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Abstract

Since the theoretical prediction and experimental demonstration of optical Airy
beams [Opt. Lett., 32(8):979-981,(2007), Phys. Rev. Lett., 99:213901,(2007)], accelerating
waves have been established as a very important tool in the field of optics. The last
dozen of years accelerating beams have attracted a lot of interest due to their intriguing
properties, and were extensively studied both from a theoretical and an experimental
perspective. Originally, Airy beams were proposed in quantum mechanics in the sem-
inal work of Berry and Balazs [Am. ]. Phys. 47(3):264-267, (1979)], showing that the
potential-free Schrodinger equation admits propagation-invariant solutions in the form
of accelerating Airy wavepackets. Beyond Airy beams, another family of diffraction-free
waves was proposed and experimentally observed by Durnin, the well-known Bessel
beams []. Opt.Soc. Am. A, 4(4):651-654, (1987), Phys. Rev. Lett., 58:1499-1501, (1987)].
Due to their resilience to diffraction-spreading and the uniformity of their amplitude,
such beams were also exploited in many applications. Furthermore, in the nonparaxial
domain where rays and thus beams can bend at large angles, diffraction free beams ac-
celerating along circular, elliptical, exponential and general power-law trajectories were
demonstrated. In another concept, abruptly autofocusing waves mainly represented by
Airy beams with radial symmetry, propagate along parabolic trajectories while focusing
most of their energy right before a target.

In this dissertation, we focus on engineering the properties of optical waves. We
focus in the case of propagation-invariant fields of the Airy and Bessel type and on
different classes of accelerating waves. We engineer their fundamental properties such as
their amplitude, their width and their trajectory. Furthermore, we examine the focusing
characteristics of abruptly autofocusing waves. The possibility of optimizing their
focusing features is of our particular interest.

To begin with, we study the generation of accelerating waves in the paraxial domain,
whose propagation defining properties such as trajectory, maximum amplitude and
beam-width will be predesigned. In the case of the power-law trajectories, the propaga-
tion of such beams is described by Airy-type solutions which are directly expressed in
terms of the geometric properties of the preselected path.

Additionally, we investigate the propagation of accelerating beams in the nonparaxial
domain. In this case we study accelerating beams along circular, elliptic and power-law
curves. Our solutions indicate that independently of the trajectory assumed, the dy-
namics of the beam near the caustic are described by Airy-type functions. Our formulas
are expressed in an elegant and practical way and highlight the dependence to the
curvature of the predesigned trajectory, among other geometrical features. In particular,
we show that the generation of accelerating beams along nonparaxial trajectories with
pre-engineered amplitude and beam-width, is possible.

Moreover, we consider the propagation of abruptly autofocusing waves in the
paraxial domain. Specifically, we emphasize on the propagation of such beams along
convex but otherwise arbitrary predefined trajectories. Furthermore, in order to optimize
their focusing characteristics, we properly modulate the important parameters such as
the initial amplitude, the curvature of the trajectory, and the distance from the optical
axis on the input plane, in order to achieve higher intensity contrast at the focus along
with damped oscillatory behavior after the focal point.

Beyond accelerating beams, we also study the case of Bessel beams of zeroth order
and higher-order optical vortices of the Bessel-type. We propose a method for generating
such beams, exhibiting pre-engineered maximum amplitude and beam-width or hollow-
core radius along the propagation distance. In both cases, numerical results agree well
with the theoretical model developed.
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ATt to 2007 610U xaUTOAA XL ETUTAYVVOUEVO XOUOTH TTPOPRAEQONUOY %o eTufeBort-
WOray TELpapoTIXd oTov Topén NG omTixNg [Opt. Lett., 32(8):979-981,(2007), Phys. Rev. Lett.,
99:213901,(2007)], TO EVOLAQEPOY TWV EPEVYNTWY YLO TN LEAETY XUUATWY QUTNG TNG LOPPNG
Topovatalel poydoion adEnon. H dueon alomolnom twv LSLOTEQWY YAEAXTNENOTIXWDY
TOLG, 00NYNOE oE ULlor TANDWE EPoPUOYWY oL oTtoieg 3ev TeEPLoPllovToL GTOV TOUER TNG
OTTTLXNG, EVW TAUPAAANAGL ATTOTEAECOY XAl TO ETIXEVTPO TOAAWY €PELVVY OE FewWENTLXO
enimedo. H évvola Twv ETUTOHYUVOUEVHY XVUATOTTOXETWY EUQAVICTNXE YLO TTEWTY POEL
oty xPavtounyovixn 6ty ot Berry xau Balazs €5etEav ott 1 eElowon Schrodinger amovaio
eEwTepod Suvautnol Séxetar Adoetg Tomov Airy [Am. J. Phys. 47(3):264-267, (1979)]. Tlépa
amo Tol xOpoTer Airy, ULloe GAAN XoTNYoELiot OTTTLXWY XVUATWY TOL ETLOYG TTOQEOLOLA-
Covy avtiotoon oty epibiaon TpotdOnxay xot emiBeforddnxoy TELPOUATIXG ATTO TOY
Durnin [J. Opt.Soc. Am. A, 4(4):651-654, (1987), Phys. Rev. Lett., 58:1499-1501, (1987)], o
omola elvat Yvwotd oty BiAtoypopio wg xOpata Bessel. Meyotl onuepo apxetég peréteg
gxouy emxevTpwlel 010 PN TOEAEOVIXKO GPLO, OTTOL HVUATA VTNAG TNG LOPPNG UTTOPOVY
vou oTPoPovY o UEYBAES Ywvieg. [lio ouyxexpLpéva, Topatnendnxoy SEouee oL OToleg
UTTOPOVY VO ETULTONOVOVTOL KOTO NXOG XUXALXWY, EAAELTTTLXWY, eXOETIXWOY %ol GAAWY
o Bo{PETWY ®VPTWY TEOYLWY. e ULO. SLOPOPETLXY] EQAOUOYY], ETILTOYVYOUEVO. XVUOTO
Airy pe oEovix) CUPUETEIO EXOVY XENOLLOTOLNOEL YLOL TNY XAUTATKEVT] XUUATWY ATTOTOUNG
QUTO-E0TIAONG, T OTTOLOL EXOLY T7 SLYATOTYTA VA EGTLALOVY TO UEYXAVTEQO TTOGOOTO TNG
EVEPYELOG TOVG OE €val onelo.

2T Aol oWTYG TNG EQYOOLOG, OTOXOG Lag elvol vou eEAEYEOLIE Tl YOLAXTNELO-
TG SLABOONG OTLTLRWY XVUATWY TTOL THPOLALALoLY awvTtioToon oty Teplbiaoy. OL ddo
TUO YYWOTES XATNYOPLES TETOLWY XVUATWY Elvol Tar xORaTar TVTOL Airy %o To XOUOTo
TOmov Bessel. IlopdAAnio Do €0TLEOOVUE QL OE YEVIXOTEPES XATNPYOPLEG ETULTOYLYO-
UEVWY XLUATWY, OTTOGXOTIWVTOG GTOV EAEYYO TWY ONUOVIIXOY TOPOUETOWY TOVG, OTTWG
YLt TTOEASELYL TOV ULEYLOTOL TTAGTOUCS, TOU EVPOLGS oL TNG TEOYLA Toug. EmimAgoy, Do
OVOADGOLUE TN OLAS00Y ETULTONVVOUEVDY XUUATWY ATTOTOUNG VTO-ECTIOONG, UE ATTHTEPO
oTHY0 Vo BEATLOTOTIOLNOOVUE TO YAPAXTNELOTLXE EGTLOONG TOVG.

Apyxa, dow LEAETNOOVUE TNY XATOOXELY ETUTAYVVOUEVHY OTTTLXRY XVULATWY OTO TTOOO-
Eovixd 6pLo, TwY 0TolwY To YUEOXTNENOTLXE LAD00NG OTTWG TEOYLA, UEYLOTO TAATOG XAl
evpog Yo elvatl TANPWG EAEYYOREVO. LTV TEPLTTTWOY OTTTLXWY XVRATWY TTOL ETTLTOYOVOV-
TOL XOTEL PNKOG YEVIXOTEPWY XVPTWY TPOYLWY, 1 SLAS0GT TOUG TTELPYPOPETAL OLTTO GUVOLOTY-
o€Lg TOTOL Airy oL 0Toleg UETUBRAAOVTOL OVAAOY UE TO YEWUETOLXOL XOPOXTNONOTLXA
™G TEOXD0PLOUEVYS TPOYLAG.

Emrpdobeta, Do peretnoovpe 0 SLdd00Y] ETLTOXVVOUEVWY XVUATWY OTO U1 TOQO-
OEOVLXO OPLO XATOL UNKOG XUXALXGY, EAAELTITIXMY XOL YEVIXOTEQWY XVOETWY TPOYLWOY. Ave-
Eqptntor oemto v TpoxofopLopEvn ToYLE TTOL ETULAEYOULUE, EQPOEUOLOVTOS AOVUTTTOTIXES
uebddovg oe pLor TEPLOYN XOVTA OTNY XAVOTLXY] TOL XVUOTOG, Bploxovpe ADoeLg TVTTOL Airy
oL OTOlEG EEQPTWVTOL QUETO OO T YEWUETOLXE YOQOXTNONOTIXG TNG TUPOETULAEYUEVNG
TooyLds. EmimAéoy, péow tng nebodoroyiog pog 0 ToEGAANAOG EAEYXOG TNG TEOYLES, TOL
TAGTOUG, XoBWE xoL TOL EVPOLE TOL KVUOTOS KOTO UNKOG TNG TEOYLAS Elvol EPLXTOC.

O éleyyoc NG OLAO00YG ETULTAYVYOUEVWY XORATWY OTOTOUYS QUTO-E0TiOONG El-
vou itaitepor oNUOVTIXOG.  XToL TAXOLOL TNG EQYUOLOG oG HEAETApME TN OL&dooy Té-
TOLWY XVUGATWY XOTO YOG YEVIXOTEQWY XVETWY TEOXLWY. EmimAdoy, evrtomilovtog Tig
TOPAUETPOVG Ol OTTOLEG XABOPLLOLY TAl YOPARTNENOTLXA ECTIOONG TETOLWY XVUATWY, UTTO-
POVUE VO TG TPOOUPUOCOVUE XATAAANAR €TOL HOTE VO QVENOOLUE TNV UEYLOTY EVTOOY
TOL XOPOTOG GTO EGTLAXO ONUELO, XOL VO ETULTOYOVUE TNV AUEDY) aTtOGBED TNG LETA OO
oTo.

Extég amo ™ 3Lad00m ETLTOYVYOUEVWY XVUATWY, OTA TAXLOLOL OTNG TNG EQYATLOG
HeAeTApE xou T SLadoon Seopwy TOToL Bessel undevixng TaEng xow oty Sty THTTOL
Bessel vmAdtepng TaEng. [lio ouyxexplpéva, aToY0g oG Elval 0 TTOPAAANAOG EAEYYOG TOL
HEYLOTOU TTAKTOUG %Ol TOL EVPOVLGS TOL XVPELOL AOPBOD 7N TNG AXTLVOG TOL XEVOD TLENVA,
oTNY TEPITTWON XVUATWY Bessel undevixng xow vPNAGTEPTS TAENG avtioTol .
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Chapter 1

Introduction

Curved and accelerating beams have been established as a cornerstone in the field of
Optics. Since 2007, when the prediction [1] and first experimental demonstration [2]
of accelerating waves in the form of Airy beams accomplished, a lot of research has
been focused on both theoretical and experimental studies (see for example the recent
review article [3]). Of course, this outcome would not have been possible without the
seminal work of Berry and Balazs — presented almost fourty years ago — showing that
the Schrodinger equation in the absence of any external potential admits solutions
in the form of the Airy function [4]. Interestingly, Airy wavepackets are the only
non-spreading solutions of the potential-free Schrodinger equation in the case of one
transverse dimension, and as such their amplitude profile remains invariant in the
transverse plane during propagation. Perhaps, beyond the diffraction-free character,
the most intriguing feature of such wavepackets is the ability to accelerate in the
absence of any external field, i.e., they propagate following a parabolic trajectory.
Despite the exciting properties they exhibit, Airy wavepackets remained unexploited
for decades in the field of optics, mainly due to difficulties in their experimental
realization, arising from their infinite transverse extent and thus the infinite energy
they carry.

On the other hand, in higher dimensions diffraction-free waves in the form of
Bessel beams have been proposed and experimentally demonstrated almost thirty
years ago [5, 6]. Interestingly, such beams have already found numerous applications
in many fields (see for example the review article [7]). Beyond Bessel beams of
zeroth and higher order, other families of non-diffracting waves exist such as Mathieu

beams along with waves based on parabolic cylinder functions [8, 9]. While as



Chapter 1. Introduction 2

we stated earlier, non-diffracting wavefunctions firstly emerged in the context of
quantum mechanics, the equivalence of the potential-free Schrodinger equation
with the paraxial wave equation, constitutes a solid ground for the mathematical
description of non-diffracting beams in the optical domain. As in the case of the Airy
beams with one transverse dimension, in higher dimensions non-diffracting beams
have infinite energy from which their diffraction-free character arise. Obviously,
infinite-energy carrying waves are not experimentally feasible, and thus a truncation
factor is utilized to make the energy of such beams finite. The best example of this
class of waves is the well-known quasi-Bessel beams named after the ideal (infinite
energy) Bessel beams. While the latter propagate in a diffraction-free manner, their
finite energy counterparts tend to diffract after they are truncated. However, quasi-
Bessel beams can be properly designed in order to suppress diffraction along the
intended propagation distance, meaning that the variations in the amplitude and in
the radial extent that naturally occur through this procedure are negligible.

In the second chapter of this dissertation we introduce some of the basic mathe-
matical concepts in the field of Optics. Starting from the Maxwell’s equations which
govern the propagation of any electromagnetic wave, we derive the wave equation
and its time-independent counterpart; the Helmholtz’s equation. The mathematical
background necessary to describe the propagation of beams in the nonparaxial do-
main is shown next, namely the Rayleigh-Sommerfeld formulation of diffraction. The
latter consists an integral representation of the solution of the Helmholtz’s equation,
based upon the Green’s function of the problem. Here, we emphasize on the Green'’s
function of the Helmholtz’s equation in a 2D domain. We proceed with the Fresnel
diffraction integral and the paraxial approximation , which are tools that are widely
used in the context of this thesis. We select to conclude this chapter with the method
of stationary phase, a powerful technique which is utilized when one encounters
integral representations as those mentioned above but also, beyond Optics, in many
other research fields.

In the third chapter of this thesis, we study the propagation of accelerating
optical waves following power-law trajectories in the paraxial domain. The three
fundamental features that characterize the propagation of any optical beam are the

trajectory, the amplitude and its beam-width. In this respect, we would like to
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generate paraxial accelerating beams whose amplitude and beam-width will be fully-
controllable while they propagate along a curved pre-designed trajectory. To obtain
control over these parameters we engineer both the amplitude and the phase of the
propagating beam on the input plane. Utilizing asymptotic methods in a region close
to the beam’s caustic, we were able to express the phase and the amplitude of the
propagating beam in terms of the initial phase and the initial amplitude respectively.
The only constraints that arise through our procedure are that the initial phase of the
beam should be strictly monotone(the beam must follow a convex trajectory), and
the amplitude should be a slowly varying function.

In the fourth chapter of this thesis, we generalize the results obtained from the
previous chapter to the nonparaxial regime. In contrast with the paraxial domain,
nonparaxial accelerating beams can bend at large angles and thus the notion as to
what is diffraction-free must be modified accordingly. Specifically, we can define
a beam to be diffraction-free if its amplitude profile remains invariant in the plane
that is normal to the trajectory. Taking advantage of the large bending angles that
the nonparaxial regime supports, we study the propagation of accelerating beams
following circular and elliptic trajectories as well as beams forming power-law curves.
As in the previous chapter, we are seeking to independently control the trajectory and
the maximum amplitude along the trajectory of the propagating beam. Numerical
results obtained are in excellent agreement with the theoretical model both in terms
of the trajectory and in terms of the amplitude /beam-width. The functional form of
the trajectory can be selected arbitrarily as long as it is convex, while the intended
amplitude along the trajectory should be relatively slowly varying.

In the fifth section of this report, we discuss the propagation of abruptly autofo-
cusing beams. Such beams have the ability to concentrate most of their energy at a
specific point while maintaining a relatively low-intensity profile until their focus.
While Airy beams with radial symmetry were the first family of waves utilized to
demonstrate this unique property, several other classes of radially accelerating beams
can be employed too. More specifically, by modulating the phase of the propagating
beam on the input plane, we can generate abruptly autofocusing waves that follow

general power-law trajectories, while exhibiting tighter focus along with more abrupt
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and higher contrast. Closed form expressions describing the three stages of prop-
agation of the autofocusing beam were obtained, namely before the focus, at the
focus, and after the focus. Emphasis was also given to the third stage of propaga-
tion, i.e., after the focus, where the optimization of the focusing properties of the
beam achieved by damping the oscillatory behavior, while at the same time the focal
contrast increased by orders of magnitude.

In the sixth part of this thesis, we investigate the propagation of Bessel beams of
zeroth- and higher-order of the first kind. Specifically, we demonstrate a simple and
effective way to independently control both the beam-width /hollow-core radius and
the maximum amplitude of such beams. Our methodology is based on engineering
the amplitude and the phase of the propagating beam on the input plane. Interestingly,
we express the phase and the amplitude of the optical wave with connection to the
initial phase and the initial amplitude respectively. Furthermore, typical constraints
that arise through our procedure such as the monotonicity of the phase and the
slow variation of the amplitude, addressed. We report that our numerical results
are in excellent agreement with the theoretical model both in terms of the intended
beam-width /hollow-core radius, and in terms of the pre-designed amplitude.

The seventh chapter concludes this dissertation by summarizing our main results.
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During my graduate studies we have published the following articles:

1. Michael Goutsoulas, Domenico Bongiovanni, Denghui Li, Zhigang Chen, and
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2. Raluca-Sorina Penciu, Yujie Qiu, Michael Goutsoulas, Xiaopei Sun, Yi Hu,
Jingjun Xu, Zhigang Chen, and Nikolaos K. Efremidis. Observation of mi-
croscale nonparaxial optical bottle beams. Opt. Lett., 43(16):3878-3881, Aug
2018.
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3. Michael Goutsoulas, Raluca-Sorina Penciu, and Nikolaos K. Efremidis. Inde-
pendent amplitude and trajectory/beam-width control of nonparaxial beams.

Opt. Express, 26(15):18969-18974, Jul 2018.

4. Michael Goutsoulas and Nikolaos K. Efremidis. Precise amplitude, trajectory,
and beam-width control of accelerating and abruptly autofocusing beams. Phys.

Rev. A, 97:063831, Jun 2018.



Chapter 2

Fundamental concepts of Optics

2.1 Introduction to Maxwell’s equations

Maxwell’s equations are a set of 4 equations that govern the field of electrodynam-
ics. These equations describe the propagation of electric and magnetic fields, and
determine their interaction with matter. More specifically, Maxwell’s set of equations
includes, Gauss’s laws for electric fields and magnetism, along with Faraday’s law of
induction and Ampere’s Law . Despite that at his original work those equations were
not so clearly stated, Maxwell was able to utilize them in order to approximate the
speed of light in vacuum, which later proved to be within 5% of the correct answer.
In 1884, twenty years after the original form of Maxwell’s equations posed,
Oliver Heaviside and Willard Gibbs introduced a more compact and easily un-
derstandable form of those equations. The set of 4 equations they introduced, is

considered today as the modern version of Maxwell’s equations

v.E=F
€
V-B=0
(2.1)
VxE:—a—B
ot
VxB:yJ+yea—E

ot

where E is the electric field, B is the magnetic field, p is the charge density, J is the

current density, € is the permittivity, and y is the permeability of the medium.
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In the absence of free charges or currents in a medium such as vacuum, we can
assume that p = 0 and J = 0. This assumptions are vastly used in Optics, leading to

the simplified Maxwell’s equations in the following form

V-E=0

V-B=0

VxE:_aE (2.2)
ot

VXB:yeaa—]f.

To obtain the electromagnetic wave equation for an optical wave, we begin from
the above set of equations and firstly take the curl of the equation describing the
Faraday’s law
B 2
V X (VXE)=V X (_8) :—E(VXB):—2 <yeaE> :—yeaatf

ot ot ot ot 2.3)

_ 10°E

- 2ot
where for the last equality we have utilized the substitution ye = 1/c?. Before we
proceed, we would like to expand the leftmost term of the above equation. To begin

with, let (V X M) = N, such that V X (V X M) = V X N, and

=

>

=

j
N-|2 2 a|_3 oM, IM, 3 oM,  JdMy R IM, oM, ‘
dy oz ay 0z 0x 0z 0x oy

Then we can calculate

i j k
_ ? d 9
V XN = 2 3 2

oM, oM, _ (oM, oM, My aM,
ay 0z ox 0z 0x ay
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which results to

d (oM, oM, o0 (OM; OM,\]:
ven=[5 (5 ) e G 5]
0 (IM, 9IM;, J (OM: IMy\].
[83(( ox ay > 0z < ay 0z ﬂ]
(e 2
dx \ ox oz oy \ 9y oz ’

or much simpler

M, M, PM, &IM,|,
wyox  ox2 | ayoz o2 |)

azMy a2Mx azMZ aZMX *
VX N= [axay T2 T a2 M7

[a2Mx M, 82M2+82My]f(

dzox  ox2  9y? | 0zdy

To continue with, we know that V- M = (aM" + ayy + aMZ) so

d <8Mx oM, n BMZ>i
ox \ ox ay 0z
0 (oM n oM, n oM, \ -
dy ( ox ay 0z )J
9 (E)Mx n oM, n BMZ> &
dx dy 0z ’

V(V-M)=

which leads to

?M, *M, PM,\. [PM, M, PM,) .
VIV-M)= < o2 T oxay * axaz> ' <8y8x Iy? * dyoz J

2 PM, M, .
<8Mx ijaMz)k

dzox  0dzdy  0z?

Taking all the above into account, we can express the curl of the curl of a vector field

as

*M, M, M *M,  *M, M\ |+
VX (VXM) = [(E)xay axaz T ax2x) - ( o Tz 322x>] '
9> M, N ’M,  9*M, 9*M, N 9*M, N *My \ | -
dydx  Jdydz  dy? ox? ay? dz2 )
N M, M, M.\ [(PM, n 9”M, N 0>M. &
d0zox  0zdy  0z? dx? ay? 922
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or equivalently

VX (VXM)=V(V-M)- VM. (2.4)

In our case M represents the electric field E, and thus we can utilize Egs. (2.3), (2.4) in

order to obtain the wave equation in the following form

1 9%E
1 9%E
J— 2 e —
= V (V-E) - V°E EieTE
19°
2——7 =
:><V 3 atz)E 0, (2.5

where for the last step we have assumed zero charge density thus, p = 0 and
(V-E) = 0. To conclude with, we would like to note that we could also derive
a wave equation for the magnetic field using the same approach. The corresponding
equation reads <V2 — 12 ) B =0.

cZ ot?

2.2 Helmholtz equation

The Helmholtz equation is a time-independent linear partial differential equation
which usually arises when studying wave propagation phenomena or other physical
problems for example in quantum mechanics, etc. In order to derive it, we begin from

the wave equation Eq. (2.5)
19°
2 _— 7 =
(V 2 8t2> u(r,t) =0. (2.6)

More specifically we assume that Eq. (2.6) admits solutions of the form u(7,t) =
U(7)e '@, where w?/c* = k3 and kg = 27t/ A. Calculating the second derivative with
respect to t and substituting back to Eq. (2.6), we obtain the Helmholtz equation in
the following form

(V2+ 1K) U (¥) = 0. 2.7)

Interestingly enough, we can show that the wave equation admits plane wave

solutions of the form u(r,t) = ei(k?_“’t), where the wavevector k is defined as

k=k&+ky§+k2 and k2 = k2 + k2 + k2 = k3.
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2.3 The Green’s function of the 2D Helmholtz equation

As we will see next, the Green’s function is a very useful tool that we can exploit in
order to solve various problems in the field of optics, including emission, scattering
and diffraction of waves. Here, we are mainly interested in the diffraction of scalar

waves governed by the homogeneous Helmholtz equation
Vi + Ky =0, (2.8)
where kg = w/c. The Green’s function is defined as usual by
V3G + kG = —6(r—71), (2.9)

where J(r) is the Dirac’s delta function. Before we proceed with the calculation of
the function G, we will begin our analysis with some mathematical preliminaries.
Firstly, the Fourier- and inverse Fourier- transform couple in two spatial dimensions

is defined as

FUR@Y = f) = 5 [ ey,
FH{F00} = ) = 5 [ Fioe

Some useful relation occur when considering the Fourier transform of the derivative
of a function. More specifically borrowing some useful identities from the one

dimensional case we obtain

F{f(x)} = ikf(k),
7 {f” )} = —sz(k)r

1
_ —ikx —ikx
F{o(x—x") =5 / dx = 7€

Taking all the above into consideration, we can express the Fourier transfor of Eq.

(2.8) in the following form

1 —ikr’

A A 1 0 A
12 2 — _ = ,—ikr
k“G(k) + kiG(k) e = G(k) = I k2

27T
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and by taking the inverse Fourier transform of G(k) we obtain

Glp) = — L, 2.10
(p)_(27t)2/]112k2—k% 7 ( )

where p = r —r'. The trick in order to calculate the above integral is to assume that the
k; component of the wavevector k defined in Cartesian coordinates as k = kye, +kyey,

extends in the direction of p, and thus Eq. (2.10) becomes,

1>, ©  dk
Glp) = / kb e, / 7y 211
°)= Gy ¢ oy @11)

Now we can calculate the integral over k, by applying the method of contour integra-
tion. In this respect let us select the upper half-plane as our closed path of integration,

where the contour is closed by a semicircle of infinite radius (R — o), [see Fig. (2.1)].

]f-y - plane

Y

FIGURE 2.1: Integration contour for |ky| > ko, (taken from [16]).

Furthermore, in order to properly calculate the above integral we need to deter-
mine the sign of the difference of the "constant" terms ky, ko of the denomina-
tor ki + k% — k3. In this respect we consider two separate cases: |ky| > ko and
|kx| < ko. For |kx| > ko, we can express the denominator of the integral as ki +
(kK2 —k3) = (ky +iy/K2 — k%) (ky —iy /K2 — k%), which leads to two poles namely
k, = +iy/k3 — k3. However, only the "plus" signed pole lies in the selected contour
of integration, and therefore the main contribution to the integral will be given from

the residue of the polei.e.,

/OO $:2m hm (ky_l\/ﬂ) i
WRTRR R (s i B (B R)  JR R




Chapter 2. Fundamental concepts of Optics 12

Before continuing with the next case, we believe it is instructive to analyze the above
procedure more. Genuinely, using the contour selected in Fig. (2.1), the integral over
k, would be

dk R dk
v lim/ Y iim / a4z 2.12)

K24K2 —k§  Roeo) REKZ+KE—kg  RoeoJo 22 +K3 — kG

where for the second integral we have made the substitution to polar coordinates
k, = z = Re"?, and the integration is over the semicircle with infinitely large radius,
namely C. Earlier we argued that the main contribution to the integral stems from
the residue at the pole [i.e., the first integral of Eq. (2.12)], implying that the second

integral vanishes. This can be shown explicitly as

T iRe'? 1 n i
lim — df =~ lim () / — do = 0.
R—c0 Jg (ReIB) + k2 — k% R—eo \ R/ Jo (eze) + k2 — k%

Considering now the next case, namely |k,| < ko, we can express the denominator
in the form kj — (k§ — k3) = (k + /K5 — k%) (ky — /K5 — k%) Following the same
procedure as before we deduce that there exist two real poles, k, = +1/k% — k2. In
this case, there are 4 possible configurations for the selected contour of integration.

Figure (2.2) illustrates the different available choices of the closed paths. In Fig. [2.2(a)]
we pass the contour over the negative pole, while the inverse choice is made for the
positive pole. Thus, the contribution of the negative pole is zero as it is excluded from
the contour of integration, while for the positive pole we obtain utilizing the residue

theorem that

” 7dky = 27ti hm (ky _ kz ) il
SRR T T () (- R VR

(2.13)

For the second contour configuration shown in Fig. [2.2(b)], we have made the
inverse selection, thus including the negative pole and excluding the positive pole.

The contribution to the integral is

Oodiky:%ri hm (k i kz kz) =— il

(2.14)
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Alm k’u

FIGURE 2.2: All the available integration contours in the case where |ky| < ko, (taken from
[16]).

To calculate the contribution to our integral from the contour configuration shown in

Fig. [2.2(c)], we observe that both poles were excluded from the closed path, and thus

inevitably from the Cauchy’s Principal Value Theorem the total contribution is zero.

When both poles are included, we observe from Egs. (2.13), (2.14) that the residues

are equal but with opposite signs, thus the net contribution is zero again.

We now return to Eq. (2.11) to implement the integration with respect to k,.
Due to the two different cases that occurred, namely |ky| > ko, and |ky| < ko, we
need to separate the integration intervals with respect to them, while checking the
convergence at ky = ko. The latter is trivial because the integration over k, yields
[ dky / ky = [—1/ky] |* , = 0, which makes no contribution. Thus Eq. (2.11) can

be expressed as

neikXp ineikxp

dky £ ————dk, |,
" kel <ko /K3 — k2 '

1

Glo) = (27‘[)2 /Ikx>ko /ki _k(z)

or in their expanded form
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1 —ko  sretksp 0 nezkxp
G(p):zzl/ Tk

—o0 /k% _ k% ko k2
ikxp ikxp
/ 17'[6 / 0 17'(6 k ’ (215)
ko /kz k2 /k2 kz

Oor more Conveniently as
L+L+t (13 + I4)
(2m)?

G(p) =

For clarity we choose to study each integral separately. We begin from the the leftmost,

ko n'elkxp ko e —ikxp
- [

Jie - k2 b=

cos(kyp) —isin(kyp)] dky

0
[, =
SN

Following a similar approach we can express I, in the following form

) +isin(kyp)] dky.

L = / cos
k() / k2

For the other couple of integrals we proceed as follows,

P .
I; = / ' [cos(kyp) — isin(kyp)] dky
\/ K3 — K2
and
ko /
Iy = / [cos(kyp) + isin(kyp)] dk.
A /k2 k2
Interestingly enough "sin" terms vanish upon summation, leading to a much simpler

expression for G,

Glp)= L+bh+(+1L) 1 oo /°° cos(kxp) costksp) 4oy /k cos(kyp) cos(ksp) 4y
(2m) - (2m)’ koo k2 — K2 — K2
(2.16)
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Assuming a change of variables k, = kou, the first integral leads to a known integral

representation of the Neumann function of zeroth order [17],

® cos(kyp) T
————~kodu = —=Yp(kop). 2.17
/1 P L > Yo(kop) (217)

/ COS
ko \/7

For the second integral we assume the change of variable, k, = ko cos 6, which also

leads to a well-known integral representation of the Bessel function of zeroth order,

/ko cos(kyp) _ cos(kop cos f)

/12 k2 /2 V1 —cos26

k sin 6d6

/2 T
= / cos (kop cos ) do = Ejo(kop).
0

Finally the Green’s function of the Helmholtz equation can be expressed as

Glp) = 5= [~ 2 ¥olkop) + 2 Tolkop)] = % Uo(kop) +¥olkop)],

or equivalently

Glp) = Hy' (kop)- (2.18)

2.4 The Rayleigh-Sommerfeld formulation of diffraction

In this section we will develop the foundations of scalar diffraction for 2D optical
waves. While the 3D interpretation of the Kirchhoff and Rayleigh-Sommerfeld in-
tegrals has been extensively studied in the literature, here we emphasize on the
two-dimensional problem which is of our particular interest.

Let us begin with the Green’s Theorem, which is assumed to be the bedrock of
the wave theory of diffraction. This theorem can be stated as follows:

Let U(P) and G(P) be any two complex-valued functions of position, and let T be a closed
surface surrounding a 2D domain Q). If U, G, and their first and second partial derivatives

are single-valued and continuous within and on ()

[ [ (uvic-cviuyds —/ udS U 4,
0 on an
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where % signifies a partial derivative in the outward normal direction at each point

onI’.

Nt

T

FIGURE 2.3: Illustration of the integration domain, (taken from [18]).

Heading now to the problem under consideration, we would like to calculate the
field at any point Py in (2, with respect to the optical disturbance on the boundary of
Q (i.e., I"). A schematic representation is shown in Fig. (2.3). Assuming that U is a
scalar function which satisfies the homogeneous Helmholtz equation Eq. (2.8), and G
is the corresponding Green’s function, we obtain for the first integral of the Green’s

Theorem that

//Q (UV2G — GV2U) ds = //Q [U(-K3G) — G(—K3U)] ds = 0

Thus, the Theorem reduces to

3G _au
o_/, (u%—cﬁ> dl,

where I” is consisted of two curves, namely I" and T'c. The latter is a circle centered at
Py with radius €, while the former is a smooth but otherwise arbitrary curve. As a

result I can be expressed as I = T + T¢, leading to

3G _au 3G _ou
_ /r (u% _ G$> dl = /r (u% _ Gg) dl. (2.19)
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At this point we should highlight that the normal outward vector fi points conven-
tionally outwards in I, but "inwards" and towards to Py on I'c. In order to proceed
with the calculation of the integrals, we first recall the Green’s function G of the 2D

Helmholtz equation obtained in the previous section, at a point P; in I”,
G(P1) (—1/4) (ko?’m)

and
oG(Py)

aH(gl) (koi’()l)
———C
on

81’01

= (—1/4)ko

os(7,1o1),

where Hél) is a Hankel function of the first kind of zeroth order, cos(7i, 151 ) represents
the cosine of the angle between the outward normal vector ii and the vector rg;

joining Py to P;. Furthermore when considering the integration over the inner curve

T, Py lies on T and thus cos(7i, 75;) = —1, and the above equations become
aHS (k
G(P1) = (—i/4)H, )(koe) and 0G(P) _ —(—i/4)ko oHy * (koro1)
on dro1
ro1—€

Taking the limit of arbitrary small ¢, the left-hand side of Eq. (2.19) reads
lim [— u%e Gaudz} — lim [—/ (uaG Gau> ed@]
Te

e—0 d e—0 on 0
HY ou
ro1—€

aH(()l) (k01’01)
e—0
where we have used that d6 = dl / €, df is the infinitesimal angle element and the

= lim |:27'[€(l/4) (koU(PQ)

dro1

integration is over the entire angular space. In order to simplify the above results, we

make the following approximations [17]

H! )(koe) = 1+zgl og (kge) ,

aH(() ) (kor()l)
dro1

_foe ;2 1
4 7Tk0€

To1=€

which lead to

lim [ u%e _ Gaudl} — ore (= i/4) [—kou(Po) <zi1€>] — Uu(py).

e—0 on d
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Finally, Eq. (2.19) can be expressed as

U(py) = /r (ug(n; . G%ﬁf) dl. (2.20)
Taking the above equation as our starting point, we now consider the problem of
diffraction of light by an infinite opaque screen with an open aperture X [see Fig.
(2.4)]. In this case too the closed surface I' is consisted of two curves, namely S;
and S,. Here, S; is lying directly behind the diffraction element, while S is a circle
of infinite radius R — oo around the observation point P, enclosing the domain.

Utilizing Eq. (2.20) we obtain

©(,0G  _oU oG _oUu
U(Py) = /S1 (uan - Gan> dl + . <uan — Gan> dl. (2.21)

FIGURE 2.4: Schematic representation of diffraction by a plane screen [19].

We begin our analysis by calculating the second integral (i.e., over Sy). In this respect

we make use of the following approximations, valid for R > 1,

G(R) = (= i/4)H" (koR) = (= i/4))| —Zpexp i (kR = 7/4)],

9G G _

g—ﬁfv(—i/‘})

2 . .
ﬂkoleeXp [i (k)R — 71/4)].
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Based upon the above approximations we can express the integral over S; in the

following form

aG U . 2 . U
U5, o= /52(— i/4) g P i (koR — 7/4)] (szU—an> di
]2 U

= Sz(— 1/4:) ?koexp[ (kOR— 7T/4)]\/7<1k0u—an> dg,

where as before, df = dl / R, d0 is the infinitesimal angle element and the integration
is over the entire angular space. Taking all the above into consideration, we end up
with the well-known Sommerfeld outgoing radiation condition in two dimensions, or

lim [\F <szU— au)} = 0. (2.22)

R—00 on

Thus the integral over S, vanishes for infinitely large R, and the only contribution to
Eq. (2.21) stems from the integral over S,

U(Py) :/S1 (ugi G%u) dl. (2.23)

At this point the contribution of Rayleigh and Sommerfeld to the theory of scalar
diffraction becomes evident. Sommerfeld proposed that either G or %G can be van-
ished over S;. This means that either U or a U will be eliminated respectively, thus
obviating the need for imposing boundary conditions on both U and 9 at the same
time. Nevertheless, the particular choice of the function G must satisfy the homo-
geneous Helmholtz equation and fulfill Sommerfeld’s radiation condition. A valid
choice of the function G as Sommerfeld suggested will be the following: Suppose G
is generated not only by a point source located at Py, but also simultaneously by a
second point source at a position Py which is the mirror image of Py on the opposite
side of the diffracting element [see Fig. 2.5)]. This assumption is valid because the
mirror source lies outside the contour of integration under consideration, and thus

does not add to the value of the integral. The particular choice of the Green’s function

reads

G- (P1) = (—i/4) [Hy" (koror) — H{" (korfn) | (2.24)



Chapter 2. Fundamental concepts of Optics 20

FIGURE 2.5: The Rayleigh-Sommerfeld representation of diffraction by a plane screen , (taken
from[19]).

which vanishes in S; (assuming an infinitesimally thin opaque screen). As a result, it

is sufficient to assume that only U is vanishing in 5;\X leading to

U(py) = /)2 ua;dz, (2.25)

which is known as the first Rayleigh-Sommerfeld solution. Interestingly, we can
further simplify the above formula for the particular choice of the function G. To

accomplish this we note that,

aa% = <—i> 0 [Hél)(korm)} cos (R, ro1) + <;> ad [H(gl)(kor&)} cos (ﬁ,rﬁl)

?01 81’61
o (B 0 g & o _ 596
=2 ( 4> ko oron [HO (korm)] cos (1, rp1) =2 3
where we have utilized that on X cos (ﬁ, rgl) = —cos(n, 1g1) and rg; = rp1. Finally

the field at a point Py behind a planar screen in the two-dimensional configuration is
given by
U(Py) = 2/ uCa. (2.26)
y on

When considering a 3D configuration, instead of using a Green'’s function in the form
of a Hankel function, we can assume spherical waves of unit amplitude or more

specifically G(R) = %. Following the same procedure as before, the equation
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above can be expressed as

1 oG

where now X is the surface of integration, and ¢ is the infinitesimal surface element.

2.5 The Fresnel diffraction integral

Seeking for solutions of the paraxial Helmholtz equation, the Fresnel diffraction inte-
gral provides us exact and in many cases closed form expressions for the propagation
of paraxial optical waves. Despite that the Rayleigh-Sommerfeld formulation of
diffraction consists a more robust tool in studying wave-propagation phenomena,
the Fresnel diffraction integral is considered as a very good approximation in the
case of rays propagating close and at small angles with respect to the optical axis.
The physical description of diffraction of light reads: Considering the illumination of
an aperture with coherent light (e.g., spherical waves). We would like to obtain an
expression for the amplitude of the optical field in the diffraction pattern placed at a
normal distance z away from the aperture. In more details, as we see in Fig. 2.6, we
assume that the illuminating aperture is placed in the (¢, 7,z = 0) plane, whereas the
diffraction pattern is formed at a distance z away from the diffracting aperture, in the
(x,y) plane, parallel to (¢, 77). The distance r,;, between two points P; and Py of the

illuminating plane and the observation plane can be explicitly calculated by

==+ -9+ 2, 2.28)

and thus the contained angle between r; and a normal vector pointing towards
positive z, is given using simple trigonometric formulas by cos 8 = z/r;. Utilizing
Eq. (2.27), we can calculate the optical field at the observation plane ¥(x,y) for a

given optical wave at the input plane ¢ (¢, 7) from

exp (zkord)
Ployz) = = / / SR deay. (2.29)

d
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z

FIGURE 2.6: The diffraction geometry, showing the illuminating aperture positioned at
(¢,n,z =0), and the diffraction pattern constructed at (x, y, z), (taken from[19]).

At this point we should highlight that our calculations are valid as long as the width
of the aperture is larger than the wavelength of the illuminating beam, and that
the distance between the initial and the observation plane is much larger than the
wavelength, r; > A.

While the evaluation of Eq. (2.29) is complicated, Fresnel’s approximation con-
tributed in order to simplify the procedure significantly. His method is based on
approximating the distance between Py and P; through the binomial expansion of Eq.

(2.28). In order to avoid long formulas in the series expansion we assume

pi=x—-8+w—n)?,

/ 2
ra=\/pi+2er =2 1—|—%. (2.30)

Then, calculating the binomial expansion of the square root while retaining terms up

which leads to

to first order we obtain

1
Vitx=1+3x (2.31)
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which indicates that r; can be simply approximated by r; &~ z [1+ p3/(2z%)] or

equivalently in terms of the variables of the reference frame as

1/x=g\? 1 (y—n\°
1+2( - >+2( - )] (2.32)

Before we proceed with the direct substitution of the above equation to Eq. (2.29), we

Yg~ 2

believe it is more instructive to first address some aspects of this procedure. In this
respect, we would like to discuss whether the full form of Eq. (2.32) is necessary, or
we can further simplify it in order to obtain a more simple and easy to use expression.
We begin with the phase term or more specifically ¢/0"#, where rapidly growing errors
can be generated easily. This is because the phase terms are exhibiting very fast
oscillations in general, where small variations of their argument leads to significantly
modified behavior of both their real and imaginary parts. Adding to this the fact
that k can be selected to be very large depending on the wavelength of the optical
wave, we conclude that both terms of the binomial expansion are necessary for this
particular case. On the other hand, r; is also appearing on the denominator of Eq.
(2.29). However in that case, 1 / rﬁ is a much smoother function than the sinusoidal
function ¢4, and thus for brevity we can neglect the terms appearing in the square
brackets of Eq. (2.32) at small cost (i.e., without generating a rapidly growing error).
Finally, taking into account all the above, we can express the optical field at the

observation plane by utilizing Egs. (2.29), (2.32) as

ZkoZ

wen) =50 [ [ vemen {32 (-0t + -] paean.  @3)

These type of integrals are also appearing often when we study wave propagation
problems with radial symmetry, such as the propagation of abruptly autofocusing
beams. In this respect, we believe it is useful to obtain a similar expression for the
propagation of radially symmetric beams utilizing the more convenient radial rather
than Cartesian coordinates. To begin with, we consider the polar coordinates r =
V22 +y? and 0 = arctan (y/x), p = /&2 + 4% and ¢ = arctan (77/&), where x =
rcosB, ¢ = pcos¢ and y = rsinb, y = psin¢g. When using Cartesian coordinates

an infinitesimal area element can be calculated as dA = dxdy, whereas in the case
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of polar coordinates the Jacobian determinant of the conversion formula has to be

considered
Q@) |3 5| _|cos9 —psing|
F) ey oy | -
(0, 9) > % sing pcos¢

Thus, an area element in polar coordinates can be expressed as dA = pdpd¢. Further-

more from the phase terms involved in the Fresnel integrand we obtain

(x =& 4 (y—5)* = r* + p? — 2rpcos 6 cos g — 2rpsin f sin

=12 + p* — 2rpcos(¢ — 0)

Substituting the latter to Eq. (2.33) we obtain

ikoz  roo k 27 k
(r,0,z) = i’/\z /0 (o) exp [ (r* + p? } pdp/ exp [ X070 os (¢ — 9)} do,
(2.34)

or equivalently

k ikoz oo k ) 2 2
9(r,0,2) = = /O e (o) Jo <°er> exp <zkor ;’))dp (2.35)

iz

where kg = 271/A, and we have also utilized the integral representation of a zeroth-
order Bessel function
1

2r
E/o exp(—ix coss)ds. (2.36)

Jo(x) =
Interestingly, we encounter similar type of integrals when studying the propagation
optical vortices. More specifically, we consider the more general case of an optical
vortex with topological charge n, and assume as our starting point Eq. (2.34). By

decomposing the input wave excitation into amplitude and phase as ¢(p,v) =

A(p)e?P)+ime where v = 6 — s, we can rewrite Eq. (2.34) as

ZkoZ+ll’l9 21 0 COS §
T iz / / pA(p)e?™ ity R dsdp. (2.37)

Implementing first the integration over s, and utilizing the integral representation of

a Bessel function of order n in the following form
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Z‘*I’Z

27
Ju(x) = E/o exp (—ins — ixcoss) ds, (2.38)

we can express the Fresnel-type integral of diffraction as

k eikoz+in9 S kr o 2402
P(r,0,z) = OiV‘T/o pA(P)], <Zp> eiP+iko = dp (2.39)

Interestingly, we note that in the special case of zero vorticity, n = 0 and ¢(p) =

A(p)e?®), thus Eq. (2.35) is recovered.

2.6 Paraxial approximation

We consider the (2 4+ 1)D Helmholtz equation which governs the propagation dy-

namics of any optical wave
(V2+K3) ¢(x,y,2z) =0, (2.40)

where x, y and z are the transverse and the longitudinal coordinates respectively, ko
is the wavnumber and ¢ is the wavefunction. We choose 1 to modulate accordingly
to 1 = u(x,y,z)e?. Substituting the latter to Eq. (2.40) we end up with

02 2?2 9

5 (1028 ) + [axz * ayz] (u(x,y,2)e%) + Ku(x,y,2)e= = 0. (241)

Before we continue, for clarity let us calculate the involved derivatives with respect

to z separately

pe [u(x, y,z)eikoz} = a”(g’zy’z)eikoz + ikou(x, y, z)e

ikoZ

and

2 , . .
;ZZ [u(x,y,z)elkﬂz] = 8?2 [au(g’zy’z)elkoz + ikou(x,y,Z)elkoz

~ %u(x,y,z)

0 e 1 2ikg au(g'zy'z)eikoz — Ku(x,y,z)e*?  (2.42)
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Considering an important interpretation of geometrical optics, that in the paraxial ap-
proximation u(x, y, z) varies so slowly with z, that is its second derivative is relatively

small compared to the other terms or equivalently,

o%u

ou
’9| <<\k$|/

and thus Eq. (2.42) can be approximated by

82

3722 {u(x, Y, Z>eikoz} — 2ikoau(g’zy’z)eikoz _ k%u(x, y, Z>eik0z.

Taking into consideration all the above, we can now express the Helmholtz equation
under the paraxial approximation in the following form

du

V2 u + 2iko =

0. (2.43)

2.7 Method of stationary phase

When considering a differential equation, the derivation of an exact solution in closed
form is very rare. In this "unfortunate" case when the solution of the differential equa-
tion of interest cannot be expressed in terms of elementary functions, "fortunately” it
is possible sometimes to obtain the intended solution as an integral representation.
Such integral representations can be utilized to describe the physical phenomenon
under observation in many interdisciplinary fields, such as in fluid mechanics, elec-
tromagnetic and acoustic waves, and many more. Here we emphasize in the field of
optics, where as we have already seen in previous sections in the case of the Fresnel
approximation and in the Rayleigh-Sommerfeld formulation of diffraction, integral

representation of the following form

I(k) = [ z F(1)ekP 0 d, (2.44)

appear rather frequently in the mathematical modeling of the propagation of any
optical wave. Furthermore, the asymptotic expansion of integral representations is
proved to be a very useful tool not only as it simplifies the calculation of such integrals,

but also because all of the special functions such as Bessel, Airy, Gamma, parabolic
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cylindrical, and hypergeometric which frequently encountered as particular solutions
of the wave equation, have integral representations. Interestingly, the asymptotic
properties of these special functions are defined from their integral representations.
Depending on the exact form of Eq. (2.44), various techniques have been developed
to evaluate such integrals, for example integration by parts, Laplace’s method, and
the method of steepest descent. Here, we mainly focus on the method of stationary
phase [20]. Before proceeding with the details of this method, we would like to note
that Eq. (2.44) is just the Fourier transform of f when ¢(t) =

Let us begin with the necessary assumptions, that f is continuous, ¢ is twice
differentiable and has a single stationary point in the interval [a, b] at t = ¢, such that

¢'(c) = 0and ¢”(c) # 0. The leading behavior of Eq. (2.44) can be calculated from

0~ [ e {ik oo + Lm0 ba,

where R is small and k is very large. The procedure of calculating the above integral

can be simplified significantly by assuming the change of variables

2 29’0 _ 2
Ut = (t—c) 5 k, dt =dt Aol

where y = sgn ¢”(c). Thus, we can rewrite the above integral as

R\/A97(0) /2]
I lk"’ / iut?) dr.
(k) \/M,u k) W' 3 exp [int?]

For infinitely large k the last integral reduces to [°, exp (iut?) dt, which can be

evaluated exactly as

/00 int _/ zyr dt + / lyT dt= / 1y1 —T) i /°° eiHTszzz /00 ei‘u-ﬂdT
0
in 1/2
:264/ e d r—2[/ / e”ery)dxdy]

/2 172 iy
[/ / e W’pdpde] =re+,

where in the second line we have assumed the change of variables T = re'™/4, and

in the third line we have transformed to polar coordinates p, 6. Finally the large k



Chapter 2. Fundamental concepts of Optics 28

behavior of Eq. (2.44) is given by

2 inp

1(k) ~ e*?€) £ (c) el et . (2.45)

In Fig. (2.7) we depict the real part of the integrand quantity of Eq. (2.44) [i.e.,
f(t)e#1)], for various functions of the phase ¢(t). Furthermore, for simplicity we
have selected f(t) = k = 1. In the first subfigure we choose ¢(t) = t and thus the real
part results to Re{ f(t)e’* } = cost. Interestingly, in this case ¢’(t) = 1 and thus we
have no stationary points. In the second subfigure the phase is ¢(t) = (t — 5) which
results to a stationary point at t = 5. As we can see the integrand near the stationary
point, clearly oscillates slower in comparison of the leftmost and rightmost regions.
This indicates that the contribution to the integrals from these regions is negligible
compared to the contribution from the neighborhood of the stationary point. Similar
results can be extracted from the third and fourth subfigures, where the phase is

¢(t) = (t+5)° and ¢(t) = t* respectively.

cos t
o
T
1

cos (t-5)2
o

cos (t+5)3
o

FIGURE 2.7: Illustration of the oscillating functions cost, cos(t — 5)?, cos(t 4 5)° and cos t*.
Except from the first subfigure, all other cases exhibit stationary points from which the main
contribution to the leading behavior of Eq. (2.44) stems.



29

Chapter 3

Propagation of accelerating beams

in the paraxial domain

3.1 Introduction

In 1979 Berry and Balazs predicted that the potential-free Schrodinger equation admits
solutions of the Airy type [4]. Those solutions are diffraction-free and propagate along
parabolic trajectories. Almost thirty years later, optical Airy waves were predicted
and experimentally observed by Siviloglou and Christodoulides [1, 2]. This was a
significant breakthrough in the field of Optics and inspired many theoretical and
experimental studies. Over the last dozen of years a lot of effort has been put on
optical waves with pre-engineered trajectories, which has resulted in generating
novel classes of waves and very promising applications. Importantly, different classes
of paraxial accelerating beams following convex but otherwise predefined arbitrary
trajectories can be generated by engineering the phase profile of an optical wave
[21, 22, 23]. In a different configuration, the propagation of Bessel-like beams, which
by definition propagate along a straight line, can be significantly altered in order to
follow even convex trajectories [24, 25]. Mainly owing to their significant applications
a new class of accelerating beams introduced, which exhibit an almost constant
intensity until a specific point where it suddenly autofocuses, resulting to a radical
increased intensity contrast by orders of magnitude. This class of beams is known
as abruptly autofocusing waves, with their main representative being the radially

symmetric Airy beams [26].
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While there are some works discussing particular cases of amplitude manipulation
of accelerating beams [27, 28], in the bibliography since today there is no systematic
method resulting to the independent control of both the trajectory and the amplitude
along the trajectory of an accelerating beam. This is mainly due to the fact that most
studies have been focused on engineering the trajectory, and do not take into account
other important beam parameters such as the amplitude and the beam width. The
prospect of being able to independently control such parameters will be important in
applications such as particle manipulation, where the absence of deviations in the
maximum amplitude of the beam is crucial, in order to transport particles through
radiation pressure efficiently.

In this chapter, we show an effective method to generate fully-controllable accel-
erating beams in the paraxial domain, by modulating their propagation parameters
such as trajectory, amplitude and beam-width. To gain control over those parame-
ters, we need to engineer both the amplitude and the phase on the input plane. We
obtained closed-form expressions describing the propagation of such beams, which
explicitly show that the amplitude of the propagating beam can be expressed with
respect to the initial amplitude and the geometrical characteristics of the trajectory,
while the beam-width solely depends on the curvature of the trajectory. Through our
procedure, we demonstrate that the generation of accelerating beams exhibiting pre-
designed maximum intensity and beam-width along predefined curved trajectories,

is possible.

3.2 Amplitude and trajectory/beam-width engineering

The propagation dynamics of an optical beam in (1 + 1)D configuration is governed

by the Fresnel diffraction integral,

) _ 2
#02) = s | @ e 255 e, 61

where x is the transverse and z is the longitudinal propagation direction, k = 27t/A, A
is the wavelength, and ¢ (x) is the optical wave excitation on the input plane (z = 0).

By decomposing 1y into amplitude and phase as ¢o(x) = A(x) exp[i¢(x)], we obtain
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the total phase ¥ of the Fresnel integral in the following form

(x = §)?
2z

Y(Gx,2) = ¢(8) +k (3.2)

Expressing the total phase as above, is advantageous in applying the Stationary
phase approximation to our problem. The first order stationarity of the phase, that is
0:¥ = 0, yields the ray equation which is x = ¢ + z¢' () /k, while from the condition
of the second order phase stationarity we can parametrically express the trajectory of

the propagating beam in terms of ¢,

(), 2e(2)] = (cc - jjf:))— ¢,,§‘§C)), (33)

where subscript ¢ stands for caustic. From our perspective, what seems to be more
interesting is the inverse problem. More specifically, we would like to appropriately
modulate the phase on the input plane in terms of a convex but otherwise arbitrary

predefined trajectory of the form,

Xc = f(zc)- (34)

In this respect, we consider that the trajectory is formed by an envelope of straight
lines each one of them is tangent to a specific point (x, z.) of the beam’s caustic and

described by a ray equation, resulting to,

dp . dflzc(¢)]
i k R (3.5)
where z. is calculated from
é = f(zc) - Zcf/(zc>- (36)

At this point we should mention that since in the general case of a forward propagat-
ing beam, a power-law trajectory is defined only for positive values of z, the second
derivative of the initial phase should be negative, (¢” () < 0), so as the parametric
expression of z, from Eq. (3.3) to be well defined.

Furthermore, we are interested in obtaining an expression for the amplitude close

to the caustic. Towards this direction, firstly we would like to obtain an analytic
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expression describing the evolution of the field in a region near the caustic [29].
To accomplish this, we expand the phase in a Taylor series around the perturbed
variables x = x. + Jdx, { = . + 6¢, while we keep a constant value for z = z. and

retain terms up to cubic order [i.e., (6x)1(5¢)k, j+k<3],

Y (x, &) ~¥e + 0¥ (6x) + 0¥ (5¢)
+ % [aﬁwc(axf +20,0: ¥ (6x) (68) + 8%‘1%((5@)2}
- % [8§Tc(c5x)3 +3070: Yo (6x)%(68) 4 30,95 ¥ (6x) (68)* + agwc(ag)ﬂ .

3.7)

Finally, assuming a slow variation of the amplitude A with respect to ¢ while substi-

tuting Eq. (3.7) back to Eq. (3.1), we obtain after integrating over 4¢,

7'(4231(2 1/6 _
¥ =2A(%) < N > e’® Ai(s(2k*k)Y36x), (3.8)
where & = ¢ + k(ng)z — Zand
d*f(zc)
K(z) = il (3.9)

is the curvature of the trajectory in the paraxial approximation, s = sgn [‘12572(?)} is
the sign of the curvature, Ai is the Airy function, and for simplicity we have replaced
¢ with ¢.

Having obtained a formula which describes the behavior of the field near the
trajectory of the propagating beam, we can now extract some very useful results. To
begin with, surprisingly the solution obtained from Eq. (3.8), indicates that close to
the caustic the optical wave is described by an Airy function that varies linearly with

dx, independently of the trajectory initially assumed. Furthermore the beam width

which can be expressed as
1

w(z) = —,
[2k2x(2)]"

modulates inversely with the cubic root of the paraxial curvature of the trajectory.

From this we deduce that a beam has constant width if and only if the curvature of

its trajectory is constant. This statement suggests that the only family of accelerating
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waves that have constant width, are those of the Airy type following a general
parabolic trajectory of the form x. = sg + s1z + sz2, with sj being arbitrary constants.
As we mentioned at the beginning of the analysis, the amplitude of the beam along
the curved trajectory is of our particular interest. Equation (3.8) implies that it
depends not only on the initial amplitude A(¢) but also to the geometrical properties
of the trajectory: It is proportional to the beam curvature x and the distance from the
incident plane z.

This procedure led us to generate beams with predefined trajectory or beam width.
Furthermore, by appropriately selecting the amplitude on the input plane we can
also design beams with pre-engineered maximum amplitude along the trajectory. To

this end, utilizing Eq. (3.8) we can choose the initial amplitude as

1/6
A(g) = u[zc(g)]< A ) , (3.10)

23 K223

where U(z) = {max(|(x,z)|),x € R}, is simply the intended amplitude along the
trajectory. We note that the above equation occurred after some minor approximations,
however it is selected as it nicely illustrates the dependence of the amplitude of the
beam on the initial amplitude and the geometrical characteristics of the trajectory,
as mentioned before. Furthermore, numerical results presented next highlight the
accuracy of this formula.

Although different classes of convex trajectories can result to closed-form expres-

sions, here we only consider the case of power-law trajectories,

xe = f(zc) = Bz, (3.11)
with & > 1. Following the calculations presented earlier and more specifically by

utilizing Egs. (3.5), (3.6) we firstly obtain the phase on the input plane,

_ —kﬁl/“aZ (_g)Z—l/zx
(P(é)_(oc—l)l—l/“ 20—1 '

(3.12)
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for ¢ < 0. Additionally, for the amplitude on the input plane Eq. (3.10) can equiva-

lently expressed as,

1/6
U(z) A
A[Zc(é)] = 23 < [(X((X ~ l)ﬁ]22£2a_1)> ’ (313)

where we assumed that the intended amplitude along the curved trajectory varies

1/
relatively slowly with ¢, and z.({) = [ B } ", A uniform constant amplitude

a—1)

along the trajectory i.e., U(z.) = C, will be very useful in applications such as

particle manipulation. In this respect, we can select the initial amplitude to modulate

1

accordingly to A(¢) o o/

Interestingly, for the case of a parabolic trajectory

(v = 2), we recover the characteristic amplitude profile A(() o W of the Airy

function. The properties of the width of the propagating beam can be clarified by

expressing w as
1
[2k2Ba(a — 1)z2—2]1/37

w(z) =

which indicates that it decreases with z for & > 2, and increases with z for & < 2.
More importantly, we conclude that the only trajectory that the beam-width remains
invariant with the propagation distance is the parabolic, as it was expected, recalling
that Airy beams following parabolic trajectories are the only non-diffracting solutions
of the paraxial wave equation with one transverse dimension.

Finally, before proceeding with our simulations we note that in all figures the
coordinates used were normalized. To obtain dimensionless parameters we scale the
transverse and the longitudinal coordinates as x — xox and z — kx3z respectively,

while we assumed k = 1 in all cases.

3.3 Numerical Results

To begin with our first propagating scenario, we assumed an accelerating beam
following a parabolic trajectory of the form mentioned in Eq. (3.11) with a = 2
and B = 1072. In Fig. 3.1 we show the evolution dynamics (first column), the
maximum amplitude (second column), and various intensity cross-sections selected
at different propagation distances (third and fourth column). In the three rows,

different functional forms of the maximum amplitude along the caustic U(z.) are
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selected. More specifically in the first row the amplitude is constant, while in the
second and third row we have selected a Gaussian and a sinusoidal modulation of the
amplitude profile. In all cases the predesigned amplitude along the trajectory (black
circles) agrees well with the numerical result obtained. Although, in the first and
second row a small propagation distance is necessary before the maximum amplitude
reaches the predicted value. More specifically, during this transition distance the
numerical value of the maximum amplitude is underestimated, although it gradually
increases in order to match the theoretical value. This issue is not apparent in the
second row where the selected functional form of U(z) i.e., a Gaussian amplitude
profile, exhibits smooth changes in comparison with the two other cases. In the third
and fourth column, a comparison between the transverse intensity cross sections with
the theoretical model Eq. (3.8) represented by black circles is shown. Interestingly, the
theoretical prediction is in excellent agreement with the numerical data both in terms
of the amplitude and in terms of the width. Additionally our formula describes well
not only the main lobe (the neighborhood of the area where the caustic is formed),
but also several other consecutive lobes. This result is surprisingly accurate taken
into account that in our calculation dx is taken to be small. The predesigned trajectory
is represented by a white and black dashed curve in the figures of the first column,
while horizontal and vertical dashed lines indicate the propagation distance at which
each cross-section is selected.

To continue with the next case, we assumed another power-law trajectory with
« = 3/2and B = 1/5. The configuration of Fig. 3.2 is similar to the previous case.
However, here we have utilized three different functional forms for the intended
amplitude along the trajectory. More specifically in the first row we have selected
a constant amplitude profile, while in the second and the third row an elevated
Gaussian and a sinusoidal respectively. Although smaller, the transition region until
the beam reaches its intended maximum amplitude is evident in this case too, mostly
in the first two rows. Again the fact that the selected functional form of U(z) in the
third row varies slowly with z, minimizes this effect. Moreover, the intensity cross
sections shown at the third and fourth column demonstrate the comparison of the
numerical data with the theoretical prediction [Eq. (3.8)]. The theoretical predicted

curve (black circles) agrees well with the numerical results (solid line), both as it
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FIGURE 3.1: Accelerating beams following a power-law trajectory [Eq. (3.11) with a = 2
and B = 1072]. In the first column we can see the amplitude dynamics and the theoretical
prediction for the trajectory (dashed curve). In the second column the maximum amplitude
as a function of the propagation distance (solid curve) along with the theoretical prediction
(shown in circles) is depicted. In the third and fourth columns, cross sections of the beam
intensity at different propagation distances are presented with the theoretical predictions
shown in circles. In the three rows the theoretical maximum values of the field amplitudes
are U(z) =1, U(z) = exp[—(z — 160)?/100?], and U(z) = 1+ 0.5sin?[(z — 160) /80], respec-
tively. The horizontal dashed lines in the first column, correspond to the cross sections shown
in the third and fourth columns.

concerns the amplitude and as it concerns the frequency of the first and subsequent
lobes. In each row both cross sections shown, were selected at different propagation
distances, but pictured at the same intensity scale in order to visualize the modulation
of the selected amplitude profile. White-black dashed curve shown in the subfigures
of the first column, represents the predesigned trajectory of the propagating beam.
To highlight the potential of our method, as a final case we study the propagation
of an accelerating beam following a cubic trajectory. In Fig. 3.3 three different
functional forms for the amplitude along the trajectory U(z.) were presented. More
specifically, in the first row we have selected a constant amplitude, while in the second
and third row a sinusoidal and a sigmoid modulation of the maximum amplitude are
shown respectively. As in the previous cases, in the last two columns we show the
comparison between numerical data and the theoretical model for various intensity
cross-sections selected at different propagation distances. Numerical results obtained

agree well with the theoretical predicted values from Eq. (3.8). Horizontal and vertical
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FIGURE 3.2: Accelerating beams following a power-law trajectory [Eq. (3.11) witha = 3/2
and § = 1/5]. In the first column we can see the amplitude dynamics and the theoretical
prediction for the trajectory (dashed curve). In the second column the maximum intensity as a
function of the propagation distance (solid curve) along with the theoretical prediction (shown
in circles) is depicted. In the third and fourth columns, cross sections of the beam intensity
at different propagation distances are presented with the theoretical predictions shown in
circles. In the three rows the theoretical maximum values of the field amplitudes are U(z) = 1,
U(z) = 0.5+ 0.5exp[—(z — 160)2/110?] and U(z) = 0.1z + 6sin?*(z/80), respectively. The
horizontal dashed lines in the first column, correspond to the cross sections shown in the
third and fourth columns.

dashed-lines shown in the first and second column respectively, indicate the exact
propagation distance at which each cross section is pictured. Despite the overall good
resemblance between the theoretical model and numerical results obtained, some
deviations are evident mainly in the subfigures showing the maximum amplitude
along the propagation distance in the first and second row. Having demonstrated
all three cases with respect to the power-law trajectory we have enough results to
address this phenomenon.

In order to have some results to reference at, we shall compare numerical sim-
ulations in Fig. (3.3) with the relative simulations in Fig. (3.2). More specifically,
we would like to discuss the case of the constant amplitude shown in Figs. [3.3(a),
3.2(a)]. We can see that for the cubic trajectory the numerical value of the maximum
amplitude converges to the theoretical value at approximately z = 100, while in
the second case the convergence of the numerical results with the predicted values

has been achieved at z = 60 already. Thus the transition region for the latter case is
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FIGURE 3.3: Accelerating beams following a cubic trajectory [Eq. (3.11) with « = 3 and
B = 1/32000]. In the first column we can see the amplitude dynamics and the theoretical
prediction for the trajectory (dashed curve). In the second column the maximum intensity
as a function of the propagation distance (solid curve) along with the theoretical prediction
(shown in circles) is depicted. In the third and fourth columns, cross sections of beam intensity
at different propagation distances are presented with the theoretical predictions shown in
circles. In the three rows the predicted maximum values of the field amplitudes are U(z) =1,
U(z) = z+15sin(z/20), and U(z) = 1+ tanh[0.015(z — 160) /2], respectively. The horizontal
dashed lines in the first column, correspond to the cross sections shown in the third and
fourth columns.

significantly smaller compared to the former. This can be explained by considering
that at early stages of propagation the paraxial curvature x is smaller in the trajectory

shown in Fig. (3.3) compared to Fig. (3.2).
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Chapter 4

Propagation of accelerating beams

in the nonparaxial domain

4.1 Introduction

Over the last dozen of years, a lot of different classes of accelerating waves with
engineered trajectories have been generated, both in the paraxial and in the nonparax-
ial regime [21, 22, 23]. In this chapter we focus on the propagation of nonparaxial
accelerating beams. Such beams are advantageous in the sense that their trajectory
can bend at very large angles [23, 27, 30]. In this respect, accelerating beams following
circular trajectories and exhibiting non-diffracting features were proposed in the
form of Bessel-like beams [31, 32]. Additionally, new classes of accelerating beams
exhibiting shape-preserving propagation on elliptic and parabolic trajectories in the
form of Mathieu and Weber wavefunctions, were observed [33, 34, 35]. Abruptly
autofocusing waves propagating under nonparaxial settings, exhibiting improved
focusing characteristics were demonstrated [36]. Furthermore, Bessel-like beams
propagating along curved nonparaxial trajectories were theoretically proposed [37].
Quite recently, nonparaxial accelerating beams following various convex trajectories
have been studied and their phase profiles were calculated explicitly [27].

In the case of beams propagating along straight lines such as Bessel beams, it was
shown that their longitudinal intensity can be engineered to almost any desired shape
[38]. For beams propagating along curves, while the control of their trajectory has
been accomplished, there are still propagation-defining features such as the amplitude

and beam-width that up to now remain unexplored. In the bibliography there are



Chapter 4. Propagation of accelerating beams in the nonparaxial domain 40

some works discussing the amplitude engineering of accelerating waves, such as the
propagation of accelerating beams with a periodic amplitude profile [28], and the
generation of Airy beams considering an amplitude correction factor to compensate
for propagation losses [39]. However, to our knowledge no systematic method exists
in order to independently control the trajectory, the amplitude along the trajectory,
and the width of an accelerating beam.

Here we propose an effective method for generating nonparaxial accelerating
beams that follow convex but otherwise arbitrary predesigned trajectories, while their
amplitude profile is pre-engineered. To accomplish this, we need to appropriately
modulate the amplitude and the phase on the input plane. The analytic expressions
obtained in order to describe the propagation of such beams, indicate that the result-
ing beam-width solely depends on the curvature of the trajectory. As a result, curved
accelerating beams in the nonparaxial regime with fully-controllable propagation fea-
tures such as trajectory /beam-width and maximum amplitude, are possible. Beams
exhibiting those highly desirable features can find numerous applications in research
fields including, particle manipulation [40, 41, 42, 43, 44], micromachining [45, 46],
filamentation [47, 48] and electric discharge generation [49], where the precise control
over the properties of the beam is important. Finally we note that, despite we only
study trajectories yielding to closed-form expressions for the phase profile of the
propagating beam, our methodology can expand to the case of any arbitrary convex

trajectory by applying numerical calculations.

4.2 Amplitude and trajectory/beam-width engineering

We consider the propagation of a monochromatic optical wave in a homogeneous
isotropic medium with refractive index n. The associated electric field is selected to be
polarized along the y-direction while, it depends only on the transverse coordinate x
and the longitudinal coordinate z as, E = §i(x, x)e~'“*. The propagation dynamics of

an arbitrary initial condition (&) is governed by the Rayleigh-Sommerfeld integral

xz—2/ o (& “‘f)g 4.1)
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where G(x,z;¢) = (—i/4)H(gl)(kR), Hél) is a Hankel function, k = "¢ = 21,
R = /(x — &)?+ 22, and 1 is decomposed into amplitude and phase as p(x) =

A(x)e'**). Thus, the total phase involved in the Rayleigh-Sommerfeld integral is
given by
¥(x,82) = (2) +ky/ (x = &)+ 22 (42)

Expressing the total phase as above, is advantageous in applying the Stationary
phase approximation to our problem. The first order stationarity of the phase, that
is 0;¥ = 0, yields the ray equation which is x = ¢ + R‘PT@), while from the condition
of the second order phase stationarity we obtain the prediction for the trajectory.
However, we are more interested in solving the inverse problem. More specifically,
we would like to determine the phase that is required in order to generate a beam with
a convex but otherwise arbitrary trajectory x. = f(z.). In this respect, we consider
that the trajectory is formed by an envelope of straight lines, each one of them is

tangent to a specific point (x, z.) on the beam’s caustic, and is described by a ray

equation resulting to,
Zc)
22

o, f

— 4.3
ac. 1+ (f )

(
(
where prime denotes the derivative, and z.(¢) is calculated from ¢=f(z.) — z.f'(zc).
As it was shown in [27], Eq. (4.3) can be analytically integrated in the case of convex
accelerating trajectories such as circular, elliptic, power-law and exponential. In a
different case, numerical calculations should be utilized.

In order to describe the propagation of a nonparaxial accelerating beam with fully
controllable propagation parameters such as trajectory amplitude and beam-width,
an expression for the evolution of the field near the caustic is necessary. To accomplish
this, we expand the total phase in a Taylor series in the neighborhood close to the
caustic described by the variables, § = ¢ 4 6¢, x = x. 4 dx, while we keep z constant

at z = z. and retain terms up to cubic order [i.e., (6&)/(6x)*, j +k < 3],
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¥ (x, &) ~¥, + 9x ¥ (6x) + 0¥, (52)

+ % (329, (6)2 + 20,0 ¥, (6) (62) + 2. (62
1

"%

[aS;\PC((SxF +3029: ¥ (8x)2(5¢) + 3920x . (68)%(8x) + agwc((sg)ﬂ .

(4.4)

Finally, assuming a slow variation of the amplitude A on the input plane so as to
A(&; + &) = A(&.), while substituting Eq. (4.4) back to Eq. (4.1) we obtain after

integrating over 4¢,

1/6
P = 2A(C) ( ”4§3K2> ¢ Ai [—SIZ;C(Zsz(zc))U?’(Sx , (4.5)

where s = sgn(z(), Rc = R(x¢,z¢,¢c), & = kR; + ¢ — § and for simplicity we have

replaced ¢. with ¢. Furthermore the curvature of the trajectory is defined by

f" (2| _ oz
1+ (f(z)¥?*  RElz(@)]

K (ZC) = (4.6)

At this point we would like to make some comments on the results we obtained.
To begin with, as in the paraxial regime the field near the caustic is described by
an Airy function which varies in a linear manner with Jx, independently of the
trajectory assumed. Secondly, by direct inspection of Eq. (4.5), we deduce that the
amplitude along the trajectory [U(z.(¢) = max || : x € IR]|, depends both on the
initial amplitude and on the geometrical features of the trajectory. Taking the above
into account, we can control the maximum amplitude of the propagating beam by

appropriately selecting the amplitude on the input plane as

z 1/6
4@ =F0 G (i) u)

where F(¢) is a sigmoid function properly selected to smoothly annihilate the ampli-
tude in the region where the phase and the curvature were not defined. While some
minor approximations have been applied in order to derive Eq. (4.7), the expression

for the initial amplitude in this form is preferred in order to highlight its dependence
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to both the intended maximum amplitude and the geometrical properties of the
trajectory. Furthermore, numerical results presented next verify the accuracy of this
formula.

Moreover from Eq. (4.5) we obtain an analytic expression for the beam width,

Rc

Tz [2k2k (z)]1/37 “8)

w(z)

which clearly indicates the dependence of the width to both the curvature and the
geometrical features of the trajectory. More importantly we can simplify the above
expression by assuming a coordinate system that follows the beam trajectory (x, z.).
In this particular case Eq. (4.8) can be simplified significantly and expressed in the
following form

1

w(z) = W (4.9)

In view of Eq. (4.9), we deduce that as the curvature increases the beam width be-
comes smaller. We should also mention that since the circle is the only trajectory with
constant curvature, only beams propagating along circular trajectories exhibit con-
stant beam widths. Interestingly Eqgs. (4.8), (4.9), highlight the possibility to generate
nonparaxial accelerating waves with predesigned beam width, by engineering the

curvature of the intended trajectory.

4.3 Numerical Results

In the more general case of a convex trajectory x. = f(z.) along with an arbitrary
predesigned maximum amplitude U(z), our method is still applicable although
numerical calculations may be necessary. For the purposes of this chapter we restrict
ourselves to different classes of convex accelerating trajectories, which lead to closed-
form expressions for the initial phase. To begin with, let us consider the propagation
of nonparaxial accelerating beams following circular trajectories, formed in the first

quadrant of the circle and described by

X = f(ze) = \/R3— 22, (4.10)
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where Ry is the caustic radius and z. is given by

ze(¢) = (Ro/8)4/ & — R§. (4.11)

Utilizing Eq. (4.3), we obtain the phase on the input plane at the following form

¢(&) = kRg [arcsec (&/Ro) —\/(&/Ro)* — 1] , (4.12)

while the initial amplitude is given in terms of the intended amplitude along the
trajectory, from Eq. (4.7).

In Fig. 4.1 we show our results for the propagation of nonparaxial accelerating
beams following a circular trajectory with Rg = 5000A. In the three rows, different
functional forms for the amplitude along the trajectory U(z.) are selected. More
specifically, in the first row the maximum amplitude is constant, while in the second
and third row a Gaussian-type and a sigmoid modulation of the maximum ampli-
tude is depicted respectively. In all cases presented, numerical results agree well
with the theoretical model. In the first two rows, at early stages of propagation the
numerical values of the maximum amplitude are smaller in comparison with the
analytic prediction U(z.) , however they gradually increase in order to converge to
the predicted values. We note that this transition region is negligible compared to
the whole propagation distance. Interestingly, this is not the case in the third row
where the functional form of U(z.) exhibits slow variations. Furthermore, some
discrepancies occur at z = Rg, where the rays that form the caustic are emitting from
¢ that goes to infinity. To counteract this issue an infinite aperture will be necessary
which unfortunately is not realizable. Finally, various intensity cross-sections are
presented in the third column along with the theoretical prediction in circles. Surpris-
ingly, Eq. (4.5) describes well not only the main-lobe( beam-width), but also several
other consecutive lobes despite the small 6x assumed. The red(white) dashed line
shown in the figures of the second(first) column represents the propagation distance
where each intensity cross-section is selected. Additionally, the white-red dashed
curve shown in the figures of the first column depict the predesigned trajectory of the

propagating beam.
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FIGURE 4.1: Propagation of nonparaxial beams accelerating along a circular trajectory

xc = (/R3—zZ with Ry = 5000A. In the first column the amplitude dynamics along

with the theoretical prediction for the trajectory (white-red dashed curve) are depicted.
In the second column we show the comparison of the numerical maximum amplitude along
the propagation distance (black line) with the theoretical prediction (black circles). In the
third column, various intensity profiles (black line) compared with the theoretical model
(black circles) at the propagation distance indicated by a white-dashed line in each fig-
ure of the first column. For the amplitude along the trajectory, in the three rows, U = 1,
U= [2—exp (—(z—Ro/2)*/(15001)?)], U = [0.5+ 0.5tanh ((z — Ry/2) (1031))], respec-
tively. In all figures F(¢) = sig [({ — Ro)/(51)].

For our second case, we consider the propagation of nonparaxial accelerating

beams following elliptic trajectories of the form

1/2

Xe = f(z¢) = [R§ — (zc/a)?] (4.13)

Following the procedure described earlier, we obtain a closed-form expression for

the phase on the input plane
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#(¢) = kRo [E(sin™" u(Ro)|7) — E(sin~" u()|7)], (4.14)

where u(x) = x/(Roy/7T), T = 1 — a2, and E(¢|m) is the elliptic integral of the second

kind for « < 1 and
¢ = kR [E(isinh-l u(&)|T) — E(isinh ! u(Ro) |T)} , (4.15)

where u(x) = x/(Ry/—7), for « > 1. Finally, the initial amplitude of the propagating
beam can be obtained in terms of the intended amplitude along the trajectory from
Eq. 4.7).

Our results for the propagation of nonparaxial beams following elliptic trajec-
tories are illustrated in Fig. 4.2 for Ry = 3000A and « = 3/2. In the three rows,
different functional forms for the amplitude along the trajectory U(z) are selected. In
particular, in the first row we set the intended amplitude to unity, while in the second
and third row a Gaussian-type and a sigmoid modulation of the maximum amplitude
were assumed respectively. As in the previous case, in the first and third rows a small
transition region is necessary for the maximum amplitude to converge to its predicted
value. Furthermore, in all rows some discrepancies appear when z is approaching Ry.
This can be explained by considering that the caustic in the neighborhood of z = R,
is constructed by rays which emitted from infinity. However, we should note that
our numerical results are in excellent agreement with the theoretical model. More
specifically, in the second column we compare the numerical values of the maximum
amplitude along the propagation distance (solid line) with the theoretically predicted
maximum amplitude (black circles). Furthermore, in the third column various in-
tensity cross sections are presented comparing our numerically computed intensity
profiles (solid line) with the theoretical model [Eq. (4.5)]. Remarkably, our theoretical
predictions represented by black circles agree well not only with the amplitude of the
oscillations, but also with their frequency as well. Each cross section is selected at
a propagation distance indicated by the white(red) dashed line in the figures of the

first(second) column.
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FIGURE 4.2: Propagation of nonparaxial beams accelerating along an elliptic trajectory x, =

\ /R% — (z¢/a)? with Rg = 30001 and & = 3/2. In the first column the amplitude dynamics
along with the theoretical prediction for the trajectory (white-red dashed curve) are depicted.
In the second column we show the comparison of the numerical maximum amplitude along
the propagation distance (black line) with the theoretical prediction (black circles). In the
third column, various intensity profiles (black line) compared with the theoretical model
(black circles) at the propagation distance indicated by a white-dashed line in each figure
of the first column. For the amplitude along the trajectory, in the three rows, U =1, U =
[2—exp (—(z —3R¢/4)?/(15001)?)], U = [3 —2tanh ((z — 3Ro/4) (5001))], respectively.
In all figures F(&) = sig[(¢ — Ro)/ (5A)].

To continue with, we consider the case of general power-law trajectories of the

form

Xe = f(z) = zxzf, (4.16)

forae >0and g > 1.
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As in the previous cases, we obtain a closed form expression for the phase of the

beam at the input plane

1
«pkg ("‘5)371 2/B 2732
= *C; — ﬁ
¢(¢) 2B—1 2Fp (oc, b;c; —a*/ PR3 ) , 4.17)
where ,F; is a hypergeometric function, { = ﬁ%;, a = %, b=1+ ﬁ, and ¢ =
2+ 2(1317_1) In order to pre-engineer the maximum amplitude of the propagating

beam, we select the initial amplitude from Eq. (4.7).

In Fig. 4.3 we show our results for the propagation of nonparaxial beams accel-
erating along a parabolic trajectory with « = 107%/A and B = 2. The formation of
this figure is similar to the previous cases presented. More specifically, in the first
row a constant amplitude along the trajectory is presented, while in the second and
third row a Gaussian type and sinusoidal modulation of the maximum amplitude
is selected respectively. Furthermore, numerical results obtained are in excellent
agreement with the theoretical model. In particular, the numerical values of the
maximum amplitude converge fast enough to the predicted values (second column),
while the intensity profiles plotted in the third column are described accurately by
the theoretical model developed. Interestingly, while our solution is obtained in the
neighborhood near the caustic (the main-lobe of the propagating beam), Eq. (4.5)
predicts the oscillatory behavior of the main and the other consecutive lobes accu-
rately. Additionally, in contrast with the figures presented before, the rays forming
the caustic in the case of power-law trajectories do not bend at a 90° angle, thus our
numerical results agree well with the theoretical model up to the simulated propa-
gation distance. The predesigned trajectory is represented by the white-red dashed
curve in the figures of the first column. The red(white) dashed line in the subfigures
of the second(first) column indicates the cross-section at which each intensity profile
is selected. In all figures theoretical results shown are represented by black circles. As
we mentioned earlier, the only constraint through our procedure is that the intended
maximum amplitude should be a relatively slowly varying function.

Finally, we assume a propagating scenario where nonparaxial beams were de-
signed to accelerate along cubic trajectories. As in the previous case, Eqs. (4.17), (4.7)

can be utilized to obtain the initial phase and the initial amplitude respectively. In Fig.
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FIGURE 4.3: Propagation of nonparaxial beams accelerating along a parabolic trajectory

xc = azf witha = 1074/A and B = 2. In the first column the amplitude dynamics along
with the theoretical prediction for the trajectory (white-red dashed curve) are depicted.
In the second column we show the comparison of the numerical maximum amplitude
along the propagation distance (black line) with the theoretical prediction (black circles).
In the third column, various intensity profiles (black line) compared with the theoretical
model (black circles) at the propagation distance indicated by a white-dashed line in each
figure of the first column. For the amplitude along the trajectory, in the three rows, U =1,
U = [4—3exp (—(z —50004)2/(30001)2)], U = [0.75xz/A +750sin? (0.001z/A)] /2000,
respectively. In all figures F(&) = sig[(—¢)/(5M)].

4.4 we present our results for the propagation of nonparaxial beams along a cubic
trajectory with « = 1078 and B = 3. A different functional form of the amplitude
along the trajectory is illustrated in each row. More specifically, in the first row we set
the maximum amplitude to unity, while in the second and third row a Gaussian-type
and a sinusoidal-type modulation of the maximum amplitude is selected respectively.

In the first column we depict the amplitude dynamics along with the predesigned

trajectory represented by the white-red dashed curve. In the second column, our
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numerical results for the maximum amplitude with respect to the propagation dis-
tance are compared with the theoretical prediction, while in the third column various
intensity profiles are compared with the theoretical model [Eq. (4.5)]. We note that all
numerical results agree well with the theoretical predictions. Although, compared
to the results presented in Fig. 4.3 the propagation distance needed for the beam in
order to converge to its predesigned maximum amplitude is notably greater. This
can be explained because at early stages of propagation, the curvature of the selected

parabolic trajectory is greater than the curvature of this particular cubic trajectory.
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FIGURE 4.4: Propagation of nonparaxial beams accelerating along a parabolic trajectory x, =

txzf with « = 1078/A and B = 3. In the first column the amplitude dynamics along with the

theoretical prediction for the trajectory (white-red dashed curve) are depicted. In the second
column we show the comparison of the numerical maximum amplitude along the propagation
distance (black line) with the theoretical prediction (black circles). In the third column,
various intensity profiles (black line) compared with the theoretical model (black circles) at
the propagation distance indicated by a white-dashed line in each figure of the first column.
For the amplitude in the three rows, U = 1, U = [0.5 + 1.5exp (—(z — 5000A)%/(15001)?)],

U = [1+sin? (0.0007(z — 5000))]. In all figures F(&) = sig [(—&)/(54)].
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Chapter 5

Propagation of abruptly
autofocusing beams in the paraxial

domain

5.1 Introduction

The ability to control the propagation defining parameters of an optical wave, such
as its amplitude, trajectory and beam width, is crucial in order to design beams with
specific properties. Obviously, being able to optimize the focusing characteristics
of a beam is rather important in the field of optics. Beyond optics, beams that can
abruptly focus their energy at a specific point, while at the same time they exhibit
a low intensity profile until their focus, have already been exploited in applications
realted to biomedicine and laser nanosurgery. The first family of beams utilized to
demonstrate those interesting features, were the radially symmetric Airy waves [26].
Such beams exhibit a low intensity profile until their designed focal point, where
suddenly their maximum intensity is increased by orders of magnitude. Along with
the abrupt autofocusing features, Airy beams with radial symmetry accelerate along
a parabolic trajectory in the same fashion with their Cartesian counterparts, and were
experimentally observed in [41, 50]. Different classes of abruptly autofocusing waves
that accelerate to their focal point along arbitrary trajectories have been generated
by engineering their phase profile on the input plane [22]. Pre-engineered abruptly
autofocusing beams have been linked to advantageous focusing properties over the

conventional autofocusing Airy waves, such as more abrupt focusing along with
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enhanced contrast at the focus. The propagation stage after the focus is also of
particular interest. Abruptly autofocusing waves exhibit an oscillatory behavior after
their focal point, which in some cases might be not desirable. In applications such
as in medical laser treatments, it would be favorable this oscillatory behavior to
be damped, in order to prevent harming any unwanted tissue for example. In this
respect, beams exhibiting an almost constant intensity peak until their focus are highly
desirable. Lately, abruptly autofocusing beams have been studied in the nonparaxial
regime too, where beams bending at large angles are supported. Benefited from this
aspect, abruptly autofocusing waves have been generated, while exhibiting tighter
focus along with smaller spot size and enhanced intensity contrast as compared to
the paraxial case [36]. The highly desirable characteristics of abrupt focus along with
the high contrast of the intensity at the focus, were exploited in applications such
as particle manipulation [41], filamentation [51], and in creating ablation spots in
materials [50].

In this chapter, we study the propagation of abruptly autofocusing waves in
the paraxial domain. In order to better analyze their focusing characteristics, we
decompose their propagation dynamics into three stages. The first stage corresponds
to the region before the focus, while in the second and third stage we study the beam’s
dynamics at the focus and in the region after the focus respectively. We find analytic
formulas describing the propagation of such beams at each stage. In our numerical
results, we simulate the propagation of abruptly autofocusing beams along different
power-law trajectories. Furthermore, to optimize their focusing properties we present
different choices for the amplitude modulation on the input plane, leading to larger
intensity contrast at the focal point, along with radically damped oscillatory behavior

after the focus.

5.2 Amplitude and trajectory/beam-width engineering

The propagation dynamics of abruptly autofocusing waves with radial symmetry,

can be described by the Fresnel-type diffraction integral in the following form

ke k PP
0.2 = £ [ om(ello () exp (415 ) a, 61)
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where 7, p are the radial coordinates, z is the longitudinal propagation direction, 1y
is the optical wave excitation on the input plane, and k is the wavenumber. By de-

composing ¢y into amplitude and phase as Po(p) = A(p) exp [ip(p)], while applying

large argument asymptotics for the Bessel function Jo(x) &~ /5= (¥ +ie™™¥), we

obtain the total phase Y of the integrand in the following form

N2
¥(r0,2) = (o) + kU Zzp) . (5.2)

To derive the equation above, we assumed that the caustic is formed by rays propa-
gating "backwards" and towards to the optical axis, thus neglecting ¢'® term of the
approximation of the Bessel function mentioned above. Those rays are described
by a ray equation, which can be obtained by applying the method of Stationary
phase to Eq. (5.2). More specifically, the first order of the phase stationarity yields
r = p+z¢'(p)/k, while from the condition of the second order phase stationarity, we

can parametrically express the trajectory of the propagating beam as a function of p.

k

’ - _ AN
[re(pe) ze(pe)] (Pc o(00)’ ¢,,(pc)>, (5.3)

where subscript ¢ stands for caustic. Importantly, we can also solve the inverse
problem of determining the required phase as a function of the convex but otherwise

arbitrary predefined trajectory of the form

re = f(zc)- (5.4)

In this direction, firstly we consider that the trajectory is formed by an envelope of
straight lines, each one of them is tangent to a specific point (re,zc) of the beam’s

caustic, and described by a ray equation, resulting to

dp _ dflzc(p)]
e (5.5)

where z.(p) is calculated from

pe = f(zc) — zef'(zc).- (5.6)
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Furthermore, since in the general case of an arbitrary power-law trajectory the caustic
is formed only for positive values of z., the second derivative of the phase on the
input plane should be negative (¢" (p.) < 0), so as the parametric expression of z.
from Eq. (5.3) to be well defined.

At this point, we would like to briefly discuss the main results we have obtained
so far. Interestingly, the resulted equations namely Eqs. (5.3)-(5.6) are identical to
Egs. (3.3)-(3.6) under the substitution x — r and { — p. This similarity is not a
coincidence at all. More specifically, the rays that form the caustic, propagate in a
linear fashion and are not affected by the configuration of the space i.e., Cartesian or
radial coordinates.

In order to describe the propagation of abruptly autofocusing beams following
arbitrary power-law trajectories, we need an explicit formula for the evolution of
the beam in the neighborhood of the caustic. In this respect, we expand the total
phase in a Taylor series around the perturbed variables r = r. + ér, p = p. + Jp,
while we keep a constant value for z = z, and retain terms up to cubic order [i.e.,

(6r) (6p)k,j+k < 3],

Y(r,z) =¥ +0,¥c(0r) + 0, ¥ (0p)
1
+5 [afﬁyc(ar)z-+»za,aptfc(5r)(5p) +-agtvc(5p)2}
1
+6Pﬁu&f+w%ﬂu&f@ﬁ+w@ﬁu@mmf+ﬁ%wmﬂ.

(5.7)

Finally, assuming a slowly varying envelope for the amplitude A so as to A(p. +Jp) =
A(pc), while substituting Eq. (5.7) back to Eq. (5.1), we obtain after integrating over

S0

p [ tz2x? ve
¢:2A@)ir< = ) eMAﬂ—Qﬁmﬂ%@, (5.8)

where E=¢(p) + kw, and g= df;(zzcc) , K= £f(ze) being the slope and the curvature

2z; dz?2

of the trajectory respectively. In the expressions showed above we have substituted
for simplicity p. — p, a replacement that we will retain for the rest of this chapter.
In accordance with the solution obtained in the second chapter of this dissertation

in the case of accelerating waves, Eq. (5.8) depends both on the initial amplitude of
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the propagating beam and on the geometrical features of the predesigned trajectory.
Although, this solution is obtained under the large argument assumption for the
Bessel function (krp/z > 1), which collapses near the optical axisi.e., as ¥ — 0, thus
failing to describe the propagation of the beam near the focus. This issue was expected,
as from Eq. (5.8) we observe that the amplitude depends on 1/+/r. However, the
aforementioned equation successfully describes the evolution of the propagating
beam before the focal point.

The collapse of the caustic on the optical axis, indicates that an expression obtained
in the neighborhood of the focal point of the beam might be more accurate. To obtain
this, we assume the perturbed variables p = p. + dp, z = z, + dz, while we keep r
constant at r = r.. We note that this approximation is designed so as to describe the
behavior of the optical wave both at the early stages of its propagation and close to
the focus. In this respect, we begin our analysis based on the same large argument
asymptotics we developed earlier (krp/z > 1), and retain terms up to third order in

our Taylor series expansion of the total phase
Y(p,z) ®¥:+0,¥c(p) + 0¥ (0z2)
1
+5 [8§‘I’C(5p)2 +20,0.¥.(dp) (62) + 8§‘I’C((5z)2]
1
+2 [agwc(apf +3920: ¥ (0p)*(62) + 39,02 (Jp) (62)* + agqfc((sz)ﬂ .

(5.9)

Substituting Eq. (5.9) back to Eq. (5.1) we obtain after integrating over dp

1/3 1/2
P(re,z) = A(p) (2]Z(> <27Tkng> e Ai [(2k2x)1/3g(zc)5z] , (5.10)

irez

where now & = ¢(p) + k%. Although, since the amplitude in this case too is
proportional to 1/+/r, we conclude that the expression obtained above diverges as
r — 0, in the same fashion as Eq. (5.8). However, Eq. (5.10) describes accurately the
behavior of the propagating beam in the region 0 < z < zy (i.e., just before the focus).

In order to bypass this issue — that our solution collapses at the optical axis — we

utilize the same expansion as before p = p. + ép, z = z. + dz, but now we set r = 0.

This will lead to us to an asymptotic expression which will be valid close to the focus.
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Applying the same methodology as before while retaining the dominant terms of our

Taylor series expansion, we end up with

2K> 1/3 2mtkpz,

P(0,z) = A(p) < P . ™= Ai [(ZkZK)l/Sg(zc)(Sz} , (5.11)

where E is the same as in Eq. (5.10), as it is well-defined for r. = 0.

By directly comparing the expressions obtained for the propagation of the optical
wave until the focus and exactly at the focus, namely Eq. (5.10) and Eq. (5.11)
respectively, we can extract some very useful results. Firstly, the phase factor in
both solutions is the same. Secondly and even more importantly, the argument of
the Airy function is the same in both expressions. Thus, both equations describe
the propagation of a beam with the same qualitative features, such as trajectory
beam-width etc. What differs is the amplitude. While there exist numerous ways
to combine those expressions, we select the following formula in order to obtain a
global asymptotic describing the overall behavior of the optical wave, from the early

stages of its propagation until its focal point

1/3
2") [ 2mkzep [(2k2;<)1/ 3g(zc)(5z} . (5.12)

ylrz)=Alp) ( k 2mikpzre — 22]1/2
This particular form of Eq. (5.12) is preferred due to its simplicity and accuracy.
More specifically, by substituting r. = 0 we obtain our initial expression for the
amplitude at the focus [i.e., Eq. (5.11)], while by assuming that the first order of
the expression in the square root dominates over the second term, we can recover
Eq. (5.10). Furthermore, the validity of this global asymptotic is confirmed by our
numerical simulations presented later.

In order to obtain the exact propagation distance where the maximum intensity of
the beam is observed, we argue that the terms consisting the amplitude in Eq. (5.12)
vary relatively slow with p, when compared with the fast oscillating Airy function.
Thus, the terms that determine the position of the focal point are solely those that
appear in the argument of the Airy function. In this respect, we can estimate the
location of z f by setting this particular argument equal to —1 i.e., the point where the

Airy function gets its maximum value. Following this procedure, we can express z¢
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in the following form
1
Zr=2Z.— . (5.13)
T e P e(a)

The above equation clearly indicates that the exact location of the focus is not the
point where the trajectory intersects the optical axis. From Eq. (5.13) we conclude
that the focal distance is shifted from z. towards larger values of z, by an amount that
is inversely proportional to the slope and the curvature of the trajectory, given that
g(zc) < 0. Furthermore, to obtain an expression for the amplitude at this particular

point, we set r. = 0 and by utilizing Eq. (5.12) we obtain that
[Pmax(zf)| & 2mpA(p) (2k%K)1/? Ai(—1). (5.14)

From Eq. (5.14) we conclude that there are only three parameters defining the
maximum intensity of the optical wave at the focus. That is, the distance from the
axis on the input plane p of the ray that converges to the focus, the initial amplitude
A(p), and the curvature of the trajectory at the focus «(z).

Until now, we have obtained various formulas describing the dynamics of the
optical wave from the early stages of its propagation up to the focus z¢, while the
region after the focal point remains unexplored. In this direction, we observe that
after the focus the maximum amplitude is no longer formed along the trajectory of
the caustic. Interestingly, at the focal point a beam transformation occurs, directly
affecting the maximum amplitude of the optical wave, which will be lying in a region
close to the optical axis. Applying the condition of the phase stationarity of the first

order to Eq. (5.2) we obtain
ko
z

+¢'(p) =0, (5.15)
where we have assumed that krp/z is relatively small for z > z¢, and thus terms
depending on r can be neglected from our calculations. As we will show later, for
a given trajectory we can calculate explicitly the corresponding phase on the input
plane, which can be utilized to obtain the solutions of the equation above. Equation
(5.15) supports two real valued solutions p1, p2, provided that they do not exceed
the aperture 7, (i.e., p1 < p2 < p,). Defining by z.; = —k/¢"(p;), the position in

the longitudinal direction where the rays emitted from p; contribute to the caustic,
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we obtain that z.; < z < z.». This means that one of the rays contributes to the
caustic before and the other after the selected value of z. Employing a stationary

phase method we obtain

27tkz,,;

2(zc,j — 2)

¥(r,z) = Z pjA(p;)

=12

xexp{i

where yi; = (—1)/, is defined by p; = sgn(z,,; — z). Because Eq. (5.16) is consisted of

172 krp;
Jo <z/>
(5.16)
k(r* + p7)

T+4’(Pj)+(ﬂj—2) Z]}:

a superposition of partial solutions which give rise to destructive interference, the
maximum intensity is not always located at the optical axis. However, it can always
be found in an area that is close to the input plane. For large enough z [i.e., z > z¢],
p2 corresponds to rays emitted outside the aperture and thus do not contribute to
the amplitude. This suggests that the second term (j = 2) may be excluded from the
calculation of Eq. (5.16), which means that the destructive interference is canceled, as
only (j = 1) terms are retained, and the maximum amplitude will be located exactly

at the origin,
27 kZC,l 172

72(%,1 =) (5.17)

[¥max(2)| = p1A(01)

5.3 Numerical Results

To proceed with our numerical results, in all our simulation we study the propagation

of abruptly autofocusing beams accelerating along a power-law trajectory of the form
ro —re = Bzg, (5.18)

where 1y is the radius of the Airy ring on the input plane. Utilizing Egs. (5.5), (5.6),

(5.18) we can express the initial phase of the beam as

_klgl/zxaz (,0 _ 7,0)271/04

P(p) = G a1 (5.19)
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while the amplitude on the input plane is defined by a monotonically decreasing

exponential function in the following form

A(r) = Apsig (r z_u r0> sig (r” — r> eclro="), (5.20)
1

and the sigmoid function sig is arbitrary selected as

] tanh(x), x>0,
sig(x) = (5.21)
0, x <0,
where w;’s are the slopes of the sigmoid function and r, is the selected aperture.

In Fig. 5.1 we show our results for the propagation of an abruptly autofocusing
beam following a parabolic trajectory with « = 2 and g = 1. In the left column we
depict the spectrum along with the initial amplitude as an inset Fig. [5.1 (a)], while
the amplitude dynamics of the propagating beam with the prediction of the trajectory
(white-black dashed curve) are presented in (b). In (c) we compare the numerically
obtained intensity contrast along the propagation distance, with the theoretical model
developed. More specifically, we utilize Eq. (5.12) for z < z¢ and Eq. (5.16) for z > z;.
Our numerical results agree well with the designed theoretical model, although some
deviations exist in the region near the focus where the theoretically predicted curve
is steeper than the numerical. Furthermore, a slightly increased contrast is predicted
from our theoretical estimations. We argue that both of those deviations arise due to
the diffraction effects that have not taken into account in our theoretical model. In
the right panel various intensity cross-sections are presented. Each intensity profile
shown, is selected at a propagation distance indicated by the white-dashed lines
drawn in Fig. [5.1(b)]. In the upper row we depict a couple of intensity profiles
selected at propagation distances before the focus. As our approximation methods
were applied in a region near the caustic, our theoretical model [Eq. (5.8)] describes
accurately the main lobe, while minor deviations occur for the subsequent lobes. In
the lower row the intensity profiles shown are selected exactly at the focus and after
the focus respectively. For the theoretical predicted curves we have utilized Eq. (5.12).
We see that, at the focus the theoretical values exceed slightly the numerical values,

as we mentioned earlier, while after the focus the agreement between the numerical



Chapter 5. Propagation of abruptly autofocusing beams in the paraxial domain 60

data and the theoretical model is excellent. We note that all theoretical predictions

are represented by circles.
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FIGURE 5.1: An abruptly autofocusing beam following a parabolic trajectory with & = 2,
B =11 =20,c=0.06and w; = 1. In (a) we see the spectrum and the amplitude profile
on the input plane. In (b) the three-dimensional wave dynamics are depicted along with
the theoretical prediction for the trajectory (white-black dashed curve). In (c) the intensity
contrast is presented as a function of the propagation distance along with the theoretical
prediction (shown in circles). In the last two columns we depict the intensity profile of
the horizontal cross sections shown in (b) with the theoretical predictions shown in circles.
Specifically in the upper row the cross sections are taken before the focus, and the analytic
expression is obtained from Eq. (5.8). In the lower row, (f) is computed at the focus, and (g) is
computed after the focus, whereas the theoretical estimates are given by Eq. (5.12).

To continue with, let us consider the propagation of an abruptly autofocusing
beam following a different power-law trajectory. In Fig. (5.2) we show typical results
for the case of a cubic trajectory with « = 3 and = 1. The formation of this figure is
the same as before. More specifically, in the left panel we depict the spectrum and
the initial amplitude as an inset [Fig. 5.2(a)], while in (b) the amplitude dynamics
with the predesigned trajectory (white-black dashed curve) are presented. In (c) we
show the comparison of the numerically obtained intensity contrast as a function of
the propagation distance, with the theoretical model developed. For our theoretical
predictions we have utilized Eq. (5.12) for z < z; and Eq. (5.16) for z > z;. Numerical
results obtained agree well with the theoretical estimations, although some deviations
appear near the focus, where the slope of the theoretically predicted intensity contrast
is steeper than the numerical. Furthermore, from our theoretical model, higher
maximum intensity contrast values were predicted. In the right panel we present

various intensity cross sections selected at different propagation distances, indicated
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by the white dashed lines in Fig. [5.2(b)]. In the upper row the intensity profiles
depicted are selected before the focus. Our designed formulas describe accurately
not only the main lobe of the optical wave, but also the oscillatory frequency of the
subsequent lobes. Although, some deviations appear in the amplitude of the latter.
In the lower row, the transverse intensity profiles shown are selected at the focus and
after the focus respectively. Our numerical results are in excellent agreement with
the theoretical model, except from the slightly higher intensity values predicted at
the focus. We note that in Fig. [5.2(e)], the maximum intensity contrast is enhanced
compared to parabolic case, and this is explained by the higher curvature of the cubic

trajectory at the focus, along with the larger value of p..
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FIGURE 5.2: An abruptly autofocusing beam following a cubic trajectory witha =3, =1,
ro = 10,c = 0.05 and w; = 1. In (a) we see the spectrum and the amplitude profile on the input
plane. In (b) the three-dimensional wave dynamics are depcited along with the theoretical
prediction for the trajectory (white-black dashed curve). In (c) the intensity constrast is
presented as a function of the propagation distance along with the theoretical prediction
(shown in circles). In the last two columns we depict the intensity profile of the horizontal
cross sections shown in (b) with the theoretical predictions shown in circles. Specifically in
the upper row the cross sections are taken before the focus, and the analytic expression is
obtained from Eq. (5.12). In the lower row, (f) is computed at the focus and (g) is computed
after the focus, whereas the theoretical estimates are given by Eq. (5.16).

As we mentioned in the introduction of this chapter, beyond the control of the
trajectory and the intensity contrast of abruptly autofocusing waves, we are also
interested in optimizing their focusing properties. In this respect, we would like
to damp the oscillatory behavior of the propagating beam after the focus, while an

enhanced intensity contrast at the focus will be highly desirable. To accomplish the

first of our goals we can decrease the aperture properly, so as the the amplitude
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FIGURE 5.3: Intensity contrast as a function of the propagation distance. In the insets the
initial amplitude profiles are shown. The parameters for the trajectory are the same as in
Fig. 5.2. In (a) the amplitude on the input plane is the same as in Fig. 5.2, but the aperture is
reduced to r, = 45 and wp = 1. In (b) the amplitude is constant ¢ = 0, whereas r, = 45 and
wyp = 5.
of the oscillations after the focus is reduced, while the maximum intensity contrast
remains unaffected. In Fig. 5.3 we use the same parameters presented in the case of
the cubic trajectory. Thus, using Fig. [5.2 (c)] as a reference, we can conclude that
the dampening of the oscillatory behavior of the optical wave is achieved, while the
maximum intensity contrast is the same. This is due to the reduced aperture assumed,
[compare the inset of Fig. [5.3(a)] with the inset of Fig. [5.2(a)]. In order to obtain

larger maximum intensity contrast at the focus, we firstly utilize Eq. (5.14) in order to

obtain
2

buax(2=2) ) o ( (K0! %pcA(pe)
=0~ 7 (i) 622

From the equation above we deduce that the contrast at the focus depends on p., on
the curvature of the trajectory at the focus x(z.), and on the fraction of the amplitude
at the focus over the maximum value of the initial amplitude, A(p.)/ max[A(p)]. At
this point, we should highlight that a trajectory with different geometrical features

such as increased curvature at the focus and larger values of p., would lead to an
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enhanced intensity contrast at the focus. However, in our simulation we utilized the
same parameters as in the case of the cubic trajectory and achieved larger values of
the intensity contrast, by increasing the value of A(p.)/ max(A) up to unity. More
specifically, in Fig. [5.3(b)] we select a constant amplitude while we radically reduce
the aperture compared to Fig. 5.2. This results to an enhanced intensity contrast at
the focus, while we also reduced the amplitude of the oscillations after the focus. In

both figures Eq. (5.22) is represented by circles.
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Chapter 6

Tunable self-similar Bessel-like

beams of arbitrary order

6.1 Introduction

Propagation-invariant (PI) beams exhibiting an invariant intensity profile as they
propagate, have attracted a lot of interest. However, such feature does not come at no
cost. In their ideal form, PI beams carry infinite energy and thus are not experimen-
tally feasible. Finite power truncations of such beams are experimentally realizable,
and can preserve their robust propagation character for several diffraction lengths.
There are two main classes of PI optical fields, namely the Bessel beams proposed by
Durnin [5, 6], and the Airy beams. When considering those two families of beams,
their most important characteristic is the high intensity lobe, which propagates along
a straight line and a parabola respectively. Evidently, the main lobe of PI fields is
of significant importance and its properties have been extensively studied for both
theoretical and experimental purposes. In this respect, several applications benefit
from the use of PI beams, ranging from particle manipulation [52], microscopy and
imaging [53, 54], and free-space optical communications [55].

Beyond zeroth order Bessel beams which have their maximum intensity ring
positioned on the propagation axis, all the other higher order beams exhibit a zero
on-axis intensity surrounded by concentric rings. The dark spot observed at their
center is expressed through the azimuthial phase term exp(inf), and is associated
with the order n and the intrinsic vorticity of the Bessel beam. Higher order Bessel

beams carrying Orbital Angular Momentum (OAM) first realized experimentally in
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[56], but later works achieved higher efficiency by using an axicon [57, 58, 59]. This
led to exciting applications in the areas of plasma generation and filamentation [60],
particle manipulation [44, 61], and free space optical communications [62].

Engineering the properties of Bessel beams has been an issue of fundamental
importance in terms of applications. In this respect, several works have considered
how to engineer the trajectory of Bessel beams. Specifically, the idea of snaking a beam
was proposed in [63]. Spiraling Bessel beams were proposed and observed in [64, 65].
Similar principles were used in [66] for a snaking beam capable of propagating around
obstacles. Helicon beams result from the superposition of standard Bessel beams
[67, 68, 69]. A generic approach that addresses the problem of generating a Bessel
beam that follows, not particular classes of paths, but generic arbitrary trajectories
was proposed in [24]. It was followed by an experimental observation [25] and
generalizations in the non-paraxial domain [37] and in the case of vortex Bessel-like
beams [44]. In [70] a technique was proposed to engineer the axial profile of Bessel
beams (axial intensity and lateral cross section) in the Fourier space. Pin beams, a
class of Bessel-like beams with engineered width that decreases with the propagation
distance, exhibit robust propagation through atmospheric turbulence over kilometric
distances [12].

Here we propose a method for the generation of vortex Bessel-like beams with
the tunable parameters being the hollow core radius and the maximum amplitude.
This is achieved by engineering the amplitude and the phase of the optical wave on
the input plane in real space. Our method is also applied in the case of zeroth order
Bessel-like beams, in which case the width as well as the axial (maximum) intensity
are fully controllable. The optical waves considered here take an invariant form under
suitable stretching transformations and, thus, they can be considered as self-similar.

Our theoretical results are in excellent agreement with direct numerical simulations.
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6.2 Amplitude and width engineering of zeroth-order Bessel

beams

Let us start by considering the Fresnel diffraction integral for the dynamics of an

optical beam in a dielectric medium in cylindrical coordinates

e 2ze 27T

inf p 2rpcoss
¥(r,0,z) = s /dp dsA(p)pe'?— stk (6.1)

where k = 271/ is the wavenumber, A is the optical wavelength, (r,0,z) are cylin-
drical coordinates with (7, 6) being the transverse polar parameters and z being
the longitudinal distance, (p, ¢) are the polar coordinates on the input plane, and
s = 6 — ¢. In Eq. (6.1) the initial condition is decomposed into amplitude and phase
as P = A(p)e?P)+S where 1 is the topological charge. Let us first focus in the case
of beams without vorticity n = 0. By making the assumptions that (i) the amplitude
A(p) is a slowly varying function, (ii) a single ray emerges from each radial location

p, and (iii) r < z/(kp), we derive the ray equation

¢'(0) = —kp/z (6.2)

and the following relation for the dynamics of the optical wave [15]

1/2 k
1) b (). 63)

° (2m
1

In Eq. (6.3) Yo = ¢(p) + k(r* + %)/ (2z) + umnt/4, 4 = sgn(1/z — 1/z.), and we have
defined
— —K/¢"(p). (6.4

In addition, we define the width of the Bessel beam as

W =2z/(kp). (6.5)
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After some calculations, we can express Eq. (6.3) in the simpler form

Yo
9(r,2) = (ke ()22, () 66)

where we have selected

o'(z) >0 6.7)

and thus p = sgn(p’(z)) = 1. We relate the full width at half intensity maximum
(FWHM) with W via Wy = woW, where wy is the width of the main lobe of Jy(2r) at
half intensity maximum.

The ray picture of the zeroth-order Bessel-like beams consists of rays emitted from
expanding concentric circles with different inclinations that intersect along a focal
line that passes perpendicularly through the center of the circles. The condition given
by Eq. (6.7) results to a 1 — 1 correspondence between the location of the ray on the
input plane and the on-axis focal distance z. Furthermore, since p’(z) > 0 then as p
increases z also increases. The scenario where p’(z) < 0 also provides suchal—1
correspondence but, in this case, rays from smaller p focus at larger distances z. This
leads to the problem of ray interference that reduces the quality of the resulting beam.

A more convenient form of Eq. (6.7) is
W(z) — W'(z)z > 0. (6.8)

The on-axis maximum amplitude of the Bessel beam is related to the amplitude on

the input plane as

U(z) = (2Kkmpp'(2))/2A(p). (69)

The above calculations can be used to generate Bessel beams with preassigned
width W(z) and maximum amplitude U(z) as a function of the propagation distance.
Depending on the complexity of W(z) the calculations can be carried out analytically
or numerically.

Let us discuss some specific examples. For a power-law beam width

W(z) =a+bz°
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Eq. (6.8) is satisfied as long as a + b(1 — c¢)z° > 0. In particular, for a linearly varying
(increasing or decreasing) beam width (c = 1) the phase ¢(p) = p(kbp —4)/(2a)
is single valued provided that 2 > 0. On the other hand, if 2 = 0 Eq. (6.8) is
satisfied when ¢ < 1. The required phase on the input plane is then given by
¢ = —ko?[(1—c)/(1 —2c)](2/(kbp))V/(1=9) for ¢ # 1/2, whereas for ¢ = 1/2 we
have ¢ = —41log(p)/ (b?k). In the particular case where ¢ = —1 the width is inversely
proportional to the propagation distance. These solutions are called pin-like beams
and were recently examined in detail in [11]. Note that for c = —1, the phase exponent

3/2 is characteristic of the Airy beam.

6.3 Numerical Results

In all our simulations we normalize the transverse radial coordinate according to r
and the longitudinal coordinate according to zg = kr3. In addition, since in many
cases A(p) — oo as p — 0, to eliminate the artificial singularity, the amplitude on
the input plane is multiplied with a hyperbolic tangent function with argument
proportional to p. In Fig. (6.1) we select the beam width to increase linearly with
the propagation distance (W = a + bz). We see that there is an excellent agreement
between the theoretical and the numerical results. Note that the width of the Bessel

beam on the output is 6 times larger as compared to the initial plane.

6.4 Amplitude and hollow-core radius engineering of higher-

order Bessel beams

In the case of vortex Bessel-like beams, rather than engineering the width of the main
(first) lobe of the beam, it is more useful to engineer the inner radius of the cylindrical
high intensity surface that surrounds the void region as a function of the propagation
distance Rf(z). In particular, the calculated value of |ip(Ry)[? is selected to be half
of the maximum intensity of the first Bessel ring. We start by applying a stationary
phase approximation to the radial coordinate, p, of Eq. (6.1). As a result we obtain the
ray equation

¢ (0) +k(p —rcoss)/z =0 (6.10)
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FIGURE 6.1: First row: (a) Propagation dynamics of a self-similar zeroth-order Bessel beam

whose width is set to increase linearly as W 4 a + bz for a = 0.05, b = 0.006, wy = 1.13 and

U(z) =1.1In (b) and (c) the maximum intensity and FWHM along z are shown respectively.

Second row: Various intensity cross sections are selected at propagation distances indicated

by the white dashed-dotted lines in (a). Numerical (theoretical) results are represented by
green solid line (black circles) in the corresponding subfigures.

which is utilized to integrate the Fresnel integral over p. Subsequently, we apply a
stationary phase approximation to the angular variable, s, leading to the additional
relation for the ray dynamics

n = krpsins/z. (6.11)

By directly integrating the Fresnel integral over s, we derive the following equation

for the amplitude dynamics

A(p)e'tr (27k)1/2 kr
AR S s WS
z oz

where ¥, = ¥y + n6. It is worth pointing out that Eq. (6.12) can be considered as a
generalization of Eq. (6.3). The trajectory of a ray on the r — z plane is independent
from the launch angle on the input plane. In particular, by eliminating the angle s
from the ray Eqgs. (6.10)-(6.11), we find that the rays follow the hyperbolic trajectory

2
P = (p+ %4>’(p))2+ (Z;) . (6.13)
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We can determine the location of the focal ring from the relation dr?/dz = 0 leading

to

k¢’ 3 n
o) = (- e ) 69

Furthermore, by using Eq. (6.13) we can now express p as a function of the propaga-

tion distance
1/2

2
p(z) = [r}(z) + (krﬁz)) ] . (6.15)

The ray picture of the higher-order Bessel-like beams proposed here, consists of rays
emitted at skewed angles from expanding concentric circles with different inclinations
that generate hyperbolic surfaces. The minimum radius of the rays from the axis ; is
achieved at zy.

As in the case of zeroth order Bessel-like beams, we define the width of a vortex

Bessel-like beam as
2z 2¢' (0)p?
W=—=-— . 6.16
ko~ (@(0) (©10)

The derivative of the phase is related to the vortex trajectory through

¢'(p) = —n’z/ (kpr}). (6.17)

We also satisfy the constraint for an increasing p(z) [Eq. (6.8)].

Simplified formulas are derived by utilizing the inequality |¢’(p)|p > |n|, which
is equivalent to the assumption that the radius of a ray on the input plane is much
larger than the focal radius, p > ry. We would like to point out that this latter
approximation is valid in most of the relevant cases. Thus we obtain the following

relation

(z,15) = (=ko/' (), —|n|/¢'(p))

for the focal coordinates. Note that [¢(rf)| is in very good agreement with |¢(Ry)|
and thus 7y = Ry. The largest deviation occurs for n = 1 (R¢ /7y = 0.91) while for
n =2wehave R¢/r; ~ 0.98. In addition the width of the Bessel-like beam takes the
simple form

W= —2/¢"(p) = 2rs/|n|. (6.18)
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From Eq. (6.18), we see that W and r are proportional, as expected due to the self-
similar nature of the solutions. Also from Egs. (6.17), (6.18), we obtain the interesting
relationship r¢ = (n/k)(z/p). It is worth mentioning that, in this approximation, the
relation between the width W and the phase ¢ is identical to the case of zero vorticity.
Following the relevant calculations, it can be shown that the beam dynamics is given
by

Y,
#(1,6,2) = Qo' ()220 (30 (619)

Equation (6.19), which holds when |¢’(p)p| > |n|, can be considered as a generaliza-
tion of Eq. (6.6) for nonzero values of n. In order to achieve the intended maximum
amplitude U(z) along the propagation distance, we choose the amplitude on the
input plane as

A(p) = U(z)/[(2mtkpp' (2))"/*c1], (6.20)

where ¢; = max |/ ], (7)].

We would like to point out that it is possible to extend the propagation distance
of these solutions beyond the critical value z = z., after which the solution does not
satisfy Eq. (6.7). In particular, we can select a value z,, < z¢ such that for z > z,, the

Bessel-like beam becomes a regular Bessel beam (having constant width).

6.5 Numerical Results

We have performed numerical simulations for different classes of self-similar vortex
Bessel-like beams. In the first example shown in Fig. 6.2, we have selected the
vortex radius to increase in a linear manner as rfp=a+ bz with positive a and b,
the maximum amplitude to be constant U = 1, and the topological charge n = 3.
Interestingly, in accordance to our theoretical model, a 6 times increment over the
initial radius and beam-width is achieved. We see that our theoretical predictions are
in excellent agreement with our numerical results.

In the second example shown in Fig. 6.3, we have selected a vortex with topo-
logical charge n = 2, and the core radius to decrease linearly with the propagation

distance (rf = a + bz with a positive and b negative). In addition, the maximum
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FIGURE 6.2: First row: (a) Propagation dynamics of a self-similar Bessel beam carrying OAM

whose width is set to increase linearly. Here a = 0.05, b = 0.006, n = 3, and U(z) = 1. The

hollow core radius is represented by black dashed lines. In (b) and (c) the maximum intensity

and Ry along z are shown respectively. Second row: Various intensity cross sections are

selected at propagation distancs indicated by the white dashed-dotted lines in (a). Numerical

(theoretical) results are represented by green solid line ( black circles) in the corresponding
subfigures.

amplitude U is the sum of a constant and a sinusoidal function. During propagation

the initial radius decreases by 75%.
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FIGURE 6.3: First row: (a) Propagation dynamics of a self-similar Bessel beam carrying OAM

whose width is set to decrease linearly as W = a — bz. Here, a = 0.5 and b = 0.0075, n = -2,

and U(z) = 1+ 0.5sin(371z/ 50)2. The hollow core radius is represented by black dashed

lines. In (b) and (c) the maximum intensity and Ry along z are shown respectively. Second

row: Various intensity cross sections are selected at propagation distances indicated by the

white dashed-dotted lines in (a). Numerical (theoretical) results are represented by green
solid line ( black circles) in the corresponding subfigures.

In the final example, we have selected a hyperbolic secant modulation of the
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hollow core radius. In Fig. 6.4, we depict results for the propagation of such a first
order vortex Bessel beam, where the maximum intensity is selected to be constant. To

ensure that p(z) is an increasing function we have tested that Eq. (6.8) is fulfilled.

—numerical
(b) o predicted

0O 15 30 45 0 15 30 45
< <

1
—
_=o
—

1 1 ()
=.5 5 il

-1 0 1 -1 0 1 -1 0 1
(A r (A

FIGURE 6.4: First row: (a) Propagation dynamics of a self-similar Bessel beam carrying

OAM whose width is set to modulate as W = a + bsech (y(z — z9)). Here, a = 0.025 and

b=v=01,z9=25mn=1,and U(z) = 1. The hollow core radius is represented by black

dashed lines. In (b) and (c) the maximum intensity and Ry along z are shown respectively.

Second row: Various intensity cross sections are selected at propagation distances indicated

by the white dashed-dotted lines in (a). Numerical (theoretical) results are represented by
green solid line ( black circles) in the corresponding subfigures.
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Chapter 7

Conclusions

In the context of this dissertation, we study from a theoretical perspective the pa-
rameters defining the propagation of accelerating waves and how to engineer them
properly. Now at the end of this work, let us summarize our main results.

In Chapter 3 we showed that the phase of an optical wave can be properly
engineered, in order to design beams that accelerate along convex but otherwise
arbitrary predefined paraxial trajectories. In addition, we obtained explicit formulas
describing the behavior of the optical wave near the caustic. Our solutions proved
to be of significant importance in developing expressions for the amplitude and the
width of the propagating beam. More specifically, we showed that the maximum
amplitude along the propagation distance depends on the initial amplitude and the
geometrical characteristics of the trajectory, while the width of the optical wave is
solely related to the curvature of the trajectory. To sum up with, we demonstrated a
simple and efficient method to generate beams with predefined trajectory and beam
width, while their maximum amplitude is fully-controllable.

In Chapter 4 we generalized our results presentd in the previous Chapter, to the
case of nonparaxial beams following curved but otherwise predefined arbitrary tra-
jectories. In the particular case of circular, elliptic and general power-law trajectories
we obtained closed form expressions for the phase of the beam on the input plane.
Beyond the trajectory engineering, we showed that it is also possible to predesign
both the amplitude and the width of such beams. In order to accomplish this, we
engineer both the phase and the amplitude on the input plane. Our analytic solutions
demonstrate that independently of the trajectory assumed, the dynamics of the beam

in a region close to the caustic are described by an Airy function. Importantly, we
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showed that the width of the optical wave solely depends on the curvature of the
trajectory, while the amplitude along the propagation distance is related to the initial
amplitude and the geometrical features of the trajectory.

In Chapter 5 we designed abruptly autofocusing waves which accelerate along
arbitrary power-law trajectories. We obtained analytic formulas describing accurately
the propagation of such beams and identified the important parameters that affect
their focal characteristics. Importantly, we can engineer those parameters in order
to design abruptly autofocusing waves with higher intensity contrast at the focus,
along with damped oscillatory behavior after their focal point. We conclude that in
this case too, the propagation features such as amplitude and beam width are directly
related to the geometrical characteristics of the trajectory.

In Chapter 6 we demonstrated a simple and efficient method to generate Bessel-
like beams of integer order, exhibiting tunable propagation defining characteristics.
More specifically, we showed that we can engineer the beam-width of a zeroth-order
Bessel beam, while for their higher order counterparts their hollow-core radius can
be predesigned. Additionally, in both cases, we can also preselect the maximum
amplitude of the beam along the propagation distance. To accomplish this, we must
properly engineer the amplitude and the phase of the beam on the input plane.
By applying asymptotic methods, we were able to extract closed form expressions
describing the propagation of such beams. In this direction, we also address the
physical constraints that arise through our procedure. Such restrictions dictate that
the width/hollow-core radius of the beams should always be positive, while the
rays forming the beams should be emanating from expanding concentric circles.
Finally, our theoretical models developed were verified via numerical simulations for

a variety of different cases.
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Appendix A

Propagation dynamics of paraxial

accelerating beams

In this Appendix we will demonstrate some basic aspects of the mathematical tools
utilized in order to describe the propagation dynamics of accelerating beams in the
paraxial domain. Beyond these mathematical formulas, we will also present how our
solutions are directly linked to the geometrical features of the beam’s trajectory.

We begin our analysis by recalling that the total phase involved in the Fresnel
integrand [Eq.(3.1)] is given by,

(x=2p

¥(E%,2) = $(8) + ko

As we showed in the main text, in order to describe the dynamics of the beam in the
neighborhood of the caustic, we expand the total phase in a Taylor series around an

arbitrary point (&, x.) and retain terms up to third order

2

%Y.
W(E 4 0, x. + 0x) ~ | ¥, + 0¥ (6x) + xz (6x)% | + 9z ¥ (68) (0x) +

Y,
~g (00)°,
(A1)
where we have taken into account that ;Y. = ag‘n = 0 due to the first and second-
order stationarity of the phase, and dgz,'¥¢ = dzxx Ve = 8,3(‘1’6 = 0. Furthermore, by
directly substituting to the total phase we also obtain 95 ¥ = —k/z, = ¢"({) and

ag‘I’C = ¢"""(¢), where for simplicity we have replaced ¢, with ¢.
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Utilizing the perturbed total phase obtained above, the Fresnel integral under the

slowly varying envelope approximation can be expressed by

#loe+ 03,20 = e [ ep i (9(@)(60)00) + g0 @60 )| o),
(A.2)
where @ is the terms in brackets in Eq. (A.1).
In order to obtain an analytic solution of the above integral, we will now present
our methodology resulting to an Airy-type solution. This should be expected as the
phase of the integrand is consisted by a third order polynomial. While the integral

representation of an Airy function can be directly applied in this case as

) 3
Ai(ax) = ﬁ /_Oo exp [i (31;3 + xv)] dv, (A3)

we will present the more general case of an arbitrary cubic polynomial in the form,
at + bt? + $#3. Obviously in order to exploit Eq. (A.3) we need to eliminate the

quadratic term. In this respect we assume the substitution t = u — %, and thus

(o) eolo-t) o5 (- -

ab , 20 B ¢, , b? b
au—7+bu —?u—l—c—z—i—gu — bu +—u—@
_Cpy ac — b? . 2b® — 3abc
-3 3c?

Finally we can express the integral of exp [i (at + bt* + ct>/3)] as

. © - 2
ez(2b3—3abc)/(3c2)/ exp |:i <§u3 + ac—b u>} du,
oo c

which when compared to Eq. (A.3) leads to & = ¢~/ and x = (ac — b?)/c. To

conclude, we obtain that

o i(2b®—3abc) / (3¢?) B2
A bs2acs)3) g 2776 . [ ac
[m pllas+bs’+cs*/3) go ’C‘l/S Ai ‘C|4/3 . (A4)
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As a direct consequence of the result obtained in Eq. (A.4), we state that Eq. (A.2)

admits solutions of the Airy type which are described by

21 A(S)
(iAz)' 2] (€)

Pl +0x,2.) = A (snl(97©) D o).

¢’”(C)/2’1/3
(A.5)
Interestingly we can express our results in terms of the geometrical features of the
beam’s trajectory. To begin with, we recall that the curvature of the trajectory is

defined as k = ‘dztli‘z(;c)

and s = sgn [k(z.)] is the sign of the curvature. We begin our
analysis by recalling that { = f(z;) — zcf'(z¢), where f(z.) is the beam’s trajectory.
Taking the derivative with respect to z. we obtain that f”(z.) = _:371%' Thus the

curvature can be rewritten as

} 11 i 1 "(§) 9"(6)?
N e
- [t 0 - g
or equivalently
= T () 7

Finally taking into account the last couple of equations, we can express Eq. (A.5) in

terms of the geometrical features of the trajectory and the initial amplitude as

4,32

1/6
P(x. +0x,z.) = 2A(¢) <7T f\CK ) e'= Ai (s (2k2;<)1/3 5x> (A.8)

where E = ¢(&) + 71{(2;5)2 -4
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Appendix B

Propagation dynamics of

nonparaxial accelerating beams

In this Appendix we will present an in-depth analysis regarding the propagation
dynamics of nonparaxial accelerating beams. Here we show that independently of the
assumed trajectory, the evolution of the optical wave can be described by Airy-type
solutions which are directly linked to the geometrical features of the trajectory.

Let us begin with the Rayleigh-Sommerfeld integral

(x,z —2/ Po(¢ XZ(:) dc, (B.1)

where 9o (x) = A(x)e'?*) is the optical wave on the input plane, x is the transverse
and z is the longitudinal coordinate, G(x,z;{) = —(i/4)H, (kR) and H(()l) is a
Hankel function which can be approximated by Hé )(kR) ~ /2/(7kR)e!kR-7/4),

Let us begin our analysis by calculating the derivative of G with respect to z

BG(x,z;C) d

VEE) — (i) o HY (kR) = —(i/4) o

kR

= (—i/a)y] S/ ihae™ ze™ ] ik
ntk R3/2 2R5/2 (B.2)

o 2 inaiz (2kR+1) 4p
= (G e T peE e

1 /2 iz kz kg

a2Vt r2C

2, (kR—n/4)]
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where for the last step we have utilized that 2kR > i. Thus, Eq. (B.1) can be rewritten

in the following form

P(x,z) =/ zl;ei”M /_o:o zgg/gz)ei(kwﬂp)dé. (B.3)

The above equation is very useful in applying the method of stationary phase in order
to approximate the dynamics of the propagating beam. In this respect, the total phase
of the integrand is

Y(x,z; &) = ¢(&) +ky/ (x — &) + 22 (B.4)

from where we can obtain the ray equation

/@ ="C o — gy rp@ ik (B3

Now by assuming that a line tangent to the trajectory x. = f(z.) at an arbitrary point

on the caustic (x, z.) describes the ray equation we obtain that

&= f(ze) = zef'(zc) (B.6)

where we have also assumed that at z = 0 = x = ¢. Interestingly we can express the

derivative of the phase on the input plane with respect to the trajectory as

Iy kzcf'(zc) _ kf(=z)
PLe) = VA (z )2+ 22 1+ f(2)2 ®.7)

Furthermore, we define the curvature *of the trajectory as

2
K(ZC) = ‘f (ZC)| 3/27 (BS)
1+ f7(2)?]
where f”(z.) can be expressed through Eq. (B.6) as f"(z.) = —1/ [(zc(&)z.({)] and
similarly f'(z.) = (f(zc) — &) /z.. By directly substituting the latter to Eq. (B.8) we
can express the curvature of the selected trajectory as
1)1
A Bl z (B9)

K(ze) = = .
2132 R3|2
‘1 + (xczgg) c ’ZC((:)‘




Appendix B. Propagation dynamics of nonparaxial accelerating beams 81

To proceed with, we would like to obtain an expression describing the evolution
dynamics of the propagating beam in the neighborhood of the caustic. To achieve
this, we select an arbitrary point on the trajectory (x., z.) and expand the total phase
in a Taylor series around (¢, x.) and retain terms up to third order while we keep z

constant at z = z,

(& + 08, xc +0x) = | Ve + 0¥ (0x) + %aﬁwc(éx)z + %af;‘ffc(éxf

+ 9ex¥c(68) (%) + %agxx‘l’c(éé)(mz + %aéﬁx‘fc(%)z(m
+ %ag‘ﬂ(agﬂ
(B.10)

In the above expansion we have considered that 0%, = 0 and BE‘FC =0=¢"(¢) =
—kz?/R3. Now let us calculate each term of the Taylor series separately for clarity.

Beginning from terms proportional only to (5x)/ for j = 1,2,3 we obtain

_ k(xc — C) Y 2 _ kZ% _ " 3 _ 3kz%(xc — 6)
0¥ = T - (P (€>/ ax\ch = Rig’ = —(P (C), ax‘PC = _T'

while for the terms proportional to (6¢)/(5x)* for k = 0,1,2

kz2 3kz2(xc — €)
a'gxli'rc = _Rig = 4)”<’§)/ aif@xqjc = . R —
2 _ 2 _
Qs ¥, — —zelxe =€) R, = ¢ (g) + 2l = C) (1’;; &),
c

5 7
RC

We note that in all the above expressions we have replaced ¢. with ¢ for brevity. Fur-
thermore we observe that the term 3kz2(x. — ¢)/R2 appears in most of the involved
terms and in this respect we define U = 3kz2(x. — &)/R2, in order to simplify the
procedure following. Taking all the above into account, heading back to Eq. (B.3) and

substituting for the perturbed total phase we obtain

iz i
e e e [epli (970 + Jutem ) 0en) - Sutsoery -

< (¢7(@) + U) (62)°] d(e2),

ON| =~

where we have utilized the slowly varying envelope approximation and Z = kR, +
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¢ — Z. An analytic solution of the above integral can be obtained utilizing Eq.
(A.4) with the corresponding substitutions being a = ¢ (&) (dx) + (U/2)(6x)%, b =
—(U/2)(dx)and c = (¢""(&) + U) /2. However, before we proceed with the involved
calculations we find more instructive to obtain an expression for ¢’ (&). To do so,
we begin from the condition describing the first-order stationarity of the phase

¢' (&) = k(x. — &) /R, and taking the derivative with respect to ¢ in order to obtain
¢"(¢)

k(xé_l)Rc_k(xc_C)Ré

/ I

[¢'(D)] = R2

K@ -DRK( ) (e -0kt (e=8) gy
R?
k(xg = 1)z — kzezg (xc — §)
= &
Taking into account that ¢ (&) = —kz2/R? we obtain
!/ 1 2 / o 2
k (xc )Zc ;(Zczc (xc C) — _ki; - xézg o Zczé (xc o C) —
R: R , (B.13)
= ¥ = ZC(XC—C)
Ze !
while for the third derivative of the initial phase
R? R?
_ —2kzez(R} + 3kzZRc (xe — §) (x¢ — 1) + 3kzz(R.
R¢
—kz.z,R3 + 3kz2R. (xc — &) [% - 1} + 3kR, (Rg — (xe — g)z) 2.2
= R
 kzezlR® — 3kz2R. (xc — &) kze [R2zL+3 (8 — xc) zc]
B R¢ B R?

(B.14)

*Assuming the trajectory x, = f(z.), the angle 6 between the tangent line and the z-axis, and the arc-
lengths = [ Zzol /14 (df /dz.)?dz., we can obtain the curvature of the trajectory as follows: k¥ = % =

EZ‘:;ZZC; . We already know that tan6 = df(z;)/dz. = f'(zc) and thus d(tan ) /dz. = f"(z.). Applying

the chain rule derivative we also obtain that d(tan ) /dz. = sec? 6 d6/dz. or equivalently d/dz. =
f"(z¢)/ sec? 0. Utilizing known trigonometric formulas we obtain that d6/dz. = f"(z)/ (1 + tan? ) =
f"(ze)/ (1+ (df /dz)?). Substituting back to x = df /ds we obtain the curvature of the trajectory as

K(ze) = f"(ze)/ (1+ (df /dzc)?)%.
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After those brief calculations we can now return to the evaluation of Eq. (B.11). We

begin with the terms involved in the argument of the Airy function

ac —b* = %cp” (" +U) (6x) + qub”'(éx)%
1 4/3
¢ = [2 (" + U)} ,
where (¢ + U) = kz.z./R2. We will evaluate first the dominant terms (i.e., those

proportional to (6x) while terms proportional to (5x)? will be evaluated afterwards

in order to complete our final result. In this respect,

N - R[]

‘PH (4)/// + U) /2 4)” kZ%/R‘z — s < ZkZZ? >1/3
g +u) /2% (g +u) /2 [kaelzt| /(2R '
(B.15)

where we have defined s as s = sgn(z.). Proceeding with terms related to (6x)? we

obtain
W 1 ¢"'U _s [(kzezlR? 4 3kz2(E — xc)) /R?] [3kz2(x. — &) /R?]
Hgrruy 27?4 [kzelz¢] /(2R
_ E?)kzz?(xc — &) [R2z. +3(¢ — xc)zc| /RY
4 (kzelzt] / (2RO
1/3
3s(x £ [R%z] +3(& — xc)ze] [ K?22
C Re 4z
(B.16)
Finally, taking all the above into account we can write the Airy function as
2k2z5\'/°
Ai |- : W (6x)? B.17
i [ s <R§|zg|> (0x) + W(ox) (B.17)
or by keeping only the dominant terms while utilizing Eq. (B.9) as
. [(ac —b? , Ze nin 1/3
Ai CAT =Ai —SR76 (2k K(Zc)) ((53() (818)

To continue with the rest of the terms involved in Eq. (A.4) we will begin from the
less computational demanding c/% = s [kz(|z.|/(2R3)] 173 and before proceed to

those that form the pure phase terms we will introduce another substitution, namely
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S = ¢"" 4+ U, in order to further simplify our resulted formulas,

2% —3abe 2 (—U(6x)/2)° —3 (¢ (dx) + U(6x)2/2) (U (5x/2)) [(¢" + ) /2]
3¢? 3[(¢" +U) /2]
—UB(8x)3 /4 + 3¢ U (6x)2S /4 + 3U2(6x)3S /8
352/4
U(5x)? [64"S + U(6x) (3S — 2U)]
652
U(5x)2 [6¢"S + U(5x) (S + 2¢)]

(B.19)

Finally considering Egs. (B.17)- (B.19) we can express Eq. (B.11) as

2mA8)ze\/ 7% o
P(xc+6x,z.) = #el(aﬂ) Ai [—S;CC (2kzx)1/3 (6x) + W(&x)z]

4\ 1/6
TTZc i(= . Zc 1/3
=2A() <A(R3’Z)’2> eE8) Aj [—SRC (2k*x) " (6x) + W(&x)z]

(B.20)

or more conveniently, by recalling the formula for the curvature while retaining only

the dominant terms

1/6
(xe +6x,z.) = 2A(2) (N4§§K2> e Ai {—SIZ{ (Zsz)1/3 (6x) (B.21)



85

Appendix C

Propagation dynamics of paraxial

abruptly autofocusing beams

In this Appendix, we will give an insight in the mathematical techniques utilized
in order to obtain the necessary formulas to describe the propagation of abruptly
autofocusing beams in the paraxial domain. Here, by replacing the radial coordinates
with their corresponding Cartesian coordinates [i.e., ¥ — x, p — ¢] and following the
relevant calculations presented in Appendix A, we obtain that the qualitatively fea-
tures of the beam’s propagation are described by the same equations as in Appendix
A. This is expected as the rays cannot distinguish between Cartesian and radial coor-
dinates. Although, due to the unique phenomena that arise during the propagation of
abruptly autofocusing beams such as the caustic collapse on the optical axis, further
investigation was necessary in order to in-depth describe the propagation dynamics
of such beams.

Let us begin with Fresnel-type diffraction integral

ko izp . L (r—p)?
Y(r,z) = E/o A(p) 2oy P [ch(p) + sz dp, (C1)
where we have assumed the optical wave excitation on the input plane (1) =

A(r)e?"), and we have applied large argument asymptotics for the Bessel func-

tion while eliminating any forward propagating rays thus, Jo(x) = 2131 _ie~'*. We

observe that the total phase of the integrand is given by

2

¥(oin2) = o0 +K L, €2
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which is the same with the corresponding total phase obtained in Appendix A under
the substitutions mentioned earlier.
In order to obtain an expression for the amplitude of the beam near the caustic,

we expand the phase in a Taylor series around an arbitrary point (p., 7.) as

7Y 2 ag‘lfc 3
Y(oc+0p,1c+6r) = | ¥+ 0,¥ () + T(ér) + 6pr‘FC((5p)((5r) + ?((55)) ,

(C.3)
where we have retained terms up to third order and we have taken into account that
dp¥e = ag‘Pc = 0 due to the phase stationarity and also d,,,'Y¢ = 9pry' ¥ = BE‘PC =
0. Additionally 9,,¥c = ¢"(p) and 3¥, = ¢"(p), where for simplicity we have
substituted p. — p. Utilizing the perturbed total phase obtained above, the Fresnel-
type diffraction integral in radial coordinates under the slowly varying envelope

approximation can be expressed by

Yo+ or,2) = A(p>meﬂ | exp i (¢ () 60)(0r) + () (60)")] dep),

(C4)
where E = ¢(p) + k(r%)z Following the same procedure presented in Appendix A,
we can show that Eq. (C.4) admits solutions of the Airy-type given by
43,2\ /6
Y(re + 67, 2:) = 2A(p) g (” ‘jf" > ¢= A (—(2k2K)1/35r> . (C5)

Here we have defined the slope of the trajectory [i.e., 7. = f (z¢) = ro — Bz%] as
g(zc) = df(zc)/dzc = (rc — p)/zc. The last part of the equality can be derived by
considering the equation of a line tangent to the trajectory at an arbitrary point (7, z¢),
which reads (r — ;) = f'(z¢)(z — z¢). Taking z = 0 = r = p and solving with respect
to f'(z.) completes the argument. Furthermore, the minus sign in the argument of
the Airy function is a direct consequence of the negative curvature of the trajectory
(i.e., s = —1). At this point we should highlight that, while Eq. (C.5) is very useful in
describing the propagation dynamics of the beam before the focus, it diverges near
the focal point as r — 0.

In order to obtain an analytic formula for the amplitude of the propagating beam

valid both at early stages of propagation and near the focus, we will expand the total
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phase around an arbitrary point on the caustic, p = p. + dp, z = z, + 4z while this
time we keep r constant at r = r.. For the perturbed phase we retain terms up to third

order

1
Y(poc +00,2c +0z) = [Ye + 0, ¥ (0z)] + 0p. ¥ (0p) (62) + 682‘1’6((5;))3
(C.6)

1
+§8ppZ‘I’C(5p)2((5z),

where we have taken into account that d,% . = ag‘fc = 0 and we have also eliminate
terms proportional to (6z)/ for j > 1. Furthermore from the explicit expression of ¥
we obtain that 9p,¥c = k (rc — p) /22, 93¥c = ¢""(p) and 9y, ¥ = —k/zZ where we
have also made the substitution p. — p. Finally, utilizing the perturbed total phase

while applying the slowly varying envelope approximation, the Fresnel integral

becomes

plre 2+ 62) = A o—e [ p[( =200)(62) = 53 (0p)*(62)

+2¢'”<p><5p)3>]d<5p>.

(C.7)

Utilzing Eq. (A.4) for a = k52 (8z2), b = —%(52) and ¢ = £°(0) ( ) along with Egs.

(A.6), (A.7) we obtain our solution in the following form

ir.z

1/3 1/2
P(re,zc +6z) = A(p) <2IZC> (27"ckpzc> e Ai ((Zkzk)1/3g(zc)5z> ,  (C8)

where E = ¢(p) + %. Obviously this formula too, fails to describe the optical
wave close to the focus as the denominator is proportional to /7, and thus the
amplitude diverges as r — 0. In order to obtain an expression for the amplitude of
the propagating beam exactly at the focus we will perturb the phase of the optical
wave around an arbitrary point on the caustic (o, zc), while we set r = 0. In this case

the simplified Fresnel-type integral in radial coordinates reads

¥(0,z) = Z; /0 " 0A(p) exp [i <¢(p>+ki>] dp, (C9)
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where now the total phase is given by

ko?

o (C.10)

Y(o,z) = ¢(p) +

Expanding the above equation in a Taylor series, while keeping only the dominant

terms we end up with

1
¥ (pe +0p, ze +02) = ¥o + 0:¥e(02) + 0= ¥e(69) (92) + 20, ¥c(dp)° (C.11)

1
+§8ppz‘{’c((5p)2(5z)

where we have considered that d,¥. = agqfc = 0 due to the conditions of the phase
stationarity, and from the analytic formula of the total phase we obtain d,¥Y, =
—kg%(zc)/2, 0p: ¥ = —ko/ 22, ag‘fc = ¢""(0) and 9, ¥ = —k/z%. As in the previous
cases for simplicity we have replaced p, with p. Finally, utilizing the slowly varying

envelope approximation we can write the Fresnel integral as

k s [© A k k
$(0,2c+62) = ZAlp)pe® [ exp [ (—Z‘Z’(csmwz) — 55 (60)%(52)
(C.12)

+2¢”/<p><5p>3>]d<5p>.

. . - k
The above integral can be calculated explicitly utilizing Eq. (A.4) for a = —% (0z),
b = —é(éz) and ¢ = w. To conclude with, the propagation dynamics of the
optical wave near the focal point can be obtained from

Ai ((Zsz)l/Sg(Zc)5Z) , (C.13)

2K 1/3 2mtkpz, o=
iz

P(0,zc +6z) = A(p) ( P

where E is the same as in Eq. (C.8) for 7. = 0.
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