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Abstract 
 
 
The subject of this master thesis is “shrinkage estimators for the location parameter of 
an elliptically symmetric distribution in a general linear model”. The theory regarding 
these type of estimators has been introduced by James and Stein (1961), while Stein 
(1956) proved that the usual least square estimator (lse) is not admissible when the 
dimension of the parameter space is greater than 2. Ever since, manifold 
generalizations have taken place that refer to domination over lse and performance of 
this class of estimators. This project covers part of this theory from 1985 to 1994 and 
is divided in 5 sections. 
   In section 1, we study elliptically symmetric distributions, give characterizations 
and prove many of their interesting properties. In section 2, we present  a class of 
shrinkage estimators for the location parameter of a multidimensional normal 
distribution. We offer a condition of domination over lse, submitting any analytical 
properties of the shrinkage function. In section 3, we generalize our previous results 
under elliptical symmetry for a general quadratic loss. Section 4 refers to shrinkage 
estimators for the location parameter of an elliptically symmetric distribution where 
the shrinkage function is replaced by a differentiable vector function. Finally, in 
section  5 we present two applications of shrinkage estimators (particularly Stein’s 
estimator) on rainfall data in co-operation with  IACM-FORTH. 
(Institute of Applied and Computational Mathematics- Foundation for Research and 
Technology Hellas) 
 
 
Key words and phrases: co-ordinate free, spherical symmetry, James-Stein estimation, 
shrinkage function, controlled function, quatradic loss  



EISAGWGH

Aut  h ergasÐa apoteleÐ mèroc miac ektetamènhc jewrÐac epÐ twn ektimht¸n me surriknwt .
Aut  h jewrÐa, h opoÐa topojeteÐtai sto plaÐsio thc grammik c statistik c sumperasma-

tologÐac, èqei eisaqjeÐ apì touc James kai Stein(1961) kai èktote èqei d¸sei jèsh se po-
lu�rijmec kai poikÐlec epekt�seic (genik� biblÐa pou anafèrontai s> aut n th jewrÐa eÐnai p.q
ekeÐna twn Judge kai Bock(1978), Arnold(1981) kai Gruber(1998)). 'Omwc par� ta pollapl�
pleonekt mata twn ektimht¸n me surriknwt , autoÐ den anaplhr¸noun p�ntote ton ektimht 
elaqÐstwn tetrag¸nwn(e.e.t).

Ta parak�tw kef�laia, sta opoÐa uiojeteÐtai h <<coordinate free>> prosèggish twn nìmwn
me sfairik  summetrÐa (Kef.1) kaj¸c kai ekeÐnh tou probl matoc ektÐmhshc thc paramètrou
jèsewc nìmwn me elleiptik  summetrÐa (Kef.2, 3, 4) apoteloÔn mia analutik  sunjetik  er-
gasÐa twn �rjrwn twn Cellier, Fourdrinier kai Robert (1985 èwc 1994) epÐ twn ektimht¸n
me surriknwt . Mia de efarmog  sthn opoÐa gÐnetai qr sh enìc ektimht  me surrÐknwsh se
pragmatik� dedomèna dÐdetai sto tèloc thc ergasÐac(Kef.5).

1.TO GENIKO MONTELO
1.1 Sto plaÐsio thc jewrÐac twn ektimht¸n me surriknwt  (diaforetik� legìmenh twn
James− Stein) tou mèsou ϑ, enìc kanonikoÔ nìmou (dianÔsmatoc) y epÐ tou E (dianusmati-
kìc q¸roc peperasmènhc di�stashc n epÐ tou R)   genikìtera thc paramètrou jèsewc ϑ nìmou
me elleiptik  summetrÐa, deqìmaste ìti: to j an kei se èna gnwstì dianusmatikì upìqwro J
tou E diast�sewc k (0 < k < n) kai ìti h diaspor� autoÔ tou nìmou eÐnai σ2v, ìpou to σ2

(legìmenoc par�gontac thc diaspor�c) eÐnai gnwstìc   �gnwstoc en¸ to v eÐnai gnwst  kai
jetik� orismènh digrammik  summetrik  morf  epÐ tou E∗ (duðkìc tou E)(sthn perÐptwsh twn
elleiptik� summetrik¸n nìmwn h par�metroc diakÔmanshc jewreÐtai olik� gnwst ).

JewroÔme mia genik  tetragwnik  ap¸leia kai me thn bo jeia tou sundedemènou me aut n
kindÔnou sugkrÐnoume me ton e.e.t. ϕ0 touc ektimhtèc ϕ tètoiouc ¸ste to ϕ(y)−ϕ0(y) na eÐnai
suggrammikì me thn eikìna tou ϕ0(y) upì èna endomorfismì c tou J. EÐnai praktikì autoÐ oi
ektimhtèc na grafoÔn genik� upì th morf :

ϕ(y) = ϕ0(y)−H
(
ϕ0(y), y − ϕ0(y)

)
c(ϕ0(y))

ìpou H eÐnai mia apeikìnish tou Θ × Θ⊥ mèsa ston R (⊥ shmei¸nei thn orjogwnikìthta
anaforik� me thn v−1) kai h H onom�zetai surriknwt c.

Shmei¸noume me v−1 thn tetragwnik  morf  pou sundèetai me thn v−1 (kai v−1
Θ⊥

ton perio-
1



rismì thc epÐ tou Θ⊥). UpenjumÐzoume ìti o

s2(y) =
v−1

Θ⊥
(y − ϕ0(y))

n− k

eÐnai o sun jhc amerìlhptoc ektimht c tou σ2.
H idiaÐterh perÐptwsh ìpou up�rqei mia tetragwnik  morf  b̄ epÐ tou J tètoia ¸ste h

H(x, z) na eÐnai sun�rthsh tou zeÔgouc (
b̄(x), v−1

Θ⊥
(z)

) apoteleÐ to antikeÐmeno aut c thc
ergasÐac upì di�fora sq mata upojèsewn epÐ tou c kai epÐ tou surriknwt  (kai epomènwc
idiaÐtera epÐ tou b̄ kai v−1

Θ⊥
).

Genik� oi upojèseic epÐ twn algebrik¸n metasqhmatism¸n b kai c eÐnai ligìtero exanagka-
stikèc apì tic upojèseic analutikìthtac gia thn sun�rthsh H oi opoÐec eÐnai perioristikèc.

'Ena idiaÐtero perioristikì plaÐsio epilog c tou b eÐnai ekeÐno ìpou diajètoume lÐgh plh-
roforÐa gia th diaspor� twn parathr sewn. Mia tètoia perÐptwsh eÐnai ekeÐnh ìpou h koin 
diaspor� twn parathr sewn eÐnai pl rwc �gnwsth. H sun�rthsh surrÐknwshc exart�tai tì-
te mìno apì to ϕ0(y) mèsw thc tim c sto ϕ0(y) thc antÐstrofhc tetragwnik c morf c tou
ektimht  thc diaspor�c o opoÐoc akoloujeÐ thn katanom  Wishart.

Up�rqoun pollèc ergasÐec gia tic opoÐec ìmwc h epilog  twn b kai c eÐnai pio perioristik 
apì aut  twn kefalaÐwn 2,3,4 ìpwc ìtan b = v−1

Θ kai c = idΘ gia polu�rijma apotelèsmata  
ìpwc ston Berger (1976) ìpou b = v−1

Θ q−1v−1
Θ kai c = q−1v−1

Θ .
1.2 Gia mia sun�rthsh g : E → R metr simh, shmei¸noume:

Eϑ,σ[g(y)] =

∫
E

g(y)Pϑ,σ(dy) ìpou Pϑ,σ = N (ϑ, σ2v)

  gia èna elleiptik� summetrikì nìmo Pϑ gÔrw apì to ϑ,
Eϑ[g(y)] =

∫
E

g(y)Pϑ(dy)

Ektimhtèc twn James− Stein
Oi ektimhtèc tou j sugkrÐnontai mèsw miac tetragwnik c ap¸leiac sundedemènh me mia

digrammik  summetrik  morf  q epÐ tou J. 'Opwc stouc perisìterouc suggrafeÐc kai ed¸
jewreÐtai h ap¸leia

σ−2q̄
(
ϕ(y)− ϑ

)
(en¸ gia elleiptik� summetrikoÔc nìmouc jewroÔme thn q̄(ϕ(y)−ϑ) ) san tim  thc ap¸leiac h
opoÐa ufÐstatai ìtan ektim soume to j me to ϕ(y). O sundemènoc me aut n kÐndunoc ja eÐnai
loipìn

R(ϕ;ϑ, σ) = Eϑ,σ[σ−2q̄(ϕ(y)− ϑ)]

(  R(ϕ;ϑ) = Eϑ[q̄(ϕ(y)− ϑ)])

Autì to plaÐsio genikeÔetai sto Kef�laio 3 sto opoÐo jewreÐtai mia oikogèneia apì ap¸-
leiec sundedemènec me mia oikogèneia grammik¸n morf¸n.

EÐnai kal� gnwstì ìti o e.e.t. ϕ0 tou j eÐnai el�qistou kindÔnou metaxÔ twn amerìlh-
ptwn grammik¸n ektimht¸n (Je¸rhma twn Gauss − Markov) kai akìmh, gia ton kanonikì
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nìmo, metaxÔ ìlwn twn amerìlhptwn ektimht¸n tou j (Je¸rhma twn Lehmann− Scheffe).
Apì to �llo mèroc autìc eÐnai minimax (dhlad  o ϕ0 elaqistopoieÐ ton mègisto kÐnduno,
supϑ,σ R(ϕ;ϑ, σ), metaxÔ ìlwn twn ektimht¸n f) stajeroÔ kindÔnou Ðsou me to tr(vΘq). Gia
ton kanonikì nìmo o ϕ0 eÐnai exÐsou o ektimht c megÐsthc pijanof�neiac.

'Omwc to 1956, o C.Stein apodeiknÔei ìti o ϕ0 eÐnai paradektìc mìno ìtan k ≤ 2 dhlad 
ìtan k ≥ 3, up�rqei p�ntote ènac ektimht c ϕ̃ tètoioc ¸ste:

R(ϕ̃;ϑ, σ) ≤ R(ϕ0;ϑ, σ)

gia k�je (ϑ, σ), me thn austhr  anisìthta na isqÔei gia èna toul�qiston (ϑ, σ). Argìtera oi
James kai Stein(1961) dÐnoun ton ektimht 

ϕJS(y) =
(
1− ρ

s2(y)

v−1
Θ (ϕ0(y))

)
ϕ0(y)

me ρ = (n−k)(k−2)
n−k+2

, o opoÐoc èqei kÐnduno omoiomìrfwc mikrìtero apì ekeÐnon tou ϕ0 gia ton
<<sun jh>> kÐnduno sundedemèno me thn q = v−1

Θ . FaÐnetai tìte to giatÐ o ektimht c ϕJS, legì-menoc twn James − Stein, èqei onomasteÐ ektimht c me surriknwt : autìc pollaplasi�zei
ton ektimht  ϕ0 me èna suntelest  mikrìtero tou 1 kai ton surrikn¸nei proc to 0.

2. EKTIMHTES ME SURRIKNWTES
Sth sunèqeia polloÐ suggrafeÐc ekmetaleÔontai to apotèlesma twn James−Stein kai to

genikeÔoun kat� di�forouc trìpouc sqhmatÐzontac sig� sig� ènan eidikì kl�do thc grammik c
statistik c (bl.Judge kai Bock(1978) ). Parousi�zoume se aut n thn par�grafo ta kuriìtera
b mata thc jewrÐac twn ektimht¸n me surrÐknwsh:

O Baranchik(1964) eis�gei gia pr¸th for� thn ènnoia thc sun�rthshc surrÐknwshc, h,
jewr¸ntac touc ektimhtèc:

ϕB(y) =
(
1− h

( s2(y)

v−1
Θ (ϕ0(y))

))
ϕ0(y)

kai apodeiknÔei epÐ thc h ikanèc sunj kec kuriarqÐac tou ϕ epÐ tou ϕ0. PolloÐ suggrafeÐc
apì to 1964 mèqri to 1976 genikeÔoun autèc tic upojèseic.

Mia deÔterh genÐkeush eis�getai apì touc Berger kai Bock(1976) me ton endomorfismì
surrÐknwshc c, endomorfismìc tou J, jewr¸ntac touc ektimhtèc:

ϕBB(y) =
(
idΘ − h

( s2(y)

v−1
Θ (ϕ0(y))

)
c
)
ϕ0(y)

Oi Judge kai Bock(1978) genikeÔoun autoÔc touc ektimhtèc stouc

ϕJB(y) =
(
idΘ − h

( s2(y)

b(ϕ0(y))

)
c
)
ϕ0(y)

ìpou b eÐnai mia digrammik  morf  epÐ tou J h opoÐa diagwniopoieÐtai ìpwc kai o c, se mia
Ðdia b�sh v−1

Θ -orjokanonik  kai q-orjog¸nia. Epeid  oi sunart seic surrÐknwshc eÐnai p�nta
3



jetikèc, parathroÔme ìti, mèsa se mia tètoia b�sh, oi di�forec suntetagmènec tou ϕ0(y)
<<surrikn¸nontai>> proc to 0.

Oi eparkeÐc upojèseic twn Judge kai Bock epÐ thc h genikeÔontai apì touc Cellier kai
Fourdrinier(1985)(Kef.2) sthn perÐptwsh pou h sun�rthsh surrÐknwshc den eÐnai diaforÐsimh
oÔte kan suneq c kai epekteÐnoun ta apotelèsmata touc (Kef.3) jewr¸ntac touc ektimhtèc
thc morf c:

ϕ(y) =
(
idΘ − h

(
b(ϕ0(y)),

1

s2(y)

)
c
)
ϕ0(y)

me upojèseic ligìtero exanagkastikèc epÐ thc sun�rthshc surrÐknwshc kai me mÐa parat rhsh
y akolouj¸ntac èna nìmo me elleiptik  summetrÐa.

Na shmei¸soume ìti o Brown(1966) genikeÔei to apotèlesma tou Stein(1956) me thn
ektÐmhsh thc paramètrou jèsewc miac eureÐac kl�shc nìmwn. 'Alloi suggrafeÐc qrhsimopoioÔn
touc ektimhtèc me surrÐknwsh gia na kuriarq soun ton e.e.t thc paramètrou jèsewc ϑ nìmwn,
pèran tou kanonikoÔ, kurÐwc nìmwn me sfairik  summetrÐa.

Sto Kef.3 apodeiknÔontai ex Ðsou upojèseic polÔ genikèc thc kuriarqÐac epÐ tou e.e.t
thc paramètrou jèsewc nìmwn me elleiptik  summetrÐa en antijèsei me touc prohgoÔmenouc
suggrafeÐc ìpou oi upojèseic eÐnai anex�rthtec thc oikogèneiac twn jewroÔmenwn nìmwn.

Na shmei¸soume ìti gia touc perissìterouc nìmouc, o jewroÔmenoc ektimht c ϕ0 den eÐnai
ekeÐnoc twn elaqÐstwn tetrag¸nwn, all� ekeÐnoc thc megÐsthc pijanof�neiac. EÐnai loipìn
endiafèron na exet�soume thn epirro  twn ektimht¸n me surriknwt  epÐ thc epÐdoshc autoÔ
tou ektimht  (bl. Kef.5).

UpenjumÐzoume ìti o Stein(1981) eis�gei mÐa kl�sh ektimht¸n thc morf c:
ϕS(y) = ϕ0(y) + grad log[f(ϕ0(y))]

ìpou h f eÐnai mia C1 superharmonic sun�rthsh epÐ tou J (tautÐzontac ton J me ton q¸ro
twn parathr sewn E kai autìn me ton Rk) ìtan o telest c thc diaspor�c eÐnai gnwstìc.

Oi Brandwein kai Strawderman(1991) genikeÔoun ta apotelèsmata tou Stein se èna
plaÐsio sfairik� summetrik¸n nìmwn, dedomènhc puknìthtac, me touc ektimhtèc:

ϕBS = ϕ0(y) + αg(ϕ0(y))

ìpou α(> 0) metab�lletai se èna fragmèno di�sthma kai to divg na eÐnai super-harmonic.
Oi Cellier kai Fourdrinier(1991, 1994) (Kef.4) genikeÔoun ta apotelèsmata ekeÐnwn se

èna genikìtero plaÐsio nìmwn me elleiptik  summetrÐa(qwrÐc thn an�gkh Ôparxhc puknìthtac)
me touc ektimhtèc thc morf c:

ϕ(y) = ϕ0(y) + ‖y − ϕ0(y)‖2g(ϕ0(y))

k�nontac mh-anagkaÐa thn upìjesh thc superharmonicity epÐ thc g kai dÐdontac mia akrib 
èkfrash thc diafor�c twn kindÔnwn twn ϕ kai ϕ0 kai ìqi apl� èna k�tw fr�gma ìpwc stouc
Brandwein kai Strawderman.

3. SQEDIAGRAMMA THS ERGASIAS
Skopìc thc ergasÐac aut c eÐnai na katast sei safeÐc tic upojèseic kuriarqÐac tou ϕ0 apì

ton ϕ ferìmenec epÐ thc sun�rthshc surrÐknwshc h (exartìmenh apì ta b̄(x) kai v−1(z) ) kai
sqetik� me tic opoÐec orismèna klasik� apotelèsmata na faÐnontai san porÐsmata.
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EpÐshc na d¸sei mia poikilÐa upojèsewn algebrik c fÔsewc (epÐ tou c kai endeqomènwc epÐ
tou b) kai analutikèc upojèseic epÐ thc h. Sthn poreÐa thc ergasÐac oi pr¸tec ja èqoun thn
t�sh na ellatt¸nontai kai tautoqrìnwc oi deÔterec na enisqÔontai.

Sugkekrimèna
sto Kef.1 dÐdetai mia analutik  melèth twn elleiptik� summetrik¸n nìmwn me qarakth-

ristikèc idiìthtec anagkaÐec sthn melèth twn ektimht¸n me surrÐknwsh gia thn par�metro
jèsewc aut¸n twn nìmwn.

sto Kef.2 periorizìmaste sthn idaÐterh perÐptwsh thc kanonikìthtac twn nìmwn qwrÐc
kammÐa upìjesh analutikìthtac epÐ thc sun�rthshc surrikn¸sewc h en¸ o c kai h b eÐnai
tautìqrona diagwniopoi simoi mèsa se mia b�sh v−1

Θ -orjokanonik  kai q-orjog¸nia.
sto Kef.3 epanerqìmaste sthn elleiptikìthta twn nìmwn kai h h den eÐnai diaforÐsimh.

'Omwc oi upojèseic kuriarqÐac epÐ tou ϕ0 pou sundèontai me thn kl�sh twn apwlei¸n, exart¸-
ntai apì thn kl�sh twn elleiptik� summetrik¸n nìmwn dia mèsou thc koin c touc paramètrou
diakÔmanshc apodeiknÔontac ètsi thn robustesse aut¸n twn ektimht¸n en¸ diathroÔntai oi
algebrikèc upojèseic tou Kef.2.

sto Kef.4 upì touc elleiptik� summetrikoÔc nìmouc gÔrw apì to ϑ (qwrÐc thn an�gkh
Ôparxhc puknìthtac) kai mìno me thn qr sh twn qarakthristik¸n idiot twn aut¸n twn nì-
mwn, gia idiaÐterhc morf c ektimhtèc me surrÐknwsh stouc opoÐouc den upeisèrqetai h b̄ kai o
endomorfismìc c antikajÐstatai apì mia dianusmatik  sun�rthsh g, deqìmaste thn paragw-
gisimìthta tou par�gonta surrÐknwshc g.

sto Kef.5 parajètoume dÔo efarmogèc thc pio apl c morf c ektimht¸n me surrÐknwsh,
tou arqikoÔ ektimht  tou Stein, se pragmatik� dedomèna. Stic efarmogèc autèc gÐnetai fa-
ner  h kuriarqÐa tou ektimht  me surrÐknwsh epÐ tou sun jh ektimht  elaqÐstwn tetrag¸nwn
parousi�zontac thn praktik  kai pragmatik  shmasÐa aut¸n twn ektimht¸n.

Orismènec teqnikèc apodeÐxewn èqoun an�gkh k�poiwn lhmm�twn ta opoÐa sthrÐzontai sto
olokl rwma tou Stieltjes kai dÐdontai wc Par�rthma sto Kef.2. 'Omwc, sto tèloc thc ergasÐ-
ac akoloujeÐ èna �llo Par�rthma to opoÐo dÐdetai gia na dieukrinistoÔn klasik� apotelèsmata
pou emfanÐzontai stouc upologismoÔc kai anafèretai stic mh-kentrikèc X 2 kai F katanomèc.
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Kef�laio 1

EPI TWN NOMWN ME ELLEIPTIKH SUMMETRIA

Sto plaÐsio thc jewrÐac twn ektimht¸n me surriknwtèc (legìmenoi ektimhtèc twn James−
Stein) apodeiknÔetai, ìpwc faÐnetai sta parak�tw kef�laia, endiafèrousa h melèth twn idio-
t twn aut¸n twn ektimht¸n se prosèggish {coordinate free} kai mèsa se èna plaÐsio pio
genikì apo ekeÐno tou poludi�statou kanonikoÔ nìmou.

Se autì to mèroc sugkentr¸noume kai enopoioÔme ta apotelèsmata ta opoÐa faÐnontai en-
diafèronta mèsa sto statistikì plaÐsio tou grammikoÔ montèlou akolouj¸ntac touc Cellier
kai Fourdrinier (1989). Skopìc mac eÐnai na qorhg soume mia parousÐash {coordinate free}
twn nìmwn me elleiptik  summetrÐa mèsa se èna genikì plaÐsio enìc pragmatikoÔ dianusma-
tikoÔ q¸rou peperasmènhc di�stashc, mèsa ston opoÐo h idiìthta tou analloi¸tou mèsw
orjog¸niou metasqhmatismoÔ sundèetai me thn ènnoia thc paramètrou diakÔmanshc. Suggra-
feÐc ìpwc o Kruskal[31] kai o Stone[40], anaptÔsoun to endiafèron miac tètoiac prosèggishc
ìson afor� th diaf�neia, th suntomÐa kai ton ousi¸dh qarakt ra twn lambanomènwn apote-
lesm�twn.

Sth sunèqeia, to E ja shmei¸nei ènan pragmatikì dianusmatikì q¸ro ( dhlad  dianusmati-
kì q¸ro epÐ tou s¸matoc R ) peperasmènhc di�stashc n . Efodi�zoume ton E me thn topologÐa
pou gen�tai apo tic grammikèc morfèc epÐ tou E kai th sundedemènh me aut  s-�lgebra twn
boreliennes B(E), h opoÐa eÐnai epÐshc, epeid  o E eÐnai q¸roc peperasmènhc di�stashc, h
s-�lgebra pou genn�tai apì tic grammikèc morfèc.

1. OLOKLHRWSH EPI ENOS DIANUSMATIKOU QWROU PE-
PERASMENHS DIASTASHS

'Estw (W ,F ,m) ènac q¸roc mètrou. Shmei¸noume me M(Ω,F) to dianusmatikì q¸ro twn
metrhsÐmwn sunart sewn tou (W,F) ston (E,B(E)).
1.1 OLOKLHRWMA MIAS SUNARTHSHS TOU M(Ω,F)

Orismìc 1.1.1
'Estw f ∈ M(W,F). Lème ìti h f eÐnai µ-oloklhr¸simh an

∀t ∈ E∗(duðkìc tou E), t ◦ f ∈ L1(Ω,F ,m)

Se aut n thn perÐptwsh onom�zoume olokl rwma thc f anaforik� me to µ to stoiqeÐo
6



µ(f) tou E∗∗ to opoÐo ja sumbolÐzoume me ∫
Ω
fdµ   epÐshc me Eµf an to µ eÐnai mia pijanìthta,

orismèno apo:
∀t ∈ E∗, µ(f)(t) = µ(t ◦ f)

Parat rhsh 1.1.2
Epeid  o E∗∗ eÐnai kanonik� isìmorfoc me ton E, ja tautÐsoume to µ(f) me to di�nusma

tou E, to opoÐo sumbolÐzoume me ton Ðdio trìpo, orismèno apì:
∀t ∈ E∗, µ(f)(t) = t(µ)(f)

Orismìc 1.1.3
'Estw P èna mètro pijanìthtac epÐ tou (E,B(E)). An h idE eÐnai P oloklhr¸simh kai an

sumbolÐsoume m = EP (idE), lème ìti to P dèqetai mèso m.
Eidik  perÐptwsh 1.1.4

Upojètoume ìti o E eÐnai eukleÐdeioc q¸roc. Shmei¸noume me < , > to bajmwtì ginìmeno
kai me ‖ · ‖ thn epagìmenh nìrma. Oi E kai E∗ eÐnai tìte isìmorfoi mèsw tou isomorfismoÔ
tou E epÐ tou E∗, u < u, · >.

Se aut n thn perÐptwsh èqoume:
Prìtash 1.1.5

An f ∈ M(W,F), tìte
1. h f eÐnai µ-oloklhr¸simh an kai mìno an

∀u ∈ E, < u, f(.) >∈ L1(Ω,F , µ)

2. to olokl rwma thc f , µ(f),eÐnai to monadikì di�nusma tou E pou epalhjeÔei thn:

∀u ∈ E, < u, µ(f) >=

∫
Ω

< u, f(ω) > µ(dω)

3. h f eÐnai µ-oloklhr¸simh an kai mìno an
||f || ∈ L1(Ω,F , µ)

dhlad  h f eÐnai {isqur�} oloklhr¸simh (Bochner-oloklhr¸simh).
Apìdeixh

1. An h f eÐnai µ-oloklhr¸simh tìte, ∀t ∈ E∗, t◦f ∈ L1(Ω,F , µ). Epeid  ∀u ∈ E, < u, . >
eÐnai grammik  morf  epÐ tou E, h prohgoÔmenh sqèsh ja isqÔei kai gia t =< u, . >.
Antistrìfwc èstw ìti: ∀u ∈ E, < u, f(.) >∈ L1(Ω,F , µ). Tìte an t ∈ E∗ epeid  h
u < u, . > eÐnai epÐ, ∃u0 ∈ E : t =< u0, . >. Loipìn t ◦ f =< u0, f(.) >∈ L1(Ω,F , µ).

2. H monadikìthta tou µ(f)(∈ E) eÐnai �mesh epeid 
∀t ∈ E∗, µ(f)(t) = µ(t ◦ f) = t(µ(f))
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Loipìn an up�rqei èna �llo di�nusma [µ(f)]′ tou E, autì ofeÐlei na ikanopoieÐ:
∀u ∈ E, < u, [µ(f)]′ >=

∫
Ω

< u, f(ω) > µ(dω)

ìpou ∫
Ω
< u, f(ω) > µ(dω) =< u, µ(f) >. Apì ìpou to apotèlesma epeid  h y  < y, . >

eÐnai isomorfismìc.
3. 'Estw ||f || ∈ L1(Ω,F , µ). Gia k�je u ∈ E kai k�je w∈W, apì thn anisìthta twn

Cauchy − Schwarz, èqoume:
| < u, f(ω) > | ≤ ‖u‖‖f(ω)‖

Loipìn h f eÐnai µ-oloklhr¸simh.
Antistrìfwc, upojètoume ìti h f eÐnai µ-oloklhr¸simh. 'Estw (e1, ..., en) mia orjokanonik 
b�sh tou E. Gia k�je x ∈ E, èqoume:

‖x‖ ≤
n∑

i=1

| < ei, x > |

Gia k�je i(∈ 1, 2, ..., n), < ei, f(.) >∈ L1(Ω,F , µ) kai loipìn ‖f‖ ∈ L1(Ω,F , µ).
Shmei¸noume ìti ed¸ h ‖f‖2 eÐnai h apeikìnish apì ton W ston R+: ω  ‖f(ω)‖2

1.2 QARAKTHRISTIKES SUNARTHSEIS
Orismìc 1.2.1

'Estw P mia pijanìthta epÐ tou (E,B(E)). Onom�zoume qarakthristik  sun�rthsh
tou P thn apeikìnish φP , apì ton E∗ sto C orismènh apì:

∀t ∈ E∗, φP (t) = EP (eit)

Parat rhsh 1.2.2
An Pt sumbolÐzei to nìmo eikìna thc P mèsw tou t tìte èqoume:

∀t ∈ E∗, φP (t) = φPt(idR)

An to f eÐnai mia grammik  apeikìnish apo ton E se èna �llo pragmatikì dianusmatikì
q¸ro F peperasmènhc di�stashc, tìte èqoume:

∀s ∈ F ∗, φPf
(s) = φP (tf(s))

Pr�gmati, apì to je¸rhma thc metafor�c, èqoume:
∀t ∈ E∗, φP (t) = EP (eit) =

∫
E

eit(x)P (dx) =

∫
R
eiyPt(dy) = φPt(1)

ìpou 1 = idRGia to deÔtero mèroc thc parat rhshc, epeid  mia tètoia grammik  apeikìnish eÐnai metr -
simh, apì to je¸rhma thc metafor�c, èqoume:

∀s ∈ F ∗, φPf
(s) =

∫
F

eisdPf =

∫
E

eis◦fdP = φP (tf(s))
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Eidik  perÐptwsh 1.2.3
Sthn perÐptwsh tou eukleÐdiou q¸rou (E,<,>), h φP ja tautÐzetai me thn apeikìnish apì

ton E sto C pou orÐzetai apì thn:
∀u ∈ E, φP (u) = EP (ei<u,.>)

Sthn perÐptwsh loipìn pou o E = Rn efodi�zetai me to sÔnhjec eswterikì ginìmeno, epi-
strèfoume sth sun jh ènnoia thc qarakthristik c sun�rthshc.
Prìtash 1.2.4

An P,Q eÐnai duo pijanìthtec epÐ tou (E,B(E)) tètoiec ¸ste φP = φQ tote P = Q

Apìdeixh
O E eÐnai peperasmènhc di�stashc n. 'Estw x o sun jhc isomorfismìc tou E epÐ tou Rn.

An Pξ kai Qξ eÐnai oi nìmoi eikìnec twn nìmwn P kai Q mèsw tou x, apì thn Parat rhsh 1.2.2
èqoume:

∀s ∈ (Rn)∗, φPξ
(s) = φP (tξ(s)) = φQ(tξ(s)) = φQξ

(s)

Epeid  h prìtash eÐnai alhjin  ston Rn, Pξ = Qξ kai loipìn P = Q afoÔ B(E) = σ(ξ)(=
ξ−1(BRn)).
Pìrisma 1.2.5

K�je pijanìthta P epÐ tou E qarakthrÐzetai apì tic eikìnec thc mèsw ìlwn twn grammik¸n
morf¸n epÐ tou E.
Apìdeixh

'Estw Q mia �llh pijanìthta epÐ tou E tètoia ¸ste:
∀t ∈ E∗, Pt = Qt

Tìte, apo thn Parat rhsh 1.2.2, èqoume gia k�je t ∈ E∗,
φPt(1) = φQt(1) ⇒ φP (t) = φQ(t)

Loipìn, apì thn Prìtash 1.2.4, P = Q.

1.3 ROPES TOU NOMOU PIJANOTHTAS EPI TOU (E,B(E)).
'Estw k ènac akèraioc jetikìc, mh mhdenikìc ( dhl. k ∈ N )

Orismìc 1.3.1
Lème oti mia pijanìthta P epÐ tou (E,B(E)) eÐnai t�xhc k , an :

∀t ∈ E∗, t ∈ Lk(E,B(E), P ).

EÐnai fanerì ìti an P eÐnai t�xhc k tìte eÐnai kai t�xhc j , gia k�je j me j ≤ k.
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Prìtash 1.3.2
Mia pijanìthta P epÐ tou (E,B(E)) eÐnai t�xhc k an kai monon an

∀(t1, t2, ..., tk) ∈ (E∗)k,
k∏

i=1

ti ∈ L1(E,B(E), P ).

Apìdeixh
1. To ìti h upìjesh eÐnai ikan  eÐnai profanèc, arkeÐ na p�roume fi = t,∀i ∈ 1, ..., k.
2. ApodeiknÔoume ìti h upìjesh eÐnai anagkaÐa. 'Estw (t1, ..., tk) ∈ (E∗)k. Gia k�je j me

0 ≤ j ≤ k − 2 èqoume (k − j − 1)/(k − j) + 1/(k − j) = 1 kai apì thn anisìthta H ölder
èqoume:

‖
k−j∏
i=1

ti‖k/(k−j) = (

∫
E

(

k−j∏
i=1

ti)
k/(k−j)dP )(k−j)/k

= (

∫
E

k−j−1∏
i=1

t
k/(k−j)
i t

k/(k−j)
k−j dP )(k−j)/k

≤ (‖
k−j−1∏

i=1

t
k/(k−j)
i ‖(k−j)/(k−j−1)‖tk/(k−j)

k−j ‖k−j)
(k−j)/k

= (

∫
E

k−j−1∏
i=1

t
k/(k−j−1)
i dP )(k−j−1)/k(

∫
E

tkk−jdP )1/k

= ‖
k−j−1∏

i=1

ti‖k/(k−j−1)‖tk−j‖k

Apì th sqèsh aut  sumperaÐnoume anadromik� ìti:

EP (
k∏

i=1

|ti|) = ‖
k∏

i=1

ti‖1 ≤ ‖
k−1∏
i=1

ti‖k/(k−1)‖tk‖k

≤ ‖
k−2∏
i=1

ti‖k/(k−2)‖tk−1‖k‖tk‖k ≤ ... ≤
k∏

i=1

‖ti‖k

apì ìpou prokÔptei to zhtoÔmeno apotèlesma.
Orismìc 1.3.3

An mia pijanìthta P epÐ tou (E,B(E)) eÐnai k-t�xhc, onom�zoume rop  k-t�xhc, thn
k-grammik  morf  mk p�nw ston E∗, orismènh apì:

∀(t1, ..., tk) ∈ (E∗)k, mk(t1, ..., tk) = EP (
k∏

i=1

ti)
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1.4 DIASPORA ENOS NOMOU PIJANOTHTAS EPI TOU E
Orismìc 1.4.1

'Estw ìti èna mètro pijanìthtac P epÐ tou (E,B(E)) dèqetai rop  t�xhc 2. Tìte onom�-
zoume diaspor� tou nìmou P thn rop  t�xhc 2 tou kentrikoÔ nìmou.

Aut  eÐnai digrammik  jetik  morf  epÐ tou E∗, thn opoÐa sumbolÐzoume me v, orismènh
apì:

∀(t, s) ∈ E∗ × E∗, v(t, s) =

∫
E

t(x−m1)s(x−m1)P (dx)

,
ìpou m1 to di�nusma tou E ìpwc èqei orisjeÐ sthn Parat rhsh 1.1.2 .

EpalhjeÔetai se aut n thn perÐptwsh o {klasikìc} tÔpoc thc diaspor�c:
∀(t, s) ∈ E∗ × E∗, v(t, s) = m2(t, s)−m1(t)m1(s)

Pr�gmati, epeid  apì thn Parat rhsh 1.1.2, ∀t ∈ E∗, m1(t) = t(m1), èqoume:
∀(t, s) ∈ E∗ × E∗,

v(t, s) =

∫
E

t(x−m1)s(x−m1)P (dx) =

∫
E

(t(x)− t(m1))(s(x)− s(m1))P (dx)

=

∫
E

t(x)s(x)P (dx)− t(m1)

∫
E

s(x)P (dx)− s(m1)

∫
E

t(x)P (dx) + t(m1)s(m1)

=

∫
E

t(x)s(x)P (dx)− t(m1)m1(s)− s(m1)m1(t) + t(m1)s(m1)

= m2(t, s)−m1(t)m1(s)−m1(s)m1(t) +m1(t)m1(s)

= m2(t, s)−m1(t)m1(s)

Prìtash 1.4.2
'Estw P mia pijanìthta epÐ tou (E,B(E)). 'Estw f mia grammik  apeikìnish apì ton E

ston F , pragmatikì dianusmatikì q¸ro peperasmènhc di�stashc. SumbolÐzoume Pf to nomo
eikìna tou P mèsw thc f epÐ tou (F,B(F )).

1. An P dèqetai thn m san rop  t�xhc 1, h Pf dèqetai mia rop  t�xhc 1 Ðsh me m ◦ tf .
2. An P dèqetai mia rop  t�xhc 2 kai an v shmei¸nei th diaspor� tou P , o Pf dèqetai mia

rop  t�xhc 2 kai h diaspor� tou eÐnai Ðsh me v( tf(·), tf(·)
).

Apìdeixh
1. An P dèqetai mia rop  t�xhc 1, tìte

∀s ∈ F ∗, EPf
(|s|) = EP (|s ◦ f |) < +∞,

afoÔ s ◦ f ∈ E∗. 'Etsi Pf èqei rop  t�xhc 1. Aut  eÐnai Ðsh me m ◦ tf , afoÔ ∀s ∈ F ∗,
(m ◦ tf)(s) = m(tf(s)) = EP (tf(s)) = EP (s ◦ f) = EPf

(s)
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2. Upojètoume ìti P dèqetai mia rop  t�xhc 2. Tìte, ∀(t, s) ∈ F ∗ × F ∗,
EPf

(|st|) = EP (|s ◦ f ||t ◦ f |) < +∞

afoÔ s ◦ f, t ◦ f ∈ E∗. 'Ara Pf eis�gei mia rop  t�xhc 2. H diaspor� tou Pf eÐnai Ðsh me
v(tf(.),t f(.)), afoÔ ∀(r, s) ∈ F ∗ × F ∗,

m2(
tf(r),t f(s)) = EP (tf(r)tf(s)) =

∫
E

(r ◦ f)(x)(s ◦ f)(x)P (dx) = EPf (rs)

Eidik  perÐptwsh se eukleÐdio q¸ro 1.4.3
'Estw (E,<,> ènac eukleÐdioc q¸roc ìpwc sthn eidik  perÐptwsh 1.1.4 thc opoÐac diath-

roÔme tic ènnoiec.
Prìtash 1.4.4

Mia pijanìthta P epÐ tou (E,B(E)) dèqetai rop  t�xhc k an kai mìno an ‖.‖ ∈ Lk(E,B(E), P ).
Apìdeixh

'Estw (e1, ..., en) mia orjokanonik  b�sh tou E. Tìte up�rqoun duo jetikoÐ pragmatikoÐ
arijmoÐ a kai b, me 0 ≤ a ≤ b, tètoioi ¸ste:

∀x ∈ E, ak‖x‖k ≤
n∑

i=1

| < ei, x > |k ≤ bk‖x‖k (1.1)

Apì ìpou prokÔptei to apotèlesma, diìti:
an ‖.‖ ∈ Lk tìte < ei, . >∈ Lk,∀i ∈ 1, ..., n apì to 2o mèroc thc 1.1.

'Omwc, ∀u ∈ E, u =
∑n

i=1 uiei kai < u, . >=
∑n

i=1 ui < ei, . >∈ Lk. Loipìn h P dèqetai rop 
k-t�xhc.

Antistrìfwc, an P dèqetai rop  k-t�xhc, ∀u ∈ E, < u, . >∈ Lk. Opìte, ∀i ∈ 1, ..., n,
< ei, . >∈ Lk kai epomènwc ∑n

i=1 | < ei, . > |k ∈ L1. 'Ara ‖.‖k ∈ L1 apì to 1o mèroc thc (1.1).
Parat rhsh 1.4.5

H rop  t�xhc k tou R tautÐzetai me thn k-grammik  morf  epÐ tou E thn opoÐa shmei¸noume
me mk kai orÐzetai wc ex c:

∀(u1, ..., uk) ∈ Ek, mk(u1, ..., uk) = EP

( k∏
i=1

< ui, · >
)

Sthn perÐptwsh E = Rn, efodiasmènoc me to klassikì bajmwtì ginìmeno, an h P eÐnai
t�xhc 2, h diaspor� v tou P orÐzetai apì thn:
∀u, u′ ∈ Rn, v(u, u′) =

∫
Rn

< u, x−m1 >< u′, x−m1 > P (dx) = tu[

∫
Rn

(x−m1)
t(x−m1)P (dx)]u

dhlad  h v eÐnai o n×n pÐnakac ∫
Rn(x−m1)

t(x−m1)P (dx), gnwstìc wc pÐnakac diaspor¸n-
sundiaspor¸n thc P .
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Prìtash 1.4.6 Qarakthristik  sun�rthsh kai ropèc
An mia pijanìthta P epÐ tou (E,B(E)) dèqetai mia rop  t�xhc k,mk, h qarakthristik 

thc sun�rthsh φP eÐnai thc kl�shc Ck epÐ tou E kai epalhjeÔei,

∀h ∈ E kai ∀(t1, ..., tk) ∈ Ek, φ
(k)
P (h) = ikEP

(
(

n∏
i=1

< ti, . >)ei<h,.>
)

Idiaitèrwc,
φ

(k)
P (0E) = ikmk

Apìdeixh
1. Sthrizìmenoi sthn ènnoia thc parag¸gou miac sun�rthshc poll¸n metablht¸n (bl.

p.q.[14]), ja dèixoume epagwgik� ìti h φP eÐnai k-forèc paragwgÐsimh epÐ tou E kai ikanopoieÐ
ton tÔpo pou dÐdetai sthn prìtash.
1.i) 'Estw k = 1.Ja deÐxoume ìti ∀(t, h) ∈ E2, h φP epalhjeÔei:

φ′P (h) · t = iEP [< t, . > ei<h,.>]

'Eqoume, gia l ∈ E,
A(h, l) = |φP (h+ l)− φP (h)− iEP [< l, . > ei<h,.>]|

= |EP [ei<h+l,.> − ei<h,.> − i < l, . > ei<h,.>]|

= |EP [ei<h,.>(ei<l,.> − 1− i < l, . >)]|

≤ EP [|ei<h,.>| · |ei<l,.> − 1− i < l, . > |]

= EP [|ei<l,.> − 1− i < l, . > |]

=

∫
E

|ei<l,x> − 1− i < l,> |P (dx)

=

∫
E

| < l, x > |ε(x, l)P (dx)

apì to an�ptugma Taylor, ìpou ∀x ∈ E,
lim
l→0E

ε(x, l) = 0

Sunep¸c, apì thn anisìthta twn Cauchy − Schwarz:
A(h, l) ≤ ‖l‖

∫
E

‖x‖ε(x, l)P (dx) (1.2)
Akìmh, ∀a ∈ R èqoume:

|eia − 1− ia| ≤ 2|a| (1.3)
13



Pr�gmati, epeid  h (1.3) eÐnai isodÔnamh me thn
|eia − 1− ia2|2 ≤ 4|a|2

kai aut  isodÔnamh me thn
2− 2 cos a− 2a sin a ≤ 3a2

jewroÔme th sun�rthsh :
f(a) = 2− 2 cos a− 2a sin a− 3a2

Ja deÐxoume ìti f(a) ≤ 0, ∀a ∈ R.
Epeid  h f eÐnai �rtia sun�rthsh, arkeÐ na deÐxoume ìti :

∀a ∈ R+, f(a) ≤ 0

ParathroÔme ìti:
∀a ∈ R+, f

′(a) = −2a(cos a+ 3) ≤ 0

dhlad  h f eÐnai fjÐnousa epÐ tou R+ kai epomènwc
∀a ∈ R+, f(a) ≤ 0

Apì thn (1.3) èqoume tìte:

∀x ∈ E, ε(x, l) =
|ei<l,x> − 1− i < l, x > |

| < l, x > |
≤ 2

O nìmoc P dèqetai mia rop  t�xhc 1, pou shmaÐnei ìti :
∀x ∈ E, ‖x‖ε(x, l) ≤ 2‖x‖

me ‖.‖ ∈ L1(E,B(E), P ), apì thn prìtash 1.4.4. EpÐshc,
‖x‖ε(x, l) → 0 kaj¸c l→ 0E

'Ara apì to je¸rhma thc kuriarqhmènhc sÔgklishc tou Lebesgue,∫
E

‖x‖ε(x, l)P (dx) → 0 kaj¸c l→ 0E

Apì thn (1.2) prokÔptei tìte ìti:
∀h ∈ E,A(h) = o(‖l‖) (l→ 0E)

Sunep¸c h φP eÐnai paragwgÐsimh kai h φ′P epalhjeÔei ton epijumhtì tÔpo.
1.ii) Upojètoume ìti to apotèlesma eÐnai alhjèc mèqri (k− 1)-t�xh. Tìte, apì epagwgik 

upìjesh kai k�nontac qr sh thc anisìthtac Cauchy − Schwarz, èqoume:
∀h ∈ E kai ∀(t1, ..., tk) ∈ Ek,

A(h, t1, ..., tk) =
∣∣∣φ(k−1)

P (h+ t1) · (t1, ..., tk)− φ
(k−1)
P (h) · (t1, ..., tk)− ikEP (

k∏
i=1

< ti, . > ei<h,.>)
∣∣∣
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= |ik−1EP (
k∏

i=2

< ti, . > ei<t1+h,.>)− ik−1EP (
k∏

i=2

< ti, . > ei<h,.>)

−ikEP (
k∏

i=1

< ti, . > ei<h,.>)|

= |ik−1EP (
k∏

i=2

< ti, . > ei<h,.>(ei<t1,.> − 1− i < t1, . > |))|

≤ EP (
k∏

i=2

| < ti, . > | · |ei<h,.>| · |ei<t1,.> − 1− i < t1, . > |)

=

∫
E

(
k∏

i=2

| < ti, . > | · |ei<h,.>| · |ei<t1,.> − 1− i < t1, . > |)

≤
∫

E

(
k∏

i=2

‖ti‖ · ‖x‖)|ei<t1,x> − 1− i < t1, x > |P (dx)

=
k∏

i=2

‖ti‖
∫

E

‖x‖k−1| < t1, x > |ε(x, t1)P (dx), (1.4)

ìpou ∀x ∈ E,
lim

t1→0E

ε(x, t1) = 0

Sunep¸c, efarmìzontac akìmh mia for� thn anisìthta twn Cauchy − Schwarz sthn (1.4),
paÐrnoume

A(h, t1, ..., tk) ≤
k∏

i=1

‖ti‖
∫

E

‖x‖kε(x, t1)P (dx)

Opìte, ∀ h ∈ E, ∀ t1 ∈ E, èqoume:

A(h, t1) = sup
‖ti‖=1, 2≤i≤k

A(h, t1, ..., tk) ≤ ‖t1‖
∫

E

‖x‖kε(x, t1)P (dx)

Qrhsimopoi¸ntac thn Ðdia mèjodo ìpwc sto 1.i), prokÔptei
∀h ∈ E, A(h, t1) = o(‖t1‖) (t1 → 0)

Sunep¸c h φP eÐnai k-forèc paragwgÐsimh epÐ tou E kai epalhjeÔei thn epijumht  sqèsh.
2. GnwrÐzoume ìti

‖φ(k)
P (h)‖ = sup

|ti|=1, i=1,..,k

|φ(k)
P (h)(t1, ..., tk)|

Epomènwc, gia th sunèqeia thc φ(k)
P , arkeÐ na deÐxoume

lim
l→0E

‖φ(k)
P (h+ l)− φ

(k)
P (h)‖ = 0
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Gia k�je ∀(h, l) ∈ E2 kai ∀(t1, ..., tk) ∈ Ek tètoia ¸ste ‖ti‖ = 1, 1 ≤ i ≤ k, qrhsimopoi¸ntac
thn anisìthta twn Cauchy − Schwarz, èqoume ìti:

|φ(k)
P (h+ l)(t1, ..., tk)− φ

(k)
P (h)(t1, ..., tk)| = |EP (ik(

k∏
i=1

< ti, . >)(ei<h+l,.> − ei<h,.>))|

≤ EP (
k∏

i=1

| < ti, . > | · |ei<h+l,.> − ei<h,.>|)

≤
∫

E

‖x‖k|ei<h+l,x> − ei<h,x>|P (dx)

Epeid  |ei<h+l,x> − ei<h,x>| ≤ 2, ∀x ∈ E, kai h P dèqetai mia rop  t�xhc k, to apotèlesma
prokÔptei qrhsimopoi¸ntac to je¸rhma thc kuriarqhmènhc sÔgklishc tou Lebesgue.

2. AKTINIKOI NOMOI-NOMOI ME ELLEIPTIKH SUMMETRIA
Poll� apì ta apotelèsmata sthn poludi�stath statistik  an�lush èqoun exaqjeÐ upì thn

upìjesh thc kanonikìthtac(normalite). FaÐnetai ìti gia k�poia apì aut�, h basik  idiìthta
pou upeisèrqetai sthn apìdeix  touc, eÐnai to analloÐwto tou kanonikoÔ nìmou upì peristrof 
(   pio genik� upì orjog¸niou metasqhmatismoÔ).

Oi pollaplèc idiìthtec enìc analloÐwtou upì peristrof  nìmou èqoun dojeÐ apì polloÔc
suggrafeÐc. Endeiktik� ja anafèroume touc Kelker [29], Cambanis [13] kai Eaton [21].

'Opwc se autì pou prohg jhke, uðojetoÔme mia parousÐash {coordinate free} tètoiwn
nìmwn topojethmènoi mèsa sto genikì plaÐsio enìc dianusmatikoÔ q¸rou peperasmènhc di�-
stashc.
'Ennoiec

1. Gia k�je bajmwtì ginìmeno w epÐ tou E, h apeikìnish x  w(x, .) eÐnai ènac isomor-
fismìc tou E epÐ tou E∗ o opoÐoc eis�gei to bajmwtì ginìmeno v epÐ tou E∗ pou orÐzetai
apì:

∀(x, y) ∈ E × E, v(w(x, .), w(y, .)) = w(x, y)

OmoÐwc k�je bajmwtì ginìmeno v epÐ tou E∗ eis�gei èna bajmwtì ginìmeno w epÐ tou E,
o opoÐoc tautopoieÐtai me ton E∗∗(diduðkìc tou E).

Upì autèc tic upojèseic, parathroÔme ìti, an (e1, ..., en) eÐnai mia b�sh tou E, tìte (e∗1, ..., e
∗
n)

eÐnai h duðk  thc b�sh sto E kai oi pÐnakec tou w kai v stic antÐstoiqec b�seic eÐnai antistrè-
yimoi kai o ènac eÐnai o antÐstrofoc tou �llou. EÐnai loipìn fusikì na shmei¸noume

v = w−1 kai w = v−1

2. 'Estw H ènac dianusmatikìc upoq¸roc tou E. An w eÐnai èna bajmwtì ginìmeno epÐ tou
E, orÐzoume wH ton periorismì tou w epÐ tou H ×H.

An v eÐnai èna bajmwtì ginìmeno epÐ tou E∗, shmei¸noume me v(H) to bajmwtì ginìmeno
epÐ tou H∗ pou orÐzetai wc ex c: v(H) = v(tπ,t π), ìpou π eÐnai h v−1-orjog¸nia probol  tou
E epÐ tou H. EpalhjeÔetai ìti

(v(H))
−1 = (v−1)H
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3. Sth sunèqeia, an to v orÐzei èna bajmwtì ginìmeno epÐ tou E∗, shmei¸noume me < , >
kai ‖.‖, to bajmwtì ginìmeno kai thn epag¸menh nìrma antÐstoiqa, gia thn eukleÐdeia dom 
pou orÐzetai apì to v−1 epÐ tou E.

OrÐzoume wc Bv,r(antÐstoiqa Sv,r) thn mp�la (antÐstoiqa th sfaÐra) kèntrou 0E kai aktÐ-
nac r ≥ 0. Eidikìtera ja shmei¸noume me Bv = Bv,1 kai Sv = Sv,1.

2.1 AKTINIKOI NOMOI-NOMOI ME ELLEIPTIKH SUMMETRIA
Orismìc 2.1.1

'Estw v èna bajmwtì ginìmeno epÐ tou E∗. 'Ena mètro (ant. mia pijanìthta) epÐ tou E
onom�zetai aktinikì (radiale)( ant. aktinikìc nìmoc ), me par�metro diakÔmanshc v, an
autì paramènei analloÐwto upì v−1-orjog¸niouc metasqhmatismoÔc.

H upìjesh ìti h par�metroc diakÔmanshc eÐnai èna bajmwtì ginìmeno epÐ tou E∗, dikaio-
logeÐtai ìpwc ja doÔme sthn Prìtash 2.3.3, apì to ìti, an ènac aktinikìc nìmoc dèqetai rop 
t�xhc 2, aut  h teleutaÐa eÐnai mia par�metroc diakÔmanshc.
Orismìc 2.1.2

'Ena mètro (ant. mia pijanìthta) epÐ tou E eÐnai èna mètro (ant. ènac nìmoc) me ellei-
ptik  summetrÐa epÐ tou E, me par�metro jèshc λ ∈ E kai me par�metro diakÔmanshc v, an
autì eÐnai h eikìna, upì th metafor� tou dianÔsmatoc l, enìc aktinikoÔ mètrou (ant. nìmou)
epÐ tou E me par�metro diakÔmanshc v.
Parat rhsh 2.1.3

An èna mètro me elleiptik  summetrÐa epÐ tou E dèqetai v wc par�metro diakÔmanshc,
autì dèqetai wc par�metro diakÔmanshc to av, ∀a ∈ R∗

+. Ja doÔme argìtera ìti sthn pr�xh
h par�metroc diakÔmanshc orÐzetai me èna pollaplasiastikì par�gonta.

Dedomènou thc sqèshc metaxÔ twn aktinik¸n mètrwn kai twn mètrwn me elleiptik  sum-
metrÐa, ja perioristoÔme sthn sunèqeia sth melèth twn idiot twn twn aktinik¸n mètrwn. Oi
idiìthtec twn mètrwn me elleiptik  summetrÐa sumperaÐnontai apì ekeÐnec twn aktinik¸n eÔ-
kola.
Prìtash 2.1.4

1. 'Enac nìmoc pijanìthtac P epÐ tou E eÐnai ènac aktinikìc nìmoc me par�metro diakÔman-
shc v, an kai mìno an h qarakthristik  tou sun�rthsh φP eÐnai sun�rthsh tou ‖.‖2. Up�rqei
loipìn sun�rthsh ψP : R+ → C,tètoia ¸ste:

∀t ∈ E, φP (t) = ψP (‖t‖2)

2. Se aut n thn perÐptwsh oi nìmoi eikìna tou P mèsw ìlwn twn grammik¸n morf¸n epÐ
tou E nìrmac 1, eÐnai Ðdioi kai h qarakthristik  touc sun�rthsh eÐnai h apeikìnish a ψP (a2).
Apìdeixh

1. Arqik� apodeiknÔoume ìti h upìjesh eÐnai anagkaÐa.
'Estw t ∈ E kai t′ ∈ E tètoia ¸ste ‖t‖ = ‖t′‖. Up�rqei loipìn ènac v−1-orjog¸nioc

metasqhmatismìc g tou E, tètoioc ¸ste g(t′) = t. Qrhsimopoi¸ntac kat� seir� thn v−1-
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orjogwnikìthta thc g, to je¸rhma thc metafor�c kai to gegonìc ìti o P eÐnai aktinikìc,
mporoÔme na gr�youme:

φP (t) = EP (ei<t,.>) = EP (ei<g(t′),.>) = EP (ei< g(t′), g( g−1(.) )>)

= EP (ei<t′,g−1(.)>) = EPg−1 (e
i<t′,.>) = EP (ei<t′,.>)

= φP (t′)

'Ara up�rqei ψP (‖.‖2) tètoia ¸ste ∀t ∈ E, φP (t) = ψP (‖t‖2).
ApodeiknÔoume t¸ra ìti h upìjesh eÐnai ikan .
Upojètoume ìti up�rqei ψP : R+ → C, tètoia ¸ste:

∀t ∈ E, φP (t) = ψP (‖t‖2)

'Estw g ènac v−1-orjog¸nioc metasqhmatismìc. IsqÔei apì to je¸rhma thc metafor�c ìti:
∀t ∈ E, φPg(t) = EP (ei<t,g(.)>) = EP (ei< g(g−1(t)) , g(.) >) = EP (ei<g−1(t),.>)

= φP (g−1(t)) = ψP (‖g−1(t)‖2) = φP (t)

Sunep¸c Pg = P sÔmfwna me thn Prìtash 1.2.4 .
2. 'Estw f ∈ E∗ tètoia ¸ste ‖f‖ = 1. Epeid  h apeikìnish x  < x, . > eÐnai ènac

isomorfismìc tou E epÐ tou E∗, shmei¸noume me t to di�nusma tou E tètoio ¸ste f =< t, . >.
'Estw F o upìqwroc pou genn�tai apì to t, π h v−1-orjog¸nia probol  tou E epÐ tou F

kai ξ o isomorfismìc tou R epÐ tou F ( ξ(a) = at ).
EÐnai fanerì ìti f = ξ−1 ◦ π.
Pr�gmati, epeid  ∀x ∈ E, ∃a ∈ R : π(x) = at, èqoume,

f(x) =< t, x >=< t, π(x) + (x− π(x)) > = < t, π(x) > + < t, x− π(x) >

= < t, π(x) >

= < t, at >= a‖t‖2

kai
ξ−1 ◦ π(x) = ξ−1

(
π(x)

)
= ξ−1(at) = a

'Omwc, ‖f‖2 = v(f, f) = v( v−1(t, ·), v−1(t, ·) ) = v−1(t, t) = ‖t‖2

'Ara, an ‖f‖ = 1, tìte ‖t‖ = 1 kai f = ξ−1 ◦ π.
Gia k�je s ∈ E, apì thn Parat rhsh 1.2.2 kai to gegonìc ìti h π eÐnai autosuzhg c,

dhlad  ∀s, x ∈ E, < s, π(x) >=< π(s), x >, èqoume:

φPπ(s) = EP (ei<s,.>) =

∫
F

ei<s,x>Pπ(dx) =

∫
E

ei<s,π(y)>P (dy)

=

∫
E

ei<π(s),y>P (dy) = φP

(
π(s)

)
Idiaitèrwc, gia k�je a ∈ R kai s = at,

φPπ(at) = φP

(
π(at)

)
= φP (at) = ψP (‖at‖2) = ψP (a2‖t‖2) = ψP (a2)
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Gia k�je a ∈ R, èqoume loipìn,
φPf

(a) = EPf
(e(ia·)) =

∫
R
eiaxPf (dx) =

∫
E

eiaf(y)P (dy)

=

∫
E

eia(ξ−1◦π)(y)(dy) =

∫
F

eiaξ−1(z)Pπ(dz)

=

∫
F

ei<at,ξ−1(z)t>Pπ(dz)

'Epeidh, ξ−1(z)t = ξ
(
ξ−1(z)

)
= z, to teleutaÐo olokl rwma gÐnetai:∫

F

ei<at,z>Pπ(dz) = φPπ(at) = ψP (a2)

'Ara, ∀a ∈ R, φPf
(a) = ψP (a2).

Prìtash 2.1.5
'Estw P ènac aktinikìc nìmoc pijanìthtac epÐ tou E.
Ektìc an o P eÐnai o nìmoc tou Dirac sto 0E, h par�metroc diakÔmanshc tou P prosdiorÐ-

zetai kat� ènan pollaplasiastikì par�gonta.
Apìdeixh

'Estw v1, v2 duo par�metroi diakÔmanshc tou P . Shmei¸noume me ‖.‖1, ‖.‖2 tic sundede-
mènec me autèc nìrmec. Up�rqei mia b�sh tou E, (e1, ..., en) h opoÐa eÐnai sugqrìnwc v−1

1 -
orjokanonik  kai v−1

2 -orjog¸nia (bl.[37]). 'Estw λ1, ..., λn oi diag¸nioi suntelestèc tou dia-
g¸niou pÐnaka thc v−1

2 se aut n th b�sh (gia 1 ≤ i ≤ n èqoume λi > 0).
'Estw

m = min
1≤k≤n

λk kai i ènac deÐkthc tètoioc ¸ste λi = m

kai
M = max

1≤k≤n
λk kai j ènac deÐkthc tètoioc ¸ste λj = M

ArkeÐ na deÐxoume ìti, an m < M tìte to P eÐnai to mètro tou Dirac sto 0E.OrÐzoume touc endomorfismoÔc f kai g tou E apì tic sqèseic:
∀k (1 ≤ k ≤ n, k 6= i, k 6= j) f(ek) = g(ek) = ek

f(ei) = ej , f(ej) = ei , g(ei) =

√
m

M
ej , g(ej) =

√
M

m
ei

EÐnai fanerì ìti o f eÐnai v−1
1 -orjog¸nioc kai o g eÐnai v−1

2 -orjog¸nioc.
Upojètoume m < M . 'Estw t 6= 0E sto E kai èstw x0 to di�nusma tou E tou opoÐou

oi suntetagmènec wc proc th b�sh (e1, ..., en) eÐnai (‖ti‖1 δkj)1≤k≤n, ìpou δkj to sÔmbolo tou
Kronecker, dhlad  x0 = ‖t‖1 ej.'Eqoume ‖x0‖1 = ‖t‖1. OrÐzoume tìte thn akoloujÐa (xn)n∈N twn dianusm�twn tou E apì
th sqèsh:

∀n ∈ N∗, xn = (g ◦ f)(xn−1)

Sunep¸c, gia k�je n ∈ N∗, èqoume:
xn =

(m
M

) 1
2
xn−1 =

(m
M

)n
2
x0
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kai kata sunèpeia, afoÔ m < M ,
lim

n→∞
xn = 0E

Epiplèon, epeid  o P eÐnai v2-aktinikìc kai o g v−1
2 -orjog¸nioc, èqoume:

φP (xn) = φP

(
g ◦ f(xn−1)

)
= EP

(
e

i<g◦f(xn−1), . >
v−1
2

)
= EPg

(
ei<g◦f(xn−1), . >

)
= EP

(
ei<g◦f(xn−1) , g( . )>

)
= EP

(
ei<f(xn−1), . >

)
= φP

(
f(xn−1)

)
Qrhsimopoi¸ntac sth sunèqeia, oti o P eÐnai v1-aktinikìc kai o f v−1

1 -orjog¸nioc, èqoume:
φP

(
f(xn−1)

)
= EP

(
e

i<f(xn−1), . >
v−1
1

)
= EPf

(
ei<f(xn−1), . >

)
= EP

(
ei<f(xn−1) , f( . )>

)
= EP

(
ei<xn−1, . >

)
= φP (xn−1)

'Ara ,
φP (xn) = φP (xn+1)

Apì autì, prokÔptei oti, gia k�je n ∈ N ,
φP (xn) = φP (x0) = ΨP

(
‖x0‖2

1

)
= ΨP

(
‖t‖2

1

)
= φP (t)

kai loipìn h akoloujÐa (
φP (xn)

)
n∈N

eÐnai stajer  .
Epomènwc, apì thn sunèqeia thc φP sto 0E , èqoume:

1 = φP (0E) = lim
n→+∞

φP (xn) = φP (t)

Epeid  h teleutaÐa isìthta isqÔei gia k�je t ∈ E, o nìmoc P eÐnai o nìmoc tou Dirac sto
shmeÐo 0E.Telik� apodeÐxame oti, an o P den eÐnai o nìmoc tou Dirac sto 0E, m = M kai sunep¸c
v−1

2 = m v−1
1 .

2.2 PARADEIGMATA METRWN KAI NOMWN AKTINIKWN
I. To mètro tou Lebesgue epÐ tou E

'Estw v èna bajmwtì ginìmeno epÐ tou E∗.
'Estw (e1, ..., en) mia b�sh v−1-orjokanonik  tou E kai ξ o fusikìc isomorfismìc tou Rn

epÐ tou E orismènoc apì thn
∀(x1, ..., xn) ∈ Rn, ξ(x1, ..., xn) =

n∑
i=1

xiei

EÐnai fanerì ìti o ξ eÐnai mia dimetr simh isometrÐa tou Rn epÐ tou E. OrÐzoume tìte to
mètro tou Lebesgue epÐ tou E kai to shmei¸noume me λv, thn eikìna mèsw tou ξ tou mètrou
tou Lebesgue λn epÐ tou Rn:

λv = ξ(λn)
(  λv = (λn)ξ

)
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Ja apodeÐxoume sth sunèqeia ìti to analloÐwto tou mètrou tou Lebesgue epÐ tou Rn upì
orjog¸nio metasqhmatismì sunep�gei apì to èna mèroc ìti to λv eÐnai èna mètro aktinikì epÐ
tou E to opoÐo dèqetai to v gia par�metro diakÔmanshc kai apì to �llo mèroc ìti to λv den
exart�tai apì thn eklog  thc v−1-orjokanonik c b�shc.

a) To analloÐwto tou mètrou λn upì orjog¸nio metasqhmatismì
EÐnai gnwstì ìti:
an f : Rn → Rn eÐnai ènac endomorfismìc 1-1 kai epÐ, tìte:

f(λn) << λn kai df(λn)

dλn
=

1

|Detf |

dhlad  to f(λn) eÐnai stajer c puknìthtac anaforik� me to mètro λn.
Idiaitèrwc, an o endomorfismìc eÐnai orjog¸nioc,

Detf = +1   Detf = −1 kai f(λn) = λn

b) To λv eÐnai aktinikì me par�metro diakÔmanshc v
ArkeÐ na deÐxoume ìti:

ϕ(λv) = λv, gia k�je v−1 − orjog¸nio metasqhmatismì ϕ
Pr�gmati, ∀B ∈ B(E),

ϕ(λv)(B) = λv

(
ϕ−1(B)

)
= λn

(
ξ−1

(
ϕ−1(B)

))
= λn

(
(ϕ ◦ ξ)−1(B)

)
An Φ =

(
E(ϕ)E

) eÐnai o pÐnakac tou endomorfismoÔ ϕ wc proc th b�sh E , tìte ϕ ◦ ξ =

ξ ◦ Φ. Opìte, lìgw tou a), èqoume:
λn

(
(ϕ ◦ ξ)−1(B)

)
= λn

(
(ξ ◦ Φ)−1(B)

)
= λn

(
Φ−1

(
ξ−1(B)

))
= Φ(λn)

(
ξ−1(B)

)
= λn

(
ξ−1(B)

)
= ξ(λn)(B) = λv(B)

g) To λv den exart�tai apì thn epilog  thc b�shc
'Estw E mia b�sh tou E kai ξ : Rn → E o fusikìc isomorfismìc pou sundèetai me aut n

th b�sh.
Onom�zoume genik� mètro tou Lebesgue sundedemèno me thn E kai to shmei¸noume me λE ,thn eikìna ξ(λn). Dhlad ,

λE = ξ(λn)

'Estw t¸ra E , E ′ dÔo b�seic tou E kai ξ, ξ′ oi antÐstoiqoi isomorfismoÐ tou Rn epÐ tou E.
An λE = ξ(λn) kai λE ′ = ξ′(λn) èqoume:

∀x ∈ E, dλE ′

dλE
(x) =

dξ−1(λE ′)

dξ−1(λE)

(
ξ−1(x)

)
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=
dξ−1 ◦ ξ′(λn)

dλn

(
ξ−1(x)

)
=

1

|Det(ξ−1 ◦ ξ′)|
=

1

|Det
(
E(1E)E ′

)
|

= |Det
(
E ′(1E)E

)
|

Pr�gmati, an λE ′ << λE tìte ξ−1(λE ′) << ξ−1(λE) kai loipìn, ∀A ∈ B(E),

λE ′(A) =

∫
A

dλE ′

dλE
(x)λE(dx) (1.5)

'Omwc,
λE ′(A) = λE ′

(
(ξ ◦ ξ−1)(A)

)
= ξ−1(λE ′)

(
ξ−1(A)

)
=

∫
ξ−1(A)

dξ−1(λE ′)

dξ−1(λE)
dξ−1(λE)

=

∫
A

dξ−1(λE ′)

dξ−1(λE)
◦ ξ−1 dλE (1.6)

apì to je¸rhma thc metafor�c.
Apì tic (1.5), (1.6) prokÔptei tìte h parap�nw pr¸th isìthta. Sth sunèqeia lamb�nontac

up' ìyin ton orismì tou λE prokÔptei h deÔterh isìthta. H trÐth isìthta prokÔptei apì to a)
afoÔ o ξ−1 ◦ ξ′ (: Rn → Rn) eÐnai automorfismìc.

Idiaitèrwc an oi b�seic E , E ′ eÐnai v−1-orjokanonikèc, o endomorfismìc ξ ◦ ξ−1 eÐnai orjo-
g¸nioc kai epomènwc |Det(ξ ◦ ξ′)| = 1. Ap�opou λE = λE ′ .Autì akrib¸c mac epitrèpei na shmei¸noume me λv to mètro Ðso me ìla ta mètra λE ìpou
E eÐnai v−1-orjokanonik  b�sh. To λv onom�zetai merikèc forèc mètro tou Lebesgue gia to
v.

EÐnai profanèc ìti epÐ tou Rn, λn = λB, ìpou B eÐnai to kanonikì bajmwtì ginìmeno.
d) An v1, v2 eÐnai duo bajmwt� ginìmena epÐ tou E∗, ta λv1 , λv2 eÐnai duo mètra
isodÔnama

EÐnai praktikì ed¸ na shmei¸noume me F(φ)E ton pÐnaka miac grammik c apeikìnishc
φ : E → F wc proc tic b�seic E ,F twn pragmatik¸n dianusmatik¸n q¸rwn E kai F anti-
stoÐqwc kai na jewr soume ta vi, i = 1, 2 , san grammikoÔc isomorfismoÔc tou E∗ epÐ tou
E.

'Estw E1, E2 duo b�seic tou E, v−1
1 -orjokanonik  kai v−1

2 -orjokanonik  antistoÐqwc. Jew-
roÔme ton endomorfismo tou E, v2 ◦ v−1

1 . Autìc epalhjeÔei:
E1(v2 ◦ v−1

1 )E1 = E1(v2)E∗1 E∗1 (v−1
1 )E1 =E1 (v2)E∗1

= E1(1E)E2 E2(v2)E∗2 E∗2 (1E)E∗1
= E1(1E)E2 E∗2 (1E)E∗1

= E1(1E)E2

t
[
E1(1E)E2

]
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Loipìn,
Det(v2 ◦ v−1

1 ) = Det
(
E1(v2 ◦ v−1

1 )E1

)
=

[
DetE1(1E)E2

]2

kai
|DetE1(1E)E2| =

√
Det(v2 ◦ v−1

1 )

Apì to g) prokÔptei tìte ìti:
dλv2

dλv1

=
dλE2

dλE1

=
1√

Det(v2 ◦ v−1
1 )

=
√
Det(v1 ◦ v−1

2 )

Ap�opou prokÔptei h isodunamÐa twn mètrwn λv1 kai λv2 .
II. O kanonikìc n-di�statoc nìmoc

Onom�zoume kanonikì nìmo epÐ tou E k�je nìmo pijanìthtac P epÐ tou E tou opoÐou h
eikìna mèsw k�je grammik c morf c epÐ tou E eÐnai kanonikìc nìmoc epÐ tou R. 'Enac tètoioc
nìmoc dèqetai rop  t�xhc 1 kai rop  t�xhc 2 (bl. 1.3.1).

Upojètoume ìti o P eÐnai kentrikìc nìmoc kai upologÐzoume th qarakthristik  tou sun�r-
thsh:

∀t ∈ E∗, φP (t) = φPt(1) = exp
{
−1

2

∫
R
x2 Pt(dx)

}
= exp

{
−1

2
EP (t2)

}
= exp

{
−1

2
v(t, t)

}
ìpou v shmei¸nei th diaspor� tou P (bl. 1.4.1).

An v eÐnai jetik� orismènh, sÔmfwna me thn Prìtash 2.1.4, o nìmoc P eÐnai aktinikìc me
par�metro diakÔmanshc v. Shmei¸noume autìn to nìmo me NE(0E, v).
Puknìthta tou NE(0E, v) anaforik� me to λv'Estw v jetik� orismèno kai E = (e1, ..., en) mia v−1-orjokanonik  b�sh tou E kai ξ o
fusikìc isomorfismìc tou Rn epÐ tou E(dhlad  o isomorfismìc pou sundèetai me th b�sh E).
Tìte ex�orismoÔ,

ξ−1
(
NE(0E, v)

)
= Nn(0, B)

ìpou B to kanonikì bajmwtì ginìmeno epÐ tou Rn to opoÐo shmei¸noume kai me 1 epeid  o
sundedemènoc me autì isomorfismìc eÐnai h tautotik  epÐ tou Rn (1Rn).

Loipìn, Nn(0, B) = Nn(0, 1) =
(
N1(0, 1)

)n kai

∀y ∈ Rn,
dNn(0, 1)

dλn
(y) = (2π)−

n
2 exp

{
−1

2
B(y, y)

}
Sunep¸c, gia k�je x ∈ E,

dNE(0E, v)

dλv

(x) =
dξ−1

(
NE(0E, v)

)
dξ−1(λv)

(
ξ−1(x)

)
=
dNn(0, 1)

dλn

(
ξ−1(x)

)
= (2π)−

n
2 exp

{
−1

2
B(ξ−1(x), ξ−1(x))

}
= (2π)−

n
2 exp

{
−1

2
v−1(x, x)

}
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Ap�opou
dNE(m, v)

dλv

(x) = (2π)−
n
2 exp

{
−1

2
‖x‖2

}
Sthn perÐptwsh pou o P den eÐnai kentrikìc, an m shmei¸nei to mèso, tìte o nìmoc P eÐnai

ènac nìmoc me elleiptik  summetrÐa kai shmei¸netai me NE(m, v):
NE(m, v) = τm

(
NE(0E, v)

)
ìpou τm h metafor� tou mèsou m.
III. O n-di�statoc nìmoc tou Cauchy

'Estw v èna bajmwtì ginìmeno epÐ tou E∗.
Mia pijanìthta P epÐ tou E eÐnai ènac nìmoc tou Cauchy me par�metro v an, gia k�je

grammik  morfh t epÐ tou E, o nìmoc eikìna Pt eÐnai ènac nìmoc tou Cauchy epÐ tou R me
par�metro klÐmakac thn √

v(t, t).
UpologÐzoume th qarakthristik  sun�rthsh enìc tètoiou nìmou.
Gia k�je t ∈ E∗,

φP (t) = φPt(1) = exp
{
−

√
v(t, t)

}
Epomènwc o P eÐnai ènac aktinikìc nìmoc pou dèqetai th v wc par�metro diakÔmanshc.

'Enac tètoioc nìmoc qarakthrÐzetai kentrikìc kai shmei¸netai me C(0E, v).
Upologismìc thc puknìthtac tou C(0E, v) anaforik� me to λv'Estw (e1, ..., en) mia v−1-orjokanonik  b�sh tou E kai ξ o isomorfismìc tou Rn epÐ tou E
o opoÐoc sundèetai me aut  th b�sh. Ex�orismoÔ èqoume:

ξ−1
(
C(0E, v)

)
= Cn(0, B)

ìpou to B eÐnai to kanonikì bajmwtì ginìmeno epÐ tou Rn to opoÐo shmei¸netai kai me 1 (bl.
Par�grafo II.) kai o Cn(0, B), nìmoc tou Cauchy epÐ tou Rn, dèqetai puknìthta thn

dCn(0, 1)

dλn

(y) =
Kn(

1 +B(y, y)
)n+1

2

, ∀y ∈ Rn

me Kn = π−
(n+1)

2 Γ
(

n+1
2

) (bl.[27]).
Sunep¸c, o C(0E, v) dèqetai puknìthta thn:

dC(0E, v)

dλv

(x) =
dξ−1

(
C(0E, v)

)
dξ−1(λv)

(
ξ−1(x)

)
=

dCn(0, 1)

dλn

(
ξ−1(x)

)
=

Kn(
1 +B

(
ξ−1(x), ξ−1(x)

))n+1
2

=
Kn(

1 + v−1(x, x)
)n+1

2
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=
Kn(

1 + ‖x‖2
)n+1

2

Sthn perÐptwsh pou o P den eÐnai kentrikìc, an m shmei¸nei thn par�metro jèshc, tìte o
P eÐnai ènac nìmoc me elleiptik  summetrÐa kai shmei¸netai me C(m, v):

C(m, v) = τm

(
C(0E, v)

)
ìpou τm h metafor� thc paramètrou m.
IV . O omoiìrfoc nìmoc epÐ miac n-di�stathc sfaÐrac

'Estw v bajmwtì ginìmeno epÐ tou E∗.
Prìtash 2.2.1

Up�rqei epÐ thc Sv monadikìc aktinikìc nìmoc tou E me par�metro diakÔmanshc v, pou
onom�zetai omoiìmorfoc nìmoc epÐ thc Sv kai shmei¸netai me Uv.
Apìdeixh

Prosarmìzoume ed¸ thn apìdeixh pou dÐdetai apì ton J.L.Philoche [36] sthn perÐptwsh
pou E = Rn.

i)'Uparxh
'Estw λv to mètro tou Lebesgue epÐ tou E anaforik� me to v.
'Estw N : Bv − {0E} → Sv orismènh wc:

∀x ∈ Bv − {0E}, N(x) =
1

‖x‖
x

'Estw Uv to mètro pijanìthtac epÐ tou E orismèno apì thn:
∀A ∈ B(E), Uv(A) =

1

λv(Bv)
λv

(
N−1(A ∩ Sv)

)
dhlad  to Uv eÐnai h kanonikopoÐhsh tou mètrou eikìna mèsw thc N tou Ðqnouc tou λv epÐ thc
Bv.Ja deÐxoume ìti to Uv eÐnai aktinikì me par�metro diakÔmanshc v. 'Estw g ènac v−1-
orjog¸nioc metasqhmatismìc tou E. EÐnai fanerì ìti N ◦ g = g ◦N . Gia k�je A ∈ B(E),

Uv

(
g−1(A)

)
=

1

λv(Bv)
λv

[
N−1

(
g−1(A) ∩ Sv

)]
=

1

λv(Bv)
λv

[
N−1

(
g−1(A) ∩ g−1(Sv)

)]
=

1

λv(Bv)
λv

[
N−1

(
g−1(A ∩ Sv)

)]
=

1

λv(Bv)
λv

[
g−1

(
N−1(A ∩ Sv)

)]
=

1

λv(Bv)
λv

(
N−1(A ∩ Sv)

)
= Uv(A)

lìgw tou analloi¸tou tou λv upì orjog¸niou metasqhmatismoÔ.
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Sunep¸c Uv aktinikì me par�metro diakÔmanshc v.
ii)Monadikìthta
H apìdeixh basÐzetai sth jewrÐa tou mètrou tou Haar.
H om�da Ov twn v−1-orjog¸niwn metasqhmatism¸n epÐ tou E eÐnai mia sumpag c topolo-

gik  om�da. Up�rqei loipìn mia monadik  pijanìthta ν analloÐwth mèsw twn metafor¸n apì
arister� dhlad  twn apeikonÐsewn τg, orismènec, gia g stajerì mèsa sthn Ov, apì thn:

∀h ∈ Ov, τg(h) = g ◦ h

(bl.[34]). To ν onom�zetai mètro tou Haar epÐ tou Ov.'Estw C(Sv) to sÔnolo twn suneq¸n sunart sewn epÐ thc Sv me timèc pragmatikèc. Gia
k�je f ∈ C(Sv), gia k�je g ∈ Ov kai k�je x ∈ Sv, orÐzoume tic fx(g) kai fg(x) apì th sqèsh:

fx(g) = fg(x) = f
(
g−1(x)

)
Epeid  h Ov energeÐ metabatik� epÐ thc Sv, dhlad 

∀x, y ∈ Sv, ∃g ∈ Ov : x = g(y),

èqoume:
ν(fx) =

∫
Ov

fx(ω)ν(dω) =

∫
Ov

fg(y)(ω)ν(dω) =

∫
Ov

f

(
ω−1

(
g(y)

))
ν(dω)

=

∫
Ov

f
(
(g−1ω)−1(y)

)
ν(dω) =

∫
Ov

fg−1ω(y)ν(dω)

=

∫
Ov

fy(g
−1ω)ν(dω) =

∫
Ov

fy ◦ τg−1dν

=

∫
Ov

fydντg−1 =

∫
Ov

fydν = ν(fy)

'Ara,
∀x, y ∈ Sv, ν(fx) = ν(fy)

kai epomènwc
∀f ∈ C(Ov) to

∫
Ov

fx(g)ν(dg) den exart�tai apì to x(∈ Sv)

MporoÔme loipìn na orÐsoume epÐ thc Sv èna nìmo pijanìthtac Q apì th sqèsh:
∀f ∈ C(Sv),

∫
Sv

fdQ =

∫
Ov

fxdν

'Estw P ènac nìmoc v-aktinikìc epÐ thc Sv kai f ∈ C(Sv). Tìte,∫
Sv

f(x)P (dx) =

∫
Ov

(∫
Sv

f(x)P (dx)

)
ν(dg) =

∫
Ov

(∫
Sv

fg(x)P (dx)

)
ν(dg)

=

∫
Sv

(∫
Ov

fx(g)ν(dg)

)
P (dx) =

∫
Ov

fx(g)ν(dg)

=

∫
Sv

fdQ
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ìpou qrhsimopoi jhke kat� seir� ìti ν(Ov) = 1, je¸rhma thc metafor�c, P eÐnai v −
aktinikìc kai tèloc to ìti to ∫

Ov
fx(g)ν(dg) eÐnai anex�rthto tou x.

Sunep¸c P = Q, to opoÐo apodeiknÔei th monadikìthta.
Orismìc 2.2.2

'Estw r ∈ R+. Onom�zoume omoiìmorfo nìmo epÐ thc Sv,r, to nìmo eikìna, mèsw thc
omojesÐac lìgou r tou omoiìmorfou nìmou epÐ thc Sv. Shmei¸noume autìn to nìmo me Uv,r.

2.3 STOIQEIWDEIS IDIOTHTES TWN AKTINIKWN NOMWN
Idiìthta 2.3.1

K�je mÐgma (melange) aktinik¸n nìmwn epÐ tou E eÐnai ènac aktinikìc nìmoc epÐ tou E.
Apìdeixh

'Estw P ènac nìmoc pijanìthtac epÐ tou E kai τ mia met�bash pijanìthtac apì ton E proc
ton E tètoia ¸ste, ∀x ∈ E, τx

(
= τ(x, .)

) na eÐnai ènac nìmoc v-aktinikìc epÐ tou E.
Onom�zoume mÐgma aktinik¸n nìmwn, thn pijanìthta P̃ (eÐkona thc P mèsw thc τ) h opoÐa

orÐzetai wc ex c:
∀B ∈ B(E), P̃ (B) =

∫
E

τx(B)P (dx)

O P̃ eÐnai tìte v-aktinikìc. Pr�gmati, gia k�je φ, v−1-orjog¸nio metasqhmatismì epÐ tou
E, èqoume:

(P̃ )φ(B) = P̃
(
φ−1(B)

)
=

∫
E

τx
(
φ−1(B)

)
P (dx)

=

∫
E

(τx)φ(B)P (dx)

=

∫
E

τx(B)P (dx) = P̃ (B)

Idiìthta 2.3.2
'Estw P ènac aktinikìc nìmoc epÐ tou E. An o P dèqetai �tomo sto a ∈ E, tìte a = 0E.

Apìdeixh
'Estw a 6= 0E. JewroÔme th sfaÐra S(0E, ‖a‖) kèntrou 0E kai aktÐnac ‖a‖.
Epeid  ∀x ∈ S(0E, ‖a‖), ‖x‖ = ‖a‖, up�rqei ènac v−1-orjog¸nioc metasqhmatismìc g tou

E, tètoioc ¸ste g(a) = x. 'Ara, an P eÐnai v-aktinikìc,tìte
∀x ∈ S(0E, ‖a‖), P ({x}) = Pg({x}) = P

(
g−1({x})

)
= P ({a}) > 0

epeid  to a eÐnai �tomo. Sunep¸c P(
S(0E, ‖a‖)

)
= +∞, �topo.

Prìtash 2.3.3
'Estw P aktinikìc nìmoc epÐ tou E. An P eÐnai pijanìthta t�xhc 2, tìte o P dèqetai th

deÔterh t�xhc rop  tou wc par�metro diakÔmanshc.
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Apìdeixh
'Estw v mia par�metroc diakÔmanshc tou P . AfoÔ P aktinikìc apì thn Prìtash 2.1.4,

∃ψ : R+ → C tètoia ¸ste:
∀t ∈ E, φP (t) = ψP (‖t‖2) = (ψP ◦ g)(t) ìpou g(t) = ‖t‖2 = v−1(t, t)

H sun�rthsh g eÐnai diaforÐsimh ston E kai epalhjeÔei ∀(t, z) ∈ E × E,
g′(t) · z = 2v−1(t, z) kai g′′(t) = g′

Sunep¸c, ∀(x, y) ∈ E × E,
g′(0E) = 0 kai g′′(0E)(x, y) = 2v−1(x, y)

'Estw m2 h rop  t�xhc 2 tou P . SÔmfwna me thn Prìtash 1.4.6, h φP eÐnai thc kl�shc C2

sto E kai epalhjeÔei
φ′′P (0E) = −m−1

2

'Eqoume ∀t ∈ E ìti h φ′′P (t) epalhjeÔei:
∀(x, y) ∈ E × E, φ′′P (t) · (x, y) = ψ′P

(
g(t)

)
·
(
g′′(t) · (x, y)

)
+ ψ′′P

(
g(t)

)
·
(
g′(t) · x, g′(t) · y

)
Epomènwc gia t = 0E,

φ′′P (0E) · (x, y) = ψ′P

(
g(0E)

)
·
(
g′′(0E) · (x, y)

)
+ ψ′′P

(
g(0E)

)
·
(
g′(0E) · x, g′(0E) · y

)
= 2ψ′P (0)v−1(x, y) + ψ′′P (0) · (0E, 0E) = 2ψ′P (0)v−1(x, y)

'Ara,
∀(x, y) ∈ E × E, m−1

2 (x, y) = −2ψ′P (0)v−1(x, y)

SumperaÐnoume loipìn ìti h rop  t�xhc 2 eÐnai an�logh thc paramètrou diakÔmanshc, opìte
eÐnai epÐshc mia par�metroc diakÔmanshc(sÔmfwna me thn Prìtash 2.1.5).
Prìtash 2.3.4 Eikìna aktinikoÔ nìmou mèsw grammik c apeikìnishc

'Estw P aktinikìc nìmoc epÐ tou E me par�metro diakÔmanshc v.
'Estw f mia {epÐ} grammik  apeikìnish apì ton E ston F .
Tìte o nìmoc eikìna Pf tou P mèsw thc f eÐnai aktinikìc epÐ tou F kai dèqetai par�metro

diakÔmanshc thn v( tf(.),t f(.)
).

Apìdeixh
1. 'Estw H dianusmatikìc upìqwroc tou E kai p h v−1-orjog¸nia probol  tou E epÐ tou

H. Ja apodeÐxoume ìti o Pπ eÐnai aktinikìc me par�metro diakÔmanshc v(H) = v( tπ,t π ),
dhlad  sÔmfwna me thn eisagwg  thc Paragr�fou 2, ìti o Pπ eÐnai analloÐwtoc upì k�je
(v(H))

−1 = (v−1)H-orjog¸nio metasqhmatismì.
'Estw g ènac (v−1)H-orjog¸nioc metasqhmatismìc epÐ tou H. O metasqhmatismìc d epÐ

tou E pou orÐzetai apì thn
∀x ∈ E, δ(x) = γ

(
π(x)

)
+ x− π(x)
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eÐnai v−1-orjog¸nioc kai dèqetai gia antÐstrofo ton δ−1 orismèno apì thn
∀y ∈ E, δ−1(y) = γ

(
π(y)

)
+ y − π(y)

Epeid  γ ◦ π = π ◦ δ, gia k�je B ∈ B(E), èqoume:
(Pπ)γ(B) = Pπ

(
γ−1(B)

)
= P

(
(γ ◦ π)−1(B)

)
= P

(
(π ◦ δ)−1(B)

)
= P

(
(δ−1 ◦ π−1)(B)

)
= Pδ

(
π−1(B)

)
= P

(
π−1(B)

)
= Pπ(B)

ap�opou prokÔptei to zhtoÔmeno.
2. Shmei¸noume me H to dianusmatikì upìqwro (Kerf)⊥v−1(v−1-orjog¸nioc tou Kerf)

kai p thn v−1-orjog¸nia probol  epÐ tou H. Tìte f = g ◦ π ìpou g eÐnai ènac isomorfismìc
tou H epÐ tou F (g = f |H).Tìte, h eikìna mèsw thc g, tou aktinikoÔ nìmou Pπ me diakÔmansh v(H), eÐnai aktinikìc me
par�metro diakÔmanshc v(H)

(
tg(.),t g(.)

)
= v(F ), afoÔ

∀t ∈ F, φg(Pπ)(t) =

∫
F

ei(v(F ))
−1(t,y)g(Pπ)(dt) =

∫
H

ei(v(F ))
−1( t, g(x) )Pπ(dx)

=

∫
H

ei(v(H))
−1( g−1(t), x )Pπ(dx) = φPπ( g−1(t) )

= ψPπ

(
‖g−1(t)‖2

(v(H))
−1

)
ìpou

‖g−1(t)‖2
(v(H))

−1 = (v(H))
−1

(
g−1(t), g−1(t)

)
= (v(F ))

−1(t, t) = ‖t‖2
(v(F ))

−1

Epeid  Pf = g(Pπ), o Pf eÐnai aktinikìc me par�metro diakÔmanshc thn:
v(H)

(
tg(.), tg(.)

)
= v

(
tπ( tg ), tπ( tg)

)
= v

(
t(g ◦ π), t(g ◦ π)

)
= v( tf, tf )

2.4 QARAKTHRISTIKES IDIOTHTES TWN AKTINIKWN NOMWN
AnaptÔssoume ed¸ dÔo tÔpouc qarakthrismoÔ twn aktinik¸n nìmwn. Apì th mia meri�

(bl. Prìtash 2.4.1 kai Pìrisma 2.4.3) k�je aktinikìc nìmoc parousi�zetai klassik� san èna
mÐgma omoiìmorfwn nìmwn epÐ sfair¸n. Se aut n thn perÐptwsh, h aktÐna kai to kanonikì
di�nusma eÐnai anex�rthta. Apì thn �llh meri� (bl. Prìtash 2.4.5), sÔmfwna me ton Eaton,
qarakthrÐzoume ènan aktinikì nìmo mèsw tou desmeÔmenou nìmou k�je grammik c morf c a-
naforik� me k�je �llh orjog¸nia grammik  morf .
Prìtash 2.4.1

'Estw P ènac nìmoc pijanìthtac epÐ tou E kai v èna bajmwtì ginìmeno epÐ tou E∗.
Oi duo akìloujec prot�seic eÐnai isodÔnamec:
i) P eÐnai aktinikìc me par�metro diakÔmanshc v.
ii) P eÐnai èna mÐgma omoiìmorfwn nìmwn epÐ twn sfair¸n tou E kèntrou 0E.
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Se aut n thn perÐptwsh, mia kanonik  apìdosh tou desmeumènou nìmou tou P anaforik�
me to ìti ‖.‖ = r eÐnai o Uv,r.
Apìdeixh

i) ⇒ ii)
Up�rqei apeikìnish ψP apì ton R+ sto C tètoia ¸ste

φP (t) = ψP (‖t‖2)

'Estw t stajerì sto E. Gia k�je u tou E me ‖u‖ = 1, èqoume:
φP (t) = ψP (‖t‖2) = ψP (‖t‖2 · ‖u‖2) = φP (‖t‖u)

Loipìn, oloklhr¸nontac thn parap�nw sqèsh wc proc to Uv, èqoume:
φP (t) =

∫
Sv

φP (‖t‖u)Uv(du) =

∫
Sv

(∫
E

ei<y,‖t‖u>P (dy)
)
Uv(du)

=

∫
E

(∫
Sv

ei<y,‖t‖u>Uv(du)
)
P (dy) =

∫
E

φUv(‖t‖y)P (dy)

=

∫
E

ψUv(‖t‖2‖y‖2)P (dy) =

∫
R+

ψUv(‖t‖2r2)P‖ ‖(dr)

=

∫
R+

φUv(rt)P‖ ‖(dr) =

∫
R+

φUv,r(t)P‖ ‖(dr)

Ap�opou prokÔptei ìti gia k�je B ∈ B(E),
P (B) =

∫
R+

Uv,r(B)P‖ ‖(dr)

to opoÐo oloklhr¸nei autì to mèroc thc apìdeixhc.
ii) ⇒ i)
Profanèc apì thn Prìtash 2.2.1 kai thn idiìthta 2.3.1 .

Parat rhsh 2.4.2
Apì thn parap�nw prìtash sumperaÐnoume ìti ènac nìmoc pijanìthtac epÐ tou R+ qara-

kthrÐzei ènan aktinikì nìmo epÐ tou E ìtan autìc jewrhjeÐ san nìmoc thc aktÐnac tou.
Pìrisma 2.4.3

'Estw P ènac nìmoc pijanìthtac epÐ tou E qwrÐc �tomo sto 0E kai v èna bajmwtì ginìmeno
epÐ tou E∗. 'Estw N h apeikìnish apì to E − {0E} ston E orismènh wc ex c:

∀x ∈ E − 0E, N(x) =
1

‖x‖
x

Oi parak�tw dÔo prot�seic eÐnai isodÔnamec:
i) P eÐnai aktinikìc me par�metro diakÔmanshc v.
ii) O nìmoc PN eÐnai o omoiìmorfoc nìmoc epÐ thc sfaÐrac Sv kai oi tuqaÐec metablhtèc

N kai ‖ ‖ eÐnai anex�rthtec.
30



Apìdeixh
i) ⇒ ii)
Upojètoume ìti o P eÐnai v-aktinikìc. UpologÐzoume to nìmo tou PN 'Estw g ènac v−1-

orjog¸nioc metasqhmatismìc tou E kai f mia pragmatik  jetik  sun�rthsh B(E)-metr simh.
Loipìn, apì je¸rhma metafor�c kai lìgw v-aktinikìthtac tou P , èqoume:

EPN
(f ◦ g) = EP (f ◦ g ◦N) = EP (f ◦N ◦ g) = EP (f ◦N) = EPN

(f)

Sunep¸c PN eÐnai v-aktinikìc. Epeid  o PN orÐzetai epÐ thc Sv, apì thn Prìtash 2.2.1,
èqoume PN = Uv.UpologÐzoume to desmeumèno nìmo tou N anaforik� me th ‖ ‖ ton opoÐo sumbolÐzoume me
P
‖ ‖
N . SÔmfwna me thn Prìtash 2.4.1, èqoume P‖ ‖-sqedìn gia k�je r ∈ R+,

P
‖ ‖=r
N = (Uv,r)N = Uv = PN

Sunep¸c N kai ‖ ‖ anex�rthtec.
ii) ⇒ i)
Gia k�je x ∈ E − {0E}, èqoume x = ‖x‖N(x). Apì tic upojèseic tou ii) sumperaÐnoume

eÔkola ìti o desmeumènoc nìmoc tou P anaforik� me ‖ ‖ = r eÐnai Uv,r kai sunep¸c ìti o P
eÐnai v-aktinikìc. Pr�gmati

P ‖ ‖=r = P
‖ ‖=r
‖ ‖·N =

(
P
‖ ‖=r
N

)
H(r)

ìpou H(r) shmei¸nei thn omojesÐa lìgou r.
Epeid , ex�upojèsewc oi N, ‖.‖ eÐnai anex�rthtec kai PN = Uv, h prohgoÔmenh sqèsh

katal gei sthn:
P ‖.‖=r =

(
PN

)
H(r)

=
(
Uv

)
H(r)

= Uv,r

'Omwc,
∀B ∈ B(E), P (B) =

∫
R+

P ‖.‖=r(B)P‖.‖(dr)

Epomènwc, sÔmfwna me thn Prìtash 2.4.1, o nìmoc P eÐnai aktinikìc paramètrou diakÔ-
manshc v.
Parat rhsh 2.4.4

Apì to prohgoÔmeno pìrisma sumperaÐnoume ìti ènac v-aktinikìc nìmoc epÐ tou E qara-
kthrÐzetai apì to zeÔgoc (N, ‖ ‖) ìtan oi dÔo metablhtèc eÐnai anex�rthtec kai o nìmoc tou
N eÐnai o Uv,r.
Prìtash 2.4.5

'Estw P mia pijanìthta epÐ tou E kai v èna bajmwtì ginìmeno epÐ tou E∗. Tìte oi parak�tw
prot�seic eÐnai isodÔnamec:

i) O P eÐnai aktinikìc me par�metro diakÔmanshc v.
ii) Gia k�je zeÔgoc (f, g) mh mhdenik¸n, v-orjog¸niwn grammik¸n morf¸n epÐ tou E, o

desmeumènoc nìmoc tou g anaforik� me thn f eÐnai summetrikìc epÐ tou R.
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Apìdeixh
i) ⇒ ii)
'Estw f, g dÔo mh-mhdenikèc grammikèc morfèc epÐ tou E, v-orjog¸niec. Shmei¸noume

Hf = (Kerf)⊥v−1 kai Hg = (Kerg)⊥v−1 .
H grammik  apeikìnish (f, g) apì ton E ston R2 eÐnai epÐ. Pr�gmati, epeid  oi f, g eÐnai epÐ

kai f(Hf ) = Imf, g(Hg) = Img, gia k�je (a, b) ∈ R2, up�rqoun xa ∈ Hf kai xb ∈ Hg tètoia
¸ste:

f(xa) = a kai g(xb) = b

'Omwc v(f, g) = 0 sunep�getai ìti Hg ⊂ Kerf kai Hf ⊂ Kerg, diìti:
∃x, y ∈ E : f = v−1(x, .) , g = v−1(y, .)

Loipìn
v−1(x, y) = v

(
v−1(x, .) , v−1(y, .)

)
= v(f, g) = 0

ap�opou, x ∈ Kerg kai y ∈ Kerf .
Opìte, an z ∈ Hf , v−1(z, z′) = 0 ∀z′ ∈ Kerf . Epomènwc, v−1(z, y) = 0 dhlad  z ∈ Kerg.

'Ara Hf ⊂ Kerg. OmoÐwc Hg ⊂ Kerf .
Qrhsimopoi¸ntac loipìn autì to apotèlesma èqoume:

(f, g)(xa + xb) =
(
f(xa) + f(xb), g(xa) + g(xb)

)
=

(
f(xa) + 0, 0 + g(xb)

)
= (a, b)

Ef�oson h (f, g)(: E → R2) eÐnai grammik  kai epÐ, apì thn Prìtash 2.3.4, o nìmoc P(f,g)eÐnai aktinikìc epÐ tou R2.
Sunep¸c,
∀A ∈ B(R), ∀B ∈ B(R),

∫
B

P f=y
g (−A)Pf (dy) = P(f,g)

(
B × (−A)

)
= P(f,g)(B × A)

epeid  h apeikìnish sto (x, y) (x,−y) eÐnai orjog¸nia anaforik� me k�je bajmwtì ginìmeno
epÐ tou R2.

Loipìn,
∀A ∈ B(R), ∀B ∈ B(R),

∫
B

P f=y
g (−A)Pf (dy) =

∫
B

P f=y
g (A)Pf (dy)

Ap�opou
Pf − σ.b., P f

−g = P f
g

ii) ⇒ i)
H apìdeixh ja basisteÐ sto parak�tw l mma.

L mma 2.4.6
'Estw f kai g dÔo grammikèc morfèc epÐ tou E. An o desmeumènoc nìmoc thc g anaforik�

me thn f eÐnai summetrikìc epÐ tou R, tìte gia k�je (a, b) ∈ R2 èqoume φPaf+bg
= φPaf−bg

.
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Apìdeixh
'Eqoume ∀t ∈ R,

φPaf+bg(t) = EPaf+bg
(eit·) =

∫
R
eitxPaf+bg(dx) =

∫
E

eit( af(y)+bg(y) )P (dy)

= EP

(
eit(af+bg)

)
= EP

(
EP

(
eit(af+bg)| f

))
= EP

(
eitafEP

(
eitbg| f

))
= EP

(
eitafEP (e−itbg| f)

)
= EP

(
EP

(
eit(af−bg)| f

))
= φPaf−bg

(t)

ApodeiknÔoume t¸ra ìti ii) ⇒ i).
'Estw g ènac v−1-orjog¸nioc metasqhmatismìc epÐ tou E. OrÐzoume gia k�je t ∈ E,

f = v−1

(
1

2

(
t+ γ(t)

)
, ·

)
kai g = v−1

(
1

2

(
t− γ(t)

)
, ·

)
ParathroÔme ìti v(f, g) = 0, afoÔ

v(f, g) = v

(
v−1

(1

2
(t+ g(t)), ·

)
, v−1

(1

2
(t− g(t)), ·

))
= v−1

(
1

2

(
t+ g(t)

)
,

1

2

(
t− g(t)

) )
=

1

4
‖t‖2 − 1

4
‖γ(t)‖2 = 0

Akìmh, eÐnai profanèc ìti f + g = v−1(t, ·) kai f − g = v−1
(
γ(t), ·

)
'Ara, apì to L mma 2.4.6, èqoume φPf+g

= φPf−g
kai idiaitèrwc φPf+g

(1) = φPf−g
(1) ìpou

φPf+g
(1) = φPf−g

(1) ⇔
∫

R
eixPf+g(dx) =

∫
R
eixPf−g(dx)

⇔
∫

E

eiv−1(t,x)P (dx) =

∫
E

eiv−1( γ(t),x )P (dx)

⇔ φP (t) = φP (γ(t))

⇔ φP (t) = φPγ−1 (t)

Loipìn, apì thn Prìtash 1.2.4, èqoume P = Pγ−1 . 'Ara o P eÐnai aktinikìc me par�metro
diakÔmanshc v.
Prìtash 2.4.7 PerÐptwsh nìmwn me puknìthta

'Estw v èna bajmwtì ginìmeno epÐ tou E∗, P nìmoc pijanìthtac epÐ tou E apìluta suneq c
wc proc to mètro tou Lebesgue λv epÐ tou E. Tìte oi parak�tw dÔo prot�seic eÐnai isodÔnamec:

i) P aktinikìc me par�metro diakÔmanshc v
ii) P dèqetai mia puknìthta fP thc morf c

∀y ∈ E, fP (y) = ξP (‖y‖2)
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ìpou ξP metr simh sun�rthsh apì ton R+ ston R+.
Apìdeixh

'Estw fP mia puknìthta tou P anaforik� me to λv.
i) ⇒ ii)

'Estw g ènac v−1-orjog¸nioc metasqhmatismìc. 'Eqoume: ∀A ∈ B(E),∫
A

fPdλv = P (A) = Pg(A) = P
(
g−1(A)

)
=

∫
g−1(A)

fPdλv

=

∫
g−1(A)

fP ◦ g−1 ◦ gdλv =

∫
A

fP ◦ g−1d(λv)g

=

∫
A

fP ◦ g−1dλv

'Ara, fP ◦ g−1 = fP , λv-sqedìn pantoÔ.
Dhlad , pr�gmati up�rqei ξP : R+ → R+, metr simh (afoÔ fP metr simh kai ‖·‖ suneq c)

tètoia ¸ste:
∀y ∈ E, fP (y) = ξP (‖y‖2)

ii) ⇒ i)
'Estw g ènac metasqhmarismìc v−1-orjog¸nioc. 'Eqoume: ∀A ∈ B(E),

Pg(A) = P
(
g−1(A)

)
=

∫
g−1(A)

fP (x)λv(dx) =

∫
g−1(A)

ξP (‖x‖2)λv(dx)

=

∫
g−1(A)

ξP

(
‖g(x)‖2

)
λv(dx) =

∫
g−1(A)

(fP ◦ g)(x)λv(dx)

=

∫
A

fP (y)(λv)g(dy) =

∫
A

fP (y)λv(dy) = P (A)

'Ara P aktinikìc nìmoc epÐ tou E.
H prìtash pou akoloujeÐ kai to jemeli¸dec je¸rhma 2.4.9 apoteloÔn mia idiaitèrwc qr -

simh idiìthta stouc aktinikoÔc nìmouc.
Prìtash 2.4.8

'Estw v èna bajmwtì ginìmeno epÐ tou E∗. 'Estw H èna uperepÐpedo tou E kai p h v−1-
orjog¸nia probol  tou E epÐ tou H.

Gia k�je r > 0, o nìmoc eikìna mèsw thc p tou omoiìmorfou nìmou Uv,r epÐ thc sfaÐrac
Sv,r eÐnai apìluta suneq c anaforik� me to mètro tou Lebesgue λv(H)

epÐ tou H.
Apìdeixh

JewroÔme mia pijanìthta P epÐ tou E, v-aktinik  kai apìluta suneq c anaforik� me to
mètro Lebesgue λv epÐ tou E. 'Enac tètoioc nìmoc up�rqei p�ntote (arkeÐ na jewr soume ton
kanonikì nìmo NE(0E, v)

).
SÔmfwna me thn Prìtash 2.4.7, P dèqetai mia puknìthta fP thc morf c fP (x) = ξP (‖x‖2)

ìpou ξP eÐnai mia metr simh sun�rthsh apì ton R+ ston R+.
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Gia k�je jetik  metr simh pragmatik  sun�rthsh φ apì ton H ston R+, èqoume apì to
je¸rhma thc metafor�c ìti:∫

H

φ(y)
(
Uv,r

)
π
(dy) =

∫
E

(φ ◦ π)(x)(Uv,r

)
π
(dx) = EP (φ ◦ π| ‖ ‖ = r) (1.7)

ìpou h teleutaÐa isìthta isqÔei lìgw thc Prìtashc 2.4.1.
All� gia k�je metr simh sun�rthsh y apì ton R+ ston R+, èqoume:

EP‖ ‖

[
ψEP

(
(φ ◦ π)| ‖ ‖

)]
=

∫
R+

ψ(r)EP

(
(φ ◦ π)| ‖ ‖

)
(r) P‖ ‖(dr)

=

∫
E

ψ(‖x‖) EP (φ ◦ π| ‖ ‖)(‖x‖) P (dx)

=

∫
E

(ψ ◦ ‖ ‖) EP (φ ◦ π| ‖ ‖) ◦ ‖ ‖ dP

=

∫
E

ψ(‖ ‖) EP

(
φ ◦ π|σ( ‖ ‖)

)
dP

=

∫
E

EP

(
ψ(‖ ‖) (φ ◦ π)|σ( ‖ ‖)

)
dP

=

∫
E

ψ(‖x‖) (φ ◦ π)(x) P (dx)

=

∫
E

ψ(‖x‖) (φ ◦ π)(x) ξP (‖x‖2)λv(dx)

=

∫
H×H⊥

ψ(‖y + z‖) φ(y) ξP (‖y + z‖2)λv(H)
(dy)λv

(H⊥)
(dz) (1.8)

'Estw (e1, . . . , en) mÐa v−1-orjokanonik  b�sh tou E tètoia ¸ste h (e1, . . . , en−1) na
apoteleÐ(v(H))

−1-orjokanonik  b�sh tou H kai h (en) na apoteleÐ (v(H⊥))
−1-orjokanonik 

b�sh tou H⊥.
Epeid  dim(H⊥) = 1 kai ‖y+z‖2 = ‖y‖2+‖z‖2 pou shmaÐnei oti h oloklhrwtèa sun�rthsh

sthn (1.8) eÐnai �rtia wc prìc z, èqoume:∫
H×H⊥

Ψ
(
‖y + z‖

)
φ(y) ξP

(
‖y + z‖2

)
λv(H)

(dy) λv
(H⊥)

(dz)

= 2

∫
H×H⊥

1

Ψ
(
‖y + z‖

)
φ(y) ξP

(
‖y + z‖2

)
λv(H)

(dy) λv
(H⊥)

(dz) (1.9)

ìpou H⊥
1 =

{
z ∈ H⊥ : z = z′en, z

′ > 0
}.

JewroÔme sth sunèqeia thn allag  metablht c:
T : H ×H⊥

1 → H × R∗
+

( y , z )  (y, ‖y + z‖)

An (y1, . . . , yn−1) eÐnai oi suntetagmènec tou y wc prìc thn b�sh (e1, . . . , en−1) kai z′ ekeÐnhtou z wc prìc th b�sh (en),
jètontac :

y = y
r = ‖y + z‖

}
lamb�noume :

{
(y1, . . . , yn−1) = (y1, . . . , yn−1)

z′ =
√
r2 −

∑n−1
i=1 y

2
i
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ìtan
n−1∑
i=1

y2
i < r2 .

H Iakwbian  autoÔ tou metasqhmatismoÔ eÐnai:

J = Det

 ∂y
∂y

∂y
∂r

∂z′

∂y
∂z′

∂r

 = Det
(∂y
∂y

)
Det

(∂z′
∂r

)
=

∂z′

∂r
= r

(
r2 −

n−1∑
i=1

y2
i

)−1|2

'Etsi to olokl rwma sthn (1.9) gÐnetai:

2

∫
K′

Ψ(r) φ(y1, . . . , yn−1) ξP (r2) r
(
r2 −

n−1∑
i=1

y2
i

)−1|2
λn−1(dy1, . . . , dyn−1) λR+(dr)

= 2

∫
K

ψ(r)φ(y)ξP (r2)g(y, r)λv(H)
(dy)λR+(dr)

ìpou K ′ =
{

(y1, . . . , yn−1, r) ∈ Rn−1× R∗
+ :

n∑
i=1

y2
i < r2

}
kai

K =
{

(y, r) ∈ H × R+ : ‖y‖ < r
} kai g(y, r) = r(r2 − ‖y‖2)−

1
2

ParathroÔme ìti to λR+ eÐnai isodÔnamo me to (λv)‖ ‖ kai ìti mÐa puknìthta tou λR+anaforik� me to (λv)‖ ‖ eÐnai h sun�rthsh

K : r  
Γ
(

n
2

+ 1
)

nπ
n
2

r1−n

Pr�gmati, qrhsimopoi¸ntac tic ènnoiec thc Paragr�fou 2.2 I, èqoume:

∀B ∈ B(R+), (λv)‖ ‖(B) =

∫
R+

1B(r) (λv)‖ ‖(dr) =

∫
E

1B(‖x‖) λv(dx)

=

∫
E

1B(‖x‖)ξ (λn)(dx) =

∫
Rn

1B

(
‖ξ(y)‖

)
λn(dy)

=

∫
Rn

1B

(
(

n∑
i=1

y2
i )

1
2

)
λn(dy1, ..., dyn)

Me th qr sh twn sfairik¸n suntetagmènwn, to teleutaÐo olokl rwma katal gei sto kla-
sikì olokl rwma:

=

∫
R+

rn−11B(r)
(∫

Sn−1

dσn−1

)
λR+(dr)

=

∫
B

rn−1 nπ
n
2

Γ
(

n
2

+ 1
)λR+(dr)
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(bl.[33])
Sunep¸c èqoume:
EP‖ ‖

[
ψ EP (φ ◦ π| ‖ ‖)

]
= 2

∫
K

ψ(r)φ(y)ξP (r2)g(y, r)K(r) λv(H)
(dy)(λv)‖ ‖(dr)

= 2

∫
K

ψ(r)φ(y)g(y, r)K(r) λv(H)
(dy)P‖ ‖(dr)

=

∫
R+

ψ(r)
(
2

∫
{y∈H:‖y‖<r}

φ(y)g(y, r)K(r) λv(H)
(dy)

)
P‖ ‖(dr)

Epeid  h parap�nw isìthta isqÔei gia k�je y metr simh sun�rthsh apì ton R+ ston R+,èqoume:
∀r > 0, EP (φ ◦ π|‖ ‖ = r) = 2

∫
H

φ(y)g(y, r)K(r)1{y∈H:‖y‖<r}(y) λv(H)
(dy)

Aut  eÐnai alhj c gia k�je metr simh sun�rthsh φ apì ton H ston R+. Loipìn, lìgw
thc prohgoÔmenhc sqèshc (1.7), sumperaÐnoume ìti gia k�je r > 0, to (Uv,r)π, mètro epÐ thc
Bv(H),r, eÐnai apìluta suneqèc anaforik� me to mètro Lebesgue λv(H)

epÐ tou H kai dèqetai
puknìthta anaforik� me to λv(H)

epÐ thc Bv(H),r, th sun�rthsh
2 K(r) g(·, r) =

Γ(n
2
)

π
n
2

· r2−n

(r2 − ‖ · ‖2)
1
2

Je¸rhma 2.4.9
'Estw v èna bajmwtì ginìmeno epÐ tou E∗ kai P ènac nìmoc aktinikìc epÐ tou E me

par�metro diakÔmanshc v, o opoÐoc de dèqetai �tomo sto 0E.Tìte h v−1-orjog¸nia probol  tou P se k�je gn sio dianusmatikì upoq¸ro H tou E eÐnai
apìluta suneqèc wc proc to mètro tou Lebesgue λv(H)

epÐ tou H.
Apìdeixh

1. Upojètoume arqik� ìti dimH = dimE − 1. An π h v−1- orjog¸nia probol  epÐ tou
H tìte, ∀r > 0, o nìmoc (Uv,r)π eÐnai apìluta suneq c anaforik� me to λv(H)

kai dèqetai
puknìthta hr sÔmfwna me thn parap�nw prìtash.

AfoÔ o P eÐnai v-aktinikìc, apì thn Prìtash 2.4.1 kai to Je¸rhma tou Fubini, èqoume:
gia k�je φ : H → R+ metr simh,

EPπ(φ) = EP (φ ◦ π) =

∫
R?

+

(∫
E

(φ ◦ π)(x) Uv,r(dx)
)
P‖ ‖(dr)

=

∫
R?

+

(∫
H

φ(y) (Uv,r)π(dy)
)
P‖ ‖(dr)

=

∫
H

φ(y)
(∫

R?
+

hr(y)P‖ ‖(dr)
)
λ(H)(dy)

Sunep¸c o Pπ eÐnai apìluta suneqèc anaforik� me to λ(H) kai dèqetai wc puknìthta to
mÐgma twn probol¸n twn omoiìmorfwn nìmwn, dhlad  thn apeikìnish:

y  
∫

R?
+

hr(y)P‖ ‖(dr)
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2. Sth genik  perÐptwsh pou o H eÐnai ènac gn sioc dianusmatikìc upìqwroc tou E me
dimH = n − m, m > 1, efarmìzoume diadoqik� thn Prìtash 2.4.8 ìpwc sthn eidik  pe-
rÐptwsh 1, m forèc, epeid  apì thn Prìtash 2.3.4, h probol  enìc aktinikoÔ nìmou eÐnai
aktinikìc nìmoc.
Prìtash 2.4.10

'Estw v èna bajmwtì ginìmeno epÐ tou E∗. 'Estw H1 ènac gn sioc dianusmatikìc upìqwroctou E diast�sewc k kai π1 h v−1-orjog¸nia probol  epÐ tou H1.Gia k�je r > 0, o nìmoc eikìna tou omoiìmorfou nìmou Uv,r epÐ thc sfaÐrac Sv,r upì thn π1eÐnai apolÔtwc suneq c wc proc to mètro tou Lebesgue λv(H1)
epÐ tou H1 kai dèqetai puknìthtathn f

f : x Cn,k
r (r2 − ‖x‖2)

n−k
2
−1 1Bv,r(x)

ìpou Bv,r = { x ∈ H1 : ‖x‖ < r } kai Cn,k
r =

Γ(n
2
)r2−n

Γ(n−k
2

)π
k
2

h stajer� kanonikopoÐhshc.

Apìdeixh
'Estw l = codim(H1) dhlad  l = n− k.
Ja apodeÐxoume thn prìtash me epagwg  wc proc l.
Gia l = 1, h prìtash eÐnai alhj c lìgw thc Prìtashc 2.4.8.
Deqìmaste thn isqÔ thc prìtashc gia l kai ja thn apodeÐxoume gia l+1 (dhlad  deqìmaste

thn isqÔ thc gia k kai ja thn apodeÐxoume gia k − 1).
'Estw H2 dianusmatikìc upìqwroc tou H1, diast�sewc k − 1 kai φ0 h v−1-orjog¸nia

probol  tou E epÐ touH2. An π2 eÐnai h orjog¸nia probol  touH1 epÐ touH2 tìte φ0 = π2◦π1.Gia k�je loipìn metr simh sun�rthsh φ : H2 → R+, èqoume:∫
H2

φ d(Uv,r)φ0 =

∫
H2

φ d
(
(Uv,r)π1

)
π2

=

∫
H1

φ ◦ π2 d(Uv,r)π1 =

∫
H1

φ
(
π2(x)

)
Cn,k

r (r2 − ‖x‖2)
n−k

2
−1 1Bv,r(x) λv(H1)

(dx)

=

∫
H2×H⊥

2

φ
(
π2(y + z)

)
Cn,k

r (r2 − ‖y + z‖2)
n−k

2
−1 1Bv,r(y + z) λv(H2)

(dy)λv
(H⊥2 )

(dz)

=

∫
{(y,z)∈H2×H⊥

2 : ‖y+z‖<r}
φ(y) Cn,k

r (r2 − ‖y + z‖2)
n−k

2
−1 1Bv,r(y + z) λv(H2)

(dy)λv
(H⊥2 )

(dz)

=

∫
H2

φ(y)
(∫

{ z∈H⊥
2 : ‖z‖2≤ r2−‖y‖2 }

Cn,k
r (r2 − ‖y + z‖2)

n−k
2
−1 λv

(H⊥2 )
(dz)

)
λv(H2)

(dy)

ìpou dimH⊥
2 = 1 afoÔ H⊥

2 o sumplhrwmatikìc upìqwroc tou H2 wc proc ton H1 arqikì
q¸ro.

Apì autì prokÔptei akìmh ìti o nìmoc eikìna (Uv,r)φ0 eÐnai apolÔtwc suneq c wc proc to
mètro tou Lebesgue λv(H2)

kai dèqetai puknìthta thn g

g : y  
∫
{ z∈H⊥

2 : ‖z‖2≤ r2−‖y‖2 }
Cn,k

r (r2 − ‖y + z‖2)
n−k

2
−1 λv

(H⊥2 )
(dz)
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'Omwc, ìtan ‖y‖ < r,∫
{ z∈H⊥

2 : ‖z‖2≤ r2−‖y‖2 }
(r2 − ‖y + z‖2)

n−k
2
−1 λv

(H⊥2 )
(dz) = 2

∫ √
r2−‖y‖2

0

(r2 − ‖y‖2 − z2)
n−k

2
−1dz

= 2(r2 − ‖y‖2)
n−k

2
−1

∫ √
r2−‖y‖2

0

(
1− z2

r2 − ‖y‖2

)n−k
2
−1

dz

= 2(r2 − ‖y‖2)
n−k−1

2

∫ 1

0

(1− u2)
n−k

2
−1du

= 2(r2 − ‖y‖2)
n−k−1

2

∫ π
2

0

(cos t)n−k−1dt

qrhsimopoi¸ntac gia to teleutaÐo olokl rwma to metasqhmatismì u = sin t.
Upologismìc tou ∫ π

2

0
(cos t)n−k−1dt

EÐnai profanèc ìti:
∀m ∈ N,

∫
(cos t)mdt =

(cos t)m−1 sin t

m
+

m− 1

m

∫
(cos t)m−2dt

Jètontac loipìn, n− k − 1 = 2p+ q, lamb�noume∫ π
2

0

(cos t)2p+qdt =
2p+ q − 1

2p+ q

∫ π
2

0

(cos t)2p+q−2dt

=
2p+ q − 1

2p+ q

2p+ q − 3

2p+ q − 2

∫ π
2

0

(cos t)2p+q−4dt

= ...

=
(2p+ q − 1)(2p+ q − 3)...(2p+ q − (2p− 1))

(2p+ q)(2p+ q − 2)...(2p+ q − (2p− 2))

∫ π
2

0

(cos t)qdt

An q=0,∫ π
2

0

(cos t)2p+qdt =
(2p− 1)(2p− 3)...3 · 1

2p (2p− 2)...4 · 2
π

2
=

(2p− 1)(2p− 3)...3 · 1
2pp(p− 1)...2 · 1

π

2
=

√
π

2

Γ(p+ 1
2
)

Γ(p+ 1)

lamb�nontac upìyin ìti:
Γ(p+

1

2
) =

(2p− 1)(2p− 3)...3 · 1
2p

√
π

An q = 1, prokÔptei omoÐwc ìti:∫ π
2

0

(cos t)2p+qdt =
2p(2p− 2)...2

(2p+ 1)(2p− 1)...3
=

Γ(p+ 1)

Γ(p+ 1
2
)(p+ 1

2
)

√
π

2
=

Γ(p+ 1)

Γ(p+ 3
2
)

√
π

2

Antikajist¸ntac stic parap�nw ekfr�seic p = n−k−1
2

ìtan q = 0 kai p = n−k−2
2

ìtan q = 1,
lamb�noume ∫ π

2

0

(cos t)n−k−1dt =
Γ(n−k

2
)

Γ(n−k+1
2

)

√
π

2
=

Γ(n−(k−1)
2

− 1
2
)

Γ(n−(k−1)
2

)

√
π

2
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Apì ton parap�nw upologismì prokÔptei ìti,

g(y) = 2(r2 − ‖y‖2)
n−k−1

2 Cn,k
r

Γ(n−k
2

)

Γ(n−k+1
2

)

√
π

2
1Bv,r(y)

=
Γ(n

2
)r2−n

Γ(n−(k−1)
2

)π(k−1)|2
(r2 − ‖y‖2)

n−(k−1)
2

−1 1Bv,r(y)

Parat rhsh 2.4.11
An ϑ(∈ H1) stajerì kai τϑ(x) = x+ϑ h metafor� tou dianÔsmatoc ϑ, tìte o nìmoc eikìna

Uv,r,ϑ = (Uv,r)τϑ

eÐnai o omoiìmorfoc epÐ thc sfaÐrac Sv,r,ϑ kèntrou ϑ kai aktÐnac r. S�aut n thn perÐptwsh
(Uv,r,ϑ)π1 << λv(H1)

kai
d(Uv,r,ϑ)π1

dλv(H1)

(x) = Cn,k
r (r2 − ‖x− ϑ‖2)

n−k
2
−1 1Bv,r,ϑ

(x)

ìpou Bv,r,ϑ = { x ∈ H1 : ‖x− ϑ‖ ≤ r }.
Pr�gmati, gia k�je B ∈ B(H1)(= B(E) ∩H1),

(Uv,r,ϑ)π1(B) =
(
(Uv,r)τϑ

)
π1

(B) =
(
(Uv,r)π1

)
τϑ

(B)

=

∫
τ−1
ϑ (B)

f dλv(H1)
=

∫
B

f ◦ τ−1
ϑ d

(
λv(H1)

)
τϑ

=

∫
B

f ◦ τ−ϑ dλv(H1)

epeid , epÐ tou E, π1 ◦ τϑ = τϑ ◦ π1 kai to mètro tou Lebesgue paramènei analloÐwto upì
metafor�.

2.5 PERIPTWSH KANONIKOTHTAS
Prìtash 2.5.1

'Estw v èna bajmwtì ginìmeno epÐ tou E∗. 'Estw epÐshc P aktinikìc nìmoc epÐ tou E me
par�metro diakÔmanshc v.

An h v−1-orjog¸nia probol  p tou R epÐ enìc dianusmatikoÔ upìqwrou H tou E (dimH 6= 0)
eÐnai ènac kanonikìc nìmoc, tìte o R eÐnai ènac kanonikìc nìmoc, NE(0E, σ

2v).
Apìdeixh

'Estw f ∈ H∗, me ‖f‖ = 1. Tìte f ◦ π ∈ E∗ kai ‖f ◦ π‖ = 1, afoÔ
‖f ◦ π‖ = v(f ◦ π, f ◦ π) = v( tπ(f), tπ(f) ) = vH(f, f) = ‖f‖

SÔmfwna me thn Prìtash 2.1.4,
∀t ∈ E, ϕP (t) = ψ(‖t‖2)
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ìpou h sun�rthsh a ψ(a2) eÐnai h qarakthristik  sun�rthsh tou Pf◦π = (Pπ)f . MporoÔme
loipìn na gr�youme:

∀t ∈ E, ϕP (t) = ϕPf◦π
(‖t‖)

Ex�upojèsewc o Pπ eÐnai kanonikìc. Loipìn o Pf◦π eÐnai kanonikìc kai h ϕP èqei th sunarth-
siak  morf  thc qarakthristik c sun�rthshc tou nìmou NE(0E, σ

2v).
Prìtash 2.5.2

'Estw v èna bajmwtì ginìmeno epÐ tou E∗ kai P ènac v-aktinikìc nìmoc epÐ tou E. 'Estw
(e1, ..., en) mia v−1-orjokanonik  b�sh tou E. An oi perijwriakoÐ nìmoi Pi tou P epÐ twn dia-
nusmatik¸n q¸rwn Ei pou par�gontai apì ta ei, 1 ≤ i ≤ n, eÐnai anex�rthtoi, tìte o nìmoc P
eÐnai kanonikìc N (0E, σ

2v).
Apìdeixh

Gia k�je t ∈ E, èstw (ti)1≤i≤n to di�nusma {suntetagmènwn} tou t wc proc th b�sh
(e1, ..., en).

Tìte, apì thn anexarthsÐa twn Pi kai thn apìdeixh thc Prìtashc 2.1.4,

φP (t) =
n∏

i=1

φPi
(tiei) =

n∏
i=1

ψP (t2i )

EpÐshc, epeid  o P eÐnai v-aktinikìc,

φP (t) = ψP (‖t‖2) = ψP (
n∑

i=1

t2i )

Sunep¸c h suneq c sun�rthsh ψP ikanopoieÐ thn isìthta,
ψP (a+ b) = ψP (a)ψP (b)

Epomènwc h ψP eÐnai mia ekjetik  sun�rthsh: ψP (s) = eas.
Epiplèon, epeid  h ψP eÐnai fragmènh epÐ tou R+, èqoume a ≤ 0. 'Ara,

φP (t) =
n∏

i=1

eat2i = ea
∑n

i=1 t2i = eav−1(t,t)

autì to opoÐo deÐqnei to zhtoÔmeno apotèlesma.

'Enac �lloc endiafèron nìmoc pijanìthtac, sundedemènoc me ton N ormlale nìmo sthn sta-
tistik  sumperasmatologÐa eÐnai o nìmoc tou Fisher   (F -katanom ) o opoÐoc sto plaÐsio
twn sfairik� summetrik¸n nìmwn emfanÐzetai (bl.[36] ) wc ex c:
Prìtash 2.5.3

'Estw v èna bajmwtì ginìmeno epÐ tou E∗, P ènac nìmoc pijanìthtac epÐ tou E qwrÐc �tomo
sto 0E kai N h apeikìnish apì ton E − {0E} mèsa ston E, orismènh:

∀x ∈ E − {0E}, N(x) =
x

‖x‖
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'Estw H kai H⊥ v−1 sumplhrwmatikoÐ upìqwroi tou E diast�sewn k kai n− k antÐstoiqa.
'Estw akìmh π1 kai π2(= idE − π1) oi v−1-orjog¸niec probolèc epÐ twn H kai H⊥ antÐstoiqa.

Tìte an Uv o omoiìmorfoc nìmoc epÐ thc sfaÐrac Sv tou E, o nìmoc eikìna tou Uv upo thn
statistik 

φ(x) =
‖π1(x)‖2/k

‖π2(x)‖/(n− k)

eÐnai o kentrikìc nìmoc tou Fiher, Fk,n−k, me k kai n− k bajmoÔc eleujerÐac.
Apìdeixh

Arqik� parathroÔme ìti, gia k�je x ∈ E,

(φ ◦N)(x) =
‖π1

(
N(x)

)
‖2/k

‖π2

(
N(x)

)
‖2/(n− k)

=
‖π1(x)‖2/k

‖π2(x)‖2/(n− k)
= φ(x)

Loipìn
(PN)φ = (P )φ◦N = (P )φ

Epeid  sÔmfwna me to Pìrisma 2.4.3, PN = Uv ann o P eÐnai aktinikìc, qwric periorismì
thc genikìthtac mporoÔme na deqjoÔme ìti,

P = N (0E, v)

Jewr¸ntac t¸ra mia v−1-orjokanonik  b�sh tou E, (e1, ..., en), tètoia ¸ste (e1, ..., ek) kai
(ek+1, ..., en) na eÐnai b�seic twn H kai H⊥ antistoÐqwc, èqoume:

an x =
∑n

i=1 xiei tìte

π1(x) =
k∑

i=1

xiei kai π2(x) =
n∑

j=k+1

xjej

Epomènwc,
‖π1(x)‖2(= ‖π1(x)‖2

v−1
(H)

) =
k∑

i=1

x2
i

‖π2(x)‖2(= ‖π2(x)‖2
v−1

(H⊥)

) =
n∑

j=k+1

x2
j

kai
‖π1(x)‖2/k

‖π2(x)‖2/(n− k)
=

(
∑k

i=1 x
2
i )/k

(
∑n

j=k+1 x
2
j)/(n− k)

Epeid  x ∼ N (0E, v), oi xi, i = 1, ..., n eÐnai anex�rthtec kai xi ∼ N (0, 1), gia k�je
i ∈ {1, ..., n}. ToÔto sunep�getai ìti oi statistikèc sunart seic ∑k

i=1 x
2
i kai ∑n

j=k+1 x
2
j eÐnai

anex�rthtec me nìmouc X 2
k kai X 2

n−k antÐstoiqa. Loipìn, apì ton klasikì orismì tou nìmou
F èqoume to zhtoÔmeno.
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Parat rhsh 2.5.4
i) Apì thn parap�nw prìtash prokÔptei ìti sto plaÐsio twn sfairik¸n nìmwn, h kentrik 

F -katanom  orÐzetai wc o nìmoc eikìna mèsw thc statistik c φ, tou omoiìmorfou nìmou Uv(ton opoÐo analutikìtera shmei¸noume me Uv,1,0)
ii) An ϑ(∈ H) stajerì, sto plaÐsio twn sfairik� summetrik¸n nìmwn, h mh kentrik  F -

katanom  (paramètrou ‖ϑ‖2) orÐzetai epÐshc wc o nìmoc eikìna tou omoiìmorfou nìmou epÐ
thc sfaÐrac kèntrou ϑ kai aktÐnac 1, Uv,1,ϑ (ton opoÐo shmei¸noume kai me Uv,ϑ) mèsw thc
statistik c φ.

Pr�gmati, epeid  h statistik  φ eÐnai eleÔjerh upì omojesÐa,an hr(x) = rx (r > 0), gia
k�je B ∈ B(R+), èqoume:

(Uv,r,ϑ)φ(B) = Uv,r,ϑ

(
φ−1(B)

)
=

(
(Uv,ϑ)hr

)(
φ−1(B)

)
= (Uv,ϑ)φ◦hr(B)

= (Uv,ϑ)φ(B)

Loipìn
(Uv,ϑ)φ(B) =

∫
R+

(Uv,r,ϑ)φ(B) P‖·‖(dr) =

∫
R+

(∫
Sv,r,ϑ

1φ−1(B) dUv,r,ϑ

)
P‖·‖(dr)

= Pϑ

(
φ−1(B)

)
= (Pϑ)φ(B)

ìpou Pϑ o v-elleiptik� summetrikìc nìmoc me par�metro jèsewc ϑ.
Opìte, epilègontac, ìpwc sthn Prìtash 2.5.3, Pϑ = NE(ϑ, v), prokÔptei me ìmoio trìpo

ìti oi statistikèc sunart seic ∑k
i=1 x

2
i kai ∑n

j=k+1 x
2
j eÐnai anex�rthtec me katanomèc X 2

k (‖ϑ‖2)

(bl. Par�rthma, §1) kai X 2
n−k antistoÐqwc. Sunep¸c apì ton klasikì orismì thc mh kentrik c

F -katanom c (bl. Par�rthma, §2) èqoume to zhtoÔmeno.
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Kef�laio 2

GENIKEUMENOI EKTIMHTES TWN JAMES− STEIN

(perÐptwsh Kanonik¸n nìmwn)

S�auto to kef�laio melet�me, sÔmfwna me touc Cellier kai Fourdrinier (1985) kai
Cellier, Fourdrinier kai Robert (1989, [17]), to prìblhma thc ektÐmhshc tou mèsou miac po-
ludi�stathc kanonik c katanom c thc opoÐac h diaspor� eÐnai gnwst    �gnwsth kat� èna
pollaplasiastikì par�gonta, dia mèsou twn ektimht¸n me surrÐknwsh, oi opoÐoi kuriarqoÔn
omoiìmorfa ton sun jh ektimht  elaqÐstwn tetrag¸nwn upì mia tetragwnik  sun�rthsh a-
p¸leiac sundedemènh me mia opoiad pote tetragwnik  morf .

1. EKTIMHTES ME SURRIKNWTES TOU KANONIKOU
MESOU GIA MIA GENIKH TETRAGWNIKH APWLEIA
1.1 TO MONTELO

ParathroÔme èna tuqaÐo di�nusma y mèsa se èna dianusmatikì q¸ro E peperasmènhc
di�stashc epÐ tou R, pou akoloujeÐ kanonikì nìmo N (θ, σ2v) mèsou j kai diaspor�c σ2v,
ìpou:

i) to j eÐnai �gnwsto kai an kei se gnwstì dianusmatikì upìqwro J tou E, di�stashc k
(k ≥ 3).

ii) to v eÐnai mia digrammik  summetrik  morf  epÐ tou duðkoÔ tou E, E∗, jetik� orismènh
kai gnwst  (eÐnai praktikì na th jewr soume wc èna grammikì isomorfismì tou E∗ epÐ tou
E).

iii) to σ2(> 0) eÐnai gnwstì   �gnwsto an�loga me to prìblhma pou exet�zoume (kai an
eÐnai σ2 �gnwsto, upojètoume ìti k < n− 1).

To prìblhma eÐnai h ektÐmhsh tou j. K�je ektimht c tou j eÐnai mia metr simh apeikìnish
f apì ton E ston J. To krit rio sÔgkrishc twn ektimht¸n pou uðojetoÔme eÐnai o kÐndunoc
anaforik� me mia tetragwnik  sun�rthsh ap¸leiac orismènhc mèsw miac digrammik c sum-
metrik c jetik c morf c q (ìqi aparaÐthta jetik� orismènhc), prokajorismènh gia ìlh thn
parak�tw melèth.

Genik� s�oti akoloujeÐ, an w eÐnai mia digrammik  summetrik  morf , shmei¸noume me w̄
thn tetragwnik  morf  pou sundèetai me aut n. 'Etsi h ufist�menh ap¸leia ìtan parèqetai
to ϑ′ en¸ h {alhjin  tim } eÐnai to j, gr�fetai

σ−2q̄(ϑ′ − ϑ)
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Shmei¸noume ϕ0 ton ektimht  megÐsthc pijanof�neiac tou j, dhlad  th v−1-orjog¸nia
probol  tou E epÐ tou J (kaloÔmenoc merikèc forèc genikeumènoc ektimht c elaqÐstwn te-
trag¸nwn ). H diaspor� tou eÐnai mia digrammik  summetrik  morf  epÐ tou Θ∗, thn opoÐa
shmei¸noume me vΘ (shmei¸noume ìti v−1

Θ eÐnai o periorismìc tou v−1 ston J).
EÐnai qr simo sth sunèqeia na anafèroume ìti:
an Θ⊥ o upìqwroc tou E, orjog¸nioc (anaforik� me to v−1) tou J, tìte oi v−1-orjog¸niec

probolèc tou E epÐ tou J kai epÐ tou Θ⊥ eÐnai anex�rthtec tuqaÐec metablhtèc (anaforik� me
thn N (ϑ, σ2v)

) kai èqoume:
N (ϑ, σ2v) = NΘ(ϑ, σ2vΘ)×NΘ⊥(0, σ2vΘ⊥)

ToÔto shmaÐnei ìti:
ϕ0(y) ∼ NΘ(ϑ, σ2vΘ) kai y − ϕ0(y) ∼ NΘ⊥(0, σ2vΘ⊥)

.
1.2 GENIKEUMENOI EKTIMHTES TWN JAMES− STEIN

1.2.1 Oi ektimhtèc f me touc opoÐouc ja asqolhjoÔme ed¸ kataskeu�zontai me th bo jeia:
miac jetik� orismènhc summetrik c digrammik c morf c b epÐ tou J
enìc endomorfismoÔ c tou J
miac metr simhc apeikìnishc h apì to R+ sto R+

An σ2 gnwstì, to f ekfr�zetai upì th morf :

ϕ(y) = ϕ0(y)− h

(
σ−2b̄

(
ϕ0(y)

))
· c

(
ϕ0(y)

) (2.1)

An σ2 eÐnai �gnwsto, antikajistoÔme ston tÔpo (2.1), to σ2 me th sun jh amerìlhpth
ektÐmhsh tou dhlad  thn v−1(y−ϕ0(y))

n−k
kai to f ekfr�zetai upì th morf :

ϕ(y) = ϕ0(y)− h
( n− k

v−1(y − ϕ0(y))
b
(
ϕ0(y)

))
· c

(
ϕ0(y)

)
=

[
idΘ − h

(
n− k

v−1(y − ϕ0(y))
b
(
ϕ0(y)

))
c
]
ϕ0(y) (2.2)

1.2.2 KÐndunoc twn JAMES− STEIN genikeumènwn ektimht¸n
Se aut n thn par�grafo sumbolÐzoume, gia k�je metr simh apeikìnish f apì ton E ston

R kai gia k�je ϑ ∈ Θ,
Eϑ

[
f(y)

]
=

∫
E

f(y) N (ϑ, σ2v; dy)

kai gia k�je y ∈ E,
h̃(y) = h

(
σ−2b̄

(
ϕ0(y)

)) an σ2 eÐnai gnwstì
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h̃(y) = h
( n− k

v−1(y − ϕ0(y))
b̄
(
ϕ0(y)

)) an σ2 eÐnai agnwstì

Upologismìc tou kindÔnou
Shmei¸noume, gia k�je ϑ ∈ Θ, R(ϕ;ϑ) thn tim  sto j thc sun�rthshc kindÔnou tou f.

'Eqoume
R(ϕ;ϑ) = σ−2Eϑ

[
q̄
(
ϕ(y)− ϑ

)]
= σ−2Eϑ

[
q̄
(
ϕ0(y)− h̃(y)c

(
ϕ0(y)

)
− ϑ

)]
= σ−2Eϑ

[
q̄
(
ϕ0(y)− ϑ

)
− 2q

(
ϕ0(y)− ϑ, h̃(y)c

(
ϕ0(y)

))
+ q̄

(
h̃(y)c

(
ϕ0(y)

))]
kai idiaitèrwc o

R(ϕ0;ϑ) = σ−2Eϑ

[
q̄
(
ϕ0(y)− ϑ

)]
eÐnai peperasmènoc kai Ðsoc me to tr(vΘq) ìpwc apodeiknÔetai parak�tw:

R(ϕ0;ϑ) = σ−2Eϑ

[
q̄
(
ϕ0(y)− ϑ

)]
= σ−2

∫
E

q̄
(
ϕ0(y)− ϑ

)
N (ϑ, σ2v; dy)

= σ−2

∫
Θ×Θ⊥

q̄(x− ϑ) NΘ(ϑ, σ2vΘ; dx) NΘ⊥(0, σ2vΘ⊥ ; dz)

= σ−2

∫
Θ

q̄(x− ϑ) NΘ(ϑ, σ2vΘ; dx)

=

∫
Θ

q̄(z) NΘ(0, vΘ; dz)

'Estw (e1, ..., en) mia b�sh v−1-orjokanonik  tètoia ¸ste h (e1, ..., ek) na eÐnai orjog¸nia
gia thn q. Oi pÐnakec twn v, v−1 eÐnai tìte o monadiaÐoc pÐnakac In en¸ o pÐnakac thc q eÐnai
diag¸nioc me diag¸nia stoiqeÐa ta qi (qi ≥ 0).

To teleutaÐo olokl rwma gÐnetai tìte:∫
Rk

k∑
j=1

qjz
2
j Nk(0, Ik; dz1, ..., dzk) =

k∑
j=1

qj

∫
Rk

z2
j Nk(0, Ik; dz1, ..., dzk)

=
k∑

j=1

qj

∫
Rk−1

(∫
R
z2

j N (0, 1; dzj)
)
Nk−1(0, Ik−1; dz

j)

=
k∑

j=1

qj = tr(vΘq)

ìpou zj = t(z1, ..., zj−1, zj+1, ..., zk)
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Sunj kh gia na eÐnai o kÐndunoc peperasmènoc
L mma 1.2.1

Mia anagkaÐa kai ikan  sunjhk  gia na eÐnai o kÐndunoc sto j enìc ektimht  tou tÔpou
(2.1)   tou tÔpou (2.2) peperasmènoc eÐnai:

Eϑ

[
q̄

(
h̃(y)c

(
ϕ0(y)

))]
<∞

Apìdeixh
To apotèlesma eÐnai �meso apì ton anwtèrw upologismì tou kindÔnou, thn anisìthta tou

Schwarz kai to gegonìc ìti R(ϕ0;ϑ) <∞. Sugkekrimèna, upojètoume arqik� ìti:
Eϑ

[
q̄

(
h̃(y)c

(
ϕ0(y)

))]
<∞

.
Apì ton anwtèrw upologismì tou kindÔnou lamb�noume:

R(ϕ;ϑ) = R(ϕ0;ϑ)− 2σ−2Eϑ

[
q

(
ϕ0(y)− ϑ, h̃(y)c

(
ϕ0(y)

))]
+ σ−2Eϑ

[
q̄

(
h̃(y)c

(
ϕ0(y)

))]
Efarmìzontac thn anisìthta twn Cauchy − Schwarz,

Eϑ

[
q

(
ϕ0(y)− ϑ, h̃(y)c

(
ϕ0(y)

))]
≤ Eϑ

[
q̄1/2

(
ϕ0(y)− ϑ

)
q̄1/2

(
h̃(y)c

(
ϕ0(y)

))]
≤

(
Eϑ

[
q̄
(
ϕ0(y)− ϑ

)])1/2(
Eϑ

[
q̄

(
h̃(y)c

(
ϕ0(y)

))])1/2

ìpou èkastoc par�gontac sto dexiì mèloc thc anisìththac eÐnai peperasmènoc.
Loipìn sthn èkfrash tou kindÔnou R(ϕ;ϑ) k�je ìroc eÐnai peperasmènoc kai sunep¸c

R(ϕ;ϑ) <∞.
Antistrìfwc, deqìmaste ìti R(ϕ;ϑ) < ∞. Qrhsimopoi¸ntac thn parap�nw anisìthta,

èqoume:

R(ϕ;ϑ) ≥ R(ϕ0;ϑ)− 2σ−1
(
R(ϕ0;ϑ)

)1/2
(
Eϑ

[
q̄

(
h̃(y)c

(
ϕ0(y)

))])1/2

+σ−2Eϑ

[
q̄

(
h̃(y)c

(
ϕ0(y)

))]
=

[(
R(ϕ0;ϑ)

)1/2

− σ−1Eϑ

[
q̄

(
h̃(y)c

(
ϕ0(y)

))]]2

Ap�opou, Eϑ

[
q̄

(
h̃(y)c

(
ϕ0(y)

))]
<∞.

1.2.3 Upojètoume se ìlh th sunèqeia thc paragr�fou 1 ìti b, c kai h ikanopoioÔn tic a-
kìloujec idiìthtec:

(P1) up�rqei mia b�sh (e1, ..., en) tou E, v−1-orjokanonik , thc opoÐac ta k pr¸ta stoiqeÐa
apoteloÔn b�sh tou J orjog¸nia gia thn q kai gia thn b kai mèsa sthn opoÐa o endomorfismìc
c diagwniopoieÐtai
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(P2) oi idiotimèc tou c eÐnai ìlec jetikèc   mhdenikèc
(P3) o endomorfismìc tou Θ∗, qc2b−1 den eÐnai tautotik� mhdèn
(P4) gia k�je j pou an kei sto J, Eϑ

[
q̄

(
h̃(y)c

(
ϕ0(y)

))]
<∞

H epilog  twn upojèsewn (P1), (P2) kai (P3) pou èqoun uðojethjeÐ gia ta b kai c eÐnai
ousiastik� ekeÐnh tou Berger (1976) epanallambanìmenh sth sunèqeia kai apì �llouc sug-
grafeÐc. H diafor� me ekeÐnouc eÐnai ìti ed¸ h sun�rthsh surrÐknwshc den eÐnai diaforÐsimh,
oÔte kan suneq c.

AxÐzei na shmei¸soume ìti o Stein (1981) gia to Ðdio prìblhma, ìtan σ2 gnwstì, jewreÐ
ektimhtèc thc morf c

ϕ0(y) + grad log
[
f
(
ϕ0(y)

)]
me touc surriknwtèc f orismènouc {apèujeÐac} epÐ tou J kai ìqi mèsw miac tetragwnik c
morf c orismènhc s�utìn ton upìqwro. Upojètei loipìn ìti h f eÐnai suneq c kai σ.p. diafo-
rÐsimh kai eis�gei upojèseic epÐ tou gradient tou logf .
Parathr seic epÐ aut¸n twn idiot twn

a) H Ôparxh miac b�shc (e1, ..., en), v−1-orjokanonik c kai tètoiac ¸ste (e1, ..., ek) na eÐnai
orjog¸nia gia to q, eÐnai mia stoiqei¸dhc idiìthta thc eukleÐdeiac �lgebrac (blèpe p.q. [37]).
H (P1) eÐnai loipìn mia upìjesh epÐ thc eklog c twn b kai c.

b) EÐnai stoiqei¸dec ìti o endomorfismìc qc2b−1 eÐnai diagwniopoi simoc kai ìti oi idiotimèc
tou eÐnai jetikèc   mhden. H idiìthta (R3) isodunameÐ loipìn me thn

(P3′) pgvp(qc2b−1) > 0

ìpou pgvp sumbolÐzei thn megalÔterh idiotim .
c) H idiìthta (R4) exasfalÐzei to peperasmèno tou kindÔnou kai thn egkurìthta twn upo-

logismwn pou pragmatopoioÔntai sthn apìdeixh tou jewr matoc.
1.3 JEWRHMA
1.3.1 Eis�goume thn pragmatik  stajer� a pou orÐzetai wc ex c:

a =
2[tr(vΘqc)− 2pgvp(vΘqc)]

pgvp(qc2b−1)

Je¸rhma 1.3.1
An σ2 gnwstì (ant. �gnwsto), upì tic upojèseic (R1),(R2),(R3),(R4), mia ikan  sunj kh

gia na eÐnai o genikeumènoc ektimht c twn James − Stein f, orismènoc apì thn (2.1) (ant.
apì thn (2.2)), kindÔnou omoiomìrfwc mikrìterou   Ðsou apì ekeÐno tou ektimht  megÐsthc
pijanof�neiac ϕ0 eÐnai h apeikìnish t  th(t) na eÐnai aÔxousa kai fragmènh apì to a (ant.
apì to a n−k

n−k+2
).

Epiplèon gia na eÐnai o f, orismènoc apì thn (2.1) (ant. apì thn (2.2) ) kindÔnou austhr�
omoiomìrfwc mikrìterou apì ekeÐno tou ϕ0, arkeÐ na up�rqoun duo pragmatikoÐ arijmoÐ t1, t2tètoioi ¸ste:

0 < t1 < t2 kai 0 < t1h(t1) ≤ t2h(t2) < a
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(ant. 0 < t1 < t2 kai 0 < t1h(t1) ≤ t2h(t2) <
a(n−k)
n−k+2

)
Parathr seic 1.3.1

a) Ja eÐnai praktikì sthn apìdeixh autoÔ tou jewr matoc, na katafÔgoume sthn èkfrash
upì morf  pin�kwn, me th bo jeia miac b�shc (e1, ..., en) thc opoÐac thn Ôparxh exasfalÐzei
h idiìthta (R1), twn di�forwn summetrik¸n digrammik¸n morf¸n kai twn endomorfism¸n pou
qrhsimopoioÔntai.

Fusik� oi pÐnakec twn v kai v−1 eÐnai Ðsoi me ton In, monadiaÐo pÐnaka t�xhc n. Oi pÐnakec
twn q, b kai c, eÐnai diag¸nioi kai shmei¸nontai antÐstoiqa:

Q =

 q1 0. . .
0 qk

 , B =

 b1 0. . .
0 bk

 , C =

 c1 0. . .
0 ck


ìpou gia k�je i (1 ≤ i ≤ k), qi ≥ 0, bi > 0 kai ci ≥ 0

(sÔmfwna me thn (R2)).
Sunep¸c,

pgvp(vΘqc) = max
1≤i≤k

qici

tr(vΘqc) =
k∑

i=1

qici

pgvp(qc2b−1) = max
1≤i≤k

qic
2
i b
−1
i

H (R3) ekfr�zei loipìn ìti up�rqei i (1 ≤ i ≤ k) tètoio ¸ste qi > 0 kai ci > 0. Shmei¸-
noume akìmh me y1, ..., yn touc suntelestèc tou y anaforik� me th b�sh (e1, ..., en). Tìte:

ϕ0(y) = (y1, ..., yk)

v−1
(
y − ϕ0(y)

)
=

n∑
j=k+1

y2
j

ϕ(y) =
(
ϕ1(y), ..., ϕk(y)

)
ìpou, gia k�je i (1 ≤ i ≤ k), ϕi dÐnetai apì ton tÔpo

ϕi(y) =
(
1− h(t)ci

)
yi

ìpou, sthn perÐptwsh pou to σ2 eÐnai gnwstì,

t = σ−2

k∑
j=1

bjy
2
j (2.3)

kai sthn perÐptwsh pou to σ2 eÐnai �gnwsto,

t =
n− k∑n
j=k+1 y

2
j

k∑
j=1

bjy
2
j (2.4)
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b) Gia thn uparxh enìc toul�qiston genikeumènou ektimht  twn James − Stein, pou ika-
nopoieÐ tic upojèseic tou jewr matoc kai mh tautìshmou me ton ϕ0, ja prèpei h apeikìnish h
na mhn eÐnai tautotik� mhdèn kai sunep¸c to a eÐnai austhr� jetikì. Dhlad  ìti:

tr(vΘqc) > 2pgvp(vΘqc)

  alliwc
k∑

i=1

qici > 2 max
1≤i≤k

qici

Aut  h sunj kh mporeÐ na pragmatopoihjeÐ an k > 2.
Apìdeixh tou Jewr matoc

'Estw ϑ ∈ Θ. Ja shmei¸noume, gia k�je metr simh apeikìnish f apì ton Rn ston R,
Eϑ[f(y1, ..., yn)] =

1

(
√

2πσ)n

∫
Rn

f(y1, ..., yn) exp
{(
−

∑n
i=1(yi − ϑi)

2

2σ2

)}
dy1...dyn

ìpou ta ϑi eÐnai oi suntetagmènec tou j wc proc th b�sh (e1, ..., en).
EpÐshc jètoume:

∆ϕ(ϑ) = R(ϕ0;ϑ)−R(ϕ;ϑ)

H èkfrash tou kindÔnou tou f sto j, R(ϕ;ϑ), pou eÐdame sthn 1.2.2 kai h prosfug  sthn
èkfrash upì morf  pin�kwn (bl. Parat rhsh a) anwtèrw) mac epitrèpei na gr�youme

∆ϕ(ϑ) = Aϕ(ϑ)−Bϕ(ϑ)

ìpou
Aϕ(ϑ) =

2

σ2
Eϑ

[
q
(
ϕ0(y)− ϑ, h(t)c(ϕ0(y))

)]
=

2

σ2
Eϑ

[ k∑
i=1

qiciyi(yi − ϑi)h(t)
]

Bϕ(ϑ) =
1

σ2
Eϑ

[
q̄
(
h(t)c(ϕ0(y))

)]
=

2

σ2
Eϑ

[ k∑
i=1

qic
2
i y

2
i h

2(t)
]

H apìdeix  mac ja basisteÐ se èna fr�ximo ek twn k�tw tou Aϕ(ϑ) kai se èna fr�ximo ek
twn �nw tou Bϕ(ϑ).
K�tw fr�gma tou Af(j)

Gia k�je i (1 ≤ i ≤ k), jètoume:
ai = Eϑ

[
h(t)yi(yi − ϑi)

]
=

∫
Rn

h(t)yi(yi − ϑi) Nn(ϑ, σ2In; dy1, ..., dyn)

=

∫
Rn−1

(∫
R
h(t)yi(yi − ϑi) N (ϑi, σ

2; dyi)
)
Nn−1(ϑ

i, σ2In−1; dy
i)

ìpou ϑi = (ϑ1, ..., ϑi−1, ϑi+1, ..., ϑk, 0..., 0) kai yi = (y1, ..., yi−1, yi+1, ..., yn).
'Omwc sto eswterikì olokl rwma, oloklhr¸nontac kat� mèrh wc proc th metablht  yi kaiqrhsimopoi¸ntac to L mma 1.4.1 katwtèrw, gia g(yi) = yih(t) kai f(yi) = σ√

2π
exp{− 1

2σ2 (yi −
ϑi)

2} lamb�noume∫
R
h(t)yi(yi − ϑi)

1√
2πσ

exp{−(yi − ϑi)
2

2σ2
}dyi = −

∫
R
h(t)yif

′(yi)dyi =

∫
R
f(yi)dg(yi)
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Epeid  k ≥ 3, sqedìn bèbaia gia k�je i (1 ≤ i ≤ k), ∑k
j=1 bjy

2
j − biy

2
i > 0. Efarmìzontac

tìte to L mma 1.4.2 gia a = bi

σ2 > 0 kai b =
∑k

j=1 bjy2
j−biy

2
i

σ2 > 0, èqoume:∫
R
f(yi)dg(yi) ≥

∫
R
f(yi)h(t)

(
1− 2biy

2
i∑k

j=1 bjy
2
j

)
dyi = σ2

∫
R
h(t)

(
1− 2biy

2
i∑k

j=1 bjy
2
j

)
N (ϑi, σ

2; dyi)

'Ara
ai ≥

∫
Rn−1

(
σ2

∫
R
h(t)

(
1− 2biy

2
i∑k

j=1 bjy
2
j

)
N (ϑi, σ

2; dyi)
)
Nn−1(ϑ

i, σ2In−1; dy
i)

= σ2Eϑ

[
h(t)

(
1− 2biy

2
i∑k

j=1 bjy
2
j

)]
kai epomènwc

Aϕ(ϑ) =
2

σ2

k∑
i=1

qiciEϑ

[
h(t)yi(yi − ϑi)

]

≥ 2

σ2

k∑
i=1

qiciσ
2Eϑ

[
h(t)

(
1− 2biy

2
i∑k

j=1 bjy
2
j

)]

= 2Eϑ

[
h(t)

( n∑
i=1

qici −
2
∑k

i=1 qicibiy
2
i∑k

j=1 bjy
2
j

)]

≥ 2Eϑ

[
h(t)

( n∑
i=1

qici − 2 max
1≤i≤k

qici

)]

= 2
( n∑

i=1

qici − 2 max
1≤i≤k

qici

)
Eϑ

[
h(t)

]
'Anw fr�gma tou Bf(j)

Bϕ(ϑ) = σ−2Eϑ

[
h2(t)

k∑
i=1

qic
2
i y

2
i

]
= σ−2Eϑ

[
th2(t)

∑k
i=1 biy

2
i

t
·
∑k

i=1 qic
2
i b
−1
i biy

2
i∑k

i=1 biy
2
i

]
≤ σ−2 max

1≤i≤k
qic

2
i b
−1
i · Eϑ

[
th2(t)

∑k
i=1 biy

2
i

t

]
• Sthn perÐptwsh pou to σ2 eÐnai gnwstì, apì thn (2.3), ∑k

=1 biy
2
i

t
= σ2 kai loipìn

Bϕ(ϑ) ≤ max
1≤i≤k

qic
2
i b
−1
i Eϑ

[
th2(t)

]
• Sthn perÐptwsh pou to σ2 eÐnai �gnwsto, apì thn (2.4), ∑k

=1 biy
2
i

t
=

∑n
j=k+1 y2

j

n−k
kai sunep¸c

Bϕ(ϑ) ≤ 1

n− k
σ−2 max

1≤i≤k
qic

2
i b
−1
i Eϑ

[
th2(t)

n∑
j=k+1

y2
j

]
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'Omwc,

σ−2Eϑ

[
th2(t)

n∑
j=k+1

y2
j

]
= σ−2

∫
Rn

th2(t)
n∑

j=k+1

y2
j Nn(ϑ, σ2In; dy1, ..., dyn)

= σ−2

∫
Rk

n∑
j=k+1

[∫
Rn−k

th2(t)y2
j Nn−k(0, σ

2In−k; dyn−k, ..., dyn)

]
Nk(ϑ, σ

2Ik; dy1, ..., dyk)

Epeid  n− k ≥ 2, sqedìn bèbaia gia k�je j (k + 1 ≤ j ≤ n),
∑n

i=k+1 yi − y2
j > 0. Apì to

L mma 1.4.3, prokÔptei

σ−2Eϑ

[
th2(t)

n∑
j=k+1

y2
j

]
≤ σ−2

∫
Rk

n∑
j=k+1

[∫
Rn−k

th2(t)
(
1 +

2y2
j∑n

i=k+1 y
2
i

)
Nn−k(0, σ

2In−k; dyk+1, ..., dyn)

]
Nk(ϑ, σ

2Ik; dy1, ..., dyk)

= (n− k + 2)Eϑ

[
th2(t)

]
Sunep¸c,

Bϕ(ϑ) ≤ max
1≤i≤k

(pic
2
i b
−1
i )

n− k + 2

n− k
Eϑ[th

2(t)]

K�tw fr�gma tou ∆f(j)

Wc apotèlesma twn parap�nw mporoÔme na gr�youme:
• sthn perÐptwsh pou σ2 eÐnai gnwstì

∆ϕ(ϑ) = Aϕ(ϑ)−Bϕ(ϑ)

≥ 2
( k∑

i=1

qici − 2 max
1≤i≤k

qici

)
Eϑ[h(t)]− max

1≤i≤k
qic

2
i b
−1
i Eϑ[th

2(t)]

= Eϑ

[
h(t)

[
2
( k∑

i=1

qici − 2 max
1≤i≤k

qici

)
− max

1≤i≤k
qic

2
i b
−1
i th(t)

]]
= Eϑ

[
h(t)

[
a max

1≤i≤k
qic

2
i b
−1
i − max

1≤i≤k
qic

2
i b
−1
i th(t)

]]
= max

1≤i≤k
qic

2
i b
−1
i Eϑ

[
h(t)

(
a− th(t)

)] (2.5)
• sthn perÐptwsh pou σ2 eÐnai �gnwsto

∆ϕ(ϑ) ≥ Eϑ

[
h(t)

[
2
( k∑

i=1

qici − 2 max
1≤i≤k

qici

)
− max

1≤i≤k
qic

2
i b
−1
i

n− k + 2

n− k
th(t)

]]
= max

1≤i≤k
qic

2
i b
−1
i

n− k + 2

n− k
Eϑ

[
h(t)

( n− k

n− k + 2
a− th(t)

)] (2.6)
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To fr�ximo ek twn �nw thc apeikìnishc t  th(t) mac epitrèpei na sumper�noume ìti
∆ϕ(ϑ) ≥ 0 dhlad  ìti o kÐndunoc tou f eÐnai mikrìteroc   Ðsoc tou kindÔnou tou ϕ0.

Oi dÔo ikanèc sunj kec (anaforik� me tic peript¸seic pou to σ2 eÐnai gnwstì kai �gnwsto
antÐstoiqa) mac epitrèpoun na epibebai¸soume ìti o kÐndunoc tou f eÐnai austhr� mikrìteroc
tou ϕ0 wc �mesh sunèpeia twn anisot twn (2.5) kai (2.6).

Pr�gmati sthn (2.5),
Eϑ

[
h(t)

(
a− th(t)

)]
=

∫
Rn

h
(
σ−2

k∑
j=1

bjy
2
j

)(
a− σ−2

k∑
j=1

bjy
2
jh(σ

−2

k∑
j=1

bjy
2
j )

)
Nn(0, σ2In; dy1, ..., dyn)

≥
∫

A

h
(
σ−2

k∑
j=1

bjy
2
j

)(
a− σ−2

k∑
j=1

bjy
2
jh(σ

−2

k∑
j=1

bjy
2
j )

)
Nk(0, σ

2Ik; dy1, ..., dyk)

ìpou A = { (y1, ..., yk) ∈ Rk : t1 ≤ σ−2
∑k

j=1 bjy
2
j ≤ t2} kai t1, t2 ∈ R tètoia ¸ste:

0 < t1 < t2 kai 0 < t1h(t1) ≤ t2h(t2) < a

Akìmh, epeid  h apeikìnish t th(t) eÐnai aÔxousa, ∀t ∈ [t1, t2], 0 < th(t) < a. Loipìn
Eϑ

[
h(t)

(
a− th(t)

)]
> 0

'Omoia gia thn (2.6).
1.4 PARARTHMA

H ènnoia tou oloklhr¸matoc tou Stieltjes kai twn sqetik¸n idiot twn tou tic opoÐec qrh-
simopoioÔme sthn an�ptuxh twn parak�tw Lhmm�twn, eÐnai klasikèc kai parapèmpoume ston
Natanson (1974) Kef. 8,9.
L mma 1.4.1

'Estw f mia pragmatik  suneq c sun�rthsh epÐ tou R me limx→±∞ f(x) = 0. 'Estw g mia
pragmatik  sun�rthsh fragmènhc kÔmanshc epÐ tou R.

Tìte ta oloklhr¸mata tou Stieltjes∫ +∞

−∞
f(x)dg(x) kai

∫ +∞

−∞
g(x)df(x)

up�rqoun kai epalhjeÔoun ∫ +∞

−∞
f(x)dg(x) =

∫ +∞

−∞
g(x)df(x)

Apìdeixh
Prìkeitai gia èna klasikì apotèlesma thc olokl rwshc kat� mèrh tou oloklhr¸matoc

Stieltjes miac sun�rthshc suneqoÔc kai fragmènhc epÐ tou R anaforik� me mia suneq  su-
n�rthsh fragmènhc kÔmanshc epÐ tou R
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Sugkekrimèna, h Ôparxh tou pr¸tou oloklhr¸matoc eÐnai �mesh apì ton orismì tou (S)-
oloklhr¸matoc epÐ tou R kai∫ +∞

−∞
f(x)dg(x) = lim

a→−∞
b→+∞

∫ b

a

f(x)g(x)

Efarmìzontac ton tÔpo olokl rwshc kat� mèrh epÐ tou (S)
∫ b

a
f(x)dg(x), èqoume:∫ +∞

−∞
f(x)dg(x) = lim

a→−∞
b→+∞

[
[f(x)g(x)]ba −

∫ b

a

g(x)df(x)
]

Epeid  h g eÐnai fragmènh epÐ tou R kai limx→±∞ f(x) = 0,
lim

a→−∞
b→+∞

[ f(x)g(x) ]ba = 0

Sunep¸c, ∫ +∞

−∞
f(x)dg(x) = − lim

a→−∞
b→+∞

∫ b

a

g(x)df(x) = −
∫ +∞

−∞
g(x)df(x)

ap�opou kai h Ôparxh tou deÔterou oloklhr¸matoc kai h zhtoÔmenh sqèsh.
L mma 1.4.2

'Estw h mia apeikìnish apì ton R+ ston R+ tètoia ¸ste h apeikìnish th(t) na eÐnai
aÔxousa kai fragmènh epÐ tou R+. 'Estw f mia apeikìnish jetik  suneq c epÐ tou R me
limx→±∞ f(x) = 0.

Gia a, b > 0, stajer�, shmei¸noume me g thn apeikìnish epÐ tou R orismènh apì thn:
∀x ∈ R, g(x) = xh(ax2 + b)

Tìte ∫ +∞

−∞
f(x)dg(x) ≥

∫ +∞

−∞
f(x)h(ax2 + b)

(
1− 2ax2

ax2 + b

)
dx

Apìdeixh
H g eÐnai fragmènhc kÔmanshc epÐ tou R, diìti aut  gr�fetai wc ginìmeno duo apeikonÐsewn

fragmènhc kÔmanshc epÐ tou R. Sugkekrimèna thc apeikìnishc
x (ax2 + b)h(ax2 + b)

h opoÐa eÐnai fragmènh kai monìtonh kat� tm mata epÐ tou R
(an x < 0, x (ax2+b)h(ax2+

b) ↓, an x > 0, x (ax2 + b)h(ax2 + b) ↑
) kai thc apeikìnishc

x 
x

ax2 + b

h opoÐa eÐnai paragwgÐsimh me par�gwgo fragmènh (apì to 1/b) epÐ tou R
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Kat� sunèpeia, apì to L mma 1.4.1, ∫ +∞
−∞ f(x)dg(x) up�rqei. Tìte∫ +∞

−∞
f(x)dg(x) =

∫ +∞

−∞
f(x)d

(
(ax2 + b)h(ax2 + b)

x

ax2 + b

)
= I1 + I2 + J

ìpou
I1 =

∫ 0

−∞
f(x)

x

ax2 + b
d
(
(ax2 + b)h(ax2 + b)

)
I2 =

∫ +∞

0

f(x)
x

ax2 + b
d
(
(ax2 + b)h(ax2 + b)

)
J =

∫ +∞

−∞
f(x)(ax2 + b)h(ax2 + b)d

( x

ax2 + b

)
To I1 eÐnai to olokl rwma tou Stieltjes miac arnhtik c sun�rthshc anaforik� me mia

fjÐnousa sun�rthsh epÐ tou R− (t th(t) aÔxousa epÐ tou R+). Loipìn I1 ≥ 0.
To I2 eÐnai èna to olokl rwma tou Stieltjes miac jetik c sun�rthshc anaforik� me mia

aÔxousa sun�rthsh epÐ tou R+. Loipìn I2 ≥ 0. Telik� I1 + I2 ≥ 0.
'Ara ∫ +∞

−∞
f(x)dg(x) ≥ J =

∫ +∞

−∞
f(x)h(ax2 + b)

(
1− 2ax2

ax2 + b

)
dx

L mma 1.4.3
'Estw h mia apeikìnish apì ton R+ ston R+ tètoia ¸ste h apeikìnish t  th(t) na eÐnai

aÔxousa kai fragmènh ston R+. Tìte
1√
2πσ

∫ +∞

−∞
x2 a

x2 + b
h2

( a

x2 + b

)
exp{− x2

2σ2
}dx

≤ σ√
2π

∫ +∞

−∞

a

x2 + b
h2

( a

x2 + b

)(
1 +

2x2

x2 + b

)
exp{− x2

2σ2
}dx

Apìdeixh
Jètoume

I =
1√
2πσ

∫ +∞

−∞
g(x)exp{− x2

2σ2
}dx

ìpou, gia k�je x ∈ R,
g(x) = x2 a

x2 + b
h2

( a

x2 + b

)
ParathroÔme ìti, epeid  h g eÐnai jetik  sun�rthsh, to olokl rwma I up�rqei p�nta (en-

deqomènwc kai me tim  +∞) kai eÐnai Ðso me:

lim
γ→−∞
δ→+∞

∫ δ

γ

g(x)exp{− x2

2σ2
}dx

H apeikìnish x g(x)exp{− x2

2σ2} eÐnai to ginìmeno thc suneqoÔc apeikìnishc x xexp{− x2

2σ2}
kai thc apeikìnishc k : x ax

x2+b
h2

(
a

x2+b

).
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'Omwc, se k�je di�sthma [γ, δ] tou R h k eÐnai fragmènhc kÔmanshc afoÔ mporeÐ na grafeÐ
k(x) =

[ a

x2 + b
h
( a

x2 + b

) ]2 x3 + bx

a

me x [
a

x2+b
h
(

a
x2+b

) ]2 kat� tm mata monìtonh epÐ tou [γ, δ] kai x x3+bx
a

↑ epÐ tou [γ, δ].
Epomènwc mporoÔme na oloklhr¸soume kat� mèrh sto di�sthma [γ, δ]:∫ δ

γ

g(x)exp{− x2

2σ2
}dx =

∫ δ

γ

xexp{− x2

2σ2
}k(x)dx = −σ2

∫ δ

γ

k(x)d
(
exp{− x2

2σ2
}
)

= −
[
σ2k(x)exp{− x2

2σ2
}
]δ

γ
+ σ2

∫ δ

γ

exp{− x2

2σ2
}d

(
k(x)

) (2.7)

'Omwc an b tètoio ¸ste ∀t ∈ R+, th(t) ≤ β, tìte
|k(x)exp{− x2

2σ2
}| =

[ a

x2 + b
h
( a

x2 + b

) ]2 |x3 + bx|
a

exp{− x2

2σ2
}

≤ β2

a
|x3 + bx|exp{− x2

2σ2
} (2.8)

PaÐrnontac ta ìria, ìtan γ→−∞
δ→+∞ , sthn (2.7) kai qrhsimopoi¸ntac thn (2.8) èqoume

I =
σ√
2π

∫ +∞

−∞
exp{− x2

2σ2
}dk(x)

'Omwc
dk(x) =

x3 + bx

a
d
[ a

x2 + b
h
( a

x2 + b

)]2

+
[ a

x2 + b
h
( a

x2 + b

)]2

d
(x3 + bx

a

)
= 2xh

( a

x2 + b

)
d

[
a

x2 + b
h
( a

x2 + b

)]
+

a

x2 + b

(
1 +

2x2

x2 + b

)
h2

( a

x2 + b

)
dx

'Ara
I = I1 + I2

ìpou
I1 =

2σ√
2π

∫ +∞

−∞
xh

( a

x2 + b

)
exp{− x2

2σ2
}d

(
a

x2 + b
h
( a

x2 + b

))
≤ 0

afoÔ to olokl rwma autì tou Stieltjes eÐnai ston R− olokl rwma miac arnhtik c sun�rthshc
anaforik� me mia aÔxousa kai ston R+ miac jetik c sun�rthshc anaforik� me mia fjÐnousa
sun�rthsh kai

I2 =
σ√
2π

∫ +∞

−∞

a

x2 + b
h2

( a

x2 + b

)(
1 +

2x2

x2 + b

)
exp{− x2

2σ2
}dx

Epomènwc, I = I1 + I2 ≤ I2 kai to L mma apodeÐqthke.
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2. EKTIMHTES ELEGQOMENHS SURRIKNWSHS
2.1 TO MONTELO
2.1.1 Upì tic ènnoiec thc § 1.1, periorizìmeja ed¸ sto prìblhma thc ektÐmhshc tou mèsou j
ìtan h diaspor� σ2v eÐnai gnwst  ektìc apì ton pollaplasiostikì par�gonta σ2.

Gia thn ektÐmhsh loipìn tou ϑ, jewroÔme touc ektimhtèc me surriknwt  thc morf c:

ϕ(y) =
[
idΘ − h

(
b̄(ϕ0(y)),

n− k

v−1(y − ϕ0(y))

)
c
]
ϕ0(y) (2.9)

ìpou
b eÐnai mia jetik  summetrik  digrammik  morf  epÐ tou J
c eÐnai ènac endomorfismìc tou J
h eÐnai mia metr simh apeikìnish apì ton R2

+ ston R+

idΘ eÐnai o tautotikìc endomorfismìc
Autìc o ektimht c den orÐzetai ìtan v−1(y−ϕ0(y)) = 0. 'Omwc gia ìla ta ϑ ∈ Θ kai σ > 0

autì to endeqìmeno èqei pijanìthta 0 (shmei¸noume ìti v−1(y − ϕ0(y)) ∼ σ2X 2
n−k).

2.1.2 Upojètoume, ìpwc sthn §1, ìti ta b, c kai q ikanopoioÔn tic parak�tw upojèseic:
(P̃1) Up�rqei mia b�sh (e1, ..., en) tou E, v−1-orjokanonik  thc opoÐac ta k pr¸ta stoiqeÐa

na apoteloÔn b�sh tou J, q-orjog¸nia, mèsa sthn opoÐa c kai b diagwniopoioÔntai.
(P̃2) 'Olec oi idiotimèc tou c eÐnai mh arnhtikèc.
(P̃3) Rank(b) ≥ 3, to opoÐo upodhl¸nei ìti k ≥ 3, kai Kerb ⊂ Kerc, to opoÐo upodhl¸nei

ìti o periorismìc tou cb− sthn Imb orÐzetai monos manta gia k�je genikeumèno antÐstrofo
b− tou b.

(P̃4) tcqcb− den eÐnai tautotik� mhdèn.
'Otan ikanopoieÐtai h (P̃3) tìte h (P̃4) eÐnai isodÔnamh me thn
(P̃4′) q den eÐnai tautotik� mhdèn epÐ thc Imc.
Pr�gmati an tcqcb−(ϑ∗) = 0, ∀ϑ∗ ∈ Imb, tìte

tcqc(bKerb⊥)−1(ϑ∗) = 0 me ϑ∗ = b(ϑ), ∀ϑ ∈ Θ

⇒ tcqc(ϑ) = 0, ∀ϑ ∈ (Kerb)⊥(⊃ (Kerc)⊥)

⇒ q
(
c(ϑ), c(·)

)
= 0, ∀ϑ ∈ (Kerc)⊥

⇒ q
(
c(ϑ), c(ϑ)

)
= 0, ∀ϑ ∈ Θ

⇒ q ≡ 0 epÐ thcImc
AntÐstrofa, èstw ìti q ≡ 0 epÐ thc Imc. Tìte, ∀ϑ∗ ∈ Θ∗, èqoume:

tcqcb−(ϑ∗) = q
(
c(b−(ϑ∗)), c(·)

)
= 0
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Parathr seic sqetik� me autèc tic upojèseic anafèrjhsan  dh sthn § 1.2.3

2.1.3 Oi ektimhtèc tou tÔpou (2.9) profan¸c genikeÔoun touc ekimhtèc tou tÔpou (2.2) kai
apoteloÔn sunèqeia twn ektimht¸n tou Strawderman (1973) (o opoÐoc gia to Ðdio prìblhma
jewreÐ thn perÐptwsh ìpou q = b = v−1

Θ kai c = idΘ, blèpe § 2.4). H ousiastik  diafor� me
ekeÐnouc eÐnai ìti ed¸, oi Cellier kai Fourdrinier [17] eis�goun thn upìjesh {elègqou} thc
sun�rthshc surrÐknwshc (blèpe § 2.2) thn opoÐa pr¸toc eis gage o Alam (1973) (sthn perÐ-
ptwsh pou σ2  tan gnwstì). H upìjesh aut  eÐnai saf¸c pio genik  apì ekeÐnh h opoÐa up�rqei
sthn bibliografÐa gia tic sunart seic surrÐknwshc miac metablht c   dÔo metablht¸n.

To kÔrio ìmwc qarakthristikì twn jewroÔmenwn ektimht¸n (2.9) eÐnai to Ðdio me ekeÐno
twn ektimht¸n tou tÔpou (2.2) dhlad  ìti h sun�rthsh surrÐknwshc den eÐnai anagkaÐa su-
neq c. H upìjesh thc sunèqeiac ìpwc kai h diaforisimìthta gia th sun�rthsh surrÐknwshc
eÐnai sun jhc sto pleÐsto thc sqetik c bibliografÐac.
2.2 ELEGQOMENES SUNARTHSEIS

H apeikìnish f apì ton R+ ston R+ onom�zetai elegqìmenh an up�rqei pragmatikìc
arijmìc l tètoioc ¸ste h apeikìnish t  tλf(t) na eÐnai aÔxousa epÐ tou R+. An h f eÐnai
elegqìmenh, èstw

λ0 = inf{ λ : t tλf(t) na eÐnai aÔxousa epÐ tou R+ }

H Ôparxh tou infimum exasfalÐzetai apì to gegonìc ìti to
A = { λ : t tλf(t) na eÐnai aÔxousa epÐ tou R+ }

eÐnai fragmèno ek twn k�tw.
Pr�gmati, èstw ìti to A den eÐnai fragmèno ek twn k�tw. Tìte, ja up�rqei {λn} ⊂ A tètoia

¸ste λn → −∞ (an |A| < +∞ tìte to A eÐnai profan¸c fragmèno) kai gn(t) = tλnf(t) ↑ epÐ
tou R+, ∀n ∈ N. 'Estw t1, t2 ∈ Df me 0 < t1 < t2. Ja prèpei

tλn
1 f(t1) ≤ tλn

2 f(t2), ∀n ∈ N ⇔
(t1
t2

)λn

≤
(f(t2)

f(t1)

)
, ∀n ∈ N

Epeid  λn → −∞, ∃N tètoio ¸ste ∀n ≥ N ,(t1
t2

)λn

>
f(t2)

f(t1)
,

to opoÐo eÐnai �topo.
Tìte h f onom�zetai elegqìmenh se Ôyoc λ0. ParathroÔme epÐshc ìti h t  tλ0f(t) eÐnai

aÔxousa.
Pr�gmati, afoÔ up�rqei {λn} ⊂ A tètoia ¸ste λn → λ0, profan¸c

gn(t) = tλnf(t) → tλ0f(t) = g(t) tou n→ +∞

Loipìn,
∀t1, t2 ∈ Df me 0 < t1 < t2, gn(t1) ≤ gn(t2) kai epomènwc pairn¸ntac sto ìrio, g(t1) ≤ g(t2) .
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Parat rhsh 2.2.1
'Estw f elegqìmenh se Ôyoc l kai èstw µ > λ, tìte, an h f den eÐnai ek tautìthtoc mhdèn,

èqoume:
lim

t→+∞
tµf(t) = +∞

Pr�gmati: tµf(t) = tµ−λtλf(t). Epeid  t  tλf(t) ↑ to limt→+∞ tλf(t) up�rqei kai eÐnai
peperasmèno   �peiro. En¸ h tµ−λ teÐnei sto +∞ kaj¸c to t→ +∞.
2.3 JEWRHMA
Je¸rhma 2.3.1

Upo tic upojèseic (P̃1),(P̃2),(P̃3) kai (P̃4), mia ikan  sunj kh gia na kuriarqeÐ o ektimht c
f pou orÐzetai sthn (2.9) ton ektimht  megÐsthc pijanof�neiac ϕ0 eÐnai na up�rqoun duo jetikoi
pragmatikoÐ arijmoÐ λ1 kai λ2 tètoioi ¸ste, gia k�je u ∈ R∗

+, h h(·, u) na eÐnai elegqìmenh se
Ôyoc λ1, gia k�je t ∈ R+, h h(t, ·) na eÐnai elegqìmenh se Ôyoc λ2 kai h apeikìnish

(t, u) tuh(t, u)

na eÐnai fragmènh apì thn posìthta:
β = 2

tr(vΘqc)− 2λ1pgvp(vΘqc)

pgvp( tcqcb−)

n− k

n− k + 2λ2

ìpou pgvp kai tr eÐnai h mègisth idiotim  kai to Ðqnoc tou sqetikoÔ endomorfismoÔ antÐstoiqa.
Parat rhsh 2.3.2

Oi sumbolismoÐ vΘqc kai tcqcb− èqoun nìhma jewr¸ntac to vΘ wc apeikìnish tou Θ∗ ston
Θ kai ta q kai b wc apeikonÐseic apì ton J ston Θ∗ (bl. [37]). MporoÔn epÐshc na jewrhjoÔn
wc ginìmena pin�kwn.
Parat rhsh 2.3.3

Gia na diafèrei o f apì ton ϕ0, prèpei na deÐxoume thn Ôparxh miac tim c u0 tètoia ¸ste h
h(·, u0) na mhn eÐnai tautotik� mhdèn. Gi�autì to b prèpei na eÐnai jetikì kai sunep¸c

tr(vΘqc) > 2λ1pgvp(vΘqc)

Apì thn �llh pleur�, h t tu0h(t, u0) eÐnai fragmènh apì to b, to opoÐo upodhl¸nei (sÔmfwname thn Parat rhsh 2.2.1) ìti λ1 ≥ 1 (epeid  diaforetik� ja eÐqame: limt→+∞ th(t, u0) = +∞).
Opìte prèpei na èqoume

tr(vΘqc) > 2pgvp(vΘqc)

to opoÐo eÐnai efiktì afoÔ k > 2 apì thn (P̃3). 'Etsi brÐskoume xan� thn anagkaÐa kai ikan 
sunj kh thc mh paradoq c tou ektimht  megÐsthc pijanof�neiac pou kajier¸jhke apì ton
Stein (1956).
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Apìdeixh tou Jewr matoc
'Ennoiec

Upì thn upìjesh (P̃1), mporoÔme na gr�youme touc pÐnakec twn q, b, c anaforik� me th
b�sh (e1, ..., ek) wc ex c:

Q =

 q1 0. . .
0 qk

 , B =

 b1 0. . .
0 bk

 , C =

 c1 0. . .
0 ck


kai na upojètoume ìti b1, ..., bm (me 3 ≤ m ≤ k) eÐnai oi mh mhdenikèc idiotimèc tou B. Opìte

∀i(m < i ≤ k), bi = ci = 0 (afoÔ Kerb ⊂ Kerc)

pgvp(vΘqc) = max
1≤i≤m

(qici)

tr(vΘqc) =
m∑

i=1

qici

pgvp(tqcb−) = max
1≤i≤m

(qic
2
i b
−1
i )

An y1, ..., yn eÐnai oi suntetagmènec tou y anaforik� me th b�sh (e1, ..., en), èqoume:

ϕ0(y) =
k∑

i=1

yiei

v−1(y − ϕ0(y)) =
n∑

j=k+1

y2
j (to opoÐo ja shmei¸noume me n− k

u
)

kai
b
(
ϕ0(y)

)
=

m∑
i=1

biy
2
i (to opoÐo ja shmei¸noume me t)

An f eÐnai mia metr simh apeikìnish apì ton R+ ston R, sumbolÐzoume
E[f(y1, ..., yn)] =

∫
Rn

f(y1, ..., yn) Nn(ϑ, σ2In; dy1, ..., dyn)

=
1

(
√

2πσ)n

∫
Rn

f(y1, ..., yn)exp
[
−

n∑
i=1

(yi − ϑi)
2

2σ2

]
dy1...dyn

To peperasmèno tou kindÔnou
SumperaÐnoume apì to peperasmèno tou kindÔnou tou ϕ0 kai thn anisìthta Schwarz ìti

ikan  kai anagkaÐa sunj kh gia na eÐnai o kÐndunoc tou f peperasmènoc sto shmeÐo (ϑ, σ) eÐnai
E[q̄(ϕ0(y)− ϕ(y))] < +∞ (blèpe §1.2.2)

To pr¸to mèloc aut c thc anisìthtac gr�fetai:

Bϕ = σ−2E[q̄(h(t), u)c(ϕ0(y))] = σ−2E[h2(t, u) q̄(c(ϕ0(y)))] =
1

σ2
E

[ m∑
i=1

qic
2
i y

2
i h

2(t, u)
]
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kai an to Bϕ eÐnai peperasmèno, h diafor� tou kindÔnou tou f apì ekeÐnon tou ϕ0 eÐnai pepe-
rasmènh kai mporeÐ na grafeÐ wc ∆ϕ = Aϕ −Bϕ, ìpou

Aϕ =
2

σ2
E[q(ϕ0(y)− ϑ, ϕ0(y)− ϕ(y))] =

2

σ2
E[q(ϕ0(y)− ϑ, h(t, u)c(ϕ0(y)))]

=
2

σ2
E[h(t, u)q(ϕ0(y)− ϑ, c(ϕ0(y)))] =

2

σ2
E

[ m∑
i=1

qiciyi(yi − ϑi)h(t, u)
]

Ja deÐxoume ìti to Bϕ eÐnai peperasmèno. SÔmfwna me tic upojèseic, tuh(t, u) ≤ β. Apì
thn �llh pleur�,

1

t

m∑
i=1

qic
2
i y

2
i

eÐnai fragmèno diìti, gia ìla ta i (1 ≤ i ≤ m), bi > 0 kai
1

t

m∑
i=1

qic
2
i y

2
i =

1

t

m∑
i=1

(qic
2
i b
−1
i )biy

2
i ≤ max

1≤i≤m
(qic

2
i b
−1
i )

Loipìn, gia na eÐnai to Bϕ peperasmèno, arkeÐ
E

[ 1

tu2

]
< +∞

Sunep¸c, afoÔ t kai u eÐnai anex�rthtec (oi probolèc eÐnai anex�rthtec), arkeÐ:
E

[ 1

u2

]
< +∞ kai E

[1

t

]
< +∞

Pr�gmati,

E
[ 1

u2

]
=

1

(n− k)2
E

[( n∑
j=k+1

y2
j

)2]
=

1

(n− k)2

∫
Rn−k

( n∑
j=k+1

y2
j

)2

Nn−k(0, σ
2In−k; dyk+1, ..., yn)

=
σ4

(n− k)2
E

[( n∑
j=k+1

y2
j

σ2

)2]
=

σ4

(n− k)2

∫
Rn−k

‖z‖4Nn−k(0, In−k; dz)

=
σ4

(n− k)2

∫
R+

u2X 2
n−k(du) =

σ4

(n− k)2
(2(n− k) + (n− k)2) =

σ4

n− k
(n− k + 2)

kai
E

[1

t

]
≤ 1

min1≤i≤m bi
E

[( m∑
i=1

y2
i

)−1]
=

1

min1≤i≤m bi

∫
Rm

1∑m
i=1 y

2
i

Nm

(
(ϑ1, ..., ϑm), σ2Im; dy1, ..., dym

)
=

σ−2

min1≤i≤m bi

∫
Rm

1

‖z‖2
Nm

(
(ϑ1/σ, ..., ϑm/σ), Im; dz

)
=

σ−2

min1≤i≤m bi

∫
R+

u−1X 2
m

( m∑
i=1

(
ϑ2

i

σ2
); du

)
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to opoÐo eÐnai peperasmèno epeid  m ≥ 3 (blèpe Par�rthma Por.1.1)
K�tw fr�gma tou Af

To Aϕ eÐnai peperasmèno kai ef�oson èqoume jewr sei mia v−1-orjokanonik  b�sh, eÐnai
dunatìn na gr�youme autì to olokl rwma san èna peperasmèno diadoqikì olokl rwma epÐ
tou R kai na qrhsimopoi soume olokl rwsh kat� mèrh. Pr�gmati,

Aϕ =
2

σ2
E

[ m∑
i=1

qiciyi(yi − ϑi)h(t, u)
]

=
2

σ2

∫
Rn

m∑
i=1

qiciyi(yi − ϑi)h(t, u)Nn(ϑ, σ2In; dy1, ..., dyn)

=
2

σ2

m∑
i=1

qici

∫
Rn

yi(yi − ϑi)h(t, u)Nn(ϑ, σ2In; dy1, ..., dyn)

=
2

σ2

m∑
i=1

qici

∫
Rn−1

(∫
R
yi(yi − ϑi)h(t, u)N (ϑi, σ

2; dyi)
)
Nn−1(ϑ

i, σ2In−1; dy
i)

ìpou ϑi = (ϑ1, ..., ϑi−1, ϑi+1, ..., ϑk, 0, ..., 0) kai yi = (y1, ..., yi−1, yi+1, ..., yn)
Sto eswterikì olokl rwma, oloklhr¸nontac kat� mèrh wc proc th metablht  yi paÐrnou-me, gia k�je 1 ≤ i ≤ m,

1

σ2

∫
R
yi(yi − ϑi)h(t, u)

1√
2πσ

exp
[
−(yi − ϑi)

2

2σ2

]
dyi

=

∫
R
yih(t, u) d

(
− 1√

2πσ
exp

[
−(yi − ϑi)

2

2σ2

])
=

∫
R

1√
2πσ

exp
[
−(yi − ϑi)

2

2σ2

]
d
(
yih(t, u)

)
afoÔ limyi→±∞ yih(t, u)

1√
2πσ

exp
[
− (yi−ϑi)

2

2σ2

]
= 0 apì to gegonìc ìti h (t, u)  tuh(t, u)

fragmènh.
Epeid  gia ìla ta u ∈ R∗

+, h apeikìnish h(·, u) eÐnai elegqìmenh se Ôyoc λ1, mporoÔme naefarmìsoume thn Parat rhsh (i) tou L mmatoc 2.5.1 me p = h(·, u), a = bi > 0 kai b =∑m
j=1 bjy

2
j − biy

2
i > 0. 'Eqoume tìte:∫

R

1√
2πσ

exp
[
−(yi − ϑi)

2

2σ2

]
d
(
yih(t, u)

)
≥

∫
R

1√
2πσ

exp
[
−(yi − ϑi)

2

2σ2

]
h(t, u)

[
1− 2λ1

biy
2
i

t

]
dyi

Loipìn,
Aϕ ≥ 2E

[
h(t, u)

m∑
i=1

qici

(
1− 2λ1

biy
2
i

t

)]
≥ 2E

[
h(t, u)

( m∑
i=1

qici − 2λ1 max
1≤i≤m

(qici)
)]

'Anw fr�gma tou Bf

Bϕ =
1

σ2

m∑
i=1

qic
2
iE[y2

i h
2(t, u)]
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=
1

σ2

m∑
i=1

qic
2
iE

[y2
i

t
tuh(t, u)

1

u
h(t, u)

]
=

1

σ2

m∑
i=1

qic
2
iE

[ y2
i

(n− k)t
tuh(t, u)

n∑
j=k+1

y2
jh(t, u)

]
'Opwc sthn parap�nw par�grafo, an�goume to prìblhma ston upologismì oloklhrwm�twn

epÐ tou R. Gia k + 1 ≤ j ≤ n, èqoume:
1

σ2

∫
R
y2

jh(t, u)
1√
2πσ

exp
[
−
y2

j

2σ2

]
dyj =

∫
R
yjh(t, u) d

(
− 1√

2πσ
exp

[
−
y2

j

2σ2

])
=

∫
R

1√
2πσ

exp
[
−
y2

j

2σ2

]
d
(
yjh(t, u)

)
Epeid , gia k�je t ∈ R+, h apeikìnish h(t, ·) eÐnai elegqìmenh se Ôyoc λ2, mporoÔme na

efarmìsoume thn Parat rhsh (ii) tou L mmatoc 2.5.1 me p = h(t, ·), a = 1
n−k

> 0 kai b =

1
n−k

(∑n
i=k+1 y

2
i − y2

j

)
> 0 (afoÔ n− k ≥ 2). Loipìn, èqoume:

1

σ2

∫
R
y2

jh(t, u)
1√
2πσ

exp
[
−
y2

j

2σ2

]
dyj ≤

∫
R

1√
2πσ

exp
[
−
y2

j

2σ2

]
h(t, u)

(
1 + 2λ2

y2
j

n− k
u
)
dyj

Opìte
Bϕ =

1

σ2(n− k)
E

[∑m
i=1 qic

2
i y

2
i∑m

i=1 biy
2
i

tuh(t, u)
n∑

j=k+1

y2
jh(t, u)

]
=

1

σ2(n− k)
E

[∑m
i=1 qic

2
i b
−1
i biy

2
i∑m

i=1 biy
2
i

tuh(t, u)
n∑

j=k+1

y2
jh(t, u)

]
≤ max

1≤i≤m
(qic

2
i b
−1
i )

β

n− k

n∑
j=k+1

E
[
h(t, u)

(
1 + 2λ2

y2
j

n− k
u
)]

≤ max
1≤i≤m

(qic
2
i b
−1
i )

β

n− k

(
(n− k)E[h(t, u)] + 2λ2E

[
h(t, u)

∑n
j=k+1 y

2
j

n− k
u
])

= max
1≤i≤m

(qic
2
i b
−1
i )

β

n− k
(n− k + 2λ2)E[h(t, u)]

Antikajist¸ntac
β = 2

∑m
i=1 qici − 2λ1 max1≤i≤m(qici)

max1≤i≤m(qic2i b
−1
i )

n− k

n− k + 2λ2

paÐrnoume ∆ϕ = Aϕ −Bϕ ≥ 0, to opoÐo apodeiknÔei to je¸rhma.
2.4 MIA KLASSIKH PERIPTWSH

H perÐptwsh, h pio sun jhc, qrhsimopoioÔmenh apì polloÔc suggrafeÐc, ìpwc oiBaranchik,
Alam, Strawderman kai Ben Mansour, ìtan to σ eÐnai gnwstì   �gnwsto, eÐnai ekeÐnh ìpou

b = v−1
Θ , q = v−1

Θ kai c = idΘ
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Periorizìmaste s�ut  thn perÐptwsh kai jewroÔme touc ekimhtèc me surriknwt 
h(t, u) = f

(
v−1

Θ (ϕ0(y)),
n− k

v−1(y − ϕ0(y))

)
dhlad  jewroÔme touc ektimhtèc thc morf c:

ϕ(y) =
[
1− f

(
v−1

Θ (ϕ0(y)),
n− k

v−1(y − ϕ0(y))

)]
ϕ0(y) (2.10)

Tìte,
Pìrisma 2.4.1

An k ≥ 3, mia epark c upìjesh, gia na kuriarqeÐ o ektimht c f, thc parap�nw morf c,
ton ϕ0, eÐnai na up�rqoun duo pragmatikoÐ arijmoÐ λ1(1 ≤ λ1 <

k
2
) kai λ2(λ2 ≥ 1) tètoioi ¸ste

∀u ∈ R∗
+ , f(·, u) na eÐnai elegqìmenh se Ôyoc λ1

∀t ∈ R+ , f(t, ·) na eÐnai elegqìmenh se Ôyoc λ2

kai h apeikìnish (t, u) tuf(t, u) na eÐnai fragmènh ek twn �nw apì to
2(k − 2λ1)(n− k)

n− k + 2λ2

'Ena aplì par�deigma to opoÐo dikaiologeÐ to endiafèron tou PorÐsmatoc 2.4.1, to opoÐo
genikeÔei to Je¸rhma tou Strawderman (1973), eÐnai to ex c:
Par�deigma

JewroÔme ton ektimht  f thc morf c (2.10) me sun�rthsh surrÐknwshc
f(t, u) =

c

ut(t+ 1)

ìpou c eÐnai mia stajer� sto di�sthma [0, 2(k−2λ1)(n−k)
n−k+2λ2

] gia λ1 stajerì sto di�sthma [1, k
2
) me

k ≥ 5 kai λ2 ≥ 1.
H sun�rthsh f(t, u) ikanopoieÐ tic upojèseic tou PorÐsmatoc 2.4.1.
Pr�gmati, gia k�je u ∈ R∗

+, h sun�rthsh

t tλ1f(t, u) =
c

u

tλ1−1

t+ 1
eÐnai aÔxousa

gia k�je t ∈ R∗
+, h

u uλ2f(t, u) =
c

t(t+ 1)
uλ2−1 eÐnai aÔxousa

kai gia k�je (t, u) ∈ R∗
+ × R∗

+,
0 ≤ tuf(t, u) =

c

t+ 1
≤ c ≤ 2(k − 2λ1)(n− k)

n− k + 2λ2

Antijètwc, h sun�rthsh f(t, u) den ikanopoieÐ tic upojèseic tou PorÐsmatoc 2.4.1 gia
λ1 = 1 (dhlad  autèc tou Strawderman (1973) ) epeid , gia k�je u ∈ R∗

+, h apeikìnish
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t c
u(t+1)

den eÐnai aÔxousa.
Merik  perÐptwsh

Tèloc, endiaferìmeja gia thn perÐptwsh ìpou o surriknwt c f eÐnai thc morf c:
f(t, u) = g(t · u)

me g : R+ → R+ metr simh sun�rthsh. Dhlad  jewroÔme touc ektimhtèc thc morf c:
ϕ(y) =

[
1− g

(
v−1

Θ (ϕ0(y)) · n− k

v−1(y − ϕ0(y))

)]
ϕ0(y) (2.11)

Autìc o ektimht c eÐnai thc Ðdiac morf c me touc ektimhtèc twn Baranchik, Ben Mansour
kai thc §1 gia aut  thn klasik  perÐptwsh.

Gia touc ektimhtèc autoÔc èqoume:
Pìrisma 2.4.2

An k ≥ 3, mia epark c upìjesh kuriarqÐac tou ektimht  f tou tÔpou (2.11) epÐ tou ϕ0

eÐnai na up�rqei ènac pragmatikìc arijmìc l (1 ≤ λ ≤ k
2
) tètoioc ¸ste h sun�rthsh g na eÐnai

elegqìmenh se Ôyoc l kai ìti h ug(u) na eÐnai omoiomìrfwc fragmènh apì to 2(k−2λ)(n−k)
n−k+2λ

.
2.5 PARARTHMA-LHMMA

Mia genÐkeush tou L mmatoc 1.4.2 apoteleÐ to parak�tw L mma:
L mma 2.5.1

'Estw f mia suneq c sun�rthsh apì ton R ston R+ kai p mia sun�rthsh apì ton R+ ston
R+ elegqìmenh se Ôyoc l. 'Estw a kai b austhr� jetikoÐ pragmatikoÐ arijmoÐ. An ε = 1  
ε = −1, orÐzoume th sun�rthsh gε wc ex c:

(∀x ∈ R), gε(x) = ε · x · p[(ax2 + b)ε]

An h f eÐnai gε − Stieltjes oloklhr¸simh, èqoume∫ +∞

−∞
f(x)dgε(x) ≥

∫ +∞

−∞
f(x)p[(ax2 + b)ε][ε− 2λ

ax2

ax2 + b
]dx

Apìdeixh
An h f eÐnai gε − Stieltjes oloklhr¸simh ston R, èqoume∫ +∞

−∞
f(x)dgε(x) = lim

γ→−∞
δ→+∞

∫ δ

γ

f(x)dgε(x)

ArkeÐ loipìn na apodeÐxoume ìti h anisìthta eÐnai alhj c se k�je di�sthma [γ, δ] me γ <
0 kai δ > 0. StajeropoioÔme to [γ, δ] me γ < 0 kai δ > 0. Tìte, sto [γ, δ] h apeikìnish

x ([ax2 + b]ε)λ p
(
[ax2 + b]ε

)
eÐnai kat� tm mata monìtonh sun�rthsh kai sunep¸c eÐnai fragmènhc kÔmanshc. Epeid 
b > 0, h

x (ax2 + b)ελ
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eÐnai epÐshc kat� tm mata monìtonh sto [γ, δ]. Ex�aut¸n prokÔptei ìti epÐ tou [γ, δ], h
gε(x) =

εx

([ax2 + b]ε)λ
([ax2 + b]ε)λp([ax2 + b]ε)

eÐnai fragmènhc kÔmanshc wc ginìmeno duo sunart sewn fragmènhc kÔmanshc.
Opìte, ∫ δ

γ

f(x)dgε(x) =

∫ δ

γ

f(x)
x

([ax2 + b]ε)λ
d
[
ε([ax2 + b]ε)λp([ax2 + b]ε)

]
+

∫ δ

γ

f(x)([ax2 + b]ε)λp([ax2 + b]ε) d
[ εx

([ax2 + b]ε)λ

]
to opoÐo ja sumbolÐsoume kat� trìpo profan  me I + J .

To I eÐnai to �jroisma tou oloklhr¸matoc sto [0, δ] miac jetik c sun�rthshc anafori-
k� me mia aÔxousa sun�rthsh kai tou oloklhr¸matoc sto [γ, 0] miac arnhtik c sun�rthshc
anaforik� me mia fjÐnousa sun�rthsh. Opìte I ≥ 0.

H apeikìnish x  εx
([ax2+b]ε)λ eÐnai fragmènhc kÔmanshc sto [γ, δ]. H par�gwgìc thc eÐnai

suneq c sto [γ, δ] kai epomènwc eÐnai Riemann-oloklhr¸simh sto [γ, δ]. Loipìn, analÔontac
lamb�noume:

J =

∫ δ

γ

f(x)([ax2 + b]ε)λp([ax2 + b]ε)

(
ε− 2ε2λax2

ax2+b

([ax2 + b]ε)λ

)
dx

=

∫ δ

γ

f(x)p([ax2 + b]ε)
(
ε− 2λ

ax2

ax2 + b

)
dx (2.12)

Oi sqèseic I ≥ 0 kai (2.12) mac odhgoÔn sto sumpèrasma.
Parat rhsh 2.5.1

(i) An ε = 1, èqoume:∫ +∞

−∞
f(x) dg1(x) ≥

∫ +∞

−∞
f(x)p(ax2 + b)

(
1− 2λ

ax2

ax2 + b

)
dx

(ii) An ε = −1, sumbolÐzoume r = −g−1 kai profan¸c paÐrnoume:∫ +∞

−∞
f(x) dr(x) ≤

∫ +∞

−∞
f(x)p

( 1

ax2 + b

)(
1 + 2λ

ax2

ax2 + b

)
dx

66



Kef�laio 3

ROBUSTES EKTIMHTES ME SURRIKNWSH THS
PARAMETROU JESEWS GIA NOMOUS ME
ELLEPTIKH SUMMETRIA

S�autì to kef�laio genikeÔontai ta apotelèsmata tou KefalaÐou 2 mèsa sto genikìtero
plaÐsio ektÐmhshc thc paramètrou jèsewc nìmwn me elleiptik  summetrÐa, akolouj¸ntac touc
Cellier, Fourdrinier kai Robert(1989, [18]). H kl�sh twn jewroÔmenwn ektimht¸n eÐnai ekeÐnh
thc morf c (2.9) tou prohgoÔmenou kefalaÐou me sun�rthsh surrÐknwshc mh-suneq .

DÐdontai eparkeÐc sunj kec omoiìmorfhc kuriarqÐac epÐ tou ektimht  elaqÐstwn tetrag¸-
nwn anaforik� me thn oikogèneia twn sunart sewn apwleÐac, sundedemènec me thn kl�sh twn
elleiptik� summetrik¸n nìmwn mèsw thc koin c touc paramètrou diakÔmanshc, apodeiknÔontac
ètsi thn rwmaleìthta (robustesse) twn jewroÔmenwn ektimht¸n.

Efarmìzoume ta apotelèsmata sthn idiaÐterh perÐptwsh thc ektÐmhshc enìc poludi�statou
kanonikoÔ mèsou.

ApodeiknÔoume tèloc, to pwc prosarmìzontai ta anwtèrw stic peript¸seic, sun jwc me-
taqeirizìmenec sth bibliografÐa, ìpou o surriknwt c, sqedìn p�ntote diaforÐsimoc, eÐnai su-
n�rthsh miac mìno metablht c (sun�rthsh tou ektimht  elaqÐstwn tetrag¸nwn).

1. TO MONTELO
1.1 NOMOI ME ELLEIPTIKH SUMMETRIA

'Estw E ènac pragmatikìc dianusmatikìc q¸roc diast�sewc n kai w mÐa jetik� orismènh,
summetrik , digrammik  morf  epÐ tou E∗, duðkìc tou E (kai ed¸ eÐnai praktikì na thn jew-
roÔme wc èna grammikì isomorfismì tou E∗ epÐ tou E). H antÐstrofh thc eis�gei mÐa jetik�
orismènh, summetrik , digrammik  morf  epÐ tou E thn opoÐa shmei¸noume me w−1.

UpenjumÐzoume (blèpe Kef.1, §2) oti ènac nìmoc epÐ tou E ja lègetai aktinikìc me pa-
r�metro diakÔmanshc w an paramènei analloÐwtoc upì opoiond pote w−1-orjog¸nio meta-
sqhmatismì. EpÐshc, oti h par�metroc diakÔmanshc autoÔ tou nìmou orÐzetai kat� ènan
pollaplasiastikì par�gonta (dhl. w kai w′ eÐnai dÔo par�metroi diakÔmanshc an kai mìno an
w′ = aw ìpou a ∈ R∗

+).Dedomènou tou ϑ ∈ E, ènac nìmoc me elleiptik  summetrÐa gÔrw apì to ϑ me par�metro
diakÔmanshc w, eÐnai o nìmoc eikìna enìc aktinikoÔ nìmou m, me par�metro diakÔmanshc w,
mèsw thc sun�rthshc metafor�c tou ϑ. Ja shmei¸noume Pϑ,µ autìn to nìmo.

An o Pϑ,µ eÐnai apìluta suneq c anaforik� me to mètro tou Lebesgue λw, o Pϑ,µ dèqetai
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mÐa puknìthta thc morf c f(
w−1(y − ϑ)

) ìpou f eÐnai mÐa metr simh sun�rthsh epÐ tou R+

(blèpe Prìt. 2.4.7, Kef.1) (ja shmei¸noume kai ed¸, ìpwc sto Kef.2, me v thn tetragwnik 
morf  pou sundèetai me thn summetrik  digrammik  morf  v).
1.2 MONTELO KAI ENNOIES

'Estw y mia parat rhsh enìc nìmou Pϑ,µ me elleiptik  summetrÐa epÐ enìc n-di�statou
pragmatikoÔ dianusmatikoÔ q¸rou E. H par�metroc jèshc ϑ eÐnai �gnwsth kai h par�metroc
diakÔmanshc tou aktinikoÔ nìmou m eÐnai v, gnwst  digrammik  summetrik  morf  jetik�
orismènh epÐ tou E∗.

Shmei¸noume me ‖ ‖ th nìrma pou sundèetai me th v−1 kai vΘ thn antÐstrofh tou periori-
smoÔ thc v−1 epÐ tou J.

Upojètoume ìti to ϑ an kei se gnwstì k-di�stato upìqwro J tou E (2 < k < n− 1).
Upojètoume epiplèon ìti to m an kei se èna uposÔnolo M tou sunìlou twn aktinik¸n

nìmwn me par�metro diakÔmanshc v. K�je ν sto M èqei sun�rthsh puknìthtac fν(‖y‖2) kai
ikanopoieÐ tic upojèseic:

(H1) E0,ν

[
‖y‖2

]
< +∞

(H2) ∀ϑ ∈ Θ, Eϑ,ν

[
‖y − ϕ0(y)‖4

‖ϕ0(y)‖2

]
< +∞

(H3) fν ∈ L1(R+)

ìpou
gia k�je metr simh sun�rthsh g epÐ tou E, Eϑ,ν [g(y)] =

∫
E
g(y)Pϑ,ν(dy)

ϕ0 eÐnai h v−1-orjog¸nia probol  epÐ tou J (dhl. o ektimht c elaqÐstwn tetrag¸nwn tou
ϑ). Autìc akoloujeÐ ènan elleiptik� summetrikì nìmo Pϑ,µΘ

, ìpou µΘ = µϕ0 , o opoÐoc dèqetai
thn vΘ gia par�metro diakÔmanshc (bl. Prìtash 2.3.4, Kef.1).

Autèc oi upojèseic eÐnai anagkaÐec gia na exasfalÐsoume to peperasmèno tou kindÔnou kai
gia thn egkurìthta twn upologism¸n mac (shmei¸noume ìti h (H3) den ikanopoieÐtai p�ntote
(p.q. Cauchy)).
1.3 EKTIMHTES ME SURRIKNWSH

H par�metroc jèshc ektim�tai mèsw miac metr simhc sun�rthshc ϕ apì ton E ston J.
Upojètontac ìti h ap¸leia sthn ektÐmhsh tou ϑ apì to ϕ(y) eÐnai qµ(ϕ(y)− ϑ), ìpou qµ eÐnai
mia jetik  tetragwnik  morf  epÐ tou J (ìqi aparaÐthta jetik� orismènh), o kÐndunoc enìc
ektimht  ϕ eÐnai R(ϕ;ϑ, µ) = Eϑ,µ[qµ(ϕ(y)−ϑ)], o opoÐoc epitrèpei th sÔgkrish twn ektimht¸n.

Oi ektimhtèc me surrÐknwsh pou ja jewr soume se autì to kef�laio dÐnontai apì ton
tÔpo:

ϕ(y) = ϕ0(y)− h
(
b̄(ϕ0(y)),

n− k

‖y − ϕ0(y)‖2

)
c(ϕ0(y)), (3.1)

ìpou
b eÐnai mia jetik� orismènh summetrik  digrammik  morf  epÐ tou J
c eÐnai ènac endomorfismìc tou J
h eÐnai mia metr simh apeikìnish apì to R+×R+ sto R+, h opoÐa ja onom�zetai sun�rthsh

surrÐknwshc.
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Parat rhsh 1.3.1
An upojèsoume Kerb ⊂ Kerc kai rank(b) ≥ 3, den eÐnai anagkaÐo na jewr soume th b

jetik� orismènh. Se aut n thn perÐptwsh, ta parak�tw apotelèsmata genikeÔontai eÔkola
antikajist¸ntac to b−1 me b−, ìpou b− o genikeumènoc antÐstrofoc tou b (bl. Kef.2, §2).
1.4 UPOJESEIS EPI TWN EKTIMHTWN ME SURRIKNWSH

Upojètoume ìti up�rqei mia v−1-orjokanonik  b�sh (e1, ..., en) tou E tètoia ¸ste h (e1, ..., ek)na eÐnai mia qµ-orjog¸nia b�sh tou J gia k�je µ ∈ M . Aut  h upìjesh epib�llei mia {sqè-
sh} metaxÔ twn sunart sewn ap¸leiac. DÐnoume sthn Parat rhsh 2.2.1, pou akoloujeÐ to
je¸rhma, mia praktik  perÐptwsh aut c thc {sqèshc}.

Ja jewr soume mìno ektimhtèc thc morf c (3.1) oi opoÐoi ikanopoioÔn tic parak�tw sun-
j kec:

(P1) oi pÐnakec twn b kai c eÐnai diag¸nioi wc proc th b�sh (e1, ..., ek)

(P2) oi idiotimèc tou c eÐnai mh arnhtikèc
(P3) o endomorfismìc tcqµcb

−1 den eÐnai tautotik� mhdèn (dhl. oi qµ den eÐnai tautotik�
mhdèn epÐ thc Im c)

K�poioi suggrafeÐc qrhsimopoioÔn ektimhtèc qwrÐc ton periorismì (P1) (ìpwc p.q. o
Brandwein [9]) all� p�ntote epib�lloun isqurìterec upojèseic analutikìthtac.

2. IKANES SUNJHKES GIA THN OMOIOMORFH KURIARQIA
EPI TOU f0

2.1 ELEGQOMENES SUNARTHSEIS
AnakaloÔme tic ènnoiec thc §2.2 tou Kef.2.
'Estw g mia sun�rthsh apì to R+ sto R+. H g ja onom�zetai elegqìmenh an up�rqei

pragmatikìc arijmìc l tètoioc ¸ste h apeikìnish t  tλg(t) na èinai aÔxousa sun�rthsh epÐ
tou R+. An h g eÐnai elegqìmenh, èstw

λ0 = inf{ λ ∈ R : tλg(t) aÔxousa epÐ tou R+}

tìte h g ja lègetai elegqìmenh se Ôyoc λ0.ParathroÔme ìti, an h g eÐnai elegqìmenh se Ôyoc λ0, tìte h tλ0g(t) eÐnai aÔxousa kai ìti,
gia k�je λ > λ0,

lim
t→+∞

tλg(t) = +∞

ef�oson h g(t) den èinai tautotik� mhdèn.
2.2 TO KURIO APOTELESMA

Met� apì autìn ton prokatartikì orismì, mporoÔme na diatup¸soume to parak�tw je¸-
rhma.
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Je¸rhma 2.2.1
Dedomènou tou f, ikanopoi¸ntac tic upojèseic (R1), (R2), (R3), o kÐndunoc tou f eÐnai

mikrìteroc   Ðsoc tou kindÔnou tou ektimht  elaqÐstwn tetrag¸nwn ϕ0 gia k�je (ϑ, µ) ∈ Θ×M
an:
i) up�rqei ènac jetikìc pragmatikìc arijmìc λ1 tètoioc ¸ste h h(·, u) na eÐnai elegqìmenh se
Ôyoc λ1, gia k�je u ∈ R+.
ii) up�rqei ènac jetikìc pragmatikìc arijmìc λ2 tètoioc ¸ste h h(t, ·) na eÐnai elegqìmenh se
Ôyoc λ2, gia k�je t ∈ R+.
iii) tuh(t, u) ≤ n−k

n−k+2λ2
γ, gia k�je (t, u) ∈ R+ × R+, ìpou

γ = 2 inf
µ∈M

tr(vΘqµc)− 2λ1pgvp(vΘqµc)

pgvp(tcqµcb−1)

kai ìpou tr kai pgvp eÐnai to Ðqnoc kai h mègisth idiotim  tou jewroÔmenou endomorfismoÔ.
Parathr sh 2.2.1

1. Mia anagkaÐa sunj kh gia na eÐnai o f di�foroc apì ton ϕ0 eÐnai γ > 0. Epeid  h h
ika- nopoieÐ ta i) kai iii), eÐnai λ1 ≥ 1. Sunep¸c o c prèpei na ikanopoieÐ

tr(vΘqµc)− 2pgvp(vΘqµc) > 0

apì to opoÐo sunep�getai k > 2. 'Etsi brÐskoume p�li to fr�gma gia th mh paradoq  tou
ektimht  elaqÐstwn tetrag¸nwn, pou pr¸toc apèdeixe o Stein(1956) gia thn perÐptwsh kano-
nikìthtac kai genÐkeuse o Brown(1966) gia pio genikoÔc nìmouc.

2. JewroÔme th merik  perÐptwsh ìpou qµ(ϑ) = s(µ)q(ϑ) gia k�je (ϑ, µ) ∈ Θ × M
(dedomènhc miac aujaÐrethc tetragwnik c morf c q epÐ tou J kai miac jetik c sun�rthshc s
apì to M ston R∗

+). Tìte

γ = 2
tr(vΘqc)− 2λ1pgvp(vΘqc)

pgvp(tcqcb−1)

Apìdeixh tou Jewr matoc
'Ennoiec

SÔmfwna me thn upojèsh (P1), ta qµ, b kai c èqoun thn akìloujh anapar�stash upì morf pin�kwn wc proc th b�sh (e1, ..., ek):

Q =

 qµ,1 0. . .
0 qµ,k

 , B =

 b1 0. . .
0 bk

 , C =

 c1 0. . .
0 ck


MporoÔme loipìn na gr�youme

pgvp(vΘqµc) = max
1≤i≤k

qµ,ici

tr(vΘqµc) =
k∑

i=1

qµ,ici
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kai
pgvp( tcqµcb

−1) = max
1≤i≤k

qµ,ic
2
i b
−1
i

An
y =

n∑
i=1

yiei

tìte
ϕ0(y) =

k∑
i=1

yiei

v−1
Θ⊥

(y − ϕ0(y)) = ‖y − ϕ0(y)‖2 =
n∑

j=k+1

y2
j (shmei¸netai me n− k

u
)

kai
b̄(ϕ0(y)) =

k∑
i=1

biy
2
i (shmei¸netai me t)

Gia k�je pragmatik  sun�rthsh g epÐ tou Rn, shmei¸noume

Eϑ,µ[g(y1, ..., yn)] =

∫
Rn

g(y1, ..., yn)fµ

( n∑
i=1

(yi − ϑi)
2
)
dy1...dyn

ìtan up�rqei autì to olokl rwma kai tèloc shmei¸noume
β =

n− k

n− k + 2λ2

γ

To peperasmèno tou kindÔnou
EÐnai eÔkolo na deÐxei kaneÐc ìti o kÐndunoc tou ϕ0 eÐnai peperasmènoc gia k�je (ϑ, µ) ìtan

ikanopoieÐtai h (H1). Pr�gmati gia k�je (ϑ, µ) èqoume:
R(ϕ0;ϑ, µ) = Eϑ,µ

[
qµ(ϕ0(y)− ϑ)

]
=

∫
E

qµ(ϕ0(y)− ϑ) Pϑ, µ(dy)

=

∫
Θ

qµ(x− ϑ) (Pϑ, µ)ϕ0(dx) =

∫
Θ

qµ(x− ϑ) Pϑ, µΘ
(dx)

=

∫
Θ

qµ(t) P0, µΘ
(dt) =

∫
Θ

qµ(t) µΘ(dt) =

∫
Θ

qµ(t)fµΘ
(‖t‖2) λvΘ

(dt)

=

∫
Rk

k∑
i=1

qµ,it
2
i fµΘ

( k∑
i=1

t2i

)
dt1...dtk ≤ max

1≤i≤k
qµ,i

∫
Rk

k∑
i=1

t2i fµΘ

( k∑
i=1

t2i

)
dt1...dtk

= max
1≤i≤k

qµ,i

∫
Θ

‖t‖2 µΘ(dt)

= max
1≤i≤k

qµ,i

∫
E

‖ϕ0(y)‖2 µ(dy)

ìpou µΘ = (µ)ϕ0 = vΘ−radiale kai µ = P0,µ. H teleutaÐa par�stash eÐnai peperasmènh lìgw
thc (H1):

Pr�gmati,
y = y − ϕ0(y) + ϕ0(y)
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Sunep¸c,
‖y‖2 = ‖y − ϕ0(y)‖2 + ‖ϕ0(y)‖2 + 2 v−1

(
y − ϕ0(y), ϕ0(y)

)
︸ ︷︷ ︸

=0

Loipìn, upì thn (H1),∫
E

‖y‖2µ(dy) =

∫
E

‖y − ϕ0(y)‖2µ(dy) +

∫
E

‖ϕ0(y)‖2µ(dy) < +∞

ap' ìpou ∫
E

‖ϕ0(y)‖2µ(dy) < +∞

AkoloujeÐ tìte apì thn anisìthta tou Schwarz ìti mia ikan  kai anagkaÐa sunj kh gia
na eÐnai o kÐndunoc tou ϕ peperasmènoc gia k�je (ϑ, µ), eÐnai

Eϑ,µ

[
qµ(ϕ0(y)− ϕ(y))

]
< +∞

gia k�je (ϑ, µ). To aristerì mèloc aut c thc anisìthtac mporeÐ na grafeÐ

Bϕ = Eϑ,µ

[
qµ

(
h
(
b̄(ϕ0(y)),

n− k

‖y − ϕ0(y)‖2

)
c(ϕ0(y))

)]
= Eϑ,µ

[ k∑
i=1

qµ,ic
2
i y

2
i h

2(t, u)
]

An to Bϕ eÐnai peperasmèno, tìte h diafor� tou kidÔnou tou ϕ0 kai tou ϕ eÐnai peperasmènh
kai mporeÐ na grafeÐ ∆ϕ = Aϕ −Bϕ ìpou

Aϕ = 2Eϑ,µ

[
qµ

(
ϕ0(y)− ϑ, ϕ0(y)− ϕ(y)

)]
= 2Eϑ,µ

[
qµ

(
h(t, u)c(ϕ0(y)), ϕ0(y)− ϑ

)]
= 2Eϑ,µ

[ k∑
i=1

qµ,iciyi(yi − ϑi)h(t, u)
]

Ja deÐxoume ìti to Bϕ eÐnai peperasmèno. Apì tic upojèseic tou jewr matoc èqoume ìti
tuh(t, u) ≤ β. Epeid  bi > 0 (1 ≤ i ≤ k) èqoume:

1

t

k∑
i=1

qµ,ic
2
i y

2
i ≤ max

1≤i≤k
qµ,ic

2
i b
−1
i

Sunep¸c, apì thn upìjesh (H2), paÐrnoume
Bϕ ≤ β2 max

1≤i≤k
qµ,ic

2
i b
−1
i Eϑ,µ

[ 1

tu2

]
< +∞

K�tw fr�gma tou Af
Epeid  to Aϕ eÐnai peperasmèno kai jewroÔme mia v−1-orjokanonik  b�sh, to Aϕ mporeÐ

na diaspasteÐ se peperasmèna diadoqik� oloklhr¸mata epÐ tou R. OrÐzoume gia 1 ≤ i ≤ k,

αi =

∫
R
yih(t, u)(yi − ϑi)fµ(ω)dyi, ìpou ω =

n∑
j=1

(yj − ϑj)
2
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Epeid  ikanopoieÐtai h (H3), h gµ(x) = −
∫ +∞

x
fµ(z)dz = −

∫ +∞
0

fµ(z)dz +
∫ x

0
fµ(z)dz

eÐnai diaforÐsimh, aux�nei sto 0 (je¸r. Lebesgue) kaj¸c to x teÐnei sto +∞ kai epalhjeÔei
g′µ(x) = fµ(x) σ.β. 'Etsi ∂

∂yi
gµ(ω) = 2(yi−ϑi)fµ(ω) = ∂

∂yi

(
−

∫ +∞
ω

fµ(z)dz
)
σ.β. apì to opoÐo

èqoume:
ai =

∫ +∞

−∞
yih(t, u)

∂

∂yi

(
−1

2

∫ +∞

ω

fµ(z)dz
)
dyi (3.2)

Me olokl rwsh kat� mèrh sthn (3.2) paÐrnoume
ai =

∫ +∞

−∞

(1

2

∫ +∞

ω

fµ(z)dz
)
d(yih(t, u)) (3.3)

to opoÐo eÐnai to olokl rwma Stieltjes thc sun�rthshc yi  1
2

∫ +∞
ω

fµ(z)dz, suneq c kai
fragmènh, anaforik� me th sun�rthsh yi  yih(t, u), fragmènhc kÔmanshc epeid  h h eÐnai
elegqìmenh se Ôyoc l. Pr�gmati, epeid 

lim
yi→±∞

∫ +∞

ω

fµ(z)dz = 0 , lim
yi→±∞

|yih(t, u)| ≤ lim
yi→±∞

β|yi|
tu

= 0

èqoume: [
yih(t, u)

(
−1

2

∫ +∞

ω

fµ(z)dz
)]+∞

−∞
= 0

Epeid  h h(·, u) eÐnai elegqìmenh se Ôyoc λ1 gia k�je u ∈ R+, mporoÔme na efarmìsoume
to L mma 2.5.1, Parat.(i) tou Kef.2, sto ai. ProkÔptei tìte,

ai ≥
∫ +∞

−∞

(1

2

∫ +∞

ω

fµ(z)dz
)
h(t, u)

(
1− 2λ1

biy
2
i

t

)
dyi

Opìte
Aϕ ≥ 2

( k∑
i=1

qµ,ici − 2λ1 max
1≤i≤k

qµ,ici

) ∫
Rn

(1

2

∫ +∞

ω

fµ(z)dz
)
h(t, u)dy1...dyn

'Anw fr�gma tou Bf
Upì tic parap�nw ènnoiec sumperaÐnoume oti,

Bϕ = Eϑ,µ

[ k∑
i=1

qµ,ic
2
i y

2
i h

2(t, u)
]

= Eϑ,µ

[ k∑
i=1

qµ,ic
2
i

y2
i b
−1
i bi

(n− k)t
tuh(t, u)

n∑
j=k+1

y2
jh(t, u)

]
≤ β

n− k
max
1≤i≤k

qµ,ic
2
i b
−1
i Eϑ,µ

[ n∑
j=k+1

y2
jh(t, u)

]
'Opwc sthn prohgoÔmenh par�grafo, jewroÔme mìno oloklhr¸mata epÐ tou R. Gia k+1 ≤

j ≤ n, orÐzoume
βj =

∫ +∞

−∞
y2

jh(t, u)fµ(ω)dyj =

∫ +∞

−∞
yjh(t, u)yjfµ(ω)dyj

=

∫ +∞

−∞

(1

2

∫ +∞

ω

fµ(z)dz
)
d(yjh(t, u)) (3.4)
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Epeid  h h(t, ·) eÐnai elegqìmenh se Ôyoc λ2 kai k < n−1, mporoÔme na efarmìsoume xan�
to L mma 2.5.1,Parat.(ii) tou Kef.2, to opoÐo mac dÐnei

βj ≤
∫ +∞

−∞

(1

2

∫ +∞

ω

fµ(z)dz
)
h(t, u)

(
1 + 2λ2

u

n− k
y2

j

)
dyj

Opìte
Bϕ ≤

β

n− k
max
1≤i≤k

qµ,ic
2
i b
−1
i

∫
Rn

(1

2

∫ +∞

ω

fµ(z)dz
)
h(t, u)(n− k + 2λ2)dy1...dyn

K�tw fr�gma tou Df
Jewr¸ntac ìti

β =
n− k

n− k + 2λ2

inf
µ∈M

∑k
i=1 qµ,ici − 2λ1 max1≤i≤k qµ,ici

max1≤i≤k qµ,ic2i b
−1
i

akoloujeÐ apì ta anwtèrw ìti ∆ϕ ≥ 0, gia k�je (ϑ, µ) ∈J×M, autì to opoÐo apodeiknÔei to
je¸rhma.
2.3 H NORMALE PERIPTWSH

An h katanom  tou y eÐnai mia n-di�stath kanonik , N (ϑ, σ2v), me �gnwsto mèso ϑ kai
diaspor� gnwst  ektìc apì ton pollaplasiastikì par�gonta σ2, aut  h katanom  eÐnai mia
eidik  perÐptwsh nìmou me elleiptik  summetrÐa (bl.2.2 ParadeÐgmata, Kef.1) me par�metro
jèshc ϑ kai par�metro diakÔmanshc v.

'Estw M = { N (0, σ2v) : σ2 ∈ R∗
+ }. EÐnai profanèc ìti h N (ϑ, σ2v) ikanopoieÐ tic

upojèseic (H1), (H2) kai (H3). H sun�rthsh ap¸leiac eÐnai h sun jhc σ−2q̄(ϑ − ϕ(y)) gia
thn ektÐmhsh tou ϑ. 'Etsi sthn eidik  all� shmantik  perÐptwsh ektÐmhshc tou mèsou miac
k-di�stathc kanonik c ìtan h diaspor� eÐnai merik¸c �gnwsth, oi ektimhtèc thc morf c (3.1)
kuriarqoÔn ton ektimht  ϕ0 an ikanopoioÔntai oi upojèseic i), ii) kai iii) tou prohgoÔmenou
apotelèsmatoc me

γ = 2
tr(vΘqc)− 2λ1pgvp(vΘqc)

pgvp(tcqcb−1)

ProkÔptei loipìn, wc pìrisma tou jewr matoc, to Je¸rhma 2.3.1 tou Kef.2, to opoÐo
genÐkeuse tic klasikèc upojèseic epÐ thc sun�rthshc surrÐknwshc (ìpwc twn Baranchik [3]
kai Bock[8]).

3. PERIPTWSH OPOU O EKTIMHTHS ME SURRIKNWTH E-
XARTATAI MONO APO TO f0(y)

3.1 EISAGWGIKA
Ed¸ h di�stash tou J mporeÐ na eÐnai apo 3 mèqri n, th di�stash tou E (dhl. ed¸ den eÐnai

anagkaÐo h di�stash tou J na eÐnai mikrìterh tou n− 1). Me tic ènnoiec thc paragr�fou 1.2,
upojètoume ìti to m an kei se mia oikogèneia M, h opoÐa mporeÐ na katal xei sto µ0, nìmwn
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radiales me par�metro diakÔmanshc v pou dèqontai puknìthta pijanìthtac fµ kai ikanopoioÔn
tic upojèseic (H1), (H ′2), (H3) kai (H4) ìpou
(H ′2) ∀ϑ ∈ Θ, Eϑ,µ

[
‖ϕ0(y)‖−2

]
< +∞

(H4) d = inf
µ∈M

inf
s∈Sµ

(∫ +∞

s

fµ(z)dz/fµ(s)
)
> 0, ìpou Sµ = {s ∈ R+ : fµ(s) > 0}

Shmei¸noume ìti h (H4) eÐnai parìmoia twn sunjhk¸n pou emfanÐzontai stoucBerger(1975)
kai Bock(1985).

Oi ektimhtèc pou jewroÔme ed¸ eÐnai thc morf c:
ϕ(y) = ϕ0(y)− h

(
b̄(ϕ0(y))

)
c(ϕ0(y)) (3.5)

ìpou h eÐnai mia metr simh sun�rthsh apì ton R+ ston R+ kai ta b, c orÐzontai ìpwc sthn §1.3.
3.2 KURIO APOTELESMA
Prìtash 3.2.1

Upì tic upojèseic (R1),(R2) kai (R3), mia ikan  sunj kh gia na èqei o ektimht c f tou
tÔpou (3.5) kÐnduno mikrìtero   Ðso apì autìn tou ϕ0 eÐnai na up�rqei λ > 0 tètoio ¸ste h h
na eÐnai elegqìmenh se Ôyoc l kai th(t) ≤ d

2
γ, gia k�je t ∈ R+, ìpou

γ = inf
µ∈M

2
tr(vΘqµc)− 2λpgvp(vΘqµc)

pgvp( tcqµcb−1)

Apìdeixh
Epeid  aut  h prìtash eÐnai polÔ plhsÐon tou jewr matoc, h apìdeix  thc eÐnai polÔ ìmoia

me ekeÐnh tou jewr matoc. Aut  loipìn ja eÐnai sunoptik  kai ja diathr soume tic ènnoiec
thc apìdeixhc tou parap�nw jewr matoc. To peperasmèno tou kindÔnou exasfalÐzetai apì
thn (H ′2). Pr�gmati apì to peperasmèno tou kindÔnou arkeÐ Bϕ < +∞. 'Omwc

Bϕ = Eϑ,µ

[
q̄µ(ϕ0(y)− ϕ(y))

]
= Eϑ,µ

[ k∑
i=1

qµ,ic
2
i y

2
i h

2(t)
]

= Eϑ,µ

[∑k
i=1 qµ,ic

2
i y

2
i

t2
t2h2(t)

]
≤

(d
2
γ
)2

max
1≤i≤k

qµ,ic
2
i b
−1
i Eϑ,µ

[1

t

]
kai

Eϑ,µ

[1

t

]
= Eϑ,µ

[ 1∑k
i=1 biy

2
i

]
≤ 1

min1≤i≤k bi
Eϑ,µ

[( k∑
i=1

y2
i

)−1]
=

1

min1≤i≤k bi
Eϑ,µ[‖ϕ0(y)‖−2] < +∞

'Opwc sthn apìdeixh tou anwtèrw jewr matoc, mporoÔme na gr�youme th diafor� twn
kindÔnwn metaxÔ tou ϕ0 kai tou ϕ upì th morf  ∆ϕ = Aϕ −Bϕ. 'Omoia paÐrnoume

Aϕ = 2Eϑ,µ

[
qµ(ϕ0(y)− ϑ, ϕ0(y)− ϕ(y))

]
= 2Eϑ,µ

[
h(t)qµ(ϕ0(y)− ϑ, c(ϕ0(y))

]
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= 2Eϑ,µ

[
h(t)

k∑
i=1

qµ,iciyi(yi − ϑi)
]

≥ 2
( k∑

i=1

qµ,ici − 2λ max
1≤i≤k

qµ,ici

) ∫
Rn

(1

2

∫ +∞

ω

fµ(z)dz
)
h(t)dy1...dyn

H (H4) sunep�getai tìte
Aϕ ≥ 2

( k∑
i=1

qµ,ici − 2λ max
1≤i≤k

qµ,ici

) ∫
Rn

d

2
h(t)fµ(ω)dy1...dyn

Akìmh to fr�ximo ek twn �nw gia to Bϕ eÐnai eukolìtero ap�oti sthn apìdeixh tou anwtèrw
jewr matoc (ed¸ apofeÔgetai h qr sh tou L mmatoc 2.5.1 tou Kef.2). Loipìn,

Bϕ = Eϑ,µ

[∑k
i=1 qµ,ic

2
i y

2
i

t
h(t) th(t)

]
≤ d

2
γ max

1≤i≤k
qµ,ic

2
i b
−1
i Eϑ,µ[h(t)]

=
d

2
γ max

1≤i≤k
qµ,ic

2
i b
−1
i

∫
Rn

h(t)fµ(ω)dy1...dyn

Qrhsimopoi¸ntac thn èkfrash tou g, apodeiknÔoume thn prìtash.
3.3 H NORMALE PERIPTWSH

'Opwc sthn par�grafo 2.3, mporoÔme na jewr soume thn perÐptwsh ektÐmhshc tou mèsou
miac Normale katanom c. An M = { N (ϑ, σ2v) : ϑ ∈ Θ, σ2 ≥ σ2

0 }, tìte to �nw fr�gma gia
thn th(t) eÐnai

2σ2
0

tr(vΘqc)− 2λpgvp(vΘqc)

pgvp( tcqcb−1)

an epilèxoume mia sun�rthsh ap¸leiac ìpwc sthn par�grafo 2.3, dhl. thn σ−2q̄(ϕ(y)−ϑ) (to
apotèlesma parousi�sthke sto Jewr.1.3.1 tou Kef.2, ìpou to σ2 jewreÐto gnwstì).

Pr�gmati, an qµ(ϕ(y)− ϑ) = σ−2q̄(ϕ(y)− ϑ), to γ gÐnetai:

γ = inf
µ∈M

2
σ−1

(
tr(vΘqc)− 2λpgvp(vΘqc)

)
σ−1pgvp( tcqcb−1)

= 2
tr(vΘqc)− 2λpgvp(vΘqc)

pgvp( tcqcb−1)

EpÐshc,

d = inf
µ∈M

inf
s∈Sµ

∫ +∞
s

fµ(z)dz

fµ(s)
= inf

µ∈M
inf

s∈Sµ

∫ +∞
s

1
(
√

2πσ)n e
− z

2σ2 dz

1
(
√

2πσ)n e
− s

2σ2

= inf
µ∈M

inf
s∈Sµ

2σ2[−e−
z

2σ2 ]+∞s

e−
s

2σ2
= inf

µ∈M
2σ2 = 2σ2

0

'Ara
th(t) ≤ d

2
γ = 2σ2

0

tr(vΘqc)− 2λpgvp(vΘqc)

pgvp( tcqcb−1)
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Kef�laio 4

EKTIMHTES ME SURRIKNWSH UPO ELLEIPTIKH
SUMMETRIA: MIA GENIKH UPOJESH
KURIARQIAS EPI TOU EKTIMHTH ELAQISTWN
TETRAGWNWN

JewroÔme, ìpwc kai sto prohgoÔmeno kef�laio, to prìblhma thc ektÐmhshc thc paramètrou
jèsewc j enìc nìmou me elleiptik  summetrÐa (qwrÐc thn an�gkh Ôparxhc puknìthtac) mèsa
sto plaÐsio enìc genikeumènou grammikoÔ montèlou dhl. ìtan to j an kei se èna gn sio
dianusmatikì upìqwro tou q¸rou twn parathr sewn.

Sthrizìmenoi sta apotelèsmata twn Cellier kai Fourdrinier (1992, 1994) (oi opoÐoi epe-
kteÐnoun ta apotelèsmata twnBrandwein kai Strawderman (1991) ), dÐdomen èna amerìlhpto
ekimht  thc diafor�c twn kindÔnwn tou ektimht  elaqÐstwn tetrag¸nwn ϕ0 kai k�je ektimht 
me surriknwt  thc morf c:

ϕ = ϕ0 − ‖X − ϕ0‖ g ◦ ϕ0

Ex autoÔ sumperaÐnoume mia genik  upìjesh kuriarqÐac tou f epÐ tou ϕ0 anaforik� me mia
opoiad pote tetragwnik  ap¸leia, k�nontac mh anagkaÐa opoiad pote upìjesh superharmoni-
cite epÐ tou g. Deqìmaste ìmwc en antijèsei me ta prohgoÔmena kef�laia (2 kai 3), th dia-
forisimìthta thc g.

1. EKTIMHSH THS PARAMETROU JESEWS ANAFORIKA ME
MIA GENIKH TETRAGWNIKH SUNARTHSH APWLEIAS
1.1 TO MONTELO

H mèjodoc pou uðojetoÔme (kai ed¸) gia thn ektÐmhsh thc paramètrou jèsewc, sto plaÐ-
sio tou genikoÔ grammikoÔ montèlou, eÐnai ekeÐnh twn prohgoumènwn kefalaÐwn dhlad  thc
{coordinate free}.

Shmei¸noume ed¸ me (E, < , >) èna eukleÐdeio q¸ro diast�sewc n kai J èna gn sio
dianusmatikì upìqwro tou E diast�sewc k (0 < k < n).

'Estw x(∈ E) mia parat rhsh enìc nìmou me elleiptik  summetrÐa Pϑ paramètrou jèsewc
j (kai paramètrou diakÔmanshc < , >−1). UpenjumÐzoume ìti h elleiptik  summetrÐa (bl.
KefalaÐo 1) eÐnai isodÔnamh me to ìti o Pϑ eÐnai h eikìna mèsw thc metafor�c tou j enìc
nìmou pou mènei analloÐwtoc upì opoiand pote orjog¸nio metasqhmatismì (anaforik� me to
bajmwtì ginìmeno < , >).
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H kÔria upìjesh s�autì to montèlo (h opoÐa sumpÐptei me ekeÐnh twn KefalaÐwn 2, 3) eÐnai
ìti h par�metroc jèsewc j an kei ston J me di�stash austhr� mikrìterh apì ekeÐnh tou E.

Mia mikr  kainotomÐa autoÔ tou kefalaÐou eÐnai ìti den upojètoume thn Ôparxh puknìthtac
tou Pϑ wc proc to mètro tou Lebesgue epÐ tou E.

H par�metroc jèshc j ektim�tai apì metr simec sunart seic f apì ton E ston J. Gia na
sugkrÐnoume touc di�forouc ektimhtèc, jewroÔme mia genik  tetragwnik  sun�rthsh ap¸leiac,
h opoÐa sundèetai me mia jetik  tetragwnik  morf  q epÐ tou J. H ap¸leia pou parèqetai upì
thn ektÐmhsh ϕ(x) ìtan to j eÐnai h alhjinh tim  thc paramètrou, eÐnai

q
(
ϕ(x)− ϑ

)
'Etsi ènac ektimht c f belti¸nei èna �llo ektimht  ϕ′, an o kÐndunoc R(ϕ; ·) tou f eÐnai

mikrìteroc   Ðsoc tou kindÔnou tou ϕ′ dhlad 
∀ϑ ∈ Θ, R(ϕ;ϑ) =

∫
E

q
(
ϕ(x)− ϑ

)
Pϑ(dx) ≤

∫
E

q
(
ϕ′(x)− ϑ

)
Pϑ(dx) = R(ϕ′;ϑ)

Epeid  k < n, o sun jhc ektimht c tou j eÐnai h < , >-orjog¸nia probol  ϕ0 tou E epÐ
tou J, o opoÐoc wc gnwstìn eÐnai o e.e.t. tou j.

O skopìc autoÔ tou kefalaÐou eÐnai na d¸sei genikèc sunj kec gia mia eureÐa kl�sh
ektimht¸n me surrÐknwsh oi opoÐoi belti¸noun ton sun jh e.e.t. ϕ0.

Oi ektimhtèc me surriknwt  pou jewroÔme eÐnai thc morf c
ϕ = ϕ0 − ‖X − ϕ0‖2 · g ◦ ϕ0 (4.1)

ìpou g eÐnai mia metr simh apeikìnish apì ton J ston J kai Q h tautotik  apeikìnish epÐ tou
E.

Oi ektimhtèc thc morf c (4.1) diafèroun ekeÐnwn twn prohgoÔmenwn kefalaÐwn stouc o-
poÐouc h parousÐa tou endomorfismoÔ c, enarmonÐzontac thn surrÐknwsh kat� sunist¸sa,
antikajÐstatai apì mia dianusmatik  sun�rthsh.

EpÐshc eÐnai endiafèron na parathr soume ìti o surriknwt c ‖X−ϕ0‖2 ·g ◦ϕ0 perièqei ton
{upoleimatikì ìro} ‖X − ϕ0‖2. 'Opwc eÐdame sto prohgoÔmeno kef�laio, h parousÐa autoÔ
tou ìrou, odhgeÐ se k�poiec idiìthtec {rwmaleìthtac} epeid  dojeÐshc thc parat rhshc x, o
upoleimatikìc ìroc ‖x − ϕ0(x)‖2, parist�nontac to tetr�gwno thc apìstashc metaxÔ tou x
kai thc probol c tou epÐ tou J, diaisjhtik� enisqÔei thn plhroforÐa pou qrhsimopoieÐtai gia
ton ektimht .

H mèjodoc gia thn kuriarqÐa tou f epÐ tou ϕ0 sthrÐzetai ìpwc kai sta prohgoÔmena kef�-
laia, ston upologismì thc diafor�c twn kindÔnwn twn ektimht¸n ϕ0 kai f antistoÐqwc.

O upologismìc basÐzetai sto gegonìc ìti, o Pϑ ìntwc elleiptik� summetrikìc, eÐnai èna
mÐgma omoiìmorfwn nìmwn, Ur,ϑ, epÐ twn sfair¸n Sr,ϑ = {x ∈ E : ‖x−ϑ‖ = r} tou E, kèntrou
j kai aktÐnac r. Autì pou mac epitrèpei na gr�youme, gia k�je sun�rthsh f Pϑ-oloklhr¸simh,ìti

Eϑ(f) =

∫
E

fdPϑ =

∫
R+

Er,ϑ(f)ρ(dr)

ìpou Er,ϑ shmei¸nei th mèsh tim  anaforik� me ton omoiìmorfo nìmo Ur,ϑ epÐ thc sfaÐrac Sr,ϑkai r eÐnai o nìmoc thc aktÐnac dhlad  ρ = (P0)‖·‖ (bl. Prìt.2.4.1, Kef.1).
EpÐshc, epeid  o nìmoc eikìna tou Ur,ϑ upì thn ϕ0

(
(Ur,ϑ)ϕ0

) eÐnai apìluta suneq c wc
proc to mètro tou Lebesgue epÐ tou J (Prìt.2.4.8, Kef.1), h antÐstoiqh puknìthta faÐnetai
na eÐnai èna polÔ kalì ergaleÐo.
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Aut  mac epitrèpei na d¸soume mia akrib  èkfrash thc diafor�c twn kindÔnwn kai ìqi
apl� èna k�tw fr�gma ìpwc stouc Brandwein kai Strawderman [10], [11]. H qr sh aut c
axiopoieÐ thn plhroforÐa ìti to j an kei s�ena gn sio dianusmatikì upìqwro.
1.2 UPOJESEIS EPI TOU NOMOU KAI THS SUNARTHSHS SURRIKNW-
SHS

Gia na exasfalÐsoume to peperasmèno tou kindÔnou tou sun jh ektimht  ϕ0 kai tou kin-
dÔnou tou ektimht  me surrÐknwsh f, qreiazìmaste tic dÔo akìloujec upojèseic (H1) kai
(H2) :

(H1)

∫
E

‖X‖2 dP0 < +∞

(H2) ∀ϑ ∈ Θ,

∫
E

‖X − ϕ0‖4 · ‖g ◦ ϕ0‖2 dPϑ < +∞

Parat rhsh 1.2.1
Sthn apìdeixh thc Prìtashc 1.3.1, qrhsimopoioÔme antÐ thc (H1) th sunj kh∫

E

‖ϕ0‖2 dP0 < +∞

Arqik�, aut  h sunj kh faÐnetai asjenèsterh thc (H1). Wstìso, apodeiknÔetai katwtèrwìti, epeid  o P0 eÐnai aktinikìc, oi dÔo autèc sunj kec eÐnai isodÔnamec.
Pr�gmati, epeid  o P0 eÐnai aktinikìc, èqoume:∫

E

‖ϕ0(x)‖2 P0(dx) =

∫
R+

(∫
Sr

‖ϕ0(x)‖2 Ur(dx)
)
ρ(dr)

=

∫
R+

(∫
S1

r2‖ϕ0(y)‖2 U1(dy)
)
ρ(dr)

=

∫
R+

r2%(dr) ·
∫

S1

‖ϕ0(y)‖2 U1(dy) (4.2)
kai ìmoia, ∫

E

‖X(x)‖2 P0(dx) =

∫
R+

r2ρ(dr) ·
∫

S1

‖y‖2 U1(dy)

=

∫
R+

r2ρ(dr)

Loipìn, an ∫
E
‖ϕ0‖2 dP0 < +∞, apì thn (4.2) paÐrnoume ìti ∫

R+
r2ρ(dr) < +∞ kai

sunep¸c ∫
E
‖X‖2 dP0 < +∞

To antÐstrofo eÐnai profanèc afoÔ ‖X‖2 = ‖X − ϕ0‖2 + ‖ϕ0‖2 ≥ ‖ϕ0‖2. 'Ara oi duo
sunj kec eÐnai isodÔnamec.
Parat rhsh 1.2.2

Suqn� eÐnai dÔskolo na elegqjeÐ h sunj kh (H2). Gia to lìgo autì, sthn par�grafo 3
apodeiknÔoume ìti h parak�tw sunj kh

(H3) ∃a > 0, ∀t ∈ Θ, ‖t‖ ‖g(t)‖ ≤ a
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eÐnai ikan  na exasfalÐsei thn (H2). Tètoiac morf c sunj kh d¸same  dh sta Kef.2 kai 3,
ìpou o par�gontac surrÐknwshc  tan bajmwtìc (ekeÐ h sunj kh eÐnai tg(t) ≤ a). 'Etsi aut 
eÐnai mia fusiologik  genÐkeush ìtan o g eÐnai dianusmatikìc.

'Ena teleutaÐo shmantikì shmeÐo eÐnai, ìpwc apodeiknÔetai sthn par�grafo 3, ìti h sunj kh
(H3) epib�llei th di�stash tou J na eÐnai megalÔterh tou 2. 'Etsi brÐskoume xan� th sunj kh
epÐ thc di�stashc gia thn apodoq  tou ektimht  elaqÐstwn tetrag¸nwn.

Upojètoume parak�tw ìti k ≥ 3.
1.3 KURIO APOTELESMA

Jewr¸ntac tic sunj kec (H1) kai (H2), th diaforisimìthta tou par�gonta surrÐknwshc g
kai ìti k ≥ 3, to kÔrio apotèlesma sqetik� me thn kuriarqÐa tou ektimht  me surrÐknwsh f
thc morf c (4.1) dÐdetai apì to Je¸rhma 1.3.1, to opoÐo prokÔptei apì thn akìloujh prìtash.
Prìtash 1.3.1

'Enac amerìlhptoc ektimht c thc diafor�c twn kindÔnwn twn ϕ0 kai f eÐnai o( 2

n− k + 2
div(Q ◦ g ◦ ϕ0)− q ◦ g ◦ ϕ0

)
‖X − ϕ0‖4

Mia anagkaÐa kai ikan  sunj kh gia thn kuriarqÐa tou f epÐ tou ϕ0 eÐnai
inf
ϑ∈Θ

∫
E
div(Q ◦ g ◦ ϕ0) ‖X − ϕ0‖4 dPϑ∫

E
q ◦ g ◦ ϕ0 ‖X − ϕ0‖4 dPϑ

≥ n− k + 2

2

ìpou Q eÐnai o endomorfismìc pou sundèetai me thn tetragwnik  morf  q kai to bajmwtì
ginìmeno < , >.
Parat rhsh 1.3.3

H akrib c sqèsh pou sundèei ton endomorfimì Q, to bajmwtì ginìmeno < , > kai thn
tetragwnik  morf  q eÐnai

∀ϑ ∈ Θ, q(ϑ) =< ϑ, Q(ϑ) >

Profan¸c h digrammik  summetrik  morf  pou sundèetai me thn q eÐnai h
(x, y) < x, Q(y) >

(bl. [37], pp57).
Apìdeixh

Apì thn Parat rhsh 1.2.1, parathr¸ntac pr¸ta ìti o lìgoc twn dÔo tetragwnik¸n morf¸n
eÐnai fragmènoc, h sunj kh (H1) eÐnai isodÔnamh me thn (H1)

′ ìpou
(H1)

′
∫

E

q(ϕ0)dP0 < +∞

Pr�gmati, o endomorfismìc Q eÐnai < , >-summetrikìc kai up�rqei loipìn b�sh orjoka-
nonik  tou J (wc proc to < , >Θ) pou ton diagwniopoieÐ. 'Ara, gia k�je x ∈ E,

q
(
ϕ0(x)

)
‖ϕ0(x)‖2

=
< ϕ0(x), Q

(
ϕ0(x)

)
>

‖ϕ0(x)‖2
=

∑k
i=1Qix

2
i∑k

i=1 x
2
i

≤ QM
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kai ìmoia
‖ϕ0(x)‖2

q
(
ϕ0(x)

) ≤ 1

Qm

ìpou ϕ0(x) =
∑k

i=1 xiei me (e1, ..., ek) thn proanaferjeÐsa b�sh tou J, Qi, i = 1, ..., k oi
idiotimèc tou Q kai QM , Qm h mègisth kai h el�qisth idiotim  tou Q antistoÐqwc.

Oloklhr¸nontac tic parap�nw sqèseic apodeiknÔoume thn isodunamÐa twn (H1), (H1)
′.

Me ton Ðdio trìpo, eÐnai fanerì ìti h (H2) eÐnai isodÔnamh me thn (H2)
′ me

(H2)
′ ∀ϑ ∈ Θ,

∫
E

‖X − ϕ0‖4 · g ◦ q ◦ ϕ0 dPϑ < +∞

StajeropoioÔme to j mèsa sto J. SÔmfwna me thn (H1)
′ kai th grammikìthta tou ϕ0, o

kÐndunoc R(ϕ0;ϑ) eÐnai peperasmènoc, afoÔ
R(ϕ0;ϑ) =

∫
E

q
(
ϕ0(x)− ϑ

)
Pϑ(dx) =

∫
E

q
(
ϕ0(x− ϑ)

)
Pϑ(dx) =

∫
E

q
(
ϕ0(x)

)
P0(dx) < +∞

Jewr¸ntac th diafor� twn kindÔnwn
δ(ϑ) = R(ϕ0;ϑ)−R(ϕ;ϑ)

metaxÔ tou kindÔnou tou ϕ0 kai tou kindÔnou tou f sto j, to peperasmèno tou kindÔnou R(ϕ;ϑ)
eÐnai tìte sunèpeia thc sunj khc (H2)

′.
Pr�gmati, èqoume:

δ(ϑ) =

∫
E

q
(
ϕ0 − ϑ

)
dPϑ −

∫
E

q
(
ϕ− ϑ

)
dPϑ

'Omwc,
∀x ∈ E, q

(
ϕ(x)− ϑ

)
= < ϕ(x)− ϑ,Q

(
ϕ(x)− ϑ

)
>

= q
(
ϕ0(x)− ϑ

)
− 2‖x− ϕ0(x)‖2 < ϕ0(x)− ϑ,Q ◦ g ◦ ϕ0(x) >

+‖x− ϕ0(x)‖4q
(
g ◦ ϕ0(x)

)
'Ara

δ(ϑ) = 2

∫
E

‖X − ϕ0‖2 < ϕ0 − ϑ,Q ◦ g ◦ ϕ0 > dPϑ −
∫

E

‖X − ϕ0‖4 q ◦ g ◦ ϕ0 dPϑ

H upìjesh (H2)
′ exasfalÐzei to peperasmèno tou deÔterou ìrou thc parap�nw isìthtac.

Efarmìzontac thn anisìthta tou Schwarz ston pr¸to ìro, èqoume:

∫
E

‖X − ϕ0‖2| < ϕ0 − ϑ,Q ◦ g ◦ ϕ0 > | dPϑ

≤
∫

E

‖X − ϕ0‖2 q
1
2 (ϕ0 − ϑ) q

1
2 (g ◦ ϕ0) dPϑ

≤
(∫

E

‖X − ϕ0‖4q(g ◦ ϕ0) dPϑ

) 1
2

(∫
E

q(ϕ0 − ϑ) dPϑ

) 1
2

=
(∫

E

‖X − ϕ0‖4q(g ◦ ϕ0) dPϑ

) 1
2

(
R(ϕ0, ϑ)

) 1
2
< +∞
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lìgw thc (H2)
′.

MporoÔme t¸ra na upologÐsoume thn èkfrash thc diafor�c twn kindÔnwn d(j). Epeid  o
Pϑ eÐnai elleiptik� summetrikìc nìmoc, èqoume

δ(ϑ) =

∫
R+

δr(ϑ) ρ(dr)

ìpou
δr(ϑ) = 2

∫
Sr,ϑ

‖X − ϕ0‖2 < ϕ0 − ϑ,Q ◦ g ◦ ϕ0 > dUr,ϑ −
∫

Sr,ϑ

‖X − ϕ0‖4 q ◦ g ◦ ϕ0dUr,ϑ

ìpou ta Ur,ϑ, Sr,ϑ kai r èqoun oristeÐ sthn par�grafo 1.1.
'Etsi ta apotelèsmata thc prìtashc ja apodeiqtoÔn, douleÔontac {desmeutik�} epÐ thc

aktÐnac, dhlad  me to δr(ϑ). UpenjumÐzoume ìti, gia k�je x ∈ Sr,ϑ,
‖(X − ϕ0)(x)‖2 = ‖x− ϕ0(x)‖2 = r2 − ‖ϕ0(x)− ϑ‖2

Loipìn, oi proc olokl rwsh posìthtec sthn èkfrash tou δr(ϑ) exart¸ntai mìno apì ton
ϕ0 kai epomènwc qrhsimopoi¸ntac to je¸rhma metafor�c kai thn puknìthta tou ϕ0 upì ton
Ur,ϑ, (Ur,ϑ)ϕ0 , lamb�noume:

δr(ϑ) = 2Cn,k
r

∫
Br,ϑ

< t− ϑ, (Q ◦ g)(t) > (r2 − ‖t− ϑ‖2)
n−k

2 λΘ(dt)

− Cn,k
r

∫
Br,ϑ

(q ◦ g)(t)(r2 − ‖t− ϑ‖2)
n−k

2
+1λΘ(dt) (4.3)

ìpou Cn,k
r eÐnai h stajer� kanonikopoÐhshc thc puknìthtac (bl. Prot.2.4.10 Kef1) kai Br,ϑ =

{ x ∈ Θ : ‖x− ϑ‖ ≤ r }.
To apotèlesma phg�zei douleÔontac me ton pr¸to ìro thc (4.3). To kleidÐ ed¸ eÐnai ìti

to di�nusma (r2 − ‖t − ϑ‖2)
n−k

2 (t − ϑ) mporeÐ na grafeÐ wc to gradient sto shmeÐo t thc
sun�rthshc

γ : t→ −(r2 − ‖t− ϑ‖2)
n−k

2
+1

n− k + 2

'Etsi, qrhsimopoi¸ntac thn tautìthta (bl. [32])
∀t ∈ Θ, div(γ ·Q ◦ g)(t) =< ∇γ(t), (Q ◦ g)(t) > + γ(t) div(Q ◦ g)(t) (4.4)

mporoÔme na gr�youme∫
Br,ϑ

< t− ϑ, (Q ◦ g)(t) > (r2 − ‖t− ϑ‖2)
n−k

2 λΘ(dt) =

∫
Br,ϑ

< ∇γ(t), (Q ◦ g)(t) > λΘ(dt)

=

∫
Br,ϑ

div(γ ·Q ◦ g)(t) λΘ(dt)−
∫

Br,ϑ

γ(t) div(Q ◦ g)(t) λΘ(dt) (4.5)
T¸ra, to Je¸rhma thc apìklishc mac epitrèpei na gr�youme to pr¸to olokl rwma sto

dexÐ mèloc thc (4.5) wc ex c:∫
Br,ϑ

div(γ ·Q ◦ g)(t) λΘ(dt) =

∫
Sr,ϑ

< (γ ·Q ◦ g)(t), t− ϑ

‖t− ϑ‖
> σr,ϑ(dt) (4.6)
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ìpou to σr,ϑ eÐnai to {mètro embadì} epÐ thc Sr,ϑ aktÐnac r kai kèntrou j epÐ tou J kai
diapist¸noume ìti o ìroc autìc eÐnai mhdèn afoÔ h sun�rthsh g eÐnai tautotik� mhdèn epÐ thc
Sr,ϑ. Apì tic (4.3),(4.5) kai (4.6) prokÔptei

δr(ϑ) = Cn,k
r

∫
Br,ϑ

( 2

n− k + 2
div(Q ◦ g)(t)− (q ◦ g)(t)

)(
r2 − ‖t− ϑ‖2

)n−k
2

+1

dt

'Etsi, epistrèfontac se olokl rwma anaforik� me to Pϑ, èqoume:
δ(ϑ) =

∫
E

( 2

n− k + 2
div(Q ◦ g ◦ ϕ0)− q ◦ g ◦ ϕ0

)
‖X − ϕ0‖4 dPϑ

Autì to olokl rwma apodeiknÔei ìti o (
2

n−k+2
div(Q ◦ g ◦ ϕ0) − q ◦ g ◦ ϕ0

)
‖X − ϕ0‖4 eÐnai

ènac amerìlhptoc ektimht c thc diafor�c twn kindÔnwn twn ϕ0 kai f. H anagkaÐa kai ikan 
sunj kh kuriarqÐac tou f epÐ tou ϕ0 prokÔptei �mesa apì aut n thn èkfrash.

MporoÔme t¸ra na diatup¸soume to kÔrio apotèlesma pou eÐnai �mesh sunèpeia thc prì-
tashc.
Je¸rhma 1.3.1

Upojètoume ìti oi (H1) kai (H2) ikanopoioÔntai, o par�gontac surrÐknwshc g eÐnai diafo-
rÐsimoc kai to k ≥ 3.

Mia ikan  sunj kh gia thn kuriarqÐa tou f epÐ tou ϕ0 eÐnai
q ◦ g ≤ 2

n− k + 2
div(Q ◦ g) (4.7)

epÐ tou J(
= ϕ0(E)

).
Parat rhsh 1.3.4

H apìdeixh thc Prìtashc 1.3.1 apaiteÐ th diaforisimìthta thc sun�rthshc g. Sthn prag-
matikìthta, isqÔei akìmh kai an h g eÐnai asjen¸c diaforÐsimh. Aut  h adÔnamh upìjesh mac
epitrèpei na sumperil�boume klasikoÔc tÔpouc James− Stein ektimht¸n gia touc opoÐouc o
par�gontac surrÐknwshc eÐnai asjen¸c diaforÐsimoc gia k ≥ 3 (bl. Par�grafo 2).
Parat rhsh 1.3.5

'Opwc o C.Stein (1981), sthn perÐptwsh kanonikoÔ nìmou, kataskeu�same kai ed¸ ènan
amerìlhpto ektimht  thc diafor�c twn kindÔnwn. Autì ofeÐletai sth qr sh thc puknìthtac
tou (Ur,ϑ)ϕ0 , h opoÐa apodeiknÔetai na eÐnai èna polÔ isqurì ergaleÐo. Tètoiac morf c apo-
telèsmata den mporoÔn na prokeÐyoun dia mèsw twn Brandwein kai Strawderman [10] kai
[11], epeid  autoÐ qrhsimopoioÔn èna k�tw fr�gma gia th diafor� twn kindÔnwn me skopì na
apodeÐxoun thn kuriarqÐa tou f.

Fusik� brÐskoume p�li thn endiafèrousa idiìthta thc {rwmaleìthtac} pou èqei  dh para-
thrhjeÐ sto prohgoÔmeno kef�laio.

'Ena teleutaÐo shmeÐo pou eÐnai endiafèron na parathr soume eÐnai ìti h apìdeixh tou je-
wr matoc den apaiteÐ puknìthta gia ton Pϑ.
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2. ENA GENIKO PARADEIGMA
'Ena genikì par�deigma mh-sfairikoÔ ektimht  me surriknwt  prokÔptei epilègontac ton

par�gonta surrÐknwshc g na orÐzetai wc:
∀t ∈ Θ, g(t) = r(‖t‖2)

A(t)

b(t)

ìpou r eÐnai mia jetik  diaforÐsimh, aÔxousa sun�rthsh, o A eÐnai ènac summetrikìc endomor-
fismìc tou opoÐou oi idiotimèc eÐnai jetikèc kai b eÐnai mia jetik� orismènh tetragwnik  morf 
epÐ tou J. JewroÔme loipìn touc ektimhtèc thc morf c:

ϕ = ϕ0 − ‖X − ϕ0‖2r(‖ϕ0‖2)
A(ϕ0)

b(ϕ0)

Gia k�je endomorfismì c epÐ tou J, shmei¸noume me cM , cm kai tr(c) th mègisth idiotim ,
thn el�qisth idiotim  kai to Ðqnoc tou c antÐstoiqa. Epiplèon, an d eÐnai mia tetragwnik 
morf  epÐ tou J, diathroÔme tic Ðdiec ènnoiec gia thn d me ekeÐnec pou qrhsimopoi jhkan gia
ton endomorfismì pou sundèetai me thn d kai to bajmwtì ginìmeno < , > (dhlad  d(ϑ) =
< ϑ,D(ϑ) > ìpou D : Θ → Θ endomorfismìc).

Gia k�je t ∈ Θ, èqoume:
‖t‖ · ‖g(t)‖ = r(‖t‖2)

‖t‖
b(t)

‖A(t)‖ ≤ AM

bm
r(‖t‖2)

Pr�gmati, upojètontac thn Ôparxh miac b�shc tou J, (e1, ..., en) < , >Θ-orjokanonik ckai q-orjog¸niac sthn opoÐa ta A, b diagwniopoioÔntai, èqoume:

∀t ∈ Θ,
‖A(t)‖
b(t)

=

(∑k
i=1A

2
i t

2
i

) 1
2∑k

i=1 bit
2
i

≤ AM‖t‖
bm‖t‖2

=
AM

bm‖t‖

ìpou Ai, bi, i = 1, ..., k eÐnai oi idiotimèc twn A, b antÐstoiqa.
Loipìn, h sunj kh (H3) ikanopoieÐtai efìson h sun�rthsh r eÐnai fragmènh. Tìte, o

kÐndunoc tou ektimht  me surrÐknwsh ja eÐnai peperasmènoc (bl. Par�grafo 3).
EpÐshc, upì thn parap�nw b�sh tou J, gia k�je t ∈ Θ, èqoume:

(q ◦ g)(t) =
r2(‖t‖2)

b2(t)
(q ◦ A)(t) ≤ (Q

1
2 ◦ A)2

M

bm

r2(‖t‖2)

b(t)

ìpou Q 1
2 eÐnai o endomorfismìc pou ikanopoieÐ Q = Q

1
2 ◦Q 1

2

Qrhsimopoi¸ntac thn tautìthta (4.4), èqoume:

div(Q◦g)(t) = div

(
r(‖t‖2)

b(t)
Q

(
A(t)

) )
= < r(‖t‖2) · ∇

(
b(t)

)−1

, (Q ◦ A)(t) > +
1

b(t)

(
< ∇r(‖t‖2), (Q ◦ A)(t) >

+r(‖t‖2) div(Q ◦ A)(t)
)

= −r(‖t‖
2)

b2(t)
< ∇b(t), (Q ◦ A)(t) > +

1

b(t)

(
2r′(‖t‖2) < t, (Q ◦ A)(t) > +tr(Q ◦ A)r(‖t‖2)

)
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'Omwc,

< ∇b(t), (Q ◦ A)(t) >=< 2
k∑

i=1

bitiei,
k∑

i=1

(Q ◦ A)itiei >= 2
k∑

i=1

bi(Q ◦ A)it
2
i ≤ 2(Q ◦ A)M b(t)

Sunep¸c (dedomènou ìti oi r kai r′ eÐnai mh arnhtikèc):
div(Q ◦ g)(t) ≥ −2(Q ◦ A)M

r(‖t‖2)

b(t)
+ 2

(Q ◦ A)m

bM
r′(‖t‖2) + tr(Q ◦ A)

r(‖t‖2

b(t)

EÐnai fanerì loipìn ìti gia na ikanopoieÐtai h sunj kh (4.7) tou Jewr matoc arkeÐ, gia
k�je t ∈ Θ,
(Q

1
2 ◦ A)2

M

bm
· r

2(‖t‖2)

b(t)
≤ 2

n− k + 2

(
−2(Q◦A)M

r(‖t‖2)

b(t)
+2

(Q ◦ A)M

bM
r′(‖t‖2)+tr(Q◦A)

r(‖t‖2)

b(t)

)
to opoiì eÐnai isodÔnamo me

(
(Q

1
2 ◦ A)2

M

bm
r(‖t‖2) +

2
(
2(Q ◦ A)M − tr(Q ◦ A)

)
n− k + 2

)
r(‖t‖2)

b(t)
≤ 4(Q ◦ A)m

(n− k + 2)bM
r′(‖t‖2)

Epeid  h sun�rthsh r′ eÐnai mh arnhtik , h sunj kh aut  ikanopoieÐtai an, gia k�je t ∈ Θ,
r(‖t‖2) ≤ 2

tr(Q ◦ A)− 2(Q ◦ A)M

n− k + 2
· bm

(Q
1
2 ◦ A)2

M

Parat rhsh 2.1
To parap�nw par�deigma perièqei ta paradeÐgmata 2.1 kai 2.2 twnBrandwein kai Strawderman

[10] kaj¸c kai to par�deigma 3.1 aut¸n sto [11]. AxÐzei na shmei¸soume ìti to apotèlesma
thc kuriarqÐac epib�llei mìno k ≥ 3 (afoÔ prèpei na èqoume tr(Q ◦A)− 2(Q ◦A)M > 0) en¸
autì twn Brandwein kai Strawderman apaiteÐ k ≥ 4.

Autì exhgeÐtai apì to gegonìc ìti, ìtan k = n (perÐptwsh thn opoÐa autoÐ jewroÔn) h
mèjodìc touc apaiteÐ h divg na eÐnai superharmonic to opoÐo eÐnai alhjèc gia k ≥ 4.

Aut  h apaÐthsh epalhjeÔetai eÔkola me to ex c par�deigma:
Par�deigma: An r =stajer�, A = idΘ kai b = ‖ · ‖2 perÐptwsh kat� thn opoÐa o

jewroÔmenoc ektimht c ϕ(x) katal gei ston
ϕ(x) =

(
1− r

‖x− ϕ0(x)‖2

‖ϕ0(x)‖2

)
ϕ0(x)

arqikì ektimht  twn James− Stein, èqoume:
∆div

(
g(t)

)
= ∆div(

rt

‖t‖2
) = −r(k − 2)(k − 4)

‖t‖4

Antijètwc, s�autì to kef�laio, den gÐnetai kammÐa upìjesh thc superharmonicity. Loipìn
h kurtìthta thc r, h opoÐa apaiteÐtai apì touc Brandwein kai Strawderman, den qrei�zetai.
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3. SQETIKA ME TO PEPERASMENO TOU KINDUNOU TOU f
Shmei¸same, sthn par�grafo 2, ìti to peperasmèno tou kindÔnou tou f exasfalÐzetai

apì thn upìjesh (H2). Aut  h upìjesh eÐnai suqn� autonìhth sta �rjra sqetik� me touc
ektimhtèc me surrÐknwsh (bl. [10] kai [11]) all� axÐzei na melethjeÐ. Ta parak�tw dÐnoun
stoiqeÐa pou deÐqnoun ìti h upìjesh (H2) den eÐnai tìso isqur , afoÔ den periorÐzei thn kl�sh
twn elleiptik� summetrik¸n nìmwn (tètoia eÐnai h kl�sh twn elleiptik� summetrik¸n nìmwn
me peperasmènh rop  deÔterhc t�xhc sÔmfwna me thn (H1) kai thn Parat rhsh 1.2.1). Loipìn,aut  eÐnai kurÐwc mia sunj kh epÐ tou par�gonta surrÐknwshc g. Sthn pragmatikìthta, ìpwc
anafèrame sthn Parat rhsh 1.2.2, qrhsimopoioÔme thn isqurìterh sunj kh (H3).H sunj kh (H2), gia stajeropoihmèno j sto J, dhl¸nei:

B =

∫
E

‖x− ϕ0(x)‖4 ‖g
(
ϕ0(x)

)
‖2 Pϑ(dx) < +∞

'Opwc sthn apìdeixh thc Prìtashc 1.3.1, douleÔontac desmeutik� epÐ thc aktÐnac, mporoÔme
na gr�youme me touc Ðdiouc sumbolismoÔc:

B =

∫
R+

B(r) ρ(dr)

ìpou
B(r) =

∫
Sr,ϑ

‖x− ϕ0(x)‖4 ‖g
(
ϕ0(x)

)
‖2 Ur,ϑ(dx)

EÐnai fanerì ìti, gia k�je r ∈ R+,
B(r) ≤ r2

∫
Sr,ϑ

‖x− ϕ0(x)‖2 ‖g
(
ϕ0(x)

)
‖2 Ur,ϑ(dx)

Loipìn, qrhsimopoi¸ntac thn upìjesh (H3) thc Parat rhshc 1.2.2, èqoume:
B(r) ≤ a2r2

∫
Sr,ϑ

‖x− ϕ0(x)‖2

‖ϕ0(x)‖2
Ur,ϑ(dx) = a2r2 n− k

k

∫
Sr,ϑ

‖x− ϕ0(x)‖2/n− k

‖ϕ0(x)‖2/k
Ur,ϑ(dx)

Epeid  o Ur,ϑ eÐnai elleiptik� summetrikìc, h eikìna tou Ur,ϑ, upì th statistik 
T (x) =

‖x− ϕ0(x)‖2/n− k

‖ϕ0(x)‖2/k
,

eÐnai anex�rthth tou r, afoÔ
(Ur,ϑ)T =

(
(U1,ϑ)τr

)
T

= (U1,ϑ)T◦τr = (U1,ϑ)T

ìpou τr(x) = x
r
, ∀x ∈ E kai (Ur,ϑ)T eÐnai an�logh miac mh-kentrik c Fn−k,k-katanom c (bl.

Parat.2.5.4, Kef1).
To teleutaÐo loipìn olokl rwma eÐnai h mèsh tim  aut c thc katanom c, h opoÐa eÐnai

peperasmènh gia k ≥ 3 (bl. Par�rthma,Por.2.3 (ii) ).
Opìte, gia orismènh jetik  stajer� L,

B ≤ L

∫
R+

r2ρ(dr)

Qrhsimopoi¸ntac thn parap�nw an�lush ìtan to olkl rwma eÐnai anaforik� me èna el-
leiptika summetrikì nìmo, to peperasmèno tou kindÔnou tou ϕ0 exasfalÐzei ìti to teleutaÐo
olokl rwma eÐnai peperasmèno ( autì eÐnai sthn pr�xh h upìjesh (H1) ).
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Kef�laio 5

EFARMOGES TWN EKTIMHTWN ME SURRIKNWSH

Se autì to kef�laio parajètoume dÔo efarmogèc twn ektimht¸n me surrÐknwsh se pragma-
tik� dedomèna. Ta dedomèna(deÐgma twn opoÐwn dÐdontai se pÐnaka sto tèloc tou kefalaÐou)
aforoÔn, gia thn pr¸th efarmog , epÐgeiec metr seic broqìptwshc se stajmoÔc sto q¸ro
thc MesogeÐou en¸ gia th deÔterh efarmog , aforoÔn zeÔgh metr sewn: epÐgeiec metr seic
broqìptwshc kai antÐstoiqec metr seic me thlepiskìphsh apì dorufìro.

H pr¸th efarmog , §1, sthrÐzetai to aplì montèlo ekeÐ dhlad  pou o q¸roc twn para-
thr sewn E sumpÐptei me to q¸ro twn paramètrwn J, o opoÐoc tautÐzetai me ton Rk, en¸ h
diaspor� tou nìmou twn parat rhsewn jewreÐtai �gnwsth.

Sugkekrimèna parathroÔme to tuqaÐo di�nusma x tou Rk (k ≥ 3) to opoÐo akoloujeÐ ton
kanonikì nìmo:

X ∼ Nk(ϑ, σ
2Ik) (5.1)

kai to prìblhma eÐnai ekeÐno thc mèshc broqìptwshc ϑ.
Periorizìmeja loipìn stouc ektimhtèc me surrÐknwsh tou Kef.2, §1, lamb�nontac tic di-

grammikèc morfèc b kai q na sundèontai me ton monadiaÐo pÐnaka Ik, ton endomorfismì c na
eÐnai o tautotikìc endomorfismìc epÐ tou Rk kai th sun�rthsh surrÐknwshc h na eÐnai thc
morf c h(t) = k−2

t
. Dhlad  jewroÔme ton ektimht  thc morf c:

ϕ(x) =
(
1− k − 2

‖x‖2

)
x (5.2)

(arqikìc ektimht c tou Stein) o opoÐoc sugkrÐnetai me ton ektimht  megÐsthc pijanìfaneiac
x upì th sun jh tetragwnik  ap¸leia ‖ϑ̂− ϑ‖2, ap¸leia h opoÐa ufÐstatai apì thn ektÐmhsh
ϑ̂ tou ϑ.

Ed¸ eÐnai faner  h kuriarqÐa tou ektimht  tou Stein epÐ tou ektimht  megÐsthc pijanof�-
neiac. H mèjodoc basÐzetai stouc Efron kai Morris (1975) mèsw twn opoÐwn epitgq�netai
kat�llhloc metasqhmatismìc twn dedomènwn, se dedomèna monadiaÐac diaspor�c, ¸ste na
eÐnai dunat  h qr sh tou ektimht  thc morf c (5.2).

H deÔterh efarmog , §2, afor� prìblhma polusugrammikìthtac to opoÐo genik� emfanÐ-
zetai wc ex c: parathroÔme èna n-di�stato tuqaÐo di�nusma

y = Xα + z (5.3)
ìpou

α(∈ Rk) eÐnai �gnwsto kai k < n

Q (n, k) gnwstìc pÐnakac, rank(X) = k

z n− di�stato tuqaÐo di�nusma me E(z) = 0, V ar(z) = σ2In me σ2 genik� �gnwsto
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O kÐndunoc twn ektimht¸n tou α upologÐzontai anaforik� me kanonikopoihmènec tetragw-
nikèc ap¸leiec thc morf c:

σ−2 t(α̂− α)Q(α̂− α) (5.4)
ìpou Q (k, k)-pÐnakac summetrikìc kai jetik� orismènoc, kaloÔmenoc pÐnakac apwleÐac. Ed¸
ta X kai Q mporoÔn na metab�llontai.

TopojetoÔmaste sthn perÐptwsh ìpou z ∼ N (0, σ2In. Tìte to parathroÔmeno di�nusma
y akoloujeÐ ton kanonikì nìmo:

y ∼ Nn(Xα, σ2In)

dhlad  briskìmaste sto genikì grammikì montèlo twn prohgoumènwn kefalaÐwn me ϑ = Xα ∈
Θ ìpou Θ = ImX, upìqwroc tou Rn, diast�sewc k(< n). Loipìn h ektÐmhsh tou ϑ an�getai
ed¸ sthn ektÐmhsh tou α.

EÐnai kal� gnwstì ìti o e.e.t. tou α eÐnai o
α̂0(y) = (tXX)−1 tXy

me pÐnaka diaspor¸n-sundiaspor¸n ton σ2(tXX)−1. O kÐndunoc tou anaforik� me thn tetra-
gwnik  ap¸leia (5.4) eÐnai stajerìc kai Ðsoc me to σ2tr

(
(tXX)−1Q

).
Gia thn ektÐmhsh tou α, jewroÔme, ìpwc sto Kef.2, touc ektimhtèc thc morf c:

ϕ(y) = α̂0(y)− h
(

tα̂0(y)Bα̂0(y), s2(y)
)
Cα̂0(y) (5.5)

ìpou
C (k, k)− pÐnakac
B (k, k)− pÐnakac summetrikìc kai jetik� orismènoc
s2 o sun jhc ektimht c thc diaspor�c : s2(y) =

1

n− k
‖y −Xα̂0(y)‖2

h metr simh sun�rthsh apì ton R+ ×R+ ston R+

An k ≥ 3 kai an up�rqei mia b�sh tou Rk mèsa sthn opoÐa oi pÐnakec tXX, Q C kai B
diagwniopoioÔntai kai an oi idiotimèc tou C eÐnai ìlec jetikèc   mhdèn tìte, apodeiknÔetai ìpwc
to Je¸rhma 2.3.1, Kef.2, h parak�tw prìtash:
Prìtash

Mia ikan  sunj kh ¸ste o ektimht c ϕ tou tÔpou (5.5) na kuriarqeÐ omoiìmorfa ton e.e.t.
â0, eÐnai na up�rqoun duo pragmatikoÐ arijmoÐ µ1 > 0 kai µ2:

∀u > 0 , t tµ1h(t, u) ↑
∀t > 0 , u tµ2h(t, u) ↓
∀(t, u) ∈ (R+)2

t

u
h(t, u) ≤ 2

tr
(
(tXX)−1QC

)
− 2µ1pgvp

(
(tXX)−1QC

)
pgvp(tCQCB−1)

n− k

n− k − 2µ2

(5.6)
(oi parap�nw upojèseic eÐnai sumbatèc an µ1 ≥ 1 kai µ2 ≤ −1)
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Merik  perÐptwsh (ìtan σ2 gnwstì: σ2 = 1)
a) JewroÔme touc ektimhtèc thc morf c:

ϕ(y) = â0(y)− h(tâ0(y)Bâ0(y))Câ0(y) (5.7)
Tìte profan¸c èqoume:

Pìrisma
O ektimht c f thc morf c (5.7) kuriarqeÐ omoiìmorfa ton e.e.t. â0, an:

t th(t) ↑

∀t ∈ R+, th(t) ≤ 2
tr

(
(tXX)−1QC

)
− 2µ1pgvp

(
(tXX)−1QC

)
pgvp(tCQCB−1)

(bl. Je¸rhma 1.3.1, Kef.2)
b) Periorizìmaste sthn eidik  perÐptwsh ìpou C = Ik, Q = B =t XX kai h(t) = k−2

tdhlad  jewroÔme ektimhtèc thc morf c:
ϕ(y) = â0(y)− k − 2

tâ0(y)(tXX)â0(y)
â0(y) (5.8)

Tìte, epeid  k ≥ 3, ikanopoioÔntai oi sunj kec tou PorÐsmatoc kai o ektimht c f tou
tÔpou (5.7) kuriarqeÐ omoiìmorfa ton e.e.t. â0.

Sthn §2 to prìblhma periorÐzetai sthn tautìqronh ektÐmhsh monodi�statwn paramètrwn
a triwn anex�rthtwn grammik¸n montèlwn tÔpou (5.3), me σ2 = 1, to opoÐo apoteleÐ idiaÐterh
perÐptwsh tou probl matoc twn Efron kaiMorris (1972). H ektÐmhsh twn paramètrwn gÐne-
tai mèsw tou e.e.t. â0 kai tou ektimht  f thc morf c (5.7) oi opoÐoi kai sugkrÐnontai upì thn
tetragwnik  ap¸leia (5.4) gia Q =t XX, se mia prosp�jeia bèltisthc ektÐmhshc twn epÐgeiwn
tim¸n broqìptwshc.

1. EKTIMHSH THS MESHS BROQOPTWSHS ME QRHSH TOU
EKIMHTH TWN JAMES− STEIN

JewroÔme to prìblhma ektÐmhshc thc mèshc mhniaÐac broqìptwshc k�je stajmoÔ, gnw-
rÐzontac tic epÐgeiec timèc broqìptwshc 5 hmer¸n tou OktwbrÐou. H parat rhs  mac eÐnai
loipìn èna di�nusma me 85 sunist¸sec, k�je mia apì tic opoÐec eÐnai o deigmatikìc mèsoc
twn tim¸n broqìptwshc aut¸n twn 5 hmer¸n, gia touc 85 stajmoÔc antÐstoiqa. Upojètoume
ìti oi timèc broqìptwshc k�je stajmoÔ ìpwc epÐshc kai k�je mèrac ston Ðdio stajmì, eÐnai
anex�rthtec. Loipìn, to parathroÔmeno di�nusma eÐnai

y =


y1

y2

.

.

.
y85
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ìpou yi oi deigmatikoÐ mèsoi twn 5 hmer¸n gia k�je stajmì.
Epeid , wc gnwstìn, to K.O.J. mac dÐnei thn kat� prosèggish katanom  ajroÐsmatoc

anexart twn tuqaÐwn metablht¸n, deqìmaste kat� prosèggish, ìti:
yi ∼ N (ϑi, σ

2)   y ∼ N85(ϑ, σ
2I85)

ìpou ϑi, i = 1, ..., 85, sumbolÐzei th mèsh mhniaÐa broqìptwsh k�je stajmoÔ, diaspor�c σ2.
H �gnwsth diaspor� σ2 mporeÐ na katasteÐ monadiaÐa, qrhsimopoi¸ntac ènan an�logo

metasqhmatismì me ekeÐno twn Efron kai Morris (1972):
fn(yi) =

√
n sin−1(

yi

6
− 1)

lamb�nontac ètsi tic parathr seic xi = fn(yi) me kat� prosèggish katanom :
xi ∼ N (ϑi, 1)   x ∼ N (ϑ, I85)

dhlad  anagìmaste sto montèlo (5.1). Oi upologismoÐ èqoun pragmatopoihjeÐ se Excel,
Microsoft Office 2003.
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Ta apotelèsmata eÐnai entupwsiak�. Diapist¸noume ìti o ektimht c tou Stein èqei sa-
fèstata mikrìtero kÐnduno apì autìn tou ektimht  megÐsthc pijanof�neiac en¸ uperèqei tou-
l�qisto stouc 73 apì touc 85 stajmoÔc. Akìmh kai met� apì di�forec epilogèc twn pènte
hmer¸n me b�sh tic timèc twn opoÐwn k�noume thn ektÐmhsh, sumperaÐnoume ìti o ektimh-
t c (5.2) kuriarqeÐ p�nta ton ektimht  megÐsthc pijanof�neiac kai uperèqei stic perissìterec
peript¸seic, toul�qisto sta 2/3 twn stajm¸n.

AxÐzei na shmei¸soume ìti gia an�logo prìblhma, oi Efron kai Morris proteÐnoun èna
ektimht  me surrÐknwsh o opoÐoc èqei {omalìterh} sumperifor� se sqèsh me autìn tou Stein.
O ektimht c ekeÐnwn mei¸nei aisjht� tic pio meg�lec ap¸leiec pou emfanÐzei o (5.2) se k�poiec
sunist¸sec tou dianÔsmatoc, en¸ par�llhla diathreÐ se meg�lo posostì thn kal  apìdos 
tou.

2. EKTIMHSH TWN EPIGEIWN TIMWN BROQOPTWSHS STHN
PERIPTWSHPOLUSUGGRAMIKOTHTAS(PERIPTWSH GRAM-
MIKOU STATISTIKOU MONTELOU)

JewroÔme to prìblhma thc ektÐmhshc twn epÐgeiwn tim¸n thc broqìptwshc, gnwrÐzontac
tic antÐstoiqec timèc broqìptwshc me thlepiskìphsh apì dorufìro. Gia to skopì autì, k�-
noume 3 anex�rthtec grammikèc palindrom seic:

yi = Xiai + zi , i = 1, 2, 3

JewroÔme anex�rthtec metablhtèc tic timèc thc broqìptwshc pou el fjhsan me thlepi-
skìphsh stic 6h to apìgeuma se k�je perioq  (ajroistik  broqìptwsh 6 wr¸n se k�je mia
apì tic 226 perioqèc, st lh S18 : 6h tou pÐnaka) twn hmer¸n 1,5 kai 22 tou m na OktwbrÐou.
Oi exarthmènec metablhtèc twn montèlwn eÐnai oi antÐstoiqec epÐgeiec timèc twn 226 stajm¸n
twn Ðdiwn hmer¸n (st lh G18 : 6h tou pÐnaka).

H ektÐmhsh twn yi epib�llei thn tautìqronh ektÐmhsh twn ai me Xi gnwstì. 'Etsi to genikìmontèlo diamorf¸netai sto
y = Xa+ z tou tÔpou (5.3)

me
X (3n, 3)− pÐnaka gnwstì, rg(X) = 3(= k) kai n = 85

Z (3n, 1)− tuqaÐo di�nusma : z ∼ N3n(0, I3n)

a(3, 1)− �gnwsto di�nusma
DÔo ektimhtèc brÐskontai se sÔgkrish upì thn tetragwnik  ap¸leia

t(â− a)tXX(â− a) =
3∑

i=1

‖Xi‖2(âi − a)2

o e.e.t. â0(y) = (tXX)−1 tXy = t(tX1y
1/‖X1‖2 , tX2y

2/‖X2‖2 , tX3y
3/‖X3‖2) (ì-

pou ‖ · ‖ h sun jhc eukleÐdeia norme) tou opoÐou o kÐndunoc eÐnai stajerìc kai Ðsoc me to
tr(tXX )−1(tXX) = trI3 = 3
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o ektimht c tou Stein thc morf c (5.8):
ϕ(y) =

(
1− 1

tâ0(y) tXX â0(y)

)
â0(y)

o opoÐoc surrikn¸nei ton â0 proc thn arq  0 kai kuriarqeÐ omoiìmorfa ton â0 upì thn para-
p�nw tetragwnik  ap¸leia.

Shmei¸nontac me â0
i ,= 1, 2, 3 , tic suntetagmènec tou â0, o ektimht c tou Stein gia k�je

mia apì tic sunist¸sec â0
i ja eÐnai o
ϕi(y) =

(
1− 1

tâ0(y) tXX â0(y)

)
â0

i (y)

me
tâ0(y) tXX â0(y) =

3∑
i=1

(tXiyi)
2

‖Xi‖2

Oi upologismoÐ pragmatopoi jhkan me qr sh tou eleÔjerou pakètou statistik c an�lushc
R 2.0.1 (www.rproject.com). Ta apotelèsmata twn grammik¸n palindrom sewn parousi�zo-
ntai parak�tw.
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mera1 
 
Call: 
lm(formula = data$S1 ~ data$G1 - 1) 
 
Residuals: 
    Min      1Q  Median      3Q     Max  
-0.7218  0.0000  0.0000  0.0000  2.6695  
 
Coefficients: 
        Estimate Std. Error t value Pr(>|t|)     
data$G1  0.10182    0.01349   7.546 9.94e-13 *** 
--- 
Signif. codes:  0 `***' 0.001 `**' 0.01 `*' 0.05 `.' 0.1 ` ' 1  
 
Residual standard error: 0.3207 on 234 degrees of freedom 
Multiple R-Squared: 0.1957,     Adjusted R-squared: 0.1923  
F-statistic: 56.94 on 1 and 234 DF,  p-value: 9.942e-13 
 
 



Gia na ektim soume tic paramètrouc twn 3 grammik¸n montèlwn, efarmìzoume ton ektimht 
twn James−Stein. Oi upologismoÐ èqoun pragmatopoihjeÐ se Excel, Microsoft Office 2003.
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mera5 
 
Call: 
lm(formula = data$S5 ~ data$G5 - 1) 
 
Residuals: 
    Min      1Q  Median      3Q     Max  
-0.2790  0.0000  0.0000  0.0000  0.1096  
 
Coefficients: 
        Estimate Std. Error t value Pr(>|t|)     
data$G5 0.046493   0.001132   41.08   <2e-16 *** 
--- 
Signif. codes:  0 `***' 0.001 `**' 0.01 `*' 0.05 `.' 0.1 ` ' 1  
 
Residual standard error: 0.02053 on 234 degrees of freedom 
Multiple R-Squared: 0.8782,     Adjusted R-squared: 0.8777  
F-statistic:  1687 on 1 and 234 DF,  p-value: < 2.2e-16 
 
 

mera22 
 
Call: 
lm(formula = data$S22 ~ data$G22 - 1) 
 
Residuals: 
   Min     1Q Median     3Q    Max  
-3.595  0.000  0.000  0.000  4.739  
 
Coefficients: 
         Estimate Std. Error t value Pr(>|t|)     
data$G22   0.2434     0.0213   11.43   <2e-16 *** 
--- 
Signif. codes:  0 `***' 0.001 `**' 0.01 `*' 0.05 `.' 0.1 ` ' 1  
 
Residual standard error: 0.734 on 234 degrees of freedom 
Multiple R-Squared: 0.3582,     Adjusted R-squared: 0.3555  
F-statistic: 130.6 on 1 and 234 DF,  p-value: < 2.2e-16  
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Yi
1-ŶiML

1 Yi
1-ŶiJ-S

1 Yi
5-ŶiML

5 Yi
5-ŶiJ-S

5 Yi
22-ŶiML

22 Yi
22-ŶiJ-S

22 ML vs JS ML vs JS ML vs JS
0,15 0,158448 0 0 -0,4868 -0,48047 ML - JS 
-0,1 -0,0987 0 0 1,3566 1,359764 JS - ML 
-0,2 -0,1922 0 0 0,72376 0,735149 JS - ML 
0,7 0,715597 0 0 -0,2302 -0,22071 ML - JS 

1 1,003899 0 0 -3,5944 -3,54378 ML - JS 
1,8 1,8026 0 0 0,64778 -0,61077 ML - JS 
0,3 0,3013 0 0 3,24282 3,251362 ML - ML 

0 0 0 0 1,32962 1,331835 - - ML 
0,74 0,74208 0 0 4,7396 4,758582 ML - ML 
2,67 2,67039 0 0 2,8452 2,914799 ML - ML 

1,5 1,5 0 0 -2,6642 -2,62307 - - JS 
1,1 1,1 0 0 3,7698 3,779291 - - ML 

-0,01 -0,00987 0 0 1,8 1,8 JS - - 
0 0 0 0 0,8783 0,879882 - - ML 

-0,01 -0,00987 0 0 -0,2434 -0,24024 JS - JS 
0,02 0,01974 0 0 0 0 JS - - 

0 0 0 0 0,04868 -0,04805 - - JS 
0 0 0 0 0,02434 -0,02402 - - JS 

-0,1 -0,0987 0 0 0 0 JS - - 
-0,08 -0,07896 0 0 0 0 JS - - 

0 0 -0,0093 0,00918 0 0 - JS - 
-0,7 -0,6844 0 0 -0,4868 -0,48047 JS - JS 
-0,2 -0,1974 0 0 -0,2434 -0,24024 JS - JS 

0 0 0 0 -0,9736 -0,96095 - - JS 
0 0 0 0 0,14604 -0,14414 - - JS 

 

0 0 0 0 -1,4604 -1,44142 - - JS 
-0,52 -0,50284 0 0 0,43812 -0,43243 JS - JS 

-0,1 -0,0987 0 0 0 0 JS - - 
0 0 -0,0093 0,00918 0 0 - JS - 
0 0 0,27896 0,27533 0 0 - JS - 
0 0 -0,09299 -0,09178 0 0 - JS - 
0 0 0,109619 0,119892 0 0 - ML - 

24,0664 24,07002 0,098653 0,098773 126,0694 126,0815 11 4 14 
   Σύνολο 18 5 22 

 
 

 

ML J-S SSE ML SSE J-S 

0,1 0,0987 150,2344 150,2503

0,046493 0,045889   

0,2434 0,240236   

 



Molonìti ta apotelèsmata den eÐnai entupwsiak�, parathroÔme ìti o ektimht c tou Stein
epitugq�nei kalÔterec ektim seic apì ton ektimht  megÐsthc pijanof�neiac sta 2/3 twn staj-
m¸n. Oi sqetik� {meg�lec} apoklÐseic stouc upìloipouc stajmoÔc exhgoÔn to giatÐ oi suno-
likèc tou ap¸leiec eÐnai telik� el�qista megalÔterec apì autèc tou ektimht  megÐsthc pija-
nof�neiac. Ja prèpei epÐshc na shmei¸soume ìti stic 3 anex�rthtec grammikèc palindrìmhseic
pou pragmatopoi jhkan, oi 2 eÐqan mikrì suntelest  sunarmog c, gegonìc pou sunhgoreÐ
epiplèon sth mètria apìdosh tou ektimht  James− Stein.

SunoyÐzontac loipìn, sumperaÐnoume ìti o ektimhtèc me surrÐknwsh den èqoun mìno jew-
rhtikì endiafèron kai mporoÔn se pollèc peript¸seic na belti¸soun ton ektimht  elaqÐstwn
tetrag¸nwn petuqaÐnontac kalÔterec ektim seic.
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Ston parak�tw pÐnaka parousi�zontai endeiktik� oi timèc broqìptwshc k�poiwn perioq¸n
apì epÐgeiec metr seic kai apì metr seic me thlepiskìphsh apì dorufìro. Parajètoume mia
sÔntomh perigraf  twn sthl¸n:
- st lh id: perièqei touc {arijmoÔc-tautìthtec} twn stajm¸n
- st lh x kai st lh y: afor� gewgrafikèc suntetagmènec
- st lh month, day, year
- st lec G0h,G6 : 6h,G6 : 12h,G12h,G18 : 6h,G18 : 12h,GDAILY perièqoun epÐgeiec
metr seic se sugkekrimènec qronikèc stigmèc thc hmèrac
- st lec S0h, S6 : 6h, S6 : 12h, S12h, S18 : 6h, S18 : 12h, SDAILY perièqoun metr seic me
thlepiskìphsh se sugkekrimènec qronikèc stigmèc thc hmèrac
- st lec f, l aforoÔn gewgrafikèc suntetagmènec
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id x y year month day G0h G6:6h G6:12h G12h G18:6h 
7770  0 1 020 -237 2004 1 0 0 0 0 
7770   0 2 0 0 0 0 20 -237 2004 1 0
7770   0 3 0 0 0 0 20 -237 2004 1

 
0

7770    20 -237 2004 10 4 0 0,2 0,2 0 0
7770    20 -237 2004 10 5 0,2 0,4 0,6 0 0
7770    20 -237 2004 10 6 0 0,2 0,2 0 0
7770   0 7 0 0 0 0,2 20 -237 2004 1

 
 
 0

7770    20 -237 2004 10 8 0,2 0,2 0,4 0 0
7770    20 -237 2004 10 9 0,2 0,2 0,4 0 0
7770   0 0 0 0 4 20 -237 2004 10 1

 
 
 0

 
G18:12h GDAILY S0h S6:6h S6:12h S12h S18:6h S18:12h SDAILY f l 

0 0  999 999 999 0 0 0 999 41,37 9,17
0    0 999 999 999 0 0 0 999 41,37 9,17
0    0 999 999 999 999 999 999 999 41,37 9,17
0    0,2 999 999 999 0 0 0 999 41,37 9,17
0    0,6 999 999 999 0 0 0 999 41,37 9,17
0    0,2 999 999 999 0 0 0 999 41,37 9,17

0,2    0,2 999 999 999 0 0 0 999 41,37 9,17
0    0,4 999 999 999 0 0 0 999 41,37 9,17
0    0,4 999 999 999 0 0 0 999 41,37 9,17
4    4 999 999 999 15,6 1 16,5 999 41,37 9,17

 

 
 

Πίνακας   1 
 



PARARTHMA

1. H MH-KENTRIKH X 2-KATANOMH
L mma 1.1

H mh-kentrik  X 2-pijanìthta me n bajmoÔc eleujerÐac kai par�metro δ, X 2
n(δ), eÐnai h

sÔnjesh thc pijanìthtac Poisson paramètrou δ/2, π(δ/2), kai thc met�bashc pijanìthtac
apì ton N0 ston R+, h opoÐa me k�je k sundèei thn kentrik  X 2-pijanìthta me n+2k bajmoÔc
eleujerÐac, X 2

n+2k.
'Allec ekfr�seic tou L mmatoc

(1) An X1, ...Xn anex�rthtec t.m.: Xi ∼ N (µi, 1) i = 1, ..., n, tìte
n∑

i=1

X2
i ∼ X 2

n(δ) ìpou δ =
n∑

i=1

µ2
i

(2) An mÐa t.m Y akoloujeÐ, desmeutik� me mÐa t.m K, to nìmo X 2
n+2K kai an K akoloujeÐ

thn Poisson π(δ/2) tìte h Y akoloujeÐ thn X 2
n(δ).

(3) Gia k�je apeikìnish, apì ton R+ mèsa ston R, X 2
n(δ)-oloklhr¸simh, èqoume:∫

R+

f(x)X 2
n(δ; dx) =

∫
N0

(∫
R+

f(x)X 2
n+2k(dx)

)
π(δ/2; dk)

Apìdeixh
H puknìthta pijanìthtac h opoÐa prokÔptei apì thn sÔnjesh thc π(δ/2) kai thc met�bashc

k  X 2
n+2k eÐnai

+∞∑
k=0

e−δ/2

k!

(δ
2

)k y
n
2
+k−1

Γ(n
2

+ k)

e−y/2

2
n
2
+k

h opoÐa den eÐnai �llh apì thn puknìthta thc X 2
n(δ) (bl. [24]).

Pìrisma 1.1
'Estw v ∈ R, h rop  t�xewc v thc mh-kentrik c X 2

n -pijanìthtac, X 2(δ), eÐnai peperasmènh
an kai mìnon an v > −n/2. S�aut  thn perÐptwsh,∫

R+

xvX 2
n(δ; dx) = 2v

∫
N0

Γ(n
2

+ v + k)

Γ(n
2

+ k)
π(δ/2; dk)
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Apìdeixh
Apì thn èkfrash (3) tou L mmatoc 1.1, èqoume:

∫
R+

xuX 2
n(δ; dx) =

∫
N0

(∫
R+

xuX 2
n+2k(dx)

)
π(
δ

2
; dk) =

+∞∑
k=0

(∫
R+

xuX 2
n+2k(dx)

)e− δ
2 ( δ

2
)k

k!
(1.1)

ìpou ∀k ∈ N0,
∫

R+
xuX 2

n+2k(dx) ∈ (0,+∞]

• an u ≤ −n
2
, tìte∫

R+

xuX 2
n(dx) =

∫
R+

xu 1

Γ(n
2
)2

n
2

x
n
2
−1e−

x
2 dx =

1

Γ(n
2
)2

n
2

∫
R+

x(u+n
2
)−1e−

x
2 dx

Jètontac a = u+ n
2
, to teleutaÐo olokl rwma gr�fetai:∫

R+

xae−
x
2 dx =

∫ 1

0

xae−
x
2 dx+

∫ +∞

1

xae−
x
2 dx = I1 + I2 ìpou a ≤ −1

Epeid  e−x
2 ↓ sto [0, 1],

I1 ≥
∫ 1

0

xae−
1
2dx = +∞

en¸
I2 < +∞

Epomènwc, ∫
R+
xuX 2

n(dx) = +∞ dhlad  o mhdenikìc ìroc sthn (1.1) apeirÐzetai, �ra∫
R+

xuX 2
n(δ; dx) = +∞

• an u > −n
2
, ∀k ∈ N0,∫

R+

xuX 2
n+2k(dx) =

∫
R+

xu 1

Γ(k + n
2
)2k+n

2

xk+n
2
−1e−

x
2 dx

=
1

Γ(k + n
2
)2k+n

2

∫
R+

x(u+k+n
2
)−1e−

x
2 dx

=
1

Γ(k + n
2
)2k+n

2

· Γ(u+ k +
n

2
)2u+k+n

2

= 2u Γ(u+ k + n
2
)

Γ(n
2

+ k)
(1.2)

kai h zhtoÔmenh sqèsh prokÔptei �mesa apì tic (1.1) kai (1.2).
Mènei na epalhjeÔsoume se aut n thn perÐptwsh ìti ∫

R+
xuX 2

n(δ; dx) < +∞. Gia na to
apodeÐxoume qrhsimopoioÔme to gegonìc ìti:

∀t ≥ 0, X 2
n( δ, [0, t] ) ≤ X 2

n( 0, [0, t] )
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Pr�gmati, èstwM = t(X1, ..., Xn) dianusmatik  tuqaÐa metablht  me Xi ∼ N (µi, 1) , i =
1, ..., n, anex�rthtec. An Z =

∑n
i=1X

2
i tìte Z ∼ X 2

n(δ) ìpou δ =
∑n

i=1 µ
2
i . Mèsw enìc

orjog¸niou metasqhmatismoÔ h Z gr�fetai

Z = U + V ìpou U =
n−1∑
i=1

Yi
2 kai V = Yn

2

me Yi ∼ N (0, 1), i = 1, ..., n− 1 kai Yn ∼ N (
√
δ, 1). Gia k�je z ≥ 0, èqoume:

FV (z) = P (V ≤ z) = P (Yn
2 ≤ z) = P (−

√
z ≤ Yn ≤

√
z)

= P (−
√
z −

√
δ ≤ Yn −

√
δ ≤

√
z −

√
δ)

= Φ(
√
z −

√
δ)− Φ(−

√
z −

√
δ)

ìpou Φ h sun�rthsh katanom c thc N (0, 1).
ParathroÔme ìti, kaj¸c δ ↑, FV (z) ↓. 'Ara, gia k�je z ≥ 0, èqoume:

FZ(z) = P (U + V ≤ z) =

∫ z

0

(∫ −u+z

0

f(U,V )(u, v)dv
)
du

=

∫ z

0

(∫ −u+z

0

fV (v)dv
)
fU(u)du

=

∫ z

0

FV (z − u)fU(u)du

to opoÐo fjÐnei an to δ aux�nei. Sunep¸c, epeid  Z ∼ X 2
n(δ),

∀z ≥ 0, X 2
n(δ, [0, z]) ≤ X 2

n(0, [0, z])

Epeid  xu ≥ 0, prokÔptei:∫ +∞

0

xuX 2
n(δ; dx) ≤

∫ +∞

0

xuX 2
n(0; dx) < +∞

kai to pìrisma apodeÐqthke.

2. H MH-KENTRIKH F-KATANOMH
(  mh kentrik  katanom  tou Fisher)

L mma 2.2
H mh-kentrik  F -pijanìthta me n,m bajmoÔc eleujerÐac kai par�metro δ, Fn,m(δ), eÐnai

h sÔnjesh thc pijanìthtac Poisson paramètrou δ/2, π(δ/2), kai thc met�bashc pijanìthtac
apì ton N0 ston R+, h opoÐa me k�je k sundèei thn kentrik  n+2k

n
Fn+2k,m-katanom .(Fn+2k,m eÐnai h kentrik  F -katanom  me n+ 2k,m bajmoÔc eleujerÐac).

'Allec ekfr�seic tou L mmatoc
(1) 'Estw X, Y dÔo anex�rthtec t.m : X ∼ X 2

n(δ) kai Y ∼ X 2
m tìte h t.m F = X/n

Y/m
= m

n
X
YakoloujeÐ thn Fn,m(δ)

(2) ∀z ∈ R+ , P (F ≤ z) =

∫
N0

P
(
Fn+2k,m ≤ nz

n+ 2k

)
π(δ/2; dk)
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Apìdeixh
Pr�gmati, ∀B ∈ B(R+), èqoume:

Fn,m(δ;B) =

∫
N0

(∫
B

(n+ 2k

n
Fn+2k,m

)
(dz)

)
π(δ/2; dk)

GnwrÐzontac ìti h puknìthta pijanìthtac thc n+2k
n
Fn+2k,m eÐnai h

z  
Γ(n+m

2
+ k)

Γ(n
2

+ k)Γ(m
2
)

( n
m

)n
2
+k

z
n
2
+k−1

(
1 +

n

m
z
)−(n+m

2
+k)

1(0,+∞)(z),

h puknìthta pijanìthtac pou prokÔptei apì thn sÔnjesh thc π(δ/2) kai thc met�bashc
k  n+2k

n
Fn+2k,m, eÐnai:

1

Γ(m/2)

( n
m

)n/2

z
n
2
−1

(
1 +

n

m
z
)−(n+m)/2

+∞∑
k=0

e−δ/2 Γ(n+m
2

+ k)

Γ(n
2

+ k)

1

k!

( δ
2

n
m
z

1 + n
m
z

)k

=
Γ(n+m

2
)

Γ(n
2
)Γ(m

2
)

( n
m

)n/2

z
n
2
−1

(
1 +

n

m
z
)−(n+m)/2

+∞∑
k=0

(
n+m

2

)
k(

n
2

)
k

1

k!

( δ
2

n
m
z

1 + n
m
z

)k

ìpou (a)k = a(a− 1) . . . (a+ k − 1).
Aut  h puknìthta den eÐnai �llh apì thn p.p thc Fn,m(δ) (bl. p.q. [33]).
To (1) eÐnai èna klassikì apotèlesma pou apoteleÐ kai ton orismì thc mh-kentrik c F -

katanom c (bl. [33]).
To (2) prokÔptei apì to (1) wc ex c:

∀z > 0, P (F ≤ z) = P
(X/n
Y/m

≤ z
)

= P
(X
Y
≤ nz

m

)
=

∫
{(x,y)∈R2

+: x
y
≤nz

m
}
fX,Y (x, y)dxdy

=

∫
{(x,y)∈R2

+: x
y
≤nz

m
}
fX(x)fY (y)dxdy

=

∫ +∞

0

fY (y)

(∫ nzy
m

0

fX(x)dx

)
dy

=

∫ +∞

0

P
(
X ≤ nzy

m

)
fY (y)dy

=

∫ +∞

0

P
(
X 2

n(δ) ≤ nzy

m

)
X 2

m(dy)

'Omwc, apì to L mma 1.1,

P
(
X 2

n(δ) ≤ nzy

m

)
=

∫
N0

(∫ nzy
m

0

X 2
n+2k(dt)

)
π(δ/2; dk)
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kai me th qr sh tou Jewr matoc tou Fubini,

P
(X/n
Y/m

≤ z
)

=

∫
N0

(∫ +∞

0

(∫ nzy
m

0

X 2
n+2k(dt)

)
X 2

m(dy)

)
π(δ/2; dk)

'Omwc,∫ +∞

0

(∫ nzy
m

0

X 2
n+2k(dt)

)
X 2

m(dy) =

∫
{ t

y
≤nz

m
}
X 2

m(dy)X 2
n+2k(dt)

=

∫{
t/n+2k

y/m
≤ nz

n+2k

} fT (t)fY (y)dtdy

= P
(
Fn+2k,m ≤ nz

n+ 2k

)
Apì ta anwtèrw prokÔptei to zhtoÔmeno:

P (F ≤ z) =

∫
N0

P
(
Fn+2k,m ≤ nz

n+ 2k

)
π(δ/2; dk) .

H antÐstrofh mh-kentrik  F-katanom 
Pìrisma 2.2

'Estw F t.m : F ∼ Fn,m(δ). Tìte h F−1 akoloujeÐ mÐa mh-kentrik  F -katanom  h opoÐa
lamb�netai apì th sÔnjesh miac Poisson π(δ/2) kai miac met�bashc pijanìthtac h opoÐa me
k�je k sundèei thn kentrik  n

n+2k
Fm,n+2k-pijanìthta. Se mÐa tètoia perÐptwsh shmei¸noume:
F−1 ∼ F−1

n,m(δ)
(
= Fm,n(δ)

)
Apìdeixh

Pr�gmati,
∀z > 0 , P

(
F−1 ≤ z

)
= P

(
F ≥ 1

z

)
= 1− P

(
F <

1

z

)
= 1−

∫
N0

P
(
Fn+2k,m ≤ n

(n+ 2k)z

)
π(δ/2; dk)

=

∫
N0

P
(
Fn+2k,m >

n

(n+ 2k)z

)
π(δ/2; dk)

=

∫
N0

P
( 1

Fn+2k,m

<
(n+ 2k)z

n

)
π(δ/2; dk)

=

∫
N0

P
(
Fm,n+2k <

(n+ 2k)z

n

)
π(δ/2; dk)
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Ropèc
Pìrisma 2.3

i) An F ∼ Fn,m(δ) tìte E(F ) = m(n+δ)
n(m−2)

, ∀m > 2

ii) An Z ∼ F−1
n,m(δ) tìte EZ up�rqei, gia k�je n > 2.

Apìdeixh
Apì to (2), prokÔptei ìti:

i) E(F ) =

∫ +∞

0

P (F > z)dz

=

∫ +∞

0

(∫
N0

P
(
Fn+2k,m >

nz

n+ 2k

)
π(δ/2; dk)

)
dz

=

∫
N0

(∫ +∞

0

P
(
Fn+2k,m >

nz

n+ 2k

)
dz

)
π(δ/2; dk)

=

∫
N0

n+ 2k

n

(∫ +∞

0

P
(
Fn+2k,m > t

)
dt

)
π(δ/2; dk)

ìpou
∫ +∞

0

P
(
Fn+2k,m > t

)
dt = E

(
Fn+2k,m

)
=

m

m− 2
, gia m > 2

Sunep¸c,
E(F ) =

m

n(m− 2)

∫
N0

(n+ 2k)π(δ/2; dk) =
m

n(m− 2)

(
n+ 2

∫
N0

kπ(δ/2; dk)︸ ︷︷ ︸
=δ/2

)

=
m

n(m− 2)
(n+ δ)

ii) Apì to Pìrisma 2.2, prokÔptei ìti:
E(Z) =

∫ +∞

0

P (Z > z)dz =

∫ +∞

0

(∫
N0

P
(
Fm,n+2k >

(n+ 2k)z

n

)
π(δ/2; dk)

)
dz

=

∫
N0

(∫ +∞

0

P
(
Fm,n+2k >

(n+ 2k)z

n

)
dz

)
π(δ/2; dk)

=

∫
N0

n

n+ 2k

(∫ +∞

0

P
(
Fm,n+2k > t

)
dt

)
π(δ/2; dk)

ìpou
∫ +∞

0

P
(
Fm,n+2k > t

)
dt = E

(
Fm,n+2k

)
=

n+ 2k

n+ 2k − 2
, ∀k ≥ 0 kai n > 2
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Loipìn, gia n > 2, E(Z) up�rqei kai
E(Z) =

∫
N0

n

n+ 2k − 2
π(δ/2; dk) ≤ n

n− 2
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