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Eu Goch)YY']

Yxondg pog otny epyaciag autr etvon vor UEAETACOLUE WUtat, OYETIXE, Xouvolp-
yta formulation twv Stagopxdy e€lodoewy.Ovoudleton kinetic formulation
xan €yel mpoxdYel and v mpoondieta Staohvdeong Twv Lovtéhwy oty Mr-
yovixt, 1wy Buvey v Méowy ( uaxpooxomxmy eZlohoewy 6t 1 Vepudtnta,
Navier-Stokes) xot TV XvnTiX®V UOVTEAWY TOL TPOXVTTOLY and MO AETTO-
uepetaxh uerétn tng e&éhEng tne ualag.

H SiacOvdeon avth Poaoiletar oe éva bplo (m.y udpoduvouixd 6plo) xou
1 onofo éyel uehetnlel xau and toug Wputéc (Maxwell, Boltzmann, Hilbert
x.0) e xwvnTixic Yewplog twv aepiowv. H eknido ndvto Arav 61t 10 bpro
awtd Yo pOT e Pepd amd Tor ToALTAOXA Pouvoueva Tou eugavilovtar o€
UoxpooxoTxXs eninedo.

Khaowxd nopdderyua ot tne npoondietac eivon ta B.G.K uovtéha e
elowong tou Boltzman ta onolo unopolyv va Beedodv ota [5, 16].

Mropet, Aotndv, und awtd to Tploua, N Yewplo AVTH Vo EIVAL ULXL GUVELTQO-
pd 070 YEVIXOTERO TEOBANUa. MdAioTtar 660V apopd 6To Gplo AUTH, UTOPOVUE
oYL LOVO VoL TO avahOGOUUE AAAS o VoL YedpOLUE, G UoxpooxoTxd eninedo,
ulo xwvnuixt| e€lowon mou var TEpLAAUPBAVEL GUVIPTHCELS TOU €Y0LY TNV LoE®N
TUXVOTATAS Xl TWV OTOlwY 1 xaTavour| Tng ToylTNTag Toug var eivan Aboelg
EVOS TPOPBAUATOS EAUYIOTOTOMNOTS XATOLWY CUVIPTNOOELSOY TOL €Y 0LV UOp-
@Y evtporniag. Xto onuelo autd mEENEL Vo XAVOUUE avaopd ot éva Afuua
ToL APoPd oTNY ehaytoTonoinon auth xat ogeileton otov Yann Brenier xou
Beloxetar otnv douketd tou [3].

Oa Zexwvioovue 10 mpwto Kepdhato ue toug anopaitytovg oplouois ylo
aoeveic Moeig, Mioewg evtporniag xou xivntixés hoewg evog Nouov Awathen-
ong. Ou npoywprioovue ot éva Oewpnua mou uag eEac@alilel Ty vovadixd-
™mtog v Kwntixev Moewy xar cuvdéer v wovadxr Kwntied Abon ue v
ANoon Evtporniag. Yto onueio avtd Yo ypnoluonotijoouvue €var TohD onuovtind
Ocwpnua twv Lions, Perthame xat Tadmor and v Sovketd toug [15].

Y10 debtepo Kegdhowo Yo Eexvicovue opiloviag to oyfua Ue T0 onol-



o Yo doviéouue (Enquist-Oscher), n enthoyh tou onoiou éyve xuping Sott
nopovotdlel x| ouuneplpopd oe nepintwon shock. Ilowpvdvtoac oto avti-
ototyo apduntixd oyfua e Kwnuxne Egiowong, Yo ocuvdyovue 8iotnteg
omwe 1 Apyr Meylotou xou ot tomxée Avicdtnteg Evtponiog. Qo xheioovue
10 deltepo Kepdhoo pe dvo Oewpruata tou da vag 3doovy v obyxhon
¢ [pooeyyiotinic Aong tou mpoPfhiuatog uoag otny Abor Evtponiog, yio
VO TO XOTAPEQOVUE Vol YENOLULOTOLACOVUE OO T TEOTYOVUEVA, XUplKS OUWS
10 Octpnua Movadixdtntag Kivnuixdv Aoewy.

Mrnaivouue oto tpito Kegdhouo, diyovton uepixd otoryelor and tnv Ocwplia
Henepaouévey ‘Oyxwy xou ewodyovtag 1o avtiotoryo Enquist-Oscher oyfuo.
Actyvouue Apyh Meylotou xou Aviedtnteg Evtponiog yia v nepintwon auti
xol UETA delyvouue éva xatvolplo Oempnuo Tov a@opd oty oUYXAoN TNg
Ipooeyyotinic Aong otny Abon Evtponiog.

ii
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1.1 Kunrtue wopon tng Avagopixrs E&lowaong.
Ocwpolue Ty e&ioworn tou Nouov Atatipnong:

du  OA(u)

3t+ oz

=0 t>0,z€R, (1.1)

ue A(-) va elvar ouahfy ouvdptnon pong xou u = u(t, ) cuvdptnon otov R.
Ocwpolue TIg apy € cUVIHXES:

u(0,z) = up(z) € L' N L°(R) (1.2)

H OmopZn xhaowxhc Mone (C1) tou mpoprfuartog (1.1),(1.2) eZacpohileton

UOVO TOTLXA OTOV YPOVO, axOUd XL 0TV TERITTWOT TOL 1) aEyIx!) cLYVITiXT U

elvon ouohty cuvdptnon(Br. Aduua 2.1.2 [13]). Ac yevixeboouyue, hotndy, v
évvola e Aomng tou Néuou Awtipnone (1.1),(1.2).

Opiowog 1.1.1 Mia owvdptnon u(-,-) Aéyetar Abon pe tnr évvoia twv ka-
tavoudyy (1 aolevrisc Avon) tov npoPAnuazos (1.1),(1.2) érav

u e L®([0,T) x R),

R W e

+/ uo(x)p(z,0)dz = 0, ya kdde ¢ € C°(R x [0,T)).
R
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Edxoha BAénovue 61t ot aodeveic Aoelg elvon 6viwe «aclevésTtepegy TwV
xhaowxwyv hooewv (BA. [10] oek .27), evvoodvtag 6Tt oL xhaowéc Aoewg ebvon
xa aoveveic Aooelg. Lty neplntwon v aclevey Aoewy eV UTopolUE Vo
eZaogaicoupe Cl ouakdtnra ondte otepoluacte xou Lovadidtnroc [10].

Ye ToAN& Quoxd mpoBAfuata ol aoVeveic Aooel anouteitan Vo LXxavorololy
emmAéov, xou Ulo OElpd amd «PEAYUATAN-AUVICOOELS, Tot onota wotdlouy UE To
pedyuorta eviponiog, xat ta onola wag divouv tny noAunddntn uovadixotnTo.
Ondte axohovddvtog 1o [10], Intdue and vy aotev) Abon tou npofifuctog
VOULXOVOTIOLEL, UE TNV £VVOLXL TV XUTAVOUWY, TNV TATET OLXOYEVELY AVICOTHTOVY
evtponiag :

95(u)  In(u)
ot Oz
ue S(-) € C4R) va elvan xvpth ouvdptnon evipornioc xar n(-) € CHR) n
avtioTolyn cuvdptnon porjs evtporiag mou oplletar and Ty oyéon:

7' (u) = 8 (u)a(u),

<0, (1.3)

UE:
a(u) = A'(u) € C'(R).

OpiCouue howndyv:

Opiowog 1.1.2 Mia aodevijc Avon u € L>®([0,T) x R) tov npopAnuazog
(1.1), (1.2) Aéyerar AVon evrporiag dtav wkavoroiel tny ouviikn evporniag
(1.3), pe tnr évvoia twv katavoudy, yia 6Aes tig ovvaptrioes eveporiag S(-),
onkaon:

yia kdde ovvdptnon evrporniag S(-), pe pon evrporiag n(-), yia kdde ¢ €
C([0,T) x R), pe ¢p(t,z) >0, ya dAa ta t,x va wyver:

ATAS(U(tax))¢t(t,x)dtdx+/ S(u(0,2))p(0, z)dar
// u(t, x)) by (t, z)dtdz > 0.

[Tpwv ewodyovue v xvntixny) wopyy| e Awagopixic EZiowong, npénet va
oplooLUE TNV CLVAETNOY TUKYOTNTAS 1) AAAWS CUVAETNOY UTOYPaPns:
1, otav 0 < €<
X(&u) =< =1, otavu<E<O .
0, AANLOC

Toewg yopoxtnetoTiés ILOTNTES TNG CLUVAPTNONG TUXVOTNTUG LIS EVBLUPEPOLY
xuplee:
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o [ X(&u)dE =u vy xdde u € R
o X (€)d¢ = g(u) vy xdde ouahfy ouvdptnon g ue ¢g(0) = 0.
o [x X(&ur) — X (& uz)dé = u1 — ug yia x84 uy,ug € R.

Ot Lions, Perthame, Tadmor [15] édeilav 61t 1 Awgpopixh E€lowon xou 1
OLXOYEVELX TV AVICOTATWY EVIPOTIOG UTOpoLY varypapoly oodlvaua ot ui-
o kwnuikij egiowon e ouvdptnone tuxvétntac X (& u(t, z)), ovyxexpruéva
€detav OTL UToEoLY var Ypapoly oTNV Uop@:

X (& u(t, z)) 0X (§u(t,z)  Om(t,z,§)
ot +ald) =5, =T o

UE TNV €YVOLOL TWV XUTOVOUWMY, YO XATOL0 UTN-UEVNTIXO, PEoYUEVO UETPO M
tétoo wote m(t, z, &) = 0 yio [€] > [Ju(t, )| oo
detypom o LGXL’)EL n rcocpomdtvo) oyéon Té‘tE nocpcxmpo’wrcxg 6t u(t,z) =
Jg X (& u(t, z))dE éyovue g(u = Jz9'( su(t, z))d€ yio xdde oo
e o e ooy 5.
ITpoxintet, ue puotohoyixd TpdTo, 10 €€hg AVTIoTPOYO EPOTNUL

Av n f(t,z,&) wavorotel Ty eZiowon ueTapopdc:

0f(t,z,¢§)  0aQ)f(t2.€)) _ Imlt,,¢)

ot oz ot

UE TNV €VVOLaL TV XoTavoUu®y Yo xdmoto m(t, z,§) un-opvnuxd, gpayuévo
UETPO UE OLUTAYT -w¢ TPOS &- QopEd, TOTE UNOPOVUE VoL EEACQPANICOVUE TNV
Oropn ulag cuvdptnone u = u(t, z) o wote f(t,z,€) = X (& u(t, x)); To
epoTNUA auTé Vo efvar 0 TPOTOG 6TOY0S GTNV EpYaTior AL TH.

'Etot, théov, unopolue va etwodyovue Ty évvola g Kivntueig Adong tou
rpoPAuatog (1.1),(1.2), xo to avohoufdvel 0 Topaxdte 0ploUos.

Opiowog 1.1.3 H owvdptnon f(t,z,€) € LOO([O,T);Lw(Ri,g) N LI(R?E’é))
Aéyetar xvnuxd| Avon tov mpoPAruaros (1.1), (1.2) érav elvar Adon pe

évvola twv katavouwy tov npofAnuartos tng e£lowons petapopds:

af (t,z,§) of (t,x,&)  om(t, z,8)
o T e

(1.4)

1€ apx1KkéS ovvOnKeg:

f(O,iE,f) :X(£,u0(x))a Uo EleLOO(R)a
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OnAadn otav ikavornolel Ty oxéon:

A / £0,2, 0[S 1,2,€) +ale) 92
/ [ .o o2 - D (t, 3, €)dwdedt —/ X (& 10 ()40, 2, €)dwde, (15)

99 1. g)}dxdgdt

yia des tis ovvaptioeg exéyyov ¢(t, z,€) € Cfo([O,T) X ]Rg,’§> kar dtav

emmAéov 1kavonolel TS Tapakdtw oxEoes:

[f(t,2,8)] = sgn(§) f(t,z,8) <1, (1.6)
oft,z,6) _
T - 6(5) - V(t,x,f), (17)

pe v(t,z,€) un-apynuikd pétpo térow dote [ v(t,z,£)dé =1 ya dla ta t, .

YuveyiCovue topa ue t0 Baocixd Yewpnua TNS ToEAYPAPOU AVTAS UE TO
ornolo delyvouue -xdtw and xdmoteg emmiéov ouviixes- Movadixdtnta twv
Kwntixov Avoewy. Ooa dei€ovue 6t ot Kivnuixée Adoeig €youvy v uopen
ft,z,8) = X(&u(t,z)) ue u(-,-) vaetvou n Aborn Evtporniag tou npofhfuctog
(1.1). Arnotehel howdy awtd 10 Oedpnua TNV ATEVINOT 0TO EPMTNUA TOU
Véoaue oty and tov Optoud(1.1.3).

1.2 To Oshpnua Movadixotntog

Oedpnua 1.2.1 (Movadikétnta towv kivntikdy AVoewy)

Foto f(t,3,€) € L([0,7); L' (R2 ¢) 1 L(R2 ¢) N1 L(Ry; L' (Re)) ) -
Tkrj Avon tou mpoPAnuaros (1.1),(1.2) térowa dote, oxedér ya kdde t > 0,
ya kde kupti) ovvdptnon evtponiag S(€) kar yia dAe T un-aprnuikés ov-
vaptrjoeis edéyyou ¢ € C°(R) va wucavororel :

/RQf(t,x,f) )" (€)dudé — //R (©)f (r, 3, €)drdedz
< / X (& o (2)) $() S (€)dadé, (1.8)
R2

/ftxg z)déds 23 | uo(z)d(z)da. (1.9)

R
Téze f(t,z,&) = X(&u(t,x)), érov u(t,z) elvar n Adon evporiag tov mpo-
PAnpazos (1.1),(1.2) kar u(t, ) =9 ug(z) wxvpd ovov LY (R), ya kdOe
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t—0

1 < p < oo kat a@dikdrepa f(t,z,8) — X (&uo(z)) orov L (Ry; L' (Re))
yia kdfe 1 < p < oo.

Anddeldn
H anédei&n auth Baolletor otny olyxpon twv |f] xon f2, xdtt mou efvou
Suvatd Moyw Tne Ypauuxotntag tng e&lowaong mou 1 f txavorotet.
Kavovixonolodue ypnoluonoldvtog tov Tuphva :
1 t. 1 T
we(t,r) = —wi(—)—wo(—
(1) = —wr( ) —wn( )
ue e1,62 > 0 xou wi,ws 300 un-apyntixols xovovixornowtés otov C°(R),
anoutodvrag supp(wy) C (—oo, 0] xat eaogarilovtog €tot v xavovixornoinomn
yio x&e ¢ > 0.
Oa Eextvicovue Selyvovtag v oyéon:

ofe
ot

8f5 o om
a]: (t,x,f) -

(t,2,€) + a(¢)

Ue TNV €vvola TV xotavouny, dnhadh Yo detfovue otL yia xdide cuvdpTtnom
E)\éYXOU ¢(t,(II,£) € Cgo([OaT) X RZ) lGX()EL:

[ 05050 05,9 + [ 1.0.5.960.5,)

+ [a0r 095 00,0 = [m0050wng, @10

6mou fo(t,z, &) = f(t,z,£) * w:(t,x) xou me(t,z,&) = m(t,z, &) * we(t, ).

e H anddeiln e oyéone (1.10).
Eavaypdpouue ty oyéon (1.5) ue uetofintéc (s, y) ot Véon tov (¢, )
xou:

T
| [0 5600 + a5 510 6) s

T a¢
=[] mlsn e s dydeds = [ £0,,0000.5.€)yde.
0 R2 R2

Oewpolue Vv cuvdptnom eléyyou ¢(s,y,§) = P(&)w:(t — s,z —y), ue
(&) € D(R). Ioyder 6t

%ws(t -5 _y) = _&ws(t_ S,z _y)
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xodwg entong:

0
w

0
8_’!/ E(t—S,IL‘—y) - __wa(t_87$_y)

oz

OTOTE :
/ fsya ( E(t_87$_y)
R2

—i—a(f)—wg(t — 8, ))dfdyds

T
- / / (s, 0 (©we(t — 5,2 — y)dedyds
0 R2

~ [ 1009wt — )y

Enedn todpo t > 0 xou supp(wy) C (—oo, 0] éyovue 6Tt we(t,z —y) = 0.

//fsy£ welt - 5,3 y)

+a(€)a—$w5(t — 8, ))df’dyds

T
[ sy Ot = 5.0 = yydgayas

tood0vaua
t t d t 9 t d
[ w5t 6) ¢ Gttt + [ GO t,5,8) ¢ Folt, )
— /R W (€)mt, 7, ) . (t, 5)de.
Kot and 1o (IMap.5) ot
/zp & 1t w€d€+/¢ b, )i

. / B (€)me(t, . €)d
R

ITou, Aéyw g oualdTnTog Tou mopouctdlouvy ol fo, m. g Tpog t,,
elvon oxptBde 1 Lnroduevn oyéon (1.10).
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Xoptlovue twpa v anddeiln oe Pruata. Lto npodto Bruc Yo dei&ovue
uta ypriowun oyéon v v | f, oo Sedtepo Briva Yo xdvouue to (Bto yiar TV
f?, o070 tpito BAua Yo del€ouue Ty ouvéyeta tne f oto t = 0 xon 070 TeheuTaio
Brua ouyxpivovtac tic | f], £2, o Bpodue Ty wopey tne f.

pdto Bua
Oo TOAATAACLIGOVUE THV:
ofe Ofe _ dm.
S (.6) + a5t €) = G (.0,

ToL oy UEL UE THY EVVOLOL TWV XATUVOUODY, UE sgn(£), Vo ohoXANPOOOLUE WS
mpoc &, Yo mdpouue dpta xodwe € — 0 o tehixd Yo dei&ovyue Ott :

0 0
5 [ 11t2.00d + 5 [ a(©)lf,2,00d = —2m(ta0). (111)

Mo vo tolamhaotdoovue Ue sgn(€) xon var ohoxANp®oouUe og Tpog € xdvouue
o e€NC -

e Eotw 15(£) owxoyévelr ouahdv! ouvapthoewy 1.0 1hs(E) s sgn(&)
&-oyedoV mavTol.

Oa detZouvyue 6Tt Yo xdde cuvdptnom eréyyou ¢(t, x) éyovue :

fult,z, )sgn(e) 22 07)

091, 5
felt,a, () 2 08

t,l’,§ t:“"v&
[oodbvaua Yo dei&ovue oL
op(t,
1202, 2282 () — sgmie)) — 0
t,2,& ~ _
95(t7x7§)

Av deifovue 6t g5(t, x, &) %0 oyed6v mavtolh xat 6t |gs| < h ue
h € L' t6te fmgg(s(t,x,f) %0

— Davepd g5(t, z, &) %0 oyeddy moavtol.

= 11252 s (6) = sgn(©)] = £ 252 15(6) — sgn(€)|
< 2|f6||%|. To 2 emttuyydvetar Ue TpooEXTIXY ETAOYT TNG OL-
xoyévetog Ps(§).

! Anoxon xa. ouchonoinon otny sgn(€).
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"Eyovtog deilet 6Tt unopolue vo toAhanhaotdoouue we sgn(§) xat vor ohoxAn-
pwoovuE wg Tpog & ouveyilovue €yovtag:

[ st + [ at@)sonte)Zag = [ san
R
UE TNV évvola TV xatavou®y. Ondte €youue, yia ¢ € CL° ([O,T) X R):

/0 ! /R 2 sgn(f)%qﬁ(t,z)dfdde / ' /R 2a(§)sgn(§)%¢(t’x)d§d$dt
= [

wwodbvaua, enedr| sgn(€) f-(t, x, &) = |fg(t,ac,£)| (Mapdptnuo Oewp.2) Tpoxid-

TTEL:

,z)dédndt

9¢

T
- [ som(©)1.(0.2.€)60, ) ~ | / Vfolt,6)| S e

// Ofa(t,,8)| dfddt

/ —sgn Yyme(t,x, &) d(t, x)dEdxdt
RQ

8sgn(

1oodvoua, eneldn = 20(¢) (Ilopdptnuo Octdp.1) tpoxinTeL:

r 0
[, sam@£:0.2. 000,00 + [ [ 1.2, 5 ote,)deddt

/ / O fe(t, 2, €)] ¢(t z)dédzdt

_ / / 20(E)me (t, 7, €)p(t, z)dEdudt
0 R2

tood0vouL:

[ somi@50.0. 000,000 + [ [ ( [ 1702, 0106) 2ot a1

/ / / ONfs(t,z §)|d§> b(t, z)dzdt
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:/OT/R(Q/R6(§)m5(t,x,f)df)gﬁ(t,x)dwdt.

Apa éyouue UE TNV EVVOLOL TWV XATAVOUWY OTL:

0 0

— — = -2 .

5 [ et 0l + 5 [ al©)1f- (e, €)1 = ~2mefe, .0
[Tonpvdue, tdpa 610 dpto xadwds € — 0 otV oyéon auTh.
Ocewpolyue ouvdptnon eréyyou ¢(t,xz) € CX([0,T) x R) ue vy PorRdeta g
omotag 1 TponYolUEVY Yo YedpeTaL:

//Ife 2,91 228 ey o+ [ 19.0.2.9160.2)deds

/ / AR 4)( )dgd dt = / /ngtac())gﬁ(t z)dtdz.

E&etdlovue xdie évo and tor mapamdve OAoxXANe®UITa EEYWELOTA.

e o 10 Tp®TO OhOXAAPWUA TPETEL VO TOPATNPICOVUE OTL:

|f€(t7$7§)“8t¢(t7$)| < / |f(87y7§)||w5(t — 57— y)|dyd8|at¢(t7$)|7

S7y

rou avixel otov L1([0,T) x R:%:,.g) dubT,
Lt 5.~ sl ) dedads =
t,x,£,8,y
[ 1601 [ lorte = 50— y)orgte. st dayas <
5,,& t,x

4 T
M/s:0 /,£|f(3’y’£)|d€dyd3:M/s:0||f(3,',')||L1(R2)ds

< MT| fl e

6mov M = sup, , |9;¢p(t,z)|. Exoviag emnhéov tny xatd onueio cOy-
xhon e | fe(t, 2,8)0up(t, z)| oy |f(t, z,£)0:¢(t, )| npoxdnter 6Tt To
TEOTO 0AOXAPpLUA cLYXAvEL xodwe € — 0 610 ohoxhpwua:

//|f , 2, €| 6¢( )dfd dt.
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e Me v (dta Sradixasio delyvouue 61t 10 3e0TEPO OAOXAHPWU CUYXALVEL,
xodowc € — 0 oto:

[ 1505010,y

e Ouolwg to TpiTo OhoXMRpwUN cUYXALvEL, xadwg € — 0 oTo:

// ©Nr .01 28 v,

o Xpnowonowviag o Oekp.9 tou Hopoptiuatog éyovue 6Tt T0 TETUPTO
ohoxAfpwua cuyxhivel, xadog € — 0 oTo:

/UT/R2m(t’$aO)¢(t,x)dtdx.

Ondte éyovue Seilel ue Ty évvola TV xatavou®y v {ntoduevn oyéon
(1.11).
Aebtepo Bua

Oa TOMATAACIACOVUE TNV:

Of- of- om,
L 0,6 + 00 Lo tt,0,0) = S0,

ue fe, Yo ohoxhnpwoouue g tpog &, Yo mdpouue dpta xaddg € — 0 xon TeEAxd
Vo del€ovyue Ot :

0 0
5 | Peaoi+ [ @ s, 0d > —m 2,0, (112

[ToAamhaotdlovue hotndy ue fr, OhOXANPOVOLUE WS TEOG € ot TEOXOTTEL :

om,

/fet:rﬁ d5+/ (€)1 (1,2,€) e = /fstwf e

UE TNV éyvola Ty xatavoumy. Ondte yia xdde ¢(t, z) € C([0,T) x R):

! afa(taxag)
/0 /R2 fE(t’x’g)T¢(t,$)dfdxdt

T ofe(t,z,§)
+ [ a@rta om0 gy dnar
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T
= / fe(t, @, €)w¢(t, z)déddt
0 R2

73
tood0vaua,
Troo
/ —(f2(t,2,€))¢(t, x)dEdwdt
Rr2 Ot
/ /R2 ff (t,2,€))p(t, x)dédxdt
/ / 2fe(t:2:¢) amg t = £)¢(ta$)dfd£ﬁdt
R2
tood0vaua,

/ T/ % / fg(t’xvf)df)ﬁﬁ(t,x)dxdt
//am / fetxi)dﬁ)qb(t,x)dxdt

_ ofe(t,z,€)
= —2/0 /]1&2 o€ me(t, 2, &) p(t, x)dédzdt.

To 8e&i uéhog twpa yiveton :

T
_2/0 - g—g(t,%f) * we(t, £)m. (t, z, &) P(t, z)dédzdt

(L —2/ / —v(t,z,&)) *x we(t, x)me(t, z, ) d(t, x)dEdzdt
RZ
- / 5(€) * wa b, @) (t, 2, €)§(t, 2) dE ddt
0 R2
w2 [ [ 020 s oult im0, )iz
T
= —2/ §(&)me(t,x,&)P(t, x)dEdxdt
0 R2

+2 /OT /R2 v(t,z, &) * we(t, x)me(t,z,§)d(t, x)dEdzdt

> /OT/R—2m€(t,$,0)q§(t,$)d$dt.
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/ //f tx£d£ ¢(tx)dacdt
v [ [ [ a©s200 0 et
> /0 ' /R —om.(t, 7, 0)$(t, ) dwdt.

Apa €youue UE TNV EVVOLIL TWV XATAVOUMY OTL

Ondte éyovye :

0 0
5 [P0+ 7 [ al©)r20,0,.9d > —2me(t.a.0).

Hafpvouue téhog o dpta xodig € — 0, 6w oto Hpdto BAua xou tpoxintet

n (1.12).
Telto Brua
Egéoov 1 f xavorotel v (1.6):

[f (2, 8)| = sgn(§) f(t, 2, 8) <1,

UTOPOVUE VA EQOPUOTOVUE TO Mjuua tou Brenier (ITop.6) xou mpoxintet 6t
n ouvvdptnon u(-,-) ke, u(t,z) = [o f(t,2,8)dE, wavoroel vy xdde xupth,
Lipschitz cuveyt ouvdptnon S, ue S(0) =0 v oyéon:

u(t, x)) /S' ft,z, &)dE,
TopdR
S(u(t, z)) /ftxfdf /S' flt,z, &)dE.

‘Ouwg, ypnotorowdvtas v (1.8), éyouue, yia Ohec Tic UN-apvNTIXES GLUVOP-
thoew eréyyov ¢ € CP(R) :

/RS(u(t,x)) dac</ /s' (t.2,€)d€ ) (2}

_ /R T3, )$(2)S' () dude

2 [ X un(@)ots)s' (€ dads
R2
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t
=[] e @8 . pdwcar

ofpvovtag twpa dptar xar otar 2 UéAn €yovue Ot xodwg ¢ — 0 :
lim [ -S(u(t, z))p(x)dz < / X (& uo(2))S"(§)d(x)dwdg
t—0 R R2
= / S(uo(z))p(z)dz. (1.13)
R

Eyovue 6w f(t,1,€) € LOO([O,T) x L' (B2 ()NL*® (B2  )NL™ (R, XLI(Rg))).
Ar’onou Phénovue 6tu u(t,r) € LP(R;), u(t,") € LY(R;) dpo u(t,:) €
LP(Ry) v x&e 1 < p < oo. Enione Prémovue 611 undpyet ¢ € R tétoo
wote: |lu(t, )|z m,) < c € Ry xdde t € [0,7T).

[epvdaue twpa oty {nroduevn ohyxAion,

u(t, x) =9 ug(z) woyvpd otov LY (R).

O deiCouvue 6Tt Yo xde K C R ovurayée, yia xdde 1 < p < oo, yio xde
g € LP(K) 6t

/K u(t, v)g(z)dz — /K o (2)9(z) dz.

Ta 6pta mou Vo eugavilovtan uéypt o téhog tou Tpltou Bruatog Yo eivon
xodwe t — 0.

‘Eotw howéy K C R ovunayée, 1 <p < oo, g € LP(K).

I'voptlovue and unddeon (1.9) 6 yio xde ¢ € C°(R), ¢ > 0:

/R u(t, 2)p(x)dz — /R up(z)p(z)dz.

Edxoha Seiyvovue étt 1 oOyxhion auth Swetnpeiton yia xdde ¢ € C°(K)
aveZapTATOS TPOGHUOU:

v x&e ¢ € C°(K) / u(t, z)p(x)dr — / uo(z)p(z)dz.
K K
Topa, yio dodéy € > 0 enthéyovue ¢ € CX(K) tétota dote [[p—g|lrr(x) < e

H 0nopZn uloc tétotac ¢ e€aogarileton and v muxvétnta tou CP(K) otov
LP(K). Emmhéov €yovue 6t [|¢ — gl 1k < |K | %o

IAMMWWM—AWWWWM



14 Kegpdharol : Kwntuxd Mopoy

oy /K ult, 2)p() e + /K ult, 2)(g(x) — plz))dz — / o () g () x|

K
<| [ uttadte)ds — [ w@g()ds| +] [ ultz)(gla) - o(a)dal.
K K K
To npdhto andhuto oty teheutaio ypauuy gpdooeton (010 bplo) and:
laoll ooyl = gl (ae) = lluollooe sy | K|/ e
xat To deltepo Ppdooetar (ouotduopa we Tpog t) amd:
c|K|Ye.

Onére:
[ utt.o)g(e)ds — [ uo(o)ords] < (Juolloe ey + ) 12
K K
Apa, emedh) u(t, ), uo(-) € LP(K) yra xdde 1 < p < oo, éyouue:
u(t,-) = ug(+) otov LP(K) — w. (1.14)
ébploua authc e aotevoic obyxhong (Hlopdptnua Oedp.8) eivar:
[woll e (ry < liminf {lu(, )l Le (i) (1.15)

Entéyovtag, tdpa S(-) = |- |P yia xdnowo 2 < p < oo oty (1.13) €youue yia
xde ¢ € CP(R), ¢ >0 6tu:

im [ Ju(t.0)Poa)do < [ fuo(a)Pota)ds.

H aviowon auth ntepvdet yia Ti Y opax TNeLoTIXEC GUVUPTHOELS AOY W TUXVOTNTAS
100 C®(R) otov L(R), ondte xou yioo Ty yopotnototinh ouvdptnon Xk (z)
€y ouuE:

lim/ |u(t,$)|pd$§/ |uo(x)|Pdx
tJKk K

1 wodlvaua:
tim [[u(t, )l Le sy < lluollzo(x)- (1.16)

O oyéoewc (1.15) xou (1.16) woc Stvouv limy [lu(t, )| ze(xy = lluollr(x) xon
uolt ue v (1.14):

u(t,-) = ug(-) otov LP(K) —w
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xat 10 Oedpnua 2.11 tou [14] -nou nopadétovue oto Hopdptnua Ocwp. 8
Ywelg anddelgn- nalpvouvue

u(t,+) = ug(+) otov LP(K).
Kietvouue 1o Tplto Briua e v napationon ott:
u(t,-) = ug(+), wyved otov Lj (R) Yo xdde 1 < p < oo.

Téropto Priua
Agarpolue tic eCodoelc (1.11) xan (1.12) xon nafpvouue ue v évvola Tov
XATOVOUWDY:

(1.17)
H f wavonotel tny apyweh ouvdixn f(0,z,€) = X (&;up(x)) ondre:

1£(0,2,€)| = f2(0,2,8) = |X(&uo(x))] — X*(&uo(x)) = 0. (1.18)

Ocwpolue ¢5 € CX([0,T) x R) ue ¢ps > 0 xou ¢ps(t,z) = ¢1(t)pas(x),
6mou 1 ¢as(x) opiletar va etvan 1 btav = € [—1/6,1/8] xou vo oBrjver ouodd
xoL ouotouop@a yia 6hot T d €€w and to [—1/6,1/8]. H nponyoduevn oyéon
Twpa yivetow:

[ (002,91 = 702,91t

b [ (17001~ ) oo >0,

and ©.K.X éyovue 6t 1 nponyoduevn napdotaoy ouyxhivel xadog 6 — 0
oty

[ 1= 520, )61 o = 0. ity € C(0.7).
t,x,
Ané v (1.6) éyovue tdpa b1t | f(t,,€)| — f2(t,7,€) >0, ondte

/ |f(t,2,6)| — f2(t,,€)dzdé > 0 yio bhat oL T

)

Ac vrotéoovue 61t undpyet obvoho A C [0,T) Yetixol uétpou €tol hote

veds [ |f(ta0) - PtaOdsds >0,

)
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emAéyovtac Yo ¢ () ula yynolwe gdivovsa ouvdptnon (uali ue tic tponyol-
uevec tpolnoYéoeic) €youue:

o< [ o [ 12,01 = £t 2. )dwde) )

)

— [ ([ 1120 - 0, 0dsa) )it <.
A Mg
‘Etot yw t,z,€ oyeddy ntavtol oto [0,7T) x Rﬁ,g €y ovue OTL:

|f(taxa£)| - f2(t,:17,€) =0.
Anhodt|, oyeddv yio xdde t > 0 éyovue 6t f(t,z,8) = 0% -1 1 oyedov

TovTo.
[Mpoywpdue topa oto va dellovue 6Tt N f elvon NS LopYhC:
p X p ¢ p ¢ Y] Y]Cu p(PT]Q

ft,2,8) = X(§g(t, )

Yio XAmoLoL GLVERTNOT g.
['o 10 oxond autd otadepomoolue ¢, ¢ xar Eyouvue 6L

3
fte) = | ZICULIFN

oo ds

xow a6 v (1.7): %’g’g) =0(&) —v(t,z, &) éxovue:
£ £
ft,z,€) :/ d(s)ds —/ v(t,x,s)ds.

o T & <0 éyovue f(t,2,€) = —fg v(t,x,s)ds.

Ondre:

oFLa§>0€XOUp€f(t$§—l—f§ v(t,z,s)ds.

Ondte, hauPdvovtag unddn 1o mpdonuo e f 6mwg awtd Uag divetar and Ty
(1.6): 0 < sgn(&)f(t,z,&) <1 xodede xa to yeyovoe ot f(t,z,§)=-1 40 A 1
€youue ot

3 —ft,z,6) =071 ,otay £ <0
/_OOV(taﬁUaS)dS :{1—f(t,$,§) =071 ,otav&>0.

Apa vy xdde & € R éyouvue 6T f§ v(t,z,s)ds =0 % 1. Ilepvdue oe do
Loy uploUols, TOPAL:
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e Ioyvplouoeg I
{¢: fg v(t,z,s)ds =1} # 0.
Av, oyt t6te Yoo xde £ € R Vo ebyoe: fg v(t,x,s)ds = 0, ondte

fj;o (t,z,s)ds = 0 xdt mou avtPaiver ue Tic npolnoléoelc Yo To
U€tpo v 6nwg awtée paivovton otov Optoud(1.1.3).

e Ioyupouoc 11
To 1nf{£ fg v(t,z,s)ds = 1} undpyet.
‘Eotw 61t unrjpye axohoudio mpary Uty aptﬂud)v {&} ue &, N\ —o0
xa Tétola Hote Yo xde n € N va z—:txocuz-: f v(t,z,s)ds = 1 t6te:
yia xde € € R Yo unhpye ng €10t wote &, < f O XOTE GUVETELOL:

fno 6 +o00o
/ v(t,z,s)ds +/ v(t,z,s)ds +/ v(t,z,s)ds =1

—o0 §n0 6

To npwto and 1o tpiar ohoxhnpwuata eivar (oo ue 1 xon tor dAAa o etvon
Un-aevnTixd, ToLAdyLoToy, onote deiloue dtu:
[ xdrde € € R Yo elyoue f;oo v(t,z,s)ds = 0, xar 1 uroopoloTIXOTH T
ToU UETpou v VoL uog ESLVE TO dtomo &g e€ng:

+oo
OS/ twsds<2/ v(t,z,s)ds = 0.

e neN

Baowlbuevol otoug 2 mponyoluevoug toyvplouoic, opllovue yia xdle ¢, x,
3
& = inf{¢ : / v(t,z,s)ds = 1}.
— 00

Avo yphouues napatneRcELS YLoL THY LU TOU fg v(t,x,s)ds,
o [ xde & < &, oybel 6T 0 < f§ v(t,z,s)ds # 1 éyoviag duwe ot
fé v(t,z,s)ds < [pv(t,z,s)ds = 1 npoxintel bt fé v(t,z,s)ds <
o T xdie & > o, toydel 61t 1 < fg v(t,x,s)ds < f+°° t,z,s)ds =1,
dnhodh fg v(t,z,s)ds = 1.

Kou téhpa tpoxdnter n 1w e ovvdptnone f(t, x,§).
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e Ilpooytn exdoyr: & < 0.
o x&le £ < & éyovue 6t f(t,z,€) = —fg
—fﬁ v(t,z,s)ds < 0 xou enedf f(t,2,§) = -1 %0 % 1 éyovue 6t
f(t,2,8) =0.
T xdde &y < &€ < 0 éyovue ot f(t,z,€) = —f§ v(t,z,s)ds = —1.
T xdde 0 < € éyovue 6t f (¢, z,€) —1—f£ v(t,x,s)ds = 0.
Yuvenoe delgaue ot

oVt m,8)ds, duwg —1 <

—1 Jotav € <E<0

Optlovtoac Aotmov:
g(t7 IL‘) = 507
éyovpe ot f(t,z,8) = X(&;9(t, 7).

o Achtepn exdoyn: & > 0.
Ouolwg delyvouue otu:

1 htav 0<€<
f(t’g”’f):{o oD, oo

Optlovtag, ndhL:
g(t7 IL‘) = 507

éyouue ot f(t,z,8) = X (& 9(t,2)).

Hoapatnpodue 6t 1 g(t, ) eivor xahd optouévn dtott to inf evdc ouvolou eivor
LOVOGUAYTO.
Yuvenwe vdpyet ouvdptnon g(t, ) tétolo Gote

ft,2,8) = X(&9(t, ),

yio 6YedovV Oha 1o t, z, & ondTE XU

o(t,z) = /‘E F (b, €)dé

Emniéov, and 1o Bua 3 éyovue yio oyedov dha to ¢, x:

U’(tax) = /gf(tvwvé)déa
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Anhody| yioo oyedbév Ol o t,x npoxdntel ot g(t,x) = u(t,z). Ondte yw
oyedov Oha T t, x, & Eyouvue OTL:

f(t,iﬁ,f) = X(f, u(tax))'

Mpoywpdue twpa oty oOyxhon e f(t,z,€) xadode t — 0. Topatnpodue
oty xdde Ky C R, ovurmayée €youvue:

/ / F(t,2,€) — X (€ uo(a))|dede
Ky J¢

- / / IX(& ult, 7)) — X (& uo(x)|déda
K, J¢

:/ lult, 2) — o ()]dz =2 0,
Ky

6mou 1) Teheutalar LoOTHTA TEOXVTTEL and Tig SLOTNTES TNS CUVAPTNONG TUXVO-
mtac (oeh.3) xou 1 oOyxhion anodelydnxe 131 oto Teito BAua tne anddeilng
authc. ‘Apa:

f(t,2,6) = X(&uo(w)) otov Lj,(Ry; L' (Re)).

Méver téhog va dei€ovue ot n ul-,-) elvou 1 wovadixi Aborn Evtponiog tou
rpoPMjuatog (1.1), (1.2) mou duwe mpoxinteL and 1o TPONYOVUEVH XU and
v Sovketd twv Lions, Perthame, Tadmor ot onofot 6tnv epyasia toug [15]
€detlay OTL, avonoldvTaS 1 ouvdptnon f ta nponyolueve Yo mpénel 1 avti-
ototyn ouvdptnon u va eivoaw Avon Evtponiog tou IpoBhjuatog (1.1),(1.2).
Onéte ohoxhnpainxe N anddetln tov Oewpruatog (1.2.1), xar amavtitnxe xou
TO JPYIXO UOC EQWTNUAL. 0

Yyoho.Eivow gavepd 61t 1 anddeiln dev e€aptdrtar and 1o mhftog v yo-
ooy uetafintov. To Yedpnua toydet xan o€ ToAAEG ueTaBAnTéc.

Oa GuVEYIGOLUE OTIC ETOUEVES TUPAYPAPOUS UE EQPUPUOYES TOU Oewprua-
t0¢ (2.1) ot oyfuata uio i neplocoTépwy dLacTAoEWY.
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Ke:cpo’O\ou.o 2

Yy Engquist-Oscher og
wio oLaGTAo

2.1 To oyfua pog

tn+1

(
{

t’l’L

(
\

tn—l

(
{

Cj

Tj—1 Tj-1/2 Tj Tjy1/2 Tj+1

OewpolUE 0UOoLOUoEPO TAEYU, e xouPxd onuelo zj, z; € R, 7 € Z xau
ueTagl Toug andotaoy otadepr| xat ion ue Az. Ovoudlovue C; 10 SidoTnUa
(Tj—1/2,Tj11/2)s UE Tjr1/2 = (§ £1/2)Az xon thdtog Aw.

H oxxéhovldn ohoxhnpwtixr Lwop@n tou vouou Stathpnong tpoxVnTel and 1o
Afupa(2.2.1)tou [13].

Tjt1/2 gt
[ utwtr ) —utw o [ Ao 0) - a0 =0
T

j—1/2 tn

To mp®1o ohoxhpwua TEpLYpdeL TNV UETHBONY NG TOGOTATAS -TTOV 1) OL-
véiptnom u avtinpocwrele- oto ddotnua C; xatd Ty ddpxeta tou [t7, ¢,

21
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10 delTEPO ExEAlel TNV apYNTXY dlapopd Tne porg g (Blag mtocdtnTag oTa
dxpor Tou BraothAuatog Cf, T4 /2, Tj_1/2 XAt TNV SLéPXELA TOV [t7, 171,
Mepixoic ouufoliouois tepa:

e a(&),a (&) va eivar, to Yetxd xar to apvnuxd Uépog g a(€) mou
a4 (&) = max{a(£), 0}
a(¢) = min{a(§),0}

o A(u,v) va eivon 1 ouvnhouévn Engquist-Oscher aprduntued pon, Snhadt

opllovtar and Tic oyéoelc {

A = [ Y (©de + / "o (€)de + A(©0).

ITpwv ouveyloovue ue Ty Staxprtonoinom Tou npoPfAfuatog uog Yo Sobue
xdmoteg WoTe e aprduntixic pofic A(u,v).

— Lipschitz cuvéyeta:
T xde uyp, ug, v, we |url, jusl, |v] < ||ugllLee xon yio
M = maX|£|<||u0H |a(§)] EXOUW
|A(U17 ) UZa | - |f0 a+ df‘i‘fov )df_fow a+(f)d§—
fU — df| f d§|<M|u1—u2|
Kou ue napduoto ‘EpOTEO Yoo Ty deltepn ouvietayuévn tou A(, ).

— Movotovia:
A, v) = A(w,v) = [('ar(§)d€ + [ a—()d¢ — [ ar(§)d¢ —
Jo a—(&)de = [ ai(€)dE, enedf wdpa ay(€) > 0 ovumepaivou-
ue 6Tt oty TEOTH UETAPANTA e, N A(,-) elvon ad&ovoa. Ouota
€youue 6Tt oty deltepn uetoPinth e, N A(-,-) elvou pdivouoa.
— Yuvéneta:
Alu,u) =[5 ag (O)dE + [ a—(€)dE + A(0) = [ a(€)dE + A(0) =
fo A'(&)dE + A(0) = A(u).

Xpnowwonowwvtag v Engquist-Oscher oprduntxy| poRy A(:, -), draxptronotol-
UE TO TPOBANUL Xl TEOXVTTEL:

. At
it =+ (A uf) — Al uf) =0,

UE opYIXES TLUES:
1
0 _
U= A /Cj wo(z)dx.

‘Onwe n AE €10t xou 10 oyfua pog €yet xtvnuixt| Lop@ Ty onola etodyel
TO TOPOXAT Owpnua.
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Oehpnua 2.1.1 (Eyriue Kivnukis Moperg)
O¢étovpe:

o uO =+ fcj uo(z)dz,

”H = Iz f”Jrl £)d€ e f]"H(f) va opiletar avadpopukd and tny :

£ = XJ6) — e (4 (©X} 1 (6) +a(O X (€) —ax (X} 1(©)),

drov X7(€) = X (& ul).
Tére n uf wcavonoiel to Engquist-Oscher oxrjpa:

At
u;,‘"‘l =uf — A$(A(u?,u?+1) — A(uj_q,u})), ya kdden > 1.

Mdhwza n oxéon (2.1) Oa ovopdletar oo e&rjs kivnuikij poperj tov Engquist-
Oscher oxnuatog.
*Iapatnipnon: Aev opilovrar o1 ovvaptioeg fjo(f)

Anddeldn
Mpdryuatt untodétouue 6t toylet n (2.1):

At

(0 OX7©) +a (©OX]41(©)

£ = X716 -

0 (X1 (€) —a (OXJ(E)).

Ohoxhnpdvouue, Twpa, ws Teog &,

[ i@ = [ 3= S5( [ an©xp@d+ [ a @760

- [e@xz i@ - [ o-©x;600c)

and g unodéoeic Tou Oewpruatoc xou Tov oplold g ouvdptnong X7 (§)

€Y OLUE:
A uj Uit
= - 3 / HEde + / (e

e [
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Téhog and Tov optoud tng Engquist-Oscher apriuntuic pore:
At
Wt = S (A ) — A ),

X0l TENELWOOOYIE. O
Mio yprowun, yio to endueva, twodivoun uopen tne oyéong (2.1) elvar 1
e€nc:

F17(6) = X1 — Sofal©)) — Fra- X O
PR A (OX]1(O) (2.2

1 onofa elvon anhf avoadidtaln twv 6pwy tne (2.1).
Oa cuveyioovue oY ENOUEV TaEdYpAPO UE 300 OEWPNUATI TOU APOPOVY
oTnV oOYXALOT TOU OYRUATOS UG,

2.2 XOYxAlom TOL CYNUATOG

ITpw npoywpricovue TNy oOYXAOT TOL dELIUNTIXOV OYRUATOC TOU XATACKEVS-
oaue Yo dodue 3o Afuuata mou agopolv oty Apyh Meylotou xou otig Avi-
ocotntec Eviponiac.

Adppa 2.2.1 (Apyn Meyilorov)
Me C.F.L ovvOnin
At

—_— max
Az |¢|<]Juol|s (R)

e < 1,
éyovpe yia kde j € Z, yia kde n € N on
[u | < lluol| Lo (r)-

AnédelEn(Me enaywyt 6to n)

o EOxoha BAénovye, ané tov optoué tou uf ot [uf| < [lugl|pee(r), i

j
x&de j € Z.

e Trovérovue torpa 6t [uff| < [lugl|poo(r) Yio xdde j € Z.
Tdpa, yio xddle j € Z and tny xwntixt| Lop@r Tou oyfuatos (2.2):

£ = XJO (1~ polal@) )~ oo (X4 (€ oa (OXI (€),

x
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ohoXAPOYOVTAS ot Tat 300 UEAN ¢ TPog & EYOLUE :

[ e = [ 0= Sra@D Xz + [ —Sra©Xp 0

R

A
+ | RranOX7 (e

l0odlvoua and Tov oploud Tng X]”(f) = X(f;u?):

uj At Uivi o At
U?“=/]1——|a(s>|ds+/J A @ ae
0 A.’L‘ 0 A.’L‘
——— —_—
+ +

uim1 At
[T Sran© s

+

7 7 7 7 z n / .
AvZdvovTog Ta dve doepat TV OAOXANEWUATLY €S SUP; U) TEOXVTTEL:

sup; u;L At sup; u;L At
ntl < 1—— d ——a_(&)d
wt< [ e+ [ ~Sra e

sup; 'u.J" At
+ / N (€)d¢,
0 xr

éhoc enedn ay (§) —a— (&) = |a(§)] éxovue:

n+1

j

< sup u?
J
‘Opota, eENhotevovTag Tor dve Gxpar Ty OAOXANPOUATOV Ewe infj ul aro-

detxvdeTon 4tu:
ntl

j

> inf u?
J

Apa |u§”+11| < sup; [uf], cuvenwe and Ty enaywyxh unddeon €xovue
ot |u?+ | < luollzoo(r)- O

Opiowog 2.2.1 Opilovue tnr apidunuixij pon evrporiag n(-,-) ya doopérvn
aguvdptnon evtporiag S(-) ws e&rjs:

o) = [ "0 (€S (©)de + / T (6)8'(€)de.

IStétnrec g aprduntixic porc evrponiog n(-, ) Tou UaC EVILAPEPOUV:
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e Lipschitz cuvéyeto:

In(u,v) —n(w,v)| = | [ a4 (£)S"(€)dE| < M||S"||oo|u — w],
Yoo M = maz|g|<ug)| o |6(€)]-

e Yuvémela
(u,u) =[5 a1 (§)S"(€)dE + [§ a—(§)S"(§)dE = [ a(§)S'(€)dE = n(u).

[epvdue oe éva Afjuua tou agopd oTic Tomxéc Avicdtnteg Evrponiag mou
TO Uy NUA UaS LXOVOTOLEL.
Afupa 2.2.2 (Arwdenres eveporiag)
Ia kdOe kuptiy ovvdptnon evtporiag S(-) kar yia Ty avtiotoyn apiduntixij
pornj evtporiag (-, -), éyovue :

At

S(uith) — S(uf) + A (U wi) = n(uj_y, uf)) <0, (2.3)

1 akpiBéotepa, arooapvilovtas to apvnrikd mpéonuo tng (2.3) éxyovue:

XPHE) = X(E) + e (a-(OX 1 (6) +ar (OX] ()
o . B 8m?+1(5) 9.4
(X7 ~ as (X1 (6)) = — 5 (24)

pe ul opopéva and to Ocdpnua 2.1.1 (Yyripa Kwnuijs Mopeis) kat ya
KATOLES UN-APVNTIKES, PPAYHEVES TUVAPTITEIS m?“(f)

Anddeldn
Holamhaotglovue v oyéon (2.2) pe sgn(§) xou €yovue:

sgn(O)F171(€) = (1 = S o1al€)Dsgn@) X7 (€) — K oa(©)sgn(©) X1 (0
At

10+ () sgn () X]1 (6).

Hapatnpolue 6tL 1 cuvdpTnom sgn(f)ff“(f) elvor xupTdg GUVBVACUSS TWV
VETXDY CUVIPTHOEWY

sgn(&) Xj_1(£), sgn(§) X7 (£), sgn(§)Xj(€)

ot omoleg €&’oplouol elvon dvew gpayuéves and 1o 1 ondte Yo xde 7,n,&
€)Y OLUE TIC CUYIPTHOELS sgn(é’)f?“(é’) €Y OVUE:

0 < sgn(€) 7€) = [f77(€) < 1. (2.5)
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Yuveyilovue opilovtag tig cuvapthoel tou Yo taflouy onuavTixd pdAo oTNV
dnutovpyia Twv Uétpwy Tou eupaviCovta,

n+l ¢ n+1 n+1
Q= [ X - s

n+1

7 4 4 /. 7 4 .
Hopatnpodue 61t oL cuvapThcel My (+) xavonotoly Tig Topaxdte WLOTNTES:

e H cuvéyeta tne m?“()

r 7 ’ 7 z ’I'L+1
Eneton dueoa and v ohoxhnpwouuétra v ouvapthoewy X (€),

n+1
fi©).
‘ n+1

e Merétn e m7™ (¢). 1
O urodécovue 6T u;-"" > 0, to (St amoteEAéouATA TAUlPVOUUE XL GTHY

’ n+1
nepintwon u; " < 0.
n+1

Adyo g ouvéyelag toug apxel var ueheTicouUe Tic cuVapPToE M

ot StaoThUoTa

(—00,0), (0,u? ™), (Wi, +00).
/ 7 ’ n+1,
Edxoha Bhénovue bt m; ™

— 070 (—00,0) elvon abZovoa,
— 070 (O,U?H) elvar avZovoa,

n+1

— oo (u]

, +00) etvor giivovoa.
Eniong, and toug optouoic twy X;”H, f}”l unopolue va dei€ouue otu:

:vgr:i?oo m?+1(§) =0

n+1

Anhodt) xde ptot x TV oLVAPTACEWY M

elvan Vetier) xou QparyUévn.
n+1,,

7).

H f}”l elvat xUpPTOC GLUVBLAOUOS TV X]’-LI,X]’-L,X]’-Zrl omwe Prénovue
and v oyéon (2.2):

e Yuundyeta T0U Qopéa NG M

1176 = X1 — Solaf)) — Fra- (X (0

T

+A—xa‘+(§)X]n—1(§)a
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on6te opilovtag
— y n n n
m = min{uj_j,ul, uiq},

— n n n
M = maz{u} y,uf,uj,,},

€youue OTL suppf;-"“rl C [m, M].
Ané 1o mapandve xow and Ty fj{:}o X;”H(f) — ff“(f)df =0 (n onola
oyer dtott limy 4o ?"'1(5) = 0) éyovue v {nroduevn ouundyeLa
TOU QOPEA NG m”Jrl

e H m?"'l etvor LY(R) ouvdptnon.
IThéov elvon Qavepd AoYw NG OUVEYELAS TNG XOL TNC CUUTAYELNS TOU
popEa TNC.

, n+1 pn+l
H oloxdnpwowdtnra oy X770, f;

uétnrac tou Lebesgue) va €youue :

uoc emttpénel (Oedpnua Haupaywyiol-

X E) — i (e) = jif), Z-oyed6v TavTol. (2.6)

Avtixadiotodue todpa Ty tehevtalar oyéon (2.6) oty (2.1) xon mpoxinTeL

XPPE) = X7 (0) + oo (a- (X711 () + [al@)|X] () — a4 (X1 (6))
omi(g)
-,

mou ebvan 1 {ntoduevn oyéon (2.4). 'Etol anodeilaue to deltepo epmdtnua tou
Afuparoc.

‘Eotw tdpa xvpth ouvdptnon eviponiog S(-) xou (-, ) n avtiotoyn oprd-
untxr poyy evrpornioac. Oo molhamlactdcovue Vv oyéon (2.4) -mouv ubdhic
anodeifoue- ue S’(€) xow Yot ONOXANPMOOVUE WS TPOS &, YLal VoL TIPOUUE TNV
(2.3).

" , n(g)s" At /
| x@sien - [ e S(&)d£+A—(/a—(€) X741 (6)S'(€)de

+ 00508 [ 0 ©X7©5Od- [ a7 15 O)

om (¢)
— J !
- [ s
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tood0vouL:

o BRI

+/0u £)S'(€)de — / £)S'(€)de — / )dg)

om (¢)
— J !
- /R S (e

Ané tov optoud tou tng n(-,-) Eyovue :

S(u") — 5(0) — S(uf) + S(0)

At
S(up ) = S + = (n(uf ) = n(e_y,uf))

B omit(e)
—/RTs(f)df

To de&i uéhog etvar oapynuxd Sibte n S(+) ebvar xvpTh cuVpETNOT Xou N m”“( )

7 / ’ 7/
elvar Yetinr. Ondte xatahfyovue otny:

" At
S(H) = S(u) + o () = n(uf_y, ) <0,

Tou etvar 1 {nroduevn oyéon (2.3).
‘Etot ohoxhnpwooue v anddelln tou Auuatog. O
Mooy wpdue twpa, optlovtag TNV cLVEETNOT TOU TEPLYPAPEL TNV TPOTEYYL-
ot} Abor Tou npoPrfuaToc.

Opiowodg 2.2.2 Opilovue Ty npooeyyotikn Adon touv npoPAnuatos pag ya
oxnpa mAdrous Az, va elvar n katd-tunuata otadepn ovrdpTnon ua, opLopé-
vn ws:

upg(t,z) = u?, bravt € [t", "), ka1 x € Cj = (zj_1/2,Tj41/2),

77
e uj opwpéva and to Ocdpnua 2.1.1 (Xxrjua Kwnukijs Mopgiig).

[epvdue twpa ota 300 Oewpruarta mou Yo pog Swoovy Ty abyxhion Tou
OYAUATOS UG,

To mpdhto Oebpnua pog Siver TNV oOYXALON TNS OLXOYEVELXS TWV TEOCEYYL-
oTXWY AMoewy yenotuonotovtag 1o Oewpnuo Movadixdtnrog Kivntixwy Ad-
oewv (Oewp. 1.2.1). Ou vnodéoec tou mpdTou Oewphuatos anodexvibovTat
oto deltepo Oepnua.
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Oedpnua 2.2.1 (To Boninuikd Ocdpnua)

‘Eotw éu n oikoyévaa mpoeyyotikdy Aboewv ung(t,z) € L>®(0,T; L' (R))
ikavonolel yia kdnoies katavopués Way(t, z, &), kdroia pérpa may(t, x, &) rar
kdrotes ovvaptioeas Yo ax(t), U1 az(t) Tis Tapakdrow oyéoeg:

X (& ung(t,x)) OX (§ung(t, z))
ot )%,
= M + \I/Ax(ta Ty g)a (27)
23
Uag(t,z, &) Ar0 0, pe v évvola twv KaTavoudy, )

maz(t,z,6) 20, [lmazla < 2luollpr fJuollz<,
ya kdde t € [0,T'), ta napaxdtw opoduoppa gpdyuata ,
luas(t )@ < lluolloy,  uaz(ts )o@ < lluollze, (2.10)

/ X (€ e (t,2))6(2)S'(€) dode
‘// ()X (& ung (7, ) dzdedr
RQ
< [ X u(@)ple)s ©dsds + Toslt), (211)
/uAm(t,x)qS(x)dx:/uo(x)qb(x)dx—)—\lfl,AI(t), (2.12)
R R

yia dAes g un-apvnrikés ovvaptioeg eAéyyov ¢ € C(R) kar deg g oua-
A€ég, kuptés ovvaptioes evtponias S(-). Eniong VUi ag, @ = 0,1 elvar gppaypé-
ve§ ouvaptioes e tny 1610tnTa:
A
\IIO,Ax(t) :1:—)0

A —0
\Ill,Ax (t) =

0 ozov L*>([0,T)) — w*,
Uy (t) oror L>([0,T)) — w*, (2.13)

pe Uy (t) ovvexn ka1 ¥1(0) = 0.
Téte, kallidg Az — 0, nuay(t, z) ovykdivewyvpd otov L ([0, T]xR), 1 <
p < 00, oty povadikn Abon eviporniag tov npoPAniuatos (1.1),(1.2).

Anodedn

Oo mepdoovue 610 Hplo, xadws Az — 0, oTic napandve oyéoels, Vo Xa-
tohfilouue oe ula ouvdptnon f(t,z,€) n onolo Yo elvon xwvnuixh Aon tou
rpoPMjuartoc (1.1),(1.2) (BX. Optoud 1.1.3) xou Yo ixavorotel Tic vtodéoeic
Tou Oewpruatoc Movadxdtntog (Oedp. 1.2.1).
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e Brual
Optlouue apywxd = [0,T) x R, x Re. And tov optoud g ouvde-
Tnong TuxvoTnTag €xouue Ot | X (s uag (s, +))llLe @) < 1 ondte undpyet
ouwvdptnon f € L®(2) étot bote yio xatdAAnAY uvroxohoudia g ua,
VoL €Y OLUE:

Az—0

X (& uac(t,z)) = f(t,2,£), otov L=(Q) — w¥, (2.14)

edoTEPAL:
wsa(tn) 3 [ (b€, ovov (0.7) x B) —
R

dudTL:

— H anddei&n npoxdntel and ulo nopatipnon.
Anb v (2.10) éyovue 6Tt |luag(t, ) ||ree < |luollroe-
Onbre suppeX (€ une(t,2)) C | [luollz luoll oe)(=: K) e xor
& ouvénewa suppe f(t,x,€) C K.
Anb v aodevh obyxhon e X (§uag(t, 7)), éxovue yioo x&ie
#(t,x) € LY([0,T) x R) 6t :

/ X (& une(t,2)$(t, ) X () dedade 23
Q

Az—0

oy / £ (2, €)blt, 2) X (€) didde,
Q

1 ARG
/ /X(f;UA;p(t,:E))¢(t,x)d§dwdt Ar30
tax J K
= /t . /K F(t, 2, €)(t, w)dedudt,
tood0vauaL:
[ X(Esusatt, ), 2y 25
Q
0 / F(t,3,€)p(t, v)dEdd,
Q
téhoc:

/t’m upz(t, x)P(t, x)dxdt Ar30 /m (/gf(tv%f)df)é(t,x)dxdt.

t

‘Eyouue étot v aclev| oOYXAon TS UAg-
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Mapouoiwe, and vy (2.9) éyovue ty Onopin evdc un-opyntixol xot
pparyuévou uétpou m(t, z,§) étol Hote:

A:v—)O

mag(t,z,§) — m(t,z,£), otov M —w*. (2.15)

‘Eyovue tdpa tny (2.7) UE TNV YVOLAL TWV XATOAVOUMY:
XOVUE Twpa TV (2.7) UE TN HwYV:

| X Guaclta)nlt,,€)dndtae
+ / X (&5 una(0,2)9(0, 2, €)déda
z,€

+ / a(€)X (& uaa(t, 2)) bu (t, 2, €) dudtde
Q

— [ st ) elt, o, ot — | Ut €)p(t, 5, dodrdg
Q Q
[Towpvovog oto dpto, xadwe Az — 0, TopatneolUE :

— Aéyo e (2.14) éyouye:
Jo X(&une(t,2))pe(t, z,6) = [ f(t,2,86)pe(t, z,€)
— Anb v xatooxeur; e N uag(0, ) xeavorotei:
o X (6 una(0,2)$(0,2,) — [, ¢ X(& uolw))$(0,,)
— Aoyo) rcoO\L e (2.14) éyouue:
fQ £,UAx(t *’L‘))Qﬁx(t z f — fQ (t x,é’)gﬁx(t,m,ﬁ)
— AoY(o e (2.15) éyouye:
Jomac(t, 2, &) et z,8) — [om(t, @, &) de(t, ,€)
— Abéyw e (2.8) éyouvue:
fQ Uagz(t,z,&)p(t,z,6) — 0

Ané T nopatnprioetc autég €yovue 6L 1 ouvdptnom f(t, z, ) xavorotel
™my -

/ £ (b2, O)u(t 2,€) + / X (&5 uo(2))$(0, 2, €)
Q z,§

+ /Q a(€)f (b, 2, €)ba (1,2, €) = /Q m(t, v, €)de(t, 7, €).

Tuvenme 1 ouvdptnon f xavornotel ty oyéon (1.5).
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e Brua 2
Maupvdyvtag oo 6plo otic (2.11),(2.12) mpoxdntouy ot (1.8),(1.9).
‘Eyouue my (2.11) :

[, X € uaslt,2) @) (€)dadt

//R? (&)X (& upe (T, z))dedédT

< [, X(E uo(w)) ()" (€)dade + Wo,xu(0)

Maipvouue h(-) € L([0,T)). Homanhaotdouvue ue h(t) xow ohoxhnpe-
vouue wg mpog t. Hapatnpolue to e€hc:

— 'Eyovue 61t ¢(x)S"(€)h(t) € L(Q) dét n S'(¢) elvor opod ue
ovunoryt] gopéa ([¢] < luollr=(r)), N ¢ € CF(R) xu n h €
LY([0,T)), omdre:

| X(uaslt,2)00)5' @ )t

Ar30 / F(t, 2, €)p(2)S' (€)h(t)dtdzde.
Q

— Ané v acdevi oOyxhon e uaz(t, ) éyovue ot

| X (€ s e)a( ()5 X0 (r)drdod

e /Q F(1,2,8)a(€)p(z)S" (€)X (0, (1)drdzde,

6mou X (g4 (7) elvor n yapaxtnplotind cuvdpTnom tou SlaoThuATog
(0,1).
Mopatnedvtog, twpea, Ot

T
| /m . /0 X (& ung(r,2))a(€)d ()8 (€)X (0 (T)dwdedrh(t)]

< th(t) / 1o(€)4!@)S' () lade,
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xon Poaocloduevol 6To YEYOVOQ

T T
/ HR(t)|dt < T/ Ih(t)|dt < oo,
0 0

UTopoVUE Vo epapudcovue To Oewpnua Kuplapynuévne Xoyxhiong
Tou Lebesgue, ondte naipvouue:

T t
/ / X (& une(r,2))ale)d ()8 (€)h(t)dade drdt
0 0 R2

Az—0 ot I
oy /0 /0 [ 10, 0a(9(0)S O h(0ydsdsirat.

— Ané v (2.13) éyovue Yo Ty axohoudio ouvopthoewy Yo Ay OTU
r Az—0
/ o ax(t)h(t)dt =57 0.
0
Moalebovtog Ti¢ Topandve TUpATNEHOELS €Y 0VUE OTL:

/ £ (b2, €)p(2)S' () dand — / / a(€)f (7, 2,€)¢! (2)8' (€) duwdédr
R2 0o JR2

< / X (& () $() S' (€) dad.
RZ

ITou etvon 1 {ntoduevn oyéon (1.8).
Mepvdue thpa otny anddetln e oyéong (1.9).
‘Eyovue topa, yia xdde ¢ € CP(R) my (2.12) :

/uAm(t,x)¢(:1:)d:1: = / uo(z)p(z)dr + Uy ax(t).
R

R

‘Eotw h(t) € L'(0,T). ®avepd, té1e h(t)d(z) € L((0,T) x R), ondte
and v acVevh oOYXAON NS UAL

/t uaelt,a)d(e)h(0dedt / ( /g F(t,,€)d€) pla)h(t)ddt

t

Enione and v (2.12) €éyouvue:

/tqu(t,x)¢(x)h(t)dxdt:/ uo(x)p(z)h(t)dzdt

t,x
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+ /‘1/1,Am(t)h(t)dt-

To onolo ouyxhiver and my (2.13), xadde Az — 0 o710 :

/ o () () h(t) ddt + / Uy (4)h(8)dt.
t,x

t

’ 4 4 /. 4
Apa, and uovadixdtnta Tou acdevoic oplou :

/ (b2, €)(2)h(t)didwde = / wo (2)$(2)h(t)didz + / Ty ()h()dt.
Q t,x

t

Ko enewdh) 1 oyéon auth woybe yio xdde h(t) € LY(0,T), éneton 61t :
/ flt,z,&)p(z)drdE = /uo z)dx + Vq(t).
8

Kot and v ouvéyewa tne Wy (t) oto 0 (2.13) éyovue :

hm/ft:z:f x)dzdf = /uo

mou eivar 1 {nroduevn oyéon (1.9).

e Brua 3
Hpdta n anddeln e (1.6).
[opatnpodue and tov oploud NG CLUVAETNONS TUXVOTNTIS OTL:

0 < sgn(§) X (§uax(t,z)) < 1. (2.16)

Ondte yia xdde un-opvntxt| ouvdptnorn ehéyyov ¢(t, x, &) éyovue
0< [ sgnl€)X (€ uaelt.)ple,r,dtdodt < | Bt €)dvdnde.
Q Q

Mopotnpodue 6t sgn(€)d(t, x, &) € L1 () xon tepvdue o10 bpLo, xode
Az — 0, ondte :

0< [ sqn(©)f (b5 €)p(t, 2, itdodt < | Gt €)dednde.
Q Q

Apa, 0 < sgn (&) f(t,z,€) <1, mou eivar n {nroduevn (1.6).
H anédeiln e (1.7) tdpa.
Edxoha Brénovue (Ilop.7) ot

0X

a—£(€3UA:1:) = 0(£) — d(uaz — &), (2.17)
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UE TNV EVVOLOL TV XUTOVOUOY. Oewpolue cuVapThoELS EAEYYOL ¢y (L) €
CX([0,T)), ¢2(x) € CX(R), ¢3(§) € CX(R). Xpnowonowwviog 0
Ocewp.4 tou Mopapthuatoc 1 (2.17) ypdpetor dc:

= [ X(Guaslt. o)1 (o) € ot

- /Q 5(6) b1 (1) () b (€) iz

~ [ Bt ) — n ()2 () )it

Ané v aodev) obyxhion e X (& uag) €ovue 6Tt 10 TRMTO ONOXMA-
pwua ouyxhivet, xadoc Az — 0, oto

/Q £ (b2, €)1 (£) ba() 8 (€ dbdade.

To debtepo ohoxhfpwua elvar ave€dptnto Tou Az.

I'o o Tpito ypenotuonoobue 6Tl Ta ua, elvon @poayuéva uéoa oto K
ondte opiloviag dag = 0(uay — &) €xovue daz(K) =1, daz(K°) = 0.
Baoilbuevor tohpa oty a4 (E) = v(E) ya x&e |E| < 0o mpoxOnTeL
6nv(K) =1, v(K°) = 0 xou guoxd v Yetxd. Ondre, and 1o Oedpnua
Aovevic Yuundyelog oto yopo twv Radon uétpwv, cuyxhivel oo:

d1(t) P2 () b3 (v (t, x, §)dtdxdE.

t,x,&

Yuvoilovrag:

— [ £t a0l dednds = | p1(0)a(a)in(©)3(E e
—/Qqﬁl(t)qbg(w)qbg(f)y(t,w,f)dtdwdf.

ITov eivon 1 {ntoluevn oyéon (1.7).

e Brua 4

Eidoue péypt thpa bt n f(t,x,&) eivar xivnuixd Moom tou npoBhiuatog
(1.1),(1.2) vrd to npioua Optouol (1.2.3) xou 6Tt xavonotel Tig UTOVE-
oelg tou Oewpriuatoc Movadxdtnrog (Oewp. 1.2.1), ondte n f(t, z,§)
elvon TNg Lop@nhg:

ft,z,8) = X (& ult,x)),
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ue u(t, z) va elvon Moo eviporniac tou npoBifuatog (1.1),(1.2).
'Eyouvue dei€el howmdv uéypt tdpa 6L

X(f, uA:v(ta LE)) - X(f, U’(ta LE)) o010V Loo(ta Z, f) —w*.
poywpdue detyvoviag 61t X (& ung(t, z)) = X(&ult,x)) t,z, & € Q
oyeddy mavtov.

(Me dromno)

‘Eotw bt undpyer K C Que |K| > 0, udhioto unopolue vo unodécovue
ot | K| < oo, xaw a > 0 €tor wote yia xde ¢, 7, € K va éyouue ot

| X (€ usett.2))| = 1X (& ult, )| > a,

dnhodn:
eite [X(§uac(t, 2))| > |X (& ult, z))| +a,

elve |X (& uax(t, 2))| < |X(&ult, )| - a.

Ohoxhnpwvovtog méve and o K:

i [ 1X(Guaslto))] = [ 1X(€ulta)] +alK],

ctie [ [X(Guss(ta)| < [ [X(Gult, )] - alK],
K K

H acdevic obyxhon, topa, e X (§uas) — X(&u) otov L — wx
woc diver yio xde g(t, z, &) € LH(Q):

| X(GuantoNgttn9) » [ Xult.o)glt,,6).
Q Q
Emléyovtac yio g v g(t, z, &) = sgn(€) Xk (t,z,€) € LY(Q) éyoupe:

[ suanteo) + [ Xt
K K

[olpvovtoag topa 10 6pto xadwe 1o Az — 0, oL tponyolueves oyéoelg
yivovTtot:

cie [ 1X(Guta))] 2 [ 1X(6ulta))] + alK]|

/K X (& ult, 2))| < /K X (& ult, 2))] - alK].
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Anhady| , gite 0 > a|K| eite 0 < —a|K]|, nov oe xdde nepintwon eivau
dtono diot a, |K| > 0.

‘Eyovtog 8eiet v oyedbv navtol olyxhon e | X (& uaz(t, x))| oty
| X (& u(t,x))], éxovue edxolo Ty oyeddv mavtol obyxhorn Tne axo-
howdioc cuvapthoewy X (& uaz(t, ) ot ouvdptnon X (& u(t, x)), og
dueoT) OLVETELXL TOU TPOGHUOL NS oLVpTNone tuxvotntag X (&, w).
Yuveyilovue delyvoviag v oyedév mavtol obyxhion tng axolovdiog
OLVOPTACELY uAL(t, ) ot cuvdptnon u(t, z).

(Me d&romo)

‘Eotw 6t undpyet € > 0 xaw K C [0,T) x R, pe |K| > 0 étot dote:

v x&e (t,z) € K va éyovue: |uag(t,z) —u(t,x)| > €.

Téte duwe ya xdde (t,z) € K €youue:

| [ X (€ (t.e) — X it )] > o
1 ahhde Yo x&e (¢, ) € K éyouvue:

[ X € uaatt ) = X (&t o)l 2 e

‘Atono 86Tt ||uazllre < |luol|lne xou u € L xou epapudlovtoc Oewm-
enua Kuptapynuévne Eoyxhiong éyouue:

(£W@mmﬁwD—X@m%@WE%Q

yior oyedéy Oha o (¢, x) € K.
"Apo o oyeddv bha ta (t, z) € K €youue 6Tt N uaz(t, z) cuyxhivet oty
u(t, x).
Ané v televtala Eyovue Ot
'UIA:I:('a ) - U’('a ')a o010V LP(K) - w.

Topa and v aodevh obyxiion:

X(5uazp(-)) = X(5u(-, ) otov L¥(K) — w*,
npoxUmTel emthéyovtog xotdAhnha tny L1 cuvdptnon 6t

luaz (s Mer ey = Nwls ek
Ané Tic ouyxhioeg autéc npoxinteL,
([0,T) x R).

uaz (s ) = ul-, ) otov L;?oc
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‘Etot tekelwoe 1 anddeién tou Bondntixod Oewprjuartoc. O

To 3ebtepo Oedpnua Bacileton otic mpayuatixés unodéaelc Tou TEOPAY-
uatog uag xat delyvoviag Tic unodéoels tou Oewpriuatog 2.2.1 éyovue Vv
o0YXALON TOU GYAUATOS Uag oTny povadixh Aoor eviponiog tou Nououv Ata-

thenone (1.1), (1.2).

Oedpnua 2.2.2 (To Baoiké Ocdpnua)
Yrotérovue tny C.F.L ovvthjkn:

At

— max <
Az [g]<]Juo| oo
To Engquist-Oscher kivntiké oxnpa, mov tpokirtel and to Oedp. (2.1.1):

n+l _ n_At

’LL] ’LL] _A]j

(A(uf, ufy1) = A(uj_q,u)),

ikavorolel Ta tapakdto :
e OAeg tg tomkés Aviodinres Evtporiag (Anjpuua 2.2.2).
e Tnv Apxn Meyiotov (Anjupa 2.2.1).

o Kalds Az — 0 n axoloviia upay(t,z) ovyrdiva otov LY ([0,T] x

loc

R), yia kdde 1 < p < oo, T > 0 otnr povadikn Adon evzporiag tov
rpopArjpatos (1.1),(1.2).

Anodeldn
Oa detZouue 6T oybouv ot unodéoels Tou Poninuxol Ocwpriuatos (Oebp.
2.2.1). YTrevduuilouue 61t @ = [0,7) x R2.

o Katapydc mopatnpolue 6t upa, € L¥(0,T; LY (R)) énoc Yo Setfovue
oty anddeln e oyéone (2.10).

e Opilovue 10 “U€tP0™” MAL.
mag(t,z,§) = ﬁm?“(é’), bty € Cj xou t € (", "], étoL dote va
n+1
€Y OVUE m?“(é’) = ttn mag(t, z, €)dt, yio xdde z € Cj.

e Anddeiln e (2.7)
‘Eyouue my (2.4)

At

X;H(€) = X7(6) + 5 (- (DX (6) — X7(€9)
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am; 1 (€)
FaL OGO = XJLi(6)) = — 5
Ocewpolue, Twpa, TRV cuvdptnor eréyyou @(t,z,&) € C(2) xou opi-

Zouue ¢7 (&) := ¢(t", x5, &). H ¢} (§) elvor ouvdiptnon eréyyou otov Re.
Ondte, mohhanhaotdlouue v (2.4) pe @7 () xon ohoxAnpOVOLUE S
Tpog &:

/R(X?“(é) = X7 (€))7 (§)dg
2 /Ra—@xxgul(o — XJ(€) b (€)de

+ [ e ©0G©) - X))

n 997 (€)
:—/RﬂijJ“l(f)ié€ d€.

Enedi n ¢(t,z,£) éyer ovunayt gopéa, unopodue vo adpolcovue wg
mpoc j € Z xaw n € N (udhota tar adpoiouora elvon tenepaouévor) xot
VoL TEpdoouUe Tar adpolouaTal X4Te and o ONOXANPWUATAL.

| Z e - X
7,n

- %( /R“(@ D (X4 (6) = X} (€))7 (©)de
7n
- /Ra+(f>Z(X?(f) - X1 (€) 4 (©)de)

Jn

9"
__ /R ngbﬂ(g)Léf)dg. (2.18)
Jsn

Kdvouue tohpa uepinés mapatnerioei, xde ula and autéc agopd oc Eva
and to Topamdve Stmhd adpoiouata tor onolo Yuuilovue dtL elvar tene-
PUOUEVOL ANOY W TNG OLUTAYELNS TOU POREN TS GLUVAETNONS §.

— Ipwtn mapathpnon.

Sexwvaue odpollovtog xatd TapdyovTES,

SN XN — XFE)H ()

7 n=0
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== ZO(¢?+1(£) )Xt (¢ Z #7(¢)
J n=
i 5
=—-A-B.

* ot o dpoloua A yenotuonoltodue 61t

(¢5(€) = 7 ()X ()
gntl

_ /1t Gu(j, 1, ) XD (E)dt + O(AL),

n
’ 4 7
ondte 10 ddpotoua A yivetar:

tn-‘,—l

A= ZZ/ by, 1, €)XT(E)dt + O(A),

7 n=0

ovveyilovue tdpa tolhaniacidlovtog xat Stanpwvtac e Az,

tn+1

XY [ [ st ox @i oo,
7 n=0
An6 Tov 0pLoUs, TWEX, NS UAg TPOXVTTEL OTL:
tn+1
- Az ZZ/ /t br(wj,t,§) X (& uns(t, z))dtdr
j
+O(AD).

HpooYagarpodue tdpa ¢ (t, z, &) xow natpvouyue:

tn+1

Ax;z]://t bi(z,t,8) X (& ung (t, z))dtdz

~pu(a,t, 5)) X (& ung(t,))dtdz + O(AL).

Egapuoélovtag Taylor 1o debtepo ohoxhpwua tatpvouue otL:

1 o0
—m/R/O X (&ung(t,z))pe(t, z,&)dtdr + O(At).
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* ot o dpoloua B €youye :

1
B= 4 Z /C X0, )i

— LS [ 60.2.0) 600,256 900.0,) X €5
J J

Yrmdue to ohoxhfpwua xou xdvouue Taylor, ondte:

1
B= /R $(0,7,6)X (€ uns (0,2))dz + O(Ax)

H mpdtn napathpnon tekixd xhelver o¢ e€nig:

SN TXINE) — XFE)H ()

7 n=0

1 o0
——5. | [ X st a)tt,o atas

_ L / X (€ uae(0,2))$(0, z,€)dw + O(Ax).
z Jr

— Acitepn nopathpno.
‘Eyovue adpoilovtag xotd nopdyovies:

ZZ 711(8) — X7 (€) 97 (§)

7 n=0

=—ZZ¢] — ¢} 1(£)XT(€).

n=0 j

[opatnpodue, topa, 6Tt :
O = #1(6) = [ 42", 2,6)d0 -+ O(2a),

Ondte 1o dbpoloua yiveton:

ZZ/ o (1", 7, 6) X (&0} )dz + O(Aw)

n=0 j
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tn+1

AtZEJ:/ /t X (&;u?)dtdr + O(Ax)

‘Onwe npv ntpocdétovue xou aatpolUe ¢q(t, z,£), xatdémy ondue
10 ohoxhfpwua xat and Taylor xhelivouue v Aedtepn nopatripnon,

ZZ (€)= XI(E)PL(E)

j n=0

1 00
- _E/R/O X(§una(t,x))¢a(t, z,§)dtds + O(Ax).

— Toeltn nopatipnon.
‘Onwe mpwy delyvouue ot :

DSOS X = X7 1())¢7 ()

j n=0

]_ [e%)
_E/R/o X(&une(t, ))de(t, z,&)dtdr + O(Ax).

— Téraptn mapatrenon.
Egapudlouue tic (Bieg teyvixés xou otov 6po

943 (€)

n+1 J

Z ij (f)Tg-
] n

Ané tov opioud tou ma, €youvue ot

. 943 (€)

ZZ n+1 ZZ/ mAm t $],§)dt 55

o43(&)

MZZ//t mag(t, z, &) dtdx 55

tn+1

=25 i NI CUER RIS
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tn+1

~ Az ZZ/ / magz(t, 3, &) de(t, 7, )

tn+l

ZZ/ /t manlt,5,€)(Ge(t", 3, ) — de(t,2,9))

tn+l

ZZ/ [ macttn, o) (4.6 = delt”..6))

Xpnowonotbvtag vy oyéon |Pe(t”,z,§) — ¢e(t, z,8)| = O(At)
€youue ot

tn+1

ZZ L[ maetsn (s 2.0~ gete2.0)]

_O(At)ﬁ / /t iman(t, 7, €)|dtda.

Ouolwg o dhhog bpog pedooeTaL:

tn-‘,—l

ZZ/ [ et ) (67,25, - gele"..9)]

O(Ax)Aix / /t Imag(t, 2, €)|dtds.

Ko éto tehelwoe xou 1 Tétoptn mapatrionon.

Me tic nopatnerioetc autée 1 (2.18) yivetou:

iy [ X6 usalt,2))u(t,m, ) dtdod
T Ja

1
AIL‘ z,€

57 [ O (G uan)guitdads

=5 | st )t € ot

+AL(II / \I}Ax(ta z, f)¢(t, x, f)dtdﬂ?df,
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6mou oty Wag(t, x, &) €yovue anoppophoer GAOLC TOUS TaPEYOVTES TOU
eugavilovton ota O(Az) otic TponyolUEVES TUpATNRHOELS.
[MoAamhaotdlovtac tny mapandve ue Az €youvue tnv {ntoduevn oyéon
(2.7) ue ™V évvoLa TLV XATAVOUMY.

e Anddeln e (2.9)

— To npbonuo tov ma,.
‘Eotww (t,z,£) € Q t61€ vndpyouv j,n €toL wote ¢ € Cj, t €
(™, 1" xon mag(t,z,€) = Atm""'l(f) > 0, and tov oploud Tou

n+1

myT

— To M gpdryuc T0U MAL.
‘Eyouue my (2.2):

£ = XJ(O) ~ oa (OX]4(©) — Foas QXPE+

x

PR a OX1O) + ra s (OX]1 ()

[Hohhanmhaotdlovue Ue & xat UETE ONOXANPWVOLUE WS TPOg &,

/ FrL € de = / N (@ede+ / 4 )ede
+147;£d£+:/mj———a £)ede + ./‘ ———a+ £)ede

Adpoilovue v mponyodUEVT WS TPOC J, XAVOLUE avay YT ouolwy
bpwVY ot TalpVouUE:

n+1 _ u;’
ij /R I (f)fdf—; /0 ¢de,

S, 1
D | s - > 5

Agonpolue xat and to 2 uéhn to E ( "H)

NEHCOLUE OTL 5(@7“ = Iz XnJrl f)fdf:

> [ e - Xy @nede = 5 3 () - ),
J

J

APOL TEMTA, THPA-



46

Kegdhawo?2 : Yyrua Engquist-Oscher oe uio Sidotaon

[ToMamhaoialovue ue Az xan atpollovue wg mpog 1,

ZAw / (F11(6) — XL (€))¢de

1
-5 Ax((ug)Q . (uy“)?).
J,n
Xpnotuonoolue thpa tny (2.6):

om; 1 (€)

X~ 7€) =

xar Ty oyéon:

- ZA ( 2 _(y, ?)2> _ %ZA$((U§V+1)2 . (U?)2>,

J

6mou N eivar o uéytotog puoxds t€tolog wote NAL < T xou €you-
ue:

ZAz/ n+1(€ Omi~ &) ege 1 ZA ( N-12 (ug)Q)

i
=2 Aa /R mi T (€)dE = % > Aw( () - @)?)
i ;
! 1
/ Z /t /C j mag(t, o, &)dzdtdg
=3 ZM( Y - W)?)
i

_//T/mAx(t,x,é)dmdtdf

:—ZA( Y2 = (@h)?).
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[oipvouue andhuta xat eneldn mag > 0 émetou:

/g/OT/x Imax(t, z, ) |dwdtds

1 N+41 _ o), N+1 0
§§ZAzp|uj+ —uj||ujJr + uj|
J

N

1 N N
Imaslar < 5 > Azful T — adlul T+ )|

J

N-+1
< o]z Zm(mj 4 |u3|).
J

[Mopatnpodue topa 6TL:

Yo xdde m # 0, g Azlujf| = E :/ [ |dz
- = JC
J 3

-y / fure (87, )| dz = / e (7, 2) dz = [Juas ()| @),

xadodg enlong:

1
ZAZB|U?| = ZA$|—/ uo(x)dz|
i o Al

<3 [ uo(@lds = fuolls
i G

onoTE:
Imaallar < lio lzoe (Jluae ¥l + ol )
2.10)
< 2||uol| e ||uol| -

H anédern e (2.9) tehetdver topoatnpdviag 6t dev undpyet oly-
xpouon ue v anddeln e (2.10), tou UOAC YPNOoLULOTOOUUE,
OTwe auéons Yo avel.

e Anddeln tne (2.10)
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— To L' gpdyua.
‘Eyovue néht v (2.2) :

£ = XJ(O) — o (X} (6) — Foas X7
FEta (X)) + Roar(OX](0)

Tnv nodharmhaotdlovue ue sgn (&) xon OAOXANPMYOUUE S TpOg &.
[ 11 @sanieyde = [ X7©san(éyae

At At
[ e (OX7©son()de + [ T (©X](@sani)dt

A A
/ﬂ{—A—;a(f)X?+1(f)sgn(§)d§+ RA—;aJr(f)X;l_l(f)ggn(g)df_

To apotepd uéhog mpwTa,

n (2.5) n n
[ st @santene 2 [ 1@ = [ 1 ©a

=+
To 8e&i uéhog topa,
ul At ul At
i+ [ - Rrar@son(de + [ Tra(@son(e)ag
0 A$ 0 A$

Uit At ut 1 At
[T R @)+ [ Shay©san(e)de.
Anhady, uéypl topa, €yovue detlet otL:
Jug T < Juf|

Ui At

ui A
_|_/0 —A—;a+(£)sgn(£)d€+/0 A—wa—(f)sgn(f)df

Ui A Y-t A
[T R @)+ [ Shas©sn(e)de.
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Adpoilovue wg mpog J o Tor 300 UEAT Xl XAVOLUE VALY WYY TWY
ouoiwy ohoxhnpwudtwy ondTe,

+00 +o00o
> IS Y fujl

Enoywywd hotndy,

+0o0 +o0
Yo ldfl< Y 1)

j=—00 j=—00

Mepvdue otic L' (R) vépuec tdpa xon yio x&de t € [0,T) éyouvue

\
6t undpyel n € N étol wote t € [t", t" 1) ondre:

lune(t, Yoz = /R st 2)\de

/ luag(t, x)|dzdt = Z Axl|uj|

j=—o00 Jj=—0o0
+o0o
< Z A:E|u0|— Z |/ ug(z)dz|
j=—o00 j=—o00
<3 | (@i = ol
j=—00

— To L gpdryua.
‘Eyet %01 anodeyydel otnv Apyn Meyiotov (Afuua 2.2.1) agol no-

patnpioovue OTL uag(t, ) = uj btov t € [t "L xou z € Cj.

e Anddeln twv (2.11),(2.131)
‘Eyouvue néht my (2.2)

176 = X360 — me (4O X1 (©) — o (OX}(©

+a ()X (€) + a- ()X} (0)).

Ocewpolue ¢ € CX(R), ¢ > 0 xou S xvpth otov R ouvdptnon, opilouvue
¢j = d(xj) v j € Z. Hohamhaowdlovue v (2.2) ue ¢;5'(€) xou
ohoxhnp®vouue wg mpog &.

L@ @i = [ xp©as 0 - 11
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u”

[ =@ ©der [ —a @88 @+ [ anio)ns @0
0 0 ’

[T a ©asio)
Xpnotuonothvtag y (2.6)

om " (€)
o&

X7 () — fH(e) =

TatpVouueE:

/ﬁ XPHL (€)' (€)d = /£ XD (€)' (€)de

At Ui , ul /
[ eons ot [T -a @85 @

n n
b ul,

T /0 " 4y (€)d;S'(€)dé + /0 M

mn+1

(€)' (§)de }

¢y5' dg.
Avadpoutxd Aowndv €youvue:

/£ X (€)' (€)d = /£ X0(€)4,'(€)de

uk

Adpoilovue 1hpa wg TPOg J xat TAlPVOLUE:

Z/Xn+1 (€); S (€)dé = Z/XO (€)6;5'(€)

j=—00 j=—00
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uk

—%Z >, {/0 —a+(£)¢j8’(§)df+/0 " —a_(¢)¢;S'(&)de
+/0 a+(§)¢j5’(£)df+/0 a,(g)qus'(g)dg}

Lo [ omTE)

DI R G

Kdvouue thpa avarywyéc Uéoa oTo dyxioTea XaL:

Z/Xn-l—l )by S (€)de = Z/XO 6,.5'(€)

Jj=—o00 Jj=—00

n 00 k

_gz > {/Ouj a1 (6)S"(€)(pj — pjr1)dE

"Eotw topa t € [0,T) téte undpyet n € N tét010 Gote t € [t7, ") o
n mponyolLUEYY oyéon uog divet:

Z/X" )i S'(€)dE = Z/XO )$;S'(€)

j=—00 j=—00

Aty 3 { / S€) (@5 — dys1)de

kO]*oo

[Mopatnpodue T :
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— T o mpwto ddporoua.

Z /Xn £)b;5'(€)

‘]7700

- ﬁ / [ X (Euant,2)i@)S (€)dode

/ S'()X0 (¢ / (v — ) (25, e,

YL XATOLAL T, AVIUESD 0T &, L. EOxoha BAémouyue 6L 1 axohou-
Ola -ue Seixtn Az- cuvaptficewy we npoc t(t"):

3 [SOX© [ (@ a)d @i,
J J

elvow otov L>([0,T)), eivar ouotbuoppo @poryUévn xot ouyxAVeL,
xadde Az — 0, otov L*([0,T)) — w* oty undevixtr| cuvdptnon.

— T 1o dedtepo ddpotoua.

> /§ XY/ (€ = Y /§ X(&u0)(€)¢ S (€)de
J J
! :
> [ x5, [ @S @
-3 (5055 | wotae) - s00)
Jensen
ZJA /Suo dm—Z@
=St [, [ xemas deds — 3550
- D |, X ues @ote)deda

+—0 Az) qu]
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1

== m’gX(§5U0($))S’(§)¢($)d§d$ + ﬁO(AIE) _ ; $:5(0).

O 6poc O(Az) mov eugavileton nopandve eivar aveZdptntog Tou
t(t") xar xatd cvvénewa ouyxhiver otov L*¥([0,T")) — w* ot unde-
Vx| GUVAETNOT).

— Tt 10 tpito ddpotoua.

Dvwpilouvpe 61t ¢j — pj11 = —Axd/(z;) — O(Az?). Ondre:

>y 7 (OS5 () () — dy)de

==Y Y [ a@xs©8 @ wise

n—1 oo
a a k 1 2V
;;oo/g/c HOXE©S (O(Ar?)ddg

n—1
== X(&uas(th, 2))¢ ()8 (€)as (€)dzd
S [ [ xeuanlt s 0 € asi

n—1 oo

SIS /f /. i OXHOS Q0

k=0 j=—o00

— T 10 tétapTo ddporoua.
DvopiCovue 61t ¢pj_1 — ¢pj = —Azd'(z;) — O(Az?). Onére, bnwc
xat oto Tpito dipoloua Eyouue:

n—1 oo

>3 [Ta @@ -

k=0 j=—00

n—1
== X (& ung(t*,2))¢ (2)S'(€)a— (€)dzd
S [ [ Xteuantt oo €0 Qs

n—1 oo

XY [ [ e oxtosoos

k=0 j=—00
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— T

T0 méunto ddpoloua.

To ddporoua

n—1 o0 k+1

> 2,

k=0j=—00

¢JS' §)dg

elvon apvnTind Siétu m?“ >0, ¢;j >0 xoumn S etvan xvpTh.

1

<

‘Etot howndy, paleboviag Tig mponyolUEVES TapATNENOELS, EYOVUE OTL:

Aw//Xf,UAI ,z))p(z)S (€)dxdE
—E; JRGECY NESERTIENTEE
X (& uo(x))S (€)p(x )dfdx+—0 (Az) Z%

n—1
2—;2 | X6 mautt 29 )8 €0, (e

nloo

Z > // a (¢ S'()O(Az?)dwde

=0j=—o00

+§—22/ /xX(g;m(tk,m>)¢'<w>8'(£>a_<f>dwd£
n—1 oo
Z Z // O(Aw YdzdE.

kO]

Molanhaoidlovtag, topa, ve Az xa ened a—(§) + a4 (&) = a(§),

€y OuUE:

<

//Xf,umt z))p(z)S' (&)dzdé
X /ﬁ S©OX7() [ o))

/gX(f;uo(x))S'(f)qb( z)dédz + O(Ax) — Ax2¢]
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n—1
A X (& ung (tF,2)) ¢ ()5 (€)a(é)dzd
" tkzzo/g/ (& uas(,2)) ¢ (2)S' (E)a(€) dde

n—1 oo

RO S G ACEICLI T

k=0 j=—o00

[Tepvivtog to At 6tov npoTteElELTAlo 6PO UECH GTO OAOXAHPWUO XL UE-

th+1 ; /
tatpénoviag tov ot At = [ ldt xou avadiotdocovTog Toug Tapandve
6pOLC TAlPYOLUE:

< / X (& up(2))S' (€) $(r) dés
z,§

tk+1

n—1
+,CZ:0/M /6 / X(&uag(t,z)d ()8 (€)a(é)dzdédt

X [S0%56 [ @ - 0 @)oe
J J

+O(Az) — Az Y $,5(0)
J

n—1 o

Aty S /g /C OXHOS (0t

k=0 j=—00

1 Téhog ualedovtag Toug Teelg TeEheuTaloug 6poug oty ouvdptnon Yo Ay
€)OLUE:

/ﬁ/X(é-;UA;r(tn’x))¢(x)sl(§)dxd§
S/ X (& u0(2))S'(§)b(x)dédz
T8

+/0 /g/mX(f;qu(t,x))qb'(x)S’(f)a(f)dxdfdt+\I/07Am(t)_
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e Anddeln wwv (2.12),(2.13ii)

Ocwpolue y (2.2):

776 = X3 — 5o (— A (O X1 (©) — (X7

T (§)XF(6) +a- (X[ (0)).

Ohoxhnpdvouue ¢ mpog & yenotuonouwvTag Ot fg fJnH(f)df
X0 TolpVOUUE:

gt = -5 ([ (e / Y (e)de + / T (e

- [T a).

_ o n+l

Avadpoutxd :

-1

uj = uj — ﬁ—ch (/Ou; a+(£)d£—/0u§ a_(§)d¢

k=0

+ [ e - / o).

Ocewpovyue cuvdptnon eéyyou ¢ € C°(R), opilovue ¢p; = ¢(x;). TTok-
hamhactdlovue UE ¢p; TNV mapamdve oyéor), adpollovue wg Tpog j xau
nohhamhaotdlovue ue Azx. IMatpvouyue:

n k

-1 u
AxZu?@ = szu?gﬁj - Atz% Z {/0 a4 (§)d§
j j i k=0
uf u§+1 u;—l
- [Cac@ar [ a@ae- [T e} (219
Mapatnpodue topa yoe Ty (2.19),

— To npdto ddpotoua e (2.19) yiveron:

Aw?u?qﬁj = zj:u? /Cj (xj)dx
_ zj:u? /Cj $(x)dz + Xj:u;? /Cj b(2;) — la)da
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- ; /C j ung (1", 2)p(x)de + Y ulf / (zj) — d(z)dz

i C
- /R was(t" 2)p(x)dz + Zu /C 9lay) — o

O debtepog bpog oty TponyolUEYY oyEon ke GuvdpTno Tou t (")
PPACOETOL YL XATMOLY Yy g, AVAUECD OTAL T, T

> Juf| / () = $l)|de < |uf] / A| ¢ (Yo, ) |dz

j Ci j Ci

<Dl /C Az(|¢ | odz < A2?||¢ |lo luas (£, ) | 11(r)
j 7

(210
< Az7|¢|oolluoll L1 (r)
Tolo ouunepdouara TpoXOTTOLY YloL TO 3, ulf fC]- d(x;) — (x)da:

1. Etvou gpayuévo wg ouvdptnon tou t.

2. Zuyxhiver xatd onueio otn undevixy ouvdptnon, xodwe Az —
0.

3. Buyxhivel oty undevixr ouvdptnorn otov L (R) — w*, xodg
Az — 0.

— Onowc mipy, ypdgpouue tov 6po Az ), udd; e (2.19) g erc:

Sy W = z)d(x)dx ug(z zi) — o(x))dz.
Ae 320, [ wle)s(@d *;/@. (@) () — $(x))d

Uu
R

O Sebtepog bpog Tou apolouatoc avtol eivon aveldptntog Tou ¢
(t™) xou ppdooetau:

zj:/cj lug(z)||p(z;) — P(z)|dz < ;/CJ o ()| Az | (Y )iz

<ArY /C o (2)dz ¢ oo < Ao 10 | [1o-
j 7

"Apa ouyxhivel ot undevix ouvdptnon otov L°(R) — w*.
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— O tpltog 6poc e (2.19) ypdpetor we ehc:

MY / 93 (a4 (©XEE) — a(©XE(©)

7 k=0

+a-(§)X]11(6) = ax (X[ () )dg
-85 [ a0 2 (310 11 10)
k= J

ta (€)Y (X5 ()0 — X[y )de
J

n—1
=AY [ as© 3 XEO; - 4i)
k=0 "R j

(O XF(E)(bjr — @) =
J

MY [ @@ = ) XHQ) + 0O 951~ 6) X €0,

k=0 j

Ko gpdooetar and:

A1 [ Nolelsbl (i b1 1651~ 0]

k=0 J

n—1
< 2l|allooluollze ALY D |5 — pjtl

k=0 j
m]+1
< 2||a||oo||uo||LooAtZZ| / r)dz|
k=0 7 Zj

< 2lalloo lluoll = 1"l nAE = 2t" |a]|co[luollooll¢'l| 1 -

‘Omou noapatnpodue 6Tt 0 6pog oTov onolo xatahhEaue elvar ove-
Edptntog tou Az xou elvon cuveyrc oto t = 0.
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Katd ouvéneto 1 (2.19) yiveton :

/ wng(t", 2)p(x)dz = / wo(2)b()d + Ty aa(t),
R R

61OV,

T = 3 /. o)~ e+ 3 [ e 0e) — 9l

Ay S / " e - / "o

1
J k=0

- o / e,

ue Wi Ay va ouyxhivet otov LP(R) — w* énwc oty expovnon.
Kou étor anodeiloue tic (2.12), (2.13ii).

ActEoue hotmdy 61t toybouv Gheg oL tpolnovécelc Tov Oewpruatog 2.2.1, €toL
€yovue v {nroduevn obyxAlon Tou oyfuatog uog. O
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qu)dc)\ou.o 3

dyfua Engquist-Oscher
lenepacuevou ‘Oyxou

3.1 H Kuvntuxy wopr| tng Avagopixrs E&lowaorng
Ag Yewproovue éva Nouo Awatrpnong oe 800 ywewés Staotdoeis.
w(t,z,y) + fi(u(t,z,9))e + fo(ult,2,y)y =0, t>0,2€Ry€ER, (3.1)

ue f1, fa ouokéc ouvaptioec pofic xat u(-, -, ) 1 dyvwoTn TeayUaTiX ouVSp-
non. Oewpolue enlong T apyxéc CUVUTHAXES :

u(z,y,0) = up(z,y) € L' (R?) N L= (R?). (3.2)

‘Onwe oty nepintwon tne ulag didotaong 1 acdevic oo dev elvar uova-
dxd optouévn. Ta va e€aopahicovue Ty wovadxotnta e acdevoic Abong,
egodialovue v Atagopix) EElowon ue v mhren owxoyévelod Twv oavicoTy-
v eviponiog. Zntdue, howndy, and ti¢ acleveic Aloeg tou mpoPhiuotog
(3.1),(3.2) vor ixavomotoy, UE TNV €VVOLa TV XATAVOUMY, TNV TAfeT otxoYé-
VELOL AVICOTHTWY EVTpOTLAC:

QS(u(t,m,y)) +8n1(u(t,m,y)) +8n2(u(t,m,y)) <

ot ox oy =0,

6mou S € C%(R) xvpth ouvdptnom evrponioc xar ny,m2 € CH(R) oL avtiotolyeg
poéc evtponiag mouv opllovtar and Tic oyéoelc:

m(€) = S"()f1(€), (&) = S(€)f2(8)-

61
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Avdhoya ue v mepintwon e ulag didotaong €tot xou €8 1 Kntiny
uoppth e Atagopixiic E¢lowong Vo etvau:

_ am(taxayag)

TOU oY VEL UE TNV EVWoLd TV Xoravoudy otov RS | x [0,T) x Re, émou m ef-
va un-opvnuxd gpayuévo uétpo, X (€, u) n ouvdptnorn muxvoTntac optoUévn
omwe xou oto Kegpdhowo 1.

‘Onwe oto Kegdhowo 1, étot xan €36 oplCovue v Kwvntixd Aon g Arago-
ewhc E€lowong :

Oplowos 3.1.1 H owvdptnon

f(tw,y.8) € L2([0,7) x 2R, ) N L (RS, ),

Aéyetar xwvnuixfy Adon tov mpopPAiuartos (3.1),(3.2) drav elvar Adon pe tnr
€vvola Ty Katavouwy tov mpoPANUaTos

0 ;0 ;0 0
%(taxayaf)_’_fl(g)a_i(ta]:ayaf)_’_fZ(f)a_g(taxayag) = 8—?(t7$7y7§)7 (34)

He apyikés ovvinkeg:
f(oaxayag) :X(S,UO(IE,y)), UU(xay) GLIHLOO(R2)
OnAadn otav ikavornolel Tny oxéon:

oo o 1oy OP
/0 /Rgf(taxayag)[a(taxayag)+f1(£)%(taxaya£)

0
HF3(6) 1, oy

:/0+°°/R3 m(t,x,y,f)g—?(t,x,y,f)dmdydgdt

- [ X))o, Odudyds,  (35)
yia 6Aeg g ovvaptioeg eAéyyov ¢(t, x,y, &) € CX ([O, T) x Ri,y,ﬁ)’ Kkai étav
emmAéov 1kavonotel Tic ovvOnNKeg:

of
_(taxayag) = 6(5) - V(taxayag)a (37)

9¢
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pe v(t,z,y, &) pun-apvnud pétpo térow dote [pv(t,z,y,£)dé = 1 ya da
tat,z,y.

‘Onwc #dn éyovue ViZet, To Oedpnua Movadixdtntog (Oemp.1.2.1), toylet
xaL o€ TEpLoaoTepeg and Ula ywpetxée Staotdoelg. To emavaloufdvouue hotrdv

Ywplc anddetln.

Oehpnua 3.1.1 (Movadikétnta twv kivntikdy AVoewr)

FEotw [(t,z,y,£) € L™ ([0, T); Lo(RS ) N LL(RS ) N Lo(R2 Ll(Rf)))
Kwnuikn Avon tov tpofAnuacos (3.1),(3.2) téroa dote, yia oxeddr kdde t >
0, y1a kdle kuptr) ovvdptnon evtponiag S(§) ka1 ya dAe§ g pn-aprnuikés
ouvapticeas eAéyyov ¢ € C°(R?) va ikavorouet:

[ 150,068 oy

t
s [ @S @ oy, ardsdsdy
t
s [ % 0. andssdy
< [ Xl )dle.)S (Odrdys ()
[ uttaystwasty S [ e dtepisay. (39
R2 R2

Téze f(t,z,y,&) = X (& u(t,z,y)), érov u(t,z,y) elvar n Adon evrporiag tov
rpopAripatos (3.1),(3.2) xar u(t, z,y) =9 ug(z,y) orov LF (R?), 1 <p< oo

loc

kar eidikdrepa f(t,x,y, &) mat X (& ug(z,y)) otov LY. (R?), 1 <p < oco.

loc

Hpoywedue Tdpa 6T0 oY RUA Uag, Aol TpOTA SOooLUE UERIXOE anopai-
TNTOUC GLUPBOALGUOVC-0pIoUOUC oL aPopoLY o1r Bewpia Yynudtwy Ilenepo-
ouévou ‘Oyxou.

3.2 Eup.ﬁo)\bcp.oi.

e Me T}, Yo ouuBoAlovue TNV OXOYEVELL TOV UNFXEVDY, AVOLXTWY, UN-
EMXOAUTTOUEVLY, TELYOVLY Tou R? tétolwy doTe:

UKGThI_{ = RZ?

xat TETOLWY OOTE Xaula X0puUPY EVOS VoL TEUVEL EOWTERIXE TAEUPA EVOS
dhhov.
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Av K € Ty, téte ue 0K Yo ovuforilovue 10 6OVOAO TV TAEUPKY TOU
K.

Io xdde mhevpd e tprydvou K, ouufokliCovue ue ve g To Uovadiaio
e€WTEPIAO AAVETO TOU TPLYWVOL OTNV TAELEA UTAV.

Me TI'j, ouuPBoiilovue 10 6UVOLO TV TAELPOY OALY TOV TELYWOVOY TNS
owoyévetag T,

Aoocuévng mhevpdc e evog tptywvou K, cuuforilovue ue K, to uovoadixo
Telywvo g owxoyévetag Tj, mou ouvopelel Ue To Tpiywvo K atny mhevpd
e.

YouPoriCovue 1o eufaddy evoc tprywvou K ue |K| xar to uixog tng
TAELPdS e autol UE el.

YuuPBoiilovue ue hg Ty “Siduetpo’ tou Tprywvou K. Opilovue h =
supger, hi (ave€dptnTn amd tny napdueTteo Staxprtonoinong h) xou uro-

Vétovue 6Tt h < 1.

Kavovixy ovoudletan uia owxoyéveio T), otay umdpyet otoaepd v €tot
OoTE ¢
hx <y, VK €T,

6mou pr elvar 1 SdueTpog TNg UEYLOTNG UndAhac B mou nepléyetan oTo
Tplywvo K.

Ve, K

3.3 To oyfua Engquist-Oscher.

Optlouvue ¢ va elvon to Briua oto ypdvo xar t" = nd.

Optlouue, eniong, a(-) = ( h() )

f3()
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H npd&n - mou epedric Yo epgavileton Yo exppdlet 1o odvniec eowtepixd Yi-
véuevo tou RZ.
To oyfua tou Yo Soviédouue Ya etvon 1o Engquist-Oscher oyrua Henepaoué-
vou ‘Oyxov, dnhadr) Yo avalntioovue uia xatd-tuiuoTta oToepr) GLVSETNOM
up, UE

up(t,z,y) = ul, oo K x [t" ")

xa u'y 0pLoUEVO avadpoULXd and Thyv:
n+l _ n
U = U — Z lelg’ (uhe, ufc, ), Yian >0, (3.10)
663K

UE oY X€C TPOOEYYIOELS OPLOUEVES WC:
0 ].
ug = [ uo(z,y)dzdy, (3.11)
K| Jk
xon g% (-, +) va ebvan 1 Engquist-Oscher aprduntich pofl optouévy wc e€hc:

g% (u,v) = /Uu(ye,K -a(s))4ds + /OU(I/&K -a(s))_ds. (3.12)

Yuvenwg to Engquist-Oscher oyruo mov o Soukédouvue eivar:

i = e = o 3 Jel{ / (Ve - als)) s ds + /OU%E(VQ,K-a(s»_ds}.

eCOK
(3.13)
Mrnopolue topa, axolovdhvtag 1o Oewpnua 2.1.1 va etodyovue v Ki-
vntixr) Mopgy| tou oyfuatog woc. Eyouvue howndy :

Oehpnua 3.3.1 (Eyriue Kivnuknis Moperg)
O¢érovtag:

o u) = ﬁ [5 uo(z, y)dzdy xar

g “?{H fR n+1

£)d€ e f}?"l(f) va opiletar avadpopukd and tny:

(e = Z el (i - a(8)) 1 X3 (€)

eGBK

(Ve () - X7, (O}, (3.14)

dmov X3 (€) = X (&, ul).
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Téze n uy 1cavonorel to Engquist-Oscher oxnua:

uptt = ul — K] Z le|g® (uk,uk,), ya kdfen > 1.
eCOK

Mdhiwoza n oxéon (3.14) Oa ovopdletar oo €£i¢ kivnTikij poperi tov oxipatog
Hag.

Anodeldn
O)oxhnpdvouue v (3.14) we npog &,

| st = [ (e - |K| S lel{ [ e -al€))s g1t

e€EOK

+ [ (€)X, (91}

7.
16od0voua,

i = = 3 el / (Ve i - a(€)) e

eGBK

+ / e -ale))-dg),

mou yivetar Téhog, yenoLLonoldyToc Tov oploud e gx (),

n+l _ ,n
uR = U e
ecOK
Aci&oue howndv motd Yo elvon 1 wopy) Tou Kivnuixod Xyfuatog wog. O

Kdmoteg mapatnerioeig yprotues yio tnv ouvéyeta etvon ot e€nc:

e 'Eyouue ot
> lelg™ (uf, uf) = 0. (3.15)
ecOK
Andden
o a,b € R, opiCovue yo xde z € R, ¢(x) = (a,b), Vo € K ue
a,b € R Téte divg(z) =0, Vo € K. Ondre:

oz/Kdiw(z)dz:/a ¢-n= Z/¢ n= Y lel¢-vex

e€OK ecOK
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= (> felve) - o
ecOK
Aot Y cor le|ve,x = 0, ouvendg (ZeeaK |e|1/e,K> a(s) =0, yro x&e
s €R, dhadh Y cox el fou% Ve, i - a(s)ds = 0 # ohhude:

> lelg™ (uf, ulf) = 0.
ecOK

e To oyfua (3.10) unopel va ypagel ypnowwonowdvtac Ty (3.15), otny
popQ:

" 4]
Wit = = 2 Vel (o k) — " (ke ) (316)
e€cOK

e Katd ouvéneta 1 xevntixn popy (3.14) tou oyfuatog unopel va ypapet,
enavohaufdvovtag Ty anddelln tou Oewpuatog (3.3.1), we edhc:

KO = XRO — 7 3 lel{ a4 X (0

ecOK
+(Ve,k - a(§)) - X, (§) — (Ve,i - a(€)) + XE (€)

~(eic - al©)-XR(©) ). (3.17)

*oapd v pavept| anhornoinon 80o bpwy uéoa ota dyxiotpa, Yo xpath-
oovue TV (3.17) dc éyet.

Yuveyilovyue topa pe Vo Afuuata. 1o npwTo SelyVouUE, YeNoLLOTOLWY-

TAC TNV XYNTLX] Lop@Y| Tou oyfuatog, ott txavornoteiton n Apyn Meyiotou xou
o710 3eltepo OTL Lxavomoovton ot Avicotnteg Evtponiog.

Afupe 3.3.1 (Apxri Meyiorov)
Me C.F.L ouinkn:

)
Sup o Z lef|ve,x - a(§)] < 1,
el<luollze KT S55c
éyouue ot
[ufk| < lluoll Lo w2y,

yia kde K € T}, ka1 yra kdle n € N.
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Anbdein(Me enaywyh)
e Eixoha Prémovue 6t [ufe] < [|ugll oo (r2)-
o Av topa [uf| < [lugl|peo(rey, €xovue 6Tt yia xdde K € Tj, unopoldue vo

Yedpouue v (3.17) otnv woppK:

e = Z el e - al©)IX 3 (€)

eGBK
(e, - a(€)) - X, (6) — (Veic - a(f))+X1"((€)}-
Iood0Ovaua:

Ko =(1- Z elve,ic - al€)]) X3 (€)

eGBK

Z el (Ve - a(€)) 1+ X3(6)

eGBK

K| Z lel(ve,i - a(§)) - X (£)-

e€OK

Ohoxhnpodvouue twpa wg Tpog &:

“"K
u?(“—/ - O S el - a(€)] dé
0

. ecOK
¥
/ o 3 el - al©) e
. ecOK
~
/ ——ZweK a(€)) de.
N ecOK B
Y

7 7 7 7 z n
— AvZdvouue o dvew dxpd TV OAOXANEWUATWY MG SUPy UK XOL

nafpvouue 6T u?(ﬂ < supg u', v xade K, n.

— Mewbvouue 1o dve dxpa Twv ohoxhnpwudtwy éwg inf x uf xon nolp-

’ n+1 . n ’
vouue OTL uf > infg ulf, yioxde K, n.
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Onére deifoye 6T |u| < supg [uk| yio xdde K,n. Tuvende and

enayeywr unddeon éyovue ot jukt] < w0l 700 (r2)-

Kow 1 anddel&n ohoxhnoiinxe. 0

Afupe 3.3.2 (Arwérnres Evrporiag)
INa xdde ouvdptnon eviporias S € C*(R) ka1 ya ny,m2 € CH(R) wg avei-
OTOYES POES €VTPOTIAS EYOUNE:
n )
S — S(ulh) + Tl 3y |e|{ne,K(u;g,u?(e)

ecOK
e (W u) | <0, (3.18)

1 akpipéotepa:

X = K@)+ g 3 Jel{ e - a(€) X (©

e€EOK

mn+1
e al©)-Xg(© ) = B @9

6700 T (1,0) = [ (Ve - al€)) 1 S(E)E + [ (Ve - al€))-S' () etvar
apiunTixti pon evtporias oe dlo Maotdoeas xar mit(-) efvar kardnies
HN-apVYNTIKES PPayIEVeS aurapTnOelS e TUUTAY) Popéa.

Anodeldn

Ipdpovue v (3.17) oty wopen:

n 5 n
KO =(1- g 2 lellvex - al©]) Xk ()

ecOK
)
4+ Z —le|(ve,x - a(§)) - Xk, (§)
|K| e€OK

J
+m > lel(Ve,k - al€)) 4 X (8),
eCOK
etvou, dnhad”, 1 fit, xuptée ouvduaoube TV Xi, X, uee€ 0K.
YUVETOC ¢
0< i (©)sgn(€) = IfH QI < 1. (3.20)

Yuveyilovue opllovtag Yo xde K € Tj,

mi ! (€) =/6 X5t (s) = f (s)ds,
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YENOLUOTOLOVTAS, TP, T0 Ocwpnua Iopaywyloudtntog tou Lebesque €you-
ME,

n+1
Ik~ xi o - e (.21)
n+1

Topatneotue 61t mi 1 (€) > 0 yio xde ¢ aveoptitog tpoofuou tou ulktt

Stbten mi 1 (€) ebvon suveyrc 010 R xou abZousa 670 (—oo,uZ'H), @pdivovoa

ot0 (uth, 4+00) xan ) T e ot o0 elvor undevieh SLéTL oL gopeic TV
XELE), FR(€) etvor memepaouévor.

Avtixatiotodue todpa v (3.21) oty (3.17) xou €youue:
n n 6 n
€ = XR©) + g 2 [el{ e a(6) Xk (©)

ecOK
(Ve al€))-X7(O) } =

mou eivar 1 {nroduevn oyéon (3.19).
Yoveylovue mpooagorpmdvtag tov 6p0 (Ve i - a(€))+ X7 () xou 1 (3.19) yi-
VETOW:

omit (¢)
e

X0 = X©) + g 2 Ieb{ (e - a(€) X, (©
ecOK

e - al€) 4 XF(O) — (v - ()« XR()

_om(©

~(verc-al6) XR(Q)} = =g

Holarmhaotdlovue topa ue S'(€) xou ohoxhnpdvovue we Tpoc &,

[ xros©i - [ Xu©s©d+ g 3 el

ecOK
[ ek a(€)- X3 (O ©de + [ (- al€) s Xk (O e
R R
~ [ G- a1 X5 O e — [ (e -a(6) - X5 (O (e}

R R

_ [ i)

- [ Fs s

Ané toug optouoic v X (+), ne,kx (-, ) éyovue:

n 5 n n
S(UT;(—FI)—S(U’K)—FE Z |e|{7]@’K(UK,'U/K8)
ecOK

o n+1
et} = [ 25 sepae
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Ketvouue nopatnpdvtag 61t to 8e&l uéhog eivon apvntixd, Aoyw tng xuptoTn-
o e S(+) xon Tou mpoohuou e Mt (-), mE(€) > 0 yio xdide €.
Apa:

n n 5 n n
S(uit) = Stuk) + rer 3 lel{mece, )
ecOK

e (W, ufe) | <0,

mou etvar 1 {nroduevny oyéon (3.18). O

‘Eyovtoag anodeilel tic mponyolueves 8LOTNTeS Yot T0 opduntixd oyfuc
UTopOVUE VO TPOYWENGOVUE GTO OUCLACTIXG UEpog TNg epyaoiog authig. O
oploovue Ty mpooeyYloTxn ADoT Uy, TOU TEOBAAUATOC UaC Xt o€ 800 Otw-
efjuata Yo ueketrioovue Ty olyxhion autrc oty Abon Evtporniag tou mpo-
Briuaroc.

Oplowos 3.3.1 Opilovue tny mpooeyyiotiki) AVon tov tpofAnuatog uag, va
elvar n katd-tunpata otalepn) ovrdpTnon up, oPIOHEVN wG:

MY, kan () € K.

up(t, z,y) = U, dravt € [t"
Oehpnua 3.3.2 (To Ponintikd Ocdpnua)
‘Eoto éu n oikoyévaa tpooeyyotikdy Aboewv uy(t, z,y) € L>(0,T; L' (R?))
ikavorotel ya kdnowa otadepd K, kdnowa xatavoun Vi (t,z,y,&), kdrow jé-
tpo my(t, z,y,§) ka1 kdrowes ovvaptrioas Yo (1), Uy 5 (t) ©g mapakdrw 1616-
TNTES:
8X(£, ’U,h(t, z, y))

8X(£§uh(taxay)) 6X(£;uh(t,x,y))

i O e e 0
_ %gyf) + Wh(t,3,,6), (3.22)

Uy, (t,z,y, &) 200 pe TNy évvola twv Katavouwv,(3.23)
mp(t,2,y,8) 20, |lmpllan < 2[luollrrre) luoll Lo re2), (3.24)

yia kdOe t € [0,T) ta rapaxdtw opoiéuoppa gppdyuata,
lun(ts s )rrwey < lluollpr@ey,  Nun(t -5 e me) < lluoll oo ey, (3:25)

/R3 X (& up(t,z,y))b(z,y)S' (&) drdydé

t
+/0 /R3 1) bz (z,y)S (€)X (& up (T, z))drdydédr
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t
+ /0 /R 8, .S (X (€ (. ))drdydids
< /Rg X (& uo(z,y))p(x,y) S (€)dzdyde + Wo 1 (t), (3.26)

/R2 up(t, 2, y)p(x, y)drdy :/

. wo(z,y)p(z,y)dzdy + Uy p(t),(3.27)

Ve dAeg Tis un-apvnTikés ovvaptioes eAéyyov ¢ € CP(R?) ka1 g kupTés
owvaptioeg evtponias S(-). EmmAéov U, p, i = 0,1 elvar gppaypéves ovvap-
o€ e tny 1dioTnTa:

Ton(t) 220 oror L]0, T)) — w*,
Uy (8) 20 Wy (1) ozov L0, T)) — w*, (3.28)

pe Ui (t) ovvexn ka1 ¥1(0) = 0.
Tére, kallidg b — 0, n up(t,z,y) ovykAiver wyvpd otov Lj ([0,T] x

R?), 1 < p < 00 ya fa a T > 0, oty povadiki Aon eviporias tov
mpoPAfuazos (3.1),(3.2).

Anodeldn

Oewpolue O va elvon Q = [0,T) x R3.

e Brual
Ioyter 6t | X (& up(t, z,y))| < 1y xdde (¢, z,y, &) € 2 ondte undpyet
ouvdptnon f € L*(2) étol dote:

X (& up(t,z,9) 22 F(t, 2,9, €), otov Lo(Q) — w,
EMITAEOY:

Uh(t,I,y) h__)g f(taa:ayaf)dfa GTov Loo((ovT) X RQ) - w*‘
Re
Ané v (3.24) e€aopahifovue v Gnapn evog un-apvntixd UEtpo m €
M(Q) tétotov tote:

h—0
mh(ta T,Y, f) — m(ta T,Y, 6)7 oTov M(Q) —w*.
Ipdpovue tdpo v (3.22) Ue THY £VVOLA TWV XATOVOULOV XAt TEPVIUE GTO
6plo xowe h — 0 ondte npoxinTEL, ONWS % 0T0 AvtioTolyo Oswpenua
2.2.1 tou Keg. 2 6t

/Q Ftay, btz )+ [ F0,2,5,6)6(0,2.9,6)

z,y,€
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+/Qf{(£ (2,5, ) o (1, 2, ) /f2 F (62,5, )y (£ 7,9, €)

:/fvzm(t,$,y,§)¢§(taxay7£)a
mov elvon 1 oyéon (3.5).

e Brua 2
Iepvdue oto dpto atig oyéoeig

(3.26):
X (& un(t,z,y))p(a,y)S' (€)dudydé
t
+/0 /R3 1) b (z,y)S" (€)X (& up (T, z))drdydédr
+ /0 /R \ F5(E) by (2, y)S" ()X (&; up (7, ) dadydEdr

< / X (& 10(5,9))$(w, ) S' (€)dzdyds + U 4(2),
RS

xon (3.27):

/ un(t, 2, 9)d(z, y)dody = / wo (2, y) b, y)dady + T y(2)
R2 R2

xolL TPOXUTTOLY avTioTOLY o Ol OYECELS

(3.8):
/ F(t 2.y, )9z, y) S (€)dadyde
RS
t T
+ / 716 220 616y (7, 2, y, € drdedady
0 R3 827
t 0d(x
o [ 30 0 € . ardsdndy
< / X (€ uo(z, ) pla y) S' (€)dwdyde,
R3
xar (3.9):

/ u(t, 2, y)d(a, y)dedy =3 / wo (@, y)p(z, y)dudy.
R2 R2
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e BAua 3

Edxola éyouue,
0 < sgn(§) X (§unlt,z,y)) < 1,
OTOTE TEPVWVTAS 010 Hpto xadwe t — 0 €yovue:
0 <sgn(§)f(t,z,y,§) <1,

Tou elvar 1 oyéon (3.6).
Enlong,

OX (& un(t, z,y))

= 6(5) - 6(uh(t,x,y) - f) (HO(P 7)a

9¢
TEPVWVTAS 0710 6pto t — 0 mpoxdmteL:
0
S 2,0€) = 8(6) = (t.,1,6),

Ue v un-opvntixd ue vovadiolo udlo wg mpog £ Uétpo, mou elvon 1 oyéon
(3.7).

BrAuo 4

Kietvouue ue tic LP ouyxhioeie, énwg oto Kegpdhowo 2.
EnavoloufBdvovtac v anddetln touv aviiototyou Briucatoc tou Bondy-
X0l Oewphuatoc (Oewp. 2.2.1) tou Keg. 2 éyovue ot n up(t, z,y)
ouyxAivet oty u(t, z,y) oyved.

'Etol tehelwoe 1 anddeiln 1ou Boninuxol Oewphuatoc. O

Ocvpnua 3.3.3 (To Baoiké Ocdpnua)
YroOérovue Ty C.F.L ovvinkn:

0 > lellvex - a(€)] < 1.

up e
¢1<luollz KT S5t

To apruntiké oxnua:

)
w2 lelo ()
ecOK

1kavomolel ta mapaKdto:

e O1 tpooeyyonikés Avoes elvar L gpayuéveg(Apxn Meyiotov).
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o Ioyvovr dAes o Tomiés Yvvinkes Evtporiag.
e Katig h — 0 n up(-,-,-) ovykdiva orov L ([0,T] x R?), V1 < p <

loc

00, YT' > 0 oty povadikn Abon evtponiag tov mpofArjuatos (3.1),(3.2).

Anodeldn

‘Eyouue uéypl topa deilet 6Tt 0 apriuntind oyfua uog xavornotel tig Tomxég
Yuviixec Evtponiog xon tnv Apyh Meyiotou. Mévet va 8ei&ouue 61t ixavorotet
xat T anouthoes Tou Bonintixol Oewpriuatos (Oewp. 3.3.2) ondte xou Yo
€yovue anodeilet xou v {nroduevn obyxAo.

o Sexwdue opllovtag to uétpa my, mou eugavilovion 6to Oewp.3.3.2. Opl-

Covue

1
mh(taxayag) = gm?(-l-l(g)’ oTay (xay) € Kxaute (tnatn+1]a

n+1
€10l €Y OVUE m7}(+1(§) = ti» mp(t, z,y,€)dt, yia xdde x € K.

e Anddedn e (3.22)
Haipvouue v (3.19) nov éyel anodeydei oto Afuua 3.3.2:

XR©) = X3 + 7y 3 Jel{ (e - al€)- X, (€

e€cOK

_ omi(©)

(e al6) - XR Q) } = =

Ocwpotye B(t,z,y,€) € CX(Q) xau opilouue P (€) = St w1, yic, €)
OTOU Tk, YK Ol CUVTETAYUEVES Tou xE€VTpou Bdpouc tou tprywvou K.
Holamhaoiglovue ue |K|P% () v mponyoluevn oyéon xow ohoxAn-
PWOVOLUE WS TPOG &:

13 X))ot + [ el]

ecOK
(e + (€)X (€) — (e - al€)) Xje(€) } b (€)de
-/ o (€)
¢ X
Avpoilovue we mpog K xou n xou matpvouue:

>[I @) - X + 3 [5 " felf
K,n ¢ Kn 3

e€cOK

| K| pc (€)d.



76 Kegdhawo3 : Synua Engquist-Oscher ITenepacuévou ‘Oyxou

(Verk - al€))-X e (€) — (v - al€)) - X3(©) } (€
mn+1
—Z / ‘0 . K16 de. (3.29)

1. To npdto ddpotoua e (3.29):

> /£ (XL (E) — X)) (€)de
Kn

=3 [ KU © — @) X5 g
K.n

e

A
=S /g K|X9 (€)% (€)de
K

B

[Mofpvouue to A xou:

- IO - o ©) X0

Al

-> /6 IK[(¢7(8) = ¢k ()X (&) — X7(8))de
K.n

Az

Tohpa natpvovue to Ay xar €yovue:

/ K| /t (s i, E)ALX(E)de

> / |/ ey X (€ )ty
:_Z// /tt+ (b, 2,9, €)X (& up (1, 2, )) diddydé

tn-‘,—l

[ e



3.3 To oyfua Engquist-Oscher. 77

(#ults oy, €) = 9t 2, y,€) ) dtdwdye.

/. Z /. .
To npwto uépog tou A; 10olTE UE:

_/g/Rz,y/t¢t(t,:L“,yaf)X(f;uh(t,x,y))dtdmdydg,

10 deltepo LUEpog Tou A cuyxhivel oto undév xadde h — 0 -ebxoha
ppdooeton and Chllupl|r < Chl|ugl|p1- xou ypdpetar oty Lopph:

/OT /RQy /Rg { =Y KX (& un(tzx,yx))0 (2 )

K,n

+X (& un(t, 2, y)) }¢t(t, z,y, &)dédzdydt.

[Tepvdue oto Ay xou Brémovue 6T

==Y 11631 - s H{xu1© - Xpe) e
K,n 3

_§/£|K|/tn ¢t(t,$K,yK,f)dt{X?(+1(€) —X}"‘((é’)}df

tn+1

__;m/§|K|/tn ¢t(t,xK,yK,g){X(5;uh(t+6,xK,yK))
X (& un(t 2, i) bt
:—/g/OT;|K|¢t(t,xK,yK,f){X(§§Uh(t+(5,$K7?JK))
X (& un(t 2, i) bt
= [ [ X [ttt 0 {x(G 500

X (& un(t,2,y)) }dtde.

Podoovtag Twpa Tov TeEAeLTaio dpo malpvouue

| Az S/f/OTZ/K|¢t(ta$KayKa£){X(€§uh(t+6axay))
K
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—X (& un(t, 2, ) }dodydde,.

H ovundyeta tou gopéa Tne ¢ xdvet ol 0ploUaTa TV OAOXATNEWU-
TWY TEMEQUCUEVOL XA PEACOVTAS TNV Takpvouue

T
4y < D]l /f |3 [ x@ume+ o)
K

=X (& up(t, z,y))|dedydtdé

||D¢||oo// [ 1X € unte+ 6..9)

Emnkéov €youue 611 0 6poc Ay ypdpetar oTny Uop@L:

m=[ LA 2 RE( ) = 5o )

(X3HH€) = X7e(©) bt .y, €)dédadydt.
To B topa:
B=-Y [ KXk ©sk
K /¢

= _Z/g/KX(é“;Uh(U,x,y))¢(0,xK,yK,£)dxdydg
K
= _Z/g/KX(f;Uh(oaw,y))¢(0,w,y,€)dxdyd£
K

o K
‘Onwe mpv nopatnpodue 6Tt 10 TpwTo UEpog Tou B ypdpetat ws:
_/§ R2 X(gauh(oaxay))¢(07$7y7§)dxdyd§7
T,y

xat To detepo Uépog Tou B ouyxhivel oto 0 xou umopel var ypapel
otnv {ntobuevn uopy.
Tovenme 1o npwto ddpotoua e (3.29) eivon ioo ue:

_/g/RM/t¢t(t,$,yaf)X(f;uh(t,x,y))dtdmdydf
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/ [ X (& m0,0,0)90,., )y

//RM /dm (t,2,y,8)¢(t, z,y, &) dtdzdydg,

6mou otV xatavout Y (t, x, v, &) €yovue ualéder bhoug Toug bpoug
mou neploeday xotd TNy didpxeta Tne TponyoLuevng Stadixactiag xat
mou Seloue 6Tt xdde Evag amd auTo0C GLYXAVEL UE TNV EVVOLAL TV
AATOVOUDY OTNY UNSEVIXT] CUVEETNON.

2. To deitepo ddpotoua tne (3.29):

2/6 3 lel{ ek - al€))- X, (6)

ecOK

~(vec - al€))- X1 (©) } o (€)e.

Hopatnedvrag 6L Y ok lelVex =

/5Z|elvexa IXP€)F =0,

ecO0K

=

€Y OLVUE OTWS TPLY:

ondte npoodétoviag TNy nopdotaoy auth oto dedtepo dipoloua
TPOXVTTEL:

L0 lel] ek - a©) 4 X5 + G -a(6) X
n K,e

(Ve - ()4 X3 (6) PO () — (veric - al€))- Xk (€) } bk
= [0 3 tl[{ e o) XR() + (- al©) X 0

n ecl'y,
(Ve - (€)1 X7 () = (e - al€)- X7 (€) } #c
Ve, - ()4 X7, (€) + (e, - al€)- Xk (©)
(e, () + X, () — (Ve al6)) - XF, () b, | de.

Hpoovagopobue TNy nopdotaoy

/5252 > Xkl Ve,K'a(f))/¢(t",w,y,f)df,

n K ecdK
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1 omofa mapaTnEolUE OTL 16o0TE UE

/252 Z {XK ) (Ve,x - al§))+

n K ecoK
'F}(K' Ve]( a /[d’ T, Y, €

= [ 30 5 {Kk©ux ) + XROwer -a(6)-

ecl'y,

FXP (O e, - alé))s + X5 () (e, / Bt 2,9, €

Ondte n mponyolUeVn TopdoTAoT IOOUTE UE,

320 3 el [{ v o) X5(€) + (a6 X (0
n ecl'y,
(e - )+ XR(E) — (e - a(€)) =Xk (€) bk
e, - alE)+ KR (€) + (e, - al)-XR(©)
(Ve - () + X, (6) = (eux, - ()~ XF. () } ok, }d&}

- [S0% X K€ ale) [ o060

n K ecdK

Egopuélovtag v avioétnta twv Cauchy-Schwartz xow exueta-
Aevduevol tny oyéon

Y IKIXR(E) - Xi (O <c
KeT,

mou anodexviel yia tétoou eidoug oyfuata o Vila otnv epyacio
tou [11] mpoxintel 6Tt 0 MP®TOS bpog GUYXAIVEL GTO UNdEV.
O deltepog bpog elvon Ue TNV oeLpd Tou (oo UE,

LZ&ZZXK (Ve - a(€ /¢t Y, €)d

K ecoK

sTyY,s

»Ty Yy
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3. To tpito ddporoua tne (3.29):
8mn+1
e = K ()

‘Eyovtac opioer my(t, z,y,£) = 5m7}(+1(§) otav (z,y) € K, t €
, , TEOXVTTEL OTL:
(#7471, mgoxirzes

a n+1
Z / e & |k | (6 de

8 n+1
—Z / ! — &) 51| (6 de

Z 1omtt (¢ /
£ Je o ag
tn+l

1 8 n+1
=X/ mK / / o1, ,y, €)de dudydt
tn

1 3m"+1 gl
+Z/ e,
tn

O mpdTog dpog ypdpeTon we:

tn+1

/ P (€)dwdydtde

/ (P% (&) — &(t, x,y,&))dEdxdydt.

tn+1

1 8 n+1
/ mK / / o, z,y, &) dedudydt
tn

:_2/5 ntl( /tn+l
([

_/t/ /gmh(t’w’y’£)¢f(tv$ayaf)dfd$dydt_
T,y

Ko o 8ebtepog we et

/ 1 amn+1 /
tm

/K g (t, 7y, €)de dudydt

/K mn(t, @,y €) e (¢, @, y, €)dé dudyds

tn-‘,—l

/ (1) — Blt, 2y, €))dedadydt
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_2/137”?(“ /t

n+1
Z / mmK 5K|¢7}((§)d§dzdydt

=/

o n+1
_// £Zmgig(5)|K|5(=’13KayK)5(t")qb(t,:1:,y,f)d:z:dydtdf
Y8 Ko

// 3mhtwy,§)
Y€

n+1
5 me(myma(t")}qs(t,x,y@)dwdydtdf-

tn+1

/ ot 2., £)dédudydt
K

tn+1

/ 5m miH(E) pe (t, 2, y, &) dédzdydt

"Apa 10 Tpito dbpotoua g (3.29) eivar (oo ue

_/t/ /gmh(t’$’y’§)¢§(tv$ayaf)dfd:§dydt
T,y

-l-/t/m’y/g@/)h(t,%yaf)ﬁb(t,lﬁ,y,f)dfdxdydt_

Suvodilovtog i tapatnpioelc yia 1o tpla adpoiouata e (3.29) éyou-
ue v {nroduevn oyéon (3.22) Ue TN €VVOoLa TWV XATAVOUMY XoL TAUTO-
ypova €youue anodeilel xou Ty oyéon (3.23).

e Anddeiln e (3.24)
To Yetixd mpdonuo tou UETpou My, ElVOL JUECT) CUVETELX TOU OPLEUOU
™oL My = 5m7;(+1 XL TOL TEOGHUOU TOU m?(“ and T Aviootnreg

Evtporniac (Afuua 3.3.2).
[ o ppdryua g vopuog tou my, tadpvouue Ty (3.14):

KIF €)= IKIXE(E) = 8 3 lel{ (e - al€) 4 X (©)

e€OK

(e - al6)) X7 (6)}.
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[MoAamhaotdlovue Ue &, ohoxhnp@Vouue w¢ pog & xau apoilovue wg

rpoc K:
3 K] / FrLE)ede
KET}L
- 3 K] / X (6)ede — 6 / S Y el (e - al€)- X3
KeTy, KGTheeaK

(v - 0l€))- X, ()€ } .
To dumhé ddpoloua otV TponYoLUEVT oYEaT, UTopolUE Vo To Ypdhouue
VewpwvTag e x€VTpo avapopds Tic Thevpés e € Iy, xou ypnouwonoldvtog
T Lo TES!
(Ve, i, - a(§))+ = =(Ve,ic - a(§))-,
(Ve - a€)) - = (Ve - al€)) 4.
0 e&hg:

S 1ol (e - al€) 4 X ()€ + (v - al6)) - XF (€)¢ ]

ecly,

el = (e - ()~ X7 ()€ — (verk - al€)+ X ()€} = 0.

Apat:
3 K| / Fi (€ €de
KeTy,
= > IK| / X (6)&d.
KeTh

Agoupolue T6pa Y ger, K| f§ XL (€)€dE won and T SVo uéhn,

> IK] / PN E) — X () eds =

KeT,
(K| | Xi(&)éde — | X (¢ fdf
> i /

n+1
Xpnowonotovtog tny (3.21):8771’576(5) = XPHE) — frtH(€) non adng-
Covtag to tpdonua TokpVouUE:

amn-l-l
S K| /

KeTy,
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= 3 IKI(G0) - S wh)?),

KET}L

-3 |K|/mn+1

KET}L

dnhodn:

=23 K — ) (e + ),
KET}L
and tov optoud tou uétpou my(t, z,y, &) -ommy apyf e anddeine-

€Y OLUE:
tn+l

-y / / / w(t, @y, ) dtdzdyds
KeTy e
= Z IKI( P — ) (W + ),
KET}L
1 GAALOS:
tn+1

j/ ot 3,7, €)dudydé dt
RZ

.

= Z LK (u B ) (i ).
KET}L

Adpoilovue w¢ mpog n ondre:

T
[ [ [ mtt.p. €)dedadyd
o JeJre

=3 IR - )

n KeT),
_ Z |K|Z< nt1)2 ?()2>
KEeTy,
:K;,, R - @h)?):

Matpvovue andhuta xou ue Bdon to tpdonuo tou mp(my(t, ,y,&) > 0,
yio xde ¢, z,y, &) €youue:

/UT/6 /R |mn (t, 2, y, &) | dadydé di
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=1 SIKI( )2 = o),

KeTy
i
N+1 N+1
mallag < 30 2K — et + i
KGTh
<oz D7 1K1 () + fufel)-
KeTy,

[Mopatnpodue topa 6L

un (™, - )Mo (rey = /R2 |lup (t", 2, y)|dzdy

=5 [ e pldzdy = S [ puildody = 3 1Kl

KETy, KETy, KETy,

onoTE:

N

lrmnlar < luollzee (Ian (¥4, Yl ey + s 2 ey )

3.25)
< 2fug o< ol .-

*oapathpnon: Mropolue va ypnotuonotioovue tny (3.25) ywplc tpob-
BAnua epdoov N anddeiln e (6nwe auéows Yo Sodue) dev eloptdton
and ty (3.24) oVte and ouvéneleg auTthc.

e Anddedn e (3.25)
To L' @pdryuo npotos
Eextvdue ue my (3.14):

K1) = [KIXR () = 8 3 lel{ (e - al)) X7 (€)
ecOK
(v - al€)- X7, ) }-

[Holamhaotdlovue ue sgn (), ohoxhnedvouue we tpog & xat apotlovue
w¢ npog K xou agol npwrta nopatnprioovue o1t

D7 lelex - a(€)+ X5 ()sgn(€)

KeTy, ecOK

+el(ve,k - a(§))- X, (§)sgn(§) =
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Y lel(We i - a()+ X5 (€)sgn(€) + lel (ve,i - a(é))- X, (€)sgn(€)

ecl'y,
—lel(ve,x - a(§))+ X & (§)sgn(€) — le|(ve,x - a(€))- X, (§)sgn(§) =0,
€Y OLUE:
> [ @son(@de = 3 [ 1KIXE©som
KeTy, KeT,

Xpnotwonotdvtac v (3.20):
sgn(§) F () = 11 (©)]

n+1 / fn—l—l

> K < Y K ).

KeTy, KeT),

xaL ThV:
€y OLUE:

Enaywywxd howndy €yovue ot

Yo K| < Y 1K Jukl.

KeTy, KeT,

Mepvdpe otic L' vépuec thpa xon yia x&e t € [t7, ") éyouue:

lun(t, )1 o) = / fun(t, @, )| dedy = / fun(t, 2, )| dedy
R? KeT,

= > [ kldedy = 3 Kl < 3 Ik

KETy, KEeTy, KEeTy,
= 31 wiadsdy < Y[ uateldady = ol o
KeTy, KeT,

To L gpdyua g up, eivar anhf ouvéneta tou Optouol tne (Optoude
3.3.1)
up(t, ,y) = ul%, brav t € [t", "), %o (z,y) € K,

xat e Apyhic Meyiotou yio to aprdunuxd oyfiue (Afuua 3.3.1).
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e Anddeln e (3.26)
Haipvovue v (3.19):

X () Z el (e - al€)- X (€)
eGBK

)

(e -al8) XR(©)} = =

Oewpotue Tic ouvapthoec ¢(z,y)S' (€) € CX(R?) xou opilovue px =
d(rK,yK) OTOL Tk, YK OL GUVTETAYUEVES TOU XEVTPOU BApOUC TOL TpL-
yovou K. Todanhaoidlovue pe |K|drS'(§) tnv mponyoluevy oyéon,
ohoxhnpvouue wg tpog &, adpoilovue wg tpog K € Tj, xou Yewpdvtog
t € [t", "), 9étovue n =i xou adpoillouue and we Tpoc i amd 0 uéyet

n7
Z 3 /|K| (XE(E) — X (€)dreS'(€ df+2 $ /62 el
1=0 KeTy =0 KeTy, e€OK

(Veyic - 0(8)) - X, (€) = (Ve - al€)- X (&) b S'(€) ¢

3m?1 ,
Yy / ) K|S (€. (3.30)

i=0 KTy,

Mehetdue Thpa To EMUEPOUS OAOXANEGUATI TOU TaEoLGLLovTaL oTHY
(3.30) ue oxond va deifouue btL and xde Evay €€’ autdy TpoxiTTEL Evoc
avtioTtoryoc 6poc g {ntoduevnc oyéone (3.26).

1. To npdhto ohoxhipwua tne (3.30)

>y JIKICE© = Xic@)ons

=0 KeTy,

-y / KX ()i S ()d T / K|XY(6) xS (€)de
K Y€ K 7€
_ n+1 ! -
— /§ ;XK ()S'(¢) /K o
-3is (0)) e / 1dady
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regen Xt ,0)) (o) (€ oy
z,Y,

1
— ; |K|¢K® /K S(uo(z,y))dzdy + O(h)

= 6X(f;uh(t”H,x,y))¢(x,y)5'(£)dxdydf
Y,

- gX(f; uo (z,9))$(w,y)S' (§)dzdy + O(h).
x?y,
‘Onov xad’vrépBaon yenotuonotiooue to obuBoro O(h) Yo va
ouvuPolicovue 6,TL neplooelel and TIC TUPATAVE Stadixacle xatL T
omofo ouyxhivouy otov L>([0,T)) —w* otnv undevixr cuvdptnon,.

2. To deltepo ohoxhfpwua tne (3.30)
Mpdta mopotnpolue 6t yio xdde ¢ € [t7, ") yia xdide d(z,y) €
C(R?) xou yio x&de S(€) € C(R) xupth, 1oy Vet

t
L :/0 /RS 1) bu(m,y)S"(O) X (& un (T, z,y))dudydEdT

SN /g FLO X (©)8'(€) /K ba i) didyde

i=0 KcTy
=Y 5 Y [H©Oxk©5© Y [vixe
=0 KeT,”¢ €K =€
[Topouoing éyouue:

L=%45Y /6 OXi(©)S'(©)

i=0 KeT),

Z /eVeZ,K¢-

e€EOK

Or 800 moapandve tapatneroels dtvouy uali:

hot=30% 3 [ [t a@)dtnXi©s'©.
i=0 KeTy, ecok ’67€
HMapatnpodue topa 61t 10 debtepo dpotoua e (3.30) yivetou:

S % [0 3 le{(er-a)-¥ie©

i=0 K€T), ecOK
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(Ve i - al€)- X (€) } oS ()

—Zé/s' 9% 3 tel{ ek -al€) Xk, (©

KeTy ecOK

(Ve - (€))- Xk (&) prede
_25/5’ DY el e,k - al€) X (&) drcdé

KGTh ecOK

+Z5/Sl Z Z le](ve,k - a(€))+ X5 (€)(dx — dr.)dE

KET), ecdK
=1+ 1, +O(h),
6mou 1 tpoteleLTAlL LOTNTA TPOXVTTEL XAVOVTAS TS (Bleg mpdi&elg
6mee xou oty anddelln e (3.22). O dpoc O(h) ypnoruonotin-
xE ylo v Teplypduel Toug dpoug mou meptoelouy and T TPALELS
xa oUYXAvouy oty undevixt| cuvdptnon otov L([0,T)) , xodg
h — 0.
3. To tpito ohoxhipwua tne (3.30):

mz-i—l
Z > /8 KO kg5 €,

i=0 KTy,
elvon apvnTind duétt ¢ > 0, mPTH(E) > 0, S xvpt.
Yuvoiloviag tic nopandve napatnerioels npoxintel 1 oyéon (3.26).

e Anddeln e (3.27)
Eexwvdue, outh ) @opd ue v oyéon (3.14), n onolo yenoluonotwvTog
v (3.21) yivetou:

Xi(e) = Z el{
eGBK
omi(€).

(v - 0l€))+ XRE) + (e - al€)) - XR ()} + 78

Enoywywd unopodue va del€ovue 61

KX () = 1K XR (¢ —622|e|{

7=0 ecOK
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(Veyic - (€))+ X7 (6) + (Ve - a(€)- X, (&)}
1
+|K|Za mif &)

Optlovue g va elvar 10 xévipo PBdpoug tou tprywvou K xou ¢r va
elvow 0 1w e ¢ oto onuelo awtd. Ilodhamhaoidlovue thpa ue dr,
adpoilovue wg tpog K xou ohoxhnpwvouue ws npog &. H nponyoduevn
oyéon ylvetar:

LG / S KX () rede

§KeTy, § KeT),

/wzm{

KGTh j=0ecOK

(Veyic - 0(8)) 1+ X5 (€) + (Ve - (€)X, () pprcde

8 J+1

/ S k| Z e (©) e,

KGTh

1. To npwto ohoxAfipwua yivetow:

/ > KIXk (©dwds = Y [Kludr = 3w [ dwdady

§Kemy, KeT, KETy,
Z/d)wyum ) ZUK/¢K $(z,y)dzdy.
KeTy KeTy

O mpdtog dpog ypdpeton we:

|, #eyuner o oy

xat o de0tepog PpdooeTaL:

B / up(t, T, y)dx — ¢(x,y)dzdy|

KeTy,

<y / fun(t, 2,9) [ xc — (e, )| ddy

KeTy,
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< ID@) e [ (e, dady

(3.25)
< R|ID(§)lloolluoll 11 (r2)-

Onéte 10 ZKeTh [xun(t,z,y)dx — d(z,y)dzdy cuyxhiver otov
L*>®([0,T)) — w* oty undevixt, ouvdptnon.

2. To deb1epo ohoxlfpwua YivetaL:

/ﬁ S KXY () bk

KeTh

= Y |Klukdr = ) ¢K/ ug (@, y)dzdy

KEeT, KEeT, K
= uo(z,y)p(z,y)dzdy
K;h/[( "
+ uo(z) (b — ¢(w,y))drdy.

O mpdTog dpog ypdpeTon we:

|, wole.s)éle sy

xa 0 SeUTEPOS PpdocETL:

Y [ o) = bl dady

KeTy,

<hIDgl Y [ fuofe.y)ldady

KeTy,
= b D@l ool|uol| L1 (z2)-

Onéte 0 Y ke, [ vo(z,y)pr — Pz, y)dedy ouyxhiver xadde
h — 0 otov L*([0,T)) — w* oty undevixt| cuvdptnon,.

3. To tpito ohoxhfpwua yivetor:

n—1
/§ >SS dlel] (e - al€)4 X5 (€)

KeTy, j=0 ecOK
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(Ve - al6)) - X, (€) pbrct
/ /Z Z |e| Ve ke - a(§))+ X (& un(t, 2k, yK))

€ KeT, ecOK

(Ve - al€)- X (& un(t, wic, yic,)) prcd = 1

yta To onofo oy Vel OTL:

ne [ [2 5 e

§ KeT), ecOK

up (6T ,YK)

sgn(un(t, zx, yxc)) / (Veur: - a(€)) 4 de

0

un (K, YK, )
+sgnlun (i ur.) | (v - a(€)~de Y|

. / : / > Y e/ - al€)) e

§ KeT), ecoK —|luollLeo

vf - al6))-de}ond

—[luoll o

lluoll oo

3 e / Ve - al€) gl

KET, ecdK lluoll oo

mou xadoe t — 0 1o nmopamdve undeviCetar, eniong emetdy) elvou
ppayUEVo wg tpog t ouyxAivet otov L([0,T)) — w* xadide b — 0.

4. To téropto ohoxhfpwua yivetar:

J+1

)
/Z IKIZ "k ) gcae = 0
KETh
dLoTL i1
/gamgig(g)df =0.

Yuvolilovtag €yovue:
[t ap)dody = [ oo, y)dody + 140,
R R

ue Wy p(t) b9 Uy (t) xou Wq(t) ovveyh ue ¥1(0) = 0. Ilov eivor 7
Intoduevn oyéon (3.27).



3.3 To oyfua Engquist-Oscher. 93

'Etou 3eilaue 61 ixavonoodvtan ot tpobnodécels tou Bonintixod Oewpr-
uatog (Oewp. 3.3.2), ondte 1 axohovdio up(t, z,y) cuyxhivet oty uovadixt
Abon Evrponioc u(t, z,y) tou Ipofhiuatog (3.1),(3.2) xou ohoxhnptdooue Ty
an6detln Tou Oewpuatog. O
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qu)dc)\ou.o 4

Hocpocp‘cv’woc‘coc

L. 3%3977'(33) = 20(z) ue ™V évvola TOV XoTaVoU®Y, dOTL :

/R%sgn(x)gﬁ(x)dx = —/ngn(m)¢'(x)dm
0 +oo
- /_ sgn(z)¢' (z)dz — /0 sgn(z)¢'(z)dz
0 +00
_ /_ #@de — | ¢ (a)dz = 2(0)

= / 20(z)p(z)dx
R

2. sgn(&)fe(t, z,€) = |fe(t, 2, &), Bid

o Davepd :

Sgn(f)fﬁ(ta T, 5) S |f8(t7 T, §)|
e Eniong, ue Bdomn v oyéon (3), éyovue :

folty,6)] < /0 /R 1 (5,5, O)lwe (t — 5,2 — y)dsdy

= sgn(©) /0 h /R £ (5,9, Owelt — 5,0 — y)dsdy
= Sgn(g)ff(ta z, f)

95
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!
3. f(z)f'(z) = %(f%x)) UE TNV EVVOLYL TWY XAUTAYOUMY ,OLOTL :

/ F (@) (@)$(w)da

- [ 161 dx—/ o

=2 / F@)f' (@) / (@
= [1@r @ = [ (§f2(x))'¢(x>dx

4. Eudb | Tensor I'véuevo (Neto oel:83)
(@ @) (z,y) = d(2)9(y)
C22(9) @ C(8Y) = {ulz,y)u(z,y) = ¥ ¢5(2);() }
Arnodewxvieton 61t C2°(Q2) @ C° () etvar nuxvd otov C°(Q x Q)

5. Mepuxéc Hapdywyol yio Katavouée (Neto oeh:94)
Toybet b1t 2 ((S * T)(:B)) = (QS * T) (x) = (S * ﬁT) (x)
© Oz oz ox

6. Afuuo tou Brenier.
Eotw f € LY(R), ue 0 < sgn(z)f(z) <1 VzeR
‘Eotww h : R — R, xvpt, Lipcshitz, téte :

h(/f(:z:)d:r) —h(0) < /h'(:z:)f(m)dm

0(&) — 0(u — &) ue ™V EVVOL TLV XATAVOUMY.
0X

( u)

7. 'Eyovue 6Tt 3’

Eotww ¢ € C’°°( 2). H diveton amd tar mopoXdTE:

/ x(6 2 agau

//Xg, 8‘7’ dfd +/+OO/X§,
// a(“’ dfd /+OO/ ‘% dgdu

_ / (0, 4) — (o, u)edus + /0 B, u) — $(0, u)du

d£d
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_ /R (u, 1) — $(0,u)du
- / (s — E)p(E, u)dudé — / 5(€) P, w)dude

- /Rz(a(“ — &) — 8(6) (¢, u)dudé.

8. Aovevic Kdtw Huouvéyeta twv Nopumy (Oempnua 2.11 [14])
Mo xdde 1 < p < oo 1 LP-vépua etvor acdevirg xdtw nutouveync Snhadin:
omoTte:
fre = f aodevie otov LP(Q)

.. > _
hkn_l)};lf“fk“p > |1 fllp

Yy meplntwon p = 0o xdvovue TNV emmiéov teY VXY unddeor dTL To
UETPO U TOU YOPOU EIVAL O-TENEQUCUEVO.
Av emmhéov 1 < p < oo xou limy_yo || fillp = || fllp toTe:

fre = f, wyvpd otov LP(Q).

9. Ioyvpet olyxhion CUVENENS XATAVOURS UE XAUVOVLXOTOLNTH.
Ocewpnua 3.3 0eh.97 oto [1].
Av T € D'(R") ot ouvapthoec T * w. ouyxhivouv woyupd otn T otov
D'(R™).
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