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Abstract

Medical imaging is the process of creating visual representations of the interior of our
body for clinical analysis and medical intervention. Medical imaging reveals the internal
structures hidden by the skin and it is a powerful tool for population screening and
efficient patient management. Thirty years ago, Magnetic Resonance Imaging (MRI)
was introduced in clinical practice and was progressively established among the most
frequently used medical imaging modalities. Apart from conventional MR imaging,
more advanced techniques were arisen such as spectroscopy, diffusion and perfusion
MRI.

The main subject of this work is Diffusion Weighted Imaging (DW1I) and is focused on
obtaining diffusion parameters from the Intravoxel Incoherent Motion (IVIM) model
which gives information about water diffusivity and tissue vascularity. In order to
extract the aforementioned parameters from the IVIM model, non-linear least squares
are used. As an iterative process, non-linear least squares need a starting point (initial
guess), a lower and an upper bound. The initial point is of crucial significance for
the convergence of the algorithm. Due to the complexity of the IVIM function (many
local minima), standard non-linear least squares fail to produce clinically reliable results

inside the natural bounds.

To this end, we present a novel mathematical framework which exploits the charac-
teristics of the Diffusion Weighted (DW) signal curve in order to find the appropriate
initial starting points and bounds for the non-linear least squares. Comparisons be-
tween results obtained by the proposed and those of the standard initialization, for
the non-linear least squares, results in clinically relevant and reliable results with our
method, in contrast to the standard initialization which suffers from reproducibility of

the results.



HepiAndm

lotpunn amewxdvion eivor N Stadixacion TNG INULOLEYLOG OTTTLXNG AVATTOPAGTAOYG TOL
E0WTEPLXOV TOL CWUATOS LOG YLO XALVLXT AVAALGY Xo LoTptxn Ttopépufooy. H tatpounn
OTTELXOVLOY OTTOXOADTTTEL TLG ETWTEPLYES OOUES, XPVILUEVES OTTH TO OEQUOL XL ATTOTEAEL
LOYLEO EPYOAELD YLo TOV EAEYYO TOL TANHLOUOV KoL TNV ATTOTEAETUOTLXY] SLOCYELPLOY TWV
aobevdv. Tptdvta ypovior Ty, 1 poryvnaxy topoypoio. (MRI) etofiybn oty whvixn
TEOXTLXN oL oTaSLoxd xablepbnxe wg pior amd TG TLo GLUYVA XENOLLOTTOLOVUEVES
totpinég pebddovg amewxdviong. Extdg amd g ovpPotixy amewdvion MR, €youvv
TEOXVYPEL XUl AAAEG TTPONYUEVEG TEYVLXES, OTtwG N paopatooxorio, MRI Stayvong ko

OULUATWONG.

To xbpLo avtixeipevo g epyaoiog avutrg eival to MRI Siayvong, xar emixevtpwbnue
OTNY ATTOXTNOY TWY THPAUETPWY OLéyLomg amd To povtéAo Intravoxel Incoherent Mo-
tion (IVIM), to omoio mtapéyet TANPOQOPLo OYETLXA e SLOYLTGTATO TOL YEPOD XL TNV
oyyelwon otoug totodg. ITlpoxetpévon vo eEoyxbodv ot mpoavapepbeioeg TopdpeTOOL
omd to IVIM povtélo, yonoluomolodvtaL tor Un-Yoouutxd eAdyloto Tetpdywva. Qg
ETOVOANTTTLXY] OLOSLYOOLO, TO UN-YOOULULKE EAGYLOTO TETOAYWYO Y OELALOVTOL VO O
peto exxivnong, (apyixy] extipnom) éva xdtw xot éva dvw Eedyra. H apyxd cuvhixn
elvat vilotng onuaciog yior ) oVYXALGY ToL ohyoplbupov. Adyw TNg TOAVTAOXKOTNTOG
g ovvdptnomg IVIM, (ToAAG ToTtixd EAEYLOTOL) TOL M- YOOUULXE EAGYLOTOL TETEAY WYL
ATOTUYYAVOLY GTO VO TTHEAYOLY XALLXE OELOTILOTOL ATTOTEAEGLOLTOL EVTOS TWV PUOLXWY

oplwv.

Me oxomd awtd, Topovotdlovpe Eva vEo Lobnuatind TAaioLo, To 0Ttolo EXPETAAAEVETOL
TOL OPOXTNELOTLXE TNG XKAUTTOANG TOL ONUOTOG OLAYLONG, TTEOXELLEVOL var Bpebody ot
HOTAMNAES opyLxEG auVOTXES xaL Ta dpLa Yiow TO awvTlaTEOPO TEOPBANUa. Zvyxploelg
LETOED TWY OTTOTEASOUATWY TNG TTPOTELYOUEYYG XOL AVTWY TNG XUOLEPWUEVNG QLY LXO-
TOLNONG TWY UN-YOAUUXWY EAOYLOTWY TETPOYWDYWY, 00NYOVY O XALVLXE CNUOVTLXE
xor oELomiotor amoteAéopoto pe T péEHodo pag, oe avtifeon pe ™y xabiepwpévy

QEYLXOTTOLNOY] TTOL LTTOPEPEL ATTO TNY ETOVAANPNUOTTH TWV ATTOTEAETUATWY.
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Introduction

Throughout the years we "struggled" to understand important organs in our body. In
the last decades our kind has come to a new era in investigating the mysteries of our
body with revolutionary techniques. The following chapters, are focused on Magnetic
Resonance Imaging (MRI) and precisely in Diffusion Weighted MRI (DWI), a fast and

non-invasive technique in which, no-contrast media or ionizing radiation are required.

DWI is a technique that can give qualitative information about the anatomy and it is
possible to characterize tissues and diseases [2]. The Apparent Diffusion Coefficient.
(ADO), is a significant bio-marker that is derived from the DWI data and it can provide
a quantitative measure of water diffusivity, which mirrors tissue cellularity and tissue
organization. Furthermore, DWI has been used for the assessment of abdominal ma-
lignancies and it is capable to characterize tumours in organs such as, the kidneys, the

liver and the pancreas [3].

Abdominal lesions of liver or pancreas have high occurrence and thus the differentiation
between benign or malignant nature of the lesion depends highly on MR findings. DWI
techniques will be applied to the diffusion MRI data coming from regions of the liver
and pancreas, thus a short description of their anatomy and structure is essential for
this work.

In the next pages, the MRI principles and the basic diffusion concepts are described,
along with a detailed description concerning the theoretical background of DWI. The
Intravoxel Incoherent Motion (IVIM) model is applied in the abdominal area in order
to give clinically parameters for diffusion. IVIM is a more advanced model that exploits
the effect on the DW signal due to the micro-circulation of blood. These parameters
are a result of non-linear regression. Therefore one of the following chapters will cover
the mathematical background of the non-lineal least squares theory along with our
modifications in order to provide optimized results from the DWI analysis.

1.1 The Human Brain

The brain is part of the central nervous system (C.N.S.) where all organs and properties
of the human body are controlled, but also where perception of sensory input and
higher conscious and mental processes take place. So, the brain is the root of what

makes us human.

Brain tissue structure is formed by different types of neuronal and glial cells. Neurons
are the most important components because of their ability of receiving and integrat-
ing information, data processing and transmission through their axonal projections and



synaptic junctions (the contact points between neurons) to other cells. A typical neu-
ronal cell consists of: the cellular body, which is the main part of the cell, the dendrites,
the signal receiver and the axon, the signal transmitter. A tract is a large number of

afferent or efferent, myelinated or not, axons that defines a path and wires brain regions.

Axons, these cellular protrusions that

help signal transduction between cells, S — White matter

are either sheathed with myelin or
non-myelinated. Myelin layer enables
more efficient signalling when needed it
in the neural network. Myelin is con-
structed by glial cells and insulation of
electrical conductivity is one of their
main roles in C.N.S. apart from main-
taining brain homeostasis, mechanical
and trophic support, protection from

pathogens and others [4].
Figure 1.1: Gray and white matter of the brain
A worth mentioning property when

brain slices are histologically described

is that in regions rich in cellular bodies, the dominant color is grey, while white regions
are those where myelinated axonal tracts are concentrated. Thus, brain tissue differ-
entiates into interchangeable grey and white matter (figure 1.1). Regions between gray
and white matter communicate via clusters of axons, called tracts. Those tracts are able

to be depicted through imaging modalities, as presented in the next chapter.

1.1.1 Anatomy

Axial Coronal Sagittal

Figure 1.2: Planes of the brain. Figure taken by: pixgood.com

Macroscopically, the brain is not a homogeneously structured organ, but can be divided
into three anatomical sections. Firstly, the cerebrum (forebrain) is composed by the
cerebral hemispheres, which are furthermore divided into the four lobes (frontal, pari-
etal, occipital, temporal), and also contains the diencephalon, where the thalamus lies
in. Also, the cerebellum (hindbrain), which is also called the small brain. Finally, the

brainstem which is subdivided into the midbrain, the pons and the medulla, which is



the bridge between the brain and the spinal cord. All these regions are functionally
related to a uniform network, where every area is responsible for a set of functions. A

brief generalized description is shown in (figure 1.3).

Driven by the three axes that may be established for the organ, the brain sections are
three mutually perpendicular planes, either sagittal, axial (transverse) or coronal

(figure 1.2 ). As it can be seen in the next pages, MR images follow the same rules.

Cerebrum
I'."Ioinr Cortex Sensory Cortex

Frontal Lobe
(Smell) -

Temporal Loba _-
{Inte " Wernicke's area

Cerebellum
= (Coordination)
¢ funchions)

Figure 1.3: Gross anatomical brain structures. Figure taken by: University Hospital Newark,
NJ.

1.1.2 Cerebrospinal fluid (CSF)

Within the brain mass, there is the ventricles’ system (Figure 1.4) where the CSF is
contained. The ventricles are spaces insulated from the brain tissue dedicated to the
production of the CSF. The role of the CSF is twofold: it is involved in the metabolism
of the cells of the C.N.S. and it functions as a protector of the brain from the external

vibrations [4].

Lata[r_allg Lateral
vene ventricle
Antarior Third
/ hom venfricle
Sepum - Postarior
pallucidum hom
Third - \ ; e
ventricle X Inter- S Carebral
vanfricular N ; b, - . aqueduct
Cerebral—-_ \ foraman [ ol g % Founh
e e ng:annor A _,_/’-’-",/—‘-'Bnlricle

Fourth - - F\\\_ " —————————— Median

wentricle f Lateral = aperture
aperture \

e Ceniral

canal

Central
canal

{a} Anterior view {b) Left lateral view
Copyrighl B 2001 Benjamin Cummings, an imprinl of Addison Weslay Longman, Inc.

Figure 1.4: Ventricles’ system.

10



The largest amount of water in the brain mass is located in the ventricles’ system.

However, CSF differs from blood in its content though, both of them obviously have

water as the main component.

1.2 The Liver

The liver (figure 1.5) is a vital organ and
it is located in the upper right quadrant of
the abdomen, below the diaphragm. The
liver has a wide range of functions, in-
cluding detoxification of various metabo-
lites, protein synthesis, and the produc-
tion of biochemicals necessary for diges-
tion. The liver is a gland and plays a
major role in metabolism with numerous
functions in the human body, including
decomposition of red blood cells, plasma
protein synthesis, and hormone produc-
tion. Also it is highly vascularized organ

with dense capillary system.

1.3 The Pancreas

The pancreas (figure 1.5) is a glandu-
lar organ in the digestive system and en-
docrine system of vertebrates. In humans,
it is located in the abdominal cavity be-
hind the stomach. It is an endocrine

Liver
\ Stomach

/

- Pancreas

Liver and Pancreas

Figure 1.5: Abdominal organs. Liver and Pan-

creas

gland producing several important hormones, including insulin, glucagon, somatostatin,

and pancreatic polypeptide which circulate in the blood. The pancreas is also a diges-

tive organ, secreting pancreatic juice containing digestive enzymes that assist digestion

and absorption of nutrients in the small intestine. These enzymes help to further break

down the carbohydrates, proteins, and lipids in the chyme.

11



2

Magnetic Resonance Imaging

As pathology is not uncommon for the aforementioned specific organs, anatomical and
functional imaging is of paramount importance. Apart from conventional, functional
information, is necessary in order to aid diagnosis. MRI is the modality of choice, as
multi parametric MR acquisition can give an insight into tissue integrity, cellularity and

vascularization.

In order to analyse the water diffusion in the human body and brain through Magnetic
Resonance Imaging (MRI), we have to understand the basic physics behind MRI. To
begin with, we have to determine the terms "z-direction" and "xy-plane" that are fre-
quently used in this chapter. In all figures, the main magnetic field, By, is represented
from bottom to top and its direction is designated by z. The other two dimensions of
the magnetic field are denoted by x and y. The xy-plane is perpendicular to the z-axis

and is represented horizontally in figure 2.1.

b 2

= X

Figure 2.1: Magnetization Directions: z-axis ,xy-plane

2.1 Spin and the Nuclear Magnetic Resonance Phenomenon

The exact description of what happens when a magnetic field is applied on human
tissue, relies on quantum mechanics. All the theory necessary for MRI can be based on
a simple and precise model in which the protons can be considered as small magnets.
MRI uses the signal from the nuclei of hydrogen atoms (!H) to generate an image,
utilizing the fact that living tissue consists of 60-80 % water in which macromolecules
are contained [5]. The nucleus of a hydrogen atom consists of a single proton having
positive charge. Also, a single electron with negative charge orbits the nucleus, making

the whole atom electrically neutral.

An intrinsic property of nearly all elementary particles that proton, also, possesses is

the spin. A proton, as a rotating mass, has angular momentum. Furthermore, taking

12



into account its electrical charge, proton has magnetic moment B and behaves like a
small magnet. So, it is affected by external magnetic fields and when it moves induces a
voltage in a receiver coil. Due to the size of the proton, we cannot look into hydrogen’s
nucleus thus we cannot see its intrinsic angular momentum or its spin. When we
describe the rotation of a proton we are not referring to its angular momentum but
to the visible motion of its magnetic axis B, which has the orientation of the proton’s

rotation axis.

When we expose our hydrogen nuclei to an external magnetic field, By, the nuclei
undergoes the process of precession, where the external forces try to alter the orientation
of its rotational axis, something commonly referred as wobble. This means, that our
nuclei does not align with the field ,just, instantly, but undergoes precession, which
happens at a characteristic frequency, which is proportional to the strength of the applied

magnetic field and is called Larmor frequency (wyp).

During this process the nuclei will gradually lose the energy stored as "wobbling" and
eventually align with the applied magnetic field. The time needed for the nuclei to
align depends on the decaying rate of the wobble phenomenon. Therefore, Larmor
frequency is fundamentally important in our concept and of crucial significance to

Magnetic resonance imaging.

The Larmor or precession frequency is the rate at which spins wobble when placed
in a magnetic field [6].

wo = 70Bo
where,
* wy is the Larmor frequency in (MHz)

* 7 is the gyromagnetic ratio, is the ratio of a particle’s magnetic moment to its

angular momentum in (MHz/Tesla)
* By, is the strength of the magnetic field in (Tesla)

e and 7y = 42.58 (MHz/Tesla) which is the value for protons when exposed to a
magnetic field at 1.5 T

But, what events take place in the prior process? Well, when the system has reached
a stable state and the wobbling phenomenon has wore off, the longitudinal magneti-
zation M, vectors representing the individual magnetic moments in the z-direction are
summarized. However, the nuclei , depending on their prior alignment, tend to align
with the magnetic field parallel or anti-parallel. The direction of the alignment resides

on which energy state is more favourable for the nuclei.

Under a steady-state condition, a slightly larger fraction aligns parallel to the Magnetic
field. This slight difference is the one actually measured and is represented by the
net magnetization vector. Due to the nature of this weak magnetization difference, the

external magnetic field must be strong enough in order to obtain a detectable signal.
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In order to induce energy to our stable spin system, we apply an electromagnetic wave
(E/M) of the same frequency as the Larmor frequency. This is called resonance condi-
tion. We produce this E/M wave in a powerful radio transmitter and apply it on the
object to be imaged by means of an antenna coil. This process is known as excitation
of the spin system and during this process the axis is gradually tipped away from the
z-axis to the x-y plane perpendicular to the direction of the main magnetic field.

The E/M wave is generated through a radio frequency (RF) pulse in order to be strong
enough and is applied and sustained long enough, to tip the magnetization by exactly
90°. This gives us a magnetization that is now denoted by M,,. However, whenever
a transverse magnetization rotates or precesses about the z-axis, it has the same effect
of an electrical generator and induces an alternating voltage with the same frequency
as the Larmor frequency: our MR signal. This particular signal is collected with high
sensitivity sensors and processed via a computer to generate the MR Image. The whole

procedure is graphically shown in (figure 2.2).

- ;fﬂ
v
% ¢ ?

c d

Figure 2.2: (a) Stable state of spin system, absence of magnetic field. (b) Production of lon-
gitudinal M, magnetization on a magnetic field By. (c¢) Applying RF pulse. (d)
From M, longitudinal magnetization to transverse M,,.

2.2 T1 and T2 Relaxation times

What is the process, though, to accumulate the MR signal?

Immediately after the excitation of the spins, the magnetization vector rotates to the

14



xy-plane and is now transverse magnetization (1/;,) just as we described previously. It
is important to understand that the rotating transverse magnetization is what gives rise
to the MR signal in the sensor coil. However, there are two independent phenomena
that occur after excitation which affect the MR signal and force it to rapidly fade. The
reason is, that they reduce the transverse magnetization and as a result they cause a
return to the stable state present before excitation. These independent phenomena are
called spin-lattice interaction and spin-spin interaction and they cause T1 relaxation

and T2 relaxation, respectively.
e T1: Longitudinal Relaxation

As we mentioned above the transverse magnetization (M,,) slowly decays and the
magnetization vector and the magnetic moments gradually realign with the z-axis, which
is the axis of the main magnetic field By. In this process the transverse magnetization
slowly diminishes and while the projection of the magnetization vector onto the xy-
plane (figure 2.3) decreases, the longitudinal magnetization, M, and its corresponding
projection on the z axis, increase until the steady state conditions are restored [6].

Therefore, this process is known as longitudinal relaxation or T1 "recovery"

As it was stated before, during the process of excitation we have given an amount of
energy to the nuclei to rotate its magnetization vector to the x-y plane, which means
for the nuclei to undergo longitudinal relaxation it has to dissipate this excess energy to
the environment. The time taken for T1 relaxation to occur vary and is dependant on
the strength of the external magnetic field By and the internal motion of the molecules.

For example, biological tissues have T1 values between half to several seconds at 1.5

L

Figure 2.3: T1 Relaxation. Decay of M,, and regrowth of M,

Tesla.

e T2/T2* Transverse Relaxation

To explain transverse relaxation, it is first necessary to explain the meaning of the
"phase". Here, phase is represented as the angular difference of a magnetic moment’s
circular orbit. Think of two different and at this stage, independent nuclei A and B,
that spin around the x-y plane with the same speed. If A began spinning before B did,
then the A will be ahead of B for, let’s say, 25 degrees. This means that the phase of A

relative to B is +25 degrees and vice versa the phase of B relative to B is -25 degrees.

Immediately after the excitation process, part of the spins begin to spin simultaneously,
meaning they have a phase of 0 degrees, or most commonly, they are in phase. This

state is called phase coherence.
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However, phase coherence is gradually lost, due to the fact that some spins speed up
and some others slow down during their rotational movement, a phenomenon that we
will soon explain. This, however, results in the decay of transverse magnetization M,,,
due to the fact that the individual magnetization vectors begin to cancel each other
instead of adding together and the resulting sum becomes smaller and smaller until it

diminishes and so does the MR signal (figure 2.4).

Simply put, transverse relaxation is the decay of transverse magnetization because the
spins go out of phase. In contrast to longitudinal relaxation, transverse relaxation does
not emit energy to the environment, instead the spins exchange this energy with each

other.
Coherence is lost in two ways:

Energy transfer between spins as a result of local changes in the magnetic field. Such
fluctuations are due to the fact that the spins are associated with small magnetic fields
that randomly interact with each other. Spins precess faster or slower according to
the magnetic field variations they experience. The overall result is a cumulative loss of
phase. This is a purely spin to spin interaction and is bound to happen within a time
constant T2 which is mostly independent of the strength of the external magnetic field

By or the focusing pulse we have emitted.

Time-independent inhomogeneities of the external magnetic field By. These are intrinsic
inhomogeneities that are caused by the magnetic field generator itself and by the very
person being imaged. They contribute to de-phasing, resulting in an overall signal
decay that is even faster than described by T2. This phenomenon happens at the time
constant of T2* which is always shorter that T2. The T2 effect is mostly a product
of inhomogeneities at tissue borders , especially at air/tissue interfaces or are induced
by local magnetic fields. The loss of the MR signal due to T2* effects is called free

induction decay (FID). T2* effects can be concealed by using spin echo sequences.

A ) A A

® K

Figure 2.4: T2 Relaxation. Loss of phase coherence, loss of M.

Xy

T2 denotes the process of energy transfer between spins, while T2* refers to the effects
of additional field inhomogeneities contributing to de-phasing [6].

As we mentioned T1 and T2 relaxation processes are totally independent but they tend
to occur simultaneously. It is worth noting that the MR signal has lost its power in the

16



first 100-300 ms due to T2 relaxation, which is long before T1 relaxation has completely

restored the magnetization vector to the z axis.

2.3 Bloch Equations

Prior to water diffusion models it is reasonable to mention the mathematical form of the
magnetic resonance phenomenon. The motion of the magnetization vector is described
by Bloch in [7] using the equation.

dM M,, M, — M,
=M xB- 2 _ =2 2.1
ar omx T, T 2.0)

where 7 is the gyromagnetic ratio, B the effective magnetic field, My the equilibrium
magnetization, 71 and 75 the relaxation times for the longitudinal and transverse mag-

netization, respectively.

We can write equation 2.1 after algebraic manipulations for the three spatial components

as:

Mw = woMy — Mx/TQ (22)
My = —won - My/T2 (23)
M, = (My — M.)/Ty (2.4)

By representing the transverse magnetization equations (2.2) and (2.3), can be expressed

in compact form as

Mg, (t) = M, +iM, and (2.5)
Moy (t) = Myy(iwo — 1/T3) (2.6)

Thus, after integrating and imposing the initial condition M,,(0) = M, we have:

My (t) = Mge™ote=t/T2 (2.7

Similarly, after integrating the longitudinal magnetization equation 2.4 we have:

M, (t) = Mo + (M. (0) — Mg)e /™ (2.8)
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The solutions of Bloch equation with respect to the direction of the magnetization vector

are presented graphically in the (figure 2.5).

M, M

a /\/\/\f\/\ . C .
JUT

b /\/\/\[\f\/\mzr d

Figure 2.5: (a).(b) Damped sine and cosine for the imaginary and real components (M, M,)
respectively.(c) Free induction decay signal M,, with a time constant T2, (d) Ex-
ponential recovery of the longitudinal magnetization toward its equilibrium value
with a time constant T1.

2.4 Image Contrast

Now, we will explain, briefly, what determines the contrast of an MR image and what
we can do to manipulate it. There are three intrinsic features of a biological tissue that

affect the image contrast. The proton density, T1 time and T2 time [6].

Proton density is the sum of the excitable spins per unit volume and it determines
the maximum signal strength we can extract from the given tissue. We can choose
the appropriate signal acquisition parameters to accentuate proton density contrast and
minimize the effect of T1/T2 induced signal changes. By doing that we will take a

proton-density weighted image, or simply proton density image.

T1 time, as we explained, is the time it takes for the excited spins to recover a certain
percentage of their initial longitudinal magnetization. A safe 5xT1 time has passed
can a tissue be available for a next excitation. Images with contrast that is mainly

determined by T1 relaxation processes are called T1-weighted images (T1w).

T2 time generally represents how quickly or how much time we have before we receive
the MR signal. It is the time we have before the MR signal decays. The T2 contrast of
an MR image can be controlled and when the contrast is mainly influenced by spin-spin

interaction then we have a T2-weighted image (T2w).

It is really important to mention that these intrinsic features vary widely from tissue to
tissue. So does the image’s contrast we can take from the very same tissue depending
on which of these parameters we emphasize in the MR sequence. This provides the
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basis for the exquisite soft-tissue discrimination and diagnostic potential of MR imaging.
While, on a computed tomography (CT scan) this discrimination is virtually indistinct,

MRI can distinguish them without the administration of a contrast medium.

Previously, it was mentioned that the main intrinsic features affecting the image contrast
are the proton density and T1 and T2 times. Despite that, image contrast can be
controlled by extrinsic contrast parameters, such as, Repetition time (TR) and Echo
time (TE) that we will explain briefly in the next sections. Moreover, differences between

water and fat will be analysed.

To examine the differences between fat and water, we have to proceed in molecular
level. Molecular motion consists of rotational and transitional movements. Generally,
when the molecular motion is fast, it is very difficult for a substance to release energy

to its surroundings.

Fat consists of hydrogen atoms linked to carbon that make up large molecules. This
fact results in a slow rate of molecular motion. Furthermore, fat molecules having low

inherent energy, they are able to absorb energy efficiently.

In contrast, hydrogen atoms of water linked to oxygen, resulting in small and mobile
molecules that have a high rate of molecular movement. Thus, water molecules have a

high inherent energy and they are not able to absorb energy efficiently.

The differences between tissues that contain fat or water described above, are responsible
for changes in image contrast. The reason why, arises from the different relaxation rates

in each tissue.
* Repetition Time (TR) and T1 Weighting

For the formation of a successful MR
RF Pul RF Pul . . )
e e R Pulse image, tissue that is scanned must un-

@ |_| |_| |_| dergo several excitations and the re-

: TR : TR ; sulting signals must be sampled many

times. Repetition time (TR) is the time
from the application of one RF pulse

RF Pulse RF Pulse RF Pulse to the application of the next (figure
®) signal | | signal | | 2.6(a)). TR is measured in (ms) and is
- I\/ —— crucial for the image contrast because it

< > < :

. ! affects the length of a relaxation period

Figure 2.6: (a) Repetition time (TR). (b) Echo after the application of one RF pulse to
time (TE) [1]. the beginning of the next [1].
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Having a long TR results in more
excited spins rotating back to the
z-plane and contributing to the
regrowth of longitudinal magne-
tization, which means that the
more longitudinal magnetization
can be excited by the next pulse,
the stronger the MR signal will
be emitted. On the other hand,
choosing a short repetition time
(approximately 600 ms), gives
images where T1 effects are dom-
inant. So, tissues with a short

T1 relax quickly and hence give

signal
Intensity 10 contrast between
‘water and fat

short T1 (fat)

long T! (water)

contrast
between
fat and

water

short TR TR (ms) long TR

Figure 2.7: Differences of water and fat in T1 [1].

a strong signal after the next pulse and appear brighter on the image, while tissues with

a long T1 receive only a little relaxation between two pulses and give less longitudi-

nal magnetization on the next consecutive pulse, giving a weaker signal, and therefore

appear darker. An example of two different tissue types (water and fat) is shown in

(figure 2.7).

Figure 2.8: Sagittal T1 weighted im-
age of spine. Intraspinal
lipoma is bright as it con-

tains fat. [1]

Choosing a fairly long repetition time, (which is
approximately over 1500 ms) the majority of tis-
sues, including those with long T1, return to equi-
librium since they have enough time to relax and
as a result they give similar signal strengths, which
means that the effect of T1 on image contrast is
minimal. With the above, we have shown that we
can control the quality of T1 weighting of an MR

image by choosing the repetition time.

The relationship between the MR signal of a tissue
and its appearance on T1-weighted images is as
follows: Tissues with a short T1 appear bright be-
cause they regain most of their longitudinal mag-
netization during the TR interval and thus pro-
duce a stronger MR signal (high signal intensity
in T1-weighted images). Tissues with a long T1
appear dark because they do not regain much of
their longitudinal magnetization during the TR in-
terval and thus produce a weaker MR signal (low
signal intensity in T1-weighted images). This de-
pendence in TR is clearly shown in (figure 2.8) in
which a lipoma in the spinal is depicted .
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* Echo Time (TE) and T2 Weighting

The echo time dictates the degree of T2 relaxation time dependence on image contrast.
Echo time, is the time between an Rf excitation pulse and the collection of the signal
(figure 2.6 (b)). The TE affects the length of the relaxation period after the end of
the RF excitation pulse and the amount of available MR signal to be collected by the

receiver coil [1].

We have to point out here, that
T2 relaxation time has the or- small contrast difference between

fat and water

der of magnitude of hundreds sigoal
milliseconds and is therefore far ey

shorter than T1. The choice of

TE is of high significance to the

contrast of the image. If a short
echo time is chosen, there are

only small differences between
large contrast
difference between
fat and water

different tissues, because T2 re-
long T2 (water)

laxation has only just began and

there has been little difference in
short T2 (fat)

the time of the echo collection,

giving us an image with a low short TE TE (ms) long TE

T2 contrast.
Figure 2.9: Differences of water and fat in T2 [1].

On the other hand, if a longer

echo time is chosen, the resulting

image accentuates differences between tissues of different T2 times. Tissues that have
a short T2, lose most of their signal intensity and appear dark on the images while
tissues that have a longer T2 haven’t retained their magnetization and therefore appear
brighter (figure 2.9).

For instance, cerebrospinal fluid (CSF) is
brighter compared with brain tissue , in T2
weighted images, due to the fact that CSF
is mostly water and water has a longer T2.
Thus, with the selection of an appropriate
echo time TE, we can manipulate the de-
gree of T2 weighting of the MR image (figure
2.10).

As a conclusion, tissues with a short T2 ap-
Figure 2.10: CSF appears bright in a T2- pear dark on T2-weighted images, while, tis-
weighted image

sues with a long T2 appear bright on T2-

weighted images!
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2.5 The Diffusion of water

The main target of diffusion weighted imaging (DWI) is to give insight into the diffusion
of water molecules, a complex process in many biological and physical systems. DWI has
significant clinical applications. Specifically, it offers high sensitivity of detecting acute
ischaemic damage in the brain and supports clinical faculty in stroke management.
In this chapter basic diffusion concepts such as magnetic resonance measurement of

diffusion and anisotropic diffusion will be discussed in order to present the IVIM model.

2.5.1 Isotropic Diffusion - Basic Diffusion Concepts

The mobility of the molecules (molecular diffusion or Brownian motion) in their micro
environment in a fluid, is reflected by a characteristic self-diffusion constant D [8]. This
motion was described by Einstein in 1905 for pollen on water surface. From one hand
(Fick 1855) for the quantitatively description of the diffusion process, asserted that the
rate of flow of the diffusive substance in a particular direction would be proportional
to the concentration gradient in that direction. Fick’s first law of diffusion states that
the diffusive process spontaneously drives the diffusive substance from areas of higher

concentration to areas of lower concentration and expressed as:

DGC

F=-D""
ox

(2.9)
where F is the rate of transfer of the diffusing substance through the unit area of each
section of the sample, C is the concentration of the diffusing substance, x is the space

coordinate and D is the diffusion coefficient.

Fick’s second law of diffusion is derived from 2.9 using a conservation of tracer equation
0C /0t = —0F /0x which states that the local rate of increase in tracer concentration
equals to the rate at which the flow decreases with distance. Thus, Fick’s second law
describes the diffusion process in one dimension in terms of the temporal and spatial

partial derivatives of C:

=D

e (2.10)

o =2 (57)

By generalizing 2.10 in three spatial coordinates the global behaviour of isotropic dif-
fusion can be expressed as:

2 2 2
oC D(@C o°Cc 0 C

o _ o2
> 527 T a7 T ) = DV (2.11)

The term "isotropic" premises unrestricted molecule motion with no preferential direc-

tion for the diffusive motion.
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Instead of describing self-diffusion (random walk) process in a homogeneous medium
in terms of the concentration C, we introduce a function that describes the probability
P of finding a particle in position x at time ¢. For instance, we want to follow the
displacements of a molecule positioned at X = A at time tp = 0 and want to compute the
probability of finding it at X = B at time t. Thus we want to find P(X = zp|X = z4,1)
but in our case, the self-diffusion, the probability is independent of the starting point.
Consequently, we define a vector for the relative dynamic displacement, X = (xp —z4)
to formally describe the process with P(X,¢). According to Fick’s second law, the

self-diffusion mechanism can be expressed as:

oP

— = DV°P. 2.12

5 (2.12)
In a time scale of few milliseconds, water
molecules are displaced between 10~® and
10~* m when exposed in a magnetic field.
To visualize the displacement of molecules

in a voxel we define the displacement dis-

tribution which describes the proportion
of molecules that undergo displacement
in a specific direction and distance. Most

water molecules are assumed to travel
short distances within a voxel, while, a
few of them travel farther. This fact lead Figure 2.11: Random Walk of a particle

us to assume a Gaussian distribution.

_x2

¢ DT . (2.13)

1
P(X,t) =
(X 1) VAar Dt
The spread of the Gaussian is characterized by the variance (02 = 2Dt) and the mean
square dynamic displacement for the net vector of distance (X?) travelled by a molecule

in time t is:

+oo
(X% = X%P(X,t)dX = 6Dt (2.14)
At 37°C (which is the normal body temperature) the diffusion coefficient of water is ap-
proximately D = 3-10~%mm?/sec [9]. From the other hand one can model self-diffusion
as random walk (fig 2.11) starting from point A to B with X the net displacement vector
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2.5.2 MR Measurement of diffusion

This section is focused on how can MRI signal be sensitized to water diffusion. In
the previous chapter we described that, MRI image is created by magnetic properties
of protons. Supposing that we have a spin, that travels along an arbitrary path r(t),

through a gradient field by the waveform, G(t), this leads to phase accumulation, ¢ [2].
t

o(t) = 70/ G- 7 ()t (2.15)
0

In a medium, with a large number of molecules and consequently, spins, it is logical to
foresee there are many different magnetic moments; either positive or negative. Thus,
the net phase shift tends to zero. Generally, the directional motion of spins through a
gradient field results in a measurable phase. In contrast, a great percentage of randomly
travelling spins provides no net phase shift, but they contribute to dephasing as signal
attenuation. In addition, the degree of signal attenuation increases along with the
increment of the variance of the phase shifts distribution. So, from 2.15 we conclude to
phase shift increment, as the time interval, the gradient strength and arbitrary traveling
path are increasing. This phenomenon was formally described and proved by Torrey
in 1956 [10] to modify the Bloch equation with diffusion terms by adding the term
VDV (M, — Mp). The solution of the Bloch-Torrey equation then is:

t— -
- k) k(t)dt
D/o ) K E) (2.16)

S(t) = Soe
where: S(t) is the diffusion signal from the MRI scanner, Sy is the signal without
diffusion gradient, D is the diffusion coefficient and k(¢) relates to the time integral of

the gradient waveform which is:

N t
K (1) = o / reltar (2.17)
0
% A”" Seo Equations 2.16 and 2.17 are written for the
) _A * general case of an arbitrary gradient waveform

G. Usually the most used sequence in practice,
S S

is the Stejskal-Tanner pulsed field gradient se-

G()

, \ : quence (PFG), (figure 2.12). The integral in

TE 2.16 is refereed in bibliography as the b-value

. . or b-factor as introduced by Le Bihan in [11].
Figure 2.12: Standard pulsed field gradi- . ) o
ent waveform. By applying the waveform in (figure 2.12) to

(2.17) and the integral in (2.16), we have:

TE
- / F(t) - K (W)t = (10Go)2[A — g] (2.18)
0
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In practice, altering the amplitude or duration of the gradient (and, thus, the b-value) in
a diffusion imaging sequence, results in a change of signal as a function of the b-value,
under the rule

S(b) = Spe~ L. (2.19)

In figure (2.13), the signal (MR image) as a function of b-value is shown. It is clear
that, when b-value increases, leads to signal loss, unrestricted molecules (CSF) loose

MR signal faster than molecules in restrictive environment (brain parenchyma). As

mentioned previously this is result of spin dephasing.

06— —

Signal Intensities

04— —

0 100 20 300 400 500 500 700 600 500 1000
b-values

Figure 2.13: Signal as a function of the b-value

In order to calculate the diffusion coefficient D from (2.19), we need at least a diffusion
sequence with two different b-values. This procedure is repeated for every pixel on a
Diffusion MR image. When there is no diffusion gradient (b = 0), the signal is indicated
as S(b) = Sp, meaning no signal loss and no diffusion sensitivity of the acquisition. So,

in the simplest case of determining D with 2 b-values (b1, b2), we have:

S(by) = Spe 1P (2.20)

and
S(by) = Spe~ 2P, (2.21)

By taking the ratio of both sides of the previous equations and after that, the logarithm

of both sides we conclude that:
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_ 1 [50)
v (bZ_bl)l [S(bz)} (2.22)

Due to the fact that D is dependent on the direction of diffusion and the b-value, the
physical diffusion coefficient is replaced by the apparent diffusion coefficient (ADC). On
the other hand, in clinical practice, more than two b-values are acquired for assessing in
a more accurate way the exponentially decay of the diffusion signal. This fact leads to
non-linear fitting to calculate the diffusion coefficient. In section 3.1, Non-Linear Least

Squares are presented for the calculation of ADC.

2.5.3 Anisotropic Diffusion

In the previous section, we modelled the process of diffusion of molecules as a Gaussian
(isotropic) distribution, meaning that spins have no preference in direction as they travel
through a medium or tissue in one dimension. Mobility of water molecules in brain
white matter is mostly anisotropic as water preferentially moves along white matter

fibers than across them as myelin inhibits free diffusion [12].

Diffusion Tensor Imaging is a novel technique based on diffusion theory that can repre-
sent 3D anatomical structures in the human brain, and specifically white matter tracts
[8]. It has been used for pre-operative brain MRI in order to assert integrity of tracts in
the vicinity of the tumour size as well as for other brain pathologies such as, multiple

sclerosis, dyslexia and schizophrenia.

The diffusion tensor (D) consists of nine
elements (see 2.23). The diagonal ele-
ments Dg,, Dy, and D., define the dif-
fusion coefficients along the main system
of axons xyz of the MRI scanner. Non-
diagonal terms of (2.23) represent the off-
set of principal direction of diffusivity from
the reference frame (fig 2.14). In case
the reference frame coincides with the self-
direction of diffusion, non-diagonal terms

are equal to zero. Furthermore, for un-

charged molecules, tensor D is symmetric.

Figure 2.14: MR scanner x, y, z co-ordinate
system. Figure taken from:
Gardner Lab. Neurosciences In-

Thus, only six elements are required.

D D D stitute, Stanford University
Tx Ty Tz
D = Dy, Dyy Dy, (2.23)
D zx D zy Dzz
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2.5.4 Calculation of Diffusion Tensor

The tensor basis solution to Bloch equations with diffusion terms, with respect to the
Stejskal-Tanner pulsed field gradient sequence for (DTI) is [13]:

T
S; = Spe 09 Dy (2.24)

where: D is the diffusion tensor and g; = [Gy4; Gyi Gi]T, i=1,...,N are the gradient
direction pulses. For the directional sampling, usually N = 6, N = 12, and N = 42
uniformly distributed directions of measurements, are used. In order to succeed better
accuracy on the direction of molecules, we set N = 162 or N = 642 but it is time
consuming especially for the object to be imaged. So, in order to find D, from 2.24
we conclude that, the minimum images required are seven (six images along different

directions and one with no diffusion gradient).

After a series of algebraic manipulations on 2.24 we have:

(5)
in Sf
- 207 = ngmsz + G?ﬂ'Dyy + GgiDzz + QGmiGyliy + 2G(EZGZZDCEZ + 2GinziDyz

b
(2.25)

In the process of finding the elements of the tensor, we write D as a column vector
d=[Dys DyyD.. Dypy Dy Dyz}T, we introduce the H matrix and the right hand side F.

(G2, G2 G 2GuGy 2GnGa 2G G |
G2, G2, G2 202Gy 201G 2G,3G.
H= G?c?, G§3 G§3 2Ga:3Gy3 2Gx3Gz3 2Gy3G23 (226)

G2y G2y G2y 2GunGyn 20onGay 2GynGan |

In <Sl> In <S2) n <SN> '
Fo_ |\ So 50 (2.27)

b , b ey b

Hence, the diffusion tensor is computed by solving the linear system,

Hd =F. (2.28)

In order to present the Diffusion Tensor, a healthy patient’s axial slice of the brain
with N = 12 uniformly distributed gradient directions has been used (figure 2.15).
The images below, were obtained from an 1.5 Tesla Siemens MR scanner of University
General Hospital of Heraklion "PAGNI".

27



Diffusion weighted image
with no diffusion gradient

b=1000

Diffusion weighted images with 12 uniformly distributed gradient directions

Figure 2.15: DTI Data: 13 diffusion weighted images: one with no diffusion gradient (b = 0)
and 12 images with uniformly distributed gradient directions with (b = 1000).

Hence, by solving the linear system 2.28 for every pixel on the image, the Diffusion
Tensor is presented in figure 2.16 . Every image, represents the corresponding element
of the tensor.
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The Diffusion Tensor

w0t

Figure 2.16: Calculation of the diffusion tensor. On the diagonal images that represent the
diffusion through the zz, yy, and zz axons respectively, high diffusion coefficient
in zz (yellow box) is observed, which is in contrast to the case of diffusivity along
yy and zz. That happens due to the alighment of callosal fibers with the direction
of diffusivity along zz.

2.5.5 Visualization of the Diffusion Tensor

After calculating the diffusion tensor, it is possible to visualize the direction of water dif-
fusion through a medium (brain tissue). The eigenvalues (A1, A2, A3) and eigenvectors
(e1, ea, e3) of the tensor D are of great interest, which describe the apparent diffusivities

and the directions along the axes of principle diffusion [14] .

The diffusion tensor can be visualized using an ellipsoid with the eigenvectors defining
the directions of the principle axes and the ellipsoidal radii defined by the eigenvalues
(figure 2.17). In the present work, considering the eigenvalues in descending order, \

represents the direction with the highest diffusion coefficient.
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Figure 2.17: Diffusion ellipsoids. Figure by [15]

The diffusion ellipsoids are of the form:

Y. 52
VT W W
The visualization of the diffusion tensor with the diffusion ellipsoids is shown in (figure

2.18).

1 (2.29)
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Visualization of Diffusion Tensor with Ellipsoids
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Figure 2.18: Diffusion ellipsoids map. Black box: both anisotropy in diffusion in the genu of
corpus callosum and isotropy in CSF are clearly shown.

Since the interpretation of the DT is a hard and time consuming procedure, a simplifica-

tion of the data would be necessary. Hence, it is reasonable to search for other measures
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(bio-markers) that can produce information to radiologists or doctors. Other measures
that derived from DTI are: Fractional Anisotropy (FA), Mean Diffusivity (MD), Radial
Diffusivity (RD) and Volume Ratio (VR).

Firstly, for an overview of diffusion in a voxel, the most commonly used bio-marker,
Mean Diffusivity, is proposed. MD characterizes the mean-squared movements of
molecules and diffusion restrictions in tissue (2.30). Radial diffusivity is calculated
by averaging the orthogonal components of the principal eigenvector. RD is associated
with loss of myelination and cross-sectional axonal injuries (2.31). Also it witnesses

changes related to the aging process.

Fractional Anisotropy and Volume ratio are two scalars that define the diffusion aniso-
tropy. FA measures the fraction of diffusion that is anisotropic by looking at the nor-
malized variance of the eigenvalues in the tensor (2.32). FA = 0 indicates isotropic
diffusion while F'A = 1 fully anisotropic. VR stands for the ratio of the ellipsoid volume
to the volume of a sphere of radius (\) (2.33). As FA, VR's range is [0,1] but, VR =0
stands for anisotropy while V R = 1 isotropy.

MD = () = W (2.30)
RD = % (2.31)
3 =) (e = ()2 + (A3 — (V)2
FA— \E\/ i (2.32)
e
VR= 20 (2.33)

In (figure 2.19), scalar measures of diffusion anisotropy are presented (FA, VR) as well
as measures (MD, RD) that give information about mean diffusivity and changes to

myelination.
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Fractional Anisotropy Mean Diffusivity

Figure 2.19: Fractional Anisotropy, Mean Diffusivity, Radial Diffusivity, and Volume Ratio maps

2.5.6 Intravoxel Incoherent Motion (IVIM)

The above DTI scalar measures, have been
used to characterize abnormalities and dis-

eases in the human brain. To examine wa-
ter diffusivity in other anatomical areas, the
simple ADC model (2.19) is proposed. From
this mono-exponential decay, the apparent
diffusion coefficient (ADC) could be calculated
quantitatively by linear fitting to the logarith-

mic scale of the signal intensities, using onl
& & Y Figure 2.20: Capillary network in a voxel.

two b-values.

Practically, by the use of several b-values, many studies have experimentally concluded
that DWI signal cannot be well described by the mono-exponential model (2.19), es-
pecially on highly vascularized organs like the liver and the pancreas [16]. The DWI
signal on these well perfused organs, is also influenced by the tissue micro-structure,

hence the microcirculation of blood in the capillary network (figure 2.21).
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Intravoxel Incoherent Motion (IVIM) imaging method was developed for the visual-
ization of microscopic translations of water. The main idea in [17] was that the signal
in a diffusion MR image could be contaminated by the microcirculation of blood (per-
fusion) in the capillary network in a voxel. This method is capable of indicating the
contribution of perfusion to the diffusion coefficient D and permits separate evaluation
of parametric maps related to the aforementioned phenomena.

Due to the pseudo-random organization and the high quantity of capillaries (5700 per
cubic millimeter) of the capillary network in a voxel, microcirculation of blood was
considered as an incoherent motion (figure 2.20). The model that proposed for IVIM
is:

gg =(1— fle P 4 fe tD" (2.34)
where: f is the micro-perfusion factor, f € [0, 1]. It denotes the ratio of water flowing
in capillaries to the total water contained in the voxel. D is the diffusion coefficient and

D* is the pseudo-diffusion coefficient.

Expected values of D* coefficient are approximately one order of magnitude greater
than D [18]. Further analysis, of this model is presented in the next chapter.

log(Signal intensities)

0 100 200 300 400 500 600 700 800
b(s.'mmz)

Figure 2.21: A signal decay in semi-logarithmic scale as a function of the b-values. Circles
correspond to the semi-logarithmic transformed DWI signal intensities. The bold
solid line is the IVIM fitted curve providing D, D* and f. Light solid lines represent
D and D* decay curves respectively. The dashed line is the mono-exponential fit
providing ADC [16]
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3

Diffusion Weighted Imaging - IVIM Analysis

This section is focused on the materials and methods of the presented DWI analysis as
well as, on the technical aspects required for providing the diffusion parameters from
the IVIM model.

3.1 Mathematical Framework of IVIM Computation

The aforementioned DWI parameters (f, D, D*) from the IVIM model in the previous
chapter, are estimated by the non-linear inverse problems theory. One of the most
preferred techniques of this theory is, the non-linear least squares. Suppose we have
data points (b1,41), (b2,y2), .., (bn,yn) and a given model function G(x,b) (figure 3.1).

For the parameters = = [z, z2, ..., ;] we want to find a local minimizer x* for

n

1

F(a) = 5 32 r2@) = 5 | r(a) IP= () re), (3.1)

DN | =

=1

known as objective function. Firstly we assume that there exists a x/ such that y; =
G(x1,b)+e€;, where, {¢; } are the errors of the measurements y; and for any « the residuals
ri : R™ — R with r; () = y; — G(z,b) i=1,..n n>m.

Figure 3.1: Data points marked by (*) and model G(x,b) by full line.

¢ Definitions and Notation

In order to comprehend the methods of finding a minimizer for (3.1), some useful
definitions and theorems are presented. In general, the main problem is to find a global

minimizer as stated below.

Definition 1 (Global minimizer) Given F: R™ — R, find x" = mingegm F(x).
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Finding a global minimizer is a very difficult procedure hence, a simplification of the
problem is to search for a local minimizer (z*) in a neighbourhood of x with radius §
in definition 2.

Definition 2 (Local minimizer) Given F: R™ — R, find x* such that F(xz*) < F(x) for
|z —a*[2<d, 6>0.

Assuming that the objective function F' is differentiable and smooth, the truncated Taylor
expansion of F(x) = L,(h) + O(h"™!), n=1,2,... around = is:

F(x +h) = Ly(h) = F(z) + hTg + %hTHh+O(|| h?) (3.2)

where g is the gradient and H is the Hessian,

oF
571(95) 9
/ . 1/ 8 F
g=F'(z)= : , H=F"(z)= [axax(aj)} . (3.3)
OF e
O (2)

For simplification, we need formulas for the derivatives of F. Supposing that r has

continuous second partial derivatives, the truncated Taylor expansion of r is:

r(z+h) =11(h) =r(@)+ J(@)h+O(| h ||?), (3.4)
with, J € R™™ to be the Jacobian matrix.

677

i=1,... i =1,..,m. .
8.%.] (x)7 ? Y 7n7 J 9 7m (3 5)

(J(2))ij =

Moreover, from 3.1 the gradient of F': R"™ — R is:

Py = 2 @)=Y rilx) a”. (z) = J(2)Tr(2). (3.6)

Finally, from 3.6, the element of the Hessian of F at position (7, k) is:

OPF or; 8741 827“1‘
O:Ujaka Z (8;10] oxy, () +ril@) Oz 0z, (ﬂn)) ' 3.7
In matrix form, one can see that, the Hessian is:
F'(x) = J(2)TJ(x) + > ri(z)r"(x). (3.8)
i=1

Usually, when the residuals are significantly smaller than the first term of the Hessian,
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the Gauss-Newton approximation of the Hessian (Hgy) is used:

F"(z) = Hgn = J(2)T J(x). (3.9

A necessary condition for a local minimizer, z*, is :
g =F'(z*) =0. (3.10)

A point (z,) that satisfies the necessary condition is called stationary. So, a stationary
point may be a local minimizer or a local maximizer. The next theorem ensures that

x5 is a local minimizer.

Theorem 1 (Sufficient condition for a local minimizer) Assume that xz, is a stationary
point and F"(xs) is positive definite. Then, x is a local minimizer.

Non linear optimization methods are iterative. Given a starting point (zp) methods
produce a sequence of vectors z1,x2,... which converges to z* (the local minimizer).
The choice of the starting point (x¢) is critical and may affect the result, specially when

the objective function has many minimizers.

To be sure that the methods are going to converge in a local minimum (z*) and not in

a local maximum, the descending condition must be satisfied:

F(zpi1) < F(ay). (3.11)

Also, the error sequence {ej} that is produced by the iterative method, must be de-

creasing, eventually, i.e.

lenrt |<|lexl, k>KeN. (3.12)

In every iteration, the next direction (h) that leads us to the closest minimizer z* must

be calculated. By taking the Taylor around z and with direction h, we have:

F(x + ah) = F(z) + ahTF'(z) + O(a?) (3.13)
~ F(z) + ahT F'(z) (3.14)

If F(x 4+ ah) is a decreasing function of «, then, h said to be the descent direction and
concludes to definition 3.

Definition 3 (Descent Direction) & is a descent direction for F at x if hT F'(x) <0 .

3.1.1 The steepest Descent method

The Steepest Descent method or gradient method arises from 3.14 and satisfies:
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. F(z)— F(z+ ah) | RS ,
lim = - W F'(z) = — || F'(x) || cosb, (3.15)
o TRl Th] |

where 6 is the angle between h and F’. It has been proven that the highest gain rate is

succeeded when ¢ = 7. Thus, the steepest descent direction is given by:

heg = —F'(2). (3.16)

Supposing that we have a descent direction h, we want to move to a local minimum
with step ah. But we need to know how far we should go. Thus, two methods of
finding the appropriate « are presented in next sections (Line search and Trust Region
methods).

3.1.2 Line Search

Assume that we are in a point 2 and we want to move from z to 2’ in direction h. To

find how far we should go. we study the variation of the objective function as a function

of ().

¢(a) = F(z + ah) (3.17)

Knowing that h is a descent direction we have, ¢/(0) = hT F'(x) < 0 and equivalently
#(a) < ¢(0). When « is very small, F(z) — F(z + ah) is small too. Thus, o must be
increased. If « is too large then ¢(a) > ¢(0). Hence we have to decrease a for the
descent condition to be satisfied. Finally, if o is close to the minimizer we accept the

current co.

The stopping criterion for the line search at ky, iterate is: |¢/(ay)| < 7|¢'(0)], where 7 is a
small positive number. As an iterative process, line search, can be very computationally

expensive. So, a stricter version of the descending condition is used. For example:

¢lar) < ¢(0) +m¢'(0)a,  0<y <L (3.18)

This, prevents o from being too large. Moreover, another control for avoiding « be-

coming too small is:

¢ (a) > 72¢'(0), 0<m<m<L (3.19)

If « satisfies both these criteria then we accept it. Otherwise, other techniques are used
[19].
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3.1.3 Trust Region Methods

Suppose that we have the truncated Taylor expansion /;(h) of r, in a neighbourhood of

xz,

r(x 4+ h) ~1li(h) =r(x) + J(x)h. (3.20)

Then, by (3.1) the objective function becomes,

1

F(z 4 h) ~ Ly(h) = 5ll(h)Tzl(h) (3.21)
1 1

= irTr +hTJTr + ihTJTJh (3.22)
1

= F(z) + h'Jr + 5hTJTJh (3.23)

where: r = r(z) and J = J(x). The gradient and the Hessian of L are:

L'h)y=Jr+J%Jn,  L'(h)=JTJ (3.24)

In a trust region method, we suppose that L(h) is sufficiently accurate inside a ball with

radius A. Thus, our problem takes the form:

If the descending condition (F(x 4+ h) < F(x)) is satisfied , then, the current approxi-
mation of the minimizer becomes x = x + h. Otherwise, due to the fact that h was too
large and should be reduced we update A analogously. To handle A, the gain ratio the

following selection for p is proposed:

_ F(z) - F(z+h)
P=7L0) L)

(3.26)

It is the ratio between the actual and the predicted decrease in function value. A good
strategy to update A is that if p < 1 we decide to use smaller steps, while p > 2 we

may need larger steps [19].

In the sequel, three other efficient methods for problem (3.1) are presented (Gauss-

Newton, Levenberg-Marquardt and Powell’s Dog leg methods.)

The Gauss-Newton Method

The Gauss-Newton method is the basis of the methods that are going to be further
analysed in next sections. All these methods are based on a linear approximation of
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the objective function. So, for small || & || let (I1(h)) be the truncated Taylor expansion
of r around z (3.20). By the definition of F in(3.1),

1
F(x+h) ~ Ly(h) = F(z) + hTJTr + 5hTJTJh. (3.27)

The problem is to find the minimum of Ly(h) which is much easier than (3.1). By
setting (3.24) equal to zero, the Gauss-Newton step (hg,) can be found by solving the

system:

(JEDhgn = =T r. (3.28)
Moreover, (hg,) is a descent direction for . From definition 3 we have:

hinF'(x) = b}, (JTr) = —hgn(J" J)hgn < 0. (3.29)
Hence, since (hgy) is a direction, the next step is computed by:

X =X+ ahg, (3.30)

and « is found by line search. Usually, in the classical Gauss-Newton method a =1 is
used in all steps. The method with the line search can be shown to have guaranteed

convergence [19] and [20].

The Levenberg-Marquardt Method

Levenberg [21] and Marquardt [22] proposed the use of a damped version of the
Gauss-Newton method. According to (3.28) the new direction (hyy,) is computed by

the adjustment on the system:

(JYT + uDhyy, = =JTr, >0, (3.31)

The damping parameter ;. has been proposed because,

e For p > 0, the matrix (J7J+pul) is positive definite, ensuring that hy,, is a descent
direction.

¢ When p is large then from 3.16:
1 /
R ~ —;F (x), (3.32)

meaning a short step in the descent direction and it is good when the current

iterate is far from the solution.
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e If p is small then hy,, ~ hgy, which is a good step in the final stages of the iteration

(z is close to x*).

Hence, p is responsible for the direction and the size of the step. The first choice of
p is related to the size of the diagonal elements of the Hessian (3.9). For example,
po = maz;{Hgn,, }. To update 1 we look at the gain ratio, p (3.26) . If p is large then,
L(hyy,) behaves like F'(x + hyy,) and we can decrease 4 so that the next step is closer
to the Gauss-Newton step. Otherwise, if p is small then p should be increased and
hopefully get closer to the steepest descent direction. More details for the parameter p
can be found in [20].

Powell’s Dog Leg Method

This trust region method, exploits the
directions of the Gauss-Newton and the
steepest descend methods. Powell pro-
posed a way of finding an approximation
to the trust region direction h¢,.. As shown
previously, the Gauss-Newton step (h,)
is obtained by solving the system in 3.28
and the steepest descent direction, (hsq)
is calculated from (3.16). Due to the fact

that hgq is a direction and not a step, to

see how far we should move, we look at

the linear model: Figure 3.2: Trust region and Dog Leg step

r(x + ah) ~r(z) + aJ(z)h (3.33)
\ (3.34)
F@r%am::%ﬂr@)+aJ@ﬂHP (3.35)
= F(z) +aht JT (z) + %az | J(z)h | (3.36)

It is clearly that F'(x 4 ah) has minimum for

@@ el
=R E S TIwe e 0= @ (3.37)

By calculating hgy, and hs; and supposing that we are in the current point x, we define
the candidates z = ah,q and w = hg,, for the next iteration. In this trust region method
of radius A, Powell suggested the strategy in (Algorithm 1) and the last case is shown
in (figure 3.2).
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if || hgn ||< A then
‘ hdl = hgn
else if || ahgq |> A then
| ha = (A/ || hsa |)hsa
else

ha = ahgq + ﬁ(hgn - Ofhsd)

with  chosen so that || hg [|= A
end

Algorithm 1: Powell’s Dog Leg strategy

In order to find 3 so that || hy ||= A and with y = 27 (w — 2), we define the second
degree polynomial p(5) :

p(B) =l z+B(w —2) IIP =A% =[| w — 2 || 82 + 2yB+ || = ||* —A° (3.38)

In the interval [—o0,0] exists at least one root because when g — —oo then p(5) — oo
and p(0) = | z ||* =A% < 0. Furthermore in [0, 1] exists another root because p(1) =
| hign ||> =A% > 0. Due to the fact that the degree of the polynomial is two, we conclude
that it has exactly two roots and we need the positive one, which can be calculated with

basic algebra.

k<« 0; x + xo; A < Ag; g+ J(x)r(z);
stop < || 7(z) [loo< €2 0r || 9(2) [[o< €
while not stop and k < kpq: do

k < k + 1; Obtain « from (3.37)
hsq < —ag; Solve J(x)hg, = —1r(x)
Obtain hg from (algorithm 1)

if || hay || < €2(]] @ || +e2) then
| stop < true

else

Tnew < T + hqp

p= F(z)—F(znew)
L(0)—L(har)

if p > 0 then
T < Tpews 9 < J(:L’)T‘(CL’)
stop || 7(z) |lo< €2 01 || g(7) [l00< €1
if p > 0.75 then
| A max{A,3x| hg ||}
else if p < 0.25 then
| A+ A/2; stop+— A <e(]| 2| +er)

end
end

Algorithm 2: Powell’s Dog Leg Method
Again, Powell’'s method as a trust region method is controlled by the gain ratio p at
(3.26). In the previous method, (L.-M) we used the gain ratio to control the damping
parameter . In Powell’s method we use p to control the radius A of the trust region.
Generally, if p is large then the linear approximation of the objective function is good.
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In this case, we can increase A and make larger steps that behave like Gauss-Newton
direction. In contrast, when p is small, we reduce the radius A and making smaller
steps that behave like the steepest descent method. Typical p threshold values can be
found in ([19], [20], [23D).

With €1, €5 sufficiently small, a starting point zo, an initial trust region radius A, and
a control kp,,, for the iterations, a pseudo-algorithm of Powell’s Dog leg Method is

presented above in (algorithm 2).

Trust region algorithms have as a stopping criterion, F'(z*) = g(z*) = 0. Equivalently,

for € > 0 and small, the stopping criterion is || F'(z) ||cc< €.

3.1.4 Constrained Optimization

In the previous section, methods for the non-linear least squares problem were analysed
in order to optimize the given parameters. However, in practice many parameters have
natural bounds that limit their values. In the current section, the adjustment of a trust
region method for use on bound-constrained problems will be discussed [24]. The
dominant trust region method that will be adjusted, with the Active Set strategy in [25],
is Powell’'s Dog Leg method. For that purpose, some preliminary tools are needed.

¢ Preliminaries

Given the lower (1) and upper (u) bounds, with [,u € R™, the projection of x € R™

onto the feasible set X is:

Px(z) = mi)r(l | v — 2 ||= max{min{x,u},} (3.39)
ve

The constrained set X is defined by:

A set A for a vector z is called active and is given by:

Alx) ={ilz; =1; or x;=u;} (3.41)

The inactive set, Z(x), is the complementary set of A(z). Thus for the index i € Z(z),
x; are the inactive variables. In analogy with the theory of the non-linear least squares,
the gradient of a vector must be defined. Therefore, in the constrained settings, the

projected gradient of a function r(x) at x € X, is defined by:

pr < 0)

' (z) =

{aéff) ifi € Z(z) or (i€ Alx) and (3.42)

0 otherwise
Additionally, the reduced Hessian (HZRJ) cannot be passed over.
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8%r(z .p . .
Hﬁ':{ 6zi(§x3 ifieZ(x) or jeZI(x) (3.43)

0ij otherwise

3.1.5 The Modified Dog Leg Algorithm (MDL)

In order to make the Dog Leg algorithm more robust we introduce the Active Set
strategy. That is, the linear model L;(h) of the objective function, the term J7.J must
be replaced with Hﬁj = Dz(xg)JT JDz(xk) + Da(zy).

Where, D7 is the diagonal matrix with,

1,j € I(x)

e Aw 04 Pal@=I-Dr@) (3.44)

[Dz(7)]j; {

As a further improvement, we replace the gradient of r in (3.37) with the constrained
version (3.42). Finally, at ky, iteration, if zj is outside of the constraints after the k —th

Dog-Leg solution, we project the new step xj, onto the constrained set X as:

Ty = 'P)((xk +h)—h (3.45)

In the sequel, examples for the applications of the (MDL) algorithm for the estimation

of the IVIM parameters are shown.

3.2 Results - Limitations

3.2.1 Data Description

To begin with, for the needs of our study, two middle-aged patients (P1 and P2) with no
organ relevant pathology were selected. For each patient, an expert radiologist selected
regions of interest (ROIS) on well perfused pancreatic and liver tissues, avoiding areas of
severe contamination of motion artifacts. Diffusion weighted images are obtained from
a 1.5 Tesla Siemens MR scanner with b-values of [ 0 50 100 150 200 500 1000 1500
2000 3000 ]. The exponentially decaying signal intensities of the diffusion weighted
images as a function of the b-values for each patient and for each anatomical area, are

shown in the following figures. ROIS are marked with red color.
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Patient : P1
100

Selected Liver Roi

100

Selected Pancreas Roi

Figure 3.3: Selected ROIS for patient P1

Selected Liver Roi

Selected Pancreas Roi

Figure 3.4: Selected ROIS for patient P2
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3.2.2 Stating the optimization problem

The main goal of the DWI analysis and specifically of the studied IVIM model (section
2.5.6), is to produce parametric maps (bio-markers) of the examined area of an organ
that highlight water diffusivity and micro-perfusion activity. These maps are mainly

calculated from the non-linear least squares theory as it is described in section 3.1.

Technically speaking, for each pixel in a ROI of a specific anatomical area the main goal
is to determine the values (D, D*, f) from the IVIM model as given by (2.34). Non-
linear least squares are applied to the exponentially decaying signal intensity curve of
each pixel. As defined by the IVIM model, the decaying curve is fitted to the DWI data

and the IVIM parameters are calculated.

As can be seen in figure 3.5, for each DW-image in respect to its b-value, a point inside

a ROI is selected and an indicative exponentially decaying curve of a pixel in the ROI

as a function of the b-value is depicted in figure 3.6. (Signal intensities are presented
with () )

1000 1500 2000 3000

Figure 3.5: Signal intensities for a pixel from multiple b-values inside a ROI

Data Plot
120 ; T T i f

WDD*
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Signal Intesities
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40

20

0 £00 1000 1500 2000 2800 3000
B-“alus

Figure 3.6: Signal intensities for a pixel in b-value space

The main aim of this process is to fit the DWI data (b;,y;) ¢ =1,...,10 to the model

function G. To be more comprehensive, the model function according to the IVIM
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theory is given by:

G(x,b) = So((1 — z1)e 2 4 z1e75%3) — G, (3.46)

For each pixel in the ROI, Sy stands for the the signal intensity with no diffusion gradient
(b — value = 0). The vector x = [x1,x2,z3] = [f, D, D*] of (2.34) and is calculated via
the optimization procedure of the non-linear least squares. Thus, the objective function

F' to minimize is:

Fa) =23 r2(x) with r(2) =g — G(x,b), i=1,..,10 (3.47)

In bibliography, the estimated IVIM parameters lie on the following ranges: the perfu-
sion fraction f € [0, 1], the diffusion coefficient D € [0.2,3] x 1072 [9] and the pseudo-
diffusion coefficient D* ~ 10 x D [18]. This fact led us to use the modified version of

Dog-Leg algorithm presented in section 3.1.5.

By using the constrained version of the Dog-Leg algorithm, for a random pixel inside
the ROI, with initial guess xg = [0.1,1073,30 x 1073], tolerance ¢ = 107, k4 = 100
iterations, the lower 1 = [0.01,0.2x 1073, 10 x 10~3] and the upper u = [0.9,4 x 103,300 x
1073] bounds, algorithm converged to: x = [0.475,1.18 x 1073,2.96 x 1072] a clinically
relevant result. The fitted model function can be seen in (figure 3.7 ).

Data Plot
120 ! T T ' .

Signal Intesities

3 T
il £00 1000 1500 2000 2500 3000
B-alue

Figure 3.7: Fitted data on the objective function

The above fitting procedure is repeated for every pixel inside the selected ROI. Before
presenting the results for each anatomical area and for each patient, a metric for the

validity of our results is needed.

In statistics, the parameter R-squared (R?) is commonly used as a measure of similarity
S Sres

SStot
of squares of residuals, also called the residual sum of squares SSycs = > . (yi — GZ-)2

between the data and the model function G. R?2 =1 — where: 55, is the sum

and SS;, the total sum of squares (proportional to the variance of the data), SSi,; =
> i(yi — §)? where § is the mean of the observed data: § = 13" y;. (R?) € [0,1]
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and 1 stands for perfect similarity, while O for dissimilarity. This measure is suitable
for models that have only one variable that needs optimization. In this work, three
variables needed to be optimized and a proposed measure for similarity is the adjusted
R-squared (EQ) [26]. In analogy with R-squared, the adjusted R-squared takes values
n—1

from -1 to 1 where 1 is the indicator of perfect similarity. R=1- (1- RQ)n_p_1

p is the total number of the optimized variables in the model function, and n is the

where

sample size.

3.2.3 Limitations

This sections’s purpose is to present the results (when the IVIM model is applied to the

liver and the pancreas) of using the non-linear least squares.

To begin with, the modified Dog Leg algorithm with initial guess zo = [0.1,1073,30 x
1073, lower 1 = [0.01,0.2 x 1073,10 x 10~3] and upper u = [0.9,4 x 103,300 x 1073
bounds, is used to depict the IVIM parameters. First, f, D, D* and R maps are pre-
sented for patient’s P1 liver (figure 3.8 and pancreas 3.9). After that, the same maps

are presented for patient’s P2 liver and pancreas in figures 3.10 and 3.11 respectively.

Also, for every pixel in the selected ROI after each minimization, the adjusted-R-square
is calculated. Hence, an (RQ) map is produced to describe how accurately the model
function is fitted to the data. Furthermore for every map, the histogram of each pa-

rameter is calculated and shown in the following figures.
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Perfusion Fraction (f)-Map Diffusion Coefficient (D)-Map

Patient: P1
Liver ROI

Pseudo-Diffusion Coefficient (D*)-Map Adjusted R-squared R- Map

0.96
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09
I-ﬁstogram of adjusted R-squared values
w10
UEE‘
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Figure 3.8: Patient: P1, liver Maps and histogram of values for each map
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Perfusion Fraction (f)-Map Diffusion Coefficient (DD)-Map
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Figure 3.9: Patient: P1, Pancreas Maps and histogram of values for each map
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Perfusion Fraction (f)-Map

Patient: P2
Liver ROI

Pseudo-Diffusion Coefficient (D*)-Map

Diffusion Coefficient (D)-Map

Adjusted R-squared (R -Map
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Figure 3.10: Patient: P2, liver Maps and histogram of values for each map
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Perfusion Fraction (f)-Map Diffusion Coefficient (D)-Map
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Figure 3.11: Patient: P2, Pancreas Maps and histogram of values for each map

Previously, the derived from the IVIM model parameters, f, D, D* and (EQ) maps
have been presented. The (EQ) was big enough in every case, ensuring that the fitting
of the DWI data was accurate. From the statistical point of view the fitting process
seemed to have worked properly and accurately. In practice, a duo tone in all D* maps
has been observed. In every D* map, a great percentage of the parameter was on the

initial upper bound (0.3) (figure 3.12). The reason why that happens is, because being
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in exponential form and being one order of magnitude bigger than D, " is affected
significantly. Thus, changes in D* take us out of bounds and from the active sets
strategy (3.45) the projection of the last step solution, onto the constrained set (3.40)
take us to the nearest bound.

Pseudo-Diffusion Coefficient (D*)-Map Patient : Pl Pseudo-Diffusion Coefficient (D*)-Map

Liver  Pancreas
0.28
0.2
0.15
0.1
0.05

Histogram of D* values

o 0.0s 01 015 02 025 03 035 0 0.05 01 015 0z 025 03 0.35

Patient : P2 o .
Pseudo-Diffusion Coefficient (D*)-Map Pseudo-Diffusion Coefficient (D*)-Map

Liver Pancreas
.25 In £
0.2
0.15
0.1
0.05
i}

0.2
0.15
Histogram of D* values

Histogram of D*values

0 0.05 01 015 0.2 0.25 03 0.35 0 005 01 015 0.2 0.5 03 035

Figure 3.12: The problem with D* parameter
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4
Proposed Method

Non-linear least squares, as an iterative process, are highly dependant on the initial
starting point. By altering the initial point, the algorithm may take us to different result.
Thus, reliability is not succeeded. Data fitting is a complex procedure, especially when
more than one variable need to be optimized. The more the optimization parameters, the
most local minima and maxima, thus the decision of which solution is accepted, becomes
more difficult. In order to control the result, constrained optimization techniques are
used with strict constraints. If the result is out of the preferred bounds then the final

result is projected to the nearest bound.

In order to simplify the objective function, many published research works, propose
partial fitting [27], [28]: the diffusion coefficient (D) is obtained after regression to the
simple ADC model 2.19. After that, with D known, the IVIM model is fitted to data

with unknown parameters only D* and f.

To resolve this problem, an automated way of finding suitable initial guesses for our
fitting algorithm is proposed. Hence, for every pixel in the selected ROI, the optimization
is performed by using three variables f, D and D*. In the following paragraphs, the

way of finding these initial guesses will be analysed.
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Figure 4.1: Purple dots represent the MR signal. Blue line stands for the mono-exponential
diffusion signal and red line for the pseudo-diffusion signal. Green line is the
critical b-value

First of all, it is known that for b-values greater than 200 sec/mm?, the micro-perfusion

effect is eliminated [28]. Therefore, this critical value will be referred as b-threshold.
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S * *
Thus, the contributed to the IVIM micro-perfusion effect signal bfbD = fe~"P" fades out
quickly before the b-threshold value. Furthermore, the primal signal S;, becomes equal
to the mono- exponential signal of diffusion b = (1 — f)e~*P after the b-threshold

Sbo
value. The signals above are presented in (figure 4.1 ).

Having only the signal from the MR scanner S;, the procedure of calculating the initial

guesses before the fitting algorithm is described below.

Calculation of initial D (Dg)

For b-values b; > b-threshold, the mono-exponential diffusion model is used to deter-
mine D, taking into account all possible combinations {¢,j} of b-values concluding to

the median of D.

1 Sb;
D= G gy (Sbi) (4.1)

Calculation of initial f (fy)

For the combinations of b; previously described, is assumed that the micro-perfusion
effect is eliminated, thus S = Spp. So, with known D, f is a result of :

& —(1— e (4.2)

Calculation of initial D* (Df)

Now we have D and f known. For b-values b; < b-threshold the micro-perfusion effect
is present. In order to calculate D* we simulate S, as: Sy, . = Sy, — Sp,p. Finally D*

is calculated from:

Sibp
Sbo

= fe %P for all i (4.3)

and by taking the median of D* we conclude to the final initial value from the IVIM

model.

Finally, by this initialization we have, [ initial f, initial D, initial D* ]. In order to fit the
IVIM function to the data with the constrained version of Dog-Leg algorithm, the lower
and upper bounds are needed. To define the bounds, we reasonably set the lower bound
1 to z percent lower than the initial _values ( 1 = initial_values - z % initial_values ) and
the upper bound u to be z percent higher than the initial_values ( u = initial_values +

z % initial_values ) .

Thus, a self adjusted initialization as a pre-phase of the fitting algorithm have been
proposed. In the next chapter, the comparisons between results obtained by the pro-
posed method with the self adjusted initialization and those of the standard method,

for the estimation of the IVIM parameters is presented.
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4.1 Results

With our initial values, b-threshold = 200 and z = 30, the derived from the IVIM
model maps for patient’s P1 liver and pancreas are shown in (figures 4.2 and 4.3)
respectively. Moreover the same maps are shown for patient’s P2 liver (figure 4.4) and
pancreas (figure 4.5).
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Figure 4.2: Patient: P1, liver Maps and histogram of values for each map
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Figure 4.3: Patient: P1, Pancreas Maps and histogram of values for each map
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Figure 4.4: Patient: P2, liver Maps and histogram of values for each map
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Figure 4.5: Patient: P2, Pancreas Maps and histogram of values for each map
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4.2 Comparison-Discussion

To sum up, data fitting is a complex procedure, especially when more than one variables
need to be optimized. The more the optimization parameters, the most local minima
and maxima, thus the decision of which solution is accepted, becomes more difficult.
In this work, the results after fitting were clinically irrelevant, since the D* parameter

was in the upper bound in a great percentage.

To resolve this problem, suitable initial guesses and personalized bounds, for our fitting
algorithm, were built according to the IVIM theory. Thus, the optimization is succeeded
by the use of three variables (f, D and D*). The IVIM parametric maps were presented
as well as , the histogram of the values of each parameter. For each parameter, the
histogram tends to take the shape of the Gaussian distribution. Our similarity measure
adjusted R-squared (ﬁz) has indicated that the fitting was accurate with values greater
than 0.91 approximately. Hence, the problem with the upper bound is overtaken by

our initialization.

A comparison of the D* maps before and after the personalized bounds is shown in
(figure %4.6) for patient P1 and in (figure 4.7) for patient P2.
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Figure 4.6: Comparison between D* values from two different methods of patient: P1.
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Standard initial values
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Figure 4.7: Comparison between D* values from two different methods of patient: P2.

61



5}

Conclusion

In this master thesis, the basic physics behind MRI is introduced and a thorough study
of the diffusion analysis is given in order to depict parametric maps through the the
DWI. These maps, give quantitative information about the tissue water diffusivity, as-
sisting doctors and radiologists in giving clinical answers about several pathologies to

anatomical areas of the human body.

Intravoxel Incoherent Motion (IVIM) model and its provided parametric maps, produce
information about water diffusivity and tissue vascularity in organs such as the liver and
the pancreas. The dominant tool for the construction of the maps, is non-linear least
squares. The result of the non-linear least squares, as an iterative process, is unreliable

because the method is highly dependant on the initial starting point.

However, a mathematical framework as a pre-processing phase of the fitting process
has been developed. After comparison between the standard fitting procedure and
the self adjusted initialization method, more accurate and clinically accepted quantita-
tive parametric maps for (f, D and D*) have been obtained with the proposed method

introduced in this thesis.

5.1 Future Work

To examine how reliable the proposed method is, further analysis on altering the z
percentage of initial values that affect the bounds as proposed in chapter 4 must be
done. Furthermore, the optimal selection of the critical b-threshold value must be
turther studied. Also, a statistical analysis of the proposed method to a great number

of data, could ensure the reliability of the method.

From another perspective, with the advances in the MR hardware technology, it is
possible to acquire higher b-values (greater than 1000 s/mm?) and thus it is possible to
observe deviation from the Gaussian approximation of the diffusion process (kurtosis
phenomenon). More complex models are necessary in order to optimize fitting when
MR acquisition includes higher b-values. In that case, equations will be adjusted to
account for both micro-circulation of blood in the capillary network and kurtosis. The
proposed model for IVIM-kurtosis would demand accurate fitting of four parameters
rather than three in the present study. Thus, a similar approach as in the IVIM model
will be considered to the IVIM-kurtosis model.
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