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Abstract

Catalan conjectured that 8 and 9 are the only consecutive integers which are perfe-
ct powers. In other words, the diophantine equation

Xm − Y n = 1 (m > 1, n > 1, x > 0, y > 0)

has no solutions other than xm = 32, yn = 23.
The conjecture which dates back to 1844 was recently proven by the mathematician
Preda Mihǎilescu.
In this master thesis we present the proof of Catalan’s conjecture.
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Sth giagi� kai ston pappoÔ mou,
JeonÔmfh kai Andrèa.
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Eisagwg 

'Enac apì touc kÔriouc skopoÔc thc JewrÐac Arijm¸n eÐnai h eÔresh mejìdwn lÔsewn
diofantik¸n exis¸sewn, dhlad  poluwnumik¸n exis¸sewn me akèraiouc suntelestèc twn
opoÐwn zhteÐtai h eÔresh ìlwn twn akeraÐwn   rht¸n lÔsewn.
Klasikì par�deigma apoteleÐ h eikasÐa tou Fermat, ìti h exÐswsh

Xn + Y n = Zn,

gia k�je n ∈ N, n ≥ 3 den èqei mh-tetrimmènh akèraia lÔsh (x, y, z) me xyz 6= 0. EÐnai
se ìlouc gnwstì ìti h eikasÐa telik� upèkuye stic prosp�jeiec twn Majhmatik¸n, all�
polÔ argìtera, 350 perÐpou qrìnia met� th diatÔpws  thc.

Sthn paroÔsa ergasÐa ja asqolhjoÔme me mÐa �llh fhmismènh eikasÐa, aut  tou
Bèlgou majhmatikoÔ Eugène Catalan (1814− 1894).
Sta 1844 dhmosieÔjhke sto Crelle’s Journal, tìmoc 27, selÐda 192, to akìloujo apì-
spasma epistol c tou Catalan, h opoÐa eÐqe wc apodèkth ton ekdìth tou periodikoÔ.
{KÔrie, parakal¸ na dhmosieÔsete sto periodikì sac to akìloujo je¸rhma. PisteÔw
ìti eÐnai alhjèc par� to ìti den ta kat�fera na to apodeÐxw mèqri stigm c; Ðswc �lloi
na eÐnai pio tuqeroÐ.}
{Den up�rqoun diadoqikoÐ akèraioi, ektìc twn 8 kai 9, oi opoÐoi na eÐnai dun�meic ake-
raÐwn. Me �lla lìgia h (diofantik ) exÐswsh

Xm − Y n = 1

èqei san monadik , mh-tetrimmènh (m > 1, n > 1, xy 6= 0), lÔsh stouc mh-arnhtikoÔc
akeraÐouc thn (x = 3, m = 2, y = 2, n = 3).}
ProtoÔ anaferjoÔme sthn IstorÐa epÐlushc thc eikasÐac tou Catalan, ja gurÐsoume gia
lÐgo pÐsw kai ja anaferjoÔme sthn proðstorÐa thc.
O Philippe de Vitry èjese to prìblhma {an mporeÐ o 3m ± 1 na eÐnai dÔnamh tou 2.}
To prìblhma autì apant jhke apì ton Levi ben Gerson, ton eponomazìmeno kai Leo
Hebraius (1288− 1344). O Gerson [16] apèdeixe ìti an

3m ± 1 = 2n, tìte m = 2 kai n = 3.

Sta 1657 o Fermat, se epistol  tou proc ton Frénicle de Bessy [7], prìteine na apodei-
qjeÐ ìti, an p perittìc pr¸toc kai n fusikìc ≥ 2, tìte to pn + 1 den eÐnai potè tèleio
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tetr�gwno kai ìti to Ðdio isqÔei kai gia to 2n + 1, ìtan n ≥ 4. O Frénicle apèdeixe tic
prot�seic tou Fermat, all� h apìdeix  tou ègine gnwst  mìlic to 1944 ([17]).
Sta 1738 o Euler [14], qrhsimopoi¸ntac th mèjodo thc �peirhc kajìdou (Fermat), apè-
deixe ìti, an h diafor� metaxÔ enìc tetrag¸nou kai enìc kÔbou eÐnai ±1, tìte oi arijmoÐ
autoÐ eÐnai 9 kai 8. Apèdeixe dhlad  thn eikasÐa tou Catalan gia m = 2 kai n = 3.

EÐnai eÔkolo na apodeiqjeÐ ìti de qrei�zetai na melet soume thn exÐswsh tou Catalan
me opoiousd pote ekjètec. ArkeÐ na jewr soume thn perÐptwsh pou

m = p, n = q, p 6= q kai p, q pr¸toi arijmoÐ.
Me b�sh kurÐwc th mejodologÐa, h apìdeixh qwrÐzetai se treic, ja lègame, periìdouc.
H pr¸th perÐodoc anafèretai kurÐwc se apotelèsmata me qr sh stoiqeiwd¸n mejìdwn.
To epìmeno b ma, met� thn apìdeixh tou Euler gia p = 2 kai q = 3,  tan h melèth twn
exis¸sewn thc morf c

X2 − Y q = ±1 (q ≥ 5).

H exÐswsh aut  qwrÐzetai se dÔo exis¸seic, an�loga me to prìshmo. H pr¸th, thc
morf c Xp− Y 2 = 1 eÐnai apl , den èqei mh-tetrimmènec lÔseic kai apodeÐqjhke apì ton
V. A. Lebesgue [20] sta 1850, merik� qrìnia argìtera apì th diatÔpwsh thc eikasÐac.
(Ac shmeiwjeÐ ed¸ ìti o Lebesgue den eÐnai to Ðdio prìswpo me ton gnwstì Lebesque thc
JewrÐac Mètrou, o opoÐoc genn jhke to 1875.) EÐnai axioshmeÐwto ìti h deÔterh morf ,
X2 − Y q = 1, qrei�sthke 120 qrìnia gia na apodeiqjeÐ. ProtoÔ ìmwc apodeiqjeÐ eÐqame
endiafèronta endi�mesa apotelèsmata.
Sta 1921 o Nagell [30] apèdeixe ìti h exÐswsh X3 ± 1 = Y m (m ìqi dÔnamh tou 2) èqei
mìno tetrimmènec lÔseic. (Ed¸ qrei�sthkan kai k�poia apotelèsmata tou Ljunggren [21]
(1942/1943) gia thn pl rh apìdeixh enìc endiamèsou b matoc.)
Sta 1934 o Nagell [32] apèdeixe ìti, an h exÐswsh X2−Y q = 1, ìpou q eÐnai pr¸toc > 3,
èqei mh-tetrimmènh lÔsh, tìte q ≡ 1 (mod 8).
Sth sunèqeia, sta 1940/1941 o Obláth [33] apèdeixe ìti, an h exÐswsh X2− Y q = 1 èqei
mh-tetrimmènh lÔsh, tìte ja prèpei 2q−1 ≡ 1 (mod q2) kai 3q−1 ≡ 1 (mod q2).
H sÔndesh aut  me isodunamÐec tètoiou tÔpou eÐnai ephreasmènh apì ta jewr mata twn
Wieferich kai Mirimanof sqetik� me thn exÐswsh tou Fermat

Xp + Y p = Zp, p ∈ P.

An h exÐswsh tou Fermat Xp + Y p = Zp èqei mh-tetrimmènh lÔsh (x, y, z) kai p 6 | xyz,
tìte 2p−1 ≡ 1 (mod p2) (Wieferich [41], 1909). Ac shmeiwjeÐ ed¸ ìti mèqri s mera
dÔo mìno Wieferich pr¸toi eÐnai gnwstoÐ, oi 1093 kai 3511, kai autì met� apì èlegqo
ìlwn twn pr¸twn p < 4 · 1012. Blèpoume dhlad  ìti pr¸toi arijmoÐ pou ikanopoioÔn tic
parap�nw isodunamÐec eÐnai exairetik� sp�nioi.
Sta 1961 oi Inkeri kai Hyyrö [19] apèdeixan ìti, an up�rqei mh-tetrimmènh lÔsh (x, y)
thc exÐswshc, tìte ja prèpei

x > 2q(q−2) > 103·109

y > 4q−2 > 106·105

.
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Telik� sta 1960 o Chao Ko [12] apèdeixe (dhmosieÔthke se met�frash apì ta kinèzika
sta 1964) ìti h exÐswsh X2 − Y q = 1 èqei mìno tetrimmènec lÔseic.
H apìdeixh aut  aplopoi jhke arket� sta 1976 apì ton Chein [13].
Sta 1924 o Nagell [31] apèdeixe ìti, an h exÐswsh X2 − Y q = 1 (q pr¸toc, q > 3) èqei
mh-tetrimmènh lÔsh (x, y), tìte 2 | y kai q | x.
To apotèlesma autì genikeÔthke sta 1960 apì ton Cassels [11], o opoÐoc apèdeixe me
stoiqei¸dh all� idiofu  trìpo ìti, an gia perittoÔc pr¸touc p, q me p 6= q h exÐswsh
Xp − Y q = 1 èqei mh-tetrimmènh lÔsh (x, y), tìte p | y kai q | x.
Stìqoc mac eÐnai na broÔme ìti ta x, y, p, q èqoun tìso kalèc idiìthtec ¸ste telik� na
apodeiqjeÐ ìti den up�rqoun.
Ja prèpei na shmei¸soume ed¸ ìti mèqri tic arqèc thc deketÐac tou ebdom nta den  tan
gnwstì ìqi mìno an h eikasÐa tou Catalan isqÔei, all� oÔte kan an èqei peperasmèno  
�peiro pl joc lÔsewn. O lìgoc eÐnai ìti h exÐswsh èqei tèsseric agn¸stouc.
An oi perittoÐ pr¸toi p kai q me p 6= q eÐnai stajeroÐ, tìte gnwrÐzoume ìti to pl joc twn
lÔsewn thc diofantik c exÐswshc Xp − Y q = 1 eÐnai peperasmèno (Siegel [36], 1929).

H deÔterh perÐodoc anafèretai se apotelèsmata me qr sh uperbatik¸n mejìdwn.
Sta mèsa thc dekaetÐac tou ex nta o Alan Baker [6] apèdeixe mÐa seir� apì jewr mata
sta opoÐa brÐskei k�tw fr�gmata grammik¸n morf¸n logarÐjmwn.
O Tijdeman [38] sta 1976 ef�rmose th jewrÐa tou Baker kat� idiofu  trìpo se dÔo
grammikèc morfèc logarÐjmwn kai kat�fere na apodeÐxei ìti up�rqei mÐa stajer� C > 0,
h opoÐa eÐnai upologÐsimh, tètoia ¸ste an (x, y, p, q) eÐnai mh-tetrimmènh lÔsh thc exÐsw-
shc tou Catalan, tìte max{x, y, p, q} < C.
Ja mporoÔse na pei kaneÐc ìti ousiastik� me to apotèlesma tou Tijdeman to prìblhma
lÔjhke. 'Amesh sunèpeia tou jewr matoc tou Tijdeman eÐnai ìti h exÐswsh èqei pe-
perasmèno pl joc lÔsewn. Epomènwc, autì pou apomènei eÐnai na elègxoume ìlec tic
tetr�dec (x, y, p, q) fusik¸n arijm¸n mikrìterwn tou C. Dustuq¸c autì eÐnai adÔnato
na epiteuqjeÐ. To fr�gma eÐnai tìso meg�lo (eeee730

!) pou oi peript¸seic pou apomènoun
na exetasjoÔn eÐnai tìso pollèc ¸ste autì na eÐnai adÔnato na epiteuqjeÐ akìmh kai
me touc taqÔterouc upologistèc. AkoloujeÐ mÐa seir� ergasi¸n stic opoÐec belti¸netai
arket� to fr�gma tou Tijdeman.
To kalÔtero mèqri s mera gnwstì apotèlesma eÐnai ìti an (x, y, p, q) eÐnai mh-tetrimmènh
lÔsh thc exÐswshc tou Catalan, tìte

max{p, q} < 7, 8 · 1016

kai ofeÐletai ston M. Mignotte [24].
Dusuq¸c to apotèlesma eÐnai kai p�li arket� meg�lo kai eÐnai adÔnato na katasteÐ
dunatìc o èlegqoc ìlwn twn endiamèswn peript¸sewn.

H trÐth perÐodoc shmatodoteÐ thn epistrof  sthn Algebrik  JewrÐa Arijm¸n kai thn
(proqwrhmènh) JewrÐa twn Kuklotomik¸n Swm�twn.
Sta 1990 o Inkeri [18] apèdeixe ìti an (x, y, p, q) eÐnai mh-tetrimmènh lÔsh thc exÐswshc
tou Catalan, tìte
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(i) An q de diaireÐ ton arijmì kl�sewn idewd¸n hp tou kuklotomikoÔ s¸matoc arijm¸n
K = Q(ζp), ìpou ζp := e

2πi
p , tìte

q2 | x kai pq−1 ≡ 1 (mod q2).

(ii) An p de diaireÐ ton arijmì kl�sewn idewd¸n hp tou kuklotomikoÔ s¸matoc arij-
m¸n K = Q(ζq), ìpou ζq := e

2πi
q , tìte

p2 | y kai qp−1 ≡ 1 (mod p2).

H apìdeixh eÐnai klasik  kai an�logh antÐstoiqou apotelèsmatoc gia thn exÐswsh tou
Fermat. SthrÐzetai fusik� kat� meg�lo mèroc kai sta apotelèsmata tou Cassels. Ed¸
pernoÔme apì arijmoÔc se ide¸dh kai sth sunèqeia {prosgeiwnìmaste} stouc akeraÐouc
me {autìmato pilìto} ton periorismì q 6 | hp.To prìblhma sunèqize na paramènei sthn perÐptwsh pou den Ðsquan oi upojèseic thc mh
diairetìthtac tou arijmoÔ kl�sewn idewd¸n sto je¸rhma tou Inkeri.
To telikì b ma ègine apì ton Mihǎilescu, o opoÐoc se mÐa seir� ergasi¸n apì to 1999
mèqri to 2003-2004 ([26], [27], [28], [29]) kat�fere na apodeÐxei pl rwc thn eikasÐa.
Sthn pr¸th tou ergasÐa [26] (1999) apèdeixe tic isodunamÐec tou Inkeri qwrÐc kanèna
periorismì, gia na apodeiqjeÐ, ìpwc gÐnetai suqn�, ìti oi periorismoÐ tou Inkeri  tan
teqnhtoÐ kai ofeÐlontan sthn apodeiktik  mèjodo pou efarmìsthke. H pr¸th idiofu c
idèa tou Mihǎilescu  tan na dr�sei p�nw sthn (upotijèmenh) lÔsh thc exÐswshc me stoi-
qeÐa tou ide¸douc tou Stickelberger, ta opoÐa, wc gnwstì, èqoun idiìthta mhdenist  ìtan
dr�soun se ide¸dh tou kuklotomikoÔ s¸matoc arijm¸n.
Oi upologismoÐ mèsw tou jewr matoc tou Mihǎilescu èqoun elattwjeÐ shmantik�. ArkeÐ
na shmei¸soume ìti oi dÔo pio mikroÐ pr¸toi pou plhroÔn tic isodunamÐec tou Mihǎilescu
eÐnai (p, q) = (83, 4871) kai (p, q) = (911, 318017), kai oi opoÐoi mporoÔn na exairejoÔn
mèsw �llwn upologism¸n.
Sundu�zontac ta apotelèsmata twn Tijdeman kai Mihǎilescu, oi Mignotte kai Roy [25]
upolìgisan èna k�tw fr�gma gia ta p, q, ìti dhlad  min{p, q} ≥ 107.
Sth sunèqeia h apìdeixh gÐnetai se dÔo b mata.

Sto pr¸to b ma apodeiknÔetai ìti an oi p, q eÐnai perittoÐ pr¸toi me p 6= q kai
p ≡ 1 (mod q), tìte h exÐswsh tou Catalan den èqei mh-tetrimmènh lÔsh.
H apìdeixh sthrÐzetai sta gnwst� sqetik� apotelèsmata thc uperbatik c arijmojewrÐac.
An p ≡ 1 (mod q), tìte p ≡ 1 (mod q2), dhlad  p = `q2 + 1, gia k�poio akèraio `.
EÔkola apodeiknÔetai ìti p > 4q2. Apì to je¸rhma tou Tijdeman prokÔptei ìti

p ≤ 24, 34 · q
(
max{log

p + 1

log q
+ 0, 14, 21}

)2

log q.

'Amesh sunèpeia aut c thc sqèshc eÐnai ìti gia q ≥ 28000 èqoume p ≤ 4q2. EÐnai plèon
eÔkolo (me qr sh hlektronikoÔ upologist ) na elègxoume ìti den up�rqoun pr¸toi p, q

tètoioi ¸ste q ≤ 28000, 1 + 4q2 ≤ p ≤ 24, 34 · q
(
max{log p+1

log q
+ 0, 14, 21}

)2

log q,

p ≡ 1 (mod q2) kai qp−1 ≡ 1 (mod p2)
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Sto deÔtero b ma upojètoume ìti p 6≡ 1 (mod q).

JewroÔme to kuklotomikì s¸ma arijm¸n K = Q(ζ), ζ := e
2πi
p .

An G := Gal(K/Q), tìte o daktÔlioc om�dac Fq[G] eÐnai eujÔ ginìmeno swm�twn afoÔ
to q de diaireÐ thn t�xh thc om�dac G (|G| = p− 1).
O daktÔlioc autìc dra tìso sthn om�da E twn mon�dwn tou K ìso kai sthn om�da H
twn kl�sewn idewd¸n autoÔ.
ApodeiknÔetai ìti E/Eq eÐnai èna kuklikì Fq[G]−module tou opoÐou o mhdenist c
(annihilator) par�getai apì to norm stoiqeÐo N :=

∑
σ∈G σ tou Fq[G] kai to 1− ι, ìpou

ι eÐnai h migadik  suzugÐa.
Sth sunèqeia jewroÔme thn upoom�da C twn kuklotomik¸n mon�dwn tou K.
Wc gnwstì o deÐkthc [E : C] sundèetai sten� me ton arijmì kl�sewn idewd¸n tou K
(parapèmpoume sto [2]).
MÐa shmantik  upoom�da thc om�dac C eÐnai h om�da Cq twn q−primary kuklotomik¸n
mon�dwn.
To stoiqeÐo a ∈ Z[ζ] ja lègetai q−primary an up�rqei β ∈ Z[ζ] tètoio ¸ste

a ≡ βq (mod q2).

Pio genik�, to stoiqeÐo a ∈ K∗ ja lègetai q−primary an
a = a1a

−1
2 γq,

ìpou ta a1, a2 ∈ Z[ζ] eÐnai q−primary kai γ ∈ K∗.
H melèth tou Fq[G]−module E/Eq gÐnetai se trÐa endi�mesa b mata.
JewroÔme ta Fq[G]−modules

E/CEq, C/Cq kai Cq/(Cq ∩ Eq)

kai apodeiknÔoume ìti oi mhdenistèc touc, èstw I1, I2, I3, eÐnai an� dÔo pr¸toi metaxÔ
touc kai ìti isqÔei

I1I2I3 = (N, 1− ι).

Sth sunèqeia apodeiknÔetai, anex�rthta apì thn exÐswsh tou Catalan, ìti gia p > q
isqÔei I2 6=< 1 >= R = Fq[G]. En¸, an upojèsoume ìti up�rqei lÔsh (x, y, p, q) thc
exÐswshc tou Catalan, tìte I1I3 ⊆ (N, 1 − ι) kai apì thn teleutaÐa sqèsh prokÔptei
eÔkola ìti I2 =< 1 >, �topo!

Gia na petÔqoume to skopì mac jewroÔme th dr�sh stoiqeÐwn tou daktulÐou om�dac
Fq[G] eidik c morf c Θ =

∑
σ∈G nσσ me ∑

σ∈G nσ = 0 sta stoiqeÐa (x−ζ) tou daktulÐou
Z[ζ].
ApodeiknÔoume ìti gia tètoia stoiqeÐa Θ isqÔei

(x− ζ)Θ ∈ (K∗)q

kai sugqrìnwc ìti gia ìla ta di�fora tou mhdenikoÔ stoiqeÐa aut c thc eidik c morf c
isqÔei

(x− ζ)Θ 6∈ (K∗)q.
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Gia thn apìdeixh thc pr¸thc sqèshc qrhsimopoioÔme èna bajÔ je¸rhma tou Thaine sÔm-
fwna me to opoÐo èna �rtio stoiqeÐo Θ tou Z[G] to opoÐo mhdenÐzei to q−part thc E/C
mhdenÐzei kai to q−part tou (+)−part thc om�dac kl�sewn idewd¸n H tou K. Ac shmeiw-
jeÐ ed¸ ìti h om�da kl�sewn idewd¸n H+ eÐnai h om�da kl�dewn idewd¸n tou mègistou
pragmatikoÔ upos¸matoc tou K ([2]).
H apìdeixh thc deÔterhc sqèshc perièqei thn pio ìmorfh idèa tou Mihǎilescu. Sundu�zei
th JewrÐa Sunart sewn me thn Algebrik  JewrÐa Arijm¸n kai th GewmetrÐa twn Arij-
m¸n.
EÐnai gnwstì ìti gia k�je perittì fusikì arijmì n h apeikìnish ϕ : R → R pou anistoi-
qeÐ k�je a ∈ R sto an ∈ R eÐnai ènac omoiomorfismìc tou R. H antÐstrofh sun�rthsh
dÐnetai, mèsa sto monadiaÐo kÔklo, apì th diwnumik  seir� ∑∞

k=0

(
1
n

k

)
T k.

Apì th melèth thc seir�c prokÔptei ìti ìtan jewr soume k�poio Θ ∈ Z[G] me mh-
arnhtikoÔc suntelestèc nσ twn opoÐwn to �jroisma eÐnai mq, tìte o akèraioc algebrikìc

qm+ordq(m!)xm(1− ζ

x
)

Θ
q

eÐnai Ðsoc proc to P (T )(x), ìpou P (T ) eÐnai èna polu¸numo to opoÐo modulo qZ[ζ][T ]
eÐnai Ðso me qm+ordq(m!)am(Θ). Oi suntelestèc am(Θ) eÐnai oi m−ostoÐ suntelestèc thc( ∞∑

k=0

(
1
q

k

)
(ζT )k

)Θ

.

Telik� apodeiknÔetai ìti kat' an�gkh ìloi oi suntelestèc tou Θ diairoÔntai me q, dhlad 
ìti to Θ eÐnai Ðso me mhdèn modulo q kai sunep¸c èqoume apodeÐxei pl rwc thn eikasÐa
tou Catalan.
Ja prèpei akìmh na shmei¸soume ìti o Mihǎilescu kat�fere en tw metaxÔ na apodeÐxei
pl rwc thn eikasÐa qwrÐc na k�nei qr sh uperbatik¸n mejìdwn kai hlektronikoÔ upo-
logist . H idèa thc apìdeixhc eÐnai h ex c: An (x, y, p, q) eÐnai lÔsh thc exÐswshc tou
Catalan, tìte, mèsw aut c, dÐnontai dÔo ide¸dh A, B tou Z[G] tètoia ¸ste afenìc A ⊆ B
kai afetèrou to A èqei perissìtera stoiqeÐa (k�poiou eÐdouc) ap' ìti to B, �topo.
To mèroc autì den perièqetai sthn metaptuqiak  mac ergasÐa.
O trìpoc graf c tou Mihǎilescu eÐnai arket� perÐplokoc. To kaj kon thc aplopoÐhshc
arket¸n apì tic teqnikèc tou exetèlese me epituqÐa o Yuri Bilu ([8], [9]).
EpÐshc, lìgw tou endiafèrontoc tou jèmatoc, èqoume mÐa seir� apì perigrafik� �rjra
([15], [23], [35]).
Tèloc na shmei¸soume ìti h eikasÐa tou Fermat, h eikasÐa tou Catalan kai to prìblhma
tou Waring apoteloÔn eidikèc peript¸seic (fhmismènec eikasÐec) mÐac k�pwc pio genik c
je¸rhshc aut c twn powered numbers. ([22]).

Ja  jela na ekfr�sw tic jermèc mou euqaristÐec ston kajhght  mou k. Gi�nnh A.
Antwni�dh tou opoÐou h sumbol   tan polÔtimh sthn ekpìnhsh aut c thc ergasÐac.
EpÐshc ja  jela na euqarist sw tìso ton k. Paulo Ribenboim o opoÐoc mac prom jeuse
èna antÐgrafo tou exantlhmènou kai duseÔretou s mera biblÐou tou [34], ìso kai ton k.
Yuri Bilu o opoÐoc, perÐ ta tèlh SeptembrÐou, èjese sth di�jes  mac antÐgrafo mèrouc
tou upì suggraf  biblÐou twn Bilu, Bugeaud, Mignotte [10].
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Kef�laio 1

Apotelèsmata me qr sh stoiqei¸douc
JewrÐac Arijm¸n

1.1 H exÐswsh tou Catalan gia p = q

Prìtash 1.1.1
'Estw p ènac pr¸toc. H exÐswsh Xp = Y p +1 den èqei akèraia lÔsh (x, y) me xy 6= 0.

Apìdeixh:
Upojètoume ìti (x, y) eÐnai mÐa akèraia lÔsh thc exÐswshc me xy 6= 0.

An p = 2, tìte x2− y2 = 1, dhlad  x− y = x + y = ±1. Afair¸ntac tic exis¸seic autèc
kat� mèlh èqoume y = 0, to opoÐo eÐnai �topo.
An p ≥ 3, tìte apì thn exÐswsh xp = yp + 1 èpetai ìti

(x− y)(xp−1 + xp−2y + . . . + xyp−2 + yp−1) = 1,

dhlad  x = y ± 1. An x = y + 1, tìte xp = (y + 1)p > yp + 1, to opoÐo eÐnai �topo. An
x = y−1, tìte xp = (y−1)p < yp−1, to opoÐo eÐnai epÐshc �topo. Epomènwc, h exÐswsh
Xp = Y p + 1 den èqei akèraia lÔsh (x, y) me xy 6= 0.

1.2 H exÐswsh tou Catalan gia p = 2 kai q = 3

L mma 1.2.1
An a eÐnai stoiqeÐo tou Z[1+

√
−3

2
] kai h norm N(a) eÐnai tetr�gwno akeraÐou, tìte

a = xb2, ìpou x eÐnai akèraioc kai b stoiqeÐo tou Z[1+
√
−3

2
].

Apìdeixh:

Sto daktÔlio R = Z[1+
√
−3

2
] twn akeraÐwn algebrik¸n arijm¸n tou tetragwnikoÔ s¸-

matoc arijm¸n K = Q(
√
−3) isqÔei h monos manth an�lush, dhlad  an a eÐnai stoiqeÐo

tou Z[1+
√
−3

2
], tìte to a analÔetai ston R se ginìmeno anag¸gwn stoiqeÐwn.

An p eÐnai ènac pr¸toc arijmìc, tìte:
13



(i) Gia p 6= 2 èqoume:
An p 6 | −3 kai (−3

p
) = 1, tìte p = π1π2, ìpou π1, π2 eÐnai an�gwga stoiqeÐa tou R kai

N(π1) = N(π2) = p.
An p 6 | −3 kai (−3

p
) = −1, tìte p eÐnai an�gwgo stoiqeÐo tou R kai N(p) = p2.

An p | −3, tìte p = r2, ìpou r eÐnai an�gwgo stoiqeÐo tou R kai N(r) = p.
(ii) Gia p = 2 èqoume 2 an�gwgo stoiqeÐo tou R kai N(2) = 22, afoÔ −3 ≡ 5 (mod 8).

'Ara a = πβ1

1 πβ2

2 . . . πβκ
κ pγ1

1 pγ2

2 . . . pγλ

λ r2δ1
1 r2δ2

2 . . . r
2δµ
µ 2ε, dhlad 

N(a) = qβ1

1 . . . qβκ
κ p2γ1

1 p2γ2

2 . . . p2γλ

λ s2δ1
1 s2δ2

2 . . . s2δµ
µ 22ε.

Gia na eÐnai h norm N(a) tetr�gwno akeraÐou ja prèpei
β1 ≡ β2 ≡ . . . ≡ βκ ≡ 0 (mod 2),

dhlad  βi = 2ζi, gia k�je i = 1, . . . , κ.
Epomènwc

a = π2ζ1
1 π2ζ2

2 . . . π2ζκ
r pγ1

1 pγ2

2 . . . pγλ

λ r2δ1
1 r2δ2

2 . . . r2δµ
µ 2ε

= (πζ1
1 πζ2

2 . . . πζκ
r rδ1

1 rδ2
2 . . . rδµ

µ )2pγ1

1 pγ2

2 . . . pγλ

λ 2ε

= xb2,

ìpou x = pγ1

1 pγ2

2 . . . pγλ

λ 2δ eÐnai akèraioc kai b = πζ1
1 πζ2

2 . . . πζκ
r rδ1

1 rδ2
2 . . . r

δµ
µ stoiqeÐo tou

Z[1+
√
−3

2
].

2

Prìtash 1.2.1
Den up�rqoun akèraioi b, c me bc 6= 0, gcd(b, c) = 1 kai b 6≡ 0 (mod 3) gia touc

opoÐouc bc(b2 − 3bc + 3c2) na eÐnai tetr�gwno > 1.

Apìdeixh:
Ja efarmìsoume th mèjodo kajìdou tou Fermat.

Upojètoume ìti up�rqoun akèraioi b, c me bc 6= 0, gcd(b, c) = 1 kai b 6≡ 0 (mod 3) gia
touc opoÐouc bc(b2−3bc+3c2) eÐnai tetr�gwno > 1. Sth sunèqeia upojètoume ìti h lÔsh
aut  eÐnai h lÔsh h opoÐa dÐnei thn el�qisth tim  bc(b2− 3bc + 3c2). Ja kataskeu�soume
èna zeug�ri akeraÐwn (s, t) me st 6= 0, gcd(s, t) = 1 kai s 6≡ 0 (mod 3) gia to opoÐo
st(s2 − 3st + 3t2) eÐnai tetr�gwno > 1, all� st(s2 − 3st + 3t2) < bc(b2 − 3bc + 3c2)
kai ètsi katal goume se �topo. Epomènwc, de mporoÔn na up�rqoun �kèraioi b, c pou
ikanopoioÔn tic upojèseic thc Prìtashc gia touc opoÐouc bc(b2 − 3bc + 3c2) na eÐnai
tetr�gwno > 1.
Epeid  bc(b2 − 3bc + 3c2) > 0 èqoume eÐte b, c > 0, eÐte b, c < 0. Upojètoume ìti b, c > 0.
EpÐshc oi treic par�gontec sto ginìmeno bc(b2 − 3bc + 3c2) eÐnai an� dÔo pr¸toi metaxÔ
touc, afoÔ gcd(b, c) = 1 kai b 6≡ 0 (mod 3).
Epomènwc

b = x2 (1.1)
c = y2 (1.2)

b2 − 3bc + 3c2 = z2, (1.3)
14



ìpou x, y, z eÐnai akèraioi. Epilègoume x, y, z > 0.

'Omwc b2− 3bc + 3c2 = N(b + c−3+
√
−3

2
). 'Ara N(b + c−3+

√
−3

2
) = z2. Apì to L mma 1.2.1

èpetai ìti
b + c

−3 +
√
−3

2
= (` + n

−3 +
√
−3

2
)2k, (1.4)

ìpou `, n, k eÐnai akèraioi.
Epilègoume ` > 0. Apì th sqèsh (1.4) brÐskoume ìti

b = k(`2 − 3n2) (1.5)
c = k(2`n− 3n2). (1.6)

Epeid  gcd(b, c) = 1 èqoume k = ±1. Ja deÐxoume ìti gcd(`, n) = 1. Pr�gmati, an
d := gcd(`, n) > 1 kai p′ eÐnai ènac pr¸toc pou diaireÐ to d, tìte p′ | `2 − 3n2 kai
p′ | 2`n − 3n2, dhlad  p′ | b kai p′ | c, to opoÐo eÐnai �topo diìti gcd(b, c) = 1. 'Ara
gcd(`, n) = 1.
Ja deÐxoume ìti k = 1, dhlad  ja aporrÐyoume thn perÐptwsh k = −1. Pr�gmati, an
k = −1, tìte apì tic sqèseic (1.1) kai (1.5) èqoume 3n2 = `2 + x2.
'Omwc `2 + x2 ≡ 0   1   2 (mod 4) kai 3n2 ≡ 0   3 (mod 4). Opìte apì th sqèsh
3n2 = `2 + x2 èpetai ìti `2 ≡ 0 (mod 4), x2 ≡ 0 (mod 4) kai n2 ≡ 0 (mod 4), to opoÐo
eÐnai �topo diìti gcd(`, n) = 1. 'Ara k = 1 kai apì th sqèsh (1.6) èqoume n > 0, afoÔ
` > 0 kai c = y2.
Epomènwc

b = `2 − 3n2 (1.7)
c = 2`n− 3n2, (1.8)

ìpou `, n eÐnai jetikoÐ akèraioi.
Apì tic sqèseic (1.7) kai (1.1) èqoume x2 + 3n2 = `2, dhlad  N(x +

√
−3n) = `2. Apì

to L mma 1.2.1 èpetai ìti

x +
√
−3n = m(

s + t
√
−3

2
)2, (1.9)

ìpou s, t,m eÐnai akèraioi kai t ≡ s (mod 2). Pr�gmati, an s+t
√
−3

2
= s′ + t′ 1+i

√
3

2
, ìpou

s′, t′ eÐnai akèraioi, tìte s = 2s′ + t, dhlad  t ≡ s (mod 2). Epilègoume s > 0. Apì th
sqèsh (1.9) brÐskoume ìti

x =
s2 − 3t2

4
m (1.10)

n =
st

2
m. (1.11)

Epeid  n, s > 0 apì th sqèsh (1.11) èpetai ìti oi t,m èqoun to Ðdio prìshmo.
Ja deÐxoume ìti gcd(x, n) = 1. Pr�gmati, an d := gcd(x, n) > 1 kai p′ eÐnai ènac pr¸toc
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pou diaireÐ to d, tìte p′ | x kai p′ | n, dhlad  p′ | x2 kai p′ | 3n2. Opìte p′ | x2 +3n2 = `2,
to opoÐo eÐnai �topo diìti gcd(`, n) = 1. 'Ara gcd(x, n) = 1.
EpÐshc m | 2. Pr�gmati, apì tic sqèseic (1.10) kai (1.11) èqoume m | 4x kai m | 4n.
'Omwc gcd(4x, 4n) = 4 gcd(x, n) = 4. 'Ara m | 4. An m = ±4, tìte apì tic sqèseic (1.10)
kai (1.11) kai epeid  t ≡ s (mod 2), èqoume n ≡ 0 (mod 2) kai x ≡ 0 (mod 2). Autì
ìmwc eÐnai �topo diìti gcd(x, n) = 1. 'Ara m | 2.
Apì th sqèsh x2 + 3n2 = `2, lìgw twn sqèsewn (1.10) kai (1.11), èqoume

` =
s2 + 3t2

4
|m|, (1.12)

afoÔ ` > 0.
Apì th sqèsh (1.8), lìgw twn sqèsewn (1.11) kai (1.12), èqoume

(
2y

m
)2 =

4c

m2
= s|t|(s2 − 3s|t|+ 3|t|2), (1.13)

dhlad  s|t|(s2 − 3s|t|+ 3|t|2) eÐnai tetr�gwno akeraÐou.
'Eqoume kataskeu�sei èna kainoÔrio zeug�ri akeraÐwn (s, |t|). Ja apodeÐxoume ìti oi
akèraioi s, |t| ikanopoioÔn tic upojèseic thc Prìtashc kai ìti s|t|(s2− 3s|t|+ 3|t|2) eÐnai
tetr�gwno > 1.
Pr�gmati, an s = 0   t = 0, tìte apì tic sqèseic (1.11) kai (1.8) èqoume c = 0, to opoÐo
eÐnai �topo. 'Ara st 6= 0.
An 3 | s, tìte 3 | s2 − 3t2. Apì th sqèsh (1.10) èpetai ìti 3 | 4x, dhlad  3 | x. Sunep¸c
3 | x2 = b, to opoÐo eÐnai �topo diìti b 6≡ 0 (mod 3). 'Ara c 6≡ 0 (mod 3).
An d := gcd(s, |t|), tìte apì tic sqèseic (1.10) kai (1.11) kai epeid  gcd(x, n) = 1 èqoume
d | 4. An d = ±4, tìte up�rqoun akèraioi k,l tètoioi ¸ste s = ±4k kai |t| = ±4l. Apì
tic sqèseic (1.10) kai (1.11) prokÔptei ìti x = 4(k2−3l2)m kai n = 8klm, to opoÐo eÐnai
�topo diìti gcd(x, n) = 1. An d = ±2, tìte up�rqoun akèraioi s′, t′ tètoioi ¸ste s = ±2s′

kai |t| = ±2t′. H sqèsh (1.9) gr�fetai: x+
√
−3n = 4m( s′+t′

√
−3

2
)2 = m′( s′+t′

√
−3

2
)2, ìpou

m′ = 4m kai s′ ≡ t′ (mod 2). 'Ara x = s′2−3t′2

4
m′ = (s′2−3t′2)m kai n = s′t′

2
m′ = 2s′t′m.

EpÐshc m′ | 2 kai gcd(s′, t′) = 1. Epomènwc, mporoÔme na epilèxoume touc s, |t| ètsi ¸ste
gcd(s, |t|) = 1.
Ja deÐxoume ìti s|t|(s2−3s|t|+3|t|2) eÐnai tetr�gwno > 1. Apì th sqèsh (1.13) o arijmìc
s|t|(s2 − 3s|t| + 3|t|2) eÐnai tetr�gwno. EpÐshc s|t|(s2 − 3s|t| + 3|t|2) 6= 0. Pr�gmati,
s2 − 3s|t| + 3|t|2 > 0. 'Etsi, an s|t|(s2 − 3s|t| + 3|t|2) = 0, tìte s = 0   t = 0, to opoÐo
eÐnai �topo. An s|t|(s2 − 3s|t| + 3|t|2) = 1, tìte s = |t| = 1 kai apì th sqèsh (1.10)
èqoume x = −1

2
m. Epeid  o x eÐnai jetikìc akèraioc kai m | 2 èpetai ìti m = −2. Oi

m, t èqoun to Ðdio prìshmo kai sunep¸c t = −1. Opìte apì tic sqèseic (1.11) kai (1.12)
èqoume n = 1 kai ` = 2, 'Ara, apì tic sqèseic (1.7) kai (1.8) prokÔptei ìti b = c = 1,
dhlad  bc(b2−3bc+3c2) = 1, to opoÐo eÐnai �topo. Epomènwc s|t|(s2−3s|t|+3|t|2) eÐnai
tetr�gwno > 1.
Gia thn olokl rwsh thc apìdeixhc thc Prìtashc mènei na deÐxoume ìti

s|t|(s2 − 3s|t|+ 3|t|2) < bc(b2 − 3bc + 3c2).
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Apì th sqèsh (1.13) arkeÐ na deÐxoume ìti b(b2−3bc+3c2) > 4, afoÔ b, c > 0 kai |m| ≥ 1.
An upojèsoume ìti b(b2 − 3bc + 3c2) ≤ 4, tìte èqoume b = 1   b = 4, afoÔ b = x2. An
b = 1, tìte 3c2 − 3c + 1 ≤ 4. Epeid  c > 0 èpetai ìti c = 0   c = 1, to opoÐo eÐnai �topo
diìti bc(b2 − 3bc + 3c2) > 1. An b = 4, tìte 3c2 − 12c + 16 ≤ 1. 'Omwc h anisìthta aut 
den èqei lÔsh stouc pragmatikoÔc arijmoÔc kai sunep¸c katal goume se �topo. 'Ara
s|t|(s2 − 3s|t|+ 3|t|2) < bc(b2 − 3bc + 3c2).

2

Je¸rhma 1.2.1
Oi rhtèc lÔseic thc exÐswshc X2 − Y 3 = 1 eÐnai oi (x, y) = (0,−1), (±1, 0) kai

(±3, 2). Eidikìtera, oi akèraiec lÔseic thc exÐswshc X2 − Y 3 = 1 me xy 6= 0 eÐnai oi
(x, y) = (±3, 2).

Apìdeixh:
Upojètoume ìti (x, y) eÐnai mÐa rht  lÔsh thc exÐswshc.

An jèsoume u = y + 1, tìte h exÐswsh gr�fetai:
x2 = u3 − 3u2 + 3u. (1.14)

An u = b
c
, ìpou oi b, c eÐnai akèraioi me c 6= 0 kai gcd(b, c) = 1, tìte apì th sqèsh (1.14)

èqoume (c2x)2 = bc(b2 − 3bc + 3c2), dhlad  o s := bc(b2 − 3bc + 3c2) eÐnai tetr�gwno
akeraÐou.
An s = 0, tìte b = 0 afoÔ b2 − 3bc + 3c2 > 0 kai c 6= 0. Opìte u = 0, dhlad 
(x, y) = (0,−1).
An s = 1, tìte b = c = ±1, dhlad  u = 1. Epomènwc (x, y) = (±1, 0).
An s ≥ 2, tìte apì thn Prìtash 1.2.1 èpetai ìti 3 | b. An b:= b

3
, tìte gcd(β, c) = 1 kai

o arijmìc s
9

= βc(3β2− 3βc + c2) eÐnai tetr�gwno akeraÐou. Epeid  s ≥ 2 èqoume s 6= 0.
An s = 9, tìte β = c = ±1, dhlad  u = 3. Epomènwc (x, y) = (±3, 2). An s ≥ 18, tìte
apì thn Prìtash 1.2.1 èpetai ìti 3 | c, to opoÐo eÐnai �topo diìti 3 | b kai gcd(b, c) = 1.

2

1.3 H exÐswsh tou Catalan gia p = 3 kai q = 2

Je¸rhma 1.3.1
H exÐswsh X3 = Y 2 + 1 den èqei akèraia lÔsh (x, y) me xy 6= 0.

Apìdeixh:
Upojètoume ìti (x, y) eÐnai mÐa akèraia lÔsh thc exÐswshc me xy 6= 0.

H dojeÐsa exÐswsh gr�fetai: x3 = (y + i)(y − i), ìpou y + i, y − i eÐnai stoiqeÐa tou
daktulÐou Z[i]. O Z[i] eÐnai daktÔlioc monos manthc an�lushc me om�da twn mon�dwn
E(Z[i]) = {±1,±i}. ParathroÔme ìti 2 = (−i)(1 + i)2, ìpou to 1 + i eÐnai an�gwgo
stoiqeÐo tou Z[i]. Pr�gmati, an 1 + i = (a + bi)(c + di), ìpou a + bi, c + di eÐnai stoiqeÐa
tou Z[i], tìte 2 = N(1+i) = N(a+bi)N(c+di), dhlad  N(a+bi) = ±1   N(c+di) = ±1.
Sunep¸c, eÐte to a + bi eÐnai mon�da tou daktulÐou, eÐte to c + di eÐnai mon�da autoÔ.
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'Ara, to 1 + i eÐnai an�gwgo stoiqeÐo tou Z[i].
An d := gcd(y+ i, y− i), tìte d | 2. Isqurizìmaste ìti d ∼= 1 (kat� prosèggish mon�dac).
Pr�gmati, an d 6∼= 1, tìte 1 + i | d | y + i, dhlad  N(1 + i) | N(y + i). Apì thn
teleutaÐa sqèsh èpetai ìti 2 | y2 + 1 = x3, dhlad  2 | x kai �ra 23 | x3 = y2 + 1. 'Etsi,
y2 ≡ −1 (mod 8), to opoÐo eÐnai adÔnato. 'Ara d ∼= 1.
Opìte up�rqei z ston Z[i] t.w. y + i =ez3, ìpou e eÐnai mÐa mon�da tou Z[i]. Epeid  to
3 kai h t�xh thc om�dac twn mon�dwn tou Z[i] eÐnai pr¸toi metaxÔ touc èpetai ìti k�je
mon�da e tou Z[i] gr�fetai wc trÐth dÔnamh miac mon�dac e' tou Z[i], dhlad  y + i = h3,
ìpou h = a + bi eÐnai stoiqeÐo tou Z[i]. 'Ara y + i = (a3 − 3ab2) + i(3a2b − b3), dhlad 
(3a2 − b2)b = 1 kai sunep¸c b = ±1. Epomènwc 3a2 − 1 = ±1, dhlad  a = 0. Opìte
y = 0, to opoÐo eÐnai �topo.

2

1.4 H exÐswsh tou Catalan gia p = 2 kai q > 3

L mma 1.4.1
An q eÐnai ènac perittìc pr¸toc kai gcd(x, y) = 1, tìte gcd

(
x + y, xq+yq

x+y

)
= 1   q.

Apìdeixh:
'Eqoume

xq−1 = (x + y)xq−2 − xq−2y

−xq−2y = (x + y)(−xq−3y) + xq−3y2

xq−3y2 = (x + y)(xq−4y2)− xq−4y3

...
−xyq−2 = (x + y)(−yq−2) + yq−1.

Epomènwc
−xyq−2 ≡ yq−1

(
mod (x + y)

)
...

xq−3y2 ≡ yq−1
(

mod (x + y)
)

−xq−2y ≡ yq−1
(

mod (x + y)
)

xq−1 ≡ yq−1
(

mod (x + y)
)
.

Opìte
xq + yq

x + y
= xq−1 − xq−2y + xq−3y2 − . . .− xyq−2 + yq−1 ≡ qyq−1

(
mod (x + y)

)
.
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Apì thn teleutaÐa isodunamÐa èpetai ìti d := gcd
(
x + y, xq+yq

x+y

)
| qyq−1.

'Omwc gcd(d, yq−1) = 1, afoÔ gcd(x, y) = 1. 'Ara d | q. Sunep¸c
d := gcd

(
x + y,

xq + yq

x + y

)
= 1   q.

2

L mma 1.4.2
An x2 = yq + 1, ìpou q eÐnai ènac pr¸toc kai x > 1, tìte 2 | y kai q | x.

Apìdeixh:
Katarq n h dojeÐsa exÐswsh gr�fetai: yq = (x− 1)(x + 1). Upojètoume ìti 2 6 | y.

An d := gcd(x− 1, x + 1), tìte d | 2. 'Omwc d 6= 2 diìti 2 6 | y. 'Ara gcd(x− 1, x + 1) = 1.
Sunep¸c, up�rqoun akèraioi a, b t.w x − 1 = aq kai x + 1 = bq, dhlad  bq − aq = 2, to
opoÐo eÐnai adÔnato, ektìc e�n b = 1 kai a = −1. Tìte ìmwc, afoÔ ab = y, ja eÐqame
y = −1, dhlad  x = 0, to opoÐo eÐnai �topo. 'Ara 2 | y.
Epomènwc, up�rqoun akèraioi a, b t.w. x∓ 1 = 2aq kai x± 1 = 2q−1bq. An afairèsoume
autèc tic sqèseic kat� mèlh paÐrnoume

2q−2bq − aq = ±1. (1.15)
Upojètoume ìti q 6 | x. H exÐswsh gr�fetai: (y + 1)(yq+1

y+1
) = x2. Epeid  q 6 | x apì to

L mma 1.4.1 èqoume gcd
(
y + 1, yq+1

y+1

)
= 1.

Opìte up�rqoun akèraioi c, d t.w.
yq + 1

y + 1
= c2 (1.16)

y + 1 = d2. (1.17)
H exÐswsh (1.16) eÐnai adÔnath (dec [30]) gia |y| > 2q−3.

Epeid  2 6 | a kai gcd
(

aq±1
a±1

, a ± 1
)

= 1   q o arijmìc aq±1
a±1

eÐnai perittìc. Epomènwc, o
2q−2bq

a±1
= aq±1

a±1
eÐnai perittìc kai sunep¸c a ± 1 ≥ 2q−2, dhlad  a ≥ 2q−2 ∓ 1 ≥ 2q−2 − 1.

'Ara y = 2ab ≥ 2(2q−2− 1) = 2q−1− 2 > 2q−3 kai katal goume se �topo. Sunep¸c q | x.
2

L mma 1.4.3 (Pujagìreiec tri�dec)
Oi jetikèc akèraiec lÔseic thc exÐswshc X2 + Y 2 = Z2, ìpou o Y eÐnai �rtioc,

gcd(X, Y ) = 1 kai XY Z 6= 0, eÐnai

x = a2 − b2, y = 2ab, z = a2 + b2 (a > b).

Apìdeixh:
'Estw (x, y, z) mÐa lÔsh thc exÐswshc X2 + Y 2 = Z2. Epeid  gcd(x, y) = 1 èqoume

gcd(x, z) = 1 kai gcd(z, y) = 1. Epomènwc, oi x, z eÐnai perittoÐ.
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H dojeÐsa exÐswsh gr�fetai: x2 = (z − y)(z + y). An d := gcd(z − y, z + y), tìte d | 2.
'Omwc oi z + y, z − y eÐnai perittoÐ. Sunep¸c d = 1.
'Ara, z + y = A2, z− y = B2 kai x = AB, ìpou oi A, B eÐnai perittoÐ kai gcd(A, B) = 1.

Sunep¸c, z = A2+B2

2
kai y = A2−B2

2
.

An jèsoume A = a + b kai B = a − b, tìte o ènac ek twn a, b eÐnai �rtioc kai o �lloc
perittìc kai gcd(a, b) = 1. Epomènwc

x = a2 − b2, y = 2ab, z = a2 + b2 (a > b).

2

Je¸rhma 1.4.1
'Estw q ènac pr¸toc > 3. H exÐswsh X2 = Y q + 1 den èqei lÔsh stouc fusikoÔc

arijmoÔc.

Apìdeixh:
Ac upojèsoume ìti up�rqoun fusikoÐ arijmoÐ x, y kai pr¸toc q > 3 tètoioi ¸ste

x2 = yq + 1.
Apì to L mma 1.4.2 èqoume 2 | y kai q | x.
ParathroÔme ìti 2 6 | x diìti an 2 | x, tìte o y ja  tan perittìc, to opoÐo eÐnai �topo.
'Ara gcd(x + 1, x− 1) = 2. Sunep¸c, xeqwrÐzoume dÔo peript¸seic:

1) x + 1 = 2q−1yq
1, x− 1 = 2yq

2,

2) x + 1 = 2yq
2, x− 1 = 2q−1yq

1,

ìpou y = 2y1y2, gcd(y1, y2) = 1 kai 2 6 | y2.PerÐptwsh 1: Upojètoume ìti x + 1 = 2q−1yq
1 kai x− 1 = 2yq

2. Afair¸ntac tic dÔo autèc
sqèseic kat� mèlh èqoume yq

2 = 2q−2yq
1 − 1, apì thn opoÐa prokÔptei ìti

(y2
2)

q + (2y1)
q = (yq

2 + 2)q = (
x + 3

2
)2. (1.18)

Epeid  q | x kai q > 3 èqoume q 6 | x+3
2

. Apì th sqèsh (1.18) èqoume
(
x + 3

2
)2 = (y2

2 + 2y1)
[(y2

2)
q + (2y1)

q

y2
2 + 2y1

]
. (1.19)

EpÐshc d := gcd(y2
2, 2y1) = 1. Pr�gmati, an eÐnai d > 1, tìte up�rqei pr¸toc p′ pou

diaireÐ to d kai sunep¸c p′ | y2
2, dhlad  p′ | y2 (profan¸c p′ 6= 2, afoÔ 2 6 | y2). Akìma

p′ | 2y1, dhlad  p′ | y1. Autì ìmwc eÐnai �topo diìti gcd(y1, y2) = 1.

Epomènwc, apì to L mma 1.4.1 èqoume d′ := gcd
(
y2

2 + 2y1,
(y2

2)q+(2y1)q

y2
2+2y1

)
= 1   q.

Epeid  d′ | (y2
2 + 2y1) | (x+3

2
)2 kai q 6 | x+3

2
èpetai ìti d′ = 1.

'Ara, apì th sqèsh (1.19) èqoume y2
2 + 2y1 = h2, ìpou h | x+3

2
. Pollaplasi�zontac th

sqèsh aut  me y2
2 prokÔptei h sqèsh

(hy2)
2 + y2

1 = (y2
2 + y1)

2. (1.20)
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Epeid  gcd(y1, y2) = 1 èqoume gcd(hy2, y1) = 1. EpÐshc o h eÐnai perittìc, afoÔ o y2 eÐnaiperittìc. Pr�gmati, an h �rtioc, tìte h2 �rtioc kai y2
2 perittìc, dhlad  2y1 perittìc,

to opoÐo eÐnai adÔnato. 'Ara, an h =2k+1 kai y2 =2l+1, ìpou k,l eÐnai akèraioi, tìte
4 | (h2 − y2

2), dhlad  2 | y1.Opìte apì to L mma 1.4.3 oi lÔseic thc (1.20) eÐnai
hy2 = a2 − b2, y1 = 2ab, y2

2 + y1 = a2 + b2 (a > b).

Epomènwc, (a− b)2 = (y2
2 + y1)− y1 = y2

2, to opoÐo dÐnei y2 = a− b.
'Ara y1−y2 = 2ab−(a−b) = a(2b−1)+b > 0, dhlad  y1 > y2. 'Omwc yq

2 = 2q−2yq
1−1 > yq

1,dhlad  y2 > y1 kai sunep¸c katal goume se �topo. 'Etsi oloklhr¸netai h perÐptwsh 1.
PerÐptwsh 2: Upojètoume ìti x + 1 = 2yq

2, x − 1 = 2q−1yq
1. 'Opwc kai sthn perÐptwsh

1, èqoume (y2
2)

q − (2y1)
q = (yq

2 − 2)q = (x−3
2

)2 kai sunep¸c y2
2 − 2y1 = h2, ìpou h | x−3

2
.

Epomènwc (hy2)
2 + y2

1 = (y2
2 − y1)

2. Apì to L mma 1.4.3 èpetai ìti
hy2 = a2 − b2, y1 = 2ab, y2

2 − y1 = a2 + b2 (a > b).

'Etsi y1 − y2 = 2ab − (a + b) = (a − 1)(b − 1) + (ab − 1) > 0, dhlad  y1 > y2. 'Omwc
yq

2 = 2q−2yq
1 + 1 > yq

1, dhlad  y2 > y1 kai sunep¸c katal goume se �topo. 'Etsi
oloklhr¸netai kai h perÐptwsh 2.

2

1.5 H exÐswsh tou Catalan gia q = 2 kai p > 3

Je¸rhma 1.5.1
'Estw p ènac pr¸toc > 3. H exÐswsh Xp = Y 2 + 1 den èqei akèraia lÔsh (x, y) me

xy 6= 0.

Apìdeixh:
Upojètoume ìti (x, y) eÐnai mÐa akèraia lÔsh thc exÐswshc me xy 6= 0.

An o x  tan �rtioc, tìte xp ≡ 0 (mod 8), dhlad  y2 = xp − 1 ≡ 7 (mod 8), to opoÐo
den isqÔei. 'Ara, o x eÐnai perittìc kai sunep¸c o y ja eÐnai �rtioc.
H dojeÐsa exÐswsh gr�fetai: xp = (1 + yi)(1 − yi) sto daktÔlio twn akeraÐwn Z[i]. O
Z[i] eÐnai daktÔlioc monos manthc an�lushc me om�da twn mon�dwn E(Z[i]) = {±1,±i}.
An d := gcd(1 + yi, 1− yi), tìte d | 2. 'Omwc 2 = (−i)(1 + i)2, ìpou 1 + i eÐnai an�gwgo
stoiqeÐo tou Z[i]. 'Ara, an d 6∼= 1, tìte 1 + i | d | 1 + yi, dhlad  2 | 1 + y2 = xp. Autì
ìmwc eÐnai �topo. Epomènwc d = gcd(1 + yi, 1 − yi) ∼= 1. Epeid  to p kai h t�xh thc
om�dac twn mon�dwn tou Z[i] eÐnai pr¸toi metaxÔ touc èqoume

1 + yi = ap

1− yi = ap,

gia k�poio a ston Z[i]. Prosjètontac tic dÔo autèc sqèseic èqoume
2 = ap + ap = (a + a)(ap−1 − ap−2a + . . . + ap−1).
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Epeid  x = aa kai x perittìc èpetai ìti oi a, a eÐnai perittoÐ ston Z[i]. 'Ara, o deÔteroc
par�gontac sto ginìmeno eÐnai èna algebrikì �jroisma p peritt¸n ìrwn, dhlad  ja eÐnai
kai o Ðdioc perittìc ston Z[i]. Epomènwc a + a = ±2. An a = b + ui kai a = b− ui, ìpou
b, u eÐnai akèraioi, tìte a = ±(1 ± ui). EpÐshc o u eÐnai �rtioc diìti o x = u2 + 1 eÐnai
perittìc. PaÐrnoume

(1 + ui)p + (1− ui)p = ±2.

Koit�zontac thn parap�nw exÐswsh (mod 8) kai epeid  o u eÐnai �rtioc èqoume
(1 + ui)p + (1− ui)p = 2 + 2

(
p
2

)
(ui)2 + 2

(
p
4

)
(ui)4 + . . . + 2

(
p

p− 1

)
(ui)p−1 = 2.

An u 6= 0, diairoÔme me 2u2 kai èqoume(
p
2

)
+

(
p
4

)
(ui)2 + . . . +

(
p

p− 1

)
(ui)p−3 = 0. (1.21)

'Omwc
ord2

((
p
k

)
(ui)k−2

)
> ord2

(
p
2

)
, (1.22)

gia ìla ta �rtia k ≥ 4.
Pr�gmati, (

p
k

) (
p
2

)−1

(ui)k−2 =

(
p− 2
k − 2

)
2

k(k − 1)
(ui)k−2.

'Ara, arkeÐ na deÐxoume ìti ord2

((
p− 2
k − 2

)
2

k(k−1)
(ui)k−2

)
> 0.

'Eqoume ord2

(
2(ui)k−2

)
≥ k − 1 > log k

log 2
≥ ord2(k) = ord2

(
k(k − 1)

)
, gia ìla ta �rtia

k ≥ 4.
Epomènwc
ord2

((
p− 2
k − 2

)
2

k(k − 1)
(ui)k−2

)
= ord2

((
p− 2
k − 2

))
−ord2

(
k(k−1)

)
+ord2

(
2(ui)k−2

)
> 0,

dhlad  apodeÐxame thn al jeia thc (1.22).
H sqèsh (1.21) de mporeÐ na isqÔei. Pr�gmati, an h sqèsh (1.21) isqÔei kai

t = ord2

((
p
2

))
, t4 = ord2

((
p
4

)
(ui)2

)
, . . . , tp−1 = ord2

((
p

p− 1

)
(ui)p−3

)
,

dhlad 
(

p
2

)
= 2ts,

(
p
4

)
(ui)2 = 2t4s4, . . . ,

(
p

p− 1

)
(ui)p−3 = 2tp−1sp−1, tìte

2ts + 2t4s4 + . . . + 2tp−1sp−1 = 0. (1.23)
'Omwc apì th sqèsh (1.22) èqoume t < t4, . . . , t < tp−1. Epomènwc, apì th sqèsh (1.23)
èpetai ìti 2 | s, to opoÐo eÐnai �topo diìti o s eÐnai perittìc.
'Ara, u = 0, dhlad  y = 0 kai katal goume se �topo.

2
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1.6 Oi sqèseic tou Cassels

Sth sunèqeia ja apodeÐxoume to akìloujo Je¸rhma:
Je¸rhma 1.6.1

'Estw p, q pr¸toi arijmoÐ me p > q > 2. An xp − yq = ±1, ìpou oi x, y eÐnai akèraioi
me x > 1 kai y > 1, tìte q | x kai p | y.

L mma 1.6.1
An p eÐnai ènac pr¸toc > 2 kai a 6= ∓1 eÐnai ènac akèraioc, tìte

gcd
(ap ± 1

a± 1
, a± 1

)
= 1   p. (1.24)

An o gcd eÐnai p, tìte

ap ± 1

a± 1
≡ p (mod p2). (1.25)

Apìdeixh:
Apì to gnwstì diwnumikì tÔpo, gia k�je k = 1, 2, . . . , p− 1, èqoume

ap−k =
[
(a± 1)∓ 1

]p−k

=

p−k∑
i=0

(
p− k

i

)
(a± 1)i(∓1)p−k−i.

Epomènwc
ap−k ≡

(
p− k

0

)
(∓1)p−k

(
mod (a± 1)

)
,

gia k�je k = 1, 2, . . . , p− 1.
Opìte

ap ± 1

a± 1
= ap−1 ∓ ap−2 + ap−3 ∓ . . .∓ a + 1

≡ 1 + 1 + 1 + . . . + 1
(

mod (a± 1)
)

≡ p
(

mod (a± 1)
)
. (1.26)

Apì thn teleutaÐa isodunamÐa èpetai ìti gcd
(

ap±1
a±1

, a± 1
)

= 1   p.

An upojèsoume ìti p | (a± 1), dhlad 
a± 1 = pjd (j ≥ 1), (1.27)

tìte
ap ± 1 = (∓1 + pjd)p ± 1

= pj+1d∓ 1

2
p(p− 1)(pjd)2 +

1

6
p(p− 1)(p− 2)(pjd)3 ∓ . . . + (pjd)p(1.28)

Epomènwc, apì tic sqèseic (1.27) kai (1.28) èpetai ìti ap±1
a±1

≡ p (mod p2).
2
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Pìrisma 1.6.1
An upojèsoume ìti a± 1 6= 0 kai pj|(a± 1), tìte

ap ± 1

a± 1
≡ p (mod pj+1), (1.29)

en¸

ap ± 1

a± 1
6= p. (1.30)

Apìdeixh:
H sqèsh (1.29) eÐnai profan c lìgw twn sqèsewn (1.27) kai (1.28).

Apì tic sqèseic (1.27) kai (1.28) èqoume
ap ± 1

a± 1
= p∓

(
p
2

)
pjd +

(
p
3

)
p2jd2 ∓ ... + p(p−1)jdp−1,

dhlad  to ap±1
a±1

− p eÐnai algebrikì �jroisma p− 1 ìrwn, ìpou
±

(
p
2

)
pjd <

(
p
3

)
p2jd2, ...,±

(
p

p− 1

)
p(p−2)jdp−2 < p(p−1)jdp−1.

Epomènwc ap±1
a±1

6= p.
2

L mma 1.6.2
'Estw p, q dÔo pr¸toi me p > q > 2. An xp − yq = ±1, ìpou oi x, y eÐnai akèraioi me

x > 1 kai y > 1, tìte q | (y ± 1).

Apìdeixh:
An q 6 | (y ± 1), tìte apì to L mma 1.6.1 gia a = y kai q antÐ p èqoume

xp = yq ± 1 = (y ± 1)(
yq ± 1

y ± 1
),

ìpou
gcd

(
y ± 1,

yq ± 1

y ± 1

)
= 1.

'Ara
y ± 1 = up,

gia k�poio akèraio u > 1 (An u = 1, tìte y = 0   y = 2. 'Omwc y > 1, �ra de mporeÐ na
isqÔei y = 0. EpÐshc oÔte h tim  y = 2 eÐnai dekt  afoÔ xp ≥ 2p > 2q − 1 kai sunep¸c
den isqÔei xp = 2q − 1).
Sth sunèqeia ja melet soume xeqwrist� tic exis¸seic xp − yq = 1 kai xp − yq = −1.
1) An xp − yq = 1, tìte

xp = yq + 1 = (up − 1)q + 1 < upq
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kai ètsi
x ≤ uq − 1.

'Ara èqoume xp ≤ (uq − 1)p. Epagwgik� wc proc n apodeiknÔetai ìti, an n > m, tìte
(um − 1)n < (un − 1)m, ìpou u > 1. Sunep¸c (uq − 1)p < (up − 1)q, afoÔ p > q. Opìte

xp ≤ (uq − 1)p < (up − 1)q = yq, (1.31)
to opoÐo eÐnai �topo diìti xp = yq + 1.
2) An xp = yq − 1, tìte

xp = yq − 1 = (up + 1)q − 1 > upq

kai ètsi
x ≥ uq + 1.

'Ara èqoume xp ≥ (uq + 1)p. Epagwgik� wc proc n apodeiknÔetai ìti, an n > m, tìte
(um + 1)n > (un + 1)m, ìpou u > 1. Sunep¸c (uq + 1)p > (up + 1)q, afoÔ p > q. Opìte

xp ≥ (uq + 1)p > (up + 1)q = yq, (1.32)
to opoÐo eÐnai �topo.
Epomènwc q | (y ± 1).

2

Prìtash 1.6.1
An upojèsoume ìti ta x, y, p, q ikanopoioÔn tic upojèseic tou Jewr matoc 1.6.1, tìte

up�rqoun akèraioi u, v t.w

y ± 1 = qp−1up, (1.33)
yq ± 1

y ± 1
= qvp, (1.34)

ìpou

v ≡ 1 (mod qp−1), (1.35)
v 6= 1. (1.36)

Apìdeixh:

Apì ta L mmata 1.6.1 kai 1.6.2 èqoume xp = (y±1)(yq±1
y±1

), ìpou gcd
(
y±1, yq±1

y±1

)
= q.

Epomènwc, up�rqoun akèraioi u, v t.w.
y ± 1 = qkup

kai
yq ± 1

y ± 1
= q`vp,
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ìpou k = 1 kai ` = p− 1   k = p− 1 kai ` = 1.
Apì to Pìrisma 1.6.1 (gia j = 1) èqoume yq±1

y±1
≡ q (mod q2) kai yq±1

y±1
6= q. Epomènwc

yq±1
y±1

= qvp kai v 6= 1. Opìte y ± 1 = qp−1up.

Epeid  qp−1 | (y ± 1) èpetai ìti yq±1
y±1

≡ q (mod qp).
'Ara

vp ≡ 1 (mod qp−1). (1.37)
Sunep¸c ord(v mod qp−1) | p, dhlad  ord(v mod qp−1) = 1   p.
'Omwc gcd(v, qp−1) = 1, dhlad  vqp−2(q−1) ≡ 1 (mod qp−1). An ord(v mod qp−1) = p,
tìte ja prèpei p | (q − 1), to opoÐo eÐnai �topo diìti p > q > q − 1. Epomènwc èqoume
ord(v mod qp−1) = 1, dhlad  v ≡ 1 (mod qp−1).

2

Pìrisma 1.6.2
'Eqoume

x ≡ qu (mod qp−1), (1.38)
x 6= qu. (1.39)

Apìdeixh:
Apì thn Prìtash 1.6.1 kai epeid  xp = (y±1)(yq±1

y±1
) èqoume x = quv. Apì tic sqèseic

(1.35) kai (1.36) èpetai ìti x ≡ qu (mod qp−1) kai x 6= qu.
2

L mma 1.6.3
'Estw ν = α

b
ènac rhtìc arijmìc me gcd(α, b) = 1. Gia k�je mh-arnhtikì akèraio k

up�rqei jetikìc akèraioc N tètoioc ¸ste bN

(
ν
k

)
∈ Z.

Apìdeixh:
IsqÔei to ex c:

An a, a − ω, . . . , a − (m − 1)ω eÐnai m−diadoqikoÐ ìroi mÐac arijmhtik c proìdou kai c
tètoioc ¸ste gcd(c, ω) = 1, tìte

ordc

(
a(a− ω) . . . (a− (m− 1)ω)

)
≥

[m

c

]
. (1.40)

Pr�gmati, ac metr soume arqik� pìsouc par�gontec diaireÐ o c. O c diaireÐ par�go-
ntec thc morf c a − `ω (` = 0, 1, . . . ,m − 1) an kai mìno an ω` ≡ a (mod c). Epeid 
gcd(c, ω) = 1 h parap�nw isodunamÐa èqei monadik  lÔsh (mod c). 'Ara, apì 0, . . . , c− 1
èqoume akrib¸c mÐa lÔsh, apì c, . . . , 2c−1 èqoume akrib¸c mÐa lÔsh,. . . . Mèqri to m−1

ja èqoume akrib¸c [
m
c

] lÔseic.
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Up�rqoun par�gontec pou de diairoÔntai me c. 'Omwc oi par�gontec autoÐ mporeÐ na
diairoÔntai me k�poion diairèth tou c kai sunep¸c sto ginìmeno na èqoume

ordc

(
a(a− ω) . . . (a− (m− 1)ω)

)
≥

[m

c

]
.

'Eqoume (
ν
k

)
=

α(α− b) . . . (α− (k − 1)b))

bkk!
.

'Estw p′ ènac pr¸toc pou de diaireÐ to b. Efarmìzontac th sqèsh (1.40) gia m = k,
ω = b, a = α kai c = p′, p′2, . . . prokÔptei ìti

ordp′

(
α(α− b) . . . (α− (k − 1)b)

)
≥

[ k

p′

]
+

[ k

p′2

]
+ . . . = ordp′(k!).

'Etsi oi mìnoi pr¸toi pr�gontec tou bkk! eÐnai oi pr¸toi diairètec tou b kai èpetai to
zhtoÔmeno.

2

Apìdeixh tou Jewr matoc 1.6.1:
H dojeÐsa exÐswsh gr�fetai: xp = (y ± 1)(yq±1

y±1
). Apì to L mma 1.6.2 q | (y ± 1).

Epomènwc q | xp, dhlad  q | x.
Upojètoume ìti p 6 | (x∓ 1) kai ja katal xoume se �topo.
'Eqoume yq = (x ∓ 1)(xp∓1

x∓1
), ìpou gcd

(
x ∓ 1, xp∓1

x∓1

)
= 1. 'Ara, up�rqei akèraioc z t.w.

x ∓ 1 = zq. 'Omwc z 6= 1. Pr�gmati, an z = 1, tìte x = 0   x = 2. Epeid  x > 1 de
mporeÐ na isqÔei x = 0. EpÐshc oÔte h tim  x = 2 eÐnai dekt , afoÔ q > 2 kai sunep¸c
den isqÔei ìti q | 2. 'Ara

x∓ 1 = zq, (1.41)
gia k�poio akèraio z > 1.
Ja deÐxoume ìti

z > u. (1.42)
Pr�gmati, epeid  zq = x ∓ 1 ≥ 1

2
x kai yq ± 1 > 1

2
yq èqoume zpq ≥ (1

2
x)p > (1

2
)p+1yq.

'Omwc, apì thn Prìtash 1.6.1, y ± 1 = qp−1up, dhlad  y > 1
2
qp−1up.

Epomènwc zpq > (1
2
)p+1(1

2
qp−1up)q > upq (epeid  p > q > 2), dhlad  z > u.

EpÐshc
zq ≥ 1

2
qp−1. (1.43)

Pr�gmati, apì to Pìrisma 1.6.2 kai th sqèsh (1.41) èqoume∣∣∣zq ± 1− qu
∣∣∣ ≥ qp−1. (1.44)
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An upojèsoume ìti h sqèsh (1.43) den isqÔei, tìte∣∣∣qu∓ 1
∣∣∣ >

1

2
qp−1. (1.45)

Apì th sqèsh (1.45) èpetai ìti u > 1. An f(u) := uq − qu − 1, ìpou u ≥ 2 kai q ≥ 3,
tìte f'(u) = q(uq−1 − 1) > 0, gia k�je u ≥ 2. 'Ara, h f(u) eÐnai aÔxousa gia k�je
u ≥ 2. Epagwgik� wc proc m apodeiknÔetai ìti, an m ≥ 3, tìte isqÔei 2m− 2m− 1 > 0.
Epomènwc 2q − 2q− 1 > 0, gia k�je q ≥ 3. Sunep¸c uq > qu + 1. 'Ara zq > uq > qu + 1,
dhlad  zq > 1

2
qp−1 kai katal goume se �topo.

An xp = yq − 1, tìte xp = (zq − 1)p. En¸ an xp = yq + 1, tìte
yq = xp − 1 = (zq + 1)p − 1 ≥ (zq − 1)p.

Sunep¸c min(xp, yq) ≥ (zq − 1)p. Apì th sqèsh (1.43) èpetai ìti
(zq − 1)p ≥ zpq(1− 2q−p+1)p.

Epeid  q ≥ 3, p ≥ 5 kai q < p èqoume 1− 2q−p+1 > q−
1
p . Epomènwc

min(xp, yq) ≥ (zq − 1)p ≥ zpq(1− 2q−p+1)p > q−1zpq. (1.46)
Epeid 

∣∣∣(x p
q )q − yq

∣∣∣ = 1 èqoume
∣∣∣x p

q − y
∣∣∣ =

1∣∣∣x p(q−1)
q + x

p(q−2)
q y + . . . + yq−1

∣∣∣ ≤ 1

q min
{

x
p(q−1)

q , yq−1
} . (1.47)

Ergazìmenoi an�loga, ìpwc gia na apodeÐxoume th sqèsh (1.46), èqoume
min

{
x

p(q−1)
q , yq−1

}
≥ (zq − 1)

p(q−1)
q ≥ zp(q−1)(1− 2q−p+1)

p(q−1)
q > zp(q−1)q−1. (1.48)

Epomènwc, apì tic sqèseic (1.47) kai (1.48) èpetai ìti∣∣∣x p
q − y

∣∣∣ < z−p(q−1). (1.49)
Sth sunèqeia, apì tic sqèseic (1.41),(1.43) kai ton tÔpo thc diwnumik c dunamoseir�c
èqoume

x
p
q = (zq ± 1)

p
q =

∞∑
r=0

tr, (1.50)

ìpou
tr = (±1)r

p
q
(p

q
− 1) . . . (p

q
− r + 1)

r!
zp−rq. (1.51)
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Jètoume
R :=

[p

q

]
+ 1 (1.52)

kai
P :=

[ R

q − 1

]
. (1.53)

Apì to L mma 1.6.3 o arijmìc zRq−pqR+P tr eÐnai akèraioc gia k�je r ≤ R. O arijmìc
zRq−py eÐnai epÐshc akèraioc diìti Rq > p.
Epomènwc o

I := zRq−pqR+P
{

(y − x
p
q ) +

∞∑
r>R

tr

} (1.54)

eÐnai akèraioc.
Ja deÐxoume ìti I 6= 0 kai |I| < 1. Tètoioc akèraioc de mporeÐ na up�rqei kai ètsi ja
katal xoume se �topo.
Epeid 

∣∣∣ tr+1

tr

∣∣∣ =
( p

q
−r)r!

(r+1)!
z−q =

p
q
−r

r+1
z−q kai p

q
< R èqoume∣∣∣tr+1

tr

∣∣∣ < z−q ≤ 2q−p+1, (1.55)
gia ìla ta r > R.
EpÐshc ∣∣∣p

q
(
p

q
− 1) . . . (

p

q
−R)

∣∣∣ < R(R− 1) . . . 2
∣∣∣p
q
−R + 1

∣∣∣ · ∣∣∣p
q
−R

∣∣∣ ≤ 1

4
R! (1.56)

kai∣∣∣p
q
(
p

q
− 1) . . . (

p

q
−R)

∣∣∣ > (R− 1)(R− 2) . . . 1
∣∣∣p
q
−R + 1

∣∣∣ · ∣∣∣p
q
−R

∣∣∣ >
(R− 1)!

q2
. (1.57)

Apì tic sqèseic (1.56) kai (1.57) èpetai ìti
1

q2(R + 1)2
<

∣∣∣z(R+1)q−ptR+1

∣∣∣ <
1

4
. (1.58)

Apì th sqèsh (1.54) èqoume
I = I1 + I2 + I3, (1.59)

ìpou
I1 = zRq−pqR+P (y − x

p
q ), (1.60)

I2 = zRq−pqR+P tR+1, (1.61)
I3 = zRq−pqR+P

∑
r>R+1

tr. (1.62)
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Opìte
∣∣∣ I3
I2

∣∣∣ =
∣∣∣∑

r>R+1 tr

tR+1

∣∣∣ =
∣∣∣ tR+2

tR+1
+ tR+3

tR+1
+ . . .

∣∣∣.
'Omwc, apì th sqèsh (1.55), èqoume∣∣∣tR+2

tR+1

+
tR+3

tR+1

+ . . .
∣∣∣ <

∞∑
s=1

(2q−p+1)s =
2q−p+1

1− 2q−p+1
.

Epeid  q ≥ 3 kai p ≥ 5 isqÔei 2q−p+1

1−2q−p+1 ≤ 2·3−5+1

1−2·3−5+1 < 1
10

.
'Ara ∣∣∣I3

I2

∣∣∣ <
1

10
. (1.63)

EpÐshc apì tic sqèseic (1.49) kai (1.58) èqoume
∣∣∣I1

I2

∣∣∣ =
∣∣∣y − x

p
q

tR+1

∣∣∣ <
z−p(q−1)

tR+1

< q2(R + 1)2z(R+1−p)q.

'Omwc, epeid  q ≥ 3 kai p ≥ 5, èqoume
R + 1− p =

[p

q

]
+ 2− p ≤

[5

q

]
+ 2− 5 ≤

[5

3

]
+ 2− 5 = −2. (1.64)

'Etsi, kai lìgw thc sqèshc (1.43), èqoume q2(R + 1)2z(R+1−p)q ≤ q2(p− 2)2(1
2
qp−1)−2.

'Ara ∣∣∣I1

I2

∣∣∣ ≤ (
2(p− 2)q2−p

)2

≤
(
2 · (5− 2) · 32−5

)2

<
1

10
. (1.65)

Apì tic sqèseic (1.59), (1.63) kai (1.65) èpetai ìti I 6= 0 kai sunep¸c
|I| ≥ 1, (1.66)

afoÔ eÐnai akèraioc.
EpÐshc apì tic sqèseic (1.43) kai (1.58) èqoume

|I2| =
∣∣∣zRq−pqR+P tR+1

∣∣∣ ≤ 1

4
z−qqR+P ≤ 1

2
qR+P−p+1. (1.67)

Opìte, apì tic sqèseic (1.63), (1.65), (1.66) kai (1.67), prokÔptei ìti
1 ≤ |I| ≤

(
1 +

1

10
+

1

10

)1

2
qR+P−p+1 < qR+P−p+1. (1.68)

Epomènwc
R + P − p + 1 > 0. (1.69)

30



Apì tic sqèseic (1.64) kai (1.69) èqoume
P =

[ R

q − 1

]
≥ 3,

dhlad 
R ≥ 3(q − 1)

kai ètsi
p > q

[p

q

]
≥ q(3q − 4). (1.70)

Tèloc
R + P ≤ R

(
1 +

1

q − 1

)
≤ (

p

q
+ 2)(

q

q − 1
) =

p

q − 1
+

2q

q − 1
. (1.71)

'Omwc
p

q − 1
+

2q

q − 1
=

p + 2q

q − 1
< p− 1. (1.72)

Pr�gmati, apì th sqèsh (1.70) kai epeid  q ≥ 3 èqoume p > 15. Opìte prokÔptei ìti
p(q − 2) > 15(q − 2) > 3q − 1, dhlad  h sqèsh (1.72) isqÔei. 'Ara

R + P < p− 1. (1.73)
Lìgw twn sqèsewn (1.69) kai (1.73) katal goume se �topo kai sunep¸c p | (x∓ 1).
Epeid  yq = (x∓ 1)(xp∓1

x∓1
) èpetai ìti p | yq, dhlad  p | y.

2

Epeid  h exÐswsh xp − yq = 1 gr�fetai (−y)q − (−x)p = 1 mporoÔme ta x, y, p, q na
ta antikatast soume me −y,−x, q, p. Epomènwc, èqoume to parak�tw Je¸rhma:
Je¸rhma 1.6.2 (Cassels)

An upojèsoume ìti h exÐswsh Xp−Y q = 1, ìpou oi p, q eÐnai perittoÐ pr¸toi me p 6= q,
èqei akèraia lÔsh (x, y) me xy 6= 0, tìte q | x kai p | y.
EpÐshc up�rqoun mh-mhdenikoÐ akèraioi b, v tètoioi ¸ste

y + 1 = qp−1bp, (1.74)
yq + 1

y + 1
= qvp, (1.75)

x = qbv, (1.76)
ìpou q 6 | v.
Summetrik�, up�rqoun mh-mhdenikoÐ akèraioi a, u tètoioi ¸ste

x− 1 = pq−1aq, (1.77)
xp − 1

x− 1
= puq, (1.78)

y = pau, (1.79)
ìpou p 6 | u.
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Oi sqèseic tou Cassels dÐnoun di�fora k�tw fr�gmata gia ta x, y.
Gia par�deigma, apì tic sqèseic (1.74) kai (1.77) èpetai ìti

|y| ≥ qp−1 − 1 (1.80)
|x| ≥ pq−1 − 1. (1.81)

Prìtash 1.6.2
An p 6 | (q − 1), tìte qp−2 | (v − 1).

Apìdeixh:
Epeid  h sqèsh (1.75) gr�fetai(

(−y)q−1 − 1
)

+
(
(−y)q−2 − 1

)
+ . . . + (−y − 1) = q(vp − 1)

èqoume (y + 1) | q(vp − 1). Apì th sqèsh (1.74) èpetai ìti vp ≡ 1 (mod qp−2), dhlad 
h t�xh tou v (mod qp−2) eÐnai 1   p. Epeid  p 6 | (q − 1) èqoume p 6 | qp−3(q − 1) kai �ra
v ≡ 1 (mod qp−2).

2

Pìrisma 1.6.3
'Eqoume |x| ≥ qp−1.

Apìdeixh:
An p | (q − 1), tìte p < q kai apì th sqèsh (1.81) èpetai to zhtoÔmeno.

An p 6 | (q − 1), tìte apì thn Prìtash 1.6.2 èqoume qp−2 | (v − 1). Epeid  |y| ≥ 2 kai
(y, q) 6= (2, 3) isqÔei yq+1

y+1
> q, dhlad  v > 1. 'Ara v ≥ qp−2 +1. Epeid  x = qbv prokÔptei

ìti |x| ≥ qv ≥ qp−1 + q > qp−1.
2
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Kef�laio 2

Oi isodunamÐec tou Inkeri

2.1 Kuklotomik� s¸mata arijm¸n

Sthn par�grafo aut  ja melet soume ta s¸mata pou prokÔptoun apì to s¸ma Q twn
rht¸n arijm¸n me thn episÔnayh twn n−riz¸n thc mon�dac. Ta s¸mata aut� lègontai
kuklotomik� s¸mata. Gia mÐa pl rh an�ptuxh thc jewrÐac twn kuklotomik¸n swm�twn
parapèmpoume sta ([4], [39]).
Ja melet soume thn perÐptwsh ìpou o n eÐnai ènac perittìc pr¸toc arijmìc p.
Oi p−rÐzec thc mon�dac, dhlad  oi rÐzec tou poluwnÔmou xp − 1, eÐnai oi arijmoÐ

1, ζ = e
2πi
p , ζ2, . . . , ζp−1.

'Ara isqÔei
xp − 1 = (x− 1)(x− ζ) . . . (x− ζp−1),

dhlad 
f(x) =

xp − 1

x− 1
= xp−1 + xp−2 + . . . + x + 1 = (x− ζ) . . . (x− ζp−1).

To kuklotomikì polu¸numo f(x) eÐnai an�gwgo sto Q diìti to polu¸numo

f(x + 1) =
(x + 1)p − 1

x + 1− 1
= xp−1 +

(
p
1

)
xp−2 + . . . +

(
p

p− 1

)
ikanopoieÐ tic sunj kec tou krithrÐou tou Eisenstein. Sunep¸c isqÔei

f(x) = Irr(ζm, Q) (m = 1, . . . , p− 1).

Gia to kuklotomikì s¸ma Kp twn p−riz¸n thc mon�dac èqoume
Kp = Q(ζ, ζ2, . . . , ζp−1) = Q(ζ)
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kai [Kp : Q] = degIrr(ζ, Q) = p− 1.
An ζ eÐnai mÐa prwtarqik  p−rÐza thc mon�dac, tìte oi dun�meic aut c

ζ0 = 1, ζ, ζ2, . . . , ζp−1

eÐnai di�forec metaxÔ touc kai apoteloÔn to sÔnolo twn p−riz¸n thc mon�dac. 'Ara,
oi suzugeÐc arijmoÐ tou ζ sto s¸ma Kp = Q(ζ), pou eÐnai oi rÐzec tou poluwnÔmou
f(x) = Irr(ζ, Q), eÐnai oi dun�meic

ζ, ζ2, . . . , ζp−1.

H epèktash Kp/Q eÐnai epèktash tou Galois. 'Estw G :=Gal(Kp/Q). Gia k�je akèraio
a pr¸to wc proc ton p up�rqei monadikì σa ∈ G tètoio ¸ste σa(ζ) = ζa. Profan¸c
σab = σa ◦ σb. EpÐshc σa = σa′ , ìpou a′ ∈ (Z/pZ)∗, an kai mìno an a ≡ a′ (mod p). 'Ara

G = {σ1, σ2, . . . , σp−1}.

Akìmh σp−1 eÐnai h migadik  suzugÐa kai σp−1 ◦ σa = σp−a.H apeikìnish
(Z/pZ)∗ → G

a (mod p) 7→ σa

eÐnai isomorfismìc kai �ra G :=Gal(Kp/Q) ∼= (Z/pZ)∗, dhlad  h om�da Galois thc
epèktashc Kp/Q eÐnai kuklik  t�xhc p− 1.
O daktÔlioc twn akeraÐwn algebrik¸n arijm¸n tou kuklotomikoÔ s¸matoc Kp = Q(ζ)
eÐnai o Dp = Z[ζ]. O daktÔlioc Z[ζ] eÐnai daktÔlioc tou Dedekind, dhlad  k�je ide¸dec
tou Kp analÔetai monos manta se ginìmeno pr¸twn idewd¸n tou Kp.Apì th sqèsh xp−1 + xp−2 + . . . + x + 1 = (x− ζ) . . . (x− ζp−1) gia x = 1 paÐrnoume

p =

p−1∏
i=1

(1− ζ i).

An λ := 1− ζ, tìte
p = λp−1 ε2 ε3 . . . εp−1,

ìpou ta
εi =

1− ζ i

1− ζ
, gia i = 2, 3, . . . , p− 1

eÐnai mon�dec tou Dp. Pr�gmati, gia k�je i = 2, 3, . . . , p− 1 èqoume

εi =
1− ζ i

1− ζ
= 1 + ζ + ζ2 + . . . + ζ i−1 ∈ Z[ζ].
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Ja apodeÐxoume ìti ε−1
i = 1−ζ

1−ζi ∈ Z[ζ], gia k�je i = 2, 3, . . . , p− 1.

Up�rqei fusikìc arijmìc j tètoioc ¸ste ij ≡ 1 (mod p), afoÔ gcd(i, p) = 1. Opìte, gia
k�je i = 2, 3, . . . , p− 1,

ε−1
i =

1− ζ

1− ζ i
=

1− ζ ij

1− ζ i
= 1 + ζ i + ζ2i + . . . + ζ(j−1)i ∈ Z[ζ].

'Ara, oi arijmoÐ ε2, ε3, . . . , εp−1 eÐnai mon�dec tou daktulÐou Dp kai sunep¸c
p = ε λp−1,

ìpou ε mon�da tou Dp.

L mma 2.1.1
Upojètoume ìti a = a0 + a1ζ + . . . + ap−1ζ

p−1 me ai ∈ Z kai èna toul�qiston ai = 0.
An n eÐnai ènac akèraioc pou diaireÐ ton a, tìte o n diaireÐ k�je aj.

Ta parak�tw jewr mata dÐnoun to nìmo analÔsewc tou kuklotomikoÔ s¸matoc
Kp = Q(ζ).

Je¸rhma 2.1.1
An ζ eÐnai mÐa prwtarqik  p−rÐza thc mon�dac, ìpou p perittìc pr¸toc arijmìc, kai

λ = 1− ζ, tìte to ide¸dec < λ >=< 1− ζ > tou kuklotomikoÔ s¸matoc Kp eÐnai pr¸to
kai h an�lush tou ide¸douc < p > se ginìmeno pr¸twn idewd¸n tou Kp eÐnai

< p >=< λ >p−1= (< 1− ζ >)p−1.

Je¸rhma 2.1.2
'Estw ζ mÐa prwtarqik  p−rÐza thc mon�dac, ìpou p perittìc pr¸toc arijmìc. An q

eÐnai ènac pr¸toc arijmìc di�foroc tou p kai f o el�qistoc mh-mhdenikìc fusikìc arijmìc
gia ton opoÐo isqÔei

qf ≡ 1 (mod p),

tìte h an�lush tou ide¸douc < q > se ginìmeno pr¸twn idewd¸n tou kuklotomikoÔ
s¸matoc Kp = Q(ζ) èqei th morf 

< q >= P1P2 . . . Ps,

ìpou ta pr¸ta ide¸dh P1, P2, . . . , Ps èqoun ton Ðdio bajmì f kai to pl joc aut¸n s orÐzetai
apì th sqèsh p− 1 = fs.

Sth sunèqeia ja melet soume thn om�da twn mon�dwn kai thn om�da twn riz¸n thc
mon�dac tou kuklotomikoÔ s¸matoc Kp = Q(ζ).

Apì to Je¸rhma tou Dirichlet h om�da E twn mon�dwn eÐnai to eujÔ ginìmeno
E =< ζ > ⊗ < ε1 > ⊗ . . .⊗ < εr >

mÐac kuklik c om�dac < ζ > peperasmènhc t�xhc kai r kuklik¸n om�dwn (�peirhc t�xhc)
< ε1 >, . . . , < εr >, ìpou ε1, . . . , εr eÐnai mon�dec tou Dp kai r := p−3

2
.

35



L mma 2.1.2
An a eÐnai ènac akèraioc algebrikìc arijmìc tou algebrikoÔ s¸matoc arijm¸n Kp tou

opoÐou ìloi oi suzugeÐc arijmoÐ èqoun mètro 1, tìte o a eÐnai rÐza thc mon�dac.

L mma 2.1.3
Oi mìnec rÐzec thc mon�dac pou an koun sto kuklotomikì s¸ma Kp eÐnai oi ±ζs, ìpou

s akèraioc arijmìc.

Pìrisma 2.1.1
An q eÐnai ènac perittìc pr¸toc di�foroc tou p, tìte k�je rÐza thc mon�dac tou

kuklotomikoÔ s¸matoc Kp eÐnai q−dÔnamh mÐac �llhc rÐzac thc mon�dac.

Je¸rhma 2.1.3 (Kummer)
K�je mon�da ε tou kuklotomikoÔ s¸matoc Kp = Q(ζ) èqei th morf  ε = ηζs, ìpou η

eÐnai mÐa pragmatik  mon�da kai s ènac akèraioc arijmìc.

Tèloc up�rqei mÐa upoom�da C thc om�dac E ìlwn twn mon�dwn, h opoÐa èqei bajmì
r = p−3

2
kai lègetai om�da twn kuklotomik¸n mon�dwn tou s¸matoc Kp. EÐnai pol-

laplasiastik  om�da kai par�getai apì to −ζ kai tic mon�dec thc morf c 1−ζk

1−ζ
, gia

k = 2, 3, . . . p− 1.

2.2 To je¸rhma tou Inkeri

Sthn par�grafo aut  oi p, q me p 6= q sumbolÐzoun dÔo perittoÔc pr¸touc.
Je¸rhma 2.2.1

Upojètoume ìti h exÐswsh Xp − Y q = 1 èqei akèraia lÔsh (x, y) me xy 6= 0. An o
arijmìc kl�sewn hp tou kuklotomikoÔ s¸matoc arijm¸n Kp = Q(ζ) de diaireÐtai apì to
q, tìte up�rqoun suzugeÐc migadikoÐ akèraioi a, a kai b, b, ìqi mon�dec, t.w

aq + aq = εp (2.1)
bq + b

q
= ηx, (2.2)

ìpou ε, η eÐnai pragmatikèc mon�dec tou daktulÐou Dp = Z[ζ] twn akeraÐwn algebrik¸n
arijm¸n tou Kp.

Apìdeixh:
'Estw (x, y) akèraia lÔsh thc exÐswshc me xy 6= 0.

SÔmfwna me to Je¸rhma 1.6.2 èqoume
xp − 1

x− 1
= (x− ζ)(x− ζ2) . . . (x− ζp−1) = puq (2.3)

kai
x = qbv, (2.4)
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ìpou oi u, b, v eÐnai mh-mhdenikoÐ akèraioi kai p 6 | u, q 6 | v.
O u eÐnai akèraioc > 1. Pr�gmati, epeid  |x| ≥ q ≥ 3 isqÔei

xp − 1

x− 1
≥ |x|p−1 − |x|p−2 + . . .− |x|+ 1 (2.5)
≥ |x|p−2(|x| − 1) + 1 ≥ 3p−2 + 1 > p. (2.6)

Apì tic sqèseic (2.3) kai (2.6) èqoume u > 1.
EpÐshc p = (1− ζ)(1− ζ2) . . . (1− ζp−1) kai sunep¸c h exÐswsh (2.3) gr�fetai

p−1∏
i=1

δi = uq, me δi =
x− ζ i

1− ζ i
. (2.7)

Oi par�gontec δi an koun sto daktÔlio Dp. Pr�gmati, δi = x−ζi

1−ζi = x−1
1−ζi +1. 'Omwc, lìgw

tou Jewr matoc 1.6.2, p =
∏p−1

i=1 (1− ζ i) | x− 1. 'Ara 1− ζ i | p | x− 1 sto daktÔlio Dpkai ètsi oi δi an koun ston Dp.Apì th sqèsh (2.7), an per�soume sta ide¸dh, èqoume ∏p−1
i=1 < δi >=< u >q .

Ja deÐxoume ìti ta ide¸dh < δi > eÐnai an� dÔo pr¸ta metaxÔ touc. Pr�gmati, an
upojèsoume ìti ta ide¸dh < δi > kai < δj > (i 6= j) èqoun koinì par�gonta èna pr¸to
ide¸dec P, dhlad  P |< δi > kai P |< δj >, tìte apì th sqèsh

(1− ζ i)
x− ζ i

1− ζ i
− (1− ζj)

x− ζj

1− ζj
= ζj − ζ i

prokÔptei ìti P |< ζj − ζ i > . 'Omwc < ζj − ζ i >=< 1− ζ i >=< 1− ζj >=< 1− ζ > .
'Ara P =< 1−ζ > . Epeid  < p >= (< 1−ζ >)p−1 = P p−1 kai p | x−1 èqoume P | x−1

1−ζi ,

dhlad  βi = x−1
1−ζi + 1 ≡ 1 (mod P ), to opoÐo eÐnai �topo afoÔ βi ≡ 0 (mod P ).

Epomènwc
< δi >= Aq

i (i = 1, 2, . . . , p− 1), (2.8)
ìpou Ai eÐnai ide¸dh tou Dp, an� dÔo pr¸ta metaxÔ touc.
Epeid  q 6 | hp kai o q eÐnai pr¸toc èqoume gcd(q, hp) = 1. 'Ara, to ide¸dec Ai eÐnai kÔrioide¸dec, dhlad  up�rqei ai sto daktÔlio Dp t.w Ai =< ai > . Opìte apì th sqèsh (2.8)
èpetai ìti < δi >=< aq

i > . Gia i = 1 èqoume
x− ζ = ε1(1− ζ)aq

1, (2.9)
ìpou ε1 eÐnai mon�da tou daktulÐou Dp kai a1 stoiqeÐo autoÔ. Apì th jewrÐa twn ku-
klotomik¸n swm�twn èqoume ε1 = ζkη1, ìpou η1 eÐnai pragmatik  mon�da tou daktulÐou
Dp kai k akèraioc. An sthn exÐswsh (2.9) to ζ antikatastajeÐ apì to ζ2, tìte

x− ζ2 = ζ2k+1η(ζ−1 − ζ)aq
2, (2.10)

ìpou η eÐnai pragmatik  mon�da tou Dp kai a2 stoiqeÐo autoÔ.
Epeid  oi p, q eÐnai pr¸toi kai p 6= q up�rqoun akèraioi c, d t.w 1 = cp − dq. Sunep¸c
ζ2k+1 = ζ(2k+1)(cp−dq) = ζ(2k+1)(−dq) =

(
ζ−(2k+1)d

)q

. 'Ara, h exÐswsh (2.10) gr�fetai
x− ζ2 = η(ζ−1 − ζ)γq, (2.11)
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ìpou γ an kei ston Dp (ìqi mon�da).
H migadik  suzugÐa stèlnei to ζ sto ζ−1. Apì thn exÐswsh (2.11) èqoume

x− ζ−2 = η(ζ − ζ−1)γq. (2.12)
Afair¸ntac tic exis¸seic (2.11) kai (2.12) kat� mèlh prokÔptei ìti

ζ + ζ−1 = η(γq + γq). (2.13)
0 arijmìc ε2 = ζ+ζ−1

η
eÐnai pragmatik  mon�da tou Dp. Gia ε = εc

2 kai a = εd
2γ, qrhsimo-

poi¸ntac thn exÐswsh (2.13), prokÔptei ìti aq + aq = εp.
Pollaplasi�zontac thn exÐswsh (2.11) me ζ−2 èqoume ζ−2x−1 = η(ζ−1−ζ)ζ−2γq. 'Omwc
ζ = ζ−dq, dhlad  ζ−2 = ζ2dq. 'Ara

ζ−2x− 1 = η(ζ−1 − ζ)bq, (2.14)
ìpou b = ζ2dγ. Apì thn exÐswsh (2.14) efarmìzontac th migadik  suzugÐa paÐrnoume

ζ2x− 1 = η(ζ − ζ−1)b
q
. (2.15)

Afair¸ntac tic exis¸seic (2.14) kai (2.15) kat� mèlh kai diair¸ntac me η(ζ−1−ζ) èqoume
bq + b

q
= η′x, (2.16)

ìpou η′ := ζ−2−ζ2

η(ζ−1−ζ)
= ζ+ζ−1

η
eÐnai pragmatik  mon�da tou Dp.

2

Je¸rhma 2.2.2
'Estw hp kai hq oi arijmoÐ kl�sewn twn kuklotomik¸n swm�twn arijm¸n Kp = Q(ζp)

kai Kq = Q(ζq). An upojèsoume ìti h exÐswsh Xp − Y q = 1 èqei akèraia lÔsh (x, y) me
xy 6= 0, tìte

(i) x ≡ 0 (mod q2) και pq ≡ p (mod q2), αν q 6 | hp, (2.17)

(ii) y ≡ 0 (mod p2) και qp ≡ q (mod p2), αν p 6 | hq. (2.18)
Apìdeixh:

Upojètoume ìti h exÐswsh xp − yq = 1 èqei akèraia lÔsh (x, y) me xy 6= 0.
An q 6 | hp, tìte apì to Je¸rhma 2.2.1 èpetai ìti

ηx = bq + b
q

= (b + b)q + q(bb)(b + b)d, (2.19)
ìpou oi d, η, b, b an koun sto daktÔlio Dp.Apì to Je¸rhma 1.6.2 èqoume q | x. Epomènwc, apì th sqèsh (2.19) prokÔptei ìti

(b + b)q ≡ 0 (mod q) (2.20)
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sto daktÔlio Dp.Apì th jewrÐa twn kuklotomik¸n swm�twn h an�lush tou ide¸douc < q > se ginìmeno
pr¸twn idewd¸n tou kuklotomikoÔ s¸matoc Kp èqei th morf 

< q >= P1P2 . . . Ps, (2.21)
ìpou ta pr¸ta ide¸dh P1, P2 . . . , Ps èqoun ton Ðdio bajmì f kai to pl joc aut¸n s orÐzetai
apì th sqèsh p− 1 = fs.
'Estw P èna apì ta pr¸ta ide¸dh P1, P2 . . . , Ps. Apì th sqèsh (2.20) kai epeid  to ide¸dec
P eÐnai pr¸to èpetai oti P | (b + b), dhlad  P 2 | (b + b)2. EpÐshc P 2 | q(b + b). Opìte
apì th sqèsh (2.19) sumperaÐnoume ìti P 2 | ηx. 'Omwc η eÐnai mon�da tou daktulÐou Dpkai sunep¸c P 2 | x. Epeid  x = qx1, ìpou o x1 eÐnai akèraioc, kai P 2 6 | q èqoume P | x1.Epomènwc q | x1, afoÔ P

⋂
Z = qZ. 'Ara q2 | x.

Epeid 
xp − 1

x− 1
= xp−1 + xp−2 + . . . + x + 1 = puq kai q2 | x (2.22)

prokÔptei ìti puq ≡ 1 (mod q2) kai sunep¸c
pq−1uϕ(q2) ≡ 1 (mod q2). (2.23)

Epeid  gcd(u, q2) = 1 èqoume uϕ(q2) ≡ 1 (mod q2). 'Ara, apì th sqèsh (1.23) èpetai ìti
pq−1 ≡ 1 (mod q2), dhlad  pq ≡ p (mod q2).
Epeid  h exÐswsh xp − yq = 1 gr�fetai (−y)q − (−x)p = 1 mporoÔme stic sqèseic thc
perÐptwshc (i) ta x, y, p, q na ta antikatast soume me −y,−x, q, p kai ètsi apodeiknÔetai
kai h perÐptwsh (ii).

2
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Kef�laio 3

To pr¸to je¸rhma tou Mihǎilescu

Oi isodunamÐec tou Inkeri isqÔoun sthn perÐptwsh ìpou q 6 | hp kai p 6 | hq.H pr¸th shmantik  idèa tou Mihǎilescu  tan h eÔresh mÐac mejìdou mèsw thc opoÐac ja
èqoume apodeÐxei tic isodunamÐec tou Inkeri qwrÐc touc parap�nw periorismoÔc.
H basik  idèa tou Mihǎilescu  tan na qrhsimopoi sei to ide¸dec tou Stickelberger.

3.1 To ide¸dec tou Stickelberger

'Estw K ènac antimetajetikìc daktÔlioc kai H mÐa peperasmènh om�da.
OrÐzoume to sÔnolo

K[H] := {
∑
σ∈G

λσ · σ : λσ ∈ K}.

Sto sÔnolo K[H] orÐzoume prìsjesh kai pollaplasiasmì wc ex c:∑
σ∈G

λσ · σ ⊕
∑
τ∈G

µτ · τ =
∑
t∈G

(λt + µt) · t

kai ∑
σ∈G

λσ · σ �
∑
τ∈G

µτ · τ =
∑
t∈G

νt · t,

ìpou
νt =

∑
σ,τ∈G
στ=t

λσµτ .

To (K[H],⊕,�) apoteleÐ daktÔlio kai lègetai daktÔlioc thc om�dac H uper�nw tou
daktulÐou K.

'Estw to kuklotomikì s¸ma arijm¸n Kp = Q(ζ). An G :=Gal(Kp/Q), tìte
G = {σ1, σ2, . . . , σp−1},
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ìpou σa(ζ) = ζa, gia k�je a ∈ (Z/pZ)∗.
'Estw {x} to klasmatikì mèroc tou rhtoÔ arijmoÔ x, dhlad  x − {x} = [x] ∈ Z kai
0 ≤ {x} < 1. To stoiqeÐo

θ =

p−1∑
a=1

{a

p

}
σ−1

a ∈ Q[G]

lègetai stoiqeÐo tou Stickelberger.
To ide¸dec tou Stickelberger I(p) orÐzetai na eÐnai Z[G]

⋂
θZ[G], dhlad  apoteleÐtai apì

ta Z[G]−pollapl�sia tou θ pou èqoun akèraiouc suntelestèc.
Je¸rhma 3.1.1

'Estw I ′(p) èna ide¸dec tou Z[G] pou par�getai apì stoiqeÐa thc morf c c − σc, me
gcd(c, p) = 1. An β ∈ Z[G], tìte

βθ ∈ Z[G] ⇔ β ∈ I ′(p).

'Ara I(p) = θI ′(p).

Je¸rhma 3.1.2 (Stickelberger)
'Estw A èna klasmatikì ide¸dec tou Kp kai β ∈ Z[G]. An βθ ∈ Z[G], tìte to ide¸dec

Aβθ eÐnai kÔrio. Epomènwc, to ide¸dec tou Stickelberger mhdenÐzei (annihilates) thn om�da
kl�sewn idewd¸n tou Kp.
([39], Par�grafoc 6.2)

'Eqoume

Θc = (c− σc)θ =

p−1∑
a=1

(
c
{a

p

}
−

{ac

p

})
σ−1

a =

p−1∑
a=1

([ac

p

]
− c

[a

p

])
σ−1

a .

Eidikìtera,
Θ2 =

p−1∑
a= p+1

2

σ−1
a .

OrÐzoume λ := (1−ζ)Θ gia k�poio Θ ∈ I(p). O λ/λ eÐnai mÐa rÐza thc mon�dac. EpÐshc
an ε eÐnai mÐa mon�da tou Dp, tìte ε/ε eÐnai mÐa rÐza thc mon�dac ([39], Kef�laio 1 kai
qr sh L mmatoc 1.6). Tèloc epeid  k�je rÐza thc mon�dac sto Kp eÐnai mÐa 2p−rÐza
thc mon�dac kai gcd(q, 2p) = 1 èpetai ìti k�je rÐza thc mon�dac eÐnai q−dÔnamh mÐac
2p−rÐzac thc mon�dac.

3.2 To je¸rhma tou Mihǎilescu

L mma 3.2.1
'Estw P èna akèraio pr¸to ide¸dec tou daktulÐou A twn akeraÐwn algebrik¸n arijm¸n

enìc algebrikoÔ s¸matoc arijm¸n K me norm dÔnamh pr¸tou arijmoÔ q.
An a, b ∈ A me aq ≡ bq (mod P ), tìte aq ≡ bq (mod P 2).
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Apìdeixh:
An NK(P ) = qr, tìte |A/P | = NK(P ) = qr. Epeid  to pr¸to ide¸dec P eÐnai mègisto

o daktÔlioc A/P eÐnai s¸ma. 'Ara tq
r ≡ t (mod P ), gia k�je t ∈ A. Opìte uy¸nontac

kai ta dÔo mèlh thc isodunamÐac aq ≡ bq (mod P ) sthn qr−1−dÔnamh prokÔptei ìti
a ≡ aqr ≡ bqr ≡ b (mod P ). An c := a− b, tìte c ≡ 0 (mod P ).
Epomènwc

aq − bq = (b + c)q − bq =

q∑
j=1

(
q
j

)
cjbq−j ≡ 0

(
mod (qc, cq)

)
.

'Omwc P 2 | qc kai P 2 | cq. Sunep¸c aq ≡ bq (mod P 2).
2

Je¸rhma 3.2.1
An upojèsoume ìti h exÐswsh Xp − Y q = 1 èqei akèraia lÔsh (x, y), ìpou p, q eÐnai

perittoÐ pr¸toi kai xy 6= 0, tìte q2 | x, p2 | y kai

pq−1 ≡ 1 (mod q2), (3.1)
qp−1 ≡ 1 (mod p2). (3.2)

Apìdeixh:
Upojètoume ìti h exÐswsh Xp − Y q = 1 èqei akèraia lÔsh (x, y) me xy 6= 0.

SÔmfwna me ta Jewr mata 1.6.2 kai 2.2.1 èqoume
xp − 1

x− 1
= (x− ζ)(x− ζ2) . . . (x− ζp−1) = puq (3.3)

kai
x ≡ 1 (mod p), (3.4)

ìpou u eÐnai akèraioc > 1 kai p 6 | u.
EpÐshc p = (1− ζ)(1− ζ2) . . . (1− ζp−1) kai sunep¸c h exÐswsh (3.3) gr�fetai

p−1∏
i=1

βi = uq, me βi =
x− ζ i

1− ζ i
. (3.5)

Oi par�gontec βi an koun sto daktÔlio Dp = Z[ζp] twn akeraÐwn algebrik¸n arijm¸n
tou Kp = Q(ζp). Pr�gmati, lìgw thc sqèshc (3.4) èqoume

x− ζ i ≡ 1− ζ i ≡ 0
(

mod (1− ζ i)
)

kai ètsi oi βi eÐnai algebrikoÐ akèraioi.Apì th sqèsh (3.5), an per�soume sta ide¸dh, èqoume ∏p−1
i=1 < βi >=< u >q .

Ja deÐxoume ìti ta ide¸dh < βi > eÐnai an� dÔo pr¸ta metaxÔ touc. Pr�gmati, an
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upojèsoume ìti ta ide¸dh < βi > kai < βj > (i 6= j) èqoun koinì par�gonta èna pr¸to
ide¸dec P, dhlad  P |< βi > kai P |< βj >, tìte apì th sqèsh

(1− ζ i)
x− ζ i

1− ζ i
− (1− ζj)

x− ζj

1− ζj
= ζj − ζ i

prokÔptei ìti P |< ζj − ζ i > . 'Omwc < ζj − ζ i >=< 1− ζ i >=< 1− ζj >=< 1− ζ > .
'Ara P =< 1 − ζ > . Apì to Je¸rhma 1.6.2 èqoume p | x − 1. Epeid  < p >= P p−1

èpetai ìti P | x−1
1−ζi , dhlad  βi = x−1

1−ζi + 1 ≡ 1 (mod P ), to opoÐo eÐnai �topo afoÔ
βi ≡ 0 (mod P ).
Epomènwc

< βi >= Aq
i (i = 1, 2, . . . , p− 1), (3.6)

ìpou Ai eÐnai ide¸dh tou daktulÐou Dp twn akeraÐwn algebrik¸n arijm¸n tou s¸matoc
Kp = Q(ζp), an� dÔo pr¸ta metaxÔ touc.
Gia opoiod pote stoiqeÐo Θ tou ide¸douc tou Stickelberger èqoume < β >Θ=< AΘ >q,
ìpou β = β1 kai A = A1. 'Omwc to Θ dra sto A kai dÐnei kÔrio ide¸dec. Sunep¸c,
up�rqei a ∈ A tètoio ¸ste AΘ =< a > . Opìte < β >Θ=< a >q . 'Ara(1− ζ−1x

1− ζ−1

)Θ

=
(x− ζ

1− ζ

)Θ

= εaq, (3.7)
ìpou ε eÐnai mon�da tou Dp.An jèsoume λ := (1 − ζ−1)Θ, tìte λ = λδq, ìpou δ eÐnai mÐa 2p−rÐza thc mon�dac.
Sunep¸c λε = λεδq.
EpÐshc (1− ζx

1− ζ

)Θ

=
(x− ζ−1

1− ζ−1

)Θ

= εaq. (3.8)
Afair¸ntac thn exÐswsh (3.8) apì thn exÐswsh (3.7) prokÔptei ìti

(1− xζ−1)Θ − (1− xζ)Θ = λε
(
aq − (δa)q

)
. (3.9)

Apì to Je¸rhma 1.6.2 èqoume q | x. 'Ara, to aristerì mèloc thc exÐswshc (3.9) eÐnai
1− 1 ≡ 0 (mod q). 'Estw Q èna opoiod pote pr¸to ide¸dec tou Kp = Q(ζ) pou diaireÐ
to q. Apì th sqèsh (3.9) èpetai ìti Q | λε

(
aq − (δa)q

)
. Epeid  ε eÐnai mon�da kai Q 6 | λ

èqoume Q | aq − (δa)q kai ètsi, apì to L mma 3.2.1, Q2 | aq − (δa)q.
An Θ =

∑p−1
i=1 aiσi, ìpou ai ∈ Z kai σi ∈ G, tìte

(1− xζ)Θ = (1− xζ)
∑p−1

i=1 aiσi =

p−1∏
i=1

(1− xζ)aiσi =

p−1∏
i=1

(1− xζ i)ai .

'Omwc
p−1∏
i=1

(1− xζ i)ai ≡
p−1∏
i=1

(1− aixζ i) (mod x2) ≡ 1− x

p−1∑
i=1

aiζ
i (mod x2).

44



'Ara
(1− xζ)Θ ≡ 1− x

p−1∑
i=1

aiζ
i (mod x2). (3.10)

An sthn exÐswsh (3.10) efarmìsoume th migadik  suzugÐa prokÔptei h isodunamÐa
(1− xζ−1)Θ ≡ 1− x

p−1∑
i=1

aiζ
−i (mod x2). (3.11)

Apì tic sqèseic (3.10) kai (3.11) èpetai ìti
(1− xζ−1)Θ − (1− xζ)Θ ≡ x

p−1∑
i=1

(ai − ap−i)ζ
i (mod x2). (3.12)

Apì th sqèsh (3.9) kai epeid  Q2 | aq− (δa)q èqoume Q2 | (1−xζ−1)Θ− (1−xζ)Θ. 'Omwc
Q2 | x2 kai sunep¸c apì th sqèsh (3.12) prokÔptei ìti

x

p−1∑
i=1

(ai − ap−i)ζ
i ≡ 0 (mod Q2). (3.13)

Epomènwc, apì th sqèsh (3.13) kai epeid  Q | x èqoume Q2 | x  
p−1∑
i=1

(ai − ap−i)ζ
i ≡ 0 (mod Q). (3.14)

Ja deÐxoume ìti h isodunamÐa (3.14) de mporeÐ na isqÔei. Pr�gmati, an h isodunamÐa
(3.14) isqÔei gia k�je pr¸to ide¸dec Q tou q, tìte q |

∑p−1
i=1 (ai−ap−i)ζ

i. Epomènwc, apì
to L mma 2.1.1 isqÔei q | ai − ap−i, gia k�je i = 1, . . . , p− 1.
Gia Θ = Θ2, dhlad  ∑p−1

i=1 aiσi =
∑p−1

i= p+1
2

σ−1
i prokÔptei ìti

ai = 1, i = 1, . . . ,
p− 1

2

ai = 0, i =
p + 1

2
, . . . , p− 1.

Opìte q | a p−1
2
− a p+1

2
= 1− 0 = 1, to opoÐo eÐnai �topo. 'Ara Q2 | x. Epeid  to ide¸dec

Q  tan èna opoiod pote pr¸to ide¸dec tou q èpetai ìti Q2
i | x gia ìla ta pr¸ta ide¸dh

Q1, Q2, . . . , Qs tou q. 'Omwc ta Q2
i kai Q2

j (i 6= j) eÐnai pr¸ta metaxÔ touc kai sunep¸c
kai to ginìmenì touc, to opoÐo eÐnai q2, diaireÐ to x.
Apì to Je¸rhma 1.6.2 kai epeid  q2 | x èqoume pq−1aq ≡ −1 (mod q2). EpÐshc epeid 
gcd(p, q) = 1 isqÔei pq−1 ≡ 1 (mod q). Opìte prokÔptei ìti aq ≡ −1 (mod q), dhlad 
aq ≡ (−1)q (mod q). Apì thn teleutaÐa isodunamÐa èpetai ìti aq ≡ −1 (mod q2). 'Ara
pq−1 ≡ −pq−1aq ≡ 1 (mod q2).
Epeid  h exÐswsh xp − yq = 1 gr�fetai (−y)q − (−x)p = 1 mporoÔme ta x, y, p, q na ta
antikatast soume me ta −y,−x, q, p. Epomènwc p2 | y kai qp−1 ≡ 1 (mod p2).

2
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Orismìc 3.2.1
Zeug�ria (p, q) pr¸twn arijm¸n pou ikanopoioÔn tic isodunamÐec tou Jewr matoc 3.2.1

lègontai zeug�ria Wieferich.

Mèqri s mera mìno 6 zeug�ria Wieferich eÐnai gnwst� kai eÐnai ta ex c:
(2, 1093), (3, 1006003), (5, 1645333507), (83, 4871),

(911, 318917), (2903, 18787).
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Kef�laio 4

Grammikèc morfèc logarÐjmwn

H idèa tou Tijdeman [38]  tan na efarmìsei th jewrÐa grammik¸n morf¸n logarÐjmwn
algebrik¸n (rht¸n) arijm¸n kai, pio sugkekrimèna, to akìloujo
Je¸rhma 4.0.2 (Baker,[6])

Upojètoume ìti bj ∈ Z, rj ∈ Q, rj > 0 gia k�je j = 1, 2, . . . , n kai

Λ := b1 log r1 + b2 log r2 + . . . + bn log rn.

Gia k�je rhtì arijmì r = s
t
me gcd(s, t) = 1 orÐzoume to Ôyoc tou r

H(r) := log max(|s|, |t|).

An B := max
(
|b1|, |b2|, . . . , |bn|

)
kai Λ 6= 0, tìte

|Λ| ≥ log(−C log B),

ìpou C eÐnai mÐa upologÐsimh jetik  stajer�, h opoÐa exart�tai mìno apì to n kai apì
ta Ôyh twn r1, r2, . . . , rn. M�lista C = c(n)H(r1)H(r2) . . . H(rn).

'Otan k�poioc jèlei na eÐnai sugkekrimènoc h arijmhtik  tim  thc stajer�c c(n) eÐnai
polÔ shmantik .
O E. Matveev apèdeixe ìti mporeÐ kaneÐc na p�rei thn c(n) = cn, ìpou c eÐnai mÐa upolo-
gÐsimh apìluth stajer�.

An t¸ra (x, y, p, q) eÐnai mÐa, mh-tetrimmènh, lÔsh thc exÐswshc tou Catalan kai a, b
oi akèraioi tou Jewr matoc 1.6.2, orÐzoume

Λ1 := q log q − p log p + pq log
pa

qb
.

'Eqoume
Λ1 = log

(pq−1aq)p

(qp−1bp)q
= log

(x− 1)p

(y + 1)q
= p log(x− 1)− q log(y + 1).
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EpÐshc orÐzoume th grammik  morf 

Λ2 := q log q + p log
pq−1aq + 1

qqbq
.

'Eqoume
Λ2 = log

yq + 1

(y + 1)q
= log

xp

(y + 1)q
= p log x− q log(y + 1).

Epeid 
(x− 1)p < xp = yq + 1 < (y + 1)q

èpetai ìti
Λ1 6= 0 kai Λ2 6= 0.

'Ara, mporoÔme na efarmìsoume to Je¸rhma tou Baker kai na broÔme k�tw fr�gmata
twn |Λ1| kai |Λ2|. Apì tic dÔo autèc sqèseic prokÔptoun dÔo anisìthtec an�mesa sta p
kai q. Upojètoume ìti q < p kai apaloÐfoume to q, opìte telik� prokÔptei mÐa anisìthta
thc morf c

p < c1(log p)c2 ,

ìpou c1 kai c2 apìlutec stajerèc. 'Eqoume dhlad  èna �nw fr�gma gia to p kai sunep¸c
kai gia to q. (An p < q ergazìmaste ìmoia kai brÐskoume èna �nw fr�gma gia to q.)
To shmantikìtato sumpèrasma tou apotelèsmatoc tou Tijdeman  tan ìti h exÐswsh tou
Catalan èqei to polÔ peperasmèno pl joc lÔsewn.
O M. Langevin epexerg�sthke thn apìdeixh tou Tijdeman kai èdwse sugkekrimèna fr�g-
mata p, q ≤ 10110. AkoloÔjhsan mÐa seir� apì kalÔtera fr�gmata mèqri to 2000 pou o
M. Mignotte [24] apèdeixe ìti

p ≤ 7, 8 · 1016 kai q ≤ 7, 2 · 1011.

Apì to je¸rhma tou Tijdeman prokÔptei h anisìthta
p ≤ 24, 34 · q

(
max{log

p + 1

log q
+ 0, 14, 21}

)2

log q. (4.1)

Sundu�zontac ta apotelèsmata twn Tijdeman kai Mihǎilescu, oi Mignotte kai Roy [25]
apèdeixan ìti

min{p, q} ≥ 107. (4.2)
Me b�sh thn anisìthta (4.1) tou Tijdeman ja apodeÐxoume thn akìloujh

Prìtash 4.0.1
An q ≥ 28000, tìte p ≤ 4q2.
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Apìdeixh:
Upojètoume ìti

log
p + 1

log q
+ 0, 14 ≤ 21.

An p ≥ 4q2, tìte apì th sqèsh (4.1) ja eÐqame 4q2 ≤ 24, 34 · q212 log q, dhlad 
q ≤ 2683, 5 log q, to opoÐo den isqÔei gia q ≥ 28000.
An t¸ra

log
p + 1

log q
+ 0, 14 ≥ 21,

tìte h anisìthta (4.1) gr�fetai
p ≤ 24, 34 · q

(
log

p + 1

log q
+ 0, 14

)2

log q.

Epeid  q ≥ 28000 èqoume 0, 14− log log q ≤ 0, 14− log log 28000 ≤ −2, 18.
Sunep¸c

p(
log(p + 1)− 2, 18

)2 ≤ 24, 34 · q log q. (4.3)

An
f(p) :=

p(
log(p + 1)− 2, 18

)2 ,

tìte f ′(p) > 0, gia k�je p ≥ 67.
Epomènwc, an upojèsoume ìti p ≥ 4q2, antikajistoÔme sth sqèsh (4.3) to p me 4q2 kai
èqoume

q ≤ 6, 085
(
log(4q2 + 1)− 2, 18

)2

log q.

Epeid  log(4q2 +1)−2, 18 ≤ log q2 prokÔptei ìti q ≤ 24, 34 log3 q, to opoÐo eÐnai adÔnato
gia q ≥ 28000.

2

Je¸rhma 4.0.3
An (x, y, p, q) eÐnai lÔsh thc exÐswshc tou Catalan, tìte p 6≡ 1 (mod q) kai, gia

lìgouc summetrÐac, q 6≡ 1 (mod p).

Apìdeixh:
An upojèsoume ìti p ≡ 1 (mod q), tìte pq ≡ 1 (mod q2). 'Omwc oi p, q eÐnai arijmoÐ

tou Wieferich, dhlad  ikanopoioÔn thn isodunamÐa pq−1 ≡ 1 (mod q2).
'Ara

p ≡ 1 (mod q2).

Epeid  o p eÐnai perittìc pr¸toc èqoume p 6= q2 + 1 kai p 6= 3q2 + 1. EpÐshc isqÔei
p 6= 2q2 + 1. Pr�gmati, an p = 2q2 + 1 kai epeid  apì th sqèsh (4.2) èqoume q 6= 3, tìte
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p = 2q2 + 1 ≡ 0 (mod 3). 'Omwc p > q kai ètsi katal goume se �topo.
Epomènwc p ≥ 4q2 + 1 > 4q2. 'Omwc an q ≥ 28000 autì den isqÔei sÔmfwna me thn
Prìtash 4.0.1. Apì thn �llh meri�, o Mihǎilescu apèdeixe, me qr sh tou upologist  kai
qrìno mikrìtero tou enìc leptoÔ, ìti den up�rqei zeug�ri (p, q) tètoio ¸ste q ≤ 28000,

1 + 4q2 ≤ p ≤ 24, 34 · q
(
max{log

p + 1

log q
+ 0, 14, 21}

)2

log q,

p ≡ 1 (mod q2) kai qp−1 ≡ 1 (mod p2).
2

Parathr sh:
Ja  tan polÔ endiafèron na èqoume mÐa pl rh algebrik  apìdeixh ìti p 6≡ 1 (mod q)

  toul�qiston mÐa apìdeixh anex�rthth twn hlektronik¸n upologist¸n. Autì epiteÔ-
qjhke kai p�li apì ton Mihǎilescu.
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Kef�laio 5

H apìdeixh tou Mihǎilescu

5.1 DaktÔlioi kai Modules

Sthn par�grafo aut  ìloi oi daktÔlioi eÐnai antimetajetikoÐ me monadiaÐo.
To ide¸dec A enìc daktulÐou R lègetai rizikì an o daktÔlioc phlÐko R/A den èqei

mh-mhdenik� mhdenodÔnama stoiqeÐa. Dhlad  to A eÐnai rizikì ide¸dec tou R an gia k�je
a ∈ R kai k�je jetikì akèraio m isqÔei:

am ∈ A ⇒ a ∈ A.

'Estw R ènac daktÔlioc. To M lègetai R−module ìtan:
(1) To M eÐnai prosjetik  abelian  om�da.
(2) Up�rqei mÐa exwterik  pr�xh

R×M → M

(r, m) 7→ r ·m

tètoia ¸ste gia ìla ta r, r1, r2 ∈ R kai m,m1, m2 ∈ M na isqÔoun:
(i) (r1 + r2)m = r1m + r2m
(ii) r(m1 + m2) = rm1 + rm2

(iii) r1(r2m) = (r1r2)m.
An epiplèon isqÔei h

(iv) 1 ·m = m, tìte to M lègetai monadiaÐo (unitary) R−module.
An N ⊆ M, tìte to N lègetai upomodule tou M ìtan to N eÐnai epÐshc R−module

wc proc tic pr�xeic tou M. EpÐshc h prosjetik  om�da phlÐko M/N gÐnetai R−module
an orÐsoume r(m + N) = rm + N, r ∈ R, m ∈ M.

'Estw R ènac daktÔlioc kai M èna R−module. An S ⊆ M, tìte o R−mhdenist c
(R−annihilator) tou S eÐnai ìla ekeÐna ta a ∈ R gia ta opoÐa aS = 0 kai eÐnai ide¸dec
tou R (gia perissìterec plhroforÐec sta modules parapèmpoume sto [5]).

Sth sunèqeia ja anafèroume k�poiec prot�seic ìson afor� sta R−modules kai ja
melet soume daktÔliouc R oi opoÐoi eÐnai eujÔ ginìmeno swm�twn.
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'Estw R ènac daktÔlioc kai M èna R−module. To M lègetai kuklikì an par�getai
apì èna stoiqeÐo, dhlad  an up�rqei m ∈ M tètoio ¸ste M = Rm.

An M = Rm eÐnai èna kuklikì R−module, tìte ann(M)=ann(m) kai to M eÐnai
isìmorfo, wc R−module, me to daktÔlio phlÐko R/ann(M).

Epeid  ta upomodules tou R/ann(M) eÐnai ta ide¸dh tou daktulÐou R/ann(M) è-
qoume mÐa èna proc èna antistoiqÐa an�mesa sta upomodules tou M kai ta ide¸dh
tou R/ann(M). H antistoiqÐa aut  perigr�fetai wc ex c: An A eÐnai èna ide¸dec tou
R/ann(M), tìte to antÐstoiqo upomodule tou M eÐnai Am. AntÐstrofa, an N eÐnai èna
upomodule tou M, tìte to antÐstoiqo ide¸dec A apoteleÐtai ap' ìla ta a ∈ R gia ta
opoÐa am ∈ N.

An N eÐnai èna upomodule tou kuklikoÔ R−module M = Rm, tìte to phlÐko M/N
eÐnai èna kuklikì R−module pou par�getai apì thn eikìna tou m. EpÐshc an o R eÐ-
nai daktÔlioc kurÐwn idewd¸n, tìte kai o R/ann(M) eÐnai daktÔlioc kurÐwn idewd¸n.
Epomènwc, isqÔei h parak�tw prìtash:
Prìtash 5.1.1

An R eÐnai ènac daktÔlioc kai M èna kuklikì R−module, tìte k�je phlÐko tou M
eÐnai kuklikì. An R eÐnai daktÔlioc kurÐwn idewd¸n, tìte k�je upomodule enìc kuklikoÔ
R−module eÐnai epÐshc kuklikì.

'Estw R ènac daktÔlioc kai M èna R−module. To M lègetai peperasmèna paragì-
meno an par�getai apì peperasmènou pl jouc stoiqeÐa, dhlad  an up�rqoun
m1, m2, . . . ,mn ∈ M tètoia ¸ste M = Rm1 + Rm2 + . . . + Rmn.

Prìtash 5.1.2
'Estw R ènac daktÔlioc kai M èna peperasmèna paragìmeno R−module. An A eÐnai

èna ide¸dec tou R tètoio ¸ste to ide¸dec A+annR(M) tou R na eÐnai rizikì, tìte o
annR/A(M/AM) eÐnai h eikìna tou annR(M) ston R/A.

Apìdeixh:
Jètoume R := R/A kai M := M/AM.

An a ∈ annR(M), dhlad  a ∈ R tètoio ¸ste aM = 0, tìte h eikìna tou a ston R eÐnai
a = a + A. Ja deÐxoume ìti to a mhdenÐzei (annihilates) to M. Pr�gmati, an m ∈ M,
dhlad  m = m + AM, ìpou m ∈ M, tìte

a ·m = (a + A)(m + AM) = am + AM = 0 + AM = AM,

dhlad  to a mhdenÐzei (annihilates) to M.
AntÐstrofa, an a ∈ annR(M), dhlad  a ∈ R tètoio ¸ste a m = AM, ∀m ∈ M, tìte
am ∈ AM, ∀m ∈ M. 'Estw ϕ ènac endomorfismìc tou M tètoioc ¸ste ϕ(M) ⊆ AM.
SÔmfwna me to ( [1], Prìtash 2.4) up�rqei jetikìc akèraioc n tètoioc ¸ste

ϕn + β1ϕ
n−1 + . . . + βn = 0,

ìpou β1, . . . , βn ∈ A. Epeid  aM ⊆ AM jewroÔme wc ϕ ton parak�tw endomorfismì:
a(m) := am ∈ AM.
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'Ara an+β1a
n−1+ . . .+βn = 0, dhlad  (an+β1a

n−1+ . . .+βn)(m) = 0(m) = 0, ∀m ∈ M
kai epomènwc γ := an + β1a

n−1 + . . . + βn ∈ annR(M).
Opìte an = γ− (β1a

n−1− . . .−βn) ∈ A+annR(M). 'Omwc to ide¸dec A+annR(M) eÐnai
rizikì ide¸dec tou R kai sunep¸c a ∈ A+annR(M), dhlad  a = α + β, ìpou α ∈ A
kai β ∈ annR(M). Apì thn teleutaÐa sqèsh èpetai ìti h eikìna β tou β ston R eÐnai
β = β + A = a + A = a.

2

Prìtash 5.1.3
An R eÐnai eujÔ ginìmeno apì peperasmèna to pl joc swm�ta, dhlad 

R = K1 ×K2 × . . .×Ks

kai jèsoume A = {1, 2, . . . , s}, tìte
(1) An B ⊆ A, tìte to sÔnolo I(B) := {(x1, x2, . . . , xs) ∈ R : xβ = 0, ∀β ∈ B} eÐnai

ide¸dec tou R kai ìla ta ide¸dh eÐnai aut c thc morf c gia k�poio uposÔnolo B tou A.
Eidikìtera, k�je phlÐko tou R eÐnai eujÔ ginìmeno swm�twn.

(2) An B, Γ ⊆ A, tìte

I(B)I(Γ) = I(B ∪ Γ) kai I(B) + I(Γ) = I(B ∩ Γ).

Opìte an I, I ′ eÐnai dÔo ide¸dh tou R, tìte

II ′ = I ∩ I ′.

EpÐshc gia k�je b ∈ II ′ up�rqoun a ∈ I kai a′ ∈ I ′ tètoia ¸ste b = aa′. Eidikìtera,
I2 = I kai gia k�je a ∈ I up�rqoun a1, a2 ∈ I tètoia ¸ste a = a1a2.

(3) Gia k�je ide¸dec I tou R up�rqei monadikì ide¸dec I⊥ tou R tètoio ¸ste

I + I⊥ = R kai II⊥ =< 0 > .

To ide¸dec I⊥ eÐnai to sumplhrwmatikì tou ide¸douc I. An I = I(B), gia k�poio B ⊆ A,
tìte I⊥ := I(A/B) = {(x1, x2, . . . , xs) : xβ = 0, ∀β 6∈ B}.

(4) An I, I ′ eÐnai dÔo ide¸dh tou R, tìte

(II ′)⊥ = I⊥ + I ′⊥ kai (I + I ′)⊥ = I⊥I ′⊥.

EpÐshc II ′ =< 0 >⇔ I ′ ⊆ I⊥.
(5) An M eÐnai èna R−module, tìte up�rqei m ∈ M tètoio ¸ste annR(m) =annR(M),

dhlad  to M èqei upomodule isìmorfo me R/annR(M). Eidikìtera, an o R eÐnai pepera-
smènoc, tìte |M | ≥ |R/annR(M)|, me thn isìthta na isqÔei an kai mìno an to M eÐnai
kuklikì.

(6) An M eÐnai èna kuklikì R−module kai M ′ èna upomodule tou M, tìte

annR(M ′) + annR(M/M ′) = R

kai
annR(M ′)annR(M/M ′) = annR(M).
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Apìdeixh:
(1) To sÔnolo I(B) eÐnai ide¸dec tou R, afoÔ an x, y ∈ I(B) kai r ∈ R, tìte

x− y ∈ I(B) kai rx ∈ I(B).
'Estw I èna ide¸dec tou R. Ja deÐxoume ìti I = I(B), gia k�poio B ⊆ A. Pr�gmati,
arkeÐ na jewr soume B = {a ∈ A : xa = 0, ∀(xa)a∈A ∈ I}.

(2) An I(B) = {(x1, . . . , xs) ∈ R : xβ = 0, ∀β ∈ B} kai I(Γ) = {(y1, . . . , ys) ∈ R :
yγ = 0, ∀γ ∈ Γ}, ìpou B, Γ ⊆ A, tìte

I(B)I(Γ) = {(w1, . . . , ws) = (x1y1, . . . , xsys) ∈ R : wi = 0, ∀i ∈ B ∪ Γ} = I(B ∪ Γ).

kai
I(B)+I(Γ) = {(z1, . . . , zs) = (x1+y1, . . . , xs+ys) ∈ R : zj = 0, ∀j ∈ B∩Γ} = I(B∩Γ).

Gia opoiad pote dÔo ide¸dh I, I ′ tou R èqoume II ′ ⊆ I ∩ I ′. An I = I(B), gia k�poio
B ⊆ A kai I ′ = I(Γ), gia k�poio Γ ⊆ A, tìte I∩I ′ = I(B)∩I(Γ) ⊆ I(B∪Γ) = I(B)I(Γ).
Epomènwc II ′ = I ∩ I ′.

(3) An I = I(B), gia k�poio B ⊆ A, tìte I⊥ = I(A/B) kai apì to (2) èqoume
I + I⊥ = I(B) + I(A/B) = I(B ∩ (A/B)) = R

kai
II⊥ = I(B)I(A/B) = I(B ∪ (A/B)) = I(A) =< 0 > .

(4) An I = I(B), gia k�poio B ⊆ A, kai I ′ = I(Γ), gia k�poio Γ ⊆ A, tìte apì tic
sqèseic twn (2) kai (3) èpetai ìti

(II ′)⊥ = (I(B ∪ Γ))⊥ = I(A/(B ∪ Γ)) = I((A/B) ∩ (A/Γ)) = I⊥ + I ′⊥

kai
(I + I ′)⊥ = (I(B ∩ Γ))⊥ = I(A/(B ∩ Γ)) = I((A/B) ∪ (A/Γ)) = I⊥I ′⊥.

EpÐshc an II ′ = I(B)I(Γ) =< 0 >, tìte B ∪ Γ = A kai sunep¸c I ′ ⊆ I⊥. AntÐstrofa,
an I ′ ⊆ I⊥ kai x ∈ II ′, tìte x ∈ I kai x ∈ I ′ ⊆ I⊥, dhlad  x = 0.

(5) Gia β ∈ A orÐzoume to stoiqeÐo
1β := {(x1, . . . , xs) : xβ = 1 kai xa = 0 gia a 6= β}.

'Estw B ⊆ A tètoio ¸ste annR(M) = I(B). Isqurizìmaste ìti ∀β ∈ B up�rqei bβ ∈ M
tètoio ¸ste annR(bβ) ⊆ I({β}). Pr�gmati, ac upojèsoume ìti up�rqei β ∈ B tètoio
¸ste ∀b ∈ M na isqÔei annR(b) 6⊆ I({β}), dhlad  ∀b ∈ M up�rqei x ∈ R/I({β}) tètoio
¸ste xb = 0. Epeid  gia k�je x ∈ R/I({β}) up�rqei y ∈ R tètoio ¸ste yx = 1β èpetai
ìti 1βb = 0, ∀b ∈ M, to opoÐo eÐnai �topo diìti 1β 6∈ annR(M).
Jètoume m :=

∑
β∈B 1βbβ ∈ M. An x = (xa)a∈A ∈ annR(m), tìte ∀β ∈ B èqoume

xbβ = 1βxm = 0, dhlad  x ∈ I({β}), afoÔ annR(bβ) ⊆ I({β}).
Epomènwc x ∈ ∩β∈BI({β}) = I(B), dhlad  annR(m) ⊆ annR(M). Profan¸c isqÔei
annR(M) ⊆ annR(m) kai sunep¸c annR(m) =annR(M).
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(6) An B ⊆ A tètoio ¸ste annR(M) = I(B), tìte annR(M ′) = I(B′), ìpou B′ ⊆ B.
Epeid  to M eÐnai kuklikì R−module apì to (5) èqoume M ∼= R/I(B) ∼= I(A/B).
EpÐshc M ′ ∼= I(A/B′). Opìte a ∈ annR(M/M ′) =annR(I(A/B)/I(A/B′)), dhlad 
a(x1, . . . , xs) ∈ I(A/B′), ∀(x1, . . . , xs) ∈ I(A/B), an kai mìno an a ∈ I(B/B′) kai
sunep¸c annR(M/M ′) = I(B/B′). Apì tic sqèseic tou (2) kai epeid  B′ ∩ (B/B′) = ∅
kai B′ ∪ (B/B′) = B èpetai to zhtoÔmeno.

2

5.2 DaktÔlioi om�dac

'Estw A ènac antimetajetikìc daktÔlioc kai G mÐa peperasmènh abelian  om�da.
JewroÔme to daktÔlio om�dac A[G]. OrÐzoume th sun�rthsh b�rouc w : A[G] → A wc
ex c:

w(
∑
σ∈G

nσσ) =
∑
σ∈G

nσ.

H sun�rthsh b�rouc eÐnai prosjetik  kai pollaplasiastik  kai sunep¸c eÐnai omomor-
fismìc daktulÐwn. O pur nac autoÔ tou omomorfismoÔ pou apoteleÐtai apì ta stoiqeÐa
b�rouc 0 lègetai to augmentation ide¸dec tou A[G]. Par�getai apì stoiqeÐa thc morf c
σ − τ, ìpou σ, τ ∈ G.
To stoiqeÐo N =

∑
σ∈G σ ∈ A[G] lègetai norm stoiqeÐo tou A[G]. Profan¸c isqÔei

xN = N, ∀x ∈ G. Epomènwc, ∀x ∈ A[G] èqoume xN = w(x)N. Eidikìtera isqÔei
A[G]N = AN. To ide¸dec < N >= A[G]N lègetai norm ide¸dec tou A[G].

Prìtash 5.2.1
'Estw G mÐa peperasmènh kuklik  om�da t�xhc n. An K eÐnai èna s¸ma me qara-

kthristik  pou de diaireÐ to n, tìte o daktÔlioc om�dac K[G] eÐnai eujÔ ginìmeno apì
peperasmèna to pl joc s¸mata.

Apìdeixh:
An G =< a >, tìte jewroÔme thn apeikìnish ϕ : K[x] → K[G], h opoÐa antistoiqeÐ

k�je f(x) ∈ K[x] sto f(a) ∈ K[G]. H ϕ eÐnai epimorfismìc daktulÐwn me pur na
Ker(ϕ) =< xn − 1 > . Epomènwc K[G] ∼= K[x]/ < xn − 1 > . Epeid  h qarakthristik 
tou s¸matoc K de diaireÐ to n to polu¸numo xn−1 eÐnai diaqwrÐsimo upèr tou K, dhlad 
to K[x]/ < xn − 1 > eÐnai eujÔ ginìmeno peperasmènwn epekt�sewn tou K.

2

5.3 O daktÔlioc R = Fq[G] kai k�poia R−modules

Sthn par�grafo aut  oi p, q eÐnai perittoÐ pr¸toi me p 6= q kai
p 6≡ 1 (mod q). (5.1)

EpÐshc ζ := ζp eÐnai mÐa prwtarqik  p−rÐza thc mon�dac, K = Q(ζ), G =Gal(K/Q) kai
ι ∈ G eÐnai h migadik  suzugÐa.
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Tèloc E eÐnai h om�da twn mon�dwn tou s¸matoc K kai W eÐnai h om�da twn riz¸n thc
mon�dac tou s¸matoc K. JumÐzoume ìti apì to Je¸rhma tou Dirichlet h om�da E èqei
bajmì p−3

2
.

JewroÔme to daktÔlio om�dac R = Fq[G]. Apì th sqèsh (5.1) kai thn Prìtash 5.2.1
èpetai ìti o R eÐnai eujÔ ginìmeno swm�twn.

Apì thn Prìtash 5.1.3:3 gia k�je ide¸dec I � R up�rqei monadikì ide¸dec I⊥ � R
tètoio ¸ste I + I⊥ = R kai II⊥ =< 0 > . Gia par�deigma, < 1 + ι >⊥=< 1 − ι > kai
< N >⊥ eÐnai to augmentation ide¸dec, ìpou

N =
∑
σ∈G

σ ∈ R

eÐnai to norm stoiqeÐo tou R.
O kÔrioc stìqoc aut c thc paragr�fou eÐnai na melet soume thn om�da E/Eq kai

na upologÐsoume to mhdenist  (annihilator) aut c. Gia to skopì autì arqik� ja mele-
t soume thn om�da E = E/W, h opoÐa eÐnai eleÔjerh abelian  om�da bajmoÔ p−3

2
.

MÐa prosjetik  abelian  om�da A = {a, b, c, . . .} eÐnai G−module (dec [40]) an eÐnai
monadiaÐo (unitary) Z[G]−module.

An h A eÐnai G−module, tìte
σ(a + b) = σa + σb

σ(τa) = (στ)a

1(a) = a,

gia opoiad pote stoiqeÐa σ, τ ∈ G kai a, b ∈ A.
AntÐstrofa, an h G dra sthn prosjetik  om�da A sÔmfwna me tic parap�nw sqèseic,
tìte h A gÐnetai Z[G]−module ìtan (

∑
σ∈G nσσ)(a) =

∑
σ∈G[nσ(σa)].

An h om�da A eÐnai pollaplasiastik , tìte h dr�sh thc G sumbolÐzetai me aσ kai
tìte (aσ)τ = aστ kai a

∑
σ∈G nσσ =

∏
σ∈G(anσσ).

H E eÐnai G−module, afoÔ oi E, W eÐnai G−modules. Jèloume na upologÐsoume to
mhdenist  tou G−module E, dhlad  ìla ekeÐna ta Θ ∈ Z[G] gia ta opoÐa ηΘ ∈ W, gia
k�je η ∈ E.

EÐnai fanerì ìti to norm stoiqeÐo N =
∑

σ∈G σ an kei sto mhdenist  tou E. EpÐshc
to 1− ι an kei sto mhdenist  tou E, afoÔ gia k�je mon�da η to phlÐko η/η eÐnai rÐza thc
mon�dac. Epomènwc, o mhdenist c tou E perièqei to ide¸dec (N, 1 − ι). 'Omwc perièqei
k�ti perissìtero.
Je¸rhma 5.3.1

O mhdenist c (annihilator) tou E eÐnai to ide¸dec I tou Z[G] pou apoteleÐtai apì ìla
ta Θ gia ta opoÐa 2Θ ∈ (N, 1− ι).

Gia thn apìdeixh tou Jewr matoc 5.3.1 qreiazìmaste to parak�tw
L mma 5.3.1

An a1, . . . , ar ∈ Z tètoia ¸ste to Θ = a1σ1 + . . . + arσr na mhdenÐzei to E, ìpou
r = p−3

2
eÐnai o bajmìc thc E, tìte a1 = . . . = ar = 0.
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Apìdeixh:
JewroÔme thn apeikìnish λ : E → Rr, h opoÐa antistoiqeÐ k�je η ∈ E sto di�nusma

(log |ησ1|, . . . , log |ησr |). O pur nac thc λ eÐnai to W kai h eikìna λ(E) eÐnai lattice ston
Rr. An to Θ mhdenÐzei to E, tìte

a1 log |ησ1|+ . . . + ar log |ησr | = 0,

gia k�je η ∈ E. Pr�gmati, a1 log |ησ1| + . . . + ar log |ησr | = log |ηΘ| = 0, afoÔ ηΘ ∈ W.
An ta a1 = . . . = ar den  tan ìla mhdèn, tìte h eikìna λ(E) ja an ke s�ena gn sio
uposÔnolo tou Rr. Autì ìmwc eÐnai adÔnato diìti h eikìna λ(E) eÐnai lattice.

2

Apìdeixh tou Jewr matoc 5.3.1:
An mΘ ∈ annZ[G](E), ìpou m mh-mhdenikìc akèraioc, tìte Θ ∈ annZ[G](E), afoÔ an ηmΘ

eÐnai rÐza thc mon�dac gia k�je η ∈ E, tìte ηΘ eÐnai epÐshc rÐza thc mon�dac.
'Ara, an Θ ∈ I, dhlad  2Θ ∈ (N, 1− ι) ⊆ annZ[G](E), tìte Θ ∈ annZ[G](E) kai sunep¸c
I ⊆ annZ[G](E).
Mènei na deÐxoume ìti annZ[G](E) ⊆ I. Jètoume

N ′ = σ1 + . . . + σP−1
2

.

Epeid  σp−k = ισk èqoume σk − σp−k = σk(1− ι). Epomènwc
2N ′ = N −N ′(1− ι) ∈ (N, 1− ι),

dhlad  N ′ ∈ I.
'Estw Θ èna stoiqeÐo tou Z[G] pou mhdenÐzei to E. Qrhsimopoi¸ntac th sqèsh σp−k = ισkmporoÔme na gr�youme Θ = Θ′ + ιΘ′′, ìpou Θ′ kai Θ′′ eÐnai grammikoÐ sunduasmoÐ twn
σ1, . . . , σm me m = p−1

2
. An

Θ′ = a′1σ1 + . . . + a′mσm kai Θ′′ = a′′1σ1 + . . . + a′′mσm,

tìte to
Θ + (1− ι)Θ′′ − (a′m + a′′m)N ′

eÐnai grammikìc sunduasmìc twn σ1, . . . , σm−1 kai mhdenÐzei to E.
Apì to L mma 5.3.1 ja prèpei

Θ = −(1− ι)Θ′′ + (a′m + a′′m)N ′

kai sunep¸c Θ ∈ I.
2

Je¸rhma 5.3.2
An p 6≡ 1 (mod q), tìte E/Eq eÐnai kuklikì Fq[G]−module kai

annF[G](E/Eq) =< N > ⊕ < 1− ι > . (5.2)
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Apìdeixh:
O pur nac tou fusikoÔ G−epimorfismoÔ

ϕ : E → E → E/E
q

eÐnai WEq. Pr�gmati,
ker(ϕ) = {ε ∈ E : εE

q ⊆ E
q}

= {ε ∈ E : ε ∈ E
q}

= {ε ∈ E : εW ⊆ E
q}

= {ε ∈ E : ε ∈ WEq}.

Epeid  ìla ta stoiqeÐa tou W eÐnai q−dun�meic stoiqeÐwn tou W o pur nac eÐnai Eq.
Epomènwc, ta E/Eq kai E/E

q eÐnai isìmorfa wc G−modules. 'Ara, eÐnai isìmorfa kai
wc Fq[G]−modules. Opìte arkeÐ na deÐxoume ìti to E/E

q eÐnai kuklikì Fq[G]−module
kai na broÔme to mhdenist  (annihilator) autoÔ.
Epeid  q 6 | p − 1 o daktÔlioc om�dac Fq[G] eÐnai eujÔ ginìmeno swm�twn (peperasmèna
to pl joc) kai ètsi den èqei mhdenodÔnama stoiqeÐa. 'Omwc Z[G]/qZ[G] = Fq[G] kai
sunep¸c to ide¸dec qZ[G] eÐnai rizikì ide¸dec tou Z[G]. EpÐshc, epeid  k�je phlÐko tou
Fq[G] eÐnai eujÔ ginìmeno swm�twn k�je ide¸dec tou Z[G] pou perièqei to qZ[G] eÐnai
epÐshc rizikì. 'Ara, to ide¸dec qZ[G]+annZ[G](E) eÐnai rizikì ide¸dec tou Z[G]. Apì thn
Prìtash 5.1.2 èpetai ìti o Fq[G]−mhdenist c tou E/E

q eÐnai h eikìna tou annZ[G](E)

sto Fq[G]. Epomènwc, apì to Je¸rhma 5.3.1 to ide¸dec annFq [G](E/E
q
) apoteleÐtai apì

stoiqeÐa Θ ∈ Fq[G] tètoia ¸ste 2Θ ∈ (N, 1 − ι), ìpou apì t¸ra kai èpeita N eÐnai to
norm stoiqeÐo tou Fq[G] kai ìqi tou Z[G]. 'Omwc to 2 eÐnai antistrèyimo stoiqeÐo sto
Fq[G] kai ètsi èqoume

annFq [G](E/E
q
) = (N, 1− ι).

Epeid  < N >= FqN kai w(N) = p − 1 6= 0 sto Fq[G] ta mh-mhdenik� stoiqeÐa tou
< N > èqoun mh-mhdenikì b�roc. 'Ara < N > ∩ < 1− ι >=< 0 > kai sunep¸c

annFq [G](E/E
q
) =< N > ⊕ < 1− ι > .

Mènei na deÐxoume ìti to E/E
q eÐnai kuklikì Fq[G]−module. Apì thn Prìtash 5.1.3:5

arkeÐ na deÐxoume ìti
∣∣∣E/E

q
∣∣∣ =

∣∣∣Fq[G]/annFq [G](E/E
q
)
∣∣∣.

H om�da E èqei bajmì p−3
2

kai ètsi
∣∣∣E/E

q
∣∣∣ = q

p−3
2 . Epeid  < N >= FqN h Fq−di�stash

tou kÔriou ide¸douc < N > eÐnai 1. EpÐshc h Fq−di�stash tou kÔriou ide¸douc < 1−ι >
eÐnai p−1

2
. Opìte h Fq−di�stash tou annFq [G](E/E

q
) eÐnai p+1

2
. Epomènwc∣∣∣Fq[G]/annFq [G](E/E

q
)
∣∣∣ = qp−1− p+1

2 = q
p−3
2 =

∣∣∣E/E
q
∣∣∣.

2

Orismìc 5.3.1
To stoiqeÐo a ∈ Z[ζ] ja lègetai q-primary an up�rqei β ∈ Z[ζ] tètoio ¸ste

a ≡ βq (mod q2).
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Orismìc 5.3.2
'Estw a èna mh-mhdenikì stoiqeÐo tou K∗. To a lègetai q-primary an a = a1a

−1
2 γq,

ìpou ta a1, a2 ∈ Z[ζ] eÐnai q-primary kai γ ∈ K∗.

SumbolÐzoume me C kai Cq tic om�dec twn kuklotomik¸n mon�dwn kai twn q-primary
kuklotomik¸n mon�dwn tou s¸matoc K. JumÐzoume ìti h om�da twn kuklotomik¸n mo-
n�dwn eÐnai pollaplasiastik  kai par�getai apì to −ζ kai tic mon�dec thc morf c
1−ζk

1−ζ
, k = 2, 3, . . . , p − 1. EÐnai upoom�da thc om�dac E twn mon�dwn kai èqei bajmì

r = p−3
2

.
Ta R−modules E/CEq, C/Cq kai Cq/(Cq ∩ Eq), kaj¸c kai oi mhdenistèc aut¸n,

paÐzoun shmantikì rìlo sthn apìdeixh thc eikasÐac tou Catalan.
'Eqoume

CqE
q/Eq ∼= Cq/(Cq ∩ Eq)

kai
CEq/CqE

q ∼= CCqE
q/CqE

q ∼= C/(C ∩ CqE
q) ∼= C/Cq.

Apì thn Prìtash 5.1.1 ta parap�nw R−modules eÐnai kuklik�. Epomènwc, apì thn
Prìtash 5.1.3:6 kai th sqèsh (5.2) èpetai h akìloujh
Prìtash 5.3.1

Ta ide¸dh

I1 = annFq [G](E/CEq), I2 = annFq [G](C/Cq), I3 = annFq [G](Cq/(Cq ∩ Eq)) (5.3)
eÐnai an� dÔo pr¸ta metaxÔ touc kai

I1I2I3 = (N, 1− ι). (5.4)

5.4 Ta trÐa basik� jewr mata kai h apìdeixh thc ei-
kasÐac tou Catalan

'Opwc kai prin, sthn par�grafo aut  oi p, q eÐnai perittoÐ pr¸toi me p 6= q, ζ := ζpeÐnai mÐa prwtarqik  p−rÐza thc mon�dac, K = Q(ζ), G =Gal(K/Q) kai ι ∈ G eÐnai h
migadik  suzugÐa. EpÐshc C kai Cq eÐnai oi om�dec twn kuklotomik¸n mon�dwn kai twn
q-primary kuklotomik¸n mon�dwn tou s¸matoc K.

H apìdeixh thc al jeiac thc eikasÐac tou Catalan apoteleÐtai apì trÐa basik� Jew-
r mata.

Sta dÔo pr¸ta jewr mata (x, y, p, q) eÐnai mÐa lÔsh thc exÐswshc tou Catalan. Eidi-
kìtera, apì to Je¸rhma 4.0.3 isqÔei p 6≡ 1 (mod q).

Je¸rhma 5.4.1
An Θ ∈ < N >⊥< 1 + ι > I1I3, tìte (x− ζ)Θ ∈ (K∗)q.

Je¸rhma 5.4.2
Upojètoume ìti q ≥ 7. An (x− ζ)Θ ∈ (K∗)q, ìpou Θ ∈ < N >⊥< 1+ ι >, tìte Θ = 0.
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To trÐto je¸rhma eÐnai èna genikì apotèlesma, anex�rthto thc exÐswshc tou Catalan.
Je¸rhma 5.4.3

An p, q eÐnai perittoÐ pr¸toi me p > q, tìte Cq 6= C.

Qrhsimopoi¸ntac ta Jewr mata 5.4.1-5.4.3 ja deÐxoume ìti h eikasÐa tou Catalan
eÐnai alhjin .

'Estw (x, y, p, q) lÔsh thc exÐswshc tou Catalan. Epeid  (−y,−x, q, p) eÐnai epÐshc
lÔsh upojètoume ìti p > q. EpÐshc mporoÔme na upojèsoume ìti q ≥ 7, lìgw thc sqèshc
(4.2). 'Ara, oi upojèseic twn Jewrhm�twn 5.4.1-5.4.3 ikanopoioÔntai.
Apì ta Jewr mata 5.4.1 kai 5.4.2 èpetai ìti < N >⊥< 1 + ι > I1I3 =< 0 > . Apì thn
Prìtash 5.1.3:4 kai th sqèsh I1I2I3 = (N, 1− ι) èqoume

I1I3 ⊆ (< N >⊥< 1 + ι >)⊥ =< N > + < 1 + ι >⊥=< N > + < 1− ι >= I1I2I3.

'Omwc apì thn Prìtash 5.3.1 ta I2 kai I1I3 eÐnai pr¸ta metaxÔ touc, dhlad  I2+I1I3 = R.
Epomènwc

1 ∈ I2 + I1I3 ⊆ I2 + I1I2I3 ⊆ I2 + I2 = I2,

dhlad  I2 =< 1 > . Epeid  I2 =ann(C/Cq) èqoume C = Cq, to opoÐo eÐnai �topo apì to
Je¸rhma 5.4.3.

2

5.5 H apìdeixh tou jewr matoc 5.4.1

'Opwc kai sthn par�grafo 5.3, sthn par�grafo aut  E, C kai Cq eÐnai oi om�dec
twn mon�dwn, twn kuklotomik¸n mon�dwn kai twn q-primary kuklotomik¸n mon�dwn tou
s¸matoc K, antÐstoiqa.

'Estw H h om�da kl�sewn idewd¸n tou s¸matoc K = Q(ζ) kai H+ to ′′plus-part′′

thc H, to opoÐo apoteleÐtai apì tic kl�seic pou paramènoun stajerèc apì th dr�sh thc
migadik c suzugÐac ([2]).

'Ena stoiqeÐo Θ tou Fq[G]   Z[G] ja lègetai �rtio an diaireÐtai me 1 + ι. IsodÔnama,
to Θ =

∑
σ∈G nσσ ja lègetai �rtio an gia k�je σ ∈ G èqoume nσ = nσ, ìpou σ = ισ.

Me ton ìro q-part mÐac om�dac ennooÔme thn q-Sylow upoom�da aut c.
Je¸rhma 5.5.1 (Thaine, [37])

An Θ eÐnai èna �rtio stoiqeÐo tou Z[G] pou mhdenÐzei to q-part thc om�dac E/C, tìte
to Θ mhdenÐzei kai to q-part thc H+.

To apotèlesma tou Thaine eÐnai pio genikì. 'Estw L èna pragmatikì abelianì s¸ma
kai EL, CL, HL kai GL oi om�dec twn mon�dwn, twn kuklotomik¸n mon�dwn, twn kl�sewn
idewd¸n kai tou Galois tou s¸matoc L, antÐstoiqa. An q eÐnai ènac perittìc pr¸toc pou
de diaireÐ to [L : Q], tìte k�je Θ ∈ Z[GL] pou mhdenÐzei to q-part thc om�dac EL/CLmhdenÐzei kai to q-part thc HL.
Sthn perÐptws  mac L = Q(ζ + ζ) kai q 6 | [L : Q], afoÔ p 6≡ 1 (mod q).

H parak�tw Prìtash apoteleÐ sunèpeia tou Jewr matoc tou Thaine.
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Prìtash 5.5.1
K�je Θ ∈ < 1 + ι > I1 èqei mÐa lifting Θ̃ ∈ Z[G] pou mhdenÐzei to q-part thc H.

Apìdeixh:
'Estw qm h t�xh tou q-part thc E/C.

Apì thn Prìtash 5.1.3:2 up�rqoun Θ1, . . . , Θm ∈ I1 tètoia ¸ste Θ = (1 + ι)2Θ1 . . . Θm.
Jètoume Θ̃′ = (1 + ι)Θ̃1 . . . Θ̃m kai Θ̃ = (1 + ι)Θ̃′, ìpou Θ̃1, . . . , Θ̃m eÐnai oi liftings twn
Θ1, . . . , Θm, antÐstoiqa. Epeid  Θi ∈ I1 =ann(E/CEq) èqoume EΘi ⊆ CEq, dhlad 
EΘ̃i ⊆ CEq kai sunep¸c EΘ̃′ ⊆ CEqm

. Apì ton orismì tou m autì shmaÐnei ìti to Θ̃′

mhdenÐzei to q-part thc E/C. Apì to Je¸rhma tou Thaine ja mhdenÐzei kai to q-part thc
H+. Epeid  H1+ι ⊆ H+ èpetai ìti to q-part thc H mhdenÐzetai apì to Θ̃ = (1 + ι)Θ̃′.

2

Prìtash 5.5.2
Gia k�je Θ ∈ < 1 + ι >< N >⊥ I1 èqoume (x− ζ)Θ ∈ E(K∗)q.

Apìdeixh:
Jètoume λ := x−ζ

1−ζ
. Apì thn apìdeixh tou Jewr matoc 3.2.1 up�rqei ide¸dec A tou K

tètoio ¸ste < λ >= Aq, dhlad  to ide¸dec A sthn q−dÔnamh dÐnei kÔrio ide¸dec. Opìte
h t�xh tou ide¸douc A sthn om�da H eÐnai 1   q kai sunep¸c to ide¸dec A an kei sto
q-part thc H.
Apì thn Prìtash 5.5.1 up�rqei Θ̃ ∈ Z[G] pou mhdenÐzei to q-part thc H. Epomènwc, to i-
de¸dec AΘ̃ eÐnai kÔrio ide¸dec, dhlad  AΘ̃ =< γ >, ìpou γ ∈ K∗. 'Ara < λΘ̃ >=< γ >q,

dhlad  up�rqei ε ∈ E tètoio ¸ste λΘ̃ = εγq. Apì thn teleutaÐa sqèsh èpetai ìti
λΘ ∈ E(K∗)q.
Apì thn �llh meri�, epeid  to Θ an kei sto augmentation ide¸dec < N >⊥ èqoume
(1− ζ)Θ ∈ C(K∗)q ⊆ E(K∗)q. Pr�gmati, to augmentation ide¸dec par�getai apì stoi-
qeÐa thc morf c σ−τ, ìpou σ, τ ∈ G kai (1−ζ)σ−τ eÐnai kuklotomik  mon�da. Epomènwc

(x− ζ)Θ = λΘ(1− ζ)Θ ∈ E(K∗)q.

2

Prìtash 5.5.3
Gia k�je Θ ∈ < 1 + ι >< N >⊥ I1 èqoume (x− ζ)Θ ∈ Cq(K

∗)q.

Apìdeixh:
Apì thn Prìtash 5.1.3:2 èqoume Θ = Θ1Θ2 me Θ1 ∈ < 1+ι >< N >⊥ I1 kai Θ2 ∈ I1.Apì thn Prìtash 5.5.2 èpetai ìti (x − ζ)Θ1 ∈ E(K∗)q. Epeid  Θ2 ∈ I1 =ann(E/CEq)

èqoume
(x− ζ)Θ = (x− ζ)Θ1Θ2 ∈ EΘ2(K∗)q ⊆ C(K∗)q,

dhlad  (x − ζ)Θ = ηaq, me η ∈ C kai a ∈ K∗. Apì to Je¸rhma 3.2.1 èqoume q2 | x
kai sunep¸c ηaq ≡ (−ζ)Θ (mod q2). 'Omwc to −ζ eÐnai q-dÔnamh kai �ra to η eÐnai
q-primary. Epomènwc (x− ζ)Θ = ηaq ∈ Cq(K

∗)q.
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2

Apìdeixh tou Jewr matoc 5.4.1:
'Estw Θ ∈ < 1 + ι >< N >⊥ I1I3. Apì thn Prìtash 5.1.3:2 èqoume Θ = Θ1Θ2,ìpou Θ1 ∈ < 1 + ι >< N >⊥ I1 kai Θ2 ∈ I3. Apì thn Prìtash 5.5.3 kai epeid 
Θ2 ∈ I3 =ann(Cq/(Cq ∩ Eq)) èpetai ìti

(x− ζ)Θ = (x− ζ)Θ1Θ2 ∈ CΘ2
q (K∗)q ⊆ (K∗)q.

2

5.6 H apìdeixh tou jewr matoc 5.4.2

Sthn apìdeixh tou Jewr matoc 5.4.2 eÐnai pio praktikì na doulèyoume sto daktÔlio
om�dac Z[G], par� ston Fq[G]. Opìte qrei�zetai na broÔme mÐa kat�llhlh lifting tou
Θ ∈ Fq[G] sto Z[G]. Epeid  (x − ζ)Θ eÐnai q-dÔnamh an kai mìno an (x − ζ)−Θ eÐnai
q-dÔnamh, arkeÐ na broÔme mÐa lifting tou Θ   tou (−Θ).

To Θ =
∑

σ∈G nσσ ∈ Z[G] ja lègetai mh-arnhtikì an nσ ≥ 0, gia k�je σ ∈ G. Tèloc
ja lème ìti to Θ ∈ Z[G] eÐnai jetikì an eÐnai mh-arnhtikì kai di�foro tou mhdenìc.
Prìtash 5.6.1

An Θ ∈ Fq[G], tìte to Θ   to (−Θ) èqei mh-arnhtik  lifting Θ̃ ∈ Z[G] tètoia ¸ste

w(Θ̃) ≤ q(p−1)
2

. An to Θ an kei sto augmentation ide¸dec tou Fq[G], tìte q | w(Θ̃). An

to Θ eÐnai �rtio, tìte kai to Θ̃ eÐnai �rtio.

Apìdeixh:
'Estw Θ̃1 h el�qisth mh-arnhtik  lifting tou Θ, dhlad  Θ̃1 =

∑
σ∈G ñσσ, ìpou oi

suntelestèc ñσ ∈ {0, 1, . . . , q − 1}. An jèsoume Θ̃2 = q
∑

σ∈G σ − Θ̃1, tìte Θ̃2 eÐnai
mh-arnhtik  lifting tou (−Θ).
An to Θ =

∑
σ∈G nσσ eÐnai �rtio, epeid  ñσ ≡ nσ (mod q) èqoume ñσ ≡ nσ (mod q)

kai ñσ ≡ nσ (mod q), dhlad  ñσ ≡ ñσ (mod q). 'Omwc 0 ≤ ñσ, ñσ ≤ q − 1 kai sunep¸c
ñσ = ñσ, dhlad  to Θ̃1 eÐnai �rtio. Epomènwc, kai to Θ̃2 eÐnai �rtio.
An to Θ an kei sto augmentation ide¸dec tou Fq[G], dhlad  w(Θ) = 0, tìte prokÔptei
ìti w(Θ̃1) ≡ 0 (mod q) kai w(Θ̃2) ≡ 0 (mod q).
Epeid  w(Θ̃1) + w(Θ̃2) = q(p− 1) èna apì ta w(Θ̃1), w(Θ̃2) ja eÐnai mikrìtero   Ðso tou
q(p−1)

2
.

2

Lìgw thc parap�nw Prìtashc to Je¸rhma 5.4.2 eÐnai isodÔnamo me to akìloujo
Je¸rhma 5.6.1

Upojètoume ìti q ≥ 7. An (x − ζ)Θ ∈ (K∗)q, ìpou Θ eÐnai èna �rtio jetikì stoiqeÐo

tou Z[G] tètoio ¸ste q | w(Θ) kai w(Θ) ≤ q(p−1)
2

, tìte q | Θ.

Gia thn apìdeixh tou Jewr matoc 5.6.1 ja qreiastoÔme ta parak�tw:
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H dunamoseir� (1− ζT)
Θ
q

Ja melet soume tic idiìthtec thc dunamoseir�c (1− ζT )
Θ
q tou Mihǎilescu. Ta mikr�

gr�mmata t, z, . . . , shmaÐnoun migadikoÔc arijmoÔc, en¸ to T ja sumbolÐzei anex�rthth
metablht . Gia par�deigma, (1 + T )r eÐnai h diwnumik  seir� ∑∞

k=0

(
r
k

)
T k, en¸, gia

|t| < 1, h èkfrash (1 + t)r eÐnai o migadikìc arijmìc pou eÐnai Ðsoc me to �jroisma thc
diwnumik c seir�c gia T = t. Eidikìtera, o (1 + t)r eÐnai jetikìc pragmatikìc arijmìc
an r ∈ R kai t ∈ (−1, 1).

'Estw Θ =
∑

σ∈G nσσ ∈ Z[G]. H seir� gia thn opoÐa endiaferìmaste eÐnai
(1− ζT )

Θ
q =

∏
σ∈G

(1− ζσT )
nσ
q . (5.5)

H aktÐna sÔgklis c thc eÐnai 1. Gr�foume

(1− ζT )
Θ
q =

∞∑
k=0

ak(Θ)T k (5.6)

kai sumbolÐzoume me Sm(T ) :=
∑m

k=0 ak(Θ)T k to m-ostì merikì thc �jroisma.
Prìtash 5.6.2

'Estw Θ mh-arnhtikì stoiqeÐo tou Z[G]. Gia |z| < 1 èqoume∣∣∣(1− ζz)
Θ
q − Sm(z)

∣∣∣ ≤ (
ω(Θ)

q
+ m

m + 1

)
(1− |z|)

−ω(Θ)
q

−m−1|z|m+1. (5.7)
Apìdeixh:

H dunamoseir� ∑∞
k=0 akT

k me migadikoÔc suntelestèc kuriarqeÐtai (is dominated)
apì th seir� ∑∞

k=0 bkT
k me mh-arnhtikoÔc pragmatikoÔc suntelestèc an |ak| ≤ bk, giak�je k = 0, 1, . . . . H sqèsh thc kuriarqÐac diathreÐtai sthn prìsjesh kai ton pol-

laplasiasmì dunamoseir¸n. EpÐshc an h A(T ) =
∑∞

k=0 akT
k kuriarqeÐtai apì thn

B(T ) =
∑∞

k=0 bkT
k kai t eÐnai ènac migadikìc arijmìc tètoioc ¸ste h B(T ) na su-

gklÐnei sto T = |t|, tìte h A(T ) sugklÐnei sto T = t kai |A(t)| ≤ B(|t|). Tèloc gia
k�je mh-arnhtikì akèraio m èqoume |A(t)−Am(t)| ≤ |B(|t|)−Bm(|t|)|, ìpou Am(T ) kai
Bm(T ) eÐnai ta m-ost� merik� ajroÐsmata twn A(T ) kai B(T ).
'Estw r ènac jetikìc pragmatikìc arijmìc kai χ ènac migadikìc arijmìc me |χ| ≤ 1.

H diwnumik  seir� (1 + χT )r =
∑∞

k=0

(
r
k

)
χkT k kuriarqeÐtai apì th diwnumik  seir�

(1− T )−r =
∑∞

k=0(−1)k

(
−r
k

)
T k, afoÔ oi suntelestèc (−1)k

(
−r
k

)
eÐnai jetikoÐ kai∣∣∣( r

k

)
χk

∣∣∣ ≤ (−1)k

(
−r
k

)
. Epomènwc, h (1 − ζT )

Θ
q kuriarqeÐtai apì thn (1 − T )−ν ,

ìpou ν = ω(Θ)
q

. Pr�gmati, (1 − ζT )
Θ
q =

∏
σ∈G(1 − ζσT )

nσ
q kai k�je ènac par�gontac

tou ginomènou kuriarqeÐtai apì thn (1− T )−
nσ
q . Sunep¸c, to ginìmeno kuriarqeÐtai apì
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∏
σ∈G(1−T )−

nσ
q = (1−T )−

ω(Θ)
q . An orÐsoume Sm(T ) na eÐnai to m-ostì merikì �jroisma

thc (1− T )−ν , tìte prokÔptei ìti∣∣∣(1− ζz)
Θ
q − Sm(z)

∣∣∣ ≤
∣∣∣(1− |z|)−ν − Sm(|z|)

∣∣∣
≤ sup

0≤ξ≤|z|

∣∣∣∣(dm+1(1− T )−ν

dTm+1

∣∣∣
T=ξ

)∣∣∣∣ |z|m+1

(m + 1)!

≤
(

ν + m
m + 1

)
(1− |z|)−ν−m−1|z|m+1.

2

Sth sunèqeia ja melet soume thn arijmhtik  twn suntelest¸n thc seir�c (1− ζT )
Θ
q

tou Mihǎilescu. O a ∈ K ja lègetai q-akèraioc an qNa ∈ Z[ζ], gia k�poio arket� meg�lo
jetikì akèraio N.

Prìtash 5.6.3
Oi suntelestèc a0(Θ), a1(Θ), . . . thc seir�c (1−ζT )

Θ
q tou Mihǎilescu eÐnai q-akèraioi.

An

(1− ζT )
Θ
q =

∞∑
k=0

αk(Θ)

qkk!
T k, (5.8)

ètsi ¸ste ak(Θ) = αk(Θ)
qkk!

, tìte gia k = 0, 1, . . . èqoume

αk(Θ) ∈ Z[ζ] kai αk(Θ) ≡ (−
∑
σ∈G

nσσ)k (mod q). (5.9)

Gia thn apìdeixh thc parap�nw Prìtashc qreiazìmaste to akìloujo
L mma 5.6.1

'Estw R mÐa akeraÐa perioq , K to s¸ma phlÐkwn aut c kai A(T ), B(T ) kai
C(T ) = A(T )B(T ) dunamoseirèc upèr tou K.
An

A(T ) =
∞∑

k=0

ak

k!
T k, B(T ) =

∞∑
k=0

bk

k!
T k, C(T ) =

∞∑
k=0

ck

k!
T k,

ìpou ak, bk ∈ R kai

ak ≡ ak (mod I), bk ≡ bk (mod I) (k = 0, 1, . . .),

gia k�poia a, b ∈ R kai k�poio ide¸dec I tou R, tìte oi suntelestèc ck ∈ R kai

ck ≡ (a + b)k (mod I) (k = 0, 1, . . .).
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Apìdeixh:

'Eqoume ck =
∑k

i=0

(
k
i

)
aibk−i. Epomènwc ck ∈ R kai

ck ≡
k∑

i=0

(
k
i

)
aibk−i ≡ (a + b)k (mod I).

2

Apìdeixh thc Prìtashc 5.6.3:
Apì to L mma 1.6.3, gia k�je n ∈ Z oi suntelestèc thc seir�c

(1− ζT )
n
q =

∞∑
k=0

(
n
q

k

)
(−ζ)kT k

eÐnai q-akèraioi. Sunep¸c, kai oi suntelestèc thc seir�c (1− ζT )
Θ
q ja eÐnai q-akèraioi.

EpÐshc
(1− ζqT )

n
q =

∞∑
k=0

(
n
q

k

)
(−ζq)kT k =

∞∑
k=0

bk

k!
T k,

ìpou bk = k!

(
n
q

k

)
(−ζq)k = n(n− q) . . . (n− (k − 1)q)(−ζ)k ≡ (−nζ)k (mod q).

'Omwc
∞∑

k=0

αk(Θ)

k!
T k =

∏
σ∈G

(1− ζσqT )
nσ
q .

Efarmìzontac to L mma 5.6.1 sthn parap�nw exÐswsh, prokÔptei ìti αk(Θ) ∈ Z[ζ] kai
αk(Θ) ≡ (−

∑
σ∈G nσσ)k (mod q), gia k = 0, 1, . . . .

2

H dr�sh thc G epekteÐnetai sto daktÔlio twn dunamoseir¸n K[T ], dhlad 
(
∑∞

k=0 akT
k)σ =

∑∞
k=0 aσ

kT
k kai èqoume(

(1− ζT )
Θ
q

)σ

= (1− ζT )
σΘ
q . (5.10)

Qrei�zetai ìmwc prosoq  ìtan antikajistoÔme th metablht  T me k�poia tim  t. Gia
par�deigma, an t ∈ Q me |t| < 1, tìte den eÐnai aparaÐthto na isqÔei (

(1 − ζt)
Θ
q

)σ

=

(1− ζt)
σΘ
q , afoÔ (1− ζt)

Θ
q den an kei aparaÐthta sto s¸ma K.

H parak�tw Prìtash mac dÐnei tic proôpojèseic ¸ste h sqèsh (5.10) na epekteÐnetai
stic timèc thc dunamoseir�c.
Prìtash 5.6.4

Upojètoume ìti to Θ eÐnai �rtio. An t ∈ Q me |t| < 1 kai (1− ζt)
Θ
q ∈ K, tìte(

(1− ζt)
Θ
q

)σ

= (1− ζt)
σΘ
q , ∀ σ ∈ G. (5.11)
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Apìdeixh:

Epeid  to Θ eÐnai �rtio h seir� (1−ζT )
Θ
q èqei pragmatikoÔc suntelestèc. Pr�gmati,

an gr�youme Θ = Θ′(1 + ι), qrhsimopoi¸ntac th sqèsh (5.10), èqoume
(1− ζT )

Θ
q = (1− ζT )

Θ′
q (1− ζT )

Θ′ι
q

= (1− ζT )
Θ′
q

(
(1− ζT )

Θ′
q

)ι

= (1− ζT )
Θ′
q (1− ζT )

Θ′
q

kai sunep¸c h seir� (1− ζT )
Θ
q èqei pragmatikoÔc suntelestèc.

'Ara
a := (1− ζt)

Θ
q ∈ R.

Epomènwc, to a an kei sto pragmatikì s¸ma Q(ζ+ζ−1), dhlad  aσ ∈ R, gia k�je σ ∈ G.
An σ ∈ G, epeid  to Θ eÐnai �rtio kai to σΘ ja eÐnai epÐshc �rtio kai ètsi

b := (1− ζt)
σΘ
q ∈ R.

'Omwc (aσ)q = (aq)σ =
(
(1 − ζt)Θ

)σ

= (1 − ζt)σΘ, dhlad  to aσ eÐnai Ðso me thn
pragmatik  q-rÐza tou (1− ζt)σΘ, pou eÐnai to b.

2

Apìdeixh tou Jewr matoc 5.6.1:
• O arijmìc (1− ζ

x
)

Θ
q

Epeid  (x − ζ)Θ ∈ (K∗)q to (x − ζ)Θ èqei q-rÐza sto s¸ma K. H rÐza aut  eÐnai kai
monadik  afoÔ to s¸ma K den perièqei q-rÐzec thc mon�dac diaforetikèc tou 1.
O arijmìc (x − ζ)Θ eÐnai jetikìc pragmatikìc diìti to Θ eÐnai �rtio. Pr�gmati, an
gr�youme Θ = Θ′(1 + ι), tìte (x − ζ)Θ = (x − ζ)Θ′

(x− ζ)Θ′ > 0. Epomènwc, h
pragmatik  q-rÐza tou (x − ζ)Θ an kei sto K kai eÐnai Ðsh me x

ω(Θ)
q (1 − ζ

x
)

Θ
q , afoÔ

(x− ζ)Θ =
∏

σ∈G(1− ζσ

x
)nσxnσ = xω(Θ)(1− ζ

x
)Θ, ìpou (1− ζ

x
)

Θ
q orÐzetai wc to �jroisma

thc seir�c tou Mihǎilescu

(1− ζT )
Θ
q =

∞∑
k=0

ak(Θ)T k (5.12)

sto T = 1
x
.

Epeid  q | w(Θ) kai to Θ eÐnai �rtio èpetai ìti w(Θ) = mq, ìpou m ∈ 2Z.

'Ara xm(1− ζ
x
)

Θ
q ∈ K, dhlad  (1− ζ

x
)

Θ
q ∈ K. Apì thn Prìtash 5.6.4 èqoume(

(1− ζ

x
)

Θ
q

)σ

= (1− ζ

x
)

σΘ
q , ∀ σ ∈ G. (5.13)

• To polu¸numo P (T )
Gia k = 1, 2, . . . jètoume E(k) := k + ordq(k!).
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IsqÔoun ta parak�tw:
E(k + 1) ≥ E(k) + 1, (5.14)

E(k) ≤ kq

q − 1
. (5.15)

Pr�gmati, E(k + 1) = (k + 1) + ordq

(
(k + 1)!

)
= (k + 1) + ordq

(
k!(k + 1)

)
= k + 1 +

ordq(k!) + ordq(k + 1) ≥ E(k) + 1.
An k = q`t, ìpou q 6 | t, tìte

ordq(k!) =
[k

q

]
+

[ k

q2

]
+ . . . +

[ k

q`

]
= q`−1t + q`−2t + . . . + t

= t
q` − 1

q − 1

=
k − t

q − 1
≤ k

q − 1

kai �ra E(k) = k + ordq(k!) ≤ k + k
q−1

= kq
q−1

.
Epeid  to Θ eÐnai jetikì èqoume m > 0. JewroÔme to polu¸numo

P (T ) = qE(m)
(
a0(Θ)Tm + a1(Θ)Tm−1 + . . . + am(Θ)

)
, (5.16)

ìpou ak(Θ) eÐnai oi suntelestèc thc seir�c (5.12) tou Mihǎilescu. Apì thn Prìtash 5.6.3
oi suntelestèc ak(Θ) eÐnai q-akèraioi, dhlad  gia k�je k up�rqei akèraioc N tètoioc ¸ste
qNak(Θ) ∈ Z[ζ]. EpÐshc qkk!ak(Θ) ∈ Z[ζ]. Sunep¸c qE(k)ak(Θ) = qk+ordq(k!)ak(Θ) ∈ Z[ζ].
'Ara P (T ) ∈ Z[ζ][T ]. Opìte apì th sqèsh (5.14) èqoume

P (T ) ∈ qE(m)am(Θ) + qZ[ζ][T ]. (5.17)
EpÐshc apì th sqèsh (5.10) èqoume

P σ(T ) = qE(m)
(
a0(σΘ)Tm + a1(σΘ)Tm−1 + . . . + am(σΘ)

)
, ∀ σ ∈ G. (5.18)

• O arijmìc β kai oi suzugeÐc tou
Epeid  to Θ eÐnai mh-arnhtikì o arijmìc (x− ζ)Θ eÐnai algebrikìc akèraioc. Epomènwc,
kai h q-rÐza xm(1− ζ

x
)

Θ
q tou (x−ζ)Θ ja eÐnai epÐshc algebrikìc akèraioc. 'Ara, o arijmìc

β := qE(m)xm(1− ζ

x
)

Θ
q − P (x) (5.19)

eÐnai algebrikìc akèraioc.
Apì tic sqèseic (5.13) kai (5.18) prokÔptei ìti

βσ = qE(m)xm
(
(1− ζ

x
)

σΘ
q −

m∑
k=0

ak(σΘ)x−k
)
, ∀ σ ∈ G. (5.20)
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Apì thn Prìtash 5.6.2 èpetai ìti
|βσ| ≤ qE(m)xm

(
2m

m + 1

)
(1− |x|−1)−2m−1|x|−1 = A|x|−1. (5.21)

Apì to Pìrisma 1.6.3 |x| ≥ qp−1 kai ètsi |x| ≥ 49, afoÔ q ≥ 7. Opìte apì th sqèsh
(5.15) kai epeid  22m = (1 + 1)2m =

∑2m
=0

(
2m


)
≥

(
2m

m + 1

)
èqoume A < q

mq
q−1 2, 052m.

'Omwc w(Θ) ≤ q(p−1)
2

, dhlad  m ≤ p−1
2

. Sunep¸c A < (2, 05q
7
12 )p−1 < qp−1, afoÔ q ≥ 7.

'Ara A < |x|, dhlad  |βσ| < 1, ∀ σ ∈ G. Epeid  o β eÐnai algebrikìc akèraioc ja prèpei
β = 0.

Epomènwc P (x) = qE(m)xm(1− ζ
x
)

Θ
q . Epeid  o xm(1− ζ

x
)

Θ
q eÐnai algebrikìc akèraioc apì

th sqèsh (5.17) èpetai ìti
qE(m)am(Θ) ≡ 0 (mod q). (5.22)

Apì th sqèsh (5.22), lìgw thc Prìtashc 5.6.3, ja prèpei q | (
∑

σ∈G nσζ
σ)m.

'Omwc to q de diakladÐzetai sto s¸ma K kai sunep¸c ja èqoume q |
∑

σ∈G nσζ
σ. Apì to

L mma 2.1.1 prokÔptei ìti q | nσ, ∀ σ ∈ G. 'Ara q | Θ.
2

5.7 H apìdeixh tou jewr matoc 5.4.3

JewroÔme to polu¸numo
f(T ) =

(1 + T )q − 1− T q

q
∈ Z[T ]. (5.23)

To f(T ) eÐnai èna mh-mhdenikì monikì polu¸numo bajmoÔ q − 1.
Upojètoume ìti ìlec oi kuklotomikèc mon�dec tou s¸matoc K eÐnai q-primary.

Eidikìtera, h 1 + ζq = 1−ζ2q

1−ζq eÐnai q-primary, dhlad  up�rqei β ∈ Z[ζ] tètoio ¸ste
1+ ζq ≡ βq (mod q2). 'Ara (1+ ζ)q ≡ 1+ ζq ≡ βq (mod q). Apì to L mma 3.2.1 èqoume
(1 + ζ)q ≡ βq (mod Q2), gia k�je pr¸to ide¸dec Q | q. Epeid  to q de diakladÐzetai sto
K èpetai ìti (1 + ζ)q ≡ βq (mod q2), dhlad  (1 + ζ)q ≡ 1 + ζq (mod q2). H teleutaÐa
isodunamÐa lìgw thc sqèshc (5.23) gr�fetai wc f(ζ) ≡ 0 (mod q).
An dr�soume me ta stoiqeÐa thc om�dac tou Galois, tìte f(ζσ) ≡ 0 ( mod q),∀σ ∈ G. An
t¸ra Q eÐnai èna pr¸to ide¸dec tou K tètoio ¸ste Q | q, tìte èqoume p− 1 isodunamÐec

f(ζσ) ≡ 0 (mod Q) (σ ∈ G). (5.24)
Epeid  ζσ 6≡ ζτ (mod Q) gia diaforetik� metaxÔ touc σ, τ ∈ G, apì th sqèsh (5.24)
prokÔptei ìti

p− 1 ≤ degf = q − 1,

to opoÐo eÐnai �topo diìti p > q.
2
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Par�rthma Aþ

Algebrik  JewrÐa Arijm¸n

'O,ti perilamb�nei to par�rthma antl jhke apì to [4].

Aþ.1 AlgebrikoÐ kai akèraioi algebrikoÐ arijmoÐ
Algebrik� s¸mata arijm¸n

Orismìc Aþ.1.1
'Enac migadikìc arijmìc a ja lègetai algebrikìc an eÐnai rÐza enìc mh-mhdenikoÔ

poluwnÔmou me rhtoÔc suntelestèc.

Gia th sunèqeia ja jewr soume Q̃ na eÐnai to sÔnolo ìlwn twn algebrik¸n arijm¸n.
Je¸rhma Aþ.1.1

To sÔnolo Q̃ twn algebrik¸n arijm¸n eÐnai èna upìswma tou s¸matoc C twn migadi-
k¸n arijm¸n.

Orismìc Aþ.1.2
O algebrikìc arijmìc a ja lègetai akèraioc algebrikìc an to an�gwgo polu¸numo

autoÔ, Irr(a, Q), èqei akèraiouc suntelestèc.

Je¸rhma Aþ.1.2
An o algebrikìc arijmìc a eÐnai rÐza enìc monikoÔ poluwnÔmou me akèraiouc suntele-

stèc, tìte o arijmìc autìc eÐnai akèraioc algebrikìc.

GenÐkeush tou Jewr matoc A'.1.2 apoteleÐ to akìloujo
Je¸rhma Aþ.1.3

An o migadikìc arijmìc a eÐnai rÐza enìc monikoÔ poluwnÔmou me akèraiouc algebrikoÔc
suntelestèc, tìte o a eÐnai akèraioc algebrikìc arijmìc.

Gr�foume Z̃ gia to sÔnolo ìlwn twn akeraÐwn algebrik¸n arijm¸n.
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Je¸rhma Aþ.1.4
To sÔnolo Z̃ twn akeraÐwn algebrik¸n arijm¸n apoteleÐ akeraÐa perioq .

Je¸rhma Aþ.1.5
IsqÔei

Z̃
⋂

Q = Z,

dhlad  an ènac akèraioc algebrikìc arijmìc eÐnai rhtìc, tìte autìc ja eÐnai akèraioc kai
antÐstrofa k�je akèraioc arijmìc eÐnai akèraioc algebrikìc.

To sÔnolo Q̃ twn algebrik¸n arijm¸n eÐnai epèktash tou s¸matoc Q twn rht¸n
arijm¸n apeÐrou bajmoÔ kai den parousi�zei endiafèron gia th JewrÐa Arijm¸n. En-
diafèron gia th JewrÐa Arijm¸n parousi�zoun ekeÐna ta upos¸mata K tou s¸matoc
twn migadik¸n arijm¸n, ta opoÐa eÐnai peperasmènec epekt�seic tou s¸matoc twn rht¸n
arijm¸n.

Katarq n isqÔei to akìloujo
Je¸rhma Aþ.1.6

An K eÐnai mÐa peperasmènh epèktash tou s¸matoc Q twn rht¸n arijm¸n, h opoÐa
perièqetai sto s¸ma C twn migadik¸n arijm¸n, tìte isqÔei K ⊂ Q̃ , dhlad  oi arijmoÐ
tou K eÐnai algebrikoÐ.

Orismìc Aþ.1.3
Algebrikì s¸ma arijm¸n ja lègetai k�je peperasmènh epèktash tou s¸matoc twn

rht¸n arijm¸n, h opoÐa perièqetai sto s¸ma twn migadik¸n arijm¸n.

'Estw θ ènac algebrikìc arijmìc. OrÐzoume Q(θ) na eÐnai to el�qisto upìswma tou
s¸matoc C twn migadik¸n arijm¸n pou perièqei to θ kai to s¸ma Q twn rht¸n arijm¸n.
Je¸rhma Aþ.1.7

An θ eÐnai ènac algebrikìc arijmìc, tìte to s¸ma Q(θ) eÐnai algebrikì s¸ma arijm¸n
bajmoÔ [Q(θ) : Q] = n, ìpou n eÐnai o bajmìc tou poluwnÔmou p(x) = Irr(θ, Q).

An K eÐnai èna algebrikì s¸ma arijm¸n, tìte h epèktash K/Q eÐnai peperasmènh.
Epeid  char(Q) = 0 eÐnai kai diaqwrÐsimh. Sunep¸c, h epèktash K/Q eÐnai apl  kai
èqoume to parak�tw Je¸rhma:
Je¸rhma Aþ.1.8

An K eÐnai èna algebrikì s¸ma arijm¸n, tìte up�rqei ènac algebrikìc arijmìc θ
tètoioc ¸ste na isqÔei

K = Q(θ).

Gia th melèth enìc algebrikoÔ s¸matoc arijm¸n shmantikì rìlo paÐzoun oi akèraioi
algebrikoÐ arijmoÐ autoÔ.
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Orismìc Aþ.1.4
Gia opoiod pote s¸ma arijm¸n K gr�foume

R = K
⋂

Z̃

kai onom�zoume to R daktÔlio twn akeraÐwn algebrik¸n arijm¸n tou K.

Je¸rhma Aþ.1.9
To sÔnolo R twn akeraÐwn algebrik¸n arijm¸n enìc algebrikoÔ s¸matoc arijm¸n

K apoteleÐ akeraÐa perioq .

Je¸rhma Aþ.1.10
An K eÐnai èna algebrikì s¸ma arijm¸n, tìte up�rqei ènac akèraioc algebrikìc

arijmìc θ tètoioc ¸ste na isqÔei

K = Q(θ).

Aþ.2 SuzugeÐc arijmoÐ-'Iqnoc-Norm

'Estw K = Q(θ) èna algebrikì s¸ma arijm¸n me [K : Q] = n. Ja melet soume touc
Q−isomorfismoÔc tou s¸matoc Q(θ) sto s¸ma C twn migadik¸n arijm¸n, dhlad  ekeÐ-
nouc touc isomorfismoÔc σ : Q(θ) → C pou af noun touc rhtoÔc arijmoÔc stajeroÔc.

Je¸rhma Aþ.2.1
Up�rqoun akrib¸c n Q−isomorfismoÐ tou s¸matoc Q(θ) sto s¸ma twn migadik¸n

arijm¸n.

Orismìc Aþ.2.1
An σ1, σ2, . . . , σn eÐnai oi Q−isomorfismoÐ tou s¸matoc Q(θ) sto s¸ma twn migadik¸n

arijm¸n kai a ∈ K, tìte oi arijmoÐ a(i) = σi(a), i = 1, 2, . . . , n lègontai suzugeÐc arijmoÐ
tou a.

Orismìc Aþ.2.2
An a eÐnai stoiqeÐo tou Q(θ), tìte oi arijmoÐ

SK(a) = a(1) + a(2) + . . . + a(n),

NK(a) = a(1)a(2) . . . a(n)

kaloÔntai antÐstoiqa Ðqnoc kai norm tou a.
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Aþ.3 Mon�dec

Orismìc Aþ.3.1
'Enac akèraioc algebrikìc arijmìc ε ja lègetai mon�da an o antÐstrofoc autoÔ arij-

mìc ε−1 eÐnai epÐshc akèraioc algebrikìc arijmìc.

JewroÔme to sÔnolo E ìlwn twn mon�dwn. To sÔnolo E apoteleÐ antimetajetik 
om�da wc proc ton pollaplasiasmì. An jewr soume to sÔnolo EK twn mon�dwn pou
an koun sto algebrikì s¸ma arijm¸n K, tìte to EK apoteleÐ mÐa upoom�da thc om�dac
E ìlwn twn mon�dwn.
Je¸rhma Aþ.3.1

O arijmìc ε tou algebrikoÔ s¸matoc arijm¸n K eÐnai mon�da an eÐnai akèraioc alge-
brikìc arijmìc kai isqÔei

NK(ε) = ±1.

Tèloc anafèroume to Je¸rhma tou Dirichlet.
Je¸rhma Aþ.3.2

'Estw K èna algebrikì s¸ma arijm¸n. Up�rqei algebrikìc arijmìc θ tètoioc ¸ste
K = Q(θ). Upojètoume ìti to polu¸numo f(x) = Irr(θ, Q) èqei r1 pragmatikèc rÐzec kai
2r2 migadikèc rÐzec (to pl joc twn migadik¸n riz¸n eÐnai �rtio diìti me k�je migadik 
rÐza up�rqei kai h suzug c migadik  aut c). An jèsoume r1 + r2 − 1 = r, tìte up�rqoun
r mon�dec ε1, ε2, . . . εr tou K, oi opoÐec ja lègontai jemeli¸deic mon�dec tou K, kai mÐa
rÐza thc mon�dac ζ tou K mègisthc t�xhc m ètsi ¸ste k�je mon�da ε tou K na èqei mÐa
monos manth par�stash

ε = ζsεs1
1 εs2

2 . . . εsr
r ,

ìpou 0 ≤ s < m kai si akèraioi.

Apì to Je¸rhma tou Dirichlet prokÔptei ìti h om�da EK twn mon�dwn enìc algebrikoÔ
s¸matoc arijm¸n K eÐnai to eujÔ ginìmeno

EK =< ζ > ⊗ < ε1 > ⊗ . . .⊗ < εr >

mÐac kuklik c om�dac < ζ > t�xhc m kai r kuklik¸n om�dwn < ε1 >, . . . , < εr > �peirhc
t�xhc.

Aþ.4 Ide¸dh

An R eÐnai o daktÔlioc twn akeraÐwn algebrik¸n arijm¸n enìc algebrikoÔ s¸matoc
arijm¸n K, tìte ston R eÐnai dunat  h an�lush se ginìmeno pr¸twn stoiqeÐwn.

ApodeiknÔetai ìti up�rqoun algebrik� s¸mata arijm¸n sta opoÐa den isqÔei h mo-
nos manth an�lush. Gia to lìgo autì h idèa tou Kummer  tan h antistoÐqish twn
akeraÐwn algebrik¸n arijm¸n enìc algebrikoÔ s¸matoc arijm¸n se mÐa antimetajetik 
pollaplasiastik  om�da sthn opoÐa isqÔei h monos manth an�lush. Ta stoiqeÐa thc
om�dac aut c lègontai ide¸dh tou algebrikoÔ s¸matoc arijm¸n.
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Orismìc Aþ.4.1
'Ena uposÔnolo A tou algebrikoÔ s¸matoc arijm¸n K ja lègetai ide¸dec tou K, an

plhroÔntai oi parak�tw idiìthtec:
(i) An a1 ∈ A, a2 ∈ A, tìte a1 − a2 ∈ A, dhlad  to A apoteleÐ om�da wc proc thn
prìsjesh tou s¸matoc.
(ii) An a ∈ A, r ∈ R, tìte ra ∈ A, ìpou R eÐnai o daktÔlioc twn akeraÐwn algebrik¸n
arijm¸n tou K.
(iii) Up�rqei a 6≡ 0 sto A.
(iv) Up�rqei δ 6≡ 0 sto K tètoio ¸ste na isqÔei δA ⊂ R.

Sthn idiìthta (iv) mporoÔme na upojèsoume ìti o δ eÐnai akèraioc algebrikìc arijmìc
tou K, diìti an eÐnai δ = δ1

m
, ìpou δ1 akèraioc algebrikìc arijmìc kai m fusikìc arijmìc,

tìte isqÔei δ1A = δm ⊂ δA ⊂ R.
An to ide¸dec A perièqetai sto daktÔlio R twn akeraÐwn algebrik¸n arijm¸n tou K,

tìte ja lègetai akèraio ide¸dec tou K, diaforetik� to A ja lègetai klasmatikì ide¸dec
tou K.
Ta akèraia ide¸dh tou K eÐnai ta gnwst� apì thn 'Algebra ide¸dh tou daktulÐou R.
An A eÐnai èna klasmatikì ide¸dec tou K, tìte up�rqei ènac akèraioc algebrikìc arijmìc
δ tou K tètoioc ¸ste to sÔnolo δA = B ⊂ R. To B eÐnai akèraio ide¸dec kai isqÔei
A = δ−1B. AntÐstrofa, an B eÐnai èna akèraio ide¸dec tou algebrikoÔ s¸matoc arijm¸n
K kai δ 6= 0 ènac akèraioc algebrikìc arijmìc tou K, tìte to sÔnolo A = δ−1B eÐnai
èna klasmatikì ide¸dec tou K.

An a eÐnai di�foroc tou mhdenìc arijmìc tou K, tìte to sÔnolo
< a >= Ra = {ra : r ∈ R}

ja lègetai kÔrio ide¸dec tou K pou par�getai apì ton arijmì a. An o a eÐnai akèraioc
algebrikìc arijmìc, tìte to ide¸dec < a > eÐnai akèraio, en¸ an o a den eÐnai akèraioc
algebrikìc, tìte to ide¸dec < a > eÐnai klasmatikì.
Je¸rhma Aþ.4.1

An to ide¸dec A tou algebrikoÔ s¸matoc arijm¸n K perièqei mÐa mon�da tou K, tìte
to A ja perièqei to daktÔlio R twn akeraÐwn algebrik¸n arijm¸n tou K.

Pìrisma Aþ.4.1
An to akèraio ide¸dec A tou algebrikoÔ s¸matoc arijm¸n K perièqei mÐa mon�da,

tìte isqÔei A = R =< 1 > .

An A, B eÐnai dÔo ide¸dh tou algebrikoÔ s¸matoc arijm¸n K, tìte orÐzoume to
�jroisma A + B kai to ginìmeno AB aut¸n wc ex c:

A + B =
{

a + b : a ∈ A, b ∈ B
}

,

AB =
{∑

ab : a ∈ A, b ∈ B
}

.
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Ta sÔnola A + B kai AB eÐnai ide¸dh tou K kai A ⊂ A + B, B ⊂ A + B.
Ja lème ìti to ide¸dec A diaireÐ to ide¸dec B, an B ⊂ A. EpÐshc ja lème ìti to

ide¸dec A diaireÐ ton arijmì a tou algebrikoÔ s¸matoc arijm¸n K, an A |< a >  
isodÔnama a ∈ A.

Je¸rhma Aþ.4.2
An a, b eÐnai di�foroi tou mhdenìc arijmoÐ tou algebrikoÔ s¸matoc arijm¸n K, tìte
(i) < a >|< b >⇔ ∃ r ∈ R : b = ra,
(ii) < a >=< b >⇔ ∃ mon�da ε tou K : b = εa,

ìpou R eÐnai o daktÔlioc twn akeraÐwn algebrik¸n arijm¸n tou K.

An gia ta akèraia ide¸dh A, B tou K isqÔei A + B = R, tìte ta ide¸dh aut� ja
kaloÔntai pr¸ta metaxÔ touc.
Je¸rhma Aþ.4.3

Ta akèraia ide¸dh A, B tou algebrikoÔ s¸matoc arijm¸n K eÐnai pr¸ta metaxÔ touc
an kai mìno an up�rqei ènac arijmìc a tou A kai ènac arijmìc b tou B tètoioi ¸ste na
isqÔei a + b = 1.

Je¸rhma Aþ.4.4
An A, B eÐnai akèraia ide¸dh tou algebrikoÔ s¸matoc arijm¸n K, tìte

AB ⊂ A
⋂

B.

An ta A, B eÐnai pr¸ta metaxÔ touc, tìte

AB = A
⋂

B.

'Estw M èna akèraio ide¸dec tou algebrikoÔ s¸matoc arijm¸n K. To M orÐzei sto
daktÔlio R twn akeraÐwn algebrik¸n arijm¸n tou K mÐa sqèsh isodunamÐac wc ex c:

a ≡ b (mod M) ⇔ a− b ∈ M.

H sqèsh aut  qwrÐzei to daktÔlio R se kl�seic isodunamÐac, to sÔnolo twn opoÐwn
sumbolÐzoume me R/M. H kl�sh isodunamÐac sthn opoÐa an kei o arijmìc a tou R eÐnai
to sÔnolo {x ∈ R : x ≡ a (mod M)} = a + M. OrÐzoume sto sÔnolo R/M prìsjesh
kai pollaplasiasmì wc ex c:

(a + M) + (b + M) = a + b + M,

(a + M)(b + M) = ab + M.

To sÔnolo R/M apoteleÐ wc proc tic parap�nw pr�xeic antimetajetikì daktÔlio me
monadiaÐo stoiqeÐo kai èqei peperasmènou pl jouc stoiqeÐa.
Orismìc Aþ.4.2

An M eÐnai èna akèraio ide¸dec tou algebrikoÔ s¸matoc arijm¸n K, tìte to pl joc
twn stoiqeÐwn tou daktulÐou R/M lègetai norm tou M kai sumbolÐzetai me NK(M).
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Gia th norm akeraÐwn idewd¸n isqÔoun ta parak�tw Jewr mata:
Je¸rhma Aþ.4.5

Gia k�je akèraio ide¸dec M tou algebrikoÔ s¸matoc arijm¸n K èqoume NK(M) ∈ M.

Je¸rhma Aþ.4.6
An ta akèraia ide¸dh A, B tou algebrikoÔ s¸matoc arijm¸n K eÐnai pr¸ta metaxÔ

touc, tìte
NK(AB) = NK(A)NK(B).

To Je¸rhma A'.4.6 genikeÔetai kai gia perissìtera akèraia ide¸dh ta opoÐa eÐnai an�
dÔo pr¸ta metaxÔ touc.
Je¸rhma Aþ.4.7

An A1, A2, . . . , Am eÐnai an� dÔo pr¸ta metaxÔ touc akèraia ide¸dh tou algebrikoÔ
s¸matoc arijm¸n K, tìte R/A1A2 . . . Am

∼= R/A1 ⊕ . . .⊕R/Am.

Aþ.5 Pr¸ta ide¸dh kai an�lush idewd¸n se ginìmeno
pr¸twn idewd¸n

'Estw K èna algebrikì s¸ma arijm¸n kai R o daktÔlioc twn akeraÐwn algebrik¸n
arijm¸n tou K.

Orismìc Aþ.5.1
'Ena ide¸dec P tou algebrikoÔ s¸matoc arijm¸n K ja lègetai pr¸to an eÐnai akèraio

ide¸dec di�foro tou R kai isqÔei

P | ab, a ∈ R, b ∈ R ⇒ P | a   P | b.

Je¸rhma Aþ.5.1
'Ena akèraio ide¸dec P tou algebrikoÔ s¸matoc arijm¸n K eÐnai pr¸to an kai mìno

an o daktÔlioc R/P eÐnai akeraÐa perioq  me perissìtera tou enìc stoiqeÐa.

Orismìc Aþ.5.2
'Ena akèraio ide¸dec M tou algebrikoÔ s¸matoc arijm¸n K ja lègetai mègisto an

eÐnai di�foro tou R kai gia k�je akèraio ide¸dec A tou K gia to opoÐo isqÔei M ⊂ A
èqoume A = M   A = R.

Je¸rhma Aþ.5.2
'Ena akèraio ide¸dec M tou algebrikoÔ s¸matoc arijm¸n K eÐnai mègisto an kai mìno

an o daktÔlioc R/M eÐnai s¸ma.

Apì ta parak�tw Jewr mata prokÔptei ìti ta pr¸ta ide¸dh enìc algebrikoÔ s¸matoc
arijm¸n K apoteloÔn genÐkeush twn pr¸twn arijm¸n tou s¸matoc twn rht¸n arijm¸n.

75



Je¸rhma Aþ.5.3
K�je pr¸to ide¸dec P tou algebrikoÔ s¸matoc arijm¸n K eÐnai mègisto.

Je¸rhma Aþ.5.4
Ta mìna akèraia ide¸dh enìc algebrikoÔ s¸matoc arijm¸n K ta opoÐa diairoÔn to

pr¸to ide¸dec P tou K eÐnai ta ide¸dh < 1 > kai P.

Je¸rhma Aþ.5.5
An to pr¸to ide¸dec P tou algebrikoÔ s¸matoc arijm¸n K diaireÐ to ginìmeno dÔo

akeraÐwn idewd¸n A, B tou K, tìte to P diaireÐ ènan toul�qiston apì touc par�gontec
A, B.

Je¸rhma Aþ.5.6
K�je akèraio ide¸dec A 6= R èqei ènan toul�qiston pr¸to diairèth.

Gia th norm enìc pr¸tou ide¸douc isqÔei to akìloujo
Je¸rhma Aþ.5.7

K�je pr¸to ide¸dec P tou algebrikoÔ s¸matoc arijm¸n K perièqei akrib¸c èna pr¸to
arijmì p gia ton opoÐo isqÔei NK(P ) = pf , ìpou f fusikìc arijmìc di�foroc tou mhdenìc.

Orismìc Aþ.5.3
An P eÐnai èna pr¸to ide¸dec tou algebrikoÔ s¸matoc arijm¸n K, tìte o bajmìc

f = [R/P : Zp] thc epèktashc R/P/Zp ja lègetai bajmìc tou pr¸tou ide¸douc P kai
NK(P ) = pf , ìpou p o pr¸toc arijmìc pou an kei sto ide¸dec P.

Gia k�je ide¸dec tou algebrikoÔ s¸matoc arijm¸n K isqÔei to akìloujo
Je¸rhma Aþ.5.8

K�je ide¸dec A tou algebrikoÔ s¸matoc arijm¸n K analÔetai monos manta se ginì-
meno pr¸twn idewd¸n tou K.

Me th bo jeia thc monos manthc an�lushc se ginìmeno pr¸twn idewd¸n apodeiknÔ-
ontai ta parak�tw Jewr mata:
Je¸rhma Aþ.5.9

An A kai B eÐnai akèraia ide¸dh tou algebrikoÔ s¸matoc arijm¸n K, tìte isqÔei

NK(AB) = NK(A)NK(B).

Je¸rhma Aþ.5.10
An A eÐnai èna klasmatikì ide¸dec tou algebrikoÔ s¸matoc arijm¸n K kai

A =
∏

p P ap , ap ∈ Z, h an�lush autoÔ se ginìmeno pr¸twn idewd¸n, tìte h norm tou A
orÐzetai apì th sqèsh

NK(A) =
∏

p

NK(P )ap .

Apì ton orismì thc norm prokÔptei kai gia klasmatik� ide¸dh ìti

NK(AB) = NK(A)NK(B).
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Aþ.6 Arijmìc kl�sewn idewd¸n

'Estw K èna algebrikì s¸ma arijm¸n kai R o daktÔlioc twn akeraÐwn algebrik¸n
arijm¸n tou K. JewroÔme thn om�da G ìlwn twn idewd¸n tou K kai to uposÔnolo
aut c H ìlwn twn kurÐwn idewd¸n < a >= aR, a 6= 0 tou K. To H apoteleÐ upoom�da
thc G.

H om�da phlÐko G/H lègetai om�da twn kl�sewn idewd¸n tou K kai h t�xh thc
lègetai arijmìc twn kl�sewn idewd¸n tou K. DÔo ide¸dh A kai B tou K an koun sthn
Ðdia kl�sh, dhlad  A ∼ B, an up�rqei ènac arijmìc δ 6= 0 tou K tètoioc ¸ste na isqÔei
B = δA.

H melèth tou arijmoÔ h twn kl�sewn idewd¸n enìc algebrikoÔ s¸matoc arijm¸n
eÐnai èna apì ta shmantikìtera jèmata thc jewrÐac twn algebrik¸n swm�twn arijm¸n
diìti sqetÐzetai me th monos manth an�lush sto s¸ma.
Je¸rhma Aþ.6.1

O arijmìc h twn kl�sewn idewd¸n enìc algebrikoÔ s¸matoc arijm¸n eÐnai pepera-
smènoc.

An h eÐnai o arijmìc twn kl�sewn idewd¸n tou K, tìte gia k�je ide¸dec A tou K to
ide¸dec Ah eÐnai kÔrio ide¸dec. Pr�gmati, an H eÐnai h om�da twn kurÐwn idewd¸n tou
K, tìte (AH)h = H, dhlad  AhH = H kai sunep¸c Ah ∈ H.

Je¸rhma Aþ.6.2
O daktÔlioc R twn akeraÐwn algebrik¸n arijm¸n enìc algebrikoÔ s¸matoc arijm¸n

K eÐnai daktÔlioc me monos manth an�lush an kai mìno an o arijmìc twn kl�sewn
idewd¸n tou K eÐnai 1.

Aþ.7 Diakl�dwsh-Nìmoc an�lushc

'Estw K èna algebrikì s¸ma arijm¸n kai R o daktÔlioc twn akeraÐwn algebrik¸n
arijm¸n tou K. An p eÐnai ènac pr¸toc arijmìc, tìte to kÔrio ide¸dec < p >= pR tou
K èqei mÐa monos manth an�lush

< p >= P e1
1 P e2

2 . . . P es
s

se ginìmeno pr¸twn idewd¸n tou K. Ta ide¸dh P1, P2, . . . , Ps eÐnai ta mìna pr¸ta ide¸dh
tou K pou perièqoun ton arijmì p. EpÐshc gia k�je i = 1, 2, . . . , s isqÔei < p >⊂ P ei

ikai < p >6⊂ P
ei+1

i .

Orismìc Aþ.7.1
O arijmìc s twn pr¸twn idewd¸n tou K ta opoÐa perièqoun ton pr¸to arijmì p lègetai

arijmìc an�lushc tou p sto K.
Gia k�je i = 1, 2, . . . , s o arijmìc ei lègetai deÐkthc tou pr¸tou ide¸douc Pi sto K.

An eÐnai ei = 1, tìte to Pi lègetai adiakl�dwto ide¸dec. An ei > 1, tìte lème ìti to
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ide¸dec Pi diakladÐzetai sto K. EpÐshc an isqÔei e1 = e2 = . . . = es = 1, tìte o pr¸toc
arijmìc p lègetai adiakl�dwtoc. Tèloc an èna toul�qiston apì ta e1, e2, . . . , es eÐnai
megalÔtero tou 1, tìte lème ìti o pr¸toc arijmìc p diakladÐzetai sto K.

H eÔresh thc an�lushc tuqaÐou pr¸tou arijmoÔ se ginìmeno pr¸twn idewd¸n tou K
lègetai nìmoc an�lushc gia to K.

Je¸rhma Aþ.7.1
An

< p >= P e1
1 P e2

2 . . . P es
s

eÐnai h an�lush tou ide¸douc < p >= pR se ginìmeno pr¸twn idewd¸n tou K kai
f1, f2, . . . , fs eÐnai oi bajmoÐ twn P1, P2, . . . , Ps antÐstoiqa, tìte

e1f1 + e2f2 + . . . + esfs = n,

ìpou n eÐnai o bajmìc thc epèktashc K/Q.

'Estw p ènac pr¸toc arijmìc. An up�rqei akrib¸c èna pr¸to ide¸dec P tou algebri-
koÔ s¸matoc arijm¸n K to opoÐo perièqei ton p kai tou opoÐou o deÐkthc diaklad¸sewc
eÐnai Ðsoc me to bajmì thc epèktashc K/Q, tìte ja lème ìti o p diakladÐzetai pl rwc
sto K. An to kÔrio ide¸dec < p > tou K analÔetai se ginìmeno diafìrwn metaxÔ touc
pr¸twn idewd¸n tou K bajmoÔ 1, tìte ja lème ìti o p analÔetai pl rwc sto K. Sthn
perÐptwsh aut  to pl joc twn pr¸twn idewd¸n tou K pou perièqoun ton p eÐnai [K : Q].

Aþ.8 Tetragwnik� s¸mata arijm¸n

H par�grafoc aut  anafèretai sta tetragwnik� s¸mata arijm¸n, dhlad  sta alge-
brik� s¸mata arijm¸n K twn opoÐwn o bajmìc thc epèktashc K/Q eÐnai 2.

'Estw K = Q(θ) èna tetragwnikì s¸ma arijm¸n, ìpou θ eÐnai ènac akèraioc alge-
brikìc arijmìc. IsqÔei to akìloujo
Je¸rhma Aþ.8.1

An K eÐnai èna tetragwnikì s¸ma arijm¸n, tìte up�rqei ènac akèraioc arijmìc m 6= 1,
o opoÐoc de diaireÐtai me to tetr�gwno enìc pr¸tou arijmoÔ, tètoioc ¸ste

K = Q(
√

m).

To s¸ma K eÐnai s¸ma an�lushc tou diaqwrisÐmou poluwnÔmou x2 −m. 'Ara h epè-
ktash K/Q eÐnai epèktash tou Galois. An α = a + b

√
m ∈ K = Q(

√
m), ìpou a, b ∈ Q,

tìte SK(α) = 2a kai NK(α) = a2 −mb2.

Sth sunèqeia ja anaferjoÔme stouc akèraiouc algebrikoÔc arijmoÔc tou tetragw-
nikoÔ s¸matoc arijm¸n K = Q(

√
m).
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Je¸rhma Aþ.8.2
'Enac arijmìc a tou tetragwnikoÔ s¸matoc arijm¸n K eÐnai akèraioc algebrikìc an

kai mìno an to Ðqnoc SK(a) kai h norm NK(a) tou a eÐnai akèraioi arijmoÐ.

Je¸rhma Aþ.8.3
O arijmìc α = a+b

√
m

2
, ìpou a, b ∈ Q, tou tetragwnikoÔ s¸matoc K = Q(

√
m) eÐnai

akèraioc algebrikìc an kai mìno an oi a, b eÐnai akèraioi arijmoÐ kai isqÔei

a ≡ b (mod 2) gia m ≡ 1 (mod 4),

a ≡ b ≡ 0 (mod 2) gia m ≡ 2   3 (mod 4).

Je¸rhma Aþ.8.4
O daktÔlioc R twn akeraÐwn algebrik¸n arijm¸n tou tetragwnikoÔ s¸matoc arijm¸n

K = Q(
√

m) eÐnai
(i) Z[

√
m], an m 6≡ 1 (mod 4),

(ii) Z[1
2

+ 1
2

√
m], an m ≡ 1 (mod 4).

Tèloc ja melet soume to nìmo an�lushc kai tic mon�dec enìc tetragwnikoÔ s¸matoc
arijm¸n K = Q(

√
m).

Je¸rhma Aþ.8.5
'Estw K = Q(

√
m) èna tetragwnikì s¸ma arijm¸n kai p ènac pr¸toc arijmìc.

(i) Gia p 6= 2 :
An p 6 | m kai (m

p
) = 1, tìte < p >= P1P2.

An p 6 | m kai (m
p
) = −1, tìte to ide¸dec < p > tou K eÐnai pr¸to.

An p | m, tìte < p >= P 2.
(ii) Gia p = 2 :
An m ≡ 1 (mod 8), tìte < 2 >= P1P2.
An m ≡ 5 (mod 8), tìte to ide¸dec < 2 > tou K eÐnai pr¸to.
An m ≡ 2   3 (mod 4), tìte < 2 >= P 2.

Ta P1, P2, P eÐnai pr¸ta ide¸dh me P1 6= P2.

Je¸rhma Aþ.8.6
H om�da E twn mon�dwn enìc migadikoÔ tetragwnikoÔ s¸matoc arijm¸n K = Q(

√
m)

apoteleÐtai apì tic t−rÐzec thc mon�dac, ìpou

t = 4 gia m = −1,

t = 2 gia m = −2 kai m < −4,

t = 6 gia m = −3.

H om�da E twn mon�dwn enìc pragmatikoÔ s¸matoc arijm¸n K = Q(
√

m) eÐnai to eujÔ
ginìmeno thc kuklik c om�dac < −1 >= {1,−1} t�xhc 2 kai mÐac kuklik c om�dac
< ε1 > �peirhc t�xhc.

ShmeÐwsh: To Je¸rhma A'.8.6 apoteleÐ to Je¸rhma A'.3.2 tou Dirichlet gia to
tetragwnikì s¸ma arijm¸n K = Q(

√
m).
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