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Ant� ProlìgouH ekpìnhsh th paroÔsa diatrib  ja  tan adÔnath qwr� th sumpa-r�stash orismènwn anjr¸pwn tou opo�ou kai ja  jela na euqarist sw.Arqik� ja  jela na ekfr�sw th baji� kai eilikrin  mou eugnwmosÔnhston epiblèpont� mou Kajhght  Apìstolo Qatzhd mo gia thn katanìhsh, thdiark  parìtrunsh kai proswpik  tou ep�bleyh kaj' ìlh th di�rkeia th dia-trib  kai ìqi mìno. Ja  jela akìma na ton euqarist sw gia thn akoÔrasthbo jeia tou, ti sumboulè kai ta epoikodomhtik� tou sqìlia pou apotèlesanton odhgì gia thn olokl rwsh th ergas�a aut .Idia�tera euqarist¸ ta mèlh th trimeloÔ sumbouleutik  epitrop tou Anaplhrwtè Kajhghtè Emmanou l B�balh kai Dhm trio NoÔtso giathn eugenik  sumpar�stas  kai kajod ghs  tou all� kai gia ti polÔtimeprot�sei gia thn ousiastik  belt�wsh tou perieqomènou th diatrib . Epi-plèon, jermè euqarist�e ofe�lw pro tou Kajhghtè Bas�leio Dougal ,Qar�lampo Makrid�kh, Jeìdwro Papajeod¸rou kai Iw�nnh Sarid�kh kai tonEp�kouro Kajhght  Ge¸rgio Zour�rh pou dèqjhkan me projum�a na summet�-sqoun sthn eptamel  exetastik  epitrop  tou didaktorikoÔ mou.Tèlo, ja  jela na euqarist sw tou gone� mou gia thn hjik  kai ulik tou sumpar�stash ìla aut� ta qrìnia, kaj¸ kai to sÔntrofì mou M�no giath suneq  enj�rrunsh kai upost rix  tou.
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Kef�laio 1Eisagwg 
JewroÔme èna sÔsthma grammik¸n exis¸sewn th morf 

Ax = b, (1.1)ìpou o p�naka A e�nai èna n × n mh-idiìmorfo, migadikì genik� p�naka(A ∈ C
n,n, det(A) 6= 0) kai x, b ∈ C

n. 'Ena tètoio sÔsthma, proerqìmenokur�w apì praktikè efarmogè, èqei sun jw p�naka suntelest¸n A ìpou hdi�stas  tou n e�nai meg�lh kai e�nai “araiì”. Sthn per�ptwsh aut  èna apìtou stìqou kat� thn ep�lush tou (1.1) e�nai h ekmet�lleush th araiìth-ta tou p�naka ¸ste na meiwje� afenì to pl jo twn plhrofori¸n kat� thnapoj keush kai kat� th di�rkeia twn upologism¸n all� kai o apaitoÔmenoarijmì pr�xewn gia thn eÔresh tou apotelèsmato. Tètoiou e�dou sust ma-ta emfan�zontai se pollè efarmogè kat� thn arijmhtik  ep�lush elleiptik¸n /kai parabolik¸n exis¸sewn kat� th diakritopo�hsh me peperasmène dia-forè, peperasmèna stoiqe�a, peperasmènou ìgkou, sumptwtikè mejìdou(collocation). Ta probl mata aut� emfan�zontai se perioqè th Epist mh,th Teqnolog�a, twn Oikonomik¸n Episthm¸n, th Iatrik , k.lp. 'Opw, p.q.,sth di�dosh jermìthta, sth di�qush netron�wn stou purhnikoÔ antidrast -re, sth reustodunamik , sthn elastikìthta, sti statikè kataskeuè, sthn1



prìgnwsh tou kairoÔ (blèpe Young [45℄) ki akìmh se �lla probl mata ìpwta hlektrik� kukl¸mata, h tomograf�a, k.lp. (blèpe Axelsson [4℄). Bèbaia, op�naka A mpore� na èqei epiplèon shmantikè idiìthte ekmet�lleush twn opo�-wn mpore� na g�nei kat� thn ep�lush tou sust mato. Sthn paroÔsa diatrib ja ma apasqol soun kur�w p�nake A pou ja e�nai M−p�nake   H−p�nake.Sto shme�o autì upenjum�zetai ìti:Orismì 1.1. 'Ena p�naka A ∈ R
n,n lègetai (mh-idiìmorfo) M−p�na-ka ìtan mpore� na grafe� sth morf  A = sI − B, ìpou s > 0, B ≥ 0 me

s > ρ(B),  , isodÔnama, an aij ≤ 0, i 6= j = 1(1)n, det(A) 6= 0 kai A−1 ≥ 0.Shmei¸sei: 1) Ston parap�nw orismì to ρ(·) sumbol�zei th fasmatik  akt�-na enì tetragwnikoÔ p�naka kai gr�fonta A > 0 (≥ 0) ennooÔme ìti ìlata stoiqe�a tou A e�nai jetik� (mh-arnhtik�). 2) O parap�nw orismì eis -qjh pr¸th for� apì ton Ostrowski to 1937 [34℄. 3) 'Ena pl jo pen nta(!)isodÔnamwn prot�sewn pou mporoÔn na apotelèsoun enallaktikoÔ orismoÔenì mh-idiìmorfou M−p�naka mpore� na breje� sto bibl�o twn Berman kai
Plemmons [5℄. 4) P�nake th morf  (1.1) polÔ suqn� emfan�zontai se su-st mata grammik¸n -ìpw proanafèrjhke- all� kai mh-grammik¸n exis¸sewn  se probl mata idiotim¸n mia meg�lh poikil�a perioq¸n pou perilamb�nounmejìdou peperasmènwn diafor¸n gia merikè diaforikè exis¸sei, montèlaeisìdou-exìdou paragwg  kai an�ptuxh sta oikonomik�, sti Markobianèdiadikas�e, sti pijanìthte kai th statistik .
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Orismì 1.2. 'Ena n × n p�naka A lègetai H-p�naka ìtan o p�nakasÔgkrish
M(A) = (m)ij =

{
|aii|, an i = j = 1(1)n,
−|aij|, an i 6= j = 1(1)n,

(1.2)e�nai M−p�naka.IsodÔnama, an up�rqei èna diag¸nio p�naka D = diag(d1, d2, . . . , dn), mejetik� diag¸nia stoiqe�a, tètoio ¸ste o p�naka AD na e�nai austhr� dia-g¸nia upèrtero kat� grammè (sdd), dhlad  an kai mìno an,
|aii|di >

n∑

j=1, j 6=i

|aij|dj, i = 1(1)n. (1.3)Shmei¸sei: 1) H oikogèneia twn H−pin�kwn genikeÔei thn eurÔtata mele-thmènh oikogèneia, ìpw �llwste fa�netai kai apì ti parap�nw shmei¸sei,twn mh-idiìmorfwn M−pin�kwn all� kai thn oikogèneia twn austhr� diag¸niaupèrterwn pin�kwn. 2) An up�rqei p�naka D tètoio ¸ste na ikanopoie�tai oorismì gia dojènta p�naka A ∈ C
n,n, tìte e�nai profanè ìti up�rqoun �peiroip�nake pou ikanopoioÔn ton orismì kai to sÔnolì tou sumbol�zetai sun jwme DA.Oi p�nake auto� pa�zoun idia�tera shmantikì rìlo sta probl mata grammik sumplhrwmatikìthta, eurÔtera gnwst� w Linear Complementarity Problems

(LCP). JewroÔme to sÔsthma:
r = Ax − b,

r ≥ 0, x ≥ 0 kai xT r = 0.3



Gia to sÔsthma autì zhte�tai to di�nusma x pou ikanopoie� ti parap�nw sqè-sei, gia dosmèno b ∈ R
n kai A ∈ R

n,n. Idia�tera, apodeiknÔetai ìti gia b ≤ 0,to parap�nw sÔsthma èqei m�a kai mìno lÔsh an kai mìno an o A e�nai jeti-k� orismèno (upì thn ènnoia ìti yT Ay > 0, ∀y ∈ R
n\{0}). Oi pragmatiko�

H−p�nake me jetik� diag¸nia stoiqe�a apoteloÔn mia upokathgor�a twn je-tik� orismènwn pin�kwn. To prìblhma autì èqei efarmogè sthn eÔresh enì
Nash shme�ou isorrop�a enì paign�ou dÔo paikt¸n (bimatrix game) (Lemke[26℄, Cottle kai Dantzig [7℄), se arket� probl mata eleÔjerwn  /kai kinoÔme-nwn sunìrwn th mhqanik  reust¸n (Cryer [8℄) sta probl mata (grammikoÔkai) kurtoÔ tetragwnikoÔ programmatismoÔ (Mangasarian [31℄, Murty [32℄)kai se probl mata ekt�mhsh epilog¸n sthn Oikonom�a (Pantazopoulos [36℄,
Koulisianis kai Papatheodorou [25℄). Probl mata ìpw to parap�nw èqounepiluje� me th qr sh epanalhptik¸n mejìdwn apì tou Cryer [8℄, Mangasarian[30℄, Ahn [1℄ kai Pang [35℄.H ep�lush susthm�twn ìpw to (1.1), g�netai suqn� me th qr sh epa-nalhptik¸n mejìdwn prosèggish th lÔsh tou. Oi mèjodoi autè e�nai su-n jw idanikè gia meg�la kai arai� sust mata kai protim¸ntai sti peris-sìtere peript¸sei ant� twn �meswn mejìdwn, ìpw h apaloif  Gauss. Miatupik  epanalhptik  mèjodo perilamb�nei thn epilog  mia tuqa�a arqik prosèggish x(0) th lÔsh x tou (1.1) kai ton kajorismì mia akolouj�a
x(0), x(1), x(2), x(3), . . . , me b�sh k�poio sugkekrimèno algìrijmo, o opo�o,an h mèjodo epilege� kat�llhla, ja sugkl�nei sthn akrib  lÔsh tou (1.1).
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Eidikìtera, a jewr soume th legìmenh di�spash tou p�naka A se
A = M − N,me M èna mh-idiìmorfo p�naka. Tìte, to arqikì sÔsthma (1.1) gr�fetai iso-dÔnama sth morf 

Mx = Nx + b ⇔ x = M−1Nx + M−1bapì ìpou prokÔptei to akìloujo epanalhptikì sq ma
x(k+1) = M−1Nx(k) + M−1b, k = 0, 1, . . . ,  isodÔnama

x(k+1) = Tx(k) + c, k = 0, 1, . . . , (1.4)ìpou T = M−1N e�nai o epanalhptikì p�naka tou sq mato, c = M−1b kai
x(0) tuqa�a arqik  prosèggish th lÔsh x. Pollè forè jewroÔme ìti op�naka A gr�fetai w

A = D − L − U,ìpou D diag¸nio p�naka me diag¸nia stoiqe�a ta ant�stoiqa stoiqe�a tou p�-naka A, kai L kai U e�nai ant�stoiqa austhr� k�tw kai �nw trigwniko� p�nake.Profan¸ o parap�nw trìpo graf  tou A e�nai monadikì. Epilègontaepomènw gia p�naka M tou p�nake D, 1
ω
(D − ωL), me ω ∈ C\{0}, èqoumeant�stoiqa tou epanalhptikoÔ p�nake JA = D−1(L+U), th mejìdou Jacobikai Lω = (D−ωL)−1((1−ω)D+ωU) th mejìdou Diadoqik  Uperqal�rwsh(SOR), apì ìpou gia ω = 1 prokÔptei o epanalhptikì p�naka th mejìdou5



Gauss-Seidel L1 = (D − L)−1U . Oi parap�nw mèjodoi e�nai gnwstè w kla-sikè epanalhptikè mèjodoi. Gia th sÔgklish twn epanalhptik¸n mejìdwnapodeiknÔetai to ex :L mma 1.1. 'Estw A = M −N ∈ C
n,n me A kai M mh-idiìmorfou. Tìte, gia

T = M−1N kai c = M−1b, h epanalhpik  mèjodo (1.4) sugkl�nei sth lÔsh
x = A−1b tou arqikoÔ grammikoÔ sust mato (1.1) gia k�je x(0), an kai mìnoan, ρ(T ) < 1.IsqÔei ìti (Varga [41℄):Je¸rhma 1.2. Gia opoiod pote p�naka A ∈ C

n,n oi parak�tw prot�sei e�naiisodÔname:1. O p�naka sÔgkrish M(A) e�nai èna mh-idiìmorfo M−p�naka.2. Gia k�je B ∈ Ω(A) = {B ∈ C
n,n : M(B) = M(A)}

ρ(JB) ≤ ρ(|JB|) = ρ(JM(A)) < 1,ìpou |JB| sumbol�zei ton p�naka pou èqei stoiqe�a ta mètra twn ant�stoi-qwn stoiqe�wn tou JB
∗. Dhlad , h mèjodo Jacobi sugkl�nei gia k�je

B ∈ Ω(A).3. Gia k�je B ∈ Ω(A) kai 0 < ω < 2
1+ρ(|JB |)

ρ(Lω(B)) ≤ ωρ(|JB|) + |1 − ω| < 1.

∗Gia èna dosmèno p�naka A ∈ C
n,n or�zoume ton p�naka |A| = (|aij |) ∈ R

n,n.6



Dhlad , h mèjodo SOR sugkl�nei gia k�je B ∈ Ω(A) kai 0 < ω <

2
1+ρ(|JB |) .Ektì apì ti parap�nw mejìdou ìmw sugkl�nei kai h epanalhptik mèjodo AOR (  Epitaqumènh Mèjodo Uperqal�rwsh), h opo�a apotele� miadiparametrik  gen�keush th Jacobi kai th SOR kai apì thn opo�a oi klasikèepanalhptikè mèjodoi prokÔptoun san eidikè peript¸sei. Sugkekrimèna, giath sÔgklish th mejìdou, pou eis qjh apì ton Hadjidimos [15℄, èqei apodeiqje�to parak�tw apotèlesma (Basic Equivalence Theorem, Hadjidimos [16℄ †):Je¸rhma 1.3. Gia opoiod pote p�naka T ∈ C

n,n oi parak�tw prot�sei e�naiisodÔname:1. O p�naka sÔgkrish M(T ′) tou T ′ = I − T e�nai èna mh-idiìmorfo
M−p�naka.2. Gia k�je B ∈ Ω(T ), B′ = I − B

ρ(JB′) ≤ ρ(|JB′|) = ρ(JM(T ′)) < 1.3. Gia k�je B ∈ Ω(T ) kai 0 < ω < 2
1+ρ(JB′ )

ρ(Lω,B′) ≤ ωρ(|JB′|) + |1 − ω| < 1.

†Gia ti parekballìmene mejìdou twn klasik¸n mejìdwn, blèpe Hadjidimos kai Yeyios[18℄. 7



4. Gia k�je B ∈ Ω(T ) kai 0 < r < 2
1+ρ(|JB′ |)

ρ(Lr,r,B′) = ρ(Lr,B′) ≤ rρ(|JB′|) + |1 − r| < 1.5. Gia k�je B ∈ Ω(T ) kai 0 < r < 2
1+ρ(|JB′ |) , 0 < ω < 2r

1+ρ(|Lr,r,B′ |)

ρ(Lr,ω,B′) ≤ ω

r
ρ(|Lr,r,B′|) + |1 − ω

r
| < 1,ìpou o

Lr,ω,B′ = (D − rL)−1[(1 − ω)D + (ω − r)L + ωU ]e�nai o epanalhptikì p�naka th mejìdou AOR pou sundèetai me ton B′.Shme�wsh: O p�naka T tou parap�nw jewr mato e�nai o epanalhptikì p�na-ka tou sq mato (1.4) parat rhsh pou k�nei to apotèlesma autì genikìterotou ant�stoiqou th ergas�a [41℄.H qr sh tètoiwn epanalhptik¸n mejìdwn, idèa pou qronologe�tai tou-l�qiston apì ta mèsa tou 19ou ai¸na, èqei to pleonèkthma ìti o p�naka Ade diaforopoie�tai kat� th di�rkeia twn epanal yewn. 'Etsi, to prìblhma thsuss¸reush twn sfalm�twn stroggÔleush e�nai ligìtero sobarì gia timejìdou autè apì ì,ti e�nai gia ti �mese mejìdou, ìpou o p�naka meta-b�lletai kat� th diadikas�a th ep�lush tou grammikoÔ sust mato.'Opw f�nhke kai apì ta parap�nw h gn¸sh ìti èna p�naka A ∈ C
n,n e�nai

H−p�naka exasfal�zei ìti epanalhptikè mèjodoi, ìpw oi proanaferje�se,
8



èqoun elkustikè idiìthte sÔgklish. Gia to lìgo autì prot�jhkan kat� kai-roÔ di�fora krit ria, �mesa kai epanalhptik� gia thn anagn¸rish th idiì-thta tou H−p�naka se èna dojènta p�naka A ∈ C
n,n. Sthn pleioyhf�a touta krit ria aut� e�nai epanalhptik� (blèpe, p.q., ti ergas�e [19℄ twn Hara-

da, Usui kai Niki , [29℄ twn Li, Li, Harada, Niki kai Tsatsomeros, [24℄ twn
Kohno, Niki, Sawami kai Gao, [27℄ tou Li, [33℄ twn Ojiro, Niki kai Usui, [17℄tou Hadjidimos kai [9℄ twn Cvetković kai Kostić) giat� ta �mesa (blèpe, p.q.,[13℄ twn Gao kai Wang, [22℄ Huang, [14℄ twn Gao kai Wang, [12℄ twn Gankai Huang) èqoun uyhlè upologistikè poluplokìthte. Sto shme�o autì japrèpei na anaferje� ìti to mìno krit rio pou ekmetalleÔetai thn araiìthtatou A, sunhjismènh per�ptwsh sti perissìtere efarmogè, e�nai autì pouprote�netai sto [17℄, ìpou anaptÔqjhke mia epèktash th teqnik  sumpagoÔkatatom  (profile) th ergas�a [23℄ twn Kincaid, Repress, Young kai Grimes.Sto Kef�laio 2 parousi�zoume arqik� to epanalhptikì krit rio pouperilamb�netai sthn ergas�a [29℄, to opo�o, w to pio oloklhrwmèno kai majh-matik� tekmhriwmèno se sqèsh me ta �lla kat� kairoÔ protajènta, apotèleseto ènausma gia peraitèrw melèth kai èreuna gia thn eÔresh enì epanalhptikoÔkrithr�ou pou ja kalÔptei ìso to dunatì pio genikè peript¸sei anagn¸rish
H−pin�kwn. Epiplèon, parousi�zetai kai to epanalhptikì krit rio to opo�olamb�nei upìyh th dom  tou arqikoÔ p�naka th ergas�a [17℄ kaj¸ kai tabasik� sumper�smat� th. Sth sunèqeia d�netai to krit rio th ergas�a [29℄
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w tÔpou Jacobi Epan�lhyh‡ (se ant�jesh me autì th [17℄ to opo�o kajor�-zetai w tÔpou Gauss-Seidel Epan�lhyh (Qwr� Od ghsh)§). AkoloÔjw, meb�sh ta duo prohgoÔmena krit ria d�netai èna nèo epanalhptikì krit rio tÔpou
Gauss-Seidel me Merik  Od ghsh ¶ gia H− kai mh−H−p�nake, to opo�oapodeiknÔetai ìti sugkl�nei toul�qiston tìso gr gora ìso kai to epanalhpti-kì krit rio Gauss-Seidel (Qwr� Od ghsh) th ergas�a [17℄.Sthn arq  tou Kef�laio 3 parat�jentai oi trei algìrijmoi twn erga-si¸n [29℄, [27℄ kai [33℄, pou sumbol�zontai me H, L kai B

‖ , ant�stoiqa, apììpou me th bo jeia orismènwn paradeigm�twn, kaj�statai fanerì ìti up�rqounpeript¸sei ìpou oi algìrijmoi L kai B den mpore� na termat�zontai se pepe-rasmèno arijmì epanal yewn, ìpw autì e�qe isquriste� apì tou suggrafe�twn ant�stoiqwn ergasi¸n. En suneqe�a, kai me b�sh th jewr�a pou anaptÔs-setai sto Kef�laio 3 d�netai èna nèo, tÔpou Jacobi, epanalhptikì krit rio giathn anagn¸rish H−pin�kwn (Algìrijmo AH), apì ta arqik� twn lèxewn Al-

gorithm kai H−matrix, se yeudok¸dika kai apodeiknÔetai sÔgklish tou seèna peperasmèno arijmì bhm�twn gia mh-anag¸gimou p�nake, ektì apìmia polÔ eidik  per�ptwsh. Upenjum�zetai ìti:Orismì 1.3. 'Ena p�naka A ∈ C
n,n lègetai anag¸gimo an up�rqei èna

‡ènnoia th opo�a h shmas�a ja doje� sth sunèqeia
§ènnoia th opo�a h shmas�a ja doje� sth sunèqeia
¶ènnoia th opo�a h shmas�a ja doje� sth sunèqeia
‖Ja prèpei na shmeiwje� ìti oi sumbolismo� H kai B dìjhkan apì tou suggrafe� twnant�stoiqwn ergasi¸n en¸ o sumbolismì L apì em�.10



p�naka met�jesh P ∈ R
n,n tètoio ¸ste
PAP T =

[
A11 A12

O A22

]
,ìpou A11 ∈ C

r,r, 1 ≤ r ≤ n − 1, kai O ∈ C
n−r,r e�nai o mhdenikì p�naka. Anèna tètoio metajetikì p�naka den up�rqei o A lègetai mh-anag¸gimo.Sto Kef�laio 4 parousi�zetai èna nèo Algìrijmo pou apotele� epè-ktash tou Algor�jmou AH tou Kefala�ou 3 (kai pou perièqetai sthn ergas�a[2℄ twn A. kai Hadjidimos) ¸ste na kalÔyei epiplèon thn anag¸gimh per�ptw-sh. Gia to skopì autì, exet�zetai pl rw h efarmog  tou Algor�jmou AHsth 2×2 block anag ģimh per�ptwsh kai akoloÔjw me th bo jeia th sundua-stik  jewr�a pin�kwn melet�tai h genik  p × p block anag ģimh per�ptwshme efarmog  tou Algor�jmou AH. Apì thn parap�nw an�lush prokÔptei tonèo tÔpou Jacobi epanalhptikì krit rio gia thn anagn¸rish H−pin�kwn seyeudok¸dika (Algìrijmo AH2), o opo�o se ant�jesh me ton Algìrijmo AHeggu�tai thn anagn¸rish twn H− kai mh−H−pin�kwn kaj¸ kai th sÔgkli-s  tou se peperasmèno arijmì epanal yewn gia ìlou tou anag ģimou (kaimh-anag ģimou) p�nake. Shmei¸netai tèlo ìti ìloi oi parap�nw eisaqjèntealgìrijmoi ulopoioÔntai mèsw ant�stoiqwn Matlab sunart sewn kai efarmì-zontai se m�a plhj¸ra arijmhtik¸n paradeigm�twn ¸ste na kataste� faner  heurÔthta twn peript¸sewn pin�kwn pou kalÔptoun.Ja prèpei na shmeiwje� ìti an kai oi Algìrijmoi AH kai AH2 parou-si�zontai w tÔpou Jacobi, e�nai aplì na dojoÔn e�te w tÔpou Gauss-Seidel(Qwr� Od ghsh) e�te, akìmh, w Gauss-Seidel me Merik  Od ghsh. Epiplèon11



shmei¸netai ìti sta Kef�laia 3 kai 4 de ma apasqole� h araiìthta twn pin�-kwn h opo�a eÔkola mpore� na ulopoihje� me b�sh th jewr�a tou Kefala�ou 2kai na exetaste� sthn pr�xh gia to poia apì ìla ta èxi dunat� Epanalhptik�Krit ria tou Algor�jmou AH2 e�nai dunatìn na sunist�tai sti efarmogè.

12



Kef�laio 2O Algìrijmo H kai oi ProteinìmeneParallagè tou
2.1 O Algìrijmo HPrin proqwr soume sta epanalhptik� krit ria pou prìkeitai na pro-te�noume kai ta opo�a ekmetalleÔontai thn araiìthta tou dosmènou p�naka,parajètoume to epanalhptikì krit rio th ergas�a [29℄ (Algìrijmo H) ka-j¸ kai ta basik� apotelèsmata th ergas�a aut .'Eqonta upìyh ton Orismì 1.2, basikì stìqo th ergas�a [29℄  tan naprotaje� algìrijmo o opo�o ja anagn¸rize ton H−qarakt ra enì p�naka
A ∈ C

n,n efìson o p�naka A  tan H−p�naka. 'Opw e�nai  dh gnwstì, to nae�nai èna p�naka A H−p�naka e�nai isodÔnamo me thn Ôparxh enì jetikoÔdiag¸niou p�naka D (apì tou �peirou se pl jo D ∈ DA tou OrismoÔ 1.2)tètoio ¸ste o AD na e�nai kat� grammè austhr� diag¸nia upèrtero kai an-t�strofa.Akolouj¸nta ton algìrijmo H sthn per�ptwsh pou autì termat�zetai, o p�-naka D mpore� na kataskeuaste� apì èna peperasmèno ginìmeno apì jetikoÔdiag¸niou p�nake
13



D(k), k = 0, 1, 2, . . . , D(0) = I. (2.1)Gia lìgou sumbolismoÔ jètoume epiplèon
A(k) = A(k−1)D(k−1), k = 1, 2, . . . , A(0) = A. (2.2)Gia thn kalÔterh katanìhsh tou krithr�ou e�nai anagka�a h eisagwg  epiplèonorism¸n kai sumbolism¸n. Eidikìtera:'Estw N := {1, 2, . . . , n} kai

s
(k)
i =

n∑

j=1, j 6=i

|a(k)
ij |, i = 1(1)n, k = 0, 1, 2, . . . . (2.3)'Estw ep�sh

N
(k)
1 ≡ N1(A

(k)) =
{

i ∈ N : |a(k)
ii | > s

(k)
i

}
, (2.4)kai n

(k)
1 := n1(A

(k)) na sumbol�zei to pl jo twn stoiqe�wn tou.
Algìrijmo H.EISODOS: 'Ena p�naka A := [aij] ∈ C

n,n kai opoiod pote ε > 0.EXODOS: D = D(0)D(1) · · ·D(k) ∈ DA an o A e�nai H−p�naka.1. An aii = 0 gia k�poio i ∈ N   N1(A) = ∅, “o A den e�nai H−p�naka” ,TELOS; Alli¸2. Jèse A(0) = A, D(0) = I, k = 13. Upolìgise A(k) = A(k−1)D(k−1) = [a
(k)
ij ]4. Upolìgise s

(k)
i =

∑n

j=1, j 6=i |a
(k)
ij |, i = 1(1)n, Enhmèrwse N

(k)
1 kai n

(k)
114



5. An n
(k)
1 = n, “o A e�nai H−p�naka” , TELOS; Alli¸6. Jèse d = [di], ìpou

di =





s
(k)
i +ε

|a(k)
ii |+ε

, an i ∈ N
(k)
1

1, an i /∈ N
(k)
17. Jèse D(k) = diag(d), k = k + 1; P gaine sto B ma 3.H jewrhtik  b�sh gia thn efarmosimìthta tou Algor�jmou H w kri-thr�ou gia tou H−p�nake exasfal�zetai apì to je¸rhma kai ta l mmata pouakoloujoÔn (blèpe analutik� [29℄).Je¸rhma 2.1. O p�naka A ∈ C

n,n e�nai èna H−p�naka an kai mìno ano Algor�jmo H termat�zetai met� apì èna peperasmèno arijmì epanal yewndhmiourg¸nta ènan austhr� diag¸nia upèrtero p�naka.L mma 2.2. O Algor�jmo H e�te termat�zetai e�te par�gei mia �peirh ako-louj�a apì diakritoÔ p�nake {A(k) = (a
(k)
ij )}, tètoioi ¸ste to limk→∞ |a(k)

ij |, naup�rqei gia ìla ta i, j ∈ N.L mma 2.3. An o Algor�jmo H par�gei thn �peirh akolouj�a twn pin�kwn
{A(k) = (a

(k)
ij )}, tìte gia k�je i ∈ N

(k)
1 ,

lim
k→∞

[|a(k)
ii | − si(A

(k))] = 0.Shmei¸sei: 1) O Algìrijmo H mpore� na qarakthriste� w tÔpou Jaco-

bi ki autì giat� ta stoiqe�a th k epan�lhyh e�nai sunart sei twn stoiqe�wnth prohgoÔmenh epan�lhyh k−1 kai mìno. 2) O Algìrijmo H de lamb�neiidia�terh prìnoia gia thn per�ptwsh ìpou o p�naka A e�nai araiì.15



2.2 Algìrijmo tÔpou Gauss-Seidel gia araioÔ p�nakeH meg�lh pleioyhf�a twn epanalhptik¸n krithr�wn upojètei, qwr� nadieukrin�zei eujèw, ìti o arqikì p�naka pou jewroÔn e�nai puknì. 'Omw,sti perissìtere efarmogè oi p�nake pou apant¸ntai e�nai meg�loi kai araio�,gegonì pou prèpei na lhfje� upìyh ¸ste na apofeuqjoÔn h apoj keush kaioi upologismo� me mhdenik� stoiqe�a tou p�naka. Autì mpore� na epiteuqje� meikanopoihtikì trìpo an uiojethje� h teqnik  sumpagoÔ katatom  (profile),pou èqei eisaqje� sthn ergas�a [23℄. Sthn ergas�a [17℄ eis qjhsan, me b�shthn [29℄, ta dÔo stoiqe�a pou anafèrjhkan sti Shmei¸sei th prohgoÔmenhparagr�fou. Dhlad , afenì dìjhke m�a parallag  tou Algor�jmou H ¸steautì na qrhsimopoie� sthn k epan�lhyh ìla ta diajèsima stoiqe�a th proh-goÔmenh k − 1 epan�lhyh kaj¸ kai th trèqousa (k) (Algìrijmo tÔpou
Gauss-Seidel) kai afetèrou na epekte�nei thn teqnik  th sumpagoÔ katatom ¸ste na e�nai kat�llhlo gia araioÔ p�nake. Epiplèon, apode�qjhke ìti sthnper�ptwsh twn H−pin�kwn o Algìrijmo th ergas�a [17℄ e�nai toul�qistontìso taqÔ ìso kai o Algìrijmo H.Se èna krit rio epanalhptik  mejìdou ìpw aut� th ergas�a [29℄   th [17℄isqÔei h akìloujh prìtash.Je¸rhma 2.4. JewroÔme ton p�naka A ∈ C

n,n. O algìrijmo th ergas�a[29℄ (kai th [17℄), ektì apì ti peript¸sei aii = 0 gia k�poia i ∈ {1, 2, . . . , n}  N1(A) = ∅, termat�zetai met� apì ènan peperasmèno arijmì epanal yewn ankai mìno an o A e�nai èna H−p�naka par�gonta èna jetikì diag¸nio p�naka
D ∈ DA. 16



2.3 Krit rio Merik  Od ghsh Gauss-SeidelH an�lush tou parìnto kefala�ou bas�zetai kur�w p�nw sta apote-lèsmata twn ergasi¸n [29℄ kai [17℄, ìpw ton�sthke; h an�lush kai ta sqìliap�nw stou Algor�jmou twn ergasi¸n [24℄ kai [33℄ kai ston algìrijmo thergas�a [27℄ ja akolouj soun.Efex  ja qrhsimopoioÔme ton ìro Jacobi Epan�lhyh (Krit rio) giana ekfr�zoume ìti ìla ta diag¸nia stoiqe�a tou p�naka D(k) or�zontai apì tastoiqe�a tou A(k−1) mìnon. An o D(k) or�zetai apì ta stoiqe�a kai tou A(k−1)kai tou A(k), ta opo�a èqoun breje� kat� thn trèqousa (koστη) epan�lhyh,tìte ja qrhsimopoioÔme thn èkfrash Gauss-Seidel Epan�lhyh (Krit rio). Oìro Gauss-Sedel meMerik  Od ghsh ja qrhsimopoie�tai ìtan sthn arq  k�je
koστης epan�lhyh oi pr¸te n

(k−1)
1 grammè kai st le tou A(k−1) katalamb�-nontai apì stoiqe�a gia ta opo�a h austhr  anisìthta sth (2.4) isqÔei.Up' aut nthn ènnoia, to krit rio sthn ergas�a [29℄ e�nai dunatì na ekfraste� w JacobiEpan�lhyh, en antijèsei me autì sth [17℄ to opo�o kajor�zetai w Gauss-SeidelEpan�lhyh (Qwr� Od ghsh), ant�stoiqa.Up�rqei akìma mia diafor� an�mesa stou duo algor�jmou sti er-gas�e [29℄ kai [17℄. O pr¸to sqedi�sthke gia puknoÔ p�nake qwr� kam�aprìbleyh ìson afor� thn araiìthta en¸ o deÔtero sqedi�sthke akrib¸ giaaraioÔ p�nake, apofeÔgonta ètsi pr�xei me mhdenik� stoiqe�a. E�nai ep�shqarakthristikì ìti e�nai kat�llhlo kai gia puknoÔ p�nake. 'Ena apì toubasikoÔ stìqou autoÔ to kefala�ou e�nai kai h an�ptuxh EpektetamènwnSumpag¸n Metwpik¸n (Extended Compact Profile) Epanalhptik¸n Krithr�wn17



gia H−p�nake, kai gia mia kathgor�a mh−H−pin�kwn, kai gia ta tr�a proa-naferjènta epanalhptika krit ria.Gia ton Algìrijmo H th ergas�a [29℄ jewroÔme
s
(k)
i = si(A

(k)) =
n∑

j=1, j 6=i

|a(k)
ij |, i = 1(1)n, k = 0, 1, 2, . . . ,kai ìla ta ri(A

(k)) phl�ka or�zontai apì ti ekfr�sei
ri(A

(k)) =
si(A

(k−1)) + ε

|a(k−1)
ii | + ε

(< 1), i ∈ N
(k−1)
1 , k = 1, 2, 3, . . . ,ìpou ε e�nai mia “mikr ” jetik  stajer�. Sth sunèqeia, k�je phl�ko ri(A

(k)), i ∈

N
(k−1)
1 , pollaplasi�zei ta stoiqe�a th ant�stoiqh ioστης st lh tou A(k−1) giana sqhmatiste� o A(k). Sugkekrimèna,

a
(k)
ji = ri(A

(k))a
(k−1)
ji , i ∈ N

(k−1)
1 , j = 1(1)n.Epomènw, o p�naka D(k) th (2.1) e�nai o monadia�o p�naka me th diafor�ìti oi ioστες mon�de, me i ∈ N

(k−1)
1 , antikaj�stantai apì ta stoiqe�a

d
(k)
ii = ri(A

(k)), i ∈ N
(k−1)
1 .Apì thn �llh meri� o Algìrijmo th ergas�a [17℄ suneq�zetai k�pwdiaforetik�. Gia na antistoiqe� o sumbolismì ma me autìn sthn [29℄, prèpeina all�xoume el�qista autìn th [17℄. K�je epan�lhyh k = 1, 2, 3, . . . , lègetaiexwterik  epan�lhyh kai h antimet¸pish k�je gramm  (kai th ant�stoiqhst lh) tou A(k−1), gia i = 1(1)n, jewre�tai w mia eswterik  epan�lhyh.Met� apì thn olokl rwsh th ioστης eswterik  epan�lhyh th koστης exwte-rik , ìle oi prohgoÔmene posìthte qarakthr�zontai apì to zeÔgo (k, i).18



Opìte, gia k�je k = 1, 2, 3, . . . , o jetikì diag¸nio p�naka D(k,i) kai o p�naka
A(k,i) or�zontai w ex :

D(k,i) = D(k,i−1)D
(k,i)
i , i = 1(1)n, D(k,0) = I, D(k,n) = D(k)ìpou D

(k,i)
i e�nai o monadia�o p�naka ektì apì thn iost  jèsh i ∈ N

(k,i−1)
1 ,pou d�netai apì to lìgo

d
(k,i)
ii = r(A(k,i)) =

si(A
(k,i−1)) + ε

|a(k,i−1)
ii | + ε

, an i ∈ N
(k,i−1)
1 .E�nai loipìn fanerì ìti oi p�nake A(k,i) mporoÔn na oristoÔn me arketoÔtrìpou. Gia par�deigma,

A(k,i) = A(k−1)D(k,i) = A(k−1)D(k,i−1)D
(k,i)
i = A(k,i−1)D

(k,i)
i , ...kai

A(k,0) = A(k−1), A(0) = A, A(k,n) = A(k).O Algìrijmo sthn ergas�a [17℄ sugkl�nei toul�qiston tìso gr goraìso kai o Algìrijmo H sthn [29℄. H apìdeixh, h opo�a de d�netai pl rw sth[17℄, akolouje� sto epìmeno je¸rhma.Je¸rhma 2.5. K�tw apì ti pro�pojèsei tou Jewr mato 2.4 kai tou sumbo-lismoÔ pou jewr same, o Algìrijmo th ergas�a [17℄ sugkl�nei toul�qistontìso gr gora ìso kai o Algìrijmo H, pou parousi�sthke sthn [29℄. Epiplèon,o Algìrijmo th [17℄ termat�zetai se peperasmèno arijmì epanal yewn an kaimìnon an o p�naka A e�nai èna H−p�naka, opìte par�gei èna jetikì diag¸niop�naka D ∈ DA. 19



Apìdeixh. Upojètoume ìti gia k�poio k, o A(k) tou Algìrijmou H sthn [29℄e�nai tautotik� o �dio me ton A(k) = A(k,n) th ergas�a [17℄, efex  A
(k)
J kai

A
(k)
GS, ant�stoiqa, ètsi ¸ste

a
(k)
ij,J = a

(k)
ij,GS, i, j = 1(1)n,to opo�o isqÔei toul�qiston gia k = 0, kai ìle oi posìthte pou sqet�-zontai me tou p�nake autoÔ ja e�nai tautotik� oi �die. 'Estw ìti i1, i2 ∈

N
(k)
1,J

(
≡ N

(k)
1,GS

) e�nai ta mikrìtera diadoqik� i, me 1 ≤ i1 < i2 ≤ n, gia taopo�a a
(k)
i2i1,J

(
= a

(k)
i2i1,GS

)
6= 0. (Parat rhsh: H per�ptwsh n

(k)
1,J = 1 ja exeta-ste� afoÔ oloklhrwje� h per�ptwsh n

(k)
1,J ≥ 2.) Tìte, sto tèlo th (k+1)oστης

Jacobi Epan�lhyh ta stoiqe�a th ioστης
1 kai ioστης

2 st lh tou A
(k+1)
J ja e�nai

a
(k+1)
ji,J = a

(k)
ji,J ri(A

(k+1)
J ), ri(A

(k+1)
J ) =

si(A
(k)
J ) + ε

|a(k)
ii,J | + ε

(< 1), j = 1(1)n, i = i1, i2.Gia thn Gauss-Seidel Epan�lhyh met� thn ioστη
1 eswterik  epan�lhyh ta stoi-qe�a th ioστης

1 st lh e�nai akrib¸ ta �dia me ta ant�stoiqa th Jacobi Epan�-lhyh prohgoumènw, dhlad 
a

(k+1,i1)
ji1,GS = a

(k+1,i1−1)
ji1,GS ri1(A

(k+1,i1)
GS ), j = 1(1)n,ìpou

a
(k+1,i1)
ji1,GS = a

(k+1)
ji1,J , ri1(A

(k+1,i1)
GS ) = ri1(A

(k+1)
J ).Ant�jeta, ta stoiqe�a th ioστης

2 st lh all�zoun diìti to stoiqe�o sthn (i2, i1)jèsh tou A
(k+1,i1)
GS èqei all�xei. To gegonì autì or�zei ti posìthte si2 kai

ri2 w
si2(A

(k+1,i2−1)
GS ) = si2(A

(k+1,i1)
GS ) = si2(A

(k+1,i1−1)
GS ) − |a(k+1,i1−1)

i2i1,GS | + |a(k+1,i1)
i2i1,GS |,

ri2(A
(k+1,i2)
GS ) =

si2
(A

(k+1,i2−1)
GS

)+ǫ

|a(k+1,i2−1)
i2i2,GS

|+ǫ
.20



'Ara |a(k+1,i1)
i2i1,GS | < |a(k+1,i1−1)

i2i1,GS | kai
si2(A

(k+1)
J ) = si2(A

(k+1,i1)
GS ) = si2(A

(k+1,i2−1)
GS ) < si2(A

(k)
J )apì ìpou prokÔptei ìti ri2(A

(k+1,i2)
GS ) < ri2(A

(k+1)
J ). Epomènw oi apìlute ti-mè ìlwn twn mh mhdenik¸n stoiqe�wn th ioστης
2 st lh tou A

(k+1,i2)
GS ja e�-nai austhr� mikrìtere apì ti apìlute timè twn ant�stoiqwn stoiqe�wn tou

A
(k+1)
J . (Parat rhsh: Sthn per�ptwsh th Gauss-Seidel Epan�lhyh, suneq�-zonta apì thn ioστη

1 eswterik  epan�lhyh sthn ioστη
2 , an sunant�me èna de�kth

i′ ∈ (i1, i2) tètoion ¸ste n
(k+1,i′)
1,GS = n

(k+1,i1)
1,GS + 1, tìte o i′ pa�zei to rìlo tou i2k.lp.) Epomènw,

N
(k+1)
1,J ⊆ N

(k+1)
1,GS kai n

(k+1)
1,J ≤ n

(k+1)
1,GS .An n

(k)
1,J = 1 kai i1 e�nai o de�kth th gramm  gia ton opo�o h austhr  anisìth-ta sth (2.4) isqÔei, tìte met� thn ektèlesh th ioστης

1 eswterik  epan�lhyhth (k + 1)oστης exwterik  th Gauss-Seidel Epan�lhyh h kat�stash ja e�-nai h �dia ìpw prin. Opìte prokÔptoun duo peript¸sei: a) Kami� apì tiepakìlouje grammè den ikanopoie� thn anisìthta sth (2.4). Profan¸ sthnper�ptwsh aut , sto tèlo th (k + 1)oστης exwterik  epan�lhyh ja isqÔoun
A

(k+1)
GS = A

(k+1)
J , kai N

(k+1)
1,J ≡ N

(k+1)
1,GS . b) Toul�qiston mia epakìloujh gram-m  ikanopoie� th (2.4). Tìte, sumbol�zoume me i2 to mikrìtero de�kth aut th gramm . 'Opw e�nai fanerì briskìmaste xan� sth per�ptwsh, ìpw aut pou exet�same sthn arq  th apìdeixh.To Krit rioMerik  Od ghsh Gauss-Seidel akolouje� to pneÔma touprohgoÔmenou krithr�ou th Gauss-Seidel, sto opo�o enswmat¸netai h idèa th21



merik  od ghsh th klasik  apaloif  tou Gauss. Sugkekrimèna, jewroÔ-me ìti ìle oi n1(A) grammè pou ikanopoioÔn thn anisìthta sth (2.4), kaiantistoiqoÔn stou de�kte
1 ≤ i1 < i2 < · · · < in1,PPGS ≤ nkai oi ant�stoiqe st le tou, antimetat�jentai me skopì na katal�boun tipr¸te n

(1,0)
1,PPGS ≡ n1,PPGS jèsei. Ston prohgoÔmeno sumbolismì qrhsimo-poioÔme to epiprìsjeto sÔmbolo PP katadeiknÔonta me to trìpo autì thMerik  Od ghsh (Partial Pivoting).Oi di�fore enallagè pou qrei�zetai na g�noun, katagr�fontai ìpwkai sthn per�ptwsh th Merik  Od ghsh sth klasik  Apaloif  tou Gauss,se èna n−di�stato di�nusma, pou kaloÔme index. Autì ulopoie�tai w ex :Sthn arq  o index(A) perièqei sti n jèsei tou tou arijmoÔ apì 1 èw

n se aÔxousa seir�. Sth sunèqeia kai pr�n ekteleste� h pr¸th exwterik epan�lhyh, oi arijmo� i1, i2, . . . , i
(1,0)
n1,PPGS antimetat�jentai me tou arijmoÔ

1(1)n
(1,0)
1,PPGS, ant�stoiqa, ètsi ¸ste oi pr¸toi na katalamb�noun ti n

(1,0)
1,PPGSpr¸te jèsei tou dianÔsmato autoÔ. H pr¸th eswterik  epan�lhyh epexer-g�zetai thn i1 gramm  (kai st lh) tou p�naka, h opo�a br�sketai t¸ra sth pr¸thjèsh tou index

(1,0)
PPGS . A upojèsoume ìti kat� thn olokl rwsh th pr¸theswterik  epan�lhyh br�sketai èna de�kth j

(
∈/N (1,0)

1,PPGS

) na ikanopoie�thn |a(1,i1)
jj,PPGS| >

∑n

l=1, l 6=j |a
(1,i1)
lj,PPGS|. O de�kth autì j antimetat�jetai me tonant�stoiqo sthn n

(1,0)
1,PPGS +1 jèsh tou dianÔsmato index

(1,0)
PPGS to opo�o meto-nom�zetai se index

(1,1)
PPGS. To pl jo n

(1,0)
1,PPGS aux�netai kat� èna, o arijmì22



j enswmat¸netai sto sÔnolo N
(1,0)
1,PPGS, kai oi duo posìthte metonom�zontaikat�llhla. (Parat rhsh: An broÔme perissìterou tou enì de�kte, èstw

r, pou ikanopoioÔn th (2.4) tìte auto� oi r de�kte antimetat�jentai kat�llh-la, ètsi ¸ste na katal�boun ti epìmene r jèsei sto index
(1,1)
PPGS di�nusma.)Profan¸, an j > i1 h mèjodo de diafèrei ousiastik� apì thn Gauss-SeidelEpan�lhyh, diìti kai oi duo epexerg�zontai th gramm  (kai st lh) j kat� thdi�rkeia th pr¸th exwterik  epan�lhyh. Parìla aut�, an j < i1 h Gauss-

Seidel Epan�lhyh th ergas�a [17℄ epexerg�zetai th gramm  (kai st lh) jsth deÔterh exwterik  epan�lhyh en¸ h Gauss-Seidel Epan�lhyh me Meri-k  Od ghsh pr�gmati epexerg�zetai th gramm  aut  sthn pr¸th exwterik epan�lhyh. To gegonì autì èqei to profanè pleonèkthma th aÔxhsh thtaqÔthta sÔgklish an� epan�lhyh epeid  met� thn olokl rwsh twn pr¸twneswterik¸n epanal yewn kai sti duo mejìdou èqoume
N

(1,i1)
1,GS ⊆ N

(1,1)
1,PPGS kai n

(1,i1)
1,GS ≤ n

(1,1)
1,PPGS.Sth sunèqeia, mia parìmoia ergas�a pragmatopoie�tai me th deÔterh eswterik epan�lhyh me to de�kth i2 èw ìtou pragmatopoihje� kai h teleuta�a eswterik epan�lhyh pou antistoiqe� ston teleuta�o nèo de�kth pou èqei apojhkeute� sto,pijanìn nèo, index

(1,n1)
PPGS di�nusma. Akolouj¸nta th mèjodo th Merik Od ghsh èqoume met� to tèlo th pr¸th exwterik  epan�lhyh ìti

N
(1,n)
1,GS ⊆ N

(1,n)
1,PPGS kai n

(1,n)
1,GS ≤ n

(1,n)
1,PPGS.Epagwgik�, oi parap�nw sqèsei isqÔoun an o �nw de�kth 1 antikatastaje�apì opoiod pote k ≥ 1. Epomènw mìli apode�xame to akìloujo Je¸rhma:23



Je¸rhma 2.6. K�tw apì ti upojèsei tou Jewr mato 2.5 kai sÔmfwna metou sumbolismoÔ pou eis qjhsan isqÔei ìti to Krit rio Merik  Od ghsh
Gauss-Seidel sugkl�nei toul�qiston tìso gr gora ìso kai to ant�stoiqo th
Gauss-Seidel. Epiplèon o ant�stoiqo Algìrijmo termat�zetai se peperasmènoarijmì epanal yewn an kai mìno an o A e�nai èna H−p�naka, kai par�gei ènajetikì p�naka D ∈ DA.Sti duo epìmene paragr�fou ja asqolhjoÔme me ton trìpo prosdio-rismoÔ enì H−p�naka. O prosdiorismì enì mh−H−p�naka ja doje� amèswmet�.2.4 Oi Trei Epanalhptiko� AlgìrijmoiSthn prohgoÔmenh par�grafo, kai sugkekrimèna sta Jewr mata 2.5kai 2.6, de�xame ìti o Algìrijmo th Gauss-Seidel sugkl�nei grhgorìtera an�epan�lhyh apì ton ant�stoiqo th Jacobi kai o Algìrijmo th Gauss-Seidelme Merik  Od ghsh grhgorìtera apì autìn th Gauss-Seidel. Sto upìloipoth paragr�fou ja perigr�youme ta tr�a mèrh twn Algor�jmwn Jacobi, Gauss-

Seidel kai Merik  Od ghsh Gauss-Seidel, ìpou ta duo pr¸ta mèrh e�nai koin�kai gia tou tre�. Gia to lìgo autì oi kÔrie diaforè tou diakr�nontaisto tr�to mèro. Pro to parìn ja epikentrwjoÔme sto er¸thma pìte ènadosmèno p�naka A ∈ C
n,n e�nai èna H−p�naka. Se genikè grammè, jaakolouj soume thn kÔria idèa p�sw apì ton Algìrijmo H th ergas�a [29℄,ìpou shmei¸netai ìti oi Algìrijmoi sti ergas�e [24℄, [27℄ kai [33℄ e�nai sqedìnsthn �dia logik . Ja prèpei ep�sh na shmeiwje� ìti egkatale�poume, pro to24



parìn, thn idèa th ekmet�lleush opoiasd pote araiìthta. To jèma autì jaepexergastoÔme sthn epìmenh par�grafo ìpou kai ja anaptuqje� peraitèrw hkÔria idèa th [17℄.MEROS IGia i = 1(1)n k�neAn aii = 0 tìte “o A DEN e�nai H−p�naka”: TELOS.tèloAntèloGiaP gaine MEROS IIMEROS II
n1 = 0Gia i = 1(1)n k�neUpolìgise si =

∑
j 6=i |aij|An |aii| > si tìte n1 = n1 + 1tèloAntèloGiaAn n1 = n tìte “o A EINAI H−p�naka”: TELOS.tèloAnAn n1 = 0 tìte “o A DEN e�nai H−p�naka”: TELOS.tèloAnP gaine MEROS III 25



MEROS III (tou Jacobi EpanalhptikoÔ Krithr�ou)Jèse diagi = 1, i = 1(1)n

N1 = ∅Gia i = 1(1)n k�neAn |aii| > si tìte N1 = N1 ∪ {i}tèloAntèloGiaGia k = 1(1)maxiter k�neGia i = 1(1)n k�neAn i ∈ N1 tìte Upolìgise di = si+ε
|aii|+ε

; diagi = diagidi; |aji| = |aji|di,

j = 1(1)ntèloAntèloGiaEnhmèrwse si, i = 1(1)nGia i = 1(1)n k�neAn i ∈/N1 tìteAn |aii| > si tìte n1 = n1 + 1; N1 = N1 ∪ {i}An n1 = n tìte “o A EINAI H−p�naka”: TELOS.tèloAntèloAntèloAntèloGiatèloGia 26



“Anapotelesmatikì: me�wse ε   aÔxhse maxiter”: TELOS.MEROS III (tou Krithr�ou Gauss − Seidel Epan�lhyh)Jèse diagi = 1, i = 1(1)n

N1 = ∅Gia i = 1(1)n k�neAn |aii| > si tìte N1 = N1 ∪ {i}tèloAntèloGiaGia k = 1(1)maxiter k�neGia i = 1(1)n k�neAn i ∈ N1 tìte Upolìgise di = si+ε
|aii|+ε

; diagi = diagidi; |aji| = |aji|di,

j = 1(1)nGia j = 1(1)n (kai j 6= i) k�neEnhmèrwse sj =
∑

l 6=j |ajl|An j ∈/N1 tìteAn |ajj| > sj tìte n1 = n1 + 1; N1 = N1 ∪ {j}An n1 = n tìte “o A EINAI H−p�naka”: TELOS.tèloAntèloAntèloAntèloGiatèloAn 27



tèloGiatèloGia
“Anapotelesmatikì: me�wse ε   aÔxhse maxiter”: TELOS.MEROS III (th Gauss − Seidel Epan�lhyh me Merik  Od ghsh)Jèse diagi = 1, i = 1(1)nJèse indexi = i, i = 1(1)nJèse l = 0Gia i = 1(1)n k�neAn |aii| > si tìte l = l + 1; 'Allaxe ta perieqìmena indexi kai indexltèloAntèloGiaGia k = 1(1)maxiter k�ne

i = 1Efìson i ≤ n1 k�ne
j = indexi; Upolìgise dj

sj+ε

|ajj |+ε
; diagj = diagjdj

|amj| = |amj|dj, m = 1(1)n

l = n1 + 1Gia m = l(1)n k�neJèse p =indexm; Enhmèrwse spAn |app| > sp tìte n1 = n1 + 1; N1 = N1 ∪ {p};'Allaxe ta perieqìmena indexn1 kai indexmAn n1 = n tìte “o A EINAI H−p�naka”: TELOS.28



tèloAntèloAntèloGia
i = i + 1tèloEfìsontèloGia

“Anapotelesmatikì: me�wse ε   aÔxhse maxiter ”: TELOS.Sthn epìmenh par�grafo parousi�zoume ti basikè idèe gia thn an�-ptuxh th Epektetamènh SumpagoÔ Metwpik  (Extended Compact Profile)Epanalhptik  Mejìdou (Krithr�ou) (kai eidikìtera) gia to Gauss-Seidel Epa-nalhptikì Krit rio (Algìrijmo) gia H−p�nake to opo�o kai ja apotelèseimia peraitèrw epèktash tou krithr�ou th ergas�a [17℄. Ja g�nei ep�sh fanerììti to krit rio autì e�nai kat�llhlo gia meg�lou kai araioÔ p�nake kai denèqei ta meionekt mata �llwn gnwst¸n mèqri s mera ant�stoiqwn mejìdwn.2.5 An�ptuxh AlgorijmikoÔ UlikoÔ'Opw anafèrame kai prohgoumènw h an�lush ma epekte�nei th mèjodoth ergas�a [17℄ h opo�a me th seir� th apotele� gen�keush th ant�stoiqhsthn ergas�a [23℄. Gia thn kalÔterh katanìhsh tou perieqomènou th para-gr�fou kai twn stoiqe�wn pou eis�gontai, aut� parat�jentai maz� me èna epe-xhghmatikì par�deigma. Gi' autì jewroÔme ènan p�naka A ∈ C
n,n me n = 5 memh-domhmènh mh-mhdenik  di�taxh twn stoiqe�wn tou. Sumbolik� autì pari-29



st�netai parak�tw sth morf  pou akolouje� ìpou ta mh-mhdenik� tou stoiqe�ashmei¸nontai me ×.
1 2 3 4 5

1 × ×
2 × × × ×
3 × ×
4 × × ×
5 × × × ×Katarq�, akolouj¸nta thn [23℄ dhmiourgoÔme tr�a dianÔsmata an�-loga me aut� th ergas�a aut . Oi basikè diaforè e�nai ìti jewroÔme tomètro twn mh-mhdenik¸n stoiqe�wn ant� twn �diwn twn stoiqe�wn kai ep�sh ìtita exet�zoume kat� st le ant� kat� grammè.'Estw, loipìn, A ∈ C

n,n èna dosmèno p�naka pou e�nai araiì kai èqei, engènei, mia mh-domhmènh di�taxh twn mhdenik¸n stoiqe�wn tou. Akolouj¸nta,kur�w thn ergas�a [17℄, jewroÔme, pèra twn tri¸n th ergas�a [23℄, ept�sunolik� dianÔsmata. Sugkekrimèna:
i) 'Ena di�nusma, to opo�o sumbol�zoume me ac, me stoiqe�a ti apìlute timètwn mh mhdenik¸n stoiqe�wn tou dosmènou p�naka, |aij| 6= 0, i, j = 1(1)n, wpro st lh me fusik  taxinìmhsh apì thn p�nw arister  w th k�tw dexi�gwn�a. 'Estw ìti nc e�nai to pl jo tou, to opo�o d�nei ep�sh kai to mègejotou dianÔsmato ac. 'Ara sthn per�ptwsh tou parap�nw p�naka nc = 15 kai todi�nusma ac ja e�nai to ex :

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
ac |a11| |a21| |a51| |a22| |a32| |a52| |a23| |a33| |a43| |a53| |a24| |a44| |a15| |a45| |a55|

.30



ii) 'Ena di�nusma iar megèjou nc, tou opo�ou k�je stoiqe�o e�nai tètoio ¸steo iari, i = 1(1)n, upodhl¸nei th st lh ìpou br�sketai to aci. 'Etsi, e�te apìton p�naka A   to di�nusma ac, to di�nusma iar ja e�nai to akìloujo:
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

iar 1 2 5 2 3 5 2 3 4 5 2 4 1 4 5
.

iii) 'Ena di�nusma ic megèjou n + 1 tou opo�ou k�je stoiqe�o kajor�-zei th jèsh sto di�nusma ac pou katalamb�netai apì to pr¸to mh mhdenikìstoiqe�o th ant�stoiqh st lh, me ic1 = 1 kai icn+1 = nc + 1. Profan¸, oidiaforè aci+1 − aci, i = 1(1)n, d�noun to pl jo twn mh mhdenik¸n stoiqe�wnsthn ioστη st lh tou A.Sthn per�ptwsh ma loipìn èqoume:
1 2 3 4 5 6

ic 1 4 7 11 13 16
.Apì to ic parap�nw, ic(3) = 7 upodhl¸nei ìti to pr¸to mh-mhdenikì stoiqe�oth 3h st lh tou A mpore� na breje� sto ac(7) kai, epiprìsjeta, epeid 

iar(7) = 2 upodhl¸nei ìti to stoiqe�o autì an kei sth 2h gramm  tou A. 'Etsito stoiqe�o |a23| e�nai ìntw to stoiqe�o ac(7). Epiplèon, apì to ic èqoume ìtigia i = 3, ic(4) − ic(3) = 11 − 7 = 4, dhl. ta mh-mhdenik� stoiqe�a th 3hst lh tou A e�nai tèssera. Ta mètra tou mporoÔn na brejoÔn sta ac(7),
ac(8), ac(9) kai ac(10), ant�stoiqa, kai ta stoiqe�a aut� an koun sti grammè
iar(7) = 2, iar(8) = 3, iar(9) = 4 kai iar(10) = 5 tou A. Aut� e�nai pr�gmatita stoiqe�a |a23|, |a33|, |a43| kai |a53|. 31



iv) 'Ena di�nusma idiagc megèjou n. H sunist¸sa idiagci, i = 1(1)n, or�zeith jèsh pou èqei to stoiqe�o |aii| an�mesa sti sunist¸se ici(1) ici+1−1, tou
ac   diaforetik� th jèsh pou èqei to |aii| sto tm ma tou ac pou perièqei tamh-mhdenik� stoiqe�a th ant�stoiqh st lh. Sugkekrimèna:

1 2 3 4 5
idiagc 1 1 2 2 3

.'Etsi, idiagc(4) = 2, upodhl¸nei ìti to 2o stoiqe�o metaxÔ twn sunistws¸n
ic(4) = 11 kai ic(5) − 1 = 13 − 1 = 12 tou ac e�nai to zhtoÔmeno diag¸niostoiqe�o. 'Etsi, to 2o stoiqe�o 12 uponoe� ìti to diag¸nio stoiqe�o |a44| e�nai h12h sunist¸sa tou ac.

v) 'Ena di�nusma sumr megèjou n, arqik� mhdenikì, tètoio ¸ste sumri,

i = 1(1)n, na perièqei to trèqon ∑n

j=1, j 6=i, |aij |6=0 |aij|. Sthn per�ptwsh ma todi�nusma sumr èqei n = 5 sunist¸sei kai e�nai arqik� to di�nusma:
1 2 3 4 5

sumr 0 0 0 0 0
.

vi) 'Ena di�nusma boole, me n sunist¸se, kajemi� oi opo�e lamb�noun timè
1   0. Eis�getai sto MEROS II   sthn arq  tou MEROUS III. Arqik�,oi sunist¸se t�jentai �se me ti timè 1   0 an�loga me to an h ant�stoiqhgramm  e�nai austhr� diag¸nia upèrterh   ìqi. Kat� th di�rkeia th ektèleshtou MEROUS III tou Algor�jmou, boolei = 1 an kai mìnon an |aii| >
∑n

j=1, j 6=i, |aij |6=0 |aij|. An o A e�nai èna H−p�naka ìla ta stoiqe�a tou èqountelik� thn tim  1. 32



Sthn per�ptws  ma to boole èqei n = 5 sunist¸se. An, gia par�deigma,austhr� diag¸nia upèrtere grammè e�nai h pr¸th, tr�th kai pèmpth gramm ,tìte to boole ja èqei th morf :
1 2 3 4 5

boole 1 0 1 0 1 .
vii) 'Ena di�nusma diag me n stoiqe�a. Arqik�, ìla aut� e�nai �sa me

1. To di�nusma autì enhmer¸netai met� apì k�je epan�lhyh kai an o A e�naièna H−p�naka kai o Algìrijmo termat�zetai epituq¸, perièqei ta stoiqe�atou jetikoÔ diag¸niou p�naka D ∈ DA ètsi ¸ste o AD e�nai kat� grammèausthr� diag¸nia upèrtero.
1 2 3 4 5

diag 1 1 1 1 1
.Epiprìsjeta, jewroÔme akìma èna di�nusma.

viii) Sthn per�ptwsh tou Gauss-Seidel me Merik  Od ghsh Epanalh-ptikoÔ Krithr�ou, jewroÔme èna di�nusma index megèjou n sthn arq  touMEROUS III. Arqik� perièqei sti n jèsei tou arijmoÔ apì 1 èw nme aÔxousa seir�. Sth sunèqeia, oi n1 pr¸te jèsei tou t�jentai �se metou de�kte austhr� diag¸nia upèrterwn gramm¸n, pragmatopoi¸nta kat�l-lhle antimetajèsei s' autì qrhsimopoi¸nta ta perieqìmena tou dianÔsmato
boole. Tìte, gia k�je eswterik  epan�lhyh mia exwterik  epan�lhyh giathn opo�a mia “nèa” gramm  (grammè) br�sketai na èqei thn austhr� diag¸niaupèrterh idiìthta o de�kth gramm  th antimetat�jetai me aut n sthn trè-qousa (n1 + 1)oστη jèsh, to n1 aux�netai kat� 1 kai h ant�stoiqh jèsh sto33



di�nusma boole t�jetai ish me 1. An o A e�nai èna H−p�naka tìte exerqì-menoi apì to MEROS III, n1 = n, to boole èqei ìla ta stoiqe�a tou �same 1 kai to index perièqei ìlou tou de�kte gramm¸n apì to 1 èw n me thdi�taxh pou brèjhkan na ikanopoioÔn thn austhr� diag¸nia upèrterh idiìthta.2.6 SqìliaSth sunèqeia parajètoume orismèna sqìlia p�nw stou trei Algor�j-mou.
i) K�je èna apì tou trei Algor�jmou, ìpw ègine safè, termat�-zetai se peperasmèno arijmì epanal yewn an kai mìnon an o p�naka A, e�naièna H−p�naka.
ii) Kai oi trei Algìrijmoi mporoÔn na tropopoihjoÔn el�qista ètsi¸ste na mporoÔn na anagnwr�zoun sugkekrimène kl�sei mh-H-pin�kwn A ∈

C
n,n. Tètoioi e�nai oi p�nake gia tou opo�ou up�rqei jetikì diag¸nio p�-naka D ∈ R

n,n ètsi ¸ste o AD na e�nai “(kat� grammè) austhr� diag¸niamh-upèrtero” dhlad 
|aii|dii <

n∑

j=1, j 6=i

|aij|djj, i = 1(1)n. (2.1)Prèpei na parathr soume ed¸ ìti gia tètoiou p�nake, kai met� apì el�qisthtropopo�hsh stou Algor�jmou, ta Jewr mata 2.4, 2.5 kai 2.6 isqÔoun al-l�zonta thn èkfrash “H−p�naka” me thn “mh−H−p�naka”, o opo�o e�nai(kat� gramm ) austhr� diag¸nia mh-upèrtero. H jewrhtik  apìdeixh sthnper�ptwsh tou Jacobi EpanalhptikoÔ Krithr�ou sqedìn antigr�fei thn apìdei-34



xh tou Jewr mato 2.1 th ergas�a [29℄ basismènh sta L mmata 2.2 kai 2.3th �dia ergas�a kai sunep¸ parale�petai. Tìte, gia thn Gauss-Seidel  gia thn Gauss-Seidel me Merik  Od ghsh Epanalhptik  Mèjodo oi apode�xeiakoloujoÔn an�logh logik  me aut  twn Jewrhm�twn 2.5 kai 2.6.
iii) Oi allagè pou prèpei na g�noun stou Algor�jmou e�nai oi akì-louje:MEROS I: Kam�a.MEROS II kai MEROS III:a) All�zoume ìle ti anisìthte |aii| > si me |aii| < si.b) Antimetajètoume ti ekfr�sei “o A EINAI èna H−p�naka” kai “o ADEN e�nai èna H−p�naka”, opoud pote emfan�zontai.
iv) Mia kl�sh pin�kwn A pou ikanopoioÔn th sunj kh (2.1) e�nai oimh-idiìmorfoi mh-anag¸gimoi twn opo�wn o p�naka sÔgkrish M(A) (blèpeOrismì 1.2) èqei mh sugkl�nonta Jacobi epanalhptikì p�naka. (Parat rhsh:Gia thn apìdeixh, sthn per�ptwsh ìpou ε = 0, parapèmpoume ton anagn¸sthsthn ergas�a [2℄.)
v) ParathroÔme ìti h kl�sh twn “kat� gramm  austhr� diag¸nia mh-upèrterwn” pin�kwn den exantle�tai apì thn kl�sh sto (iv) parap�nw. Sthn�dia oikogèneia an koun kai k�poioi anag¸gimoi pin�ke tou opo�ou ja mele-t soume sto Kef�laio 4.
vi) An katal xoume se “Mh olokl rwsh”, ìtan efarmìsoume k�poionapì tou tre� Algor�jmou, tìte prin to “me�wse ε   aÔxhse maxiter” ja35



 tan qr simo na efarmìsoume th “mh−H−p�naka” ekdoq  tou ant�stoiqouAlgor�jmou.
vii) Telik�, ja prèpei na parathr soume ìti kai gia tou tre� Algo-r�jmou dhmiourg ke èna arijmì sunart sewn th MATLAB 6.5 basismènesta MERH I, II kai III aut¸n kai gia ti duo morfè “H−pin�kwn” kai

“mh−H−pin�kwn”, sÔmfwna me th jewr�a twn Paragr�fwn 2.4, 2.5 kai thparoÔsa.2.7 Arijmhtik� ApotelèsmataSth par�grafo aut  parousi�zoume k�poia parade�gmata kai sqìliap�nw s' aut�. 'Ola ta apotelèsmata èqoun ekteleste� me ε = 10−6.Par�deigma 1: E�nai èna aplì par�deigma san ki autì sthn ergas�a [17℄to opo�o parousi�zetai ep�sh san Par�deigma 6 sth [2℄. Ed¸ endiaferìmastegia thn efarmog  duo tim¸n tou a12 parak�tw kai gia ti duo morfè twntri¸n Algor�jmwn. Den elègqoume mìno thn orjìthta all� kai twn arijmìtwn epanal yewn pou qrei�zontai gia na petÔqoume swst  ap�nthsh kaj¸ep�sh kai tou CPU qrìnou pou apaitoÔntai.
A1 =




−1 a12 0 0 0
0.5 −1 0 −0.6 0

0 −0.1 1 0 0.5
0 0.5 0 1 −0.5

−0.2 0.1 0.3 0 −1




.Sthn ergas�a [17℄, gia a12 = 1.146391 to apotèlesma  tan ìti “o AEINAI H−p�naka” en¸ gia a12 = 1.146392 to apotèlesma  tan “Anapote-36



lesmatikì”. Sth [2℄, ìpou mia MATLAB sun�rthsh gr�fthke me b�sh miadiaforetik  logik  kai jewr�a, oi ant�stoiqe (kai swstè) apant sei, poubrèjhkan  tan ìti “o A EINAI H−p�naka” kai “o A DEN e�nai H−p�naka”,antisto�qw. Autì epibebai¸netai sthn per�ptwsh pou oi trei AlgìrijmoiefarmostoÔn ìpw fa�netai ston p�naka 2.1. Shmei¸netai ìti h tim  maxiter =

500  tan aut  pou qrhsimopoi jhke sthn per�ptws  ma.P�naka A1

a12 = 1.146391 a12 = 1.146392Krit rio H ìqi-H H ìqi−H

k 31 maxiter maxiter 877
J CPU 0.010 0.040Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�naka

k 18 maxiter maxiter 473
GS CPU 0 0.020Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�naka

k 13 maxiter maxiter 473
PPGS CPU 0 0.070Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�naka

k 13 maxiter maxiter 473
PPGS1 CPU 0.010 0.010Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�nakaP�naka 2.1: P�naka A1, CPU=CPU timeSth sunèqeia parousi�zoume tr�a parade�gmata gia ta opo�a h kl�shtwn H−pin�kwn diakr�netai xek�jara apì thn ant�stoiqh twn mh−H−pin�kwn.'Ara, mporoÔme na elègxoume kai na epalhjeÔsoume tou AlgìrijmoÔ makai ti ant�stoiqe sunart sei th MATLAB. Bas�zontai sti allagè toustoiqe�ou an,n−1 tou p�naka A = tridiag(−1, 2,−1) ∈ R

n,n, n = 5 × l, l =

1(1)4. 'Opw e�nai gnwstì, o A e�nai èna (mh anag¸gimo) mh idiìmorfo
M−p�naka �ra ìle oi kÔrie upoor�zousè tou e�nai jetikè. Epiplèon mpo-re� na apodeiqje�, qrhsimopoi¸nta epagwg , ìti det(A) = n + 1. Jètonta37



an,n−1 = −xn br�skoume thn tim  tou xn gia thn opo�a o A g�netai idiì-morfo. AnaptÔssonta thn det(A(xn)) w pro thn teleuta�a gramm , br�-skoume ìti xn = 2 + 2
n−1

kai limn→∞ xn = 2. Gia ti prohgoÔmene n timèèqoume x5 = 5
2

= 2.5, x10 = 20
9
2.22222222 . . . , x15 = 30

14
= 2.14285714 . . .kai x20 = 40

19
= 2.10526315 . . . . Epomènw o A(xn) diaqwr�zei tou M−(0 ≥ an,n−1 > −xn) apì tou mh−M−p�nake (an,n−1 < −xn). (Parat rh-sh: Jum�zoume ìti oi M−p�nake apoteloÔn mia upokl�sh twn H−pin�kwn.)Se k�je par�deigma gia an,n−1 pa�rnoume ti duo suneqìmene timè (me pro-sèggish enì dekadikoÔ yhf�ou) metaxÔ twn opo�wn br�sketai to −xn. Stouepìmenou tre� p�nake parousi�zontai ta apotelèsmata mìno gia n = 20,par� to gegonì ìti ta ant�stoiqa progr�mmata ektelèsthkan gia ìle tiproanaferje�se sugkekrimène timè tou n.Par�deigma 2: A2 = A(x20) ∈ R

20,20. P�naka A2

a20,19 = −2.1 a20,19 − 2.2Krit rio H mh-H H mh−H

k 301 maxiter maxiter 697
J CPU 0.030 0.130Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�naka

k 142 maxiter maxiter 358
GS CPU 0 0.010Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�naka

k 142 maxiter maxiter 358
PPGS CPU 0.010 0.020Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�naka

k 142 maxiter maxiter 358
PPGS1 CPU 0.010 0.050Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�nakaP�naka 2.2: P�naka A2Par�deigma 3: A3 = A(x20) · B, ìpou A(x20), B ∈ R

20,20 kai B e�nai38



èna diag¸nio p�naka me bii > 0, i = 1(1)20. Ta stoiqe�a bii e�nai omoiìmor-fa katanemhmèna sto (0, 1) kai dhmiourgoÔntai qrhsimopoi¸nta ti rand kai
(′seed′, n) MATLAB sunart sei. To ginìmeno pin�kwn A(x20)B èqei ton �dio
H−p�naka qarakthrismì ìpw o A(x20). Autì isqÔei diìti an o A(x20) e�naièna H−p�naka opìte ìle oi kÔrie upoor�zouse tou p�naka sÔgkrish tou
A(x20) e�nai jetikè. Epomènw, k�je kÔria upoor�zousa tou p�naka sÔgkri-sh tou A3 ja e�nai eke�nh th kÔria upoor�zousa tou p�naka sÔgkrish tou
M(A(x20)) pollaplasiasmènh ep� ta ant�stoiqa jetik� diag¸nia stoiqe�a tou
B, pou d�nei apotèlesma jetikì. P�naka A3

a20,19 = −2.1 a20,19 − 2.2Krit rio H mh-H H mh−H

k 419 maxiter maxiter 370
J CPU 0.030 0.050Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�naka

k 212 maxiter maxiter 191
GS CPU 0.010 0.010Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�naka

k 210 maxiter maxiter 187
PPGS CPU 0.020 0.010Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�naka

k 210 maxiter maxiter 187
PPGS1 CPU 0.010 0.010Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�nakaP�naka 2.3: P�naka A3Par�deigma 4: A4 = PA(x20)P

T , ìpou P ∈ R
20,20 e�nai èna p�nakamet�jesh pou dhmiourg jhke apì th sun�rthsh th MATLAB randperm.Prin oloklhr¸soume thn paroÔsa par�grafo, kai to parìn kef�laio,d�noume mia seir� apì parathr sei pou prokÔptoun apì th melèth twn proh-goÔmenwn pin�kwn. 39



P�naka A4

a20,19 = −2.1 a20,19 − 2.2Krit rio H mh-H H mh−H

k 301 maxiter maxiter 697
J CPU 0.060 0.060Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�naka

k 152 maxiter maxiter 347
GS CPU 0.010 0.020Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�naka

k 142 maxiter maxiter 347
PPGS CPU 0.010 0.020Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�naka

k 142 maxiter maxiter 347
PPGS1 CPU 0.010 0.020Apotèlesma H−p�naka Anapotelesmatikì Anapotelesmatikì mh−H−p�nakaP�naka 2.4: P�naka A4

i) Sqedi�sthkan duo diaforetik� Gauss − Seidel me Merik  Od ghshEpanalhptik� Krit ria ta opo�a diafèroun se k�poie leptomèreie oi opo�eden ephre�zoun to sunolikì arijmì twn epanal yewn. Kat� mèso ìro fa�netaiìti to deÔtero (PPGS1) sumperifèretai kalÔtera apì to pr¸to.
ii) 'Opw  tan anamenìmeno o arijmì twn epanal yewn pou apaitoÔntaigia na epitÔqoume sÔgklish mei¸netai kaj¸ metaba�noume apì to Jacobi sto

Gauss − Seidel me Merik  Od ghsh Krit rio.
iii) Oi CPU qrìnoi stou parap�nw p�nake e�nai oi mèsoi ìroi apìpènte diaforetikoÔ pou proèkuyan apì pènte ektelèsei. AntiproswpeÔouneke�nou pou qrei�zontai gia to MEROS III gia k�je mia apì ti okt¸ su-nart sei pou ekteloÔntai. Upenjum�zoume ìti kaj¸ proqwr�me apì th miaektèlesh sthn epìmenh oi p�nake B kai P pou qrhsimopoi jhkan sta Para-de�gmata 3 kai 4, ant�stoiqa, den e�nai �dioi lìgw th tuqa�a epilog  tou.Parathr¸nta tou qrìnou CPU fa�netai ìti to Krit rio Jacobi pou pa-rousi�zetai sthn ergas�a [29℄ e�nai arket� antagwnistikì akìma kai me thn40



PPGS1.
iv) Apì ti duo timè tou a12 pou qrhsimopoi same sta Parade�gmata2-4, èna gia ton H−p�naka kai èna gia ton mh−H−p�naka, up�rqei merikèforè mia arket  meg�lh diafor� ston arijmì twn epanal yewn pou apai-toÔntai gia na katal xoume se apotèlesma. Autì mpore� na exhghje� apì thmh mhdenik  dom  tou p�naka kaj¸ ep�sh kai apì to phl�ko r pou qrhsimo-poi same sthn arq  tou algor�jmou. Eidikìtera, sto Par�deigma 1: a) Gia

a12 = 1.146391 (H−p�naka) to pr¸to phl�ko, pou prokÔptei apì th tr�thgramm , e�nai 0.6+ε
1+ε

≈ 0.6, arket� makri� (mikrìtero) apo to 1, k�nonta tastoiqe�a sthn �dia st lh arket� mikrìtera kat� ènan par�gonta per�pou 0.6.b) Gia a12 = 1.146392 (mh−H−p�naka) to ant�stoiqo phl�ko, pou proèrqetaiapì th pr¸th gramm , e�nai r = 1.146392+ε
1+ε

≈ 1.1464 to opo�o e�nai arket� piokont� sto 1, metatrèponta ta stoiqe�a th pr¸th st lh megalÔtera kat�ènan par�gonta 1.1464. H kat�stash antistrèfetai sto Par�deigma 3 parìlopou ta p�nta ed¸ exart¸ntai apì ton tuqa�a kataskeuasmèno p�naka B.
v) 'Ena de�gma progr�mmato MATLAB me ìle ti qrhsimopoihje�sesunart sei br�sketai sth sel�da:

http://www.math.uoc/∼ hadjidim/programs/alahad06
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Kef�laio 3Epanalhptikì Krit rio gia Mh-Anag¸gimouP�nake3.1 Eisagwg An kai èna H−p�naka mpore� na oriste� mèsw tou orismoÔ tou M−p�-naka, ìpw dìjhke sto Kef�laio 1 th Eisagwg , se ì,ti akolouje� kai stoualgor�jmou pou ja parousiastoÔn ja qrhsimopoihje� perissìtero o orismìpou anafèretai s' autìn tou austhr� diag¸nia upèrterou (kat� grammè) p�na-ka, ìpou o teleuta�o orismì anafèrjhke ep�sh sthn Eisagwg  all� èmmesa.O orismì tou austhr� diag¸nia upèrterou (kat� grammè) p�naka d�-netai sth sunèqeia:Orismì 3.1. 'Ena p�naka X ∈ C
n,n lègetai ìti e�nai austhr� diag¸niaupèrtero kat� grammè, an kai mìno an,

|xii| >
n∑

j=1, j 6=i

|xij|, i = 1(1)n. (3.1)Sto parìn kef�laio to endiafèron ma epikentr¸netai stou trei al-gor�jmou twn ergasi¸n [29℄, [27℄ kai [33℄ pou sumbol�zontai me H, L kai B,ant�stoiqa. (Shme�wsh: O Algìrijmo H parousi�zetai ek nèou giat� èqoun43



g�nei k�poie tropopoi sei stou sumbolismoÔ ètsi ¸ste kai oi trei Al-gìrijmoi na mporoÔn na parousiastoÔn me ènan enia�o trìpo.) Sth deÔterhpar�grafo d�nontai k�poioi eisagwgiko� sumbolismo�, parousi�zontai oi treialgìrijmoi kai, me th bo jeia orismènwn paradeigm�twn, kaj�statai fanerì ìtiup�rqoun peript¸sei, ìpou oi Algìrijmoi L kai B den mpore� na termat�zontaip�ntote se peperasmèno arijmì epanal yewn ìpw autì e�qe isquriste�. Sthntr�th par�grafo parat�jentai jewrhtik� apotelèsmata orismèna apì ta opo�-a apodeiknÔontai. Sthn tètarth par�grafo, d�netai sÔntoma èna nèo, tÔpou
Jacobi, epanalhptikì krit rio gia p�nake (Algìrijmo AH) se yeudok¸dika,me th qr sh th jewr�a th Paragr�fou 3. ApodeiknÔetai (kur�w) gia mh-anag¸gimou p�nake, ektì apì mia polÔ eidik  per�ptwsh, h sÔgklish touse èna peperasmèno arijmì epanal yewn. Tèlo, sthn Par�grafo 5, o nèoAlgìrijmo AH ulopoie�tai se mia Matlab sun�rthsh, h opo�a efarmìzetai semia seir� arijmhtik¸n paradeigm�twn, kai sunoy�zoume me k�poie parathr -sei.3.2 Prokatartik�, oi Trei Algìrijmoi kai SqìliaSthn paroÔsa par�grafo parousi�zontai k�poioi eisagwgiko� sumboli-smo�, o pl rw majhmatik� tekmhriwmèno Algìrijmo H, th ergas�a [29℄,o majhmatik� dosmèno Algìrijmo L, th ergas�a [27℄, kai epiplèon o Al-gìrijmo B, th ergas�a [33℄, kaj¸ ep�sh d�nontai kai k�poia sqìlia pouaforoÔn idia�tera sth sÔgklish twn dÔo teleuta�wn. K�je èna apì tou Al-gor�jmou èqei elafr� tropopoihje�, ìson afor� tou sumbolismoÔ, ¸ste oi44



omoiìthte kai oi diaforè tou na e�nai eÔkola anagnwr�sime.Gia tou Algor�jmou autoÔ e�nai qr simoi oi parak�tw orismo� twnakìloujwn pin�kwn, k�poioi apì tou opo�ou èqoun  dh eisaqje�. Arqik�,or�zetai h akolouj�a twn jetik� diagwn�wn pin�kwn
D(k), k = 0, 1, 2, . . . , D(0) = I, (3.2)kai epiplèon twn pin�kwn

A(k) = A(k−1)D(k−1), k = 1, 2, 3, . . . , A(0) = A, (3.3)gia tou Algìrijmou H kai L. Gia ton Algìrijmo B

A(k) =
(
D(k−1)

)−1
A(k−1)D(k−1), k = 1, 2, 3, . . . , A(0) = (diag(A))−1 A,

E(k−1) =
∣∣∣
(
diag(A(k−1)D(k−1))

)−1
∣∣∣ , k = 1, 2, 3, . . . , E(0) =

∣∣(diag(A))−1
∣∣ .(3.4)Apì tou orismoÔ sti (3.2) kai (3.4), katal goume sto sumpèrasma ìti giaton Algìrijmo B isqÔei

|a(k)
ii | = 1, i = 1(1)n, k = 1, 2, 3, . . . . (3.5)'Estw N := {1, 2, . . . , n} kai

s
(k)
i =

n∑

j=1, j 6=i

|a(k)
ij |, i = 1(1)n, k = 0, 1, 2, . . . . (3.6)'Estw ep�sh

N
(k)
1 ≡ N1(A

(k)) =
{

i ∈ N : |a(k)
ii | > s

(k)
i

}
,45



kai n
(k)
1 := n1(A

(k)) na sumbol�zei to pl jo twn stoiqe�wn tou N
(k)
1 .AkoloÔjw, parousi�zontai oi trei Algìrijmoi.Algìrijmo H.EISODOS: 'Ena p�naka A := [aij] ∈ C

n,n kai opoiod pote ε > 0.EXODOS: D = D(0)D(1) · · ·D(k) ∈ DA an o A e�nai H−p�naka.1. An aii = 0 gia k�poio i ∈ N   N1(A) = ∅, “o A den e�nai H−p�naka”,STOP; Alli¸2. Jèse A(0) = A, D(0) = I, k = 13. Upolìgise A(k) = A(k−1)D(k−1) = [a
(k)
ij ]4. Upolìgise s

(k)
i =

∑n

j=1, j 6=i |a
(k)
ij |, i = 1(1)n, Enhmèrwse N

(k)
1 kai n

(k)
15. An n

(k)
1 = n, “o A e�nai H−p�naka”, STOP; Alli¸6. Jèse d = [di], ìpou

di =





s
(k)
i +ε

|a(k)
ii |+ε

, an i ∈ N
(k)
1

1, an i /∈ N
(k)
17. Jèse D(k) = diag(d), k = k + 1; P gaine sto B ma 3.

Algìrijmo L.EISODOS: 'Ena p�naka A := [aij] ∈ C
n,n kai opoiod pote ε > 0.EXODOS: D = D(0)D(1) · · ·D(k) ∈ DA   /∈ DA an o A e�nai   den e�nai

H−p�naka, ant�stoiqa. 46



1. An aii = 0 gia k�poio i ∈ N, “o A den e�nai H−p�naka”, STOP; Alli¸2. Jèse A(0) = A, D(0) = I, k = 13. Upolìgise A(k) = A(k−1)D(k−1) = [a
(k)
ij ]4. Upolìgise s

(k)
i =

∑n

j=1, j 6=i |a
(k)
ij |, i = 1(1)n, Jèse n

(k)
1 = 05. An |a(k)

ii | > s
(k)
i , n

(k)
1 = n

(k)
1 + 1, i = 1(1)n6. An n

(k)
1 = n, “o A e�nai H−p�naka”, STOP; Alli¸7. An n
(k)
1 = 0, “o A den e�nai H−p�naka”, STOP; Alli¸8. Jèse d = [di], ìpou

di =
s
(k)
i + ε

|a(k)
ii | + ε

, i = 1(1)n9. Jèse D(k) = diag(d), k = k + 1; P gaine sto B ma 3.
Algìrijmo B.EISODOS: 'Ena p�naka A := [aij] ∈ C

n,n.EXODOS: D = D(0)D(1) · · ·D(k) ∈ DD−1A ≡ DA   /∈ DA an o A e�nai   dene�nai H−p�naka, ant�stoiqa1. An aii = 0 gia k�poio i ∈ N   N1(A) = ∅, “o A den e�nai H−p�naka”,STOP; Alli¸2. Upolìgise si =
∑n

j=1,= j 6=i |aij|, i = 1(1)n3. An si = 0, i = 1(1)n, “o A e�nai H−p�naka”, STOP; Alli¸4. Jèse A(0) = (diag(A))−1 A, D(0) = I, k = 147



5. Upolìgise A(k) =
(
D(k−1)

)−1
A(k−1)D(k−1) = [a

(k)
ij ]6. Upolìgise s

(k)
i =

∑n

j=1, j 6=i |a
(k)
ij |, i = 1(1)n7. An s

(k)
i ≤ 1, i = 1(1)n, kai s

(k)
i < 1 gia èna toul�qiston i ∈ N, “o A e�nai

H−p�naka”, STOP; Alli¸8. An s
(k)
i ≥ 1, i = 1(1)n, “o A den e�nai H−p�naka”, STOP; Alli¸9. Prosdiìrise m tètoio ¸ste s

(k)
m = mini=1(1)n s

(k)
i gia s

(k)
i 6= 010. Jèse d = [di], ìpou

di =

{
s
(k)
m , an i = m

1, an i 6= m11. Jèse D(k) = diag(d), k = k + 1; P gaine sto B ma 5.Suneq�zoume me k�poie parathr sei p�nw stou trei Algor�jmou.SÔmfwna me th jewr�a pou anaptÔqjhke sti ergas�e [29℄ (Je¸rhma2.1) kai [27℄ (Jewr mata 1, 2, 3 kai 4) an o p�naka A e�nai H−p�naka tì-so o Algìrijmo H ìso kai o L termat�zontai se èna peperasmèno arijmìepanal yewn. Ex�llou, an o Algìrijmo H termat�zetai, o p�naka A e�nai
H−p�naka, en¸ an o Algìrijmo L termat�zetai tìte o A mpore� na e�nai  na mhn e�nai H−p�naka pr�gma pou exart�tai apì to apotèlesma th exìdoutou algor�jmou.'Oson afor� ton Algìrijmo L, mpore� na parathr sei kane� ìti sthnper�ptwsh enì mh−H−p�naka, o termatismì tou algor�jmou den mpore� naegguhje� p�nta. 'Otan o A e�nai anag¸gimo mpore� na up�rxoun probl mata48



ìpw de�qnei to akìloujo par�deigma. 'Estw
A =




1 −2 0 −0.5
−2 1 0 0

0 0 2 −1
0 0 −1 2


 (3.7)o opo�o den e�nai H−p�naka. An efarmoste� o Algìrijmo L ston A, oopo�o èqei arqik� n1(A) = 2, br�skoume ìti o Algìrijmo den mpore� natermatiste�. Anex�rthta apì thn tim  tou ε > 0, isqÔei p�nta ìti n1(A

(k)) =

2, k = 0, 1, 2, . . . . Autì isqÔei giat�, gia ton A(k) kai opoiod pote k, h austhr�diag¸nia kuriarq�a isqÔei gia ti dÔo teleuta�e grammè kai h mh-austhr�diag¸nia kuriarq�a isqÔei gia ti dÔo pr¸te.O mh termatismì tou Algor�jmou L kai sthn per�ptwsh twn mh-anag¸-gimwn pin�kwn den e�nai dunatìn na eggu�tai p�ntote ìpw ta dÔo parak�twparade�gmata upodeiknÔoun. 'Estw ìti d�nontai oi parak�tw p�nake A1 kai A2

:

A1 =




1 0 −0.5
−0.5 1 0

0 −2 1


 , A2 =




1 0 −0.5
−2 1 0

0 −2 1


 , (3.8)ìpou o A1 e�nai H−p�naka en¸ o A2 den e�nai. Epeid  h apìdeixh tou Jew-r mato 2 sthn ergas�a [27℄ pragmatopoie�tai me ε = 0, efarmìzoume tonAlgìrijmo L se kajèna apì tou parap�nw p�nake me aut n thn timh tou ε.H sÔgklish kai sti duo peript¸sei apotugq�nei ki autì epeid  n1(A

(k)
1 ) = 2kai n1(A

(k)
2 ) = 1 gia k�je k ≥ 1. Eidikìtera,

A
(2)
1 =




0.5 0 −1
−0.25 0.5 0

0 −1 2


 , A

(2)
2 =




0.5 0 −1
−1 2 0

0 −4 2


 , (3.9)49



A
(3)
1 =




1 0 −0.5
−0.5 0.25 0

0 −0.5 1


 , A

(3)
2 =




1 0 −2
−2 1 0

0 −2 4


 , (3.10)

A
(4)
1 =




0.5 0 −0.25
−0.25 0.5 0

0 −1 0.5


 , A

(4)
2 =




2 0 −1
−4 2 0

0 −4 2


 , (3.11)kai h trikuklik  dom  (pattern) e�nai profanè ìti epanalamb�netai ep' �pei-ron. Autì apl� shma�nei ìti h upìjesh

lim
ε→0+

(
lim
k→∞

D(k)
)

= lim
k→∞

(
lim

ε→0+
D(k)

)
,dhlad  to na jewrhje� to ε �so me mhdèn, den mpore� na eustaje�, afoÔ miatètoia isìthta isqÔei upì sugkekrimène pro�pojèsei ki epomènw an autèìntw isqÔoun ja èprepe na apodeiqjoÔn.Up�rqei de èna akìma ousi¸de shme�o sthn apìdeixh tou �diou jewr mato.ApodeiknÔetai ìti opoioid pote dÔo diadoqiko� Jacobi p�nake B(k), k = 0, 1,

2, . . . , pou sundèontai me ton p�naka sÔgkrish twn A(k) (blèpe Orismì 1.2)ikanopoioÔn th sqèsh
B(k+1) =

(
D(k)

)−1
B(k)D(k), k = 0, 1, 2, . . . . (3.12)Kat� th di�rkeia k�je epan�lhyh mia metajetik  omoiìthta ston D(k) (pouprèpei na efarmoste� ep�sh kai stou p�nake A(k) kai B(k)), jètei ta d

(k)
i semia mh-fj�nousa di�taxh. Tìte, apodeiknÔetai ìti gia opoiad pote b

(k)
ij (i < j)isqÔei, b

(k)
ij ≤ b

(k+1)
ij en¸ gia opoiad pote b

(k)
ij (i > j), b

(k)
ij ≥ b

(k+1)
ij . Parìla au-t�, sthn epìmenh epan�lhyh ta d

(k+1)
i , mpore� na br�skontai se mia diaforetik 50



di�taxh ¸ste ta b
(k+1)
ij (i < j) mpore� na brejoÔn se mia jèsh (l,m), l > m, kai,�ra, e�nai dunatìn h di�tax  tou na mhn e�nai plèon mh-fj�nousa. Epomènwh akolouj�a twn b

(k)
ij den e�nai monìtonh, h sÔgklish den exasfal�zetai kai hapìdeixh twn ant�stoiqwn prot�sewn sthn ergas�a [27℄ den e�nai pl rh. Giapar�deigma, gia ton A1 sthn (3.8) e�nai

B(1) =




0 0 0.5
0.5 0 0

0 2 0


 kai D(1) = diag (0.5, 0.5, 2) .Epeid  ta stoiqe�a tou D(1) e�nai  dh se mh-fj�nousa seir�, o p�naka met�je-sh e�nai o P (1) = I3 kai h (3.12) d�nei

B(2) =




0 0 2
0.5 0 0

0 0.5 0


 kai D(2) = diag (2, 0.5, 0.5) .Aut  th for� P (2) = [e2e3e1], me ei, i = 1, 2, 3, ti st le tou monadia�oup�naka. Metajètonta kai qrhsimopoi¸nta tou �diou de�kte èqoume ìti

B(2) ≡ B(1), ki autì to prìtupo (pattern) epanalamb�netai ep' �peiron. Hakolouj�a twn diafor¸n
max
i=1,2,3

d
(k)
i − min

i=1,2,3
d

(k)
i = 2 − 0.5 = 1.5, k = 1, 2, 3, . . . ,den te�nei sto mhdèn kaj¸ k → ∞. ParathroÔme ep�sh ìti to stoiqe�o

b
(1)
13 = 0.5, g�netai b

(2)
13 = 2 all� met� apì th met�jesh g�netai p�li 0.5.'Ara, akìma kai sthn per�ptwsh twn mh-anag¸gimwn pin�kwn, gia na isqÔei oAlgìrijmo L, ja prèpei na doje� mia apìdeixh tou Jewr mato 2 th ergas�a[27℄ sthn opo�a h posìthta ε > 0 ja prèpei na qrhsimopoie�tai kaj' ìlh thdi�rkeia th apìdeixh. 51



Jewr¸nta t¸ra ton Algìrijmo B th ergas�a [33℄, met� to sumpèra-sma pou akolouje� ton periorismì sto B ma 7, pou isqÔei an kai mìno an o Ae�nai mh-anag¸gimo, mporoÔn na exaqjoÔn parìmoia sumper�smata me aut�th per�ptwsh tou Algor�jmou L. Gia na deiqje� tou lìgou to alhjè arke� naexet�soume tou dÔo p�nake pou akoloujoÔn, ìpou o pr¸to e�nai anag¸gimokai o deÔtero mh-anag¸gimo.
A3 =




1 −2 0 0
−2 1 0 0

0 −1
4

1 −1
2

−1
4

0 −1
2

1


 , A4 =




1 −2 −1 0
−2 1 0 −1

0 −1
4

1 −1
2

−1
4

0 −1
2

1


 . (3.13)Gia tou dÔo p�nake s

(1)
3 = s

(1)
4 = mini=1(1)4 s

(1)
i = 3

4
, a p�roume m = 3. Met�apì thn pr¸th epan�lhyh èqoume

A
(2)
3 =




1 −2 0 0
−2 1 0 0

0 −1
3

1 −2
3

−1
2

0 −3
4

2


 , A

(2)
4 =




1 −2 −3
4

0
−2 1 0 −1

0 −1
3

1 −2
3

−1
4

0 −3
8

1


 . (3.14)Gia th deÔterh epan�lhyh s

(2)
m = s

(2)
4 = 5

8
kai �ra

A
(3)
3 =




1 −2 0 0
−2 1 0 0

0 −1
3

1 − 5
12

−2
5

0 −3
5

1


 , A

(3)
4 =




1 −2 −3
4

0
−2 1 0 −5

8

0 −1
3

1 − 5
12

−2
5

0 −3
5

1


 (3.15)kai tìte h akolouj�a twn sm e�nai s

(3)
3 = 3

4
, s

(4)
4 = 17

20
, s

(5)
3 = 33

36
kai oÔtwkajex . E�nai profanè, se ìpoio apì ta dÔo parade�gmata ki an anaferjoÔme,ìti o algìrijmo den termat�zetai. 52



Basizìmenoi se ìle ti prohgoÔmene peript¸sei kai anti-parade�gmatakaj�statai katanohtì ìti ja prèpei na g�netai di�krish metaxÔ anag¸gimwn kaimh-anag¸gimwn pin�kwn. Parìla aut�, epeid  sthn per�ptwsh enì meg�loup�naka me mh-domhmènh araiìthta o èlegqo th mh-anagwgimìthta mpore� nae�nai apagoreutik  upologistik  poluplokìthta, af noume autì to jèmapro to parìn.3.3 Prokatartik� kai Jewrhtikì UpìbajroGia thn an�lush pou ja akolouj sei, ja anakalèsoume k�poiou ori-smoÔ kai ja parajèsoume mia seir� apì qr sime prot�sei oi perissìtereapì ti opo�e mporoÔn na brejoÔn sta bibl�a anafor� twn Berman kai Plem-

mons [5℄ kai Horn kai Johnson [21℄.Me b�sh tou orismoÔ gia tou M− kai H−p�nake, pou d�nontai stouOrismoÔ 1.1 kai 1.2, ant�stoiqa, diatup¸nontai oi prot�sei pou akoloujoÔn.Shme�wsh: Efex  sto parìn ke�meno èna M−p�naka ja jewre�tai ìti e�naimh-idiìmorfo.L mma 3.1. An A ∈ R
n,n e�nai M−p�naka, to �dio ja isqÔei kai gia tonp�naka PAP T , ìpou P e�nai èna p�naka met�jesh.L mma 3.2. 'Ena p�naka A ∈ C

n,n e�nai H−p�naka an kai mìno an o Jaco-

bi epanalhptikì p�naka, pou sundèetai me ton p�naka sÔgkris  tou, e�naisugkl�nwn. 53



Shme�wsh: To L mma 3.2 mpore� na qrhsimopoihje� w enallaktikì kai iso-dÔnamo orismì tou OrismoÔ 1.2 gia ton H−p�naka.L mma 3.3. 'Estw ìti A ∈ C
n,n, me aii 6= 0, i = 1(1)n, kai B = EA, ìpou E =

diag(e1, e2, . . . , en) ∈ C
n,n, ei ∈ C e�nai opoiosd pote mh-idiìmorfo diag¸niop�naka. 'Estw JA kai JB oi Jacobi epanalhptiko� p�nake pou sundèontai metou A kai B, ant�stoiqa. Tìte oi JA kai JB e�nai tautìshmoi.Apìdeixh. IsqÔei bij = eiaij, i, j = 1(1)n. Epomènw èqoume JB ≡ JEA :=

I−(diag(EA))−1 EA = I−diag(A)−1E−1EA = I−diag(A)−1A = JA.Basizìmenoi sta teleuta�a dÔo l mmata, o stìqo ma ja e�nai na pro-segg�soume th fasmatik  akt�na tou Jacobi epanalhptikoÔ p�naka B = JM(A)pou sundèetai me ton p�naka sÔgkrish enì dosmènou p�naka A ∈ C
n,n. Sthnpragmatikìthta mporoÔme na apode�xoume ìti an o A e�nai mh-anag¸gimo kai

ρ(B) < 1 (o A e�nai H−p�naka)   ρ(B) > 1 (o A den e�nai H−p�naka),up�rqei èna algìrijmo pou termat�zetai se peperasmèno arijmì epanal -yewn. Ep�sh, o �dio algìrijmo termat�zetai se peperasmèno arijmì epana-l yewn sthn per�ptwsh ìpou o A e�nai mh-anag¸gimo H−p�naka. Up�rqeimia (oriak ) per�ptwsh ìpou o A den e�nai H−p�naka kai o algìrijmo mpo-re� na mhn termat�zetai se peperasmèno arijmì epanal yewn. S' aut n jaanaferjoÔme ìtan prokÔyei sta epìmena.'Oloi oi epanalhptiko� algìrijmoi pou èqoun protaje� kat� kairoÔ giathn anagn¸rish twn H−pin�kwn, sumperilambanomènwn kai twn Algor�jmwn54



H, L kai B, an exetastoÔn se b�jo, pr�gma pou den e�nai profanè, ja diapi-st¸sei kane� ìti bas�zontai se parallagè th Mejìdou twn Dun�mewn.'Etsi kai o algìrijmo pou ja protaje� apì ma ja basiste� se mia diaforopo�h-sh thMejìdou twn Dun�mewn (blèpe, p.q., Wilkinson [44℄ kai, pio eidik�,
Fadeev kai Fadeeva [11℄, Horn kai Johnson [20℄ kai Demmel [10℄), thn opo�aèqoun èmmesa w afethr�a ìla ta epanalhptik� krit ria gia H−p�nake. HMèjodo twn Dun�mewn, me mia polÔ sunoptik  parous�ash th apìdeix  thsth genik  per�ptwsh, d�netai amèsw met�, mèro th opo�a qrhsimopoie�taisth sunèqeia.Je¸rhma 3.4. (Mèjodo twn Dun�mewn) 'Estw A ∈ C

n,n, me ti idiotimè tou
λi, i = 1(1)n, na ikanopoioÔn ti sqèsei

|λ1| > |λj|, j = 2(1)n.Or�zoume
x(k) = Ax(k−1), k = 1, 2, 3, . . . , gia k�je x(0) ∈ C

n\{0}. (3.16)Upojètoume ìti to x(0) èqei mia mh-mhdenik  sunist¸sa kat� m ko tou idio-dianÔsmato pou antistoiqe� sth λ1. Tìte
λ1 = lim

k→∞

(Ax(k))i

x
(k)
i

gia x
(k)
i 6= 0, i = 1(1)n. (3.17)Apìdeixh. 'Estw ìti A = SJS−1 e�nai h Jordan kanonik  morf  tou A,ìpou S e�nai o p�naka twn genikeumènwn idiodianusm�twn si, i = 1(1)n, tou A55



kai J = diag(J1, J2, . . . , Jp) me
Jm =




λm 1
λm 1. . . . . .

λm 1
λm



∈ C

nm,nm , m = 2(1)p,
∑

m=2(1)p

nm = n− 1,(3.18)kai
S = [s1 s2 . . . , sn] =




s11 . . . . . . . . . s1n... . . . ...
si1 . . . sii . . . sin... . . . ...
sn1 . . . . . . . . . snn




. (3.19)Qrhsimopoi¸nta thn Jordan kanonik  morf  mporoÔme na p�roume
x(k) = Akx(0) = S JkS−1x(0)kai jètonta x(0) = S y = S [y1 y2 . . . yn]T èqoume ìti
x(k) = S diag(Jk

1 , Jk
2 , . . . , Jk

p ) y , upojètonta ìti p = 2 gia thn aplopo�hsh th an�lush, gia k > n − 2, jaisqÔei ìti
x(k) = λk

1y1s1 + [s2 s3 . . . sn]




λk
2y2 +

(
k

1

)
λk−1

2 y3 + · · · +
(

k

n − 2

)
λ

k−(n−2)
2 yn

λk
2y3 + · · · +

(
k

n − 3

)
λ

k−(n−3)
2 yn...

λk
2yn




.Epomènw h i-ost  sunist¸sa tou dianÔsmato x(k) ja e�nai
x

(k)
i = λk

1y1si1 + λk
2(y2si2 + y3si3 + · · · + ynsin)

+

(
k
1

)
λk−1

2 (y3si2 + y4si3 + · · · + ynsi,n−1)

+ · · · +
(

k
n − 2

)
λ

k−(n−2)
2 ynsi2.

(3.20)
56



Jètoume z1 = y1si1, kai zj =
∑

m=j(1)n ymsi,m−j+2, j = 2(1)n, sqhmat�zoumeto phl�ko twn i-ost¸n sunistws¸n twn dÔo diadoqik¸n dianusm�twn x(k+1) kai
x(k), apì thn (3.20), opìte èqoume
x

(k+1)
i

x
(k)
i

=

z1λ
k+1
1 + z2λ

k+1
2 + z3

(
k + 1

1

)
λk

2 + · · · + zn

(
k + 1
n − 2

)
λ

k+1−(n−2)
2

z1λk
1 + z2λk

2 + z3

(
k
1

)
λk−1

2 + · · · + zn

(
k

n − 2

)
λ

k−(n−2)
2

.(3.21)H parap�nw sqèsh gr�fetai isodÔnama w ex 
(Ax(k))i

x
(k)
i

= λ1.

z1 + z2

(
λ2

λ1

)k+1
+ z3

λ1

(
k + 1

1

) (
λ2

λ1

)k
+ · · · + zn

λ
n−2

1

(
k + 1
n − 2

) (
λ2

λ1

)k+1−(n−2)

z1 + z2

(
λ2

λ1

)k
+ z3

λ1

(
k

1

) (
λ2

λ1

)k−1
+ · · · + zn

λ
n−2

1

(
k

n − 2

) (
λ2

λ1

)k−(n−2)
.(3.22)K�je èna apì tou ìrou twn ajroism�twn tou arijmht  kai tou paronomast tou kl�smato tou dexioÔ mèlou, ektì apì tou dÔo pr¸tou, mporoÔn naanaptuqjoÔn se èna �jroisma tou opo�ou oi ìroi èqoun mètra th morf  cklak,me c na e�nai mia jetik  stajer�, l = 1(1)n − 1 kai a =

∣∣∣λ2

λ1

∣∣∣ < 1. Epeid  oisunart sei xl kai ax, x ∈ [1, +∞), e�nai �peire forè suneq¸ paragwg�sme,me efarmog  tou kanìna tou de l’ Hospital l forè èqoume ìti
lim

x→+∞

xl

a−x
=

limx→+∞(xl)(l)

limx→+∞(a−x)(l)
=

l!

logl( 1
a
)
· lim

x→+∞
ax = 0.Lìgw aut  th parat rhsh, h (3.22) d�nei amèsw

lim
k→+∞

(Ax(k))i

x
(k)
i

= λ1, gia x
(k)
i 6= 0, i = 1(1)n. (3.23)Shmei¸noume ìti an ant� tou enì Jordan block J2 e�qame p−1 blocks Jm, m =

2(1)p, ta basik� b mata th apìdeixh ja parèmenan ta �dia ektì apì to ìtiant� na èqoume èna �jroisma twn n − 1 ìrwn pou sqet�zontai me thn idiotim 57



λ2 ja e�qame p− 1 ajro�smata kajèna me nm ìrou pou ja sqet�zontan me thnidiotim  λm, m = 2(1)p.Epeid  sth sunèqeia ja pragmateutoÔme akolouj�e pragmatik¸n arij-m¸n, upenjum�zoume merikè basikè ènnoie pou ja qrhsimeÔsoun sthn an�lu-sh pou ja akolouj sei.L mma 3.5. 'Estw αp, p = 1, 2, 3, . . . , mia akolouj�a pragmatik¸n arijm¸n.Lème ìti o pragmatikì arijmì α e�nai to ìrio th akolouj�a aut  kai gr�-foume ìti
lim
p→∞

αp = αan kai mìno an gia k�je ε > 0 up�rqei èna fusikì arijmì p0 := p0(ε), pouexart�tai apì to ε, tètoio ¸ste gia k�je p ≥ p0 èqoume ìti |αp − α| < ε.Parat rhsh 3.3.1. Diaisjhtik�, autì shma�nei ìti telik� ìla ta stoiqe�a thakolouj�a, ektì apì èna peperasmèno pl jo apì aut�, an koun se opoiad -pote perioq  tou or�ou;   gia k�je perioq  tou or�ou up�rqei èna peperasmènoarijmì stoiqe�wn th akolouj�a pou br�sketai èxw apì aut . To deÔtero mè-ro th paroÔsa parat rhsh ja qrhsimopoihje� epaneilhmmèna sth sunèqeia.L mma 3.6. 'Estw α
(i)
p , p = 1, 2, 3, . . . , i = 1, 2, 3, . . . , n, oi sugkl�nouseakolouj�e oi opo�e èqoun to �dio ìrio. Dhlad , limp→∞ α

(i)
p = α. JewroÔmethn akolouj�a

βp = α(ip)
p , p = 1, 2, 3, . . . , ip ∈ {1, 2, . . . , n} ,58



pou sqhmat�zetai jewr¸nta san βp opoiod pote apì ta p-ost� stoiqe�a twn nproanaferjeis¸n akolouji¸n. Tìte,
lim
p→∞

βp = α.Apìdeixh. Basizìmenoi sto L mma 3.5, oi sqèsei limp→∞ α
(i)
p = α, i =

1, 2, . . . , n, e�nai isodÔname me thn prìtash: “Gia k�je ε > 0, up�rqei ènafusikì arijmì p
(i)
0 , i = 1, 2, 3, . . . , n, pou ja exart�tai apì to ε, tètoio ¸stegia k�je p ≥ p

(i)
0 èqoume ìti |α(i)

p − α| < ε”. Epilègonta p0 = maxi=1(1)n p
(i)
0 ,èqoume ìti gia k�je ε > 0, gia ìla ta p ≥ p0, |α(ip)

p − α| < ε  , isodÔnama,
|βp − α| < ε   limp→∞ βp = α.Pìrisma 3.7. JewroÔme ti n akolouj�e tou L mmato 3.6. Tìte gia ti dÔoakolouj�e

γp = min{α(1)
p , α(2)

p , . . . , α(n)
p } και δp = max{α(1)

p , α(2)
p , . . . , α(n)

p },isqÔei ìti
lim
p→∞

γp = lim
p→∞

δp = α. (3.24)Epeid , sto parìn kef�laio, ja anaferìmaste se mh-arnhtikoÔ mh-ana-g¸gimou p�nake, parajètoume mia seir� prot�sewn pou ja qrhsimopoihjoÔnargìtera kai mporoÔn na brejoÔn sta bibl�a anafor� twn Berman kai Plem-

mons [5℄  /kai Varga [42℄.Je¸rhma 3.8. [42℄ 'Estw A ∈ R
n,n, A ≥ 0, èna mh-anag ģimo p�naka.Tìte, h fasmatik  tou akt�na ρ(A) e�nai mia apl  (jetik ) idiotim  tou A kaièna jetikì idiodi�nusma sqet�zetai me aut .59



Shme�wsh: H �sh me th fasmatik  akt�na jetik  idiotim  tou p�naka A toujewr mato e�nai gnwst  w h Perron r�za tou A, to de ant�stoiqo jetikìidiodi�nusma w to Perron di�nusma tou A.Orismì 3.4. [42℄ 'Estw A ∈ R
n,n, A ≥ 0, èna mh-anag¸gimo p�naka kai

k o arijmì twn idiotim¸n tou A mètrou �sou me th fasmatik  akt�na ρ(A).An k = 1, tìte lème ìti o A e�nai prwtarqikì (primitive) p�naka. An
k > 1, tìte lème ìti o A e�nai kuklikì de�kth k.L mma 3.9. [5℄ An A ∈ R

n,n, A ≥ 0, èna mh-anag ģimo p�naka me jetikì�qno (trace), ∑n

i=1 aii > 0, tìte o A e�nai prwtarqikì.Je¸rhma 3.10. [5℄ An A ∈ R
n,n, A ≥ 0, e�nai mh-anag ģimo p�naka, tìte op�naka B = εI + A, ε > 0, e�nai prwtarqikì p�naka.Apìdeixh. Epeid  o A e�nai mh-anag¸gimo, to �dio ja e�nai kai o B. Basizìme-noi sto L mma 3.9, qrei�zetai na apode�xoume ìti trace(B) > 0. All� epeid 

ε > 0 kai ∑n

i=1 aii ≥ 0 èqoume:
trace(B) =

n∑

i=1

bii =
n∑

i=1

(ε + aii) = nε +
n∑

i=1

aii > 0.Je¸rhma 3.11. [42℄ Gia k�je dosmèno mh-anag ģimo p�naka A ∈ R
n,n, A ≥ 0,èstw P ∗ e�nai to uperogdohmìrio twn dianusm�twn x > 0 (n−di�statopragmatikì jetikì k¸no tou R

n). Tìte, gia k�je x ∈ P ∗, isqÔei ìti
min

i=1(1)n

{∑n

j=1 aijxj

xi

}
< ρ(A) < max

i=1(1)n

{∑n

j=1 aijxj

xi

}
,60



  ∑n

j=1 aijxj

xi

= ρ(A), i = 1(1)n.Parat rhsh 3.4.1. 'Ena sugkekrimèno di�nusma x ∈ P ∗ sto je¸rhma mpore�na jewrhje� ìti antiproswpeÔei ìla ta jetik� pollapl�si� tou (cx, c ∈ R+).Profan¸, to je¸rhma isqÔei kai ta tr�a kl�smata s' autì paramènoun ta �dia.Orismì 3.5. Dedomènou enì p�naka A ∈ C
n,n, to z ∈ C

n\{0} e�nai toaristerì idiodi�nusma tou A an
zHA = λzH ⇐⇒ AHz = λz, (3.25)ìpou λ ∈ C, ⊙ sumbol�zei to migadikì suzug  tou bajmwtoÔ ⊙ kai ⊙H tomigadikì suzug  an�strofo tou dianÔsmato (  tou p�naka) ⊙.L mma 3.12. [20℄ 'Estw x kai z e�nai èna dexiì kai èna aristerì idiodi�nusmatou A ∈ C

n,n pou sundèontai me diaforetikè idiotimè λ kai µ, ant�stoiqa.Tìte, zHx = 0.Je¸rhma 3.13. Gia opoiod pote dedomèno mh-anag ģimo kai prwtarqikì p�-naka A ∈ R
n,n, A ≥ 0, èstw ìti A = SJS−1 e�nai h Jordan kanonik  morf tou, me J = diag(J1, J2, . . . , Jp) kai me S = [s1 s2, s3, . . . , sn] na e�nai o p�na-ka twn genikeumènwn idiodianusm�twn tou A, ìpw sto Je¸rhma 3.4 (blèpe(3.18)-(3.19)). Tìte, k�je x ∈ P ∗, analumèno kat� m ko twn idiodianusm�twn

si, i = 1(1)n, èqei mia jetik  sunist¸sa kat� m ko tou Perron dianÔsmato
s1. 61



Apìdeixh. O dosmèno p�naka A, w mh-arnhtikì, mh-anag¸gimo kai prw-tarqikì, èqei mia monadik  jetik  idiotim  λ1 (Perron r�za) �sh me me th fasma-tik  tou akt�na kai èna jetikì idiodi�nusma s1 (Perron di�nusma) pou sundèetaime aut . 'Estw ìti o monadikì grammikì sunduasmì tou x se sqèsh me tagrammik� anex�rthta dianÔsmata si e�nai x =
∑n

i=1 yisi. Shmei¸nonta ìti oip�nake AT kai A èqoun tautìshma f�smata idiotim¸n, kai ìti o AT e�nai ep�shmh-arnhtikì, mh-anag¸gimo kai prwtarqikì, èqoume ìti h Perron r�za toue�nai h λ1 kai èstw z (> 0) to Perron di�nusm� tou. Sunep¸, zT x > 0 kai �ra
0 < zT x =

n∑

i=1

yiz
T si. (3.26)Shmei¸noume ìti, èqonta upìyh ma th sqèsh (3.25), to z e�nai to aristerìidiodi�nusma tou A pou antistoiqe� sth λ1. JewroÔme èna opoiod pote apì ta

Jordan blocks Jm ∈ C
nm,nm , m = 2(1)p, tou J kai, gia eukol�a, èstw m = 2.Apì th Jordan kanonik  morf  tou A, èqoume AS = SJ kai �ra

As1 = λ1s1, As2 = λ2s2, kai Asi = si−1 + λ2si, i = 3(1)n2 + 1. (3.27)Me qr sh tou z, èqoume apì thn (3.27) mèsw tou L mmato 3.13 ìti zT s2 = 0.Apì to tr�to sÔnolo sqèsewn th (3.27) èqoume ìti gia i = 3, zT As3 = zT s2 +

λ2z
T s3, apì ìpou pa�rnoume zT As3 − λ2z

T s3 = 0. Anakal¸nta ìti to z e�naièna aristerì idiodi�nusma tou A me ant�stoiqh idiotim  λ1, h teleuta�a isìthtag�netai (λ1−λ2)z
T s3 = 0 kai epeid  |λ2| < λ1, pa�rnoume zT s3 = 0. Epagwgik�,br�skoume ìti zT si = 0, i = 3(1)n2 + 1. Profan¸, autì pou mìli apode�xamegia to Jordan block J2 kai ta ant�stoiqa idiodianÔsmat� tou efarmìzetai kai62



se k�je block Jm, m = 2(1)p, sunep¸,
zT si = 0, i = 2(1)n. (3.28)'Eqonta upìyh ma th sqèsh (3.28), h (3.26) g�netai zT x = y1z

T s1 > 0. Epeid 
z, x kai s1 e�nai jetik� dianÔsmata h teleuta�a anisìthta sunep�getai ìti to xèqei mia mh-mhdenik  (jetik ) sunist¸sa y1 kat� m ko tou s1, kai to je¸rhmaèqei apodeiqje�.Sthn epìmenh par�grafo, qrhsimopoi¸nta k�poie idèe apì tou Al-gor�jmou H, L, kai B, kaj¸ ep�sh kai k�poie nèe, ton Orismì 1.2,   ènanapì tou isodÔnamoÔ tou, p.q. L mma 3.2, ekmetalleuìmaste basik� ta Jew-r mata 3.4, 3.11 kai 3.13 kai prote�noume èna nèo Algìrijmo (Algìrijmo AH)o opo�o, sthn per�ptwsh enì mh-anag ģimou A ∈ C

n,n, termat�zetai se ènapeperasmèno arijmì epanal yewn.Gia na dÔnatai o Algìrijmì ma na anagnwr�zei an èna mh-anag¸gimop�naka A ∈ C
n,n, me aii 6= 0 i = 1(1)n,, e�nai H−p�naka   ìqi efarmìzoumeth Mèjodo twn Dun�mewn 3.4 sto mh-anag¸gimo kai prwtarqikì p�naka |A(0)|,ìpou A(0) = (diag(A))−1 A, me x(0) = e (∈ P ∗) kai e to di�nusma me ìleti sunist¸se tou �se me 1. Jewr¸nta |A(k)| = I + B(k), k = 0, 1, 2, . . . ,kai shmei¸nonta ìti o p�naka B(0) e�nai o Jacobi p�naka pou sundèetai meton p�naka sÔgkrish tou A, JM(A), stamat�me ti epanal yei mìli èna apìta parak�tw tr�a krit ria ikanopoihje�; ìle oi sunist¸se tou dianÔsmato

(
I − B(k)

)
e e�nai jetikè,   ìle arnhtikè   ìle mhdenikè. E�nai fanerì ìti63



o ìmoio pro ton A(0) p�naka A(k), ja d�netai apì thn èkfrash
A(k) =

(
diag(x

(k−1)
1 , x

(k−1)
2 , . . . , x(k−1)

n )
)−1

A(k−1)diag(x
(k−1)
1 , x

(k−1)
2 , . . . , x(k−1)

n ),ìpou x(0) = e. Tìte, sÔmfwna me to Je¸rhma 3.11, to di�sthma
[

min
i=1(1)n

s
(k)
i , max

i=1(1)n
s
(k)
i

]
, s

(k)
i =

∑

j=1(1)n

|b(k)
ij |, i = 1(1)n,e�nai èna di�sthma entì tou opo�ou ke�tai h Perron r�za ρ

(
B(0)

)
= ρ

(
|A(0)|

)
−1tou JM(A) kai ep�sh to di�nusma diag(x(0))diag(x(1)) · · · diag(x(k))e apotele�mia prosèggish tou Perron dianÔsmato tou |A(0)|, pou e�nai to �dio me autì tou

B(0). Kaj�statai ètsi profanè ìti den e�nai apara�thto na ektelestoÔn ìle oiepanal yei th Mejìdou twn Dun�mewn (3.16) afoÔ arke� na ektelèsoume tiepanal yei mèqri ìtou èna apì ta proanaferjènta tr�a krit ria ikanopoihje�.Epomènw o Algìrijmì ma ja sugkl�nei se k�poia nwr�terh f�sh apì aut nth Mejìdou twn Dun�mewn.3.4 O Nèo AlgìrijmoSton Algìrijmì ma akoloujoÔme ton Algìrijmo L, qwr� thn parou-s�a tou ε kai uiojetoÔme mia pio genik  kanonikopo�hsh apì aut n tou Algo-r�jmou B ¸ste se k�je st�dio o p�naka A(k), k = 0, 1, 2, . . . , na èqei diag¸niastoiqe�a mètrou mon�da (|a(k)
ii | = 1, i = 1(1)n, k = 0, 1, 2, . . . ). Oi apode�xeitou basikoÔ isqurismoÔ ma ja dojoÔn analutik� met� thn parous�ash tounèou Algor�jmou:Algìrijmo AH. 64



EISODOS: 'Ena mh-anag¸gimo p�naka A := [aij] ∈ C
n,n.1. An aii = 0 gia k�poio i ∈ N, “o A den e�nai H−p�naka”, STOP; Alli¸2. Jèse A(0) = (diag(A))−1 A, D(0) = I, k = 13. Upolìgise A(k) =

(
D(k−1)

)−1
A(k−1)D(k−1) = [a

(k)
ij ]4. Upolìgise s

(k)
i =

∑n

j=1, j 6=i |a
(k)
ij |, i = 1(1)n, s(k) = mini=1(1)n s

(k)
i , S(k) =

maxi=1(1)n s
(k)
i5. An s(k) > 1, “o A den e�nai H−p�naka”, STOP; Alli¸6. An S(k) < 1, “o A e�nai H−p�naka”, STOP; Alli¸7. An S(k) = s(k), “o M(A) e�nai idiìmorfo”, STOP; Alli¸8. Jèse d = [di], ìpou

di =
1 + s

(k)
i

1 + S(k)
, i = 1(1)n9. Jèse D(k) = diag(d), k = k + 1; P gaine sto B ma 3.Je¸rhma 3.14. Me ti mèqri t¸ra upojèsei gia ton p�naka A ∈ C

n,n kaitou sumbolismoÔ pou eis qjhsan ston Algìrijmo AH, autì sugkl�nei sepeperasmèno arijmì epanal yewn (ektì , �sw, ìtan det(M(A)) = 0).Apìdeixh. An opoiod pote apì ta diag¸nia stoiqe�a aii tou p�naka A e�nai mh-dèn tìte o algìrijmo termat�zetai sto B ma 1. Upojètonta ìti aii 6= 0, i =

1(1)n, èqoume apì to L mma 3.3, ìti oi A(0) kai A èqoun tou �diou Jacobi epa-nalhptikoÔ p�nake pou sundèontai me autoÔ. Epomènw, oi A(0) kai A e�te jae�nai kai oi dÔo H−p�nake   kai oi dÔo den ja e�nai. Sto k-ostì epanalhptikìb ma sqhmat�zoume ton p�naka |A(k)|, me |a(k)
ii | = 1, i = 1(1)n, kai emmèsw65



ton p�naka sÔgkrish M(A(k)), kai parathroÔme ìti o Jacobi epanalhptikìp�naka B(k), pou sundèetai me ton M(A(k)), ja e�nai
JM(A(k)) = B(k) = I − M(A(k)) =




0 |a(k)
12 | . . . |a(k)

1n |
|a(k)

21 | 0 . . . |a(k)
2n |... ... . . . ...

|a(k)
n1 | |a(k)

n2 | . . . 0


 = [b

(k)
ij ].(3.1)Ajro�zonta ta stoiqe�a tou gramm  pro gramm  parathroÔme ìti k�je �jroi-sma gramm  sump�ptei me

s
(k)
i =

n∑

j=1

b
(k)
ij =

n∑

j=1, j 6=i

|a(k)
ij |, i = 1(1)n,dhlad , ta ajro�smata twn ektì diagwn�ou stoiqe�wn tou −M(A(k)). Shmei-¸noume ìti B(k) =

(
D(k−1)

)−1
B(k−1)D(k−1), �ra oi B(k) kai B(k−1) e�nai ìmoioip�nake kai, epagwgik�, ìmoioi ja e�nai kai oi B(k) kai B(0). Autì sunep�getaiìti

σ(B(k)) = σ(B(k−1)) = . . . σ(B(1)) = σ(B(0)),�ra
ρ(B(k)) = ρ(B(k−1)) = . . . = ρ(B(1)) = ρ(B(0)).Epeid  o A e�nai mh-anag¸gimo, to �dio ja e�nai kai oi A(k), |A(k)|, M(A(k))kai B(k), gia k�je k = 0, 1, 2, . . .. Gia na prosegg�soume th ρ(B(0)) qrhsimo-poi¸nta th Mèjodo twn Dun�mewn qreiazìmaste o arqikì p�naka na e�naiprwtarqikì. Gia na exasfal�soume thn prwtarqikìthta, ant� na efarmìsoumeth Mèjodo twn Dun�mewn sto B(0) thn efarmìzoume ston prwtarqikì p�na-ka |A(0)| = I + B(0) = 2I − M(A(0)) (Je¸rhma 3.10). Me thn epilog  tou66



x(0) = [1 1 . . . 1]T ∈ R
n, pou an kei ston P ∗, or�zoume

x(k) = |A(0)|x(k−1) = . . . = |A(0)|kx(0), k = 1, 2, . . . .Epeid  x(0) ∈ P ∗ kai |A(0)| ≥ 0 kai mh-anag¸gimo, to x(1) ∈ P ∗, kai meepagwg  x(k) ∈ P ∗ gia k�je jetikì akèraio k. Sqhmat�zonta ta phl�ka
x
(k)
i

x
(k−1)
i

, i = 1(1)n, ìpou x
(k−1)
i 6= 0, i = 1(1)n, ∀ k = 1, 2, . . . , epeid  x(k−1) ∈ P ∗,èqoume apì ton orismì twn D(k) ston Algìrijmo AH kai apì th sqèsh (3.1)ìti

x
(k)
i

x
(k−1)
i

=

(
|A(k−1)|x(k−1)

)
i

x
(k−1)
i

=

∑n
j=1 |a

(k−1)
ij |(1 + s

(k−1)
j )

1 + s
(k−1)
i

= 1 + s
(k)
i , i = 1(1)n,(3.2)me s

(0)
i = 0, i = 1(1)n. Shmei¸netai ìti h apa�thsh na èqei to di�nusma

x(0) (> 0) mia mh-mhdenik  sunist¸sa kat� m ko tou trèqonto Perron dia-nÔsmato ikanopoie�tai me b�sh to Je¸rhma 3.13, ki autì epeid  o |A(0)| e�naimh-arnhtikì, mh-anag¸gimo kai prwtarqikì. Lìgw aut¸n twn idiot twn,ìle oi upojèsei tou Jewr mato 3.4 th Mejìdou twn Dun�mewn ikano-poioÔntai kai ja èqoume limk→∞ s
(k)
i = ρ(B(0)), i = 1(1)n. Epomènw, apì toJe¸rhma 3.11, thn Parat rhsh 3.4.1 kai to Pìrisma 3.7 èqoume ìti

1 + s(1) ≤ 1 + s(2) ≤ . . . ≤ 1 + ρ(B(0)) ≤ . . . ≤ 1 + S(2) ≤ 1 + S(1), (3.3)ìpou s(k) = mini=1(1)n s
(k)
i , S(k) = maxi=1(1)n s

(k)
i , kai akìmh ìti

lim
k→∞

s(k) = lim
k→∞

S(k) = ρ(B(0)).Apì thn Parat rhsh 3.3.1, autì shma�nei ìti ìla ta stoiqe�a kai twn dÔo ako-louji¸n s(k) kai S(k), k = 1, 2, . . . , ektì apì èna peperasmèno pl jo aut¸n,ja an koun sto di�sthma (
ρ(B(0)) − ε, ρ(B(0)) + ε

), gia k�je ε > 0. Autì67



me th seir� tou, exasfal�zei ton termatismì tou algor�jmou se peperasmènoarijmì epanal yewn.Gia thn apìdeixh tou isqurismoÔ ma prèpei na diakr�noume ti ex  trei peri-pt¸sei:1)An ρ(B(0)) < 1, tìte jètonta ε = 1− ρ(B(0)), ìla ta stoiqe�a tou S(k), k =

1, 2, . . . , ektì apì èna peperasmèno pl jo aut¸n, an koun sto (2ρ(B(0)) −

1, 1). Sunep¸, ja up�rqei èna fusikì kS tètoio ¸ste gia ìla ta k ≥ kS nae�nai S(k) < 1. Sthn per�ptwsh aut , apì to L mma 3.2, o A e�nai H−p�naka.2) An ρ(B(0)) > 1, tìte jètonta ε = ρ(B(0)) − 1, ìla ta stoiqe�a tou s(k),
k = 1, 2, . . . , ektì apì èna peperasmèno arijmì apì aut�, ja an koun sto
(1, 2ρ(B(0)) − 1). 'Ara, ja up�rqei èna fusikì ks tètoio ¸ste gia ìla ta
k ≥ ks, s(k) > 1. Sthn per�ptwsh aut , apì to L mma 3.2, o A den ja e�nai
H−p�naka.3) Sthn per�ptwsh ìpou ρ(B(0)) = 1, o algìrijmo, jewrhtik� mpore� na ter-mat�zetai   ìqi se peperasmèno arijmì epanal yewn.To ant�strofo tou Jewr mato 3.14 e�nai eÔkolo na apodeiqje�. Eidikì-tera èqoume:Je¸rhma 3.15. 'Estw A ∈ C

n,n e�nai opoiosd pote mh-anag ģimo p�naka.An o Algìrijmo AH termat�zetai se peperasmèno arijmì epanal yewn, tìteto apotèlesma tou e�nai swstì.Apìdeixh. 'Estw ìti o algìrijmo termat�zetai se peperasmèno arijmì epa-nal yewn. Tìte, prèpei na diakr�noume peript¸sei basizìmenoi afenì sto68



apotèlesma tou Algor�jmou kai afetèrou sto b ma tou Algor�jmou apì toopo�o ex lje termat�zonta.1) A upojèsoume ìti to apotèlesma e�nai “o A e�nai H−p�naka”. H mìnhpijan  èxodo e�nai apì to B ma 6. Se mia tètoia per�ptwsh, S(k) < 1. Apì toJe¸rhma 3.11, isqÔoun:
s(k) ≤ ρ(B(0)) ≤ S(k) < 1 =⇒ ρ(B(0)) < 1.'Ara apì to L mma 3.2, o A(k) e�nai H−p�naka kai to �dio e�nai o A(0). Apì toL mma 3.3, oi A kai A(0) = (diag(A))−1A èqoun tautìshmou Jacobi epanalh-ptikoÔ p�nake kai epomènw, apì to L mma 3.2, o A e�nai H−p�naka.2) A upojèsoume ìti to apotèlesma e�nai “o A den e�nai H−p�naka”. Pija-nè èxodoi e�nai apì ta B mata 1 kai 5.a) An h èxodo e�nai apì to B ma 1, tìte aii = 0, gia k�poio i ∈ {1, 2, . . . , n}.Tìte, gia th sugkekrimènh i-ost  gramm  den up�rqei jetikì diag¸nio p�na-ka D tètoio ¸ste |aii|di >

∑n

j=1, j 6=i |aij|dj. 'Ara, apì ton Orismì 1.3, “o Aden e�nai H−p�naka”.b) An h èxodo e�nai apì to B ma 5, tìte me an�logo epiqe�rhma ìpw sto (1)prohgoumènw isqÔei ìti ρ(B(0)) > 1, sunep¸ “o A den e�nai H−p�naka”.3) An h èxodo e�nai apì to B ma 7 tìte epeid  o algìrijmo èqei  dh per�seiapì ta B mata 5 kai 6 èqoume ìti s(k) ≤ 1 kai S(k) ≥ 1, ant�stoiqa. 'Etsi,
S(k) = s(k), kai �ra apì to Je¸rhma 3.11, ρ(B(k)) = 1 kai san sunèpeia thomoiìthta pin�kwn èqoume apì ta L mmata 3.1 kai 3.2 ìti ρ(B(0)) = 1. Meth bo jeia tou L mmato 3.3 èpetai ìti “o A den e�nai H−p�naka”. An hproanaferje�sa isìthta sto B ma 7 èqei paraqje� upologistik� tìte ρ(B(0))69



mpore� na e�nai polÔ kont� sth mon�da kai �ra kanèna sumpèrasma sqetik�me ton H−   mh−H− qarakt ra tou A den mpore� na exaqje�.Parat rhsh 3.4.1. Praktik�, k�je epan�lhyh tou Algor�jmou AH, ektì apìta eisaqjènta sthn arq , ti antikatast�sei kai ti sugkr�sei pou g�nontai,apotele�tai ousiastik� apì tr�a basik� b mata:1. Upolìgise I +B(k) =
(
diag(x

(k−1)
1 , . . . , x

(k−1)
n )

)−1

(I +B(k−1)) diag(x
(k−1)
1 ,

. . . , x
(k−1)
n ).2. Upolìgise s

(k)
i =

(B(k)x(k−1))
i

x
(k−1)
i

, i = 1(1)n.3. Upolìgise x
(k)
i =

1+s
(k)
i

1+S(k) , i = 1(1)n.Gia na oloklhrwje� aut  h par�grafo parousi�zoume èna je¸rhma ba-sismèno p�nw sti upojèsei kai to sumbolismì twn Jewrhm�twn 3.14 kai 3.15pou exasfal�zei ìti met� apì to polÔ èna sugkekrimèno arijmì epanal yewn
l ja èqoume [s(k+l), S(k+l)] ⊂ [s(k), S(k)] en¸ met� to polÔ èna �llo orismènoarijmì epanal yewn m (≥ l) ja e�nai s(k) < s(k+m) ≤ ρ(B(0)) ≤ S(k+m) < S(k).To je¸rhma autì bas�zetai sto akìloujo l mma.L mma 3.16. Upì ti upojèsei kai tou sumbolismoÔ tou Jewr mato 3.14,isqÔei ìti

s(k) ≤ s
(k+1)
i =

∑n

j=1 b
(k)
ij (1 + s

(k)
j )

1 + s
(k)
i

≤ S(k), i = 1(1)n. (3.4)Epiplèon, se k�je epan�lhyh up�rqoun dÔo toul�qiston grammè ìpou gia tigrammè autè oi anisìthte twn sqèsewn (3.4) g�nontai austhrè. Epomènw,
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e�nai exasfalismèno ìti o sunolikì arijmì twn gramm¸n me mègisto �jroi-sma gramm¸n, S(k), ìpw kai autì twn gramm¸n me el�qisto �jroisma, s(k),mei¸netai toul�qiston kat� èna met� apì k�je epan�lhyh.Apìdeixh. To pr¸to mèro tou l mmato e�nai �mesh sunèpeia twn sqèsewn(3.2) kai (3.3), ìpou toul�qiston m�a apì ti dÔo anisìthte e�nai austhr giat� se ant�jeth per�ptwsh o algìrijmo ja termatizìtan. Gia to deÔteroskèlo tou jewr mato, a upojèsoume ìti up�rqoun n
(k)
1 < n grammè tou

B(k) pou èqoun to mègisto �jroisma gramm  1+S(k), n(k)
3 (≤ n−n

(k)
1 ) grammèpou èqoun to el�qisto �jroisma gramm  1 + s(k) kai ìti gia ti upìloipe

n
(k)
2 (= n − n

(k)
1 − n

(k)
3 ≥ 0) grammè, oi parap�nw anisìthte sti (3.4) e�naiausthrè. A upojèsoume, epiplèon, ìti me èna metajetikì metasqhmatismìomoiìthta me metajetikì p�naka P (k), metafèroume ti proanaferje�se n

(k)
1grammè sti n

(k)
1 pr¸te, ti n

(k)
2 na ti akoloujoÔn kai ti n

(k)
3 grammè stiteleuta�e n

(k)
3 , diathr¸nta to sÔmbolo B(k) gia ton p�naka P (k)B(k)(P (k))T .'Ara, ja isqÔoun oi akìlouje trei seirè sqèsewn:

S(k) = max
i=1(1)n

(k)
1

s
(k)
i ,

s(k) < s
(k)
i < S(k), i = n

(k)
1 + 1(1)n

(k)
1 + n

(k)
2 ,

s(k) = min
i=n

(k)
1 +n

(k)
2 +1(1)n

s
(k)
i ,

(3.5)kai, se antistoiq�a me ti sqèsei (3.5), o p�nak� ma ja èqei th diaqwrismènhmorf 
B(k) =




B
(k)
11 B

(k)
12 B

(k)
13

B
(k)
21 B

(k)
22 B

(k)
23

B
(k)
31 B

(k)
32 B

(k)
33


 . (3.6)
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AnakaloÔme ìti s(k) < S(k) kai shmei¸noume ìti lìgw th mh-anagwgimìthtatou A, kai epomènw kai aut  tou B(k), o upop�naka [
B

(k)
12 B

(k)
13

] ja èqeitoul�qiston èna mh-mhdenikì stoiqe�o b
(k)
ij , alli¸ o B(k) ja  tan anag¸gimo.To �dio e�nai alhjè kai gia ton upop�naka [

B
(k)
31 B

(k)
32

]
, kai ep�sh gia toul�-qiston ènan apì tou upop�nake B

(k)
21 kai B

(k)
23 . 'Opw èqoume  dh diapist¸sei

B(k+1) = (D(k))−1B(k)D(k), ki ètsi I +B(k+1) = I +(D(k))−1B(k)D(k). Sunep¸,ajro�zonta ìla ta stoiqe�a se k�je gramm  tou I + B(k+1), mpore� na breje�ìti gia toul�qiston mia gramm  i ∈
{

1, 2, . . . , n
(k)
1

} isqÔei
1 + s(k) < 1 + s

(k+1)
i = 1 +

n∑

j=1

b
(k+1)
ij < 1 + S(k). (3.7)Gia thn apìdeixh, upojètoume ìti b

(k)
i1j1

6= 0, gia k�poio i1 ∈
{

1, . . . , n
(k)
1

} kai
j1 ∈

{
n

(k)
1 + 1, . . . , n

} tìte mporoÔme na parathr soume ìti h deÔterh anisìthtatwn sqèsewn (3.7) apodeiknÔetai w ex :
s
(k+1)
i1

=

∑n
j=1, j 6=i1

b
(k)
i1j(1 + s

(k)
j )

1 + s
(k)
i1

< S(k) ⇐⇒
n∑

j=1, j 6=i1

b
(k)
i1j(1 + s

(k)
j ) < (1 + s

(k)
i1

)S(k)

⇐⇒
n∑

j=1, j 6=i1

b
(k)
i1j +

n∑

j=1, j 6=i1

b
(k)
i1js

(k)
j < S(k) + s

(k)
i1

S(k) ⇐⇒

si1 +
n∑

j=1, j 6=i1

b
(k)
i1js

(k)
j < S(k) + s

(k)
i1

S(k) ⇐⇒
n∑

j=1, j 6=i1

b
(k)
i1js

(k)
j < s

(k)
i1

S(k) (s
(k)
i1

= S(k))

⇐⇒
n∑

j=1, j 6=i1

b
(k)
i1js

(k)
j <

n∑

j=1, j 6=i1

b
(k)
i1jS

(k).All� epeid  b
(k)
i1j1

6= 0, s
(k)
j1

< s
(k)
i1

= S(k), lìgw tou ìti s
(k)
i1

e�nai èna apì ta mè-gista ajro�smata gramm¸n tou p�naka B(k) en¸ s
(k)
j1

den e�nai. 'Ara h teleuta�aausthr  anisìthta sti isodunam�e e�nai alhj , sunep¸ ja e�nai kai h arqik .72



Me an�logo trìpo mpore� na apodeiqje� ìti oi grammè me to el�qisto �jroi-sma gramm¸n sti teleuta�e n
(k)
3 grammè elatt¸nontai toul�qiston kat� m�agramm . Tèlo, me parìmoio trìpo, mpore� na apodeiqje� ìti opoiod pote apìta nèa ajro�smata gramm¸n tou p�naka B(k+1), i = n

(k)
1 + 1(1)n

(k)
1 + n

(k)
2 , denmpore� na g�nei oÔte tìso meg�lo ìso to S(k) oÔte tìso mikrì ìso to s(k),pr�gma pou oloklhr¸nei thn apìdeixh.Je¸rhma 3.17. Upì ti upojèsei kai tou sumbolismoÔ tou Jewr mato3.14 kai tou L mmato 3.16 up�rqoun dÔo arijmo� l ≤ [

n
2

] kai m (l ≤ m ≤ n−1)tètoioi ¸ste gia opoiad pote epan�lhyh k ja isqÔei
[s(k+l), S(k+l)] ⊂ [s(k), S(k)] (3.8)kai

s(k) < s(k+m) ≤ ρ(B(0)) ≤ S(k+m) < S(k). (3.9)Apìdeixh. Gia na isqÔei o egkleismì (3.8) prèpei e�te s(k) < s(k+l), gia toel�qisto �jroisma gramm¸n,   S(k+l) < S(k), gia to mègisto �jroisma gram-m¸n. Qrhsimopoi¸nta to sumbolismì tou L mmato 3.16, e�nai fanerì ìti h
“qeirìterh” per�ptwsh pou mpore� na èqoume e�nai ìtan n

(k)
2 = 0. Tìte: 1) Gia

n �rtio n
(k)
1 = n

(k)
3 = n

2
, kai 2) Gia n perittì e�te n

(k)
1 = n−1

2
kai n

(k)
3 = n+1

2  n
(k)
1 = n+1

2
kai n

(k)
3 = n−1

2
. To L mma 3.16 sunep�getai ìti gia opoiad poteper�ptwsh n, �rtiou   perittoÔ, o mègisto arijmì epanal yewn pou apaitoÔn-tai gia na èqoume m�a apì ti dÔo anisìthte austhrè e�nai l =

[
n
2

]. Tèlo,h “qeirìterh” per�ptwsh gia na ikanopoie�tai to sÔnolo twn austhr¸n aniso-t twn sti sqèsei (3.9) e�nai na èqoume p�li n
(k)
2 = 0 kai e�te n

(k)
1 = n − 1  73



n
(k)
3 = n − 1. 'Ara, sundu�zonta autì me to apotèlesma tou L mmato 3.16èqoume ìti oi anisìthte (3.9) ikanopoioÔntai tautìqrona met� apì to polÔ

m = n − 1 epanal yei.3.5 Mia Sun�rthsh Matlab, Parade�gmata kai SqìliaArq�zoume thn par�grafo aut  parajètonta mia Matlab sun�rthshpou ulopoie� ton AH Algìrijmì ma. H Matlab sun�rthsh aut  èqei w odhgìaut n tou Algor�jmou H th ergas�a [29℄.
function [s min, s max, k, dd]=ahalgo(n, a, maxiter)

% INPUT: n = dimension of a square (complex) matrix,

% a = an n−by−n (complex) matrix,

% maxiter = maximum number of iterations allowed

% OUTPUT: dd = diagonal matrix D (if “A IS an H-matrix” or if

% “A is NOT an H-matrix”),

% = [] (if “A is NOT an H-matrix” ;

% it has at least one zero diagonal element

% or if “M(A) IS SINGULAR”),

% s min = smallest row sum of moduli of the Jacobi

% matrix of M(A(k)),

% s max = largest row sum of moduli of the Jacobi

% matrix of M(A(k)),

% k = number of iterations performed
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finish=0; k=1; dd=eye(n);

if (1-all(diag(a)))

’A is NOT an H-matrix; It has at least one zero diagonal element’

finish=1; s min=0; s max=Inf; k=k-1; dd=[];

end

if (finish == 0)

a=abs(a);

a=inv(diag(diag(a)))*a;

for i=1:n

a(i,i)=1;

end

end

while (finish == 0 & k < maxiter+1)

for i=1:n

s(i)=sum(a(i,1:n))-1;

end

s min=min(s); s max=max(s);

if s min > 1

’s min > 1, A is NOT an H-matrix’

finish=1;

break

elseif s max < 1

’s max < 1, A IS an H-matrix’
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finish=1;

break

elseif (s min==s max)

’s min=s max, M(A) (to the Matlab precision) IS SINGULAR’

finish=1;

break

else

for i=1:n

d(i)=(1+s(i))/(1+s max);

end

end

k=k+1; diagonal=diag(d);

dd=dd*diagonal; d 1=inv(diagonal); a=d 1*a*diagonal;

for i=1:n

a(i,i)=1;

end

end

if (k==maxiter+1 & finish==0)

k=k-1; dd=[];

’Inconclusive; increase maxiter’

end

% end of the function ahalgoSth sunèqeia d�noume èna pl jo arijmhtik¸n paradeigm�twn pou doki-76



m�sthkan me th Matlab sun�rthsh ahalgo. S' ìla ta parade�gmata o jewroÔ-meno p�naka e�nai mh-anag¸gimo.Arqik� jewroÔme tou mh-anag¸gimou p�nake pou èpaixan to rìlotwn antiparadeigm�twn sthn Par�grafo 3.2 gia ta opo�a o Algìrijmo L, me
ε = 0, anakukl¸netai ep' �peiron me apotèlesma na mh sugkl�nei.Par�deigma 1. O A1 sthn (3.8):EXODOS: “o A e�nai H−p�naka”, maxi=1(1)3 s

(4)
i = 0.87500000000000 < 1,

D = diag(0.50000000000000, 0.31250000000000, 0.87500000000000).Par�deigma 2. O A2 sthn (3.8):EXODOS: “o A DEN e�nai H−p�naka”, mini=1(1)3 s
(4)
i = 1.14285714285714 >

1,

D = diag(0.33333333333333, 0.53333333333333, 0.93333333333333).To epìmeno e�nai to antipar�deigma sthn (3.13), ìpou o Algìrijmo Bapotugq�nei na sugkl�nei se peperasmèno arijmì epanal yewn.Par�deigma 3. O A4 sthn (3.13):EXODOS: “o A DEN e�nai H−p�naka”, mini=1(1)4 s
(2)
i = 1.07142857142857 >

1,

D = diag(1.00000000000000, 1.00000000000000, 0.43750000000000, 0.43750000000000).Ta dÔo epìmena parade�gmata èqoun parje� apì thn ergas�a [27℄, kaiepibebai¸noun to eke� apotèlesma an kai ìqi ston �dio arijmì epanal yewn.
77



Par�deigma 4. O A sto Par�deigma 1 th [27℄:
A =




1 −0.2 −0.1 −0.2 −0.1
−0.4 1 −0.2 −0.1 −0.1
−0.9 −0.2 1 −0.1 −0.1
−0.3 −0.7 −0.3 1 −0.1
−1 −0.3 −0.2 −0.4 1




.EXODOS: “o A e�nai H−p�naka”, maxi=1(1)5 s
(6)
i = 0.99892870378759 < 1,

D = diag(0.41775867101876, 0.48021361502992, 0.65599854320113, 0.76476559904905, 1).Parade�gmata 5. O A sto Par�deigma 2 th [27℄:
A =




1 −0.8 −0.1
−0.5 1 c
−0.8 −0.6 1


 .Gia c = −0.3951:EXODOS: “o A EINAI H−p�naka”, maxi=1(1)3 s

(8)
i = 0.99999417061559 < 1,

D = diag(0.69344055479302, 0.74176649875408, 0.99985294182613).Gia c = −0.3952:EXODOS: “o A DEN e�nai H−p�naka”, mini=1(1)3 s
(9)
i = 1.00001588177980 >

1, D = diag(0.69343749916264, 0.74183369108397, 0.99983433483175).Shme�wsh: Me thn akr�beia twn tess�rwn dekadik¸n yhf�wn pou jewroÔme to
c, e�nai profanè ìti gia ìla ta |c| ≤ 0.3951 “o A EINAI H−p�naka” en¸ gia
|c| ≥ 0.3952 “o A DEN e�nai H−p�naka”.To parak�tw par�deigma epibebai¸nei to sumpèrasma apì thn tÔpou
Gauss-Seidel diaforopo�hsh tou Algor�jmou H th ergas�a [29℄ pou d�netaime mia epektetamènh sumpagoÔ metwpikoÔ tÔpou teqnik  sthn ergas�a [17℄.Epiplèon, h per�ptwsh th anapotelesmatikìthta èqei arje�.78



Parade�gmata 6. O A tou Parade�gmato th ergas�a [17℄:
A =




−1 a12 0 0 0
0.5 −1 0 −0.6 0

0 −0.1 1 0 0.5
0 0.5 0 1 −0.5

−0.2 0.1 0.3 0 −1




.Gia a12 = 1.146391:EXODOS: “o A EINAI H−p�naka”, maxi=1(1)5 s
(32)
i = 0.99999993216569 < 1,

D = diag(1, 0.87230267174610, 0.27158312363400, 0.62050421587928, 0.36870533832715).Gia a12 = 1.146392:EXODOS: “o A DEN e�nai H−p�naka”, mini=1(1)5 s
(37)
i = 1.00000002036218 >

1,

D = diag(1, 0.87230203336695, 0.27158269490209, 0.62050348290098, 0.36870499419081).Shme�wsh: Mia parìmoia shme�wsh me eke�nh twn Paradeigm�twn 5 mpore�na dieukrin sei ìti h akr�beia twn èxi dekadik¸n yhf�wn gia to stoiqe�o a12,d�nei gia ìla ta |a12| ≤ 1.146391 ìti “o A EINAI H−p�naka ” en¸ gia
|a12| ≥ 1.146392 ìti “o A DEN e�nai H−p�naka”.Sta dÔo parade�gmata mh-anag¸gimwn pin�kwn pou d�nontai sth sunè-qeia, èna ek twn opo�wn e�nai migadikì, oi p�nake e�nai idiìmorfoi. Akìmakai sto pr¸to par�deigma autì emmèsw diakr�netai par� to gegonì ìti sthnèxodo èqoume ìti “o A EINAI H−p�naka”.Par�deigma 7. O A e�nai o p�naka:

A =




2 −1 −0.5
−1 2 −1

−0.5 −1 7
6
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EXODOS: “o A EINAI H−p�naka”,
mini=1(1)3 s

(33)
i = maxi=1(1)3 s

(33)
i = 1.00000000000000,

D = diag(0.66666666666667, 0.83333333333333, 1.00000000000000).Par�deigma 8. O A e�nai o p�naka:
A =

[
1+i

√
3

4
2
√

2(1 + i)√
2(1−i)

8
2(1 − i

√
3)

]
.EXODOS: “o M(A) (me thn akr�beia th Matlab) EINAI IDIOMORFOS”,

mini=1(1)2 s
(3)
i = maxi=1(1)2 s

(3)
i = 1,

D = diag(1.00000000000000, 0.12500000000000).To teleuta�o par�deigma e�nai to Par�deigma 6 me a12 = 1.146391, ìpouetèjh a33 = 0, gia na elègxoume kat� pìso h Matlab sun�rths  ma mpore� nadiakr�nei thn Ôparxh tou(wn) mhdenikoÔ(¸n) sth diag¸nio tou p�naka eisìdou.Par�deigma 9. O A4 th (3.13) me a33 = 0:EXODOS: “o A DEN e�nai H−p�naka; 'Eqei toul�qiston èna mhdenikì dia-g¸nio stoiqe�o”,
mini=1(1)4 s

(0)
i = 0, maxi=1(1)4 s

(0)
i = ∞, D = [].Tr�a sqìlia gia na kle�soume thn paroÔsa par�grafo kai to parìnkef�laio e�nai ta ex :1) O Algìrijmì ma (AH), kaj¸ kai h ulopo�hs  tou sth Matlab su-n�rthsh ahalgo, me mikr  diaforopo�hsh, erg�zetai apotelesmatik� kai sthnper�ptwsh ìpou jèloume na broÔme mia kal  prosèggish th fasmatik  akt�-na enì mh-anag¸gimou p�naka me mh-arnhtik�   me mh-jetik� ektì diagwn�ou80



stoiqe�a, me ta �dia diag¸nia stoiqe�a, me thn pro�pìjesh ìti èqei teje� ènakrit rio sÔgklish, p.q., S(k) − s(k) < η, ìpou to η e�nai h akr�beia pou epizh-te�tai. 2) O Algìrijmì ma (kai h Matlab sun�rthsh), erg�zetai ex�sou apo-telesmatik� kai sthn per�ptwsh enì p�naka A pou EINAI H−p�naka anex�r-thta apì to an o A e�nai mh-anag¸gimo   anag¸gimo.3) Epèktash tou nèou Algor�jmou AH, pou anaptÔqjhke sto parìnkef�laio, ¸ste na kalÔptetai pl rw kai h anag¸gimh per�ptwsh d�netai stokef�laio pou akolouje�.
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Kef�laio 4Epanalhptikì Krit rio gia Anag¸gimou kaiMh P�nake
O nèo Algìrijmo, pou telik� parousi�zetai sto parìn kef�laio apo-tele� epèktash tou Algor�jmou AH th ergas�a [2℄ ¸ste na kalÔyei epiplèonthn anag¸gimh per�ptwsh. Sthn epìmenh par�grafo exet�zetai pl rw h efar-mog  tou Algor�jmou AH sth 2 × 2 block anag ģimh per�ptwsh. AkoloÔjwme th bo jeia th sunduastik  jewr�a pin�kwn melet�me th genik  p×p blockanag ģimh per�ptwsh me efarmog  tou Algor�jmou AH. Apì thn an�lush touKefala�ou 3 kaj¸ kai aut  tou parìnto prokÔptei to nèo tÔpou Jacobi epa-nalhptikì krit rio gia thn anagn¸rish H−pin�kwn. O nèo algìrijmo d�netaise morf  yeudok¸dika (Algìrijmo AH2). Se ant�jesh me ton Algìrijmo AHo nèo Algìrijmo eggu�tai th sÔgklish se peperasmèno arijmì epanal yewnthn anagn¸rish tou H−qarakt ra gia ìlou tou mh-anag ģimou kaj¸ ep�-sh kai tou anag ģimou p�nake. H ulopo�hsh tou Algor�jmou AH2 pragma-topoie�tai mèsw mia Matlab sun�rthsh (ah2algo). Efarmìzetai se poikil�aarijmhtik¸n paradeigm�twn kalÔptonta di�fore peript¸sei pin�kwn ìsonafor� th genikìthta all� kai thn eurÔthta.
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4.1 Jewrhtik� stoiqe�aKatarq�, anakaloÔme k�poia epiplèon jewrhtik� stoiqe�a (orismoÔkai prot�sei) apì ta bibl�a anafor� [5℄, [21℄, [42℄ kai [45℄.L mma 4.1. [42℄ An o A ∈ R
n,n e�nai èna mh-anag ģimo M−p�naka, tìte oant�strofì tou up�rqei kai e�nai èna austhr� jetikì p�naka, dhlad  A−1 >

0.L mma 4.2. [5℄ Opoiosd pote upop�naka enì M−p�naka A ∈ R
n,n e�nai ep�-sh M−p�naka.L mma 4.3. [5℄ 'Oloi oi kÔrioi upop�nake enì M−p�naka èqoun or�zousejetikè kai ant�strofa.'Amesh sunèpeia tou prohgoÔmenou l mmato kai tou orismoÔ tou M−p�naka(1.1) e�nai kai to epìmeno:L mma 4.4. 'Ena p�naka A ∈ R

n,n me aii > 0, i = 1(1)n, kai aij ≤ 0, i 6=

j = 1(1)n, e�nai M−p�naka an kai mìno an ìloi oi kÔrioi upop�nake th �nwarister  gwn�a tou èqoun jetikè or�zouse.Apì tou orismoÔ twn M− kai H−pin�kwn, (blèpe (1.1) kai (1.2) )kaj¸ kai apì ti prot�sei tou prohgoÔmenou kefala�ou kai to L mma 4.2prokÔptei amèsw to parak�tw.L mma 4.5. 'Ena kÔrio upop�naka enì H−p�naka A ∈ C
n,n e�nai ep�sh

H−p�naka; epiplèon, o p�naka A ∈ C
n,n den e�nai H−p�naka an kai mìno anopoiosd pote apì tou kÔriou upop�nake tou den e�nai H−p�naka.84



Je¸rhma 4.6. 'Estw A ∈ C
n,n èna mh-idiìmorfo anag ģimo p�naka kaièstw

B := PAP T =




B11 B12 · · · · · · B1,p−1 B1p

B22 · · · · · · B2,p−1 B2p. . . . . . ... .... . . ... ...
Bp−1,p−1 Bp−1,p

Bpp




(4.1)
h kanonik  morf  tou Frobenius (Frobenius normal form) tou A, ìpou P ∈

IRn,n e�nai kat�llhlo p�naka met�jesh. Tìte, o A e�nai H−p�naka an kaimìno an ìla ta diag¸nia blocks Bii ∈ CIni,ni , i = 1(1)p,
∑p

i=1 ni = n, thkanonik  morf  tou Frobenius (4.1) e�nai H−p�nake.Apìdeixh. Apì ton orismì tou H−p�naka (1.2) kai to L mma 3.1 èpetai ìti o
A e�nai H−p�naka an kai mìno an e�nai kai o B := PAP T . Ta diag¸nia blockstou p�naka B, Bii, i = 1(1)p, e�nai mh-anag¸gimoi p�nake. Epeid  o A e�naimh-idiìmorfo to �dio ja e�nai kai o B. Epiplèon, h mh-anagwgimìthta twn Biisunep�getai ìti èna pijanì 1 × 1 diag¸nio block sthn kanonik  morf  B jae�nai mh-mhdenikì.'Estw ìti oi Bii, i = 1(1)p, e�nai H−p�nake. Tìte M(Bii), i = 1(1)p, ja e�naimh-idiìmorfoi M−p�nake. JewroÔme ton p�naka sÔgkrish tou B pou ja e�nai
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th morf 
M(B) =




M(B11) −|B12| · · · · · · −|B1,p−1| −|B1p|
M(B22) · · · · · · −|B2,p−1| −|B2p|. . . . . . ... .... . . ... ...

M(Bp−1,p−1) −|Bp−1,p|
M(Bpp)




. (4.2)
Basizìmenoi sto L mma 4.4 ja apode�xoume ìti o opoiosd pote kÔrio upop�-naka tou M(B) sthn (4.2) e�nai M−p�naka. Gi' autì, jewroÔme ènan tuqa�okÔrio upop�naka th �nw arister  gwn�a tou B, t�xh èstw

(
i−1∑

j=1

nj + i′

)
×

(
i−1∑

j=1

nj + i′

)
, i′ = 1(1)ni, i = 1(1)p,gia ton opo�o ja apode�xoume ìti h or�zous� tou e�nai jetik . Sqhmat�zoumethn or�zousa tou proanaferjènta upop�naka, pou lìgw th morf  tou M(B)ja e�nai

c = det (M(B00)) det (M(B11)) · · · det (M(Bi−1,i−1)) det (M(Bi′i′)) , i = 1(1)p,(4.3)ìpou B00 := I kai M(Bi′i′), i′ = 1(1)ni, sumbol�zei ton i′ × i′ kÔrio upop�nakatou M(Bii). Sto ginìmeno (4.3) oi pr¸toi i par�gonte e�nai jetiko� (or�zouse
M−pin�kwn). Ep�sh jetikì e�nai o teleuta�o par�gonta epeid  e�nai hor�zousa tou kÔriou upop�naka t�xh i′ × i′ enì M−p�naka, M(Bii), pou e�naiep�sh èna M−p�naka. Sunep¸, c > 0.To ant�strofo prokÔptei amèsw apo to deÔtero mèro tou L mmato 4.5.Sugkekrimèna, an o A e�nai èna H−p�naka, H−p�naka ja e�nai kai o B kai86



me b�sh to L mma 4.5, H−p�naka ja e�nai kai o opoiosd pote Bii, i = 1(1)p,kai �ra h isqÔ tou jewr mato èqei exasfaliste�.4.2 H Efarmog  tou Algor�jmou AH se mia Apl  Ana-g¸gimh Per�ptwshArq�zoume thn an�lus  ma me duo prot�sei oi opo�e èqoun prokÔyeièmmesa apo ta Jewr mata 3.14 kai 3.15.Gia to skopì autì, jewroÔme to mh-anag¸gimo p�naka A ∈ C
n,n, me

aii 6= 0, i = 1(1)n, kai jètoume, ìpw ston Algìrijmo AH,
A(0) = (diag(A))−1 A,

A(k) =
(
diag(d

(k−1)
1 , d

(k−1)
2 , . . . , d

(k−1)
n )

)−1

A(k−1)diag(d
(k−1)
1 , d

(k−1)
2 , . . . , d

(k−1)
n ),(4.1)me k = 1, 2, 3, . . . , kai d(0) = e, ìpou e ∈ R

n e�nai to di�nusma me ìle tisunist¸se tou �se me 1, kai
|A(k)| = I + B(k), k = 0, 1, 2, . . . . (4.2)Shmei¸noume ìti o p�naka B(0) e�nai o Jacobi p�naka pou sundèetai me tonp�naka sÔgkrish tou A, JM(A). An ston Algìrijmo AH epitrèyoume k → ∞,tìte sti apode�xei twn Jewrhm�twn 3.14 kai 3.15 apode�qjhke ep�sh èmmesasthn ergas�a [2℄, metaxÔ twn �llwn, ìti:Pìrisma 4.7. Upì ti w t¸ra upojèsei kai tou sumbolismoÔ to Perrondi�nusma d tou |A(0)| (kai B(0)) d�netai apì th sqèsh

d =

(
lim
k→∞

(
k∏

i=1

D(i)

))
e. (4.3)87



Pìrisma 4.8. Upì ti w t¸ra upojèsei kai tou sumbolismoÔ isqÔoun ìti
lim

k→∞
|A(k)| e = ρ(|A(0)|) e. (4.4)Epiplèon,

lim
k→∞

a
(k)
ij =

dj

di

a
(0)
ij . (4.5)O Algìrijmo AH sqedi�sthke na erg�zetai gia mh-anag ģimou p�-nake. Parìla aut�, parathr jhke ìti mpore� na efarmosje� kai se sugke-krimène kl�sei anag ģimwn pin�kwn. Autì apotèlese èna k�nhtro gia miapio endeleq  exètash th ep�drash th efarmog  tou Algor�jmou AH stouanag¸gimou p�nake. 'Etsi, odhghj kame se mia epèktas  tou, ton Algì-rijmo AH2, o opo�o, ìpw ja apodeiqje�, sugkl�nei se peperasmèno arijmìepanal yewn, se ìle ti pijanè peript¸sei mh-anag ģimwn kai anag ģimwnpin�kwn.Gia na metaboÔme apì th mh-anag¸gimh per�ptwsh kai ton Algìrijmo

AH sthn anag¸gimh kai ton Algìrijmo AH2 kai, sugqrìnw na katast sou-me perissìtero katanoht  thn an�lus  ma, exet�zoume arqik� poio e�nai toapotèlesma th efarmog  tou Algor�jmou AH se èna mh-arnhtikì 2×2 blockanag ģimo p�naka A, tou opo�ou ta diag¸nia blocks e�nai mh-anag ģimoi p�na-ke me mh-mhdenik� diag¸nia stoiqe�a. Se mia tètoia per�ptwsh mporoÔme naupojèsoume ìti ta diag¸nia stoiqe�a tou A e�nai  dh kanonikopoihmèna ¸ste
aii = 1, i = 1(1)n. A jewr soume, loipìn, ton p�naka A pou èqei ìla taproanaferjènta qarakthristik�

A =

[
A11 A12

O A22

]
, (4.6)88



ìpou A11 ∈ R
n1,n1 , 1 ≤ n1 ≤ n − 1, O ∈ R

n2,n1 e�nai o mhdenikì p�naka, kai
n1 + n2 = n.Upojètoume ìti èna idiodi�nusma x tou A diaqwr�zetai an�loga me todiaqwrismì tou A ¸ste x = [xT

1 xT
2 ]T . Omo�w, èstw z = [zT

1 zT
2 ]T èna aristerìidiodi�nusma tou A. Tèlo, an qreiaste�, ja upojèsoume ìti opoiosd pote apìtou diag¸niou p�nake D(k) tou Algor�jmou AH e�nai th morf  D(k) =[

D
(k)
n1 On1,n2

On2,n1 D
(k)
n2

]. Sth sunèqeia, analÔoume tèsseri peript¸sei sunolik�,ìpou qrhsimopoioÔme ton enallaktikì sumbolismì Oij gia ton Oni,nj
.Per�ptwsh 1: ρ(A) = max {ρ(A11), ρ(A22)} , A12 = O12.'Estw x èna idiodi�nusma tou A. Apì thn Ax = ρ(A)x, èqoume amèsw ìti

A11x1 = ρ(A11)x1 kai A22x2 = ρ(A22)x2. Epeid  A11 ≥ 0 kai A22 ≥ 0, mpo-roÔme na jewr soume ìti xi > 0, i = 1, 2, e�nai to Perron di�nusma tou Aiipou antistoiqe� sthn Perron r�za tou ρ(Aii), i = 1, 2, ant�stoiqa. Epomènw,
[xT

1 0T
n2

]T , [0T
n1

xT
2 ]T e�nai dÔo grammik� anex�rthta mh-arnhtik� (dexi�) idio-dianÔsmata tou A. Sthn per�ptwsh ìpou ρ(A) = ρ(A11) = ρ(A22), èqoume ìti

[xT
1 xT

2 ]T e�nai èna jetikì idiodi�nusma tou A pou antistoiqe� sth fasmatik akt�na tou ρ(A). Ta ant�stoiqa arister� idiodianÔsmata tou A br�skontai nae�nai ta [zT
1 0T

n2
]T kai [0T

n1
zT
2 ]T , ìpou zi > 0 e�nai to Perron di�nusma tou AT

ii me
Perron r�za ρ(Aii), i = 1, 2, ant�stoiqa. Omo�w, an ρ(A) = ρ(A11) = ρ(A22),
[zT

1 zT
2 ]T e�nai èna aristerì jetikì idiodi�nusma tou A.Upojètoume t¸ra ìti o Algìrijmo AH efarmìzetai ston A, ìpou oi p�na-ke D(k) kai A(k) èqoun diaqwriste� sÔmfwna me to diaqwrismì tou A. E�nai
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profanè ìti
A(k) =




(
D

(k−1)
n1

)−1

A
(k−1)
11 D

(k−1)
n1 O12

O21

(
D

(k−1)
n2

)−1

A
(k−1)
22 D

(k−1)
n2


 . (4.7)H sugkekrimènh kat�stash de�qnei san na efarmìzetai o Algìrijmo AH sekajèna apì ta (mh-anag ģima) diag¸nia blocks tou A(k) xeqwrist�. 'Ara, ta n1pr¸ta ajro�smata gramm¸n tou A(k), aut� tou A

(k)
11 , ja te�noun sto 1+ρ(B

(0)
11 )kaj¸ k → ∞, en¸ ta teleuta�a n2 ajro�smata gramm¸n ja te�noun sto

1 + ρ(B
(0)
22 ).Shme�wsh: ParathroÔme ìti, anex�rthta apì to poiì apì ta A11 kai A22 anti-stoiqe� sth ρ(A), èqoume ìti gia ta diag¸nia blocks tou A(0) ta Por�smata 4.7kai 4.8 efarmìzontai. Sunep¸,

dnj
=

(
lim
k→∞

(
k∏

i=1

D(i)
nj

))
enj

kai lim
k→∞

A
(k)
jj enj

= ρ(A
(0)
jj ) enj

, j = 1, 2,(4.8)ìpou to dnj
den e�nai t�pota �llo apì to Perron di�nusma xj pou antistoiqe�stou A

(0)
jj kai B

(0)
jj .Per�ptwsh 2: ρ(A) = ρ(A22) > ρ(A11), A12 6= O12.Apì thn Ax = ρ(A)x, ergazìmenoi ìpw sthn Per�ptwsh 1 prohgoumènw,èqoume ìti

A11x1 + A12x2 = ρ(A)x1 kai A22x2 = ρ(A)x2. (4.9)Apì th deÔterh ex�swsh pa�rnoume ìti x2 > 0 e�nai to Perron di�nusma pouantistoiqe� ston A22 kai tìte apì thn pr¸th ex�swsh èqoume ìti (ρ(A22)In1−90



A11)x1 = A12x2. Epeid  o ρ(A22)In1 −A11 e�nai èna mh-anag¸gimo M−p�na-ka, apì to L mma 4.1, o ant�strofì tou ja e�nai èna jetikì p�naka. Tìte,
x1 = (ρ(A22)In1 − A11)

−1 A12x2 > 0. Epomènw, to x = [xT
1 xT

2 ]T > 0 e�nai to
“Perron di�nusma” tou A pou antistoiqe� sthn “Perron r�za” ρ(A). Epiplèon,to mh-arnhtikì aristerì idiodi�nusma tou A pou antistoiqe� sth ρ(A) br�ske-tai eÔkola ìti e�nai to z = [0T

n1
zT
2 ]T , ìpou to z2 e�nai to Perron di�nusma tou

AT
22 pou antistoiqe� sthn Perron r�za tou, ρ(A).Efarmìzonta ton Algìrijmo AH ston sugkekrimèno p�naka A, kai akolou-j¸nta to diaqwrismì tou, èqoume gia tou p�nake A(k) ìti
A(k) =




(
D

(k−1)
n1

)−1

A
(k−1)
11 D

(k−1)
n1

(
D

(k−1)
n1

)−1

A
(k−1)
11 D

(k−1)
n2

O21

(
D

(k−1)
n2

)−1

A
(k−1)
22 D

(k−1)
n2


 . (4.10)Anakal¸nta ìti up�rqei èna jetikì idiodi�nusma x pou antistoiqe� sth ρ(A)kai ìti to ant�stoiqo aristerì idiodi�nusma z e�nai mh-arnhtikì, èpetai, apì toJe¸rhma 3.13 ìti, ìti to di�nusma d(0) = e, èqei p�nta mia jetik  sunist¸sakat� m ko tou idiodianÔsmato x. 'Etsi, to Je¸rhma th Mejìdou twn Du-n�mewn 3.4 efarmìzetai kai d�nei ìti ta ìla ta ajro�smata gramm¸n tou A(k)te�noun sth ρ(A) kaj¸ k → ∞. Sunep¸, oi sqèsei (4.3)�(4.5) isqÔoun, ìpouto d sthn (4.3) e�nai to Perron di�nusma x pou antistoiqe� stou A(0) kai B(0).Shmei¸nonta tou block diaqwrismoÔ tou A kai tou A(k) kai diaqwr�zontato d = [dT

n1
dT

n2
]T an�loga katal goume se parìmoie sqèsei me autè sthn(4.8)

dnj
=

(
lim

k→∞

(
k∏

i=1

D(i)
nj

))
enj

, j = 1, 2 kai lim
k→∞

A
(k)
22 en2 = ρ(A

(0)
22 ) en2 .(4.11)91



Parathre�ste th diafor� sti deÔtere sqèsei twn (4.8) kai (4.11).Per�ptwsh 3: ρ(A) = ρ(A11) > ρ(A22), A12 6= O12.Apì th sqèsh Ax = ρ(A)x kai ergazìmenoi ìpw sthn Per�ptwsh 2 para-p�nw pa�rnoume ti exis¸sei (4.9). Apì th deÔterh ex�swsh pa�rnoume ìti
x2 = 0 afoÔ o ρ(A)In2 − A22 e�nai èna mh-anag¸gimo M−p�naka kai �raantistrèyimo. Tìte, apì thn pr¸th ex�swsh èqoume ìti to Perron di�nusmapou antistoiqe� ston A11 e�nai to x1 > 0. 'Etsi, to mh-arnhtikì di�nusma
x = [xT

1 0T
n2

]T e�nai to idiodi�nusma pou antistoiqe� sth fasmatik  akt�na tou
A. Gia na broÔme to aristerì idiodi�nusma z = [zT

1 zT
2 ]T pou antistoiqe� sth

ρ(A) èqoume ìti
AT

11z1 = ρ(A)z1 kai AT
12z1 + AT

22z2 = ρ(A)z2.Apì thn pr¸th ex�swsh èqoume ìti z1 > 0 en¸ apì th deÔterh ex�swsh z2 =

(
ρ(A)In2 − AT

22

)−1
AT

12z1 > 0 epeid  o ρ(A)In2 − AT
22 e�nai èna mh-anag¸gimo

M−p�naka. 'Etsi, to z = [zT
1 zT

2 ]T e�nai èna jetikì aristerì idiodi�nusma tou
A pou antistoiqe� sth fasmatikh akt�na ρ(A).Efarmìzonta ton Algìrijmo AH sto sugkekrimèno p�naka A shmei¸noume ìtiup�rqei èna mh-arnhtikì idiodi�nusma x = [xT

1 0T
n2

]T pou sundèetai me th ρ(A)kai to ant�stoiqo aristerì idiodi�nusma z e�nai jetikì. Autì sunep�getai, apìto Je¸rhma 3.13, ìti to di�nusma d(0) = e, èqei mia jetik  sunist¸sa kat� m -ko tou x. All� epeid  mìno oi pr¸te n1 sunist¸se tou x e�nai jetikè, oi �l-le e�nai mhdèn, mìno ta pr¸ta n1 ajro�smata gramm¸n tou A(k) ja te�noun sth
ρ(A) kaj¸ k → ∞. Epeid  o A, oi ìmoio� tou p�nake A(k) kaj¸ kai o ìmoiì92



tou oriakì p�naka limk→∞ A(k), e�nai mh-arnhtiko� p�nake, èpetai ìti kajènaapì ta ajro�smata gramm¸n tou limk→∞ A
(k)
11 ja e�nai mikrìtero   �so apì ρ(A).Isqurizìmaste ìti ìla aut� ta ajro�smata gramm¸n e�nai �sa me ρ(A), èqontaw upopar�gwgo ìti isqÔei ìti limk→∞ A

(k)
12 = O12. Gia na to apode�xoume autìupojètoume ìti mia toul�qiston gramm  tou limk→∞ A

(k)
11 , a poÔme h i-ost tou, èqei �jroisma gramm  austhr� mikrìtero th ρ(A11). Lìgw tou ìti o

A11, e�nai mh-arnhtikì kai mh-anag¸gimo, idiìthte pou klhronomoÔn ìloioi ìmoio� tou p�nake A
(k)
11 , k = 0, 1, 2, . . . , kai o limk→∞ A

(k)
11 , apì ti sqèseiJewr mato 3.11, gia x = e, èqoume ìti ρ

(
limk→∞ A

(k)
11

)
< ρ(A11) = ρ(A).Autì sunist� ant�fash epeid  oi p�nake limk→∞ A

(k)
11 kai A11 w ìmoioi prè-pei na èqoun thn �dia fasmatik  akt�na. 'Etsi, basizìmenoi sta Por�smata(4.7) kai (4.8), mporoÔme na èqoume sqèsei panomoiìtupe me autè th Pe-r�ptwsh 1 sthn (4.8) all� ìqi sthn (4.3)   (4.4). Autì, lìgw tou ìti to

[dT
n1

dT
n2

]T den e�nai èna idiodi�nusma tou A(0). Tèlo, parathre�ste ìti to naèqoume limk→∞ A
(k)
12 = O12 sunep�getai ìti to dn2 ja te�nei sto mhdèn kaj¸to k → ∞, gegonì pou mpore� na prokalèsei upologistik� probl mata.Per�ptwsh 4: ρ(A) = ρ(A11) = ρ(A22), A12 6= O12.Prin apì opoiad pote an�lush prèpei na parathrhje� ìti parìlo pou sti proh-goÔmene trei peript¸sei pou exet�sthkan e�qame index(ρ(A)I−A) = 1, sthnparoÔsa per�ptwsh èqoume index(ρ(A)I−A) = 2, pou mpore� na periplèxei k�-pw thn an�lush. 'Estw ìti x = [xT

1 xT
2 ]T e�nai to mh-arnhtikì idiodi�nusmapou sundèetai me thn idiotim  ρ(A) tou A. Oi exis¸sei (4.9) ja isqÔoun xan�.Apì autè ti exis¸sei e�nai “fanerì” ìti èna mh-arnhtikì idiodi�nusma pou93



sundèetai me thn idiotim  ρ(A) tou A e�nai to x = [xT
1 0T

n2
]T , ìpou to x1 > 0e�nai to Perron di�nusma tou A11. Fusik�, epeid  index(ρ(A)I −A) = 2, up�r-qei ep�sh èna genikeumèno idiodi�nusma y pou sundèetai me thn idiotim  ρ(A)tou A to opo�o e�nai jetikì (blèpe, p.q., to Je¸rhma 3.1(1) th ergas�a tou

Rothblum [37℄). Me ton �dio trìpo mpore� na breje� ìti èna aristerì idiodi�-nusma tou A e�nai to z = [0T
n1

zT
2 ]T , ìpou z2 > 0 e�nai to Perron di�nusma tou

AT
22. Akolouj¸nta thn �dia epiqeirhmatolog�a ìpw sthn apìdeixh tou Jew-r mato 3.13, jewroÔme thn Jordan kanonik  morf  tou A = SJS−1, ìpou oist le tou S e�nai ta genikeumèna idiodianÔsmata si, i = 1(1)n, tou A. Ektìapì mia pijan  met�jesh sti sunist¸se twn x kai y me èna p�naka Q, ton�dio kai gia ta dÔo dianÔsmata, ja èqoume s1 = Qx (≥ 0) kai s2 = Qy (> 0).'Estw ìti t1 e�nai to aristerì idiodi�nusma tou A pou br�sketai apì thn �diamet�jesh sti sunist¸se tou z, dhlad  t1 = Qz. Epeid  zT x = 0, afoÔ oimhdenikè sunist¸se opoioud pote apì ta dÔo dianÔsmata antistoiqoÔn stijèsei twn jetik¸n sunistws¸n tou �llou, tT1 s1 = 0. Ex�llou, tT1 s2 > 0, en¸

tT1 si = 0, i = 3(1)n, sÔmfwna me to Je¸rhma 3.12 kai thn apìdeixh tou Jew-r mato 3.13. 'Etsi, an analÔsoume to pragmatikì jetikì di�nusma d(0) = ekat� m ko twn si, i = 1(1)n, ja èqoume d(0) =
∑n

i=1 ηisi > 0. 'Ara,
0 < tT1 d(0) =

n∑

i=1

ηit
T
1 si = η2t

T
1 s2. (4.12)Opìte η2 > 0 kai to d(0) èqei mia jetik  sunist¸sa kat� m ko tou jetikoÔ ge-nikeumènou idiodianÔsmato s2. Apì thn Jordan kanonik  morf  tou A èqoumeep�sh ìti

As1 = ρ(A)s1, kai As2 = s1 + ρ(A)s2.94



'Etsi, efarmìzonta th Mèjodo twn Dun�mewn sto d(0), pa�rnonta upìyh makai ti parap�nw sqèsei, ja èqoume ìti
Ad(0) = η2s1 + ρ(A)(η1s1 + η2s2) +

n∑

i=3

ηiAsi,kai epagwgik�
Akd(0) = ρk(A)

[
k

η2s1

ρ(A)
+ (η1s1 + η2s2) +

1

ρk(A)

n∑

i=3

ηiA
ksi

]
. (4.13)'Ara pa�rnonta to lìgo twn ant�stoiqwn sunistws¸n twn Ak+1d(0) kai Akd(0)ja èqoume

(Ak+1d(0))j

(Akd(0))j

= ρ(A)

[
(k + 1) η2s1

ρ(A)
+ (η1s1 + η2s2) + 1

ρk+1(A)

∑n

i=3 ηiA
k+1si

]
j[

k η2s1

ρ(A)
+ (η1s1 + η2s2) + 1

ρk(A)

∑n

i=3 ηiAksi

]
j

,(4.14)gia j = 1(1)n. Gia ti n1 jetikè sunist¸se tou s1, pou èstw ìti e�nai stijèsei j = il ∈ {1, 2, . . . , n}, l = 1(1)n1, diairoÔme kai tou dÔo ìrou toukl�smato tou dexioÔ mèlou th (4.14) me k kai pa�rnoume ta ìria kaj¸
k → ∞. Tìte, e�nai fanerì ìti, limk→∞

(Ak+1d(0))j

(Akd(0))j
= ρ(A), j = il, l = 1(1)n1.(Shme�wsh: Mpore� k�poio na antite�nei ìti to η1 e�nai arnhtikì ¸ste tou-l�qiston mia apì ti sunist¸se tou dianÔsmato k η2s1

ρ(A)
+ (η1s1 + η2s2) sto

Akd(0), pou antistoiqe� se mia jetik  sunist¸sa tou s1, a poÔme sthn j-ost tou, k�nei aut  th sunist¸sa na mhdeniste�. San apotèlesma autoÔ, oi lìgoipou ja e�qame jewr sei gi' autè ti sunist¸se ja èteinan se mia mikrìteroumètrou idiotim . Parìla aut�, gia na sumba�nei autì ja èprepe na èqoume
η1 = −

[
kη2

ρ(A)
+ η2(s2)l

(s1)l

]. Autì e�nai pijanì all� mìno gia to polÔ n1 timè tou95



j kai gia to polÔ n1 epanal yei afoÔ to dexiì mèlo tou stajeroÔ η1 e�naimia sun�rthsh tou metaballìmenou k. 'Etsi, to ìrio de ja ephreaste�.) Giati n2 mhdenikè sunist¸se tou s1, oi ekfr�sei kai twn dÔo ìrwn tou kl�-smato sth sqèsh (4.14) e�nai arket� aploÔstere kai to ìrio twn phl�kwnkaj¸ k → ∞ e�nai p�li ρ(A). 'Eqonta upìyh ma thn parap�nw an�lushkai efarmìzonta ton Algìrijmo AH ston A ìla ta ajro�smata gramm¸n tou
A(k) te�noun sth ρ(A) kaj¸ k → ∞. 'Opw kai sthn prohgoÔmenh Per�ptw-sh 3 prèpei na èqoume ìti limk→∞ A

(k)
12 = O12. Sa sunèpeia autoÔ, èqoumeìti sto ìrio h paroÔsa per�ptwsh e�nai ìmoia th Per�ptwsh 1, ìpou e�qame

ρ(A11) = ρ(A22), me th mình diafor� ìti parìlo pou e�nai limk→∞ dn2 = 0èqoume ìti limk→∞

((
D

(k)
n2

)−1

A
(k)
22 D

(k)
n2

)
en2 = ρ(A22)en2 .'Eqonta exantlhtik� melet sei ti tèsseri pijanè peript¸sei enìmh-arnhtikoÔ 2×2 block anag ģimou p�naka, me mh-anag ģima diag¸nia blockskai aii = 1, i = 1(1)n, mporoÔme na sunoy�soume k�poia apì ta apotelèsmat�ma se mia pio genik  migadik  per�ptwsh w ex :Je¸rhma 4.9. 'Estw A ∈ C

n,n èna 2 × 2 block anag ģimo p�naka poue�nai  dh sth morf  tou (4.6), ìpou Aii, i = 1, 2, e�nai mh-anag ģimoi kai
aii = 1, i = 1(1)n. Tìte, h efarmog  tou Algor�jmou AH ston A k�nei ìla taajro�smata gramm¸n tou |A(k)|, na te�noun sth ρ(|A|), sti Peript¸sei 1, (ìtan
ρ(|A11|) = ρ(|A22|)), 2 kai 4. Sti Peript¸sei 1, ìtan ρ(|A11|) 6= ρ(|A22|), kai3, ta n1 pr¸ta ajro�smata gramm¸n te�noun sth ρ(|A11|) en¸ ta teleuta�a n2sth ρ(|A22|). 96



4.3 H Genik  Anag¸gimh Per�ptwshGia na metaboÔme apì tou 2 × 2 block anag ģimou p�nake, per�ptw-sh pou melet jhke ektenèstata sthn prohgoÔmenh par�grafo, stou genikoÔ
p× p block anag ģimou prèpei na eisaqje� epiplèon jewrhtikì upìbajro. Pa-rìlo pou k�poia apì ta stoiqe�a pou ja paratejoÔn isqÔoun gia perissìterogenikoÔ n × n migadikoÔ p�nake, ja perioristoÔme stou mh-arnhtikoÔ p�-nake. Prèpei na toniste� ìti to megalÔtero mèro apì to to basikì jewrhtikìupìbajro, pou akolouje�, èqei parje� apì ti ergas�e twn Rothblum [37℄,
Schneider [38℄, Bru kai Neumann [6℄ kai ep�sh apì to bibl�o anafor� twn
Berman kai Plemmons [5℄.L mma 4.10. 'Estw A ≥ 0, A ∈ R

n,n èna anag ģimo p�naka. Tìte up�rqeièna p�naka met�jesh P tètoio ¸ste o A na mpore� na anaqje� se mia blocktrigwnik  morf 
PAP T =




A11 A12 · · · · · · A1,p−1 A1p

A22 · · · · · · A2,p−1 A2p. . . . . . ... .... . . ... ...
Ap−1,p−1 Ap−1,p

App




(4.15)
ìpou k�je block Aii ∈ R

ni,ni , i = 1(1)p,
∑p

i=1 ni = n, e�nai mh-anag ģimo  èna 1 × 1 mhdenikì p�naka. 'Opw  dh anafèrjhke, aut  h morf  e�naignwst  w Frobenius kanonik  morf .Shme�wsh: Gia na sumfwnoÔme me to basikì tm ma tou Algor�jmou
AH ja upot�jetai ìti sthn (4.15) aii 6= 0, i = 1(1)n, kai ìti ta aii e�nai kano-97



nikopoihmèna ¸ste aii = 1, i = 1(1)n.Gia thn an�lush th p× p block anag¸gimh per�ptwsh prèpei na qrh-simopoi soume k�poie ènnoie kai orolog�a apì th Sunduastik  Jewr�a Pi-n�kwn.Orismì 4.4. 'Estw A ≥ 0, A ∈ R
n,n. Or�zoume w (kateujunìmeno)gr�fhma tou A, G(A), na e�nai to gr�fhma me korufè (kìmbou) 1(1)n,ìpou mia akm  (tìxo) kateujÔnetai apì ton i ston j an kai mìno an aij 6= 0.Orismì 4.5. 'Estw A ≥ 0, A ∈ R

n,n. Gia i, j ∈ {1, . . . , n}, lème ìti to ièqei prìsbash sto j an sto G(A) up�rqei èna monop�ti (path) apì to i sto
j kai ìti ta i kai j epikoinwnoÔn an to i èqei prìsbash sto j kai to j èqeiprìsbash sto i. (Shme�wsh: H epikoinwn�a e�nai mia sqèsh isodunam�a.)Orismì 4.6. Oi kl�sei tou A ≥ 0 e�nai oi kl�sei isodunam�a th sqèshepikoinwn�a pou ep�getai apì to G(A). Mia kl�sh α èqei prìsbash se miakl�sh β an gia i ∈ α kai j ∈ β, to i èqei prìsbash sto j. Mia kl�sh Ae�nai arqik  an den èqei prìsbash se aut  kami� �llh kl�sh kai e�nai telik an den èqei aut  prìsbash se kami� �llh kl�sh. Mia kl�sh e�nai basik an ρ(A[α]) = ρ(A), ìpou A[α] e�nai o upop�naka tou A pou bas�zetai stoude�kte pou an koun sthn kl�sh tou α, kai mh-basik  an ρ(A[α]) < ρ(A).Parat rhsh 4.6.1. Ta blocks Aii, i = 1(1)p, sth Frobenius kanonik  morf (4.15) tou A antistoiqoÔn sti kl�sei tou A. Apì th sqèsh (4.15) e�naifanerì ìti k�je A ≥ 0 èqei toul�qiston mia basik  kl�sh kai mia telik kl�sh. H kl�sh pou antistoiqe� sto Aii, i = 1(1)p, e�nai basik  an kai mìno98



an ρ(Aii) = ρ(A) kai telik  an kai mìno an Aij = 0, j > i. Eidikìtera, o Ae�nai mh-anag¸gimo an kai mìno an èqei mia mìno (basik  kai telik ) kl�sh.Je¸rhma 4.11. 'Estw A ≥ 0, A ∈ R
n,n. Tìte sth fasmatik  akt�na ρ(A)antistoiqe� èna jetikì idiodi�nusma an kai mìno an oi telikè kl�sei tou A e�naiakrib¸ oi basikè tou. (Shme�wsh: 'Opw, gia par�deigma, sthn per�ptwshenì mh-anag ģimou p�naka   enì block diag¸niou p�naka ρ(Aii) = ρ(A), i =

1(1)p (ìpw sthn Per�ptwsh 1 th Paragr�fou 4.2, ìpou ρ(A) = ρ(A11) =

ρ(A22)).)Je¸rhma 4.12. 'Estw A ≥ 0, A ∈ R
n,n. Tìte sth fasmatik  akt�na ρ(A)antistoiqe� èna jetikì idiodi�nusma kai èna jetikì idiodi�nusma tou AT an kaimìno an ìle oi kl�sei tou A e�nai basikè kai telikè. (Shme�wsh: H �diaShme�wsh me aut n tou prohgoÔmenou jewr mato.)Orismì 4.7. 'Estw A ≥ 0, A ∈ R
n,n. O bajmì tou A e�nai ν(A) =

index (ρ(A)I − A). O mhdenìqwro N((ρ(A)I −A)ν(A)) lègetai algebrikìidiìqwro tou A kai ta stoiqe�a tou lègontai genikeumèna idiodianÔsma-ta.Orismì 4.8. 'Estw A ≥ 0, A ∈ R
n,n kai α1, α2, . . . , αk e�nai kl�sei tou A.H sullog  {α1, α2, . . . , αk} e�nai mia alus�da apì to α1 sto αk, an to ai èqeiprìsbash sto ai+1, i = 1(1)k − 1. To m ko mia alus�da e�nai o arijmìtwn basik¸n kl�sewn pou aut  perièqei. Mia kl�sh α èqei prìsbash se miakl�sh β se m b mata an m e�nai to m ko th megalÔterh alus�da apìto α sto β. To Ôyo mia kl�sh β e�nai to m ko th makrÔterh alus�dakl�sewn pou termat�zetai sth β. 99



Je¸rhma 4.13. 'Estw A ≥ 0, A ∈ R
n,n me fasmatik  akt�na ρ(A) kai mbasikè kl�sei α1, α2, . . . , αm. Tìte, o algebrikì idiìqwro tou A perièqeimh-arnhtik� dianÔsmata x(1), x(2), . . . , x(m), tètoia ¸ste to upodi�nusma xi

(j) >

0 an kai mìno an to i èqei prìsbash sthn αj kai mia tètoia sullog  e�nai miab�sh tou algebrikoÔ idiìqwrou tou A. (Shme�wsh: E�nai katanohtì ìti x(i)
i > 0.)Parat rhsh 4.8.1. Basizìmenoi stou OrismoÔ 4.7, 4.8 kai to Je¸rhma 4.13e�nai fanerì ìti gia èna p�naka A ≥ 0, A ∈ R

n,n, ta mìna “gn sia” idiodia-nÔsmat� tou, e�nai ta mh-arnhtik� dianÔsmata x ∈ R
n,n gia ta opo�a isqÔei

Ax = ρ(A)x kai ta opo�a antistoiqoÔn se kl�sei Ôyou 1.To basikì jewrhtikì upìbajro pou parousi�sthke w t¸ra sthn pa-roÔsa par�grafo kaj¸ kai h epèktash th an�lush th efagmog  tou Jew-r mato th Mejìdou twn Dun�mewn kai tou Algor�jmou AH stou 2×2 blockanag ģimou p�nake th Paragr�fou 4.2 arkoÔn gia na anaptuqje� o nèo maAlgìrijmo pou ja kalÔptei tou p× p block anag ģimou p�nake. Gia to lì-go autì ja proboÔme se orismène parathr sei kai apì autè ja exag�goumesugkekrimèna sumper�smata ìtan to Je¸rhma th Mejìdou twn Dun�mewn3.4  /kai o Algìrijmo AH efarmoste� ston anag¸gimo p�naka A ≥ 0, upìthn pro�pìjesh ìti o A e�nai  dh sth Frobenius kanonik  morf  tou (4.10), me
aii = 1, i = 1(1)n.a) An to gr�fhma tou A, G(A), apotele�tai apì thn ènwsh twn xènwnmetaxÔ tou upografhm�twn gi(A), i = 1(1)k, 1 < k ≤ p, tìte o A mpore�na grafe� w A = diag(B11, B22, . . . , Bkk), ìpou kajèna Bii, i = 1(1)k, e�nai100



anag¸gimo p�naka kai  dh sth Frobenius kanonik  morf  tou. 'Etsi, oi ìroiarqik , telik , basik , mh-basik , k.lp. prèpei na xanaoristoÔn gia kajènaapì ta kÔria blocks Bii, i = 1(1)k. Sunep¸, h efarmog  tou Jewr mato thMejìdou twn Dun�mewn 3.4  /kai tou Algor�jmou AH ston A e�nai isodÔnamhme thn efarmog  tou se kajèna Bii xeqwrist�. E�nai profanè ìti an k = po A e�nai èna block diag¸nio p�naka me k�je block na e�nai mh-anag¸gimop�naka.Par�deigma 1: JewroÔme ton p�naka
A =




A11 0 0 A14 0
0 A22 A23 0 A25

0 0 A33 0 A35

0 0 0 A44 0
0 0 0 0 A55




. (4.16)'Opw e�nai fanerì to G(A) (Sq. 4.1) apotele�tai apì dÔo xèna metaxÔ touupograf mata. To èna perièqei tou kìmbou {1, 4} kai to �llo tou kìmbou
{2, 3, 5}. 'Etsi, up�rqei mia faner  block met�jesh omoiìthta pou jètei ton
A sth morf 
A = diag(B11, B22), ìpou B11 =

[
A11 A14

0 A44

]
, B22 =




A22 A23 A25

0 A33 A35

0 0 A55


 .(4.17)Tìte, h Mèjodo twn Dun�mewn (kai o Algìrijmo AH) mpore� na efarmoste�stou B11 kai B22 qwrist�.b) An to gr�fhma tou A, G(A), den apotele�tai apì mia ènwsh xènwnmetaxÔ tou upografhm�twn, tìte, efarmìzoume mia block met�jesh omoiìth-ta ston A, èstw QAQT , diathr¸nta th Frobenius kanonik  morf  tou, ètsi101



Sq ma 4.1: Block gr�fhma tou A th (4.16)
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¸ste oi basikè tou kl�sei na diat�ssontai se aÔxousa seir� twn uy¸n touse megalÔtera kÔria (principal) blocks w telikè kl�sei. An opoiesd potedÔo basikè kl�sei e�nai tou �diou Ôyou mporoÔn na diataqjoÔn se opoiad -pote seir�. An up�rqoun mh-basikè kl�sei pou den èqoun prìsbash se kami�basik  kl�sh topojetoÔntai se èna xeqwristì teleuta�o megalÔtero kÔrio (pri-

ncipal) block. Kat' autìn ton trìpo, se k�je megalÔtero kÔrio block me mia  perissìtere telikè basikè kl�sei tou �diou Ôyou αr, ìle oi mh-basikèkl�sei èqoun prìsbash toul�qiston se m�a apì ti αr. An up�rqei èna teleu-ta�o megalÔtero kÔrio block apì mh-basikè kl�sei, èstw ìti sumbol�zetai me
Ã, to gr�fhm� tou G(Ã) jewre�tai kai me b�sh to kat� pìso to G(Ã) apote-le�tai apì xèna metaxÔ tou   ìqi upograf mata akolouje�tai h diadikas�a sto(a) prin   h paroÔsa sto (b). (Shme�wsh: H anadi�taxh pou prote�netai e�naielafr� diaforetik  apì ì,ti autè pou jewroÔntai sti ergas�e [37℄, [38℄, [6℄kai to bibl�o anafor� [5℄.)Met� apì k�poie dieukrin�sei, pou aforoÔn se basik� jèmata me thnparous�ash apl¸n paradeigm�twn, ja doje� èna genikìtero par�deigma, pouja kalÔyei mia polÔ pio genik  per�ptwsh.Par�deigma 2: JewroÔme ton p�naka

A =




A11 A12 A13

0 A22 A23

0 0 A33


 , (4.18)ìpou ρ(A) = ρ(A[α2]) = ρ(A[α3]) > ρ(A[α1]) kai A12, A13, A23 6= O.'Opw fa�netai, to gr�fhma G(A) (Sq. 4.2) den apotele�tai apì ènwsh103



Sq ma 4.2: Block gr�fhma tou A sthn (4.18) (oi kuklwmènoi kìmboi antipro-swpeÔoun basikè kl�sei tou A)xènwn metaxÔ tou upografhm�twn kai o A e�nai  dh diatetagmèno, ìpw e�naiepijumhtì, me ton block parak�tw diaqwrismì
A =




A11 A12 A13

0 A22 A23

0 0 A33


 . (4.19)Ston p�naka (4.19) up�rqoun dÔo megalÔtera kÔria blocks me telikè kl�sei

α2 kai α3 me ant�stoiqa Ôyh 1 kai 2. H mh-basik  kl�sh α1 Ôyou 0 br�sketaisto �dio kÔrio principal block me to A22. Akolouj¸nta thn an�lush th 2× 2

block per�ptwsh, afoÔ index(ρ(A)I−A) = 2, eÔkola br�sketai ìti up�rqei ènamh-arnhtikì idiodi�nusma th morf  x = [xT
1 xT

2 |0T
n3

]T , èna jetikì genikeumènoidiodi�nusma th morf  y = [yT
1 yT

2 |yT
3 ]T , apì to Je¸rhma 4.13, kai èna mh-arnhtikì aristerì idiodi�nusma th morf  z = [0T

n1
0T

n2
|zT

3 ]T pou sundèetai methn idiotim  ρ(A). Epeid  zT d(0) > 0, me d(0) = e, zT x = 0 kai zT y > 0, hefarmog  tou Algor�jmou AH ston A ja k�nei ìla ta ajro�smata gramm¸n104



na te�noun sth ρ(A) kaj¸ k → ∞. H austhr  apìdeixh tou isqurismoÔ mad�netai me trìpo an�logo autoÔ th Per�ptwsh 4 th Paragr�fou 4.2.Par�deigma 3: Upojètoume ìti sto Par�deigma 2 èqoume A12 = O12¸ste
A =




A11 O12 A13

0 A22 A23

0 0 A33


 . (4.20)E�nai fanerì ìti to G(A) (Sq. 4.3) den apotele�tai apì ènwsh xènwn metaxÔ

Sq ma 4.3: Block gr�fhma tou A tou (4.20)tou upografhm�twn. Akìmh, h kl�sh α1 den èqei prìsbash sthn α2, ìmw kaioi dÔo èqoun prìsbash sthn α3. Autì apaite� anadi�taxh twn block gramm¸n(kai sthl¸n) 1 kai 2. Opìte, me enallag  twn 1wn kai 2wn block gramm¸n kai
105



sthl¸n èqoume èna nèo A, ton QAQT , th diaqwrismènh morf 
A =




A22 O21 A23

0 A11 A13

0 0 A33


 . (4.21)Sthn proke�menh per�ptwsh isqÔei ìti index(ρ(A)I − A) = 2, kai �ra up�rqeièna mh-arnhtikì idiodi�nusma x = [xT

2 |0T
n1

0T
n3

]T , èna jetikì genikeumèno idio-di�nusma y = [yT
2 |yT

1 yT
3 ]T (blèpe Je¸rhma 2.3.20 tou [5℄), kai èna mh-arnhtikìaristerì idiodi�nusma z = [0T

2 |0T
n1

zT
3 ]T pou sundèetai me thn idiotim  ρ(A).IsqÔei ìti zT d(0) > 0, me d(0) = e, kai ep�sh zT x = 0, zT y > 0. 'Etsi, apì toJe¸rhma th Mejìdou twn Dun�mewn 3.4, ìla ta ajro�smata gramm¸n apìti trei block grammè ja e�nai �sa me ρ(A) sto ìrio.Par�deigma 4: JewroÔme ton p�naka

A =




A11 O12 A13 A14

0 A22 A23 A24

0 0 A33 A34

0 0 0 A44


 , (4.22)ìpou ρ(A) = ρ(A[α2]) = ρ(A[α3]) > ρ(A[α1]), ρ(A[α4]) kai A13, A14, A23, A24,

A34 6= O. ParathroÔme amèsw ìti oi α2 kai α3 e�nai oi basikè kl�sei,
index(ρ(A)I − A) = 2 kai ìti ta Ôyh twn kl�sewn α1, α2, α3, α4 e�nai, ant�-stoiqa, 0, 1, 2, 2. Apì to gr�fhma G(A) (Sq. 4.4) fa�netai ìti den up�rqeiprìsbash apì opoiad pote �llh kl�sh sthn α2 kai ètsi anadiat�ssonta kaidiaqwr�zonta ton A, ìpw prot�jhke kai prin, pa�rnoume to nèo p�naka

A =




A22 O21 A23 A24

0 A11 A13 A14

0 0 A33 A34

0 0 0 A44


 . (4.23)106



Sq ma 4.4: Block gr�fhma tou A sthn (4.22)H diafor� tou sugkekrimènou parade�gmato apì ta Parade�gmata 2 kai 3e�nai ìti to block mèsa sto megalÔtero tr�to kÔrio (principal) block (A44) dene�nai basikì. Epeid  h mh-basik  kl�sh α1 den èqei prìsbash sth basik  α2all� kai oi dÔo kl�sei èqoun prìsbash sth basik  kl�sh α3, up�rqei ènamh-arnhtikì idiodi�nusma x pou sundèetai me thn kl�sh α2, pou èqei to pr¸totou upodi�nusma jetikì, kai, apì to Je¸rhma 4.13, up�rqei èna mh-arnhtikìgenikeumèno idiodi�nusma y pou sundèetai me thn kl�sh α3 pou èqei to pr¸to,deÔtero kai tr�to upodianÔsmat� tou jetik�. Ep�sh, up�rqei èna mh-arnhtikìaristerì idiodi�nusma th morf  z = [0T
n1

0T
n2
|zT

3 zT
4 ]T . Autè oi parathr seima odhgoÔn sto sumpèrasma ìti met� thn efarmog  tou Algor�jmou AH mìnooi trei pr¸te block grammè ja èqoun ajro�smata gramm¸n �sa me ρ(A) stoìrio. Ta ajro�smata gramm¸n tou teleuta�ou mh-basikou block ja isoÔntaime ρ(A44), sto ìrio, epeid  sto A44 o Algìrijmo AH erg�zetai anex�rthta,ìpw sthn Per�ptwsh 3 th Paragr�fou 4.2.107



Apì th jewr�a pou parousi�sthke w ed¸ kai ta Parade�gmata 2, 3kai 4, mporoÔme na diatup¸soume, se mia pio genik  morf  kai qwr� austhr apìdeixh, thn akìloujh prìtash.Je¸rhma 4.14. Upì ti upojèsei th pr¸th paragr�fou th Per�ptwsh(b) prohgoumènw, h efarmog  tou Jewr mato th Mejìdou twn Dun�mewn3.4  /kai tou Algor�jmou AH sth nèa morf  tou A k�nei ìla ta ajro�sma-ta gramm¸n twn megalÔterwn kÔriwn (principal) blocks, pou antistoiqoÔn sebasikè kl�sei, na te�noun sto ρ(A) sto ìrio. 'Estw up�rqei èna teleuta�o me-galÔtero kÔrio (principal) block mh-basik¸n kl�sewn, pou den èqoun prìsbashse kami� basik  kl�sh kai, èstw ìti autì sumbol�zetai me Ã, tìte basizìmenoisto gr�fhma G(Ã) h efarmog  tou Algor�jmou AH k�nei ta ajro�smata gram-m¸n tou Ã na te�noun se ìria pou e�nai austhr� mikrìtera apì ρ(A), sÔmfwname tou proanaferjènte kanìne pou perigr�fhkan.'Eqonta xekajar�sei prohgoumènw k�poia basik� jèmata sti Peri-pt¸sei (a)-(b), e�maste ètoimoi na parousi�soume kai na pragmateutoÔme ènapolÔ genikìtero par�deigma, ìpou ja perilamb�nontai ìla ta parap�nw shme�apou j�qthkan.
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Par�deigma 5:



A11 0 0 0 A15 0 0 0 0 0 0 0 0 0
0 A22 0 A24 0 0 0 0 0 0 0 0 0 0
0 0 A33 A34 0 0 0 0 0 0 0 0 0 0
0 0 0 A44 0 A46 0 0 0 0 0 0 0 0
0 0 0 0 A55 A56 0 0 0 0 0 0 0 0
0 0 0 0 0 A66 A67 0 0 0 0 0 0 0
0 0 0 0 0 0 A77 A78 0 0 0 0 0 0
0 0 0 0 0 0 0 A88 A89 A8,10 0 0 0 0
0 0 0 0 0 0 0 0 A99 0 A9,11 A9,12 0 0
0 0 0 0 0 0 0 0 0 A10,10 0 0 A10,13 A10,14

0 0 0 0 0 0 0 0 0 0 A11,11 0 A11,13 A11,14

0 0 0 0 0 0 0 0 0 0 0 A12,12 A12,13 A12,14

0 0 0 0 0 0 0 0 0 0 0 0 A13,13 A13,14

0 0 0 0 0 0 0 0 0 0 0 0 0 A14,14




.

(4.24)Upojètoume ìti o p�naka A sthn (4.24) e�nai  dh sthn kanonikopoihmè-nh Frobenius kanonik  morf  (4.10). To gr�fhm� tou G(A) (Sq. 4.5), pou denapotele�tai apì ènwsh xènwn metaxÔ tou upografhm�twn, perièqei dekatès-seri kl�sei (α1, α2, . . . , α14) kai upojèsoume ìti oi basikè tou e�nai oi α5,
α6, α8, α10, α12. K�nonta thn upodeiqje�sa block met�jesh omoiìthta, èstw
QAQT , èqoume ton parak�tw kainoÔrio block p�naka ton opo�o, gia aplopo�hshtou sumbolismoÔ, anafèroume xan� w A




A11 A15 0 0 0 0 0 0 0 0 0 0 0 0
0 A55 0 0 0 A56 0 0 0 0 0 0 0 0
0 0 A22 0 A24 0 0 0 0 0 0 0 0 0
0 0 0 A33 A34 0 0 0 0 0 0 0 0 0
0 0 0 0 A44 A46 0 0 0 0 0 0 0 0
0 0 0 0 0 A66 A67 0 0 0 0 0 0 0
0 0 0 0 0 0 A77 A78 0 0 0 0 0 0
0 0 0 0 0 0 0 A88 A8,10 A89 0 0 0 0
0 0 0 0 0 0 0 0 A10,10 0 0 0 A10,13 A10,14

0 0 0 0 0 0 0 0 0 A99 A9,12 A9,11 0 0
0 0 0 0 0 0 0 0 0 0 A12,12 0 A12,13 A12,14

0 0 0 0 0 0 0 0 0 0 0 A11,11 A11,13 A11,14

0 0 0 0 0 0 0 0 0 0 0 0 A13,13 A13,14

0 0 0 0 0 0 0 0 0 0 0 0 0 A14,14




.

(4.25)'Opw parathroÔme t¸ra, èqoume dhmiourg sei èna nèo block diaqwrismì sthnèa morf  tou A ètsi ¸ste ta tèssera pr¸ta megalÔtera kÔria (principal)
blocks na èqoun w teleuta�o diag¸nio block èna basikì, en¸ ta tr�a diag¸nia
blocks tou pèmptou megalÔterou kÔriou (principal) block tou nèou A e�nai mh-basik�. Shmei¸ste ìti ta Ôyh twn basik¸n blocks sta megalÔtera kÔria blocktou diaqwrismoÔ e�nai 1, 2, 3, 4, 4, ìpw  tan kai prin, kai index(ρ(A)I−A) = 4,me ti teleuta�e duo basikè kl�sei α10 kai α12 na an koun sto tètartomegalÔtero kÔrio (principal) block. Qrhsimopoi¸nta to Je¸rhma 4.13, o nèo109



Sq ma 4.5: Block gr�fhma tou A sthn (4.24)
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p�naka A èqei èna mh arnhtikì idiodi�nusma kai tr�a mh arnhtik� genikeumènaidiodianÔsmata w ex :
x = [xT

1 xT
5 0T

n2
0T

n3
0T

n4
0T

n6
0T

n7
0T

n8
0T

n10
0T

n9
0T

n12
0T

n11
0T

n13
0T

n14
]T ,

y = [yT
1 yT

5 yT
2 yT

3 yT
4 yT

6 0T
n7

0T
n8

0T
n10

0T
n9

0T
n12

0T
n11

0T
n13

0T
n14

]T ,
u = [uT

1 uT
5 uT

2 uT
3 uT

4 uT
6 uT

7 uT
8 0T

n10
0T

n9
0T

n12
0T

n11
0T

n13
0T

n14
]T ,

v = [vT
1 vT

5 vT
2 vT

3 vT
4 vT

6 vT
7 vT

8 vT
10 vT

9 vT
12 0T

n11
0T

n13
0T

n14
]T ,

(4.26)ìpou k�je mh mhdenikì upodi�nusma e�nai jetikì. Gia na broÔme to aristerìidiodi�nusma (idiodianÔsmata) tou A prèpei na broÔme to idiodi�nusma (idio-dianÔsmata) tou AT . To gr�fhma tou AT den e�nai t�pote �llo apì autì touSq mato 4.5, ìpou ìmw ta bèlh sti akmè ja de�qnoun pro ti ant�jetekateujÔnsei. Autì shma�nei ìti ta Ôyh twn di�forwn basik¸n kl�sewn tou
AT ja e�nai ta sumplhr¸mata aut¸n tou A w pro to megalÔtero prohgoÔ-meno Ôyo s' autì auxhmènwn kat� èna, dhlad  ν(A) + 1 = 4 + 1 = 5. Oi mhbasikè kl�sei pou an koun sto pèmpto megalÔtero kÔrio (principal) blockja exakoloujoÔn na èqoun Ôyo 0. 'Ara, h basik  kl�sh   kl�sei tou AT ,pou èqoun Ôyo 1 ja d�noun, sÔmfwna me thn Parat rhsh 4.8.1, ta arister�idiodianÔsmata tou A, pou antistoiqoÔn sth ρ(A). Aut� (ta idiodianÔsmata)ja e�nai eke�na pou ja sqet�zontai me ti basikè kl�sei α10 kai α12. Aut�pou sqet�zontai me ti basikè kl�sei α5, α6, α8 ja d¸soun genikeumèna idio-dianÔsmata (blèpe Je¸rhma 2.3.20 th [5℄). Gr�fonta analutik� ti 14 blockexis¸sei apì ti sqèsei AT v′ = ρ(A)v′ br�skoume ìti ta proanaferjèntaidiodianÔsmata e�nai

v′ = [0T
n1

0T
n5

0T
n2

0T
n3

0T
n4

0T
n6

0T
n7

0T
n8

v′
10

T
v′

9
T

v′
12

T
0T

n11
v′

13
T

v′
14

T
]T , (4.27)ìpou v′

10 kai v′
12 e�nai ta Perron dianÔsmata twn blocks AT

10,10 kai AT
12,12, ant�-stoiqa, kai

v′
13 = (ρ(A)In13 − AT

13,13)
−1(AT

10,13v
′
10 + AT

12,13v
′
12) > 0,

v′
14(ρ(A)In14 − AT

14,14)
−1

(
AT

10,14v
′
10 + AT

12,14v
′
12 + AT

13,14v
′
13

)
> 0.Apì thn (4.26) kai thn (4.27) prokÔptei ìti

v′T x = 0, v′T y = 0, v′T u = 0, v′T v > 0. (4.28)A upojèsoume ìti o nèo p�naka A upob�lletai se ènan akìma metasqhmati-smì omoiìthta, me p�naka met�jesh Q̂, ètsi ¸ste o Q̂AQ̂T , pou sumbol�zetai111



xan� me A, na e�nai sthn Jordan kanonik  morf  kai sugqrìnw na upodhloÔ-tai ìti v ∈ N ((ρ(A)Il − A)4), ìpou l = n − n11 − n13 − n14. Sugkekrimèna, oipr¸te l sunist¸se tou v, a upojèsoume ìti sunistoÔn to di�nusma ṽ ∈ R
l,ja e�nai tètoie ¸ste

ṽ ∈ N
(
(ρ(A)Il − A[α1, α5, α3, α4, α6, α7, α8, α10, α9, α12])

4) .Tìte ja e�nai
A[x y u v s5 . . . sn] = [x y u v s5 . . . sn]




ρ(A) 1
ρ(A) 1

ρ(A) 1
ρ(A)

S′




, (4.29)apì ìpou ja èqoume
Ax = ρ(A)x, Ay = x + ρ(A)y, Au = y + ρ(A)u, Av = u + ρ(A)v. (4.30)Upenjum�zetai ìti ta dianÔsmata x, y, u, v pou qrhsimopoioÔntai sthn (4.29),ìpw sthn Per�ptwsh (iv) th prohgoÔmenh paragr�fou, e�nai aut� sthn(4.26) pollaplasiasmèna prohgoumènw ep� Q̂. 'Estw ìti d(0) = e, kai upo-jètoume ìti to d(0) gr�fetai san grammikì sunduasmì twn genikeumènwnidiodianusm�twn tou S. Ja e�nai d(0) = η1x + η2y + η3u + η4v +

∑n

i=5 ηisi.Sqhmat�zonta ta ginìmena parathroÔme ìti v′T d(0) > 0, opìte qrhsimopoi¸n-ta thn (4.28) kai to Je¸rhma 3.13 èqoume 0 < v′T d(0) = η4v
′T v. Apì thnopo�a prokÔptei ìti η4 > 0, kai �ra to d(0) èqei jetik  sunist¸sa kat� m kotou genikeumènou idiodianÔsmato v. Qrhsimopoi¸nta diadoqik� ti sqèsei(4.30) mporoÔme na de�xoume me epagwg  ìti

Akx = ρk(A)x,

Aky =

(
k
1

)
ρk−1(A)x + ρk(A)y,

Aku =

(
k
2

)
ρk−2(A)x +

(
k
1

)
ρk−1(A)y + ρk(A)u,

Akv =

(
k
3

)
ρk−3(A)x +

(
k
2

)
ρk−2(A)y +

(
k
1

)
ρk−1(A)u + ρk(A)v.(4.31)112



'Ara
Akd(0) = ρk(A)

[
η1 +

(
k

1

)
η2

ρ(A) +

(
k

2

)
η3

ρ2(A)
+

(
k

3

)
η4

ρ3(A)

]
x

+ρk(A)

[
η2 +

(
k

1

)
η3

ρ(A) +

(
k

2

)
η4

ρ2(A)

]
y

+ρk(A)

[
η3 +

(
k

1

)
η4

ρ(A)+

]
u + ρk(A)η4v + ρk(A)

∑n
i=5 Ak ηi

ρk(A)
si.(4.32)Sqhmat�zonta ta phl�ka (Ak+1d(0))j

(Ak+1d(0))j
gia ìla ta j ta opo�a den antistoiqoÔnsti grammè tou pèmptou megaluterou kÔriou (principal) block (11h, 13h kai

14h block grammè), tìte, gia to Je¸rhma th Mejìdou twn Dun�mewn 3.4 /kai tou Algorijmou AH, ja èqoume mia kat�stash an�logh me aut n thPer�ptwsh (iv) th Paragr�fou 4.2. Epomènw, limk→∞
(Ak+1d(0))j

(Ak+1d(0))j
= ρ(A),ektì apì ti grammè pou antistoiqoÔn sto pèmpto megalÔtero kÔrio block.Gia na d¸soume mia tupik  apìdeixh th prohgoÔmenh sÔgklish, h opo�ampore� na genikeuje� me ènan “profan ” trìpo kai ja doje� alloÔ, prèpei naparathr soume ta ex . Sto pr¸to megalÔtero kÔrio principal block (giati pr¸te n1 + n5 grammè), prèpei na diairèsoume kai tou duo ìrou toukl�smato me k3 prin per�soume sto ìrio. Gia to deÔtero megalÔtero kÔrio

block (deÔtere n2 + n3 + n4 + n6 grammè) prèpei na diairèsoume me k2, stotr�to megalÔtero kÔrio block (tr�te n7 + n8 grammè) me k, en¸ sto tètartomegalÔtero kÔrio blocks (tètarte n10 + n9 + n12 grammè) pern�me sto ìrio,kaj¸ k → ∞ qwr� na diairèsoume prin me dÔnamh tou k. Upenjum�zetai ìtioi prohgoÔmene grammè br�skontai sthn ous�a, sth jèsh pou th èqei fèrei ometasqhmatismì omoiìthta me Q̂. Ex�llou, èqoume de� ìti o Algìrijmo AHefarmìzetai sto pèmpto megalÔtero kÔrio block, a upojèsoume ìti e�nai to Ã,anex�rthta apì thn efarmog  tou sta prohgoÔmena blocks. Autì shma�nei ìtigia na mporèsoume na prosdior�soume ta ìria twn ajroism�twn twn gramm¸ntou Ã ja prèpei na jewr soume ìti o Algìrijmo AH efarmìzetai sto Ã.'Ara, ja prèpei na jewr soume to G(Ã), to opo�o, sthn paroÔsa per�ptwsh,den apotele�tai apì ènwsh xènwn metaxÔ tou upografhm�twn, kai ja prèpeina or�soume tou ìrou basik , mh-basik , arqik , telik  k.lp. kl�sh, giato Ã topik�. An p.q. ρ(A[α13]) > ρ(A[α11]), ρ(A[α14]), tìte apì to Je¸rhma4.14 gnwr�zoume ìti gia k → ∞ ta oriak� ajro�smata gramm¸n twn pr¸twnkai twn deÔterwn block gramm¸n tou Ã ja e�nai �sa me ρ(A13,13), en¸ aut� thteleuta�a block gramm  ja e�nai �sa me ρ(A14,14).113



Prin oloklhr¸soume thn paroÔsa par�grafo na parathr soume ìtie�nai dunatìn na diatupwjoÔn austhr� an�loge prot�sei me ta Por�smata 4.7kai 4.8. Sthn per�ptwsh tou Parade�gmato 5, to an�logo p.q. tou Por�smato4.7 ja e�nai:
d = (Q̂Q)T d̂, d̂ = [d̂T

1̂
d̂T

2̂
d̂T

3̂
]T , (4.33)ìpou

d̂1̂ = limk→∞

(∏k

i=1 D
(i)
n−n11−n13−n14

)
en−n11−n13−n14 ,

d̂2̂ = limk→∞

(∏k

i=1 D
(i)
n11+n13

)
en11+n13 ,

d̂3̂ = limk→∞

(∏k

i=1 D
(i)
n14

)
en14 ,

(4.34)ìpou d̂1̂ e�nai to Perron di�nusma tou p�naka A[α1, α5, α3, α4, α6, α7, α8, α10, α9, α12], d̂2̂e�nai to Perron di�nusma tou A[α11, α13] kai d̂3̂ e�nai to Perron di�nusma tou
A[α14], ìpou A e�nai o arqikì p�naka sth Frobenius kanonik  morf  tou, poud�netai sthn (4.24). H an�logh prìtash pro to Pìrisma 4.8 ja d�nei ìti
limk→∞ A(k) e = (Q̂Q)T diag (ρ(A)In−n11−n13−n14

, ρ(A13,13)In11+n13
, ρ(A14,14)In14

) (Q̂Q) e,

limk→∞ a
(k)
ij = di

dj
aij , i, j = 1(1)n. (4.35)

4.4 O Algìrijmo'Epeita apì th Jewr�a pou anaptÔxame kai ta di�fora parade�gmata pouparajèsame sthn prohgoÔmenh par�grafo e�maste se jèsh na perigr�youmeto nèo Algìrijmo, ton opo�o onom�zoume AH2, kai na proboÔme se k�poieparathr sei pou aporrèoun apì th melèth tou.a) Upojètoume ìti o p�naka A e�nai anag¸gimo   mh-anag¸gimo, meth Frobenius kanonik  morf  tou (4.10) na e�nai kanonikopoihmènh ètsi ¸ste
aii = 1, i = 1(1)n, kai ìti ìle oi basikè kl�sei tou e�nai telikè. Tìte hefarmog  tou Algor�jmou AH, kaj¸ k → ∞, ja d¸sei sto ìrio ènan ìmoiop�naka tou opo�ou oi block grammè tou ja èqoun ajro�smata gramm¸n �same ρ(A). Autì ousiastik� shma�nei ìti o nèo Algìrijmo, sthn paroÔsaper�ptwsh, prèpei na sump�ptei me ton Algìrijmo AH.b) Upojètoume ìti o A e�nai anag¸gimo, me th Frobenius kanonik morf  tou (4.10) na e�nai kanonikopoihmènh ètsi ¸ste aii = 1, i = 1(1)n,114



kai ìti ìle oi basikè kl�sei tou den e�nai telikè. Tìte, h efarmog  touAlgor�jmou AH, kaj¸ k → ∞, d�nei ènan oriakì p�naka parìmoio me autìnsto Par�deigma 5 th prohgoÔmenh paragr�fou. Me �lla lìgia k�poie apìti block grammè tou oriakoÔ p�naka ja èqoun ajro�smata �sa me ρ(A) en¸k�poie �lle ja èqoun ajro�smata austhr� mikrìtera apì ρ(A). 'Ara japrèpei na diakrijoÔn peript¸sei.b1) Upojètoume ìti h efarmog  tou Algor�jmou AH ston A, kaj¸
k → ∞, d�nei ìti ìle oi oriakè block grammè èqoun ajro�smata gram-m¸n megalÔtera tou 1   ìti ìle oi oriakè block grammè èqoun ajro�smatagramm¸n austhr� mikrìtera tou 1. Tìte, o Algìrijmo AH ja k�nei th swst anagn¸rish gia ton A, dhlad  ìti “o A den e�nai H−p�naka” kai “o A e�nai
H−p�naka”, ant�stoiqa.b2) Upojètoume ìti h efarmog  tou Algor�jmou AH ston A, kaj¸
k → ∞, d�nei ìti k�poie oriakè block grammè èqoun ajro�smata gramm¸nmegalÔtera tou 1 kai k�poie �lle èqoun ajro�smata gramm¸n austhr� mi-krìtera tou 1. Tìte, o Algìrijmo AH den mpore� na epilèxei prosdiorismìgia ton A, o opo�o ja prèpei na e�nai “o A den e�nai H−p�naka”. Aut apotele� th mình per�ptwsh sthn opo�a o Algìrijmo AH prèpei na tropo-poihje� me tètoio trìpo ¸ste na e�nai leitourgikì, dhlad  na anagnwr�zei tomh H−qarakt ra tou p�naka A.'Eqonta kat� nou thn an�lush th prohgoÔmenh paragr�fou kai tiparap�nw parathr sei parousi�zoume sth sunèqeia to nèo Algìrijmo, o opo�-o sqedi�zetai ètsi ¸ste na kalÔptei ìle ti pijanè peript¸sei. Gia thnparous�ash tou nèou Algor�jmou ja qreiastoÔme epiplèon tou parak�tw ori-smoÔ. 'Estw N := {1, 2, . . . , n} kai

N
(k)
0 ≡ N0(A

(k)) :=
{

i ∈ N : |a(k)
ii | ≤ s

(k)
i

}
, (4.36)ìpou to s

(k)
i or�zetai sto B ma 4 tou Algor�jmou AH, kai èstw ìti n

(k)
0 :=

n0(A
(k)) e�nai to pl jo twn stoiqe�wn tou N

(k)
0 .Algìrijmo AH2.EISODOS: O p�naka A := [aij] ∈ C

n,n kai o mègisto arijmì epitrepìmenwnepanal yewn (“maxiter”) 115



EXODOS: D = D(0)D(1) · · ·D(k) ∈ DD−1A ≡ DA   /∈ DA an o A e�nai   dene�nai H−p�naka, ant�stoiqa1. An aii = 0 gia k�poia i ∈ N, “o A den e�nai H−p�naka”, TELOS ; Alli¸2. Jèse D = I, A(0) = (diag(A))−1 A, D(0) = I, k = 13. Upolìgise D = DD(k−1), A(k) =
(
D(k−1)

)−1
A(k−1)D(k−1) = [a

(k)
ij ]4. Upolìgise s

(k)
i , i = 1(1)n, s(k) = mini=1(1)n s

(k)
i , S(k) = maxi=1(1)n s

(k)
i5. An s(k) > 1, “o A den e�nai H−p�naka”, TELOS; Alli¸6. An S(k) < 1, “o A e�nai H−p�naka”, TELOS; Alli¸7. An S(k) = s(k), “o M(A) e�nai idiìmorfo”, TELOS; Alli¸8. Jèse d = [di], ìpou

di =
1 + s

(k)
i

1 + S(k)
, i = 1(1)n9. Jèse D(k) = diag(d),An k < maxiter, k = k + 1, P gaine sto B ma 3; Alli¸10. Bre N

(iter)
0 kai n

(iter)
011. An n

(iter)
0 = 1, “Anapotelesmatikì, aÔxhse maxiter”, TELOS; Alli¸12. Upolìgise

s
(iter)
ij

=

n
(iter)
0∑

l=1, l 6=j

|a(iter)
ij ,il

|, j = 1(1)n
(iter)
0 , ij, il ∈ N

(iter)
013. An s

(iter)
ij

≥ 1, j = 1(1)n
(iter)
0 , ∀ij ∈ N

(iter)
0 , “o A den e�nai H−p�naka”,TELOS; Alli¸14. Enhmèrwse N

(iter)
0 (diagr�fonta ij ∈ N

(iter)
0 : sij < 1) kai n

(iter)
0 ; P gainesto B ma 11.Sth sunèqeia parajètoume orismène parathr sei ston prohgoÔmenoAlgìrijmo:a) Sti peript¸sei (a) kai (b1) pou perigr�yame prin ton Algìrijmo

AH2 h èxodo apì ton Algìrijmo sta B mata 5, 6   7 e�nai exasfalismènh,dedomènou ìti mèqri tìte o nèo Algìrijmo den e�nai �llo apì ton Algìrijmo
AH, upì thn pro�pìjesh fusik� ìti to maxiter e�nai arket� meg�lo.b) Sthn per�ptwsh th Parat rhsh (b2) h ex�ntlhsh tou maxiter mpo-re� na shma�nei èna apì ta ex  duo pr�gmata. E�te ìti o Algìrijmo sugkl�nei116



polÔ arg�, opìte to maxiter ja prèpei na auxhje�,   ìti o p�naka A den e�nai
H−p�naka. Gia na diapist¸soume an o A den e�nai H−p�naka anatrèqou-me sto deÔtero mèro tou L mmato 4.5. JewroÔme ton kÔrio upop�naka tou
A(iter) o opo�o apotele�tai apì ti n

(iter)
0 grammè kai ti ant�stoiqe st letou gia ti opo�e ta ajro�smata gramm¸n e�nai ≥ 1. 'An ìle oi n(iter)

0 grammètou kÔriou upop�naka ikanopoioÔn ti �die anisìthte, tìte autì o upop�na-ka den e�nai H−p�naka. Epomènw, sÔmfwna me to L mma 4.5, o A dene�nai H−p�naka. An den ikanopoioÔn ìle oi grammè tou upìyh upop�nakati prohgoÔmene anisìthte tìte diagr�foume ti grammè (kai st le) meajro�smata gramm¸n < 1. Sth sunèqeia enhmer¸noume ti plhrofor�e majewr¸nta ènan austhr� mikrìtero kÔrio upop�naka apì ton prohgoÔmeno touopo�ou oi grammè èqoun ajro�smata ≥ 1. H diadikas�a aut  ma odhge� e�testo apotèlesma ìti o mikrìtero kÔrio upop�naka den e�nai H−p�naka opì-te oÔte o A e�nai   se ènan 1 × 1 upop�naka. Sthn teleuta�a per�ptwsh denmporoÔme na katal xoume se sumpèrasma pr�gma pou shma�nei ìti to maxiterprèpei na auxhje�.Kle�noume thn par�grafo aut  diatup¸nonta duo jewr mata oi apo-de�xei twn opo�wn mporoÔn na prokÔyoun apì thn èw t¸ra an�lush kai apìti ant�stoiqe apode�xei twn jewrhm�twn th ergas�a [2℄, pou èqoume  dhdiatup¸sei sth Par�grafo 4.2 w Jewr mata 3.14 kai 3.15.Je¸rhma 4.15. 'Estw A ∈ C
n,n èna dosmèno p�naka. Tìte o Algìrijmo,

AH2 sugkl�nei p�nta (ektì, �sw, ìtan det(M(A)) = 0).Je¸rhma 4.16. 'Estw A ∈ C
n,n èna dosmèno p�naka. An o Algìrijmo

AH2 sugkl�nei, tìte to apotèlesma sthn èxodo tou e�nai swstì.4.5 Mia Sun�rthsh Matlab, Parade�gmata kai SqìliaXekin�me th par�grafo aut  d�nonta mia Matlab sun�rthsh pou ulo-poie� ton Algìrijmo AH2. H Matlab sun�rthsh apotele�tai apì duo mèrh, meto pr¸to na mhn e�nai t�pote �llo apì mia apl  tropopo�hsh tou kÔriou mèroutou Algor�jmou AH th ergas�a [2℄ h opo�a me th seir� th, e�nai basismènhston Algìrijmo H th [29℄.
function [s min, s max, k, dd]=ah2algo(n, a, maxiter)117



% INPUT: n = dimension of a square (complex) matrix,
% a = an n-by-n (complex) matrix,
% maxiter = maximum number of iterations allowed
% OUTPUT: dd = diagonal matrix D (if ’A IS an H-matrix’ or if ’A is NOT
% an H-matrix’),
% = [ ] (if ’A is NOT an H-matrix; it has at least one zero
% diagonal element’ or if ’M(A) IS SINGULAR’),
% s min = smallest row sum of moduli of the Jacobi matrix of
% M(A(k)),
% s max = largest row sum of moduli of the Jacobi matrix of
% M(A(k)),
% k = number of iterations performed
finish=0; k=1; dd=eye(n);
if (1-all(diag(a)))

’A is NOT an H-matrix; It has at least one zero diagonal element’
finish=1; s min=0; s max=Inf; k=k-1; dd=[];

end
if (finish == 0)

for i=1:n
a(i,1:n)=abs(a(i,1:n));

end
a=inv(diag(diag(a)))*a;
for i=1:n

a(i,i)=1;
end

end
while (finish == 0 & k < maxiter+1)

for i=1:n
s(i)=sum(a(i,1:n))-1;

end
s min=min(s); s max=max(s);
if s min > 1

’s min > 1, A is NOT an H-matrix’
finish=1;
break

elseif s max < 1
’s max < 1, A IS an H-matrix’118



finish=1;
break

elseif (s min==s max)
’s min=s max, M(A) (to the Matlab precision) IS SINGULAR’
finish=1;
break

else
for i=1:n

d(i)=(1+s(i))/(1+s max);
end

end
k=k+1; diagonal=diag(d);
dd=dd*diagonal; d 1=inv(diagonal); a=d 1*a*diagonal;
for i=1:n

a(i,i)=1;
end

end
% end of first part
if (k==maxiter+1 & finish==0)

n1=0;
for i=1:n

index(i) = 0;
if s(i)>1

n1 = n1 + 1; index(n1) = i ;
end

end
while (2 <= n1)

boole=1; i = 1;
while (i <= n1)

l = index(i);
t=0;
for m=1:n1

p=index(m);
if (p ∼= l)

t=t+a(l,p);
end

end 119



if t < 1
boole=0;
if (i < n1)

index(i)=index(n1);
end
index(n1)=0;
n1=n1-1;
if (n1==1)

break;
end

else
i=i+1;

end
end
if (boole == 1)

break;
end

end
if (n1 == 1)

finish=1;
end
k=k-1;
if (finish == 0)

’A is NOT an H-matrix’
else

dd=[];
’Inconclusive; increase maxiter’

end
end
end %end of function ah2algoGia na kalÔyoume ìle ti pijanè peript¸sei pou melet same se proh-goÔmene paragr�fou, eidikìtera sth Par�grafo 4.4, tou parìnto kefa-la�ou, exet�same poll� parade�gmata merik� apì ta opo�a parajètoume sthsunèqeia.
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Par�deigma 1. O p�naka A tou parade�gmato th ergas�a [17℄:
A =




−1 a12 0 0 0
0.5 −1 0 −0.6 0

0 −0.1 1 0 0.5
0 0.5 0 1 −0.5

−0.2 0.1 0.3 0 −1




.Gia a12 = 1.146392, me efarmog  tou Algor�jmou AH (  tou Algor�jmou
AH2) èqoumeEXODOS: “o A DEN e�nai H−p�naka” , s

(37)
min = 1.00000002036218.Par�deigma 2. Gia to mh-anag¸gimo p�naka :




1 0.01 0.02 0.01 0.03 0.01
0.05 1 0.1 0.02 0.01 0.01
0.01 0.01 1 1.001 0.01 0.01
0.01 0.03 1.002 1 0.01 0.02
0.02 0.01 0.02 0.01 1 0.1
0.07 0.01 0.01 0.01 0.01 1




,me efarmog  tou Algor�jmou AH èqoumeEXODOS: “o A DEN e�nai H−p�naka”, s
(16)
min = 1.0016,en¸ me efarmog  tou Algor�jmou AH2 èqoumeEXODOS: “o A DEN e�nai H−p�naka”,se mìli 8 epanal yei. Sugkekrimèna èqoume ìti o A(8)[3, 4] den e�nai H−p�naka.Par�deigma 3. Sth sunèqeia qrhsimopoioÔme ènan anag¸gimo 3×3 blockp�naka kai all�zoume kur�w ta stoiqe�a twn diag¸niwn blocks ètsi ¸ste naall�zoun oi basikè kl�sei tou. Sugkekrimèna:

i) 'Estw o parak�tw p�naka, pou upojètoume ìti èqei ft�sei sth Fro-
benius kanonik  morf  tou me th qr sh kat�llhlou p�naka met�jesh, me ìle
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ti basikè kl�sei tou na e�nai telikè.



1 0.1 0.1 0.2 0.1 0 0.3
0.2 1 0.1 0.1 0.1 0.1 0
0 0 1 0.1 0.2 0.3 4.1
0 0 0 1 0.1 0.2 2.1
0 0 0 0.1 1 0.1 1.3
0 0 0 0 0 1 0.9
0 0 0 0 0 0.75 1




.

MporoÔme na parathr soume ìti h kl�sh α3 tou A e�nai basik  kai telik .'Eqoume ìtiEXODOS: “o A EINAI H−p�naka”, s
(6)
max = 0.9767,apotèlesma pou mpore� na epiteuqje� kai me tou dÔo algor�jmou.

ii) O p�naka pou d�netai sth sunèqeia èqei basik  kl�sh thn α2, pouprofan¸ den e�nai kai telik .



1 0.1 0.1 0.2 0.1 0 0.3
0.2 1 0.1 0.1 0.1 0.1 0
0 0 1 2.1 2.2 0.3 0.1
0 0 0.5 1 2.2 0.5 0.1
0 0 0 0.1 1 0.3 0.2
0 0 0 0 0 1 0.9
0 0 0 0 0 0.75 1




,

MporoÔme na parathr soume ìti ρ(A[2]) > 1, ρ(A[1]) < ρ(A[3]) < 1 kai epo-mènw o Algìrijmo AH de ja sugkl�nei. Pr�gmati met� akìma kai apì 1000epanal yei o Algìrijmo d�neiEXODOS: “Anapotelesmatikì, aÔxhse to maxiter”,me s
(1000)
min = 0.8216 kai s

(1000)
max = 1.1680. Sthn per�ptwsh aut  èqoume me tonAlgìrijmo AH2EXODOS: “o A DEN e�nai H−p�naka”se 12 epanal yei. Sugkekrimèna o p�naka A(12)[1, 2, 3, 4, 5] den e�nai H−p�naka.

iii) Ston parak�tw p�naka ìle oi basikè kl�sei tou (pl jou ≥ 2)
122



den e�nai kai telikè.



1 0.001 0.01 0.02 0.01 0 0.03
0.02 1 0.01 0.01 0.01 0.01 0
0 0 1 0 0.1 0.03 0.01
0 0 20 1 0 0.05 0.01
0 0 0 4 1 0.03 0.02
0 0 0 0 0 1 4
0 0 0 0 0 1 1




,

Mporoume na broÔme ìti oi kl�sei α2, α3 tou A e�nai basikè all� ìqi kai oidÔo telikè me
ρ(A[1]) < 1 < ρ(A[2]) = ρ(A[3]) = ρ(A).'Eqoume ìtiEXODOS: “o A DEN e�nai H−p�naka”, s

(4)
min > 1,me ton Algìrijmo AH2 (  ton Algìrijmo AH).

iv) O p�naka pou d�netai sth sunèqeia èqei ti basikè kl�sei tou
α2, α3 (pl jou ≥ 2) na mhn e�nai kai oi duo telikè.




1 0.001 0 0 0 0 0.03
0.02 1 0 0 0 0.01 0
0 0 1 0 0.1 0.03 0.01
0 0 20 1 0 0.05 0.01
0 0 0 4 1 0.03 0.02
0 0 0 0 0 1 4
0 0 0 0 0 1 1




,

MporoÔme na diapist¸soume ìti
ρ(A[1]) < 1 ρ(A[2]) = ρ(A33) = ρ(A)1kai O12 = O. Gia ton p�naka autìn èqoume:EXODOS: “o A DEN e�nai H−p�naka”, s

6)
min > 1,me ton Algìrijmo AH kai se 2 epanal yei me ton Algìrijmo AH2. Sugke-krimèna o A(2)[4, 5, 6, 7] den e�nai H−p�naka.123



Par�deigma 4. 'Estw o anag¸gimo p�naka



1 0 0 0 0 0 0.3 0.8 0 0
0 1 0.1 0.02 0.01 0.01 0 0 0.2 0.3
0 0.1 1 0.1 0.2 0.03 0 0 0.3 0.2
0 0 0 1 0.01 1.02 0 0 0.1 0.8
0 0 0 1 1 0.1 0 0 0.1 0.2
0 0 0 0.01 0.1 1 0 0 0.8 0.4
0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0.25 1 0 0
0 0 0 0 0 0 0 0 1 2.5
0 0 0 0 0 0 0 0 1.6 1




,

me
ρ(A11) = ρ(A44) < ρ(A22) = ρ(A33) = ρ(A55) = ρ(A).H efarmog  tou Algor�jmou AH d�neiEXODOS: “Anapotelesmatikì, aÔxhse to maxiter”,en¸ o Algìrijmo AH2 se dÔo epanal yei br�skei ìti “o A DEN e�nai H-p�naka”. Sugkekrimèna o A(2)[4, 5, 6, 9, 10] den e�nai H−p�naka.Tèlo, d�noume èna par�deigma ìpou o p�naka A e�nai anag¸gimo me-g�lh di�stash. Sugkekrimèna:Par�deigma 5. A upojèsoume ìti jewroÔme ton p�naka (4.24)

i) Me block upop�nake tou:
A11 =

[
1 2

0.25 1

]
, A22 = [1], A33 =




1 2 0.1
0.1 1 0.1
0.2 0.3 1


 ,

A44 =

[
1 0.3

1.5 1

]
, A55 =

[
1 3.6

0.4 1

]
, A66 =

[
1 7.2

0.2 1

]
,

A77 =

[
1 0.5

0.5 1

]
, A88 =

[
1 0.32

4.5 1

]
, A99 =

[
1 0.4

0.8 1

]
,

A10,10 =

[
1 2.25

0.64 1

]
, A11,11 =

[
1 0.1

0.2 1

]
, A12,12 =

[
1 72

0.02 1

]
,

A13,13 =

[
1 0.2

6.05 1

]
, A14,14 =

[
1 0.1

11.025 1

]
, A15 =

[
0.1 0.03
0.02 0.01

]
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A24 =
[

0.01 0.05
]
, A34 =




0.002 0.01
0.003 0.004
0.05 0.06


 , A46 =

[
0.07 0.08
0.09 0.01

]
,

A56 =

[
0.1 0.12
0.12 0.1

]
, A67 =

[
0.2 0.1
0.2 0.3

]
, A78 =

[
0.15 0.25
0.2 0.1

]
,

A89 =

[
0.1 0.1
0.2 0.2

]
, A8,10 =

[
0.2 0.3
0.2 0.4

]
, A9,11 =

[
0.2 0.1
0.3 0.1

]
,

A9,12 =

[
0.1 0.3
0.2 0.2

]
, A10,13 =

[
0.1 0.2
0.1 0.3

]
, A10,14 =

[
0.2 0.3
0.4 0.5

]
,

A11,13 =

[
0.2 0.1
0.3 0.4

]
, A11,14 =

[
0.1 0.1
0.1 0.1

]
, A12,13 =

[
0.15 0.25
0.25 0.35

]
,

A12,14 =

[
0.15 0.2
0.1 0.1

]
, A13,14 =

[
0.1 0.2
0.3 0.4

]
,me

ρ(A) > ρ(A13,13) > ρ(A14,14) > 1,kai basikè kl�sei ti α5, α6, α8, α10, α12, d�neiEXODOS: “o A DEN e�nai H−p�naka”, s
(10)
min > 1,me ton Algìrijmo AH kai “o A DEN e�nai H−p�naka” se 1 epan�lhyh me tonAlgìrijmo AH2. Sugkekrimèna o A(1)[15, 16] den e�nai H−p�naka.

ii) Omo�w, ìpw parap�nw me ton (i), all� me
A13,13 =

[
1 0.2

0.8 1

]
, A14,14 =

[
1 0.1

0.4 1

]
,kai me

ρ(A) > 1 > ρ(A13,13) > ρ(A11,11), ρ(A14,14)d�neiEXODOS: “o A DEN e�nai H−p�naka”se 1 epan�lhyh me ton Algìrijmo AH2. Sugkekrimèna o A(1)[15, 16] den e�nai
H−p�naka.

iii) Omo�w me (i), all� me
A55 =

[
1 1.6

0.4 1

]
, A66 =

[
1 3.2

0.2 1

]
, A10,10 =

[
1 1

0.64 1

]
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A13,13 =

[
1 0.2

0.8 1

]
, A14,14 =

[
1 0.1

0.4 1

]
,kai me

1 > ρ(A) > ρ(A13,13) > ρ(A11,11), ρ(A14,14)d�neiEXODOS: “o A EINAI H−p�naka”, s
(49)
max < 1.
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HDidaktorik  Diatrib  daktulograf jhke apì thn suggrafèa qrhsimopoi¸n-ta to sÔsthma stoiqeiojes�a LATEX.†
†to LATEX e�nai èna sÔsthma stoiqeiojes�a pou dhmiourg jhke apì ton Leslie Lamportsan mia eidik  èkdosh tou progr�mmato TEX tou Donald Knuth.135


