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Oa Hleho vor T €val ELYORIGTE amd xUEOLEC GToV XNy NTY wou, Muydhn Ioma-
ONUNTEAXY, Yot To Yeévo mou diEldeoe, TN oTHEEN X TNV xododhynor Tou Yl TNV
vhorolnorn avtAc g epyaciog ahhd xar xodOAT Tr OBLdpxeld TV oToudGY pou. H
Bonded Tou oy TOAUTIUN XU OLCLICTIXY| 6 GAa Tor emtinedar TimoTa yiar euéva de Var
oy {010 ywpelc authv xou olyoupa 00Te €y 1) (BLo.

‘Eva oaxduo UeYdAo €UYORIO TG GTNV OXOYEVELS oL XL Toug QIAouC ou Tou elvor
mévTo Bimhar ou xou e otneilouv o 6,TL XAV, xodwe eTlong xon GTr BooxdA YoU
xou podnuatixd, Mogia Xmuponoviou, mou uou €deile To BpdUo xar cLUVEYILEL Vo TO
AAVEL.






1  Meraocynuatioude Fourier

Opwowoe 1.1. Eow f € L'(R™). Opilovue to petaoynuatioud Fourier tng,
fiR" = C, pe

~

fier = [ ermeon

Fevixdtepa, av M(R™) eivon 0 ydpog twv TETEPUCUEV®Y, UYadXOY UETEMY GTOV
R™ pe vopua [|p]| = |p|(R™), émov |u| ebvou 1 oméblutn xduavor, tote L'(R™) C
M(R™) avuiotoryilovtac wa f € L'(R™) oto pétpo du = fdx. 'Etot, o opiopde 1.1
Yevixeletal w¢ e€Ng:

Opwopode 1.2. Eow p € M(R™). Opilovue to petaoynuatiousé Fourier tov,
w:R" = C, ue

Q) = [ e dula),

—mlz|?

Iopddevypo. Eotw n I'kaovowavry G € LY(R™), érov G(z) = e
Téve G(€) = e P,

Hoaporxdtes Yo avapépoupe YepInée WIOTNTES Tou PeTaoy nuatiopon Fourier ywolc vo tic
amodei&oupe.

Ilpétaon 1.1. Eoww f € LYR"), 7 € R" ke T : R" — R™, avuotpéhun,
VPAHUMIKY) aTelkovion.
1. Av f.(x) = f(x —T), tdte

f(€) = TR (E). (1)
2. Av e, (z) = ¥ téte - R
erf(§) = f(€—7) (2)

3. Av T elvar o avtiotpogog tov avaotpdpou tou T, tdte
Fol =|detT| ' foT™ (3)

Ebikdrepa, av o T eivar opoycivios petaoynuatiopds, 6niadn TTY = I, téte
detT = +£1 ka1 dpa

ﬁ = fo T. (4)
Entong, av fo(x) = f(ex), f(x) = & f(£) ka1 T = € - x, égouue
F©) = Flen© = -7 = (e, o)
ka1 avtiotpoga -
Fi(e) = 150 = F(e€) = (Dele) (



4. Av f(x) = f(—x), téte

f=r (7)
IMpoétaon 1.2. Av pe M(R™) tove ||fi||oo < ||1tl|aqrny, OnAadn [ ppaypévn owvdp-
tnon.
ITpoétaom 1.3. Av € M(R™) tére i1 ouveyns ovvdptnon.

Ané €8¢ xou 610 €€rc Yo ypnoylomoticoupe Tov €S GUUPOMOUS UE TOAUDEIXTES
ywelc mepoutépw emehynon otav eivon Cexdapo. Muyxexpuuéva, €vae TOAUBEXTNG
elvan éva Sudvuopo a € R™ pe axépaneg, W) apvntixés cuvtetaypéves. Av twpa x € R”
xou a = (ay, ..., an) ebvon évag moludeixtng, opilouye

o o

D = ek
al Y
Oxf Oxan

X0l To Uxog Tou a,

3

la| =) aj.

<
—_

Ipoétaoy 1.4. Av p e M(R™) xar supp(p) ovunayés, tote it eivar C>° kar

—

D = (~2miz)p).
Eriong, av supp(p) € D(0, R), ya kdmoo R > 0, tdte
1Dllso < (27 R)“! |

IMpétacn 1.5. Av f € LY(R"™), f € CV ka1 D*f € L*(R") ya rdOe noAvdeiktn a
e 0 <|a| < N. Tére

— ~

D (&) = (2mi€)"f(€), dzav |a] < N,

K emiong,
1FO) <O+ €)™, ya karddnAn otadepd C.

IMpoétaocy 1.6 (Xyéorn AuvlopoD). Eoww pp€ M(R") karv € M(R™). Tére
/ﬂdl/: /ﬁdu. (8)
Yuykexpiuéva, y f,g € L'(R"),

f@)g(a)yde = | f(z)g(z)dz.

R R



H omédeln npoxintel dueoca and to Ocwpnua Fubini.

Ou opicoude TN CUVENET TV f X g WG

(fxg)(z)= | [fly)gle—-y)dy, = €R". (9)
R"
Av f elvan cuVEYTC UE CUUTIAYT| POREN X0l G TOTIXA ONOXATIPWOT), TOTE TO OAOXAT|-
cwpo (9) ouyxhiver oamdlvta Y xéde = xou 1) f * g ebvan cuveyhc.
Aviootnta Young. Eoww f € LP(R"), g € L'(R™), pe 1 < p,r < 0o ka1 %—f—% > 1.
Fotw % = % + 21— 1. Tére f* g € LY(R") kar

1+ glla < 1 F1lpl1gll-

A0 €BXEC TEQIMTOOELS TNE AVloOTNTaC Young elvon oL e€rg.

LAy f e L' xaug e LP, 1 < p < 00, 10 ohoxhfpoua (9) cuyxhiver andhuto
oYEDOV Yo xdde T xou
L+ gllp < 1If[l1]lg]lp- (10)

2. Av feLP xu g e LV, % + z% = 1, 167€ amd avicéTnTa Holder, to oloxhrjpwua
(9) ouyxhiver andluta yia xdde T xou

1 * glloo < [ flpllgllp- (11)

Ocwenua Riesz-Thorin. Fotw 1 < py, p1,qo, 1 < 00, ka1 ypapjkds tekeotng T

peT : LP(X) — LO(Y) kar T : LP(X) — L™(Y) gpaypévos. Eotw 0 < 0 < 1 kai
1 1-6 4 1

+—, =

p Do p1 q 4o Uil

Tore T : LP(X) — LYY) ka1

16 0

1T 11pq < 1Tl a0 11l

Po,90 P1,91°

~ ~

Optlouye, eniong, f(z) = f(—x).
Ochpnua 1.1 (Avtiotpoghs). Eow f € LNR") ka f emions orov L'(R™).

Téte, yia oyeddy kdle x,
fla)y= | fle)emsede. (12)
Rn

Toootvapa,

F@) = f(@). (13)



Optloupe, tdpa, T0 Yweo tou Schwartz, S(R™), vo elvan 0 ¥hpog Twv cuvVapTHoEWY
¢ :R* = C, ye ¢ € C*°, xou

sup |2 D¢(z)| < 400, yia xdde TohudeixTn a, B.
reR?

Iood0vapa, vy k € Ny xou ¢ € C(R™), opiloupe

pi(9) = sup (1+|z[*)*?|D*p(z)],

z,|a|<k
xou TOTE py Vopuo otov S(R™) xou
¢ € S(R") & pr(¢) < 400, Vk.
Mo mapdderypa, edxoho umopolye vo dovue ot n G(z) = el avixer otov S.
‘Eotw C§° oo O cuvapthoelc ye ouunayr gopéa. Tote unopolue vo deiloupe 6T
C3P(R™) € S(R™) xon pdhioto munvo, xou S(R™) € LP(R™) yio xdde p, eniong muxvo,

av p < +oo. Egdoov thpa S C L, opileton o petooynuatiopdc Fourier oto S.
Yuyxexpyéva, Yo ¢ € S, €youue

F(9) = ¢.

Enfong, ye ahhayn yetaBAntng, amodetxvieTon Ot

frg=Ffa, ywfgell (14)

Kou oméd v (14) xou o Oedpnuo Avtiotpoghc éyoupe

fg=7i*g. vofges. (15)
IMeoétaon 1.7. F: S(R") — S(R™), 1-1 ka1 eni, owuvexniS, Ypapupkos teAeotris.

Opwowog 1.3. Opilovue CF° tensor ouvdptnon e ouvvdptnon f : R* — C, wng
HopPrIS

f(l') = H¢j(wj)7
j=1
onov kdle ¢; € CP(R).

L4 / /7 o0 z /. /7
ITpbtaom 1.8. O ypaupukoil ovvdvaouoil Cg° tensor ouvaptnoewy elval tukvol otoy

S

Ieétaon 1.9. Av f € C° ka1 g € L}, tote n f * g elvar C™ ka1

locy

D(fxg) = (Df) *g. (16)

IIopopa 1.1. Av f,ge S, téte fxg € S.



Oedpnua 1.2 (Plancherel). Yrdpyer povadikds, ypaujurds tereotis F o L* —
L* ue Ff = f, étav f € S, o onolog €fvar wouetpia kar erl, ki emmAéov 10yUel

~

Ff=f av feLnlL?

Oa oplooupe TR TN CUVENEY cLVAETNOTNC OTO YWEo Tou Schwartz pe yétpo. Mu-
yxexpyéva, €0t ¢ € S xou 1 € M(R™), ye ouumoyn gopéa yio euxohio. Optlouye

(¢ p)(z) = w¢m—ywmm.

Téte ¢ x € C® xow D¢ * ) = (D) * p.
OpiCouye, enione, fi(z) = i(—1).
MrnopoUye twpa va enexteivoupe Ty (15) yia ¢ € S xon pp € M(R™). Xuyxexpipéva,
€y OupE OTL
Pl = * (17)
xol

Spt = ¢ * fi. (18)

Opiopdg 1.4. Opilovue edeyyduern katavourj (tempered distribution) évav tedeotr)
L e S(R")*, énAadn L : S(R™) — C, ypapjpukiés kar ovvexris, émouv ouvvexris Dewpeitar
av 1kavomolel Ty €€ng 1010TNTa,

On — ¢ otov S(R™) = L(¢y,) — L(9).

ITpétaocm 1.10. Eow L : S(R*) — C ypappuxdss. Tére L ouveyns av kar pévo av
vndpyer C > 0 ka1 k € Ny dote |L(¢)| < Cpi(¢), ya kde ¢ € S.

1
loc

Opwowoég 1.5. Mia ovvdptnon f € L
yia kdrowa otalepd N 10yUel

(R™) Aéyetar molvwvupkd eAeyydpern, av

[ sl @i < +x,
dnkadn, av (1 + |x])~V f(z) € L*(R™).

Topo yioo f mohuwvuuxd ereyyduevn, oplletan Ly : S(R™) — C, e

Li(é) = [ ola) (@i

MropoUue va 6et€ouue 6Tl To Ly elvon ypouind xan GUVEYES xaL dpa ELVOL XOTAVOUT).
Eniong, av L xatavour, optloupe 1o petaoynuatioud Fourier tne, L : S(R*) — C
ME,

~

L(¢) == L(9), 11z ¢ € S(R").

5



Arnodewcvietan TéAL 6TL L ypouuxd xon cuveyée, dpo L eniong xatovour.

‘Eote topa T évag n X n mporyatinds, CUPHETEIXOS, avTioTeédylog ivaxag. Opi-
Coupe v unoypagr tou T, sgn(T) = ki — k_, 6mou ki xau k_ eivor o apripdc twv
VeTIXWY xon opvNTIXOY avTioToryo WoToY Tou 1" UETPOVTIC UE TOAATAOTNTA.

Opllouye, enlong, ) ouvdptnon Gy : R™ — R™ pe Gr(x) = e ™%, Tlapatnpolue
ot |Gr(x)| = 1, dpo elvon TOAUWYLUIXE EAEYYOUEVY GUVAETNOT Xat eToUéveS opiletl
xatavopn) L, : 8§ = C e La, (¢) = [z Gr(x)d(x)dz v ¢ € S.

Ilpbtaom 1.11. Fotw T évagn X n al/tzatpégbzpog, TPAYUATIKOS, OUMMUETPIKOS Ti-

vaxag pe vroypapn o. Téte n Gp éyel oav katavoun peraaXnyarlapo’ Fourier oo
pe e ™| det T|"2G_qo1. AnAadn av g(z) = e ™% | det T|"2e™T =% gz

Lo, = L.

An0561§17 O¢hovue va SELEoupe ot LGT = Ly Anhodh v ¢ € S(R™) 9éhoupe
LGT(¢) L,(¢) < LGT(qb) L,(¢). Iood0vopa, howtdy, Héhouye

/ @_”iT“'xa(m)da: — e ™% | det T|_% / e Y()dr, e g € S(R™). (19)

‘Eotww apywd n =1, dnhadr) R* =R, Te = cx, ye z,c € R, ¢ # 0 xou 0 = sgn(c).
'Eotw, eniong, f(z) = Vz, [+ A— B vaebvar o xAddog e TETPAYWwVXAC etlag and
10 A =C\ ((—00,0]) 010 B = {re®|r >0, =2 <0 < Z}. Téte yo z = se™” pe
—m < <7 éyoupe f(z) = /seit.

Ondre, ez = =idcpe c € R, ¢ # 0, éyoupe Vic = f(|c[e®3) = |/|cle®e )i =
| det T|z ™% .

Topo n (19) yiveton

/Re_m“ﬁ(g(x)dx— (\/%)_I/Remim2¢(x)dx.

Ioo80vapa, Aotndy, Féhoupe vo del&oupe HTL

et - N 7 [ F o s =cito (20)

Dz =1 9éhoupe [y e —ma® (g Jdo = [y e 7 () dx
Amodt yo Gz) = e € Ll(R) déhouye LG(@ Le(¢) & La(¢) = La(d).
Ouwe G € L'(R) dpa L = La = Lg apot G = G.
‘Apa oyVet 1 (20) yo z = 1.

[z > 0, dnhadh 2 = a € RY, 1 (20) yiveton,

[ tarta = [ otarts



/ (\/_x)( x—T x)dr <=
GeL'(R

)

LG\f_LG’f L —LG’fa

6mou G a(z) = G(vaz) xou GVe(z) = \/—EG(\%) xou dipat Loy VEL apoU Cj\?& = GVe.
Omnéte 1 (20) woyve yia Gha Tt 2z > 0.
Hopatnpotpe topa étL n F3(z) = Je e o(x)da ebvon avohutidh 6ty Rez > 0,

Aol

FA(Z + h) — F’\(Z> 6—7r(z+h)x2 _ 6—71'Z$2 ~
I ® DS _
= h h0 R h d(z)d
—mwhx? 1~
-l [ s
nol
62—1_1+2+§+§—T+...—1 L2 22 z3+
z | z T 2! N 3! * 41
<1+M+ﬁ+‘|3+ <1+|]+H2+ﬁ+ = ¢kl
- 2! 3! 4! 3! ‘
"Apa,
—mza? e—7rha: 1~ —mzx?| _w|h|z? | T —7(Rez)z? m|h|z?|
p—0@)| S e T [o(a)| = e e p(x)] =

= R 3(0)| < |(a)] € LN(R),

yw Rez — |h| > 0 <= |h| < Rez, agol t61€ e~ (Rez—|hl) < 1.
Ondte, and Ozoprnuo Kuptapynuévng X0yxhiong €youue

Fi(z) = /R %5@)@:: /R (—m22)e ™ §(x)dx

G0t oVOAUTLXY).

Enione, n h(z) = 1 anewovilel o nuieninedo Rez > 0 otov eauté Tou, dnhodn
h({z: Rez > 0}) = {2 : Rez > 0} »au eivon avohutix,.
Apan H(z) = \/Lg Je e‘”égb(x)dx = \/LEF(b(h(z)) ebvan eniong avohutxr, wg obvieon
X0l YWVOUEVO aVOAUTIXGY, Otay Rez > 0 (occpo() F, avohutuet), oaxp3og 6mee n F$)'
Omnére topa eyovpe F3(2) = H(2), yioz > 0, xou ebvon avehutinég tov Rez > 0. Apa,
a6 Apyh Tavtotnrac €yovue ot Fi(z) = H(z) v xde 2 pe Rez > 0. Anhodn,
oyvetr 1 (20) yio 2 pe Rez > 0.

Enlong, F fR —wae? gb x)dx eivon cuveync 6tay z = ci, z # 0, apol

= — —7rz:1:2 —7whx?
Ilg% Fo(z+h) = Illli% : e o(z)dx

7



xot, v z = ¢t xou Reh > 0,
e e ()| = e TN g(2)] < |o(x)] € LY(R)
‘Apa, andé Oewpenua Kuplapynuévne Xoyxhiong,

h—>0hrprcleh>o Folz+h) = Fyl2),

oot 1) Fq; elvon ouveye.

‘Oyota, xou  H(z) = \%Fd)(h(z)) elvor ouveync étav z = ci, z # 0. ‘Apa 1 06T
F5(z) = H(z) enextelveton o€ 6ho 1o {2 : Rez > 0, z # 0}. Ewdwotepa, omodelyinxe
N (20) yw z = ci # 0.

‘Eotw tohpa n > 2.
Eotw apyd T Sioryoviog pe otowyela Saywviou {¢; i, xou ¢ € CF° tensor function,

67])\0(6‘fj\¢(113) = [1_ ¢i(x;) e ¢; € C°. Tote Tw -z = Y77 cjai xau o(z) =
[Tj-, #j(x5). Apa, yenowonowdvioc to Oedpnpa Fubini xou v (20), éyoupe

/ e*m'T"”'“(g(x)d:U :/ He_Wiij?Qg\j<xj>dxj _ H/ e_mcjx?(gj(xj)dzj —
R™ " =1 =17k
_ H(\/E)_ / J¢j(xj)d$J — e ™| det T| 2 H/ J¢y ;) dx; =
j=1

— ¢ ™% | det T]_%/ e (1) da

‘Apa anodeiyinxe n (19) v T Brory@dvio xou ¢ cuVETNoT tensor.

Fevixdtepa topa, yioo ¢ € S, €youpe, ano llpbdtaon 1.8, 6L o ypauuixol cuv-
duacuol CF° tensor ouvaptioewy eivar Ttuxvol otov S. "Apa untdpyet oxorovdia (¢y,)
YEOUUIXDY GUVOVAOUOY tensor cUVIPTACEWY PE ¢, — ¢ oTtov S(R™) xou and ypoppt-
AOTNTA OAOXATIPWUATOC Yol PETAOY NuaTiopo) Fourier oy el 1 (19) yo TiC P, oMY

Ley (6) = Ly(6n).
Enlong,

Ly(6a) = Lo(@) | Lo(6a) = Ly(9)
. {LE(%) = La,(9) {ngn) ~ L (9)

PRI {@ﬂ? _ {LGT@HLGT@

Lg(6n) = Ly(0) Lg(dn) = Ly(0)

Aoy 0pIoUO0 TOU PETUCY NUATIopoU Fourier xatovounc xow GUVEYELNS TOU UETAC) o=
Tiopol Fourier xou tou ypopuxol cuvoptnooedole L, : S(R™) — C.

Onoéte ITG\T(gb) = L,(¢) xou dpa amodetydnxe n (19) yio T Srorycdvio xon Ohec g ¢ € S.

Téhog, av S, n X n, aVTIOTEEPYOC, TEOYUATIXOSC XU CUUHETELXOS THVOXOC, UTIHRYEL
U € SO(n) (dnhadh Ut = U™ xou detU = 1) dote S = UTU ! pe T Soryddvio.

8



Téte det S = det T' xou sgn(S) = sgn(T') = o agol U avtiotpéduoc ondte ot S xou
T éyouv (Biec WoTIES. Apa, €youue

/ 6—7riSJ:-x$<x)dx _ / e—wi(TUflx)(Utx)a(x)dx — / e—wi(TUflx)(U*l:c)g(x)dx =

—~

(19)

:/ e_ﬂiTm'Ié;(U[E)dZE :)/ G_MTx'xq%\Uv(l')dlL‘ kit
n ]Rn

n

— e ™% | det T|_% / TG (U (2))de =

= e_m%| det T|_% / em(T_lU_lz)'(U_lm)¢(x)dx =

—e_mi|detS]_%/ e g (1) .

Enopévwe, amodelydnxe 1 (19) yio yevixd T xon ¢ xon TeheldVer 1 anddelln. [



2 H upeYoodog Xtdowung Pdong

‘Eotw ouvdptnon ¢ : R* = R, ¢ € C*°, xu éotw a € C(R™). Optlloupe, yioo A > 0,

I()\):/ e ™M@ g (1) dx.

Oéhoupe v eEETEOOVUE TNV CUUTERLPOEE. TOL OAOXANEGOUATOS 1 (A) Xxadidg A — 0o,
IMTopatneroets.

L |I(N)] < |]ally =otodepd mou eZoptdton ubvo amo to a. Kaveic Yo nepipeve yein-
on xadog A — 00, 0ol oTay 10 A elvon HEYEAO, 1) TERIOBOC TWV TELYWVOUETRIXMDY
CLUVUPTAHCEWY UXEALVEL XL €TOL TO OAOXATPOUO Yot EYEL TOAAES omoc)\ompég.

2. Av ¢ = ¢, otadept|, w6t |I(N)| = |e7™| o a(@)dz| = | [5. alz TOU
elvon ave€dptnto Tou A. Enopévwg, ypeeidleton xaveic vo BdAet un sxcpu)\tonxég
unodéoeic ot ¢. ‘Onwg mpoxUnTeL, oL WIOTNTES Tou a bval AYOTEQO ONUUVTL-
xéc. IHoapatnpolye, eniong, 6Tt unopolue va x6Youue 10 a pe pla Blauéplon Tng
HOVABOC, Xt €TOL TO EPWTNUA TOU T6o0 YV yopa pewwvetow to I(A) urnopel vo
TEPLOPLOTEL OE Lo UIXET| TIEQLOYT) EVOC OTUELOL.

3. 'Eotw ¢1 = ¢ 0 G, 6mou G etvow C° augdragopion. Tote,

/ e*ﬂ'l)\d)g(ai ( )dl'_/ 67ﬂiA¢l(G71x)a($)d$:

= [ TGy ety

6mou Jg etvan 1) ToxoBlav opillouvoa. Todea, n ouvdptnon by) = a(Gy)|Ja(y)|
etvan TdA CF°, yroti 1 G etvan C°° ougidtagpopion. Apa, xdie @pdryua Tou Barduod
uelwong tou I(A) mou eivan aveZdpTnTo ToU a eivar avahholwTo and ou@LdLopopl-
OELC.

Oa ypeetac TOVUE xAmola AUUATO Lol TG XUVOVIXES LOPPES LIS CUVEOTNOTNG XOVTY OE
EVOL XOVOVIXO ONUELD 1) OF EVAL U1 EXPUAICUEVO %ploLIO OTElD.

ARppa 2.1 (Straightening). Eoww Q C R"™ avoiktd, f: Q = R, C® karp € Q
pe Vf(p) # 0. Tére vndpyovr mepioyés U C R™ tov 0 ka1 V' C Q wov p, kar pia C™
appidiegdpion G : U =V e G(0) = p ka1

(f o G)(z) = f(p) + n-
Anédaén. Eyouvue Vf(p) # 0. Apa undpyer j € {1,...,n} dote af (p) # 0.
'Eotw, dlywe BAEPN e yevidtnrog, j = n, dnhadh %( ) # 0.

ANuog vrdpyer otpogfy K @ R" — R, C%° auqiblagoplon GoTe av flz) =
(f o K)(x) t6te %( ) # 0. Téte, av f( (x)) = f(p)—l—xn xu G = K oGQG, ¢

)
youpe f(G(z)) = fF(K(p)) + @, pue G : U — K(V) C® ougbagdpion xou G(0) =

10



‘Eoto topa F: Q — R" énou yiw ¢ = (2/,2,) € R" pe 2’ € R" xa 2, € R
éyovue F(x) = F(2',x,) = (2/, f(2/,2,,)). Tote

1 0 0
0 1 0
Jr=1 . : . :
o or . o
o1 Oxo 0xn

Apa, det(Jr)(p) = $L(p) # 0 xan F(p', pn) = (P, f(p))-

Ondte and Oeopnua Aviiotpopng Amexdviong undpyouy avolytéc teptoyéc W tou p
otovR", X tou R" e p’ € X xu Y tou R pe f(p) €Y dote F: W — X xY 1-1
xou ent pe avtlotpogn H : X XY — W, C' 6t0 X X Y.

Tote H(x',y) = (h(2',y),9(x',y)) vy (2/,y) € X xY xu h : X x Y — R*L
g: XxY =R, Cloto X xY.

Apa, yio (2, y) € X XY, éyoupe

(2',y) = F(H(z',y)) = F(h(2',y),9(2",y)) = (h(z",y), f(h(2',y), 9(z",y)))
Onéte 2’ = h(2',y) xu y = f(2',g(2",y)) (= f(2',2,) = f(2) Yo 2, = g(2,y)).

Apa, éotw topa G(2', z,) = (2" +p', (@' +p', 2+ f(p))) v (&' +p', 2, + f(p)) €
X x Y, omhadny (z/,2,) € (X —p') x (Y — f(p)) =: U neproyn tou 0 otov R".
Téte, éyovpe f(G(x)) = zn + f(p) xou GO) = (P, 90, f(p)) = (¥ ,pn) = p pe
G:U—=GU) =V, C™ aupbapdpeion.
O

Afppa 2.2, Eoww avoikté Q TR, ¢ : Q - R C® kaip € Q ue Vo(p) = 0. Eotw
enions G, C™ apgdragdpion pe G(0) = p. Tore

Hyoi:(0) = DG(0)' Hy (p) DG(0).
Apa, o1 Hy(p) kar Hyo(0) éxovr (61a vnoypagn ki emiong,
det(Hyoc(0)) = Ja(0)* det(Hy(p)).

Amnéoeén. Tupaywyilovtag Tnv ¢ o G éyouue

L) =3 FeGla) G o)

"Apa,

P(poG) G [ 0 0G; ¢ 0°G; B
axkﬁ% — [axk (8% >>> (z) 0z (z) + axi(G(x))axkﬁa:j (z)] =




_ - - 82¢ aGl 0G; 0¢ 0*G,
ZZI [(Z (%lﬁxz 89%( )> Oz, (z) + ox; (G<I))8wk8m]~ (z)

Omndrte, agod G(0) = p xa Vo (p) = 0, éyovye oTL g—i(G(O)) =0, dpa

(oG oG, o2 el
aﬁ—ax,.)(o) = Z Z ( 5 O § )5, m)) _

Z ol Z o0 = (520) s 5o

Emoyévc,
Hiyoi:(0) = DG(0) Hy(p) DG(0).

Eniong, agol DG(0) ouuuetpixde, €youue
det DG(0) = det DG(0)" = Jg(0),

doo
det(H¢og(0)) = Jg(0>2 det(H¢(p)).
Tdea, éotw i anhonoinon tou cugBohouol, A == Huq(0), B = Hy(p) xu D :=
DG(0). "Eyoupe
A=D'BD

xa €6Tw ki, k- to mAHU0C TV JeTXMY %ot apVNTIXGY avTioToly o IB0T®Y Tou A,
XL fig, p— TO TARUOC TV YETXOY Xou dpvnTIX®Y avTicTolyo WoTWoOY Tou B. O
oetouye OTL kg = g xou kb = p_.

Eotw L} o Wibywpoc tou A mou mepdyeton am'ta Wiodlaviopato vy, U, TOU A
TOU aVTICTOLYOUV OTIC VeTIXEC WOIOTWES Tou, L o widyweoc tou A mou mopdyeton
am'ta unéhowma xou L, Ly, avtiotorya, ot Bdywpol Tou B mou mopdyovton om'To
wtodLoviouata Tou B mou avTiotolyoly 6 TIC YeTIXES ot apvNTIXES avTio ToLy oL LOLOTIIES
tou. Tote, yia 1 <i < ky,

0 < v!Av; = v} (D'BD)v; = (Dv;)' B(Dv;).

Ku agol D avtioteéduog xo v; aveldpnta yio 1 < i < kg, éyoupe Dv; emlong
ave€dptnto. Omnote, av DL =0 Ywpeo¢ mou mapdyeton anta Dy yia 1 <4 < kg,
€)OLUE

dim DL} = ky

no
x € DL} = 2'Bx > 0.

Enfong, €youue
dim L = py

%ol
x € L} = 2'Bx > 0.
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Ou detfoupe 6Tt by = dim DL < dim LE = py.
Eotw ky > py. Téte 1 toufy tou DL pe tov Ly ebvar undywpoc pe didotaon > 1,
yiotl
dim DLY +dim Ly — dim(DL} N L) = dim(DL} + Ly) <n
Anhad,
py +p_ —dim(DLENLy) <ky+p —dim(DLiNLy) <n
%o py + p— =n, dpo dim(DLE N Lz) > 0.
Ondte, undpyet didvuopa w # 0 ue w € DL xow w € L.
Tote duwg, w!Bw > 0 xou wBw < 0. "Atono.
"Apa
ky <y
‘Opota delyvouue ot
ko <pu_.
Anhadt), o B éyel > ki Yetinéc 0oTwég xou > ko apvntinéc. AAAG ki +k_ = n, dpa
€yer axpag tooeg, 6oeg dnhadY| xt o A. Enopéveg, ov A, B éyouv (Blo unoypapm.
O

Adppo 2.3. Eoto f:V =R, C°, ue V.C R" kuptn mepioyr) tov 0. Tdte
f(x1,...yzy) — £(0,...,0) = Zwigi(xl, ey L),
i=1

yia kavdAnAes owvaptioeas g; - V — R, C* e g;(0) = 2L 2-(0).

Andoeén. 'Eotww © = (x1,....,x,) € V xu T,(t) = to = (txl, ntazy). Twt € ]0,1]
xou z €V, agol V xuptd xou 0 € V, éyoupe T, (t) =tz € V.
Anhadn, T, : [0,1] = V. Téte

Fons ) = F0.00) = F(T0) = o) = [ L2 g -

/ (895z ))d )dt / Z (:r St ,t:rn)) dt —

Ondrte, yo

1 af
gi(xl,...,xn)—/o 8$i(t:1:1,...,txn)dt,

éyoupe ¢;(0) = af 2-(0), g etvon C* omd Oepnua Kuptopymuevne Loyxhiong, agol 1
f etvon, xu sniong LO'XUEL

f(z1,.yzn) — £(0,...,0) = Zajigi(a:l, ey )
i=1

13



Afppa 2.4 (AAppo Tov Morse). Eoww 2 C R” avoixtd, f: Q — R, C* ka

p € Q ue Vf(p) =0 ka1 o Eoowavds nivaxas He(p) = (a;zyxj (p)) efvar avTiotpéhios.
Tére, yia k =mAnog twv Jetikcr 1010tiucoy touv Hy, vndpyovr mepoyés U C R™ tov 0

kar V C Q wou p, kar pia C™ augidagpépion G : U — V ue G(0) = p ka1
(fo ) + ZSB — Z s
j=k+1

Améoein. Apywnd, o del€ouue OTL av 1 f yed@eTon o aUTAHY TN wop@t yia xdmnoto G,
t61€ 10 K elvan 10 mAjlog v Yetixdy oty tou Hp(p). Luyxexpyéva, av undpyet
O aupdlagopion G, ue Ty f vo YedpeTaL »e,

(f —i—Z:U?—Zx

j=k+1
T0TE
, avi=7<k
0*(f o @)
0= _ o
Dridr, (0) 2, avi=j>k
0, oAoC.
Anhod),
2
2
Hyoc(0) =

0

—2

xou dpor k ebvar to TAR00C v Yetinddv BtoTey tou Hroq(0).
Onéte, and Afpua 2.2, éyovue 61t Hpoq(0) = DG(0)' Hy(p)DG(0) xon Hfoc:(0) xon
H{(p) éyouv idror umoypagt (xou (S Sidotaon), dpo xat (8o Ao VeTxdy S0t y.
Enopévwe, k eivar to mAf0og tov detixdv blotymy tou H(p).

Hapatneolue, topa, 6Tl apxel va delfouue oTL undpyet y : V. — U, C°° aupidlago-
oon, uep e V,0e U, y(z) = (11(2),....yn(2)), yia z € V, y(p) = 0, xou

f(z) = f(p) + Zyj(2)2 - Z y;(2)?

Agov, tote, av & = (21, ..., 1) = y(2) € U, opllovpe G(z) =y H(z) = 2 € V xu
éxouue G: U =V, C*®, pe G(0) =y 1(0) = p xou

J(G( +Zw3— >

j=k+1
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Enfong, diywe PASSN tne yevixdtnrag, pnopo()ue Vol ﬂswpﬁooups ot p=0.
Agol, v h : Q@ — R pe h(z) =  + p, unopolue va opicovue f = f o h xou toTe

f(0) = f(p), VF(0) = Vf(p) = 0 xau H; 7(0) = Hy(p) aVTLOTpsq)Lpog Anhod, U f
EYEL UN EXPUAICUEVO Xploo onueio 6To O. Enlong, n h ebvon C°° auqidtagpopion, dea

av €YoUuE
f( —|—Zx§— Z x
j=k+1
ToTE
F(h(G(x) +Zx§— Z x?
j=k+1

Onére apxet vo opicoupe G(z) = (ho G)(x) xou téte 1 G eivan O aupdlopdpion xo
avorolel OAeg TIC amanTtAoels 6To Afupa.

Ou delZoupe Thpa 6Tt uTdEYEL TETOW Y = (Y1, ..., Yn)-
‘Eyouye 2 avonto, dpo umdpyet umdha yipw amd to p = 0 pyéoo oto €. Ewdwdtepa,
umdeyet Vi € Q xuptéd e 0 € Vi Apa, and Afuua 2.3, €youue

f(z1, .0y 20) — £(0,...,0) = szgj(zl, ey Zn),
j=1
émou g; : Vi = R, C*°, pe ¢;(0) = g—gj(O) = 0.
Egapuélovtog Eavd to Afupa 2.3 yio Ti¢ gj,

f(Zl, -'-7Zn) — f(O, ,0) = Z ZiZjiLi’j(Zl, ceey Zn),

ij=1

omou hij 1 Vi = R, C, ug hy;(0) = 52(0).

HoporywyiCovtag Ty mewtn oyéon,

0 n )
6—2(2’1;...,271,) =gj(zl,...,zn)+ ZkaL!;<Zl’ ”7271)
k=1
o
92107, (21,0 20) = a—ZZ(zb ey Zn) a—zj(zl, ey Zn) + Z:ZkaZiazj (215 e Zn).-
"Apa,

*f 0y

Enopévwe, optlovye h; j = %(ﬁ” + iNLj’i), xou ToTE Mpoavag h; j = h;,;. Erlong, o

1 (dyg; dg; 1o
hig(0) = 2 (azi (0) + 0z, (O)> 2 02;0z; (0)
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opilouv Tov avtioteédo mivaxa £ Hp(0), xou

f(Zl, ...,Zn) — f(O, ,0) = Z Zizjhi,j(zl7 ...,Zn), O TO ‘/1

ij=1

Oa detoupe T0 {NTOUPEVO PE ETAYWYY.
‘Eotw r = 1. 'Eyouue 6T

f(Zl, 7Zn) — f((), ,0) = Z Zizjhi,j(zh ...,Zn), OTO ‘/1

Lj2r

‘Eotw, tdpa, 6Tl UTHOYOUY GUVTETOYUEVES Ui, ..., Uy OF Lol Teploy ) Vo tou 0 oo €,
OOTE 1 f Vo yedpeTon WG

flug, ooun) — £(0,...,0) = +uf £+ u> | + Z wiu; Hy j(uy, .. up), (21)

by

omov oL (n—r+1) X (n—r+1) nivaxec (Hij(ur, ..., un))7 =, €vor cupuetpol xou o
(H;;(0)) avtioteédruoc.

Omndte Ye ahhayr) CUVTETUYUEVODY OTIC TEAEUTAES 1 — 7 + 1 ueToBAnTéc unopolue va
vrodéooupe 6t H,..(0) # 0.

Yuyxexpéva, agol (H; ;(0)) avtioteédyuog, oty mpdt yeauur undpyel xdmoto un
undevixd ototyeio. ‘Eotw ot feioxeton atny k ¥éon, r < k < n. Anhady, H,,(0) # 0.
Téte, apxel va oploouue w¢ mivoxa odhoyfic uetoBinthc, 1, tov povodialo, I, 6mou
€youpE EVOANGEEL TNV TE®OTN PE TNV k-00TH oTAAn. Téte molhamhaoidloviac Tov
(H;;(0)) pe tov T, mpoxintet o (H; ;(0)) pe evalhorypévee tic k xon 1 othlec.
Ondrte, agod H,,(0) # 0, undpyet V3 C Vi nepoy tou 0 wote, v u = (U1, ..., Un),

VIH(w)] # 0 xouw C* oto V.

OplCoupe w0,

vi(u) =w;, ywi#r

1
or(u) = /| Hyp ()] (u + o) g uiH,,T(u)> .

‘Eyouue
1
1
Ovr. vy Ovy
Jv(ul,...,un): B_ul (9_11,7« m ,
1
1
oTov,
vy 1 o,

, 1
o, (u) = > T Ta]] B4, (u) (ur + m DZTUZH”(U)> +
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+ |Hrr( )| (gZ:( >_— auj Zuz zr )
\/ |Hr7’ Z (auz )+uZaHi,r (U,)) )

Ou,

Av j =7, tpyd mopotnpolue 6t gz; (u) = 1 %o g%;(u) = 0yt ¢ > r, xon vmohoyi-
Covtac oto 0,

ov,
T (0) = |, ()] £0,

Av j < r, 6uoto mapotneolue Ot ?)Z; (u) =0 %o g—Z;(u) =0y > 7r(>j), xou dpa,

ov,
an

(0) =0.
Onéte, o J,(0) elvor dve tprywvinde pe opilovoa,

det J,(0) = +/|H,,(0)] # 0.
Enopévog, and Ocwpnuo Avtiotpogne Anewoéviong, nv = (v, ...,v,) : V3 = R”, pe
0 € V5, avuiotpépeton tomixd. Anhaot|, undpyet Vi € Vi ue 0 € Vi xan U C R” wote
vly, : Vo = U 1-1, enl, C°°, xou pe avtiotpopn u = w(v), C*. Eniong, agod v(0) =0
éxoupe xou w(0) = v71(0) = 0.

Topa, urtohoyilovtag, €youue

v = |Hm"(u)|

r

’ 1
(Z i ) oy 2 ) | =

1>T7 i>r

= sgn(H,,(u)) (H,nyr(u)uf + 2u, ZUZH”(U)> sgn HM (Z w;H; . ( ) :

i>r >r
Eniong, n (21), ypdpeton wc,

fw) — f(0) = +ud £ - +u? | +u’H,,(v) + 2u, Z wiH;,(u) + Z wiu; H; j(u)

i>7 1,j>r

xou avtixaho Tovtag ™y (22) éyouue

flu) — f(0) = +u? + -+ u? | +sgn(H,,(u))v? H <Z u; H; . ( )

i>r
+ Z uiujHi,j (U)

©,]>T
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Topa, yenowonowwvtag 6t u; = v;, Yoot # 7, xar u = w(v) pe w € C*,

2
PO = J0) =iy = (Z ﬁ()) + 37 vl )

©,5>T
1
H,,(v)

=dv] £ 02 F0P —

Z Ui'UjHZ‘,T(U)Hj’T(’U) + Z UinHZ'J(’U)

©,0>T 1,J>T

=402+ £+ Z v 5(v),
1,J>T
(/)TCOL) j_-vli,j = Hi,j o w, 6'{])\0(67/] 0007 p.E ﬁ@j = -ﬁj,’h ]”VIZJ((D = HZJ(O) Houw Hl =

_ﬁmeHN + H, ;.
‘Apa, H{ﬂj = HJ’»’,;, X,
1 ~ ~ ~
H. (0) = — = H;,(0)H;,.(0) + Hi (0
4(0) 7o (0)H;,(0) + Hi;(0)

=——-H,;,.(0)H;,(0)+ H; ,;(0).

gy Hor O H,0) + Hi(0)
Méver va 8el€oupe 6t o (H];(0));; etvon avtiotpédutoc. Oa ouufBorilouye yia dieu-
x6hvovn o ototyelo H; ;(0) xon H; 5(0), Hf ; xou H;; avtiotoya. Oo elloupe 611 oL
Yeoppéc Tou (Hj ;)i ; ebvon yoouuxd aveldptntec. H i ypoupn yioi > 7+ 1 diveton and
ToV TOTO

1 .
Hz{,j = ——HTTHLTHJ',T- + Hi,j7 VJ € {7’ + 1, ceny n}
‘Apa,
Z CZHZ/J - O’ V] S {T + 17 7n} —
i=r+1
— i HipHyp + Y Hiy =0, Vj € {r+1,..,n} <
i=rt1 0" i=r+1
> — o Hi Hyj + S Hyy =0, Y€ {r+1,...n} <=
i=r+1 mr i=r+1
<Z — H) Hoj+ Y cHiy=0,Vj€{r+1,...n} <

i=r+l nr i=r+1

bhH.j+ Y cHi;j=0,Vj€{r+1,..,n} <
i=r+1

ZCQHM =0,Vje{r+1,.,n} <

i=r
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¢ =0, Vie{r, ..n},

omouv ¢, = ¢; yw i =1+ 1,...,n xa ¢, = b, xou 1 TEAEUTAlA LIGOBUVOLA TEOXUTTEL
and TNy enoywyixr vtédeon, ool ot Ypouués Tou (H; ;)i , 7 =1, ..., n, elvor yoouuxd
aveZdptnree. Emopéveg, o (Hj;(0));; eivor avTioTpédgulog xon dpo IXavomolohvTal ot
umo¥€oelg NG EnayWYTS. O

IMpoétaocy 2.1 (Mn otdown @don). Eotw avoikts 2 C R”, ¢ : Q@ — R, C
karp € Q pe Vo(p) # 0. Eoww eniong a € CF° e popéa o€ apketd pikpn mepoyn
TOU p.
Tote

VN 30y dote |[I(N)] < OxnA™N, y1a A > 0,

omov to C, exto§ and to N, efaptdrar ka1 and ppdyuata twy Tapaywywy twy a Kal ¢
7 /. 7/ z 7/ 7z 4
tdéews péypr N ka1 N+1 avtiotowa, kar and éva kdtw gpdyua tov [Vo(p)|.

Anébaén. H ¢ wavorotel tic unodéoeic tou Afupotoc 2.1 (straightening) dpo undp-
youv U C R" mepoyn tou 0, V' C € mepoyf tou p xou G : U — V, C™ augidtagpoplon
ue G(0) = p xou

(G(Z)) = ¢p(p) + &n, T € U.
Botw ¢ = ¢ oG, 3radh (&) = ¢p(p) + i, & € U.
'Eotw, enlong, a € C§° pe gpopéa apxetd uxpd kote supp(a) C V ue p € supp(a).
Tére, pe odhayy| petoPhntic o = G(Z), éyoude

I(\) —/ e~ ™M@ g (2)da —/ eT™M@) o (2)dr =
" supp(a)(CV)

= / e ™M) o (G(7))]J6(7)|dE = / e M@ () dE =
U U

= / e "M@ p(7)d7,

6mou U = G (supp(a)) C U xou b(Z) = a(G(7))|Ja(%)| evar C5° e supp(h) C U.
Omndte €youpe:

II(\)| = / e M@ p(3)dF| = / e TAWD) o TINER b (3 17| =
—7midp(p) —TiAE-ent 2\ | —o2midient (Nl | A
le P e b(z)dz| = e Mrtenp()dr| = b(aen) :
Enfong, yw § € R™ €youue tnv ahyefBout| tawtdTnTas
1
T (LHIED™ < > fe] < My(1+ )Y, (23)

My

lal<N

yioe xdmowo My otadepd mou edoptdton aro to N.
‘Apa torhamhoaotdlovtog Ty aplotept| oviootnta e (23) ue [b(€)| éyouye:
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1
M—N!b( L+ DY < D IEDE < D 1EB(E)loo <

la|<N la|<N
C’a
< MEN ( Gy D >|roo) _ |ZN o

6nou C, = ||l/)‘1\b(£)||OO < 400, xou 1 TEAevTaio aviodTnTa TpoxUnTer and Hpdtoon 1.5.
‘Apa

B < My S o (14 €)Y = O (1 + )

= 27)

omov Cny = My Z|G|SN (Qfﬁ mou e&aptdrar meopavae an'to N oahhd xou amd @pdry-
uortor opory YoV wéyet tdEne N tou b(Z), dnhadh tou a(G(Z)) xou tou |Jg(Z)|. Apa
ooy yous péyet téEne N tou a(x) xou N+1 tou ¢(z).

Omnote, TeAnd, €youpe:

Ao\ A\ Y
S CN (1 -+ lien\) = CN (1 + 5) S CN)\iN.

5n)
0

Topa, yioo voo e€€TdOOLVUE TNV TEPIMTWON PN-EXPUAICUEVOL %ploylou onueiou Tng
ouVdpETNONG Ydong, Vo yeetaoToVUE TNV e€NC TEOTAO).
Ilpbtaon 2.2. Eotw T évagnXn mpayuatikes, CUHUETPIKOS, avTIOTPEPUOS TIVaKaS
pe vnoypagr) o(= ky —k_) ka1 éotw a € C§° 1j mo yevikd oto S. Enouérws, opiletar
70

I(\) :/ e Mg () dr, A > 0.

Tore, yia kdle N, éyouue

N
1) = e[ det T| A3 <a<o> + 3" A Dsa(0) + 0<A-<N+1>>> ,
j=1

omov ta D; elvar ovykexpiiévor opoyez/ezg dapopirol Teheatés Tdéng 2], pe otalepois
UUVre)LGUreg, Tou egapwn/ral pévo ard wov T, kar n owadepd tov O(A~ VD) ebaprdrar
pévo arné tov T ka1 ané ppdyuata menepacpuévwy to TANJog NuIvopudy Tou a 0To Xwpo
tou Schwartz.

Anédaén. Eyouue Gar(z) = e ™% ye |Gyp| = 1, dpa opiler xatovopr Ta,, xou
d(pO( T, (¢) =Ta,\, <¢) )
Eotw thpa f = e ™| det(AT)|"2G_(ypy-1. Tére, ané npéraon 1.11, éyouue

T, (¢) =Ta,\, (¢) = Tf(¢)'
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APO(, T\GAT = Tf.
Emnlong,
G0 = [ a-gemtas = [ a(©mde = afa),
n Rn
omou 1) TEAuTAla l0OTNTA TEOXUTTEL and 10 Ohpnua AVTIoTROYHC.

"Apa,
I()\) — / e—m')\Tx-gca(:L,)dx — / e—Tl'iAT(E-l"C'LT_?) (Z‘)dl‘ —

= Taur (A(=6) = T, (A=) = T/(@(-6)) = | [(€)a(-)de =

— e ™8| det T| 2\ 2 / e TG () dE =

n

— e ™| det T| 2N "% / N TTEEG(E) de (24)

n

Topa, and Oedpnua Taylor yio v €, €youue 6Tt yio xdde R > 0

OUOLOUOPPUL WS TPOC 2 UE |2| < R.
Ecotw R > 1. Tote

N . ,
N 1q1p, TINTITIE - €) PP

em/\ T 5522( - é 5) +O(|)\ 1T 1£.€|N+1)’

=0 I

opoLduop@a we Tpog A xau & pe [T T - €] < R.

Do [miAIT1E - €| > R > 1, éyoupe

N Sy —1—1 j N —1—1 j
miATITlee (mIANTT—E - ) [ TAT T - |
e S AT N gy TP
j=0 Jj=0
<14+ (N4 DaA T gV < ad TGN 1 (N + D)|ra T e ¢V =
= (N +2)[mA 1T - M = ClmA ' T e - ¢V,

ue C' aveldptnto Tou § xou .
‘Apat YeEVIXE €£YOUUE, OUOLOUOPYO WG TEOG § XL A,

BT N (iN-IT=1g . £
s =y IR TSR o g
J=0 )

Topa, onéd Cauchy-Schwartz, |71 €| < ME]? yio xamowo M otoadepd mov e€aptdto
ané tov T.

"Apa,

€[N+

’T_1§ . §‘N+1
‘A’N—i—l < M AN+1 !
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Ondte

e g (AT 15 & +O(|§|2N”)_

AN+
=0
Enopévong, 1 (24) yivetaw:
N o, 4
—mig SR BN TN e €)I g
[(A) = e | det T 72\ 2/na<£> <1+Z< i ) )d&@( . |a<§>||A‘N+1 d&).

Jj=1

Topea, and 10 Ocdpnua AvtioToogrc, €youus
[ e = [ a@ema = a(o),
n R'n

Enlong,
@] dE = O < oo,
]Rn
omou 1 C' e€opTdtan amd NUIVOPUES TOLU @ GTO Yweo Tou Schwartz.

Kot téhoc, av T~ ! = (tik)ipey, TOTE T1-e=>""  tinkiy.
Enfong, and 1o Awvupixd Oehpnua,

(hay + btz + o+ bz = Y (b J b)(tlxl)b1~~-(tnxn)bn.
1y--yYn

bi+...+bn=j

‘Apa,

1
[ T (ztlm) i =
" '] Rn i,k=1
= Y b [ )H Y G

2obi k=] [bl=27

X s | Dateric - /(Z%bDb) ac = | Dia)ic =

|b|=27 [b]=2

= | Dja(¢)e*™d¢ = D;a(0),

Rn
4 4 4 ’ 4 7 /4
omou 1 Teheutaio Llo6TNTA TEOXOTTEL amd To Ocwpnua AVTIGTEOPHS Xou

Dja = Z f@;;,D%,

|bl=2j

ue 8, eCoptdvton and tov T xou to j. Anhadr cuvohxd to Dja e€optdton pévo omd
Tov T xou 7o J.

‘Apa, teElxd,

N
I(\) = e ™5 | det T| 2\ % (a(O) + Z A~/ D;a(0) + O()\—(N—H))) '
7=1
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Ipétaon 2.3. Eoww avoiktd @ CR", ¢ : Q — R, C® ka1 p € Q pe Vo(p) =
ka1t Hy(p) avuiogpéipos. Eoww, enions, o = ki — k_ n vroypagn wov Hy(p) kai
A =27"|det Hy(p)|. Eotw a € C§° e popéa o€ apketd Kkpry mepioyn tou p.

Tére, yia kdle N,

l\)\»—l

I()\) _ e—m’)«b( D) —m%A

A2 ( 4—}{:A IDja(p (A—UV+U)>,

omov D; elvar ouykekpipévor diapopikol tekeotés tdéng < 2j je ourtedeotés mov efap-
tévTar ané wm ¢, ka1 n owadepd rov O(A~ VD) efuprdrar and ) ¢ ka1 and gpdypaza
Tenepaouévwy to TANYoS Tapaydywy Tou a.

Arnédein. 'Eotw

dlorymWIog Tiivaag pe ototyela 1 xou uoypapn o.
H ¢ wavornotel tic unovéoeig tou 2.4 (Aﬁppa Morse) , dpa undpyouv nepoyéc U tou
0xou V toupxa G:U =V, C® aupdagopion ve G(0) = p xau

(¢oG)(x —1—235 — Z 22 =o(p) + T - x.

Jj= k++1

‘Eotw a tétoo wote supp(a) C V. Torte, ye odhay petaintic 2 = G(y), €youe

I(\) = / M) de = /V TN (1) dr =

- / e TNEO WD (G(y))| Ja(y)|dy = / e TNOEHTE) o G () T (y) | dy =
1%

14
S s (25)
Eyoupe '
(00 G)(y) =) + Ty y=yi + .+ Y, = Yirp1 — - — Yo + 0(D).
"Apa,
Qﬂ&&ﬁ@): ; zi;§k+-
dy;0y;

2, i=j >k
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Onodre, | det Hyo(0)] = 2. Enlong, and Afuua 2.2, éyoue

— A3

SIS

|J(0)] = | det Hy(p)| 2| det(Hgocr(0))| "2 = 27 2| det Hy(p)|~

‘Eotww b(y) = a(G(y))|Ja(y)|. Tote, and Ilpbroon 2.2 xa v (25), yo xdide N
€Y OLUE:

I(A) _ e—ﬂ'i)\d)(p)/ e—m’)\Tx-a:b(y)dy _
Vv

N
— ¢ TM0) TG ot T2\ B (b(O) + Y ATD;b(0) + O(A N )) =
j=1

N
— ¢ TP \ 75 (b(O) +) ATD;b(0) + O(A‘(N“))) ,
j=1

omou ta D; ebvan cuyxexptuévol dlapopxol TeEhecTéC TAENG 27 Tou eCUpTOVINL UTd TO
T o 1 otodepd tou O(A~ WD) eZootdron an'tov T xou NuUVGEUES TOU @ GTO Y(PO
Tou Schwartz.

Hopatnpotue 6t b(0) = a(p)|Ja(0)| = A~za(p), St

N
I()) = e M@ \"E AT (a(p) + > ATAD;b(0) + O()\‘(N“))> .

J=1

Eniong, epboov o D; eivan Srapoptxol teheotéc xau b(y) = a(G(y))|Ja(y)], omd tov
AVOVAL YIVOUEVOU Xot ohucidog, xde mopdywyog Tou b oto 0 Télng 27 exppdleton ooy
Yoouux6g ouvduaoude Tapay@ywy tou a oto G(0) = p Té4Eng < 2j UE OLUVTEAECTEG
mou e€aptdvtar antny G (ouyxexpléva, Topaywyous tou |Ja(y)|). Anhady, ot dpot
A%Djb(O) =272 det H¢(p)|%Djb(0) exppdlovtal ooy B}a(p), opidoll 5; elvan SLopopt-
xol TeheoTéc 1dEng < 27 pe ouvteAeo Té Tou eapTwvTon an Ty G xon TV ¢, dnAadn
am' TNy ¢ uovo.

[

YNy medcn moAéS popéc, avTi Yo ACUUTTWTIXG ovamTOYUATY, YEELCOUUCTE AmAd
extinoeic Yo to 1(A) xan g maporywyoug tou. Ipogavae, ar'tny mpdtaon 2.3 (m.y.
yio N = 0) mpoximer 6t [I(\)| S A2,

Ou eZeTdoouuE TOPA EXTYNTELS Yol Topaydyous Tou I (A).

Afppa 2.5, Eorw {¢:}, mpaypatikés ovvaptioas C™ ue ¢i(p) = 0 kai
Voi(p) =0. Eotw ® = Hi\il ¢;. Tote dAes o1 pepikés mapdywyor tng P vdéng < 2M
pundevilovtar oto p. Ankadn), D*®(p) =0 ya |a|] < 2M.

Anébaén. 'Eotww a = (ay, ..., an) TohdexTne pe |a| < 2M. Téte, and xavdva yvo-
UEvou, €youue

D®(x) = D° (H @-(a:)) = Y G|
=1 ED DRI
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xou, aol |al < 2M, meénel TovhdytoTov éva amd To B va ebvon < 2 (yrotl ov dha
Aoy > 2 Yo elyope a = Zf\il Bi > 2M). Apo xdnowo B; Vo ebvon 0 1. Anhadh
DFigi(p) = ¢i(p) 1 gfl( ) = 0. Ondre [[X, DPigy(x) = 0 yia xdde B : S0, B = a.

‘Apa D*®(p) = 0 yu \a| < 2M. O

IIpbtaom 2.4. Eoww avoiktd @ CR"™, ¢: Q@ = R, C°° ka1 p € ().

i. Eoww Vo(p) # 0. Tore, yia a € C§° e popéa o€ apketd jukpr) mepioyn tou p,

éyoupie
d*I(\)

d\F

‘ < Cpn ANy kdOe N.

ii. Eotw Vo(p) = 0 ka1t Hy(p) avuotpénpog. Tére, yia a € C§° ue gopéa oe
apkeTd UIKPT) TEPIOYT) TOU P, €XOUME
&

d)\k ( 7rz)\¢(p)l()\))' < Ck)\ +k)

Arnédaén. i Eyouvue I(\) = [, e ™**@a(z)dz, dou

dl ... . I(A+h)—1I(N\) e~ TiA+h)d(z) _ o—mir(x) B
AV T h oyt =
) —mih¢(x) 1
— 1 mirg(x) ©
illl—% Rne ; a(x)dx. (26)

Ané o Oedpnuo Méone T, undpyouy &1,& € (0, h) wote

W) — 1 cos(thg(x) — 1 sin(rhe(z))

h B h ' h
= —mp(x)sin(r&10(x)) — ird(x)cos(mEap(x)).

—miAp(x) e_ﬂih¢(z) —1

e T&(m) = |mp(x)sin(n&¢(z))a(z) + ing(x)cos(méap(x))a(x)|

< 2m|¢p(x)a(x)| € L'(R™) agob a € C5°, ¢ € C*°.

Ondte, and 10 Oewenuo Kupopynuévne X0yxhiong, €youpe evahhayr oplou-
ohoxAnpduatog, deo 1 (26) yiveton

T —mihé(z) _ 1
Z—)\()\) :/ e~ Jim eTa(x)dx =

h—0

n

= [ 3 Natopts = [ —io(a)e (o)
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ii.

‘Apa, ETOyWYIXd, €YOUUE

d\F

o dAF

n

dw):/R (e a(2)ds = / (—mi(x))Fe "W a(z)dz.

Enopévag, v a € Cf° ue popéa 6Twe tny mpotaor 2.1, £youue

d*I(N)
AR

:7“'1{:

/ b(z)e ™M) dy

‘ =¥ o(z)*a(z)e ™A@ dy
R

2.1
=L\ < CunA™ VN,

omou b(x) = ¢(x)*a(x) € C§° pe supp(b) C supp(a).

‘Eyouue

em'w(p)[()\) _/ e*ﬂik(¢(x)f¢(p))a(x)dx —

n

= /n e "M Wa(z)dr = I'(N), émou p(x) = ¢(x) — B(p).

‘Apa, omd to Oebdpnua Kuplapynuévne Loyxhong (6nwe to (1)),

dk
d\F

_ AT

TiAG(P)
(W I() = =

= (—mi)k Y(x)ke ™MW@ (1) dr =
Rn

- / b(z)e "M@y,

omov b(x) = ¢(2) a(z) = (d(x) — ¢(p))Falz) = a(2) [T, (6(x) — 6(p))-

Apa, v () = () = d(x) —d(p) Vi, éyxovpe ¢5(p) =0, Vi(p) = Vo(p) =
0 xou oL Yepég mopdywyol Tou b eivan yoouuixol GuVOUACHOL TUEXYHOYWY TOU @
xaw g @ = Hf\il ¢i. Onote and 10 mapamdve Aruuo, apol OAeC oL UEPIXES
mopdywyol e P tdine < 2k undevilovial 0TO P, Xt OL UEPLXES TOEAY WY OL TOU
b tééng < 2k undevilovtar oo p. Emlong, yw a € CF° ye gopéa 6w otny
mpdtaon 2.3 éyouue 6t b € C§° e supp(b) C supp(a).

Enopévag, yio N =k — 1 otny mpdtaon 2.3, €youue

\<

—T

k
‘%(e“i)“z’(p)[()\))' = ‘(—m)k/ b(:v)e_m)‘w(x)dx

n

k—1
)kefﬂ"i/\w(p)efﬂ‘i% A~3)\"5 (b(p) + Z )ijjb(p) + (')()\(k1+1))> ' —
j:l

= 7FA[TIATEONTF) < CpAER)
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Aqppa 2.6. Eoww ¢ : R — R, C* ka1 M, k—odotatn vronoAdarAdtnta, p € M
kar F' : U — M n avtiotpogn tomkwy owvtetayuévor s M kovtd oto p. Tdte
n ¢ o F éyea kpioo onueio oto F~1(p) av ka1 udvo av o Vo(p) etvar kdOeto arov
epantouevo xwpo tou M oo p.

Anédetn. Eyovpe po F: U — R, ye ¢ o F(y) = A(F1(Y1y ooy Un)y ooy Fr(Y1, ooy Yn))-
Omnodre:

0 (po F)(F'(p)=0,Vi=1,..,n

V(oo F)(F(p) =0 <= -

" 96 OF, | _
— E _7 F = =1...

ji=

<~ Vo(p) - (gil (F~(p)), ..., %Zj (F‘l(p))) =0, Vi=1,...,n

< Vo(p) xddeto otov egantduevo yweo tov M 610 p

]

Egoppoyy. Ou unoloyicouue to yetacynuatiopd Fourier tou emgaveioxol pétpou
o ot ogolpa S"1 C R™.

Apywd, Yo Tov oploud tou o ot éva Borel chvoho E C S"1 Yewpolue Yoz €
R™\ {0} tv ouveyn opgidragdpion @ : R\ {0} — (0, +o0) x S, ye &(z) = (r,2),
émou (r, z') ot mohxée ouvtetayuéveg Tou z, dnhad r = |z|, 2’ = o

Téte @1(r,2) = ra’ xu éotw T0 Yetphiowo olvoro Ey = &71((0,1] x E) =
={r2’:0<r <12 € E}.

Optloupe 0(E) = n - m(Ey), 6mou m 1o pétpo Lebesgue tou R™.

IMTapatnerosts.

1. To pétpo o elvanr aueTBANTO WS TEOG CTRPOYES.
Anpadfy yioo T+ R" — R™ ye TT" = [ xau E C S™! Borel, detyvoupe 61
o(T(E)) =0(E).
Ané Tov opopd Tou o éyoupe o(T(E)) = n-m(®71((0,1) x T(E))) = n -

*

m(T(E))) =n-m{rd’ :0<r < L2 e T(E)}) =n-m{rd :0<r <
L,2' € E}) =n-m(Ey) = o(E), 6nou 10 (¥) woyvel agol 1o pétpo Lebesgue
elvon qUETEBANTO WC TEOC GTPOPES.

—
N

2. To (&) elvon axtvixr) cuvdpTnon,.
Anhadn yioo T otpogy, delyvouue 7(T'(€§)) = 7 (§).

Ané nopatrienon 1., éyovye 0 = oo T, dpo 0(§) = o o T'(§) @ a(T(€)).
3. To 7 eivaw C* xaw D0 = ((—maa) (IIpdtoom 1.4).

4. T E C S™ 1 Borel xou U C D(0,1) C R™! e tomxéc ouvietaypéveg

F:U — E, 6nov F(z) = (x,4/1—|z|?) 4 F(z) = (x,—/1— |z]?) éyouye
fEdO': fU ﬁdl’7 x € Rn—l.
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Ané v mopathenon 2., howndy, apxel va utoloylcoude to T(Aey), Y A > 0 xou
e, = (0,...,0,1).

Tedpo, yLor Vo YERLOTOVUE T OAOXANpGOUoTa 0 UToToAhamhGThTeS (dnwe 1 .S 1) av
yioe Tov R™ Yot SouAédoupe Ue TOTUXES CUVTETOYUEVES.

Optlouye tomixéc ouvTeTaYREVES GTN opaipa wS ENG:

Fy D0, 5)(CR™) — 5™ ue Fi(z) = (z,y/1 — |z]?),

Fy:D(0,3)(CS R 1Y) — 5" ue Fy(z) = (z, —/1 — |z]?),

xon ot unéhotreg Fy, ¢ Ap(C R™™1) — S™71 e Ay avowytd, anewovilovton oe olvoha
TOU 1) XAELOTOTNTY TOUG OEV TEPLEYEL Tl ey,.

Eotw Uy, = F(Ag) C S"1, avoytd oty S, xaw S™ ouunayée, dpo undip-
youv menepacpéva Uy mou 1o xahimtovy, éotw k = 1,...,m. 'Eotw, enlong, {qr}i,
XATEAANAY Sloéplon TS UOVAdHS Tou LUTOXEITHL ¢ auThAV TNV xdAudrn and ydpteg
e S™L Anadh, g 2 ST = R, C® pe 0 < ¢ < 1, supp(qr) € Uy xou
Z’,?:l g = 1, Yy € S" L. Enfong, dlywe BAULN tne yevixdtnrog, urodétouue 6Tl
@1(y) = ¢2(y), 6mov ¥ 10 cuupeTEkd Tou Yy oV " we tpoc Tov R

Optloupe wpa ¢ : R* = R e ¢(y) =€, -y = Yn.

Téte Vo(y) = (0,...,0,1) = e, xou eivan xddeto otn ogaipa ot e, xar uévo. Apa,
amd Afupa 2.6, o1 ¢ o F éyouv xplowo onuelo oto F; '(Fe,) = 0y i = 1,2 xou
UOVO.

Ondte, ypnoyomoiwvtag tTny nopathenot 4., EYouue

B0 = [ oty = [ ey o) -
" " k=1

= Z/ e gy (y)do (y) =

1
_ / o—2riny/1-aP (F1 (7)) 1(35))2@; + ermin/1TaP? 92 F2()) 2(3“"))2@ +
D(0,3) 1— || D(0,3) V1—|z|

+ Z/ 6—2m>\(¢oFk)(az ( )dZE o
A
= I( )+ Z/ e~ Mk(@) g (1) d, (27)

, . —2midy/1—|z|2 @1 (Fi(z)) 00 A 4
omou I1(\) = fD(O,%)e mdas ai(z) € C§°, xou oL GLVAPTACELS P&

ong ¢r, k > 3 Bev éyouv xplowa onueio oto Qopéa Twv ay(C Ay). ‘Eotw, eniong,
x) 1= 2y/1 — |z|2. "Eyouye
%(I) o %m
Ox; V1= |z|?
2
A
a ¢0 (l’) _ .fIfZ./L'] ’
J0z,;0x; 1 — |z|?

L F]
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a2¢0 2 21‘2
— () = — + —.
8%2( ) VI1I—|z]2 1 — |2
Omnéte, Vo(0) = 0 xan Hy, (0) = —21, dpo avtioteédruog xar ¢p(0) = 2.

‘Apa, amd [pbraon 2.4 v y(A) = D0 3‘[Ak e 2@ gy (1) dx = > s Iu(N),
€Y OLUE
a(Aen) = 2Re(11(N)) + y(N),

E(EL()| < CAT T,

%(/\)’ < CjnAN, VN o

ue

Ernioneg, agod to o elvor mpaypotind xou GoTIo TEETEL XAl TO O Vo €lval TEOYUOTiNo
Goa y(A) = Re(y(N)), xou dpo

G(Aen) = Re(Ii(N) +y(\) = Re((T(N) + §(A))e >™)

= Re(I(\)e ™),

6mou I(N) = e2™ 1 (X), ol

fzj_f()\)’ <o),

N
g(\) = e™ry(N), dpa amd xavbver yvouévou, ekt Loy Vel ‘d]—g()\)‘ < CjnAN, VN,

Y
won T(N) = I(X) + J(N), 6mou tehxd:

a1
AN

()\)‘ < oAU D,

Enouévwe, epodcov 0 axtvixt] cuvaptnoT, XatoA|Youpe 6To eEAc:

IIécwopa 2.1. H cuvdptnon ¢ efvar C™® ka1 ikavomolet:
pLop pINoT)

5(z) = Re(I(|z[)e™*"), (28)
omov ya peydio A,
d]I(A) <o (29)
dN
Emun\éov, otov épo L(\) = fD e~ ™M0@) q(z)dx g (27) pe ¢o(z) = 24/1 — |22

q(Fi(z

WolL a(m) = m, cee ecpappolouys U\ Hpowon 2.3 cT0 XpLOL[JO OT][JELO 0 e ®o.
Eyouye ¢0(0) =2, a(0) = qi(en) = 1, det Hy,(0) = (=2)"", dpo

A =2Vl det Hy (0)| = 1 xon o = sgn(Hy,(0)) = —(n — 1).

Ondte, and lpdtaon 2.3 yia N = 0, €youpe:

L)) = / e"ri)“z")(m)a(x)dm = 6_2”’\6%(”_1))\_%1(@(0) +00\h) =
D(0

3)

—e 27rz)\€7T (n— 1) 774—0( 7771) _
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n+1

— e 2mALF (- N\ =g O\ ).

‘Apa,

L(N) = e DA L O(NF) =
n+1

= PN L O,

Ondte teAxd,
a(Aey) =2Re(l1(N) +y(\) =

n—1

= 20" "7 cos(2m(\ — )+ ON T +y(N),

6mov, 6mwe TEw, and Hpdtaon 2.4, y(A) = O(AN), VN.
Enopévwe, epocov o axtvixr, xatakfyouue oo e€ng:
ITopiopa 2.2. Ia peydla x éyouue:

n_l n+1

) +O(a]™ ).

5(z) = 2|z|™"T cos(2n(|z| —
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3  lIpdBAnuo Ilepropiouot

Eotw f: 5" — C. Oewpolye to petaoynuatiopd Fourier

fdo(¢) = (x)e " ¢do (x). (30)
Snfl
‘Eotw f € C%. Ou yenowonotoouue tn pédodo otdowung @dong omws to Idpioua
2.1 vy vo extyuiooupe 1o fdo(§). Xuyxexpuéva, Yo deifouue dTL

fdo(©) < ClIfllex 0+ €)=, émou [[fllez= Y |ID"fll=.

0<al<2

Apyixd, mapatneolue 6Tt 10 fdo 6ev elvon oueTABANTO OTIC GTEOGES Yot 1) f eV YEVEL
oev etvar. QoT600, Biywe BAABN NG YeEVIXOTNTOC, dEXEL VO EXTIUACOUUE TO J%(Aen),
ool To Tuyalo & UTMOPOUUE Vo TO (QEpoupE oTNV xaTELYUVOY TOu €y, ahhdlovTog
AATEAANAAL TO GUCTNUO GUVTETAYUEVOV.

Onéte, yio Fy, 0 A(CR™1) — 5" P yan g : S™1 — R dnwe oty egoppoyn, éxouue

Fdo(Nen) = /D(O =21 £ (B () ¢ (Fi(z)) dot

7%)

_|_/ 627”)\V 1—|z| f(F2 (.I))de + Z/ e*2m/\¢>k(w)ak (x)dx =
D(0,1) V1= |z k—3 /R

= Li(A) + L(A) +y(N), (31)
omov ay, € C™ xou oL ¢y, k= 3,...,m dev Eyouv xploua onuela 6T0 POPE TWV Ay
‘Apa amé Tlpbraon 2.1, yio peydha A, |y(A)| < CnA™N, VN.

Enlone, yw ai(z) = f(Fl(x))m(f—\/% xou ¢1(x) = 24/1— x|, éyoupe ¢1(0) =
2, Vo1(0) = 0 xon Hy, (0) = =21, avuiotpéduog. Apa, and Ipdtoon 2.3, yio yeydha

A,

NI

—1

1LV <A77 (Jar(0)] + AT,

omov, O e€oaptdton amd Pedrypota Topay®ywy PEyet Tding 21 = 2 tou a; dpa xan TNg
f. Kou yioe A > 1 my, éyouue

n—1

(LA < Cllflle2A™ 2

, A > 1.
‘Opola, ye ¢o(x) = —24/1 — |z]2, éyouye
LW < ClIflleaA ™5, A 1.

Ko vy A > 1 €youpe % < dpot 2T < 2"7_1(1 + A)—”T‘l'

Onote, telxd,

2
14+X7

[fdo(Aen)| < C||f]le=(1+X) "5, A> 1.
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Enfong, yevxd oy et

fdo(¢)] < / |f(@)ldo(z) < o(S" D[ fll < ClIflce-

Sn—l

‘Apar, ool yio A < 1 ouvendyetan 1 < 1%\, €Y OUUE

|[Fdo(Aen)] < Cliflle> < ClIflle=(1+ X7, A< L.
Enopévwg, Aowdy, €youue
|Fdo(Aen)| < C||fllc2(1+ A", YA > 0.
Amé v dhn, ov 1) f ebvan amhd ppory€vn), BEV Loy DEL AmaplTNTOL 1) TOEATAVE EXTIUNOM).
Yuyxexpuéva, Yo gTidCovye f ouveyh OOTE, Yo xdde € > 0, va unv 1oy Vel
Jdo(§)l < C1+ )

Apywd, opllovpe fo(x) = e*™* yiwv € R™ xou z € S™71.
Tote, vy § = v, €youue

Fodo (€)] = |fodo (v)] = — (5" = Cy

2miv-x | —2miv-T
/ € e do(x)
Sn—

xan ywa § # v, yenowonowwvtog To Hépoua 2.2, €youue

/ ef2ﬂiz-(§fv)do,(x)
Sn—1

|Fudo ()] = = = |5(¢ —v)| <

/ 627r'iv-z€727ri§-:pd0_(l_)
Sn—1

C
S ——=-
€ ==

‘Eotw, topa,
— 1
f(x) = = f (@),
— j
j
6mou |vj| — 0o xatdhhnha yehyopo.

Téte, agol ot f,. civow cuveyeic, xou and xpitholo Weierstrass n ool cuyxAveL ouoLo-
) Uy X ’ P p p Y
woppa, €youue 6Tl f ouveyrc. Enlong, vy j € N, and tprywviny| avicdtnta £youue

— 1
[fdo(v))l = | D — fondo(vy)] >
m=1
C N1 C > ] C
0
> 5= el =) (32)
J o L m=j+1 [vj — Vm| 2



Mropolpe axbun vo delfouue 6L undpyer A > 1 dote av v; = M, téte

Jj—1 [e8)
1 C C 1 C C
T Sga ), s S Wizl
1 T v = v 2 J mege1 TV v — Uml 2 J
Omnéte and v (32) madpvouye 6t
— Co C
|[fdo(vy)| = = 93

272 252

‘Apa, av umdpyel € > 0 xou otadepd C e |f/d\0(§)| < C(1+(€])~e, VW, tote yw
52 Uy,

—=0<M< — 0yl vl = N, v A > 1.

(1 Jvg]) a0

"Aoro. -
Omnoérte dev woyvet | fdo(€)] < C(1+ |€])7¢, v xavéva € > 0.

To mopoxdte elvor Evar Tahld avolyTo TEOBANUA TG TERLOY |G AUTHS.
Ewacio Ieglopiopot (Stein). Arodeitre énav f € L=(S™ 1), tdre

2n
n—1

1fdolly < Collfllees  yra xdOe q > (33)

Oa 6etlouye 6Tl T0 €lpog q > % elvan To YeyahlTeQo duvatd. Anhadt, dev Umopet
va toyVel 1 (33) yi g < % ‘Eotw f otadepy|, yio napdderyua éotw f = 1. Tote

fdo(€) = / e g = 5(¢).

Sn—1
Ondte apxel va detéouye 611

fdaz&ELq<:>q-n—>n<:>q>—n.
2 n—1

Tevixd, woylet 6t [o(€)| < O, (n.y. v C = o(S™1)), dpa ohoxhnpdoturn ot onol-
dnmote BV ¢, étav €] < 1.
Eniong, ané Hoépopa 2.2, yo €] > 1, éxoupe

~ _n=1 n—1 ngl

a(§) = 2lg[™ = cos(2mle] — ——) + O(E]7 =)
Acetyvoupe 10 (<=).
‘Eotw |£] > 1. Térte

Ol <2067 +ClEITF < 2+ 077
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‘Apa, pe ohhory ) METOBANTOV OE TOAXEC GUVTETAYHEVES, €Y OUUE

/ GO < C / e 0 =
|§1>1 |€[>1

oo /1 2lg—n+1
" Ldrdo(z) = Co (571 / (—) dr < 4o,
1

r

+o0
Sn—1

Aoy Tq>n<:>7q—n+1>1.

Topa yia 10 (=), éoww 0 € LA.
Anéd torywvin) aviootnTa, £YOUUE

5(6)] > '2\51-"211cos<27rra T
—1
= el | cos(2nlel - =1y — e
‘Eotw cos(27|€| — %) 2 xou CleIt< 2

ol _lip<g< 16ﬂ+ L+ k.

Ewwodtepa, €otw § ye T{T’ﬂl———i—k < |¢] < Tl—i— + k, vy 4C < ?Tﬂl———i—k;
SnhadA vk > ko, 6mou ko = f4c+-—”T;] +1.

Tote L
SO > 20el" 5 . S = Zlelm s
Ol > 247 1 = el
Onore,
+o00
400> [l = [ e = o5y [ B dr
R7 .
W-f— Lk m"r I
>CZ/ ’g ‘qrnldr>02<>/ _2q+n1d’f’>
k= ko 167‘” 6+k 1()7r_7
N 1 fn—1 1 \“ze g X -
>C — + — k _:C’ k*7q+n*1%
N ];];2‘1(16% 6+) 6 kzk:(a"’) 2
—ko ~

_ -t n—1 n—1
NO,Z,;O(E) <+oo<:>Tq—n+1>1<:>Tq>n,
6mou o (%), woylel ue + av o exdétng —51q+n — 1 efvan peyohitepog tou 0, ahhiidg
%Eo a;zriomtxo TedPAnua v f otov L? Wodnxe ypw oo 70.

Oedhenua 3.1 (Tomas - Stein). Av f € L*(S™!), tdre

2n + 2

[ fdolly < CollfllL2sn-1y,  ya kde q > 1

(34)
/z e /. / z
K1 auto to €Upog Twv q €lval to kaAitepo durato.
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IMopatneroets.

1. Ov unodéoec otg (33) xou (34) v 10 ¢ elvon NS LopPhS ¢ > go X ¢ > qo,
yiatl ov 1oy VouV Yio XAmoLo g; TOTE Lo oLV ol YLot O ToL ¢ UEYAUAVTERA TOU ¢ .

Andoeén. Apywnd, éyouue

Fao©) < [ |f@ldotz) = [If]l

Sn—1

Apa || fdollee <[ f]h-

Tty (33): "Eyoupe, oxdun, [|f]l1 < a(S™ Y| f|]oo-
Apa || fdol|ee < C||fl]oo-
'Eotw, enlong, 6t woybet 1 (33) yio xdmoto ¢i. Anhodin,

———

1fdoly < Coullf]]so-

Tote, av oploovpe T'(f) = fdo, éyoupe
T:L*—L>* xu T:L*— L%

‘Apa, and Oewpenua Riesz - Thorin, éyovue T': L™ — L9, ye ¢; < g < o0.
[ v (34): An6 Cauchy - Schwarz €youye

1A= [ 1 1f@ldo(@) < 1]l Vol

Aca || fdo||eo < C||fll2, xou av yio xdmowo q; woylet || fdolly < Cqllfll2, toTE

T:1?2 L% xu T:L?— L%,

Onéte, Tl and Oedpnua Riesz - Thorin, éyoupe T : L? — L9, ye 1 < q <
0.

U

2. H ewooia IHepopopot (33) eivar yvootd 6t oylel yia n = 2 o ogelheto
otouc C. Fefferman xou Stein yOpw oto 1970.

3. To yeyovog 6t q¢ > % oty (34) ebvar o xahltEPO BuvaTtd OPeEiheTUL GTOV
A. Knapp.
©Oa DOVUE TWEA TNV XATACKELN,.
Fow Cs={zeS"1:1-z-e,<8}={resS"!:1-x, <}
Hapatnpotpe 6Ty € S™ 1 agob |z]* = 1, éyouue

ot —e =234+ +22  +(zpn— 1) =1—22+22 +1- 21,
=2(1 —z,).
‘Apa, yioo z € S™H

|z — ey

2
reCy<=1—1, < §62<:)|x—en|§\/§5.
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‘Eotw topa f n yapaxtnpiotixr tou Cs, f = Xo;.
Oo vtohoyicoupe o || f||r2(sn-1) xou || fdo|l,-
Apynd,

Il = ([ |f(93)|2d0(x))1/2 (/. Xoé($)do(x))1/2 ()

FEotw r =5v2 — 62

OplCoupe Tomixéc cUVTETAYUEVES

F(x) = (z,4/1—|z[2), pe F:D(0,7r) CR" ' — Cs.

Téte, and mopatrienon 4 0Ty EQUPUOYT, YENOWOTOLWVTIS TOMXES CUVTETUYUE-
VEC, €Y OUUE

1
o pEs) V1 — [z
" 1
=o(S"! t"2dt. 35
o5 | = (39)
Av topa 0 < 6 < 5 , €Y OUUE VT < \/2—52 <2 Anhadh yior & Uxpo, €youue

TN5
Ondte, yiw 0 <t <r=od <

1 /7
5 5 €yovue

‘Apa, omd v (35), €youpe

n—1

o(Cs) = C/ t"2dt = C [ t ] ="
0 n—1 0

Ondte, tehxd,
n—1
[ fL2n-1y =072 . (36)

Tpa yia t0 Hf%Hq.
‘Eotw E C S™ L. Téte

fdo(E / Xes(z)do(x / ldo(x) = o(E N Cs).
ENCs

Apa ENCs =@ = fdo(E) =0.
Onéte supp(fdo) C Cs C A, 6mou A 1o opdoydvio pe xddetn mhevpd 6% o ot
unohotreg & 6 (yo § < % T.Y. Onee Oel€aue moty).
Kowtdpe topa 1o ﬁ%—(g) yioe £ oT0 BUix6 optoywvio Tou A pe xévipo 0, dnhadt
70 0pVOYOVIO UE TAEURES avTIOTEOPES aLTHOY Tou A.
LUYAEXQWEVA, E5TO

6| < Cr!

o & <Ot ,Yta]<n

152 J
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onou O = oTtodepd YeYAAT.
Téte, yio § € A, oot [e*™e 8| =1 xau |z| > Rez, éyoupe

/ e o (1)
Cs

/ e—27ri(:r—en)~£d0.(x)
Cs
> /05 cos(2m(x — ey,) - §)do(x).

Erniong, vy x € Cs xan § € A, éyoupe

X, (1)e ™8 do ()
Sn—1

|fdo(€)| =

>

/ 6—27rix-5€27rien-5do_<x>
Cs

‘(ill' - en) : 5' = xlgl + .+ xnflgnfl + (xn - 1)571 S
< 0551 4t C(S&n 1+ 6%, <

< — _2 _
001(55+ +00155 01(5 5

(n—1C+1 1 /

=—F =z \o.

C, =5 Yo Cp peydho

Apa [27(x — e,) - §| < § xou dpa cos(2m(z — ey) - &) >
Onéte ywo € € A,

MIH

Fao(©)] = 50(Cy) = o

Enfong, o A €yel dyxo

vol(A) = 2CT 152

n—1
<20 5> ¢ =yt

Apa, TeEhxd,

— q
||fd0|!q=< Faoe |qu) (/ Faoe |ng) >
RTL

n+1

1/q
> < / Cq5<"1>ng> = 6" vol(A)Ve = o5l
A

n+1

— C«é% 17—
Arhad,

n+1

| fdoll, > Co" "0

xou omo (36)
[ fl|r2(gn-1y = C6 =
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‘Apa, yio vor toy e 1) (34),

< ||f||L2 (Sn—1), J‘CpéTCEL

ST < o8t
5T < C v xée 6 € (O 1/2).
‘Apa, mpémel
n—l_n+1ZO<:>n+1§n—1<:>q22n+2.
2 q q 2 n—1

Oa doluE TP Wiot TOEUAAXYT) TOU TORUTAVE TUEUBEYHATOC.
Eotwv e S" L xu T 1 TEELO TEOYY| oL amexovilel To e, oTo v. Av A C R"™ xou Xy
N Yapoxtneto iy tou, opllouue T'X 4 = Xp(a).
‘Eoto, topa, [ = Xo;, 6Toc tew, xou n € R™. Opllovue g(x) = e*™ 1T f(x).
Tote
supp(g) = supp(T'f) = supp(Xr(cy)) = T(Cs).
Ko
T(Cs)={reS" ' :1—z-v<8} = Ks,,
vt T otpopy|, dpo dlotneel to eowteptxd yivopeva, dnhadt e, -« = T'(e,) - T'(z) =
v-T(z).
Onote, 2 €Cs <= 1—e€, 2<<=1-0v-T(r) <P <= T(r) € K5, <z €
T-YKs,). Enopévec, T(Cs) = K, xou dpo

supp(g) = {x € "' :1 -2 -0 < 5}

Taea,
—_— 2 —_—
lgdo(€)] = (21X ¢y da)( )| 2 |(Xr(cpdor) (€ = )] (37)
xat, xévovtag ohhoyt| petoBhntic @’ = T (x) xou ypnowonowdvtag 6t T = T
€Y OLUE

(Xricndo)(€) = / L () =

:/ 6_2”iT($)'5ldetT_1|da(x):/ 6_2”iz'T71(£)da(x) =
Cs Cs

= (&e,do)(T7(€)).
Omnoérte, and v (37) xou To Topamdve ToEddELyUd, €YOUUE
9d0()] = |(Xeydo) (T (€ = )| = Co",

yio T7HE —n) va avixer 6tov x0Avdpo, éotw K, pe xévtpo 0, TapdAAnho 670 €, Ue
Ohog C7 1672 xan axtive C7 0L Amodi, € —n € T(K) = xOhvdpoc e xévtpo 0,
nopdhnhog oto v xat (Bleg Slotdoetc. Ondte tehxd, § € T(K) + 1.
Anhodn,

lgdo(&)] = ¢,

T € 6Tov x0AVBERO e xévTpo 1), TapdhAnho 610 v, ue Uhog C7 182 o axtiva C 161
I TV am6delln tov Ocwpruatoc 3.1, Ya pog yeewotoly 8Vo Afuuata.
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Aqppa 3.1. Foww f,g € S ka1 pétpo p pe ovurayn gopéa. Tote

[ faau= [(axg) san (33)

Anddetn. Ané (7), av §(z) = g(—=x), tot€

9hc,

Qv

= . Ondte, and to Oehpnue Aviioteo-

QQ>|>
Qz»

=9
Tdpa, and ) oyéon duiopol (Ipdtaon 1.6) xou v (1

/fgdu /fgudx 18/f

8), €youue

Q>|>

~ [tixg)- s

O

Aqppa 3.2. Eotw |1 tenepaouévo, Uetiké uétpo. Ta axddova elvar w0odUvaua ya
kdOe q ka1 kdOe C'.

L\lfdplly < Cllf 2@, f e L*(dp).
2. 19l 2wy < Cllglly, g€ S.

3 M fllg < C¥lIflles fES.
Anéoeén. 'Eotww g € S.

(1) = (2): Eow f € L*(du). Anb tn oyéon duiopot (Ilpbtaon 1.6), v avicétnta
Hélder xar v unddeon (1.), éyouye

‘/gfdu‘='/@-gdx

1911224y < Cllglly-

< Ilgllgllfdully < Cllgllg 1 f1|z2 (-
‘Apa,

(2) = (1): 'Eoto f € L*(du). And ) oyéon duiopol méh, tnv ovedtnta Cauchy-
Schwartz o Ty vnédeon (2.), éyoue

'/f@@d:v

=| [ 35| < 1@l s < Clallol s

"Apa,

| fdully < CIIfI L2 ()
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(3) = (2): Ané Afuua 3.1, vy f € S, v avioétnto Holder xou tv unddeon (3.),

€Y OUUE
‘/f?/du‘ - '/(ﬂ*?)-fdx

Onéte, yia f =g € S,
[ tas] = | [ ] < c2ia

9] 2@y < Cllglly-

<[l = gllall fll < C*llglle |1 f1lor

"Apa,

(2) = (3): Eow f € S. Xpnowornowbdviac 1o Afupo 3.1, tnv aviodétnta Cauchy-
Schwartz xou tnv vnédeon (2.) 8Vo popéc, éyoupe

/(ﬂ*?) fde = /f@du < 12219l 2@ < ClIA o119l 22 <

< [ fllglalle = C2lIfllaNglly-
‘Apa,
17+ 3lly < C*llglly
xou v g = f, edoov || flly = ||flly, éxovpe 0 Intoluevo. O

IMapatrenomn. Mropolue va dolue to Afuua 3.2 cav dxr TepinTworn Tou Yevi-
x6TEEOL TAusiou,

T: I’ LieT L7 5 [PTT : LY — LY,

onou T™ o duixdg teheothc Tou 1.

Suyxexpwéva, ov T o L? — L1 pe T(f) = Fdu, v f € L*(dp),

opiletan o T : (L9)* ~ LY — (L?)* =~ L? ue T*(g*) = g*oT € (L?)*, 6mov g* € (L9)*
avtieToyel 6o g € LY xou opiletn ¢ ¢*(f) = [ gfdz, v f € L.

Omndre, yw f € L (du),

1)) =" (T = [ 9Tz = [ g Flpdo = [ fan
Ka (") € (L2)", Srpodh T*(g°) = I € (L2)* e T*(¢")(f) = h*(f) = [ hfde.
‘Apa h =g, ondte éyoupe v avtiotoyia T%(g) «— T*(g*) = h* +— 3.
Eniong, yio g* € (L9)* = L7, €YOUNE TNV avTioToLylo g* <— g, OomoTE

TT*(g) «— TT*(g") = T(T*(g")) = T(§) = gdp = g(—x) * .

2n+2

n—1"

Ou Sole Twpa TNV anddelln Tou Owperuatog 3.1 ya g >
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2n+2

Andderiln Oewpnuarog 3.1. 'Eotww q >
Amné Afupo 3.2 éyoupe

1fdolly < Collfllz2sn), f € L2(do) <= [[55 flly < C2lfllys FES  (39)

Omndre apxel vo det&oupe v (39).
'Eotw f €8S.
‘Eotww 2 € R" xaw D(x,r) € R", n undha ye xévtpo x xou oxtivo r. Ou deloupe 6Tt

o(D(z,r)) < Cr" L. (40)

Egboov 1o o elvan apetdfAnto oTic 0TpoEe, umopolue, dlywe BAIBN e yevixotnTog,
va UTOUECOUUE OTL TO & Elvol GTOV a€oVal TWV Ty, xou TOTE av 10 D(z, 1) Téuvel Ty
S toph Yaetvor t0 Cs = {z € S" 11—, <62}, v § < 7.

Mpogovare, av D(z,r) N S" ! = & <6t o(D(z,1)) =0 < Cr™!

‘Eotw topa r < % Téte, av D(0,8") 1 npoforf tou Cs otov R™1 éyoupe &' < r,

onoTe
1

—d

o(D(x, 7)) = o(C) = /
D(0,5")(CR7—1)

6/

1
=o(9"?) ———t"2dt < 0 (S"7?) / —— "2t
Vi-12 Vi-t2
Agobt <1< 5= s < 2
2 n—2
o(D(z,r)) < o(5"7) e = Cor" ™t

(n—1)v3

Av topar > 1, apxel va ndpoupe Cy wote 5oy > o(S"TY) (ty. Ch =27 o(S"7Y),
ooV TOTE

nl
_2n1§07’

o(D(x,r)) < o(S")
‘Apa, tehxd, yioo C := max{Cy, C1 }, éyouvpe v (40).
Eniong, ebyoye, v g : "1 — C, C*,

l9do(€)] < Cllglle= (1 + €)=
Ondte, v g = 1, éyouue
Gl <CA+[g) 7. (41)
‘Eotw, tohpa, X, C* cuvdptnon, e

0, o6tav |z|
X(x)=<1, bty |z
C, ahhov.

Torte, optlovpe ¢(z) = X(2x) — X(x), % éyoupe ¢ € CF° ye
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(i) supp(p) € {z: ; <[z <1}
(ii) Av |z| > § t6te Y22 d(55) = X(22) =1

ool p(z) = 0 dtav X (22) = X(x) = 1 S|z > 1xu |z > 1 & |z] > 1 xu btav
X(2x)=X(x) =04 |z| < 5 xu |z| < & 2| < 1. Ago oylel 1o (i).
|90\

1 7
om < 5 VM > Mg, €)OVUE

Enlong, vy |z > £ xon mo w1010 Gote

J j=0

Apa 3377 ¢ (%) = X(2z) = 1, onéte wyve xau To (i)

Oo ondooupe T0 T we &N

OTOU

() = (1 = X(22)) 7 (2).

Q)

T
Kat=(1-30(3)
3=0
Mo var e€etdooupe Thpa TN GUVEMEN TOU 0 Pe TNV f ot Vo XatohAEOLUE GTNY (39),
Yo boVue mpwTa Ti ouvehilelg g f pe To K xon K.
Mapatnpodpe tpa 61 K oo € C™, agod ¢,5 € C™, xou |z| > 1= 3776 (55) =1,
onhadr) K_oo(z) = 0. Ondte supp(K_o) C {2 : 2| < 1}, dpo teduxd

K o € C®C P, Wp.

Ondte, and v Avicotnta Young, €youue

Ytoclgp,rgoo,%—F%lew%z%#—%—lz — 1<

1 1
P r’ p’
K oo * fllg < | K-colle I flps pep <gq

Omnoére, agol g > 2"” =2+ % > 2, éyoupe ¢’ < 2(< q). Apa, umopolpe ot Young

Vol Tdipoupe p = ¢, ondte % =1+ % — i, xaL EYOUNE

1K oo # fllg < 1Kol || flle = ClIf g (42)

Oa eletdooupe Twpa To K mou eupaviCovior oto dipotoua.

H Xoyw| ebvon vor So0pe 0 cuvéENEN pe ta K cov tekeoTy| and Tov L' otov L™
xou omd tov L? otov L? xou yior o evBLdueca g vor egoppdcoupe to Oedpnua Riesz -
Thorin.

Yuyxexpuéva, opiloupe T(f) = K;* f,ue f € S, dpa f € L' xou f € L2

Topa Tapatneolue 6T

T\ 0, yioo 2 <|z| Az < 292
Ki(x) = ¢ (—) o(z) = - sl ,
>0, yoo 272 || <2
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o o 2072 < |a| <291 ¢ (&) ebvan porypévn, agod ¢ € Cg°. Apa,
v 2072 < | < 2,

T . =N (41) " R
K@) = |6 (57)| [F@)] < Cla@)| < O+ [al)~™% < Clal ™"+ <
<020 = oty
Onédte .
155100 < 027777,

Enlong,

(K = @) = | [ Ee =) f g < 1 llellFll < 27221l
"Apa,

1K # flloo < C279° ||| 1. (43)

Onéte, T: Lt — L™ e ||T|| < c29"
T tov L2, apyind, éyoupe

G flla = ([5G flla =" 11K fll2 < G llsol[fl2 = 11 scl 112,

OTOL 1) TEWTY Xt N TEAEUTala LoOTNTA TPOXUTITOLY amd To Oewpnua Plancherel.
Enopévwe, apxel vor exTyiooupe thy ||l/(;||oo/\

Eotw ¢ := 0 € S. And (5) éyovue 6.(€) = (ex)(€) = Fo(£€) = (9)°(€).

Apo gy = (¢)° 7 =47,

Eniong, éyouye 6t d(x) = 6(—x) = 6(x), apol 10 0 xou dpa T0 & eivor oUeTIBANTO
G TIC avorhdoeLc.

Onére,

NS (17)

K; = ¢(2792)5(2) = 696 = 696 = v* %0,

Topa, ool P € S,

K5(6)] = |(0*7 % 0)(€)| =

[ = nant)| -

IRELTE n))da(n)‘ -

PYeS

[ e - m e - m)a+ 1206 - m)aoto)| 'S

— oin

< ONW/ (14 2]¢ — n))Ndo(n), YN < +oo.

Foroer ([ - aeiemn Vi )+
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[e.9]

+Cy 2" (Z

/ (1+27]¢ - nl)‘NdU(n)> :
= (e, 20419\ D(g,257)

6mou o 0 < € — | < 27 ]EXOU[JEQ N<(1+27¢ - 77\) N <1
xon yio 2879 <€ — | < 2K gyoupe (14 29]€ — )N < (14 2F)N < 27FN,
Omote

K;(6)] < CW"( ZQ "N g (D(g, 2819\ D(g, 28~ J))) <

. (40)
SONW”( D(¢,277) +Z2"“N D(g, 2"+ J))) <

n—1
< Oy (02 01 4¢3 g k- 1>) T

k=0 a
< CN2jn <02n—12—j(n—1) + C2n—1 ZQ—kN2(k—j)(n—1)> N;n

k=0

_ 012jn (2—j(n—1) + ZQ—nk2nk—k—j(n—l)) _

k=0

k=0
= Cy 2127 = 0127 = 0.
Apat || K]0 < €27 3ot tehid:
1555 # fll2 < C27[| f]|2-

Anhadf T 2 L* — L? pe ||T]]| < C27.
Kou etyope T': LY — L™ <
‘Apa, and 1o Oewenua Riesz-Thorin, T : LY — L4, ue

1565 % flly < C2°27 70| fly, Vg =2,

6ToU
+1—9_1
2 o  q
Ol
0 1-60 1
2 1 ¢
onAaoY| Yo 0 = =

Omndte, tehnd,
rm41  n—1
155 % fllg < C25 2| f ||y, g > 2.
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2n + 2 n+1l n-1

q > — & . - < 0.
"Apa,
(o) o0 1 .] )
DK fllg <Ol flle Y | —mrmr ) < Ol
. . 2 2 q
Jj=0 7=0
Oa delouye TP OTL
6 %)) = (Koo f)(@) + S (K # )z
7=0

xato onpeio.

‘Eyouue

Z/R K@)l f (= y)ldy < D NGl < Ol D277 < oo
j=0 /K" j=0 3=0

Ondte, and t0 Ocdpnua Fubini,

o0 o0

Z(Kj * f)(z) = Z/R Ki(y)f(z —y)dy = /R,,,ZKj(y)f(x —y)dy =
= Rnf(x—y)ZKJ(y)dy— Rnf(x—y)(a(y)—fﬂoo(y))dyz

= (0% f)(2) = (Koo * f) ().

Topa, amd Ty avioétrta Minkowski,

> (K f) <Z|IK * fllg-
5=0

Tdovovtag oty g xan toafpvovTog opla, éxoupe

q

m q m
Jim [ (Z(KJ : f><x>> dr < (mlgfooz 1K f||q>
7=0 Jj=0
. q
= (ZIIKj*fIIq> :
§=0
Kou and to Avupo Fatou,

/R i (Z(Kj*f)(:r)) dr< tm | (Z(Kj*f)(x)> dx <

J=0
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< (ZIIKj *f||q> ,
j=0

6mou 1 teheutada aviodTnTa tpoxVnTEL and v (45). Apa,

| (Z(Kj*fxx)) do = |38+ 9)|| < (ZIIKj*qu) .

q

Onote, telxd,

S E = H|| < DMK fllo
§=0 qg =0

Kou, dpa, yenowwonowdvrog tig (42) xa (44), éyouue

1% Fllg < 1E—oo # fllg + D 1155 % fllg < Cllflly + Cl1 1l

Jj=0

Anhoidh
15 % fllg < ClIfllg-
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