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Evyapioticg

Oo Hleha v guyaplOTHOL TOUC avip®Toug oL omofol Ye Tov TedTo Toug Borincoy
TEOXEWEVOL Vo ohoxAnpwiel auth 1 pyaoio. Apywxd, tTnv owoyéveld pou Nixo, Xeuot,
Ytopdn xow Moglo xon tnv toAvayannuévn pou yoyld, Aiéxa. Elvou ol dvipmrot mtou pou
€0woay TIg apyéc xan TIC oleg TOU YEELACTAXI YL VAL PTACK WS €0 XAl OL OToleg Yo Ue
axohoutoly oe xde Briuo Tne Cwhc pou.

Ae Yo ymopoloa Vo uny avapée Toug xadnyNnTéC HOU GTO MAVETLOTHUMO, oEXETOL and
TOUC OTO{OUG OV TPOCEPEPAY, EXTOC ATO YVEOT], XATAVONOT Xl CLUTAEACTACT OTHELEN
1 omolot Hou ETUTEENEL, EXTOC AmO OAOUAIAOUS HOU, Vo Toug Vewpd xar gllouc. Tov x.
deidd, o onolog ypodvia Thea mpoonadel vo ye meloel va cuveyiow Tty mopelor You GTOV
e€wTepnd aANd mopd To OTL elpon Eepoxéparog, otneilel Oheg pou Tic emhoyéc. Tryv
xa.  ITomadonodhou tng omolag 1 méETA OEV HTAY TOTE XAEWOTH XU TAVTA IXOUYE TOUG
TeofAnuaTiogols pou, divovtag wou ouUPBouiés yia 6Tl e anacyorodoe. Tov x. Adunpou
xar tov x. TCovdxn, ou onolol efvan tor mpdTURE Hou o Véuata Sdooxahiog oAAd xou o
VEUATA YVOOTEWY XL 0RY V.

ISwaitepa euyaplot®d tov x. Mevélao Kopaféha, emBAénwy autic tne epyooiag, o
onolog ye othpiée ooy xonyNTHC aAAd Ve and Ao ooy dvipwrog xou cav @lhog, ot
OUOXOAEC OTIYUES. «XE ELYUPLOTY TOU TioTEPES O PéVaLy

Téhog, €va peYdhO cuYOEOTW O OAOUG TOUC GQIAOUC UOU XL ELBXOTEPO GTOUC
Sovdinmy, Avtovr, Iodvvn, Oodwer|, xan AAé€avdpo, ywelc Touc omoloug dev Va elya
XATAPEREL VoL PTAOoW ¢ €. Eva tedeutaio euyaplotd otny xoméia pou, Eutuyia, mou
nou cuunopac Tddnxe xou pe epdOywve oyeddy oe OAN T SLdpxela TNS epYaoiog AVTAS.






Agiepivw tny epyacia avtn otny untépa pov Xpuor),
TNG omolag o1 YwréS ue ékavay éva owoto dvipwro.

«EArilw tdpa mov éywa, va otauatnioes va gowvilag!y






ITepiandm

Yty epyooia quTH UEAETIUE TO TO ATMOUTNTIXO XATNYOENUX TOU AmouTelTon YLot TOV
unoloylopd tou Euxdeldeov Awrypdupatog Voronoi Evduypduupwy Tunudtwy ta onolo
elvon TopdhAnAa 1y und Ywvio 45° pe Toug d€oveg, to Aeyouevo Incircle predicate. O xUptog
oTé)0¢ poc ebvan Vo eharyloTomol|oouue Tov PEYIOTO aAYEBEixd Bordud.

2Ny avdAUGT) TOU XATNYOPHUATOS YIOL TNV TEPIMTWOT OOV Tor T UToL efval ToedhANnAa
ue toug dgoveg delyvouue 6TL To xatnydenua Incircle prnopel va anavtniel utohoyiCovtag
ahyePewée mopacTtdoelg mou €youy ueyloto Badud 6, o avtideon ye T UEypL WA Ue-
Y600u¢ ot onoleg anoutovoay Tov dimhdoto Bodud. o var To xotapépoupe auTo, avdyouue
T0 xatNydenua oTny oYXplon 800 anoctdoewy (og avtideon pe TN cUYXELON TETEAY VKV
000 amoocTdoEWY O GAAEC UEVHOOUC) Xou EMTAEOV AVAYOUUE TNV GUYXELOY AUTH GTOV U-
TONOYLOUO TOU TPooUou evic (Ypouixol 1 deutepofBdduou) TOAUWVIHOL (WS TEOS Wia
wetaBAnTh) oe pla ouyxexpwévn pilla evoc deutepoBdiuiou ToALWVOHOL (T8l ©¢ TEog uio
HETOPBANTH).

Avtiotouya, Selyvouue 6Tl vyl Tov UTOAOYLOUG Tou xatnyophuatog Incircle yio tnyv
TeplnTwon eLBUYEGUUWY TUNUATWY ToEdAANAa 1) UTO Ywvia 45° ue Toug dfoveg umopel va
anavtniel unohoyilovtoag ahyePenés mapaotdoel mou €youy péyioto Bodud 12. Avutdg
elvan xon 0 xahtepog Parduog mou unopel va emitevydel 6tay undeyouy TUUaTa Tar ool
dev elvon TapdAAnAa 1 xdietar uetadh Toug.

Aggeig KAewdid: Trohoyiotinnh IN'ewpetpio, xotnydenua Incircle, Euxheldeio Sudypoppa
Voronoi, evdiypoppa Tufuate, ToedAnia ue toug dEoveg, und ywvia 45° ye toug dEovec.

Summary

In this thesis we study the most-demanding predicate for computing the Euclidean
Voronoi diagram of axes-aligned and ortho-45° line segments, namely the Incircle predi-
cate. Our primary goal is to minimize its algebraic degree.

In our predicate analysis we show that the Incircle predicate for axis-aligned segments
can be answered by evaluating the signs of algebraic expressions of degree at most 6; this is
half the algebraic degree we get when we evaluate the Incircle predicate using the current
state-of-the-art approach. To achieve this, we reformulate the predicate as a problem of
comparing two distances (as opposed to squares of distances in previous approaches) and
reduce the problem of comparing these distances to the problem of computing the sign
of the value of a (linear or quadratic) polynomial (in one variable), when evaluated at a
known specific root of a quadratic polynomial (again in one variable).

Respectively, we show that the Incircle predicate for axis-aligned and/or ortho-45°
segments can be answered by evaluating the signs of algebraic expressions of degree at
most 12. This is the best degree one can achieve when there exist segments that are
neither parallel nor perpendicular to each other.

Keywords: Computational Geometry, Incircle predicate, Euclidean Voronoi diagram,
line segments; axes-aligned, ortho-45.
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Kegpdiowo 1
Ewooywyn

To Euxheldelo didypoppo Voronoi evuypdupwy Tunudtwy eivon ula and Tic mo pele-
Tnuéveg douéc oty Trmoroyiotny Iewyetpioa. Yndpyer peydro nAndoc alyopliduwy yio
Vv xataoxevh) tov  [DL78, Kir79, Lee82, Yap87, For87, BDST92, KMM93]. Avdueoa
o€ aUTOUS UTEY 0LV BEATIOTOL, 1C TROC T1| XELPOTERT] DUVITY] TOAUTAOXOTNTA, oAYOELIUOL
oL oTo{OL YENOHOTIOLOLY BLAPORETIXES ahyopLduixés TpooeYY(oelg, OTws 1) uédodog dlalpet-
xou-Booileve (divide-and-conquer) [Yap87]| ¥ n uévodoc e ypopunh odpwone (sweepline)

[For87]. Emrionc n mdavodewpntixry avéntixh uédodoc (randomized incremental) éyel
anodely Vel WBialtepal EVOLUPEPOLCA XAl ATOTEAECUATIXY Xat EPopUoleTol o AU ahyo-
elduwy [BDST92, KMM93]. ‘Ocov agopd v pédodo vhomoinong, undpyouv ahydprduol
ot omto{ot uToY¥éToLY GTL 0L UTOROYLOTIXECS TIRGEELS YivovTon emoxpBie [See, Kar04] , dnhadn
axohoudolv tny pédodo EGC (Exact Geometrical Computation), evéd uvndpyouv xat oh-
Yéprduol oL ontolol yenoulonotoly aprduntixy xvnthc unodiactolic [Ima96, SIII00, Hel01]
. Ou tedeutalot av xan dev eyyuodvton axpifeia, 6idouv anotehéopata ta onolo efvar owoTd
TOTOAOYWXE, ONAadY 1 €€080¢ Tou alyoplduou €yel TNV owa T Tomoloyio eVOC dLoryEduua-
to¢ Voronoi. ‘Ocov agopd Tig €@apUoYES Tou dlaypdupatoc Voronoi, autég neptiopu3avouy
YEUPIXE UTOAOYICTAYV, oVOLY VORLOT| TEOTOTWY, TopaywYY) TAEYUAT®wY, dngiaxd EXeyyo xaL
oLCTHATA YEOY PPV TANpogopldy (GIS)- Bréne [Kir79, Lee82, Hel01, BY98, Goll0]
O TIG AVAPORES QUTV.

O anoteheopatinds xon axpB3HC UTOAOYIOUOS TWV XUTNYORNUATWY OTOUS YEWUETELXOVS
ahyoplduoug elvan vlotne onupaciog. Xeewdleton va elvon ypryopog Tpoxelwévou va ival
ATMOTEAECUATINGG, AAAS TEETEL VOL EIVOL X0 OAOXANEWUEVOS UE TNV EVVOLOL TOU VoL XOAOTTEL
Oldpopec OLACOVOES MEPITTAOOELS Ol OoToleg av xou efvon Widlovoeg 6oov apopd TN Vewpn-
T avdhuoy| toug, eugaviloviol ToAD cuy Ve we eloodol Tou ahyopiduou. Xtn uédodo
EGC n axpifeta etvon to eNdytoto mou amouteitar mpoxeiuévou 1 €€odog tou alyopiduou vo
elvar owot. H anoteheopatixdtnta v olyoplluwy UTOAOYIGHOD TWV XUTNYORNUATKDY
ouvidwe petpétan pe Bdon to péyloto ahyeBpxd Badud twv mopactdoewy (oe oyéon
pe tar Sedopéva elo6B0L) oL TEETEL Vo EAEYYVOUV Yo TOV LUTOANOYIOUO TOU XOTNYOEY|Lo-

T0C, evéd haBdvovton unddy xon to TARYoc (xou evBEyOPEVLC TOV TUTO) TWV TEAZEWY
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Tou amautel 0 unohoylopos. O oxomdg Aomov Bev elval Vo EAXYLOTOTOLACOVUE ATAS TO
TA00c TV TEdEewmY oANd xou Tov oAYeBpxd Pardud TV XATNYORNUATWY EPOCOV AUTOS
elvan mou xadopilel v axpifBeia mou anouteitan yio Tig axplBeic mpdéelc. O ahydprduol ol
omolol avapépovTtal E(TE OTOV UTOAOYLOUO CUYXEXQUEVWY AT YORNUATWY €(TE 6TO CGUVO-
Ao TOU GAYOP(UUOU XaL ETUXEVTPWVOVTOL GTNY EAXYLOTOTOMOT TwV oAYEREXGVY Porducdy
€youv yivel éva amd to xevtpixd {nThAata TNg oyxedlaong alyoplduwy to teheutaia ypodvia
[Bur96, LPT99, BP00, DFMT02, KE03, EK06, MS10].

YNy mapodoa epyacia EMXEVTPWVOUICTE OTO OO ATALTNTIXG XaTNYoeNuo Tou Euxie-
{detou Voronoi diorypdupatog euduypduuwy Tunudtwy to onola efvon elte mopdhhnia elte
umo yovia 45° pe toug d€oves. Eudiypoppo tuiuota authc TS Lop@nic anoTeAodY TuTXY)
eloodo o Sudpopee eqapuoyéc, 6mne to tpéturo VLSI [Pap01, GP08] . Ilapd to yeyovic
oTL Ta xatnyopnuata Yo To Euxieldeio Voronoi dudypouuo evuypduumy Tunudtwy €y
NoN peietnlel, To xaTnYopHUATa PE (0000 TUAUATO TNS LOPPNE TOU UOMG AVUPEQUUE BEV
€xouv peketniel oe AenTopépela. LTI EVOTNTES TOU axOAOUYOLY UEAETHUE TO XATNY 0PN
Incircle ye awtd to oTolyelo: BEBOUEVOL TELWY avTiXEEVLY S1, Sy xan Sz, TETOLL HOTE VoL
opileton o Voronoi xOxhoc V(S1,S2,53), xou evoc aviixeyévou (), VENOLUE VoL ATOQOLV-
Yolue €dv to ) téuvel tov dloxo D mou opovetel o V(S, 52, S3), epdnteton o autdv A
elvan E€vo ue to D. Xtnv cuyxexpuévn epyaoio xdde éva and ta avtixeiyeva Sy, Sz, Ss xan
() umopel vo elvon eite onuelo elte (avouytd) eudiypappo TAUa ToedAANAo ¥ vtd ywvio
45° e xdmolov dZova. O oxomoC pog elvon Vo EAAYLOTOTOMCOUUE TOV UEYIGTO ohYEBpind
Bardud mou eppaviCetar 6ToV UTOAOYLOUO Tou xatrnyopruatoc Incircle. Amodeixviouue 6TL
0 umoloyloudg Tou xatnyophuatog Incircle mou mepthofBdvel uovo evUYpoUUO TUUOTA
ToEAAANAL GE Xdmolov GEoVaL anALTEl UTOAOYIOHOUE THEAC TAoEWY e ohyeBpixd Bodud to
TOAU 6, €V 0 AvVTIOTOLYOC UTOAOYLOUOS Yol TUAUOTO ToL OTOloL UTOEOVY ETLTAEOY VOL O) MU0t
tillouv ywvia 45° ye xdmowov déova etvon 12. Ot Baduol oe xdde neplntwon nou peietiooue
mpénel va ouyxptdolv: (1) ue tov avdtato Badud mou mpoxUnTel €4V Bev UTdPYOUY TE-
ELopLoUol 0TOV TPOGAVUTOMOHS TwVY ELVILYPIUULY TUNUETWY To ontolo etvon 40, xou (2) ue
T1¢ eWdxoVg/amhousTtevuévous Baduolc Tou tpoxintouy and to [Burd6], edv Yewproouue
TOUG AVTIOTOLYOUC TEPLOPLOUOUE YLl TOUSC TEOCAUVATOAGHUOUE TV EVHUYRAUU®Y TUNUATODV
mou peAeTdue. Avagopd ye tnv deltepn meplntwon, otav Tor TUAHATo elvon TopdhAnio
otoug déoveg, ol ahyeBpixol Boduol tng epyaciac authc dev elvon TOTE YeYaAAUTEQOL EVE
OTNV TUO AMOUTNTIXT TEQINTWOT €Y 0LUE UELOOEL ToV Pardud xatd 2.

H dour| tng epyaociag autrg elvon 1 axdhouin:

o Y10 Kegdhouo 2 xdvoupe o YEVIXT avopopd oTar dlorypdupoato Voronoi o otov

ahyoprduo xataoxeunc Tou avtiotoryou Euxieldeiouv Alaypdupatoc Voronoi sudu-

YOOUUWY TUNUATWY.

o Y10 Kegdhoo 3 avagépoupe didpopa ypriowo epyahelor To omola yenouLomolotyToL

OTOV AAYOPLIUO XATAOKEVAC, EVE AVaPEREOUUE To Paoixd xotnyopruata Incircle xou
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Orientation. Avagepéuocte enlong avaAUTIXE GTOV TEOTO LTOAOYLOUOU TEOCTULY
TOALLVOULY ot plleg GAAWY ToAUwVOULY pe Yeron anoloipouvcac 1 axolovhy

Sturm.

210 Kegpdhouo 4 avagpepduaote 0TNY andoTACT AVILXEWEVWY OIS Vol TNV YENOLULo-
TOCOLUE OTA TAXOLX TNG €QYACIUG AUTHE, EVM AVATTUCGOUUE AVOALTIXE TO XATY)-
véenua SideOfOrientedBisector to onolo anogalveton oe Mol TAELEA TNG By OTOUOU

000 avTxelEvwY PBeloxeton éva onueio.

Yo Kegdhana 5 xou 6 avanticovpe to xoatnyopnua Incircle, Baocxd epyaieio yio tov
ahyoprduo xataoxevc evog daypdupatoc Voronoi. Xuyxexpwéva oto Kegdiowo
5 MEAETAUE TIC MEQLMTAOOELC OTOL Ta oplopata Tou xoTnyoplUatog elvon elte onuela
elte evdlypopyo TupaTe TapdAANAa o xdmotov dEova. Xto Kepdhowo 6 peletdpue
TNV TEPITTWOY OTou Ta oployata umopel va efvon eite tng wopenc Tou xeparaiov 5
elte evdUypopuo TUAUoT ToEdAANAa ¥ xddeta otny eudela y = z. H avdhuorn mou
yiveton oto xepdhona aUTA, EYEL WS XEVTEIXO GTOYO TNV EAXYICTOTOMOT] TOU UEYLOTOU
ahyeBewol Boduod mou amoutelton Yior ToV UTOAOYLOUO Tou XatnyopHuaTog Incircle,

oe xdie mepintwon.

Yto Kegdhowo 7 mopadétovpe tar Tehxd anoteréopata NG epyaciag authc, xadng

eniong xan mpofAYjuota T omolo UEVOLY avoLyTd Teog weANOVTIXY eniAuon).



KegpdAiawo 2

Ardypaupor Voronoi

ITpw avagépouye Toug podnuatixols oplopols Tou dLETouy éva dLdypauua Voronoi, eivat
OXOTUUO VO AVUPECOUUE EVOL ATTAO TIURABELYUOL YLOL VOL XATAVOHGOUUE XAUADTEQA TNV ousia ol
NV XeNnoTxotntd tou. Ag¢ unodéooupe 6Tl Lelte oe pla TOAT xan V€AeTE VoL amooTelleTe 1)
vou AdBete ahinhoypapia. Av xar otny noOAN LUTdEY oLV TOANG ToyLdpoueia, Yo Toy Aoyixd
va e€umnpetnieite and to MANciéoTepo oe eodc Yo e€oxovounomn ypovou. Devixdrepa,
epocov TNy Bl oxédm Yo €xave xde xdtowxog g TOANG auTrg, Vo EMpEne YE XAmOLO
TEOTO VoL 0ploVETHOOUVUE TOLEG TEPLOYES ECUTNEETOLVTOL «Xoh)TERAY amd xdie TayudpouElo.
Me tov tpémO 0UTO, EAEYYOVTOC OF Mol TEPLOY T avrixeTe, Yo UTOPOVCUTE ETUTOTOU VA
EVTOTOETE TO TO %0OVTIVO Taryudpoueio. Emniéov, €yovtac Hon oplodeTrioel TIC TEQLOYES,
o omolocdnnote Yo UTopoLoE Vo XAVEL TOV (Blo EAEYYO UE E0UCS, Ywplc EMTAEOV ®OOTOC.

H dwopéplon tne mokne oe meployeg anoteAel €va didypoupa Voronoi. To toyudpoueio
AVTIOTOLYOUV GTOUC YEVVHTORES Voronoi, eve xdie Teployn) Tou dlary pdatoc XoAEITE XEAL
Voronoi. Ipogavng, oe xdde xehl avtiotolyel évag yevvitopog, xou xde xell anoteAeite
and To onpela to omola Bploxovton o x0VTd GTOV YEVVHTORA TOL and OTOUBNTOTE GANOV.

H eqapuoyeg twv diaypouudteny Voronoi elvar ovopldunteg, UE TO ONUAVTIXES QUTES TNG
Yewypaplag, OTWS AUTH TOU HOAC OVUPEQOUE, NG ACTEOVOWIOC, TNG XPUOTAANOYpaplag,
e YewAoylag, TNS POUTOTIXAC, TNS UTOAOYLOTIXYC avanopdotacns 3D avtixelwévey %.d.

Av xou 670 ToEEdELY YA TOU HOAC AvapEROE xaUE Eva amd TOUS YEVVATOPES Elvol GMUElD
Tou eTNESOU, YeVVATORAC Umopel emione va elvon xdmolo evdiypaupo Turue ¥ evdela v
TOAUY®WVO 1) TUAUS XOXAOU XTA. ‘ANAWDOTE, VLo VO XATAOXEVACTEL EVOL AV TIGTOLY O By poiaL
Voronoi apxel va opicouye plo UeTpLxy) 6T YO 1) oTolal Vo BEYETAL WG OPIoUA ToL avT{oTOoLY o
avtixeiueva.

Yy epyaocio auth Yo emxevipwdolue otny nepintworn 6mou ol yevvhtopeg Voronoi
elvan onpelor ¥ eudiypouua Tuiwoto Toe onolo elte elvon mopdAAnha pe Toug dfoveg, elte
oynuatiCouv ywvio 45° ye awtolc.

Apyxd Yo ddoouue Tov oplopd Tou aPnenNuévou dlaypdupatoc Voronoi xou otny
cuvéyela Yo avagepPolue oto Euxheldelo didypopuo Voronoi suduypduuwy TUNUATODYV.

Téhog, Yo Bolpe BLaPopouE TEOTOUC XATACKEVHE dlarypouudtwy Voronoi.
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2.1 Agnenunévo Awdyeappo Voronoi

Eotow K évac petpinde yopoc xan d @ K — R o petpwe| oyéon oto K. Ac Je-
wpfooupe enione to obvoro S = {51, 52,55, -+, Sn} n avixewwévewv tou yodeov K, to
omolor Yo elvow ou avtiotoyol yevvhtopeg Voronoi. I i # j, opilloupe tnv duyotduo
Bis(S;, S;) tov avixeévoy S;, S; we 1o oOvoho Twv onueiwy mou oanéyouvy and autd,
Bis(S;, 5;) == {p € K|d(p, S;) = d(p, S;)}. H diyotéuoc Bis(S;, S;) yweiler tov K oe 800
xweta xou éotw h(S;, S;) T0 ywelo To onolo avtioTolyel 6To avuxelyevo S;, Snhadt| nepéyel

Ta onuelo Tou elvon TANolEcTEGTERPA GTO ;.

Oplowog Keli Voronoi tou avtixewwévou S;, to onofo Ya cupBoiilovue C(S;), opileton
w¢ o 0Ovolo Twv onuelwy To onolo Beloxeton mo xovid oto S; and onolodAnoTE dANO
avtxeiyevo Sj, onhady
cS)= (] (S8
1<j<n,j#i
Opiwopmocg Yredetés Voronoi tou K ye yevvitopee ta avtixelpeva S;, vy 1 < ¢ < n,
opileTon To0

Vor(S) = U aC(S;)

S;€S

Ogwopoc Awdypaupa Voronoi tou K ye yevvrtopeg to avtixelyeva S; xokelton 1) dio-

uéptom tou yweou K 610 oxehetd Voronoi xou ota empépous avotytd xehd C'(.S;).

2.2 EuxAieidosio Awdypoppa Voronoi Ynueionv

O e€eBIXEVOOUPE TOV OPLOUG TOU APNENUEVOUL dlarypduuoatoc Voronoi ylo tny neplntw-

o1 énou:
e K elvan to Euxieldelo eninedo |,
o o S; = (24,y;) elvon onuela Tou R? yia xdde 1 < i < n xo

o d(S;,5;) =0(S5;,5;) elvan n euxkeldeta andotaon dvo onueiwy, dNAadY

5(5“ Sj) = \/(xl — .I'j)z + (yz - yj)z'

Kée plo and tic diyotépoue Bis(S;, S;) elvan n yecoxddetoc twv onueinv S; xou S;
onéte 10 xeAl Vor(S;) elvow n top n — 1 avorytdv nuemnédny. Autd onuaivelr 6Tt T0
Vor(S;) eivou éva (evieyouévne dnetpo) avolytd xuptd ToAUYwVIXd Ywelo To onolo gpdoe-
Ton To ToAD and n — 1 xopuég xou n — 1 oxuéc.

ITede Belyver duwe €va ohoxinpwuévo dudypouua Voronoi n onueiwv; Egdcov xdie

€va amd Tal XM amoTeAel TOUY| NULETUTEDWY TOL YWEOL, TO didypauus Voronoi elvar yia
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olapépton Tou Yweou TN onolag ol axpéc VYo elvan eudlypouua TuhRaTa ¥ evdeleg 1 nui-
euleleg. Luyxexpuéva oy Vel To ToEaxdTe YeDENUAL.

Oswenua 2.1. Eotw S to olvodo n onuelwy tov emmnédov. Edv dla ta onueia elvar
ouyypapikd téte to Vor(S) anotedeftar ané n — 1 napdAdnies ypapuués kar n kehid. Ei-
0dAAwg, To didypauua Voronoi eivar ovvektiké kar o1 akpéS Tou elvar eite eviUypauua

Tunpata €ite Nuievleieg.

To xowd clvopo 600 meploy v Voronoi, to onolo mepiéyel axpBdg 6Vo xévtpa Voro-
noi ovoudleton axur Voronoi, evey edv mepléyel neplocotepa and dVo, ovoudleTal XopuUpT
Voronoi. Avagopxd ye TARI0C TwV axp®y xol Ty xopu@ny Voronoi oe €vol dLdypouo

Voronoi n onuelewyv woybel to e€hc Yedpnuo.

Ocswpnua 2.2. To tAndos twy kopvpwy Voronoi o€ éva Oidypauua n > 3 onueiwy tov

emmédov €ivar to moAV 2n — 5 evd to mAnlos twy akudy €ivar to moAd 3n — 6.

Emmiéov, umopel xovelc vo anodeléel 6Tl 0 péoog aptduoc axudyv mou Beloxovtal 6To
c0Vopo evog xeMol Voronoi elvan puixpdtepog tou 6.
Enlong yeriown wiotnta tou darypdupatog Voronoi onueiwy eivar 61, éva onpelo S;

Beloxeton 610 e0wTERIXS TNE XLETHS Iung Tou S €dv xou pévo edv to C(S;) elvan pparypévo.

Tewywvonoinorn Delaunay Mo e&oupetind ypriowun wbiotnTa Tou dlarypdupatog Voro-
noi Beloxeton 6To BUIXS TOU YEAPNUA OVIKG EVOC eETTESOU Yoapruatog G elvon To Ypdgnua
To omolo €yel éva onueio Yy xdde ywelo tou G, xou plo axeun yio xdde axpr) Tou G Tou
EVWVEL BVO YELTOVIXY Y wpla.

Edv 8ev undpyouv tetpddec onuelwv (avtiotowyo tetddec onuelwy) oto S mou va eivor
opoxuXAxd (avtioTolyo cuYYEUUIXd), TOTE TO dUXG Yedynuo Tou dlaypeduuatos Voronoi
elvon yia Tprywvornolnom tou S 1 onolo ovopdletan tetywvonoinon Delaunay. Xtny teryw-
vornolnor auti, 800 onuela Tou S evidvovton €&V xan LbVo edv Ta avtioTolya xeAld Voronoi

elvan yertovixd. H tpiywvomoinon Delaunay €yet xdmoleg mohd yenowes 1OLOTNTES:

1. Ebfvou to dUix6 yedpnuo tou Voronoi dorypduuatog, omoTe GV UTOAOYIOELS TO €V,

€YElC auTOUaTa UToAOYIoEL TO dhho.

2. Eivou eninedo ypdgnua ondte cluguve ye tov tono tou Euler €yel to mokd 3n — 6
oaxuég xou To TOAL 2n — 5 telywva. H wbiotnta autr elvan e€oupetind ypriown, apou
HaC ETUTEETEL VoL ETAVCOUPE TEofBAAUaTa Tor ontolor amoutoly ahyeBewxd Padud 2, m.y.
10 TEOPBANUA ToU xovTVOTEPOL Lebyoug (closest pair), YpnoULOTOLOVTOG TEYVIXES Xou
xaTnyopfdota To omolo amoutovy Uixpotepo Bodud xan To omola otneilovion oty

CUYXEXQPWEVT] TELY WVOTONOT).
3. Kdde onuelo tou S evidveton pe 10 mo XOVTVO TOU e Wlol o).
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4. O avolytog TEQLYEYPAUUUEVOS XUXAOG OTOLOLONTIOTE TELYWYOU TNG TELYWVOTOMNoNG
Delaunay dev mepiéyel xavéva onuelo touv S. H wbidtnta auty| elvon yvwoth wg The

Empty Circle Property.

5. Meywotonolel T eAdytoTeC YWViES TV EUPAVOUEVOY TELYOVWY OE OYEoT UE O-
ToldNoTE GANN Terywvomoino Tou cuvéhou S. Xuyxexpuéva, edv xotaypdouue
e eppoaviloyevec Ywvieg o adlovoa oelpd tng Tetywvonoinone Delaunay xou puog
OTOLdHTOTE GAANG TELywvoTolinong, 1 tedtr ‘Alota’ Yo etvan Ae€ixoypapind wxpdTe-

en-

2.3 EuxAieidsio Aiwdypoppo Voronoi EvQuyed-
vy Tunudtwy

Edv 1o obvoho S twv xévtpwv Voronoi mepiéyet, extég and onueio, xon eudiypouua
TUAROLTA, TOTE AVOPEROUAOTE GE SLdypauo Voronoi euduypduuomy tunudtwy (Line Segment
Voronoi Diagram).

210 CUYXEXELEVO EIBOG dlarypdupatog Voronoi, Yewpolue 6TL 800 SLopopeTixd TUHUATA
Tou S BeV UmopolY VoL TEUVOVTOL OTO ECWTEPLXO TOUG, OANA UTOPOVY V. €Y 0LY EVOL XOLVO
dxpo. Emiong onpavtiny Aentopépela eivan 6Tt YewpOUUE TO ECWTEPIXO TOU TUAUATOS Xl
TAL AXEOL TOU WG OLopeTIXd avTixelueva Tou cuvohou S. H oxomuodtnra tng Yedpenong
autrg Yo gavel mapaxdtw, 6tay Yo xatooxeudlovue To didypauuo Voronoi, ométe elvan
yeroulo va Yewpricoupe éva véo olvoho S o omolo mepiéyel Gha Ta onpela ToU GUVGAOY
S o ETTAEOV TEQLEYEL TOL AXEOL KO TOL AVOLY TE TUNUATH OAWY TWV ELVUYESUUWY TUNUATOV
mou eugaviCovton oto S. Eyovtag oploel To tpomonoinuérvo oivoho S, mopotétouue otny
CUVEYEL TOV ohYORLIUO XATAGHEUNC TOU Blorypduuotog Voronoi evduypduuemy TUNUATeY
evc GUVOhoU S, avagépovtac Ywelc UEpBoMXEC AETTOUEPELES To XATNYOPAUATA Xal TOV
TEOTO Ue ToV omolo auTd cLUPBdALOLY GTNY BrutovVEYid TOU GXEAETOU TOL €V AdYw Voronoi

OLOY PAUUALTOC.

AXyoprdpoc Kataoxesung

O ouyxexpévoe akyodpripog mou Ja yenoyonotfooupe, o omofog €yel uehetniel o-
voluTd oty dnuootevon [Kar04], eunintel oty xotnyopla twv midavodewenuxdy av-
EnTixodv ahyoplluwy. Me tov 6po «auEnTixdcy EVVOOUUE OTL Tol AVTIXELUEVO TOU GUVOROU
S tou onolou Véhoue Vo xaTaoxeLdcoUPE T0 didypayua Voronoi dev AapuBévovtar unéh
Ohat pali xatd TNy Sadeasial TNG XATACKEVHAS Tou dlarypdupatog. Avtidétng, emhéyouue
apywd telo avtixelyeva sq, S, S3 OO TO GUVORO S, X0 OTNV CUVEYELL XATAOXEVALOVUE
70 dudypoypa Voronoi, Vor(S?), yia 1o apyé auté oivoro S® = {s1, 59,53} C S. Tty

ouVéyeLa ETAEYOUPE éva avTIXEIPEVD S5 ToL cuvdAoL S\ S?, To omolo eléyyouyue Tov TE6TO
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e Tov onolo awtd emneedler to dudypoppa Vor(S?), elte xataoTtpépovtac xdmolec xopupéc
Voronoi, elte SnUOVEY®VTAUC VEEC OXUEC XU EVOEYOUEVWS XOopUPES. Amd Ttnv Bladixo-
ola auTy, TNV onola Vo TEPLYPAPOUUE UE TEPLIOCOTERES AETMTOUEREIES TOROXATE, TROXVTTEL
T0 dudypapua Voronoi tou cuvérou ST = S3 U {s4}. Me tov 1pém0 autd Unopolue vo
XOTAOKEVGGOUPE TO Bidypapa Voronoi Tou cuvéhou S, xartaoxeudlovioc dladoyixd to dia-
yedppara {Vor(S)},, émou n = |S| xau S* € S* C - S" = S.

Ou avagépouue 0To oNuelo aUTO xATOlEG ONUAVTIXES AeTTOépELES TOL ahyoplduou. O
A6YOC Yo Tov omolo Tpononolioaue To cbvolo S Bacileton 6To YEYOVHS OTL XoTd TNV dla-
Ouaalo EMAOY NG TWY AVTIXEWEVWY S;, EQV ETAEEOVUE VO TPOGUECOUNE EVaL OVOLY TO TUNUQL,
TEOGVETOVUE TEWTA TOL AXEAL TOL Xl TNV CLVEYELX auTd. Me Tov Tpdno autd, ag’ evog Yev
T0 dudypoppo Voronoi eivon éva agpnenuévo didypauuo Voronoi (otny avtidetn nepintwon
Yot umopoloope Vo €xouUe BIBIEOTATES Dl OTOUOUS), EVO ETONG XoTd TNV ElGUY WYY TOU E-
oWTEPXOV ToL euYLYEdUUOL TURUaTOg Oe Yeetdletar va Bpolue, 6Twe Yo BoLUE TopaxdTe,
TOV XOVTVOTEPO TOU YelTOVOL.

Avuto ouwe to omolo yenlel wiaitepng perétng elvon o TpéTOC UE TOV OTolo 1) ElCAY WYY
evlc avtelévou s; emnpedlel o undpyov yedenua Vor(S 1), xow nie tehxd utohoyilou-
e to véo ypdenua Vor(S?) ue Bdomn to nohoud. Trevdupilovye dTL To duixd yedpre Tou
olaypdupatoc Voronoi xahelton, U cUYXEXPLIEVES CUVUTXES, Telywvoroinon Delaunay.
Ou cupPoricovue pe D(S*) 1o duixd ypdgnua mou aviioTolyel 6to Voronoi Budypoppo
Vor(S*), evey ureviupiloupe bt xdde oxpr| (avtio oy xdde xévtpo) Tou D(S*) avtiotol-
el og xdmowo xévtpo Voronoi (avtiotouya axu Voronoi) tou Vor(S¥).

‘Eotw howmdv 6t elodyovue to aviixelpevo s; to onolo evtonilovye oe mowo xehi Vo-
ronoi ovixel e xatdAANAn yenorn tou xotnyopnuatog SideOfOrientedBisector, To omolo
avantiooupe avolutixd oty Evétnta 4.2. Me Bdon v avdivon e epyooioc [Bur96)
uTdEy oLy BVOo TdavVa TEVARLY GOV APOEE TOV TEOTO UE TOV OTolo Vo EMNEEAC TEL TO YEAPT-
wo Vor (S 1) xatd tnv eloarywyh Tou aviixewévou s;- elte Touldylotov pio amd Tic x0pugpEc
Tou xeEAMOV 6To onolo PBeloxetar To s; elte axEBde éva TuAua and xdmolo oxur Yo et vo
UTIEYEL OTO VEO YEAPNUAL.

O éleyyog mou agopd TOV TEOTO UE TOV OTolo EMMEEedleTon TO UTEEY OV OLoy oL
Voronoi yivetow Bdoel evog xatnyoprjuatoc To onolo dev avanTtOOCOUUE GTa TAdio TNG
epyaoiog authg. Av xou dev Yo avagépouue axplBe Y€ow Tolou eAEyyou amoalveTo
TO GUYXEXPWEVO XoTNnydenua edv xdmolo axu) | xévtpo Voronoi e€ohelpetan Yéow tng
ELOAYWYNE EVOS VEOU avTXelévou, o&llel Vo ONUEWOOLYE TNV Bladixacio Tou oxohoudel
0 aAYOELIIOG oG VLol TOL OLAPOEO CUUTERAOUOTO TOU XOUTNYORNULATOG.

Edv xavéva and to apyxd xévtpo Voronoi dev e€ahelpetar tote eAEYyouue Wla-plo Tng
axuég Tou xeAol 6To onolo Beloxeton To 8; xou eEAEyYouUE Tolal amd AUTEC Kol TOLO T
e Yo avTtixotactodel Ye 6Vo oxpéc. Xe avtidetn meplntwon, edv dnhady) TOUALYLOTOV
éva and ta xévtpa Voronoi (xopupt tou xehob oto onolo Peloxeton to ;) eEahelpeton,

yeerdleta o EAEYEOUUE TG YELTOVLXES XORUPES TOU XEVTEOU aToV" €4y eEaAElPETAL XATOLL
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TIC YELTOVIXEG XOPUYES, TOTE Ypeeldletar vor EAEYEOUUE €dv 1) evBIduean axuy) e€ohelpeTal
TAAEWC 1) O)L He Yenon Tou (Blou xatnyopruatos. Méow authg tng dladactiog, @Tdcouue
xdmolo. oTiyur oto onuelo 6mou mAEov Oev Umdpyouy dAha x€vTpo Voronoi Tta omolo vo
eCahelpovTal, eved Yvwplloupe edv ol evildueoes oxués e€oaxolovdolv vo ugplotavton 1y OxL.
Tote oynuatiCouue v xoumOAN oL TepBdAeL TNV eEWTEPXY TEPIUETPO TWV TELYWOVWY
Tou duixol yeagphpatoc D(S™!) ta omola €xouy we xévtpa Tic xopuPéc oL ontolec eohe-
{povTan oL Slaypdpouue amd TO dUIXG YEAPNUL OAEC TIC EVOLGUECES OXUES EXTOC AUTECG
TOU AVTIOTOLYOUV OF TUAUOTO oUWV To oTola €xel amogaviel To xotnyopnua OTL OEV €-
Eahelpovton. LNy cuvéyela, evevouue oto yedgnua D(S!) v xopugy mou avtioTolyel
0TO VEO avTIXELUEVO §; HE Oha T dxpa TNG TepBdhhoucoc auThg XaunUANg, oynuatilovtog
étoL to dud yedwnua D(SY). "Eyovtac unohoyloel o duixd Tou YPAPTL, PLTOPOVUE VoL
vrohoylooupe to véo didypappa Voronoi Vor(S*), to onolo etvon o o {nroduevo. ‘Ocov
apopd TO XOGTOS TOL XATNYORNUATOS TO onolo yenoiwonoteital, o ahyeleixds Padude twv
TOEOC TAGEWY TTOU OMAUTELTOL VOl UTOAOYLO TOVV glvol TEVTOTE UXPOTEPOS ATO TOV AVTIGTOLY O
Bardud mou amantelton yia To xatnyoenua Incircle. Tehixd, o cuvolxd uéyiotog alyeBpindg
Bardude mou amoutel 0 alydpriuoc elvor TEVTOTE AUTOC TOU AMAUTEITOL YLl TO XATNYOETUA

Incircle.



Kegpdiowo 3
Epyaieia

Yty evotnta avth nopouctdlovue Sidpopa epyoheior (xatnyoprpata) tou Yo yenot-
HOTIOL OOLUE. 1TO TEWTO UEPOC, XAVOUUE avapopd ot Pacixd epyahelal xoL 0pLoUOUS EVE
0TO 0eVUTEQO OXENOG AVATTUCCOUUE TEOTOUS UTOAOYIOHOU TOAUWVOUMY OE TWES TOU UG
evolapepouy. Edixdtepa, To deUTEPO OXENOC APOEE TEOTOUS UTOAOYIOHOU TOU TEOCTLOU
eVOC TpwVOUoU 1 Tohuwviuou Ttetdptou Boduol ot eila evdg dAhou TELwVOROU YeNot-
pomolwvTag anahioipouceg xar oTatxég axohovdleg Sturm. O oyeTinég TeYVIXES €YoLY

pehetnel avahutind otic epyoaoiec [KE03] xar [EKO06].

3.1 Ta Katnyoprjurata Orientation xou Incircle yia
onueia

Ynuoavtixd epyoheio ebvon 1o yvwoto xatnyoenua Orientation predicate, ye to omnolo
UTOPOVUE VO EAEYYOVUE GE TIOLO Ao ToL NULETUTEDN TTOU 0pllEL EVal TEOCAUVUTOAMGUEVO TURUAL

avixel €va onpelo Tou yheou.

Ocswpnua 3.1. To onueio C' emmédov Ppioketar oto apiotepd nuieninedo mov opiler to

oudvvoua A§ €dv ka1 uovo edv n opilovoa

ra ya 1
Orientation(A, B,C) = |xp yp 1

e Yo 1

/. /7 z /7 /7 /7 /7 g V4 4
etvar yvnoiws Jetikn. Avtiotorya to onueio C' Ppioketar oto 0e&l nuueninedo edv kar pévo
edv n mapandvw opilovoa eivar yvnoiws apvnukn. Télog, to onueio C eivar ovyypapiro

pe ta onueia A ka1 B edv n napardvw opilovoa elvar unoév.

Kevtpuxd Véon ota epyareio mou Yo yenowwonoticouvue xotohoBavel To xoThyopnua

Incircle, To omolo xan ehéyyel edv éva onuelo Peloxetan evtdg tou xOxhou mou opilouv
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3 dhha onuelo. IIpotod avagépouue to TS YiveTtar awtdg o €heyyog, elvan yenowo va

avagepolue oty €vvola Tou x0xhou Voronoi.

Opewonoc KOxAog Voronoi tpudv avuxeiéveoyv A,.B,C, 6mou xdie éva amd autd tor orv-
Tixelyeva uropel va etvon eite onuelo elte evdiypappo turue, oplleton ¢ 0 x0xAog o onolog
gpdmreton xou ot Tplor avtixelpevo (avtiotouyo SipyeTtor and auTd, AV AVAPEPOUACTE OE
onuelo). Edv to avuxelpeva A, B, C' eppovilovton Ue TNV SUYXEXELEV GELRG €AV XD
ent Tou Voronoi x0xhou xatd v CCW gopd (avtidetn pe autiv tou poloylol), T6te o
x0xhoc Voronoi Yo Aeyetor tpoocavatolicpévog (oriented) xow Yo tov cupPolilovue
V(A, B,C). Kévtpo tou xdxhou Voronoi elvar to onpeio to onolo woanéyel and o tpia

avtixeiueva.

[N Adyoug yenotixolg, 6tav avapepopacte o€ xOxAo VOronoi Teudv avTIXEWEVWY
A, B, C, Yo evvoolue 6Tt glvon tpocavatohopévoc, xat Ya tov cupfohiloupe V(A, B, C).
H »uxdunry evohhoyr) Twv Tpldv onueiwyv oto mapandve cugBoloud, dev Tov ennpedlel.

Evdiagépov napouctdlel 1 mopoxdte SlomloTtemon.

ARppa 3.2. Edv avapepduaote oe Voronoi kOkdo tpiddvy onueiwv (A, B,C), tdéte o
V(A, B,C) opiletar edv kar udévo edv Orientation(A, B,C) > 0.
Avriororya, edv 1woyvea Orientation(A, B, C') < 0, tdte opiletar o V(B, A, C).

H yerYion Aownév tou Orientation Bonddel vo eréyEouue edv oviwe ta 3 onuela eppa-
viCovtoaw CCW otny oelpd autr otov x0xho mou 0pilouv TEoxeyévou vo €Yl vOnua vo
WLAGUE YLOL TPOCAUVUTOMOUEVO XUXAO.

‘Eyovtac oploel tov xUxAo Voronoi, npoywedue otnv nopoucioon tou IncircleTest 7

artAd Incircle.

Ozswenua 3.3. Acdouévwr onueiwr A,B,C, ta onola dev eivar ouvevdeiakd, to onpeio

ioketar extd< Tov kUkAov V(A, B, C) edv ka1 udévo edv n opilovoa
0 S y ’ M n op

Ta ya TH+YA
Tp Yp Th+ Y
To Yo TE+ Yo
o Yo TH+UH

Incircle(A, B, C, Q) =

—_ = =

etvar yvnoing Jetikrj. Avtiotoa, to Q Bpioketar evtés touv V(A, B, C) edv kar uévo edv
n mapandvw opilovoa elvar yvnoiws apvnukn. Télog, n mapardvew opilovoa eivar unoév

edv ka1 uévo edv ta onueia A, B,C, Q) elvar opokvkAikd.

Afppa 3.4. H xvkhikn evaldayn towv 3 npdtwy opioudtwy tou Incircle dev ennpedler to

TPOONUO TOV Kal dpa To Tl amopaivetal.
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MeAétn npdonuou TeLwvLou ot plla dAAoL TeLw-
vORoL

1ol mopadte xe@diona, Vo HaC AmacyOAAOEL 1) avdyx T eEEVPECTC TOU TEOCTUOU EVOG
TOAUWVOPOL ) oTa onueio Tou undeviletar €éva ToAuwvugo P. Av ot Tor TOAUGVUYO TV
eugpavilovton elvan o TOAD deutépou Paduol xou ot pilec Tou P, umopolv va UTOAOYLC To-
OV xou va avamopao ooy ahyeBeid, 1 e0pECT] UECW AVTIXUTACTACNS TS TEAXNG TG
«xootilel axpPdy, epdoov euelc eVOLUPEROUACTE UOVO YLoL TO TEOCTUO ol O)L TNV oxELBY
. 't to Aoyo autd, nopadétovpe 2 ToA) yenowa epyaiela Ta onola €xouv avamTuy Vel

Wiaitepa otny epyacia [KE03].

3.2 H MeUdodog tng Anarolpovoag

H anohoigpouoa (Resultant) 0o moluwviuwy elvar éva alyePeixd epyodeio to omnolo
Hog ETTEETEL Vo EAEYYOLUE EQV BUO ToAuvuUa €xouy xown ella. Me o é€unvn yeron
Tou €pYAAEOL AUTOV UTOPOVUE VoL UTOAOYICOVUE TG THIEG EVOC TOAUWVOUOL oTi¢ pileg evog
dhhou mohuwviuou. Ilpwv Solue e unoloyilovpe TNV anoloipouvoa, TEENEL VoL XEVOUUE

avapopd oTov Tivaxa Sylvester.

Opiopdg O mivaxag Sylvester twv tohvwviywy P(z) = Zpi:ci, Qz) = quxj, elvon
i=0 =0

o (m+n) x (m+n) tetpaywvixdc nivaxac o onolog:

N TN ToU Yeouuh etvow N (Pm Prm-1 - p1po 0 -+ 0)

® 1) EMOUEVY] YRUUUT] EVAL 1) TEWOTY] YRUUUT], UE OAOL ToL OTOLYELD UETATOTUOUEVOL XUTA ULt

Véan dedud xou opyxd atouyeio 0,

® OL EMOUEVESC N — 2 YPOUUES TPOXVTITOUY UE ToV (Blo TeéTo, TdvTote tpoc¥étovtag 0

0T0 apyx6 oTolyElo,

n (n+1) yoopus etvor n (¢ gno1 =~ q1 g 0 -+-0)

OL UTIOAOLTIES YPOUUES TIEOXUTTOLY UE TOV (L0 TPOTO OTWE TEONYOUUEVLG.

[N mapddelypor 0 TeAxog mivaxag Yoo n = 2, m = 2 elvou 0 &g

p2 1 po O
0
Sylvester(P,Q) = ba v o (3.1)
@2 ¢ q O
0 ¢ ¢
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‘Eyovtog oploel tov mivaxa Sylvester, opiCouue Ty anoloipouvoa v ToAvwvOuLY P, ()

we v opllovcd tou, dnhady
Resultant(P, Q) = det(Sylvester(P,Q)) (3.2)

H omaholgouoa etvar éva mohd evdlagpépov epyaheio ye mAndodpa oA yeBpxdy WLOTHTWY,

UE TO Yenown yia U Ty e€Xc.

Afppa 3.5. H analoipovoa twy moAvwrluwy P,Q elvar undév edv kar povo edv ta

ToAvaruua éxovy Touddyiotov a kown pila.

H amddelérn tou mopandve AMUUATOC TEoXUTTEL antd TO YEYOVOS OTL €4V TA TOAUGYLUA

P, Q) €youv ueylotoBaiuioug CUVTEAEGTES Py, G AVTIOTOLYQL, TOTE

Resultant(P,Q) = p - g, H (r—s), (3.3)
(r,8):P(r)=0,Q(s)=0
omou m = deg(P) xou n = deg(Q).
Oo A€LOTOLCOVUE QUTAHY TNV ONUAVTIXT LBLOTNTA, XAVovTog TNV e€nG €TV oAt

on.

Adppo 3.6. Ta x-toAvdruua P(z), Q(x) —y éxovr kown pila edv kai pévo edv y = Q(r)

ya kdrowe pila v tov P(x).

Arnédeén. 'Eotw r; o pilec tou moluwvipou P(x), i € I. T va éyouv to P(z) xon
Q(z) = Q(z) — y xowh pia Vo mpéner Q(r;) = 0, dnhadh y = Q(r;) Yo xdmowo i € I.
Avtiotpoga, €dv y = Q(r;) yio xdmowo i € I, tote 1y ebvon xowi pila twv P(x) xau Q(x),
cpéoov Q(r;) = Q(ry) —y = 0. O

Auté ouverdyeton 6t v Q) = Q(z) —y, Resultant(P, Q) = 0 edv xou pévo dv y =
P(r) ye P(r) = 0. Emniéov, n anclolgpovoa v tohuwnviuwy P, Q" eivou wio ahyeBpuxt
Exppaon Tou TEQLAUBAVEL WOVo TNV UETABANTH ¥ xan Oyt TNV UeToBANTYH 2, dnAoadr elvou

ToAuGvLPo Tou y. Koatadryouye howndv oo cuumépacua 6Tl ot pllec Tou TOALWVOUOU
R(P,Q)(y) = Resultant(P(x), Q(x) — y) (3.4)

arotehoVVy Tic anotiuioels Tov Q(z), otg pilec tou P(x).
YT MEPINTAOOELS YE TIg omoleg Vo acyoAndolue apyoTepa OTOU %ot Tol 500 TOAVGYLUA

poc ebvon deutépou Boduol, dnhadh P(z) = pax® + pr + po xou Q(x) = @2 + 1z + qo,
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t6Te uTohoyiloupe

P2 D1 Do 0

0 po D1 Po
R(P,Q)(y) =
2 q1 4o —Y 0
0 ¢ @ G-y
= R2y2 + Rly + RO

70 omolo elvon éval ToAuYLUO BeLTEPOL Bortuol WS TEOC Y, UE HEYIOTORAVULO CUVTEAECTY
Ry > 0, Ry nopdotoaon ahyefexol Paduod 3 xou otadepd 6po Ry ahyefeuxol Boduod 4.
Yuyxexpiléva

Ry = p%
R1 = 2p2J + le
Ry = J*—KL

Omou

J = qapo — qop2
= ¢1p2 — q@2p1
L = qop1 — qipo

Aedopévou 6Tl Tar Tohudvupe P mou pehetdue €youy 0o dloxpitéc mpaypatixéc pllec
71,72, T0 TOALGVUPO R(P, Q)(y) éxet xou autd duo (Oyt amapaitntor Sloxpltéc) TporyLoTixée

oilec pilec tic y1 = Q(r1) xou y2 = Q(1a).

Y10 onueio auTo avaPEEOLUE OTL EVOLUPELOUIC TE LOVAY A YL TO TPOCNUO TNG ToEAO TA-

ong Q(r) xou byt yior Ty 1A v B Autdc elvon xan 0 AGyoc Yo Tov omolo Bev xEvoule

—p1£4/p?—4p2po

2p2
TdpOLYE «dyeNnoTn TAneogoploy ue emmiéov ahyelpixd xé6ctoc. Me tnVv mpocéyyiom ouwe

TNV AVTIXATAC TAOT T = anevdeiog oto Q(z), apol ye tov TpéTo owTd Var
e anahoipoucag, Umopolue Vo amo@avdolue YLol ToL TEOONUN TWV Y1, Y2, UE Bdon Toug

tumoug Vieta, SnAoadr) eEAEYYOVTAC TO TROONUO TWV TOEAC TAcEWY Ry xou Ry!

‘Eva onuovtixd {htnua mou npoxintel otny pédodo auty| elvar 6TL DV UTOpOUKE, UE TNV
TEAOTN YaTLd, var amo@oviolue €8y Y1 Qya, 6mou O € {<, >}, 8edopévou btu 1 < 1o. Tt vau
TPOCTIEPAGOVUE AUTO TO EUTOOL0, avTIXAIOTOUUE TNV axel3] Ty TV 7; OTNY TUEdCTAON
Yo —y1 = Q(ra) — Q(r1), ondte xon éyoupe

VPi — 4papo - (1p2 — @op1)

Y2 — 1 = 3.5
2 1 p% ( )
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To mapandve arotéheopa cuverdyeton 6t sign(ye — y1) = sign(qip2 — qap1), ONOTE
eAEYYOVTOG TO TEOOTUO NS TapdoTtacns oTo 0edld pélog, Yvwpeilouvye mo amd ta y; slvon

1 yeyaliTepn xon o 1 wixpdtepn pila tov R(P, Q)(y).

Oewpnpa 3.7. Ocwpolie to ToAvdvuuo P(x) = pex? + pix+po, drovm,m—+1,m+2 o
alyeBpikdés Padids twv mogotritwy py, p1, po avtiotowa, kai to ToAverupo Q(x) = gr* +
Q17+ qo, 0mov n,n+1,n+2 o adyefpixos faluds twy ToootnTwY qs, ¢1, Gy O VTOA0YVIOHOS
Tou mpoorjpov sign(Q(x;)), dmov o x; elvar pila tov P(x), pue xprion tng puedsdov tng
Anadoigovoag, avdyetar 0toy UTOAOYVIOHO TOU TPOOTILOU TogotTwy adyeppikol fadiuol to
oAU 2(m + n + 2).

Anédaén. T to ouyxexpipéva tohuovupa P(x), Q(x), tpoxintet 6Tt oL tocdtntee J, K, L
€xouv oahyeBed Bodud m+n+2, m+n+1, m+n+3 avtiotoryo. LUVENKOC, Ol TOGOTNTES
Ry, Ry elvan mapactdoelg ahyeBeixol Boduold 2m + n + 2,2m + 2n + 4 avtiotouya, eved 1
ToEEoTACT ¢1p2 — Gop1 EXEL Padud m—+n—+1 xou dpa yio va Bpolyue to Tpdonuo sign(Q(x;)),
1 ToEEoTUOT UE TO UEYOAUTERO oNYEREd Podud elvan 1 Ry, pe ahyeBpxd Badud 2(m +
n+2). O

Eniong yenown neplntwon mou npénel va ueAeTHoOLUE Elvon 1) Tep(NTWOT OOV TO TO-
Audvogo P(z) elvar deutépou Baduol xow to moludvuyo Q(z) eivon tetdptou Boduoo.
YuuBohlovpe P(z) = pax? + pr1x + po, Q(z) = @z + 373 + @2 + 17 + qo, xon Yo Ve-
wpenioovue dedouévo Ot ol ahyefBpuxol Boduol TV TOCOTATWY D2, D1, Po XAk 4, G3, 42, G15 G0
evie m,m+1,m+2xun,n+1,n+2,n+3,n+4 avtiotorya. YTrohoyilovye tdpo TNV
analoipouca

p2 p1 po O 0

P2 P11 Po
D2 D1 Do
R(P,Q)(y) =
0 po P1 Po

“ B 2 ¢ -y 0
0 @ ¢ ¢ q1 qo—Y

1 omolo elvol TOAVWYLUO BELTEEOL Bortuol WS TEOC TNV UETUPANTY Y O CUYXEXPLUEVA

R(P,Q)(y) = Roy® + Riy + Ry
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Omou

Ry = py
p2 ;1 po O 0 p2 ;1 po 0O 0O
0 p2 p1 po O 0 p2 p1 po O
Ri = =10 0 p2 pr po|—|0 O po p1 O
0 0 0 p2 p 0 0 0 p2 po
da 43 42 41 4o 0 @ ¢ ¢

p2 p1 po 0 0 O

0O p2 pr po 0 O
0
Ry, = P2 P11 Po
0 p2 p1 po

4G4 @B @ ¢ g 0
0 @ @3 ¢ a1 q

Egbéoov Ry > 0 yvwpeilovye 61, €dv y1 = Q(x1) xon yo = Q(x2) émov x1 < x9 elvor ot
dvo pilec Tou ToOAUWVOPOL P(x), woylel y; + yo = —% XU Y1Yp = %, CUUPWVAL UE TOUG
tOToug Tou Vieta. And autd ouvendyeton 6t sign(yy)sign(yz) = sign(Ro) xou sign(y, +
Ya) = —sign(Ry), ondte yvwpiloviac o npbdonua TV nocotAtwy Ry, Ry propolye vo
CUUTIEPAVOUUE ToL TEOCNUA TWV Y1, Y2 UE TNV mpobmoveon otL yvwpilovye moia elvan 1
oYEon TWY Y1, Ya.

Do vae eléy&oupe €qv y1 < Y2 | Y1 > Y2, TORATNEOVPE OTL €AV AVTLXUTACTHOOUUE

—p1—+/Pi—4pop2 _ —p1++/pi—4dpop2

4
T = 500 , Ty = 590 OTNV TOEACTAUOT)

Yo —y1 = Q(z2) —Q(z1) = CI4$§ + Q3$§ + Q21‘§ + 12+ qo — (QMQL + CI:ﬂ? + Qﬂ% +q1z1+ qo)

auTh Tatpvel TNV wopen

2
V' Pi — 4pop2
Y2 — Y1 = lp—4(Q3p2P% — 2P3P1 — QP + 2qup1pop2 — 43Papo + qip3)
2

Onhady
sign(ys —y1) = 32’9”(%1?217% - Q2p§p1 - q4p§’ + 2q4p1pop2 — Q3p§po + qlpg)

EXéyyovtag Aowndv to mpdonuo g mocdTNnTac 6To 0ell UEAOG, UTOPOVUE VO ATOQOLY-

Yolue eqv Yo > Y1 H Y1 < Y2, ONAAdT UToAoyiooue TNV OYEOT TWV Y1, Yo TOL VEAYE.

Ocwpnua 3.8. Ocwpolue to toAvdvupo P(r) = pex? + p1x + po, 6mov m,m + 1,m +
2 0 alyeBpikés Patuds twyv moooTrtwy pa, p1,Po arTioToya, Kai to moAvdvuuo Q(z) =

Qurt + 2% + @r? + g + qo, drovn,n+ 1,0+ 2,1+ 3,n + 4 0 aAyeBpikés Baduds Twv
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TOTOTHTWY ¢4, q3, 2, (1, 0. O vmoAoyouds tov mpoorjpov sign(Q(z;)), érov to z; €lvar
pila tov P(x), pue xprion tns pedsdov tng Anadoipovoag, avdyetar atoy UTOAOVIOHG TOU
Tpoonuov ToooTHTWY akyefpikol fadiol to moAV 4m + 2n + 8.

Anédeaén. I to ouyxexpyévo toludvope P(x), Q(z), mpoxintel 6Tt oL tocdtntee Ry, Ry
éxouv ahyeBpixd Padud 4m + n + 4,4m + 2n + 8 avtioToya, EVE N TopdoTAON ¢3papT —
Q2Pap1 — Qup3 + 2qup1pop2 — q3Papo + qups éxer Padud 3m + n + 3 xon dpa vl vo Bpodye
T0 TpboNUo sign(Q(x;)), N mopdotoon e To PeYoRDTERO ohYeBpnd Bodud eivon 1 Ry, ye
ahyePewd Badud 4m + 2n + 8. O

Téhoc, elvar yprowo va egetdoouye v mepintwon émou 1o moludvuuo P(x) elvou
deutépou Poduod xou to moAudvuuo Q(x) elvon mpwtou Baduol. XuyPolilovue P(x) =
P2 +p12+po, Q(2) = q1a+qo, xou Yo Yewpricoupe 6T oL ohyePpuxol Pardpol twv tocoTHTwY
D2, D1, Do XU 1, qo €bvan m, m + 1,m + 2 xou n,n + 1 avtiotoryo. Edv unodécoupe 6t 0
rohudvupo P(z) éxel pilec o1 < g, TéTE évog anhde xou evHiC TpOTOC UTONOYLOUOD TOU
TPOOHUOU TNE ToodTNToS Q(T;) €lvor 1 AVTIXATAOTAON OTO YEAUUUXO TOAMUWYUUO @12 + o

e axeBhc TnE Tou x; 1 omola elvan

_—h + /p? — 4papo
2py

Tehxd, n nocdétna Q(z;) elvou lomn pe v

Qz;) = ZL (2])2(]0 —pg £ Q1\/K) )
P2

omov A = p? — dpapy.  Anb v mopamdve oyéomn mpoxVmtel 6t sign(Q(x;)) =

sign(pa)sign(2paqo — pray = vV A), evd To TpéoNUo TN Teheutalac TOGHTNTAC Eivol I

codlvopo pe autd TN mepdoTtaone (2p2qo — p1q1)? — GGA. O oyefpude Pardpde Tou

anouteltar yior To TEéoNUO TN TEAeuTalaC TUEAoTACNE Elvol UTOG TOU xUPLIEYEL Xa dpar
UE Tov TPoTOo auTo ypeetaldpacte 2m + 2n + 2.

"Evoc evodhoxtixdg 1pdmog unohoyiopol Tou tpociuou tov Q(z;) = ¢12;+qo TEOXVTTEL

gdv mapatneoovpe 6t 1 aviootnta Q(x;) > 0 (avtiotoyya Q(z;) < 0) pnopel vo ypapel

2%

q

i 7 i > _q_O . 7 7 4 4
we z; < =8 (avtlotorya z; > ql) LUVETWE oVAYOUPE TOV UTOAOYLOUO TOU TROGCYHUOU

_% {
o wg mpog v plla

z;. O éheyyog autdg efvon EPIXTOC HEGK TOLU UTOAOYLOUOU TOV TEOCTUWY TWV TOCOTATMV

oL Q(x;) otov éAeYyYo NG oYETXhc Véone tne moodTnTag & =

P(0) xou P'(5), dedouévou tou mpoohuou sign(ps) # 0. Ilpdyuatt €dv sign(P(6)) =
—sign(pz) TOTE AUTOUATA TPOXUTTEL OTL 21 < § < Ty, OMOTE UNOPOUKE Vo LToAoYiooUYE
Vv oyetx ¥éon tou z; € {x1, T2} xou Tou . Xe avtidetn neplntwon, edv dnhadn oy el
ot sign(P(6)) = sign(pa) (avtiotowya sign(P(6)) = 0), ypetdleton emtnhéov vo ehéyEouye
v nocotnta. P/(0) edv sign(P'(9)) = —sign(ps), tote 0 < x1 (avtiotolyo § = x1) xon

OLVETOCE 0 < X (avtioTtolya § < 3). Avtiotowa, €dv sign(P’'(J)) = sign(pa), t6T€ 6 > T2
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(avtiotoya § = x9) xou cuvenne 6 > xy (avtiotoyo § > ).
Ta ntpbonua twv tocothwy P(J) xou P'(0) unohoyilovton pe Bdon tic oyéoelc
. . I
sign(P(0)) = sign ( 2 ) sign(padt ~ it + )
i

= sign(p2g5 — P19ods + Pod),
, . Ly .
sign(P'(0)) = sign (q_) sign(—2paqo + p1a1)-
0
Tehxd yio t0 mpdonuo e nocdtog P(6) anatelton ahyeBpxds Paduode m + 2n + 2,
EVe oty TepinTwon nou yeetdletar vo unohoyiooupe To mpbéonuo tne moodtntac PY(6)
anouteitan alyeBpindg Padude m +n+ 1. Iopatnpoldue 6TL 0 péyiotog ahyePBeixoc Bodudg
mou amauteltan, m + 2n + 2, elvon wxpdtepoc (R oog €dv m = 0) and tov ahyeBpixd
Badud mou amauteitan edv mpoomadioouUe Vo XAVOUUE JUECO UTOAOYLOUO TNE TOCOTNTAS
Q(x;) 6énwe eldape otny TponyoLuevn Tapdypapo (ahyefeixde Badude nou anouteiton oTny
neplntwon auth elvon 2m + 2n + 2). Xuvodiloupe Tic napandve napatnerioelc 6To eERC

Yeodpnua.

Oewpnpa 3.9. Ocwpolie to ToAvdvupo P(x) = pex? + pix+po, drovm,m—+1,m+2 o
aAyeBpikds Pauds twy TocotiTwy pa, p1, po avTiotoya, kat to toAvdvupo Q(z) = rx+qo,
omov n,n + 1 o adyePpixds Paduds twy moootiTwy qi, qp. O UTOA0YIOUGS TOU TPOOTILOU
sign(Q(z;)), émov o x; elvar pila Tov P(x), anaitel uTOAOYIOUS TOU TPOOTILOU TOOOTHTWY

akyeppiicov fadiod to oAy m + 2n + 2.

3.3 AxolouvVisc Sturm

‘Evac evahhaxtinde 1pdnoc UTOROYLoPOU Tou TpdonHov evdc moluwvipou @Q(x) oe

xdmota pilo r; evog mohuwviuou P(x), eivon pe ypron towv oxohouvdiddy Sturm.

Oglopoc Axolouvdia Sturm eivan pio tenepacuévn axohoudio ToALwVOUGY S1, Sa, - - - S,

Ta omola €youv TIC e€NC LOLOTNTES:
e 0 S) =S elvar moAuVLUO eleliepo TETPAYOVWLWY (square-free)
e cdv S(§) = 0 t6te sign(S1(€)) = sign(S'(§))
e c4v S;(€) =0y 0 < i < m, t61€ sign(S;_1(§)) = —sign(S;i+1(€))

® 10 5, €Yl oTadepd TEOCTUO.

O mo edxohog TEOTOC VoL amoxTHoOoLUE TNV axoloudia Sturm evdg Tohuwvipou S, elvon

VOl TTEOLYE ToL Bladoy XA AmOTEAECUATA TIG Olalpeong Tou Sy = S, Ue TNV Toedywyd Tou

18



S1 =95, ye ahhaypéva mpdonua, dnhady

Sy = —rem(Sp, S1) = Si(x)ro(x) — So(z)
S3 = —rem(Sy,S2) = Sa(x)ri(x) — S (z)
0 = —rem(Spu-1,5m)

Aofdvovtag unddv uia cuyxexpiévng tétota oaxoloudior S, xou dedouévou mporypa-
Tixol apriuol &, optlovpe we a(§) to mARdog evodloy®dy TEooHuwy oty axoloudio
S0(£),51(&), -+, Sm(&), ayvowvtac tuydv undevixée twée. IHoapadétoupe thpa €var Je-

wenua To onolo xorhoTd Tic axoAoveS AUTEC TOCO ONUAVTIXEC.

Ocswenua 3.10. Eotw S n akodovdia Sturm evég toAvwripov s eAeilepov tetpaywrvwy,
ka1 mpaypatikol apiipoi a < b. Tére to tArlogs Twr dakprtdy pildy tov Todvwviuov s(x),

oo nui-avoryté didotnua (a,bl, eivar o(a) — o(b).

Yy ouvéyela, xan BactlOUevoL GToV dpy X6 0plopd, TopaIETOVUE TOV «XUTUOXEVAC TI-

%0y 0pLOUO TOU APOEUEL BVO TOALKVUUAL.

Optopbg Aedopévou dUo mohuwvipwy Sp, S1 € Rlz], 6mou 1o 5y elvar ehedidepo Te-
TEAYOVWY, TOTE axolovdia Sturm twv Sy, S; elvar onoladrrote nenepaouevn oxolovdia
(Pevdo-unoholnwv) S tétowa wote aS;_y = K;S; +bSi1q, i = 1,--- ,m — 1, yio xdmoto
K; € R[z],a,b € R, xou ab < 0.

Oedpenpo 3.11. Ia oyetikd mpddta peta&d tovs noAvdvvua P,Q € Rz|, dnov to P
elvar eAeVllepo tetpaydvwy, éotw S a akolovdia Sturm twv toAvwriuwy P, P'Q). Téte

yia kdOe a < b ta onoia dev eivar piles tov () 1w0x Vel 0T

ola)—o)= > sign(Q(r))

P(r)=0,a<r<b

Mo tétota axoroudia S unopel va eivon n (P, P'Q, —P,---). Zuyxexpwéva, ylol Ty
neplntwon 6mou T tohvwvupa P, Q) elvon deutépou Baduol, xou unodétovtag 6Tl €youv

Olaxpttég, un xowvég plleg, wo éyxuprn axohoudia Sturm eivon 1 e€ng:

So(z) = Plx)

Si(z) = Pl(2)Q(z)

Sa(x) = —P(x)

Sa(z) = —p2[(p2M + @Ap)z + (p2L — poK)]
Si(xz) = —p2A, (p2M + Q2Ap)2 (J? - KL)
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Omou

M = 2qpo + 2p2q0 — (101
A, = pi—4pops

‘Eyovtoc tnv mapamdve axorouvdio, xou Bactloyevol 6To teheutalo Yempnud, UTopoUUE
vo. utohoyiooupe to sign(Q(r;)), emhéyovtac xatdAAnha a, b, Tétowa Hhote wovo 1 pila r;
tou P(z) va Beloxetan og autéd to ddotnuo. Enedr dune to P(x) eivar deutépou Boduo,

yvwellovue OTL, €qv 11 < 19, TOTE

—OO<’I“1<—p—1<T2<OO
2ps
onhad”, Yo a = —00,b = —2”712, Vot ndpoupe to Tpdonpo tou Q(r1), xou v a = _2%, b=
00 10 TEGONUO ToL Q(732).

_pr

Avogopixd ye ta mpodonua Tic axohoudiog S, yio TiC TWwéS a = 2pa?

00, —00, TUEO-

YETOLUE TOUC TUPAXATL TVOXES TEOCTUWY.

sign(Si(a))

i unovétovrog Ay, A, > 0 unovétovtog Ay, Ay, p2, g2 > 0

0 —sign(p») -

1 0 0

2 sign(ps) +

3 —sign(K) —sign(K)

4 | sign(py) sign((paM + ¢2A,)?) sign(KL — J?) | sign((p2M + ¢2A,)?) sign(K L — J?)
sign(S;(o0))

i unovétovtag Ay, A, > 0 unovétovtag Ay, Ay, pa, g2 > 0

0 sign(p) +

1 sign(pz)sign(gz) +

2 —sign(ps) -

3 —sign(pz)sign((p2M + ¢24,)) —sign((p2M + 24,))

4 | sign(py) sign((paM + ¢22,)7) sign(K'L — J?) | sign((paM + ¢22,)7) sign(K L — J?)
sign(S;(—00))

i unovétovrog A, A, > 0 unovétovtog Ay, Ay, p2, g2 > 0

0 sign(p2) +

1 sign(ps)sign(gz) +

2 —sign(p2) -

3 sign(pz)sign((p2M + g24,)) sign((p2M + ¢24,))

4 | sign(py) sign((paM + ¢2A,)?) sign(KL — J?) | sign((p2M + ¢2A,)?) sign(K L — J?)
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Oevpnpa 3.12. Ocwpolue to todvdvupo P(x) = pex?+pi1z+po, dtoum, m+1,m+2 o
alyefpirds Baiids twv mocotitwy pa, p1, po avtiotoa, kar o toAvdruuo Q(r) = qr* +
Q1T+ qo, omov n,n+1,n+2 o akyefpirkos Baluds twy ToootnTwy qa,q1, o- O vTOA0YI0UOS
Tou mpoorjuov sign(Q(x;)), dmov to x; elvar pila tov P(x), pe xpnon twv akolovdhcy
Sturm, avdyetar gtoy UTOAOYIOUO TOU TPoonuov moootntwy alyeppixol Padiod to moAl

2(m +n+2).

Anédeén. T ta ouyxexppévo toluovupa P(z), Q(x), npoxintel 6t ol tocdtntee J, K, L
€xouv ahYeBewxd Bodud m+n+2, m+n+1,m+n+3 aviiotoiyo. LUVETLS, 1 TUEACTAON
uE TO PEYOUADTERO ohYEPBEO Bordud Tng omolog To TEOONUO TEETEL Vo UTOAOYLOTEL, OTWG
TPOXVTTEL X0 omd TOUC Tapamdve mivoxeg, ebvon n KL — J? pe ohyefpixd Podud 2(m +
n+2). O
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Kegpdiowo 4

ATmooctdosic

v evotnta auth) Yo UEAETHOOUPE TOV TEOTO UTOAOYIOHOU AMOCTICEWY PETAL) BVO
QVTIXEWEVWY XAl TOV TEOTO UE TO 0Tolo auTéd emnepedlel TNV wop@t| TS dlyotépou sudeiog.
Emumiéov avantioooupe to xatnyodenua SoOB (and o apyixd tou mAfipouc ovépatde tou:
SideofOrientedBisector) to onolo pog emitpénel va eAéyEoupe o€ mola TAeUEE TS Bty 0TOUOU
eulelog BeloxeTar €va onueloxd avtixelyevo.

YUYAEXPUIEVA OTNV TEWTY) UTOEVOTNTO UEAETAUE TOV TPOTO LUTOAOYIOUOU NS AmOC To-
ong Hetadl avTxelwévey xdde éva amd to omola elvan elte onuelo elte evdiypauuo TR
TapdAAn o 1 und ywvia 45° ye xdmolov déova. Ilapadétouye eniong toug yetaoynuoti-
opolc R xou & tou emnédou, ol onolol aprivouy avorholwtn Ty andéctacy PeTald 500
QVTIXEWEVWY Xl TOUG OTolouS YpnNolonololue xat e€axohoLUNcT) OTNV ENOUEVY UTOE-
VoL

Y1y 8eUTERN UTOEVOTNTA AVAPEROUAC TE GTO xatnyoenua SoOB xo otov TpdTo unolo-
yiopol tou. To xatnyodenua autd 6€yeton we oployata 800 avtixeiyeva xou éva onuelo xou
anogaivetan €dv to onuelo Bploxeton TANCIEGTERA GTO TEWTO 1| 0TO deVTEPO AVTIXEIUEVO.
Me dhho AOYLOL, TO XATNYOENUA ATOPUVETOL OE TTOLoL TAEUREE TNG dLyoTtépou evdelag Twv 60O
avTxelévwy Beloxetan o onuelo, x4t T0 ONOlO BIXAONOYEL Xa To OEYIXE TOU XOTNYO-
efuatoc. To predicate autod elvar €vor amd Tor Bacind xaTnyYopHUATA ToL OTOlL Y ETOLULOTOLEL
o ahyopriuog utohoyiopol tou Voronoi dyeduuatog. H yenowdtntd tou €yxeitar otny
g0peon tou TAnoléctepou yeltova (closest neighbor) evéc véou onuelov ¥ tuAuatoc ot éva
owdrypappor Voronoi, dnhady| To xévteo Voronoi To onolo elvon mo xovid 6To vEo avTixeiuevo

and OTOLOBNTOTE GANO HEVTRO.

4.1 ’'Evvoia tng AnéocTAoTNg %o YPNOLAOL UETO-

OYNULATIOWOL

‘Exovtoag unodv Tic UTOAOYIGTIXEC TPOEXTATELC TG EQYAOTOG AUTAS Xl TEOXEWEVOL Val

elvan €0%0N0¢ 0 UTOAOYIGUOC TwV aAYEBEIX®Y Pardumdy TwY TapAoTdcEWY ToL epgaviCovTa,
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Yyfua 4.1: H andotacy tou onueiov C' and 1o tuiua AB oplletan wg onueiov and sudela,
eved M anéotaon tou D and 1o AB opileton w¢ andotaon onueiov and onuelo.

oev Vo xdvoupe yerorn e Euxieldelog andotaong twv avixelgévwy, Aoyw tng Omoeéng
WS ) TEPLOGOTERMY TETRAYWWIXMY PLLMV.

[ot va éyouye howméy o amholg unoloyiopols, Yo yenoLuonolioouvpe (Ue eNdyLIoTES
eEaupéoelc) to teTpdywvo e Euxdeldelog andotaone twv onuelnwv A = (z4,y4) xou B =
(xp,yp), Onhadn

d*(A, B) = (xa — 25)* + (ya — yn)*. (4.1)

[N tov oployd tng andéotaone tou onueiov C and to evdiypopuo Tuiua AB, apyixd
Yewpolpe Ty mpofolr C” tou C' otny gudeio nou opilet o eudiypappo Tuiue. H andotaon
d*(C, AB) oplletou drapopeTind, avdhoya pe o edv 10 O avixer f byl 670 eudlypopuo
uhue AB (Bh. Tyfuo 4.1):

) d*(C,C") edv C' € AB,
d“(C,AB) = (4.2)
min {d?(C, A),d*(C,B)} ¢eév C' ¢ AB.

[TpoxOmTel, and TOV TUEATAVL OPLOHO, 1 avdyxn Vo oploouue v évvola tne {dvng

evoc evdUypopuou Tuiuatog AB.

Oplowdg Zovn evog evdiypoppou tuiuatog AB, n onola Yo cuyPorileton ye Zap, clvou
7 dmeen Awelda mou xadopiletoun and ti¢ xdeteg evdeleg oto AB ota onueia A xou B
avtiotowyo (Bh. Tyhuo 4.2).

Yopgpwva pe tov optopd e {ovne tou AB, C' € Zap edv xou povo edv C' € AB,
OTLOTE €Y OLUE EYOUUE EVOV LOOBUVAUO XAl THO TEAXTIXO 0PLOUO TNE ANOCTACNE ONUElOU %o

eLVVYEOUUOL TUNUATOG

&(C, " i O € Zap,
2(c.ap) <17 = B (4.3)
min {d*(C, A),d*(C,B)} €év C ¢ Zap.

2Ny cuvéyela TopadETOUUE TOV 0OPLOUO XAl TIS LOLOTNTES XATOLWY UETATY NUATIOUWY OL

omolot Yo yog govody Yool OTNY ENOUEVT] EVOTNTA.
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Yyuo 4.2: Zdvn tou euddypoupou tunpatoc AB.

Eotw R : R? = R? o yetaoynuationdc mou aviiotolyel oTnv avéxhaon ¢ Teog Ty
evdela y = z. H ewdva tou onelov (z,y) € R? péow tne aneéviong ebvon 1o orpeio
(y,x) € R? xou emmhéov 1 edva Tou evdypoppov tuiatoc AB etvar to eudiypoppo
tuhue R(AB) ye dxpo ta onpeio R(A) xou R(B).

2LV T WBLOTNTO TOL UETACY NUATIOUOU o ToU elval OTL 1) EXOVA EVOG TUHUATOS TS~
Anhou otov d€ova 'z elvan Evar Tuiuo Tapdhhnho otov dEova y'y xou avtiotpopa. Opoiwe
1 exova evog Tunfpatog mou oynuotilel yovio 45° pe tov dfova 'z elvan éva Ty Tou
oynuoatiCel ywvia 45° ye tov d&ova y'y.

Emmiéov, o yetaoynuationds autdg dlatneel T anocTdoelc YETAE) AVTIXEWEVOY TG
nop@nic authc (onuelo B eudiypouuo TUALATA), WS TEOC THY ATOCTUOT TOU YEYNOULOTOLOVUE.

[Mpdypatt, oty mepintwon anéotaone onuetou C and eudiypoupo tuiua AB, to C
ovixer oty Lovn Zap €8y xon povo edv R(C) avixel oty Laovn Zrap). Edv C € Zap

TOTE TEOXVUTTEL OTL
d*(C,AB) = d*(C,C") = d*(R(C), R(C")) = d*(R(C), R(C)') = d*(R(C), R(AB))
6mov R(C') eivou 1 npofoli tou onueiou R(C) oto tuiue R(AB). Edv C & Z4p t61e

d*(C, AB) = min {d*(C, A),d*(C, B) }
= min {d*(R(C), R(4)),d*(R(C),R(B))}
= *(R(A), R(AB))

‘Eotw o petaoynuatiopéc S @ R? — R? mou avtiotoyel oty avdxhaor we Tpog
tov dZova y'y. H exdva tou onuelov (z,y) € R? péow tne amewdviong etvon to onuelo
(—z,y) € R?, xou emmhéov 1 edva evéc evdiypoppon Tuhpatoc AB eivar To eudiypoppo
tuipa S(AB) pe dxpa to onueta S(A) xa S(B).

H yenowodtnta 10U YeTaoyNUATIONOU S TEOXOTTEL apyixd ond To YEYOVOS OTL OLatnpet

avahholwtn Ty andotaon 800 avTixeéveny S1 xou Se (onueiny, evdedv ¥ euduypduuwy
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TUnudTey), dnhadh d(Sh, S2) = d(S(S1),S(52)). Emmiéov, €dv to evdiypoppo tufua AB
elvow mapdhhnho oe xdmotov d€ova tote T0 TUhua S(AB) Beloxetar otov Blo @opéa e o
AB, v €dv 1o tuiua AB oynuotilel yovia 45° pye xdnolov dZova, m.y. TOV TEoyUATIXO,
161€ 10 S(AB) oynuatilet yowvio 45° pe tov dhho dEova, Y. TO PAVIACTIXO.

Téhoc, Yewpolye tov petaoyruatioud Z : R? — R? o onoloc avtiotouyel otnv avdha-
on we mpoc Ny evdela y = ygo. H exdva tou onuelov (7,y) € R? péow tnc anexdvione
elvan to onuelo (7,2yg — y) € R?, o emmiéov 1 exdva evic eudiypoppou tufuatoc AB
elvon to Tuhpa Z(AB) pe dxpo to onueio Z(A) xou Z(B).

H yenowétnta tou yetacynuatiopol autol Boacileton 010 yeyovdg 6Tl Slatneel orvoh-
Molwteg Tic anootdoelg YeTold 800 avTXEWEVLY o emnAéov edv To TuRuo AB elvou
nopdAnho otny eudela y = —x, 6t€ T0 Z(AB) €elvan mopddAnio e v evdela y = «
(xou avtiotpoga). Téhoc, €dv to tTuAua AB eivon mapdAinho oe xdmowov dZova, TOTE TO
tuhpa Z(AB) elvou napdhhnio otov (Blo dEova, eve enione napatnpolue dtL to onueio @

TOEOUEVEL AVAANOIWTO UEGEK TOU PETACYNUATIOMOU auTol, dnhadh Z(Q) = Q.

4.2 Koatnyopnuo SideOfOrientedBisector

Yy evotnta auty), peretdue to xatnyoenuo SideOfOrientedBisector. To xotnyden-
HoL ouTO OEYETAL WS Oplopa dLo avTixelyeva Si, Sy o €va onuelo () xou EMOTEEPEL TO
avtixeiyevo oto omnolo Beploxeton mAnoiéotepa 10 (. Me dhha Adyla, eAEYyEL O ToLAL
peptd tne diyotopou Bis(Sh, S2) Beloxeton to onuelo (). Yreviupiloupe dtt cuyPorilou-
pe pe Bis(S;,S;) v duyotduo twv aviixewévwy S; xou S;, dnhadh Bis(S;, S;) = {p €
R?|d*(p, Si) = d*(p, 5j)}-

Opiowog Ta QQ onuelo tou emmédou xou Sq, Sy avTixelyeva Tou emédou, Yo Aéue 6Tl 1)
Boduwth ouvdetnon f(S1, S2, Q) eivau éyxuen cuvdptnon SideOfOrientedBisector, ev cuv-

4 4 4 e /
Topia SoOB, €dv ixavornolel Tic TapoxdTey cUVIHXES:

o f(S1,52,Q) <0 edvv to onuelo Q eivan o xovtd oto avtuxelyevo Sy,
o f(51,52,Q) =0 edvv 10 onueio Q LOATEYEL TV AVTLXEWEVLY S X S,

o f(S1,52,Q) > 0 edvv 10 onueio Q eivon O xOVTE 6T0 AVTIXE(UEVO So.
Oa cupfohriloupe t6te f = SoOB(S], S, Q).

‘Onwe mpoxntel and tov oplogd g, 1 cuvdptnon SoOB dev elvar povadixr, eved uia

Tpogavic cuvdptnon SoOB eivan 1
SOOB(Sl, SQ, Q) = d2<Q, Sl) - d2<Q, SQ) (44)

ARppa 4.1, FEotw Sy, Sy avuikeipeva tov emmnédov, onueio QQ ka1 f = SoOB(S, Sa, Q).
Tote —f = 5008(52, Sl, Q)
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AQppa 4.2, FEotw Sy, Sy avuikeipeva tov emnédov, onueio QQ kar f = SoOB(S, Sa, Q).
Edv ¢ > 0, tdte ¢f = SoOB(S1, Ss, Q).

H Buyotopoc twv avtixelévony S xat Sy elvol 0UCLACTIXE TO GUVOAO TV ONUElwY ToU

LOATEYOLY ATO AUTA, ONAXON
BiS(Sl, SQ) = {Q S R2 ‘ SOOB(Sl, SQ, Q) = 0}

Kdde éva and tar avtixeiyeva Sy, So umopel var €xel TNy Yop@1| Tou €Y0UY Ol YEVVATORES

Voronoi, dnAadr unopel vo efvou

e onuelo,

eLYVYPOUUO TUNRUO TUEAANAO OTOV TEAYHATIXO dEova,

evd0ypouUo TUrUa xAVETO GTOV TRPAYUATIXG dEova,

evdiypouuo Tuna oe Ywvio 45° ye Tov TpaypaTind dEova

eLdUypopUo TURUO o Ywvio 135° ye Tov mparylatind dEoval.

Av xou ot Suvatol cuvduacpol yia To avTixelpeva delyvouy va efvan 25, oty TEoypa-
TOTNTOL WOAC 8 yenlouv Uehétng, xadmg OAEC Ol UTOAOLTES TEQLTTWOEL OVEYOVTOL OF
auTéQ, PE Yenon Twv Anuudtev 4.1 xou 4.2 xou v petaoynuationdy R, S xou I.

Yy Eeywpioth peAéTn yia xdie plo and Tic 8 autéc mepintdoel Tou axohoudel, Yo
YENOWOTOLACOUNE TO TETEAY®WVO TNg Euxieldelog andotaong, xa tnv andctaoy onueiou
and TUAUY, OTWS oTH OplCTNXE OTNY TEONYOUUEVT EVOTNTA. € XATOLES ELOIXES TEQL-
TTOOEIC OUWS, 6ToL Ohec oL avtioToiyec Euxieldeieg anootdoelc dev eunepléyouy plixd,
Yo emAéyoude aTEG, xod®dg Blvouy LoodLVOUO’ AMOTEAECUO AAAL UE TO OO aAYEBPLXO
Barduo.

Yt mopaxdtey vmoevotnteg, Yo cupoiiovue Tig cuvtetayuéveg tou onuelov T e

(xp,yr), eved e Lap Yo cupBoiilouye v eudeio 1 onola elvan opéoc Tou Tuiuatoc AB.

4.2.1 Anéoctacr and Avo Xnusia
Yty nepintwon 6mou o avtixetpeva St xow Sy elvon xou tar 800 onuela, Ty, S1 = A xou
Sy = B, n ouvdptnon SoOB unoloyiletar ebxola and tnv oyéon
S00B(S1, 85, Q) = (g = 4)* + (Yo — ya)* = (¢ — 78)* = (yo — ys)"

Yy mepintwon auty, n diyotouoc Bis(Sy, S2) elvon ovolaotind 1 pecoxddetog Tou
TuRuatog pe dxpa Toe onuetor 51 xan So. O okyeBpixdg Paduog mou amouteiton yior Tov

UTOAOYLOUO TNE ouvdptnong SoOB otny mepintwon auth etvon 2.
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Yyfuo 4.3: Ytny nepintwor 6mov @ € Zop xou toe onueta @ xan A Beloxovton exoatépwiey
e Lop, €xove avtopata 6Tt SOOB(A, CD, Q) > 0.

4.2.2 Andoctaor and Xnpeio xow Evdiypappmo TunAua Io-
edAANAo otouvg ‘Aloveg

Ac unotéooupe, ywelc BAIBN TNe YevixdtnTag, 6TL To avTixelpevo Sy elvon onuelo, m.y.
S1 = A, xu 1o avtixelyevo Sy elvon to evdiypaupo tuAue CD, nopdAAnho oe xdmolov
and toug dVo dfovec. Oa yehetooupe TNy mepintwon 6mouv o C'D eivan mopdhinio ctov
G€ova x'x, xou Vo avdyoupe o€ aUTHY, TNV avtioTtolyn Tepintwon nopolkniiog pe tov d&ova
y'y. No onuewwidel 6T dev emitpénovpe oto onueio A vo avixet oto tufpa C'D.

Trovetouye 6Tl Yo Tor dxpar Tou evdlypouuou tuhpatoc C'D wylel z¢ > xp. T
Tov uTohoyloud e andotaons d(Q), CD), apyxd vroloyilouye Ty TEoBolf Tou onueiou
Q = (zg,yg) oy ewdela lep @y = yo mou opiler to TuhUa wog, éotw . Eidxola
mpoxintel 6 Q' = (g, yc). 'Eneita pehetdue edv to onueio Q' avhixel 1 6yt 6T0 TUAUS
CD, yeyovdc to onolo ouctaotxd daopomotel Tov TpéTo unoloylouol e d(Q, C'D),
OTKC TPOXVTTEL UG TOV OPIOUO AMOCTACYE ONUEIOU Ao ELTVYEOUUO TV UL

‘Ernetta, dedopévou 61 1o onueio Q' avixel oto tuipa C'D, Yo ehéyEoupe edv o onuela
Q) xou A Bploxovta exatépwiev tne evdeiac Lop, 1 toodivopa (Yo — yo)(ya — ye) < 0,

EXMETAAAEVOVTOC TNV TORUXATL TEOTAOT).

IlpbTaon 4.3. Edv ta onueia (Q ka1 A Bpiokovtar exatépwlery tng evlelas (op kai
emnAéov to anueio Q) Bpioketar evtds tov tunuatos C'D, téte wyvea d(Q, A) > d(Q,CD),
onkadr) SoOB(A,CD, Q) > 0.

Anédeitn. H anddeiln Boaocileton 610 YeYOVog 6TL O éva Tplywvo, 1 UEYUAUTERT, TAEUEA
Beloxeton amévavtl and tnv yeyohitepn yovio. Lynuatiloupe 1o tplywvo AQQ’ xa éoTtw
K 70 onuelo tourc tou tuiuatoc AQ xou tng evdeioc fop (BA. LyAua 4.3). Iapatnpodue
oTL A@\’Q = Q@K%—K@A = 90°+K@\’A > 90° onAadr 1 ywvia A@\’Q elvow 1 yeyohOtepn
Ywvia tou Tpry@vou AQQ'. Xuunepaivoupe 6t |AQ| > |QQ'|, dnrad d(Q, A) > d(Q,CD).

O

Edv ta onuelo @ xa A Sev Peloxovton exatépwidev tng evdelag lop, otav dnhady
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(Yo — yo)(ya — yo) > 0, Soxplvoupe Tic oxdhovdes TEPITTWOELS:

1. Edv to onuelo Q avixel otn Lodvn Zep, onhadn ¢ < g < zp, 16T Yvwpllouue
ot d*(Q,CD) = d*(Q, Q) = (yo — yo)?. H andotaon petald twv onuelwv Q xou A
ebvan d*(Q, A) = (xg — 24)* + (Yo — ya)? xou dpa pio éyxvpn cuvdptnorn SoOB etvar
Y

SoOB(A,CD,Q) =d(Q,A) —d(Q,CD)

= (zq — 5UA)2 + (yq — yA)2 — (Yo — yc)2

2. Edv 1o onuelo Q) dev avixel otn Lovn Zop, 0nhadn woylel g < ¢ f g > Tp, TOTE
vrohoyiloupe apyxd tnv anbdotaon d*(Q,CD). Edv zg < z¢ (aviiotoya zg > zp)
t6te min (d*(Q, C), d*(Q, D)) = d*(Q,C) (avtiotoya d*(Q, D)), ondte mpoxinTel

OoTL

d?(Q,C) €dv xg < x¢,

#(Q,CD) =
d*(Q,D) €&v xg > xp

Avtixadotdvtog Ty nopandve oyéon otny cuvdetnorn SoOB, npoxintel TeEAXd

SOOB(Sly S2a Q) = d2(Qv A) - dQ(Qv CD)

2

(xg —xa)*+ (Yo —ya)® — (xg —2c)® — (Yo — yc)*  €dv zg < zc,

(xg—2a)® + (yo —ya)* — (xg — xp)* — (Yo — yp)* €4v zg > xp.

O péyiotog anoutoduevog ahyeBeinodg Badudg yia Tov utohoyloud tng cuvdpetnone SoOB
Yoo TNV TepinTwon mou uehetdue etvon 2.

Evowpépov €yel var 6o0ue TNV YEWUETEIXT gpunveia TV mopandve eélowoewy. Ta
x&de onueto @ mou Beloxetan evide e ovne Zep, 1 diyotopoc Bis(A,CD) = {Q €
R?*|d*(Q,A) = d*(Q,CD)} elvon 0ucl0TXS 0 YEWUETPOS TOTOS TV ONuelwY Tou L-
coaméyouv and to onuelo A xou v eudeia Lop, ONhad” Exel TV woper| tapaforrc. Ta
o onpela @ ta omola Beloxovton extdc e Ldvne, 1 diyotouoc Bis(A, CD) exgpdler ta
onuelo tou woanéyouv and ta onueion A xou C' (edv o () Peloxeton deid e . = z¢) K A
xou D (edv 10 Q) Bploxetar oplotepd te & = p), Onhady eivon nuievdelec ye opéa TNy
pecoxdietn twv avtiotolywy onueiwy (BA. LyAua 4.4).

Oloxhnptyvouue TNV evOTNTA QUTH, UEAETOVTAC TNV TEPINTWON OOV TO TO TUHUAL So
elvow mapdhhnho otov dZova ¥'y. LIy cUYXEXPWEVY TER(TTWOT, XENOLLOTOLOUUE TOV UE-

TACYNUATIOUO R TOU aVAPEQUUE GTNY TEOTYOUHUEVT] UTOEVOTNTA OTOTE TEOXVTTEL OTL
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Yyfuo 4.4: H pecoxdietog tou onueio A xou tou evduypduuou tuiuatog C'D.

SoOB(S;, S, Q) = SoOB(R(S1), R(S2), R(Q))

6mou 1o T R(S2) elvar mapdhinho otov d&ova z'z. Adyw tne euxolla utoloyiopol
TV cuVTETAYUEVWY Tou R(I), 61ou I xdnowo onuelo, o péyiotog anartoduevos olyeBexds

Barduode Yior TOV UTOAOYLOUS TOU XATNYORNUATOC TUPOHUEVEL 2.

4.2.3 Andoctacm and 600 mapdAANAs sLVVYEULAA TUAUO-

T, TUPAIAANAA oTovg dfoveg

‘Eotw o eudiypopua tuiuata S = AB o Sy = C'D 1o onola elvon mopdhAnia elte
ue tov dova 2'z, elte pe tov d€ova y'y xou Yéhovpe vo umoloyicoupe TV cuVEETNON
SoOB(S4, 53, Q).

Ac vno¥éooupe 6Tl xou tar S0 TuAUoTa elvar TopdAAnha oTov Tparypatixd dEova (BA.
Eyhuo 4.5), xon emnAéoy OTL T4 < Tp XU T < Tp, X ETUTAEOY Ya < Yo (Vo yeheTioouye
EexwploTd TNV TERINTWOon OOV Y4 = Yo, EVO N TepinTwon ya > Yo elvar 1ooddvaun ue
oUTHY oL Vot HEAETHoOUPE AoYw Tou Aruuotog 4.1).

Yy meplntwon 6mov ya4 # yo, T TuhRaTa S;oxon Sp dev elvan cuveudeloxd. Oa
e€etdoovpe e adldlouvy ol anootdoec d*(Q, AB) xau d*(Q, C'D), avdhoya ye To €4v 10
onuelo Q, Beloxetan evtoc 1 extdg Twv Lwvwy Zap xou Zep avtiotouya. O éleyyog autodg

yiveton ebxola AoYw NG LOPPHS TV ELVUYRSUUMY TUNUATWY, XOL CUYXEXQUIEVAL

Q € Zap €dv xaw povo edv x4 <z < TR

Q € Zcp  €dv xan Yovo eqv zo <z < Tp
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Yyfuo 4.5: H yecoxdietog twv evduypduuny tunudtwy S xa Sy otnyv mepintwon 6mou
auTd efvar ToedAANAc oTOV TEAYUATIXG dEoVa.

Yuvenae, Aopfdvovtoag unédy 6Tl 1 Teofoly| Tou onuelou @) oTic evdeleg Lap 1 Y = Ya
xu bop 1y = yo e Qg = (g, ya) xou Qpp = (zg,yo) avtiotorya, utohoyilovue Tic
anootdoec d*(Q, S;), yw i € {1,2}:

(@Q —ya)? edv v4 < z9 < T,
*(Q,51) =3 (xg —x4)* — (yo —ya)?* €8v 2o < 24,
\(xQ —x5)*— (yo —yp)® €dv g > ap

((ycz —yc)? edv rc < g < ¥p,
d*(Q, Ss) = (xg —2c)® — (Yo — yc)?  €dv zg < z¢,
(g —zp)* — (yo — yp)* €dv xg > Tp.

"Eyovtoc Beel Tic anoctdoeic d*(Q, AB) xou d*(Q,CD), uroloyilovye tehixd v cuVdp-
o
SoOB(S1, 53, Q) = d*(Q, S1) — d*(Q, Sa).

A&ilel va emonudvouye oto onuelo autd 6TL 0 ohyeBpxoc Padudc g cuvdptnorg
SoOB celvan 2, og OAeg TIC MEPINTWOELS, EXTOC amd TNV Tep(ntwon omou ) € Zg N Zg,.
Yy ey outh mepinTtwon, apxel vo HEAETHOOUUE o€ Tolo amd ToL VO MUIETINED TOU
ONUIOVEYEL 1 UECOTORAAANAT TV evdelwy fap 1 ¥ = ya xou lg, 1 Y = Yo, OVAXEL TO
onueto @ vl vo anogaviolye oe molo Turua Beloxeton mhnootepa. H e€iowon tng
ueconopdAAning eudeiag elvon y = %(yA +Yco), oL OTOTE YL THY CUYXEXPWEVT TEPITTLON
umopolUE va oploouue

SoOB(51, 52, Q) = 2yg — ya — yc

Mehetdye todpa TNV €0 TEQITTWON OTOL Y4 = Yo, ONAAdY Tar TwAUaTa S; = AB xou
Sy = CD elvou ocuvevdeloxd. E@doov dev emitpénovye otor TUAUATE HAC VoL TEUVOVTOL, TO

tuhpe AB unopel va Bploxeton eite delid (ondte x5 < x¢) elte aplotepd (ondte zp <
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z4) and to twAua CD. e xdde mepintwor, apxel va TaEvopicoUE T CUVTETAYHEVES
TA, TR, Tc,Tp XU Tg, T0 onolo amoutel ohyelend Padud 1. Telwxd, dedopévou 6Tl TO
onueto Q) dev unopel v avixel Tautdypova oty Lavn Zap xo oty LoV Zop, TEOXUTTOUY

Ol TUPOX AT TEPLTTWOELC:

1. Edv Q € Z4p, nhady 24 < zg < xp 10T T0 onuelo PBeloxeton mAnoiéotepa oTo
tuhpa AB ondte SOOB(AB,CD, Q) < 0.

2. Edv Q € Z¢p, onhadn z¢ < 2g < zp 16T T0 onpelo Pploxeton mhnootepa oto
tuhpe CD ondte SOOB(AB,CD, Q) > 0.

3. Téhoc,edv Q & Zaprxan Q & Zcop, 10t EdV x5 < 20 ToXUTTEL 6TL SOOB(AB, CD, Q) =
209 —rp —xc, EWINLS (Tp < T4) TpoxnTel 6Tt SOOB(AB,CD, Q) =219 — x4 —

Tp.

[Mopatnpolpe 6t 0 péyiotog eupaviloyevos ahyeBexos Padudg Yo Tov unoloyloud
Tou xatnyopnuatoc SoOB otny nepintwon nou peietdyue sivan 1.

Oloxhnptyvoude TNV eVOTNTA AUTY|, XAVOVTAS UL oVOPOREd GTNV TEPINTWOoN 6oL Ta
eud0ypapupo ot S xon S efvan apdAAno ueta&l Toug xou pe tov dfova y'y. Me yerion
Tou petaoynuatiopol R mpoxtnter 6t SoOB(Sy, S2, Q) = SoOB(R(S1), R(S2), R(Q)).
‘Opwe o tuhApata R(S1), R(S2) eivon mopdhinio otov d€ova 'z xat dpo 0 unohoyloude
e SOOB(R(S1), R(S2), R(Q)) uropet va yiver 6mee deilope mapamdver. Ko o authv tny

neplntwon, o péyiotog alyeBpixds PBaduodc mou amoutelton efvon 2.

4.2.4 Andoctaoy and 6V0 eLVVYPAUUA TUHUXTR, TULEAAAT-

Ao oToug dfoveg xau xddeta heTagL TOLG

‘Eotw ta evdiypoupo tufuata S1 = AB xou Sy = C'D xou 1o onueio ) To omolo Véhovue
vor ehéyEoupe edv elvan TAnoléotepa oto Sy 1) oo Sy (Bh. Lyua 4.6). Ac unodéoouue
6L 10 AB elvou mapdhhnho otov d&ova 2’ xou to Sy elvon mapdhinho otov dova y'y xou
eMTAEOY OTL T4 < g XU Yo < Yp.

Oo axohoLVHoOLUE OTEATNYIXH UEAETNG AVIAOYT) UE AUTHY TOU AXONOLVHACOUE CTNYV
TEONYOUUEVY] UTOEVOTNTA, ONAadr apyixd Yo eletdooupe edv ) € Zg, xu Q € Zg,,
xan énertar Yo anogoavidolye mola elvon 1 cuvdptnon SoOB PBaciléuevol ot anootdoelg

d*(Q,S1) xa d*(Q, Sa).
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Yyfuo 4.6: H yecoxdietog twv evduypduuony tunudtwy S xar Sy otnyv mepintwon 6mou
Sy elvon mopdhAnho otov mpaypatixd d&ova xat To Sy elvon xdeto oe awTo.

7, 4 4 4 4 7 4
Oocwv agopd Tic anootdoelc Tou ) and Ta TUAUATA S7 Xt S Loy Vel OTL

;

(Yo —ya)? edv Q € Zg,, dnhadf 4 < 2o < Tp,
*(Q, S1) = S d*(Q, A) eqv xg < Ta,

\dQ(Q,B) gdv xg > Tp.
(

(xQ - xC)Z AV Q € ZSza 67])\0(6‘{] Yo < YQ < YD,
(Q,5:) = ((Q,C) v yo < ye,
(@ D) eivyg>

ondte vnohoyiloupe v cuvdptnon SoOB oynuatilovtog Ty dlapopd Touc,

SOOB(Sl, SQ, Q) = dQ(Q, Sl) - d2<Q, 52)

Ané o nopomdve cupnepalvouue 6Tl 0 aAYeREdS Bodude tou xatnyopruoatoc SoOB
yia Ty TeplnTewor tou pehetdue Yo ebvon 2 yior OAeg TIC duvateg oyeTineg Véoelg Tou ornueiou
Q o Ty Lovey Zg,, Zg,, extéc g Tepintwaong 6mou ) € Zg, N Zg,, TNV CUYXEXPWEWN
neplntwon, unopolue va oplocouue

SoOB(S1, 55, Q) = |yq — yal — |vq — ¢l

1 omola TEoPAVLS xavoTolel Tov oploud Tou xatnyophuatog SoOB, xau €yel ahyeleixd
Barduo 1.
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Yyfua 4.7: H yecoxdietog tou onueiou S xou Tou tuuatog Sy, To omolo efvar mapdAAnho
otnyv evlela y = .

4.2.5 Andctaor and onueio xor eLVIVYEAUULO TUAUX, TO

onolo oynuotilel ywvia 45° we Toug dEoveg

Yy vnoevotnto auth, Yewpolue to onpeta @ xou S; = A xan 1o evdiypopuuo TUHUA
Sy = CD 7o onolo oynuatilel ywvio 45° pe xdmolov d&ova xouw Y€Aovpe vo ehéyEouue ey
T0 () BploxeTon mAnoEotepa oto Si 1) 00 Ss.

Y1y perétn nou axorovdel unodétouye 6Tl To TUAUA C'D oynuatilet yovia 45° ye tov
GCova 'z (BA. Eyfua 4.7), eved n avtiotowyn neplntwon énou to e CD oynuatilet
yowvio ye Tov goavtactxd dEova Ya peretniel oto Téhog NG LTOEVOTNTIC.

O gopéag tou twAuatog Sy elvan 1 evdela fop 1 Yy = & + acp, OOV acp = Yo — To =
yp — Tp. Xto onuelo autd VYa urnodéoouye enlone 6t 2o < xp. XupBoiilovioc @
v meofoln tou onuelov Q) oty evdela Lop, Yvwpeilovue 6TL 0 TEOTOC LUTOAOYIOUOD TNG
anéotaong d(Q), S2) e€aptdton amd To €dv To (' avrixel oo TUUa So.

O éheyyoc autoc elvon loodUvopog Ye tov va eAéyloupe €dv to onuelo @ Peloxeton
peTa€0 Ty eudeldv €5 xou (1 oL omoleg elvor xdetec oto TPAua Sy ota onuela C xou D

avtioTolya

Eé:y+$—ac=0
Eﬁ:y—i—x—aD:O

OOV ac = T¢o + Yo xoL ap = Tp + Yp-
Adyw e unddeong xo < xp woylel 6TL ac < ap omoTe, VETOVTOC ag = T + Yo

TEOXVTTOUV Ol EENC TEPLTTWOELC:
1. edv ac < ag < ap 161€ Q € Zg, ondTe d*(Q, S2) = d*(Q, Q"),

2. €dv ag < ac t6T€ 10 onpelo @ Peloxetan extoc TN Ldvne Zg, And TNV TAELEA TOU
dxpou C omdte d?(Q, S9) = d*(Q, C),
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3. €dv ag > ap t6te T0 onuelo Q) Beloxeton extoc g Lwvng Zg, and TNy TAELEE TOU
dxpov D omdte d*(Q, S2) = d*(Q, D).

Y1y mpaTn Tepintwon, 6mou Q € Zs,, 1 andotaon d2(Q, Q') etvor n euxdeldeto andotar
o1 tou onuelov @ and v evdeia Lop LVPWPEVN 0TO TETEAYWVO, OTOTE TEALXE TEOXVTTEL
ot

d2(Q7 SQ) = d2(Q7 Q,) = d2(Q7€CD) = %(yQ —TQ — aCD)2‘

A&lomoudvTog TG TEONYOVUUEVES OYETELS, TEOYWEAUE GTOV UTOAOYLOUO TOU XATNYO-
enuatoc SoOB vy to onuelo @ xon o avtixeipeva Sy xon So. Apyuxd, e€etdlovye edv
Ta onueta @ xou A Beloxovton oty Blo mhevpd tng evdelog fop. O éleyyog autodg elvou
LoOBVUVOOC UE TO VAL EAEYEOUNE EQV OL TORAC TACELS Y — T — Gop XL Y4 — T4 — Gop Elval
OUOCTUES.

Edv elvon etepdonueg, t61e ot onuela @ xou A Pploxovion exatépwiev tng eudeiog
lcp, omote ypenowonowwvtog To emtyelpnua e Hpdtaone 4.3 umopolue vo anodeiloupe
ot d(Q,S1) > d(Q, S2), xou dpa propolue va Vécouvue SoOB(Sy, s, Q) = 1.

Ye avtidetn neplntwon, edv onAadr ta onuela Beloxovtoan oto (Blo nueninedo, téTE

unohoyilouue TNV andoTaom

%(?JQ —xzg—a)? €dvac <ag <ap,
d*(Q, S2) = { d*(Q, C) edv ag < ac,

d*(Q, D) edv ag > ap
xaL oTnV oLVEYEL 0pllOVUE TNV CLVEETNON

So0B(S1, 52, Q) = d*(Q, S1) — d*(Q, S2)
*(Q,5) — 3(yg — vg —a)® v ac < ag < ap,
=1 ¢(Q. ) - *Q,C) edv ag < ac,
d*(Q,S1) — d*(Q, D) edv ag > ap

d*(Q, 81) = (xg — 24)* — (yo — ya)*.

Ye xdde éva xAddo, o ahyePeinodg Bodude mou amouteital Yot TOV UTOAOYLOUS TOU Xo-
myopruatog SoOB elvou 2.

Télog, yio TV neplntwon 6mou to evdiypappo TuRue Sy elvan Topdhinio otov dEova
y'y, Yol xeNolwoTooouPE ToV PeTaoYNUoTIond S, adlotoudvTag Tig Wiotntég tou. Ilpdy-
pott, epboov SoOB(Sy, Sy, Q) = d*(Q, S1) — d*(Q, S2) mpoxinter 61t SoOB(Sy, S2, Q) =
SoOB(S(51),S5(52),8(Q)). Opwe to tuhua S(S2) oynuotiCel ywvia 45° pe tov dfova 'z
xou dpat 0 utohoylopds Tou SOOB(S(S51), S(S2), S(Q)) unopet va yivel ye Bdon tnv avdhuon
mou €yet mponynoel.
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Yyfuo 4.8: H pyecoxddetoc tov euduypdupwy tunudtwy S xan Sz, ta omola efvon Tapdh-
Anho otny evdelo y = .

Abyo e Yeouxhc oyéone Twv cLVTETAYUEVKY ToL S(I) WS TPOg TIC apyiXéc CUVTE-
Toryuéveg Tou onueiov I, ywo I € {A,C, D, Q} o péyiotoc ohyeBpuxdc Bodude mou amanteiton

Ylot TOV UTOAOYLOUOG Tou xatnyopriuatoc SOOB xan oe authv Ty mepintwor napauévet 2.

4.2.6 Andctaoy and duo MAPAAANAX cLVVYPUUUL TUHO-

T, T ool oxynratilovy ywvia 45° we Toug afoveg

Yty vmoevotnta auty, Yewpolue ta eutiypaupa Tuidota S xou Sy TaL omolot oy
uatiCouv ywvior 45° ye xdmowov d&ova, xou YENOLUE Vo UTOAOYICOUUE TO XATNYOENUAL
SoOB(51, 53, Q).

Apyxd, Yo utodéocoupe ot tar Tufpata S = AB xa Sy = C'D elvon mopdAAnha otny
evdela y = = (BA. Eyua 4.8), evdd oto téhog g unoevotnTag Vo avagpepdolue otny
nepintwon napodknilag pe v evdelo y = —x.

O gopelc Twv eviuypdupwy Tunudtwy AB xou C'D eivar ol eudeieg

lapy=x+ay

lep iy =17+ ay

OTOV 4y = Y4 — T4 = Yp — T XU A2 = Yo — T¢ = Yp — Tp.

Oo UEAETACOLUE apyixd TNV TEPINTWOT OTOU a; # as ONAadY| Tor TUARATH OEV Elvou
ocuvevdeloaxd. O tedTO¢ UTOAOYLOUOL TN AmOCTACNE TOU oNuelou () amd o evdOypaUuaL
AUt Sy xan Sy e€optdtan and TN oyetxn ¥éon tou Q) we mpoc Ty Lwvn Zg xou Zg,

avtioTolya.
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Oo mpénel Aowmdv vo ehéyEoupe cav TenTo Buc edv to () Peloxetan péoa 1) €€w amnd
v Lovn Zs, ywi € {1,2}.

Ocwpolue Tic ewdelec (4, (5, {5 xou (5 oL onolec diépyovton and To onuelo A, B, C
xan D avtiotouya xon elvon xddeteg oty eudela y = . Trodétovtag 6Tl 24 < op %o
To < Tp, TEOXUTTEL OTL €AV lf 1y =—2+ay we ay = yr + oy oo I € {A,B,C, D},
TOTE Ay < ap X ac < ap. LUUTEPAVOLUE TeAxd OTL To onueio @ avixel oty Lo
Zap (avtiotowa Zop) €dv xou wévo edv ay < ag < ap (avtiotoya ac < ag < ap), 6Tou
aQ = TQ T Yq-

Avdhoyo ue To €dv T0 Q avixeL 1) Oyt otig Ldveg Zg, xau Zg,, dlaxplivoupe Tig axdhovdeg

TEQLTTWOELS:

1. Edv Q € Z5, xu ) € Zg,, 16T eAéyyovpe o€ ol and Tic evdeleg £, f2, Pploxeto
Thnoiéotepa 0 onuelo Q). Egdoov ou eudeleg autée elvan mopdhhnieg, opxel vo
ehéy&oupe o€ oL UEPLE TNS UECOTIORAAANANG TouS, 1 ontola €xel elowon {19 1 2y =

2o + a1 + ag, Beloxeton to (). Tehixd npoxdnTel OTL

SOOB(Sh 527 Q) = 2<yQ - ’I.Q) o (al + a2)

2. Edv Q € Zg, xou Q & Zsg,, evronilouvye 10 TANCIECTERO dxpo Tou Sy 610 onueio @,

xaL oTnv oLvéyela unoloyilovpe to xoatnydenua SoOB. Tehxd mpoxintel 6T

SoOB(S1, S, Q) = d*(Q, S1) — d*(Q, Ss)
(yQ —xg — a1)2 — dz(Q, C) edv ag < ac,
(yo — xg — a1)? — d*(Q,D) ¢€bv ag > ap.

= N

3. Edv Q € Zg, xou Q € Zg,, axohoutdolue tnv (Bilar Sladxasior He TNV TEONYOLUEVN

TeplnTwon ondTe xou TEOXVTTEL

— _ 2 _ d2 7A , < 7
SOOB(Sly SQa Q) - (yQ Te a2> (Q ) ey agq aa

N= N

(yo — rg — a2)* — d*(Q,B) €dv ag > ap.

4. Edv Q & Zg, xou Q & Zg,, vnoloyilovpe yia xdde TUAUa T0 TANCIECTERO GXpO GTO
onuelo @ xou umoroyiloupe Tic anoctdoec d?(Q, S1) xou d*(Q, S2) pe Bdon autd.

Tehixd, mpoximTeL OTL

d*(Q,A) —d*(Q,C) €bv ag < min(aa,ac),
d?(Q, B) — d*(Q,C ; < ag < ac,
S00B(S). 5. Q) — (@, B) = d*(Q,C)  edvap < aqg <ac
d*(Q,A) —d*(Q,D) ¢€bvap < ag < aa,
d*(Q,B) —d*(Q,D) v ag > max(ap,ap).




S

Yyfuo 4.9: H pecoxddetog twv cuduypduuwy tunudtwy S; xow Si, 6mou 10 Si elvon
TapdAAnho oty evdelo y = = xau to Sy elvon xddeto og auTo.

Yy meplntwon omou ta TwApata S xou Sy elvon mopdAAnia otny evldelo y = —,
Yol YENOWOTOLACOVUE TOV PETAOYNUATIONO S. AZLOTOIOVTAC TIC WOLOTNTEC TOU UETACY T
patiopoV, mpoxdnter 6t SoOB(Sy, S, Q) = SoOB(S(S1),S(S2),S(Q)) énou ta Tuhuota
S(S1) now S(S2) elvan mapdhhnhiar pe v eudelot ¥y = T xou CLVETDS O UTOAOYLOUOS TOU

xatnyop uotog 6To Oedl uéhog elvon @ixtoc Bdoel g avdhuong mou €xouue 1T xAveL.

4.2.7 Andoctocm and duo eLIVVYEPAUUA TUHUATA, TA OTO-
(e oxynuratilovy ywvia 45° we Touvg dfoveg xo eivor

xadeta peTaEL TOLG

2NV LTOEVOTNTA AUTY), VEWPOVUE TaL TUARATA S7 o S, OTOL TO €val TUAUO eival ToEdA-
Anho otny eudeio y =  xan To dAho oty evldela y = —z xou VéAoLYE var utoloyioouue To
xatnyéenua SOOB(S1, S2, Q). Ac vnoVéocouye 6t to tufua S1 oynpatilet yovio 45° e
ToV mpaypaTiXd d&ova xau to Sy avticTolya pe Tov gavtaotxd dZova (BA. Xyfua 4.9).
Av xau pnopolye var axohoLIHCOUPE AVIAOYT) OTEATNYLXY HEAETNG OIS UE TNV TEOT-
YOOUEVY UTOEVOTNTA, Vol YPTOULOTOLCOUUE TOV UETACY NUATIONO L MOTE VO AVEYOUUE TNV
TERIMTWOT TOU PEAETGUE OTNV UECWS TEOTYOVUEVT).

Expetoahieudpevol Tic BLOTNTEC TOu YeTaoy nuatiogod I, €youpe Ot

SoOB(S1, S, Q) = So0B(S1,Z(Ss), Q)

Yy tehevtado oxéon, ta twAuate Sy xou Z(S2) elvon mapdhhnha oty eudela y = =,
ondte 0 unohoyloude tou xoatnyopruatoc SOOB(St,Z(S2), Q) urnopel var yiver ahyeBpuxd
ue Bdomn v mponyoluevn unoevotnta. Emmiéov, Aoyw tng yeouuixic oyéong Twy ouv-
TETAYUEVLY TV Sxpwv ToL Z(S)) »¢ Tpoc TIC avTOTOLYEC CUVTETAYUEVES TWV AXPMY TOU
Sa, 0 ahyeLendg Badudg TOU ATAUTEITOL VLo TOV UTOAOYLOUO TOU XTI YORNRUATOS TURPAUUEVEL
2.
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Yyfuo 4.10: H pecoxdietoc tov euduypduuwy tunudtwy Sp xou Sz, 6mou 1o S; elvou
TOEAAANAO GTOV TEaYUaTXd GEova xou To Sy elvan Topdhhnio otny eudeia y = .

4.2.8 Andctaoy and 6V0 eLVVLYPARUA TUAULATA, TO EVA TOL-

EAAATNAO xa To dANO LUTO Ywvia 45° e Toug dfoveg

Yy unoevotnta auty| Yewpolue to evdiypappa Tuhpate S xou So 6Tou To Eva lva To-
edAANAo xan To dANo oynuatiCel ywvio 45° pe xdnotov d€ova xou Y€Aouue vo utohoyicouue
0 xatnydenua SoOB(Sy, s, Q).

Apyxd, uvrovétovye 6Tt t0 S; = AB elvan napdAinio oe xdnolov dova, T.y. TOV
TEaYUoTiXd xou T0 Sy = C'D elvon nopdhAnho oe xdnowo and tg evdeleg y = Lo, my. Vv
y =2z (fh. Lyhua 4.10). Emniéov Yo unodéooupe oTL yia o dxpo Twv Tunudtoy AB xou
CD wylel 6TL x4 < Tp XU To < Tp.

IMo vo utoloyicouye ahyeleixd to xatnydenua SoOB, eAéyyouue oe Tp®TO GTAdLO EAY
T0 onuelo @ avixel oty Ldvn Zg, xou TS AUTO eNNEEALEL TOV TEOTO UTOAOYLOUOL TNG

andotaone d*(Q, S1):
1. Edv 24 <z < xp, 1618 Q € Zg,, onéte d*(Q, S1) = (yo — ya)>.
2. Bdv 1o < w4 161 Q € Zg,, xou 1oyleL 61 d*(Q, S) = d*(Q, A).
3. Edv xg > xp 161 Q € Zg,, xou oyVel 6 d*(Q, S1) = d*(Q, B).

Edv avagepbpacte otnyv tepintwon (2) ¥ (3), téte o utoloyiouds tou SOOB(Sy, Sy, Q)
avdyetow oTov utohoytlopd tou —SoOB(Ss, A, Q) xoaw —SoOB(Ss, B, Q) avtiototya, o ono-
foc umopel va yiver cOpgwva ye v Troevotnto 4.2.5.

[ty mepintwon (1), dtav dnhadh Q € Zg,, ehéyyouue emmhéoyv edv onuelo ¢ avrixel
otnv Lovn Zg, (BA. YTroevétnra 4.2.5) xou mwe autd ennpedlel Tov TpOTO UTOAOYLOUOU
e andotaone d(Q, Sy):

1. E&v ac < ag < ap, 161€ Q € Zg,, ondte d*(Q,52) = L(yg — xg — a2)?.

2. Edv ag < ac 61 Q € Zg,, xou woylel 6n d*(Q, S) = d*(Q, O).
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3. Edv ag > ap t61€ Q € Zs,, xou 1oylel 61 d*(Q, S9) = d*(Q, D).

Tty mepintwon (1), éxovpe 6t SOOB(S), S, Q) = 2(yg — ya)? — (yg — xg — az)*.
[ tic tepintioeie (2) xou (3) mpoxintet 6Tt 0 unoloyiopdc tou SoOB(Sy, Sz, Q) avéyeton
otov vnoloylopd tou SoOB(S, C, Q) xou SoOB(Sy, D, Q)) avtictowya, o onoloc uropel va
yivel Bdoel tne YTroevotntog 4.2.2.

Ye xdie mepInTwon o anutoVUEVOS aAYERELXOC Badudg Yiot TOV UTOAOYLOUO TOU XATY)-
yopruatog SoOB elvou 2.

Oloxhnpwdvouue TNV evOTNTAL oWTH, OAEC TIC BUVATEC EXDOYEC TEOCUVATONCUOL TV

TUNUETOY St xon Sy 68 AUTAY TOU YOS UEAETHOOWE:

o Edv to tuiua Sy elvon mopdhAnho otov mporypatind dEovo aAld To T Sy elvon

TapdAANA0 oTny euleia y = —x, TOTE pe BdoT ToV peTACY NUATIONO L €youpe OTL

SOOB(Sl, SQ, Q) = SOOB(I(SQ,I(SQ), Q)
‘Opwe, Bdoel v Wothtwy tou Z, 1o tufua Z(S1) elvon topddinho otov dEova o'z
xou o Tuhua Z(Ss) ebvon mopdhhnho otny evdeio y = .

e Edv 1o TtuAua Sp elvon mopdAAnho oTtov QovtacTixd d&ovo xou To TR So elvor
TopdhAnio oty evdela y = x, TOTE YPNOWOTOLOVTAS TOV UETACY NUATIOUS R €YOLUE

ot

SOOB(Sl, SQ, Q) = SOOB(R(Sl), R(SQ), R(Q))
‘Opwe, Bdoetl Twv BLOTHTLY Tou peTacynuatiopod R, to tuiuc R(S1) elvon mapdiinho
otov mpaypatixd dZova xou to Tuiua R(S2) elvon mapddinio otny evdela y = .

e Edv to tunua S; elvon mapdAAnAo 6Tov QovtaoTixd déova xon To Tuiue Sy eltval Topdh-
Anho oTny evdelol Yy = —2 TOTE YENOOTOLWVTAC TNV CLUVIEST] TWV UETACY NUATIOUDYV

7 xan R €youvpe 6Tl

SoOB(Sy, Sa, Q) = SOOB(R(Z(S51)), R(Z(S3)), R(Q))

‘Opwe, Bdoet v WBLOTHTLY TV yetaoynuatiopdy Z xa R, to tuhiua R(Z(S1)) eivou
TOPGAANAO oTov Tpaypatixd dZova xou to TUAUR R(Z(Ss)) eivon mopdAAnio otny

evdelo y = x.

39



40



Kegpdhowo 5

Incircle Test onueiwy xou TunuATWY
T ool elvoll TAEAAANAXL UE TOUG

AEoVvES

Y10 xepdhowo auté Vo emextelvouue To xatnyoenua Incircle to omolo elyaue opyixd
avapépet oto Kegahawo 3 (BA. Oedpnua 3.3). To apyixd xotnydenuo dnee eldoue, déyeto
w¢ oplopata TEécoepa onuelo xou ano@alveTal GV TO TETUETO avixeL 6Tov Voronoi xOxho

Tov onolo opilouv povadixd ta dhha telo. Xuyxexpwéva, 1 Tl e opllovooag

Ta ya T4 +YA
Tp Ys ThH+Yp
Te Yo T+ Y

1o Yo TH+UH

Incircle(A, B,C, Q) =

—_ =

ebvon Vet (avtiotorya apyntnh) edv xou wévo edv to onuelo @ avrixer (avtiotoryo dev
avixet) otov xOxho V(A, B,C) (BA. Eyhua 5.1). Edv n nopandve opilovoa eivor undév,
t61e T onuela A, B, C, Q) elvon ogoxuxhixd.

O enextelvoupe To xatnyoenua Incircle étol ote va umopel var deyvel oployato eite

Q.
_______ sign=+1
B Qe
sign=-1
¢ A
V(A,B,C)
Q el
sign=0 C

Eyhua 5.1: To mpbonpo tou xatnyophuatoc Incircle (A, B, C, Q) vy mdavd Q).
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Syhua 5.2: T A, B, C oneia, pévo évac and toug xOxhouc V(A, B, C),V(B, A, C) uropel
va optletan x&ie popd.

onueta elte evdiypouuo Tuuata ta omofa efvan mapdAAnia pe Toug dEoveg. XTo OLY-
XEXPWEVO onuelo avapépouue OTL VEWPOLUE TO TUAUOTO X0 To GXPA TOUG WS EEYWELOTA
onuelo, ONAadY OTaV avaPeEOUNoTE ot TUAUaTa Yo evvoolue OTL elvar avowtd. Me Bdon
Vv olufaon aut, SeV ETTEENOVPE OTOL TUAKATA VoL TEUVOVTAL (0TO ECWTEPIXG TOUG) EVE
000 TUAUATH UTOPOUY VoL £Y0UY TO TOAD EVA XOVO AXQO.

Yto TéNOC NG evOTNTaG auTAC Vo €YOUUE OWOEL TOV TEOTO UTOAOYLOUOD TOU

Incircle(Sy, Se, S5, Q) étoL Bote

<0 €dv 1o Q elvor evtéc Tou V(S, Sa, S3)
Incircle(S1,52,53,Q) = ¢ >0 v 10 Q ebvan extéc Tou V(ST, Ss, S3)

0 gdv 1o @) epdnteton otov V(Si, s, Ss)

onou 51, g, S3, () unopel va elvon elte onpela elte evddypoupa TUAUATE TUEIAANAC GTOUG
d&ovec.

Onowdnrote ouvdptnon f(Si, 52,55, Q) wavonoel v napandve wodtnta Yo héue
ott ebvan  éyxvpo xatnyoenua Incircle xou Yo cupBoiilouvue  f(S1, 52,55, Q) =
Incircle(S, Se, S3, Q).

Emmniéov,and tov oploud tou Incircle eivar mpo@avég Tt 1 xUxAixY| EVAANYT) TV TELWOY
TEOTWY OPIOUATLY BeV eMNEEGLEL TO TEOCTUO TOL XATNYORPHUATOG.

Iow Eexwrooupe OuwS Vo avaAUOUUE OAEC TIC BLVATESC TEPLTTWOOELS, Fo oVOPEPOLUE

Eavd Tov petaoynuatiopd R o onolog Yo pog qovel wiattepa yprowog.

5.1 O Mezaocynuatiopos R

Eoto R : R? — R? 0 petooynuatioddc Tou avTioTolyel oty avdxhaon ¢ Tpog Ty
ewdela y = 2. H edva tou onpelou (z,y) € R? péow tne anexdvione elvar to onuelo

(y,z) € R?, xou emmiéov 1 exdva tou eudiypappou Tuhpatoc AB elvou to eudiypoyuuo
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tuiue R(AB) ye dxpo ta onpeio R(A) xou R(B).

ENUotvTXn 1BLOTNTO TOL UETACY NUATIOHOU owToD elval OTL 1) EIXOVAL EVOS TUAUATOS ToESA-
Anhou ctov d€ova 'z elvan éva Tuuo Tapdhinho otov dEova y'y xou avtiotpopa. Oupoiwe
1 exova evog Tunfpatog mou oynuotiler yovio 45° pe tov dfova 'z elvan éva TuAua Tou
oymuatiler ywvio 45° pe tov d€ova y'y.

O petaoynuatiopos R Swotneel T anooTdoels HETUED OVTIXEWEVWY TNG LOPPNE OUTHG
(onueio 1§ evdiypoppa TUAULATA), OC TEOS TNV ATOCTUCY TOU YENOWOTOOVUE OTKE oUTH
avapépinxe oto Kegpdhato 4.

H mo yeriown ouwe WLOTNTA TOU PETACY NUATIOLOV ouToL elvon OTL dlatneel tov ey-
xhelopd ¢ mpog xOxho (inclusion preserving). Xuyxexpwéva, mopatneel xavels ot to
avtixetpevo @ Beloxetow evtdg tou xOxhou V(S1, Sa,S3) €dv xan p6vo €dv To avTxelUevo
R(Q) Beloxetou evtoc tou wixhov V(R(Sz2), R(S1), R(Ss)). (Bh. Eyfua 5.3 yio tnv me-
pintwon 6mou Sy xou Sy elvon onpeior xan Sz TuAUS TUEEAANAO OTOV PUVTACTIXG GEoVaL).
A&ilel va onuerdcouye OTL ETEDT 1 AVEAXAUCT| AVTIO TEEPEL TOV TPOCAUVATONGUO TOU XUXAOU,
yenouwonotolue tov x0xho V(R(Sz2), R(S1), R(S3)) xou oyt tov V(R(S1), R(S2), R(Ss3)).

O YENOOTOCOUUE XAT ETAUVEANGT TNV WOLOTNTA AUTH YLOL VO AVAYOUUE OPXETES OO

TIC TTOEAXATE EUPAVILOUEVES TIEQITTOCELC O XATOLEC Bacixéc, TIc onolec xou Yo ueEAETHCOU-
)

UE.

Yyhue 5.3: Incircle(A, B,CD, Q) = Incircle(B’, A',C"D’, Q')

5.2 ’'Eleyyog avtixeipevouv () w¢ neog tov Vo-

ronoi xVUXA0 TELWV AVILXELLEVLY: Mo oixm
WO TEOCEYYLOT

Yy evotntor auth, YEAETAUE TO xotnyoenua Incircle avortiooovtag évay xawvolplo
Teomo avtwetomiong. H pédodog auth av xou yenowonotel éumva xdmolo ohyeBpixd -
Yohelo, OeV ETTUYYAVEL 0TO VoL amopaviel TavTa e To EAdYLIoTO ahyeBpLnd Bodud- xbdoTog,
XL CUYXEXPUIEVO OE TECCEPLC TEPLMTWOELS TIG Onoleg Vo HEAETHOOVUE GTNY EVOTNTAL 5.3.

Ou ywpeloovye TNV avdhuor pog ovdhoya Ue TO €4V TO TETHETO avTixelpyevo Q) elvon
onueto (P) # twiua (5), o dVo vroevétntee. Kdde pio and avtée, ywplleton aviroyo

HE TNV Woppn mou €youv Ta aviixeiueva Si, Sz, S5 eved ot xdie neplntwor Yewpolye OTL
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o xOxhog V(S1, Ss, S3) oplletan, extdc xou €dv avopépeton SLopopeTind (Vg TEOCUVITON-
ouévoc xUxhog Voronoi dev opileton mdvta, 6nwe gaivetow 6to Ly 5.2 ).

[N tic unoevétnteg, Yo cupBoricovye e P to avuxeiyevo S; €dv autd elvar onueio xou
S edv etvon tuAua. ‘Etol 6tav avagepdpacte otn nepintworn PPSP, Yo evvoolue oti 600
and to avtixelyeva S, Sa, Sz elvon onuelo xou To dhho elvon TURUa, ywels vo yog evolapépet
TO OmO QUTA €YEL TNV OLUYXEXPWEVT Wop®Y. ANWOTE, EQOCOV 1) XUXAMXT EVUANXYT| TWV
TELWY TEWTWY 0PLOUATWY TOL XaTrnyophuatog Incircle To agrivel avahholiwTo, oL TEPINTWOELS
(S1,52,83) = (P, P,S) f (P,S,P) f{ (S, P, P) urnopolv va Yewpndolv we wa, tnv PPS.

Avrtiotowa, avdhoyo pe to €dv To avtixeiyevo @ elvan onueio (to onueio Q) # eivou
uhpe (to twAua @QS) da yenowwonowlpe 1o ocuyfohiond P f S. T mopddelypo by
uehetdue tnv mepintwon PPS xou to avuxelpevo @ ebvan onpelo Yo cupBoirilovpe tnv

neplntwon auty PPSP.

5.2.1 H Ilepintwon PPSP

‘Eotw taonuela S1 = A xou Sy = B xon 10 eudiypopuo tuiua S = CD. Lty avdhuon
mou axoloudel Yo Yewproouue 6Tl o TUpa C'D elvon mopdhhnio GTov Teaypatixd dEova,
eved Yo unodéoouue axdua 6Tt To < xp. Eniong, epdoov o xixhoc V(A, B, CD) opileta,
ta onuelo A xan B Beloxovtan and tny (Bl mhevpd tng evdelog op.

Edv yvwpellaye to onuelo enagric tou V(A, B,CD) pe to tufpa CD, éotww P, t6te
Yo unopoloope v anogovdolpe 6t Incircle(A, B,CD, Q) = Incircle(A, B, P, Q). T va
unoloylooupe to onueto P, Yo npénel vo untohoyicouye to xévtpo K tou Voronoi x0xiov,
xaL 0TV CLVEYELX Vo uTtohoyloouue TNV TEofoAr| Tou oto evdiypaupo Tuhua. Egdcov To
CD elvar mopddAnio otov dova &'z, apxel va Bpodue 10 xx ondte P = (k. yo).

To xévipo K amotehel tnv touy) tng mapaBoirc mou optletan and to A xou tnv eudela

lep 1y = Yo, n omola elvan )

(z—24)* = (ya — yo)(2y — ya — yc)

He TNy ecoxddeto twv onuelwv A, B, n otolo oty yevux nepintwon (dtov dnhadh ya #

ya+ B (xB —:m) (xA+xB )
Y — = —x
2 YB — YA 2

. Ty neplntwon ya = yp Vo TNV YUEAETHOOULUE APYOTERA GTNY EVOTNTA AUTY).

yp) elvon

Anorolpovtog amd Tic 800 mapdmove oyéoelc TV HETHBANTY Y, TEoXVNTEL OTL TO Tk

elvan pila Tou ToALWVOPOL P(x) = pex? + pix + pg, 6TOU

P2 = Yp—Ya#0
p = (Yp —yc)(ra — ) — 22p(Ys — Ya)
po = (s —ya)zs+ (yo —ys) [(2h — 2%) + (ya — yc)(ys — ya)]
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Yyfua 5.4: Ou 8Vo xUxhol Voronoi mou opilouv ta onpetor A, B xou to tuiue C'D .

H Onoapén 600 Aoewv Yo T0 Tk, €0Tw T1 < Tg, elvol amdALTA QUCLOAOYIXY XS
elvan Suvortdv va uTdpyouv 800 xOxAoL Tou Biépyovton and to onueta A, B xat Tautd)pova
epdmrtovtan oty evdeio CD (Bh. Lyfua 5.4). Mbvo évag dune and toug 800 xixAoug, xou
Gpat wovo pio amd i pileg tou P(x), Hog EVOLUPEREL XU CUYXEXPLIEVA AUTOC OTOV OTO(0 TaL
avtixelyeva A, B, CD eygavilovton oe CCW gopd. Ilpoxewwévou va e€oaxpiBdcovpe ahye-
Bewd yior ot pllor eVOLAPEROUACTE, XAVOUUE Wal YEWUETEXN UEAETN OADY TV BUVITWV

TEQLNTWOEWY, 1 onola palveton otov Ilivoxa 5.1.

| Syetoef 9éon A, B,CD | Mog evbuagpépet 1 pila |

Yo < Ya <Yp Z1
Yo < Yp <Ya T2
Y < Ya <Yyc T2
Ya <Y < Yc 21

[Tivaxog 5.1: Pila tou P(x) mou pac evilopéper 6Tay ya # Yp.

Dvopilovtac howmdy 6t xx = x; v xdmowo @ € {1, 2}, ypeetdleton va unohoylocovye o

Tpoonuo tne opllovoag

Ta Ya 4 +Y;
rp Yy TH+YL
Tk Yo T+ Y

1Q Yo TH+ Yo

Incircle(A, B, P,Q) =

—_ =

Kévovtag avdluor wg mpog Ty Teltn Yeauur| ol OpadoToldvTog UE BAon TNV HETABANTY

T = T, E(OUUE OTL

Incircle(A, B, P, Q) = Q(z) = ¢22* + ¢ + qo
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Eyuo 5.5: Edue neplntwon 6mov y4 = yp

omovu

I xa ya

2 = —|1 z yg|,

1 zq yq

1 oya 2%+ 93
a = —|1 yp 2% +yp|,
1 yo x5+

Ta ya TH+YA
Tp Yp T+ Yp
0 Yo O

rQ Yo TH+UH

+ Yege

L)

S

I
[ S —

[ va Beolpe to mpdonuo tou Q(x) oty emduunty plla tou P(z), yenowonolotue
elte v pédodo tne anarolpouvoag eite Tig axorouvdicg Sturm, pyedodoloyleg mou €youue
avartvéel oto Kegpdhowo 3 (Bh. Oewpfuota 3.7 xon 3.12).

Oa pelethooupe e TV TEpintwon émov y4 = yp (BA. Xyhua 5.5), ondte xou n

pecoxddetoc Twyv onuelwv A, B elvou n

A+ TB
r=—":.
2
Egbéoov 10 %€vtpo tou xOxhou aviixel ot aUTHY, TPOXUTTEL OTL Tk = 3(T4 + Tp) xou pa
0 onuelo enaghc Tou Voronoi xvxhou pe to tufuo C'D ebvan 0 P = (5(z4 + z5), yo)-
[Topatnpolue 61, otny mepinTwon auth, undpyel uévog évag xUxhog Voronoi o omolog
Oiépyetan amd tor 3 avTixelyevo aAld dev Yvwpelloupe edy autdg elvol 0 TEOCAUVATONOUEVOS

V(A, B,CD). T v axpifewa, o mpocavatolopévoc Voronoi xOxhog dev opileton mdva,
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eved 0 mapaxdte mivaxac avagépet totog and touc V(A, B,CD) f V(B, A,CD) opileton

x&de popd.
Eyetxny Oéon za, v | Uyetnh Véon ya, yo | Kdxhog mou oplletan

ya < yc V(4, B,CD)

rTa < ITp
Ya > Yo V(B,A,CD)
ya <yc V(B, A CD)

TA> TR
Yya > Yo V(A,B,CD)

Y1 nepintdoeig mov o V(A, B, CD) opiletan, apxel va utohoyicouue to mpdonuo g
optlovcag
Ta  Ya vh +ya
T YB rh+ Vb
(572) ye (=5%2)" + 92|

o Yo o THt+ Y

Incircle(A, B, P,Q) =

—_ = =

AXyoprdpoc Yrmohoyiopol xou AlyeBeixol Badpol T tnv yeviny| me-

elrtwon 6mou 1o Tufue C'D eivar 0plldOVTIo XU Yu F# Yp:

1. Trohoyilouye TOUC GUVTEAEGTES P2, P1, Po TOLU P(x), ot omtolot €youv ahyeBpixd Bard-

uo 1, 2, 3 avtiotouyo.

2. Trohloyiloupe Toug CLVTEAECTEC G2, G1, Go TOL Q (), oL ontolot Exouv ahyeBpind Badud

2, 3, 4 avtiotouyo.

3. EXéyyouue mowa pila x; tou P(x) o eviagpépet, pe Bdon tov Hivoxa 5.1. O éheyyoc
autog ebvon alyeBeixod Paduon 1.

4. Kdvouye yperon twv pedddwyv mou avartiyvnxoav oto Kegpdhao 3, yia va urno-
Aoyiooupe to Incircle = sign(Q(x;)). O ohyeBpwdc Badude mou amouteiton efvou
2(1+2+2) = 10.

[ Ty ewduner] teplinTtwon 6mov Y4 = yp apxel va utohoyicoupue to Tpdonuo g opilovoag
(5.1), ue ahyeBpxd Podud 4.

OloxAnpdyvouye TN eVOTNTAL QUTH, VEWROVTAS TNV Teplntwon 6mou to Tuhiua C'D elvou

nopdAnho otov dZova y'y. Kévovtog yprion tou yetaoynuatiopolt R, mpoxOntel ot
Incircle(A, B,CD, Q) = Incircle(R(B), R(A), R(CD), R(Q)).
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To tuhua R(CD) elvar napdhhnho otov dZova 'z epdoov eivan 1 emxdva TUAUATOS TTo-
edAAnAo oTov dZova Y'y uéow Tou R, OTOTE 0 UTOAOYIOUOS TOU XATNYOPHUOTOS 6To ekl
HENOC TNG TOQATAVEL LOOTNTUC UTOREL Var YiVEL GUUPWYA UE TNV AVEIAUCT) AUTHS TNG EVOTY-
tac. ‘Ocov agopd toug ahyefexole Boduole otny neplntwon auth, o Yéylotog ahyelpl-
x6¢ Poduoe mopopéver 10, epdoov oL cUVTETAYUEVES TOL GuuueTeixol onuelou R(I), yia
I € {A,B,C,D,Q}, eivon oty mporypauxdtnta oL cUVTETAYUEVES Tou onueiou I avte-
O TEOHEVES.

O péyotog ahyePexoc Baduocg 10, o onolog meoxNTEL Amd TNV AVAAUGCT) TNG UTOEVOTY)-
Toic aUTAC propel va petwdel nepoutépw. Luyxexpyéva otny Yroevotnta 5.3.2 (nepintwon
6mou To ) elvon omnuelo), anodexviouue 4Tt 0 YEyiotog ahyeBpixdc Badude mou amanteiton
To uNohoYLoU6 Tou Incircle yia TV mepintwon eAéyyou onuelov we mpog Voronoi xOxio

mou opiCouv 800 onuela xan évo TUAU ToEdAANAo e xdmolov d&ova elvar To TOAD 6 (BA.
Afppa (5.4)).

5.2.2 H Ilepintwon PSSP

‘Eotw 1o onuelo S; = A xou to eudiypappa tufuata Se = C'D xou S5 = EF. Egbcov
xade éva and tor TufpaTa S1 xon Sy elvon mopdhAnho o€ xdmolov and toug dfoveg, to C'D
xaw EF unopel va elvan elte mopdhinha elte xddeto petald toug, omote Yo UEAETHOOLUE

Ié 7 4
xdde nepintwon EeywploTd.

‘Eotw 6Tt Tt tppata elvol TapdAAnAo petal tovg. Oo unodécouue 6Tl
xai tor 800 Tpuota elvon TapdAAnAa oTov dEova 'x xou emmAéov OTL oY VEL T < Tp KoL
rp < xp. o vo oplleton 0 Voronoi x0xAog TV TELMY oUTOY OVTIXEWEVLY, TO onuelo A
Beloxeton peta€d twv 8V0 evdeldy op, pp.

HMapoatnpotye 6t to xévipo K tou V(A,CD, EF) Beloxeton otny peconapdhhnhn €u-
Detor Twv 800 TuNpdTwy ondte wylel 6Tt yx = 3(Yo + yp). H axtivo p tou xdxhou elva
{on ye to pod e andoTaong Twv evdeldy Lop xou (pp, dSNhadh p = %lyc —yg|. Téhog,
yYvwplCoupe 6t 1o onueio A avixer Voronoi xUxho, ondte and tnyv e&icwaon tou xUxhov,

TeoXVTTEL 6TL T0 T f¢, xavorotel Ty e&iowon P(x) = x2 + p1x + py 6Tou

pl == 2$A,
po = 24+ (Ya—yo)(ya — yr).

Avddhoya pe v oyetind 9éon twv tunudtov CD xou EF, 1 ella tou P(z) mou yog

evolapepel elvan elte 1 21 elte ) 22 6mov 1 < X9, OnwC @atveton otov Iivaxa 5.2.

Ye xdde neplntwon, epbdoov ta onueia enaphc Tou xOxiou ye ta CD, EF elvon ta onuela
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| Syetoed 9éon CD, EF | Mog evdiagépel n pila |
Ye < Yc T
YE > Yc T

Iivaxag 5.2: Pila tou P(z) mou pog eviiagépel yia TNy mepintworn 6mou tar Tuilota
CD, EF elvou tapdhhnio pe tov dova z'z.

(T, yo) xu (T, ygp) avtiotorya, Yo npénel vo unohoyloovue To Tpdonuo tne opillovoog

Ta Ya T4 +Y;
Tk Yo ﬁ%{ + y%
Tk Yp T+ Y%

1Q Yo TH+ Yo

Incircle(A,CD,EF,Q) =

—_ =

H ropandve opilovoa elvar éva toludvuuo Q(z), devtépou Boduod we mpog T YetaBAnTA

T = T XL CUYXEXQLUEVA

Q(z) = (yp —yo)(@r®+ gz + q) 6mou
q2 TaA—XQ
2 2
Ya TH+yi
¢1 = |0 1 ye+tyc
Yo 7o+ Yo
1 za ya 2% +95
o — 1 0 yo w2
0 =
0 0 1 ys+tuyc
1 rQ Yg xé%—yé

Apxel va ehéyEouue to npdonuo tou Q(z), oty emduunty plla Tou Tohuwvipou P(x),

AofBdvovTag Loy To TEGONUO TNS TOCOTNTOC Yi — YC-

ANyopripog Troloyiowol xaw AlyeBeixol Baduol

1. Troloyilovue Toug cuvtENeaTéC P1, po Tou P(x), oL onolol €youv ahyeBeixd Badud

1, 2 avtioTouya.

2. Troloyiloupe Toug CLVTERECTEC @2, G1, o TOU Q (), oL omtolot éxouv ahyeBeixd Badud

1, 2, 3 avtioTouya.
3. TmohoyiCouue T0 TMPbONUO TOL YE — Yo, TopdoTact alyeBpxol Baduold 1.
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4. ENéyyoupe mowa pilo z; Tou P(z) pog evilagépet, pe Bdon tov Hivaxa 5.2. O éleyyoc
autog ebvon alyeBeixod Paduod 1.

5. Kdvoupue yprion twv yedoédwy mou avantdydnxav oto Kegdhawo 3, yio va unolo-
Yiooupe To mpdonuo tou Q(x;) xou cuvende to Incircle = sign(yr — yo)sign(Q(x;)).

O olyeBpnde Baduoe mou amoutelton etvon 2(0 + 1+ 2) = 6.

Yy nepintwon 6nou ta twAuata CD, EF elvar mopdhhnha e tov d€ova y'y, yenol-

UOTIOLOVUE TOV UETAOYNUOTIONO R ondTe TpoXOTTEL OTL

Incircle(A,CD, EF,Q) = Incircle(R(CD),R(A), R(EF),R(Q))
= Incircle(R(A), R(EF),R(CD),R(Q)).

Abyow tou npocavatolopol tov tunpdtoy CD xou EF, ta tuhpata R(CD) xou R(EF)
elvon TopdhAnio otov GEova ' xou dpot 0 UTOAOYLOUOS TOU TEAELTAOU XATNYOPNLITOS GTO
0e&l uéhog Tne mopandve tooTNTAC Unopel v Yivel e Bdom TV avdAUGsT TNG UTOEVOTNTAS
athc. O péyiotogc ahyePenodg Bodude xan otny neplntwon auty nopauével 6, QoGO oL
CUVTETAYHEVES TWY CUUUETELXWY ONUElwY €lval GTNY TEOYUATIXOTNTO Ol CUVTETAYUEVES TOU

ARYINWV ONUELWY AVTECTOOUEVECS.

‘Eotw 6Tt ta tpripata sivar xddeta petab toug. Oo utodécouue OTL Ta
tunfuata CD, EF eivow mopdhinio otoug d&oveg x'x xou y'y avtiotorya xou emmiéov OTL
woylel ro < Tp xU Yr < Yg.

Ac avalboouye Ayo Tic mdavég TEQITTWOELS Yo TNV oyeTxn Véor twv Tunudtwy C'D
xan E'F o tou onuelov A xou TU CUUTEPAOUATO UTOPOUKE VO AVTANCOUUE Amd AUTHYV.
Egbéoov ol evdeleg lop xan L ebvan xddeteg petoll toug, opllouv téooepa dnetpa ywplo

oto eninedo, éotw ta R; v i € {1,2,3,4} (BA. Eydua 5.7). Aedopévou 6Tt 0 xOxhog
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Eyfua 5.6: Iepintwon 6mouv ta tunuata C'D, EF elvan xddeto petold toug.
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Yyfuo 5.7: Tatphparta CD xow EF yopllouy 1o ytpo R? ota ywpla By, ywi € {1,2,3,4}.
Ta ywpla 1, R €youv diyotépo tnv eudelo £1 3 xou avtiotolyo ta ywela e, Ry Ty eudeia
lo 4.

V(A,CD, EF) opiletan, o onuelo A Bploxeton yvhota o€ xdnoto and ta yweio R;, Snhadn
dev avhixel oe xdmowa and Tic evdelec Lop, pr (To onuelo A unopel vo avixel oe xdmola
and T evdeteg lop, lpp €8V xou wovo edv TowTi{ETaL YE XATOLO EXEO TUAUITOS, OTOTE Yid
oauThY TNV Tepintwon Bh. Evétnta 5.4).

Edv dewprioovye T' 1o onuelo toung twv evdeiwv lop xou Lpp, toTE Tal Ywelo [y xou
R (avtiotowo Re xou Ry) €xouv diyotépo v eudeia 15 (avtiotoiya fo4) 1 omolo etvou
ToESANAN oty ¥ = = (y = —x) %o diépyeton and 1o T. O e€iodioelc v evdeldy 3

xan g 4 €lvon

bz:y=x+yc—rp
62,4:y:—x+yc—|—xE.

I'vwptlovtag 1o ywelo R; oto omolo avixel to onuelo A, mpoxinTel and v YEwUE-
Tela TOU TEOPBANUATOC OTL TO CUPUETEIXO TOU WG TREOS TNV avTio TolyT dlyoToUo Tou Yweiou
avixet xou autd oto xOxho V(A,CD, EF). Edv dewpfoovue By (avtioTorya By) T0 cupe-
Tew6 ToU A we Tpog Ty eudeia {4 3 (avtioTorya ls 4), TOTE YVvweilovue étL o V(A,CD, EF)
tautileton pe évav and toug V(A, B,CD),V(B,A,CD) yw B € {By, By }.

Suyxexpwéva, edv A € {Ry, R3} (avtiotowya {Ry, R4}) téte emhéyoupe B = By
(avtiotorya B = Bsj). T'vwpilovtag mhéov 6t o Voronoi xOxhoc mou opileton and to
avuxetyeva A, CD, EF elvou o {dlog o onolog optletan amd to avtixelyeva A, B, CD, ypet-
Gletan vo Bpolue pe mowa oelpd epgaviCovton o devtepa otov V(A,CD, EF) ce CCW
popd. T Tov éheyyo autdy, e€etdlouye €dv to A Bploxeton Mo xOVTE GTOV Popéa TOU
tuhpatogc EF ondte V(A,CD,EF) = V(A, B,CD), f otov gopéa tou tuhuatoc C'D
onéte V(A,CD,EF) =V (B, A,CD).

Tehxd, o unohoylopds tou Incircle(A,CD, EF, Q) avdyetor otov unoloyloud Tou
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Incircle(A, B,CD, Q) o onoloc pnopel va yiver pe Bdon tnyv mponyoluevrn UmoevHTnTOL.
Yuyxexpéva, apxel va Vécouue TiC ouvtetayUévec Tou B = B; oTto noludvupo Q(x)
e vnoevotnac 5.2.2 xadoe xou oto avtiotoryo P(x). Tehxd opxel vo unohoyicouvue
Incircle(A, B,CD, Q) = sign(Q(z;)), 6mou z; uia and tic dVo pilec x1 < x5 tov P(z). H
ella tou P(x) mou avuotouyel 610 mpocavatolopévo xixho V(A,CD, EF), avopépeto

otov Iivaxa 5.3 .

| Xyt ¥éon A,CD,EF | Katédhinio B 23
TA,To > T XU YA, YF > Yo By =(ya—yc+2p,24+yc — 2g) T3
A, o < Tp XU Ya,Yr > Yo | Bo = (—ya +yo + 2, —2a+yc +25) | T2
Ta, Tp < T XU Ya,YE < Yo By =(ya— Yo+, va+yc — Tp) 1
TA,Tp > T XU YA, Ye < Yo | Bo = (—ya+yc+ 2, —va+yc +25) | 11

Mivoxag 5.3: Koatdhhnhn emhoyy| ouppetpxol onueiov B; xou pilac tou P(x), avéloya pe
v oyetxt ¥éon twv onueiwv A,C, D, E, F.

AXyoprdpog Ynohoyiopmol xow ARyeBeuxoi Baduol

1. EXéyyoupe moto elvar to xatdhinio B ue Bdon tov Ilivoxa 5.3, xodode xou mola and

Tic plleg ; pog evdagépet. O alyePeinodg Baduodg tou eréyyou autol elvan 1.

2. YTrohoyiloupe Touc GUVTEREGTES P2, P1, Po TOU P(x) tne Troevétnrac 5.2.2 , oL ontolot
€youv ahyeBpuxd Badud 1, 2, 3 avtiotouya.

3. Troloyilouye ToUC GUVTEAECTES @2, 1, @0 TOL Q(z) Tne Yroevétntog 5.2.2 , oL onolot

€xouv alyeBeixd Bodud 2, 3, 4 avtiotouya.

4. Kdévouye ypromn twv uedodny tou avoartdydnxoay oto Kegdlowo 3, yio va utoloyloou-
we to mpbonuo tou Incircle = sign(Q(z;)). O olyePpixde Badude nou amouteiton etvor
2(142+2) = 10.

Ynpeiwon. Edv to onuelo B mou emiélope petd to lo Brua xavomolel tnv oyéon
Yp = Ya, T01€ 70 Incircle (A,CD, EF, Q) wwobton ye to npdonuo tne opilovoas (5.1), n
omola €yet ahyeBpxd Badud 4.
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Yyuo 5.8: Ieplntwon Voronoi xOxAou 3 tunudtov.

Oloxhnptyvouue TNV UTOEVOTNTA, UEAETOVTAS TNV TEpinTwor mou to tuhua C'D elvon
nopdAAnho otov dova y'y xou 1o EF xddeto oe avtd. ToHte yenotlomoldvios Tov Yeto-

4 7 4
oynuatioud R, mpoximtel 6T

Incircle(A,CD, EF, Q) = Incircle(R(CD),R(A), R(EF),R(Q))
= Incircle(R(A), R(EF),R(CD),R(Q)).

To tuhua R(EF) elvan napdhhnho otov dZova y'y xou 1o R(CD) otov d&ova 2’z ov-
tloTolya, omote To TEAEUTAUO XAUTNYOENUA 0TO Ol WENOC TNG TUEATAV® LOOTNTAS UTOPE!
vae umohoyiotel pe Bdon v avdivor tng unoevotntag autic. O uéylotog olyeBpindg
Baduodg otny meplntwon auth Tapauével (Blog, dnAadr 10. ‘Onwe npoavapépaue, UmopoUUEe
Vo ETLTUYOLUE XAADTERO AV Pedyua oTov alyeBeixd Bodud yia TNy mepintwon émou to
Tunuata etvon xdieto yetadd toug. Muyxexpwéva, ue Bdon v yedodoloyia tne Yroe-
vOTNTOG 95.3.2, Unopolue Vo emtOyOLUE HEYIOTO ohYelend Bodud 6 yio xde nepintwon

TPOCAVATOAOUOU TV Tunudtwy (BA. Afuupa (5.6)).

5.2.3 H Ilepintwon SSSP

Oewpolpe T evdUypopua TwALata S1 = AB, Sy = CD xou S3 = EF, xdde éva and
Ta omolo efvon mapdAAnia ye xdmowov dfova. E@bécov o Voronoi x0xAog TV TUNUATWY
oplletan, B0 amd autd elvon mapdAAnha YeTald Toug xou To Teito elvan xdeto o aUTA.
‘Eotw ooy ta AB,CD nagddinha otov 2z, ye 4 < xp xou ¢ < xp. Emmnkéov

unovétoupe 6t 1o EF eivar nopdhknho otov dZova y'y, pe yp < Yr.

Ané o mapamdve Sedopéva, mpoxintel 6Tt to xévipo K tou V(AB,CD, EF) Beloxetou
oTNV PecOTAURANNAT Twv Tunudtwy AB, CD, dnhodt| yx = 3(yc+ya), eV 1 axtive Tou p
elvan To od TS amboTAoTC TwV dU0 TUNUdTLY, dNhad p = Llyc — ya|. E@doov o xOxhog
epdmteton 670 EF, 10 xévipo tou ebvon T0 K = (zg + (Yo — ya), 2 (yc + ya)) ondre, i

vo ehéyEoupe €dv To @ elvan exTéC Tou AUXhoU, apxel Vo EAEYEOUUE EQV TO TPOCNHO TNG
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TUEACTAONG

Incircle(AB,CD, EF,Q) = 4[(zx — 2q)* + (yx — yg)* — p°]
=4(zp — 20)(1 +yo — ya) + (Yo +ya — 2yo)*

elvan Vetnd. Ipogavddc o €heyyog auTdg elvon amopaitnTog Hovo otny mepinTwon dntou To
onueto @ Beloxeton oto (Blo ywelo Tou emnédou nou opileton and g evdele Lap, bop, ler
xa o onueio A, dnhady woylel ya < Yo < Yo xu T > Tp. 2e avtidetn neplntwon, to
() dev pnopel va elvar evtdg Tou Voronoi xOxAOU TV TELOV AUTOV OVTIXEWEVOY XL Spa
Incircle (AB,CD, EF,Q) > 0.

OXoxAnpetVouUe TNV UTOEVOTNTA AUTH HEAETWVTOG OAES TIC DUVATES EXDOYES TWV TPO-
COVUTOAMOUWY TWV TUNUET®Y S1, Sy xou Ss. Avogépaue otnv apyr) 6Tt Yo v opileton o
x0xhog V(Si, S2,S3), mpéner dVo amd tar TWAUOTO auTd vor elvon TopdAANAa peTtal Toug
XL TO GANO XQUETO GE AUTE. LUYXEXQEVA HEAETHOOUE TNV TERINTWAON 6oL T 51 xou So
elvow mapdhinia otov d€ova o'z xow To Sz elvon mapdhinio otov dfova y'y. Edv avtl yia
0 {51, 52} vpye xdmow dhho Lebyog Tunudtwy and ta S, Sa, S5 6mou Yo Rtay ToEdA-
Anho e tov dZova 'z xan to teito TuAU Yo fray xddeto o auTd, TOTE UE XATAAANAN
XU evolharyy) Yo umopoloope va QEpouUE Ta TpwTa Telol oployota Tou avTioToly o
Incircle étol hote Tar BV MEMTA Vo HTay TO €V AOYw LeVYOC, OTOTE XL O UTOAOYIOUOS TOU

xatnyopatog Yo oy epixtoc Ye Bdon tny undpyouvoa avaAuo,.

Yy mepintwon énou 800 and to tela TuhUaTa S, S, S elvon TopdhAnAo pe tov dZova
y'y xan to dAho xddeto oE QUTA TOTE, YENOLLOTOLOVTOS TOV UeTaoyNuatiopnd R Yo elyoue

OTL
Incircle(S, Se, S3, Q) = Incircle(R(S1), R(S2), R(S3), R(Q)).

‘Opwg, oto olvoro R(S1), R(S;), R(S3) 8o and to tpio tpfpato elvon TopdAAnha otov
TEAYHATIXG GEOVA Xal TO GANO TUEIAANAO GTO QPAUVTACTIXO XL GUVETISC O UTOAOYLOUOSC
Tou Xatnyopnuatoc 6to Oe&l péhog tng TeAeutalog LooTNTOG elvon eQixTOC Ye Bdom T

UTEEYOUCA VAAUCT).

Ye xdde mepintwon, Aoyw NS YEUUUXOTNTAS TOU PETACYNUATIONOU R, 0 u€ylotog

ahyePewde Paduodg mou amonteiton mopauével (Blog, dnAady 2.

Afppa 5.1. O péyioros akyeBpikés faludcs mov anaiteiar yia to vroAoyrioud wou Incircle
yia tny mepintwon eAéyyov onueiov ws tpos Voronoi kUkAo mou opilovy tpia tunuata

TapdAAnia o€ kdrowov déova eivar to moAV 2.
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Eyhua 5.9: O Baowéc eudeieg Tou xdxhou V(A, B, C).

5.2.4 M yEVIXT KEAETT VI TV NERINTWOT OTOL TO TETAE-

To aviixeipkevo sivatl eLYOLYPAUO TUAU

Y1g unoevotnteg mou axohoudoly, Yo UEAETAOOUUE TNV OYeTXY| VEON EVOC TUNUATOSG
Q.S, To onolo elvan TapdAAnAo oe xdnolov d&ova xat Tou xUxAou Voronoi tov onolo opilouv
Ta avuxelpeva S, o, S3. Aveldotnta and to T avtixelpeva elvon o S;, oe xdde pla and
TIC aVohUoELS oL axoAouvtoLy axoloudolue TNV (Blot GTEATNYLXY.

Apynd eZetdloupe edv ta dxpa @, S Bploxovton evtoc tou V(S1, Sa, S3) xdvovtac yerion
TV avtiotolywy Incircle, 6Twe avtd avantLyUnxay otig Evotnreg 5.2.1-5.2.3.

Yy rnepintworn 6mou ToukdyioTov éva amd To onueta @, S PBeloxetan eviég Tou
V(S1, 52, 53) 1 Beloxovtaw xan tar 800 eni tou xOxhou, cupnepaivoupe 6Tt To TPARA QS
tépvel tov V(S1, Sa, S3) xou dpa Incircle(Sy, Sa, S5, QS) < 0.

Ye omoladnnote dAAY Tepintwon, yeetdleton vo eAEYEOUPE 4V TO EGWTEPIXO TOU TUUo-
T0¢ QS Téuvel, epdmtetan 1) Pploxeton €€ ohoxhipou extdg tou V(Si, Ss, S3) .

[N v e€etdoouye edy T0 €0wTEPIXO TOL TUAUATOE QS Téuvel Tov xUxho Tou opllouv

Ta avuixelyeva Sp, Sa, S3, EAEYyouue TNV oxeTxn Véon Twy dxpwy @), S wg Tpog:

o TG PEYIOTEG XOU EAAYLOTEG VETES TV ONUElwY Tou xUxAou, Tou opilovton and Tig

EVVEIEC Y = Ymin, Y = Ymaz XU T = Tinin, T = Timag, X0
o Tic evdelec o = T xU Y = Yx, 6moL K 10 %évTpo tou V(S1, Se, S3).
T evdelec autéc Yo tic ovopdlovpe PBaoikés evbeies evoc Voronoi xOxhou yia T0 L-

nohoino tou Kegahaiou 5.2.4 (BA. Eyrua 5.9).

Me Bdomn to onueio autd, xou avdhoyo TOV TEOCAVATOMCUS TOU TUAHATOS Q.S dnuiove-
Yolpe éva mAéypa To onolo Ywellel To e€wtepind Tou xUxhov oe 6 ywelo (Bh. Xyhua

5.10). I'vwpilovtoc o€ molo and awtd tor ywpla autd Beloxovto ta dxpo Tou TuAUaTOS,
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xa S o OEBOUEVOU TOU TROGAVATOAOUOL TOU TUAHATOSC (S, umopolue vor arogoviolue
ME OYETIXY EUXOAX Yiot TNV oYeTr VEon Tou TURUaTOg xou Tou Voronoi xixhou, ue Bdon
TNV ToEoxdte pedodoloylo.

Yy neplntworn tou oplldvTiou TUnuaToq, yeetdleton vo eAEyEoupe TNy Y€on Twv dxpwy

w¢ TEOC TIC EVVEIEC Y = Ymin, Y = Ymaz X0 T = Tk

1. edv xdmowo and ta onueia @, S Peloxetan yvhoia extog tne Lwvng Z, mou opllouv
oL eVVElEC Y = Ymin, Y = Ymaz, TOTE CLUTEPAUVOLUE aUTOPATA OTL TO TUAUA QS dev
Tépvel tov xOxho V(S, S, S3), Onhadn Incircle(Sy, Sa, S5, QS) > 0.

2. Ye avtidetn nepintwon, edv dnhadh xdnow and ta onuela Q, S (dpo %o tar Vo)
Beloxovtan yvAoia evtog g Covng Z, mou oplCouv ol eVIEES ¥ = Ymin, ¥ = Ymaa
(avtio oo avixouv oe xdmota amd Tic evdelec autéc) téte ypeldleton vor eENEYEou-
He TNV oyxetxr Yéorn twv @, S wc mpog v evlela ¥ = Tk TO TUAUA QS TEUVEL
(avtioTouya epdmtetan) otov xOxho V(Si, Ss, S3) €dv xou wévo edv ta onueio Q, S

Beloxovtou oe dlopopeTixéc TAELPES TG T = Tk .

YNy neplnTwor Tou XATaXOELUPOL TUAUATOC, YeeldleTton va eAéyEouue Ty Véon Twv

Y=Y max > = o=~
// N < N
/ A ’ \
\ / \
I K \ / K
" | Y=Yk .
! l
\ , \ /
\ , \ ’
N - - N - -
— -~ - ~ — -
Y=Y¥Ymin -
X=Xk X=Xmin X=Xmax

Yyuo 5.10: Avdhoya ye tov mpocavatohiopd tou Tuiuatog QS yeeldleton va eAéyEouue
v Y€on Twv dxpwy @, S wg mpog 3 Teeic evldelec. Apiotepd: oL ev Aoyw euldeleg Yo TNV
nepintwon émou 1o QS elvon mapdhhnio cTov mpaypatixd dova, Acéid: avticTtolyo oTov
(POVTACTIXOG dEOVaL.

QI Q Q

~51

Yyfuo 5.11: Toapadelypata oyetixhc Yéong xataxdpugou Tunpatoc QS xou Voronoi
x0xhou.
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Sxpwv S TEOC TS EVVEIEC T = Timin, T = Tmaz XU Y = YK

1. edv xdmolo and ta onueia @, S Beloxetoun yvAoia extdc e Lovng 2, mou opllouv
oL eVVElEC T = Tppin, T = Timag, TOTE CUUTEPALVOLUE AUTOUATA OTL TO TUAUA (S dev

Tépvel tov x0xho V(S, S, S3), Onhadn Incircle(Sy, Sa, S5, QS) > 0.

2. Ye avtidetn mepintwon, edv dnhadh xdmowo and ta onuela Q, S (dpor xan tar dVO)
Beloxovton yvAoia evtog tne Lwvne Z, mou opllouy ot eVielec T = Tpin, T = Timax
(avtioTorya avixouy ot xdrota and Tic evdelec avtéc) téTe Ypetdleton va eEAEyEou-
ue TV oyeth Yéon twv @, S wg mpog TNy ewlela Yy = Yy To TUAUR QS TEUVEL
(avtiotowyo epdnteton) otov xOxho V(S1, S, S3) €dv xou pévo €dv ta onuela @, S

Beloxovton oe BLapope TS TAEURES TNC ¥ = VK-

YNy unoevotnteg Tou oxolouvdoly Yo ueheThAoovue xdde miavd cuvduaoud 6CoV a-
popd TNV Lop®N TV aVTIXEWEVWY ST, S, S5. Xe xdie nepintwor, ypeidleton var xdvouue
TOV TORATAVE EAEYYO ONAXDT| vor EAEYEOUUE apyLxd To dxpal Tou TUuhatog QS xan otny
CUVEYELN TO ECWTEPXO TOU WS TEog Tov Voronoi x0xho twv S;. Oo Yewprioouue hot-
TOV ¢ 0EBOUEVO OTIC avahDTELS oL axoAouvloly 6Tl Ta dxpa ), S Beloxovtal extdg Tou
V(S1, S2,S3) xou Yo avantdZoupe pedddouc eéyyou we mpoc Tic Paoixéc gudeiec. Xuy-
xexpéva, Yo delfoupe e va eAéyyoupe gdv éva onuelo (ouyxexpwéva o @ K to S)
Beloxeton evtog e Lovne 2, 1 ™S 2, Xl TS UTopoVUe Vo BpolUe TV TAEUEd NG

ewlelog = rx N Yy = Yk oTNV omola avrixeL.

5.2.5 H nepintwon PPPS

Yy unoevétnta auty, Yewpolue ta avtixelyeva S = A, Sy = B xou S5 = C xo
Véhoupe vo unoloyioouye to Incircle(A, B, C, QS). Apxel vo Yewpricovye otny neplntwon
auTh 6T To TURa QS elvan TapdAinio otov gavtacTtixd d&ova. Ipdypatt, €dv yvwpllouue
TS VoL UTOAOYICOUUE TO XATNYORNUA OTNV TERIMTWOT AUTY, TOTE €4V TO (S elvan TopdAAn o

otov Gova 'z, TOTE, YENOWMOTOLOVTAC TOV UETACY NUATIONS R tpoxdnTel Ot
Incircle(A, B, C,QS) = Incircle(R(A), R(B), R(C), R(QS))

To xatnyodenua oto de&i uéhog tng mapandve LoOTNTIC UTOEEL Vo UTOAOYIGTEL Ouwe, €-
pboov to TwRua R(QS) elvan mapddinio otov dZova y'y.

Kdévovtac howmdv tnyv nopadoyr 6T 1o QS elvon TapdAAnAo GTOV QavTaoTixd d&ova,
yeedleton vo ehéyEouue edv to onuelo () Beloxeton evidg tng Ldvng Z, xan TNV CUVEYEL,
gdv avixeL, var eEAEyEoude TNV oyeTX V€om Twv () xaL S S TEoS TNV Y = Yk.

[ tov éleyyo o mpog ) Lavn 2, yeewdleton vor eEEYEOVUE €AV ) € [Tmin, Tmax)s
OTOU Tymin, Tmaz N EASYLOTN Xot PEYLOTN TN TNS TETUNUEVNC evie onuelou tou V(A, B, C).

ITpoxeévou Vo x3VOoUUE TOV TTaEATAVE EAEY Y0, Vol UTOAOYICOUUE EVal TOAUGVUUO BEVTEPOU
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Barduol, to omolo Vo €yel pllec TS TWES Timin, Tmaz, OTOTE EAEYYOVTAC TO TEOCNUO TOU

TOAUGVOUOL oUTOL 0TV TN Tg Vo Unopolpe vo ano@oviolUe €AV Lo € [Tmin, Tmaz)-

[N vo utohoyiooupe €va TETOO TOAUGYLUO, oEYIXd AELOTIOLOVKUE TO YEYOVOS OTL
Incircle(A, B, C, (z,y)) = U(y; z) = Uyy® + Ury + Up(x)

OToU
1 24 ya
UQ = 1 B YB

1 z¢ ye

1 za 24 +935
U1:— 1 rB ;1:23—|—y]23

1 zc x%+ vk

A ya TH+YA
B Y Tp+UR
e Yo Te+ e
x 0 x?

=2

—~

S

SN—

I
e —

xolL TapaTnEolpE 6Tl To Tohuwvudo Ul(y; x) elvon undév dv xou povo €dv to (x,y) €
V(A, B,C). Emnhéov, vy z* € R ol pilec tou U(y; 2*) avtiotoryody oTic TETUYHEVES TOV
onuelev Tourc tou xixhou V(A, B,C) ye ty gudeio x = z*. Eivoaw duwc mpogavéc 6Tt
oty 2 € {Tmin, Tmaz }, T0 TOAUOVLYO U(y;x*) éyer umh pilo ™y y = yrx. Amd autd
ouverdyeton 67t 1 optlovoa tou U(y; x) wc tpoc y, A(x) = UE — 4UsUp(z) undevileton yio

T € {Zmin, Tmaz }- Avamticcoviac to tohudvugo A(z) = Agx? + Az + Ay, éyouue oTL

Ay = —4U; (#0,epbé00v 1o A, B, C dev eivon cuveudelaxd)
Ay = —4U0,V;

Ay = Uj+4U,W

Ta Ya THF YA

W = |zp yp 25 +yp

o Yo T+ Ye

1 oya 2% +v5

Vi = |1 yp 23 +yp

1 yo 2t +yt

To mohumvupo dune A(z) éxel apyntind peylotoBdiwo cuvteAesTy, ondte Loy Vel 6Tt
TQ € [Tmin, Tmaz] EQV xou pévo edv A(zg) < 0. Xuvende, to onueio Q avixel yvhoia ot

Lavn Z, edv xou pévo €dv A(zg) > 0, xou avtiotoya Beloxetar yviola extoc e 2, €dv
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xou wovo gdv A(zg) < 0. Lty nepintwon 6mou 1 tocdtnta A(zg) elvar undév téte €dv
L A(zg) > 0 (avtiotorya < 0) t6TE 1OYVEL TQ = Tynin (WVTOTOYA TQ = Tynas)-
[ tov éheyyo Twv onuelwy @ xa S wg mpog Ty evdela ¥ = Y, Yvwellovpe 6Tl TO

yr ebvon 1 S pilal tou mohvwvigou Uly; 2*), 61ov o € {Tmin, Tmax }- DTNV TEPITTOON

—Uy
2U7 ?

tou z*. Tehwd, v va eAéyEouue tnv oyetxr) Véon twv onueiwv @ xou S ©¢ Tpog TNV

auTh, €youpe OTL Y = 6mou Ouwe oL cuvtereotég Uy xow Uy dev elvan ocuvdptnon
Y = Yk, opxel va ehéyEoupe ta tpdonua Twv ntocothtwy 2Usyg + Uy xou 2Usys + Uy to Q
xa S Beloxovton otny Bla TAEVEd TNE Y = Yr GV ot UOVO €4V OL TOGOTNTES AUTES Elval

OUOOTUELS.

AXyoprdpog Yroroyiopol xow AlyeBeixol Baduwol Acdouévou 6tL ta or-
ueto @ xou S ebvan extoc tov V(A, B, C),

1. EAéyyoupue tov mpocavatoMoud tou Tufuatoc S, to onolo anoutel ahyefeixd Poaduod
1, xou oTny neplnTworn 6oL elvon ToEdAANAO PE TOV TpayUaTixd dEova utohoy(louue
o onuelo R(I) v I € {A,B,C,Q,S}. O olyeBpxde Podude tou unohoylopo

owtoU etvan 0.

2. ENéyyouue 10 mpdonuo tne napdotacne A(zg), n onola €xer ahyefpixd Podud 6.
Edv A(zg) < 0 t67e Incircle(A, B, C, QS) > 0, elddhhwc,

3. EXéyyouue €dv ou nocotnteg 2Usyq + Uy xow 2Usys + Uy elvan opdonuec. O olye-
Bewxdg Bodude mou amantelton yior Tov uToAoYLoUS ATV elvon 3. Edv ol mocodTnTEg
autéc elvan opdonues tote Incircle(A, B, C,QS) > 0, elddhhwe oupnepaivoupe 6Tt
Incircle(A, B,C,QS) < 0 (avtiotowya Incircle(A, B,C,QS) = 0) €dv A(zg) > 0
(avtiotoya A(zg) = 0).

AAppa 5.2, O uéyotos akyefpikos Padids mov arartettar yia to vrodoyrouo tov Incircle
Yl TNy Tepintwon eAéyyov Tunuatos tapdAAnov o€ kdroov déova wg mpog Voronoi kiAo

mov opilovy tpia onueia eivar to moAU 6.

5.2.6 H repintwon PPSS

Ocwpolye Ta onueio S1 = A, S5 = B xou 1o tuiua S5 = C'D 1o onolo elvon mapdAinho
oe xdmotov d&ova, ag uTtodécouue otov mpaypatixd. Baoilouevol otny avdiuor mou €yel
mponyndel otny Troevdtnta 5.2.2, yvwpilouue 6TL edv ta onueia A, B dev woanéyouv and

0 TuAUet C'D (dnhadf ya # yp) xou Vewpricovpe K o xévtpo tou V(A, B,CD) tdte 10
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onuelo enagphc Tou xOxhov pe to Twiuo CD elvan 10 (K, Yo), 6oL 0 T)k Elvan piot omd

Tic pilec o1 < xg ToU TOALWVOPOL P() = pox? + p1x + po, 6TOL

P2=YB—Ya #0
p1= (yB —yc)(wa — ) — 225(ys — Ya)
po = (ys — ya)rh + (yo — ys) [(a% — %) + (Yya — yo) (Y — ya))

Eniong yvwetlouvye mowa amd Tic dbo pilec tou P(z) avuiotouyel otov xOxho V(A, B,CD),
avdhoyo ye v oyetxr) V€omn twv apyxedv avieévey A, B, CD, énwe golveton oTov
ITivanca 5.4.

| Syt ¥éon A, B,C'D | Mog evduagpépe 1 pllo |

Yo < ya <Ya 1
Yo <Yp < Ya T2
Y < Yya < Yc T2
Ya <Y < Yc Z1

Iivoxag 5.4: Pilo tou P(x) mou pog evilopépet dtav ya # Yp.

ITpew mpoywehoouue otov €heyyo tou onueiov Q) wg mpog Tig Lwveg 2, xou 2, xou TiG
evdeleg © = T XU Y = Yx, EAEYYOLUE €AY TOUAdYLoTOV €var amd To onpela (), S Bploxovto
oty Bl mhevpd tne eudelag fop pe ta A, B. O éheyyog autdg elvon Boaoindg xadode edy
xavévo amo o ), .S dev Peloxetan and v {Blor Thevpd mou Peloxovton T A xau B, tdte
yYvweilovye autdpata 6t Incircle(A, B,CD, FG) > 0. T'a va xdvouye tov éAeyyo auTo,
apxel va eéyEoupe Tal TEdONUL TWY TOCOTATWY Y — Yo X yr — yo Yoo I € {Q, S} o
onueta A, B xou I elvan otnyv (Biae mhevpd tne evdelac fop edv xou wévo €dv oL tocoTNTES
autég elvan oudonueg.

I tov éheyyo Tou onuelov @ wg pog TN Cvn Z,, Yo YENOLWOTOL COUUE TOROUOLL
aVEAUGOT) HE QUTAHY TNS TEONYoLpEYNS uttoevotntag. [vwpilovye 6t yio to onpeia (z,y) €
V(A, B,CD) ta onoio avixouv otov xOxho V(A, B,CD), woybel bt

Incircle(A, B,CD, (z,y)) = Incircle(A, B, (zx,yc), (z,y)) = U(y; x,x5) =0

Eivou hownév npogavéc 6t ot pileg tou y-toduwvipou U(y; 2%, k) yio z* € R avtiotoyoly
OTIC TETAYREVES TV onuelwy Toufc e euldelac z = 2* xau tou xUxhou V(A, B,CD). Ané
™V YEWUETPA TOU TPOBAAATOC YVWpllouue 6Tt Yot 2% € {Zmin, Timax } TO deUTEPOL Borduol
TOAUGYLPO 6 Ttpoc TV PetoPInth ¥, Uly;a*, zx) = Us(zk)y? + Ur(zk)y + Up(2*, k)
éyeL B pila Ty ¥ = yx. Autd omuadver 6L 1 optlovoa tou, A(x;zk) = Uy(rk)? —
AUs(x ) Up(z, i) €bvon undév edv xon wévo €dv & € {Zmin, Tmaz f- To moAUGVLYO A(z; k)
efvon deutépou Pardpol we Tpoc TNV LETUBANTY @ xou EdixbTEPR 0 cuVTENEGTHC Tou 2 elvou

Yvhiota apvnTxde Yo xde x i € {x1, 22}, Bvunepodtvovue Aowndy 6T g € [Tmin, Tmaz] €V

60



xou ovo eav A(zg; k) > 0, ondte otny nepintwon 6mou A(zg; xx) < 0 (avtiotowyo > 0)
T0 onpeio @ Peloxeton yvAowa extoc (evtoc) tne Lovne Z,. Téloc, otny tepintwon 6tou
N A(zg; xx) ebvon undév to Q) avixel og xdmola and Tic EVVEIES T = Tymin | T = Tpaz-

[o var utohoyiooupe Ty nopdotaon A(zg; Tk ), TNV exPedlOVUE WS TOAVDVUULO TNG

HETABANTAC Tk

4
A(zg;xy) = Z&x?{
i=0

omovu
| 2 1 24 ya
T
(54: A 5 (53——4 ya 1 B YpB
1 B 1 YB
1 SL'Q O
1 % + > 1 =z 1 =z
1 xi‘ﬂﬁ\ 1 24 Ya 2A ?/,24 A Ya A Ya
02 = s, o 4 L yp ap+yp|—|1 =B yB||l *B yB
]_ IB"‘?JB 1 Irp 9
1 0 xg I 0 yel||l z¢g O
2 2
TA Ya THHUY
1 za yal||l ya 24+93 ;4 ;
L ya T Yp ThtUp

o = 4|1 zp yp||l yp 2L +ys|+

1
10 yolll 0 a3 o

1

1

1 0 2
Yo Yo

1 2g O x2Q

2 1 x4 ya 24 +19>
1 owa 2% +y5 L 24 ya ;4 ;‘
9 9 1 B YB :UB—i_yB
(50 = 1 Irp xB+yB — 4|1 B Yp 9
) 1 0 Yc Yo
10 10 yo ‘
1 z¢ O xo

‘Ouwg, 6Toe avapépaue aTny apyr, T Ti elval Lo cuyxexpllévn plla Tou TOAVWVOUOU
P(x), xou dpo 0 unoloylouds tov A(Zg; Tx) AVEYETOL GTO UTOAOYIOHO TOU TEOCHUOU
evOC TOAUWVOUOUL TeTdpTOL Barduol oe ot oLYXEXPUEVY plla EVOC TOALWVOUOU BELTEROU
Badpov. O umohoyiopde autodc elvon epixtdc e Bdon v avdluon tou Kegohaiou 3 (BA.

Oehpnua 3.8).

Yy nepintwon énov y4 = yp, 0 UTOOYIOPOS TG Tapdotaone A(zg; xx ) anhomolelton

ot peydho Podud epdcoy i = L(xa+xp). Buyxexpiéva, tpoxUTTel 6T apxel va Ppolue
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TO MEOCNUO TN TURACTACTG

1 TA

A(xQ,xK) = 4|1 B

3+ YA

T + U

4 2ra+zp) (va+zR)?+ 492

1 A Ya
— 1 YB
4 2(xa+zp) 4dyc

B

[ va edéyEouue edv to onuelo Q avixer otn Lovn Z,,

1 A ya

TB Y

{L‘Q 0

4 2(xa+rp) dyc (va+p)?+ 4y’

T3+ Y4

r +yp

2
Q

unoloy(lovye pe avdhoyo

Tp6T0, T0 TOAUOVLPO E(yo; Tk ) Yiot T0 010lo oy Vel 6Tl Yo € [Ymin, Ymaz) EAY %o LOVO €V

E(yg;rx) > 0. Xuyxexpiéva,

4
E(yg;rk) = Zezxz
i=0

Omou
2 I 24 ya
I ya 1 ya
€4 = s 63:—4 1 B YB
1 yp 1 ys
1 0 yQ
” 1 ya 25 +v35 I za ya||l xa ya
A
€ = —4 ‘ y 1 yp ah+ygy|— |1 2z ys||l =B ys
B
1 yQ yé 1 O Yo 1 O yQ
1 x4 ya 24 +95
1 za yal||l ya 24+95 ;4 ;
B 5 9 L yal|l 2z yp zp+yp
€1 = 4 1 B YB 1 Yp $B+y3 -+ 2
9 L yp||1 ye Yo
I 0 wyel|l wo Yo 5
1 YaQ Yo
2 1 x4 ya x4 +y2
1 ya 2% +y3 L xa ya QA ’24
5 5 I 25 yp zp+ygp
c0 = |1 yg ap5+yp| — 4|1 x5 ys )
1 ye Yo I 0 wye N
1 YaQ Yo
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ITpoxewévou Aondv va ehéyEoupe edv to onueto Q) avixel otn Lovn 2, yeerdleton vo
unoloyiocovye To mpdonuo e Topdotacne E(yg; Tk ), dnhadh to mpdonuou evée Tolun-
viOuou tetdptou Baduol ot pia cuyxexpiuévn plla evog deutepofdduion tohvwvipou. Evog
TéTol0¢ LTOAOYLoUOS elvan epuxtoc pe Bdom v avdhuon tou Kegodalouv 3 (BA. Oewpnua
3.8).

Yy nepintomon 6mouv y4 = yp, 0 Utohoyloude tne nopdotaons E(yg; vk ) anlomoeiton
o PeYdho Podud e@dcov xx = (x4 +xp). Buyxexpiéva, TpoxUTTel 6T apxel va Ppolue

TO TEOCNUO TN TURACTICTG

1 ya 5+ v4
E(yg,zx) = 4|1 ys h + Y3
4 dyo (za+zp)*+ 4k
1 T4 Ya T4+ 5
1 TA Ya 5 9
1 . y TR YB Tp+Yp
- B B
4 2xa—+ap) dye (va—+ap)*+ 2
4 2(xa+xp) dyc )
1 0 YaQ Yo

O¢houye THpa Vo EAEYEOLPE TNV oyeTx)| ¥€om Twv onuelmwy Q) xat S we Tpog Ty eudeia
T = Tk, T0 0Tolo LGOBLVAUEL UE TO VO TPOGOLOP(COVUE TO TPOCTUO TWY TOCOTATWY T — Tk
X Tg— Tx. DUYUEXPWEV, €AY OL TOCOTNTES AUTES lvan opbdoNueS, To () xoun S Bploxovto
oy Bl mhevpd e =z = zk. O unohoyloude tne napdotaons xr — Tk v I € {Q, S} woo-
duvael e To var oLYXEIVL TNY T T PE Yot oLYXEXEWEVN pila Tou ToALWVOpoL P(z) —
™y 2. Egboov yvwpilovpe to mohudvuuo P(x) xou 6Tt 10 ¢ elvan pia ouyxexpiuévn pila
oV, T € {z1, 22} (BN Ilivaxo 5.4), apxel va unohoyloouye To TEOONHUA TWY TOCOTATOV
P(zy) xou P'(x1). EWwoétepa, otny neplntwon énou sign(P(xr)) = sign(ps) (avtioToya
sign(P(xr)) = 0), €dv sign(P'(x1)) = —sign(ps) t61€ x; < xx (7 = 1) EWBIALC, €4V
sign(P'(zr)) = sign(ps) tot€ 1 > ) (7 = x2). Téhog, €dv sign(P(xr)) = —sign(pz2)
10T 71 < 21 < 2. I'vopilovtag edv 2 = 21 | Tx = T2, unopolUe Vo amogoviolue ce

x&de nepintwon to Tpdonuo e nopdotaone Ty — Tk, Y I € {Q, S}

Me mapdpolo tpémo, unopolue va eréyCouue Ty oyetxn Y€orn twv onuelnv @ xou S
¢ TEog TNV eulela ¥ = Yx, EAEYYOVTOC To TEOCTUO TWV TUPACTACEWY Yo — Yr XU Ys — YK~
Ta @, S Beloxovtan otny (Bl Thevpd g evdelag ¥ = yx €4v xou uévo €4y oL TUPACTACELG
auTég elvan ogoonueS. 2To oNuelo aUTH AVAPEPOLUE OTL EQOGOY TO XEVTEO K TOu xUXAOU
V(A, B,CD) eivou 1o onuelo topic tne napaBoiric tou onueiov A xou tou tuhpatoc CD,
ue e€lowon

(z —24)* = (Ya — yc)(2y — ya — yo)
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xaL NG pecoxodétou twv onuelwv A, B, ye e&lowor

Yyatyp [T —Ta Ta+2xp .
y— — —x EQV  Ya £ YB

2 YB — YA 2
7
Ta+ IR ,
= v ya = yp.

[o tny mepintwon 6mov ya # yg, €dv anakeldoupe and to cOoTNUA TNV PETABANTY 2,

TpoxVTTEL 6TL T0 Y Ebvan pilat Tou ToAvwviRouL T(y) = tay? + t1y + to 6ToU

ty = 4(yp —ya)®
t1 = 4lyp —ya)(@h +yh — 2% —vi) — 8(ya —yo)(xa — xp)?
to = (e +yp—2% —va) +4Wh —ve)(wa —xp)*.

Meletoyvtog yewpetend Tic miavéc oyetixéc Véoelc Twv onueiwyv A xou B, mpoxintel 6Tl
gdv y1 < yo ebvar o pilec tou T'(y), t6T€ €4V T4 < Tp, Y = Y2 EWEINWS EGV T4 > Tp,
yr = y1 (Bh. Hivaxa 5.5). Me avdhoyo tpomo Ue TEONYOUUEVLS, UTOPOVUPE VoL EAEYEOUUE
NV T TNS ToEdoTaoNS Y — Yi, UTohoyilovtac to npdonuo twv napactdoewy T (yr) xon
T'(yr), yvr I €{Q, S}

’ Yyetinf) Oéon x4, xp \ Mo evdiagépel ) pila ‘
Ta<Zp Y2
TA > TB U1

Mivoxag 5.5: Pila tou T'(y) mou poc evilopépel dTay T4 # Tp

TR—T 2+4 2 _ .2
Téhoc oty neplntwon 6nov £4 = T, TEOXUTTEL OTL Yx = =5 8?73A—y(;'u)A yc), 6mou

ya # yo (o avtidetn nepintwon o V(A, B,CD) dev opiletan). LUVETOE T0 TpdONUo TN

TopdoTaon yr — Y elvon loodOVOLO e To TpbomMuo TNS Topdotactc (1 —xa) +4(yvi—yE) —
8(ya — Yo)yr, omOTE UnopoVUE EUXONA VO UTOAOYICOUPE EGV OL avTioTOLYEC TaPACTAOELS

v I € {Q, S} elvan opdonues 1 oyt

AXyoprdpog YTroloyiopol xow AlyeBeuxol Baduwol Acdouévou 6tL 1o o
pelor @ xou S Beloxovtan extéc tov V(A, B,CD),

1. E:éyyoupe tov tpocavatoliopd tou Tufuatog S, to onolo anoutel alyefBpixd Padud
1.

20. Edv to turua QS elvan mopdhinho otov mpayuatind dfova, TOTE
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(o) ENéyyoupe €dv to onuelo @ avixel otn Lodvn 2, edv elvan yvAola extde g
Lovne ovprepaivouue 6t Incircle(A, B,CD,QS) > 0. O ahyeBpwxdc Badude

TOU AMOUTEITOL TNV TEOXEWEVT Tepintwon etvar 4 -1 42 -2 4 8 = 16.

(B") Edv to onuelo Q Beloxeton yviow evtdg (avtiotoiya 6to 6Uvopo) tne Ldvne Z,,
ToTE EAEYYoLpE edv Ta onuela () xan S Beloxovtan exatépwiey tng eudeloc x =
T €qv vou, téte Incircle(A, B,CD, QS) < 0 (avtiotouya Incircle(A, B, CD, QS)
0), ewddhhwe Incircle(A, B,CD,QS) > 0. O éheyyoc autde anawtel ahyeBpixd
Borduo 3.

2B. Edv to tunipa QS elvar nopdhinho otov gavtocTtixd déova, ToTe

(o) ENéyyoupe €dv to onuelo @ avixel otn Ladvn 2, edv elvon yvAola extde g
Lovne ovprepaivouue 6t Incircle(A, B,CD,QS) > 0. O ahyeBpwxdc Badude

TIOU AmALTE(TOL OTNY TEOXEWEVN Tepintwon ebvon 4 -1 42 -2 + 8 = 16.

(B") Edv to onuelo Q Beloxeton yvAola evtde (avtiotorya oto ovvopo) tne Lovne Z,,
TOTE EAEYYOLUE €dv Ta onuela () xau S Beloxovton exatépwiey tne evdelog y =
Y €&y vou, téte Incircle(A, B,CD, QS) < 0 (avtiotoya Incircle(A, B, CD, QS)
0), ewddhhwe Incircle(A, B,CD,QS) > 0. O éheyyoc autde anartel ahyeBpixd
Boduo 4.

To @edryua Tou éyiotou ahyePeixol Baduol tou arartelton umopel vo yewwiel tepontépn

an6 16 o€ 6, pe Bdon tnv avdhuon tne YTroevotntog 5.3.1 (B Adupa (5.5)).

5.2.7 H mepintwon PSSS

Oewpolye 0 onuelo S; = A xou toe TRt So = CD xou S5 = EF ta omolo Yo elvon
elte mopdhinio eite xddeta yetadd Toug, AOYW TWY TEQLOPLOUWDY TWV 0Tolwy €Youue VEoeL.

Oa unoloyicoupe to xotnyoenua Incircle (A, CD, EF, ()S) Eeywplotd yia xdde nepintwmon.

‘Eoctw 6Tl T TuApata elvor tapdAAnio petagd Toug.

Ac vroVéoouvye 6t oo CD, EF elvan mopddAnho ye tov dEova 2'z, xal emmAéov og
unodécoupe 0T ¢ < Tp,Tp < Tp.

[Mo va ehéyEoupe €dv to onuelo @ avixer otn Cwvn Z,, TapatneolLue OTL, €QOCOV
Yewpnoope 6Tt o tufuatae CD xou EF elvon mopdhAnior ue TOV TRayHATiXo doval, oL
TWES Yrmin XU Ymae EVOL aVTIOTOLYO 1) EAGYLOTH Xou 1) Y€yLoTn T Tou ouvérou {yc, ye}-
Yuvende, to onuelo Q avixel yviota oty Ldvn 2, edv xou wévo edy min{ye, yp} < ygo <
max{yc, Y}

[o va xdvoupe tov avtiotoryo éheyyo v tn Lovn Z,, vnoloyilovpe éva deuteto-

Bédwo mohudvuuo A(x) to omolo éxel pllec TS TWES Timin XU Tpmgz. O LTOAOYLOUOC
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TOU TOAUWVOUOUL YIVETAL UE AVIAOYO TEOTO OMWC GE MEONYOUUEVEC UTOEVOTNTES OpYli-
x4 mapoatneovpe 6t Incircle(A,CD, EF, (z,y)) = Incircle(A, (zx,yc), (x,yr), (z,y)) =
Uly;z,xx) = 0 v o0 onuelo (z,y) mou avixouv otov xOxho V(A,CD,EF). To y-
rohuévupo Uy x, xr) = Us(zg)y? + Ur(zi)y + Up(z, xx) éxer dimhf plla tnv vy = vk,
6ty T € {Tmin, Tmaz - AT6 autéd cuvendyeton otL 1 opilovoa tou Ul(y; z, k), dnhadn To
z-ohudVUPo A(z; vx) = Uy ()2 —4Us(x)Up(, 25 ) pndevileton 6Tty T € {Zomin, Tmaz }- O-
Hwe 10 A(x; 2 ) elvor TOAUGVLUO deuTépou Barduol ke Tpoc TNV YETHBANTA & xou ETUTAEOY
0 UeYLoTOPB&IU0C GUVTEAEGTAC TOU Elval dpvnTIXOS, OTIOTE UTOREL Vo g EEUTNRETNOEL WS

TO TOAUGDYLUO TO OTolo (PdyVoe.

[t Tov uoloyiopd e moaotnTac A(zg; xk ), 1 onola elvon Yetinr edv xou wdvo €dv to
onueio Q avixel yvhoia otn Lovn Z,, Yewpolue v mocdtnto A(zg; Tk ) ¢ TOANUDGYLUO
e PeTOBANTAC k. YTreviuuilovye oTL and TNy yewuetplo Tou TEORAYUATOS, TO Tx Elvol

wa ané Tic pilec o1 < @9 Tou TOALLVOPOL P(z) = 22 — pix + pgy, 6TOU

p1 = 274
po = 24+ (Wa—yc)(ya — yg)

OTKC PULVETAL GTOV TAUPAUXATE TVOXQL.

Eyeth 9¢on CD, EF | Pila tou P(z) mou pog evilopépel

Ye < Yo 21
Ye > Yo Z
AZomowdvtog to yeyovoe 6t P(xg) = 0, urnopolue vo pewdooupe to Podud tou

Alzg;zi) = E(rk) and tplo oe Vo, xou ovyxexpwévae E(rk) = (yo — yr)*(ea? +

€1TK + €), OTOU

€2 = 03— 103
€1 = 01 — Ppoods
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pideds

d3 = 4d(xg —1x4)
1 ya 2% +v3
0y = (yE+yc)2+4xA(xA—xQ)—40 1 yg+yc
2
1 0 xg
1 TaA Ya x2+y2
1 YA Ii—i_yi 1 0 4 2 8
5 = 4zal0 1 yp+uel - vo  ¥c
i 00 1 yotym
1 0 ) )
1 = 0 x5

A ya TR+ YL
0 vo Y&
0 1 ye+vye
g 0 a:é

S = 253(yp +yc)* + 4z,

_ O = =

‘Apa v vou unohoyloovpe edv to onuelo @ elvan evtoc tne Lovne 2, ypeewdleton vo
UTONOY{COLUE TO TEHONUO TOU TOAWVIROL E(z k) otny pila evéc tohuwvipou P(x), xdt
T0 onolo elvon eQxtéd pe Bdon tnv avdhuon tou Kegodalouv 3 (Bh. Oedenua 3.8).

[ tov éheyyo twv onuelny @ xa S wg mpog Ty evdela ¥ = xx, elvon dpxeTod VoL
unoloyioovye to mpdonuo twv P(zr), P'(xr) vy I € {Q, S}, énwe avapépape xow otny
Troevotnta 5.2.6.

Téhoc yia tov €heyyo twv onueiwv Q xar S g mpoc TNy evdela y = yYi, oapxel va
TOPUTNEACOVPE 0T Ui = 3(Yp + Yc), OTOTE UTOPOUYE VoL XAVOUUE GUECO UTOAOYIOUS TeV

nocothtwy yr — Yk Y I € {Q, S} xau vo cuyxpivoupe o Tpdonua TV 800 TUPUCTACENY.

4 14 14 ’ ’ ’
Ectw 6Tt ta tpApata eivar xadeta petald toug.

Ac¢ dewprooupe 6Tl ta tupata CD, EF eivon napdAAnha otoug dEoves 'z xou y'y av-
tlotouya. I'vwptlloupe and tnyv avdluon tng Troevotntog 5.2.2 éti 1o onueio A PBeloxeton
oc éva amd to Téooepa ywela Tou emnédou mou opilouv ol evdeiec fop xan Lpp, €0TW
oto R;. TI'vwplCouye oty mepintwon avth 6T, €dv B elvar o ouypeteixd tou onueiou
A w¢ mpog TNy duyotéuo tou ywelou R;, t6te T0 onueio B avixel xou auté 6Tov xUXAO
V(A,CD,EF). Ebdwoétepa ye Bdon v avdiuon nou €yovue xdvel, deilaue éti o Voro-
noi x0xhoc V(A,CD, EF) eivon évac (xou ouyxexpiéva toog) and touc V(A, B,CD) A
V(B,A,CD,).

Me tov tpémo autd, avdyoupe Tov uToloyloud Tou xatnyopiuatocg Incircle(A, CD, EF, ()S)
otov voloytopd tou Incircle(A, B, CD,QS) ¥ Incircle(B, A,CD,QS). Ta 800 teleutaio
XATNYOPNUOTA UTOEOUY Vo UTOAOYIGTOLY Ue Bdon tnv avdiuon tng Yroevotntog 5.2.6.

Ye xdie meplntwon ol alyeBpixol Boduol Tou TEOXVTTOLY ATO TNV TUEATAVE UTOPOVY

va Behtiwdolv ye Bdon v avdivon tne Troevotntog 5.3.2 (BA. Aduua (5.7))
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5.2.8 H nepintwon SSSS

Ac¢ Yewpnooupe to twApata S; = AB, Sy = CD xou S35 = EF ta onola elvon mogdhhnia
ue touc d€ovec. ‘Omnwe avagépoue otnv Troevétnta 5.2.3, yia va oplletar 0 x0xhog
V(S1, S2,S3) T 800 amd autd glvon TopdAAnho og évay dZova xat o Tpito xddeTo o auTd.
Emniéov avagépaue 6Tl apxel vo e€etdoouye TNV meplnTtwor 6mou To 6U0 TETO TUHUOTA
S1, S elvon TopdAANAa 6TOV TEoYUoTXd dEova xou To S vl THESAANAO GTOV QPAVTAGTIXO.

Me Bdomn v avdiuon tne Yroevétnrac 5.2.3, to xévipo K tou V(AB,CD, EF) éyel
ouvtetoyuéves (zx,yx) = (Tp + 2(ye — ya), 3(ya + yc)) xou M oxtiva tou ebvon p =
%IyA — Yol

I vo edéyEoupe Tehxd edv to onuelo Q, Beloxetan yvroia evtog tne Lovne 2, apxel
v eEAEYEouue €8V T — p < g < Tk + p. AvtioTtoiyo yia Tov €heyyo Tou ) WS TEOSC
™ Covn Z, apxel va ehéyEoupe €dv Yy — p < Yo < Yk + p 1 aviiotoya €dv ygo €
(min{ya, ye}, max{ya, yc})-

Téhoc, n oyxetxh) Véon twv onuelov Q xou S ¢ npoc v evdela & = xx (avtioToya
Y = Yk), UTopel var Yivel U€ow TS oUYXELONS TWY TEOCHUMY TWV TUPACTICEWY To — Tx
xou xg — T (avtiotowyo yg — yx xo Ys — Yx) Ol OTOIES UTOPOVY Vol UTONOYIGTOVY GUETH
ep6cov Yvwpilovue enoxplBoe Ty Tl Tk (Yk)-

E@obcov 6ol ol urtoloyiopol mou avoapépope o8 aUTAY TNV LTOEVOTATA efvon To TOAD
BaduoL 1, xau o avtioToiyo Incircle 6mou to TétopTo avtixeiyevo elvon onuelo anoutel To

TohU ohyeBpind Badud 2, mpoxdnTEL TO MaPAXdTL AU

AAppa 5.3. O uéyorog akyefpikos Padids mov arartettar yia to vrodoyroué tov Incircle
yia Ty mepintwon eAéyxov Tunpatos tapdAAnAov o€ kdrowov déova ws tpog Voronoi kUkAo

mov opilovr Tpia TuNMata napdAAnAa o€ kdmowov dova eivar to ToAV 2.

5.3 'Eleyyog avtixelévou () wg Ttpog Tov Voro-

noi xOxAo Telwyv avixelkeveyv: H BEATion
TEOCEYYLOT

Ou pédodol mou avantLEoPe TNV TEONYOVUEVY EVOTNTA XAAUTTOLY XAUE BUVITO GUV-
OLAOUO YLaL TIC HOPPES TTOL UTopel var €youv Ta oployata Tou xatnyophuatog Incircle. Oa
TEENEL OUWS Vo AdBouue LUTOPY avaPOEIXE UE TNV YPNOTIXOTNTA (LG TETOLOG LAOTOLN-
ong tou Incircle 6t onpavtndg otodyog elvon 1 ehaylotomoino tou péylotou ahyeBpLxol
x60TOoUG Tou anouteltan o xdde meplnTwon,.

Av xou o1 Boduol otic nepuntwoeic PPP xaw SSS elvon ot xakOtepot duvartol, dev toy Vel
To B0 xou Yy ¢ mepintwoel PPS xau PSS. Ewdwdtepa, punopel xavele vo anodel&el
6Tt oxohouddvTac TNV Yevixeuuévn uévodo tou Burnikel [Bur96], xou amhomoudvtoac Tic

epovi{OUEVES expdoelg PE BAOT TOUC MEPLOPIGUOUS OTOUS MEOGUVATOAMGHUOUS TWV TUN-
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uatwy, tpoxintouy Baduol uixpdtepol and toug dixolg poc. Kdti tétolo pag odnyel oto

VoL ETAVEEETACOUUE TIC MEQLTTWOELS QUTES YPNOLOTOLOVTIC DlaPopeTXéS Uedod0uC.

5.3.1 H rnepintwon PPS

‘Eotw howndv ta onueloa S1 = A xou Sy = B xaw 10 evddypappo tufua S3 = CD.
‘Onwe €youue NON avagépel, umopolue va unodécouue ywelc BAIPBN g yYevxoTnTog
ott 1o tuRwe CD elvon mapdAAnho oTov Tpaypatixd dEova, €@ocov ot avtivetn

neplntworn unopolue vo avdyoupe Tov unohoyloud tou Incircle(A, B,CD,(Q) oo
Incircle(R(A), R(B), R(CD),R(Q)).

To avtixeipevo ) eivon onueio

‘Eotw o onpelo @ xa K 1o xévtpo tou xOxhou V(A, B,CD). I'vopilovye ond v
avdluon e Troevotnrac 5.2.1 btu 1 tetunuévn tou K eivon pila tou tohuwvipou P(x) =
p2r? + p1T + po, OTOL OL TOCOGTNTES Pa, P1, Po ebvon Bodupod 1,2 xou 3 avtiotowya. Elyope
oel€el otV ouyxeEXEWEYY LToEVOTNTA OTL 0 ahyeBpixdc Badudg mou omouteitan yia Tov
UTIOAOYLOUO TOL XATnYopenuatos elvon To moAl 10. Oo delloupe Aowmdv e molo TeOTo
UTOPOVUE VA UELDCOLUE aTOV Tov Poardud oe 6.

Egéoov o Voronoi xixhog V(A, B, C'D) opileton to onueia A xou B Bploxovton oty (Bia
mhevpd tne eudeiog lop. Apyxoc éNeyyoc yia Tov utohoytopd tou Incircle(A, B,CD, Q)
elvar n Yéon tou () w¢ mpog N Bl evdelor €dv To ) Bev avrxel oTNV (Bl TAELEE oL
avipxouy tae A xou B, téte Incircle(A, B,CD, Q) > 0. O ékeyyoc autdc anoutel ahyeBpixd
Barduo 1.

Trodétovrac ot ta onueia A, B xou @ Beloxovtan otnyv B mhevpd g Lop, ag o-
plooupe r to anotéheoypa tou xatnyophpatoc Orientation(B, A, Q). Xtnv eldix)| nepintwon
r =0 (dnhodr) to onuela A, B xou () elvar ouyypauxd), napatneolye 6Tt o @ Peloxeton
evtoc tou xOxhou V(A, B,CD) €dv xa uévo edv to () Peloxeton oty eudela a4 xou
petagl Tou A xou B. O €heyyog autdg avTioTolyel GTOV UTOAOYIOUO TWV TROCHUWY TOV
OLAPOPWY Ty — T4 XU Ty — g, ONOTE 0 oAYEBEInog Bordude mou ananteiton elvon 1.

Eédv r # 0, Yo avdloupe Tov umohoyloud tou Incircle(A, B,CD,Q) oo
Incircle(A, B,Q,CD) (BA. Lyfuo 5.12). Ac unodéooupe 6t r < 0, dnhady) to onueio Q
Beloxeton 0e€ld and tnv mpocavatohioyévn eudelo fpa. Egbdcov ta A, B xou CD ey-
povilovton Ue TNV CLYXEXPUEVT OERd edv dlaviooupe to xOxho V(A, B,CD) e gopd
avtiletn pe Touv poloylol, cupnepaivoupe 6Tt To () Peloxeton evtoe tou V(A, B, CD) (ov-
tiotoya avijxer otov V(A, B, C'D)) €dv xau pévo edv o xOxhog nou opilouv ta A, B xaw Q)
dev Téuvel (avtiotouya dev epdntetan) oto twhAua CD. Ilpdyuatt, autd yivetar xahdtepa
AVTIANTTO €4V «METATOT{COLUEY TO %EVTEo Tou Voronoi xOxhou mpog to onueilo ), xpa-
TOVTAC TO OUWS TavVe oTny Yecoxdideto twv onueiwv A xa B. IlpoxOntelr howndv 6TL

Incircle(A, B,CD, Q) = —Incircle(A, B,Q,CD). Me avdloyo tpémo, €dv r > 0, dnloady
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Tyhue 5.12: Avarywy? tou Incircle(A, B, CD, ()) ovo Incircle(A, B, Q,CD). Apiotepd 500
oyfuaTo: To () XelTon 0T 0pLO TERS TN TEOCAVUTOMOUEVNG evleiac pa. Aclid 800 oyfua-
To: To Q xelton oto BedLd g mpocavatohouévne evdelac fpa. O xOxhog pe Bloxexouuévn
yeauuy elvan o Voronoi x0xhog twv B, A xou Q).

To onuelo Q) PBeloxetan aploTepd and v npocavatolouévn evdela pa, T0 () Peloxeto
evtéc tou V(A, B, CD) (avtiotowyo avixel otov V(A, B,CD)) €dv xou p6vo €év 0 x0xhoc
mou op{louv o A, B xou @ téuver (avtiotorya epdnteton) oto twhua CD. And avtd
ovuvendyetor 6Tt Incircle(A, B,CD, Q) = Incircle(A, Q, B,CD).

Yuvoilovtag TNy mopandve avaAuoT, yeeldleton apyixd vo eAéyEoupue amd ol TAEU-
ed e ewdelog Lop Peloxeton To onuelo @, €heyyog mou anoutel ahyelend Baduod 1. Edv
elvow amapaitnto, To enduevo Priua elvon vo utohoyicoupe to r = Orientation(B, A, @), To
onolo amautel alyeBexd Bodud 2. Edv r = 0, yperaldyoacte dVo emniéov eAEYyous oh-
vePeixol Boduol 1 yia va utohoyicoupe to Incircle(A, B, C'D, @), elddA6C Topotneolue
6t Incircle(A, B,CD, Q) = —lIncircle(A, B,Q,CD) eé&v r < 0, ¥ Incircle(4, B,CD, Q) =
Incircle(A, Q, B,CD) eév r > 0. O vurmohoytopoc yia tou Incircle(A, B, Q,CD) % tou
Incircle(A, Q, B, C'D) umopel va yiver pe Bdon tnv avdhuon e Troevotnrag 5.2.5 pe oh-

YeBeind x60T0¢ TO TOAD 6.

AAppa 5.4. O uéyoros akyefpikos Padids mov arartettar yia to vrodoyrouo tov Incircle
yia Ty TepInTwon eAéyxov onueiov ws mpog Voronot kiAo mov opilovy 0Vo onueia kai

éva tunua mapdAAnlo o€ kdmoov déova eivar to moAV 6.

’ 4 14
To avtixeipevo ) sivar TR

‘Eotw to evdiypoppo tuipe QS o omolo elvon nopdhAnho oe xdmowov d€ova xau K to
xévtpo tou V(A, B,CD). Me Bdon tnv avdiuvon tng Troevotnrag 5.2.1, o unohoyloude
Tou xatnyophuatoc Incircle(A, B, CD, QS) uropel va yivel péow piog odnhovylog eréyywv
X0l UTOAOYLOUWY, AVAAOYO UE TOV TEOCAVATOAGUS TOu Tuuatog QS.

Avapépouye ETLYQOUUATIXG TOUS EAEYYOUS AUTOUS Xou To ahYePpixd x6GTOC TO omolo

EYOLV:

1. Apywd eléyyoupe €dv Touhdyiotov €va and Ta onuelo @, S Beloxovtoaw otnv (Bila
mhevpd tng eudeiog Lop pe to onueta A xan B. O éheyyog autog amoutel ohyeBpixd

Bardud 1. Edv ioylel xdTL T€T010, TPOYWEIUE OTOV ETOUEVO [Brida, dnhady,
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2. E)éyyouye edv xdmoto and to onpeia @, S Beloxetan evtoc 1 ent tou xixhouv V(A, B,CD),
YeNoWonolwvTac To avtiotoryo xatnyopnua. O alyeBeixds Baduodg yio xdde Eva a-
n6 autolg Toug uTohoylouoLg elvon To mohL 6. Edv xou to 600 onuelo elvar extog

TOU XOXAOU, TEOYWEGUE OTOV ENOUEVO [BiUct, ONAadY,

3. EXéyyouyue edv 1 evdela Log Tével Tov x0xho unoloyilovtog edv To onueio @ avrixel
ot Lovn Z, (€dv to QS elvar mopdAinho otov mpaypatixd dEova) B otn Lovn 2,
(edv o QS elvon TopdhAnho otov paviaoTxd GEova). Oa deiloupe otny cuvEyEL
OTL UTOPOUUE VO UELDCOUUE TO oAYEPRES x60TOC Tou eAéyyou autol ot 6. Edv
t0 onuelo Q) Beloxeton evtoc 1§ 6to clvopo e avtiotoyng LWvng, TEoYwedUE GTO

ENOUEVO Biua, dnhady),

4. Eléyyouvue edv Ta onuelo @ xou S PBeloxovion oty Blo mheupd tne evdeiog v = ok
Yy = yx (avdhoya pe tov npocavatolopd touv QS). O éheyyog autde Va delouye

TopaxdTe OTL omantel alyeBpixd Bodud To TOAD 5.

Telxd, Yo éyouue anodellel 6T 0 Yéyiotog anoutoluevog Bodude yia To UTOAOYIGUO

tou Incircle(A, B,CD,QS) elvou to ol 6.

Apyxd ac dolue TL yvwplloupe and tnv péypl Tdpa avdhuon. I'vwpellovue pe Bdon v

avéhuon e Yroevotntog 5.2.6 6Tt (0T YEVIX TERITTWON OTOU Y4 # Yp) 1) TETUNUEVT

tou K elvor pio ouyxexpévn pila tou moAvwvipou P(z) = pez? + piz + po, 6mou ol

TOGOTNTES P2, P1,Po Elvan PBaduol 1, 2 xou 3 avtiotoiya. Emniéov n tetaypévn tou yx

efvon xou auth o cuyxexpwévn pllo tou molvwvigou T(y) = tay® + t1y + to, 6ToU oL

TocOTNTES o, 11, o elvon Barduol 2, 3 xan 4 avtiotolya. Emmiéov ol mocdtntee ox %xou Y

elvan ypauuixd e€opTNUEVES, EQOCOV aviXOoLV OTNY Yecoxdieto Twy onuelwy A xa B, xo

ouyxexpiéva yx = Zag + 2, énou

21 =2(xq — )
2 2 2 2
20 =T+ Yp — T4 —Ya

w=2(yp — ya)-

Oewpwvtog 6Tt To TR QS elvar ToEdAANAO OTOV TEAYUUTIXG AEOVA, TEOY WENUE OTOV

€heyyo tou onuelov Q we npoc N Ldvn Z,. Hapatnpolue 6Tl to onuelo () Peloxetar yviola

evtog g Lovng 2, €dv xan uévo edv 1 eudelo lgg téuvel tov V(A, B, CD), xdt to onolo

oupPaivel €dv xaw wévo gdv d(K, lgs) < d(K,CD). Egpdoov to tufua QS givon mopdAinio

otov z-dZova, mpoxUmtel 6t d(K,lgs) = |yk — ygl|, 6mou To mpdoNuo TNe mocdnTog

Yk — Yo umopel va unohoylotel eléyyovtoc T tocdtntee T(yg) xou T'(yg). O éleyyoc

owtoe amoutel ol yeBexd Badud 4. Ltny cuvéyeta, vroloyilovue Ty tocdémtad(K,CD) =

lyx — ycl, e onolac To mpbdoNUo umopel var utoloyioTel avdloya, ue oAyeRpixd xb6oTOC

4. T'vopilovtag To TpOONUN TV TORACTICTEWY Yk — Yo X0 Yx — Yo, oynuatilovue to

Incircle(A, B,CD, lgs) = lyx — yo| — |y — yc| o onolo avtiotoiyel otov éheyyo tou @
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w¢ tpog ™ Lovn Z,. Tehxd, mpoxinter 6t Incircle(A, B, CD, lgs) = Jiyk + Jo, 6T0U ot

nocoTNnTES Ji xou Jy Bldovton oTov TapoxdTe mivoxa.

’yK_yQ yK_yC‘Jl ‘ Jo ‘

>0 0 -

>0 = Yc — Yo
<0 2 —YQ — Yc
>0 -2

<0 > Yo +yc
<0 0 | ~¥c+Ye

[Tpogavee, edv J; = 0, ynopolue vo UTOAOYICOUUE HE EUXOA TO XOTNYOENUA

Incircle(A, B,CD, lgs) = sign(Jy). Xe avtidetn nepintwon, yeeidleton va utoloyiooupe
T0 TE6ONUO TN Tocotnroc Jiykx + Joy, Omou yi elvan pio cuyxexpuévn pllo Tou Tohuw-
vopou T'(y). Av xau o unoloylopde autdc Yo propoloe va yivel ye evdela avTixatdotaon
TOL Y, %4t TéTolo Yo anantovoe ahyePeixd Padud 6. Mia mo é€unvn mpocéyyion o ¥itoy
va napatneoovue ot sign(Jiyx + Jo) = sign(Ji)sign(yx + j—?), 6TOL 0 UTOAOYLOUOS TOU
TEOGNUOU TNG MUPACTAONG Yx + %’, elvon Llood0vopog Ye To va ouyxpivouue Ty TN —ﬁ—‘l)
ue v plla yi tou T'(y). O teheutaioc €heyyoc elvon l0OBUVOHOC PE TO Vo ENEYEOUUE TO
TEOCNUO TWV TG TACEWY T(—i—f) e T’(—ﬁ—‘f), T0 omofo amoutel ahyeBeixd Badud 4 xou
3 avtioTouya.

Me avdhoyo tpdmO, 0TNV NepinTwor 6mou To THUa QS elvar TaEdAANAO GTOV PovTa-
oTxo6 dZova, 0 €heYy0C WS Tou onuelov @ we mpog TN Lwvn Z, elvon Ll0odLVOUN UE TO
Incircle(A, B,CD, lgs) = d(K,lgs) — d(K,CD). 'Onwe xou mponyovpéves, d(K, lgs) =
lrg — zg| xou d(K,CD) = |yx — ycl, Ve 0 LTONOYIOUOS TWV TEOCHUMY TWV TUPAC TECE-
WV T — To X Yg — Yo unopel v yivel utohoy(lovTag To TedoNUd TWV TEOC TAGEWY
P(zq), P'(zq) o T(yc), T'(yc) aviictoya. O ahyeBpdc Badude nou amouteitan eivou
3, 2, 4 xou 3 avtioTowya, dnhady to oAl 4. Eyovtac uroloyloel o TpdoNUL TWV T
AV TOPAGTACEWY, Xo VETOVTUC Y = 2 + 22 mpoxintel 6t Incircle(A, B,CD, QS) =

i(Lla:K + L) 6mou oL noodtntec Ly xou Lo didovtan oTov mopoxdte: mivaxa.

Tk —TqQ | Yk — Yo Ly Ly
=0 >0 -z 4w | wlye —xg) — 2
- <0 214w | w(—ye—z0)+ 20
~0 >0 —z1—w | wye +x9) — 2
<0 zn—w | w(—yc+xg)+ 20
IMpogaveg, €dv Ly = 0, ymopolue vo umoloyloouye He cuxohid TO xotnyoenua

Incircle(A, B,CD, lgs) = sign(Lo)sign(w). Xe avtidetn nepintwon, ypewdletar vo umo-
Aoyloouye To mpdoNuo TN mocoTNtoc L1z + Lo, 6mou xx elvon pior cuyxexpyévn plla
0L TOALWVOHOU P(z). Ioodlvopa ehéyyoupe TNV TocdTNTA —f—? WS TEOS TNV TWY Tk,
dedopévou 6t sign(Lixk + Lo) = sign(Ly)sign(xx + é—?) O éheyyog autodg avtioTouyel
070 Vo EAEYEOUUE TO TEOCTUO TWV TOPOC TACEWY P(—é—g’) Xl P’(—é—‘;), 70 omnolo omoutel

ahyeBpuxd Badud 5 xou 4 avtioTtoyo.
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Yy nepintwon 6mou to onuelo Q avixel otn Lodvn 2, ) 2, avdhoYd UE TOV TEOCOVO-
TOAMOPO Tou TuRUaToc (S, Yeetdleton va eAEYEouue TNV oyETIXY Véon TwV onuelowy () xaL
S w¢ mpog Ty evldela y = yx N Ty evdela v = i avtioTorya. Yuyxexpéva, edv to QS
elvon mopdhhnio otov d€ova &'z, xou to ) avixel ot Lwvn 2, tote yeeldletan Vo eNEY-
Eoupe edv ta (QQ xou S Beloxovion oty (Bl 1) o€ dlagopetinés Theupég Tne evdeiog © = Tk .
O éheyyog autdc 1oduvayel Ue TO Vo EAEYEOUUE EQV OL TOCOTNTEC T — Tk XL T§ — Tk
elvan opdonueg 1) Oyt. Autd cuvendyeton OTL TEETEL VO GUYXEIVOUUE TIC TUES T XU Tg UE
wor ouyxexplévn eila tou P(x), tnv xk, ondte apxel vo UTOAOYIoOUYE TO TEAOTUO TWV
nocotitwy P(zg), P'(xzqg) xou P(zs), P'(xs). To akyeBpixd x66T0¢ TV LTONOYIOUDY av-
TV elvan 3, 2, 3 xan 2 avtlotolya, onAady| To oAb 3. Me avdhoyo tpédTo, GTNV TERITTWON
6mou to T QS elvar TaEdAANAO GTOV PAVTUGTIXG GEova, EQV elvol amapaitnTo Vo eNEY-
Couye gdv Tta onueta @ xan S Beloxovtar otny Blo Thevpd g eudeiog y = yx, Yo mpémel
VoL UTOAOYIGOUUE TOL TEOONUA TWV TOCOTHTWY Yo — Yx X Ys — Yx. Ol umohoyiopol autol
avdyovtan 6tov LToloylopd twv ntocotitwy T (yg), T (yg) xou T(ys), T (ys) avtioTouya,
eQ6GoV 10 Yk elvon gl cuyxexplpévn eila tou toluwviuou T'(y).

Téhoc, e€etdlouye TNV €O TEPITTWOY Y4 = Yp, OTNV omola LTAPYEL UOVO EVag
Voronoi x0xhog o omolog diépyeton and ta onuelor A, B xou 1o tuAua CD, o onolog €yel

XEVTPO TO

02 4 A2 — 42
K:(xK’yK):<xA+$B (xp —xa)” +4(ya ?Jc))

2 8(ya — yo)

Oétovtac yx = 12, Omou uy = (xp — x4)* + 4(Y4 — y&) xon w1 = 8(ya — yo), Yewpolye
TIC 000 BUVATES EXDOYEC TEOCAVATOMCUOL Tou TUfuatog QS. Edv to QS elvar mopdhinio
otov mpaypatixd dZova, téte 0 unoloyopde tou Incircle(A, B,CD, los) = |yx — Yol —
lyx — ys| elvon 1oodlvapoc pe to mpdonuo e mopdoTaone |us — uiyg| — |u2 — u1ys|, M
omnola €yel ahyeBeixd Bodud 2. Edv to QS eivan mopdAinho otov gavtactixd dova, toTe
o umohoyiouéde tou Incircle(A, B,CD, lgs) = |rx — xg| — |yx — ys| ebvan 1oodivayog e
10 TpbONUO NG TapdoTaone |uy (T4 + xp — 22g)| — 2|us — u1yc|, n onola €xel ahyeBpxd
Baduod 2. Télog, yio TNy oyetixy| V€on twv onuelny @ xou S ¢ mpog TNy evlela T = Tk,
o alyePpuxdg Bodude mou amoutelton elvon 1, eved o avtioTtolyog EAeyyog we mpog Ty eudeia

Yy = Yy elvon 2.

Afppa 5.5. O péyioros alyeBpikés faludcs mov anaiteiar yia to vmoAoyrioud wouv Incircle
yia tny mepintwon eAéyyov tunuatos tapdAAnov o€ kdroov déova ws mpog Voronoi kiAo

/ / /7 / Z V4 V4 V4 /. /
mov opilovy 6o onueia kar éva Tunua napdAAndo oe kdrowov déova eivar to moAv 6.

5.3.2 H mepintwon PSS

‘Ectw howndv 1o onuelo S; = A xau 1o euddypopuo tufua S = CD xa S3 = EF.
‘Onwg €yovpe 7N avaépel, unopolue va unodécoupe ywpic BAIBN g yevixodtntog OTL
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(1) elte xou ta dVo euYlypappo TuAUoTa elvon Tapdhhnha pe tov d&ova 2’z elte (2) To
tunua C'D elvou mopdhhnio otov mpaypatixd d&ova xou o EF otov gavtactixd. ‘Oleg

Ol GAAEC TEQLIMTWOELS OVAYOVTOL OTLC TOEATIAVE YENOULOTOLWVTAS TOV UETACY NUATIONO R,
onéte Incircle(A,CD, EF, Q) = Incircle(R(A), R(CD), R(EF),R(Q)).

To avtixeipevo () eivon onueio

Oo yeretiooupe Eexwpelotd TI¢ 0V0 TAVES EXOOYEC TEOCUVATOMCUOL TWV TUNUATWY

CD xou EF, avaxepalounyvovtag 6oa eidoue otny Troevotnta 5.2.2.

1. 'Eotw 6Tl tar Tuorta elvon mopdhAnio otov mpoydotind dgova. Apyixd mopatneolue
6t To onpeio @ dev umopel va avixer otov xOxho V(A,CD, EF) €dv dev Pploxetou
otn Lovn Z,; mou opilouv ol evdeleg lop xou Cpp. O €heyyoc autdg unopel va yivel
unohoyilovTtag Ta TEOONUA TWV TOCOTATWY Yo — Yo, Yo — Yr XA Yo — Yp ONOTE

anoutel odyeBpixd Pordud 1.

Trodétovtag 6T t0 onuelo @), 6mwe xou to onuelo A, avrixelr otn Lovn Z,, o
Yewpriooupe 1o onueio K, xévtpo tou xOxhov V(A,CD, EF). Ané tnv yewpetpla
T0U TEOBAALATOC TPOXUTTEL TETPWMEVE 6TL Yk = (Yo + Yr) xou 6TL N axtival p Tou
Voronoi x0xhou wwoltan pe p = tlyc — yp|. E@doov to onuelo A avixel otov x0xho
wovorotel Ty e€lowo| Tou, omoTe TEOXVNTEL OTL 1) TETUNUEVY TOU XEVTEOL T Elvou

wloe amé Tic pilec o1 < @9 ToU TONULVOPOL P(z) = 22 + pyx + py dTOU

P1 = 24, po =24+ (Ya — yc)(Ya — yr)-

H pila tou P(z) mou avtiotoyel otnv twwh i gobveton otov Iivaxa 5.6, émwe

TEOXUTTEL UETA ANO YEWUETEIXT avdAuon xdde mepintwonc.

[o voo utoloyicoupe Aowmdv 1o xatnyodenua Incircle(A, CD, EF, Q), ypewdletar va

UTOAOY{COUUE TO TEOCTUO TNE TMUEACTAONG
d2(K7 A) - dQ(Ku Q) = MmMiTKg + Mo
6Tov

my = 2(zg — a), mo = 2% + Y4 — T4 — Yo + (Yo +ye)(Tg — xa).

| Syetwnd ¥éon CD, EF | Mag evdiagéper 1 plla |
Y < Yo T
YE > Yc T

IMivaxag 5.6: Pila tou P(z) mou pog eviiagépet vl TNy Tepintworn 6mou ta Tuiota
CD, EF elvou mopdhinio ye tov d&ova z'z.
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O vnohoyioude autde ebven 10odOvapog pe Ty olyxplon e TS — % U TNV Ti-
Wh Tx, epooov sign(mizk + mg) = sign(mi)sign(rgx + 2). H odyxpion auth

ebvon equet) unohoyilovtag Tic toodtnTee P(—1%) xou P'(—12), epdoov to xx elvau

ouyxexpévn pila tou P(z).

. 'Eotw 611 10 twiwe CD elvan mopdAAnho otov mpoyyotixd déova xar 1o EF otov
pavtooTind. ‘Onwg eldope otny Troevotnta 5.2.2, ot evdeiec fop xou {pp oprodetodv
TE00EP Ywpelol Tou eMTEdOL, €0Tw Ry, R, Ry, Ry. Ot e€l0MCEC TV BLOTOUWY TOV

ywelowv 1,3 xau 2,4 ebvon avtiotorya ol eudeleg
b y=z+yc—rg, log:y=-r+yc+rs.

To ywelo oto onolo avixel to onueio A, éotw R;, elvan To ywelo oto onolo Belioxeto
o xOxhoc V(A,CD, EF), xou eldixdtepa 10 xévipo K tou xOxhou Beloxetor otny
avtiotolyn duyotouo evldelor Tou ywelou. Apyxd Aowndv eAéyyoupe €dv To onuelo
() Bploxetan oto ywplo R;, to omolo avtioTtoiyel 610 Vo EAEYEOUUE TIC TOCOTNTES
r; —xg xou yr — yo v I € {Q, A} xou otnv nepintwon nou dev avixel oy vel
Incircle(A,CD, EF, Q) > 0. Trod¥étovtac 6Tt avixel oTo dlo ywelo pe to onuelo A,
TapaTnEoVUE OTL To X€vTpo K Tou Voronoi xUxAhou amotelel Tnv Toun Tng OLyoToUoU
Tou ywelouv R; xou tne nopoforric mou optletan and to onuelo A xan tnyv eudeia Lop.
Avtixadotdvtog Ty elowon tne avtiotolyng diyotépou otny Topoory|, TEoXVUTTEL

6TL 1) TETarypévn tou K ebvou plla tou mohuwvipou P(z) = 2% + p1x + po, 6mou
p1=2(yc —ya—xa), po= (Yo —ya)® + 2% — 2xu(yc — ya)

eav A€ Ry UR3, 7
p1=2(ya —yo —xa), po = (yo —ya)® + 2%+ 2p(ye — ya)

eav A € Ry U Ry. Emmiéov, YeAeTOVTOG YEWUETEXS xd¥e duVOTH TERITTWOT TpO-
x0OnTeL 6t €dy 21 < X9 ebvon ot pilec tou P(x), téte n pila mou avtioTolyel oty Tk
elvan {Btar pe autr) mou avtiotolyel oTtny neplntwor omou o TuHpata C'D xouw EF elvan

TopdAnha we tov dZova 'z (BA. Ilivaxa 5.6).

Telxd, yia vo unoloyioovue to xatnyodenua Incircle(A, CD, EF, Q) vroloyiloupe
TNV dlopopd

d*(K,Q) — d*(K, A) = myxzg + my,
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OTOL
my = 4(zq — za), mo = (2% — 23) + (Y4 — v5) + 2(xqQ — 24) (Yo — =p)
eav A€ Ry U Rs, %
my =0,  mo= (24 —23)+ (Wi —vo) +2(xq — xa)(yc + )

edv A € R2 UR4

[ty mepintwon 6mou my = 0, apxel vo utohoyicouue to mpdonuo sign(mg) To
omolo €yel Padud 2, eved oe dlagopeTnt] tepinTtwor YpetdleTal Vo UTOAOYIoOUUE TO
npéonuo sign(mi)sign(zx +1:2). To npdonuo e deltepng napdotaong aviioTolyel
ot0 va ouyxplvoupe TV T — 4% pe v plla tou P(x), xou ouvemwe opxel va

{ ] _mo r(_mo ‘ / ;
unohoyloovue Tic mapaotdoelc P(—7¢) xou P/(—C), to omolo aroutel ohyefeind

Barduod 4 xan 3 avtioTouya.

Tehuxd, o uéyiotog ahyeBedc Paduodg mou amoutelton yiot Tov utoloyloud tou Incircle

elvan 4 otny meplntwon auTN.

Afppa 5.6. O uéyioros akyefpixog faduds mov ararteitar yia to vToAoYIoH6 TOU
Incircle yia tnv mepittwon eAéyyov anpeiov ws tpog Voronoi kUkAo mov opilovy éva

onpeio kar 6Vo tunuata tapdAAnia o€ kdroov déova eivair to moAU 4.

’ 14 ’
To avtixeipevo Q) sivar TR

Ac Yewproouye to evdiypopuo Tuhua QS xau HéAouue va uToAoYIGOUUE TO XATNYOETUA
Incircle(A,CD, EF,QS). ©ua yeketioouye Eeyxwplotd Tic dVo mdavéc exdoyéc npocavo-
ToMouo) Twv TUNUaTwy CD xou EF, axohouddvTtac Tapduolo OTEUTNYIXT UE T TNG
nepintwone PPSS. Xuyxexpwéva, o éeyyog Twv onuelnv A xou @ wg mpog tig eudeieg
lop xou Lpp elvan 1, eved yior vo eAéyEoupe edv tar onuelor (Q xou S PBeloxovton eviég Tou
x0xhou V(A,CD, EF) anateltar to okl unohoyiopol alyeBeixol Baduol 4, énwe uéhic
anodel&oye.

Acedopévou 6t ta () xou S dev Peloxovion evidg Tou xOxAOU, TEOYWEAUE GTOV EAEYYO
tou Incircle(A,CD, EF, lys). Emniéov, avdhoya ye Tov Tpocavatoliopd tou @S, evde-
YouEvwe va ypetao tel va eAéyEoupe TNV oyeTix| ¥€om TV dxpwy Tou we Tpog TNy evdeia
r = Tk, €v 10 QS elvar ToEdAANhO GTOV TEaYUoTIXG dZova ) TV ¥ = Yk, GV To QS
elvon mapdAAnho oTtov gavtacTixd d&ova. ‘Eyouue 8eiel otny mponyoluevrn unoevotnta
(nepintwon 6mou to avuxeiyevo @ elvar onuelo) 6Tl o éleyyoc tou onuelov I we tpoc Ty
evdelo T = Tk 1) L0OBVOVAUA O EAEYYOC TOU TPOGHUOL T — Tk, UTopel oe xdie mepinTwon
va yiver unoloyilovtac v noodtnta Pxr) xou P'(zr), 6mov P(x) 1o TOAUGYLUO TOU

omolou pila elvar 10 Tx. Xe xdie mepinTtworn 0 UTOAOYLOUOS aUTOC amoutel UTOAOYLOUOUG
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T0 TOAD alyePBpLxol Boduol 3, eved ol avtioTolyol utoloyiopol we Teog TNy eudela y = Yx
amartoLy xou autol Tov (Bto Badud, Aoyw Tng amhouc TELPEVNS YeouXC EEdETNONG UETAEY
Tr XL YK

‘Onee TponyoLpévee, BLoaxplVOUUE TEQLTTWOELS OYETIXA UE TO TEOCUVATONCUO TWV TUT-
udtewv CD xou EF, éyovtac deléel 6Tl Aol ot duvatol cuvduaopol avdyovtal oe dlo. e
x&de mepintwon Yo detlovue 6Tt 0 unoroyloude Incircle(A, CD, EF, lgs) anoutel To TOND

ahyeBewd Badud 2.

1. Eotw 61t tor Tufuortar efvon mapdAknio otov mpaypatixd d&ova. Téte yioo tnv me-
plntworn émou o TR QS elvar xon aUTO TUEEAANAO GTOV TEAYHATIXG dEoVa, O
umohoylopog tou xatnyoptuatoc Incircle(A, CD, E'F, lgs) avdyetar 6Tov EAEYYO TNS
AVLOOTNTOC

min(yce, yr) < Yo < max(yc, Yr).

Edv n napandve avieétnta woyder tote Incircle(A, CD, EF, lgs) < 0. T v me-
elntwon 6mou o Turua QS elvon TapdAANAo 6TOV PavTacTiXG dEova, apxel Vo EAEY-
Couyue €dv T € Z,, T0 omolo elvol LoOBLVOUO PE TO Vo EAEYEOUUE TNV OVICOTNTA
lzg — k| < p, 670U TO T Elvon il ouyxexplévn (BA. Ilivaxa 5.6) eilo tou mo-
Awvipou P(z) = 2% + p1z + po, 6m0U p1 = 224 ot py = 24 + (Ya — ye)(ya — YE),
VO p = %|yc — yp| elvor 1 oxtiva Tou xOxhou Voronoi. O vnoloyopdc autoc
avTioTolyel oTNY cUYXELON TWV TOCOTATWY T £ p Ue TNV ocuyxexplévn pila Tou
Tohuwvipou P(z), To onolo ye Ty oelpd tou elvan Llood0vauo ot ahyeRpnd x60TOC
HE TOV UTohOYLoUS TwV Tocothtwy P(zg £ p) xu P'(xg % p), o onolo amoutel oh-
veBewd xootog 2 xou 1 avtioTorya. Luvohixd yio TNy meplntwon autyh o PéYLoTog
ahyeBeoe Badude mou amouteitar elvor 2 ylol TOV UTOAOYIOUO TOU XOTHY O UATOS

Incircle(A,CD, EF,lgs), ot cuvohxd 4 Yo TOV UTOAOYLOUO TOU XATNYORHUATOS
Incircle(A,CD, EF,Q5S).

2. 'BEotww 6t 1o tufua C'D elvon mopdhhnio otov mpaypatixd d&ova xou 1o EF otov
pavtaoTixd. Me Bdorn tnv aviioTolyn avdAucT TEoNnYOLUEYNS UTOEVOTNTOC, 1) CUV-
TETAYUEVN T TOL XEVTEOUL TOL xUxhou elvon pior cuyxexpévn plla Tou TOALKYLUOU
P(x), avdhoya pe 1o ywelo R; to onolo avixet to onuelo A. T va unohoyicouue
0 xatnyéenua Incircle(A, CD, EF, lgs), eéyyoupe €dv to Ui QS eivon mapdh-
Anho oto tphpa C'D (avtiotowo oto tuiue EF) ondte ypedleton vo ouyxpivouue
TNV AnoCTaoT ToU Xx€vipou K and Touc Qopels Twv tunudtwy CD xa S, donha-
0 va ehéy&oupe v avicdTa [T — Tg| < |t — xc| (avtioTowo TV avicdTnTa
lyx —yol < lyx — ycl). Ac Yewphooupe Ty nepintwon érov to Tuhue QS elvon To-
edAAN O oTOV TEaYHaTIXO dEova xou oto Tuhua C'D. TroloylCovtag Tny oyéon Twv
Lo XU T PE TO T, PE Bdom ta mpbonua twy nocothitwy P(zg), P(ze), P'(xg) xou

P'(z¢), prnopolye va amakeipoupe tor amdAUTa 0TV aviodnta [T —2g| < [Tk —zcl,
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avdyovtog €tol To Tpdonuo tou xatnyophuatoc Incircle(A, CD, EF, lgs) oto npborn-

uo tnc moootntac Lixx + Ly 6mou oL mtocdTNTES Ly xou Ly BlBoVIOL OTOV TapoxdTe

v
Tk — @ | Tk — ¢ L1 L()
>0 0 | 2¢—7
>0 —— —
<0 2 —Tc — XQ
>0 2| zc+x
<0 = SR
<0 0 Tg — Tc
ITpogavee, edv Ly = 0, punopolue va unoloylooupe ue euxohio To xatnyodpenua

Incircle(A, B,CD, lgs) = sign(Ly). e avtidetn nepintwon, ypeetdleton va utoho-

yiooupe t0 TpdoNuo tne tocdtNTac LTk + Lo, 6ToU X elvon par cuyxexpLpévn plla

oL TOAUWVOUOLU P(z). Ioodlvopa eAéyyouue TV nocdHTnTa —i—? WC TEOSG TNV TWA

Tx, 0edopévou 6t sign(Lixkx + L) = sign(Ly)sign(vx + é—?) O éheyyoc autoc
Lo

avTioTolyel 0To var eEhEYEoUpE TO TPGONUO TV TopacTdoEwy P(—72) xou P/(—é—(l)),

To onolo anoutel ahyeled Padud 2 xau 1 avtiotouya.

Yy neplntwon 6mov to iU QS elvon TapdAAnho oTov @oavTtaoTixd dEova xou
oto i EF, axohovdolue tny avtictoyr Swodacta. Apywxd urtoroyilouue tnv
oYEoN TV Yo XU Yo UE TO Yk, UE Bdon to yeyovée 6T yx = yo £ (Tx — Tg),
avdhoyo pe To €dv to ywelo R; oto omolo Peloxeton to onuelo A, omdte o TO
xévipo K = (xg,yr) wavomotel Ty evdela £13 H Vv lo4. Xe xde meplntwon o
TEHONUA TWY TOCOTATOY YKk — Yo| XU |[Yx — yYo| umopodv va uToAoYLETOOY EPHGOV
xde TopdoTaoT TEAXE avdyeTo oe aUyxplon pia TocotnTog L ahyeleixol Boduol
1 xon TNC MOCOHTNTAC Tk, TO OTOLO TEAXA EVOL LOOBUVOUO UE TOV UTOAOYLOUO TWV
TPooHUwY TV Tocotitwy P(L) xa P'(L) to onolo anoutel ahyeBeixd Bardud 2 xou

1 avtiloTouya.

"Exovtoc npocdiopioel ta tpdomnua Twv TocoTATLV |yx — Yo| xou [yx — Yo, umopolue
vo amahelpoupe ta amdhuTa Tou eppavilovton otny aviedtnta [y —yo| < |yx —ycl, €-
ElodvovTag Pe Tov Tp6To auTd To TPdoTUo Tou xatnyophuatoc Incircle(A, CD, EF, lgs)
UE To MEdONUO TN TocoTNTS Jiyk + Jy 6mou oL tocoTnTeg Ji xan Jy 6ldovTon otov

PO THivoxa.

Yk — Yo | Yk —yc | 1 Jo

20 ZO 0 To — XQ
<0 2 —Tc — Xq
>0 2| rc+=x

<0 — ¢ Q
<0 0 Tg — TC

78



Aedouévou Ty oyéomn YETAED TOU T Xt TOL Yr (1) omolat TPOXUTTEL OIS AVAPEQIUE
ambd 1o YeEYOvOS OTL To %évipo K avhxel eite oty euldela 443 elte oty lo4) TO
Tpoéonuo tng mapdotaons Jiyx + Jo ebvon Blo pe avtd tng moocdtntac Lixg + Lo

Omou

(J17J0+J1(yc—$E)) Ed(VAGRlLJRg,
(Lla LO) =
(—Jl, Jo + J1<yc + $E)) cdv A € Ry U Ry.
[o v mepintwon 6mou Ly = 0, apxel vo ehéy&ouue T0 TpOONUO NG TAURACTACTG

Ly. Xe avtidetn nepintwor, o unoloylouds tng mapdotaons Lizk + Lo umopel vo

Lo

%), o omolo omoutet

YivelL Uéow TOU UTOAOYLOUOU TV TOCOTHTWY P<_£_(1)) xau P'(—

oahyeBewd Badud 2 xan 1 avtioTtouya.

Afppa 5.7. O péyioros akyeBpikés falucs mov anaiteizar yia to vroAoyioud wov Incircle
yia TNy mepintwon eAéyyou Tunuatos tapdAAnlov o€ kdroov déova wg mpog Voronoi kiAo

/ / /7 7 V4 V4 4 V4 /. 7
mov opilovy éva onueio kar dvo Ttunuata tapdAAnda oe kdrowov dova eivar to moAU 4.

5.4 Iowdlovoeg llepintwoeig

Ye xdlde plo amd T TEQIMTOOELS OV UEAETHCOUE UEYPL TP, Yewproaue OTL ToL ONUELOX
avtxetyeva S; dev tavtilovton e xdmolo amd To dxpa LVVYEOUUOL TURUATOS XATOLOU oLv-
TIXEWEVO S;j. Ou eEeTACOVUE THORA TNV CUYXEXPWEVT EXBOY T, delyvovTtac 6Tl ol alyePpuxol
Borduol TV xaTnyopnudTLy lvol TavTa UixpdTepoL o oyéon Ue Tig avTioTolyeg un Widlou-
OEC MEPITTWOELS. Luyxexpidéva Yo peketoovue Tic tepintwoelc PPS xaw PSS epdoov
oTic exdoyéc PPP xou SSS dev unopel xdmoto onueloxd aviixelyevo vo tawtileton ye dxpo

XATOLOL TUHUATOC.

5.4.1 H mepintwon PPS

‘Eotw A, B to onpeloxd avtixelpeva xou C'D to euddypoupo tufue. Ao vntodécouue
ywelc PAABN g yevixotntag, 6t 1o Turua CD elvon mopdhhnio 6Tov Tpayuatixd dova
ue ro < xp xon 6t to onueto A tautileton ye to onuelo C, dnhadr A = C. Ilpoxewévou
v ggdmteton 0 xOxhog Voronoi oto tuiua C'D, xan vo diépyeton and to onueio A, Vo
oy Vel amapaitnto 6Tt T = x4, 610V K 10 %évTpo Tou V(A, B,CD). Emniéov epbdcov 1o
onuelo B avrxer otov xOxho V(A, B,CD), wavornotel Ty e&iowot| tou, ondte mpoxintel

ot (zp — 2x)* + (yp — yr)? = p?, 6m0v p? = (ya — yr)?. Tehxd, npoxidnTeL OTL

(xa—2B)* +yp — Vi

Yk =
2(ys — ya)
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Dvopilovtag oxpiBie Tic ouvtetaypéves Tou xévtpou tou xixiou V(A, B, CD), urtopolue
vo.  umohoyloouvye  ta  ovtioTtoia  xatnyopuota  Incircle(A, B,CD,Q) = xou
Incircle(A, B, CD,Q5), ye yeyalitepn euxohio 6mne avoartiooetou oty Evétnta 6.1. Me
Bdomn TNV avAAUCT TN CLUYXEXPWEVNS EVOTNTOG O oAYeBpindg PBadudg mou amantelton ylo
T0 UTIOAOYLOWO Tou xatnyopfatoc Incircle(A, B, CD, Q) elvar wélic 3, evey avtiotouya yio

TOV LTOAOYLOWS ToL Xxatnyophuatoc Incircle(A, B, CD, QS) eivar 4.

5.4.2 H mepintwon PSS

‘Eotw A 1o onueioxd aviixelyevo xou CD, EF 1o eudlypoupo tuiua. Qo vtodécouue
yowelc BAABN tne yevixotntag, 6t 1o turua CD elvon mopdhhnio 6Tov Tpayuatixd dova
WE z¢ < xp xou 6T To onuelo A towtileton pe to onueio C, dnhadh A = C' (oL undhoineg
duvatée TepnTwoelc avTwetonilovtor axohovdmvtac Ty Bl otpatnyixh.) ‘Onwe tpon-
Youpévee, oupunepalvoule 6Tt oy Vel T = X 4, 610V K T0 %évTpo tou xUxhou V(A, B,CD),
TEOXEWEVOL Vo qUTOC VoL e@dnTeTan 6To onuelo A xaw oto twiua C'D. Awaxpivouue otnv

CUVEYELN TEQLTTWOOELS OGOV APOREY TOV TEOCAVATOMOUO Tou Tufjuatoc K I

e Edv to tpiua EF elvan nogdAAnho 6tov mporydatixd d&ova, dpo xou TopdAAnAo GTov
TuAue C'D, tdte T0 *€VTEOL Tou Voronoi xOxAou Yo Peloxeton avoryxaoTixd oTnv

HECOTAPAAANAT TOUE, dNAadY| Vo Loy el

:?/A+yB

YUk 5

Egdbcov elvan Yvwotég oL ouvteTayUeveg Tou x€vtpou Tou Voronoi xUxhou, o utolo-
YouoS TV xotnyoenudtwy Incircle(A, B, CD, Q) o Incircle(A, B,CD, QS), propet
va yivel Bdoel tng avdluone e Evotntag 6.1, xou ol avtiotolyol péyiotol ahyePeixol

Barduol mou amoutoLVTAL YLot TOV UTOAOYLOUO Toug elvon 2 xou 2.

e Edv to tufua EF elvon mapddAnio oTtov Qavtaotixd dfova, deo xou x3d¥eTo oTov
tudue C'D, téte 0 *€vtpou Tou Voronoi xOxiou Ya Beloxeton oe xdmol and Tig
dyoTouous Ty oynuatillopevey ywelov R; (Bh. Troevotnta 5.2.2, neplntwon 6mou
o TPt ebvon xdleta peTaEl Toug). Luyxexpuéva 1 Suyotépoc Ty ywelny Ry, Ry
éyel elowon b1 31y = & + Yo — g, xou avtioTorya N diyoToHOC TV Ywelwy Ry, Ry

éyel elowon by 1 y = —x + Yo + T, ondTe Yo Loy VeL
Yk =Ta+Yc—Tp B Yk = —Ta+Yyc+TE.

[t vou Slamotehooude €qv 1) EMAOYT) TOU Y Elvol 1 owoTY|, eEAEyYOLUE €AV yYp <

Y < Yr, ONAadT €dv emAéEaue Tov xOxAo Voronoi mou eqdnteton oto TiUo EF.

Egoécov elvan yvwoTtég ol cuvteTayuéveg Tou x€vtpou tou Voronoi x0xAouv, o uto-

Aoyopoc twv xatnyoenudtwy Incircle(A,CD, EF, Q) xa Incircle(A,CD, EF,Q5),
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unopel vau yiver Bdoel tng avdiuong tng Evotntag 6.1, xou ol avtiotolyol Yéylotol

ahyeBewol Baduol mou anoutodvton yiot Tov UtoAoyloud Toug efvon 2 xan 2.
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Kegpdiowo 6

Incircle Test onueiowy %o TuNUATWY
Tt oot elvoll TALEAAATNAX 1} UTLO

vovio 45° we Toug AEoveg

2T0 XEPANALO OUTO EMEXTEIVOUUE oXOUO TEPLOCOTERO TO Xatnyoenua Incircle To omnolo
AVUPEQOE ETOL WOTE VO UTOPOVUE Vo SUUTERIAGPBoupE oTa oplopatd Tou xou evdiypauua
TunuaTo Tor omofar var elvan uTd Ywvia 45° ye toug dgovee. To emyelonua autd elvan capng
BUCXOAOTERO X0 TLO TOAUTAOXO ATd AUTO TOL TEOTNYOVUEVOU XEQPAUANLOU, XIS Ol BuvaTol
cUVOLACUOL ElVOL CAPADC TEQLOCOTEPOL EVE) ETUTAEOV OEV LAY OUV UEYPL OTIYUNG TEYVIXEG
UE TIC omoleg Vo UTopEécoude Vo plEoupe To aAYEREXO XOOTOC OE ONUAVTIXG YUUNAOTERO
onuelo and 6t Toug avtiotolyoug otny epyacio [Bur96] .

[o tov Aéyo autd axohoudolue TEAElWS BLUPORETINT TEOCEYYIOT] AMO QUTHY TOU a-
XOAOLUHoOUE OTO TEONYOVUEVO Xe@dlouo, utoloyilovtag oc xdle mepintwon Tic cuvTe-
TAYUEVES TOU XEVTEOU Tou Voronoi x0xhou, X ENELTA CUYXPIVOUNUE ATOGTACELS AO AUTO
TEOXEWEVOL VoL EAEYEOLUE TNV OYETIXY V€O TOL TETAPTOU ORICUATOS WS TEOS TOV XOXAOG
mou opilouv Ta mpwTa tela. H Sdixacio auth elvon avdhoyn pe autiv tne epyaoctiog
[Bur96] npoocoppoouévn dunc oto dixd pac dedouéva, axohouddvtac tov Ko undpyovta
ouufoloud.

Y10 téhog tou xegahaiouv Yo €youpe uTodelEEl TOV TEOTO UTOAOYICUOU TOU XATNYO-

eruoatog Incircle €tol Gote

<0 €dv 1o Q elvar evtoc Tou V(S, Sa, S3)
Incircle(S1,52,53,Q) = ¢ >0 v 10 Q ebvan extéc Tou V(ST, Sy, S3)

0 gdv 1o @ epdnteton otov V(Si, s, Ss)

omou xde €va amd To avTixelpeva Sy, S2, 53 xan () umopel va etvon eite onuelo elte
eLdUYpopUO TUNRUO ToedAANko ¥ uTtd Ywvia 45° ye xdrotov dEova.

Y1g evétnTeg mou axoloudoly avapépoupe apyxd Ty pédodo mou Yo yencilonol cou-
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UE Yo Vo utohoylooupe to xotnyodenua Incircle. Xtny cuvéyeia, ywellovye TNV HEAETN HaC

o€ UTOEVOTNTES Ue BAom TNV Lop®Y| TV TRV TEMTWY 0ploudtwy Tou Incircle.

6.1 T'evixevpévrn neVodog UTOAOYLOWOD TOL %o~

tnyopnpatog Incircle

Ye xdde plo and TIC BUVATEC TEPLNTWOELS TOU UTEEYOoLY, Vo UTOAOYICOLUE apyixd TO
xévtpo K tou xévtpou V(Si,S2,55). To onuelo K Va urohoyileton mdvta otnyv popen
K = (zr,yx) = (35, 72), 6mou oL toodtnteg vx, vy xou vz Yo elvon ohyeBpixés moobTnTee
BaduoL m + 1, m + 1 xan m avticToiyo.

"Exovtac »¢ 0eB0UEVES TIC CUVTETAYHUEVES TOU XEVTEOU, UTOROVUE VOL VALY OUUE TOV UTIO-
Aoyioub Tou xatnyophpatoc Incircle 6oy éleyyo Tou Tpoohuou Tne tocodtntac d* (K, Q) —
d*(K,S) émou S € {51, 5,, 53}

Edv to avtixeipevo Q eivon onpeio xou undpyet éva onueio A € {51, S, S}, totE apxel

VoL EAEYEOUUE TNV avVloOTN T

2 2 2 2
Ux Ux Ux Ux
Vz Vz Vz Vz

o vy > 0, 1 Topamdve ovVIcOTNTA UETATEETETAL TNV CYEDT

vx (20q — 224) + vy (2yq — 2ya) +vz(2h +yi — 14 — yg) > 0 (6.1)

H nopomdve avicétnta Yo yog gavel yeriowrn vy ti¢ nepintwoeg PPPP, PPSP, »xo
PSSP, oug omoleg xou unopel va e@apuooTel.
Edv to avtixeipevo Q) eivou onueio xon undpyet éva tuhua CD € {5, Ss, S5}, t61E apxel

vo EAEYEOLUE TNV OVICOTH T

(arvx + bivy + c1vz)? < (af + b7)[(vx — qQuz)® + (vy — Yquz)?], (6.2)

6mou o gopéag tou tpApatoc CD elvan 1 evdela lop @ a1z + b1y + ¢ = 0. H mapoandve
aviodtnTa elvan ypriown wovo otny nepintworn SSSP, xadng edv utdpyel €0tw xou €va
onuelo avdpeoa ota Tela TEHOTH opiouata 1 avicdtnTa (6.1) Siver xahlTepar anoteréopoTaL.

Edv to avtixeipevo @ elvon tuiua, €otw to Tunpa @S, TOTE apyxd EAEYYOUME €4V
o dxpar Q@ xan S Peloxovtaw evtoc tou V(Sh, S2,53). Edv touldyiotov éva and outd
Beloxeton evtdg Tou xOxhou tdTE cupunepaivoupe autopota 6t Incircle(S, Sz, S5, QS) > 0.
Ye avtidetn mepintwon, yeewdletar va ehéyEoupe €dv o Qopéag Tou TuApaTog S, dnhady
n ewdela Log @ asx + bay + o = 0, Tépver B Oyt tov x0xho V(S1, 52, 53). O éleyyoc
owToS tooduvopel pe to xatnydenua Incircle(Sy, Sa, S, los) xou dpa apxel va cuyxpivouue

Ti¢ anoctdoeic d*(K, lgs) xa d*(K, S), v xdmowo avtixelpevo S € {51, Sa, Sz}

84



Edv undpyel xdnowo onpeio A € {51, 52, S5}, t6te apxel vo ehéyEoupe Ty avicdtnToL
(agux + bav, + covz)? > (a3 + b3)[(vx — 2avz)* + (vy — yavz)?. (6.3)

H nopomdve aviodtnta eivar yprown yio v nepintwon PPPS xa v TIC TEPITTWOELS
PPSS xa. PSSS €dv dev undpyel tuiua ota neota Teia oployato to omolo va efvou
ToEdAANAO A x8VeTo TO TUAUR S, ondTE xou 1 mapoxdTte aviootnTa (6.4) Sivel xahltepa

AMOTEAECUATAL.

Edv undpyet xdmowo tuiuo CD € {5, Ss, S5} pe gopéa op a1z + byy + ¢ = 0, 161
Yoo var ouyxpivoupe Tic anootdoec d2(K, lgs) xon d*(K, C' D) ehéyyoupe tnv avicdtna

(aqux + bavy + CQUZ)2((I% +b%) < (a1vx + biv, + clvz)z(ag + b%) (6.4)

H nopandve oyéon ebvon yeriowun otny neplntwon SSSS, arld galvetar wdialtepa yerowun
eav umdpyetl Tuipa C'D to onolo va elvon mopdhAnho 1 xddeto oto tunfua QS. Xtnv me-
plntwon auth oL tocdTNTES af 4 bF xon a3 + b3 elvon foeg xou dpa unopolv va arhoroolv.
Yy neplntwon autr dev ypeetdleTtal Vo UTOAOYICOUUE Blopopd TETEUYWOVWY ONOC THoE-
WV, dAAE amAd anOCTACEWY OTOTE plyVOUUE TO aAYEBPXd xOCGTOC GTO WO, EYOVTAC VA

UTOAOY(COUUE TNV AVLCOTATO

lavx + bavy + covz| < |avx + by, + vzl (6.5)

‘Eyovtoc ehéyEel Ty oyetxh Véon tou gopéa Tou Tuiatog (S xat Tou Voronoi xOxAou
V(S1, S2,53) yvwetlovye 6Tl €dv 1 evdeio dev Téuvel Tov ev AdYw xUXAO TOTE TO TUAUA
QS Bev pnopel vo téuver tov xOxho xou ouvenoe Incircle(AB,CD, EF,QS) > 0. Xe
avtiletn meplntwon, €dv dnhadh n evdela fog Tépvel (avtiotowyo epdnteton) Tov xOXAO,
toTE Ypeedleton vo eEAEYEoupe TNV VEom Twv dxpwv () xar S we mpoc Ty evldelo N omola
elvan xddetn oty Log xou diEpyeTon Amd TO XEVTEO" TO TUAUA (.S Téuvel Tov Voronoi x0xho
(avtioTouya epdmteton) €dv xou wévo edv to onpeion Q xan S Beloxoviar o€ SLopopeTINES
TheLpéC TNE eV Aoy evleiag. Xe avtidetn neplntwon To T Beloxeton exTOE TOL XVUXAOU
V(S1, Sa, S3), dnhady Incircle(AB,CD, EF,QS) > 0.

[Ma tov éheyyo tne oyetinic Véong twv onueiny @, S »g mpog tnv eudeio auTy, €0Tw
(H(K), apywd uroroyiloupe tnv e€lowon tne eudetoc. H (1 (K) eivou xddetn otnv eudeia
lgs : axx+boy+co = 0 xou emmhéoy diépyeon omd onueio K = (3, i), Tehxd n e€lowon

vz v

e {nToduevne evdelog etvou
(H(K):  —byr +ayy +cx =0,

omou cx = é(wa — agvy ). Tehxd yio tov éheyyo tne Thevpdc otnv omoio Beloxeta To
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onuelo (z,y) € {Q, S}, yenowonotobye tnv oyéon

(=box + agy)vz + (bavx — agvy). (6.6)

6.2 Ymohoyiopnodg Tou xEVIpouL Voronoi

‘Exovtoc ot dddeon woc tic e€iomoes (6.1)-(6.5), cipacte o 9éon vo unoloyicou-
UE TO x60TOC TouL amouteltal Yo To xatnyoéenua Incircle otny mepintwon énou oL cuvte-
Taypéveg Tou xévtpou K elvon dedouévec. XTI mopaxdte UToeVOTNTEC UTOAOYILOUUE TIC
CUVTETAYHEVES AUTES UE Bdom To apytxd avTixelueva S; eV 0Ny aUEcKS ETOUEVT] EVOTNTA

unoloy(louye axp3me Tov anattoduevo Boadud yio xdie pia teplntwon.

6.2.1 H rnepintwon PPP

Yy meplntwon omou ta avtixelyeva S1, Sq, S3 elvan ta onuela A, B, C, tdte pnopolue
vo. utohoyloouue to xévtpo K tou xixdou V(A, B, ('), cUVApTACEL TV CUVTETAYUEVKDVY
v 3 onuelwy. Hpdypatt, o xOxhoc V(A, B, C') o onolog elvon povadixde, €xel ¢ XEVTEO
TNV TOUN TwV Yecoxaétwy twv onueiwv A, B xa B, C.

Tehuxd to onpelo K elvon tour| twv eudeidv

Ya+Yys (lUB—ZUA) (QZAJr:CB )
y_ o —.CE
2 YB — YA 2

Yo + Y (xB — l‘c) <l‘c +zp )
y_ p— _x
2 YB — Yo 2

ondte omd v enthuon Tou cuothuatog mpoxintel 6T K = (zk,yx) = (15, 7%), onov

vx = (24 +¥3) (s — vo) + (2% + v3) (o — ya) + (28 + y&) (ya — yp)
—vy = (2% +y3) (@ — 2c) + (2F + y3) (e — xa) + (28 + y&) (w4 — 75)

vz = 2[(rpyc — wcys) + (Toya — rayc) + (Tays — TBYA)).

6.2.2 H nepintwon PPS

Yy neplntwon onou to avixeiyeva S, Se xaw Ss etvon tar onuela A, B xan to T
C'D avtiotoya, t6te pnopolue vo utohoyiocoupe 1o xévtpo K tou xdxhou V(A, B,CD),
CUVOPTACEL TWV CUVTETAYUEVOY TOV 3 AVTIXELUEVWY.

Ipdryportt, To xévtpo K elvou to onuelo Topnc Tng pecoxadétou twv onuelnv A xou B, ye

NV napaBorn mou opllel To onuelo A xa o gopéag tou Tuhuatog CD, lop  ax+by+c = 0.
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H pecoxddetoc twv onuelwv A, B €yel e&lowon

ya+ys Tp—Ta\ [Ta+Tp )
— = — 6.7
Y 2 (?JB—?JA>< 2 (67)

xan 1) mapaBolr) mou oplletan amd to onuelo A xou Ty evdela lop €xel e€lowon

(bx — ay)?® — 2a(axs + bys + c)x — 2b(aw s + bya + )y — (axa +bya +¢)*> =0. (6.8)

Anakelpovtog and v oyéon (6.8) tnv petoPAnth & ypnotonowwvtos Ty oyéon (6.7)

TEOXVOTTEL 6TL T0 Yx ebvan pilar Tou TohuwViRoL W (y) = way? + w1y + wy, 6TV

wy = (bs — ar)?

wy = r(ds — er) — 2b1t(bs + ar)
wo = bt* +r(fr — dt).

xou

r=2(rp—1a) d = —2a(ax + bys + )
s =2(yg — ya) e = —2b(axa + bya + c)
t=—((zp —2a)" + (yp — ya)°) f=—(aza+bys +c)?

[o v mepintwon o6mou byis — ayr # 0, tpoxdnTel 6TL

1 /
Yk = w_2 <_w1 + UJ% — 4'LU2UJ()) .

Yy neplntwon avty unoloyilovpe, Yetd and anlonolioels, 6Tt Ta 800 onueio- ADoelS Tou

TEOXVTTOLY ad TO 0PYX6 cUoTNUA elvol TNS LopYhS (Tk, Yk ) = <Z—)Z(, Z—’;), yio

vx = J £2(yp —ya) VS,
Vy = I:FQ(J,’B - IA)\/E,
Vg = 2X2,

Omou

I =—btla(xp —xa) +b(ys —ya)| + r(axs + byas + c)[b(zp —x4) — alys — ya)l,
J = —atla(zp — xa) + b(yp — ya)| + s(axa + bya + c)[b(xp — za) — alys — ya)l,
S = —t(a® + b*)(aza + bya + c)(axp + bys + ¢),
X =la(zp —xa) + by — ya)].
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A&ilel vo onpewdoovye 6tL 1 tocoTTa S elvon tdvtote YeTiny, e@OcOV 1| TopdoTao
t elvon apvnTiXy, Ve oL tocdTNTES (axa + bya + ¢) xau (axp + byp + ¢) elvon opdoMuES
epooov ta onuela A xou B Bploxovtan amd tnyv (Biae mhevpd tng evdelog Lop.

Me yewpetpixy| Siepelvnon TeoxiTTel 4Tl To X€VTEo Tou avTioTtotyel atov xOxho V(A, B, CD)

J+2(yp—ya)VS I-2(zp—z4)VS
2X ) 2X

elvan To onuelo K =

3 ’ J—2 — \/§ I 23} —X \/E
V(B,A,CD) eivar 1o onpeio K = ( (ngyA) , o 3% A) )

), EVE AUTO TOU aVTIOTOLYEl OTOV XUXAO

[ v ewden nepintwon 6mou ta onuelo A xou B woanéyouv and tny evdela op, N
nopdotact bs — ar undevileton. Xtny neplntwon auth we = 0 dnhadr to Tohuwvupo W (y)
exUAleton () uToBBaleTan) OTO YROUUIXG TOAUGDVULO TOAUGVLUO w1y + wy. ewyetpnd
aUTO BNAWVEL OTL LUTdEYEL WOVO €va x€vtpo Voronoi, 1o onolo €yel ouvtetayuévee K =
(xK7yK) = (Z_}Z(’ Z_}Z/)’ 6Tov

vx = [2r(aza + bya + c) — at](a® + b?) + 4af,
vy = [(25(aza + bya + c) — bt](a® + b*) + 4bf,
vy = 8(a* + b%)(ax 4 + bya + ).

6.2.3 H rnepintwon PSS

Yy neplntworn 6mou tar avuxelpeva Si, Se xou S3 elvon 1o onuelo A xou tar TURUAT
CD, EF avtiotowya, T61e Unopolpe vo utohoyicoupe to xévtpo K tou xUxhov V(A,CD, EF'),

CUVOPTACEL TWV CUVTETAYUEVODY TOV 3 OVTIXELUEVGV.

[Mpdypatt, To xévtpo K elvon to onuelo Toung tng diyotépou twv evdeldy lop @ a1 x +
by +c1 =0 xa lgp : asx + by + c2 = 0, xou tne mapaBolric mou optlet 1 evdeio fop xon

10 onuelo A. H e&iowon tng diyotdpou twv lop xan Lpp €xel e€lowor
roe+sy+t=0, (6.9)

O6mou r = a1y —as Ay, s = b1 Ag — by Ay, t = (@124 +b1ya+c1)As — (asx 4 +boya + co) Ay
xou A; = \/a? + b2, H ekicwon tne nopaforfic mou opilel 1 eudeia Lop xou to onueio A
€xel e&lowon,

(hhx —ayy)* +dx+ey+ f =0, (6.10)

6mov d = —2a;(a1x4 +biya +c1), e = =201 (aox 4+ boya + o), f = —(a104 +biya+c1)>
Anakelpovtoc and v oyéon (6.10) tnv yetafBAnth = yenowonowwvios ty oyéon (6.9),

TEOXOTTEL OTL TO Y IXAVOTIOLEL VOl TOALOVUPO deLUTEPOL Barduol WS TEOg TNV PETOPBANTY

y:
1
Y = " <—w1 + 4\ w? — 4w2w0> ,
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6oL
wy = (b1s — ayr)?

wy = r(ds — er) — 2b1t(bys + air)

wy = bit* +r(fr — dt).

Tehxd npoxdntouy Ta 800 Tiavd xévtpa Voronoi to onolo €youv cuvietaypévee K =

X ”Y), oL onolec BldovTon amd T OYETELS

(T, YK) = (UZ oy
vx = J + sign(s)VG,
vy = I F sign(s)V'F,
Vg = X,

Omou
I =by(agxa + baya + c2) + bo(arxa + biya + c1),

)
J = ai(aswa + baya + c2) + az(a1xa + biya + 1),

(agwa + boya + c2)(A1Ag + biby — ayaz),
(

F=2(aza+bya+c
a4 + baya + c2) (A1 A + ayag — biby),

)
G =2(a1xa+ biya + 1)
X =A1Ay — aras — bibs.
Me yempetpiny| diepetvnon tpoxinTel 6Tl T0 xévtpo nou avtio tolyel otov xOxho V(A, CD, EF)
elvon to onueio K = J_Sig;@((s)\/é, I+Si9§(s)ﬁ>, EV( QUTO TOU AVTIGTOLYEL GTOV XUXAO
V(A, EF,CD) elvar to onuelo K = (”Sig;(s)\/é, IiSig?((S)ﬁ)

6.2.4 H nepintwon SSS
Yy neplntwon o6mou ta avixelpeva Sq, S xan Ss elvon tor evdOypopuo tuiuata AB, C'D

xou EF avtiotoya, T6Te unopolue vo unohoyiooupe to xévipo K tou xOxhou V(AB,CD, EF),

CUVOPTACEL TWY CUVTETAYHUEVOY TOV 3 OVTIXELUEVGV.
Apyxd ac unodéooupe otL oL gopelc Twv Tunudtwy AB, CD xou EF eivan ol eudeieg

lap: a1z +biy+c =0,
lep: asx + by +cy = 0,
EEFC a3x+b3y+63:0,
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xau enfone 6Tl Sev elvon xan oL TeEC TMUEdAANhes peTadlh Toug, €tol oTe vo oplleTol 0O
Voronoi xOxhoc V(AB,CD, EF). Ac xottdZouye 6une opyxd tny nepintwaon tou Voronoi
x0xhov V(lap, lep, Uer), 0 onolog ev yével dev tawtileton pe tov V(AB,CD, EF). Hopd
TO YEYOVOG OTL UTHPYOUV TECTERLS DLUPORETIXOL XUXAOL TTOU EQATTOVIOL GTIC TEELS AUTEG
evleleg, edv Vewproouue Tic evleleg aUTEC TPOCTUACUEVES, TOTE UTHPYEL VoG LOVAOLXOG
Voronoi xOxhoc V(lap,lep, ler) tétol0c Gote t0 xévipo K Ttou xOxhou vo Peloxetou
oTNV aploTeRY] TAsupd xdle cudeiag, 1 LOOBLVOUO T TUAUOTO OTA OTolol EPATTETAUL VAL
eppovilovton UE TNV CUYXEXQIIEVT OELPd OTNY TEPLPERELXL TOL XOXAOU €AV XvloUUE TV

oe AUTAY PE Qopd avTiieTn UE AUTHY TOU POAOYLOV.

Aedopévou 6Tl unopolue Vo BpoUUE TOV OWOTO TEOCAVATOMOUS TV POREWY TWV TUN-
udtwv, ag unoloyicouvye to xévipo K tou Voronoi xixhou. Edv dewproouvue A; =
Va2 + b? omec mponyoupévae, tote yvwpeilovye 6Tt 1 (0woTd TpoonuacUéVY BiyoTUoC)
TV evdelwyv a;x + by + ¢; = 0 xou ajz + by + ¢; = 0, dldeton and v oyéon

((IZ’Aj — CLin)QT + (bzA] + bjAz) + CiAj - Cin = 0.

Aedopévou howndv 6t o evdeles kyx + Ly +my = 0, kox + oy + my = 0 téuvovton 6To

onuelo

<m1l2 — m2l1 mzkl - mlk?) (6 11)

liky — loky 7~ liks — loky

unohoyilouye 1o onpeio touhc twv duyotéuwy Bis(lap, lop) xow Bis(Cap, (pr), Vétovtac

otnv oyéon (6.11) to e€ric

k1 = a1Ag — agAy, Ly = b1 Ay — by Ay, my = 1Ay — A,
ko = a1 Az — CL3A1, lo = b1 Az — b3A1, mo = c1 Az — c3A;.

Telxd npoxintel 6TL t0 xévipo K éyel ouvtetayuévee (T, Yk ) = (Z—’Z(, Z—;), 61OV

vx = (cobg — c3ba) Ay + (c3b1 — c1b3) Ao + (c1bg — c2b1) As,
—Vy = (Cgag — 03a2)A1 + (03a1 — Cla,g)Ag + (Clag — Cgal)Ag,

—vy = (asbs — asba) Ay + (agby — a1b3)Ag + (a1by — agby)As.
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‘Evoc evilopépov TpoT0¢ YRopnc TMV TURATEVL OUOYEVEOY CUVTETAYUEVLY elvar 0 e€rg

a b o

(Ux,Uy,Uz) = (612)

as by c3

— — —

€r €y €

Ay
as by co Ay
Aj
0

Edv hoindv unopolooue va Tpocavatollcovye owotd tig evdelec Cap, lop xon Lpp Yo
UTOPOUCOUE VO UTOAOYICOUUE TO 0WOTO *EVTpo Voronoi, ométe ot Yo oAvopEQOUICTAUY
TAéov otov xOxhoV(AB,CD, EF). Tidetou to epdtnua Aowndv edv xou Ue TOLOY TpOTO
UTOPOVUE Va BpollEe TOV 0woTé TpocavaTtoliopd. Emlong mpénel vo avoloyloTolue 6Tl av
X0l UTLAEYOLY TECCEPLC XOUXAOL TOU VoL EQATTOVTOL GTIC TEELG ELUeleg, UmopolV Vo UTEEYOLY
“OVO 800 xUXAOL TTOU VL EQATTOVTOL GTA TELA TUAUOTA, OEBOUEVOL OTL AUTA OEV UTOPOUY VAl

TEUVOVTOL UETAEY TOUC.

Ac ouvyfohlicovye v Aoyoug evyenotioc ue ¢; 1 a;x + by + ¢; = 0 Tov Qopéa Tou
tuhpatoc Sy, v € {1,2,3}. Edv xou ta 800 dxpa tou tpfuatoc S; Peloxovtor and v
Bl Mheupd e evdelac £;, tdte xou oL dVo mavéc xopugéc Tou xixhou V(S1, Sz, S3) Yo
Beloxovtav and tnyv (Ba mAevpd tng ¢; mou Beloxovton To dxpa. XUVETME TEETEL VO TEOCU-
vatohioouye v eudeia 4; étol wote To TUAa S; va Peloxeton aptotepd tng ¢;. E@dcov
Yewpolpe 6tL o Voronoi x0xhoc V(lap, lep, lpr) opiletar dev unopody 800 BlapopeTixd
Tuuota va Beloxovton €€ 0hoxAipou Ge BLaPORETIXES TAEVPES OE OYEDT| UE TOV (POPE TOU
Teltou TAUATOC. LUVETKCS 1) Stadixacio Tou HoALC avapépaue didel otny euldelo £; LovadIXo

TEOGUVATOANOUO.

Edv axohovdmvtog tnyv mopoamdve otadixacior 5OCOUVUE TOV XATIAANAO TROCAVATOMGOUO
o Oheg Tig evdeleg, ToTE €youue TEhEWoEL. Ye avtideTn Tepintwon unopolue va Yewprcou-
ue 6tL oL evdeleg £; xou £ €youv mpooavatohotel xatdAhnha, eved 1 evdela £ Topauével
UN-TIEOCAVATOAGUEVT). Oewp®VTaC Evay and Toug V0 TUVOUC TROCAVATOACUOUS Yio TNV
evdela £x, unoloyilouye ta onuela enaprc Tou xOXAOL TOU TEOXVUTTEL ANd TOUS TEOCAUVA-
TOMoPoUS TV TV evdelwy. Edv ¢, ca, c3 elvon tar onueia Topric Tou Voronoi xOxhou ye
Tic evdelec {4, {5 xou l5 avtioToiya, tote UTohoyiloupe 6Tl 6T0 GUOTNUA CUVTETAYUEVRY
HE apyf TO x€VTpo TOu XxUXAOU To onuela auTd elvon T popYhc ¢; = d(—a;/A;, —b;i/A;)
v € {1,2,3}, 6mou d eivou axtiva Tou Voronoi xOxhou. Apxel howndv vo ehéyEouye €dv
ta onpeta eggavilovion oTNY oo T GElpd, To 0nolo LoodUVOUEL UE TO Vo ENEYEOUUE EAV 1|
opilovoa
—ald/Al —bld/Al 1
—agd/Ny  —bad/Ny 1
—&3d/A3 —bld/Ag 1
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elvon ety H napandve opilovoa eivar opdonun ye tnv aniolotepn mopdotao

aq b1 Al
—vz = |az by Ay
as b3 Ag

1 omolo mapaTNEoVUE OTL dev umopel va elvon undév epodcov ta tela onuela emaghc dev

yivetow va elvan cuyypouXd.

6.3 AAlyeBpwxol faduol yiot TO UTOAOYLOWUO TWV

HATNYOPNULATOV.

Xty evétnta auty| unoloyilouue Tov alyeBed Bodud Tou amoute(Ton Yol TOV UTOAOYL-
o6 Tou xatnyopruatog Incircle yio xdde plo and tig Suvartég nepintdoelc. Avopopind e
ToL TUARAT, UToYETOUPE OTL umopoly va lval lte TapdAAnAa elte LTS YwVio 45° Ye xdmolov
dCova. O MePLOpLoPOS AUTOC AVTIOTOLYEL OTOV TEPLOPIOUS TWV GUVTEAECTOV TV POREWY
TWV TUNUATLV Xt oUYXeEXEWEVaL edy £ 1 ax +by+c = 0 évag tuyaiog popéag TuRUaTog TOTE
(a,b) € {(1,0),(0,1), (£1,£1), (£1,F1)}. Autd onpaiver 6Tt Yewpolpe Toug CLUVTEAECTEC
a, b vo €youv ahyefed Baduod 0, eved o ahyeleinodg Badudg tou ¢ eivar mpogavag 1.

6.3.1 H rnepintwon PPP

Acdopévou 6Tl amd tnyv evotnta 6.2.1, o akyeBpuxol PBaduol twv mocothTwY vx, vy
xan vz ebvon 3,3 xan 2 avtioToiya, TOTE Yio TNV TEpinTwon 6mou To aviuxelpevo () elvan
onuelo yeeldleton va eréy&ouue v aviodtnta 6.1, xdtl To omolo amoutel alyeBeixd Pord-
u6 4. To mpdoNuo NS MUPACTAONS GTO APICTERO PEAOC TNC AVICOTNTAC AVTICTOLYEL OTO
—sign(Incircle(A, B, C, Q)).

Edv to avtixelyevo @ elvon to eudiypopuo tufua @S, tote yeedleton va eAEYEoUUE Ta
Sxpa QS we mpoc tov xUxho V(A, B, C') 1o onolo amoutel Badud 4, dnwe LoMC avapépae.
Edv Beloxovton xou 1o 800 exté x0xhov toHTE Vo MEENEL vor e€eTdooLpE TNV VEon TOu
popéa Los we mpog Tov x0xAo, eAéyyovtag TNV oyéon 6.3, to omolo amantel ahyelpixd
Baduod 6. Edv o gopéac téuvel Tov x0xho ypeitdleton emmAéoy va EAEYEOUUE TO TPOCTUO

e nocdTog (6.6), yio Tor onueta @ xou S to omolo amautel Pordud 3.

6.3.2 H rnepintwon PPS

‘Onwe €youue avagépel otny evotnia 5.3.1, n nepintworn 6mou 1o aviixelyevo () -
tvaw onuelo, avdyeton otov unohoyiopd tou Incircle(A, B, Q,CD), to onolo ye Bdon tnv

TEONYOUUEVT, LToEVOTNTA anatTel ahyelpixd Bodud to mohd 6. Ag peketriooupe thpa TNV
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nepintwon émou to aviixeiyevo @ eivar to evdiypopuo Tuua QS. Apyxd duws ac xot-
tédgoupe toug Baduolc TV CUVTETAYUEVKLY Tou xévipou K.

Anoé v evotnta 6.2.2, o alyePBpuxol Baduol twv nocotitwy 1, J, X xou S npoximtouy
ot eivan 3,3,4 xou 1 avtiotolya. Xuvenmg 1o vz €xel alyeBpixd Bodud 2 eved oL TocdTNTES
vx xou vy ebvan Tng wopprc k+1v/S, 6mou ta k, 1 éyouv ohyeBeixd Bordud 3 xau 1 avtiotoya
evéd 0 VS unopel va Yewpndel bt éyel Bordud 2. Me v dedpnon auty, o UTOAOYICUOS
TopAoTEoERY To oTola TEpLYOUY T Ux, Uy Xou éxouy Badud d, Yo val UTOAOYIGTOOY TENX
amanteiton Badpoe 2d, epdoov undpiel ouadomoinon twy oTotyeiwy Tou tepéyouy To VS
X0l OTNV CLVEYELL VPWOOOVUE GTO TETEAYWVO.

Me Bdon tnv mopandve Yedenot, oL CUVIETAYUEVES Ux, Uy Xl Uz €YOUV oAYEBpixd
Badud 3,3 xow 2. L1y mepintwon homby 6Tou To aviixeipevo @ eivor To eudiypoupo
Tuhpe QS, apyd va eAéyyoupe o dxpa (), S we mpoc tov xUxho V(A, B,C) to onolo
anoutel Bordud 6, Omwe avapépoue TNy oy TNG LToevotnTog. Edv Beloxovton xou tar 600
exTOC x0xAou TOTE Yo Meémel va e€eTdooupe Ty Vé€an Tou popéa Log WS TEOS ToV XUXAO,
ehéyyoviag v oyéon 6.3, To onolo amautel ohyePeid Padud 6 ctov doxtvio R[VS].
Tehxd, o Baduodg mou amouteiton yiot T0 TEOGNUO TNE TopdoTaoNS efvon 0 BITAdCLOg, dNAadY
12. Edv o o qopéac téuvel tov xUxho yeetdletar emmhéov Vo EAEYEOUUE TO TEOOTUO NG

nocétntac (6.6), yio T onueio @ xou S to onolo anortel Padud 3, Srhodr 6.

6.3.3 H rnepintwon PSS

Apywd ac yeketiooupe Ty mepintwon énou to aviuxelpevo @ elvon onuelo. And tnyv
evotnta 6.2.3, ot alyePBpixol Baduol Twv tocothtwy I, J, F, G xan X npoxintouy 6T elvon
otnv yewpbtepn nepintwon (Se Tuua napdhhnho oe xdnoov dZova xou Sz Tuua U Ywvio
45° ue udmowov d€ova) 1,1,2, 2 xau 0 avtiotowa, 6mov w F,G, X € R[V2,VF,VG].
YUVETWE TO vz €xel ahYEPed Badud 0 eved oL TOCGOTNTEC Ux XU Vy EVOL TNG HOPPHG
k4 VF x| £VG, 6mou ta k, 1 éxouv ohyeBeixd Baduéd 1 evd ol nopactdoec VF, VG
unopolv va Yewpndoldv 6t éyouy Padud 1. Me tny Dedpnon auth, xou TUpAUTNEMOVTOC
6t 1 moodéTe VFG eivor ToMGYULO, 0 UTONOYLOUOS THpaoTIoenY To omold Teptéyouy
o vx, vy xou éxouy Badud d, yia va umohoyioTody Tehixd amauteiton Baduée 4d, epboov
uTipEeL ouadonoMON TwWY OTOoLYElWY TOL TEPLEYOLUY T0 V2 XL GTNV GUVEYELL LPOGOUPE
GTO TETPAYWVO, XAl 5T GUVEYELXL OpadoTolOUUE To GTowyela Tou Teptéyouv VE f /G
LPOVOLUE OTO TETPAYWVO.

Me Bdon tnv mopandve Yedenor, oL CUVTIETAYUEVES Ux, Uy Xl Uz €YOuV oAyeBpixd
Badud 1,1 xou 0. Ly mepintwon hotndv mov to aviixeigevo Q eivor onueio, ypeldleton vor
ehéyZouue v oviobtnta (6.1), N onolo amontel ahyeBpid Bordud 2, dnhadt 8.

Yy meplntwon 6mou to avtixelyevo @ elvon to evdiypopuo Tuiua QS, apyixd eAEY-
YOUPE T dxpa @, S we mpog Tov xUxho V(A, B, C) 1o onolo anawtel Bodud 8, 6w uohic

avapépaue. Edv Beloxovton xou tor 800 extog nOxhou t6Te Vo mpénel var eEeTdGOLUE TNV
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Yéom tou gopéa Log we TEOC Tov xOxho, ehéyyovtac tnv oyéon 6.3, To onolo amoutel
ahyeBowd Padud 2 otov daxtoto R[v2,VF,VG]. Tehxd, o Badudc mou amouteiton yia
TO TEOONUO NG TEAcTAoTS elvan 0 TETPaTAdoLog, Onhady| 8. Edv o o gopéac téuvel Tov
x0xho ypewdletan emmhéov vo eAéyEoupe To mpdonuo e ntocdtnroc (6.6), yia ta onueia

Q xou S 70 omolo amoutel Bordud 1, dSnAady 4.

6.3.4 H nepintwon SSS

Ané tny unoevotnta 6.2.4, xou GBOUEVOU TOU TEQLOPIOUOU GTOV TEOCAUVUTOAMCUO TWV
TUNUATOV, TEOXOTTEL OTL Ol TOGGTNTEC Vx, Vy Xoi Uz €ivor Tne popghc k + 12, 6mou
ot tooodtntee k,l eivon tohudvupa ahyeBpxod Baduot 1 (v ta vx,vy) H 0 (Y t0 vz).
YUVETWE UTOPOVKE VoL VEWPNCOUUE OTL OL TOCOTNTES Vx, Vy XAk Vz €YOLV oAYeBpind Badud
1,1 %o 0 evvodvtag 6Tt 0nolocdRToTe UTOAOYLOUGE 0 oTolog TepauBEvel Tic TOGGTNTES
autéc Yo amontel Tov SimAdoto Badud AOYw TG TOcOTNTOG V2.

Me Bdor tov cupBolioud autd, e&etdloupe TNV meEpinTwon Onou To avIixelyevo
elvaw onuelo. Xty mepintwon avty, yeewdleton va e€etdoovpe Ty avicétnta (6.2). Ot
eLOAV{OUEVEC TOGGTNTES OTNY OVIGOTNTAL éxouY Bodpd 2, To omtolo onNuaivel GTL ATUTOVVTL
unoloylopol Tocottwy ahyeBpxol Baduol 4.

[ v mepintwon énou 1o avtixeiyevo QS elvon To TURua Q.S, apyind eAEYyOLUE Ta
dxpa Q, S w¢ mpog tov xUxho V(A, B, (') 1o onolo anatel Badud 4. Edv Beloxovrto xou
TaL 800 eXTOC xOxAoL TOTE Yo mEEmeL va e&etdooupe TNy V€or Tou popéa Log WS TEOS TOV
%0\, eEhéyyovtac TV oyéon (6.4), 1o omolo anautel ahyeBewd Badud 2, ovolacTixd drn-
AadY) amoutolvTon LTohoYLopol Tapac TdoEwY ahYeBpxol Baduol 4. Emmiéov edv undpyel
avdpeoa ota TuApota { S, S2, S5} tuhua C'D to onolo va elvon mapdhhnho A xddeto oto
TUAUo @S, TOTE UTOPOUUE VO XAVOUUE TOV TURUXATE EAEYYO EXTEADVTAC TEAEELS ohye pt-
%00 Boduol uéhic 2, yenotponodvtas v oyéon (6.5) avti yia tnv (6.4). Edv o o gogéoc
TépveL Tov x0xho ypedletar emnAéov va ehéyZouue to tpdonuo tne nocdtntag (6.6), yio

o onueta Q xon S to onolo anautel Badud 1, dnhadr mporypatind ahyePeind Badud 2.
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Kepdhoawo 7

JVUTERPACT AT XA AVOLly T

ITeoBApata

Yto mhadola TS epyaclog aUTAG MEAETHOOUE TOV TEOTO XaTaoxeuhic Tou Euxhieldeiou
Voronoi dlorypduuotog eLiuyeSUUmY TUNUATOY €VE avahOoaUE BUO0 and To XEVTIPIXOTERX
XOUTNYOPNUOTA Ta OTOlol YENOWLOTOOLVTAL GTOV AYOPLIUO XATUOXEUNC.  LUYXEXQUUEVA
avohbooye ta xatnyopruota SOOB xau Incircle, Sivovtog Wiaitepn éupoor oto dedtepo, Yo
v TepinTwon énou to evdiypopuo TuAUato elvan elte mopdhAnia elte TS yYwvia 45° ue
xdmolov d&ova.

O oxomdéc tne epyaciac auThC HTay var UTOAOYICOLUE Xat TUEEAANAL Vo ENXLYLO TOTOL-
foovpe Tov péyioTto alyeBpixd Padud mou amouteiton yia TOV UTOAOYLOUO TWV EV AOYW
XATNYOoPNUdT®wY. X1nv mepintwon 6mou to eudiypouuo TUAUaTo eival ToHEdhANAd e TOUG
dZovec amodellope 6TL 0 YEYLoTOG ahYEPREoC Bodude elvan wol 6, eved yior BLaPORES
TEPITTWOELS UEWOOOUE TOUS HOT undpyovtes Boduole (BA. Ilivoxa 7.1).

| | PPPP | PPSP | PSSP | SSSP |

Cevix nepintworn [Bur96) 4 12 16 32
ITapdhinhor tphpato [Bur96)] 4 8 4 2
Mopdhhnha tufporta [tapodoa epyaciol 4 6 4 2
| | PPPS | PPSS | PSSS | SS5S |
Cevuh nepintworn [Bur96) 8 24 32 40
IMapdhhnAor tphpato [Bur96) 6 12 4 2
Iopdhhnhor tpfpato [rapovoa epyaciy] 6 6 4 2

ITivoxac 7.1: AhyeBpuxol Paduol yio o xatnydenua Incircle cOpgove pe: v epyaocio
[Bur96] vyt v yevixh mepintmon xan yior TUAUOTo ToedhAnha e Toug GEOVES, xou TNV
nopovoa epyaoia. ITdve /Kdtw nivaxac: to tétapto avuxeiyevo eivon onueio/tufuo.

Yy meplntwon émou ta TuApata ebvon elte mopdAinia eite und yowvia 45° ye toug
GEoveg deV €youue XAMOLO XAUADTERO OMOTEAECUA VO TUPOUGLACOUNE Ao TO 1HOT UTdE)OVv.

Av xou 8ldouyue TOoLC TOTOUC UTOAOYLOUOU TWV XATNYORNUATWY Yia JUEST) YPHOT Ono TOV
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| | PPPP | PPSP | PSSP | SSSP |

Cevueh nepintworn [Bur96) 4 12 16 32
[opdhnho/und ywvio 45° tuhuata [Bur9d6] 4 8 8 4
[opddnho/und yovio 45° tufpoata [tapovoa epyooio] 4 6 8 4
| | PPPS | PPSS | PSSS | S5S5S |
Cevueh nepintworn [Bur96) 8 24 32 40
Iapdhhnior/umd ywvia 45° tphpato [Bur96] 6 12 8 4
opddhnho/und ywvio 45° tufuata [rapovoa epyooio] 6 12 8 4

ITivaxag 7.2: AhyeBeixol Paduol v To xatnyodenua Incircle oclugwva ye: v epyacia
[Bur96] vy tnv yevixi nepintwon xou yio TuRuato TopdAAnia ¥ und yovia 45° ye toug
&€oveg, xou v mopovoa epyacio.  IIdve/Kdétw nivaxoc: to tétapto avtixelpevo etvou
onuelo/TunuaL.

avayvho T, N UTapEn Tne dpenne Tocdttac A; = /a? + b2, v i € {1,2}, btav unde-
YeL oUyxplon UeTolld dUO TuNUdTwY Ue @opelc a;x + biy + ¢; = 0 ye Ay # Ag, odnyel
og unoYEEWTXY Uwon TeTpayWVwY, To onolo Simhactdlel to péyloto ahyeBeixd Pordud,
odNYOVTAS Yo TeEAd o Boduole BimAdotoug and tny avticTolyn nepinTtwor énou €you-
ue wovo Tuuato mopdhAnia otoug dfoveg. Xe peAhoviixy) epyaocia Yo amodellouye OTL
unopolue va Slotneroovue younidtepoug Baduole edv emitpédoune oTor TUAUATE YOG Vol
€Y 0LV OTIOLOBNTOTE TEOCAVATOMOUO dpxel Vo elvol YETAED Toug elte TopdAnAa elte xdieta
(omdte Yo xoupe Blar A Yo GhOUS TOUC QPOPEIC TWV TUNUATOY).

Enilone avagépouye 611 1 Opwon auty| mou amoutelitan yior Ty mepintmon énou 1o TRy
elvan uTd Ywvia 45° pe Toug dZoveg, ONAadN A = \/5, OUTOUTELTOL XL Y10l OAES TIC TEQLTTAOELS
omou 1 mooéTnTa A elvan dppntn. Autéd onualvelr OTL 1) Sladxaoion Tou avaAboouE GTOo
Kegdhao 6 woydel yevixd xon yioo Ohot Tor TUUota, €ved ol Bodpol oty meplntwon 6mou
Véhape vo unoloyicouye toug epgavilopevoug Boduolc oty exdoyr Tou TEOBARUATOS
pog yroo Tpuota elte mapdAAnia elte und xdmola Ywvio ye Toug doveg, Yo Htay ot (Blot,

ave€opTHTOU ETAOYHC YwViag.
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