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1 Introduction and Main Results

In this work, we are concerned with the problem of existence of a function u satisfying the semilinear elliptic
equation
—Au=u*>"1+X u inQ
u>0 in Q (1)
u|aQ =0

2
where n > 3, 2* = n2 and Q C R" is a bounded open subspace of R” with C? boundary.
n —

This equation emerges from a wide range of variational problems, the most famous of which is Yamabe’s
problem:

1 N

{ 4" 2Au:R’(x)u"tg — R(x)u on M,
n—

u>0 on M.

where M is a n-dimensional Riemannian manifold and R(x) is the scalar curvature of M.

We investigate our problem by studying the functional

/|Vu|2dx—)\/u2dx
Q)\(’U,) ;= 2L anz (2)

(/ |u|n2"2dx) !
Q

Iy = inf(m Qx(u) (3)

ueCge

and its infimum

on an appropriate function space. As a matter of fact, every minimizer u of Q) satisfies the Euler Lagrange
relation
/ Vu - Vodr = u/ w2 udz + )\/ wvdzx,Yv € C°(Q)
Q Q Q
for a positive Lagrange multiplier p
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We start by defining the principal eigenvalue A; of the Laplace operator —A in {2 with Dirichlet boundary

conditions
JRZRE
0<XA\=M(Q)= inf 22
$eC2(Q) / $*da
Q
The principal eigenvalue \; along with its corresponding eigenfunction ¢ € C'°°(2) solve the linear equation

—Ad)l = )\1(]51 in
d1loo =0

Also, ¢, can be chosen to be strictly positive in €.

Related to problem (1) is the Sobolev Inequality. The Sobolev Inequality in all of R™ for n > 3 reads:

/ |Vul?dz > S, (/ |u|f"2dx> " ue O®(RM) (4)
]Rn Rn
where the sharp Sobolev constant S,, is given by

s = matn—2 (L8

The Sobolev Inequality has as a minimizer in D»2(R") the function U(z) = (1+|z|2)~ "= as well as translates
and scaled versions of it. One can also show by an approximation argument that the Sobolev Inequality
holds in bounded subsets of R™.The Sobolev Inequality has deep connections with other important analytic
and geometric results, such as the Isoperimetric Inequality. For a deeper insight into this matter, see [2].

At this point, our first result, due to E. Lieb, H. Brezis and L. Nirenberg (see [1]) is the following:

Theorem 1 (Lieb - Brezis - Nirenberg) If Jy < S,, then Qx has a minimizer and problem

“Au=u"14+x inQ
u>0 m
ulon =0

has a solution.

After establishing this result, we will investigate whether Jy < S, and for this we consider A € (0, A1). It
turns out that the dimension plays an important role. More specifically, when n > 4 we have the following
theorem:

Theorem 2 (Existence of Solutions forn>4) Ifn>4 and 0 < A < Ay, then 0 < Jy < S, .

However, when n = 3, we only have a full result when 2 is a ball, lets say the unit ball B;. In this case,
A1 = 72 and we have:

Theorem 3 Letn =3 and Q = By. Then:

1. If ir? < X < 7%, then 0 < J\ < S3 and problem (1) has a solution.



2. If0< A< %7‘(2, then

1 3
/ |Vul?dz > 771'2/ u?dz + S </ u6dx) ,Yu e C*(By)
B 4 By B,

and furthermore problem (1) has no solution.

The next natural question is what happens when n = 3 and €2 is not a ball. In this case, there is a theorem
of R. Schoen(see [4]) who takes under account the Green function G (z,y) of the operator —A — A. In

particular we write G (z,y) = + gx(z,y), where the continuous function gy is the regular part of

|z —y|
the Green function. We now have:

Theorem 4 (R. Schoen) Let Q be a bounded domain in R® and X € (0,\1). If gx(z,x) > 0 for some x € Q
then Jy < Ss.

By an analysis of Jy in (0,\;) we can see that Jy = S3 for "small" values of A whereas Jy < S3 for A
sufficiently close to A;. It is therefore natural to define

A" = sup{\ € (0, \)[Jx = Sz}

When A\* < A < Ay we have solutions to problem (1) (since Jy < S3). On the other hand, when 0 < A\ < A\*
we have nonexistence of a solution. Actually this is the case even when A = A\* as it has been established by
O. Druet (see [3]):

Theorem 5 (O.Druet) If 0 < X < \* then Qx has no minimizer and problem (1) has no solution.

In view of Schoen’s theorem, this means that \* = inf{\ € (0, A1)|gx(z,x) > 0 for some x € Q }

While Schoen’s result provides a criterion for the solvability of equation (1), it is impossible to express gy
explicitly for a general bounded domain 2. However, we will give a criterion for general domains of R? via
a more direct approach. More specifically, we define

I \VU\2
2z —y? yP

I

=p*(Q) = inf inf
=)= )

sdr
yl
One can then establish that 0 < p* < A;. We next have
Theorem 6 Let Q be a bounded domain of R®. If

,u* <A<\

then Jx < S3 and problem (1) has a solution.

One can actually compare \* with u* and have A\* < p*.

OPEN QUESTION: Is it true that \* = pu*?

In the second section, we will give some basic definitions, and we will establish our main method of looking
for solutions of (1). In the third section, we will establish some important non-existence Lemmas. In the
fourth section, we will establish our main theorems 1,2 and 3. In the fifth section, we will restrict ourselves
to the case n = 3 and we will give the proof of theorem 5. Finally, in the sixth section we will present our
method in order to prove our theorem 6.



2 The Variational Problem

In this section, we want to establish a way of searching for solutions to the problem

—Au=uP+Iu inQ
u>0 in Q (5)
ulon =0

n+2

where 1 < p < .
n—2

We start by making some definitions

For g > 1, we define the space of g-integrable functions in €2 :

L) ={u:Q— R|/ lulfdx < +oo}
Q

q
and also L;,.

Q) ={u:Q— R|/ |u|fdx < +00,V compact K CC Q}
K

We now turn to the idea of the weak derivative: Let u € L}, .(Q) and z = (21, ..., z,) € Q. We say that the
function v; is the first order weak derivative of u with respect to x;, i = 1,...,n if

/ua¢dx:—/vi¢dm
o Oz Q

v v; for i = 1, ...,n. If all the first order weak

(9331‘
Ou(x) Ou(x)

derivatives of u exist, we define the weak gradient of u: Vu(x) = ( ErSat R
X1 iy

we see that the weak derivatives of u, if they exist, are a.e. uniquely defined.

for every test function ¢. If such a function exists, we write

). From their definition,

Now, from the definition of the principal eigenvalue A1, we get the Poincare Inequality:
/ |Vu|*dx > Al/ u?dz,Yu € C(Q) (6)
Q Q

1
2

Using this inequality, we see that [[u||g: = (/ |Vu|2dx> is a norm of C°(£2). We now define:
Q

Q) =Cr@ (7)

We can see that H}(Q2) is a Hilbert space. For a deeper insight in these matters, see Chapter 5 of L.Evans
PDEs (2010)

From the Sobolev Inequality, we have the continuous embedding H{(2) < L4(f2) for every exponent 1 <
g < 2*. Furthermore, by the Rellich Kondrachov Selection Theorem (see e.g. p. 290 of L.Evans PDE ), the
embedding H}(Q) < LI(£) is compact V1 < ¢ < 2*. This means that H}(Q) is a precompact subset of
L1(Q) for every g € [1,2%).

However, the embedding H}(Q) < L () is continuous, but not compact. This can be shown by an
appropriate example ( e.g. we set n = 3, Q = By and u.(z) = e3C.(e + |x[?) "2, where & > 0 and C. is an
appropriate bounded positive constant. Then as ¢ — 0+ one can show that (ue)e>o is uniformly bounded in



H}(©) but has no strongly convergent subsequence in L%()). This is why the exponent 2* is called "critical
exponent".

n+2

We now introduce the following variational problem: Let 1 < p < > and let
/ |Vu|2dx—)\/ u?dx
Ii(u) = =2 - (8)
1
(/ |u|p+1dx)
Q
and
M)\ = inf I)\ (u) (9)

u€H}(Q)

Note here that A — M) is a continuous and non-increasing mapping. Firstly, we will show that M, > 0 for
A<\

To see this, let A < Ay and from the Poincare and Sobolev Inequalities,

2
/ Vul*dz — A/ w’dr > (1- i)/ |Vul*dz > C(1 — i) (/ u|p+1dx>
Q Q )\1 Q Al Q

for every u € H}(Q), where C = C(n, ) > 0 is the best constant of the inequality

2
FEas 2
/ |Vul|?dz > C (/ u|p+1dx> ,1<p< nte
Q Q n—2

A

This means that Iy(u) > C(1 — )\—),Vu € Hj () = My > 0. We also get as a byproduct that the operator
1

—/\ — X is coercive for A < Aj.

We now establish that any minimizer of I) corresponds to a weak solution of (5)
Lemma 1 Let A < A\ and u be an Hg () minimizer of I. Then, u is a weak solution of problem (5).

Proof Let u € H}(Q2) be a minimizer of I . Note that we can assume that u > 0 a.e. (orelse we substitute
|u| for u). We define the real function

F(t) = Ix(u+td),t € R, ¢ € Hy()
Then, f is differentiable V¢ € R. Since u is a minimizer of the functional I (i.e. Iy(u) = M), this means
d
that ¢ = 0 is a minimum point of the function f. Therefore f'(0) = 0. Now, 0 = f/(0) = — In(u + t¢)|t=o

~dt
and after computing this leads to

/Vu~V¢da::M,\/up¢dm+)\/u¢dx,V¢€Hé(Q)
Q Q Q

After setting u — ku and choosing the appropriate k > 0 (we keep the symbol ) this means that

/ Vu - Vodr = / uP gpdx + )\/ updz, Yo € Hg(Q) (10)
Q Q Q

But this means that u is a weak solution to the Euler Lagrange equation —Au = u? + A\u a.e. in O

Actually, there is much more that can be said about the regularity of the weak solution u: If 992 € C?, then
u € CHQ)NC?(Q).



In order to establish regularity of an H} weak solution u of (5), we have to make two make two steps: Firstly,
we examine the interior regularity of u (that is regularity on compact subsets of ) and then we move to
the boundary regularity, where we carefully use the assumption that 9Q is C2. The exact details of this
methods are beyond the scope of this work and will therefore be omitted. One can look e.g. pages 326-344
of L. Evans PDEs (2010) for a detailed account.

We now have:

Proposition 2 Let A < A1 and u € H}(Q) be a minimizer of I. Then, up to a constant, u is a classical
solution of (5).

Proof Let u € H}(Q) be a minimizer of Iy, and thus a weak solution to (5) . Since 9 is assumed to be
C?, u € CHQ) N C?(Q). Since we can assume that u > 0 a.e., by continuity u > 0 everywhere in Q. Also,
by the Strong Maximum Principle for Elliptic Equations, since © = 0 on 952, u can’t vanish in € unless it is
constant. This means that v > 0 in 2 and this completes the proof O

From now on, any solution of (5) will mean a minimizer of Iy which belongs in C2(2) N C*(Q)

3 Some Nonexistence Results

In this chapter, we want to investigate how the parameters p and A contribute to the existence (or the
nonexistence), of a positive solution to the problem

—Au=uP+Au inQ
u>0 in
ulon =0

We first prove a nonexistence result:

2
Lemma 3 Let 1 <p < L_‘_Q If X > A1, then problem
n—

—ANu=uP+Iu inQ
u>0 mn
u|5Q =0

has no solution.

Proof

Suppose on the contrary that for some A > A; we can find a solution u to this problem. Let ¢1 € C*°(Q2) be
the eigenfunction of —A\ corresponding to A1 , with ¢; > 0 in 2. Then, by integration by parts, we have:

—/Q(Au)%dx: —/Qu(Aqbl)dx:)q/Qu(bldx:/fzup¢1dx+)\/szu¢1dx>)\/ﬂu¢1dx.

Thus, A < A1 which leads to a contradiction. O

We also prove a result of Pohozaev (see [5])



Lemma 4 (Pohozaev Identity) Let u € C?(2) N CY(Q) be a solution of the problem

—Au=g(u) inQ
u >0 in Q
u‘ag =0

where g is continuous. Then ,we have that:

=8 /Quyw)dH" / Glu)de = }/m Vul>(z - v)dS. (11)

Q 2
u
where G(u) = / g(t)dt and v stands for the outer unit normal of OSQ.
0

Proof Let u be a C? function up to the boundary, such that —Au = g(u).

We multiply equation —Au = g(u) with the factor z - Vu, and integrate over 2. Thus, we have the equation

7/ Au(Vu - z)dx = / g(u)(Vu - z)dz. (12)
Q Q

Now, the left hand side of (3) is

n
— g /ug;ma:jug;jdx.
Q

ij=1

After integrating by parts, this equals:

n n
Z / Uy, (TjUsg; )z, dT — Z / uxiz/ixjuxjds
ij=1"% ij=1"99
where 1 is the i-th component of the unit normal v. Now:

Z /uwi(xjuwj)mldm: Z /uwiéijuxjdx—i— Z/umim‘jumﬂidm:
Q Q Q

ij=1 ij=1 ij=1

= Z/ uid:c + Z/ Zu%u%% zjdr = / |Vu|2dgs + Z/ (| 5 | ) xjdr
i=179 =179 \i=1 Q j=179 z;

Integrating by parts once again, we find that

2 1 - 1
/ <|VU|) zjde = 7/ |Vu|21:jujd5—f/ |Vul?dz.
a\ 2 /. 2 Joq 2 Ja

J

As a result,

- 1
Z / Ug, (T, )z, dr = (1 — E)/ |Vul|?dx + */ |Vul*(v - 2)dS.
Q 27 Ja 2 Jon

i,j=1
Since v = 0 on 02, Vu(zx) is parallel to the unit normal v(z) at any point = € 9. Also, since u > 0 in €,
\Y
this means that v(z) = _qum;| for every point x € 92 where the gradient is nonzero. Thus, we see that
u(x
n .
Z / Uy, V' T Uy, dS = —/ |Vul?(v - z)dS.
5= ee o0

Thus, the left-hand side of (3) becomes

— 1
2-n / |Vu|*dx — f/ |Vu|*(v - 2)dS.
2 Ja 2 Joa




Also, the right-hand side of (3) equals

é/ﬁg(u)“wﬂjdﬂﬁ = é/ﬁ(G(u))wjxjdx

Integrating by parts, since G(0) = 0, we have

jZn; /Q 9wz, zjde = —n / G (u)dz.

Q

Putting it all together,

2—n

1 2 — 1
/ |Vu|2d33—7/ |Vul*(v-z)dS = —n/ G(u)dr < J/ \Vu|2dx+n/ G(u)dx = f/ |Vu|?(v-z)dS
2 Ja 2 Joa Q 2 Ja Q 2 Joa

Furthermore, if we multiply equation —Awu = g(u) with v and integrate over €2, we have that

/\Vu|2dm:/ug(u)dx.
Q Q

2—n 1

5 /ng(U)dx—l— n/QG(u)dx =3 /aQ |Vul?(z - v)dS.

Thus,

We now introduce the notion of a star shaped set. A set 2 C R" is called star shaped if there is a point
xo € Q, such that Vo € Q the line segment [z, xo] connecting x and xg lies totally in 2. We are now ready
to prove a second nonexistence result:

2
Lemma 5 If Q) is starshaped, A\ < 0 and p > L_|—2, then equation
n—

—Au=uP +Xu in
u>0 m Q
ulon =0

has no solution

JufP*

+ éuz) and

Proof We apply Pohozaev identity in the case of g(u) = u|u|P~! + Au. ( hence G(u) b1 2

we get:

2—n n / 1
+ up"’ldx—i—)\/qux:f/ z - v)|Vu|?dS.
G5+ =) [ [war=5 | (@v)vul

Now, if Q is starshaped, we know that z - v > 0 for almost every x in the boundary of . Also, by Hopf’s

0
Lemma, since 92 is C?, we have that a—:j(x) > 0 for every x € Q. This means that / (z - v)|Vul*dS > 0
o0

This means that

2—n n /
+ up+1dx+)\/u2dx>0
AT AL i

and the result follows |



In view of Lemmas 3 and 5, we see that if we hope to establish a solution to the problem

—Au=uP+AXu inQ

u>0 in O
uloo =0
. n+2 N
with € starshaped and 1 < p < 2’ our only possibilities are:
n—
n+ 2 .
e l<p< 5 and A < A (Subcritical case)
n—
n+

2
°p= 5 and 0 < A < A; (Critical case)

2
Let us see now how the standard argument goes in the case 1 < p < L—i_Q This problem can be solved by
n—
standard arguments of Functional Analysis.
n+2

Proposition 6 (Ezxistence of Solutions in the Subcritical case) Let 1 < p < 5 and A < A (Q). Then,

n
the problem

—Au=uP+AIu inQ
u>0 n
’LL|aQ=0

has a solution.
Proof Let (u;)jen C Hg(£2) be a minimizing sequence for I, with / |uj[Pt1dz =1,V j € N. Thus,
Q

/ \Vuj|2dsc—/\/u?dx—>M>\.
Q Q

From the Poincare inequality

A
/|Vuj|2dx—)\/ u?d:cz (17)\—)/ |V |2dx
Q Q 1" Ja

and as a result (u;)jen is bounded in H} ().

Since H{(Q) is a Hilbert space, and thus reflexive, there is a subsequence of (u;)jen (still denoted by the
same symbol) which converges weakly to a function u € Hg (€2).

We now use the Rellich-Kondrachov Compactness Theorem and extract a subsequence of u; that converges

strongly in LP*!. Since / |uj|p+1dx =1V j €N, this means that
Q

/ |u|PT da = 1.
Q

Extracting yet another subsequence of u;, we have that

/u?dm%/u%x
Q Q



We note here that although we can’t ensure the strong convergence of the sequence (u;) in Hg(£2), we have
the property of lower semi-continuity:

/|Vu|2d9:§li_minf/ \Vuj|2dx:>/ |Vu\2dzf)\/u2d9:§M)\.
Q I Ja Q Q

Since by construction, the inequality / |Vu|?de — )\/ u?dx > My, is trivial,
Q Q

/ \W\de—A/ u?dr = M)y
Q Q

with / |u|PTd2z = 1. This means that u is a minimizer of Iy. O
Q

We now ask ourselves what happens in the critical case p = 2* — 1. This will be answered in the next section.

4 Investigating the Critical case

In this chapter, we concentrate our attention to the equation

n+2

—Au=wur2+ A u inQ
u>0 in (13)
ulon =0

More specifically, we will prove an interesting Lemma of Brezis and Lieb which be of great importance to
our work, and then we will give the proof of Theorems 2,3 and 4.

Before we start, we will make some computations which will be crucial to our work: We recall from the

n

introduction the function U(z) = (1 + |z|2)~ "= and we define
K ::/ VU (2)2dx, Ky = ( wn2da:> ' , K3 ::/ U?(z)dx.

We will now use the Gamma function T'(z / e 1 1dt, x > 0 and we will have:

Lemma 7 For every n > 3, we have:

1“2(@) n
Ky = fw,—2~
: (2“’ I(n) )
K
and since U is a minimizer of the Sobolev Inequality in all of R™, we have that — = S,

K>
Furthermore, forn > 5,

I NCOINCES:
Ks = 5o 10 o)

Proof We recall that for x,y > 0, T" satisfies the functional equation

/+°° el T@)(y)
0 (1+¢t)=ty I(z+y)

10



Let n > 3. We now use the functional equation for I' and compute

+o0 n+1 1 [t 5 1 [t t”—“—l 1T n+2\p(n=2
/ (ridr _ ,/ ot ,/ LR £ G L G (15)
0 0 0

1+4r2)n 2 (141t 2 (141t 2 I'(n)
Also,
+oo n—1 1 +o0 5-1 1]:‘2 n
/ S dr:f/ AR G ) (16)
0 (1+r2)n 2 Jo I+t 2 T'(n)
We have
: roo pnt 22 T(ER)r(%52)
2., _ _22/ |z _ _22n/ r d:w”(n 2 2
/n VU@)Fde =0 =2)" | qopmed= 0= | Goaad 2 T(n)
Furthermore

n—1

+oo r
We now let n > 5 (since the integral /0 W

/+°° pnl 1/+°° R SN ¢ )1\ G
o (@T+r)n=2 2 )5 (A+tn27 2 T(n-2)

RGNS
Ks = gwn =g gy "

An application of those formulas in the case n = 3 gives

is not convergent for n < 4) and we have:

As a result

/*‘” ot L LTENG) e
0 (1+172)3 2 T(3) 16
and

0 (1+72)3 2 T'(3) 16
As a result

K —/ VU (2)|2de = w /+007Adr 37
' s 0 +2)3 7%116

= ([, |U<ac>|%zac)é = (o [ ) = ()

At this point, we have to note that the Banach spaces LY with ¢ > 1 are reflexive, but not compact. This
means that given a uniformly bounded sequence (u;);en of L(£2), ¢ > 1 one can extract a weakly convergent
subsequence, but in general one cannot extract a strongly convergent one. However, the following Lemma
of Brezis and Lieb (see [6]) provides a quantitive measure of how much a weakly convergent sequence fails
to be strongly convergent.

]

Lemma 8 (Brezis—Lieb) Let ¢ > 0 and let (f;)jen € L1(Y) be a sequence of functions which is uniformly
bounded in L1(Q). Suppose that f; — f pointwise a.e. Then, we have that

Lim ([1f5115 = 1165 = £1I5) = 11115

J—00

11



Proof At first, the proof will be carried out in the special case ¢ = 6.

110 = [s=00= [ o6 [ gpreas [ g - [ s [ pr-o [ prs [ g0

Thus,
16 _ [ _ £[6 — 5 5 4.2 2 r4 3.3 _ 6
1518 = 117, flﬁ—ﬁ(/ﬂfjﬁ/gfgf) 15(/ijf +/Qf]f>+20/9fjf /Qf

It remains to show that every factor of the form
[ et
07

converges to / f%as j — oco.
Q

But this is a direct consequence of the Banach-Alaoglu Theorem: Let k = 1,...,5. Since (f;j);jen € L5(9),
(ff)jeN € L%(Q). Since L () is reflexive (because £ > 1), and fjlc — f* pointwise a.e., there is a subse-
quence of (f;) (still denoted by the same symbol) such that

fig— | *g,
fitra= ),

Vge L&(Q), since

But the function f5* belongs to Lo-% () (since f belongs to L°(Q2)), and thus
/ fkfﬁ—k N / fkfﬁ—k _ f6-
o’ Q Q

Let us now prove the general case ¢ > 0. Let (f;)jen € L4(€2) be a sequence of functions which is uniformly
bounded and converges pointwise a.e. to a function f. At first, we state that we have the following inequality:
For every a,b € R and sufficiently small € > 0,

lla+0]7 —[a|?] < elal” + Cc[b[* (17)

where C. > 0 is a constant dependent only on ¢ and ¢. This inequality is obvious if 0 < ¢ < 1 (since
[la 4+ b7 — |a]?| < |b]?) but also follows easily if ¢ > 1 as one establishes it for every rational exponent ¢ > 1
and then for real exponents via a density argument. Let

Wen () = [[[f;(@)" = 1f;(x) = fF@)|* = |f(@)[] = el f3(x) — f(2)]")+

where [a]+ = maz{0,a}. We see that as j — +o00, W, ,, — 0 a.e. On the other hand, from (17):
@) = 1f5(x) = F@) = [f@)] < [1f5@)]7 = 1fi(2) = f@)] + [f(@)|* <elfi@)|* + Ce|f(@)|* + | f ()]

Therefore, W, ,(x) < (C. +1)|f(z)|? € L*(2). By Dominated Convergence Theorem, / We p(x)dz — 0 By
Q

construction,
1f5@)* = [f5(x) = (@) = ()] < Wen(z) +elfj(@) — f@)]

As a result,

/Q @) = 1f5(@) — F@)l — |f(2)])de < / Wen(z)da + ¢ / 1F(2) — f(@)| e

12



This means that for a positive constant C' (independent of €),

limsup/Q 5 @)|* = 1f5(x) = f(@)[* = |f(2)[|de < Ce

Jj—+o0

Letting € — 07, we actually get that |f;(z)|? — |f;(z) — f(2)|? — | f(z)|? — O strongly in L'(£2). This is an
even stronger result than what we aimed to show. (]

At this point, we are ready to establish Theorem 1.
Proof of Theorem 1

Throughout the proof , various subsequences will be denoted by the same symbol.

Suppose that for some A € (0, A1) we have that Jy < .S,,.
Let (uj)jen C Hg () be a minimizing sequence for . We normalize it such that
gl = 1. (18)

Then as j — +00, we have that
V13 = A5 = Jx + o(1). (19)

From (18), since © is bounded, we get by Holder’s inequality that ||u;||2 is uniformly bounded. From (19),
|[Vuj||2 is also uniformly bounded. Thus, (u;) is bounded in H}(f2) and since H} () is reflexive, we can
extract a subsequence of (u;), such that, for a function v € H}(£2):

e u; — u weakly in H} ().
e u; — u strongly in L?(Q2) (from the Rellich-Kondrachov Theorem)

e u; — u pointwise a.e. in €.

Since the property of lower semicontinuity holds,

|2+ < Timinf [Jug 2 = 1.

Let vj := u; — u, so that v; — 0 weakly in H{(2) and v; — 0 pointwise a.e.

From the definition of S,, and (18), we have ||Vu;||2 > S,,. From (19), this means that A||u||3 > S, —Jy >0
and therefore u # 0.

From (19) and using the fact that u; — u weakly in H}(2)., we have:
IVl + [[V0;15 = Allull3 = [[Vull3 + IV (u = u)[5 = Alull3 = 2[[Vul§ = 2(Vu, Vag)z + [[Vuyl[3 = Allull3
= o(1) + [[Vuy[[5 — Alfull3
and since ||u;||2 = |ull2 + o(1) as j — +oo we get:
IVull3 + 1[Vo;]13 = Alull3 = Iy + 0(1) & [[Vuj][3 = Allullz — [|Vull3 + Ty +o(1) (20)

Now, if we use Lemma 8 of Brezis and Lieb for (u;);en = (¢ + v;)jen (which is allowed since v and v; are
bounded in L? (Q) and v; — 0 pointwise a.e.) , we get:

2

5o = llul3- + [lv; 13- +o(1)

|[u + v

13



and therefore , by the normalization made in (18)

1= Jfull3- + [lvjll3- + o(1).
Since ||ul|2» <1 and ||vj]]2« < 1 for large j, we have that
1< [|ull3 + [Jvj]3« + o(1).
S 2 112

From the Sobolev inequality, we then get that:

1< |Jul

1
2+ 5199313 + o(0).
We multiply by Jy > 0 and get:
2 I 2
Ia < Allullz- + FlVsllz +o(1).

and therefore, since J, < S,
Ix < Dallull3- + [V 13 + o(1).

Using (20) , we have that

In < Iallull3- + Alull3 = [[Vull3 + Jx +o(1) & [[Vul[3 = Aull3 < Jxlull3. +o(1)
and letting j — +o00 we finally get
IVall3 = [ul[3 < Jxl[ull3.
That means that
Qa(u) < Jx
Since the reverse inequality is trivial by the definition of Jy, it follows that Qx(u) = Jx. Therefore, u is a
minimizer of Q. (]

Remark The result we just stated is quite remarkable: It shows that below the energy level S,,, some form
of compactness holds.

We now ask ourselves if we can actually find A € (0, A1) such that Jy < S,,. At first, we will give an answer
to this question for the case n > 4.

Proof of Theorem 2 In order to study the behavior of Jy, we introduce the family of test functions

6( - %a

(e+1z[?)=
e > 0, where ¢ is a fixed smooth function such that ¢ =1 in a neighborhood of the origin.

The crucial step is to evaluate the ratio @Qx(u.) for those particular functions. The reason behind the
usefulness of the family (u.).>o is that they are is some way a scaled version of the functions U.(x) =
(e+ |x\2)*n772, which, as discussed in the introduction, are minimizers of the Sobolev Inequality in all of R™.

We have

) = YO @)

Vue(z) (e + |z2) T ( 2)(€+|17|2)%
and thus V()2 o(2) (@ - Vo(a)) 2?6 ()
VOl = ey T2 D e e O ey

14



We integrate over (2 and get

V|2 (x) ¢(x)(z - Vo(x)) o [ |z|?¢%(x) .
/|w5|d /( e = 2n / A e da + (1 =) /Q(€+|x|2)nd.

Since ¢ = 1 near 0 ,we can assume that for some appropriately small 6 > 0, V¢ =0 in Bs. Thus,
2 2
R
o (e+[z[*) o\B; (€+ [z]?)

Vo)  _ Vo)
(€+ |x|2)n72 — (€+52)n 2 — 52(n 2)

/ de =0(1).

o e+ aP) =

In Q\ Bjs, we have that

V()]

Thus,

Using the same argument, we see that

/d’ )@ Vo) . oy,

(e + |z[2)n!
As a result,

/Q |Vue|[*de = (n — 2)2/ (de +0(1)

o (e +[z)"

|z
———dx
/]R" (e + |=?)

is finite (this is standard due to the fact that the function

Since the integral

|

)"
af? [ 2f?

—  dx = ——dxz+ O(1).

‘An&++ﬂ%" o Gt ey e oW

2
Vue|?dz = n—22/ Ldaz—FOl.
L| P = (n =2 | Hda o)

is asymptotically equal to W

as |z| — 00),
Thus,

Making the substitution x = E%y, we have that:

2 2
Vu€2dx:n—22/ ﬂagd +Ol=n—225_%2/ Ld 4+ 0(1
[ vupde = =22 [ Eoebdy+00) = (n—2) i+ 0()

We observe now that | |2
Y 2
(n—2)2/ 7dy:/ VU (z)|*dx
re (14 [y[2)™ R

2

=+ 0(). (21)

Thus,

/ |V (z)]2dr = K™
Q

We now compute

/Q|u5(x)| dm_/ﬂ (5+|x|2)”dx_/ﬂ (e +[z*)m dx+/Q (e+ |=73|2)ndx

Since ¢ = 1 near 0, we have:

P b
/Q |ue(z)[»=2dz = O(1) + /R Er e

15



Making the substitution y = £22 once again , we see that

1 n 1 n 2n
7dac=5_5/ 7dy:5_5/ U(z)|"—2dx
/Rn (e + |z|2)™ re (14 |y]2)” U @)

/|ug P dy = %/ |U(x)

and from (19) we finally get

Thus,

ﬁhm+ou):fﬁ</ W@)WMx+O@%>

(1;%@ﬂf%m)n:Kﬁ_%2+O@) (22)

We now compute :

_ (z ) -1 1 _ 1 _ 1
fyetoras = [ Tt [ et = [ st o) = [ pmaterow

e When n > 5, we make the substitution r = ﬁy and from the previous Lemma we have that

n—4 1 n—4
ue(z)Pde =2 ——————dy+0(1) =€ "2
fybeto o (L 2 O

/|m@mm+mn:K¢J¥+om
(23)
1
e When n = 4, the problem is more delicate because the integral / YEEIINEIV]
re (14 [2]?)

and therefore we can’t bound / |uc(x)|?dx in the same way. However we can do the following:
o

dx is not convergent,

Let Bgr, and Bg, be balls centered at the origin, such that B, C 2 C Bpg,. Thus,

1 1 1
7dx§/7d:c§/ —5dx.
/Ml PP = Jo CHRPP™ = Juicr, 0P

With the use of spherical coordinates, we have:

/ ! - /Rﬁ3<1—11ﬂ+om
wi<r E+ 122 T Tt T M

This means that

1
lue(2)|?dx = §w4|log€| +0(1) (24)
Q

Let us now suppose that n > 5. From estimates (20),(21) and (22) we get:

/ |V (z)|2de — / 2(x)da  Kie 7)\K36 +O( )

(/ﬁ% nz@) : Kye "% + 0(e)

Ki—MKse +0(e™7) K, . Ks
. =1 2340 =S, — A+ 0
K2+ O(c%) % MmO ) K" O =)

Thus by (20)

Q)\(us) =
When n = 4 we have from (20),(21) and (23)

2 2
3 /Q Ve (@)"dz - )\/ng(:v)dx _ Kie7!' — Jwylloge| + O(1) K1 — jwaelloge| + O(e)

(/ |us<gﬁ>|4dgg)é K40l Kt Ol
Q

16



and again by (20) we have that

K 1w
Qx(ue) = % §F5|log5| +0(e) =S4 — 7—5|loge\ +0(e)

We conclude that

K n—2
Sn—)\?36+0(€2 ) n>5
Qr(ue) = 1 w42 (25)
Sq — §F€\logs|+0(5) n=4
2

and in any case, we see that Q(u:) < S, for appropriately small £ > 0. ]

We now turn to the case n = 3. As we will see, this problem is quite delicate and depends greatly on the

geometry of the domain 2. As a result, for the rest of this section we will restrict ourselves to the assumption
that  is a ball B.

Proof of Theorem 3, Part 1 Without loss of generality, we assume that B is the unit ball B; of R3, and
thus the first eigenvalue of the Laplacian is A;(B;) = 72 (with corresponding eigenfunction |z|~sin(r|z|)).

Once again, the key lies in estimating the ratio @y (u) for

¢(r)

et 2

u=u.(r)=

with 7 = || and € > 0, where ¢ is a fixed smooth function such that ¢(0) =1, ¢ (0) = 0 and ¢(1) =

¢'(r)  ro(r)
(e+r2)2  (e+1?)3

20— o [ (1O 2ré)e () | 6P\
/Bl|Vusd B 3/0 <5+r2 (e+712)2 +(zs—|—7“2)3> dr.

Since ¢(1) = 0, after integrating by parts, we find that

rie(r )fb() r— ! 20,y r’ - — ' 2(, 3r _ 4t r
/o e == | @0 ‘/o¢(>(<s+r2>2 <e+r2>3>d

72 2 1,202,
L\Vue<x>|2dx:w3/o alidule irvsee [ Z00

72 e+1r?)3

We have ul(r) =

. Hence, since wu, is radial,

Thus,

Moreover,since ¢ (0) = 0, we get that

/0 aiiAG 'Qd—/w Pdr + 0(2). (21)

(e+r2
Since ¢ (0) = 0 and ¢(0) = 1, we can assume that ¢(r) — 1 = O(r2) near 0. Thus,

S o R O L
|, v =0t

T4

1
After the change of variables r = 2, we see that / ———dr = 0(5_%). Thus,
o (e+712)3

o G I S 1
/07(5+7’2)3d70_/0 7(6+T2>3dr+0(5 ).

17



After the same change of variables, we have that

1

1 T2 3 e 2 t2 3 —+00 t2 O
——dr =c¢" 2 ———dt=¢"2 ——dt 1). 28
/0 CETS /0 Grep™=° /0 areptt o) (28)

Combining (27) and (28) , we get that

1 +OO t2 1 1 1
/ |Vu5(x)|2dx=3w35_5/ ﬁdtwg/ 16/ (1) Pdt-+O(e}) = 3 coge 2+w3/ 16 (1)2dt-+O(e})
B, 0 (1+t¢ ) 16

and thus

1
/ |Vu(z)|?de = Kie~2 +w3/ ¢/ (t)|2dt + O(e?) (29)
B1 0

We now calculate

1,26 1,276 1 2
6(2)dz — o) oo rlg°(r) —1] _r
/B1 us(x)dm—wg/o (€+r2)3dr—w3/0 e dr—&—wg/o (€+r2)3d7’.

As before, we can assume that ¢(r) — 1 = O(r?) near 0. Thus,

) - o[~ ot
wg/o . dr—O(/O( _dr) = O(c).

(e +12) £+1?)

Also, using the substitution r = E%y, we have:

1 7”2 3 € % t2 3 +oo t2
—dr. = 2 —dt = 2 ———dt + O(1).
“’3/0 E g = e / [y 2t = s / T ept ol

Thus,
+oo 2
§(2)de = e 3 t =%
/B1 ug(x)der =€ (OJ3/O EEE dt + O(E)) =c (w;; 16 + O(E))
As a result,
(/ ug‘(x)dx> = Kye™% + O(e?) (30)
B1
Finally,

1,22 1 2 1
2 _ ret(r) ¢°(r) 2
/B1 'LLE (x)dl’ = LLJ3\/O mdr = LL)3€\/0 (5 + T2) d7’ =+ w3 . d) (T)dr

1

A0 o] Y ot
Wethenhave/o ﬁdr—O(/o( dr) =0(e"2).

e+r e+12)

As a result,

/ W2 (2)dz = w3/ 62(r)dr + O(e3) (31)
Bq 0

Combining estimates (29)-(31) we have that for small £ > 0:

K162+w3</ 1 (4)|Pdt — A/¢ dt>+0(%) K1+wge%(/ (¢ |dt—)\/qb dt>+0()

Qx(ue) = Koo 2+O( %) Ky +O0(e

18



We choose ¢(t) = cos(Zt). Then, (1) = ¢ (0) = 0 and ¢(0) = 1. Also,

1 2 1
TN2gs T 2
| wwra=T [ ewa.

This means that for different constants C' > 0

Ky + Ce} (% - A) +0(e)
Ky + O(E)

Qa(ue) = _ 5+ Ceh (’; —A) L o)

2
Thus, if A > %, we get that Qy(us) < S5 for small € > 0. Hence, Jy < Ss.

2
Since % is exactly one fourth of the first eigenvalue of the Laplacian in the unit ball, we have the result. O

Proof of Theorem 3, Part 2 Without loss of generality, we assume again that B = Bj, and thus
)\1(31) = 71'2.
Let u be a classic solution of

—Au=1u’+ My, in B

u >0, in By

u|331 =0

Since Bj is a ball, by a result of B.Gidas, Wei-Ming Ni and L.Nirenberg(see [6]), u is radially symmetric.
We write u(z) = u(r), where r = |z|. Turning to spherical coordinates, u satisfies:

1" 2 ’ 5
{ —u - ou =u + Au, on (0,1) (32)

u (0) =u(l) =0

Let ¢ be a smooth function such that (0) = 0.
We multiply equation (32) by 721w’ and obtain:

1 1 1 1
- / u'ru dr — 2/ (u)2rapdr = / uSrgud dr + )\/ wru' dr
0 0 0 0

After integrating by parts, we find that

! 1 1 1 [t At
/o |u’|2(§7"21// — rap)dr — §|u’(1)|21/)(1) = _6/0 ub(2rp + 2" )dr — 5/0 u?(2rp + 2" )dr (33)

1
We then multiply equation (32) by (§r2w' — ri))u and, after integrating by parts, we obtain:
1 1 1 1o 1
/ [/ |2 (=% — rop)dr — 7/ u?r?" dr = / uS (=% — r)dr + )\/ u?(=r) — rp)dr. (34)
Combining (33) and (34) we get:
! 1 2 [ 1
| 0w+ ot =2 [T o =+ )P, (3)
0 0

From Pohozaev’s result, we know that if 2 is starshaped, equation (1) has no solution if A < 0. Thus, we
2

assume that 0 < A < %
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We choose ¥(r) = sin((4A)2r) (the choice is valid since 1/(0) = (1) = 0) and we have the following:
¥(1) =0,
1
)\w/ + Zw”/ — 0
and ) . .
rip — 2" = rsin((4X)2r) — r2(4)) 2 cos((4\)2r) > 0
on (0, 1] (since sint — tcost > 0, V ¢ € (0, 7))

Therefore, if we insert this particular ¢ in equation (36), we get that the left hand side is equal to zero, but
the right hand side is strictly positive, which leads to a contradiction.

1
As a result, equation (1) has no solution if 0 < A < i)‘l' This particularly means that Jy > S3 for A\ = Z)\l

and as a result we get the inequality

1 3
/ |Vu|?de > =\ / u?dx + S (/ u6dx) Vu e CF(Q)
B1 4 B By

The next natural question is what changes when 2 is not a ball. This will be the subject of the next section.

5 Non Radial Domains of R?

From now on, € is an open domain of R?® with C? boundary, which is not necessarily a ball. In order
to gain information from the previous case, we will now need the notion of the "Symmetric Decreasing
Rearrangement" of a nonnegative measurable function.

For a bounded domain 2 € R™ we define Q* as the open ball centered at the origin, such that Vol(Q2) =
Vol(Q2*) For a nonnegative measurable function v : Q@ — [0,400) we define its Symmetric Decreasing
Rearrangement u* : Q* — [0, 4+00) as:

u*(a:) = /0 1{f(w)>t}*dt

provided of course that Vol({f(z) > t}) < +oo for every t > 0.

By the construction of u* it is easy to see that u and ux are equimesurable, that is their corresponding level
sets have the same volume: For every ¢ > 0,

Vol({u(z) > t}) = Vol({u*(z) > t})

The Symmetric Decreasing Rearrangement u* preserves the LP—norm Vp > 1.

/ juf? = / P
Q Q*

Vp > 1. The Symmetric Decreasing Rearrangement u* of an H} function u belongs in Hg (2*). Also, the L?

gradient norm decreases:
/ |Vu*|?dx < / |Vu|?dx
Q- Q

(this is a special case of the Polya-Szego Inequality). For a deeper insight into the Symmetric Rearrangement
of functions and sets, see Lieb E. , Moss M., Analysis (Graduate Studies in Mathematics) 2nd Edition(2001),
Chapter 3, pp. 79-82

We now use the Symmetric Decreasing Rearrangement and prove:
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Proposition 9 Let Q C R? be a bounded open domain. Then,

1 3
/ \Vu|?dr > *)\1((2*)/ u?dr + S3 (/ u6dm>
) 4 Q Q

for every u € H(Q)

Proof

Let u € H}(Q) be an a.e. positive function. Since the Symmetric Decreasing Rearrangement u* of u preserves
the L? norms and decreases the gradient norm we have that:

|Vul?dz — X\ | u?dx / |Vu*|dz — A lu*|dx
o . 0+

4 > ;
H 5
(/ |u|6dx) </ |u*|6dx)
Q Q*

1
But from Part 2 of Theorem 3 we have established that when €2 is a ball, J) > S3 when \ = 1/\1. The result
then follows 0

Qx(u) = = Qx(u")

By proposition 8, we see that when n = 3, for "small" positive values of A we cannot have the strict inequality
Jy < S3 but instead we have Jy = S3. However, for A sufficiently near to A1, we can easily see that Jy < S3
(this can be seen by using the continuity of the mapping A — J and the fact that Jy =0 when A = A\;. We
can also make this clear with the results we will produce in the next section).

It is therefore natural to define
AT = A"(Q) = maz{r € (0, \1)|Jr = S3}
for any bounded subset Q of R3. The constant A\* has the following property:

1. Jy =853 when 0 < XA < \*

2. Jy < 83 when A\* < A < A1 and problem (1) has a solution.
Furthermore, when € is a ball, then \* = i)\l.

The next question is what happens to problem (1) when 0 < A < A*. The answer to this is Theorem 4 which
is due to O. Druet. But first, we will state a very helpful lemma

Lemma 10 Let u be a smooth function, such that / udz = 1. There erists (y,t) € R3 x RT such that
Q

2t(x; — i) ,
Fi(y,t)= | u———"=dx =0 fori=1,2,3

1— t2 _ 2
G(y,t) = / u%dm =0
q 1+t2z—1y|
Proof We consider the function H : R? x R — R* defined by

H(yv S) = (Fl(il/, es) + Y1, FQ(yaes) + Y2, F3(y7 es) + Y3, G(y7 es) + 8)
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We claim that for large values of |y|> + s?, H satisfies the inequality |H (y,s)| < |y|? + s°.

First, we will prove that for large values of |y;| and |s|,
(Fi(y, ) +31)” < o

To do this, note first that since / udr = 1, we have
Q

2e®(xy — y1)
Fi(y, e’ = _— d
0+ = [l

Again by our normalization, we then have

2e° (1 — Y1)
Fi(y,e’) + <sup | ————5 +
‘ 1(y ) yll—weg|1+625|x_y|2 yll
Therefore, it suffices to show that for appropriate values of y; and s

| 2¢e*(x1 —y1)

T4 e — yP +y1] < |y, Vo €

Equivalently, we wish to show that for appropriate y; and s

2e®(x1 —y1)

— - < —= < — 1,V € Q 36
|y1| Y1 = 1 +628‘.’E _y|2 = |y1| Y1, VT ( )
Note here that 261 ( )
e’(x1 — 1
1< —=--J1 37
Sltrejz—yP - (37)
for every z1 € Q, y1,s € R
Suppose that y; > 0. Then, (36) becomes:
2ef(x1 —y1)
oy < LTI
WE Ty

For the left inequality, from (37), we have to make sure that —2y; < —1 = gy, > % For the right inequality,
we have to make sure that 1 —y; < 0 for every € Q. Thus, we set y > sup,cq |1]|. Therefore, for
y1 > maz{i, sup,cq 71|} and s € R, inequality (36) holds for every z € (.

Suppose now that y; < 0. Then, (36) becomes:

2e*(z1 — 1)
0 ————=— <2
T l4e¥r—yl2 T ol

By the exact same arguments and using (37) as before, we get that inequality (36) holds for every = € Q if
we set y1 < —maz{},sup,cq |21} and s € R.

Summing up the two cases, if |y1| > maz{L,sup,cq 21|} and s € R, then equation (36) holds. Therefore,
for big values of |y1| and s € R, we have that (Fy(y,e®) +11)° < y2.
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By the exact same arguments, we can show that (Fy(y,e®) 4+ y2)° < 32 and (F3(y,e®) + ys)° < 42 for big
values of |ya|, |ys| and s € R.

It remains to show that for appropriate y and s, (G(y, s) + 5)2 < s2. Again by the fact that / udr =1, it
Q
suffices to show that for appropriate y and s :

1—e*|z —yf?
1+ ez —y|?

+s| <|s|,Vz € Q

1— 2s _ 2 1— 2s 2
“lz—y — —1 as s =+ +o0 and “lz—yl

L — 5 — 1
14 ez —y|? 14 2|z —y|? s

But this also follows easily from the fact that

§ — —0OQ.

Summing up, we can find appropriately large |y| and |s| such that |H(y,s)| < |y|> + s?. This particularly
means that for some appropriate R > 0, H(Br) C Br. From Brouwer’s Fixed Point Theorem, since H
is continuous, it has a fixed point in Br. But this fixed point corresponds exactly to the statement of the
Lemma. (]

Proof of Theorem 4
When 0 < A\ < A\* the argument is simplier. Suppose that for a 0 < A < \* we have an H} minimizer of Q.

We normalize u such that / u8dx = 1 and as a result we have

Q
/ |Vul|?dx — A/ uwlde = Jy = S3
Q Q

Now pick any p such that A < g < A*. We now have

/|Vu\2dac—u/u2dx:/ |Vu|2d:c—(u—/\)/ugdx—)\/qux</ \Vu|2dx—)\/u2dx:5’3
Q Q Q Q Q ) )

and therefore J,, < S35 which is impossible since p < A*.

We now turn to the case A = A*. Suppose on the contrary that u is a smooth function which satisfies

—Au — Xy = Szu® (38)

We normalize u such that / uSdx = 1. Now, for any ¢ € C>(R?) since Jy- = S5 we have that for any
Q
e>0,

S, (/Quﬁ(l—l—sqb)(sdx)é g/Q|V(u(1+5¢))|2dx—/\*/ﬂu2(1+6¢)2dx (39)

By the normalization we made,

1 2
(/ uS(1 + €¢)6dx) =1+ 25/ uSpdr + 552/ uSp?dr — 4e? (/ u6¢dx) + o(e?) (40)
Q Q Q Q

After multiplying (39) by u(1 + ¢)? and integrating we have that:

—/ uAu(1 + ep)’dr — \* / u?(1+¢e¢)’dr = Sg/ uS(1 + e¢p)?dx
Q Q

Q

We now integrate by parts and get:

—/uAu(1+a¢)2dx:/ |Vu\2(1+5¢)2dx+25/uVu-V¢(1+a¢)dm:/ |V(u(1+5¢))\2dx—52/u2|V¢|2dx
Q Q Q Q Q
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As a result, we have that:

/|V(u(1+5¢)))|2dx—)\*/u2(1+6¢)2d9c:53/u6(1+6¢)2dx+62/u2|v¢\2dm
Q Q Q Q

and again by normalization

/Q|V(u(1+€¢))|2dxf)\*/ﬂu2(1+5¢)2d:1::Sg[l+25/ﬂu6q§dm+62/ggz52u6dx]+62/uz\V¢|2dz (41)

Q
Using (41) and (42) in relation (40) and letting e — 0, we get:

2
4/ ubp?de < S5t / u?|Vo|2dr + 4 (/ u%ﬁdm) (42)
Q Q Q
In view of Lemma (9), we will now apply relation (43)to each ¢; , i = 1,2, 3,4 where
20(zi —yi) .
P = T 15 = ].7 2, 3
¢ 1+ 2|z —yl? !
1 -z —yP
bs = 5 5
1+ 82|z —y

Here, (y,t) € R? x R is selected such that / uSp;dx = 0 for i = 1,2,3,4. Summing what is left, we get:
Q

4 4
Z/ ubde < S;lz/ u?|V ;| 2dx
i=1 7% i=1 7%

We have that

i¢2 _ APl yPP AP ()’ 12—y eyt
' 1+ 2|z —yl?)? (1+ 2|z —yl?)?
and we also find that .
SIve -
- 1+ 2z — )2
As a result, we get that
2
4/ ubdx < 1253_1/ w e dzx
Q - o (+22z—yl?)?
and by our normalization:
t2
2
%3 | A
By Holder’s Inequality:
2t dz < 6q ' L d :
o W+Pl—yPP = Ut ) U T+ P—yPP™
and again by our normalization
3 Z
t
S3<3 </ d:ﬂ) (43)
o (14 8|z—yl?)?

Now, after a change of variables

—_— A = —_— S = we —_— AT = -
ks (1+ 2]z — y[?)3 gs (1+[s — ty[?)? *lo @) 37°

from the computations made in Lemma 7 and the value of S5 discussed in the introduction. Therefore, since
) is bounded, inequality (43) leads to a contradiction. O

As aresult, we see that \* "splits" (0, A1) into two open subintervals: a "nonexistence" interval (0, \*] where
problem (1) has no solution and an "existence" interval (A*, A1) where Jy < S5 and thus we have solutions
to (1).
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6 Owur Approach

In this section, we will present our approach. More specifically, we will use a more direct argument that
the one presented in Section 4 in order to prove a slightly refined existence result (Theorem 6) concerning
solutions of (1) in three dimensions. Theorem 6 will be proved after the use of various helpful Lemmas.

We define the following quantities

o
oY= ueé?fm) u? el (44)
Jo =y oy ™
and
pt=pt() = Inf uly 1(y) (45)

Lemma 11 We have that 0 < p* < Ay.

Proof We recall the classical three-dimensional Hardy Inequality:

1 2
7/ %dm§/|VU|2dx
4 Jo |z =y Q

— 1
for every u € C°(Q),z € Q (the constant 1 is sharp when x € §2.) Using the fact that Q is bounded , we
have that |z — y| < diam(Q),Vz,y € Q . Therefore, we get that

1 o0
(2diam(£2))2 / |z — y|2 | dy7Vu e CX ()

After taking infima, we get that p* > 0. For the second inequality, let u(z) = |z — y|¢1(z)

>
~ (2diam(Q))?

where ¢1 € C*°(Q) is the eigenfunction corresponding to A1 as in the introduction. After calculating we get

that —_—
u
| /vaﬁm:
9] |JJ _ _ )\1
u2 2
e[ ol
alr—yl
Although u is not smooth, this calculation actually shows that u(y) < Ay for every y € €. ]

[Vaul?
olr—yl?

As a byproduct of Lemma 11 we get that ||u|| = < dx) is a norm of C°(2).

We now define the following space

HYO, |z —y[2) = (@) !

One can see that H}(Q, |z — y|=2) C H(Q) is a Hilbert space. Intuitively, HJ (€, |z — y|~2) consists of all
H} functions which do not grow too rapidly near y.

We will also define the following quantities, which will be essential in the following lemma:
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\V4 2
I
Cyx) == inf By(@) Y

5 ,x €
u€CZ (B, () U
R
B, (z) ly — x|

and

We will now give the proof of an important result concerning the behavior of the function p. The proof uses
the ideas of Filippas and Tertikas (see [8]).

Lemma 12 If u(y) < A(y) for some y € Q, then u(y) has a minimizer in H} (Q, |z — y|=2). In particular,
Ay) = 400 for every y € Q.

Proof Without loss of generality, we assume that y = 0 € Q. Let p > 0 sufficiently small so that B, C .
Let 1(0) < A(0) and (u;)jen be a minimizing sequence for p(0). We normalize it such that

This means that as j — +o0,

and as a result (u;)jen is bounded in H} (€, |2|72). Since H} (S, |z|~2) is a Hilbert space, this means that
there is a subsequence of (u;)jen (still denoted by the same symbol) and a function v € H} (€2, |z|~2), such
that u; — u in the weak sense. Furthermore, u; — u strongly in L*(Q\ B,). Let w; = u; —u. We now have
that as j — +o0,

1:/?d:r+/ﬂ| Tz +o(1) (46)

and similarly

[V, |? [Vul®
n(0) = dx dz +o(1 47
0= [ S5 e+ o) (47)
By (45) and the definition of x(0) we now get
v 2 u2
| J| + 1(0) / Tpdr +o(1) (48)
a lz|
and also )
wo) = [ T (19)

Since p(0) < A(0), by definition of A(0), we have for sufficiently small p > 0

2
/ |Vv2| i
B, \$|

M) < Cp0) = inf / (50)
——dz
aP?

Let ¢ € C*(B,) be a smooth cutoff function such that 0 < ¢ < 1 and ¢ = 1 in B, 5. We write
w; = ¢pw; + (1 — $)w; and we have as j — 400

|ij|2 ‘V (bw] /|v|x¢)wﬂ)|d +2/ wdx+o(1)
Q

o |z |2 2 |[?
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and as a result )
|ij| |V qi)wj
Q le2 |2

From (48) and the fact that gpw; € H}(B,, |z|2) we get that

IV (pw;)|? B (pw;)? B
ez 00 [ S

w? (pw;)? (pw;)?
g — dz = dz =
/Q|:c|” /Q ot /Q\Bp/z ap 2= oW

and in view of (49) we obtain

dx + o(1) (51)

But

|Vw;|? wjz
>
Tl dx > C,(0) T |2dx—|-0( )

Taking (44) into account, this means that

[Vw,|?
o |zf?

dz > C,(0) (1 -

and by (46) we now get
and because of our assumption

From this and (47) we finally arrive at

/ e

and since the reverse inequality is obvious, w is a minimizer of 1(0).

We will now prove that A(x) = +oo for every z € Q. Let z € Q. Without loss of generality, we assume that
z=0.

Let u € C°(By).
We make the change of variables y = £, with p > 1.
Let v(y) = u(z). Then , v € C*(B ;)

’

1
Also, [Vul*(z) = ;lelz(y)

As a result,
1 2
/ |Vul? / 22| Vol / |Vl / V)2 / Vul?
S s A S W e O 0 i AP I
p
/Bu2dx /B v3dy /B v2dy /B v3dy /BUQd:E
" af? o pPlyf? oyl o JyP? " af?



After taking infima, we have C1(0) = p2C1(0). Letting p — +o0o , we see that A(0) = +oo O
P

We actually believe that an even stronger result holds: p* is minimized for some yo € Q and for some

u € HE(Q, |z —yo|~2). Furthermore, yo is actually an interior point of ). However, we will not try to prove
this claim in the present work.

x
We now take under account the family of functions u. ,(z) = (|(M)|2)1’ where y € Q,and ¢ € C°(Q)
e+ |r—y|©)2
is an arbitrary smooth function with compact support within 2, which is constant near y. We prove the
following essential lemma:

Lemma 13 Lete > 0, y € Q, ¢ € C(Q) be a smooth function with compact support within Q0 which is
constant near y, and
p(x)

(e+lz—yl?)?
Then, there is a positive constant C' (independent of €), such that

Uey(T) =

On(ue.y) :Sg+cg%(/ Ve da:f/\/Q Y i)+ o) (52)

o lz—yl? |z —y|?
as e — 0F.

Proof We assume that y € Q and ¢ = 1 near y. We have that

Vo) o)z -y
(e+lz—y?)7  (e+]e—y]?)

[ (TP @)Vew) (e —y) | Py,
JORE ( ) N )d

etlz—yl e+ [z —yl?)? (e + [z —y?)?

Vu, ,(x) =

3
2

Thus,

We now observe that

d(x)Vo(x) - (v —y) V(¢*(x)) - (x —y) 2 3 Az —y|?
_ dr = — di = _ d
2 e T = [ e e = O b
This means that ‘qu( )‘2 qb2( )
9 B X o
/Q Vtte o ()P = /Q e+ 35/9 Ern B (53)
Now, 2 2 2
Vo (x)| [ Vo=, |Vo(z)|
/Q v EL ) A /Q Crle— PP ™
But since V¢ = 0 near y, we have /Q e :v|v¢y(|€))|1 — y|2da: = O(1) and as a result
|V(z)|? [ Vo(a)?
/QE+|:C_y2dz/Q|x_y2 dz + O(e) (54)

Moreover,

5 NP BN 5 C) e T (SRS S NS S
e rr i R e Rernra Ll R ey L)

28



We have that / ———dxr = / ————dx+ O(1) and with the change of variables r = E%t,
o Crle— v J ey OV
(r =z —yl|) we get:

400 2 . +o0 2
/ ! d / "4 - / E _a
5 AT = Wx 7 A = W3E Py
ks (€ + o — y[?)° *Jo (e+r2)3 )y @)

Nfw

As a result,
¢2(x) L /+oo t2
————dr =3 ————dt+ O 55
fer e =3 [ 00 (%)
Using (54) and (55) in (53) we get that as e — 07,
1 \Y% 2
/ |V, (z)|?de = K167 2 + Mdm +O(e) (56)
Q o lr—yl
oo t2 3r
where K = Swg/o mdt = 6 as computed in Lemma 7.

Also,
6 _ & - M v
/Qus’y(x)dx—/Q (€+x—y|2)3dx/9 (5+|w—y|2)3dx+/ﬂ (5+|x—y‘2)3dx

Since ¢ = 1 near vy,

2

1 1 3 +oo
6 d:/—d 012/—d O(l)=¢"2 / —dt+0(1
/Q“E’y(x) 7= L Tt R O = L T gt = e |1 dtto) =

+o0 2
6 — 3 ot 3
:>/Qus7y(x)dx—5 (OJ3/O (1+t2)3dt+0(5 ))

Thus,
6 % ., +oo t2 s 3 1 1
(/Quw(x)dx> _ e (wg/o de()(w)) — Koe} + 0() (57)
where )
“+oo t2 3 T o
K = dt =(—)3
2 (“3/0 (1+2)3 ) (15
Furthermore,
2 2 2
u? dxz/ ﬂdmz () dx—e/ () dz 58
IR v R A= L R e P %)

Let R > 0 such that Q C Br(y). Since ¢ = 1 near y, we have that

¢*(x) 1
dx = O(1 d
/Q<e+|x—y|2>|x—y|2 =0l ”/BR@) EEE

By the usual computations,

N|=

1 R ReTE .
dx = UJ3/ ——dr = wse~ / ——dt =0("?)
/BR(y) e+ ]z —y[*)|e —y? o €+r? 0 1+

Coming back to (58), this means that

/Q ude = /Q @) 4t 0@ (59)

|z =yl
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Using (56),(57) and (59) we get that as e — 0T

K1€_% + Velz |22d _)\/ ¢2($)2d9€+0(5%) Ky ‘*‘5%[ Vot )|22d _/\/ ¢2(m)2dﬂ+0(5)
Qx(t1e.y) = ol -yl o[z~ _ o |z —yl ol —yl
Koe™2 +O(e2) K> +0O(e)
Finally, , ,
11 [ Vel ¢*(2)
Qr(tey) = Ss + Ky 'e?| foﬁ2d—AAJ$;Zﬁﬂ+0@) (60)

Lemma 14 The space of locally flat smooth functions is dense in H}(Q, |x —y|™2) .

Proof
Let = € Q). Without loss of generality, let x = 0.

Since the space C2°(12) is by construction dense in H} (€2, |z|~2), it suffices to show that every smooth function
can be approximated by smooth functions which are flat in a neighborhood of the origin. Let ¢ € C°(Q)
and € > 0 such that B. is entirely contained in 2.

It is now standard that we can find a function ¢. € C2°(€2), such that ¢|o\p. = ¢<|o\p. and ¢. = ¢(0) in
Be<. This means that ¢. is a locally flat smooth function.

Now,

V(¢ — ) v
[y dequpﬁweﬁ Vo \}/ e

€

1

We choose ¢, such that ||V |> — |Vé|?| remains uniformly bounded as e — 07 and since / de = 4me
B. |

we have that ¢. — ¢ in the norm of H(Q, |z|72) as e — 0F. O

We will now use Lemmas 13 and 14 to give the proof of our main theorem 6.
Proof of Theorem 6

Let u* < XA < A1. Then, by definition of ;*, there is a point y € Q and a function u € H}(Q, |z —y|~2), such

that
|Vul?

Jolr—y*

/Wx*MQQ

In view of lemma 14, there is a smooth function ¢ which is constant near y, such that

dx

<A

|VW2
W*m / ¢P ¢?
<)\<:> T — A dr < 0.
/ o Ix*yl2 alz—yl?
QW—yP
P(x)

In view of Lemma 13, we use this particular function ¢ in u. ,(x) = . As aresult, Qx(ucy) <

(e + |z —yl?)®
S3 + O(e) and therefore, for small enough & > 0, Qx(us) < S3 = Jy < S3

Moreover, as somebody would expect, p* has the following interesting properties:
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Lemma 15 If B is a ball, then p*(B) = 1)\ (B) = X\*(B).

Proof Without loss of generality, we assume again that B = B;. Thus, A\;(B) = 72. In Theorem 6,

we have seen that Jy < S3, V A € (p*(B),\1(B)). By continuity of the mapping A — J, this means

that J,-(gy < S3. On the other hand, we know from Part B of Theorem 3 that we have the inequality

J%)\I(B) > S3. By monotonicity of Jy, this means that p*(B) > %)\1(3). For the reverse inequality ,

it suffices to choose y = 0 and insert cos(Z|z|) € HG(S, [|z]|72) as a test function. We then have that

V(cos(Ele))?
P

/ (cos(3 1))
sl

. Turning to spherical coordinates , this means that

*(B) < = — S
wB) < T 1 L/”l 1 4
cos”(=r)dr cos? dr
0 2 0
A (B
As a result, we have that p*(B) = li ) O

Lemma 16 We have that p*(2) > pu*(Q*).

Proof

This statement is a direct consequence of the fact that J,-(q) < S3 , J,«(q+) > 53, and that the mapping
A +— Jy is non-increasing. O
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