross-section may
not influence appreciably the band structure.



In Fig.2 we plot the total cross-section for incident longitudinal wave and for gold sphere in silicon
matrix (a) or lead sphere in silicon matrix (b) or lead sphere in beryllium matrix (c). The cross-sections
for shear incident wave are shown in Fig.3.

The general features of these cross-sections follow what have been mentioned in the description of Fig.1
(see for example the extra narrow peaks in the S-scattering cross-section). Also, here, next or above
each resonance appear in some cases more than one indices. This denotes coincidence in the resonances
of two or more modes.

The band structure of all combinations of Figs 2, 3 for fcc lattice (with the volume fraction of the
spheres being just below 10%) has been calculated!® and the results for the flat bands (arrows) and the
gap (double arrow) are indicated in these figures (Figs 2, 3). Again we observe a correlation between the
resonances and the flat bands although a flat band in the Pb/Be combination (Fig.2¢,3c) appearing in
the middle of the gap does not seem to be related with a resonance.

In all cases shown in Figs 2 and 3 the first flat band is located above the first resonance and the second
below the second resonance (if we ignore the sharp resonances appearing in the shear case). The gap lies
between the first and the second resonance.

In Fig.4 we plot the trajectory of the first few flat bands and the two midgaps vs volume fraction of the
spheres for an fec lattice consisting of lead spheres (p = 11.357 g/em3, ¢; = 2.158 km/s ¢; = 0.860 km/s)
embedded in epoxy (p = 1.180 g/em3, ¢; = 2.540 km/s ¢ = 1.160 km/s); in the same picture we indicate
the position of the first four resonances. We see that the dependence on the volume fraction, x, occupied
by the spheres is weak for 0.2 < x < 0.5 with a downwards tendency for smaller values of z. For very
small values of = the gap disappears while the flat bands tend to coincide with the resonances. The
weak dependence on z at intermediate volume fractions is an indication that the multiple scattering is
not so important in determining the midgap frequency and the flat bands. The downwards tendency
for small z and finally the disappearance of the gap is the same with what has been observed for scalar
waves?®. This downwards tendency is expected because at very low concentrations the wave propagates
mainly through the host and the spheres just obstruct its propagation. As the concentration increases,
the resonances can be mixed, broaden into bands and become the preferable channels of propagation at
least at certain frequency regions. Thus the gap tend to be opened near a resonant mode (area of strong
individual scattering) at very low concentration of scatterers and move away from it as the concentration
increases and the resonances offer themselves for the propagation.

In Figs 5 and 6 we plot the cross-sections for a steel sphere (p = 7.8 ¢g/em3, ¢; = 5.94km/s ¢; =
3.22km/s) in an epoxy matrix and vice versa. For the case of steel sphere in epoxy there is some
experimental evidence!” of spectral gaps; also recent preliminary theoretical results®® indicate wide gaps.
The cross-sections for a steel sphere in epoxy are shown in Fig.5 (panels (a) for longitudinal and (a ) for
shear incident wave). We see that the resonances appear weak buried in a strong background.

Following the analysis of references 30-32 we calculate the scattering cross-sections for a rigid sphere
in a place of the steel sphere (Figs 5D, 5b1). A rigid sphere is one for which p; — oo, p; — 00, Ay — o0,
cii — 0, cs; — 0, so that the displacement field inside and at the surface of the sphere is zero.

In Figs 5c, 5¢ we plot the cross-sections calculated by subtracting from the steel scattering amplitudes
the rigid sphere scattering amplitudes. Then the background disappears (except at very low frequencies)
and the two widely separated resonances emerge very clearly. (in Fig.5cl the lowest resonance is a double
one). Fig.5 suggests that in the spectral regions where the cross-sections of the steel sphere and the rigid
sphere are almost identical (e.g. 1.5 < kjpa < 2.5), the field will hardly penetrate inside the steel sphere.

We had verified this point by calculating the total field energy density (averaged over the angles) vs r
(the distance from the center of the steel sphere); see the dotted line in Fig.7 corresponding to kj,a = 1.6.
This exclusion of the field from the interior of the sphere implies that in the periodic composite (steel
spheres in epoxy) and for these spectral regions (e.g. 1.5 < kj,a < 2.5) the propagation, if any, must take
place almost exclusively through the matrix material (epoxy); this, combined with the large cross-section
(more than twice the geometrical cross-section) strongly suggests that a gap may appear.

Indeed, preliminary results®® show a rather wide gap (see Fig.5¢) surrounded by flat bands as indicated
by arrows in Fig.5c. These flat bands may be associated with hopping propagation (linear combination
of resonance “orbitals”) from one steel sphere to its neighbors using the resonances (linear combination
of resonance “orbitals”).

This picture is also supported by the results shown in Fig.7, where the solid line corresponds to kj,a =
0.31 (i.e. the maximum of the rather broad first peak in Fig.5) and the dashed line to kj,a = 0.867 (i.e.
to the sharp first peak in Fig.6). We see that the resonances correspond to a field distribution strongly
localized inside the sphere (the sharper the peak the stronger the localization) with some weak leakage
outside (the sharper the peak the weaker the leakage and the less probable the hopping propagation).



From Fig.7 one can obtain a rough estimate of the optimum volume fraction for wide gap: the neigh-
boring spheres must be close enough to overlap with the broad maximum of the dotted line (as to make
the propagation through the matrix material more difficult) and far apart to avoid the strong broadening
of the resonance-based bands. Keeping the neighboring spheres apart by a distance equal to 0.5a to a
seems to be a reasonable compromise on the basis of Fig.7. This implies an optimum volume fraction
between 37.9% and 21.9% (assuming a close-packed type of lattice).

In Fig.6 we show the results of the same analysis for the case of an epoxy sphere in a steel matrix. In
this case instead of a rigid sphere, the background (which was calculated (Figs 6b, 6b1) and subtracted
(Figs 6¢, 6¢')) refers to a “soft” sphere, defined by p; — 0, y; — 0, A; — 0, ¢;; — 0, ¢5; — 0.

With the subtraction of the background the many sharp resonances (characteristic of the large ¢1,/cy;
ratio) emerge very clearly.

On the basis of the arguments developed in connection with Fig.5, one expects that the periodic
composite, epoxy spheres in steel matrix, is not favorable for producing a wide gap because of the many
closely spaced resonances, which would probably produce overlapping bands. The best chance is for a
narrow band around kj,a & 1. Even that is doubtful, because the background cross-section around kj,a
is not as large as in the case of Fig.5.

In Fig.8 we show the effect of the velocity contrast on the cross-section for the shear incident wave
and for a case where p,/p; = 1/4, ¢1o/¢s0 = C13/Csi = V2 (“extreme” solid). In Fig.8a the velocity ratio
clofcti = 4. The low velocity scatterer produces many sharp resonances in the present elastic case as
in the electromagnetic and scalar cases. These sharp resonances disappear when ¢, /c;; = 1 (Fig.8b) or
when ¢, /c;; = 1/4 (Fig.8c). For a longitudinal incident wave the cross-section is smaller, smoother and
with fewer peaks (in agreement with what has been noticed above). The rigid sphere background (not
shown here) is almost constant and large (about four (three) times the geometrical cross-section for a
shear (longitudinal) incident wave) but does not dominate the cross-section at any spectral region. No
results for the corresponding periodic case are available. On the basis of the analysis developed in the
present work one would guess that there is a small chance for a narrow gap between the first and second
(or possibly between the second and third) peak of Fig.8a.

In Fig.9 we show the effects on the longitudinal incident wave cross-section of increasing the ratio
of the longitudinal to shear velocity for the case presented in Fig.la. For the upper panels the ratio
¢1/cs = 2 and for the lower panels the ratio ¢;/c, = 2.83.

The background cross-sections (panels b and bl) refer to a soft sphere. For the shear incident wave
the picture is more complicated with many additional peaks.

Fig.9 shows that these combinations are not favorable for a spectral gap, because the separation
between the first two peaks is not large and the value of the background in between is not so large.
Comparing Fig.la and Figs 9a, 9a’ we see that by increasing the ratio ¢;/¢; (in both matrix and sphere)
the separation of the first two peaks is reduced making it more and more difficult for a gap to appear.
The actual calculation'® verify this “educated” guess : indeed the narrow gap of the case in Fig.la
disappears in the cases of Figs 9a and 9a because of the overlap of the first and second flat bands (their
midfrequencies are indicated by arrows in Figs 9a and 9a1). Note that the first two flat bands in the

cases of Figs 9a and 9a conform with the general picture discussed earlier, i.e. they are located above
and below the first and the second resonance respectively.

In Figs 10-15 we show results concerning the role of the mass density contrast and its opposite effect on
solids and fluids periodic media which constitutes a puzzling and unresolved issue. In Figs 10 (longitudinal
incident wave) and 11 (shear incident wave) we examine a case for which ¢;/¢; = \/2 for both the sphere
and the matrix, ¢;,/¢;; = 8.66 and for which p,/p; = 1/4 (Figs 10a,11a), p,/p; = 1 (Figs 10b,11b) and
po/pi = 4 (Figs 10c,11c).

The periodic problem (with volume fraction # = 0.144 and fce lattice) has been already studied;
the “flat” bands (arrows) and the gap (double arrow) are indicated in Fig.10. The main feature of
the increase of the density ratio p,/p; is that the peaks become narrower (sometimes to the point of
disappearance) without their maximum value becoming lower.

Taking into account that the cross-section between peaks is very small, the reduction of the strength
of the peaks with increasing p,/p; implies easier propagation and the eventual disappearance of any gaps
in agreement with the actual results.

In Fig.12 we show results for the total cross-section of the corresponding ¢;,/c;; = 8.66 fluid (¢, = 0 in
both the sphere and the matrix) case with p,/p; =1/4, 1, 4 for panels (a), (b) and (c) respectively (note
the change of the vertical scale).

What distinguishes the fluid from the solid case is the dominant role of the isotropic oscillation (n = 0)
component. In the solid case the n = 0 component makes a relatively insignificant contribution at high



frequency and for the longitudinal component only (see Fig.10). On the other hand, for the fluid case the
n = 0 component dominates the background and produces a strong first resonance. This resonance can
be studied analytically (see Appendix C') and in the high p,/p; limit the resonance frequency is given by
wo = (¢i/a)\/3p;/po. Both the background and the first resonance, in contrast to the solid case, become
larger as the ratio p,/p; increases (see Fig.13). This basic difference is shown in Fig.14 where in panel
(a) the area under the first n = 0 resonance of the fluid case is plotted vs p,/p;, while in panel (b) the
areas under the lowest (n = 1) resonance for longitudinal (solid line) and shear (dashed line) incident
wave are exhibited. The conclusion is that a large density ratio p,/p; is indeed very favorable for gap
creation in fluid periodic media because of the n = 0 component.

In Fig.15 we show the cross-section for a fluid sphere in a fluid matrix with velocity contrast ¢, /ci; =
2.65 and density contrast p,/p; = 1/5 (panel (a), 1 (panel (b)) and 15 (panel (c¢)). The corresponding
periodic case has been studied before'®. The case of Fig.15a exhibits no gaps but show sharp pealks
in the density of states (arrows in Fig.15a). The case of Fig.15b develops two gaps: a relatively wide
one between the first and the second “flat” band (arrows) and a narrow one just above the third “flat”
band. The case of Fig.15¢ has three gaps: a very wide one extending from the first to second arrow, a
second one extending from ka = 1.25 to ka = 1.5 and a third one above the fourth arrow. Note also the
correspondence between the resonances and the “flat” bands with the exception of the second resonance
which was expected to produce a flat band in the middle (approximately) of the very wide gap; such a
band does not appear in the results of ref.15.

The large gaps associated with the case p,/p; = 15 is again due to the strong scattering (both the low
lying resonance and the background) associated with the isotropic (n = 0) oscillation.

In view of the above results, it is interesting to examine what happens in the mixed cases of a solid
sphere in a fluid host or a fluid sphere in a solid matrix. Preliminary results indicate that the solid
sphere in fluid behaves similarly to the fluid in fluid case, while the fluid sphere in solid follows the solid
in solid behavior. This is not surprising, since for the n = 0 mode (which is purely compressional) there
is not difference between a solid and a fluid sphere with the same p; and B; = A; + (2/3) ;.

IV. CONCLUDING REMARKS

We have examined the dependence of the cross-sections of an elastic sphere embedded in an infinite ho-
mogeneous elastic medium on various parameters such as velocity contrast ¢;,/c;;, mass density contrast,
“solidity” of the sphere (¢j;/cs;) and the host (¢ /¢s0).

We have paid particular attention to the various resonances appearing in the cross-section and we have
connected them with specific spherical harmonic modes. In many cases it was useful to calculate and
subtract the cross-section and the scattering amplitude (respectively) corresponding to a rigid or soft
sphere. We have connected the above data for the scattering from a single sphere with the features of
the band structure associated with the propagation of elastic waves in a periodic medium consisting of
spheres embedded in an homogeneous matrix. In particular we were interested in “flat” bands (peaks
in the density of states) and spectral gaps. We found that the resonances in the single scattering were
closely associated with the “flat” bands supporting thus the idea of a linear combination of resonance
states (in analogy with the LCAO approach in the electronic propagation in solids).

In addition to this hopping propagation from sphere to sphere (utilizing the resonances) there in
another mode of propagation utilizing mainly the host material. The analysis through the rigid or soft
sphere is helpful in deciding whether one of the two modes of propagation (hopping or through the host)
is dominant or whether the wave utilizes both the host and the spheres for its propagation.

We have developed some criteria for the appearance of gaps in the periodic case on the basis of the
single sphere scattering, e.g. widely separated resonances (especially the lowest ones) with a strong
background in between (due to the rigid or soft sphere) is very favorable for wide gaps and consequently
for localized states in a disordered composite medium.
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APPENDIX A

In this Appendix, we present the general solution of the elastic wave equation in spherical coordinates,
the boundary conditions on the surface of the sphere and the formulae used for the derivation of the
scattering cross-sections.

The time dependent elastic wave equation in an homogeneous medium is

92U
A+ 20)V(V - U) = pV x Vx U = p (A1)

Assuming the time dependence to be of the form e™*“!| the general solution of (A1) in spherical
coordinates (r, 6, ¢) can be written as:

U = e Wiy (A2)
with
u=1l+m+n (A3)
where:
1= Z Zgnm lgnma m = Z Hgnm Mepm;, n= Z ngm Nepm (A4)
and:
L =~ 2R (k) P (cos 0)S05 me # + L (k )ﬁpm( )% me 0
gnm_k;@r n(kir) P (cos )7 me 7 o T lr@ﬁ" cosfl) " m
- m m sin 5
+mRn(klr)Pn (cos 0)cos me ¢ (45)
- _m m sin 0 9 m cos 5
Meyy, =1 ERH(]CST)P” (cosB)¢os me 6 — Rn(ksr)%Pn (cos g)sin me¢ ¢ (A6)
1 1
Depm = %Rn(/@sr)ﬂc”(cos H)S)If mor + o %[TRH(]CST)] %Pﬁn(cos )
cos Hh— 9 m sin Y
sin mq/) 6 + ma[?ﬁRn(lﬂsT’)] Pn (COS H)COS mq/) ¢ (A?)
P 0 (}5 are the spherical unit vectors;
ki = w/er, ks = w/es with w the frequency, ¢; the longitudinal and ¢, the shear wave velocity in the

medium;

A= p(e? —2¢?), p = pc? are the Lamé coefficients of the medium (p is the mass density);

R, is an appropriate Bessel function (chosen from the boundary conditions at » — 0 or r — 00);

P are the associated Legendre polynomials.

The subscripts “e” and “o” which appear in the definition of le ;,;, M¢ 1y, De i, and in the coefficients
Zenms He nmy Oc nm (see (A4)), mean even and odd respectively and the subscripts n and m are integers
going from zero to infinity the first and from zero to n the second.

The boundary conditions on the surface of the sphere (r = a) which are the continuity of normal and
tangential displacements and of normal and tangential stresses, can be expressed as:
(a) Continuity of the displacements:

U rza + U lrza = U} |r=a i:(r0,9) (A8)



(b) Continuity of the stresses:

P ymq + Plrza = P/"|r=a i:(r.0,0) (49)

where:
Pz’ IZO'Z']'RJ', i,j : (7“,9,¢>), (A].O)
J

with n; the components of the outgoing unit vector normal to the surface of the sphere which in our
case is the 7.

0i; = 2pctui; + p(c? — 26?)62']'2 uy i,j:(r,0,0). (A11)
]

are the stress tensor elements®® and u;; the strain tensor elements which result from the components
of the displacement vector (for the calculation of u;; in the spherical coordinate system see ref.35, p.3).
The superscripts inc, sc, in, denote the incident, the scattered and the inner field respectively.

The total scattering cross-section for an incident plane wave propagating in the Z direction and scat-
tered by a sphere is given by:

jscr2
o :/ ——dQ for r— o0, (A12)
Jz
where j¢ =< > Re(o;)Re(u;*) > (A13)
J
1 .. .
= ngIm[(Uf])*uf] ij:(r,0,¢)orij:(x,y,z2) (A14)
j

a: sc or inc

The symbols <> denote time average and the I'm, (*) and (), imaginary part, complex conjugate and
time derivative respectively while the (A14) is valid only for a wave with time dependence of the form

e—zwt‘
APPENDIX B
In this  Appendix, we  present the results from  the calculations of  the
coefficients Acpo, Ceno, Aent, Bon1; Cen1 which appeared in the formulas for the cross-sections (see 2.7
and 2.11).

We present them for completeness and because of a few misprints which were found in papers where
these coefficients are given. Furthermore, here, both the longitudinal and the shear incident wave scat-
tering expressions are given under a single heading - something that could be useful for the interested
reader.

The unknown coefficients Acno, Ceno, Aent, Bon1, Cen1 (with the subscripts and “0” to mean even
and odd respectively and the subscript n to go from zero to infinity) are given by:

)
€

1 1
Cllls a12 @13 ai14 a1 Cllls a13 14
_ 1 U9y 22 A23 d24 _ 1 (21 Qoy 23 24
AenO - = ! CenO - 7 l (B]')
D, | azs azz2 aszs as4 D, | a31 als azz azq
l l
dyy A42 A43 (44 aq1 Qyy G43 (44
B3 B3
a1y a12 @13 A14 a11 a1y @13 aA14
B3 B3
_ 1 gy 22 A23 d24 _ 1 (21 435 23 24
Aenl — s Cenl — s (BZ)
Dy, | aszs asz ass ass D, | as1 ajs ass asa
B3 B3
Uy Q42 A43 A44 (41 Ayy A43 A44

10



Bop1 = [613622 - 623612]/[611622 - 621612]

a1 a12

a1 @22
D, =

a31 a32

aq1 Q42

a;j, ;5 result from the boundary conditions on the surface

a1l
a12
a13
a14
a5
a1s

a21
a22
a23
a24
a’25
a3
az1
a3z
as3
a34
a:lss

B3
a3y

41
42
43
Q44

!
Q45

i

hn(Zlo)

77,(7} + 1)hn(Zso)/Zso
—Jn(Z1i)

Zjn(Zlo)

Zn(n + 1)jn(Zso)/Zso

Z[j;L(ZSO + jn(Zso)/Zso]

1t

Zlo[zﬂohn(zlol) - /\ohn(Zlo)]

i + 1)l () — i (Z20) 220
=724, (jli)l— Aijn(Z1)]

o Dl (Ze) — gnlZe0)/ 241
AP [zﬂojn (Zlol) - /\ojn(Zlo)]

2m(n + Do (Zso) = jn(Zso) [ Zso]

zﬂo[h;(?lo) - hn(Zlo)/Zlo]
polZsohy (Zso) + (n = 1)(n + 2)hn(Zs0) [ Zso]
=245 (Z15) = Gn(Z03) [ Z2i]
—ﬂi[leijn(Zsi) +(n = 1)(n+2)jn(Zs:)/ Zsi]
2ut10[J(Z10) = Jjn(Z10)/ Z10]

a5s = tHolZsodn (Zso) + (n = 1)(n + 2)ju(Zs0) [ Zs0]

€11 = hn(Zso)

€12 = _]n(Zsz)

€13 = _jn(Zsol)

€21 = ﬂono(hnl[Zso) - hn(Zso)/Zso]
€22 = _ﬂzZsz[jrlI(Zsz) - ]n(Zsz)/Zsz]

€23 = _ﬂono[jn(Zso) - jn(Zso)/Zso]
where: w w
Ziu=hkua=—a, Zy=kaea=—a

Cle Cst

_ 2
fe = pecy

Ar = PZ(ClZz - 26?0

a13
a23
as3
43

a14
a24

B3
ass | (B3
e¥

of the sphere and have the following form:

(B7)

£ =0 (out)*, i (in)**

The subscripts “o” (out) and “¢” (in), refer to the medium of the matrix and the scatterer respectively,
pe 1s the mass density, ¢;p and ¢,y are the longitudinal and the shear wave velocity in the medium (= o, 7),

Jn denotes the spherical Bessel function and A, the spherical Hankel function of the first kind (h%l)).

*

* %

APPENDIX C

note the different meaning of subscript “o0” in the definition of Bgy1.
note the difference between “i” (in) (used as subscript in this appendix) with + = /—1.

In this appendix we will calculate the scattering cross-sections for a longitudinal wave, scattered in a
liquid sphere embedded in a liquid host. We will derive analytical expressions for some limited cases.

11



Wt ikora

We assume the incident wave displacement field to have the form U = e¢7'*'u with u = ¢**°*z and
k, = koZ = w/coZ. ¢, is the wave velocity in the host (out) while with ¢; (see below) we denote the wave
velocity in the medium of sphere (in)***.

The incident wave - in terms of spherical waves - can be written as (see Eq.(2.4) and Appendix A):

uine — Z(_Z”‘H)(Zn + 1)len0(ja ko) (Cl)
n:o
The scattered wave and the wave inside the sphere will have the form:
[T A— Zz”(Zn + 1)Aen01€n0(ha kO) (02)
n:o
uin = Zz"(Zn + 1)Ben01€n0(ja kl) (03)

n=0
For the definition of 1.,9 see Appendix A. The symbols in the parentheses of 1.,9 denote the kind of
bessel function and the wave vector which contained in the expressions for the l.,0; ko = w/co, ki = w/e¢;
and j, h are the spherical bessel function and the spherical hankel function of the first kind respectively.
The unknown coefficients A., 0, Beno can been determined from the boundary conditions on the surface
of the sphere which are the continuity of normal displacements, u, in this case, and the continuity of
normal stresses, ...

o can been calculated as described in Appendix A and has the form:

ol = = (20 + 11" MEDERE (kfr) Py (cos 0) (C4)
n=0
The superscript ¢ means inc, sc or in. For the incident field D¢ = —1, R’ = j,, k* = k, and \* = p,c?

; for the scattered field Dt = Aeno, Rt = hp, k' = k, and X = pocg; for the inner field D¢ = Beno,

n

RY = jn, k' = k; and X' = p;e? (p,, pi : the mass density out and in respectively). P, are the Legendre
polynomials.

The application of the boundary conditions on the surface of the sphere (r = a) gives for the A.po:

i

VB 0n(Z0)in (%) = Jnl(Z2)in (o)
VA hn(Z0)jn(Zi) = Jn(Zi)hn(Zo)

Zo = koa, Z; = kia, A = p,/p; (the density contrast of the two materials) and ¢ = ¢,/¢; = Z;/7Z, (the
velocity contrast).

AenO =

(C3)

The dimensionless cross-section is given by (see Eq.(2.7)):

g |Aen0|2

Gr=—3 = 4(2n+1) VAT (C6)

oQ

Ta
n=0

Taking in to account that h, = j, + 1y, we see that |A.,0| < 1; the equality is obtained when
1/)A yn(Zo)];z(Zz) = ]n(Zz)y;z(Zo) (07)
Equation (C'7), which can be rewritten as,

v (Zo) o in(Z)
iz~ V02 (c8)

is also the condition for a resonance to appear.

We are interested in finding the low lying resonances for which 7,, 7; < 1. In this case the Bessel
functions can be expanded:

'(Z, 1 (7 1
Un(Zo) , mA ", W) 1, (©9)
yn(Z5) Z, 1—2n (%)  Z; 2n+43

Substituting (C'9) in (C8) we see that there is no solution for n # 0, which means that the lowest
n # 0 resonances do not satisfy the conditions 7,, 7; < 1.
3

For n = 0, we have from (C'9) and (C8) : 7zt = X

12



which is valid only if A >> 3 and ¥?A > 3.

Under these conditions there is a low lying resonance at

3 .
kia ) 2LL (C10)
Po
or
o G 30 (C11)
a\ p,

*k K

note the difference between ¢ (in), used as a subscript in this appendix and ¢ = v/—1.

13
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FIGURE CAPTIONS

Fig. 1.

Fig. 2.

Fig. 3.
Fig. 4.

Fig. 5.

Fig. 6.

Fig. 7.

Fig. 8.

Fig. 9.

Total dimensionless cross-section vs kj,a for longitudinal (a) and shear (b) incident wave; ¢;/c; =
\/2 for both sphere (in) and matrix (out), po/p; = 1 and ¢;,/c;; = 5.48. a is the radius of the sphere
and kj, = w/cy, the longitudinal wave number in the medium of the matrix. The number next or
above each resonance denotes the spherical harmonic responsible for this resonance. The height of
the very narrow resonances maybe larger than indicated. The arrows indicate the positions of the
flat bands and the double arrow the position of the gap in the corresponding fce periodic composite
with volume fraction of the spheres x = 0.144.

Total dimensionless cross-section vs kj,a for Au spheres in Si matrix (a), Pb spheres in Si matrix
(b), and Pb spheres in Be matrix (¢). The incident wave is longitudinal; « is the radius of the sphere
and ki, = w/¢q, is the longitudinal wave number in the medium of the matrix. The numbers have
the same meaning as in Fig.1l; the arrows indicate the positions of the flat bands and the double
arrow the position of the gap in the corresponding fcc periodic composites with volume fraction
of the spheres 10% for (a), 9.8% for (b) and 8.23% for (c).

Total dimensionless cross-section vs kj,a for the cases of Fig.2 but shear incident wave.

Midgap frequency (open circles) and “flat” band position (crosses) vs volume fraction of the scat-
terers for lead spheres in epoxy matrix and fee structure. “Flat” bands correspond to peaks in the
density of states (which may occasionally merge together or become ill-defined). d is the diameter
of the sphere (d = 2a) and Ay; = 27/ky; the longitudinal wave length in the medium of the sphere.
The dashed horizontal lines correspond to the first four single sphere resonances.

Total dimensionless cross-sections vs kj,a for steel sphere in epoxy matrix (a, al), rigid sphere in
epoxy matrix (b, bl). The third column (c, cl) represents the cross-section calculated by subtracting
from the steel sphere scattering amplitudes the rigid sphere scattering amplitudes. The upper
panels correspond to longitudinal incident wave and the lower to shear incident wave. a is the
radius of the sphere and ki, = w/¢j, the longitudinal wave number in the medium of the matrix.
The arrows indicate the positions of the flat bands and the double arrow (with the symbol G inside)
the position of the gap in the corresponding fcc periodic composite with volume fraction of the
spheres = 0.4524. The numbers have the same meaning as in Fig.1.

Total dimensionless cross-section vs kj,a for the case of epoxy sphere in steel matrix (a, al). The
upper panels correspond to longitudinal incident wave and the lower to shear incident wave. The
second column (b, bl) represents the soft sphere in steel matrix cross-section and the third (c, cl)
the cross-section calculated by subtracting from the epoxy sphere scattering amplitudes the soft
sphere scattering amplitudes. a is the radius of the sphere and k;, = w/¢i, the longitudinal wave
number in the medium of the matrix. The numbers have the same meaning as in Fig.1 and the
arrows indicate the positions of the flat bands in the corresponding sc periodic composite with
volume fraction of the spheres x = 0.268.

Total energy density vs r (the distance from the center of the sphere) on a “wide” resonance (first
resonance of Fig.5¢ - solid line), on a “narrow” resonance (first resonance of Fig.6c - dashed line)
and “off” resonance (between the two resonances in Fig.5c¢ - dotted line). The energy is in the
incident wave energy density units and the » in units of the sphere radius (a).

Total dimensionless cross-section vs kj,a for ¢;/c, = /2 (for both sphere and matrix), p,/p; = 1/4
and ¢jp/er; =4 (a), 1 (b), 1/4 (¢). The incident wave is shear; @ is the sphere radius and k;, = w/¢;,.
The numbers next or above each resonance denote its origin (the corresponding modes).

Total dimensionless cross-section vs kj,a for ¢jp/cr; = 5.48, po/pi = 1 and ¢;/¢; = 2 (a), and 2.88
(al) (for both sphere and matrix). The incident wave is longitudinal. In the second column (b,
bl) the above sphere has been replaced by a soft sphere and in the third (c, cl) the cross-section
was calculated by a subtraction similar to what described Fig.5. a is the radius of the sphere and
kio = w/ci, the longitudinal wave number in the medium of the matrix. The numbers and the
arrows have the same meaning as in Fig.1.



Fig.

Fig.
Fig.

Fig.
Fig.

Fig.

10.

11.
12.

13.
14.

15.

Total dimensionless cross-section vs ki,a for ¢, /c;; = 8.66, ¢;/cs = /2 for both sphere and matrix
and po/pi = 1/4 (a), 1 (b), 4(c). a is sphere radius and k;, = w/c;,. The incident wave is
longitudinal; the numbers, arrows, and the double arrow have the same meaning as in Fig.1.

Total dimensionless cross-section vs kj,a for the cases of Fig.10 and for shear incident wave.

Dimensionless scattering cross-section vs ka for ¢;,/er; = 8.66, ¢5o = ¢5; = 0 (liquid case) and
po/pi = 1/4 (a), 1 (b), 4 (¢). a is the radius of the sphere, ¥ = w/c;,. The number above each
resonance indicates the spherical harmonic responsible for the resonance.

Dimensionless n = 0 partial cross-section vs ka for the cases of Fig.12.

(a) : Area under the dominant n = 0 first resonance vs p,/p; for ¢;/c; = 10 for both matrix and
sphere (fluid-like case). (b) : Area under the dominant n = 1 first resonance vs p,/p; for ¢;/¢c; = V2
for both matrix and sphere (extreme solid case). The solid line corresponds to longitudinal incident
wave and the dashed line to shear incident wave. For both panels ¢;,/ci; = 8.66.

Dimensionless scattering cross-section vs ka for ¢j,/c;; = 2.65,¢5, = ¢y = 0 (liquid case) and
po/pi = 1/5 (a), 1 (b), 15 (¢). a is the sphere radius and k¥ = w/¢j,. The numbers have the same
meaning as in Fig.1 and the arrows indicate the positions of the peaks in the density of states of
the corresponding fecc periodic system with volume fraction of the spheres = 0.144.
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ELASTIC WAVE BAND GAPS IN 3-D
PERIODIC POLYMER MATRIX
COMPOSITES
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Abstract

We present band structure results for elastic waves in periodic composite materi-
als consisting of scatterers (spheres, cubes, or rods) embedded in a homogeneous
polymer matrix. The material of the scatterers is a high density material (such as
Steel, Ni, Pb, Cu, etc.). In all cases, we find wide full band gaps in fcc, bee and
sc structures for a wide range of filling ratios. We show that the existence of these
wide gaps can been analyzed and predicted by using the single scattering results.

There is a growing interest in recent years for the propagation of elastic (EL) and acoustic
(AC) waves in random and periodic composite materials [1] - [14]. The interest among
solid state physicists is mainly connected to the question of the existence or not of spec-
tral gaps in periodic systems or localized waves in disordered systems in analogy with
what happens to the electrons in solids. The attention to the acoustic and elastic waves
in connection with gaps or localization is not only due to their many applications (in geo-
physics, medicine, oil exploration, etc.) [15,16] but to their rich physics as well: EL waves
are full vector waves with different velocity of propagation between the longitudinal and
the transverse component; in the EL and AC wave equation there is a term proportional
to the mass density variation which may cause the appearance of novel behavior. Further-
more, ACW and ELW in structures exhibiting localized eigenwaves (i.e. mobility gaps)
offer themselves for an accurate experimental investigation of open questions regarding
the problem of disorder induced localization.

The difficulty to construct composites sustaining localized eigenstates, was greatly re-
duced following the suggestion by John and Rangarajan [17] and by Economou and
Zdetsis [18]; they pointed out that the existence of bands of localized eigenstates in ran-
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dom systems is directly related to the existence of gaps in periodic systems since both are
due to destructive interference of the multiple scattered waves. For this reason attention
has been focused on the easier problem of ACW and ELW propagation in periodic sys-
tems for which one can employ computational methods that have been already developed
for the electronic propagation in periodic crystals.

The study of acoustic and elastic wave propagation in periodic binary composites con-
sisting of spheres embedded in a host (3-D) or from cylinders embedded in a host (2-D),
shows [4,8,9,11,12] that gaps can exist under rather extreme conditions. These conditions
concern mainly the density and velocity contrast of the components of the composite,
the volume fraction of one of the two components, the lattice structure and the topology
[11,12]; they are realized in a Be or Si or SiO; matrix with embedded Au or Pb spheres
placed periodically in an fce lattice [12]. For 2-D square lattice, full band gaps have been
found only in Au cylinders in Be host [8]. However, the 2-D hexagonal lattices have proven
more favorable for the creation of the gaps; in particular, rods from Mo, Al,O3, Fe, and
steel embedded in Lucite host exhibit relatively wide gaps [11]. From the experimental
point of view, Kinra and Ker [3] have measured the phase velocity of longitudinal waves
through 3-D periodic polymer matrix composites as a function of frequency. Vasseur
et. al. [23] studied numerically the elastic band structure of 2-D commercially available
composite materials such as epoxy reinforced C or glass fibres and they found several
extremely large complete band gaps in those systems.

Recently, considerable progress was achieved in understanding the above results and in
predicting favorable material combinations [19]. Whenever the scattering cross-section
from a single spherical inclusion exhibits strong and well-separated resonances with a
considerable background in between attributed to either a rigid or soft sphere (in either
case the field inside the inclusion is zero), a wide gap is expected. One can understand
this basic result by considering two limiting channels of propagation in a composite:
one is using the host material and avoids the inclusions; the other is employing the
inclusions and hops coherently among them by a linear combination of the resonances in
analogy with the LCAO in molecules and solids. In the spectral region of high background
between two well-separated resonances neither channel is operational and consequently
no propagation is expected to take place. This explanation was confirmed by comparing
single sphere cross-sections with band structure results under various conditions [19].

In Fig.1 we show a case (Pb spherical inclusion in an epoxy host) which according to
the previous reasoning is expected to exhibit as a periodic composite wide spectral gaps.
Fig.1a shows the total cross-section of a transverse plane wave scattered by a Pb spherical
inclusion embedded in epoxy. In Fig.1b the Pb sphere has been replaced by a rigid sphere
(p — oo, g — 00, A — o0, ¢ — 0, ¢, — 0) where p is the density, g and X are
the Lamé elastic coefficients and ¢, ¢; the longitudinal and the transverse velocities :
c? = (A+2p)/p, ¢ = 1/ p; Fig.1c shows the cross-section calculated by subtracting from
the Pb scattering amplitude the rigid sphere scattering amplitude [26,27,19].

There are two broad resonances (the first is a double one) in the Pb sphere - epoxy matrix
cross-section (Fig.1a), well separated by a region of non negligible scattering. This strong
background scattering cross-section in the region between the resonances is due to the



contribution of the rigid sphere as the results of the subtraction of this contribution show
(Fig.1c). In the longitudinal incident wave scattering concerning the same system, the
cross-sections - not presented here - have almost the same form with those of Fig.1. An
exception is that the first resonance is not a double one and that the peaks are a little
lower. The previous reasoning suggests that a wide gap is expected between first and
second resonance with its width to be narrower than the spectral distance between them.
Also, the resonances are expected to coincide in position with the flat bands of the system
(due to level repulsion and hybridization some deviations are expected). Indeed, as will
be discussed below, this turned out to be the case. The half arrows in Fig.1la (with the G
in between) show the position and the width of the gap and the regular arrows indicate
the positions of flat bands (see Fig.2).

The single sphere scattering cross-section for the opposite case of Pb as matrix and epoxy
as sphere was also calculated. What was found is that in the longitudinal incident wave
scattering case the result of the subtraction of the corresponding background (soft sphere)
is two very low resonances, while in the transverse incident wave case the cross-section
1s very smooth and low. These results are not favorable for gap creation. Indeed, explicit
band structure calculations show no gaps in this case.

The conclusion of the above discussion is that periodic composites consisting of polymers
(such as epoxy) as a host with high density metal inclusions (such as Pb) are expected to
produce wide spectral gaps in ELW propagation. An additional advantage is that polymer
materials are easily fabricated. Below we present EL wave band structure computational
results for 3-D periodic composites consisting of inclusions formed by a high density metal
such as steel, Pb and W and embedded in epoxy.

For a locally isotropic medium, the elastic wave equation is [25]:

o0%ut 1 0 ou’ 0 ou'  ou’
gz = ptan %) Tan ey tan W

where u' is the i-th component of the displacement vector #(7); A\(+') and p(7) are the Lamé
coefficients [25] and p(7) is the density. For periodic media f(7) (f = p, A or p~') can
be expanded in terms of its Fourier components fi. The displacement vector @() which
satisfies Bloch’s theorem can be expanded in terms of plane waves: u(r) = ) g uge KT

where K = k + G and the summation is over G. Keeping N reciprocal vectors, G,
in the previous sum and substituting in Eq.(2.1), we get a 3V x 3N matrix elgenvalue
equation for the 3N unknown coefficients #z. The number N is increased until the desired

convergence is achieved. In the present calculations we kept N=400 (i vectors to achieve
convergence better than 5%.

Fig.2 shows the band structure of elastic waves propagating in an fcc lattice consisting
of Pb spheres (p = 11.357g/cm®, ¢, = 2.158 km/s ¢; = 0.860 km/s) embedded in epoxy
(p = 1.180¢g/cm?, ¢, = 2.540 km /s ¢, = 1.160 km/s); the radius of the spheres is 0.25 of
the lattice constant corresponding to filling ratio 0.262. There is a complete band gap for
all the directions in the Brillouin zone between the 6th and 7th bands. The lower edge of



the gap is at I' point, the upper edge of the gap is at W point and the width of the gap
over the midgap frequency, Aw/w,, is 0.24.

Fig.3 shows the Aw/w, vs the filling ratio for a Pb spheres-epoxy matrix system for
three different structures: fcc, bee, and sc. The curves are almost the same for both fcc
and bce structures; the maximum Aw/w, is almost 0.24 at filling ratios around 0.25.
For sc structure, the maximum Aw/w, is 0.2 at filling ratio 0.28. The gap appears for
filling ratios between 0.1 and 0.57 for both fcc and bee structures while for sc structure
there is gap for filling ratios between 0.13 and 0.46. This is consistent with the empirical
observation which states that the cermet topology is better for gap appearance than the
network topology [10,11]. In the case of spherical scatterers, the cermet topology exists for
filling ratios less than 0.74, 0.68, and 0.52 in fce, bee, and sc structures respectively (for
filling ratios greater than those values the spheres overlap which corresponds to network
topology). Thus, in sc structures the transition from cermet to network topology appears
at smaller filling ratios than for both fcc and bee structures.

Comparing the results of the sc structure with scatterers either cubes or spheres, we
found that the maximum value of Aw/w, appears for spheres. On the other hand, the
gaps appear in a wider range of filling ratios for the case of cubes. This can be explained
by noting that the transition from the cermet to network topology appears at the filling
ratio 1 (the cubes are touching each other only in the extreme case where the edge is
equal to the lattice constant).

There are no gaps in systems consisting of isolated epoxy scatterers in Pb background
which is in accordance with the previously mentioned requirements for the appearance of
gaps. We also studied structures consisting of tetragonal rods connecting nearest neigh-
bors in sc lattice [24]. We did not find any gaps for either Pb rods in epoxy or epoxy rods
in Pb background. This is further support the empirical requirement which states that
the cermet topology is more favorable for the appearance of the gaps [10,11].

Full band gaps were found for several other systems. In all the cases, the fcc structures
give slightly wider band gaps than the bce structures while the sc lattices give even
smaller gaps. Plastics, such as epoxy or PMMA. are ideal materials for the background
medium and the maximum value of Aw/w, appeared for filling ratios of the isolated
spherical scatterers between 0.25 to 0.5. As scatterer material, we used W, Ni, Fe, Cu,
Steel, and Ag. The densities and velocities of these materials as well as the maximum
value of Aw/w, for epoxy host and fcc lattice are given in the following table.



co (km/s) ¢ (km/s) p(g/em®) max(Aw/w,)

W 5.233 2.860 18.700 0.75
Ni 5.894 3.219 8.968 0.55
Fe 6.064 3.325 7.860 0.50
Cu 4.726 2.298 8.960 0.50
Steel 5.940 3.220 7.800 0.50
Ag 3.789 1.950 10.635 0.50

For all these systems the gap appears between the 6th and 7th bands. Also, the scatterer
is the high density material in accordance with the previous experience. On the other
hand, the velocities of the scatterers are either smaller (for the Pb) or higher (for all the
other materials) than those of the matrix material. From the present results, it seems
that high density scatterers in a low density background is the most important condition
for the appearance of gaps.

It 1s worth mentioning that experiments on two systems similar with those that we have
studied in the present work have already been done [3]. The first system consists of
Steel spheres embedded in plastic (PMMA) forming a tetragonal lattice and the second
one consists of Glass spheres in plastic (epoxy) forming a sc lattice. The results from
our calculations for the dispersion curve of the longitudinal-like waves (these are the
only modes that have been measured in the experiments) are in good agreement with
the measurements (the differences are less than 15 %) However, our calculations show
that none of those systems exhibit a full band gap, although, in particular for the Steel
in PMMA system, full band gaps can be found in sc structures instead the tetragonal
structure that they used in the original experiment [3].

In all examined cases (epoxy as host and W, Ag, Fe, Ni, Cu as sphere material) for
which wide gaps where found, the single scattering study gave cross-sections similar to
that shown in Fig.1 with the two broad resonances and the noticeable contribution of the
background between them. In all these cases the single-scattering study gave also good
estimations for the position of the gap as obtained from the corresponding band structure
calculations.

Finally, the above mentioned as well as additional single scattering results, strongly in-
dicate that the density contrast of the two materials (scatterer - matrix) is a much more
important parameter for the appearance of a gap than the velocity contrast.

Acknowledgment - Ames Laboratory is operated by the U.S. Department of Energy by
Iowa State University under Contract No. W-7405-Eng-82.
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FIGURE CAPTIONS

Fig. 1. Total dimensionless cross-sections vs k,a for Pb sphere in epoxy matrix (a), rigid sphere
in epoxy matrix (b). The third panel (c) represents the cross-section calculated by subtracting
from the Pb sphere scattering amplitude the rigid sphere scattering amplitude. The incident
wave is transverse, « is the radius of the sphere and k;, = w/¢y, the transverse wave number
in the medium of the matrix. The arrows indicate the positions of the flat bands and the half
arrows (with the symbol G in between) the position of the gap in the corresponding fce periodic
composite with volume fraction of the spheres x=0.262.

Fig. 2. Elastic wave band structure for a fcc periodic composite consisting of Pb spheres in
epoxy matrix. The volume fraction of the spheres is 0.262; w is the frequency, a is the lattice
constant and ¢ the transverse wave velocity in the epoxy (cs,).

Fig. 3. The width of the gap over the midgap frequency vs filling ratio for a periodic composite
consisting of Pb spheres in epoxy matrix and fcc (solid line), bee (dotted line) and sc (dashed
line) structure. The dotted-long dashed line corresponds to Pb cubes in epoxy matrix and sc
structure.
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1. Introduction

There is a growing interest in recent years for the propagation of acoustic (AC) and elastic
(EL) waves in random and periodic composite materials [1-15]. The interest among solid state
physicists is mainly connected to the question of existence or not of spectral gaps in periodic
systems or localized states in disordered systems in analogy with what happens to the electron
wave propagation.

Apart from the many applications of the AC and EL waves (in geophysics, medicine, oil
exploration, etc.), their advantages for experimental study as well as their rich physics, are the
other two poles of attraction for the solid state physicists.

The rich physics stems from: 7) the full vector character of EL waves with the different
propagation velocity of the longitudinal and the transverse component; these two components,
while travel independently in a homogeneous medium, are mixed together when the wave passes
through inhomogeneities, i7) the term proportional to the mass density variation (Vp) appearing
in the AC and EL wave equation which may cause the appearance of novel behavior, ii¢) the
richness in parameters of the AC and EL wave propagation (on this we will return in more
detail later on).

The advantages for experimental study - common for any type of classical waves (CW) -
have to do with the absence of the complicated non linear interactions (such as electron-electron
or electron-phonon interactions which appear in the study of the electrons) as well as from the
fact that CW frequency can been controlled accurately and easily.

There is, however, the problem of the absorption and the problem of the difficulty to con-
struct composites sustaining localized eigenstates. The solution of the latter was greatly facili-
tated by a suggestion by John and Rangarajan [16] and by Economou and Zdetsis [17]. They
connected the spectral gaps of a periodic system with the mobility gaps (bands of localized
eigenstates) of a random system by pointing out that when we gradually randomize a periodic
system possessing gaps, tails of localized eigenstates start to appear inside the gap, changing
it gradually to a band of localized eigenstates of the resulting random system. This connection
is not surprising because both gap and localized states are due to the same mechanisms, i.e.,
multiple scattering and the destructive interference of the waves.

Following the above suggestion, attempts were focused in the examination of CW wave
propagation in periodic systems. The study of the periodic systems is greatly facilitated due to
the strong symmetry of the periodicity and to the computational experience from the study of
the electrons in crystalline materials.

These periodic systems are binary composites consisting of scatterers, in most of the cases
spheres or cylinders, embedded in a host material (matrix).



The two components of the composite can be either both connected to form a continuous
network (network topology) or one of the two (the scatterers) can be completely surrounded by
the other (cermet topology). The study of the classical wave propagation in periodic systems
concerns mainly the examination of the possible existence of spectral gaps (frequency regions
where no propagation of the wave exists) and the determination of the optimal conditions for the
appearance of these gaps. Although the appearance of a gap in the electron wave propagation
is something a priory guaranteed, the same is not true for CW (such as ACW and ELW). CW
correspond to electron waves with energy higher than the maximum value of the potential as can
be seen from the comparison of scalar classical wave equation with Schrodinger’s equation. In
such energy region, gaps appear under rather extreme conditions, as shown for both simple scalar
waves (SSW) [5,15-19] and EM waves [5,15,18,20-23] which were the first studied experimentally
[24]. In the EMW case it was found that gap appears with greater difficulty than in the scalar
case due to their vector character [2]. On the basis of this result, elastic waves are expected to
resist even more than EMW the opening of gaps due to their full vector character, as a result
of which each of the longitudinal and the transverse component must develop gaps overlapping
with each other in order for a full band gap to exist [5, 6]. The different propagation velocity of
the longitudinal and the transverse component makes this overlapping more difficult and thus
the situation more problematic.

However, the many parameters of the problem, and in particular the density contrast, offer
the possibility for the gap to be opened. Indeed, computational and experimental data [3-6,15]
concerning AC and EL wave propagation in periodic systems consisting mainly from spheres
embedded in a host (3D) or from cylinders embedded in a host (2D) showed gaps under proper
conditions. These conditions concern mainly the density and velocity contrast of the components
of the composite, the volume fraction of one of the two components, the lattice structure and
the topology; they are realized numerically in a Be or Si or SiO5 matrix with embedded Au or
Pb spheres placed periodically in an fce lattice [6]. For a 2D square lattice, full band gaps have
been found in Au cylinders in the Be host [4]. For 2D hexagonal lattices , Mo, Al,O3, Fe, and
steel rods embedded in a Lucite host gave relatively wide gaps [18]. Recent numerical studies
of the elastic wave band structure of 2D and 3D composite materials such as C or glass fibers
or Pb spheres in epoxy host gave extremely large complete band gaps in those systems [7, 8].
iFrom the experimental point of view, Kinra and Ker [9] have measured the phase velocity of
longitudinal waves through 3D periodic polymer matrix composites as a function of frequency.
Their results are consistent with the existing numerical results.

Recently, considerable progress in understanding the above results and in predicting favor-
able (for gap) material combinations were achieved by considering a plane AC or EL wave
scattered by a single scatterer and by connecting the resonances of the single scattering cross-
section with the gap and the other characteristics of the band structure [25]. The main idea
was the qualitative extension of the linear combination of atomic orbitals (LCAO) method, well
known from the study of the electrons, in the AC and EL wave case with the resonance to play
the role of the eigenstates. The simplicity of the single scattering problem gave the possibility
to understand physically some of the open problems of the study of the periodic systems. Also,
single scattering results predicted new systems with extremely wide gaps [8].

In this paper we present first a review of previous results in combination with some recent
results concerning the dependence of the AC and EL wave spectral gaps on various parameters
of the problem. We sum up what we already know for the AC and EL wave propagation in
periodic composites focusing on some unanswered questions. Since the single scattering may
give the key for these questions, we will attempt to interpret some of the above results by using
single scattering analysis. It is shown that single scattering can predict the basic characteristics
of the band structure giving, also, some optimal conditions for the appearance of the gaps. In
what follows, we present first the basic equations governing AC and EL wave propagation as
well as a summary of our methods of calculation.



2. Equations and Methods of Calculation

The general equation of motion for an elastic solid can be written as :

821/ 8Uik
p atz - 8$k7 (1)

where u' is the i-th component of the displacement vector, u(r), and p(r) the mass density; o;
is stress tensor [26] which is related with the strain tensor

1 Jut O
uij = 5(8—% + 8—902») (2)
by:
oi; = Cijrium (3)

C'ijr1 is the elasticity tensor.
For a locally isotropic medium the stress-strain relation (3) becomes :

oij = 2puij + Aedij, (4)
where X and p are the so called Lamé coefficients of the medium [26]. The elastic wave equation
(1) in this case can be written as:
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For homogeneous media (A, ¢ = constant) Eq. (5) gives rise to uncoupled longitudinal and
transverse waves with velocities ¢; = /(A + 2u)/p and ¢, = \/u/p, respectively.

For liquids, ¢ = 0 (only longitudinal waves exist), and by introducing the pressure, p =
—AVu, Eq.(5) can be rewritten as

op
e

which for p = constant is reduced to a scalar Helmholtz equation.

In all the above formulae, repeated indices denote summation. Also, the indices are referred
to a general coordinate system with the exception of (2) and consequently (5) which are valid
only for cartesian coordinates (for the expression of w;; in cylindrical or spherical coordinates
see ref. 26 page 3).

For periodic media the displacement vector u which satisfies Bloch’s theorem can be written
as u = ug(r)e’*T, where uy(r) is a periodic function with the same periodicity as A(r), u(r) and
p~L(r) (see Eq.(5)). All these periodic functions can been expanded into a Fourier series (plane
waves) with corresponding coefficients uyx, g, Ag, g and pél respectively. G is a vector of the
reciprocal lattice.

Approximating the infinite sums in the Fourier series by finite sums containing N terms, Eq.
(5) and Eq. (6)) reduce to a 3Nx3N (NxN) arithmetically solvable matrix eigenvalue equation
for the 3N (N) unknown coefficients uy, g [5].

The above procedure is known as the PW (plane waves) method. The number N is increased
until the desired convergence is achieved. In the calculations which we will present in this work,
we kept N=400 G vectors to achieve convergence better than 5%.

= V() (6)



The study of the single scatteringis based on the calculation of the scattering cross-section for
either a longitudinal or a transverse plane wave scattered by a homogeneous scatterer embedded
in a homogeneous host.

The main step for the calculation of the cross-section is the calculation of the wave, u, inside
and outside the scatterer. These waves are obtained from the general solution of the elastic wave
equation in each region [25, 27] with the application of proper boundary conditions on the surface
of the scatterer. The boundary conditions concern the continuity of the displacement vector u
as well as the continuity of the stress vector, P (with components P; = o;;n;, where n is the
outgoing unit vector normal to the surface of the scatterer) [25,28-30].

The scattering cross-section for an incident plane wave propagating in the m-direction is
given by [25, 31]

< niRe(of)Re(u°) >
:/ niRe(oif) Re(i) r2dQ  for r — . (7)

< miRe(Uf;?c)Re(aénc) >

The angular brackets denote time average, the dot denotes time derivative, and the super-
scripts sc and inc refer to the scattered and the incident (which can be either longitudinal or
transverse) fields, respectively. The quantities m; are the components of the m unit vector; the
symbol “Re” denotes the real part and the repeated indices indicate summation.

The single scattering calculations presented in this work are restricted to the case of spherical
scatterers. In this case the spherical coordinate system is the most convenient. The displacements
and the stresses of Eq. (7) are expanded into spherical waves giving the cross-section in the form
of an infinite sum of partial cross-sections, each from the contribution of each partial spherical
wave.

In all of our calculations, these infinite sums have been approximated by finite sums (by
using a truncation criterion) containing, at most, 15 terms. For small frequencies, three or four
terms were usually plenty to give satisfactory accuracy. The relative truncation error in all cases
was less than 1077,

3. Study of the Periodic Systems

As mentioned earlier an extensive study of the acoustic and elastic wave propagation through
periodic composites has been done concerning the dependence of the gap on various parameters
of the composite [3-6,15]. We will present some of the main results of these studies which show
the dependence of the gap on parameters such as the topology, the solidity of the scatterers
and host, the density and velocity contrast between the two materials, the volume fraction, the
lattice structure, and the shape of the scatterers.

Let us first discuss the role of the topology in the appearance of a gap. In Fig. 1 we show
the band structure of a sc periodic composite consisting of steel spheres (p = 7.8 g/cm?,
c; = 5.94km/s, ¢; = 3.22km/s) embedded in epoxy (p = 1.180¢g/cm?> ¢ = 2.540 km/s,
¢; = 1.160 km/s). The volume fraction occupied by the spheres is 0.268, i.e., the spheres are
unconnected (cermet topology). There is a complete band gap between the 6th and 7th band.
The midgap frequency is wya/cs, ~ 6.3 with “a” being the lattice constant and ¢, the transverse
wave velocity in epoxy. The upper edge of the gap is at the M point while the lower edge is
at the T' point (indirect gap). The three lowest lying branches below the gap are the so-called
acoustic branches. They are characterized by the fact that at the I' point (long wave length
limit) they tend linearly to zero. For high symmetry directions the two lowest lying acoustic
branches are degenerate and are pure transverse waves while the third is pure longitudinal wave.
For an arbitrary direction of k there is small admixture of the other polarization (compare the
I'X with the I'M direction). The other, almost flat branches, corresponding to sharp peaks in
the density-of-states, are the so-called optical branches and, in most of the cases, they have both



longitudinal and transverse character. We note the above characteristics (acoustic and optical
branches) are common characteristics in the elastic wave band structures of periodic composites
with one scatterer in each primitive shell.

In Fig. 2 the steel spheres of Fig. 1 have been replaced by steel tetrahedral rods connecting
nearest neighbors. This arrangement produces a network topology. We can see here that the
wide gap of Fig. 1 has disappeared.

Figures 1 and 2, as well as, a variety of other computational data [4, 15] indicate that the
preferable topology for the gap in both acoustic and elastic wave propagation is the cermet
topology in contrast to the electromagnetic waves which seem to prefer the network. The most
unexpected point in these results is that elastic waves are closer to the AC rather than to the
EM waves, although one would expect the opposite (due to the vector character of both EL
and EM waves). The isotropic scattering present in both the AC and EL case and absent in
the EM case does not seem to explain this behavior because in the “hard” (with high ¢;/¢;)
solids, the role of this component is negligible as we will show later on. In the following, we will
restrict ourselves to the structures with cermet topology. The subscript “o” (out) will denote
the matrix material and the subscript “i” (in) will denote the scatterers.

Next, we discuss the effects of non constant solidity (ratio of the transverse to the longitudinal
wave velocity, ¢;/¢;) for scatterers and host. Although the role of this parameter seems to be
not decisive for the gap, the existing results [5] seem to suggest that gap is slightly favored from
the largest possible ratio ¢;/c¢; (= 1/4/2) for both materials. This is not surprising because in
high solidity materials due to the similar velocity of the longitudinal with the transverse mode,
the stronger mixing of these modes occurs.

A very important parameter for the appearance of a gap, which is absent in the EM as well
as in the simple scalar case, is the density contrast, p;/p,, between scatterers and host. This
ratio gives the possibility for the gap in the ELW propagation to appear in many cases more
easily than in the EMW propagation inspite of the full vector character of the elastic waves.
What has been found [3-5] is that, for solids, the gap is favored from the largest ratio p;/p,, i.e.,
high density inclusions in a low density matrix, for liquids the opposite condition is required;
thus, low density inclusions in a high density matrix is the ideal combination for a wide gap.
To this strange and unexpected difference between liquids and solids we will return later on for
a possible explanation.

Another parameter which affects the gap in a unclear way is the velocity contrast between
scatterers and host. Here, we consider first the effects of velocity contrast in the absence of
density contrast. In Fig. 3 we show the gap over midgap vs r? = ¢2/c? for a 2D periodic composite
consisting of liquid circular rods embedded in a liquid host in a square (B) or hexagonal (C)
arrangement. The density of the rods are the same with the density of the host and the volume
fraction occupied by the rods is 0.25. From Fig. 3 a critical value of r. (r¢") can be seen above
where the first appearance of a gap occurs. As the ratio r. increases from this critical value,
the gap gets wider approaching a saturation in higher values of r.. A gap has also been found
for values of r. less than one. In this case though, the critical velocity contrast (1/7¢") for the
first appearance of the gap is higher than that of the previous case, i.e., gap appears with more
difficulty [4, 5]. The above tendencies have also been observed for spherical scatterers as well as
for the full elastic case (ELW in solids) [5]. Considering the dependence of the critical value ¢
on the concentration of the scatterers and the lattice structure, it has been found [3-5] that r¢"
has no strong dependence on the lattice structure while it remains nearly constant for a range
of filling ratios around an optimum one, which depends on many factors; this optimum filling
ratio is as low as 10% for elastic waves in composites such as Au in SiO, [6] and as high as 55%

for W spheres in epoxy [8].

The widening of the gap as the velocity contrast increases is not unexpected because in the
absence of density contrast, the impedance mismatch between the two materials (which gives
the strong scattering and consequently the gap) is exclusively due to the velocity contrast.



Although the role of the velocity contrast in the absence of density contrast is rather clear,
the same is not true if density contrast is present as well. According to the above discussion, one
would expect a material combination of high density combined with high velocity contrast will
be the ideal for the appearance of a gap. However, wider gaps were found [7, 8] in cases where .
is far from its values considered as optimum according to the above. In Fig. 4 we show the band
structure for an fee periodic composite consisting of Ag spherical scatterers (p = 10.635 g/cm?,
¢ = 3.789km/s, ¢, = 1.950 km/s) embedded in epoxy. The volume fraction of the scatterers
is 0.35. We can see here an extremely wide gap with midgap frequency wja/cy, ~ 10 which
appears between 6th and 7Tth band. Note also, the multitude of very flat bands corresponding
to very sharp peaks in the elastic wave density-of-states. The Ag in epoxy case is a case of a
wide gap, although the velocity contrast r. is not that different from one. Some other results on
this point are listed in Table 1 where with maz(Aw/w,) we denote the width of the gap over
the midgap frequency. These results concern spherical scatterers in fce structures.

TABLE 1.

sphere/matrix  p;/p, ¢/ cof i maz(Aw/w,)

W /Epoxy 15.85 0.49 0.41 0.750
Ni/Epoxy 7.60  0.43  0.36 0.550
Fe/Epoxy 6.66 0.42 0.35 0.500
Cu/Epoxy 7.60 0.54 0.50 0.500
Steel/Epoxy 6.61 0.43 0.36 0.500
Ag/Epoxy 8.77 0.67 0.59 0.500
Pb/Epoxy 9.62 1.18 1.35 0.500
Au/Si 8.36 2.63 4.35 0.055
Pb/Si 4.88 4.17 6.20 0.033

In the last two cases of Table 1 (Au/Si, Pb/Si), the gap appears between the higher acoustic
branch and the lower optical [6], i.e., between the third and fourth branch as in all cases with
r. much larger than one which we have examined. The other cases in the table follow the
Ag in epoxy system of Fig. 4 (i.e., the gap appears between the 6th and 7th band). What
distinguishes the last two cases from the others is that in the last cases the high values of
r. give Lamé coefficients of the matrix higher than those of the scatterers, while the density
contrast contributes in the opposite direction.

The above results indicate that in the presence of strong density contrast the velocity con-
trast, r., not only ceases as the dominant parameter for the gap, but it may affect its appearance
in the opposite way than in the absence of density contrast. Later we will try to make this point
clearer and to give a physical interpretation for the complicated case of the coexistence of density
and velocity contrast.

In the following, we will discuss the role for the gap of the wvolume fraction, the lattice
structure, and the scatterer shape.

In Fig. 5 we show the width of the gap over the midgap frequency vs volume fraction of the
scatterers for a system consisting of gold (Au : p = 19.49 g/em?, ¢; = 3.36 km/s, ¢; = 1.24 km/s)
scatterers arranged in an fec structure within a silicon (Si : p = 2.33 g/cm?®, ¢; = 8.94km/s,
¢; = 5.34 km/s) matrix. The scatterers are either spheres (A) or cubes (B) or cylinders with
height over diameter being 0.92 (C) or 0.5 (D).

In Fig. 6 we show the gap over midgap vs volume fraction for Ag spheres in an epoxy matrix
composite in fec (solid line), bee (dotted line), and sc (dashed line) structure. The dotted-long
dashed line corresponds to an sc¢ structure in which the Ag spheres have been replaced by Ag
cubes.



As can be seen in Fig. 5, spherical scatterers exhibit wider gaps than cylindrical or cubic. In
most of the cases of our existing results, the more isotropic scatterer produces the wider gap [6].
There are some exceptions concerning mainly the sc¢ structure in cases with r. less than unity,
where the cubic scatterers give a wider gap than the spheres (see Fig. 6). Comparing the results
for the sc structure with scatterers, either spheres or cubes (see Fig.6), one can see, also, that
cubes produce gaps in a wider range of filling ratios than the spheres. This is consistent with
the preference of the cermet topology. The transition from the cermet to the network topology
for the cubes in the sc structure occurs at filling ratio 1, thus, giving the chance for the gap to
preserve itself for a wide range of filling ratios.

Considering the role of the lattice structure in the 3D case, fec, bee and diamond lattices
seem to give better results than the sc (see Fig. 6), while the differences among them, especially
in the cases with r. larger than unity, are not dramatic. In the 2D case, hexagonal lattices have
proven the most favorable for the gap (see Fig. 3).

Finally, we will consider the role of the volume fraction of the scatterers. As can be seen in
Fig. 6 the optimum for the gap filling ratio for all structures except sc, is almost 0.4, while for
sc it is around 0.3. In Fig.5, the wider gap appears for filling ratios less than 0.1. In all cases
which we examined, the optimum for the gap filling ratio was between 0.05 and 0.5 (the EM
waves gap is favored for values of filling ratio closer to 0.5 [2]). Usually the higher the number of
branches below the midgap frequency, the larger the optimum filling ratio. For the se¢ structure,
the wider gap usually appears in lower filling ratios than for the other structures, while the
range of filling ratios in which gaps exist is narrower than that of the others. This last remark
can be explained also by noting that the transition from the cermet to the network topology
for the sc structure and spherical scatterers occurs at a lower concentration than for the other
structures.

Considering the position of the gap vs filling ratio, it was found [25] that in the range in
which a gap already exists, its position is almost independent from this parameter. The same
almost independence is followed also by the flat bands of the periodic system (more detailed
results on this point will be presented later). This relative independence is an indication that
the multiple scattering does not influence appreciably this aspect of the band structure.

4. Single Scattering Study

The attempts to understand the above results and to find a simple way to predict optimum
conditions for gap creation were focused on the examination of the single scattering. The relative
insensitivity of certain important features of the band structure results on both the volume
fraction of the scatterers and the lattice structure, as well as the flatness of certain bands, provide
strong evidence for the dominant role of the single scattering in determining the positions of
the flat bands and the gap(s). Furthermore, the conceptual and calculational simplicity of the
single scattering allows a physical picture to emerge and an understanding to be achieved.

In the single scattering results which are presented in this work we have restricted ourselves to
the case of spherical scatterer. Considering a plane wave scattered by a single spherical inclusion
embedded in a homogeneous host (matrix), we calculated the total and the partial scattering
cross-sections. We compared these cross-sections with certain features of the corresponding band
structure results.

The main idea, as mentioned in the introduction, is to check the possible connection between
the resonances of the cross-section and the flat bands or other characteristics of the band
structure, to examine the possible extension of the LCAO method, in the AC and EL wave
case with the resonances to play the role of the eigenstates. More specifically, the idea is to
express the periodic field pattern u(r) as a linear combination, 3, , ¢/ ,u,(r — Ry), of the single
resonance states u,(r — Ry), where a refers to the various resonances from a single scatterer



and R, are the lattice vectors determining the position of the center of each scatterer in the
periodic system. Two important differences from the corresponding electronic method should
be stressed : ¢) Resonance states are not localized (i.e., decay too slowly, as 1/7 as r — o0), and
this may lead to divergences. i) Besides the resonance states in the present problem, there is
another channel of propagation employing at least partially, if not mainly, the host material.
Both of these complications arise because in the classical wave case, as opposed to the electronic
case, the host medium supports propagating solutions for every value of the frequency. Proper
inclusion of the host propagation channel must face the formal problem of orthogonality to
the resonance states and may possibly cancel any divergence due to the long range nature of
the resonances. In the present work, we shall not deal with the mathematical formulation of
the linear combination of resonance modes (LCRM). We restrict ourselves to provide evidence
supporting the proposition that an LCRM may work.

To establish a connection between the resonances and the flat bands, one must examine if
there are some correspondences between them as well as if they depend in the same way on the
parameters of the problem (it should be noted that by the term “flat bands,” we denote peaks
in the density-of-states rather than exact flatness).

Below, we discuss the relative dependence of resonances and flat bands on parameters like
velocity or density contrast of the two materials, mentioning, also, some of the main character-
istics of the cross-section and attempting to answer some of the open questions from the band
structure study.

In Fig. 7 we show the single scattering cross-section in a case of “hard” solids (with ¢,/¢; ~
1/\/5) with the density of the scatterers to be the same as the density of the host and ¢;,/¢;; =
8.66 (a), (a') and 1/8.66 (b), (b'). The upper panels (a, b) correspond to longitudinal incident
waves while the lower (a’, b') to transverse waves.

In the left panels of Fig. 7 one can see very sharp resonances in the cross-section. Each is due
to the contribution of a partial spherical wave (mode) denoted by a number next or above the
resonance; note that in the transverse incident case the pure longitudinal, n = 0, (spherically
symmetric) mode does not exist. All the resonances of the longitudinal incident wave case are
in the same position as the resonances of the transverse incident case. Both are associated with
the same mode as indicated by the numbers. However, in the transverse incident wave case
(see 7a/), there are additional resonances not present in the longitudinal case, which usually are
very narrow. These narrow peaks correspond to long life times, i.e., low radiation field which
means the scattered field is weak as compared with the field inside the sphere [25]. In all of the
resonances, the higher amount of the scattered energy is of the form of transverse waves. The
above features are common characteristics of the cross-sections in the case of solids with a high
¢t/ ¢; ratio. The first resonance is usually due to the n = 1 oscillation, while the contribution
of the n = 0 mode is negligible (see Fig. 7a). In the right panels of Fig.7 the cross-sections are
very low and featureless.

The conclusion from Fig. 7 (comparison of Fig. 7a (7a') with Fig. 7b (7b')) and from other
computational data on this point [25] is the role of the velocity contrast, ¢;,/¢;;, in the absence
of density contrast is to form sharp, closely placed resonances. As the ratio ¢;,/c¢;; decreases,
these resonances move to higher frequencies and become lower and more well-separated, while
the small background cross-section between them starts to grow. In the ¢;,/c;; = 1 limit, the
resonances as well as the background disappear (due to the absence of any contrast) and in the
opposite direction, ¢, < ¢;; (not completely examined), a very low and smooth cross-section is
formed which remains almost unaffected after certain values of the contrast.

The existence of strong resonances in the low velocity scatterer case is not surprising because
low velocity scatterers in the classical case correspond to deep potential wells in the electronic
case. As is well known, deep potential wells in the electronic problem exhibit strong peaks in the
scattering cross-section. The lowering of the resonances as the ¢;,/¢;; decreases is also expected
due to the decreasing of the contrast between the two materials.



In order to examine the role of the velocity contrast in the presence of density contrast, we
repeated the above calculations in the presence of a small density contrast. What was observed
is that the role of velocity contrast (at least in the most well examined region of ¢;,/¢;; > 1)
remains almost the same as what has been noticed above. In the ¢;,/¢;; = 1 limit, the scattering
does not vanish in this case.

In summary, one can say that the role of the velocity contrast, c,/c;, is to form (by its
increase) sharp, closely placed resonances, to move them to lower frequencies and to reduce the
background scattering.

For the matrix-spherical inclusion combination shown in Figs. 7a and 7a’, the corresponding
fece periodic problem has been studied with volume fraction of the spheres 0.144 [5]. A relatively
narrow gap has been found with midgap frequency wya/¢y, ~ 0.36 (a : sphere radius) which is
denoted by a double arrow in Figs. 7a and 7a'. This band structure was found also to exhibit
flat bands (corresponding to rather sharp peaks in the density of states) which in Figs. 7a and
7a' are denoted by single arrows. We see the position of the gap is between the first and second
resonance of Fig. 7a and between first and third resonance of Fig. 7a'. The width of the gap is
much smaller than the frequency distance between these resonances. The first flat band is above
the first resonance of Figs. 7a and 7a’ and the second below the second resonance of 7a and
the third of 7a’. The second resonance of 7a' is not connected with the characteristics of the
band structure due to its extremely weak strength. For this reason, we ignore such very sharp
resonances in many points of this discussion.

By lowering the density contrast from 8.66 to 5.48, flat bands, the gap, and the resonances
moved in such a way as to retain their relative positions. [5, 25].

The existence of the gap between the first and second resonance in this range of filling ratios
is something observed in all of the cases in which band structure results have been compared
with the corresponding single scattering data. The flat bands in all these cases have been found
to appear very close to the resonances, while the flatter the band the better the coincidence
which has been observed (due to level repulsion and hybridization, an exact coincidence is not
expected).

Extensive study of the position of the gap and the flat bands vs volume fraction [25] showed
the first appearance of the gap (in the very low filling ratio limit) occurs very close to the first
resonance. As the concentration increases, the gap moves away from this resonance approaching
the midresonance position. These results - similar to what has been observed for scalar waves
[35] - are consistent with the main idea of LCRM. The appearance of the gap very close to
a resonance in the low concentration limit can be attributed to the fact that in these low
concentrations the propagation of the wave takes place mainly through the host material and
the scatterers only obstruct its propagation. As the concentration increases, the resonances
of the neighboring spheres are mixed together and are broadened into bands giving the wave
another, preferable in this range, channel of propagation. Thus, the resonances create flat bands
and consequently, the gap (if any) moves to the region between them.

We will discuss next the role of the density contrast and its puzzling opposite effect on fluids
and solids periodic media. In Fig. 8 we show the total scattering cross-section for longitudinal
incident wave and for materials with ¢,/¢; = 4 and p;/p, = 10 (upper panels) and 0.1 (lower
panels). The left panels correspond to the “hard” solid case (with ¢;/c; ~ 1/4/2), while the
right panels to the fluid case (with ¢; =~ 0). What distinguishes the solid from the fluid case,
as Fig. 8 shows, is the role of the n = 0 mode. In the solid case the n = 0 mode has an
insignificant contribution to the cross-section, while in the liquid case both the first resonance
and the background (cross-section between the resonances) are due to n = 0 contribution.

What can be seen also from Fig. 8 is that in the solid case the resonances become significantly
lower and narrower as the ratio p;/p, decreases. On the other hand, in the fluid case there is
the opposite trend due again to the dominant role of the n = 0 mode. As p;/p, decreases, both
the resonances and the background become significantly higher (note the change of the vertical



scale). The most dramatic enhancement occurs for the first resonance (this resonance has been
studied analytically [25] and in the low p;/p, limit its frequency is given by w, = (¢;/a)\/3pi/p.).

The dependence of the cross-section on the density ratio is consistent with the dependence
of the gap on this ratio. The stronger single scattering corresponds to the wider gap. For the
liquid case, the growth of the cross-section as the density ratio p;/p, decreases is due to the
enormous increase of the n = 0 scattering which dominates the liquid case cross-section and is
almost absent in solids (in solids, due to the high ¢;, the transverse wave scattering dominates
the cross-section). Thus, this enhanced n = 0 scattering must be responsible for the appearance
of the gap for the liquids in the low p;/p, limit.

Corresponding band structure results for the specific cases of Fig. 8 do not exist. In some
other cases of materials in which high density was combined with high velocity contrast, in
which both band structure and single scattering results existed, the band structure results gave
wide gaps [5]. The position of these gaps was usually between the first and second resonance
of the corresponding single scattering cross-section. There were also flat bands very close in
position with these resonances [25].

As discussed earlier, the surprising result on this point is that wider than the above gaps
were found in cases with high density contrast, but velocity contrast was not much different
from one (see Table 1).

In Fig. 9 we show the cross-section for Ag sphere in epoxy matrix (Fig. 9a) and for longitu-
dinal incident wave. The Ag epoxy case (as show in Fig. 4) has an extremely wide gap, although
the velocity contrast is not that large. In the second panel of Fig. 9, (b), the Ag sphere has
been replaced by a rigid sphere (p — o0, g — 00, A — 00, ¢; — 0, ¢, — 0), and in the third
panel (c) the cross-section calculated by subtracting from the Ag sphere scattering amplitudes
the rigid sphere scattering amplitudes are presented. The arrows in Fig.9¢ and the half arrows
with the symbol “G” inside denote the flat bands and the gap, respectively, of the Ag in epoxy
fec periodic system with volume fraction of the spheres 0.35 (see Fig. 4).

appearance.

There are some broad resonances in the Ag in epoxy cross-section well separated by a
region of non negligible scattering. The scattering in this region is almost exclusively due to the
contribution of the rigid sphere (for this analysis see ref. [32-34]) as can be seen in panel (c)
where this contribution has been subtracted and the resonances emerge clearly.

This analysis clearly indicates that in the spectral region between the resonances, the wave
can hardly penetrate the sphere (note that for a rigid sphere, the field inside and at the surface
is zero). Calculations of the total elastic energy vs the distance from the center of the sphere in
this spectral region verified this statement [25]. The same calculation showed that at the broad
peaks (like those of Fig. 9) the higher amount of the energy is concentrated inside the sphere,
although a significant leakage outside exists. The narrower the peak, the smaller the leakage.

Similar analysis, through single scattering of the other material combinations of Table 1
which exhibit extremely wide gaps, showed similar to Ag in epoxy cross-sections (with the broad
and well separated resonances and the high background between them; the latter is associated
with a rigid sphere) [8, 25].

It was noticed that the contribution of the background in these cases is not unexpected. From
both density and velocity, and also from the Lamé coefficients contrast (the Lamé coefficients
of the matrix are lower in these cases than those of the scatterer), one can see these composites
are closer to the rigid sphere in epoxy composite than any system with very high or very low
velocity contrast (c,/c¢;).

The above results strongly suggest that in order to obtain a wide gap in a composite peri-
odic structure, a combination of inclusion-host is required such that the single inclusion cross-
section exhibits strong and well separated resonances with a considerable background in between,
attributed to either a rigid or maybe soft sphere (on this we will comment later on).



This basic result can be understood by considering two limiting channels of propagation
in a composite. The first is mainly through the host material. The second is by hopping from
scatterer to scatterer through the overlapping resonance modes (LCRM) (in most cases both
channels seem to be operational).

On the basis of this argument, in the spectral region between first and second resonance
of Fig. 9a, the wave can use neither the spheres for its propagation (since no resonances are
nearby) nor the host (because of the high cross-section). Thus, it will be natural for a gap to
open in that region. The fact that the peaks are well-separated (due to the absence of high
velocity contrast) permits the appearance of a wide gap (note that the width of the gap is
usually considerably less than the distance between the two resonances). On the other side, the
considerable width of the resonances indicates strong leakage of the field outside each sphere
and consequently a strong overlap and easy propagation through the resonance modes.

According to the above picture, one expects similar results in the cases for which well-
separated strong resonances sandwich a high background due to a soft sphere contribution.
This occurs because for a soft sphere (p,u, A, ¢, ¢; — 0) the field inside and at the surface
is zero as in a rigid sphere. This situation may arise in the case of low density, low velocity
scatterers in a high density, high velocity matrix, although the results of Fig. 8 indicate the
resonances in this case may be neither strong nor well separated (for solid composites).

We will close this discussion with few comments concerning the role of the solidity, ¢;/¢;.
Most of our single scattering results seem to be much more sensitive to the solidity of the matrix
than to the solidity of the scatterer. A solid sphere in a solid (liquid) host combination seems to
give similar cross-sections with a liquid sphere in the same solid (liquid) host (with the velocity
and density contrast between the two materials remaining the same). On the basis of this result,
we expect for the characteristics of the band structure a similar insensitivity on the solidity of
the scatterers.
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Elastic wave band structure for a sc periodic composite consisting of steel spheres in epoxy
matrix. The volume fraction of the spheres is 0.268; w is the frequency, a is the lattice
constant and ¢ the transverse wave velocity in the epoxy (cs,).

Elastic wave band structure for a sc periodic composite consisting of steel tetrahedral rods
connecting nearest neighbors and embedded in epoxy. The volume fraction of the rods is
0.268; w is the frequency, a is the lattice constant and ¢ the transverse wave velocity in the
epoxy (¢o)-

The width of the gap over the midgap frequency vs the velocity contrast 72 = ¢2/c? for a 2D
periodic composite consisting of liquid circular columns embedded in a liquid in a square
(B) or hexagonal (C) arrangement. Volume fraction of the columns = 0.25 and p;/p, = 1.
Elastic wave band structure for a fec periodic composite consisting of Ag spheres in an
epoxy matrix. The volume fraction of the spheres is 0.35; w, a and ¢ are the frequency, the
lattice constant and the transverse wave velocity in the epoxy (c;,) respectively.

The width of the gap over the midgap frequency vs filling ratio, x, for a fec periodic
composite consisting of gold scatterers in a silicon matrix. The scatterers are spheres (A),
cubes (B), or cylinders with height over diameter 0.92 (C), or 0.5 (D).

The width of the gap over the midgap frequency vs filling ratio for a periodic composite
consisting of Ag spheres in epoxy matrix in a fec (solid line), bee (dotted line) and sc
(dashed line) structure. The dotted-long dashed line corresponds to Ag cubes in epoxy
maftrix and sc¢ structure.

Total dimensionless cross-section, o/wa?, vs kj,a for longitudinal (upper panels) and trans-
verse (lower panels) incident wave; ¢;/c; = 1/+/2 for both sphere and matrix, p;/p, = 1 and
Clo/cli = €10/ ¢ = 8.66 for (a) and (a') and 1/8.66 for (b), (b'). a is the radius of the sphere
and k;, = w/¢p, the longitudinal wave number in the matrix. The number next or above
each resonance denotes the spherical harmonic responsible for its appearance. The arrows
indicate the positions of the flat bands and the double arrow the position of the gap in the
corresponding fcc periodic composite with volume fraction of the spheres 0.144.

Total dimensionless cross-section, o/ra?, vs ki,a for ¢,/c;; = 4, pi/p, = 10 (a), (b) and
0.1 (a'), (b"). The left panels (a, a') correspond to a solid case with ¢;/¢; = 1/v/2 for both
sphere and matrix and the right panels (b, b') to a fluid case (¢; = 0 for both materials).
a : sphere radius; kj, = w/c¢;,. The incident wave is longitudinal and the number next or
above each resonance denotes the corresponding spherical harmonic.

Total dimensionless cross-sections, o /ma?, vs kj,a for an Ag sphere in epoxy matrix (a) and
a rigid sphere in epoxy matrix (b). The third panel (c) represents the cross-section calcu-
lated by subtracting from the Ag sphere scattering amplitude the rigid sphere scattering
amplitude. The incident wave is longitudinal, « is the radius of the sphere and ki, = w/¢;,
the longitudinal wave number in the epoxy. The arrows indicate the positions of the flat
bands and the half arrows (with the symbol G in between) the position of the gap in the
Ag spheres in epoxy fecc periodic composite with volume fraction of the spheres 0.35. The
number above each resonance indicates the mode responsible for its appearance.
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Acoustic Waves in Random Media
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PACS. 62.30  — Mechanical and elastic waves.
PACS. 43.20.Mq- Velocity and attenuation of acoustic waves.
PACS. 43.35.Bf — Ultrasonic velocity, dispersion, scattering, diffraction
and attenuation in liquids, liquid crystals, suspensions and emulsions.

Abstract. — Motivated by recent experimental results we test how well various extensions of
the well-known coherent potential approximation (CPA) determine the characteristics of the
acoustic wave propagation through a random composite consisting of glass spheres in water.
In spite of the approximate character of the methods, our results seem to be in reasonable
agreement with recent experimental data.

The coherent potential approximation (CPA) method widely used for electrons in disordered
solids has been extended in recent years to the problem of classical wave (CW) propagation
through random systems [1, 2, 3]. The efforts to extend the CPA to the CW case gave rise to
more than one versions of the method depending on the nature of the CW, the structure of
the system, and the quantity to be calculated. Various versions of the CPA have been applied
to simple scalar waves (SSW) and to electromagnetic waves (EMW) with results in reasonable
agreement with the existing experimental data [1, 2, 3].

On the other hand acoustic (AC) and elastic (EL) waves have received less attention.
Their study has been restricted mostly to periodic systems [4] or random systems in the
low concentration or long wavelength limit [1, 5]. The main reasons for this scarcity of
calculations are the theoretical difficulties of the problem combined with the absence of reliable
experimental data. The theoretical difficulties stem from ¢) the full vector character of the
ELW giving rise to scattering induced mode conversion; i) the more than one parameter
which characterize a homogeneous elastic medium (density and velocities) which require a
larger number of equations for their calculation. Thus one has to find a set of equations which
would produce optimum results without creating serious computational problems.

On the experimental side the difficulty is in the interpretation of velocity measurements
in the very interesting and poorly understood regime of resonant multiple scattering. In this
regime the study of the EMW and SSW has shown that the energy transport velocity, vg,
i.e. the velocity entering the diffusion constant, D (= wvgl/3), is the appropriate velocity
characterizing the propagation [6, 7, 8]. The velocity vg, as a function of frequency, was found

© Les Editions de Physique
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to exhibit pronounced dips near the single scattering resonances at low concentrations while as
the concentration increases its frequency dependence becomes smoother [3, 6, 7, 8, 9, 10]. The
dips at low concentrations are attributed to the delay of the wave inside the scatterers near
the resonances while the smoothness as the concentration increases is due to the fact that the
scattering material now provides an additional path for propagation because of the coherent
hopping of the wave from scatterer to nearby scatterers.

Recently, Page et. al. measured for the first time, to the best of our knowledge, the diffusion
coefficient, the mean free paths (determining thus the transport velocity) as well as the phase
and group velocity for ACW propagating through a suspension of glass beads of radius a
immersed in water in the strong scatlering regime [11, 12]. They determined velocities far
from the velocity of glass although the volume fraction of the glass beads (63%) was near the
close-packing. The present work is a brief presentation of calculational results motivated by
their data [11, 12], which thus allow us to test various extensions of the CPA in the particular
case examined by Page ef. al.

We consider a random composite consisting of glass spheres (material ¢ (in) of volume
fraction f; = 63%) immersed in water host (material o (out)). We calculate the phase and
energy velocity, the scattering mean free path and the localization parameter in the composite
by the use of the simple CPA (S-CPA), the coated CPA (C-CPA) [2], and two versions of an
energy based CPA (E-CPA1 and E-CPA2, see below) [9].

The basic idea of the S-CPA and C-CPA is the replacement of the random medium by
a homogeneous effective medium with a complex propagation vector ¢, which is calculated
self-consistently [10, 13] by requiring that the scattering arising from the local substitution of
the effective medium by the actual medium should vanish on the average. Thus the effective
vector ¢, is calculated by :

p1f1(qe, qe) + p2f2(qe,q.) = 0 (1)

where fi(de,q.) (¢ = 1,2) is the forward scattering amplitude for an incident plane wave
scattered by a scattering unit of the type ¢ embedded in the effective medium with probability
Di-

Within the S-CPA the scattering unit of the type 1 (2) is regarded as a glass (water) sphere
of radius a embedded in the effective medium with probability p1 = f; (p2 =1 — f5). Within
the C-CPA the scattering unit of the type 1 is regarded as a coated sphere (the actual glass
sphere coated with a water coating) of external radius 1 and the scattering unit of the type
2 as a simple water sphere of radius r; (this choice reproduces the fact that the two materials
are not topologically equivalent). The radii of the two scattering units and the corresponding
probabilities throughout the present work are chosen either in the same way as in ref. [2] or
by the relations : py = p2 = 1/2, r| = 0.9386a/f51/3, ry = 0.5572a/j'},1/3 with practically the
same results in all cases which have been examined.

From ¢. one can calculate immediately the scattering mean free path l; = 0.5/Im(q.), the
phase velocity ¢ = w/Re(q.) and the localization parameter k./;.

The self-consistency condition for the determination of the real effective propagation con-
stant, k,,, within the energy based CPA is that the total energy stored in a scattering unit
embedded in the homogeneous medium to be equal with the energy stored in a region of
the homogeneous medium of the same volume as this scattering unit [9]. The energies are
calculated by considering an incident plane wave. The basic scattering unit is regarded either as
a single coated sphere of radius rg = a3/fs and concentration ny = f;/V,, where V, = 47Ta3/3
(E-CPA1) or a coated sphere (of radius r1 and concentration ny = f;/V,) and a simple sphere
(of radius r, and concentration ny = (1 — n1V7)/V2) (E-CPA2). V; = 471'7“}3/3, j=1,2and
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r1, 7y are as in the C-CPA.
The complex effective propagation vector, g., within either E-CPA1 or E-CPA?2 is deter-
mined by :

g7 = ki — S(w) (2)
where the self-energy X(w) is obtained by using its low concentration expression [10] :
S(w) = —47Y_nifi(km ki) (3)

In eq.(3), fi(km,km) is the forward scattering amplitude for an incident plane wave scattered
by a scattering unit of the type i embedded in the homogeneous medium k,,.

Within the E-CPA1 or E-CPA2 approach the transport velocity, vg, is calculated by
6,7, 8,3, 10] :

k2 — Re(Z
vp = 22 Vo — Re(9) (4)
km 1—1—277,262

where the quantity é; is given by [6, 7, 8] :

6; =4 — 5
7 Re[ hZ i ok, (5)

g 1 i the phase of fi(kn ko) and 90 = [fi(km Ko)[?

kmklm 1S € phase O i Km, Ky, an 190 — |Ji\Bm,y By .

In contrast to the SS and the EM waves where only one material parameter, namely the
velocity, defines the effective medium, for ACW one needs two parameters (e.g. velocity and
density). Thus one more self-consistency condition besides eq.(1) is needed. For the S-CPA
and C-CPA we attempted to put the average scattering amplitude in a direction other than
the forward equal to zero as well. In several cases this led us to convergence difficulties and/or
unphysical multiple solutions. We employed also an approximate expression for the effective
density (instead of a self-consistent one) appropriate for the long wavelength limit [5] as well as
the simple average p = fsp; +(1— f5)po. In the cases where the two self-consistency conditions
provide uniquely convergent solutions, the results were very close to those obtained by using
eq.(1) and the approximate expression of ref. [5] for the effective density. In the E-CPA the
density of the effective medium, p,,,, was replaced either by the average density or by the long
wavelength limit effective density [5] with practically the same results.

Recently, success in predicting and understanding the basic features of the ACW and ELW
propagation in periodic systems was achieved by the use of the single scattering analysis [14].
Below, we apply this analysis in order to provide an explanation for of our CPA’s results. We
present first the total scattering cross section, o, for a plane ACW scattered by a glass sphere
immersed in water (fig.1 - solid line). One can see that the scattering cross section is not very
large. We show also the scattering cross section, op, by a rigid (hard) sphere immersed in the
water (dashed line), and the cross section, oy, calculated by subtracting from the glass sphere
scattering amplitude the rigid sphere scattering amplitude (dotted line) [14, 15]. o4 is clearly
lower than either o or oj, especially at the (rather weak) resonances, which means that the
wave does not penetrate appreciably within the glass sphere. This was verified directly by
calculating the energy density as a function of the distance from the center of the glass sphere.
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Fig. 1. — Total dimensionless cross section (cr/7ra2) vs koa = wa/c, for a glass sphere (solid line) and
for a rigid sphere (dashed line) both of radius a embedded in a water host. The dotted line represents
the cross-section calculated by subtracting from the glass sphere scattering amplitude the rigid sphere
scattering amplitude; w is the frequency and ¢, the wave velocity in the water.

As a result we expect the propagation velocity to be close to that of water. Furthermore, its
frequency variation is expected to be weak as a result of the rather smooth o vs w.

In fig.2a we show our results for vy according to the E-CPA2 together with the experimental
point [11]. The discrepancy is of the order of 10% or less. Note that the values of vy are very
close to ¢, and they do not exhibit any strong variation with frequency. Both of these features
are consistent with our expectations based on the previous analysis of the single scattering.
Furthermore, the weak dips of vy at k,a ~ 6 and 7.7 can possibly be attributed to the delay
of wave propagation due to its increased penetration inside the spheres as evidenced by the
corresponding peaks in o,;. We have calculated vy at lower concentrations as well and we
found that the form of vg vs w is similar to that of fig.2a reinforcing thus our interpretation.

In fig.2b we present results for the phase velocity, ¢y, according to S-CPA, C-CPA and
E-CPA2. The agreement with the experimental results, especially for the C-CPA, is very good
to excellent with the exception of the frequency region arount k,a = 2.5 (k, = w/c,). We
think that this discrepancy (which can be reduced slightly if we average over the fluctuation in
the size of the glass spheres) is due to the increase of the multiple scattering in this frequency
region. This increase is due (¢) to the resonance in the single scattering and (i¢) to the
matching of the wavelength A\, = 27/k, with the nearest neighbor separation d =~ 2a, at
around k,a & 2.5. This matching makes the multiple scattering not only stronger but more
coherent as well, making thus more difficult for the CPA to describe the effect.

In fig.3 we show the scattering mean free path as a function of frequency calculated by
employing the same approximations for the effective density and the same configurations
as in the case of fig.2. The triangles and the circles indicate Page’s ef. al. experimental
result [12] while the dotted-dashed line shows the mean free path calculated by using the low
concentration expression /; = 1/no (n is the number density of the scatterers in the actual
material and ¢ the single glass sphere cross section; it is remarkable that this simple formula
produces results not so different from the experimental ones in this very high concentration
system).

We can see that the mean free path which is calculated within the C-CPA approximates
better the experimental data than the S-CPA or the E-CPA2 mean free path. The discrepancy
between C-CPA and experimental result at k,a =~ 2.5, as well as, the frequency shift of the
theoretical curves compared to the experimental data can been attributed again to the increase
of the strength and the coherent nature of the multiple scattering discussed in connection with
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Fig. 2. — Energy transport velocity vg (a), and phase velocity cpn (b), versus the dimensionless
frequency ko.a = wa/c, for glass spheres of volume fraction 63% randomly placed in water. The
triangles and the circles indicate Page’s et. al. experimental result for spheres of radius 0.25 mm and
0.5 mm respectively. The solid, dashed, and dotted lines indicate the velocities calculated within the
E-CPA2, the C-CPA and the S-CPA respectively. ¢, is the wave velocity in the water and «a the sphere
radius.

Fig. 3. — Scattering mean free path, I, (in units of the sphere radius a), versus the dimensionless
frequency koa = wa/c, for glass spheres of volume fraction 63% randomly placed in water. The mean
free path is calculated within the S-CPA (dotted line), the C-CPA (dashed line), the E-CPA2 (solid
line) and by the low concentration expression [, = 1/no (dotted-dashed line). The triangles and
the circles indicate Page’s et. al. experimental result for spheres of radius 0.25 mm and 0.5 mm
respectively. ¢, is the wave velocity in the water.

fig.2. The discrepancies were reduced somehow when we took an average over slightly different
sphere radii.

Concerning the differences between the E-CPA?2 result and the others, one has to notice that
the self-energy Y(w) (from which the E-CPA2 mean free path was obtained (see eq.(2))) was
calculated by eq.(3) which is clearly a low concentration expression. In contrast, the S-CPA
and C-CPA do not employ any explicit low concentration approximation for obtaining either
velocity or mean free path. The above mentioned discrepancy becomes more pronounced if
one employs E-CPA1. We point out that all the methods tend, as expected, to the same low
concentration limit for the mean free path, I, = 1/no.

Finally, we mention that the calculated values of the localization parameter k.l; are not
close to the localization threshold (k.l;). = 0.84 [16] (or (k.ls). = 0.91 [10]) (the minimum
calculated value of k.l; as the frequency varies is 1.98, i.e. far from the critical region). This
implies the validity of the diffusion approximation in describing the energy propagation even
at these high concentration regimes.
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Abstract

We study two different scalar wave equations: One of them ex-
hibits the main gross features of the simple scalar and elastic wave
propagation in periodic composite media. The other behaves simi-
larly to the electromagnetic waves in prefering the network topology
and the higher volume fractions for developing spectral gaps.
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There is recently an increased interest in the propagation of classical
waves (electromagnetic (EM), acoustic (AC), elastic (EL)) in composite ma-
terials both periodic and random. In the periodic case, attention has been
focused on the composites which exhibit spectral gaps. In the random case,
the interest stems from the question of Anderson localization; indeed if ran-
dom non-absorbing composite materials are fabricated exhibiting spectral re-
gions of localized eigenstates, several unsolved problems regarding Anderson
localization can be studied experimentally under well controlled conditions
and without the inevitable complications present in the electronic case (tem-
perature effects, electron-electron and electron-phonon interactions, etc.).

In most cases the systems under considerations were binary composites (in
many instances air was one of the two components). The low propagation
velocity component will be called the scattering component (or material),
while the high propagation velocity component will be refered to as the host
material. The composite is characterized by several parameters. Among
them the most important are:

(1) the propagation velocity ratio vs/v, (for EL waves there are three
velocity ratios, since each material in general sustains both longitudinal and
transverse waves with different propagation velocities; the subscripts s and
h refer to the scattering and host component respectively);

(i) the volume fraction, f; = V;/V, occupied by the scattering material,
where V is the total volume of the composite; and

(iii) the topology which for our purposes can be classified either as a cer-
met topology (where the scattering material consists of isolated inclusions
each of which is completely surrounded by the host material) or as network
topology (where the scattering material is connected and forms a multiple
self-intersecting continuous network running throughout the whole compos-
ite).

The theoretical and experimental studies especially in the periodic case
show that the EM waves behave differently than the simple AC or EL waves.
The two main differences are the following:

(1) for simple scalar (acoustic) and elastic waves it seems that the cer-
met topology is more favorable for spectral gap creation than the network
topology!™3; the opposite is true for EM waves!3~5;

(ii) for simple scalar (acoustic) or elastic waves the optimum value of f;
for gap creation seems to be in the range 0.09 to 0.20, while for EM waves
the range of optimum values of f; is much broader, sometimes extending to



about 0.50 (the optimum value of f; depends also on the lattice structure).

One is tempted to connect these differences with the vector character
and in particular with the transverse vector character of the electromag-
netic waves!. As a result of these the scattering from a single sphere lacks
an isotropic component, which, however, is present in both the scalar and
the elastic waves. An isotropic scattering will be reinforced by a closed
packed structure, which is consistent with a cermet topology, while a strongly
anisotropic scattering may possibly favor the network topology'. Another
argument offered as a possible explanation for the increased ability of the
network topology to create spectral gaps for EM waves is its supposedly
unlimited polarizability. However, the polarizability is limited by the wave-
length of the radiation which is comparable or smaller than the dimensions
of the primitive cell (in the spectral gap regions); as a result of this the
polarizability argument does not seem to be convincing?.

In the present paper we analyze two different scalar wave equations. One
of the two exhibits the main characteristics of the EM waves in spite of the
fact that it 1s a scalar equation. This provides strong evidence that the expla-
nation of the different behavior of the EM case is not mainly connected with
its transverse vector character but with the specific mathematical structure
of the corresponding differential equation:

Vx('VxH)==H (1)
C

The first scalar equation we have studied is the ordinary simple scalar

equation:

w2

Vo= -2 )
where v = vs or vy in the scattering and the host component respectively
and w is the (angular) frequency of the wave.

The methods of numerical calculation are described in ref. 1.

In Fig.1a we show the threshold ratio 72 = (vZ/v?). (above which a spec-
tral gap opens up) versus the volume fraction f; (of the scattering, i.e. the
low velocity component) for the cermet topology, i.e. for isolated spheres of
the scattering component forming face centered (fcc) or body centered (bec)
or simple cubic (sc) periodic lattices. We see that the optimum values of f;
is around 0.20 and that the minimum value of r? is 3, 3.3, and 5.4 for fcc,
bee, and sc respectively. As shown in Fig. 1b the network topology (where



the host (high v) material is now the spheres (overlapping or not, depend-
ing on f;) and the scattering material occupies the space among the spheres
forming a continuous self-intersecting network) is clearly less favorable than
the cermet topology of Fig.la. Indeed, the minimum value of r? is now 4.7
and 6.2 for fcc and sc respectively.

In Figs 2a,b we show corresponding results but for the following wave
equation:

V(0?V4) = —w?6 (3)

where again v = vy, v, for the scattering and host material respectively.

Apart from the vector character Eq. (3) is similar to the EM equation
(Ba. (1))

We see in Fig. 2a that for Eq. (3), the cermet topology is not so favorable
for spectral gap appearance since the minimum required value of 72 is about
9 as opposed to 3 for the cermet case of Eq. (2). On the other hand,
the network topology for Eq. (3) produces significantly lower values of r?
than the cermet topology: 4.5, 8 (see Fig.2b) for fcc and bce as opposed
to 9.5 and 9 for the corresponding values of the cermet topology (Fig.2a).
Furthermore, the optimum value for f; is considerably higher as compared
with those of Eq. (2) but they are comparable with those of EM waves!®?
(Eq. (1)); in particular for fcc the optimum f; are 0.3 and 0.6 for the cermet
and network topologies respectively; for bee structure the optimum f; are
0.4 and 0.7 for the cermet and network topologies respectively. Thus Eq.
(3) behaves similarly to the EM equation regarding both its preference for
the network topology as well as higher optimum values of f; (close to 0.50).
The sc structure seems to prefer the cermet topology since there are not gaps
for the network topology, but the r? in that case are extremely high (greater
than 13.5) so it does not seem to change the previous conclusion. Also, notice
that for sc structure the cases with f; greater than 0.52 belong to network
topology and the optimum f; (=0.40) is close to that value.

It must be pointed out, that these differences between Eqs (2) and (3)
persist in two dimensional systems as well®.

A clue for the origin of these differences between Eqs (2), (3) may come
by considering the scattering from a single sphere embedded in a uniform
background with propagation velocity v,.

In Fig. 3 we show the total scattering cross section for Eq.(2) (which
corresponds to the boundary conditions on the surface of the sphere, both ¢



and d¢/0r continuous). In Fig. 3a the propagation velocity inside the sphere
v; = v,/5. This is the single scatterer version of the cermet topology. We see
that the cross section is large on the average and in addition exhibits very
large resonances. In contrast, for the case where v; = 5v, (Fig. 3b) the cross
section is small without any resonances.

The conclusion from this comparison is that much stronger scattering is
produced for Eq. (2) if the high velocity material surrounds the low velocity
material than vice versa. Hence, Eq. (2) would produce spectral gaps (in
the periodic case) or localization (in the random case) easier in the case of
the cermet topology than in the case of the network topology.

Fig. 4 shows that Eq. (3) (which corresponds to the boundary condi-
tions, both ¢ and v?0¢/Jr continuous) behaves differently: In spite of the
complicated resonance structure for the case where v; = v,/5 (Fig. 4a) the
cross section on the average is about the same as in the case where v; = 5v,
(Fig. 4b) indicating that there is not any strong dependence on the veloc-
ity of the surrounding material. Thus one is led to expect that there is not
any advantage to the cermet topology and that a topology consisting of two
interpenetrating complicated networks (one for each of the two components)
of about equal volume fraction may be closer to the optimum structure for
which Eq. (3) develops spectral gaps. Fig. 2 as well as the data of ref. 1
tend to support this suggestion.
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1 FIGURE CAPTIONS

FIG. 1. The threshold velocity ratio r> = (vi/v?). for the appearance
of a spectral gap vs the volume fraction f; of the low velocity (vs)
component for Eq.(2). (a) The low velocity component consists of
isolated spheres forming face centered (fcc), body centered (bec) and
simple cubic (sc) lattices. (b) The high velocity component consists of
1solated spheres forming fcc or sc lattices.

FIG. 2. The threshold velocity ratio 7? vs the volume fraction f; of the low
velocity (vs) component for Eq.(3). (a) The low velocity component
consists of isolated spheres forming fce, bee, and sc lattices. (b) The
high velocity component consists of isolated spheres forming fce or bee
lattices.

FIG. 3. The total scattering cross-section vs ka for a single sphere of radius
a and propagation velocity v; = v,/5 (a) or 5v, where v,, k are the
propagation velocity and the wave number of the surrounding material.

The wave is described by Eq.(2).

FIG. 4. The same as Fig. 3, but the wave is described by Eq. (3).



