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“A man needs a little madness, or else... he never dares cut the rope and be free.”  
― Nikos Kazantzakis 



Abstract 
Since more than one hundred years ago the discovery of polymerization mechanisms that 
allowed obtaining polymeric systems with precise and complex molecular structures has 
fascinated scientists from all over the world and dramatically changed the concept of industry 
production and our daily life. The reason why industrial polymers have got such great attention 
in many different scientific and technological applications is the existence of an intimate 
relationship between their molecular structure and rheological properties with final processing 
and mechanical properties. As a result, industrial standard methods were intensively 
developed which most of them allow to obtain easily and quickly important structural and 
mechanical information for the final application to which the material is intended. However, 
some technical issues may not be properly taken into account given a wrong characterization 
of the material. One of the most common industrial dynamic mechanical test employed in 
order to characterize the rheological response involve torsion deformations. Torsion 
measurements are in general performed on stiff and elastic materials, such as non-filled and 
filled vulcanized rubbers, in order to overcome instrument compliance issues and/or wall slip 
phenomena between the sample and the testing geometry that may importantly affect the 
measurement itself. In the first part of this work we clearly show that large departures of the 
rubbery modulus for industrial elastomers may occur when dynamic mechanical 
measurements are performed in torsion according to industrial standards. The testing sample 
was chosen in such a way that a comparison with the most common and reliable rheological 
protocol, small amplitude oscillatory shear, was possible. Once compliance issue and other 
possible sources of errors were addressed, experimental results in dynamic torsion 
measurements were found to depend on specimen geometry and its aspect ratios, and the 
sample loading by clamping. However, so far the empirical corrections proposed do not 
completely fulfilled the experimental artefact. This observation made this work necessary to 



establish a better guideline that allows more reliable torsion dynamic mechanical 
measurements in industrial standard protocols.  

One of the class of polymer materials that obtain extensive application in the 
technology field (in particular rubber technology) is represented by the category of filled 
polymers. It is well-known that the addition of fillers into a polymer matrix generates 
mechanical reinforcement in the resulting polymer compound. However, the reinforcement 
mechanism still remains in debate since it does strongly depend on the specific chemistry and 
properties resulting from polymer-particle interactions. More specifically, the role of the 
presence of a bound polymer layer on particle surface is not completely addressed. One 
strategy in order to investigate the reinforcement mechanism is to study the rheological 
response of favorably interacting filled polymer systems. The second part of this work, hence, 
is focused on a better understanding of the polymer-particle flow dynamics in nanofilled 
model polymers for which the presence of bound polymer layers was not always possible to 
assess. Surprisingly, rheological results show a clear transition from polymer dominated 
dynamics into “glassy” network dynamics leading to a percolated behavior. These findings 
encouraged us to further investigate the nature of the polymer-particle interactions in the 
percolated structure that was found to be most likely related to the presence of hydrogen 
bonds. 

Another peculiar feature of the mechanical behavior shown from polymer systems is 
the capability to be deformed to large amplitude deformations without losing their 
macroscopical shape. Often large deformations are oscillatory and industrial rubbers widely 
fulfill this characteristic. Despite mechanical properties in large deformations of polymer 
network have been observed and investigated for more than six decades, addressing a proper 
physical model description to the material response remains a challenge. The last part of this 
work took up the chance to develop a new continuum model that for the first time can describe, 
at least qualitatively and partially quantitatively, the experimental asymmetric hysteresis 



response of filled industrial rubbers when they are subjected to large amplitude oscillatory 
deformations in uniaxial extension superimposed to a steady one.  
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1 Introduction 
This chapter provides the industrial significance and motivation for the study of 
dynamics of topologically complex polymers. In addition, key experimental and 
theoretical challenges in the field are discussed. We start by introducing the main 
elements of polymer physics related to the polymer materials investigated in this study. 
The motion of a single chain, then the dynamics of short polymer chains, and finally the 
dynamics arising from topological and temporary constraints (entanglements) of long 
polymer chains with different molecular structure (architecture). Subsequently, the 
rubber elasticity theory is discussed and used to relate dynamic-mechanical material 
properties under deformation to the network structure (or cross-link density) resulting 
from a chemical cross-linking reaction. Finally, the consequence in the dynamics of 
polymer-particle interactions of heterogeneous polymer systems is introduced. The 
chapter concludes with listing the prime objectives and the structure of this thesis work.  

1.1 Polymer dynamics: Introduction to universal behavior 
A polymer, as its name suggests, is a molecule with a large number of small 

repeating units, the monomers, covalently linked together. Such molecules with several 
hundreds or thousands of monomers, have length scales much larger than the atomic 
ones. At this range, the monomer chemistry can be ignored and this has as a result that 
several features are more universal. In such cases, the mechanical and other physical 
properties are mostly influenced by the degree of polymerization and other geometrical 
characteristics. One such example is the viscosity η of a monodisperse linear polymer 
melt that for many different chemistries scales as (Ferry 1980)(Doi and Edwards, 1986): 
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with M being the polymer molecular weight and Mc its characteristic molecular 
weight, different according to chemistry (Section 1.7). Additionally, several dynamic-
mechanical experiments have shown significant similarities of rubber molecule response 
with that one of high-molecular weight polymer melts (Ferry 1980). The polymer chains 
cannot cross each other and create topological constraints (entanglements) that can be 
compared with the chemical crosslinks of rubber materials (Figure 1.3). Therefore, it is 
effectively possible tuning the mechanical response of such materials by varying the 
number of entanglements. This feature has been of great technological importance and 
this is a reason for the wide spread application of polymers in all kinds of everyday 
products. The most successful theoretical treatment of the effects of entanglements on 
flow behavior, is the tube model first introduced by Edwards (Edwards 1967) and then 
elaborated by de Gennes (de Gennes 1971). The idea is to replace a many-body problem 
by a single-body problem in a mean field analysis introducing reptation as relaxation 
mechanism (Section 1.9.1). Doi and Edwards developed a constitutive equation, based 
on the tube concept applicable on entangled linear chains (Doi & Edwards 1978a; Doi & 
Edwards 1978b; Edwards & Doi 1978)(Doi and Edwards, 1986) (Section 1.8). Despite 
the several shortcomings, the theory has generally proved very successful and often good 
agreement with experiments. Subsequently, new ideas have been introduced such as the 
contour length fluctuation mechanism (CLF) (Section 1.8.2), the constraint release (CR) 
(Tsenoglou 1991; Cloizeaux 1988; Viovy et al. 1991) (Section 1.8.3), and dynamic tube 
dilution (DTD) (Marrucci 1985) (Section 1.8.3). In this way, the CLF mechanism is 
capable to predict the 3.4 power law dependence of viscosity on molecular weight (the 
tube model predicts 3), whereas CR and DTD take into account effects of polydispersity. 
The recent progress in polymer chemistry has made possible the synthesis of well-
defined polymers of several architectures that allowed us to explore the effect and nature 
of entanglements in more complex materials (Young et al. 1984; Fetters et al. 1993; 
Quack et al. 1980)(Hsieh et al, 1996). This is very important as industrial materials 



Linear and Non-linear Rheology of Heterogeneous Polymeric Systems: From Entangled 
Polymeric Networks and Elastomers to Nanocomposites 

Claudia Dessi – January 2016  3 

typically consist of branched polymers. After linear chains, the star polymers, which are 
the simplest branched polymers, consist the next level in complexity and have drawn 
significant attention. One important qualitative difference of star shaped polymers from 
the linear chains, is the fact that relaxation by means of reptation is not possible due to 
the central branch point. Instead, the arms of the polymer need to fully retract towards 
the center before exploring new conformations. As a result, the viscosity shows a 
completely different universal dependence from the 3.4 scaling of linear chains (de 
Gennes 1979) (Milner & McLeish 1997; Pearson & Helfand 1984). Theoretically, the 
tube model has been tested on star shaped polymers and has been able to capture their 
dynamics. More specifically, the reptation of linear chains is replaced by a combination 
of the contour length fluctuations (CLF) at short times and at longer times, the constraint 
release (CR) process of the tube (Rubinstein & Colby 2003; Doi and Edwards 1986; 
Larson 1988). This analysis explains the difference in exponential dependence of the 
viscosity. Long chain branching (LCB) or other complex topologies are widely used by 
industries to fabricate materials with desired mechanical properties (Hatzikiriakos 2000). 
Those materials are significantly more complex than the linear and star polymers 
discussed above. It is of great interest to understand how the topology affects entangled 
materials in terms of their mechanical response. For this reason, research has focused 
synthesizing and analyzing materials with architectures such as H-shaped, pom-poms 
and linear chains with branches grafted along the backbone (McLeish 2002; van 
Ruymbeke et al. 2014; Snijkers et al. 2015; Read et al. 2011). These materials contain 
dangling branches, branch points and linear backbone, suggesting that they exhibit linear 
and star-like character when deforming. 

The following Sections explain in detail the basic concepts of polymer physics 
related to all polymer materials (e.g. relaxation times, zero-shear viscosity, 
entanglements, etc.) that control the macroscopic dynamic response that is often 
experimentally observed. The discussion will introduce the simplest model of the 
dynamic for a single polymer chain covering more topologically complex polymer 
macrostructures. In particular, a special attention is given to the description of the 
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dynamics of linear and star shaped polymer architectures which characterize the polymer 
systems employed in this study. 

1.2 Linear flexible chains: Kuhn chain model (random walk) 
In order to understand the macroscopic dynamic response of topologically 

complex polymers, it important to understand the fundamental polymer physics of a 
single polymer chain. Kuhn first described the configuration of linear polymer chains 
using the random walk coil model (Kuhn 1934). This is the simplest possible idealized 
model, which does not correspond to any actual molecular structure. According to this 
model, an actual polymer chain is replaced by an equivalent ideal chain with N freely 
jointed effective bonds of length b (Kuhn length) with fixed single bond angle (Figure 
1.1).The contour length (fully extended length) of this equivalent freely jointed chain is 

2cosmax
NbR          (1.2) 

where θ is the bond angle and cos θ/2 is the projection of bond length along the 
contour chain. 

 
 
 

Figure 1.1: The contour length Rmax for an ideal linear flexible chain consisting of N bonds with 
length b (typically A05.0 ) and almost constant angle θ between neighboring bonds (typically 
θ = 68°). 

Bond segment are described as vectors ir  and jr  with a certain orientation and 
direction. Therefore, the end-to-end distance of this ideal flexible linear chain is also a 
vector R given by the sum of each bond vector jir ,

  (Figure 1.2). This model ignores 

θ/2 

Rmax 

bcos(θ/2) 
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difference between the probabilities of different torsion angles of bond vectors ir  and jr , 
and assumes all of them to be equally probable and independent of each other (random 
walk). It is then possible to correlate the size of the actual polymer chain arranged as 
random coil with the size of the end-to-end distance vector R  (i.e., the modulus RR  ).  
For this purpose, the correlation between bond vectors ir  and jr  must be determined in 
order to calculate first the mean-square end-to-end distance, then the root-mean-square 
end-to-end distance by the following expressions 

NbrrRRR N

i

N

j
jiNN

2
1 10

2  
       (1.3) 

2
1

0
2

0 bNRR          (1.4) 
where the subscript 0 refers to the ideal state. Since the number of freely jointed 

segments N is proportional to the molecular weight M of the chain, it has as result that 
the chain length R0 scales with M1/2, and its volume R03 with M3/2.  Thus, compared to the 
case of a collapsed chain, a little increase of M involves a big increase in a random coil 
chain size. Equation (1.4) holds for all flexible linear polymers in the ideal state with 
N>>1 with all the chemical-specific characteristics contained within the Kuhn length b 
(monomer size). However, much more information is given by the distribution of end-to-
end vectors than in the mean-square end-to-end vector. For an ideal flexible linear chain 
it was shown by Kuhn (Kuhn 1934; Kuhn 1936) and by Guth and Mark (Guth & Mark 
1934) that the probability distribution function of the end-to-end distance R of a long 
enough linear chain (large N) obeys a characteristic distribution described by 

  dRNb
R

NbRdRRNRP 





 2
2
3

2
2

2
3exp1

2
344,     (1.5) 

Equation (1.5) describes the probability distribution of the end-to-end distance 
vector R  to be in a spherical shell with radius between R and R+dR. It is equal to zero at 
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R = 0 and reaches a maximum at a finite value of R. The form of Equation (1.5) is that of 
Gaussian error function, which is of frequent occurrence in statistical problems 
concerned with the superposition of random effects. It is important to note, however, that 
this form is only approximate, since its derivation involves the assumption that the end-
to-end distance R is not comparable with the maximum or fully extended chain length 
Rmax (i.e., maxRR  ). Within this region ideal linear flexible polymer chains are also 
referred as Gaussian chains. For higher extensions of the chain (R ~ Rmax) more accurate 
non-Gaussian theory is needed (not discussed here).  

 
Figure 1.2.: Ideal Kuhn (or Gaussian) linear chain with N freely jointed effective bonds of length 
b. The sum of bond vectors ir  and jr  is equal to the end-to-end distance vector R . 

This model does not take into account long-range interactions between bonds 
(i.e., bonds separated by large distance along the chain). Hence, in order to describe 
statistics of actual (non-ideal) polymer chains excluded volume effects and self-avoiding 
walk theory arising from long-range interactions are considered (not discussed here) (Doi 
and Edwards 1986). 
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1.3 Characteristic time and Dimensionless numbers 
One of the simplest and most important character of polymers is the existence of 

an important time scale associated with large scale motions (or changes) of the whole 
polymer structure itself, regardless of the environment it is imbedded (solutions or 
melts). It is called characteristic time τ0 and is often taken as the relaxation time, here 
denoted by τd.  The relaxation time characterizes the time it takes for a material to adjust 
its configuration to a deformation (or stress) imposed. It is given by the ratio of the 
viscosity η to rubbery plateau modulus G0N (rubber-like stiffness parameter of a material, 
Section 1.6) (Rubinstein & Colby 2003). This could be from microseconds to minutes 
according to the chemistry and the structure of the polymer (nanosec-sec). Since in 
polymer science and technology there are many experimental observable and processing 
time scales, defining dimensionless groups where the characteristic (or relaxation) time 
scale of the material is compared with the experimental observable time scale becomes 
relevant in order to classify the rheological material response. Indeed, dimensionless 
groups have proven extremely useful to scientists and engineers in the presentation of 
experimental data in such a way that a single plot in terms of such groups brings together 
data for a range of materials and flow conditions. A group used with great success to 
correlate flow data for Newtonian fluids is the Reynolds number. For such materials, 
only a single parameter, the viscosity η, is required to describe the rheological behavior. 
Inspired by this success, there has been considerable interest in making use of 
dimensionless analysis approach to represent data of non-Newtonian (viscoelastic) 
fluids. For such fluids, the rheological behavior cannot be described by a single number, 
and two dimensionless groups are currently in use to correlate experimental data. They 
are the Deborah number De and the Weissenberg number Wi. Discussion about the use of 
these two dimensionless groups is presented in Section 1.5. For a complete dissertation 
about the definition and use of Deborah and Weissenberg numbers see the contribution 
by Dealy (Dealy 2010). 



Chapter 1 – Introduction 

8  Claudia Dessi – January 2016 

1.4 Deborah number and Weissenberg number 
The Deborah number De is defined as ratio of a characteristic time of the material 

τ0 (often taken as the relaxation time τd) to the duration of observation texp (Reiner 1964).  

exp
0

tDe
          (1.6) 

It governs the degree to which elasticity manifests itself in response to a transient 
deformation. At low Deborah numbers (De << 1; τ0 << texp), the material behaves in a 
more liquid-like manner, with an associated Newtonian viscous flow. At high Deborah 
numbers (De >> 1; τ0 >> texp), the material behavior enters the so called non-Newtonian 
regime, increasingly dominated by elasticity (associated to large scale motions) and 
showing a solid-like response. In this way, by varying the range of De it is possible to 
observe the viscoelasticity (i.e., material behavior with characteristics between liquid-
like and solid-like response) of a material. 

Unless a deformation is very small or very slow (i.e., linear regime), the behavior 
of a viscoelastic fluid is strongly non-linear, and the group intended to describe the 
degree to which nonlinearity is exhibited is the Weissenberg number Wi. It is the product 
of a characteristic time of the material τ0 and a characteristic rate of deformation 
according to the applied deformation flow (  in shear flow, and  in extensional flow). 







0

0




i

i

W
or
W

          (1.7) 

For polymers, it is common practice to take the longest Rouse time τR (relaxation 
time at monomer-length scale, Section 1.8) as characteristic time. In this case, we have 
the Rouse-Weissenberg number WiR. Hence, at low WiR (WiR << 1) material 
configurations are in equilibrium and viscoelastic effects of the material under flow are 
negligible (flow regime). When WiR approaches to 1 the onset of non-linearity is 
observed in terms of viscoelastic effects (e.g. chain orientation). At large WiR (WiR  >> 1) 
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the material is in the strongly non-linear regime and elastic effects are dominant (e.g. 
chain stretching). In polymeric fluids and suspensions of anisotropic particles, the 
Weissenberg number Wi also governs the onset of stress anisotropy.  

A major challenge in the use of the Weissenberg and Deborah numbers is the 
identification of a single, appropriate characteristic time of the material. More often, a 
polymer has not a single characteristic (or relaxation) time but rather a distribution of 
relaxation times. Therefore, it is not obvious which, if any, particular time governs the 
elasticity and non-linearity of a material. There are two approaches to this issue. One is 
to define a characteristic time empirically based on a measurable quantity (e.g. a moment 
of the relaxation spectrum). The other approach is to use a characteristic time from a 
molecular theory. Possible choices include the longest Rouse time, the equilibration 
time, and the reptation time, the latter two of which arise in the Doi-Edwards model for 
entangled polymers (Section 1.9.1). The fact that a distribution of relaxation times rather 
than a single characteristic time governs non-linearity and viscoelasticity in polymer 
systems restricts the usefulness of De and Wi to plotting either model predictions or to 
correlating data for polymers that are monodisperse in terms of both molecular weight 
and structure. Metzner et al. point out that in homogeneous deformations, the “time of 
observation” (i.e, the duration of observation) is not the reciprocal of the rate of 
deformation, although this error continues to be made too often in presentations and 
publications (Metzner et al. 1966). This point is emphasized by Marrucci and Astarita, 
who note that in any flow with constant deformation history the Deborah number De is 
identically zero (Marrucci & Astarita 1967). Examples of homogeneous deformations 
are steady simple shear and extension (Section 2.6.1 and 2.6.6). In these flows, we see no 
change in behavior no matter how long we observe, and the reciprocal of the strain rate is 
not the duration of observation in the Deborah number De.  

1.5 Entanglements 
Another important universal feature for polymer dynamics was introduced in 

Section 1.1: the entanglements. They are an “interruption” of relaxation at intermediate 
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times due to chain uncrossability. More precisely, entanglements are similar to chemical 
cross-links such as those found in rubber networks except that the physical 
entanglements are transient and are only measured over a limited frequency range. The 
high molecular weight regime is known as the entanglement regime. Here, long chains 
cannot cross each other and are topologically constraint by their neighbors as seen in 
Figure 1.3, where each single polymer chain is depicted as if it was surrounded by a 
physical tube with a certain diameter. In the deformed state long chains can equilibrate 
up to a certain average distance along the chains, called the entanglement spacing. The 
characteristic molecular weight of the subchain between two consecutive entanglements 
is Me with a characteristic relaxation time τe (also known as the Rouse time between two 
entanglements). The molecular weight Me is a universal parameter for the same chemical 
microstructure and is derived from the rubber-elasticity theory (Green & Tobolsky 
1946)(Doi and Edwards 1986).  

0
N

e G
RTM           (1.8) 

where ρ is the material density, R the universal gas constant, T the absolute 
temperature, and G0N the rubbery plateau modulus. At an earlier stage, before 
entanglements are active, 1/5 of the tension along the chain is relaxed by longitudinal 
monomer rearrangements along the theoretical constraint tube (Likhtman & McLeish 
2002). Therefore, the rubbery plateau modulus is reduced by 4/5 of its value. 

05
4

N
e G

RTM           (1.9) 

Further conformational equilibration is delayed until the chains extricate 
themselves from the constraining mesh of surrounding chains. The chains must somehow 
diffuse around the contours of their neighbors to return to an equilibrium distribution of 
conformations and to obliterate all memory of the original shape. The molecular model 
which explains the physical picture of chain statistics preserved within an entanglement 
segment (blob) is the tube model which will be explained further below (Section 1.9). 
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Therefore, the concept of entanglements is very important since they significantly affect 
the dynamic response of polymers and physical parameters (e.g. viscosity, rubbery 
plateau modulus) as described in the following Sections. 

 
Figure 1.3.: Sketch of physical picture of entanglements where polymer chains are overlapping 
each other. The neighbor topological constraints felt by each polymer chain are concentrated in a 
theoretical tube. Characteristic parameters of the tube are the constant diameter a and the end-to-
end distance between two entanglements Re (see Section 1.10). 

1.6 Critical Molecular Weight for Entanglement Mc 
An effect of entanglements on polymer rheology involves the dependency of the 

zero-shear viscosity η0 (is the viscosity of the liquid obtained in the limit of shear rate 
tending to zero) on molecular weight M. Figure 1.4 shows the proportionality of η0 on M 
is observed only over a limited range of low molecular weights. Above a critical 
molecular weight Mc, which varies from one polymer to another, the viscosity has a 
much steeper power-law dependence, namely  M0 . The power α on M is not a 
universal constant, but for most polymers its value is close to 3.4. This steeper 
dependence of η0 on M is due to the presence of entanglements. As the molecular weight 
M increases above a critical value Mc, the molecule chain has ever greater difficulty in 
escaping from its entanglements and this leads to the increase in its zero-shear viscosity. 
The critical molecular weight Mc is obtained as the intersection of the best fit lines with 
power-law slopes of 1 and α  on a log-log plot of η0 vs M, and is called the critical 
molecular weight for entanglement. 

a

Re
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Figure 1.4: Relationship between zero-shear viscosity η0 and molecular weight M in a log-log 
plot for several nearly monodisperse melt. For clarity, all the curves are shifted by an arbitrary 
constant value along both the abscissa and ordinate axis (Berry & Fox 1968). 

1.7 Polydispersity  
In addition to the molecular weight M, another molecular parameter that can 

affect the rheological response of a polymer due to the presence of entanglements is the 
so called polydispersity index (PDI). It is a measure about the distribution of molecular 
weight and is defines as 

Constant + log M 
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n
w

M
MPDI           (1.10) 

where wM  and nM  are, respectively, the weight average and the number average 
molecular weight: 

 i
ii

n n
MnM         (1.11) 

 i
ii

w w
MwM         (1.12) 

where 
- Mi = Molecular weight of the i-th molecule 
- ni = molar fraction of the i-th molecule 
- wi = weight fraction of the i-th molecule 

As a result, the value of nM  is just an arithmetic average, whereas the value of 
wM   is affected by the presence of large molecules. When a polymer has homogeneous 

chain distribution nM and wM approach to the same value. However, polymers often 
have non-homogeneous chain distribution with nw MM  . Therefore, the limiting value 
of PDI for a given polymer is 1. Polymers with 1 < PDI < 2 are considered 
monodisperse, while they are polydisperse with PDI > 2. PDI less than 1.1 (preferably 
less than 1.05) is a feature of well-defined polymer systems. High polydispersity index 
affects the high-molecular-weight polymer melts mechanical behavior broadening the 
entanglement effect. This is discussed in more detail in Section 1.7.  

1.8 Rubbery Plateau Modulus G0N 
Another effect of entanglements on polymer dynamics is to make a molten 

polymer act elastically as a rubber when it is deformed more rapidly than the molecule 
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chains can escape their entanglements. This can be observed by performing a dynamic-
mechanical measurement, such as a frequency sweep test (Section 2.6.4), where the 
storage modulus G’ of an entangled, monodisperse melt shows a plateau over a range of 
frequencies, which is referred as the rubbery plateau modulus G0N. The rubbery plateau 
modulus G0N of an entangled polymer melt is proportional to the density of the polymer 
and is a characteristic of its chemical structure. On the other hand, it is insensitive to 
molecular weight M and relatively insensitive to temperature (only a little temperature 
dependence is given by the density), even though the relaxation time and the viscosity of 
the melt are highly sensitive to these variables. This is illustrated in Figure 1.5 which 
depicts a master curve in terms of the storage G’ and the loss G” moduli as a function of 
reduced frequency ωaT (Section 2.6.4) of a linear monodisperse polybutadiene of 
different molecular weights M. It is shown that for the polymer of lowest molecular 
weight, the curve of G' has no plateau and both G' and G” curves are similar to those 
ones predicted by the Rouse theory (i.e., the molecules are too short to be entangled with 
each other; Section 1.8). 

 
Figure 1.5: Master curves in log-log scale in terms of storage G’ and loss G” moduli (solid and 
dash line, respectively) as a function of reduced frequency ωaT are shown for several linear 
polybutadiene chains of varying molecular weight M. We indicate the various characteristic 
regions (relaxation processes) and relaxation times on the frequency spectrum for entangled 
linear chains (more detailed discussion is presented in Section 2.6.4). From Kapnistos (2006).  

ωaT [rad/s] 

G’,
 G”

 [Pa
] 
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As the molecular weight increases, a plateau in G’ emerges and then grows ever 
broader, even though the height of the plateau does not change with changing in 
molecular weight. In this flow/relaxation region the Rouse relaxation is interrupted by 
interference from the entanglements. They delay the final relaxation to a greater and 
greater extent, as is shown by the rapid decrease of the frequency at which G’ falls off 
the plateau towards the terminal behavior. The reciprocal of the low-frequency cross-
over of G’ and G” is roughly the longest or terminal relaxation time of the polymer τd. 
This is in turn proportional to the zero-shear viscosity η0 through the rubbery plateau 
modulus G0N (as already mentioned in Section 1.2). Thus, a log-log plot of τd against 
molecular weight M must show the same power-law dependence as seen for η0 in Figure 
1.4. The terminal relaxation time τd may be very difficult to determine experimentally for 
polymer melts with a broad molecular weight distribution (polydisperse) or a high level 
of long chain branching. Indeed, the plateau in G', which gives way rather abruptly to 
terminal relaxation, is characteristic of high-molecular-weight, essentially monodisperse, 
polymer melts. Instead, for a polydisperse polymer melt, the shorter molecules can 
escape their entanglements more quickly than the longer molecules. Hence, a component 
of the melt relaxes at lower characteristic frequency and the plateau in G’ is replaced by 
a region with a gradual slope (Figure 1.6). 

 
Figure 1.6: Comparison of dynamic moduli (T0=160°C) for nearly monodisperse (empty 
symbols, M = 230000, PDI ~ 1.1) and broad distribution (full symbols, M = 310000, PDI ~ 1.8). 
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From Onogi et al. (1970). We note that better comparison is shown when polymer melts with 
different PDI have the same molecular weight M.  

1.9 Dynamics of short entangled chains: Rouse model 
The first successful molecular model of polymer dynamics was developed by 

Rouse (Rouse 1953). The Rouse model describes the dynamics of a polymer molecule in 
a solvent in dilute condition. According to this model, the whole mass (and friction) of 
the model chain is assumed to be concentrated in N beads that can only interact with 
each other through connecting N-1 springs of root-mean-square size b, as shown in 
Figure 1.7. Solvent is assumed to be freely draining through the chain as it moves. The 
elasticity of the ideal molecule is an entropic effect that arises from Brownian motion 
and thermodynamic arguments show that for small or modest molecular extensions, the 
spring force should be proportional to kBT (thermal unit) times the extension, where kB is 
Boltzmann’s constant (rubber elasticity theory, Section 1.11). In the Rouse model, the 
drag force exerted on a bead as it moves through the solvent is assumed to be given by 
Stokes’ equation for the drag on a rigid sphere moving through a Newtonian fluid. This 
drag force is modelled in terms of a single monomeric friction coefficient ζ0 of each 
bead, which is the drag force per monomer unit divided by the velocity of the solvent 
relative to that of the monomer unit. The friction is considered equally distributed along 
the backbone chain such that the whole friction of a Rouse chain ζR is the sum of 
contribution of each of N beads (ζR = N ζ0). The subscript zero of ζ0 indicates that it 
applies to a dilute solution in its theta state, i.e., there are repulsive interactions between 
the polymer and itself, so that the conformation of the polymer molecule is a random coil 
described by Gaussian statistics (random walk, Section 1.3). 

Relaxation of the Rouse chain after deformation results from the restoring 
entropic-spring force acting against the viscous resistance of the solvent through 
diffusion mechanisms only. The characteristic time of the relaxation during which the 
chain diffuses a distance of its size is called Rouse time, and is proportional to ζ0 and 
inversely proportional to the thermal unit kT. 
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Figure 1.7: In the Rouse model a single linear polymer chain is mapped onto a bead-spring chain 
with N beads connected to each other by N-1 entropic springs. 

Due to many degrees of freedom in the chain, the relaxation process of a Rouse 
chain is actually governed by a series of relaxation times. In the Rouse model there is 
one relaxation time τp, to which a relaxation mode is associated, for each spring-bead 
subchain: 

Np
kTp

Nb
p

,..,3,2,1
6 22

0
22


 

         (1.13) 

where b is the statistical segment length (Kuhn length), already defined in Section 
1.7. These Rouse relaxation times play a central role in all the relaxation models, as they 
govern the time scales for the basic molecular motions that are involved in all relaxation 
processes. The Rouse time corresponding to p = 1 is especially important and is called 
the longest Rouse relaxation time τR. It is the characteristic time for a Rouse chain to 
diffuse a distance of the order of its size. 
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        (1.14) 

Since N can be defined as the polymerization degree (i.e., the ratio of the chain 
molecular weight M to the monomer molecular weight M0), τR is proportional to M2 of a 
given polymer. For entangled linear polymer chains Rouse chain relaxation mechanisms 
are allowed only in the length scale below the molecular weight between two 
entanglements Me (i.e., the chain does not interact with other chains). Hence, τR is linked 
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to the number of entanglements Z per chain (M/Me) by means of the Rouse time between 
two entanglements τe as follows: 

2Z
Re

           (1.15) 

It has already been said that the Rouse model accounts for chains in an inert non-
interacting environment of other chains. Hence, it excludes hydrodynamic interactions 
and excluded volume effects. Although there are many simplifications inherent in the 
Rouse model, it has been shown to be useful in modeling entangled polymer dynamics in 
the melt and in semi-dilute concentration regimes (Doi and Edwards 1986). Recalling 
Figure 1.5, the characteristic features of the Rouse model include a slope of ½ at 
intermediate/high frequencies for both the storage G’ and loss G” moduli (it does not 
account for the glassy region), and at terminal frequencies a slope of 2 and 1 for the 
storage G’ and loss G” moduli, respectively. This occurs even when the molecular 
weight of the chain M is much higher than its critical molecular weight Mc. Indeed, the 
Rouse time τR has a special significance. More specifically, considering the time scale of 
motion of individual monomers τ0 (i.e., the time scale at which a monomer would diffuse 
a distance of order of its size b) compared to the chain relaxation time of the Rouse 
model τR, the polymer chain can show three different dynamics: 

i. The polymer chain does not move and essentially shows elastic response 
for 0t   G’, G” constant; 

ii. The polymer chain shows viscoelastic properties for Rt  0   
2/1~",' GG ; 

iii. The polymer chain moves diffusely as a Newtonian liquid for Rt    
2~",~'  GG . 
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1.10 Dynamics of long entangled chains 
Due to their size, the macroscopic properties of long, entangled flexible polymers 

depend only on topological interactions (entanglements). Evidence of this universality of 
the melt properties for the same monomer chemistry is observed in both the viscosity 
scaling and the rubbery plateau modulus seen in earlier Sections. Moreover, in the linear 
viscoelastic regime, due to the same topological interactions long linear entangled 
polymers will undergo three relaxation mechanisms referred as 

i) Reptation 
ii) Contour length fluctuations 
iii) Constraint release 

in order to relax their conformations along a theoretical tube from an imposed 
strain (or stress). Sections 1.9.1 - 1.9.4 will introduce the basic background that describes 
the relaxation dynamics of long linear entangled polymer chains based on the 
fundamental concept of the so called tube model.   

1.10.1  Tube model 
The scientific breakthrough which made possible the understanding of the link 

between molecular structure and polymer dynamics was the tube theory (Doi & Edwards 
1986) and reptation (de Gennes 1971; Berry & Fox 1968). These two concepts were 
expanded more recently by (Milner & McLeish 1998; Likhtman & McLeish 2002) and 
others (Van Ruymbeke et al. 2006). The tube model was first introduced to explain the 
dynamics of rubbers (Edwards 1967) and then elaborated by de Gennes to include the 
theory of reptation. Doi and Edwards were the first to develop a constitutive equation 
based on the elaborated tube concept and reptation of entangled linear chains (Edwards 
& Doi 1978). The topological constraints caused by the presence of other long, flexible 
entangled chains are represented by a theoretical tube (as already mentioned in Section 
1.6). It suppresses any lateral motion and only permits a curvilinear long range motion 
along the tube referred as reptation (Figure 1.3). The parameter which define the tube 
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include the tube diameter a and the length of the tube leq (primitive path or contour 
length). 

lN
Nl

e
eq           (1.16) 

where N represents the total number of Kuhn segments in the chain, Ne is the total 
number of Kuhn segments between two entanglements and l is the length of a segment between 
two entanglements. 

Following Graessley’s definition, the tube diameter a is equivalent to: 

eRa 2
1

5
4 


          (1.17) 

With Re is the root-mean-square of end-to-end distance for a chain having 
molecular weight Me.  

1.10.2 Reptation 
In reptation, a process first described by de Gennes (de Gennes 1971), the test 

chain trapped in its theoretical tube can only escape and relax its stress by sliding back 
and forth in the tube itself by curvilinear center-of mass diffusion (thermal Brownian 
motions). The chain will gradually lean more and more its mass out of the tube. Every 
time a portion of the tube is vacated by the chain, that portion of the tube is “forgotten”. 
Indeed, the part of the chain that is no longer in the tube has got rid of their original 
entanglements. The theory gives immediately a characteristic time scale for 
disengagement from the tube. This disengagement (or reptation) time τd is naturally 
proportional to the cube of the molecular weight of the trapped chain, even though it is 
experimentally observed to obey a higher scaling (~3.4) (Rubinstein & Colby 2003).  

Reptation is the main mechanism of relaxation of linear polymers and becomes 
progressively less important, the more heavily branched the polymer architecture is. 
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Figure 1.8 illustrates the steps in the reptation process using the most common analogy 
of the diffusion of a snake. 

 
Figure 1.8: Reptation steps (a) formation of a loop ate one end of the snake, (b) loop propagates 
along the tube, (c) release of the loop and creation of a new section of the tube (Rubinstein & 
Colby 2003). 

In general, the relaxation of real polymers is not well described by reptation 
alone, additional relaxation mechanisms, such as contour length fluctuations (or 
primitive path fluctuations) (Milner & McLeish 1998) and thermal constraint release 
(Rubinstein and Colby 1998), are taken into account (Section 1.9.2 and 1.9.3, 
respectively). 

1.10.3 Contour Length Fluctuations (CLF) 
Since the tube diameter is much wider than the diameter of the chain and the 

chain meanders within the tube, the chain is “wrinkled up” within its tube as shown in 
Figure 1.9. The degree of wrinkling changes constantly due to Brownian motions. 
Hence, by wrinkling more than usual, the chain can pull its ends inside, thus vacating the 
ends of the tube. When the chain then “unwrinkles” a little, it pushes its ends out again, 

a) 

c) 

b) 
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but this ends emerge into new, randomly created, tube segments, and the stress 
associated with the now-vacated, end tube segment is lost. 

 
Figure 1.9: Contour length (or primitive path) fluctuations, in which the ends of chains randomly 
pull away from the ends of the tube and upon re-expansion the chain ends explore a new region 
of space and creates new tube segments. 

Thus, the occupied tube, fluctuates in length due to the Brownian motion of the 
polymer molecule and stress is thereby relaxed. Contour length fluctuations relax the 
ends of the chain very rapidly, but relaxation of the center of the molecule by this 
mechanism is slow, because the chain must take on a highly wrinkled, and, hence, 
unlikely conformation to vacate the center of the tube. For this reason, primitive path 
fluctuation are described by a very broad spectrum of relaxation times, much broader 
than for reptation. Each small portion of the tube is characterized by its own fluctuation 
relaxation time, the time required for that portion of the tube to be vacated by 
fluctuations. In general, a factor of 1/2 is introduced because linear molecules 
fluctuations occur at both ends of the chain, but only half of each molecule needs to 
fluctuate to relax the stress at each end. For star polymers, each arm has only one free 
end and the factor of 1/2 is not required. 
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1.10.4   Constraint Release (CR) 
The tube is defined by the matrix chains surrounding the test chain in the tube 

and these matrix chains are all also moving. So while the test chain is undergoing 
reptation and contour length fluctuations, the matrix chains is undergoing similar 
motions. To view it another way, at the same time that the test chain is constrained by 
entanglements with surrounding matrix chains, it is also imposing topological constraints 
on those chains. Hence, as the test chain reptates, it releases constraint on the matrix 
chains. On the other hand, when the matrix chains reptate, they release in turn their 
constraints on the test chain. The process of constraint release, therefore, accelerates the 
relaxation of an entangled melt polymer (Figure 1.10). 

 
Figure 1.10: A cartoon of the processes of contour length fluctuation (CLF) and constraint 
release (CR) on a linear polymer in a constraining tube. In CLF the chain end retracts via 
longitudinal fluctuations of the entangled chain, but without requiring center-of-mass (reptation) 
motion. Re-extension of the chain end may explore new topological constraints, reconfiguring 
the tube. In CR, an entanglement with neighboring chains (shown hatched) may disappear, 
allowing effective conformational relaxation of that part of the tube, again without reptation of 
the test chain itself. In both cases the former tube configuration is shown dark, the new one 
lighter. From McLeish (2002). 

It turns out that the effect of constraint release on monodisperse linear polymers 
is rather minor. But for polydisperse linear polymer (or branched polymers) its effect 
cannot be ignored, since rapid motion of short chains in the polymer melt will release 
constraints on the high molecular weight chains. This allows the latter to begin relaxing 
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by constraint release more rapidly than they can relax by their own reptation. There is a 
simple description of constraint release called double reptation: the theory of double 
reptation was derived in somewhat different ways by Tuminello, Tsenoglou and des 
Cloizeaux (Cloizeaux 1988)(Tuminello, 1986; Tsenoglou, 1987. In each version an 
entanglement is viewed as an interaction of two chains both of which must continue to 
participate in the interaction for it to remain intact. 

1.11 Star polymer dynamics: Arm retraction 
Reptation is not possible for the most simple branched architecture star polymers 

sue to the presence of a branch point which makes it impossible for chains to slide along 
the tube. Rather, star polymers relax their stress by fluctuations, similarly to the chain 
ends of linear polymers. More specifically, initially chain ends of the arms relax by rapid 
Rouse motion (Milner & McLeish 1997; Pearson & Helfand 1984). Later on, this rapid 
chain end motion will crossover to an exponentially slow activated diffusion of the 
deeper arm segments: star arms explore new configurations by retreating along their 
tubes and poking out again in a new direction (arm retraction) as depicted in Figure 1.11. 
Meanwhile, the relaxed arm segments act as a dynamic solvent for the remaining ones 
and the effective tube grows throughout the relaxation process (Marrucci 1985; Ball & 
McLeish 1989).  
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Figure 1.11: The process of arm retraction predicted by the tube model for the case of dangling 
entangled arms, as from the branch point of a star polymer. Unlike in reptation, reconfiguration 
of the outer parts of the arm occurs many times for one relaxation of deeper segments. From 
McLeish (2002). 

Retraction is an entropically unlikely process and the zero-shear viscosity η0 was 
seen exponentially dependent on the molecular weight of the arm Ma (de Gennes 1979): 

ecarm
MM MMMfore e

arm 2_~       (1.18) 

with ν being a constant. In Figure 1.15 the zero-shear viscosity η0 dependence on 
molecular weight M = 2 Ma of a linear polymer is compared to that of a data set of a 
series of star polymers with different numbers of arms (Fetters et al. 1993). As discussed 
in Section 1.5, a linear entangled polymer follows a 3.4 power-law dependence whereas 
star polymers follows a much steeper exponential dependence on the molecular weight 
M. Moreover, the number of arms has no effect on the relaxation time up to arm 
functionality q of about 30. At higher arm functionality the core of the star has more of 
colloidal nature than polymeric one (Vlassopoulos et al. 2001). 

In linear rheology, the exponential dependence of zero-shear viscosity on the 
molecular weight for star polymers corresponds to broader and slower relaxation time 
spectrum: in a frequency sweep measurement a bigger shoulder is seen in the loss 
modulus G” followed by the terminal relaxation region at lower frequencies. This is 
shown in Figure 1.16. These two features are affected by the molecular weight of the arm 
Ma as discussed below. 
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Figure 1.13: Log-log scale plot of zero-shear viscosity data as a function of molecular weight M 
= 2 Ma for linear polymers and for star polymers with arm functionality 4q  shows the 
comparison between the 3.4 power-law (solid line) and exponential dependence, respectively, at 
60°C (Fetters et al. 1993). 

Detailed studies presented in the literature were done on viscoelastic properties of 
star polymers having arms with the same molecular weight Ma (Fetters et al. 1993; 
Toporowski & Roovers 1986; Carella et al. 1986; Raju et al. 1981). Typical results are 
reported in Figure 1.17 for a 4-arm star polyisoprene. From a comparison with data 
obtained by Schindlauer and co-workers for linear monodisperse polystyrene 
(Schindlauer et al. 1985) shown in Figure 1.18, it was observed that the rubber plateau 
G0N is the same for linear and star polymers (i.e., the same molecular weight between two 
entanglements Me). However, the increase of Ma for star polymers involves a gradual 
decrease in G’ and G” when decreasing frequency, and a shift to even lower frequencies 
of the terminal relaxation region. The time scale for star polymers at which the broader 
maximum of G” is observed is 6.2)/( ea MM . 

M = 2 Ma 

η 0 [
Pa 

s] 

~ 3.4 

~ v (Marm/Me) 
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Figure 1.14: Master curves in terms of storage G’ and loss G” moduli as a function of reduced 
frequency ωaT for a linear monodisperse SBR compared to 4-arm SBR star polymer at 110°C. 
The inverse of frequency at the first G” maximum corresponds to the relaxation time of linear 
chains for reptation. The terminal cross-over is shifted to lower frequencies due to arm retraction 
phenomena of star polymers. 

 
Figure 1.15: The storage G’ and loss G” moduli as a function of reduced frequency ωaT for a 4-
arm star polyisoprene (PI) at 25°C for different molecular weight of the arm Ma (Fetters et al. 
1993). 
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Figure 1.16: The storage G’ and loss G” moduli as a function of reduced frequency ωaT for a 
linear monodisperse polystyrene (PS) at 180°C for different molecular weight of the chain M 
(Schindlauer et al. 1985). 

1.12 Rubber elasticity theory 
The modern understanding of network elasticity began in the early 1930s. In 

1932, chain segments with freely extendible random conformations were already 
considered the basis of reversible extension and retraction by Busse (Busse 1932), and 
associated with the Gough-Joule effects by Meyer et al. (Meyer et al. 1932). In 1934, 
Guth and Mark announced the force-extension law for random coils (Equation 1.10) 
(Guth & Mark 1934), and suggested that the modulus of a rubber is proportional to the 
concentration of the random coils elements. Kuhn published the first molecular theory of 
rubber elasticity in 1936 (Kuhn 1936). Based on the random coil model, it provided the 
first absolute prediction mechanical modulus from network structure. Comparison with 
the 1935 data of Meyer and Ferri (Meyer & Ferri 1935) left little room for doubting that 
the mechanism responsible for rubber elasticity is random coil deformation. Hence, the 
nature of rubber elasticity was found to be mainly entropic and is the origin of 
remarkable mechanical properties of rubbers. Indeed, developing relations between 
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force, length, and temperature on one hand and the thermodynamic quantities (internal 
energy and entropy) by combining the first and the second laws of thermodynamics on 
the other, the tensile force f to stretch a flexible chain pulling its ends apart is the 
derivative of Helmholtz free energy A to distance l.  

TTT l
STl

U
l
Af 














       (1.19) 

where the first term describes the how the internal energy U changes with the 
chain length and the second contribution is the product of the absolute temperature and 
the rate of change of entropy S with chain length. In typical crystalline solids, such as 
metals, the energetic contributions dominates the force because the internal energy 
increases when the crystalline lattice spacings are distorted from their equilibrium 
positions ( 0~

Tl
S 




 ). On the other hand, in rubbers the entropic contribution to the 

force f is more important than the energetic one ( 0~
Tl

U 




 ). This is also the case for 

Gaussian chains (random walk, Section 1.3). According to the general principle of 
thermodynamics, as developed by Boltzmann, the entropy S for a Gaussian chain will be 
proportional to the logarithm of the number of configurations available to the system. 
Therefore, the tensile force f acting in the direction of the ends of a Gaussian chain with 
is proportional to the length of that line (Guth & Mark 1934) (Figure 1.12): 
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RNbTkf B 2
3         (1.10) 

where kB the Boltzmann constant, T the absolute temperature, N the total number 
of Kuhn segments, b the characteristic length of each Kuhn segment, and R the end-to-
end distance of a Gaussian chain. 

 
Figure 1.12: The tension on an ideal (or Gaussian) flexible chain whose ends are fixed in 
position is proportional to the end-to-end distance R. 

Considering affine and uniaxial extensional deformations at constant volume 
(Section 2.6.6), a network consisting of n flexible strands of Gaussian chains cross-
linked to each other at their ends is stretched in a single direction. Hence, as seen for a 
single chain, the tensile force required to macroscopically deform a network is the rate of 
change of its Helmholtz free energy with respect to its size along the axis of deformation 
again, where the entropy change of the whole network is the sum of all the entropy 
changes of the network’s n strands (Rubinstein & Colby 2003). 
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for uniaxial extensional deformation of an initial network size L0. 
If the cross-sectional area A of the macroscopic network is doubled, then twice as 

large a force is required to obtain the same deformation leading to the definition of stress 
as the ratio of force and cross-sectional area. Both force and cross-sectional area have 
direction and magnitude (with the direction of the cross-sectional area being described by 
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the unit vector normal to its surface), making the stress a tensor. In this way, the 
component of the stress along x-direction is expressed as: 
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for uniaxial extensional deformation along x-direction of an initial network size 
L0. The coefficient relating the stress and the deformation is the shear modulus G: 

s
BB

M
RTTkV

TnkG          (1.13) 

where ν is the number of cross-link density proportional to the inverse of the 
volume of the network mesh size ξ (Green & Tobolsky 1946), ρ is the network density. R 
the gas constant, and Ms the molecular weight of a network strand. Since its entropic 
origin, Equation (1.13) states that the modulus of any network polymer is kBT per strand 
and increases with temperature. Finally, the analogy with entangled polymer networks is 
recalled where strands are defined as entanglement strands with molecular weight Me 
(Equation 1.8-1.9).  

In general, three models are taken into account to describe rubber elasticity: (i) 
the affine network, (ii) the phantom network, and (iii) the entangled network. The affine 
network is the simplest and its analysis was complete by 1960 (Wall 1942; Treloar 1943; 
James & Guth 1943; Flory & Rehner 1943). The phantom network, the most natural to 
take as a reference, is far more difficult to develop. Its form was finally settled only in 
the early 1980s (Duiser & Staverman 1965; Edwards 1971; Flory 1976; Staverman 
1982)(James & Guth 1947; Deam & Edwards 1976). the term “phantom” in fact 
properly applies to both the affine and phantom models, since both assumes that each 
strand is free to take up conformations independently of the conformations of the other 
strands, and that each has the ghost-like capacity of passing freely through the backbone 
contours of other strands. This is obviously an unrealistic assumption. The distinction 
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between the two models is the handling of the network junctions. They are free to 
fluctuate spatially in the phantom network. On the other hand, junction fluctuations are 
suppressed in the affine network and junctions are supposed to move affinely, in direct 
proportion to the macroscopic displacements of the network.  The entangled network 
includes the effect of chain uncrossability, but in a still tentative and empirical manner. 
In contrast with the first two, the entangled network is not, strictly speaking, a model at 
all but rather a framework for organizing the data obtained on real networks. As such, it 
is still a work in progress. A few molecularly motivated theories of the effects of 
uncrossability were already introduced in Section 1.9. They were developed after the 
concept of entanglements was introduced by Busse (Busse 1932), and following the 
confinement view of entanglements pointed out by Edwards (Edwards 1967) and well-
known as the tube model (Section 1.9.1). More refined and comprehensive network  
theories were developed later by several authors (Flory & Erman 1982; Treloar 1975; 
Pearson & Graessley 1980; Mark 1970; Ball et al. 1981)(Erman & Mark 1997). 

1.13 Polymer – Particle Flow Dynamics 
An important class of materials is represented by composite and heterogeneous 

systems. In particular, polymer nanocomposites (PNCs) are hybrid organic/inorganic 
composites formed by the addition of nanoparticles to a polymer matrix, where at least 
one of the dimensions of the filler phase is in the nanometer scale. 

A large number of simulation studies (Zeng et al. 2008; Liu, Zhang, et al. 2009; 
Pandey et al. 2013; Liu, Cao, et al. 2009), theories (Allegra et al. 2008), and rheological 
measurements (Solomon & Lu 2001; Schimdt & Malwitz 2003) have recently appeared in 
an effort to explain properties of PNCs. Fundamental issues to understand are related to 
chain dynamics in the vicinity of nanoparticle surface (Michele Vacatello 2002; M 
Vacatello 2002; Vacatello 2003; Dionne et al. 2005), entanglement and disentanglement 
effects via primitive path analysis (Vladkov & Barrat 2007; Toepperwein et al. 2011; Li 
et al. 2012), melt rheology (Kairn et al. 2005; Thomin et al. 2008). From the point of 
view of industrial applications, the interest lies in the widely accepted mechanical 
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reinforce as a result of nanoparticles (NPs) addition to a polymer matrix (Kumar & 
Krishnamoorti 2010; Moll et al. 2011). The mechanism of reinforcement, however, still 
remains in debate. Two main scenarios are proposed so far. At one extreme, Long and 
co-workers (Long & Lequeux 2001; Long & Sotta 2007) used the fact that chain 
immobilization occurs around NPs. They suggested that mechanical reinforcement 
results when the NPs with the “bound” glassy layer percolate. A second scenario 
proposed by Maier and Goritz (Maier & Goritz 1996), and elaborated by Sternstein (Zhu 
& Sternstein 2003; Sternstein & Zhu 2002; Sternstein et al. 2005), is that the NPs form a 
flexible network, with the polymer chains forming the “bridges” between the NPs.  
Despite the reinforcement mechanism involved, the rheological behavior of PNCs is 
observed to be dependent of the key material functions (shear viscosity, first and second 
normal stress coefficients, storage and loss moduli) on shear rate and nanoparticle 
volume fraction. The celebrated equation of Einstein (Einstein 1906; 1911; 1956) for the 
relative viscosity ηr, namely 

 2
51

0
r , where η denotes the viscosity of the 

suspension, η0 the viscosity of the solvent, and ϕ the NP volume fraction, has been 
shown to accurately describe the rheological behavior of Newtonian spherical 
suspensions at low volume fractions (ϕ ∼ 0.02), provided inter-particle interactions are 
neglected. Batchelor and Green (Batchelor & Green 1972b; Batchelor & Green 1972a) 
extended Einstein’s equation to higher volume fractions (ϕ ∼ 0.1) by considering the 
effect of pairwise interactions and thus deriving the second-order term in the expansion 
of ηr with respect to ϕ. This correction has been verified experimentally (Litchfield & 
Baird 2006; Mueller et al. 2011). Einstein’s expression was extended to spheroids by 
Jeffery28 who showed that the relative viscosity ηr depends on particle orientation, 
namely  Cr 1 , where C is a numerical parameter whose value depends on whether 
the spheroid is oblate or not. Hinch and Leal (Leal & Hinch 1971; Hinch & Leal 1972) 
computed an ensemble averaged effective viscosity by including effects due to rotational 
diffusion. A general theory for dilute particle suspensions was put forth by Batchelor and 
Brenner (Batchelor 1970; Brenner 1972). Most of the above hydrodynamic theories are 
limited to small volume fractions. Experimental data show that eventually the relative 
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viscosity diverges at a volume fraction commonly denoted as the maximum packing 
fraction ϕT, which experimentally is found to lie in the range 0.55−0.71 [see, e.g., (Dörr 
et al. 2013)]. To account for this, simple empirical extensions have been proposed that 
employ a 

T
1  term in the denominator in percolation transition predictions (Stauffer et 

al. 1992) (Rueb & Zukoski 1997). For PNCs, the situation is more complicated: 
experimental observations fail to provide a satisfactory picture of their rheological 
behavior. As the latest contributions to resolve polymer-particle flow dynamics two 
noticeable works by Stephanou et al. (Stephanou et al. 2014) and Chen and co-workes 
(Chen et al. 2015) are emphasized in the following brief description. 

Stephanou et al. introduced a constitutive model that takes into account the 
thermodynamics and hydrodynamics of polymer nanocomposite melts at a mesoscopic 
level of description (Stephanou et al. 2014). This model is capable of providing a very 
accurate and self-consistent picture of many important properties of this class of 
materials, nicely extending previous approaches developed for simpler systems, such as a 
Newtonian suspension of particles or a pure homo-polymer melt. The proposed model 
has several attractive features, such as high predictive capability and easy incorporation 
of new physics from more detailed approaches (e.g., atomistic simulations) and 
fundamental theories (e.g., kinetic theory for the description of the most important 
hydrodynamic interactions). Overall, the proposed model offers a unified description of 
several aspects of PNCs: it can describe their phase behavior (miscibility), 
conformational properties (degree of chain swelling due to nanoparticles), zero shear rate 
viscosity and dependence on nanoparticle volume fraction and size, and all rheological 
material functions in shear and elongation (including the dependence on nanoparticle 
volume fraction and deformation rate). The new model has been validated by showing 
how it can describe (fit) several sets of thermodynamic and rheological data reported in 
the literature either from direct experimental measurements for the dependence of 
viscosity (Anderson & Zukoski 2008) and of chain swelling (Mackay et al. 2006) on 
nanoparticle volume fraction or from corresponding simulation data (Kairn et al. 2005). 
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Nevertheless, Stephanou et al. suggested as future work the extension of their model to 
entangled polymer systems and flow-induced phase behavior of PNCs. 

On the other hand, Chen et al. developed an analytical theory in order to predict 
the linear viscoelasticity corresponding to the sol−gel transition of well-dispersed NPs 
based on critical percolation theory (Stauffer et al 1992). More specifically, they focused 
on dynamics in the strong interaction limit. Here, the interaction far exceeds the thermal 
energy kBT, and the bridges between particles become effectively permanent (having 
lifetime much greater than 1000 s) on the time scale of their measurements. Moreover, 
the complex modulus of the nanocomposite is assumed as the sum of two contributions: 
one from the surrounding polymer matrix and the other from the particle network 
bridged by polymer chains (G*(ω) = Gpolymer * (ω) + GPN * (ω)). This model is applicable 
for particles that are neither too crowded nor too sparse, so that still flexible bridges form 
between particles. The major limitation of this model arises when particles are too close 
and start forming glassy bridges. As anticipated by the phase diagram, this is crucial for 
small NPs at high loading. Hence, future work is still left in order to better describe 
polymer-particle dynamics in glass-forming systems. 

1.14 Objectives 
Listed below are the objectives of this work pertaining to the viscoelastic 

response of entangled/cross-linked polymer networks and polymer based 
nanocomposites: 

(i) Introducing a parametric guideline for torsional dynamic mechanical 
measurements; 

(ii) Understanding of polymer-particle flow dynamics in the percolation limit; 
(iii) Developing a new continuum mechanical model in order to better address 

non-linear effects in large amplitude oscillatory deformations in 
extension. 
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Organization of the thesis 
The thesis has been structured in six chapters as follows: 
Chapter 1 – Introduction: it provides a brief introduction and background literature on 
polymer dynamics involved in all the systems employed in this study (linear/star 
entangled networks, chemical cross-linked networks, and nano-sized filled linear 
entangled polymers). 
Chapter 2 – Systems and Methods: it gives a detailed description of the polymer 
samples investigated and the experimental techniques and methods involved in order to 
probe the structure and rheology properties of these systems. 
Chapter 3 – Analysis of Dynamic Mechanical Response in Torsion: Evaluation of 
the Modulus: it is a parametric study of the dynamic mechanical response of elastomers 
in torsion deformations.  
Chapter 4 – Linear and non-Linear Rheology in Nano-filled Polymer melts: Glassy 
Network Dynamics: it establishes by means of rheological measurements the origin of 
dynamics transition of polymer-particle interactions in the percolation limit. 
Chapter 5 – Large Amplitude Oscillatory Extensions on Elastomers: it introduced a 
qualitative and partially quantitative continuum mechanical model extended in large 
amplitude oscillatory extension. 
Chapter 6 – Conclusions and Remarks: it summarizes the salient conclusions from 
each chapter and further ends with recommendation for future investigations in this field. 
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2 Systems and Methods 
This chapter provides a detailed procedure used for the rheological characterization and 
also gives background information on the experimental protocols and methods that are 
pertinent to the results presents in the subsequent chapters. It begins with a brief 
description of all the polymer systems used. Next, a detailed description of the various 
characterization techniques is presented such as Size Exclusion Chromatography (SEC), 
Differential Scanning Calorimetry (DSC), Dynamic Light Scattering, and finally Linear 
and Non-Linear Rheological Methods. A brief overview of the main synthesis and sample 
preparation methods is also reported. 

2.1 Polymer Systems 
In this study all the polymer systems were obtained via living anionic 

polymerization (refer to Section 2.2 for more information). They are all in the melt state 
and may be grouped in two categories: 

i) random copolymers; 
ii) linear homo-polymers; 

Random copolymers are polymer systems whose backbone consists of two 
different monomeric units that are randomly (i.e., statistically) distributed. Homo-
polymers are polymer systems characterized by the presence of only one repeating 
monomeric unit. The chemistry of our random copolymer systems is styrene – butadiene 
synthesized via living anionic polymerization as described in the literature (Hawker et al. 
1996). This is a well-established anionic synthesis used in the tire industry in order to make 
commercial Styrene – Butadiene Rubbers (SBR) as our polymer systems are. Their 
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resulting macrostructure consists of a blend between linear and star SBR polymers. 
Subsequently, colloidal silica particles (Evonik Industries, Germany) were added via 
mechanical mixing together with bifunctional sulfur organosilanes, antioxidants, and 
accelerators. The resulting rubber compounds were chemical cross-linked via sulfur donor 
vulcanization process (Section 2.1.1.3). All the SBR copolymers were entirely synthesized 
and vulcanized by Versalis S.p.A (Ravenna, Italy). For the model linear homo-polymers, 
the chemistry is 2-vinylpyridine (2VP). The polymerization of linear poly(2-vinylpyridine) 
(P2VP) chains was achieved by a similar living anionic polymerization (Matsushita et al. 
1986). Solvent-casting was used to prepare nanocomposite films by co-casting linear 
P2VP and silica composite solution in either methyl ethyl ketone (MEK, or 2-butanone, 
HPLC grade >99.7%) or pyridine (ACS agent, >99.0%). The linear P2VP polymers and 
solvents were purchased commercially from Polymer Source and Sigma-Aldrich, 
respectively. The colloidal silica nanoparticles (NPs) (MEK-ST, 10 nm) were donated by 
Nissan Chemical Industries. They are partially treated NPs but with silanol groups still 
available at the surface (Chen et al. 2008). In all cases, the polymer systems are nearly 
monodisperse with polydispersity index of ~1.1. Molecular and structure characteristics 
for all the polymer systems are listed in Table 2.1 – 2.6. All the materials in this study were 
used as received.  

2.1.1 Styrene – Butadiene Rubber (SBR) Random Copolymers 
For this study two sets of industrial styrene-butadiene rubber (SBR) random 

copolymers were prepared by Versalis S.p.A. They basically differ by the composition of 
the resulting architecture after blending linear and star polymers. Details about blend 
composition are given in Table 2.2. The microstructure was determined by using Fourier 
Transform InfraRed (FTIR) spectroscopy and it is expressed by the weight fraction of 
styrene, wStyrene, and vinyl content, wvinyl, (i.e., amount of butadiene isomers enchained as 
1,2 addition). The weight fraction of styrene refers to the total amount of polymer and is 
wStyrene ~21.5%, whereas the weight fraction of vinyl content refers to the total amount of 
butadiene only, and is wvinyl ~67% (i.e., the amount of butadiene isomers enchained as 1,4 
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cis and 1,4 trans addition is ~33%).  In order to quantify the randomness of SBR 
copolymers, an estimation of the distribution of styrene blocks along the backbone chain 
was performed via ozonolysis (i.e., chemical degradation of multiple carbon bonds which 
are replaced by double bonds to oxygen) of butadiene double carbon-carbon bonds and 
subsequent UV-MS (Ultraviolet Mass Spectroscopy) analysis. In our case SBR copolymer 
chains consist of ~90.5% single styrene units. The remaining microstructure composition 
is made of styrene blocks with two, three, and maximum four units. Therefore, our SBR 
copolymers may be considered as random. More structure information (average molecular 
weight M, architecture and compound composition) is reported in Sections 2.1.1.1-2.1.1.3, 
whereas a detailed characterization in terms of molecular weight distribution and glass 
transition temperature Tg is presented in Section 2.5. 

2.1.1.1 Linear Parent 
Two set of industrial SBR random copolymers were synthesized via living anionic 

polymerization in solution (s-SBR) with the use of sec-BuLi (butyllithium) as an anionic 
initiator. They are nearly monodisperse (PDI ~1.1) linear chains, whose molecular and 
microstructure characteristics are reported in Table 2.1. They are referred as linear parent 
chains (i.e., arm donor of branching architecture). 
Table 2.1: Molecular weight M and weight fraction of styrene and vinyl content for SBR 
copolymer linear parent. 
1 The molar masses mentioned are weight-averaged. 

CODE Linear Parent M1 
[kg/kmol] 

wstyrene  
[%] 

wvinyl  
[%] 

SBR-40 140.5 21.7 67.8 
SBR-66 162 21.1 66 
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2.1.1.2 Star Architecture 
Living SBR linear parent chains synthesized via living anionic polymerization in 

solution (s-SBR) were coupled to 4-arm star polymers using tetrachlorosilane SiCl4 as a 
coupling agent. Two blends of 4-arm star and linear polymers were obtained, whose 
composition is reported in Table 2.2. 
Table 2.2: Blend composition of 4-arm star and linear polymers for two sets of SBR 
random copolymers 

CODE Linear 
[%] 

Star 
[%] 

SBR-40 40 60 
SBR-66 34 66 

2.1.1.3 Silica – filled Vulcanized SBR Random Copolymers 
All the SBR sample series were reinforced adding colloidal silica particles (U7000, 

Evonik Industries, Germany) via mechanical mixing together with bifunctional sulfur 
organosilanes (Si 69), antioxidants, accelerators, and sulfur for the subsequent 
vulcanization reaction. Table 2.3 reports the recipe for all SBR samples, whereas filler 
volume fractions are listed in Table 2.4. 

Table 2.3: List of SBR compound ingredients. 
Ingredient recipe 
SBR – dry 100 g 

Reinforcing filler Silica U7000 
Organosilane Si 69 
Accelerator CBS – 2 g 
Accelerator DPG – 1.6 g 

Curing agent Sulfur – 2 g 
 

Table 2.4: Volume fraction of silica U7000, bifunctional organosilane Si 69 and the total 
one (silica NPs + Si 69) added to non-vulcanized SBR-40 and SBR-66 linear-star polymer 
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blends. Note: the ratio between volume fraction of silica NPs and organosilane is kept 
constant for all samples. 

SBR-40 SBR-66 
U7000 Si 69 Total U7000 Si 69 Total 

0 0 0 0 0 0 
4 1.2 5.2 4 1.2 5.2 
8 2.2 9.7 8 2.2 9.7 

14.5 4.3 17.6 14.5 4.3 17.6 
 
Table 2.5 describes schematically all the mixing steps to obtain filled SBR 

compound before the vulcanization process by using a Brabender mixer (Brabender GmbH 
&Co., Germany). 
Table 2.5: Mixing steps for filled SBR compounds in a Brabender mixer (Brabender GmbH&Co., 
Germany). 

Step 1  Compound mixing 
Filling Factor 80% Polymer 

Initial Temperature 
120°C 17.6 vol% 1/2 U7000+Si69 1 min 130°C 0, 5.2, 9.7 

vol% 
Rotor Speed 160 rpm 1/2 U7000 3 min 

Discharge Temperature 155-160°C Discharge 15 min 
Number mixer steps 5  
Roller Temperature 90°C  

 
Step 2  Compound mixing 

Initial Temperature 60°C  
Rotor Speed 160 rpm sulfur+DPG+CBS 30 sec 

Discharge Temperature <100°C Discharge 3 min 
Number mixer steps 10 (5 II e 5 ┴)  
Roller Temperature 60°C  
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The resulting filled rubber compounds were chemical cross-linked via sulfur donor 

vulcanization process at 160°C for 1 hour after being molded at 90 °C for 20 minutes under 
an industrial hot-press heated by electrical platens, and cooled down to room temperature 
for 10 minutes by means of a water cooling system. 

2.1.2 Linear Poly(2 – Vinyl Pyridine) 
Linear monodisperse poly(2 – vinylpyridine) (P2VP) polymer melts synthesized 

via anionic polymerization with molecular weight M listed in Table 2.5 were obtained 
from Polymer Source and used as received to prepare solvent-casting silica 
nanocomposites as described in Section 2.1.3. 

Table 2.6: Average molecular weight M for two different solvent casting P2VP series. 
1 The molar masses mentioned are weight-averaged. 

CODE M1 
[kg/kmol] 

P2VP 554k – MEK 554 
P2VP 554k - Pyr 554 

P2VP 105k - MEK 105 
 

2.1.3 Silica – Nanocomposites 
P2VP/silica nanocomposites were prepared following the same solvent casting 

process applied by Jouault et al. in a previous work (Jouault et al. 2014). Here just a brief 
description of the solvent-casting protocol used is given. P2VP/silica nanocomposite films 
with different molecular weight M were prepared by co-casting composite dispersion of 
colloidal silica NPs (14 nm diameter) and P2VP in a mixture of MEK and pyridine. First, 
the as-received Nissan silica suspensions were diluted with pyridine in a volume ratio of 
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4:1. In the meantime, as-received P2VP and antioxidant Irganox (0.2 %wt relative to 
P2VP, BASF) solutions in MEK were prepared. Following that, appropriate amounts of 
diluted silica dispersion were added to the P2VP/Irganox solution, resulting in P2VP/silica 
formulations with a known weight ratio. Values of volume fraction Φ of silica in the 
resulting P2VP/silica formulations are listed in Table 2.6 for different molecular weight 
M. They were then vortex-shaken for 2 hours and then probe ultrasonicated for 3 minutes 
using an Ultrasonic Processor (model GEX-750) operated at 24% of maximum amplitude 
qith a pulse mode of 2 seconds sonication following by 1 second rest time. The solutions 
were then poured into a PTFE Petri dish and air dried in a fume hood for at least 5 days. 
Finally, in order to provide the identical sample history and completely remove all the 
solvent residuals in the films, the as-cast samples were annealed following a well-defined 
procedure: 7 days at 80°C, and then 10 days at 150°C, both under vacuum. Figure 2.1 
shows TEM images (Jeol JEM-100 CX electron microscope) of as-cast P2VP/silica 
nanocomposite films (60 nm thickness) with 5% (the lowest value) volume fraction of 
silica for both MEK and pyridine casting-solvents at high molecular weight (554k).  Good 
dispersion is obtained using MEK, regardless the molecular weight, whereas formation of 
aggregates is observed when using pyridine (whereas for other molecular weight range a 
certain dependence of the particle dispersion was observed (Jouault et al. 2014)). Unless 
noted otherwise, the TEM images were always taken for as-cast films.  
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Table 2.7: Volume fraction of P2VP silica NPs in either MEK or pyridine solvent casting with 
different molecular weight M. 

P2VP 554k – MEK  P2VP 554k – Pyr P2VP 105k - MEK 
vol% Φsilica vol% Φsilica vol% Φsilica 

0 0 0 
5 5 7 
10 10 10 
16 16 16 
23 23 23 
31 31 31 

 

 
Figure 2.1: TEM images (Jeol JEM-100 CX electron microscope) of P2VP 554k as-cast films in 
a mixture of MEK (a) and pyridine (b) with 5 vol% volume fraction of silica. 

2.2 Living Anionic Polymerization: Basic Concepts 
The anionic synthesis of our polymer systems mentioned in Section 2.1 was not 

performed by us but by synthetic chemists. Therefore, only e brief description of the 
method will be explained as follows. 

A living anionic polymerization is a free-radical form of chain growth where the 
ability of chain transfer and chain termination has been removed (i.e., chain ends remain 
active for enough time to resume the reaction of polymerization), and, more specifically, 

a) b) 
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where an anionic propagating specie is involved (alkyl-lithium initiators are generally 
used). A schematic representation of a living anionic polymerization is depicted in Figure 
2.1. The term living was given by Szwarc (Szwarc 1956) after successfully demonstrating 
the living radical feature of an anionic polymerization of styrene and dienes (Szwarc & 
Rembaum 1956; Szwarc et al. 1968; Szwarc 1983). The Szwarc’s discovery led to two 
significant consequences. First of all, it is possible to determine and control the number 
average molecular weight Mn of the final polymer chain if the amount of monomers and 
initiator used are given (i.e., one initiator molecule generates one final polymer molecule). 
As a result, the degree of polymerization DP (i.e., the number of monomeric units along 
the polymer chain) may be theoretically determined as the ratio between the moles of 
monomers and initiator used, and finally the molecular weight M of the resulting polymer. 
Moreover, if the initiation rate of the chain is bigger than the propagation rate of the chain, 
at each time t all chains start growing linearly with the same rate. Therefore, living anionic 
polymerization is an ideal method to synthesize polymers with well-defined molecular 
weight M, and narrow molecular weight distribution (MDW).  

Living anionic polymerization is often combined to chlorosilane chemistry in order 
to synthesize complex polymer architecture. Living linear polymer chains are coupled to 
each other using multifunctional initiators as coupling agents. One of the typical polymer 
architecture obtained this way is a star-shaped polymer (i.e., three or more chains are 
coupled to a single junction point known as the core). One example of living anionic 
polymerization of star polymers using chlorosilane chemistry is shown in Figure 2.2. The 
synthesis was performed by Kedar Ratkathwar (Ratkanthwar et al. 2013) preparing linear 
living polyisoprene in benzene with sec-BuLi (butyllithium) as an initiator.  
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Figure 2.1: A schematic cartoon of living anionic polymerization. 

 

Figure 2.2: Steps of the four arm star PI living anionic polymerization (Ratkanthwar et al. 2013): 
a linear mondisperse living polyisoprene  was prepared in benzene with sec-BuLi as an initiator. 
Next, each of the living polyisoprene was end-capped with 4-5 units of butadiene before the final 
reaction with the linking agent tetrachlorosilane SiCl4 in order to obtain a 4-arm star PI. 

Unfortunately, anionic polymerization is a very difficult synthetic method to 
perform since the presence of even a trace amount of impurities will lead to undesirable 
termination reactions. As a consequence, high purity of fresh monomers (<99%) is 
requested and subsequent fractionation is needed to remove by-products. Moreover, 
kinetic aspects and design parameters of reactor should be taken into account (Joosten et 
al. 1979; Johnson & Worsfold 1965; Vollmert 1973) 
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Indeed, it becomes imperative to assess the quality of the final molecular structure 
of a given polymer. It is accomplished by controlling several molecular parameters. The 
most important molecular parameter is the polydispersity index (PDI), or heterogeneity 
index, or simply dispersity of a given polymer (Section 1.6). In addition to polydispersity, 
it is important to check all the following molecular parameters: 

- Microstructure 
- Molecular weight distribution (MDW) 
- Chain end (branch) functionality 
- Homogeneity of branching architecture (architectural dispersity) 

In the next Sections methods and experimental protocols used to characterize the 
molecular structure of the polymer systems employed in this study are explained in detail.  

2.3 Vulcanization 
The vulcanization accomplished on our SBR systems mentioned in Sections 

2.1.1.3 was perfomed by Versalis S.p.A. Here a small is overview of the science and 
technology of vulcanization is presented. 

The chemical reaction that transforms an intricate entangled (topological 
temporary) network of macromolecules into a three-dimensional network (i.e., from 
soluble to insoluble system) is referred as vulcanization, as depicted in Figure 2.3. Junction 
points between single macromolecules are randomly generated and act as transversal 
bonds or cross-links. The resulting macromolecular network consists of chains with 
variable length size (i.e., average molecular weight M) which connect two junction points 
(Figure 2.4a). They are called elastically effective chains. In practice, during a randomly 
cross-linking reaction it is also possible that terminal chains can be either attached to one 
junction point only (dangling ends) or to react to each other forming a loop (dangling 
loops) (Figure 2.4b). Therefore, dangling ends and dangling loops are non-elastically 
active elements since they do not contribute to the network elasticity. On one hand the 
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average molecular weight M of elastically active chains, which is related to the number of 
junction points, affects properties of the elasticity network, on the other hand all the non-
elastically active elements help increase the hysteresis (i.e., measure of deformation energy 
that is not stored but it is converted to heat) of the cross-linked network. Major effects of 
vulcanization on use-related properties as a function of the number of crosslinks formed 
per unit volume of rubber (cross-link density or extent of vulcanization) are illustrated by 
the idealization of Figure 2.5. Hysteresis is reduced with increasing crosslink formation. 
Vulcanization then causes a trade-off of elasticity for viscous or plastic behavior. Tear 
strength, fatigue life, and toughness are related to the breaking energy. Values of these 
properties increase with small amounts of crosslinking, but they are reduced by further 
crosslink formation. Properties related to the energy-to-break increase with increasing of 
both cross-link density and hysteresis. Since hysteresis decreases as more network chains 
are developed, the energy-to-break related properties are maximized at some intermediate 
crosslink density. It should be noted that the properties given in Figure 2.5 are not 
functions only of crosslink density. They are also affected by the type of crosslink, the 
type of polymer, and type and amount of filler, etc.  

Historically the first vulcanization (or curing) process was accomplished on natural 
rubber by using elemental sulfur at a concentration of 8 parts per 100 parts of rubber (phr 
– parts per hundred rubber) by Goodyear (Goodyear US Patent 1844 and 1853). It required 
five hours at 140°C. The addition of zinc oxide as antioxidant reduced the time to three 
hours. The use of accelerators as low as 0.5 phr has since reduced the time to as short as 
one to three minutes (Figure 2.6). As a result, elastomer vulcanization by sulfur without 
accelerator is no longer of much commercial significance whereas accelerated-sulfur 
vulcanizations is the most widely used method. It is used to vulcanize natural rubber (NR), 
synthetic isoprene rubber (IR), styrenebutadiene rubber (SBR), nitrile rubber (NBR), butyl 
rubber (IIR), chlorobutyl rubber (CIIR), bromobutyl rubber (BIIR), and 
ethylenepropylene-diene-monomer rubber (EPDM).  
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Figure 2.3: Schematic representation of vulcanization from an entangled (or raw) elastomer to a 
cross-linked (or vulcanized) elastomer via elemental sulfur addition. 

 

Figure 2.4: (a) Ideal randomly macromolecular cross-linked network: only elastically active 
chains are formed (linking chains between two junction points), and (b) real randomly cross-linked 
macromolecular network: presence of additional non-elastically active chains (dangling ends and 
dangling loops). 
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Figure 2.5: Idealization of vulcanizate properties as a function of cross-link density (or extent of 
vulcanization) (Mark et al. 2005). 

 
Figure 2.6: Schematic evolution of vulcanization protocols by using elemental sulfur with rubbers. 

There are three main cross-linking agents depending on the rubber chemistry which 
are involved in vulcanization process: sulfur, sulfur donor, and peroxide. A typical recipe 
for rubber compounds to vulcanize is as follows: 

• Sulfur and/or sulfur donor (0.5 - 4 phr) 
• Accelerator / mixture of accelerators (0.5 - 2 phr) 
• Zinc Oxide (2 - 10 phr) 
• Stearic Acid (1- 4 phr) 

Accelerators are classified according to their activity (slow, moderate, semi-fast, 
fast and ultra-fast) and are listed in Table 2.7. Frequently, mixtures of accelerators are 
used. Typically, a benzothiazole type (MBT, MBTS or ZMBT) is used with smaller 
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amounts of a thiuram or guanidine type. An effect of using a mixture of two different types 
of accelerator can be that each activates the other and better-than-expected crosslinking 
rates can be obtained. Mixing accelerators of the same type gives intermediate or average 
results. Different types of accelerators impart vulcanization characteristics which differ 
with respect to both scorch resistance and crosslinking rate. Figure 2.7 is a map of 
accelerator system characteristics. Within types given in Table 2.8, differences can be 
obtained by choosing the individual accelerators. In the group of 
benzothiazolesulfenamides, the scorch resistance and vulcanization time increase in the 
order: TBBS or CBS<MBS<DCBS. The effect of the addition of small concentrations of 
the premature vulcanization inhibitor (PVI), N-(cyclohexylthio)phthalimide, is also given 
in Figure 2.7. This retarder is frequently used to independently control scorch resistance 
with little effect on the rate of crosslinking (Phadke et al. 1983). Before the development 
of N-(cyclohexylthio)phthalimide as a PVI, acidic retarders (e.g., salicylic acid, 
acetylsalicylic acid, phthalic anhydride, and benzoic acid) were used. These additives 
improved scorch resistance but also gave greatly reduced rates of cross-link formation after 
the delay. 
Table 2.8: List of industrial accelerator type for rubber curing process according to their activity. 

Type Abbreviations Relative Curing Speed 

Sulfenamides CBS, MBS, TBBS, TBSI Fast 

Thioazoles MBT, MBTS, ZMBT Moderate 
Guanidines DPG, DOTG Slow 

Thiurams TMTD, TMTM, DPTTS, 
TETD Very fast 

Dithiocarbamates ZDBC Very fast 
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Dithiophosphates DIPDIS Semi-fast 
Thioureas ETU Fast 

 

 
Figure 2.7: Vulcanization characteristics of vulcanization rate as a function scorch time with 
different accelerators and combinations. Effect of the addition of premature vulcanization inhibitor 
(PVI) is also shown. 

An exhaustive description of mechanisms about how rubber, sulfur/sulfur donor, 
antioxidants, accelerators and other components (e.g. additives) interact with each other 
and give rise to the cross-linked network structure during vulcanization is out of scope of 
this study. For more detailed discussion about cross-linking mechanisms and the progress 
in the vulcanization field a review by Akiba and Hashim and the last edition of “Science 
and Technology of Rubber” book by Mark et al. are recommended, respectively (Akiba & 
Hashim 1997; Mark et al. 2005). 

Important characteristics related to the vulcanization process are the time elapsed 
before crosslinking reaction starts, the rate vulcanization (cross-linked network formation) 
once it starts, and the extent of vulcanization at the end of the process. There must be 
sufficient delay time or scorch resistance (resistance to premature vulcanization) to permit 
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mixing, shaping, forming, and flowing in the mold before vulcanization occurs (Figure 
2.8). Then the rate of vulcanization should be rapid and the extent of vulcanization must 
be controlled according to the heat history (Figure 2.9). Scorch resistance is usually 
measured by the time at a given temperature required for the onset of crosslink formation 
as indicated by an abrupt increase in torque (see discussion below). 

 
Figure 2.8: Schematic processing and heat history from raw to vulcanized elastomer (Mark et al. 
2005). 
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Figure 2.9: Effect of processing and heat history on scorch time before vulcanization occurs (Mark 
et al. 2005). 

 Both the rate of vulcanization after the scorch time and the final extent of 
vulcanization are measured by devices called cure meters. Many workers contributed to 
this development (see e.g. Decker et al. 1963; Juve et al. 1964). Widely used cure-meters 
are oscillating disc rheometers of the type introduced by the Monsanto Company in about 
1965. The development of the oscillating disc rheometer, largely through the efforts of R. 
W. Wise, was the beginning of modern vulcometry, which has become standard practice 
in the industry. In order to measure the vulcanization characteristics, the rubber is enclosed 
in a heated cavity. Imbedded in the rubber is a metal disc that oscillates sinusoidally in its 
plane about its axis. Vulcanization is measured by increase in the torque required to 
maintain a given amplitude of oscillation at a given temperature. The cure-meter is based 
on the fact that torque response is proportional to low strain storage modulus G’. Since 
this torque is measured at the elevated temperature of vulcanization, the portion of it due 
to viscous effects (loss modulus G”) is minimal. A schematic example of G’ and G” as 
function of time during a curing reaction is depicted in Figure 2.10. According to the 
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rubber elasticity theory (Rubinstein & Colby 2003), it can be assumed that the increase in 
torque during vulcanization is proportional to cross-link density.  

 
Figure 2.10: Schematic variation of the storage G’ and loss G” moduli which are proportional to 
the extent of vulcanization as a function of time during a curing reaction. 

The torque is automatically plotted against time to give a so-called rheometer chart, 
rheograph, or cure curve. The cure curve gives a rather complete picture of the overall 
kinetics of crosslink formation and even crosslink disappearance (reversion) for a given 
rubber mix. Three main steps of rubber cure can be distinguished in the cure curve regions 
for a typical accelerated sulfur vulcanization process as shown in Figure 2.11.  In the first 
region, there is scorch delay (or induction period) that provides a safe processing time. It 
is believed that the accelerator chemistry is mostly involved in this period. The second 
region is the curing period, during which chemical network structure is formed (cross-
linking formation). The third period is called over-cure (or post-cure) that may occur as 
reversion, equilibrium, or marching cure behaviors according to the compound 
characteristics. 



Chapter 2 – Systems and Methods 

62  Claudia Dessi – January 2016 

 
Figure 2.11: Schematic rheometer cure curve with the three main steps highlighted: scorch 
delay (or induction period), curing period, and over-cure (or post-cure). 

It is well known that over-cure of many tire compounds results in reversion (a 
maximum torque value in the cure curve). Since reversion usually has an undesirable effect 
on product quality, it becomes necessary to optimize the curing process (Han et al. 2000). 
The cure meter is, therefore, extensively used to control the quality and uniformity of 
rubber stocks (also called rubber compounds). In the past literature there are relatively 
large discrepancies between measured and calculated optimum cure time of rubber 
compounds since different kinetic models in order to describe the curing process were used 
(Ding & Leonov 1996; Ding et al. 1996; Chan et al. 1993; Shyu et al. 1994; Han et al. 
2000). Recently, Karaaĝaç et al. demonstrated better numerical predictions of optimum 
cure time of rubber compounds at different curing temperatures with a wide range of 
curing behaviors (Karaaĝaç et al. 2012). 

Newer versions of the cure-meter have been introduced (e.g. Figure 2.12). In this 
type of cure meter, the cavity is much smaller, one half of the die (e.g., the upper half) is 
stationary and the other half oscillates. These instruments are called moving-die 
rheometers. The sample is much smaller and heat transfer is faster. Also, because there is 
no rotor, the temperature of the cavity and sample can be changed more rapidly. In general, 
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no nitrogen when curing since the heat cavity is sealed under vacuum. The use of this cure-
meter and standardized values read from the cure curve are specified in ASTM D 2084. 

 
Figure 2.12: Representation of the main parts of a moving-die rheometer. 

2.4 Characterization of Molar Mass 
Traditionally, the method of choice for characterization of the average molecular 

weight M is Gel Permeation Chromatography (GPC) since it is both a quick and efficient 
method. However, there are inherent limitations to GPC as it will be discussed in the 
following Section 2.4.1. 

2.4.1 Gel Permeation Chromatography (GPC) 
The systems described in Section 2.1.1 were characterized by Gel Permeation 

Chromatography (GPS) (or Size Exclusion Chromatography (SEC)) to assess their quality 
and level of polydispersity. It is a technique that separates molecules based on differences 



Chapter 2 – Systems and Methods 

64  Claudia Dessi – January 2016 

in hydrodynamics volume (size), in order to obtain information about the average 
molecular weight and molecular weight distribution (MWD). The polymer is dissolved in 
a solvent and pumped through columns packed with porous beads. The largest molecules 
will flow easily and quickly through the column packed and will be detected first, while 
the small molecules will move a longer distance through all beads and will be detected 
last.  

For linear polymers the molecular weight is proportional to molecular size, which 
is defined by the mean-square radius of gyration Rg (Rubinstein & Colby 2003). Standard 
commercial calibrations are available for linear polymers which convert elution volume to 
molecular weight. However, for branched polymers SEC characterization is not as 
straight-forward since the branches (or arms) can lead to a more compact structure which 
decreases its hydrodynamic volume. Therefore, in order to detect the actual MWD the 
setup needs to be equipped with a Multi Angle Laser Light Scattering (MALLS) detector. 
This setup has the advantage to be independent of column calibration and is sensitive to 
high molecular weight molecules. However, another limitation of GPC is observed for 
high molecular weight polymers which are difficult to characterize due to plugging and 
chain scission during the measurement. Moreover, if the elution volume contains a little 
amount of high molecular weight polymers (i.e., high polydispersity), results from the 
MALLS detector are greatly affected (Podzimek et al. 2001). 

For molecular weight distribution measurements of non-filled and non-vulcanized 
SBR linear/star polymer blends a GPC-MALLS apparatus was used. It consists of a 
degasser, an isocratic pump and an autosampler (Agilent Technology 1200). It is 
connected to two SDV- Lux columns PSS (Polymer Standard Service GmbH, Mainz - 
Germany) having 103 and 105 Angstrom as pore size distribution, respectively, and 5 μm 
as particle size of styrene divinylbenzene copolymer network. At the end of the columns 
there is a UV (variable wavelength) detector (Agilent 1200 Technology) followed by a 
multi angle light scattering SLD 7000/BI-MwA PSS detector. Subsequently a DRI detector 
(Agilent Technology 1200) and a viscometer are placed in parallel. The operation flow 
rate was 1 ml/min with tetrahydrofuran (THF) as the eluent solvent. Samples were diluted 
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in THF and solutions with around 0.4 g/l concentration were prepared. A solution of 100 
µl was injected into the GPC-MALLS apparatus. In order to collect and analyze data the 
software WinGPC (PSS) was used. Results are depicted in Figure 2.13. 
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Figure 2.13: MWD characterization from GPC-MALLS measurements of two linear/star SBR blends (non-filled and non-vulcanized). 

2.5 Differential Scanning Calorimetry (DSC) 
Differential Scanning Calorimetry (DSC) was used to determine the glass transition 
temperature Tg of non-filled and non-vulcanized SBR copolymers and of silica P2VP 
NCs. Measuring Tg has an important role when characterizing a polymeric material 
since it is the temperature at which an amorphous polymer (i.e., non-crystalline) changes 
mechanical properties from a rigid structure (typical of glasses) to a more flexible one 
(typical of rubbers). Nevertheless, this transition is not a real phase transition. The DSC 
technique consists of monitoring heat changes due to phase transitions and/or chemical 
reactions as a function of temperature. In particular, it measures the difference of the 
heat flux between the sample and a reference system (e.g. alumina, or an empty 
aluminum plate) as a function of temperature.  During the measurement temperature 
increases at the same rate for both the sample and the reference system. Since DSC is 
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performed at constant pressure, the heat flux dq/dt is equal to the change in enthalpy H 
over time: 
 

dt
dH

dt
dq

P



          (2.1) 

and it is measured in mcal*sec-1. The change in enthalpy between the sample and 
the reference system is then 

referenceosample dt
dH

dt
dH

dt
dH 





       (2.2) 

And can be either positive or negative according to the thermodynamics of the 
detected process (endothermic or exothermic, respectively). 

The DSC apparatus consists of two heating cells, one for the sample to measure 
and the other one for the reference system (Figure 2.14). Both cells are made of 
platinum in order to achieve high temperatures and the amount of the sample required 
is around 10 mg. The two heating cells are connected by means of an electrical 
resistance to which a certain current intensity is imposed in order to produce heat at 
constant rate. The potential difference between the two heating cells necessary to keep 
them at the same temperature is used to calculate dt

dH . 
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Figura 2.14: Schematic representation of a DSC apparatus and its operation. 

When heating the sample, positive and/or negative peaks of dt
dH can be 

observed. Each peak is related to a heat change due to a specific thermodynamic process 
(e.g. crystallization and melting). All the processes that can be identified via DSC are 
depicted in Figure 2.15. More specifically, the sample heat capacity Cp is calculated as 
the heat flux difference due to the starting transition when increasing temperature. On 
the other hand, the change in enthalpy is given by the area under each peak (e.g. positive 
for melting, negative for crystallization). 
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Figura 2.15: Heat flux as a function of time and temperature during a typical DSC 
measurement. 

In case of amorphous polymers, in particular SBR copolymers, it is significant 
to measure the glass transition temperature Tg as discussed earlier. During a DSC test it 
corresponds to a sudden change of the sample heat capacity Cp as shown in Figure 2.16. 
 

 
 

Figura 2.16: Glass transition for an amorphous polymer is shown. The glass transition 
temperature is often calculated as the point of incidence between the lowest extrapolation line 
and the tangent at 63% of the transition. 

The glass transition temperature Tg of all the polymer systems of this study was 
measured by using either TMDSC Q1000 or Q2000 calorimeter (TA Instrument, USA) 
with a constant heating rate of 10 K/min (or 20 K/min) after 5 minutes equilibration at room 
temperature. In Figure 2.17 it is reported the P2VP silica NCs specific heat capacity cp for 
554k – MEK, which has been calculated following the protocol shown in the work of Holt 
et al. using TcpSiO 0015.064.02  J/K (Holt et al. 2014). While the glass transition 
temperature Tg of the P2VP matrix (375 K) is barely affected by NP loading, the transition 
becomes broader and broader, especially for NP loadings of 16 vol%. More specifically, 
the breadth goes from 11 K for neat P2VP to 11.5 K for 16 vol% and 16 K for 31 vol% 
NP loading, i.e. 1.5 times broader than the neat matrix (Figure 2.17). Apparently, sample 
dynamics becomes more heterogeneous with increased NP loading, with this change 
occurring somewhere between 16-31 vol% of the NPs (Chen et al. 2015). The same trend 
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is observed for P2VP silica NCs 105k – MEK, i.e. a broadening of the glass transition, 
particularly at 31 vol%, (not shown here). These findings are in good agreement with linear 
rheology results (Section 4.3). Tg values for non-filled SBR and P2VP silica NCs 554k - 
MEK are reported in Table 2.9.  

 
Figure 2.17: Specific heat capacity cp for P2VP silica NCs 554k – MEK and 105k – MEK. Values 
are shown without the contribution of silica NPs as suggested by Holt et al. (Holt et al. 2014). Inset 
Figure 2.17 a: broadness ΔT of the glass transition as a function of the filler fraction normalized 
by that of the neat P2VP.  

The glass transition temperature Tg is known to vary significantly with the 
molecular weight. Therefore, a general practice is to compare the material response not at 
the same temperature but rather at the same distance to Tg (Graessley, 2004).  
Table 2.9: Glass transition temperatures for non-vulcanized SBR and P2VP silica NCs (554k – 
MEK only). 

 Tg [K] 
SBR – 40 253 
SBR – 66 252.3 

P2VP 554k – MEK 
0 vol% Φsilica 374.6 
5 vol% Φsilica 375.0 

a) b) 
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10 vol% Φsilica 375.5 
16 vol% Φsilica 375.6 
23 vol% Φsilica 376.4 
31 vol% Φsilica 378.1 

 

2.6 Rheology: Viscoelasticity Characterization 
Rheology is the study of flow and deformation of matter. More specifically, it 

describes the observed stress (or strain) profile developed in a material when a well-
defined strain (or stress) deformation (shear or extension) is imposed. This is achieved by 
the use of specific constitutive equations that are the basic of any theoretical aspect of 
rheology. One of the main feature of this discipline is the capability to establish the relation 
of the flow/deformation behavior of a material and its internal structure (e.g., the 
orientation and elongation of polymer molecules). Indeed, rheology links the continuum 
mechanics in mesoscale (when measuring) and the material microstructure. This is due to 
the fact that a rheological experiment can give information about three different scales at 
the same time:  

i) Length (or size) 
ii) Time  
iii) Energy (Modulus) 

In this way it is possible to characterize a wide variety of materials. Polymers are 
viscoelastic materials. This is an important class of materials that can be investigated by 
means of rheology measurements. It is one of the case for which the flow/deformation 
behavior of the material cannot be described by classical fluid mechanics or elasticity only. 
Indeed, a viscoelastic material exhibits both viscous and elastic mechanical properties 
when undergoing deformation (i.e., a material with properties between viscous liquids and 
elastic solids). This material property is referred as viscoelasticity. According to the classic 
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mechanical theory, mechanical properties of a purely-elastic solid are described by 
Hooke’s law (i.e., Hookean solids) whereas for a purely-viscous liquid by Newton’s law 
(i.e., Newtonian liquids). In case of a deformation is imposed, for a Hookean solid the 
stress response is proportional to the deformation applied, and for a Newtonian liquid to 
the deformation rate. Hookean solids and Newtonian liquids are ideal class of materials. 
A lot of real materials can be properly described by either Hooke’s law or Newton’s law 
when an infinitive deformation or deformation rate is applied, respectively. This does not 
happen for viscoelastic materials, for which the stress (or strain) response will be always 
something between a viscous liquid and an elastic solid.  Depending on the range if 
observation time, a viscoelastic material behaves more as an elastic solid (viscoelastic 
solid-like) or more as a viscous liquid (viscoelastic liquid-like). Rheology provides 
constitutive equations about stress-strain relationships for viscoelastic materials. 
Therefore, viscoelastic properties are intimately linked to the rheological characterization, 
and are related to the molecular structure of a given viscoelastic material.  

In the following Sections a detailed description of most important flow conditions 
of a rheological measurement is presented. Preliminary results of our polymer systems 
characterization are showed as well. 

2.6.1 Simple Shear Deformations 
One of the most simple deformation field applied as a rheological experiment is 

called simple shear. Looking at Figure 2.18, it consists of two parallel plates separated by 
a distance, or gap, h with the top plate horizontally sliding with a constant velocity vx along 
one direction (x-axis in this case) due to a shear force Fxy applied on it, while the bottom 
plate is stationary (vx = 0). A constant gradient of velocity dvx/dy throughout the gap h is 
generated. This gradient of velocity is known as shear rate and is calculated as the ratio of 
the top plate velocity vx and the plate-plate gap h.  

h
vx          (2.3) 
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The resulting deformation, named shear strain, is dimensionless and is defined by 
the total horizontal displacement d divided by the plate-plate distance h. 

h
d           (2.4) 

Moreover, the shear stress is defined as the ratio of the force Fxy and the cross-
sectional area A of the plate with direction normal to the y-axis. 

A
Fxy

xy           (2.5)  

In case of a Hookean solid and a Newtonian fluid are subjected to a simple shear 
deformation, the stress-strain relationships are as follows: 

)()( tGtxy           (2.6) 
)()( ttxy           (2.7) 

where σxy(t), γ(t), and  (t) are, respectively, the shear stress, the shear strain and 
the shear strain rate at the same time. In both cases, the mechanical response is univocally 
defined by a single material constant: the shear modulus G for Hookean solids, and the 
shear viscosity η for Newtonian fluids. Therefore, the value of the shear stress σxy(t) at each 
time t only depends on the current value of shear strain γ(t) and shear strain rate  (t). As 
a result, the strain/stress history does not affect the material response in shear. The latest 
condition does not hold for viscoelastic materials. For instance, depending on whether 
stress or strain are imposed as a step function a viscoelastic material does not keep the 
same initial stress or strain state but rather starts gradually relaxing or deforming over time, 
respectively. These two flow conditions are referred as stress relaxation and creep test in 
case a constant stress or strain are, respectively, imposed. More details about the 
viscoelastic response performing a creep and stress relaxation test are presented in Section 
2.6.3 and 2.6.4. 
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From a practical point of view, simple shear deformation is rarely performed using 
two parallel sliding plates. Rotational rheometers are preferred as a setup method. 
Nevertheless, there are some groups which have designed novel sliding plate rheometers 
for oscillatory measurements,  notably JM Dealy’s group (Giacomin et al. 1989).  

 
Figure 2.18: Shear flow created in a material by an upper plate which moves with a constant 
velocity vx due to a shear force Fxy while the bottom plate is stationary (vx = 0). 

2.6.2 Small Amplitude Oscillatory Shear Deformations 
The most commonly used rheology experiment is Small Amplitude Oscillatory 

Shear (SAOS) measurements. They are also referred as Dynamic Frequency Sweep Tests, 
frequency sweep only, since an oscillatory input signal is imposed. Depending on 
operating with stress-controlled mode or strain-controlled mode rheometer, the input 
signal imposed is either a stress or strain, respectively. In the following discussion we only 
refer to the strain-controlled mode, but results do not change if the stress-controlled mode 
is addressed.  

In general, a disk-shaped sample is loaded between two parallel-plates or, in an 
equivalent manner, between a cone and a parallel-plate as depicted in Figure 2.19. A 
proper sample loading is made by squeezing and shaping the sample into a sandwich-like 
form (i.e., the free edges of the sample look round as describing an arch of a 
circumference). In this way, it is generally guaranteed a good contact between the sample 
and the two geometry fixtures (Macosko 1996). For both geometries, the upper fixture is 
stationary whereas the bottom fixture oscillates at a certain frequency ω applying a small 
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angular displacement α. The latest one is converted into a small amplitude shear strain γ0 
depending on the characteristic sizes of the testing geometry used. For a parallel-plate and 
a cone-plate geometry the resulting shear strain amplitude γ0 is given by Equation (2.8) 
and (2.9), respectively. 

 h
R0          (2.8) 

 1
0           (2.9) 

where R is the maximus radius of the testing geometry, h is the distance (or gap) 
between the two fixtures, α is the angular displacement imposed, and β is the cone angle 
(Figure 2.4). In order to guarantee a strain profile as much homogeneous as possible to the 
sample when testing, a small enough cone angle β and/or gap is chosen according to the 
diameter of the geometries (Macosko 1996).  

However, the shear deformation profile experienced by the material using a 
parallel-plate or cone-plate fixture is not the same. Looking at Equations (9) and (10), it is 
apparent that γ0 is geometry size independent (i.e., it is constant in any material point of 
the sample) for the cone-plate geometry, whereas it linearly varies along the radius for the 
parallel-plate geometry as depicted in Figure 2.5. The same observation applies to the 
shear strain rate (not depicted). As a result, using a parallel-plate geometry involves a non-
completely homogeneous strain and strain rate profiles in the sample compared to the 
cone-plate case. Nevertheless, the parallel-plate geometry is still the most geometry used 
since experimental data are the same as those ones obtained with the cone-plate geometry 
in the range of small shear strain (or strain rate), and is easier to use.  
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Figure 2.19: (a) cone-plate, and (b) parallel-plate geometry fixtures with a sandwich-like sample 
loading. The bottom geometry shaft is connected to the motor of the rheometer. It rotates together 
with the motor applying a certain angular displacement to the sample. The torque response is 
collected through the stationary upper geometry shaft that is connected to the transducer of the 
rheometer.   

 

Figure 2.20: Top view of shear deformation profile of γ0 applied to a disk-shaped sample by using 
(a) a cone-plate geometry, and (b) parallel-plate geometry. The shear deformation profile is 
homogeneous in the (a) case and radius dependent in the (b) case. The same happens for the shear deformation rate (not depicted).  

Indeed, the cone-plate geometry has an important limitation about the loading gap 
to achieve. In practice, the cone has the bottom part truncated and approaches the plate till 
a distance equal to the ideal bottom extension of the cone is reached (i.e., as if the cone 
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was put in contact with the plate) during the sample loading procedure. This is depicted in 
Figure 2.21.  Since cone angles smaller than 10° are commonly employed, it is necessary 
to apply a loading gap of few tens of micron meters. Therefore, such small loading gaps 
are problematic to reach when stiff sample are tested. Indeed, the cone-plate geometry is 
employed only to overcome more troubling experimental issues that more often take place 
when the non-linear regime is investigated (e.g. flow instabilities and edge fractures). 
Meissner and co-workers came-up with a clever design on the rotational RMS800 
rheometer to prevent the profound influence of edge fracture on nonlinear measurements, 
while keeping the benefits of the cone-and-plate geometry (i.e., uniform shear) (Meissner 
et al. 1989). This modified cone-and-plate geometry is called cone-partitioned-plate (CPP) 
and was the precursor of further improvements and adaptions to other commercial 
rotational rheometers (Snijkers & Vlassopoulos 2011; Schweizer 2002). Schweizer 
elucidate in details advantages and limitations of the CPP compared to the standard cone-
plate geometry (Schweizer 2003). Very recently a new CPP design for ARES rheometers 
(TA Instruments, USA) was proposed by Yan et al. in order to investigate ring polystyrene 
melts (Yan et al. 2015 submitted). In our study we used the CPP design by Yan et al. for 
non-linear start-up measurements as described in detail in Section 2.6.5. 

 
Figure 2.21: The cone geometry truncated at the bottom is showed. The cone-plate loading gap 
corresponds to the ideal bottom extension of the cone. Cone-angle β and truncation size are enlarged for ease visualization. 
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In a strain-controlled rheometer, after a proper loading the sample, during a 
frequency sweep a sinusoidal strain in shear γ(t) is imposed: 

   tt  sin0         (2.10) 
As a result, the shear strain rate   is as follows: 

)cos()( 0 tdt
dt          (2.11) 

If the shear strain amplitude γ0 is small enough it is possible to say that the shear 
stress response σ(t) is linearly proportional to γ(t). This means that the shear stress response 
also is described by a sine wave with the same frequency ω and amplitude σ0. However, it 
is often horizontally shifted by a phase angle δ compared to the reference sine wave of the 
shear strain input (Figure 2.22). 

  
Figure 2.22: The sinusoidal shear strain input imposed (solid line) and the shear stress response of a general viscoelastic material (dash line). The shear stress response is also sinusoidal with the 
same frequency but a certain phase-angle δ. This is valid only in the linear viscoelastic regime (i.e., 
small enough strain amplitude). 

Depending on what class of materials is subjected to a sinusoidal shear strain γ(t), 
three different sinusoidal shear stress response σ(t) are basically observed (Figure 2.23): 

i) The shear stress response σ(t) is in-phase with the shear strain input 
(Hookean solids): 
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  0),sin(0   tt        (2.12) 
ii) The shear stress response σ(t) is out-of-phase with the shear strain input 

(Newtonian liquids): 

  2),cos(0
  tt        (2.13) 

iii) The shear stress response σ(t) is between in-phase and out-of-phase with 
the shear strain input (general viscoelastic materials): 

  20),cos(sin)sin(cos)sin( 000
  tttt   (2.14) 

 

 
Figure 2.23: The shear stress response σ(t) (dash line) after imposing a sinusoidal strain in shear 
γ(t) (solid line) for (a) Hookean solids (δ = 0), (b) Newtonian liquids (δ = π/2), and (c) a generic 
viscoelastic material (0<δ <π/2).  

By dividing Equation (2.15) with the shear strain amplitude γ0, it can be rewritten 
as follows: 

  )cos('')sin(')cos(sin)sin(cos
0
0

0
0

0
tGtGttt 





   (2.15) 

where G’ and G” are, respectively, the storage (or elastic) modulus and the loss (or 
viscous) modulus and are functions of frequency ω. Indeed, they are also referred as 
dynamic moduli. They represent the amount of energy stored and dissipated by the 
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material per oscillation deformation imposed, respectively.  Indeed, the storage modulus 
G’ is the component of the shear stress response in-phase (δ = 0) with the sinusoidal shear 
strain imposed, whereas the loss modulus G” is the component of the shear stress response 
out-of-phase (δ = π/2) with the shear strain imposed. Apparently, for a Hookean solid G” 
= 0, while for a Newtonian liquid G’ = 0. Both G’ and G” can be seen as the real part and 
the imaginary part, respectively, of a complex modulus G*: 

'''* iGGG           (2.16) 
where i is the imaginary unit. 
The absolute value of the complex modulus G* is the ratio between the amplitudes 

of the shear stress response and the shear strain imposed: 
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 GGG    (2.17) 

In order to compare the storage and the loss moduli and get information about the 
structure and the viscoelastic response of the material, another variable is taken into 
account as follows: 

'
''tan G

G          (2.18) 

and it is called loss tangent. Whether its value is below one, or bigger than one at 
a given frequency ω, it means that the material behaves as solid-like (viscoelastic solid), 
or as liquid-like (viscoelastic liquid), respectively. 

Moreover, the storage modulus G’, the loss modulus G”, the complex modulus G*, 
and the loss tangent tanδ are material functions of linear viscoelasticity. Indeed, all the 
Equations (2.15-19) are valid only if the shear strain amplitude γ0 is small enough. If so, 
the shear stress is the response of the material in the linear viscoelastic regime. Therefore, 
the viscoelastic material (e.g. polymer chains) is said to be perturbed within its equilibrium 
state and its response to an arbitrary perturbation history (e.g. a series of strain excitation 
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at different times) is the sum of the response for each excitation acting alone. This 
superposition response, sometimes called Boltzmann superposition principle, has been 
confirmed extensively for viscoelastic materials in the linear response region (Boltzmann 
1876, Cheng 1959). In this case, rheology is able to describe the molecular structure and 
mechanical properties quantitatively.  

How small enough the shear strain amplitude γ0 should be depends on the material 
itself. Before doing a frequency sweep, therefore, it is necessary to perform a preliminary 
dynamic test named as strain sweep (or stress sweep in stress-controlled mode): at a certain 
constant temperature and frequency ω the sinusoidal shear strain (or shear stress) imposed 
varies the value of its amplitude γ0 within a range. An example of G’ and G” as a function 
of shear strain amplitude γ0 is depicted in Figure 2.24. As long as G’ and G” are strain 
amplitude independent, within that shear strain amplitude γ0 range the dynamic mechanical 
response of the material is in the linear viscoelastic regime. From that range a value of γ0 
should be picked and set in the subsequent frequency sweep test. On the other hand, the 
value of γ0 after which G’ and G” start to vary (they both often decrease) corresponds to 
the critical point after that the material response is beyond the linear viscoelastic regime 
(i.e., non-linear viscoelastic regime). As a consequence, the shear stress response σ(t) is no 
longer a simple sine wave but rather a sinusoidal function consisting of higher harmonics 
(Grosso & Maffettone 2011). 
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Figure 2.24: G’ and G” as a function of shear strain amplitude γ0 of a strain sweep measurement 
are shown. The value of 10% defines the maximum γ0 to impose in order to study the material 
response in the linear viscoelastic regime. 

Although SAOS are experiments are relatively easy to perform, they can still be 
problematic if a well-defined experimental protocol is not applied.  Some fundamental 
steps are described as follows: 

1. Sample preparation: a homogeneous specimen in size and appearance 
should be prepared. The methodology varies according to the polymer 
system used.  

2. Sample loading: at constant temperature a disk-shape specimen is gently 
squeezed between parallel-plates or cone-plate fixtures and trimmed in 
order to fill entire gap and create a homogeneous spherical (bulge) shape at 
the free edges, as depicted in Figure 2.19. For different specimen 
geometries, rectangular bars and strips, the loading methodology is 
described somewhere else (Chapter 3 – Section 3.4, and Chapter 2 – Section 
2.6.6.1, respectively). 
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3. Time and Strain Sweep measurements: They are performed at the 
loading temperature as preliminary tests. In a time sweep measurement a 
small γ0 at one frequency (also small) is imposed in order to ensure proper 
thermal equilibration of the sample. In a strain sweep measurement the 
applied γ0 varies over time at a constant frequency value. The test is 
repeated at different frequencies in order to determine the condition needed 
(percentage of strain) to guarantee a linear viscoelastic response of the 
material during a frequency sweep measurement.  

4. Frequency Sweep measurement: It is performed at the loading 
temperature applying a small value of γ0 within the linear regime when 
varying frequency. 

5. Repeating Step 3 and 4: Time, Strain and Frequency sweep measurements 
are repeated at different temperatures. A minimum of three frequency 
sweep tests is needed.  

6. Final frequency sweep test at the loading temperature again: If the final 
frequency sweep measurement is different from the initial one, it is a sign 
of sample degradation and/or inhomogeneous sample shape loading. 

7. Time-Temperature Superposition (TTS) is performed (as described in 
Section xx) 

2.6.3 Stress relaxation and Creep – Recovery   
Another type of rheological experiment that is performed in order to investigate 

the viscoelastic material response in the linear region is a stress relaxation experiment. For 
this measurement a step shear strain is increased instantaneously from zero to a constant 
strain value γ0 and the shear stress response is recorded with time σ(t) (Figure 2.25). The 
latter can be generally described as: 

0)()(   tGt         (2.19) 
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where G(t) is the shear relaxation modulus and is a function of time compared to 
Equation (2.6). In Figure 2.25 the shear stress relaxation response of a Hookean solid, a 
Newtonian liquid and a viscoelastic material are depicted.  

 
Figure 2.25: Normalized shear stress relaxation response after a step shear strain imposed is 
depicted for Hookean solids, Newtonian liquids, and viscoelastic materials (solid and liquid-like) 
(Kapnistos 2006). For t a viscoelastic solid-like material reaches a constant value Geq, while 
a viscoelastic liquid-like material drops to zero. 

For a Hookean solid the shear stress relaxation response is constant because the 
shear strain imposed γ0 is constant as well (i.e., a Hookean solid stores energy for infinity 
time when going under a finite deformation γ0). On the other hand, for a Newtonian liquid 
the shear stress relaxation is zero since the shear strain rate  is also zero (i.e., a Newtonian 
liquid only dissipates all the energy when going under a finite deformation γ0). For a 
viscoelastic material, instead, the shear stress relaxation response decays exponentially 
and either reached a constant value Geq (viscoelastic solid-like material) or goes to zero 
(viscoelastic liquid-like material). Equation (2.20) and (2.21) describe the shear relaxation 
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modulus for a viscoelastic solid and liquid-like material, respectively, for small constant 
shear strain imposed γ0. 


 t

eq eGGttG 
0

)()(        (2.20) 


 teGttG 

0

)()(         (2.21) 

where τ is the characteristic relaxation time (Section 1.4).  
Just few viscoelastic materials can be described by only one characteristic 

relaxation time τ. More often they are characterized by more characteristic relaxation 
times, τi, each one referred to a shear modulus Gi (Ferry 1980). 

 
 N

i
t

ieGtG 1)(          (2.22) 
The discrete function described in Equation (2.22) can be integrated and replaced 

by a continuous function as follows: 

 


 0 lnexp)()(  dtHtG       (2.23) 

where H(λ) is a function referred as characteristic time spectrum and represents 
relaxation processes with characteristic times between τ and τ+d τ (Ferry 1980). Equations 
(2.22) and (2.23) show that viscoelastic materials are non-uniform systems during a 
relaxation process. Indeed, a polymer system can relax at different times since new 
molecular orientations/configurations are induced at different chain length scale (from 
monomer unit to chain backbone) by an external strain imposed. A sketch of a stress 
relaxation modulus G(t) over the full range of response is shown for a long-chain 
monodisperse linear polymer in the melt state in Figure 2.26, where the sample transition 
from a glassy regime to a temporary network (plateau modulus) to a liquid-like flow 
regime is depicted as well. Also shown are the relaxation modulus G(t) for a short-chain 
polymer and a monomeric liquid. The glassy region is reached at about the same time (~10-
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11 s) and with about the same glass modulus Gg (~109 Pa) for all the polymer species. An 
extended plateau in G(t) at long times, ~105 – 106 Pa depending on the species, is a 
characteristic feature for long chains of all polymer systems before relaxation to zero at 
still longer times.  A more detailed explanation about the origin of different flow/relaxing 
behaviors for polymer systems is presented in the next Section 2.6.4. 

 
Figure 2.26: Schematic representation of the relaxation modulus G(t) after imposing a constant 
strain value γ0 for a long-chain monodisperse linear polymer in the melt state, a short-chain 
polymer, and a monomeric liquid. Four flow/relaxing regions are identified for long enough 
polymer chains: glassy, transition, rubbery plateau and terminal flow (Graessley 2008). 

In addition to stress relaxation measurement, a viscoelastic material can be tested 
with another type of measurement named creep – recovery. It uses the capability of the 
viscoelastic material to deform gradually with time if it goes under a constant shear stress 
σ0. Indeed, in a creep – recovery test a constant shear stress σ0 is applied as a step function 
and the shear strain response is monitored over time, γ(t). Subsequently, σ0 is removed and 
strain recovery is observed (Figure 2.27). The accumulated shear strain γ during a creep 
measurement comes out from two contributions: viscous (energy dissipated) and elastic  
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(energy stored). A new material function referred as creep compliance (or just compliance) 
J(t) is defined: 

0

)()( 
 ttJ           (2.24) 

For a viscoelastic solid-like material the shear strain γ achieves a constant value γe 
before recovering completely after the constant shear stress loading σ0 is suddenly 
removed. 

0
0 ee J          (2.25) 

where J0e is the recoverable shear compliance and does depend on the elastic 
contribution only (Figure 2.27). 

 

 
Figure 2.27: Schematic shear creep – recovery response for a viscoelastic solid-like material. 
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On the other hand, for a viscoelastic liquid-like material the accumulated shear 
strain over time γ(t) and the resulting compliance J(t) is considered as the sum of a 
viscous and elastic term described by Hooke and Newton law, respectively, as long as 
a small enough shear stress loading σ0 is imposed. 

ttt ee    )()(        (2.26) 

tJtttJ ee
0
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000
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         (2.27) 

where η0 is the zero shear viscosity and can be calculated as the inverse of the slope 
of J(t) curve as a function of time when the stationary regime is achieved (constant shear 
rate  ) (Figure 2.28). The recoverable shear compliance J0e is calculated from the 
recovered shear strain γe or as the intercept of the stationary regime (Figure 2.28). 
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Figure 2.28: Schematic creep – recovery for a viscoelastic liquid-like material where the 
elastic contribution is highlighted.  

 Stress relaxation and creep measurements can provide for more accurate 
measurements at long times and can be performed at lower safer temperatures. However, 
there are also many considerations to take into account such as conversion methods from 
stress relaxation modulus G(t) and creep compliance J(t) to dynamic storage G’ and loss 
G” moduli. Also, it is very important to ensure that the strain and stress imposed are in the 
linear regime. In order to verify this, the stress relaxation and creep curves should 
superimpose on each other at different magnitudes of strain and stress. An empirical rule 
is used to estimate a small enough shear stress loading σ0 in order to guarantee a creep 
measurement in the linear regime given by (Schweizer, private communication): 

04.0/01.0
*

0   sradcreep G         (2.28) 

/  
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Nevertheless, it is very difficult to obtain accurate G(t) values for a very wide range 
of times, specifically, at short times (transducer response time) and long time (poor torque 
resolution). In order to obtain a higher torque signal typically the shear strain magnitude 
γ0 should be increased. But this can potentially lead to wall slip, edge fractures and/or 
torsional transducer compliance, three of the most common artifacts of step-strain 
experiments (Venerus 2005). The conversion from stress relaxation modulus G(t) to 
dynamic moduli G’ and G” and vice versa can be performed using programs such as TA 
Orchestrator software, NLREG (Non-linear Regression Analysis Program) software and 
Reptate. In order to make sure that our relaxation modulus G(t) values are reliable we 
superimpose the converted dynamic moduli G’ and G” to those ones obtained from a 
frequency sweep measurement performed at the same setup temperature. If the setup 
temperature of the stress relaxation measurement is different, the converted dynamic 
moduli G’ and G” are superimposed using the horizontal shift factors aT calculated for the 
frequency sweep master curve (see Section 2.7.4). 

To probe the lowest frequency range, the ideal linear rheology method is creep 
compliance since unlike SAOS the torque does not decay with time. However, creep 
experiments are not accurate at short times since the stress needs some time to reach its 
desired value. Another problem related to this type of measurement is that the accumulated 
strain with time might cause a shift from the linear to the non-linear region.  

There are many numerical methods which can be used to convert from creep 
compliance J(t) to dynamic moduli G’ and G”. Different methods include the use of 
NLREG software, TA Orchestrator software, Reptate, and Evans et al program (Evans et 
al. 2009). However, all these methods involve Fourier transformation of J(t) data and can 
be very sensitive to small scattering of data (typically at short and long times) and even 
become unstable. The Schwarzl approximation uses simple numerical formulae to convert 
creep compliance data to viscoelastic moduli (Schwarzl 1969). Despite the fact that it is 
an approximation, it has been shown to agree well with the above methods in the 
intermediate time range and is very robust. The procedure followed involved first to ensure 
to be in the linear regime which implies compliance J(t) constant for different stresses. 
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Second, to find a function that fits the creep compliance data very well in log scale. Third, 
to perform the formula of Schwarzl to obtain dynamic compliance data and then to convert 
J’ and J” data into G” and G’, respectively. The Schwarzl’s formulae are described below: 

                           8/4/049.0
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2.6.4 Time – Temperature Superposition Principle 
In order to assess viscoelastic properties of a material, it is important to take into 

account the existence of a close relationship between time (or frequency) and temperature. 
In this regard, a specific experiment is performed where the value of the material modulus 
G is monitored at one frequency ω (a typical value is ω = 1 rad/s) as a function of 
temperature. The behavior depicted in Figure 2.29 is often observed for an amorphous 
polymer. It is possible to identify four regions of viscoelastic behavior. At low temperature 
where the modulus has the highest value with 109 Pa, typical order of magnitude of glass, 
the polymer is hard and fragile as glass. This is the glassy region in which the thermal 
energy is not enough to overcome the potential energy barriers of rotation and translation 
motion of polymer chain segments. Indeed, they are basically frozen in rigid configurations 
and can only vibrate around these positions within a microscopically disordered (i.e., 
amorphous) structure. 
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Figure 2.29: Depiction of the modulus G response as a function of temperature for a long-chain 
monodisperse linear polymer in the melt state compared to a short-chain polymer and a monomeric 
liquid. For long enough polymer chains four flow/relaxing regions are identified: glassy, transition, 
rubbery plateau and terminal. The terminal region differs from long entangled and cross-linked polymers showing a relaxing to zero and reaching a constant value, respectively. 

As soon as the temperature increases, the vibration of chain segments becomes 
bigger until the thermal energy is comparable with the potential energy for rotation and 
translation of chain segments. In this region, the polymer chain is at its glass transition 
temperature Tg and little diffusional motions start to occur. Indeed, chain segment chains 
are able to switch from one configuration to another one. The glass transition is followed 
by a several order of magnitude decrease of the modulus as shown in Figure 2.29. The 
extent of this region may vary between 5°C and 20°C according to the given polymer. 

Keeping on increasing the temperature, the modulus reaches the rubbery plateau 
region. It is characterized by a specific modulus called as plateau modulus. In this range 
of temperature, the diffusion of chain segments occurs faster than the applied frequency. 
On the other hand, the diffusion of the whole linear chain is still blocked by topological 
interactions of neighbor chains. These interactions are known as entanglements (Section 
1.5) and act as temporary junctions. New chain segment orientations are possible but not 
translation motions of the chain within the applied frequency. This happens only when the 
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temperature further increases. Therefore, the topological interactions due to entanglements 
acting on several points of the chain backbone are no longer able to avoid the chain flowing 
(or relaxing). As a result, the material starts flowing and this region of modulus-
temperature curve is named as flow region. Nevertheless, departures from this behavior 
are observed. The above flow/relaxation description is referred to a long enough polymer 
chain (i.e., M > Me, where Me is the entanglement molecular weight). On the other hand, 
short polymer chains (i.e., M < Me) start flowing right after the glass transition region since 
they cannot experience any extra topological constraint due to entanglements. Monomers 
represent the shortest flow-limiting case for which just a little temperature increase induces 
them to flow. Another particular case is represented by cross-linked polymers. Their 
viscoelastic behavior is essentially the same as a linear polymer until the rubbery plateau 
region. After that, unlike linear polymers, cross-links act as permanent junctions between 
polymer chains. Therefore, at high temperatures cross-linked polymer chains never relax 
but rather show a constant modulus until the material starts to degrade. 

So far it has been observed how the modulus depends on frequency (or time) and 
temperature. It is possible to obtain a complete viscoelastic spectrum of a material either 
at one frequency (as a function of temperature) or at one temperature (as a function of 
frequency). In practice, the second method is preferred, although some operational issues 
should be taken into account as follows: 

i) The analysis at high frequency is limited by the sensibility of commercial 
instruments. 

ii) Very slow relaxation phenomena requires very low frequency 
measurements (i.e., very long time). 

In general, it is possible to perform such a measurement within a frequency window 
of four decades (typically from 10-2 rad/s to 102 rad/s). Unfortunately, only a small part of 
the viscoelastic spectrum is observed this way. Instead, by using the time-temperature 
relationship rheological measurements (e.g. frequency sweep, stress relaxation, and creep) 
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are done in the same range of frequency but at different temperatures. Therefore, each 
measurement is a piece of a curve that can overlap each other by simply a horizontal 
shifting with respect to the curve obtained at the temperature chosen as reference, T0, 
(time-temperature superposition principle) as depicted in Figure 2.30. In this way, the so 
called master curve is built (Figure 2.31). In Figure 2.31 the same four flow regions 
(glassy, transition, rubbery plateau and terminal flow) are identified in terms of G’ and G” 
as it was previously shown in Figure 2.26 and 2.29. Moreover, some relevant viscoelastic 
parameters can be also visualized in the same master curve: the Rouse time of a segment 
between two entanglements τe, the plateau modulus G0N, and the reptation time τd.  The 
time τe corresponds to the high frequency crossover (ωe) of G’ and G” and describes the 
chain relaxation process due to dissipative interactions of subchains at chain segment scale 
until the entanglement molecular weight Me is achieved. It is a function of a single 
monomeric friction coefficient ζ0  that describes the friction of chain segments during the 
glass transition depending on the polymer chemistry (see discussion below). The more 
complex chemistry of the polymer is, the bigger ζ0 and τe are (or the smaller ωe is). The 
plateau modulus G0N is an attribute of chain entanglements arising from the uncrossability 
of the backbone contours of covalent chain molecules. Generally, it is extracted from the 
G’ value at the minimum of G” (or tanδ) in the rubbery plateau region. But it is not always 
an easy quantity to measure though. A review nicely summarize and critiques various 
methods (Ruymbeke et al. 2007). The reptation time τd is the characteristic time for linear 
polymer chains to totally relax and flow when the reptation mechanism is complete. 
Graphically it corresponds to the low frequency crossover of G’ and G”. 

In other words, a master curve represents the real relaxation spectrum of the 
material at a given (reference) temperature. Moreover, the choice of the reference 
temperature T0 is arbitrary and a matter of convenience. Considering the value of the 
modulus calculated at two different temperatures, T1 and T2, the time-temperature 
relationship can be written as follows: 

),(),( 21 TaGTG T         (2.31) 
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stating that the effect of temperature change in terms of modulus is the same if a 
coefficient aT (horizontal shift factor) is applied to the frequency scale (i.e., ωaT = reduced 
frequency). The coefficients aT depends on both the reference temperature T0 and the setup 
temperature of the experiment T. The most well-known relationship between these three 
quantities is the Williams-Landel-Ferry (WLF) equation (Williams et al. 1955): 
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        (2.32) 

Figure 2.32 depicts log aT as a function of temperature for two polymer systems 
having different chemistry. A good overlap is observed in both cases confirming the same 
chain chemistry for the polymer series. The constants C1 and C2 are not universal but rather 
vary for every polymer chemistry. They are calculated by means of a non-linear regression 
of Equation (2.32) (solid line in Figure 2.32). In case of the absence of specific data, a 
somewhat better approximation with fixed values of 8.86 and 101.6 for C1 and C2 were 
used in conjunction with a reference temperature Ts (in general KTT gs 50 ), which 
was allowed to be an adjustable parameter (Ferry 1980). It has been widely used and 
composite data for a lot of different polymers were well described (Williams et al. 
1955)(Plazek, 1968), but generally it fails at 100Κ above Tg. 

The validity of Equation (2.32) means that all the relaxation processes acting in a 
polymer system, from the segmental chain diffusion to the macro relaxation of the chain, 
depend on temperature in the same way. Indeed, they are proportional through a constant 
that does depend on which theory applies (e.g. Rouse, Zimm, etc.) but is independent of 
temperature. This can be conveniently represented by the ratio of any specific relaxation 
time τi at temperature T to its value at an arbitrary reference temperature T0. From the 
modification of the Rouse theory for undiluted polymers the temperature dependence for 
all the relaxation times τi is given by (Ferry 1980) 
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Here the temperature dependence is very largely due to the change in ζ0, although 
T enters explicitly and the mean-square end-to-end distance 2R  per monomer unit, a, 
may change slightly (Flory et al. 1959).  More specifically, the Rouse time of a chain 
segment between two entanglements τe acts as a fundamental “internal clock rate”. It is the 
sole material time scaling parameter in all the melt relaxation process and only depends 
on temperature according to either WLF or flow activation energy expressions (Ferry 
1980; Williams et al. 1955; Doi and Edwards 1986; Liu et al. 2006). The definition of the 
function aT in Equation (34) reflects primarily the temperature dependence of a segmental 
friction coefficient or mobility on which the rates of all configurational rearrangements 
depend. It is thus a very important one in describing the physical properties of a polymer 
system. 
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Figure 2.30: (a) Storage modulus G’ and (b) loss modulus G” at ten different temperatures from 
10-2 rad/s to 102 rad/s for the non-vulcanized SBR-40 sample. 
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Figure 2.31: Resulting master curve in terms of storage and loss modulus for the non-vulcanized 
SBR-40 sample at 110°C as reference temperature. Four flow/relaxation regions are identified: glassy, transition, rubbery and terminal flow. The frequency window is twelve decades, from 10-2 
rad/s to 1010 rad/s. In this case, the applied horizontal shift is the same as that one calculated by 
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shifting tanδ curves. The linear viscoelastic parameters reptation time τd, plateau modulus G0N and 
Rouse time between entanglements τe  are also depicted. 
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Figure 2.32. log aT as a function of temperature for (a) non-vulcanized SBR-40, SBR-66 
samples at 110°C as reference temperature, and (b) P2VP-554k in MEK and pyridine neat 
samples at 180°C as reference temperature is shown. The good overlap confirms the same 
chain chemistry for both polymer series. 

Another frequently applied empirical equation that relates the time-temperature 
dependence of polymers is the Vogel (Vogel–Fulcher – VF; Vogel–Fulcher–Tammann – 
VFT; Vogel–Tammann–Fulcher – VTF; or Vogel–Fulcher–Tammann–Hesse – VFTH) 
equation, particularly when the application of its equivalent, the WLF, equation to polymer 
liquids and rubbers is taken into account. It was first introduced for viscosity by Fulcher, 
Tammann and Hess but it holds for relaxation time τi (and its ratio aT as well). 

  TT
BAi loglog 0       (2.34) 

If the slight differences between the temperature dependences of η0 and τi are 
ignored, the WLF coefficients are related to the parameters of Εquation (34) as follows 
(Kovacs 1964): 
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The characteristic parameter of Equation (2.34) is the so called Vogel temperature 
T at which viscosity (or relaxation time) ideally becomes infinitive. The introduction of 
T makes up the difference to Arrhenius’ law ( T

BA  ). The Vogel equation performs best 
for liquids which show only small deviations from Arrhenius behavior (Fulcher 1925). 
The most critical analysis in recent times has been the derivative analysis of Stickel et al. 
concluding that VTF is only useful for fitting data at T > Tg +50K (Stickel et al. 1995; 
Stickel et al. 1996).  

It is well known that a small vertical shift is often required for constructing the 
modulus master curves, especially in regions where the modulus changes rapidly. This is 
linked to the small temperature dependence of the stress scaling factor, which is also a 
unique material parameter, usually taken as the plateau modulus G0N (see Equation 1.8 and 
1.9). For polymer melts, the vertical shift is calculated from the density compensation 
vertical shift factor bT between a given temperature T and a reference temperature T0 (Ferry 
1980). 

  TT
TTbT 

 00          (2.36) 

There is no real consensus about the best method to perform the vertical shift, 
which can either be the by-product of a two-dimensional optimization of the master curve, 
or, as sometimes advocated, be calculated with the help of Equation 2.36 from the actual 
temperature dependence of density and molecular weight between entanglements (if 
known) (van Gurp & Palmen 1998; Mavridis & Shroff 1992; Auhl et al. 2008). In our 
study vertical shift factors bT by using Equation (2.36) were applied to G’ and G” curves 
at different temperature after horizontal shifting (aT factors were calculated from 
horizontal shift of tanδ curves).  

In principle, a master curve can be obtained from every linear viscoelastic material 
functions (e.g. G’, G”, tanδ, G(t) and J(t)) applying the same values of horizontal shift 
factors aT. Nevertheless, the time-temperature superposition principle should be verified 
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from at least another criteria in addition to the graphical matching. Ferry suggested that a 
viscoelastic material function obeys to the time-temperature superposition principle if the 
order of magnitude of the constants C1 and C2 in accord with experience when they are 
transformed to the values appropriate to the glass transition temperature Tg of the sample 
as reference temperature (Ferry 1980). Table 2.10 lists values of constants C1 and C2 for 
non-vulcanized SBR-40 and SBR-66 and neat P2VP 554k – MEK and 105 – MEK and 
554k – pyridine, reported at the reference temperature T0 and the glass transition 
temperature Tg. Values at Tg are in accordance with Cg1 and Cg2 equal to 17.44 and 51.6, 
respectively, calculated for a large number of polymers. 
Table 2.10: values of constants C1 and C2 for non-vulcanized SBR-40 and SBR-66 and neat P2VP-
554k (MEK and pyridine) are listed. Calculations at the reference temperature T0 and glass 
transition temperature Tg are reported. Good agreement with universal values of Cg1 = 17.44 
and Cg2 = 51.6 is observed (Ferry 1980). 

 T0|SBR = 110 °C 
T0|P2VP = 180 °C 

Tg|P2VP = 105 °C 
Tg|SBR = -20.5 °C 

 C10 C20 C1g C2g 
SBR-40 3.24 173.2 13 43.2 
SBR-66 3.1 174 12.5 43.3 

P2VP 554k MEK 6.12 148.11 12.58 73.1 
P2VP 554k Pyridine 6.07 148.41 12.27 73.4 

P2VP 105k MEK 6.47 154.61   
 

Conversely, if the material has a different dependence of temperature the time-
temperature superposition principle is most likely violated. In this case, the concept of 
thermorheological complexity is introduced. It was found that a different temperature 
dependence of viscosity and retardation function was shown by several polymer species 
in the glass transition vicinity (Plazek 1965; Plazek & Plazek 1983; Plazek et al. 1992). 
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2.6.5 Non-linear Start-up and Relaxation in Shear 
Non-linear start-up shear involves the application of a sudden constant step-rate 

0  in shear, monitoring the transient shear viscosity η+S and/or stress σ over time. Then 
the shear flow is stopped followed by relaxation. The typical transient shear viscosity (or 
stress) for a linear entangled polymer is shown in Figure 2.33. An overshoot is first 
observed (due to chain orientation and chain stretch as well at high Weissenberg number 
Wi) and subsequently a lower steady-state shear viscosity (or stress) is achieved until when 
the shear flow is stopped and the relaxation proceeds very quickly.  

Figure 2.33: Schematic graph of a shear start-up at a given constant shear rate 0 and subsequent 
relaxation experiment where transient shear viscosity η+S and/or stress σ are plotted as a function 
of time. 

Non-linear start-up shear and subsequent steady-state relaxation measurements 
were performed on P2VP 554k NCs samples at 180°C using a cone partioned plate (CPP) 
fixture. We used the latest CPP design developed by Yan et al. (Yan et al. 2015 submitted) 
based on the original version of Meissner (Meissner et al. 1989) and further developed by 
Schweizer (Schweizer 2002) and Snijkers et al. (Snijkers & Vlassopoulos 2011). The 
temperature control of   0.1°C was achieved with the convection oven of an ARES 
2KFRTN1 strain-controlled rheometer (TA Instruments, USA). As seen in Figure 2.34a 
and 2.34b, the CPP design by Yan et al. is composed of a Stainless Steel 25 mm cone 

t 

η+  S,
 or 

σ 
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fixture (0.1 rad) attached to the bottom of the ARES (motor), a 6 mm diameter Stainless 
Steel parallel plate fixture (inner plate) attached to the transducer (top of the rheometer). 
The latter is surrounded by a coaxial stationary parallel plate shaft (outer plate) with a 20 
mm outer diameter and 8 mm inner diameter which is attached to the top of the ARES but 
not to the transducer as depicted in Figure 2.34b. A careful attention is always given when 
sliding the inner plate inside the outer one by monitoring the normal force displayed 
avoiding a direct contact between the two shafts. In this way, the transducer of the 
rheometer is not subjected to further mechanical stress in order to prevent possible 
permanent damage. Moreover, the inner plate is first aligned with the outer plate by means 
of a series of screws (Figure 2.34b inset) at the room temperature. Later on, the alignment 
is checked at the setup temperature and adjusted if needed.  

When shearing the free edges of the sample will fracture, especially at high shear 
rates 0 . With the use of the CPP in shear, edge fracture issues are delayed since only the 
center of the sample is in contact with the transducer by means of the inner plate (Figure 
2.20). Indeed, it will take some time before the edge fracture is able to reach the center of 
the sample (i.e., the measuring region). Because of this, the main advantage of using the 
CPP is that higher shear rates 0  can be achieved compared to a standard cone-plate 
geometry since non-linear instabilities (e.g. edge fracture and wall slip) can be partially 
avoided and/or delayed. Therefore, even at high rates (exceeding the inverse Rouse time 
τR) a complete start-up shear curve can be measured reliably and a steady-state viscosity 
(or stress) can be achieved more easily when testing either melts or polymer solutions 
(Ravindranath & Wang 2008).   
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Figure 2.34: (a) Schematic illustration (transversal view), and (b) practical realization of a cone-
portioned-plate (CPP) developed in our laboratory for an ARES 2KFRTN1. Part A is a Stainless 
Steel 25 mm cone fixture (0.1 rad) attached to the motor, and B is a Stainless Steel 6 mm parallel 
plate fixture attached to the transducer which is surrounded and aligned by means of a set of screws 
(inset) with an outer hollow stationary parallel plate attached to the top of the rheometer (Yan et 
al. 2015 submitted).  

 
Figure 2.35: Schematic illustration of the development of edge fracture in cone-and-plate flow. 
Upon rotation of the top cone, the edge of the sample evolves from light grey to black under 
influence of the second normal stress difference (Tanner & Keentok 1983). Note that the cone 
angle is exaggerated for illustrative purposes. (b) Schematic enlargement of the evolution of the 
shape of the edge of the fracturing sample as function of time. 

From an experimental point of view, the feasibility of shear rheological 
measurements in non-linear regime (i.e., imposing high strain units by means of increasing 
shear rates over time) for such nanocomposite systems immediately turned out to be crucial 
in order to obtain reliable data. Achieving a proper loading of the sample was the first 
experimental issue to deal with. First of all, for high loaded samples a lot of effort was 
made in order to mold disk specimen having a uniform thickness not bigger than four times 

(a) (b) 

(a) (b) 

A 

B 
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the loading gap of the CPP geometry (51 μm). In this way, we guaranteed a complete 
filling of the geometry (i.e., contact between the sample and the cone-plate geometry till 
the outer plate) and being able to reach the required loading gap without transducer 
overload. Moreover, compliance issues were observed when testing samples with 
medium/high NP loading (from 10 vol%) and imposed strain rate (i.e., transducer 
resonance) giving rise to possible angular error in experimental data (Mackay & Halley 
1991). 

2.6.6 Uniaxial Extensional Deformations 
The most common type of deformation field applied in polymer industries is 

extensional. Typically extensional deformations are big and fast during polymer process 
operations. This is the main reason why the characterization of polymers in extensional 
flow was historically quite tricky compared to shear flow characterization. Nevertheless, 
extensional flow is able to generate a higher molecule orientation and stretching in a short 
period of time with respect to shear flow since the sample deformation in extension is in 
the same direction as the applied flow. On the other hand, chain stretching in shear flow is 
suppressed by the mechanism of convective constraint release at high rates (as explained 
Section 1.10.4). As a result, extensional flow is more sensitive to polymer structure effect, 
such as branching polymers. 

There are three types of extensional flows which are possible to generate: 
i) Uniaxial extensional flow 
ii) Biaxial extensional flow 
iii) Planar extension 

The most common one and the technique explained and used in our study is 
uniaxial extensional flow. Consider a block of material with Δl0x, Δl0y, and Δl0z size at rest 
(Figure 2.36a). Subsequently, both its ends are subjected to an external axial force Fxx with 
Δl’x, Δl’y, and Δl’z size at elongated state (Figure 2.36b). Affine deformation is taken into 
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account (i.e., the small scale displacement is just proportional to the macroscale 
displacement of the block). Thus, the displacement functions are: 
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where the λi are the extension (or stretch) ratios 0
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 . Because uniaxial extension 

is symmetric around the axis along the axial force is applied (x-axis in this case), λy = λz. 
Moreover, if the material is incompressible, then the volume must be constant and 
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Figure 2.36: A block of material at (a) rest state and at (b) elongated state after being subjected to 
an axial force Fxx generating a uniaxial (i.e., exponential) extensional flow. 

Generally, a steady extensional flow is performed. Therefore, by applying a 
constant extension rate   the general velocity field in the x, y and z directions is 

z 
x y Δlx 

Δly 

Δlz 
Δl’ z 
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where the case of uniaxial extension is given by b = 0, and integrating the velocity 
expressions as a function of time results in following expression: 
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As a result, if a block of material is steady elongated in one direction, its final 
longitudinal length Δl’x increases (stretches) exponentially with time, while its cross-
sectional area Δl’y Δl’z  (or A(t)) decreases exponentially (compresses) with time. 

Thus, the extension strain, also called Hencky strain, in the sample simply 
corresponds to the following expression: 
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In the limit of small extension strain, εH is equal to the usual “engineering” 
extension strain λi -1. 

The extension strain rate is named Hencky strain rate H and is defined by 
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Note that the Hencky strain rate H  is independent of the initial longitudinal 
specimen length Δl0x. This is a more convenient way to define a constant strain rate and it 
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is also possible to compare measurements obtained at the same strain rate but with different 
initial specimen size. 

The transient extensional viscosity η+E(t) and the true stress in extension σE(t) of 
the stretched sample can be calculated from the following expressions: 
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Since it is often not easy to measure the specimen actual cross-sectional area over 
time, the engineering stress σeng is used where the force is divided by the initial cross-
sectional area A0. 

For more detailed information about extensional flow and rheometry reviewes by 
Meissner (Meisnner 1985; Meissner 1987), a monograph by Petrie (Petrie 2006), works 
by Bach et al. (Bach, Almdal, et al. 2003; Bach, Rasmussen, et al. 2003), McKinely and 
Sridhar (McKinley & Sridhar 2003), Sridhar et al. (Sridhar et al. 2013), and Dealy’s book 
(Dealy 1982) are recommended. 

2.6.6.1 Sentmanat Extensional Rheometer 
In the past literature rheometers for the characterization of polymer in extensional 

flow are described in detail for elastomers and molten polymers (Padmanabhan et al. 
1996; Meissner 1972; Meissner 1987; Macosko & Lornston 1973; Carter et al. 2001). 
Disadvantages of some experimental setup methods are also reported about how to control 
the extensional deformation applied (Wassner 1999) and how homogeneous it is 
(Sentmanat 2004). Because of significant limitations of previous techniques, Sentmanat 
developed the dual wind-up drums extensional rheometer, named as Sentmanat 
Extensional Rheometer (SER), which has the main advantage to perform high extensional 
strain and strain rate with strip, or rectangular, specimens as well (in addition to fiber, or 



Linear and Non-linear Rheology of Heterogeneous Polymeric Systems: From Entangled Polymeric 
Networks and Elastomers to Nanocomposites 

Claudia Dessi – January 2016  107 

cylindrical, specimens) as well as ensure a more homogeneous uniaxial extensional flow 
(Sentmanat US Patent 2003).  

In our study we have exclusively used the SER fixture (Xpansion Instrument, 
USA) mounted on an ARES 2k FRTN1 strain-controlled rheometer (TA Instruments, 
USA), as shown in Figure 2.37 a, in order to perform uniaxial extensional flow in both 
steady and oscillatory regime on vulcanized silica-filled SBR samples (details about setup 
protocol, results, and discussion are presented in Chapter 5). In order to better avoid wall 
slip on the wind-up drums of the SER, that is an important issue with vulcanized 
elastomers, in addition to the securing clamps we covered the surface of the drums with 
double side tape all around (Figure 2.37b). As an extreme case, we glued the specimen 
ends. Careful attention was paid to ensure the stretching zone to be free from any extra 
constraint due to specimen clamping and to avoid misleading extensional viscosity and 
stress results. 

 

Figure 2.37: (a) The SER fixture mounted on an ARES 2KFRTN1 rheometer (TA Instruments, USA). (b) Strip specimen loading on the SER fixture for a vulcanized SBR sample. For high loaded 

(a) 

(b) 
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samples extra tape is put at the edges of the specimen in order to avoid wall slip at high strain/strain 
rate. 

In Figure 2.38 it is depicted a schematic view of the SER during operation. In 
principle the specimen (H) is mounted parallel to the wind-up drums and clamped at the 
edges by two securing clamps (I) in order to avoid wall slip when drums start rotating and 
stretching the sample.  The wind-up drums consist of a master (A) and a slave (B) drum 
are mounted on bearing (C), housed within a chassis (E) and mechanically coupled via 
intermeshing gear (D). Rotation of the drive shaft (F), results in a rotation of the affixed 
master drum (A), and an equal but opposite rotation of the slave drum (B). As a result, the 
sample is being stretched over an unsupported length L0 (Figure 2.38). In case of a constant 
angular velocity Ω of the drive shaft, a constant uniaxial Hencky strain rate H  is applied 
which is equal to the sum of the angular velocity of the slave and master drums divided by 
L0 (also center-to-center distance between the master and slave drums, L0 = 12.75 mm): 

00

2
L

R
L

vv slavemaster
H

         (2.45) 

where R is the radius of the equal dimension wind-up drums (R = 5.155 mm). The 
resistance of the specimen to elongation is observed as a tangential force F, acting on both 
the master and slave drums which is then manifested as a torque M on the torque transducer 
attached to the fixture. The measured torque signal M over time is related to the tangential 
stretching force F in the following manner:  

    RFtFRtM  2         (2.46) 
where FR is any frictional force contribution that may exist from the gears and 

bearings. The instantaneous cross-sectional area A of a stretched molten specimen 
decreases exponentially with time t, for a constant Hencky strain rate experiment: 

   tAtA H exp0         (2.47) 
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where A0 is the initial (or non-stretched) cross-sectional area. For a constant 
Hencky strain rate H , the transient extensional viscosity η+E(t) and the true stress in 
extension σE(t) of the stretched sample can then be expressed as: 
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Figure 2.38: Schematic view of the Sentmanat extensional rheometer (SER) during operation. 
Inside squares: A Master drum, B slave drum, C bearings, D intermeshing gears, E chassis, F drive 
shaft, G torque shaft, H sample, I securing clamps. Other symbols: L0 unsupported length, W drive 
shaft rotation rate, T torque, F tangential force (Sentmanat 2004). 

All the measurements in uniaxial extensional flow were performed with vulcanized 
and silica-filled SBR samples at room temperature. The Rouse times τR of the non-filled 
vulcanized SBR polymer series were estimated based on the linear rheology curves and 
the temperature was chosen in order to access extensional rates that fall below and above 
1/ τR (Lentzakis et al. 2013). The experiments were run under nitrogen environment, even 
though no risk of degradation at room temperature was expected. Before measurements, 
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the vulcanized SBR samples were press-molded into a rectangular film shape with a 
thickness between 0.6 and 0.7 mm, a length of 17 mm and a width between 4 and 6 mm. 
The width-to-thickness aspect ratio was always between 6 and 8. The accurate dimensions 
of the sample were measured before each experiment. Moreover, the homogeneity of the 
specimen was also considered to be crucially important, and specimens with uneven 
thickness, bubbles or appearance of cracks were not used at all.  

Special attention was paid to the temperature control which is important for 
accurate extensional measurements. The temperature sensor is not located directly on the 
SER fixture. Hence, the temperature control is indirect. In order to ensure that the fixture 
is at the target temperature, a pre-heating time of the fixture was used (15-20 min). 
However, no correction for the sample thermal expansion was taken into account. 
Moreover, a pre-stretch at low strain rate was used in order to correct for any minor sag 
effects and to ensure better quality data, especially at short times (Sentmanat et al. 2005). 
Through pre-stretching, the cross-sectional area A becomes smaller than initially used in 
the calculation A0. In general, a comparison with linear viscoelastic prediction is done by 
the application of the Trouton ratio ( 03 

E ). However, this does not hold anymore for 
filled polymer systems that show a Trouton ratio bigger than three. 

During a measurement in extensional flow, it is difficult, or even impossible 
sometimes, to generate a completely homogeneous flow. In practice, the observed 
behavior of the material comes from two flows of opposite nature: uniaxial extensional 
flow and planar extension . The principle of operation of the SER involves an extensional 
flow to apply that is mainly uniaxial. Therefore, assuming a homogeneous deformation 
along the stretching zone of the unsupported length L0 and no wall slip between the sample 
and the surfaces of the drums, at a constant Hencky strain rate H  the height H(t) and 
width W(t) of the sample will change exponentially with time according to these following 
expressions:  
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 2exp)( 0
tHtH H        (2.50) 




 2exp)( 0
tWtW H        (2.51) 

where H0 and W0 are the original height and width, respectively, of the undeformed 
specimen. In order to check whether the specimen deformation was uniaxial when a 
constant extension rate was applied, the cross-sectional area was monitored. Under 
uniaxial conditions, this area should decrease exponentially with time. A Fire-jTM digital 
camera was used (rate of 30 frames/second) along with an image analysis program (Image 
J) in order to record the time-varying width at the center of the specimen during the 
deformation. To test the conditions of uniaxial extension, the measurement of the time-
dependent width of non-filled vulcanized SBR samples is shown in Figure 2.39. The 
results of the video microscopy show that the deformation of the sample is uniaxial since 
the width W(t) of the sample during deformation does follow Equation (2.50). However, 
reliable image results were not trivial at all to obtain for filled vulcanized SBR samples 
since side necking phenomena and drums compliance (bucking) were affecting the 
deformation imposed. From this result we conclude that uniaxial extensional conditions 
may not achieved in our experiments for high loaded samples. 
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Figure 2.25: (a) A Fire-jTM digital camera attached to the rheometer. (b) Variation of the 
normalized specimen width, 

0
ln2 WW , over time t for a non-filled vulcanized SBR sample. 

The linear dependence indicates uniaxial extension and determines the true stretch rate, here 0.097 
s-1 (squares), which compares well to the experimentally imposed 0.1 s-1 (circles). 

Akin results were obtained for a large set of non-vulcanized elastomers and molten 
polymers at different constant Hencky strain rates H , until a maximum value of 20 s-1 
(Sentmanat 2004). However, during further experiments in extensional flow using the SER 
a departure from pure uniaxial extensional flow of the specimen height H(t) was observed 
(Nielsen et al. 2009). The mentioned departure shows a flow component of planar 
extension that cannot be longer neglected. Moreover, results from recent numerical 
computations (Yu et al. 2010) indicate that when using rectangular or strip specimens the 
initial thickness should not be too high (less than 0.5 mm). For melts and entangled 
polymeric liquids with initial thickness and width greater than 0.5 mm and 5 mm, 
respectively, it may result in large deviations from ideal uniaxial extension.  

Another experimental issue to take into account in extensional flow measurements 
is the premature breakage of the sample that more often occurs at lower extensional strain 
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rate. As also reported by Barroso and co-workers, at low extensional rates the polymer 
film was prone to break prematurely by ductile fracture, shortly after reaching the 
maximum in engineering stress (Barroso et al. 2010). This can be explained by the 
Considerè criterion which predicts that for a purely elastic material sample failure occurs 
at the maximum in engineering stress (McKinley & Hassager 1999). Recent work with 
entangled polymers relates the breakup to the elastic breakdown of the entanglement 
network and associated non-uniform extension (e.g. necking) (Wang et al. 2007). Lyhne 
and co-workers did affirm that uniform extension is basically due to chain orientation 
(Lyhne et al. 2009). On the other hand, non-uniform extension is generated by chain 
relaxing (i.e., the accumulated stress due to chain orientation is exceeded). Moreover, two 
type of inhomogeneities were observed (necking close to the wind-up drums, and necking 
in the middle of the stretch zone) (Wang et al. 2007). They were related to the initial size 
of the specimen, in particular to the specimen height. Recent numerical computations show 
the variation of a rectangular specimen size due to necking for different aspect ratios 
(Hassager et al. 2010). 
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3 Analysis of Dynamic Mechanical 
Response in Torsion: Evaluation of the 
Modulus 
In this chapter, we investigate the dynamic mechanical response of non-vulcanized 
styrene-butadiene rubbers (SBR) under torsion deformation in the linear viscoelastic 
regime for two different cross-section specimens (i.e., rectangular and circular cross-
section). This type of test is often employed as an industrial standard in order to 
characterize elastomers, which may not be easily tested in oscillatory shear deformation 
due to wall slip issues. However, a clear dependence of the storage modulus on the aspect 
ratio is detected for specimens having rectangular cross-section. This is in contrast with 
circular cross-section specimens. Our goal is to propose a new, improved guideline for 
obtaining accurate moduli values in torsion at different aspect ratios of rectangular cross-
section specimens that could be successfully extended to elastomers. Its general validity is 
demonstrated to apply in two different control mode rheometers (i.e., strain and stress 
control mode). Experimental results are well supported by finite element analysis 
employed as a parametric study. 

Note: A part of this work was done in collaboration with Prof. Maffettone and his group 
at the University of Napoli “Federico II”, Napoli, Italy. 

3.1 Introduction 
Dynamic measurements in torsion have been performed extensively on rotational 

rheometers and are often considered as an industrial standard [ASTM D 5279 (2013)]. 
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They provide characterization of the dynamic mechanical response of a wide variety of 
materials including glasses (O’Connell & McKenna 1997; O’Connell & McKenna 2002; 
Santore et al. 1991), filled and vulcanized systems (Rivlin & Saunders 1951; Hsich 1982; 
Klüppel 2009; Penn & Kearsley 1976; Ferry et al. 1964; Stratton & Ferry 1963; Gent & 
Kuan 1973; McKenna & Zapas 1983) as well as soft gels (Janmey 1991; Plazek et al. 
1958). They are particularly important in situations where the more common small 
amplitude oscillatory shear tests (i.e., dynamic frequency sweep) are problematic or not 
possible at all (e.g., due to slip, transducer compliance or torque limitations). In the past, 
oscillatory torsional tests were performed by applying relatively large deformations on 
cylindrical specimens and recording both torque and normal force response as a function 
of time. Indeed, according to Rivlin (Rivlin & Saunders 1951; Rivlin 1947), a state of 
simple torsion in a cylindrical specimen of an incompressible highly elastic material 
(which is isotropic in its non-deformed state) with fixed ends (i.e., its length remains 
constant), may be produced by the application of both torque and normal compressive 
forces in order to maintain a pure torsional deformation. Following the same principle, 
Kovacs et al. allowed a slight vertical flexibility while maintaining torsion rigidity of a 
clamped prism-shaped specimen to control the tension in a rigid sample near its glass 
transition temperature (due to isothermal volume contractions) (Kovacs et al. 1962). In a 
different approach, small torsional deformations were superimposed to large extensional 
deformations in order to probe crosslinking extension and swelling properties (Gent & 
Kuan 1973). Different types of specimen geometries can be used in torsional tests. The 
most commonly used is a cylindrical rod with different aspect ratio (O’Connell & 
McKenna 1997; O’Connell & McKenna 2002; Rivlin & Saunders 1951; McKenna & 
Zapas 1986; Ferry et al. 1964; McKenna & Zapas 1983; Plazek et al. 1958; Plazek et al. 
1961; Flory & McKenna 2005). On the other hand, these dynamic mechanical tests can be 
routinely performed in commercial rheometers, such as a strain-controlled rheometer. The 
fixtures used in torsional strain controlled tests have been designed primarily for 
rectangular cross-section of the specimens (Hsich 1982; Klüppel 2009; Gent & Kuan 
1973; Kovacs et al. 1962).  
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Despite these significant developments, an unambiguous set of criteria for 
assessing and interpreting dynamic torsional measurements is still missing. Two relevant 
examples are the effect of the specimen dimensions and the way it is mounted on the 
fixture (i.e., clamping) on the torsional measurements.  Indeed, no systematic studies 
comparing the viscoelastic response of the same material by using different specimen 
geometries or different tool geometries are available. The only exceptions appear to be the 
work of Hsich who performed dynamic oscillatory tests on carbon black natural rubber 
compounds using both torsion rectangular and parallel plates geometries (Hsich 1982) and, 
more recently, the work of  Polacco et al. (Polacco et al. 2003) on polymer-modified 
asphalt undergoing dynamic oscillatory shear (parallel plate and cone-plate) and torsional 
deformation. Regarding the former work, despite the fact that the two tool geometries were 
used in different temperature ranges (i.e., the torsional rectangular testing mode at low 
temperatures whereas the parallel plate testing mode at high temperatures), a good 
agreement between the two sets of data was reported, with the parallel plate data 
constituting a continuation of the torsion rectangular data in the mechanical frequency 
spectrum. On the other hand, no overlap region of the two data sets was obtained, 
apparently due to the different measurement temperature range. The latter authors, Polacco 
et al. (2003), found good agreement for high length-to-width aspect ratio used in torsion, 
when compared to the parallel plate and cone-plate cases. Yet, often the small amounts of 
samples (for example when dealing with well-characterized model systems) necessitate 
the use of small aspect ratios, rendering a deeper analysis of the problem necessary. 
Furthermore, we note that long before the work of Hsich (Hsich 1982), Szabo speculated 
the occurrence of extensional and compressional stresses in torsion with rectangular 
specimens, and in particular in the region in contact with the clamps (Szabo 1956). He also 
proposed an empirical formula in order to quantitatively describe the dynamic-mechanical 
response in torsion (see discussion below).  

The above literature review points to the need for a general protocol for assessing 
torsional measurements based on appropriate choices of experimental and material 
geometries. In this work, we address this challenge and attempt at elucidating the role of 
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specimen length-to-width aspect ratio and clamping on torsional measurements and the 
extracted viscoelastic moduli of a thermoplastic rubber. Dynamic frequency sweep tests 
were also performed and used as benchmark, helping to optimize the experimental 
conditions of torsional tests. Indeed, the use of thermoplastic rubber allowed using both 
measurements on a comparative basis, hence assessing the torsional response. In addition, 
finite element (FEM) simulations on a viscoelastic solid (which represents the 
experimental system reasonably closely) were carried out in order to validate the 
experimental measurements and analyze the stress fields inside the specimen. The 
combination of careful experimentation and FEM analysis represents a powerful toolbox 
for the parametric analysis of dynamic response in torsion.  In this regard, it is worth 
mentioning that the same approach was successfully used by Hassager and co-workers 
(Hassager et al. 2010) for the parametric analysis of extensional measurements of 
macroscopic polymeric films via the Sentamanat Extensional Rheometer (SER) 
(Sentmanat 2004; Sentmanat et al. 2005).  Yet, often the small amounts of samples (for  

3.2 Torsion Deformation: Specimen Geometries 
The torsional test consists of twisting a specimen under the action of torque applied 

at one end while keeping the other one fixed.  This situation is depicted for a specimen 
with a circular cross-section in Figure 3.1, and a rectangular cross-section in Figure 3.2. 
Under torsional deformation the stress-strain distribution profile varies according to the 
cross-section specimen used (compare Figure 3.3a with Figure 3.3b). 

3.2.1 Circular Cross-Section 
In the limiting case, we can consider a disk-shaped sample between parallel plates 

(see Figure 3.1a), typically used to perform shear measurements in a rotational rheometer. 
We denote by R and h the radius and the thickness of the sample, respectively, with h << 
R.  
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For higher aspect ratio (i.e. the thickness h becomes larger than the radius R), we 
refer to the disk and to the applied angular shear deformation as a cylindrical specimen 
and simple torsion deformation, respectively (see Figure 3.1b). In the case of angular shear 
deformations, the angular displacement θ is used to describe the deformation. On the other 
hand, in the case of simple torsion deformation, the deformation is described by the angular 
displacement θ related to the cylinder length lact and is called the twist ξ: 

actl
           (3.1) 

When a cylindrical test specimen is subjected to torsional deformation in the linear 
regime, disk-shaped layers of solid material rotate past each other and only shear stress 
components exist along the sample cross-section, i.e., no stresses in the direction normal 
to the cross-section are present. In the case of a non-axisymmetric test specimen, such as 
a rectangular bar, the analysis of dynamic-mechanical properties becomes more complex, 
as it is explained in Section 3.2.2. 

 
Figure 3.1: (a) a disk-shaped sample subjected to angular shear deformation, (b) a cylindrical-
shaped sample under simple torsion. These two deformations are identical only for circular shapes. 
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3.2.2 Rectangular Cross-Section 
As already mentioned, for a specimen with constant circular cross-section, the 

stress is the same at a fixed radial position r and maximum at the cylindrical surface 
(Figure 3.3a). Conversely, in a rectangular shaped specimen, the stress is no longer linear 
with the distance from the axis and depends on the angular position along the specimen 
length (Figure 3.3b). For a homogenous and sufficiently long rectangular cross-section 
sample, the maximum stress is obtained on the midpoints of the long sides, whereas it is 
zero at the four corners of the cross-section, as the theory of elasticity states and it is shown 
in Figure 3.3b. As a result of the non-linear stress distribution, the cross-sections of the 
specimen are not flat anymore but rather warped (Figure 3.2 right). 

 
Figure 3.2: A rectangular bar (left) when twisted (center) under the action of torque. As a result, 
rectangular cross-section material layers tend to warp (right) around the rotational axis. Here, w is 
the width, t the thickness and lact the length of the specimen. We can define three relevant aspect 
ratios, w/t, lact/w and lact/t. 
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Figure 3.3: Stress profile under simple torsion deformations in (a) a circular cross-section (linear 
distribution) and (b) a rectangular cross-section (non-linear distribution). 

Barré de Saint-Venant was the first one that developed a general theory based on 
the theory of elasticity (Saint-Venant 1856) for specimen bars with arbitrary cross-section, 
which describes its stress distribution and predicts the maximum stress and yielding for 
isotropic and homogeneous systems by means of a series expansion approximation. The 
main assumptions of this theory are: i) the side surface is free from any load and all of the 
external load in terms of torque M is applied on the cross-section ends only, i.e., the 
definition of a pure (or free) torsion, ii) each cross-section of the bar does not change its 
profile in the course of deformation, i.e., a rotation of a rigid body, iii) sections 
perpendicular to the rotational axis of the bar are free to warp, i.e., there is no normal 
traction upon them and out of plane displacement occurs described by the so called 
warping function . 

3.3 Torsion Rheometry: Stress and Strain Constants  
When performing dynamic oscillatory measurements, it is necessary to relate the 

material parameters (strain γ and stress σ) to the rheometer response (rotation angle θ and 
torque M). In order to achieve this, two geometry constants, the strain constant  and 
stress constant , are used. These constants depend on the specimen geometry as 
described in details later. 

3.3.1 Circular Cross-Section 
When measuring torque and angular displacement for a circular cross-section 

specimen, stress and strain constants can be written as (Ferry 1980): 

h
RK  


          (3.2) 
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with Jt = πR4/2 is the polar moment of inertia. Both constants depend on the radial 
position r, i.e. the strain and the shear stress are zero in the center and have a maximum 
value at the edge of the disk. Due to symmetry, stress and strain only depend on the radius 
of the plate. This holds only if the specimen has a constant circular cross-section. 

3.3.2 Rectangular Cross-Section 
When measuring torque and angular displacement for a rectangular geometry of 

the specimen, the following strain and stress constants to calculate the stress and strain are 
used (Roark and Young 1975): 
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where (see also Figure 3.2 left) t is the thickness [mm],  w is the width [mm],  lact 
is the actual sample length [mm] (i.e., the measured length of the specimen loaded on the 
rheometer between the two fixtures) and g is the gravity constant [dm/s2].  

The geometry constant Kg used to convert torque and angular displacement to shear 
modulus, is in fact the ratio between the stress and the strain constant and can be reduced 
to: 
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According to de Saint-Venant’s theory (de Saint-Venant 1856), Jt of a rectangular 
sample is given by: 
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then, the modulus in torsion can be written as: 
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Since this series converges fast, higher terms can be neglected and the expression 
for the modulus G can be approximated as: 
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where is the aspect ratio. 

Wotzel (Wotzel 1994) compared the gSV(u) function in equation (3.8) with the 
approximated function g(u) in equation (3.9). The value of the ratio g(u) / gSV(u) is found 
to be 1 for all the aspect ratios u > 1.5, hence validating the above approximation of the de 
Saint-Venant prediction. 

In a previous work, Szabo (Szabo 1956) observed that dynamic moduli in torsion 
were affected by tension and compression stresses occurring at contact with the clamps. 
He suggested to replace the actual sample length lact in Equations (3.8-9) with an apparent 
corrected length lcorr in order to correct the effects of the specimen clamping for a given 
aspect ratio u and Poisson ratio ν: 
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being the Poisson ratio. 
The length correction factor K increases with the aspect ratio u, and when u > 12 it 

becomes independent of u approaching a constant value Ks that depends on the Poisson 

twu 
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ratio ν of the material. For example, when ν = 0.33, Ks = 0.64 and when ν = 0.48 (typically, 
the case of rubbers), Ks = 0.716.  

Hence, for a given aspect ratio u, the aspect ratio lact/w can be chosen for 
convenience, i.e. in order to overcome stiffening issues it is convenient to maximize the 
ratio lact/w. Wotzel (Wotzel 1994) evaluated the shear moduli for different aspect ratios u 
and different lengths using the traditional torsion fixture on the strain-controlled RDA2 
rheometer (Rheometric Scientific, USA). He found that, for constant aspect ratio w/t, the 
length correction according to Equation (3.10) did not give the correct shear modulus when

, whereas it worked for . To overcome this limitation, he 
modified the Equation (3.10) by coupling the length correction to the ratio of sample width 
and actual length: 
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 for  
This modified equation along with the correction from Szabo (Szabo 1956), 

Equation (10), provide the correct shear modulus for a specimen length in the range 10 to 
80 mm. We use a modification of Equation (3.12), in dimensionless form with respect to 
the specimen width, in order to provide a more general limiting operation range in the 
present analysis: 
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3.4 Small Amplitude Oscillatory Tests in Simple Torsion 
In order to perform dynamic oscillatory tests in simple torsion, two popular 

rheometers, a strain-controlled rheometer, ARES 2kFRTN1 from TA Instruments, USA, 
and a stress-controlled rheometer (operating on strain-control mode), MCR 702 from 

10 < lact < 30 mm lact > 30 mm

mmlact 3010 <<
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Anton Paar - Physica, Austria, were used. For rectangular cross-section specimens a 
torsion rectangular fixture was used (Figure 3.4a). Circular cross-section specimens, 
instead, were mounted on appropriately modified cylindrical torsional fixture (Figure 
3.4b). In a torsional fixture, the deformation at the top and bottom edges of the sample is 
hindered by the two clamps. When a rectangular cross-section specimen is twisted in 
torsion, stresses develop at the outer edges in contact with the clamps whereas 
compressional stresses develop in the center. The projections of these stresses into the 
cross-section plane of the rectangular bar alter the torque associated with the shear 
deformation. Extensional and compressional stresses occur near the clamps because they 
resist to tendency of the test specimen to warp due to the non-linear stress distribution 
profile along the specimen cross-section. This leads to an increase of the torsional stiffness, 
defined as GJt (with G the shear modulus and Jt the polar moment of inertia for a 
rectangular cross-section bar), i.e., a higher shear modulus is measured. Conversely, 
constant circular cross-section specimens do not generate any additional extensional and 
compressive stress components when going under simple torsion. This is due to their linear 
stress distribution profile along the specimen cross-section. Therefore, the measured value 
in torsion should be corrected for rectangular cross-section specimens only. 

   
Figure 3.4: (a) Rectangular torsion fixture (new design) for rectangular cross-section specimens, 
(b) Rectangular torsion fixture (old design) properly adapted for circular cross-section specimens 
from TA Instruments, USA.  

a) b) 
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3.4.1 Experimental Results for Rectangular Torsion Tests 
Experiments were performed with the SBR-40 random copolymer. Characteristics 

of the sample are given in Table 2.2 and 2.9. We note that the specific SBR used here was 
not vulcanized, in order to facilitate comparison with conventional dynamic frequency 
sweep measurements (which can be problematic with vulcanized rubbers due to large 
modulus and associated wall slip issues, which actually render torsion measurements 
necessary). The (zero-shear) viscosity of this polymer at room temperature is very high  
and the sample can be handled like a viscoelastic solid. The torsion rectangular test fixtures 
of the ARES and MCR rheometers are employed. In order to fit the fixtures into the ovens 
of both rheometers and control the temperature, the maximum sample length was limited 
to 45 mm. Rectangular specimens with a constant aspect ratio u ~ 4 (w = 12.2 mm; t = 3 
mm) and an actual length ranging from 4.4 to 22.3 mm were molded at 90 °C for 20 
minutes under an industrial hot-press heated by electrical platens, and cooled down to 
room temperature for 10 minutes by means of a water cooling system. The same protocol 
was used for preparing cylindrical and discotic specimens for the other experiments 
discussed below. All dynamic frequency sweep (DFS) measurements in torsion were 
performed at a constant temperature of 30°C. The frequency range was 102 to 10-1 rad/s 
and the linear strain amplitude 1%. In the following we present data from an ARES 
rheometer unless stated otherwise. 

To account for compliance effects, we assessed the (instrument and sample) 
compliance by checking the operating range of the instrument and then comparing sample 
and instrument compliance. Concerning the former, i.e., the region bounded by the 
maximum and minimum complex modulus G∗ that can be measured by each transducer 
type using a specific geometry (length-to-width aspect ratio). The operating range of an 
ARES rheometer equipped with a Force Rebalance Transducer 2k FRTN1 and a High 
Torque Motor (HT) is depicted in Figure 3.5 a for three length-to-width aspect ratios of 
rectangular specimens in terms of specimen thickness vs. G* range, from G* minimum 
(open symbols) to G* maximum (solid symbols). The operating range is shown for the 
thickness range accommodated by the rectangular torsion fixture, from 0.75 to 6.65 mm. 
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The working range for a fixed thickness of 3 mm used here, is represented by the full 
symbols for all tests performed. We note that, whereas this assessment represents a 
guideline for obtaining data virtually free of compliance effects, slight issues at the highest 
frequencies (from which our DFS measurements start) still remain. It is therefore 
important to assess the sample compliance with respect to the instrument compliance. In 
general, the torsional compliance (1/K where K is the stiffness) is given g

1 1 KK G   with 
G being its modulus (of sample of tool) and Kg = Kσ / Κγ (with Kσ and Κγ being the stiffness 
in constant stress and strain, respectively). Hence, for stainless steel (with a very high 
modulus of 73 GPa) tools the instrument compliance can be kept to a minimum (Schröter 
et al. 2006). It is also important to note however that the used torsional fixtures come in 
one piece without nubs and there is no extra compliance effect to consider, as for example 
in disposable plates (Schröter et al. 2006). Concerning samples, whereas important 
compliance effects occur in stiff, typically glassy materials whose values of  modulus are 
of the order of GPa, non-negligible effects has been reported in the rubbery plateau region 
as well, typically in the range of MPa (Hutcheson & McKenna 2008). We can 
quantitatively assess these effects for the present industrial rubber by plotting in Figure 4b 
the relative strain (i.e., the ratio of actual measured strain over the imposed commanded 
strain) for rectangular torsion (empty symbols) and angular shear (full symbols) DFS 
measurements within the applied frequency window. The difference reflects the 
compliance problem: the transducer cannot measure the actual command strain as it is not 
sufficiently compliant for the given sample. We observe that, as mentioned and also 
expected, at higher frequencies (where the material is in fact stiffer) the compliance 
problem is larger. Based on this information, the largest relative strain deviation (also the 
respective deviation of the modulus) occurs at the highest frequency and is 29%. 
Interestingly, a wide range of frequencies in the rubbery plateau region at the testing 
temperature (0.1-10 rad/s) is not affected by compliance at all. Moreover, the comparison 
between the measured and sample compliance of all the geometries used and the nominal 
compliance of the ARES transducer 2k FRTN1 is depicted in the inset of Figure 3.5 b. In 
fact the relation of measured and sample compliance is given by considering that the total 
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rheometer torsional compliance is the summation of the compliances of the tool and the 
sample (Schröter et al. 2006), * *

meas s t

1 1 1
K K K  , where Kmes* is the measured complex 

torsional stiffness, Ks* is the actual complex sample torsional stiffness, and Kt is the 
nominal transducer torsional stiffness. With Kt = 1.6x10-6 rad/gcm for the particular ARES 
rheometer, it is evident that the measured modulus reflects primarily the sample’s modulus 
for all measurements. Therefore, the overall results discussed below are not significantly 
influenced by compliance issues.   
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Figure 3.5: (a) The operating range of the ARES rheometer equipped with a Force Rebalance 
Transducers 2K FRTN1 and a High Torque Motor (HT) for three length-to-width aspect ratios of 
rectangular specimens (see text). For a fixed thickness of 3 mm, the sample operating range is 
represented with full symbols for all of the tests performed (7x105 to 1.5x106 Pa). (b) Relative 
strain as function of frequency for rectangular torsion and angular shear measurements (empty and 
full symbols, respectively). Inset: Measured and estimated (see text) sample torsional compliance 
(symbols and dashed line, respectively) compared to the transducer torsional compliance (1.6x10-
6 rad/g cm, solid line). Symbols code: filled (parallel plates 8 mm diameter); different rectangular 
specimen lengths (constant cross section, see text): circle (22.3 mm), diamond (17.6 mm), triangle 
(14.3 mm), square (4 mm). 

a) 

b) 
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In Figure 3.6 a the DFS data of the frequency-dependent storage modulus G’ 
corresponding to the rubbery plateau region are shown. They were obtained at the same 
experimental conditions using stainless-steel parallel plates (8 mm diameter, 1 mm sample 
thickness).  The gap between plates was appropriately zeroed by means of monitoring the 
plate parallelism and normal force evolution when they touch each other. DFS 
measurements were also performed with the torsion rectangular fixture using four different 
actual lengths while keeping the width and the aspect ratio u values constant to 12 mm and 
4, respectively (i.e., varying the aspect ratio lact/w only).  
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Figure 3.6: (a) The storage modulus G’ as function of frequency for a SBR sample. 
Comparison between parallel plate (solid line) and rectangular torsion (symbols) data is 
shown for rectangular specimens with four different aspect ratios lact/w. (b) G’ as function 
of the actual specimen length at four different frequencies. A nearly linear decrease with 
the actual specimen length is observed over the entire frequency range. 

When the ratio lact/w decreases, the storage modulus G’ tends to increase due to the 
rather strong friction effect of the two clamps over the whole specimen during the dynamic 
test (see also discussion below in conjunction with Figure 3.7). All G’ curves are vertically 
shifted (Figure 3.6 a), reflecting the linear decrease of G’ with the actual specimen length 
for all frequencies tests (Figure 3.6 b). An increment from ≈ 30% to ≈ 160% of G’ values 
in torsion from parallel plate data was observed. We note that tests performed with 
specimens having different aspect ratio u revealed no significant change of the storage 
modulus G’ within the experimental frequency window observed (data not shown). This 

b) a) 
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led us to conclude that it is the specimen length that plays the major role in torsional 
viscoelastic response. 

Figure 3.7 depicts the correction of G’ using Equation (3.13) for two different 
length-to-width aspect ratios. It is evident that the applied correction works well for larger 
aspect ratios lact/w, whereas it becomes less effective for values of lact/w below about 1.4. 
An overlap of torsional and parallel plate data (within an error of 3-5%) for the SBR 
sample (for which parallel plate data can be obtained) is considered as a validation of the 
torsional experiment and the conditions used. A residual error of 15-18% is observed for 
all the correction applied to smaller specimen length-to-width ratios. More detailed results 
are listed in Table 1. 
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Figure 3.7: Comparison of frequency sweep data of SBR using parallel plate geometry (open 
symbols) and torsional data using rectangular geometry (dashed line) and corrected by Equation 
(12) (solid line) in terms of G’. Data are shown for two length-to-width aspect ratios, 1.46 (a) and 
1.2 (b).   

b) a) 
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Figure 3.8: Torsional measurements performed at different levels of clamping.  Data are presented 
as G’ against angular frequency: tight and soft clamping in torsion (triangles and circles, 
respectively) are compared against benchmark parallel plate data (solid line). Two data sets using 
two aspect ratios lact/w are reported: (a) 1.85 and (b) 0.9. The storage modulus G’ enhancement is 
almost five times larger when the length-to-width ratio is reduced by 50%. 

A major consideration in torsional test is clamping, which is known to have an 
impact on the measured material properties (e.g., the rubbery plateau modulus). Although 
a preliminary analysis was conducted to explore its influence, a thorough quantitative 
assessment of the role of imposed clamping is a difficult multi-parameter problem and a 
detailed and comprehensive analysis will be the subject of future investigations. In the 
present work, we qualitatively analyzed the effects of different levels of clamping on the 
same SBR sample (Figure 3.8). In particular, after loading the rectangular specimen into 
the torsional fixture, clamping was performed by tightening the screws of the two clamps. 
That was achieved by applying the same number of turns on each screw in the upper and 
lower clamp. This yielded a normal force on the fixture which could be measured by the 
rheometer transducer. Hence, a quantitative estimation of the level of clamping (tight/soft) 
was obtained.  We call soft clamping that leading to a normal force of 1 N and tight 
clamping to 3 N. We observe that a tighter clamping affects shorter samples more than 
longer ones: the storage modulus G’ increases of about 11% in the largest aspect ratio lact/w 
(≈ 1.85), and of about 51% in the smallest one (≈ 0.9). Furthermore, in Figure 3.8, we 
illustrate how a tight/soft clamping can have a role on the effectiveness of the torsional G’ 
correction. It is evident that, whereas the degree of correction (needed to account for the 

a) b) 



Linear and Non-linear Rheology of Heterogeneous Polymeric Systems: From Entangled Polymeric 
Networks and Elastomers to Nanocomposites 

Claudia Dessi – January 2016  137 

effect of lact/w as discussed above) increases as the specimen length decreases (≈ 46% 
correction for lact/w ≈ 0.9 and ≈ 27% correction for lact/w ≈ 1.85), its dependence on the 
clamping level is rather complex: for both the largest (lact/w ≈ 1.85) and the smallest (lact/w 
≈ 0.9) length-to-width aspect ratio the correction by using Equation (3.13) is more effective 
for tight than soft clamping (≈1.1% error with respect to parallel plate data for tight 
clamping and ≈8% error for soft clamping for lact/w ≈ 1.85 (≈31% error for soft clamping 
and ≈18% error for tight clamping for lact/w ≈ 0.9). We addressed such a correction 
discrepancy due to slip issues at the sample edges in contact with the torsion rectangular 
fixture by probing the effect on dynamic mechanical properties from two types of sample 
loading. We first clamped normally the rectangular specimen at the edges applying both 
tight and soft clamping, and in a subsequent experiment we carefully glued the specimen 
ends to the testing fixture and no clamping was applied. The loading protocol ensured that 
the specimen ends were reasonably flat and perpendicular to the fixtures in both cases. No 
compression was applied when loading. The results are depicted in Figure 3.9. The 
enhancement of the storage modulus G’ is affected virtually in the same way in glued and 
tight clamping cases for both specimen lengths. This suggests lack of slip in tight clamping 
and, moreover, that G’ is mainly affected by the rectangular cross-section geometry of the 
specimen used. However, the good agreement of torsional G’ correction with respect to 
parallel plate data holds for lact/w ≈ 1.85 only, whereas it needs to be improved for lact/w ≈ 
0.9. 
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Figure 3.9: The effect of G’ correction using Equation (3.13) (line) on the torsional experimental 
data (closed symbols) for two aspect ratios lact/w, 1.85 (a) and 0.9 (b). The empirical correction is 
applied to two clamping levels, tight and soft (circular and triangular full symbols for experimental torsion data, solid and dashed line for correction with Equation (3.13), respectively). Comparison 
with data obtained using parallel plates benchmark (open symbols) is also shown. 

10-1 100 101 102105

106

 

 

G' 
[Pa

]

 [rad/s]

lact/w = 1.85

10-1 100 101 102105

106

 

 

G' 
[Pa

]

 [rad/s]

lact/w = 0.9

 
Figure 3.10: Storage modulus G’ as function of frequency for two aspect ratios lact/w, 1.85 (a) and 0.9 (b) in torsion (symbols and dashed line), compared against respective values obtained with 
parallel plates (solid line). Comparison among three types of loading for rectangular cross-section 
specimens is also depicted in order to assess slip issues (full symbols for tight clamping and dashed 
line for soft clamping, empty symbols for glue loading).   

Based on the above, we propose two new empirical formulas inspired by and 
extending Equation (3.13), in order to obtain correct values of dynamic moduli when the 
aspect ratio lact/w approaches a value of 1 or is below 1. Figure 3.11 depicts the correction 
in terms of the storage modulus for lact/w ≈ 1.2 (a) by using Equation (3.14) and for lact/w 
≈ 0.35 (b) by using Equation (3.15). Experimental torsional data obtained with the MCR 
702 rheometer and the same empirical correction formulas are shown as in Figure 3.12. A 
summary of the empirical correction formulas for torsional data is presented in Table 1. 
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Figure 3.11: Storage modulus G’ against angular frequency in torsion for three length-to-width 
aspect ratios lact/w ≥ 1 (a) or lact/w ≤ 1 (b). Experimental torsional data (full symbols) from the 
ARES rheometer were corrected using both Equation (3.13) (dashed line) and Equation (3.14) 
(solid line) for (a) 1.2, and Equation (3.15) (solid line) for (b) 0.35, respectively. The residual error 
from parallel plate data (empty symbols) is less than 5% with both modified empirical formulas. 
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Figure 3.12: Storage modulus G’ against angular frequency in torsion for two length-to-width 
aspect ratios lact/w: (a) 0.9, (b) 0.35. Experimental torsional data (full symbols) from the MCR 702 
rheometer corrected with both Equation (3.13) (dashed line) and Equation (3.14) (solid line) for 
(a) 0.9, and Equation (3.15) (solid line) for (b).  The parallel plate data (empty symbols) are shown 
for comparison. 
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Table 3.1. Fractional difference between measured (G’act) and corrected (G’corr) torsional 
data and benchmark parallel plate (G’PP) data with SBR, for different length-to-width 
aspect ratios comparing the initial correction given by Equation (3.13) and marked as 
OLD, with the improved correction given by Equations (3.14) and (3.15) and marked as 
NEW. 

w
lact  

OLD
corr
w

l  corr
NEW

l
w  K(u, ν) PP

PPact
G

GG
'

'' 

[%] 
PP

PPOLDcorr
G

GG
'

'|'   
[%] 

PP
PPNEWcorr

G
GG

'
'|' 

[%] 
1.85 1.48 - 0.55 31.2 3.4 - 
1.46 0.9 - 0.55 64 2.5 - 
1.2 0.64 0.6 0.55 111.3 15.2 3.7 
0.9 0.48 0.38 0.55 120 18.2 5 
0.35 0.16 0.13 0.55 163.5 17 2.8 

 

3.4.2 Experimental Results for Cylindrical Torsion Tests 
Given the non-uniform stress distribution in the rectangular geometry (Figure 

3.3b), we now focus on cylindrical specimens having the same diameter (R ≈ 1.5 mm) 
undergoing torsion. Cylindrical specimens were obtained following the same molding 
protocol described in the previous section for rectangular specimens. Similarly to the 
experiments with rectangular specimens, dynamic frequency sweep tests were also 
performed at the same conditions and confirm that, irrespectively of the chosen aspect ratio 
lact/R the homogeneous stress distribution throughout the specimen’s cross-section, hence 
the reliability of the obtained data. Unlike the rectangular geometry case, the variation of 
the aspect ratio lact/R or the level of clamping (i.e., from soft to tight and ultra-tight 
clamping by adding one turn more to both clamp screws each time) does not affect the 
torsion storage modulus G’, as shown by the data in Figure 3.13. 
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Figure 3.13: Storage modulus G’ as function of frequency for cylindrical specimens. A good 
agreement between torsion (symbols) and parallel plate (solid line) data is found when changing 
the aspect ratio lact/R (a) or applying a different clamping level (b).  

3.5 FEM Simulation Results for Torsional Tests 
The above comparative study provides confidence in performing torsional 

measurements but also renders an independent quantitative analysis necessary, in order to 
assess the influence of geometric parameters in the stress distribution profile, especially 
when designing new fixtures and defining new protocols for specific applications. To this 
end, we have carried out Finite Element Method (FEM) simulations in order to predict the 
dynamic-mechanical response of a viscoelastic solid material in torsion. The results are 
compared to the experimental data discussed above. More specifically, we simulated 
torsional deformations for cylindrical and rectangular specimens using a linear viscoelastic 
model. No clamping effects are accounted for in the simulations. We solved the standard 
equations governing the deformation of a solid: 




2
2

t
u                    (3.16) 

v  :C                    (3.17) 
where u is the displacement,  the solid density,  the stress tensor, C the fourth-

order stiffness tensor,  the strain tensor and v the viscoelastic contribution to the stress. 
Concerning the boundary conditions: i) a prescribed sinusoidal angular displacement θ(t) 

a) b) 
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is applied on the upper section of the specimen, ii) the lower section is kept fixed, iii) the 
lateral surface of the solid domain is free to deform, i.e., no load is applied. The generalized 
(multi-mode) Maxwell model is used in general as constitutive equation for viscoelastic 
material response. This model is chosen for its simplicity and used only for fitting the shear 
modulus G(t).  To this end, it does not matter for the final result whether G(t) represents 
the response of a viscoelastic liquid or viscoelastic solid. It approximates the viscoelastic 
material function G(t) by means of a discrete relaxation-time spectrum using a sum of 
exponentials: 

  MN
i

i 1 i

tG t G G exp 
                      (3.18) 

where the set of fitting empirical parameters {i , Gi } are named relaxation times 
and relaxation strengths, respectively, G∞ is the long term modulus (i.e., after relaxation), 
and NM is the number of modes. Only in the limit of large NM, Equation (3.18) should, in 
principle, approach the underlying material function G(t). For sinusoidal oscillatory shear 
flow deformation of angular frequency  the following expression of the storage modulus 
G'() is derived from Equation (3.18):  

    
M 2N i

i 2i 1 i
G' G G 1 

                       (3.19) 

The number of modes as well as the constitutive parameters are estimated by fitting 
the G’ measurements obtained in the parallel plate 8 mm. The number of modes are 
progressively increased until the predicted G’ matches the measurements within a 
sufficient accuracy (Snijkers et al. 2011; Snijkers et al. 2009). Three modes are required 
to fairly describe the experimental data. Fitting of the storage modulus G’ data in the 
parallel plate case are depicted in Figure 3.14. Finally, hexahedral elements are employed 
to discretize the specimen geometry. For all the simulations, mesh convergence is achieved 
by using 8000 elements.  
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Figure 3.14: Storage modulus G’ as a function of frequency obtained from parallel plate 8mm and fitting results from the generalized Maxwell model with three modes (open symbols and solid line, 
respectively) are shown.  

We carried out torsion simulations on cylindrical and rectangular specimens of 
different aspect ratios lact/w, imposing an angular displacement θ(t) that gives a maximum 
strain in-plane component:    

2 2
p xz yz                       (3.20) 

equal to 0.01 when averaged on the mid-plane at z = lact/2. We choose such a plane 
in order to reduce as much as possible the effect of the boundary conditions. 

In Figure 3.15 we report the distribution of the stress in-plane component: 
2 2

p xz yz                      (3.21) 
calculated by FEM simulations in the midplane at z = lact/2 of a rectangular bar 

(aspect ratio u = 4) undergoing simple torsion. Three cases, corresponding to lact/w = 1.85 
(a), lact/w = 0.9 (b), and lact/w = 0.35 (c), are shown. The distributions are taken at a time 
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corresponding to maximum mean stress computed on the midplane, and at a frequency of 
ω = 100 rad/s. It is well-known that the stress distribution in a cylindrical specimen is 
radial and independent of the aspect ratio lact/R. In contrast, in a rectangular specimen, the 
stress distribution depends on the axial position. In addition, the stress distribution is 
affected by the aspect ratio lact/w, as clearly visible in Figure 3.15. For the largest aspect 
ratio lact/w considered in this work (Figure 15a), the maximum stress is obtained at the 
midpoint of the long edges, in agreement with the 2D Saint-Venant theory. On the other 
end, when lact/w decreases, the stress along the longest edge decreases as well, while the 
stress on the shortest edge increases. Hence, for sufficiently short samples, the maximus 
stress il located at the midpont of the shorthest edges. 

 
Figure 3.15: Distribution of the stress in-plane component calculated by FEM simulations in the 
cross-sectional midplane (z  = lact/2) of a rectangular specimen with width-to-thickness aspect ratio 
u = 4, undergoing simple torsion. Results are depicted for three different values of the length-to-
width aspect ratio lact/w = 1.85 (a), lact/w = 0.9 (b), and lact/w = 0.35 (c). The distributions are taken 
at a time corresponding to maximum mean stress and at ω = 100 rad/s.  The bottom horizontal bar 
is the color code stress values (Pa units). 
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Despite the significantly different stress profiles in the rectangular specimens of 
various length-to-width aspect ratios, the computed elastic modulus G’ is always the same, 
as shown in Figure 16. In the same figure we also report the elastic modulus calculated for 
a cylindrical specimen (lact/R = 7.2) and the experimental data for the parallel plate. All 
data collapse on the same curve, suggesting that the shape and aspect ratio of the specimen 
do not affect the linear viscoelastic response of the material. 
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Figure 3.16: Elastic modulus G’ as function of angular frequency, computed by FEM simulations 
(empty symbols) for a cylindrical specimen of aspect ratio lact/R = 7.2 (diamonds), and three 
rectangular specimens of aspect ratio lact/w = 1.85 (squares), lact/w = 0.9 (up triangles), and lact/w = 
0.35 (circles), respectively. The experimental data for the parallel plate (solid line) are also reported 
for comparison. No clamping was taken into account in the simulations. 

In conclusion, the deviations of the experimental data for the rectangular specimens 
from the parallel plate measurements reported in Figure 4a might be related to the presence 
of the clamps.  
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3.5 Concluding Remarks 
This work aims at providing simple guidelines for obtaining reliable data when 

performing dynamic mechanical measurements in torsion. To this end, we have utilized a 
combination of careful experiments performed on two different commercial rheometers, 
strain-controlled ARES 2k FRTN1 and stress-controlled (operating in strain-control mode) 
MCR 702, quantitative semi-empirical analysis and FEM simulations. The chosen 
experimental system, an industrial non-vulcanized rubber SBR, was suitable for both 
angular shear and torsional measurements. This study was motivated by the observed non-
negligible variance of the storage modulus G’ depending on the rectangular specimen 
aspect ratio (length-to-width aspect ratio), during a dynamic mechanical measurement in 
torsion. We have investigated specimens of different aspect ratios, and have assessed the 
role of the level of clamping used in torsional tests. Based on our results we have proposed 
a new, more successful empirical equation for obtaining the correct values of moduli in 
torsion.  Concomitantly, FEM simulations results indicated the same linear viscoelastic 
response of the material from different nonlinear stress distribution profiles depending on 
the length-to-width aspect ratio of rectangular specimens, suggesting the importance of 
clamping in the experimental specimen loading protocol.  More reliable torsional data can 
be obtained when using cylindrical specimens because of the more uniform cross-sectional 
stress distribution. On the other hand, the proposed methodology allows employing 
rectangular specimens successfully.  Hence, in summary, we have extended the validity of 
torsional rectangular measurements in commercial rheometers to length-to-width aspect 
ratios as low as 0.35 by proposing new correction equations (14, 15). It is now possible to 
measure reliably, also by accounting for compliance issues and clamping, the latter 
however still in a semi-quantitative way.  Indeed, an outstanding challenge for future work 
is the implementation of clamping effects into FEM simulations in order to give further 
general guidelines to quantitatively correct the related observed experimental 
discrepancies between torsion and angular shear protocols. 
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4 Linear and non-Linear Rheology in 
Nano-filled Polymer melts: Glassy 
Network Dynamics 
In this chapter we present linear and non-linear rheology characterization of favorably 
interacting mixtures of silica nanoparticles (NPs) and poly(2-vinylpyridine) (P2VP) 
polymer melts. Two series of P2VP silica nanocomposites (NCs) were prepared via 
solvent-casting using two different solvents giving arise to different degree of NP 
dispersion and presence of bound polymer. We demonstrate that all the P2VP silica NCs 
show a dynamic transition from WLF (polymer segment dynamics) to Arrhenius-like 
temperature dependence (glassy network dynamics), but only when the NPs loading is 
increased to ~31 vol%. This finding well supports what has recently proposed about 
strongly absorbed polymer layers on adjacent NPs which overlap exhibit glassy character 
at high enough loading. We explain the non-cooperative dynamics by means of 
adsorption/desorption polymer-particle association as “velcro-type” effect. Simple 
geometrical arguments, supported by computer simulations, suggest that this transition in 
dynamic behavior occurs when the nearest distance between any two NP faces (mean face-
to-face distance) becomes comparable to the Kuhn length of the host polymer chains. Our 
results demonstrate the unprecedented ability to tailor flow properties of nanocomposites 
via changes in the character of the polymer bridges which are used to link NPs together 
into a percolating network. 

Note1: A part of this work was done in collaboration with Guilhem P. Baeza, postdoc at 
the Foundation for Research and Technology (FORTH) – Hellas, Crete, Greece, and Prof. 
Kumar S. and his group at the Columbia University, New York, USA. 
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Note2: The author wishes to acknowledge Guilhem P. Baeza for his critical contribution 
to the science herein and for performing the DSC, TGIC, Dielectrospectroscopy and FTIR 
characterization reported in Appendix A. 

4.1 Introduction 
The ability of NPs to substantially alter the macroscopic properties of polymers to 

which they are added is well established, but developing the ability to tailor properties, 
e.g. mechanical, remains an open challenge (Kumar & Krishnamoorti 2010; Kumar et al. 
2013; Metzner 1985; Mackay et al. 2006; Winey & Vaia 2007; Choi et al. 2014; Choi et 
al. 2013; Montes et al. 2010; Koerner et al. 2013; Baeza et al. 2013; Baeza et al. 2014). 
Restricting the discussion to spherical NPs, it is accepted that particle size and loading 
influence the local (segmental α-relaxation) dynamics of the matrix polymer (Gong et al. 
2014; Holt et al. 2014; Holt et al. 2013; Schneider et al. 2011) and there is consensus that 
the region in the neighborhood of the NP, sometimes termed the “bound” layer, has 
reduced segmental mobility, driven by attractive NP-polymer interactions. These 
favorable interactions are also reflected in small changes in the glass transition temperature 
and large changes in the local and global viscoelastic response with increased NP loading 
(Gong et al. 2014; Holt et al. 2014; Julien Berriot et al. 2002; Harms et al. 2010; Papon 
et al. 2012). An outstanding challenge in the field is understanding the collective 
dynamics, especially at high NP loadings. 

Berriot and coworkers have focused precisely on this topic, and have suggested 
that favorable polymer-NP interactions lead to the formation of a glassy, bound polymer 
layer (J. Berriot et al. 2002). When the glassy layers on adjacent NPs overlap, and the 
resulting network structure percolates, then, they propose that mechanical reinforcement 
results (Julien Berriot et al. 2002; Merabia et al. 2008; J. Berriot et al. 2002; Long & 
Lequeux 2001). While the existence of a bound polymer layer has now been verified 
multiple times (Jouault et al. 2013; Jouault et al. 2014; Papon et al. 2011) it is also 
established that this layer is not necessarily glassy (Glomann et al. 2013; Krutyeva et al. 
2013). Consequently, the question of whether glassy bound layers are important in 
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mechanical reinforcement and how they can affect the dynamics of nano-filled polymers 
continues to remain open. 

4.2 Materials and Preparation 
Linear monodisperse poly(2-vinylpyridine) (P2VP) polymer melts having 

molecular characteristics listed in Table 2.5 (Section 2.1.2) were bought and used as 
received. P2VP/silica nanocomposite films were obtained by solvent-casting process with 
two different solvents, methyl ethyl ketone or 2-butanone (MEK) and pyridine (Pyr), as 
described in detail in Section 2.1.3. Volume fractions of silica investigated in this study 
are reported in Table 2.6 for different molecular weights (Section 2.1.3). The 
nanocomposite films were milled down and remolded in a home-made hot press equipped 
with a dynamic vacuum mold applying 1k bars at 180 (2k bars at 190°C for 31 vol% only) 
for 15hours. In this way, disc specimens with 8 mm diameter and 0.5-0.6 mm thickness 
were prepared. DSC and dielectric spectroscopy measurements performed at a later time 
confirmed the consistency with the set of data from the original series of samples. 
However, a proper molding protocol for such nanocomposites was not trivial to achieve. 
Especially for high loading samples, the specimen often presented uneven thickness or 
inhomogeneities. If this was the case, in addition to presence of bubbles or appearance of 
cracks, specimens were not used at all. 

4.3 Results: Linear Rheology 
Rheological measurements (dynamic frequency and strain sweep tests) were 

performed on an ARES 2k FRTN1 strain-controlled rheometer (TA Instruments, USA) at 
temperatures ranging from 130°C to 200°C. Stainless steel parallel plates of 8 and 4 mm 
diameter were used with specimens having ~ 0.5 mm in thickness. The temperature control 
of was achieved with a convection oven yielding an accuracy of ±0.1°C. All the 
measurements were performed in a nitrogen environment in order to maintain inert 
atmosphere and reduce the risk of degradation due to high temperature.  
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Viscoelastic master curves in the linear regime (storage ’ and loss ’’ moduli 
against reduced angular frequency ωaT) obtained at each volume fraction of silica listed in 
Table 2.6 (Section 2.1.3) are shown in Figure 4.1 for three different molecular weight M. 
For high-M samples, up to 10 vol% NP, a typical response of viscoelastic liquids is found 
with the following additional observations: the rubbery plateau modulus (of pure P2VP) 
is barely affected by the addition of 5 vol% NP, whereas the clear increase at 10 vol% 
reflects the reinforcing action of NPs (see, e.g., the ’ at a frequency of 100 rad/s). For the 
low-M sample, the increase of the rubbery plateau modulus occurs from the lowest NPs 
loading (7 vol%) and the viscoelastic liquid response is observed till 16 vol%. Moreover, 
the local dynamics (the high-frequency moduli crossover, which is associated with the 
Rouse time of an entanglement strand for pure entangled polymers) is unaffected. On the 
other hand, with increasing NP loading all the samples show a transition towards a 
percolated network response with G’ and G” following almost the same power-law 
dependence (~ω0.2) in the intermediate frequency range of 10-1 and ~102 rad/s (~ω0.125 from 
10-2 to 104 for 105k – MEK). Moreover, the ratio of low-to-high frequency moduli 
crossover increases (i.e., the width of the intermediate rubbery plateau region extends to a 
wider range of frequencies). We find ratios of 1.83x104 for pure P2VP, 5.08x104 for 5 
vol%, 1.56x105 for 10 vol% and 3.52x106 for 16 vol% NP. Since these observations are 
independent of the molecular weight of the matrix chains to first order, we cannot evoke 
the chain size (and its relationship to the inter-NP spacing) as being the cause of this effect. 
Insets in Figure 4.1 report vertical shift factors bT for G’  and G” calculated according to 
Equation 2.37 by using the temperature dependence of specific volume suggested by 
Papadopoulos et al. (Papadopoulos et al. 2004) in order to estimate the value of P2VP 
density as a function of temperature (96.7 g/cm3 calculated compared to 97.5 g/cm3 from 
literature at room temperature). Comparison with graphical bT required after applying first 
horizontal shift factors aT is also shown. A departure is observed at low temperatures 
approaching Tg for 105k – MEK (high NP loading, except 31 vol%). On the other hand, 
values of bT(T) oscillating very close to unity are seen for 554k – MEK and 554k – 
pyridine. Nevertheless, all the master curves were built applying the calculated bT(T) 
factors first, then applying aT (T) obtained from horizontal shifts of tanδ curves. Exception 
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was made for 554k – pyridine system whose vertical factors were negligible. Figure 4.2 
depicts differences in the reinforcing character. Until 16 vol% loading the 554k – pyridine 
system is more sensible than 554k –MEK with higher G’ and G” increase. At 23 vol% 
(percolation transition) all the systems collapsed in the same range of dynamic moduli 
(Figure 4.2e), then they split again into different power-law dependence according to the 
molecular weight (Figure 4.2f). 
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Figure 4.1: Master curves in terms of G’ and G” as a function of reduced frequency ωaT for P2VP 
silica NCs with molecular weight (a) 554k – MEK, (b) 554k – pyridine, and (c) 105k – MEK. 
Inset: vertical shift factors bT as a function of temperature; comparison between graphical method 
(symbols) and Tait’s prediction (line + symbol). Reference temperature: 180°C. Color legend for 
NP loading: black – 0 %vol; red – 5 %vol (7 %vol for 105k – MEK); green – 10 %vol; blue – 16 
%vol; magenta – 23 %vol; orange – 31 %vol.  
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Figure 4.2: Comparison of G’ and G” master curves between P2VP silica NCs with different 
molecular weights and solvent-casting at (a) 0 %vol, (b) 5 %vol (7 %vol for 105k – MEK), (c) 10 
%vol, (d) 16 %vol, (e) 23 %vol, and (f) 31 %vol silica loading. Reference temperature: 180°C. At 
31 vol% NP (f) both transition and terminal cross-over frequencies are not present anymore within 
the frequency window observed and all the systems show a gel-like behavior. 
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Figure 4.3 depicts the temperature dependence of all P2VP silica NC systems. 
Experimental data were fitted using either WLF or VFT fitting equation (Equation 2.32 
and 2.34, respectively). First, we note that the shift factors obtained from the different NP 
loadings do not superimpose. As the weight fraction of silica NPs is increased, the change 
of the curvature into a more linear dependence is a well-known sign of transition of the 
local dynamics from polymer-dominated interactions to more glassy-network dynamics as 
increasing silica NPs loading. In Table 4.1 and 4.2 values of adjustable parameters for 
WLF and VFT fits are reported, respectively. Agreement between WLF and VFT fit 
parameters according to Equation (2.35) is reported in Table 4.3. A quite large departure 
of C1 and C2 values from the polymer matrix starting from 10 vol% silica loading is shown 
to affect all the NC systems (Table 4.1). This is even more apparent for 554k – pyridine 
and 105k – MEK for which C2 values exceed the reference temperature (453K) at 31 vol% 
NP. Given to the equivalence with WLF equation, good VTF fit regression is reported for 
all NC systems. Values of T from VFT fit (Table 4.2) decrease as silica loading increases 
in turn, suggesting Arrhenius-like temperature dependence (i.e., ideally T = 0 K). Indeed, 
the growing difference Tg-T with increasing NP loading implies that polymer-polymer 
interactions become less important to global dynamics. For 554k – pyridine and 105k – 
MEK, more specifically, the values of T  at 31 vol% are equal to zero but cannot capture 
the temperature dependence (especially for 554k – pyridine). On the other hand, a linear 
regression fit (according to Arrhenius’ law) of all NC systems at 31 vol% NP is presented 
in Figure 4.4. Whereas a great agreement is observed for 554k – pyridine and 105k – 
MEK, departure from Arrhenius behavior is seen for 554k – MEK from KTT g 36  
(Figure 4.4 a). Nevertheless, the apparent activation energy Ea was extrapolated for all the 
samples from the slope of Figure 4.4 and its values are reported in Table 4.3. Due to its 
unusual large order of magnitude (Ea ~ 102 J/mol) the hypothesis of the presence of 
hydrogen bonds establishing sluggish adsorb/desorb glassy bridges between polymer 
chains and silica NPs was investigated (see Discussion and Appendix A). 
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Figure 4.3: Temperature dependence in terms of horizontal shift factors aT as a function of 
temperature for P2VP silica NCs with different molecular weights. Reference temperature: 180°C. 
Experimental data (symbols) are fitted by either WLF or VFT equations (solid and dash line) 
(Figure 3a, 3c and 3e, and Figure 3b, 3d, 3f, respectively). Color legend for NP loading: black – 0 
%vol; red – 5 %vol (7 %vol for 105k – MEK); green – 10 %vol; blue – 16 %vol; magenta – 23 
%vol; orange – 31 %vol. 
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Table 4.1: Values of adjustable parameters C1 and C2 of WLF fit for P2VP silica NCs at increasing 
silica loading volume fraction. 

Φsilica 554k – MEK 554k – pyridine 105k - MEK 
vol% C1 C2 [K] C1 C2 [K] C1 C2 [K] 

0 6.124 148.1 6.07 148.41 6.47 154.61 
5 6.403 151.01 7.08 157.56   
7     7.18 161.13 
10 8.03 170.6 7.61 162.03 7.61 164.77 
16 10.17 196.06 12.085 199.05 11.7 210.72 
23 15.62 215.55 19 265.88 31.4 416.16 
31 24.45 253.48 100.47 1079.71 54.2 534.21 

 
Table 4.2: Values of adjustable parameters T , B and A of VFT fit for P2VP silica NCs at 
increasing silica loading volume fraction. 

Φsilica 554k – MEK 554k – pyridine 105k - MEK 
vol% T [K] B [K] A T [K] B [K] A T [K] B [K] A 

0 305.63 900.23 -6.12 304.66 901.66 -6.07 296.96 1010 -6.46 
5 303.03 958.61 -6.42 295.53 1116.14 -7.08    
7       290.61 1166 -7.17 

10 284.38 1346.7 -8 287.14 1273.41 -7.6 286 1268 -7.6 
16 262.27 1887.52 -9.9 251.72 2460.78 -12.2 239.42 2503 -11.7 
23 236.95 3379.42 -15.62 187.43 5048.26 -19 35.43 13114 -31.38 
31 198.3 6238.1 -24.45 1.00E-12 44607.76 -100 1.00E-12 24399 -54.21 

 

Table 4.3: Values of adjustable parameters C1 and C2 of WLF and FT fits for P2VP silica NCs 
at increasing silica loading volume fraction. 

Φsilica 554k – MEK 554k – pyridine 105k - MEK 
 WLF VFT WLF VFT WLF VFT 

vol% C1 C2 [K] C1 C2 [K] C1 C2 [K] C1 C2 [K] C1 C2 [K] C1 C2 [K] 
0 6.12 148.1 6.11 147.4 6.07 148.41 6.1 148.3 6.47 154.6 6.47 156.1 
5 6.42 151.1 6.4 150 7.08 157.56 7.09 157.5     
7         7.2 161.2 7.18 162.4 

10 8.03 170.6 7.98 168.7 7.61 162.03 7.68 165.9 7.61 164.8 7.59 166.9 
16 10.2 196.1 9.89 190.8 12.08 199.05 12.22 201.3 11.7 210.7 11.8 213.6 
23 15.6

2 215.5 15.6
4 216.1 19 265.88 19 265.5 31.4 416.2 31.4 417.6 

31 24.4 253.5 24.5 254.7 100.5 1079.8 98.5 453 54.2 534.2 53.9 453 
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Figure 4.4: Temperature dependence in terms of horizontal shift factors aT as a function of 
temperature for (a) 554k – MEK, (b) 554k – pyridine and 105k – MEK. Linear regression fits by 
Arrhenius’ law are reported (solid line). Departure from Arrhenius behavior are seen for 554k – 
MEK for KTT g 36 T  (solid arrow).  

Table 4.3: Values of apparent activation energy Ea calculated from Arrhenius’ law fit for P2VP 
silica NCs at 31 vol% NP at 0.1-0.2 strain%. 

 554k – MEK 554k – pyridine 105k – MEK 
Ea [kJ/mol] 391.5 353.5 394.5 

 

4.4 Results: Non-Linear Rheology 
A preliminary study of non-linear viscoelastic response of high molecular weight 

P2VP silica nanocomposites was carried out via start-up measurements in shear flow at 
several constant rates. All the measurements were performed in an ARES strain-controlled 
rheometer (TA Instruments) at 180°C in a nitrogen environment to prevent degradation. 
We employed the cone portioned plate (CPP) geometry whose technical characteristics 
and principle of operation is described in detail in Section 2.6.5. Only fresh sample was 
molded and used for each test performed. Due to molding protocol and experimental issues 
in non-linear startup measurements (Section 4.2 and 2.6.5, respectively), so far we have 
measured a partial set of P2VP silica nanocomposites, and only assured outcomes are 
reported and discussed in this Section.  

b) a) 
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Results in terms of shear stress as a function strain units are depicted in Figure 4.5 
and Figure 4.6 for P2VP 554k – MEK and 554k – pyridine at three different NP loading, 
respectively. Compared to its equivalent pyridine solvent-casting NCs, it turned out to be 
not trivial to complete a shear start-up measurement until reaching the equilibrium steady 
state for the 554k – MEK when increasing the applied shear rate. More specifically, this 
occurs starting from 10 vol% NP at 0.5 s-1 (Figure 4.4 c) where after the first overshoot 
the structure seems not able to reassembly showing a slow progressive fracture over time.  
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Figure 4.5: Transient shear stress as a function shear strain units for P2VP 554k – MEK at different 
constant strain rates with (a) 0 vol%, (b) 5 vol%, and (c) 10 vol% NP loading. Color legend for 
strain rate: black – 0.1 s-1, red – 0.5 s-1, green – 1 s-1, blue – 5 s-1, and magenta – 10 s-1. 

a) b) 

c) 
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Figure 4.6: Transient shear stress as a function shear strain units for P2VP 554k – pyridine at 
different constant strain rates with (a) 0 vol%, (b) 5 vol%, and (c) 10 vol% NP loading. Color 
legend for strain rate: black – 0.1 s-1, red – 0.5 s-1, green – 1 s-1, blue – 5 s-1, and magenta – 10 s-1. 

We now focus on results of 554k – pyridine in more details since we have a more 
complete data set. In order to investigate the NP loading effect, several parameters were 
extracted from the start-up transient shear stress. The steady-state shear stress, σsteady, was 
the average over the final steady-state portion of the start-up curve. The standard deviation 
was always checked to make sure that reasonable values were obtained and the right 
portion of the curve was used; it was found to be negligible (< 6%) compared to other 
sources of error. The maximum (peak) stress, σMAX, was extracted by simply taking the 
maximum of the transient start-up curve. Finally, a measure for the strain peak-broadness 
γPEAK-BROADNESS was extracted by simply taking the width of the peak in strain units at half 

b) a) 

c) 
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height ( 2
steadyMAX   ). Within our shear rate range applied, we did not observe any 

significant error in the σMAX and γMAX-BROADNESS as otherwise noted (Snijkers et al. 2013). 
They are all depicted in Figure 4.7 as a function of the Wiessenberg number Wi based on 
the Rouse time τR (or stretch Wiessenberg number) WiR of the P2VP 554k matrix. The 
latter was calculated for linear chains using Equation (1.15) with Me = 27k g/mol (Jouault 
et al. 2013) and τe = 1.2*10-4 s as the inverse of the high-frequency cross-over from the 
master curve of P2VP 554k matrix at reference temperature 180°C.  
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Figure 4.7:  Shear start-up parameters as a function of the Wiessenberg number based on the Rouse 
time (of the polymer matrix) WiR for P2VP 554k – pyridine (τR = 0.038 s for τe = 1.2*10-4 s and Me = 27k g/mol (Jouault et al. 2013)) at 180°C. Comparison between three different NP loadings is 
reported.  

As observed for linear polymers (Snijkers & Vlassopoulos 2011), σMAX/σsteady and 
γMAX-BROADNESS increase as a function of the stretch Weissenberg number (Figure 4.7 b 
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and 4.7 c) due to the orientation and accompanying stretch of the molecule, with the latter 
becoming important at WiR > 1. In our case, even at the highest strain rate (10 s-1) linear 
chains were just oriented approaching stretch (WiR ~ 1) and results seem to be independent 
of NP loading (till 10 vol%). Hence, any possible physical interpretation (e.g. the glassy 
network destruction or polydispersity) cannot be done at the moment. On the other hand, 
values of σsteady vary very weakly for the matrix (0 vol%) till becoming almost independent 
of the stretch rate applied when increasing NP loading (Figure 4.7 a). This may suggest 
the occurrence of shear banding but we cannot exclude the probability of wall slip as well.   

4.5 Discussion 
All linear viscoelastic master curves presented in Figure 4.1 and 4.2 unequivocally 

show the ability of favorably interacting mixtures of silica NPs and linear P2VP chains to 
change the dynamic-mechanical response from viscoelastic-liquid to gel-like as increasing 
silica NP loading. Characteristic features of this transition are i) the extension of the 
rubbery plateau region over a wider range of frequencies till when both the high-frequency 
(or glass transition) cross-over and low-frequency (or terminal) cross-over virtually 
“disappear” from the observed frequency window, ii) G’ and G” turn into the same power-
law dependence with frequency (i.e., flattening of isothermal tanδ curves, Figure 4.8). We 
note that the segmental relaxation time τa (or Rouse time between entanglements τR) is not 
altered by the presence of NPs (i.e, the location of glass transition temperature is 
independent from the presence of fillers, see DSC data in Figure 2.17), as shown in Figure 
A.4 (Appendix A). Although it is still questionable which shifting approach for the 
construction of master curves of filled systems is more reliable (Klüppel 2009), a more 
important issue that often comes out for heterogeneous systems is the thermorheological 
complexity showed in the linear viscoelastic response (i.e., different temperature 
dependence of relaxation dynamics). In Figure 4.8 master curves of tanδ function are 
reported for all P2VP silica NCs. It is apparent that for high molecular weight NCs (more 
significant for 554k – pyridine with non-homogeneous NPs dispersion, Figure 4.8 b), 
isothermal tanδ curves from 16 vol% NP are observed to no longer overlap throughout the 
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whole range of temperatures investigated (especially when approaching the glass transition 
temperature). Surprisingly, this is not the case for the low molecular weight sample 105k 
– MEK that shows a good overlap match till the highest vol% NP (Figure 4.8 c).   
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Figure 4.8: Master curves in terms of tanδ for P2VP silica NPs, (a) 554k – MEK, (b) 554k – 
pyridine, and (c) 105k - MEK. Reference temperature 180°C. As NP loading increases flattening of isothermal curves is observed, signature of particle percolation. Color legend for NP loading: 
black – 0 %vol; red – 5 %vol (7 %vol for 105k – MEK); green – 10 %vol; blue – 16 %vol; magenta 
– 23 %vol; orange – 31 %vol. 

Nevertheless, a general independence of molecular weight is observed for linear 
viscoelastic results that describe the occurrence of a larger and larger NPs network from 
separated branched structures to percolation across the whole system with increasing NP 
concentration (Kumar & Krishnamoorti 2010; Surve et al. 2006)(Larson 1999; Mewis and 
Wagner 2012). More specifically, the same power-law dependence showed at 31 vol% NP 

a) b) 

c) 
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from all the systems within a frequency range (according to the molecular weight) reminds 
the Long-Lequeux mechanism of the reinforcement effect of NPs (Chen et al. 2015), which 
suggests a “percolation” due to formation of a NP network through adsorbed, glassy 
polymer chains bridging NPs. More interestingly, in Figure 4.9 we note that for P2VP NCs 
for which bond polymer layer was measured (554k – MEK and 105k – MEK) the 
reinforcement in terms of relative increase of rubbery plateau modulus (i.e., G’ values are 
taken at frequency where tanδ is minimum) is fitted surprisingly well by the empirical 
Doolittle equation [ 




 
 1exp1

0
BA , (Doolittle 1951)], which is often used to 

describe the viscosity η of glass forming materials based on free volume considerations. 
On the other hand, the reinforcement of 554k – MEK is only partially described by the 
Doolittle equation (from 16 vol% NP).  
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Figure 4.9: Reinforcement in terms of relative increase of rubbery plateau modulus of P2VP silica 
NCs to non-filled P2VP matrix as function of NP volume fraction.  

However, addressing the dynamics transition from temperature dependence of 
relaxation times (or viscosity) is still an uncertain undertaking (Graessley 2008). 
According to the fragile/strong dynamics classification for glass-forming materials by 
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Angell (Angell 1988), the change from low to high values of C1 (with C2 increasing in 
order to compensate) is a clear sign of dynamics transition from segmental polymer 
dominated (fragile, typical WLF and VTF behavior) to glassy network dominated (strong, 
described by Arrhenius-like temperature dependence). The same holds when T decreases 
approaching to zero. Moreover, it is known that at glass transition temperature Tg as 
reference temperature values of C1g fall in the range ~16 – 17 for a wide class of materials, 
whereas C2g may vary significantly. Hence, Angell (Angell 1997) suggested that C2 
measures the “strength” of the system by 

gWLF TCm 21  as well as the fragility index 

gVTF TTm  proposed by Donth and Hodge (Donth 1950; Hodge 1950) (or steepness 
index, Plazek and Ngai 1950). Surprisingly, we did observe negative mwlf  and zero mvtf 
values for both 554k – pyridine and 105k – MEK at 31 vol% NP (554k – MEK shows 
values close to zero, 52.0;33.0  VTFWLF mm ). This finding strongly indicates that the 
most probable temperature dependence of the relaxation data is by Arrhenius and not by 
WLF or VTF, especially for 554k – pyridine and 105k – MEK.  

The Arrhenius dependence reflects the (apparently) non-cooperative motions that 
are seen as activated exchange of adsorbed segments with bulk polymer molecules. We 
refer this phenomenon interpretation as “velcro-type” effect. This suggests that the 
structure obtained is temporally evolving as in transient gels due to different particle 
arrangement (this is the known physical aging mechanism in kinetically arrested systems). 
Based on computer simulations of hard spheres (Table A.1 - A.2, Appendix A) (Torquato 
et al. 1990), we estimate the mean nearest-neighbor face-to-face distance to be 1.65 nm at 
31 vol%, i.e., comparable to (and slightly smaller than) twice the P2VP Kuhn length b (b 
= 1 nm, (Chen et al. 2015)). Thus, we propose that the adsorbed layers on two adjacent 
NPs are in immediate proximity, and the system is in a state where it can be thought of as 
having at least one “glassy bridge” per couple of NPs (Figure 4.10). Similarly, the second 
closest NP is three Kuhn lengths away with the third (internal) segment being strongly 
constrained at its two ends. Looking at Figure 4.9, this corresponds to a percolated network 
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where NPs act as junction points between polymer strands with length ranging between 
one and three Kuhn segments with both ends simultaneously adsorbed on two NP surfaces. 
Under these circumstances, since NPs come so close, many of the nearest NP faces must 
accommodate only one bound Kuhn segment. Moreover, according to association 
mechanisms and bond lifetimes (Vaccaro & Marrucci 2000; Yamamoto 1956; Thien & 
Tanner 1977; Tanaka & Edwards 1992), we believe a double exponential increase of the 
lifetime of these bridges as a result of doubling of the (free) energy of desorption of both 
polymer strand ends. Since the adsorption/desorption dynamics of each segment is 
effectively independent of each others, there should be no cooperative effects associated 
with their slow relaxations. It is the combination of these two facts that we believe are 
responsible for the Arrhenius dependence that emerges for the experimental data at these 
larger NP loadings.  

 
Figure 4.10: Schematic representation of the percolated (or glassy) network of favorably 
interaction polymer-NPs systems. NPs act as junction points between polymer strands whose 
length ranges from one Kuhn segment b (for the nearest NPs) to three times away (for the second 
closest NPs). Under these circumstances, mainly “glassy” bridges (red zone) are created 
throughout the polymer-NPs system with both polymer strand ends adsorbed on NP surfaces.  

We now rationalize that large value of activation energy. It is true that, even though 
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most of polymers exhibit Arrhenius-like dependence of viscosity at temperatures far above 
Tg (typically at Tg+150 K, i.e. T+200 K), the corresponding activation energy is usually 
much lower than found in our case. For example, metallocene-based polyethylenes have 
an activation energy of about 35 kJ/mol. While 2D NMR measurements confirm the 
presence of no covalent bond between the pyridine ring and silanol group on silica surface 
(see Figure A.9, Appendix A), we conjecture that the large activation energy values 
reported in Table 4.3 is a consequence of the above mentioned silica-P2VP segment 
contact. At high NP loading, this results in the percolation of NPs and hence a polymer-
NP network forms. For 31 vol% loading, where several face-to-face contacts are mediated 
by a Kuhn segment, we conjecture that the relaxation dynamics is dominated by the release 
of this doubly adsorbed Kuhn segment (rendering the size of unadsorbed chain segment 
larger). With an average of 4-5 such “doubly adsorbed” P2VP Kuhn segments per NP (a 
reasonable hypothesis), which could belong to the same or different chains, and a N···H 
bond activation energy of about 45 kJ/mol (Hertl & Hair 1968) (or 90 kJ/mol for 
detachment of a Kuhn segment), this results in an energy of ≈405 kJ/mol, i.e., close to 
what is experimetally found. While 2D-NMR shows that no chemical reactions occur 
during sample preparation or during the subsequent thermal annealing of these 
nanocomposites (Appendix A), the FTIR data (Figure A.6 and A.7 in Appendix A) supports 
this favorable interactions between the silica NPs and the P2VP polymer (Jouault et al. 
2013), i.e., strong hydrogen-bond (H-bonds) between the silanol groups and the nitrogen 
atom of the pyridine ring strong silica-P2VP bonding. Further evidence comes from 
viscoelastic measurements at higher strains (Figure 4.10) which indicate that the activation 
energy is reduced as strain increases, apparently due to some strain-induced debonding of 
the polymer-NP bound layer in addition to thermal energy. This is in agreement with 
literature reports (Blyler & Haas 1969).  
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Figure 4.2: Temperature dependence of (a) P2VP 554k – MEK and (b) P2VP 105k – MEK at 0.1-
0.2 strain% (linear), and at 3 strain% (non-linear). Inset: strain sweep measurements at 10 rad/s 
and 180°C. From linear to non-linear strain the apparent activation energy Ea is observed to 
decrease a half for 554k – MEK (from 391.5 kJ/mol to 201 kJ/mol), and 1/3 for 105k – MEK (from 
394.2 kJ/mol to 260 kJ/mol).  

The weaker strain-induced decrease of the apparent activation energy Ea for the 
low molecular weight sample (Figure 4.10b) can be attributed to the fact that, assuming a 
constant number of particle-polymer segment bonds per chain, shorter chains 
accommodate a smaller number of NPs by adsorption compared to the high molecular 
weight case. Hence, less total energy is needed in order to disengage a polymer chain from 
its bonds to particles and let is move (Velcro-type effect). 

4.6 Conclusions 
In summary, we have demonstrated a WLF to Arrhenius transition in the 

temperature dependence of chain-level dynamics of silica/P2VP nanocomposites with 
increasing NP loading. Interestingly, in our system the average local segmental level 
dynamics (α-process, which presumably reflects the motions of the non-adsorbed chain 
segments) show no change with the added NPs although it becomes broader at higher 
loadings, supporting the fundamental decorrelation of dynamics at different length scales 
as already observed by Ding and Sokolov (Ding & Sokolov 2006). Additionally, the 
rheology clearly illustrates that the polymer dynamics make a transition to a response akin 
to a percolated gel at larger NP loadings (~31 vol%). Complementary FTIR spectroscopy 

a) b) 
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studies illustrate that multiple hydrogen bonds form between silica and P2VP, supporting 
the emerging picture of a slowly relaxing percolated structure at high silica loadings. Our 
novel finding offers a unified explanation which unequivocally establishes the structural 
origins of the glassy network formation dominated by bound NPs bridged by short 
segments in this class of polymer nanocomposites. Coming to non-linear viscoelasticity, 
so far due to limiting experimental issues all the reliable results obtained do not show any 
particular effect on the different particle arrangement. This can be partially addressed to 
the fact that range of strain rate a NP loading that we were able to investigate successfully 
was too small to produce any significant effect. Hence, more efforts still must be spent in 
this direction in order to obtain a complete picture of polymer/particle dynamics at higher 
NP loading in the non-linear regime as well.  
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5 Large Amplitude Oscillatory 
Extensions on Elastomers 

In this chapter, we investigate industrial filled SBR elastomers in uniaxial extensional flow 
by applying both steady and oscillatory deformations. The latter is performed 
superimposing a sinusoidal large amplitude oscillatory uniaxial extensional (LAOE) 
deformation ε0 to a fixed pre-stretch εp in uniaxial extension. We find that if both ε0 and εp 
are large enough, the stress responds with a rich set of higher harmonics, both even and 
odd. We further discover that Bowditch-Lissajous plots of our measured true stress 
response versus the uniaxial strain to be without two-fold symmetry, and specifically, to 
be shaped like convex bananas.  We propose our new continuum uniaxial model for this 
behavior which combines a new nonlinear spring in parallel with a Newtonian dashpot, 
and we call this the strain-hardening Voigt model. We consider this three-parameter 
model to be the simplest relevant one for the observed convex bananas. We fit these three 
parameters (Young’s modulus, viscosity and strain-hardening coefficient) to our uniaxial 
elongation measurements at constant strain rate. We develop analytical expressions for 
the Fourier components of the stress response, parts both in-phase and out-of-phase with 
the extensional strain for the zeroth, first, second and third harmonics.  We find that the 
part of the second harmonic that is the out-of-phase part with the strain must be negative 
for proper banana convexity. 

Note1: A part of this work was done in collaboration with Prof. Giacomin J.A. and his 
group at the Queen’s University, Kingston, Canada. 
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Note2: The author wishes to acknowledge Prof. Giacomin J.A. for his critical contribution 
to the science herein and for performing all the analysis of the proposed continuum model 
reported in Appendix B. 

5.1 Introduction 
Rubbers and elastomers are often subjected in service to an oscillatory deformation 

superimposed on a steady one.  Tires, for instance, are first inflated (steady pre-stretch) 
and then rolled (superimposed oscillatory deformation) (Tielking et al. 1990)(Hanson 
1988).  Similarly, fan or conveyor belts are also exposed to an oscillatory deformation 
superposed on their pre-stretch. Most mechanical tests for this class of materials are 
conducted in uniaxial extension. Studies that include uniaxial compression are less 
common, but the two together, applied to the same network system, provide a more 
complete and interesting picture of its mechanical response. Focusing on large steady 
amplitude deformations, due to their finite extendibility real network systems reach their 
maximum extension showing a typical mechanical behavior often referred to as strain-
hardening. This was repeatedly observed for several classes of materials, in particular the 
mechanical response of vulcanized rubbers were extensively investigated (Kraus et al. 
1966; Brennan et al. 1966; Boonstra 1965; Dannenberg 1966; Mullins 1947). In the past, 
a widespread scientific interest was given to uniaxial extensional protocols applying large 
steady amplitude deformation in oscillation, especially by Mullins and his co-workers 
(Harwood and Payne 1966; Harwood et al. 1965, 1966, 1967; Harwood and Payne 1967a, 
1967b). They reported for non-filled and filled rubber-like materials the occurrence of 
stress-softening behavior that, consequently, is referred to as the Mullins’ effect. If a 
certain numbers of steady oscillation extensions are applied after a first elongation, rubber-
like materials widely show another important mechanical behavior: the capability to reach 
a steady-state hysteresis in stress-strain response. Although the Mullins’ effect has been 
studied for more than six decades, it is still recognized as a major challenge in order to 
provide good mechanical modeling of the complex behavior of industrial rubber materials 
(Diani et al. 2009). Conversely, the physical origin of the elastic hysteresis of rubbers is 
better quantitatively addressed. Its area corresponds to the energy dissipated due to 
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material internal friction. Comparison to the energy stored during the first elongation gives 
a measure of dissipative phenomena to the elastic material properties. In linear shear 
rheology it is well-known that by imposing a small enough strain the resulting stress 
response can be split to in-phase (elastic) and out-of-phase (viscous) components and the 
dissipative contribution to the elastic one can be related to specific mechanical properties 
of the material. This holds in oscillatory extensional rheology as well. Open questions still 
remain about physical interpretations in the non-linear regime. Whereas great efforts were 
spent till the past few years to establish a quantitative methodology and analysis in order 
to extract and predict rheological material functions in large amplitude oscillatory shear 
(LAOS) measurements (Hyun et al. 2011; Hyun, K, Nam, JG, Wilhelm, M 2003; Ewoldt 
et al. 2008; Wilhelm et al. 1999), an important deficiency of such analysis still remains for 
extensional stress-strain response when large amplitude oscillatory deformations are 
imposed.  

5.2 Materials and Experimental Protocol 
In this work silica filled vulcanized SBR-40 and SBR-66, whose molecular, blend 

characteristics, and silica loading are reported in Table 2.1, 2.2 and 2.4, respectively, were 
tested in uniaxial extensional flow using the SER fixture mounted on an ARES 2k FRTN1 
strain-controlled rheometer (TA Instruments, USA). All the measurements were 
performed at room temperature by means of a convection oven yielding an accuracy of 
±0.1°C.  

Three extensional protocols are used: 
i. Steady extensions till break-up at 0.01, 0.1, and  1 s-1 Hencky strain rates 

H  (tensile break-up tests); 

ii. Steady pre-stretched till εp = 1 followed by steady loading/unloading cycles 
with Hencky strain applied 0.6 < εH < 1 (cyclic tests) at 0.01 s-1 Hencky 
strain rate H  (steady extensional cyclic tests); 
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iii. Steady pre-stretched at 0.01 s-1 Hencky strain rate H  till εp = 0.5 followed 
by a sinusoidal oscillation in extension ε0 = 0.3 at 0.01, 0.1, and 1 rad/s 
(dynamic extensional tests). 

Specimen dimensions and loading protocol used are described in details in Section 
2.6.6.1. Test repeatability was achieved by performing each measure 3-5 times. 

5.3 Results in Extensional Rheology 
Tensile break-up measurements in terms of true stress as a function of Hencky 

strain εH are depicted in Figure 5.1 for silica filled vulcanized SBR samples. Increasing 
the steady Hencky strain rate H  induces true stress increase (i.e., strain hardening) at the 
same filler volume fraction. Apparently, high loaded samples are more sensitive to strain-
hardening effects. More specifically, the strain and stress (tensile strength) at break-up 
show a slight decrease and increase, respectively, as increasing the filler volume fraction 
(Figure 5.2 and 5.3) at all the Hencky strain rates H  (whereas at the lowest rate, 0.01 s-1, 
the filler effect is not significant, Figure 5.2 a).  
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Figure 5.1: Tensile break-up measurements in terms of true stress σtrue as a function of Hencky 
strain εH are shown for two silica-filled vulcanized SBR (SBR-66 solid line, SBR-40 dash line) at 
three different Hencky strain rate H : (a) 0.01 s-1, (b) 0.1 s-1, and (c) 1 s-1. Color legend is referred 
to silica volume fraction: black - 0 vol%, red - 5 vol%, green – 10 vol%, blue – 18 vol%. 
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Figure 5.2: Average strain at break-up with standard deviation values as a function of silica volume 
fraction are depicted for two silica-filled vulcanized SBR (SBR-66 full symbols, SBR-40 open 
symbols) at three different Hencky strain rate H : (a) 0.01 s-1, (b) 0.1 s-1, and (c) 1 s-1. 

Moreover, not appreciable difference in the tensile response from the different 
linear/star polymer blend composition was observed. Figure 5.4 and 5.5 report 
experimental tensile break-up data for the non-filled and 18 vol% silica-filled SBR-66 
samples, respectively, compared to prediction of  the two simplest hyperelastic stress-
strain models, Neo-Hookean and two-free parameters Mooney-Rivlin equation (Mooney 
1940; Rivlin 1948). We note that the strain-hardening effect is better taken into account by 
the Mooney-Rivlin equation than the Neo-Hookean model. This result is almost 
independent from the extensional rate applied for high loaded samples (Figure 5.5), 
whereas for non-filled samples this holds only at high rates (Figure 5.4 c). 

(a) 

(c) 

(b) 
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Figure 5.3: Average tensile strenght with standard deviation values as a function of silica volume 
fraction are depicted for two silica-filled vulcanized SBR (SBR-66 full symbols, SBR-40 open 
symbols) at three different Hencky strain rate H : (a) 0.01 s-1, (b) 0.1 s-1, and (c) 1 s-1. 

Results of steady cyclic measurements are reported in terms of true stress as a 
function of Hencky strain ε in Figure 5.6. After the first elongation till εp = 1, stress 
softening (or Mullins’ effect) is observed in the subsequent loading/unloading intervals 
between 0.6 and 1 Hencky strain, and it is more relevant for high loaded samples (Figure 
5.6 b). Graphically, the stress softening can be quantified by reporting values of stress for 
each loading interval picked at the same Hencky strain as a function of the number of 
intervals. This is shown in Figure 5.8 at two Hencky strain. Moreover, values of viscosity 
rate (VR) and stabilization rate (SR) are reported as a function of silica volume fraction in 
Figure 5.7. They are, respectively, the ratio between the hysteresis and the deformation 
work at the nth interval and the ratio between the total stress softening and the deformation 
work relative to the first elongation. Hence, the viscosity rate is a measure of how elastic 

(c) 

(b) (a) 
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Figure 5.4: True stress σtrue of tensile break-up tests as a function of stretch ratio λ is reported for 
a non-filled vulcanized SBR-66 at three different Hencky strain rate H : (a) 0.01 s-1, (b) 0.1 s-1, 
and (c) 1 s-1. Experimental data (symbols) are fitted with both Neo-Hookean and Mooney-Rivlin 
models. 

(or dissipative) the material is, while the stabilization rate quantifies the stress 
softening itself. For both SBR blends the viscosity and stabilization rates increase as filler 
loading increases as well. As seen for tensile break-up tests, the different linear/star 
polymer blend composition does not play any role in steady cyclic extensions for both non-
filled samples (Figure 5.6 a) and filled samples (Figure 5.6 b). 

Finally we perform dynamic extensional measurements on the same set of silica 
filled vulcanized SBR samples. In Figure 5.9 a comparison between steady cyclic and 
dynamic extensional protocols is shown. Although the pre-stretching was applied at the 
same Hencky strain rate (0.01 s-1), a slightly bigger strain hardening is observed for  

(a) 

(c) 

(b) 
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Figure 5.5: True stress σtrue of tensile break-up tests as a function of stretch ratio λ is reported for 
a silica filled vulcanized SBR-66 (18 vol%) at three different Hencky strain rate H : (a) 0.01 s-1, 
(b) 0.1 s-1, and (c) 1 s-1. Experimental data (symbols) are fitted with both Neo-Hookean and 
Mooney-Rivlin models. 
 dynamic extensional tests. However, this may be addressed to the difficulty to 
obtain acceptable experimental repeatability in extensional measurements and not to the 
protocol itself. The observed down-step during the pre-stretching is due to the change of 
the motor of the rheometer from steady to dynamic mode for the dynamic extensional 
protocol, and due to either wall slip or compliance (bucking) of the SER fixture. In both 
cases it was not possible to overcome this shortcoming completely. Nevertheless, we 
observed that dynamic and steady cyclic extensional protocols give results significantly 
different. For instance, dynamic extensional measurements induce more energy dissipation 
in terms of viscosity rate (Figure 5.15 b) and stabilization rate (Figure 5.15 a), except for 
high loaded (18 vol%) samples (Figure 5.15 a). On the other hand, filler effect is 
minimized,  

(a) (b) 

(c) 
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Figure 5.6: True stress σtrue of steady cyclic extension measurements at 0.01 s-1 Hencky strain rate 
H  is shown as a function of Hencky strain εH for two vulcanized SBR linear-star polymer blends 

(SBR-66 solid line, SBR-40 dash line). (a) Comparison between non-filled vulcanized SBR-66 and 
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SBR-40. (b) Comparison between silica filled vulcanized SBR-66 and SBR-40. Color legend is 
referred to silica volume fraction: black - 0 vol%, red - 5 vol%, green – 10 vol%, blue – 18 vol%. 
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Figure 5.7: Stabilization and viscosity rate of steady cyclic extension measurements at 0.01 s-1 
Hencky strain rate H  as a function of silica volume fraction for SBR-40 and SBR-66. The 
stabilization rate quantifies stress softening effect before reaching equilibrium (Mullins effect), 
whereas the viscosity rate is a measure of hysteresis (i.e., energy dissipation) during cyclic 
deformation in extension flow. 
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 Figure 5.8: True stress σtrue of steady cyclic extension measurements at 0.01 s-1 Hencky strain rate 
H  as a function of the number of loading/unloading extension intervals after a pre-stretch 

performed at the same rate. Results are reported for silica-filled vulcanized SBR-66 (empty 
symbols), and SBR-40(full symbols) and at two Hencky strain εH : (a) 1, and (b) 0.6.  Stress 
softening after pre-stretch is observed for high silica loaded samples. Color legend is referred to 
silica volume fraction: black - 0 vol%, red - 5 vol%, green – 10 vol%, blue – 18 vol%. 
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Figure 5.9: True stress σtrue as a function of Hencky strain is shown for vulcanized SBR-66 with 5 
vol% silica. Comparison between dynamic and steady cyclic extension protocols is depicted. In 
both cases a pre-stretch at 0.01 s-1 Hencky strain rate H  is applied followed by loading/unloading 
elongation intervals. They are applied imposing either a sinusoidal oscillatory strain in extension 
at a certain frequency (dynamic extensional protocol) or a linear strain in extension at certain 
Hencky strain rate H  (steady cyclic extensional protocol).  

especially comparing the stabilization rate. More specifically, Bowditch-Lissajous 
curves in Figure 5.10 show a characteristic not two-fold symmetric banana shape whose 
convexity depends on the oscillatory extensional strain ε0 applied, and on the filler content. 
This is depicted more clearly in Figure 5.11 and 5.12. From a Fast Fourier Transform 
(FFT) analysis of the oscillatory raw torque signal in extension we were able to observe 
the presence of higher harmonics, both odd and even. Hence, a non-linear response was 
detected. In Figure 5.13 the ratio of intensity peaks of the second I2 and third I3 harmonics 
to the first I1 harmonics are represented at different oscillatory extensional strain ε0. The 
presence of the second harmonics is always dominant with respect to third one. This 
suggests non-symmetric applied deformational flow in extension, supporting the absence 
of symmetry of our Bowditch-Lissajous plots seen before. At this point, we first  
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Figure 5.10: True stress σtrue of dynamic extension measurements as a function of dynamic Hencky 
strain εω is shown for silica-filled vulcanized SBR-66 at three different frequencies: 0.01 (left), 0.1 
(center) and 1 (right) rad/s. The pre-stretch is not depicted. Static Hencky strain εp: 50%. The 
dynamic Hencky strain εω: 30%. Measurements are repeated three times. Color legend is referred 
to silica volume fraction: black - 0 vol%, red - 5 vol%, green – 10 vol%, blue – 18 vol%. 
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Figure 5.11: True stress σtrue of dynamic extension measurements as a function of dynamic Hencky 
strain εω is shown for silica-filled vulcanized SBR-66 at three different frequencies with (a) 0 vol%, 
(b) 5 vol%, (c) 10 vol%, and (d) 18 vol%. The pre-stretch is not depicted for ease comparison. 

tried to quantify this “shape” non-linearity by simply calculating the ratio between 
the difference of the area in the positive semi-axis (A+) and the area in the negative semi-
axis (A-) over the total area Atotal of the Bowditch-Lissajous curve, after graphically 
centering the curve to the origin. Results are reported in Figure 5.14. In the following 
Section a more detailed analysis in the asymmetry shape of our Bowditch-Lissajous curves 
is presented. 
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Figure 5.12: True stress σtrue of dynamic extension measurements as a function of dynamic Hencky 
strain εω is shown for silica-filled vulcanized SBR-66 at three different frequencies: (a) 0.01, (b) 
0.1, and (c) 1 rad/s. Color legend is referred to silica volume fraction: black - 0 vol%, red - 5 vol%, 
green – 10 vol%, blue – 18 vol%. 
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Figure 5.13: Ratios of the second and third harmonics of dynamic extension measurements are 
depicted as function of silica volume fraction for silica-filled vulcanized SBR-66 at three 
frequencies: (a) 0.01, (b) 0.1, and (c) 1 rad/s. 
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Figure 5.14: Non-linearity graphical factor as function of silica volume fraction Φsilica for silica-
filled vulcanized SBR-66 at three frequencies. 
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Figure 5.15: Stabilization and viscosity rate as function of silica volume fraction for silica-filled 
vulcanized SBR-66. Comparison between dynamic and steady cyclic extension protocols is shown.  
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5.4 The Asymmetry Shape Analysis 
From all the results described in the previous Section, we focus on the analysis of 

the asymmetric shape of our Bowditch-Lissajous. For this work, all used dimensional 
variables are defined in Table I, and dimensionless variables or groups in Table II in 
Appendix B.  Asymmetric banana shapes come out when the material is subjected to a 
fixed pre-stretch in uniaxial extension εp, upon which a large-amplitude, oscillatory 
uniaxial extensional (LAOE) deformation ε0 is superposed:   

tp  sin0         (1) 

If both εp  and ε0  are large enough, the stress responds with a rich set of higher 
harmonics, both even and odd: 
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and we make these higher harmonics the focus of this analysis.  As described in 
the earlier Section, we examined the asymmetries of the Bowditch-Lissajous plots of our 
measured stress responses versus the uniaxial Hencky strain. We develop analytical 
expressions for the Fourier components of the stress response, parts both in-phase and out-
of-phase with the extensional strain, for the zeroth, first, second and third harmonics of 
Eq. (2). The full development is reported in Appendix B.I. We find that the part of the 
second harmonic that is out-of-phase part with the strain must be negative for proper 
banana convexity and this is illustrates in Figure 5.1. 
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Figure 5.1: Loops from Eq. Error! Reference source not found. where  ¢¢ 2 > 0  (concave banana) 
and Eq. Error! Reference source not found. where  ¢¢ 2 < 0  (convex banana). 

Moreover, we defined the parameter ψ of two-fold asymmetry, which we call 
banana asymmetry (see Eq. 15 in Appendix B.II). From a Fourier transform analysis of 
each term constituting the banana asymmetry (Appendix B.II) we learn that the banana 
asymmetry, y , depends on the parts of the even harmonics (2,4,6 …) in-phase with 
  sinnt , and not on parts out-of-phase.  The banana asymmetry is, of course, normalized 
with   ¢¢E1 .  For the special cases given by Eqs. (4) and (5), illustrated in Figure 5.1, we get 
the same value of  y  815p » 0.17 . 

In this work we propose a new continuum uniaxial model for the asymmetric 
experimental behavior. The model combines a new nonlinear spring in parallel with a 
Newtonian dashpot, and we call this the strain-hardening Voigt model (see Appendix B.III 
cError! Reference source not found.). We consider this three-parameter model to be the 
simplest relevant one for the observed convex bananas.  By convex banana, we mean that 
both the upper and lower branches of the   xx -   loop are convex.  By convex branch, we 
mean that all of the branch’s chords lie above the branch.  We fit our three strain-hardening 
rubber model parameters (Young’s modulus, viscosity and strain-hardening coefficient) to 
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our uniaxial elongation measurements at constant strain rate.  Figure 5.2 illustrates the 
static behavior of Eq. (34) (Appendix B.III a) and compares it with the classic rubber data 
of Treloar (see Figure 5.4 in (Treloar 1975).  We see that the nonlinear term in Eq. (31) 
(Appendix B.III a) imparts concavity to the   xx -   curve.  However, this concavity is only 
observed near the origin, and   xx  then inflects at   i » 12 .  

 
Figure 5.2:  Static behavior of Treloar spring (red) where   E  1.17 M Pa [Eq.(33)], and of strain-
hardening spring (black) where   E  1.17 M Pa and   h  0.063 [Eq.(42)].  Data are taken from 
curve (a) in Fig. 5.4 in (Treloar 1975). 

Our most important result coming from the strain hardening spring Voigt model 
when it is extended to large amplitude oscillatory deformations (Appendix B.III c) is 
reported in Figure 5.3. Good agreement of experimental data with both our Fourier series 
approximation and the strain hardening spring Voigt model is observed whereas it predicts 
Young’s modulus values one order of magnitude higher than the experimental one (~3 
MPa). 
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Figure 5.3:  Experimental observations on large-amplitude oscillatory extension (Blue), where 
  0  0.3 ,    p  0.5  and     0.628rad s , versus response of strain-hardening spring in Voigt 
element with (Black) [Eq. (45)] and its Fourier series (Red) [Eq. (46) with Eqs. (47)-(56)] for 
  E  25.1MPa ,   h  6.68MPas  and   h  3.33  

5.5 Concluding Remarks 
In summary, in this work for industrial filled SBR elastomers we have proposed a 

simple continuum model with three-free parameters for taking into account both strain-
hardening and asymmetry of hysteresis loops (convex banana shaped) generated by non-
linear stress response in uniaxial extensions when a large amplitude oscillatory strain 
deformation is superimposed to a steady one. However, we show that for uniaxial 
oscillatory measurements our model can predict convex banana shape qualitatively but not 
quantitatively (Young’s modulus one order of magnitude higher). Hence, more efforts 
should be made in this direction. Nevertheless, for this preliminary study our findings show 
for the first time the concrete possibility to extend successfully the analysis of non-linear 
phenomena to another important category of deformations that has an important impact in 
the service of industrial elastomers.  

  



Linear and Non-linear Rheology of Heterogeneous Polymeric Systems: From Entangled Polymeric 
Networks and Elastomers to Nanocomposites 

Claudia Dessi – January 2016  193 

References 
Al-Khazali, H.A.H., & Askari, M.R., 2012. Geometrical and Graphical Representations Analysis 

of Lissajous Figures in Rotor Dynamic System. IOSR Journal of Engineering 2(5), 
pp.971–978. 

Boonstra B.B., 1965. Chap. 16 in “Reinforcement of Elastomers”, G. Kraus, Interscience. 
Brennan J.J., Jermyn T.E., Perdagio M.F., Paper No 36, ACS Div. Rubber Chem., Detroit, 1964.  
Dannenberg E. M., 1966. Trans. IRI, 42, T26. 
Hanson, R. R., 1988. Time-Dependent Thermomechanical Properties of Aircraft Tire Material. 

Master's Thesis, Texax, Texas A&M University, 1988. 
Harwood J.A.C, Mullins L., Payne A.R, 1965. Stress softening in natural rubber vulcanizates. Part 

II. Stress softening effects in pure gum and filler loaded rubbers”, Journal of Applied 
Polymer Science, 9 (9), pp.3011. 

Harwood J.A.C, Mullins L., Payne A.R., 1967a. Stress softenig in rubbers- a review. Journal of 
the IRI, 1, pp.17. 

Harwood J.A.C, Payne A.R., 1966. Stress softening in natural rubber vulcanizates. Part III. Carbon 
black-filled vulcanizates. Journal of Applied Polymer Science, 10 (2), 315. 

Harwood J.A.C, Payne A.R., 1967b. Stress softening in natural rubber vulcanizates. Part V.  The 
anomalous tensile behavior of natural rubber. Journal of Applied Polymer Science, 11 (10), 
pp.1825. 

Harwood J.A.C, Payne A.R., 1967. Tran. Inst. Rubber. Ind., 42, T14. 
Kraus G., Childers C.W., Rollman K.W., 1966. Stress softening in carbon black-reinforced 

vulcanizates.Strain rate and temperature effects. Journal of Applied Polymer Science, 10, 
pp.229.  

Macosko, C.W., 1994. Rheology: principles, measurement and applications. VCH Publishers. 
Mooney, M., 1940. A theory of large elastic deformation, Journal of Applied Physics, 11(9), pp. 

582-592. 
Mullins L., 1947. Effect of stretching on the properties of rubber. Journal of Rubber Research, 16, 

pp.275. 
Diani, J., Fayolle, B. & Gilormini, P., 2009. A review on the Mullins effect. European polymer 

journal, pp.601–612. 
Ewoldt, R.H., Hosoi,  a. E. & McKinley, G.H., 2008. New measures for characterizing nonlinear viscoelasticity in large amplitude oscillatory shear. Journal of Rheology, 52(2008), pp.1427–

1458. 
Hyun, K. et al., 2011. A review of nonlinear oscillatory shear tests: Analysis and application of 

large amplitude oscillatory shear (LAOS). Prog. Polym. Sci., 36(12), pp.1697–1753. 
Hyun, K, Nam, JG, Wilhelm, M, 2003. Nonlinear Response of Complex Fluids under LAOS 

(Large Amplitude Oscillatory Shear) Flow. Korea-Australia Rheology Journal, 15(2), pp.97–



Chapter 5 – Large Amplitude Oscillatory Extensions on Elastomers 

194  Claudia Dessi – January 2016 

105. 
Tielking, J.T., Hanson, R.R. & Giacomin, A.J., 1990. Viscoelastic properties of aircraft tire materials. Tyre Science and Technology, 18(4), pp.262–281. 
Treloar, L.R.G., 1975. The Physics of Rubber Elasticity Third Edit., Oxford University Press. 
Wilhelm, M., Reinheimer, P. & Ortseifer, M., 1999. High sensitivity Fourier-transform rheology. 

Rheologica Acta, 38(4), pp.349–356. A 
Rivlin, R. S., 1948, Large elastic deformations of isotropic materials. IV. Further developments of 

the general theory, Philosophical Transactions of the Royal Society of London. Series A, 
Mathematical and Physical Sciences, 241(835), pp. 379-397. 
 
 
 



Linear and Non-linear Rheology of Heterogeneous Polymeric Systems: From Entangled Polymeric 
Networks and Elastomers to Nanocomposites 

Claudia Dessi – January 2016  195 

6 Conclusions and Recommendations 
The thesis report on the investigation of rheological properties of a wide variety of 

melt polymers by means of different analytical approaches. More specifically, viscoelastic 
properties of entangled/cross-linked polymer networks and polymer based 
nanocomposites were deeply investigated in order to accomplish three primary goals. 

The first objective was to provide simple guidelines for obtaining reliable data 
when performing dynamic mechanical measurements in torsion. Such tests are often 
supported by standard methods and guideline. However, we discovered a discrepancy in 
the prediction of the rubbery modulus that was not properly corrected in any actual 
standard methods. To this end, we have utilized a combination of careful experiments 
performed on two different commercial rheometers, quantitative semi-empirical analysis 
and FEM simulations. The role of the level clamping and different aspect ratios were 
assessed experimentally in torsional tests. Based on our results we have proposed a new, 
more successful empirical equation for obtaining the correct values of moduli in torsion.  
Concomitantly, FEM simulations results on simple torsion (without extra boundary 
conditions for clamping) indicated the same linear viscoelastic response of the material 
from different nonlinear stress distribution profiles depending on the length-to-width 
aspect ratio of rectangular specimens, suggesting the importance of clamping in the 
experimental specimen loading protocol.  In summary, we have extended the validity of 
torsional rectangular measurements in commercial rheometers to even very low length-to-
width aspect ratios. It is now possible to measure reliably, also by accounting for 
compliance issues and clamping. The latter, however, still remains in a semi-quantitative 
way.  Indeed, an outstanding challenge for future work is the implementation of clamping 
effects into FEM simulations in order to give further general guidelines to quantitatively 
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correct the related observed experimental discrepancies between torsion and angular shear 
protocols. 

We, then, focused on improving the understanding underlying the flow dynamics 
in different arranged silica/P2VP nanocomposites. Surprisingly, linear rheological 
measurements show an almost universal transition from WLF to Arrhenius dynamics in 
the temperature dependence of chain-level dynamics of silica/P2VP nanocomposites with 
increasing NP loading. Results were almost independent of molecular weight and presence 
of bounded polymer on silica particle surface after solvent-casting procedure. 
Complementary FTIR spectroscopy studies illustrate that multiple hydrogen bonds form 
between silica and P2VP, supporting the emerging picture of a slowly relaxing percolated 
structure at high silica loadings. Our novel finding offers a unified explanation which 
unequivocally establishes the structural origins of the glassy network formation dominated 
by bound NPs bridged by short segments in this class of polymer nanocomposites. Coming 
to non-linear viscoelasticity, big limiting experimental issues were encountered. So far we 
were able to investigate successfully only a small range of strain rate a NP loading and our 
results do not show any particular effect on the different particle arrangement yet. Hence, 
the complete picture of polymer/particle dynamics at higher NP loading in the non-linear 
regime is still far away from being complete. 

Although performing uniaxial extensional rheology experiments is not trivial, they 
give a rather simplified depiction of real extensional flows encountered in industrial 
processes. Hence, due to its practical importance, we investigated industrial filled SBR 
elastomers in uniaxial extensional flow by applying both steady and oscillatory 
deformations. Focusing more in the latter extensional deformation, we find that if both the 
pre-stretch and the oscillatory strain are large enough, the stress responds with a rich set 
of higher harmonics, both even and odd. This led us to obtain Bowditch-Lissajous plots of 
our measured true stress response versus the uniaxial strain without two-fold symmetry, 
and specifically, to be shaped like convex bananas. We proposed a new and simple 
continuum uniaxial model for this behavior with three-free parameters which combines a 
new nonlinear spring in parallel with a Newtonian dashpot, and we call this the strain-
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hardening Voigt model. We fit these three parameters (Young’s modulus, viscosity and 
strain-hardening coefficient) to our uniaxial elongation measurements at constant strain 
rate. However, we show that for uniaxial oscillatory measurements our model can predict 
convex banana shape qualitatively but not quantitatively (Young’s modulus one order of 
magnitude higher). Hence, more efforts should be made in this direction. Nevertheless, for 
this preliminary study our findings show for the first time the concrete possibility to extend 
successfully the analysis of non-linear phenomena to another important category of 
deformations that has an important impact in the service of industrial elastomers.  
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Appendix A 
Thermo-Gravimetric Analysis (TGA)  
Thermogravimetric experiments presented in Fig. S2 were performed with a TGA-Q500 
(TA instruments). All measurements were conducted under a high purity nitrogen flow on 
pre-dried samples according to the following protocol: (i) room temperature to 503 K at 5 
K/min; (ii) isothermal at 503 K for one hour; (iii) 503 K to 1073 K at 20 K/min. 

 
Figure A.1 a) TGA thermograms for the neat P2VP matrix and composites loaded with silica NPs 
(10, 20, 30, 40 and 50 weight% respectively equivalent to 5, 10, 16, 23 and 31 vol%) cast in a 
mixture of MEK and pyridine. b) Focus on the water evaporation where it appears that the loss in 
mass at this temperature is higher when the silica fraction is lower suggesting that we are eliminating the water adsorbed within the P2VP (via N-OH). Note that no significant loss in mass 
occurs during the isothermal treatment at 503 K (all the water is removed) c) Loss in mass 
measured at 573 K after staying isothermally at 503 K for one hour. 

Dielectric Relaxation Spectroscopy (DRS)  
For the dielectric spectroscopy measurements a broadband high-resolution dielectric 
spectrometer (Novocontrol Alpha, Germany) was utilized in the frequency range from 10-
2 to 107 Hz with temperature stability better than ±0.1 K. All the disk-shaped samples 
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(30mm of diameter, 0.15mm of thickness) were annealed one hour at 473 K in the 
measurement cell to remove possible water contribution (see. TGA in Figure A.1). 
Nitrogen was continuously blown in the cryostat to prevent the polymer degradation and 
a small cross-shaped piece of Teflon was inserted with the samples in-between gold 
electrodes to avoid possible short-circuit due to polymer flow.  
Analysis of relaxation processes:  
The segmental dynamics of the P2VP chains in the nanocomposite are measured using 
dielectric spectroscopy (Gong et al. 2014; Holt et al. 2014). Figure A.2 shows that NP 
loading has a strong influence on the strength of the slower segmental α-relaxation process 
which decreases at high silica content; the NPs also broaden this relaxation towards lower 
frequencies (Figure A.2 b), in good agreement with the DSC data. However, the relaxation 
time of the α-process, τα, remains essentially unaltered (see inset of Figure A.2 b). 
Identically to the α relaxation, the β relaxation did not show any evolution with the silica 
content (Figure A.3). Its activation energy, close to 56 kJ/mol, falls well into the standard 
range for polymers, which is much smaller than that of the α-relaxation (≈ 400 kJ/mol) for 
highly loaded samples. These findings confirm those of Holt et al.13 The broadening of 
the -process with increased NP loading is attributed to the bound polymer layer formed 
due to the strong chain-surface interactions (Gong et al. 2014; Holt et al. 2013; Berriot et 
al. 2002). 
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Figure A.2: a) Imaginary part of the complex dielectric permittivity (ε’’) reduced by its pure P2VP 
554 kg/mol value, as a function of the frequency at T = 380 K for neat P2VP (×) and 
nanocomposites loaded with 5 (◊), 10 (), 16 (+), 23 (○) and 31 (□) vol% in silica. The red dashed 
line is the contribution of the α process to the global ε’’ in the 31 vol% sample. The inset is the 
ratio of the α and β relaxation strength normalized by the corresponding quantity for the pure 
matrix (Δεα/Δεβ)/(ΔεαP2VP/ΔεβP2VP) as a function of the NP loading. The decreasing trend highlights 
the relative attenuation of the α relaxation with the composite loading. b) Similar measurements 
performed at T=410 K with the data have been vertically shifted for clarity (see numbers on the 
right side). Solid lines are fits  to the data with a Havriliak-Negami function keeping fixed the  
relaxation shape (symmetric and asymmetric), as found in the neat matrix in order to illustrate its 
broadening when NP content is increased. DC (black dashed line) stands for the contribution of 
the ionic conductivity. Inset: Segmental relaxation characteristic time log(τ) as a function of 
1000/T. The solid line is fit to the neat P2VP data with the WLF equation. 

 
Figure A.3: β relaxation time as a function of 1000/T for a neat P2VP (Mw = 554 kg/mol) and 
composites loaded with 5, 10, 16, 23 and 31 vol% in silica cast in a mixture of MEK and pyridine. 

In addition to the well-known α (segmental) and β (local) relaxations of polymers, 
dielectric spectroscopy reveals a Maxwell-Wagner-Sillars (MWS) process at low 
frequencies (high temperature) when silica is added. The latter is typical for 
nanocomposites as the interface between the polymer and the filler can generally be 
polarized. This contribution to the global dielectric response is particularly visible in the 
real part of the permittivity from T= 400 K (see Figure A.4 a). The fitting procedure 
depicted below was thus realized with consideration of this process so that, in total, four 
contributions were described (α, β, σ, MWS) as presented in Figure A.4. 
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The Havriliak Negami (HN) function was used to fit simultaneously both real ε’(ω, T) and 
imaginary ε’’(ω, T) parts of the complex dielectric permittivity in which we systematically 
tried to reduce the number of free parameters. As examples, the β relaxation as well as the 
MWS process were fitted with the so called Cole-Cole HN term (i.e., δ = 1) while we 
forced δ = 0.5 for the α relaxation description (see “asymmetric coefficient” δ in Figure 
A.5). Also, when it was not possible to keep a parameter constant, we systematically tried 
to make it following a linear law with the temperature (see the “symmetric coefficient” γ 
in Figure A.5).  
HN function (j stands for α, β or MWS): 

      
 

j j

j
jjii 


 10

*       (A.1) 

Prior to the fitting procedure, a pre-treatment of the whole data set was applied in order to 
get rid of any artefacts coming from surface roughness or thickness variations. The latter 
consisted of normalizing both ε’(ω, T) and ε’’(ω, T) by applying a correction factor in 
order to have the high-frequency (low temperature) limit of the real part of the permittivity 
ε∞ equal to 2.53. Such a value is related to the refractive index (n ≈ ε∞0.5) of the P2VP 
(nP2VP ≈ 1.59) which is found to be very close to the silica one (nsilica ≈ 1.54) justifying de 
facto a common normalization for different filler content. 

 
Figure A.4: Dielectric spectra of the composite loaded with 16 vol% cast in a mixture of MEK and 
pyridine at a) 440K, b) 400K and c) 260K. Solid line are fitted to the data using the generalized 
HN equation and dashed line stand for each contribution (σDC, α relaxation, β relaxation and MWS 
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process). The red symbols and lines correspond to ε’’ while the blue ones relate to ε’. Note that the 
electrode polarization “EP” at high temperature (low frequency) which is excluded from the fitting 
procedure. 

Additionally, this treatment allowed highlighting the broadening of the alpha relaxation 
with increasing the filler fraction through the decrease of the γ parameter (see Figure A.3) 
from ca. 0.9 (neat P2VP) to 0.7 (composites loaded with 23 vol% and 31 vol% silica NPs). 

 
Figure A.5: HN function shape parameters of the α-relaxation for the neat matrix and the 
composites loaded with 5, 10, 16, 23 and 31 vol% NP cast in a mixture of MEK and pyridine. Note 
that we fixed δ (asymmetric part) to be equal to 0.5 for all temperatures and all filler fractions. 

Fourier Transform Infra-Red spectroscopy (FTIR) 
FTIR was performed systematically on the full set of data (bare silica, neat P2VP, 5, 10, 
16, 23 and 31 vol%). We provide below the full range spectra and the assignment of the 
peaks. 
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Figure A.2: Fourier Transform Infra-Red spectroscopy spectra of the neat P2VP (Mw = 554 kg/mol) and the corresponding nanocomposites as well as the bare silica. a) 3770-3550 cm-1, 
b)3550-2800 cm-1 and c) 1650-750 cm-1. 

While it is clear that hydrogen bonding increases with higher filler fraction (Figure A.6), 
one of the main issue in these experiments concerns the “multi-peak” observed close to 
1000 cm-1 which is known to be related with the different configurations of the Si-O bond. 
In fact, the literature reports that it may contain up to nine contributions (Fidalgo and 
Ilharco 2001; Innocenzi 2003). Below we show a tentative of deconvolution by using four 
Gaussian contributions, only changing their intensities and breadth (Figure A.7). The 
contribution of the P2VP matrix is also added in the 5 and 10 vol% NP samples since it is 
not negligible in this range. 
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Figure A.3: Tentative of deconvolution of the Si-O « multi-peak » with four Gaussian 
contributions. a) Silica, b) 5 vol%, c) 10 vol%, d) 16 vol%, e) 23 vol%, f) 31 vol% NP. 

We assign to the different peaks a particular vibration of the Si-O group (Fidalgo and 
Ilharco 2001; Innocenzi 2003):  
 

- 1200: Si-O stretching, LO band  
- 1100: Unclear contribution (denoted “unknown” in Figure A.8), most likely due 
to the H-bonding perturbation of the silanols.  
- 1050: Si-O stretching, TO band  
- 950: Si-O- stretching. Note that its intensity increases significantly more than the 
previous ones supporting the H-bond formation through the delocalization of the 
H atom from the silicon to the nitrogen (i.e. from the silica surface to polymer 
chain).  

 In Figure A.8, we plot the evolution of these contributions as a function of the filler fraction 
(in terms of P2VP monomers / silanol sites). It shows that the “1100” contribution behaves 
qualitatively differently from the 3 others contributions (“1200”, “1100” and “950”) 
explaining the change in shape of the Si-O multi-peak in the global spectra shown in 
Figure A.6 c (maximum position shift from 1100 to 1040 cm-1 with increasing the silica 
content). 
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Figure A.4: Intensities of the different contribution used to fit the Si-O multi peak in FTIR spectra 
as a function of the silica content expressed as Nmonomer/Nsilanol (considering 4 silanols per nm2). 
“Unknown” stands for the unclear contribution we observe in the spectrum at 1100 cm-1 most likely 
due to perturbed silanols. 

2D NMR  
While FTIR experiments provide evidence for H-bonding between the silica and the P2VP, 
it did not reveal any new chemical bonds. The 2D NMR below confirms this important 
point showing that the pyridine ring signal is unchanged in the matrix and in the 
composites (same ratio between the different protons intensities attached in the ring). 
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Figure A.5: 2D NMR (2H, 13C) performed on the nanocomposite loaded with 31 vol% in silica 
with Mw = 554 kg/mol. 

Monte-Carlo Simulations 
Monte Carlo simulations were performed on hard sphere fluids with varying box size. 
Typically, we considered 1000 spheres each of unit diameter in a cubic box of side L. The 
number density ∗ = 3 is thus varied systematically in a series of simulations (see Tables 
below). We simulated these samples by using random translations and then using the 
Metropolis algorithm. The major output is the mean value of distances to the first, second 
and third neighboring spheres as a function of density. Conversion between weight% silica 
and its packing fraction: In the experimental analysis discussed to this point we calculated 
the volume% silica by using a density of 2.1 g/cm3 (amorphous silica) and 0.95 g/cm3 for 
the P2VP. The density of crystalline silica is ~ 2.65 g/cm3. If we reasonably assume that 
the crystal corresponded to a  = 0.74 (FCC), where the packing fraction  = 6 ∗. This 
then yields that the  for the amorphous silica is 0.74∗2.12.65 ≈ 0.586 which is consistent 
with the packing fraction known for glasses. We thus assume that the “hard core” density 
of the silica cores is 2.650.74 = 3.58 g/cm3. On this basis we can compute the packing 
fraction of silica at various weight% in the experimental nanocomposites. 
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Table A.1: Conversion between weight fraction silica, volume fraction silica and packing fraction. 

Weight % NP Vol% NP  
10 4.8 0.028 
20 10 0.0595 
30 16 0.095 
40 23 0.136 
50 31 0.183 

 
In the following table we report the mean nearest wall-to-wall distances between NPs and 
their nth neighbors as determined by the simulations. We note, in particular, that the 
distance between a particle and its closest neighbor becomes smaller than the P2VP Kuhn 
length for samples loaded with 31 vol% NP. This is believed to be the origin for the 
“glassy” features (mainly Arrhenius dependence of the shift factor aT, see Fig.4) we 
observed for these highly filled samples. 
Table A.2: Mean wall-to-wall distance between a silica NP and its nth closest neighbors (n = 1, 2 
and 3). 

Number 
density, 

 
Packing 

fraction,  
First 

neighbor 
(nm) 

Second 
neighbor 

(nm) 
Third 

Neighbor 
(nm) 

Average 
three 

closest 
(nm) 

Torquato 
(nm) 

Geometrical 
estimate 

(nm) 
0.10 0.05 5.51 9.62 15.85 11.7 9.74 16.16 
0.15 0.078 3.89 7.10 12.26 7.75 6.05 12.35 
0.23 0.12 2.55 4.83 8.98 5.46 3.51 8.85 

0.345 0.18 1.56 3.10 6.25 3.63 1.95 5.96 
0.59 0.31 0.63 1.33 3.10 1.69 0.73 2.67 

 

Reference 

Fidalgo, A. & Ilharco, L. M., 2001. The defect structure of sol-gel-derived 
silica/polytetrahydrofuran hybrid films by FTIR. J. Non-Cryst. Solids 283, pp.144-154. 

Innocenzi, P., 2003. Infrared spectroscopy of sol-gel derived silica-based films: a spectra-
microstructure overview. J. Non-Cryst. Solids 316, pp.309-319. 
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Appendix B 
Table I: Dimensional Variables 

angular frequency   t-1  w  
Cartesian coordinate  L    x, y,z  elastic Fourier modulus, extensional   M Lt2   ¢En  
extra stress tensor*   M Lt2   
loss work   M Lt2   W  
Extra stress,   ijth  component    M Lt2   t ij  
Extra stress, magnitude of  n -th harmonic, xx -component   M Lt2   t n  
loop area, right    M Lt2    W+ º t xx dewt=0

wt=pò  
loop area, left   M Lt2    W- º t xx dewt=p

wt=2pò  
loop area, total   M Lt2   
elastic modulus   M Lt2   E  
elastic modulus, element 1   M Lt2    E1  
elastic modulus, element 2   M Lt2    E2  
elastic modulus, complex   M Lt2   E*  
elastic modulus, complex, magnitude   M Lt2   E*  
elastic modulus, in-phase with strain   M Lt2   ¢E  
elastic modulus, out-of-phase with strain   M Lt2   ¢¢E  
steady shear viscosity  M Lt  

h  
characteristic time  t   l º h E  
strain rate   t-1   
strain rate, amplitude   t-1   



Linear and Non-linear Rheology of Heterogeneous Polymeric Systems: From Entangled Polymeric 
Networks and Elastomers to Nanocomposites 

Claudia Dessi – January 2016  211 

Table I: Dimensionless Variables and Groups 
Table II: Dimensionless Variables and Groups 

strain amplitude  e0  
strain rate amplitude  
strain amplitude, normalized  strain e  
strain, inflection  e i  
strain, normalized 

  ⌣e º e ep  
strain, pre-stretch  ep  
Deborah number  De º lw  Weissenberg number  banana asymmetry y   n -th harmonic  n  time  t º t l  normal stress  
characteristic time  L º l1 l2  elastic modulus,  n -th harmonic  loss modulus,  n -th harmonic    

I. Fourier Transform Series Analysis 
 

Adimensionalizing Eq. (2) (see Chapter 5), and truncating it after the second 
harmonic, as follows: 

  
t xx¢t1

- ¢¢t 0
2 ¢t1

= 2t xx - ¢¢t 0
2 ¢t1

= sinw t + ¢¢t1¢t1
coswt + ¢t 2¢t1

sin2w t + ¢¢t 2¢t1
cos2w t  (1) 

Figure 1 compares the following special cases of Eq. (1):   

  
2t xx - ¢¢t 0

2 ¢t1
= sinw t + cosw t + 1

5sin2wt + 3
10 cos2wt  (2) 
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2t xx - ¢¢t 0

2 ¢t1
= sinw t + coswt + 1

5sin2w t - 3
10 cos2wt  (3) 

which differ only by the sign of  ¢¢t 2 , that is, by the sign of the part of the second 
harmonic that is in-phase with   cos2wt .  To explain convex bananas, we seek a constitutive 
equation for which: 

 ¢¢t 2 < 0  (4) 
For our experiments on elastomers, we follow the following protocol.  First e  is first 

raised to the pre-stretch value at a constant extensional strain rate: 

 (5) 

then, an oscillation is imposed (never to exceed  e p and never to fall below zero): 

  e = e p + e0 sinw t; e0 < e p; e > 0  (6) 
and thus,  

 (7) 
where .  Eq. (6) can be normalized as: 

 (8) 
or: 

  
⌣e = 1+ Wi

De sin Det  (9) 

where  t ºwt , where the normalized strain is given by 
  
⌣e º e e p  , and where the 

Deborah and Weissenberg numbers are given by: 

 (10) 
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 De º lw  (11) 
which we will use below. 

II ANALYSIS OF MEASURED LOOPS  
We measured true stress as: 

  t xx = e0 ¢¢En cos nw t + ¢En sin nwtn=0,1
¥å  (12) 

The scalar measure of two-fold asymmetry, which we call banana asymmetry, is 
defined by: 

 y º W+ -W-W  (13) 

where: 

 (14) 
where: 

  
tand1 = ¢¢E1¢E1

 (15) 
 

 (16) 
 (17) 

  W = pe0
2 ¢¢E1  (18) 
 
and where right and left loop areas are given by: 

  W+ º t xx dewt=0
w t=pò  (19) 

  W- º t xx dewt=p
wt=2pò  (20) 
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where the   wt = 0  and the  wt = p  indicate the top and bottom ordinate intercepts of 
the  t xx - e  loop.  From Eq. (6), we get: 

  de =e0 coswt dwt  (21) 
and substituting Eqs. (12) and (21) into Eq. (19): 

  

W+ º e0
2 ¢¢En cos nwt + ¢En sin nw tn=0,1

¥åéëê ùûúcoswt dwt0
pò

= e0
2 ¢¢En cos nwt + ¢En sin nw téë ùûcosw t dwt0

pò{ }n=0,1
¥å

= e0
2 - ¢¢En

nsinpn
n2 -1 + ¢En

n 1+ cospn( )
n2 -1

æ
èç

ö
ø÷

ìíïîï
üýïþïn=0,1

¥å
= e0

2 n
n2 -1 - ¢¢En sinpn+ ¢En 1+ cospn( ){ }n=0,1

¥å
= e0

2 n
n2 -1 - ¢¢En sinpn+ ¢En 1+ cospn( ){ }n=1,1

¥å
= e0

2
limn®1

n
n2 -1 - ¢¢E1 sinpn+ ¢E1 1+ cospn( ){ }

+ n
n2 -1 ¢En 1+ cospn( ){ }n=2,1

¥å
é

ë

êêêê

ù

û

úúúú
= e0

2 p
2 ¢¢E1 + n

n2 -1 ¢En 1+ cospn( ){ }n=2,2
¥åé

ëê
ù
ûú

 (22) 

and Eqs. (12) and (21) into Eq. (20): 
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W- º e0
2 ¢¢En cos nwt + ¢En sin nw tn=0,1

¥åéëê ùûúcoswt dw tp
2pò

= e0
2 ¢¢En cos nwt + ¢En sin nw téë ùûcoswt dw tp

2pòn=0,1
¥å

= e0
2 ¢¢En

nsin2pn+ nsinpn
n2 -1 - ¢En

ncos2pn+ ncospn
n2 -1

ìíî
üýþn=0,1

¥å
= e0

2 n
n2 -1 ¢¢En sin2pn+ sinpn( ) - ¢En cos2pn+ cospn( ){ }n=0,1

¥å
= e0

2 n
n2 -1 ¢¢En sin2pn+ sinpn( ) - ¢En cos2pn+ cospn( ){ }n=1,1

¥å
= e0

2
limn®1

n
n2 -1 ¢¢E1 sin2pn+ sinpn( ) - ¢E1 cos2pn+ cospn( ){ }

+ n
n2 -1 - ¢En cos2pn+ cospn( ){ }n=2,1

¥å
é

ë

êêêê

ù

û

úúúú
= e0

2 p
2 ¢¢E1 + n

n2 -1 - ¢En cos2pn+ cospn( ){ }n=2,2
¥åé

ëê
ù
ûú

 (23) 

From Eqs. (22) and (23) we learn that the areas of each side of the loop,  W-  and 
 W+ , depend on the higher even harmonics.  Finally, substituting Eqs. (12) and (21) into 
Eq. (14) gives: 

 (24) 
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which matches Eq. (14), as it should.  From Eq. (24) we learn that the area of the 
whole loop,  AT , depends only on the in-phase part of the first harmonic.   

Substituting Eqs. (22) through (24) into Eq. (13): 

 (25) 

from which we learn that the banana asymmetry, y , depends on the parts of the 
even harmonics (2,4,6 …) in-phase with   sinnwt , and not on parts out-of-phase.  The 
banana asymmetry, y , is, of course, normalized with   ¢¢E1 .  For the special cases given by 
Eqs. (2) and (3), illustrated in Figure 5.1 (see Chapter 5), we get the same value of 
 y = 815p » 0.17 .   

III BANANA MODELING  
 
In this work, we seek a model to, at least qualitatively, describe the behaviors of 

elastomers in large-amplitude oscillatory extension (see Eq. (28) and (29)).  To accomplish 
this, we first build the model to describe, quantitatively, the behavior of elastomers under 
uniaxial extension at vanishingly small constant extension rate (Subsection b).  We then 
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extend the model to include rate sensitivity for uniaxial extension at constant extension 
rate (Subsection c.i), and finally, we evaluate our new model in large-amplitude oscillatory 
extension (Subsection c.ii).   

a. Treloar Spring   
Treating each network strand as an entropic spring, Treloar arrives at the constitutive 

equation for a simple rubber in uniaxial extension at vanishingly small constant 
extension rate (see Eq. (28) of (Blend 1960)): 

  
t xx = E

3 a - 1
a 2

æ
èç

ö
ø÷  (26) 

where a  is the extension ratio, the ratio of deformed length to initial length.  
Behavior conforming to Equation (26) is called rubber elasticity. We can deepen our 
understanding of Equation (26) by rewriting it as: 

  
t xx = E a -1( ) - 1- 3a 2 + 2a 3

3a 2
æ
èç

ö
ø÷  (27) 

where the blue term is the linear elastic contribution, and the green, the nonlinear.  
Now the strain is given by: 

 e º1-a  (28) 
so that: 

  
t xx = E e - 1+ 23 e

1+ e( )2 e 2æ
èç

ö
ø÷  (29) 

and so that: 

  
dt xxde = E 1- 2+ 2e + 23 e 2

1+ e( )3 eæ
èç

ö
ø÷  (30) 

and so, for the initial slope of  t xx e( ) : 
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  lime®0
dt xxde = E  (31) 

which is Young’s modulus.  Adimensionalizing and rewriting Eq. (29) gives: 

   
⌣t º t xxE = e - 1+ 23 e

1+ e( )2 e 2 (32) 

Figure 5.2 illustrates the static behavior of Eq. (32) and compares it with the classic 
rubber data of Treloar (see Figure 5.4 in (Treloar 1975)).  We see that the nonlinear term 
in Eq. (29) imparts concavity to the  t xx - e  curve.  However, this concavity is only 
observed near the origin, and  t xx  then inflects at  e i » 12 .  

 
 

b. Strain-Hardening Spring   
In this subsection, we introduce a term to Eq. (29) to account for the observed inflection 

in the static behavior of a rubber (see data in Figure 1). We propose the model to fit the 
strain-hardening data from FIG. 5.4 in (Treloar 1975). 

  
t xx = E e - 1+ 23 e

1+ e( )2 e 2 + he 4æ
èç

ö
ø÷  (33) 

where  h  is the strain-hardening parameter.  Differentiating Eq. (33) once gives: 

  
dt xxde = E 1- 2+ 2e + 23 e 2

1+ e( )3 e + 4he 3æ
èç

ö
ø÷  (34) 

and so gives the initial slope of Young’s modulus as it should, and then twice 
gives: 
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d 2t xx
de 2 = E - 2

1+ e( )4 +12he 2æ
èç

ö
ø÷  (35) 

Setting this to zero: 

  
0 = - 6

1+ e i( )4 +12he i
2  (36) 

then solve for  e i  gives the inflection strain: 

 (37) 
where: 

 (38) 

Substituting Eq. (37), into Eq. (33) gives: 

 (39) 

the corresponding inflection stress.  Figure 2 illustrates the strain-hardening 
parameter,  h , as a function of inflection strain.  Adimensionalizing Eq. (33) gives: 

   
⌣t º t xx

E = 1
3 1+ e - 1

1+ e( )2 + he 4æ
èç

ö
ø÷  (40) 

as it should.  Figure 3 illustrates the static behavior of Eq. (40). 
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c. Strain-Hardening Spring in Voigt Element   
 

i. Constant Extension Rate   
 
Following Fig. 1.4 and Eq. (6) of (Bland 1960): 

 (41) 
 

which can be adimensionalized to get: 

 (42) 

where  l ºh E  is the characteristic time.  Figure 3 illustrates behavior of Eq. (42) 
in uniaxial extension at constant extension rate.   

 

ii. Large-Amplitude Oscillatory Extension   
 
Substituting Eqs. (6) and (7) into Eq. (42) gives: 
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⌣t = e p + e0 sinwt - 1+ 23 e p + e0 sinwt( )
1+ e p + e0 sinwt( )2 e p + e0 sinw t( )2 + h e p + e0 sinwt( )4

+e0 Decosw t
 (43) 

Rewriting Eq. (43) as a Fourier series gives:  

   
⌣t = ⌣t 02 + ⌣¢t n sin nDet + ⌣¢¢t n cos nDet

n=1

¥å  (44) 

   

⌣¢t n = 1
p

e p + e0 sinw t - 1+ 23 e p + e0 sinw t( )
1+ e p + e0 sinw t( )2 e p + e0 sinwt( )2

+h e p + e0 sinw t( )4 + e0 Decosw t

é

ë

êêêêê

ù

û

úúúúú
sin nDet dDet0

2pò  (45) 

  ⌣¢t 0 = 0  (46) 

   
⌣¢t1 = e0 + 2

3 e0 1+ e p( )2 - e0
2éëê ùûú

-3 2 -1æ
èç

ö
ø÷ + he0e p 4e p

2 + 3e0
2( )  (47) 

  ⌣¢t 2 = 0  (48) 

   

⌣¢t 3 = 2
3e0

3
8 1+ e p( )4 -12 1+ e p( )2 e0

2 + 3e0
4

1+ e p( )2 - e0
2éëê ùûú

3 2 -8 1+ e p( )æ

è
çççç

ö

ø
÷÷÷÷
- he0

3e p (49) 

 

   

⌣¢¢t n = 1
p

e p + e0 sinw t - 1+ 23 e p + e0 sinw t( )
1+ e p + e0 sinw t( )2 e p + e0 sinw t( )2

+h e p + e0 sinwt( )4 + e0 Decosw t

é

ë

êêêêê

ù

û

úúúúú
cos nDet dDet0

2pò  (50) 

   
⌣¢¢t 0 = 2z - 2

3
z

z 2 - e0
2( )3 2 + 2zæ

èç
ö
ø÷ + h 2 z -1( )4 + 6e0

2 z -1( )2 + 3
4 e0

4æ
èç

ö
ø÷  (51) 

  ⌣¢¢t1 = e0 De  (52) 

   
⌣¢¢t 2 = 2

3e0
2 2- 2z 3 - 3ze0

2

z 2 - e0
2( )3 2

é
ë
êê

ù
û
úú - he0

2 3 z -1( )2 + e0
2

2
æ
èç

ö
ø÷  (53) 
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  ⌣¢¢t 3 = 0  (54) 
 
 
Substituting Eq. (53) into Eq. (4) gives: 

  
2
3

2 1+ e p( )2 - e0
2 - 2 1+ e p( ) 1+ e p( )2 - e0

2

e0
2 1+ e p( )2 - e0

2
- 1

2 he0
2 e0

2 + 6e p
2( ) < 0  (55) 

the necessary condition for convex banana.   

 
Figure 1:  Static behavior of Treloar spring (red) where   [Eq. (33)], and of strain-hardening spring 
(black) where   and   [Eq. (42)].  Data (circles) are taken from curve (a) in Fig. 5.4 in (Treloar 
1975). 
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Figure 2:  Strain hardening parameter h as a function of inflection strain εi [Eq. (37) with Eq. (38)
]. 
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Figure 3:  Convex behaviors in uniaxial extension at constant extension rate.  Solid curves for 
Voigt model with strain-hardening spring [Eq. (43)] for   E = 3.12 M Pa ,  h = 0.680 M Pas  and 
  h = 5.00, and circles are measured for styrene-butadiene random copolymer filled with 5.3% by 
volume of silica (  T = 25°C ).  Blue, Green and Red curves and circles are shifted vertically by 5, 
10 and 15. 
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