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Notation

In this text we will use the metric signature convention (+, —, —, —)
Greek letters usually denote spacetime indices:
v koA, =0,1,2,3
Latin letters usually denote spatial indices.
1,7,k 0,...=1,2,3

Einstein summation convention: every index repeated two times within the same term

is summed A
By — ol
E uu, = utuy,
©n=0

Partial derivative:

Covariant derivative:
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Introduction

After publishing his paper titled “On the electrodynamics of moving bodies” in 1905,
in which the special theory of relativity is introduced, Albert Einstein wanted to ex-
tend his theory, so that it would include gravitational effects. Special relativity had
its foundations on the equivalence between observers moving with constant velocity
with respect to each other, meaning that these observers experience the same laws of
nature. But, who was to say that this doesn’t hold for observers that are accelerating
or rotating?” With that thought in mind, Einstein tried to find a theory that would
connect observers that are moving arbitrarily. He succeeded 10 years later and, in
1915, his paper on the general theory of relativity was published. The equations pro-
vided by the new theory were non-linear and very difficult to solve, even by Einstein.
However, in 1916, astrophysicist Karl Schwarzschild found the first non-trivial exact
solution to the Einstein field equations: the Schwarzschild metric. Other exact solu-
tions followed in the next years, with popular examples being the Reissner-Nordstrém
metric, the Kerr metric, the Kerr-Newman metric, the FLRW metric etc. General
relativity has been through many experimental tests since its discovery: it calculated
the precession of the perihelion of Mercury, predicted that light should be deflected
by massive objects like the Sun and explained why light should be redshifted when
propagating in a gravitational field. In a more recent event, approximately 100 years
after its discovery, the general theory of relativity was once again verified by the long
awaited detection of gravitational waves. The theory is being extensively used in
attempts at modelling the birth, evolution and collapse of stars, understanding black
holes and neutron stars, as well as studying the universe itself. After the detection
of gravity waves, it also provided a new way to “listen” the Universe and opened new
doors in multi-messenger astronomy. In contrast with how general relativity is most
frequently used, in the present work we will not be dealing with any large scale, mas-
sive objects, such as stars or black holes. We will attempt to find the effects of gravity
on one of the smallest entities of our universe: the electron. The electron, and all
other elementary particles, is considered to be of zero size. However, a dimensionless
particle with finite mass and charge would have infinite density. This is a known issue
in quantum theory, referred to as self-energy or self-interaction problem and it can be
sidestepped by employing a number of techniques known as renormalization, so that
it is possible to perform relevant calculations. Nevertheless, the theoretical problem
remains unsolved.

Before addressing this issue, we are going to present the basic notions of the special
and general theory of relativity, as well as the mathematical tools that are needed for
our calculations.



1 Special Theory of Relativity

The laws of mechanics, as formulated by Newton, were based on the concepts of
absolute space and universal time. Galileo’s relativity principle supports these ideas,
stating that Newton’s laws hold in all reference frames that are in relative motion
with respect to each other. Newton’s equations of motion are invariant under Galileo's
transformation, which connects two observers with relative velocity V (here taken to
be along the x-axis):

=t
¥y=x-Vt
y =y
2=z

However, Maxwell’s equations for electromagnetism are not invariant under the
above transformation, but possess another kind of symmetry: they keep their form
under Lorentz transformations, which will be presented later. Considering that all
laws of nature should be consistent with each other and should possess the same kind
of symmetry, the above inconsistency was a strong indication that one of the two
theories was wrong.

1.1 Postulates of the New Theory and First Results

The inconsistency stated above was overcome with the generalization of the laws of
mechanics by the special theory of relativity, which was developed with contribu-
tions from Einstein, Poincare, Lorentz, Michelson, Morley and others and was finally
formulated by Einstein in 1905.

The theory is based on two postulates:

Postulate 1: The laws of nature have the same form for all inertial reference frames.

Postulate 2: The speed of light in vacuum has a constant value of ¢ = 2.99792458 x
108m/sec and is the same for all inertial reference frames.

Using these two statements, it is possible to conduct a series of gedanken ex-
periments, which are essential for the construction of special relativity. The most
important results that can be extracted from these thought experiments, predict the
relativity of space and time measurements, which should depend on the velocity of



the observer conducting the measurement with respect to a motionless observer.

An observer moving with constant velocity V' (in the x-direction) with respect to
another observer at rest will measure time at different rate, a phenomenon referred

to as time dilation: A
At = —— (1)
2
-%
Similarly, we can prove that the same observer, when measuring the length of
an object , or equivalently, the spatial separation between two events, is going to
experience an effect referred to as length contraction, meaning that the measured
length of an object varies between observers moving with respect to one another.
Let us denote as Ly the length of an object (in the x-direction) (for example a rod)
measured in the object’s rest frame. An observer moving with velocity V' (in the
x-direction) with respect to the rod, is going to measure a different length for the

object, related to Ly through the formula:

/ v2

Generally, observers (or -equivalently- reference frames) that move linearly with
constant velocity are referred to as inertial observers (or inertial reference frames).

1.2 The Lorentz Transformation

Spacetime measurements made by inertial observers are linked to each other by a spe-
cific type of transformation, the Lorentz transformation. Considering two observers
O and O’ moving with relative velocity V' along the x-axis, the coordinates (t,z,y, 2)
and (¢, 2.y, 2") are linked to each other by the relations

Vz
- = x—Vt
T 1- V§2/02; / , d=z (3)

! . _ .
t —TQ/CQ7 Y =y;

We can combine these two effects in the following matrix equation:

ct! ct
' x
= AV
LA |
2 z



The matrix A(V) is called the Lorentz transformation matrix:

v =By 0 O
_|=Br v 0 0
A(V) = 0 0o -1 0
0 0 0 -1
,where
1
v =
V2
ez
is the Lorentz factor and
v
g=—.
c

The Lorentz transformation predicts that events that occur at the same time for
one observer do not occur at the same time for another observer moving relative to
the first one. This means that the absolute time and space that is used in the Galilean
transformations must be abandoned and we should instead describe time and space
as a part of the same continuum, known as spacetime.

An event is an occurence that is characterized by a definite time and location
relative to some reference frame. This means, that an event can be thought as a point
in spacetime, fully determined by four elements: (ct,x,y,z). Any four components
that transform like (ct x Yy Z)T under Lorentz transformations are said to form
the components of a contravariant four-vector. Four vectors are usually noted as

2, pn=0,1,2,3

In Euclidian space, the distance between two points is invariant under rotations in
space, something that is expressed mathematically through the Pythagorean theorem:

ds* = da’* + dy* + dz*

When we include time as a dimension, the "distance" that remains invariant,
in this case under Lorentz transformations, is the spacetime distance between two

events:
ds? = 2dt? — dx* — dy® — d2?

and has the same value for all inertial observers. In some sense, Lorentz transforma-
tions can be considered as rotations in spacetime.
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A relevant quantity is the proper time of an observer, defined as the time as measured
by a clock in the observer’s rest frame. It is related to ds through the relation:

ds =c-dr

Thus, the proper time between two events is

2 2 2 2
AT:/dT:/@:/\/dtz_di_di_di:/,/l_v(t)dt:/ﬂ
p pC p c? c? c? c? v(t)

where the integral is performed along the trajectory of the observer. The interval ds
is invariant under Lorentz transformations, because all inertial observers measure the
same value for proper time between two events in their trajectory in spacetime.

We can also write the infinitesimal spacetime interval as:

ds? = napdrda”

,where 1,4 is the Minkowski metric:

10 0 0
o =1 0 o
8= 10 0 -1 0
00 0 -1

Using that notation, we can write the Lorentz transformation in the form:
' = A%zt
;where A%, are the elements of the Lorentz transfomation matrix.

An equation (e.g a law of physics) that keeps its form under a Lorentz transfor-
mation is said to be Lorentz covariant.

1.3 Four-vectors

A 4-vector is an object with four components that transforms under Lorentz trans-
formation in a specific way. More specifically, the components of a contravariant
4-vector transform according to:

/
Ve = AV
and the components of a covariant 4-vector transform as:

Ul = ALU,
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We can also use the metric tensor to lower and raise indices, i.e. to create contravariant
vectors from covariant ones and vice-versa:

Ve = 77046 Vﬁ

Vo = 0V’

With the metric tensor we can define an invariant scalar product of 4-vectors:

V2 =0V, Vs = nagVov?

1.4 Relativistic Energy and Momentum

Let % = z%(7) = (ct,x) be the trajectory of a particle in spacetime. Then, the
4-vector of the velocity (or simply 4-velocity) of that particle is defined as

uOc

(i
—ar  \Sarar) Y

, where 7 is the proper-time measured by the particle.
The 4-momentum of the particle is defined by

p* = mu® = my(c,v) = (yme, p)

We see that the 0 — th component of the 4-momentum is equal to the total energy of
the particle divided by c:

pt = (E/Cv p)

We now consider the 4-momentum of a particle as measured by two different
observers and denote them as p* and p®’ It is possible to construct a scalar with the
momentum 4-vector, which -by definition- will have the same value in both reference

frames:
o 1

P Pa = PP,

Now, if the primed frame is chosen to be the rest frame of the particle, then: p'* =
(me,0), and the above equation yields the relativistic energy-momentum relation:

E? = p?c® + m2c! (4)



1.5 Covariant Form of Maxwell’s Equations

Maxwell’s equations are able to describe all classical electromagnetic phenomena and
dictate the generation and evolution of electric and magnetic fields in a medium.
They are usually written in the form:

v-E=2 (5)
€0
V-B=0 (6)
0B
OE
V x B = poJ +M0€0§ (8)

These equations allow us to express the electric field as the gradient of a scalar
potential ® and the magnetic field as the curl of a vector potential A:

E=-V® ; B=VxA (9)

It is possible to write Maxwell’s equations in a different form, which is going to be
useful for relativistic applications, by introducing appropriate 4-vectors. The content
will be the same, but the covariance under Lorentz transformation will become more
obvious. We define the electromagnetic 4-potential

A® = (3A)
C

j* = (cp,J)

as well as the the electromagnetic field tensor

the 4-current

0 E\/c EyJc Es/c
—El/C 0 —Bg BQ
—EQ/C Bg 0 —B1
—Eg/C —BQ Bl/O

FoP=9"AP — 9P A~ =

Now, Maxwell’s equations can be written in a more compact form:
D F" = —poj® (10)
GvFaqu(’)aFMJr@ng =0 (11)

10



The quantity that contains information about the energy and momentum stored in
an electromagnetic field is the electromagnetic energy-momentum tensor:

1 1
T = " (FWF,? — Zn“ﬁFWFW) (12)

There is an expression for the energy-momentum tensor corresponding to each
different distribution of charges and currents.

11



2 Elements of Differential Geometry

In the following section, we will present some basic elements of differential geometry,
which is the required mathematical framework to formulate the general theory of
relativity.

2.1 Manifolds

General relativity deals with curved spacetimes of 341 dimensions, which mathemat-
ically are dealt with as 4 dimensional Riemannian (or pseudo-Riemannian) manifolds.
A manifold is essentially a space, generally with N dimensions, which is locally similar
to Euclidian space. A more formal definition is the following:

Definition: a set of points, M, is called an N-dimensional manifold if any point
of M has a neighbourhood that allows one-to-one continuous map onto an open set
in RN (N-dimensional real space).

To locate a point in a manifold we use a system of N coordinates, but the choice
of these coordinates is arbitrary. Therefore we may relabel the points of a manifold
by performing a coordinate transformation:

L L (T s D B a=1,2,...,.N
The N x N transformation matrix [%] is called the Jacobian matrix and its

determinant, noted as J, is the Jacobian of the transformation.
If J # 0 we can (in principle) solve the equations for the old coordinates z® and
obtain the inverse transformation equations:

2 /N)

r* =22, 2, a=12,... N

Y

In a similar manner to the above, we define the inverse transformation matrix:

and its Jacobian J = 22%.
oz'P

ox®
ox'P

Using the chain rule it is easy to show that the inverse transformation matrix is
the inverse of the initial transformation matrix:

N WL, W

__ £fa

oxB oxv 7
=1

A subset of points belonging on a manifold define a curve or a surface. A curve
has only one degree of freedom, so it can be parametrized using some parameter u as
follows:

=x%wu), a=12..,N



On the other hand, an M-dimensional surface has more degrees of freedom, so it
can be parametrized as:

2.1.1 Riemannian Geometry

For developing general relativity, there is need to focus on the study of a certain
category of manifolds, in which the distance between two points of the manifold is
given by an interval that is quadratic in the coordinate differentials:

ds? = gapdrda” (13)

,where g,s are the components of the metric tensor. In the general case of curved
manifolds, the components of the metric tensor are functions of the coordinates, which
determinine the local geometry around any point of the manifold.

If ds? > 0, the manifold is called Riemannian. If ds = 0 or ds < 0, the manifold
is called pseudo-Riemannian.

2.2 Local Cartesian Coordinates

For a general Riemannian or pseudo-Riemannian manifold, it is not possible to per-
form a coordinate transformation z® — z’* that will take the line element
ds® = gapdaz’*dz’® into the Euclidean form

ds* = (dz')? + (do'®)? + (da®)? = 5a5dx’adx'ﬁ

at every point in the manifold. However, it is possible to make a coordinate transfor-
mation such that in the neighbourhood of some specified point P, the line element
takes the Euclidean form. In other words, we can always find coordinates x’“ such
that, at the point P, the new metric functions g, 5(2') satisfy

g/aB(P) - 6045
6 /

| ="
0z’ | p

Thus, in the neighbourhood of P, we have

9as(2') = dag + O[(x’ — p)’]

13



The case that is most interesting in general relativity is the case of four-dimensional
spacetime. In this case, we can always find a locally flat coordinate system, i.e. it is
always possible to find a coordinate system z’® for which

9op(a") = nag + Ol(z" — 2p)"]

where 7,4 is the Minkowski metric.

Let us for simplicity consider a spherical surface as an example of a two-dimensional
curved surface. At an arbitrary point P on the surface we can find coordinates x and
y, such that in the neighborhood of P we have

ds® = dz® + dy2

It thus follows, that a Euclidean two-dimensional space (a plane) will match the
manifold locally at P. This Euclidean space is called the tangent space Tp to the
manifold at P. This is valid for N-dimensional Riemannian and pseudo-Riemannian
spaces: at any point P we can find a coordinate system such that in the neighborhood
of P the line element is Euclidean (in the case of general relativity, the line element
is that of Minkowski spacetime)

2.3 General Coordinate Systems

In flat spaces, we usually define a basis, which consists of a set of unit vectors or-
thogonal to each other, and any other vector in that space can be expressed as a
linear combination of these vectors. However, in curved spaces, we are obligated to
define basis vectors, which may not be mutually perpendicular and may have different
length.

Consider a vector v on a point P of a manifold. At each point P the vector lies
in the tangent space Tp of that point. At each point, we can define a set of basis
vectors e, for the tangent space Tp. Thus, we can always express any vector field
u(z) at each point in terms of basis vectors:

v(z) = v*(r)ea(r) (14)

The numbers v*(z) are the the contravariant components of the vector field v(z) in
the basis e.

For any set of basis vectors eq(x), we can define another set of basis vectors,
called the dual basis vectors, denoted by e®(z). At any point on the manifold, the
dual basis vectors are defined by the relation:

e°(x) - es(x) = 65 (15)

14



The dual basis vectors at P also lie in the tangent space Tp and form an alternative
basis for it. Therefore, we can also express the vector field

u(z) = ua(v)e*(z) (16)

In any particular coordinate system x®, we can define at every point P of the manifold
a set of coordinate basis vectors:
0s
= lim — 17
ea =l S 4"
where ds is the infinitesimal vector displacement between P and a nearby point @),
whose coordinate separation from P id dz“ along the x®. Thus, e, is the tangent
vector to the £ coordinate curve at the point P. The infinitesimal separation between
two nearby points that have coordinates z® and z® 4 dx® is:

ds = e, (x)dx® (18)

We can use this expression to relate the inner product of the coordinate basis vectors
at some arbitrary point P to the value of the metric functions d,g at that point:

ds? = ds - ds = (dz”e,) - (d2’ep) = (e, - €g)dzz”
Comparing with the general expression ds? = g.g(z)dz®dx?, we conclude that:

ea(7) - €5(2) = gas(z) (19)
Generally, in a coordinate basis the scalar product of two vectors is given by:

B

v-w = (v7,) - (weg) = gapv®w”

2.4 Tensors

To construct a theory of general relativity, it is essential to find a way to write
equations in such a way that they have the same form and physical meaning in any
reference frame. To do this, we need to classify mathematical objects according to the
way they transform under coordinate transformations between general frames. The
simplest transformation rule we can think of is that of scalars, which simply do not
change their value under such transformations. Some examples are pure numbers or
the spacetime interval ds. The next simplest transformation rule is that of vectors,

which can be contravariant:
ox'™

I —
v oxv

VH
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or covariant:
o ox”

I axlp, v
A more general object, having an arbitrary number of covariant and contravariant
indices, i.e. a tensor, transforms as:

m n
Hi Aj
T’Mluz...um — O O K1K12..-K1m

ViV2...Un axm afﬁ A2 A
i=1 j=1

Generally, equations with tensors keep their form under any transformation be-
tween general coordinate frames. Therefore, physics equations within the framework
of a theory of general relativity should be tensor equations.

2.5 Parallel Transport and Connection on Metric Manifolds

Consider a vector v at a point P of a metric manifold. We can transport that vector
along the displacement vector dx into the infinitesimally close point S, in such a way
that it remains parallel to itself. The resulting vector can be noted as v. Then, the
whole operation can be expressed as:

v =T(P,v,dx) (20)

where I' is the operator of parallel transport, also called the connection. Once this
operator is defined at every point of the manifold, we have means of transporting
every vector on that manifold parallel to itself. The basic requirements of parallel
transport are:

1) Ifv=0thenv=0

2) fdx =0thenv=v

3) If v=ax + By ,where x and y are basis vectors, then v = ax + Sy

4) For a displacement dx; ,we have: v* — ¢" = dv’. Then, for a different displacement dx, = xdx,

,we will have: v* — ¢° = kdo'
It can be proved, that these requirements are satisfied only if:
o' = ot — T 07 da? (21)

where I'"', ‘are the coordinate components of I, also known as Christoffel’s symbols of

the first kind.
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2.5.1 Connection on Riemannian Manifolds

In any Riemannian manifold the connection is related to the metric through the
relation: . 3 3 5
Gov Gpx gu
%= —g" — 22
A oY (ax)‘ - oz &BP) (22)
I'*,, are often called Christoffel’s symbols of the second kind.

2.6 Covariant Differentiation

In general, differentiation of a tensor does not yield another tensor. This can be easily
seen, considering a contravariant vector V*#, which transforms as:

oz'*
Vl,u, — VV
oxV
Differentiating with respect to 2'* we get:
oV’ Oz 9xP oVH N O*xm 97
ox'e — Jxv Ox' 0xP  OxOx° Ox'™

Because of the second term, the derivative does not transform as a tensor.

Using the above relation, there is an obvious way to define a new derivative V,,
called the covariant derivative, which will transform as a tensor. The covariant deriva-
tive of a contravariant vector V* is defined as:

V,VE=VHE, =9,V +TH,\VA (23)

Covariant derivatives transform as tensors:
Y — Ox® Ox'P
v ox'” Oxt

Through this requirement, it is possible to show that the Christoffel symbols
transform as:

v Ve

e _ Ozt dxr O™ dzt dxr  O*a'™
P 0B Oz oz M OxB O Dxrdxe

From this transformation law we see that the connection of a manifold is not a
tensor.

We can expand the analysis to find the expressions of the covariant derivatives of
covariant vectors:

V/gUa =Uap = aﬁUa — F“a/gUu (24)
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,as well as higher order tensors:

v, 1% = 9,77 + 1, T" + T5, T (25)
V., T% = 0,1T°% + I'°,,, T"s — I3, T°, (26)
ViTap = 0y Top = May T — sy T (27)

2.7 Geodesics

Consider a differentiable manifold of N-dimensions with metric ¢ and two points A
and B on that manifold. Consider also a curve z# = z*(\) connecting these two
points. The distance between A and B along this curve is:

zAB:/ds:/j—idA:/,/(j—if:/A:BL(x,j;)dA (28)

where the Lagrangian is:

. e At v
L(x, &) = [gui"i*]/? = [quﬁﬁ]

The curve for which /g is minimum is called a geodesic. Generally, a geodesic is
defined as a curve that extremises distances between all its points.

Consequently, geodesics are the resulting solutions of the Euler-Lagrange equa-
tions for the above Lagrangian:

d OL  OL

ANDir  Opn ; (u=0,1,..,N)

Substituting the Lagrangian L(x, &) = [gu,,y'c“jc”]l/ % we obtain the so called geodesic
equation:
d?zH i dx¥ dz"

oz Tl =0 (29)

2.8 Riemann Curvature Tensor

Parallel transport on Riemannian manifolds has a number of properties not seen in
Euclidean space. This can be demonstrated by considering the simple example of
parallel transport of vectors on a spherical surface. Generally, any vector tangent to

18



a geodesic remains tangent during parallel transport along this geodesic. Moreover,
since the angle between two parallel transported vector is constant, so must be the
angle between a vector parallel transported along a geodesic and the geodesic itself.

It is obvious from the image, that the result of parallel transport depends, not
only on the initial and final points, but also on the path along which the transport is
carried out. In addition, we observe that parallel transport along a closed curve does
not resut in the original vector. For example, parallel transport of the vector t’ along
the path NACN yields the vector t”.

These properties stem from the fact that the sphere is a curved surface. Curvature
of surfaces and, in general, manifolds is described by the Riemann curvature tensor.
Consider the covariant derivative of a covariant vector:

ViV = 05Va — T3V,
Since V3V, is a second order covariant tensor, a second differentiation yields:
Vo (VsVa) = 8, (VaVa) =%, (VsVe) = T, (ViVa)
Conducting the differentiations, one can show that:
Y, (VaV) = Va(V3Va) = Vi (1%, — 9%, + T4 Ty ~TLT)  (30)

The above relation allows us to define the Riemann curvature tensor as:

Rbopy = 0gT — O,T%, + T Tl — T% T4 (31)

« ay- vp o
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The Riemann tensor has the following properties:

Rurp = —Ruwpa
Ruw\ﬂ = _Rvupx\
Rywrp = Rapw
R =0

The Riemann tensor also satisfies the Bianchi Identity:
R)xulm;n + R)\/M’]V;H + R)\MK)??;V =0

These properties reduce the independent components of the Riemann tensor to:
1
Cy=-—=N*N?-1
ST )

where NV is the dimension of the manifold.

2.9 Ricci Curvature Tensor and Ricci Scalar

Another important tensor related to curved spaces is the Ricci tensor. Consider an
N-dimensional manifold and geodesics of that manifold close to one another. The
Ricci tensor describes the small volume enclosed by these geodesics.

It is obtained simply by contraction of the Riemann curvature tensor:

Rop = Rlaus = 0,0 — 0510, + T Tty — Tl (32)

v af

From the cyclic identity of the Riemann tensor, it can be shown that the Ricci
tensor is symmetric:

R.g = Rgq (33)

The trace of the Ricci tensor is known as the Ricei scalar:
R = R% = g""Rag (34)
Contraction of two indices in the Bianchi identity yields:

VsRoy + VR0 5 — V. Ras = 0

20



Multiplying by ¢*? we get:

1
VsR—2V3R) =0 = V, (R”" - 5gWR> =0 (35)
This leads us to the definition of the FEinstein tensor:
1
GH = RW — §g‘“’R (36)

which is symmetric and has zero-divergence. The Einstein tensor has great impor-

tance in general relativity, as it it shows up in the Einstein equation and is related to
curvature.
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3 General Theory of Relativity

With the basics of the mathematical foundation of general relativity described in
the previous chapter, we now use it to discuss the physics of the theory. We start
with the equivalence principle, which generalizes the physics of special relativity to
include gravity, and then introduce the principle of general covariance, which will let
us generalize electrodynamics to curved spacetime.

3.1 The Principle of Equivalence

The principle of equivalence tells us how an arbitrary physical system responds to an
external gravitational field.

The Principle of Equivalence: At every point in spacetime in an arbitrary
gravitational field, it is possible to choose a “locally inertial coordinate system” such
that, within a sufficiently small region of the point in question, the laws of nature take
the same form as in a non-accelerated Cartesian coordinate system in the absence of
gravitation. In the framework of general relativity, there are no global inertial frames.
The curvature of spacetime, inflicted by gravitational interactions, does not allow us
to introduce a global Cartesian coordinate system. However, one can introduce local
Cartesian coordinates around some region of spacetime. These correspond to locally
iertial frames, which experience the laws of special relativity.

In a locally inertial Cartesian coordinate system with coordiantes £ the metric is
given by

ds” = 11" de?

An arbitrary coordinate transformation to a general coordinate system x* is ex-
pressed as:
_ o
 Oxr

For any such change of coordinates we have

e dz"

ds? = gaﬁdxadxﬁ

where we have defined
_ o 0grogr
o = T 503

Locally, in the coordinate system of £%, the equations of motion of a free particle
are:

d2§a B

X2

(37)
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where A\ is a parameter (for massive particles, it can be taken to be the proper
time). This coordinate system corresponds to an observer who, within a confined
region of space and time, experiences the laws of special relativity. Changing to the
coordinates z* and using the chain rule, we can write the equations of motion in the
new coordinate system as:

d*z™ , BPxt d*x”
e e e =0 (38)
where we defined 5 o
o« xa g
H g QO (39)

This is a slightly different derivation of the geodesic equation.

The previous statement is also related to another central idea of the theory, called
the General Principle of Relativity. According to that principle, it is not possible
to detect the effects of gravitational interactions via local measurements. In other
words, an observer carrying out experiments within a sufficiently small free-falling
laboratory, lasting for small time intervals, cannot detect the presence of nearby
gravitating bodies or a possible acceleration of the laboratory. This statement implies,
that all local physical laws must have exactly the same form as in the flat spacetime
of Special Relativity, and, therefore, the Riemann curvature tensor can not appear in
them. The only exception, as we will see later, are the equations of the gravitational
field, which show exactly how the curvature is imposed on spacetime by the presence
of mass and energy.

3.2 The Principle of General Covariance

According to the principle of equivalence, we can always find a locally inertial frame
at any point in a gravitational field. Therefore, physical laws must have the same
form, no matter what generalized coordinates are used to label the events in space-
time. Formally, we state that the physics equations must satisfy the principle of
general covariance:

1) Physics equations must preserve their form under general coordinate transforma-
tions, which leave the infinitesimal spacetime interval ds? invariant. This is charecter-
istic of tensor equations.
2) Physics equations should reduce to the correct special relativistic form in the local
inertial frames, where gravity is absent. Additionally, gravitational equations reduce
to Newtonian equations in the limit of low velocity particles in a weak and static field.
By the equivalence principle one can write down an equation that holds in a locally
inertial coordinate system and then make a general coordinate transformation to find
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the corresponding equation in that coordinate system. The principle of equivalence
also tells us that there exists a locally inertial frame at every point in spacetime,
in which the effects of gravity are absent. With the principle of general covariance,
finding the equations that hold in a general coordinate system is much simpler. If we
assume an equation that holds in special relativity, i.e. in locally inertial frames, it
must hold in all coordinate systems. The method to find equations that are valid in
a general gravitational field is to simply take the equations and definitions that are
valid in special relativity and replace partial derivatives with covariant ones and the
Minkowski metric 1,5 with the general metric tensor g,s

3.3 Einstein’s Field Equation

The central equation of General Relativity, as proposed by Einstein, can efficiently de-
scribe gravitational effects by means of spacetime curvature. It is derived by applying
variations on the Einstein-Hilbert action:

ct .
S = 1og [ Bl dettn) Id's (40)
with respect to g,

The principle of least action yields the Euler-Lagrange equation for that system,
namely, Finstein’s Field Equation:

1 81
R;W — §gMVR = FTHV (41)

where G, = R, — %gm,R is the Einstein tensor.

We can now write:

G — " (42)

ct

The unknown quantity of the Einstein equation is the metric tensor g,,, which
contains all the information needed to describe the geometry of spacetime.

T, is called the Energy-Momentum Tensor and it describes the flux of energy and
momentum in spacetime. The Energy-Momentum tensor, which is symmetric, is the
source of the gravitational field in the Einstein field equations of general relativity,
just as mass density is the source of such a field in Newtonian gravity. If we consider
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a specific distribution of matter and energy, we can find the corresponding energy-
momentum tensor and, by solving the Einstein equation, determine how that mass
and energy affects the spacetime around it. A better understanding of the tensor can
be achieved by taking a look at its components separately:

T : energy density - ¢ 2

-TY = T : flux of relativistic mass across the a’ surface or, equivalently, density of
the i-th component of linear momentum

- T% : flux of of i-th component of linear momentum across the z7 surface

,in particular :

T"(no sum) : pressure (independent of direction)

The energy momentum tensor is a conserved quantity, associated with invariance
of physics laws under spacetime translations:

V,T" =0 (43)

3.4 Gravitational Time Dilation and Redshift

In Special Relativity, time and space measurements are different between observers
and they are related to each other by Lorentz transformations, that depend only on
the relative velocity between the observers. A similar phenomenon occurs in General
Relativity, but here the time and space measurements are modified, not due to the
relative velocity between two inertial frames, which is a very special case, but due to
the non-flat geometry of spacetime. A non-flat geometry can originate at a source of
gravitation, such as mass and energy, but also can be caused by lienear acceleration
or rotation.

Let’s consider an observer at rest on a point A inside an arbitrary gravitational
field, that emits light waves towards another observer at rest, placed on a different
point B in the field. The time taken for a wave crest to travel from A to B is a constant.
Therefore, the time between the departure from point A of successive crests will equal
the time between their arrival at point B. Using the general form of the spacetime
interval, with all spatial differentials equal to zero, we write:

dr3 = goo(za)dt* ;  drd = goo(wg)dt? (44)
,which can be translated as a difference in frequency between the emitted and the
detected light:
dra _vp goo(za)

— — 45
dtp V4 Goo(z4) (45)
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3.5 Electrodynamics in General Relativity

In a previous section, we presented the covariant form of Maxwell’s equations, written
in terms of 4-vectors and the electromagnetic tensor. Obviously, when one is not
studying electromagnetic fields just in inertial frames, but in more general ones, those
expressions do not hold. In this section, we present how Maxwell’s equations are
modified, so that they hold in such general frames, i.e. so that they keep their form
under GCTs.

Fortunately, as we mentioned before, all we have to do is substitute partial deriva-
tives in the Lorentz covariant formulation with covariant derivatives. Then, Maxwell’s
equations read:

V" = o”
or, in potential form:
guy(vuvaAA - vuv/\AJ) = :u()j)\

In vacuum, the electromagnetic field tensor satisfies the equation:

Vol +Vo oy +V, Fe =0
The electromagnetic energy-momentum tensor is generalized to the form:

1 1
Ty = —|F,Fl — =g, F,-F*
" “0[ 1P 49u p ]

These expressions reduce to the ones presented in the context of special relativity,
if we move to a locally inertial frame.
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4 Exact Solutions of Einstein’s Field Equations

Einstein’s equations are in general difficult to solve, because, for a generic energy-
momentum tensor, they compose a system of ten, non-linear, partial differential equa-
tions. However, we can find exact solutions to these equations by specifying the sym-
metry properties of the system. The exact solutions that we are going to present in
this section are static and possess spherical symmetry.

4.1 The General Static and Isotropic Metric

A static and spherically symmetric spacetime can be described by a spacetime inter-
val (or metric) with the general form:

ds®> = A?(r)(cdt)* — B*(r)dr® — v*(d6” + sin*0d¢?) (46)

,where A? and B? are unknown functions of r.

For that form of the metric, we can calculate all quantities that relate to the Ein-
stein equation in terms of A% and B2.

The Christoffel symbols arising from that metric are:

Al
=71
., D . AA , 7 sin® 6 . r
Lo=p s i =g i Tw=pp
0 1 0 .
Frez; ; g = —sinfcost
o _ 1 . e

The components of the Riemann tensor are:
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AA'B’

thrt = _thtr = Rtrtr = —AA +
rB’
Rr0r9 - RGT&T = — B
) /
RT rp — R rér — — 1 0_
oroé oré 7 Sin iz

. 1
Rogop = Rypopn = —r?sin?6 <1 — §>
rAA
Rogr = Rigro = — 5

Ryt = Rygry = —1 sin? 6

The components of the Ricci tensor are:

AA
B2

AA”+/&WB’ 2AA

Rtt = — 32 Bg TBZ
R _A AB 2B
Y T A AB B
1 rB"  rA
Ree—ﬁ— ik +ABQ_1
1 rB"  rA
w2
R4y = sin Q(E_ B3 +AB2 _1>
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Finally, the Ricci scalar is:

24" 2A'B’ 4A’ 4B’ 2 2

R = — — — —
AB? + AB3 rAB2 + rB3  r2B2 + r2

4.2 The Schwarzschild Spacetime

The simplest, non-trivial exact solution to Einstein’s equations is the Schwarzschild
solution and was derived by Karl Schwarzschild in 1916. It describes the spacetime
outside a spherical mass, while 7}, = 0, which means that the spacetime around the
source-mass is empty.

The Einstein equation reads:

1
RMV - §gMVR =0.

By taking the trace of that equation, we see that R = 0, which means that the
equation we have to solve becomes:

R, = 0.

We can find a non-trivial solution to that equation:

Rtt+Rrr_O:>_ 2 A’+B’ _O:>A’__B':>dA_ alB:> const.
A2 B2 rB2\ A  B/) A B A B B

Considering that the spacetime has to be asymptotically flat, it is obvious that
the constant is unity :

1
A=—.
B
Also:
1 rB rA 9 5
Rog =0 = VCERE +ABQ_1 =0= A"4+rAA+7rAA -1 =0= A"+2rAA -1 =0=
AdA dr const.
S S A () =1 —
i oy AW r
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To find the exact value of the constant, we need to take the non-relativistic or
Newtonian limit, i.e. the regime of low intensity, stationary gravitational fields and
small velocities. Therefore, the velocity of a test particle satisfies the condition:

< :>d:c<< :>dzc<<cdt (47)
1<K = — <K= — KL —
dt ds ds
The geodesic equation(eqn name) becomes:
A2zt dt\’
— 4TI (=) =0 48
ds? + 00 (dt) ( )

Since the field is stationary, all time derivatives of the metric are zero, so that:

1 ., 9900

Iy =—=g"— 49

00 29 Gy (49)

We can consider a weak field, by assuming that the spacetime is similar to the
Minkowski spacetime, with some small deformations:

gul/ = T]y,l/ + h,ul/ a | h,u,y |<< 1 (50)

Then, to first order in h, we have:

1 Vahoo
Foo = =57 50

Substitution in equation (48) yields the relation:

Px 1 [dt\®
R h 1
ds? 2 (ds) Vhoo (51)
Fron Newton’s theory, we recall the result:
d*x
— =-Vo 52
T (52)
The gravitational potential at a distance r from a spherical body with mass M is:
GM
b=——
r

, 80 by comparison of equations (51) and (52), we find:

hoo = 2P + constant (53)
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The constant is easily set to zero, by taking the limit of a flat metric when the distance
from the object is very large. Hence, hoy and

2GM
=1 4
9oo 2, (54)
Then : 5C M
A*(r)=1-
(r) cAr

Finally, we can write down the Schwarzschild metric:

2GM 2GM\ ™
ds® = (1 26 ) (cdt)? — (1 _ % ) dr® — r*(d6* + sin? 0d¢?) (55)

cr cr
or:

—1
st = (1= ) et = (1= 52) " dr® s 4 s 0ag?) (50

The quantity
2GM

re =

is called the Schwarzschild radius.

This metric describes the spacetime around a spherical body of mass M. If the
body has radius 7, then the metric is valid only for r > r,, because for » < r, we are
no longer in vacuum, i.e. 7, # 0. Meanwhile, the detailed distribution of matter in
the interior of the body does not influence the external gravitational field, a feature
also present in Newton’s theory in the case of a spherically symmetric body. For
any spherically symmetric object with radius larger that r,, the metric experiences
no singularities. Consider, now, an object that has a radius smaller than r,. Then,
the Schwarzschild solution holds at » = r, and there is a singularity at that distance,
as well as for » = 0. An object with a radius r < ry is called a black hole. This
name is justified by the fact, that no massive particle can escape if it approaches
the object at a distance smaller than r,. This "boundary" in spacetime is called an
event horizon and it marks the surface for which events inside of it cannot affect the
outside. An interpretation of this fact is that a clock falling towards a black hole
experiences infinite time dilation as it approaches the event horizon. Hence, it would
require an infinite time for the clock to reach the horizon, as seen from an outside
observer. Also, the redshift of an electromagnetic travelling radially outwards the
black hole goes to infinity, as the point of emission approaches the event horizon.
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4.3 The Reissner-Nordstrom Spacetime

The Reissner-Nordstrém solution is an exact solution of the coupled Einstein-Maxwell
equations and it describes the spacetime outside a uniformly charged spherical body
at rest. It was discovered by Hans Reissner, Hermann Weyl, Gunnar Nordstrom
and George Barker Jeffery. Due to the stationarity and spherical symmetry of the
problem, we will use the metric of section (5.1), or , in other words, the left side of
the Einstein equation is exactly the same. Although this is also a vacuum solution,
in the sense that matter density is zero, there is energy and momentum flow, due to
the electromagnetic field.

A uniformly charged spherical body would create a radial electric field around it,
while the magnetic field would be zero, due to stationarity. The electromagnetic field
tensor reads:

0 £ 00
0 00
0 0 00
The non-zero components of the electromagnetic energy-momentum tensor are:
TOO _ EoB2E3 TH _ _EoAQEE T22 _ €0A2B2E3 T33 _ Sin2960A2BzE3
em 2 Y em 2 ’ em 2T2 ? em 2,’,,2
(58)
Maxwell’s equations in empty space give:
1 1
" =0=——(0 ") =0= ————0,(ABr’sin®0F") =0 (59
V. T OO TP™) =0 s (AB sin0F™) =0 (39
The only non-zero equation is for =1 :
0 0 E o0 (r*E
S(ABPF) =0= o (ABrtt ) —0= (L) =0 (60
87“( " ) or " Az B or\ AB (60)
a1 A(r)B(r)
E.(r) = 2 (61)

We can find the constant ¢; considering, that the spacetime we are interested in is
asymptotically flat, i.e. it approaches the Minkowski spacetime for large r: A Also,
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we use the fact that for large values of r, the electric field will approach that of a
point charge, as calculated from Gauss’ Law:

Q 1
E.(r)— — 62
(r) 47en 12 (62)
, which means that
cp = @
! Amey
The Reissner-Nordstrom metric is:
2GM Q*G

2
Js? — (1_2GM Q°G

c2r  4meyctr?

-1
) dr? —r2(d6? + sin®0de?)
(63)

)(cdt)Q— (1

cr  4drmegcir?

or

-1

2 2
ds” = (1 -2+ :_32) (cdt)? - (1 -+ %2) dr® —r(df? + sin 0do”)  (64)

Possible event horizons can occur when

1
r2—rsr+ré:>ri:§(Tsj:w/rg—élré)

From this equation, we see that, depending on the relative values of r, and rq,
there could be two, one or zero real-valued solutions.

5 A Model for the Electron

In 2014, Prof. Hans Dekker (arXiv:1408.4796v3) had the idea to model the electron
and the other charged leptons as a relativistic mass and charge distribution of finite
size. By finding an exact solution to the Einstein-Maxwell equations, he used the
experimental values for the mass and charge of the electron to calculate the char-
acteristic size of the distribution. The following section is devoted to solving the
Einstein equations for a perfect charged fluid, which consists a simple source for the
Reissner-Nordstrom spacetime.
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5.1 The Basic Concept

Modern theoretical physics is essentially based on the existence of a finite set of ele-
mentary point particles and their electromagnetic, gravitational, and weak or strong
interactions. Apart from the neutrinos, all fundamental particles carry electric charge.
However, the very concept of a stable point charge -such as the electron- is an old
and as yet basically unsolved problem. Namely, a finite amount of electric charge
concentrated in an infinitely small volume would be unstable and would explode, if
there wasn’t an internal force to act against the repulsive self-interaction.

Historically, the problems with a point charge were already recognized in classical
physics. For instance, in Poincaré’s ’electron model’, presented in his paper "Sur la
dynamique de I’électron", the electric force on the charged sphere was counteracted
by an elastic force of unspecified, non-electromagnetic and non-gravitational nature.
So, what if the electron has finite size? And if that is true, how small does it have
to be, so that it’s gravitational self-attraction makes it stable? These are the central
questions that we are going to deal with and attempt to answer. Recently, based
on state-of-the-art precision measurements of the electron’s gyromagnetic g-factor,
1989 Nobel laureate H.G. Dehmelt has pointed out that "Today everybody ’knows’
the electron is a Dirac point particle with radius » = 0 and g = 2. But is it? The
value 7 &~ 10?>m given here constitutes an important new upper limit. [..] Thus, the
electron may have size.”

In any case, in quantum theory the electron can be treated successfully as a
structureless point particle, as it is possible to neglect the problem of its infinite
self-energy by mass renormalization, which yields results in terms of the particle’s
experimentally observed mass m. Here, we will attempt to solve that problem, by
considering that such particles can -in principle- be stable due to gravity. Specifically,
from the point of view of Einstein’s theory, the enormous amount of electrostatic
energy compressed into an infinitely small volume must give rise to significant local
gravitational effects.

We will ignore weak interactions, in order to construct a simple model, and we will
not a priori assume that the mass-charge density is rigorously zero outside some radius
rm. Instead, we will only demand that our solution becomes asymptotically equal
to the Schwarzschild metric for large r. Therefore, we will study the gravitational
field equations for the Ricci tensor R, corresponding to a classical charged mass
distribution, i.e. with the full energy-momentum tensor for the material mass and
the electromagnetic fields as the source of gravitational energy.
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5.2 The Solution to the Einstein-Maxwell Equations

We will attempt to find an exact solution to the Einstein-Maxwell equations that
correspond to a spherically symmetric mass-charge distribution with zero internal
pressure.

The energy-momentum tensor will have two terms: one term for the perfect,
pressureless fluid (or dust) and one term for the radial electric field, which are, re-
spectively:

1 1
T,ET) = Py,  and Tlg';m) = %[Fuszf — ZguquanU] (65)

where p,, is the matter density of the fluid and w, is the 4-velocity field of the dust
particles. In addition, the 4-velocities of the fluid satisfy the normalization condition

b
Uy =1

The general expression for the density of a system of n point-particles is:
o= m, / 5 — wn(7)]dr (66)
and their charge density is:

po=9""> an / 84z — (7)) dr

where g is the trace of the metric tensor.

We can perform the integration in equations (66) and (67) and obtain the total
mass and total charge of the distribution:

M=) m,= /71/2pmd3x
and
Q=D = /’Vl/QPQd?’SU
where v = —g/goo is the determinant of the three-dimensional metric tensor ~,;; =

(915 — 90i90j/9goo). The Einstein equation reads:

1 8tG 1 1 o
Ry, — §QWR = A <:0mu,uuu + ,U_O[FWF;) - ZQWFPUFP ]> (67)
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First, let us calculate the components of T,ET) = pmUul,. Setting p = 0 and
v =1 = 1,2,3 in the Einstein equation and taking into account the normalization
condition and the fact that Ry, = go; = 0, we get :

upt; = 0= u; =0 (68)

meaning that the spacelike components of the fluid velocities are zero, which is a
result originating only from the spherical symmetry of the system. Again, combining
with the normalization condition we find that:

“—L an u, = A(r
U —A(T)(l,O,O,O) d . = A(r)(1,0,0,0) (69)

Finally, we have:

T = pnA%(r) - and T =T =T =0 (70)

Einstein’s field equations for the static isotropic mass-charge system may be writ-
ten as:

87 1 2 8rG (em) ArG 2 e 4 n2 12
R()() = _64 Pm (UOUO - 59000 ) + ?Too = 7pmA + A EOA B Er (71)
87 r 817G, (em)  4TG o 4G o

A’B*r?E? (73)

ch T2 = B2 + ADB? ct

Ryy — 87G (1 202> N 87TGT(em) 1 2rA - 47Ge

R33 = Sin29 : R22 (74)

Adding the first two Einstein equations we can obtain an expression for the density
of the fluid:

Roo RH 8¢ 62 A B’
= m = Pm=—-5\—++ = 75
A2+B2 2 P P 47TG7’BQ(A+B> (75)
We can also subtract the first to Einstein equations by parts:
Rgo RH 87TG 2 152 12
T ;- e0A*B°E; (76)
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Differentiation of equation (73) with respect to r yields:

B’ A rA" r(A)? 2rA'B 2nGe d

B AR AR AR AB3 A dr

(A2B%E2) (77)

Combination of equations (76) and (77) results in a relation with important physical
meaning considering the fluid distribution and the consequent spacetime deformation:

1 2
A PmC?
This is an equilibrium condition, that reflects the balance between gravitational
self-attraction and electrostatic self-repulsion.
For a structureless charged mass the intrinsic charge-to-mass ratio e,/m,, should
be an n-independent constant, let’s call it "k” | This is equivalent to considering the
simple equation of state for a uniformly charged fluid :

Pm = kpg (79)

Without loss of generality, we can imply that M = kQ, where M and @) are the total
mass and charge of the fluid. We can try to simplify some of the expressions, by

defining the parameter:
M

W= 80
0 (80)
Now we can rewrite the equilibrium condition in a simpler form:
9 /
By taking both the Scwarzschild limit
2Gm
A*(r)=1- 82
(=1--7 (52
and the Poisson limit: 0
B%E, = 83
4egr? (83)

at r — 0o ,we can obtain an expression for the experimentally observed mass m of
the object:
QQ
dmegGM (84)
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The observed mass m is practically defined by equation (84).
The equilibrium equation is essential, because it reduces our problem to finding
the temporal metric A%(r). If we do that, we can also find B?(r) from the equation:

2rA”  4AnGe A
20\ _ 0,2 2
B*r)=1+ Ttk (A) (85)
or:
B*(r) = 1+ 2y + 4\y? (86)
,where we have defined:
_rA _ 7Geok?
y(r) = 1 and = A

The value of the parameter A depends on the equation of state of the distribution.
Specifically for the electron: A ~ 10%2.
Going a few steps back, equation (76) can be written as:

A'B A AB'  4nGeg
A” _ o A3B4E2
B r + rB * ct (87)
which, together with
A/
b= gt
results in :
rA” rAB'A B Al
= — 4+ — +4\r 88
A - aB A BT (A) (88)
Next, we differentiate equation (86) :
BB =y + 4)\yy (89)
Combining with (88) we obtain :
2
(41 — 1)?/’7(1 42+ AN2) = (1 — 4\)yy/ (90)

This is the equation that contains the full solution to the problem. Let us, first,
deal with the case, where y # 0 and A\ # 1/4. We are lead to solve the non-linear
differential equation:

S 4 (14 20%)(A%) = 0 (91)
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We should modify the form of this equation, introducing an auxiliary function

1 A
== 2
¢(r) o) A (92)
as the differential equation (91), in terms of ((r), takes the simple form:
(93)

r¢¢ =+ 2¢ + 4

The above equation has an exact solution:
1
L) —lnr+C (94)

1 1
—In(¢% +2¢ + 4\ +—arccot(
2 (€ ¢ ) VAl —1 VAN — 1
We now require that the solution should approach the Schwarzschild solution at

large distances. By applying this constraint, we can calculate the constant:

2 2
Gm:l—%andgzl (95)

When r — 0o : A2 = 1 — 5
c2r T

,which leads to the particular solution of the equation:

1 1 (+1 2r
—In(C2 + 2¢ + 4 —|——accot(—>:l (<) 96
o (2 AN+ T ar oo1) ", (96)
This is a relation that matches a value of the somewhat abstract auxiliary function ¢

to the more familiar radial distance 7.
Now, it is easy to write the metric functions in terms of ¢. For A(r) we have:

a4 _dadr_a
d¢  drd¢ (¢
or
dA A 1 ¢+1
- A%(r) = — t ——
i TCC/:} (r) =exp )\_larcco< 4)\_1)
1

or, equivalently :
s\ 2
A%(r) = (g) (C?+2¢ +4))

Also, from equation (86):
C? 4 2¢ 44X
B*(r) = —a
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For finite values of r/r. and A — oo:

1 T
=1 <_C>
B? r
We notice, that this solution is valid only for non-negative values of (. Especially, for
¢ = 0 this equation (96) leads us to a specific value of radial distance

T, =T \/Xex [; arccot (;)]
e T IV ASD ) N1 Jin—1/]"

This is a quantity of great importance for our problem: we will show that it is the
characteristic size of the system.

But first, let’s consider the case where A = 1/4. In this case. equation (90)
becomes a trivial zero identity for all metric functions B(r). Hence, the problem can
be solved by any mass-charge distribution, which is an irrelevant case for our cause.
Thus, we can safely consider that A # 1/4. We should also note, that the parameter
A takes a very large value for the electron. We notice that for very large values of A,
the observable classical mass is m = |Q|/v/4meG, so that the Schwarzschild radius

is:
rs =1 =|Q|/\/G/4megct = lpy/ae

However, in the case of an electron, i.e. for Q = e, we get m = 107, which is many
orders of magnitude larger than the mass of the electron m, ~ 1073 kg. Therefore,
in order to achieve equilibrium due to self-gravitation, A has to be a lot larger than
1/4.

By now we have obtained only one part of the solution, which corresponds to
spatial areas satisfying r > r., because this is the range in which the function ( is
defined. Looking back at equation (90), we are left with only one option for the
spacetime inside r.: y has to be equal to zero, which means that both A and B are
constant for r < r.. More specifically:

rA
= =0=A"=0.
Y= =
Then equation (86) yields :
B*(r <r,) =1

Also, the "exterior" solution for ¢ = 0 gives us the value of the temporal metric on
the boundary r = r., as well as inside the radial distance 7. :

A%r<n)zx(ﬁ)2

Te
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The electric field of the entire distribution can be extracted from the equilibrium
equation (98):

L ¢
Er(r) = <2rA> Do o

where © is the Heaviside or step function, which is added "by hand", to make
sure that the electric field is zero for r < r,.
One further gets:

,
Noragne

Finally, through the Poisson equation we obtain the charge density distribution

r?ABE, = O(r—r.) (97)

o=

1?Bpg = peor o(r—re) — Heo ! O(r—r.) (98)

24/C% +2C + 4) 7(\/(2+2§+4/\

where §(r) is the Dirac distribution.
It is obvious that the density has two "parts", a singular one and a continuous
one. For finite values of r/r, and A\ — oo the continuous part of the density becomes

pcont — Q (E)4
N 8rr3vAN \ T

Clearly, for \ ~ 10%2, pCQO”t ~ 0, so charge and mass almost completely accumulate at
radius r.. Therefore, we could say that the distribution resembles a spherical shell of
radius r.. Specifically, for the electron:

pelectron — 1 38063 x 102%m

C

A different method, which will allow us to better visualize the behaviour of the
resulting spacetime, is to solve equations numerically, keeping \ as a free parameter.
The numerical solutions for the temporal function, as well as the radial electric field
are presented graphically below, as a function of the non-dimensional radial variable
r/r. for three different values of \.
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Temporal metric fimction

Figure

Eadial slectric ficld
")

Figure 2: Radial electric field E,/E,, where E, = ju/4r./A as a function of 7 /7.

5.3 Discussion

The solution of the Einstein-Maxwell equations for a collection of dust particles has
yielded a density distribution which does not resemble the interior fluid solutions
usually encountered in General Relativity, like the Schwarzschild interior solution.
The distribution is virtually consisting of two parts, conjoined at radial distance r..
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The charge and matter densities are rigorously zero for r < r., which originates from
the fact, that the components of the metric are constant in that range. It can be easily
shown, that any metric that is not a function of the coordinates, i.e. it is constant
can be transformed to the Minkowski metric. In other words, the spacetime for r < r,
is flat. This means that the solution resembles a spherical shell, with infinitely small
thickness. Almost all of the mass and charge almost completely accumulate at radial
distance r.. More specifically, the "tail" of the density distribution, i.e. the part that
extends at r > r, contains only 10721Q.

The application we presented included using the solution we found to construct
a model for the electron. It is known, that the electron is a quantum particle and
any analysis without the inclusion of quantum mechanics should be incomplete. The
result for the characteristic length of the electron is approximately 1073%m, which
is one order of magnitude smaller than the Planck length /p. At that scale, both
gravitational and quantum effects are believed to be significant. Specifically, quan-
tum zero oscillations of the gravitational field distort Euclidean geometry, while the
smaller the scale under study, the greater the deviations from Euclidean geometry. As
noted in Regge (1958) "for the space-time region with dimensions ¢, the uncertainty
of the Christoffel symbols AT is of the order of £%/¢° and the uncertainty of the
metric tensor Ag is of the order of [%/1? . If / is a macroscopic length, the quantum
constraints are fantastically small and can be neglected even on atomic scales. If the
value /¢ is comparable to ¢p, then the maintenance of the former (usual) concept of
space becomes more and more difficult and the influence of micro curvature becomes
obvious". In our case: ¢p/l ~ 10, so Ag ~ 100. It is obvious, that if we accoount
for quantum fluctuations of spacetime, there is a large uncertainty in our results,
especially for A2, as it takes values very close to unity, even in the vicinity of the
mass-charge distribution. In any case, the description of such quantum gravitational
effects is not complete whatsoever, let alone dealt with here.

Further work that could be possibly be done on this model, would be to solve the
Einstein equations for a rotating mass-charge distribution, taking the large r limits of
the Kerr or the Kerr-Newmann spacetime. This way, it would be possible to calculate
the characteristic size of a rotating body, which would probably be more physically
relevant.
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