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Evcaywyn

‘Eotw C' ula akyePpuxy| mpoBolux xaumdhn yévoug g > 2, oplouévr Tdvw and To ahye-
Bewd xhewotd owua k, yopaxtnewotixic p > 0. Elvow yvwotd 6t 1 oudda twv autouop-
pouwy G e C elvan menepaouévn. e auth) Ty epyacia UEAETOOUE TNV Sour| Twv ouddwy
AUTOUOPPLOUWDY UEPLXWDY CUYXEXPLUEVKDY OLXOYEVELDY XoUTUAWY. Enttpénouvue oL owoyéveleg
XAUTUA®Y TOU UEAETAUE VoL £YOLVE XalL LOOHOPPES XAUTOAES. LNV neplntwor autr, dnhady
otnv mepinTwon mou ula xoumOAn elvon WLouop@n, Yol EVVOOUUE TOUS QUTOUOPPLGUOUS EVOS
TpofBoAuxol, TApoug, un Wiéuoppou UoVTEAOU TNC 1) LooSOVAUO TOUS QUTOUOPPLOUOUS TWY
avtiotoywy cwudtwy cuvaptioewy. Kpelvaue Aoimdv Bohund va mapovoidoouvue tny Yewpla
TOUC, GE GPOUS TWV COUJTOV GUVHPTACEWY XAl TV avToToLwY VECE®Y TOUC.

Avahutd 1 Sudpdpwon twv xepahaiwy €xel we e€he:

Y70 TPWTO XEPFANLO UEAETOVUE TO TOpoxdtw TpoBAnua: Oewpolue uia affehiovy) enéxtao
F tou oouatoc cuvaptioewy Fy, ue offehovy ouddo Galois A. Ilowd elvon 1 oyéon e
ouddag auToUop@LoUGY Tou Fy ue TNV oudda autouop@ouwy tou F; H uédodoc mou axo-
Aoul0o0UE, TEOXELWUEVOL VOl OMOVTACOULUE OTO Topamdve epwtnua elvan 1 e€ic:  Alvouue
avoryxaleg ouvinxeg, Kote 1 oudda A va efvor xavovixy) UTOOUSdA TNC OUASAS AUTOUOR-
plopdy Gp tou oduatog F. Etol to npéinua unohoyiouol tne Sounc tng ouddag Gr
avdyetow ot €va mpdPBAnua eméxtaone utag utoouddac H tng ouddoc autouoppouwy G,
Tou oouatoc Fy ue afehovd mupAva A. ‘Onwe elvor yvwotd to TpoBARUaTe ETEXTACEWY
OUEBWY oVEYOVTOL GTOV UTIOAOYLOUG TWY GUVOLOAOYLOXMY XAdCEWwY Tne ouddac H2(H, A)
ToL avTioTolyoLV ot dedopévn enéxtaon. Emnmiéov divovue xpithpla dote 1) Soun tng ouddog
G va eZoptdron amd Tov TUTo Slohddwone tne enéxtaone owudtwy F/Fy.

Y70 3eUTEPO AEPAANO, EQUPILOLOVUE TA TIOUPATAVL EQYIAEIN OTO GOUANTH GCUVIPTHOEWY TWY
xoumO Y e eninedo Lovtéla tne wopphc y™ = f(z) xo xadopllovue tic Suvatés Soués Twv
OUABWY CUTOUOPPLOUWY, XAVOVTUS XPNOT TV VEWPNUATKDY TAEWVOULONG TWV TENEPUCUEVLY
UTIOOUSBWY TNS OUABIC AUTOUOPPLOUGDY TOU PNTOU CWUNTOC GUVIPTHOEWY.

Y10 enOUEVO xeQANALO, UTOAOYILOUUE TS OUADES AUTOUOPPLOUMDY TWV CWUITWY GUVIE-
THoEWY Fiy TV xoumOAwy 2" +y™ —1 = 0 6nou n # m, xau 1 Yapaxtnplotixy| dev Sonpel ta
n,m. H uédodog mou axolouvdodue elvon Alyo Stapopetixr and T mporyoluevee uedddoue.
E&" outloc tng ueydhng ouuuetplog tou mapandvou eninedou UOVTEAOU, UTOPOUUE Vo UTO-
Aoyloouue uta Bdor ohouop@wy Saopxdv xadde xat TNy Sour Twv nuouddwy tou Weier-
strass oe ouyxexpwuéva onuela. Me autd tov tpdmo amodetxviovue dtL 1 ouddo p(m) elvon
XAVOVIXT] UTOOUASA TNG ouddaS auTtoUop@ou®y F, . Eivow evdiagepdy va tapatnpicovue
6TL btoy min xon o n — 1 elvan dOvoun g YaEaxTRPLOTXAC TOTE 1 OUSSA AUTOUOPPLOUGOY
€yeL TEEN oA peyalUTEPN antd To Ppdryua Tou Hurwitz otny yapaxtnpiotind 0. H nepintwon
n =m Aoy Yot and tnv gpyacta tou Leopoldt and tic apyéc tne dexaetiag tou 70.

Y10 tétopto xepdlono, enextelvouue éva anotékeoua tou J.P. Serre nou unoldyioe Tig
ouddec autouopplou®y v modular xouniiewv X (p) v p me®to xou vToloy({ovue TS
ouddec auToUopPPLOUGY TV XoUTOAwY X (), yio xdde guoxd N. ‘Onwe mpoéxeupe, uetd
and emxowwvio ue tov J.P. Serre o nopandve utohoyloude e oUudSaC AUTOUORPLOUWY TWV
xounOhwv X (), fray yveoTtods otoug edixols Tne Teployfc.

Y10 tehevtalo xe@dAono, UTONOYILOVUE TS OUABES AUTOUOPPLOUWDY TWV UTEPETILPAVELLDY
Fermat. Anodewviouue apywd 61t xdde autopop@londs twy unepemipaveldy Fermat etvon
TEPLOPLOUOC EVOC AUTOUOPPLGUOL TOU TepLBEANOVTOS TPOBOAXXO) YWMEOU oL GTNV GUVEYELX
unohoy{{oVUE ToUg AUTOUOPPLEUOUE oL StatnEoly TNy e&lowon Fermat avahholwt. Kot to
amotéAecua aUTé, HTAvE YVwoto and to 1987 and tov T. Shioda. H pédodoc tou Shioda uou
€ywve yvwoty and tov T. Katsura xow agod 1 Sudaxtopuxy| wou StatplfY| elye mold ohoxAnpwiet.

Oa Aleha va evyaploThow Yepud tov emBAénovta xadnynth x. [dvvn Avteovddn ya tny
Bordeia mou pou mpdoepe e AT TNV SLAPXELN TWV UETATTUYLAXWY oToudwy Uou. Eniong
Yo Hleha va evyapothiow tov xadnynth  P. Roquette yioa to evdiapépov mou €deile yio
v gpyaoia Lov xadde xou Tor ool xon Tic umodel€ete tou. Euyapiotd enione to Tdpuua



Kpatixdv Trotplpudv tou onolou unhpga undtpopoc.
Evuyoptotod Wiaitepa toug yovelc uou I'dvvn xon Mapla xadode xon Toug ¢lhoug xan ou-
vepyditeg Hou oto mevemotAuo Kpfng Mapiva, Anurten, Oavdon, I'ideyo.

Hpdnero 18 Aexeufplou 1988
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AfBEALOVEG EMEXTACELS

‘Eotw Fy éva olyeBpnd odua cuvapthoewy, Ue Badud unepPatixdtnroc Uovdda, opltouévo
uTép evoc ahyelpwd xheloTol ohuatoc k, yapoxtnolotixhc p > 0. Oewpolue ula meme-
paouévn afehiav| enéxtaon F tou Fy yévoue gp > 2, ue oudda Galois Gal(F/Fy) = A.
Eivar yvwotd 6t 1 opddo autouopploumy, éotw G, tou F elvon menepacuévn. ([11] ceh.
368). Txomoe pog elvan va suoyetioovue Ty oudda auvtouop@louody G tou F ue tnv oudda
auTOUOPPLoUGY Tou Fy. Mropolue vo ypddouue tny e axpfn axoloudia

1— A — Ng(4) — H—1, (1.1)

6mouv Ng(A) ovuPBohilel tov xavovixornounth tou A oty G xou H, elvor uta menepoouén
UTOOUABA TNG OUASAC AVTOUOPPLOUGY TOU Fjo.

Kétw and xatdhinhec cuvidixec éyovue 6t A I G ouvvendde Ng(A) = G. To yeyovic
AUTO UOC ETULTPETEL VO UEAETACOVUE TNV OUASA TV QUTOUORPLOUWY Tou F' cav éva TedBinua
EMEXTACEWY TEMEPACUEVWY UTOOUADWY TNg ouddac autouoppouwy tou Fp, ol onolec eu-
paviovtar cav mniixa G/A. Ou Brandt xou Stichtenoth [4] ypnowwonoinoay napduoes te-
YVLXES TIPOXELUEVOL VAL UTIONOYITOULY TIC OUABES UTOUOPPLOUWY UTEPEAAELTITLXWY XAUUTUAWY,
dINAadh xLAXOY emextdoewy Baduol 800, evog pntol ohuatog cuvapthicewy. Ericewg o
Brandt [3] otnv ddaxtopix| BlatpBh Tou, UENETNOE YEVXGTEPY XUXALXES ETEXTAOELS TOU
pNToL COUATOS cLVHPTACEWY Borduol TEWToL apLluoD.

Ac vrodécouue mpog to mapdy bt A G Tpdpouue Ty ouddo A cav éva eudl ddpotoua
A=Ay @Ay, omov Ay elvon 10 p-xouudt g offehavic ouddag A, dnhadh n uéyotn
aBehiov| p-umoouddo tng ouddac A, Areg = A/Ap, (|Aregl,p) = 1. Iopatnpolue 6t A,
elvar enlong uta xavovixr} vnooudda g G xa €tal AaBAvVoUUE TNV OUABN AUTOUOPPLOUWY
G oe dVo Bruata

1— A, — G, — H—1,

1— Ay — G — Gp — 1,

6mou G, cuuBoiilelr v eméxtaon e H ue A. Agol 1o odua k elvar ohyeBpuxd xhetoto, xdide
afehavy) enéxtaon pe oudda Galois tdEng mpdtng mEog TNV YopaxTneloTixy elvan enéxtao
tou Kummer xou x&de affehoavy| enéxtaor ue Galois p-oudda, émou p elvon 1 yopoxtnototixd,
elvar enéxtacn tou Artin-Schreir .

Yuvodilovtag, Yo TEETEL VoL AMAVTHCOVUE GTOL TOPOXEITE EpWTHUATOL

o Kdtw and moleg mpolnodéoelc unopoue va e€acaiicovue 61t A 1 G.
o Ilwe unopolue va meptypddouue tny dour tng ouddoc G, dedouévou o1t A < G.

e Ilowa efvorn 1 umooudSa H, Twv auTOUORYLOUGY Tou owuatog Fp, Tou enextelvovTtal ooy
autouoppopol tou F, Snhad mold elvon to tnhixo G/A.



O EexwvicouUEe and TO TEWTO EQWTNUL

1.1 YuvdMxeg %avovixoTnTog

Tedpouue v afiehiavh oudda A ooy evdd ddpotoua b xuxhixdv uoouddwy

By,

i=1 j=1

Mopatnpotue 611, A A G av xou uévo av
Ti
A; = @ Zni < G,
j=1

apol ouluyY| otouyela Exouv Ty (Bla TN,

Oa enextelivovue éva Yedpnua tou Accola [1] to onolo Vo uoc ddoel uta xavh cuvdixn
DoTe N oudda A; var elvon xavovix) o€ oAOXANEN TNV oudda autouopploumy. ‘Eotw A; eudic
npocietaloc otny avdhuon e A, 6nwe oplotnxe napandve. H oudda A; yedpetar ooy eudl
ddpoLoual HUXALXWY OUASWY LoOUOoPYWY UE TNV Zy,. Eotw Th, A = 1,...,r; oL yevwiTopeg
TV XUXAXOY TpooleTéwy e A;. Evleyouévwe ol nopamdve yevvrtopes va atadeponotody
drapopetind mARlog Yéoewy. T'a xdde s guowd Vo cuuforilovue pe Af tnv urooudda
e A; mou nopdyeton and ta Ty nou otadeponooly s to mARloc Yéoec. Auvbd ouluyelc
autouop@Louol €xouy to (Bto TARlog otodepdy onuelwy. Etol n oudda A; elvon xavovixr
unoouddo g ouddac G av xou Udvo av dhec ot umoouddes A? elvor xavovixéc LTooUAdES
e G.

Ty ovvéyeta Yo oupBorilovue ue A uia afiehiovh ouddo tobuopyn ue Bl Z,, tétowa
oote ol t, o Thidog yevvrtopes tne A, {11, ..., T; } vo otadeponotody to (8o mhfidog s Yécewv
tou F. Oérovue T' = T xon éotw @ uia 9€on tou F mou va otadepomoteiton and tov 1. Katd
v Sudpxeta e anddeidne authc Yo cuufBoiilouue ue n Ty téEn tou T,

Oewpolue 1o oLluyég T :=0To"' wouT ue éva Tuyato avtouopploud o e G. Elvon
capég OTL T otadeponotel Ty ¥éon 0(Q). Eotww FA 10 odua tov otadepdy otoielwy Tou
Funé ty ocAot.

Adppa 1.1.1 Yrdpyer owvdptnon f € FA, ue povadiné ného oto q := rest|pac(Q) o
onolog emnAéoy elvon noAog tdéne k < v+ 1, émou v elvar T0 YEvoc TOU FA

Anoden: Oewpolue ToV YOEO GUVIPTHOEWY

L((y+1)g) ={f € F*: (f)+ (v +1)g>0}.

Ané 1o Jewdpnua twv Riemann-Roch unohoyilovue 6t 1 Sidotacy tou mopandve }kpou etvor
peyohOtepn 1) lon ue dvo, dnhadh to Intoduevo. O
O divisor ¢ f, oav ocuvdptnon tou F elvor

divp(f) = (flo—nx Y 7(0(Q)).
TEUAU*l/T

"Eyovue hownéy 6t deg f < nf(y+1). Ac Yewphoouue topa tic cuvapthoewc h; := f—T;o f
xan o¢ vnodécouue 6Tt ula and autée, Eotw N hy, dev elvan otadepry. Tote

degh; < 2deg f —ri < 2n'(y+1) — i,

1O ouddec autouoppLoudy Yewpolviar Tolamhactaotixés. O tapandve npocdetinde cuuBohiouds etvar
T PNOTLXOS AANEL TOV TpOoTLLOVUE SLdTL xahoTd Teploadtepo coph TRy avaloyio Ue TNV Yeouixh JAYeRpa



omou r; elvar 0 apriu6g Twv TOAWY TN f, hawuBdvovtag utddny Ty toAhamAotnta. Hpdyuart,
yio o ¥éon P tou F

vp(hi) = vp(f —T;o f) > min {vp(f),vp(T o f)},

dpocav 1 Oéon P elvar évag mohog tne h; tote ) P elvan évag néhog e f 1y tng Tio f. EmnAéov
av P elvar évag xowoeg noérog twv f,T; o f téte Sev elvon méhoc g h;.
Trevivuilouvue dtL ue s cuuBorilovue to TAjYog Twy Vécewy Tou F' tou otadeponotobvte
and 1o T;. Btnv neplntwor mou
2nf(y+1) < s
T01E
degh; < 2n'(y+1) —r; < s —r; < deghy,

apol xdie otodepr Véon tou T; 1 omolo dev elvow mohog e f elvan plla e hy, dromo.
Yuvenwg ot cuvapTAcels h; elvon dheg otadepés xou loeg e Undév.

Anodelfape b1l N f péver avalholwtn uné tny Spdon e A, Snhadh k(f) € FA. Av 1o
obua FA = FA givar onté, t6te 1 ouvdptnon f tou FA éyel ného téEne 1 oto g, Snhady
FA=k(f). O Yevrtopoc tou culuyolc ohuatoc FA eivaw o fo~t = f, Snhadh FA=FA
xou ouvenwe A < G.

HMopatnpodue 6Tt n A aghvel avahholwTto T0 GUVOAO TwV SLapopeTintv YEoewy Tou F' oL
ornoleg Pploxovtar umepdvw ™C ¢. To cbvolo twv dlapopeTixdy Yéoewy tou F' ol onoleg
Beloxovtar unepdvew g ¢ anotehelton and toug wéhoue e f. To mAndoc toug elvon nt—1,
ouverde ool 1 oudda A ue nt to TARdoc otowyela, aghiver avalholwTto éva clvoro ue nt
otouyela, undpyet éva ototyeio T' € A, tétoo bote 0 T' o 10 T var éyouv 1o (8o ohvoro
otadeptdy VEGEWV.

‘Eotww G(Q) n oudda avdhuone oty Véon Q. Ty meplntwon nouv (p, |G(Q)]) = 1,
(xon v tuyako) éyouue 61t T' = T apol YEVWWOOY xUXAXEC UTOOUABES TNe xUXAXAC oudSac
avdhuorne xde Yéong mou otadepomololy.

Arnodel€aue dnhadn tny

Ilpétaom 1.1.2 Eow F/Fy afehiavi enéxtaon ue oudda Galois
s T
Gal(F/Fy)) = A= EPZn.
i=1 j=1

Oétovue A; = B, Lp, xou é0Tw AY 7 urooudda tne A; mou yewvdton and o oToLyEld TOU
otadsponotoly s; Véoeic. Oa ouuBolilovue ue v(A’) to yévoc Twv cwUdT®Y oUVARTHoEWY
FAY

Av yia xdde i, 55 # 0 Eyouue ont

5 5
2147 |(0(A77) + 1) < s,
P . p ‘ . p s;

xo oL TEEELS TwY ouddwy avdAuons twy Yéoewy mou otadeporololvron and ta A;° elvan p-

7 7 85 7
eretepes, 11 v(A;7) =0 t61c A< G.
Ou YENOLULOTOLACOLUE XUPLKE TO TOPAXETE

IIégwopa 1.1.3 Eotw F/Fy xuxduwd enéxtaon e oudda Galois
Gal(F/Fy) = C,,

omov Fy onté owua ouvvaptioewy. Fotw s to mAiloc twy Yoewv mov otadepormoiel o
yewirjtopas e xuxAwdjc ouddoc Cpn. Xtny neplntwon mouv 2n < s éyouue ot Cr, < Aut(F).

IMapathienon: Av 1o F elvar €vor UTEPEAAELTTIXG GOUO GUVOPTACEWY, TOTE 1) UTEPEANELTTLXN
involution optlet utar xavovixr) unooudda &N 800 NG OUADAS TWY AUTOUOPPLEUMV.



1.2 Enextdoslg orddwy

To mpdfBinua tng enéxtaong tng nencpaouévng ouddag H ue ofehiavo mupriva A, elvar 1
ebpeon GAWY TV oUddwy G Tou déyovton Ty A cav xavovix utooudda xot extmAéov G /A =
H. Tao napandve exppdlovian e Ty e axplfn axoloudia

1—wA—G-SH—1

H ofehiovr| opddo (Z-module ) A amoxtd v Sour; H-module péow tne Spdong Sio suluyloc.
AxpBéatepa, apol o ouopopplouds ™ elvar entl, unopolue va Stahé€ouue uia section p e H
oty G, dnhodA yio x&de h € H vo SrokéZoupue éva ototyelo p(h) € 7= 1(h). Tinv cuvéyewa
optlouue dpdon tne H otny A:
a := p(h)ap(h™"), v xéde a € A, xou h € H.
Mopatnpolue 6t 0 oploude e dpdong etvon ave€dptntog tne section. H dpdion unopet
va Yeadel wg Lo tapdotacn B tou H méve otoug autogoplouols tne A:

B H —s Aut(A).

H ofehiavi oudda A ypdpeton ooy eudl dlpotouo xUXAMXDOY LTOOUASWY:

4= DD,

i=1 j=1

ovvenwe Aut(A) = @7, GLy,(Zy,), 6mov ue GL, (Z,,;) cvuBorilovue toug aviioTpéduuoue
r; X r; mivoxeg ue otouyela and tov SaxtOAo Z,,. H avamapdotacn B howndv, unopel va
avohudel oe éva eudl dbpotoua f = @I, 3, 6nou B; € GL,,(Zy,) elvon aviiotpéduuol 13 X 1;
Tivoxec UE oUVTENESTES OTOV SaXTONO Zy,. Oo cuufoiilovue ue {B;(0)} iy 1 < k1 < 1y,
Tov Tvoxa Tou avtiotouyel oty B;(0).

Yy elduc| nepintwon r; = 1, éyovue 6t GL1(Zy,;) = 7L, .

Oa ovoudlouue dvo enextdoelc G xow Gz wodlvoues (0 avayvodotng Unopel va ehEyEet
OTL TpdxeLToL TEAYUOTIXG YL Ulol oyéon Looduvapiag) oy UTEPYEL OUOUOPPLOUOS ¢ TOU VoL
x8veL To TapoxdTw Stdypouuo

G

A~ \
S8 A HE—

1— A

avtiuetadeTind. Elvow yvwotd 6tL ol 1oodivaues, xatd TNV TOpamdve €vvold, ETEXTACELS
TagvouolvToL amd Tie xhdoelc cuvouoloyiac H2(H, A).

A&{le va mapatnphoouue 6Tt elvor dSuvatdy Ge BUO UM LEODVVOES ETEXTACELS OL KUECULESY
ouddecg va etvar Loduopgec. o topdderyua GAec oL enextdoets e xuxAwxrc ouddoc C) ue Cp,
6mou p TpGTog aprdude, elvar ouddec TdEne p?, cuvende afetavéc. Anhadh undpyouvy u6vo
dVo duvatdnies yior TRV «uecotoy oudda, ol Csp xaw Cp X Cp. And v dAAN unohoy(leton
ot H2(Cp, Cp) =2 Cp. Puoxd, Aoyw T0U 5-AAUUATOC 0 0UOHOpOLOUSS ¢ ElVOL LOOUOPOLOUDC,
amd OTOL EYOVUE TO TOPUXATW PEAYMOL:

i(H,A) < |H?(H, A)|

omou i(H, A) ouuPoiilel 1o TAAdOC Twv Un LoGUOoPPLY (UECHWVY OUABWY TOU TEEVOLUE
enextelvovtog tnv oudda H ue A.



1.3 Ermextdoeic Tou Kummer

Yreviuuilovue uepxd Baowxd ototyela and tig enextdoel Tou Kummer.

‘Eotw F/Fy ofehiov) enéxtaon ohyeBoixdy owUdtny cUVapTRoE®Y, UE aBeAavr oudda
Galois A. 'Eoctw m o exdétne e A, dnhadr 10 eNdytoto x0owd TOMATAACLO TV TEEWY
v otolyelwy g A. Oo ovoudlouue v enéxtaon F/Fy m-enéxtaon tou Kummer , 6tav
0 otdua Fy éxer m 1o mAfdoc Swapopetinég m-pilec tng povddag. H undleon auth €xer wg
enaxéhoudo, to 6 (|A],p) = 1. Oa cuyBorilovue ue A v oudda twv yapwthewy e A,
Smhadhy A = Hom(A,C)). Agol n oudda A elvor affehiavh éxouvue 6t A = A.

H nopaxdte mpdtacn yopoxtnellel tic enextdoelc Tou Kummer.

Ipétaon 1.3.1 Eow F/Fy enéxtaon tou Kummer tne onolac n oudda Galois éxet exdétn
m' | m. Ou ouyforilovue ue M(F*) tnv urooudda tou F*, twy otolyelwy twv onolwy ot

m duvduetc avixouvy oto F§ xaw e N(Fy) < Fy v urooudda tou Fy twy m Suvduewy tou
M (F™). Exouue ty axpi1; cxoloudio

1— Ff — M(F*) 5 4 — 1,

omov n oLvdpTNoN A OTEAVEL TO OTOLYE(D p OTOV YUPUXTHOX X, OPLOUEVO OO

Ioyver 6t M(F*)/F§ = A. Enlonc F = Fo(M(F*)) xoa 1o odua F elvan nencpaouéva
OO Y GUEVO
F= FO(yl; -")yr))
and tay; € M(F*), av xau uévo av ta cosets y; Fy yevvoly ty ouddo M (F*)/F*.
Emn)éov n ouvdetnon

| M((F*) — N(F*)/F*™
l’t : y — ymF*m
elvon emuoppLoude e muprva ker p = Fyf. Yuvende

M(F*)  N(F)

= >~ A
kg Fgm

Téhoc av T oTOElR U, ..., Uy ElVaL TETOLX HOTE Tt cosets u Fy™ yevvoly tny oudda N (F*) [ F5™,
tote F' = Fy( ®/uy, ..., ©/u,).

Anédergn: Jacobson [15] xeg. 8.9 II téuoc.

Ac vnodéoouue 6tL N F elvon yia enéxtaon tou Kummer tou Fy ye afelovy ouddo
Galois A := Gal(F/F), tnc omolog o exdétne elvor m. Trodétovue enlong 6t 1 oudda
A elvar xavovixr) utooudda e TAHEoUS ouddag avtouopploutdy G tou F, ue dAlo Adyla 1|
Topaxdte axohoudio

1—A—G—H—1, (1.2)

elvow axpLBric. H elvan pior umooudda Tg oUdS0C AUTOUOPYLOUWY TOU COUATOC CUVIPTACEWY
Fy. Tpdpovue v affehov) opdda A ooy éva eudlh dpotouot XUXAXG)Y UTOOUEdKY

s T
A= @@Zm.
i=1 j=1

To odua F' ypdpeton
F=Fy(yi, . yt)



6mou y; € M(F*), av xou uévo av to cosets y; Fi yevwoov tnv M (F*)/Fy, 1 toodOvoua av

FZFU(W: W:---w W):

6mou R/u; elvan ULt m-ooTh pllo TOL Ug, AV X UOVO oY TAL U1, ..., Uy Elvan oTouyela Tou N (F™)
TéTola OOTE Ta cosets u; Fg™ va yevvoOv N (F™*)/Fg™.

Oa cuufoMlovue ue §; 0 ddvuoud (Y1, -y Yrsyi) 1 < 1 < 8, TV AVTLTPOCHTWY ATd
cosets tétola wote o Y1 i FF, .,y i B oval YEVOOY TNV @;:1 Ly, < A xou @; 10 ddvuoua
(U155 s tp; i) 1 <0 < s, TéT0OL0 DOTE

gi" = Snhadf i =i 1 <j <1 <i s
Lo éva Sudvuoua a = (a;)i=1,....x 16 €30 xar oto e€hc Yo suuBorilovue ue a™ to didvuoua
(@f)i=1,..x- Téhoc ue § = (yl,. . Js) (avtiot. @ = (U1, ..., Us) ) ouuBorilouue to Sdvuoua
Tou omors)\swoa and Oha Tl §; (avtic. @;), ¢ = 1,...,s. O woouopglouds tov Kummer A =

M(F*)/Fy poc emttpénet vo ypdpouue v dpdion tne G enl tng A oe 6pouc twv Yevwntdpwy
Ji, xotd Tov oxdlovdo tpdno:

U(ﬂl) "‘7@’3) mOd F* = (glﬁl(a)7 "'7@’?5(0)) mOd F(;(a

oo G277 = (10, w24 T, vl L7 ) mod Fg wn B4(0) € GLyy (Zn)-

Yuvenoe undpyet éva dtdvuoua B(O’) (B1(0), ..., Bs(0)) oto F, (“+"'+rs), TETOLO WOTE

o(y) = §° B(o).

Ta otowyela B(o) umopolv va mpocdloptotoly amd tny eilowon §™ = u. lpdyuatt,

ri T m
U(gi)m — (H yf:’i(a)l,u,m, yfji(tf)l.ri> mod FS —
v=1 v=1
ri T
= (H uffi(a)l’”,..., 51(0)1 T ) mod Fy™. (1.3)
v=1 v=1

Yuvenwe,

o(i;) = o(f; (Huﬁ(al”B Hu” L m@)):afi(")éi(a)m. (1.4)

H nopoandve e€lowon uac diver uta oy xow avaryxalar GuVIRXN YLow vor UTOPOUUE VoL ETE-
xtelvouue autouopLouolc Tou couatoc Fy oe autouopgiouols Tou F. Yuyxexpyuéva oy let
1 ToEoXdTw TEOTACT):

IMpdétacn 1.3.2 O autouoppiouds oy tou Fy, enextelveton oe autouoppioud e Kummer
enéxtaonc F' av xau uévo av ot eélotoels:

oolii;) = a7 - &m, i=0,...
éxovv Aloeic €; oto Fy.
1.3.1 AvaxAadwoelg o enextdoelg Tov Kummer

Ye nuxhixée enextdoels Tou Kummer oydet n nopaxdte nedtaon ([26], oel. 111)



Ilpétaom 1.3.3 Eow Fy/k adyefoxd odua ouvaptiioewy, optouévo unée to aAyelfouxd
xAewoté odua otadepwy k. Eotw n guotxdc apuiuds. Trodétouue 6tL u € Fy elvon otoyeio
ou va weavorowel u # wt yiou xdde w € Fy xou yio xdde d | n, d > 1. Dtny xvxdod enéxraon
Tov Kummer
Fy=Fo(y),y" =u

o Selxtne Stancdddwons ep xaw to TAfos twy Yéoewy rp tou Fj mou enextelvouy o Yéon P
tou Fy, vrodoyillovrtan we e€rc:

rp = (n,vp(u)), ep= ﬁ, (1.5)

rp

onov vp elvon ) ooty extiunon tou Fy mou avtiotoryel oty Jéon P.

Yy ouvéyeta F Yo elvon plo offehiavn enéxtaon tou Fy, pe oudda Galois A. Eotw @
ot 9éom tou F 1 omolo Stoxhadileton oty enéxtoaon F/Fy xou éotw P o meploplouds tne
oto odua Fy. Oa cuuforilovue ue A(Q) < A, Ty utooudda avdAuong Tou avTloTol el 0Ty
Véon Q. H oudda A(Q) elvor toduopyn ue tny ouddo adpavelag Ag(Q), agod to odua twv
otodeptdv k, elvar akyeBoixd xheloté. Iopatnpolue bt n A(Q) meptéyetar uévo oe éva evdid
xuxAwd mpoodetaio g A. ‘Eotw yF™* évac yevvhtopac autod tou xuxhixol npocdetalov,
xaw Y1 F*, L yn B oL yevwATopeS Twv dAA®Y xUXAXGOY TpocdeTalnv TN opddag A, xdtw and
v tadtion Tou Kummer , 6nwe auth diveton oty (1.3.1). Ttny enéxtaon Fo(y1, ..., Yn)/ Fo
n Véon P Sev Sonchadiletan, dpa Stomhadileton uévo oty enéxtaon Fo(y)/Fo xou avohbetan
TAfpwe oty enéxtoon F/Fy(y). To ocbvoho twv Yéoewv tou dtaxhadilovtar otny enéxtoon
F/Fy howrdv, umopel va unoroytotel xdvovtag yerion tne Yemplag ey XUXAXOY ENEXTIcEDY
tou Kummer (npétoon 1.3.3). H nopandve nopathpnon arnodetxviel Thy oxohoudn

Ilpétaom 1.3.4 Eotwwuy, ..., us otovyela tov N (F*), téroia dote ta cosets u, F™ vo yevoly
™y N(F*)/F§™. T xdde u; xon xdde ¥éon P tov Fy Yétouue r3(P) := (ng, vp( ™/"/u;)),
émou n; elvon 1 tden Tov u ™ oty N(F*)/Ff™. Av Q elvan wa 9éon touv F unée to P
éyouue ot

e(Q/P) =n;/ri(P),

o Udipyouy % Yéoeic Tou F, unép to P.

1.4 7Yrnoloyiowog tng Soung ouddog

‘Onwce eldope oty mopdypago (1.3) n Sour tou A cav H-module neptypdgpeton mAfpwe omd
v avtiotolyla Kummer .

H S Yewplo pag dlver tnv duvatdtnta var neptypdpouue tov cuvopoloyiaxd xOxho a €
H?(H, A) g 6pouc TV YEVWOTOLOVTWY pLliXMY.

Ané v mpbraon (1.3.2) éyouue 61t oL cuvtetayuévee Tou B(o) elvor n-ootéc pilec tou
o(@) /a7, Awgpopetinéc emhoyéc n-00Tdv pLLMOV XUTOMAYOLY OF SLUPOPETLXEC ENEXTACELS
TOU QUTOUOPPLOUOY 0 GE aUTOUOopPLoUd Tou Fl. ¥tny YADooH TV ENEXTACEWY oUddwY, N
emhoYT Twv n-0otwy ptldv 0dnyel ot ula section

p:H—G.
O autouopgoude p(o) opileton we egnc:
— B(o) B,
”(")—{ Z — U(g)VUEF
0
Ané v Yewplo Twv EMEXTACEDY OUEdWY, 0 2-0UVXOXAOC TOL OPLlEL TNV GUVOUONOYLOXN
x\don o € H%(H, A) mou avtiotoryel otnv enéxtaon (1.2) Stveton ané
[ ] . { Go X Go — A

1.
o, 7 — BI7g(B,)B;} (16)



1.4.1 Aopn opddog xo TOHROG dLaxAddwong

Ye auth v Tapdypagpo, Yo tpocrtodicovue va eEETACOVUE TNV ETLEEOY) TOU TOTOU SLoXAAdwong
oty dour TNe ouddag autouoppouwy. Elvow yvwotd amd tic epyaciec twv Brand xow
Stichtenoth [4], [3] 6Tt av A = C elvar xuxhixh oudda T8Ene Tpdtou aptduo, TéTe 1 doun e
enéxtoons G xadopileton amoxhelotxd and ty oyetxy| dxhddwon ot enextdoels F/ Fy
xo Fy/FC. Oo avalnrhcouue ouvfxec yia vo Loy leL outé oTny YEVLXH TERiTTWOoT.

Trevivuilovue 6t n ofehiavr ouddo A €xel 18N mou dev dtonpeltan amd TNV yopoxTNEL-
oL .

Oa Eexwrioouye Y UEAETH Lag amd TNy «Tomxy Tepintwon: Oewpolue tny ¥éon P tou
Fo, xou éotw H(P) n vrnooudda tne H mou xpatd otodepr; tny 9éon P. Elvar yvwotd bt
([20] oeh. 68)

H(P) 2 &Ey(t) x Cp,

6mou 1 oudda Ep(t) elvon otoyelddne afehiovh p-oudda, t8Enc pt, xou N Cpy, elvor xuxduxh
ouddo td&nc m. Av a elvon 1 ouvouoloyLoxh xAdon tou avtoTtotyel otny enéxtoon (1.2) 7
GUVOUOAOYLAXH XAAGT TOU AVTLOTOLYEL 0TV UTOETEXTAOT

1— A— 7 YH(P)) — H(P) — 1, (1.7)
tooltoL e resg_ m(p) (). Aedouévne tne uixpric axpBoie axoloudiag
1— &) — E(t) ¥ Cpy — Cry — 1,

xor Tou 61t H'(E,(t), A) = 0 (unevduullovue 6t (p,|A|) = 1), n restriction-inflation cxo-

houdia dlvet

Ep(t) ¥ Chy
Ep(t)

"Apa, agod H?(E,(t), A) = 0 (unevduullovue 61t (p, |A|) = 1), éyouue 6t

1 — H? ( ,Afp“)) — H%(E)(t) % Cmy A) — H(E,(1),A) — 1.

H?(E,(t) % Cyn, A) = H*(C,,, A5 M),

onéTE TpoxelUévou va utohoyicouue Ty Sdouf ouddoc 7L (H (P)), apxel vo urtohoylcouue
v Souh ouddoc G := w1, H(C),) oty enéxtaon:

1— A5 ¢ 5 0, — 1.

Xwplc neploptoud tne yevidtnag Aowndy Yo unodétouue 6t H(P) elvorn xuxhuxi.
‘Eotww @ wa 9éon tou F' unepdvw e Véoewe P. Oo anodelovue 10 mopoxdto

Aupa 1.4.1 Yty nepintwon mou n ¥éon Q avalleton tAfjpws oty enéxtaon F| Fy, Sniadr
av A(Q) = 1, téte n uxpd axpBric axoloudio

1— A— 7 "(H(P)) — H(P) — 1,
Staondton xon, toodUvaua, N avtiotoln cuVoUoAOYLaXT] XAdon
resH_H(P)X
elvor TeTEUUUEYD.
Anodedn: Oewpolue tov tupriva ker tng mapdoTtaong

B H(P) — Aut(A).



Tougwva ue Ty Tapamdve rapathpnon Uropolue va utodécouue 6t H(P) = Cp,. H oudda
ker[3 etvow menepaiouévn utooudda g xuxhhc opddac H(P) 2 Cy,. 'Ectw S € n~' (H(P)),
T€T0l0 HOTE 1) EX6VaL ToL T(S) va elvon yevvrtopag e xuxAxiic ouddog Cp,. Mropolue va
dtahéZovue yia yevvrtopa tou kerfS < H(P), to otowelo m(S)" ue r | m. EZ opopod to
m(S)" dpa o0 TUYLLO @ € A we ehc:

a™®)" = S§aST,
And v &N agol S € kerf éyouue ot
S"aS™ " =a,

xon cLVETC 1 oudda L (ker) mou mapdyeton amd ta otouyeta Tng A xou amb to ST elvor
afSeliovi.

‘Eotww T, Ts..., Ti; ot yevvrtopes tne affehoviic ouddac A xaw éotw n; 1 t6&n tou T;. Ou
ouuBoAiilovue ue G v ofdehiov| oudda tou apdyeton and ta T, S”.

Ioyuvpllopaote 6t xdde p-Sylow vrnooudda tne G elvan oouopgn ve Ty Cper X Chrea,
610U V1, Vs elvar oL ex¥€TES TOL P BTNV AVEAUCT] TOL M; XL M /T OE TPOTOUS TPy OVTES.

HMpdryuartt, €0tw p €vag TpoTog Blonpetng tou (ng, m/r). Eotw G? wa p-Sylow unoouddo
tou G, xou A* n oudda mou mopdyetor and o Ty, § = 1,...,k, j # i Synuotilovue tov
Topaxdte TOPYO COUATMY

L= F(Ainini/p”) Ql, . va1

| \/ avaAVETAL TANPWS
G? Fy P
Fc|pv2 p|1 Srohadiletan TAHpwS
0
F|Gi

, / , , Cpv2 /
Omnou py elvar o meproplouds tng Véong P oto Fy® ~, xan @1, ..., Qpv1 OL EMEXTACELS TNC

Yéonc P touv Fy oo FAST L H oudda Gal(L/Fy) =2 Cpor. Av C elvar plo
x| urooudda Tou GY ou meptéyet v Gal(L/Fy)

Gal(L/Fp) < C <G}
téte C' = Gal(L/Fp). Awpopetind, Yo unipye éval eVBLAUESO GOUN
L < Lp(Q)) < L

mou Ya avtiotoyoloe oty oudda avdivone C(Q1) tétow Kote 1 Q1 vor avahDETOL OTNY
EMEXTOON LT(Ql)/LC o vor dtanhadileton oty L/ Lr(Q1). To napandve duwc elvar adbvatov,
Aol oL UTOOUSSES [Lag XUXAWAC p-ouddog C' elvor mAYjpwe SLATETaYUEVES W TPOS TOV EY-
xhetoud. H nopathipnon auth uall e to Yedpnua tadvduiong aBeiiovedy ouddwy uog divouy
o1 GY =2 Cpor x Cpea. Kdvovtog ypfion touv dewpfuotog talvéunone afelavody ouddwy
SN Lo popd, malpvouue G = Cy, X ker B dpa

7 (ker B) = A x ker 3.

Yuvend
e AN(S"y ={1}. (1.8)
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Emotpégouue otny uerétntne m 1(Chy). H opdda = (C)y,) unopel vo ypapet ue v BoRdeia
YEVVNTOPWY %O OYECEWY:

TN (Cp) = (T = 1,8T;S " = TP . 7Bix(S) o = 1), (1.9)

Anouéver va unoloyloovue ty &N 2 tov S. [vwpllovue 6t 10 m(S) éyer é&n m,
dpar S™ € A. Ané v GAAN duwe ST = (Sr)m/r € A ovvenie (S™) € AN(S") ondte
xot” avdyxn S™ = 1 and v (1.8). Armd tny ypagh e m ! oe yevvitopec xat oyéoeLe,
moTonotolue 6Tt N opdda w1 elvon évo NuLeLdY yvduevo.O

‘Eotw P 9o tou Fy, xar H(P) 1 ouddo avdhuone tne. Trdpyouy ev yéver s to nhidog
dapopeTixéc Véoee @1, ..., Qs mou enextelvouy v P oto F. H oudda A elvor aflehovy| dpat
6hec oL ouddeg avdivong v Yéoewv @1, ..., Qs elvar (oec. 'Eotw Aotndy

A@) <A

N ouddar avdhuong wiag and avtés. Aol 1 Véon P Sindadileton mApwe oty enéxtao
FO/FJI(P) €yovue OTL oL Véoec @1, ..., Qs xan Ubvov autée enextelvouv Ty Yéon p := PN

FOH(P) oto F.

H oudda Gal(F/FOH(P)) nov enextelvet v H(P) ue A, dpa dta ouluyiag xon uetofotind
enl twv ouddwy avihvone A(Q;). Anladh yw xdde o € Gal(F/F(fI(P)) 0 cA(Q)o™ ! =
A(Q). Buvende n A(Q) déxeton v Sour| evoc H(P)-module .

Afupa 1.4.2 Ay 1o H(P)-module A ypdgetar ooy evdl diporoua A = A(Q) & AJA(Q),
téte 1 Sour tne ouddac = (H(P)) xodopileton and tnv dwdddwon tne Yéonc P otny
enéxtaon F[Fy.

Arédergn: H Sudonoon A = A(Q) ® A/A(Q) vac emtpénel Ty SAOTAON TWV OUEdWY CUVO-
pohoylag xou Wialtepa Tg cuvouoloylaxAc XAAONG TOU AVTLOTOLYEL GTNY EMEXTACT] OUABWY
1.7

H*(H(P), A) = H*(H(P), A(Q)) & H*(H(P), A/A(Q)).

YUVETHS, 1 CUVOUOAOYLOXY| XAdON
a € H*(H(P), A)

oL avtiototyel oty eméxtaon 1.7 Slaomdtor ot dpolopa v = iy +ae, ue oy € H2(H(P), A(Q))
xou ap € H*(H(P), AJA(Q)).

Eqapuélovtac to Muua 1.4.1 otny aBehiovi enéxtaon FAQ) /Fy, éyovue 6t ap = 0. O

IogatAenon: H didonaon A = A(Q) ® A/A(Q) elvon 1ood0vaun UE TO GTL 0L XUXNIXES
ouddec avdlvone A(Q) elvon uéyiotes xuxhixéc urtoouddec oty A, dnhadi dev undpyet xu-
XA, utooudda tne A, mou va teptéyel yvrota Ty A(Q).

IMapatienon: To mpdBinua edpeonc Tne ouvouoloylaxhc xhdone a € H?(H(P), A)
umopel va AdBer xan o debtepn wop@n «tomxdtnTagy. Oewpolue Tic Véoeg p, P, Q) twy
F'P) Fy o F avtiotoya mou amoteholy 1 xéde uia meploploud e dAne. ©a ouu-

o »fo X n ! pLoplopo e ne M
Bohiouvue ue C’omp(F(fI(P)), Comp(Fp), Comg(F) avtiotorya, Tic Thnpwoels (oouata Lau-

rent oaVITTUYUATWV) TWYV CWUATWY FOH(P),FO,F w¢ mpog Tig Yéoelg p, P, Q avtiotolya.
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Comg(F)

‘ Comp(Fp)
FO/ ‘ P
‘ / Comp(FoHp)

Q
P
H,

p Fy”
Anhadn €youvue avdyel o TEOBANUA TNC EMEXTACTC GTOV UTOAOYLoUS Tng ouddac Ga-
lois otar Tomxd cwuata. Puoxd xan TEAL UTOPOVUE VoL EYOUUE ULo axELBY) YEUPTH VLo TOV
ouvxOxho, 1 onola mpoxdnteL and Ty eZlowon (1.6) Yewpwvtog xdle Gpo oty Tomxonolnon

H(P)x H(P A(P
[.’.]:{ ( )U>,<T " : BE(T)UEBE)BQ ’ (1.10)

6oL yia éva otoryelo f € F ue f 9o ouuBoiilouue to avdntuyus Laurent tou.

O timoc SLonhddwone xadopllel TNy cuvouoloyiaxh xhdon resg_,q(pya tomxd. Ilpo-
XELWEVOL VO AAVTHACOVUE GTO XOAMXS EQWTNUL, CUYXEVTPOVOUUE TLS ANAVTACELS amd OAa
ot Tomxd tpoBAiuata wall: OewpolUE TOV OUOUOPPLOUS

H*(H,A) 5 [[pH*H(P),A)

1.11
a —  [lpresu—mp)a ( )

T vor xodopiletan 1 oA cuvouoloyLaxh xAdon a and Tov «TOTo Sohddwongy opxel
o ® va elvon «éva mpog Evay 1) toodivaua

ker ® = ﬂkerresHﬁH(p)a = {1}
P

O ddoouue ulo vy cuvixn tou va e€ac@aiilel 6t 1 cuvdptnon @, dnwe auvtr opileton
oty (1.11), va elvor povouoppLoude.

Eivow yvootéd ot av n S elvan yLa unoopdda tng enepacuévng ouddag H téte 1 obvieor
cors, g o resm,s elvor moMamhaoctaouds we [H @S] ([32], népiopar 2-4-9) . Anhadh yo
S = H(P) €youue 10 Topoxdtew uetodetind dudypoppo

B2(H,4)  TEOL g g
res \y A cor
H*(H(P), A)

O delxtne |H : H(P)| tawtileton ue tov apdud rp twv Yéoewv tou ovuatoc Fy mou ene-
xtetvouy uia Véon p tou FEL. Toyler hotmdv 1o mopoxdte

Adppa 1.4.3 Av r, ovuforiler tov aptdud twv Yéoewy tou owuatos Fy, vrnepdvew uiag
véone p tou FOH o EMTAEOV O UEYIOTOS XOWVOS OLUPETNS CAWY TWV Ty Elvan LoVEda, 6TaY TO
p Satpéyer Tic Yéoeic tou FYT, téte 0 uopproude @ elvon povouoppoude.

Auotuyg, o ker @ dev elvon oe OAES TIC TEPLTTWOELS OV, Yot GUVETAS 1) SoUr| ouddog
e enéxtaong dev xodopiletar amd tov TOno daxAddwong. Av yio mopdderyua, o Fp elvon
EVOL OOUOL GLVAPTHCEWY YEVOUS AUOTNEA UEYAAUTEROL TOL UNBEVOC, TOTE UTOPEL VoL UTtdP)Y 0LV
autouopgiouol touv Fp, oL omolol vo uny otadeponoodv oo Yéon tou Fy, cuvende ot
EMEXTAOELS TOUG O QUTOUOPYLOUOUC Ulac offelavrc eméxtaone F' tou Fp, dev yiveton va
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ennpedlovton amd tov TOno dtoxhddwong. And tov tOno twv Riemann-Hurwitz tpoxOntet 6t
av 1 oudda H dpa ywelc otadepd onuela ent Tou cwuatog F, téte

29r —2 = |H| - (29pn —2),

dInhad” 1 téEN e ouddac H Srawpel v yapaxtnplotixy Tou Euler.

IapdderyparEotw Fy éva eMNelntind oodUd CUVIPTACEWY, 0PLOUEVD el EVOS ahYEBPLXS
xhetotol oouatog k. H ouddo autouopgioumy tou Fy elvon dretpn, agpob xdde Véon P €
E :=P(Fp) endryel évo autouop@lond

p- FO — FO
1@ — Q+P

Anhadh to obvoro v Yécewv E tou Fy, anotelel vroouddo tne Aut(Fp). H oudda twy
autouopplouwy G(0) mou xpatd otadepd 0 0LSETEPO oTOLYElD TNE EMELTTIXAC XoUTOANE B,
elvow Loduopen e ([25], oeh. 103)

Ly av  j(E) #0,1728
7y av j(E)=1728, p#2,3
G(0) = Zg av j(E)=0,p#2,3
Zis X Ty av j(E)=0,1728, p=3
(Z2 X Z2 X Zg) A Z3 v j(E) = 0, 1728, p= 2.

ONOxAnET 3 1 ouddo auTOUOEPLOUGDY Elvor LodUOE®T UE
Aut(Fp) =2 E x G(0).

Ocwpobue H ULo TETEPACIHEVT UTOOUABN TNS OUESIC AUTOUOPPLOUWDY EVOC EAAELTTIXOU GOUNTOS
ouvapthicewy Fy, n onola va enextelveTol o€ ALUTOUOPPLOUOUS ULag odehavic enéxtaons F'/ Fy.
Trodétovue emnmiéoy, b1 To Yévog Tou F elvar ueyahltepo tou 2. And v Sour tne Aut(Fp),
€YOLNE OTL

H = Hy,r x H(0),

6mov Hyo, elvon unooudda nenepaopévng 1éEne tne E xow H(0) < G(0). O awtopopgouol
Tov enextelvouy TNV Hyopr oynuotilouy pio utooudda twy autouoppiouy tou F' ue téZn |Al-
|Hior| n omola Spa edetlepa enl tou F. Tuvenag 1o |A| - |Hior| Yo npénet va Sianpel 10 295 — 2.
Ty elduf neplntwon nov Hyor = {1}, éxovue bt n ouvdptnon @ elvon uovouoppLoude.
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Kegdhowo 2
Kauniheg tng woppnis v = f(x)

‘Eotw ahyeBpuxd xhetotd cwua k. Xe autd 10 xepdhato Yo YewpHoOLUE XUXAXES EMEXTAGELS
0L pNTol oduatog cuvapthoewy k(z). Oewpolue to otua cuvaptioewy F tne xaunding
y" = f(x), 6mou 1o f(x) € k[z] dev elvar §-80voun yio xd&de § | n. To F elvar ot xuxhixn
Kummer enéxtaon tou pnrob ohuotoc cuvapthoewy k(z). Aol to adua otodepdy k elvon
ahyeBpwxd xhewotd, oty enéxtoon F/k(z) dev eugavileton adpdveta. H Staxhddwon xa 1
avéhuor twy Yéoewy utohoyileto we eic:

‘Eotww P ula %¢on tou k(z) xou éotw vp 1 dtaxplth extiunon nou e avtotoryel. To
mAdo¢ rp Twv Yécewy Tou F' mou Beloxovton unepdvw tng P elvon

rp = (n,vp(f(z)) (2.1)

eved 0 avtiotoryog Padude dtaxhddwons elvon ep = n/rp.
Avahbouue to f(z) o ywouevo avaydywy Topaydviny oto k[z].

8§

F@) = [[@ - )"

i=1

"Eyouue 6t
d; av P =P,
vp(f) = —d:=%7_di av P =Py (2.2)
0 StopopeTind

Ané tic (2.1) xou (2.2) éyouue 6TL

n/(n,d;) oav P =P,
(n,d) av P =Py (2.3)
1 drapopeTind

‘Eotww Ay, ..., Ay oL ¥éoeg tou F mou enextelvouy 10 Pp—g, xau Qp, /i = 1,...,(n,d;) o
Véoec mou enexteivouy Ty Pp—). xou [ i = 1, ..., (n,d) ou ¥éoeic mou enexteivouy 10 Pu.
Ané ta mopandvew unopolue vo vnoloyicouue toug divisors Twv cuvapTAcEWY T, Y.

n (nvd)
n
(@)= Ai— o) d T (2.4)
i=1 ’ i=1
s (n7di) (d7n)
d; d
y) = Qp.j — r;. 2.5
( ) P (n,dl) = Pisd ]z:; (n,d) J ( )



Mpdryuart, Yot toug cuvteheaté tou divisor (y), apxel vo napatnericovue bt

n-vg(y) =vq(f(z)) =e(Q/P) vp(f(z)).
H Sapopilovoa tne Swaywplowune enéxtaonc F/k(z) vnohoyiletan

D(F/k(z)) = ; (m”—d) = 1) (gj Qoj + (jé) <(n”—d) = 1) Iy (2.6)

Ané tov tOno (dz) = D(F/k(z)) — 2(2) s ([13], oeh. 455) xou tnv (2.6) éyouvue

(n,d; (n,d)

(dz) = Z (ﬁ - 1) ]Z:;) Qprj + ; (ﬁ —1- (3—”d)> T 2.7)

i=1
Ané v napandve eElowon unopolue vo utohoyicovue to Yévog Tou F. Ilpdyuatt degdr =
2gF — 2, dpa
1 s
gr =1+ 3 (ns - ZZ}(n,di) —n— (n,d)) . (2.8)

Oétovue w = dx/y" !, xou mapatneoluEe dTL yLor va elvon évar BLapopLnd TS Lop@hic

oy,
OAOUOPPO TEETEL Al opXEl
nd —d—mn—(n,d) —Xd—xn >0, (2.9)
A;+n—nd;+d; — (n,d;) >0, k>0 (2.10)

Yty yevxr| teplntwon to oAduop@a Slapoptxd elvor ToAD TepLoodTepa and AT TNG LopYTC
hyrw. Bny eldu duwe tepintwon d; = 1, dnhod dtav xavéva Tenepaouévo onueio Tne
apic xaunong y* = f(z) dev elvan Widuoppo, téte oL cuviixes 2.10 avdyovton oTiC
k>0, >0, xou o Towse [28] anédele 6t 10 ohvolo

I'={(k,A\) e N :nd—d—n~-(n,d) —\d—rn>0}

€yel TnOdpLiuo axpBde gr. Apa 0 GUVORO

"y rw, (k,\) € T, (2.11)

amoteel ula Bdor oAOUOPPWY BLaPOpIXOV.
Oo TEPLOPLOTOVUE OF EMEXTACELS Yia TS onoleg toyVel 1 ouvdixn (n,d;) = 1 yia 6ha
w i = 1,..,8, 1 wodbvaua ce xuxAixéc Kummer enextdoele, otic onoleg ot Y€oelc mou

dranchadiovtan, drohadilovton TARprC.
Xwplc meploploud TS YEVXOTNTIC UTOPOVIUE VoL TEQLOPLGTOVUE OE GUVIPTHOELS

f@) = [[@ - p) di € 2
i=1

tétoeg Hote 0 < d; < moxow d = Y0 d;i = Omodn, 3nhadf to emdneo onuelo e

xomOAng dev Sonchadiletou.
Ané my e€iowon (2.8) xou haufBdvovtoc unddmy 6t (n,d;) = 1, (n,d) = n houBdvovue
TOV TopAXdTe TUTO YEVOUC:
(n—1)(s —2)

9= 2
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AnodelEoue oto moplopa 1.1.3 61t und Ty tpolndleon 2n < s, n oudda Gal(F/Fy) < G.
H cuvdixn 2n < s elvor 1ood0vaun we v (n — 1)? < gp.

Yty e neplntwon k = C xou n = p elvar mpdTog, ou Victor Gonzalez xou Rubi
Rodriguez [7] édwoav ulo xahitepn cuvdixn: Xenoluomolnoay 1o Yvwotéd anotéhecud 6T
ot xoumOin C' etvon €var p—xuxhixd xdhuuua e TeoBoluxrc eudelag av xou udvo av éyet Eva
gp EAeUDERO BAoNE YPaUUIXG GUCTIUA Xa TO GTL 1) OUSBAL UTOUOPPIoULY UeTodéTel OAaL TaL
Yoo ouoTAUTa TN LopPhc g BUVETHS av To Ypauuxd cloThU gy, elvor Uovadixd,
T6TE N 2 ouddo Galois Gal(C/PY), elvon xavovixd oty G. Mio oy cuvdin Oote
évaL Ypauud oOoTHUAL g Vot elvor povadixd etva:

2<p<

N

+1, (2.12)

6nwe anédetfav ot Arbarello-Cornalba ovo [2], dpa, av woylet n (2.12), téte C, < G.

2.1 XZuviixeg ENEXTACLUOTNTAS

Oo avtetwnioovue ¢ auth TRV TopEdyeapo To aviioTpogo mEdBAnua. Gy elvon ula tuyaia
TEMEQUCUEVT) UTIOOUASO TNC OUASAS QUTOUORPLOUAOY TOU pNTOU COUATOS GUVIPTATEWY Fy.
Eivow duvartov va emextelvouvue xdide awtouopploud tou G, GE Eva aUTOUopPLGUS Tou F;

H rapdotaon Spdong otny meplntwon uoc, énou 1 enéxtacy tou Kummer nopdyeton and
€va YEVVOTIOLOV ptlixd OVo, avayETaL GE €Vol OUOUOPPLOUS

B'{ H — Aut(C,) 27 ’ (2.13)

o +— [(o)modn
H rmapodtey mpdtaor dtver ular uxav xan arvoryxafor ouviien.

Ilpétaom 2.1.1 Eow D = div(f(x)), o plixde divisor tou todvwviuou f(x) tou oduaros
Fy. YTrovérouue ot deg(D) = d = 0modn Eotw 0g évac autouop@louds tou Fy.

(o) T mapaxdrw elvon toodbvagua:
o [ xdje autouoppioud og tne Go toyvet

oo(D) = B(00)D modn

e Trdpyer évac autouop@Louds 0 Tou owuatoc ouvopthioewy F tétoloc wote o|p, = 0.
(B) To nopaxdre elvar toodtvoguo:

o Yrdpye évac autouoppiode o Tou oduatos ouvapthioewy F tétoloc dote o|p, = oy
xat 0T =To dnov T elvan yevviitopas tne xuxAwaic ouddas Gal(F/ Fy).

e o(D)=D.

émou yedgovtac D = D' mod n, yia duo divisors e tov (Bto popéa, evvoolue étiup(D) =
up(D') yia xdde P|D,D'.

Amdédeldn:
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(o) H yevui ouviinn enextaoiyudtnrag mov dwooue otny mpdtaon 1.3.2 uog divel étL bt
0 auToUoPYLOUSS 0 ToL Fy enextelvetar o oe autouop@loud T Kummer enéxtaorg
F = Fy(y),y™ = f(x) av xow ubvo av 1 cuvdptnon

oo (@)
ek

elvow n-00Th SOvaun pnthc cuvdptnone oto cwud k(x). Anhadh x&de cuvteleothc Tou
xuplou divisor tng mapandve cuvdptnong elvar ToAamAdoio Tou n. ‘Eyouvue hotndv yia

u= f(x)

div, (Zg(—(j‘))> — oo(dive, (1)) — Bloo)dive, (u)
= oo(divo(u)) — oo(dive (1)) — B(oo)dive(u) + B(00)dives (u).

‘Ouoc éyouue tpounodéoel 6Tt dive (u) = deg(f(x)) elvor TOAATAECLO TOU N, GLUVETES
XoL To

oo (diUg (’LL)) — B(Uo)di’vo (U)

elvoll TOAATAAGLO TOL N.

(B) Aot nenéxtaon o oto F tou oy uetatiVeton pe tov yevvAtopa T’ éyouue 6t f(og) = 1,
XOL CLVETS Loy VEL:
oo(D) = D mod n.

To anotéleoua mpoxnTeL TEAXd and 10 61t 0 < d; < n. O

Treviuullouue 6Tt D = div(f(x))o. To supp(D) toodton ue to chvoho Twv YEoewv Tou
Fy mou dtaxhadilovtar otny enéxtaon F/Fy. Agol C, < G, xdde auvtouoppiouds o tne G,
petadétel Tic Véoelg tou supp(D). Ot otadepée Véoelc tou supp(D) vnd v Spdon touv Gy
Srovehadilovtan oty enéxtaon Fy/ES°.

Oplowéeg 2.1.2 FEotw Gy uia Tencpaouévn oudda auToUopPLoUdY ToU pnTol oWUaToS OU-
voptioewy Fy xau éotw A := {Py, ..., P;} 10 obvolo twy Jécewv tou Fy mou Staxdadilovra
oty FO/FOGO. Eoww enlonc Ar C A évaGo- avarrolwto urocivoro tov A xou - Go — 7},
évag ouooppLouds ouddwy. Me

Dn(GO;AR C A)ﬂ) C Div(F0)>
Ya ouuBoiilovue to utocivolo wwy divisors D tou Fy t€toto dote:

e H oudda Gy agriver to supp(D) avorholwto,

e ANsupp(D) = Ag,

e (vp(D),n) =1 vy Ohec tic Yoewg P € supp(D).
e 0(D) = pB(c)Dmodn y 6o ta 0 € Go.

Iapathenon: Eow D € D, (G, Ar C A, ). Ot otadepéc Yéoeic tou supp(D) und tnv
Spdon tne ouddac Gy dwdadilovior oty enéxtaon Fy/F°. Av 0 € Gy otadeponotel pla
Véon P € supp(D) t6te (o) = 1modn. Hpdyuatn , o(D) = B(o)Dmodn xou vp(D) =
B(o)vp(D)modn dpa f(o) = 1modn agob vp(D) € Z%.

Adppa 2.1.3 Av B(0) = lmodn yix dha ta P tétowa dote o(P) = P xau yia dAa 1o
o € Gy, 161¢ 10 0Uvolo Dy (Go, Ar C A, B) Sev elvau xevi.
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Amnéderdn: Oo xataoxevdoouvue xatapyv 10 cbvoho supp(D). ‘Eotw ule 4éon Q1 tou
Fy xou éotw 1 tpoyd O(Q1,Go) tou Q1 und v dpdomn tou Go. Aahéyouue uia Véon Q-
extéc tou O(Q1,Go) xon Yewpolue vy tpoytd O(Q2, Go).

Me aqwt6 10V TpOT0 UT0POVUE VoL XUTAOXEUSGOUUE Eva 6UVolo Tpoytey O(Q;, Go) tétoleg
hote

O(Q“Gg) n O(Q]‘,Go) =0 YLoL g 75]
xar Ap C UL, O(Qi, Go). Oewpolue éva divisor D o onolog va xet cav gopéa tou D

S

supp(D) := | 0(Qi, Go).

i=1

T xdde P € O(Q;, Go) Yétouue vp(D) := A(Q;) - B(0), démou o elvor t0 otovyelo tne Gy
tétol0 Hote 0(Q;) = P, xou A(Q;) elvon onotoodrinote axéporog Tpwtog Ue Tov n. Apydtepa Yo
StahéZovue xotdhinha A(Q;) étol dote va eZaoparicovue deg(D) = O0modn. O divisor D
elvar xahd opLouévoc apol av o, 0’ € Gy tétowa Hote 0(Q;) = o' (Q;) = Ptote o’ -0 1(Q;) =
Q; ovverog (o’ ) = (o) mod n.O

Oplowdeg 2.1.4 FEotw Gy o TETEQAOUEVY) OUEOX AUTOUOPPLOUDY TOU pNTOU OWUATOS OU-
voptioewy Fy xau éotw A = {P,...,Pr}, Ar C A énwe xou otov opioud 2.1.2. Oa Adue ént
o tunoc Sravddddwone (Go, Ar C A, ) vlormoeltan, av undpyet xuxAw| enéxtaon F tou Fy
optouUévn énwe otny oeAlda 15, tétola dote Cp, = Gal(F/Fy) va elvan pia xavovixrj uroouddo
oAGxAnene e ouddas autouoppouy G,G[Cr = Gy xaw to obvolo Ag va arotedelton and
¢ Yéoeic tou A mou Stadadilovian otnyv enéxtaon F/ Fy.

Av o divisor D € D,,(Go, Ar C A, ) unopel vo xataoxevootel €10l OOTE
deg D = 0modn

xow 1 dmepn Véon Poo ¢ supp D, téte 0 tOnog doxhddwone (Go, Ar C A, ) vlonotelton.
Mpdryuartt, Yétovue F = Fy(y), 6mou

= I @—a@)=®,

Pesupp(D)

xor z(P) € k ouuPolilel to nenepacuévo onueto tou P(k), tou avtiotolyel oty Véon P.
O wyvptouode mpoxtmter and tnv mpdtaon 2.1.1. Ag onuewwldel étL mpoxeluévou va ega-
ogarioovue 6t Go 1 G apxel va tdpouye

#supp(D) > [n/2] + 1.

Yty neplntworn mov deg D = Omodn xow Py € supp D, unopolue vo Ppodue éva ue-
Taoynuatioud Mobius a € PGL(2,k) tétowo wote Py ¢ Q(supp D), étor tote o tonog
Stoohddworne (QGoQ ™!, Q(AR) C Q(A), B) va elvon LIoToLRCYUOC.

Oa vnohoyicouvue tov Bodud ou D € D, (Go,Ar C A,B). Eow oy évag tuyaiog
autouopplouds tou G téEnc m. To cbvoro supp(D) Saywplleton oe tpoyLés und Ty dpdion

TOU 0 :
ko

supp(D) = | O(P;, (70))-

i=1
‘Eotw P € supp(D), xou uloe P 9€on nov va unv otadepornoelton and tov og. H tpoyid tou
P und v dpdion tou (o) elvon

O(Pv <00>) = {P) UU(P)v ---706n_1(P)}
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(rapatnpolue 6t av P dev otodepornoteiton and tov uetaoynuatioud Mobius o téte dev
otodeponoteiton and xouia Sovoun tou gg.) H mopandve tpoyid avtiotoryel otov divisor

m—1

> AB(ap)oh(P) -

i=0

Tou onolov o Badude vroroyileton modulo p?

m—1 B(oo)™ -1 _ a a
Z AB(o) = /\B((%)fl =0modp® av [(op) Elmodp ’ (2.14)
pae Am mod p® av  B(op) = 1mod p®

Yo %éde p® | n tétoo dote pttt i n.
IMapathenon 2.1.5 Iopatneodue 6t av P € supp(D), drnou
D e Dn(GﬂyAR C A:B))

elvon divisor Boduot deg(D) = O0modn, xa P elvaw uia otadepr 9éon tou o € Gy, téte
B(o) = 1modn. Av o éyet duo otadepéc Véoeic Py, Py xou Py € supp(D), Py ¢ supp(D) téte
xat avdyxnyv éyouue (n,m) =1, énoum elven n tdén tou o. Ipdyuatt, o foadudc tou D elvan

deg(D) = vp, (D) + Z Aym = 0modn.
Ou npénet Aowndy (n, m)|vp, (D), droro, extéc av (n,m) = 1.

Appa 2.1.6 Av undpyer o € Gy tétowo dote f(o) Elmodp®, yia xdde mpddto p, Smou
p® | n,p*™ {n | té1te xd¥e divisor D € D, (Go, Ar C A, B) éxer fardud O mod n.

Anédergn: O o dpa enl tou supp(D) ywpls otodepd onuetoa, oo
B(o)ZLl modn.
To anotéleopa npoxdntel and tny e&lowon 2.14.0

Afupa 2.1.7 Epy nepintwon nou Ag = 0, Snhadr xouia and tic Yéoeic nou Stoaxdadilovro
o enéxtaon Fy/Fy° Sev dwdadiletan otny enéxtaon F|Fy téte unopolus va xara-
oxevdoouue €va divisor D € D, (Gy, Ar C A, ) Paduol 0 mod n.

Anédergn: Hopotnpolue 6t 1 ouddo G dpa ywplc otadepd onuela oto supp(D), apod
Agr = 0. "Apo unopolue va mdpoupe dptio aprdud and tpoytéc O(Q;,Go) i = 1,...,7 xou va
Véoovue A(Q;) = —A(Qr—;) mod n. H xataoxeur; auth poc diver 61t deg D = Omodn. O

2.2  Aour ouddog
2.2.1 Ilenepacuéveg vroouddes tng PGL(2,k)

Ot memepaoUEVEC OUABEC AUTOUOPPLOUMY EVOS PNTOU COUATOC GUVIRTACE®Y dlvovtol and To
TOPOXBTE

Ocevpnua 2.2.1 [30] Eow Fy = k(z) éva pntd ooua ocuvaptiioewy ue odua otadepdy k
aAyeBouxd xleoto, yopoxtneiotxic p > 0. Eotw Go ulo un-tetpyuévn nenepaouév oudda
autouoppLouddy tou Fy xa Fy := FC° 1o adua twv otadepdy otouyelwy e Go. Eoto r to
mAidoc twy Yéoewy tou Fi mou Sravddadilovtan otny enéxtaon Fy [ Fi xau e, ..., ep oL avtioTiyol
delxtec Sravchadwons. H oudda Gy elvan ulo and tic mopaxdtew ouddes xau 1 enéxtaon Fy/Fy
gxet v amé TOUS Topadtw TUTOUS StaAddwons
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1. Kuxuedj ouddo C, 1dEnc m npodtng mpog TNV Yoeaxtnetotixy) p Uue tuno Stadddwons
T:2,€1:62:|G0|

2. Xroyyedddne afeiavr; p-oudda ue tino Siuxddwone r =1, e = |G|

3. Awebpuxtj oudda D, tdéne 2m émov p = 2, (p,m) = 1, ue tono Stodddwons r = 2,
e1=2,ea=nhp#2, (p,m) =1, ue tino Swddddwoncr =3, e1 = ex =2, e3 = m.

4. H evalidoovou oudda Ay otny neplntwon yopoxtototxric p # 2, 3 ue tino St ddwons
’I":3,€1:2,62:63:3-

5. H ouupetpud] oudda Sy otny meplntwon yapoaxtnolotxric p # 2,3 e timo St ddwone
r:3, er :2,62 :3,63 =4,

6. H evadddoovoa oudda As omov p = 3, ue tono diwddddwons r = 2,e1 = 6,e2 =5, 1j
D # 2,3,5 e tUno Siwddddwonc r =3, e = 2,e2 = 3,e3 = 5.

7. Huevdo ywvduevo otolyetddous afeAiaviic p—ouddas tdene q e xuxAuxr oudda tdéne
m émouv m|q — 1 xau tOno Sacdddwonc r = 2, ey = |Gol,e2 = m.

8. PSL(2,q) oty mepintwon yopoxtnolotxric p # 2,q = p™ xou tirmo Sionddddwons r = 2,

_ g(g—1 _ g+1
€1 = (2 ),62—7-

9. PGL(2,q) otny neplntwon yapoxtnootixric ¢ = p™ xa timo Staxdhddwone r = 2,e1 =
q(g—1),ea =q+1.

2.2.2 XYvuvopoloyroxol vnoloyiopol

Av 1 opdda C,, eivon éva tetpyupévo Go module dnhadry ) cuvdptnon B dnwe oplotnxe oty
(2.13) elvon teTpLuuévn, ToTE elvar oyeTIXd EUXONO VoL UTOAOY{GOLUE TNV oudda cuvouoloyiag
xdvovtog ypeRom Tou «Tayxoouiou YewpAUatog CUVTENEGTOYY: [3]

H*(Gy,Cy) = Hom (H2(Gy,Z),Crn) © Ext (H,(Go,7Z),C,), (2.15)

670U 0 doxtOALog Z Yewpeiton 8¢ oav Tetpylévo Go-module . H opoloyxd| oudda Ha (G, Z)
elvor 0 toAhamAaolaothc Tou Schur o onolog elvat YVOOTHE Yot OAES TLE TENEPACUEVES UTOOUADES
PGL(2,k) [3] mou eugaviCovton oto Yewpnua 2.2.1. H oudda ouoroyiag Hi(Go,Z) elvon 1
affellavonolnom % e Go. Kdvovtag yphiorn Twv nopandve anoteAeoUdtowy Unopodue va
unoloyloovue Tov TopaxdTe Tivoxo cuvouohoyiog

Oudda Go | H*(Go, Cy)
Cm Z(n,m)
0 N (n,2) =1
D, Ly av (n,2)=2,(m,2)=1
ZQXZQXZQ v (n,2):(m, ):2
Ay Ln2) X Ln3)
As L(3,n)
Sy L2.n) X L (2,n)
1 av p=2,pl £4
PSL(2,q) Ly v p> 2,pf £9,pf =4 | érnov q = p/
Lgn v pf =9
PGL(2,q) | Zn*ZLan

Oo avapépouue enlong TN TopoxdTw TEHTACT), TV omol xon Yo YeNoLULOTOLCOVUE dpYdTERX
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Ilpétaom 2.2.2 [32, oe). 93] Yrdpyet uovouoppiouds
H*(G,A) = @ H*(G,A), - @HGp,A)
pls pls )
a= Ep‘s a, +— Zp|s res(G-a,)ap

érov n G, Sateéyer tic p-Sylow vroouddec e G, evdd n H*(G, A), Ya ouuforile to p-
xouudtL Tne nenepacuévne affehavic ouadac H*(G, A), s = |G|.

2.2.3 KuxAixég oudideg

Avdueoa oe 6hec ouddEC TOL UTOPEL Var EUPAVIGTOVY G OUADES AUTOHOPPLOUADY EVOS pNTOY
OWUATOC GLUVAPTATEWY, amhoLaTERT lvar 1 XUXAXY. Oa amodel&ouue To TapaxdTe

Oevpnua 2.2.3 Eotw ént Gy := G/C,, elvon toduopen ue tny xuxhuxr| oudda Cp, tdéews m,
6moU To M elva TEWTO TEOS TNV YopaxTNetoTxy] Tou ciuatos k. To olvodo A twv otadepd)y
Yéoewy tov Fy = k(x), urné v Sedon tne G, anoteAelton and Svo Yéoewc A = {Py, P»}. H
oudda Twv autouopplouwy G elvar loduoppn ue:

a) Cpm av Touddyiotoy uio and tc Yéoeg Py, P, éotw 0 Py, Stwdadileton nhriows otny
enéxtaon F|Fy, Snhadr étav Ag # 0.

b) C, x Cp av xouia ané tc déoeic ov A dev Stawxdadiletar oty enéxtaon F[Fy,
Snhady; 6rav Ag = 0.

Amodelln:

a) Tty neplntwon oaut, ula TovAdylotov and g Véoelg Py, P, éotw 1 Py, Stondhadileton
TAfpwe oty enéxtaon F/Fy. Av Q elvar ) uovadxr 9éon tou F' 1 ontolar enextelvel v Py,
té1e M oudda avdlvone G(Q) elvar xuxhuf [20, oel. 68] xou {on ue G. H ouddo G elvar
affeliov xou 1 ouvdptnon Spdiong B : Cpy, — 77, elvan TETPUUUEW,.

b) Yty neplntwon auth xapio and tic 300 Véoewg Pr, Py dev Stonchadileton otny enéxtoon
F/Fy. Oa cuufolilovue ye m, Ty guotx tpoorf m : G — Go.

Ané 1o Muua 1.4.1 éyovue 6TL 1 wixed axplBnic axohoudia

1—C,—G—0C,, —1

draomdrton, dnAadf G =2 C, x Cp,. Emumiéov av S xan T elvon yevvAtopeg twv ouddwy Cp,
xou Oy, avtlotouyal, TOTE N HeToLAXY oudda G, déyeton ula TopdoTaon O YEVVATORES XoL
oyEoELS:

G=(ST|S™=1,T"=1,STS™' =T5)

(BMéme xou e&lowon (1.9) ). O.

Oo anodel&ouue ot oL Tapandve TOTOL SLaAESWoNS elval LAOTOLAGUULOL, XATAGKEVALOVTAS
éva divisor evtég tov Dp(Cry, Ar C A, 1) tétow0 wote deg(D) = O0modn. Ac vnodécovue
mpwTa 6Tl xou oL dVo Véoewg P, Py Stonchadilovton oty enéxtoon F/Fy. Ou 8bo tpoytéc
O(FP;,Cy) = {P;}, i = 1,2 wwv otadeptyv Vécewv Py, Pa, avixouy oto Ag xaw Ap = A =
{P1, P>} . O wyadog divisor D € Dy, (Cyp, Ar C A, 1) elvor e wopprhic

,
D =X\P)P + A\(P2) P2 + Z AMQy) Z P, vy xdmowov r
i=1 PEO(Qi,Cm)

6mov Q; ¢ A vy bha ta i = 1,...,7. T va emdéZovue divisor Baduod 0modn, Vétovue
A(P1) = —A(P;) mod n, dohéyouue tov 7 dpto xot A(Qi) = —A(Qr—_it1) mod n.
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A¢ unodéoovue thpa ot 1 Yéon P dondadiletan xan 61t 1 ¥éon P avoldeton oTny
enéxtoon F/Fy, dnhadfy Ar = {P1}. O tuyalog divisor oto Dp(Cry, Ar C A, 1) éxer v
Hoppi

D=APIREY N Y P

=0 PeO(Q;,Cwm)

‘Eyouue det 6t n nepintwon auth unopel va cuuPel uévo brav (n,m) = 1, dnhadr| undyouvy

axepafol k, A tétowoL wote kn + Am = 1. Awahéyovue r dptio, xau ¥étovue A(Pr) = 1,

AMQo) = A xo MQ;) = —ANQr—iy1)modn, i =1,...,r. Autéd uoc dlver 61 deg D = O modn.
Téloc, N nepintwon Ag = 0 elvow vionotRoLun dnwe tpoxdTTeL and to Mupo 2.1.7.

Ilépropa 2.2.4 Fotw G n ouddo autouoppLoudy tou owuatos ouvapthioewy F, xa Gy =
G/Cy, 1 nenepaoUévn TNAXOOUESH dUTOLOPPLOULY ToU pnTol ouatos ouvapthoewy Fy. Oa
ouuPorilovue e ™ ™y uowt ouvdptnon G = Go. Eow enione Go(P) n ouddo avdivons
e Véone P tou Fy. Av Go(P) elvon xuxAuaj td&ne moddTtne meoc TNy Yoeaxtnolotixy p, Tote
n oudda G (P) nou opiletan ws

G.(P):={S€G:n(S)P =P},

elvar xuxhixry tdéne n - |Go(P)| otnv nepintwon mov n 9éon P Siwdadileton otnv enéxtaon
F/Fy . Awagpopetixd, dnhadyj 6tay n 9éon P avarletan otny enéxtaon F[Fy, n oudda G (P)
elvan to nutevdéc ywduevo tne Cp, x Go(P) ue Spdon rou va Siveton and thy T = TP rou
o elvar yewritopac tne xuxAudic ouddas Go(P). Xtnv npdtn nepintwon B(o) = 1mod n.

Anédergn: Iopatnpolue omhd 6t n G (P) elvor 1 opddo mou avtioTtotyel otny unoeTExTAoN:

1 — C, — G(P) — Go(P) — 1
| ! !

1 — ¢, — G — Gy — 1

xat 61t G (P) elvon ulor enéxtoon tne xuxhixic ouddos Go(P)O.

10 mopamdve Toptoua TopatneolUE 6Tt av 1 Véon P avalbeton otny enéxtaon F/Fy eved
1 AN eméxTaom TS xUxAxhc ouddac Go(P) Staxhadileton otny enéxtaon F/Fy téte G (P)
elvat %Xk 8ENe n - |Go(P)|. Autd elvor Suvatdv aol avayxaotixd (n, |Go(P)]) =1 o

Ch X Go(P) = Cn-\Go(P)|-

2.2.4 Xrtouyelwderg affeAiavég ouddeg

Ocevpnua 2.2.5 FEotw ot n oudda Gy = G /Cy, elvan ouopgn e ula otoyeiddne afeiavr
oudda Ey(t) tdlews pt, drou p elvan 1 yopoxtnoiotid Tou k. Téte n oudda G elvon 1oduoppn
ue ™y Cp X Go. Edv emnAéov n uovadixrj otadeprj 9éon Pr tng Go Sracdadiletan otny
enéxtaon F[Fy, téte n oudda G elvan oduopgn e ™y Cp, x Go.

7

An6delln: Ty enéroon Fy/FS ubvo uia 9éon Py wou Fy Siwdadiletar.  Agol
(n, |Gol) = 1 n mhheng ouddo avtopopplouny G elvar éva nuevdd yvéuevo, G = C,, X Gy.
H dpdion dlveton amd tnv cuvdptnon B.

Ty neplntwon tou 1 Yéon Pr Swondhadiletar mhipwe oty enéxtaon F/Fy, éyovue 6t
G = Cn X Go.

Mpdyuart, éotw Q n uovadixh Véon tou F' nou enextelvel tnv Pi. H oudda avdhuone G(Q) =
G toutileton pe v oudda adpavelog, apol 1o odua k elvar alyeBpwxd xhewotéd. ‘Etor G (Q)
elvar To MuLeVEC YVOUEVD Utac XUXAXA S oudBos TaEng medtng UE to p Je ula p-ouddo
G1(Q) = Go. Anhadry to ywbpevo elvar euvdv xou 1 ouvdptnon B elvar tetplupévn. O
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‘Evac divisor otnv D, (Go, Ar C {P1},[) divetar and

D=>" A(P)P+Z>\(Qi) > P

PeAgr PeO(Qi,Go)

omov Q; ¢ A, i = 1,..s. IIpoxewuévou vo anodeiZoupe 6Tt xou oL Vo toOnoL Soxhddwong
eugaviCovtan Yo mpénel var Stahé€ouue Tov mapandvw divisor va €yel fadud Omodn. Yty
neplntwon tne TAfpous Staxhddwong éxovue A = { P}, onéte maipvouue s tpoytéc O(Q;, Go)
we AM(Pr) = MQ;) =1, tétotec wote

deg(D) =1+ sp® = 0modn,

6mou p* elvon N TéEN e Go. Auté elvon duvatdy, agod (n,p) = 1. Ttnv dedtepn neplntwon
Apr =0 xou o emduuntd anotélecua TPOXVTTEL and T0 MU 2.1.7.

2.2.5 Hyutevdéa YLvOUeEVA XUXALXWY OUAdWY UE GTOLYELWOELG of3e-
ALavéEg ouddeg

Ty nepintwon avth n opdda tniixo Go = G/C,, elvar wodpopyn ue 1o nuLeLES Yivouevo
Lo ototyetmdouc afehtavic p-ouddac téEnc pt, dmou p elvon 7 )gotpocxrnpwuxﬁ Tou k, ue ula
xhxh oudda Cry, t8ENC m, o m|pt — 1. Ttny enéxraon Fy/Fy™® Swoodadilovton dvo Yéoeig
P1,p2 TOL Fy'°, ue delxtec Stahddwong er = |Go| xou e = m, avtlotorya.

Ocevpnua 2.2.6 Eotw du n oudda Gy = G/C,, eivan 1oduoppn ue to nuievdés yvduevo
ulac otoryeiddouc afeiavric ouddac Ep(t) tdiewe pt, émou p elvan N Yoo TNELOTIXT] TOU
oduatoc k, e ulo xuxdudi oudda Cp, tdéewe m, m|p! — 1. H oudda avtouoppioudy G t6te,
elvon woduoppn ue Cp, X Go av A =0 K Ep(t) X Cpm av Ag # 0.

Andédeldn:

Av xou oty meplntwon auTh EVILAPEPOUACTE YLot GTOLYELWODELS afBeNlovéc ouddes TdEng
dlvaung e yapaxtTnelotixhc, Yo anodelfouue €val o YEVIXS AMOTEAEGUA EMLTPENOVTOS OTO
P Vo uny etvor SOvaun TG YOEOXTNELOTIXAC.

t—qpopéc
—N—
Aqupa 2.2.7 Ouo ouuforilovue ue Ep(t) := Ly X ... X Ly, pla otoLyelddn afeiiavi p oudda,
tdéne pt, dmou p Sev elvon anapaitnTa N yopaxTholoTLX Tou oduatoc k. Oewpolue Ty
oudda Gy = Ep(t)xChy,, e (m,p) = 1, mouv Spa ndvew oto ENT6 odua ovvapticewy Fy. Ac

uro¥éoouue OTL 1) UTOETEXTAOT
1— C, — 1 HEN) — E(t) — 1 (2.16)

NG EMEXTAONS
1—Cp— G- E()xCp, — 1 (2.17)

Scaondton, SnAadi T (Ey(t)) = CpxEy(t). Téte nouada G elvon .oduoppn ue 0y Cpx (E,(8)xChy)
ay xat ot duo otadepés Yéoeis Tou Fy, und ty Spdon tne Ch,, avallovraw otny enéxtaon F| Fy

7 elvan 1oduoppn ue ™y G =2 Ep(t)xChm av ula and tic otadepéc Yéoewc tou Fy, und ty
Sodon tne Cr,, Sraxcdadiletan otny enéxtaon F[Fy.

Amodelln: LOUQwva UE TNV UEAETT TWV XUXAXDY ETEXTAGEWY, £YouUE 800 duvatdTnTeg
yior v oudda w1 (Chyy)-

7 Cm) 2 CpyxCy f 7 (Cra) = Crim.
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Av 77Y(C,) =2 CxCyy t6TE x8voVTaC YpYiom Tou Uovouopeiouold @ dnwe autde oplotnxe
oTny mpdTaon 2.2.2,
H*(&p(t)%Cm, Cn) > @D H*(H,,Ch),
a||Gol

omov n H, Sotpéyet tg ¢-Sylow unoopuddec g Go, €xovue 6t 1 mhfeng enéxtoon (2.17)
daomdtan, apod Hy elvon elte unooudda tou Ep(t) eite Tou Cpy,.

Av 77 (Cp) =2 Cpm toTe Yo detlovue 61t G =2 E,(t) X Chpm,. Hpdyuatt, oe outh v
neplntwon undpyel éva ototyelo B € G td€ng nm, to onolo yevwvd ulo uvrmoouddo e G
Llobpopn Teoc TNV XUXAXT 0udda Crm,. Aol 1 eméxtaoy (2.16) dioondton Lndpyel oUuOUOE-
QLOUOS

7 &) = (&) = G.

Emuniéov E,(t) = j(Ep(t)) now j(Ep(t)) N Cpm =
™ € j(&)NCy, =1 dpa 2™ =1, xou z =
emduunto anotéiecua. O

Emotpégpouue otny anddelln tou Yewphuatos 2.2.6. O tpidtog p Ya elvar 1) yopaxtnplotixy
tou k. 'Eyovue 61 (p,n) = 1, dpo n enéxtaon (2.16) dondton. Av, emniéov, pio and tic
Véoeic mou otadeporotelton and TRy Chy, Staxhadileton oty F/Fy téte G = Cpx (E,(t)xChy)
drapopetind G = £, (1) % Chpy. O.

IMpoxewévou va anodel&ouue TNy LAOTOLCT AUTGY TV TOTWY SlaxAddworng Yo mpénel va
emthé€ouue Tov divisor Stan\ddwong

D= > A(P)P+§S:A(Pi) > P

PcAg QeO(P;,Go)

. Mpdrypott av z € §(Ep(t)) N Chpy, t61E
agpol (p,m) = 1. Autéd anoduxvelel To

wou D, (Go,Ar C A,f) étol dote va éyel Bodud Omodn. Qo cuuforilovue pe @ v
povadixh Véomn tou Fy umepdve g pr xou UE Q1, ..., Qpt T Véoelg Tou Fp umépave TS p.
Iopatnpolue eniong ot

0(Q,Go) ={Q},0(Q1,Go) ={Q1, ..., Qpt } -
AoxplvoLUE TG TapaXdTe TEPLITOOELS Yo T0 AR
e Ar = 0. O tinoc dxhddwong elvor vhonotfiottoc Aoyw touv Mupotog 2.1.7.

e Ap = 0(Q,Go) = {Q}. Ty neplntwon auth o odouoppoude B elvar TETpLUUEVOC.
Hopoatnpolue 61l ou otadepés Véoels e xuxhhc ouddas Cy, elvon @, Q" émov Q' €
O(Q1,Go). Apal, and v mopathpnon 2.1.5, éyouue 6t (n,m) = 1. Oétovue A(F;) = 1,
%ol SLAAEYOUIE TOV apLldUd § TV TPOYLWY TETOLOV DOTE

deg(D) =1+ s |Go| = 0modn.
Auté elvon duvatdy agol (|Gol,n) = (n,m) = 1.

o Ar = 0(Q1,Go). Eyovue 6t Cy, < ker . Onwe xar otnv mponyoluevn neplntwon
éyouvue Ty (n,m) = 1 ooy ula avayxato cuvdpe yio vo etvor autde 0 TOToC Stoxhddwong
vhomotforog. O Badude tou divisor nov avtiotouyel oty tpoyld O(F;, Go) elvon

S up(D) _{ Omodp® av B(0) A1 modp®
P = “ z .
PEO(Qs,Go) AlGo|modp® av  B(c) = 1modp

7 a a+1 r _ a 4 I3
6mou p* | n,p*™  n. Eotw no = [, 5(0)=1 mod pe P+ O TEETEL var BrohéZovue o
mhdoc twv tpoytwy s tétolo dote deg(D) = 0modng. Autéd elvar duvatdy Fétovtag
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A(P) =1 vy bha w0 P € supp(D) agob o (ng, |Gol|) dtowpel to (n,mp) = (n,m) =1
xat GLVETHS 1) e&lowon

deg(D) = p' + s - |Go| = 0 mod ny,
éyeL ulo Aoon mod ng.

e Ar = 0(Q,Go) UO(Q1,Gy). Lny meplntwon auth o olopoppouds § mpénet va elvar
tetpluuévoc. O¢touue A(Q) = —1modn, A(P;) = A(Q1) = 1 modn, xor dahéyouue
TO S, TETOLO DOTE

deg(D) = =1+ p' + 5 - |Go| = 0modn.

Autd elvar duvatdy agol (n, |Gol) | m xow m | pt — 1.

2.2.6 Auedpixég ouddeg

Yty meplntwon auth urtodétovue OTL 1 oudda mnAixo elvon 1 diedpwr) oudda Dy, 1 omola
déyeTon ula TUPAoTACT, OE YEVVATOPESC Xol OYEGELS

Dy, = {a,b/a™ = 1,b*> = 1,ab = ba™").
O ououopgioude dpdone B : Dy, — Z;, opiletan and T TYIES TOL GTOUC YEVVITOPES G %Ol

[ a — p(a)
ﬂ'{b — B(b)

Agob o f elvar ouopoppLouds ouddwy Eyouue 6Tt
B(a)™ = 1modn, B(b)°=1modn, B(a)3(b) = B(b)B(a) * modn.

Ioyuplouaote 6t ord (B(a)) < 2. Hpdyuatt, av ord (B(a)) > 2 téte ord (B(b)) = 1, apol
7N ToAamhaclacTi oudda Zj, etvon aeAtavy) xon dev unopel var tepéyel tny Sedpuxr) oudda
Dora(s(ay)- AMG tote B(ab) = B(a)B(b) = B(a) dromo, apol 1 té&n tou B(ab) eivon To TOND
2. Emunhéov av ord(f(a)) = 2 t6te 2/m agod 1 = S(a™) = f(a)™.

Awoxpivouue Tpeis Teptntooes yia Ty Im(f3).

In(8) ={1} # Im(8)=2Z, # Im(3)=Vi.
H tpltn nepintwon unopel va epgaviotel uévo av m = 0mod 2. Oo YpelaoToOUE TO TUPUXETW
Aqupa 2.2.8 Fotw n € N xou £ axéponog TET0L0C OTE
¢ —1 = 0modn.
Yrdpyouy axépanor n(£),n~ (£) tétolor dote

2 av n=0mod2
1 av n=1mod2

n=nbl)-n" () omov  (nt(0),n"(0)) = {
e Ty emmAéoy ididTnTaL
(=1modn™(f) xu (=—1modn~({).
Anédel&n: O apdude nt(£) (n~ (€) avtiotoya) elvon o uéytotoc dlonpétng Tou n Tétolog

wote nT ()€ — 1 (n=(0)]€ + 1, avtiotorya). Av § elvor évac Stonpétng tou n téte 6|2 — 1 =
(—=1)(£+1) xow 0 & dronpel xou 10 £ — 1 xou t0 £+ 1 av xon uévo av § = 2 O
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Oa e€etdoovue Ti¢ Vo TEPLTTOGELS Tou Vewpruatog 2.2.1 yia Tic 300 SlapopeTinég Lho-
ToLAoELC ToL THTOU dtanhddwone otny enéxtaon Fy/FC0, Eeywpeotd.

Iepintwon A) H yapaxtneotxy p touv oduatoc k elvon p # 2, (p,m) = 1. Tpewc
Véoeic tou F1 = Fy’°, éotw pi,p2,p3, Stadhadilovtor oty enéxtaom FO/FOG0 ue delxteg
danhddwaong 2, 2, m avtiotolya. Oo cuuBorilovue ue Py ;, P ;, P3 j, 6tovi = 0,...,m—1,j =
0,1 tic Yéoelc Tou Fy nov enextelvouy TiC pr, P2, p3 avtioToLyo.

Ocvpnua 2.2.9 FEotw du ) oudda Go = G/C,, eivan toduoppn e ty Siedouxij ouddo Dy,
omou pfm xaw p # 2. Seywpllovue TiC mopaxdtw TEQITTWOELS Yo TV Sour] tne ouddas G':

1. Yrovérouue o1t { P i}o<icm U {Ps;}j=0,1 C Ar. Xe auth v neplntwon Yo mpénet
(n,m) | 2 eved n ouddo autouoppioudy G 8éyetar TnY nalpaxdTw TAEACTACT) OE YEVVITTOPES
ot oyéoELs:

G =(R,S|R* = S™ S"™ =1, RSR™" = S"),

émou r elvan ulo Abon tou cuoTiuaTog

r=1modn, r=—1lmodm. (2.18)

Av (n,m) =1 n Abon r elvan uovadixr. Av (n,m) = 2 téte Eeywpllovue dlo vnome-
OLTTWOELS:

e n = 2mod4. Ye auty v meplntwon n uia Abon tou (2.18) mpoxinter dtav

{P2,i}0§i<m NAg = 0 xou n O/()\)W] oty {P2,i}0§i<m NAg 75 0.

e n=0mod4. Ye auti tyy nepintwon { P to<icm N Ar = 0 xau undpyouy 8o un
LOGUOPYES OUADEC TOU avTIOTOLYOUY OToY [Bto TUmo StaAddwons.

2. Agp =A{Ps j}j=1,2. H oudda G eivor 1oduoppn e to nuievdés yivduevo Cppm X Cs.

3. Ar = {P1ito<icm U{P2;i}iz1,...m Ye autj tyyv mepintwon n ouvdetnon [ elva te-
ToyéV) xan 1 oudda G elvan toduopen e ™y Cp X Dy av (n,2) =1 xon n G Sivetan
ono

G=(R,SIR*™=1,S"=1,RSR ' =51),
av (n,m) = 2.

4. Ag = 0. Xe autii v nepintwon n G elvon woduopyn u my Cp X Dy, émou 1 dpdon tne
Dy, otnv Cy, Sivetan aro tny B.

5. Ap = {P1i}o<icm Xe auti v nepirtwon n G 8éyetan Ty mopaxdtw nopdotacn

G =(R,S|R* =1,8" =1,(RS)> = 1).

Anodedn: Oo exwvrioovue ue v axéhoudn

IMopathenon 2.2.10 Ac unodéoouue 6t 10 b € Dy, otadeponotel Ty Jéon P . Ot dhdeg
Yéoeic Py ; uropoly va aprdundoly étor dote P ; = a'Pi . O ouddec avdAvons Dy, (P ;)
xdje Yéone P ; elvon e uoppric

Dy (P1i) = Dim(a'Pro) = @' Dy (Pro)a™" = (a®b).
Kade autouoppiouse bak € Dy, éxer 8lo otadepéc Véoeic. Kdade ¥éon tne popprhc P
otodeporoieitar amé tov ba* £ 1, av xou uévo av ba* € (a*'b) xou agot ord(a®'b) = 2 auté

elvar LoodUvouo ue TV

a?’b = ba* = a7*b & 2i = —kmodm. (2.19)
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Av (m,2) = 2 t61¢ 1 e&lowon (2.19) éxet SVo Aoeis av o k elvon dptiog, xaw xaula Abon av o
k elvan mepittée. To mapandvew anodetxviovy 6Tt o 8o otaldepés Yéoeic Tou autouoppLool
ba* mepropilovron otny (B 9éon pr (av ok = 0mod 2) 7 ps (v k = 1mod 2). Tty nepintwon
(m,2) =1 n e&lowon (2.19) éxer uovadxri Abon, €tor uia and tne Svo oraldepéc Yéoeic Tou
ba* mepropileton oty p1 xou n GAAY GTNV pa.

Mapathpnon 2.2.11 Aol o erextdoeic F/Fy xou Fy/FP™ elvan xou ov Suo Galois, o
Véoec P; tou Fy ndve and ula xowr %éon p € F° oty enéxraon F|Fy 1§ Siwdadilovia
dAec mArjpwe 1 avadlovtor 6Aec mArpws,

Ac vrno¥éoovue 6t plo and tic Véoec Ps j, éotw 1 Ps 1 dtoodhadiletow otny enéxtaon
F/Fy. Eow Q3,; n uovadxh 9éon touv F ndvw and Ps; (j otodepd). Agod (m,p) =1
€youvue 6L n oudda avdhuone G(Qs,1) elvon xuxhxh t8&nc nm. Tuvends B(a) = 1 modn.
Hopatneotue 6t o Seixtng |G : G(Qs,1)] = 2 dpa G(Q3,1) <G xou G elvan o uetaxuxhix
oudda. Awxiéyouue S, R € G, tétowa wote m(R) = b, 7(S) = a. Mnopolue var StahéZovue
S € 77 (a) tétoo dote (S) = G(Q3,1). Apob G (Q3,1) < G, undpyeL axéparog T TéTolog
oote

RSR™'=5". (2.20)

Mapatnpotue 6t 1 oudda Cp, yevvdtow amd tov (S™). Apd and v (2.20) xou v dpdon tou
b otnv Oy, €xovue
SB(b)m — RS™R-1 = S’r‘m,

T0 onolo divel tnv oyéon
r = 4(b) mod n. (2.21)

Ioyter G/Cy = Dy, dpo and v (2.20) éyoupe
RSR 'S =8¢ (S™)

xou ouTo odnyel oTNY oyéon
r = —1modm. (2.22)

To clotnua twv gilodoewy (2.21)(2.22) éyel Aooewc av xou uévo av (n,m)|F(b) + 1. Awx-
ywpllovue VO EMLTAEOV TMEPLITWOELS

(1) {P1,i}o<icmU{Ps,j}j—0,1 C Ar, dnhodr) uloamd tigc ¥éoewc Py ;, 0 = 0,...,m—1, éotwn
P o, donchadiletor mipws otny enéxtaon F//Fy. Oa cvufBohilovue e Q1o Ty Yéom unepdve
¢ Pro. ‘Onwe oty napathpenon 2.2.10 unopolue va utodécouue 6t 1 Py o otadeponoteitan
ané 10 b € Dy, ( av ypetaotel daréyovue oav yewhtopa b tne Dy, évo dMo otolyelo
Té¢&ng 300). H oudda avdhuong G(Q1,0) elvon xuxhixr tdEne 2n. Atahéyouue éva yevvitopa
Ren'(b) tnc G(Q1,0)-

H oudda Cp, elvor 1 uovadux utoouddo t8Ene n tne xuxhuic ouddog (RY, dpa topdyeton
ané to R2. Suvende R? = S™ yiaxdnoo (i,n) = 1. Anhomololue tov ouufolioué Slohéyovrog
xotdAhnho yewhtopa S tng ouddac G(Q3,1) yia tov onolo R* = S™. Enlong nopatnpolue
6t f(b) = Imodn. H oudda G cav petaxuxhix| ouddo Séyetor Ty mapaxdte Topdotaon
OE YEVVATOPEC Xat OYETELS

G = (R, S/R2 =8m 8" =1 RSR ! = STy, (2.23)
6mou To 1 oplleton vor elvan ADoT TOL GUGTAUATOS

r =1modn

r = —1modm. (2:24)
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To napandvew cbotnuo déyeton (n,m) Aooewc av xau uévo av (n,m)|2. Tty neplntwon
(n,m) =1 n Noon r xadop{leton wovoshiuavta mod nm. Ltny neplntwon (n, m) = 2 éyovue

dVo ANOoewc mod nm Tic
nm
To,T1 =To + 5

Trodéoaue 7dn 61t oL Véoec oty tpo)Ld oL P donchadilovion TAfpws Gty enéxtoon
F/Fy. Eivar evdiagépov var dolpe tweg o tinog dloxhddwone twv Véoewv P ; xadopllel v
emhoyY e pllac ro.

‘Eotw P = Py, ula 9éon tou Fy oty tpoytd tou P, CUVETKDC, oOU@PWVA UE TNV
napathenon 2.2.10, otadepornotelton and tov ba® € Dy, yw xdmow i = 1mod?2 (unev-
Yuuilouue b1 2|m). Tougwva ue to téproua 2.2.4, 1 P avahdeton (avtiotouya Stoxhadileton)

av Gr(P) = Cy x Cp, (avtiotowya Cay,). H cuvdptnon

o, :{ G,THEP) - G,;(QP)

elvon opouop@lopde ouddwy xon agol 2|n éyouue ker®p = Cy x Cy av 1 P avahbeto,
dapopeTind (dnhadh av 1 P Stondhadiletan) ker @p = Cs. Yrohoyilovue 61t

G.(P) = {RS”S’”,SS’”/S =0,..,n—1} yioxdnowo i = 1mod 2.

To oouyeto {1, S”m/2} avixouy otov ker @ p. Emmiéov yenotuonowdvrag ty (2.23) éyouue

(RsiJrsm) 2 — Sm(1+ T:rll (i+sm)) )

Tuvende n P avaibeton otny enéxtaon F//Fy av xou pévo av 1 eglowon

r+1

—(r+1)s=1+1 modn

éyel Noon s. H eZlowon auth éxel (r + 1,n) = 2 Swupopetinéc mod n AOGELS av XL UOVO oV
(r+1,n) =2] 1+i=L Agol i = 1mod 2 éyouue tnv Looduvopia

1 1
14t = 0mod2 e °F

/E0mod 2.

ro+1
m

Ty neplntwon mov n = 2mod4 1o n/2 elvon nepittd xou o 2 Srowpel K TO R To

% = % + % Sovende av n = 2mod 4 ot 0o MoeLg Tou GuoTHUATOC (2.24) avTioTolyoly
oTOUS BLaPopETIXOUS TOTOUS dlaxAddwong twv Véoewv P ; otny enéxtoon F/Fy.

Sy mepintwon n = 0mod 4 éyouue ZEL A0mod2 xou yia ic 800 Aoewg Tou (2.24).
Mpdryuart av 2| 2EL <6te 4)r+1 (ureviuuilovue 6t 2|m) xou 4|n|r—1 éxou 4|(r+1)—(r—1) =
2, drono. Aowndy, av n = 0mod 4 téte xon yia Tig dVo Moelg tou (2.24) €youue 6Tt dheg
ol Véoelg Py ; avahbovtow oty enéxtoon F/Fy. Lty neplntwon auth o tonog Stoxhddwong
aduvartel va tpocBloploel Ty Sour| TNS oUdSaC AUTOUOPPLOUWDY.

IMapdderypa:Xay napdderyuo Yo Sdoovue 800 xaumdAes pe ta (Bia onuelo SloxAddwong,
AN UE BLopopeTiXéc ouddec autouoppLou®yY. BOewpobue Tic xounbieg Vi, Vo oplouéveg
UTEPAVE TOU OOUATOS TV Utyadxmy aptdudy C mou divovtow and Tic oyéoeLg

Vityt=a(@'®—1) xou Vo:y' =230 -1)

xan éotw Fi, Fy 1o avtiototya odpoata cuvapthoeny touc. H dewpla Staxhddunong xuxhixwdy
enextdoewy Sivel 6L otig enextdoeic Fy /C(z) xou Fr/C(z) ol $oeic nou Sonchadilovton elvor
oL

{PEZO;Px:Ciapoo}a
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6mou 1o ¢ Srapéyer tic 10 pilec e wovédac. To xpitiplo xovovixdTntoc Tou ToplouaTtog
1.1.3 3tver 6L 1 oudda Galois

Cy = Gal(F,/C(z)) = Gal(Fy/C(z))

elvou xavovixh| o oAdxATEN TNV oudda cawtoUop@Lou®Y G, oL TwY 300 CWUATWY CUVIPTACEWY
Fy xav Fy. To mniixo H; = G;/Cy elvan 1 peyolOtepn nenepacuévn unooudda tov PGL(2,C)
e omolag o otolyelor Unopoly va enextardody o auUTOUOPPLOUOUS Tou cwuatoc Fi. O
anodeiZovue 6Tt 1 ouddeg H; yevvolvtal amd Toug Topoxdtey Yetaoynuatiouolc Mobius

Tixr— 1/z,0: 2 — (x,

o6mou ( elvan plor tpwtopyw 10-plla tne wovddoe, dnhadn H; = Diyp.
‘Eotww ¢ ula tpwtapywf 40-pila e povddoc. Ot awtouop@iouol:

yr— cy/a? yr—cy
Ry : , Si: 4
z+— 1/x T — c*x

enextelvouy Toug T, 0 oTo F1 xou oL autouoppLouol

)

y— cy/at y— c’y
Ry : , Sa 4
z+— 1/x T — c*x

enextelvouy toug T, 0 oty Fy avtlotorya. Anhadn, Dig < H;. And tic duvartée enthoyeés twy
ouddwv avtopoppoudy tne PGL(2,C) éyovue 6t H; = Dig;. 'Eotw p éva otoryelo tdEng
10i otnv Dyg; xou R € G tét00 Gote Rlcp) = p. O avtouopgloude p elvar tne Lopghc

p:xT— ax,

6mou a elvor pla tpwtapyLxr 10i-pllo tng wovddag [27, oek. 87]. And tny Jewpla twv xUXALXDY
enextdoewy Tou Kummer éyouue 6t R(y) = ylg, (£,4) = 1,9 € k(x). Suvende,

<R(y)>4 _ dbighi(a®a!® — 1)

yl xlki (1.10 — l)l ’

(2.25)

6mou k1 = 1,ks = 3 xou R(y)/y* = g € k(x). Ané tnv (2.25) nalpvouue 6T
ki(¢ —1) =0mod 4

xaw apol (£,4) = 1 éyovue tehxd 1 £ = 1. Buyxpivovtog Tic TOMATAGTNTES Twv plldy XoL
TV TOAWY ToL deZlol uéhoug tne (2.25) tépvouue bt ¢ = ¢*/a, xon cuvende 1) T8EN Tou p
elvow 10 xow H; = Dqp.

Ané toug tOnouc Twv Ry, S;, unopolue va eAéyEouue 6T oL ouddes Gy, déyovton ma-
PUCTACELS OE HPOUSC YEVWNTOPWY-OYETEWY (¢ EENC:

G1 = (R1,51|S° =1,R? = S}°, RS R, * = S?*)

pde )

Gy = (Ry,S52|53° = 1, R2 = S3°, Ry SRy = S9).

Ou ouddec G xou Gy dev elvon woéuopgee. Ilpdyuatt, ag vnodéoouue éTL undpyel €vag
Lopuopchopég ¢ : G1 — G>. Kde otoryelo oty G elvon g woperc R2S§ R TNS UopPhc
S3. Ouwe

(RQS%)2 — 510+10j’
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dpor RySJ éyer t8En t0 mOAD 8 xau awth amodeweviel 6t ¢(S1) = SJ (5,40) = 1. Emmhéov
€)0uUE , , .
3% = ¢(S1°) = p(R1S1R; ) = Ra SRy = S5
Anhad? mpénet 205 = 0 mod 40, dromo agol (40,5) =1. O
(2) Ar = {Ps3;}j=1,2. e auth v neplntwon oL Yéoewc P j i =1,25=0,...,m —1 tou
Fo avolbovtar 6heg oty enéxtaon F/Fy. Lougwva ue 1o tépioua 2.2.4 éyouue
Gﬂ—(Pi’j) = CnNCQ.
Mropolue va SiohéZoupe R € 771 (b) tétowo wote R? = 1. H oudda G Slveton and
(R,S/S"™ =1,R* =1,RSR™* = S")
6mou r elvar ) AOon Tou GLUCTHUNTOS TV EElotoewy (2.21)(2.22),
r = f(b)modn,r = —1modm. (2.26)
H oudda G elvar éva nuteud yvouevo

CnmXC%

e Spdon va xodopiletar and to . Av (n,m) > 1 téte 10 cbotnua 2.26 unopel va éyel me-
plocotepec and uia Aooelc mod nm oL onoleg 0dnyolv oe Teploadtepeg and Wl Un LoOUopQeS
ouddeg avtopopplouty G.

Ac unodéoovue bt o Véoewg P ; j = 1,2 dev daxhadilovton otny enéxtaon F/Fy. And

10 mopoua 2.2.4 €youue 6T

G,.—(P371) = CnNCm
ool N Dy, (Ps ) = (a) etvon xuxhuer). H ouddo G (Ps,1) €xeL delxtn 2 oty G, dpo Cp, xCh,
G. Eow T évag yevvitopac tne xuxAwxrc ouddac Cy,, xon S évac yevvhtopac e Cp, tétolog
wote 7(S) = a. Av R € 771(b) apot |G : CpxCry| = 2 70 otoyelo R? € CpxChy dpa
R? =THS*. AN\& m(R?) = a* étor z = 0mod m xon R = TH. Auté pog Stver

R?SR™2 =TrST# = Tr1-Al)g (2.27)

Mnopolue vo utoloyloouue to aploTtepd UéNoc e (2.27) xou pe Slopopetind tpémo. Agol
Chn x Cp, <G €yovue

RSR™' =T*S".
Ané v &M G/{(T) = Dy, dpa
RSR™'S =T*S"™! € (T) ouvendc r = —1modm (2.28)
%o oUTo Log dlvel
R?’SR™%2 = RT*S™'R~' = *B)=Ala)g, (2.29)
Yuvdualovtac tic (2.27) xou (2.29) népvouue
(1l = B(a)) = A(B(b) — B(a)) modn. (2.30)

Ou yewntopeg T, R, S € G wavomololy TG TapoxdTe GYECELS:
S™=1,T"=1,R* =T RTR ' =T°® STS ' =150 RSR™' =T*S~', (2.31)

yLoe xdmolal A, p mou txavoroloty ty (2.30). Hoapotnpolue 61t Sev anontovvtar entnpdodetes
oyéoels oTov oploud e ouddac G, yatl ol oyéoeic (2.31) opilouy oudda TédEne 2nm.

Oéhouue va amlomothoovue Ty oxéon RSR™Y = TAS™! Sioéyovtoc éva Sapopetind
yevvAtopa S1 = T*S. Troloyilouvye:

RS\ R™' = RT*SR™! = 7*FW+Ag—1 — pe(Ba)+8(1)+Ag—1 (2.32)
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Adppa 2.2.12 Eotw P ula Yéon tou Fy n onola otadeponoteiton and to ba. EmmAéov
vrov¥érouue 6t R? = TH. Av 2|n tdte

(n, B(0)B(a) + DA+ p(a), (2.33)

av xau uovo av n 9éon P avadleton otny enéxtaon FFy. Av (2,n) = 1 téte n ediowon
(2.33) woyler oe xdde meplntwon.

Anoden: Trodétovue tpodta 6Tt 2|n. And to ndploua (2.2.4) éyouue

Con av P Swodadileton oty F/ Fy

_ (ba)y __
Gr(P) = Gal(F/F,™") = { CxCly av P avolbetor otnv F/Fy

Ty mpodtn Teplntwon undpyel uovo éva otouyelo T8Ene dVo oty oudda Gal(F/Féb@) EVO
oty deltepn meplntwon Ly oLV TEPLoTGTEPY Tou eVOC otolyela téEns dvo oty G (P).
Treviuuilovue 6t n oudda G (P) elvow 1

G(P)={o € G/m(0)P = P} = {RST*,T"/k=0,...n — 1} .
Aol o n eivan dptiog, éva otolyeto téEnc d0o tne G (P) eivow to T2, Av 10 RST* eivon
éva dhho otolyelo tdEng dvo tote

1 = (RST*)? = TkB®)B(@)+1)+A+ub(e) (2.34)
dpa yra xdmow k € {0,...,n — 1}

E(B(b)B(a) + 1) + A+ pB(a) = 0modn, (2.35)
Ouwe 1 eZlowon (2.35) éxet Aoelc we npog k av xat ubvo av

(n, B(b)B(a) + DA + pfb(a).

Yy nepintwon (n,2) = 1, to povadind otouyeio t8Eng Svo otny ouddo Gal(F/F{®*)
etvor e nopehc RSTH dpo 1 (2.34) éyer uio Moo, xor to emduunTd OMOTEAESUN TPOXVTTEL
axpBids 6Twe xaL oY epinTtwon detou 1.0

O Yewpricouue Thpa TC TEElC TEAEUTAlES TEPLITOGELS TOU YEWPHUITOS

(8) Ar = {P1ito<icm—1 U {Psi}o=1,. ,m—1 Ohkec oL Véoewc P;; droaxhadiloviar oty
enéxtoon F/Fy. YTrolétouue 6nwe xou oty moapathipnon 2.2.10 éw Dy (Pro) = (b). EZ
awtioc Tou moplouatog 2.2.4 unopolue vo dahéfovue R € 7 1(b) tétowo dote R? = T,
dnhadh u = 1. Emumhéov n enéxtaom eivar xevtpuad o auth Ty neplntwon dniady

B(a) = B(b) = 1modn.
OewpoVUE VO UXOUA UTOTEPLTTWOELS

e (n,2) = 1. Agol n enéxtaon elvor xevipud| éyovue H?(D,y,, Cp) = 1, Srhadh undpyet
uoévo uto eméxtaon e Dy, ue Cp, 1

G=C, xD,,.
e (n,2) = 2. H e&iowon (2.32), oe auth v nepintwon, €xel Ty Lopen
RS R™' = T% T g1, (2.36)
Ané to Muua 2.2.12 éyouue 6t (n, B(a)B(b) +1) =2+ X+ 1, Zuvende 2|\ xau étol 7

eZlowon
2r + A =0modn
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éyet ula Aoon z. H oyéon (2.36) yia nv ouyxexpiuévn outh Ao & YedgpeToL o¢
RS R™'=S;t.

‘Eotww t n t6&n tou Si. H oudda G elvor ulo uetouxhixr oudda mou déyeton tnv
TOEOXATR TAPAGTAOT) OE YEVVHTOPES 0L OYECELS:

(R,S1|R*" =1,8! =1,RS;R™" = S;'!),
o t6te |G| = 2nt, cuverwg t = m.

(4) Agr = 0. Okec o Véoewc P;; avolbovton otny enéxtoon F/Fy. Ac unodécouue
ot Dy (Pro) = (b). EE outloc tou noplopartog 2.2.4 unopolue vo StohéZouvue R € 71 (b)
této0 wote R? = 1, xou i = 0. Agolb bkec oL ¥éoelc tou Fy oL omoleg enextelvouy Tig
p1,p2 avokbovion oty F/Fy and to Muua 2.2.12 éyovue ot (n, B(b)B(a) + 1)|A. A&
(B(b),n) =1, €xo (n, B(ba) + 1) = (n, B(b)B()B(a) + B(b)) = (n, B(a) + B(D))[A. Tuverde
UTdPYEL €V T TETOLO OTE

z(B(a) + B(b)) + A =0modn

xaL yloo auto To T, 7 eklowon (2.32) yiveton
RS\R™' = T*B@FB0NFAG L = gL,

Oo cuuBollovue ue t TRy 8En Tov S1 = T%S. H oudda oe auth v neplntwon divetar and
TOUG oAt YEVVATORES XOL GYECELS

(R,T,8;|R>=1,RTR™* =T°® S TS =77 RS R~ =57',8 =1,T" =1),

xan ebvar td€ng 2nt, and émou Eyovue t = m xou 1 oudda G elvon LOUOPET UE TO NULELYD
YWOUEVO
CpnXDy,

6mou 1 dpdon tou Dy, oty Oy, xadopileton and tov yopploud S.

(5) Ar = {P1i}o<icm- e auth v meplntwon unodétouue 6Tl 10 GOVOAO TwY VécEWY
P, ;, unép tne p1 Stohadilovton oty enéxtaon F/Fy xou 1o 6Ovoho twv Yécewv P ; utép tne
p2 avobovton. Mropolue v StahéZoupe R € w1 (b) tétoo wote R? = T cuvende p = 1.
Enumhéov B(b) = 1 modn.

Ané to Mupa 2.2.12 éyovue 6t (B(b)B(a) + 1,n) = (B(a) + 1,n) |\ + B(a). Apx undpyet
x €ToL OOoTE

z(B(a) +1) + A = —f(a) modn

xoL ya quT6 To T 1) eZlowon (2.32) ypdpetan
RS\ R = 7eB@+B®)+Ag—1 — p=hla)g—1 — g-1p—1
Aol T = R? n nopandve oyéon elvon 1ood0vaun ue v
(RS;)? = 1.

Oa cuuBorilovue ue t v ¢En tou S1. H oudda G déyetan tnv mopaxdte TopdoTacT|, GE
YEVATOPES ol OYECELS:

G= <R7 Sl|R2n = ]-75{ =1, (RSl)2 = ].>

HMopatneolue 6T 1 oudda Tou yewvdtor amd to R? elvor 1 oudda Galois Gal(F/Fp) 1 onola
elvow xavovix| unooudda e G. To mnAixo

gy = BSIR =15, = 1,(R5,)* =1)
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elvar Loduopgo ue uia dedpixh oudda tding 2t. Yuvende 1 oudda G éyel d&n 2nt xou t = m.
O

Oo amodel&ouue Thpa 6Tt oL ToPATEVE TOTOL SLaxAddwang LhoTooUvToL, SnAady) Yo tpénet
va emhéZouue D € D, (Go, Ar C A, ) Boduod 0 mod n.
(1) Eeywpilovue Tic TaPAUXYTL UTOTEQLRTWOELS:

en = 2mod4, m = Omod2. Ye auth Vv mepintwon €yovue otov Qopéa tou D T0
TopoxdTw clvolo Ar otodep®dy Yéoewv Dy,

Ar ={P31,P32,P10,Pr11,...., P i1}

N

Ar ={P31,P32, P10, P11, Pric1,P20,Po1,.cc; Pa i1}

xat puoxd s tpoytéc O(Pj, Dy,) 6mou 1 ¥éan P; dev otadepornoteitar and v Dy, ESG
yia amhonoinon tou cuuBoAiouol yedpouue dbo mepintwoels Hall, TRy deltepn eVTog
napeviécewy. Treviuuilovue 61l oty nepintwon auth, 1 cuvdptnon dpdong B elvon
TeTpLuUéVT), onote Tadpvovtog A(Q) = 1y 6ha ta @ € supp(D) €yovue 6T

deg(D) =2+ m + 2ms A deg(D) =2+ 2m + 2ms.

Agol (2m,n) = 2 7o onolo donpel 0 2 + m (2 + 2m avtioTtoya), UTOPOUUE Vo
dtaré€oupe to s Etol wote deg(D) = 0mod n.

e n = 0mod4, m = 0mod 2. X1ny neplntworn auth £xouue otov gopéa Tou D To Tapaxdte
obvoho AR otadepdy Yéoewy Dy,

AR = {P3,17 P3,27 Pl,O; Pl,l) "'7P1,i71} 9

xaw s tpoytéc O(Pj, Dyy,) 6mou oL Yéoewc P; Sev otadeponototvton and tov Dy, Ilafpvouue
A@Q) =1 v 6 ta @ oo supp(D), étot

deg(D) =2+ m + 2ms.

Ly neplntwon aut (2m,n) = 4 o onolo Sonpel 0 2 +m (vnevduuilovue 6Tt apol
(n,m) = 2, m = 2mod4), ondte unopobue va StoahéZovue to s étol wote deg(D) =
Omodn.

Me 6uoto tpémo unopolue va delfovue dti unopodue va StokéZouue deg(D) = 0modn otnv
nepintwon (n,m) = 1.

(2) Ty nepintwon auth éxovpe Ar = {Ps 1, Ps 2}. AvolOOUUE TO N OE YLVOUEVO RO TWY
Topary6viwy 1 = pit ... pyt. Bougwva ue o Muua 2.2.8 ypdgouue n = nt(3(b)) -n~ (B(D)),
xou (nT(B(D)),n (B(b))) = 1 4 2. H eliowon (2.14), uac diver deg(D) = 0modp]’ yia
D € D, (Go,Ar C A, B) xou vy p; | n=(B(b)),pi # 2. Av 2| n, xou p;, = 2 t61€ deg(D) =
Omodpz)io, émou aj = vz2(n"B(b)) < ai,. O tuysioc divisor D € D,(Go,Ar C A4,p)
YedpeTon

D=XPs;+Ps2)+ Y AP) Y, P
i=1 PEO(P;,Dy)
Ou mpénet var Stoké€ovue tov D étol wote deg(D) = Omodn™ (). Oétovue A = A\(P;) =
1 mod n. MropoUue va Stahé€ovue tov apldud tov TpoyLodv s xou tov divisor D € Dy, (Go, Ar C
A, B), xatd tétoto TpdTO

deg(D) = 2 +ms = 0modn™(3),
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agol (nT(B),m) | 2 (urevduullovue bt (n,m)|3(b) + 1).

(3) Eyouvue 6t Ap = {P;;/i=1,2j=0,..,m—1}. Buvende dtaréyovue D ue s 10
mAfdoc tpoylec O(P;, Dy,) 6mov P; 8ev otadeponoeltan and ty Dy, xou ¥étovtac A(Q;) =
1 modn vroloyilovue

deg(D) = 2m + s2m.

Mrnopolue vo SlohéZouue T0 s xatdAANAa WoTe 0 topamdve Boduds va elvor 0 mod n.

(4) Eyovue Ar = 0 xar 1 vhorolnon tpoxdnteL and 1o Muua 2.1.7. (5) Eyovue Ag
{Pi g, ..., Pt,m—1} . Hopoatnpolue 6t B(b) = 1 mod n. Avahbouue to n oe nt(B(a)),n” (B(a
omwe poc divovtaw and to Mupa 2.2.8. And v elowon (2.14) éyovue 6t deg(D)
Omodp;* vt p; | n~(B(a)) xar v 6houg toug divisors D € Dy (Go, Ar C A, ). Ondrte
unopolue vo dtahé€ovue Tov D étol ote

=
=l

deg D = 0modn™ (B(a)).

Yrohoy(lovue
deg D = m + 2msmod n™ (3(a)), (2.37)

Ané mny e€lowon (2.37) xatahfyouue 6to 6t n ouvdhxn (nt(B(a)),2m) | m, elvar avaryxato
yio vau elva 1 tepinTwon 3 VAoToL oL,

IIepintwon B Xe auth ty nepintwon 1 yapoxtnetotixy touv couatog k elvon 2. ‘Eyovue
61t G/Cp = Dy, (2,m) = 1. And Tov YopaxTnplotd TV TETEPACUEVLY OUIDWY AUTOUOp-
(PLOUGY TOL ENTOL CWUATOS CLVIPTACEWY, 0To Vewpnua 2.2.1 €youue 6T oL dVo YEoelg p1, pa
tou FY = FP™ Sundadilovion otny enéxtaon Fy/FR™, ue deixtec Siovddwong 2 xou m,
avtiotowya. Eow Pi; i =1,...,m (P j = 1,2 avtiotolya) 10 cOvoro wwv Foewy tou Fy
unép TN p1 (P2 avtioTolya).

Oevpnua 2.2.13 Eotw o n oudda Gy = G/Cy elvan 1oduoppn ue tny Siedouxyj oudda
Dy, ptm,p = 2. Egywpllouue Tic Tapoxdtw TEQLTTHOELS Yia TNV doul| Tne ouddac G:

1. Agp D {Pii}o<icm- Tote n B elvan tetpiuuévn xaw G = Cy X Dy,.
2. AR = {PQJ'}]':LQ. Téte G = Cnm X 02.
3. Ap=0. Téte G =C,, x D,,.

Amodelln:

1 Ag D {Pii}o<icm. Tnv neplntwon auth ot Véoew P ; i = 1,...,m mov enextelvouy
v p1 dtahodilovtar oty enéxtacn F/Fy. Hopatnpoldue bt av ulo and autés, ag mobue
N Pi iy, Stanhadileton téte dhec ov P ; Sranhadilovton enlong, ool ot enéxtacelc F/Fy xon
Fo/FY elvor xou oL 300 Galois. Iopotnpolue enioec 6t n oudda Galois Gal(F/Féb“l>)
NG EMEXTAOTG F/Fébal> elvon ulo eméxtaon e ouddoc (ba') =2 Cs. Amd Ty uerétn toVv
EMEXTUCEWY OTOLELWSOY afeliavdv ouddwy, éxovue 6Tt B(ba’) = 1modn, yro 6ho to i =
0,...,m — 1, apol 1 povadueh otadepr Véon tou ba’ Siondhadileton oty F/Fy. Autéd woybet
yia 6ho T i €tol  oudda G elvon ular xevtpud enéxtaon touv Dy, ue Cp. Agob n = 1mod 2
éxouue 6t H*(D,,,Cy,) = 1, cuvenae

G=C, X Dy,.

2 Ar = {P j}j=1,2. OLd00 Yoewc Ps; tou Fyy umép tne p2 Stoncdhadilovton mhipws otny
F/Fy. Dy (Ps;) = (a), étoL and 1o ndpoua (2.2.4) uropolue vo Bpodue S € 7 t(a) 7
omnola vo éyel 1é€n nm. H Spdon touv a oty Gal(F/Fp) = (S™) elvon tetpruuévn dniadn
B(a) = 1modn. Eotww R € 771 (b). Hopatnpolue 6t |G : (S)| = 2 ondte (S) < G. Tuvendx
UTdPYEL T TETOLO WOTE,

RSR ' =8".
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Mapatnpotue 6t i S™ yewd v oudda Gal(F/Fy) = C,,, onbte
Sﬁ(b)m — RSmR71 — Smr,

GUVETMC
B(b) = r mod n. (2.38)

Ané v &M\, éyouue
RSR™'S =8 = 1 =7(RSR™'S) = n(S™),

onote
r=—1modm (2.39)

To clotnua twv (2.38)(2.39) éyet ula hoon r av xat wévo av (n,m)|B(b) + 1 xou n oudda
dlveton amd T TUPAXETW OYECELS:

(R,S|R* =1,8"™ =1,RSR™' = S").
Iopatneodue 6t 1 G elvon LodUOPPYN UE TNV
G = CpmxCs.

3 Ar = 0. Xe auth v meplntwon dhec ou Yéoew, Py, P j tou Fy utép tne p1 o Tng
P2 avtiotouya, avolboviar oty F/Fy. Hopotnpodue 6t (n,2) = (m,2) = 1. Ou ypnotuo-
TOLCOUUE TNV ELPUTEUCT) TNE TRdTAONS 2.2.2,

H2(Dy,Cr) = @ o H*(Din, Cr)y — @y H2(H,,C)

a=>a, +— Y. resp, m,(ap)

p2m

Aol (n,2) = 1 ané 1o Yedpnua tou Zassenhaus ([14], oeh. 163) éyovue 61t H2(H,, Cp,) = 1.

Av p # 2, plm téte n p-Sylow vrooudda H,, elvor urooudda Tne xLXAxic uToouddas (a) =2
Cr ™ D- Aol 1 (a) otadeponotel Ty Ps j, n onola avolUeton oty F'/Fy, 1 UTOETEXTAUON

1— Cp, — 7 ((a)) — {(a) — 1,

draondron. ‘OAeC OL UTOETEXTAGELS TTOL AVTLOTOLYOVY oTic p-Sylow utoouddec tou (a) dtaomdvToL
entong, dpo H2(H,, Cy,) = 1y p # 2. Auté uoc divel 6t H?(D,y,,, C,) = 1 xon tehixd €youue

G=C,x Dy,

6mou 1 dpdon g Dy, o0 O, xodoplletar and v cuvdptnon £. O

I vo amodetéovue 6tL awtdc o tonog dohddwong elvor UAomotiouog Yo TeéneL var
dtahégovue D € Dy, (Go, Ar C A, B) Baduot Omod n.

1 Haipvovue s tpoytéc O(P;, Dy,), étol dote 1 Véon P; va unv otadepornoteltar omd
v Dy, xouw ¥étovue A(P;) = 1modn. Eyovue Agp = {Pi1, ..., PLm, P21, Peo} (h Ar =
{P11,-, Pi,m} dpo 0 Bodude tou D elvon

degD =m + 2+ 2ms ¥ deg D = m + 2ms.
Mpogavae, agob (2m,n) = (n,m) unopobue va Bpolue s étol Gote degD = Omodn
oty mepintwon Ag = {Pi1,..., Pi,m, } . Bty nepintwon Ag = {Pi1,...; Pim, P21, P2},

Brénovue 6t (n, m) | 2 etvar avoryxalo cuVITxn OoTE var UAoTOLToL AUTOS 0 TOTOC BLohddwone.
Mapatnpotue 6t 1 ouvdixn (n,m) | 2 elvon wodbvaun e (n,m) = 1 agot (n,2) = (m,2) =
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2 An6 o Mupa 2.1.6 apxel va xataoxeudoovue D Baduod 0modn™ (b). Molpvovue s
tpoytéc O(P;, Dyy,), 6mou 1 P; 8ev otadeponoteiton and tov Dy, xou 9€tovue A(P) = 1modn
yia 6ha tor P oo supp(D). Eyouue

deg(D) = 2 + 2msmodn™ (b).

Mropolue va StodéZouue s tétolo Kote deg(D) = 0mod nt (b), agot (n,2) = (nt(b),2) = 1.
3 O tinoc Siaxhddwong oe auth v meplntwon vlonowjton and To AfuUe 2.1.7, agod

Ar=0.

2.2.7 H oudda A,

Trodétovue 6t G/Cp = As. And 1o Yedpnua todwounone 2.2.1 éyovue 6t tpeic Yéoeis
tou F) := FG = FOA4 drahadilovtar oty Fy/Fi, oL p1, pa, p3 Ue delxtec doxhddwons e =
2,e2 = e3 = 3 avtiotoiya. EmnAéov Vo mpénet 1 yopaxtnplotxh p # 2,3. Oa cuuBoiilovue
e Pi;i=1,..,6, ;,P3; j =1,..,4 10 clvolo twv ¥éoewy tou Fy mou enextelvouy Tig
D1, P2, P3, aviloTolya.
H opdda Ay déyeton ulo mopdotacy) oe YEVVATOPES Xou OYECELS
Ay = (a,b/a® =b* =1, (ab)® = 1).

HMopatnpolue enloeg 6Tt N oudda Ay €yl ula xavovix 2-Sylow unoouddo ldUoEEN UE THY
oudda V4 tou Klein, n omola ooy unooudda tne Ay unopel ypagel oe 6poug TwV YEVWNTOPWY
e A

Vi = {1,a,bab™",b*ab™} .

Téhoc, N oudda Ay unopel va ypopel xou we Nuievdéc ywouevo Ag = Vi x (b). O ououop-
pLouode Spdiong
ﬂ Ay — Z):L

dev ylveton va elvon Uovouopplouog, apol 1 Ay dev elvon afiehovry. Eyouue 3o duvatdtnteg
yio tov ker 3 :
ker 3 = Vy, A ker 8 = Ay (xevtpuxh enéxtaon)

Ye x&de meplntwon, apob Ay /Vy = Zg xaw 10 a €xel é&n dbo oty Ay, éyovue 6Tt fla) =
1modn.

Oevdpnua 2.2.14 Eow ot Gy = G/Cp = A4, 1616 1 oudda avtouoppioudy G elva
LOGUOPYN XUTH TEQITTWON UE:

0,) AR:@TO/T&‘GECTLNA(;.
b) AR = {PZ,j}lgjgél w61e G = V4 X an.
¢) Ar ={P1,i}1<i<e 01€ G =2 G' % C3, énouv G opiletan uéow yevvntdpwy xaL oyécewy:

G':=(R,S/R* = §*,8*" =1,RSR™' = §").

d) {P1,i}i=1,..6 C Ar 161 N oudda G Séxetan TNV TaPUXATW AVATAPIOTACY UECE YEV-
VNTOPWY Xl OYECEWY:

G = (R,S|R*™ =1,R*> = 53, (RS)® = R**),

yia xdrowo k € {1,...,n}.
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Amodelln:
a) Ar = (0. 'Okec oL ¥éoeLc Tou Fy o ENEXTEVOLY TLC P1, P2, P3 AVINDOVTOL GTNY ETEXTOON
F/Fy. e auth v meplntwon woyuptldpoaote 61t

G CnXA4

6mou 1 Spdion tou Ay enl g € xadopileton and v cuvdptnon B. Io va arnodetfovue
ToV WoyLplod mapatneolue 6Tt N As elvar to Nuevdl ywduevo Vax(b) xou 6t n Vi elvan
oToLyELOINS af3Ehtav ouddo T LopPhic £2(2). TOUPWYA UE TNV UEAETN ENEXTACENY BLESELUMDY
ouddwy, apol oL atadepéc Véoeg e Vi = Dy avaklovton, €YouUEe OTL 1) UTOETEXTAOT

1—Cp— 7' (V) — Vi — 1, (2.40)

draondron, xaw omd o AMuua 2.2.7 éyovue G = CpxAy.

b) Ar = {P»;}1<j<a. Anhad?| to cUvoho twv ctodepdy Yéoewy Py ; @ = 1, ..., 6 avakbeto
xaL TOLAGLoTov Wl and g Véoewg Po j, P3 j, ag molue n Paj j = 1,...,4 Sindadileton
oty F/Fy. Touguva ue to ndplopa 2.2.4, apod o otadepéc Véoeg tou b dranhadilovra,
gyouue 6t f(b) = 1modn dpa n enéxtoaon elvon xevtpwxh. H ouddo As elvon éva nuieudod
ywouevo Vix(by xar énwc xor otny meplntwon a) éyouue 6t 1 (ixpR oxpinrc oxoloudia
(2.40) Swoondron. Xenowwonotdvtag 10 Muua 2.2.7 éyovue dtu

G= V4>‘103n>
6mou 1 Spdon Tou YevvhTopa R g xuxhuxig ouddag Cs, oto T € Vi Siveton amd
t® .= R"eR™" = PR,

To de&l péhog €xet vonua agob R™ € (3 < Ay. Hapatnpolue 6t av ot ¥éoeg Py ; j =0,...,4
Tou Fy dev daxhadilovton, téte and v mapatienon 2.1.5 éyovue 6t (n,3) = 1.

c) Ar = {Pi i}1<i<s. Ly meplntwon aut o Yéoec Py ; © =1, ..., 6 Stndhadilovron xou
oL ¥oewc Py i =1,2, j =1,...,4 avadbovion. Ao v UERETN TV DEBELX®Y ENEXTACEWY
éyouue 6T M oudda G := w1 (Vy) ypdpeton Uéow YEVWITOPWY XL OYECEWY KC

G'=(R,S/R* = S8* S*" =1,RSR™* = S"),

6mou 1 elvan 1 povadixr Abon tou cucthuatoc r = lmodn,r = —1mod2 av (n,2) = 1, xou
7 povadxh Moom tou cusTthuatog r = 1modn,r = —1mod 2 étol wote “H var elvor dproc,
dapopetind. Iopatnpolue eniong 6tL otny tepintwon (n,2) = 2 autdc 0 TOToC St \ddwong
eugaviletor ubvo av n = 2mod 4. Ioyupléuacte 61 G =2 G’ x (b) = G'xCs5. Hopoatnpolue

o1t G' A G oot Vy <1 Ag. And v &y, and 1o moplopa 2.2.4 €netan 6TL 1) UTOETEXTAUON
1— Cp — 7 (D) — (b)) — 1 (2.41)
dlaoTdTon, GUVERME UTAPYEL €VOS OUOUORPOLOUOC
Ji(b) > Cpx(b)y =G

tétotoc wote j((b)) N C, = {1}. T va amodel&ouue Tov toyvploud Yo mpénet vo delfouue
ot (D) NG = 1. Eotww z € j((b)) NG'. Av z # 1 t6te & € ((b)) éxer 18&n 3. Télog
TopaTNEolUE 6Tl To TeTpdywvo xdde atolyelov tne G avixel oty (S). Autd uag Sivel bt
Yo T0 T, ToL YpdgeTon oty wopgh RISI, éyovue 7¥ = zx? = RISIS* dpa x € (S) xu
z? € Cy. Aol j((B)) N C,, = {1} éyoupe 2% =1 xor © = 1.

d) {Pi1i}ti=1,..6 C Ar. Xtnv neplnwwon auth Ohec ot Yéoewe Pr; © = 1,...,6 xou
ToLAdytoTov Uia and T P j xow P j =1, ..., 4 Swoocdhadileton otny enéxtoon F/Fy. (Trev-
Yuuilovue oL oL Véoewg Poj Psj éyouv Slagopetind tOmo Stoxhddwong ov xaL U6vo av
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(3,n) = 1. Trodétouue 61t 1 Pp 1 otadeponotelton and 10 a xou 6t Py jotodeponoteiton and
10 b. Xpnowuomoldvtag To néploua 2.2.4 €yovue 6TL 0 opouopPLouss B elvon TETpLUUEVOC Xon
1 enéxtoon ouddwy elvon xevipudh. Emmiéov undpyouy otoyelo R € 71 (a) xou S € 771 (b)
TETOLOL WOTE

(R) = Cap, (S) = Cs,.

H oudda Gal(F/Fy) =2 C,, eivon xown vtooudda twv (R), (S) ondte, dtokéyovtag xatdAAnious
yevvAtopee R, S, éyouue tic mapaxdtw oyéoeg uetald v R, S,

R*™=1,R? = S°.

TuuPorilovue ue T v npoBori G — G/Cp. Agol 1o w(RS) = ab éyel té4&n 3 oty Ay
éyouue xou Ty emnpbéovetn oyéon (RS)? = R?F uetaZi tov R, S. Opllovue v oudda Gy

Gi:=(R,S|R>™ =1,R? = S® (RS)® = R?"). (2.42)
Mpogavire (R?) elvon utor xavowixd utooudda e G1 xou Gi/(R?) = Ay dpo G = G.
Oa anodeiZovue dtu uTdpyeL UbvVo uia oudda ue Tov TOTO dlohddwone TN nepintwone d),
dnhadn undpyet uévo ula oudda mou va oplleton and T oyéoec e (2.42). Avotuyde, dev
umopéoaue va Bpolue éva TpoTo Teocdloptouol tou k oe xheloTh wopph. Me tnv Bordeia
To0L TpOYEUUNTOC UTohoYLoTIXS dhyeBpac MAGMA [18] unohoyiooue tny twwh Tou k yia
JLAPOPETLXES TWIES TOU N

n|2 3 5 6 7 9 10 11 13 14 15 17 18 19
k|1 1 5 1 6 7 5 8 9 6 10 11 7 12

7

Oo anodelfovue thpa 6TL UTdpyEL Lovo Ulo oudda G ue tov TUTO SoAIdwong TN

nepintwone d. Aol 1 enéxtaon otny tepintwon d) elvar xevtpud €xovue
H?(A4,Cn) = L 2) X Lin 3)-

Oa yetpioovue 10 TARdog i(A4, Cr) TV UN WOOUbPYwY ouddwy G, Tou TAlEVOUUE ETE-
xtelvovtag v oudda Ay pe Cp. Tny neplntwon (n,3) = (n,2) = 1 anbd tov mopoamdve
Um0 cuvouohoylag €youde OTL 1) eméxtacT) daondtar xat 1 oudda G elvar Lloduopen UE TNV
Cyr x Ag. Ty epintwon (n,2) =1, (n,3) = 3 n unoenéxtaon

1—Cp— 71 t(V)) — Vg —1

draondron and to Vedpnua Zassenhaus , ([14], oel. 162) xa, cOupwve ue t0 Muua 2.2.7,
€youue d0o duvatdtnteg Yo TNy doun e G

G=2Cp XA h G2V xCsy,.
Yy mepintwon (n,2) = 2,(n,3) = 1 éyovue H?(A4,Cy) = Zs. O 300 ouddec mou eu-
pavilovtar elvan woduoppes we tic 0o ouddec mov Befixaue oty TEp{TTHO C).

Ac unodéoouue 6t (n,2) = 2, (n, 3) = 3. Ou anodelfovue b1t To TAoC TwY Un LoOUoPPLY
xevTpGV emextdoewy tne Ay ue Cp ebvon i(Ag,Cy) = 4. Tpdgouue 10 n = 293Pm ue
(m,2) = (m,3) = 1. Trdpyouvy ubévo dbo un Loduopyes enextdoelc G 4 = 1,2 tng uopphc

1 — Csp,y — G — Ay — 1,

onwe delloue oty meplntwon (n,2) = 1, (n,3) = 3. H oudda G diveton cov ulo enéxtoon
v G, dSnhadh

1—Cop —G— G, — 1.
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Ioyvplouaote 6t n G éyel Vo duvatdrnres yia xdde emhoyh twv G i = 1,2, Hpdyuatt,
H(Csp,,, Coa) = Hom(Csp,yy, Coa) 20

OLVETOC 7 TapaxdTey oxohoudia (restriction - inflation)

!
0—>H2<0Gi ,02a> — H*(G!,Cya) — H*(Csppp, Coa) 20
3bm

elvar oxpBric, To omolo uag divel 6Tt H2(G;, Csa) = Zy ool

!
H? <&,02a> = H2(A4,C2a) = 7.0
C3bm

IMpoxewévou va anodeifovue 6Tt 0 TOTOC SLaAESWoNE Vol LAOTIOLAGLUOC XATd TEPITTWOT)
Yo mpénet va Bpodue éva divisor D € Dy (Ag, Ar C A, B) Baduob 0 mod n.

a) O tinog Staxhddwong oe auth v neplntwon vhonotAtar and to Muua 2.1.7.

b) Av Ag = {Ps1,..., P24, P51, ..., P34} malpvovue s tpoyiéc O(PF;, As) émou P; dev
otadeponoeiton and ™y As xou Yétouue A(P;) = lmodn, AP ;) = —A(Ps,;) mod n. Etou
deg(D) = 12s xon unopoVUE va SLahéZouue To TAYOC TV TpoYLOY § XaTd TETOLO TPOTO WOTE
deg(D) = Omodn. Av Ap = {Py1,..., Po.4} maipvouue s tpoyéc O(P;, A4) bmou P; dev
otodeponoteiton and vy Ay xou Yétovpe A(P) = 1modn yia 6hatar P € supp(D). O Badude
Tou D elvon

deg(D) = 4 + 12s.

Tuvenog, agod (n,3) = 1 éyovue 6t (n,12) | 4, dpa unopolue vo BpolUe s TETO BOTE
D = 0modn.
c) Eyovue Agr = {P1,1,..., P16} Eow ng o xouudt tou n yia 10 onolo

B(b) = 1 mod nyg.

Ané 1o Muua 2.1.6 elvar apxetd vo anodelfovue 6t deg(D) = 0modng. Halpvouue s o
mAfdoc tpoytéc O(P;, As) 6mou P; dev mapogével otadepd and v Ay xon 9étovue A(P) =
1modn yio 6k tor P € supp(D). Yrohoyilovue 61t

deg(D) =6 + 12s.

Agob n =2mod4 A n = 1mod2 éyouue 6t (ng,12) | 6, cuvends unopodue va Beolue v
s Tétoro wote deg(D) = 0mod nyg.
d) {P1,i}i=1,..6 C Ar. Emhéyoupe s tpoyiéc O(P;, As) émou P; dev otadeponoteltan and
™y Dp,. Av
Ar={P11,.sPre, Po1,..; P2a}

téte Vétouue A(Pr;) = lmodn v i = 1,...,6, A(P2;) = —1modn v j = 1,...,4. Av
AR = {P171, sy P176, P271, . P274, P371, . P374} T6TE ﬂéTOUQE A(Pl,i) = 1modn xo )\(PQJ) =
—A(Ps)modni=1,..,6,7=1,...,4. O Boduol wwv nopandvw divisors elvor

deg(D) = 2+ 12s xou deg(D) =6 + 12s.
Mrnopotue va tdpouue to s étol dote deg (D) = 0mod n. [pdyuartt, 6nwe oTic TEPLTTWOELS,

b) xou ¢) mapatnpodue n = 2mod4 4 n = 1mod2 xou, av ot Véoewc Psq, ..., P34 dev Sio-
xhadilovton oty F/Fy téte (n,3) =1 and ty napatipnon 2.1.5
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2.2.8 H oudda A;

H oudda A5 eugaviletor k¢ 0udda aUTOUOREIOUGY TOL PNTON CWHATOS CUVAPTHCEMY UE TOUS
TP ATe TOTOUS SloaAddwaong, Touc onolouc Ya yelpLoTOVUE TaUTOYPOVAL:

o) Xtnv enéxtoon FO/F(;45 tpelc VéoelS P1, P2, P3 NS F645 drondhadilovtan, ue delxteg
danhddwong er = 2,ex = 3,e3 = 5 avtiotorya. [ v yoapoxtneiotua] p Yo mpénet va
vnodéoovue 6t p # 2,3, 5.

B) Ttnv enéxtoon FO/F(j45 dVo Yéoewc p1,p2 Standhadilovton pe Boduols Staxhddwong
er = 6,ex =5 avtiotolya. e auth TNV TEPITTWON 1) YOEAXTNPLOTIXA p = 3.

Oebdpnua 2.2.15 Ac¢ unodéoouue ét n oudda Gy = G/Cy, eivan woduoppn ue ty As. H
ouvouoloywoud xhdon a € H?(A5,C,,) mou mepiypdger tnv G xadopiletan and tny ouvouo-
Aoyioocr] xAdon mou avtiototyel otny unoenéxtaon uids 2-Sylow vrnoouddac Ho.

Yty replntwon nou (n,2) =1 7 mou dec ot Yéoeic Tou Fy unép tou pr avadlovrar otny
enéxtaon F|Fy t6te G = O x As. Awagopetixd 1 ouddo G déyeton ulo nopdotacy uéow
YEWNTOoWY Xt oyécewy we e&nc:

X,Y,Z,T| T"=X*=1Y>=T,2>=T,(XY) =T',(Y2)* = T°,
(XZ?=T"XTX ' =T,2TZ ' =T,YTY ' =T ,

ylo xdmotoug axéeonouge m,l,0 € {1,...,n}.

Amoédeldn:
H opdda As elvor uia amhi un ofeitavi oudda dpa 0 ououoppioude Spdong

B:As — 77,
elvon TeTPYIUEVOC XaL 1) EMEXTAON
1—C, —G— A5 — 1 (2.43)
xevipuh. Trohoyloaue éte H?(As, Cp) = Z(y 2)- Av 0 n elvon mepittodg tote
G=C, x As.

Trodétovue thpa 6L 0 n elvon dptioc. And tn mpdtaon (2.2.2) éyouue bt cuvdptnon
TEPLOPLOULOD

Ty 2 H(A5,Cp) = H*(A5,Cn) 2y — H>(Hz,Cp) = To® Lo ® o,

2.44
a > resa,m,(a) ( )

onouv Hy =2 Vy elvon 1 2-Sylow vrooudda tng As, elvon «1-1».

Ocwpotue tny eméxtaon Fo/Fi? 1 onota eivor Boduot 4. Ou déoeic tou Fy? mou duo-
xhadilovton otny enéxtaon Fy/Fy'> Beloxovtan unepdvew g Véong pr. Lo va peletioovue
v oudda T (Ha) o Zeywploouue Tic Tapaxdtw TepttTioe: elte 6hec oL Véoec Fy umép
v p1 avahbovton oty enéxtaon F/ Fy, elte Ohec oL Yéoeic tou Fy unép tne pr dtahadilovron
oty F/Fy.

Tny mpdn neplntwon and Ty MEAETN Twy Stedpixmy enextdoewy éxovue (Hy =2 Vi =2 Dy)
XOL 1 CUYOUONOYLOXA XAAON Tesa, s, (a) oty H?(Hy,Cy) elvon tetprupévn, xou ool 1
ouvdptnon neploptouol (2.44) elvan «1-1y» 1 cuvouoloyloxr ¥ don a elvon enlong TeTpyUUéV.
"Apa

G =0y x As.

Ty neplntwon tou dhec ot Yéoeig Tou Fy unép tng pr1 dtondhadilovton otny F/ Fy, ano ty
HEAETN TV ETEXTACEWY SLESPXDY 0UdBWY, €youlE OTL 1) TEpITTWoT) AT UTopEl VoL EUQAVIOTEL
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Hovo 6tay n = 2mod4. O exppdoovue TNy oudda G UEcw YEVVNTOpWY XaL oyéoewy. Eivor
YVvoot6 [14] ceh. 138 6t n ouddo As dEyeTon THY ToPUXATL TOPIOTUON ECW YEVVNTORWV
X0 OYECEWY:

A =(wy.z | 2° =y" = 2" = (ay)” = (y2)° = (w2)"). (2.45)

‘Eotww T évag yevvAtopag tne xuxAxic ouddag . H oudda avdiuone twv déoewv tov F
mou enextelvouy v Véom pr €yel ula xuxhixy) vnooudda tdEng 2n. Eotw X,Y otoyela
wWEne 2n, o Gote T(X) =z, 7(Y) = y. Mropolue va emthéouue ta X, Y étol dote
Y2 = X2 =T. Egopuédlovtoc Ty m oTal Yvoueva Twv X, Y XL YenotlonoldvTog T oYECELS
HETAZ) TV YEVWNTépwy e As dmwe autéc divovton oty (2.45) xatahfiyOLUE GTNY TapaXdTe
napdotaon e G

XY, ZT| Th=X*=1Y’=T,2°=T,(XY) =T', (Y 2)* = T",
(X2 =T™ XTX ' =T,2TZ7 =T, YTY "' =T )

6mou m,l,0 € {1,....,n}. Ot tuéc v axépotwy m,l, 0 Urtopoldy va LTOAOYLOTOUY XAVOVTC
xphon tne mapdotaonc tne (Vi) uéow yewwntbpwy xou oyéoewv. H mporyuatorolnon
AUTOY TV LTohoYLou®y elvar SUoxoAN, xou dev umopéocaue vo Bpolue éva TPOTO VoL TG
TpayHaToTolioouUe Yevixd. Kdvovtag yehorn tou mpoypduuatoc UTOAOYLGTIXASC SAYEBPAC
MAGMA [18] yia ouyxexpyléves TWES TOL N, UTOPECHUUE VO UTONOY{GOUUE (TELOOUOTLNGY
6Tt unopolue va emhéZovue m = 1 =1 =1yaan =2 xum = 1,0 = 3,1 = 2+ 222 yuu
n>2,n=2mod4. O
‘Eotw D évag divisor oo chvoro Dy (45, Ar C A, 8)

D:ZaiZP—ki:/\(Pi) > P

i=1  Plp; PeO(P;,As)

6mou a; = 0 av oL Véoel p; dev avixouy oto Ag xou a; = A(P; ;) av ot Yéoewg tou Fy unép
e pi avixouy oo Ag. Me P; ; Yo cuuBoArilovue uia tuyaia 9éom p;. O Baduog tou D otny
neplntwon o) elvon

deg(D) = a130 + 220 + az12+ 60 Y _ Xi(P;),
i=1

Avuté pac divet 6tL 1 ouvdnxn
(60,n) | @130 + a220 + a312,

elvar avaryxafar o vy yla va eugaviletar avtoés o tinog StaxAddwone.  Ouolwe oty
nepintwon b) n cuvdvxn
(60,”) | a110 + 0212,

elva avoryxodor o teavi yra vor eugaviletat o tonog Staxdddworne tng tepintwone b).

2.2.9 H oudda Sy

Trodétovue 6t G/Cp =2 Ss. H meplntwon auth eupaviletor Uévo oTic yopoxtnelotixés
D # 2,3. ¥tnv enéxtoon FO/FOS4 drochadilovton tpelc VoS ¢, 2, g3 TOL owuatoc Fy, ue
Baduolg dianhddwone er = 2,e2 = 3,e3 = 4. Botww {P1 i h<i<i2, {P2j}1<i<s, {5,k }1<k<6
oL 6OVOAA TwY Yéoewy Tou Fiy mou Peloxovtol uTepdve WY ¢, g2, g3, avtiotolya. H oudda
S4 déyeTon TNV TopaXdTL TUPAOTUCT, O YEVVNTORES XOL CYECELS:

Sy = (z,y | y? ot (7 )2 = 1), (2.46)

eved 1 Ay elvar n unoouddo e Sy mou TapdyeTo oo Ta otouyela 22, Y.
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O tomog drohddwone e Sy ouyxpwouevog Ue autoy tng Ay dlvetan and to mapandte
ddrypouuo
Fy P,....Pii2 P, Pag P31,.., P36
| \/ S\ \/s \/>
*

Ay
FO

D2 p3 P1
|S |2 \/ |2
Fy+ q1 q2 q3

Oevpnua 2.2.16 Eotw dtt n oudda G/Cp = Gy elvan 1odluoppn e TNV CULMETELXT] odda
Sa. Ataxpivouue Ti¢ TopoxdTe TEQLTTWOELS Yid TNV oudda autouoppioudy e G.

a) {Pii}i<i<i2 U{Psrti<k<e C Ar. H Spdon e Sy enl e Cp elvan tetoyuuévn. Av
(n,2) =1 t61e G =2 Cp X Sy evdd av (n,2) = 2, n = 2mod4 téte 1 ouddo G Séyetar ™y
THOUATW THPAOTAOCT) OE GEOUS YEVVNTOPWY CYECEWY

G=(X,V,T|T"=1,Y? =X*"=XTX ' =YTY ' =T,(X7'Y)? = T%),

yia xarowo k € {1,...,n}.
b) G = C, % Sy oe lec Tic UTGAOLTES TEPLITEOELS.

Anédegn: H ouvdptnon @ tng mpdtaong 2.2.2

H?(84,C0) = @) s5 H(S1,Cn)py H?*(Hy,C,) & H*(Hs, C),)

a=as+as > ress,m,(a)+ress,m,(as) ’

elvar éval mpoc éva, émouv Hy (avtic. Hsz) elvon onowadAnote 2-Sylow vrmooudda (avtic. 3-
Sylow). Oa anodel&ouye 10 TapaxdTw

Afupa 2.2.17 Av G/Cy, 2 Sy, té1€ 1 ouvdptnon:

H2(54,Cn): — HZ(HQ,Cn)
a=ax+as —> ress,u,(a2)

)

elvan emione éva mpoc évar.

ATEO’BELET]: Av Agr D {Pgﬁj}lgjgg U {PB,k}lgkgﬁﬁ Ar D {Pl,i}lgigm t6TE N de(()‘q ™me Sy
ent e C), elvan tetprupévn, ouvends H?(Sy, Cpn) = Zon) X Lz n). AV ARN{P, j}1<j<s =0
TéTE O TNY UENET TWY EMEXTACEWY XUXAXOY OUASWY, EYOVUE 6Tt Tess, i, () = 0. Télog
av Agp D {Psj}i<j<s ovd Ar N{Psr}i<k<e = 0, Tt amo v uekétn e nepintwons b)
oty uerétn e Ag éyouue 6t (n,3) = 1, xou ouvende H?(Hs, C,) = 0. O

Arnodet€aue 61t 1 doun e ouddag G xadopileton and v dour| TG UTOETEXTAGTC

1— Cp, — 7 Y(Dy) — Dy — 1.

OewpolUE TOV ToEAXTL TUPYO ENEXTACEWY:

Fy P, ,Pi2 Pyy,...,Pg Py, ,Pg
| 2\| |/ \/ 2\l 4l/
Fy* P x * Py Py
3] 1\/2 3] 2\/1
Fyt ¢ 42 q3

O t0nog Stoxhddcong Tou gz oty enéxtaon Fy/Fy* Sev ennpedlel Tov THmo Siandhddwong tne
enéxtaonc Fo/FP*. Oa mpéner var DewphoouUE Tic Topaxdte Teptitdoeic:

1. Ag N {P i }i<iciz = 0 xou {Psp}i<k<e C Ar 1
ArNA{Psri<k<e =0 xou {Pyi}1<i<i2 C Ag.
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Ko ot 800 nopandve nepintddoets, n Spdon tng Sq otnyv C), elvon tetpyuuévn. Emniéov
0 y € Sy otadeponolel wa Yo tou Fp umép Tou g1 xan o Véon tou Fy umép Tou gz.
Tuvenme and v moapathenon 2.1.5 éyovue 6t (n,2) = 1. Anladi n oudda cuvouohoyicg
H2(S4,Cn) = 0, xor G =2 Cn X Sy.

2. A N{Piih<i<iz = A N {Psrhi<k<e = 0. Te auth my nepintwon and v ueké
TWY ENEXTACEWY SLedpLxY ouddwv éyovue ress, p, (a) = 0, dnhadh a = 0 xow G = C), X Sy.

3. {P1ih<i<i2 U{Psr}i<k<e C Ar. Xe auth tnv neplntwon n dpdon tou Sy enl tng
C, elvon tetpLuuévn. Zuvends av (n,2) = 1 t6te G =2 C, x Si. Av (n,2) = 2 té1e and
TNV UEAETY TV EMEXTACEWY SLESpLxdY ouddwv, 1 Teplntwon avth unopel va eugaviotel udvo
n = 2mod4.

‘Eotww T yevvrtopag tng xuxhxtic ouddag C),. Oewpolue otoyela X,Y oto G td€ewv 4n
xat 2n avtiotouya, tétolo wote m(X) = 2 xou 7(Y) = y. Mnopolue va StahéZovue to X, Y
xotd tétoto 1pémo Gote Xt =T xou Y2 = T. Emnhéov, éyovue tic oyéoeic XTX L =T
xor YTY ™! = T. Egopuéloviac tny 7 ota ywopeve tov X, Y xou xdvoviag yphor e
Topdotoaons (2.46) xatahdyoude oty Topaxdtw Tapdotacn yia Ty G:

G=(X,V,T|T"=1,Y?>=X"=XTX ' =yTY~! =T,(X"'V)} =T%)),

v xdmowo k € {1,...,n}. Av xou n dour; tng G unopel vo tpocdioptodel and tnv dour tne
71 (Vy) etvon moh0 B0oxolo v umoroyloovue Ty oxplBA twun Tou k yewxd. Kdvovtoc yerion
oL Tpoypduuatoc MAGMA [18] urnohoyiooue to k yio Sdpopes Tués tou n, n = 2mod 4.
Ye 6ha TiC TLUéS Tou N Tou utohoyloaue k = 2 + ”22. O

IMpoxewévou va anodel&ouue dtL oL nopamdve tonol Stoxhddwong elivor UAomotiouot Yo
mpénel vo Bpodue éva divisor D € Dy, (Ss, Ar C A, ) ye degD = 0modn. 'Onwe xow otny
neplmtwon tng ouddag As xUTUAYOUUE OTNY ToROXdTe GUVDTXT

(ng, 24) | ay 12 + 028 + 036,

o3 WV xa avaryxaiko cuxviAxm yio deg(D) = 0mod ng, 6mou a; = 0 av oL Véoewg P; j Tou Fy
Tou enexTelvoLY To p; dev Stodhadilovton oty eméxtaon xat a; = A(P; ;) # 0,, dopopeTixd.

2.2.10 Ou opddeg PSL(2,q) xow PGL(2,q).

Ty nepintwon auth n oudda Gy = G/C, elvon wobuopen ue tnv PSL(2,q) f ye tnv
PGL(2,q). Ytnv enéxtaon FO/FOG0 drohadilovton ubdvo dbo Yoelc pr,ps. Elvar adbvorov
va dwdel ular yevixr| tapdotacn e G LEow YEVWNTOpWY XL OYECEWY ool Sev UTdpYEL GGOV
yYvopilovue, avdhoyn yevuxn tapdotaon Twv ouddwy PSL(2,q) xaw PGL(2,q) oe bpouc yev-
VNTOPWY OYECEWV.

Oa anodelfovue T0 ToPOAITE:

Ocehpnua 2.2.18 Eow Gy = G/C,, oudda toduopyn e tny PSL(2,q) 1 ue py PGL(2,q),
érou q elvon Sovaun tne yapaxtnoiotxrc. H ouvouoloyiaxy xhdon a € H?*(Go,Cp) xo-
Yoplleton and TOV TEPLOPLOUGS TeSG,— H, () o€ ula 2-Sylow uroouddas Hs.

Iaitepa, Stay (n,2) =1, 1 dtav o Yéoeic Tou Fy mou enextelvouy Tic p1, pa avalbovia
otny enéxtaon F|Fy téte G = Cp, x Gy.

An6delEn: O anodeléouue TpdTa T0 ToUPUUT
Adupe 2.2.19 N Gg = PSL(2,q), PGL(2,q), n oudda H*(Go, Cy,) elvor ulo 2-ouddo.

An6delln: Zeywpllovue T Topoxdte dV0 TEPLTTOCELS:
Mepintwon 1. Gy = PSL(2,q), (¢,2) = 1 { Go = PGL(2,27) = PSL(2,27).

Agol PSL(2,q), 6mov q = p! eivor SOvoun tne yopoxtnplotinic, elvon amhf oudda, 1
dpdon e Gy ent e O, elvon tetpLupévn,.
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Troloylooue ot

2 o) Zian av pl#9
H (PSL(27Q)7CTL) - { Z(G,n) oy pf =9

= (n,2) apol vrtodéoaue 6Tl 1 YapAXTNELOTIXY P SEV
) =L
= 1. O nuprivag toL ououopPLEUOL Spdong

Mopatneotue 6t av pf =9 téte (n, 6)
Sionpel to n, ouvenwe H*(PSL(2,q),Chn
Iepintwon 2. Gy = PGL(2,q), (¢,2)

B:PGL(2,q) — Z*

elvaw § ker 8 = PGL(2,q) f kerf = PSL(2,q). v npdtn neplntwon n enéxtaon elvon
xevtpueh xon H?(PGL(2,q),Cy) = Li(n,2) X L(n,2)- Mopatnpolue 6t

agol 1 PSL(2,q) elvon amhh xou un oehoviy. Tpdpoupe v axohoudia inflation-restriction

PGL(2,q)
e 2 (= —Z\™H) 2 2 ~
0—H (PSL(M) ,C’n> — H*(PGL(2,q),Cn) — H*(PSL(2,q),Cr) = Lo

xow apol PGL(2,q)/PSL(2,q) = Zy éyovue 6 H?(PGL(2,q),C,,) etvon pio 2-oudda. O
Emotpégouue otny anddetén tou 2.2.18. O povouoppiouog @ tne npdtaong 2.2.2

H*(Go,Cn) = @ H*(PGL(2,q),Co)) — P H*(H,,Cy)

tlq(q%—1) t—Sylow

onou 1 Hy Swatpéyet tig t-Sylow unoouddeg tng G lvon €vol Tpog €val XL GUVETLKOS 1) GLVSETNOT
TEPLOPLOULOD
H2(G0,Cn) — H2(H2,Cn)
a — B =resgy—H,(a)

7

elvow enlone éva mpog éva. H 2-Sylow umooudda Ha elvon toduopgn ue ulor Stedpuxr| ouddo
Dyx, t8&nc 2K+ énov K = max{va(er), va(e2)}-

Emniéov av (n,2) = 2 té1e 1 oudda cuvouoroyioc undevileton, ouvende G = Cp, x Gy,
EVE A6 TNV UEAETN TV ETEXTACEWY TV SLEdpX®OY Ouddwy €yovue OTL av OAeg oL VEoelg
tou Fy umepdve TV pr,pe avakbovtar otny enéxtaon F/Fy, t6te f = resq,—m,(a) = 1,
ouvvenwe G = O, x Gy enlone. O

‘Eotww D évac divisor oto Dy (Go, Ar C A, ), xaw 1o UeyollTEpog dlonpétne Tou n,
tétolog Wote B(o) = 1 modng. Touewva pe o Muua 2.1.7 éyouvue 6t deg(D) = 0modn &
deg(D) = 0mod ng. Tuvende n nopoxdte cuviixn

(no,q(q — (g +1)) | arg(g = 1) + as(g + 1)

elvow weovh) xow avaryxador yiar vae éyouue deg(D) = 0modng, émou a; = 0 av oL Yéaelg tou Fy
UTEPVL TWY P; avixouy oto Ag xou a; = A(P), P | p; dtapopetixd.
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Kscpo'O\ou.o 3

2" +y"+1=0

3.1 H neplntwon n=m

H replntwon avty| ueketiinxe otg apyéc tne dexaetlog tou 70 and tov Leopold, aAAd Snuo-
oeltnxe npdogata. H 8¢ meplntwon n = g — 1, 6nou g elvon SOvoun tne yopax TneLoTixic Tou
owuatog eivar Wialtepa EVOLUPEROUTI, APOY T TOUATA CUVIPTACEDY OUTMY TV XUUTOAWY
elvar auglonta lwodlvaua ue ta oduata cuvapThoewy tou Hermit, oduata ue unepBoixd
HEYdAO TARYOC AUTOUOPPLOUGDY GE GYEOY UE TO YEVOC TOUC, XOL UEYLOTA O0WV 0popd TO
mAdoc twv Fy pntddv onueiwy touc.

O Leopold anddeile 6t 1 ouddo awtouoppouny G twy CWUATWY GUVAPTACE®Y TWY
xounOhwy Fermat elvon .obuopen mpog

G pn)>xS; av n—1#gq
| PGU@B,¢*) av n—1=¢q

3.2 H neplntwon n #m

Yta emoueva Yo cuuforilovue ue Fy pym 10 o®Uo cuvapTAoewy uldg ahyeBpuanic xoumding
e wopghc ™ +y™ + 1 = 0, oplouévne umép To ahyeLpxd xAeLoTO U k YopaxTneteTing
p > 0.

Iopatnpodue 6Tl To owUd Fp pm amoTtelel xuxAr enéxtacy Tou Kummer twv cwudtwy
k(z) xou k(y). Eotw Pu—q), (Py=p) ovtiotoya) ot ¥éon touv k(z), (k(y) aviiotolya ) mou
avtiototyel oto onuelo © = a,(y = b avtiotoiya) tou PL(k). Oo cuuPoiilovue ue v, TV
extiunon tou k(z) mou avtiotolyel otny Yéon P.

n L ov P=PFa
vp(e" +1)=vp (H(l‘ - Cz)) =9 n v P=Pay)
i1 0 drapopeTind

CLVETAG 0 aELUOC Tp TwY Yéoewy LTEpdvw NS P xaw oL avtictouyol Baduol dtaxhddwang ey
vroloyilovraL:

1 av P = P(w:Ci) m av P = P(z:Ci)
rp=4 (m,m) o P=Poos) erP=19 mm ¥ P=Po-)
m dLopopeTind 1 drapopeTind

6moL ((;)i=1,...,n Elvar oL n-ootéq pllec tou —1. EZ autloc e ouuuetploc avdpeco ota m
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xoL N €YOUUE:

1 av P =Py n av  Py—c)
rp=4 (m) o P=Py—n) ep=3 iy o Py
n SropopeTind 1 dLoupopeTind

om0 (€)j=1,..m €lvor ou m-ootéc pilec tou —1. O xOplot divisors twv dVo yevomolhy
GUVOPTAOEWY T, Y TOU owUaToS Fyy my elvo:

m (n,m

)
m
(z) = Plz=0) — Pla=) :Zai— W ]2::1 Vi

i=1

(n,m)

n n
(y) = Py—0) — Ply=oc) = ;ﬂi T ) ; dj,

omou a;,;, B;, 85 elvor oL enextdoelc, 010 oOUA Fyy m, T0v Yéoewv Pu—g), Po=x) € k(T)
xot Py—0y, Ply—oc) € k(y) aviiotoya. YTroloyicoue ernioeic 6t pia Bdon tou xoeou twv
ohOUOPYLV SLapopixdy elvor 1)

oyl w, (i,j) €1

6mou I elvar 10 6UVONO TWY dELXTOV:

.. 2g—2 im+nj
I:= [\ - >0p. 3.1
(e w05 - 0 20 oy
nol
dx dy
W = = — .
mym—l TLCUn_l

3.3 TYTmroloylowds nuLouddwy tou Weierstrass
Oplloupe yio ula 9¢on Pty nuiouddo tou Weierstrass
E(P):={veN:3f € F,n/(f)o = VP}.

Ta otouyela tov E(P) ovopdlovtow moiwxol apuduol oto P xou ta otouyela tou N\E(P)
ovoudlovtow mndnuata oto P. Tl xdie divisor D tou oduotog cuvapthoewy Fy, pm optlovue
Tov menepacuévne ddotaone k dtavvouatixd yoeo L(D) = {f:(f)+ D > 0}. O¢touue
£(D) := dimy, £(D). Hopatnpotue 6t s € E(P) av xou wévo av £(sP) = £((s —1)P) + 1.

Exonde authc TN Topaypdpou elvar 0 UToAoYLoUGS EVdE xoupatiod Tou cuvéiov E(P)
v tic Yéoewc P = ag A B;. oapatnpodue étL oL Véoec a, s = 1,...,m, B, t =1,...,n éyouv
v (St nuioudda tou Weierstrass. To cOvoha

w'ylw haiy’w (i.]) €1,
omov x1 = — (, Y1 =Y — €1, elvar eniong BACELS TOL YOEOL TWY OAOUOPPWY BLUPOPLXWY.
Emumiéov woyleL ot
Ve, (@'ylw) =i+ nj, v, (ziyiw) = mi + j.

Ané 10 Jedpnuo Riemann-Roch éyovue ot

s € E(P) & ((sP) = £((s — 1)P) + 1 & (W — (s — 1)P) — {(W — sP) =0,
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omou W elvan évoc xavovixde divisor tou oduatoc F, .. Awakéyovue yio W tov divisor
Tou w. H ddotaon tou ydpov LW — sP) unopel va Yeadel cov 10 TARYOC TV YRoUIXMS
aveZopThTwy ohoUGpQwY Blapopx@y Tou €xouy plla oty Yéon P tdine > s, apold

LW = sP):={f:(f) 2 - (w) + sP} = {(fw) > sP}.
Ané v dhhn, aot 3.1) Exovue 0 < i <nxow 0 < j < m, v (i,5) € I, To onolo anodexviel
6TL OL GUVAPTHOELS
. I — N . I — N
n (i,§j) — i+nj+1 m (i,§j) — mi+j+1
elvon «éval mpog €vay. BUVETMC oL EXTLUNOELS Va, (z'yl w) Talpvouy SLapopETIXES TLUES YLal

StapopeTid (7,7) xau to (do woyleL xou Yo Tig exTiunoels vg, (1Y w), dpa n extiunon evog
ONOUOoPPOL BLapopxol Elvorn

v Niiziylw y = min v, (N iziyiw) = min 1+ njt.
“ Z 1381y Ai ;70 a1( 11y ) (4,7) tétola dote Ai 0{ ]}
(i,5)€l
Apa
(W —say) = [{i +nj > s,(i,j) € I}
xol ouolwg

W —s6,) = [{mi+j=>s,(i,j) € I}]
Supunepévouue 6t (W — (s —1)ay) # 6(W —say) av xou ubvo av urndpyet (i,7) € I 1i+nj =
s — 1. O manddprduoc tou ouvérou {i +nj +1,(i,5) € I} = @,(I) elvor g, dpa To TNdAUATAL
oty Yéon ai elvon @,(I). Ouolwe ta tndiuata otny Véon B, elvon ¥, (I).

Do tic avdryxeg pag elvon apxety| 1 UEAETT EVOS Uxpol UOVO UEEOUC TNG NULOUASAS TOU
Weierstrass. Oo neploplotobue otny UEAET) TV mndnudtewy otny Yéon o to onola elvor
exovee, Tng ouvdptnons ®,, Tou cuvéhov I; = {(i,0) € I}, Elugwva ue tny e&lowon (3.1)
70 (4,0) € I} av xon uévo o
n+(n,m)

e
Awonpolue o 1+ (n,m) yue m : n+ (n,m) = km + 7, 6mov 0 < r < m. Av ¥éoouvue

i<n-—1- (3.2)

n—kK otav =0
t:= 7 )
n—k—1 o6tav r>0
téte and y (3.2) éyovue 6t i <t — 1. Emmiéov n+ 1 = &,((0,1)) elvon éva mhAdnua yLo

v ¥on ar. Télog, 1 Sour| Twv TOAX®Y apLdumy xoL Twv TNdNUATLwY 6To g Uéypl To n + 1
ebvou:

0,1 2ty b4 L ooty @t L (3.3)
nndAuaTa nohwxol aprduol ThSNU

Ouolwe yia v Yéon P = [, vnoroyilovue 1o xouudtt tou E(F;) 10 onolo elvar tng
topehc ¥, ((0,4)), (0,7) € I. Awnpodue to m+(n,m) ue n: m+(n,m) = An+v,0 < v < n.
Agob m < n, to X npénet va elvan undév n éva. Onwe xon otny uerétn tou E(aq) av Yéoouue

oo m—A o6tov v =0
Tl m=-A-=1 étav v >0

téte j < t' — 1. Mopatnpodue 6t A = 1 av xou u6évo av v = 0, ouvende t' + 1 = m xou 1
doun| ng nuiouddag tou Weierstrass otnv 9éon 3, uéyet o m + 1 elvou:

0, 1, 2, ... ,m—1, m , m+1, .. (3.4)
N g _ ~— ——
TndhuoTo ToAx6c aptdude TASnuU
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Adppa 3.3.1 Eotwn =mer +11,0 < vy < m, 5 Sdipeon toun ue m. O apududes t toolte
uen —rk1 — 1. Emridovay m+1<n trem <t+ 1. Yny neplntwon m + 1 = n €yovue
m=t+1

Anodedn: Oo egetdoovye 300 TEPLTTWOELS:
1. m|n dpo (n,m) = m. Autd onualvel 6t k = K1 + 1 %o r =0, cuvendc t =n —kg — L.
2. m 1t ndpa (n,m) < m. Hpogavdc
n+ (n,m) =rkim+ry + (n,m).
Aoy wpllovue T TUPAXdTw UTOTEPLTTWOELS:

e Avry + (n,m) =m, t6t€e K = k1 + 1,7 = 0 xou cvvendc t =n — kK — 1.
e Avry+ (n,m) <m, 16t€ K = k1,7 > 0 xou. cuvendC t =n — Ky — 1.

e H nepintwon ry + (n,m) > m Sev unopel vo cuufel ool (n, m)|ry.

Tehxd n aviodtnta m < t + 1 elvar 10od0vaun pe v =t < K1 , agold m > 1. To
APLOTERS UEPOS TN TUPATAVG aviedTnTag elval Utxpdtepo tng Hovddag extoc av rp = 0, 1.
Yuverode Tt > Ky povo av k1 = 1 xow rp = 0,1 (n > m dpa k3 > 1). Apa n Lodtnta
t+1=m woybe av xou uévo av n =m + 1.0

Afupa 3.3.2 Aev undpyer autouoppioude o tétolog dote: o(a;) = ;.

Aréderdn: Do xdle ¥éon P xou yia xdde avtopoppoud o € G E(P) = E(oP).
Mpoxewévou va amodel&ovue tov mapamdve Loyvploud mopatneovue 6t E(an) # E(6,).
Mpdrypoatt, m € E(f;) xow av m+1 < n téte and 1o Muua 3.3.1 m < t+1 dpa m ¢ E(ay).
Yy nepintwon novm+1=mn,n ¢ E(5,) dan € E(ag).0

Adupa 3.3.3 Av P elvon ia ¥éon tou F, ,, xou
P ¢ {{aitiz1, . m U{B;}i=1,n U {7k =1, ()

T6TE YL xaje autouoppious o € Aut(Fy,m) toxle 6t o(P) ¢ {B;}j=1,..n

Anédedn: Oo anodellouvue 6t E(P) # E(B;). T autd Yo Soukédouue Ue tov y6po
TWY YpoUX@Y Loppdy L(W)* SnhadY ue Tic uoppéc

S LW) — k.

H 9éon P neplopileton otic nenepaopéves Vo Pu—q), Py=p) T0V OWUSTWY OLVAPTACEWY
k(z),k(y) oavtiotolywe. Oétovue & := ¢ —a, §:=y —b. To clvoho {F'§/w, (i,j) € I}
oynuatiler ulo Bdon Tou YOPOL TwWY OAOUOPPKY BLaPoPLX®Y, dpa xde ONOUOEPO BLapopLxs
w1 umopel va ypopel cav:

Z ’Yi,ji’iﬂjwa Yi,; € k-
(i,)el

‘Eotww T' plo tomus mapduetpog tou Saxtukiou extiunong oty Véon P. Ot cuvaptioelc &, §
HTOPO0Y VO EXPEACTONY GV TUTLXES BuvaoaELpéS ToL T

E=Y aTh, =) bT

E>1 I>1
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Emuniéov, agpol nOéon P Sev dtaxhadileton ot xoplo eméxtoon By m/k(x), Fom/k(y) éxovue
6t aibr #0. Ou s duvduels twv duvaooepny T, § cuuBollovtat Ue:

5 = Za’l(cS)Tk’ §° = Zbl(s)Tz_
k>1 >1

Ané tov vouo nolMamiaotaoiuol Suvaooepdy UTohoy{ovue:

agcs) = b;cs) =0, av k<s#0 aio) = b,(go) =1 av k=0 (3.5)
al? = a3, b =03, wv k=s#0 aio):b,(j’)zo av k>0
Opllouue Tic yoouuixés Uop@péc:
LW) — k
) = (s) (s)
wp > (w, @) = E(i,j)ej Vi,j i
6Tou N
o) = 3 ab?, (el (3.6)

k+l=s
To tuyaio oh6UoPPO BLapopind YpdpeTaL:

w1 = Z<W1,¢(s)>Ts w.
§>0

Ané v emhoyn tne Yéong P éyoupe 6t Pt (w) dpa 0 Stavuouatinds yopos LW — sP)
yepoxtnpileton and tic ellonoec: 0 = (w, ‘I>(31)),V 0 <51 <s—1. Elvow cagpéc otL:

LW — s P) = Keré(sl_l)lg(w_(sl—mp) < LW —(s1 —1)P).
Apo LW — (s = 1)P) # LW — sP) av xow uévo av &6~ eivor ypouuixd aveZdptntn ard
TS MOopYEC (I>(51), 0 <s; <s—2, ouvenng:

s—2
s € B(P) & 3,...,6, ,: 87D =) "¢ M,
k=0

Mopotnpotue 6t %8s Yo poper ®(5) avtiotouyel oe éva 1 x g mivaxa, Tov
s (s)  4(s) (s) (s) »
q>( ) Ans (¢(3’0)>¢(i0)) sy QS(:,L()): L) ¢(i])’ ) (27]) el
Ané tic (3.6) xou (3.5) €youue 6TL

¢§f0) = Z = a,(:)bgo) = agi),
k+l=s

dpat TO apLOTEPS EMAVL XOUATL TOL TvaXa TV TEOTWY T — 1 uopeny elvar

(0)0) (1)0) (t_ 1)0)
=0 1 0 0
=1 * ay 0
: 0
s=t—1 * * afl *
3 3




Snhadn ot mpdtec t— 1 uoppéc %) eivan ypouuxd aveEdptnree xaon étot 1, ..., t ¢ E(P). Sty
nepintwon tou m + 1 < n o wyvptoudes uac éyel anodevytel. Mpdyuatt, m € E(B;) xou and
0 Mupa 3.3.1 éyovue 6t m < t+ 1 dpam ¢ E(P) xou E(P) # E(f;).

Ac vnodéoouue topa 61t n = m + 1. T va anodel&oupue 61 E(P) # E(B) Yo npénet va
unoloyloovue éva ueyaliTepo xouudtt tne nulouddac tou Weierstrass E(P). O vnohoyioude
autde elvar apxetd moAdTAOXOS Yo Tuyaia 1, m. Oda yeNoULOoTOLACOVUE Eva YEWENUO TOU
Leopoldt oyetixd pe ta cwuota cuVapTACE®Y Tou YeEVLX0U Tinou Fermat.

Ocwpnua 3.3.4 Eoww F/k éva odua ouvapthoewy ue éva uovtédo oto A? (k) oplouévo

ané éva avdywyo moAukvuro S0o uetafAntey Fyp(z,y) = 0 Boduol n > 4 ywplc 1dio-
uopplec oe memepacuéva onuela 1§ oto drepo. Av P elvan ulo ¥éon tétowa dote P4
()00, (¥) oo, Diff (F/k(y),Diff (F/k(z)) téteb(vP) =1viv =0,...,n—2. Emnréovl((n — 1)P) =
2 av xon u6vo av

onotedinote ¥ — 0 = 0mod P*téte & — 0 = Omod P™ !,
énov 8 €k, xu T =z —a,jy =y —b,a=x(P),b=y(P).
Arédergn: Ipbxettan yio Ty mpdtaon 4 oto dedpo tou Leopoldt ([17], oek. 267) woli
ME TOV YOPoXTNELOUS TWV COUITWY CUVIPTHCE®Y Tou «YeVxol torou Fermat », oe dpoug
TV EMLTESWY LOVTEAWY TOUC, 6w Yivetal oTic oeAldeg 262,263 tou dpdpou tou Leopoldt. O
Iopatnpodue 6Tt Tor oWUATA CUVUPTACEWY Fiyt1 m, elvon yevixol tonou Fermat agol

70 eninedo wovtého toug mou Blveton amd v ™! + y™ + 1 = 0 dev elvor WBLéuoppo oe
nenepaouéva onueia § oto dmelpo. o Ty Yéon P €yovue

Pt ()00, ()oo, Diff (F/k(y), Diff (F/k(x))
onéte and 1o Yewpnua 3.3.4 éyovue 6Lt +1=n—1¢€ E(P) av xou ubvo av
btav & — 0§ = 0mod P? téte & — A = 0mod PP, (3.7)

Oétovue Y. = § /b, x = &/a 6m0ov a = x(P),b = y(P) o alyeBpixd onuela mou
avtiotoryoby oty ¥éon P. To mohudvuuo optopol ™! + y™ + 1 tne xouniing unopet vo
HETaoynUaTiovel
m—+1

bm

a

(I+y)™=1=0,[1+z)"" -1], 0, = — # 0, 00.

SUVETOE, AEVOVTUS ¥ oN TOL duoVLULXOV VEWENUATOS EYOVUE
- 1
my, — 0. (m + 1)z, = —Vz:; K?:)yf -0, (m:— >x’:} +6.x7 (3.8)
To otouyelo 4, Y« elvor Tomxée napduetpol atny ¥éon P, dpo and tny ( 3.8)

m+1

Ys — 0, z. = 0mod P2 (3.9)

Trnodétovue 61t n >4 xwt+1=n—1¢€ E(P) téte and ¢ (3.7) xou (3.9) €yovue
m+1

Y« — 0, z. = 0mod P't. (3.10)

Emmhéov amd my (3.9) éxouvue y¥ — 07 (mTH)V z¥ = 0mod P¥ cuvende xdvovtag ypRor tou
de&Lol uépouc e (3.8) xatahiyouue oTic Topaxdtew cUVIXES:

1)¥ 1
<m>w0'j—9*<mz_ )ZOYLO(I/ZI,...,t—l-l:n—l:m. (3.11)

v mY
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H nepintwon m > 3 (3.11) yio v = 2 Slver (';)“"7;—;)293 —0.(™F) = 0. Agob pfm,m + 1,
(1) # 0 ovvende () # 0. Auté dlveL pfm — 1 dpa 6, = % Yuveyilouue ue
Tov embuevo cuvieheoth v = 3. Ioylel 6m () (mH 92 9. m+1) = 0 and 6mouv €yovue 6L
1=0modp, dtono. Etort+1=n—1=m ¢ E( ) dpa E(P) # E(f). Xpnotwuonolfioope
6t p # 2,3 xou 61t 3 < n — 1. Anhadi to envyelpnua pog dev toylel Yo Tig X TONES
e+ +1=0,2>+y> +1=0xn 22 +y+1=0. Ot d0o teheutaiec xouniIeg dev wog
anaoyohody ool éxouv yévn 1 xaw 0 avtiotorya. Ou Klassen xou Schaefer [16], anédeiav
Tpdopota 6Tl 1 xoumOn 2t 4+ Y3 + 1 =0 éyer 48 autouoppLouolc.

3.4 Tomuxn wehetn

Yy ouvéyeta Yo ouufBorilovpe ue G TNy oUddo TWY QUTOUOPPLOUGY, xoL UE F' 10 ooua
ouvapthicewv Fermat F), ., eve ue G(B) ty oudda avdiuone tne ouddoac G oty Véon S,
onou B = B; yw xdnow ¢ = 1,...,n. Ou cuuBorilovue ye Pr tov neptoploud tne Véong B
oto pNtéd ovua cuvapthcewy k(x). Ouuilovue bt 1 ouddo avdlvong tolte Ue Ty oudda
adpdveac G(B) = Go(B), apol 10 odua oplopol k elvon alyeBpixd xhelotéd. Oo anodelZovue
ot
Cnm o min
G(B) = Cam av  m|n, n—18ev elvar p — dovoun
Eqg X Crpg—1y v mn,n — 1= q elvon pro p-SOvopn

onou, C, cuuPBohilel uia xwxhd ouddo tdéng =, xar 10 & cuuBoAilel wa oToLELddng
affehovy) opddo TEENG g.
Ané v yekétn twy nuLouddwy tou Weierstrass otnv 9éon B)\énoups 6TL 0 Ypoc L(mf)

elvon didLdotartog xan uta Bdom Siveton omd Tic ouvapThoelS § 1, — C . H ouddo G(B) awpriver to

XOpo L(mf) avalloiwto. Tuvende o
611 x&de avtopopplouds o € G(B) aghvel To odua k(x) avodholwto. Oa cuuBorilovue ue
G(P;) Vv exdve Tng ouvdpTnong TepLopLool

pee [ GO — TR
o > Resp(q)0

ic) =pu+ Aw_—(’ i, A € k. To mopamdve anodetxviet

Ipogavixs o muprivac tou neptoptopol elvor u(m) <1 G(B).

"Eva. yevvorotéy pulixd tou F unép 10 ooua k(z) elvon e wopehc y'z émou (,m) =1
xou z € k(z) ([12] oeh. 38). T xdde o € G(B), o(k(x)) = k(z), étor o(y) elvon enlone éva
Yewvorotdy pulixd yo Ty enéxtoon F/k(z). o(y) = yf=2, yo éva otolyeio z, oto k().
‘Eotw 7 évag yevvhtopag tne xuxxic ouddac p(m) = Gal(F/k(x)). Ilopatnpobue bt

o lro =71 Yo € G(B) (3.12)
Oa cuuforilovue ue G1(B) Ty ety oudda daxhddwone e Yone f. H oudda G(B) =
Go(B) unopel va ypoapel ooy évar nuievdéc yvouevo utac xuxhuxrc ouddac E = Go(8)/G1(B)
TEEEWS TPWTNS UE TO p UE TNV p—oudda G (3). Oa cuuforilovue ue m tny npoforf Go(S) —
Go(8)/G1(B). Epapudlovtac tny m xou otat 300 uékn g (3.12)
(e - 7(r) - w(o) = (1) Vo € G(B).

Aol E etvar offehavi xaw ord(m (7)) = ord(T) = m éyouue 6t £, = 1 modm dpa

oT = TO.
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Emnn)éov, agol £, = 1modm, dhoL oL avtouopgpiouol o tou F nov enextelvouv to tuyolo
oo € G(FP; ) elvon tng woperc

oY) =0,y - 25y, 0(z) = 00() (3.13)

OOV 24, € k() xou 6, Satpéyel Tic m-ootéc pilec e wovddac. Ta mopandve anoduxvelouy

oTL . .
x
k(z) 2 2zt = o) :U( + )
Y " +1
Avtiotpbgug, av o9 € PGL(2,k), 0o(P;) = Pr xou %ﬁ{l) = 27" etvar ulo m SOvoun yio
xdmow z,, € k(zx), té1e oL avtouoppouol o Tou F mou divovton and

o(y) = 0yzsy,0(z) = oo(x),
enextelvouy Tov 0g. Anodelfaue To TopaxdT:

Aupa 3.4.1 Eotww P: o neploplouds e Yéone B oto k(z). Eva otoryelo oo € PGL(2, k)
éroto dote oo(Pr ) = Pr enextelvetan oe autouoppioué tou Foav xaw udvo av oo™ +
1) Sragépet and to ™ + 1 ue éva m-00té napdyovia z™. O enextdoeic Tov oy oto F Sivovtou
ané ™y (3.13).

Yopgova ue o Muua 3.4.1 do tpénel vor tpoadloplGOUUE TOUG AUTOUOPPLGUOUS T TOU
k(x) oL onolot otadeponololy to P xow yio Toug omoloug

o) +1=2"- (2" + 1) ue z € k(z). (3.14)

Apxel va yvwpllovue 6tL N napandve oyéon woylel uéypl otoadepd oto k(z), apol to k elvon
ahyeBpwxd xhewwtéd xou xdde otoryelo oto kelvon uloe m SOvoun. T'v autd avtl e (3.14)
amontoVUE TNV oyéon

o@)"+1=c-2™ (z"+1) ue c€k,z € k(z). (3.15)

Avut ebvon LlooB0voun ue v avtiotolyn oyéon yia toug xOptoug divisors Twv cUVAPTHCEWY.
O xVproc divisor tne ™ + 1 elvar (ot ovuforilovue xdpw anhotntac P, = Pu—¢,))

(@"+1)= > P, —nPs. (3.16)

1<i<n

Mopatnpotue 61t xdle autouoppLouds o tou k(z) tou elvon enextdotuoc oto F uetadétel Tic
Véoeic Tou k(x) mou doxhadilovion otny enéxtaon F/k(x) ue tov (Sio adud.
Ou drachadiloueveg Véoeg otny enéxtoaon F/k(x), elvon to onueio P, ,to omolo €xouv

xow6 delxtn dndddwong m. Enioewg, 1o onuelo oto dnewpo P el delxtn dtondhddwong
m
(n,m)”

Aqupa 3.4.2 Kade autouoppiouss o € G(B) nou otadeponotel 1o Poy elvor 0 TaUTOTIXOC.
Anédeldn: : 'Eotw 09 = 0p(a), TéT010¢ 00TE 0(Pso) = Poo. An6 v (3.16) €xovue 6T
ot xOptot divisors twv cuvapthoewy a(z™ + 1), 2™ + 1 elvon (oot, cuvende 1 (3.15) woylel ue
z € k. Emm\éov agpol o 0 xpatdeL To Po, oTadepd €yovue
oo(xz) = a+ bz 6mov a,b e k,b#D0.
YUVTENWC,

o@)"+1=(a4+bz)"+1=c-(z" +1).
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Avahbouue 10 aploTERd UENOC TNE TAPATAVW EEIGWONE YENOLULOTIOLWVTAS TO SUOVLULXG VEDETUAL.
Aot p t n umdpyer TouNdyoTov évag Suoviuxée cuvtereothc (1) # 0, 6mov 0 < i < n.
Yuyxplvovtag Toug GUVTEAEGTES TOL & o OTLe V0 TAEUPES TNE Topandvw e&lowons BAémovue

oTL o
(i)“ =0

and émou éyovue a = 0, dnhadr o(z) = bx. Apa 0 0 extdc and 10 Poy otadeponotel xat to
Py. "Apa 0 0 otadeporotel tpla onueia Tou pnrod couatoc cuVapTRoEWY k(T) o CUVETHS
o=10
Mpoxeyuévou vo. uehethoouue tnv oudda G(P; ) Yo Stoncplvouye Tpelc TepLitdhoeLc:
Ht—:pt’.rr.‘cmc'r] (i): 1 < (n,m) <m. Ernv nspimmcn auth, N P glvon 1 wovadu ﬁéon TOU

k(z) n onola éxeL Bodud BroohdBwong mhms, ouvenws 1 ¥éon Poo otaleporoeitan omd dhoug
TOUG ETEXTAGLUOUC UTOUOPPLOUOUS (T[) 70U otadeponooty Pr. To Muua 3.4.2 e€acpaiilet
ot G(Pg) =1.

Iepintwon (ii): (n,m) = m, dnhadf m|n. Ty neplntwon auth €vag un TETPLUUEVOS
enextdoluog autoUoppiouds o tou k(z) mou otadeponotel to Pr Siveton amd ty

C2
= — 3.17
o) = (317
6mou (" = —1. Mpdyuartt, apod ¢*™ = 1 éyouue
. 1 1+ am
o(x) +1:_x"+1: T

Mapatnpotue 6t 1 (3.15) woylet ue ¢ =1 xon 2z = n/m - Yuuiloupe 6tL m|n oty neplntwon
(ii). Enflong o autouoppiouds mou Sivetar amd tny (3 17) avtiuetadétel Tig Véoelg Pog xon Py.

Kde shhog awtouoppioués o € G (P ) petadétel tig Véoeic Pr, opol awtée ebvan oxpBoe
ot Véoeig mou Standhadilovtar oty F, ue Badud dtohddwong m. Oétovue

P, =0(Px)

ve n & {Cy, ., ¢, }. TroVétouue enloeic bt ) # 0o yiatl drowpopetind 1 Véon Poo Vo otade-
pomololvTay and Tov o xot and 1o Muua 3.4.2 Yo elyope o = 1. Trohoyilovue

> o(P,)—no(Px) = > P, —nPy =n(Pu + Y P, —nPx

1<i<n 1<i<n 1<i<n
E3®, P — P, elvon o xOploc divisor L. "Apa 1 ouvidixn (3.15) toylet
n/m

ue 2z = (m—in . (Trevduullovue 6t oty meplntwon awth mn.) Anéd tny AN, apod

0(Poo) = P, éyovue 61t 0 0 elvon tng yopphc
a+ bz
= . 3.18
o) = 2 (319)

Avtiadiotdvrag oty (3.15) xou nolamhaotdlovtog ye (z —n)” Brénouue 6t 1
(a+bx)" +(x—n)"=c-(z"+1) (3.19)

elvow avaryxalor xan teav) cuVOAXT yior vor eTEXTEIVETOL O AUTOUOPPLOULS 0 OE AUTOUOPYLOUS
tou F. Onwe xau mapondve, Fétovue 0 < i < n T€T0L0 OOTE (7;) # 0. Tuyxplvovtag toug
OUVTEAEOTEC TOU ¥ xow oTaL duo Uéhn g (3.19) Brénovue bt

a" i = —(—n)" (3.20)
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Av =0 t6te a # 0 ( dagpopetixd o = 1) xow ouvends b = 0. Apol o o aphveL o Pr
otadepd, 1 specialization x — ¢ Siver 6L o () — ¢ To onolo ue Ty oeLpd Tou diver a = (2.
Tuvenmg av 1 = 0 malpvouue v involution mov #37 yeddaue oty (3.17).

Trodétovue thpa 6t 1 # 0 téte @ # 0 xon b # 0 cOuwva e Ty (3.20). Ac utodécouue
OTL UTIPYEL €VaL § TETOLO DOTE X 0L DO GUVTEAECTEC (’:) # 0 xou 111) # 0. Téte n e&lowon
(3.20) oy Vel TawTdypova yLo i o yio i+ 1. Ilepvivrog oto Tnhixo éyovue 6Tt ab™! = —n %o

OLVETHOS AOYw TNe (3.18) €youvue o(z) = b(;—::) = b, drono. ‘Apa, av UTdPYEL EVaC ETLTAEOV

un tetpuupévoc autouoppoude o € G(Pr), o orolog va Stagpépet amd Ty involution (3.17)

Sev urdpyouve duo Stadoyixol evdiduecor Slovuixol cuvtekeotés (1), ) Tou va elvon

n
i+l
Towtdypova # 0.

Aupa 3.4.3 Av yraddatai=1,..,n—2

<?>#0:><i11>:0

xaw pfn téten =1+ q drov q elvon ula p-6ovaun.

AnéddelEn: SuyPolilovue ye a = Y aiph,b = S bipt, 0 < a;,b; < p, T0 p-odnd
avdmtuyua 300 axoupéwv apduwy a,b. Av a; < b; yio Gha ta ¢ TOTE Ypdipouue a <, b. Eivon
YVWOTO OTL (7) # 0 av xot uévo av i <p, n,[22] oek. 73. 'Eotw n = ng +n1qr + ... + nsqs
T0 p-adxd avdmtuyua Tou n, 6mou ¢; = p¥ xa 0 < n; < 0. Ilopatnpodue 6t ¢; <, n
xou 14+ ¢ <, n dipa (;‘) # 0 xon (1fqi) # 0. And v cuviixn tou Muuatog €yovue 6Tl
n—2 < g;. Apol de 1 yapaxtnplotixy elvan TN Tpog To n,s = lxoawn —1=¢;. O

Kdwvovtag yerorn tou Muuatoc 3.4.3 nalpvouue 6t

Yty neplrtwon (i), avn — 1 Sev elvan SUvoun e yopoctnpiotixidc p, téte G(P;) elvon
td€ne 2, xou meptéyel udvo tny involution mou dlveton and tny (3.17).

Anouével va ueketfioovue v meplntwon (i) 6tav n — 1 = ¢ elvon pia p-dovoun. Eivor
Bohxd va avtixataothoouue to ptlixd tou Kummer ye évo dhho pllixd yia tnv enéxtaon
F/k(z) 7o onolo Ya elvor euxohbtepo 670 YELPLOUO.

O¢touue

¢ . L t+1
T e

(3.21)

xan
ui=—t"(z" +1). (3.22)
Agolb mn, éyovue 6t t" elvon ula m SOvoun xou GUVETKDS To u elvan évor emtEenTd PLnd

v TV enéxtaon tou Kummer F/k(z). Xwplc meptoptoud e YeVXOTNTAS UTOPOVUE Vol
vnovéoouue 6t ( = (. O x0ptog divisor Tou u elvan

W) = n-O+@"+1)=n(Pu—P )+ » P, — nPy=
1<i<n

= > P-(m-DF

2<i<n

Ané v dAAn yvepilovue 6t oty mepintwon (ii) ol Véoeg Py, uetatideviar xdtw ond tny
dpdion tou o € G(P), xon 1 Véon Pr mopouéver otoadeph. Anhadh o xbproc divisor tou u
pével otadepds and o 0.

EZ oplouot tou t éyovue 6t k() = Ek(t), xou 6t 0 néhog tou t elvon Pe. To ototyelo u
€yel v Véomn Pr ooy wovadixd mého, ue téEn n — 1 = ¢. Yuvende 1o u elvar €vor TOMWYLUO
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Tou t, Baduol ¢g. To mohudvuuo autd umopel va UTOAOYLOTEL axEBAOC, XENOLULOTOLOVTIC TNV
(3.21) xon tnv (3.22), €éyovtac puowxd urdny éttn =g+ 1:

oo (L0

m +1>:(t+1)"—t”:tq+t+1.

Eivow Bohtxd vor EavoddZovue Ty UeTaBANTA ¢ OOTE var amAoTolNGoUUE TNV Uop@H TOU To-

amdve ToANLKYOUOL. Oétovue Aotmdy t = aq + b1ty ue a1, by € k tétowa dote af +a; = —1
0 0 0 ’ 1
q _ ’ . . _ —1 s /
xaw b] = —by, 6mou by # 0. tnv cuvéyela VETovue U = —b] U oL TEAXS XATOATYOUUE
oTNnV

(5% :t({—tl.

Ané ed¢ xan oo e€rig Va ypdpouue ¢ avtl yior tr xon w avtl yio uy. Anodet€aue 6Tt
Xtnv nepintwon (i) ue n = g+ 1 undpyet évac yevvitopac t tou k(x) = k(t) o onoloc €yet
v 9éon Pr ooy uovadind méAo, xou emmAéoy to noAudvuuo u = t4—t elvon éva pulixo yia tny
eméxtaon F/k(t). O xtpioc divisor tou u nopouéver avadolwtoc xdtew and xdde o € G(P;).
Agol x&de o € G(P;) agphvet Tov Ao Tou t otodepd elvor Tne Lop@c

o(t) = a+ bt,

ue a,b € k xou b # 0. Evac tétoi0c autouoppoude avixer oto G(Pr) av o uévo av
o(u) = cu 6mouv 0 # ¢ € k, 10 onolo onualvel

o)1 — o(t) = (a+bt)! — (a+bt) =c- (t — )

ue ¢ # 0 € k. Anhadn toydouy ot cuviiixeg

Kotalhgaue oto nopoxdte cuurépacia:

Yty replntwon (iiue n = q+1, n oudda G(P;) anotelelton axpifidc and touc uetaoyn-
patiouols t = a+bt Twy onolwy oL cuvTeAeoTES a, b tepEyovton oto oWua Fy ue q-otouyeia.
H oudba autij eivar toduoppn ue ty oudda twv myvdxwy

<i 2) ue a,b € F,,b#0.

Iwadrepa 1) 1d€n TouG(P;) elvor (g — 1)g.

IMepintwon (iii): (n,m) = 1. ¥ty nepintwon auth o n+10éoewg P, ..., P, P elvon
axprBac ot Véoelc Tou Srondhadilovtan oo F, dhec ue Barduéd Sivdddwone m. Kdde o € G(F;)
agriver o P avahholwto xon cuvenag uetodétel 1o P,y .oy P, Poo.

‘Eow 0(Px) = P,. Av = 00 t61€ and 10 Mupa 3.4.2 éyovue 6t o = 1. Trodétovue
Tpa 6TL 0 # 1 10 onolo onuaiver 6t n € {(s, .., ¢, }- O x0proc divisor tou z™+1 anewxovileton
péow tng o otov divisor

Z U(PCi) - TLP77 .
1<i<n
Y10 nopandve ddpotoua dev eugavileto o 6pog P, , eved eugavileton évag 6p0¢ Pa. Av and
auté agarpécouue Tov xVpLo divisor Tou ™ + 1 tétE Tadpvouue

(U(x" +1)

on 1 ) =+ D) (Po — Py ). (3.23)

To de&l uéhocg eivar o xOplog divisor tng cuvdptnong (IlTn)"‘H. Ané v dAA, yvwpeilovue
6tL o de&l uéhog elvan o divisor poc m SOvaune. "Etol xatalfyovue

mn + 1
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oo ULaL avaryxakor GUVITN OOTE VoL UTBEYEL EVag U1 TETPLUUEVOS awTopopgLouse otny G (Py).
H eZiowon (3.23) uog dlvel 6t
w_ @+ —(@—n"

o(z)" = @ =) , 6ToL ¢ € k.

O x0proc divisor tou moAuwvOuoL f(z) := c(z"™ + 1) — (z — n)"*!, o onolo elvon Bodod
n+ 1, elvor
Z Ai+ P, —(n+1)Py,
1<i<n

omou A; , P, elvan oL Uécelg, Oyt xat avdyxny SLapopetixés, mou aviiotoyoly otic plleg Tou
f(z). An6 v &Ahn, o xVptoc divisor Tou (z — )" elvan (n + 1)(P,; — Pa) %ot autd uog
diver 61t 0 xOptog divisor tou o ()™ elvor

(o(x)™) = Z A;—nP,.

1<i<n
Tuvende to mohudvupo f(z) éxel ulo modhamhA plla téEng n. Av p elvar awth n plla, téte
fl@)=c@"+1) = (@-—n"" =c-(@—mz-p", (3.24)

v xdmowo ¢ € k. Eeywpllovue duo mepLnthoeis:
a) p=0. Téte n (3.24) yiveton

" +1) = (x — )" =ci(x —n)2" = izt — crpa”. (3.25)
Avanticouue 10 aplotepd UENOS X pNOLULOTOLOVTOS TOV SLovuuxd TUTO

ez +1) = (xz — )" =

n—1
n n n+1 n+l—i_ i n
=—2"" 4 (—=(n+1)(—=n) +c)z" — Z < . > (=) Tt e — (—p)" T,
i=1
Tuyxplvovtac Toug ouvteheotéc tou 2" ot 00 uéhn e (3.25) malpvouue ¢ = —1, evd

oLYxPVOVTOG TOUC GUVTEAECTES Tou 2" xou Tou otaepol dpou malpvouue ¢ = 1. EmnAéov
vy x&de i = 1,...,n éyovue ot
n+1
. =0
i

70 omolo pall ue to xpLthpto Undeviouol evog Slovuuxold GuVTEAESTY) oL dOUNXE GTo AU
3.4.3, dlvel 6t n + 1 = ¢ elvon plo Sovon tng yopaxtneLotxnc p. Autd duwc elvor adbvotov
agpod m|n + 1 xou (m,p) = 1.

B) p # 0. Hopatnpolue 6t 1o (z — p)"~! Blowpel To TOALGYLLO

d
glz) :=(n+1)f(z) — J;(;) (z—n) =c(a” +nmz""' + (n+1)).
Emniéov éyovue 6t 1o i elvar ulo plla tou g(x), agod n™ = —1, étot ya ulo otodepd ¢
€YOLUE
c(a™+nnz" '+ (n+1)) =cd(@—n)(z—p)" " (3.26)

Tuyxplvovtag Toug cuvteesTéC Tou ™ xou ota 800 UéAn e (3.26) xatahiyouue oto éTL
¢ = c. Tuyxplvovtag Toug cuvTENEoTEC TOU T xot % o oo dVo WUéA Tne (3.26) modpvouue

(=p)" 2(=p—n(n—1))=0=—p=(n—1)y (3.27)
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pde )

o (=n("5 1)~ -1) =0, (3.28)

Avtxodiototue v (3.27) oty (3.28) yio va tdpouue

n— (n - 1)”
(oS <o,
70 omolo elvon dromo, apol and v (3.27) n — 1 # 0 (vrevduuilovue bt éxovue unodéoet
YLoL THY Yopoxtnelotix 6Tl p # 2 xou p{ n).
‘Exyoupe unohoyioel dha to otouyelor otny ouddo G(8). H ouddo vty elvon téEng

_ m av mitn
| G(Pe)| - ju(m)| = ¢ 2m av m|nxan —1 dev elvon ulo p dSovoun
mqg(g—1) av m|nxoun—1=qevou uia p dovoun

Emuniéov otig npdteg dbo nepintdoels 1 té€n tou G(fB) elvar mpddtn mpog TRy YopoxTneloTixy
oL oouaToc p (uteviuuilovue OtL €youue uTodéaeL dTL p # 2), cuvende 1 oudda G(B) elvan
Lodpopen UE Wi XA oudda tédEne m (avtiotowya 2m). Tty telty tepintwon 1 oudda
G(B) elvon to nuevdéc ywvouevo utae xuxhxic ouddac tédine m(g — 1) ue ula xovovixd
vnooudda té&ng ¢[20, cel. 68].

3.5 Aour NG OddAS AUTOUORPLOUGY

Oa ovufBoiilovue e O(B,G) tnv tpoytd g Véone B xdtw and v dpdon e G. Oo uno-
Aoyloouue v té&n tou |G| unohoyilovtag v téin tne O(8, G). Eyouue xodoploel toteg
Véoeig Tou F dev yivetow vo avixouy otny tpoytd S (Muuota 3.3.2 xou 3.3.3), ouvenwe

O(ﬂaG) g {61)62) "')67”717727 77(n,m)}

Hopoatnpolyue 6t ta B; € O(B,G) yiovi = 1,...,n xou 6T av ;. € O(B, G) yia xdnoo ip T61e
v; € O(B,G) v Ohec tic Yéoewg y; i = 1, ..., (n,m) nou enextelvouy Ty P.

Iepintwon 1) YTrodétouue ét m t n. Tote |O(B,G)| =n fhn+ (n,m). Ac unodéoovue
o6t |O(B,G)| = n+ (n,m) xou éoww H = pu(n) x u(m). Hpogavde n t8&n e tpoyLdc
e B und v dpdon tne H elvan |O(B, H)| = |H : H(B)| = n. Eyovue anodeiel 6t
G(B)] = p(m) = | H(B)| £xon

ntmm) |GG _ |G|
n H-EE) |

Ané to aplotepd uépoc Tne Tapandve e&lowong talpvovue 6t n|(n, m), To onolo el vou drono
agod n > m. Anhadn |O(B,G)| = n xaw n oudda G €xet té&n

Gl =10(8,G)] - |G(B)| = nm.

Iepintwon 2) Trodétouue 6t min. H involution o nou diveton and ty (3.17) otélver
wlo 9éom v; mou emextelvel Ty Py, o€ ula Oéon ay urép to Py. Auté pag divel 6t O(5,G) =
{B1, B2, Bp}, Yol av unhpye éva 7 € G o0 Gote T(B) = v; 6t To(B) = ; TO
ornolo elvor adOvatov amd to MU 3.3.2. Yuvenodg 1 T8N tov G, o AT TV TEPlTTWoT
vnohoyiletar:

Gl =G GB)|- |G = 10(8,G)] - 1G(B)| =

_ 2nm av n —1 dev elvor ulo dOvoun tou p
| nmg(g—1) oav n—1 eivou ula SGvaun tou p
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O UEAETAGOVUE THOPA TNV JoUT TNS OUADAS TWY AUTOUOPPLOUGY. T ToUETOVUE XaToPY iV
6t m { n. e auth Ty nepintwon 1 oudda G elvor to evdd yvduevo Twv ouddwy p(n) xon
pu(m), agod |G| =n-m xow p(n) x p(m) < G.

Ac unodéoovue 61t m|n. Hopatnpotue 6t p(m) < Z(G). Mpdyuoatt, éotw G 1 unooudda
tou G mou nopdyeton and Oha ta ywoueva z -y, & € G(B),y € pu(n). H oudda G1 < G éxet
Touldytotov |G(B)] - |u(n)| = |G| otowyela, apod G(B) Nu(n) = 1. Apa |G1] = |G| o
eMxd Gh = G. Autd anodewxviel to enduuntéd anotéheoua, ool ta otoyela Tou p(m)
avtiuetatidevton we to otoryela tov G(B) xon p(n).

Aol de pu(m) < G xdde autouoppiouds o € G mepoplletar e €val QUTOUOPPLOUS TOL
entol abuatoc cuvapthoewy k(z) = Fr™) . Apa n cuvdptnon mepopiopol tne oehidac 51
umopel va emextadel oe ulo cuvdpTnom

. G — F(G) < PGL(2,k)
"l o — TeSk(z)0-

Mpogavae o tuphvac tne F elvon ker F =p(m). Oa Eexywploovue axdua 800 MEpLTTOOELS:

i) To n—1 dev elvar dOvaun tou p. Téte cluPwva Ue Tov LToAoYLoUS TNE T4ENE Touv G, 7
1¢&n tou F(G) elvon 2n. Hopoatnpolue 6t 1 ouddo F(G) meptéyet Ty xuxhuh ouddo p1(n) mou
nopdyeTor and o To : & — (2 xou Ty involution og : x> ¢*/z. Aol gy ¢ (7o) = pu(n)
oL OgTo = Talo'o, 1 oudBa ToL YEVVETAL amd ToL g, To Elvon Ulor dledpx| oudda TdEne 2 - n.
Avuty elvon ) tdén e F(G), dpar F(G) =2 Dy, xou 1) opddo G Blveton ooy Xevipixr| EnExXToo
e Dy, ue afehiavéd muphva p(m).

H opdda avdluong yevdrar amd 1ouC AUTOUOoPPLOUOVS

y — ==
o z
r — S

o

T
agol o éyel téEn 2m. H oudda p(n) < G yevvdrow and tov
A
N1z — (Cz
xa unopolue va ehéy&oupe 6t 1 oudda G déyetan ula tapdotaon

-1

(o,7/0*™ =1,7" = 1,0°r 7! = 70,0% = 70?).

Iopatnpodue 6Tt av ulo xevtpxy| enéxtoct dtaomdton, SNAady| avTioTolyel oty TETPLUUEVT
oLVOUOAOYLXY ¥AoT, TOTE elvo To VYD YvdUEVO TV Topaydviwy tne. Oo amodelfovue
OTL 1) EMEXTAON

1— pun) —G— D, —1 (3.29)

draomdtan N toodlvapo G = pu(n) x Dy, av xow u6évo av 1o m elvar TepLtto.
'Eotw m nepittd. H ouvdptnon

H?(Dn,p(m)) = @ H*(Dn,p(m))y — @ H*(Hp, p(m))

pl2n pl2n
o= E a, +— E T€S (D, —H,)p
p|2n p|2n

omouv 1o Hp, datpéyel tic p-Sylow unoouddes tne Dy, elvar «1-1» [32, oek. 93]. Av p = 2
tote (|Ha|,m) = 1 dpa res(p, 5 m,)2 = 1 and 1o Yedpnua tou Zassenhaus[14, ced. 126].
Ané tny & av H), ebvon pio p-Sylow umooudda yio p # 2, t6t€ res(p, m,)p = 1 apob
H, < p(n) xau n uroenéxtaon

1 — pum) — G — puh) — 1
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dtaomdrTo.
'Eotw m dptiog. Oewpolue tny utooudda Tov YEVVATE amd TNy involution o mou dlvetow
and Ty (3.17) xow TNV UTOETEXTAOT ToU BIVETOL Ald TO TapaX AT Sy pogLUL

1 — pu(m) — G - D, — 1

| T 1

1 — pum) — 7o) — (o) — 1

'Eotw a € H*(D,,,pu(m)) n cuvoporoyloxh xhdon mou aviiotolyel otny enéxtaon G. Ttny
vroeméxtaon 1 ((0)) avtiotouyel 1 cuvouohoylaxh XAEON Tes(p, s (o)) - ANG 71 ((0)) =
G(B) n omola elvan utor xuxAuxh oudda tdng 2m. BUVENWC res(p, (e # 1 agod ula
XxUXhr ouddo TéEng 2m Sev elvar Llobuopen UE To YWoUevo [(m) X (o) 6tay 2/m.

il) Ye avth my meplntwon to n — 1 = p° = ¢, elvar JOvaun NG YUPAXTNPLOTLXAC.
Ioyvplouaote 61t F(G) < PGL(2,4¢%). Ioipvouvue cav yevvAtopa tou couatoc k(z) to
ototyeto t bnwe awtd oplotnxe oty oehida 55. 'Eyouue anodelfer 61t F(G(B)) = G(F)
etvar ulo ouddor amd Mobius uetaoynuatiouols g wopghc t — a+bt, a,b € Fy C Fpe. Ta
otouyelo oty p(n) optlovtan unép to Fy2 enlong. Mpdyuott, n akhoyh UETOBANTOY & — ¢
eUTAEXEL Ta (, a1, by Tor omola avixouv oto ooua Fye apod

b = —by = bf = b1 ( t0 ¢ elvon mepLTTd )
Cn:_1:><'q+1:_1:>€q:_%:><q2:C
al=-1-a; > a?z =(-1-a)?=(-1)"+ (-1)%! =a,

xoL GUVETIOS 1) odhory i LETABANTOY & — ¢ elvor évaic Mobius petaoynuotioude oto PGL(2,¢°).
Ané v &n n F(p(n)) yevvdrow and toug autopoppouols & — (“2 TOU AVAXOUY GTNV
PGL(2,¢%).

H w&n e F(G) etvar g(g — 1)(g + 1). Oo anodellovue btL 1 Lovadixh Utoouddo tng
PGL(2,q?) ue &N q(q — 1)(g + 1) elvor  PGL(2,q). T awtd Yo ypnotuonoLhoovue Tov
Yoo TNELoUG Twy LToouddwy e PGL(2,p') o omoloc npoxintel and to Yedpnua 2.2.1.

Ocdpnua 3.5.1 H oudda PGL(2,p?) éyer tic mapaxdtw unoouddec
1. Yrovyewddeic affehiavés p-ouddec

Kuduwée ouddec tdne t émou t|pf £ 1.

Awedpixéc ouddec tdéne 2t, t|pf +1.

Ouddec toduopyes ue Ag, Sa, As.

ok N

Huevdéa ywoueva ané otoiyeidders afelavéc ouddes tdéne p e xuxixés ouddes
tdéne t, émou t|p” — 1 xau t|pf — 1.

6. Ouddec toduopyes e tny PSL(2,p") xoae PGL(2,p") érmou r|f.

0. YpNOLLOTIOLAGOLIE To Topamdve Yewpnua xat o yeyovéc 6T |[F(G)| = q(¢> — 1), 6mou
g = p° elvon dOvaun TS YopoXTNELOTLXAS, Yo var teptypddouue Ty Sour ouddac e F(G).
Mopatnpotue 6t F(G) Sev elvon p-ouddo, xow xatd cUVERELL OUTE OTOLYELWING ofehovy]. Ac
vrodéoouue 61t F(Q) elvon tobuoppn ue ubo xuxhic oudda téEne t, t|pf £ 1. Téte | F(G)| =
p*(p** — 1) Suanpel 10 pf £ 1, dromo oot pt 1. T tov (Bio Aéyo n F(G) Sev eivor Sedpuxr
oudda. O tpewg ouddeg A4, Sy, As €xouv t8En wxpdtepn 1 lon Tou 60, evd amd Y GAAN
|F(G)] =q(g> —1) > 120 apol p > 5. Anhodh F(G) 2 A4, Ss, As. Ac unodécouue toHpa 6T
F(G) elvor o nuteudt ywouevo uiog otouyetddous afehiovic ouddag Tdeng p" Ue [io xuxh
oudda tdEnc t = p* " (p** —1). O aprdude t o mpéner var Sronpel xon to p” — 1 xor 1o pf — 1,
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dromo. Téhoc av F(G) =2 PSL(2,p") téte r|f = 2s xou | PSL(2,7)| = W%W = (p** -1)p?,
drono. H ubvn Suvar nepintwon etvar Im(F) = PGL(2, q).

H oudda G eivar uia xevtpu enéxtaon e PGL(2,q) ue nupriva u(m) mou var Sivetow
and Ty mopodte axe3r) axohoudio:

1 — pu(m) — G -5 PGL(2,q) — 1 (3.30)

XpnoLuomoldvTag To Tayxdculo Yempnuo CUVTEAECT®Y, TLS TULES TOU TOMAATANCLACTY TOU
Schur H»(PGL(2,q),Z) o v ofiehiavonoinon tou PGL(2,¢) [3, oek. 26] unopolue va
vnoloylcovue

0 av m = lmod2
HZ(PGL(Q,q),,u(m)) :{ Zio®Zo5 oav m =0mod?2

Avuté poac dlvet 6tL yla tepttté m n oudda G elvon Lobuopen ue
G = u(m) x PGL(2, q).

I m dptio, n xatdotaon eivon neploadtepo ntoAbmAoxy. T'ia var teprypddouue v Sour| tng
ouddag G, etvon apxetd va xadoplcovue TV cuVoUONOYLIXT XASOT

(VRS H2 (PGL(27 q)> /J’(m))

7 onola avtiotouyel oty xevtpwxr enéxtaoct (3.30). Autd tov unohoyioud duws Tov xdvoye
oT0 TPONYoVUEVO xeQdhato 6tay eZetdlaue xuxhixés enextdoels tne PGL(2,q).
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Kscpo’c)\ou.o 4

Oudoeg AUTOLOPPLOUGY TLV
modular xouniioy X(N)

O J.P. Serre oe éva ypduua tou otov Ribet unoldyloe 61l oL ouddES AUTOUOPPLOUGY TwWY
modular xountiwy X (p) yio p tpdto p > 7, elvar Loduoppes Ue L anhés ouddes PSL(2,p).
Yxondc autol Tou XEQUAXLOU EIVOL 1) EMEXTACT) TOL AMOTEAECUOTOS TOU Serre xoL 1 MEAETH TNg
OUEBOC TV AVTOUOPPLOUGOY TwY Xaurtiiwy X (N), 6mov N onotoodhnote Yetinds axéponoc.
‘Onwe npoéxeude petd and emxownvia ue tov J.P. Serre, 1o anotéhacua mov €0TELAE GTOV
Ribet, 6mwe xou 1 yevixeuon tou, RTav Yvwotd otoug edixols TNC TEPLOYHC.

Treviuuilovue 61t ou xouriies X (N) elvor ot emipdvetec Riemann nou opilovron g
yopeot tpoytwyv [(N)\H*, énov ['(N) elvon 0 nuprivos Tou enuop@lopos

PSL(2,7) — PSL(2,7/NT)
H xounOhn X (1) efvow toduopen ue v npofBoiu evdeto P, xon to xdhuupa X (N) — X (1)
elvow Galois pe oudda Galois tny PSL(2,Z/NZ). O Badudc awtod tou xahduuatog elvon

_ N 2]] N1 =p7?) v N >2
EN=1 6 av N =2

Emniéov 1o yévoc gy e X (IV) elvan [23, cel. 23]

N-6
12N -

Ané tov mapandve tono BAérouue 6t oL xaunvies X (2), X(3), X (4), X (5) elvon pntéc eved

X (6) elvow ehhetntixy. ‘Oheg ot dhheg xaumOAES €YOLY YEVOS UEYINUTEPO TOU BVO X0 GUVETES
OL OUBBES AUTOUOPPLOUWY TOUS Elval TETEPACUEVES oL PparyUéves and Tov TOTo Tou Hurwitz:

gy =1+ py (4.1)

|Aut(X(N)]| < 84(g — 1). (4.2)

Eivar enfong yvwoté 6t oto xdhuupo X (N) — X (1) axpiBoc tpla onuela tov X (1), do-
xhadilovton, o j(4), j(w), j(00) ue deintes Srahddworne 2,3 xou N aviiototyo.

Av PSL(2,Z/NZ) < AutX (N) téte xdle autouoppoudc otny AutX (N) neproplleton oe
avtouop@ous tne X (1) 2 P!, nou otadeponotet tplor onueta, xon cuverdE elvor 0 TowTOTLXAC.
Anhad? oe auth TV nepittwon éxovue AutX (N) = PSL(2,Z/NZ).

‘Eotw m o delxtne e PSL(2,Z/NZ) = Gal(X(N)/X (1)) otnv AutX (N). H eZicwon
(4.1) yioo N # 2 umopel vor ypage! wg

42

84(gn — 1) = |PSL(2,Z/NZ)| (7 - W) (4.3)
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xa auTH ouvduaouévn pe Ty (4.2) uog dlvel To apaxdTe Qedyuate Yo Tov delxtn m:

m<2 vy T7T<N<I11
m<3 yo 1I1<N<I14
m<4 yo M4<N<21°
m<7 yuw 21< N

(4.4)

Sovendeyia 7 < N < 11 éyouvue 6t Aut X (N) =2 PSL(2,Z/NZ). lpoxewévou va anodelEouue
yevwxd 6w PSL(2,Z/NZ) <1 AutX (N) 9o Yewpfioovue tnyv mopdotoon

B:PSL(2,Z/NZ) —> S
6nov 0 — {oa1 PSL(2,Z/NZ),0a2 PSL(2,Z/NZ),...,00, PSL(2,Z/NZ)}, xou
{a1 PSL(2,Z./NT), ...,amPSL(2,Z./N7)}

elvar 1 Stdonaon e ouddac AutX(N) oe cosets tne PSL(2,Z/NZ). Tlopotnpodue 6t
PSL(2,Z/NZ) < AutX (N) av xow uévo av o 3 glvar 0 TETPUUUEVOC OUOU0PYLOUOC.

Ac vnodéoouue 6t N = p elvon évac mpidtog, p > 7. Agol PSL(2,p) elvon amhfy oudda
éyouue 6t ker B elvan 4 PSL(2,p) i {1}. H televtaia neplntwon elvon addvarn ool dev
undipyouv otolyela TEENC P oTNV Sy, Yo m < 6.

Ac Yewprioovue topa tic xoundies X (p€), émou p elvan mpdTog, p > 7. Oewpolue Tov
TAEOXATRD TOPYO XAAVUUETWY

X(fe) "
PSL(2,2/p"Z) { X(p)
+
X(1) PSL(2,p)

Bow H = Gal(X(p°)/X (p)), w6t |H| = p*¢~V, xau oot p > 7 éyouue H < ker .
YUVETOE UTOPOUUE Vo 0plGOUUE TOV 0UOUoPPLOUS [

B:PSL(2,p) =2 PSL(2,Z/NZ)/H — S,.
Auté pog diver 6T B = 1 xou capodg o (Bo Loylet yio v B.

‘Eotw N 9etixdg axéponog mpodTog Ue Toug 2,3,5. O ououopgpiouds B etvon tetpluuévog
xou og oTH TNV TEplnTwon, ool

PSL(2,Z/NZ) = P PSL(2,Z/p}¥L),

i=1

ormou N = [[;_, p{* elvow 1 Budonaon Tou N G€ YWWOUEVO TEMTWY TAURAYGVTGV.
IMpoxewévou va uelethocouue v nepintwon tuyaiou N Yo YpeldoTodUE Tl XohOTERA
pedryuota yiol Tov delxtn m. Oewpolue Tov THEYO XAAVUUATOY

X(N)
! 2] 3] N
X(1) (i) jw) j(eo)

X(N)iutX(N)

Mopatnpotue 6t av PSL(2,Z/NZ) dev eivor pio xavovxt| vnooudda otny AutX (N) téte
0 xdhouua X (1) = P — X (N)AX(N) 3y givor Galois. And tny anddelln tou ppdyuatoc
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touv Hurwitz (4.2) yia tnv ouddo twv auvtopop@louoy oahyeBeuxrc xounving [6, oek. 260]
BAEnovue bt av o TAdoc r Twy onuelwy e X (1) mou Stowdhadilovton oto xdhuuua X (N) —
X (N)AuXIN) eiyan 1 > 3 161 10 ppdyua tTou Hurwitz Behtidvetor 670

[AutX (V)] < 12(gn —1).

Autd pac diver 61t m < 1, xou ovvende PSL(2,Z/NZ) < AutX (N), drono. Tuvemde to
mAdoc Twv onuelwy dtxhddwong elvor 7 = 3. O tdroc tou Hurwitz yia to xdhvuua
X (N) — X (N)A“X(N) §iver v

1 1 1
2(9N—1):|AutX(N)|(1——+1——+1———2>, (4.5)

1% 125} 1243
6mou v; elvon ou delxteg donhddwong twv onuelwy mou dwodhadilovton. Eeywpllovue Tig

TOPAXATL TEPLMTWOELS:

e Ta tpla onuela j(i),j(w),j(c0) nepropilovtar ot Sapopetind onuela pr,ps,ps TWY
omolwv ot delxtec daxhddwong etvar e(j(2)/p1) = k,e(j(w)/p2) = A, e(j(00)/p3) = p.
'H (4.5) oe auth v neplntwon ypdpetor

1 1 1
gy — 1) = [AutX (N -l 1l ——2)>
2gn = 1) = [AutX (V)] <1 2K ! 3\ ! Np 2)

> JAutX(N)|(1-1/24+1-1/3+1-1/N-2) >
> |AutX (V)| (1/6 — 1/N)
n onoto yag dlvel xon to emuuntd anotérecua

12N
N -6

|Aut(X)] < (9v = 1) = py-

o Kdmowa ané ta tplo onueta j(i), j(w), j(oo) neptopilovton oo dto onueio tne X (V)
Oa Yewprioovue v mepintwon 11 < N. To onuela j(i) xou j(oo) dev yivetar vo me-
otopilovror o0 i8lo onueio tne X (N)AUX(N) | Apob 1o xdhuppa X (N) — X (N)AwX(N)
elvon Galois Yo mpénet va €youpe 26 = N A, dunc o Badude touv xahduuatoc X (1) —
X (N)AuXIN) giyar 10 TOAG 6, cuvende & < 6, A = 1, Snhadr T 5(i) xou j(o0) dev me-
propilovtar oo (dto onueio, extégav N < 12. AAdav N < 12 tote m < 3, ol GUVETKOS
N <6, 10 onolo avttietor otny apyx| unddeon N > 11. Me ta (S entyepriuata
umopoluE va det€ovue 6Tt ta onuela j(w) xan j(00) teplopilovtol oe Slaopetind onueia
Tou X (N)AuwtX(N),

Ac unodécouue Tdpa 6t Ta (1) xan j(w) Tepropilovian oTo (o onueio Tng X (N)AuX (V)
Oa mpénel v utdpyel éva anueio p tne X (N)AUX (V) 16 omolo Siwdadiletor udvo 610
wdhouua X (1) — X (N)AUXN) e Seixrn Sioohddwone 2 < v < 6. Aé tov tOno Tou
Hurwitz rofpvouue

1 1 1 v>2,9=11%2
2 - =lAutX(N)|[1-—+1—-——+1——--2 >
(ov = 1) =[x ()] (1- g+ 1- oo +1- 2 —2) TS

|Aut X (N))| (% - %) ST Autx (V)| (g - ﬁ)

T0 onolo pog divel ot auTh TV nepintwon
|AutX (V)] < 33/4 (gn — 1)

70 onolo ue Ty oetpd Tou dlvel to emduunTtéd anotélecua m < 1,.
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IagatAenon 4.0.2 Eivor evdiagéeoy va napatnericouue 6t apol X (2), X (4), X(3), X (5),
elvar pnTéc xoUTUAES, 1) TAVOUNON TWY TETEPACIUEVWY UTOOUAEOWY XUTOUOPPLOUWDY TOU pNTOU
OWUATOS OUVAPTHOEWY ATOOELXVUEL TO YVWOTO ATOTEAECUA

PSL(2,2) = Zs, PSL(2,Z./AT) = Sy, PSL(2,3) = Ay, PSL(2,5) = A;
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Kscpo’c)\ou.o D

Oudoeg AUTOLOPPLOUGY TLV
LTEPETLPaVEL®Y Fermat

Ou opddec aUTOUOPPLOUGY TwY UN-tBoUbpeny LTEpeTpaveldy Fermat tou P"(k) opllovton
and TIC EELCWCELS
- n n _
Fon:Xy+...+X"=0,
onou 1o k, elvon ahyeBpuxd xhewoto, yopoxtnolotxnc p > 0. Mropolue va unodéoovue 6Tt
’ 7 ’, r 7 ’ ’,

p 1 n, agob av p | n toéte 10 mOALGVLUO Y, o X} elvar SOvoun Tou p xoL GUVETKDS oL
avtiotouyeg unepempdvelee elvan WdUoppec. Ot unepemdvelec auTES €youv Ula TEoPaVY
OUGdoL VTOUOPPLOUWY TOU TURAYETAL ATd TOUS AUTOHOPPLOUONS

(Xo, .0y X)) — (€ Xp, ..., (" X,), (" =1

xaL omd TNV CUUUETEWH oudda Sy.41 Tou uetadétel Tig Yetafintéc X;. H nopomndve ouddo
elvow odpopen e o NuLeudd yvéuevo Z], 1 Syi41. O A, Weil [32] Swotbnwoe tny ewxacto 6t
N oudda

Nr,n = Z; X Sr+1
elvow N TAleNC ouddal AUTOUOPPLOUMDY TWY UTERETLYAVELWY Tou Fermat .

Ty apyn g dexoetiog tou 70, o Leopoldt [17] uehétnoe tny oudda autopop@Loudy
WV CWHATWY cLVAETHoEWY Tou Fermat , 7 tloodlvauo ToUS AUTOUOEPLGUOVE TWV TEOBOAXOY
xaunO Ay Fh , xou anédeiée ot 1 euxaoio tou A. Weil dev elvor owoth av 0 n — 1 elvon
dOvoUN TNG YoEAATNELOTLXNS.

O Leopoldt dev evdiogépdnxe va dnuooteboel Toug urohoyouols mew and to 1996, xon
petd and uia epyaoto tou II. Tleputd [29], o onolog aveZdptna ané tov Leopoldt unordyioe
TOUS AVTOUOPPLOUOUE TwV xouTOAwY Fermat, otny yopaxtnoiotixs 0.

To mpoBinua g dounc e ouddag autouoppLouny v Fj, . Aonxe and tov T.Shioda
[24] to 1987. H uédodoc tou Shioda epapudleton xou otny nepintwon twv xaundiwy Fermat,
xat 3ivel éva Tplto TPGTo LTOAOYLEUOU TWV AVTOUOPPLOUKDY TV XouTOAwY Fermat aveEdptnto
and e uedddoug wwyv Leopoldt, Tlepuid.

H epyaocia tou Shioda pou éywe yvwot and tov T. Katsura xar agod 1 didaxtopixt
(ou datplBy) elye mowd ohoxhnpwiel. H uédodog unoloylouol Twy dUTOHOPPLOUGY TOU To-
pouctdlw o€ autd To XeQdAono elvan ulo Tapohayr g pedddou tou Shioda. Tuxyexpuuévo
Yo anodelouue To TopaxdTe

Ocohenua 5.0.3 H oudda twv yoauutxdy autouoppouey Gy, twy urepemipaveldy Fermat
EFon,r>2,n2>3 e

G = Npn =725, xSp11 avn —1 8ev elvan Svoun tne yapoxtnolotixric
o PGU(r +1,p*") avn —1=ph

)
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EmnnAéov yian #r 4+ 1 xou r > 4 xdde autouoppiouds tou F, . elvar yooquuixoc.

IMpoxewévou vo urtohoyicouue TV OUASA AUTOUOPPLOUGDY TWV LTEPETLPAVELDY Tou Fer-
mat Yo anodel&ovye TEMTA, 6TL XATW A6 GLYXEXPLUEVES GUVITXES, XdlE auToUOPQLOUOS Ulag
TeoBoAxig un Wibuopene unepempdvelag Vo C P (k) endyetar omd €va YpuUULXS oUTOUOp-
proud tou PT(k). H anddeiln mou Yo ddoouue oxohoudel tny anddeln twwv Griffiths-Harris
YLor ULy odixéc LTEpETLQAVELES [8, oeN. 177], xan Ty enextelvel otny neplntwon VeTxhc yopo-
ATNPLOTIXAC.

5.1 7Yroloyiouol

Ipétaon 5.1.1 Eotw V C P(k) uio un diduopen meofoiuy unepenipdvera, Baduod n #
r+1, énov k eivar éva adyeloixd xAetoté odua yopaxtnowotajc p > 0. Avr > 4 téte xde
autouopplouds touv Vo endyeton and éva autouoppious tou PT(k).

Anédergn: Eotw O(1) to avuotpédruo sheaf tou P"(k) nou avuotouyel oto hyperplane
bundle, xar Oy (1) o neproptoude tou O(1) oto V. Ou cuuforillovue ue L(—V) 10 avt-
otpéduuo sheaf mou avtiotoyel otov divisor —V. H uuxpr axpfric axohouvdio twv sheaves

1—01)® L(-V)— O(1) — Oy(1) — 0,
emdyel TV paxed axpl3r axohoudia oty cuvouoloyia
HO(P"(k),0(1)) — H°(V,0v (1)) — H'(P"(k),O(1 —n)) =0,
7 omola dlvel 6TL 0 mEPLOPLoUOS T elval N, XA GUVETWE TO YPAUULXS cloTnua 6To V,
L=[H"(V,0v(1))

70 onolo emdyeTon and TC ToUéc Ue uepenineda elvon TATPES.

EBow wy = ATV Qv /i T0 xovovxd avtiotpédiuo sheaf tou V. Eyouue 6t [13, oel.
183]
Wy = Ov(1)®d_n_1.

Kdde autouoppioude ¢ tou V' agrvel to xavovixd sheaf avohholwto, cuvenndg
Prwy = wy = 6" (Oy (1)@ = Oy (1)®4 1,
To Yewpnua tou Lefschetz [9], to onolo eZacgarilet 6t Pic(V) = Z vy r > 4, endryet 6t
9" (Ov (1)) = Ov(1)

X0 CLUVETOS @™ emdiyet éva auTtouopgLoud otoug divisors tou L, 3nhadf oto P(L) =2 P"(k).O
H oudda twv ypouixey autodop@oudy elvar 1 utooudda e PGL(r + 1,k) n onola
aghver Ty e&iowon F. , avolholotn, Snhady| tivoxes (a;;) tétotes HoTe

n

T T ”
D\ ey | =D X (5.1)
=0

i=0 \ j=0

Avtl va epyaotolue ue ty PGL(2, k), Yo epyaoTtolUe UE TOV apvxd XOvo Tne, dSnhady| ue
v GL(2,k) n onola elvon évar Baoiud apvixd odvolo, Ue apuvixd Soxtdlo

R := k‘[X”/’L,] = 0, ---ar]det()*l-
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2

O R clvor n tomxonolnon tou moluwvupLxol daxtukiov oe n° UETABANTES W Tpog TNV

optlovoca. H eZiowon (5.1) oe auth v nepintwon yiveto

n

Z Z% = C(aij)ZX}’, (5.2)

i=0

6mou
c¢:Grp — k"

elvon pla povodidotatn topdotaon e Gy . Enexteivovtoag ty (5.1) yenotuonotévtog tov
010 ToL JLWVOUOL TOEYOLUE

r T
n
no nl___ Ny no nl___ Ny __ L. n
E : E : (n n )azO Qy a;r Xo® X X' = claij) E X
i=0 no+...Anp=n N 07T j=0

70 onolo Ue TNV oeLpd Tou dlvel

<n0 > Za%oa?f ceapt =0 av n; <n oy oha o (5.3)
b

xaou

Za Z ajy Yo Ohat ot K, A =0, . (5.4)

i=0

O¢tovtac n, =1, ny =n — 1 oy (5.3) xatahiyouue

r
n E ama?gl = 0Oyl #A
1=0
r
n—1 _
Y aial = i)
1=0

7 omola dlvel 6Tt
(aij)t(afih) = elaig) - T = (af") = e(aij) - (ai) .

Yuvendg, 1 Vhworn dAwv Twv ototyelwy evog tivaxa (ai;) € Gy oty n — 1 S0vaun, endryet
€voL Lop@Loud ouddwy and ty G p oty Gy . Ltadeponototue éva ototyelo (bij) otny Gy p.
T 6hat tat (as5) € Gy éxoupe

n—1

Za" 1bn L= Zaiubuj =
n—1
= Z“n b+ 2 <k1 ok > (@iobog)"® -+ (@irbys) "

ki+-tk.=n—1

k;<n—1
YUVETWS, TO TOAVGVLUO
Tij(Xi0y ooy Xir) := n= LY gk gk ko L ke
ij 10y s0ey iy ) -— k k 0j rj<*i0 ir
A _ 1y-eey Bp
et kp=n—l
ki<n—1
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undevilovtat tawtotxd oto ahyeBpixd chvoro tou AP +1 (k), mou optleton amd (5.3) xon (5.4).
Ané 10 Jedpnua Nullstellensatz tou Hilbert éyouue 61t yio xdmoto oxépato

T} e,

6mou I elvon 10 13eddec Tou R nou yevvdton amd to ToAUGYLUA

r
n
o E: no yni . yhe
fng,...,nr = ( > XiO Xil Xi’r‘
NQy eery Ny i—0

ol
r r
for = E X — E X5
i=0 =0

Oo anodel&ouue, 6Tl T0 TapAUTdVL elvor adUvartov extég av T = 0. Hpdyuartt, utodétovue
OTL YLOL XOTIANNAGL TONUWVUULL Gny,....n,. € R €xouue

wo_ } : } :
Tij - gno,...,nr ° fno,...,n,, + gn,)\ ° fn,)\-
no,...,Nr Ky

Mopatneotue ot T} elvon éva ouoyevéc mohudvuuo Boduod (n — 1)p otic n petafhnréc
XiO; ceey Xir-

‘Eotw a évac Uovenvuuixds Tpooletodog X3moU gny,....n. N gr,x Baduod # (n — 1)p — n.
To TOAGVUUO @ - frg,....n, OTOUAROLQETOL OO YLVOUEVA UOVOVUULXGY TPOCUETHwY JAAWY
TONVWVOUGY Gnt ot N Gt x ME frr o N frr xv. Buvemoe unopolue va urtodecovue ot
Gno,...,n, EVOL opoyevh Boduol (n —1)pu —n.

Ané v dAAY), aol ta Ty elvan opoyevh tohuwvuue otig n-uetaBintés Xy, .., X4 UOVO,
Yo mpémeL vor uTdipyEL évar ouoYEVES MoviVUUo a Boduol (n — 1)p — n udvo otic Xy, ..., Xip
petoAntéc, o onolo elvar TEoc¥ETILOC XATOLOV UG T Gny,...,n, N I, A Ag UTOVECOLUE TIRWTA
6L t0 @ elvan €vac TpocIETALOC XEMOLOU Gny ... n, - OL Gpot a - X0 X7 --- X7 j # i unopoly
va SLory papoy u6vo av to a etvor évag tpocletatog xEmowu fr,, ... n, TO omolo cuufalvel udvo
otny tepintwon (n—1)u—n =n = p = 2-"- drono agol n > 3. To (dio emyelpnua Selyvel
6TL T0 @ Sev umopel va elvar Tpoodetatog 0UTE XATOLOL gy, ).

Ou nivaxeg (bij) 010 Ny p, 0L 0ToloL glvon tpogavelc Nooeg g (5.3) xou (5.4), elvon tng
Hoppnc ,

bij = A( 00 (5
omou (" = 1, A etvon piar un undevud otadepd xon o elvon ulo uetdldeon tou Sp41. Trodétoupe
ot undpyet éva (bij) € Grp\ Ny cUVERGS UTdpyet éva j € {0, ...,r} tétolo dote

bi, # 0 xou bi, #0 vyt j1,J2 € {0, ...,r} .

T;; = 0 cuvenwg

n—1\ ok e

Ytov nopomdve tono Yétovue ki, = v, ki, = n — v — 1, xau ago0 by, ; # 0,bi,; # 0 éyouvue
ot (”;1) =0y 6ha o v = 1,...,n — 2 10 onolo divet [5, oeh. 352] tote n — 1 elvon uia
dUVaUT TNG YOEOXTNELOTXAC. BDUVET®S, 6tay n — 1 dev elvon S0voun T YopaxTnEleTixng
rn — Nr,n-
Yty neplntwon n — 1 = ph, 1 (5.1) diver
” ” ”

SN e X7 X, = zrjx;‘. (5.5)
=0

i=0 j=0 v=0
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Suyxpivovtac ouvteheotéc xat ota 0o uéhn e (5.5) talpvouvue

T ph
E aij iy = (5]',,. (56)
i=0

‘Eotww F o autouoppioude tou Frobenius, o omolog otélver tov nivaxa A = (a;;) otov

F(A4) = (af;). H e&lowon (5.6) uog dlver 61t

ol
A-F(A! =1 (5.8)

Egapuélovtac tov F xon oto d0o uéhn e (5.7) népvoupe
F?*(A)-F(A)! =1,

eve amb Tty (5.8) éyovue 6T F2(A) = A. Suvendc 1 ouddo autouop@oney tautiletor ue
v PGU(r +1,p*") av n — 1 = ph.
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