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ITepiAndn

To Baowé anotéheoua tng SatplBric etvan €val xATe QEAYUA VLo TO UEYIGTO SUVATS
mAdoc edpwy evoc 0/1 noiutonou atov R™. Me tov 6po 0/1 nohltono evvoolue
v xVpTH Bhixn evée UTEGUYOAOU TOL GUVEAOL TOU XoPLPKY Tou [0, 1]™.

TCevixd, av P etvou éva toAbtono otov R”, cupforilouye ye fr—1(P) to miidoc
TV E0pMV Tou. OF€TouuE

g(n) := max {fn,l(Pn) : P, gbvor éva 0/1 mohGtono otov R"}.

Ou Fukuda xau Ziegler é¢decav to mpéfBAnua va tpocdloplatel 1 tdln peyédous tne
g(n) 6tav 10 n — 0o. To xahlTERO YVWOTH dvw Pedyua elvan

g9(n) <30(n —2)!

(v 1 opxolVTILE UeYdho), to onolo amodelytnxe and toug Fleiner, Kaibel xou
Rote. Xty avtildetn xatedluvon, o Bardny xoa Pér anédeilav 6t g(n) >

n/4
cn 7 ’. ’ ’ 7 ’ z
(logn) , omou ¢ > 0 elvon o amoiuty otadepd.  Acglyvouue 6L o exdétne

n/4 unopel va Bertiwdel oe n/2:

Yrdpyer otalepd ¢ > 0 téroa dote

n/2
cn
> .
g(n) 2 (logn)

H OrapZn 0/1 modutdnwy ye todéc €dpec eZaopolileton Ye wyuporolnomn tne
uetdédou mov avéntuZay or Bardny xo Pér. Oewpolue £1 nohbtona (dnhady, mo-
AoToTa TOU 0L X0pLEES Toug elvon axoloudies tpocuwy). Eotww Xi,..., X, ave-
Ehpnree +1 tuyades petafintéc, opopéves oe évay yopo mdavétnroag (12, F,P),
UE XaTovou

PX=1)=P(X=-1)=1.

O¢tovpe X = (X1,..., X,,) %, Yo otadepd N mou wavoroel Ty n < N <
2", Yewpolpe N aveldptnta avtlypopa X1,...,Xn wou X. Avth n Sdwacta
opllet to Tuyalo 0/1 norbtono Ky = COIlV{Xl, . ,XN}. Kétw and xdnotouc
TEELOPLOROUC YLl TO EVPOC TWV TGV Tou N, BlVoulE €va xque Qpdryuo YL T UEoT
wh Elfn—1(Kn)] tou mhidouc twv edpdv, yia xdde otadepd N:
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Trdpyovr Vo Oetikés otalepés a ka1 b dove: ya aprolvrwg peydio
n, kat Yy kd9e¢ N mov ikavornotel Tny n® < N < exp(bn), éyovue

log N n/2
alogn ’

Elfas(Ky)] > (

To %dtw epdyua v Ty g(n) tpoxdntel téte av emhéloupe N = |exp(bn/logn)|.

To Sebtepo yépoc tne datpPBric oxetiletan e TNV WOYLEY YOPPT TOU XhGL-
%00 mpoPiiuatoc tou Sylvester yio tuyola onuela, oUOLOUOEEA XATAVEUNUEVE OE
enineda xvptd ywpla. Amodevioupe ta eZfic: (1) Av K elvon éva xuptd ooua
o710 eninedo, ye euBadév |K| = 1, xou av Ax ebvon 1 ouvdptnon xatavouic Tou
eufadol evée tuyaiou tprydvou oto K, tote Ag(a) > Aa(a) v xdde a > 0,
6mou A etvor tuydv Tplywvo. Av Ax = Aa téte T0 K ebvor tpiywvo. (2) Av
K elvau éva ouguetpind xuptd omuo oo eninedo, ue epfadév |K| = 1, o av
By elvan  ouvdptnon xotavouric tou euBadol evog Tuyaiou CURUETROU Topah-
Anhoypdupov oto K, té6te B () > Bp(a) v xéde a > 0, énou P elvon tuybv
napoAAnAGYpoppo. Av Br = Bp téte 1o K elvo noapodAnhdypopuo.



Abstract

The main result of the Thesis is a lower bound for the maximal possible number
of facets of a 0/1 polytope in R™. By definition, a 0/1 polytope is the convex
hull of a subset of the vertices of [0, 1]™.

In general, if P is a polytope in R", we write f,_1(P) for the number of its
facets. Let g(n) := max {f,—1(P,) : P, a 0/1 polytope in R"}. Fukuda and
Ziegler asked what the behaviour of g(n) is as n — oo. The best known upper
bound to date is

9(n) < 30(n — 2)!
(for n large enough), which is established by Fleiner, Kaibel and Rote. Regar-
ding lower bounds, a major breakthrough was made by Barany and Pér who

n/4
proved that g(n) > ( S ) , where ¢ > 0 is an absolute constant. We show

logn
that the exponent n/4 can in fact be improved to n/2:

There exists a constant ¢ > 0 such that

n/2
cn
> .
9(n) = (logn)

The existence of 0/1 polytopes with many facets is established by a refi-
nement of the probabilistic method developed by Béarany and Pér. We work
with £1 polytopes (i.e., polytopes whose vertices are sequences of signs). Let
X1,...,X, be independent and identically distributed +1 random variables,
defined on some probability space (£2, F,P), with distribution

P(X=1)=P(X=-1)=1.

Set X = (X1,...,X,) and, for a fixed N satisfying n < N < 2", consider
N independent copies X Iye-- ,X ~ of X. This procedure defines the random
0/1 polytope Ky = conv{)?l, . ,)?N}. Under some restrictions on the range
of values of N, we obtain a lower bound for the expected number of facets
E[fn-1(Ky)], for each fixed N:

There exist two positive constants a and b such that: for all suffi-
ciently large n, and oll N satisfying n® < N < exp(bn), one has

that
log N n/2
alogn '

Elfo1(Kn)] = <
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For the lower bound for g(n) one only has to choose N = |exp(bn/logn)|.

The second part of the Thesis is related to the strong form of Sylvester’s
classical problem about random points uniformly distributed in plane convex
regions. We prove the following two facts: (1) If K is a plane convex body
with area |K| = 1 and if Ax denotes the distribution function of the area of a
random triangle in K, then A (a) > Aa(a) for all @ > 0, where A is a triangle.
If Ak = Aa then K is a triangle. (2) If K is a symmetric plane convex body
with area |K| = 1 and if Bx denotes the distribution function of the area of
a random symmetric parallelogram in K, then Bg(a) > Bp(a) for all a > 0,
where P is a parallelogram. If Bx = Bp then K is a parallelogram.






Megog 1

0/1 — TOAVTOTA UE TOAAEC
EOPEC






Kegpdiaio 1

Eiwcaywyn

Me tov 6po 0/1 tohTomo £VvooUUe TNy xUpTH Tixn evES UTOGUVOROU TOU GUVGAOU
v %x0puPdY oL x0Bou [0,1]". Eva 1okl yvooté mopddetyua elval 1o ToAOTOTO
TV BImAd o ToYao TIXGY Tvdxwy (1 Todbtono tou Birkhoff) nou opiletar va etvon
1 %xVpTH VXN TOU CUVOLOL TV d X d BLTAL O TOYAC TGOV TUVEXWY O TOV R% . ‘Eyxe
d! xopupéc, d* édpec xon 1) didotaon tou ebvor (d — 1)2.

To 0/1 norbtona nailouvy onuavtind pbho otny cuvduao Ty Beltic tonolno.
‘Eva napdderyyo mou delyver e eugaviloviar oe authy v Jewpla pag divel to
moéPANua Tou mAavédiov nwAnt). Alvovton éva TAYpeg Yedenua Kg pe d xopugéc,
#xodds xon 1o <oy xdde axuhc Tou (Bnhady, ot xdde axuh avtiotowyiloupe
wdmowov Yetixd mporypatind aprdud). To npdfinua eiven va Beedel ) cuvtopdtepn
dadpour; mou mepvdel and udde xopuET oxEYBOC Wla GOPd AUl ETUCTREPEL GTNHY
apy . Kdlde diadpopn; unopel vo dewpenldel oav éva unoabvoro T, ue axpBug d
otowyela, Tou ouvérov E(Kg) v axudy tou yeaghuatog. Xty T avtictouyet
puotohoyxd éva 0/1 dudvuoua xr € {0, 1}(3) Tou omolou oL cuvteTayuEves Oel-
yvouv axp3og totég oég Teptéyel 1 1. To moddtono Tov mAavdoov twAnTr etvon
N xupTh 9N Q(d) autdv Twv onueiny ooy RE). To Q(d) éyer drdotaon (4) —d
wou (d—1)!/2 xopugée. To apyind mpdBinua elvon Ll0odUvVaUo Ye autd Tng ebpeonc
wae xopuphic Tov Q(d) otny onola EAayIo TOTOE(TOL XATOLL YPUUULXT, GUYVAETNOT
(mou eZaptdton and to Bodévta phinn). Anhadh, yetagppdletar oe éva mpdBANUa
Yool mpoypapuatiopot oto Q(d).

Baowd gpdtnuo mou mpoxdnteL oty Tpootdiel ETAUOTC TEOBANUATGY UE
oauthv Ty pédodo elvar vo TpocdioptoToly oL ovicdtntes Tou opllouy Tic €dpecg
TGOV TV ToAUEBpwY.  OL duoxollec molarhaoidlovtal btav o TAdog twy
edp®v elvo TOND ueydho. Eva oAl guotohoyind epdtnua yia Ty «yewxh Yewpla
v 0/1 mtohutdTwYy elvon howndy to e€ric: motd elvan to péyioto duvatd mARloc
(n — 1)-8udotatwy edpwy Tou unopel va €yet éva 0/1 moAdtono ddotaone n aTov
R™. Bxonde tou mpotou pépous tne dratpiBnic elvon va det€oupe 6t undpyouy 0/1
noh0toTa Pe uepexleTind TARD0C eSpddv.
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1.1 To mpdfinua

Tevixd, av P elvan éva tohbtono (mAfipoug Bdotaone) otov R™, cuuBoiilouye ye
frn—1(P) 1o mifidoc twv (n — 1)-didotatmv edpmv Tou. Ofétouye

(1.1.1) g(n) := max { fr_1(P,) : P, eivon éva 0/1 nohdtono otov R™ }.

Or Fukuda xou Ziegler (BXéne [13], [24], [36]) édecay to npdBAnue vo npocdiopto el
7 ouunepLpopd e axohoudiog g(n) xadodg 1o n — 0o. To xahiTERO YVWOTO GV
Qedryuo etvan

(1.1.2) g(n) <30(n —2)!

yioo 0 opxetd peydro. H aviobtnto auty| anodelydnxe and toug Fleiner, Kaibel
xa Rote oty epyooia [14].

Ou anodetlouye éva xdtw Qpdypa yioo TV g(n). e avthv Ty xatevduvon,
onuavTixf npdodog anuewytnxe and toug Bardny xo Pér oty epyaota [3], dmou
anodewvieTan 6T

(1.1.3) gm>z(kg;)w4

yioo xdmowo amohuTy atodepd ¢ > 0. Oa amodelfouye 6t oty Véom tou exdétn
n/4 unopel xavels va Bddet tov n/2:

Oewenua 1.1.1. Yrdpyer otabepd ¢ > 0 ue ny 16i6tnta

(1.1.4) mmz(m)wa

logn

AZ{Cer Tov %610 Vo GUYXEIVOLUE AUTHY TNV EXTIUNOT UE TO YVWOTE QpdyuaTo
yioo T y€on Ty Tou TARdoug Twy edptdv Tne xupthe Iixne N aveldptrntev Tu-
yoilwv onuelnv Tou elvar ogoLbuopEa xotaveunuéva ot povadioda opatpa S
Yupporilouue to tuyato autd TordTono PE Py pn. LNy epyooia [7] anodexvieton
OTL uTdpyouy otaepéc c1, ca > 0 TEToleC WOTE

n/2

n/2
(1.1.5) (01 log ?{) <E[fa-1(Pnn)] < (02 log Z)

yia Ghouc Toug puotxole n xaw N 1ou avorowty Ty 2n < N < (3/2)". Aedo-
pévou 6t oty TEpinTwon v 0/1 tohuténwy 1o N unopel va mdpet Tuéc péypl
2" Yo uropoloe va dturwiel 1 ewxacio ot 1 g(n) eivon e tdEng Tov n"/2. To
Oedpnua 1.1.1 diver éva xdtw opdyua autic TpoxTXd TS Té&ng: Yo xdde € > 0
EYoupe

(1.1.6) g(n) > n0>=en

av To 1 elvon apreTd pEY MO,

T Ty anddeln e Umopng 0/1 nohuténwy pe nohhés €dpec, Yo LoyupoToL-
fiooupe Ty Tdavodewentin uédodo nou Zexivioe oty epyacio [10] xa ovamtd-
yOne oty epyaocta [3] yia to und perétn tedBinua. [a to oxond autd elvor méd
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Bolxd va Souhetouye ye £1 modbtona (Snhadr, TOAITON TwV OTOlWY 0L XOPUPES
elvon axohoudiec pocruwy). Eotw Xy, ..., X, aveldptnrec xou tooxatoveunué-
vee £1 tuyoleg uetaBhntée, oplouéveg oe évav ywpo mdavétnrog (12, F,P), ue
HOTOVOUY|

PX=1)=PX=-1)=1.

Opilouye X = (X1,...,X,) %o, yio Soouévo guod apdud N mou ovoroiet
mvn < N <27 dewpotye N aveldptnra avtituna Xq,..., XN tou tuyciou
Slavbopatog X. Me autiv v dadixaota oplletar to tuyaio 0/1 nolbtomo

(1.1.7) Ky =conv{Xy,...,Xn}.

Mopatneriote 61 1o TARdoC TV xopuEdY tou KN elvan utxpdtepo 1 (oo and N.

Kétw and xdmolouc neploptopole Yo 1o ebpoc Twy TV Tre tapauéteou N, da
BOOOUPE Evar xaTe Pedypa Yol T wéon Tih Tou Thdouc twv edpdy E [ fr,—1 (KN)],
v otodepd N. Ewdindtepa, €youue:

Oedpnua 1.1.2. Yrdpyovr Jetikés otalepés a kar b e tny e&njs ididtna: ya
apkolvtos peydia n, kat yia da ta N nov ikavomowdy ty n® < N < exp(bn),
1wy Vel n arwodnta

log N )n/Q

(1.1.8) E[fn-1(KnN)] > (alogn

To Bedpnua 1.1.1 elvon dueorn ocuvénela autob tou anoteréoyatog: opxel va emt-
MEoupe
N = |exp(bn)].

Aovietoupe otov R™ tov onolo ewpolue EQoBLIcUEVO PE TO E0WLTERUS YLVO-
uevo (-, -). TupPorilouvue ue || -[|2 Ty avtiotoymn Euvdeldeia vopua, pe || - || Ty
max-voppa, xot ypdgouue BY yia tnv Eudeldeia povaduado umddha xon S™ 7 yua
N povadwia ogaipa. O 6yxog, To euadov Tng empdvelag xa o TAIdeLiuog evog
TENEPUCUEVOU GUVOROU cuUBoAZovTon pe | - |. ‘Ohot ov hoydpiduol etvon guowxol.
‘Otav yedgoupe a ~ b, evvoolpe 6TL undpyouv andhuteg otadepéc ¢, ca > 0 Té-
Toteg dote cra < b < cga. Ta ypdupoata ¢, ', C, c1, ca ¥ cudBorilouv améhutee
Yetinég otadepéc v omolwy 1 T unopel vo uny elvarn ndvta 1) [Buo

1.2 "Eva dvew @pdyua yid To TAYY0S TwV €560V

KXetvovtag autd o eloaywynd Kegdhowo, neprypdgouye éva emyelonuo twv Bardny
xou Pér, to omolo Siver dve gpdrypa v 1o miiloc twy edpdv evée 0/1 tolutdmou
pe N xopugéc, ouvapthoel Tou N xou tng ddctaong n:

IMedtaocr 1.2.1. Ia xdde 0/1 noAvtono P e N xopupés orov R™, woxle

n/2
(1.2.1) fa—1(P) < (cnlog Z) )

émov ¢ > 0 anddven otadepd.
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Arndbaén. Ba ypnowonorioouue o Yeyovde (BAEne, Y Topdderyua, [2]) 6t yix

x&de N—dda onuelwy &1,...,Tx oty Euxdeldeia undha By woylel
N N n/2
|conv{Zy,...,Zn}]| 1 N
1.2.2 < | —log—

6mou ¢; > 0 andiutr otodepd.

Ac unodéooupe 61t P = conv{Zy,...,2Zn} ebvon éva 0/1 nodbtoro pe N xo-
pupéc atov R™. T xdde j = 1,...,n Jewpobue tny opdoydvia npofolt| m;(P)
tou P otov undywpo {Z: x; = 0}. Aol dheg o xopugéc tou m;(P) anéyouv 10
Tohs v/n — 1 amé 70 0, 1 (1.2.2) delyvel 6t

n—1
|7 (P)] ( 2! N )2
1.2.3 < lo .
( ) lWn—1By~t ~ \n—-1 Sn—1
‘Eotw {Fr: k=1,..., M} 10 cOvoho twv edptv tou P. Av ctadeponovicoupe

o €8par F,, 16TE ToLNE 10 TOV piot TeoBOA] T (1) (Fi) éxer un undevind éyxo. Oheg
oL x0pu@éc NS Tj(k) (Fr) €xouv ouvtetayuéveg 0 4 1, xou 1 m;(r) (Fr) mepiéyet éva
simplex pe un undewixd 6yxo. XpMOUWOTOWWVTAS TNV TETPUEVN exTiunoy 6T
av 1 opilouca evic mivoxo pe axépatec ouVTETOYUEVES dev undeviletor téte €xel
anéuTH TWr ToUAdyLeTov 1, ouumepaivouue Ot [Tk (Fr)| > ﬁ Yuvendc,

(1.2.4) ; | (Fi)| = (n i 0!

v xdle k=1,..., M. Ané v drin mhevpd yvwpllovue ot

M
(1.2.5) > Imi(Fy)| = 2|m; (P)]
k=1

Yuvbudlovtag g tTereutales 0o aviobtnieg, Brénouue 6tu

n

M
eI D) DLMCS]

k=1 j=1

n—1

N 2
< 2n|vn— 1By (ncl T log p— 1)

Xpnotgonowdvtoc 1o yeyovéc 6t [vn — 1B < 5™ xaw (n —1)! < [es(n —
1)1, xarehfyouue oty (1.2.1). |

Ynueiwon. To dvew odyua tng Hpdtaong 1.2.1 elvor xaAbtepo and o yeviund v
@pdrypa 30(n — 2)! wwv Fleiner, Kaibel xa Rote, Touldyiotov étav log % < n.
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Aev unepgyel Ouwe oY TEp(TTwor Tou To N elvan eXVeTind KC TPOC TNV DdoTAoT
n. To emyelpnua «ydvel mordy oo €€ onuelo: 1 andhuty T g opllovaug
évag n xn 0/1-nivaxa ebvon Ye «ueydhn mdavétnray — oyedov lonue 1 — e tédEng
Tou N2, cuelc bUWC AVAYHACTAXAUE VA YENOLIOTOMOOUUE T0 TETPLUUEVO XETW

ppdryuo 1.






Kegpdharo 2

MevydAeg anoxAloelg

2.1 Aoyopltduixn pOTOYEVVATELA KXol UETAC Y NUATIOULOG
Legendre

Eow X wo gpayuévn tuyoio uetaBAnth otov yopo mdavétnrag (2, F, P), xou

éow u(B) := P(X € B), B € B(R), n natavoury tne. Trodétoupe 6t

X etvar ovguetpxd), dnhadh w(B) = p(—B) vy xdde B € B(R). Trodétouue
exlone 6w Var(X) > 0. Ewldwdtepa, p(u) = ma]é(P(X =2z) < 1. Oétouue
TE

r:=sup{z € R: p([z,00)) > 0}. Anhads, r elvon o «de&id dnpoy Tou Popéa Tou
1.
BOewpolpe Ty poroyevvrtowa e X,
(2.1.1) () =E(e*)  (teR)
wol T Aoyaprdpixs poroyevvitpla g X,

(2.1.2) P(t) = log ().
‘Eyoupe unodéoer 6t n X elvon gpoypévn, doa ¢(t) < oo v xdlde t € R, A-
6 Ty ouvypetpla e X éneton enione OTL oL @ xan P Elvor GPTIEC CUVUPTACELS.
Iopatneotue 6t

eU)(At—&-(l—/\)s) — <p()\t + (1 _ )\)S) -F (e)\tXe(l—)\)sX)
[E etxr\ [E esx]lﬂ\ — AN (s)

IN

v xdde t, s € R xon yioowdde 0 < A < 1, dpa n 9 ebvor xupty|. ‘Eneton 61t 1 ¢ elven
eniong xwpTh. EOxoha eléyyouue 6T 1) ¢ ebvan C*° oo R. H n-ooth nopdywyog
e @ elvon 1 ouvdpTroN

(2.1.3) eM(t) = E (X"e).

Optowdc 2.1.1. Ta kddet € R opilovyie éva pérpo mbavitnzas Py ovov (£2,F)
Oérovtag

B fA etXdpP

(214) Pt(A) =K (etXiw(t)].A) = W
Q

(Ae 7).
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Eniong, optlovue p(A) == P(X € A) yia xdde A € B(R). Tére, 10 ps éxel
TEMEPAUTUEVES POTEC XGVE TEENG, Xoi Lo bOUY Ot

(2.1.5) E(X) =4¢'(t) xou Vary(X) =" (t).
Mopatnehote 6L Py = P noun pig = pi.
Adppa 2.1.2. HY' : R — (—r,7) elvar yvnoiwg adéovoa kar ent. Eibixdtepa,

(2.1.6) lim «'(t) = +r.

t—zto0
Anddealn. Aot
(2.1.7) (") (t) =" (t) = Vary(X) > 0,

n Y’ ebvar Yynotwe adZouca. Ané tny avicdtnta —re!* < Xet™ < retX 7 onolo -
oyber e mdavétnta 1y xdle (otadepd) ¢, xon amé v ¢/ (t) = E (Xe'™) /E (e'X)
7 onola TpoxdTTeL amd v (2.1.3), nadpvovtac v’ dwv xon e P(X = +r) < 1,
ouunepaivoupe 6t Y/ (t) € (—r, 1) v x&de ¢ € R.

Mével va detZoupe 6t n ¢ elvon enl. Eotw m : [0,7] — [0, 00] n cuvdptnon

(2.1.8) m(z) = —log p([x, 00)).

H m elvor adZovoa xow m(r) < oo av xou uévo av P(X =) > 0. Hopatnpolue
otL, am6 TNy avicdTrTa Tou Markov, yio xdde x € (0, r) xon v xéde t > 0, éyouye

(2.1.9) p(t) =E (etX) > e u([z,0)),
X0l OUVETRC,
(2.1.10) P(t) > toe — m(z).

‘Eotw z € (0,7) xa y € (z,7). Ané v (2.1.10) éyoupe ¥(t) > ty — m(y) yw
x&e t > 0. Ewwdtepa,

(2.1.11) O(m(y)/(y — x)) = am(y)/(y — ).

Av howmdy Jewphooupe Ty ouvdptnon g, (s) 1= sz — P(s), éyoupe ¢,(0) = 0 %o
9o (m(y)/(y—2)) < 0. Aol 1 g, etvan xolhn xau g4, (0) = x > 0, auté delyver 6T 7
o TadpveL Th péyioTn Th TS o xdmoo onueto tou (0,m(y)/(y —x)). Suveroe,
Y (t) = x yw xdmowo onuelo t tou dwsthatoc. To B emyelpnua epapudleton
oty nepintwon z € (—r,0). Télog, Y = 0 €youpe ¢'(0) = . O
Opwopodsg 2.1.3. Opilove h: (=1, 1) — R pe h:= (¢')7L. Iapatnpodue éu n
h etvar yynoiws adéovoa C*° ouvdptnon ka

1
2.1.12 Wz) = ———.
(2142 )= @)

Opgiwopds 2.1.4. O petaoynuatiopds Legendre tng ¢ efvar n ovvdptnon

(2.1.13) f(z) :==sup {tz — (t): t € R}, z e R.
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O Baowéc dudtniee e f mepiypdgpoviar 6To enduevo Afupo.

Afupe 2.1.5. (o) f >0, f(0) =0 ka1 f(z) =00 yraxz € R\ [-r,7].
(B) Ia kdOe x € (—r,1) éxovpe f(z) = tx—(t) av kar pdvo av Y’ (t) = x. Apa,

(2.1.14) f(z) = xh(z) — ¢ (h(z)) yia x € (—r,T).
(v) H f efvar yvnoing kvpty C*° ovvdptnon oto (—r,r), kai
(2.1.15) f(z) = h(x).

Andden. (o) H f > 0 npoxdntel and 1o yeyovoe 6t v ouvdptnon t — to — p(t)
mafpver Ty 1 0yt = 0. H f(0) = 0 eivan mpogavric. T tov tpito woyupioud,
TopoTneolpe TedhTa 6Tt () < e yio x&de t > 0. Apa,

(2.1.16) te —p(t) > t(x —r) vt >0, x € R,
X0l CUVETRC,

(2.1.17) f(z) = suplte —(t)] > tlim [t(x —r)] =0
teR e
av z > r. Abyw ouvyuetplog, éyouue f(x) =00 av & < —7.
(B) Trodétoupe mpwta 6t Y/ (t) = x. Téte, € (—r,7) xon 1 Yvnolwe xolin
oUVEPTNON gz (s) = sz —1(s) €xer Tomud axpdTato, dpa oAb UéyioTo, 6o § = t.
‘Eneton ot

(2.1.18) tr —(t) = max {sz —¥(s): s € R} = f(x).

Avtiotpooga, utoldétoupe ot © € (—r,7) xou 1L f(x) = to — P(t) Y xdnow t.
Trdpyer v € R dote ¥ (u) = z, xow and 1o Tponyoluevo emyelpnuo, TEETEL Vo
gyovue f(x) = ux — Y(u). Aol 1 gu(s) = sz — P(s) ebvon yvnoloe xolhn xou
ouveyc, £yet povadind uéyloto. ‘Enctan 61t u = t, xon ouvenae, ¢/ (t) = .

(v) Ov o xau h ebvar C°, onde T0 BLo toylet vty f and to (B). Emniéoy,

(2.1.19) %f(x) = h(z) + zh/(x) — ' (h(2))W () = h(z),
and 10 (B) o and Tov opopd e h, dpa
dn dn—l

(2.1.20) g (@) = o hl@)
via xdde n € N. Téhog,
(21.21) L) = W)= 0

- dz? T T () T
Gpa n f elvon yvnoloe xupth oto (—r, 7). O

Epyduacte tédpa otny neplntwoy 1wy £1-tohuténwy. Eotw n € N xo éotw
X1, Xo,..., Xy aveldptnres xon wooxataveunuéves 1 tuyalec petafintés, opt-
ouéves oe évav yopo mdavotnrag (2, F,P), ye xatavopr P(X = 1) = P(X =
—1) = 3. Ze authv TV TepinTwon,

(2.1.22) o(t) :=E ["X] = cosh(?),
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precis
(2.1.23) P (t) = log ¢(t) = log cosh(t).

Adppa 2.1.6. H f (0 petaoynuatiouds Legendre tng 1) efvar dptia ka1 yvnoiog
kupti) ovvdpTnon oto (—1,1). Ta kdOe x € (—1,1) égovue

(2.1.24) f(@) =31+ z)log(l 4+ z) + 3(1 — ) log(1 — z).
Eriong, xlinil1 f(z) =log2.
Anddaén. Iapatnpolye 61t
(2.1.25) f(x) = xt —logcosh(t), énouv x =1'(t) = tanht.

Ané tny tanht = x BAénouye 6T

1 1
(2.1.26) e = %, 1 100d0vaa, t = h(z) = 3 log (1 i_ i) :
IIéh ané tny tanht = z, PAénouue 6T e 2t = %;—;, AL GUVETHE,
t ot t(] 4 o2t ¢
(2.1.27) cosht= SEC _cdEe) | e

2 2 1tz
Emotpégovtoc oty (2.1.25) Brénouye o

flx) = xt—logcosht
= at—t+log(l+z)

10%(1+I)—(1—a:).510g<1+x>

= log(1+x)—(1—2)-tlog(l+z)+ (1 —x)log(l —z),

an’ émou mpoxtntel 1 (2.1.24). O
I Soopéva x4, . .., T, oto (—1,1), Gétouue
(2.1.28) t; == h(z;) (i <n).

Ye 6 oxorouldel, Yo Yewpolye mavta 6T Tar t; xon x; Bploxovton oe authv TNV oyE-
on. Elwébrepa, o ypnowwonotolue ouyvd tny avtiotpogn oyéon toug (Yuundeite
6t P(t) = log cosh t):

Adppa 2.1.7. Eoto z; € (—1,1) ka1 éotw t; = h(z;). Tdre,
(2.1.29) z; = ¢'(t;) = tanh(¢;) (i <n).
Ocwpolye eniong v cuvdptnon ¢ : [0,00) — R nov opileton and v

f(tanh(¢)) .

(2.1.30) g(t) = =
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Adppo 2.1.8. H g ucavoroief tny

tanh(t)
t )

1
(2.1.31) g(t) = 2 log cosh(t) +

etvar yvnoins gdivovoa oo [0,00), kar limy_o g(t) = 3.

Anddetn. Oétouye t = h(z) 6mov z € [0,1). And to Afupo 2.1.7 €youue
x = tanh(¢). Tére,

(2.1.32) f(tanh(t)) = —log cosh(t) + tanh(#)t

and Ty (2.1.25). Ereton 1 (2.1.31). Tt povotovia g g Yo xenoulonoticouue
™y

(2.1.33) [f(tanh(t))]" = h(tanh(t)) tanh’(t) = t/ cosh®(t).

Moapaywyilovtoc v g xor malpvovtoc T’ G TNy Topandve oot BAénouye
6T g éxel o (Do mpdonuo pe Ty

(2.1.34) w(t) == t* — 2 cosh?(t) f(tanh(t)).
Hopatnpotue 6t w(0) = 0 xon

w'(t) = 2t —2cosh?(t)[f(tanh(t))]’ — 4 cosh(t)sinh(t) f (tanh(t))
= —4cosh(¢)sinh(¢) f(tanh(t)) <0
v t € (0,00). Apo w < 0 xou, opoiwe, ¢ < 0 oo (0,00). Enetor 6t 1 g elbvon

yvnolwe gdivouoa oo [0, +00).
T 7o limg—¢ g(t) moapatnpodue ét

tanh(t))]’ 1 1
(t2) 2cosh*(t) 2
6ty t — 0. TOugwva e Tov xavéva tou I’ Hospital, limy_o g(t) = 3. O

2.2 H pédodog twv Dyer, Fiiredi xow McDiarmid

‘Onwe elnaye oTny eloaywYT, 1 anddelln tou xevtpixol pag Yewprjuatog axoroudel
¢ éva onuelo My Tpooéyylor wwy Bardny xa Pér. Auth n npocéyylon ue
oepd tne éxel oav agetnpia T Sovierd twv Dyer, Firedi xou McDiarmid [10], o
onolot amédelay 1o e€ic: 'Eotw k =log2 — % xon €0 Ky 10 tuyalo moAUToTo
mou op{letan amd v (1.1.7). T xdde € € (0, k) éxoupe

(2.2.1) lim sup {27"E|Kn|: N < exp((k —e)n)} =0
o

(2.2.2) lim inf {27"E|Ky|: N > exp((k+¢)n)} = 1.
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Ye authy v mopdypapo, Topouctdlovye cuvorTixd T wédodo Ttng amddeng
owTOL TOL ANOTEAETHATOC. AUt Va pog eTTpEdel Vo 0plCOUUE XETOLES EVVOLES TTOU
Yo naf€ouv xevipind pOAO GTal ETOUEVA, 2ot Vo BoUuE K¢ 1) Jewpla TV YeydAwy
anoxhoewy epTAéxeTal 0T PEAETN TV Tuyiwy 0/1 TohutdTwy. Apxetd and T
Mupoto ou yenouonowodvtor e8¢ Ya anodetyoly (oe wyupdTERT UOPYT X UE
amholoTepo TpéTo) oo emdpeva Kegpdhona.

Mo va npoodoplcouv v xplown Ty x, o. Dyer, Fiiredi xe McDiarmid
yenouwomnolnoay Ty oxohoudT cuUVAETHOM.

Optowde 2.2.1. Oérouue C = [—1,1]". Ta kdBe T € (—1,1)", Oérovue
(2.2.3) q(Z) := inf {Prob()? € H): &€ H, H rkaotds nuixwpos}.
Eriong, yia kdle ouppetpixd kupté odpa A C (—=1,1)" opilovue

2.2.4 A) = i (A) = mi i
(2.2.4) q+(A) frgg@q(w) xar q(A) fgg&)q(w),

émov O(A) etvar o ovvopo tou A.

Mapoatneriote 6t to infimum oty (2.2.3) mpocdiopileta and exelvoug Toug NuL-
yopouc H yia touc onolouc & € O(H).

2.2 (o) IBéa tng anddeling tne (2.2.1)
H onédeln Boolleto oto e€nc anhd Afuua:

Adppa 2.2.2. Foww N > n kat éotw A éva ouupetpikd kuptd odpa mov
Tepiéxetar oto (—1,1)". Tdre,

(2.2.5) E(|Kn]|) < JA|+2" - N gy (A).

Anddaén. I'pdpoupe

(2.2.6)  E(|Kn|) =E(KyNA})+E(En\Al]) <|A]+E(|Kn\ A).
HMapatnpolue 6t av H elvor évac xhewotde Mulywpos mou TEpLEyel T0 T, oL oy
7 € Ky, tote utdpyet ¢ < N oote X; € H (adoe, da elyoye & € Ky C H',
6mou H' eivan 0 cuumhnpwuatindg npiywpeos wou H). Eneton 61t Prob(Z € Ky) <
N - Prob(X € H), xon ool o H Atav Tuydy,

(2.2.7) Prob(Z € Ky) < N - q(%).

Xernowonowvtoac to Yedprnuo tou Fubini Biénouye dtu
E(Ex\A) = [ [B(uy(@)]d7
c\A

= / Prob(# € Ky) di
C\A

IA

Nq(7)dz < N q+(A)|C\ A].
c\A
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Emotpégovtog oty (2.2.6) madpvouye to {nroluevo. O
H Béa elvon tdpa 1) e€ric: av emdéEoupe xatdhhnho A (to omolo Yo eZoptdon

and toe N xon n) dote, yio N < exp((k —e)n) va éyouue toutodypova |A| /2™ — 0

xou Ngy(A) — 0 xadde o n — 00, téte nadpvoupe v (2.2.1).

2.2 (B) Idea tng amddedng tne (2.2.2)

H deltepn Baow, napatiipnor elvon 1 e€rig.

Afppe 2.2.3. Eotw A éva ouppetpikd kuptd odua mov nepiéyetar oto (—1,1)".

Tore,

(228) 1—Prob(Ky 2 A) < (‘Z) 9~(N=n) 4 o (‘:) (1—q (4)~" "

H anédedn tou Afpuartoc 2.2.3 Yo dodel ato Kepdhawo 5. Autd nou Béhouue
val onueldoovue €86 ebvon Tt cuVdEeL Ty ouvdptnon q pe Ty (2.2.2). Tlpdyuat,
av emhé€ouue xatdhnio A (1o omolo Yo eaptdron and to N xo n) dote, yio
N > exp((k+e)n) va éyovue Tautdypova [A| /2" — 1 xon 1—Prob(Ky 2 A) — 0
®xodds To N — 00, TéTE Tabpvouye Ty (2.2.2).

2.2 (y) Yroloyiwopmés tou ¢(7)

Ané g S0o nponyolueves mopaypdpous gotveton 6Tt téoo 1 (2.2.1) boo xou 1
(2.2.2) oxetilovtan dueca ye TNV ouunEpLPopd TNe cuvdptnong ¢(£) oto (—1,1)™.
‘Eva xohé dvew @pdyua v Thy ¢(Z) mpoxOnTtel oyetnd eOxoha, Ue Yphon e
aviootnTae tou Markov.

Adppa 2.2.4. Ta kdle T € (—1,1)" éyouue q(Z) < exp (— > f(x;)).
Anddatn. Av H eivan évoc xheiotée nuiywpoc dote & € O(H), undpyer t € R?
&oTE

(2.2.9) H=H{={j: £5-3 > 0}.

Ané v avnebdtnto tou Markov,

Prob(X € H(#))

I
-
—
o
lon
(7=
S
e
&8
\%
jan}
~

IN
=

= HE [exp(ti(Xi — xl)}

n
- H e¥(ti)—tizi
i=1

Ané tov oploud g q(Z) €xoupe

n

inf Hew(ti)ftiwi _ H e~ sup{tz; —(t): tER}

teR™ i1 i=1

— ﬁeff(fi)_
i=1

(=}

—~
8

S~—
A
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Anhadi, To {ntoduevo. O
Enextetvouye ouveyde v f oto [—1, 1] Hétovtuc f(£1) = log 2 xou yio x&de
= (x1,...,2n) € (—1,1)" Yétovpe

(2.2.10) Hﬂz%}jﬂ@)
i=1

TN xéde 0 < o < log 2, opilouyue
(2.2.11) Fe={Ze (-1,)": F(Z) < a}.

Agol n f ebvor dptia xon xupth oto (—1,1), to F® eivon éva cuppetpind xup-
16 oopa mou mepéyeton oo (—1,1)". And tov opioubd tou F BAénouye Ot
S flz) = nF(Z) = an yw xdde T € I(F*). Tuvernoe, To Afupa 2.2.4
anodetxviel o e€hc.

Afppe 2.2.5. FEotw 0 < o < log2. Ia kdle T € O(F*) éyovue
(2.2.12) q(Z) < exp(—an).

‘Eretar éu

(2.2.13) g+ (F) < exp(—an).

To Afupa 2.2.5 Ga gavel yprhowo yia v anddelln e (2.2.1). Tty and-
deiln e (2.2.2) yperdleton Vo exTWoouE TNy ¢(Z) amd xdtw HOoTE Vo EXUETON-
Aeutolpe To Afuua 2.2.3. To Baowd teyvind Briua elvor 1 amddelln tne enouevne
Mpdraone, n onola Bacileton otny Yewplo Twv peydhwy anoxhicewy (xon Yo To-
povotaotel oto Kepdhawo 4).

Hedbtaocy 2.2.6. Ia kdde € > 0, vndpyer n(e) € N, nov efaprdrar pdvo and to
g, dote ya kdle 0 < o < log2 kair ya kdOe n > n(e) va éyovpe

(2.2.13) q—(F*) > exp(—a(l + e)n —en).

2.2 (3) Ipoocdiopiowds g otadepdc K xou 7 anddeily Tov Vew-
enwatog

‘Eoww Uy, ..., Uy, aveldptnrec Tuyolec UETABANTES, OPOLOROPOO XOTOVEUNUEVES
o070 (—1,1). Tore, yia xdde 0 < a < log 2,

1 n
(2.2.14) 27" |F°| =Prob((U1,...,U,) € F¥) = Prob( E fU) < oz) .
n
i=1
Optlouye

(2.2.15) k=E(f(U;) = %/_1 f(z)dz =log2 — 1.

Ané 10 vouo v geydinv apliuny cuunepaivoupe to €X¢.
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Afupo 2.2.7. Ta kdle a € (0, k) éyoupe

(2.2.16) lim 27" |[F*| =0,

n—oo
kai, dpow, yia kdde a € (k,log2) éyouue

(2.2.17) lim 27" |[F| = 1.

n—oo

Mrnopolue téhpa va amodel€ovye T0 TEWTo Wod Tou Vewpiuatoc twy Dyer,
Firedi xon McDiarmid.

IMedraor 2.2.8. Ta kdbe e € (0, k),
(2.2.18) lim sup {27"E(|Kn|): N < exp((k —e)n)} = 0.
Anddetn. Emdéyoupe o = Kk — /2. And to Afupa 2.2.7 éyouue

(2.2.19) lim 27" |[F®| = 0.

Anéb v A mhevpd, av N < exp((k — e)n), 1o AMupa 2.2.5 pog diver

(2.2.20) Ngy(F*) < exp(—en/2).

Egopuélovtag 1o Afjuua 2.2.2 ye A = F'* nodpvoupe

(2.2.21) 27"E (|[Kn|) < 27" |F%| + exp(—en/2),

xon To He&d péhog teivel oto 0 dtay n— oo. O
I to dedtepo wod tou Yewpruatog yenowworowtue v Ilpdtaon 2.2.6:

IMpoértaot 2.2.9. Ia kde € > 0,
(2.2.22) lim inf {27"E (|Kn|): N > exp((rk+¢e)n)} = 1.

Andbaln. Ttadeponowiye € > 0. Agol (k+z)(1+2)+2 — K btav o — 0,
uropolue va Bpolue 6 > 0 dote, av Yéooupe o = K+ d va éyovpe (1+0)a+4d <
k4e. IV authy v tpr tou a 1 llpbtaon 2.2.6 — oe cuvduaops pe 1o Afjpua 2.2.3
— Belyver 6Tt av n > n(a,d), xow av N > exp((k +€)n) > exp((1 + 6)an + on),
t6te

(2.2.23) E(|Kn|) > |F“|- Prob(KN D F%) > |F| (1 — 27"+,

Iapaieinouye Toug utohoyiopols, ool eviedd: avtiotolyol unoloyiouol Yo yi-
vouv 610 Kegdhoto 5. Agod a > k, 1o Afjuua 2.2.7 Selyvel 6Tt

(2.2.24) lim 27" |[F®| = 1.

n—oo

‘Eneto 1o {nroluevo. |






Kegpdiawo 3

ITWavoiewpnTind AuuaT

Ye autéd 1o Kegdhoo amodeinvioupe 8o Buowd mdavolewpntind Ajupota Tou
Bivouv xdTw QEdyUTA YLl T CLEES TNE XATAVOUTC TwV adpocudtwy Rademacher.

3.1 XTouyelddeg xdTw Pedya

Eow m € N xa éotww X1, Xo,..., Xy, aveldptnieg xow wooxataveurnuéves +1
Tuyodes pETUBANTES, oplouéves oe évay yopo mbavdtntac (2, F,P), ue xatavouh

P(X =1) =P(X = —1) = 3. Oewpolye S1,...,5m € Ryue 11" s > 0 xau

r > 0. Ye authy TNV Topdypdpo amodevOOUUE VA TEGOTO XATW GEAYUA Yol TNV

P (i i X; > r>

i=1
péow TN cuvdpToNg f, Yia xatdAAnAo ebpog Ty Tou 7. H anddelln oaxorovie,
g éva Bodud, authy Tou Afppatog 8.2 atny gpyacio [3].

IMedétaor 3.1.1. Eoww 0 < v < 1/10. Trdpyer otadepd c(y) > 0 térowa
wote: ya kdle m € N ka1 yia kdle entloyr) mpayuaticdy apiudv sq,. .., S, HE
S s > 0, 1wxvea n aviodrnTa

(3.1.1) P <2m: si( X —y) > 0) > c(y)m=3/2 e=mfO),

i=1
Anddeitn. Oewpolue T0UC UAELTTONC MUY WEOLS

H* = {fGRm:Zsi(xify)ZO}

i=1

{feRm:i(xi—v)EO}.

=1

H

OplCouue 0 : R™ — R™ v ameovion nou HETAIETEL XUXALXS TIC CUVTETOYUEVES
Tou I

(3.1.2) o(x1, T2, Tm) = (Tyny T1, -« vy Tyne1)-
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Agol o™(F) = T, 1 tpoyd {0 (F) : k > 0} tou T éyet 10 TOAD m oToyeln. Abyw
e ouupetplag Tov H g npog x;, av & € H tédte Uk(.’i") € H vy x&de k > 0.

HMopoatnpolye 6t av & € H téte undpyer k € {1,...,m} tétowoc dote o¥(T) €
H*. Ipdyuoatt, ac utodécouue 6T

(3.1.3) si([c" (&) —7) <0

1

m

(3

yio xdde k. Téte, mpoodétoviag T avVioGTNTES XUl TOPATNPMVTISC 6TL

v xdde @ = 1,...,m, XATAAYOUPE G TNV
(3.1.5) (51 +"‘+5m)2(x¢—7) < 0.

i=1

"Atomo, agob T € H.

‘Eneton ot
) % *) _ - 1% * v .
(3.1.6) mIP(XeH> ;P(U(X)eH)ZP(XeH)
Anhady,

m 1 m
m
i=1 =1
1 1
_ lp (|{¢;XZ1}| > *7)7”).
m 2
Apa,
N 11 m\_ 1 1 (m
BL7) P{Y si(Xi-y)20)> = ( >Z< )
~ m 2 i k m 2™ \ k,
T<E<
omou ky = [m(y + 1)/2] ebvou o uxpbdtepog axépotoc mou elvan YEYOAOTEROS 1

looc and m(y +1)/2. Eldwobrepa,

k 1 2m~1
(3.1.8) o w
m 2

Ou yperactolue xdmotec axpBelc extyrioes tou H. E. Robbins (BAére [11, II,
(9.15)]).

Adppa 3.1.2. Ioydovr o1 aviodtnres

1 _1 1 .
(319) Vorntt2en . o(12n+1) <nl <2t t2e . e(12n) ™+
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Andden. Oewpolue Ty oxohoudia
(3.1.10) dy :=1logn! — (n+ %)logn + n.

IMapatnpolue ét

1
(3.1.11) dp — dnia =(n+%)logn+ -1
n
I'pdpoupue
1 1+ g
(3.1.12) BY _TEA
n =5

Ol YENOWOTIOLGYTAC TO ovEmTuype 5 log 5% = t+ 3¢5+ 154+ 27+ -+ nodpvoupe

1 1
32n+ 12 | Bn+ 1)

(3.1.13) dp — dpiq = NI
Tuyxpivovtag 1o BeEL6 pENoC Ue TNV YEWPETEIXH OElpd AbYou (2n+1)~2 Brénouue
ot
1 1 1

3.1.14 O<dp—dpp1< 75— ="—"7"7"— """
( ) T3+ 1)2—1  12n 12(n+1)
A6 v (3.1.13) 7 {d,} ebvor @dtvouoa xow and tny (3.1.14) n {d, — (12n)~'}
elvon adfovoa. Apa, t0 6pwo C = limd,, undpye.. And v (3.1.13) Brénoupe
enlorng 6T

. 1 1
32n+1)2 7 12n+1 12(n+1)+1’

(3.1.15) dp — dpi1 >
dnhadh n {d, — (12n + 1)~} ebvor pdivouoa. Apa,

1 1
1.1 - <d, —
(3.1.16) C+12n+1<d <C+12n

Méver va eréyEoupe 6t C = log(v/2m). Mot toh0d olvtopn anédeln v autd eivon
n elhc and v dp, — C éneton edxora Ot

2n\vn V2
A1 —— = —
117 ()~ %
xardedc To 1 — 00. Oewpolpe TNV cuvdptnon u(z) = (1+z)?" 1. Aré 10 Vedpnua
tou Taylor,
(3.1.18)
1 (n) 1 x
(@) = u(0) + ' (0)r + LWz Ly O 0 L / u™D (8) (2 — t)"dt.
2! n! n! Jo

Oétovtuc © = 1 mafpvoupe

22t = ) (2";1>+;!/01(2n+1)(2n)~--(n+1)(1+t)”(1—t)”dt

0<k<n

22 4 <2:) (2n+1) /01(1 —t*)"dt.
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Anhady,
1
(3.1.19) (2”) */f 2t / (1—)mdt = 1.
n 22n \/ﬁ 0
Opwe,
(3.1.20)
om4+1 [ ) n+1 [V ) ©
— | A —=tH"dt = / 1—u n”du—>2/ e " du=
vno Jo n 0 ( /m) 0
xodode 1o n — oo. And tic (3.1.17), (3.1.19) xor (3.1.20) modpvoupe
V2
(3.1.21) e V=1,
dnpadt, C = log(v/2m). O

MrnopoUue twpa va ohoxhnpdooude v omddeln e Ipdtaone 3.1.1. Xoplc
TEPLOPLOUS TNe YevixdTrTag utodétoupe 6Tt m > 3. Xprowonowsvtag 1o Afupo
3.1.2 xon TNV oviodTN T

(3.1.22) \/127 /kw(mm_ 02 \/z

(n omola mpoxdntet and TRy aviedtnte (1 —x) <

7

oTlL

v 0 < 2 < 1) cuunepatvouye

<;{:) >4/ % exp (mlogm — kylogky — (m — k) log(m — ky))

x exp ((12m +1)7" = (12k,) ™" = [12(m — k)] ")
V2 e () (-5)m(-5)

e 1 1 1
X — — .
P\l2m+1 " 12k, 12(m— k)

=

Ané tov opioud tou ky €youpe

1+ _ky, 1+vy+2m™!
3.1.23 — <D
( ) 2 T m 2

o ol n @ — —zlogz — (1 — x)log(1 — z) eivan gdivousa oo [3, 1], cuunepai-
Vouue 6T

m 2 1 m
>4/ — 2™ - 2m~! - .
(k) 2\ 27 exp(omf(y +2m70)) exp (12m—|— 1 12k, (m— k7)>

Ano 1o Vedpnuo péong g xon and v povotovia e f1 = h Brénoupe 6

(3.1.24) fy+2m™h) < f(y) +2m™ h(y +2m™),
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(Z) > \/z 2™ exp(—mf (7))

1 m
—2h(y +2m™* - :
x eXp( (O 2m )+ o T T e kw))

I vo ohoxknpdoouye Ty anddeln), napatneolue Ot, and Ty yovotovio tne h
éxoupe h(y+2m™1) < h(y +2/3), xou yenowonoolue 1o YEYOVSS OTL

m 1 4

3.1.25 < .
( ) 12ky(m —ky) — 12m 1 —(y+2m~1)?’

mou woyLel ywtl ky < m(y +1)/2 + 1 xa n ouvdptnon ¢ — x(m — x) elvon
pOivouca oto ddotnua [m/2, m|. Enouévee, av v < 1/10 éyoupe

m C(’Y) m
1.2 > —=2 —
(3.1.26) (k) > —=2" exp(=mf(7)),
now, emoTtpépovtag oty (3.1.7), malpvouue 10 Tntoduevo. o

IMopathenor 3.1.3. H lpdtaon 3.1.1 yevixebeton 6to mhaioto twv aveldp-
TNTWV QEOYUEVWY CUUUETEXGY Tuyalwy PETABANTOV X1, ..., Xy, ye xatovour| f.
Av 0 < v < y(u), t6te undpyer mo = mo(y) Gote, Yio xdde M > Mg, xou YL

m

%80€ S1,...,8m € Rue Y 1", s >0,

(3.1.27) IP’(Z si(X; — ) > 0) > c(y)m~3/% e,
i=1

6mou 1 otodepd c(y) > 0 e€aptdton uévo omd oL Y xou fi.
Ipdryport, 10 TPOTO YEPOC TOU EMYELRNUATOS TIOU TERLYPAPUUE TURATAVE OTo-
dewevieL 6Tt

(3.1.28) P(i si(Xi —v) > 0) > ;P<i(Xz —7) = 0) .

Ané v &N mieupd, to Yedpnua wwv Bahadur-Rao (Biéne [1, Oedpnua 1)
ety ver 6tL umdipyel axoroudiol by, VeTndy TEayHaTiNdY aptdUnY, TETOW WO TE

(3.1.29) %”m emf ) P(Zm:(xi —7) > o) —1

m i=1

%xaddc 10 M — 00, Ue TNV log by, Qparyuévy, dpa xon TV by, QpoyUEvn omd Lo
yvhowa Yetinr] otadepd.

3.2 H pévodog tng nopeuBoing

Ye auThAY TNV Topdypapo TERLYPAPOUME TNV anddellr Tou e€NC ATOTEAEGUATOS TOU
Montgomery-Smith (Biéne [29]):
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Oesenua 3.2.1. Trdpye andrven oradepd ¢ > 0 térowe dote, ya kdfe n € N
ka1 Yy kdUe s1,...,s, € R, n aviodtnra

n
(3.2.1) P <Z siX; > c—1t||§1|2> > ¢ lemet’
i=1
wyver yia kdle t >0 pet < ||3]2/]|8loo, dmov §= (51, .., Sn).

Doty andden Jo yperaotolpe T clyxpeion 500 «VopUOY TapeUBoAACY ToU
op{lovtal otov R™.

Opiopwée 3.2.2. T §=(s1,...,8,) € R™ xou v %8¢ ¢ > 0 oplloupe

(3:22) 81y = it {12+ VEIE — 2 : 7 R}
T m € N xo yie §= (s1,. .., 8p) € R™ opilovye
1/2
m
(323 Teon =sw{ 3 (5] .
j=1 \4€B;
6TOL 1O sup ToafpveTan VK and GheC T M—ABEC EEVwV UnoouvO WY By, ..., By,
tou {1,...,n}. Hapatnpel xavele opéowe bt
. 1/2
(3.2.4) ﬂmmsw{z S }
Jj=1 i€B;

6Tou To supremum nofpvetol TV ond 6houg toug k < min{m,n} xou dhec Tic
dapeploec (B, ..., Bg) tou {1,...,n}, xu 611 P(k) = P(n) vy x&de k > n.
Eoxoha ehéyyeton 0t ov || - [[pm) %o || - |k etvon vopuec o xdde ¢ > 0 xou
m € N. Elvon enfong dueco 6t

1511 7oy < min{]|31]1, 1512/ 2}

Adupo 3.2.3. Ta xdde t > 0, n dvixn vépua s || - [k efvar n

(3.2.5) ]l (ry = max {[illoc, V=112 }-
AnAadn),
(3.26) 5l = max{(@,3) : @ € R, |@lloe < 1, |2 < Vi)

ya kdle 5 € R™.

Andoeitn. 'Eow t >0 xow @ € R, Ta 5§ € R™,

n n n
Z Sil; Z ZiU; + Z(sl — zi)ui
=1 =1 i=1
[alloollZll + 115 = 2|2l

max{]|@] o, VEU|T]2} - (171 + V25~ Z1l2)

VAN VAN
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v xdde 2 € R™, an’ 6mou éneton 6TL

(3:2.7) > wisi| < max{|| oo, VI |1T2} - |5 5o
i=1

no dipd,

(3.2.8) 4 1y < max{[a]loc, VE=H|]|2}-

Tdpa, yia §= @ nofpvoupe

n
s = [llalldl = VT2Vl
=1

> Vit oo ISl k),
not, av |w;] = ||t|eo, 1 EMAOYH 85 = w;, 55 = 0 yia § # 4, Slver
n
(32.9) D tisi = |[idlloo = [[lloo 1511 > [|lloo 151 ko) -
i=1
‘Enetar 61
(3.2.10) max{(4, 5) : |5 k) = 1} = max{||i]|oc, VI~ ]2}

Adppa 3.2.4. TNa §€ R™ ka1 ya kdde 0 < t < ||3]3/]1511%, 1w0ybe du
(3.2.11) 151 &0y = 1312 V2.

Arddatn. ‘Onwe 7dn nopatnphioaye, ||5]| k) < VE||5]|2 xou péver va delZoupe v
avtictpopn avicbTrTe. Av howméy 0 < t < ||513 /51|14, 9étovroc u; = Vis;/||5]2,
i=1,...,n, napvovye 6T [|[@]oe < 1 xan VE—1||dlla = 1, xou (@,5) = V1|52
To Afuua éneton todpo and o Afupa 3.2.3. |

Hapathpnon. Av supp(s) = {i < n:s; # 0}, téte PAénoupe edxola Gt oy leL
emiong n |8l k@) = 1511 ywe t > [supp(5)]. Apxel va Véoovyue u; = sign(s;), va
xenowonotfioouue to Afupa 3.2.3 xou v napathenon |5 ke < 1571

Adupa 3.2.5. INa kdle 5§ € R” ka1 ya kde m € N wyde n aviodnta

(3.2.12) 151 P emy < 151l rc(m) < V2115 Pom)-

Anddeén. Hapatnpolue mpwta 6TL, Yo xdle § € R,

(3.2.13) 151 p(m) < min{v/m|5l2, [|51]1}-
Mpdypaty, av (Bi,...,Bk), k < m, evan o dapépion tov {1,...,n}, xou av
Yéoouye

1/2

bj = Z S? y

i€ B,
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ToTE
. 1/2 . A 1/2
(3.2.14) SUDo st =Db< Y] VE<Vm|dle,
Jj=1 iEBj j=1 =
X0, TEOPAVKS, ETLOTC
i vz
(3.2.15) DI Z Z [sil = 1151l
j=1 \i€B; j=11i€eB;

Topa, v §€ R™, and v (3.2.13) éyouye 6Tt
(3216) AL+ vAlF— e > 1Ze0m 15— Zleon = 1500

v xdle 7 € R™, xon éneton 1) oaploTepY) oMo OTT.

T v de€id aviodtna otadepontootpe § € R™ xau emiéyovue @ € R™ étot
wote ||ulle < 1, [|dllz < vmoxon [|8] km) = Doiq uisi (an6 o Afupa 3.2.3).
Optlouye ng = 0, xon emorywyxd,

(3.2.17) n; =ming s <n: Z u? > 1
i:n]-,1+1
Yl exeivol ‘rocj yioo o omofor mj—1 < M. Av yio xdmowov J éyovye 6t ng_1 < n
xow Yy o S u? < 1, 9ETOUUE Ny = N %OL OTUUATIE.
Hocpcxmpoupz—: o, av J > 1,

J n; n
(3.2.18) m>d3=> Y w>J-1+ > ui=J-1,
j=1mnj_1+1 ny_1+1

xau G J < m, eved av J = 1 t6te ndh J < m. Ta odvora B = {nj_1 +

L...,n;}, 7 =1,...,J, ebvar Zéva. Télog, mopatnpodue ot
n;
(3.2.19) Sui= > uitul <1+ i <2
i€B; nj—1+1
vy ora T g =1,...,J. Encton 611
n J
15l cmy = Zuisi = Z Z US4
i=1 j=14€B,
; 1/2 1/2
S DI N DI
j=1 \ieB, i€B;
; 1/2
< V2R Dost] < V2l
j=1 \i€B,
6mou 1 teheutada ovieo T Loy e BlotL J < m. O

Xpewlbpaote enlone wa atowyewddn ovioétnta v Paley o Zygmund (BAéne
[23, Kegpdhouo 3]:
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Avppo 3.2.6. Eoww §€ R™. Tdre,

(3.2.20) P (zn: 5 X; > /\||§1|2> >31(1-A%)°

yia kdde A € (0,1).

Anddaén. Mnopolpe va unodécoupe 61t [|§]l2 = 1. Oétovue ¥V i= (s1.X1 + -+ +
$nXn)? nou v xéde t € (0,1) opllovye Z; = X{y>tE(Y)} Y- And tny aviobtn
Cauchy-Schwarz éyouue

(3.2.21) [E(Z))? <P(Y > tE(Y))-E(Y?).

IMopatneotue ét

(3.2.22) E(Y) < E(Z) +tE(Y).
Apa,
(3.2.23) (1 —t)2EY)? <PY > tE(Y))-E(Y?).

Amhéc utohoyioude delyver 6t E(Y) = ||5]13 = 1 xon

(3.2.24) [E(Y?)] = isf +6 Y sis) <3,

1<i<j<n

Oétovtoc t = A? oty (3.2.23) xou yenowonodviac Ty ouupetpla e s1X1 +
-+ 5, X, mafpvouue to {nrobuevo. m

To Bacwd anotéheopa Tou Montgomery-Smith elvon to €€rg.

Oceopnua 3.2.7. Ia kdde t > 0 ka1 § € R™ wyvde du

& _ 1
(3.2.25) P (; $iX; > ¢ 1||§1|K(,§2)> > 6exlo(—ct?),
6mou ¢ = % log 24.

Andbaén. 'Eotw m € N. YTndoyer dwpépion (Br,...,Bg) wou {1,...,n} ye
k < n, tétow OoTE

1/2

k
(3.2.26) I8Py =D | D st
j=1

i€B,
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Téte, and ta Auporo 3.2.5 xou 3.2.6 talpvouye ot

" 1,. " 1
P (Z 5, X; > 2$||K(m)> > P (Z 5, X; > ﬁ”glP('rn))
i—1 i=1
& 1 & 1/2
ey e Ly (v
i=11i€B; j=1 \i€B;
. , 1/2
> H]P’ Z $;X; > — s;
j=1 \ieB, 2 i€B;
oy
N
- 6 2
> 247,

Tapa, vt > 0, t € R, mopornpotue 6t |5 x2y < 18] (peey), xow av t > V2
téte enlong [12] < %tQ. "Encton 6Tt

- 1 3
(3.2.27) P (; 5:.X; > 2||§‘K(t2)> > exp (—2(10g 24)#)

yiol t > V2. Topa, ylat < \/5, €xoupe 6T

(3.2.28) 18k < lalliecay < VEI5T2 = vV2l3Tlpa),
X0l €10,
P zn:s,xi > Yotk | = P Xn:sx > L stlea
1=1 l T2 B i=1 - \/i
-1 3 2
> 247 >exp (2(10g 24)t )
v 1/2/3 <t < V2 enione. Téhog, Yo 0 < t < 1 yproonootye to Afupa 3.2.4
xan Ty avieotrta Paley-Zygmund, oe cuvduooud ue tny (1 — %) < e—et’ yiol
0<t<1. O

Andbetn tov Ocwpripatos 3.2.1. And 1o Afpua 3.2.4, via 0 <t < ||5]2/]15]| 005
€Y OupE

n n

1., . 1 1 _ 2

(3.2.29) P <§ 5 X; > 2t|s||2> =P (§ 5 X; > 2||§1|K(,52)> = “,
i=1 =1

6mou ¢ > 0 1 otodepd oto Oetdprua 3.2.7. O

IMapathienon 3.2.8. To Oedprua 3.2.1 yevixeleta 610 TAaiow Twv aveldp-
TITOV QEAYUEVODY CUUUETEMOY Tuyaiey wetaAntody X, ..., X, ue xatovous| .
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H anédeln undpyer oo [26] (delte axdua to [15, Afuua 4.12]): T xdde n € N

now v xdde §= (s1,...,8,) € R, n aviodtna
(3.2.30) P(Z siX; > 3t ||§|2> > e=Cut?
i=1

woyel ywa xdde t > 0ue t < |||,/ [|5]| o » 6mouv 1 otadepd Cp > 0 e€aptdtan amd
T0 p.






Kegpdiowo 4

To Baocuxo

TLIAVOUEWENTIXO ANUUA

Ye autd to Kegdhawo amodeucvbouye 1o Baowd mbavodewpntind Auuo tng duo-
e Trdpyer v € (0,1) dote, av n > no(y) xa 4logn/n < o < log2, t6te
undpyet € < 3logn/n yw T0 onolo

min T) > exp(—an).
i q(@) > exp(—an)

Treviuuilouye toug oplogole: Ta xdde & € C, Yétouye
q(Z) := inf {Prob()? € H): € H, H x\eio0t6¢ uiywpeoc )

Oewpolye enione Ty ouvdptnon f(z) = 3 (1+z)log(1+z)+3(1—z)log(1—z) ot0
[—1,1], Bétoupe F(Z) = L 31 | f(2;) %o yiot Soopévo 0 < B < log 2 opiloupe

FP={#e(~1,1)": F(Z) < B}

4.1 H pédodog twv UEYIAWY anoxAicewy

Eow n € N xa éotw X1, Xa,..., X, aveldptniec xou tooxataveunuévee £1
Tuyodes pETABANTES, oplouéves oe évay yopo mbavdtrtac (2, F,P), ue xatavouh
P(X =1) =P(X = —1) = 1. Na xd0e t € R, Yétouye

(4.1.1) ¢(t) :=E ["] = cosh(t)

(tnv xown poroyewhtplar Twv X;) xou

(4.1.2) Y(t) := log p(t) = log cosh(t).

Téhoc, opllovue h: (—1,1) — R pe

(4.1.3) h@y:;kg<1+i>.
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Yty §2.1 elBoape 6t n h ebvan yvnolwe xupth xon yvnolwe ad&ovoa oto [0,1).
Ouundeite enlone 6t

(4.1.4) f(x) = —¢(h(x)) +zh(z) xu f'(x)=h(z).
Aodéviwv 21, ...,z oo (—1,1), oplloupe
(4.1.5) t; == h(z;) (i <n).

Y1 ouvéyew, o t; xon T; Yo cuvdEovtar Tdvta ue auTHY TNy oyéor. Treviuui-
Couye 6T

(4.1.6) z; = ¢/ (t;) = tanh(t;) (i <n).

OplZouue éva véo pétpo mdavotnroe Py, 4, otov (12, F), détovrac

14 -exp <Z tiXi> H[‘P(ti)]_l

i=1 =

(4.1.7) Poyyan (A) :=E

—

via xdde A € F.

Adppa 4.1.1. Xrov ydpo mbavitnzas (Q, F, Py, . 2. ), 01 Tuyales petafAntés
11 Xq,. .., tn X, evar ave€dpTntes kar éxovy péon tiun, dwuomopd kar andiuvtn
KevTpIKI) TpfTn pomr mov Ofvovtal and Tig

Ey oz, [ X = tiz,
2 2 t?
E t2(X; — = —,
L1 Tm [ Z( ) ] COShQ(ti)
. 5 cosh(2t;)
Eay,ooan [[6:(Xi —2)]?] = |t —5—=,
cosh™(t;)

avtiotorya.
Anddealn. ‘Oho ol loyvplopol enodndetovton ye anhéc npdlelc. o mopdderyya,

Eoy,an tiXa] = tiPey 0, (Xi=1) = tiPsy 2, (Xi = —1)
eli e ti

o — .
" 2cosh(t;) " 2cosh(t;)
= ti tanh(ti) = tixi,

0L, EVIEADS AVANOY L,

ti —t;

E, . [2(X;—z)? = 20—z — 421 +z)% —0
e 0 v ) 2 cosh(t;) T+ 2 cosh(t;)
= 2222 — 22,t% tanh(t;)
2
= t7 —t7tanh®(t;) = —5—.
cosh”(t;)

H aveCaptnola tov 61X, ..., 1, X, eréyyetau enlone ebxola. O
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Opiloupe

4.1.8 2= Ep . [B(Xi—2)] =) —F—
( ) n ; 15:-3Tn [ ’L( ) ] ; COSh2(ti)
nol

1 n
(4.1.9) Spi=— Y (X

Un .

=1

nat Yewpolpe Ty cuvdptnom xotovourc £, R — R tne tuyolag petofAntic Sy
w¢ 1pog 1o uétpo mavétrag Py, 4t

(4.1.10) Fo(z) =Py, . 2, (S, <x) (x € R).
Me p,, oupBorilouye 1o pétpo mbavétntag 6to R nou oplleton and tny
(4.1.11) tn(—00, ] := F,(x) (z € R).

Téroc, Fétoupe

(4112) png) = ZEx1,...,xn “tl( Z| z‘dw.

cosh®(t;)

Xpnowonowbvtac Ty avisdtna cosh(2y) < 2 cosh?(y), BAénouye bt

,0(3)
(4.1.13) <2 max [ti]-

o2 1<i<
IMopatnehote enione ot
Eui 2, [S2] =0 xou Varg, .. [S:.]=1.

Ané v (4.1.7) €youpe

(g

=Fuy .. a ll[om) (Z ti(X; — x; > exp( Zt ¢ )] Hgo(tl)

i=1

Enopévoc, yenowornowwvtae tic (4.1.2), (4.1.9) xou (4.1.11), ouprepaivouye 6Tt

(Zt — ;) > 0) = [/[ : e 7 dpy (u )] - €Xp <Z[¢(tz‘) - ti$i)]> :
0,00 i=1

Huafpvovtag un’ éduv xan i (4.1.4), (4.1.5) xotahfyouue otny
(4.1.14)

(o mrozo) <[ erramia] o (-]
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Oewpolye TNY TUTIXH XOVOVLXT) TUXVOTTTA

— L e,
(4.1.15) 0) = o= (z €R)

2oL YESpOUUE
(4.1.16) O(x) := /7 o(y) dy (x €R)

YO0 THY TUTLXH XAVOVIXT GUVAETTIOT) XAUTUVOUTG Ok f4 YLO TO TUTLXO XOVOVLXd UéTpo
wdavétnrog: p(—oo, z] = ®(z), x € R. Ou ypnoyonoicoupe 10 Oedpnua v
Berry-Esseen [12, Oepnuo XVIL5.2]:

Oehpnpa 4.1.2 (Berry-Esseen). Eoww Yi,...,Y, avefdptnres tuyales
HetaPAntés oe évav yopo mbavitntas (0, F,P). Trobérovue éu E(Y;) = 0,
E(Y?) = a? xa E(|Y;|?) = b; yiai=1,...,n. Oétovue

ol =al+-+d2 xka pP) =by+ -+ b,

Av F,, efvar n kavavour) tov kavovikomomuévov apoiouatog
Sn = (Yl ++Yn)/0n7

TdtTe
oL
[F(z) — @(2)] < 6—-

On

yia kdOe x. O

Ané 10 Oedpnua 4.1.2 xon o Aupo 4.1.1, éyovye
(3)

P
(4.1.17) |Fp(z) — @(x)] <6 3
n
v xdde x, emouévoe 1 (4.1.13) poc Sver
12
1. —d(z) < = ,
(4.1.18) Fule) = 0(@)] < = max |6

v x&ie .

Adppa 4.1.3. Ioyvea n aniodenta

[ et [ et
(0,00) (0,00)

Anddeln. Aot

/ e dpin (u)
(0,00)

24
< — max |t;].
Op 1<i<n

/ L, ({u e 7" (0,00 (1) > r}) dr
0

1
= / tin (0, =0, M logr] dr

0

_ /0 [F, (—o7 ' logr) — Fo(0)] dr,
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o OUOLL
oo 1
/ e " du(u) = / [@ (—o;, ' logr) — ©(0)] dr,
0 0
10 {ntoluevo mpoxintel and v (4.1.18). m|

Ou ypewoToUUe évar Muua yiar TNV T} xavovinl| TuxvéTnTa (oL GUYXEXEL-
wévee extiprioeic anodewxviovton oty epyaoia [34]).

Adppoa 4.1.4. Ta xkdle x > 0 1wy vowr o1 aviodTnres
1 7132/2 > 1 7w2/2

(4.1.19) —my(x)e < o(u)du < —mg(x)e (x> 0),
x w x

émov
1 2x 1 4x

4.1.20) mq(x) = Kat meo(x) = .
( ) ma(z) V2T x+ V2 +4 2(e) V2mr 3z 4+ Va2 +8

Yxaypdenon tng anddeiéng. Oétouue

4
3+ V22 ts

E)éyyouvpe 6t ¢'(z) = xg(z) — 1 xon ¢/ () < zg4(x) — 1. Buvende, yio Ty
ouvdptnon h = g4 — g éyouue I (z) < zh(z) v xdde x > 0. Hoapatnpodye 6t

(4.1.21) g(x) = ez2/2/ e 2t xat g+ (x)

1 2/9 ° —2/2 1

(4.1.22) g(x) < —€” te”" /odt = —

x " x

v xdde x > 0, ondte lim h(z) = 0. Me anid unoroyiopd Bréroupe ét h(0) >

r— 00

0. Exeter 61t b > 0 o710 [0, +00): av énoupve xou apvrtinée Tipee, Yo elye wdmoo
onuelo ehaylotou y oo onolo Yo elyope 0 = A/ (y) < yh(y) < 0.

To nopandve emyelpnuo anodewmvier Ty dedid ovicdmnta oty (4.1.19). T

TNV APLOTERY| OVIGOTNTA DOUAEDOUPE PE AVAAOYO TEOTO. g

Agob

/ " ot () = [T ot g, — oot / 6 (u) du
0 V2r Jo 7

On

Eneton OTL
(4.1.23) ma(on) / et () < 1200
On 0 On
Tuvdudlovtae v (4.1.23) ye to Aduua 4.1.3, naipvouye Tic exTuAcELs
(4.1.24)
) 24 ) 24
milon) 24 max [t;] < / e dup (u) < ma(on) + — max [t
On on 1<i<n (0,00) On on 1<i<n

Térte, and v (4.1.14) mpoxintouy ot €€X¢ avio6TNTES:
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Oevenpa 4.1.5. Eotw z1,...,2, € (—1,1) ka1 éorw t, = h(z;), i =1,...,n.
Toe,

1 -
1. ) > o nE(@) _ _
(4.1.25) ( E ti( O) p e (ml(an) 24 max |tl|)

Kai

1 B
1. i — ) > < e~ nF(@) _
(4.1.26) <Zt ;) 0) < e (mg(an) +48 max |tz> .

Andbaén. Tapatnpolue 61l 0 npdToC Topdyovtag oto 8edléd uéhoc g (4.1.14)

/ e dpp, (u) > / e~ 7" dpy, (u).
[0,00) (0,00)

Enopévwe, n mpdtn avisétrna (4.1.25) npoxdnter av ouvdudoouue Tic (4.1.14) xou

looUToL UE
(4.1.24). T Ty Beltepn aviobTnTa, TAPATNEOVHE TEOTAL OTL

X xoToémY, Yenowonowvtoc tny (4.1.18), Brénouye bt
24
Poy,an (Sn = 0) < Fi(e) — Fu(—€) < ®(e) — ©(—€) + — max [t;]
yio xdde € > 0. ‘Apa,
24
(4.1.27) Py 2, (Sn =0) < — max |t],

xau 1 Bettepn aviobtna (4.1.26) mpoxUmter thpa av ouvdudooupe Ti¢ (4.1.14),
(4.1.24) %o (4.1.27). O

IMépiopa 4.1.6. Eotw 0 € (0,1). Av z1,...,z, € (—0,0) ka1 t; = h(z;),
i=1,...,n, téte

(Zt >o) n;(f)e—nF(f)
A5 (1 ((cosh(n(6))~'v/2nF (&) ) — 24h(5) ) .
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Arndden. Oo ypnowonoicoude to Afuua 2.1.8. H cuvdptnon

f(tanh(t))
12

tanh(t)

(4.1.28) g(t) = ;

1
=% log cosh(t) +

elvan yvnotwe gdivousa oto [0,00) xau limy—g g(t) = 1. Eneton 61t

0)
72 (5)

1
(4.1.29) 67 < flw) < 5t

v xde © < n (yprowonoiue €86 xou o yeyovée 6T N ko elvan abEouca oTo
[0,1), ondte and v 0 < x; < § éyoupe h(x;) < h(d)). Apod 1 < cosh2(ti) <
cosh?(h(4)), ané v (4.1.8) maipvouus

f6) » COShZ(h(‘S)) 2

(4.1.30) 12(0) o, <nF (@) < 5 n:
Téloc, €youye
(4.1.31) max |t;] < h(9).

1<i<n

Ewdryovtag auté Ti¢ exTWhoE 070 cUUTEpacua Tou Oewpridotog 4.1.5, xou yerr-
GLLOTIOLOVTOS TO YEYOVOE OTL OL GUVIPTAOELC My Xal My elvor abEO0VCEC 610 [0, 00),
ONOXANPOVOUYE TNV amddelln. O

Enueiwon: To dvew @pdyua e (4.1.26), xadoe xou 1 avtiotoyn aviadtnto Tou
Iopiopatoc 4.1.6, dev Yo yenowonounboly 61 cuvEyewa xar divovtar €8¢ uévo yia
Aoyoug manpétntoc. Hoapatnehote duwe 6Tt Ta @pdryuota autd dlvouv LoyupdTERT
Thnpogopia an’ 6T to Afuua 2.2.4.

4.2 To Baowxd teyvixd anotérecpa
Ou epopudoouye o llopiopo 4.1.6 oty e€hc poper:
IMedéraon 4.2.1. Yrdpxovr v € (0,1) ka1 k = k() € N ue my e&rig bidnra:

lNa kdde n €N, av ta x1,...,T, € (—7,7) kavonowlv v Y i f(x;) > k(7),
karav t; = h(z;),i=1,...,n, tdre

. f(v) 1 —nF(Z
(4.2.1) P (;ti(Xi — ) > 0) > 10707 T F(i)

Anédaén. Tpwta eméyouue v € (0,1) étor dote 24h(y) < (2v2m)~ L. Auté
ebvor duvartdy, dbt lims_o h(d) = 0.

Eépoupe 61t my avEdvel oto (2m) Y2 xadde x — oo, Apa, undpyel k =
k() € N tétoi0c dote

2k () 5
(4.2.2) mi (COSh (h(ﬂ)) > 6@




40 - TO BAZIKO MIGANOGEQPHTIKO AHMMA

Ané ov mpdTo wyvpiopd tou Hloployoatog 4.1.6, BAénovye éti, Yo Oha T ; €
(=7, 7) mou avonowiy y nF(Z) = 3" f(z;) > k(v),

n . )
P E ti(Xi - !Ez) > O) > —_— e—'VLF(:L')
<i—1 nF(Z)

NI ([ V2R )
W) ( 1<amh047»> 24h“”>
L k@ VD (5L
= PG *They) (6@ 2@)’

an’ 6mou éneton 1 (4.2.1). O

Optowdg 4.2.2. X1n ocuvéyea otadeponoolue wa otadepd v € (0,1) mou
cavorotel Ty péraom 4.2.1 xadoe xou v v < tanh(c™1), 6mou ¢ elvor n amdiuty
otadepd 070 Oedpnua 3.2.1. Amhdc éheyyoc Twy oTAlERHOY TOLU UTELGERYOVTOL
otc amodel€eic tng §3.2 delyvel oL unopolye va emiéouue

1
4.2.3 =tanh [ —— ] .
(123 =t (=)
Oedenpa 4.2.3. Trdpye v € (0,1) dote, av n > no(y) kar dlogn/n < a <
f(v), tére vrdpyer € < 3logn/n yu to omoio
(4.2.4) O(F‘EI—HE%WC) q(Z) > exp(—an).
Andbaén. Itadeponoolue € = 3logn/n. Tpéner va ehéyEouye 6Tt ¢(Z) >
exp(—an) v xéde T oto I(F* ¢ N~C). Apxel va delfoupe 6t

(4.2.5) IP’()? € H) > exp(—an)

yio xdde nulyweo H nou epdntetar oto F**N~yC. Ytadeponoolue Aolmdv évay
TE€Towov Mulywpo H.
Ioyvgropmoée: Trdpyel & oto olvopo touv H tétow dote F(Z) = a—e (Snhadi,
Ted(F9)).
Andoeitn. Ipdypat: av 1o cbvopo OH tou H axouundet to F*7° N ~C oe
xdnoto onpelo & tou O(F*7¢), téte 10 T €yel authy TV Wibtnta.  Atoupopeting,
o H repiéyel xdmowo onpelo ¥ (610 cvvopo tou vC') i o onolo F(Y) < o — €.
Trdpyer edpa E(y) tou vC' (pe v edyotn Suvath Sidotact) otny onolo avrixel
0 §. Ou xopugéc tne E(¥) elvar xopugéc tou yC, ondte dev avixouv 6to F* ¢
(v Z elvon wopuet) Tou YC téte F(Z) = f(y) > a — ¢, and v unddeon). Av
Mooy EVOOOUYE To I e ontotadrimote and Ti¢ xopugéc TN E (1), and 1o Jedpnua
evdudueone e Beloxovue ¥ € E(Y) mou wavornowel v F(Z) = a — . Agob
E(y) C H, éneton 0 woyuplopoc. O
Agob to OH eivon epantoyevo urepeninedo tou F~¢ N~vC, unopolpe vo ypd-
Joupe

(4.2.6) H={§eR": (t,,j—F) >0}
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yiot xdmowa £y, # 0 xou & € d(F*~¢) N~C.

Aoyw ouupetplog unopolye va unodéoouue 611 0 < xy < --- <z, Agol 10 T
avixer oto O(F*2)NyC (xon dev elvor xopuph tou vC'), utdpyet nq € {1,...,n}
TETOOC OOTE Ty, < Y %O Ty 41 = 7. Oftouvyue t= (t1,...,tn) = nVF(Z)
wo ypdwouue . = (t1,...,t%) v éva x&deto Bdvuoua tou OH 10 omoio Do
emAéloupe we e€hc: Av ny = n, dnhadh z; < v v x8e 4, T6TE PmopolUE va
m’(poupst_; =t Avng <n, dMMadf0 <z < <y, <Y =Tpyq1 =+ = T,
thte 0 . TpémEL Vo aviixel ooy xéddeto xdvo tou FCF N yC oto F. Me tov
ouuBohoud tou [32],

(4.2.7) t, € N(Z, F**NyC)={TeR": (,§j— %) <0Vye F*°n~C}.

Touewva pe to [32, Oedpnua 2.2.1],

(4.2.8) N(Z, F**N~C) = N(Z, F* %) + N(&,~C).
"Ouwc,

(4.2.9) N(Z, F=¢) = {AVF(Z): A\ >0}

non

N(@AC) = {7 € R™: (5§~ 7) < 0Y§ € 1C)
={veR": vy =+-vy, =0, Vkg1,...,0y > 0}.

Mropolue hoimov va emhégoupe To ty €ToL BOTE

(4.210)  ti=t;=f'(x;)) av i<ng xu t;>t;=f(y) av i>ny.

T'pdpouue
P <Zt2‘(X7; — ) > o) =P (Zti(Xi —z)+ Y H(Xi—9) > 0)
i=1 i=1 i=ni+1
=1 i=ni+1

BOo extyicoupe 1 deltepy) TdoVATHTOL GTO TEAEUTHO YIVOUEVO, YETOWOTOLOVTIC
v Hpdtacn 3.1.1: éyoupe
(4.2.11)
P ( Y otXi—v) > 0) > exp (—(n —n1) f(v) = $log(n — 1) — e1 (7)) -
i=ni1+1
[ va extyioouue Ty tpd Ty mdavétnTo Slxeivoude 800 TEQITTMOEL:
1n Hepintwon: Y it f(x:) > k(7). MropoUue T6TE VoL YpNOHLOTOGOUPE TNV
IIp6taon 4.2.1 yio va extiuficoupe Ty mp@tn miovotrnta:
(4.2.12)

P (Z ti(Xi —w5) > 0) > exp <— Zf(xz) - %long(Ii) - CZ(’Y)) .
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Yuvdudlovtac tic (4.2.11) xou (4.2.12) nadpvouye

(Zt >O> > exp< Z long $L>
x exp (— (n n1)f(y) =5 log(n —n1) — (7))
> exp< Zf x;) 210gn0(’y)>

_ e (o~ &) — 2logn — ()
> exp(—an),

apxel To n vo elvon apxeTd ueydho BoTe va éyoupe logn > c().

27 Hepintwon: > f(z;) < k(y). Te authv v meplntwon ypnowonoolue
T0 Oewpnua 3.2.1 yia vo extiuocovye Ty TenTn avétnta. Tyouue

(4.2.13) (f} -—aiﬂﬁ—P E}Aﬁ>5m iﬁQ,

av 9éoouye

ni t :
(4.2.14) 9:c2;7§%
Zz 1 tz

[ va egappodooupe 1o Oedpnua 3.2.1 mpénet va eréyEoupe OTL

5 t2
(4.2.15) 6 < 2z by

T maxi<i<ng t;

H ouvdptnon h eivan xupth oto [0,1) xaw 1 mopdywyog e oto & = 0 wolbton Ye
1. Emopéve, © < h(z) yw xdde x € [0,1). Encton éu 211:11 tizg < SO 2.

i=1"1"

’Y) Zznlltf

max t;
1Si§’ﬂ1

ool toylet xou N t; = h(z;) < h(y) v xdde 4, ané ™ povotovia e h. And
v (4.2.3) %o ) povotovia g h, €xoupe ch(y) < 1 ondte to 6 xavornowel v
cuvihun Tou Bewphuatoc 3.2.1. Aé 10 Oedpnua 3.2.1 xon Ty (4.2.13) nadpvouye
w0 gpsrua

(4.2.17)

ni 1
Zt ;i —x;) > 0] > cfle*ca2 > —exp | —c
c ) =

610U 1) TERELTAUL AVLEGHTATA TPOXUTTEL o TNV TP TN aviodtnta oty (4.2.16) %o

w
>
[\v]
2
N—
]z
~
—
=2
N
N———
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v (4.1.29). Térte, o (4.2.17) xau (4.2.11) Sivouv t0 Qpdypa

P <2n:tl(Xl — CUZ‘) > 0)

i=1

> exp <(nn1)f('y) log(n —n1) — c1(y) — es(y Zf —ca(y >
p( > f@i) = $log(n —na) — cx(y) — [1 = es(y)]k( )—04(7)>

apxel To n Vo elvon apxetd peydho wote va éyouue logn > C(y).

Eléy&aue 61, xan 0TI 800 TMEPLTTOOEL, oy VEL 7

(4.2.18) (Zt 0> > exp (— an)

vt n > ng(7y). Autd ohoxhnpdver Ty anddelln. O

4.3 'Eva teheutaio xdtw @pdypo

Ye autiv v Tlopdypupo amodetxviouvpe €vo XdTw @edyud Yo THY ToooTNTa
g—(F?%), o onolo anoutelton yior Ty anddelln tov Oewphuatoc twv Dyer, Firedi
»ow McDiarmid tng §2.2. H anddein mou divoupe elvan wg éva Sadpd diapopetixt
and authy e epyacioc [10], xou €xer o TAEOVEXTNUA OTL UTOPEl VoL YEVIXEU-
1el 070 TAUCIO TWV AVEEGPTITWY PEAYHEVGDY CUUUETPXWOY TUYUY UETABANTOY
X1, Xy UE HOTAVOUR [

Igétact 4.3.1. TINa xdde € > 0, ka1 yia xdde o € (0,1log2) vndpyer n(e) € N
date ya kdtle n > n(e) va wyve

(4.3.1) q—(F*) > exp(—(1 4+ e)an —en).
Anddaén. Apxel va del€oupe 6Tt
(4.3.2) ]P’()? € H) > exp(—(1+e¢)an —en)

v xdde wheloto Nubyweo H mou 10 olhvopd tou otnpllet 1o F¢. Topa, av H
ebvan évag whelotog Nulywpog mou otnplel to F'¥, undpyel & € O(F) dote

KX cH) = (Zt i — T >0> (t; := h(x;), 1 <i<n).

Yradeponowlye autéd 0 T Yo T cuvEyew Tne amédedne. Mropolue va Bpolue
0 > 0 mou wavonotel ta e€hc:

(i) 0 <6 <min{v,7'(3)}, 6m0L 10 7 xavoToel Tov Optoué 4.2.2.
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(i) Av |x\ < 0 161 |z| < 2]h(x)] xow 22 < 4f(z) (autd ebvor duvatdy, BioT

lim M2 = 1y lim RACO RS 3)-
z—0 ¥ —0 z?
(iii) Avl—90<a<1téte P(X > ) > exp(—f(z)(1+¢€)) (aut6 ebvor Suvatdy,

P(X>z)
OLOTL :};Lnll m 1)

BOewpolye o abvora
I = Il(f) = {Z L < (5}
IQZIQ(f) :{2531’23176},
Igzlg(f) Zz{i2$i>1—6}

xau opllouye
P; = P;(&) := P(Zti(Xi—xi) 20) (j=1,2,3).
Adyw avelaptnolac éyouue

P(X € H) (Zt ) > 0) > P PyPs.

Meletdue tic mbavotnree P yopotd.
pdyto e€etdlouvue 10 I3. Adyw aveloptnolac unopolue va ypdouue

(4.3.3) (Zt >0>>HIP>X>m)

i€l3 i€l

Ané v emdoyn Tou 4,
P(X; > a;) > e~ f(@)(1+e)
yio xde ¢ € I3, ondte malpvouye opéows to eENG:

Adppa 4.3.2. Eyouvue

(4.3.4) P; > exp <—(1 +¢) Z f(xl)>

i€l3

Y ouvéyew egetdloupe 10 I1. And v llpdtaon 4.2.1 xon amd tnv emhoyy
w0 §, av to T wavoroel ™y Do f(@i) > k(y), tote

(4.3.5) P = (Zt i —T) >>exp< Zf %IOng({Ei)—C>,

i€l i€l i€l
6mou 1 ¢ e€opTdrar Yévo omd To 7.
Av mdh Do fwi) < E(7), xenowonowotye to Yedpnua tou Montgomery-
Smith yia va extiuricovpe v Pi. ‘Eyoupe

(4.3.6) <Zt s — ;) >0>—]P’ SNuxi=10 D],
i€l i€l i€l
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ue
Zz‘ell tit;
\/ Eieh t22

Mo va yenowonotooupe to Yedprnua tou Montgomery-Smith mpénel mpdta va
ehéyEouue OTL

(4.3.7) 0=2

> I t2
(4.3.8) p< VTt
maXier, t;
A6 v emhoyh tou O, éxoupe |x| < 2|h(z)| yio x&de z € (—6,0). Apuw,
Dier, tiwi <230, 17, ou oLVETGX,

V 2ien
(4.3.9) 6<4 |32 <an@) L=t
i€l

maxt;
ieh
av tdpoupe U’ Sy pag xon TV t; = h(z;) < h(6) mou woyler v xdde 4, and ™
uovotovia Tng h. Agol 1o § < (%) etvon apxetd wixpd, éyoupe h(8) < + xou 0
0 wavornowel Ty (4.3.8).
Ané my (4.3.2) xou and to Yedpnuo tou Montgomery-Smith naipvoupe tny
VIGOTNTA
P > 6—092

)

7 onofa, oe cuvduaoud pe Ty avicétrra Cauchy-Schwarz, ty (4.3.7) xo v
delUtepn undleor) yia 1o 0, Bivel To QEdYUA

P > exp <—4C Z x?) > exp (—160 Z f(%))

i€l i€l
> exp (— S fla) — 1 - 16C] k(v))
i€l

oty nepintwon wou e f(xi) < k(7). Xuvdudlovrag pe tny (4.3.5) nofpvouye
v e&€hc extiunon v Ty Pr:

Avppo 4.3.3. Exovue

(4.3.10) Py > exp (— Z f(z;) — e log || — 02>7

i€l
émov o1 ¢, ca > 0 ebaprdhvtar pdvo and za 6, 7y.

TéAog, dlvoupe extiunon v Ty Pr. Xwplc Teplopioyd Tng YEVXSTNTAS, UTO-
polue vo uroVéooupe 6t In = {1,...,k} v xdmowov k < n. Ouundelte b1
ti = h(z;) v x&de 7, xou 6t auth 1 oyéon elvon loodivaun we Ty ; = ¥’ (t;) v
x&e i. Oewpolye o pétpo miavotnaC Py, . 4\ otov (2, F), ue

Pw1,...,:z:k (A) = E(]-A . eZieI2 [tini_w(ti)]) (A c ]:)
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Edaye 6T, xdtew and 10 Pr, .. 5., ot tuyaiec yetofintéc 11Xy, ..., 15Xk ebvon
aveldptnTes, xou

Eay,.on (6X0) = 69 (8:) = iz,

Eoy..ooinn ([:(Xi = 22)[?) = 67/ cosh®(t2),

By, (|6 (X5 — xz)|3) = |t:|* cosh(2t;)/ cosh™(t;).
Oétoupe o = t2" (t;),

sto= ) Bay o (16X — ) ) = D t2/cosh®(t;) = Y o?

i€l el i€l

preets
Sk = Z ti(X; — @),
i€ly

xau opilouye Fi: R — R ) ouvdptnon xatavoprsic e tuyaibog uetoPintic Sk/sk
%4ww ond 10 Py, a0t Fi(x) := Py 0, (Sk < xs) (x € R). Me pi ovufo-
AMZouye 10 pétpo mbavétnroc oto R mou opiletan and ty pp(—o0, z] = Fi(x)
(x € R). Hopatnpodue 6t By, 4, (Sk/sk) = 0 xou Varg,, . ., (Sk/sk) = 1.
Onwe¢ oy §4.2, éyoupe 10 €€h¢:

Adppa 4.3.4. Ioyvea n tavtdenza:

(4.3.11) P, = </[0 : e dﬂk(”)) exp (— Z f(xl)> .

i€ly

Oa ypnowwonoooude entiong TNV axdrovdy cuvénela tou Yewpriuatog Berry-
Esseen (Bhéne [12], oeh. 544).

ARppo 4.3.5. Ia xdle a,b > 0, vrndpyovr kg € N ka1 p > 0 pe wny eijg
wictnra: Av k > ko, kat av Yi,..., Y}, elvar avebdptnres tuyates petafAntés ue

E(Y) =0, of :=E(Y?)>a E(¥[")<b,

z
T0oTE

émov 02 = 0} + -+ + 0}

Awaxplvoupe B0 mepimtooets Yo to Io: Agol § < x; <1 —6 v xdde i € Iy,
unopolue va Bpobue A, B > 0, mou e€aptidviar wdvo amd 10 J, €ToL WO TE oL TUYolES
petaBintéc Y = t;(X; — ), i € Iz, vo avomowoly Tic

O',L-Q =Eyz, ..z, (Y-Q) = t?/coshz(ti) > A

K3

ol

Eoy,.oom ([Yil%) = |t cosh(2t;)/ cosh®(t;) < B

HTm

v xdde i € Io. Oétouye ko tnv otadepd tou Afuuotoc 4.3.5 mou avtioTouyel
ot A xau B, xou unevdupilouue 6t |Io] = k.
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Iepintwon 1: |I3] < ko. Téte, Soukevovtoag 6mwe yia To I3, PAénoupe 6t
(4.3.12)

=P Zt > 0) > H P X; > ) — o~ 2Im(1-9) > e—kom(1— 6)

i€l i€l
omou (Yupiloupe 61) m(z) = —logP(X > x).

Iepintwon 2: [I2| > ko. And to Afuua 4.3.4 €youpe

(4.3.13) Py > e .0, s1]) m% Zf@)
i€ls
Agot
(4.3.14) =Y 7 (t;) < B3I,
i€y

7 (4.3.13) xou to Afppo 4.3.5 Stvouy
(4.3.15) P, > nexp <— Z f(zi) —c3 |Ig>,
i€l

6mou c3 = B/3 > 0 ebvan pra otadepd Tou eEaptdtor udvo amé To 4.
Yuvdudlovtog Tic 800 TMEPITTWOELS XUTAAAYOUUE Gty €€ extiunon yia Tny
P2:

Avppo 4.3.6. Exovue

(4.3.16) P, > exp (— Z flxi) —esv/ | I2] — C4>7
i€ly

émov o1 otalepés c3, ¢y > 0 ebaptddvtar pdvo and wa 6,7.

‘Exouue étor anodeiler tny Ilpbdtaon 4.3.1: Bdlovtog poall tic extuioeic and
10 Afupa 4.3.2, to Afupa 4.3.3 xae to Afppa 4.3.6, Brénoupe 6T

P(i ti(XZ‘ — CI?Z‘) 2 O) 2 P1P2P3
> exp <(1 +e) Z f(x1)>

1€1l3
X exp (— Z flx;) —crlog|h| — 02>
i€l
X exp <— Z f(xl) — C3 |IQ| — C4>
i€ly

> exp (—(1 +¢) Zf(%) - €n>,

Yo dpXo0OVTWS HEYTAA 7. O






Kegpdhawo 5

IToooeyyion Tou Tuyaiou
KN

Xe auté 1o Kegdhowo Ya Solue pe mowdy tpémo 1 uehétn tne ouvdptnong ¢() xou ta
ndavolewentind Ahuuota twv Tponyoluevey Kegololwy divouv mAnpogopliec yio
TNV GUUTERLPOEA. Tou Tuyaiou TohutoéTou K. Ltadeponootuye N yen < N < 27
xan opllouye o > 0 uéow tne e€lowone N = €. Anhabdy), Fétoupe

log N

n

O1 Baowég exturioeic mou Yo delovyue elvon oL axdrouldeg:

e Trdpyer v € (0,1) dote: av 10 n evon dpxeTd peydho xa av n® < N <
et téte
Prob(Ky 2 F* > NHC) >1—27"*!

via xdde € > 3logn/n.

e Av 10 n elvor apxetd peydho xa ov o < log 2 — 12n~1, téte undpyer et
otadepd 6 < 6/n Hote

Prob( |0(F*H) N0 N Ky| > 3|0(F°H) NACl) < 1.

5.1 Avdo Mppota

Ye authy Vv Tapdypago, 1 napductpog a < log2 ixavornolel xdnotoug oA o-
odevelc mepopiopole: 8(logn/n) < a < log2 — (12/n). Aslyvouye mpdta ot
urdpyet € < 3logn/n Hote n mdavdnta Prob(Ky 2 F*~2 NyC) va etvon ToRD
Wxpn av To 1 etvan apxeTd ueydio.

Ieértacy 5.1.1. FEotw v € (0,1) kai éotw 0 < 8 < f(7y). Tdre,

(5.1.1) 1 —Prob(Kyx 2 FPN~C) < (Z) ZN% +2 @) (1 - ming(#)" ",

émou to min nafprerar ndvw and dha ta T € A(FP) N~C.
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Anddaén. Xtadeponotolye ta B xan 7y ol YRGPOUPE G« Yia TNV ENSYLO TN TWT TNG
q(Z) ot0 O(FP)N~C. Eotw E 0 evdeyduevo va éxel un xevé eowtepind 1o K.

I %d9e umosUvoho J = {j1,...,7n} ToU {1,..., N}, nou éxeL n ctouyela,
op{loupe 1o evdeybuevo B we e€fc: ta X?’v e ,f(}n elvon ap@vixnd aveldptna,
xalL Yo xdmolov and toug 800 xhetoTolC Nuyweoue Hy, Hy mou opllouv, tov Hj,
éyoupe tautéypova Ky C H; xu P(X ¢ H;) > q..

BOewpolue TOpa o evdeybuevo E émou 10 K €yel un xevo cowtepind. Av
(FPNA~C) ¢ K, tote utdpyer T € (FP) NyC \ Kn. Auté mpoxiner and To
enduevo Afupo, to omolo Yo amodelfoupe TopandTte.

Afppo 5.1.2. H kypth Oxkn conv(O(FP) NyC) tov O(FP) N~C' eivar fon pe
0 FAn~C.

Agol & ¢ Ky, undpye €dpa F' tou K pe tny elfic wiétnta: Evag and toug
800 xAeloT0UC NULyweouc Hy xow Hy mou opllovton and v F nepiéyer 10 Ky
ahNd Sev mepiéyer To &. Av H; elvon awtodc o nulywpoc, TOTE €xoupe Tautdypova
Ky C H; v P(X ¢ H;) > q(%). Aot & € O(FP) N ~C, ouunepoivoupe 6t
]P’()? ¢ H;) > q.. A@g@ 10 oOvopo tou H; npocdiopiletar amd XEmOLES aPPVLXS
aveldptniec xopués Xj ..., X, tov Kn (ol onolec avixouy otny F), éyouue
gtol Sef€el oL

(5.1.2) En{F’N~C ¢ Ky} gUEJ.
J

Ané v (5.1.2) éyouue

(5.1.3) {F'n~C ¢ Kn} CE°UJE,.
J

"Eneton 6Tt

Prob(F* nyC ¢ Ky) < Prob(E°) +  _ Prob(E,)
J

= Prob(E€) + (Z) Prob(E'),

érmov E' := Eqq,. )

EXéyyouue mpdTa 6L

(5.1.4) Prob(E') < 2(1 — ¢,)N ™.
Mpdrypart, éotw E” 1o evdeydpevo 6mov to Xl, .. .,)_(’n elvon ap@uvind aveldp-
. Xto BVt Xy,..., X, mpoodopilouy Slo sheiotolc nuydpove H, =

Hi(fh...,Xn), i = 1,2. Eotw E' 70 evdeyoduevo 6mou 1o Xi,..., X, cho
aQEWIXS aveEdpTnTaL Xol IP’(X ¢ Hz) > qi. Téte, ypdgovtag Exp yia tnv yéon
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T we Tpog To uétpo Prob, éyouue

2
Prob(E') <> Prob({X,1,..., Xy € H;} N E")

i=1

2
= Exp(Prob({Xp41,.... Xy € Hi} | X1,..., X))
i=1
2
< (1—q)V™" > Prob(E").
i=1
T va gpdZoupe Ty Prob(E°) oxegptéuacte we e€hc. Av 1o K éyel un xevéd

eowtepid, utdpyet J = {j1,...,jn} C {1,..., N} dote 10 otvoro {X;: j ¢ J}
vat TepUéyETon otV apvx) Ofpn tou { X1 j € J}. Oa yperactolyue 10 EEAC.

Adupa 5.1.3. Ay napgikn Sidotaon tov S elvar pukpdtepn ané n, tote IP’(X €
S) < 3.

"Encton 61Tt

n

(5.1.5) Prob(E°) < (N> 9~ (=),

Auté anodewviel v Ipbdtaon,. O

Anédeatn tov Afuparog 5.1.2. Eivor gavepd 61 conv((FP) N~yC) C FPn~C,
apxel hotmdv va detEoupe Tov avTioTpogo eYxhetops. Oewpolye & € FP NyC, xou
unotétoupe 6t f(Z) < B (adhds, dev éyoupe tinota va del&ouue). Agpol & € yC,
UTEEYOWY A1, ..., Aon > 0 e Do, A\ =1 dote

(5.1.6) =\,

6mou Ui, ..., Usn elvan oL xopugés tou vC. Ané ) ouvdfxn f(v) > B mou -
novorololy T B xon 7y, émeton 6t f(¥;) > B v x&dde i. ‘Eyoupe unodéoel 6Tt
f(@) < B, dpa undpyouy t; € (0,1] woze f(t:v; + (1 — t;)@) = (. Oétouyue
G o= 40 + (1 — ;)@ Téte, §; € O(FP) xou 0; = t;'7; — t7 1 (1 — ;)T vy x&de .
Ané v (5.1.6) ouunepaivouye 6T

(5.1.7) 7= (HZMT) Z?ﬂ

xou 10 I ebvon xuptde ouvduaoUde Twy I € I(FP)n~C. O

Anédaén tou Anuuaros 5.1.3. 'Eotww S éva cUvolo Borel nou nepiéyeton o

—

xdnowo unepeninedo H. Téte, H = {§ € R™: (4, § — &) = 0} v xdrowx 4 =

(U un) # 0 %o & = (21,...,2,). Mropolue va unodéooupe bt u; # 0.
Tore,
(5.1.8) XGH = X; :.ﬁi—u;lZUj(Xj —J,‘j).

j#i

Agol P(X; =) < 3 yio xdde « € R, éreton o Afjuua. o
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Oevenpa 5.1.4. Eoww v € (0,1) n otadepd tov Ocwpripatos 4.2.3 ka1 éotw
bun® < N <etf(), Toe,

(5.1.9) Prob(Ky 2 F* % NyC) >1—27""!
yia kde € > 3logn/n, av to n eflvar apretd peydio.

Anddaén. Egupuolovue 1o Oedpnua 4.2.3. Trdpyel ng GOTE, av 1 > ng Xt oV
e = 3logn/n, téte

(5.1.10) min ¢(%) > exp(—(a — e)n),

6mou To min evar VL and Gha o T € O(F*)N~C. Tapatnefiote 6t 1
ouvdfen f(v) > a > 2e, n onola ypewdleton yio va egapubooupe 10 Oetpnua
4.2.3, wovorotetton Moyw tne N > nb. Suvdudlovtac tnv (5.1.10) pe v Mpbdraon
5.1.1, Brénoupe 6Tt

(5.1.11)

N N —n
1—Prob(Ky 2 F* > NyC) < <n) 2~ (N=n) 9 (n) (1—exp(—(a—5)n))N .

Adppa 5.1.5. Av to n efvar apretd peydlo kat N > nS, téte

N
(5.1.12) < )2—<N—") <27,
n

Anddaén. Ioyle (]r\[) < (eN/n)", onbte apxel va eréyloupe 6Tt

N\ N-
(5.1.13) 1 +1og(n> - " Jog2 < —log2.

Av Yéoouue x := N/n, n (5.1.13) elvon 1oodlvayn ye Ty
(5.1.14) (r—1)log2 —logx > 1 —log2.

To Avjupo émeton, yioti 1 GUVAPTHOY 070 APLGTERO PEAOS AUEAVEL GTO ATELRO OTAY
x — 00, xou x = N/n > nd. |

ARppa 5.1.6. Ay o n efvar apxetd peydio kar N > 2n, téte

(5.1.15) 2 <]Z> (1 —exp(—(a— 6)n))N_n <27

x

Anddaén. Adyw tne 1 —x < e ™, apxel vo ehéylouue Ot

(5.1.16) (4°;7N>n exp(—(N - n)e—<a—8>") <1

Mopatneolue 6t e~ (7" = " /N Agot nlog(4eN/n) < n?f(y) (av unodé-
couye 61t n > 4de) xou (N —n)/N > 3, Lntdue vo woylet n

(5.1.17) 22 f(y) < e
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Auth wavormoelton v € = 3logn/n xou n apxetd YeYdro. i

Suvdudlovtae tny (5.1.11) pe o d0o Afuparte, Talpvouue Ty
(5.1.18) Prob(Ky D F* > NAC) >1—-2""—27"
YOl 1L OPHETY, UEYIAO. O

To Sebtepo anotéheoua authc e mapaypdgou delyver du undpyer § < 6/n
GoTe N wot TouldytoTov empdvela ou FOH N~yC va eivon é€w ané to Ky av 1o
n elvon apxetd ueydro.

AAppa 5.1.7. Trnobérovue 6ut to n efvar apretrd peydro kar 6t a < log2 —
12n~t. Trdpya Jetikry otadepd § < 6/n térowa dote

(5.1.19) Prob( |0(F*T°)NyC N K| > Lo(FT)nAyCl ) < ks
AnddeiEn. Oewpolye a < B < log2 xou ypdgouue f = a + § yio xdmoo § > 0.
FEow & 670 olvopo tou FP. Av H civar évac xhelot6c nulyewpog mou meptéyet
0 &, xou ov & € Ky = conv{Xy,..., Xy}, 1ot undpyet detxne ¢ < N tétooc
wote X; € H (vl o R™\ H eivon xupté.). Tpdoouue

Prob(feKN) = Prob(féconv{)?l,...,)z]v})
< Prob( )Z'z € H yiauxdnowo 1 <1 < N)
N
< ZProb( X, € H)

i=1
= NProb(X € H).

Aol o nuiywpoc H 3 & Aoy Tuy v,

(5.1.20) Prob(7 € Ky) < Ninf{Prob(X € H): H > 7} = Nq(%).

Ané 1o Afppa 2.2.4 éyovue

(5.1.21)  Ngq(&) < N exp(—nF(Z)) = N exp(—an — én) = exp(—dn) < 5

200

av 6 > 6/n. Ioapatnphote dTL TéTole TS TOU § EMTPETOVTOL UG TOV TEPLOPLOUS
mou gyel tedel oo a. Todpa,

(5.1.22)
E [O(F?) Nn~yC N Kyl g/ Prob(7 € Ky) dZ < 5550(F7) n~C].
A(FB)NyC
Enopévec,
(5.1.23) Prob( [(0(FP)N~yC N Ky| > 3|0(FP)n~yC|) <1072,

and TNy oavicoTnTa Tou Markov. O






Kepdiowo 6

['ewpeToind AupaT

6.1 Kopnmuhotnta xol EmLQAVELL TOU F?

YHOomO¢ Hog O aUTHY TNV Topdypapo elvor vor BOCOUUE HATW QEEYUO YL TNV
EMPAVELL TOU xopuaTiol Tou ouvbpou I(FP) mou Beloxetor uéoa otov xUBo YC.

6.1’ To mpwTo YEOUETELXG ARUpa

Oewpnpa 6.1.1. Ia kdde v € (0,1), Undpyer otadepd c(y) > 0 térowa dote
av to n etvar apretd peydlo xar av B < c(vy), tdre

(6.1.1) O(FP) Ny C| = e(y)" 1 (26n) "~ 1/2|5" 1.
H onédeiln Yo Baciotel oe o oetpd omd MAUUOTOL.

Adppa 6.1.2. FEotw B < log2 kai éotw & € vC pe F(Z) = 8. Av k(%) etvar
n kauruAdtnte Gauss tng emgdreas F(X) = B oto &, téte

1 n—1
6.1.2 —— > (1—=9%)"" (28n)" D2,
(6.1.2) T 2 (=" )
Anddaén. Eotw v(T) = VF(Z)/||VF(Z)||2 to wovadalo efwtepind xddeto 5id-
vuoua tou FP 610 . Tougeva pe to [32, Hopdypagoc 2.5], yedpouue Tz FP yia
Tov £ganTéuEvo Ywpo tou FP oo T, xou Yewpolue Ty amexévion, Weingarten
Wz : TeFP — T:FP. H amEWMOVIOY) aUTH EVOL O TEPLOPLOUOS CTOV TsF? tou
Suopopol Dz tne amewdvione & — v(Z). H Wz elvon ouppetpudy xon Jetixnd
OPLOUEVT|, ETOPEVLC

n—1

(6.1.3) K(#) = det Wi < (M(Wf))n_l

amd Ty avie6TnT apripnTixol-yewpetpol péoou. Eotw (aij)fj—; o mivoxac
tou Dz wc nmpoc v cuviin oploxavovixy, Bdorn tou R™. Eilvar yvwotd, xo
emohndeteton elxoha pe aneudeiac utohoyioud, 6t 1o v(Z) elvon Woddvuoua Tou
ouluyolg tou Dz, mou avtiotoiyel oty Wotwh 0. And v napathpnon auth
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xou and o yeyovée 6t oL Wiotwés Tou Wi ebvan enlong Wiotés tou Dg (bhec un
undevixée) énetan 6t tr(Wz) = tr(Dz). Enlong, évac anhdc uvrohoyioude delyver
foqu?

_ S @) (InVE@)E — (F@:)%) _ B ) (113 = (h(@a)?)

(614) (0777 T =
InVF()]3 113

Enopévac, yia xdde 7 € O(FP) N~yC éyouue

trace(Wz) _ trace(Dz) _ zn: B () (113 = (h(@:))?)
n—1 n—1 — (n—1)| 3
< h,(y)nllﬂ\% — it
(n—=DIIE3
_ M)
1£]l2"

Ané ny ¢ = tanh éyouue

1 1 1 1

M) = ) T el ) 1= @) 1=

on6te 1 (6.1.3) noadpver Tn pop,

1 —n— _
K (Z) 2 HtH; 1(1_72>n g

(6.1.5)

Quundeite 6t 2f(z;) < t7 anbd v (4.1.29). Apa,

(6.1.6) I£]3 =17 > 2nF(Z) = 20n.
i=1

‘Enetor 1o {nrodyuevo. O

Ynuelwon. O oxpBic unohoyiouéc tne xounuAdTrtac Gauss tne emQavelas
F(Z) = B oto T € O(FP) vyivetor oty enbpevn mopdypowo. H extiunon mou
anodeloue oto Afupo 6.1.2 elvon apxeTy| yiol Tov oxond yag.

ARppa 6.1.3. Eoww § > 0 kar éotw fe st e

—

(6.1.7) 3 < |supp(8)] (log 2) /n.

Yrdpyer povadixd onueio (0, 3) owo otvopo tov FP ya to omoio o

-, = — — —

(6.1.8) 0. 8) == nVF(&(@,3)) = p(d, 8)0

etvar Oetird ToMamAdoo tov 0. EmmAéow, n owvdptnon B — ,0(9_)7 B) etvar yvnoing

—

avéovoa oto (0, [supp(0)| (log2)/n).

Arndoeitn. T xdde p > 0 opllovue

(6.1.9) Z(0, p) = (tanh(p6;))i<n.
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To onuelo &0, p) aviner oto C xou
(6.1.10) nVE(Z(0, p)) = pf.

Iopatneotye étL 1 anewxdwion

» 5N
(6.1.11) pr FET.p) = + 3 fltanh(of)

i=1

elvon ouveyrg, n T e oto 0 ebvon 0, xon 0 6plo TNg xodd 0 p — 00 elvon
{co ue +[supp(f 7)|(log2). Suvende, av 1o 3 wovorolel my (6.1.7), anbé o Ye-
Gpnpo evdidueong TS utdpyel p := p(f3) Tétolo WOTE To #(0,3) = ©(0, p(B))
VO, IXAVOTIOEL TV F( 7(0,3)) = 3. Emnhéov, and v (6.1.10) Brénoupe 6Tt TO
{0, B) := n VF(Z(0, 8)) wavorot v (6.1.8). Téloc, n cuvdptnon mou opileton
and v (6.1.11) ebvon YVY]GL(DQ aOEouca GUVEETNOY TOU P, T0 OTol0 UmOdEXVUEL
6 1 ouvdetnon B — p(f, B) ebvar yvnalwe abZouoa oo (0, |supp(d)] (log 2)/n).
]

Ocwpolye W amdiutn otadepd r > 0 (tnv omolo Yo emiéEouue xatdhinia)
non Vé€Touye

(6.1.12) M,={0eS"':\/njrieC}.

Adppa 6.1.4. Yrdpyer otadepd c(y) > 0 pe v e&ngibidtnra: av § < c(y)/r,
Téte ya kdOe 6e M, éxoupe 7(0,8) € int(yC).
Anédatn. Oétouue A = \/n/r xor Yewpolye TGV 6 e M,. Xwple mepLoploud
e yewuxdtntoc urnodétoupe 6t 8; > 0 v xdle i = 1,...,n. And tov opioud tou
M, éyouvue A0 € AC, Gpa, av oploouye ; = tanh(yA0;) v xdde i = 1,...,n,
éyouue nVF(Z) = 0.

Ané v (4.1.29) éxouus

(6.1.13) F(Z) >

1 Z": 292 _ 1)
(et bi 3h2(y)r
Av ooy f < c1(7y)/r, omou ¢1(7y) > 0 xatdhhnin otodepd Tou e€aptdron pbvo

and To v, tote F(Z) > f.
Iopatnpolye enlong 6T av 0 € M,., téte

r
6.1.14 - > 6? = 1.
( ) |supp(6) - 2

Apat, [supp(0)| > n/r. YTrdpyer howmbdv ca(y) > 0 ttow dote: av § < ca(y)/r
w6te B < |supp(6)] (log 2) /n.

O¢touue c(y) = min{c1(y),c2(v)}. Av 5 < e(y)/r té1e ypnowonoolue Tov
Oeltepo 1oy upLous Tou Afjupatos 6.1.3 wc edc: agod F(Z) > f xou nVF(Z) =
YA, yia to Z(6, ) oy Vel 1 avledTnTOL

(6.1.15) [Z(F, 8)]; < tanh(yA6;) < tanh(v) < v
yoxdde i = 1,...,n. Anhadd, £(0,3) € 7C. O
To enduevo Afuua diver extiunon yio 10 pétpo tou M.
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Adppa 6.1.5. Yrdpyer r > 0 pe tnr e€ng idtnra: av n > 3 tdte
(6.1.16) |M,| > e /25",

Anddaln. YuuBorilloupe ye vy, to TUTIXG Yétpo Tou Gauss otov R™ xou ye oy
T0 avaAAOlWTO W TPOE 0pTOYMVIOUE YETUACY NUATIONOUE YéTpo mbovdTnTac GTNY
S Ou ypewoTolpe T0 eEAC.

ARuppa 6.1.6. Eow K éva ouvppetpixd kuptd odua otor R™. Ioydour ot
ariodtnTeg

(6.1.17) 10,(8" ' NIK) <y, (VnK) <0, (S" ' NeK) + e /2,

Anddaén (Biéne [23]). Ileprypdopouue wévo tny anddelln tng 8e€udc oviabtnTag
(v ornota Yo yenowonoioouye). Iupatnpolue dtu

(6.1.18) VK C (3vnBY)UC (3v/nS" ' Nv/nK)

émou, av A € 1/nS"1, yodpouye C(A) yio tov Yetind x6vo Tou nopdyeton and
0 A. 'Eneton 61

(6.1.19) W (VIE) < 3 (AVaB}) + o (LV/ns™ 0 Vi)

6mou o glvar To avahholwTto we TPog 0pYoYOVIOUEC PETACY NUATIONO0C UéTpo mda-
votog oty =4/nS" L Térte,

(6.1.20) o(1vnS" ' nynK) = 0,(5" NekK),

xou anevideiog uToAoyloudg delyvel OTL

(6.1.21) Y (pVRBY) < (p/e)"e "2

via xd9e 0 < p < 1. Eneta 6t

(6.1.22) Y (2vnBY) < exp(—n/2).

Ané ne (6.1.19)—(6.1.22) npoximter To Ao O
Anddealn tov Anjupartos 6.1.5. Tlopatnpotpe ot

(6.1.23) M, =8"1ne (WO) .

Apa,
|g¥T1 = on(M;) = Un(S"_l Ne(v/r/(e*n) C))
= 'Yn((\/;/e)C)fefn/2
= (o) e,
— L ’ e—t2/2
(6.1.24) d(s) == \/%/_5 dt.
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Mopatnpolye 6t 2e /2 < e™/4

noteiton 7

(6.1.25) d(vr/e) > e V4

Auté elvan duvatd, dubtt limg, 4o d(s) = 1. Téte,

av n > 3. Emiéyouye r > 0 dote v ixavo-

(6.1.26) d(/rje)" > 2e7"/?

vt n > 3, % auTéd amodewviel To ARupo. o

Andoaén tov Ocwpnjuaros 6.1.1. Tpdpovag, yio cuvtoula, £ avtl tou (0, 3), nou
YENOWWOTIOUWDVTAS TOV YVWOTO TUTO TOU GUVDEEL TNV ETLQPAVELN UE TNV XAUTUASTHTA
Gauss (BAéne [32, Oedpnua 4.2.4]), propolue va Ypddouue

df,

(6.1.27) |O(FP) n~C| > /

M, (T

6mou M, 10 utocstvoro tne S™ ! mou oploaue oty (6.1.12). Mpdypot, av e M,
w67e 0 Z(0, 5) oplleton xard (amd 10 Afuua 6.1.4) xon avixel 0T0 ecwtepd TOU
7C. Anb o Afupa 6.1.2 éyouye 5 > (1 - 7)1 (28n) " V/2 o omb 7o
Afpua 6.1.5 éyoupe |M,| > e~™/2|S" |, Suvende,

(6.1.28) D(FP) N yC| > e™2(1 —~2)" 7" (26n) = D/2| 71|,

wo éneton To {nToluEvo. O

6.138° Mia yevixeuor Tou AAupatog 6.1.5

H pédodoc anddeilne touv Afuuatoc 6.1.5 dlvel éva YEVXO %dTw @pdrypo Yot TO
HETEO TNS TOUTIC TUYXOVTOC GUUPETELXOD TOAVEDEOU e T ogalpa. Botw U1, . .., Un
un undevind dwavbouota otov R™. Bewpolue 10 cuuuetpind ToAledpo

(6.1.29) T= ﬂ {&: (&, 1) <1}

To enbuevo Jedpnua tou Siddk (Bréne [33]) diver extiunon vt w0 v, (T).

Afppa 6.1.7 (AAppa tov Sidak). Av T elvar to ouupetpikd modvedpo mov
opiletar ard tnr (6.1.29) tdre

f[lm{f: |, @) <1}):f[1d<1>‘

(6.1.30) n(T) (gl

IV

Ou ypnowonotioouue enione wa extiunon and to [17].
Adupa 6.1.8. Yrdpyer andhuen orallepd A > 0 dote, yia kdle tq,. .., t, >0,

(6.1.31) ﬁ d (;) > exp (—Ait?) )
¢ i=1

i=1
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Opllouye wa napduetpo R = R(T') we e&hc:
(6.1.32) RY(T) = ||ii3-

i=1
‘Eotww s > 0. To Afjppa 6.1.7 Seiyvel 6T

(6.1.33) n(sT) > f[ld<5> .

]2
Téte, 10 Arjupa 6.1.8 delyver ot
(6.1.34) Yu(sT) > exp(=AR*(T)/s%) > e"/* > 2e7/2,
oav n > 3 %o

s> LAR(T)
= I

Eqopuélovtag 1o Afuua 6.1.6 yio 10 K = (s/y/n)T naipvouye

(6.1.35)

(6136) on (Snl N \e/sﬁT> Z e*)\Rz(T>/32 _ 6771/2 2 %efkRQ(T)/32.

Me éAho Moya, €xoupe Ty e€¥c.

Ilegdtaoy 6.1.9. Eow n > 3 kat éotw U, ..., Uy un pundevikd dwyiouata
otov R". Ocwpole to ovujetpicd moAvedpo

(6.1.37) T=({&: |(& ) <1},
j=1
ka1 opiloupe
(6.1.38) RY(T) = |iil3.
i=1

Téte, ya kde t > cR(T)/\/n éxovue
(6.1.39) on(S"I N (t/V/n)T) > §exp(—cR*(T)/t?),

émov ¢ > 0 andlvtn otadepd. O

6.1y" To dcitepo yveELUETEIXO ARppa

To deltepo YewueTpd Mpo pog toyvplleton 6Tt av 10 € > 0 elvon pxpd, TOTE 10
xoppdt Tou I(FPHE)N~C mou mepiéyetan oe évay npixweo Eévo mpoc 10 FAN~C
ebvan emlong puxpod.

Ilpdtaom 6.1.10. Eotww v € (0,1) kat éotw du B+e <log2. Av H eivai évag
Npixwpos Tou omolov To eowtepiid elvar Eévo mpog to FP N ~yC, tdte

(6.1.40) |0(FP ) nyC N H| < (2en)"D/2| g1
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Anddeiln. 'Ectw H évac xhetotéc Nulyewpoc Tou 0molou T0 ecwtepxd elvon EEvo
poc t0 FPNAC. Xwpic mepiopiopd e yevxsTnToc pnopolye vo unodécoupe 6T
70 OH eivor egomtéuevo unepeminedo tou FPNYC, xon té1e unopolpe va ypdpouue

(6.1.41) H={yeR": (4,§-7) >0}

v xdmowa @ # 0 xan @ € I(FP NyC). Onwe oty anddedn tou Oewphuotoc
4.2.3, unopolpe va unodécoupe 6Tt T € (FP), dpa F(F) = B. Mropolue enione
va urodéooupe 6Tt 0 < 21 < - <z Av oz < v v x@e @ TOTE Pnopolue
va ndpoupe € = VE(Z). Av0 <z < ... <2 <y =2CTgy1 = ... = Tp, OV
am6dedn Tou Oewphpotoc 4.2.3 eldaye 6Tt unopolue va emAEEOVUE TO U ETOL HOTE

(6.1.42) w = f(x;) v 1 <i<kxowu; > f(z;)avk<j<n.

Eow € HN~vyC. Apob y; —z; <0 vy k < i < n, éyouue

n

(6.1.43) (VF(@),§—&) =Y f(@:)(yi —2:) = Y uiyi — 2;) > 0.
i=1

=1

Topa, éotw § € FATeN~yC N H. Ané 1o dedprua tou Taylor, undpyouv (; €
[x; A yi, i Vy;] (6mov a Ab:=min{a,b} xow a Vb :=max{a,b}) tétowx BGote

Fy) = f@) + /(@) (i — @) + 517 (G (yi — 1)

2
= f(@:) + f'(zi)(yi — i) + é(yi_z;)

Agot (1 —¢3) ™! > 1, oupnepaivouye 6Tt
(6.1.44) Flyi) = flaa) + f/(@i)(yi — ) + 5(yi — 22)%.

‘Exeton T

T, e
> |l —
> B4 o I~ 72

6mou 1) Tehevtaior aviedtnta Tpoxdnter and Ty (6.1.43). And tny dAhn mAeupd,
apol i € FPTE éyoupe erione

(6.1.45) F(y) < B+e,
Gpo
(6.1.46) |7 — &, < V2ne.

Auté Belyver 6T t0 FPATY N yC N H mepéyeton oe wior undha oxtivac v/2ne e
*vTp0 T0 T, ombTE N EMPdVELd Tou efvar To TOND fom e (2ne) /2| snL O
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Ynuetwon. Yto tehevtolo BrAuc Tne amddellng ¥enouLoTOioaE ToV eEAC 1oy UPL-
opd: av A, B eivor xuptd couata otov R™ xau A C B, 161 [0(A)] < |0(B)|. H
aviodtnta auTy elvan dueor cuvénela Tou «Tomou tou Cauchyy: éyouue

(6.1.47) 10(A) s 1/ |P2(A)| o (i),

xou Guoa v to B, 6mou PE(A) elvar 1 opdoyevia mpoPorh Tou A otov {T :

(#,) = 0}.

6.2 Tlopdptnuo: axelBric UTOAOYIOUOS TNG XUUATUAO-
TNToG

e authv TNV Taedypapo o dlaviouata YewpoivTol YEVIXE wE SLVOOUATU-O THAES
extoc av dnhodveton to avtideto. Av A elvon évac n X m wivaxag, ye A* oupfo-
AMZouye tov avdotpogd tou. Tuvende, to ddvuopo-ypauph (vi,. .., v,) evor 1o
¥, 610U T elvatl 0 BLEVUCUU—GTAAY UE CUVTETAYUEVES V1, . . . , Un.

Eotw F: U — R o C?-cuvdptnor, opiouévn o1o avolxté chvoho U C R™.
Oewpolpe 1o dravuoyaTtind medio
VF(Z)
IVF@]
Av ypddoupe v(T) = Yo, vi(Z)€;, énou {€1,...,6,} ebvor 7 ouw’]l‘)ng Bdon
otov R", t61e 1 xopnurétnta Gauss—Kronecker H( 7) tnc emgdverac FH(B) =
{@: F(Z) = B} ot0 onuelo T € F~1(3), eivor 10 Yivouevo twv xuplwy xaumuho-
TATWY

(6.2.2) k1(Z),. .., kn-1(Z).
Me daha Moyua, ebvon 1 oplCouvoa tou replopiopol Wz 6tov undyweo

(6.2.3) T;FP ~ {# € R": (¢,VF(&)) = 0}

(6.2.1) V(F) = (T € U, VF(Z) #0).

TN YOUUUXAC OTELXOVLOTG

<VV1 (‘f)a 77>
(6.2.4) TS — ,

(Vi (Z), )
Tou opileton otov egantépevo yopo Tx(R™) ~ R™ oto & (Bréne [35, ®. 55 xou
Oedpnua 2 oty oel. 25]). Hopatnpriote T n Dy ebvon to Slpopixd 610 & e
ameovione & — —v(Z). H ypopuxh, anewoévion We: TeFP — TzFP| mou
opileton and v Wi = (Dg)|r. s, Myeta anewévion Weingarten g emgdvetac
F~1(B). O mivaxac tne Dz w¢ mpog t cuvAdn Bdon tou Tz(R™) ~ R™ eivor (ue
81; = 8/633, ot Bq;j = 8L83) O

. al<||%F<(§>)n> 8(||%F§;)
6.2.5 D; = : : ,

o <||%"§é;)||) O (uavg(()))
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oL LoOUTAL UE

O F(F) (V IIVF(f)II)*
1 1

Hp(Z) - ————5 : ;

6.2.6 Dz = som=n
(6:2.6) [VE@)] IVF@I™\ 5. p(z) (v |9 F@) )"

6mov Hp (L) etvon v Hessian tng F' xan (V|| VF(Z)]])* ebvor 1o Sidvuopo—ypopup,
(6.2.7)

(VIVE@I)" = HVMH (Z«M )0 F (i ZakF Ok ( ))

Apa, 1 i-00TH vpouph Tou Tivaxa ||V F(Z 7)||* Dz ebvon T0 Sdvuco— Yoouun

n

Ri(%) = Y (OkF (&) (0nF(E),. .., 0mF(¥))

k=1
— OF(Z (Z@kF VO F (% ZakF YO F ( ))

k=1

not €0XONAL EAEYYOUUE OTL
(6.2.8) > 0:F (%) Ri(%) = (0,...,0),

10 onolo, av wdpoupe un’ b TNy VF(Z) # 0, Selyver 6u ov ypauués tou Dz
elvan ypouuxd eCaptnuévee, 1 wodlvaye, 6t 1o VF(Z) elvor Biodidvuopa tou
avdcTpogou Tou Dz ue avtiotoyn wiotyd to 0.

Iopatneolue ot

7)|| = 71 T T
(6.2.9) VIIVF(@)| = VE@] Hp(7) (VF(Z)),
onoTE
1 | (PEOTFE) @
Dz = icrmm Hp (%) — ———— :
VF(Z 7 :
1 . 1 . ok .
= WHF(J:) - W (VF(@))(VF(%))" Hp(7)
1 (12 — =\ * —
=— (|VF(@)|" I, — (VF(Z))(VF(Z Hp (¥
VE@T (IVF(@)| (VE(Z)(VF(Z))") Hr(7)

oe o6 ocuvunayn popph. Topa, etvor @ovepd 6T
(6.2.10) (VF(@)* Dz = (0,...,0),

wd mou exgpdler Eavd 1o yeyovde 6T 1o VF(E) elvar diodidvuopo Tou avd-
otpogou tou Dy mou avuistowyel oty wiotwh 0. Hapatnpodue enlone 611, 7
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(6.2.10) éyer cav ouvérewr 6T o Dz agpriver avohholwto tov undyweo TP mou
ebvon x&¥etog oto VF(Z), apol o culuyhc tou aghivel ovahholtto Tov unéywpo
Tou mopdyetor ond to VF(Z). Apa, Dz: TsFP — T:FB yau n Wz elvon xo-
A optopévn amewovion, TeFP — Tz FP. Eyel howndv vérua vo e yiol Tic
Wotée k1 (L), ..., kn_1(Z).

‘Enctor 61t ou Wotwéc tou Dz ebvon ov WBotpée k1(L), ..., kn—1(Z) Tov Wz
ouv v Wote 0. Aniady,

(6.2.11) spectrum(Dz) = spectrum(Wz) U {0} = {k1(Z), ..., kn—1(Z)} U{0}.
Ewwdtepa, to yapaxtnpioixd modudvupa v D xaw Wz cuvdéovtan we e€hc:
(6.2.12) pp;(A) =det (A, — Dz) = Adet (M1 — Wz) = Apw, (A).

"‘Apa det (Dz) = 0,

(6.2.13) tr (Wz) = tr (Dz),
now
(6.2.14) K(Z) = H ki(Z) = det (Wz) = ouvteheothc Tou A 670 pp,(A).

HMapatneotye enlong 6T, and v avicdTnTa ApIUNTIXOU-YEOUETEXO) PHEGOU XolL
v (6.2.13), €youpe

(6.2.15) (%) = det (Wz) < ((n— 1) tr (Wx)" " = ((n— 1)t (Dg))" ",

XATL TOU pag Olvel évay ToAD amAd TEOTO Yidl VoL EXTWWACOUUE TNV XOUTUASTY T
k(&) yéow tou fyvoug tou Dg. Ameudeloag utohoyioude Selyvel 6T

i IVF@)|* 0, F (&) — 0,F (&) 35—, ;P () ;; F (%)
IVE @)

i=1

L (VE@) [He@)] VER)
= wE@ @) VF@F
Bewpole Ty
(6:2.16) F@) =23 fw) (@ = (e,

émou f: (—1,1) — R ebvar 1) C%-cuvdptnom
(6.217) f(z):=1(1+2)log(l+z)+ 1(1—x)log(l —x) (x € (-1,1)),
ot Bétouge £ = (t1,...,t,) := (h(z1),...,h(zy,)), bmou

(6.2.18) h(z):= $log(l4+z) — $log(l—z)  (z € (-1,1)).
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Tore,
(6.2.19) VF@) = ~(h b)) = L
-4 1)—ﬁ( (x1),-- -5 (ln))—g»
2ol
(1—af)!
(6.2.20) He(@) = © 7
(1-ap)!
EMOUEVWC,
(62.21) 4 (Dy) = L Z”: 1 1 5 2 1 i”ﬂf—t%
. T 7)== T = - TS T
IS e st oo -
Ewdwétepa, yia Z € (—v,7)",
1 1 - (2 n—1 -1
6.2.22 tr (Dz) < — (t —t?): 7,
022 w3 oS (11 -4) - {517

o oot || t_’||2 > 2nF(Z) = 2nf, and my (3.3.26), yenowonowdvtog v (6.2.13)
BArémouye 6T
R(T) < (1 =27~ "D (2ng)~ (D72,

v Z e F71(B).

Mropolue pdhiota va uroloylcoupe v axph T e £(Z). Trodétoupe
et 6Tt 0 Hp(Z) elvan avuiotpédiuog. To yapaxtnelotxd tohudvugo touv Dz
ebvan o

(6.2.23) pr,(/\) = det ()\In — Df) .

Ané v (6.2.14), av ovTIXATACTACOUUE THY TRMTN Yeouun authc g oplloucug
ue Yoiy 0;F(Z) R;, 6mou R; etvau 1) i-00T Ypopuh, tne oplloucac, T6Te notpvouue

(6.2.24) pp,(A) = &FL@) det (A),

onou o mivaxac A éyel Tic Bieg ypoués pe tov AL, — Dg extog and tny mpodt
nou otov A ebvan (VF(Z))*. Hoapatnpolue todpa 6Tt agod to 0 elvon oty Tou
avdotpo@ou tou Dg, Yo elvon xou Wiotr tou Bou tou Dz. Emmiéoyv, av 7 eivon
éva BodLdvuopa Tou avtiotolyel otny Wotr 0 yia Tov Dz, t61e npénel vo toylel
Hp(Z) U = ¢ VF(Z), apol ta nokhanidow tov VF(Z) elvan or pdvee hoels tne
eZloworng

(6.2.25) (IVE@)|]? I, — (VF(2))(VF(&))*)7 = 0.

Tradeponooye éva tétolo Wodidvuoua U(Z) pe ¢ = 1, xou avtixahotodue Ty
mpdt othin Tou A pe 307, v;(7) Oy, 6mou Cj ebvan 1) j-o0 T oA g opiloucag
s

n
B(@) = (),
j=1
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dnhadh v1(Z), . .., vp(Z) elvon ov cuvteTayuéves Tov U(Z) we mpog T ouvhln Bé-
on. Iaipvouye étor to ddvuopa ((T(Z))* VF(Z), Ava(Z), . . ., Ave (Z))* oty npdtn
oThAAN, xou €meTan 6TL

(T(2))*VE(Z) 0oF(Z) ... 0oF()
A Ao (Z)

(6.2.26) pr()\):m . W )
Ay, (Z)

omov o A" = A'(\) ebvan évag (n—1) x (n—1) nivoncag, Tou tpoxdrtet and tov AL, —
Dz av dorypdibouye Ty TpddTn Yoouuh xou ThY TedTn o THAN Tou. Avanticoovtac
WS TPOC THY TPATY 6 TAHRY BAénovye ot

(6.227)  pp.(\) = (9(2))*VE(Z)

=N det (A) + 6 $Enc A2 V.
HF (@ 0 () et (A") + bpor TdENC A7 o wave

Agol o A" = A'(X) npoxintel and tov AL, — Dz pe Sy pagh] Tne medne Yeohc
Xl TN TeWING o THANS Tou, Hropolue vo Ypddouue tov A'(X) we e€hc:

1 "
Al()\) = )\In,1 — W(”VF(‘T)HQI’nfl
— (VFEy, (za,...,2,))(VEFy, (z2,. .. ,:L',L))*)Hprl (x2,...,Zn),

omou, Yy otadepd 1, Fy, (T2, ..., %y,) elvou 1 cuvdptnon tov n — 1 tou Tpoxi-
TTOUY OO TO T AV XPATACOUPE TNV TRATY CUVTETAYUEVT TOU oTadept;, ondte

(6.2.28) VE, (23, 20) = (F (@), 00F(F),
ol
OaF(7) ... Oon(F(F)
(6.2.29) Hp, (z2,...,2n) = :
O F (&) .. Oun(F()
Tote,
(6.2.30) W(F) = (gfﬁ)();)vv ig) det (A'(0)),
peein
det (A'(0)) = !

% det ((||VF(f)||21rn_1 —(VEy (22, 20))(VEy, (22, ... ,:cn))*))
x det (prl(xQ,...,xn)) )

Y1 ovvéyela utoroyiloupe v opllovoo TN YECHlOC YPOUUTC OTNY TAPATAVG
oyéon. Elvor 1o yopaxtneio ind ToAUGYLUO, £6TW Pp_1, TOU Tvaxa

(6.2.31) (VF,, (za,...,20))(VE,, (z2,...,2,))",
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utohoyiouévo oo A = |[VF(Z)|. Ouwc,

(6.2.32) Pua1(N) = A" 2N = |V Ey, (22, ..., 7)),

Auto ymopolye va to dolue we e€hc: Kdbe Wbrodidvuoua tou mivaxo
(VEy (22, 20))(VEy (22, 2n))"

TpémeL va elvor TodamAdow tou VFy, (T2,...,%,). ARG tnv &\ mhevpd, To
VFg (22,...,2,) evan Sodidvuoua autol tou mivaxa, Tou avToTolyel oTtny -
Soty ||VE,, (22, . .. x|,
oUVETWC darywvoroeiton. ‘Apa, Gha To 1BLOdLVICHATA TOU

xou ETMTAEOY, auTOC O Tivaxac efvon CUUUETEXOC,

(VF., (x2,...,20))(VEy, (z2,...,2,))"

(e v ealpeon tov VFy, (T2,...,2,)) avixouy o1ov opdoyodvio UTOYEo ToU
VFy (x2,...,2y), xa ovUoTOL00V avaryxaotixd oty Wt 0, yiotl
(6.2.33) (VFg (22, ., 20))(VEFy (22,...,2,)) §=0

via x&de ¥ L VEy,, (za,...,z,). Tore,

det (A'(0)) = [|[VE@)|| > |vE@)* "
X (IVE@)|° = |V oy (22, .., 20) ) det (Hp,, (z2,. .., 22))
= |VF@)|~ "V (0, F(%))? det (Hp,, (x2,...,22))
"Ereton 6TL
(6.2.34)

(&) = (6(3) v () 2D

v1(7)

Téhog, agol unodéoope 6T 0 Hp(Z) elvon avtiotpédiuog, éyouue

IVE@)|~ Y det (Hp,, (22, .., 24)) -

(6.2.35) 7= (Hr(%) 'VF(),
dpa

(VF(Z))*(Hp(¥))"'VF(£) O1F (%)
IVE@)|" ! v1 (%)

(6.2.36) k(%) = det (HFE1 (T2,...,3y)) .

Hopatnerote 6t unodéoope owwmned 6t vi(Z) 01 F () # 0 oto nponyoluevo
emyelpnuo. Autd uropel va yivel ywple meplopiopd e yevdtntac av o Hr(Z)
efvan JeTind ¥ apynTind opropévocs yia tov €€ Aoyo: Agol o Hp(Z) éyer urotedel
avtiotpéduuoc xaw VF(Z) # 0, éyoupe

(6.2.37) (B(2))*VF(Z) = (VF(Z))* (Hp(Z) 'VF (&) #0.

Apa 10 v(Z) O, F(Z) Oa efvar # 0 yw xdmowo ¢ € {1,...,n}, xou 16T YnOpoOs-
UE VO OVTLXATAG TACOUUE TNV TEWTY] YEOUUY X0t THY Te®TH OTHAY GTO TOQATAVGD
emuyelpnua HE TNV i-00 T YRUUUR X0t TNV 1-00TH GTHAT], Ywelc xoplo ahhay.
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Ocwpolue thpa Ty el tepintwon tou o Hpr(Z) ebvou Swarydwiog, Snhadi,
Hp (%) = diag (011 F (&) ..., 0pn F(E)). Tore, 1 oyéon (6.2.36) nodpver tnv omhol-
OTERN OpPT]

R det HF
6.2.38 k(X
623 - S, S re

Méver va eZetdooupe Ty mepintwon mou o Hp(Z) dev unotileton opopévoc 1
diayadviog. Téhog, dtav o Hp(Z) ebvon un avtiotpéduuoc, té1e Tpéner e0X0ho vu
ehéyyeta 6Tt K(Z) = 0.

Twa moipdderypar, 1 xopmudéTnTa e empdvelac F1(B) oe éva amd o onuela
e & (6mou n F oplletan énwg oty (6.2.16)), diveton and thy

(6.2.39) K(T) = T H Zﬁ (1—2?)

Z’Ll

YuyxplvovTag auTAY TNV LOOTNTA PE TNY AVICOTNTA

. 1
(6.2.40) K(T) =2 1- 72)”*1”{“"*1

oty omnola pag 0diynoe 1 ovodtnte apipnTixol—yewpetpxol yéoou det(Wz) <
((n — 1)~ r(Wz))" 1, Brénouue 6L dev xepdilouue %t and Tov axplBh UTOho-
Yiopd e xauruléthTag, agod to v € (0,1) — dpa xon ta ; — €youv unotedel
APUETA QAL



Kegpdiowo 7

0/1-moAVTOTTAL UE TOAAEC
E0PEC

7.1 Amnoédeidy Tou xeEVIPIXOU ATOTEAECUATOS

Mropolyue topa vo anodellouue 10 Oedpnua 1.1.2.

Ocdpnua 1.1.2. Yrdpyowy Jetikés otalepés a kar b pe tny e£nig bidtnra:
yia apketd peydia n, kar yia e ta N mov ikavoroody tnyy n® < N < exp(bn),
wxvel n aviodTnTa

n/2
(7.1.1) E [fu1(Ky)] > (;‘ﬁgj\;) .
AndbeiEn. Trodétoupe 6Tt 0 n elvon opxetd peydho xor Vétouue b = ¢(7)/2,
omou ¢(7y) > 0 ebvar 1 otardepd oto Oedprua 6.1.1.

T dodéy N nou xavoroel v n® < N < exp (bn), Vétouue o = log N/n
xou Yewpovue Ty otadepd v € (0,1) tou Opiopol 4.2.2. And 1o Afuua 5.1.7
undpyet & < 6/n tétowo Bote 10 Ky va ixovomolel Ty

(7.1.2) 0(F*T) N yC N Ky| < 30(F*T)nyC]

ue mdovdtnTo ueyohdtepn ond 1 — 1072, Anb to Oedpnua 4.2.3, undpyel € <
3logn/n wote 10 Ky va wavonoel tny

(7.1.3) Ky D F** nyC

we mdovéTrTo peyohltepn amd 1 — 27"

Eotww € 10 evdeybpevo va wavonoel 1o Ky tic (7.1.2) xou (7.1.3). Tére,
Prob(€) > 1 — 1072 — 27n+1,

Egapuélovue tdpa v Hpdtaon 6.1.10 pe 8 = o —2e xou € =2 +6: Av A
ebvan Yo €8pa Tou Ky o H 4 elvon 0 avtiotoiyog nuiywpos (tou éyer eowtepixd
&évo mpoc 10 Ky), t61€

n—1)/2

(7.1.4) O(F0) M4C N Hal < (2(22 + 6)n)" 151,
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"Eneton OTL
Far(Kn) (226 + 6)n) "2 15771 > ST 9(F) N0 N Hal
A
> [(oF ﬂ’YC)\KN|
> %\aw %) AyC]

Topa, epoapudloviag 10 Bedpenuo 6.1.1 ye § = a + § nadpvoupe

(715) fn—l(KN> (2(28—|— 6)n>(n—1)/2 > (C(’y)\/%)n_l.

Agol an =log N xau (2¢ + d)n < 12logn, cuuncpaivouue 6T

c1(7) log N)TL/2

(7.1.6) fr—1(Kn) > ( logn
o710 &, non 1 amodelln elvan TAYpng. O
‘Ayeon ouvénewo elvor 1) VTapén 0/1 TOATOTWY UE «TOARES EBpecy.

Oedenua 1.1.1. Trdpye oralepd ¢ > 0 pe tny 10idtnTa

(7.1.7) g(n) > ( l()cgn>n/2 .

Andbatn. Mrogolue va egopudcouue to Oewpnua 1.1.2 ye N > exp (¢in) érou
c1 > 0 ebvow puor amdAuty otadepd. Trdpyer howndv N ye Ty oiéTnta

n/2 n/2
(719 Blfa ) 2 (SENY ()
Yuverde, undpyet éva 0/1 nohdtono P otov R™ ue
com \ 2
(7110 fap) = (25)

%L ot Slver To wdTw Qedypo wog Y Ty g(n). O



Meéepocg 11

To nepofAnua tou Sylvester
cTo eTM{NEDO






Kegpdiowo 8

To yevixd mpoBAnua Tou
Sylvester cto eminedo

8.1 To npofAnua

Eotw K éva xuptéd obua otov R Stadeponoolue n > d + 1 xa Yewpolue n
aveEdptnTa Tuyado onueld Y1, . . . , Yn, OpOLGLOpGa xataveunuéva oto K. Oplloupe
™y Tuyoda yetaBAnty

(8.1.1) C = C(K,n) _ ‘COHV{y17...7yn}|

K|
6mou | - | evar o éyxoc otov RY. Me dhha Aoy, C eivon o HOVOVIXOTIONUEVOC
6Y®0¢ TOL TUY OV TOAUTOTIOU conv{y1, Y2, .-, Ynt- IMopatneroTe 6Tt 1 xaToUVOUT

e C ebvan avah Aol Tn w¢ TEOC ap@xole PETACY NUOTIOROUC TOU KTEPLBHAAOVTOC
owpatocy K. Mropolue howtdy otn ouvéyewr va vtodétoupe 6t |[K| = 1.

To npéBinua tou Sylvester dlatundiveton wg e€ng: BoVévtwy Twv d xou n >
d + 1, va Beedolv ta xuptd cduota K otov R (oxpiBéotepa, oL apomixéc xhd-
OEIC XUPTWV OWUATWY) Lo T omola peyiotonoelton i eAuyiotonoeiton 1 péon
nph E [C(K,n)]. Tevudtepa, v xdde yvnolwe adlouvoa, ouveyh cuvdptnom
H : [0,+00) — [0,+00) va Bpedolv 1o xuptd obpata otov RY yia 1o onola
peylotonoeltan 1 eryioTomolelton 1 UEoT T

(8.1.2) E [H(C(K,n))] := / . / H (|conv{y1,...,yn}|) dyn - - - dys.

K K
Amid emyelpfiuata cuundyetag delyvouv OTL UTEPYOUY XUPTE GWUATI GTa oTtola
mdvovton oL axpaiec éc tne E [H(C(K,n))].

To mpbBinua Tou ehayiotou yia v E [C(K,n)P], p > 1 Modnxe and tov Groemer
ot epyaotee [19], [20]: yio xdde d > 2 xaw xdde n > d + 1,

(8.1.3) E [C(K,n)"] > E [C(B3,n)"]

6mou B 1 Euxdeldera povadiado undha, pe 1odTnta av xon pévo av 1o K eivor ehhet-
Ppoedéc. H anddeln yenowonotel tn pédodo tne cudpetpionoinone xatd Steiner,
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pédodo mou elye ypnowonoioer o Blaschke [5], [6] yio t0 xhaowd mpdBinua Tou
Sylvester (nepintwon d =2, n =3, p=1). Xy [18], pe wa npocextixh yprion
authc e pedddou, amodewvietan tehnd 6t av S(K) elvon n cuppetpixonoinen
xatd Steiner tov K w¢ mpog tuyoloa diebiduvar), 16T

(8.1.4) E [H(C(K,n))] > E [H(C(S(K),n))]

yio xdide yynolwe adZovoa, cuveyr cuvdptnon H : [0, +00) — [0, +00) ye H(0) =
0. ‘Eneton 61 10 ehdyoto e E [H (C(K, n))]| mdveton ota elhehoetdr xon pd-
OTOL YE LoOTTA AV Xou H6vo av 1o K elvar edherdoetdéc. T nepoutépn enextdoetc
UTOU TOU ATOTEAECUATOC, HE OVTIXATAC TOOT, TOU 6YXou and Tuy GV quermassinte-
gral Tou tuyodou TohUTéTOU conv{y, ..., Yn}, TopUTEUTOLPE TNV [21].

To npéBinua tou Yeyiotou elvon terelne avoxtd, extéc and tny replntwon Tou
emnédou (d = 2). O Blaschke, yenowonowwvtag to yetaoynpotiopd “Schiittelun-
g” €dele o E [C(K,3)] < E [C(T,3)] énou T tplywvo, pe todtna av xon u6vo
av 10 K elvon tplywvo. TTohd apydtepa, ol Adhha xou Larman [9] édeilav 61t av
d=2, t61e

(8.1.5) E [C(K,n)] <E [C(T,n)]

v xdde n > 3, pe yvfota aviobtrta av 1o K etvot ToAbYywvo PE neptoodTepes and
Tpewc xopugéc. H mhvpne amdvtnon otnv nepintwon tou emmédou boUnNHE GTNVY
[16], émov amodewevieton Ot av K elvor éva xuptd ywelo oto enlnedo xou to K
dev elvar Tplywvo, téTE

(8.1.6) E [C(K,n)] < E [C(T,n)]

v xdde n > 3. Me dha AdyLa, 1) povadunr apvixs xAdor) Tou YeyioTonotel Tny
nocétnta B [C(K, n)] elvar 1 xhdon twv Tprydvey.

Yy §9.1 delyvouyue ot o anotéleopo tou Blaschke yio to apytxd npdBinua
Tou Sylvester oto eninedo (d = 2 xou n = 3) enextelveton TNy TEPITTWOY) TU-
yoLoug cuveyolg xa avgouoag ouvdptnong. Iho cuyxexpuéva, anodetxviouue
70 e&rc.

Oevenpa 8.1.1. Eotw H : [0,+0) — [0,400) yvnotws adéovon, ovrexnis
ouvdptnon pe H(0) = 0. Av K efvar éva kupté xwplo oo eninedo R?, tére

(8.1.7) E [H(C(K,3))] <E [H(C(A,3))]
émov A efvar éva tplywro, e wodtnta av ka1 pévo av to K elvar gpiywro.

Mehetdpe eniong v «ouppetpnd| nepintwony tou npoBifiuatog tou Sylvester
070 entinedo. OEWPOUPE £VA GUUUETELXG WE TROS TNV ApY Y| TV A6VeY xUpTO Ywelo
K ctov R?, otadeponowolye n > 3 o emhéyouue n tuyobo onuele Y1, .. ., Yn,
aveEdptnTa xou opodpoppo and to K. ‘Onwe mew, opllouye tny tuyaio yetaBinty)
C = C(K,n), ohh& xou tny tuyoio UETABANTH

_ lconv{zy1,...,£yn}|

(8.1.8) T :=T(K,n) T4
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To mpdfBAnua ebvar tdhpa t0 e€hc: yior xdde yvnolwe adouoa, cuveyr cuVETNoT
H :[0,+00) — [0,4+00) ye H(0) =0, va Bpeloly ot apeixés XNEOEK CUPHETEL-
*GV xUETGHY YweleY Yo T oTolec peyiotonoeiton n uéon i E [H (T(K,n))] 4,
avtiooya, 1 péon TR B [H(C(K,n))]. O «rpogavic unodhigoc» e auth v
nepintwon elvon 1 xAdor 1wy napoAinroyedupwy. To yeyovog 6t o ToparAnio-
yooppa elvan Aboels Tou TpofBAiuatog yio xdde n > 2 arodelydnxe and tov Meckes
[27], e v mpdadetn duwe unddeon bt n H ebvon xupth. H povadwdtnta Sev
€yet anodelyVel olte oe authv TV Teplntwor. Mo ToAd el tepintwon (n = 2
xow H(t) =t 4 H(t) = t?) avupetoniletn Tifipnc otny gpyaoctia [4].
Yy §9.2 anodewcvdoupe o e€rg.

Ocewpnua 8.1.2. FEotw H : [0,400) — [0,+00) pwnoiws avéovoa, cuveyiis
ovvdptnon pe H(0) = 0. Av K efvar éva kuptd ywplo oto eninedo R? e kévrpo
ouppetplag tny apxn twv a&dvwv, Tlte

(8.1.9) E [H(T(K,2))] <E [H(T(P,2))]

onov P eivar éva napaAnAdypauo, pe wdétnta av kar puévo av to K eivar napal-
AnAdypaujio.






Kegpdiowo 9

H nepintwon twv Teuwdy
onuelwy

To anoteréoyata autol tou Kegohaiou etvan ta e€¥c.

(i) Eow H : [0,4+00) — [0,+00) yvnolwe adfouca, cuveyhc ouvdptnon pe
H(0) =0. Av K efvor éva xupté ywplo oto eninedo R?, téte

E [H(C(K,3))] <E [H(C(A,3))]
6mou A elvan éva Tplywvo, pe todtnta av o uévo av to K elvan tplywvo.

(i) Eotww H : [0,400) — [0,400) yvnolwg abfovoa, ouveyhc ouvdptnon e
H(0) = 0. Av K elvor éva xupté yweto oo eninedo R? ue xévtpo ouppetplog
™y apyh TV a&ovwy, TéTE

E [H(T(K,2))] <E [H(T(P,2))]

omou P etvor éva mapahAnAdypauuo, pe 1odtnTo av xou wévo av 1o K elvan
TOPUAANAGY PO,

IMoc v anddeln twv 800 Oewpnudtwy delyvouue tic €€ AVIOOTNTEC GYETXE YE
Vv xatavour 1wy tuyoiny uetaBintdy C(K, 3) xou T(K,2):

(i) Av K, eivan o petaoynuatiopde Schiittelung tou K, téte
Ak (a) := Prob{C(K,3) < a} > Prob{C(K1,3) < a} = Ak, (@)
vy x&de o > 0.

(i) Av 1o K éyel xévtpo ouppetplog Ty apy | TV aZévey xo Ko elvor o <ouy-
HETEOCY YeTaoyuatiopos Schiittelung tou K, tote

Bg(a) := Prob{T(K,2) < a} > Prob{T(K3,2) < a} = Bg,(a)

yio xdde a > 0.
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9.1 Koatavour tou gpfadod evog tuyalouv Tplywvou

Eotw K éva xuptd ywelo o7o entnedo R? pe eufodév | K| = 1, xou éotw £ Tuyoloo
evdela Tou emnédou. Xwplc TEPLOPLOUS TNEC YEVXOTNTIC UTOPOUUE VoL UTOVEGOUUE
ol ={y=(z,5) € R? : s = 0}. Mnopolue va ypdioupe 10 K o1 popeh

(9.1.1) K={y=(z,s):a<z<b, f(z) <t<gx)},

omou a < b, 1 f elvou xvpth, 1 g ebvar xolhn, xou f < g oo [a,b].
'Eotw H : [0,+00) — [0,4+00) wa yvnolwe adfouoa, cuveyic ocuvdptnot ue
H(0) = 0. Tpdypouye

b b b
(912) E [H(C(K,g))] :/ / / MK_’H(.Tl,IL'Q,l'g)diL’gdiL'le'l

6mou
(9.1.3)

g(z1) g(z2) g(z3)
My g(x1,z2,23) = / / H (|conv{(z;, s;) : i < 3}|) dszdsads;.
F(x1) Jf(z2) Jf(xs)

Yradeponowolpe x1, T2, 23 € [a,b]. Oétoupe

X = ($1,$2,$3),
3
Q=) = [[lf).g().
UZU(X) = ($3—5€2,1‘1—1‘3,1‘2—1‘1).

T xdde S = (s1, 52, 83) € Q €youpe

_|det(X, S, E)| _ [(S,U)]

(9.1.4) |conv{(z1,51), (z2, s2), (73,83)}| = 5 =7

omou F = (1,1,1), cuvendg,

S, U
(9.1.5) My u(X) :/ H <<2>|> ds
Q
O yetaoynuotiopds Schiittelung (we mpog v £) anewovilel to K oto ywplo
(9.1.6) Ki={y=(z,8):a<2<b 0<t<g(z)— f(x)}.
EOxoha ehéyyouue 6n to Kq ebvon wvptd xon €yer eufodév |Ky| = |K| = 1.

Aodéviwv Ty o1, T2, T3 € [a, b] dnwe Topandve, Yétouue

3
Q1= Q1(X) = H[o,g(xi) — fla)].

Heébtaocy 9.1.1. Fotw 1,22, 23 € [a,b]. Ta kdde a > 0 1w0yve n

(9-1.7) [QN{S: [(S,U)| < a}[ >[N {S: [(S,U)] < a}|.
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Andbaln. Oewpolye 10 oupueTed oploydhvio tapodineninedo C = H,‘?:l [—ci,cil,
omou ¢; = (g(;) — f(x:))/2. Av Yécouye

G = (9(x1),9(x2),9(x3)) xu F = (f(z1), f(22), f(x3)),

101€
(9.1.8) Q=C+W xu Q1 =C+ Wy
6Tou
(9.1.9) W:G;—F prees leG;F.

Eotww a > 0. Aol o eufouddv elvar avarholwto we mpog yetagopés, 1 (9.1.7)
yodpeTaL LOOBUVAUN G TN Hop®n

(9.1.10) |ICN{S: |(S,U) + (W, U)| <a}| > Cn{S:|(S,U)+ (W,U)| < a}|.
Afppe 9.1.2. H owvdptnon Ly : R — [0, +00) mov opiletar and tny

(9.1.11) La(p) = [CN{S : [(S,U) + p| < a}|

efvar dptia ka1 pdivovoe oo [0, +00).

AnddeiEn tov Anjupaztos. Agol 1o C elvor cUUPETPXO, EUXOND EAEYYOUPE OTL
(9.1.12) CN{S:[(S,U)—p|<a}=—=0Cn{S:|(S,U)+p| <a}).

Auté amobeviel 6t 1 Ly elvon dptia. Exong, av A € (0, 1) xow p1, p2 € supp(Lq),
T61€
CN{S:[(S,U) + Ap1 + (1 = N)p2| < a} DACN{S: [(S,U) + p1] < a})
+ (1 =N(CN{S:[(S,U) + pa| < a}).

Ané try aviebétnra Brunn-Minkowski (BAéne [32]), n +/La elvar xolhn oto gopéa
me. Agob elvon xou dpTia, éretor To {nTovyevo. g

Houpatneriote 6u 1y (9.1.10) wyuvpileton 6w Lo ((W,U)) > Lo((W1,U)). Adyw
Tou Afppartog, apxel vo eéyEouue oL

(9-1.13) (G + F.U)| =2((W,U)| <2[(W,U)| = (G = F,U)|.
Auté woyler av xon pévo ay
(9.1.14) (G, U)(F,U) <0.

‘Ouwe, yenowomowdviag to ot 1 f elvon xupth xon 1 g ebvon xofkn, BAénouue
opécwe 6t ov (G, U) xou (F,U) éxouv avtideto npdonua. Etor ohoxinpdveta 1
om6dedn e Ipbdtaonc 9.1.1. O

Ocedenua 9.1.3. INa kdde o > 0 10yVer n

(9.1.15)  Ag(a) =Prob(C(K,3) < a) > Prob(C(K1,3) < a) = Ak, ().
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Andbeaén. Tapotnpolpe 6w, and v (9.1.4),
(9.1.16)

b b b
Prob(C(K,3) < a) :/ / / [Q(X)N{S: (S, U(X))| < 2a}|dzsdzodr;.

To Oetdprua etvan howmdy dueon cuvéneia g Hpotaong 9.1.1. O

Oedenpa 9.1.4. Eoww H : [0, +00) — [0, +00) pua yrnoing abéovoa, ovrexris
ouvdptnon pe H(0) = 0. Tdre,

(9.1.17) E [H(C(K,3))] <E [H(C(Ky,3))].

Anddaén. Agol 1 H etvan yvnolwg abfouca, umopolue va ypdpouue
(9.1.18) E [H(C(K,3))] :/ Prob(C(K,3) > H'(t))dt.
0

Kotémy, epapudlouye to Oedprpo 9.1.3. O

Mo vor ohoxAnpdooupe Ty omddelln Touv Oewpriuatoc 9.1.1 apxel va ehéyEoupe
6t av to K Bev etvan tplywvo t61e dev umopet va peyiotoroel y E [H (C(+,3))].
Autég o woyuptoudg stvon ouvéneia g emouevng Ilpdtaong.

Medtacn 9.1.5. Eoww K éva kuptd ywpio otov R?. Ay to K dev efvar tptywvo,
Tdte unopolie va Bpolue evdeia ¢ mov wavomorel Tny

(9.1.19) E [H(C(K,3))] <E [H(C(K1,3))]

yia kde yvnoiong atéovoa ouveynry ovvdptnon H : [0, +00) — [0, +00) ue H(0) =
0, drov K €lvar 0 petaoynuatiopds Schiittelung tov K w¢ mpog tny L.

Arnddaén. Tmodétouye 6T 10 K €yel nepioadtepa and tpla axpaio onpeta. Toéte,
UTLAPYEL XUPTO TETPATAEUPO 212223274 TOU GREC OL XOPUPEC TOU elvar axpalar onuela
tou K. EmAéyouue oav £ po evdela mou elvon xddetn otn dlaydvio 2 23.

Mmropolye va unotdécoupe étu 1 £ elvan 0 z-d€ovac xat vo ypdpouvue 0 K ot
poppy| (9.1.1). And tnyv emhoyh tne £, av (x4, 0) elvor 1 npofolh Twv 21 xou 23
oty £ éyouue a < x, < b.

Afppe 9.1.6. Eotw a < 11 < To = 4 < 23 < b. Tdre, vndpyer a(X) > 0 e
Ty 1idtnTa

(9.1.20)  [QX)N{S: [(S,UX)) < a}] > |@1(X) N{S: [(S,U(X))| < a}|
yia kdde 0 < a < a(X).

Anébasn tov Afuparos. Oo deifoupe 6t

(9.1.21) [Cn{S:[(S,U) + (W, U)| < a}| > |[CN{S: [(S,U) + (W1, U)| < a}|

av o a > 0 elvon apxetd pixpdc. Oswpolpe v ouvdptnon m : R — RT rou
oplleton and Tty

(9.1.22) m(t) = |CN (UL +tU/u)],
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6mou u elvan 1o uhixoc tou U. Av Géoouue p = |(W,U)| xau p1 = [(W1,U)]
61 p < p1oand v (9.1.13). Emmiéov, ov unodécec yac eCacpurilovy 6t n
oaVieOTNTA Efvan YVACLIL Y PTICHOTOLMYTOSC TO YEYOVOS 6TL Ta 21 xan 23 efvon axpalal
onuela tov K, Prénouye 6t (G,U) < 0 xau (F,U) > 0, dpa 1 avicdtnta otny
(9.1.14) elvon yvroto.

HMapatnerote enlone ot ta £W; elvan xopupéc tou C. Autd €yel cov cUVETELD
10 61 m ebvan ywnolwe ad&ovoa oto (—oo, —p1/u] N supp(m), otadeph oto
[—p1/u, p1/u] xou yynolwe edivousa oo [p1/u, +00) N supp(m). Topa, Aoyw
ouduetplog propolue vo utodécouue 6Tt

(a=p1)/u

(9.1.23) ICN{S:|(S,U) + (W1,U)| < a}| = / m(t)dt
(

—a—p1)/u
Ko

ICN{S (S, U) + (W, U)| < |

(a=p)/u
/ m(t)dt
(

—a—p)/u

(a—=p1)/u
- /( mit + (p1 — p)/u)dt

—a—p1)/u
Agol m(t+(p1—p)/u) < m(t) o1o [(—a—p1)/u, —p1/u], nadpvoupe to {ntoduevo
v xdlde o < a(X) == py. a

9.2 Koatavopn touv epfadold evog tuyaiov magaAAnio-
Y AoV

E€etdlouye topa 10 avtiotowo mpdfinua oty cudpeteu tepintwor. ‘Eotw K
évor oUUPETEIXG XUPTO Ywplo otov R? ye |K| = 1. Av ¢ = {(z,s) € R? : s = 0},
UTopOUUE Vo Ypdipouue

(9.2.1) K={y=(z,s): =b<a<b, f(zr)<s<gx)},

6mou b > 0, n f ebvon xupTh, 1 g ebvon xolkn, f < g xou f(—x) = —g(x) v xdde
€ [—b,b]. Hopoatnpolye 6Tt

b b
(922) E [H(T(K, 2))] = 4/0 /0 NK’H(ml,l‘g)dmzdl‘l

g(z1)  rg(@2)
(9.2.3) Nk pm(x1,22) / / H (Jconv{=(z1, s1), £(x2, 52)}|) dsadsi.
f f

(z1) (z2)

Tradeponoolye x1, 22 € [0,b]. Oétouye

X = (z1,72),

Q=QX) = [[f(, g,

U:U(X) = (7(52,1’1).
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T xdde S = (51, 52) € Q €xovue

(9.2.4) |conv{=+(z1, s1), £(x2,82)} = 2|(S,U)|,
OUVETQC,
(9.2.5) NKH(X):/ H(2|(S,U)|)dU.

Q

O «ouypetpmdey yetaoynuotiopds Schiittelung (wg npog tny £) anewoviler 1o K
o070 ywelo

(9.2.6) Ky ={y=(z,5): =b<z<b, fa(x) <s<ga(x)},
6Tou
(92.7)  g2(x) = f(0) + g(z) - f(x) 070 [0,8] xu g2(z) = g(0) o70 [, 0],

(9.2.8)  fa(z) = f(0) 070 [0,0] xo fo(z) = f(z) — g(z) — f(0) 510 [, 0].

EOxoha ehéyyoupe 6T 10 Ko elvan x0pTd, GUUUETEO WS TEOS TNHY dpYH TwY alo-
oy, Pe eufaddy |Ks| = |K| = 1. Aodévtwv wwy z1, 22 € [0,b] dnwe nopandve,

Bétoupe
2

Q2 = Q2(X) = [ [£(0), £(0) + g(a:) — f(xs)].

i=1
Iedétaocy 9.2.1. Eotw x1,22 € [0,b]. Ta kdbe o > 0 10yver n
(9.2.9) [QOLS (S, U) < a}| 2 1@ N{S: [(S,U)] < a}|.

Anddetn. Oétouue ¢; = gg(xi)—f(a:i))/Z %ol VEWPOUUE TO CUUUETEIXO 0pToYOWLO
nopodAnhoypopuo C = [, [—ci, ). Av 9écovye

E=(11), G=(g9(z1),9(x2)) xon F=(f(21),[f(x2)),

€youue

(9.2.10) Q=C+W xu Qs=C+ Wy

oTou

(9.2.11) w= ST W, = %

‘Eotw a > 0. Téte, n (9.2.9) yedgetan loodbvaua ot popph
(9-2.12) [CN{S: [{S,U) + W U)| < a}| = [CO{S: [(S,U) + (Wa, U)| < a}.

‘Onwe oty anddelén e Hpdtaong 9.1.1, Ju yenoldonotficoupe 1o YEYovog OTL 1|
ouvdptnomn Dy : R — [0, +00) nou oplleton and Ty

(9.2.13) Dalp) = 1CO{S : [(S,U) +p| < a}
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etvan dpTiar xon pdivovoa oto [0, 400) (1 anddeln elvar EVIEADS OOl YE OUTHY
Tou Afupatoc 9.1.2). Iopatnphiote w1 (9.2.12) wyvplleton 6t D ((W,U)) >
D, ({(W2,U)). Eropévoc, apxel va ehéyEouue 6L

(9.2.14) (G + F.U)| = 2/(W,U)] < 2/(Wa, U)| = [(G — F + 2f(0) E,U)).
Aol unoloyiopol Selyvouv 6TL aUTO LoYDEL oV XL UOVO AV

(9.2.15) MG, X)W(F,X) <0,

OToU

(9.2.16) h(G,X)=(G,U)—g(0){E,U) = g(x2)x1 + g(0) (22 — 21) — g(x1)2
(6uot yiow Ty h(F, X)). Ouwe, ypnowonowwviae 1o 6t 1 f elvor xupth xou 1 g

elvan xolhn, BAérouye apéonc 6t ol h(G, X) xon h(F, X) éyouv avtideta mpbonuo.
Auté oroxhnpiver Ty anédeln tne Hpdraonc. O

‘Onwe oty §9.1, unopolye Vo cUYXEIVOUUE TS GUVIRTHOELS XUTAVOUNG TV TUY -
v petaintoy T(K, 2) xou T'(Ks,2).

Ocdpnua 9.2.2. INa kdle o > 0 10xVer n
(9.2.17) Prob(T(K7 2) < a) > Prob(T(K2,2) < a).

Auté anodewviel ét n E[H(T(+,2))] augdver av e@upubGOUUE TOV KCUPHETEXOY
petaoynupotioud Schiittelung.

Ochpnpa 9.2.3. Foww H : [0,+00) — [0, +00) pa yvnoiong atéovoa, ouveyris
ouvdptnon ue H(0) = 0. Tdre,

(9.2.18) E [H(T(K,2))] <E [H(T(K,2))].

Moty anédeln tou Oewpriuatog 2 apxel va edéyEoude 6Tt av to K Sev eivon
TapahAnhdypoppo T6te dev unopet va peyiotonoel Ty E [H(T'(+,2))]. Auté ebvan
ouvéreia g emduevne Hpdtaong

Meétacn 9.2.4. FEoww K éva ouppietpind kupté ywpio atov R2. Av to K dev
efvar mapadAnAdypapipio, tote umopolpe va Ppolue evleia £ mov ikavoroel Tnv

(9.2.19) E [H(T(K,2))] <E [H(T(K>,2))]

yia kdOe yrnoins atbéovoa, ovvexni ovvdptnon H : [0, 4+00) — [0, +00) ue H(0) =
0, dmov Ky efvar o «ovupetpirdsy petaoynuatiopds Schiittelung tov K wg mpog
v L.

Anddeln. Tnodétoupe bt 10 K €yel nepioobtepa and téocepa axpaio onueio.
Téte, undpyer évo xUptd eEdYWVO 212223242526 TOU ONEC OL XOPLEEC TOU Elvon
oxpota onpelo Tov K. Eméyouue cov £ tny evdeio mou nepvdel and tnv opyn Twy
a€6VOV ot elvon xGUeTn o TNV BAyOVIO 2123 AUTOU ToU EXYWVOL.

Mrnopolue va urodécoupe étu 1 £ ebvan 0 T-d€ovag xan vo ypddouue 10 K o1
nopen) (9.2.1). Mropolue enione va utotdécouue 6tL 1 TpoBorf (24, 0) twv 21 %o
zg oty £ wavorowel Ty 0 < z, < b.
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Adupe 9.2.5. FEotw 0 < z1 =z, < 2 < b. Tdre, vndpyea a(X) > 0 térowg
woTE

(9.220) Q(X)N{S: [(S,U(X))| < a}[ > [Q2(X) N {S: [(S,U(X))| < a}|
yia kdde 0 < a < a(X).

Andden tov Apparos. Oa delfouye 6T

(9.2.21) [CN{S: (S, U) + (W,U)| < a}| > [CN{S: [(S,U) + (Wa,U)| < |

av o a > 0 etvor opxetd pixpdc. Oswpolpe tnv ouvdptnon m : R — R wou
opileTon and Ty

(9.2.22) m(t) = |CN (UL +tU/u)],

6mou u ehvar 10 phxoc touv U. Av Yéoouue p = [(W,U)| xou p2 = |[{(W1,U)| t61¢
p < p2 and v (9.2.14). Emmiéov, and tic vnovéoeic yog €meton 6Tl 1) aviobTnTa
elvon yviow: YenoWoToWdVTAC TO YEYOVOC OTL Ta 21 xol 23 efvon axpata onueia Tou
K, Prénovye 6t h(G,X) < 0 xou h(F,X) > 0, dpo n oviodmnta oty (9.2.15)
ebvan yvrowa.
HMapatneriote enfong 6t to £Ws elvan xopugéc tou C. Autd €yel cav cUVETEL
0 6Tt N m ebva yvnolws avgouca oto (—00, —pa/u] N supp(m), otadeph oo
[—p2/u, p2/u] xou yynoiwe @divousa oto [p2/u, +00) N supp(m). Tdpa, Aéyw
oudpeTplac unopolue vo UTtodécouue 4T
(a=p2)/u
(9.2.23) CA{S: |(S,U) + (Wo,U)| < a}| = / m(t)dt
(—a—p2)/u

ol

ICN{S: (S, U) + (W, U)| < |

(a—=p)/u
/ m(t)dt
(

—a—p)/u
(a—p2)/u

= /( m(t + (p2 — p)/u)dt.

—a—p2)/u

Agolb m(t+(p2—p)/u) < m(t) oto [(—a—p2)/u, —p2/u], nalpvoupe to {nroluevo
v xdde 0 < a0 < a(X) = po. O
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