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Abstract

In the first part, we discuss the static and spherically symmetric solutions with zero
shift vector, of the low energy Horava-Lifshitz gravity. We begin with a brief introduction
to Horava-Lifshitz gravity, originally introduced in 2007 by Petr Horava. We continue
with the construction of the most general power-counting renormalizable theory with
anisotropic scaling. Then, we compute the large distance asymtpotics of the metric-
fields, where for simplicity, we concentrate on the low energy effective action of the
theory. Finally, we compare the results with those of General Relativity. In the second
part, our three-dimensional space is treated as a hyper-surface in a ten-dimensional static
and spherically symmetric background space. Due to its motion, we observe an effective
cosmological evolution, that we compute. Using Freedman’s equations, we define the
effective matter density, that would produce the observed cosmological evolution in the
context of General Relativity. Then, we apply the results in the case of the AdSs x Ss
black hole background space. We calculate the asymptotics of the effective matter
density and we show that for large distances, from the center of the AdS black hole, it
takes a constant value. Therefore, we conclude that the motion of our three-dimensional
space in the ten-dimensional background, could be the origin of dark energy. Lastly we

generalize the results for a wide case of background metrics.
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1 PART I: Horava-Lifshitz Gravity

1.1 Introduction to Horava-Lifshitz gravity

In the last century there have been many attempts to quantize gravity. Nevertheless, it is still
an open problem, due to difficulties in constructing a consistent renormalizable theory. Many
proposed theories for a quantum theory of gravity have appeared, but none of these has been
widely accepted by the scientific community. The most prominent approaches to the subject,
are string theory [3], asymptotic safety [4], and loop quantum gravity [5].

In 2007, Petr Horava proposed a power counting renormalizable theory, as a candidate for
a theory of quantum gravity [0], motivated by the improved scaling properties of anisotropic
scaling theories. The main idea was to improve the UV behaviour of the theory, by adding
higher derivative terms. The idea of adding such terms was not new. Since the late 70’s many
attempts have in this direction taken place [1l 2]. However, by just adding space and time
derivatives, keeping general covariance, one can show that the theory contains ghosts, which
implies that unitarity is violated. Thus, the idea was to add only higher space-derivatives,
abandoning "full” general covariance. By 7full”, we mean that the theory is still invari-
ant under a subgroup of general coordinate transformations, that is called diffeomorphism.
Schematically, the graviton propagator that has four-momentum k&, = (w, E) will be

1
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where k = Vw? — k2. For example, by adding higher-derivative terms, we can achieve the
improved UV behaviour

1
—_— 2

where a is just a constant. Nevertheless, as we mentioned above such a theory contains
ghosts. We can see this, by observing that

I 1 3)
k2 —akt k2 k2—1/a’

We see that the propagator has two poles where the first is identified with a massless
particle, and the second with a massive ghost. This means that the low energy effective
Lagrangian will contain the following term

L— / i <—(80)2 - é&) | (@)

which describes a ghost field. Moreover, such a field with a minus sign in the kinetic term
leads to negative norm states in the theory. This, implies the violation of unitarity.E[Therefore,
through adding just spatial derivatives we avoid this problem, but the price we have to pay
is to abandon full general covariance.

In addition, the space and time coordinates must have different scaling dimensions, that
is, we must have anisotropic scaling. The reason for this is that by sending the cut off to
infinity, we want the higher spatial-derivative terms to be relevant. We know from Renormal-
ization Group flow that when the cut-off is sent to infinity, the terms that survive are those
whose dimensions are less or equal to the inverse dimensions of the volume element —[dtd>x].
Therefore, in order for higher derivative terms to be relevant, we need to have anisotropic
scaling. In this type of theories, the dimensions of the volume element will be increased, and
we will be able to add higher derivative terms. Therefore, the theory will be constructed so
as to be compatible with the anisotropic scaling

T —br, t—0bt, (5)

where z is the critical exponent that measures the degree of anisotropy. Observe that in
such a theory the time-coordinate plays a special role.

Although a theory of this type will not have full general covariance, as mentioned above,
we will restrict the theory to be invariant under the following sub-group of general coordinate
transformations

T — (L, t), t—1t(). (6)

In fact, although the appearance of ghosts implies that the theory will have negative norm states, it is
not necessary that unitarity is violated. For instance, in Yang-Mills theories these are negative norm states
but we can show that they cannot appear in ”in” and "out” states, and consequently unitarity is preserved.



Now we are ready to construct the Lagrangian of the theory. We will use the language of
the ADM formalism for this purpose, that is, we will parametrize the metric as

ds? = (=N? + N;N")dt* + 2N;da"dt + ~;dx'da?, (7)

where N and N; are the lapse function and the shift vector respectively.

The kinetic term can be written covariantly in terms of the second fundamental form
L.
Kij = 55 (g = VilNj = VilNi). (8)

Using the second fundamental form, we can construct two scalars, concluding that the
kinetic term will be the following

Sk = K / dtd*x AN (KK — AK), (9)

where A\ and k are just coupling constants. Note that A = 1 corresponds to the case of General
Relativity. Also, in the above equation we used the fact that \/—g = \/YN. One can see this
by writing the metric as

_ (—=N?*+ N,N* N\ (1 N' —N% 0 (10)
v = N; vii)  \0 1 Ni o i)

From @D we see that the dimension of k is

(k] = : (11)

In order for the kinetic term to be relevant, z must be equal to 3. Therefore, we see that
this requirement fixes the degree of anisotropy. This implies that the volume element has
dimensions minus six, and according to the renormalization group flow, the potential term
can contain all possible terms that have dimensions less than or equal to six. Having that in
mind, we can write the most general power counting renormalizable action that is invariant

under @ )

S = Sk + Sy + S5+ Sper + S35+ Sa, (12)
Sk =k / dtd*r YN (K K9 — \K?), (13)
Syt = / dtd’z /AN (Ge"*RyV R} + (R R7 + GR* + R+ o) | (14)

Sy = / dtd*z\ /AN (81030 + BoRV'V;R + (3 R* + BuR® + BiRRijRY + B5Ri;R*RY)
(15)



S, = /dtd?’xﬁ]\f (al(aiai) + an(a;a’)® + azR7a;a; + ayRV;a' + asVia;V'ia’ + asV'a(a’a;) + . . ) ,

(16)
where C'¥ is the Cotton tensor defined as
CJ:eJVk RJI—ZR(SJZ s (17)
a; defined by
O;IN
i = . 1
o= (13

and ¢V = % is the standard covariant antisymmetric tensor. In the above expression,
the ellipsis refers to dimension six terms involving a; as well as curvatures. Note that although
we can add terms containing a;, we cannot add terms that are express as powers of the lapse
function. For instance, we cannot add a term proportional to N? because it is not covariant
under the transformation @ N, N; and 727 transform under an infinitesimal diffeomorphism

—

transformation ¢ = ¢ + k(t), 7" = 2 + €'(t, T) as

075 = O™y + Oy v + € Oy + Ky (19)
ON; = i/ Nj + 0,6 N; + &ij + kN; + kNi, 0N = @O;N + kN + kN. (20)

1.2 The low-energy action

In this section, we will study a class of solutions of Horava-Lifshitz gravity, following the
analysis in [8]. Unfortunately, even if we restrict on static and spherically symmetric solutions
in the vacuum, the problem will be extremely difficult for us to solve. For this reason, we will
concentrate on the low-energy effective theory. The terms that dominate at low energies are

S = / dtd’z /AN [a (Kij K7 — AK?) + ER + aq(a'a;) + o] . (21)

Setting A = 1 in this effective action, we see that it reduces to the Hilbert action of General
Relativity in the presence of a cosmological constant plus the term containing a;. We note
that this action, apart from the cosmological constant term, has isotropic scaling symmetry
t' — bt, ¥ — bZ. Furthermore, we will concentrate on solutions of the form

dr?

fr)
that is static and spherically symmetric solutions with zero shift vector. In this situation,
the first two terms containing K;; are equal to zero. Varying the action with respect to

ds* = —N*(r)dt* + + r2d?, (22)



the gravitational field, we will obtain the equations of motion. The equation obtained after
having varied N is

—« (KZ-]-K” — )\K2) + &R — ay(a'a;) + 0 — 201 Via' = 0. (23)

The equation after having varied N; is

V,K7 —A\V'K = 0. (24)

Finally, the equation of motion after having varied g;; is

, N

alN Q@ 0
+aVF[(Kjp K — AK K1) Ni] — aVF[(K; K — MK K;) Ni] = 0. (25)

Inserting the ansatz , equation becomes

! 2 N\T/2
48] — 1)~ 207 4+ 865+ 2w +26) )0 = 0 (26)

and then, combining the equations obtained by substituting the ansatz in equa-
tion, we have

4w f2 —Aw?€ f 26 (w+€) + (2w +38) o7 —wrE f']+ (w+2€) 2wE + 2(w+E)or? —wrE f)* = 0,

(27)

where w = ay — 2¢ ﬂ Even in this case, we cannot find exact solutions. However, we

will study the asymptotic behaviour of the solution. In addition, we can simplify these two
equations by defining the following function

b c
— 14 = 4+ —p2 28
F) =142+ S0 4 g0, (25)
where we also define
2w A€ do
w + 26 w+2§7c w+2§’a+ (29)

Under the above substitution, equation takes the form

r’g” +2a(rg’ + g)g + (2b+ cr*)g = 0. (30)

2The equations of motion in the presence of matter are extracted in [9]



Furthermore, having solved these equations we can compute the lapse function by writing

equation (26)) as
N’ b 2 1 ¢
R A R [ 1
N 2r[ \/ b( f 2br>]’ (31)

and then integrate it to obtain

=Cr? exp{/ dr; - (1 — 2—br2>}. (32)

Since we cannot solve equation analytically, we will use perturbation theory to find
the large distance asymptotics of g(r). Firstly we will redefine the variables in as

20
=4/ P 9= 2bh. (33)

Then, we arrive at the following equation

p*h* + 2a(ph’ + h)h + (1 + p*)h =0, (34)

where prime now stands for a derivative with respect to p. In order to find the large
distance asymptotics, we will expand h(p) in powers of p > 1 as h(p) = ho(p) + h1(p) + . ..
where ho(p) > hi(p). According to our method, we will first obtain the differential equations
for ho(p) and hy(p), and then find their asymptotics. Finally, we will use them to calculate
the first two terms of the expansion of g(r) and after f(r) and N?(r).

Large distance expansion

For large distances, r >> ,/z—cb or equivalent p > 1, the leading terms of are

p°hG 4 2a(rhg + ho)ho + p*ho = 0, (35)
and the subleading terms
1 1
(phg + aho)ph’y + a(phy + 2ho + %,02)111 + 5ho = 0. (36)

Equation can be solved exactly for p(hg) and then we proceed as follows. First, we
perform the following transformation



p2y2

ho = — 17 ve (37)
and becomes
20Y" 4+ (1 + abY?)(1 — (a +2)Y) = 0. (38)

Integrating this equation we get

1 bY |+ a|-2
2 RAVIBI ) gy 25, (30
po |1 —/|a|bY|*-
where
alb =+ (Jo] 2
= ) 40
- Rl (40

We see that when p — oo the right-hand side of must also go to infinity. As was
shown in [7], linear stable perturbations correspond to a < 0. In that paper, the authors
considered perturbations around the flat metric and showed that are stable only in this case.
Consequently, we conclude that always a;, > 0. Therefore, we expect two types of behaviour.

1. The denominator in (39) will go to zero for large p. This occurs for |a| > % (a_ > 0)

and )
Y — (41)
Vlalb
2. and the factor raised to the Ji'i(i' power will go to infinity for large p. This occurs for

al > 2 or |a] < 2 and
|a| 3 X

Y —
2 —|af

(42)

In both cases, for large p ,Y(p) goes to a constant value. Thus, the subleading terms will
be of the form Ap~® where A is a function of a and 8 > 0. Submitting this in (39)), we find
that

1. in first the case where |a| > 2

1 a+2  at2 =
= A= 20+ |1 — T 3at2 , 43
f=— W}( e po) (13)
and therefore )
Y(p) = —— + Ap = (44)
lalb



2. and in the other case where |a| > 2 or |a| < 2

poBal=2 A" el Vb -2)
laf -2 2 —la[[> (3 + |af)™ ja] -2
and therefore el
Y(p) ~ > Tal + Ap ez, (46)
Using these results we can find the leading terms for hqg.
1. When |a| > 2, using we find that the expansion of hg, for large p is
. a2 (47)

ho(P)“Wp -

Note that 2+ - is always bigger that 2, since |a| > 2 implies a_ > 0.

2. and in the case |a| > 2 or |a| < 2 the first two terms of gy are

1, 2a+2) By (48)

h ~ —
P~ =50 73" ~ Gavd

where B is given by . Note that 22 = 2 — 2=3lal - 2, and therefore the second term

2+a 2—|al
is always smaller than the first one.

In the first case where |a| > 2, h(p) goes like p2+i. Thus, both ¢g(r) and f(r) will behave
as r2+i. These situations cannot give the same asymptotic expansion as in GR, where
f(r) ~ 2. On the other hand, in the second case where |a| > 2 or |a| < 2, f(r) is going
to have the same asymptotic behaviour as in GR. So, for this case, having already found
the leading term of hg, the next task is to find the first order correction of h(p), namely the
function hq(p). Substituting in we obtain

2+a 2—a 1 1
— )+ ——h; = = 49
6ara”" et d" T 26a k. (49)
The solution of this equation is
1 2—a
hap) ~ —— + Cpiit. (50)

T 4-2a
In this regime, h; grows slower than hg, so perturbation theory works fine.
We can also check the validity of perturbation theory by comparing the quadratic terms
in hy that appear in (30]), and ensure that they will grow slower than the linear terms. These
terms are



Tzh/f + QG(Thll + hl)hl + hl (51)

and indeed are negligible compared with those in (49)). Therefore, the expansion of h(p)
is

1 1 2a+2) \ 2
h(p) =~ — 2 C———=B| p2re. 52
(p) 6a+4p+4—2a+( Ga + 4 )’” (52)
and using (33)), the expansion for g(r) is
C 1 2(& _'_ 2) 2—a

~2h (/=1 ) =———cr®+1 - =—""Berza, 53
9(r) (\/ 257") 6atd” T T eagra (53)

Lastly, the solution to the blackness function f(r) is

2 - 2

f(ry=2- ¢ + (€= a) or’ 4 ... (54)

26 —ar  £(36 —2a1)(26 — @)
2

in terms of the original couplings. Therefore, in the regime where |a| > 2 or |a] < 3,
taking the limit a; = 0 (@ — —o0) that corresponds to General Relativity, we get the usual

behaviour

) =1+ G%r? (55)

On the other hand, from the leading term in the expansion of the lapse function is

N(r) = Crbevert- (56)

Consequently, the lapse function does not have the same asymptotics as in GR N? ~ f(r),
in the limit a; — 0, since both ¢ and b go to infinity. Therefore, following the above simple
analysis, we conclude that the theory does not lead to solutions with the same asymptotic
behaviour as in GR with a cosmological constant. The expansion of the function f(r) differs
from the GR result in the subleading terms, and the power depends on the parameter a. On
the other hand, the leading term in the expansion for N has an exponential behaviour and
therefore, it exposes completely different behaviour from General Relativity.

Finally, it is important to examine the case without a cosmological constant. Setting

c¢ = 0, equations and become

r?g"” + 2a(rg + g)g + 2bg = 0, (57)

N? = Cr_bexp{/drg\/l - % (1 - %) }. (58)

and




Using the same method as before, we find the following large distance expansion for g(r)

b w (AT

Using this result we can find the asymptotic behaviour of the metric components. Using
equation (28)) with ¢ = 0, we obtain

LB (AN
fr)y=1 \GH\/W<\/5+\/W) T+O( )- (60)

and using we obtain

2y . 2b Vb —+/]a] Ial+m@ -
N2(r) =1 |a|+\/W(¢5+\/W> 2+ 00r). (61)

Therefore, we see that in the absence of a cosmological constant, the metric fields have
the same behaviour as in General Relativity plus corrections of lower order.

2 PART II: Mirage Cosmology

2.1 Brane Geodesics

In this section, we will consider the motion of a D3-brane in a higher-dimensional curved
space. Observers restricted on the D-brane see that the geometry of the brane changes
as the brane moves along geodesics. This change is due to the motion of the brane, in
contrast to the cosmological evolution predicted by General Relativity, that is due to the
energy density within the brane. Thus, observers see an effective cosmological evolution in
their universe. It is obvious that such an effective cosmological evolution can take place
only in a curved background space, otherwise the brane moves from area to area with the
same geometry, so they cannot feel any geometrical change. In the general case, the higher-
dimensional geometry may be an arbitrary curved space and also depend on the motion of
the D-brane itself. However, for the sake of simplicity, we will study the motion of a D3-brane
in a 10-dimensional spherically symmetric space, neglecting the back-reaction of the D-brane.
Therefore, the problem is reduced to finding the geodesics equation for a D3-brane and then
examine the cosmological evolution that the observers see.
The 10-dimensional brane may be parametrized as

dSlo = goo(r)dtQ -+ g(?‘) (CEL‘)2 + Grr (T)d?“Q + gsng,, (62)
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where goo(r) < 0 and dQ25 = hy;07¢’ is the part of the 5-sphere. To leading order, the
motion of the brane is governed by the Nambu-Goto action[10].

S =T / d*¢\/—det(Gop)e® — Ty / d*eC(r), (63)

where Gop is the induced metric defined as,

ozt 0x¥

Gop = G gea g

(64)
¢(r) is the dilaton field, C(r) is the RR field and G, is the above ten-dimensional metric.
As we know, this action is invariant under reparametrization. In order to fix it, we choose the
static gauge X = £ for a = 0,1,2,3. Moreover, we will concentrate on motion only along
the time direction, that is every point on the brane will have the same r coordinate at each
moment. In other words, the brane does not wimple. In this regime, the induced metric is
written as

Joo + grrT"2 + gshl SOJSDZ 0 >
Gag = J 65
’ < 0 Gl (65)

In the static gauge, the action in term of the metric components is written as

S =15V / de® <G_¢\/—93900 — @3gr7? — GBgshij it — CO"))

— Ty / de” <\/A ~Br? — Dhypigi — C(r)) , (66)

where since the integrand has only ¢°-dependence, we performed the integration over the
remaining coordinates, that gives the volume of the world sheet V3. Also we defined

A= glgule™®, B=g’ge? D=g’ge . (67)

In this regime, the problem is effectively one-dimensional with the following Lagrangian

L(r,7,¢", @) = \/A — BiZ — Dhy;pipt — O(r). (68)

Rather than finding the equation of motion using the Lagrange equations, one can more
easily calculate the integrals of motion, and then find the trajectory of the brane. Since
the Lagrangian has no explicit dependence on the time coordinate, the Hamiltonian will be
conserved. Also, as it is shown in the Appendix [A] the total angular momentum is conserved.
Therefore, having two constant quantities we are able to determine the motion of the brane.
Firstly, the momenta are given by

11



Br

r = — 69
b T JA- B Dh,pip (©9)
Dhi-gbj
bi = — 5 2 (70)
/A — Bi? — Dh;;pi ¢
Proceeding now in computing the Hamiltonian we find
A
H=C— . —. (71)
\/A — Br? — DhingJQOl
and for total angular momentum
3 D2hy; 9
(? = hp;p; = & — 72
Pibi = A= Bi2 — Dhypig (72)
In addition, solving the last equation for h;;¢7¢", we have that
.. PP (A—Br?)
hiygp' = T 73
Combining equations and , we arrive at the following equations
A A D + (2 o (2 A?)
2= (1- hij @’ @' = ————. 74
" B( (H+C2 D ) Y T DC T H)? (74)

In a generic space of the form , one can solve and determine the motion of the
brane in the r-direction. In order to compute the effective cosmological evolution we proceed
as follows. The induced four-dimensional metric on the D3-brane universe is

. — 2
ds® = (goo + 9o + gshis’ &) dt* + g(r)(dz"). (75)
Furthermore, using the second equation in set and the definitions , it becomes

2 3 24 L
ds? = —J09 € 2 dz ). 76
= O+ glr)(d) (76)
We can define the cosmic time as
dn = Vbdt, (77)
and takes a FLRW form
2
ds® = —dn® +a*(n)(dz”) , da*(n) = g(r(n)) (78)

12



The cosmic time is the same as the proper time in the brane universe. Equation is
the standard form of a flat expanding universe, where its evolution is governed by the usual
Friedman equations. The first of them (in flat space) is written as

Oya > 8r
D) = oy 79
( - ) 5 Pess (79)
By analogy, we can define the effective matter density from the brane’s point of view as
8m Oha ? 9
— e = | == | = H?, 80
5 Pefs ( . ) (80)

where H is the usual Hubble function. This effective matter density would be responsible
for the observed cosmological evolution, in the context of General Relativity. In terms of the
metric components, the effective matter density is

T s — (C +H)?gs¢ — |gool(gsg® + (*e**) (g—l>2
g et 4] googrr9gsg® 9]

(81)

2.2 The Addition of the Ricci scalar

The modification here is the addition of the four-dimensional Ricci scalar of the D3-brane.
Then, the motion of the brane will be governed by the action

S =T, / d*¢\/—det(Gup) <e-¢ - %AR) — Ty / d*eC(r), (82)

where R is the Ricci scalar of the four-dimensional world sheet and A is just a coupling
constant. The 2/3 factor is introduced just for future convenience. From now on, we will
refer to the part in the action without the term —%AR as the "Naumbu-Goto part” while the
rest will be mentioned the ” Einstein part”.

In order to fix the reparametrization invariance we choose again the static gauge X* = £
for « = 0,1, 2,3. Once more, we will concentrate on motion without wimpling.

For simplicity, let us write the induced metric as

—b 0
Gog = (0 a13x3> (83)

Then, the Ricci scalar is

. 6ab— 3ab 1 d [a 3 a2
R= - 3—(1/=a) — = —— 84
2b2a \/Ea% ( dt<\/;a) 2 ab) ’ ( )

and the action takes the form

S = Tg/d‘*g <e—¢\/5a3 - 2/%(\/%@) + A;—Q_b) - Tg/d4gc. (85)
a
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We can neglect the second term because it is a total derivative, and the action becomes

.9 -2
S=TV; [ de° —¢\/53+Aa—):Tv/d°(—¢\/b3+Aaa —0), 86
33/ 5 (6 a \/% 3V3 6 € a \/% ( )

Again we can perform the integration over the &' coordinates, that gives the volume of
the world sheet V3. Then, using the definitions for a and b, in terms of the ten-dimensional
metric, the action is written as

12 .2
S =TaVa [ 4 (/=m0 = T = by PP+ A e (1)
V=990 — Pgrr? — g gshi T ¢
=T3Vs / dfo \/A — Br? — Dhijgbjgbi + Ei —C(r) (87)
VA= Br? — Dhy;gip

where

A=¢gole™®, B=gg.e?, D=g’ge? E=~Ag?ge?. (88)

The problem effectively is also one-dimensional with the following Lagrangian

L(r,#,¢", @) = /A= Bi? — Dhy; i + — — C(r). 89
(r,r, @', ¢7) =/ LN w7y T (r) (89)

Proceeding further, the momenta are

Br 2E7 BE®
Pr = — ; — + - — + ANE
VA= Br? — Dhijpigt  \JA—Bri? — Dhyjpipt (A — Bi? — Dhypii)2
1 BE#®
= _ (2E7 — B + : 90
VA= Br? — Dhypigi ( A— Bri? — Dhijsoﬂso’) 0
Dhi; @’ N Ei? Dhi; !
pbi = — - — —
VA= Bi? = Dhypigi (A — Bf? — Dhyj¢i )
Dhg;l Er?
. (i ) (o1)
VA= Br? — Dh;jpit \A — Bi? — Dhy;pi ¢

We can now compute the Hamiltonian as usual

14



H=pr+p¢ — L=
1

B BE/* EiDhy;pl
/A= BrZ = Dhypi

A— Br2 — thgpjgpl + A — Br? — th]@]gﬂ

(2E7'~2 — Bi* +

— Dhiy?’ @' — (A — Bi* — Dhy¢? ¢*) — Eﬁ) + C(r)
A Er? )
= — . — — 1| +C(r),
\/A—BTQ—Dh”gngol (A_BTQ_DhijQOJSDl ( )

(92)
and the total angular momentum as
. D2hi.'j'i Er2 2
2 = Ripyp, = L Eel—— (93)
A — B?"Z — Dh,ijQOJQOZ A— B’I“2 — DhijQDJQOZ
Additionally, we can simplify the problem by defining the following parameters

_ Dhijpl ¢! 7? Ei? gPge 0

"SA-pe T CTTa-pe M- i

Then, the equations for the Hamiltonian and the total angular momentum take the fol-
lowing form

A 1 ¢
H=C(r)— 1), 95
(r) \/A—B?*2\/1—x<1—x+> (95)
2

_ ¢z ¢

6—1_x(1+1_$) ) (96)
respectively. While y = 1 — x satisfies
P+ CF =y (o7)
A — Br? ’

ve=(1-y)(C+y)? (98)

These equations can be solved for y. Dividing the second with the first, what we obtain is
€A?
H+ C)2(A— Br?)
After that, inserting this expression in (98)), we reach to a differential equation for 7
€A S\’ A2 A2 S\
<A—m—3r> :m(A—m—(B—FE)r) . (100)
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Also, in order to bring this equation in a more concrete form, we define the following
quantities

A eA? | 900 g3,
_ A _ N 101
@) =3 BH—-C2 g  ggm(H+0O) (101)
2 3.2 2%
W)= = e (102)
BH+C2Z g (Ht O
E 2 ¢
e(r)=1+==1+AL", (103)

B 9*Grr
while equation ((100)) takes the form

(2(r) = )" = h(r) (2(r) — e(r)i?)*. (104)
This equation can have up to three possible solutions for 72, as a function of the metric
components, depending on the sign of its discriminant. The general solution is discussed in
the Appendix . In a generic space of the form , one can solve and determine the
motion of the brane in the r-direction. We could have also obtained the other equations that
specify the motion in the other directions, but it is not necessary since our aim is to find the
effective cosmological evolution observed by the "habitants” of the brane.
In terms of the 10-dimensional metric the Humble function is

A 1 72¢?
2_ () _ 1
H _< a) o (105)

In addition, we can express b as a function of r and 7 only, as

b = ’900| - grr?;2 - gshijgpigpj
e2% o
= (A — BT’Q — Dhij(pzépj)

i
e2?

= ?(A — Br*)(1 — 1)
e .9

= ?(A — Bi)y

(106)



and inserting it in the previous expression for H we find

[ gs(H + C)%? (g_’)2
495(H + C)(gool — gr72) — g8 \ 9/
where the dot stands for the derivative with respect to the cosmic time, while the prime
stands for the derivative with respect to r. In addition, we can write the Hubble function in
terms of the auxiliary functions z(r), h(r), e(r)

(107)

9 e=? 72
H = —————(e(r)—1). 108
TG ORE (108)
We see that, once we have obtained the function 7 from the solutions of (104)), we can use
it in (107)) and compute the Hubble function. Finally, we can obtain the effective cosmological
matter density using . In addition, we can find the scale factor, as a function of cosmic
time, by solving the next differential equation

(%)Q = H*(a). (109)

a

Now, having built our machinery for determining the effective density, first by solving ((104)
and then using ((107)), we are going to examine the case of AdS; x S5 black hole background.

2.3 AdS black hole

In this section we will apply the above procedure in the case of the AdS5 black hole background
metric, i.e

7,2

2
where the RR field is C' = 2—1 In the first case (without the Einstein term), we can use

(81) and calculate easily the effective matter density

ds® =

. 12
(—dt2 n (dx)2> + S+ L2402, (110)

8 1L (2H 1 W
S () (1)

Far away from the black hole p.;s ~ a™*. In this regime, the motion of the brane produces
an effective matter density like the one due to the radiation on the brane. On the other hand,
at sort distances from the black hole, the term ~ a~® dominates corresponding to dilute
matter with p = wp and w = 5/3.

In the second case, where the Einstein term is present, more work is needed. An analytic
solution to the problem still exists, however it is not very elegant and gives no physical intuition
about the implications of the model. Firstly, we will show that equation has positive
solutions for 72 for each value of v = %- Then, ensuring that a solution that covers the whole
space exists, i.e. without any discontinuities, we will study the asymptotic behaviour of the
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effective density. Afterwards, we will compare them with those of the model in the presence
of either only the Einstein term or just the Naumbu-Goto term.

First of all, equation ((104)) in this background (setting for simplicity ¢ = 0) becomes

(=) =@ gy (o) om

Then, rescaling 7 ans ¢ as r — (HY*L)r and t — (H~Y4L)t we get

12
4 .9\ 3 r 4 .9\ 2
rt =) = ——— (r* = (1 4+9)7%)", 113
where v = i—’;.

Setting 72 = 0 in this equation, we see that 72 vanishes only at » = 0.
Thus, for every r the solutions have the same sign. Then, by examining its sign for a specific

value of r we can fix its sign everywhere. The simplest choice is r = 1. In this case, the above
equation becomes

(1-72)° = Z(1—(1+7)¢f)2, (114)
where 7 is the solution of 7 for this value of . The solution is plotted in the following
graph
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From this plot we see that for each value of ~y, 7 has a positive solution at r = 1. Since
equation ([113)) is a third order polynomial, there is always a real solution. Therefore, there is
always a positive solution for each r and . Next, we can easily find the asymptotics of ,
observing that the right hand side of the equation is always positive. For » — 0, 72 has to
start as r", where n > 4. Substituting the following expansion

= Art+ Y g, (115)
i=1
with n; 1 > n; > 4 into (L13]), for v # 0 we obtain

2 2 1
=t S (LS 4 Sy = (L) O6), =00 (116)

While for v = 0 there is an exact solution of ({113])

7"2

12
.2 4 r 4 12 16 20
=rt————— =" == 4+ 2r° 4+ 0(r r — 0. 117
(ETDE (™), (117)
The solution with v equal to zero corresponds to the case with only the Namdu-Goto
term. Following the same procedure, in the other asymptotic region, i.e. for r — oo, we find

three possible cases (where now we demand n; < 4)

For v <0
2 4(4 2 8(1 3 1
72~ R Ch ( ij)+ —, T — 00, (118)
=2y [(—29F " 0=297 =2
for 0 <y < %
2 4(4++2 8(1+7) 3 1
-2y [(1—21)3 + o T (1—27)} prn T o0
7~ or (119)
2(1-A)(1-A(1+9)) 1
A+ S a7 0
and for v > %

, 21— A)(1— A1 +7)) 1
2~ Art — 12
A T T Ay o T (120)

where A is the solution of

(1— AP =(1—-A1+7))> (121)

This equation imposes some restrictions on A. First of all, A must be positive in order for
72 to be positive too. Moreover, writing this equation as a quadratic polynomial for v and
requiring the discriminant to be positive, we get that A is less than one. Consequently, we
have that
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0<A<I. (122)

Finally, the non-zero solutions for A are

1 1
A= (2—27—72—7%\/4+7>, A= (2—27—72+7%\/4+7> L (123)
In addition, for 0 < A < 1 we conclude that v > 0. Note that v = 0 corresponds to A = 1.
Knowing the possible behaviours of 72 in the asymptotic regions, we can compare them

with those as if we had only one of the two terms in the action. We already know the asymp-

totics when we have only the Nambu-Goto term, by setting v = 0 in the above expressions.
That is

4_ p12 4 9,16 N
2 T re42r°, 0 (124)
2—%, T — 00

In order to find 72 when only the Einstein term is present, we write equation (100]) in this
background

3 _ 2
(‘900| B 7;2) _ 9°g50¢ 2¢2 (’900| B (1 +Agfe¢) 7;2)
Grr Grr(H+C)2\ grr 92 Grr

o 93930 — |g()0| -2 A 9/2 -2 ’ 125
= —grr (H + 0)2 6 grr - ’f’ - gQgTTT ) ( )

(126)

and then taking the limit e™% — 0, % — 0. Then, rescaling 7 and t to r — (HY*L)r and
t — (H~Y2L)t we arrive to the desired equation

(rt = )" = 4212, (127)
Following again by the same method, we find that
_2 IS 1 —i—%ygr% , 1—0
R O 5 (128)
N r — OoQ.

Note that this equation matches with (118]) for ¥ — —oo. Using these results, we are able
to find the effective density in each case for large and small r. The first step is to write the
Hubble function in this background. From equations (107)) we have that

H? = LL
L2420
We can now present the asymtpotics of the effective density as a function of the scale

. . . 1 .
factor. Firstly, we will rescale back the r coordinate (r — H =2 L~!r) and then we will use the

(129)
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relation between the scale factor and r (a* = g(r) = (%)2) In the following table we present
the results for the three cases of v mentioned above.

where

2 44++*)  8(1+7) 3
50 =2 = [0y o ) )
Py = 2= AB)(L+2) @+ A0) an

I+ AM) (=27 = A() (1 +7))
Aly) = % (2—2v—v2i7%\/4+7> (132)

Therefore, we conclude that the Einstein term dominates for small r. In this regime,
pefs ~ a~®/3 that corresponds to matter with w = 1/9. On the other hand, for large r, we
have two possible asymptotic behaviours. The first one

8 L2 2 H H?

eff — B R
5 Pelt =7 (7) -

o (133)

for 7 — oo gives the Einstein contributions, whereas for small v we get the Nambu-Goto
contribution. The other possible asymptotic behaviour

8 > A(y) H?
3 Pel = T A =
3 1— A7)

takes a constant value for large r. At this point a crucial observation must be made. We
see that by adding the Einstein term to the model studied in [10], the effective density takes

(134)

Nambu-Goto Einstein Both terms
2 2
r—0 0<7<% 7;—82-%% VQ%%_% %_%
’YSO 2(1_7‘1[_% ﬁ%_% 2’ya4 <)H_8
T — 00 0<’)/<% 2(1—71—%;2 Wl‘yj—g%;[;g 27&4—|-B(’y) or (7()_{_3/()
vz3 | R g - #&)+B’<v)a—s

Table 1: The asyptotics of the effective density SWL Peff, in the asymptotic regions
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a constant positive value for large r and v > 0. This behaviour fits the solution predicted
by General Relativity in the regime of vacuum dominance (w = —1). Also note, that a
similar solution is not present even in the situation with only the Einstein term. In this sense,
the Nambu-Goto term can be interpreted as the origin of dark energy. Next, we plot three
examples for the three domains of ~.

Observe that in the first diagram (v = %) there are three possible asymptotic behaviours.
The two of them come from the solution (133)) that goes to zero, and the other two from
, one for every AL(7).

In the above analysis we studied the motion of a D3-brane along geodesics that initially
have zero angular momentum and non zero energy. Also, we can study the case with vanishing
initial energy or with non-zero angular momentum. Writing equation in the AdS;
background, without setting ¢ = 0 we get

3 3
((2)4—5;(2)6142—*2) :(%)IQﬁ ((2)4—222(2)61“—(1+W2) : (135)
)) (#+(£)") (*=(£)")
We see that in both in the two asymptotic regions the new term disappears. Consequently,
we conclude that the presence of non-zero angular momentum does not affect the asymptotic
behaviour of the solution. Finally, in the following discussion we present the cases with zero
energy.

e In the case with ¢ = 0 = H, equation (113]) becomes

==

(rt = #2)° =1 (' = (1 4+ 7)), (136)
having the following exact solution
= Art, (137)
with A = O,% (2 —2y—~2 4+ 7%\/4 + 7). As before, this behaviour gives the following
result for the effective density

8 A

-° - 1
Bpeff 1_A ( 38)

This result is not interesting, since it gives constant effective density everywhere.
e In the case with ¢ # 0,H = 0, equation ((135)) becomes

(-5 E ) -G (-5 @) -0w) . oo

This equation does not have a positive asymptotic at » — 0. Therefore, it does not give a
solution that is valid for every r. So this case is of no in particular importance. To summarize,
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Figure 1: Effective density as a function of the scale factor for (a) y = %, (b) v = —1 and (¢) v = 2. The blue line in the

solution with only the Einstein term, the orange one is with only the Nambu-Goto term, and the red one with both terms.
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we computed the asymptotic behaviour of the effective matter density in the case with £ =0
and H # 0. The results are exhibited in Table . We saw that the Hamiltonian affects only
the scale of r, and that the behaviour of p.; is controlled just by . Moreover, we concluded
that the presence of a non-zero angular momentum would not affect the asymptotics of pcy;.
Finally, in the case with zero Hamiltonian we proved that for r — 0 we cannot obtain a
positive solution for 72 and therefore we do not have a solution for every r.

2.4 Generalization to a class of background metrics

In this section, we will generalize the results for the effective density for a wide class of
background metrics. More specifically, we will study the case where the ten-dimensional
metric is such, that in the asymptotic regions the auxiliary functions have
a power law behaviour and are positive. In addition, we will concentrate on motion with
zero angular momentum. With these restrictions, we can find the asymtpotics for r and
consequently the asymtpotics of p.sr. In other words, we will compute the effective density
in the case where r — 0

z(ry=A"+ ..., A, >0
h(r) = Apr™ + Ayr™ + ... Ay >0, 0 >y,
e(r) =1+ Aerne 4+ ... (140>

and the brane is moving with zero angular momentum. Respectively, for r — oo we will
consider that

Z(T):Dzrkz"i_-"? D/z>0
h(r) = Dpr + Dy .. Dy > 0, k) < ky
e(r) = 1+ D + ... (141

In the first asymptotic region (r — 0) the equation (100]) becomes

(A =2 ) = (™ 4 A ) (Ao — (14 Agm)i? +.0)7 (142)

As in the case of the AdS space, 7 necessarily must have an expansion of the following
form (since the right hand side of the equation is always positive)

P2 =Br* + Y Br™, m; >n., B<A.. (143)

In the following analysis, we will compute only the leading term of the effective density.
The computation of the subleading terms is straightforward. Inserting this expansion in ((142])
we get
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{(A,—B)r™ —Byr™ +.. 33 = (Apr™ 4 A r™h 4 ) {(A. — B)r™ — Byr™ — A Br=tme 4 )2
(144)

We distinguish the following situations
e B#+A, B#AO:
— ne > 0: In this situation, equating the leading terms of the two sides in gives
(A, — B)*r*" = Apr™ (A, — B)*r®"=

that can be satisfied iff n, = n;, and B = A, — A,,.

— ne = 0: In this case we get
(A, — B)*r®"= = Apr™*2={A, — (1+ A.)B}?

that can be satisfied iff n, = nj, and B given by (A, — B)? = A,{A. — (1+ A.)B}?

— n, < 0: And in this case
(A, — B)*r®"= = Apr™ (A" Br)?
that can be satisfied iff n, = n;, + 2n, and B given by (A, — B)3 = A, A2B2.
e B = A,: In this case equation takes the following form
(=Byr™ 4+ .. ) = (Apr™ + ) {Byr™ + A A et )2 (145)

—ne < my —n, (> 0): In this case the second tern in the curly brackets in the
right-hand side dominates and gives B; = —{/A,A2A2 and m; = w that
implies the condition n, < n, — n,. This result is consistent with the restriction
my > n, only when n, < ny + 2n.. Note that the last inequality is automatically
satisfied if n, > 0 and n, < n;, — n. hold.

— n, = mq — n,: In this case By is given by —B} = A,(B; + A.A.)? and m; = ny,.
This implies the condition n, = n;, — n.. Also, consistency with the restriction
my > n, gives ny > n,.

— ne > my — n,: Finally in this case, we get By = — A, and m; = n;, that implies
n, > ny — n.. Again, consistency with the restriction m; > n, gives n, > n,.

e B =0 : In this case (142) becomes

(A — Byr™ + ) = (Apr™ 4 A4 ) A — (14 Agr™) Byr™ 4. .32 (146)

25



— ne > 0: The leading terms of both sides give n, = n; and A, = Aj,, while the first

subleading term gives m; = nj, and B; = —5 AAz_f;‘; = A}
— n, = 0: The leading terms of both sides give n, = n; and A = Ay, while the
bleading t d B ApAs _
subleading terms give m; = nj, and B; = — A (1) 34 _12,4

— ne < 0: The leading terms of both terms give n, = n, and A, = A, while
the subleading terms give m; = nj and B; = —%. The restriction m; > n, is
automatically satisfied here.

In the following tables, we summarize the asympotics of 2. Note that in the case where
ne = 0, for n, = ny, it seems that we have four solutions. Nevertheless, the second solution
is valid only when A, = Aj,. In this case the equation

(Az - B)3 - Ah{Az - (1 + Ae)B}2 (147>

has a zero solution. Thus, we still have three asymptotics for 72, as it should be, since (142))
is a cubic equation. Moreover, we can use these results to compute the asymptotics of the
effective density. We will compute it for ¢ = 0. In this case, from ((108)), the effective density

for r — 0 is written as
8 1 72

O e = A e, 14
g Pl TN A =2 (148)

and its asympotics are summarized in Tables and .

Finally we can write the effective density as a function of the scale factor, inverting the re-
lation g(r) = a®. For the sake of simplicity, we do not present the results. Given a background
metric, one can find the expansion of the auxiliary functions in the asymptotic regions, then
check to which situation this metric fits. Finally, inverting g(r) = a® one can express the
effective density in terms of a. From this analysis, we conclude that we can have all kinds of
asymptotic behaviour for p.s¢, depending on the details of the background metric.
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n, = ny P2o( AL —Ap)rs or P2 Al ", A=Ay,
Ne >0 1] np >n, >np — N P20 ALz — AprTh
N, = Np — Ne 72 A, r"e 4 Birh, —B3=Ap (B1+AcAz)?
n, < np — Ne PR A s {/MTM#’”
n, > ny -
ne =10 n, = ny 7#2~Br"z (A, —B)3=A{A,—(1+A:.)B}? or f2glfgﬁ% r"%, A=A,
n, <np 72 A rTE — mrnh-;an
n, > ny -
v
n, =Ny P2 A ez —Zhrth A=Ay,
ne <0 | ny >n, >ny + 2n, -
n, = Ny + 2N, #2Brtz | (A,—B)3=A,(A.B)?
n, < np+ 2n. P2 A e — mrw
Table 2: The asymptotics of 72 for r — 0
kz < kh -
k, =k #20e(D,— Dy )1k or #2~D! k| D,=D),
k’e <0 k?h < k)z < k}h — k‘e 72D, rkz —Dprkn
k, =k, — k. #2D,rkz 4 Byrkh | — B3=D),(B1+DeD.)?
k, > ky — k. F2aD.rks 3/ DpD2DE s
k, <k -
ke =0 k. = ky F22Brks (D, — B3 =Dy {Ds— (14D, BY? or i?a 2", D.=D),
k. > kn F2nDrks /Dy DEDE s
kz < ]{Zh -
k, = ky, fQZDzrszDT;‘rkh, D.=Dy,
ke >0 | ky <k, <k + 2k, -
k, =k, + 2k, #2~Brkz (D,—B)3=Dy(DeB)?
k. > ki, + 2k, F2nDrks /Dy DEDE s

Table 3: The asymptotics of 72 for r — oo
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n, > np

1 ApAe nf4ne—n
N, = Ny Ix A, rhe or gx—G—r hT"e h, A=Ay
ne>0| np>n, >np —ne iy Agepnstne=n
Ny = Np — Ne — g Agternatne i, —BI= Ay (Bi+AcAz)?
nz+ne—np
n, <np—n 1 AgAe | JETTETTR
- ‘ o 3\/ ApAZAZ
n, > ny -
_ _ A A/ 7
ne =0 2 =Ny 15 2%, (A —B)3=Ap{A:—(14+Ac) BY? or gy gl ™", A=Ay,
nz—np
n. <n 1 AzAe 3"
o R apazaz
n, > ny, -
nz — nh 41A SAAer rhztne—np
Ne <0 | np >n, >ny + 2n, -
N, = np + 2n, T Ae e, (As—B)?=A,(AcB)?
nzt+ne—np
n, < np+2n —Aefe_,~ 3
z © AN3 /A, 4242
Table 4: The asymptotics of p.ss for r — 0
/{JZ < k‘h -
k., =k ﬁerth)Dfe rke or L =h hDe r*htke=kn D =D,
ke < 0 kh < kz < kh - ke 41A DBJ}?E rkztne—Fkp
k. = kn — ke — 5 2pert the T, —BY=Dy,(Bi+D.D:)?
k. > kh —k 1 D.De Tm
z N A3 /p, p2D2
hel’z
k, <k -
_ _ Dj Ky —k
ke=0 k, =k 5 o2 ke, (D2~ B)*=Dyp{D:—(1+De)B}? or i —ilopsr™h ™, D.=D,),
kz—kp
k, >k L DzDe .~z *
o N3 /on20?
kz < k?h -
k, =k, A 3DDZD5 rhztke—kp
ke >0 | ky <k, < ky+ 2k, -
kz = kn + 2ke LA BD@BTke (D:—B)*=Dy(DeB)?
kz+ke—k
k, >k + 2k, 1 DiDe  Eg—h

A
3/p;, D2D2

Table 5: The asymptotics of p.s¢ for r — oo
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3 Conclusions

In the first part of this paper, we studied the static and spherically symmetric solutions of
the low-energy Horava-Lifshitz gravity. We shortly discussed the motivation of the theory,
that is the construction of a power counting renormalizable theory of quantum gravity with
anisotropic scaling. At high energies, the dispersion relation of gravitons is modified to w ~ k6.
This modification improves the UV behaviour of the theory, rendering the theory to be power
counting renormalizable. On the other hand, at low energies (tuning the parameters) the
action is reduced to that of General Relativity with a cosmological constant plus a new term
which contains derivatives of the lapse function.

Then, we focused on the low energy effective action, and we studied its static and spheri-
cally symmetric solutions with zero shift vector. We showed that in the absence of the cosmo-
logical constant term, the solution has the same asymptotic behaviour with the Schwarzschild
solution at large distances plus corrections of lower order. However, in the presence of a cos-
mological constant term, the solutions do not have the same asymptotic behaviour like the de
Sitter-Schwarzschild solution. Instead, the lapse function acquires an exponential behaviour.

In the second part, we studied a scenario of mirage cosmology. In this model, our three-
dimensional universe is treated as a three-dimensional hypersurface (a brane), moving in a
higher dimensional background space. We showed that the residents of the brane observe
an effective cosmological evolution even when the background space is static. Initially, we
studied this cosmological evolution while the motion of the brane was governed by the Nambu-
Goto action, originally done in [I0]. Applying the results in the case of the AdSs; black
hole background, we found that far away from the black hole p.;; ~ a™*, and the effective
cosmological expansion is indistinguishable from that one produced by radiation on the brane.
On the other hand, near the center of the black hole p.rr ~ a~®, and the effective matter
density corresponds to dilute matter with w = 5/3.

Also, we studied the addition of the Ricci scalar of the brane in the action, and we
recomputed the effective matter density. In the case of AdSs; background, we found that
Peff ~ a~8/3. This behaviour in the context of General Relativity, corresponds to exotic
matter, with w = 1/9. Nevertheless, far away from the center of the black hole, the effective
matter density reaches a constant value. This result is very interesting because p.rs = const
resembles the case of vacuum dominance in General Relativity. As we know, the experimental
observations have proved that in this period our universe is in this phase. However, there is
not known matter, having equation of state with w = —1, that is the notorious problem of
dark energy. Therefore, we conclude that a possible explanation of this problem can be given
by this model. In other words, we can explain that the matter density takes a constant value
effectively, due to the motion of our three-dimensional universe in a higher AdSs black hole
background.

Finally, in the last section we generalized the results for the effective matter density in the
case of a general class of background metrics. We proved that p.¢; can have all possible power
law behaviours, and can also reach a constant value either for small or large r, depending on
the details of the background metric.
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APPENDIX

A Conservation of hp;p;
Consider a Lagrangian of the form
L=L(r,,z), x=h;pe (149)

Then, the quantity h”p;p; is conserved, where p; is the canonical momentum with respect to
@' given by

oL OL_ ... .
e T el (150)
Taking the time derivative of this quantity we have
d, . OhY i
E(hwpz’pj) :D—wk@kpipj + 2R pip; (151)
o, 0L
— Kpipi + 20 p,—. 152
gt P P + 20 pin (152)
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Additionally, the first term is equal to

OhY hZJ oL
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QJ|Q> Q_3|Q> Q>|Q>
= S

and the second term

oL 0L Oz
o2h4 = 2h” ———
pz@g@ " Ox OpI
oL LOL Oh
. i mn .-m, :n
=2h 2_8 hlng a a ;
OL\ > _Oh
= (2— h”hZ mn
( 8x> kSD Q" P" 500

So the two terms cancel and the total angular momentum is conserved.

B  The real solutions of the cubic equation

Consider that we have an equation of the form

(2(r) = #2)° = h(r) (2(r) — e(r)i?)*.

Using Cardano’s method for solving cubic equations, what we get is

1
7 = 6 (—2e*h + 62 — 23 (u +v)),
where
US = £+7
v =E,

satisfying the constraint uv € R. Also, &+ is given by

(153)
(154)
(155)

(156)

(157)

(158)
(159)

(160)

(161)

(162)

(163)
(164)

& = h(2e°h* — 18(e — 1)ehz + 27(e — 1)%2°) + 3v/3y/(1 — €)3h223 (4e3h — 27(e — 1)2).
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(165)



We have to analyze two distinct situations. The first is when the discriminant is non-negative
A= (1-e)’h*2" (4¢’h — 27(e — 1)z) > 0. (166)

In this case, there is a single real solution (there are also two complex conjugates coming

from the cubic roots in ((163) and (164)) ) that are written as

72 =

(—2th + 62— 223l 4 §i/3)>

<—262h + 6z — 22/3§i/3 . 22/3 (§_€+)1/3>

1
6
1
6 1/3
+

1 24/3eh(e3h + 62 — 6
— 6 <_262h _I_ 62 . 22/3§i/3 . € (e 1‘{/’3 z 62’)) ' (167)
+

In the opposite case, i.e. when the discriminant is negative, the £, are complex numbers
and according to De Moivre’s theorem

w= €[5 (168)
v =g e T, (169)

where n,m = 0, 1, 2. In this way, satisfying the constraint uv € R

—0+2
u+v= 2|§+|% cos <%) : (170)
and the solution for 72 is
1 642
72 = 8 (—262h + 62 — 22/32|§+|% Ccos (%)) : (171)

where for each value of m we have one real solution. These are the general solutions of

(104) in the two cases. When the discriminant ((166)) is non-negative the solution is ((167)),
while when the discriminant is negative the solutions are given by (171]).
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