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PerÐlhyh

H tmhmatopoÐhsh kampul¸n jewreÐtai èna apì ta pio endiafèronta probl mata thc upologistik c gew-

metrÐac. 'Enac meg�loc arijmìc efarmog¸n sthrÐzontai se tmhmatopoÐhsh kampul¸n ìpwc h anagn¸rish,

parakoloÔjhsh antikeimènwn kai h perigraf  perieqomènou - sumpÐesh shm�twn. Sth paroÔsa ergasÐa exe-

t�zetai to prìblhma thc tmhmatopoÐhshc �kuklhc 2D suneqoÔc kampÔlhc se isom kh eujÔgramma tm mata,

to opoÐo proèkuye apì thn anagwg  antÐstoiqou probl matoc orismènou sto epÐpedo twn yhfiak¸n eikìnwn.

H epÐlush tou probl matoc autoÔ dÐnei �mesa kai èna trìpo prosèggishc - montelopoÐhshc thc kampÔlhc

me mikrì arijmì paramètrwn. Me th montelopoÐhsh pou proteÐnetai, h kampÔlh perigr�fetai isodÔnama me

mia seir� apì paramètrouc, apì touc opoÐouc me k�poio antÐstrofo metasqhmatismì, pou orÐzetai sthn er-

gasÐa, mporoÔme na anakt soume me uyhl  akrÐbeia thn arqik  kampÔlh. M�lista oi suntelestèc mporoÔn

na diaqwristoÔn se ekeÐnouc pou perigr�foun thn kateÔjunsh, to mègejoc, th jèsh thc kampÔlhc kai se

ekeÐnouc pou sqetÐzontai apokleistik� me to sq ma thc. EpÐshc, exet�zetai kai apodeiknÔetai to prìblhma

thc Ôparxhc mÐa toul�qiston tmhmatopoÐhshc gia k�je arijmì tmhm�twn kai se opoiad pote kampÔlh. H

mèjodoc thc apìdeixhc antistoiqeÐ se algìrijmo epÐlushc tou probl matoc pou upologÐzei toul�qiston mÐa

lÔsh tou probl matoc. EpÐshc, proteÐnontai dÔo algìrijmoi epÐlushc tou probl matoc, ènac proseggisti-

kìc pou upologÐzei kat� prosèggish ìlec tic lÔseic kai ènac kajìdou kat� thn klÐsh (steepest descent)

pou sugklÐnei akrib¸c se mÐa lÔsh (plhsièsterh).
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Abstract

The curve segmentation is a challenging problem of computational geometry. A huge number of

applications are based on signal segmentation like the problems of object recognition and tracking. In

this work, we examine the general problem of a 2D continuous curve segmentation into equal segments.

A solution on this problem gives an efficient curve representation with low number of coefficients. An

inverse transform of the coefficients is defined, that reconstruct with high accuracy the curve. The curve

descriptors can be categorized to them that describe the curve orientation, size, curve position and to them

that describe just the curve shape. In this report, it is examined and proved the problem of existence

at least one solution on the curve segmentation problem into any number of segments. A proof based

method can be used to compute at least one solution of the problem. Finally, we propose two algorithms,

an algorithm that computes approximately the total of the solutions and a steepest descent based method

that converges to a solution.
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Kef�laio 1

Eisagwg 

1.1 Genik  Eisagwg 

H tmhmatopoÐhsh kampul¸n se eujÔgramma tm mata Ðsou m kouc eÐnai èna shmantikì jewrhtikì prìblh-

ma pou den èqei akìma diereunhjeÐ kai pou mporeÐ na d¸sei shmantikì arijmì efarmog¸n. Arqik� ja gÐnei

mia genik  eisagwg  anafèrontac antÐstoiqa probl mata tmhmatopoÐhshc, all� kai efarmogèc aut¸n.

Meg�loc arijmìc mejìdwn èqoun anaptuqjeÐ me stìqo thn tmhmatopoÐhsh kampul¸n me b�sh to perieqì-

meno thc. QwrÐzoun th kampÔlh se tm mata, ¸ste to kajèna apì aut� na èqei omoiìmorfa qarakthristik�.

Par�deigma tètoiac prosèggishc eÐnai h polugwnik  prosèggish [4], dhlad  o qwrismìc thc kampÔlhc se

tm mata pou to kajèna apì aut� na proseggÐzetai apì èna eujÔgrammo tm ma (Sq ma 1.1). Se pollèc e-

farmogèc stìqoc den eÐnai h bèltisth lÔsh tou probl matoc, all� h eÔresh algorÐjmwn mikr c plok c pou

ja epilÔoun proseggistik� to prìblhma [1]. 'Opwc anafèroun oi [5], [3] to prìblhma mporeÐ na diatupwjeÐ

me 2 trìpouc.

• To prìblhma el�qistou sf�lmatoc (Min−ε), ìpou eÐnai gnwstìc o arijmìc twn tmhm�twn kai zhteÐtai

na elaqistopoihjeÐ to sf�lma prosèggishc.

• To prìblhma pl jouc (Min − #), ìpou dÐdetai to sf�lma prosèggishc kai zhteÐtai na brejeÐ o

el�qistoc arijmìc twn tmhm�twn pou ja dÐnei sf�lma to opoÐo de ja uperbaÐnei to dojèn ìrio.

O qwrismìc s matoc se omoiìmorfa tm mata efarmìzetai kurÐwc se probl mata tmhmatopoÐhshc kai kathgo-

riopoÐhshc. H autìmath tmhmatopoÐhsh - kathgoriopoÐhsh  qou [9] kai eikìnac [6] an�gontai sth kat�llhlh

perigraf  tou s matoc se qarakthristik� sto q¸ro twn opoÐwn pragmatopoieÐtai h tmhmatopoÐhsh kai h

kathgoriopoÐhsh.

EpÐshc shmantikìc arijmìc perigrafèwn s matoc èqei anaptuqjeÐ. Oi mèjodoi autoÐ sun jwc meta-

sqhmatÐzoun th kampÔlh   genikìtera to s ma sto q¸ro tou perigrafèa. O q¸roc autìc sun jwc èqei

idiìthtec (par�deigma analloÐwtoc sthn peristrof  thc kampÔlhc) oi opoÐec qrhsimopoioÔntai stic antÐstoi-

qec efarmogèc. Shmantik  efarmog  eÐnai h qr sh twn perigrafèwn gia thn anagn¸rish antikeimènwn [10],

ta opoÐa mporeÐ na eÐnai trisdi�stata [12]   disdi�stata [13], [14], [7], [2]. Se efarmogèc anagn¸rishc qrh-
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Sq ma 1.1: Polugwnik  prosèggish me 10 tm mata.

simopoioÔntai kurÐwc perigrafeÐc pou eÐnai analloÐwtoi se peristrof , metatìpish, klim�kwsh kai sjenaroÐ

sto jìrubo. EpÐshc, shmantik  idiìthta twn perigrafèwn jewreÐtai h anakataskeu  tou arqikoÔ s matoc,

dhlad  h Ôparxh antÐstrofou metasqhmatismoÔ pou ja metasqhmatÐzei touc suntelestèc tou perigrafèa

sto q¸ro tou arqikoÔ s matoc, h idiìthta aut  qrhsimopoieÐtai sth sumpÐesh [11]. Suqn� qrhsimopoioÔntai

kat�llhloi perigrafeÐc kai sthn sÔnjesh s matoc, ìpwc thn sÔnjesh kÐnhshc fidioÔ [8]. Oi perigrafeÐc

autoÐ sun jwc èqoun thn idiìthta thc Ôparxhc antÐstrofou metasqhmatismoÔ gia thn anakataskeu  tou

arqikoÔ s matoc.

1.2 Org�nwsh ErgasÐac

Sthn ergasÐa aut  exet�zetai to prìblhma thc tmhmatopoÐhsh kampul¸n se eujÔgramma tm mata Ðsou

m kouc. Sth sunèqeia ja doÔme sunoptik� ti perilamb�netai se k�je kef�laio thc ergasÐac.

Sto kef�laio 2 perigr�fetai to arqikì prìblhma kai parousi�zetai h apìdeixh ìti to arqikì prìblhma

èqei lÔsh se k�je suneq  kampÔlh. H apìdeixh gÐnetai me suneq  anagwg  problhm�twn kai apìdeixh twn

anagìmenwn, en¸ b�sh thc apìdeixhc eÐnai h epagwg . EpÐshc parousi�zetai ènac isodÔnamoc orismìc tou

probl matoc ìpwc h apìdeixh thc Ôparxhc lÔshc sÔmfwna me ton orismì autìn. Sta kef�laia 3, 4 parou-

si�zontai dÔo proteinìmenoi algìrijmoi, me stìqouc ton proseggistikì upologismì ìlwn twn lÔsewn kai

ton akrib  upologismì miac lÔshc, antÐstoiqa. Sto kef�laio 5 parousi�zetai o algìrijmoc pou prokÔptei

apì th mèjodo apìdeixhc. Tèloc, sto kef�laio 6 anafèrontai ta sumper�smata thc mejìdou kai pijanèc

efarmogèc thc.
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Kef�laio 2

Apìdeixh 'Uparxhc TmhmatopoÐhshc

2.1 To arqikì prìblhma kai h anagwg  tou (Π0)

Orismìc Probl matoc Π0

Sto epÐpedo miac yhfiak c eikìnac dÐdetai mia sunektik  alusÐda Ðswn tetrag¸nwn (pixels) ta opoÐa den

sqhmatÐzoun kÔklo. 'Estw A to kèntro tou pr¸tou kai B to kèntro tou teleutaÐou. Na brejoÔn N + 1

diadoqik� shmeÐa twn tetrag¸nwn pou na isapèqoun metaxÔ touc, upì ton periorismì to pr¸to na eÐnai to

A kai to teleutaÐo to B.

LÔsh

To prìblhma èqei sun jwc �peirec lÔseic (shmeÐa k�poiwn kÔklwn) kai an�getai �mesa sto antÐstoiqo

prìblhma (Π1) pou afor� th 2D kampÔlh qwrÐc kÔklouc pou pern�ei apì ta tetr�gwna. H anagwg  tou

mporeÐ na gÐnei me thn kataskeu  miac tètoiac kampÔlhc kai ja gÐnei prosp�jeia na lujeÐ to prìblhma p�nw

sthn kampÔlh. H ènwsh twn kèntrwn twn tetrag¸nwn dÐnei p�nta mia kampÔlh h opoÐa en¸nei ta A, B kai

den èqei kÔklouc (Sq ma 2.2).

2.2 To prìblhma tmhmatopoÐhshc kampÔlhc (Π1)

Orismìc Probl matoc Π1

DÐdetai sto 2D epÐpedo, suneq c kampÔlh C qwrÐc kÔklouc me arq  to shmeÐo A kai tèloc to shmeÐo B.

Sq ma 2.1: Sto diplanì sq ma emfanÐzetai me kìkkinh gramm  par�deigma miac tètoiac kampÔlhc.
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Sq ma 2.2: Sto diplanì sq ma emfanÐzetai me kìkkinh gramm  par�deigma miac tètoiac kampÔlhc.

Na brejoÔn N + 1 diadoqik� shmeÐa Pi (i = 0, · · · , N) epÐ thc kampÔlhc1, upì ton periorismì na isapèqoun

metaxÔ touc an� dÔo (|Pi − Pi+1| = |Pj − Pj+1| (i, j = 0, · · · , N − 1)). To pr¸to apì aut� na eÐnai to A

kai to teleutaÐo to B.

LÔsh

Arqik� ja exet�soume an to prìblhma èqei lÔsh gia k�je N . H apìdeixh ja gÐnei me th mèjodo thc

epagwg c. Gia N = 1 èqoume èna tm ma pou eÐnai Ðso me ton eautì tou. Gia N = 2 ja prèpei na brejeÐ

èna shmeÐo thc kampÔlhc (P ) t.¸. |AP | = |PB|. H epÐlush tou probl matoc an�getai sthn eÔresh enìc

shmeÐou tom c thc mesokajètou tou eujÔgrammou tm matoc AB kai thc kampÔlhc C. To shmeÐo (P ) pou

an kei sth tom  aut  ja èqei thn idiìthta ìti an kei sthn kampÔlh C kai tautìqrona ja isapèqei apì ta

�kra A, B wc shmeÐo thc mesokajètou tou AB �ra eÐnai lÔsh tou probl matoc. Autì pou apomènei eÐnai

na deÐxoume pwc h mesok�jetoc tou AB me thn kampÔlh ja èqei p�nta tom .

Apìdeixh : H mesok�jetoc qwrÐzei se 2 hmiepÐpeda to sunolikì epÐpedo. Sto èna apì aut� up�rqei to

A kai sto �llo to B. Epeid  h suneq c kampÔlh C sundèei ta A, B tìte anagkastik� ja tm sei th

mesok�jeto se toul�qiston èna shmeÐo.

'Estw ìti h prìtash isqÔei gia N = k. Dhlad  mporoÔn na brejoÔn p�ntote k + 1 shmeÐa epÐ thc

kampÔlhc pou na isapèqoun metaxÔ touc. Ja exet�soume an isqÔei h prìtash gia N = k + 1. JewroÔme

tuqaÐo shmeÐo ∆ metakinoÔmeno p�nw sthn kampÔlh C. Gia k�je jèsh tou ∆ apì epagwgik  upìjesh

mporoÔme na qwrÐssoume th kampÔlh A∆ se k eujÔgramma tm mata, Ðsou m kouc p(∆). ArkeÐ na deÐxoume

ìti ja up�rqei sÐgoura k�poia jèsh tou ∆ t.¸. p(∆) = |∆B|. 'Estw h sun�rthsh f(∆) = p(∆) − |∆B|.
H f(∆) eÐnai suneq c san diafor� suneq¸n(*) sunart sewn, f(A) = −|∆A| < 0, f(B) = p(B) > 0. Apì

je¸rhma BOLZANO ja up�rqei k�poio ∆0 t.¸. f(∆0) = 0. 'Ara br kame k + 2 shmeÐa epÐ thc kampÔlhc

pou na isapèqoun metaxÔ touc. (*) To er¸thma (Π2) pou mènei eÐnai an h sun�rthsh p(∆) eÐnai suneq c

kaj¸c all�zei to D. Sth perÐptwsh pou eÐnai suneq c h prìtash èqei apodeikteÐ. To prìblhma autì (Π2)

ja exetasteÐ sto epìmeno tm ma.

2.3 Exètash sunèqeiac thc p(∆) (Π2)

Orismìc Probl matoc Π2

'Estw h diamèrish suneqoÔc kampÔlhc qwrÐc kÔklouc me arq  to A kai tèloc to B se N eujÔgramma tm -
1To N anafèretai ston arijmì twn Ðswn tmhm�twn pou qwrÐzetai h kampÔlh apì ta N + 1 diadoqik� shmeÐa.
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(aþ) (bþ) (gþ)

Sq ma 2.3: (a') Stigmiìtupo tou probl matoc gia N = 2 ìpou up�rqoun 3 lÔseic. (b')Kaj¸c to shmeÐo D

metakineÐtai proc ta dexi� paramènei mÐa lÔsh. (g') Ekfulismènh morf  tou probl matoc ìpou èqoume stigmiaÐa

�peirec lÔseic kai Ôparxh asunèqeiac sth p(∆).

Sq ma 2.4: Diamèrish thc kampÔlhc se 3 isom kh tm mata. Ta endi�mesa shmeÐa eÐnai (1,
√

(3)), (2, 0). H

sun�rthsh p(∆) sto shmeÐo 400 emfanÐzei asunèqeia. Sth jèsh aut  h p(∆) mporeÐ na p�rei ìlec tic timèc apì to

1 èwc to 4. 'Ara mporeÐ na qwristeÐ me monadikì trìpo se 3 isom kh tm mata.

mata Ðdiou m kouc p(∆) ta opoÐa èqoun arq  to A kai tèloc k�poio eswterikì shmeÐo thc kampÔlhc D. H

p(∆) eÐnai suneq c wc proc to D;

LÔsh

ParathroÔme apì ta paradeÐgmata (Sq ma 2.3, 2.4) pwc h p(∆) mporeÐ na parousi�sei asunèqeiec

se k�poia memonwmèna shmeÐa. Sta shmeÐa aut� h p(∆) mporeÐ na p�rei pollèc timèc epeid  h tom  thc

mesokajètou e kai thc kampÔlhc eÐnai p�nw apì èna shmeÐo (to prìblhma thc diamèrishc èqei pollèc lÔseic).

H tim  pou mporeÐ na p�rei h sun�rthsh p(∆) sta shmeÐa asunèqeiac ∆i mporeÐ na apodeikteÐ pwc eÐnai ìlo

to di�sthma twn tim¸n, opoiad pote tim  metaxÔ twn 2 oriak¸n tim¸n thc asunèqeiac.

SÔmfwna me ta prohgoÔmena paradeÐgmata kai apì thn epagwgik  upìjesh gia k�poio tuqaÐo ∆ mpo-

roÔme na p�roume parap�nw apì mÐa diamerÐseic (akìma kai �peirec ton arijmì) pou qwrÐzoun thn kampÔlh

A∆ se N Ðsa tm mata, oi diamerÐseic metaxÔ touc endeqomènwc na èqoun kai diaforetikì m koc (Sq ma 2.5).

Gia na èqei to prìblhma Π1 lÔsh ja prèpei na deÐxoume ìti up�rqei mia suneq c kampÔlh [K(t), ∆(t)] sto

sÔnolo twn kampul¸n R pou sqhmatÐzontai h opoÐa na orÐzetai gia ìla ta ∆ apì to A èwc to B (prìblhma

Π3). An apodeikteÐ to parap�nw, tìte me efarmog  tou jewr matoc BOLZANO, h kampÔlh [∆B(t),∆(t)]

me thn [K(t),∆(t)] ja èqoun 1 toul�qiston koinì shmeÐo. Jewr¸ ìti to t ∈ [0, 1] afoÔ h kampÔlh èqei
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Sq ma 2.5: Sto sÔnolo twn kampul¸n R, up�rqei suneq c kampÔlh (bold) pou en¸nei ta �kra A, B.

peperasmèno m koc. To parap�nw isqÔei giatÐ :

1. Ta shmeÐa (0, A) kai (K(1), B) (me K(1) > 0) an koun sthn kampÔlh [K(t), ∆(t)].

2. H ∆(t) eÐnai suneq c, gnhsÐwc aÔxousa sto [0, 1] me ∆(0) = A, ∆(1) = B.

3. Ta shmeÐa (|AB|, A) kai (0, B) (me AB > 0) an koun sthn suneq  kampÔlh [∆B(t), ∆(t)].

2.3.1 Prìtash Λ1

Ja xekin soume me m koc thc diamèrishc twn isomhk¸n eujugr�mmwn tmhm�twn s = 0 kai aux�noume ta

m kh twn eujugr�mmwn tmhm�twn me suneq  trìpo, ta shmeÐa ∆(s), �kra twn diamerÐsewn, ja kinhjoÔn epÐ

thc kampÔlhc me suneq  trìpo kat� th metabol  tou s xekin¸ntac apì to A kai ja katal xoun sto B, afoÔ

per�soun apì ìla ta shmeÐa thc kampÔlhc2. An isqÔei k�ti tètoio tìte apodeiknÔetai h Ôparxh suneqoÔc

kampÔlhc [K(t), ∆(t)] kai to sunolikì prìblhma apodeiknÔetai.

Apìdeixh

Arqik� s = 0, kai to s aux�netai me suneqèc trìpo. 'Estw gia s = r, h pr¸th stigm  pou h diamèrish

apokt� 2 lÔseic3, me �kra ∆1, ∆2 (Sq ma 2.3). 'Oso to s < r ìla ta shmeÐa thc diamèrishc metab�llontai

me suneqèc trìpo ìpwc kai to �kro to opoÐo èqei kalÔyei to tm ma thc kampÔlhc apì to A èwc kai to ∆1.

To gegonìc autì mporeÐ na apodeikteÐ epagwgik� miac me thn seir� touc, to pr¸to shmeÐo thc diamèrishc Ps

ja metakinhjeÐ sth kampÔlh me suneqèc trìpo4, apì thn kÐnhsh tou opoÐou to deÔtero shmeÐo thc diamèrishc

P2s ja metakinhjeÐ sthn kampÔlh me suneq  trìpo k.t.l.. M�lista an s1 < s2 me s2 < r tìte ìla ta shmeÐa
2Arqik� ja up�rqei mÐa lÔsh, gia mikrì s, kaj¸c aux�nei to s pijan¸c na dhmiourghjoÔn perissìterec kai k�poiec apì autèc

stamat soun na isqÔoun. Apì epagwgik  upìjesh isqÔei ìti gia k�je shmeÐo D epÐ thc kampÔlhc up�rqei mia toul�qiston

isom khc diamèrish se k tm mata, epomènwc autì pou mènei na apodeikteÐ eÐnai ìti an dhmiourghjeÐ mia nèa diamèrish gia k�poio

s (dhlad  gia to Ðdio s èqoume l.q. 2 diamerÐseic), h nèa diamèrish ja mporeÐ na prokÔyei apì mia suneq  metabol  thc

prohgoÔmenhc (aux�nontac to s thc �llhc lÔshc).
3Sth genik  perÐptwsh h diamèrish mporeÐ na apokt sei stigmiaÐa, apì ekeÐ pou eÐqe mÐa, �peirec lÔseic. Gia lìgouc

aplìthtac gia exet�soume thn perÐptwsh 2 lÔsewn sthn opoÐa an�getai kai h perÐptwsh twn perissìterwn lÔsewn.
4O kÔkloc aktÐnac s kai kèntrou A megal¸nei me suneqèc trìpo kai epeid  h kampÔlh C eÐnai suneq c h tom  monadik 

tom  tou me thn kampÔlh Ps ja kineÐtai me suneq  trìpo p�nw sthn kampÔlh.
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(aþ) (bþ)

Sq ma 2.6: (a') Kat� thn kÐnhsh tou M apì to P 1
r sto P 2

r to ∆ ja kalÔyei to tm ma thc kampÔlhc metaxÔ tou

∆1, ∆2. (b')Sto kÐtrino tm ma ja brejoÔn ta ∆ kat� thn kÐnhsh tou M .

thc diamèrishc C(tis1) me m koc tm matoc s1 ìpwc kai to �kro thc diamèrishc ta sunant�me pio nwrÐc kaj¸c

kinoÔmaste apì to A sto B apì ta antÐstoiqa shmeÐa thc diamèrishc me m koc tm matoc s2 ta C(tis2),

dhlad  isqÔei tis1 < tis2 . An sunèbaine me k�poio shmeÐo to antÐjeto ja èprepe na eÐqame 2 tomèc sthn

kampÔlh me k�poion apì touc kÔklouc gegonìc pou den isqÔei apì upìjesh. Epomènwc to ∆(s), s < r èqei

diatrèxei ìlo to tm ma thc kampÔlhc mèqri to shmeÐo ∆1.

Th stigm  pou s = r, èqoume 2 diamerÐseic wc lÔseic kai Ôparxh asunèqeiac ìpwc ja doÔme. QwrÐc bl�bh

thc genikìthtac, ìpwc ja faneÐ kai sthn apìdeixh, ja upojèsoume pwc oi dÔo lÔseic emfanÐzontai apì to

pr¸to di�sthma thc diamèrishc kai ìti h diamèrish ja èqei 2 tm mata, h apìdeixh sth genik  perÐptwsh mporeÐ

na gÐnei me epèktash thc mejodologÐac. 'Estw C(t11) = P 1
r , C(t21) = P 2

r (Sq ma 2.6(aþ)) ta 2 shmeÐa thc

kampÔlhc pou isapèqoun apì to A apìstash r. M�lista h kampÔlh sto P 2
r prèpei na ef�ptetai tou kÔklou

kèntrou A kai aktÐnac r. IsqÔei r = |AP 1
r | = |AP 2

r |. Apì th mèjodo pou anaptÔxame ja katal xoume

sta �kra C(t1k) = ∆1 kai C(t2k) = ∆2. An katal xoume se perissìtera shmeÐa ∆2 apì 2 tìte epilègoume

wc ∆2 ekeÐno pou sunant�me pr¸to. AfoÔ to P 2
r eÐnai h pr¸th for� pou èqoume 2 lÔseic kaj¸c to s

auxanìtan s < r kai lìgw sunèqeiac to ∆(t), t < t1r ja èqei per�sei apì ìla ta shmeÐa thc kampÔlhc èwc

to C(t1k) = ∆1. 'Oson afor� to ∆2, kaj¸c to s aux�netai kai paÐrnei timèc megalÔterec tou r, to ∆2 ja

kineÐtai me suneq  trìpo proc to B ektìc kai emfanisteÐ k�ti antÐstoiqo me to fainìmeno twn 2 lÔsewn

to opoÐo kai ja exet�soume. 'Opwc eÐdame xafnik� emfanÐzontai 2 lÔseic kai Ôparxh asunèqeiac! AfoÔ

h kampÔlh ∆(t) den èqei per�sei akìma apì to tm ma thc kampÔlhc metaxÔ twn ∆1 kai ∆2. To er¸thma

eÐnai an up�rqei eggÔhsh ìti ja per�sei h ∆(t) apì to tm ma autì, ¸ste h deÔterh lÔsh na prokÔyei wc

sunèqeia thc pr¸thc. An dojeÐ mia tètoia eggÔhsh tìte k�je for� pou emfanÐzetai asunèqeia sto �kro (2

lÔseic), kaj¸c aux�nei to s, ja mporoÔme na egguhjoÔme pwc up�rqei isom khc diamèrish pou èqei �kro

an�mesa ∆1 kai ∆2 (2 lÔseic) kai m koc tm matoc me timèc tou s pou brÐskontai kont� sto r kai all�zoun

me suneq  trìpo.
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2.3.2 Prìtash Λ2

Na apodeiqjeÐ ìti an jewr sw endi�meso shmeÐo M pou kineÐtai metaxÔ twn P 1
r , P 2

r kai jewr sw th

diamèrish pou perièqei wc pr¸to tm ma to AM(t) kai èqei m koc tm matoc AM , to ∆(t) �kro thc diamèrishc

ja per�sei apì ìla ta shmeÐa thc kampÔlhc metaxÔ tou ∆1 kai ∆2.

Apìdeixh

Apì to Sq ma 2.4 to ∆(t) ja per�sei toul�qiston apì ìla ta shmeÐa thc kampÔlhc pou brÐskontai sthn

diafor� twn kÔklwn Φ1 kèntrou P 1
r kai aktÐnac r kai Φ2 kèntrou P 2

r kai aktÐnac r. Autì sumbaÐnei giatÐ

ìloi oi kÔkloi pou dhmiourgoÔntai kat� thn kÐnhsh tou M èqoun aktÐna AM > r (alli¸c h upìjesh mac

pwc to P 2
r eÐnai pr¸to shmeÐo ìpou èqoume 2 lÔseic den isqÔei). Epeid  oi kÔkloi autoÐ èqoun aktÐna

megalÔterh apì r, o gewmetrikìc tìpoc twn shmeÐwn touc eÐnai upersÔnolo tou g.t. U pou prokÔptei apì

thn peristrof  tou Φ1 gÔrw apì to A mèqri na tautisteÐ me ton Φ2. UposÔnolo tou U eÐnai h diafor� twn

2 kÔklwn. Sth sunèqeia ja exet�soume an to tm ma thc kampÔlhc metaxÔ twn ∆1, ∆2 ja brÐsketai p�nta

sto tm ma thc diafor�c twn dÔo kÔklwn, an isqÔei k�ti tètoio h prìtash èqei apodeikteÐ.

To tm ma thc kampÔlhc C pou en¸nei ta ∆1, ∆2 ja brÐsketai anagkastik� entìc tou kÔklou Φ2, epeid 

to ∆2 apì upìjesh èqei parjeÐ na eÐnai to pr¸to pou èqei tom  ton kÔklo Φ2. Epiplèon ja prèpei na

deÐxoume ìti h kampÔlh aut  brÐsketai ektìc tou kÔklou Φ1. To gegonìc autì isqÔei giatÐ èqoume upojèsei

ìti h diamèrish mèqri kai to ∆1 aktÐnac s < r èqei monadik  lÔsh gia k�je s. An up rqe k�poio tm ma thc

kampÔlhc an�mesa sto ∆1, ∆2 pou ja briskìtan entìc tou Φ1, ja up rqan 2 �lla shmeÐa thc kampÔlhc

∆̇, ∆̈ an�mesa sta ∆1, ∆2 pou ja ètemnan ton Φ1 kai ja  tan lÔsh sth diamèrish (�topo apì upìjesh).

Ja mporoÔse na up�rqei k�poio tètoio shmeÐo, all� sto opoÐo h kampÔlh ja  tan efaptìmenh me ton kÔklo

Φ1, all� to shmantikì eÐnai ìti kanèna shmeÐo metaxÔ twn ∆1,∆2 den ja eÐnai eswterikì tou kÔklou Φ1.

Sto par�deigma pou eÐdame eÐqame diamerÐseic 2 tmhm�twn. H apìdeixh epagwgik� mporeÐ na epektajeÐ kai

se N tm mata, afoÔ h k�luyh thc kampÔlhc tou tm matoc pou brÐsketai an�mesa sta C(t1N ), C(t2N ) mporeÐ

na apodeikteÐ apì ìmoia me thn parap�nw apìdeixh, ìpou ta prohgoÔmena shmeÐa C(t1N−1), C(t2N−1) twn

C(t1N ), C(t2N ) ja paÐxoun to rìlo twn P 1
r , P 2

r antÐstoiqa. Sth sunèqeia ja parousi�soume mia genik 

apìdeixh thc Ôparxhc lÔshc basizìmenoi stic idèec pou èqoume  dh anaptÔxei.
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SÔmbola OrismoÐ

C(t), A, B Dosmènh suneq c, polugwnik  kampÔlh, t ∈ [0, 1]. DÔo �kra thc kampÔlhc, A = C(0), B = C(1)

UK {1, 2, · · · ,K}
N Arijmìc Ðswn tmhm�twn pou qwrÐzetai h kampÔlh C(t)

gN (s) Suneq c sun�rthsh diadrom c epÐ thc C(t), s ∈ [0, SN ], gN (s) ∈ [0, 1], gN (0) = 0, gN (SN ) = 1

rN (s) Suneq c sun�rthsh m kouc tm matoc, s ∈ [0, SN ]

H kampÔlh C(t), t ∈ [0, YN (s)] qwrÐzetai se N Ðsa tm mata m kouc rN (s)

rN (s) ∈ [0, Rmax], Rmax ≤
∫ 1
0 |Ċ(u)|2du

N , rN (0) = 0

ti(r,N) t0(r,N) := 0, 0 ≤ ti(r,N) ≤ ti+1(r,N) ≤ 1, |C(ti(r,N))− C(ti+1(r,N))| = r, i ∈ UN

G(u,N) G(u,N) = {ti(r,N), i ∈ {0, 1, · · · , N} ∧ tN (r,N) = u}
Diamèrish se N Ðsa tm mata thc kampÔlhc C(t), t ∈ [0, u]

d(u, v) EukleÐdeia apìstash metaxÔ twn C(u), C(v), d(u, v) = |C(u)− C(v)|2
O(u, r) KÔkloc kèntrou C(u) kai aktÐnac r

f = E(f1, f2) H ènwsh twn f1(s), s ∈ [a1, b1], f2(s), s ∈ [a2, b2], èqei pedÐo orismoÔ [a1, b1 + b2 − a2] kai tÔpo

f(s) = f1(s), s ∈ [a1, b1], f(s) = f2(s− b1 + a2), s ∈ (b1, b1 + b2 − a2]

[s : a → b] H suneq c metablht  s arqik� eÐnai Ðsh me a

kai sth sunèqeia aux�netai (an (b > a))   mei¸netai (an (a > b)) mèqri na gÐnei Ðsh me b

PÐnakac 2.1: PÐnakac sumbìlwn thc genik c apìdeixhc.

2.4 EujeÐa Apìdeixh 'Uparxhc LÔshc gia Polugwnikèc KampÔlec

- An�ptuxh KataskeuastikoÔ AlgorÐjmou

Sto tm ma autì ja parousiasteÐ h oloklhrwmènh apìdeixh thc Ôparxhc lÔshc gia k�je N h opoÐa

sthrÐzetai stic idèec pou èqoun anaptuqjeÐ prohgoumènwc. H apìdeixh ja gÐnei gia mia opoiad pote, �kuklh5

kai suneq  polugwnik  kampÔlh C(t), t ∈ [0, 1]. Stouc pÐnakec 2.1, 2.2 kai 2.4 dÐdontai ìloi oi orismoÐ

sumbìlwn pou ja qrhsimopoihjoÔn. Par�llhla me thn apìdeixh anaptÔssetai kai ènac kataskeuastikìc

algìrijmoc upologismoÔ twn lÔsewn.

Qrhsimopoi¸ntac to L mma 1, h apìdeixh thc Ôparxhc lÔshc gia k�je N isodunameÐ me thn apìdeixh ìti

gia k�je N up�rqei suneq c sun�rthsh diadrom c gN (s), s ∈ [0, SN ] me gN (0) = 0 kai gN (SN ) = 1 kai

suneq c sun�rthsh m kouc rN (s).

L mma 1 An up�rqei suneq c sun�rthsh diadrom c gN (s), s ∈ [0, SN ], kai suneq c sun�rthsh m kouc

tm matoc rN (s), tìte gia k�je shmeÐo v ∈ (0, 1] up�rqei toul�qiston mÐa isom khc diamèrish G(v, N + 1).

Apìdeixh: Katarq n afoÔ gN (s) suneq c sto [0, SN ] me gN (0) = 0 kai gN (SN ) = 1 apì je¸rhma Bolzano

gia k�je shmeÐo v ∈ (0, 1] ja up�rqei k�poio s1 ∈ [0, SN ] t.¸. gN (s1) = v.
5Sth perÐptwsh pou h kampÔlh tèmnei ton eautì thc, ja mporoÔse na oristeÐ �kuklh kampÔlh h opoÐa ja agnoeÐ ton kÔklo

pou dhmiourgeÐtai lìgw thc tom c. Bèbaia de mporeÐ na efarmosteÐ se kleistèc kampÔlec. H apìdeixh mporeÐ na efarmosteÐ

�mesa kai se �kuklec, algebrikèc kampÔlec pou den perièqoun kuklik� tìxa.
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SÔmbola OrismoÐ

Ōf (u, r, v) O kÔkloc O(u, r) tèmnei thn C(t), sto shmeÐo C(v) me v > u

∃ ε > 0 t.¸. ∀t ∈ [v − ε, v] ⇒ C(t) ∈ ston kuklikì dÐsko tou O(u, r) ∧
∀t ∈ (v, v + ε] ⇒ C(t) /∈ sto kuklikì dÐsko tou O(u, r)

Ōb(u, r, v) O kÔkloc O(u, r) tèmnei thn C(t), sto shmeÐo C(v) me v > u

∃ ε > 0 t.¸. ∀t ∈ [v − ε, v) ⇒ C(t) /∈ ston kuklikì dÐsko tou O(u, r) ∧
∀t ∈ [v, v + ε] ⇒ C(t) ∈ sto kuklikì dÐsko tou O(u, r)

Ôf (u, r, v) O kÔkloc O(u, r) ef�ptetai eswterik� me thn C(t), sto shmeÐo C(v) me v > u

∃ ε > 0 t.¸. ∀t ∈ [v − ε, v + ε] ⇒ C(t) ∈ ston kuklikì dÐsko tou O(u, r)

Ôb(u, r, v) O kÔkloc O(u, r) ef�ptetai exwterik� me thn C(t), sto shmeÐo C(v) me v > u

∃ ε > 0 t.¸. ∀t ∈ [v − ε, v) ∪ (v, v + ε] ⇒ C(t) /∈ ston kuklikì dÐsko tou O(u, r)

PÐnakac 2.2: PÐnakac sumbìlwn thc genik c apìdeixhc gia tic diaforetikèc peript¸seic twn tom¸n kÔklwn

me thn kampÔlh.

Jewr¸ th sun�rthsh Ψ(s) = d(gN (s), v), s ∈ [0, s1] h opoÐa eÐnai suneq c sto [0, s1] wc sÔnjesh

suneq¸n sunart sewn. IsqÔei Ψ(0) = d(0, v) > 0, Ψ(s1) = d(gN (s1), v) = d(v, v) = 0 me 0 < v ≤ 1. Gia

thn rN (s), s ∈ [0, s1] isqÔei rN (0) = 0 kai rN (s1) > 0.

Me efarmog  tou jewr matoc Bolzano sto di�sthma [0, s1] isqÔei ìti up�rqei toul�qiston èna s0 ∈
(0, s1) t.¸. Ψ(s0) = rN (s0) ⇒ ∃ toul�qiston èna u0 = gN (s0) t.¸. h kampÔlh C(t) na qwrÐzetai apì

to [0, u0] se N isom kh tm mata (G(u0, N)) m kouc rN (s0), epomènwc epeid  rN (s0) = d(u0, v), u0 < v

up�rqei mÐa toul�qiston isom khc diamèrish G(v,N + 1) = G1(u0, N)
⋃{v}.

H apìdeixh, ìti gia k�je N up�rqei suneq c sun�rthsh diadrom c gN (s), s ∈ [0, SN ] kai suneq c

sun�rthsh m kouc tm matoc rN (s), gÐnetai epagwgik� wc proc twn arijmì twn Ðswn tmhm�twn N . Epiplèon

ja deÐxoume sto L mma 3 pwc oi gN (s), rN (s) eÐnai kai tmhmatik� monìtonec.

Gia N = 1 up�rqei suneq c sun�rthsh diadrom c, g1(s) = s, s ∈ [0, 1], S1 = 1 kai suneq c sun�rthsh

m kouc tm matoc r1(s) = d(0, s), s ∈ [0, 1].

Epagwgik  upìjesh: Up�rqei suneq c sun�rthsh diadrom c gN (s), s ∈ [0, SN ] kai suneq c sun�r-

thsh m kouc tm matoc rN (s).

Sthrizìmenoi sthn epagwgik  upìjesh ja deÐxoume ìti gia N +1, up�rqei suneq c sun�rthsh diadrom c

gN+1(s), s ∈ [0, SN+1] kai suneq c sun�rthsh m kouc rN+1(s). H apìdeixh ja gÐnei me thn kataskeu 

twn sunart sewn gN+1(s), rN+1(s) apì tic gN (s), rN (s). O algìrijmoc kataskeu c apoteleÐtai apì

katast�seic oi opoÐec kajorÐzoun to pwc diatrèqoume thn sun�rthsh diadrom c gN (s) (me to s na aux�nei  

na mei¸netai), gia k�je s upologÐzoume tic tomèc tou kÔklou O(gN (s), rN (s)) me thn kampÔlh kai epilègoume

th kat�llhlh (v(s) = vp(s, s0, v0)) gia thn enhmèrwsh thc gN+1(ṡ) = v(s), rN+1(ṡ) = rN (s) ¸ste na

diathrhjeÐ h sunèqeia kai na èqoume k�luyh, o orismìc thc vp(s, s0, v0) ja gÐnei parak�tw. Oi metab�seic

apì kat�stash se kat�stash gÐnontai ìtan briskìmaste se shmeÐa strof c pou orÐzontai parak�tw, en¸
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SÔmbola OrismoÐ

Emprìc ShmeÐo Exìdou (ε.σ.ε(v, s)) To shmeÐo C(v) an kai mìno an Ōf (gN (s), rN (s), v)

PÐsw ShmeÐo Exìdou (π.σ.ε(v, s)) To shmeÐo C(v) an kai mìno an Ōb(gN (s), rN (s), v)

Emprìc ShmeÐo Strof c (ε.σ.σ(v, s)) To shmeÐo C(v) an kai mìno an Ôf (gN (s), rN (s), v)

PÐsw ShmeÐo Strof c (π.σ.σ(v, s)) To shmeÐo C(v) an kai mìno an Ôb(gN (s), rN (s), v)

PÐnakac 2.3: ShmeÐa tom c twn kÔklwn O(gN (s), rN (s)) me thn kampÔlh.

o algìrijmoc termatÐzetai ìtan to epilegmèno shmeÐo tom c gÐnei to B. Oi orismoÐ twn diaforetik¸n

peript¸sewn tom c twn kÔklwn me thn kampÔlh (Sq ma 2.7(gþ)) brÐskontai ston PÐnaka 2.4. Me b�sh touc

orismoÔc autoÔc to �kro B mporeÐ na jewrhjeÐ shmeÐo strof c.

Sth sunèqeia ja akolouj sei perigraf  tou algorÐjmou kataskeu c kai tèloc ja up�rxoun oi apodeÐ-

xeic gia sunèqeia kai orjìthta tou algorÐjmou.

Katast�seic UpologismoÔ KataskeuastikoÔ AlgorÐjmou

Sth sunèqeia akoloujeÐ h perigraf  twn katast�sewn upologismoÔ. Up�rqoun 2 katast�seic:

h Df (p, s0, v0) ìpou to s aux�nei, kai h Db(p, s0, v0) ìpou to s mei¸netai. H telik  kat�stash

sumbolÐzetai me DE .

Df (p, s0, v0) : (KÐnhsh Emprìc) [s : s0 → SN ] gt(s) = v(s) = vp(s, s0, v0), rt(s) = rN (s).

An (v(s) = 1), gÐnetai met�bash sth telik  kat�stash DE .

An (ε.σ.σ(v(s), s)), gÐnetai met�bash sth kat�stash Db(+, s, v(s)).

An (π.σ.σ(v(s), s)), gÐnetai met�bash sth kat�stash Db(−, s, v(s)).

Db(p, s0, v0) : (KÐnhsh PÐsw) [s : s0 → 0] gt(s0 − s) = v(s) = vp(s, s0, v0), rt(s0 − s) = rN (s). aþ

An (v(s) = 1), gÐnetai met�bash sth telik  kat�stash DE .

An (π.σ.σ(v(s), s)), gÐnetai met�bash sth kat�stash Df (+, s, v(s)).

An (ε.σ.σ(v(s), s)), gÐnetai met�bash sth kat�stash Df (−, s, v(s)).

DE : (Telik  Kat�stash) O upologismìc twn gN+1, rN+1 èqei oloklhrwjeÐ. 'Exodoc.

Se k�je met�bash apì kat�stash se kat�stash gÐnontai diadoqik� oi parak�tw pr�xeic.

• gN+1 = E(gN+1, g
t), rN+1 = E(rN+1, r

t)

• SN+1 = SN+1 + |s− s0|

• gt(s) = {}, rt(s) = {}
aþO lìgoc pou qrhsimopoioÔme to gt(s0 − s) antÐ gia to gt(s) eÐnai gia na up�rqei sunèqeia stic metab�seic sth

sun�rthsh gN+1 = E(gN+1, gt).
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Sto shmeÐo autì orÐzetai h sun�rthsh vp(s, s1, v1) thc opoÐac th sunèqeia ja apodeÐxoume ¸ste na

exasfalisteÐ sunèqeia kai k�luyh stic diadromèc. Epistrèfei timèc sto di�sthma [0, 1] me vp(s, s1, v1) >

gN (s). To c, s1, v1 eÐnai stajerèc gia k�je sun�rthsh vp(s, s1, v1) kai orÐzoun monos manta poia lÔsh

akoloujoÔme (d(vp(s, s1, v1), gN (s)) = rN (s)), to s eÐnai suneq c metablht . H kÐnhsh tou s kajorÐzetai

apì thn kat�stash pou briskìmaste opìte eÐte ja mei¸netai eÐte ja aux�netai mèqri k�poio epìmeno shmeÐo

strof c gia s = s2 (ε.σ.σ(vp(s2, s1, v1), s2)   π.σ.σ(vp(s2, s0, v1), s2)) me s2 6= s1 kai to [s : s1 → s2]. H

vp(s, s1, v1) jèloume na eÐnai suneq c kaj¸c to [s : s1 → s2]. OrÐzoume wc arqik  tim  thc vp(s1, s1, v1) =

v1. 'Estw pwc sthn prohgoÔmenh kat�stash to [s : s0 → s1] opìte akoloujoÔsame th lÔsh vṗ(s, s0, v0).

'Opwc ja doÔme parak�tw se k�je shmeÐo strof c antistoiqoÔn 2 lÔseic oi opoÐec sunantiìntai se autì.

Sthn perÐptwsh mac isqÔei pwc vṗ(s1, s0, v0) = vp(s1, s1, v1) = v1. Gia tic dÔo lÔseic autèc isqÔei ìpwc

ja deÐxoume parak�tw ìti, gia k�je s pou an kei sto koinì pedÐo orismoÔ touc ektìc tou s1 h mÐa eÐnai

megalÔterh apì thn �llh. 'Etsi an vp(s1, s1, v1) > vṗ(s1, s0, v0) tìte p = +, alli¸c p = −, h tim 

gia to ṗ kajorÐsthke me antÐstoiqo trìpo sto shmeÐo strof c σ.σ(v0, s0). O diaqwrismìc autìc gÐnetai

gia na mporoÔme na xeqwrÐsoume tic lÔseic pou katal goun sto Ðdio shmeÐo strof c kai sthn epìmenh

kat�stash na akolouj soume thn epìmenh lÔsh. Sthn perÐptwsh pou briskìmaste se shmeÐo exìdou

o upologismìc thc vp(s1, s1, v1) mporeÐ na gÐnei epilègontac wc tim  ekeÐnh pou epalhjeÔei th exÐswsh

d(vp(s, s1, v1), gN (s)) = rN (s) ∧ vp(s, s1, v1) > gN (s) kai diathreÐ th sunèqeia pou parak�tw ja deÐxoume

isqÔei sta shmeÐa exìdou.

Jètoume arqik  kat�stash na eÐnai h Df (+, 0, 0) me gN+1(s) = 0, rN+1(s) = 0, s ∈ [0, 0], SN+1 = 0.

Autì gÐnetai diìti arqik� akoloujoÔme th diadrom  epÐ thc kampÔlhc gN (s), s ∈ [0, SN ] apì s = 0, èwc

kai to s = SN (s) kai upologÐzoume to pr¸to shmeÐo tom c v(s) = v+(s, 0, 0) > gN (s) epÐ thc kampÔlhc

t.¸. d(gN (s), v(s)) = rN (s). Jètw gN+1(s) = v(s) kai rN+1(s) = rN (s). Gia s = 0 èqoume rN+1(0) =

0, gN+1(0) = 0. Arqik� (s kont� sto 0) ja up�rqei emprìc shmeÐo exìdou. To parap�nw isqÔei giatÐ, to

tm ma thc polugwnik c kampÔlhc pou antistoiqeÐ se mikr� s eÐnai èna eujÔgrammo tm ma, mèroc tou pr¸tou

eujÔgrammou tm matoc thc kampÔlhc, sto opoÐo isqÔei to parap�nw. Epomènwc h arqik  kat�stash pou

èqoume epilèxei eÐnai swst .

Sth sunèqeia ja deÐxoume ìti efìson den sunant soume k�poio shmeÐo strof c, h kÐnhsh tou vp(s, s0, v0)

eÐnai suneq c wc proc to s. Gia aploÔsteush, suqn� sth perÐptwsh pou exet�zoume to shmeÐo v(s) =

vp(s, s0, v0) apì th jèsh s ja paraleÐpoume na anaferìmaste sto s kai ja mil�me gia par�deigma gia shmeÐo

strof c v(s), en¸ to pl rec ja  tan shmeÐo strof c (v(s), s).

L mma 2 H sun�rthsh v(s) = vp(s, s0, v0) eÐnai suneq c wc proc to s sth geitoni� tou s arkeÐ to v(s) na

eÐnai shmeÐo exìdou.

Apìdeixh: Sth perÐptwsh pou to v(s) eÐnai �emprìc shmeÐo exìdou� eÐte �pÐsw shmeÐo exìdou� h apìdeixh eÐnai

akrib¸c ìmoia. 'Estw ìti èqoume �emprìc shmeÐo exìdou�. Lìgw thc sunèqeiac twn gN (s), rN (s) up�rqei

stajer� c > 0 kai gia k�je ε > 0 mikrì o O(gN (s + ε), rN (s + ε)) ja brÐsketai an�mesa stouc daktulÐouc

O(gN (s), rN (s)− cε) kai O(gN (s), rN (s) + cε).

To v(s) eÐnai �emprìc shmeÐo exìdou�, tìte h kampÔlh topik� (sto di�sthma [v(s), v(s) + ε]) eÐnai eujÔ-
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(aþ) (bþ)

(gþ)

Sq ma 2.7: (a') H apìstash |C(v(s+ε))−C(v(s))| prokÔptei apì to orjog¸nio trÐgwno me korufèc C(v(s+ε)),

C(v(s)), H me |HC(v(s + ε))| < cε. (b') Par�deigma shmeÐwn strof c, ε.σ.σ(v1, s), π.σ.σ(v2, s). (g') Peript¸seic

tom¸n kÔklou me polugwnik  kampÔlh, ε.σ.ε(v1, s)   π.σ.ε(v1, s), ε.σ.σ(v2, s), π.σ.σ(v3, s). Stic polugwnikèc ka-

mpÔlec, upoy fia emprìc shmeÐa strof c eÐnai mìno oi korufèc thc gramm c, en¸ pÐsw shmeÐa strof c mporeÐ na

eÐnai opoiod pote shmeÐo thc gramm c.

grammo tm ma me dieÔjunsh th dieÔjunsh thc Ċ(v(s)) pou m�lista den tautÐzetai me thn dieÔjunsh thc

efaptomènhc tou O(gN (s), rN (s)) sto v(s)6. 'Estw φ h gwnÐa thc diafor�c twn dÔo dieujn sewn, isqÔei ìti

φ 6= 0 (to �emprìc shmeÐo exìdou� den ef�ptetai ston kÔklo). Gia na deÐxoume th sunèqeia arkeÐ na apodeikteÐ

pwc to v(s+ε) ja eÐnai osod pote kont� sto v(s) kaj¸c to ε → 0. Pr�gmati, |C(v(s+ε))−C(v(s))| < cε
|sinφ|

(Sq ma 2.7(aþ)).

Kai stic dÔo parap�nw peript¸seic mporeÐ na oristeÐ kat�llhla h sun�rthsh diadrom c vp(s, s0, v0)

¸ste na diathrhjeÐ h sunèqeia.

An den sunant soume k�poio shmeÐo strof c (Sq ma 2.7(bþ)) tìte ja deÐxoume pwc ja ft�soume gia

k�poio s < SN sto B (v+(s, 0, 0) = 1). To parap�nw isqÔei giatÐ :

1. Apì L mma 2 (vp(s, s0, v0)) suneq c wc proc s.

2. v+(0, 0, 0) = 0

3. v+(s, 0, 0) > gN (s), s > 0, gN (s) suneq c
6H mình perÐptwsh na sumbaÐnei k�ti tètoio eÐnai sthn perÐptwsh pou to v(s) eÐnai kai shmeÐo koruf c (h kampÔlh den

paragwgÐzetai sto v(s), tìte th sunèqeia mporoÔme na thn petÔqoume giatÐ èqoume sunèqeia sto [v(s)−ε, v(s))∪(v(s), v(s)+ε]

�ra oriak� èqoume kai sto v(s).
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4. gN (SN ) = 1

L mma 3 H sunart seic rN (s), gN (s) eÐnai gia k�je N tmhmatik� monìtonec.

Apìdeixh:

Gia N = 1, èqoume r1(s) = d(0, s), g1(s) = s pou eÐnai tmhmatik� monìtonec wc tmhmatik� algebrikèc

sunart seic, �ra kai tmhmatik� paragwgÐsimec kai up�rqei suneq c sun�rthsh diadrom c, s ∈ [0, 1], S1 = 1.

'Estw pwc to l mma isqÔei gia N , ja deÐxoume pwc isqÔei gia N + 1.

H rN+1(s) faÐnetai apì tic sqèseic tou kataskeuastikoÔ algorÐjmou pwc klhnonomeÐ �mesa thn idiìthta

aut  apì thn rN (s), afoÔ prokÔptei apì thn ènwsh twn rt(s). Oi rt(s) ex' orismoÔ touc eÐnai tmhmatik�

monìtonec, rt(s) = rN (s) (epagwgik  upìjesh).

'Oson afor� thn gN+1(s), arkeÐ na deÐxoume pwc h gt(s) eÐnai tmhmatik� monìtonh. Tìte kai h ènwsh

aut¸n, gN+1(s) eÐnai tmhmatik� monìtonh. JewroÔme thn parak�tw sun�rthsh dc(s, w). Mèroc twn w pou

ikanopoioÔn thn dc(s, w) = 0 apoteloÔn tic timèc thc gt(s).

dc(s, w) = d(gN (s), c(w))− rN (s), w ≥ gN (s) (2.4.1)

H suneq c metablht  w ∈ [0, 1]. H sun�rthsh apìstashc dc(s, w), eÐnai jetik  ìtan to shmeÐo c(w),

brÐsketai ektìc tou kÔklou O(gN (s), rN (s)), 0 ìtan w ∈ O(gN (s), rN (s)) kai arnhtik  sthn perÐptwsh

pou brÐsketai entìc tou kÔklou. H apìluth tim  thc dc(s, w) isoÔtai me thn eukleÐdeia apìstash tou c(w)

apì ton kÔklo O(gN (s), rN (s)). Apì epagwgik  upìjesh, h sun�rthsh dc(s, w) eÐnai tmhmatik� algebrik 

sun�rthsh wc proc s, w.

H tom  thc dc(s, w) me to orizìntio epÐpedo (mhdenik  st�jmh thc dc(s, w)), dÐnei kampÔlec7 ck(e) =

[Sk(e),Wk(e)] tmhmatik� monìtonec afoÔ h dc(s, w) eÐnai tmhmatik� algebrik . H deÔterh sunist¸sa

(Wk(e)) gia k�je kampÔlh xeqwrist�, ja apoteleÐ tmhmatik� algebrik  sun�rthsh, �ra kai tmhmatik�

monìtonh. Mèroc twn sunart sewn aut¸n orÐzoun th sun�rthsh gt(s), epomènwc kai h gt(s) eÐnai tmhmatik�

monìtonh sun�rthsh.

L mma 4 Sthn perÐptwsh pou briskìmaste sth kat�stash Df (p, s0, v0) kai ft�soume se emprìc shmeÐo

strof c (ε.σ.σ(v1, s1)) ja deÐxoume pwc gia k�je ε > 0 mikrì up�rqei epìmenh lÔsh v+(s1 − ε, s1, v1)

h opoÐa apoteleÐ sunèqeia thc vp(s, s0, v0), dhlad  isqÔei gia stajer� c > 0 ìti gia k�je ε > 0 mikrì

|v+(s1 − ε, s1, v1)− vp(s1 − ε, s0, v0)| < cε. En¸ isqÔei v+(s1, s1, v1) = vp(s1, s0, v0) = v1. Se k�je shmeÐo

strof c 2 lÔseic sunantiìntai.

Apìdeixh: Sto shmeÐo strof c h kampÔlh �ef�ptetai� gia pr¸th for� (sth kat�stash pou briskìmaste)

ston kÔklo O(gN (s1), rN (s1)), epomènwc ta shmeÐa sth geitoni� tou vp(s1, s0, v0) eÐnai eswterik� tou shmeÐa.

Epeid  briskìmastan sth kat�stash Df (p, s0, v0) isqÔei pwc gia k�je ε > 0 mikrì to shmeÐo vp(s1−ε, s0, v0)

eÐnai emprìc shmeÐo exìdou, epomènwc up�rqei stajer� c1 > 0 ¸ste to shmeÐo vp(s1−ε, s0, v0)+ c1ε na eÐnai

ektìc tou kÔklou O(gN (s1 − ε), rN (s1 − ε)) ìmwc eÐnai entìc tou O(gN (s1), rN (s1)). Gia na isqÔei autì

kai epeid  h kampÔlh den perièqei kuklik� tìxa ja prèpei na up�rqei tm ma thc kampÔlhc kont� kai met�
7Eidik  perÐptwsh pou h tom  d¸sei k�poio qwrÐo, de mporeÐ na up�rxei diìti isqÔei pwc gia k�je ε 6= 0 |dc(s, w + ε) −

dc(s, w)| > 0 .
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apì to vp(s1, s0, v0) pou ja eÐnai entìc tou O(gN (s1 − ε), rN (s1 − ε)). Epeid  èqoume tm ma thc kampÔlhc

èstw ∆(s1 − ε) ektìc tou O(gN (s1 − ε), rN (s1 − ε)) lìgw tou emprìc shmeÐo eisìdou vp(s1 − ε, s0, v0) kai

apodeÐxame pwc epìmeno tm ma thc kampÔlhc brÐsketai entìc tou O(gN (s1 − ε), rN (s1 − ε)) ja up�rqei

anagkastik� pÐsw shmeÐo eisìdou v+(s1 − ε, s0, v0). M�lista kaj¸c to ε → 0 to ∆(s1 − ε) → {}, miac

kai gia k�je ε ousiastik� dÔo mìno shmeÐa to polÔ pou brÐskontai ektìc kÔklou O(gN (s1 − ε), rN (s1 − ε))

mpaÐnoun mèsa, to vp(s1 − ε, s0, v0) kai to v+(s1 − ε, s1, v1). Apì L mma 2 h kÐnhsh k�je shmeÐou exìdou

eÐnai suneq c, kai to v+(s1 − ε, s1, v1) eÐnai shmeÐo exìdou, kai gia ε → 0 to shmeÐo v+(s1 − ε, s1, v1) →
(v−(s1 − ε, s1, v1)) = vp(s1 − ε, s0, v0).

Sth perÐptwsh pou emfanisteÐ π.σ.σ(v(s), s) me antÐstoiqo trìpo mporeÐ na apodeikteÐ pwc up�rqei gia

k�je ε > 0 mikrì mÐa lÔsh h opoÐa apoteleÐ sunèqeia thc �llhc.

To fainìmeno autì thc sunèqeiac thc epìmenhc - prohgoÔmenhc lÔshc emfanÐzetai me antÐstoiqo trì-

po (v+(s1 − ε, s1, v1), v−(s1 − ε, s1, v1)) sth perÐptwsh pou briskìmaste sth kat�stash Db(p, s0, s1) kai

sunant soume π.σ.σ(v1, s1)   ε.σ.σ(v1, s1). H apìdeixh eÐnai akrib¸c antÐstoiqh.

Epomènwc se k�je shmeÐo strof c σ.σ(v1, s1) antistoiqoÔn dÔo lÔseic mÐa pou katal gei se autì kai h

�llh pou xekin�ei apì autì kai ja katal xei se k�poio �llo shmeÐo strof c kaj¸c to s ja kinhjeÐ sthn

epìmenh kat�stash.

Apìdeixh TermatismoÔ - K�luyhc AlgorÐjmou Kataskeu c

Sumperasmatik�, ìtan sunant soume k�poio shmeÐo strof c èqoume sunèqeia stic metab�seic apì thn

kat�stash Df (p, s0, v0) sth Db(ṗ, s1, v1) kai antÐstrofa. Sth sunèqeia ja prèpei na apodeÐxoume thn

k�luyh thc kampÔlhc, ìti dhlad  k�poia stigm  v(s) = 1 kai pwc eÐnai adÔnato na brejoÔme se k�poio

atèrmona brìqo (infinite loop).

Autì pou ja deÐxoume sto parak�tw L mma eÐnai pwc oi nèec katast�seic ja mac odhg soun se k�luyh

nèwn tmhm�twn thc kampÔlhc sthn perÐptwsh metab�sewn apì Df (p, s0, v0) se Db(+, s1, v1), h apìdeixh gia

thn antÐstrofh met�bash, apì (Db(p, s0, v0) se Df (+, s1, v1)), eÐnai akrib¸c summetrik .

L mma 5 'Estw vp(s, s0, v0) h lÔsh pou akoloujoÔsame sthn kat�stash Df (p, s0, v0) kai sunant�me e-

mprìc shmeÐo strof c (ε.σ.σ(v1, s1)) opìte metabaÐnoume sthn kat�stash Db(+, s1, v1). Th nèa lÔsh

v+(s, s1, v1) ja akolouj soume mèqri na sunant soume k�poio shmeÐo strof c σ.σ(v2, s2). Ja deÐxoume ìti

gia k�je s ∈ [max(s0, s2), s1), v+(s, s1, v1) > vp(s, s0, v0) kai v+(s2, s1, v1) 6= vp(s0, s0, v0) epomènwc sth

nèa diadrom  up�rqei prìodoc.

Apìdeixh: IsqÔei apì parap�nw L mma pwc gia ε > 0 mikrì v+(s1 − ε, s1, v1) > vp(s1 − ε, s0, v0). An gia

k�poio s < s1 eÐqame v+(s, s1, v1) < vp(s, s0, v0) tìte ja èprepe apì BOLZANO na up rqe ṡ me s < ṡ < s1

t.¸. v+(ṡ, s1, v1) = vp(ṡ, s0, v0) to opoÐo shmaÐnei pwc ìtan s = ṡ sunant same shmeÐo strof c, �topon giatÐ

to pr¸to shmeÐo strof c pou sunant same ìtan briskìmastan sthn kat�stash Df (p, s0, v0) eÐnai sth jèsh

s = s1 epomènwc gia k�je s in[max(s0, s2), s1) isqÔei v+(s, s1, v1) > vp(s, s0, v0), epomènwc èqoume prìodo.

EpÐshc, to shmeÐo strof c σ.σ(v2, s2) ìpou sunant�me thn epìmenh lÔsh apokleÐetai na eÐnai ε.σ.σ(v0, s0)

giatÐ ekeÐ eÐnai h pr¸th for� pou sunant jhkan oi vp(s, s0, v0) me thn prohgoÔmenh apì aut n kai se k�je

σ.σ sunantiìntai mìno dÔo lÔseic.
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Sq ma 2.8: O gr�foc dunat¸n metab�sewn apì thn arqik  kat�stash Df (+, 0, 0). H diadrom  upologismoÔ pou

ja akolouj soume eÐnai ènac kl�doc tou parap�nw duadikoÔ dèntrou pou ja katal xei sthn DE .

Sto prohgoÔmeno L mma apodeÐxame pwc me tic sugkekrimènec metab�seic oi epìmenec lÔseic pou ja

akolouj soume ja mac odhg soun se nèo tm ma thc kampÔlhc. 'Omwc stic metab�seic tÔpou Df (p, s0, v0) se

Db(−, s1, v1) eÐte apì Db(p, s0, v0) se Df (−, s1, v1) den èqoume ìfeloc afoÔ epilègoume th lÔsh v−(s, s1, v1) <

vp(s, s0, v0) (pou brÐsketai prin) me kÐnduno na odhghjoÔme sthn arq  thc kampÔlhc   akìma kai se a-

tèrmona brìqo. Autì pou prèpei na deÐxoume eÐnai pwc parìlo pou upoqwroÔme ja oloklhr¸soume thn

upoq¸rhsh prin ft�soume sto s = 0 kai eÐnai bèbaio pwc ja epistrèyoume se metab�seic tou prohgoÔmenou

tÔpou. EpÐshc, k�je for� pou gÐnetai met�bash se mia nèa kat�stash h diadrom  pou ja akolouj sou-

me (s, vp(s, sk, vk)) ja eÐnai diaforetik  apì k�je prohgoÔmenh (s, vṗ(s, sm, vm),m < k) gegonìc pou ja

mac apagoreÔsei na odhghjoÔme se atèrmona brìqo (Sq ma 2.9(aþ)). To parap�nw apodeiknÔetai apì to

epìmeno L mma.

L mma 6 'Estw ìti akoloujoÔme thn akoloujÐa katast�sewn Df (+, 0, 0), Dπ(1)(p1, s1, v1), Dπ(2)(p2, s2, v2),

· · · , Dπ(k)(pk, sk, vk), π(i) ∈ {f, b}, p(i) ∈ {+,−}, i ∈ Uk . 'Olec oi diadromèc eÐnai diaforetikèc metaxÔ

touc an� dÔo kai den èqoun k�poio �llo koinì shmeÐo pèran twn shmeÐwn strof c.

Apìdeixh: Katarq n ta shmeÐa strof c eÐnai diaforetik� gia k�je zeÔgoc lÔsewn (shmeÐo pou sunantiì-

ntai dÔo diadromèc lÔsewn), �ra k�je lÔsh mac odhgeÐ se èna nèo shmeÐo strof c. Autì pou ja prèpei na

deÐxoume eÐnai pwc to shmeÐo strof c pou ja mac odhg sei k�poia lÔsh vπ(k)(s, sk, vk), den mporeÐ na eÐnai

shmeÐo miac prohgoÔmenhc diadrom c vπ(m)(s, sm, vm) (Sq ma 2.9(aþ)) kai epagwgik� ja isqÔei gia ìlec tic

peript¸seic (gia epìmenec diadromèc tou vπ(j)(s, sj , vj) j > k). Pr�gmati, autì den isqÔei giatÐ an Ðsque k�ti

tètoio ìtan briskìmastan sto shmeÐo vπ(m)(sk, sm, vm) kai akoloujoÔsame thn diadrom  vπ(m)(s, sm, vm)
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(aþ) (bþ) (gþ)

Sq ma 2.9: Me pr�sinouc kÔklouc emfanÐzontai ta shmeÐa strof c. (a'),(b') Par�deigma eikonik c perÐptwshc

atèrmwn brìqou. (g') Oi diadromèc tèmnontai mìno se shmeÐa strof c.

ja sunantoÔsame shmeÐo strof c, gegonìc �topon afoÔ to pr¸to shmeÐo strof c pou sunant same  tan

to vm+1.

Sth sunèqeia ja apodeÐxoume pwc k�je zeug�ri diadrom¸n vπ(k)(s, sk, vk), vπ(m)(s, sm, vm) den èqoun

k�poio �llo koinì shmeÐo an agno soume ta shmeÐa strof c (Sq ma 2.9(gþ)). 'Estw to (ṽ,s̃), ṽ in[0, 1], s̃ ∈
[s : sk → sk+1]

⋂
[s : sm → sm+1], to koinì shmeÐo metaxÔ twn diadrom¸n vπ(k)(s, sk, vk), vπ(m)(sk, sm, vm)

tìte isqÔei ṽ = vπ(k)(s̃, sk, vk) = vπ(m)(s̃, sm, vm). Autì shmaÐnei pwc ìtan briskìmastan sth diadrom 

vπ(m)(s, sm, vm) sth jèsh s = s̃ (shmeÐo exìdou) ja up rqan dÔo diadromèc pou ja mporoÔsame na ako-

louj soume (Sq ma 2.9(bþ)), �topon giatÐ tìte shmaÐnei pwc briskìmaste se shmeÐo strof c en¸ èqoume

upojèsei pwc briskìmaste se shmeÐo exìdou.

H apìdeixh k�luyhc thc kampÔlhc exet�zetai parak�tw. An ft�sw k�poia stigm  sto B (v+(s, sk, sk) =

1) tìte h kampÔlh ja èqei kalufjeÐ apì thn gN+1(ṡ).

1. Apì L mmata 2, 4 gN+1(ṡ) suneq c wc proc ṡ.

2. gN+1(0) = 0

3. gN+1(SN+1) = 1

Epomènwc, lìgw sunèqeiac gia k�je v ∈ [0, 1] ∃ṡv ∈ [0, SN+1] t.¸. gN+1(ṡv) = v.

O arijmìc twn metab�sewn exart¸ntai apì to pl joc twn shmeÐwn strof c pou up�rqoun8, m�lista

sth qeirìterh perÐptwsh eÐnai Ðsoc me ta shmeÐa strof c pou up�rqoun sunolik�. Ousiastik� gia k�je

lÔsh antistoiqeÐ èna shmeÐo strof c gia th dhmiourgÐa thc kai èna �llo shmeÐo strof c ìpou èqoume thn

�katastrof � thc kai th met�bash se epìmenh lÔsh. Epeid  h kampÔlh eÐnai polugwnik  gia k�je s oi

tomèc twn kÔklwn O(gN (s), rN (s)) eÐnai peperasmènec se arijmì, k�je diadrom  tom c vπ(m)(s, sm, vm) apì

autèc pou akoloujoÔme orÐzetai se k�poio di�sthma ([sm, sm+1]) ja odhgeÐ kai se èna shmeÐo strof c sm+1

(eidik  perÐptwsh tom c). Epomènwc se k�je perÐptwsh o algìrijmoc mporeÐ na ektelesteÐ bhmatik� kai
8Stic polugwnikèc kampÔlec emprìc shmeÐa strof c mporeÐ na eÐnai mìno korufèc, epomènwc up�rqei èna �nw fr�gma, gia

to pl joc twn shmeÐwn strof c, Ðso me to dipl�sio tou arijmoÔ twn koruf¸n thc kampÔlhc (gia k�je emprìc shmeÐo strof c

antistoiqeÐ kai èna pÐsw).
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epeid  den ja per�sei apì to Ðdio shmeÐo gia deÔterh for� (v(s), s) sth qeirìterh perÐptwsh ìtan kalÔyei

ìla ta dunat� zeÔgh (v(s), s) ja termatisteÐ.

2.5 'Enac IsodÔnamoc Orismìc kai Apìdeixh 'Uparxhc LÔshc

Sto tm ma autì ja melet soume thn epif�neia d(x, y) = |C(x) − C(y)|, x, y ∈ [0, 1] pou dÐnei mia

diaforetik  optik  gwnÐa tou probl matoc. Me th qr sh thc d(u, v) ja apodeÐxoume me trìpo antÐstoiqo

me ton parap�nw thn Ôparxh lÔshc tou probl matoc. Ja upojèsoume pwc h dosmènh kampÔlh C(t) eÐnai

tmhmatik� paragwgÐsimh, tmhmatik� monìtonh9, �kuklh kai suneq c. H d(x, y) qarakthrÐzetai apì tic

parak�tw idiìthtec pou qarakthrÐzoun mia metrik :

1. d(x, x) = 0

2. d(x, y) = d(y, x) (summetrik )

3. |d(x, w)− d(w, y)| ≤ d(x, y) ≤ d(x,w) + d(w, y) (trigwnik  anisìthta)

4. H d(x, y) klhronomeÐ pijanèc idiìthtec sunèqeiac kai paragwgisimìthtac apì th kampÔlh C(t).

5. H d(x, y) ja mporoÔse na prokÔyei kai apì kampÔlh orismènh se opoiad pote di�stash, h apìdeixh

pou akoloujeÐ eÐnai genik  kai h mèjodoc upologismoÔ mporeÐ na efarmosteÐ kai se tètoiec kampÔlec.

Mia lÔsh {0, t1, · · · , tN−1, 1} 10 thc kampÔlhc C(t), antistoiqeÐ sthn epif�neia d(x, y) wc mia seir� apì

shmeÐa, (0, t1), (t1, t2), (t2, t3), · · · , (tN−1, 1), ta opoÐa brÐskontai an� dÔo, ekatèrwjen thc diagwnÐou x = y

kai isqÔei pwc to m koc tm matoc r thc lÔshc dÐdetai apì thn parak�tw sqèsh.

r = d(0, t1) = d(t1, t2) = d(t2, t3) = · · · = d(tN−1, 1) (2.5.2)

Epomènwc ènac isodÔnamoc orismìc tou probl matoc eÐnai ta brejoÔn ta {t1, · · · , tN−1} t.¸. na isqÔei

h sqèsh (2.5.2). Sth sunèqeia ja apodeÐxoume pwc gia k�je N to prìblhma (me ton isodÔnamo orismì tou)

èqei lÔsh.

2.5.1 Apìdeixh 'Uparxhc LÔshc gia N = 3

Katarq n ja deÐxoume pwc to prìblhma èqei lÔsh gia N = 3 tm mata kai sth sunèqeia ja efarmìsoume

epagwgik� th mèjodo apìdeixhc kai gia megalÔtera N. 'Estw f2(x, y) suneq c, tmhmatik� paragwgÐsimh kai

tmhmatik� monìtonh sun�rthsh pou dÐdetai apì thn parak�tw sqèsh.

f2(x, y) = d(x, y)− d(x, 0), x ∈ [0, 1], y ≥ x (2.5.3)
9 'Opwc ja faneÐ kai sthn apìdeixh, tmhmatik� monìtonh ja jèlame na eÐnai kai k�je sun�rthsh thc morf c f(x, y) =

d(x, y) − d(x, Y (x))   f(x, y) = d(x, y) − d(X(y), y) ìpou h X(y), Y (x) sunart seic tmhmatik� monìtonec Ðdiac t�xhc me thn

d(x, y). EpÐshc, oi X(y), Y (x) prokÔptoun anadromik� apì thn mhdenik  isost�jmh sunart sewn thc morf c pou èqei f(x, y).

To parap�nw isqÔei stic tmhmatik� algebrikèc kampÔlec (eÐnai tmhmatik� monìtonec), opìte kai ìlec oi sqèseic ja dÐnoun

tmhmatik� algebrikèc parast�seic.
10Se k�je perÐptwsh pou qrhsimopoioÔme ta {0, t1, · · · , tN−1, 1} wc lÔsh ennoeÐtai pwc isqÔei 0 ≤ t1 ≤ · · · ≤ tN−1 ≤ 1.
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Oi kampÔlec mhdenik c st�jmhc thc f2(x, y) ja eÐnai suneqeÐc, tmhmatik� paragwgÐsimec kai tmhmatik�

monìtonec. To sÔnolo twn isomhk¸n diamerÐsewn gia N = 2 tm mata11 (G(y, 2)) dÐdontai apì ta shmeÐa

(x, y) twn kampul¸n aut¸n, diìti isqÔei d(x, 0) = d(x, y) kai y ≥ x. Sto parak�tw L mma ja deÐxoume pwc

h mhdenik  isost�jmh thc f2(x, y) den perièqei k�poio qwrÐo, epomènwc mporoÔme na anaferìmaste p�ntote

se kampÔlec.

L mma 7 EÐnai adÔnaton tm ma thc mhdenik c st�jmhc thc f2(x, y) na eÐnai k�poio qwrÐo.

Apìdeixh: To parap�nw ja apodeikteÐ me eic �topon apagwg . An up rqe tètoia perÐptwsh, ja èprepe na

isqÔei to ex c:

• 'Estw eswterikì shmeÐo tou qwrÐou (x0, y0), tìte up�rqei ε > 0 t.¸. gia k�je x ∈ [x0 − ε, x0 + ε] kai

y ∈ [y0−ε, y0−ε] na isqÔei d(x, 0) = d(x, y). K�ti tètoio shmaÐnei pwc |C(y0)−C(x0)| = |C(y)−C(x0)|
gia k�je y ∈ [y0 − ε, y0 − ε]. 'Ara gia k�je y ∈ [y0 − ε, y0 − ε], ta shmeÐa C(y), an koun se kuklikì

tìxo kèntrou C(x0).

• EpÐshc isqÔei |C(y0)− C(x0 + ε
2 )| = |C(y)− C(x0 + ε

2 )| gia k�je y ∈ [y0 − ε, y0 − ε]. 'Ara gia k�je

y ∈ [y0 − ε, y0 − ε], ta shmeÐa C(y), an koun se kuklikì tìxo kèntrou C(x0 + ε
2 ).

Gia na isqÔei k�ti tètoio prèpei na isqÔei C(x0 + ε
2 ) = C(x0), �topon afoÔ h kampÔlh C(t) apì upìjesh

den perièqei kÔklouc.

Bèbaia, akìma kai sthn perÐptwsh pou up rqe tètoio qwrÐo sto opoÐo h h2(s) den mporeÐ na oristeÐ, sth-

n perÐptwsh aut  mporeÐ na brejeÐ kampÔlh entìc tou qwrÐou pou an sundejeÐ me thn exwterik  kampÔlh

h telik  kampÔlh pou ja prokÔyei ja ikanopoieÐ tic sunj kec tmhmatik c paragwgisimìthtac kai sunèqeiac.

'Estw h2(s) = [a2(s), b2(s)], s ∈ [0, 1] h kampÔlh mhdenik c st�jmhc thc f2(x, y), pou èqei afethrÐa

to [0, 0] (h2(0) = [0, 0]), epeid  ta shmeÐa thc brÐskontai sto pedÐo orismoÔ thc f2 isqÔei a2(s) ≤ b2(s).

Katarq n, up�rqei tètoia kampÔlh afoÔ f2(0, 0) = 0. Me to parak�tw L mma ja deÐxoume pwc h h2(s) ja

termatÐsei sthn y = 1, dhlad  b2(1) = 1.

L mma 8 H kampÔlh h2(s) ja termatisteÐ sthn y = 1, dhlad  b2(1) = 1.

Apìdeixh:

• Kont� sto (0, 0) h C(t) èqei monadik  lÔsh12, epomènwc h g2(s) eÐnai adÔnato na eÐnai kleist  sto 0

(an  tan kleist , ja s maine pwc kont� sto 0 ja eÐqame 2 lÔseic).

• EpÐshc, epeid  isqÔei f2(x, x) = d(x, x) − d(x, 0) = −d(x, 0) < 0, x > 0 kai h f2(0, y) = d(0, y) −
d(0, 0) = d(0, y) > 0, y > 0, h h2(s) de ja èqei kanèna koinì shmeÐo ektìc tou (0, 0) me thn diag¸nio

x = y kai thn x = 0. Me b�sh to parap�nw prokÔptei ìti kont� sto (0, 0), h f2(x, y) ja all�zei

prìshmo, ekatèrwjen thc h2(s).
11Sthn eidik  perÐptwsh N = 1, h kampÔlh diadrom c epÐ thc d(x, y), h1(s) = [a1(s) = s, 0] dÐnei ta shmeÐa pou �qwrÐzoun�

thn C(t) se èna tm ma.
12To parap�nw isqÔei, giatÐ kont� sto 0, afoÔ h kampÔlh eÐnai tmhmatik� monìtonh kai paragwgÐsimh, mporeÐ na proseggisteÐ

me eujÔgrammo tm ma sto opoÐo isqÔei to parap�nw.
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ja deÐxoume me th mèjodo thc eic �topon apagwg c pwc h h2(s) eÐnai adÔnato na stamat sei k�pou entìc

tou (0, 1)2. 'Estw pwc termatÐzei sto shmeÐo (x0, y0) ∈ (0, 1)2, tìte up�rqei E > 0 mikrì t.¸. gia k�je

ε me E > ε > 0 oi kÔkloi O((x0, y0), ε) ∈ [0, 1]2 èqoun akrib¸c èna shmeÐo tom c me thn kampÔlh h2(s).

Jewr¸ thn sun�rthsh fo(w) = f2(x0 + εcos(w), y0 + εsin(w)), w ∈ [0, 2π), periorismì thc f2 p�nw

ston kÔklo O((x0, y0), ε). Up�rqoun shmeÐa tou kÔklou (x1, y1), (x2, y2) me x1 = x0 + εcos(w1), y1 = y0 +

εsin(w1), x2 = x0 + εcos(w2), y2 = y0 + εsin(w2)) me fo(w1) = f2(x1, y1) ≥ 0 kai fo(w2) = f2(x2, y2) < 0

lìgw tou ìti to shmeÐo f2(x0, y0) = 0, f2(x, y) suneq c. Epeid  h fo(w) eÐnai suneq c, apì je¸rhma

BOLZANO, ja up�rqoun p�nw ston kÔklo toul�qiston dÔo shmeÐa (x3, y3), (x4, y4) t.¸. na isqÔei

f2(x3, y3) = 0, f2(x4, y4) = 0 (Sq ma 2.10(aþ)), ta shmeÐa aut� ìmwc ex' orismoÔ touc ja prèpei na

an koun sthn h2(s) (afoÔ ja brÐskontai osod pote kont� sto (x0, y0)). Autì ìmwc eÐnai �topon, giatÐ

èqoume upojèsei pwc o kÔkloc èqei èna shmeÐo tom c me thn kampÔlh h2(s), en¸ apodeÐxame pwc ja èprepe

na èqei toul�qiston dÔo.

'Eqoume  dh deÐxei (L mma 7) pwc oi isostajmikèc den èqoun shmeÐa tom c me th diag¸nio (x = y) kai

thn eujeÐa (x = 0), �ra den termatÐzontai se autèc. Epomènwc, gia na deÐxoume pwc h h2(s) ja termatisteÐ

sthn y = 1, arkeÐ na deÐxoume pwc eÐnai adÔnaton, h h2(s) na egklwbisteÐ se k�poio eswterikì kÔklo.

Katarq n, eÐnai adÔnath h Ôparxh kÔklou sthn h2(s) sÔmfwna me to L mma 6. Epeid , up�rqei mia

isodunamÐa sthn kataskeu  twn sunart sewn diadrom c epÐ thc kampÔlhc kai thc kampÔlhc diadrom c epÐ

thc epif�neiac, ènac kÔkloc epÐ thc kampÔlhc diadrom c epÐ thc epif�neiac ja s maine antÐstoiqo shmeÐo

p�nw sth sun�rthsh diadrom c ìpou dÔo diadromèc ja èqoun koinì shmeÐo, gegonìc adÔnato na sumbeÐ apì

to L mma 6. All� akìma kai k�ti tètoio na sunèbaine ìpwc faÐnetai kai apì to Sq ma 2.10(bþ) odhgoÔmaste

se �topon, me trìpo apìdeixhc antÐstoiqo me ekeÐnou pou qrhsimopoi same parap�nw (Sq ma 2.10(aþ)).

Sth sunèqeia ja deÐxoume pwc up�rqoun ta {t1, t2} me t2 > t1 t.¸. na isqÔei h sqèsh (2.5.3), epomènwc

to prìblhma èqei lÔsh gia N = 3. JewroÔme th suneq  sun�rthsh :

q(s) = d(a2(s), b2(s))− d(1, b2(s)), s ∈ [0, 1] (2.5.4)

IsqÔei pwc

• q(0) = d(0, 0)− d(1, 0) = −d(1, 0) < 0 kai

• q(1) = d(a2(s), 1)− d(1, 1) = d(a2(s), 1) > 0

Me efarmog  tou jewr matoc BOLZANO, up�rqei èna toul�qiston s2 ∈ (0, 1) t.¸. q(s2) = 0. 'Ara,

d(a2(s2), b2(s2)) = d(1, b2(s2)). Jètw t2 = b2(s2) kai t1 = a2(s2), isqÔei pwc t2 ≥ t1, d(t1, t2) = d(t2, 1).

To shmeÐo (t1, t2) epeid  eÐnai shmeÐo mhdenik c isost�jmhc thc f2 isqÔei pwc d(t1, t2) = d(0, t1). Epomènwc

brèjhkan ta {t1, t2} me t2 ≥ t1 t.¸. na isqÔei h sqèsh (2.5.3) kai to prìblhma èqei apodeikteÐ pl rwc gia

N = 3.

2.5.2 Apìdeixh 'Uparxhc LÔshc gia N > 3

Sth sunèqeia ja apodeÐxoume ìti prìblhma èqei lÔsh gia peript¸seic N > 3, oi opoÐec antimetwpÐzontai

me genÐkeush thc parap�nw mejodologÐac, kai h apìdeixh mporeÐ na gÐnei epagwgik�. Dhlad , diajètontac tic
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(aþ) (bþ)

Sq ma 2.10: (a'),(b') Ta prìshma twn tim¸n thc f2(x, y) dedomènhc thc h2(s) (kìkkinhc gramm c). (a') EÐnai

adÔnato h g2(s) na stamatoÔse sto (x0, y0) ∈ (0, 1)2, diìti prèpei na èqei toul�qiston dÔo koin� shmeÐa (pr�sinoi

kÔkloi) me ton kÔklo O((x0, y0), ε), en¸ an stamatoÔse ja eÐqe mìno èna. (b') EÐnai adÔnato h g2(s) na egklwbi-

steÐ se k�poio kÔklo, diìti prèpei na èqei toul�qiston tèssera koin� shmeÐa me ton kÔklo O((x0, y0), ε), en¸ an

egklwbisteÐ ja eÐqe mìno trÐa.

hk(s), k ∈ UN , ja upologÐsoume thn hN+1(s) kai sth sunèqeia ja deÐxoume pwc up�rqoun {t1, · · · , tN , tN+1}
t.¸. na isqÔei h sqèsh (2.5.3). An h fN (x, y) eÐqe oristeÐ me periorismì y ≥ x (perÐptwsh pou to N eÐnai

perittìc sthn apìdeixh mac), tìte h fN+1(x, y) ja oristeÐ upì ton periorismì x ≥ y. Alli¸c, an h fN (x, y)

eÐqe oristeÐ me periorismì y ≤ x (perÐptwsh pou to N eÐnai �rtioc sthn apìdeixh mac), tìte h fN+1(x, y)

ja oristeÐ upì ton periorismì x ≤ y. Parak�tw ja jewr soume pwc h fN (x, y) eÐqe oristeÐ me periorismì

y ≥ x, opìte h fN+1(x, y) ja oristeÐ upì ton periorismì x ≥ y. H apìdeixh sthn antÐjeth perÐptwsh eÐnai

akrib¸c ìmoia. Sthn hN (s) = [aN (s), bN (s)] isqÔei,

aN (s) < bN (s), s ∈ (0, 1] (2.5.5)

'Estw {s0 = 0, s1, · · · , sM−1, sM = 1}, si > si−1, ∀i ∈ {0, 1, · · · , M} kat�llhlh diamèrish thc hN (s),

t.¸. gia k�je k ∈ UM gia ton periorismì thc h̄pk

k (s) = [âk(s), b̂k(s)] = hN (s), s ∈ [sk−1, sk], na isqÔei

• eÐte h x = âk(s) na eÐnai gnhsÐwc monìtonh (pk = +)

• eÐte h y = b̂k(s) na eÐnai gnhsÐwc monìtonh (pk = −).

Ja isqÔei p�ntote toul�qiston mÐa apì tic dÔo sunart seic na eÐnai gnhsÐwc monìtonh afoÔ h hN (s) eÐnai

tmhmatik� monìtonh. Epomènwc, me thn parap�nw allag  metablht c kai nèa parametrikopoÐhsh ja èqoume,

• an pk = +, ĥ+
k (x) = [x, Yk(x)], [x : âk(sk−1) → âk(sk)]

• en¸ an pk = −, ĥ−k (y) = [Xk(y), y], [y : b̂k(sk−1) → b̂k(sk)].
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H ènwsh twn ĥpk

k (x) ja d¸sei thn hN (s). Epeid  x ≥ y, epilègoume kat�llhla thn arqik  diamèrish

¸ste na èqoume ∀k ∈ UM , pk = −. H mình perÐptwsh, pou den mporeÐ na gÐnei autì, eÐnai h perÐptwsh

kuklikoÔ tìxou, ìpou gia k�poio s ∈ [sk−1, sk] isqÔei b̂k(s) = Yk (stajer  sun�rthsh). Sthn perÐptwsh

aut , mìno h âk(s) ja eÐnai gnhsÐwc monìtonh. Telik�, gÐnetai h diamèrish thc kampÔlhc se M sunart seic

oi opoÐec sta �kra touc an� dÔo èqoun koin� shmeÐa. To parap�nw mporeÐ na gÐnei giatÐ h hN (s) eÐnai

tmhmatik� monìtonh13.

Gia k�je k ∈ UM upologÐzoume, thn fN+1(x, y) apì thn parak�tw sqèsh.

fN+1(x, y) =





d(x, y)− d(Xk(y), y) , pk = −, [y : b̂k(sk−1) → b̂k(sk)], x ≥ y, Xk(y) ≤ y

d(x, Yk)− d(ẋ, Yk) , pk = +, [ẋ : âk(sk−1) → âk(sk)], y = Yk, x ≥ Yk, ẋ ≤ Yk

(2.5.6)

H sun�rthsh, fN+1(x, y) eÐnai suneq c, tmhmatik� monìtonh, tmhmatik� paragwgÐsimh epeid  sta ìria

touc oi kampÔlec ĥpk

k (x) èqoun an� dÔo koin� shmeÐa. Epomènwc, oi kampÔlec mhdenik c st�jmhc thc

fN+1(x, y) ja eÐnai suneqeÐc kai tmhmatik� monìtonec, tmhmatik� paragwgÐsimec. To sÔnolo twn isomhk¸n

diamerÐsewn gia N +1 tm mata (G(x,N +1)) dÐdontai apì ta shmeÐa (x, y) twn kampul¸n aut¸n, diìti isqÔei

eÐte,

• d(Xk(y), y) = d(x, y) kai x ≥ y, kai epagwgik� ta shmeÐa (Xk(y), y) an koun sthn kampÔlh mhdenik c

st�jmhc thc fN (x, y) �ra isqÔei G(y,N).

• An d(x, Yk) = d(ẋ, Yk) kai x ≥ Yk (eidik  perÐptwsh kuklikoÔ tìxou), kai epagwgik� ta shmeÐa (ẋ, Yk)

an koun sthn kampÔlh mhdenik c st�jmhc thc fN (x, y) �ra isqÔei G(Yk, N).

Me ìmoio trìpo me to L mma 7 mporeÐ na apodeikteÐ pwc h mhdenik  isost�jmh thc fN+1(x, y) den

perièqei k�poio qwrÐo, epomènwc mporoÔme na anaferìmaste p�ntote se kampÔlec.

'Estw hN+1(s) = [aN+1(s), bN+1(s)], s ∈ [0, 1] h kampÔlh mhdenik c st�jmhc thc fN (x, y), pou èqei

afethrÐa to [0, 0] (hN+1(0) = [0, 0]), epeid  ta shmeÐa thc brÐskontai sto pedÐo orismoÔ thc fN+1 isqÔei

aN+1(s) ≥ bN+1(s). Katarq n, up�rqei tètoia kampÔlh afoÔ fN+1(0, 0) = 0. Me to parak�tw L mma ja

deÐxoume pwc h hN (s) ja termatÐsei sthn x = 1, dhlad  aN+1(1) = 1.

L mma 9 H kampÔlh hN+1(s) ja termatisteÐ sthn x = 1, dhlad  aN+1(1) = 1.

Apìdeixh:

• Konta sto (0, 0) h C(t) èqei monadik  lÔsh, epomènwc h hN+1(s) eÐnai adÔnato na eÐnai kleist  sto 0

(an  tan kleist , ja s maine pwc kont� sto 0 ja eÐqame 2 lÔseic).

• EpÐshc, epeid  fN+1(x, x) = d(x, x) − d(Xk(x), x) = −d(Xk(x), x) < 0, x > 0 (h mình perÐptwsh na

eÐqame 0 eÐnai na isqÔei Xk(x) = x, �topon giatÐ sthn hN (s) apì epagwgik  upìjesh den an koun

shmeÐa thc diagwnÐou x = y) kai h fN+1(x, 0) = d(x, 0)−d(0, 0) = d(x, 0) > 0, x > 0 h hN+1(s) de ja

èqei kanèna koinì shmeÐo ektìc tou (0, 0) me thn diag¸nio x = y kai thn x = 0. Me b�sh to parap�nw

prokÔptei ìti kont� sto (0, 0) h fN+1(x, y) ja all�zei prìshmo ekatèrwjen thc hN+1(s).
13An h hN (s) eÐnai mìno tmhmatik� paragwgÐsimh (ìqi tmhmatik� monìtonh) tìte to M →∞.
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• Sthn eidik  perÐptwsh kuklikoÔ tìxou èqoume, fN+1(x, x) = d(x, x)−d(ẋ, Yk) = −d(ẋ, Yk) < 0, ẋ > 0

(h mình perÐptwsh na eÐqame 0 eÐnai na isqÔei ẋ = Yk, �topon giatÐ sthn hN (s) apì epagwgik  upìjesh

den an koun shmeÐa thc diagwnÐou x = y) kai h fN+1(x, 0) = d(x, 0) − d(ẋ, 0) = d(x, 0) − d(0, 0) =

d(x, 0) > 0, x > 0 (apì Sqèsh 2.5.5 kai epeid  Yk = 0 èqoume ẋ = 0 ) h hN+1(s) de ja èqei kanèna

koinì shmeÐo ektìc tou (0, 0) me thn diag¸nio x = y kai thn x = 0. Me b�sh to parap�nw prokÔptei

ìti kont� sto (0, 0) h fN+1(x, y) ja all�zei prìshmo ekatèrwjen thc hN+1(s).

H apìdeixh ìti eÐnai adÔnato na stamat sei k�pou entìc tou (0, 1)2 eÐnai akrib¸c ìmoia me ekeÐnh tou

antÐstoiqou L mmatoc 9 gia N = 3.

Tèloc, ja deÐxoume pwc up�rqoun ta {t1, t2, · · · , tN , tN+1} me tk > tk−1 t.¸. na isqÔei h sqèsh (2.5.3),

epomènwc to prìblhma èqei lÔsh gia N + 2 tm mata. JewroÔme th suneq  sun�rthsh :

q(s) = d(aN+1(s), bN+1(s))− d(aN+1(s), 1), s ∈ [0, 1] (2.5.7)

IsqÔei pwc :

• q(0) = d(0, 0)− d(0, 1) = −d(0, 1) < 0 kai

• q(1) = d(1, bN+1(s))− d(1, 1) = d(1, bN+1(s)) > 0

Me efarmog  tou jewr matoc BOLZANO, up�rqei èna toul�qiston sN+1 ∈ (0, 1) t.¸. q(sN+1) = 0.

'Ara, d(aN+1(sN+1), bN+1(sN+1)) = d(aN+1(sN+1), 1). Jètw tN+1 = aN+1(sN+1) kai tN = bN+1(sN+1),

isqÔei pwc tN+1 ≥ tN , d(tN+1, tN ) = d(tN+1, 1). Epeid  to shmeÐo (tN+1, tN ) eÐnai shmeÐo mhdenik c

isost�jmhc thc fN+1 isqÔei pwc up�rqei k�poio k ∈ UM me tN−1 = Xk(tN ) ≤ tN me d(tN+1, tN ) =

d(tN−1, tN ). To parap�nw mporeÐ na efarmosteÐ anadromik� stic prohgoÔmenec epif�neiec fN−i(x, y), i ∈
{0, 1, 2, · · · , N − 2} stic opoÐec ja isqÔei (d(tN−i, tN−i−1) = d(tN−i−2, tN−i−1)) kai ètsi na brejoÔn ta

{t1, t2, · · · , tN , tN+1} t.¸. na isqÔei h sqèsh (2.5.2) (Sq ma 2.11). Epomènwc to prìblhma èqei apodeikteÐ

gia k�je N .

Sto Sq ma 2.12 eikonÐzontai oi grafikèc parast�seic twn epifanei¸n, d(x, y), gia di�forec kampÔlec

kai oi diadromèc hN (s), pou prokÔptoun apì thn efarmog  thc mejìdou apìdeixhc, pou perigr�yame sto

tm ma autì.

2.5.3 Apìdeixh 'Uparxhc ShmeÐou Suss¸reushc

Sth sunèqeia, ja apodeikteÐ pwc an dÔo kampÔlec brÐskontai osod pote kont� metaxÔ touc, tìte k�je

lÔsh tou probl matoc pou upologÐzei o kataskeuastikìc algìrijmoc (kai gia k�je N) ja plhsi�zei me

thn antÐstoiq  thc, epÐshc, osod pote kont�. To parap�nw gegonìc mporeÐ na efarmosteÐ se k�poia

kampÔlh pou jèloume na thn proseggÐsoume gia par�deigma me polugwnikèc, stic opoÐec mporoÔme gr gora

na upologÐsoume tic lÔseic, epomènwc kaj¸c h polugwnik  prosèggish plhsi�zei thn kampÔlh tìte kai h

lÔsh sthn polugwnik  ja sugklÐnei sthn pragmatik  lÔsh gia thn arqik  kampÔlh.
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Sq ma 2.11: Par�deigma tmhmatopoÐhshc kampÔlhc se 4 tm mata me qr sh thc d(x, y), ìpou faÐnetai o anadromikìc

upologismìc twn {t1, t2, t3} kai oi isostajmikèc kampÔlec h2(s), h3(s).

Katarq n, oi lÔseic pou prokÔptoun me ton kataskeuastikì algìrijmo (tm ma 2.4), prokÔptoun me

akrib¸c antÐstoiqo trìpo (eÐnai isodÔnamec) me thn qr sh thc epif�neiac d(x, y) kai th mèjodo pou eÐdame

parap�nw. H sun�rthsh diadrom c gN (s) kai h kampÔlhc diadrom c hN (s) = [aN (s), bN (s)] sqetÐzontai

�mesa metaxÔ touc, m�lista h gN ( s
SN

)14 eÐnai Ðsh me th sun�rthsh aN (s), an to N eÐnai zugìc kai me th

sun�rthsh bN (s) an to N eÐnai monìc. To parap�nw isqÔei gia N = 1, 2 kai epagwgik� isqÔei gia k�je

N , afoÔ sthn ta shmeÐa thc gN+1(s) prokÔptoun me ìmoio trìpo (apèqoun apì thn prohgoÔmenh lÔsh

ìso h prohgoÔmenh apì thn amèswc prohgoÔmenh) me ekeÐna thc max(aN (s), bN (s)) kai profan¸c isqÔei

hN (0) = [0, 0], gN (0) = 0. Apì ta parap�nw prokÔptei �mesa pwc h sun�rthsh aktÐnac rN ( s
SN

) eÐnai Ðsh

me th sun�rthsh d(aN (s), bN (s)). Epomènwc, an apodeÐxoume thn parap�nw prìtash, qrhsimopoi¸ntac wc

mèjodo upologismoÔ opoiad pote apì tic dÔo, autìmata ja isqÔei gia tic lÔseic pou upologÐzontai me thn

�llh mèjodo. H prìtash ja apodeikteÐ sto parak�tw l mma me th qr sh thc epif�neiac d(x, y).

L mma 10 'Estw C(t), Ĉ(t) kat�llhlec kampÔlec pou èqei lÔsh to prìblhma, stic opoÐec isqÔei, gia ε > 0

mikrì, ∀t ∈ [0, 1], |Ĉ(t) − C(t)| < ε. Tìte gia stajer� c isqÔei pwc |G(1, N) − Ĝ(1, N)| < cε me tic

G(1, N), Ĝ(1, N) na eÐnai antÐstoiqec lÔseic twn C(t), Ĉ(t).

Apìdeixh:

Katarq n, ìson afor� touc sumbolismoÔc, epeid  up�rqoun dÔo kampÔlec, ta sÔmbola gia thn C(t)

paramènoun aut� pou èqoume  dh orÐsei sto prohgoÔmeno tm ma, en¸ gia thn Ĉ(t) eÐnai ta Ðdia me thn

prosj kh tou sumbìlou .̂ An deÐxoume ∀N pwc

|hN (s)− ĥN (s)| < c1ε (2.5.8)
14H kanonikopoÐhsh me to SN gÐnetai epeid  sthn hN (s) to [s : 0 → 1] en¸ sthn gN (s) to [s : 0 → SN ].
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Sq ma 2.12: Oi epif�neiec d(x, y) (g'), (ς '), (j') gia di�forec kampÔlec (a'), (d'), (z') kai oi diadromèc hN (s)

(b'), (e'), (h') pou prokÔptoun apì thn efarmog  thc mejìdou apìdeixhc, antÐstoiqa. Oi lÔseic èqoun shmeiwjeÐ

me kìkkinouc kÔklouc. Stic epif�neiec, to mple qr¸ma antistoiqeÐ se mikrèc apost�seic (kont� sto 0) kai to kafè

stic megalÔterec.
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tìte isqÔei |qN (s)− q̂N (s)| = |d(aN (s), bN+1(s))− d(aN (s), 1)− d(âN (s), b̂N (s)) + d(âN (s), 1)| < c2ε, �ra

|qN (s)− q̂N (s)| < c2ε (2.5.9)

Ja up�rqoun rÐzec sth sun�rthsh qN (s) ekatèrwjen stic opoÐec ja all�zei prìshmo (ja up�rqoun p�ntote

tètoiec, apì qr sh jewr matoc BOLZANO sthn arqik  apìdeixh, qN (0) · qN (1) < 0), èstw sN mia tètoia.

IsqÔei qN (sN ) = 0 kai (qwrÐc bl�bh thc genikìthtac) gia k�je E > 0 mikrì epeid  qN (s) tmhmatik�

paragwgÐsimh, monìtonh kai suneq c,

qN (sN − E) < c3E qN (sN + E) > c3E
15 (2.5.10)

Ja deÐxoume pwc h q̂N ja emfanÐsei rÐza osod pote kont� sthn sN . Gia k�je E = c2
c3

ε , isqÔei lìgw twn

sqèsewn (2.5.9), (2.5.10) pwc h q̂N (sN + E) · q̂N (sN −E) < 0, �ra apì je¸rhma BOLZANO h antÐstoiqh

rÐza ŝN thc q̂N (s) ja brÐsketai sto di�sthma (sN − c2
c3

ε, sN + c2
c3

ε). Epomènwc, osod pote kont� sthn sN

kaj¸c to ε → 0. Anadromik�, isqÔei to Ðdio kai gia tic upìloipa shmeÐa thc lÔshc, arkeÐ na deÐxoume pwc

isqÔei h sqèsh (2.5.8) gia k�je N .

H apìdeixh ja gÐnei epagwgik� wc proc N . Ja exet�soume thn perÐptwsh gia N = 2. Katarq n

isqÔei ∀(x, y) ∈ [0, 1] |d(x, y) − d̂(x, y)| < 2ε ⇒ |f2(x, y) − f̂2(x, y)| < 4ε. Epeid , oi f2(x, y), f̂2(x, y)

brÐskontai osod pote kont� kai stic mhdenikèc st�jmec touc h2(s), ĥ2(s) oi epif�neiec all�zoun ekatèrwjen

touc prìshmo, me apìdeixh ìmoia me thn parap�nw mporoÔme na deÐxoume pwc |h2(s)− ĥ2(s)| < c4ε.

Ja jewr soume dedomèno pwc isqÔei gia N , kai ja deÐxoume pwc |hN+1(s) − ĥN+1(s)| < c7ε. 'Eqoume

upojèsei ìti isqÔei,

|fN (x, y)− f̂N (x, y)| < c5ε |hN (s)− ĥN (s)| < c6ε (2.5.11)

Katarq n èqoume |fN+1(x, y) − f̂N+1(x, y)| = |d(x, y) − d(x,Xk(x)) − d̂(x, y) − d̂(x, X̂k(x))| < c8ε, oi

d(x, y),d̂(x, y) kai oi Xk(x), X̂k(x) eÐnai epÐshc osod pote kont� apì epagwgik  upìjesh. H hN+1(s)

prokÔptei apì th mhdenik  st�jmh thc fN (x, y) pou pern�ei apì to [0, 0], kai ekatèrwjen thc hN+1(s) h

fN+1(x, y) ja all�zei prìshmo. Epeid  h f̂N+1(x, y) ja brÐsketai osod pote kont� sthn fN+1(x, y) kai

epeid  ekatèrwjen thc hN+1(s), h fN+1(x, y) ja all�zei prìshmo, h mhdenik  st�jmh thc f̂N+1(x, y) ja

brÐsketai osod pote kont� sthn hN+1(s). Epomènwc apodeÐqjhke.

15Gia na isqÔei h sqèsh aut  ja prèpei h qN (s) na mhn mhdenÐzetai se k�poio di�sthma. Sthn eidik  perÐptwsh pou h qN (s)

mhdenÐzetai se k�poio di�sthma, se peript¸seic pou èqoume �peirec lÔseic (Sq ma 3.2), epeid  h qN (s) ja all�zei prìshmo

ekatèrwjen tou diast matoc mhdenismoÔ, h q̂N (s) ja mhdenisteÐ se tim 

• eÐte mèsa sto parap�nw di�sthma (opìte sN = ŝN ),

• eÐte se jèsh osod pote kont� sto di�sthma autì, opìte up�rqei kat�llhlo sN (èna apì ta dÔo �kra tou diast matoc)

pou ja eÐnai osod pote kont� sto ŝN .
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Kef�laio 3

Proseggistikìc Algìrijmoc

Sto tm ma autì ja perigrafeÐ o proteinìmenoc proseggistikìc algìrijmoc pou upologÐzei proseggistik�

ìlec tic lÔseic tou probl matoc dosmènhc thc kampÔlhc kai tou N . Oi lÔseic pou upologÐzontai an koun

se mia deigmatolhyÐa thc kampÔlhc, kai apoteloÔn ta shmeÐa ekeÐna pou elaqistopoioÔn th diaspor� tou

m kouc twn kat� prosèggish Ðswn tmhm�twn. Ta ektim¸mena eujÔgramma tm mata pijanìn na mhn eÐnai

Ðsa metaxÔ touc, diìti h epilog  twn shmeÐwn gÐnetai apì to peperasmèno sÔnolo miac deigmatolhyÐac thc

kampÔlhc, ìmwc ja eÐnai bèltista wc lÔseic apì tic diamerÐseic pou up�rqoun mèsa sto sÔnolo autì.

To pleonèkthma thc mejìdou eÐnai ìti upologÐzei ìlec tic dunatèc lÔseic sqetik� sÔntoma. Wc meionèkth-

ma, mporeÐ na jewrhjeÐ to gegonìc, ìti k�poia apì tic lÔseic pou upologÐzontai mporeÐ sthn pragmatikìthta

na mhn up�rqei, all� na emfanÐzetai wc k�poio topikì el�qisto sto opoÐo ta upologizìmena tm mata na

èqoun sqedìn to Ðdio m koc. Bèbaia oi peript¸seic autèc sthn pr�xh mporoÔn na jewrhjoÔn sp�niec.

'Ena krit rio pou epibebai¸nei pwc �polÔ kont�� sth proseggistik  lÔsh brÐsketai h pragmatik  eÐnai na

ektelesteÐ o algìrijmoc kajìdou kat� thn klÐsh, pou parousi�zetai sto kef�laio 4, me arqikopoÐhsh thn

proseggistik  lÔsh kai ekeÐnoc na sugklÐnei sth pragmatik . EpÐshc exet�zetai h sumperifor� tou algo-

rÐjmou kaj¸c to N aux�nei, wc proc ton arijmì twn pragmatik¸n lÔsewn tou probl matoc all� kai ton

arijmì twn deigm�twn thc kampÔlhc K. To sf�lma thc prosèggishc exart�tai apì ton bajmì deigmato-

lhyÐac, kai to N . M�lista to sqetikì sf�lma thc ektÐmhshc tou m kouc tm matoc sthn perÐptwsh pou h

deigmatolhyÐa eÐnai omoiìmorfh p�nw sthn kampÔlh eÐnai an�logo tou lìgou N
K .

3.1 Proteinìmenoc Algìrijmoc

Sth sunèqeia ja perigrafeÐ o proseggistikìc algìrijmoc. 'Estw C(tk), k ∈ {1, 2, · · · , K} mia deigma-

tolhyÐa thc kampÔlhc C(t). 'Estw Sj = {tji , i ∈ {0, · · · , N}, tj0 = 0, tjN = 1} mia diamèrish (upoy fia lÔsh)

thc se N tm mata. Ta N m kh thc diamèrishc Sj dÐdontai apì th sqèsh L(i)j = |C(tji+1) − C(tji )|2, i ∈
{0, · · · , N − 1}. JewroÔme wc sf�lma Ej thc diamèrishc Sj th diaspor� tou m kouc twn tmhm�twn thc. An

h diaspor� eÐnai mhdèn, pou eÐnai kai h el�qisth tim  thc, ta m kh ja gÐnoun akrib¸c Ðdia opìte h diamèrish

antistoiqeÐ se mÐa akrib  lÔsh, en¸ kaj¸c aux�nei h diaspor� ja aux�nei kai h apìstash twn mhk¸n apì
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thn mèsh touc tim  kai ja apomakrunìmaste apì thn pragmatik  lÔsh. Skopìc eÐnai na upologistoÔn ìlec

oi lÔseic Sj pou ikanopoioÔn tic dÔo parak�tw sunj kec

1. Na èqoun mikrì sf�lma (Ej < Threshold).

2. An metablhjeÐ lÐgo opoiod pote shmeÐo thc diamèrishc ṫji = tji + ε, |ε| < Threshold tìte h diamèrish

pou antistoiqeÐ na èqei megalÔtero   Ðso sf�lma apì to Ej , dhlad  h Sj na brÐsketai se topikì

el�qisto.

ParathroÔme pwc sto prìblhma ja mporoÔse na efarmosteÐ k�poioc exantlhtikìc algìrijmoc o opoÐoc

ja exètaze ìlec tic dunatèc diamerÐseic Sj kai ja epèlege telik� ekeÐnec pou ikanopoioÔn tic parap�nw

sunj kec. H plok  ìpwc kai h mn mh pou apaiteÐtai gia thn ektèlesh enìc tètoiou algorÐjmou ja  tan

O(KN−1), gegonìc pou k�nei adÔnath thn efarmog  akìma gia N = 4. Skopìc eÐnai na brejeÐ algìrijmoc

mikrìterhc plok c pou ja eÐnai upologistik� efiktìc.

O proteinìmenoc algìrijmoc arqik� upologÐzei ìlec tic kat� prosèggish isom khc diamerÐseic se N − 1

tm mata kai sthn sunèqeia aporrÐptei ìsec h apìstash tou �krou touc apì to B apèqei parap�nw apì

kat¸fli apì to mèso m koc twn eujugr�mmwn tmhm�twn touc. Gia to m koc tm matoc rj twn proseggistik¸n

lÔsewn isqÔei rj ∈ [ |A−B|2
N ,

∫ 1
0 |Ċ(u)|2du

N ], kat¸flia pou mporoÔn na upologistoÔn se O(K) kai me thn

efarmog  qr sh touc na meiwjeÐ o arijmìc pijan¸n lÔsewn. O algìrijmoc arqik� upologÐzei tic apost�seic

apì A k�je shmeÐou thc kampÔlhc, kai sthn sunèqeia upologÐzei stadiak� ta shmeÐa twn diamerÐsewn

xekin¸ntac apì to deÔtero mèqri kai to N-1. Tèloc apì tic ektim¸menec diamerÐseic epilègontai ekeÐnec

pou to N − 1 shmeÐo touc apèqei apì to B ìso kai to mèso m koc tm matìc touc, eÐnai jèseic topik¸n

el�qistwn gia thn sun�rthsh E kai h diaspor� twn mhk¸n touc eÐnai mikrìterh apì èna kat¸fli. Parak�tw

perigr�fetai o algìrijmoc. Oi telikèc lÔseic brÐskontai sto sÔnolo Ŝ. O pÐnakac R perièqei ta m kh twn

tmhm�twn, en¸ o W (k, i) perièqei ton arijmì twn pijan¸n lÔsewn mèqri kai to i shmeÐo thc diamèrishc pou

èqoun m koc pr¸tou tm matoc R(k).

28



Proseggistikìc Algìrijmoc

Rmax = curvelength
N

Rmin = |A−B|2
N

for k=1:K

R(k) = |A− C(tk)|2
Sk = {tk}
W (k, 1) = 1

end

for k=1:K

if R(k) ∈ [Rmin, Rmax]

for i=2:N-1

W (k, i) = 0

for h=1:W(k,i-1)

U = {u : (||C(u)− Sh(i− 1)|2 −R(k)|) < Threshold}
for each u ∈ U

W (k, i) = W (k, i) + 1

ŜW (k,i) = Sh

⋃{u}
end

end

S = Ŝ

end

end

end

Ŝ = {}
for k=1:K

for h=1:W(k,N-1)

if ((||B − Sh(N − 1)|2 −R(k)|) < Threshold) and (Eh < Threshold) and (Eh is local minimunaþ)

Ŝ = Ŝ
⋃

Sh

end

end

end

aþH sunj kh aut  ulopoieÐtai wc ex c, ja prèpei to Eh na eÐnai mikrìtero   Ðso apì k�je Ek me to Sk pou brÐsketai sthn

geitoni� tou Sh, dhlad  ta Sk ja prèpei na ikanopoioÔn thn sunj kh |Sh − Sk| < Threshold.
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3.2 Plok  AlgorÐjmou

H taqÔthta ektèleshc tou parap�nw algorÐjmou exart�tai apì thn KampÔlh, ton arijmì tmhm�twn N

kai to pl joc twn deigm�twn thc K. 'Estw W = Ek(W (k,N−1)). H plok  thc arqikopoÐhshc eÐnai O(K),

tou mesaÐou b matoc eÐnai O(KNW 2) kai thc eÔreshc twn lÔsewn eÐnai O(KW ). H sunolik  plok  eÐnai

O(K)+O(KNW 2)+O(KW ) = O(KNW 2). H mn mh pou apaiteÐtai eÐnai O(KNW ). To W < K p�ntote

all� aux�nei kaj¸c aux�nei to N kai m�lista sun jwc me ekjetikì trìpo W ∼ K2N

N . Epomènwc, epeid 

sun jwc to K eÐnai meg�lo K > 500 kai gia meg�la N (N > 30), o algìrijmoc arqÐzei na apaiteÐ meg�lo

posì mn mhc all� kai qrìnou ektèleshc en¸ gia mikrìtera N o algìrijmoc ekteleÐtai p�ntote. Bèbaia gia

meg�la N to prìblhma èqei mÐa lÔsh pou mporeÐ na upologisteÐ gr gora apì ton algìrijmo kajìdou kat�

thn klÐsh pou perigr�fetai sto Kef�laio 4. H ulopoÐhsh tou algorÐjmou ègine se Matlab.

3.3 Apotelèsmata

Sto tm ma autì parousi�zontai ta apotelèsmata thc proseggistik c mejìdou eÔreshc lÔsewn gia

di�forec kampÔlec kai gia diaforetik� N (Sq ma 3.1). ParathroÔme pwc gia mikr� N o arijmìc twn

lÔsewn eÐnai sqetik� meg�loc, met� apì k�poio N kai met� arqÐzei na mei¸netai kai telik� gia meg�la

N eÐnai p�ntote èna.O arijmìc twn lÔsewn kai h sumperifor� touc kaj¸c aux�netai to N exart¸ntai

apokleistik� apì thn kampÔlh. Eidik  perÐptwsh kampÔlhc eÐnai h eujeÐa gramm  ìpou up�rqei mÐa kai

monadik  lÔsh gia k�je N . Up�rqoun kai peript¸seic kampul¸n pou gia k�poia N emfanÐzontai �peirec

lÔseic, gia par�deigma gia N = 2, ìtan h tom  thc mesokajètou twn A,B kai thc kampÔlhc C(t) eÐnai

k�poio eujÔgrammo tm ma. Sto Sq ma 3.2 emfanÐzetai par�deigma kampÔlhc pou gia N = 4 up�rqoun

�peirec isom keic diamerÐseic.
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Sq ma 3.1: Sta sq mata eikonÐzontai apotelèsmata thc proseggistik c mejìdou eÔreshc ìlwn twn lÔsewn. Ta

shmeÐa me to Ðdio qr¸ma sta sq mata antistoiqoÔn se shmeÐa thc Ðdiac diamèrishc. O arijmìc twn tmhm�twn (N)

all� kai twn lÔsewn emfanÐzontai wc tÐtloi p�nw apì k�je sq ma.
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Sq ma 3.2: KampÔlh pou emfanÐzei �peirec lÔseic gia N = 4. Sta Sq mata (b'), (g') eikonÐzontai 2 apì autèc.
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Kef�laio 4

Algìrijmoc Kajìdou kat� thn

KlÐsh

Sto tm ma autì ja perigrafeÐ o proteinìmenoc algìrijmoc basismènoc sth mèjodo kajìdou kat� thn

klÐsh (steepest descent) pou sugklÐnei se mia lÔsh dosmènhc thc kampÔlhc, tou N kai miac arqik c tmh-

matopoÐhshc. Epeid  o q¸roc tou probl matoc akìma kai kont� se lÔseic emfanÐzei suqn� asunèqeiec,

pollèc forèc eÐnai adÔnato na up�rqei sÔgklish akìma kai me opoiad pote arqikopoÐhsh osod pote kont�

sth lÔsh1. EpÐshc exet�zetai h perÐptwsh pou h arqik  ektÐmhsh pou dÐdetai ston algìrijmo na eÐnai polÔ

makri� apì thn pragmatik  lÔsh. H perÐptwsh aut  parousi�zei idiaÐtero jewrhtikì endiafèron afoÔ ja

prèpei h mèjodoc na dianÔsei shmantikì mèroc q¸rou pou perièqei pijan¸c asunèqeiec kai topik� el�qista

gia na katal xei sthn pragmatik  lÔsh. Sthn perÐptwsh aut  proteÐnetai mia èkdosh thc mejìdou pou

sundu�zei teqnikèc genetik¸n algorÐjmwn kai telik� sugklÐnei sth lÔsh. M�lista epeid  o proseggistikìc

algìrijmoc gia meg�lo N (ìpou pijanìn na up�rqei kai mìno mÐa lÔsh) kajustereÐ arket� na upologÐsei

thn proseggistik  lÔsh, o proteinìmenoc genetikìc algìrijmoc na sugklÐnei taqÔtata sthn pragmatik 

lÔsh.

To shmantikì pleonèkthma thc mejìdou eÐnai ìti sugklÐnei me uyhl  akrÐbeia kai sqetik� sÔntoma se

mia pragmatik  lÔsh. M�lista ìla ta upologizìmena eujÔgramma tm mata ja èqoun akrib¸c to Ðdio m koc

ektìc apì to teleutaÐo pou ja èqei kat� èna el�qisto posostì2, diaforetikì. H taqÔthta ektèleshc tou

algorÐjmou eÐnai ousiastik� anex�rthth tou m kouc thc kampÔlhc kai tou arijmoÔ twn lÔsewn3, ekeÐno pou

thn kajorÐzei eÐnai pìso kont� brÐsketai h arqikopoÐhsh sth lÔsh ki an to emfanÐzontai asunèqeiec kai

topik� el�qista kaj¸c kinoÔmaste sto q¸ro lÔsewn tou probl matoc. Wc meionèkthma mporeÐ na jewrhjeÐ

to gegonìc ìti up�rqoun lÔseic pou o algìrijmoc den mporeÐ na upologÐsei ìso kont� ki na brÐsketai h

arqikopoÐhsh. To gegonìc autì ofeÐletai sto diìti oi lÔseic autèc emfanÐzontai me asuneq  trìpo (Sq ma
1H lÔsh me to mikrìtero m koc tm matoc sto Sq ma 3.1(aþ) eÐnai adÔnato na upologisteÐ me k�poion algìrijmo tÔpou

kajìdou kat� thn klÐsh diìti an metab�loume lÐgo to m koc tm matoc thc lÔshc (eÐte to megal¸soume eÐte to mei¸soume) den

up�rqei k�poia diamèrish pou na brÐsketai kont� sth lÔsh aut .
2To posostì autì sugklÐnei sto 0
3H plok  eÐnai an�logh tou m kouc thc kampÔlhc kai tou N , ìmwc mporeÐ na auxhjeÐ kat� polÔ sthn perÐptwsh asuneqei¸n
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??).

4.1 Proteinìmenoc Algìrijmoc

Sth sunèqeia ja perigrafeÐ h aploÔsterh èkdosh tou algorÐjmou kajìdou kat� thn klÐsh pou apaiteÐ

h arqikopoÐhsh na brÐsketai sqetik� kont� sthn telik  lÔsh. H arqikopoÐhsh mporeÐ na eÐnai mÐa lÔsh

tou proseggistikoÔ algìrijmou pou perigr�fthke parap�nw. Oi par�metroi thc arqikopoÐhshc eÐnai to

arqikì m koc r0 twn tmhm�twn, ta shmeÐa twn tmhm�twn uk, k ∈ {0, 1, · · · , N}, u0 = 0, uN = 1, h mègisth

apìstash thc pragmatik c lÔshc apì ta shmeÐa twn tmhm�twn δ kai to sf�lma sÔgklishc T pou eÐnai h

apìstash tou teleutaÐou shmeÐou thc diamèrishc apì to B. EpÐshc dÐdetai o rujmìc prosarmog c (learning

rate) 0 < λ < 1. O algìrijmoc kajìdou kat� thn klÐsh ja perioristeÐ sthn perioq  kont� sthn arqik 

prosèggish, me mègisth apìstash an� shmeÐo mikrìterh apì to δ. Epomènwc ja brÐsketai sthn perioq  twn

diamerÐsewn Sj = {tji , i ∈ {0, · · · , N}, tj0 = 0, |C(tji ) − C(ui)|2 < δ}. H sunj kh ¸ste na ektelesteÐ me

epituqÐa o algìrijmoc eÐnai sthn perioq  twn diamerÐsewn Sj na mhn up�rqoun �yeÔtikeς�� lÔseic, dhlad 

topik� el�qista. Parak�tw perigr�fetai o algìrijmoc. H telik  diamèrish dÐdetai apì ta shmeÐa Pi.
Algìrijmoc Kajìdou kat� thn KlÐsh

s = r0

t0 = 0

P0 = A

Repeat

for i=1:N

Pi = C(ti) : (ti > ti−1) ∧ (|Pi−1Pi| = s) ∧ (|Pi − C(ui)| < δ) aþ

end

s =





s + λ |B−PN |
N , PN brÐsketai entìc thc arqik c kampÔlhc C(t)

s− λ |B−PN |
N , PN brÐsketai ektìc thc arqik c kampÔlhc C(t)

Until |PN −B| < T

aþE�n den up�rqei lÔsh, upologÐzetai to Pi qrhsimopoi¸ntac thn teqnik  mirroring proekteÐnontac thn kampÔlh, sthn

perÐptwsh aut  to Pi ìpwc kai ta epìmena apì autì ja brÐskontai ektìc arqik c kampÔlhc.
H taqÔthta ektèleshc tou parap�nw algorÐjmou exart�tai apì thn kampÔlh, ton arijmì tmhm�twn N ,

to pìso kont� briskìmaste sthn telik  lÔsh kai apì to λ pou kajorÐzei thn taqÔthta sÔgklishc thc

mejìdou. Gia na exasfalisteÐ omal  all� kai tautìqrona gr gorh sÔgklish protim�tai to λ na xekin sei

meg�lo λ ≈ 0.5 kai stadiak� na mei¸netai met� apì lÐgec epanal yeic na stajeropoihjeÐ se λ ≈ 0.05.

4.2 Proteinìmenoc Genetikìc Algìrijmoc

Sto tm ma autì exet�zoume mia epèktash tou algìrijmou kajìdou kat� thn klÐsh pou de qrei�zetai

arqikopoÐhsh. To prìblhma èqei jewrhtikì endiafèron afoÔ ja prèpei o algìrijmoc na per�sei apì pijan�

topik� el�qista kai telik� na katal xei se k�poio sunolikì. Arqik� xekinoÔn dÔo algìrijmoi kajìdou
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kat� thn klÐsh me m kh tm matoc r0, r1 thn el�qisth kai th mègisth dunat  tim  tou m kouc tm matoc.

Sth sunèqeia ekteleÐtai to epanalhptikì mèroc thc mejìdou. UpologÐzontai ìlec oi dunatèc diamerÐseic gia

ta antÐstoiqa m kh tm matoc r pou up�rqoun, an k�poia diamèrish apoklÐnei met� apì pollèc epanal yeic

diagr�fetai kai antikajÐstatai apì mia nèa me tuqaÐo m koc tm matoc r. EpÐshc nèec diamerÐseic me tuqaÐo

m koc tm matoc r dhmiourgoÔntai an� k�poio arijmì epanal yewn. Ta m kh tm matoc r k�je diamèrishc

anane¸nontai kat�llhla me antÐstoiqo trìpo ìpwc sthn apl  èkdosh tou algorÐjmou kajìdou kat� thn

klÐsh. O algìrijmoc termatÐzei ìtan to �kro k�poiac apì tic diamerÐseic brÐsketai arket� kont� sto B4.

H taqÔthta ektèleshc tou parap�nw algorÐjmou exart�tai kurÐwc apì thn kampÔlh kai ton arijmì

tmhm�twn N . Se peript¸seic pou sthn kampÔlh up�rqoun poll� topik� el�qista o algìrijmoc argeÐ polÔ

na sugklÐnei, en¸ stic peript¸seic pou up�rqei mÐa lÔsh (l.q. gia meg�lo arijmì tmhm�twn) o algìrijmoc

sugklÐnei p�nta. Jewrhtik�, lìgw thc qr shc genetikoÔ algorÐjmou, met� apì k�poio arijmì epanal yewn

ja up�rqei p�ntote sÔgklish, ìmwc suqn� o arijmìc autìc gÐnetai polÔ meg�loc, kai sthn pr�xh den ufÐ-

statai sÔgklish. Autì sun jwc sumbaÐnei stic peript¸seic pou o arijmìc twn diamerÐsewn pou exet�zontai

aux�netai polÔ. Mia parallag  tou algorÐjmou pou diorj¸nei to parap�nw prìblhma, epitaqÔnontac th

sÔgklish, eÐnai na mhn af nei na aux�nontai aperiìrista oi diamerÐseic pou exet�zontai all� na up�rqei èna

�nw ìrio eÐte to krit rio diagraf c all� kai eisagwg c miac diamèrishc na gÐnei austhrìtero.

4.3 Apotelèsmata

Sto tm ma autì parousi�zontai ta apotelèsmata tou algorÐjmou kajìdou kat� thn klÐsh, o opoÐoc

sugklÐnei akrib¸c se mÐa lÔsh. (Sq ma 4.1). Ta upologizìmena eujÔgramma tm mata èqoun akrib¸c to Ðdio

m koc kai mìno to �kro thc diamèrishc apèqei apì to B èna el�qisto m koc pou teÐnei sto mhdèn kaj¸c

aux�netai o arijmìc twn epanal yewn thc mejìdou.

4Se apìstash mikrìterh apì T (sf�lma sÔgklishc thc mejìdou)
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Sq ma 4.1: Sta Sq mata eikonÐzontai apotelèsmata thc mejìdou kajìdou kat� thn klÐsh se di�forec kampÔlec

kai gia diaforetikì arijmì tmhm�twn.
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Kef�laio 5

Efarmog  KataskeuastikoÔ

AlgorÐjmou Apìdeixhc

Sto tm ma autì ja perigrafoÔn dÔo algìrijmoi, ènac proseggistikìc kai ènac akrib c, pou basÐzontai

sth mèjodo thc apìdeixhc (Tm ma 2.5). To pleonèkthma pou èqoun oi mèjodoi autoÐ eÐnai pwc upologÐzoun

lÔseic mìno efìson up�rqoun, se antÐjesh me ton proseggistikì algìrijmo (Tm ma 3) ston opoÐo den

up�rqei h parap�nw eggÔhsh. En¸ wc meionèkthma mporeÐ na jewrhjeÐ to gegonìc pwc up�rqei pijanìthta

na mhn upologisteÐ k�poia lÔsh, dhlad  na d¸sei ligìterec apì tic pragmatikèc. Bèbaia up�rqei eggÔhsh

(ìpwc f�nhke kai sthn apìdeixh) pwc ja upologÐzetai p�ntote toul�qiston mÐa lÔsh.

O proseggistikìc algìrijmoc upologÐzei me uyhl  akrÐbeia th lÔsh kai sth sunèqeia mporeÐ na ako-

louj sei k�poioc algìrijmoc tÔpou kajìdou kat� thn klÐsh gia thn akrib  eÔresh twn lÔsewn. O akrib c

algìrijmoc upologÐzei thn akrib  lÔsh kai èqei exetasteÐ sthn perÐptwsh polugwnik¸n kampÔlwn. Gia th

mèjodo aut , up�rqei eggÔhsh, pwc ja termatisteÐ se peperasmèno arijmì bhmat¸n (se antÐjesh me th

mèjodo kajìdou kat� thn klÐsh pou suneq¸c proseggÐzei tic lÔseic).

5.1 Proseggistikìc Algìrijmoc

O proseggistikìc algìrijmoc efarmìzei th mèjodou apìdeixhc tou tm matoc 2.5 me thn prosèggish pwc

h sun�rthsh d(x, y), eÐnai tmhmatik� grammik  kai suneq c, up�rqoun stajerèc wij , vij , cij kai ta tm mata

Dij = [xi, xi+1]× [yj , yj+1] ⊂ [0, 1]2, me x1 = y1 = 0 ≤ x2 = y2 ≤ · · · ≤ xM−1 = yM−1 ≤ xM = yM = 1.

d̂(x, y) = wij · x + vij · y + cij , (x, y) ∈ Dij (5.1.1)

An Ðsque k�ti tètoio tìte kai h fN (x, y) ja  tan tmhmatik� grammik , sta Ðdia tm mata Dij . Epomènwc

kai h mhdenik  isost�jmh thc fN (x, y), ja èdine polugwnik  kampÔlh, kai tèloc h qN (s) ja  tan tmhmatik�

grammik  sun�rthsh. Gia ton prosdiorismì twn lÔsewn arkeÐ na brejoÔn oi rÐzec thc qN (s). Lìgw tou

ìti ta tm mata paramènoun, all� kai ìlec oi ekfr�seic eÐnai grammikèc, h ulopoÐhsh thc ìpwc ja doÔme

parak�tw eÐnai arket� apl  kai h ektèlesh thc arket� gr gorh.
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Gia thn ulopoÐhsh thc parap�nw mejìdou jewroÔme deigmatoleiyÐa C(tk). Sth sunèqeia mporeÐ na

efarmosteÐ h mèjodoc tou tm matoc 2.5 kai ìpou qrei�zetai na gÐnetai grammik  parembol  afoÔ ìlec oi

ekfr�seic èqoun jewrhjeÐ grammikèc. Epeid  h grammik  prosèggish d̂(x, y) thc d(x, y) apì ta M shmeÐa thc

C(t) mporeÐ na plhsi�sei osod pote kont� thn d(x, y), ja isqÔei kai gia tic isostajmikèc to Ðdio, ìpwc kai

gia tic telikèc lÔseic. Oi isostajmikèc upologÐzontai apì thn allag  pros mou thc fN (xk, yk), l.q. isqÔei

fN (xk, yk) · fN (xk, yk+1) < 0, �ra to mègisto sf�lma thc diafor�c thc jèsh thc pragmatik c isostajmik c

apì thn upologizìmenh eÐnai |yk − yk+1|, ìpwc kai to sf�lma twn telik¸n lÔsewn. Sth pr�xh h parap�nw

prosèggish dÐnei sf�lma thc mèshc apìstashc twn upologizìmenwn tmhm�twn apì thn akrib  lÔsh perÐpou

50 forèc mikrìterec apì to maxk(C(tk)−C(tk+1)) gia tic kampÔlec pou èqoume dokim�sei (Sq ma 4.1) me

M = 200.

Sth sunèqeia ja perigrafeÐ analutik� o proseggistikìc algìrijmoc.

• Arqik� gÐnetai deigmatoleiyÐa thc kampÔlhc se M shmeÐa, C(tk), k ∈ UM me t1 = 0 ≥ t2 ≥ · · · ≥
tM−1 ≥ tM = 1}.

• Sth sunèqeia upologÐzetai h d(ti, tj), f2(ti, tj) = d(ti, tj)− d(ti, 0), i, j ∈ UM , j ≥ i.

• O upologismìc thc mhdenik c isost�jmhc thc f2(i, j) pou pern�ei apì to f2(1, 1) gÐnetai proodeu-

tik�. Apì upìjesh gnwrÐzoume pwc h (a2(s), b2(s)) ja eÐnai tmhmatik� grammik , epomènwc arkeÐ mia

deigmatoleiyÐa p�nw stic korufèc (a2(s) ∈ {t1, t2, · · · , tM}). O upologismìc thc (a2(k), b2(k)) prag-

matopoieÐtai me ènan algìrijmo di�sqishc sunìrou. Arqik�, upologÐzetai o pÐnakac V (ti, tj) pou eÐnai

Ðsoc me 1 stic perioqèc pou brÐskontai oi kampÔlec mhdenik c isost�jmhc kai 0 alloÔ. Dhlad , an

isqÔei f2(ti, tj) ·f2(ti, tj+1) < 0   f2(ti, tj) = 0 tìte V (ti, tj) = 1 kai V (ti, tj+1) = 1. Par�deigma tou

pÐnaka V eikonÐzetai sto Sq ma 5.1(aþ). Sth sunèqeia upologÐzetai h zhtoÔmenh mhdenik  isost�jmh

(a2(k), b2(k)) apì ton parak�tw algìrijmo di�sqishc sunìrou.
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Sq ma 5.1: Endi�mesa kai telik� apotelèsmata proseggistikoÔ algorÐjmou gia N = 3. (a') Sthn f2(x, y)

prob�llontai me mple qr¸ma ta shmeÐa tou pÐnaka V pou èqoun tim  1 sthn perioq  twn opoÐwn brÐskontai sta

shmeÐa twn kampul¸n mhdenik c isost�jmhc thc f2(x, y). (b') Apotèlesma tou algorÐjmou Upologismìc Mhdeni-

k c Isost�jmhc proballìmeno sthn d(x, y), me mple tetr�gwna emfanÐzontai oi telikèc lÔseic. (b') H kampÔlh

[a2(s), b2(s)] kai h q(s), me kìkkinouc kÔklouc èqoun shmeiwjeÐ oi treic lÔseic p�nw se autèc. (d') Probol  twn

tri¸n lÔsewn p�nw sthn kampÔlh.
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Upologismìc Mhdenik c Isost�jmhc

a(1) = 0, b(1) = 0, w = 0, k = 0

V (t1, t1) = 2 aþ

Repeat

w = w + 1

for i1=-1:1

for i2=-w:w

x = a(k) + i1

y = round(b(k)) + i2

if V (tx, ty) = 1 ∧ V (tx, ty+1) = 1

V (tx, ty) = 2

V (tx, ty+1) = 2

w = 0

a(k + 1) = tx,

b(k + 1) = ty − f2(tx,ty)
f2(tx,ty+1)−f2(tx,ty)

bþ

k = k + 1

end

end

end

Until b(k) >= 1

aþMe tim  2 ston V (ti, tj) shmei¸nontai ta shmeÐa pou èqoun episkeuteÐ.
bþO upologismìc tou b(k + 1) prokÔptei me thn paradoq  pwc h f2(tx, t), t ∈ [ty , ty+1] eÐnai grammik  kai kai zht�me

b(k + 1) t.¸. f2(tx, b(k + 1)) = 0

• Dedomènhc thc (a2(s), b2(s)) mporoÔme na upologÐsoume me qr sh grammik c parembol c thn q(s) =

d(a2(s), b2(s))−d(1, b2(s)) h opoÐa eÐnai tmhmatik� grammik . Oi rÐzec thc (ρ) upologÐzontai brÐskontac

tic diadoqikèc jèseic pou all�zei prìshmo (q(s) · q(s+1) < 0) kai efarmìzontac th parak�tw sqèsh.

ρ = s− q(s)
q(s + 1)− q(s)

(5.1.2)

• O parap�nw algìrijmoc mporeÐ na epektajeÐ eÔkola kai stic peript¸seic N > 3 kai na upologistoÔn

diadoqik� oi f3(x, y), · · · , fN (x, y). O algìrijmoc gia thn eÔresh thc mhdenik c isost�jmhc dedomènhc

gia k�je N eÐnai akrib¸c autìc pou perigr�yame parap�nw (Upologismìc Mhdenik c Isost�jmhc).

Sto Sq ma 5.1 eikonÐzontai endi�mesa tou algorÐjmou apotelèsmata gia N = 3 tm mata.

H akrÐbeia upologismoÔ twn lÔsewn exart�tai apì to M , megalÔtera M dÐnoun kalÔterec proseggÐseic

pou sugklÐnoun sthn pragmatik  lÔsh. To meionèkthma eÐnai pwc h mn mh pou apaiteÐtai eÐnai O(M2) en¸

to kìstoc upologismoÔ twn lÔsewn eÐnai O(NM2).
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Sq ma 5.2: O diaqwrismìc thc kampÔlhc mhdenik c isost�jmhc se tmhmatik� monìtonec kampÔlec thc morf c

(x, Y (x)).

5.2 Akrib c Algìrijmoc

Sth sunèqeia ja perigrafeÐ ènac akrib c algìrijmoc pou sthrÐzetai sth mèjodo apìdeixhc tou tm matoc

2.5. O algìrijmoc èqei ulopoihjeÐ gia polugwnikèc kampÔlec, en¸ ja mporoÔse me antÐstoiqo trìpo na

ulopoihjeÐ gia algebrikèc kai genik� gia kampÔlec me gnwstì tÔpo1. Ousiastik� perièqei ta Ðdia b mata

me ton proseggistikì me th diafor� pwc den k�nei k�poia upìjesh gia thn d(x, y) all� ìpou qreiasteÐ thn

upologÐzei analutik� apì thn exÐswsh thc kampÔlhc kai lÔnei tic exis¸seic pou prokÔptoun.

Me thn upìjesh ìti h kampÔlh eÐnai polugwnik , oi exis¸seic pou prokÔptoun eÐnai deuterob�jmiec, opìte

lÔnontai akrib¸c se O(1). Pio analutik�, h d(x, y) = |c(x)− c(y)| ja eÐnai thc morf c |A + Bx + Cy|, ta
A, B, C eÐnai gnwstèc stajerèc pou prokÔptoun apì thn exÐswsh thc kampÔlhc. To tetr�gwno thc d(x, y)

eÐnai tmhmatik� algebrik  sun�rthsh deutèrou bajmoÔ2. 'Idiac morf c ja eÐnai kai h f2(x, y), orismènh

sta Ðdia tm mata me thn d(x, y). Gia na upologisteÐ h mhdenik  isost�jmh thc f2(x, y) arkeÐ o algìrijmoc

pou anaptÔxame parap�nw (Upologismìc Mhdenik c Isost�jmhc), me allag  thc sqèshc upologismoÔ tou

b(k+1) to opoÐo pleìn ja prokÔyei apì th rÐza gnwstoÔ poluwnÔmou thc morf c |A+Ba(s+1)+Cb(s+1)| =
|D|, m�lista, sthn perÐptwsh dÔo riz¸n, h mÐa pijanìn ja aporrÐptetai apì touc periorismoÔc gia to b(s+1).

Tèloc o upologismìc tou q(s) eÐnai epÐshc efiktìc ìpwc kai o upologismìc twn riz¸n tou, prokÔptoun

antÐstoiqa deuterob�jmiec exis¸seic.

Gia N > 3 to prìblhma gÐnetai pio polÔploko epeid  ta tm mata (Dij gia N = 3) sta opoÐa orÐzo-

ntai oi isostajmikèc ja prèpei na epanaupologÐzetai. To gegonìc autì ofeÐletai sto ìti de diathreÐtai

h tmhmatik  monotonÐa entìc tou k�je tm matoc, epeid  èqoume deuterob�jmiec ekfr�seic, all� up�rqei

perÐptwsh diamerismoÔ tou k�je tm matoc to polÔ se dÔo (Sq ma 5.2). Epomènwc gÐnetai diaqwrismìc

thc mhdenik c isost�jmhc thc fN (x, y) se tmhmatik� monìtona tm mata, kai sth sunèqeia upologÐzetai h

fN+1(x, y) = d(x, y)− d(x, Y (x)) sta tm mata aut�. Ta upìloipa b mata eÐnai akrib¸c ìmoia me ta b mata

tou proseggistikoÔ algorÐjmou.

1H kampÔlh mhdenik c isost�jmhc pou pern�ei apì to (0, 0) ja prèpei na dÐdetai apì kleistì tÔpo.
2Sth pr�xh mporoÔme na lÔsoume to prìblhma qrhsimopoi¸ntac thn d2(x, y), ¸ste na èqoume p�ntote algebrikèc ekfr�seic,

kai oi lÔseic pou ja upologistoÔn ja ikanopoioÔn kai thn d(x, y).
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Kef�laio 6

Efarmogèc - Sumper�smata

6.1 Efarmogèc

Sto tm ma autì ja anafèroume tic efarmogèc pou èqei to prìblhma. Katarq n to prìblhma proèkuye

apì mia grafik  efarmog , thn 3D anapar�stash tou fidioÔ. Se èna tm ma, apì th mèjodo pou prot�jhke

sto [8], up rxe an�gkh gia thn tmhmatopoÐhsh 2D kampÔlhc se Ðsa tm mata. Skopìc  tan na upologisteÐ

sugkekrimènoc arijmìc shmeÐwn tou skeletoÔ tou fidioÔ pou na isapèqoun metaxÔ touc.

'Amesh efarmog  thc epÐlushc tou probl matoc eÐnai h montelopoÐhsh kampÔlhc. O upologismìc

N − 1 shmeÐwn pou isapèqoun metaxÔ touc p�nw sthn kampÔlh, kai h grammik  eÐte kubik  touc parem-

bol , dÐnei mia prosèggish thc kampÔlhc h opoÐa teÐnei proc thn kampÔlh kaj¸c aux�nei to N . 'Estw

Pi, i ∈ {0, 1, · · · , N}, P0 = A,PN = B ta upologizìmena shmeÐa apì ton proteinìmeno algìrijmo (Curve

Segmentation into Equal Segments (CSES)). Ta shmeÐa (2 · (N + 1) sto pl joc arijmoÐ) aut� mporoÔn na

antikatastajoÔn apì to s ma thc gwnÐac Ai, i ∈ {1, · · · , N} metaxÔ dÔo diadoqik¸n shmeÐwn, thn jèsh enìc

mìno shmeÐou P0, kai thn apìstash r = |Pi+1 − Pi|2 metaxÔ dÔo diadoqik¸n. 'Etsi to pl joc twn arijm¸n

pou apaitoÔntai gia thn perigraf  mei¸netai se N +2 dhlad  sqedìn sto misì. M�lista an efarmosteÐ me-

tasqhmatismìc Fourier sto s ma thc gwnÐac, sth perÐptwsh pou h arqik  kampÔlh eÐnai paragwgÐsimh, tìte

h enèrgeia tou s matoc sugkentr¸netai stouc pr¸touc suntelestèc1. Epomènwc apaiteÐtai mikrìc arijmìc

suntelest¸n se sqèsh me to N gia thn perigraf  tou s matoc. O arijmìc pou exart�tai mìno apì thn

arqik  kampÔlh gÐnetai mikrìteroc ìso pio omal  eÐnai h kampÔlh C(t). Oi suntelestèc Fourier metafèroun

plhroforÐa isodÔnamh me to s ma thc gwnÐac miac kai me ton antÐstrofo metasqhmatismì Fourier mporeÐ na

anakataskeuasteÐ to s ma thc gwnÐac.

O proteinìmenoc metasqhmatismìc eÐnai antistrèyimoc, epomènwc apì touc perigrafeÐc mporoÔme na

upologÐsoume xan� thn kampÔlh. Sto Sq ma 6.1 emfanÐzetai to di�gramma tou eujÔ kai antÐstrofou

metasqhmatismoÔ ìpwc kai oi upologizìmenoi perigrafeÐc. Oi proteinìmenoi perigrafeÐc diaqwrÐzontai se
1Gia na sumbeÐ uyhl  sugkèntrwsh thc enèrgeiac stouc pr¸touc suntelestèc, pèra thc omal c kampÔlhc apaiteÐtai kai

periodikìthta, h opoÐa mporeÐ na epiteuqjeÐ wc ex c. Prin thn efarmog  tou metasqhmatismoÔ Fourier prostÐjentai epiplèon

deÐgmata sto s ma thc gwnÐac ¸ste to s ma na gÐnei periodikì. O upologismìc touc mporeÐ na gÐnei me parembol  tou tèlouc

kai thc arq c tou s matoc. Ta deÐgmata aut� ja afairejoÔn kat� thn anakataskeu .
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Sq ma 6.1: To di�gramma eujÔ kai antÐstrofou metasqhmatismoÔ apì thn arqik  kampÔlh, stouc perigrafeÐc

thc.

ekeÐnouc pou perigr�foun to sq ma thc kampÔlhc, thn kateÔjunsh thc, thn klim�kwsh thc kai th jèsh

thc sto epÐpedo. Oi suntelestèc Fourier (sk, k > 1) perigr�foun to sq ma thc kampÔlhc kai paramènoun

analloÐwtoi se peristrof , metafor� kai klim�kwsh thc kampÔlhc. O s1 (pr¸toc suntelest c Fourier)

perièqei thn plhroforÐa thc kateÔjunshc thc kampÔlhc. O suntelest c r perièqei thn plhroforÐa gia to

m koc thc kampÔlhc2 (thn klim�kwsh thc) kai o P0 gia th jèsh thc kampÔlhc.

H perigraf  aut  epeid  perièqei mikrì arijmì suntelest¸n mporeÐ na d¸sei polÔ uyhlì bajmì sumpÐeshc

gia omalèc kampÔlec. Sto Sq ma 6.2 emfanÐzontai apotelèsmata anakataskeu c omal¸n kampul¸n me

qr sh mikroÔ arijmì suntelest¸n Fourier. Sto Sq ma 6.3 emfanÐzontai apotelèsmata anakataskeu c

kampÔlhc pou perièqei gwnÐec, opìte apaiteÐtai meg�loc arijmìc suntelest¸n gia thn anakataskeu  thc.

6.2 EpÐlogoc

Sthn ergasÐa aut  exet�sthke to prìblhma thc tmhmatopoÐhshc 2D suneqoÔc kampÔlhc se isom kh

eujÔgramma tm mata. Arqik� melet jhke to prìblhma kai apodeÐkthke pwc èqei toul�qiston mÐa lÔsh gia

k�je arijmì tmhm�twn kai se opoiad pote kampÔlh. O algìrijmoc pou basÐzetai sth mèjodo thc apìdeixhc

upologÐzei toul�qiston mÐa lÔsh tou probl matoc kai mporeÐ na ulopoihjeÐ se proseggistik  kai se akrib 

morf . Epiplèon, prot�jhkan kai melet jhkan dÔo mèjodoi epÐlushc tou probl matoc, me stìqouc ton

proseggistikì upologismì ìlwn twn lÔsewn kai ton akrib  upologismì miac lÔshc, antÐstoiqa. Exet�sthke

h sumperifor� twn dÔo proteinìmenwn mejìdwn se di�forec kampÔlec kai gia diaforetikì arijmì tmhm�twn.

O proseggistikìc algìrijmoc ekteleÐtai se sÔntomo qronikì di�sthma gia mikrì arijmì tmhm�twn kai eÐnai

anex�rthtoc tou pl jouc twn lÔsewn kai thc morf c thc kampÔlhc se antÐjesh me ton algìrijmo kajìdou

kat� thn klÐsh pou o qrìnoc ektèles c tou ephre�zetai apì th morf  (duskolÐa) tou probl matoc gia to

dedomèno N all� kai thn arqikopoÐhsh. Oi dÔo algìrijmoi emfanÐzoun mia sumplhrwmatik  sumperifor�,

me ton proseggistikì na eÐnai sun jwc upologistik� efiktìc gia mikr� N en¸ o genetikìc algìrijmoc

tÔpou kajìdou kat� thn klÐsh na eÐnai sÐgoura efiktìc gia meg�la N , ìpou kai to prìblhma emfanÐzei

mÐa lÔsh. O algìrijmoc kajìdou kat� thn klÐsh mporeÐ na ektelesteÐ me arqikopoÐhsh ta apotelèsmata
2Gia meg�lo N isqÔei ìti to m koc thc kampÔlhc proseggÐzetai apì Nr pou eÐnai p�nta mikrìtero apì to sunolikì m koc

thc kampÔlhc.
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Sq ma 6.2: Sta sq mata eikonÐzontai oi arqikèc kampÔlec (me mple qr¸ma) kai h anakataskeu  touc (me kìkkino

qr¸ma). H arqik  tmhmatopoÐhsh ègine se 200 Ðsa tm mata en¸ qrhsimopoi jhkan sto (a') 7, sto (b') 7, sto (g')

8, sto (d') 10, sto (e') 14 kai sto (st') 16 suntelestèc Fourier.
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Sq ma 6.3: Sta sq mata eikonÐzontai oi arqikèc kampÔlec (me mple qr¸ma) kai h anakataskeu  touc (me kìkkino

qr¸ma). H arqik  tmhmatopoÐhsh ègine se 200 Ðsa tm mata en¸ (a') 25 kai sto (b') 50 suntelestèc Fourier.

tou proseggistikoÔ algorÐjmou. Epomènwc, me touc proteinìmenouc algorÐjmouc epilÔetai to prìblhma gia

k�je N .

Meg�loc arijmìc problhm�twn kai efarmog¸n faÐnetai pwc an�getai sto upì melèth prìblhma, ìpwc

eÐnai h sumpÐesh kai montelopoÐhsh s matoc. Wc mellontik  ergasÐa, ja eÐqe endiafèron na entopistoÔn

tètoiec efarmogèc all� kai na anaptuqjoÔn nèec mèjodoi pou ja epilÔoun to prìblhma.

45



BibliografÐa

[1] P. Agarwal, S. Har-Peled, N. Mustafa, and Y. Wang. Near-linear time approximation algorithms for curve

simplification in two and three dimensions. In Proc. of the 10th European Symposium on Algorithms (ESA

’02), 2002.

[2] A. D. Bimbo and P. Pala. Retrieval by elastic matching of user sketches. IEEE Trans. On Pattern Analysis

and Machine Intelligence, 19(2):121–132, 1997.

[3] H. Imai and M. Iri. Polygonal approximations of a curve (formulations and algorithms). Computational

Morphology, pages 71–86, 1988.

[4] A. Kolesnikov. Efficient Algorithms for Vectorization and Polygonal approximation. PhD thesis, University

of Joensuu, Finland, 2003.

[5] Y. Kurozumi and W.A. Davis. Polygonal approximation by the minimax method. Computer Vision, Graphics

and Image Processing, pages 248–264, 1982.

[6] S. Liapis, E. Sifakis, and G. Tziritas. Colour and texture segmentation using wavelet frame analysis, determin-

istic relaxation and fast marching algorithms. Journal of Visual Communication and Image Representation,

15(1):1–26, March 2004.

[7] F. Mokhtarian, S. Abbasi, and J. Kittler. Robust and efficient shape indexing through curvature scale space.

In Proc. British Machine Vision Conference, pages 53–62, 1996.

[8] C. Panagiotakis and G. Tziritas. Construction of animal models and motion synthesis in 3D virtual environ-

ments using image sequences. In Proc. of the second International Symposium on 3DPVT (3DPVT 2004),

2004.

[9] C. Panagiotakis and G. Tziritas. A speech/music discriminator based on rms and zero-crossings. IEEE

Transactions on Multimedia, 7(1), 2005.

[10] E. G. M. Petrakis, A. Diplaros, and E. Millos. Matching and retrieval of distorted and occluded shapes using

dynamic programing. IEEE Trans. On Pattern Analysis and Machine Intelligence, 24(11):1501–1516, 2004.

[11] D. Santa-Cruz and T. Ebrahimi. Jpeg 2000 still image coding versus other standards. In Proc. of the X

European Signal Processing Conference, 2000.

[12] T. Zaharia, F. Preteux, and M. Preda. The 3d shape spectrum descriptor. In ISO/IEC MPEG/M5242,

Melbourne, Australia, 1999.

[13] D. Zhang and G. Lu. Content-based shape retrieval using different shape descriptors: A comparative study.

In In Proc. of IEEE Conference on Multimedia and Expo (ICME”01), pages 317–320, 2001.

[14] D. Zhang and G. Lu. Shape retrieval using fourier descriptors. In In Proc. of Int. Conference on Multimedia

and Distance Education, pages 1–9, 2001.

46


