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Chapter 1

Introduction and

Preliminaries

1.1 Introduction

In this work, we are interested in the Wasserstein gradient flow theory, which
we investigate in a more applied framework, in Partial Differential Equations,
Measure Theory and Probability. Our primary aim is to present the seminar
parer by R. Jordan, D. Kinderlehrer and F. Otto [9], in which a discrete scheme
in time is being used in order to regard the Fokker-Planck equation (2.1) as
the gradient flow of a free energy functional. Then, we discuss another work
by Otto [10], in which the theory of Wasserstein gradient flows is being applied
in the porous medium equation (3.1). In order to present these works, we first
introduce some elementary results in optimal transportation theory on proba-
bility measures and discuss a very important property of the optimal transport

map, as it was first discovered by Y. Brenier [3].

1.2 Preliminaries

1.2.1 Transport of Measures

Let X7, X5 be separable metric spaces. Consider a probability measure on X7,
which we denote as p € P(X;) and r : X; — X5 a Borel (or p-measurable)
map. We define the image measure or the push-forward measure of p, which we
write r#p € P(Xs) as

r#u(A) == p(r~'(A)), for all Borel A C X,



and more generally, it holds
f(r(x)) du(z) = f(y) dr#pu(y), for all bounded Borel f: X5 — R.
X1 X2

For all probability measures p,v € P(X;), we observe that if u is absolutely
continuous with respect to v, the push- forward of ;1 under r is again absolutely
continuous with respect to the push-forward of » under r. One can also define the

composition of the push-forward measures, using exactly the above formulation

(ros)#u = rit(s#u),

where s : X; — X5, r: Xy — X3 (here X3 is again a separable metric space)
and p € P(X7).

Let u € P(X), where X is the product of separable metric spaces X :=
X7 x X9 x--- x X, for some n € N. We call marginals of p all the probability
measures p; € P(X;), for all ¢ € {1,2,...,n} for which there holds

/Xf(fi) dp(x, ... an) = /X f(@i) dpi (i),

for all bounded Borel f : X; — R. Formally, one can define the projection
operator on X by

7t (zy,. .. ) > a € X, forallie {1,2,...,n}
and then we have y; := w'#pu. It is also convenient to define
70 (21, Tn) = (w4, 15) € (X x X;),  foralli,je{1,2,...,n}

and then we write p;; := n"7#p € P(X; x X;). If p; € P(X;), we can define
the class of multiple plans with marginal u; as

F(:u“17:u‘27"'7un) = {/LE’P(Xl X Xo X «-- XXn):Wi#H:ﬂi,i:1,2,...,n}.

For n = 2, a measure p € I'(u1, po) is called transport plan between pp and
1o. We can associate a transport plan to each couple of measures p; € P(X1)
and ps = r#u; € P(Xz) with r: X7 — X5 a Borel map

= (id. X 1)1,

where id. is the identity map on X;. We then say that this transport plan is
induced by the transport map r. In [1, §5.2] we find the following very useful
Lemma:

Lemma 1 Let (X1, p1), (X, u2), (X3, u3) be Radon separable metric spaces and



consider the transport plans v,5 € P(X1 X X3) and v,5 € P(X1 x X3) such that
T H#Y12 = T #Y13 =
Then there exists

771’2#'7 =712

v € P(X; x Xo x X3) such that 13
TOUHY = Y13

and we denote the set

T (v19,713) == {7 € P(X1 x Xg X X3) : w2 #y = 10, 7 2%y = 713}
The above Lemma gives meaning to the following structure.

Remark 1 (Composition of plans). Consider the plans v,5 € P(X; x X3) and
Vo3 € P(Xa x X3). We say that v € ['3(,4,753) When

Th2Hy = Y12

v € P(Xl X XQ X X3) and
T2y = a3

while for I'?(y,5,753) to be nonempty, we require

771#’723 = 772#'712 = M2.

Observe that when v € I'?(vy,5,743), the push-forward 713#~ € T'(u1, u3) by
construction. We call 7,5 composition of ;4 and 43 and denote it as «v;50793.

Remark 2 (Radon spaces). Given a Borel measure p on X and a Borel subset

A C X, we call the measure p outer reqular on A when
(A) = inf {44(0) :: A C O open}
and inner reqular when
(A) = sup {u(K) : A D K compact }.

We say that p is a Radon measure on X if it is finite on all compact sets, outer
regular on all Borel sets and inner regular on all open sets. When p is finite,
and inner regular then it is tight (see Propositions 7.5,7.7 [6] and Theorem 5.1.3

[1]). Hence, tightness property is always guaranteed in a Radon space.



1.2.2 The Optimal Transportation Problem

The mass transference problem was introduced by Monge and then generalized
by Kantrorovich. In its general form, given two Radon metric spaces X and
Y, we consider the measures p € P(X) and v € P(Y) and a cost function
c¢: X xY — RT. Then Monge’s formulation reads as follows:

Find a transport map s : (X, u) — (Y, v), such that s#u = v, and achieves

the infimum of the transportation cost

/ c(z,s(x)) du(x). (1.1)
b'e

In Kantrorovich’s formulation we seek a probability measure v € I'(u, v)

that minimizes the generalized transportation cost
JCe (12)
XXY

Here v € T'(u, v) means exactly that v € P(X x Y) with first marginal p and

second marginal v i.e.

/ f(z) du(z) = / f(x) dy(z,y), for all bounded Borel f: X — R
b's XxYy

/ g(y) dv(y) = / g(y) dy(z,y), for all bounded Borel g: Y — R.
Y XxY

This is the Monge-Kantorovich problem (MKP), which is a weak formulation of
the original Monge problem. In that context, a minimizer v* € T'(u, ) is called
an optimal transport plan between the probability measures pu and v and the
set of all optimal transport plans is denoted as I'opt (1, 7). Monge’s formulation
is well-posed only if there exists a transport map s such that v = s#pu. For
example, there is no such mapping when p is a Dirac mass and v is not. This
problem is fixed by introducing the Kantrorovich’s formulation, since I'(u, v/) is
always nonempty; it always contains the product measure defined as in (1.5).
Nevertheless, Kantrorovich’s formulation is, certainly, a relaxed version of the
original problem in the sense that any admissible solution s to Monge’s problem
yields an admissible v = (id. x s)#u for the MKP.

The existence of an optimal transport plan when ¢ is lower semicontinu-
ous is provided by the tightness of I'(u, v). Indeed, since X and Y are Radon
spaces, the sequences {yu,} C P(X) and {v,} C P(Y) are tight and thus (using
Prokhorov’s theorem - [1, §5.1]) narrowly convergent to some p € P(X) and
v € P(Y) respectively. This property is equivalent to the tightness of T'(y,, vy,)
and we deduce the existence of a subsequence, which we still label «,,, such

that +,, — v* narrowly, to some v* € I'(u,v). Now, the lower semicontinuity



property reads

iimint [ g(a) du(o) > [ gla) du(o), (1.3)
for all {u,} € P(X), pn — p and for all lower semicontinuous functions g :
X — (=00, +00] bounded from below. Briefly sketching the proof of (1.3), it is
sufficient to take any subset C of bounded and continuous functions with dense

spanC in Cy(X) and suppose that Cy C C satisfies the approximation property

[ 5@ dnte) = su { [ @) duto) s e ot < f},
X p's
for all f € C (see [6],[1]). Then for all f € C there holds

liminf/Xf(x) dpn(x) > sup lim inf/X h(z) dpn ()

n—oo heCo n—oo
h<f

= sup [ (o) dula)
heCo J X
h<f

- /X f(&) du(a),

since g, — g in X. Back to the problem of our interest, (1.3) gives

it [ o)y = [ ey dy )
NI N (TR XxY XxY

and provided that «,, is a minimizing sequence i.e.

lim c(z,y) dv,(z,y) = inf / c(z,y) dp(x,y),
n—=o0 Jxxy YET (1) Jx xY

we immediately have that

/ c(z,y) dy*(z,y) < inf / c(x,y) dy(z,y).

XxY vel(wv) Jx xy

Noticing that the reverse inequality holds trivially, we conclude. Note that
there are some special cases where the existence of optimal maps is attained
without any further assumptions on the cost function besides positivity and
lower semicontinuity (see [1]).

Brenier in [3] introduced a projection problem associated to a particular
MKP for the cost function ¢ = (1/2)|x — y|?, regarding absolutely continuous
measures with respect to the Lebesgue measure. More precisely, he stated an
MKP (along with its corresponding dual problem and the so-called mized MKP)
on R?xQ, where Q € R?is a bounded and normalized domain equipped with the



d-dimensional Lebesgue measure. Under the assumption that the probability
measure ~ has absolutely continuous marginals with respect to the Lebesgue
measure, he stated and proved a polar factorization theorem for vector-valued
functions. Later in this chapter, we will see in detail this formulation and give

a proof for the polar factorization theorem by Brenier.

1.2.3 The Wasserstein Distance

The squared Wasserstein distance of order two, between two probability mea-

sures 1 and jp on R? with finite second moments is given by

Wipy, u2)? =  inf / |z —y|? y(dz, dy), (1.4)
~YET (p1,p2) JRd xR
where | - | denotes the usual Euclidean norm on R%. We denote as P?(R?) the

set of all probability measures ;1 on R? with finite second moments i.e.
/ |z|? du(x) < +o0.
Rd

If gy and pp € P2(R?), the set I'(u1, u2) contains all probability measures on
P2(R? x R?) with first marginal y; and second marginal po. In other words, we
require for all Borel A C R? to hold

YA XRY) = pi(A) and y(R? x A) = pz(A).

Now, I'(u1, p2) is nonempty, since it always contains the product measure gy X g
which is

~(A x B) = 1 (A)ua(B), for all Borel A, B C RY, (1.5)

so W(u1,u2) € [0,400] is well-defined. Also, the finite second moments re-
quirement ensures that W (i, p2) € [0,400). Actually, the variational problem
defined by the Wasserstein distance (1.4) is exactly a MKP, formulated for the
particular cost function ¢ = |z —y|?. We can define in a similar way the Wasser-
stein distance of order p (p > 1).

It is easy to show that (1.4) defines a distance. Indeed, it is trivial to show
that (1.4) is non-negative, symmetric in the arguments p1 and pe and vanishes

whenever p; = ps. For the triangle inequality

W, p3) < W, pi2) + Wi(pa, pi3), (1.6)

let «v;5 and 7,5 be optimal in the definition of the Wasserstein distance between



w1 and po and ps and pg respectively i.e.

1/2
W) = ([ o= otz
R4 xR
1/2
W (g 1) = ( [ -l 723<dx,dy>) .
R4 xRd

Since ml#yy; = m2#vy15 = pa, we use remark 1 to deduce the existence of a
measure v € P(R3?) such that 7b2#~y = v, and 7234~ = v,3. Theefore

W1, p2) = [|[o1 — @2l L2 (ra )
W2, p13) = w2 — 23]l L2(ra )

and by construction ;5 0 yg3 = v13 = 7 #v € I'(u1, u3). Since

21 — 3|l L2(ra y,y) = 121 — 23]l L2@RA )

we get (1.6) from the standard triangle inequality for the LP distance.

If uy is absolutely continuous with respect to the Lebesgue measure, by
Radon-Nikodym theorem, there exists a Lebesgue measurable function p; such
that duq(x) = p1(x)dx; p1 is a probability density function. Then the set of all
optimal transport plans between p1 and o, Iopi(p1, p12) is reduced to a single

measure v, which is induced by a Borel mapping r : R* — R? as
[ sy = [ fer@)ne d
Rd x R4 Rd

for all f € Cy(R?). We call r the optimal transport map pushing p, forward
to psa. If o is also absolutely continuous with respect to the Lebesgue measure
with density po, the optimal transport map r is 1 —a.e. essentially injective and
its inverse r~! is the optimal transport map pushing po forward to p;. Indeed,
if s is the optimal transport map between p1 and pe the uniqueness of optimal

transport maps gives

[ tar@m@ o= [ fa)ydedn) = [ s dy

for all f € Cy(R?). It follows that s or = id.. Of course, when u; and ps
are absolutely continuous with respect to the Lebesgue measure, and can be
written in terms of densities, we denote the corresponding Wasserstein distance
as W(p1, p2) over the set of I'(p1, p2).

Next, we will see that given a probability measure with density p € Pc,(R9),
for all r € LP(RY, p) such that the push forward r#p dz is again absolutely

continuous with respect to the Lebesgue measure, we can write the transport



map r as the gradient of a convex, lower semicontinuous function of a measure

preserving map, performing Brenier’s polar factorization.

1.2.4 Polar Factorization for Vector-Valued Functions

Consider a probability space (X, 1) and a bounded normalized domain 2 C R%,
equipped with the d-dimensional Lebesgue measure |- |. Under some necessary
assumptions on X and , we have that for all non-singular r € LP(X, u; R%)
(in the sense that p(r~'(A)) = 0, whenever £L¢(A) = 0) there exists a unique
polar factorization of r, i.e. r = Vip o s, where ¢ € ) is a convex function and
r:(X,pu) — (Q,|]) is a measure preserving map.

Given a measure o on R such that
@+l daw) < +ox. (17)
we introduce a different aspect of the problems (1.1)-(1.2) (see [3], [12], [5]).

The primal MKP. We seek a function ¢ € C(R%) N L}(R?, o) that min-

imizes
@ da
]Rd

and a function 1 € C(2) N LY(Q, B) that satisfies

[was=o, (1.8)
Q
such that

ey)+¢v(z) >y -z, forall(y,z2)e€ R? x Q. (1.9)

The dual MKP. We seek a probability measure p € P(R? x Q) that

maximizes

/ Y-z dp(y, z),
RdxQ

under the conditions

/ lyll dp(y, 2) < +o0 (1.10)
RIxQ



and o and B are the marginals of p on R% x Q respectively i.e.

/ 1) dp(y, 2) /f )da(y), forall f € C(RY): |f(y)] < c(1+ lyl)
RdxQ
(1.11)

/ g(z) dp(y, z) = / 9(2)B(z) dz, for all g € C(Q), (1.12)
R4 X0 Q

for some constant ¢. Here f3 is a probability density (which we identify with the
probability measure for simplicity: d8(z) = B(z) dz), so the probability measure

[ is absolutely continuous with respect to the Lebesgue measure.

The mixed MKP. Here, we find functions ¢ € C(R%) N LY(R%, ), ¢ €
C(Q)NLY(£, 3) and a probability measure p € P(R? x ) such that (1.7)—(1.12)
hold and moreover

/Rdgodozg /Rd Qy~zdp(y,z). (1.13)
X

Note that for the dual and the mixed MKP we need p to be a tight probability
measure on R? x O and p(R? x 9Q) = 3(9Q) = 0, for (1.10)-(1.12) to hold.
We can now introduce the set

:{MWM( B)nC@ /wdﬂ—o and 3 :R?—RU{+o0)
convex and lower semicontinuous with |q = 1;}

and for the weighted Sobolev space
WhP(Q,8) = {f € L’(Q,B) : Vf € L’(2, B;R")}
the set
K={V¢:¢yc Wh?(Q,5) and 4 is convex}.

Theorem 1 (Polar Factorization). Let N be the set of all v € LP(X, u; RY) for
which the following non-degeneracy condition fails

w(r=1(A) =0, forall AC R? Lebesgue null set. (1.14)

Then for allr € LP(X, u; R?)\N, there exists a unique pair of functions (V1,s)
such that V¢ € K, s : (X,p) — (Q,8) is a measure preserving map and
r=Vyos.

Proof. We present this proof in four steps. The first two steps include the



proving procedure of some very useful ‘a-priori’ results, given a solution for
the mixed MKP. A less careful reader could take under consideration formulas
(1.15)-(1.18) and (1.27)-(1.30) and proceed to the main body of the proof re-
garding the existence and uniqueness of the polar factorization, which follows
in steps & and 4.

Step 1. First we will show that if (¢, ¢, p) is any solution of the mixed MKP,
then

ek wd [Voloas= [ llda),  (119)
0 = zigg{y-z—w(z)} for all y € R, (1.16)
do(y,2) = 8y~ VY()B(G) dz (11T
/Rd<pda:/RdXQy~zdp(y,z) and /Qq/;dB:O. (1.18)
Define
By) = suply -z —u(z)} forallye R?, (1.19)

and since (¢, p, p) is a solution of the mixed MKP, (1.9) holds. Thus
¢(y) < p(y), forallyeR’ (1.20)
Fix a zg € , then (1.9) and (1.20) give
G(y) >y - 20 — P(z), forall y e RY,

so ¢ is finite everywhere. Also, notice that since € is bounded, Q C B(0, ), for
some ¢ > 0, then from (1.19) we have that ¢ is convex and Lipschitz continuous
with Lip(¢) < £. Now define

Y(z) == sup{y-z—@(y)} forall z € R (1.21)
yEeR

Here ¢ : R - RU {+0o0} is a well-defined convex and lower semicontinuous
function and @, 1) are convex conjugates i.e. ¢ = ¢* and ¥ = $*. Now, (1.19)
and (1.21) give

¥(z) <tp(z) and (z) > —p(0) > —oo. for all z € Q. (1.22)

From (1.8) we have

/Q 114+ 1(2)|8(2) dz < +o0,

10



which combined with (1.7), the definition of mixed MKP and (1.22), give that
¥ e LY, B), ¢ € L'(RY, a). In addition, we observe that (1.20), (1.22) and

(1.21) give
/gpda</ p da,
Rd

/ww</¢m

(W) +v(z) >y 2

for all y, z € R? and since o and 3 are the marginals of p, it follows

0< /Rd Q(sZJ(y)JHZJ(Z) —y-2)dp(y, 2)

:/ 3(y) da+/ d(z)dB— | y-zdply.z)
R4 Q R xQ
< / o(y) do+ | ¥(2) dB — Y- zdp(y, 2).
R¢ Q R x O}
But
/ o(y) da +/ Y(z) dB — _y-zdp(y,z) <0,
R Q RixQ

because (1, ¢, p) is a solution to the mixed MKP and therefore (1.8) and (1.13)
hold. So we have exactly that ¢(y)+v(z) = y- 2, p-a.e. on R%xQ and moreover
because of (1.20) and (1.22), we get

p=¢=sup{y -z — ()} a—ae
z€EQ

Yp=9=suply-z—p(y)} B—ae

yER?

/Rdséda—/ soda—/RdXQy z dp(y, 2)
/wdﬁ /¢Wﬁ—o

Observe that by definition, ¢ € C(Q) and since the convex function @ =
B-a.e., @L is locally Lipschitz continuous on 2. Therefore

¥ =1 everywhere on (2. (1.23)

Moreover, Vi : Q — R? is well-defined up to a Lebesgue-null set as a Borel

11



map and 0Y(z) = {Vy(z)} a.e. on Q. It follows that
2 €0P(y), y€op(z) p-a.eon R xQ (1.24)

and since a and S are the marginals of p and § is absolutely continuous with

respect to the Lebesgue measure
P ({(y,2) € R x ©:09(2) # {Vi(2)}}) =
because p(R¢ x 9Q) = 3(9Q) = 0 by definition. So we have
y = Vi(z), p-a.conR?xQ. (1.25)

If we choose f € C(R? x Q) such that |f(y)| < ¢(1+ ||y||), for some constant ¢
for all (y,z) € R? x Q, (1.10) gives that

[l dpty. ) <+
R xQ

so f is p-integrable. The (1.25) gives

[t et = [ fV6().2) dptnn) = [ F(T0().25) d:
(1.26)

so d(y,z) = 6(y — V(2))B(z) dz. Now choose f = ||y||; in such case, we get
from (1.26)

/ IVe(2)]18(z) dz = / lyll day) < +oo,
Q R4

so ¢ € WhH(Q, B) and from (1.23) we conclude that (1.15) indeed holds.
To conclude step 1, consider the additional case where « is also absolutely
continuous with respect to the Lebesgue measure. We will prove that

z2=Vy*(y) and y=Vi(z), p-a.e. on R? x Q, (
2z =Vy*(Vi(z)), B-a.e. onf, (1.28

Y= VH(VI(W), aae onRE,

dp(y,2) = 6(y — V¢*(y)) da(y). (

Now, ¢* is Lipschitz continuous on R? and therefore Vi/* : R — R? is well-

defined a.e. as a Borel map. Also since the measure « is absolutely continuous

12



with respect to the Lebesgue measure, the following set is a—null

{y e R": 00" (y) #{VY*(y)}}.

Therefore, OY*(y) = {Vy*(y)} for p — a.e(x,y) € R? x Q. This way we obtain
(1.28), (1.29) and (1.30).
Step 2. Here, consider a 1 € Kj such that

/ F(T0()B() dz = [ f(y) dady), (1.31)
Q R4

for all f € C(R?) such that |f(y)| < c¢(1 + ||yl|), for some constant c. Then the
MKP has a unique solution (¢, ¢, p) for which (1.16) and (1.17) hold. In order to
prove that claim, remember that since ¢ € Kj it follows that Vi € LY(Q, 8;R?),
hence p is well defined by (1.17), while (1.26) holds for all f € C(R? x Q) such
that |f(x,y)| < c(1+ ||lyl]), for some constant ¢. Using the latter, (1.15) gives

/ (14 lyll) dp(y, 2) = [(1+ [V (2)|)B(z) dz < +oo.
RdxQ Q

But (1.31) and (1.17) indicate that the marginal of p on Q is 8 and on R? is «,
while because ¢ € K the convexity property holds

() +V(z) - (2—2) <¢(Z), forallZeQ, andallz€ Q\E, (1.32)

where F is a Lebesgue-null subset of . Also, there exists a p—null subset of
R? x Q, we call F, such that y = V(z), for all (y,z) € R x Q\ F. So (1.32)

gives
Y(2) +y(Z —2) <(3), forall Z€Q, and all (y,2) € (R x (2\ E))\ F.
But observe that the set A4 := (R? x (Q2\ E)) \ F has p—measure 1, since
1-p(4) <p (R x (0QUE)) p(F) = B(ONUE) =0,
SO

o(y) =" (W) =suply -2 ¢(2)}, forallye R?

satisfies

d(y)+1(z) <y-z, p—ae onRxQ.

13



It follows that

/qubdaJr/deﬁg/Rdmy.zdp(y’z)

and because of (1.9), we have exactly that
d(y) +(z) =y-2, p—ae onRxQ.

So (¢,1,p) for ¢ = ¢* is indeed a solution to the mixed MKP.

For the uniqueness part, consider a solution ((;AS, 1&) to the primal MKP and a
solution p to the dual MKP. Then (¢, 1, p) and (¢, 1), p) solve the mixed MKP.
Observe that since p solves the dual MKP, it maximizes f]Rde y -z dp(y, 2),
while (1.9) holds for the solution (¢,4), p(R? x 9Q) = B(9Q) = 0 and by
definition gZA) minimizes fRd ¢ da. We then obtain

/ ,y'zdp(y,Z)S/ Y- zdp(y,z)
RdxQ RdxQ

= [ ¢da+ [ ¢ dp
R4 Q

= éda
]Rd

< [ oda= [ yrdple). by )
R4 RIxQ

So, we actually have equalities, and thus (¢, %, p) and ((;AS, 0, p) solve the mixed
MKP. Tt follows that (1.15), (1.16) and (1.27) hold and therefore p = p, Vi) =
Vi a.e. on Q. Moreover, because zﬁ,w € K and € supposed to be connected,
eventually 7,/} =1 and ngS = 7,/;* =Y*=¢, a—a.e.

We can now proceed to the main body of the proof for the polar factorization
theorem.

Step 3. (Ewistence of a Polar Factorization). Let u € L'(X, u; RY) such that
(1.14) is satisfied. This means exactly that the probability measure « defined

as

[ ) dat) = [ flat) dua), forall feCurY) (133
is absolutely continuous with respect to the Lebesgue measure and da(y) =
a(y) dy, where « is a non-negative Lebesgue integrable function on R?. Com-

bining (1.16), (1.17) and (1.30) we get

dp(y,2) = 0 (y — Vi(2)) B(2) dz = 0 (2 — Vo(y)) a(y) dy, (1.34)
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and since u : (X, u) — R? and V¢ : R? — R? are Borel maps s(x) := Vé(u(x))
defines a Borel map. Now, s is measure preserving since using (1.33) and (1.34)

we have
/ F(s(2)) da(r) = / F(Vo(u(z))) du(z)
X X
= Rdf(%(y))a(y) dy
- / f(2) dp(y. 2)
RIxQ
- / F(2)B(2) dz, for all f € CL(RY) (1.35)
Q

and this can extended to any f € L'(Q, 3).
To prove existence, it is enough to show that u(z) = Vi (s(z)), for u — a.e.
x € X. Now, we define the set

M :={z e X :u(x) # Vi(s(z))}
and prove that is u—negligible. Indeed,

M ={z e X :u(x) # Vi(s(z))}
= {r € X :u(z) # Ve (Ve((2)))}
=u !l ({y e R V§(Vou)}) -

So, by (1.33), (1.29) and (1.17)

(M) =a({y e R": Vy(Vo(y))})
p({(y,2) eR x Q: V§(Ve(y))}) = 0.

Step 4. (Uniqueness of the Polar Factorization). Assuming that u can be
written as Vi’ os’, where s’ is an element of the convex hull of K and ¢ € K,
we will show that 1)’ = and s’ =s = Vgou, u—a.e. on X. For all f € C(R%)
with |f(y)] < ¢(1+ |ly||), for some constant ¢, by (1.33) and assuming that s’ is

measure preserving it follows
Fwaly) dy = / f(u(z)) du(z)
R4 X
- / F(V4(8'(2))) dp(z)
X
- /Q £ (2))8(2) dz.
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Then, from step 2. we deduce that
=, (1.36)

Finally, notice that s’ = Vpou = s, u — a.e is equivalent to s’ = Vgpo Vi)' os’.
Indeed, (1.35) and (1.36) give

p({r e X :(x) £ VoV (s'(@)}) = B ({z € Q: 2 # Vo(Vi(2)})
—p({(1.2) € R x Q: 2 £ Vo(Vi(2))})
=0,

which concludes the proof. |

Remark 3 A significantly simplified and more straightforward proof was given
by W. Gangbo in [7]. He based his analysis in examining the dual problem of
(1.2) (namely (1.37)-(1.38)), using elements of convex analysis.

Remark 4 (The duality formula). The dual problem of (1.2) is to find the

sup{ [ ota) duta) + [ vt vt} (1.37)

over all continuous and bounded functions such that ¢(z) + ¥ (y) < c(z,y),

which in the case of our interest becomes
1 2
¢@) +4(y) < 5le -yl (1.38)

After an appropriate change of variables setting

3a) = glel? - o)
9(@) = 3lel? ~ ¥()

the problem (1.37)-(1.38) is transformed into minimizing
[ dte) duto) + [ (o) vty
b'e Y

subject to ¢(z) + ¥(y) > x - y which, according to Brenier, is the primal MKP.
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Chapter 2

A Variational Formulation
for the Fokker-Planck

Equation

In this chapter we discuss the pioneering work by F. Otto, R. Jordan and D.
Kinderlehrer [9], where the solution of the Fokker-Planck equation

0

57 =V (pV¥) 87 Ap (2.1)
is considered as the limit of a sequence of solutions for a discrete, time-dependent
variational scheme. A normalized solution for a given Fokker-Planck equation is
a probability density p(t, z) defined for almost every fixed time ¢, that describes
the position or the velocity of a moving particle according to the associated Ito

stochastic differential equation namely

dX(t) = —VU(X (1)) dt + /28T dB(t)
X(O) = XOv

where B(t) denotes the standard n-dimensional Brownian motion, § is the in-
verse temperature, while X is an n-dimensional random variable with probabil-
ity density po. In that work, the drift coefficient in the Fokker-Planck equation
is considered as the gradient of a smooth, non-negative potential ¥(z) : R? —
[0, +00), namely ¥ € C°(R?), ¥(x) > 0, for all z € R? and furthermore

VU(2)| < c(¥(z) + 1), forallz e R (2.2)

for some finite constant c.

Under that assumptions, the introduced discrete scheme is constructed based
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on the minimization of the functional
1 _
R(p) == 5W (", p)* + hF(p) (2.3)

whose minimizers p(*), via an appropriate interpolation and some additional
assumptions we shall mention later, converge to the solution of the Fokker-
Planck equation. Here W (p*=1, p)? is the squared second-order Wasserstein
distance (1.4) between the probability densities p%*=1 and p, h denotes the time

step size, while F'(p) is the free energy functional
F(p) = E(p) + B8~'S(p), (2.4)
where E(p) is the energy functional defined as
E(p) :/ Vp dx (2.5)
RA

and S(p) denotes the negative of Gibbs-Boltzmann entropy functional

S(p) = /Rd plog p dz. (2.6)

In that point, let us emphasize that we seek for minimizers for (2.3), with
finite second moments under the assumption that p° = p(©), which is a given
probability density on RY. More precisely, p° belongs to the set of admissible
densities

K= {p :R? — [0,00) measurable

/ p(x)deM(p)mo}, (2.7)
R4
where

M) = [ lafp(o) da,

while we minimize over all probability densities p € K.

As the authors explain in [9], the choice of (2.3) comes in a natural way,
in order to be able to consider the Fokker-Planck equation as a gradient flow
of the free energy functional with respect to the Wasserstein distance. To be
more specific, according to [13], there exists a unique stationary solution for the
Fokker-Planck equation

ps(x) = Z7 " exp{BY¥(x)},

where

7z /R exp{BU(x)} dz
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is the partition function and in order Z < 400, we require ¥ to grow rapidly
enough. The Gibbs distribution ps minimizes over all probability densities on
R? the free energy functional F(p) and even when p, cannot be defined, we are
still able to define F(p), for a p(t, z) which satisfies the Fokker-Planck equation,
assuming that F(p°) < +oo (this is also a requirement in theorem 2). It is also
known that the free energy functional decreases in time for any solution for the
Fokker-Planck equation [13]. In that context, Otto et al. show that at each
time, the solution p(¢,-) of the Fokker-Planck equation follows the direction of
the gradient flow of the free energy functional, with respect to the Wasserstein
distance (1.4), on the set of probability densities in K and in order to do so,
they use a discrete formulation in time.

We present here those results, starting with the proof regarding the existence
and uniqueness of the minimizer p(*) for (2.3). Then, we will discuss the proof
where the sequence of minimizers {p(k)}keN converges to the unique solution of
(2.1), p(t,z) in L*((0,T),R%), for all finite time intervals (T < +o0), as we let
the time step size h — 0.

2.1 Minimizer for the Discrete Scheme

In this section, we examine existence and uniqueness of the solution for the
minimizing scheme associated with (2.3).

Proposition 1 Given p° € K, there exists a unique p™*) that minimizes (2.3),

over all p € K.

Proof. We divide the proof into three steps. In the first step, we argue that the
functional (2.6) is well-defined on the space of admissible densities K; then hav-
ing established that our problem is well-posed, we proceed in proving existence

and uniqueness for the minimizer, in steps 2. and 3. respectively.

Step 1. Now, we show that S is well-defined on K : for all a € (d%'i27 1) there
exist a constant C = C(d) < 400 such that
S(p) > —C(M(p)+1)*, forall p € K. (2.8)

Actually, a finer estimate can been proven: there exists a constant C = C'(a, d) <
+o00 such that for all R > 0 and p € K we have

H(a(2+d)—d)
! ) M)+ 1), (29)

in{plog p,0}dz < C | ———
/Rd_BRImm{p og p,0}|dz < (R2+1

where Bp denotes the ball of radius R centered at zero. Let us begin with
observing that when fixing an a < 1, there holds

| min{zlog z,0}| < Cz* for all z > 0.
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Using Hoélder’s inequality we have the estimate

/ | min{plog p,0}|dx < C p* dx
RI—Bp

RY—Bpg

o |rv|2+1)"

=C d

Rd'—BRp <|.’L‘|2+1 v

_a l—a

<C / (#) o dz (/ p(|z|® +1) dx)a
o ri_p, \ 2] +1 Re_Bp
<C L ﬁd - M n®
< /DMR(WH) o) (M) + 1)

But for 1%~ > ¢ there holds

a

1 ey 1 254
_ de < C [ ———
/RdBR (wl2+1> v (R2+1>

and this way we obtain (2.9).
Step 2. The functional (2.3) is bounded below, since given the optimal
~ € T(po, p1), the inequality |z1]? < 2|zg|? + 2|z¢ — 21| implies

/ |z1)? ~(dxo, dzy) < 2/ lzo|? + |0 — 21| y(dxo, dz1)
R4 xR4 R4 xR

/d |z1|%p1 dzy < 2/d |zo|%po dxo + 2/4 ) lzo — 21| ~y(dzo, dz1)
R R Rd xR

S M(pr) < 2M(po) + 2W (po, p1)?, (2.10)

for all pg, p1 € K. Under the assumption that ¥(z) > 0 for all z € R4, it follows
that, using (2.10) and (2.8), one may obtain the bound

WD, 9 4 hE() > 1M (p) — 5 M(*) + hS(p)
> M(p) — SM(p* D)~ Ch(M(p) + )% (211)

Consider a minimizing sequence {p,} for R(p). Then
{S(pn)} is bounded above, (2.12)
while, because of (2.11), the sequence

{M(pn)} 1is bounded, (2.13)
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which combined with (2.9), gives that

{/ | min{p,, log pn, 0} dx}
Ri—Bp

is bounded. The latter together with (2.12) imply that
/ max{pn, log p,,0} dx is bounded (2.14)
Ri—Bp

too. Let us now consider the mapping z — g(z) := max{zlogz,0}, for z €

[0, 00) which is convex, has super-linear growth and moreover

lim M

z—00 2

:+OQ

This elementary observation combined with (2.14), allows us to use the de la
Vallé-Poussin theorem to confirm uniform integrability for {p,}. Then because
of (2.13) it is not difficult to verify that {p,} is uniformly bounded too. Con-
sequentially, the Dunford-Pettis theorem (see [4]) implies the existence of a
density p*) € K such that extracting a subsequence if necessary (which we will

still label {p,} for simplicity)
pn — p® weakly in L' (RY). (2.15)

It remains to show the lower semicontinuity conditions

S(p™*)) < liminf S(p,), (2.16)
n—oo
E(p™) < liminf B(p,,), (2.17)
W(p*Y, pM)? < liminf W (p*1, p,,)?. (2.18)
n—oo

For (2.16), owning (2.15), we use the convexity of the maps z — zlogz and
z+— g(z) > 0, to derive

/ p) 1og p®) dx < lirr_1>inf/ pn log pp, dzx, (2.19)
Br n—oc JBgr

/ max{p¥ log p®, 0} dz < lim 1nf/ max{py, log p,, 0} dz, (2.20)
RI—Bp RI—Bp

n—oo

for any R < co. From (2.9) and (2.13), sending R — oo we obtain

lim bup/ | min{p,, log pp,, 0}| dz = 0. (2.21)
R—r00 peN —Br
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Finally, combining

S(p™M) < /

") log p*) da + / max{p® log p( 0} du
Br

Ré—Bp

with (2.19), (2.20) and (2.21) we obtain (2.16). For (2.17), we use (2.15) and
Fatou’s lemma. Now, moving to (2.18), first choose an admissible transport
plan v, € T'(p*~1), p,), such that

- 1
/ |z =y, (dz, dy) < W (", p,)? + —.
R x R4 n

Then, (2.13) implies that the sequence of probability measures {p, £L?} is tight or
precompact with respect to the narrow convergence in the space of probability
measures on R (see [2, chapter 5]). Likewise, since M (p*~1)) < oo, we deduce
that {p*~1 £} is tight too and Lemma 5.2.2 [1] allows us to pass the tightness
property on {v,,} € T'(p®*~1) p,). Thus, invoking Prokhorov’s theorem, there
exists a subsequence of {,,}, (which we will still label {~,,} for simplicity) such
that

Y = narrowly to some ~y € ['(p~1, p(¥)),
Finally, consider a continuous function ¢ : R — [0, 1] such that

1 when inside of Bg
pr(z) = ,
0 outside of Byg.

Then a straightforward analysis reveals that for all fixed R < oo

/ er(@)er(y) |z — y*y(dz, dy)
R4 x R4

= lim or(x)erY)|x — y|*y, (dz, dy)

n—oo Rd xRd

< liminf W(p®*=Y, p,)2,

n—oo

while using the Monotone Convergence theorem

W(p*=1 pk))2 < lim er(@)er(y)|z — y|*y(dz, dy).

R0 Jpaxpa

Step 3. For the uniqueness of the minimizer, we argue that K is convex,
while (2.3) is strictly convex: S is strictly convex, p +— W (p*~1) p) is convex

over K and F is linear. [ |
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2.2 Convergence to the solution of the Fokker-

Planck equation

We are now ready to discuss upon convergence to the solution of (2.1) intro-
ducing the associated variational scheme: Given a finite time interval (0,7"), we
discretize it uniformly and at each time step we consider the unique minimizer
of (2.3). After an appropriate interpolation in time, this sequence of minimizers
converge narrowly in L'(R?) and eventually for all times ¢ € (0, +0c0), to the
unique solution p(z,t) of (2.1); moreover, p satisfies the initial condition of the
discrete scheme and for any finite time horizon T, M(p) and E(p) € L>((0,T)).

Theorem 2 Given p° € K with F(p°) < co and h > 0, consider the sequence
of minimizers {pék)} of (2.3), over all p € K and define py, : (0, +00) x R — R4
as pu(t) == p\¥) for all t € [kh, (k + 1)h), k € No. Then

pn(t) —— p(t)  weakly in L*(RY), for all t € (0, +00), (2.22)

h—0t

where p € C*((0, +00) x R?) is the unique solution of the Fokker-Planck equa-
tion (2.1) and satisfies

p(t) — p°  in LY(RY), (2.23)
M(p),E(p) € L*((0,T)), for allT < +o0. (2.24)

Proof. We organize this proof into four steps. The first part is about calcu-
lating the discrete derivative of :(p) with respect to time, in order to write a
formula in relation to its first variation and then suitably estimate the associated
gradient flow of the free energy functional. In the second part of the proof, after
constructing some useful bounds, we deduce a weaker formulation of (2.22), for
a finite time horizon. As for the third part, we work to derive (2.22) which allow
us to take the limit as & — 0% in the gradient flow inequality, we constructed in
the first step. Finally, we show that each solution for this variational problem
is smooth, satisfies the Fokker-Planck equation and the initial condition and it
is unique.

To simplify the notation, let g = 1.

Step 1. Consider a smooth vector field with bounded support £ € C2°(R%, R9)
and for 7 € R define the flow {®,} by

0, P, = €(®,), forall T € R, g =id. (2.25)
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Then for any 7 € R, let (p,L£%) := &, #(pF) L) i.e.

/ e(y)p-(y) dy = / o(®-(y)p"(y) dy, for all p € C°(RY),  (2.26)

where £? denotes the d—dimensional Lebesgue measure. Assuming that det V&, #

0, we use the change of variables formula

[ o) dy = [ o @) (@ (@) det VO () do
so the right hand side equals the right hand side of (2.26). Then
[ @ @) (@)=, (@, ) det VO (0)) dz =0
]Rd
o det VO, p,r 0 B, () = p®) (2). (2.27)

If the measure p(®) is optimal for the functional (2.3), given admissible p(*~1), p,
then R(p®)) < R(p,), for all 7 > 0. Consequentially

% <(;W(p(k1),p7)2 + hF(pT)) - (;W(p““),p““))2 + hF(p“”))) >0,
(2.28)

for all 7 > 0. Now, we want to investigate the limit as 7 — 0. In order to do so,
first we calculate respectively the discrete derivatives for E(p;)|r=o0, S(p+)|r=0

and then we estimate the limit as 7 — 0, of the difference

1/1 _ 1 _
L (WO - g ) (2.20)

Using (2.26) for ¢ = ¥ and (2.5) we have
B(or) = ) = [ o) (@@ (0) = 9(0) dy
and if we multiply both sides with 1/7 then
dp = T(y) - ®)(y) d 2
T Epr)l=0 = [ V¥(y)-&(y)p™ (y) dy- (2.30)
T Rd

Observe that from (2.26) and (2.27) we have

/ p+(y)log(p-(y)) dy = / p™ () log(p-(2+(y))) dy

= [ owos (o) a
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then L )
~(S(pr) = (o)) = ——

T

[ o0 tos(et V- (1)) dy

which together with

0t VO (y) = V&, ()V - ¢
-

gives that
d

el — _ (k)v7 .
= S(pe)lr=o /R AV gy, (2.31)

recalling that &y = id.. In order to estimate (2.29) consider the optimal plan
v € Topi(pF~, p*)) and define a plan v, € T'(p*~Y p,) such that (p,L£9) =
O #(p*) L) d.e.

/ (2, y) 1, (de, dy) = / (2, @, (4)) Y(dz, dy),
R2 xRd

R4 xRd

for all ¢ € C°(R? x R?). Therefore

1/1 _ 1 _
; (2W(p(k 1)apT)2 —§W(p(k 1)7p(k))2> <

T

dyRd T

and by the definition of because @, it follows

1/1 1
lim sup — (T/V(p(’”),m)2 —W(p(’“”,p(’“))2> <
r—0 T \2 2

/Rd R (y —z) - &(y) v(dz, dy).

Combining now the above results (2.30), (2.31) with the latter and because of
(2.28) and the symmetry & = —&, we obtain

/ (y—x)-&v(dx,dy>+h/ (VU € V-£)p® dy =0,
R4 xR Rd
so for £ =V

/ (y — ) - Vo ~v(dz,dy) + h/ (VU - Vo —Ap)p® dy =0.  (2.32)
R4 xR4 Rd
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We use o(y) — p(x) < Vyp(z — y) to estimate

/ (0" = " D)p(y) dy — / (y — ) - Voo(y) v(da, dy)‘
Rd Rd xRd

/Rd w(y) v(dz, dy) — /Rd w(z) v(dz, dy) — / (y — ) - Vo(y) v(dz, dy)

R4 xR4
1
< 5 sup V| / ly — |” - Veo(y) v(da, dy)
R4 R4 xR4

(k*l)7 (k))2

1
5 5up [V W ("™, p
R4

for all ¢ € C°(R4). Consequently, (2.32) gives

h

1 _
/Rd —(p™ = pE ) + (VU - Vi — Ap)p™ dy

1 _
sup [V2p| - W(p*~1, p®)?, (2.33)
Rd

for all ¢ € C(RY).

Step 2. In this step, we consider the sequence of minimizers {pék)} of (2.3)
over K. In order to pass to the limit 2 — 07 for (2.33),we need, first, to construct
some helpful estimates. Working with a finite time horizon T' < 400, we will
prove that there exist a constant C' < +oo for which for all N € N, h € [0,1]
such that Nh < T, there holds

M)y <C (2.34)
/d max{p;N) log pgN),O}dx <C (2.35)
R
By <C (2.36)
N
S wip V) < on. (2.37)

k=1

For (2.34), assume that pglkfl) satisfies the variational principle for deter-

mining the minimizer pglk) of (2.3); then

1 _ _
SWi ™ o + hE (o)) < hF(pif )

and if we sum over k, we get

N
1 k— k
> W o) < Fo") = F(op™). (2.38)
k=1
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Then using (2.10), Cauchy-Schwarz inequality, (2.38) and (2.8) we have that

N
(N) Z (k 1) (k)) +2M(p )

< AhN(F(p%) — F(py™")) +2M (p°)
<47 (F(o°) + C(M (o)) + 1)) +2M(p).

For (2.35), we use (2.9) for R =0 and (2.38):
/ max{ph )logp ,0} d:r<S(ph )+C(M( (N))—i—l)

< F(pi™) + (M (o) + 1)°
< F(p%) + C(M(p{M) +1)°,

while, in order to obtain (2.36), we use (2.5) and (2.38):

E@M) = F(pM) - S<p§5”>
C

< F(pi™)+ oM < My 1)
< F(p°) + C(M(pV) +1)°.

Finally for (2.37), inequalities (2.38) and (2.8) give

N
S W, o2 < on(F () — F(pi))

k=1
< 20 F(p°) + 2hC(M (o)) + 1)

Arguing as in the second step of the previous proof (there we used (2.14)
and (2.13)), we find out that the estimates (2.34) and (2.35) imply the existence
of a measurable p € L*((0,T),R?) and a subsequence of {p;}, (which we will
not relabel) such that

pn — p weakly in L'((0,T) x RY) for all T < +oc. (2.39)

Observe, as well, that the previous estimations also imply that p(t) € I, M (p)
and E(p) € L*°((0,T)), for all T < 4o0.

Step 3. We will now work with (2.39) to derive (2.22). Using estimate (2.37)
and the Cauchy-Schwarz inequality we have that for all T' < +o0o there exist a
constant C' < 400 such that for all N, N € Nand all h € [0, 1] with Nh, Nh < T,
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there holds

2

~ max{N,N}
N N k—1 k
w0 < W)
k=min{N,N}
max{N,N}
X k—1 k
SIN-NDT O W)
k=min{N,N}
max{N,N}

SIN=NE S0 W)’
k=1
< C|Nh — Nh|. (2.40)

For all p, p € K such that v € ['(p, ) and for all p € C>°(RY) we estimate the
difference

/@ﬁdfv*/ ep dx
R4 R4

[ ote) = ot 'r(dﬂc,dy)'
R4 x R4
< sup |Vl / |z — y| v(dz, dy)

R4 R4 xR

1/2

< sup|Vig| ( e 7(dw,dy)>

Rd R4 xRd
< sup |Vo| W(p, p)

Rd

thus via (2.40) and the definition of p, the latter becomes

/Rd @pn(t) dz — /Rd @pn(t) dx

for all £,¢ € (0,7) and all ¢ € C(R?).
Let t € (0,7) and fix a ¢ € C2°(R?). Then for all € > 0 we write

/ ©pn(t) do — / ep(t) dx
R4 R4

1 t+e
/ ppu(t) de — o / / ©pn(s) duds
R € Jt—e JR
1 fte 1 tte
% /t_s /Rd ©pn(s) dxds — % /t_s /Rd wp(s) dxds
1 t+e
*/ / ©p(s) dwds—/ pp(t) dx
2e t—e Rd Rd

We treat each term in right hand side of (2.42) separately. The first term
according to (2.41) is bounded by C'supga |Ve|(e + h)}/2. The second term
because of (2.39), converges to 0 as h — 0, for all € > 0 fixed. As for the third

< Csup |Ve|(|f -t + k)2, (2.41)
Rd

<

+

(2.42)

+
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term, we will demonstrate later that p and all the derivatives of p belong to
LP

loc

converges to 0, as € — 0. Consequentially

((0,00) x R?); thus using the Lebesgue Convergence theorem we conclude it

/ wpn(t) de — / op(t) dz for all p € C°(RY)
R4 R4
and since (2.34) and (2.35) hold, the above is equivalent to

pn — p weakly in L'(R?) or

/ epp(t) doe — / op(t) dz, for all p € L=(RY).
Rd R

We can now return to (2.33) and refer (2.37) and (2.22) to obtain

—/ p(0rp — VU - Vo + Ap) dtde = / p°0(0) dz, (2.43)
(0,00) xR4 R4

for all p € C(R? x R?), with M (p), E(p) € L>((0,T)), for all T < co.

Step 4. To conclude the proof it remains to show

1. Each solution of (2.43) is smooth and satisfies the Fokker-Planck equation
(2.1).

2. Each solution of (2.43) with M(p), E(p) € L*=((0,T)), T < oo satisfies
the initial condition (2.23).

3. There exists at most one such solution.

1. Observe that (2.43) for ¢ = p(z,t +t1) and ¢ = p(z,t + to) gives

/R parors / 01 /R PO~ VU Vo + Ap) dadt = / plto)e(to) dz,

Rd

for all p € C°(R? x R?) and a.e. 0 <t < 1. Now, let n € C>°(R?) be a fixed
(cut-off) function, then the above implies

t1
/np(tl)w(tl)dw—/ /np(at50+A‘p) dxdt
R R4
/ / np(An — VU - Vn)e dxdt
to

/ / (2Vn —nVU) - Vo dzdt (2.44)

+ [ nntetto)
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for all ¢ € CX(R? x RY) and a.e. 0 < ty < t;. Fix also a point (t1,21) €
(0,00) x R% and for all € > 0, define

we(t,z) =Gty + e —t,x — x1), where
Gt,x) =t=2g(t= %), and g(z) = (27r)d/2 exp_l/z‘ﬂ”|2 .

Then if we replace ¢. in (2.44) and take the limit ¢ — 0 we have for a.e.
0 <ty <t

(o)) = / (p(6)( Ay — VU - V) % Gty — 1) dt

+ /t1 (p(t)(2Vn —nV)) « VG(t1 — t)) dt (2.45)

+ (pn)(to) * (t1 — to),

«

where “x” denotes the convolution with respect to z. Taking the LP norm we

have for a.e. 0 <ty <ty

[(om) (1)l e = / 1 (@) (An =V - V)Gt — )| Le dt

to

n / ()@Y — V) 1 [ VGt — )] o dt

+ (o) (Eo) 1 [[ (2 — to) [l o

Since
1d d+1

1G@) s =t D2 gle and [[VG@)||rr =122~ 7 [ Vg|1s

the latter becomes

t1 1L hd
[(on) (t1)[|» = esssup [|p(t)(An — VI - Vﬁ)HLl/ tG D% gl dt

(to,t1) to
By an
+esssup [|p(t)(2Vn — V)| [ 7277 | Vgl|pe dt
(to,t1) to

+ 1[Gon) (o) 2 [ (2 = o) o,

for a.e. 0 < tg < t1. Note that for p < ffl the integrals with respect to ¢
are finite. We conclude using the usual bootstrap arguments that since p €
LY ((0,00) x RY) then all its derivatives will be in L? ((0,00) x R9).

loc loc
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2. Notice that for all ¢ > 0, using (2.45), we can also express the difference
ty
[(pm)(t1) = (0°n) * G(t1) |2 = esssup lp(t)(An — V¥ - V)| L1 / lgllz dt
,h1 0

t1
+esssup |o(t)(29n ~ Vs [ 42Vl d
(O:tl) 0

for all ¢; > 0. Consequentially

(p)(t) = (p°n) = G(t) o0 in LY(RY),
(p"n)  G(t) — p’n in L'(RY),

(pm)(8) —= p’n in L'(RY)

and since M (p(t)) < oo we have the convergence in L' (R?).
3. Consider p; and py two solutions of (2.1), that additionally satisfy re-
spectively

t—0" ¢ 00 pd
01 —>L1(]Rd) p’ and E(p1), M(p1) € L=(R?), for all T' < o0
t—0t g oo (mpd
P2 W p°  and E(p2), M(p2) € L= (R?), for all T < 0.
Then, it is easy to see that the difference p := p; — po also satisfies (2.1). Here,
we make of use a convex and smooth enough approximation of the |- | function,
lets say ¢.(x) := (2% + £2)'/2, where, of course, we are interested of the limit
{¢c}e—o+. Multiplying (2.1) for p := p; — p2 (assuming always that § = 1) with
¢L(p) we have

% (¢e(p)) = V - {oe(p)VE + V (6=(p)} = = (p)| Vo> + (¢L(p)p — e (p)) AV
< (¢L(p)p — d=(p)) AV,

using the convexity property of ¢.. Multiplying with a test function € C°(R9)

and then integrating on R?, the latter gives

d

& [ o art [ V@098V 6.00)) do

< / 0 (6L(p)p — 6-(p) A dax
Rd

d

@ Jo no<(p) dv + /R | ¢<(p)(VnV¥ — An) da

< [ n@iop=oulp) AV o
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Choosing t € (0, +00) and integrating over (0,t)

[ poctorao [ [ oo uve - sy ar

< [ [ 00— o.0) av o a

and passing to the limit as e — 0

/R nlp(t)] i + / / o)V — An) ddt < 0

and since (2.2) holds for all z € R%, and E(p), M(p) € L=(R?), for all T' < oo,
we conclude that p and pV¥ are integrable on R?. So, replacing 1 + nr(z/R),

where

(2) = 1, |z|<1
TN 0, 2] <2

and letting R — oo, we get that

[ ool dz =o.
R4
|

Remark 5 In the following chapter we will discuss the case of the porous
medium equation. It is interesting to compare the gradient flow formulation
for the Fokker-Planck equation versus the one induced by the underlying Rie-
mannian structure in the porous medium case. It shall be obvious that using
Riemannian calculus can be stiff, but still, we will not need come up with a
discrete scheme in order to give meaning to the gradient flow for the associated
energy functional. The crucial observation that allows us to use Riemannian ge-
ometry, is that the Wasserstein distance can be regarded as the induced distance

for a metric tensor.
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Chapter 3

A gradient flow formulation
for the porous medium

equation

The present chapter follows along the lines of [10], where the author introduces

a new approach of regarding the porous medium equation

9 _

o ~ A0 =0, we RY, t € [0, +00), p(z,t) >0 (3.1)

as a gradient flow for a given energy functional defined on a Riemannian man-
ifold. The author uses elements of Riemannian calculus to justify the choice
of the corresponding gradient flow representation, while the main aim of this
work is the examination of the asymptotic behavior of an arbitrary solution for
(3.1), which converges to a so-called Barenblatt solution. Then, this result is
extended to convergence of the weak solution of (3.1). On the other hand, we
are more interested in confirming that the underlying Riemannian framework
offers, indeed, a great variety of tools, altering the way we handle the gradi-
ent flow representation (especially in comparison with the proving procedure
we followed in the previous chapter). Another key ingredient that makes this
approach quite appealing, is that we identify the mathematical object called
induced distance with the Wasserstein distance, as we will see in detail.

We organize this chapter as follows: In section 3.1 after introducing the
framework we work with, we derive the porous medium equation. In section
3.2 we discuss about the convergence of an arbitrary and a weak solution to the
Barenblatt solution, while in section 3.3 we prove that the induced metric is the
Wasserstein. Finally, the last section 3.4 is about a time discrete variational

scheme which characterizes the gradient flow dynamical system.
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3.1 Gradient flow representation of the porous

medium equation

A Riemannian manifold (M, g) consists of a C° manifold M, which we equip
with a metric tensor g, on each of the tangent spaces T, M of M. The Rieman-
nian metric g is a symmetric, nondegenerate, positive definite, smooth, covariant
2-tensor and it is an element of Ty M, that is, the dual space of the tangent
space T, M, for all p € M. We use the notation g(v,w) dropping the subscript
p with the understanding that we evaluate g at each point v, w € T, M are de-
fined. When we define a functional F = E(p) on M we may write the evolution
equation

% = —gradE, (3.2)

which is the gradient flow of F -evaluated at p € M- on (M, g). We work with

the manifold
/ p(y)dy = 1} ;
R4

/Rd s(y)dy = 0}

=V (pVp) =s (3.3)

M:{p:Rd—>[O,oo)

whose tangent space is defined as

TPM{S:Rd%Rd

while the elliptic equation

defines the identification
T, M = {all functions p on R} (3.4)

up to an additive constant.

Remark 6 (Properties of the metric tensor g) [8, §2.2, §3.1]. Consider a Rie-
mannian manifold (M, g) and a smooth function f : M — R. The differential
of f difff € Ty M, is a (1-0) tensor field which at each point p € M assigns the
tensor (df), : TpM — R. The real number (df),.v is the directional derivative
of f at p along the vector v, for all v € T, M.

A Riemannian metric g(-,-) on M determines a linear isomorphism @, :
TyM — Ty M, for all p € M, that is, ¢(v)(w) = g(v,w) for all v,w € T,M.
We then define the gradient gradf of f to be the vector field associated to the
differential difff through the isomorphism determined by g, namely

g(v,gradf) = difff.v, for all v in the tangent bundle T M.
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So, indeed, the metric tensor g connects the differential difff € T M, an element
of the cotangent space with the gradient grad f € T'M, which is a tangent vector
field. The gradient clearly depends on the metric g and it is not possible to define
an invariant notion of the gradient without g (see [11, §1.1.1]).

In our case, we have
g(gradE,s) = diffE,.s, for all vector fields s € T M, (3.5)

which combined with (3.2) gives

d
9p (le:, s> +diffE,.s =0 for all vector fields s along p. (3.6)

Also observe that (3.6) implies

@y — i, (90) (0 do
th(p)dlfpr.<dt) gp(dt’dt>' (3.7

Here, the metric tensor is given by
Gp(s1,82) = /p Vp1-Vpa, forall s; and s, tangent vectors at p,  (3.8)

where according to (3.3), =V - (pVp1) = s1 and —V - (pVp2) = s2. Then we

may rewrite (3.8) as
9p(31782) = /81 p2. (3.9)

Having all that in mind, we will show that the gradient flow for the functional

1
/pm’ m;él
m—1

/plogp, m =1

indeed coincides with the porous medium equation. To do that, first, we calcu-
late the differential of (3.10) with respect to s

E(p) = (3.10)

p % (p+es)™ts| ,  m#1
diffEy.5 = ——B(p + 5)|e=0 = =0
/slog(p—l—es)—i—s , m=1
e=0
_m p" s, m# 1
cdiffg,s={ ™!
/(logp+1)s, m=1.
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Then, using that according to (3.9)

dp ap
9p <dta 8) = a D, (311)
equation (3.6) becomes

ap m m—1_ __
E p+ m 1% s =0, m # 1

[ %o+ [togprvs=0.  m=1
ot
0 m _
af';p—i PV (pVp) =0, m#1

m—1
and because of (3.3) P
/a—fpf/(long)V'(WP)ZO, m=1.

After an integration by parts we finally obtain the porous medium equation in
the form

3.2 The Barenblatt solution and the asymptotic

results

We call a Barenblatt solution a self-similar solution for (3.1) of the form

1 _rx
o(t,x) = 7da ¢ (tj) ;

where o = (d(m — 1) +2)~! and g is given implicitly by

L@(y)m_1 :max{)\— %|y|2,0}, m>1

m—1
. - a
¢(o(y) = {loga(y) + 1= A= Syl m=1 (3.12)
m_ o ym—1 a2
=A— 5 1
) A= lyl, m <
where
m 2™, m#1
e(z)=¢m—1 and A such that /@ =1
zlog z, m=1

The Barenblatt solution describes the asymptotic behavior of an arbitrary so-

lution p, in the sense that, when setting
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r=1t" 1
{ Y so p(z,t)=—=p <logt, 3) , (3.13)
t=¢e" e e

then p approaches ¢ for large times.

3.2.1 Convergence of an arbitrary solution to the Baren-
blatt solution
Now, the first asymptotic result is that p converges to ¢ with rate a— exponential

with respect to t, or polynomial with respect to 7. This is realized according to

the following set of inequalities

% (e**7|gradF;?) < 0 (3.14)
(> (F () - F@) <0 (315)
% (e**7d(p,0)%) <0 (3.16)

where the augmented functional F is
F(p) = E(p) + aM(p),

with
M) = 5 [ 1s30) dy

Remark 7 (Induced distance). In (3.16), d denotes the induced distance on
(M, g). Generally speaking, the notion of the induced distance is tightly related
to what we call geodesics, that is constant speed curves - for a formal definition
see Remark 10. To be more precise, take a C* curve v : I — M, where I C R.
If - has zero acceleration 4 = 0, or equivalently constant speed || = \/m =
const., then we call v a geodesic and it holds

S9(3,9) = 29(37) =0, (317)

The notion of distance between two points p and ¢ on a Riemannian manifold
(M, g) makes sense in conjunction with measuring the length of a curve that
connects them. In the definition for the length functional, it is sufficient to use
C* piecewise curves i.e. v : [0,1] — M, continuous and such that ¥|(4, a,,,] €
C® for any partition 0 = a1 < as < --- < ap = 1 of [0,1], and any i =
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1,2,...,k — 1. Then the length functional £(7) is given by

1 1
o) = / 4] dt = / VaG) dt (3.18)

and the induced distance by
2. e o(0)=p
d(p,q)* =inf < £(0) :: [0,1] > 0 — M, o is piecewise C* and W
o(l) =g¢q

which is indeed a metric. The energy functional

E(y) = %/0 [¥[* dt (3.19)

measures the total kinetic energy of a particle moving along v and has the same
minima with £(vy) for constant speed curves (see chapter 5 in [11]). So indeed,

we can redefine the induced distance as

5. B e o(0)=p
d(p,q)° =inf< E(o) :: [0,1] 3 0 — M, o is piecewise C* and W .
o(l)=g¢q

Back to the problem of our interest, the asymptotic result formulated in

(3.14)-(3.16) is a consequence of the following properties

d
p satisfies ﬁ = —gradFj (3.20)

F(3) >0, forallpeM (3.21)

0 satisfies F(p) —
) > als|?, foralls€TsMand je M. (3.22)

F satisfies ¢g(s,HessF(p)

First we should verify that (3.20), (3.21) and (3.22) indeed hold. For (3.20), we
calculate the differential of F'(p) with respect to s

moome1 ] &2
— - 1
/(m_l +2|y|)s, m #

~ a5
/(logp+1+§|y\)s, m=1,

then because of (3.11), equation (3.6) becomes

9p m opr Q2
/aT+/(m_1p +t5lyl)s=0 m#1

op N a0\ B
/E+/(logp+l+§lyl)8—07 m =1
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so when substituting (3.3) it further becomes

o [ (G SR VT =0 m
2L [(ogp+1+5WP) V- G9p) =0, m=1
gf—v.(ﬁv(,,ﬁlﬁmwgyw))p:o, m#1
gé—Vﬁ(ﬁv<m@&+L+%mﬂ)p:07 m=1
gf—v-GV(mTiﬁ“‘+?yﬁ)=Q m# 1
gé—v(ﬁv@%ﬁ+1+%mﬂ)=a m= 1.
9p

LA —av - (y) =0,
or

Observing that when p satisfies the latter, we have equivalently that p satisfies

the porous medium equation, we conclude.
For (3.21), consider the functional

H(p, o) = / e(71) — e(f0) — € (50) (1 — o) > 0 (3.23)

then it is sufficient to show that

First consider the case m # 1. Then

Hp.0 = [ oy = ") = 2 - 0)

—E(p)-B@) - [ =" (- 0)

so rearranging the terms and adding M (p) and M () to both sides of the equa-
tion we have, indeed, that

ﬂ@zF@+H@@+/(mT1W”+§mﬁ@—@. (3.24)

Now, when m < 1, we read from (3.12) that

m «
A= ~m—1 a2
— + 5yl
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so that
ﬂm=ﬂ@+ﬂm@+A/@—@

A/(ﬁ—§)=/<mm1@m‘1+gly2) (p—0)

the above in comparison with (3.24) gives that

but since

F(5) = F(3) + H(5, 9)
For m > 1 according to (3.12)
m_ m-1 &2
e >\ =
m—1 ¢ - 2 vl

m ~m—1 «@ 2 ~ ~ - - d
’ - — — > _
'<m19 +2|y|>(P 0)>MNp—20), forallyeR

so that
ﬂsz@+Hm@+A/@—@=H@+Hm@-

Finally, when m = 1, from the definition of F(5) and (3.10) we get
F() = [ oo+ [ GluPs (3.25)
but in that case, from (3.12) we deduce that
Sl =X —logg+1

and then
F(p) = /(logﬁ + A —log o) p. (3.26)

Now, observe that the definition of e(-) and (3.23) imply that
H(5.0) = [ plogs~ dloga— (og 3+ (5~ 0
— [ oz -1028) - (5~ 0
= /(10gﬁ —log 0) p,
since both p and g are probability densities. Then (3.26) becomes

F(p) = H(p,8) + A

40



so that combining equation (3.25) with (3.26) formulated for g, indeed get
F(p) — F(o) = H(p, 0)-
Property (3.22) which we may rewrite as
HessF(p) > avid. for all p € M,
follows from the properties
HessE(p) >0 and HessM(p) =id. forall p e M (3.27)

which are established in [10, §4.4] via the computation of the corresponding

Hessian matrices.

Remark 8 For F(g) to be well-defined and convex and M (9) to be well-defined
on (M, g) we require m > 1 —(1/d) and m > d/(d + 2).

Remark 9 Observe that (3.21) implies that ¢ minimizes F' on (M, g) and as a

minimizer, it is of course a stationary point too
—gradF'(g) = 0. (3.28)

Remark 10 (Covariant differentiation) [8, §3.1, §3.2]. Let us now explain how
to take the derivative of one vector field in the direction of another vector field.
This is the notion of covariant derivative. Let M be a differentiable manifold

and consider the set X(M) of all vector fields on M. An affine connection on
Misamap V: X(M) x X(M) — X(M) such that

1. VfX+gyZ = fVyZ+gVyZ,
2. Vx(Y—F Z) =VxY +VxZ,
3. Vx(fY) = (X - )Y + [VxY,
for all vector fields X,Y, Z € X(M) and f,g € C°°(M) while V x(Y) stands for

the covariant derivative of Y along the vector field X.

In a similar way, we can take the covariant derivative of a vector field V
along a differentiable curve v : I — M, I C R, with 4 # 0; that is, a vector
field defined along -y, given by

DV

for any vector fields X,Y € X(M) such that X, = ¥(t) and Y, = V(s),
with s € (—¢,¢) for some € > 0. We say that V is parallel along ~ if

%(t) =0, foralltel
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and the curve + is called geodesic of the connection V, if 4 is parallel along -+,

i.€.
D4

dt

From now on, we can adopt the framework of Remark 7 and yet use the covariant

(t)=0, foralltel.

derivatives with the understanding that 4 = V4.

Now we are ready to attack (3.14) and (3.16)-the equivalent result (3.15) is
established in [10, §3.5]. For (3.14), according to Remarks 7 and 10, we calculate

lgrad F(p)|> = g(gradFj, gradF),

d D
E|gradFﬁ‘2 =2g (gradFﬁ, DTgradFﬁ>

45
=2g <gradFﬁ, HessF}; dp>
-

= —2g (gradF;, HessF}; gradFj)
> —2algrad F5|%.

D
Here, — is the covariant derivative along p, while we also used the definitive
T
property of the Hessian matrix (see [11, §2.1.3]) and properties (3.20),(3.22).
For (3.16), first notice that according to Remark 7 the induced distance is given
by

1
Ao, p1)? = inf { /
0

Hence, if we take the curve of least energy between py and p; that is [0,1] >
o+ p(c) € M such that

iﬁg

do

do ::[0,1] > 0 = p(0) € M with {/?(0) =0 } .
p(1) = p1

2

1 x
- dp
d(p 2= -C1d 3.30
oo = [ |52] do (330)
and [0,1] 2 o +— (o) is a geodesic i.e.
D dp
—— =0 3.31
do do ( )
then there holds )
d |dp dp D dp
SN2 =29 (2, 222 = 32
do |do g(da’@ada 0 (3.32)

Then also notice that since (3.20) and (3.28) hold, when we define g := 9, po
solves the equation }

dpo _ dF-

ar = Eedhn
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and if p; denotes a second solution, it is enough to check that

d+

A5y, 5o)2|. — d(p1. 5
d(p1, po)? := limsup (1, po)”| (1, Po)

?|
70 < 92 d ~’~ 2
ar s — = Zadlpn o)

where the dependence on 7 and respectively 7y is considered as follows: Given
a fixed 79 and for all 7, take a curve [0,1] > o + p(0,7) € M such that
p(0,7) =: po(7), p(1,7) =: p1(7) and such that to be the curve of least energy
when 7 = 7. In that case, by definition we have that

1
2 /0

1

2

dp

do

<2

do, when 7 =1y

d(pos p1) (3.33)

<

do, for all other 7
do

0

so that, if [0,1] 3 o + p(o, 7) is a smooth function of 7, we may calculate

d 1
< i
To_dT{O

d+

= d(p1. 50)?
ar (pl»Po)

Here, we first used (3.33)and (3.17)in combination with Remark 10, then a
Koszul type formula for mixed partial derivatives [11, §5.1] and finally property(3.31),
followed by (3.20) and (3.22).
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3.2.2 Computation of gradF

In this paragraph we prove a variation of (3.36) namely

- ~ ~ [0
jeradF(3) = [ VB where py) =€)+ Il (330

Since the metric tensor g is positive definite we have that g(v —s,v—s) > 0, for
all v,s € T;M, so there holds %g(v,v) > g(v,s) — %g(s, s), for all v,s € TM.
Therefore, fixing v = gradF’ and using the equivalent of (3.5) for F, we have

1 1
§gﬁ(gradF, gradF') = sup {diffF,;.s — 59(57 s)} . (3.35)
SETﬁM

We already have calculated the differential of F) that is
diffF5.5s = /ps,

when substituting p as in (3.34), while, according to (3.8) and (3.9)

1 ) 1 _ .
/ps —59(s,8) = /pr Va—5 / IVql*p, for s ==V - (pVq).
Substituting in (3.35) we get

1 (3.4) . 1 _
5 95(grad P, grad F) "= Sup{/pr-Vq— 2/|Vq|2p}
P

1 5
—§/|Vp| P

(since the max,{ax — $2?} is achieved for z = a).

3.2.3 Convergence of a weak solution to the Barenblatt
solution

Convergence for a weak solution of (3.1) is established in [10, §5] and it is

formulated in correspondence with (3.14)-(3.16). The theorem reads as follows.

Theorem 3 If m satisfies Remark 8 and p is a weak solution of (3.1) with
initial datum po such that

1
po : R = [0, +00), measurable with /po =1, (m—l /p6”+1) , M(po) < o0

define the function jp on (—oo,+00) x R? wia (3.13). Then (3.14),(3.15) and
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(3.16) hold for p in the distributional sense. Here we consider

|gradF[* =/ %IVW(/?) +apyl® dy, (3.36)
F(p)— F(0) = (/e(ﬁ)+aM(ﬁ)>(/e(@JFOéM(@)), m>1
H(7.0) e

where 7(z) := ze'(z) — e(z) and H(p, 0) is given by (3.23).

3.3 The induced distance on (M, g)

The porous medium equation describes the diffusion of gas particles through a
porous medium and there are two alternative ways to consider this system; via
Eulerian or Lagrangian coordinates. Here, the Eulerian description is realized
using the manifold (M, g) and we understand the evolution of the system as the
evolution of the associated particle densities, while, the Lagrangian description
corresponds to a flat Riemannian manifold (M*, g*) and each state of the system
is understood using particle coordinates, or a flow map ®, which we define as
in (2.25) from the previous chapter.

These two interpretations are connected through a differentiable isometric
mapping 7 : M* — M which is a submersion, i.e. its differential at each p € M
is surjective. We define (M*, g*) as follows:

M* = {all diffecomorphisms ® on Rd} ,

namely all differentiable maps on R?, which are bijective with differentiable
inverse. Then given a fixed reference density p® € M, we write any p := 7(®) €
M as the push-forward p = ®#p°. The tangent space of M* is

T M* = {all vector fields v on Rd} ,
and the corresponding Riemannian metric is
g5 (v1,v2) = /m ~vg p°,  for all vy,vy € Tp M*

which is the p® weighted L2-inner product.The fact that 7 : M* — M is an

isometric submersion is interpreted in terms of the map

Tom : ToM* — T,M, forall & € M*,
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as

gp(s,8) = inf  ge(v,v), forallseT,M, p=mn(P). (3.37)

Tem(v)=s
The induced distance on (M*, g*) is the p° weighted L?-norm namely
d*(®g, @1) = / | — ©1]%p".

Now, the key ingredient is to characterize the induced distance on (M, g) in
terms of the induced distance on (M*, g*). We will actually see that

f d*(id., ®)?% (3.38)

d(p°,p)? = in
(P, p) oot

which is exactly
d(p°,p)* = inf | / lid. — ®[?p°
=W(p%p)?, where p:=®#p’.
For (3.38), first we prove there holds
d(p°, p)? < d*(id., ®)?, for all ® € M* such that w(®) = p. (3.39)
Let [0,1] 3 0 — ®(0) € M*, be any curve connecting id. =: ®(0) and & =: (1)

d
and consider its image under 7, that is [0,1] © ¢ — p(o) € M, where by
definition p(0) = p° and by assumption 7(®) = p. Then

Where, the inequality

! dp dp ! dd dd
Ut A < = —
/0 I (da’da) da_/o gq’(da’da) do

is a consequence of the property (3.37), in the following sense: let [0,1] 3 o —
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®(0) € M* be any curve on M* and take its image under 7, that is a curve
[0,1] 2 0 — p(o) € M, such that p(c) = w(®(c)). Then

dp do®
— e T d — e T *
Io € T,M an 7o € TeM™,

dp dd

So indeed, (3.37) holds with equality if and only if

in particular

% € (keI"(TqﬂT))L, (3.40)

where
ker(Tpm) = {v € TeM* such that T,M > Tem(v) = 0}.
Now, it is sufficient to show that
there exists a ® with 7(®) = p, such that d(p°, p)? > d*(id., ®)?.  (3.41)

For, consider the curve of least energy connecting p’ = p(0) and p that is
[0,1] 2 ¢ — p(o) € M, which is a geodesic. Then there exists a geodesic
[0,1] 3 0 = ®(0) € M*, with ®(0) = id., 7(®(c)) = p(o), for which (3.40)
holds and moreover o — p(0) is its image under 7 (§4.2 [10]). Observe that if
® := ®(1) so that 7@ = w(D(1)) = p(1) =: p, we have

1 ~ «
dp dp
d(p° 2:/ s(=2,=E) d
(0", p) 0 Ip (da’da) 7
/1 . (dd dd p
= % —y T g
0 92\ 4o’ do
> d*(id., ®)%.

Hence, combining (3.39) and (3.41), we get (3.38).

3.4 A time discretization for the gradient flow

In this final section we will show that the gradient flow representation (3.2) is
compatible with a time discrete variational scheme which relies on the mini-
mization of (2.3), reformulated as

1

—d(p*"V, p)* + E(p). (3.42)

Rlp) = 5,
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First of all, we calculate the first variation of (3.42) and since d(p*~1, p)?
given by (3.29), we will make of use the following Remark, where we calculate
the first variation of (3.19).

Remark 11 (First variation formula for the energy functional). Consider a
curve v : I — M, I C R. A wvariation of v is a family of curves ¢t — ¥(s,t) :
(—g,€) x [a,b] = M, for all € > 0, such that ¥(0,¢) = 7(¢t), for all ¢ € [a,].
It is sufficient to consider piecewise smooth variations, such that the curves
t — (s, t) are piecewise smooth and the curves s — (s, t) are smooth. Here,

we prove the formula for smooth variations which is

dE(5 oy 05 oy 65 b9y 9%y
- g(’y > g<a7 at) */g 87 e ) o
(s,0) s (s,a)  Ja s
Indeed we have

ds s’ Ot
dE(7) _ d 1/b oy 03
as as2 ). N\ava )

Yo [0y 85 Yo [0y 825
/a o’ (882&) dt‘/a o’ (861&) dt
(v a7\ [ta 8782

9(83 81&) ’/a a9\ s a2 )

The first equality comes from the observation that when substituting (3.18) into

(3.19), we indeed have
b=L ['o(22)
=5 ) I\at et )

while the third from the Koszul type formula for mixed partials (§5.1 [11]).

Now, given p*) that minimizes R(p) over all p € M, first consider the curve
of least energy connecting p*=1) and p(*®), that is [0,1] 3 o — p*F) (o) € M.
Then according to (3.30), (3.31) and (3.32) there holds

1
d(p*=1, pM)? = /
0

2

dﬁ(k) o

do
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D dp®

do do
d |dp®|? dp® D dp®
do| do | ( o 0o do >_

Then, we consider a variation pé ) of p®) that is e — p ) e M, a curve that

passes through p(®) for ¢ = 0 and we define the curve connecting p*~1) and pg ,
that is [0,1] 3 0 — p&’“)( ) € M, which coinsides with [0,1] 3 o — p*)(5) € M
for e = 0. So, when we rewrite (3.42) for p = p(*) we have

1 [t dp® |
9£{(fo(k)) = ﬁ/ do

do + E(p®)

< th( =1 p0)? + BE(p?)
2
1t ap®
< — (k).
Son ) |Tao | T EC)
We can now calculate
d 1 ap®
= — — do+E

de|._, \ 2n /0 do | O
1 dp(k) dpg’“) d d
- d - E o — (k)
h/ ( do i de e=0 pék) d e=0 Pe
1 dp(k) D d ) d
- il P E . — (k)
h/ ( dO’ d{-f pa d0+g grad p(F) s de Szopa
1 d (dp®) a| *) D dp®) d *)
— — —| W) —g (= — d
h/ {d ( do ’ds ) T 9\do do v de| ., "* 7
+g < radEpm, (k)>

p

d
> <gradEp(k), %

For the second equality we used that [0,1] 2 ¢ — pg )

pgk>> . (3.43)
e=0

coincides with [0,1] >
o — p¥) for ¢ = 0 and the definition of the induced distance; for the third
equality, we used (3.5), while the fourth equality is a result of the metric property
of the covariant differentiation (by the Fundamental Theorem of Riemannian
Geometry [11, §2.1.2]) namely

p'(k)>

o - do  do de|,
k
L (R i PN
do do " de|._,"°

do? de

d (dp® d
do ’ de
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Finally, for the fifth equality we used that [0,1] 3 o +— p(*) is a geodesic.

p*¥) € T, M, the first variation of

d
Hence, since (3.43) holds for all —
de e=0

ﬁ(k) + gradEp(k> =0.

o=1

Now, remember that in the previous chapter we interpolated in time defining
pn(t) == p=1 for all t € [(k — 1)h,kh), k € Ng, h € [0,1], so pp(t,-) was a
piecewise constant function with respect to time. Here, we have constructed
in advance the curve of least energy [0,1] 3 0 — p*) € M between pF—1)
and p®), where, of course, p*) (¢ = 1) = p*=Y and p*) (¢ = 0) = p¥), thus
we instead define py(t) := p®™ (£ — (k—1)), for all t € [(k — 1)h, kh]. Then
the curve [0,+00) 3 ¢t — pp(t) is continuous and piecewise differentiable with
pr((k = 1)h) = p*=1 py(kh) = p*) and

dou| _1dp®| 1 dp®
dt g b dt iy, b do |,y
Therefore
dpn
— = —gradFl,,
dt |,—gn i
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