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Preface

The Stable Marriage Problem was first introduced and solved by David
Gale and Lloyd Shapley in their paper entitled "College Admissions and the
Stability of Marriage" in 1962 [1]. The problem is formulated as follows:
Suppose we have 2 finite equally sized sets M, the set of men, and W, the
set of women, such that each element of M has a preference list of all the
elements in W and, similarly, each element of W has a preference list of all
the elements in M. Then, a stable matching or stable marriage is a bijection
of M onto W such that there are no m € M and w € W that prefer each
other to their assigned partners in the matching.

In [1] Gale and Shapley also introduced a polygamous version of the
problem and presented an algorithm for finding stable matchings in both the
polygamous and monogamous versions. On the practical side, the polyga-
mous version of the Gale-Shapley algorithm has been used for many years,
in fact preceding the Gale-Shapley paper, to assign "job applicants" to "job
positions". The best known amongst them is the placement of resident doc-
tors in training programs. Moreover, since the publication of their paper
several additional papers have been published studying different variations
of the problem.

In 2012, Lloyd S. Shapley and Alvin E. Roth were awarded a Nobel
Memorial Prize in Economic Sciences for "the theory of stable allocations
and practice of market design".

In this thesis, we are doing a review of literature on the stable mar-
riage problem, starting by presenting the Gale-Shapley algorithm and its
correctness and proceeding to also present a number of different results and
variations of the problem.

More specifically, we start by formally presenting the stable marriage
problem along with some basic notations, terminologies and definitions about
the stable marriage problem and complexity classes that will be used through-
out the thesis. In section 2, we firstly present the Gale-Shapley algorithm
along with a proof of the algorithm’s correctness and a number of conse-
quences of the algorithm, such as the fact that the matching obtained by
the algorithm is male-optimal and woman-pessimal. We also study the ex-
pected value of the number of proposals during the course of the algorithm
for arbitrary but fixed lists of preferences of the women when the lists of
men are constructed independently and uniformly at random. In section 3
we present 2 variations of the problem: The problem of stable matchings
with incomplete lists and the problem of admitting n students to m univer-
sities. Next, we study the set of stable matchings, proving that is has in



fact a distributive lattice structure. Furthermore, we prove that the number
of stable matchings can grow exponentially with the size of the instance,
meaning that any algorithm generating all of the stable matchings could be
of exponential time complexity in the worst case. In section 5, continuing
our study of the number of stable matchings we prove that the problem of
determining the number of stable matchings is #P—complete and therefore
cannot be solved in polynomial time if P % NP. In the process of do-
ing that, we introduce the concept of rotations presenting also a number of
results concerning the structure of the set of stable matchings.



Eiwcaywywxd onpelopa

To npéBAnua Tou Ltadepol I'duou ey dnxe yio TpwTn Qopd xan AVUnXE
an6 toug David Gale xou Lloyd Shapley oto paper toug e titho "College Ad-
missions and the Stability of Marriage" to 1962 [1]. To npdBinua Siotuneve-
T we e€nc: Trovétoupe twg €yovue 2 menepaopuéva ohvola (oou ueyédoug,
10 6Ovoro M Twv avdpoy xa To 6Ovoro W twv yuvouxoy tétola WoTe xdie
otolyeio tou M é€yel yio Mota mpotiunong pe 6Aa ta ototyeio Tou W oxou,
ouota, xde otoiyelo Tou W éyel o Alota npotiunong ue éio ta otouyela
tou M. Tote, éva otadepd talplaoya 1 aAlwe otadepds yduog eivon uio 1-1
amewxodvion and To M ent Tou W t€towa wote va unv umdpyet dvipoc m € M
xaw yuvaixo w € W nou npotioly o évog Tov dAlov and dtt toug "ouliyouc"
ToL Toug €youv avatedel GTo TalpLaCUAL.

Y10 [1] ov Gale xou Shapley eiofiyoryav eniong plo mohuyauixr exdoyr| Tou
TEOBAAUATOS Xt Topousiacay évay alyoprduo yio Tnv edpeon oTadepol Tale-
LIOoPATOS TOGO GTNV LOVOYOULXY) OGO %ot GTNY TOAUYoUr) exdoyr. Mdlota,
1 TOALY aixY| ExB0Y T Tou ohyoplduou Twv Gale xou Shapley yenoiwwonoiouvtay
Yio TOAG YeOVLAL, OTNV TEAYHATIXOTNTA ety amo To paper Twv Gale-Shapley,
Yoo TNV avticTolynon "utodviey Yo dovkeld" ot "Yéoeig epyaciac". H mo
YVOOTY EQUEUOYT| TETOLWY avTIoTolyoEwY €lvon 1 TOTOVETNOY QOLTNTOVY Lo-
Tec o€ vocoxopeio. Emmiéov, and tnv dnpocicuon tou paper toug, €youy
onuootevdel opxetd emimhéov paper mou UEAETOUV OLAPOREC TUROANAYES TOU
apy %ol TEOPBAuATOC.

To 2012, amoveuninxe otouc Lloyd S. Shapley xou Alvin E. Roth o
BeaBeio Nouneh Owovouroyv Emetnuoy yio tny "dewplo TV o Tadepmdy xotavoudy
XL TNV EQOPUOYT) TOU GYEBIAOUOL ayopdc".

Ye autr Ty epyacia, yéow wag avaoxdmnone tng PiBloyeaploc, Eextviue
Tapovatdlovtac Tov ahyoprduo twv Gale xau Shapley xou tnv anédeiln tng
0pYoTNTAC Tou xou cuveyiloupe Ue TNV TaEOLGINoT BlUPOEWY ATOTEAECUATLWY
X0l TOROANALY OV TOU TEOPBAAUATOC.

IIio cuyxexpyéva, Eexwvdue optlovtag auotned o TEORANUL TOU YUOoU
xa ToEOLGLACoUUE xdmotoug Baoxols GUUPOAOUOUS, 0PONOYIES XaL 0PLOUOUS
OYETWXE UE TO TEOBANUAL TOU YEUOU 0AAS Xl TIG XAJOELC TOAUTAOXOTNTAUS TTOU
Yo hag pavoLy Yool xaTd T didpxetla TS pyaoiog. Xt 0edtepn evoTnTa,
Eexwvdye pe Tov ohyodprdpo twv Gale xau Shapley, cuveyilovtog ye Ty amodeiln
TNe 0pYOTNTAS TOL XADMS XL UE BLAPORES IOLOTNTES TOU TOUELACUATOS TOU OAYO-
pldpou, OTWE Yior TUEAEBELYUA TO YEYOVOS WS TO TAUPLIGUO TOU TEOXVTTEL AT
ToV alyopriyo elvon To BEATIOTO Yio TOUG AVIPES %Ol TO YELROTERO YIX TG YU-
vaixeg. Mehetdue oaxdun Tny YEoT TN TWV TEOTACEWY XUTA T1) DIHEXELX TOU OA-
yoptiuou yio avdaipeteg adrd doouéveg Aloteg TEOTIUNONG TV YUVAUXODY OTAY



ol Moteg mpoTiunong Twv avdpmy xaTaoxeUdlovTol aveEdeTnTo Xal OUOLOUoP(A
oty oy, LNy evotnta 3 mopouctdlouue 2 Tapolhay€C Tou TEOBAAUATOS: TO
TEOBANUA TOU GToeEOD YaUOoU OTay oL AMoTeC TpoTiUnoNne etval avoAOXAIPKOTES
%)W xo TO TEOBANUN ELGOO0U T POLTNTOV OF 1M TAVETUOTAILOL. 2TT) GUVEYELD,
UEAETAUE TO GUVOAO TWV CTOUIEQHDV TAUPLUOUATLY ATOBEXVIOVTAS TS EYEL TN
oou| distributive lattice. "Eneita amodeixvioupe nog o aprdude twv otadepny
TUPLACUATWY Elvol BUVITO Vo PEYAAMVEL EXVETIXG UE TO U€yedog Tou TEOPBAT-
HOTOG, TOU OMUaiveEL WS OTOLGOHTOTE aAYopLipog Tapdyel Oha tor oTadepd
TapLdoUoTo 6 €val BOOPEVO CTLYUOTUTIO Tou TEofBAYuoTog Yo Umtopolce va
ebvon ex¥eTnol ypdvou ot YEWROTERN TEPIMTWON. XTO XEQdhao 5, cuvey(-
Covtog N peAéTn Tou TAROUC TV oTadepty TUELICUITOY, ATOOEXVIOUUE
6Tl To TEOPBANUA TNS EVEESTE TOL aplluo) TwV oTAdEP®Y TUELICUATWY OE Eva
TEOBANUA Yauou etvan # P—mAYpec xat, w¢ anoTtéAeopa, 0 unopel vo Aulel o
TOAWVLILXO Yedvo av P # NP. T'a vo 1o anodel&ouue autod, EL0GYOUUE TNV
EVVOLdL TWV TIEPLO TROPAOY TopoLcLdlovTog Tapdhhnia €var TAYOC BLopopeETIXGY
ATOTEAECUATWY OYETXE UE TN DoY) TOU GUVOAOU CTAVERMY TOUELACUATMY.



1 Preliminaries

1.1 Stable matchings: an introduction

Definition 1.1. Let M and W be two finite sets of n elements. A matching
is a bijection of M onto W.

Definition 1.2. An instance of size n of the stable marriage problem in-
volves two disjoint sets, the set M of men {my,...,m,} and the set W of
women {w1, ...,w, }. Each person has a strictly ordered preference list of the
members of the opposite sex.

Definition 1.3. A matching in a stable marriage problem instance is called
unstable if a man m and a woman w mutually prefer each other to their
spouses.

Definition 1.4. A matching is called stable if there is no man m and no
woman w that both prefer each other to their assigned partners.

The stable marriage problem asks for a stable matching in a given in-
stance of the problem. Naturally occurs the question of whether there is
always a stable matching in a given stable marriage instance. In the next
chapter we will prove, through Gale-Shapley’s algorithm, that indeed there
is always at least one stable matching. In fact, through the following exam-
ple we can see that it is possible that more than one stable matchings exist.

Example 1.5. Suppose we have the sets M = {mi,mao} and W = {w1, w2}
of men and women respectively, along with the following preference lists:

men’s preference lists women’s preference lists
my . wi w9 w1 S My mi
mo ! Wy w1 wo . M mo

Here we have 2 possible matchings:

My ={ (m1,w1),(m2,w2)} and Ma={(m1,ws2),(mz2,w1)}
and we can easily check that, in fact, both of them are stable.

We now introduce some basic notations and terminology that will be used
throughout the next chapters.



Notation 1.6.

e Let m be a man and wy, we be 2 distinct women. Then
wimwy <= man m prefers woman wi to woman wsy.

o Similarly, if w is a woman and my, mo are 2 distinct men then
miwme <= woman w prefers man my to man Mo

Notation 1.7.

e mr(i,k) =j <= woman k is in position j in the preference list of
man 1

o wr(i,k) = j <= man k is in position j in the preference list of
woman 1

Notation 1.8.

e mp(i,j) = k <= woman k is in position j in the preference list of
man 1t

o wp(i,j) = k <= man k is in position j in the preference list of
woman %

Notation 1.9. py(z) =y <= person’s x partner in matching M is person
Y.

Terminology 1.10. We say that a person x prefers a matching M to a
matching M’ and we write MxM' if he prefers his partner in M to his
partner in M', meaning that his partner in M is higher in his preference
list than his partner in M'. Note that this is strict preference. Generally, a
person might prefer a matching M to M’ or M' to M or he/she might be
indifferent between them if par(z) = par ().

Terminology 1.11. We say that a man m and a woman w block a matching
M or that m-w are a blocking pair for M if m,w are not partners in M
but they prefer each other to their assigned partners in the matching, that
is wmppr(m) and mwppr(w). Obviously, a matching for which there is at
least one blocking pair is not stable, whereas a matching for which there are
no blocking pairs is stable.



1.2 Computational complexity

In this section we present a few basic definitions and results about com-
plexity classes that will be used in chapter 5.

Generally, an instance of a problem is obtained by specifying all problem
parameters and any problem II is associated with a set Dy of instances.

Definition 1.12. A decision problem is a problem that can be answered by
Ilyesll or "no II'

Definition 1.13. P is the class of decision problems that can be solved by
an algorithm running in time polynomial in the size of the input.

For example, the problem of deciding whether 2 numbers a,b are rel-
atively prime is in class P: Using the euclidean algorithm, which runs in
polynomial time, we can find the greatest common divisor of ¢ and b denoted
by gcd(a,b). If ged(a,b) = 1 then a,b are relatively prime. Otherwise, a,b
are not relatively prime.

Definition 1.14. NP is the class of decision problems such that, given
a "yes" instance of the problem and a polynomial-size "certificate" of a
solution, there is a polynomial-time algorithm verifying that the certificate
18 correct.

For example let’s consider the problem of examining whether a number
is composite. Given a composite number n and one of its divisors as a
certificate, we can check in polynomial time through the euclidean algorithm
that n is indeed composite.
Obviously P C NP since if a problem is in P we can solve it in polynomial
time without even being supplied a certificate.

Definition 1.15. A decision problem D1 is said to be polynomial-time re-
ducible to a decision problem Ds if there exists a function f : Dp, — Dp,
that transforms an instance dy of D1 to an instance dy of Do such that:

o The transformation takes polynomial time

e dy is a "yes" instance of D1 <= da is a "yes" instance of Do
Definition 1.16. A problem II is said to be N P—complete if:

o I[Tisin NP

e cuvery other problem in NP is polynomial-time reducible to 11

10



Informally, that means that if a problem II is N P—complete then it is
at least as "hard" as any other problem in N P.
An immediate result of definitions 1.15 and 1.16 is the following:

Theorem 1.17. If a problem B is N P—complete and B is polynomial-time
reducible to A for a problem A in NP then A is also N P—complete.

A more general class of problems is the class of "search problems". A
search problem II consists of a set Dy of instances and, for each instance
I € Dy, a set Sip(I) of finite objects called solutions for I. An algorithm is
said to solve a search problem II if, given as an input any instance I € Dry,
it returns the answer "no" if Si(I) = () and otherwise returns some solution
s € Su(I) (the corresponding decision problem asks whether or not St ([)
is empty).

The counting problem based on a search problem II is, "Given I what
is the cardinality of Spy(I) that is, how many solutions are there?".

Definition 1.18. #P is the class of all counting problems associated with
the decision problems in the class NP.

The concept of "completeness" for # P is once again used to capture the
notion of a "hardest" problem in a class.

Definition 1.19. If A and B are problems in #P, a polynomial time count-
ing reduction from A to B is a pair of polynomial-time computable functions
f, g such that

e function f maps an instance x of A to an instance f(x) of B and

e function g recovers from the number of solutions n of f(x) the number
of solutions g(n) of x.

A special case of polynomial-time counting reductions are parsimonious re-
ductions, where f preserves the number of solutions during the transforma-
tion, that is g is the identity function. Thus, a parsimonious reduction from
a problem A to a problem B is a polynomial-time computable function that
maps an instance x of A to an instance y of B such that x and y have the
same number of solutions.

We say that a problem A is #P—complete if it is in #P and for every
other problem B in #P, there is a polynomial-time counting reduction from
B to A.

11



2 Existence of a stable matching:
The Gale-Shapley Algorithm

A fundamental algorithm, leading to the construction of a stable match-
ing, was developed by Gale and Shapley in 1962, constituting a proof by
construction of the existence of at least one stable matching in any given
instance of the problem.

2.1 Description of the algorithm

The idea of the algorithm is as follows: Suppose that initially no one is
married. Lets suppose that a man m proposes to a woman w. It would be
a mistake to say that the pair (m,w) would surely belong to the final stable
matching since the woman w might receive a proposal from another man
who she prefers more. It would also be a mistake to rule out the possibility
that the pair (m,w) is in the final matching, as the woman w might not
receive another proposal by a man she ranks as highly as m. As a result we
introduce an intermediate state, the engagement.

Algorithm 1 Gale-Shapley algorithm for stable matchings

1: initially all women and all men are free

2: while there is a man who is free do

3 choose a man m that is free

4: w < first woman on m’s list to whom m has not yet proposed
5: if w is free then

6 engage m and w

7 else if w is already married to a man m’ then

8 if w prefers m to m’ then

9 engage m and w

10: m' becomes free
11: else

12: m remains free
13: end if

14: end if

15: end while

Observation 2.1. The algorithm above involves an element of non deter-
minism since the order in which the free men propose is not specified. How-
ever, as we will see, this is of no consequence: the order in which the men

12



propose is of mo importance to the final outcome, which is always the same
for a specific stable marriage instance.

Note 2.2. The algorithm presented in Gale and Shapley’s paper was running
in stages: In the first stage, all men propose to their favorite woman. FEach
woman that receives more than one proposals rejects all but her favorite
man. However, she does not accept him yet but keeps him on a string to
allow for the possibility that someone better might propose to her later. In the
second stage, the rejected men propose to their second choices, the women
reject all but their favorite amongst the group of the new proposers and
the boy at the string-if any- and again keeps her favorite in a string and
we continue in a similar manner. In [7], McVitie and Wilson presented a
recursive version of the Gale-Shapley algorithm, which was essentially the
Algorithm 1 presented above with the difference that every time, if there
is a man that is rejected he is the next one to propose. All algorithms give
the same result and the same proposals and rejections are made (although
in general in different order).

2.2 Proof of the algorithm’s correctness
Theorem 2.3. The algorithm terminates.

Proof. The algorithm would not terminate if the while loop did not termi-
nate, that is if there was a man m that always remained free. m would
always remain free if and only if he got rejected by all the women in his list.

Each woman can reject only when she is engaged and once she is engaged
she never again becomes free. So when m got rejected by the last woman on
his preference list that would mean that all n women were already engaged.
But since the number of men is equal to the number of women and there are
no men married to 2 women then all n men would also have to be engaged,
which is a contradiction. In fact, for an instance of size n, the total number
of iterations cannot exceed n?. O

Theorem 2.4. The matching obtained from the algorithm is stable.

Proof. Suppose that the matching M obtained from the algorithm is not
stable, that is there is a man m and a woman w such that they both prefer
each other to their partners assigned by the algorithm. Suppose that m’s
partner in M is wj.

Since man m prefers woman w to w; that means that woman w is higher
in his preference list than w;. However, m did not end up marrying w but
wy who is lower in his preference list, meaning that, during the course of

13



the algorithm, m proposed to w but w rejected him for someone else that
she preferred more. As a result, w prefers her current spouse to m, which
is a contradiction. O

We have thus proved that the algorithm yields a stable matching. How-
ever, we have seen that it is possible that more than 1 stable matchings
exist. A natural question is whether all executions of the algorithm yield
the same results. The answer is yes and, in fact, every execution of the
algorithm gives the optimal result for each man, meaning that there is no
other stable matching in which he is paired with a woman that is ranked
higher in his preference list than the one he is assigned to by the algorithm.
We prove this in Theorem 2.7 below.

At the same time, this result constitutes the worst solution for the
women, meaning that in every other possible stable matching, each woman
is assigned to a man that is equal or superior in her preference list to the
one she is assigned to by the algorithm. We prove this result in Theorem
2.8 below.

Definition 2.5. A woman w is called a valid partner for a man m if there
is a stable matching containing the pair (m,w). Similarly, a man m is called
a valid partner for a woman w if there is a stable matching containing the
pair (m,w).

Definition 2.6. We say that a woman w is the best valid partner for a man
m if every other valid partner of m is after w in the preference list of m,
whereas a man m is the worst valid partner for a woman w if m is after any
other valid partner of w in the preference list of w.

Theorem 2.7. The matching obtained by the algorithm assigns each man
to his best valid partner.

Proof. Suppose that there is an execution of the algorithm such that, in the
matching M obtained by the algorithm, at least one man is not married to
his best valid partner. That means that at some point during the course of
the algorithm he was rejected by a valid partner.

Consider the first moment ¢; in the algorithm in which a man m is
rejected by a valid partner w. The woman w rejects m at the moment t;
either because she was already married to another man she prefers more or
because she was married to m but, at the moment ¢, another man who she
prefers more proposes to her so she breaks up with m. Either way, at the
moment ¢1, w forms or continues an engagement with a man m’ she prefers
more than m, that is m/wm. That means that w got engaged to m’ at the

14



moment t1 or earlier, that is, if ¢y is the moment when w got engaged to
m/, then tg < t1. As a result, at tg, m’ had not been rejected by any valid
partner (because we defined ¢; to be the first moment in the algorithm in
which a man m is rejected by a valid partner).

Moreover, since w is a valid partner for m there exists a stable matching
N containing the pair (m,w). Suppose that in N, m’ is paired with a woman
w’. Thus, at tg, m’ had not been rejected by w’ since w’ is obviously a valid
partner for m/. Since the proposals in the algorithm happen in decreasing
order of preference, that means that wm’w’. Thus we have wm/w’ and
m’wm which is a contradiction since we supposed that the matching N is
stable. O

Theorem 2.8. The matching obtained by the algorithm assigns each woman
to her worst valid partner.

Proof. Suppose that there is a woman w that is not assigned to her worst
valid partner by the algorithm. That is, if (m,w) is a pair in the matching
M obtained by the algorithm, there is a stable matching N containing the
pairs (m/, w) and (m, w') such that mwm’. Thus w'mw (or else the matching
N would not be stable). That contradicts the fact that the matching M of
the algorithm yields the best possible solution for m. O

Observation 2.9. If we swap the roles of women and men, that is if women
make the proposals instead of men, then a woman-optimal and man-pessimal
stable matching would occur.

In fact, the man-optimal and woman-pessimal stable solutions possess a
further optimality property, often referred to as Weak Pareto Optimality:

Theorem 2.10 (Weak Pareto Optimality). For a given instance of the sta-
ble marriage problem, there is no matching, stable or unstable, in which ev-
ery man has a partner whom he strictly prefers to his partner in the matching
M obtained by the algorithm.

Proof. Obviously, from theorem 2.7, that is true for all stable matchings.
Suppose now that there is an unstable matching M, with this property,
meaning that every man prefers his partner in My to his partner in M.
Observe that the Gale-Shapley algorithm terminates when the last woman
w receives her first proposal (since she was the last to receive a proposal,
that means all the other n — 1 women are already married to n — 1 different
men and since that was the first proposal she received that means she was
free before so she now becomes engaged to the n —th man and the algorithm

15



terminates). As a result, no man was rejected by w during the course of
the algorithm. Let m and mg be w’s partners in the matchings M and M
respectively. Then myg prefers w to his partner in M so w must have rejected
him during the course of the algorithm, which is a contradiction. O

2.3 Conflict of Interest

The fact that the best stable matching for the men is the worst for the
women is a special case of the following more general result.

Theorem 2.11. Let M and M’ be two stable matchings and suppose that
m and w are partners in M but not in M'. Then one of m and w prefers M
to M’ and the other prefers M’ to M. In other words, if w' is the partner
of m in M’ and m' is the partner of w in M’ then either

wmw' and m'wm
or
w'mw and mwm'.

Proof. By the definition of a stable matching, m and w cannot both prefer
M to M’ (or else in M’ where we have the pairs (m,w’) and (m/,w) we
would have mwm’ and wmw’ thus m and w would mutually prefer each
other to their spouses in M’ which is a contradiction). It remains to show
that they also cannot both prefer M’ to M.

Suppose w'mw, that is m prefers M’ to M. It remains to show that
mwm'. Let m = Xo, w = 29 and w’ = x1 so we have x1Xoxg. Since m
prefers M’ to M, w' must prefer M to M’ (or else M would not be stable).
Let X be the partner of w’ in M. Then X;z1X(. Similarly, since w’ prefers
M to M', X; must prefer M’ to M (or else M" would not be stable). Let
29 be X7’s spouse in M’ then x9X121.

Continuing in a similar manner, we obtain the sequence
(Xo,0), (X1,21), (X2,22) etc in M and

(X(),[El), (X1, x2), (XQ,.CU;J,) etc in M’

where X 12511 Xy and xp1 Xgrr VE >0

Since the number of people is finite, there exist X; and X; with i # j,
let 7 > j, such that X; = X,. Let j be the smallest integer with that
property and, for that j, let i be the smallest integer with that property
such that 7 > j. Since X; = X;, we have x; = z; . Furthermore, we
have j = 0 because, if j # 0, then (X;_1,z;) would belong in M’ along
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with (X;—1,2;) = (X;-1,2;). Hence we would have X; 1 = X;_; which is
a contradiction since we assumed that j is the smallest integer with that
property.

Thus 7 = 0 and so x; = g = w and (X;_1,x0) appears in the matching
M'. As a result, X;_1 = m’/ and X; = m. Thus, since X;z;X;_1, we have
that mwm’, which is what we wanted to prove. O

We now also present a second proof.

Proof. Let X and ) (respectively X’ and )’) denote the sets of men and
women that prefer M to M’ (respectively M’ to M).

In M there can be no pair (m,w) with m in X and w in ) because
then, both m and w would prefer matching M to M’ meaning that, both m
and w would prefer each other to their assigned partners in M’, leading to
a contradiction since we supposed that M’ is stable. As a result, every man
in X has an M —partner in )’ and, as a result, |X| < |)’]. In other words,
if wmw’ then m/wm. Now all we have to prove is that if w'mw then mwm/
or, in other words, that every man in X’ has an M —partner in ).

Similarly as before, in M’ there can be no pair (mq,w;) with my in X’
and wy in )’ because then, both m; and w; would prefer M’ to M meaning
that, both m; and w; would prefer each other to their assigned partner in M
which is a contradiction. As a result, every man in X’ has an M'—partner
in ) and, as a result, |X’| < |)].

We also have that |X| 4+ |X’| = |Y| 4 |)'| since the left hand side is
the number of men and the right hand side is the number of women that
have a different partner in the two matchings. As a result, |X| = |)/|
and |X'| = |Y| or else we would have |X| + |X’| < |V| + |)’| which is a
contradiction. Thus, every man in X’ has an M —partner in ) (because if a
man in A’ had an M —partner in )’ then |)’| > |X'| which is a contradiction)
and the statement of the theorem follows. O

2.4 Analysis of the algorithm: Expected value of the number
of proposals

We are interested in performing an average-case analysis of the Gale-
Shapley algorithm. We suppose that the lists of men are chosen indepen-
dently and uniformly at random, whereas the lists of women can be arbitrary
but are fixed in advance. Let N the random variable expressing the total
number of proposals made by the men during the course of the algorithm.
It is clear that the running time of the algorithm is proportional to N. We
want to study the expected value E(N) of N.
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In order to study the expected value of N we use a technique that will
simplify the problem, the principle of deferred decisions: The idea be-
hind it is that the entire set of random choices are not fixed in advance but
they are made during the course of the algorithm exactly when they are
needed.

To better understand this technique, we present the game of the clock
solitaire: We divide a deck of 52 cards in 13 stacks consisting of 4 cards
each. We place the stacks face down, arbitrarily, as the face of the clock.
Each hour represents a number except for:

e the stack at 1 o’ clock represents the Ace

e the stack at 11 o’ clock represent the Jack

e the stack at 12 o’ clock represents the Queen
e a stack at a center that represents the King

We start by turning over the first card at the top of the stack at the
center. The value of that drawn card will indicate which stack we will draw
from next (so for example if the card we turned over is a 2, we will next turn
over a card from the pile representing the number 2, if the card we turned
over is an Ace, we will next turn over a card from the pile representing
the Ace etc). Every time, the pile we will draw from next is the one that
represents the value of the card that was drawn at the previous move.

The game ends when we attempt to draw a card from an empty stack.
The empty stack that we arrive at can only be the one at the center rep-
resenting the King: If it was a different one, the fact that we attempted
to draw a card from it means that on our previous move we discovered a
card with the number that pile represents. At the same time, the fact that,
when we attempted to draw a card from that pile, it was already empty,
indicates that we had already drawn a card from that pile 4 times, that is
we had already found 4 cards with the value that pile represents, which is a
contradiction. As a result, the game ends when we draw the 4th King.

We say that we have won the game when all cards are uncovered by the
time the game ends, that is if the 4th King is the last card to be turned
over. We want to calculate the probability of winning.

Theorem 2.12. The probability of winning at the clock solitaire is 1—13

Proof. In order to find the probability of winning we will use the principle of
deferred decisions. In our case, that means that, instead of fixing a random
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placement of the entire set of cards in advance, we assume that, every time
we need to turn over a card, we choose the card we are going to turn over
uniformly at random from the set of cards that have not already been turned
over. Moreover, we assume that if the game ends before all the cards are
turned over, we "cheat" by turning over all the other remaining cards by
an arbitrary rule. In our new way of describing the game, it is clear that
the process of the game is equivalent to drawing, one by one, all the cards
from a deck of 52 cards uniformly at random and we win if the last card is
a King. In this game, the probability of winning is Slxd _ 1 O

521 7 13

Returning to the problem of stable matchings, the principle of deferred
decisions means that for each man his random preference list is not chosen
in advance from the n! possible options but rather, each time he needs to
make a proposal he chooses at random a woman he has not yet proposed
to, to whom he addresses his proposal.

However, it still remains difficult to study the expected value E(N) of
the number of proposals since, at any step, the random choice of a woman
by a man depends at the previous proposals made by that man. To simplify
the problem even more and eliminate that dependency we assume that the
men are amnesiacs: when it is time for a man to choose a woman to propose
to, he forgets the women towards whom he has already made an advance.
Clearly, if a man proposes again to a woman he has already proposed to, that
woman will reject him since she has already rejected him once. Moreover,
the algorithm terminates once each woman is proposed to at least once.
Thus, the output of the algorithm when the men are amnesiacs is the same
as the output of the fundamental algorithm, with the only difference that
there might have been made a redundant number of proposals. As a result,
the expected value of the number of proposals made by the amnesiac men
in the algorithm will constitute an upper bound for the expected value of
the number of proposals in the fundamental algorithm.

Let’s take the sequence of women the amnesiac men make proposals to
with the order they are proposed to. (For example if the set of women is
the set {a, b, c,d} and we have the sequence d,b,d, b, c,c,b, c,d, a that means
that the first woman that received a proposal by a man was d, then b etc.)
Then, as mentioned earlier, the algorithm terminates as soon as each woman
receives at least one proposal, that is as soon as each woman appears on the
sequence at least once. As a result, the total number of proposals needed to
acquire a stable matching with amnesiac men is equal to the length of that
sequence.

The calculation of the expected value of the length of such a sequence
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constitutes the coupons collector’s problem:

Suppose there are n different coupons and each time we buy an envelope
we obtain a coupon at random. Each coupon is equally likely to appear and
we keep buying envelopes until we find all n different coupons. Let X be the
random variable expressing the total number of envelopes needed to acquire
at least one from each of the n different coupons. We are looking for E(X).

Theorem 2.13. E(X) = nH,, where H, is the sum of the first n terms of

the harmonic series Y oo | +.

Proof. Let X;= the amount of envelopes needed to be bought, after we have
collected ¢ distinct coupons, in order to get a new, i+ 1—th coupon, different
from the ones we have already collected. So for example, Xo= the number
of envelopes needed to collect the 1 — st coupon=1, X;= the number of
envelopes that we bought, after we got the first coupon, in order to acquire
the 2 — nd distinct coupon etc. Then we have X = Xy + X1 + ... + X, and
as a result

E(X) =E(Xp) + E(X1) + ... + E(X,,) (1)

Moreover, from the definition of X, it occurs that X; follows the geometric

distribution with parameter .
n—i

(2)
Thus,

1

e 3
P (3)
So from (1) and (3) we have that E(X) = 2 4+ - 4 42 =pn(2 4+ L 4
R % + 1)=nH,, where H, is the sum of the first n terms of the harmonic

series Y o0 | L. O

It is clear the the expected value of the number of envelopes needed to
acquire all n distinct coupons is equal to the expected value of the number
of proposals needed during the course of the algorithm when the men are
amnesiacs. Hence, nH, is an upper bound for the expected value of the
number of proposals E(N) made during the course of the fundamental al-
gorithm, where, in fact, H, =Ilnn+ v+ % — ﬁ + ¢, where 0 < ¢ < 120%
and v is Euler’s constant.
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3 Generalizations and variations of the problem

3.1 Incomplete lists

We consider the problem of stable matchings when the men have not
necessarily rated all women, thus their lists might be incomplete, and vice
versa the women have not necessarily rated all men. We are looking for
stable matchings with the extra condition that each person has to marry
someone that is included in their lists of preferences.

In the case of complete lists, we saw that there is always at least one
stable matching. However that is not the case with the incomplete lists.
Consider the following example of incomplete lists:

mq : w9 w1 wq ms M9 mi
my w1q w9 m3 Mmi my
m3 . Wy W1 W3 ws: mo M3 My

The only possible matching is {(ma,w1), (m1,ws), (ms,ws)} but it is
unstable because of wy and ms3. Thus the existence of at least one stable
matching does not extend to incomplete lists.

We may convert the problem of incomplete lists to a problem of complete
lists as follows:

We add a new man m’ and a new woman w’ such that m’ is the last
choice of w’ and w’ is the last choice of m’. Every woman rates m’ last on
her possibly incomplete list and then she classifies below m/, in an arbitrary
order, the rest of the men that were missing from her list. Similarly, every
man rates w’ last on his possibly incomplete list and then he classifies below
w’, in an arbitrary order, the women that were missing from his list.

Theorem 3.1. There exists a stable matching for the incomplete system
<= there exists a stable matching for the complete system where m' is
married to w'.

Proof. Let M = {my,...,m,} the set of men and W = {wy,...,w,} set of
women.

If there exists a stable matching M for the incomplete system then this
stable matching along with the married couple (m', w’) forms a stable match-
ing N for the complete system: Obviously, there is no blocking pair of the
form m;-w; (because then M would not be stable). As a result, if there was
a blocking pair it would be of the form m;-w’ or m/-w;. In the first case,
that would mean that a man m; would prefer w’ to his spouse, which is a
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contradiction since we put w’ at the end of the incomplete lists. Similarly,
there could not be an unstable pair of the form m/-w;.

Conversely, lets assume that there exists a stable matching N for the
complete system where m' is married to w’. Then, the pairs (m;, w;) yielded
from this stable matching constitute a stable matching of the incomplete
system: For every pair (m;,w;) the spouse w; of m; is higher in his list of
preference than w’ (if she was lower than w’, then, in the matching N, m;
and w’ would prefer each other to their spouses which is a contradiction).
Similarly, the spouse m; of w; is higher in her list of preferences than m/.
Thus, the spouses of every person belong in the incomplete lists and we have
a stable matching for the incomplete system. O

Theorem 3.2. If there exists a stable matching with m’ married to w' for
the complete system, then, for all stable matchings of this system, m’' is
married to w'.

Proof. The worst stable matching from the point of view of the women
contains (m’,w’) (since m’ is the last choice of w’). Thus that is also the
best stable matching for the men. As a result, every other stable matching
contains (m/,w’) (since in the best stable matching from the point of view
of the men m' is married to his last choice w’, he will be married to w’ in
every other stable matching as well). O

As a result, in order to decide on the existence of a stable matching
for the incomplete system, it suffices to find one stable matching for the
complete system. If, in this matching, m’ is not married to w’ then there
does not exist a stable matching for the incomplete system. Otherwise, if
in this matching m’ is married to w’, then this stable matching without the
pair (m/,w’) is also a stable matching for the incomplete system.

3.2 Admitting n students to m universities

We now consider the problem of admitting n students to m universities.
Each student has an order of preference for the universities and each uni-
versity has an order of preference for the students. An admission is stable
when there does not exist a student b and a university B such that b, not ac-
cepted to a university B, prefers B to his assigned university and university
B prefers b to at least one of its admitted students.

Suppose that the k —th university accepts n; students and that, without
loss of generality, n = ny+na+- - -+ny,. If the number of students surpasses
the number of possible admissions by the universities then we create an
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imaginary university that is the last choice of all students and admits exactly
the required number of students (the preference list of the new university
is random). If the number of students is smaller than the total number
of admissions of the universities we create imaginary students who are the
last option for all universities (the preference lists of the new students are
random).

To reduce that problem to the problem of stable matchings we replace
the k — th university with n; 'universities’ such that each one of them have
the same preference list with & — th university and they admit exactly one
student. For each student, the n; new universities are placed at their pref-
erence lists at a random order at the place of the previous k& — th university.
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4 The set of stable matchings: Lattice structure
and number of stable matchings

4.1 Lattice structure

We have seen so far that, for a specific stable marriage instance, more
than 1 stable matchings may exist and that the Gale-Shapley algorithm
gives the optimal matching for the men and, at the same time, the pessimal
matching for the women. In this section we study the structure of the set of
all stable matchings and, more specifically, we prove that the set of all stable
matchings forms a distributive lattice. First, we present some definitions.

Definition 4.1. For a given stable marriage M, we define the (man ori-
ented) dominance relation as follows: We say that matching M dominates
matching M', and we write M < M’ if every man prefers M to M’ or is
indifferent between them, that is if every man in M has a partner at least
as good as he had in M’'.

Definition 4.2. We say that M strictly dominates M' and we write M <
M if M <M and M # M'.

It is easy to show that this dominance relation is a partial order on the
set .4 of all stable matchings.We will now show that the partially ordered
set (A, =) is, in fact, a distributive lattice.

Definition 4.3. A lattice is a partially ordered set in which:

1. every pair of elements a,b has a greatest lower bound, called meet,
denoted by a A'b. In other words, a Nb = a, a ANb =2 b and for every
other element element c such that ¢ < a, ¢ <X b we have that c < a N\D.

2. every pair of elements a,b has a least upper bound, called join, denoted
by aVb. In other words, a = aVb, b = aVb and for every other element
c such that a < ¢, b = ¢ we have that a Vb = c.

Definition 4.4. A distributive lattice is a lattice in which the distributive
laws hold, that is

1. an(bVe)=(aNb)V(aNc) and
2. aV(bAec)=(aVb)A(aVc).

In order to prove that .# is a distributive lattice, we present 2 lemmas
that lead to the interpretation of the meet and join in .Z.
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Lemma 4.5. For a given instance of the stable marriage problem, let M
and M’ be 2 (distinct) stable matchings. If every man is partnered with the
best of his partners in M and M’', the result is a stable matching.

Proof. First we prove that it is indeed a matching: Assume that it was not
a matching, that is there were 2 different men m and m’ that received the
same partner, say because (m,w) € M and (m/,w) € M'. Then m prefers
M to M' and m/ prefers M’ to M, because we give each man the best of
his partners in M and M’. Then, by applying the theorem 2.11 to the pair
(m,w), w prefers M’ to M. Similarly by applying the theorem 2.11 to the
pair (m/,w), w prefers M to M’ a contradiction. Hence a matching, let’s
call it N, is formed. Now we prove that the matching is stable. Assume that
there is a man m and a woman w such that they both prefer each other to
their assigned partners in N. We have that py(m) is the best amongst his
partners in M and M’ so, since he prefers w to py(m), we have wmpys(m)
and wmpyp (m). Moreover, mwpy (w). But py(w) is either her partner in
M or her partner in M’. In the first case, if py(w) = ppr(w) then we have
mwpy (w) but we also have wmpys(m) which is a contradiction, since M
is stable. Similarly, if py(w) = par(w) then we have mwpy(w) but we
also have wmpy(m), a contradiction since M’ is stable. In either case we
arrived at a contradiction, so N is stable. ]

Corollary 4.5.1. If each man is given the best of his partners in any fived
set of stable matchings then a stable matching occurs. If the fized set is the
set of all stable matchings the stable matching that occurs is exactly the one
yielded by the Gale-Shapley algorithm.

Notation 4.6. We denote by M N M' the stable matching obtained by as-
signing each man to his best partner between M and M'. Similarly we denote
by AaresM or AS the stable matching obtained by assigning each man to
his best partner among his partners in all stable matchings in S.

An immediate consequence of the theorem 2.11 and the way we defined
M A M’ is the following corollary:

Corollary 4.6.1. In M AN M’ each woman is assigned to the worst of her
partners in M and M’.

Note that an easy consequence of this corollary is the fact that the man-
optimal stable matching is also the woman-pessimal, as shown earlier in
theorem 2.8.
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Lemma 4.7. For a given stable marriage instance let M and M' be 2 (dis-
tinct) stable matchings. If every man is partnered with the worst of his
partners in M and M’', the result is a stable matching.

Proof. 1If each man is given the worst of his partners in M and M’ then by
theorem 2.11 we get that each woman is assigned to the best of her partners
in M and M’. As a result, this lemma is just a restatement of lemma 4.5
with the roles of men and women interchanged. ]

Notation 4.8. We denote by M \/ M' the stable matching obtained by as-
signing each man to his worst partner between M and M'. Similarly we
denote by VyresM or VS the stable matching obtained by assigning each
man to his worst partner among his partners in all stable matchings in S.

It is now easy to see that M A M’ is the greatest lower bound for M and
M’ under the dominance relation and M V M’ is the least upper bound.

Theorem 4.9. For a given instance of the stable marriage problem, the
partial order (M, =) is a distributive lattice, with M N M’ being the meet of
M and M’ and M v M’ being the join of M and M’'.

Proof. By the definition of M AM’ it is obvious that MAM’ < M, MAM' <
M'. Also if there is stable matching M* such that M* < M and M* < M’
then each man has in M* a partner at least as good as in each of M and M’.
As a result M* < M A M’'. Thus, M A M’ is the greatest lower bound for
M and M’. Similarly, we can prove that M Vv M’ is the least upper bound
for M and M’, establishing that (.#, <) is a lattice.

For the first distributive law let X, Y and Z be stable matchings and
let U=XA(YVZ),V=(XAY)V(XAZ). Weshall prove that U = V.
If py(m) = pz(m) = w then in both U and V m is assigned to whoever
of px(m) and w he prefers. If py (m) # pz(m) then we have the following
cases:

e YmZ and ZmX (and as a result YmX): m is partnered with pz(m)
both in U and V

e YmZ and XmZ and either YmX or XmY: in both cases, m is part-
nered with px(m) both in U and V

e ZmY and YmX (and as a result ZmX): m is partnered with py (m)
both in U and V

e /mY and XmY and either ZmX or XmZ: in both cases , m is
partnered with px(m) both in U and V/
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Hence, we proved that in every case each man has the same partner in U
and V and therefore U = V. Similarly we can prove the second distributive
law, establishing that (.#, <) is a distributive lattice.

O

4.2 Number of stable matchings

As we have seen, it is possible that more than 1 stable matchings exist
for a given instance of the stable marriage problem. In this subsection, we
will show that the number of stable matchings can grow exponentially with
the number of the instance. As a result, it is possible that an algorithm
that finds all the stable matchings may need exponentially many steps to
do so. Furthermore, if we seek a stable matching with a specific property,
then a brute force algorithm examining all the stable matchings will be of
exponential time complexity in the worst case.

Below, we will give a lower bound for the number of stable matchings in
an instance of size n.

Lemma 4.10. Given stable marriage instances of sizes m and n with x and
y stable matchings respectively, there is a stable marriage instance of size
mn with at least max(xy™, yz™) stable matchings.

Proof. Suppose that the men and the women in the given instances are
denoted by a1, as,..., Gm, €1,C2,...,¢yy and by,ba,...,bn, di,ds,..,d, respectively.
Now consider the instance of size mn in which:

e the men are labeled (a;,b;) fori=1,...,mand j=1,....n
e the women are labeled (¢;,d;) fori=1,...,mand j=1,...,n

e the man (a;,b;) prefers (c,d;) to (cx, dy) if bj prefers d; to dy or if
[ =1 and a; prefers ¢ to ¢y

e the woman (¢;,d;) prefers (ay,b;) to (ax, by) if d; prefers b; to by or if
[ =1 and ¢; prefers a; to ay

Let Mj,.., M,, be any sequence of (not necessarily distinct) stable match-
ings of the problem instance of size m and M a stable matching of the prob-
lem instance of size n. There are "y possible choices for Mi,...,M,, and M.
We will now show that the mapping: (a;,b;) — (par;(a:), pa(bs))
gives a stable matching in the problem instance of size mn.

It is a matching because both M and M; are matchings. Suppose it is
not stable, meaning that there is a man (a, b) and a woman (¢, d) that prefer
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each other to their assigned spouses. Then among the following conditions,
we must have either one of 1 and 2 along with either one of 3 and 4:

1. dbpar(b)
2. d = py(b) and capyy;(a)
3. bdpas(d)

4. b= puy(d) and acpyy;,(c)

1 and 4 cannot be satisfied at the same time, same with 2 and 3, because
they are incompatible. Moreover, the combination of 1 with 3 is rejected
because then M would not be stable and the combination of 2 with 4 is
also rejected because then M; would not be stable. As a result, all possible
combinations are rejected and the matching is stable. So we have now
found an instance of size mn with at least yz™ stable matchings. Similarly,
by interchanging the roles of the original instances we can find an instance
with at least zy™ stable matchings. O

Theorem 4.11. For each n > 0, where n is a power of 2, there is a stable
marriage instance of size n with at least 2"~ stable matchings.

Proof. We prove it by induction in the power of 2. For n = 20 = 1 the
problem of instance 1 obviously has 1 stable matching. Suppose that the
theorem holds for problems of instance n = 2¥. We will prove that it holds
for problems of instance n = 28*1. We apply lemma 4.10 for a problem
instance of size n = 2¥ which has at least y = 2"~ = 22°~1 gtable matchings
(by induction hypothesis) and the following instance of size m = 2 which
has = 2 stable matchings since both possible matchings are stable:

men’s preference lists women’s preference lists
mq - w1 w9 w1 mo mq
mg: Wy Wi wy : M My

As a result, there exists an instance of size mn = 2% . 2 = 2¥*1 with at
least max(xy™, ya") = ma:c(2-(22k_1)27 22k_1~22k) = mam(QZkH_l, 22k+1_1) =
22711 gtable matchings, as required.

O]
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5 The complexity of counting stable matchings

We have seen so far that, given an instance of a stable marriage problem,
we can find in polynomial time a stable matching. We have also seen that
more than one stable matchings can exist and in the section above we proved
that the number of stable matchings can grow exponentially with the number
of the instance. In this section, we will show that, in fact, the problem
of determining the number of stable matchings in a given stable marriage
instance, is # P—complete. In order to prove that, it suffices to prove that it
is in class # P and that there is a parsimonious transformation from a known
#P—complete problem such that the instance of the original problem and
the corresponding instance of the stable marriage problem have the same
number of solutions.

The fact that it is in class #P is easy:

Theorem 5.1. : Determining the number of stable matchings in a given
stable marriage instance problem is in #P.

Proof. Given a stable marriage problem instance and a specific matching it
is easy to check in polynomial time if that matching is stable. O

In order to demonstrate the needed transformation from a known #P—complete
problem, we will be using, without proof, the following theorem of Provan
and Ball [10]:

Theorem 5.2. : Determining the number of antichains in a poset is # P— complete.
We now state our main theorem:

Theorem 5.3. Given a poset (P, <) with n elements, there erists an in-
stance I of the stable marriage problem, constructible from (P, <) in time
polynomial in n, such that the stable matchings of I are in one to one cor-
respondence with the antichains of (P, <).

In order to describe the transformation and prove that it has the required
property, we will be introducing a series of new concepts and theorems,
gaining at the same time further insight into the structure of the set of stable
matchings for a general stable marriage instance. We start by introducing
the concept of shortlists, followed by a number of properties.

Definition 5.4. We define the shortlists to be the lists obtained from the
original preference lists by a number of deletions as follows: We remove
m from w’s list and w from m’s if and only if w receives a proposal from
someone she likes better than m during the Gale-Shapley algorithm.
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We present some properties that are either immediate or explicit or im-
plicit consequences of the results presented in section 2:

1. m appears on w’s shortlist if and only if w appears on m’s.

2. If w does not appear on m’s shortlist, then there is no stable matching
in which m and w are partners.

3. w appears first on m’s shortlist if and only if m appears last on w’s.

4. If every man is paired with the first woman on his shortlist then the re-
sulting matching is stable, and it is the male optimal solution, meaning
that no man can have a better partner than he does in this matching.

5.1 Rotations

In this section we will introduce the concept of a rotation, which plays
an important role in establishing the relationship between the structure of
a stable marriage instance and that of an associated partially ordered set.

In the male optimal solution of the problem, every man is assigned to
the first woman on his shortlist. If we want to generate a different stable
matching, some of the men must sacrifice their optimal partners.

Suppose for example that man m sacrifices his optimal partner, woman
w. Then the best partner that m can have in the new stable matching is
the second woman on his shortlist, say woman v. If v was partnered with
a man k in the male optimal matching, man k& would be the worst possible
partner for v, meaning that, compared to k, m is an improvement for v in
the new stable matching. In the new stable matching, k& would sacrifice v
for someone worse. Repeating the same argument for the second woman
in man’s k shortlist, and so on, a chain of forced sacrifices is generated.
Because the number of men and women is finite that procedure can end in
one of the following ways:

(i) the chain eventually cycles, so we have a finite sequence mgy, my, ..., my_1
of men such that the second woman on m;’s shortlist is the first one
in that of m;y; (where the subscripts are taken modulo r) or

(7i) the chain reaches a man whose shortlist contains just one woman so
the procedure ends.

In case (i), we refer to such a cycle as a rotation relative to the shortlists.
The terminology arises because, as we shall see, the partners can be rotated
one place without destroying stability. A more precise definition of a rotation
will be given later below.
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Definition 5.5. For a given stable marriage problem, a set of reduced pref-
erence lists is a set of preference lists obtainable from the originals by zero
or more deletions, such that:

(i) no list is empty

(i) woman w is absent from man m’s list <= man m is absent from
w’s list.

Notation 5.6. Relative to such a set o7 of reduced preference lists, we de-
note by firsty(x), secondy (), lasty(x) the first, second and last person
respectively on x’s list. When it is obvious which set of lists we are talk-
ing about, we shall omit the subscript of. Of course, secondy(x) may be
undefined if x’s reduced preference list in </ has only one entry.

Definition 5.7. A set & of reduced preference lists is called stable if, for
each man m and each woman w,

(1) w= firsty(m) <= m = lasty(w)
(ii) w is absent from m’s list <= wr(w,m) > wr(w,lasty(w))

A stable set of reduced preferences list will be referred to as a stable set
for short.

Lemma 5.8. The shortlists form a stable set.

Proof. Property (i) was noted above. For property (ii), by the definition of
shortlists, w is absent from m’s list if and only if, during the course of the
Gale-Shapley algorithm, w received a proposal from someone better than
m, meaning that the last proposal held by w is also by a man better than
m, which happens if and only if wr(w, m) > wr(w, last(w)) O

Lemma 5.9. If, relative to a stable set, each man is partnered with first(m),
then the result is a stable matching.

Proof. First we prove that the result is indeed a matching: if it wasn’t, that
is if there were 2 distinct men mq, mg such that first(my) = first(mz) = w
then by property (i) of stable sets we have m; = last(w) = mg, a contra-
diction. The matching is also stable: If there was a man m that prefered a
woman w to his spouse first(m) then, since mr(m,w) < mr(m, first(m)),
w is absent from m’s list on that stable set. Hence, by property (ii) of stable
sets we have wr(w, m) > wr(w, last(w)) meaning that w prefers her spouse
last(w) to m so there can be no instability. O

31



The stable matching obtained from a stable set & as described in lemma
5.9 will be referred to as the stable matching corresponding to <.

Observation 5.10. In the stable matching S corresponding to a stable set
A, each man is partnered with the first woman on his preference list relative
to o, so, by property (i) of definition 5.7 of stable sets, each woman is
partnered with the last man on her preference list. As a result, (last(w),w) €
S for each woman w.

Lemma 5.11. If, for some stable set,
(i) mr(m, first(m)) < mr(m,w) and
(ii) w is absent from m’s list,
then there is no stable matching in which w and m are partners.

Proof. Suppose that there is a stable matching S’ such that (m,w) € S’
By lemma 5.9 (m, first(m)) € S for some stable matching S. Then from
(1) m prefers S to S’. We also know that (last(w),w) € S by observation
5.10. Moreover, since w is absent from m’s list, we have that wr(w,m) >
wr(w, last(w)) from the definition of stable sets. As a result, w prefers S
(where she is partnered with last(w)) to S’ (where she is partnered with m),
a contradiction by theorem 2.11. O

Definition 5.12. An ordered sequence (mg,wp), ..., (My—1,wr—1),7 > 2 of
man/woman pairs forms a rotation in a stable marriage instance if, relative
to some stable set of , wir1 = first(mit1) = second(m;) for each i (0 <i <
r—1, where i + 1 is taken modulo v ). The rotation is said to be exposed in
. Clearly, m; is in w;q1’s list in o/ and vice versa.

Lemma 5.13. Let o/ be a stable set, and let S be the corresponding stable
matching. If S" is another stable matching in which man m has a worse
partner than first,(m) (who is his partner in S) then there is a rotation
exposed in </ all of whose male members have worse partners in S’ than in

S.

Proof. If first(m) is the only entry in m’s list, then by lemma 5.11 there
is no such stable matching S’ so there is nothing to prove. Otherwise, we
form the following sequence {(m;,w;)}, where:

(i) mg=m

(ii) w; = first(m;), i=0,1,...
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(71i) mit1 = last(second(m;)), i = 0,1, ... (so second(m;) = first(m;t1) =
Wit1)

Since wy = first(myg), then (mg,wg) € S. Moreover, mg’s partner in S’
is second(mg) = first(m1) = w; or someone worse. As a result, for S’
to be stable, wq’s partner in S’ must be mg or someone better. Therefore
her partner in S’ is better than last(wi) = my (who is her partner in S).
Hence, by theorem 2.11, mq’s partner in S’ is someone worse than wy =
first(my). Therefore, by lemma 5.11, second(m;) is defined. Repeating the
same argument we can show that second(m;) is defined for all 7 and that all
the m; have worse partners in S’ than in S.

Now, since the number of men and women is finite, the sequence {(m;, w;)}
must cycle eventually. So let’s suppose that myg,...,ms_1 are all distinct
but ms = my for some ¢, 0 < t < s — 2 (we cannot have mgs = ms_1 as
second(m;) = first(miy1)). Then, (my,wy), ..., (Ms—1,ws—1) forms a rota-
tion that is exposed in &/ and has the required property. ]

For a given man m and a given stable set 27, we call the rotation obtained
by m in the way that was described in Lemma 5.13 the rotation generated
by m. Clearly, if m is himself in a rotation exposed in ' then this is the
rotation generated by m. The following corollaries are immediate results of
Lemma 5.13.

Corollary 5.13.1. If o/ is a stable set with a corresponding stable matching
S, then either:

(i) at least one rotation is exposed in </ or

(i) no man can have a worse partner in any stable matching than he has
in S (and as a result S is the female optimal solution).

Corollary 5.13.2. If (mg,wq), ..., (Mr—1,wr—_1) is a rotation and if, in some
stable matching S, some fized m; has a partner worse than w;, then each of
the m; have an S—partner worse than w;.

Definition 5.14. Suppose that p = (mg,wp), ..., (Mr—1,wr—1) is a rotation
that is exposed in some stable set <. If, for each i (0 < i <r—1,i+1
taken modulo r) all successors of m; are deleted from w;y1’s list in o/ and
w;41 48 removed from the corresponding men’s list, we say that the rotation
has been eliminated.

Observation 5.15. Since wiy; = first(miy1) <= mip1 = last(wit1),
we have that m;11 is a successor of m; in w;11’s list. As a result m;yq s
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deleted from w;y1’s list and wit1 = first(mi+1) is deleted from m;y1’s list
during rotation elimination.

Observation 5.16. We have second(mjt1) = first(m;y2) = wito is deleted
from the lists of all men that are successors of miy1 in wiys’s list, so she is
not removed from m;y1’s list.

Lemma 5.17. If a rotation is eliminated from a stable set <7 in which it is
exposed, then the resulting set B of lists is also stable.

Proof. We have to prove properties (i) and (ii) of stable sets.

(i) e If m is not in the rotation, then
w = firstg(m) <
<= w = firsty(m), since firsty,(m) is not removed,
< m = lasty(w), since &7 is a stable set,
<= m = lastg(w), since lasty(w) is not removed.

e If m is in the rotation and w = first,(m) then from observa-
tions 5.15 and 5.16 we have that first,(m) is removed from m’s
list but second,,(m) is not. As a result,

w = firstg(m) <=

<= w = secondy(m), since first(m) is removed but secondq (m)
is not,

<= m = lastg(w), since all successors of m are removed from
secondy(m) = w’s list during rotation elimination

(ii) w is absent from m’s new list <=
<= (w was already absent from m’s old list) or
(w is removed from m’s list during rotation elimination) <=
<~ (wr(w,m) > wr(w,lasty(w)) or
(wr(w, lastz(w)) > wr(w,m) > wr(w, lastz(w)) <=
— wr(w,m) > wr(w, last z(w)).

O]

We will now establish a one-to-one relationship between stable sets and
stable matchings for any given instance of the stable marriage problem.

Lemma 5.18. For a given instance of the stable marriage problem, there
18 a one-to-one correspondence between the stable matchings and the stable
sets. Furthermore, each stable set can be obtained from the set of shortlists
by a sequence of zero or more rotation eliminations.
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Proof. Given a stable set, a unique stable matching can be constructed as
in lemma 5.9 (that is, relative to the stable set, each man is partnered with
first(m)).

On the other hand, given a stable matching S = {(mo, wo), ..., (Mn—1, Wn—1)}
we construct a stable set as follows. We start from the set .# of shortlists,
which of course has a corresponding stable matching M, the male optimal
solution. If M # S then there is a woman w; such that w; # first 4(m;),
in fact mr(m;, first 4(m;)) < mr(m;,w;). From lemma 5.11, w; is in m;’s
shortlist. Moreover, m;’s partner in S is worse than his partner in M so by
lemma 5.13 the exposed rotation p generated by m; is such that all of its
male members have worse partners in .S than in M. Assume now that p is
eliminated to obtain, by lemma 5.17 a new stable set N. Then, again, by
lemma 5.11, w; remains in m;’s list and vice versa for all 7. We now repeat
the same process relative to the new set of lists, as many times as needed
until w; = first(m;) for all i. We have then created a new stable set to
which the stable matching S corresponds, and it will have been obtained by
a sequence of zero or more eliminations from the set of shortlists. O

Lemma 5.19. In a given stable marriage instance, no pair (m,w) can be-
long to 2 different rotations.

Proof. Suppose that the pair (m,w) belongs to 2 different rotations p; and
p2. Since the rotations are different, suppose that the pair (m/, w") belongs
to p; but not to pa. We will show that these assumptions lead to a contra-
diction.

If o7 is a stable set in which ps is exposed then w = first,(m). Let
v = first,(m') the partner of m’ in the corresponding stable matching S.
Then, if mr(m’,v) > mr(m/,w"), Corollary 5.13.2 applied to the rotation p;
would force m to have an S—partner worse than w, which is a contradiction.
As a result mr(m/,v) < mr(m’/,w’).

Now let .7 be the stable set, and T" the corresponding stable matching,
obtained by eliminating ps from 7. Since (m,w) € py and 7 arises from
the elimination of po, we have, from observation 5.15 that w = first.(m)
is removed from m’s list so in T" m has a partner worse than w. As a result,
applying corollary 5.13.2 to the rotation p; and the stable matching T, we
deduce that, since m has a T—partner worse than w, then m’ should also
have a T—partner worse than w’.

We consider 2 cases:

Case 1: (m/,v) € pa: since (m/,w')¢ pa we have that v # w' and thus,
mr(m’,v) < mr(m’,w"). However, applying Lemma 5.11 to the stable set
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</, we have that, in 7, w' is present in the list of m': since mr(m/, first,(m')) =
mr(m/,v) < mr(m’,w’) if w’ was not present in the list of m’ then Lemma
5.11 would lead to a contradiction. Furthermore, since (m/,w’) ¢ po the
presence of w’ in the list of m’ is not affected by the elimination of ps so in

T, m' has a partner at least as good as w’ which is a contradiction.

Case 2: (m/,v) ¢ pa: Then the elimination of py from &/ does not affect the
presence of v in the list of m’. As a result (m’,v) is a pair in the matching
T, a contradiction since m’ should have a T —partner worse than w.

L]
Lemma 5.20. Suppose (m,w) belongs to a rotation. Then:
(i) (m,w) belongs to some stable matching;

(ii) in a stable set obtained from the shortlists by a sequence of rotation
eliminations, w is absent from m’s list if and only if the rotation con-
taining (m,w) has been eliminated.

Proof. (i) There must be a stable set in which the rotation containing
(m,w) is exposed. The matching obtained from that stable set includes
the pair (m,w).

(ii) If the rotation containing (m,w) has been eliminated, then w is re-
moved from m’s list. For the other direction, suppose we have a stable
set obtained from the shortlists by a sequence of rotation eliminations
such that w is absent from m’s list. We will show that the rotation con-
taining (m,w) has been eliminated. When a rotation p is eliminated,
entries may disappear from m’s list in one of the following ways:

(a) the first entry in m’s list will disappear if (m, first(m)) € p.

(b) one or more entries may disappear as a result of the deletion of
m from the lists of one or more women.

If w were to disappear from m’s list by method (b) then immediately
after the conditions of lemma 5.11 are satisfied and as a result m and w
would not be partners in a stable matching, which is a contradiction.
As a result the only way for w to disappear from m’s list is from
method (a), meaning that the rotation containing (m,w) has been
eliminated.

O
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Given a rotation p of a stable marriage instance, there may be several
stable sets in which p is exposed. By lemma 5.18, any such stable set is
obtained from the set of shortlists by zero or more rotation eliminations.

Definition 5.21. e If no stable set in which a rotation p is exposed can
be obtained from the set of shortlists without eliminating rotation T,
then we say T is a predecessor of p and we write T < p. The relation
< s anti symmetric, transitive and reflexive and therefore defines a
partial order on the set of rotations. We call this the rotation poset
for that stable marriage instance.

o We say that T is an immediate predecessor of p if T < p and there is
no o such that 7 <o <p

o We say that a subset of the poset is a closed subset if it is closed under
predecessors.

Note 5.22. An alternative representation for the poset is in the form of a
directed acyclic graph such that there is one node for every element of the
poset and an arc from the node representing rotation T to the node repre-
senting rotation p iff T is an immediate predecessor of p.

Definition 5.23. e An antichain in a poset (P,<) is a subset A of P
such that there are no elements T,p in A such that T < p.

e For an antichain A, we define the closure A* of A as follows
A* = {1 € P: 7 < p for some p € A}. Obuiously, A* is a closed
subset of P.

o For any closed subset C of P, there is a unique antichain A such that
A* = C. We call this the spanning antichain of C.

Theorem 5.24. For any stable marriage instance, there is a one-to-one
correspondence between the stable matchings for that instance and the an-
tichains of its rotation poset.

Proof. First, we show that every antichain corresponds to a stable matching
and different antichains yield different stable matchings. Given an antichain
A, A* is closed: If 7 € A* then 7 < p for some p € A. If 0 < 7 < p then
o € A" so A* is closed under predecessors. As a result, starting from the set
of shortlists, all rotations in A* can be eliminated one by one, producing a
stable set with its corresponding stable matching.

If two different sets of rotations are eliminated, then from lemma 5.19
and lemma 5.20, the resulting stable sets are different so the corresponding

37



stable matchings are also different. Moreover, A # B = A* # B* so,
since different rotations result to different stable matchings, it follows that
different antichains yield different stable matchings.

Now we prove that every stable matching corresponds to an antichain
and different stable matchings correspond to different antichains. By lemma
5.18, any stable matching corresponds to a stable set so every stable match-
ing arises from the shortlists via a sequence of rotation eliminations. The set
Z of rotations concerned must be closed: a rotation cannot be eliminated
before it is exposed and it cannot be exposed before all of its predecessors
have been eliminated. As a result, Z has a unique spanning antichain. [

5.2 #P—completeness of counting stable matchings

We are now ready to complete the proof of the # P—completeness of the
problem as we can now prove theorem 5.3 by presenting a transformation
and then proving that it has the needed property.

First we construct a directed acyclic graph from the poset as follows:
We get one node for each element of P and there is an arc from node u to
node v iff v is an immediate predecessor of v, that is u < v and A s € P
such that © < s < v. Moreover, two extra nodes are included: one called the
source, which has an outgoing arc towards every node representing a minimal
element of the poset and one called the sink, which has an incoming arc from
every node representing a maximal element of the poset.

The arcs of this graph are numbered arbitrarily 1,..,¢Z. Furthermore,
each node, apart from the source and the sink, is labelled with an ordered
subset of 1,2, ..., ¢, of size > 2, which is the subset consisting of the numbers
of the arcs incident to or from that node. The numbers in the subset are
ordered in an arbitrary but fixed order, say increasing order.

In order to construct a stable marriage problem instance from that di-
graph, each node, with the exception of the source and the sink, is processed
according to the rules that will be described below. In order to ensure that
no node is processed before one of its predecessors the nodes are processed
according to a topological order, that is a one-to-one mapping f from the
nodes of the digraph onto the set {0,...n — 1} such that if node u is a pre-
decessor of node v then f(u) < f(v), essentially meaning that no node is
processed before all of its predecessors have been processed. Such a topo-
logical ordering of the nodes of an acyclic directed graph can be found in
time polynomial in the number of the nodes. During this node processing
phase, partial ordered lists are constructed for the men in natural (first to
last) order and for the women in reverse (last to first) order. When the
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processing of the nodes is over, the preference lists are completed by adding
arbitrarily all the absentees after those already present. The rules for the
node processing from which the partial preference lists are constructed are
the following:

e The stable marriage instance involves ¢ men and ¢t women (that is one
man and one woman for each one of the arcs of the graph). The first
woman on man ¢’s list is woman ¢ and the first man on woman #’s list
is man ¢ (for i = 1,..,¢t).

e After the first & nodes (k > 0) of the graph have been processed
according to the topological order, we notate the woman most recently
appended to man 4’s list as w(k, ).

e Node k + 1, labelled {ay, ..., a,—1}, is processed as follows:
For each ¢ (0 < i < r — 1) woman w(k,a;4+1) is appended to man
a;’s list after any women already present and man a; is appended to
woman w(k, a;+1)’s list ahead of any men already present.
More specifically, w(k, a;+1) is placed on man a;’s list right after woman
w(k, a;) (since that is the woman last appended to a;’s list after having
processed k nodes). Hence,

mr(a;, w(k,ai+1)) =14+ mr(a;, w(k,a;)) (4)

Moreover, since w(k, a;1+1) is the last woman appended on man a;41’s
list after having processed k nodes, a;1 is also the last man appended
to w(k, a;+1)’s list. As a result, man a; is placed right before man a;11
on w(k,a;+1)’s list. Thus,

wr(w(k, ait1),ait1) = 1+ wr(w(k, ait1), a;) (5)
where 0 < ¢ <r —1 and 7 + 1 is taken modulo r.

It is clear that this whole construction is completed in polynomial time. In
order to prove that this construction has the required property, we first have
to prove that it does indeed give a stable marriage instance of size t.

Lemma 5.25. The construction described above does yield a stable marriage
instance of size t.

Proof. All we have to do is to show that during the processing of the nodes,
no woman can be appended twice to some man’s list (and thus no man can
be appended twice to some woman'’s list).

39



For a given arc ¢ in the graph, denote by init(i) and term(i) the initial
and terminal nodes respectively for the arc i. According to the rules of nodes
processing stated above, woman ¢ is first involved when man 4 appears on
some node’s label list, that is when node start(i) is processed, where start(7)
is init(i), except if init(i) is the source, in which case start(i) is term(i)
(because the source does not take part in the nodes processing). Specifically,
at this point she is appended to the list of man 41, where ¢; immediately
precedes 7 in the label set of node start(q).

Since so far she is the last woman appended to man i1’s preference list,
by the rules of the construction of the preference lists stated above, in order
for her to be appended to some other man’s list, the list of man 4; must occur
again in the processing of the nodes. In other words, arc i1 must appear
again in some label set. Since i1 is included in the label set of start(i) then
either start(i) = term(iy) or start(i) = init(i1). In the first case, since the
nodes are processed in topological order, init(i1) is already processed so the
list of man 4; does not appear again and as a result woman ¢ appears on
no other lists. In the second case, assuming that term(iy) is not the sink
(because the sink does not participate in the node processing procedure),
when term(i1) is processed, woman i is appended to the list of man io,
where iy is in the label set of node term(iy). Similarly as before, for i to
be appended in some other man’s list, 75 must be included in the label set
of some other node, meaning that term(i;) = init(iz) (for if term(iy) =
term(iz) then iy would not be included in any of the label sets of the nodes
that have not yet been processed). Moreover, i would not be included in
the label of some other node if term(iz) was the sink, as the sink does not
participate in the node processing procedure. As a result, proceeding in the
manner described above, we obtain a sequence i1,is,...,is (s > 2) of men such
that:

1. start(i) = init(i1)
2. init(ij) = term(ij_1), for j =2,...,s — 1

3. stop(is) = term(is—1), where stop(is) is defined to be term(is) unless
term(is) is the sink, in which case stop(is) is defined to be init(is).

4. during the processing of the nodes, woman ¢ is appended to the lists
of men %,i1,...,is and to no others.

By 2., arcs i1,...,is—1 form a directed path in the acyclic graph and so
are all distinct or else a cycle would be created.
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By 1., node i is distinct from iy,...,is_1: By the way we defined i1y we
have that i # i1. Moreover, if i = i) for some 2 < k < s — 1 then:

e cither start(i) = init(i) so init(iy) = init(i) = init(ix) = term(ig_1)
e or start(i) = term(i) so init(iy) = term(i) = term(iy)

In both cases, a cycle is created, which is a contradiction.
Similarly, by 3., node i, is distinct from iy, ..., 75—1: By the way we defined
the sequence, is # is_1. If ig = ig for some 2 < k < s — 2 then:

e cither stop(is) = term(is) so term(is—1) = term(is) = term(ix) =
init(ig.1)

e or stop(is) = init(is) so term(is—1) = init(is) = init(iy)

In both cases a cycle is created, which is a contradiction.
Finally, ¢ # is: i1,...,is—1 is a path from init(iy) = start(i) to term(is_1) =
stop(is) and if i = i then we have the following possibilities:

o stop(is) = init(is) and start(i) = term(i) meaning that init(i) is the
source and term(is) is the sink but term(is) = term(i) so that would
mean that init(7) is the source and term(i) is the sink, a contradiction.

o stop(is) = init(is) and start(i) = init(i) so term(is) = term(i) is the
sink but term(i) would be the sink iff init(i) = init(i1) was repre-
senting a maximal element of the poset, which is a contradiction since
init(i1) is a predecessor of term(iy).

o stop(is) = term(is) = term(i) and start(i) = term(i) (meaning that
init(i) is the source) and so we have a path from term(i) to term(i)
which is a contradiction since the graph is acyclic.

e stop(is) = term(is) = term(i) and start(i) = init(i) so we would have
a path i1,...,is—1 from init(i) to term(i) which is a contradiction since
init(7) is an immediate predecessor of term(i).

so we necessarily also have that i# i,. O

Lemma 5.26. For the stable marriage instance constructed above, the set of
shortlists contains precisely the men and women appended before and during
the processing of the nodes.
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Lemma 5.27. (i) If {ag,...,ar—1} is the label set of the node numbered k
in the chosen topological ordering, then the stable marriage instance
constructed above contains a rotation py = (ag,bo), ..., (@r—1,by—1) where
b = w(k — 1,a;). This rotation has as its predecessors precisely those
rotations p;j for which node j is a predecessor of node k. Furthermore,
when py is eliminated from any stable set in which it is exposed, only
bi is removed from a;’s list, for each i (0 <i<r —1), and no woman
is removed from any other man’s list.

(i) There are no rotations other than those described in (7)

Proof. (i) We will prove this through induction. We first observe that this
statement is true for the node numbered 1 in the chosen topological
ordering: When this node was processed during the construction of
the stable marriage instance, for each i, woman b;11 = w(0, a;4+1) was
appended to man a;’s list which previously had only 1 woman. More
specifically,

second 4 (a;) = mp(a;,2) = w(0, ajy1) = mp(aiz1,1) = first gz(ait1),

where .# is the set of shortlists. So from the above we have that
biv1 = first y(a;+1) = second y(a;) which shows that rotation p;
as stated in (7) is exposed in .#. Moreover, since .# is the set of
shortlists, rotation p; has no predecessors, exactly like the node 1.

Furthermore, when p; is eliminated, from observation 5.15, we have
that b; = w(0,a;) = mp(a;, 1) is removed from a;’s list. Moreover,
we have that wr(b;, a;—1) = wr(w(0,a;),a;—1) = wr(w(0,a;),a;) — 1 =
wr(bi,a;) —1 = wr(bj,a;—1) = wr(b;,a;) — 1, meaning that there
are no other men between a;_1 and a; in b;’s list so, by definition of
rotation elimination, only a; is deleted from b;’s list and, as a result,
only b; is removed from a;’s list and no woman is removed from any
other men’s list.

We now assume that (i) is true for all nodes numbered up to k and we
will prove that it must also be true for the node numbered

k 4 1. Starting from the set of shortlists .#, for each node j that is a
predecessor of k + 1, there is by the induction hypothesis, a rotation
p; that may be eliminated, provided that the procedure is done in
topological order. Let .Z be the stable set obtained from .# after this
set of rotation eliminations. Let’s consider the preference list of a; in
Z. Since a; is in the label of node k + 1 we have 2 possible cases:
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Case 1: Node k+1 is init(a;) or node k+1 is term(a;) and init(a;) is the
source. Then a; in not in any label set of any predecessor j of the
node k+1 (the source is not taken into consideration as it does not
take part in the processing). As a result, we have that a; is not
in any of the respective rotations p; and that after the processing
of the first k nodes the only woman on a;’s list is the first woman
on his list. Thus after the sequence of rotation eliminations, no
woman has been removed from a;’s list. Therefore, firsty(a;) =
first g (a;) = w(k, a;)

Case 2: Node k + 1 is term(a;) and init(a;) is not the source. Then
node init(a;) is a predecessor of term(a;) and a; is also in the
label of the node init(a;). As a result, starting from the set
of shortlists ., by eliminating rotation p;ps(4,), by induction
hypothesis, only woman first ,(a;) is removed from man a;’s
list. Moreover, since a; is in the label of one of the predecessors
of node k + 1, then after the processing of the first £ nodes,
there are 2 women in a;’s list so w(k, a;) is the second woman on
a;’s shortlist. Hence, firsty(a;) = second 4(a;) = w(k,a;) since
first_y(a;) was deleted from a;’s list during rotation elimination.

So, in both cases we gave firsty(a;) = w(k,a;). Furthermore, since
from the construction of the stable marriage instance we have

mr(ai, w(k,ai+1)) =14+ mr(a;, w(k, a;))
then, in both cases,
second y(a;) = w(k,a;+1) = firsty(aiy1)
Therefore, by the definition of a rotation, py4+1 specified as in (7) is a

rotation exposed in .Z.

Now let’s assume that there is a rotation p; that has not been elim-
inated, where node j is a predecessor of node k£ + 1. Then there is a
rotation p,,, where node m is an immediate predecessor of node k + 1,
such that j is a predecessor of m so since p; has not been eliminated,
then p,, has not been eliminated either. As a result, there is an a; in
the label set of node k + 1 such that node m is init(a;) and k + 1 is
term(a;) and pm = Pinit(a,) has not been eliminated. Hence,

firstp(a;) = first z(a;) # w(k,a;)
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so the rotation pj; is not exposed, meaning that p; has to be elim-
inated so it is a predecessor of pri1. As a result, rotation pgy; has
as predecessors precisely all of the rotations p; for which node j is a
predecessor of node k. Finally, when pg41 is eliminated, then, since

wr(b;,a;—1) = wr(b;,a;) — 1 for each ¢ we have that the only en-
tries removed from the men’s lists are the b; from the list of a;, for
0<¢:<r—1.

(i) If w is not in m’s shortlist, then by the way we defined a rotation,
(m,w) cannot be in a rotation. Moreover, if w = last_4(m) for the
set . of shortlists then (m,w) cannot be in a rotation: If it was in a
rotation exposed in .#, then last 4(m) = w = first y(m) = the
only woman on m’s shortlist is w and the only man on w’s shortlist is
m, which is a contradiction since second(m) must be defined for all m
in a rotation. Similarly it can not be in a rotation exposed in another
stable set .Z since then we would have last. »(m) = w = first.y(m).

All the other pairs (m,w) are in one of the rotations py described
above and since, from lemma 5.19 no pair can belong to 2 different
rotations, then there are no rotations other than those described in

O

Proof of Theorem 5.3. From the given construction and lemma 5.25 we have
an instance of the stable marriage problem constructible from (P, <) in
time polynomial in n. From Theorem 5.24 the stable matchings of the
constructed instance are in a one-to-one correspondence with the antichains
of its rotation poset. By Lemma 5.27, the rotations are in a one-to-one
correspondence with the nodes of the graph, where the nodes of the graph
are in a one-to-one correspondence with the elements of the poset P, and
the partial order in the set of rotations coincides with the partial order in
the original poset P. As a result, the antichains of the rotations poset are
in a one-to-one correspondence with the antichains of poset (P, <) so the
stable matchings are in a one-to-one correspondence with the antichains of
(P, <). O

Corollary 5.27.1. Determining the number of stable matchings for an in-
stance of a stable marriage problem is #P—complete.
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