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EuqaristÐec

Euqarist¸ ton epiblèponta kajhght  mou k. Ge¸rgio Kosi¸rh gia th bo jeia tou me tic
gn¸seic tou kai thn upomon  tou kaj¸c kai gia th sunolik  sumbol  kai kajod ghs  tou
kaj� ìlh th di�rkeia thc melèthc kai suggraf c thc metaptuqiak c mou ergasÐac. EpÐshc ja
 jela na euqarist sw ìlouc touc kajhghtèc pou mou èkanan m�jhma tìso se proptuqiakì
ìso kai se metaptuqiakì epÐpedo gia tic gn¸seic pou mou pareÐqan sth di�rkeia twn mèqri
t¸ra spoud¸n mou kai idiaÐtera to k. Miq�lh Loul�kh k�jwc kai touc k. Ge¸rgio Zour�rh
kai k. Miq�lh Plexous�kh pou  tan sthn epitrop  axiolìghshc mou.

Ja  jela na euqarist sw jerm� thn oikogèneia mou kai eidik� touc goneÐc mou, Gi¸rgh
kai AgajonÐkh, gia th makroqrìnia oikonomik  kai ijhk  upost rixh pou mou prosèferan
ìla aut� ta qrìnia kai pou  tan p�nta dÐpla mou se ìlec tic dÔskolec stigmèc. Tèloc,
euqarist¸ touc fÐlouc pou me bo jhsan kat� th di�rkeia thc foithtik c mou poreÐac kai
idiaÐtera th fÐlh kai sumfoit tria mou MarÐa gia tic ¸rec diab�smatoc pou per�same mazÐ
kaj¸c kai gia thn st rixh thc ìla aut� ta qrìnia.
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H ergasÐa aut  afier¸netai stouc goneÐc mou,
Gi¸rgh kai AgajonÐkh, kai sta adèrfia mou, Ant¸nh kai Kwst !
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Eisagwg 

'Opwc eÐnai gnwstì h arq  megÐstou, h aparaÐthth proôpìjesh tou beltÐstou elègqou,
kajier¸jhke gia ton nteterministikì èlegqo apì thn om�da tou Pontryagin ta èth 1950
kai 1960. Apì tìte èqei gÐnei polÔ èreuna sqetik� me to stoqastikì èlegqo apì touc
Bensoussan A, Bismut J.M. , Kushner H.J. , Peng S. k.a.

H arq  megÐstou anafèrei ìti opoiosd pote bèltistoc èlegqoc mazÐ me th bèltisth troqi�
prèpei na lÔsei to prokÔpton Qamiltonianì sÔsthma, to opoÐo eÐnai èna dÔo shmeÐwn fragmè-
no prìblhma axÐac sÔn mia sunj kh megÐstou mi�c sun�rthshc pou kaleÐtai Qamiltonian . H
majhmatik  spoudaiìthta thc arq c megÐstou ègkeitai sto ìti to na megistopoi seic thn Qa-
miltonian  eÐnai polÔ pio eÔkolo apì to na lujeÐ to prwtìtupo prìblhma elègqou to opoÐo
eÐnai apeÐrwn diast�sewn. Autì odhgeÐ se kleistoÔ tÔpou lÔseic gia orismènec kathgorÐ-
ec problhm�twn beltÐstou elègqou, sumperilambanomènou kai thc grammik c tetragwnik c
perÐptwshc.

H arqik  èkdosh thc arq c megÐstou tou Pontryagin  tan gia nteterministik� probl mata,
ìpou h basik  idèa pro lje apì ton klasikì logismì metabol¸n. Kat� ton upologismì thc
arq c megÐstou diatar�ssoume asjen¸c èna prìblhma elègqou me th bo jeia thc legìmenhc
”spike variation” (parallagmènh akÐda) kai katìpin exet�zoume ton pr¸thc t�xewc ìro se
èna Taylor an�ptugma se sqèsh me aut  th diataraq . Stèlnontac loipìn th diataraq 
sto mhdèn odhgeÐtai k�poioc se mia anisìthta metabol¸n. To telikì epijumhtì apotèlesma
(h arq  megÐstou) prokÔptei apì th duadikìthta. Par� ìla aut� sunant� kaneÐc ousiasti-
kèc duskolÐec ìtan prospaj sei na akolouj sei aut  thn idèa gia èna prìblhma elègqou
stoqastik¸n susthm�twn ìpou o ìroc di�qushc exart�tai epÐshc apì ton èlegqo. H kÔria
duskolÐa ègkeitai sto ìti to stoqastikì olokl rwma tou Itô,

∫ t+ε
t σdW , eÐnai mìno

√
ε

t�xewc (antÐ ε t�xhc ìpwc eÐnai to kanonikì kat� Lebesque olokl rwma) ètsi h sun jhc
pr¸thc t�xhc mèjodoc metabol c apotugq�nei.

Gia na xeperasteÐ aut  h duskolÐa qrei�zetai na melethjoÔn tautìqrona kai oi pr¸thc
t�xhc all� kai oi deÔterhc t�xhc ìroi sto an�ptugma Taylor thc ”spike variation” kai
na katal xoume se mia arq  stoqastikoÔ megÐstou sumperilambanomènou enìc stoqastikoÔ
qamiltonianoÔ sust matoc to opoÐo apoteleÐtai apì mia prìc ta emprìc kai mia prìc ta pÐsw
stoqastik  diaforik  exÐswsh kaj¸c kai mia sunj kh megÐstou me èna epiplèon tetragwnikì
ìro sto suntelest  di�qushc.

Sthn ergasÐa aut  epiqeiroÔme na perigr�youme tic basikèc idèec thc jewrÐac stoqastikoÔ
elègqou kai ta kuriìtera sumper�smata pou aut  sunep�getai. H dom  thc parousÐashc èqei
wc ex c.
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Arqik� ja eis�goume to stoqastikì prìblhma beltÐstou elègqou pou ja mac apasqo-
l sei, upì k�poiec upojèseic pou prèpei na isqÔoun, to opoÐo eÐnai h elaqistopoÐhsh thc
sun�rthshc axÐac me ton èlegqo na eÐnai periorismènoc se èna sÔnolo pou ja orÐsoume. Sth
sunèqeia orÐzoume tic suzugeÐc exis¸seic pr¸thc kai deÔterhc t�xhc oi opoÐec paÐzoun shman-
tikì rìlo sthn arq  megÐstou kai èpeita diatup¸noume to je¸rhma thc arq c stoqastikoÔ
megÐstou kai parajètoume thn apìdeixh tou.

Sto deÔtero kef�laio anafèroume thn arq  dunamikoÔ programmatismoÔ, mia mèjodo gia
thn epÐlush problhm�twn elègqou, kaj¸c kai thn Hamilton-Jacobi-Bellman exÐswsh thc
opoÐac h lÔsh, sth perÐptwsh pou eÐnai epilÔsimh, mac exasfalÐzei èna bèltisto èlegqo
megistopoi¸ntac   elaqistopoi¸ntac thn antÐstoiqh Qamiltonian . Sto tèloc autoÔ tou ke-
falaÐou orÐzoume tic lÔseic ix¸douc oi opoÐec ikanopoioÔn thn Hamilton-Jacobi-Bellman e-
xÐswsh kai mac bohjoÔn na orÐsoume swst� tic asjeneÐc lÔseic twn mh grammik¸n diaforik¸n
exis¸sewn me merikèc parag¸gouc pou prokÔptoun sto klasikì dunamikì programmatismì.

Sto Kef�laio 3 prospajoÔme na apant soume sto er¸thma kat� pìso up�rqei sqèsh
an�mesa sthn arq  stoqastikoÔ megÐstou kai to dunamikì programmatismì. 'Etsi parajè-
toume k�poia stoiqei¸dh jewr mata, gia tic peript¸seic pou h sun�rthsh axÐac eÐnai omal 
  ìqi, sÔmfwna me ta opoÐa blèpoume p¸c h sun�rthsh axÐac (pou emfanÐzetai sthn arq 
dunamikoÔ programmatismoÔ) sundèetai me tic suzugeÐc metablhtèc (pou paÐzoun idiaÐtero
rìlo sthn arq  stoqastikoÔ megÐstou).

Tèloc perigr�foume to prìblhma thc rÔpanshc thc rhq c lÐmnhc kai efarmìzoume th je-
wrÐa tou stoqastikoÔ beltÐstou elègqou p�nw s�autì. OrÐzoume dhlad  to stoqastikì
dunamikì sÔsthma pou ikanopoieÐ, efarmìzoume thn arq  stoqastikoÔ megÐstou kai ex�-
goume th bèltisth Hamilton-Jacobi-Bellman exÐswsh gia thn opoÐa parousi�zoume kai èna
arijmhtikì sq ma pou proseggÐzei th lÔsh ix¸douc thc.
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2 PERIEQ�OMENA



Kef�laio 1

Arq  stoqastikoÔ megÐstou

Skopìc mac se autì to kef�laio eÐnai na orÐsoume to prìblhma mac upì k�poiec upojèseic,
ìpwc epÐshc na eis�goume tic suzugeÐc exis¸seic pr¸thc kai deÔterhc t�xhc kaj¸c kai
th qamiltonian . Sth sunèqeia anafèroume to je¸rhma thc arq c stoqastikoÔ megÐstou
mazÐ me th apìdeixh tou, h opoÐa gÐnetai me thn bo jeia thc teqnik c metabol¸n kai twn
anaptugm�twn Taylor.

1.1 Stoqastikì prìblhma elègqou

'Estw (W,F ,P) ènac q¸roc pijanìthtac efodiasmènoc me mia di jhsh {Ft}t≥0 tètoia ¸ste

i. O q¸roc pijanìthtac (W,F ,P) na eÐnai pl rhc.

ii. H s-�lgebra F0 na perièqei ìla ta P-mhdenik� sÔnola sthn F kai

iii. H di jhsh {Ft}t≥0 na eÐnai dexi� suneq c dhlad : Ft+ := ∩s>tFt

dedomènhc mia m-di�stathc tupik c kÐnhshc Brown W (t) me W (0)=0.

JewroÔme to epìmeno stoqastikì sÔsthma elègqou{
dx(t) = b(t, x(t), u(t))dt+ σ(t, x(t), u(t))dW (t), t ∈ [0, T ],
x(0) = x0,

(1.1)

me th sun�rthsh axÐac

J(u(·)) = E

{∫ T

0
f(t, x(t), u(t))dt+ h(x(T ))

}
, (1.2)

ìpou
b : [0, T ]× Rn × U → Rn,
σ : [0, T ]× Rn × U → Rn×m,
f : [0, T ]× Rn × U → R kai
h : Rn → R,

3
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epÐshc orÐzoume 

b(t, x, u) =

 b1(t, x, u)
...

bn(t, x, u)

 ,

σ(t, x, u) =
(
σ1(t, x, u), · · · , σm(t, x, u)

)
,

σj(t, x, u) =

 σ1j(t, x, u)
...

σnj(t, x, u)

 , 1 ≤ j ≤ m.

(1.3)

Ac k�noume tic ex c upojèseic

(S0) {Ft}t≥0 eÐnai mia fusik  di jhsh.

(S1) (U, d) eÐnai ènac diaqwrÐsimoc metrikìc q¸roc, ìpou d h metrik  tou q¸rou U , kai
T > 0.

(S2) Oi sunart seic b, σ, f kai h eÐnai metr simec kai up�rqei mia stajer� L > 0 kai èna mè-
tro sunèqeiac ω : [0,∞)→ [0,∞) ètsi ¸ste gia ϕ(t, x, u) = b(t, x, u), σ(t, x, u), f(t, x, u), h(x)
na èqoume 

|ϕ(t, x, u)− ϕ(t, x̂, û)| ≤ L|x− x̂|+ ω (d(u, û)) ,
∀t ∈ [0, T ], x, x̂ ∈ Rn, u, û ∈ U,

|ϕ(t, 0, u)| ≤ L, ∀(t, u) ∈ [0, T ]× U.
(1.4)

(S3) Oi sunart seic b, σ, f kai h eÐnai C2 wc proc x. EpÐshc up�rqei mia stajer� L > 0
kai èna mètro sunèqeiac ω : [0,∞)→ [0,∞) tètoio ¸ste gia f=b, σ, f, h na èqoume

|ϕx(t, x, u)− ϕx(t, x̂, û)| ≤ L|x− x̂|+ ω (d(u, û)) ,
|ϕxx(t, x, u)− ϕxx(t, x̂, û)| ≤ ω (|x− x̂|+ d(u, û)) ,

∀t ∈ [0, T ], x, x̂ ∈ Rn, u, û ∈ U.
(1.5)

Sth sunèqeia orÐzoume to ex c sÔnolo

U [0, T ]
∆
=
{
u : [0, T ]× Ω→ U | ìpou u eÐnai mÐa prosarmosmènh di jhsh {Ft}t≥0

}
. (1.6)

To prìblhma beltÐstou elègqou gia to opoÐo endiaferìmaste eÐnai to ex c

Prìblhma S : Na elaqistopoihjeÐ h (1.2) sto sÔnolo U [0, T ].

Orismìc 1.1.1 K�je u(·) ∈ U [0, T ] pou ikanopoieÐ thn

J(u(·)) = inf
u(·)∈U [0,T ]

J(u(·)) (1.7)

kaleÐtai bèltistoc èlegqoc, en¸ ta x(·) ≡ x (· ;u(·)) kai (x(·), u(·)) kaloÔntai bèltisth
troqi� kai bèltisto zeug�ri antÐstoiqa.



1.2. SUZUGE�IS EXIS�WSEIS 1
HS
= KAI 2

HS
= T�AXHS 5

1.2 SuzugeÐc exis¸seic 1
ης

= kai 2
ης

= t�xhc

S� aut n thn par�grafo ja eis�goume tic suzugeÐc exis¸seic pou emplèkontai sthn ar-
q  stoqastikoÔ megÐstou kaj¸c kai sto sqetikì stoqastikì qamiltonianì sÔsthma. Sthn
nteterministik  perÐptwsh h suzhg c metablht  p(·) paÐzei ton kentrikì rìlo sthn arq 
megÐstou kai h suzug c exÐswsh pou ikanopoieÐ eÐnai mia opisjodromik  sun jhc diaforik 
exÐswsh (pou shmaÐnei ìti h telik  tim  eÐnai prosdiorismènh). EÐnai epÐshc isodÔnamh me mia
proc ta emprìc exÐswsh e�n antistrèyoume to qrìno. Arqik� eis�goume to epìmeno ter-
matikì prìblhma axÐac, pou onom�zetai suzug c exÐswsh pr¸thc t�xhc, gia mia stoqastik 
diaforik  exÐswsh.

-1
hc

= t�xhc suzugeÐc exis¸seic
dp(t) = −

{
bx(t, x(t), u(t))>p(t) +

∑m
j=1 σ

j
x(t, x(t), u(t))>qj(t)

−fx(t, x(t), u(t))
}
dt+ q(t)dW (t), t ∈ [0, T ],

p(T ) = −hx(x(T )).

(1.8)

Sthn exÐswsh aut  o �gnwstoc eÐnai èna zeug�ri apì {Ft}t≥0 prosarmosmènec diadikasÐ-
ec (p(·), q(·)) kai kaleÐtai {opisjodromik } stoqastik  diaforik  exÐswsh (OSDE). K�je
zeug�ri diadikasi¸n (p(·), q(·)) ∈ L2

F (0, T ;Rn) ×
(
L2
F (0, T ;Rn)

)m
pou ikanopoieÐ thn (1.8)

onom�zetai prosarmosmènh lÔsh thc (1.8) (ìpou L2
F (0, T ;Rn) eÐnai to sÔnolo ìlwn twn

{F}t≥0 prosarmosmènwn Rn diadikasi¸n X(·) ètsi ¸ste
∫ T

0 |X(t)|2dt < ∞). Upì tic

upojèseic (S0) − (S1) gia k�je (x(·), u(·)) ∈ L2
F (0, T ;Rn) × U [0, T ] h (1.8) èqei mÐa pro-

sarmosmènh lÔsh (p(·), q(·)) h opoÐa eÐnai monadik .

-2
hc

= t�xhc suzugeÐc exis¸seic

dP (t) = −
{
bx(t, x(t), u(t))>P (t) + P (t)bx(t, x(t), u(t))

+
∑m

j=1 σ
j
x(t, x(t), u(t))>P (t)σjx(t, x(t), u(t))

+
∑m

j=1

{
σjx(t, x(t), u(t))>Qj(t) +Qj(t)σ

j
x(t, x(t), u(t))

}
+Hxx(t, x(t), u(t), p(t), q(t))

}
dt+

∑m
j=1Qj(t)dW

j(t),

P (T ) = −hxx(x(T )),

(1.9)

ìpou H eÐnai h qamiltonian  kai orÐzetai wc ex c

H(t, x, u, p, q) = 〈p, b(t, x, u)〉+ tr
[
q>σ(t, x, u)

]
− f(t, x, u),

(t, x, u, p, q) ∈ [0, T ]× Rn × U × Rn × Rn×m,
(1.10)

(me 〈·, ·〉 sumbolÐzoume to eswterikì ginìmeno kai tr(A) to Ðqnoc tou pÐnaka A) kai (p(·), q(·))
eÐnai h lÔsh thc (1.8). Sthn exÐswsh (1.9) o �gnwstoc eÐnai kai p�li èna zeug�ri apì sto-
qastikèc diadikasÐec (P (·), Q(·)) ∈ L2

F (0, T ;Sn) ×
(
L2
F (0, T ;Sn)

)m
. H exÐswsh (1.9) eÐnai

epÐshc mia (OSDE) kai ìpwc sthn (1.8) ètsi kai s� aut n, upì tic upojèseic (S0) − (S1),
up�rqei mÐa monadik  lÔsh (P (·), Q(·)). Ja anaferìmaste sthn (1.8) (antÐstoiqa sthn
(1.9)) san thn pr¸thc t�xhc (antÐstoiqa deÔterhc t�xhc) suzug  exÐswsh kai sto p(·)
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(antÐstoiqa sto P (·)) san thn pr¸thc t�xhc (antÐstoiqa deÔterhc t�xhc) suzug  diadika-
sÐa. To (x(·), u(·), p(·), q(·), P (·), Q(·)) ja onom�zetai bèltisth ex�da (antÐstoiqa apodekt 
ex�da) an to (x(·), u(·)) eÐnai èna bèltisto (antÐstoiqa apodektì) zeug�ri, kai (p(·), q(·)),
(P (·), Q(·)) eÐnai prosarmosmènec lÔseic twn (1.8) kai (1.9) antÐstoiqa.

1.3 Je¸rhma thc arq c stoqastikoÔ megÐstou

Je¸rhma 1.3.1 (Arq  stoqastikoÔ megÐstou) 'Estw ìti isqÔoun oi upojèseic (S0) −
(S3) kai (x(·), u(·)) eÐnai èna bèltisto zeug�ri tou probl matoc S. Tìte up�rqoun zeug�ria
diadikasi¸n {

(p(·), q(·)) ∈ L2
F (0, T ;Rn)×

(
L2
F (0, T ;Rn)

)m
,

(P (·), Q(·)) ∈ L2
F (0, T ;Sn)×

(
L2
F (0, T ;Sn)

)m
,

(1.11)

ìpou {
q(·) = (q1(·), · · · , qm(·)), Q(·) = (Q1(·), · · · , Qm(·)),
qj(·) ∈ L2

F (0, T ;Rn), Qj(·) ∈ L2
F (0, T ;Sn), 1 ≤ j ≤ m,

(1.12)

pou ikanopoioÔn thn pr¸thc kai deÔterhc t�xhc suzugeÐc exis¸seic (1.8) kai (1.9) antÐstoiqa
ètsi ¸ste

H(t,x(t), u(t), p(t), q(t))−H(t, x(t), u, p(t), q(t))

− 1

2
tr
(
{σ(t, x(t), u(t))− σ(t, x(t), u)}> P (t)

· {σ(t, x(t), u(t))− σ(t, x(t), u)}
)
≥ 0,

∀u ∈ U, t ∈ [0, T ]− σ.π. , P− σ.π. ,

(1.13)

  isodÔnama

H(t, x(t), u(t)) = max
u∈U
H(t, x(t), u), t ∈ [0, T ]− σ.π. , P− σ.π. (1.14)

ìpou

H(t, x, u)

∆
= H(t, x, u, p(t), q(t))− 1

2
tr
[
σ(t, x(t), u(t))>P (t)σ(t, x(t), u(t))

]
+

1

2
tr
{

[σ(t, x, u)− σ(t, x(t), u(t))]> P (t) [σ(t, x, u)− σ(t, x(t), u(t))]
}
.

(1.15)

H anisìthta (1.13) kaleÐtai metabolik  anisìthta (variational inequality) en¸ h (1.14)
onom�zetai sunj kh megÐstou (maximum condition).

Up�rqoun dÔo endiafèrousec eidikèc peript¸seic oi opoÐec eÐnai oi ex c

1. An h di�qush den exart�tai apì ton èlegqo dhlad 

σ(t, x, u) ≡ σ(t, x), ∀(t, x, u) ∈ [0, T ]× Rn × U. (1.16)

S� aut n thn perÐptwsh h sunj kh megÐstou (1.14) metatrèpetai sthn

H(t,x(t), u(t), p(t), q(t)) = max
u∈U

H(t, x(t), u, p(t), q(t)),

t ∈ [0, T ]− σ.π. , P− σ.π.
(1.17)
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Ed¸ parathroÔme ìti h perÐptwsh aut  eÐnai Ðdia me thn nteterministik  kai ìti h exÐ-
swsh (1.9) gia ta (P (·), Q(·)) den qrei�zetai. Opìte kai h dÔo forèc diaforisimìthta
twn sunart sewn b, σ, f kai h sto x den eÐnai aparaÐthth.

2. An to pedÐo orismoÔ U ⊆ Rk tou elègqou eÐnai kurtì kai ìloi oi suntelestèc eÐnai C1

wc proc u tìte h (1.13) dÐnei

〈Hu(t, x(t), u(t), p(t), q(t)), u− u(t)〉 ≤ 0,

∀u ∈ U, t ∈ [0, T ]− σ.π. , P− σ.π.
(1.18)

H parap�nw anisìthta antistoiqeÐ sthn topik  morf  thc arq c megÐstou se antÐjesh
me thn olik  thc morf  (1.13)   (1.14).

To sÔsthma (1.1) mazÐ me tic pr¸thc t�xhc suzugeÐc exis¸seic mporeÐ na grafeÐ wc ex c
dx(t) = Hp(t, x(t), u(t), p(t), q(t))dt

+Hq(t, x(t), u(t), p(t), q(t))dW (t),

dp(t) = −Hx(t, x(t), u(t), p(t), q(t))dt+ q(t)dW (t), t ∈ [0, T ],

x(0) = x0, p(T ) = −hx(x(T )).

(1.19)

O sunduasmìc twn (1.19), (1.9) kai (1.13) (  (1.14)) lègetai stoqastikì qamiltonianì sÔ-
sthma me th lÔsh touc na eÐnai mÐa ex�da (x(·), u(·), p(·), q(·), P (·), Q(·)).

Parat rhsh: Sthn nteterministik  perÐptwsh to antÐstoiqo qamiltonianì sÔsthma eÐ-
nai 

ẋ(t) = Hp(t, x(t), u(t), p(t)), t ∈ [0, T ]− σ.π. ,
ṗ(t) = −Hx(t, x(t), u(t), p(t)), t ∈ [0, T ]− σ.π. ,
x(0) = x0, p(T ) = −hx(x(T )),

H(t, x(t), u(t), p(t)) = max
u∈U

H(t, x(t), u, p(t)), t ∈ [0, T ]− σ.π. ,

ìpou h qamiltonian  H s� aut n thn perÐptwsh orÐzetai wc:

H(t, x, u, p)
∆
= 〈p, b(t, x, u)〉 − f(t, x, u) me (t, x, u, p) ∈ [0, T ]× Rn × U × Rn. (1.20)

1.4 Apìdeixh thc arq c stoqastikoÔ megÐstou

S� aut n thn par�grafo ja d¸soume thn apìdeixh thc arq c stoqastikoÔ megÐstou gia to
Je¸rhma 1.3.1. H kentrik  idèa eÐnai oi teqnikèc metabol¸n, oi opoÐec qrhsimopoioÔntai kai
ston nteterministikì èlegqo, me k�poiec tropopoi seic exaitÐac thc Ôparxhc tou suntelest 
di�qushc (σ(t, x, u)) pou mporeÐ na perièqei th metablht  tou elègqou (u(t)) ètsi ¸ste na
prosarmostoÔn sth stoqastik  perÐptwsh.

'Estw (x(·), u(·)) to bèltisto zeug�ri to opoÐo ikanopoieÐ to akìloujo stoqastikì sÔsthma{
dx(t) = b(t, x(t), u(t))dt+ σ(t, x(t), u(t))dW (t), t ∈ [0, T ],

x(0) = x0.
(1.21)
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Gia k�poio u(·) ∈ U [0, T ] kai ε > 0 orÐzoume

uε(t) =

{
u(t), t ∈ [0, T ] \ Eε,
u(t), t ∈ Eε,

(1.22)

ìpou to Eε ⊆ [0, T ] eÐnai èna metr simo sÔnolo me |Eε| = ε. 'Estw ìti to (xε(·), uε(·))
ikanopoieÐ to akìloujo{

dxε(t) = b(t, xε(t), uε(t))dt+ σ(t, xε(t), uε(t))dW (t), t ∈ [0, T ],

xε(0) = x0.
(1.23)

Gia ϕ = bi, σij , f (1 ≤ i ≤ n, 1 ≤ j ≤ m), orÐzoume ta ex c
ϕx(t)

∆
= ϕx(t, x(t), u(t)), ϕxx(t)

∆
= ϕxx(t, x(t), u(t)),

δϕ(t)
∆
= ϕ(t, x(t), u(t))− ϕ(t, x(t), u(t)),

δϕx(t)
∆
= ϕx(t, x(t), u(t))− ϕx(t, x(t), u(t)),

δϕxx(t)
∆
= ϕxx(t, x(t), u(t))− ϕxx(t, x(t), u(t)).

(1.24)

Akìmh, èstw yε(·) kai zε(·) na eÐnai oi lÔseic twn akìloujwn stoqastik¸n diaforik¸n
exis¸sewn antÐstoiqa

dyε(t) = bx(t)yε(t)dt+
∑m

j=1

{
σjx(t)yε(t) + δσj(t)χEε(t)

}
dW j(t),

t ∈ [0, T ],

yε(0) = 0,

(1.25)

kai 

dzε(t) =

{
bx(t)zε(t) + δb(t)χEε(t) +

1

2
bxx(t)yε(t)2

}
dt

+
∑m

j=1

{
σjx(t)zε(t) + δσjx(t)yε(t)χEε(t)

+
1

2
σjxx(t)yε(t)2

}
dW j(t), t ∈ [0, T ],

zε(0) = 0,

(1.26)

ìpou

bxx(t)yε(t)2 ∆
=

 tr
{
b1xx(t)yε(t)yε(t)>

}
...

tr
{
bnxx(t)yε(t)yε(t)>

}
 , (1.27)

σjxx(t)yε(t)2 ∆
=


tr
{
σ1j
xx(t)yε(t)yε(t)>

}
...

tr
{
σnjxx(t)yε(t)yε(t)>

}
 , 1 ≤ j ≤ m. (1.28)

To epìmeno je¸rhma mac dÐnei ta anaptÔgmata Taylor thc kat�stashc se sqèsh me th
diataraq  tou elègqou.

Je¸rhma 1.4.1 'Estw ìti isqÔoun oi (S1) − (S3). Tìte gia opoiod pote k ≥ 1 isqÔoun
ta ex c

sup
t∈[0,T ]

E|xε(t)− x(t)|2k = o(εk), (1.29)
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sup
t∈[0,T ]

E|yε(t)|2k = o(εk), (1.30)

sup
t∈[0,T ]

E|zε(t)|2k = o(ε2k), (1.31)

sup
t∈[0,T ]

E|xε(t)− x(t)− yε(t)|2k = o(ε2k), (1.32)

sup
t∈[0,T ]

E|xε(t)− x(t)− yε(t)− zε(t)|2k = o(ε2k). (1.33)

Epiplèon, gia th sun�rthsh axÐac isqÔei to ex c an�ptugma

J(uε(·)) =J(u(·)) + E〈hx(x(T )), yε(T ) + zε(T )〉

+
1

2
E〈hxx(x(T ))yε(T ), yε(T )〉

+ E

∫ T

0

{
〈fx(t), yε(t) + zε(t)〉+

1

2
〈fxx(t)yε(t), yε(t)〉

+ δf(t)χEε(t)
}
dt+ o(ε).

(1.34)

Gia thn apìdeixh tou Jewr matoc 1.4.1 bl. [JXZ] Je¸rhma 4.4 sel. 129-134.

L mma 1.4.1 'Estw ìti isqÔoun oi (S0) − (S3) kai yε(·), zε(·) eÐnai oi lÔseic twn (1.25)
kai (1.26) antÐstoiqa. An (p(·), q(·)) eÐnai mia prosarmosmènh lÔsh thc (1.8) tìte

E〈p(T ), yε(T )〉 = E

∫ T

0

{
〈fx(t), yε(t)〉+ tr[q(t)>δσ(t)]χEε(t)

}
dt (1.35)

kai

E〈p(T ), zε(T )〉 = E

∫ T

0

{
〈fx(t), zε(t)〉+

1

2
[〈p(t), bxx(t)yε(t)2〉

+
m∑
j=1

〈qj(t), σjxx(t)yε(t)2〉]

+
[
〈p(t), δb(t)〉+

m∑
j=1

〈qj(t), δσjx(t)yε(t)〉
]
χEε(t)

}
dt.

(1.36)

Apìdeixh: Ja apodeÐxoume pr¸ta thn (1.35). Efarmìzontac to Pìrisma 5.6 apì to [JXZ]
sel. 37 gia tic (1.25) kai (1.8) èqoume

〈p(T ), yε(T )〉 = 〈p(0), yε(0)〉

+

∫ T

0

{
〈p(t), bx(t)yε(t)〉+ 〈−b>x (t)p(t)−

m∑
j=1

σjx
>(t)qj(t) + fx(t), yε(t)〉

+ 〈q(t),
m∑
j=1

{σjx(t)yε(t) + δσj(t)χEε(t)}〉
}
dt

+

∫ T

0

{
〈q(t), yε(t)〉+ 〈p(t),

m∑
j=1

{σjx(t)yε(t) + δσj(t)χEε(t)}〉
}
dW (t),
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ìmwc qrhsimopoi¸ntac ìti 〈p(0), yε(0)〉 = 0 (afoÔ yε(0) = 0) kaj¸c kai tic idiìthtec
〈A+B,C〉 = 〈A,C〉+ 〈B,C〉 kai 〈A,B + C〉 = 〈A,B〉+ 〈A,C〉 paÐrnoume

〈p(T ), yε(T )〉 =

∫ T

0

{
〈p(t), bx(t)yε(t)〉 − 〈b>x (t)p(t), yε(t)〉 − 〈

m∑
j=1

σjx(t)>qj(t), y
ε(t)〉

+ 〈fx(t), yε(t)〉+ 〈q(t),
m∑
j=1

σjx(t)yε(t)〉+ 〈q(t),
m∑
j=1

δσj(t)χEε(t)〉
}
dt

+

∫ T

0

{
〈q(t), yε(t)〉+ 〈p(t),

m∑
j=1

{σjx(t)yε(t) + δσj(t)χEε(t)}〉
}
dW (t),

(1.37)
ìmwc isqÔei ìti 〈p(t), bx(t)yε(t)〉 = 〈b>x (t)p(t), yε(t)〉 afoÔ

〈p(t), bx(t)yε(t)〉 idiìthta: 〈A,B〉 = tr(AB>)

= tr[p(t)(bx(t)yε(t))>] idiìthta: (AB)> = B>A>

= tr[p(t)yε(t)>b>x (t)] idiìthta: tr(AB) = tr(BA)

= tr[b>x (t)p(t)yε(t)>]

= 〈b>x (t)p(t), yε(t)〉,

epÐshc,

〈
m∑
j=1

σjx(t)>qj(t), y
ε(t)〉 = 〈q(t),

m∑
j=1

σjx(t)yε(t)〉,

afoÔ,

〈q(t),
m∑
j=1

σjx(t)yε(t)〉 =

tr
[
q(t)

( m∑
j=1

σjx(t)yε(t)
)>]

= tr
[
q(t)

m∑
j=1

(
σjx(t)yε(t)

)>]
=

tr
[
q(t)

m∑
j=1

yε(t)>σjx(t)>
]

= tr
[
q(t)yε(t)>

m∑
j=1

σjx(t)>
]

=

tr
[ m∑
j=1

σjx(t)> · q(t)yε(t)>
]

= 〈
m∑
j=1

σjx(t)>qj(t), y
ε(t)〉.

Opìte diagr�fotac touc antÐjetouc ìrouc sthn (1.37) paÐrnoume

〈p(T ), yε(T )〉 =

∫ T

0

{
〈fx(t), yε(t)〉+ 〈q(t),

m∑
j=1

δσj(t)χEε(t)〉
}
dt

+

∫ T

0

{
〈q(t), yε(t)〉+ 〈p(t),

m∑
j=1

{σjx(t)yε(t) + δσj(t)χEε(t)}〉
}
dW (t),

�ra, b�zontac mèsh tim  kai sta dÔo mèlh kai gnwrÐzontac ìti h mèsh tim  tou stoqastikoÔ
oloklhr¸matoc Itô isoÔtai me mhdèn èqoume to epijumhtì apotèlesma dhlad ,

E〈p(T ), yε(T )〉 = E

∫ T

0

{
〈fx(t), yε(t)〉+ tr[q(t)>δσ(t)]χEε(t)

}
dt.
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'Omoia, efarmìzontac to Ðdio Pìrisma gia tic sqèseic (1.26) kai (1.8) èqoume

〈p(T ), zε(T )〉 = 〈p(0), zε(0)〉

+

∫ T

0

{
〈p(t), bx(t)zε(t) + δb(t)χEε(t) +

1

2
bxx(t)yε(t)2〉+ 〈−b>x (t)p(t)

−
m∑
j=1

σjx(t)>qj(t) + fx(t), zε(t)〉+ 〈q(t),
m∑
j=1

{
σjx(t)zε(t) + δσjx(t)yε(t)χEε(t)

+
1

2
σjxx(t)yε(t)2

}
〉
}
dt+

∫ T

0

{
〈q(t), zε(t)〉+ 〈p(t),

m∑
j=1

{
σjx(t)zε(t)

+ δσjx(t)yε(t)χEε(t) +
1

2
σjxx(t)yε(t)2

}
〉
}
dW (t),

opìte, me thn Ðdia diadikasÐa ìpwc prÐn, èqontac up� ìyin ìti zε(0) = 0 kai apodeiknÔontac
ìti

〈p(t), bx(t)zε(t)〉 = 〈b>x (t)p(t), zε(t)〉 kai

〈
m∑
j=1

σjx(t)>qj(t), z
ε(t)〉 = 〈q(t),

m∑
j=1

σjx(t)zε(t)〉,

èqoume

〈p(T ), zε(T )〉 =

∫ T

0

{
〈fx(t), zε(t)〉+

1

2
[〈p(t), bxx(t)yε(t)2〉+

m∑
j=1

〈qj(t), σjxx(t)yε(t)2〉]

+
[
〈p(t), δb(t)〉+

m∑
j=1

〈qj(t), δσjx(t)yε(t)〉
]
χEε(t)

}
dt+

∫ T

0

{
〈q(t), zε(t)〉

+ 〈p(t),
m∑
j=1

{
σjx(t)zε(t) + δσjx(t)yε(t)χEε(t) +

1

2
σjxx(t)yε(t)2

}
〉
}
dW (t),

�ra, paÐrnontac mèsh tim  kai sta dÔo mèlh, ìpwc kai prÐn, apodeiknÔoume th sqèsh (1.36)
dhlad ,

E〈p(T ), zε(T )〉 = E

∫ T

0

{
〈fx(t), zε(t)〉+

1

2
[〈p(t), bxx(t)yε(t)2〉

+

m∑
j=1

〈qj(t), σjxx(t)yε(t)2〉] +
[
〈p(t), δb(t)〉+

m∑
j=1

〈qj(t), δσjx(t)yε(t)〉
]
χEε(t)

}
dt.

2

Prosjètontac tic (1.35) kai (1.36) kat� mèlh kai qrhsimopoi¸ntac to gegonìc ìti

E
{∫ T

0

[ m∑
j=1

〈qj(t), δσjx(t)yε(t)〉
]
χEε(t)dt

}
= o(ε),
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paÐrnoume

E〈p(T ), yε(T )〉+ E〈p(T ), zε(T )〉 =

E

∫ T

0

{
〈fx(t), yε(t)〉+ 〈fx(t), zε(t)〉+

1

2
〈p(t), bxx(t)yε(t)2〉

+
1

2

m∑
j=1

〈qj(t), σjxx(t)yε(t)2〉+
[
〈p(t), δb(t)〉+ tr

(
q(t)>δσ(t)

)]
χEε(t)

}
dt+ o(ε).

Sth sunèqeia gnwrÐzontac ìti p(T ) = −hx(x(T )) kaj¸c kai thn idiìthta 〈A,B〉+ 〈A,C〉 =
〈A,B + C〉 èqoume

− E〈hx(x(T )), yε(T ) + zε(T )〉 =

E

∫ T

0

{
〈fx(t), yε(t) + zε(t)〉+

1

2
〈p(t), bxx(t)yε(t)2〉+

1

2

m∑
j=1

〈qj(t), σjxx(t)yε(t)2〉

+
[
〈p(t), δb(t)〉+ tr

(
q(t)>δσ(t)

)]
χEε(t)

}
dt+ o(ε).

(1.38)

'Omwc apì thn exÐswsh (1.34) kai to gegonìc ìti to u(·) eÐnai bèltisto
(
opìte ja isqÔei

J(u(·)) ≤ J(uε(·)) ∀ε > 0
)
èqoume ìti

0 ≥ J(u(·))− J(uε(·)) = −E〈hx(x(T )), yε(T ) + zε(T )〉 − 1

2
E〈hxx(x(T ))yε(T ), yε(T )〉

− E
∫ T

0

{
〈fx(t), yε(t) + zε(t)〉+

1

2
〈fxx(t)yε(t), yε(t)〉+ δf(t)χEε(t)

}
dt+ o(ε),

�ra antikajist¸ntac to dexÐ mèloc thc (1.38) paÐrnoume

0 ≥ E
∫ T

0
〈fx(t), yε(t) + zε(t)〉dt+

1

2
E

∫ T

0

{
〈p(t), bxx(t)yε(t)2〉+

m∑
j=1

〈qj(t), σjxx(t)yε(t)2〉
}
dt

+ E

∫ T

0

{[
〈p(t), δb(t)〉+ tr

(
q(t)>δσ(t)

)]
χEε(t)

}
dt− 1

2
E〈hxx(x(T ))yε(T ), yε(T )〉

− E
∫ T

0
〈fx(t), yε(t) + zε(t)〉dt− 1

2
E

∫ T

0
〈fxx(t)yε(t), yε(t)〉dt− E

∫ T

0
δf(t)χEε(t)dt+ o(ε)⇒

0 ≥ 1

2
E

∫ T

0

{
〈p(t), bxx(t)yε(t)2〉+

m∑
j=1

〈qj(t), σjxx(t)yε(t)2〉
}
dt

+ E

∫ T

0

{[
〈p(t), δb(t)〉+ tr

(
q(t)>δσ(t)

)]
χEε(t)

}
dt− 1

2
E〈hxx(x(T ))yε(T ), yε(T )〉

− 1

2
E

∫ T

0
〈fxx(t)yε(t), yε(t)〉dt− E

∫ T

0
δf(t)χEε(t)dt+ o(ε),

èpeita qrhsimopoi¸ntac ìti 〈A,B〉 = tr(AB>) = tr(A>B) èqoume

0 ≥ 1

2
Etr

{
−hxx(x(T ))yε(T )yε(T )>

}
+

1

2
E

∫ T

0

{
− tr

[
fxx(t)yε(t)yε(t)>

]
+ tr

[
p(t)

(
bxx(t)yε(t)2

)>]
+

m∑
j=1

〈qj(t), σjxx(t)yε(t)2〉
}
dt+ E

∫ T

0

{
− δf(t) + 〈p(t), δb(t)〉+ tr

(
q(t)>δσ(t)

)}
χEε(t)dt+ o(ε),
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opìte, èqontac up� ìyin ton orismì thc qamiltonian c (1.10), antikajistoÔme ta ex c

Hxx(t) := Hxx(t, x(t), u(t), p(t), q(t)),

δH(t) := H(t, x(t), u(t), p(t), q(t))−H(t, x(t), u(t), p(t), q(t)) =

〈p, b(t, x, u)〉+ tr
[
q>σ(t, x, u)

]
− f(t, x, u)− 〈p, b(t, x, u)〉 − tr

[
q>σ(t, x, u)

]
+ f(t, x, u) =

〈p, δb(t)〉+ tr
[
q>δσ(t)

]
− δf(t),

kaj¸c kai − hxx(x(T )) = P (T ), Y ε(t) := yε(t)yε(t)> �ra

0 ≥ 1

2
Etr {P (T )Y ε(T )}+ E

∫ T

0

{1

2
tr[Hxx(t)Y ε(t)] + δH(t)χEε(t)

}
dt+ o(ε). (1.39)

Sth sunèqeia efarmìzontac ton kanìna tou Itô sto yε(t)yε(t)> kai qrhsimopoi¸ntac thn
(1.25) èqw

dY ε(t) =
{
bx(t)Y ε(t) + Y ε(t)bx(t)>

+
m∑
j=1

σjx(t)Y ε(t)σjx(t)> +
m∑
j=1

δσj(t)δσj(t)>χEε(t)

+
m∑
j=1

(
σjx(t)yε(t)δσj(t)> + δσj(t)yε(t)>σjx(t)>

)
χEε(t)

}
dt

+
m∑
j=1

(
σjx(t)Y ε(t) + Y ε(t)σjx(t)>

)
dW j(t)

+

m∑
j=1

(
δσj(t)yε(t)> + yε(t)δσj(t)>

)
χEε(t)dW

j(t).

(1.40)

Gia na kajoristeÐ h sqèsh duadikìthtac an�mesa stic (1.40) kai (1.9) qreiazìmaste to
akìloujo l mma, tou opoÐou h apìdeixh èpetai �mesa apì ton kanìna tou Itô.

L mma 1.4.2 'Estw Y (·), P (·) ∈ L2
F (0, T ;Rn×n) ta opoÐa ikanopoioÔn ta akìlouja{

dY (t) = Φ(t)dt+
∑m

j=1 Ψj(t)dW
j(t),

dP (t) = Θ(t)dt+
∑m

j=1Qj(t)dW
j(t),

(1.41)

ìpou Φ(·),Ψj(·),Θ(·), Qj(·) ∈ L2
F (0, T ;Rn×n). Tìte isqÔei to ex c

E
{
tr[P (t)Y (t)]− tr[P (0)Y (0)]

}
=

E

∫ T

0

{
tr[Θ(t)Y (t) + P (t)Φ(t) +

m∑
j=1

Qj(t)Ψj(t)]
}
dt.

(1.42)
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Efarmìzontac to prohgoÔmeno l mma sthn (1.40) kai (1.9) èqoume

E
{

tr
[
P (T )Y ε(T )

]
− tr

[
P (0)Y ε(0)

]}
=

E

∫ T

0

{
tr
[
− bx(t)>P (t)Y ε(t)− P (t)bx(t)Y ε(t)−

m∑
j=1

σjx(t)>P (t)σjx(t)Y ε(t)−

m∑
j=1

(
σjx(t)>Qj(t) +Qj(t)σ

j
x(t)

)
Y ε(t)−Hxx(t)Y ε(t)+

P (t)bx(t)Y ε(t) + P (t)Y ε(t)bx(t)> + P (t)

m∑
j=1

σjx(t)Y ε(t)σjx(t)>+

P (t)
m∑
j=1

δσj(t)δσj(t)>χEε(t) +
m∑
j=1

(
Qj(t)σ

j
x(t)Y ε(t) +Qj(t)Y

ε(t)σjx(t)>
)
+

m∑
j=1

Qj(t)
(
δσj(t)Y ε(t)> + Y ε(t)δσj(t)>

)
χEε(t)

]}
dt,

diagr�fontac touc antÐjetouc ìrouc, èqontac up� ìyin thn idiìthta tr[AB] = tr[BA] kaj¸c
kai ìti Y ε(0) = 0

(
Y ε(0) = yε(0)yε(0)> = 0 afoÔ yε(0) = 0

)
paÐrnoume

E
{

tr
[
P (T )Y ε(T )

]}
=E

∫ T

0
tr
[
δσ(t)>P (t)δσ(t)χEε(t)−Hxx(t)Y ε(t)

]
dt+

E

∫ T

0
tr
[ m∑
j=1

Qj(t)
(
δσj(t)Y ε(t)> + Y ε(t)δσj(t)>

)
χEε(t)

]
dt,

tèloc, qrhsimopoi¸ntac to Je¸rhma 1.4.1 èqoume

E
{

tr[P (T )Y ε(T )]
}

= E

∫ T

0
tr[δσ(t)>P (t)δσ(t)χEε(t)−Hxx(t)Y ε(t)]dt+ o(ε). (1.43)

Opìte antikajist¸ntac to dexÐ mèloc thc (1.43) sthn (1.39) èqoume

0 ≥ E
∫ T

0

1

2
tr[δσ(t)>P (t)δσ(t)χEε(t)]−

1

2
tr[Hxx(t)Y ε(t)]dt+

E

∫ T

0

{1

2
tr[Hxx(t)Y ε(t)] + δH(t)χEε(t)

}
dt+ o(ε)⇒

o(ε) ≥ E
∫ T

0

{
δH(t) +

1

2
tr[δσ(t)>P (t)δσ(t)]

}
χEε(t)dt,

�ra antikajist¸ntac xan� δH(t) = H(t, x(t), u(t), p(t), q(t))−H(t, x(t), u(t), p(t), q(t)) kai
δσ(t) = σ(t, x(t), u(t))− σ(t, x(t), u(t)) paÐrnoume

o(ε) ≥ E
∫ T

0

{
H(t, x(t), u(t), p(t), q(t))−H(t, x(t), u(t), p(t), q(t))+

1

2
tr

[(
σ(t, x(t), u(t))− σ(t, x(t), u(t))

)>
P (t)

(
σ(t, x(t), u(t))− σ(t, x(t), u(t))

)]}
χEε(t)dt,
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dhlad ,

H(t, x(t), u(t), p(t), q(t))−H(t, x(t), u, p(t), q(t))−
1

2
tr

[(
σ(t, x(t), u(t))− σ(t, x(t), u)

)>
P (t)

(
σ(t, x(t), u(t))− σ(t, x(t), u)

)]
≥ 0,

opìte apodeÐxame thn (1.13). T¸ra ja deÐxw ìti h sqèsh (1.13) eÐnai isodÔnamh me thn (1.14)
me th bo jeia thc (1.15). Pr�gmati

(1.13)⇔ H(t, x, u) +
1

2
tr
[
σ(t, x(t), u(t))>P (t)σ(t, x(t), u(t))

]
−

H(t, x, u)− 1

2
tr
[
σ(t, x(t), u(t))>P (t)σ(t, x(t), u(t))

]
+

1

2
tr
{

[σ(t, x, u)− σ(t, x(t), u(t))]> P (t) [σ(t, x, u)− σ(t, x(t), u(t))]
}
−

1

2
tr
(
{σ(t, x(t), u(t)− σ(t, x(t), u)}> P (t) · {σ(t, x(t), u(t)− σ(t, x(t), u)}

)
≥ 0,

∀u ∈ U, t ∈ [0, T ]− σ.π. , P− σ.π.⇔
H(t, x, u) ≥ H(t, x, u) ∀u ∈ U, t ∈ [0, T ]− σ.π. , P− σ.π.⇔
H(t, x(t), u(t)) = max

u∈U
H(t, x(t), u), t ∈ [0, T ]− σ.π. , P− σ.π.

Ed¸ oloklhr¸netai h apìdeixh tou Jewr matoc 1.3.1 .

2
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Kef�laio 2

Arq  dunamikoÔ
programmatismoÔ kai HJB
exÐswsh

S� autì to kef�laio ja melet soume mia �llh isqur  prosèggish sto na lÔnoume probl -
mata beltÐstou elègqou h opoÐa onom�zetai mèjodoc tou dunamikoÔ programmatismoÔ. O
dunamikìc programmatismìc pro rje apì ton R.Bellman stic arqèc tic dekaetÐac tou �50,
eÐnai mia majhmatik  teqnik  gia thn kataskeu  miac akoloujÐac allhlèndetwn apof�sewn, h
opoÐa mporeÐ na efarmosteÐ se poll� probl mata beltistopoÐhshc. H basik  idèa aut c thc
mejìdou pou efarmìzetai se bèltisto èlegqo eÐnai na exet�sei mia oikogèneia apì probl ma-
ta beltÐstou elègqou me diaforetikoÔc arqikoÔc qrìnouc kai katast�seic, gia th dhmiourgÐa
sqèsewn an�mesa se aut� ta probl mata mèsw thc apokaloÔmenhc Hamilton-Jacobi-Belman
(HJB) exÐswshc, h opoÐa eÐnai mia mh grammik  pr¸thc t�xhc (sthn nteterministik  perÐptw-
sh)   deÔterhc t�xhc (sth stoqastik  perÐptwsh) merik  diaforik  exÐswsh. E�n h HJB
exÐswsh eÐnai epilÔsimh (eÐte analutik� eÐte arijmhtik�), tìte mporeÐ na exasfalisteÐ ènac
bèltistoc mhqanismìc elègqou me th l yh megÐstou/elaqÐstou thc Qamiltonian c   thc ge-
nikeumènhc Qamiltonian c pou perièqetai sthn HJB exÐswsh. Aut  eÐnai h legìmenh teqnik 
epalÔjeushc (verification technique). Ac shmei¸soume ìti aut  h prosèggish dÐnei lÔseic
se ìlec tic oikogèneiec problhm�twn (me diaforetikoÔc arqikoÔc qrìnouc kai katast�seic),
idÐwc sto prwtìtupo prìblhma.

Parìla aut� up rqe èna shmantikì meionèkthma sthn prosèggish tou klasikoÔ dunamikoÔ
programmatismoÔ. ApaitoÔse h HJB exÐswsh na dèqetai klasikèc lÔseic, pou shmaÐnei ìti
oi lÔseic ja prèpei na eÐnai arket� omalèc. Genik� ìmwc, h sun�rthsh axÐac den eÐnai arket�
omal  ètsi ¸ste na ikanopoieÐ tic exis¸seic dunamikoÔ programmatismoÔ kai epÐshc up�rqoun
pollèc sunart seic ektìc apì th sun�rthsh axÐac pou ikanopoioÔn thn exÐswsh, sqedìn
pantoÔ. Gia na xeperasteÐ aut  h duskolÐa, oi Crandall kai Lions eis gagan tic legìmenec
lÔseic ix¸douc stic arqèc thc dekaetÐac tou �80. Aut  h kainoÔrgia ènnoia eÐnai èna eÐdoc apì
m -omalèc lÔseic gia merikèc diaforikèc exis¸seic, pou to basikì touc qarakthristikì eÐnai
na antikajistoÔn tic sun jeic parag¸gouc me peperasmènec diaforèc diathr¸ntac par�llhla
th monadikìthta twn lÔsewn k�tw apì polÔ  piec sunj kec. Autèc loipìn k�noun th
jewrÐa èna isqurì ergaleÐo gia thn antimet¸pish problhm�twn beltÐstou elègqou. Oi lÔseic
ix¸douc pou ja melet soume s� autì to kef�laio mporoÔn na eÐnai apl� suneq c kai ìqi
aparaÐthta diaforÐsimec.

17
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2.1 H arq  thc stoqastik c beltistopoi shc kai h HJB
exÐswsh

S� aut  thn enìthta ja exet�soume to prìblhma tou stoqastikoÔ dunamikoÔ programma-
tismoÔ kai ja orÐsoume thn exÐswsh H-J-B. Sto dunamikì programmatismì, eis�goume mia
sun�rthsh V , pou thn onom�zoume sun�rthsh axÐac h opoÐa eÐnai h bèltisth tim  thc exìflh-
shc kai jewreÐtai wc sun�rthsh twn arqik¸n dedomènwn. H sun�rthsh axÐac gia to prìblhma
beltÐstou elègqou, sthn nteterministik  diatÔpwsh, ikanopoieÐ mia pr¸thc t�xhc mh grammi-
k  diaforik  exÐswsh se antÐjesh me thn stoqastik  perÐptwsh pou lÔnei mia stoqastik 
diaforik  exÐswsh deÔterhc t�xhc. (Gia perissìterec leptomèreiec gia thn nteterministik 
perÐptwsh o endiaferìmenoc anagn¸sthc mporeÐ na anatrèxei sto [WFS] Kef�laio I)

2.1.1 Stoqastikìc dunamikìc programmatismìc

'Estw U ènac metrikìc q¸roc, tìte gia k�je T > 0 kai (s, y) ∈ [0, T ) × Rn jewroÔme thn
exÐswsh {

dx(t) = b(t, x(t), u(t))dt+ σ(t, x(t), u(t))dW (t) t ∈ [s, T ],
x(s) = y,

(2.1)

me th sun�rthsh kìstouc

J(s, y;u(·)) = E

{∫ T

s
f(t, x(t), u(t))dt+ h(x(T ))

}
. (2.2)

Ac eis�goume k�poiec upojèseic (mporoÔn na sugkrijoÔn me autèc tou KefalaÐou 1).

(S1)' O (U, d) eÐnai ènac Polwnikìc q¸roc, ìpou d h metrik  tou q¸rou U , kai T > 0.

(S2)' Oi sunart seic b : [0, T ] × Rn × U → Rn, σ : [0, T ] × Rn × U → Rn×m, f : [0, T ] ×
Rn×U → R kai h : Rn → R eÐnai omoiìmorfa suneqeÐc kai up�rqei mia stajer� L > 0
tètoia ¸ste gia ϕ(t, x, u) = b(t, x, u), σ(t, x, u), f(t, x, u), h(x) na isqÔei{

|ϕ(t, x, u)− ϕ(t, x̂, u)| ≤ L|x− x̂|, ∀t ∈ [0, T ], x, x̂ ∈ Rn, u ∈ U,
|ϕ(t, 0, u)| ≤ L, ∀(t, u) ∈ [0, T ]× U. (2.3)

ParathroÔme ìti se antÐjesh me tic upojèseic (S1) − (S2), pou eis�game sto Kef�laio 1,
oi (S1)′− (S2)′ apaitoÔn o q¸roc U na eÐnai pl rhc kai oi perieqìmenec sunart seic na eÐnai
suneqeÐc sto (t, x, u) sumperilambanomènou kai tou t.

S� autì to shmeÐo kai prÐn orÐsoume th sun�rthsh axÐac ac eÐsagoume to sÔnolo Uw[s, T ]. Gia
dedomèno s ∈ [0, T ) sumbolÐzoume me Uw[s, T ] to sÔnolo ìlwn twn pent�dwn (W,F ,P,W (·), u(·))
pou ikanopoieÐ ta akìlouja

i. O (W,F ,P) eÐnai ènac pl rhc q¸roc pijanìthtac.

ii. H {W (t)}t≥s eÐnai mia m-di�stath kÐnhsh Brown orismènh sto q¸ro (W,F ,P) epÐ tou
[s, T ] (me W (s) = 0 σ.π.) kai h Fst = σ {W (r) : s ≤ r ≤ t} eÐnai epauxhmènh me ìla ta
P-mhdenik� sÔnola sto F .

iii. H u : [s, T ]× W→ U eÐnai mia {Fst }t≥s prosarmosmènh di jhsh sto q¸ro (W,F ,P) .
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iv. Gia k�je y ∈ Rn h exÐswsh (2.1) èqei monadik  lÔsh x(·) sto q¸ro (W,F , {Fst }t≥s ,P).

v. IsqÔei ìti f(·, x(·), u(·)) ∈ L1
F (0, T ;R) kai h(x(T )) ∈ L1

FT (W;R) ìpou oi q¸roi

L1
F (0, T ;R) kai L1

FT (W;R) eÐnai orismènoi sto dedomèno filtrarismèno q¸ro pija-
nìthtac (W,F , {Fst }t≥s ,P).

Na tonÐsoume ìti sthn exÐswsh (2.1) h arqik  kat�stash y eÐnai mia nteterministik  metablh-
t  sto q¸ro (W,F ,P). EpÐshc sthn (2.2) h mèsh tim  E eÐnai se sqèsh me thn pijanìthta
P. To prìblhma beltÐstou elègqou loipìn mporeÐ na diatupwjeÐ wc ex c:

Prìblhma (Ssy) : 'Estw (s, y) ∈ [0, T )×Rn èna stajerì shmeÐo. AnazhtoÔme mia pent�da
u(·) ≡ (W,F ,P,W (·), u(·)) ∈ Uw[s, T ] ètsi ¸ste

J(s, y;u(·)) = inf
u(·)∈Uw[s,T ]

J(s, y;u(·)). (2.4)

Orismìc 2.1.1 Upì tic upojèseic (S1)′ − (S2)′, gia k�je shmeÐo (s, y) ∈ [0, T )×Rn kai
u(·) ∈ Uw[s, T ] h exÐswsh (2.1) èqei monadik  lÔsh x(·) ≡ x(· ; s, y, u(·)) kai h sun�rthsh
axÐac (2.2) eÐnai kal� orismènh. 'Etsi loipìn orÐzoume thn epìmenh sun�rthsh{

V (s, y) = inf
u(·)∈Uw[s,T ]

J(s, y;u(·)), ∀(s, y) ∈ [0, T )× Rn,

V (T, y) = h(y), ∀y ∈ Rn,
(2.5)

h opoÐa onom�zetai sun�rthsh axÐac tou Probl matoc S (ìpou to Prìblhma S orÐsthke sto
Kef�laio 1).

H epìmenh prìtash perigr�fei merikèc basikèc idiìthtec thc sun�rthshc axÐac.

Prìtash 2.1.1 Upì tic upojèseic (S1)′ − (S2)′ h sun�rthsh axÐac V (s, y) ikanopoieÐ ta
akìlouja

|V (s, y)| ≤ K(1 + |y|), ∀(s, y) ∈ [0, T ]× Rn, (2.6)

|V (s, y)− V (ŝ, ŷ)| ≤ K{|y − ŷ|+ (1 + |y| ∨ |ŷ|)|s− ŝ|1/2},
∀s, ŝ ∈ [0, T ], y, ŷ ∈ Rn,
ìpou a ∨ b := max{a, b}.

(2.7)

2.1.2 H arq  beltÐstou kat� Bellman kai h HJB exÐswsh

To akìloujo je¸rhma mac dÐnei th stoqastik  diatÔpwsh thc arq c beltÐstou kat� Bellman.

Je¸rhma 2.1.1 'Estw ìti isqÔoun oi upojèseic (S1)′−(S2)′, tìte gia k�je shmeÐo (s, y) ∈
[0, T )× Rn, isqÔei

V (s, y) = inf
u(·)∈Uw[s,T ]

E

{∫ ŝ

s
f(t, x(t; s, y, u(·)), u(t))dt+ V (ŝ, x(ŝ; s, y, u(·)))

}
,

∀0 ≤ s ≤ ŝ ≤ T.
(2.8)
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Apìdeixh: Ac sumbolÐsoume to dexÐ mèloc thc (2.8) me V (s, y), tìte gia k�je ε > 0,
up�rqei èna (Ω,F ,P,W (·), u(·)) ∈ Uw[s, T ] ¸ste

V (s, y) + ε > J(s, y;u(·))

= E

{∫ T

s
f(t, x(t; s, y, u(·)), u(t))dt+ h(x(T ; s, y, u(·)))

}
= E

{∫ ŝ

s
f(t, x(t; s, y, u(·)), u(t))dt+ E

[ ∫ T

ŝ
f(t, x(t; s, y, u(·)), u(t))dt+ h(x(T ; s, y, u(·))) | Fsŝ

]}

= E

{∫ ŝ

s
f(t, x(t; s, y, u(·)), u(t))dt+ E

[ ∫ T

ŝ
f(t, x(t; ŝ, x(ŝ), u(·)), u(t))dt+ h(x(T ; ŝ, x(ŝ), u(·))) | Fsŝ

]}

= E

{∫ ŝ

s
f(t, x(t; s, y, u(·)), u(t))dt+ J(ŝ, x(ŝ; s, y, u(·));u(·))

}

≥ E

{∫ ŝ

s
f(t, x(t; s, y, u(·)), u(t))dt+ V (ŝ, x(ŝ; s, y, u(·))))

}
≥ V (s, y).

Antistrìfwc, gia opoiod pote ε > 0, apì thn Prìtash 2.1.1, up�rqei èna d=d(e) tètoio
¸ste an |y − ŷ| < δ na isqÔei

|J(ŝ, y;u(·))− J(ŝ, ŷ;u(·))|+ |V (ŝ, y)− V (ŝ, ŷ)| ≤ ε, ∀u(·) ∈ Uw[ŝ, T ]. (2.9)

'Estw {Dj}j≥1 mia Borel diqotìmhsh tou Rn (dhlad  Dj ∈ B(Rn),
⋃
j≥1Dj = Rn kai

Di
⋂
Dj = ∅ gia i 6= j ) me di�metro diam(Dj) < δ. 'Estw xj ∈ Dj . Gia k�je j, up�rqei

(Ωj ,Fj ,Pj ,Wj(·), uj(·)) ∈ Uw[ŝ, T ] tètoio ¸ste

J(ŝ, xj ;uj(·)) ≤ V (ŝ, xj) + ε. (2.10)

Epomènwc, gia k�je x ∈ Dj , sundu�zontac tic (2.9) kai (2.10) èqoume

J(ŝ, x;uj(·)) ≤ J(ŝ, xj ;uj(·)) + ε ≤ V (ŝ, xj) + 2ε ≤ V (ŝ, x) + 3ε. (2.11)

Apì ton orismì thc w-apodekt c pent�dac (Ωj ,Fj ,Pj ,Wj(·), uj(·)), up�rqei mia sun�rthsh
ψj ∈ AmT (U) tètoia ¸ste

uj(t,w) = ψj(t,Wj(· ∧ t,w)), Pj − σ.π., w ∈ Ωj , ∀t ∈ [ŝ, T ].

T¸ra, gia k�je (Ω,F ,P,W (·), u(·)) ∈ Uw[s, T ], èstw x(·) ≡ x(·; s, y, u(·)) na sumbolÐzei
thn antÐstoiqh troqi� kat�stashc tou probl matoc (Ssy). OrÐzoume èna nèo èlegqo

ũ(t,w) =

{
u(t,w), an t ∈ [s, ŝ),
ψj(t,W (· ∧ t,w)−W (ŝ,w), an t ∈ [ŝ, T ] kai x(t,w) ∈ Dj .
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Profan¸c isqÔei (Ω,F ,P,W (·), ũ(·)) ∈ Uw[s, T ]. Sunep¸c,

V (s, y) ≤ J(s, y; ũ(·))

= E
{∫ T

s
f(t, x(t; s, y, ũ(·)), ũ(t))dt+ h(x(T ; s, y, ũ(·)))

}
= E

{∫ ŝ

s
f(t, x(t; s, y, u(·)), u(t))dt

+ E
[ ∫ T

ŝ
f(t, x(t; ŝ, x(ŝ), u(·)), ũ(t))dt+ h(x(T ; ŝ, x(ŝ), ũ(·))) | Fsŝ

]}
= E

{∫ ŝ

s
f(t, x(t; s, y, u(·)), u(t))dt+ J(ŝ, x(ŝ; s, y, u(·)); ũ(·))

}
≤ E

{∫ ŝ

s
f(t, x(t; s, y, u(·)), u(t))dt+ V (ŝ, x(ŝ; s, y, u(·))) + 3ε

}
,

ìpou h teleutaÐa anisìthta prokÔptei apì thn (2.11). Opìte, paÐrnontac to infimum gia
u(·) ∈ Uw[s, T ] lamb�noume thn (2.8).

2

Je¸rhma 2.1.2 'Estw ìti isqÔoun oi upojèseic (S1)′ − (S2)′. An (x(·), u(·)) eÐnai èna
bèltisto zeug�ri tou probl matoc (Ssy) tìte

V (t, x(t)) = E
{∫ T

t
f(r, x(r), u(r))dr + h(x(T )) | Fst

}
P− σ.π., ∀t ∈ [s, T ].

(2.12)

'Opwc sthn nteterministik  perÐptwsh ètsi kai ed¸, onom�zoume thn exÐswsh (2.8) exÐswsh
dunamikoÔ programmatismoÔ. Aut  h exÐswsh eÐnai polÔ sÔnjeth kai dÐqnei adÔnaton to
na th lÔsoume apeujeÐac. 'Etsi loipìn, eis�goume thn akìloujh prìtash, sÔmfwna me thn
opoÐa, h sun�rthsh axÐac eÐnai lÔsh enìc termatikoÔ probl matoc pou eÐnai pio eÔkolo na
lujeÐ se sqèsh me thn exÐswsh (2.8). 'Estw C1,2([0, T ]×Rn) to sÔnolo ìlwn twn suneq¸n
sunart sewn υ : [0, T ]×Rn → R ètsi ¸ste oi υt, υx kai υxx na eÐnai ìlec suneqeÐc wc proc
(t, x).

Prìtash 2.1.2 'Estw ìti isqÔoun oi upojèseic (S1)′− (S2)′ kai h sun�rthsh axÐac V ∈
C1,2([0, T ]× Rn). Tìte h V eÐnai mia lÔsh tou akìloujou termatikoÔ probl matoc axÐac−υt + sup

u∈U
G(t, x, u,−υx,−υxx) = 0, (t, x) ∈ [0, T )× Rn,

υ |t=T= h(x), x ∈ Rn,
(2.13)

ìpou

G(t, x, u, p, P )
∆
=

1

2
tr(Pσ(t, x, u)σ(t, x, u)>) + 〈p, b(t, x, u)〉 − f(t, x, u),

∀(t, x, u, p, P ) ∈ [0, T ]× Rn × U × Rn × Sn

ìpou SneÐnai to sÔnolo ìlwn twn n× n pin�kwn.

(2.14)



22 KEF�ALAIO 2. ARQ�H DUNAMIKO�U PROGRAMMATISMO�U

Apìdeixh: 'Estw (s, y) ∈ [0, T )×Rn èna stajerì shmeÐo, u ∈ U kai x(·) na eÐnai h troqi�
kat�stashc pou antistoiqeÐ ston èlegqo u(·) ∈ Uw[s, T ] tou probl matoc (Ssy) me u(t) ≡ u.
Apì thn exÐswsh (2.8) me ŝ ↓ s kai apì ton kanìna tou Itô èqoume ta ex c

0 ≥ −E {V (ŝ, x(ŝ))− V (s, y)}
ŝ− s

− 1

ŝ− s
E

∫ ŝ

s
f(t, x(t), u)dt

= − 1

ŝ− s
E

∫ ŝ

s
{−Vt(t, x(t)) +G(t, x(t), u(t),−Vx(t, x(t)),−Vxx(t, x(t)))} dt

→ Vt(s, y) +G(s, y, u,−Vx(s, y),−Vxx(s, y)), ∀u ∈ U,

opìte apì thn parap�nw anisìthta èqoume

0 ≥ −Vt(s, y) + sup
u∈U

G(s, y, u,−Vx(s, y),−Vxx(s, y)). (2.15)

EpÐshc, gia k�je ε>0, 0 ≤ s<ŝ ≤ T me ŝ− s>0 arket� mikrì, up�rqei èna u(·) ≡ uε,ŝ(·) ∈
Uw[s, T ] tètoio ¸ste

V (s, y) + ε(ŝ− s) ≥ E
{∫ ŝ

s
f(t, x(t), u(t))dt+ V (ŝ, x(ŝ))

}
.

Opìte apì ton kanìna tou Itô kai gia ŝ ↓ s paÐrnoume

−ε ≤ −E {V (ŝ, x(ŝ))− V (s, y)}
ŝ− s

− 1

ŝ− s
E

∫ ŝ

s
f(t, x(t), u(t))dt

=
1

ŝ− s

∫ ŝ

s
{−Vt(t, x(t)) +G(t, x(t), u(t),−Vx(t, x(t)),−Vxx(t, x(t)))} dt

≤ 1

ŝ− s

∫ ŝ

s

{
−Vt(t, x(t)) + sup

u∈U
G(t, x(t), u,−Vx(t, x(t)),−Vxx(t, x(t)))

}
dt

→ −Vt(s, y) + sup
u∈U

G(s, y, u,−Vx(s, y),−Vxx(s, y)).

'Ara

0 ≤ −Vt(s, y) + sup
u∈U

G(s, y, u,−Vx(s, y),−Vxx(s, y)). (2.16)

Gia thn apìdeixh tou prohgoÔmenou orÐou, qrhsimopoi same to gegonìc ìti

lim
t↓s

sup
y∈Rn,u∈U

|ϕ(t, y, u)− ϕ(s, y, u)| = 0,

gia ϕ = b, σ, f to opoÐo sunep�getai apì thn omoiìmorfh sunèqeia twn sunart sewn b, σ
kai f ìpwc perigr�fetai sthn upìjesh (S2)′. Sundu�zontac loipìn tic (2.15) kai (2.16)
paÐrnoume to epijumhtì apotèlesma.

2

H exÐswsh (2.13) onom�zetai exiswsh Hamilton-Jacobi-Bellman (HJB) gia to prìblhma
(S) h opoÐa eÐnai deÔterhc t�xhc, se sqèsh me thn antÐstoiqh exÐswsh tou nteterministikoÔ
probl matoc pou eÐnai pr¸thc. H sun�rthsh G(t, x, u, p, P ) pou orÐzetai apo thn (2.14)
onom�zetai genikeumènh qamiltonian .
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2.2 LÔseic ix¸douc

'Opwc eÐdame, sthn Prìtash 2.1.2 h apìdeixh basÐsthke sthn upìjesh ìti h V eÐnai C1,2 dhla-
d  arket� omal . Sthn perÐptwsh loipìn pou h V den eÐnai omal  ja prèpei na melet soume
thn epÐlush thc (2.13) me th bo jeia asjen¸n lÔsewn. Opìte, ìpwc sthn nteterministik 
perÐptwsh, ètsi kai sthn perÐptwsh tou stoqastikoÔ probl matoc, ja eis�goume thn ènnoia
t¸n asjen¸n lÔsewn ix¸douc kai ja qarakthrÐsoume th sun�rthsh axÐac san th monadik 
lÔsh ix¸douc thc antÐstoiqhc HJB exÐswshc (2.13).

2.2.1 OrismoÐ-monadikìthta lÔsewn

Orismìc 2.2.1 Mia sun�rthsh υ ∈ C([0, T ]×Rn) onom�zetai upolÔsh ix¸douc (  uper-
lÔsh) thc exÐswshc (2.13) e�n isqÔoun ta ex c

υ(T, x) ≤ h(x), ∀x ∈ Rn, (  υ(T, x) ≥ h(x)), (2.17)

kai gia opoiad pote ϕ ∈ C1,2([0, T ]×Rn) k�je for� pou h diafor� υ−ϕ parousi�zei topikì
mègisto (el�qisto) sto (t, x) ∈ [0, T )× Rn, èqoume

−ϕt(t, x) + sup
u∈U

G(t, x, u,−ϕx(t, x),−ϕxx(t, x)) ≤ 0, (≥ 0). (2.18)

E�n h υ ∈ C([0, T ] × Rn) eÐnai tautìqrona kai upolÔsh kai uperlÔsh ix¸douc thc (2.13)
tìte kaleÐtai lÔsh ix¸douc aut c thc exÐswshc.

Je¸rhma 2.2.1 Upì tic upojèseic (S1)′− (S2)′ h sun�rthsh axÐac V , ìpwc orÐzetai apì
thn (2.5), eÐnai mia lÔsh ix¸douc thc exÐswshc (2.13).

Apìdeixh: 'Estw mia opoiad pote sun�rthsh ϕ ∈ C1,2([0, T ] × R) ¸ste h V − ϕ na
parousi�zei topikì mègisto sto (s, y) ∈ [0, T )× Rn. 'Estw èna dedomèno u ∈ U kai x(·) =
x(·; s, y, u) na eÐnai h troqi� kat�stashc me ton èlegqo u(t) ≡ u. Opìte apì thn arq 
beltÐstou kat� Bellman (2.8) kai ton kanìna tou Itô, gia ŝ− s > 0 arket� mikrì èqoume

0 ≤ E{V (s, y)− ϕ(s, y)− V (ŝ, x(ŝ)) + ϕ(ŝ, x(ŝ))}
ŝ− s

≤ 1

ŝ− s
E

{∫ ŝ

s
f(t, x(t), u)dt− ϕ(s, y) + ϕ(ŝ, x(ŝ))

}
→ ϕt(s, y) +

1

2
σ2(t, x, u)ϕxx + b(t, x, u)ϕx + f(t, x, u)

= ϕt(s, y)−G(s, y, u,−ϕx(s, y),−ϕxx(s, y)), ∀u ∈ U
⇒ −ϕt(s, y) +G(s, y, u,−ϕx(s, y),−ϕxx(s, y)) ≤ 0, ∀u ∈ U.

Opìte

−ϕt(s, y) + sup
u∈U

G(s, y, u,−ϕx(s, y),−ϕxx(s, y)) ≤ 0, (2.19)

to opoÐo shmaÐnei ìti h V eÐnai mia upolÔsh ix¸douc thc exÐswshc (2.13).

Antijètwc, e�n h V −ϕ parousi�zei topikì el�qisto sto (s, y) ∈ [0, T )×Rn tìte gia k�je
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ε>0 kai ŝ>s (me ŝ− s > 0 arket� mikrì) mporoÔme na broÔme èna u(·) = uε,ŝ(·) ∈ Uw[s, T ]
tètoio ¸ste

0 ≥ E{V (s, y)− ϕ(s, y)− V (ŝ, x(ŝ)) + ϕ(ŝ, x(ŝ))}

≥ −ε(ŝ− s) + E

{∫ ŝ

s
f(t, x(t), u(t))dt− ϕ(s, y) + ϕ(ŝ, x(ŝ))

}
.

Diair¸ntac me ŝ− s kai efarmìzontac ton kanìna tou Itô sthn anèlixh ϕ(t, x(t)) èqoume

ε ≥ 1

ŝ− s
E

{∫ ŝ

s
f(t, x(t), u(·))dt− ϕ(s, y) + ϕ(ŝ, x(ŝ))

}

=
1

ŝ− s
E

{∫ ŝ

s

[
ϕt(t, x(t)) +

1

2
σ2(t, x(t), u(·))ϕxx + b(t, x(t), u(·))ϕx + f(t, x(t), u(·))

]
dt

}

⇒ −ε ≤ 1

ŝ− s
E

{∫ ŝ

s
{−ϕt(t, x(t)) +G(t, x(t), u,−ϕx(t, x(t)),−ϕxx(t, x(t)))}dt

}

≤ 1

ŝ− s
E

{∫ ŝ

s
{−ϕt(t, x(t)) + sup

u∈U
G(t, x(t), u,−ϕx(t, x(t)),−ϕxx(t, x(t)))}dt

}
→ −ϕt(s, y) + sup

u∈U
G(s, y, u,−ϕx(s, y),−ϕxx(s, y)).

Opìte
−ϕt(s, y) + sup

u∈U
G(s, y, u,−ϕx(s, y),−ϕxx(s, y)) ≥ 0, (2.20)

apì to opoÐo sunep�getai ìti h V eÐnai mia uperlÔsh ix¸douc thc exÐswshc (2.13).

Sundu�zontac loipìn tic (2.19) kai (2.20) sumperaÐnoume ìti h V eÐnai mia lÔsh ix¸douc
thc (2.13).

2

S� autì to shmeÐo ja eis�goume thn ènnoia twn genikeumènwn diaforik¸n deÔterhc t�xhc me
th bo jeia twn opoÐwn ja d¸soume èna enallaktikì orismì thc lÔshc ix¸douc pou ikanopoieÐ
h H-J-B exÐswsh.

Orismìc 2.2.2 Gia υ ∈ C([0, T ]×Rn) kai (t, x) ∈ [0, T )×Rn orÐzoume to deÔterhc−t�xhc
parabolikì uperdiaforikì tou υ sto (t, x) wc ex c:

D1,2,+
t,x υ(t, x)

∆
=
{

(q, p, P ) ∈ R× Rn × Sn |

lim
s→t,s∈[0,T )

y→x

1

|s− t|+ |y − x|2
[
υ(s, y)− υ(t, x)

− q(s− t)− 〈p, y − x〉 − 1

2
(y − x)>P (y − x)

]
≤ 0
}
.

(2.21)

'Omoia orÐzoume to deÔterhc−t�xhc parabolikì upodiaforikì tou υ sto (t, x) wc ex c:

D1,2,−
t,x υ(t, x)

∆
=
{

(q, p, P ) ∈ R× Rn × Sn |

lim
s→t,s∈[0,T )

y→x

1

|s− t|+ |y − x|2
[
υ(s, y)− υ(t, x)

− q(s− t)− 〈p, y − x〉 − 1

2
(y − x)>P (y − x)

]
≥ 0
}
.

(2.22)
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To deÔterhc−t�xhc dexiì parabolikì uper/upodiaforikì D1,2,+
t+,x υ(t, x) kai D1,2,−

t+,x υ(t, x) orÐ-
zontai periorÐzontac s ↓ t stic (2.21), (2.22) antÐstoiqa.

'Enac �lloc orismìc twn lÔsewn ix¸douc pou perièqei ta diaforik� deÔterhc t�xhc eÐnai o
ex c:

Orismìc 2.2.3 Mia sun�rthsh υ ∈ C([0, T ]×Rn) eÐnai mia upolÔsh ix¸douc thc (2.13)
�n kai mìno �n υ(T, x) ≤ h(x) kai

−q + sup
u∈U

G(t, x, u,−p,−P ) ≤ 0, ∀(q, p, P ) ∈ D1,2,+
t,x υ(t, x), (2.23)

antÐstoiqa, mia sun�rthsh υ ∈ C([0, T ]×Rn) eÐnai mia uperlÔsh ix¸douc thc (2.13) �n kai
mìno �n υ(T, x) ≥ h(x) kai

−q + sup
u∈U

G(t, x, u,−p,−P ) ≥ 0, ∀(q, p, P ) ∈ D1,2,−
t,x υ(t, x). (2.24)

Epeid  sthn Prìtash 2.1.2 qrhsimopoi same to gegonìc ìti h sun�rthsh axÐac V eÐnai
omal , pr�gma to opoÐo den isqÔei genik�, ja d¸soume to akìloujo je¸rhma pou apoteleÐ
mia enallaktik  diatÔpwsh thc Prìtashc 2.1.2 me th bo jeia twn genikeumènwn diaforik¸n.

Je¸rhma 2.2.2 'Estw ìti isqÔoun oi upojèseic (S1)′ − (S2)′. Tìte h sun�rthsh axÐac
V (·, ·) ∈ C([0, T ] × Rn) tou probl matoc (S) eÐnai h mình sun�rthsh pou ikanopoieÐ tic
(2.6)− (2.7) kai to akìloujo: Gia ìla ta (t, x) ∈ [0, T )× Rn, isqÔei

−q + sup
u∈U

G(t, x, u,−p,−P ) ≤ 0, ∀(q, p, P ) ∈ D1,2,+
t+,x V (t, x),

−q + sup
u∈U

G(t, x, u,−p,−P ) ≥ 0, ∀(q, p, P ) ∈ D1,2,−
t+,x V (t, x),

V (T, x) = h(x).

(2.25)

To Je¸rhma 2.2.1 anafèrei thn Ôparxh lÔshc ix¸douc gia thn H-J-B exÐswsh. 'Oson afor�
ìmwc th monadikìthta lÔsewn beltÐstou elègqou, èqei apodeiqjeÐ analutik� sto [PLL] gia
thn perÐptwsh pou h H-J-B exÐswsh eÐnai pr¸thc t�xhc (nteterministik ) kai sto [HIL] gia
thn perÐptwsh pou eÐnai deÔterhc t�xhc (stoqastik ).

2.3 Bèltistoc stoqastikìc èlegqoc �peirou qronikoÔ
orÐzonta

JewroÔme to stoqastikì sÔsthma elègqou{
dx(t) = b(x(t), u(t))dt+ σ(x(t), u(t))dW (t) t > 0,
x(0) = x0,

(2.26)

kai orÐzoume thn antÐstoiqh sun�rthsh kìstouc

J(x0, u(·)) = E

{∫ +∞

0
e−ρtf̃(x(t), u(t))dt

}
, (2.27)
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ìpou ρ > 0 eÐnai to proexoflhtikì epitìkio. H sun�rthsh axÐac autoÔ tou probl matoc
beltÐstou elègqou eÐnai

V (x0) = inf
u(·)∈U∞

J(x(t), u(·)), (2.28)

ìpou,

U∞ =
{
u : [0,+∞)→ U | ìpou u eÐnai mia metr simh kai prosarmosmènh di jhsh {Ft}t≥0

}
.

To prìblhma beltÐstou elègqou sthn perÐptwsh tou �peirou qronikoÔ orÐzonta orÐzetai wc
ex c:

Prìblhma (S∞) : Na elaqistopoihjeÐ h (2.27) pou upìkeitai sthn exÐswsh (2.26) sto sÔnolo
U∞.

Ac upojèsoume proswrin� ìti up�rqei èna bèltisto zeug�ri (x(t), u(t)) tètoio ¸ste

V (x0) = J(x0, u(·)) = E

{∫ +∞

0
e−ρtf̃(x(t), u(t))dt

}
, (2.29)

�ra gia T > 0 èqoume ìti

J(x0, u(·)) = E

{∫ T

0
e−ρtf̃(x(t), u(t))dt+

∫ +∞

T
e−ρtf̃(x(t), u(t))dt

}
. (2.30)

Apì thn idiìthta,
x(t+ s, u) = xx(t,u)(s, u(·+ t)) t, s > 0,

paÐrnoume to ex c apotèlesma

V (x0) = E

{∫ T

0
e−ρtf̃(x(t), u(t))dt+ V (x(T ))e−ρT

}
, (2.31)

pou isqÔei gia k�je T > 0 kai x0 ∈ Rn. Sth genik  perÐptwsh (qwrÐc thn Ôparxh beltÐstou
elègqou), h (2.31) antikajist�tai apì thn

V (x0) = inf
u(·)∈U∞

E

{∫ T

0
e−ρtf̃(x(t), u(t))dt+ V (x(T ))e−ρT

}
, (2.32)

h opoÐa apoteleÐ thn kat�stash thc arq c dunamikoÔ programmatismoÔ gia to sugkekrimèno
prìblhma.

Thn antÐstoiqh Hamilton Jacobi Bellman exÐswsh, sto prìblhma pou exet�zoume, mac th
dÐnei to parak�tw je¸rhma.

Je¸rhma 2.3.1 H HJB exÐswsh pou ikanopoieÐ h sun�rthsh axÐac V (sthn perÐptwsh
pou eÐnai arket� omal ) eÐnai

ρV = sup
u∈U∞

G(x, u,DV,D2V ), (2.33)

ìpou h sun�rthsh G orÐzetai apì thn (2.14). Me DV (x) sumbolÐzoume thn pr¸th par�gwgo
thc V dhlad  thn Vx kai me D2V (x) thn deÔterh par�gwgo Vxx.
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Apìdeixh: Jètw f(t, x(t), u(t)) = e−ρtf̃(x(t), u(t)) kai υ = e−ρtV . Opìte antikajist¸n-
tac sthn exÐswsh (2.13) paÐrnoume

ρe−ρtV + sup
u∈U∞

G(x, u,−e−ρtVx,−e−ρtVxx) = 0, (2.34)

kai apì thn (2.14) paÐrnoume to ex c

G(x, u,−e−ρtVx,−e−ρtVxx) =

1

2
tr(−e−ρtVxxσ(t, x, u)σ(t, x, u)>) + 〈−e−ρtVx, b(t, x, u)〉 − f(t, x, u)⇒

G(x, u,−e−ρtVx,−e−ρtVxx) =

1

2
e−ρttr(−Vxxσ(t, x, u)σ(t, x, u)>) + e−ρt〈−Vx, b(t, x, u)〉 − e−ρtf̃(t, x, u)⇒

G(x, u,−e−ρtVx,−e−ρtVxx) = e−ρtG(x, u,−Vx,−Vxx), (2.35)

�ra antikajist¸ntac thn (2.35) sthn (2.34) èqoume to epijumhtì apotèlesma

ρe−ρtV + e−ρt sup
u∈U∞

G(x, u,−Vx,−Vxx) = 0⇒

ρV + sup
u∈U∞

G(x, u,−Vx,−Vxx) = 0⇒

ρV = sup
u∈U∞

G(x, u, Vx, Vxx) = 0.

2

Sth sunèqeia dÐnoume ton orismì twn lÔsewn ix¸douc gia thn exÐswsh (2.33).

Orismìc 2.3.1 Mia sun�rthsh υ ∈ C(Rn) eÐnai lÔsh ix¸douc thc HJB exÐswshc (2.33)
an ikanopoioÔntai ta akìlouja

i. Gia opoiad pote ϕ ∈ C1,2(Rn), an y ∈ Rn eÐnai èna topikì mègisto gia thn υ − ϕ tìte

ρυ(y) ≤ sup
u∈U

G(y, u,Dϕ,D2ϕ).

ii. Gia opoiad pote ϕ ∈ C1,2(Rn), an y ∈ Rn eÐnai èna topikì el�qisto gia thn υ−ϕ tìte

ρυ(y) ≥ sup
u∈U

G(y, u,Dϕ,D2ϕ).

Opoiad pote sun�rthsh u pou ikanopoieÐ thn (i) lègetai upolÔsh ix¸douc thc HJB exÐswshc
en¸ an ikanopoieÐ thn (ii) lègetai uperlÔsh ix¸douc.

Parak�tw orÐzoume ta uperdiaforik� kai upodiaforik� ìpwc diamorf¸nontai sthn perÐptwsh
pou èqoume �peiro qronikì orÐzonta.

Orismìc 2.3.2 Gia υ ∈ C(Rn) kai x ∈ Rn orÐzoume ton deÔterhc−t�xhc parabolikì
uperdiaforikì tou υ sto x wc ex c:

D1,2,+
x υ(x)

∆
=
{

(p, P ) ∈ Rn × Sn | lim
y→x

1

|y − x|2
[υ(y)− υ(x)

− 〈p, y − x〉 − 1

2
(y − x)>P (y − x)] ≤ 0

}
.
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'Omoia orÐzoume ton deÔterhc−t�xhc parabolikì upodiaforikì tou υ sto x wc ex c:

D1,2,−
x υ(x)

∆
=
{

(p, P ) ∈ Rn × Sn | lim
y→x

1

|y − x|2
[υ(y)− υ(x)

− 〈p, y − x〉 − 1

2
(y − x)>P (y − x)] ≥ 0

}
.

EpÐshc o Orismìc 2.2.2 diamorf¸netai wc ex c

Orismìc 2.3.3 Mia sun�rthsh υ ∈ C(Rn) eÐnai mia upolÔsh ix¸douc thc (2.33) �n kai
mìno �n:

ρυ(x) ≤ sup
u∈U

G(x, u, p, P ), ∀(p, P ) ∈ D1,2,+
x υ(x), (2.36)

antÐstoiqa, mia sun�rthsh υ ∈ C(Rn) eÐnai mia uperlÔsh ix¸douc thc (2.33) �n kai mìno �n:

ρυ(x) ≥ sup
u∈U

G(x, u, p, P ), ∀(p, P ) ∈ D1,2,−
x υ(x). (2.37)

Tèloc, to Je¸rhma 2.3.1 diatup¸netai me enallaktikì trìpo me th qr sh twn genikeumènwn
diaforik¸n wc ex c

Je¸rhma 2.3.2 Upì tic upojèseic (S1)′ − (S2)′ h sun�rthsh axÐac V (·, ·) ∈ C([0, T ]×
Rn) tou probl matoc (S∞) eÐnai h mình sun�rthsh pou ikanopoieÐ to akìloujo: Gia ìla ta
(t, x) ∈ [0,+∞)× Rn, isqÔei

ρυ(x) ≤ sup
u∈U

G(x, u, p, P ), ∀(p, P ) ∈ D1,2,+
x υ(x),

ρυ(x) ≥ sup
u∈U

G(x, u, p, P ), ∀(p, P ) ∈ D1,2,−
x υ(x).

(2.38)



Kef�laio 3

Sqèsh arq c megÐstou kai
dunamikoÔ programmatismoÔ

Sta Kef�laia 1,2 melet same thn arq  megÐstou (AM en suntomÐa) kai ton kat� Bellman
dunamikì programmatismì (DP en suntomÐa). Autèc oi proseggÐseic eÐnai dÔo apì ta pio
shmantik� ergaleÐa gia thn epÐlush problhm�twn beltÐstou elègqou. Kai h AM kai o DP
mporoÔn na jewrhjoÔn wc oi anagkaÐec sunj kec gia thn Ôparxh beltÐstwn elègqwn. 'Ena
endiafèron fainìmeno pou mporeÐ k�poioc na parathr sei eÐnai ìti s� èna meg�lo bajmì autèc
oi dÔo mèjodoi èqoun anaptuqjeÐ xeqwrist� kai anex�rthta h k�je mÐa. 'Etsi genniètai h
ex c er¸thsh: Up�rqei k�poia sÔndesh an�mesa s� autèc tic dÔo proseggÐseic? S� autì
loipìn to kef�laio ja apant soume aut  thn er¸thsh.

Ta qamiltonian� sust mata pou sundèontai me thn AM, sth men nteterministik  perÐptwsh
eÐnai sun jhc diaforikèc exis¸seic (SDE), sth de stoqastik  apoteloÔntai apì stoqasti-
kèc diaforikèc exis¸seic (StDE). Sth mèjodo tou dunamikoÔ programmatismoÔ t¸ra, oi
exis¸seic HJB pou emfanÐzontai eÐnai merikèc diaforikèc exis¸seic (MDE), pr¸thc t�xhc
gia to nteterministikì prìblhma kai deÔterhc t�xhc gia to stoqastikì. Epomènwc h sqèsh
metaxÔ thc AM kai tou DP eÐnai sthn ousÐa mia sqèsh metaxÔ twn qamiltonian¸n susth-
m�twn kai twn HJB exis¸sewn  , akìmh pio genik�, sqèsh metaxÔ twn SDE, StDE kai
MDE.

Ac k�noume ìmwc pr¸ta mia anafor� sth perÐptwsh tou nteterministikoÔ probl matoc
beltÐstou elègqou kai sth sunèqeia ja doÔme analutik� th stoqastik  diatÔpwsh.

JewroÔme to nteterministikì sÔsthma elègqou{
ẋ(t) = b(t, x(t), u(t)), t ∈ [s, T ]− σ.π. ,
x(s) = y,

(3.1)

me th sun�rthsh axÐac

J(s, y;u(·)) =

∫ T

s
f(t, x(t), u(t))dt+ h(x(T )), (3.2)

ìpou (s, y) ∈ [0, T ]×Rn èna stajerì shmeÐo, to opoÐo antiproswpeÔei ton arqikì qrìno kai
thn arqik  kat�stash tou sust matoc. O èlegqoc u(·) paÐrnei timèc sto parak�tw sÔnolo

V[s, T ]
∆
= {u : [s, T ]→ U | ìpou u(·) metr simo}.

29
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To prìblhma beltÐstou elègqou eÐnai to ex c:

Prìblhma (Dsy). Gia èna stajerì shmeÐo (s, y) ∈ [0, T ) × Rn, na elaqistopoihjeÐ h
(3.2), upì thn (3.1), sto sÔnolo V[s, T ].

H sun�rthsh axÐac orÐzetai wc ex c{
V (s, y) = inf

u(·)∈V[s,T ]
J(s, y;u(·)), (s, y) ∈ [0, T )× Rn,

V (T, y) = h(y), y ∈ Rn.
(3.3)

Ac k�noume tic ex c upojèseic:

(D1) (U, d) eÐnai ènac diaqwrÐsimoc metrikìc q¸roc, ìpou d h metrik  tou q¸rou U , kai
T > 0.

(D2) Oi sunart seic b : [0, T ] × Rn × U → Rn, f : [0, T ] × Rn × U → R kai h : Rn → R
eÐnai omoiìmorfa suneqeÐc kai up�rqei mia stajer� L > 0 tètoia ¸ste gia ϕ(t, x, u) =
b(t, x, u), f(t, x, u), h(x) na isqÔei:{

|ϕ(t, x, u)− ϕ(t, x̂, u)| ≤ L|x− x̂|, ∀t ∈ [0, T ], x, x̂ ∈ Rn, u ∈ U,
|ϕ(t, 0, u)| ≤ L, ∀(t, u) ∈ [0, T ]× U.

(D3) Oi sunart seic b, f kai h eÐnai C1 wc proc x. EpÐshc up�rqei èna mètro sunèqeiac
ω : [0,∞)→ [0,∞) tètoio ¸ste gia ϕ(t, x, u) = b(t, x, u), f(t, x, u), h(x) na èqoume:

|ϕx(t, x, u)− ϕx(t, x̂, u)| ≤ ω(|x− x̂|), ∀t ∈ [0, T ], x, x̂ ∈ Rn, u ∈ U.

H suzug c metablht  p(·) kai h sun�rthsh axÐac V (·, ·) paÐzoun ton kÔrio rìlo sthn ar-
q  megÐstou kai to dunamikì programmatismì antÐstoiqa. To akìloujo je¸rhma loipìn,
mac dÐnei th sqèsh pou up�rqei an�mesa sto p(·) kai sth sun�rthsh axÐac V (·, ·) me thn
proôpìjesh ìti h V (·, ·) eÐnai arket� omal .

Je¸rhma 3.0.3 'Estw ìti isqÔoun oi upojèseic (D1)− (D3) kai (s, y) ∈ [0, T )×Rn èna
stajerì shmeÐo. 'Estw akìmh (x(·), u(·), p(·)) na eÐnai mia bèltisth tri�da tou Probl matoc
Dsy . Upojètoume ìti h sun�rthsh axÐac V ∈ C1,1([0, T ]× Rn). Tìte:

Vt(t, x(t)) =H(t, x(t), u(t),−Vx(t, x(t)))

= max
u∈U

H(t, x(t), u,−Vx(t, x(t))), t ∈ [s, T ]− σ.π. . (3.4)

Epiplèon, �n V ∈ C1,2([0, T ]× Rn) kai h Vtx eÐnai epÐshc suneq c, tìte:

Vx(t, x(t)) = −p(t), ∀t ∈ [s, T ].

'Opou h qamiltonian  H orÐzetai apì thn (1.20). Thn antÐstoiqh diatÔpwsh tou Jewr matoc
3.0.3, dhlad  ìtan h sun�rthsh axÐac eÐnai mh-omal , mac th dÐnei to akìloujo je¸rhma.
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Je¸rhma 3.0.4 'Estw ìti isqÔoun oi upojèseic (D1)− (D3) kai (s, y) ∈ [0, T )×Rn èna
stajerì shmeÐo. 'Estw akìmh (x(·), u(·), p(·)) na eÐnai mia bèltisth tri�da tou Probl matoc
Dsy . Tìte:

D1,−
t,x V (t, x(t)) ⊆ {(Ht, x(t), u(t), p(t),−p(t))}

⊆ D1,+
t,x V (t, x(t)), t ∈ [s, T ]− σ.π. ,

D1,−
x V (t, x(t)) ⊆ {−p(t)} ⊆ D1,+

x V (t, x(t)), ∀t ∈ [s, T ],

kai
q =H(t, x(t), u(t),−p) = max

u∈U
H(t, x(t), u,−p),

∀(q, p) ∈ D1,+
t,x V (t, x(t)) ∪D1,−

t,x V (t, x(t)), t ∈ [s, T ]− σ.π. .

(Gia ton orismì twn uper kai upodiaforik¸n bl. [JXZ] sel 172.)

3.1 Omal  sun�rthsh axÐac

Ja xekin soume loipìn th melèth mac me thn perÐptwsh pou h sun�rthsh axÐac V (s, y) eÐnai
arket� omal  kai sth sunèqeia ìtan den eÐnai omal .

Je¸rhma 3.1.1 'Estw ìti isqÔoun oi upojèseic (S1)′ − (S2)′ (thc Enìthtac 2.1.1) kai
èstw (s, y) ∈ [0, T ) × Rn èna stajerì shmeÐo. 'Estw ìti to (x(·), u(·), p(·), q(·)) eÐnai
mia bèltisth tetr�da tou probl matoc (Ssy). Upojètoume ìti h sun�rthsh axÐac V ∈
C1,2([0, T ]× Rn). Tìte isqÔei:

Vt(t, x(t)) = G(t, x(t), u(t),−Vx(t, x(t)),−Vxx(t, x(t)))

= max
u∈U

G(t, x(t), u,−Vx(t, x(t)),−Vxx(t, x(t))),

t ∈ [s, T ]− σ.π. , P− σ.π.

(3.5)

Epiplèon, e�n V ∈ C1,3([0, T ]× Rn) kai h Vtx eÐnai epÐshc suneq c, tìte:{
Vx(t, x(t)) = −p(t), ∀t ∈ [s, T ], P− σ.π. ,
Vxx(t, x(t))σ(t, x(t), u(t)) = −q(t), t ∈ [s, T ]− σ.π. , P− σ.π. (3.6)

Apìdeixh: Apì to Je¸rhma 2.1.2 èqoume ìti

V (t, x(t)) = E
{∫ T

t
f(r, x(r), u(r))dr + h(x(T )) | Fst

}
,

P− σ.π., ∀t ∈ [s, T ].

(3.7)

OrÐzoume

m(t)
∆
= E

{∫ T

s
f(r, x(r), u(r))dr + h(x(T )) | Fst

}
, t ∈ [s, T ]. (3.8)

IsqÔei ìti tom(·) eÐnai èna tetragwnikì oloklhr¸simo Fst −martingale (upenjumÐzontac ìti
to s ∈ [0, T ) eÐnai stajerì shmeÐo). 'Etsi apì to Je¸rhma anapar�stashc enìc martingale
(bl. [IKS] Je¸rhma 3.4.15 sel 170) èqoume

m(t) = m(s) +

∫ t

s
M(r)dW (r)⇒
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m(t) = V (s, y) +

∫ t

s
M(r)dW (r), t ∈ [s, T ], (3.9)

ìpou M ∈ (L2
F (s, T ;Rn))m. Opìte apì tic (3.7) kai (3.9) isqÔei

V (t, x(t)) = m(t)−
∫ t

s
f(r, x(r), u(r))dr

= V (s, y)−
∫ t

s
f(r, x(r), u(r))dr +

∫ t

s
M(r)dW (r).

(3.10)

Epiplèon, efarmìzontac ton kanìna tou Itô sthn V (t, x(t)) èqoume to ex c

dV (t, x(t)) =
{
Vt(t, x(t)) + 〈Vx(t, x(t)), b(t, x(t), u(t))〉

+
1

2
tr
(
σ(t, x(t), u(t))>Vxx(t, x(t)σ(t, x(t), u(t))

)}
dt

+ Vx(t, x(t))>σ(t, x(t), u(t))dW (t).

(3.11)

SugkrÐnontac thn (3.11) me thn (3.10) sumperaÐnoume ìti:
Vt(t, x(t)) + 〈Vx(t, x(t)), b(t, x(t), u(t))〉

+1
2tr
(
σ(t, x(t), u(t))>Vxx(t, x(t))σ(t, x(t), u(t))

)
= −f(t, x(t), u(t)),

Vx(t, x(t))>σ(t, x(t), u(t)) = M(t).

(3.12)

Apì th sqèsh (3.12) loipìn kai ton orismì thc genikeumènhc qamiltonian c G sqèsh (2.14)
paÐrnoume thn pr¸th isìthta thc (3.5). EpÐshc, afoÔ h V ∈ C1,2([0, T ]×Rn) tìte ikanopoieÐ
thn HJB exÐswsh (2.13) ètsi loipìn sunep�getai kai h deÔterh isìthta sth sqèsh (3.5).
Akìmh apì thn exÐswsh (2.13) èqoume

G(t,x(t), u(t),−Vx(t, x(t)),−Vxx(t, x(t)))− Vt(t, x(t)) = 0

≥ G(t, x, u(t),−Vx(t, x),−Vxx(t, x))− Vt(t, x), ∀x ∈ Rn.
(3.13)

Sunep¸c, an V ∈ C1,3([0, T ]× Rn) kai h Vtx na eÐnai epÐshc suneq c, tìte

∂

∂x

{
G(t, x, u(t),−Vx(t, x),−Vxx(t, x))− Vt(t, x)

}∣∣∣
x=x(t)

= 0. (3.14)

Apì thn (2.14) h parap�nw sqèsh gr�fetai wc ex c

Vtx(t, x(t)) + Vxx(t, x(t))b(t, x(t), u(t))

+ bx(t, x(t), u(t))>Vx(t, x(t))

+
1

2
tr
(
σ(t, x(t), u(t))>Vxxx(t, x(t))σ(t, x(t), u(t))

)
+

m∑
j=1

(
σjx(t, x(t), u(t))

)>(
Vxx(t, x(t))σ(t, x(t), u(t))

)j
+ fx(t, x(t), u(t)) = 0,

(3.15)

ìpou

tr(σ>Vxxxσ)
∆
=
(

tr(σ>((Vx)1)xxσ), . . . , tr(σ>((Vx)n)xxσ)
)>
,
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me

((Vx)1, . . . (Vx)n)> ≡ Vx.

Epiplèon, efarmìzontac ton kanìna tou Itô gia th sun�rthsh Vx(t, x(t)) paÐrnoume (me th
bo jeia kai thc sqèshc 3.15)

dVx(t, x(t)) ={
Vtx(t, x(t)) + Vxx(t, x(t))b(t, x(t), u(t))

+
1

2
tr
(
σ(t, x(t), u(t))>Vxxx(t, x(t))σ(t, x(t), u(t))

)}
dt

+ Vxx(t, x(t))σ(t, x(t), u(t))dW (t) =

−
{
bx(t, x(t), u(t)))>Vx(t, x(t)) + fx(t, x(t), u(t))

+
m∑
j=1

(
σjx(t, x(t), u(t))

)>(
Vxx(t, x(t))>σ(t, x(t), u(t))

)j}
dt

+ Vxx(t, x(t))σ(t, x(t), u(t))dW (t).

(3.16)

Akìmh èqoume ìti

−Vx(T, x(T )) = −hx(x(T )).

'Etsi apì th monadikìthta twn lÔsewn thc (1.8) (me t ∈ [s, T ]) paÐrnoume thn (3.6).

2

3.2 Mh omal  sun�rthsh axÐac: diaforik� qwrik c me-
tablht c

S� aut  thn enìthta ja melet soume thn perÐptwsh ìpou h sun�rthsh axÐac den eÐnai aparaÐ-
thta omal . Na shmei¸soume ìti autì eÐnai pijanìn na sumbeÐ an to upokeÐmeno stoqastikì
sÔsthma eÐnai ekfulizìmeno. Gia �llh mia for� loipìn ja qrhsimopoi soume thn jewrÐa twn
lÔsewn ix¸douc MDE deÔterhc t�xhc, ¸ste na melet soume th sqèsh an�mesa sthn AM kai
to DP. Ja ex�goume loipìn, thn diatÔpwsh thc (3.6) sth perÐptwsh pou h sun�rthsh axÐac
den eÐnai omal  en¸ sthn epìmenh enìthta ja asqolhjoÔme me thn antÐstoiqh perÐptwsh thc
(3.5).

Ac d¸soume ìmwc t¸ra touc orismoÔc twn merik¸n uper- kai upodiaforik¸n gia k�je mÐa
apì tic metablhtèc t kai x.

Orismìc 3.2.1 Gia υ ∈ C([0, T ]× Rn) kai (t̂, x̂) ∈ [0, T )× Rn orÐzoume:

D2,+
x υ(t̂, x̂) =

{
(p, P ) ∈ Rn × Sn |

lim
x→x̂

υ(t̂, x)− υ(t̂, x̂)− 〈p, x− x̂〉 − 1
2(x− x̂)>P (x− x̂)

|x− x̂|2
≤ 0
}
,

D2,−
x υ(t̂, x̂) =

{
(p, P ) ∈ Rn × Sn |

lim
x→x̂

υ(t̂, x)− υ(t̂, x̂)− 〈p, x− x̂〉 − 1
2(x− x̂)>P (x− x̂)

|x− x̂|2
≥ 0
}
,

(3.17)
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kai 
D1,+
t+ υ(t̂, x̂) =

{
q ∈ R | lim

t↓t̂

υ(t, x̂)− υ(t̂, x̂)− q(t− t̂)
|t− t̂|

≤ 0
}
,

D1,−
t+ υ(t̂, x̂) =

{
q ∈ R | lim

t↓t̂

υ(t, x̂)− υ(t̂, x̂)− q(t− t̂)
|t− t̂|

≥ 0
}
.
(3.18)

Gia eukolÐa orÐzoume [S,∞)
∆
=
{
Ŝ ∈ Sn | Ŝ ≥ S

}
gia k�je S ∈ Sn, ìmoia kai gia to

(−∞, S]. To akìloujo loipìn je¸rhma mac dÐnei thn antÐstoiqh diatÔpwsh thc (3.6) gia
mh-omal  sun�rthsh axÐac .

Je¸rhma 3.2.1 'Estw ìti isqÔoun oi upojèseic (S1)′, (S2)′ (thc Enìthtac 2.1.1) kai (S3)
(thc Enìthtac 1.1 ) kai (s, y) ∈ [0, T )×Rn èna stajerì shmeÐo. An to (x(·), u(·), p(·), q(·), P (·), Q(·))
eÐnai mia bèltisth ex�da tou probl matoc (Ssy) tìte:

{−p(t)} × [−P (t),∞) ⊆ D2,+
x V (t, x(t)), ∀t ∈ [s, T ], P− σ.π. , (3.19)

D2,−
x V (t, x(t)) ⊆ {−p(t)} × (−∞,−P (t)], ∀t ∈ [s, T ], P− σ.π. (3.20)

Apìdeixh: H apìdeixh qwrÐzetai se trÐa b mata.
B ma 1. Exis¸seic metabol¸n.

'Estw t ∈ [s, T ]. Gia opoiod pote z ∈ Rn, sumbolÐzoume me xz(·) th lÔsh thc akìlou-

jhc exÐswshc sto [t, T ], h opoÐa eÐnai mia SDE sto q¸ro
(

Ω,F , {Fsr }r≥s ,P(· | Fst )(w)
)
gia

P− σ.π.

xz(r) = z +

∫ r

t
b(α, xz(α), u(α))dα+

∫ r

t
σ(α, xz(α), u(α))dW (α). (3.21)

Jètw ξz(r) = xz(r)− x(r). Opìte isqÔei h akìloujh anisìthta gia k�je k ≥ 1 (bl. [JXZ]
Kef�laio 1, Je¸rhma 6.3)

E

{
sup
t≤r≤T

|ξz(r)|2k | Fst

}
≤ K|z − x(t)|2k, P− σ.π. (3.22)

T¸ra gr�foume thn exÐswsh gia to ξz(·) me dÔo diaforetikoÔc trìpouc basismènoi se dia-
foretikèc t�xeic anaptugm�twn

dξz(r) = bx(r)ξz(r)dr +
∑m

j=1 σ
j
x(r)ξz(r)dW j(r)

+εz1(r)dr +
∑m

j=1 ε
j
z2(r)dW j(r), r ∈ [t, T ],

ξz(t) = z − x(t),

(3.23)

kai 
dξz(r) =

{
bx(r)ξz(r) +

1

2
ξz(r)>bxx(r)ξz(r)

}
dr

+
∑m

j=1

{
σjx(r)ξz(r) +

1

2
ξz(r)>σjxx(r)ξz(r)

}
dW j(r)

+εz3(r)dr +
∑m

j=1 ε
j
z4(r)dW j(r), s ∈ [t, T ],

ξz(t) = z − x(t),

(3.24)
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ìpou 

bx(r)
∆
= bx(r, x(r), u(r)), σjx(r)

∆
= σjx(r, x(r), u(r)),

ξz(r)>bxx(r)ξz(r)
∆
= (ξz(r)>b

1
xx(r)ξz(r), . . . , ξz(r)>b

n
xx(r)ξz(r))>,

ξz(r)>σjxx(r)ξz(r)
∆
= (ξz(r)>σ1j

xx(r)ξz(r), . . . , ξz(r)>σnjxx(r)ξz(r))>,

b
i
xx(r)

∆
= bixx(r, x(r), u(r)),

σijxx(r)
∆
= σijxx(r, x(r), u(r)),

kai 
εz1(r)

∆
=
∫ 1

0 {bx(r, x(r) + θξz(r), u(r))− bx(r)}ξz(r)dθ,
εjz2(r)

∆
=
∫ 1

0 {σ
j
x(r, x(r) + θξz(r), u(r))− σjx(r)}ξz(r)dθ,

εz3(r)
∆
=
∫ 1

0 (1− θ)ξz(r)>{bxx(r, x(r) + θξz(r), u(r))− bxx(r)}ξz(r)dθ,
εjz4(r)

∆
=
∫ 1

0 (1− θ)ξz(r)>{σjxx(r, x(r) + θξz(r), u(r))− σjxx(r)}ξz(r)dθ.

B ma 2. Ektim seic twn upìloipwn ìrwn.

Gia opoiod pote k ≥ 1 up�rqei mia nteterministik  suneq c kai aÔxousa sun�rthsh δ :

[0,∞)→ [0,∞), anex�rthth tou z ∈ Rn me limr→0
δ(r)

r
= 0 ètsi ¸ste

 E
[∫ T
t |εz1(r)|2kdr | Fst

]
(w) ≤ δ(|z − x(t,w)|2k), P− σ.π. ,

E
[∫ T
t |ε

j
z2(r)|2kdr | Fst

]
(w) ≤ δ(|z − x(t,w)|2k), P− σ.π. ,

(3.25)

kai  E
[∫ T
t |εz3(r)|kdr | Fst

]
(w) ≤ δ(|z − x(t,w)|2k), P− σ.π. ,

E
[∫ T
t |ε

j
z4(r)|kdr | Fst

]
(w) ≤ δ(|z − x(t,w)|2k), P− σ.π.

(3.26)

( Gia tic apodeÐxeic twn (3.25) kai (3.26) bl. [JXZ] sel 258-259).

B ma 3. Sqèsh duadikìthtac.

Efarmìzontac to L mma 1.4.2 (sqèsh duadikìthtac) gia ta ξz(·) kai p(·), pou ikanopoioÔn tic
(3.24) kai (1.8) (me t ∈ [s, T ]) antÐstoiqa, kai orÐzontac fx(r) := fx(r, x(r), u(r)) paÐrnoume
ta ex c

E
{

tr[p(t)ξz(t)]− tr[p(T )ξz(T )]
}

=

E

∫ T

t

{
tr
[
− bx(r)>p(r)ξz(r)−

m∑
j=1

σjx(r)>qj(r)ξ
z(r) + fx(r)ξz(r) + bx(r)ξz(r)p(r)+

1

2
ξz(r)>bxx(r)ξz(r)p(r) + εz3(r)p(r) +

m∑
j=1

{
qj(r)σ

j
x(r)ξz(r)+

1

2
ξz(r)>σjxx(r)ξz(r)qj(r) + εjz4(r)qj(r)

}]}
dr.
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Opìte, diagr�fontac touc antÐjetouc ìrouc kai antikajist¸ntac p(T ) = −hx(x(T )) èqoume

E
{

tr[p(t)ξz(t)] + tr[hx(x(T ))ξz(T )]
}

=

E

∫ T

t

{
tr
[
fx(r)ξz(r) +

1

2
ξz(r)>bxx(r)ξz(r)p(r) + εz3(r)p(r)+

m∑
j=1

{1

2
ξz(r)>σjxx(r)ξz(r)qj(r) + εjz4(r)qj(r)

}]}
dr,

tèloc, qrhsimopoi¸ntac thn idiìthta tr[AB>] = 〈A,B〉 katal gw sthn

E
{∫ T

t
〈fx(r), ξz(r)〉dr + 〈hx(x(T )), ξz(T )〉 | Fst

}
= 〈−p(t), ξz(t)〉 − E

{1

2

∫ T

t
{〈p(r), ξz(r)>bxx(r)ξz(r)〉

+

m∑
j=1

〈qj(r), ξz(r)>σjxx(r)〉}dr−

∫ T

t
{〈p(r), εz3(r)〉+

m∑
j=1

〈qj(r), εjz4(r)〉}dr | Fst
}
, P− σ.π.

(3.27)

Epiplèon, jètontac Φz(r)
∆
= ξz(r)ξz(r)> kai efarmìzontac ton kanìna tou Itô èqoume

dΦz(r) = {bx(r)Φz(r) + Φz(r)bx(r)>

+
∑m

j=1 σ
j
x(r)Φz(r)σjx(r)> + εz5(r)}dr

+
∑m

j=1{σ
j
x(r)Φz(r) + Φz(r)σjx(r)> + εjz6(r)}dW j(r), r ∈ [t, T ],

Φz(t) = ξz(t)ξz(t)>,

(3.28)

ìpou 
εz5(r)

∆
= εz1(r)ξz(r)> + ξz(r)εz1(r)>

+
∑m

j=1{σ
j
x(r)ξz(r)εjz2(r)> + εjz2(r)ξz(r)>σjx(r)> + εjz2(r)εjz2(r)>},

εjz6(r)
∆
= εjz2(r)ξz(r)> + ξz(r)εjz2(r)>.

Efarmìzontac xan� to L mma 1.4.2 gia ta Φz(·) kai P (·), pou ikanopoioÔn tic (3.28) kai
(1.9) (me t ∈ [s, T ]) antÐstoiqa, èqoume

E
{

tr[P (t)Φz(t)]− tr[P (T )Φz(T )]
}

=∫ T

t

{
tr
[
− bx(r)>P (r)Φz(r)− P (r)bx(r)Φz(r)−

m∑
j=1

σjx(r)>P (r)σjx(r)Φz(r)−

m∑
j=1

{
σjx(r)>Qj(r)Φ

z(r) +Qj(r)σ
j
x(r)Φz(r)

}
−Hxx(r)Φz(r) + bx(r)Φz(r)P (r)+

Φz(r)bx(r)>P (r) +
m∑
j=1

σjx(r)Φz(r)σjx(r)>P (r) + εz5(r)P (r)+

m∑
j=1

σjx(r)Φz(r)Qj(r) + Φz(r)σjx(r)>Qj(r) + εjz6(r)Qj(r)
]}
dr.
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Diagr�fontac touc antÐjetouc ìrouc kai antikajist¸ntac P (T ) = −hxx(x(T )) èqoume

E
{

tr[P (t)Φz(t)] + tr[hxx(x(T )Φz(T )]
}

=∫ T

t

{
tr
[
−Hxx(r)Φz(r) + εz5(r)P (r) +

m∑
j=1

εjz6(r)Qj(r)
]}
dr.

EpÐshc, k�nontac thn ex c antikat�stash Φz(t) = ξz(t)ξz(t)> paÐrnoume

E
{

tr[P (t)ξz(t)ξz(t)>] + tr[hxx(x(T )ξz(t)ξz(t)>]
}

=∫ T

t

{
tr
[
−Hxx(r)ξz(t)ξz(t)> + εz5(r)P (r) +

m∑
j=1

εjz6(r)Qj(r)
]}
dr,

opìte apì ed¸ katal goume sthn

−E
{∫ T

t
ξz(r)>Hxx(r)ξz(r)dr + ξz(T )>hxx(x(T ))ξz(T ) | Fst

}
= −ξz(t)>P (t)ξz(t)− E

{∫ T

t
tr[P (r)εz5(r) +

m∑
j=1

Qj(r)ε
j
z6(r)]dr | Fst

}
, P− σ.π.

(3.29)

B ma 4. Olokl rwsh thc apìdeixhc.

Ac sumbolÐsoume èna z ∈ Rn rhtì �n ìlec tou oi suntetagmènec eÐnai rhtoÐ arijmoÐ. A-
foÔ to sÔnolo ìlwn twn rht¸n z ∈ Rn eÐnai metr simo, mporoÔme na broÔme èna uposÔnolo
Ω0 ⊆ Ω me P (Ω0) = 1 ètsi ¸ste gia k�je w0 ∈ Ωo na isqÔei

V (t, x(t,w0)) = E
{∫ T

t f(r, x(r), u(r))dr + h(T ) | Fst
}

(w0),

oi (3.23), (3.25), (3.26), (3.27), (3.29) ikanopoioÔntai gia k�je rhtì z,
(Ω,F ,P(· | Fst )(w0),W (·)−W (t);u(·) |[t,T ]) ∈ Uw[t, T ] kai
sup
s≤r≤T

(|p(r,w0)|+ |P (r,w0)|) < +∞.

H pr¸th isìthta isqÔei lìgo thc arq c beltÐstou kat� Bellman (Je¸rhma 2.1.2) en¸ h
teleutaÐa anisìthta isqÔei dedomènou ìti E sup

s≤r≤T
(|p(r)|2 + |P (r)|2) < +∞ (bl. [JXZ] sel

349). 'Estw èna stajerì w0 ∈ Ω0 kai orÐzoume Et
∆
= E(· | Fst )(w0). Tìte gia k�je rhtì

z ∈ Rn èqoume

V (t, z)− V (t, x(t,w0))

≤ Et
{∫ T

t
{f(r, xz(r), u(r))− f(r)}dr + h(xz(T ))− h(x(T ))

}
= Et

{∫ T

t
〈fx(r), ξz(r)〉dr + 〈hx(x(T )), ξz(T )〉

}
+

1

2
Et
{∫ T

t
ξz(r)>fxx(r)ξz(r)dr + ξz(T )>hxx(x(T ))ξz(T )

}
+ o(|z − x(t,w0)|2).

(3.30)
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Apì tic sqèseic (3.27) kai (3.29) isqÔei

V (t, z)− V (t, x(t,w0)) ≤ −〈p(t,w0), ξz(t,w0)〉

− Et
{1

2

∫ T

t
ξz(r)>Hxx(r)ξz(r)dr +

1

2
ξz(T )>hxx(x(T ))ξz(T )

}
+ o(|z − x(t,w0)|2) = −〈p(t,w0), ξz(t,w0)〉

− 1

2
ξz(t,w0)>P (t,w0)ξz(t,w0) + o(|z − x(t,w0)|2) = −〈p(t,w0), z − x(t,w0)〉

− (z − x(t,w0))>P (t,w0)(z − x(t,w0))

2
+ o(|z − x(t,w0)|2).

(3.31)
Na shmei¸soume ìti o ìroc o(|z−x(t,w0)|) exart�tai mìno apì to mègejoc tou |z−x(t,w0)|
kai eÐnai anex�rthtoc tou z. Epomènwc apì th sunèqeia thc V (t, ·) èqoume ìti h (3.31) isqÔei
gia k�je z ∈ Rn kai sunep¸c

(−p(t),−P (t)) ∈ D2,+
x V (t, x(t)). (3.32)

'Etsi apì thn (3.17) lamb�noume thn (3.19).
Ac apodeÐxoume t¸ra thn (3.20). 'Estw èna dedomèno w ∈ Ω ètsi ¸ste h (3.31) na isqÔei
gia k�je z ∈ Rn. Gia opoiod pote (p, P ) ∈ D2,−

x V (t, x(t)), apì ton Orismì 3.2.1, èqoume

0 ≤ lim
x→x(t)

V (t, z)− V (t, x(t))− 〈p, z − x(t)〉 − 1
2(z − x(t))>P (z − x(t))

|z − x(t)|2

≤ lim
x→x(t)

−〈p(t) + p, z − x(t)〉 − 1
2(z − x(t))>(P (t) + P )(z − x(t))

|z − x(t)|2
,

ìpou h teleutaÐa anisìthta isqÔei lìgo thc (3.31). Epomènwc

p = −p(t), P ≤ −P (t).

Opìte isqÔei h (3.20) .

2

EÐnai endiafèron na shmei¸soume ìti an V ∈ C1,2([0, T ] × Rn) tìte oi (3.19) − (3.20)
gr�fontai sth morf  {

Vx(t, x) = −p(t),
Vxx(t, x(t)) ≤ −P (t).

(3.33)

3.3 Mh omal  sun�rthsh axÐac: diaforik� qronik c
metablht c

S� aut  thn par�grafo proqwroÔme sth melèth twn uper- kai upodiaforik¸n thc sun�r-
thshc axÐac sthn metablht  tou qrìnou t mazÐ me mia bèltisth troqi�. Parrìlo pou sthn
nteterministik  perÐptwsh ta uperdiaforik� thc sun�rthshc axÐac sto qrìno t ekfr�zontai
me th bo jeia thc H(t, x(t), u(t), p(t)), h opoÐa eÐnai h mègisth tim  thc H(t, x(t), u, p(t)) wc



3.3. MH OMAL�H SUN�ARTHSH AX�IAS: DIAFORIK�A QRONIK�HS METABLHT�HS39

proc u ∈ U , sth stoqastik  perÐptwsh den eÐnai h genikeumènh qamiltonian  G pou ja me-
gistopoihjeÐ kat� thn arq  megÐstou (ektìc kai an h V eÐnai arket� omal , dec (3.5)). AntÐ
loipìn aut c (thc genikeumènhc qamiltonian c) emfanÐzetai sthn arq  stoqastikoÔ megÐstou
h akìloujh sun�rthsh

H(t, x, u)
∆
= G(t, x, u, p(t), P (t)) + tr

(
σ(t, x, u)>[q(t)− P (t)σ(t, x(t), u(t))]

)
, (3.34)

ìpou p(·), q(·) kai P (·) eÐnai oi lÔseic twn (1.8) kai (1.9) pou sqetÐzontai me to bèltisto
zeug�ri (x(·), u(·)). 'Etsi loipìn èqoume to akìloujo apotèlesma.

Je¸rhma 3.3.1 Upì tic Ðdiec upojèseic tou Jewr matoc 3.2.1 èqoume:

H(t, x(t), u(t)) ∈ D1,+
t+ V (t, x(t)), t ∈ [s, T ]− σ.π. , P− σ.π. (3.35)

Apìdeixh: H mèjodoc thc apìdeixhc eÐnai parìmoia me aut  tou Jewr matoc 3.2.1 . (Gia
pio analutik� o endiaferìmenoc anagn¸sthc mporeÐ na anatrèxei sto [JXZ] sel 263).

2
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Kef�laio 4

To prìblhma rÔpanshc thc rhq c
lÐmnhc

4.1 Perigraf  tou probl matoc

Oi rhqèc lÐmnec eÐnai èna apì ta pio eÔjrasta eÐdh oikosusthm�twn ston kìsmo kai eÐnai
genik� ta pr¸ta pou ephre�zontai �mesa apì tic di�forec anaptuxiakèc drasthriìthtec.
EkatommÔria �njrwpoi zoÔn kont� stic ìqjec rhq¸n limn¸n kai oi zwèc touc exart¸ntai apì
thn peribantologik  kat�stash twn limn¸n. Epiplèon, oi rhqèc lÐmnec, sun jwc, brÐskontai
kont� se kallierg simec ekt�seic to opoÐo tic k�nei akìmh pio eu�lwtec stic anjr¸pinec
drasthriìthtec. 'Etsi, mporeÐ eÔkola na gÐnei katanohtì giatÐ up�rqei mia eidik  melèth twn
rhq¸n limn¸n, pou wstìso èqei gÐnei pio èntonh mìno prìsfata.

H rÔpansh twn rhq¸n limn¸n eÐnai èna fainìmeno to opoÐo parathreÐtai arket� suqn� kai
ofeÐletai kurÐwc sth bari� qr sh lipasm�twn stic gÔrw perioqèc kai sthn auxhmènh eisro 
lum�twn apì touc oikismoÔc kai tic biomhqanÐec. O f¸sforoc, o opoÐoc perièqetai eÐte sta
lip�smata eÐte se zwðk� apìblhta, eÐnai to kÔrio jreptikì sustatikì twn fuki¸n kai twn
zhzanÐwn pou zoÔn sto nerì. 'Otan loipìn aux�netai uperbolik�, tìte anaptÔsontai ta fÔkh
ta opoÐa ellat¸noun thn periektikìthta tou oxugìnou mèsa sth lÐmnh kai to f¸c tou  liou
dèn eÐnai se jèsh na dieisdÔsei sto nerì. 'Etsi mia kajar , gal�zia lÐmnh (oligotrofik  lÐ-
mnh) me pr�sina fut� metatrèpetai se mia lÐmnh me polÔ mikr  oratìthta, me sqedìn kajìlou
pr�sina fut� kai meÐwsh tou pl jouc twn yari¸n kai genik� twn udrìbiwn eid¸n (eutrofik 
lÐmnh).

Ta parap�nw dhmiourgoÔn thn an�gkh mi�c bèltisthc diaqeÐrishc autoÔ tou eÐdouc twn
oikosusthm�twn. To prìblhma beltÐstou elègqou pou melet�me ed¸ proèrqetai apì to
sunduasmì dÔo paragìntwn: apì th mia h wfelimìthta pou mporeÐ na prosfèrei h lÐmnh gia
di�forec gewrgikèc drasthriìthtec kai apì thn �llh h qrhsimìthta miac kajar c lÐmnhc se
pollèc drasthriìthtec anayuq c (alÐeush, phg  pìsimou neroÔ, ekdromèc ktl.).

Prìsfatec èreunec èqoun ex�gei k�poia sumper�smata gia to mègisto dunatì epÐpedo tou
fwsfìrou mèsa sth lÐmnh ¸ste na beltistopoieÐtai h diaqeÐrish thc stic di�forec katast�-
seic pou mporeÐ na brejeÐ (oligotrofik    eutrofik ). 'Omwc oi perissìterec èreunec èqoun
epikentrwjeÐ sto nteterministikì montèlo kai ètsi h stoqastik  dunamik  gia t n bèltisth
diaqeÐrish twn rhq¸n limn¸n brÐsketai se arqik� st�dia melèthc.

41
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H sÔzeuxh tou jorÔbou se m  grammikèc nteterministikèc exis¸seic kÐnhshc mporeÐ na odh-
g sei se m  tetrimmèna apotelèsmata. Gia par�deigma o jìruboc mporeÐ na stajeropoi sei
mia astaj  isorropÐa kai na metatopÐsei diaklad¸seic, dhlad  thn tim  thc paramètrou kat�
thn opoÐa h dunamik  all�zei poiotik�. O jìruboc mporeÐ na odhg sei se enallagèc metaxÔ
sunuparqìntwn nteterministik¸n stajer¸n katast�sewn. Endiafèron prokaleÐ akìmh to
gegonìc ìti o jìruboc mporeÐ na prokalèsei statistik� protim¸menec katast�seic pou den
èqoun nteterministikì an�logo. Sto parìn kef�laio loipìn ja eis�goume th stoqastik 
èkdosh thc oikonomik c an�lushc thc rÔpanshc miac rhq c lÐmnhc.

4.2 H bèltisth (optimal) Hamilton-Jacobi-Bellman exÐ-
swsh (OHJB)

To stoqastikì dunamikì sÔsthma tou probl matoc eÐnai to ex c dx(t) =

(
u(t)− bx(t) +

x2(t)

x2(t) + 1

)
dt+ σx(t)dW (t), t > 0,

x(0) = x0,
(4.1)

ìpou u(t) = u1(t) + u2(t) kai u1(t), u2(t) eÐnai oi posìthtec tou fwsfìrou me tic opoÐec
epibarÔnoun h kajemÐa apì tic dÔo koinìthtec sth lÐmnh, x(t) eÐnai h posìthta tou fwsfìrou
sta fÔkh, b to posostì pou q�netai exaitÐac thc kajÐzhshc, thc diarro c kai thc dèsmeushc
apì �llec biom�zec kai σ ènac grammik� pollaplasiastikìc jìruboc.

Upojètoume ìti ui(t)>0, i = 1, 2, t ∈ [0,+∞) kai èqoume ìti to trèqwn kìstoc gia thn
k�je koinìthta eÐnai ln(ui)−cx2. H lÐmnh èqei axÐa wc dexamen  gewrgik¸n apobl twn gia th
gewrgÐa (lnui) kai epÐshc parèqei oikologikèc uphresÐec pou mei¸nontai me thn posìthta tou
fwsfìrou (−cx2). H par�metroc c (pou sto prìblhma mac jewroÔme ìti c = 2) kajorÐzei
to sqetikì b�roc gia k�je mia apì autèc tic duo katast�seic.

Upojètoume epÐshc ìti to prìblhma èqei �peiro qronikì orÐzonta, opìte oi stìqoi Wi

gÐnontai

Wi = E

{∫ ∞
0

e−ρt
[
lnui(t)− cx2(t)

]
dt

}
, i = 1, 2, c = 2, (4.2)

ìpou ρ>0 eÐnai to proexoflhtikì epitìkio. H bèltisth diaqeÐrish thc lÐmnhc (pou eÐnai kai
o skopìc autoÔ tou kefalaÐou) apaiteÐ na megistopoi soume to �jroisma ìlwn twn Wi, upì
to dunamikì sÔsthma (4.1). Autì eÐnai èna prìblhma beltÐstou elègqou kai h sun�rthsh
axÐac pou to antiproswpeÔei eÐnai h

V (x0) = sup
(u1,u2)∈U

E

{∫ ∞
0

e−ρt[ln(u1(t)) + ln(u2(t))− 2x2(t)]dt

}
. (4.3)

H genikeumènh qamiltonian  s� aut  thn perÐptwsh sÔmfwna me thn (2.14) eÐnai h ex c

G(x, u, p, P ) =
1

2
σ2x2P + p

(
u− bx+

x2

x2 + 1

)
+

2∑
i=1

lnui − 2x2. (4.4)
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SÔmfwna me to Je¸rhma 2.3.1 kai upojètontac ìti h V eÐnai arket� omal  tìte ikanopoieÐ
thn HJB exÐswsh (2.33), dhlad 

ρV = sup
u1,u2∈B

G(x, u,DV,D2V ). (4.5)

'Opou U eÐnai to sÔnolo ìlwn twn metr simwn sunart sewn (u1, u2) : [0,+∞) → B me
B = (0,+∞)2.

To parak�tw l mma mac dÐnei th morf  pou mporeÐ na p�rei h HJB exÐswsh (4.5) gia tic
di�forec timèc tou DV .

L mma 4.2.1 H Hamilton-Jacobi-Bellman exÐswsh pou ikanopoieÐ h sun�rthsh axÐac V

paÐrnei th morf  ρV =

(
x2

x2 + 1
− bx

)
DV − 2

(
ln(−DV ) + x2 + 1

)
+

1

2
σ2x2D2V sthn

perÐptwsh pou DV < 0, en¸ an DV ≥ 0 tìte h qamiltonian  G den megistopoieÐtai .

Apìdeixh: Apì thn (HJB) exÐswsh èqoume

ρV = sup
u1,u2∈B

[(
u− bx+

x2

x2 + 1

)
DV +

1

2
σ2x2D2V +

2∑
i=1

lnui − 2x2

]
=

(
−bx+

x2

x2 + 1

)
DV +

1

2
σ2x2D2V − 2x2 + sup

u∈B

[
uDV +

2∑
i=1

lnui

]
.

(4.6)

OrÐzw: g(u) = g(u1, u2) = u1DV + u2DV + lnu1 + lnu2.
An DV < 0 tìte:

∂g(u1, u2)

∂u1
= DV +

1

u1
= 0⇒ u1 = − 1

DV
,

∂g(u1, u2)

∂u2
= DV +

1

u2
= 0⇒ u2 = − 1

DV
,

∂2g(u1, u2)

∂u2
1

= − 1

u2
1

< 0⇒ ∂2g(u1, u2)

∂u2
1

(
− 1

DV
,− 1

DV

)
= −DV 2,

∂2g(u1, u2)

∂u2
2

= − 1

u2
2

< 0⇒ ∂2g(u1, u2)

∂u2
2

(
− 1

DV
,− 1

DV

)
= −DV 2,

∂2g(u1, u2)

∂u1∂u2
= 0 kai D =

(
∂2g(u1, u2)

∂u2
1

)(
∂2g(u1, u2)

∂u2
2

)
−
(
∂2g(u1, u2)

∂u1∂u2

)2

= DV 4 > 0.

Opìte sto shmeÐo

(
− 1

DV
,− 1

DV

)
h sun�rthsh g parousi�zei mègisto to

g

(
− 1

DV
,− 1

DV

)
= −1− 1 + ln

(
− 1

DV

)
+ ln

(
− 1

DV

)
= −2− ln(−DV )− ln(−DV ) =

−2− 2 ln(−DV ).

Epomènwc apì thn (4.6) èqw

ρV =

(
x2

x2 + 1
− bx

)
DV +

1

2
σ2x2D2V − 2x2 − 2− 2 ln(−DV )⇒

ρV =

(
x2

x2 + 1
− bx

)
DV − 2

(
ln(−DV ) + x2 + 1

)
+

1

2
σ2x2D2V.
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'Omwc, an DV ≥ 0 tìte h sun�rthsh g eÐnai gnhsÐwc aÔxousa sto R2 me

lim
(u1,u2)→(+∞,+∞)

g(u1, u2) = +∞

opìte den parousi�zei mègisto, �ra h h qamiltonian  G den megistopoieÐtai .

2

Parat rhsh: Sthn perÐptwsh pou h sun�rthsh axÐac V eÐnai omal  kai h par�gwgoc
thc eÐnai arnhtik , dhlad  DV < 0, anamènoume ìti ja ikanopoieÐ mia bèltisth (optimal)
Hamilton-Jacobi-Bellman exÐswsh (OHJB), dhlad  to sup thc qamiltonian c na orÐzetai,
kai aut  ja eÐnai h ex c

ρV =

(
x2

x2 + 1
− bx

)
DV − 2

(
ln(−DV ) + x2 + 1

)
+

1

2
σ2x2D2V (OHJB) (4.7)

4.3 Stoqastikì qamiltonianì sÔsthma

Sto Kef�laio 1 melet same to stoqastikì prìblhma elègqou kai eÐdame to Je¸rhma thc
arq c stoqastikoÔ megÐstou kaj¸c kai to stoqastikì qamiltonianì sÔsthma. Sto parak�tw
je¸rhma loipìn, efarmìzontac autèc tic jewrÐec gia to prìblhma thc rhq c lÐmnhc pou
melet�me ed¸, ex�goume to bèltisto stoqastikì qamiltonianì sÔsthma.

Je¸rhma 4.3.1 To bèltisto stoqastikì qamiltonianì sÔsthma tou probl matoc mac eÐnai
to ex c 

dx̄(t) =

(
−2e−ρt

p(t)
− bx̄(t) +

x̄2(t)

x̄2(t) + 1

)
dt+ σx̄(t)dW (t),

dp(t) =

[(
b− 2x̄

(x̄2 + 1)2

)
p(t)− σq(t) + 4x̄e−ρt

]
dt+ q(t)dW (t),

(4.8)

me thn proôpìjesh ìti p(t) < 0, ìpou p(t), q(t) oi suzugeÐc metablhtèc kai x(t) h bèltisth
troqi�.

Apìdeixh: Apì th stoqastik  diaforik  exÐswsh (1.8) èqoume ìti

dp(t) = −
[(
−b+

2x̄

(x̄2 + 1)2

)
p(t) + σq(t)− 4x̄e−ρt

]
dt+ q(t)dW (t). (4.9)

EpÐshc sÔmfwna me thn exÐswsh (1.10) h Qamiltonian  H orÐzetai wc

H(t, x, u, p, q) = pu1(t) + pu2(t)− pbx+
px2

x2 + 1
+ qσx+

(
ln(u1) + ln(u2)− 2x2

)
e−ρt.

Opìte apì thn arq  stoqastikoÔ megÐstou (Je¸rhma 1.3.1 eidik  perÐptwsh 1) èqw

H(t,x(t), u(t), p(t), q(t)) = max
u∈U

H(t, x(t), u, p(t), q(t)).

'Estw loipìn h sun�rthsh

g(u1(t), u2(t)) = pu1(t) + pu2(t)− pbx+
px2

x2 + 1
+ qσx+

(
ln(u1) + ln(u2)− 2x2

)
e−ρt,

ja br¸ gia piì shmeÐo (u1(t), u2(t)) megistopoieÐtai.
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'Eqw loipìn:
∂g(u1, u2)

∂u1
= p+

e−ρt

u1
= 0⇒ u1 = −e

−ρt

p
,

∂g(u1, u2)

∂u2
= p+

e−ρt

u2
= 0⇒ u2 = −e

−ρt

p
,

∂2g(u1, u2)

∂u2
1

= −e
−ρt

u2
1

< 0,

∂2g(u1, u2)

∂u2
2

= −e
−ρt

u2
2

< 0,

∂2g(u1, u2)

∂u2
1

(
−e
−ρt

p
,−e

−ρt

p

)
= −p2eρt =

∂2g(u1, u2)

∂u2
2

(
−e
−ρt

p
,−e

−ρt

p

)
,

∂2g(u1, u2)

∂u1∂u2
= 0 kai

D =

(
∂2g(u1, u2)

∂u2
1

)(
∂2g(u1, u2)

∂u2
2

)
− ∂2g(u1, u2)

∂u1∂u2
= p4e2ρt > 0.

Opìte sÔmfwna me to krit rio megÐstou sto (ū1, ū2) =

(
−e
−ρt

p
,−e

−ρt

p

)
èqw olikì mègisto.

Epomènwc,

ū(t) = ū1(t) + ū2(t) = 2ū1(t)⇒ ū(t) =
−2

p(t)eρt
⇒ ū(t) =

−2e−ρt

p(t)
, (4.10)

(afoÔ ū1(t) = ū2(t))
�ra antikajist¸ntac thn (4.10) sthn (4.1) kai èqontac up� ìyin th sqèsh (4.9) paÐrnoume to
akìloujo bèltisto stoqastikì qamiltonianì sÔsthma

dx̄(t) =

(
−2e−ρt

p(t)
− bx̄(t) +

x̄2(t)

x̄2(t) + 1

)
dt+ σx̄(t)dW (t),

dp(t) =

[(
b− 2x̄

(x̄2 + 1)2

)
p(t)− σq(t) + 4x̄e−ρt

]
dt+ q(t)dW (t).

(4.11)

2

4.4 Melèth thc sun�rthshc axÐac

4.4.1 H sun�rthsh axÐac san mi� lÔsh ix¸douc

Sto prìblhma mac o Orismìc 2.3.1, twn lÔsewn ix¸douc, gr�fetai wc ex c

Orismìc 4.4.1 MÐa sun�rthsh V eÐnai lÔsh ix¸douc thc HJB exÐswshc sto O ⊆ R,
ìpou O eÐnai èna anoiqtì di�sthma, an ikanopoioÔntai ta akìlouja:

i. Gia opoiad pote ϕ ∈ C1,2(O), an y ∈ O eÐnai èna topikì mègisto gia thn V − ϕ tìte

ρV (y) ≤ sup
u∈U

G(y, u,Dϕ,D2ϕ)

ii. Gia opoiad pote ϕ ∈ C1,2(O), an y ∈ O eÐnai èna topikì el�qisto gia thn V − ϕ tìte

ρV (y) ≥ sup
u∈U

G(y, u,Dϕ,D2ϕ).
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Opoiad pote sun�rthsh V pou ikanopoieÐ thn (i) lègetai upolÔsh ix¸douc thc HJB exÐswshc
en¸ an ikanopoieÐ thn (ii) lègetai uperlÔsh ix¸douc.

'Opwc anafaÐrame kai sthn Enìthta 2.3, up�rqei ènac isodÔnamoc trìpoc na diatup¸soume tic
sunj kec (i) kai (ii) apì thn �poyh twn uperdiaforik¸n kai upodiaforik¸n thc V sto shmeÐo
x (Orismìc 2.3.3). All� pr¸ta ac doÔme pwc o Orismìc 2.3.2 twn uper- kai upodiaforik¸n
aplopoieÐtai sto dikì mac prìblhma.

Orismìc 4.4.2 'Estw V mia sun�rthsh apo to (α, β) sto R kai x0 ∈ (α, β). Tìte to
uperdiaforikì thc V sto x0 eÐnai to sÔnolo twn p0, P0 ∈ R, to opoÐo sumbolÐzetai me
D1,2,+
x V (x0) ètsi ¸ste na isqÔei

V (x) ≤ V (x0) + p0(x− x0) +
(x− x0)2P0

2
+O((x− x0)2). (4.12)

'Omoia, to upodiaforikì thc V sto x0 eÐnai to sÔnolo twn p0, P0 ∈ R, to opoÐo sumbolÐzetai
me D1,2,−

x V (x0) ètsi ¸ste na isqÔei

V (x) ≥ V (x0) + p0(x− x0) +
(x− x0)2P0

2
+O((x− x0)2). (4.13)

Opìte sth perÐptwsh mac, oi upolÔseic kai uperlÔseic ix¸douc mporoÔn epÐshc na oristoÔn
wc ex c

Orismìc 4.4.3 H sunj kh i isqÔei an kai mìno an

ρV (x0) ≤ sup
u∈U

G(x0, u, p, P ), ∀x0 ∈ O,∀(p, P ) ∈ D1,2,+
x V (x0).

'Omoia h ii isqÔei an kai mìno an

ρV (x0) ≥ sup
u∈U

G(x0, u, p, P ), ∀x0 ∈ O,∀(p, P ) ∈ D1,2,−
x V (x0).

Parat rhsh: An Dϕ < 0 tìte oi sunj kec i kai ii tou OrismoÔ 4.4.1 paÐrnoun tic ex c
morfèc

i. Gia opoiad pote ϕ ∈ C1,2(O), an y ∈ O eÐnai èna topikì mègisto gia thn V − ϕ tìte

ρV (y) ≤ sup
u∈U

G(y, u,Dϕ,D2ϕ)⇒

ρV (y) ≤
(

y2

y2 + 1
− by

)
Dϕ− 2

(
ln(−Dϕ) + y2 + 1

)
+

1

2
σ2y2D2ϕ.

ii. Gia opoiad pote ϕ ∈ C1,2(O), an y ∈ O eÐnai èna topikì el�qisto gia thn V − ϕ tìte

ρV (y) ≥ sup
u∈U

G(y, u,Dϕ,D2ϕ)⇒

ρV (y) ≥
(

y2

y2 + 1
− by

)
Dϕ− 2

(
ln(−Dϕ) + y2 + 1

)
+

1

2
σ2y2D2ϕ.
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4.4.2 Sqèsh arq c megÐstou kai dunamikoÔ programmatismoÔ

S� aut  thn enìthta ja doÔme p¸c sundèetai h arq  stoqastikoÔ megÐstou me to dunamikì
programmatismì. Sugkekrimèna ja anafaÐroume to parak�tw je¸rhma pou mac dÐnei th sqèsh
an�mesa stic suzugeÐc metablhtèc p(·), q(·) kai th sun�rthsh axÐac V .

Je¸rhma 4.4.1 'Estw ìti h sun�rthsh axÐac V eÐnai arket� omal  kai (x(·), u(·), p(·), q(·))
na eÐnai mia bèltisth tetr�da tou probl matoc mac. Oi sqèseic pou sundèoun thn pr¸th
kai th deÔterh par�gwgo, wc proc x, thc sun�rthsh axÐac, Vx kai Vxx antÐstoiqa, me tic
suzugeÐc metablhtèc p(·), q(·) eÐnai oi ex c{

Vx(t, x(t)) = −p(t),
Vxx(t, x(t))σ(t, x(t), u(t)) = −q(t), (4.14)

en¸ h sqèsh pou sundèei thn par�gwgo thc V wc proc to qrìno t, dhladh Vt, me thn pr¸th
kai th deÔterh par�gwgo wc proc x eÐnai

Vt(t, x(t)) = −σ
2x(t)2Vxx

2
− 2(x(t)2 + 1 + ln(Vx)) + Vx

(
bx(t)− x(t)2

x(t)2 + 1

)
. (4.15)

Apìdeixh: To sÔsthma (4.14) bgaÐnei �mmesa apì th sqèsh (3.6) tou Jewr matoc 3.1.1.
EpÐshc apì to Ðdio je¸rhma èqoume ìti

Vt(t, x(t)) = max
u∈B

G(t, x(t), u,−Vx(t, x(t)),−Vxx(t, x(t))), (4.16)

opìte apì thn sqèsh (4.4) paÐrnoume,

max
u∈B

G(x, u,−Vx,−Vxx) = −1

2
σ2x2Vxx−2x2 +Vxbx−Vx

x2

x2 + 1
+max
u∈B

{
−Vxu+

2∑
i=1

lnui

}
.

(4.17)
Akolouj¸ntac thn Ðdia diadikasÐa pou k�name sthn apìdeixh tou L mmatoc 4.2.1, h exÐswsh
(4.17) paÐrnei thn ex c morf 

max
u∈B

G(x, u,−Vx,−Vxx) = −σ
2x2Vxx

2
− 2(x2 + 1 + ln(Vx)) + Vx

(
bx− x2

x2 + 1

)
. (4.18)

'Ara, apì thn (4.16) kai (4.18) paÐrnoume ìti

Vt(t, x(t)) = −σ
2x2Vxx

2
− 2(x2 + 1 + ln(Vx)) + Vx

(
bx− x2

x2 + 1

)
.

2

Sqìlio: Sundu�zontac tic sqèseic (4.14) kai (4.15) lamb�noume to parak�tw apotèlesma

Vt(t, x(t)) =
σx(t)q(t)

2
− 2(x2(t) + 1 + ln(−p(t)))− p(t)

(
bx(t)− x2(t)

x2(t) + 1

)
.



48 KEF�ALAIO 4. TO PR�OBLHMA R�UPANSHS THS RHQ�HS L�IMNHS

4.5 To arijmhtikì sq ma

O skopìc aut c thc enìthtac eÐnai na proseggÐsoume arijmhtik� th sun�rthsh axÐac, mèsw
thc sÔgklishc monìtonou sq matoc, proseggÐzontac th lÔsh ix¸douc thc (OHJB). Upojè-
tontac ìti DV < 0, dhlad  h V eÐnai gnhsÐwc fjÐnousa, parousi�zoume to parak�tw sq ma
(gia proseggistik� sq mata bl. [GBS])


V

(l+1)
i =

αi
V

(l+1)
i −V (l)

i−1

∆x − 2

[
ln

(
−V

(l)
i+1−V

(l+1)
i

∆x

)
+ βi

]
+

σ2x2
i

2

V
(l)
i+1+V

(l)
i−1−2V

(l+1)
i

(∆x)2

ρ
i = 1, 2, . . . , L− 1 , l = 0, 1, 2, . . .

V
(r)

0 = V (xs1) , V
(r)
L = V (xs2) , r = 0, 1, 2, . . .

V 0
i , i = 1, 2, . . . , L− 1 eÐnai grammikìc sunduasmìc twn V 0

0 , V
0
L

(4.19)

ìpou: ∆x =
xs2 − xs1

L
me xs1 , xs2 na eÐnai ta sagmatik� shmeÐa.

Ac exhg soume ìmwc t¸ra pwc kataskeu�sthke autì to sq ma. Pr¸ta upologÐsame
ta sagmatik� shmeÐa kai thn arqik  sunj kh thc (OHJB) exÐswshc. Antikatast same
loipìn thn pr¸th, apì to dexÐ mèloc, par�gwgo DV sthn (OHJB) me thn {opisjodromik }

prosèggish peperasmènhc diafor�cDV (xi) '
V (xi)− V (xi−1)

∆x
, en¸ h �llh par�gwgocDV

antikatast jhke apì thn {proc ta emprìc} prosèggish peperasmènhc diafor�c DV (xi) '
V (xi+1)− V (xi)

∆x
kai tèloc h deÔterh par�gwgoc D2V èdwse th jèsh thc sthn D2V (xi) '

V (xi+1) + V (xi−1)− 2V (xi)

(∆x)2
. 'Etsi, èqoume thn parak�tw diakrit  prosèggish thc (OHJB)

ρVi =

(
x2
i

x2
i + 1

− bxi
)
Vi − Vi−1

∆x
− 2

[
ln

(
−Vi+1 − Vi

∆x

)
+ x2

i + 1

]
+
σ2x2

i (Vi+1 + Vi−1 − 2Vi)

2(∆x)2
,

thn opoÐa an th lÔsoume wc proc to Vi tou aristeroÔ mèlouc kai jètontac αi =
x2
i

x2
i + 1

−bxi

kai βi = x2
i + 1 paÐrnoume thn (4.19).

Sth sunèqeia akoloujeÐ èna je¸rhma sÔgklishc.

Je¸rhma 4.5.1 To arijmhtikì sq ma (4.19) eÐnai sunepèc kai monìtono, epiplèon eÐnai
stajerì kai suglÐnei sth swst  oriak  lÔsh ix¸douc.

Apìdeixh: H apìdeixh tou jewr matoc apoteleÐtai apì ta akìlouja b mata

• Kat� arq n ja apodeÐxoume ìti to arijmhtikì sq ma (4.19) eÐnai sunepèc. Autì ja gÐnei
me ton klasikì trìpo gia mejìdouc peperasmènwn diafor¸n. Xanagr�foume to sq ma
(4.19) antikajist¸ntac to Vi me V (xi) opìte èqoume èna sf�lma ri pou prostÐjetai
sto tèloc thc exÐswshc kai epiplèon qrhsimopoioÔme ta anaptÔgmata Taylor gia tic
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proseggÐseic peperasmènwn diafor¸n, dhlad 

Vi+1 − Vi
∆x

' V ′ + ∆xV ′′

2
,

Vi − Vi−1

∆x
' V ′ − ∆xV ′′

2
,

Vi+1 + Vi−1 − 2Vi
(∆x)2

' V ′′ + (∆x)2V (4)

12
,

opìte gÐnetai

ρV (xi) =αi

[
V ′(xi) +

∆xV ′′(xi)

2

]
− 2

[
ln

(
−V ′(xi) +

∆xV ′′(xi)

2

)]
− 2βi

+
σ2x2

i

2

[
V ′′(xi) +

(∆x)2V (4)(xi)

12

]
+ ri.

(4.20)

'Epeita afair¸ntac thn (4.20) apì thn (OHJB) exÐswsh kai qrhsimopoi¸ntac thn anÐ-
swsh lnx ≤ x− 1, x ∈ R èqoume ìti

ri = −2 ln(−V ′(xi))− αi
(

∆xV ′′(xi)

2

)
+ 2

[
ln

(
−V ′(xi) +

∆xV ′′(xi)

2

)]
− σ2x2

i

2

(
(∆x)2V (4)(xi)

12

)
≤ −2(−V ′(xi)− 1) + (V ′(xi) + 1)2 + · · ·+

2

(
−V ′(xi) +

∆xV ′′(xi)

2
− 1

)
− αi

(
∆xV ′′(xi)

2

)
− σ2x2

i

2

(
(∆x)2V (4)(xi)

12

)

≤ (V ′(xi) + 1)2 + · · ·+ ∆xV ′′(xi)

(
2− αi

2

)
− σ2x2

i

2

(
(∆x)2V (4)(xi)

12

)

⇒ |ri| ≤ (V ′(xi) + 1)2 + · · ·+ ∆x|V ′′(xi)|
(

2− αi
2

)
+
σ2x2

i

24
(∆x)2|V (4)(xi)|

⇒ max
1≤i≤L−1

|ri| ≤ K1 + · · ·+ ∆xK2 + (∆x)2K3 ≤ K1(∆x)2 + · · ·+K2(∆x)2 +K3(∆x)2

= C(∆x)2 ⇒ max
1≤i≤L−1

|ri| ≤ C(∆x)2,

ìpouK1,K2,K3,C jetikèc stajerèc. Aut  h sqèsh loipìn deÐqnei ìti to sq ma (4.19)
eÐnai sunepèc.

• To arijmhtikì sq ma (4.19) eÐnai èna proseggistikì sq ma thc morf c

g(r, x, ur(xi−1), ur(xi+1), ur) = 0 sto Ω,

ìpou h g : R+ × Ω × R × B(Ω) → R eÐnai topik� fragmènh (R+ ≡ [0,+∞) kai to
Ω ⊆ Rn eÐnai anoiqtì kai fragmèno). Ed¸, r = ∆x , x = xi kai ur eÐnai mia sun�rthsh
orismènh sto ∆∆x = {xi = 0, . . . , L} me ur(xi−1) = Vi−1 kai ur(xi+1) = Vi+1. 'Etsi
to arijmhtikì sq ma (4.19) gr�fetai wc ex c

g(∆x, xi, Vi−1, Vi+1, V ) = 0,
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ìpou

g(k, y, t, d, u) = ρui − αi
ui − t
k

+ 2

[
ln

(
−d− ui

k

)
+ βi

]
− σ2y2(d+ t− 2ui)

2k2
,

me αi =
y2

y2 + 1
− by , βi = y2 + 1 , k ≥ 0 , y ∈ ∆∆x , t, d ∈ R kai u ∈ B(∆∆x).

• To arijmhtikì sq ma (4.19) eÐnai monìtono. ArkeÐ loipìn na deÐxoume ìti

g(k, y, t, d, u) ≤ g(k, y, t, d, υ) an u ≥ υ,

gia ìla ta k ≥ 0 , y ∈ ∆∆x , t, d ∈ R kai u, υ ∈ B(∆∆x) me ui = υi = w.
'Eqoume loipìn

u ≥ υ ⇒ ui−1 ≥ υi−1 ⇒ −ui−1 ≤ −υi−1 ⇒
w − ui−1

k
≤ w − υi−1

k

αi<0⇒ αi
w − ui−1

k
≥ αi

w − υi−1

k
⇒

−αi
w − ui−1

k
≤ −αi

w − υi−1

k
, (4.21)

akìmh

u ≥ υ ⇒ ui+1 ≥ υi+1 ⇒ −
ui+1 − w

k
≤ −υi+1 − w

k
⇒

2

[
ln

(
−ui+1 − w

k

)
+ βi

]
≤ 2

[
ln

(
−υi+1 − w

k

)
+ βi

]
, (4.22)

kai tèloc isqÔei

u ≥ υ ⇒ ui+1 ≥ υi+1

u ≥ υ ⇒ ui−1 ≥ υi−1

}
+⇒ ui+1 + ui−1 ≥ υi+1 + υi−1 ⇒

ui+1 + ui−1 − 2w

k2
≥ υi+1 + υi−1 − 2w

k2
⇒

−1

2
σ2y2ui+1 + ui−1 − 2y

k2
≤ −1

2
σ2x2

i

υi+1 + υi−1 − 2y

k2
⇒

−1

2
σ2x2

i

ui+1 + ui−1 − 2w

k2
+ ρw ≤ −1

2
σ2y2υi+1 + υi−1 − 2w

k2
+ ρw. (4.23)

Opìte prosjètwntac kat� mèlh tic (4.21), (4.22), (4.23) èqoume

u ≥ υ ⇒ g(k, y, t, d, u) ≤ g(k, y, t, d, υ).

Pou shmaÐnei loipìn ìti to sq ma eÐnai monìtono.

• To sunepèc kai monìtono sq ma gia thn H-J-B exÐswsh eÐnai eustajèc kai sugklÐnei
sth swst  lÔsh ix¸douc (bl. [JAS], selÐda 104) .

2

Sth sunèqeia parajètoume mia prìtash gia th monadikìthta thc lÔshc Vi tou sq matoc
(4.19).
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Prìtash 4.5.1 H peperasmènh diaforik  exÐswsh (4.19) èqei monadik  lÔsh wc proc Vi
an to ∆x ikanopoieÐ thn akìloujh sunj kh

∆x ≤ min
i=1,...,L−1

(V (l)
i−1 − V

(l)
i+1

)
e
ρV

(l)
i−1
2

+βi−
σ2γi

(
V

(l)
i+1
−V (l)

i−1

)
4(∆x)2

 ,

gia l = 0, 1, 2, . . . me γi = x2
i .

(4.24)

Apìdeixh: OrÐzw

g(y) =
ai
ρ∆x

· (y − Vi−1)− 2

ρ
·
[
ln

(
y − Vi+1

∆x

)
+ βi

]
+

σ2γi

2ρ (∆x)2 (Vi+1 + Vi−1 − 2y)

me y ∈ (Vi+1, Vi−1).

Opìte èqw

g′(y) =
∆x · ai(y − Vi+1)− 2(∆x)2 − (y − Vi+1) · σ2 · γi

ρ · (∆x)2 · (y − Vi+1)
< 0 ∀y ∈ (Vi+1, Vi−1),

afoÔ αi < 0, ∆x > 0, ρ > 0 kai γi > 0. 'Ara h g(y) eÐnai gnhsÐwc fjÐnousa. EpÐshc orÐzw
th sun�rthsh h(y) = g(y)− y h opoÐa eÐnai kai aut  gnhsÐwc fjÐnousa sto (Vi+1, Vi−1) kai
isqÔei ìti

lim
y→V +

i+1

h(y) = lim
y→V +

i+1

(g(y)− y) = +∞.

Epomènwc h(Vi+1) > 0. Opìte gia na èqei h h monadik  rÐza sto di�sthma (Vi+1, Vi−1), afoÔ
eÐnai gnhsÐwc monìtonh (dhlad  èqei to polÔ mÐa), arkeÐ na isqÔei ìti h(Vi−1) ≤ 0. 'Eqoume
loipìn

h(Vi−1) ≤ 0⇔ g(Vi−1) ≤ Vi−1

⇔ −2

ρ

[
ln

(
Vi−1 − Vi+1

∆x

)
+ βi

]
+

σ2γi
2ρ(∆x)2

(Vi+1 − Vi−1) ≤ Vi−1

⇔ ln

(
Vi−1 − Vi+1

∆x

)
+ βi −

σ2γi
4(∆x)2

(Vi+1 − Vi−1) ≥ −ρVi−1

2

⇔ ln(Vi−1 − Vi+1)− ln ∆x− σ2γi
4(∆x)2

(Vi+1 − Vi−1) ≥ −ρVi−1

2
− βi

⇔ ln ∆x+
σ2γi

4(∆x)2
(Vi+1 − Vi−1) ≤ ln(Vi−1 − Vi+1) +

ρVi−1

2
+ βi

⇔ ln

[
∆x · e

σ2γi(Vi+1−Vi−1)
4(∆x)2

]
≤ ln(Vi−1 − Vi+1) +

ρVi−1

2
+ βi

⇔ ∆x · e
σ2γi(Vi+1−Vi−1)

4(∆x)2 ≤ (Vi−1 − Vi+1) e
ρVi−1

2
+βi

⇔ ∆x ≤ (Vi−1 − Vi+1) e
ρVi−1

2
+βi−

σ2γi(Vi+1−Vi−1)
4(∆x)2 .

H teleutaÐa anisìthta isqÔei gia k�je i = 1, 2, . . . , L − 1 lìgo thc (4.24). 'Etsi h h(y) =
g(y)− y èqei monadik  lÔsh sto di�sthma (Vi+1, Vi−1).

2
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