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Abstract

This thesis is devoted to inequalities which interpolate weighted Hardy and trace Hardy inequalities.We
first derive a sharp interpolation between the two Hardy inequalities. Then we proceed to improving these
inequalities by adding in the least hand side correction terms, that amount to positive integrals of the
functions under consideration. In particular, we concern with integrals, over the half space or its boundary,
which involve either the critical Hardy potential or the critical Sobolev exponent. In all cases, it turns out
that correction terms of such type can be added at the expense of a logarithmic corrective weight, which
is optimal in the sense that the inequality fails for smaller powers of this weight. Furthermore, we show
that the aforementioned inequalities can be repeatedly improved, obtaining an infinite correction series.

The results in the two borderline cases of these interpolation inequalities yield refinements of the
weighted Hardy and the trace weighted Hardy inequality respectively, thus unify and extend some earlier
results. In particular, it follows that the trace Hardy and the Hardy weighted inequalities admit the same
infinite improvement.

Moreover, we apply the resulted improvements of the trace Hardy inequality with trace remainder
terms, to derive refinements of Hardy inequalities associated with two different fractional Laplacians
defined on bounded domains.
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Ilepciindn (abstract in Greek)

H rapotoo SwtpiBy) eivon aglepwuévn oe aviootnteg mopepBohnc uetall avicothtwv Hardy pe Bdpog xan Hardy
aVicoTHTWY fyvoug pe Bdpoc. Apyxd mapdyouue war BEATIO T avicoTnTa TapeUPornc Yetal twv 800 avico-
mtwv Hardy. 'Ercita Behtidvouue autég Tic aviocdtnteg, mpoc¥éToviag 6To UixpoTepo PEAOS BLopUnTino0g
6poug, oL ornolol elvon YeTixd OAOXANEWUATO TWV UTO VEWENOT CUVIPTACE®Y. MUYXEXPUEVA, 0CGYOAOUUACTE
HE OAOXANPWUITO GTOV NULYWEO 1| GTO GUVORO Tou, To. oTtola EUTAEXOLY lte To xpiotuo duvauxo Hardy 7| tov
xplowo exdétn Sobolev. Ye OAeg TIC TEPIMTOOELS, AmOSEXVOETAL OTL UToEoUY Vo Teoc Tedolv dloptnTixol bpol
aUTOU TOU TUTOU, ARG Ue Eva Aoyoprduxd dBloptnTixd Bdpog, To onofo elvon BEATIoTO LTO TNV Evvola OTL 1) a-
VICOTNTA AMOTUY Y AVEL Y10 XQEOTERES BUVAELS auTOL Tou Bdpouc. Emmiéov, delyvouue 6TL ol tpoavagepieiceg
aviodTnTeg Pmopoly va BedTidoly xat” emavdAndn, talpvovtog wa drelen Slopdwtiny oeipd.

To anoteréopata TIC 800 OPLAXES TEPITTWOOELS AUTWY TV AVICOTATOV TUREUBOAAC, CUMIGTOOY BEATIOOELS
e oviootnrag Hardy pe Bdpog xan e Hardy ovicétnrag fyvoug ue Bdpog avticTtorya, evomousvTog xou
eMEXTEVWVTAC €TOL Xdmola YVeOoTd anoteréopata. Ewdwodtepa, mpoximtel 6TL o avicotnteg Hardy xou ot
Hardy avicotiteg {yvouc ue Bdpoc, embdeyovton tnv (Bio Bertiwon ye dnelpoug dpouc.

Emniéov, epapuolouye tic tpoxintovoeg Behtiwoelg tng Hardy avicdtnrtog {yvoug atic onoleg ol Slopdw-
TIxol 6oL Elvo OAOXATPOUTA TOL (Y voug, waTe va Ttdpoupe Bedtiwoelc Twv Hardy avicotritwy tou oyetilova
e 800 BlapopeTné xhaopatixée Aamiactovéc ol omoieg opllovtal oe @poryUéva ywela.
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Notation

Throughout the present work we adapt the following notation.

R" ={x = (x1,22,...,2p), Z1,...,2, € R} = the n dimensional Euclidean space, n > 2.

2| = /27 + 23+ + 22,

A point z € R” is written = = (2, x,,), where 2’ = (z1,...,2,_1) € R* ! and z,, € R.

R? = {(2/,2z,) € R" : 2’ € R""!, 2, > 0} = open upper half-space.

OR" = {(a/,z,) € R" : 2’ e R", 2, = 0}.

R? = {(z/,z,) ER": 2/ € R""!, 2, > 0} = closed upper half-space.

S*1 = {z € R" : |z| = 1} = the unit sphere in R™.

St = {z = (2/,2,) € R": 2| = 1, @, > 0} = the upper half sphere in R".

B, = {z € R" : |x| < r} = the open ball in R"” with center at the origin and radius r > 0.

B! = {2’ € R"!:|2/| < r} = the open ball in R"~! with center at the origin and radius r > 0.
OB. = {2’ € R""!:|2/| = r} = the sphere in R"~!, of radius 7 > 0 and center at the origin.
S"2 = 9B| = {2/ € R"! : |2/| = 1} = the unit sphere in R"~!,

I(a) = fooo to=1e~t dt = the Gamma function, for any real number a except the non-positive integers.

Yo = T2 /T(%) = the (n — 1)~ dimensional volume of §" '

—1

wp = 272 /T(%1) = the (n — 2)— dimensional volume of the unit sphere S"~2.
For any U C R", we write UT = R NU.

For any point z € SE‘F_I we define ¢ = ¢(x) = arccos z,, ¢ € [0, 7/2]. Notice that cosp = distance of x to
OR™.

C*(V)={u:V — R |uis infinitely differentiable}, where V C R".

C° (V) = the functions in C*°(V) with compact support. In particular, if U is an open set containing the
origin, then a function in C§°(R"} N U) does not necessary vanish on OR’} N U.

DY2(U) = the completion of C§°(R" NU) with respect to the norm |u|pr2ry = (fyrr [Vul? dz)1/2.

fsi_l f(z) do(z) = integral of f : U C R® — R, over S""', with respect to the (n — 1)—dimensional

Lebesgue measure.

XV



xvi NOTATION
Jsn—2 f(2',0) do(a') = integral of f: U C R™ — R, over S"~2, with respect to the (n — 2)—dimensional
Lebesgue measure.

We employ the letters ¢, C' to denote a positive constant, independent of any function « and may change
in each occurrence. Whenever it is necessary, we point out the dependence on the parameters involved
with subscripts or parentheses.

A point in R"*! is denoted as (z,y), where x = (z1,...,7,) € R" and y € R.

R = {(z,y) € R™ : 2 € R", y > 0} and ORI = {(z,y) € R* : » € R", y = 0}. For any
U C R we write Ut =R} N U

For functions f: D = R, g : D — R, we write f ~ ¢ in D, when there exist constants ¢; > 0, co > 0,
independent of f and g, such that ¢; f(z) < g(2) < c2 f(2), Vz € D.

We define X (9) = X1 (¥) = -, for ¥ € (0,1] and X;(9) = X1(Xp_1(9)), for k=2,3,....
For any bounded domain U C R" we abbreviate d = SUPeRrn NU |].

In Chapter 6, 2 denotes a bounded domain in R and D = sup,cq |z|.
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Chapter 1

Introduction

1.1 Classical results

Inequalities involving integrals of functions and the modulus of their gradient in various powers, play a
prominent role in the continuous development of the theory, methods and applications of partial differential
equations and calculus of variations. In particular, such inequalities have become a standard tool in
the study of existence, uniqueness, boundedness, stability, asymptotic behaviour and other qualitative
properties of solutions of partial differential equations and optimization problems. In addition, they find
various applications in geometric measure theory and many other branches of analysis, geometry and
physics. Some of the bibliography on this kind of inequalities is [2], [10], [34], [39], [41] and [42].

In the past few decades, there has been a continuous interest by many scholars, in improvements of
such inequalities, when possible. Typically, improvements of such inequalities amount to extra terms
on the least hand side that involve integrals of powers either of the function or of its gradient. Such
improvements are motivated by certain applications, such as in the study of existence and asymptotic
behaviour of solutions of parabolic equations with singular potentials (see for instance [7], [12], [32], [52]),
in the study stability of solutions of elliptic (e.g [27], [22]) and parabolic equations (e.g. [11], [33], [43]),
as well as in the study of the stability of eigenvalues in elliptic problems (e.g. [20]).

In the following two paragraphs we recall certain scaling invariant inequalities , which are well known
and they are directly related with the context of the present thesis.

1.1.1 Hardy inequalities

The classical Hardy inequality asserts that for n > 3, there holds (cf. [34])
(n—2)?
4

It is well known that the constant (n — 2)2/4 is the best possible.
Passing from the whole space R™ to an open subset U of R” with n > 3, Hardy inequality asserts that

2
/ Udr < / V|2 dz, Vu e CE°(R™).
R R™

n fz]?

n —2)? u?
(4)/ P dr < / |Vul? dz, Yu e C((U). (1.1)
Moreover, if U contains the origin, the constant (n — 2)2/4 is the best possible.

Hardy inequality represents a classical subject in which there has been intensive research in the last
decades, mainly motivated by its application to pde’s and more precisely with the positivity of the
Schrodinger operator

L)\:*A*L, AeR.
|z[?

1



1.1 Classical results

The operator L) appears in the linearization of the critical nonlinear pde’s, playing a crucial role in the
asymptotic behaviour of branches of solutions in bifurcation problems (see e.g. [11], [50], [52]). The
operator Ly also arises in physics and in particular in the relativity theory and quantum mechanics (see
[18]). We also refer to other interesting applications in molecular physics [40], quantum cosmology [9],
combustion models [32], brownian motion [38].

Hardy inequalities on subsets U C R™ such that the origin, where the potential is singular, lies on the
boundary QU are also valid but with different in general optimal constant (see e.g. [17], [28]).

On the other hand, we can deduce by standard reflection arguments that inequality (1.1) still holds
with the same optimal constant on the upper half space

R" ={z = (), 3,) e R": 2’ e R" !, z,, > 0},
without the restriction 4 = 0 on the boundary OR'}, that is

-9 2 2

(”)/ L dz g/ IVul? dz, Vu € CS°(R™). (1.2)

4 Jrn |2l R
+ +

In that case inequality (1.2) does not give any information about the summability properties of the trace

of the functions u which do not vanish on the boundary R’} . Such summability properties can be deduced

from the following trace Hardy inequality, also known in the literature as Kato inequality (cf. [35])

2 / 0
H, (@, 0) da’ < / |Vul? dz, Yu € CP(R™), n >3, (1.3)
ory || R”
oRY ¥

where the constant

is the best possible.
Let now U be a generic bounded domain and the origin be an interior point of U. Passing from R"} to
R NU, the trace Hardy inequality (1.3) reads

u?(2’,0)

H, -
OR" U ||

dz’ </]R U|vu\2 dz, Yu € C3°(U), (1.4)
mn

with the same optimal constant H,, as in (1.3). This is a direct consequence of the invariance under
scaling, of inequality (1.3).

Inequalities (1.3), (1.4) have furnished a handy tool to investigate qualitative properties of solutions
of parabolic and the associated elliptic differential equations with linear boundary conditions with critical
potentials or certain non linear boundary conditions (see e.g. [21], [36]).

In [4], it has been established an interpolation inequality between (1.2) and (1.3). More precisely, it
has been proven that for all v € C§°(R"™), 2 < b < n the following inequality holds

2 b—2)2 2
C(n,b)/ “,dx'+()/ u2dx§/ IVaul? da. (1.5)
o || 4 Jry |zl R?
Here the constant - -
(&b _ A\(=2 + =
C(n,b) = ( T+ 5) (1.6)

is optimal. Notice that C(n, 2) = H,, and C(n,b) — 0, as b — n. This means that when b = 2, then
inequality (1.5) reduces to (1.3), while as b — n, then inequality (1.5) reduces to (1.2).

2



1.2 Main results

1.1.2 Sobolev inequalities

Sobolev inequalities are among the most useful functional inequalities in analysis. The fundamental role
that Sobolev inequalities have played in the study of partial differential equations is well known. They
have been studied by many authors and it is by now a classical subject.

The foremost example is the following Sobolev inequality valid for n > 3, which states the existence
of a universal constant S, > 0 such that (see [6], [48])

2/2*
Sn, </ u|* dx) < / |Vu|* dz, Yu € C(R™),
n Rn

where we use the conventional notation 2* standing for the so called critical Sobolev exponent 2* =
2n/(n — 2).

On the other hand, the trace Sobolev inequalities, express a strong integrability property for the trace
of a function in terms of some integrability property for its derivatives. Such inequalities are relevant for
the study of boundary value problems for differential operators and they have been intensively studied in
many contexts, in the last two decades. Here we shall mention only the one, which is useful in study of
second order differential quasi-linear equations. It states the existence of a universal constant s,, > 0 such
that (cf. [8], [24])

n—2

2(n—1) n—1
Sn </ lu] "7 d:v') < / |Vu|? dz, Yu € CO(R™). (1.7)
OR™ R

n
1.2 Main results

Improvements of Hardy inequality (1.1) are useful in the study of existence, uniqueness, boundedness,
stability, and other qualitative properties of solutions of parabolic or elliptic semi-linear partial differential
equations. Similarly, the trace Hardy inequality (1.4) and its various improvements can be used in the
study of certain qualitative properties of solutions of boundary value problems of parabolic or elliptic
type. Such type of problems have been considered e.g. in [5], [19], [31], [37], [45], [46].

The aim of this work is to establish certain improvements of these inequalities and at the same time
unifying and extending some earlier works. In particular, passing from R’} to R" N U, we refine (1.5)
by adding correction terms of several types in the left hand side. The resulted inequalities are useful in
the study of diffusion problems with reaction terms, involving critical potentials or certain nonlinearities,
both in the equation and in the boundary conditions.

Moreover, we will address this issue in a more general setting, considering weighted integrals, involving
a power of the distance to the boundary dR’}. Such types of weighted integral estimates, are useful in the
study of singular/degenerate semi-linear elliptic and parabolic boundary values problems. The derived
inequalities can be also combined with a recently developed technique used in order to deal with fractional
powers of the Laplacian (see e.g. [25], [26]).

Firstly, we present an extension of (1.3) to more general inequalities involving the distance from the
boundary OR" NU.

Proposition I (Weighted Kato type inequality). Let @ € (—1,1) and n + a« — 2 > 0. Then for all
u € C°(R™) there holds

2(
Hin, a)/ “Sﬁv?dxg/ 2 |Vl dz, (1.8)
orn || n

R%




1.2 Main results

where

The constant H(n,«a) is sharp.

When a = 0 inequality (1.8) reduces to (1.3) and the inequality fails if |« > 1. Note that this
inequality can be obtained combining the results in [35] concerning the fractional Laplacian and the
relation connecting the energy of the fractional Laplacian and the energy of the related extension problem
(see [15], [25]). It can be also shown that (1.8) cannot be improved in the usual sense (see Section 3.3).
In Section 3.1 we will give a different proof of this inequality which yields a sharper version obtaining
remainder terms, when R’} is replaced by U.

The same situation holds for the weighted Hardy inequality

(a+n—2)
4

l’% u2 « 2 o0 (TN
5 dz < o |Vu|*dz, Vu e C§°(R"™). (1.9)
R? || R

Next we obtain a class of inequalities which interpolate the weighted trace Hardy inequality (1.8) and
the weighted Hardy inequality (1.9).

Theorem I (Sharp interpolation of weighted Kato - Hardy inequalities). Let o € (—=1,1), 2 —a < b < n.
Then for all u € C§°(R™) the following inequality holds

20, 0 b—2 2 a,,2
K(n,a,b) u(z,0) dx’ + (@ + ) In® e < % |Vu|? dz, (1.10)
0 |a/[lme 4 0 |z)? n "
OR™ R R

where
F( n72a4fb+2 )F( n+51>72 )F(aTJrl)

(55 T (T (2t

K(n,a, b) = (1 —a)

(1.11)

The constant K (n,a, b) is optimal.

Let us point out explicitly that K(n,«,b) = H(n,«), when b = 2 — a and K(n,a,b) — 0, as b — n.
This means that when b = 2 — «, then inequality (1.10) reduces to (1.8), while as b — n then inequality
(1.10) reduces to (1.9). Note also that one can deduce (1.10), simply considering a convex combination of
(1.8) and (1.9), however the constants obtained by this argument are not in general sharp.

As in the borderline cases of inequality (1.10), namely (1.8) and (1.9), it can be shown that no LP
norm of u can be added in the left hand side. We refer to Section 3.3 for a precise statement and proof
of this claim.

Let now U a generic bounded domain and the origin be an interior point of U. Passing from R’ to
R NU, the trace Hardy inequality (1.8) and the weighted Hardy inequality (1.9) state respectively

2
H(n, a)/ % da’ < / % |Vu*dz, Yu € C(U) (1.12)
OR™ NU || R NU
and
-9 2 a,,2
((””)/ T U dmg/ 2 |Vul2 de, Vu € C(U). (1.13)
4 RrU |2 R (U




1.2 Main results

The constants still remain the best possible. In view of (1.10) we obtain the following sharp interpo-
lation inequality between (1.12) and (1.13)

u? (a+b—2)? % u? o ~
K(n,a,b) / i da’ + 1 / FE dz < / 2 |Vul? do, Yu € CP(U). (1.14)
OR™ U R AU RENU

Contrary to (1.10), several type of correction terms can be added in the left hand side of (1.14). We will
present in the next three sections several refinements of (1.14).

1.2.1 Sobolev type remainder terms

The following result states that (1.14) can be improved by adding a Sobolev type correction term involving
a singular weight. This weight is optimal in the sense that the improved inequality holds for this weight
but fails for any weight more singular than this one.

Theorem II. Let o € (—1,1),2 —a < b < n and U be a bounded domain in R"™. Then there exists a
constant ¢ > 0, depending only on n and o, such that for all w € C§°(U) there holds

n—24a«
2 2 a,,2 2n—24« "
u (a+b-2) 8 u ota | ndta
K(n,a,b) / de’ + 1 / ‘;’2 dr +c X lu[" " da
OR™NU R} NU
< / % |Vu|? dz, (1.15)
R%NU

where X = X(|z|/d), X(¥) = (1 —In9¥)"1,0 <9 <1,d= SUP eRrn AU |z|. Moreover the logarithmic
2n—2+a

correction X n=2+e  cannot be replaced by a smaller power of X.

The nonweighted case, where o = 0, is of special interest. Let us consider in particular the two limiting
cases of (1.15), namely the cases b = 2 and b — n. When b goes to n, inequality (1.15) reduces to an
improvement of Hardy inequality obtained, among others, in [27].

On the other hand, when b = 2 estimate (1.15) reduces to the following estimate

n—2

H, / —dw +c / Xn_ |]"_ dz < / |Vu|? dz, Yu € C5°(U). (1.16)
OR? (U R™ AU

It is worth to mention that in [21], it has been proved that there exists a constant ¢ = ¢(n,p,U) > 0
such that

2/p
H, / ‘ /’ dx'—i—c / |Vul? dz < / \Vul|? dz, (1.17)
ORT NU U R NU

for all w € Cg°(U) and 1 < p < 2. In view of the Sobolev inequality [u]pe ) < cnp

p* = n"pp we conclude that the following inequality also holds

|Vul ey, where

2/p*
2(
me [ Sy | [ wra] < [ wuPdn wecrw. o
OR™ MU Haloj RLnU




1.2 Main results

Then the improvement (1.16) , corresponds to the limiting case of (1.18) as p — 2. Note that inequality
(1.16) involves the critical exponent but contrary to (1.18) it has a logarithmic weight which cannot be
removed.

As a consequence of Theorem II we obtain, by means of Holder inequality, the following improvement
of (1.14).

2 _ 92 a,?2
K(n,a,b) / L+ (a+b-2) /J:”u dz +C / V(z)u? dx

J |$/|1—a 4 g ‘:L“|2 g
OR™ U R AU RT AU
< / % |Vul? d,
R} NU

for some positive constant C' = C'(n, o, U), where the potential V' > 0 is such that

QL 2—2a—2n
/V X 7Y dx < oo.
R NU

Actually, the above improvement still holds for even more singular potentials V, as the following result
states.

Theorem III. Let o € (—1,1),2—a < b <n and U be a bounded domain in R™. Then there exists a
constant C' > 0, depending only on n, o, such that for all w € C5°(U) there holds

2 2 2 2
u (a+b—2) xu X
8R10U R"frﬂU R"frﬂU RiﬁU

where X = X(|z|/d), X(W) = (1 —Ind)"1,0< ¥ <1,d= SUPeRn AU |z|. The weight X2 cannot be
replaced by a smaller power of X..

1.2.2 Infinite improvement

Next we present an improvement of (1.14) by adding correction terms of Hardy type with a singular
logarithmic weight. This weight is optimal in the sense that the inequality fails for more singular weights.
In the two borderline cases of these interpolation inequalities we obtain refinements of the weighted Hardy
and the trace weighted Hardy inequality respectively.

Before stating the result we need to introduce some notation. For ¢ € (0, 1] we define recursively the
functions

Xp(0) = Xa(Xe 1 (), k=2,3,....
Our result is stated as follows:

Theorem IV ([51]). Let o € (=1,1),2 —a < b < n and U is a bounded domain in R"™. Then for all
u € C3°(U) there holds

2 bh—2)2 a,,2 1 & ax2. . x2
K(n,a,b) / uidx'—l—u / In " qu + ,Z / In 222 gy

J o atfte 4 S = 4 |z|?
OR™ NU R%NU R NU
< /xg|Vu|2da:. (1.19)
R?NU




1.2 Main results

Here the constant K(n,a,b) is given in (1.11) and X; = X;(|z|/d), with d = SUDern AU |x|. For fized b,

the constants i are optimal, that is for k =1,2,... there holds
a 2 u? / (a+b—2)? g u? 1 k= I%X%“‘X'Q 2
fxn|vu‘ dx_K(nﬂa?b) f de - 1 f IZJ‘Q dx_z TZU dx
nf Ut AR NU Ut =1U+
- = in
ueCse (U) [ SR XPXGXE 02 4
O |=[?

Moreover, for each i = 1,2,..., the logarithmic correction Xi2 cannot be replaced by a smaller power of
X;.

Let us state explicitly the result of Theorem IV in the special case where a = 0. For any 2 < b < n
and u € C§°(U), there holds

2 2 2 e 2 2
U , (b—2) U 1 D.CEERD, G 9
OR™ U R" (U =lrrny R NU

where the constant C(n,b) is given in (1.6). Inequality (1.20) constitutes an improvement of (1.5) in
R NU. The two limiting cases of (1.20), namely the cases b = 2 and b — n, are of special interest. When
b — n, then (1.20) reduces to the following improvement of Hardy inequality obtained, among others, in
[27]

(n—2)? u? 1 X2...x2
Ry =Ry R7 AU

On the other hand, when b = 2 estimate (1.20) reduces to the following infinite improvement of (1.4)

H / LSS / Xi XY e < / Vul? dz, Vu e C3°(U) (1.22)

—dz’ + — ———tuidr u|*dz, Vu : .

" || 44 |z - ’ ‘
OR™ U =lrrny R? (U

It is worth pointing out that both the Hardy inequality (1.21) and the trace Hardy inequality (1.22) admit

the same sharp infinite improvement.
If we cut the series in (1.19) at the k term, we obtain the following result.

Theorem V. Let o € (—1,1),2 —a < b < n and U be a bounded domain in R"™. Then there exists a
constant ¢ > 0, depending only on n and «, such that

2 _9)2 a2 1 ax2. .. x2
K. o.b) / u dx,+(o¢+b ) /:Bnu ary 1y / T Xy X{ o

|2/[1 = 4 |z 44 |z[?
OR™NU R NU =lprnu
n—24+a«
2n—2+a 2n @ 2 00
+c (X1 XpXpqr) n2te |u|n—2Fe do < o |Vul* dz, Yue CO(U). (1.23)
nAU R NU

Here the constant K(n,«,b) is given in (1.11) and X; = X;(|z|/d), with d = SUPeRn AU |z|. More-

)@n—2+0)/(n=2+0)

over, the logarithmic correction (Xi--- Xg11 cannot be replaced by smaller powers of

X1,y Xy




1.2 Main results

Note that applying Holder inequality to the Sobolev term in (1.23), we obtain the following improve-
ment of (1.14)

2 2 2OX2 .
u , (a+b—2) “ X7 9
K(n,a,b) / P dz" + 1 | ‘2 g |x|2 u® dzx
OR? U R%NU

+ C'/ ) dz < / xﬁ\VUFda}, (1.24)

R7NU R?NU

for some positive constant C' = C(n, a, U), where the potential V' > 0 is such that

Vﬁ (X1 .- .Xka+1)2*20:;2n dzr < oo.

R} NU

However, the improvement obtained in Theorem IV is stronger than (1.24), in the sense that the k-th
remainder term involves a more singular potential as well as the series in the left hand side does not
terminate.

1.2.3 Trace remainder terms

Let us now return to inequality (1.4) and discuss the problem as to whether this inequality can be refined
by adding remainder terms that involve trace LP norms of u.

Note first that we can deduce, by (1.17) and the trace Sobolev inequalities, that for any 1 < p < 2
there holds

2/p*

H, / d:n +c / lu|P* da’ < / \Vu|? dz, Yu € C5°(U), (1.25)
OR™ NU OR™NU R™NU

where p, = p(n — 1)/(n — p).

We point out that in (1.25), it is excluded the critical trace Sobolev exponent 2, = 2(n —1)/(n — 2),
appearing in (1.7). In view of this, we address the problem whether there is scope for improving inequality
(1.4) by adding a trace term involving the critical exponent 2,. We will then show that such an improvement
does hold but contrary to the subcritical case (1.25), the remaining term has a logarithmic correction which
cannot be removed. We establish the result in a more general setting.

Theorem VI. Let a € (—1,1),2 —a < b <n and Q be a bounded domain in R"~1. Then there exists
a constant C' > 0, depending only on n,«a, such that for all w € C§°(R™), with u(2’,0) = 0, for 2’ & Q,
there holds

n— 2+o¢
2 2 a2 2n—3ta  2(n-1) nt
u (Oé+b_2) X, U n—2+a n—2+a
K(n,a,b)/de/ + 1 / [;,2 dz +C /X T " g
Q R
< /mgyw\?dx, (1.26)
By
2n—3+4+a

where X = X (|2'|/D), X(¥) = (1 —=Ind)~L, 0 <9 <1, D =sup,cq |2'|. The weight X" cannot be
replaced by a smaller power of X.
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1.3 Applications to Hardy inequalities for fractional Laplacians on bounded domains

An application of Holder inequality to the Sobolev term in (1.26), leads to the following improvement
of (1.14)

u? (a+b—2)2 [ z%u? o
K(n,a,b) / e da’ + 1 E dz + C/V(a:’) u?(2,0) da’ < /a:n |Vul|? du,
Q Q

Ry

RY

for some positive constant C' = C'(n, a, Q), where the potential V' > 0 is such that

n—1 3—a—2n
/Vla(x')X Y (12'|/D) d2’ < oo.
Q

Actually, the above improvement still holds for even more singular potentials V, as the following result
states.

Theorem VIIL. Let a € (—1,1),2—a <b<n and Q be a bounded domain in R"~1. Then there exists
a constant C' > 0, depending only on n,«a, such that for all w € C§°(R™), with u(z’,0) = 0, for 2’ & Q,
there holds

u? a+b—2)? [ 2%’ X2 o
K(n,a,b)/de' + ( ) / dm+O/Wu2 da’ < /mn\Vu|2 dez,
Q Q

4 |z[?
¥ R%
where X = X(|2'|/D), X(¥) = (1 —Ind)™1, 0 < X(¥) <1, D = supycq |2'|. The weight X? cannot be
replaced by a smaller power of X.

1.3 Applications to Hardy inequalities for fractional Laplacians on
bounded domains

In the last decade there has been a growing interest in the study of the so-called fractional Laplace
operators both for the pure mathematical research and in view of concrete real-world applications, such
as, among the others, obstacle problems, financial market, phase transitions and anomalous diffusion.

In the literature, there are several fractional Laplacians defined on bounded domains. In this work
we deal with the spectral one (see e.g. [14], [16], [47] and references therein) and the Dirichlet one (or
integral or regional, see e.g. [15], [29], [30] and references therein). In the next two sections we present
improvements of Hardy inequalities for these operators.

1.3.1 The spectral fractional Laplacian

We first introduce the spectral fractional Laplacian which will be denoted by A,, 0 < s < 1. Let Q2 be a
bounded domain in R™, with n > 2s. The spectral fractional Laplacian A is defined through the spectral
decomposition using the sth powers of the eigenfunctions of the conventional Laplacian —A.

To give a precise definition, we consider an orthonormal basis of L?((2), denoted by {¢y}2°, consisting
of eigenfunctions of —A with homogeneous Dirichlet boundary conditions, associated to the eigenvalues
{ Ak }72y, which repeated according to their finite multiplicity, are written

0<>\1<)\2§/\3§"' with )\k—>OO.
Namely,

_A¢k = )\k‘(;sku in Q7
b = 0, on Q.




1.3 Applications to Hardy inequalities for fractional Laplacians on bounded domains

Then the operator Ay is defined by
Asf =) Noendr, Vf € CR(9),
k=1

where

[= ckor and cp = [ for dz.
2 /

In fact, the operator A, can be extended by density for f in the Hilbert space

0o 00 1/2
szEENWWL%WWM=<;ﬁﬁ) <o
=1

k=1

and

Asf =) Nendw VfeEH.
k=1

Regarding the corresponding quadratic form for Ay, we have

(Aof, f /fA fdz = ZAkci.

The Hardy inequality, involving the distance to the origin, associated with the spectral Laplacian A reads
as follows.

Theorem VIII (Hardy inequality for the spectral fractional Laplacian). Let s € (0,1) and Q2 be a bounded

domain in R"™ with n > 2s. Then for all f € C§°(QQ) there holds
f %( 25 D2 (5%)

(A h hsp =2 ——5—.
f f) where ) Fg(n72s)

(1.27)

Moreover, the constant hs,, is sharp if 0 € ).

Concerning fractional elliptic problems involving power type nonlinearities and singular potentials (e.g.
[49]) the following inequality is useful. We show that (1.27) may be improved by adding a critical Sobolev
norm with a logarithmic corrective weight, which cannot be removed.

Theorem IX (Hardy-Sobolev inequality for the spectral fractional Laplacian). Let s € (0,1) and Q be
a bounded domain in R™ with n > 2s. Then there exists a positive constant C = C(n,s) such that for all
f € C3(Q) there holds

n—2s

) . .
o[ R arr ([ X5 (D)@ ar) T < (. ) (1.26)

Q(H_z) of X cannot be replaced by a smaller one.

where D = sup,cq |z|. The exponent ==

As a consequence of Theorem IX we obtain, by Holder inequality, the following improvement of (1.27),

/f2 dz +C/ ) dz < (Af, ), (1.29)

10



1.3 Applications to Hardy inequalities for fractional Laplacians on bounded domains

for some positive constant C' = C'(n, s,(2), where the potential V' > 0 is such that

/ V2 X5 dx < 0o.
Q

In fact the improvement (1.29) of Hardy inequality, still holds for even more singular potentials V, as the
following Theorem states.

Theorem X (Improved Hardy inequality for the spectral fractional Laplacian). Let s € (0,1) and 2 be
a bounded domain in R™ with n > 2s. Then there exists a positive constant C = C(n,s) such that the
following inequality is valid

sn/f2 d +c/f2 y XWD) 4 < ag ), vre o),

’(L‘PS
where D = sup,cq |z|. The weight X? cannot be replaced by a smaller power of X.

1.3.2 The Dirichlet fractional Laplacian

Let 0 < s < 1. The fractional Laplacian (—A)*® of a function f in the Schwartz space of rapidly decaying
C®® functions in R”, is defined via Fourier transform by

(—A)Pf=F 1 (|E*(Ff)), VEeR™ (1.30)

Here, as usual, F f denotes the Fourier transform of f

1 —i&-x
ff(ﬁ):W/Rne ¢ f(z) dx

Equivalently, the operator (—A)® can be defined by the following pointwise formula

(=A)*f(z) =c(n,s) lim Lj}gg dy, Ve R", (1.31)
=0t J{g—y|>e} |J,‘— |
where 25 ( o )
2 S n S
c(n,s) = ;n/z ﬁ (1.32)

Note that in literature, different definitions of the fractional Laplacian consider different normalizing
constant ¢(n, s). Here the constant ¢(n, s) is chosen so that the above definition is equivalent with the one
via the Fourier transform given by (1.30).

Notice also that using a standard change of value we obtain the following equivalent pointwise definition
of fractional Laplacian,

flx+y) —2f(x) + f(x —y)

|y|n+2s

dy, Ve R",

with ¢(n,s) as in (1.32).

Passing from R™ to a bounded domain €2, we introduce the Dirichlet fractional Laplacian which
will be still denoted by (—A)*. Extending any function f € C§°(f2) in the whole space R™ by setting
f(z) = 0,z ¢ Q, we define (—A)*f as the conventional fractional Laplacian (—A)® on the extended
function. In particular,

(=AY f = F L (|¢)*(Ff)), VEeR™

11



1.3 Applications to Hardy inequalities for fractional Laplacians on bounded domains

Equivalently, the operator (—A)® can be defined by the following pointwise formula (cf. (1.31))

. . /() = fw) .
(87 f@) = elms) i | Ty Ve e R

where the constant ¢(n, s) is given in (1.32).
Regarding the corresponding quadratic form for (—A)®, we have (see for example [29, Lemma 3.1])
‘2

(AFL ) = [ Faysde = [ P (FPHe ae - dr dy.

n Jrn |$—y\”+25

We point out that the fractional operators Ag, (—A)*, are different. Indeed, the spectral one depends
on the domain 2 considered, since its eigenvalue and eigenfunctions depend on €2, while the Dirichlet one
evaluated at some point is independent on the domain.

The Hardy inequality for the Dirichlet fractional Laplacian (—A)?, involving the distance to the origin,
reads as follows.

Theorem XI (Hardy inequality for the Dirichlet fractional Laplacian). Let s € (0,1) and Q be a bounded
domain in R"™ with n > 2s. For all f € C§°(2) there holds

@)

o |z|*

hsn < ((=A)f, f). (1.33)

The constant hgy, is given by (1.27) and it is sharp if 0 € Q.
Equivalently, for all f € C3°(2) there holds

K /fQ( // F@=FOP 0 where g - 2T L0 =8)T
n,s 0 ‘$|2 . . ’.’E—y|n+2s T ay, where n,s — SFQ(nQQS F

The constant ks is sharp if 0 € €.

n+25)

%)

i (1.34)

It is worth to note that the Hardy inequalities (1.27), (1.33) associated with two different operators
share the same best constant. Notice however that when the distance is taken from the boundary, the
optimal constants for the corresponding Hardy inequalities are different, as it was shown among others in
[25] (cf. (1.40), (1.41) below).

A proof of inequality (1.33) it was given in [35] (see also [53]). Here we give a different proof of this
result following an approach in the spirit of [15], which offers a refined version, involving remainder terms.

In the sequel we will present improvements of (1.33) by adding Sobolev and Hardy type correction
terms. Before state our first result in this direction, let us notice that Frank, Lieb and Seiringer [29] have
shown, among others, that for any 1 < g < 2n/(n — 2s) and any bounded domain £ C R™ there exists a
positive constant ¢ = ¢(n, s, ¢, |Q2|) such that for all f € C§°(Q2) there holds

sn/f2 d +c</ fa |qdm>2/q // ‘x_ 1F@) = FWI o, g, (1.35)

We point out that the exponent ¢ is strictly smaller than the critical fractional Sobolev exponent
q* :=2n/(n — 2s) and the inequality fails for ¢ = ¢*. Next we present an improvement of (1.34), involving
the critical exponent ¢* missed by logarithmic correction. Our result is stated in the following Theorem.

12



1.3 Applications to Hardy inequalities for fractional Laplacians on bounded domains

Theorem XII (Hardy-Sobolev inequality for the Dirichlet fractional Laplacian). Let s € (0,1), Q be a
bounded domain in R™ with n > 2s, and D = sup,cq |x|. Then there exists a positive constant C = C(n, s)
such that for all f € C§°(Q) there holds

sn/
or, equivalently,

f2 27(:7— :) n2_ns |2
sn/ d —|—C</X ]f ) ) /n/n |x— |n+28 dz dy. (1.37)

Moreover, the weight X = cannot be replaced by a smaller power of X.

n—2s

2 2(n—s) 2n n
@) g +c(/ﬂx“? VT :Q < (CAYF, f), (1.36)

Notice that inequality (1.37) involves the critical exponent but contrary to the subcritical case, that
s (1.35), it has a logarithmic correction. However inequality (1.37) is sharp in the sense that inequality
fails for smaller powers of the logarithmic correction X.

An application of Holder inequality to the Sobolev term in (1.37) leads to the following improvement
of (1.33)

2
m/f d+o/ 2) dz < (—A)°F, f), (1.38)

for some positive constant C' = C'(n, s, ), where the potential V' > 0 is such that
/ VEX ® dr < .
Q

In the following Theorem we state that the improvement (1.38) of Hardy inequality, still holds for even
more singular potentials V.

Theorem XIII. Let s € (0,1), Q be a bounded domain in R™ with n > 2s, and D = sup,cq |x|. Then
there ezists a positive constant C' = C(n,s) such that for all f € C§°(2) there holds

2 2(l=l
hs’n/ f (:) dx+0/f2($)X (2D)
|z Q ||

d C 2 X 5) ) dz 1@ - 1P dz d
< .
n,s ’ ‘23 + /f ‘1’|25 /n /n ’x_y|n+2s T dy

Moreover, the weight X2 cannot be replaced by a smaller power of X.

< ((=A)°f, 1),

or, equivalently,

k

Let us finally refer the main idea beyond the proof of the aforementioned fractional Hardy inequalities.
The fractional Laplacians are non local operators and this raises several technical difficulties. However,
both fractional Laplacians Ag, (—A)®, can be determined as operators that map a Dirichlet boundary
condition to a Neumann type condition via an appropriate extension problem (see (2.14), (2.16) below).
The key point now is the equivalence of our original nonlocal problem with the extended local problem,
where local variational techniques can be applied. This argumentation has been already applied recently
by Filippas, Moschini and Tertikas [25],[26] to obtain fractional Hardy and Hardy-Sobolev inequalities
involving the distance to the boundary.

In particular, regarding the spectral fractional Laplacian Ay, the following Hardy and Hardy-Sobolev
inequalities have been established.

13



1.3 Applications to Hardy inequalities for fractional Laplacians on bounded domains

Theorem (Hardy-Sobolev-Maz’ya inequality for the spectral fractional Laplacian, [25], [26]). Let 3 <
s<1l,n>2 QCR" be a bounded domain and d(x) = dist(x,00N).
(i) If Q2 is such that
—Ad(z) >0,z €Q, (1.39)
then for all f € C5°(Q2) there holds
fQ(Q:) o 1—\2(3—225)
ds 0 dQS(g;) dz < (Asf, f), where ds =2 Wjﬁs) (140)

(ii) If there exists a point zg € OQ and r > 0 such that the part of the boundary 9Q N B,(xg) is C!
regular, then the constant dgs is optimal.

(iii) If Q is a Lipschitz domain satisfying (1.39) , then there exists a constant C > 0 such that for all
f e C§°(Q) there holds

n—2s

R0 dxw(/g‘f(x)\ﬁ'ss dx) T <A D),

* Jo d%(x)

On the other hand, concerning the operator (—A)?®, there have been established the following Hardy
and Hardy-Sobolev inequalities.

Theorem (Hardy-Sobolev-Maz'ya inequality for the fractional Laplacian (—A)®, [25]). Let 3 < s <
1, n>2, QCR" be adomain, d(z)=dist(x,00) and R, = sup,cq d(x), the inner radius of Q.
(1) If Q2 is convex, then for all f € C§°(Q) there holds

I‘Z(@)

ks Q 5225((?) dz < ((=A)°f, f), where ks = ——=—.

(1.41)

(i3) If there exists a point zo € O and r > 0 such that the part of the boundary 0Q N B,(xg) is C*
regular, then the constant ks is optimal.

(iti) If 0 is a uniformly Lipschitz and conver domain with R;, < 0o and s € (3,1), then there exists
a constant C > 0 such that for all f € C§°(Q) there holds

b [ L0 ao ([t ) T <carn .

* Jo d%(x)

Let us finally notice, that contrary to the Hardy-Sobolev inequalities obtained in [25], where the
distance is taken to the boundary, the Hardy-Sobolev inequalities which are stated in Theorems IX, XII,
where the distance is taken to the origin, miss the critical Sobolev exponent by a logarithmic correction
which cannot be removed. Moreover, when the distance is taken from the boundary, then the fractional
Laplacians (—A)®, As do not satisfy Hardy inequality in the case of smooth bounded domains € and
0<s<4i.

The rest of this work is organized as follows. In Chapter 2, we briefly outline some well known results
which we shall deeply exploit in the next Chapters, to prove our results. The proofs of Proposition I and
Theorem I are presented in Chapter 3. In Chapter 4, we give the proofs of Theorems II - V. Theorems
VI, VII are proved in Chapter 5. Finally, Chapter 6 concerns the fractional Laplacians, where we prove
Theorems VIII - XIII
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Chapter 2

Preliminaries

2.1 The hypergeometric equation

In this section, we collect the main properties of the solutions of the hypergeometric equation that are
extensively referred throughout the next chapters. There exists an extensive literature containing useful
identities and properties of hypergeometric functions and hypergeometric equations. We indicatively refer
to [1, Section 15], [23, Chapter II], [44, Sections 2.1.2-5]. Here we will follow the notation and terminology
of these references.

For a complex function w of the complex variable z, let us consider the hypergeometric differential

equation
2

d d
z(l—z)d—;—i—[c—(a—i-b—i-l)z]d—j—absz. (2.1)

For our purposes, we will limit ourselves to certain conditions on the parameters a, b, c. More precisely,
from now on, we will always assume that a, b, c € R such that

c—a—b>0, b>0, ¢c>0. (2.2)

We shall exclude any other condition on these parameters from our discussion below, that is rather
technical and beyond the scope of the present work. Interested readers are referred to the aforementioned
literature.

The general solution of (2.1), defined in the complex domain cut along the interval [1,00) of the real
axis, is given by (see [1, 15.5.3, 15.5.4])

w(z)=CiF(a,b;c; 2) +Coz' “Fla—c+1,b—c+1;2 —c; 2), (2.3)

for arbitrary complex constants C;,Co. Here the hypergeometric function F'(a, b; ¢; z) is defined by the
Gauss series (see [1, 15.1.1])

= (a 2k
F(a,b;c; z) = Z 7( )(légtk))kk,a

k=0
in the disk |z| < 1 and by analytic continuation in the whole of complex plain cut along the interval [1, co)
of the real axis. We also use the notation (a); = a(a+1)---(a+ k) and (a)g = 1. Obviously, there holds

(2.4)

F(a, b; c; z) = F(b, a; ¢; z).

The hypergeometric series (2.4) is absolutely convergent if |z| < 1. The convergence also extends over
the circle |z| = 1, if ¢ —a — b > 0, while the series converges at all points of the unit circle except the
point z =1, whenc—a—b =0.
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2.1 The hypergeometric equation

In the sequel, we will give explicit expressions of F'(a, b; c; z), for all the other possible values of z,
namely the analytic continuation of the series (2.4) into the domain {z € C: |z| > 1, z ¢ (1,00)}. To this
end, we assume |z| > 1, z € (1, 00) and distinguish the following four cases.

Case I: If none of the numbers a, c — b, a — b is equal to a nonpositive integer m = 0, —1, —2,..
then we have (see [1, 15.3.7])

*

F(a,b;c; z) = m(—z)_aF(a, a—c+1l;a—b+1; %) (2.5)
+ g(;))g((i : E; (—2)F(b,b—c+1;b—a+1; %).

Case II: Tfa=b # —m, foreach m=0,—1,-2,... andc—a# [ foralll =1,2,... we have (see [1,
15.3.13))

Fla, a; c; 2) = Fr(;‘a)r((_j:) kzo (a)’“(l(l;)‘f Bk~ [ln(—2) + 20(k + 1) — U(a+ k) — (e — a— k)] (2.6)

Here W stands for the logarithmic derivative of the Gamma function, that is ¥(z) =I"(2)/T'(2).

Case III: Let us now consider the case where b—a=m, m=1,2,...,and a # —k, for k=0,1,2,...
Ifc—a#lforalll=1,2,... we have (see [1, 15.3.14])

o0

F(a, a4+m;c; 2) = Ffa(?z ) :_ma kzo ’“*mk i_ﬂf ,Jrk?)k*m “FIn(=2) + O(1 +m+k) + V(1 + k)
m—1

~V(a+m+k)—V(c—a—m-—k)|+ (_Z)_al“(g:(—:)m) IZ( = a)(j)lf)z_k@'?)
k=0

On the other hand, if ¢ —a = [, where [ = 1,2,... such that [ > m, we have (see (19) in [23, Sec.
2.1.4))

F(a,a+m;a+1;z) = M(_Z)—a (—1)/(—2)™™ i (8) kg (k 4+ m — l)!sz
k=l

I'(a+m) (k+m)! k!

T r(2m— k- D)i(a) z)*ml”“ w1 = Dy —
+Zo EEC —1)! ZO k+k—|—m'k::€+ " [In(=2)
+U(1+m+k)+P(1+k)—¥lat+m+k)—V(l—m—k)]|. (2.8)

Case IV: 1If at least one of the numbers a, c—b equals to a nonpositive integer, then F'(a, b; ¢; z) becomes
an elementary function of z. More precisely, if a = —m with m = 0,1,2, ... then the hypergeometric series
in (2.4) reduces to the polynomial (see [1, 15.4.1 ])

N (Em)g (D) 2
F(—m, b, C; Z) = Z TE (29)
k=0
On the other hand, if c — b = —I, with [ =0,1,2,..., then F(a, b; ¢; ) is written in the form (see
1, 15.3.3])
F(a,b;c; 2) = (1 — 2) T P (e —a, —I; ¢; 2), (2.10)
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2.2 Extension problems related to the fractional Laplacians

where the hypergeometric function in the right hand side is a polynomial of degree [, according to (2.9).
We conclude this section with the following differentiation formula (see [1, 15.2.1])

d b
—F(a, b; c; 2) = %F(a—l— Lb+1ictl;z), (2.11)

which will be also useful for our analysis in the next chapters.

2.2 Extension problems related to the fractional Laplacians

An important feature of the fractional Laplacian (—A)?® in the whole space, is its nonlocal character, which
can be realized as the boundary operator of a suitable extension in the half space R™ x (0, +0o0). More
precisely, Caffarelli and Silvestre [15] considered the following extended problem

div(y'~2*Vu(z,y)) =0, z€R”, y>0,
u(z,0) = f(z), z € R".

Then it was shown that

(—A)°f(x) = Cs lim y'™*uy(z,y),

y—0t

where Cs > 0 is a constant depending only on s. The fact that this constant does not depend on the
dimension n, is proved in [15, Section 3.2] and its precise value

B 228—11"(5)

Cs = T(1-s)’

(2.12)
appears in several references, for instance in [13], [47].

Regarding the operators As, (—A)?®, which are defined on bounded domains (cf. Section 1.3), several
authors, motivated by the work in [15], have considered equivalent definitions by means of an extra

auxiliary variable. In the next two paragraphs we will present the associated extension problems for these
two operators.

2.2.1 An extension problem associated with the Dirichlet fractional Laplacian

The Dirichlet Laplacian (—A)® in €2, as defined in the introduction, is plainly the fractional Laplacian
(—A)® in the whole space of the functions supported in 2. Then following [15], the fractional Laplacian
(—A)? is connected with the extended problem

{div(lesVU) =0, in R" x(0,00), (2.13)

u(z,0) = f(z), z € R".

In particular, the extension function w is related to the fractional Laplacian of the original function f
through the pointwise formula

(=AY f(z) = O lim y'~u,(z,y), Yo cR", (2.14)

y—0t

where the constant Cj is given in (2.12).
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2.2 Extension problems related to the fractional Laplacians

2.2.2 An extension problem associated with the spectral fractional Laplacian

Associated to the bounded domain £, let us consider the cylinder Co = 2 x (0,00) C RTFH and denote
the lateral boundary of the cylinder by 01.Cq = 09 x [0, 00). Now, for a function f € C5°(£2), we define
the so-called 2s—harmonic extension u to the cylinder Cq as the unique solution of the problem

div(y'=2Vu) =0, in Cq,
u=0, on 0rCq, (2.15)
u(x,O) = f(x)v YIS Q7

with fcﬂ y'725|Vu|? dor dy < oo. Then the extension function u is related to the spectral Laplacian of the
original function f through the pointwise formula (see [14], [16], [25], [47])

(Asf) (2) = Cs lim y' "> uy(z,y), Vo e, (2.16)

y—0+

where the constant Cj is given by (2.12).
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Chapter 3

Sharp interpolation between Hardy and
trace Hardy inequalities

3.1 The weighted trace Hardy inequality

We begin by fixing some notation that will be used throughout. Recall that x = (2/,2,) € R", with
7' € R"! and x,, € R. We denote by B.. the ball with radius 7 in R"~!, that is B. = {2/ € R*"!: |2/| < r}.
Moreover [ By U do(2') stands for the integral of the function w, with respect to the (n —2)— dimensional
Lebesgue measure over 0B = {2/ € R""! : |2/| = r}. We also denote by w, the (n — 2)— dimensional
volume of the unit sphere 9B} = {2’ € R*"! : |¢/| = 1}, namely w,, = 27*~V/2/T((n — 1)/2).

Next we will give the proof of Proposition I. For the reader’s convenience we restate it here.

Proposition 1. Let o € (—=1,1) and n+ o —2 > 0. Then for all u € C§°(R™) there holds

2( .
H(n, a)/ % dz’ < / % |Vu|? d, (3.1)
OR™ || n

where

r2 (e
L(35)0

atl
e (32)

H(n,a):(l—a) =55
4

The constant H(n,«a) is the best possible.

The definition of the best constant for inequality (3.1) is understood as follows. For any u € C§°(R"),

u Z 0 we define the quotient
fRn % |[Vu|? dz

u? A
/Il @ dx

= faR“ [z

Then the best constant ¢ such that the following inequality holds

2 / 0
c/ vz, 0) dz’ < / 2% |Vul?dz, Yu € C°(R™)
OR™ n

‘x/‘l—a

is the value

c= uecl(%f;w) I[ul. (3.3)
uZ0
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3.1 The weighted trace Hardy inequality

Before proceed, let us explain informally the idea behind the proof of Proposition 1. Assuming that a
positive smooth minimizer u for the problem (3.3) does exist, then satisfies the Euler-Lagrange equations

div(zy Vu) =0, in R7,
lim & Ou(z',xn) ¢ (34)
20+ u(z’, xn) Oxn - |x/ |1

Looking at the special structure of this problem we deduce the invariance under the transformation
u(z', zp) = X Tu(N2|, Aen), v, AER, 2’ e R™L z, >0.

Setting A = |2| ! we are led naturally to search for solutions having the form

u(e 2n) = o' G(R), (3.5)
x
for some smooth function G : [0,00) — R.
Substituting the functions given in (3.5) to the problem (3.4), we have a dimension reduction of the
problem from n to 1 dimension: we have to find the solutions of the following boundary values problem

tA+)G"() +[(2y —n+ 42 +a]G'(t) +y(y—n+3)tG(t) =0, t >0, (3.6a)
G(0) =1, (3.6b)
tli)rglo t7G(t) € R. (3.6¢)

Notice that in {(2/,z,) : ' = 0, &, > 0}, u(2’, ) is well defined due to the condition (3.6¢). Note also
that in the specific case n = 4, « = 0, v = 1, the problem (3.6) can be solved explicitly and we have
G(t) =1— 2 arctan(t).

For the general case, using the change of variables z = —t? and defining the new unknown so that
w(z) = G(t), we have

ﬁ__ i d27G__2d7w+4t2inw
dt dz' dt2  Tdz dz?"
Then equation (3.6a) becomes
1 2y ) — 3
z(l—z)w"+[a_2‘_ _a 2n+ z]w'—%%wzo, —00 < z < 0. (3.7)

Equation (3.7) belongs to the class of hypergeometric equations and the general solution can be expressed
in terms of hypergeometric functions (see (2.3)). After some calculations we obtain

c(n, a, ’7) = _tl_l)%%r taG/(t) = F(Ql%a)l—\(%)lﬂinJrng 2_ %) )
henee _ x&  Ou(a, xy) 1
om0+ u(a:’,nxn) Orn ¢(n, @,7) |z|1—e
By a standard analysis we get that the constant ¢ = ¢(n, a, ) attains its maximum value ¢ = H(n, «), for
v = e
However the function ¢(z) = |x’\_WG(ﬁ—7|) does not even belong in D*(R"), since it has not the

right summability property. Nevertheless, using the transformation
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3.1 The weighted trace Hardy inequality

we get inequality (3.1) with the proper constant:

2
/ 2% |Vul? dz — H(n, a)/ ' = / 2% ¢2(z) |Vo(z)|? dz > 0.
R ORT || R7

n
Then, the optimality of the constant that appears in (3.1) can be demonstrated by sequences obtained

on truncating functions of the type
_a4n—2 In
u(x) = |z 2 G|—|.
O
Let us now proceed with the proof Proposition 1. As already mentioned, the main ingredient in the

proof is the consideration of the function

o' va) = o' G, o €RM a2 0, (@, ) £ (0,0), (3.8)
x
where the function G : [0, 00) — R is the solution of the following boundary values problem
4— -2
(t+t3) G (t) + [(a + 2)t* + o] G'(t) + Z rant ; tG(t) =0, t >0, (3.92)
G(0) =1 (3.9b)
(3.9¢)

lim t"% G(t) € R.
t—o0
Note that in {(2/,z,) : ' =0, x,, > 0}, ¢(2’, z,,) is well defined due to the condition (3.9¢). For later use,

notice also that multiplying by t*~! equation (3.9a) can be written in divergence form
4 — -2
(1 +2) G (1) + Z*O‘ ”*;‘ 1 G(t) = 0. (3.10)

In the following Lemma we collect some properties of G that will be used later on. In order to state

these properties, let us abbreviate, for any functions f,g: D — R,
f~gin D < c19(2) < f(z) <cag(z), V2 €D, for some constants cj,ce > 0 independent of y.

Lemma 1. Let a € (—1,1) n+a—2 > 0. Then the boundary value problem (3.9) has a positive decreasing

solution G with the following properties.
(i) lier t*G'(t) = —H(n, ), where H(n, ) is given in (3.2).
t—0

(i) For t > 0 we have

n—24+a

G ~ (1+tH) 1
G o~ YA+

_ nta+2
2 ), ast — oo.

(iii) There holds tG' + "t9=2G = O(t
Proof. Notice first that in the specific case n = 4, « = 0 the problem (3.9) can be solved explicitly and

we have G(t) = 1 — 2 arctan(t).
For the general case, using the change of variables z = —t? and defining the new unknown so that
w(z) = G(t), we have
dG dw d*G dw d*w
— =2, —— = 2 AP
dt a2 A T e
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3.1 The weighted trace Hardy inequality

Then problem (3.9) becomes
a+l a+3 , 4—n4+ant+a-—2

B " . _ B

2(1—2)" + 5 5 2w 1 1 w =0, —c0<2z<0, (3.11a)
w(0) = 1, (3.11b)
lim (—2)" T w(z) € R. (3.11¢)

Equation (3.11a) is of the from (2.1) and according to (2.3), the general solution is given by
4d—n+a nta—-2 a+l 1a 6—n—a n—a I—«
4 ) 4 ) 2 )+ 02( ) T F ( 4 Py ; 9
for any z € C\ [1,00). Here, in order to simplify the subsequent presentation, we have incorporated the

complex exponential e™(1=®)/2 in the constant Co, appearing in (2.3).

Next we proceed with the evaluation of the constants C;, Co. Condition (3.11b) implies that C; = 1.
The constant Cy will be evaluated by the condition at oo, that is (3.11c). To this aim, we distinguish
between the cases n # 3 and n = 3.

Case I: Let us consider first the case where n # 3. Then, substituting the hypergeometric functions
appearing in (3.12), by their expression given in (2.5) and next multiplying by (—z)®t*=2)/4 we arrive
at

w(z) =C1F(

p2),  (3.12)

n+o— n+oa— 4— _2 1
(- P0() = (- TR TEET S 2Ty
4 4 2
na b6—n—a n—a 3I—«
1Oy (e PR R 3
_ (o) P(QT“)P(”T*?’)JFC [(359)0(%52) F(4—n+oz 6—n—a'5—n‘1)
- r2(nte=2) 2T2(ne) 4 4 2 g
INCINCL) (3597 (352) n+a—2 n—a n—1 1
N2 7 F : T —). 1
+ F2(4 nta a) +C2 I‘\Q(ﬁ—z—a) ( 4 T4 o ’z) (3.13)
For n > 3, condition (3.11c) yields
(a3 r(e)
Cyp= — (3.14)
D(35%) 2 (ntg=2)’

whence the part (iii) follows. For n = 2, a > 0, the value of Cy given in (3.14), leads again to the
asymptotics (iii). With this choice of Cy we have

w(z ((—z)%}%> , as z — —00. (3.15)

) =
Case II: If n = 3, then formula (2.6) gives the analytic continuation of the hypergeometric functions
F(etl odloodl ) p(3ge, 3o 320‘, z), appearing in (3.12). Let us abbreviate a1 = (a + 1)/4,
az =3 —-a)/4, c1 =(a+1)/2, ca = (3 — «)/2. Substituting the hypergeometric functions appearing in
(3.12), by their expression given in (2.6) and next multiplying by (—z)1+®/4 we arrive at
(—2) 1 (z) =

['(c1) Cal'(c2) }i(al)k(@)k “FIn(=z) + 20(k +1)]

[F(al)f‘(cl “a) | T(az)T(es —az)| 2= (k)2

F(Cl) i (al)k(a2)szk [\Il(al + k) + \11(61 —ay — k)]

" D(a)T(er—ar) &= (k)2
Col'(c2) = (a1)k(a)e
_ F(QQ);(C;_ o Z 1(}1;!)22 k. —k [\I/(ag +k)+Y(ca —ag — k)] (3.16)
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3.1 The weighted trace Hardy inequality

Then (3.16) jointly with (3.11c), yield (3.14), with n = 3 there. For this value of Cb, (3.35) implies (3.15).
Having determined completely the function w, we are in position to compute the limit H(n, o) :=

— lim t*G'(t) = lim 2(—Z)QT+1w’(z). Using the differentiation formula (2.11), we obtain
t—0+ z—0~

4-n+a)nt+a—-2) . 8—n+a nt+a+2 a+3

/
p— F
w(z) 8(a+1) I
Cy(1 — ) _ar1 6-—n—a n—a 33—«
B (L A
1o (6—-n—a)in—a) ,,10—-n+a n—a+4 55—«
— F : 1.
We then have
2/n—« a+1
L it , T2(noa) T(efl)
H(TL, O[) - zlif(r)l_ 2(_’2) 2 w(z) - (]_—Oé) I-\( 5&)1’\2(71-1-3—2)'

This completes the proof of part (i) of the Lemma.
Let us show now the positivity and monotonicity of G. We consider first the case where 4 —n +a < 0.
The positivity of G follows from the fact that if there exist ¢ty > 0 such that G(tg) = 0, then since

tlim G(t) = 0, there exists t,,, > to where G attains local non negative maximum or local nonpositive
—00

minimum, which contradicts the ode (3.9a). Therefore G is positive and the same argument shows that
G is decreasing.
n—2
Let now 4 —n + a > 0. The substitution f(t) = (1 +#2) T

*G(t) transforms problem (3.9) to

t(L+2)2") + [a+ (4 — )] (1 + ) F (1) — W tf(t)=0,t>0, (3.17a)
f0)=1, (3.17b)
hm f(t) e Ry, (3.17¢)

Note that the positivity of the above limit at oo, follows directly from the explicit expression of G(t) = w(z)
(cf. (3.13), (3.16)). Now we can apply a minimum principle argument to this problem, to get the non
negativity of f. Indeed, if there exists ¢y > 0 such that f(¢yp) < 0, then since f(0) = 1, tliglo fit) >0
there exists t,, > top where f attains local negative minimum, which contradicts the ode (3.17a). It follows
that f is non negative, hence G is non negative. Then (3.10) together with the negativity of G’ in a
neighbourhood of the origin (cf. part (i)) yield the monotonicity and positivity of G.

The part (ii) of the lemma follows by the conditions (3.9b) and (3.15) together with the positivity of
G. O

By the asymptotics of G we obtain the following uniform asymptotics for ¢ on bounded domains

n+a 2

~ x|~ in RY}. (3.18)
Utilizing (3.8) we have that V¢ -z + ”_Q%qb = 0. This immediately yields |[V¢| > ¢ \m|_# in R". More-
over straightforward calculations show that ¢ is a positive solution of the corresponding Euler Lagrange
equations

div(z2 V) = g;ﬁ(in Rg)ﬂ
5 A 1
legtlrr p(a’,an)  Oxn T —H(n, O‘)w-

(3.19)

We are now ready to proceed with the
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3.1 The weighted trace Hardy inequality

Proof of Proposition 1. By a standard approximation argument we can suppose v € C5°(R™ \ {0}).
Following the approach in [25] (see also [26]), we expand the square and integrate by parts, to get

2
/ xo |Vu — Ve ul? do = / % |Vul? do +/ % |Vo|? <u> dz — / T Vu? - Ve dz =
R™ ¢ R™ R™ ¢ R” ¢

+ + +

2 a,,2 /
/ % |Vul? do —i—/ % |Vl (u) dz —|—/ u? div (xfj W) dz +/ lim " 94, &n) da’ =
R™ R” ¢ R ¢ oRY w0t P On,
w2
/ % |Vul? dz — H(n, a)/ —— da’.
R? orry |21

In the last equation we used equations (3.19). Notice that on suppu, ¢ does not vanish, so the function
4 is well defined. Actually u/¢ € C§° (R™ \ {0}). Then the result follows immediately.

It remains to verify the optimality of the constant H (n, «). To this end, let us denote by D12 (R, x5y dx)
the completion of C5°(R’}) with respect to the norm |u|pr2gn o dr) = (fan 2% [Vul? dz)t/2. We then
K n +

define for a function u € DV(R%, 2% dz) the quotient

B fRi s |Vu‘2dx B Q1y]

 Jory == o Qalul

Qfu] :

We will show that there exist functions u, € D'?(R%, 2% dz) such that lim+ Qlue) = H(n, o).
e—0

We fix § > 0 and let us denote by Cs the cylinder C5 = {(2/, ;) € R™ : |2/| < 4, |z,| < §}. Let also
n € C3(Cas), such that n = 1 in Cs. We then define the function

( / ) o n(x) ¢(x/7wn)7 Tn Z €,
I @) et 0, 0 <e

We firstly estimate the denominator Qafue] :

0
Qolu] = /772(x70> ¢*(a', €) da’ + / n*(2',0) ¢* (2, ) deZ/ M do(2) dr + O(1)

’x/‘l—a ‘1.1’1—04 Tl—a
B} B}s\B} 0 0B!
é 00
9 €\ 1 9, 1
S e (;) ~dr+0(1) =wn [ GX(s)-ds+0(1), as € = 0. (3.20)
0 €/o

As regards the numerator Q1 [ue], taking into account that 7 =1 in Cs it follows that

Qilud = / 2 [V (@)l ) dz + / 2% |V ()2 de
{0<z, <€} {e<z, <6}
_ / 22 |V (n)[2 dz + O(1) = / 22 |Vo[2dz + O(1), (3.21)
{e<z, <6} Csn{e<z, <6}
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3.1 The weighted trace Hardy inequality

as € — 0. In view of (3.8), the integral term in the right hand side equals to

/ ]V¢|2dx—/// 2% |Vo|? do(x drdmn—/// @2 |1V¢|? do(2') dr dz,

Csn{e<z, <6} e 0 0B e 0 0B
//Ta+2< (a+n-2° G2< )-i- <1+ ) G'Q(r > +(a+n—2)x7nG(m7n>G' (?))drdxn
= wn/ / ;i (WGQ(S) + (145 G?(s)+ (a+n—2) sG(s)G’(s)) dsdz,. (3.22)
¢ an/s

In the last equality we used the change of variable r = x,,/s. Making now partial integration we have

o oo oo

/ 01 G(5)G (5) ds :% / o1 (G2(s)) ds = —(0‘2“) / 5 G2(s) ds+% (5" C(3)] ey
on /6 /6 /6
which by virtue of (3.9¢), yields
6 oo
/ / etl @ '(s)dsdz n_(0£2—|-1)/ / s G*(s)dsdz, + O(1), as € — 0.
€ x,/6 € x,/6
Substitute this estimate to (3.22), hence (3.21) becomes
é 00
Q1ue] = wn / xln / s(1 4 5%) G*(s) — ot ;L —Zos Z 4 s G*(s)dsdx, + O(1), as € — 0. (3.23)
€ xn/d

Next we make again integration by parts in the s variable and then we use equation (3.10). Then (3.23)
becomes

5 oo
O] = —wn/ - / (so‘(l—i-sQ)G'(s))/G(s)—i-a+;_2a_;l+4so‘G2(s)dsda:n

ZTn /0
o [ ) (14 () @ () 6 (%) @m0t
_ _W”/fxln (%)a <1+ (x;)z) e (%”)G(%”) dirn + O(1), as ¢ — 0,

We make now the change of variable s = %, to concude

1
Q1[ue] = —wn, / s 1 (1+5%) G'(s)G(s)ds +O(1), as € — 0. (3.24)
€/d

Finally, gathering estimates (3.20) and (3.24) and taking into account (3.9b) and Lemma 1(i) we obtain

1
—wp [ 827 (1 +8%) G'(s)G(s)ds + O(1)
67’; ( ) = lim - (1 i t2) AU = H(n,«).

lim Qu] = lim t—0 G(t)

e—0 e—0

wy [ G2(s)Lds+0O(1)
€/d
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O]

3.2 Sharp interpolation of weighted Hardy and trace Hardy inequality
In this Section we will give the proof of Theorem I, which we restate here.
Theorem 1. Let o € (—1,1),2 — a < b < n. Then for all u € C§°(R™) the following inequality holds

20 _9)2 a,?
K(n,a,b)/ dew(“*b ) / Tn dxg/ 2% |Vul? dz, (3.25)
ory |2t 4 R R"

no ol
+ +

where

F(n—2a—b+2)r(n+g—2 )F(O‘—H)

K(n,a, b) = (1 —a) 44 -2 - (3.26)
D(352)D (130D (m2e=1)
The constant K (n,a, b) is optimal.
To this aim we consider the function
U(@) = el T B, 2 € R 20, () £ (0,0), (3.27)
where B : [0,00) — R is the solution of the following boundary values problem
3 " 2 / 6—n—bn-—=>
(t+t°)B"(t)+ [(4 = b)t* + o] B'(t) + 5 5 tB(t) =0, t >0, (3.28a)
B(0) =1, (3.28b)
lim t"z B(t) € R. (3.28¢)

t—o00

Note that the function ¢ (z', x,,) is well defined in the set {(2/,2,,) : 2’ = 0, x,, > 0}, due to the condition
(3.28¢).

For later use, notice also that multiplying by ¥~ 1(1 + tQ)Q_TH equation (3.28a) can be written in
divergence form

4—a

2_bB’(t))'+6_n_bn_b o

(1 + 2

2—b—a
2

(1 +1?) B(t) = 0. (3.29)

In the following Lemma we collect the basic properties of B that will be used later on.

Lemma 2. Let o € (—1,1),2 — a < b < n. Then the boundary values problem (3.28) has a positive
decreasing solution B with the following properties.
(i) — linrgr t*B'(t) = K(n,a,b), where K(n,a,b) is given in (3.26).

t—0

(ii) For allt > 0,
B ~ (1+)7",
B~ (1482

b—n—4

(iii) There holds tB' + "5°B=0(t 2 ), ast — <.
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3.2 Sharp interpolation of weighted Hardy and trace Hardy inequality

Proof. Throughout the proof, for the sake of convenience, we abbreviate

_ 6-n—-1b b - n—> a+1 - +178—71—204—1)
ap = 74 s 1—74 s C1 = 5 a2 = a1 —C1 ——4 s
2 —20—b 3—
by = bl_cl+1:+n+’ co=2—c = 2a.

It is straightforward to verify that both of the sets of parameters {ai, b1, c1}, {az, ba, c2}, satisfy the
conditions (2.2). Therefore, we can apply the theory, that is presented in Section 2.1, wherever is needed.

Our first concern is to find an explicit expression of B. Notice that in the specific case n = 4, a = 0,
b = 2 the problem (3.28) can be solved explicitly and we have B(t) = 1 — 2 arctan(t).

Moreover, the case where @ = 0 has been studied in Proposition 1.

For the other cases, we study the ode (3.28a) in the context of complex variables, using the trans-
formation z = —t?, which maps the regular singular points +i, 0, co to 1, 0, 0o, respectively. Setting
w(z) = B(t), problem (3.28) is transformed to the problem

a—@ [ (m+ﬁ1+)]E%—aw“NQZO,—w<z<O, (3.30a)
w(0) = 1 (3.30b)
Zgl_noo(fz)blw(z) € R. (3.30c)

Equation (3.30a) belongs to the class of hypergeometric equations and according to (2.3), the general
solution is given by

w(z) = Cy F(a1, by; c1; 2) + Co (—2)1 7 Fag, by; ¢o; 2), 2 € C\ (1, +00), C1, Cy €C. (3.31)

Here, in order to simplify the subsequent presentation, we have incorporated the complex exponential
e™(1=c1) in the constant Cs, appearing in (2.3). Let us also remark, for the sake of completeness, that the
point z = 1 is excluded from (3.31), if b = 2 — «, but this does not affect the subsequent analysis.

Next we proceed with the evaluation of the constants Cj, Ca. Applying condition (3.30b) to (3.31),
noting that F'(ai, bi; ca; 0) = F(ag, be; c2; 0) = 1, we obtain C; = 1.

The constant Cy will be evaluated by the condition at oo, that is (3.30c). We then need an expression
for w(z), when |z| > 1. To this end, we will distinguish four cases for n, a, b, corresponding to the formulas
(2.5) - (2.10), that give the explicit expression for the hypergeometric functions in (3.31). In all cases, we
will show that

¢, — LT (bo)(e2 —ay) | T(SgHD(=2 )T (=) (3.32)
F(Cg)r(bl)r(cl — al) F(3Ta)r(n4b)r(%+b_4) ) .
as well as the following asymptotics
w(z)=0 <(_2)%> , as z — —00. (3.33)

In order to prove the claims (3.32), (3.33), we assume that |z| > 1,z & (1, 00) and distinguish the following
cases.

Case I: Assume that none of the numbers a1, as, ¢; — by, ¢o — by, a1 — by = ag — by = 377", is equal
to a nonpositive integer. Then, substituting the expressions of F'(a1, b1; c1; z), F(ag, be; c2; z), which are
given by (2.5), into (3.31) and next multiplying by (—2)%, we arrive at

blw ) = (—z nT—?s P(Cl)F(bl_al) ( ) (b2 ) ot 5—n.1
R O e e B e ()F(CQ_@)}M a2
[(c1)l (a1 — by) I (c2)(ag — bo) 11
+[Nmﬁ@—h)HbH@ﬁu—@J F(bis bys =55 ) (3-34)

27



3.2 Sharp interpolation of weighted Hardy and trace Hardy inequality

For n > 3, we combine (3.34) with (3.30c) to deduce (3.32). Then, the part (iii) follows immediately,
using the differentiation formula (2.11). Similarly for n =2, « > 0, the value of Cs in (3.32) leads again
to the asymptotics (iii). Thereafter, (3.33) results upon a substitution of this value of Cs in (3.34).

Case II: Next we proceed with the case where a; — by = a9 — by = 0, that is n = 3. In this case the
numbers a1, as, ¢ — by, co — by are positive non integers. Then, the explicit expression for the functions
F(ai,a1; c1; z) and F(ag, ag; c2; z) appearing in (3.31), is given by (2.6). Substituting (2.6) into (3.31)
and then multiplying by (—z)bl, taking into account the relations ag =1 —c; +a; and a1 =1 — c2 + ao,
we arrive at

(—z)blw(z) _ |:F( I'(e1) i Col'(c2) ):| Z (al():'()Q 2)k _k[ln( )+ 20 (k + 1)]
k=0

[(c1) — (a)k(a2)r 4
B ['(a1)T(c1 —a1) Z z [\I/(al +k)+ V(e —a — k)]

27k [U(ag + k) + ¥(co — az — k)]. (3.35)

CoI'(c2) (a1)k(az2)k
" T(a2)T(cz — a2) D (k)2

k=0
Then (3.35) jointly with (3.30c), yield (3.32), with n = 3 there. For this value of Cs, (3.35) implies (3.33).

Case III: Now consider the case that none of the numbers a1, as, ¢1 — b1, ¢o — by is equal to a
nonpositive integer and by — a1 = m i.e. n =2m + 3, where m = 1,2, ... Since a1 — by = as — by, we also
have by — a9 = m

We first assume that the numbers ¢; — a1, c2 — as are not equal to a positive integer. Then, the
explicit expression for the functions F'(a1, a1 +m; c1; z) and F(aa, as + m; co; z) appearing in (3.31), is
given in (2.7). Therefore, we substitute (2.7) into (3.31) and then multiply by (—z), to arrive at

(—2)w(z) = [ (1) Col'(ca) ] [ln(—z) i (0)k4m (02)ksm

I'(a1 +m)I'(c1 —a1)  T(az+m)I(c2 —a2) E'(k 4+ m)!
m—1 IS
mzrm k)( a1) (az) DY (a1)ktm(a2)k+m (U(1+m+k)+T1+E) 2+
— K (k+m)!
F C1 00 a1 k+m a2 k+m  —k
a v E)+%(cp—a; —m—k
(a1 +m)(c1 —aq) I;} (k4 m)! < (a1 +m+k)+¥(cp —ar —m—k)
021_‘ 62 o al k»_;’_m a2 k+m _k
B v k) +(cy —ag —m —k)|.
F((LQ—{—m CQ—(LQ kZ_O k k7+’I7’L z (a2+m+ )+ (CQ as —m )

Due to (3.30c), the coefficient, in the brackets, of the first summand in the right hand side equals to zero.
A direct calculation leads to (3.32) again. Then, (3.33) results upon a substitution of this value of Cs, in
the above formula.

If at least one of the numbers ¢; — aq, co — ag is equal to an integer [ = 1,2,..., then we can use the
formula (2.8) to get the expression of F'(a1, a1 + m; a1 + 1; z) or F(ag, a2 + m; ag + [; z), respectively.
Arguing as above, we derive again (3.32) and (3.33).

Case IV: We conclude with the case where at least one of the numbers ai, as, ¢1 — by, cog — by is
equal to a nonpositive integer.

Note first that if one of the numbers a1, as is a nonpositive integer —m with m = 0,1,2,..., then the
first or second respectively hypergeometric function in (3.31) reduces to a polynomial of degree m (see
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3.2 Sharp interpolation of weighted Hardy and trace Hardy inequality

(2.9)). On the other hand, if one of the numbers ¢; — b = 2_%2““’, co — by = ‘L_T”‘H’ is a nonpositive
integer —! with [ = 0,1,2,..., then the first or second respectively hypergeometric function in (3.31) is of
the form (1 — 2)%p;(2), where p; is a polynomial of degree [ and 3 = %H (see (2.10)). Again these two
hypergeometric functions cannot be both of this form.

We will consider only the case where a; = —m for some m = 0,1, 2, ..., while none of the two numbers
c1 — b1, ca — bo is a nonpositive integer. The argumentation for the other cases is quite similar.

The expressions of the first and second hypergeometric function in (3.31) are given by formulas (2.9),
(2.5), respectively . Substituting (2.5), (2.9) into (3.31) and then multiplying by (—=z)%, we arrive at

ho(s) = (o) [Om o D@D —a)] p o 5on
(—2)"w(z) (—2) (cl)m+02 T (b T (e —ay) F(ay, —m; 5 72)
+ G ?EZZ))I;(Z : Zzg F(bg, by; nT_l; %)- (3.36)

Here we also used (2.9), to express the function F'(ag,as—co+1; a3 —ba+1; %) = F(ag, —m; ag —by+1; %)
For n > 3, condition (3.30c) yields (3.32), thereafter (3.33) results upon a substitution of this value of Cy,
in (3.36). Then, the part (iii) follows immediately, using the differentiation formula (2.11). Similarly for
n =2, a >0, the value of Cs in (3.32) leads again to the asymptotics (iii) and (3.33).

The proof of (3.32), (3.33), is now completed. At this point we have completely determined the solution
w for all possible values of n, a, b, subject of course to the restrictions of the Lemma.

We are now in position to compute the limit K(n,«,b) := — lim+ t*B'(t) = 2 lim (—z)aTHw’(z). To
t—0 z—0~
this aim, we differentiate (3.31), using the differentiation formula (2.11), to obtain
/ ay by l-«a _at1
wi(z) = Flai+1,b1+1;¢c14+1; 2) — Cy 5 (—2)" 2 F(ag, bo; co; 2)
C1
az b —a
— (O 26 2 (—Z)lTF(QQ—i-l, bo+1; co 4+ 1; Z)
2

Taking into account the explicit value of Co we obtain

K(n,a,b) =2 lim (_z)%“w/(z) _ (- a)F(nﬂTbH)F(MZ*Q)F(QT“)

0 T(359) T(1gh) T(nt2etbt)

This completes the proof of part (i).

Let us show now the positivity and monotonicity of B. We first assume that 6 — n — b < 0. Then the
positivity of B follows from the fact that if there exist ¢y > 0 such that B(¢p) = 0, then since tliglo B(t) =0,
there exists t,, > tp where B attains local non negative maximum or local nonpositive minimum, which
contradicts the ode (3.28a). Therefore B is positive and the same argument shows that B is decreasing.

If 6 —n—b > 0, then we make the substitution f(¢) = (1 +t2)nT_bB(t) which transforms problem (3.28)
to

(n—=0b)(4—n—2a-0")

tA+22 1) 4 [a+ (A—n) 2] A +2) (1) + tf(t)=0, t>0, (3.37a)

4
f(0)=1, (3.37b)
tllglo f(t) € Ry. (3.37¢)

Note that the positivity of the above limit at 0o, follows directly from the explicit expression of B(t) = w(z)

(cf. (3.34), (3.35)). Now we can apply a minimum principle argument to this problem, to get the non

negativity of f. Indeed, if there exists ¢ty > 0 such that f(typ) < 0, then since f(0) = 1, tlim f(t) >0,
—00
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3.2 Sharp interpolation of weighted Hardy and trace Hardy inequality

there exists t,, > to where f attains local negative minimum, which contradicts the ode (3.37a). It follows
that f is non negative, hence B is non negative. Then (3.29) together with the negativity of B’ in a
neighbourhood of the origin (cf. part (i)) yield the monotonicity and positivity of B.

The asymptotics for B follow by conditions (3.28b) and (3.28¢c) together with the positivity of B. As
regards the asymptotics for B’, we differentiate the expression (3.31) using the differentiation formula
(2.11).

Finally, part (iii) follows immediately using the explicit expression of B(t) = w(—t?), t > 1. O

By mean of the asymptotics of B we obtain the following uniform asymptotics for .

Lemma 3. Let the function ¢ defined in (3.27). Then there holds

n+a—2

Y~ lz|m 2, in RY. (3.38)

Moreover, for a € (—1,0], there holds
Vel ~ [2] 727, in RY

If a € (0,1), then there holds
V| ~ 2|~ 2 2%, in R’} .

n

Proof. The asymptotics for ¢ follows immediately by the asymptotics of B.
As regards the asymptotic behaviour of |V|, let us first note that utilizing (3.27) we obtain Vi - x +
n=2toy, = (. This immediately yields |V¢)| > c]m\_HTa in R%. In particular |V4)| is strictly positive.

2—a—b _ n=b
5, k = "35> we have

Retaining the abbreviations v =

Vo2 = 5 (y = 2k) |27 22! | TR B2(E) + [af |2/ [TR 2B (8) + o P2 |2 [kB(t) + tB (1))
= T+ Ty + T3, where t=umx,/|2'].

The asymptotic of B yields immediately T ~ ]m|_(”+0‘). Similarly, the asymptotic of B’ yields immediately

Ty ~ |x|* "z, 2. Regarding the term T3, instead of using separately the asymptotic of B and B’ we have
to use the part (iii) of Lemma 2. Then we have T3 ~ |z|~("*®). The result follows combining the estimates
for the terms 17,15, T5. O

An immediate calculation shows that 1 satisfies the Euler Lagrange equations

div(ag V) + CH2EEL — g, in R”,
lim 2428 = K (n,0,b) =, on ORY {0}, (3:39)
Tn—> n

We are now ready to proceed with the

Proof of Theorem 1. By approximation it suffices to prove (3.25) for all u € C§°(R™ \ {0}). Then
following the approach in [25], we expand the square and integrate by parts, to get

2
/ x2|Vu—v—wu|2 dx:/ % |[Vul? dx+/ & |V <u> dx—/ xﬁVuZ-lwdx:
R" G R™ R" G R (4

+ + + ¥
2 a,,2 /
/ 2% [Vul? dx+/ 2% V|2 <“> da:+/ u? div <xg W) dx+/ lim 22 0% Za)
R R™ (4 R™ (U ory T =0 Y Oxp
2 _9)2 a, 2
:/ 2% | Va2 dx—K(n,a,b)/ L da' - (atb-2) / TR ) (3.40)
R7 orn 7| 4 Ry |7l
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3.2 Sharp interpolation of weighted Hardy and trace Hardy inequality

In the last equation we used equations (3@) Notice that on suppu, 1 does not vanish, so the function
u/v is well defined. Actually u/y € C§°(R" \ {0}).

It remains to verify the optimality of the constant K(n,«,b). To this end, we define for a function
u € DVA(R?, 2% dz) the quotient

@ a—i—b 2 & u?
i @5 [Vl da Jep e 9 Qi)

u] = :
faR" ‘x/le & da - Q2[u]

We will show that there exist functions ue € DV2(R", 2% dx) such that lim Quc] = K(n,a,b).
e—0F

Let § > 0 and € C}(Cas), such that n = 1 in Cs. We define

( / )_ 77(90) ¢($'7$n)a Tp 2 €
el ) = n(x)(2'e), 0<mz,<e

In the sequel we will make some computations to derive an estimate of Q[u.]. To this aim we abbreviate

k=150, v = 2=2=b We start with the denominator Q[u].

4
Ouful — /n2<x,o>w2<x,e> s / PO P / YD gt o)

|x/|1—04 ‘$/|1_O‘ rl-a
B} B}5\Bj 0 OB.
6 N . 00 .
wn/ (1 + 62> B? (E) —dr+0(1) = wy, /(1 + s%)7B?(s)-ds + O(1), (3.41)
r r/r s
0 €/d

as € — 0. As regards the numerator @Q1[uc], taking into account the specific structure of u. we obtain

a, 2 2
Qilud = / 2 [Vu? = do+ / 2% [Vue? — 72 |n‘ £ dz
{0<zn<e, |2’/|<20} {e<an <6, |3'|<26}
= / g [Vy[? — T dz+0O(1) as e =0 (3.42)

{e<xn <6, |2'|<8}

Here we used Lemma 3 together with the estimate

€ é
1
/ / ——t——dd'dz, = </ xy dxn> / / ————do(2/)dr | <
\x/|<5 |x’\2 +e ) 2 0 o JoBy (|2'|2 +€2) =

nta 1 €a+1
2 dr = - =01 — 0.
a—l—l : w”/o reozra ™ T (at1)? <ea+1 (6+e)a+1) (1), as e
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3.2 Sharp interpolation of weighted Hardy and trace Hardy inequality

In view of (3.27), the integral term in the right hand side of (3.42) equals to

)
a 2 253 ¢2 2 2 )? / _ Ty
/ o |Vy|* — /// <|V¢| - a2 do(2')drdz, = w, iz X
{e<zn <4, |2/|<d} e 0
(15 (k-2 (1+$—")_1)k32(x—")+ 14 B’2( >+2k—B($—”>B’($—” drd
72 i r r 72 r r r rn
zwn/l / s*(14 s%)7 <k232(s) — 29k(1 + %) B2(s) + (1 + %) B?(s) + 2k s B(s) )dsdxn
Tn
€ Tn /o
343

In the last equality we used the change of variable r = x,,/s. Note that the inner integral is finite since
the integrand is of order O(s™"), as s — oo. This can be seen grouping the terms and taking into account
part (iii) of Lemma 2.

Let us first consider the case where n # 3. To compute the inner integral containing the factors BB’,
we make partial integration and take into account (3.33) to obtain

o [e.e]
/ sttt (1+ 52)V B(s)B'(s)ds = % / st (1+ 82)7 (BQ(S))/ ds
Tn /o Tn/d
= _(04—21—1) / s (1+ 52)7 B?(s)ds — v / 5ot2 (1+ 52)771 B%(s)ds
Tn/d Tn /o

—% [T (1+5°)" B2(5)] oz (3.44)

As regards the inner integral in (3.43) containing the factor B2, an integration by parts together with
(3.29), (3.33) yields

/ (14 2 B2(s) ds = — / (5%(1+ 2+ B/(s)) B(s)ds + [sa (1452 B’(s)B(s)]oo_In
mn/é ﬁn/(; o0
6 bn—b [
— #"; / s (1+ %)Y B%(s)ds — [sa (1+52)"" B’(s)B(s)} o (3.45)
Tn/d 0
Substitute now the estimates (3.44), (3.45) to (3.43) to get
; 1
Q1ud = —wn / x—[so‘ (1+5%)" B(s) [B'(s) + s(sB'(s) + kB(s))]s=za dzn + O(1), ase — 0
and then we make the change of variable ¢t = %, to conclude
1
Q1[ud = —wy / "1 (1+2)7 B(t) [B'(t) + t(tB'(t) + kB(t))] dt + O(1), as € — 0. (3.46)
€/d

32



3.2 Sharp interpolation of weighted Hardy and trace Hardy inequality

In the case where n = 3, the integrands in the left hand side of (3.44), (3.45) are not summable
in the neighbourhood of co. To overcome this problem we may use the same procedure to derive esti-
mates (3.44) - (3.45) with fgﬁ/é ds instead of fzoj/é ds and then we let R — oo, obtaining again (3.46).
Notice also that taking the limit R — oo, we have to use the part (iii) of Lemma 2 to show that
Jim (R*(1+ R?)” B(R) [B'(R) + R(RB'(R) + kB(R))]) = 0.

Finally, gathering estimates (3.41) and (3.46), then using L’Hépital’s rule and taking into account
(3.28b) and Lemma 2(i) we obtain

—Wn j s 1 (1+5%)" B(s) [B'(s) + s(sB'(s) + kB(s))] ds + O(1)

lir% Qlue] = liH(l) /0 =
- - wn [ (14 2)7B2(s)1 ds + O(1)
€/d
—t%(1 2 /
= lim A +) B(H) — kt*t = K(n,a,b).
t—0 B(t)
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3.3 On the non improvement in R’}

3.3 On the non improvement in R”

Here we will show that (3.25) cannot be improved in the sense that there are no constant C' > 0, nontrivial
potential V' > 0 and exponent p > 0 such that the following inequality holds

2/p - , ,
— 2 «
C ( V() |u(z)|P dx) < / 2 |Vul? dz — K(ma,b)/ w(z',0) o (at+b-2) / Tnt g
IR’}r n ®

R orn |17 4 n|z)?

for all w € DV2(R", 2% dx). It is sufficient to show that there exist functions u. € DV(R, z¢ dz), such
that

2(z',0 +b—2)? Qo2
fRi 7% |Vue|? dz — K(n, o, b) fam % da’ — @ T ) fR1 i dx

Gk
(fun V@)l dz)

5 — 0, ase = 0.
p

To this aim we define for any € > 0 the function

fe@le, el <1,
uele) = {w<x>|xr€/2, o] > 1,

where 1) is defined in (3.27). Now we make integration by parts in the domains R’} N By, R} N (Bg \ By),
where R > 1, then send R — oo taking into account that Vu.(z) -z = 22522 y(z), the relations (3.38),
(3.39) together with the estimate

9 — o —
/ Ty, Ue (Vug(x) : $> do = n2Ra5/ e ug do(z) < ¢(n,a) R™° R0 0,
R}NIBR |z| R"NOBR

to obtain
2.0 _9)2 2 a2
[ aivu ae= Koan) [ 220 4 {“"“’) - 5] [ wre [  wae
R R 8BmR’+‘

Ni— 2

ory |2t 4 2 | Jrn 2|
Here do stands for the (n — 1)—dimensional Lebesgue measure over the corresponding spheres 0Br =
{r € R": |z| =R} or 0By = {z € R": |z| =1}. Then, letting ¢ — 0, we get

2( . 0 b—2 2 a,,2
/ 2% |Vue|? de — K(n, a, b)/ % da’ — (o + ) / xnu; dz — 0.
R™ orn || 4 R |7

n
+

+
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Chapter 4

Improving interpolated Hardy and trace
Hardy inequalities on bounded domains

This chapter is devoted to establish improvements of (1.14), by adding several types of remainder terms.
In particular we will give the proofs of Theorems II-V and then we will derive certain extensions of these
results.

Retaining the notation introduced in the previous chapter, let us fix some extra notation, that will be
used in the proofs. We denote by B, the ball with radius = in R”, that is B, = {x € R" : |z| < r} and we
abbreviate B;f = B, NR’}.. Let us also define the spherical surfaces 9B, Si_l, by

OB, = {zeR":|z|=r}
St o= {0=(0,0,), 0 €R"L, 0,>0: |9 =1}

Moreover, [;p pn wdo(z), [gn-1udo denotes the (n —1)—dimensional Lebesgue integration of the func-
PR +

tion u over 0B, N R’ and S?r_l, respectively.
Moreover, for any point 6 € S’fr_l we set ¢ = ¢(f) = arccos b, ¢ € [0,7/2]. Notice that cos ¢ equals
to the distance from the point 6 to IR} .

4.1 Sobolev remainder term

We start with Theorem 1T :

Theorem 2. Let a € (—1,1),2—a < b < n and U be a bounded domain in R™. Then there exists a
constant ¢ > 0, depending only on n and «, such that

n—24+a«a
2 2 a, 2
u (Oé —+ b — 2) T U 2n—2+4« 2n
K(n, a, b) / |xl|17a de/ + 1 / |;|2 dz +c / X n—2+a |u’ n—2+a dor
QR"JLQU R NU R NU
< / ¥ |Vu*de, VYu € C5°(U), (4.1)
RiﬂU

where X = X (|z|/d), X(¥)=(1—-In9) "L, 0<9<1,d= SUDgeRn AU |z|. Moreover the exponent %
of the weight function cannot be improved.
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4.1 Sobolev remainder term

proof of Theorem 2. By standard approximation, it suffices to prove the result for v € C5°(U \ {0}).
Indeed, let € > 0, and consider the functions ue = un,, where u € C§°(U), n. € C§°(R™ \ {0}), ne(x) = 1,
for |x| > 1 and |Vne| < ¢/e. Then, by the Lebesgue dominated theorem, we have

2 a ,2
o o U & u do
/ WP —dz’ — / |:z:’|1 - and / |7;|2€ dz — / ”TQ, as € >0 (4.2)

OR™ MU OR™ MU R} NU R}NU

and
2n—2+4a

/ X ot [ue| = Sra dr — X n2ta |y|n=2Fa S dz, as € — 0. (4.3)

R7NU R NU

Similarly we have
/ 902 |\Vul? dz — / o \Vul* dz, as € — 0.
R NU R NU

Moreover, taking into account |Vn| < c¢/e, we get

28 |Vne2u® do < ce” 2T =0, as € — 0,

R NU
hence
/ 28 |Vue|* doe — / 2% |Vul* dz, as e — 0. (4.4)
R? AU R AU

Gathering (4.2), (4.3), (4.4) we conclude that it suffices to prove the result for u € C5°(U \ {0}).
As in the proof of Theorem 1, we expand the square and integrate by parts to obtain

2
zo |Vu — EUF dz = / % |Vu? dz + 22 |Vy|? (u) dz — 2% Vu? - vy dr =
(U (4 (4
R7NU RTNU
2

/ 2% |Vul? do + / 2% |V <Z> dz + / u? div (xg Vf) dz

R NU R NU R NU
3¢%1/7$n) u? oo 12 u?

OR™: AU RENU ORY U

(a+b—2)? / % u?
— dzx.

1 a2
R NU

In the last equation we used equations (3.39). Notice also that on suppu, the function 1 is uniformly
bounded by some positive constant hence the function u/v is well defined. Actually u/¢ € C°(R} NU \

{0})-

We have arrived at the following equality

2 2 a,,2
u ,  (a+b—-2) rou Uy 9 9
aRiﬂU R:L_ﬂU RKQU RiﬂU

(4.5)
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4.1 Sobolev remainder term

The third term in the left hand side yields the correction term in (4.1). More precisely, we have to show
that there exists a positive constant C' = C(«a, n) such that for all uw € C§°(U \ {0}) there holds

n—24a
n

2n—2+a

C X n—2+ta ’u‘nf)ﬁ dz < / z° ’v%‘Q Y? da. (4.6)

a1y RYNU

Note that U C B, where we denote by B the ball B = {x € R" : |z| < d}. Moreover, taking into account
n—24+«

that ¢ ~ |z|7" 2 in R} (cf. (3.38)) and making the substitution v = v 1), we conclude that (4.6) will
follow after establishing the following inequality

n—24«
X Wira |y|wmrra ! 2% |Vo)?

N R} NB

for some constant ¢ = ¢(n,«) > 0. Thus it is sufficient to prove inequality (4.7). To this aim we consider
the minimization problem

{a
s Vol da

R"NB I
Cno= inf I[v], where I[v]= . = 1]
’ UEC(C]X)(B) 2n—24a % IQ[U]
E) X n—2+a <%> 2n
S g e da
RTNB

Inspired by an idea in [3], we will relate the constant ¢, with the weighted Sobolev constant S, 4,
depending only on n and «, which is defined by

[ 2% |Vvu|]? dz
) R"NB; Q1 [U]
Sna = _inf , wh = - = : 48
n,o 'L)ECISI%(Bl) Q[U] where Q[U] , n—i+o¢ QQ[’U] ( )
. [l de
R NB;
We express the numerator of the quotient Q[v] in terms of polar coordinates, writing v(z) = v(r, ), where
x -1
r=lz|, 8 = Tl e S .

Then we make the change of r—variable, setting
t=r2"""% and o(r,0) = h(t,0),

thus

n—1l4+a —9
dr = ——— dt, v, = —7@ +o)

1
h = t_ (n—2+a) .
(n—24a) Lo

Tn—1+a
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4.1 Sobolev remainder term

Therefore we have

Q1[v] = / o |Vu(x |2dx—/ / o\ Vo(z) | do(x) dr—// e cos® o |Vol? do dr

R} NBy 0 9B.NR7 0 S 1
/ 1
:/ / P cos™ (Uf + = \ngP) do dr
r
0 Si—l
/ O (n—24a)® , 1 2
= T COS™ @ m ht + ﬁ |V9h| dO' d?"
0 Snfl
= (n=1+0) cos® whz + —|V h|?) do dt
(n— 2 + a) r2(n—lta) ’
1 Sn 1

=(n—-2+ a)/ / cos® p (th + (n— 2+ ) 2p2n-24a) |V9h|2) do dt
1 8171

= (n—2+a)/ / cos®p (hi + (n—2+a) 2t 2|Veh|*) do dt. (4.9)
1 Si—l

Similarly, transforming the denominator Q[v], we have

n2ta n—2+a
n 1 "
) = | [ pwrFma) =[] @ e
&RiﬁB1 0 9Br-NRY
n—2+a
1 n
n—1 _2n_
_ r" Ho|r=2te dodr
0 Si—l
n—24+«a
2n—24«
= n 2%a / / n2ta b2t 3 do dt
(n - 2 + Oé " 1 Sn 1
Thereforewe have
o0
[ I costo (4 + (0 -2+ )t) 2 [Vehf?) dodt
2—2n—«a . ! Si_l
(n -2 + CE) n Sn,a = inf n-2ta (410)
heC™ ([1,00) 87 1) S
_ 2n—2
h(1,0)=0 f f I 2;2 ‘h|n 2+a do dt
Sn 1

Similarly, we transform the quotient I[v] in terms of polar coordinates and then we make the change of
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4.1 Sobolev remainder term

r-variable, setting

1 1
t= X0/d) =1-—1In (g), v(r,0) =w(t,d), thus dr = —rdt and v, = — W

Then for any v € C§°(By), we have

d
% |[Vol? Vou(x
L[v] = / |:E|r|b2+|adx:/ / 7“|” 25La)| dr—/ / r cos® ¢ |Vu|? do dr

RTNB 0 9B,NR™ 0 git
d
- / / r cos® p <Ug + :QWQUF) do dr
0 gifl
d
= / / r cos® ¢ <r1 wi + 2 ]ng\2> do dr
0 Si_l
00
/ / cos® ¢ (wi + |Vow|?) do dt.
1 gn-1

Similarly for the denominator we have

n—24« n—24«
X2n72+a‘ ( )’ 2n n d X —24a ‘ ( )’ 2n n
n—24+a vlx n—2+a n—24+a« vlx n—2+ao
Lv] = / o dz = / / s do(z)dr
iﬂB 0 8BTQR1
n—24+a
d X2n 2+ ‘ ‘ "
n—24+« vln— 2+a
= / / (r) dodr
r
0 gi 1
n—24+a
00 n
_2n—2+4a
— / / n—2+a |w|n 2+a do’dt
1 Snfl
Therefore we have
o
[ [ cos®¢ (wf + |[Vow|?) dodt
1 5171
Cna = inf —oTa
weC® ([1,00) x5 1) - B
w(1,8)=0 f f t_Q'::ZQIO? |w‘n722n+a do dt
1 Sn—l
+

Then an immediate comparison yields

(n—2—|—a)272:7a, n+a>3
(n—2+a) ;a, 2<n+a<3,

Cna = Tna Ona >0, where T, = {
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4.1 Sobolev remainder term

and the proof of the desired inequality is complete.
2n—2+4a
Next, to complete the proof of the Theorem, we will verify that the weight function X »—2+o cannot
be replaced by a smaller power of X. More precisely, abbreviating ¢ := n_22”+a, pi= 277__22;*'0‘?‘, we will show

that there are no constants 0 < € < p, ¢ > 0, such that the following inequality is valid

2/q

u? (a+b—2)? % u? _
K(n,a,b) / W dx/ + f / |7;’2 d$+c / Xp E‘U’q d.ﬁ[)
OR™ U RT AU "AU
< / % |Vu? dz, Yu e C(U).

R} NU

Note also that it suffices to prove the claim, only for the case 0 < e < p — 1, since XP70(¢J)) > XP~¢(9),
Veg > €, ¥ € (0,1].
The result will follow after showing that there exists a sequence {u;};°, C C5°(U), such that

u? a+b— 8 u?
J g VP dr— K(nob) [ ot do! — (2R p T gy

R™NU ORNU R?NU m—soo,

2/q
[ XP=€ |yt dz
R NU

Notice that U contains a ball B, centered at the origin, and without loss of generality we can assume that
n+a—2

r = 1. Furthermore, noting that ¢ ~ |z[~ 2, in R} (see (3.38)) and making the change of variable
w; = v, it is sufficient to show that there exists a sequence {v;} C C3°(U \ {0}) such that (cf. (4.5),

(4.6))

% |V |? d
|x‘n—2+o¢
L N[UZ] L R%} NB
Ju] = Dol ) 5y 0 as [ — o0. (4.11)
[t da
R"NB;
Let us recall the notation B;f = B, N R’}, abbreviate V(z) = %, w(z) = mnx% and de-

fine the space D(l]’2(Bl,w(x)dx) as the completion of C§°(R™ N B) with respect to the norm |v| =
(IBT |Vu|? w(z) dz)'/2. Then, by a standard approximation, it suffices to fix a sequence {v;} C D(l]’Q(Bl, w(z)dx)
with fo V(z) |v|? dx < oo, such that J[v;] — 0, as [ — oc.

To this end, we choose § such that 0 < ¢ < § < p — 1, which eventually will be sent to €, we set
R,, = e 7™ so that

1
— < X(z)) <1 Rp<|z| <1, m=1,23,...
m

and define the functions f,, as follows

-3 ) 1 §+l T
A el o s s L (*_’>X‘12$7, Ry, < |z <1,
fm(ﬂl‘) = ;_é |='L‘|) m |$| = hence me(ﬂf) _ q§_é2 (| |) [z]2 m | |
m# i X(|z)), |2l < B, mis X2 (o) 22, 0< 2] < R
(4.12)
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4.1 Sobolev remainder term

Then, we have

X6 e+1 Xp e+q
DI [f] = / dz + m31/2° / dz =: Di(m) + D2(m)
BB}, B}
and
25
5 1)? 22X 5 (|a)) sm [ 22X (a))
N — [ Z_Z n d q n dr =: N N .
[fm] (q 2) / o r 4+ m / e T 1(m) + Na(m)
Bf\Bj,, B,

We will next estimate the terms Di, Ds, Ny, No, using polar coordinates . More precisely, making the

change of variable

X3(r)
,

dr

t = X(r), thus dt =

and setting Cp o = [gn-1 24 do(x), Y = [gn-1 1 do(z), we have
+ +

X0- e+1 ! ( 75)
Dy(m) = /1da/ dr—'yn / -l dt = 5 ,
Sn 1 /’ITL

1/m
et €—4
Do(m) = m?¥/?° / ldo /qu()dr—fy m34/2=9 / tp—eta—2 dt:wj
3(p—1) -
stt 0
1 25 1
5§ 1\? Xt 5§ 1\? 2y
N = [-—= >d —dr=Cha |—— = t dt
1(m) <q 2) / 7 do () / r g ’ <q 2) / '
8171 Rm 1/m
5 1\?q(1- m=—2/4) 5 1 —m20/4
= na |\ — T 5 — <  —L(na 1-— _,
G <q 2> 26 Cna O+ 1=p) =55
R 1/m
_28 X4 _2 o m—20/4
No(m) = m® T / xy do(x) / (r) dr:Cn’O[m3 7 / +2 dtzcvﬂ;.
r
syt 0 0
We conclude that
—m—25/ m—26/
Coa (51— p)® Lot 4 mogm
‘][fm] = 2/(] 2/(]
ryn 1—me—9 + me—9
( d—e¢ 3(p—1)—e¢

We then take a sequence &; \, € and choose m; sufficiently large so that m; o1 /2. Tt follows that
I fm,] = 0, as | — 0.
Given now a function n € C§°(U), which is constant, not zero, in a neighbourhood of the origin, it is
straightforward to verify that the sequence v; = fp,, 1, satisfies J[v;] — 0, as [ — oo, that is the condition
(4.11). O
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4.2 Infinite improvement

4.2 Infinite improvement
We proceed now with the proof of Theorem IV.

Theorem 3. Let a € (—1,1), and 2 — o < b < n. Then for all uw € C§°(U) there holds

u? (a+b—2)? T8 u? 1 & e X2 X2
K b —da + — t——d — In1 "R 2y
(n,a,b) / e ' + 1 =B r + 4; / P u” dx
OR? U RT AU =lrrnu
< / 2% |Vu|? dz. (4.13)
R NU

Here the constant K(n,a,b) is given in (1.11) and X; = X;(|z|/d), with d = SUD; R (U |z|. For fized b,

the constants % are optimal, that is for k =1,2,... there holds
ey 2 u? / (a+b—2)? g u? 1 e ey X7 X2 9

[ 2% |Vul*dz — K(n,a,b) [ i do’ — 55 i prdr— g ot utde
1 nf U+ ORTNU U+t i=1y+
- = in

ueCse(U) [ XXX 2
||*
U+

Moreover, for each i = 1,2,..., the logarithmic correction XE cannot be replaced by a smaller power of
X;.

Proof of Theorem 3. For the reader’s convenience, we divide the proof in three parts. Firstly we will
establish inequality (4.13), next we will verify the optimality of the coefficients 1/4 of the remainder terms
and finally we will prove the optimality of the powers of the logarithmic weights.

An essential role, in all three parts of the proof, will play the function ), defined by

Ye(x) = () X, P X5 P0) - X P ) = (@) Pr), =, (4.14)

where the function 1 is defined in (3.27). It can be shown that 1y satisfies the problem

e (a+b— 2)2 33%% Ty Y, 2 . n
div(zy Vi) + 1 2 4|x]2 g X{--X?=0, in RTNU, (4.15a)
w0t (2 xn) V(2 70) n

Indeed, the boundary condition (4.15b) is directly checked, whereas to prove (4.15a), we will use the
relation

1
Xi(r) = ;Xl(r) e X (M) XE(r), i =1,...,k, (4.16)
hence
P'(r)
VP(r) = ——x= —ﬁp lexg z.
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4.2 Infinite improvement

Then we have Vi, = P(r)Ve — 59 P(r) (Zj | XiXo - X ) x hence

k J
Ay, = P(r)A Tb—*P ZX1X2 X | V- T 53 2¢P Z(ZX%X%”XZQXHl“‘Xj)

J=1

2

+o 2¢P ZXlX2 2¢P ZXlXQ — 5 L P(r) ZXng

J

= peae- PO (S x| o 20 s by a2
> Z

k
« 1
= P()A¢——yP'(r) = 15y XPX3 - X7
j=1

In the last equation we used that Vi - x + %"_Qw = 0. Then it follows that

2 .« k
div(aaviy) + ETP T2 Ik | Ta vk g vy

+

e e X
o a a1, OP . 0 a+b—2)%z
L B L e

:l%T)<$$A¢“+omﬁ_la¢ +}Qy+b——%2xgw> °

_ aQ P/ g « P/ =0.
g+ ) — et () + SatoP () = 0

Part I: Derivation of the estimate (4.13). By standard approximation, it suffices to prove the result
for w € C3°(U \ {0}). Indeed, let € > 0, Cc = {x € R" : € < |z] < 1 — €} and consider the functions
ue = une, where u € C°(U), n. € C3°(U \ {0}), ne = 1 in C¢ and |Vn| < ¢/e. Then, by the Lebesgue
dominated theorem, we have

2 2 a, 2 « 2d
Yo gqq/ — Y42 and Inte gz — M, as € >0 (4.17)
/|1 2|1 EE EE

OR™ NU 8R™NU R7NU R?NU
and for i =1,2,...
% X2 % X2
L u?da — L u?dz, as € — 0. (4.18)
|$!2 |$!2
R AU R OU

Similarly we have

/ & n? |Vaul? dz — / @ |Vul? dz, as € — 0.
R NU R NU

Moreover, taking into account |V7| < c¢/e, we get

/ 2 |Vne|?u? do < e 27 50, as € — 0,
RTNU
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4.2 Infinite improvement

hence
2% |Vue|? do — / 2% |Vul* dz, as € — 0. (4.19)
R?NU R?NU
Gathering (4.17), (4.18), (4.19) we conclude that it suffices to prove the result for u € Cg°(U \ {0}).

Thus, in the sequel we suppose that u € C§°(U \ {0}). As in the proof of Theorem 1, we expand the
square and integrate by parts to obtain

2
/ 2 |Vu — Vo ul? do = / zy |[Vul® dz + 2 [V | (“) dz — 2% Vu? - V¥ 4
U U, (o
R NU R%NU
2
[ e [awar (L) e [ e (0 o
"/}k ’lbk
RYNU R}NU R} NU
. o a¢k($/, .’En) u? o 9 u?

+ / $7}1_>I%+xn T om, un de’ = / xy |Vu|” dz — K(n, o, b) / de’

OR™ U RYNU OR™NU

(a+b—2)? / / X2
— dx. 4.2

4 |1;’2 Z |x|2 €L (4.20)
R NU

In the last equation we used equations (4.15). Notice also that on supp u, the function u /1y, is well defined.
Actually u/vy, € C°(R}Y NU \ {0}). We then conclude that

u? (a+b—2)2 [ 22u? ax?.o X2u? o 9
K(n,a,b) / de/—i— 1 / FE dr + — Z/de</mn\Vu] dz,

OR? U U+ U+

for all w € C3°(U \ {0}), therefore by approximation, for all v € C§°(U). Then taking the limit k& — oo
we obtain inequality (4.13).

Part II: Optimality of the constants %. Next we will verify the optimality of the constants %, appearing
n (4.13). To this aim, we fix k¥ € N and set £ = (¢, €1, ...,6%), where g9 > 0, &1 > 0,...,e; > 0. Then it
is sufficient to show that there exist functions u. € C§°(U \ {0}) such that

2d / b—2 2 a,,2 — aXQ X2 2
[ a2 |Vu.|? dz — K (n, a,b) i ‘Zﬂli — (a+4 ) i z";ll;s dx —i > In21tile BE s dx
R? NU R NU OR™ NU =1RTNU esp 1
P XD T T
/ FiE dz
n
R? NU
Setting u. = ¥, v. and utilizing equation (4.20) we have
« 2 u? / (a+b—2)2 xu2 1 k=l & X12-~-X.2u2
[ 2% |Vue]* dz — K(n,a,b) [ mdﬂf - o dr — ; de
R” NU R NU ORTNU i=1R?NU
[ ST
R AU ||?
N
2 2
[ 2%y |Vue|* da
R NU 1
+
= XX + 1 (4.21)
—5
J Rp 4T
R?NU
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4.2 Infinite improvement

Hence it is sufficient to show that there exist functions v, € C§°(U \ {0}) such that

[ 282 | Vo2 da
R NU
i =%0. (4.22)

f & X%X%@Z)i v2 de
|[2

R NU

Note that there exists a ball B, C U for some r > 0 and without loss of generality we may assume that
r = 1. We then fix some 0 < § < 1/2 and we consider the functions ve(z) = r0X7' -+ X Fn(x), r = |z|,
where 7 € C§°(Bas) with n =1 in Bs. In the sequel we will show that v, satisfy condition (4.22).

First, we estimate the denominator in (4.22). Since there exist constants ¢; > 0, ca > 0 (see (3.38))
such that

01|$|_n_§+a <¢(x) < 02|x|_n_§+a, in RY NU, (4.23)
we calculate
.CC?.Z X12 . szz U? B l’% X11+2€1 . Xli+28k wQ 772 ) JJ% X11+2€1 . Xli-i‘?&k
dx = dx > c] dx
‘$|2 |x’2—280 |x’n+a—2£0
R NU R} NBys RYNBs
142e1 1+2e, 12 2 ) 14+2e1 1+2¢
g X e Xy e X, (r) - X, "7F(r)
+ / o= dz = C(n, ) ; " dr + O:(1).
R N{B2s\Bs}
Next we take successively the limits €, ..., — 0, and then utilize the relation (4.16) to obtain
aX2"‘X2 2,,2 5X e X X1+28k
lim --- lim lim Tn 21 £V Ve dz > C(n,a) lim 1(r) k() Xy () dr +0(1)
er—0 e1—0e0—0 ‘$|2 er—0 0 r
R NU
1
= C(n,a) lim ——X7*(8) + O(1) = oo. (4.24)
er—0 251:
Next we will estimate the numerator in (4.22). We use (4.23) and then polar coordinates to get
[ andivepa= [ adivepas [ spetivepe
R U R”NBj R N{Bs\B2s}
e x-1l... x-1 9
= [ Vel X xR0 < [ B 9 X o
R% NBs R” NBs

9 2
+0(1) = ¢(n,a) /er_l e Xk_1 [i(TEOXfl(T) e XZ’“ (r))] dr + O(1)
0

0 E 2
= ¢(n,q) /7’250_1)(1251_1 . -X,fs’“*l (50 + Zein(r) . Xi(r)) dr+0(1)
0 i=1
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4.2 Infinite improvement

)
_ 2 [ 2e0—1y2e1-1 25— 1
= c(n,a)so/r X - X dr
0

[
k
_ 2 1 —
5?/7"280 1X1251+1 X2€Z+1Xlizl+1 . X;gk ldr
1

1=

2e;41—1 —
+2¢(n, @) eo§ & / Zo-lxfer. . x2e T X
=1

k—1

2e0—1 y2e1+1 2e;+1 26541 2ej y 265411 2e,—1

+2c(n, ) > E:ezsj/ X3 XPEHIXE XY XC X2 e+ 0(1)
i=1 j=1+1

=c(n,o)(1 + I+ Is + I4) + O(1). (4.25)

Next, we estimate the limit of I, I3, as eg — 0. To this end, we integrate by parts to get

0
é
_ _ _ €0 _ _
Il — 5%/7"260 1X12€1 1"'X’zak 1d7”2/ (7“260>/X12€1 1"'Xz€k ldT:
0
0

k 5
- 52 31— 2) /0 pRomlxPer L x2e x 2ol x 2L g 4 O(1).
=1

To estimate the first term in the right hand side we integrate by parts once again, to get fori =1,...,k—1

§ 4
2e0—1 v2¢1 2e; y2€iy1—1 2e—1 . 1 2e0\/ v 2€1 2e; y2eit1—1 2e,—1 o
E()/O r Xl . X Xz—i—l . Xk; dT—§ ; (T‘ )Xl . X Xz+1 . Xk dr =

. 2e0—1 y2e1+1 2e;+1 26541 2e; y2eit1—1 2ep—1
E 5]/ X7 ~~X Xj-‘rl . X le-&-l . Xk dr

6
+ Z <—Ea)/0 pReomlx el e xR X T L X R A £ 0(1). (4.26)

J+1
Jj=i+1
Thus
ki
Il - Z & — ]’L+Z Z )BZJ+O()
=1 j=1 =1 j=1+1
k— k k 1 k
= Z Z €sz‘j+E€§Bii—§Z€iBm—Z Z eiBij + = Z Z £j)Bi; + O(1),
=1 j=i+1 i=1 =1 i=1 j=i+1 i=1 j=i+1

(4.27)

where we abbreviate for j <74

1
o 2e0—1 y2e1+1 2ej+1 26541 2e; y2&i+1—1 2e,—1
Bﬂ_/or > CESTTED CEALD CRISRTED b GrARRTED Callc!d
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4.2 Infinite improvement

In particular, we set By; = f(f p2eo=lx2ertl XZE’HXZQ_?I+1 L. Xﬁak_l dr. Note that Bj; = Bji(o, .. .,ck).
Moreover by (4.26) we have

k
_ . 2 -1 _
Iy = 20 e / D CRLEEED, Coib o RERD, Gt s

= —222525] 31—1—22 Z ei(z —¢j)Bij +0(1)

1= 1] 1 1= 1] i+1
_ Y Y ”—225 BatS" S ey 00 (4.28)
=1 j=i+1 =1 j=1+1

Using the same notation we write

é
k k
_ 2 2e0—1 251+l 2ei+1 y26541— 1 2e—1 _ 2.
I, = E 51/7” X X XZJFZ1 Xy dr = E €; Bi; (4.29)
i=1 i=1
and
k-1 k g
_ . 2e0—1 y2e1+1 2e;+1 y28i4+1 2ej y26541—1 2ep—1 . .
I, =2 E 5253/7“ X X Xz+1 - X XJJrl Xy dr=2 g E ei€jBij.
i=1 j=i+1 0 i=1 j=i+1

(4.30)

Then we combine estimates (4.25), (4.27), (4.28), (4.29), (4.30) to estimate, after a simplification, the
numerator in (4.22) :

/ awk’vva‘de< Z Z ( ) Bij_zk:aiB,-,- +0(1). (4.31)

i=1 j=i+1 i=1
R NU

It is clear now that the first term in the right hand side has a limit as eg — 0, which is computed by
setting €9 = 0 in the terms B;;.

Next, with g = 0, we will take the limit €11 — 0. We then have to estimate the limit of the terms
Bij,j =2,...,k as well as €1 By, when £; — 0, that cannot be computed immediately by setting e; = 0.
To this aim we integrate by parts to get

5 1 9 ,
e1Bn = & / . CHARD LR Call T 2/ <X12€1> X3t X
0 0

k b
1
= E (251)/0v T_1X12€1+1X22£2- X2El X?_i'”frl 1 . Xzak_l d’l"+0(1)

- zk: (; - 61-) Bui + O(1).
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4.2 Infinite improvement

We then have

k-1 k 1 k
>3 (5-u)Bo-Yeabi =

1=1 j=i+1 i=1 i=2 j=

T
L

ol
ﬂiM» M-
+

k
< 5]) %] Zgz i+ Z ( > Blj - ElBll
+1

Jj=
1
( _‘5]) ij ZEszz+O
1

Now we can take the limit as e; — 0 by setting €1 = 0. We repeat the same argument, taking successively
the limits e — 0,...,ex — 0 to conclude that

Z ( - Ej) Bij - iEiBii = 0(1). (4.32)
i=1

=1 j=1+1

Then (4.22) follows combining (4.24), (4.31), (4.32).

Part III: Optimality of the exponent of the weight function. To complete the proof of the Theorem, it
remains to verify that the weight functions in the correction terms cannot be replaced by smaller powers
of X;. More precisely, for each kK = 1,2,..., we will show that there are no constants 0 < € < 2, ¢ > 0,
such that the following inequality is vahd

=27

k—1

2 2 a2 k-1 a 2
K(n,a,b) / |x’1(1—0‘ dr’ + (aJrIZ1 2) /7;72 dx+iZ/X’1w‘2Xu2 da
OR™ U Ut =g
x%Xlz o Xl?—le%_E 2 a 2 oo
c/ FE u® dx < /$n|Vu] dz, VYue C5°(U).
U+ U+

Here, the summation Zf;ll denotes zero if £ = 1. Note also that it suffices to prove the claim, only for
the case 0 < € < 1, since X,f_eo > X,g_e, Veg > €.
The result will follow after showing that there exists a sequence {uy,} C C§°(U), such that

k_l a Y2 2,2
f .’Eg \Vum\Q dx — K(n,a, b) f |I;u|‘?n7a dz’ — (OHrlZ;Q)Q f & u2, do — Z f T X7 X up, da
U+ z‘:l U+

A oR 22 |[?
U R NU m—oo

raX? X2 X7 u2,
Uf+ \ﬂslz dx

Let now v € C§°(U \ {0}). Making the substitution u = v ;_1, we infer by (4.20), that the numerator of

the above quotient is equal to [, 2% [Vu|?¢Z_; dz. Then in view of (3.38), that is ¢ ~ \x|27gia in R7,
it suffices to fix a sequence {vy,} C C§°(U \ {0}) such that
2% X7t X 1 [Vom|?
N J o dz
Ivy) = (V] = 2UT I 22_6 — 0, as m — oo. (4.33)
D[Um] f zg X1 X 1 X, “02, d
Ut R

In order to construct an appropriate sequence satisfying the condition (4.33), we need to introduce
o 2—e aX_1'~-X_1
ZaXi S 1 X ‘gjgﬂlxk , w(x) = S |xTn+a,§71 and define the space Dé’Q(U\
{0}, w(x)dz) as the completion of C§°(U\{0}) with respect to the norm |u| = (f;;+ [Vu|*w(x) dz)'/2. By a
standard approximation, it suffices to fix a sequence {v;, } C D(l)’2(U\{O}7 w(z)dz) with [, V(z)vZ (z) do

< 00, such that I[v,] — 0, as m — co.

some notation. We abbreviate V(x) =
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4.2 Infinite improvement

To this aim, we choose ¢ such that 0 < ¢ < § < 1, which eventually will be sent to e. Furthermore, we
define recursively Ri(m) = e!™™, Riy1(m) = R;(e™ 1), i = 1,2,...,k, to obtain finally the parameter
Ry, = Rp+1(m). It can be easily seen that

1
— < Xp(lz]) <1 Ry < |2 < 1.
m

We then consider the functions f,, defined by

-1
)(T xT|), Rm < |z < ]-7
() = ’%;5(’ ) |z
m 2 Xi(lz]), |2 < R,

whence
5—1 o+l
m - 3-5
mz Xy Xp_q X]f(\g;\) ‘x%, z| < Rpm.
We then have
Nlfm] = <5_1>2/ x%Xl---kalegH dz + msa/ 20Xy X1 X da
m 2 U+\Bg,, ||t Bf |zt
= Ti(m) + Tx(m)
and
$%X1 ce Xk_le};"l‘(S_G 3-8 CU%Xl .. Xk—lXé_G
D[fm] = /U+ ’x‘n_m( dx + m . ‘$|n+a da
\BR, Bf

= T3(m) + Ty(m).

Next we will estimate the terms T3, Ts, T3, Ty, using polar coordinates as well as (4.16) when differentiating
fm. More precisely, we have

o = (Y L

S—1\* [t s (0-1) 5
= n,o a = Un,a 1-—m~
Cn, ( 5 > /1/mt dt =Cp, 5 (1—m™°)

1 2
X1 - X1 X
Yn da(y)/ X,f‘l ! k1 X5 () dr
r

and

R X1 X0 1X2 1/m =
To(m) = m3_5/ ) Yo do(y) X} ! k-1 X4 (r) dr =Cpa m>0 / t2dt = Cn,a mT
S 0 r 0

Similarly we get

1 X1 X X2 1 1— e—o
T3(m) _ Z/g da(y) Xg—a—l 1 k—1 k('r) dr — Cn,a téfsfl dt = Cn,a L
Snfl T 1/m 5 — &

+ R

and

R 2
m X - X 1 X
Ty(m) = m”/snlyff do(y) ; X;f_a - f,l £(r) dr
+

1/m
= Cpam®® / 27 dt = Cpo -
0
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4.2 Infinite improvement

Here Cna = n-1 2% do(x s where do(z) stands for the (n — 1)— dimensional Lebesgue measure on the
) S n
+

upper half sphere S’/ = {z € R". : |z| = 1}. Therefore, we obtain

N[fm] = Cna ((5;51)2“ —m)+ m;) and  Dlfm] = Cna (

1— me—5 me—5
+ .
0—e€ 3 - 6)
We then take a sequence §; \, € and choose m; sufficiently large so that mgf‘;
I[fm,] = 0, as i — oo.
Given now a function n € C§°(U), which is constant, not zero, in a neighbourhood of the origin, it is
straightforward to verify that the sequence v; = fi,, 1, satisfies I[v;] — 0, as i — oo, that is the condition

(4.33). O

© < 1/2. It follows that

We proceed with the proof of Theorem V, which we restate here.

Theorem 4. Let o € (—1,1),2—a < b < n and U be a bounded domain in R™. Then there exists a
constant ¢ > 0, depending only on n and «, such that

2 b_22 a,,2 1 k aXQ'--X-Q
K(n,a,b) / w gy leFb=2) /x"“ de+- Y / In1 2 gy
x

FIRG 1 2 Il EE
OR™ U R AU =Ireny
n—24a
2n—2+4a 2n 9
+c (X1 X Xpq1) n2%e |u|n—2Fe do < zo |Vu|* dz, VYue COU). (4.34)
nU R?NU

Here the constant K(n,a,b) is given in (1.11) and X; = X;(|z|/d), with d = SUD R U7 |z|. More-

over, the logarithmic correction (X - --Xk+1)(2"_2+0‘)/("_2+°‘) cannot be replaced by smaller powers of
X1y X1

Proof. By equation (4.20) we have

? b—2)2 a2
/xg'V“Pdl‘ - K(n,a,b) / L P G i) / ELa

|x/|l—a 4 |I‘2
R NU OR™ (U OR™ U
k
B ZZ / - |72 —dz = / zy Yi; [V (u/ve)|” de,
=lrrny R NU

where 1y, is defined in (4.14). The term in the right hand side yields the expected Sobolev type remainder
term in (4.34). More precisely, we have to show that there exists a constant C' > 0, depending only on n
and «, such that for all u € C§°(U \ {0}) there holds

n—24+a«

C / (X1 XpXpp1) n2ra |u|mere do < / 2292 |V (u/n)]? da. (4.35)

ety RTNU

n—24+a«

Now, taking into account that ¢ ~ x|~ 2 in R% (cf. (3.38)) and making the substitution v = v, v,
we conclude that the validity of (4.35) follows by the existence of a positive constant ¢ = ¢(n, ) such that
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4.2 Infinite improvement

the following inequality is valid

n—24+a«
2n—24a«a n

X X, X, n e n ax-loox-t
¢ LAk kL aesre d < Tn 21 ko \Vol2de, Yo e OX(U).(4.36)
|z | |2t ’ 0
R” NU R? NU

Note that U C B, where we denote by B the ball B = {z € R" : |z| < d}. Therefore, (4.36) will follow on
its turn after showing the existence of a positive constant C' = C(n, «), independent of d, such that for all
v € C3°(B), there holds

n—24«
2n—24a«a n
X X X, 2n s X x !
c ML jy|ee2ea da < nl E_|Vol? de.
|ZE’” — |$|n72+a
"NB R?NB
To this aim we consider the minimization problem
—1(|=z| —1( ]zl
x5 Xy T)"'Xk d 2
(3:|”2+0‘ ( ) |Voul|* dz
R?NB L[v]
. + 1
Cno = inf Ilv], where I[v]= = .
n,o ’L)ECSO(B> [ ]? [ ] " " 2n—22i—a " n*”27‘+oz IQ['U]
WEN Xl(%>-~Xk (%) X, (%) on
J Eo |v[n=2Fe d

RYNB

We will compare the constant ¢, , with the weighted Sobolev constant S, , defined by

[ 2% |Vou|]? dz
. R? B, Q1[v]
Spo = f , wh = i = .
n,o veCISI}’(Bl) Q[U] where Q[U] n—i+a QQ[U]
vIF0 _2n__
[ ol de
R” By
We express the numerator of the quotient Q[v] in terms of polar coordinates, writing v(z) = v(r, #), where
x -1
rz\ml,ﬁzmeSi .

Then we make the change of r—variable, setting
t=r>""% and w(r,0) = h(t,0),
to obtain (cf. (4.8),(4.10))

[ ] cos®p (ki + (n—2+a) 2t 2|Vgh|?) dodt

2—2n—a . 1 Si71
(n — 2 + a) n Sn’a — lnf n—24+a
heC®([1,00)x87 1) - n
= 2n—24«a 2n
mn=e [ [ twora | i dodt

1 gn—1
S+

Next we express the quotient I in terms of polar coordinates and then we make the change of variable in
the r variable setting
1 dt X1 (3) - Xk (3)

th — = f. (4.16)).
us ar , (C ( ))

v(r,0) =w(t, ), t = m,
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4.2 Infinite improvement

We also define recursively

Ri(t) = e, Ria(t) = Ri(et™),i=1,2,...,k—1, so that Xl(g):Rl(t),...,Xk(g):Rk(t).

Therefore, we have

po x—L (=l oy -1 (el
i = [ () Xkl(d)iwxwdx

’aﬂn—2+a
R NB
d
Ingl ... x1(z
:/ / ! S«Z)—%a (@) |19u@)2 do(a) ar
0 OB,NR?
d
1
:/ / r cos® o X! (2) X (2) <U,2. + 762|V9v|2> do dr
0 Si71
d
:/ / cos® p 41 (3) " X () <wt2 + <X1_2 (;) Xk (2)) |Vowl ) do dr
0 Snfl

//Cos o (w? + (Ri(t)--- Ry(t)) 2 \vewF) do dt.
1 S" 1

Similarly for the denominator we have

Jz| 2]\ y ia (|2 =
() () e ()
Ll = /

PR |v|n=2te da
x
\Rw

n—24+a«a
n

0 8BTHR
n—24a«
2n—2+4a "
n—24+a
_ / / Xy (5) Xk (5) Xk+1 (5) |U|n72+o¢ do dr
r
0 8171
n—24+«
n
o0
2n—24«

_ / / t~ n-2ta |w|n-2te 2+a do dt

1 Si71

Therefore we have
[ee]
[ | cos*e (w? + (Ra(t) -+ R(t)) |ng|2> dordt
| g
CTL,C!( e lnf noZoo

wGCOO([lvooiXSiil) o0 2n—24«a 2n '

w(1,6)=0 f f t n—2ta |w‘m do dt

1 Sn71
+
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4.2 Infinite improvement

Then an immediate comparison, noting that Ry < 1,..., R < 1, yields
( 2 + )272n70¢ + > 3
n— a)  » , nta>
Cna = Tna Ona >0, where T, = 2a
(n—2+a), 2<n+a<3,

and the proof of the desired inequality is complete.
The optimality of the exponent p = (2n — 2+ «)/(n — 2 + «) of the weight (X - -+ X Xx41)P, can be
deduced in a way quite similar to that presented in Theorem 2, using the functions (cf. (4.12))

§+1—p
= {00 masis
m2e-1 Xi(|z]), |z]| < Rn, meN, d<1,
so we may refrain from giving details here. O
Remark. The optimality of the exponent p : % of the logarithmic weights in Theorem 4 can be also

deduced by the optimality of the exponent of the weight (X1 --- Xpy1)?, appearing in Theorem 3, jointly
with Holder inequality, as follows.

Notice first, that it suffices to prove the optimality of the power of Xy, 1, that is the term X]f_H cannot
be replaced by X,g:;, for any p > e > 0. Indeed, after having shown this, the optimality of the exponent p
of the terms X;, i = 1,...,k, results upon the estimate X[ [ X} < X  XP™°, since Xpq 1 > X;.

k+1
In order to verify the optimality of the power of Xi+ 1, let us abbreviate

u? a+b—2)? T2 u?
Ii[u] := / 29| Vul?dz — K(n,a,b) / i dz’ — ( y ) / n dz
R%NU OR™NU R%NU

aX] z 2
_ Z / \x\2 u” dz,

= IR”mU

and suppose, towards contradiction, that there exists a constant ¢ > 0, such that the following inequality
holds

n—24+a
c / (X; - Xp)? XD u| 75 da < L[y, Vue CP(U). (4.37)
il

In the left hand side, we will employ the Hélder’s inequality with conjugate exponents ¢ =

a’ q = n- 2+oz
More precisely, we choose 0 < § < 1 and noting that p = ¢ + 1 we get

/ 1 +
20 (X, . X)2 x2ed=0)/q 2 (X; - Xp)d X! RN e S
/ e T)!'Q - whde = / L | |]~;) kH (Xi “'Xk)Hq/ Xprs u? dz
T T
R%NU RTNU
1+edq/q’ 1 v
aq €4q/q
299 (Xg - X)) XL o
< / o g, (Xp -+ X)? X276 |ufi 5 do : (4.38)

nAU nAU

Combining (4.37), (4.38), we infer the existence of a positive constant C' such that

o 2—e(1-9)/q
C / o Xk)g Xk+1( /e
|z|*

uw?dz < Lifu], Yue C°(U).
RTNU
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4.3 Weighted Hardy inequalities

This inequality contradicts to Theorem 3, where it is stated that the weight (X; - - Xp41)? in the inequality

1 O (X, X )P
— / an( 1 > k-i-l) w2 do < Ik[u],
4 |z]

RTNU

cannot be replaced by powers of Xy, --- | Xyt with exponents being smaller than 2.

4.3 Weighted Hardy inequalities

In this section we establish some weighted Hardy inequalities that will be used later on. In fact, we will
derive more general results that are of independent interest.

Lemma 4. Let n > 2, R > 0 and let A, B, I', be real numbers such that A+1 >0, B+n—1 >
0, A+ B4+n—1 > 0. Then, the following inequality holds

(B+n—1)(A+B+n—-1I7") / :L'£|ac'\B]U]dx< / z |2! [P | Vol
(A+ B+n) || - ||l

R%NBr R} NBr

dz, Yv e CY(Bg),

where I't = max{I’, 0}.

Proof. 1t suffices to prove the inequality only for R = 1, as it is scaling invariant. Integration by parts in
x’ variables yields

A |,./B A
(B+1) / M|U|dx: / Ty, ‘U‘ (V|.%'/| -V’$/|B+1)dx

| |
R”NBy R NB1
A |,|\B A || B+2 A || B+1
 |7'] 7 |7'] 7 |7']
—e-m [ pEpldesr [ S plde [ S (O Vol de
R? NBy R? NBy R? NBy

There isn’t boundary term on {z, = 0} due to the presence of the integrand 2’ - 0 = 0. We then have
A |..1|B A || B+2 A |..1|B+1
zy |2'| zp |27 o] ap 2|7 [V
R"NB; R NB; R NB;
If I" <0, then the result follows immediately. Consider now the case I' > 0. We will estimate the first
term of the right hand side. Define the vector field
A ../ B+2
2] /

Then we have A1 B2 A1 B+1

|F| = <
||+ |z|”
and
A |,./|B+2 A |,.1|B+2 A |,/|B+2
divF = = i, x”)+v<n|$m> (@' n) =0 =
A|../|B A—1|,//B+2
T | 7| P e -
( ‘;|p+2 [(B+2)- (F+2>‘x,‘2’$‘ 2] x/’n"ﬂT (A— (F+2)xi|x’ 2)) (2, )
A || B+2 A |,.1|B+2 A |,/ B+2
_ z;, 2] zy |27 z;, 2|
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4.3 Weighted Hardy inequalities

Next we use the inequality
/ divF |v|dz = — / F-V]v|dz < / |F||Vv|de.
RiﬂBl RiﬂBl RiﬁBl

There isn’t boundary term on {t = 0} due to the presence of the integrand (2, x,) - (0, —1) = 0 and the
assumptions on A, B, I. We then get

A || B+2 A|,.1|B+1
T, |T T, |T

R’iﬂBl RiﬂBl
The result follows combining this estimate with inequality (4.39). O
The following Lemma, is a non-trivial substitute of Lemma 4, in the case where A+ B+n =1.

Lemma 5. Letn > 2, R >0 and A, B be real numbers such that A+1 >0, B+n—1>0. Then there

holds the following inequality

B+4+n-1 A |2'|B X? 2 x| |PH2 X3 d

A+B+n+1 |z|AtB+n || AT B+n+2 vl de
R?NBr R%NBr

xA |x/|B+1
S / T,Q’,'IAW ’v’U‘ dl’, Yv € C(%(BR),

R NBR
where X = X(|z|/R), X(¥) = (1 -Ind¥)"1, 0< 9 <1

Proof. We can assume that R = 1, since the inequality is scaling invariant. Moreover, to simplify the
notation we abbreviate I' = A + B + n. Integration by parts in 2’ variables yields

A|,./|B v2 A|,.|B+2 v3 A
X X
(B+1) / %‘de—%Q / W\de: / Tn \U\(VW\-Vx/(X2|x'\B+1))da;

2l 2|72 2l
RiﬂBl Ri’ﬂBl RiﬂBl
A|,.1|B y2 A || B+2 2 A || B+1 2
x| |P X x| | P X i |2 | PT X
=(2—n) / "’Tde—I—F / Whﬂdzx— "T(V]m'|-vx/|v|)dzv,
R7NB; R"NB; R7?NB;
hence

A /BX2 A /B+2X3
(B+n—1) / A SN / T [T X da

|117|F |LE‘F+2
R} NBy RYNBy
A || B+2 y2 A |..|B+1
x| | P X i |2 X
RiﬁBl RimBl

We will estimate the first term of the right hand side. Define the vector field

A || B+2
i |2 |PTe X
F = TL‘Z‘W (:1:‘/7 xn)
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4.3 Weighted Hardy inequalities

Then we have
w2/ |BRX o 2| X

F| =

[ et
and
A |11 B+2 A |..1|B+2 A || B+2
, i ol il GRS xf |2 | X , i |2 | X
dZUF:rWdZU(x,xn)+v<7W (.T,ZUTL):TLW
A |../\B /2 12 A—1|,./|B+2 2 2
x| X{ |’ | X |2/ , L TP X xn X x ,
+ | 25— |(B+2)+ —(I'+2) x, = A+ — (T +2)7—5 | | - (2, zp)
( || T2 |z |=[? || T2 ki |z "
A |11 B+2 A |,./|B+2 A, B+2 2
i |2 |PTe X i |2 |PTEX xl 2| X
:(A+B+n+2)W—(F+2) n|x’F+2 + || T+2
A |,./|B+2 A, B+2 2 A || B+2 2
i |PTEX xR X i |2 |PTE X
|| 2 || T +2 |z T+2
Next we apply the inequality
/ divF Jv|dz = — / F-V]v|dz < / |F||Vu|dz,
RﬁﬂBl RilﬁlBl RiﬁBl
to get
A, B+2 X2 A '\B+1 x
/ %de < / %|V@|dx.
x x
R?NB; R NB;
The result follows combining this estimate with inequality (4.40). O

Actually, a similar argumentation to the proof of Lemma 5, leads to the following generalization.

Lemma 6. Let n > 2, R > 0 and A, B, v be real numbers such that A+1>0,B+n—1>0,v>1.
Then there holds the following inequality

(B+n-1)(y-1) / wald P X0 e =) / walo| P2 X
— s || AT v|ax
A+B+n+vy-1 || At+Btn A+B+n+vy-1 |x|A+B+n+2
R?NBr R7TNBg
A|,.|B+1 -1
x|z X7
- / n\‘$’L+B+n IVo|dz, Vv € CL(Bg),
R?NBr

where X = X (|z|/R), X(¥) = (1 —Ind¥)~1, 0 <9 < 1.
We pass now to the corresponding L? estimates.

Lemma 7. Letn > 2, R >0 and A, B be real numbers such that A+1 >0, B+n—1>0. Then there
holds the following inequality

u” dx

(B+n—1)? / x|z |B X2 2 4y 4 B+n-—1 / o |2 |BH2 X3

In T 27 2 4. Tn 1T "2

4(A+B+n+1)? || A+B+n (A+B+n+1)2 || A+B+n+2
R?NBr R”NBr

A |$/‘B+2 ) )

RKQBR

where X = X(|z|/R), X(¥) = (1—-In9)"1, 0 <9 < 1.
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4.3 Weighted Hardy inequalities

Proof. We apply Lemma 5 to v = u?, to get

B+n—1 / x| |B X? o d 4 2 / x| |PH2 X3 2 da
A+B+n+1 |z|At+B+n A+B+n+1 || At+B+nt2
RYNBRr R?NBg

21’A|{E/|B+1X

R%NBg
A|..B yv2 A || B+2

ex | |P X 5 |z

R%NBR R?NBg

In the last inequality we employed the Cauchy’s inequality
b2
ab§6a2+4—, a>0,b0>0,¢>0. (4.41)
€

The result follows setting € = %- -

Lemma 8. Letn > 2, R >0 and A, B be real numbers such that A+1 >0, B+n—1>0. Then there
holds the following inequality

A+1 x| |B X2 2 x32 2|8 X3
5 lvldr + TEz lvlde
A+B+n+1 || A+B+n+1 |z
R"NBr R"NBr

A+1 1,/ |B

x x| X
< / Tx|A|+B|+n |Vu|dz, Yo € C}(Br),
R?NBr

where X = X (|z|/R), X(¥) = (1 —Ind)~L, 0 <9 < 1.

Proof. We can assume that R = 1, since the inequality is invariant under scaling. For convenience in
calculations we set I"' = A + B + n. Integration by parts in the z,, variable yields

A B y2 A42 .1\ B y3
i |2'|P X x| |P X
(A+1) / e vl dr = -2 / gz vlde

R
R1ﬂ31 R1ﬁ31
A+2| /|B X2 A+1 ’ /|B X2
X i x x
RiﬂBl RiﬁBl
hence
A\..|B y2 A+2|../|B y3
x| |P X x| |P X
RiﬂBl RimBl
A+2|..|B y2 A+1|../|B y2
x| |P X x| X
RiﬂBl RiﬂBl

(4.42)
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4.3 Weighted Hardy inequalities

We will estimate the first term of the right hand side. Define the vector field

A+2|,.\B
x| |P X
F = W ([IJI, xn)

Then we have Ao B At 1B
AP X et )P X

Bl == <7 e
and
A+2| '\BX A+2’ /|BX A+2| /|BX
. z x . T T nx T
divk = =y dive, o) +V <n|x|r+2> (@ an) =
A+2‘ /’BfQX ‘ /‘2X ‘ /‘2 A+1’ /|BX 2 X
z z x x , T z x
+ nT B 7 — (' +2)7 5 , I+2 At+2+
|z || 2] || ||
A+2 |,./|B A+2 |,./|B A+2 | ,./|B v2
B x| |P X i P X x| X
=(A+B+n+2) o[+ (I'+2) |z T2 || T+2

J:TAL}-&-Q |JU/|BX CC;? ‘x/’B—f—Q X2 B xﬁ-{-Q ‘$/|B X2
|x‘F+2 \x|F+2 - ’x|F+2

=(A+B+n-1)
Next we apply the inequality

/divF\v\dx—— / F-Vu|dz < / |F||Vv|dz,

RiﬂBl RiﬂB1 RiﬁBl
to get
A+2 |..|\B y2 A+41 |,/ B
x| |P X i 2P X
R? NBy R} NBy

The result follows combining this estimate with inequality (4.42).

5> — (' +2)

2
n

xT
xT

‘ 2

} ) (&, )

O]

Lemma 9. Letn > 2, R >0 and A, B be real numbers such that A+1 >0, B+n—1>0. Then there

holds the following inequality

4\A+B+n+1 || A+B+n

R} NBR R} NBR

‘x|A+B+n

where X = X (|z|/R), X(¥) = (1 —Ind¥)~1, 0 <9 < 1.

Proof. We apply Lemma 8 to v = u? and then we employ Cauchy’s inequality (4.41), to get

A 1 A IBX2 ) A+1 /BX
A+t / Muz dz < / %\Vu]\u\dx,
A+B+n+1 |z|A+B+n |z|A+B+n

R7?NBR R?NBR
A|..|B yv2 A+2|,./|B
x| )P X2, ex; T2 9
R} NBgr R?NBR

The result follows setting € = 2 ’4‘*'571‘?“.

1 A 1 2 A0 BX2 A+2..11B
<+> / w?ﬁ dz < / 2] |Vul?>dz, Yu € C§(Br),
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4.4 Hardy type remainder terms

Lemma 10. Letn > 2, R > 0 and A be a real number such that A+ 1> 0. Then, there holds

1 A+1 2 J:;? |:C/|AX2 5 xTILLH—Q ’.’L‘/|A+2 5 1
s(osnrs) | S wtars [ Sl e veecien,
R?NBr RYNBR

where X = X (|z|/R), X(¥) = (1 —Ind)~1, 0 <9 < 1.

Proof. We apply Lemma 9 with B = A + 2 there, to get

1 A+1 \? Al |A+2 X2 A2 | 1| A+2
1/ A+l T [T XT o < T T G da (4.43)
4\24+n+3 || 2A+n+2 || 2AFn+2
RYNBgr R?NBg
and similarly, we apply Lemma 7 with A = B + 2 there, to obtain
B —1)? B+2 ./ \B x2 B+2 |,/ | B+2
(B+n—-1)° (/m fi;gjfltggg,u2dxf§ l/m 3@;4l§l447‘§m42d$. (4.44)
4(23+n—|—3)2 |x‘2B+n+2 ’x‘23+n+2
R"NBg R”NBr
The result follows, setting B = A in (4.44), and then adding (4.44) to (4.43). O

4.4 Hardy type remainder terms

Next we proceed with the proof of Theorem III, which we restate here:

Theorem 5. Let o € (—1,1),2—a < b < n and U be a bounded domain in R™. Then there exists a
constant C' > 0, depending only on n, «, such that for all uw € C§°(U) there holds

2 2 2 2
u (a+b—2) xu X
ORTNU R NU R NU R NU

(4.45)

where X = X(|z|/d), X(¥) = (1 -Ind) L, 0<d9<1,d= SUPern AU |z|. The exponent 2 of the weight
function cannot be improved.

Proof of Theorem 5. As in the proof of Theorem 2, we arrive at the following estimate

2 2 a,,2
u ,  (a+b—-2) 5 u Uy 9 9
3R7+10U RiﬂU ]R:L_HU RiﬂU

(4.46)

valid for all v € C§°(U \ {0}). The third term in the left hand side, yields the correction term in (4.45).
Therefore, it remains to show that there exists a positive constant C' = C(n,«) such that for all u €
C3°(U \ {0}) there holds

X2 2
C / mTuadwg /xvaw?dx. (4.47)
R%NU R"NU
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4.4 Hardy type remainder terms

Note that U C Bpg, with R = d. Moreover, taking into account (3.38) and setting u = v 1, we conclude
that (4.47) will follow on its turn, after establishing the following inequality

X2 2 % |Vol? o
R"ﬂBR RHQBR

for some positive constant C' = C'(n, a), independent of R. Now (4.48) follows by Lemma 10 with A =0
there. For —1 < a < 0, inequality (4.48) also follows by Lemma 7 with A = B = 0.

Next, to complete the proof of the Theorem, we will verify that the weight function X? cannot be
replaced by a smaller power of X. More precisely, we will show that there are no constants 0 < € < 2,
¢ > 0, such that the following inequality is valid

2 2 a2 2—¢
u , (a+b—2) & u X 9
K(n,a,b) / i dz" + 1 FE dz +c¢ |x‘27au dz
OR? (U R7 AU R7 AU

IN

2% |Vul? dz, Yu € C(U).
RNU
Note also that it suffices to prove the claim, only for the case 0 < e < 1, since X270 (9) > X27¢(9),

Veg > €, U € (0, 1].
The result will follow after showing that there exists a sequence {u;};°, C C5°(U), such that

2 2
2 u / a+b—2 & u?
J 23| Vude - K(n,ab) [ s de’ = @HZ2E Sl dg
R" U OR™ NU R?NU 300
2—
i |i(‘2 e u? dx
R" U

Notice that U contains a ball B, centered at the origin, and without loss of generality we can assume that
nt+a—2

r = 1. Furthermore, noting that ¢ ~ |z|~ 5, in R" (see (3.38)) and making the change of variable

w; = v, it is sufficient to show that there exists a sequence {v;} C C§°(U \ {0}) such that (cf. (4.46),

(4.48))

gy |V |?
f |1".1‘n72+o¢ dx

N R"NB
Jv = R _ —0, as | — oo, (4.49)
Dlu] Ik X2 g
n ER
R+0B1
Let us recall the notation B, = B,NR’., abbreviate V (z) = %, w(zr) = mnx% and define the space

Dé’Q(Bl, (z)dz) as the completion of C§° (R NB;) with respect to the norm v = fB+ |Vu|? w(z) da:)l/2

Then, by a standard approximation, it suffices to fix a sequence {v;} C D0 (Bl, (z)dx) with [ B+ vl dz
< 00, such that J[v] — 0, as | — co.

To this end, we choose d such that 0 < € < § < 1, which eventually will be sent to €, we set R,, = €
so that

1-m

1
— < X(z])) <1 R, <|z|<1, m=123,...
m

and define the functions f,, as follows

0—1 LE=E T
m< <1 &) X2 Tz12» Rm< S]-a
fm(x):{ 2 (al),  Rm<lol<1 o me<x>:{( %_QX (1) 2 2

X (2)), 2] < R, 2(|2]) £5,  0<|z| < R

3
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4.4 Hardy type remainder terms

Then, we have

X o—etl X4
D[fm] = / T dz + m*° / 2l dz =: Di(m)+ Da(m)
B{\Bf,, B,
and
§—1\? O X0t (| _ 2o X4 (|x
Nlfm] = <2> / WSD dz + m3° / ‘x’n-(I—’aD dz =: Ni(m)+ Na(m).

Bj\Bgm

BR"L

We will next estimate the terms D;, Da, Ny, Na, using polar coordinates . More precisely, making the

change of variable

X2(r)

t = X(r), thus dt =
,

dr

and setting Cp o = [gn-1 25 do(x), Y = [gn—1 1 do(z), we have
+ +

1 1
X(SfeJrl n €0
/ 1de /(T)dr:%l / po—e-1 dt:7(15m)’
T — €
8171 Rm 1/m

Dl(m) =

Dg(m) =

Nl(m) =

Ng(m) =

We conclude that

m3—6

S

R
X4—e e—9
/ l1do /(r) dr = 4, m37° / 2cde = ™ ,
T
n—1 0

1/m

3—¢€

+

1

1
_ 2 5+1 _ 2
(5 5 1) / y do(z) /X ") 4 =Cna <5 5 1> / 201 dt
r
R

n—1
ST 1/m

§—1\? (1 —m™9) 51 —m™0
o (737) T = -1
RmX4 1/m c s
m3~° / xo do(x) / T(T) dr = Cpom?®° / t2 dt = %
syt 0
o Cn,oz (6 _ 1)2 1_1717(}76 + mTi(s
J[fm] - 1—me—9 me—9 :
Tn 0—e + 3—e¢

We then take a sequence d; \, € and choose m; sufficiently large so that mle_(sl < 1/2. Tt follows that

I fm,] = 0, as | — oo.

Given now a function n € C§°(U), which is constant, not zero, in a neighbourhood of the origin, it is
straightforward to verify that the sequence v; = fy,, 1, satisfies J[v;] — 0, as [ — oo, that is the condition

(4.49).

d
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4.5 Inequalities with more general weights

4.5 Inequalities with more general weights

In this section we generalize the results obtained in the previous sections. We start with the following
extension of Proposition I.

Theorem 6. Let n > 3 and «, 8 real numbers such that o € (—1,1) and a+ +n—2 > 0. Then for all
u e Wh2(R2, % |2'|% dx) there holds

20/
H(n, o, B) / M da’ < /:rg |2'|? | Vul? dz, (4.50)
OR™ R

where

2= p(efd)
F(%)F (a+ﬁ+n 2)

H(n,a,B)=(1-a«)

The constant H(n,«a, ) is sharp.

The main ingredient in the proof of these Theorems is the consideration of the solution ¢ for the
corresponding Euler Lagrange equations

div(z2 2PV ) = 0, in R?,

g |2'|P 0d(a’san) _ 1 (4.51)
i Steran — on . — @ B g
To this aim we study the following boundary value problem
a—pB+4—na+B+n—2
(5+5%)¢"(5) + (o +2)5* + a] g (5) + 2= PInZ2 o) =0 (4.5
with the boundary conditions
g(0)=1 (4.53)
and
lim sn_zga%g(s) exists. (4.54)
S5—00
For later use, notice that multiplying by s*~! equation (4.52) can be written in divergence form
— 4 — -2
(s(1 4 s2)g'(s)) + c ﬁ;_ noa—i—ﬁ;—n 5% g(s) = 0. (4.55)
Using the change of variables z = —s? and defining the new unknown so that w(z) = g(s), we have
dg , d’g dw o d%w
—= =2 — = —-2— 4+ 4s5°—.
ds Y us2 dz s dz?
Then equation (4.52) becomes
1 3 — 4— -2
z(lfz)w"Jr[a;_ 7a—2|— z]w'fa BI noa—l—ﬁl—n w=0. (4.56)
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4.5 Inequalities with more general weights

Equation (4.56) belongs to the class of hypergeometric equations and the general solution can be expressed
in terms of hypergeometric functions (see [1, section 15]) in the neighborhood of the singular point z=0 :

a—fF+4-—n a+f+n—-2 a+1l

= F
W(Z) 1 ( 4 s 4 s 9 ,Z)
- 6—-m—a n—a 33—«
F .
+02Z 2 ( 4 P 4 ) 2 az)v
hence
a—pFf+4—n a++n—-2 a+1l 9
= F T —_—
g(S) Cl ( 4 Y 4 Y 2 Y 8)
_, M- 6—n—a n—a 33—«
+epsi™@e 7 F( 1 T . —s2).

Condition (4.53) implies that ¢; = 1. The constant co will be evaluated by the condition (4.54). To this
aim we will use formula 15.3.7 in [1] to arrive at

1 —348
o(s) = D(eH)r(=; )Snf4;a+BF(a+4—n—[3’ 6—n—o¢—ﬁ7 5—n—B; _l)
r2(n=2teth) 4 4 2 52
N rehr 3*376) 277lga75F(a+n—2+5 n—a+pB n+pB—1 1)
s P ——
FQ(Oz«HLan,B) 4 ) 4 ) 2 ) <2
I‘(%‘)‘)F(n_;’—’_ﬁ) inl—a—B) f—atn—4 6—-n—a—0 a—pf—-n+4 5—n—p 1
+ C2 — € 2 S 2 ( ) ) 7_72)
2 Tﬁ) 4 4 2 s
rEOrE==8Y  a-a-p 2-a-p-n - —2 ~-1 1
T oo 6_(,:0() (6_2_02 . (-ap) St F(n oz—i—ﬁ’ a+B+n 7 n+p LR
F( 4 )F( 1 ) 4 4 2 S
Then condition (4.54) yields
) —a+f 1
R i e L )

F(:{—Ta)lﬂ2<a+51’n72) :

With this choice of ¢y we have

g(s)=0(s— 2z ), as s — o0, (4.57)
and in particular
lim s%g(s) =0. (4.58)
S§—00

Next we compute the limit
H(n, a,8) := lim —s%'(s).

s—0+

Using the differentiation formula 15.2.1 in [1] we obtain

(a—B+4-n)a+B+n—-2)  a—B+8-n a+B+n+2 a+3

/ — _2 F _2
im(l—a 6— — — 3_
~(1—a)eps™ T P TR Py
_o6—n—a)(n—a) t-o0 10—-n+a n—a 3—«
_9 Qa( ,_2.
28 sG-a) ¢ e )
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4.5 Inequalities with more general weights

We then have

(=g r(edt)

Hins o 9) = Jim —s0(6) = (= 0) o oo (4.59)
Set now
o2, z,) = ]a;’|7%g( In ), o’ e R" Lz, >0, (2/,2,) # (0,0). (4.60)

J2/|

Note that in {(2/,z,) : 2’ = 0, ,, > 0}, ¢(2/,z,,) is well defined due to the condition (4.54). Then ¢
satisfies equations (4.51). Indeed the boundary condition in (4.51) is a consequence of (4.53) and (4.59),
while div(z& |2'|°V¢) = 0 is equivalent to (4.52), with s = | #- Moreover, gathering conditions (4.53) and
(4.57) we obtain

n—2+a+f

gls) ~ (14" 1 ,5>0

thus
b~ x|~ in R (4.61)

Proof of Theorem 6. By a standard density argument it suffices to prove the result for v € C5°(R").
Moreover, by approximation we can suppose u € C§°(R™ \ {0}). Indeed, let € > 0, C. = {(2/,z,,) € R":
|z| <€, |xn| < €} and consider the functions ue = une, where u € C°(R"), n. € C3°(R™\ {0}), ne =1 in
suppu \ Cc and |Vn,| < ¢/e. Then we have

2 2
UE / U /
/deﬁ/wdfﬁ, as 64)0,
8R1 OR?“_

by the Lebesgue dominated theorem and similarly

/xﬁ |12'|% n?|Vul? dz — /:cg 12'1% |Vu|?dz, as e — 0.

R? R

Moreover we have

/xﬁ 12'|? |Vne 2 ul? dz < ce®™PH2 50, as € = 0,

R}

hence

/1‘% 12'|? |Vue|? dz — /m% 12'|? |Vu)|? dz, as e — 0.
R? R
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4.5 Inequalities with more general weights

Following the approach in [25] (see also [26]), we expand the square and integrate by parts, to get

/mg 2|7 | Vu — ?uﬁdx =
Rn

n
2
/:Jc% |21 | Vul? de + /xz‘ 2|7 |V |2 <Z> do — /xﬁ |2'|P Vu? - Yf de =
R R? R?
2
/:B% |2'|P|Vul? dz + /:L’% |z'|? |V ¢? <Z> dz + /u2 div <xg || ?) dz
R? R? R?
.xl ]:1:’|f3 u? 0 (2, x) ., B
* / mliglo 10) 0xy, da’ =
OR™
2
o u
/xn 2')? |Vu|* dz — H(n,a, B) / de’. (4.62)
R? OR™

In the last equation we used equations (4.51). Notice that on suppu, ¢ does not vanish, so the function
v =g is well defined. Actually v € C5°(R" \ {0}). Then equation (4.62) is equivalent to

U2 u
H(n,a, B) / de' - /ac% |2/|P ngqﬁQ do = /acg 2'|? | Vul? d (4.63)
OR™ R? 03

and the result follows immediately.

In order to verify the optimality of the constant H(n,a, 3) we define for a function u € W1?(R") the
quotient
[ w312l [Vul? do

Ry ~ Q1fu]
N T 60
R

We will show that there exist functions ue € W1?(R") such that

Jim Qfu = Hn.o, §).

Let 6 >0, and n € C&(C%), such that n =1 in Cs. We define

{77(33) ¢(xlaxn)u Tp 2 €,

ue(2', ) =

We firstly estimate the denominator Qs[u.]. To this aim we set B. = {2’ € R""! : |2’| < 1}. Then we have

1)
Qolud = /772(x ,0) ¢2($ , €) da’ + / 772($ ,0) ¢2(.CL‘ , €) da’ :/ ¢2(x , €) d0($/) dr +0(1)

|x/‘1—a—ﬁ ’:B/’l—a—ﬂ rl—a—3
Bj B} \Bj 0 B!
; 1 T 1
— 2(€) L — | %(s)=
= [ (5) ar+0m = [ )} as+ o), (4.65)
0 €/d
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4.5 Inequalities with more general weights

as € — 0. As regards the numerator Q1[u], taking into account that n = 1 in Cy it follows that
Gl = [ sl Va@ee P [ ot Vmo)P do
{0<z,<e} {e<z, <6}

_ / 22 12/)° |V (ng) | dz + O(1)

{eLz, <6}

_ / 22 2P V|2 dz + O(1), (4.66)

Csn{e<z, <6}

as € = 0. In view of (4.60), we have

/ a,ﬂg,wpdx_/// Tm(mz_mgz(?)

Csn{e<z, <6} e 0 9Bl

2 n — 2 n n n
+ I (M) + otn g (52) o (22) +9% (%) ) dota) drde, =
r r T T r r

6 O
o _22 n 2 n n n n n
[ [ () e () ren e () () 42 () ) v =
rot 4 r r r r r r r
0

€

6 o0
/ / j?n (WQz(S) + (145 g%(s) + (a+n—2)sg(s)g'(s )) ds dz,,. (4.67)

€ xpn/d

In the last equality we used the change of variable r = x,/s. Making now partial integration we have

(@+n=2) [ s glo)g(s)ds = S22 [t (2(s)) ds
Tn/d Tn/d
a+1)(a+n—2 T o at+n—-2., 0o
_( )(2 ) / 3 92(8) dS-’-T[S +192(8)]s:%’
Tn/d

which by virtue of (4.57), yields

a+n—2/67s°‘+1 '(s) dsdx, = —(a+1)(O;+n_2)/6750‘92(5)d5

€ xpn/d € xpn/d
mathrmdz,, + O(1),

as € — 0. Substitute this estimate to (4.67), hence (4.66) becomes

5 o0
Ql[ue]:/ xln / sa(1+82)g'2(3)—a+ﬁgn_2a_ﬁgn+4s“gz(s) dsdx, + O(1), (4.68)
Tn/d
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4.5 Inequalities with more general weights

as € — 0. Next we make again integration by parts in the s variable and then we use equation (4.55).
Then (4.68) yields

5 i —9%a—f4—
Ql[ue] — _/ xln/(Sa(1+52)gl(8))/g(s)+OH_ﬁ;_n 2« ’82n+45a92(8)d5d$n

Tn /8
Y () () v on
5 o T\ 2 €T T
= =[5 G (1 (3)) 0 (3)a () anavorn

as € — 0. We make now the change of variable s = “2, to concude

1
Orlud = — / (14 5%) ¢(s) g(s)ds + O(1), (4.69)
/s

€

as € — 0. Finally, gathering estimates (4.65) and (4.69) and taking into account (4.59) and (4.53) we
obtain

1
— [ s 1 (14 5%) ¢(s)g(s)ds +O(1
/f(S (1+5%) g'(s) g(s)ds + ()_lim—t"‘(1+t2)g’(t)

0 g(t)

lim Q[u = lim = H(n,a, ).

e—0 e—0 f g2(8)%d8+0(1)
€/d

O]

Theorem 7. Let o, 5 real numbers such that o € (—1,1) and a+B+n—2 > 0. Then for allu € C§°(U)
there holds

2 / al 1Byv2,,2
u® dx 1 8 |2 [P X% u
8R10U Ri U R’frﬂU

where X = X (|z|/d). The constant % is optimal.

Proof of Theorem 7. By a standard density argument it suffices to prove the result for u € C§°(By).
Moreover, by approximation we can suppose u € C§°(By \ {0}). Indeed, let € > 0, Cc = {z € R" : € <
|z| < 1— €} and consider the functions u. = une, where u € C3°(B1), n. € C3°(B1\{0}), ne = 1 in C, and
|Vne| < ¢/e. Then, by the Lebesgue dominated theorem, we have

/ AN / vy =0 (4.71)
————dx ———da’, as e .
|$/|1—a—,8 |CC/|1_O‘_6 ’
OR"NB1 OR™NB1
and B y2 1B y2
o X o X
/ x”T’P u? dz — / xn||w’\2 u? dz, as e — 0. (4.72)
x x
R NB; R"NB;

Similarly we have

/ 2% |2'|° n? |Vul|? dz — / 2% |2'|? |Vu)|? dz, as e — 0.

RNB; R?NB;
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4.5 Inequalities with more general weights

Moreover, taking into account |Vne| < c/e, we get

/ 2 | PV Plul? da < e(n, a, B)Em21048 S5 0, as € — 0,

R7NB1
hence
/ 22 |2’ |P | Vue|? do — / a2 2P |Vul? dz, as € — 0. (4.73)
R7NB; R"NB1

Gathering (4.71), (4.72), (4.73) we conclude that it suffices to prove the result for u € C§°(By \ {0}).
Thus, in the sequel we suppose that v € C§°(By \ {0}). We define the function

b(z) = o@)X (), r=|al.

We will show that ¢ satisfies the equations

. a8 Y2 .

div(zg |2'|P V) + B — o, in R N By, .

lim Z1 006 ) _ pry o gy 1 (4.74)

Zn—0 111(90',%) Oxp ’ |33/|1_0‘_ﬁ'
Indeed, we have

—1/2 1 1/2
Vip =X (r)\Ve — ﬁ@bX (r)z,
hence
X2 1 —2
Ay = X VA4 Vé-z— |—x32 4 L 2x12]
r2 4r2 2r2
= xag- X v e 220 - Loxorg
N 72 v 2 472 ’
Then it follows that
, % |28 X2 B B 29 1218 X2
din(a 0P 99) + S EY o 8 A b a1 b, + B P Ve 4 XY
X1/2 -9 al../|B
_ m%|x’|ﬁX_1/2A¢ _ x%kﬁ'!ﬁ > (Vo -z + n . é) — $n4f2’ X3/2¢ + a:n%_1|x’|ﬁ¢an_1/2¢X1/2
axa|x/‘ﬁ 181 v—1/2 , B2 ’$/|5X1/2 xa|x/‘ﬁX3/2¢
] e G R e A
z% |2 X1/2 n—2+o+

= X2 (2312 |PAp + a2 ! PP, — Bl |0 P2V X) — ”'L(ws o+ %qﬁ) = 0.

In the last equation we used that div(z% |2'|°® V¢) = 0 as well as Vo - x + "_2”;70‘“3(;5 = 0. The latter can
be directly shown utilizing (4.60).
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4.5 Inequalities with more general weights

Following the approach in [27], we expand the square and integrate by parts to obtain

/ZL% 12'|? |Vu — Eu|2d:17 =

¢

R}

2
/xf;x'|ﬂyvu|2dx+/xg|x’|ﬁ|v¢y2 <Z) dz — /:cg;\x’yﬁ Vu? - z;bdx _
]R’jr Ri ]Ri

2

v
/g;gx'|5|vu2dx+/xg\x'yﬁ\v¢|2 <Z)> dx+/u2 div <xg|x'\ﬁ f) dz
R R™ Ry
2|2 Pu? 0o(a, ) | B
OR™
o u? ¢ |2 1P X3 (|2|) u?

/xn 2'|? |Vul? dz — H(n, o, B) / de/—/ 121 |x|2(| D daz. (4.75)
R ORY ¥

In the last equation we used equations (4.74). Then inequality (4.70) follows directly.
Next we will verify the optimality of the constant %. Let € > 0, e; > 0. Then it is sufficient to show
that there exist functions u. ., € W01’2(Bl, x%|2'|® dx) such that

u2
f ‘r% |1:’|B|Vu5751|2dx—H(n,a,ﬁ) f Wﬁ%offﬂdxl
RT}FQBl 6R’+‘ﬂBl 5751__;0 1

[ zq |2 P X2 (|2]) ud o da 4
||

R NB1

Setting ue ¢, = 1 Uc ¢, and utilizing equation (4.75) we have

u2
[ aSla P Vuee, P de — Hina,f) [ oiissde’ [ e ol Voes, 2 de
RiﬁBl aRiﬂBl R"frﬂBl ]_

+ -
I a2 [P X2 (|z]) u2 o da I afy |2/ [P X2 (|x]) 2 02 de 4
i EE § EE

RJrﬁBl R+ﬁBl

Hence it is sufficient to show that there exist functions v ., such that Y v.., € WS 2(By, z%|#'|? dz) and

J a2 P Ve, P da
R’iﬂBl 5751—_;0

g o' P X2 (e 07 2y

0. (4.76)

. EE
R+QB1

Let 0 < 6 < 1. We set v, () = r°X®'n(x), r = |z|, where n € C§°(Bays) with n = 1 in Bs. In the
sequel we will show that v, ., satisfy condition (4.76).
First, we estimate the denominator in (4.76). Since there exist constants cj, co such that

- B - 8
ale] T < p) S ol T, in RN By,
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4.5 Inequalities with more general weights

we calculate

x% ’x/|ﬂ X202 U?,sl e |x/|ﬁ X 1+2e: w2n2 o |33’|5X1+251
/ |x‘2 dl’ — / n |x|272€ dﬂf =C / W dl‘ + 05781(1>
R7NB; R NBas R"NBs
0 v14+2e
X (r)
= C(n,aaﬂ)/o W d7’+05,51(1).
Therefore
29 | 6x2 T 2U2 4 X1+251 C
lim n TP X 2D v vee o / X0 G v 0o (1) = X% (5) 1 0.,(1). (477)
e=0 |z |? 0 r 2e1
R”NBy

Concerning the numerator in (4.76), we have

/ 22 (27 02 Vo o |2 o = / 2% |2'|P 4 [V (| X7)? dz + O(1)
R} NB1 R%? NBs
X—l

|z[n-2FatB V(2" X)[* da + Oz, (1)

<o / 2 |

R"NBjs

é 2e1—1

X%

= c(n, o, B) / i (e + e X%+ 2ee1X) dr + O, (1) = c(n, o, B)(I1 + I + I3) + O, (1). (4.78)
0

To estimate the first term [;, we integrate by parts to get

§ y2e1-1 e [0 1 °
h=e | “gmrdr=3 /0 X271 0%) dr = —¢ (2+51) /0 X2 dr + O (1)
1 ]. 0 2eq 2N/ 1 b 2e1+1,.2e—1
= 5|73 + &1 ; X (7" ) dr + O€,€1<1) =Eé1 B + €1 ; X r dr + 06761(1)- (4-79)

Similarly we have
b s s
I; = 2, / XZEp2ldr =g / X (%) dr = —2¢2 / X2tz ldr + O. (1), (4.80)
0 0 0
Combining (4.78), (4.79), (4.80) we obtain

)
/ Ty |x/\5 ¢2 |VU8781 ’2 dz = _6871 / x2Etlp2emlqr 4 05751(1)7
R"NB; ‘
thus
lim / 25 |2/ [V, [P de =~ SX%1(5) = 0., (1), (4.81)

e—0
R"NB;
Finally combining (4.77) with (4.81) we conclude that

[ wn ] IP9? Ve e, [P da

1' 1 RﬁﬂBl 0
1m 11im = U.
1020 o P X2 (e 02,
J ER r
R’}rﬁBl
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Chapter 5

Trace remainder terms

In this chapter, we will give the proof of Theorems VI, VII. Before proceed to the proofs, let us fix
some notation which will be used. We recall that B. = {2/ € R*! : |2/| < r} and we define the
sphere S"2 = 9B = {¢/ € R* ! : |¢| = 1}. Moreover, faB;uda(x’), and [q,—» udo denote the
(n — 2)—dimensional Lebesgue integral of the function u, over B/ and S"~2 respectively. We also retain
the notation that has been introduced in the previous chapters.

We are now ready to start with the proof of Theorem VI which we restate here.

Theorem 8. Let a € (—1,1),2 —a < b <n and Q be a bounded domain in R"~1. Then there exists a
constant C > 0, depending only on n,«, such that for all u € C§°(R™), with u(z’,0) = 0, for 2’ & Q, there
holds

n—24a«
2 2 2 n—1
U (a+b—-2) & 2n-3+a  2(n—1)
K, a, b)/ e 4+ i rde | X0 e df
R
< [31vuP s, (5.1)
R}

where X = X (|2'|/D), X(¥) = (1 —1Ind)™, 0 <9 <1, D=supycq|2’|. The weight X W24 cannot be
replaced by a smaller power of X.

proof of Theorem 8. For the reader’s convenience, we divide the proof in two parts. Firstly we will
establish inequality (5.1) and next we will prove the optimality of the power of the logarithmic weight X.
A key role, in both parts of the proof, will play the function 1, defined by (3.27).

Part I: Derivation of the estimate (5.1). By standard approximation, it suffices to prove the result
for functions w with the further restriction v € C§°(R™ \ {0}) (cf. (4.2), (4.3), (4.4)).

Working as in Theorem 1, we arrive at the following equality

u? (@+b-2)* [apu’ a2, 2 a 2
K(n,a,b)/|x/|1a da’ + 1 FE dx+/xn|vd)| P dx:/xn\Vu| dz,
Q n n

n
+ + RZ

valid for any u € C§°(R™ \ {0}), with u(a’,0) = 0, for 2/ & Q. Therefore it remains to show that for such
functions u, there exists a positive constant C' = C(n, «) such that the following inequality is valid

n—24+a
n—1
2n—3+a

2(n—1)
C X n—2+a |u|n72+a dxl S /l‘z |v%|2¢]2 d;E (52)

Q R7
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5 Trace remainder terms

n—24+a«

Taking into account that ¢ ~ x|~ 2 in R} (cf. (3.38)) and making the change of variable u = v ¢, we
conclude that (5.2) will follow after establishing the following inequality

n—24+a
X w=Fa (|2/|/D) | 2oy " z8
c W= < / s Vol da, W € GE(RY), (5.3)
E?

|x/|n71

with v(z2/,0) = 0, for 2/ € Q and ¢ = ¢(n,a) > 0.

Note that for such v there exists R > D, depending on v, such that v € C§°(Bpr), where we denote
by Bgr the ball B = {x € R" : |z| < R}. Therefore, (5.3) will follow on its turn after showing the
existence of a positive constant C' depending only on n and «, such that for all v € C§°(Bg), with
v(2/,0) =0, |2/| > D, where 0 < D < R, there holds

2n—3+a
X n—2ta (|2/|/D) |,  20-1 x
|.7}/|”_1 |U| n—2+4a dl’l § / an%_a |VU|2 dz. (5.4)

OR" NBR R"NBr

To this aim, we study the minimization problem

f Ix‘nxfgﬂ_a |V’U’2dx

R"NBg I [v
. + 1
Cna = inf I[v], where I[v]= — [ ]
| zvefgj(?m\ d X%(‘ /D) | 2=l nl hfy]
v| s #0,v(z’,0)=0, |z’ |>D n—2+a (|g _nf ,
BR W ’U‘ n—2+a dx
{l='|<D}

We will compare the constant C,, , with the weighted trace Sobolev constant s,, o, which depends only on
n and « and it is defined by

[ 22 |Vu|? dz
Sna = Inf  Qv], where Qv]= i —— = . 5.5

YT e (By) g g S L Qafv] 5

ulBi‘fO ( f |U|7”*2+°‘ dx’)

OR™TNBy
We express the numerator of the quotient Q[v] in terms of polar coordinates, writing v(z) = v(r, ), where
x
= 0 =— eSS
r ‘$|7 |l’| +

Then we make the change of r—variable, setting
t =7r>""% and w(r60) = h(t,0),

thus
B pnolta & o = n—2+a
n—2+4+a

After straightforward manipulations we obtain (cf. (4.9))

1
ht? r =t n—2+a,

dr = rn—l-l—a

Qi[v] = (n—2+a)/ / cos® p (h? + (n—2+a)? t_2|Vgh\2) do dt. (5.6)

1 gn—1
S+
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5 Trace remainder terms

Next we will express the denominator Q2[v], in terms of polar coordinates in R"~1. We have

n—24« n—24«

2(n—1) 2(n—1)
Qo] = / oz, 0)[2ra da _ / / lo(a!, 0)| 5% do(a’) dr
B/

0 0B
2(n=1)
- / / P2 o] T o dr
0 §n—2
n—2+a
00 n—1
1 _2n—3+4«
= n—2ta / / no e |h‘" 2+a do dt
(n - 2 + Oé) n-t 1 Sn72
Therefore we have
oo a 2 —2 2
| [ cos®y (ht + ((n—=2+a)t)" " |Veh| ) dodt
3—2n—«a . 1 Si_l
(n—24a) » T spq= inf n—2ta : (5.7)
heCo®([1,00)x8T 1) 2n—34a e
h(1,0)=0 f f t~ n—2ta |h|n 2+a dodt
1 Sn 2

Similarly, we transform the terms of the quotient I[v] by means of polar coordinates and then we make
the change of r-variable, setting

1 1

Then for any v € C§°(BR), we have

R
Vol y | Vo(z a
L[v] = / Fr= e d o 2+a do(z) dr = r cos® ¢ |Vu|? do dr

R?NBg 8B, MR 0 g1
= / / r cos™ p (Uz + ]V9U|2> do dr

0 Si 1

R

a 1 2 1 2
= rcos® ¢ | mw; + — [Vew|” | dodr
r r

0 Sn—l
= / / cos® p wt + |Vouw| ) do dt. (5.8)

1—In( % ) ST 1
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5 Trace remainder terms

Similarly for the denominator I, for any v € C§°(Bg), with v(z’,0) = 0, if |2/| > D, we have

n—24a
2n—3+a n—1
X n=2%a (|2'|/D 2(n-1)
IZ[U] = a:”n(|_1V )’U({L'/,O)’nfﬂa da’
{lz'|<D}
n—2-§1—a
D n—3+a n-
XW2ie (/D) , . 2wy ,
= - |ulT, n—sra Ao(T T
] [v(@’, 0)[»=2F= do (') d
r
0 8B
D X2n73+o< D n;zta
n—=2+a« —1)
/ / X e (r/D) )|v|n 2Fa do dr
T
0 §n—2
0o n—24a
2n—3+a 2(n—1) n
= //t n—2ta ||n- o do dt
1 sn—2

Therefore, abbreviating p =1 — ln(%), we obtain

[ ] cos®p (w} + |Vew|?) dodt

oyt
Cha = inf ) —5Ta - (5.9)
weC® ([g,00)xST ™) 3n_3ia -1
w(1,0)=0, w(t,0”,0)=0, t<1 f f t n—2ta |w‘ n 2+a do’ dt
1 §n—2

Comparing the quotients in (5.7), (5.9) and noting that ¢ < 1, we conclude that

3—2n—«

n—2+a) 1T , n+a>3
(n—2+a)%, 2<n+a<3.

Cna 2 Tna Sna >0, where 7,4 = {

This proves (5.4), whereafter (5.1) follows.
Part 1I: Optimality of the exponent of the weight function. To complete the proof of the theorem, it

2n—3+a
remains to verify that the weight function X »-2+o cannot be replaced by a smaller power of X. To simplify
the calculations let us abbreviate ¢ := i(_”;i, = % Moreover, we can assume that Q = Bj.
In view of (3.38) and making the change of variable u,, = vy, ¥, it is sufficient to show that for each

0 < € < p there exists sequence {v,,} C C§°(By \ {0}) such that (cf. (5.2), (5.3), (5.4))

2% |Vom|?
. [l g
R"NB
Jom] = (V] = i — 0, as m — oo. (5.10)

Dlvp,] N 2/q
P |y |e
(8 |t dl”)

R’ NB1

Notice that it suffices to prove the claim, only for the case 0 < € < p — 1, since XP7 > XP7¢ Ve¢g > €.
In order to construct an appropriate sequence satisfying the condition (5.10), we will use a den-
sity argument. More precisely, abbreviating V(z') = %M, w(z) = mnx% we define the space

DV2(By, w(x)dz) as the completion of C§° (R NBy) with respect to the norm |v| = (fo Vol w(z)dz) /2.
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5 Trace remainder terms

Then, by a standard approximation, it suffices to fix a sequence {v,,} € D%2?(By,w(z)dz) with
Jogn g, V(@) |um|? dz’ < oo, such that J[v,,] — 0, as m — oc.
+ 1

To this end, we choose § such that 0 < ¢ < § < p — 1, which eventually will be sent to €, we set
R,, = e'™™ so that

1
— < X(|z])) <1< R, <|z| <1,
m

and define the functions f,, as follows

a2 51\ yi+3 =
Xa2(lz]),  Bm<lz<l, (f—f Xatz 2 R, <|z|<1,
Jm(x) = ;_é(!xD m < |zl < hence Vfp(z)= 1 52 al? m < el
m? i X(|z]), |z| < R, m2 e X2 ks 2| < R

We then have

Xl—e+6 B X P—etq
DY?[f,] = / T dz’ + m39/270 / P dz’ =: Dy + Dy
B1\Bg,, BRpy,

and

5 1 2 o X'26/q+1 B 2o X4
N(fm] = <q_2> / de_’_m:g 2/q |;|n+a dxr =: N1 + No.

+\ g+ +
B\Bf, Bg,,

We will next estimate the terms D, Do, N1, N2, using polar coordinates and taking into account that
X'(r) = X*(r)/r. More precisely, setting Cpo = [gn-1 23 do(z) and wp, = [g.—2 1 do, we have
+

1 X176+5 1 n 1— e—0
Dy = / 1do / 7(7’) dr = wy, / Ot Qe = Wnll 7 ) ( m ),
Sn72 m T 1/m 5 — €

R preJrq(T)

Sn—2 0 T

W, me:fé

p+tq—e—1

2 1 y25/q+1 2 1
N, = (5 — 1) / % do(z) u dr =Cp.a <5 — 1) / $26/a—1 34
q 2 sn1 R r q 2 1/m

1/m
dr = w, m?1/?9 / tPmeta=2 gt
0

)

5§ 1\? q(1 —m~2/9) , 1 —m~2/a
= Chal|l-—35) —F5— = Cha (0+1- ,
Cn (q 2) 26 Coa O+1-p) =5
No = m3_25/‘1 / ¢ da‘(x) o m dr = Cnam3—25/q /1/m 2 dt = Cn,a m~20/4
szt " 0 r ’ 0 3
We conclude that
2 1—m—2%/a m—2%/4
J[fm] _ Cn,a (5 +1- p) 2¢0 + 3

wi/q 1_m675 mefts 2/q
o—e + p+q—e—1

We then take a sequence §; \, € and choose m,; sufficiently large so that mf_‘si < 1/2. It follows that

J[fm,;] = 0, as i — oo. Given now a function n € C§°(By), which is constant, not zero, in a neighbourhood
of the origin, it is straightforward to verify that the sequence v; = fn,, 0, satisfies J[v;] — 0, as i — oo,
that is the condition (5.10). O
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5 Trace remainder terms

Next we proceed with the proof of Theorem VII, which we restate here:

Theorem 9. Let a € (—1,1),2 —a < b <n and Q be a bounded domain in R"~1. Then there exists a
constant C > 0, depending only on n,«, such that for allu € C§°(R™), with u(z’,0) =0, for 2’ & Q, there
holds

u? (a+b—2)% [ 20u? X2 o
K(n,a,b)/ i da’ + 1 FE dx—i—C’/ e u?da’ < /zn\Vu|2da:, (5.11)
RTL

n
+ R%

where X = X(|2'|/D), X(¥) = (1 —=Ind¥)™1, 0 < X(¥) < 1, D = sup,cq |2’|. The weight X* cannot be
replaced by a smaller power of X.

Proof of Theorem 9. We divide the proof in two parts. Firstly we will establish inequality (5.11) and
next we will prove the optimality of the exponent 2 of the logarithmic weight X. A key role, in both parts
of the proof, will play the function v, defined by (3.27).

Part I: Derivation of the estimate (5.11). As in the proof of Theorem 1, we arrive at the following
inequality (see (3.40))

2 /70 bh—92+ 2 a,,2
K(n,a,b)/mdm’—i—( 1 a) x(;; d:):—i—/x%W:Z]Q@/Jgdx: /xﬁ\Vu]zdx, (5.12)
Q R™

¥ R

By

valid for all u € C§°(R™\ {0}), with u(z’,0) =0, for 2’ & Q. The third term in the left hand side yields the
correction term in the original inequality. Therefore the result will follow after establishing the following
inequality

C/| e _/ 0‘|V 2¢%dz, Vu e CF(R™\ {0}), with u(a’,0) =0, fora’ ¢ Q.  (5.13)

n

for some constant C' > 0, depending only on n and «. Then taking into account (3.38), that is ¢ ~
]a:\fnigm in R’ , and making the substitution v = v, we conclude that (5.13) will follow after showing

that there exists a constant ¢ = ¢(n,a) > 0, such that the following inequality is valid

2
/ E wv dz, Yv € C°(R™), with v(z’,0) = 0, for ' & Q. (5.14)

’x/’n 1 ’a—&—n 2

Note that for such v there exists R > D, depending on v, such that v € C§°(Bg), where we notate the
ball B = {x € OR" : |z| < 1}. Therefore, (5.14) will follow on its turn after showing the existence
of a positive constant C' = C(n,«a), independent of R and D, such that for all v € C§°(Bgr), with
v(2/,0) =0, |2/| > D, where 0 < D < R, there holds

c / é/i:)idx' < / de, v € C5°(BR). (5.15)
IR NBR RYNBr
To this aim we study the minimization problem
R2NBR mﬁ;ﬂj o _ L[y
Tha = Uecioor.}(fBR) I[v], where I[v]:=— e A

o] L 20, v(x!,0)=0, |o/|>D [z =T
BT TS {l2’'|<D}
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5 Trace remainder terms

We will compare T}, , with the trace Hardy constant H(n,a) (see Proposition 1) defined by

[ 2% |Vu]? dz
B ‘ o R?NBy _ Ql[v]
) = ety QU here QML= = o ™ Qulol
vZE0 8R10B1

We express the numerator of the quotient Q[v] in terms of polar coordinates, writing v(z) = v(r, ), where

z -1
r=|zl, GZHGST—&L- .

Then we make the change of r—variable, setting
t =7r>""% and w(r,60) = h(t,0),

thus

pn—lta n—24+a« 1
dr = T 21a dt, v, = T Tre hey =1 n-2Fa,

Straightforward manipulations yield (see (4.9))

Qi[v] = (n—2+a)/ / cos® (h? + (n—2+a)_2t_2|Vgh\2) do dt.
1 S:Lfl

Similarly, we will transform the denominator Q2[v] in terms of polar coordinates in R"~!. We have

Q2[v] = /\x’l — // \x’\l - da dr—// n=3tey? do dr

0 §n—2
= / / t2h? do dt.
n—2+a + «
1 §n—2
We then have
| [ cos®ep (hf + (n+a—2)t)"" ]Vgh]z) dodt
1 Sn—l
(n+a—2)"2H(n,a) = inf — . (5.16)
hecwh(([i;g% ) f f =2 h2 do dt

1 §n—2

Next we transform the quotient I[v] in terms of polar coordinates and then we make the change of
r-variable, setting

1 1

Then for any v € C§°(BR), with v(z’,0) = 0, if |2'| > D, we have (see (5.8))

:/ / cos® (wt2 + |V9w|2) do dt,

n—1
o S+
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5 Trace remainder terms

where we abbreviate p = 1 — In(R/D). Similarly for the denominator we have

D D
X2 2 10 X2 2 /O X2 D 2
Lv] = |;’,‘ffl’ )dx/:/ :nff )da(x’)dr:/ / % )V 4o dr
{|l='|<D} 0 0B 0 sn—2
oo
= / / t~2w? do dt.
1 §sn—2
Therefore we have
o0
[ ] cos®p (wf + |Vew|?) dodt
0 Sn—l
Tho = inf = : (5.17)
wEC™® ([g,00) xS ™) _
w(l,G):O,wg(t,G’,O)iO,tgl f f t=2w? do dt

1 §n—2

Comparing the quotients in (5.16), (5.17), noting that In(R/D) > 0, we conclude that

-2
Thna > Ena (n— 2+a) 2H(n,a) >0, where Fna = {(n —2+e)7, nta>3
1, 2<n+a<3.
This proves (5.15), whereafter (5.11) follows.

Part II: Optimality of the weight function X2. To complete the proof of the theorem, we have to verify
that the weight function X? cannot be replaced by a smaller power of X. We can assume that Q = Bj.
Let 0 < ¢ < 2. It is sufficient to show that there exists sequence {v,,} C C3°(B; \ {0}) such that (cf.
(5.12), (5.13), (5.14))

[Tl g,

N |x|n—2+a
[3) R"NB
Ivy) = [Vm] = S CETRT — 0, as m — oo.
D[’Um] f de’l
8R1m31

Notice also that it suffices to prove the claim, only for the case 0 < ¢ < 1, since X270 > X27¢ Vegy > ¢.
To this aim we choose § such that ¢ < § < 1, which will eventually be sent to €, we set R,, = ¢!~ so
that 1/m = X(|z|) & Ry, = |z|, and define the functions f,, as follows

hence

We then have

X2_£(|ZL'/|) 2 X2—a(|$/|) 2
D[fm] == / W d$/ + W dI/ == D]_ + D2

B1\Bpg,, Rm
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5 Trace remainder terms

and
[fm] = Tapzre [ e 4= Mt N
B\B},. B,

Next we will estimate the terms Dq, Do, N1, No, using polar coordinates and taking into account that
X'(r) = X*(r)/r. More precisely, setting wy, = [g.—» 1do, we have

1

X6—5+1 1— e—0

D = / — _dd =w, / ol dt = w, _m
/m

F e
Bi\Bf, 1
and
X4—e 1/m e—0
_ _ _ m
Dg—m35/ /n_ldw’—wnmg‘S/tQEdt—wn )
|| 3—¢
B 0

Rm

Similarly, setting Cp o = [gn-1 2% do(x), we have
+

1
§—1\% [ X5(p) §—1\* [ s, (6 —1)2 s
N]_ = Cn,a <2> / T dr = Cn,a <2> / t dt = quaT(l —m )

R 1/m
and
Rm 1/m
X4 —0
No =Ch.a m3~0 / & dr = n’ams—(s / 2 dt = CmamT.
r
0 0

We then take a sequence 9; \, € and choose m; sufficiently large so that mf_éi < 1/2. Tt follows that

I[fm,;] = 0, as i — co. Given now a function n € C5°(B7), which is constant, not zero, in a neighbourhood
of the origin, it is straightforward to verify that the sequence v; = fp,, 1, satisfies I[v;] — 0, as i — co. [

Remark. We point out that Theorems VI , VII are valid for functions supported in Rt. However, if
we restrict the attention to functions supported on a bounded domain U, then a stronger result holds. In
particular, if we cut the series in (1.19) at the k term, then the resulted inequality can be improved by
adding trace remainder terms:

Let a € (—1,1),2—a <b<n and U be a bounded domain in R™. Then there exists a constant ¢ > 0,
such that for all u € C§°(U), there holds

2 b—2)2 a2 1E a x2clely o x2 kel
=lgn’ny

P i [z P
8R10U RiﬁU
n—24a
_ . n—1
! | @I\ e I
+c Xl 6 e Xk; 6 Xk‘-‘rl 3 |u| n—2+a d:L‘ S ,fL'n ‘VU| dl',
GRQL_HU RiﬂU
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5 Trace remainder terms

where the constant K (n,a,b) is given in (1.11) , D = SUP,eoRrn U |x| and d= SUD,ern (U |x|. Moreover,

the weight (X7 --- Xk+1)(2”*3+a)/("*2+°‘) cannot be replaced by smaller powers of X1, , Xgy1.
Under the same assumptions, there exists a constant C' > 0, such that for all w € C3°(U), there holds

2 bh—2)2 @ oeX |~’C| XQM
K(n,a,b) / u dx’+(a+ ) /x‘"; de + — Z/ i ’(d)qux

‘x/‘l—a 4 ‘x’2
OR™ U R NU
o / 2
(0 ()% (5) % (), :
C udr’ < zo |Vul® dz.
‘m/|17a n
OR™NU R NU
Moreover, the logarithmic correction (X1 --- Xj41)? cannot be replaced by powers of X1, , Xpy1, with

exponents smaller than 2.
We can derive these improvements, following a similar argumentation with the one of the proofs of
Theorems VI, VII, but working with the function vy, (see (4.14)) instead of ).
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Chapter 6

Improving Hardy inequalities for
fractional Laplacians on bounded
domains

Throughout this Chapter we assume that s € (0,1) and © is a bounded domain in R™ with n > 2s. Recall
also the fractional Laplacians As, (—A)® which are defined in Section 1.3. In the sequel we will apply the
improved trace Hardy inequalities, obtained among others in Chapter 5, to the extended problems (see
Section 2.2) associated with these operators, to derive relative refined fractional Hardy inequalities.

6.1 Hardy inequalities for the spectral fractional Laplacian

In this section we establish sharp fractional Hardy inequalities with remainder terms, associated with the
spectral Laplacian As. More precisely, we will give the proof of Theorems VIII, IX, X .

6.1.1 The Hardy inequality for the spectral fractional Laplacian

We start with the proof of Theorem VIII which we restate here, for the reader’s convenience.

Theorem 10 (Hardy inequality for the spectral fractional Laplacian Ag). Let s € (0,1) and 2 be a
bounded domain in R™ with n > 2s. Then for all f € C5°(2) there holds

f(2) 2s T2 ("5%)
h&n/Q B de < (Asf, f), where hg, =2 Wfs). (6.1)

The constant hgy, is sharp if 0 € ).

The basic estimate for the proof of Theorem 10 is the weighted trace Hardy inequality (3.1), which we
restate here, in the settings of the present chapter: For any s € (0,1) with n > 2s, there holds

2 )
Hn,s/ u(2,0) dz < / / y' 72 |Vul? dz dy, Vu € CF°(R™), (6.2)
R" 0 n

’LU ‘ 2s
where the constant

_2arP(zar g

T+ s)T2() (6.3)

81



6.1 Hardy inequalities for the spectral fractional Laplacian

is the best possible. As a direct consequence of the scaling invariance of (6.2), the following inequality is
also valid

Hns/ ]m\Q d </ / 1228 \Qu)? dz dy, Vu € CP(Q x R), (6.4)

where the constant H,, s is given in (6.3) and it is optimal if 0 € €. With this estimate at hand, we can
proceed with the

Proof of Theorem 10 . For any f € C5°(€2) we consider the function u which is the unique extension
of f in £ x (0, 00), satisfying the problem (2.15), with ng y'=2 |Vu|? dz dy < oo. We then have (see [25],
[47])

25—1
(Asfaf)_Q lfs / / y' 2 |Vaul? dz dy. (6.5)

Then substituting this estimate in (6.4), we obtain the desired inequality (6.1).
It remains to prove the optimality of h,. Let {ux}32, be a minimizing sequence for the problem

Hn s — inf fooo fQ y1728|vu’2 dz dy

T uecF (@xr) | u?(2,0) 4
uln#0 Q |z

9

that is - Lo )
Y dxd
fo ny ‘ Uk| Tray kﬂf ...
u,C (z,0)
fQ EZES

We set fp(r) = ug(x,0) and let iy, : R*' — R be the extension of f, satisfying problem (2.15) for
f = fx, u = ug there. Then we have

/ /yl_25 |Vﬂk|2dxdy S/ /yl_% ]VukIdedy
0 Q 0 Q

and since ui = g in §2, we have

o0 1-2s|x75, |2
20 " — Hy .
fQ ‘CE|2S

Finally, in view of (6.5) we get
(Asfrs fr) koo

3 — hgn.
i
fQ |z]2s dz

)

6.1.2 Hardy-Sobolev inequality for the spectral fractional Laplacian

Let us now proceed to derive the Hardy-Sobolev inequality for the regional Laplacian Ag. To this aim,
we will need the following improvement of (6.4), concerning the extended problem, which is rather of
independent interest.

Theorem 11. Let s € (0,1) and n > 2s. Then there exists a positive constant C' = C(n, s) such that for

all w € C§°(2 x R) there holds
< [* [y ivap asa, (6.6)
0 Q

u? 2(
a || Q

n—
n—s) 2n
n—2s |u|n72s dx)
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2(n—s)
where X = X(|z|/D), X(@®) = (1—-1n9)"!, 0<9 <1, D=sup,cql|z|. The weight X »-2= cannot be
replaced by a smaller power of X.

Theorem 11 is an immediate consequence of Theorem 8 with b = 2 — o there. We are now ready to
prove Theorem IX:

Theorem 12 (Hardy-Sobolev inequality for the spectral fractional Laplacian). Let s € (0,1) and Q be
a bounded domain in R™ with n > 2s. Then there exists a positive constant C = C(n,s) such that for all
[ € C3(Q) there holds

n—2s
2n

(@) ( 2) o) |72 )
b [ T de+C ([ X5 @ ar) T o<,

|

where X = X (|z|/D), X(¥) = (1-Ind¥)~t, 0 <9 <1, D=sup,cq|r|. The exponent 27(;1_2? of X cannot
be replaced by a smaller one.

Proof of Theorem 12 . The result follows immediately, applying Theorem 11 to the extension u of f
(cf. (2.13)) and substituting the energy of u through the relation (6.5). O
6.1.3 Improved Hardy inequality for the spectral fractional Laplacian

To establish Theorem X, we will need the following improvement of (6.4), which is an immediate conse-
quence of Theorem 9, with b = 2 — « there.

Theorem 13. Let s € (0,1) and Q be a bounded domain in R™ with n > 2s. Then there exists a positive
constant C' = C(n, s) such that for all u € C§°(Q2 x R) there holds

u2 X2 oo
Hn,s/ T dr+C ﬁu2 dz < / / y' 725 Vul? dz dy,
a |zl o |zl 0 Ja
where X = X (|z|/D), X(¥) = (1 —1nd¥)™1, 0 <9 <1, D=supyeql|z|. The exponent 2 of X cannot be
improved.
Let us now proceed with the proof of Theorem X, which we restate here, for convenience of the reader.

Theorem 14 (Improved Hardy inequality for the spectral fractional Laplacian). Let s € (0,1) and Q be
a bounded domain in R™ with n > 2s. Then there exists a positive constant C' = C(n, s) such that

2 XQ
h&n/ /(@) dx—i—C/ Pe) o dr < (Af, f), Y € G,
o || 0 ||
where X = X(|z|/D), X(W) = (1 —1nd)"Y, 0 <9 <1, D = sup,eq|z|. The weight X? cannot be
replaced by a smaller power of X.

Proof of Theorem 14 . We apply Theorem 13 to the extension u of f (cf. (2.13)) whence Theorem 14
results upon a substitution of the energy of u through the relation (6.5). O

6.2 Hardy inequalities for the Dirichlet fractional Laplacian

This section is devoted to establish improvements of the fractional Hardy inequality associated with the
Dirichlet Laplacian (—A)*, by adding Sobolev and Hardy type correction terms. More precisely, we will
give the proof of Theorems XI , XII, XIII.
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6.2.1 The Hardy inequality for the Dirichlet fractional Laplacian

We first establish the sharp Hardy inequality which is stated in Theorem XI:

Theorem 15 (Hardy inequality for the fractional Laplacian (—A)®). Let s € (0,1) and Q be a bounded
domain in R™ with n > 2s. Then there holds

P@)

h
o Jaf?e

< ((=A)°f, f), Ve G5 (Q). (6.7)

The constant hg, is given by (6.1) and if 0 € €2, then it is sharp.

Proof of Theorem 15 . Applying standard scaling arguments in (6.2), we see that the same inequality
holds when the integral in the right hand side is computed over R™ x (0,00) and the test functions
u € C(R™) with u(x,0) =0,z ¢ Q, that is

2 oo
Hn,s/ UI;TZ’SO) dz < / / y' 7% | Vul? dz dy, Vu € CP(R™) with u(z,0)=0,2¢ Q. (6.8)
Q 0 n

We point out that (6.2), (6.8) share the same optimal constant.
We now consider the solution v = u(x,y) of the extended problem (2.13). In this case we have (see

[15], [25]) -
(-A)f, f)—2 1_F8 / / IVl dz dy. (6.9)

Hence, substituting this estimate in (6.8), we obtain (6.7).
It remains to prove the optimality of h,. Let {uy}72, be a minimizing sequence for the problem (cf.

(6.8))
fooo fRn 1225 |Vu|? dz dy

H,,= inf
5 uECOOO(Rn+1>s“(‘70)ECO(Q> f u2 1230 d,fL' 9
w0 Q |zl

that is - - )
T AV dz d
fO fR | Uk’ x y ki;) Hns.
uk z,0)
fQ FIER

We set fi(z) = ug(z,0) and let 4z : R — R be the extension of f; satisfying problem (2.13) for
f = fr, u = ug. Then we have

[ [ v vapdy< [ ] o vup deay
0 n 0 n

and since ug(z,0) = ux(x,0), we have

Jo~ S v BNV A2 dy oo
Ja T(n0) dx "

‘CE|25

Finally, in view of (6.9) we get
((=A)°fis fr) koo

= — hsn.
Ja o do

)
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6.2.2 Hardy-Sobolev inequality for the Dirichlet fractional Laplacian

The Hardy-Sobolev inequality for the regional Laplacian (—A)?®, is strongly connected with the following
improvement of (6.8), concerning the extended problem, which is rather of independent interest.

Theorem 16. Let s € (0,1) and Q be a bounded domain in R™ with n > 2s. Then there exists a positive
constant C = C(n, s) such that for all u € C§°(R™™), with u(z,0) = 0, z & Q, there holds

u2 _— o n—2s o Lo )
Hn,s / T dax + C / X n—2s |u’ n—2s dg S / / Yy s ‘Vu’ dz dy,
o lz| Q 0 n

where X = X (|z|/D), X(¥) = (1-In9)~!, 0< 9 <1, D = sup,eq |z|- The ezponent 2225 of the weight
function cannot be improved.

Theorem 16 is an immediate consequence of Theorem 8, with b = 2 — « there. We are now ready to
derive the Hardy - Sobolev inequality for the regional Laplacian (—A)*, stated in Theorem XII:

Theorem 17. Let s € (0,1) and Q be a bounded domain in R™ with n > 2s. Then there exists a positive
constant C' = C(n, s) such that for all f € C3°(Q) there holds

2
hs,n/ ! <2x)dx+C</X2(
o |zf* Q
2(n—s)

n—s) _2n n s

IOl I (N} (6.10)
where X = X(|z|/D), X(¥) = (1 =Ind)™!, 0 <9 <1, D = sup,cq|z|. Moreover X n=2s cannot be
replaced by a smaller power of X.

n—2s

Proof of Theorem 17 . The Theorem results upon an application of Theorem 16 to the extension u of
f (cf. (2.15)) and using the relation (6.9). O

6.2.3 Improved Hardy inequality for the Dirichlet fractional Laplacian

For the proof of Theorem XIII we will need an improvement of (6.8), which is associated with the extended
problem. More precisely, in view of Theorem 9, with b = 2 — « there, we have the following result.

Theorem 18. Let s € (0,1) and Q be a bounded domain in R™ with n > 2s. Then there exists a positive
constant C = C(n, s) such that for all u € C§°(R"™1), with u(z,0) = 0, x ¢ Q, there holds

u? X* > 1-2s 2
Hps | 75z de+C | —5u"dz < Y |Vul|*dz dy,
a |zl a |z o Jrn
where X = X(|z|/D), X(¥) = (1 —In9¥)™1, 0 <9 <1, D=sup,eq |zl
We conclude with the proof of Theorem XIII:

Theorem 19. Let s € (0,1) and Q be a bounded domain in R™ with n > 2s. Then there exists a positive
constant C' = C(n, s) such that

f(z s o0
o [ D dr 40 [ P) 2 e < (877 ), ¥ e CR@),
where X = X(|z|/D), X(9¥) = (1 — lnﬁ)* , 0< 9 <1, D=sup,eq |r|. Moreover X? cannot be replaced
by a smaller power of X.

Proof of Theorem 19 . We apply Theorem 18 to the extension u of f (cf. (2.15)) whence Theorem 19
results upon a substitution of the energy of u through the relation (6.9). O
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