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Abstract

We consider the AllenCahn equation with a bistable nonlinearity as-
sociated with a double-well potential with equal depths. The Allen-Cahn
equation describes the process of phase separation in multi-component al-
loy systems in phase transitions. Given a general initial data uy (indepen-
dent of €), we study rigorously the generation and motion of the interface.






Acknowledgements

I would like to thank all the people who contributed in some way to the
work described in this thesis. First and foremost, I would like to express
my deepest gratitude to my supervisor, Georgia Karali, for her excellent
guidance and patience through the learning process of this master thesis.
Working with her has been a very rewarding experience on several levels.
I would like to thank as well my committee members, professor Stathis
Filippas and professor Spyridon Kamvissis.

I would also like to express my deep and sincere gratitude to my family
for their continuous and unparalleled love, help and support. I am forever
indebted to my aunt Lucia for providing me with unfailing support and
encouragement throughout my years of study. Also, my aunt Viki and
uncle Kostas always encourage me to follow my dreams.

Also, I would like to express my appreciation to my sister Georgia for
her encouragement and belief in me always. Moreover, I would like to
thank my cousin-friend Fotini for being patient and helping me improve.
Furthermore, I would like to thank my math teacher Kseni for her inspi-
ration, love and guidance in school years.

I would like to thank my collaborators and friends. In particular, many
thanks to my boyfriend Charis, I always appreciate your ability to see how
my talents can make a difference and you have made me a believer too.
Thanks for support in the last years in Crete.

Finally, this journey would not been possible without my father, my
grandmother and grandfather. They have always been a tremendous source
of strength for me from there upwards.






CONTENTS 1
Contents

1 Introduction 2

2 Preliminaries 3

2.0.1 Bistability . . . .. ... ... 4

2.0.2 About Energy . . . . .. ... 4

2.0.3 Phase change problems-thermostatics . . . . . . . ... .. )

2.1 Relating to the equation Allen-Cahn . . . . . . . ... ... ... 8

2.2 Perturbed Allen-Cahn equation . . . ... ... ... ... .... 8

3 Formal derivation of the interface motion equation 11

4 Generation of interface: special case 19

4.1 The bistable ordinary differential equation . . . . . . . . ... .. 19

4.2 Construction of sub- and super- solutions . . . . . . . . ... ... 25

4.3 Proof of Theorem 4.1 . . . . . . .. . . ... ... ... ...... 27

4.4  Optimality of the generation time . . . . . . . . ... ... .... 30

5 Generation of interface in the general case 32

5.1 The perturbed bistable ordinary differential equation . . . . . . . 32

5.2 Construction of sub- and super- solutions . . . . . . . ... .. .. 35

5.3 Proof of Theorem 4.1 for the general case . . . . . . . . . ... .. 37

6 Motion of interface 40

6.1 A modified signed distance function . . . . . .. ... ... ... 40

6.2 Construction of sub- and super- solutions . . . . . . . . ... ... 41

6.3 Proof of Lemma 6.1 . . . . . . . . . ...






1 Introduction 2

1 Introduction

This thesis is occupied with the singular limit of systems of parabolic non-
linear partial differential equations, including a small parameter £ with bistable
non-linear reaction term and general initial data. These equations have arisen as
math models in Biology and Materials Science for various phenomena.

We study the Allen-Cahn equation and a kind of reaction-diffusion system.
[lustratively, we deal with systems and the corresponding interface limits, created
in layered functions, in terms of space. We mainly study the motion of interfaces
and how they interact.

Firstly, in section 2 we discuss the perturbed Allen-Cahn equation. It is
standard that this equation has a unique smooth solution, which we denote by
u®. As ¢ — 0, a formal asymptotic analysis shows the following: in the very
early stage, the diffusion term Aw is negligible compared with the reaction term
e 2(f(u)—eg®(x,t,u)), and it follows that, in the rescaled time scale 7 = t? /¢, the
equation is well approximated by the ordinary differential equation w, = f(u) +
O(e). Hence f has a bistable nonlinearity, the value of u® becomes quickly close to
either oy or ar_ in the most part of €2, creating a steep interface (transition layer)
between the regions {u® ~ a_} and {u® ~ a_}. Once such an interface develops,
the diffusion term becomes large near the interface, and comes to balance with
the reaction term.

In section 3, we present the derivation of such interface motion equation. Next
in section 4, we assume the case of the single Allen-Cahn equation. We show that
leaving from initial data, the solution becomes quickly close to a step function,
apart from a small area of the initial interface, creating a steep transition layer
(generation of interface). Moreover, we study the case where ¢° = 0 and in
section 4 the general case, where ¢g° # 0. In section 5, the interface starts to move
and the solution remains close to the step function (motion of interface).

The equation in discussion has a “gradient structure”. Also, the functional
spaces are infinite dimensional, which provides important information for the
evolution. Broadly, in order to find the generation and motion of the interface,
the construction of sub- and super- solutions plays a very important role. More
precisely, the sub- and super- solutions for the motion of interface are constructed
by using the first two terms of the formal asymptotic expansion, while those
for the generation of interface are constructed by modifying the solution of the
equation in the absence of diffusion: u, = &2 f(u).
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2 Preliminaries

We assume that there is a substance under certain conditions, in liquid and
solid form. A model equation can be given by equation Allen-Cahn:

uy = Au+ e (u — u?),
where ¢ is a small parameter.

Firstly, during the generation of interface, the diffusion term Awu can be neglected
before the reaction term e72(u — u?). The solution u. comprises as the solution
of the ordinary differential equation u, = f(u), where 7 = 6%, so the values of u.
quickly become close to one of the two stable equilibria 1 or -1 and a transition
zone develops between two regions, {u. ~ 1} and {u. ~ —1}. We consider that
the area where u, is about 1 outside of the solid form, the interval area is about
-1 and the area where u, is between 1 and -1 at the interface.

Now, the diffusion term can no longer be neglected and its combination with
the reaction term induced, which provokes the motion of interface. Also, the
thickness of the limits of the transition zone, creating interfaces, is related to the
parameter €. The equations that will be considered, they will be of this type.
Broadly, it is an idea that the dynamics of the order parameter u. develops in
such a way that the value of the functional (free energy) to decline with the most
effective way. To such an extent, the order parameter will be one of the points
that energy takes the minimum value. Next we see the definition of bistability of
f, where f we say the term (u — u?).
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2.0.1 Bistability

Generally, the Allen-Cahn equation :
1
w = Au + gf(u),

with the function f(u) of bistable type,with three zeros a_, a, oy . Specifically,
f(u)=0 only at u = a_, a, a,

f(u) >0, u<a oru>af,

f(u) <0,u € (a*,at),

where a_ < of < a <af <ay. We say that:
u € (a_,a*) is metastable interval 1;

u € (o’ ,a%) is spinodal interval;

u € (o', ay) is metastable interval 2.

The parameter ¢ is an interaction length, small compared to the characteris-
tic dimensions. If the above equation is contained in the vessel €2, the equation
should be supplemented with boundary conditions in the boundary 0f2, such as:

Op(u) =0 on 09,

where 0, denotes differentiation normal to 0€2. The physical meaning of these
two conditions is that none of the mixture can pass through the walls.

The first condition is the way to ensure that the total free energy of the mixture
decreases in time (requirement from thermodynamics).

2.0.2 About Energy

As we mentioned, the order parameter is one of the points that the energy
takes the minimum value. For this reason, we consider the properties of stability
by using the functional Lyapunov from the theory of ordinary differential equa-
tions.

Example: An example of functional energy (Van der Waals type), let it be,

sw = [ (17l + W),

where W (u) is smooth and non-negative function, double well potential with two
equal minima at u = u; and u = usy, Q is a smooth bounded domain in RY, and
€ a small, positive parameter.
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The order parameter can be described by u. Physically, € gives the order of
magnitude of the surface tendency and it is the main factor for the morphology
of layers. We deal with bistable systems, the idea is that there is more than one
desirable situation (order parameter). The gradient system that corresponds to
J. is

du

pri —gradrzJ.(u),

depending on the metric of L, manifold, where the gradient is calculated. This
affects the direction that J. decreasing. The most basic property of gradient

systems is

d
() = = ol

The solutions of the energy are moving very close to +1 or -1 and we have the
generation of layered profiles. There is a competition between W and gradient
term in expression of J.(u). The W term favors the separation and another the
opposite. Thus, the generation of layers is the result of the conciliation of these
two opposing situations. We set out the initial interface

I.(t) ={zeQu(z,t)=0a},

and suppose is a C**? hypersurface without boundary. Thus, we get the genera-
tion of one pattern in €2, which consists of large areas that are separated from thin
zones. The solution in each area is almost -1 or +1 and we have sharp transition
inside.

There are two models that describe the motion of interface: one that the interface
does not have thickness sharp interface model and the other one that the inter-
face is described as an inner layer with finite non-zero thickness. The Allen-Cahn
equation is an example of the second model.

2.0.3 Phase change problems-thermostatics

The binary alloys are systems consisting of two types of elements A-B, in which
the molecules of A and B create physical links leading to the creation/generation
of a new mix. One such problem is Al-Si, Cu-Ni. Let m grams of binary alloy
A-B which comprises of m 4 grams of kind A and mp grams of kind B, satisfying
m4 + mp = m. The fractions ¢y := 24, cp := 72 express the ratio of A and
B in the corresponding total mass. Considering that c4 + cg = 1, it is obvious
that only one from these fractions is necessary to determine the concentration
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of the alloy. The phase changes are determined by the phase diagram, which
describes the various phases that can coexist in thermodynamic equilibrium, the
state of a thermodynamic system in which its properties do not change with time.

Tal

w»

100%A CL{D CS(T;) 100%B

Figure 1: Phase diagram

Under constant pressure the thermodynamics state of the mixture is deter-
mined by two parameters: T= temperature, c= specific, 0 < ¢ < 1. Ty, Ty
are the melting temperatures of A and B. If a state (¢, T) is located between
the liquidus and solidus lines, thus the alloy is contained by liquid with specific
ck(T) and coexists with the solid with specific ¢*(T'). So, liquid and solid coex-
ist in thermodynamic equilibrium with different concentrations. If we let A the
percentage of the liquid in liquid form, then from the law of conservation of mass

c=cl(T) + (1= N)e(Ty).

As the temperature decreases in (T4, T), then we have redistribution of A and B.
Complicated species of interfaces appear where the liquid and solid state coexist
together. If the interface is smooth with respect to some macroscopic scale, then
its motion is described by a system of differential equations.

The problems that we discuss are evolutionary equations. Some examples are
the following:

1. Allen-Cahn equation:

{ut =e?Au—W'(u) in Q

g—;;:o on 90’
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2. Modified Allen-Cahn equation:

u = e*Au— (W'(u) — ﬁ JoW'(u)dz) in Q
% =0 on 09,
where  is a bounded domain in RY, N= 1, 2, 3, % is the derivative over the
unit normal vector exterior to 01, ¢ is related with the width of the interface
and W(u) is the double well potential. The behavior changes according to the
dimension N. Likewise, the equation should be provided with initial condition
u(x,0) = ug(x), so we have to do with initial value problems.

Proposition 1. J.(u(-,t)) is a decreasing function with respect to t for the above
Allen-Cahn equation.

Proof. Let J.(u(-,t)) = [, (2| Vul+W (u))dz, we will prove 2 J.(u(-,t)) < 0. Let
u(+,t) be a smooth function then,

G- = [ (ETuTul 4 W ).

By Allen-Cahn equation and Green’s Theorem we obtain that

- / (e*Au — W' (u))updz —1—/ Uy - a_udS,
Q Ele! on

ou _

5o = 0 on 082, we have

since

/Q(—€QAU + W (w)(e*Au — W' (u))dx

= —/(€2Au — W' (u))*dx
Q

— gl < 0.

Therefore, for the case of Allen-Cahn equation we prove that 2.J.(u(-,t)) <0 is
valid. O

The Allen-Cahn equation is an evolutionary equation with dynamic compati-
ble with the 2 .J.(u(-,t)). Also, Allen-Cahn equation does not maintain the mass
conservation.
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2.1 Relating to the equation Allen-Cahn
We regard an Allen-Cahn type equation of the form
uy = Au+ e 2 f(w,t,u), (2.1)

where € > 0 is a small parameter and f* a bistable nonlinearity associated with
a double-well potential, whose well-depths are unbalanced by order €.

Given a general initial data (ug,vy), we show that the component u develops a
steep transition layer and that all the above-mentioned results remain true for
the u-component of these systems.

2.2 Perturbed Allen-Cahn equation

In non-linear diffusion equations, solutions often develop sharp interval lay-
ers or interfaces that separate the spatial domain into different phase regions.
Particularly, this happens when the diffusion coefficient is very small or the reac-
tion term is very large. The motion of such interfaces is driven by their curvature.

A typical example is the Allen-Cahn equation:

uy = Au+ e f(u), (2.2)
where £ > 0 is a small parameter and f(u) is a bistable non-linear function.
In this Chapter, we consider a perturbed Allen-Cahn equation of the form:

up = Au+ % (f(u) —eg®(z,t,u)) in Qx (0,+00),

pPeqde—g on 982 x (0, +00), (2.3)
u(z,0) = up(x) in €,

we call P¢ the above system and studying the behavior of layers near the sharp
interface limit as ¢ — 0.

e  is a smooth bounded domain in RY, (N > 2), and v is the Euclidean
unit normal vector exterior to 0f2.

e The nonlinearity is given by f(u) := —W'(u), where W(u) is a double-well
potential with equal well-depths with global minimum value at © = o and
u = a. Also, we assume that f is of class C? on R and has exactly three
zeros a_ < a < auy, such that
f'(ax) <0, f'(a) > 0 (bistable nonlinearity)
and fj; f(u)du = 0.
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double well| potential

Figure 2: Double well potential, which is symmetry respect to u, W(a_) =
W(Oﬁ+)

The conditions imply that the potential W(u) attains its local minima at u =
a_,ay, and that W(a_) = W(ay). As a result, f has two stable zeros a_, ay
having “balanced” stability.

A typical example is f(u) = u(1 — u?).

The term g¢° represents a small perturbation, where ¢°(z,¢,u) is a function
defined on © x [0, T] x R. This breaks the balance of the two stable zeros sightly.
In the special case where ¢g° = 0, Problem (P¢) reduces to the usual Allen-Cahn
equation. We use this special case for our later results.

We assume that ¢° is C? in x and C! in ¢, u, and that, for any 7' > 0, there
exist # € (0,1) and C' > 0 such that, for all (z,t,u) € Q x [0,T] x R,

|ALg" (z,t,u)] < Ce~! and lg; (z,t,u)| < Ce™1, (2.4)
lg5(x,t,u)| < C, (2.5)

E . .
||g (7 ,U)||Cl+0’#(§X[O,T}) S (26)

Moreover, we assume that there exists a function g(z,t,«) and a constant, which
we denote again by C, such that

97 (2, t,u) — gz, t,u)| < Ce, (2.7)

for all small ¢ > 0. Note that the estimate 2.6 and the pointwise convergence
g° — g (as e — 0) imply that g satisfies the same estimate as 2.6.
For technical reasons we also assume that

dg°
ov

=0 on 02 x[0,7] xR, (2.8)

which implies the same Neumann boundary condition for g.
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Remark. The equation P¢ can be expressed in the form:

1
u = Au + 8—2(f€(:v,t,u),

where f€ is C* inx, ¢ and C' in t, u. Otherwise, by setting

ge(x,t,u) :_fg(x’tvt>_f(u)’ (29)

ofe
g(x, t,u) = — (x,t,u) , (2.10)
aé e=0

the above equation is reduced to that in (P°). The conditions 2.4 and 2.11 then
follows automatically from the above reqularity assumptions on f<. The condition
2.6 holds if we impose slightly stronger reqularity on f€.

As for the initial datum wug(z) (independent of ), we assume uo(z) € C%(9).
The constant Cj will stand for the following quantity :

Co = H“OHCO(Q) + HVUOHCO@ + HAUOHCO@)' (2.11)
Furthermore, we define the initial interface I'y by
I‘0 Z:{ZE < QJUO(:E) 205}7

and suppose that Iy is a C3*? hypersurface without boundary such that, v being
the outward unit normal vector to I'y,

['ocC 2 and Vug(x)-v(z)#0 if zely, (2.12)
(2.13)
up >a in Qf,ug <« in Qg (2.14)

where ), denotes the region enclosed by the hypersurface 'y and €} the region
enclosed between the boundary of the domain 02 and the hypersurface I'y.
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3 Formal derivation of the interface motion equa-
tion

We derive the equation of interface motion corresponding to Problem (P¢) by
using a formal asymptotic expansion, the method of matched asymptotic expan-
sions for our problem. The resulting interface equation can be regarded as the
singular limit of (P¢) as ¢ — 0. Particularly, the first two terms of the asymptotic
expansion determine the interface equation.

Let u. be the solution of Problem (P¢). We recall that I'5:= { z € Q, u®(x,t) =
a } is the interface at time t and call I := (J,5o(I'; x {t}) the interface. Let
[ := U;50(I5 x {t}) be the solution of the limit geometric motion problem and

d be the signed distance function to I' defined by:

~ {dist(x, Iy) for z € Qf (3.1)

d ,t - )
(%) —dist(z,I'y) for x € Q~

where dist(z,T';) is the distance from x to the hypersurface I'; in . We remark
that d = 0 on I' and that |Vd| = 1 in a neighborhood of I'. Then, we define

Qf = U @ x{h), er= |J @ x {1}

0<t<T 0<t<T
We also assume that the solution u. has the expansions
uf (2, t) = ax +euy(x,t) + 2ug(z,t) + - - - (3.2)

away from the interface I' (the outer expansion) and

ue(x7 t) = UO(‘T? t §> + 6U1(£7 l 5) + €2U2($7 t 5) +-- (33)
near I' (the inner expansion). The functions Uy(x,t,2), k=0, 1, 2, - - -, are defined
d(z,t)

for x € Q,t >0, z € R and by definition ¢ := —-=. The stretched space variable
¢ gives exactly the right spatial scaling to describe the rapid transition between
the regions {v® ~ a_} and {v® ~ a;}. We normalize Uy in such a way that

Up(z,t,0) = o, Ug(x,t,0) =0,

for all £ > 1 (normalization conditions). To make the inner and outer expansions
consistent, we require that

Up(z,t, +00) = ay, Ug(x,t,+00) =0, )
Uo(z,t,—00) = a_, Ug(x,t,—oc0) =0, (3.5)
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for all £ > 1 (matching conditions). Then, we will replace the inner expansion 3.3
into parabolic equation of Problem (P¢) 2.3 and collect the e72 and ! terms.
For this purpose, we compute the needed terms of (P¢) and get:

d ~
u; = Uy + Uo;;gt +eUy + Uy.d; +

Vd ~
Vu® = VUO + Uoz? + EVUl + UlZVd+ e

d Ad d

2
+€AU1 + QVCZ VUlz + UlZAd+ Ulzz |V€ | c

where the functions U;(i = 0,1), as well their derivatives, are taken at point

(x,t, d(i’t)). Here, VU, denotes the derivative with respect to x whenever we
regard Uy(z,t,z) as a function of three variables x, t and z. Similarly, we define
the AU, that applies to Uy, and U;.,. We also use the expansions

fw) = f(Uo) +ef (Uo)U1 + O(e?),

g (z,t,u®) = g(z,t,u®)+ O(e)
= g(z,t,Uy)+ O(e).

Next we substitute the expressions above in the partial differential equation in
Problem (P*) 2.3.

d ~
Uoi + Ups— + U+ Uredy + - =

vd Ad Vd 2
AUy + 2— VU, + U()z_ + UOZZ‘ |

. . 2
—|—€AU1 + 2Vd - VUlz + UlZAd + Ulzzﬁ

1 /
+5(f(Uo) + /' (Uo)Ur + O") — e(g(x, 1, Uo) + O(e)))
AN 2
= AU + 2E V. + UOZ—d +Uoez——— Wd'

~ ~ vdP?  f(U
2Vd~VU1Z+U12Ad+U1ZZ| C (520)

"(Uo)U t, U
Jrf(;) 1_9(%67 0)+___’
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and we observe that Uy depends only on the variable z, we have VUy, = 0, which
with the fact that |[Vd| = 1 near I';. From the above we obtain that

d -
Uot + UOZ;t +eUn +Updy + - - -
Ad IVd|?

= AU{] + UOZ? + UOZZ? + 2vg. VUIZ
~ 1 U, / UNU- 72‘;7 U
g £ 5 c

Now we collect the 72 terms and yield

Taking into consideration the normalization and matching conditions, we now
assert that Up(x,t,z) = Uy,where Uy(z) is the unique solution of the stationary
problem

Up(—o0) = a_, Up(0) = a, Up(+0) = a.

This solution represents the first approximation of the profile of a transition layer
around the interface observed in the stretched coordinates.

Lemma 3.1. There exist positive constants C' and A such that the following
estimates hold.

0<ay—Uy(z) <Ce ™ for 2 >0,

0<U(z) —a_ < Ce M for z <.

In addition, Uy is a strictly increasing function and,for j= 1, 2,
|D7Uy(2)| < Ce™! for 2 € R. (3.7)

Next we collect the e~! terms and obtain

Ulzz + f/(UO>U1 - U(S(dt - Ad) + g(l’, tv U0)7 (38)

where Uj = Up,. This problem can be seen as a linearized problem for 3.6 with
an inhomogeneous term. The following lemma plays the key role in determining
the equation of interface motion.

Lemma 3.2 (Solvability condition). Let A(z) be a bounded function on —oo <
z < 0. Then the problem

{wfaﬂ%@»sz@> L eR

$(0) = 0, b e L*(R), (39)
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has a solution if and only if

/ A(2)Uy(z)dz = 0. (3.10)

R

Moreover the solution, if it exists, is unique and satisfies for some constant C' > 0,
[¥(2)] < Cl|A][ =, (3.11)

for all z € R.

Proof. (=) First, multiplying the equation by U] and integrating it by parts

Ugthzz + Up f'(Un(2))¥ = UpA(2)

/R (Ulhon + UL F (U (2))00)dz = / UL A(2)dz, (3.12)

R

/ Y / Ullbd + [U(2)]F = — / Ull.dz,
R R R

/Uof( (>>¢d2—/(f( () = — /on
I (Un(2) / FU()0: + (Flas)d — Fla )b,

taking into consideration 3.4, 3.5 and that f is bistable type with three zeros at
a_, a, ay. Finally 3.12 is

[ Ui, = s = [ GAG)
[ 05 = swaeads = [ Uac)a:

by 3.6 we get [o(=Uj — f(Up(2)))1.dz = 0. Therefore, the [, Uj(z)A(z)dz = 0
condition is necessary.

(<) Conversely, suppose that this condition is satisfied. Then, since U] is
bounded positive solution to the homogeneous equation v, + f(Uy(2))y = 0,
we can use the method of variation of constants to find the above solution .
More precisely, set ¢ := U],

z ¢
b(2) = l2) /O (e (0) / A(E)p(€)d€)dC (3.13)
N /0 070 /C " A©)p()de)dC. (3.14)

The estimate 3.11 follows from the above expression and previous lemma. O
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From the above lemma and multiplying with U] the solvability condition for
3.8 is given by

/R[U(')Q(z)(c?t — Ad)(z,t) + g(z,t, Uy(2))Ul(2)]dz = 0 for all (x,t) € Q7. (3.15)

Then we get
C’i’ i AC'ZV: _f]R g(l’,t, UO(Z>>U(/)(Z)dZ
! Jo U (2)dz ’
which gives
at
~ ~ gz, t,r)dr
dy = Ad — J — (3.16)

Jo U (z)dz

Moreover, multiplying equation 3.6 by Uj and integrating it from —oo to z, we
obtain

0= / UL+ FU)UL)(s)ds. (3.17)

—00

The first term from right side gives:
/ UiUS(s)ds,

let Uy = Ul(s) and dU, = Ul/(s)ds,

hence

z z 1
/ UlU(s)ds 2/ UpdUy = [§U§(S)]ioo

1 1
= §U62(Z) - §U62(—OO)

1
= §U(/)2(Z>

Next we set for the second term from right side, Uy = u, du = U}ds, and we get

@i = [ s

= —W(lUo(2)) + W(a-),



3 Formal derivation of the interface motion equation 16

since we have defined f(u) := —W'(u). Then 3.17 is equal with
1
FU6°(2) = W(Uo(2)) + W(a), (3.18)
where we have also used the matching conditions 3.5. This implies that
Ug(z) = V2(W (Uo(2)) = W(a- )",

and therefore

AW@WZ/%@ﬁMWW»4WmW%Z (3.19)

R

3 / " Wis) = Wia))2ds, (3.20)

It then follows, that equation 3.16 becomes

faf g(z,t,r)dr

d, = Ad — _ .
4 a V2 [SHW(s) — W(a))/2ds

(3.21)

We define the constant cq by
st
=V [ (W(s) - Wa))V2as) 322
with W the double- well potential associated with f :

Wi(s) = — / Cf(r)r. (3.23)

Consequently,

~ ~ at
dy = Ad — co/ g(x,t,r)dr. (3.24)

Now, we derive the equation of interface motion. Since, Vd(= V,d(z,t) coincides
with the outward normal unit vector to the hypersurface I';, we have czg(x, t) =
—Vy, where V,, is the normal velocity of the interface I';. Also, we define that the
mean of curvature k at each point of I';, of the interface is equal to Ad/(N — 1),

(Nd—l) =d=(N- 1.

K =

Thus, the equation of interface motion is given by:

ot
Vo=—(N—-1)k+ CO/ g(z,t,r)dr on T'y. (3.25)

a—
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We define a step function u(z,t) by

. Q+
u(x,t) = o ?n " for t€[0,T],
a_ in €

which represents the formal asymptotic limit of u° (or the sharp interface limit)
as € — 0. In our occasion, the solution u® of Problem (P¢) satisfies

: +
ap i Q
ugz{ ) as € — 0,

a_ in @

we have formally proved that the boundary I'; between €2, and € moves ac-
cording to the law 3.25.

We give some basic estimates for Uy (z,t, z), which we will need in later section
to study the motion of interface. Substituting 3.16 into 3.8 gives

Ulzz + f/(U0<Z))U1 - g(xa t, UO(Z)) - 7(117 t)U(S(Z)? (3 26)
Up(z,t,0) =0,  U(x,t,-) € L=(R), '
where y:= ¢o [ g(x,t,r)dr. Thus Uy()x,t, z) is a solution of 3.9 with
A= Ag(z,t,2) := g(x,t,Up(2)) — y(z, t)Uj(2), (3.27)

where the variables x, t are considered parameters. The problem 3.26 has a
unique solution by virtue of Lemma 3.2. Next, since Ag(z,t, z) remains bounded
as (x, t, z) varies in Q x [0, 7] x R, the estimate 3.11 implies that

\Ui(z,t,2)] < M for 2€Q, t€0,T], z €R, (3.28)
for some M > 0. Similarly, since VU is a solution of 3.9 with
A=V, Ao(x,t,2) = V,(9(x,t,Uy(2)) — y(x, t)U)(2)),
and since g is assumed to be C! in x, we obtain
V. Ui(z,t,2)| < M for 2 €Q, t€0,T], 2z €R, (3.29)

for some M > 0. To obtain estimates z — 400, we observe that Lemma 3.1
implies

Ag(z,t,2) — g(z,t,ax) = O(e M) as 2 — Fo0, (3.30)

uniformly in z € Q,t € [0, 7T].
The following Lemma is the result from the two previous Lemmas.
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Lemma 3.3. Let the assumptions of Lemma 3.2 hold, and assume further that
A(z) — A*= 0(e™"!) as = — +oo for some constants AT, A~ and 6 > 0. Then
there exists a constant A > 0 such that

=0(e), [¥'(2)| + " (x)| = O(e ), (3.31)

as z — +oo.

From the above lemma and 3.30 we obtain the estimate
U (z,t,2)| 4 |Upss (2, 1, 2)| < Ce M, (3.32)

forz € Q, t €]0,t], z € R. Similarly, since the definition of Ay 3.27 and estimate
3.7 imply

(Vo Ao)(,t,2) = (Vog)(z,t,0p) = O(e M) as 2 — too,
we can apply Lemma 3.3 to ¢ = V,Uj, to obtain
|VJBU12<'I7 t7 Z>| + |szlzz(x7 t? Z)‘ S Cei)\lzh

for v € Q, t € [0,t], z € R. As a consequence, there is a constant, which we
denote again by M, such that

IV, Un.(z,t, 2)| < M. (3.33)

Eventually, we consider that 2.8 implies

%AO = %[g(x,t, Uo(2)) = v(z, t)Uy(2)] =0 on 92 x [0, T] x R. (3.34)

Consequently, from the expression 3.14 we get for the solution U; the correspond-
ing expression

z ¢
e t2) = Ue) [ (00N [ Aolot )TN
and we observe that
o _ 0 on 00 x[0,7] xR. (3.35)

ov
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4 Generation of interface: special case

The aim of the present section is to study the limited behavior of the solu-
tion u° of Problem (P¢) as ¢ — 0. Our first main result describes the profile
of the solution after a short initial period. It asserts that: given an arbitrary
initial datum wug, the solution u® quickly becomes close to a., except in a small
neighborhood of the initial interface 'y, creating a steep transition layer around
Iy (generation of interface). The time needed to develop such a transition
layer, which we will denote by °, is of order €?|ing|. The theorem then states
that the solution u® remains close to the step function u on the time interval [¢,
T] (motion of interface), in other words, the motion of transition layer is well
approximated by the limit of interface equation and T'|;—9 = T'g. For the time
being, we focus on the special case where g° = 0. Furthermore, 1y will stand for
the following quantity:

I
no == —min(a — a_, ay — ).

2

Our main result is the following.

Theorem 4.1. Letn € (0,m9) be arbitrary constant and define p as the derivative
of f(u) at the unstable equilibrium u = «, that is

0= f(a). (4.1)

Then there ezist positive constants €g and My such that, for all € € (0,e0) and
for allt® <t < T, where t° := p~'e*|In¢|,

o forall x € (2,

a_ —n < u(z,u e} nel) < ay + 1, (4.2)

o for all v € Q such that |ug(z) — a| > Moe, we have that

if up(x) > a+ Moe then u(x,u 'e*lIne|) > ay —n, (4.3)
if up(x) < a— Moe then uf(w,u 'e*|Ine|) < a_ +n. (4.4)

4.1 The bistable ordinary differential equation

To prove these results for the generation of interface and the motion of in-
terface that we will see in section 5, we construct two completely different pairs
of sub- and super- solutions: one for the generation of interface and the other
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for the motion of interface. Fitting these pairs of sub- and super- solutions into
each other, we estimate, in an optimal way, the thickness of transition layer, and
its location. More precisely, the above sub- and super- solutions are constructed
for the generation of interface by modifying the solution of the equation in the

absence of diffusion term: u; = 72 f(u). We have the corresponding problem:
1
Uy = = (@), u(z,0) = up(x). (4.5)

This solution is written in the form
t
o) =¥ (Goun(o)) (4.6)
where Y (7, &) denotes the solution of the ordinary differential equation

{w, £) = f(Y(r,6)) for 7>0,
Y (0,¢) =¢.

Here ¢ ranges over the interval (—2Cy, 2Cy), with Cy being the constant defined
in 2.11. We study the basic properties of Y to prove the previous Theorem.

(4.7)

Lemma 4.2. We have Y¢(7,£) > 0, for all £ € (—2C,2Cy) \{a_, o, a4 } and
all 7 > 0. Furthermore,

fY(7.9))
Ye(7,6) = —Ffi—. 4.8
¢(1,€) 7©) (4.8)
Proof. First, differentiating equation 4.7 with respect to &, we obtain
Yer =Y f'(Y),
Ye(0,6) =1,
which can be integrated:
Ye(7,€) = exp {/ f’(Y(s,f))ds} > 0, (4.9)
0

since 7 > 0. Then we differentiate equation 4.7 with respect to 7 and we obtain

{KT—Yf<%
Y2(0,6) = £(8),

which can be integrated:

I

FE)Ye(T, )



4 Generation of interface: special case 21

and by 4.7, we take

_ Y (7.9))
8=
O
We define a function A(7,§) by
_ SV (7.8 — ()
A(r,§) = G : (4.10)
Lemma 4.3. We have, for all £ € (—2Cy,2C)) \ {a—,a,ay } and all 7 >0,

A = [ 10 )els. s (411)

Proof. Differentiating the equality of Lemma 4.2 4.8 with respect to £ leads to

F'Y (7)Y f(§) — FY(7,.9)) ()
1)

Yee =

_ SV, )Yef(§) = Yef(E) S ()
J*(€)

SYCD =IOy g oy,

f€)
whereas differentiating 4.9 with respect to ¢ yields

m—n%%@%@%@aw

Then,

Ah@%=2[ﬂW@®M@®w

and finally

Are) = [ (s, )Yils )

]

Now we see some estimates on the growth of Y, A and their derivatives. We
first consider the case where the initial value £ is far from the stable equilibria,
more precisely when it lies between av_ + 7 and o, — 7.
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Lemma 4.4. Let n € (0,1n9) be arbitrary. Then there exist positive constants
Cy = Ci(n), Cy = Cy(n) and Cs = Cs(n) such that, for all T > 0,

o if £ € (a,ap — 1) then, for every 7 > 0 such that Y (7,§) remains in the
interval (o, oy — 1), we have
Cret™ < Ye(r,€) < Coe”, (4.12)

and

| A(7,8) |[< Cs(e"™ — 1), (4.13)

o if £ € (a_ + n,a) then, for every T > 0 such that Y (7,&) remains in the
interval (a— + n,«) and the above 4.12, 4.13 hold as well, where  is the
constant that defined as p = f'(a).

Proof. We take ¢ € (a, ay — 1) and suppose that for s € (0,7), Y (s,§) remains
in the interval (o, oy — 7). Integrating the equality 4.7

PN A
Yol5,6) = IV (5. 0) = 55057 = 1

from 0 to 7 yields

T Y(s,8)
———ds =T.
/0 f(Y(s5.€))
By the change of variable ¢ = Y'(s,£)(dqg = Y (s,£)ds,s € (0,7) = the integral
now ranges from ¢ to Y (7,¢)), and we get

Y(7.6) dqg

Moreover, the equality of Lemma 4.2, 4.8 leads to

Y(1,8) ¢
o=

dq

T @) + f(g) = f(e)
B /g f(q) 4

[l ]

Y(7.8)
= ut + / h(q)dq,
3
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since from 4.14 and where h(q) = f/](cq(#.

f(@)
f'(a)

And from means value theorem h(q) — as ¢ — «, h is continuous on

[, ar. —m]. Hence we can define
H=H(n) = bl @ai—n -

Since | Y(7,&) — & | takes its values in the interval [0, + —a — 7] C [0,y — .
It follows from the above integrals that

pr — H(ay —a) <InYe(r,§) < pr + H(ay — a),
gives
6’16‘” <Ye(r,§) < 526/”.

Next by Lemma 4.3 and the above estimate yield

| A(r,€) =] / Y (5.€)Ye(s, E)ds |

< sup | f'(2)] / Chet*ds
z€[a— o4 ] 0
< CPetm — ) < CPet™ — 1),

which completes the proof. The case where ¢ and Y (7,&) are in (a— + n,)a is
similar. O

Corollary 4.4.1. Letn € (0,m9) be arbitrary. Then there exist positive constants
Cy = Ci(n) and Cy = Cq(n) such that, for all T,

o if £ € (o, —m) then, for every T such that Y (7,&) remains in the interval
(v, ey — M), we have

Cie" (€ —a) <Y (1,8) —a < e (€ — ), (4.15)

o if £ € (a_ +n,a) then, for every T > 0 such that Y (7,§) remains in the
interval (o 41, ), we have

Coe'™ (€ —a) <Y(1,€) —a < Cre' (€ — a). (4.16)

Proof. Since
flg) = fle) _ _f(g)

o) - = fll@)=pas p—a
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by means value theorem and f(u) = 0 at u = a_,a,a,. It is possible to find
constants By = Bi(n) > 0 and By = By(n) > 0 such that, for all ¢ € (a, ay — 1),

Bi(g—a) < f(

We write this inequality for a < Y(7,£) < oy — 1 to obtain
Bi(Y(7,8) — ) < f(Y(7,€)) < Bo(Y(7,§) — ).

We also write this inequality for a < & < oy — 1 to obtain

Bi(§ —a) < f(§) < Ba(§ — ).

Next we use the equality of Lemma 4.2 to conclude that

%mm €)—a) < (6~ )Ya(r,6) < %jw, £ —a),

q) < By(q — a). (4.17)

which, in view of 4.12, implies that

By ~ By ~

—Cie"(§ —a) <Y (1,6) —a < 0o (€ — ),

B2 Bl

since ijS(T, s)ds = Y(1,&) = Y(r,a) = Y(7,£) — a. This proves the first
estimate, the second is similar. O

We now present estimates in the case where the initial value ¢ is smaller than
a_ +n or larger than o, — 7.

Lemma 4.5. Letn € (0,19) and M > 0 be arbitrary. Then there exists a positive
constant Cy = Cy(n, M) such that

o if €lar —n,ar + M], then, for all T > 0, Y(7,£) remains in the interval
lay —n, a4 + M| and

| A(7,€) |< Cyr for 7>0, (4.18)

o if{ €la_— M,a_ +n), then, for all T >0, Y(1,§) remains in the interval
€ € la_ — M,a_ +n] and the above estimate hold as well.

Now we choose the constant M in the above lemma sufficiently large so that
[—2C,2C)] C [a- — M,y + M], and fix M hereafter. Then Cy only depends on
n. Using the fact that 7 = O(e#” — 1) for 7 > 0, one can easily deduce from 4.13
and 4.18 the following general estimate.

Lemma 4.6. Let n € (0,n9) be arbitrary and let Cy be the constant defined
in 2.11. Then there exists positive constant Cs = Cs(n) such that, for all § €
(—2Cy,2Cy) and all T > 0,

| A(1,6) |< Cs(e"™ — 1) (4.19)
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4.2 Construction of sub- and super- solutions

Now we construct the sub- and super- solutions for the study of generation of
interface. For simplicity, we first consider the case where

0
% —=0 on OQ. (4.20)
In this case, our sub- and super- solutions are given by
t
wk(z,t) = Y (5, un() £ e2Cs(e"/= —1)). (4.21)

In the general case where 4.20 does not necessarily hold, we have to slightly
modify w®(z,t) near the boundary 952, which we see later.

Lemma 4.7. Assume 4.20. Then there exist positive constants €y and Cg such
that, for all ¢ € (0,&0), (w=,wr), is a pair of sub- and super- solutions for
Problem (P¢), in the domain

{(z,t) €Qr,2€Q, 0<t<p e’ |Ine] },
satisfying wZ (x,0) = wl(x,0) = ug(x). Consequently
wo (z,t) <uf(z,t) <wl(z,t) for 2€Q, 0<t<pu'e? |Ine | (4.22)

Proof. The assumption 4.20 implies

+
ow;

v
Now we define the operator Ly by

=0 on 0N x (0,+00).

Lou := u; — Au — éf(u),
since ¢° = 0 and we prove that Low! > 0. Straightforward computations yield
Low? = Vs + Cope" Yy — AugYe— | Vu [ Yeg = 5 /(Y
since from
(w

1 T/
D= ;YT +&%C ('Z—2) eH/e

Aw} = AugYe+ | Vg |? Yee,

L) = S po),

£
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where w (z,t) = Y (&, up(z) + £2Cs(e"/=* — 1)), for 7 = & and € = uy(2) —|—
£2Cg(eM/** — 1). Therefore, in view of 4.7 we have that Y; (7 5) fY(7,€)) an
we obtain

Ys&

ng C ,U/G‘ut/ & AUO— | V’LLO ’2 }/g

We note that, the range 0 <t < u~'e? | Ine |, we have, for gy sufficiently small,
0 < 2Cs(e!= —1) < 2Cs(e™" — 1) < C,
where Cj is the constant that defined in 2.11. Hence,

€ = ug(x) £ 2Cq(e"=* — 1) € (—2Cy, 2Cy),

so that we can use the estimate of Lemma 4.6 and A = Yyi;, then we obtain

Low? > [C’Gue“t/52— | Aug | —Cs(e/=* — 1) | Vg |2} Yy

> [(Catt — s Vo P)e' — | Bug | ~Cs | Vo ] Ye
Since Ye > 0, this inequality implies that, for Cy large enough,
Lo’w;— Z [Cﬁu - 0503 — C()} Yg Z 0.

Hence w7 is a super solution for the problem (P¢). Similarly w_ is a sub- solution.
Obviously,

w. (x,0) = w(x,0) =Y (0,ug(r)) = up(x).
[

In the more general case where 4.20 is not necessarily valid, one can proceed
as follows, we have defined ”the initial interface” I'y by

={zxeQuy(x)=a}l,

and having supposed that I'y is a C**% hypersurface without boundary such that,
n being the outward unit normal vector to [y,

[gCcCQ and Vug(z)- -n(z) #0 it xely,

up > ain QF, up < a in €,

where €0, denotes the region enclosed by the hypersurface 'y and €} the region
enclosed between the boundary of the domain 0¢2 and the hypersurface I'y. Then
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there exist positive constants dj, p such that ug(x) > a + p if d(z,00) < d;.
Let x be a smooth cut- off function defined on [0, 4+00) such that 0 < x < 1,
x(0) = x’(0) =0 and x(z) =1 for z > d;. Then we define

ug (z) = x(d(z,09))uo(x) + [1 — x(d(z, 092))] max uo(z), (4.23)

ug () = (d(r, 0) o) + [1 — x(d(x, )@ +p)  (4.24)

Clearly, u; < ug < ug, and both uy and ug satisfy 4.20. Now we set

£

wE(z,t) =Y (E%, ut () + £2Cq (e — 1)) : (4.25)

Then the same argument as in Lemma 4.7 shows that (w_.,w]) is a pair of
sub- and super- solutions for the Problem (P*). Furthermore, since w_ (z,0) =
ug (1) < up(z) < ug (z) = wH(x,0), the comparison principle asserts that

w. (x,t) < uf(z,t) <wt(,t) for 1€ Q0<t<pu e |Inel. (4.26)

4.3 Proof of Theorem 4.1

To prove Theorem 4.1 we first present a key estimate on the function Y (7,¢)
after a time interval of order 7 ~| Ine |.

Lemma 4.8. Letn € (0,19) be arbitrary, there exist positive constants €y and C
such that, for all € € (0,¢p),

o forall £ € (—2Cy,2C)) ,

Q. —1 < Y(M_l | Ine |7§) < Q. + 1, (427)

o for all £ € (—2Cy,2Cy) such that | € — o |> Cre, we have that

if €>a+ Cre then Y(u ™' |Ine|,&) > ay —n (4.28)
if €<a—Che then Y (u ™' |1Ine |,€) < a_ +n. (4.29)

Proof. We first prove 4.28. For £ > a + Cre, as long as Y (7, &) has not reached
ay —n, we can use 4.15 to deduce that

Y(1,8) > a+ Cre" (£ — )
> a+ C1Cre!e
Z ap — 1),
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since (£ — a)) > Cre, solving with respect to 7 in previous estimate and we have

a+ C1Cre!e > ay —n, (4.30)
e > % (4.31)
T>ptIn %, (4.32)

then we define 7¢ and provided that 7 satisfies

o —a—rn

01076

r>7 =y 'In

Choosing

max(a —a_,a; —a)—1n
07: C Y
1

we see that u~! | Ine |> 7¢, which completes the proof of 4.28.
Now for 4.29 we use the second estimate of Corollary, the 4.16, and get

Y(7,6) <a+ Cie'(§ — a)
< a4+ CiCrete
<a_+m,

and similarly

a+ CiCrete <a_+n,

T < a_ —a+n
01078
a_ —a—+7n

<ptl
T=H . 01078 ’

provided that 7 satisfies

£

Cl 078
Now choosing

min(a — a_,a; —a) +1n
Ch ’

Cr; =

and from ! | Ine |< 7¢, which completes the proof of 4.29.
Next we prove the 4.27. First by the bistable assumptions of f, if we leave from
a initial value & € [a— —n, ay + 1] then Y (7, ) will remain in [a_ —n, oy + 7).
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Now suppose that a; +n < & < 2C,. We check bellow that Y (u=! | Ine |,£) <
ay +n. First we recall that valid the following

f(ax) <0, f(a) >0, /a+ fu)du=0

and we can find p > 0 such that

if ay <u <20 then f(u) < p(ay —u) (4.33)
if 20y <u<a_ then f(u) > —p(u —a_). (4.34)

We then use the 4.7 to obtain, as long as a, +n <Y < 2C), the inequality
Y. < fY) <play) - Y.

It follows that
Y;
Y — Oé+

< —p.

Integrating this inequality from 0 to 7 leads to

T 'Y"r T
/ dsg—/ pds,
0o Y —ay 0

(Y (s,€)) — o]y < —pr,

Y(Ta ’5) — Oy
n (Y(O,f) - a+) =

Y (0,€) = € from the initial condition of 4.7 and we get

In (Y(T7 5) B Oé+> < —pr,

£— oy
finally
Y(r.8) Saq+ (E—ay)e ™
<ag+ (2C) —ag)e .
Since (20 — o )e PP el = (20 — o )e™> — 0 as e — 0, where limz = —oo0,

z—0t

the above inequality proves that, for € € (0,¢q), with €9 = £¢(n) sufficiently small
and we obtain

Y(p ™' |1ne |, &) < ay +mn,

which completes the proof of 4.27. m
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Now we are ready to prove Theorem 4.1. By setting 7 = u~'¢? | In¢e | in 4.26,
we obtain

Y(p ™ [ Ine |, uy (z) — (Coe — Cge?)) (4.35)
<u(z,pte? [Ine|) <Y (u ! | Ine |, uf (z) + Cge — Cge?). (4.36)

Furthermore, by the definition of Cy, we have, for ¢y small enough,
-2 < ua—L + (Cge — Cye?) < 20, for x € Q. (4.37)

Thus the assertion 4.2 of Theorem 4.1 is direct consequence of 4.27 and 4.36.
Next we prove the second assertion of the Theorem. We choose M large enough
so that Mye — Cge + Cge? < Cre. Then for any x € Q such that ug (z) > o+ Moe,
we have

ug (x) — (Coe — Cge”) > o+ Moe — Cge + Cge” > ay + Ch.
Combining this, 4.36 and 4.28, we see that
u(z, pte [Ine ) > ay =1,
for any x satisfies u, () > o + Mye . From the definition of w , it is clear that
ug () > o+ Moe if and only if wug(x) > o + Mg,
provided that ¢ is small enough. This proves 4.3. The inequality 4.4 can be

shown the same way. This completes the proof of Theorem 4.1.

4.4 Optimality of the generation time

To conclude this section we show that the generation time 7 := p~'e? | Ine |
that appears in Theorem 4.1 is optimal. In other words, the interface will not be
fully developed much before t°.

Proposition 2. Denote byt the smallest time such that for all e € (0,gq) and
for constant C

[a_ —n,ap +n]  if ©€ Ne(Th)
u (z,t) € S lam —n,a_+n]  if v € Q7 \ Nee(Th)
lay —n,aq +n]  if v € QF\ Neo(Ty),

where N,(I'y) == {z € Q,dist(z,T;) < r} denotes the r- neighborhood of T,
holds for all t € [t5,,,T]. Then there exists a constant b = b(C') such that

e
tmin

> ute?(|Ine | =b) for alle € (0,g).



4 Generation of interface: special case 31

Proof. For simplicity, we deal with the case where

%z()on o

is valid. In that case, the 4.22 hold for all small ¢y > 0. For each b > 0, we set
£(8) = (| Ine | —b),

and evaluate u(x,t°(b)) at point x € QF where dist(z,Ty) = Ce. Since ug = a
on I'; and since | Vug |< Cy by definition of Cy, we have

up(z) < a+ CyCe. (4.38)
It follows from this and from 4.15 that

wl (z,t°(0)) = Y (u (| Ine | =b), up(x) + eCse™" — £2C¢)
< o+ Coe™eb(ug () + eCoe™ — £2Cs — @)
< a+ Cye e ™(CyCe + eCye™)

= a + Coe(CyCe + Cge™).
Now choose b to be sufficiently large, so
a4 Coe™(CoCe + Coe™®) < ay — 1.
Then the above estimate and 4.22 yield
uf (, 5(0)) < W (2, 4(0)) < s — .

This implies that the u®(x,t) from the assumption of proposition does not hold
at t = t°(b), hence t°(b) = t5,,. The proposition is proved. ]

min*
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5 Generation of interface in the general case

Our goal in this section is to extend Theorem 4.1 to the case where g° # 0.
The underlying ideas are the same, but we point out the main differences.

5.1 The perturbed bistable ordinary differential equation

We first assume a slightly perturbed nonlinearity:

fs(u) = f(u) +9,

where § is any constant. For | § | small enough, this function is still bistable. We
claim that f5 has the following properties.

Lemma 5.1. Let §y be small enough. Then for all 6 € (=6, do),

o f5 has exactly three zeros, namely a_(5) < a(d) < ay(0) and there ezists a
positive constant C such that

la_(®)—a_|+]a@—a|+|ar(d)—as|< C15].  (51)

e We have that

fs s strictly positive in (—oo, a—(6)) U (a(d), a4 (6)), (5.2)
fs s strictly negative in (a_(8), a(0)) U (ay(d), +00). (5.3)

o Set
p(0) == f5(a(9)) = f(a(9)),
then there exists a positive constant, which denote again by C, such that
| p(6) —p|<C 0] (5.4)
or | fl(a(d)) —p|<Cld].

We define Y (7,&;6) for each 6 € (—dp,dp) as the solution of the following
ordinary differential equation :

Y (7,8;0) = f5(Y(7,§;0))  for 7 >0,
Y (0,&;0) =&,

where ¢ varies in (—2Cy, 2Cy) with Cy being the constant that we have defined.
To prove Theorem 4.1, we will construct a pair of sub- and super- solutions
for (P¢) by simply replacing the function Y'(7,€) in 4.21 by Y (7,&;d), with an
appropriate choice of 6. We have to check that the basic properties of Y (7,§)

(5.5)
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in subsection 4.1 carry over to Y (7,&;6). It is clear that all the differential and
integral identities in subsection 4.1 are still valid for 5.5. Particularly, Lemmas
4.2 and 4.3 remain to hold if we replace Y (7,&) by Y (7,&;0), f by fs and A(,¢)
by A(T,&;0), where

fs(6)

Next we show the basic estimates from section 4 that are also valid for the function
Y (1,&;6). The following lemma is fundamental(analogue of 4.4)

Lemma 5.2. Let n € (0,’@) be arbitrary. Then there exist positive constants
do = do(n), C1 = Ci(n), Cy = Ca(n) and C5 = Cs(n) such that, for all 6 €
(—b0,00), for all T > 0,

o if £ € (a(d),ay — 1) then, for every T > 0 such that Y (7,&;0) remains in
the interval (a(0), ay — 1), we have

Cre"®O™ < Yi(7,60) < Coet®T, (5.7)
and

| A(T,£,6) |< Cs(e!O7 — 1), (5.8)

o if &£ € (a_+mn,a(d)) then for every T > 0 such that Y (1,§;0) remains in
the interval (a— +n, a(0)), and the above hold as well.

Proof. In view of 5.1, we can choose a small constant o = do(n) such that
(a(d),ay —m) C (afd), a4 (6)) for every 6 € [—dg,d0]. Therefore f5(q) does
not change sign in the interval (a(d),ax — n). We just have to write again the
proof of Lemma 4.4, simply replacing Y (7,&) by Y (7,£;0). Instead, we explain
why 51, C, and Cj are independent of 9, in view of the proof of Lemma 4.1, it is
sufficient to estimate, for ¢ € [« (9), ay — 7], the modulus of the quantity

_ Jf5lg) — f5(a(d))
f5(q)

by a constant depending on n but not on § € [—dg, dg]. Since

i 5 " 6

helg) o 00D _ 0(0)
f5(a(d))  f'(a(d))
since having used the means value theorem, we also see that the function (¢, d) —
hs(q) is continuous in the compact region { | 0 |< dy, @(d) < ¢ < ay—n }. Then,
it follows that | hs(q) | is bounded as (g, ) varies in this region. O

hs(q)

as q — «a(0),
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Corollary 5.2.1. Letn € (0,m9) be arbitrary. Then there exist positive constants
do = 6o(n), C1 = C1(n) and Cy = Cy(n) such that, for all § € (—
deltay, dg), for all T > 0,

o if & € (a(d),ay —m) then, for every T > 0 such that Y (7,&;0) remains in
the interval (a(0), ay — 1), we have

Cre"O7 (& — a(8)) <V (7, &) — a(d) < Coe"7(E — a(5)), (5.9)

o if & € (a_+mn,a(d)) then, for every T > 0 such that Y (7,&;0) remains in
the interval (a_ +n,a(d)), we have

CoeO7 (& — a(8)) <Y (7,&0) — a(d) < C1e"O7(¢ —a(8)).  (5.10)

Proof. In order to prove that C; and C5 are independent of 9, all we have to
do is to find constants By = Bi(n) > 0 and By = By(n) > 0 such that, for all

q € (a(d), oy = 1),
Bi(g =) < f(g) < Bs(q — ). (5.11)

In view of 5.4, we can choose dy > 0 small enough so that, for all § € [—dy, do],
we have p(0) > p/2 > 0. Since

fola) — f(@(0)) _ fs(q)
q — a(9) q— a(d)

by means value theorem and bistability of f5. It follows that (q,d) — f5(q)/(q —
a(d)) is a strictly positive and continuous function on the compact region { |
§ |< g, a(d) < g < ay —n }, which insures the existence of the constants B
and By We write this inequality for a(0) < Y (7,£) < ay —n to obtain

Bi(Y(7,€) — a(d)) < f(Y(7.€)) < Bo(Y(7,€) — a(0)).
We also write this inequality for «(d) < ¢ < ay — 7 to obtain
Bi(€§ — a(d)) < f(§) < Ba(§ — a(9)).
Next we use the equality Ye = f5(Y)/f5(§) to conclude that

B,
B,

— f'(a(9)) = u(0) as g — a(d),

(Y(7,6) — a(0)) < (£ — a(0))Ye(7,€) < %(Y(T, §) — a(9)),

which, in view of 5.7, implies that

B ~ By ~
5. e (€ = a(8) S Y(7.6) — a(d) < FFCae (€ — a(d)),

2 1
since f(f(é) Ys(7,8)ds =Y(1,&) =Y (1,(9)) = Y(7,£) —a(d). This proves the first
estimate, the second is similar. O
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Now we establish an analogue of Lemmas 4.5 and 4.6 with constants indepen-
dent of 9. We claim that:

Lemma 5.3. Let n € (0,1m0) and M > 0 be arbitrary. Then there exist positive
constants 69 = do(n, M) and Cy = Cy(n, M) such that, for all 6 € (—dy, do),

o if & € [ar —n,ar + M], then, for all T > 0, Y(7,§;0) remains in the
interval [oy — n, oy + M| and

| A(7,&0) |< Cyr for 7> 0, (5.12)
o if £ € [a_ — M,a_+n)|, then, for all T > 0, Y(1,&;0) remains in the
interval £ € [a— — M, a_ +n| and the above estimate hold as well.

Now we choose the constant M in the above lemma sufficiently large so that
[—2C,2C)) C [a- — M,y + M], and fix M hereafter. Then Cy only depends on
n. Using the fact that 7 = O(e#” — 1) for 7 > 0, one can easily deduce from 5.12
and 5.8 the following general estimate.

Lemma 5.4. Let n € (0,1m0) be arbitrary and let Cy be the constant defined in
2.11. Then there exist positive constants 69 = do(n) Cs = C5(n) such that, for all
d € (=00, 0), for all £ € (—2Cy,2Cy) and all T > 0,

| A(T,£;0) |[< Cs(e!O7 — 1), (5.13)

5.2 Construction of sub- and super- solutions

We now use Y (7,&;0), the solution of the ordinary differential equation 5.5,
to construct the sub- and super- solutions for the study of generation of interface.
The same cut-off argument as in subsection 4.2 enable us to assume

8U0
E =0 on aQ

for simplicity. We set our sub- and super- solutions are given by
wZ (, ) = Y(;—Q, wo(2) + 21 (+£C, é); +2G), (5.14)
where the function (9, 7) is given by
r(6,7) = Cg(e"®7 — 1),
and the constant G is chosen such that, for all small € > 0,
| ¢°(z,t,u) |< G for all (z,t,u) €Qx[o0,T] xR,

which in view of 2.6, is clearly possible.
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Lemma 5.5. Assume 4.20. Then there exist positive constants €y and Cg such
that, for all ¢ € (0,e0), (w=,wl), is a pair of sub- and super- solutions for
Problem (P¢), in the domain

{(z,t)€Qr,2€Q 0<t<p e’ |Ine] },
satisfying w- (z,0) = wt(x,0) = ug(x). Consequently
wo(z,t) < u¥(z,t) < wl(z,t) for 2€Q, 0<t<pu e’ |Ine| (5.15)

Proof. The assumption 4.20 implies that wZ® satisfy the homogeneous Neumann
boundary condition
ow*

8; = 0 space on 052 x (0, +00).

Now we define the operator L by

Lu = u; — Au — i(f(u) —eg(z,t,u)),

and we prove that Lw? > 0. Straightforward computations yield

1 2 Y 1 1
Luf = Y, + Ye | Cope’™* — Aug— 2l ey Loeteny
wy =LY +Y Cepe up— | Vg | Y, e2f< )+€g (z,t,Y),
since
1 e\’
(w;)t = E_ZYT + 6206 (%) GM(EG)T/EZ,

Aw? = AugYe+ | Vg |* Y,

1 1
+\
gg€<$,t,w€ ) - ga (x,t,Y),

where w! (z,t) = Y (5, uo(2)+e°r(eG, 5)), for 7 = 5 and £ = ug(x)+e?r(G, 3).
Therefore, in view of 5.5 we have that Y, (7,&) = f(Y(7,€)) + ¢G and we obtain

Y, 1
Vet g (2, t,Y) + G

Lw! = C6u(eG)e“(€G)t/€2 — Aug— | Vg |? =2
Ye €
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We note that +eG € (—dp, dp) and that, in the range 0 < t < p~'e? | Ine |, we
have, for ¢, sufficiently small,

0 < | 8206(6u(:t8G)t/62 . 1) | < | 6206(€—u(iaG)/u . 1) < Gy,

which implies that
t
uo(z) £ %r(Eeq, 5_2)
where C is the constant that defined in 2.11. Hence,

¢ = up(x) £ r(£eq, é),

with 7 = ﬁ and 0 = €G. By the choice of G the second term is positive. Using

the estimate of A = % in Lemma 5.4, then we obtain, for a constant Cj that is

independent of ¢,

Lt 2 [Co(eG)HeOM — | Aug | ~Co(e 1) | Vug 2] ¥

> | (Copl(eG) = Cs | Vg [ O — | Aug | +C5 | Vo ] Ve
In view of 5.4, this inequality implies that, for ¢ € (0,g) for Cy large enough,
1
st+ > |:CG§/J — 0503 — Co Y% > 0.
Hence w7 is a super solution for the problem (P¢). Similarly w_ is a sub- solution.

Obviously,

w. (x,0) = wl(x,0) =Y (0,up(r); £eG) = ug(z).

5.3 Proof of Theorem 4.1 for the general case

As in subsection 4.3, we first present a key estimate on the function Y'(7,&; d)
after a time interval of order 7 ~| Ine |. A perturbation § of order € does not
affect the result of Lemma 4.7.

Lemma 5.6. Let n € (0,19) be arbitrary, there exist positive constants ey and Cy
such that, for all € € (0,¢eq),

o for all & € (—2C),2C,) ,

a- —n <Y(u [Ine |, §+eG) < ay +1), (5.16)
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o for all £ € (—2Cy,2C)) such that | £ — a |> Cre, we have that
if €>a+ Cre then Y(u ™' |Ine |,&4eG) > ay —n (5.17)
if £€<a-—Che then Y(u ' |Ine |,&4eG) < a_ +1. (5.18)
Proof. In view of 5.1, we have, for C7 large enough,
a+ Cre > a(£eG) + %Cﬁ,

for all € € (0,eq), with gy sufficiently small. Hence for £ > « + Cre, as long as
Y (7,&; £eG) has not reached oy — 1, we can use 5.9 to deduce that

Y (7,6 +eG) > a; 2eG) + C1e" =7 (¢ — a; +@))
> af; +eG) — eCG + %Cl(%e“(;iw”g
2 ayp =1,

since (£ — a(; £e@)) > Cre, solving with respect to 7 in previous estimate and
we have

1 my —n + CGe 1
> | =: 1 5.19
TRt " doce @i (519)
A simple computation shows that
_ _ +eG) — p 1 mo —n + CGe 1
Utne | —p'(e) [Ine |= MEEC) 1y 1 In C;.
pw | Ine | —p(e) | Ine | pE=e) | Ine | u(ieG)n 16, +u(i€G)n 7

Thanks to 5.4, as ¢ — 0, the first above term is of order € | Ine | and the sec-
ond one of order 1. For C; large enough, the upper quantity is positive for all
e € (0,e9), with g¢ sufficiently small. Similarly proved the second one.

Now we prove the estimate. First, by taking ¢y sufficiently small, we can as-
sume that the stable equilibria of fi.q, namely a_(£eG) and a_(+eG), are in
[a_ —mn,a; +n]. Hence, fi.g being a bistable function, if we leave from a & €
[a_ —n, a4 + 7] then Y(7,&; +£eG) will remain in the interval [a_ —n, ay + 7).
Now suppose that a; +n < & < 2C;. We check bellow that Y (g™ | Ing |
,&,1eG) < ay +n. As done in the proof of Lemma 4.8, as long as ay +n <Y <
2CYy, 4.33, 4.34 leads to the inequality Y, < p(ay —Y) + eG. It follows that

Y.
Y—Oé+

G
S -p + €—,
n
which implies, by integration from 0 to 7, that
Y(7,& +eG) < ap + (2C) — a+)e(7p+€%)7

Since (2C)—ary )el-PHeGn D" nel _, (a5 ¢ — 0, the above inequality proves that,
for e € (0, &), with g9 = &¢(n) sufficiently small, Y (g~ | Ine |,&; +eG) < a, +7,
which completes the proof. O]
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We are now ready to prove Theorem 4.1 in the general case. By setting
t=p"'e?|Ine | in 5.15, we get

Y(p ™' | Ine |, up(x) — e*r(—eG, ! | Ine |); Q)
<uf(z,p e |Ine|) <Y (u' | Ine |, up(x) +er(eG, ! | Ine |); +eG).

The point is that, in view of 5.4,

i B H(EEG)
e—0 ol

Ine = 0.
Hence we have, for g5 small enough,
2 -1 (u—p(+£@))/ 1 3
er(xeG, = | Ine|) = Cee(eW™# k—g)e 5066, 5065 .

Hence, as in subsection 4.3, the result 4.2 of Theorem 4.1 is a direct consequence
of 5.16 and the above estimate. Next we prove 4.3. We take xz € () such that
up(x) > a+ Mye so that
2 ~1 3
up(z) —er(—eG, =" | Ine|) > o+ Moe — 5065

> a+076,

if we choose M, large enough. Using the above estimate and 5.17 we obtain 4.3.
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6 Motion of interface

In the previous sections, we proved that the solution u® develops a clear
transition layer within a very short time. The aim of the present section is to
show that, once such a clear transition layer is formed, it persists for the rest of
time and that its law of motion is well approximated by the interface equation
(P°).

We formulate the above assertion by taking the first two terms of the formal
asymptotic expansion 3.3 we get a formal approximation of the solution u* up to

order e:
u(z,t) = u(z,t) == Uy <M> +elh (m,t, J(xg, t)> . (6.1)

3

Here Uy, U; are defined in 3.6 and 3.26. The right side has a clear transition
layer which lies exactly on I';. Our goal is to show that this function is a good
approximation of the real solution, more precisely:

If u* becomes rather close to u® at some time moment ¢t = ty, then it stays
close to u® for the rest of time. Consequently, I'Y evolves roughly like I'.

In order to prove such a result, we will construct a pair of sub- and super-
solution u_ and ul for Problem (P¢) by slightly modifying the above function
u®. It then follows that, if the solution u° satisfies

uz (z,t0) < u(z,to) < ul(z,ty),
for some ty > 0, then
u (z,t) <’ < ul(x,t),

for tg <t < T. As a result, since both ul,u_ stay close to u°, the solution u®
also stays close to u® for tg <t < T. That is why we should construct these sub-
and super- solutions.

6.1 A modified signed distance function

We define a cut- off signed distance function d as follows. We recall that d is
defined in 3.1 as the usual distance function. First, choose dy > 0 small enough

so that d(-,-) is smooth in the tubular neighborhood of T

{ (z,1) € Qr, | d(x,t) < 3do }
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and such that

Next let J(s) be a smooth increasing function on R such that

S if ’8‘§ do,(—dogsgdo)
J(S) = —2d0 if s < —2d0
2d0 if s Z 2d0

We then define the cut- off signed distance function d by

d(z,t) = J (éi@,t)) .

Therefore,
d(z,t) if |d(z,t)|< do
d(z,t) = J (d(a:,t)) —{ 2dy if d(z,t) < —2d
2dy if d(z,t) > 2do,
where

Jot) = disz?(x, ;) for = € QZ_’
—dist(x,T;) for =z € Q.
Note that | Vd |= 1 in the region { (z,t) € Qr,| d(z,t) |< do } and that, in view
of and the above definition, Vd = 0 in a neighborhood of 0€2. Note also that the
equation of motion (P?), which is equivalent to 3.24, is now written as

dt = Ad — ’Y(I‘,t) on Ft, (63)

where we recall that

y(z,t) = ¢ /a+ g(x,t,r)dr. (6.4)

6.2 Construction of sub- and super- solutions

The sub- and super- solutions for the motion of interface are constructed
by using the first two terms of the formal asymptotic expansion 3.3. Now, we
construct these solutions by modifying the function u. in 6.1. Concerning the
second term Up, which define in 3.26, the terms AU; and Uy; do not make sense
as we only assume that g(-,-,u) € C1*9%%*  In order to cope with this lack
of smoothness, as ¢°(-,-,u) € C*! for § = 1, we replace U; by a more smooth
function U7, which defined by
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Ufzz + f/(UO(Z»Uf = gs(l‘? i UO(Z)) - ,ys(l.7 t)Ué(Z), (6 5)
U (z,t,0), U (x,t,-) € L=(R), '
where
oy
Y (x,t) = co/ g (x, t,r)dr. (6.6)
Thus Us(x,t, z) is a solution of 3.9 with
A=V, A (x,t,2) = g°(x,t,Up(2)) — 7 (z, ) Ug(2)), (6.7)

where the variables x,t,e are considered parameters. Using 2.6 and the same
arguments as in the end of the section 3, we obtain estimates analogous to 3.28
and 3.29, with a constant M independent of e:

| Ui (x,t,2) |< M, | V,Uj(z,t,2) |< M. (6.8)

Moreover, ¢° being C? in x and C! in ¢, V,US and Uj, are solutions of 3.9 with
A =V, Aj and A = Af,, respectively. Thus, in view of 2.4, we obtain

| AU (x,t,2) |[< Cle, | Ug(x,t,2) |< Ce, (6.9)

for a constant C independent of . Similarly, 2.5, 2.6 and Lemma 3.3 yield
estimates analogous to 3.32 and 3.33 for Uy, for constants C and M independent
of :

| Utz t,2) | + | Up. (2,1, 2) |[< Ce™, (6.10)
| VUi (2, t,2) |[< M. (6.11)
In the rest of this section, C' and M will stand for the constants that appear in

inequalities 6.8- 6.11. Also, by the same arguments used to obtain 3.35, we see
that 2.8 implies the homogeneous Neumann boundary condition for Us:

oUs
ov

We look for a pair of sub- and super- solutions u= for (P¢) of the form

uE(x,1) = Uy (_g(m, e <t)> +eUs <x g, dest) = opl) <t)> Lq(t), (613)

=0 on 00 x[0,7] x R. (6.12)

€ €
where

p(t) = —e P Lt 4 K, (6.14)
q(t) = o(Be P 4 2 Lel). (6.15)
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Note that ¢ = o&2p;. It is clear from the definition of u* that

limwu
e—0

H(a,t) = {a+ for all (@, 1) € Q7 (6.16)

‘ a_  forall (z,t) € Q7.
The main result in this section is the following.

Lemma 6.1. Choose 3, o > 0 appropriately. For any K > 1 we can find positive

constants gy and L such that, for any € € (0, &), the functions (u_,ul) are a pair

of sub- and super- solutions for the Problem (P%) in the range x € , 0 <t < T.
In other words, uZ and u} satisfy the homogeneous Neumann boundary condition
and

Lu; <0< Lul,
in the range x € Q, 0 < t < T, where we recall that the operator L is defined by

Lu = uy — Au— e 2(f(u) — eg®(z,t,u)).

6.3 Proof of Lemma 6.1

By virtue of 6.12 and the fact that Vd = 0 near 0f2, we have the homogeneous
boundary condition
o +
% =0 on 02 x [0, 7.
In the following we prove inequality LuX > 0, the inequality Lu_ < 0 following
the same argument.

Computation of Lul:
Straightforward computation yields

d
(u:)t - Ué (;t +pt> + gUft + Ufz (dt + ‘Ept) + dt,

d
Yt — U(;V? 4 eVUE 4 VUV,

Au+ _ U//| Vd |2
- Y0

€ 62

| Vd 2
£

Ad
+ U(g? + AU +2VU;, - Vd + U;

1zz

+ UZAd,

where the function Uj, as well its derivatives, is evaluated at (z, t(d(z,t) 4+ ep(t))/e).
Here, VU5 denotes the derivative with respect to x whenever we regard U (x, t, 2)
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as a function of three variables x, t and z. The symbol AU7T is defined similarly.
We also expand the reaction terms

F() = F(U) + (€UF +a)7'(U0) + 505 + ) "(6),

g(z,t,ul) = g(z,t,Up) + (eUs + q)gu(z, t,w),

where 6(z,t) and w(z,t) are some functions satisfying Uy < 0 < u_, Uy < w <
ut. Writing ¢° = g + ¢° — g and combining the above expressions with equations
6.5 and 3.6.

We recall that 3.6 is solution of the ordinary differential equation

Uy + f(Uo) =0,
UO(_OO) =a-, UO(O) =, U0(+OO) = g,

and 6.5 :

UL. + ['(Uo(2))Uf = g°(, 1, Uo(2)) — " (2, 1)Ug(2),
U (z,t,0), Uf(x,t,-) € L=(R),

where
ot
v (z,t) = co/ g (x,t,r)dr.

Finally, we have

+ ) [ e € € VA
Lul =Uj ?+pt +eUy, + UL, (di +epe) + a0 — U 2
Ad d|”
~Up— — eAU} — 2VUF, - Vd - v V2L psad

1 1
S (U) ~ (VT + ) (U0) — 55U + 0" (6)

1 1 1
+gg(l’, t7 UO) + g(gUIE + Q)gu(x7 t7 w) + gge(x7 ta UO)

1
(eUr + q)gu(x, t,w).

1 1
+g(€Uf +q)g; (v, t,w) — gg(:c,t, Uo) — B
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We obtain
Luf =FE,+ Ey+--- + Ex,

where:

1 1
E, = — =4 (f’(Uo) + §qf”(9)) + Ugpt + G

U// UE
= (% + %) - vap)

Es = <_ + Ufz) (de — Ad + ),

1
Ey=eUi,p + gq(gu(xv t,w) = UL f"(9)),

1
Es = —Us. = 5 (Ui P1"(6) + U gu(a, t.0) — 2VUS, - V.

E¢ = eU;, — eAUT,

1
Er = g(g5 - g)(xvtvu:)

Since having substituted where, U} = —f(Uy) and Uf,, = —f(Uo(2))Us + ¢° —
veU|. We estimate each of the above terms so as to estimate the Lul. Before
starting to estimate the terms, we see some useful inequalities. First, by bista-
bility assumption f'(ax) < 0, f'(«) > 0, there exist positive constants b, m such
that

— 26" — 9)at,Uo) + 2(07 = )z, U

f'(Up(2)) < —m if Up(z) € [a_,a_ + b U [ay — b, ay]. (6.17)

On the other hand, since the region {z € R | Uy(z) € [a_ + b,y — 1] } is
compact and since Uj > 0 on R, there exists a constant a; such that

Ui(z) > ay if Up(z) € [a_ +b,ay —b] }. (6.18)
We set

(6.19)
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and choose o that satisfies

46
0 < o < min(oy, 01, 09), (6.20)
where
aq 1 46
0g = ———, 01 := ——, 09 := ,
O m RN B+ T RB(B+1)
with the constant F} and F5 defined by
o=

max

! —
Jmax | fi(u) ], Foe=

max

"
odmax L) ]
Combining 6.17 and 6.18, and considering that o < ¢, we obtain

ay
0< 09y = 0<
Then,

m+F1

Uy(z) — o f'(Up(z)) = om for

— o0 < 2z < 0Q0.

(6.21)
Now let K > 1 arbitrary. In what follows we will show that Lul > 0 provided that
the constants €y and L are appropriately chosen. We recall that o < Uy < ay.
We continue under the following assumptions

oM <1, &L < 1.

(6.22)
1
c0<o, >0 — = 0

T B+1

It follows from 6.8 that, for all ¢ € (0, ), we have € | Ui (z,t, z) |< 1. Moreover,
<
implies that 0 < ¢(¢) < 1, so that, in view of 6.13,

B!
a. —2 <uf(z,t) <ap+2. (6.23)
The term E;:

1
Ey = 24 (f’(Uo) + §<Zf”(9)) + Ugpe + g1
By substituting 6.14, 6.15 in E}, we obtain

1
El = —6—20'

(e + 2Le™) (f’(%) + 5B szLeLt>f"<e>)

2
+U} (%e‘ﬁt/g? + LeLt> aﬁ—Qe
5

—pBt/e? + €2L2€Lt’
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where
Py = %e_ﬁt/EZ + Le,
€
2
G = 05—26_&/82 + 2120t
€
We set
2
[=U,—of'(Uy) — % F(0)(Be P 4 2 Le).

And we end up in the following relation

E, = %e‘ﬁt/‘gg(l — o) + Le™(I + *0L).
€

In virtue of 6.21 and 6.23, we have

I>om-— %2f”(9)(5 +e?Lel™).

Combining this, 6.22 and the inequality

< = < m
g g o e ssse——
=02 I CEN

We obtain
1 >200.
Consequently, we have
2
E, > @eiﬁt/ez + 208Le T
€

The term FEs:
U// UE
Ey=(—=+—2)(1-|Vd]).
o= (P v
First, in the region where | d |< dy, we have | Vd |= 1, hence F; = 0. Next we
consider the region where | d |> dy. We deduce from Lemma 3.1 and from 6.10

that:

1 1
Bal <€ 5+ 1) (14 VAl eovas

20 o
= 8_2(1+\|VdHf,o)e A(do/=~Ipl)
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By definition of p in 6.14, we have that 0 < K —1 < p < T+ K. Consequently,
if we assume

e+ K < —, (6.24)

then © — |p| > £ 50 that

2C
|By| < = (14 [|Vd|f2,) e /)
9

32C 9
< = .
<Coi= i (4 V)

The term FEj:

U/
Es = (?0 + Ufz) (dy — Ad + 7).

We recall that

(dy — Ad+~v)(z,t) =0 on Ty={zeQ dxt)=0}.

1+6

By equality 6.4 and assumption 2.6, we see that v is in C'*% > so that the
interface I is of class C3+%-*2" . Therefore both Ad and d; are Lipschitz continuous
near I';. It follows, from the mean value theorem applied separately on both sides
on I'; that there exists a constant Ny > 0 such that:

|(dy — Ad + ) (z,t)] < Nold(z,t)| for all (z,t) € Qr.
Applying Lemma 3.1 and estimate 6.10 we deduce that

By < 2 N L@ | Nawoeatey
g

< 2NoC' max |y| e~ Ay+p(0)]
yeR

1

< 2NoCmax([p(t)] 5)

< 2MC(lpl0)] + 7,
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by setting y = d(i—’t).

Thus recalling that
p(t)] < e + K,
we obtain
| B3| < Cy(e™ + K) + G,

where C3 := 2NyC and C5' = 2N,C/\.

The term FEjy:

1
E, = €U1€zpt + EQ(gu(l‘7taw) - Uff”(e»

In view of 2.5 and 6.10, both g, and |Uf,| are bounded by some constant C.
Hence, substituting the expression for p; and ¢, we obtain

2 1 _Bt/e? e
B = U (G 02 4 LeM) + Lo(pe 1 4 L) (g, — U /(9)),
we observe that | g, |[< C. Then
1
|Ey| < (=B P 4 eLe™),
g

where Cy := C +o(C + MF).

The term FEj:
1
By = —yUL = S(UDf"(6) + U g (e, t,w) — 2VUL - Vd.

In view of 6.4, the term || is bounded by co(ay —a_)C on Q x [0, T]. Using 6.8,
6.10, 6.11 and 2.5, we obtain

1
|Bs| < coay —a_)OM + 5M2F2 + MC +2M ||Vd|)?, =: Cs.

The term FEj:

Es = eUs, — eAUT.
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We use 6.9 to deduce that
|E6| S 2C =: Cﬁ.

The term FEr:

(5 — 9)la, o) + 247 = 1), O

1
Er = ~(¢° — g)(x, t,ut) — =
7 g(g g)(a:, 7ua) €
We recall that |g° — g| < Ce so that |y¢] < ¢o(ay —a_)Ce. We also observe that
1

1
e (9° — g)(x,t,Up) < 2C.

(ge - g)(x,t,u:) - E

It then follows, in view of Lemma 3.1, that

|B7| <20 + co(ay — a)C? =: C4.

Completion of the proof: So collecting the above estimates of £} — F; terms
gives

2
Lu: > (OZELZ - %)eﬁt/62 + (20’ﬁL — Cg — €C4L)€Lt — Cg, (625)
where
Cg = CQ+K03+03,+C5+OG+O7.

Now we set

1. dy

Li=—In-—~
T t 460’

which, for ¢y small enough, validates assumptions 6.22 and 6.24. If 4 is chosen
sufficiently small, also L large enough, we have for all 0 < € < ¢y that the first
term of the right side of 6.25 is positive, and that

Lut > [0BL — Cs] e — Cy

> O'BL—Cg

N —

> 0.

With the choice of the constants 3, ¢ as in 6.19 and 6.20 the proof of Lemma
6.1 is complete.
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