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· i

EuqaristÐec

H Didaktorik  Diatrib  uposthrÐqthke oikonomik� apì to 'Idruma Kratik¸n
Upotrofi¸n, sto opoÐo ja  jela na ekfr�sw tic jermèc mou euqaristÐec.
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3 Pijanojewrhtik� l mmata 21
3.1 Stoiqei¸dec k�tw fr�gma 21
3.2 H mèjodoc thc parembol c 25

4 To basikì pijanojewrhtikì l mma 33
4.1 H mèjodoc twn meg�lwn apoklÐsewn 33
4.2 To basikì teqnikì apotèlesma 39
4.3 'Ena teleutaÐo k�tw fr�gma 43

5 Prosèggish tou tuqaÐou KN 49
5.1 DÔo l mmata 49

6 Gewmetrik� l mmata 55
6.1 Kampulìthta kai epif�neia tou Fβ 55

6.1aþ To pr¸to gewmetrikì L mma 55
6.1bþ Mia genÐkeush tou L mmatoc 6.1.5 59
6.1gþ To deÔtero gewmetrikì L mma 60

6.2 Par�rthma: akrib c upologismìc thc kampulìthtac 62

7 0/1�polÔtopa me pollèc èdrec 69
7.1 Apìdeixh tou kentrikoÔ apotelèsmatoc 69

II To prìblhma tou Sylvester sto epÐpedo 71

8 To genikì prìblhma tou Sylvester sto epÐpedo 73
8.1 To prìblhma 73



iv · Perieqomena

9 H perÐptwsh twn tri¸n shmeÐwn 77
9.1 Katanom  tou embadoÔ enìc tuqaÐou trig¸nou 78
9.2 Katanom  tou embadoÔ enìc tuqaÐou parallhlogr�mmou 81

BibliografÐa 85



PerÐlhyh

To basikì apotèlesma thc diatrib c eÐnai èna k�tw fr�gma gia to mègisto dunatì
pl joc edr¸n enìc 0/1 polutìpou ston Rn. Me ton ìro 0/1 polÔtopo ennooÔme
thn kurt  j kh enìc uposunìlou tou sunìlou tou koruf¸n tou [0, 1]n.

Genik�, an P eÐnai èna polÔtopo ston Rn, sumbolÐzoume me fn−1(P ) to pl joc
twn edr¸n tou. Jètoume

g(n) := max
{
fn−1(Pn) : Pn eÐnai èna 0/1 polÔtopo ston Rn

}
.

Oi Fukuda kai Ziegler èjesan to prìblhma na prosdioristeÐ h t�xh megèjouc thc
g(n) ìtan to n →∞. To kalÔtero gnwstì �nw fr�gma eÐnai

g(n) ≤ 30(n− 2)!

(gia n arkoÔntwc meg�lo), to opoÐo apodeÐqthke apì touc Fleiner, Kaibel kai
Rote. Sthn antÐjeth kateÔjunsh, oi Bárány kai Pór apèdeixan ìti g(n) ≥(

cn
log n

)n/4

, ìpou c > 0 eÐnai mia apìluth stajer�. DeÐqnoume ìti o ekjèthc
n/4 mporeÐ na beltiwjeÐ se n/2:

Up�rqei stajer� c > 0 tètoia ¸ste

g(n) ≥
(

cn

log n

)n/2

.

H Ôparxh 0/1 polutìpwn me pollèc èdrec exasfalÐzetai me isquropoÐhsh thc
mejìdou pou anèptuxan oi Bárány kai Pór. JewroÔme ±1 polÔtopa (dhlad , po-
lÔtopa pou oi korufèc touc eÐnai akoloujÐec pros mwn). 'Estw X1, . . . , Xn ane-
x�rthtec ±1 tuqaÐec metablhtèc, orismènec se ènan q¸ro pijanìthtac (Ω,F ,P),
me katanom 

P(X = 1) = P(X = −1) = 1
2 .

Jètoume ~X = (X1, . . . , Xn) kai, gia stajerì N pou ikanopoieÐ thn n < N ≤
2n, jewroÔme N anex�rthta antÐgrafa ~X1, . . . , ~XN tou ~X. Aut  h diadikasÐa
orÐzei to tuqaÐo 0/1 polÔtopo KN = conv{ ~X1, . . . , ~XN}. K�tw apì k�poiouc
periorismoÔc gia to eÔroc twn tim¸n tou N , dÐnoume èna k�uw fr�gma gia th mèsh
tim  E[fn−1(KN )] tou pl jouc twn edr¸n, gia k�je stajerì N :
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Up�rqoun dÔo jetikèc stajerèc a kai b ¸ste: gia arkoÔntwc meg�lo
n, kai gia k�je N pou ikanopoieÐ thn na ≤ N ≤ exp(bn), èqoume

E[fn−1(KN )] ≥
(

log N

a log n

)n/2

.

To k�tw fr�gma gia thn g(n) prokÔptei tìte an epilèxoume N = bexp(bn/ log n)c.

To deÔtero mèroc thc diatrib c sqetÐzetai me thn isqur  morf  tou klasi-
koÔ probl matoc tou Sylvester gia tuqaÐa shmeÐa, omoiìmorfa katanemhmèna se
epÐpeda kurt� qwrÐa. ApodeiknÔoume ta ex c: (1) An K eÐnai èna kurtì s¸ma
sto epÐpedo, me embadìn |K| = 1, kai an AK eÐnai h sun�rthsh katanom c tou
embadoÔ enìc tuqaÐou trig¸nou sto K, tìte AK(α) ≥ A∆(α) gia k�je α > 0,
ìpou ∆ eÐnai tuqìn trÐgwno. An AK = A∆ tìte to K eÐnai trÐgwno. (2) An
K eÐnai èna summetrikì kurtì s¸ma sto epÐpedo, me embadìn |K| = 1, kai an
BK eÐnai h sun�rthsh katanom c tou embadoÔ enìc tuqaÐou summetrikoÔ paral-
lhlogr�mmou sto K, tìte BK(α) ≥ BP (α) gia k�je α > 0, ìpou P eÐnai tuqìn
parallhlìgrammo. An BK = BP tìte to K eÐnai parallhlìgrammo.



Abstract

The main result of the Thesis is a lower bound for the maximal possible number
of facets of a 0/1 polytope in Rn. By definition, a 0/1 polytope is the convex
hull of a subset of the vertices of [0, 1]n.

In general, if P is a polytope in Rn, we write fn−1(P ) for the number of its
facets. Let g(n) := max

{
fn−1(Pn) : Pn a 0/1 polytope in Rn

}
. Fukuda and

Ziegler asked what the behaviour of g(n) is as n → ∞. The best known upper
bound to date is

g(n) ≤ 30(n− 2)!

(for n large enough), which is established by Fleiner, Kaibel and Rote. Regar-
ding lower bounds, a major breakthrough was made by Bárány and Pór who

proved that g(n) ≥
(

cn
log n

)n/4

, where c > 0 is an absolute constant. We show
that the exponent n/4 can in fact be improved to n/2:

There exists a constant c > 0 such that

g(n) ≥
(

cn

log n

)n/2

.

The existence of 0/1 polytopes with many facets is established by a refi-
nement of the probabilistic method developed by Bárány and Pór. We work
with ±1 polytopes (i.e., polytopes whose vertices are sequences of signs). Let
X1, . . . , Xn be independent and identically distributed ±1 random variables,
defined on some probability space (Ω,F ,P), with distribution

P(X = 1) = P(X = −1) = 1
2 .

Set ~X = (X1, . . . , Xn) and, for a fixed N satisfying n < N ≤ 2n, consider
N independent copies ~X1, . . . , ~XN of ~X. This procedure defines the random
0/1 polytope KN = conv{ ~X1, . . . , ~XN}. Under some restrictions on the range
of values of N , we obtain a lower bound for the expected number of facets
E[fn−1(KN )], for each fixed N :

There exist two positive constants a and b such that: for all suffi-
ciently large n, and all N satisfying na ≤ N ≤ exp(bn), one has
that

E[fn−1(KN )] ≥
(

log N

a log n

)n/2

.



Perieqomena · 1

For the lower bound for g(n) one only has to choose N = bexp(bn/ log n)c.

The second part of the Thesis is related to the strong form of Sylvester’s
classical problem about random points uniformly distributed in plane convex
regions. We prove the following two facts: (1) If K is a plane convex body
with area |K| = 1 and if AK denotes the distribution function of the area of a
random triangle in K, then AK(α) ≥ A∆(α) for all α > 0, where ∆ is a triangle.
If AK = A∆ then K is a triangle. (2) If K is a symmetric plane convex body
with area |K| = 1 and if BK denotes the distribution function of the area of
a random symmetric parallelogram in K, then BK(α) ≥ BP (α) for all α > 0,
where P is a parallelogram. If BK = BP then K is a parallelogram.





Mèroc I

0/1 � polÔtopa me pollèc
èdrec





Kef�laio 1

Eisagwg 

Me ton ìro 0/1 polÔtopo ennooÔme thn kurt  j kh enìc uposunìlou tou sunìlou
twn koruf¸n tou kÔbou [0, 1]n. 'Ena polÔ gnwstì par�deigma eÐnai to polÔtopo
twn dipl� stoqastik¸n pin�kwn (  polÔtopo tou Birkhoff) pou orÐzetai na eÐnai
h kurt  j kh tou sunìlou twn d×d dipl� stoqastik¸n pin�kwn ston Rd2

. 'Eqei
d! korufèc, d2 èdrec kai h di�stash tou eÐnai (d− 1)2.

Ta 0/1 polÔtopa paÐzoun shmantikì rìlo sthn sunduastik  beltistopoÐhsh.
'Ena par�deigma pou deÐqnei p¸c emfanÐzontai se aut n thn jewrÐa mac dÐnei to
prìblhma tou planìdiou pwlht . DÐnontai èna pl rec gr�fhma Kd me d korufèc,
kaj¸c kai to {m koc} k�je akm c tou (dhlad , se k�je akm  antistoiqÐzoume
k�poion jetikì pragmatikì arijmì). To prìblhma eÐnai na brejeÐ h suntomìterh
diadrom  pou pern�ei apì k�je koruf  akrib¸c mÐa for� kai epistrèfei sthn
arqik . K�je diadrom  mporeÐ na jewrhjeÐ san èna uposÔnolo T , me akrib¸c d

stoiqeÐa, tou sunìlou E(Kd) twn akm¸n tou graf matoc. Sthn T antistoiqeÐ
fusiologik� èna 0/1 di�nusma χT ∈ {0, 1}(d

2) tou opoÐou oi suntetagmènec deÐ-
qnoun akrib¸c poièc akmèc perièqei h T . To polÔtopo tou planìdiou pwlht  eÐnai
h kurt  j kh Q(d) aut¸n twn shmeÐwn ston R(d

2). To Q(d) èqei di�stash
(
d
2

)−d

kai (d−1)!/2 korufèc. To arqikì prìblhma eÐnai isodÔnamo me autì thc eÔreshc
miac koruf c tou Q(d) sthn opoÐa elaqistopoieÐtai k�poia grammik  sun�rthsh
(pou exart�tai apì ta dojènta m kh). Dhlad , metafr�zetai se èna prìblhma
grammikoÔ programmatismoÔ sto Q(d).

Basikì er¸thma pou prokÔptei sthn prosp�jeia epÐlushc problhm�twn me
aut n thn mèjodo eÐnai na prosdioristoÔn oi anisìthtec pou orÐzoun tic èdrec
aut¸n twn poluèdrwn. Oi duskolÐec pollaplasi�zontai ìtan to pl joc twn
edr¸n eÐnai polÔ meg�lo. 'Ena polÔ fusiologikì er¸thma gia thn {genik  jewrÐa
twn 0/1 polutìpwn} eÐnai loipìn to ex c: poiì eÐnai to mègisto dunatì pl joc
(n− 1)-di�statwn edr¸n pou mporeÐ na èqei èna 0/1 polÔtopo di�stashc n ston
Rn. Skopìc tou pr¸tou mèrouc thc diatrib c eÐnai na deÐxoume ìti up�rqoun 0/1
polÔtopa me uperekjetikì pl joc edr¸n.
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1.1 To prìblhma

Genik�, an P eÐnai èna polÔtopo (pl rouc di�stashc) ston Rn, sumbolÐzoume me
fn−1(P ) to pl joc twn (n− 1)-di�statwn edr¸n tou. Jètoume

(1.1.1) g(n) := max
{
fn−1(Pn) : Pn eÐnai èna 0/1 polÔtopo ston Rn

}
.

Oi Fukuda kai Ziegler (blèpe [13], [24], [36]) èjesan to prìblhma na prosdioristeÐ
h sumperifor� thc akoloujÐac g(n) kaj¸c to n →∞. To kalÔtero gnwstì �nw
fr�gma eÐnai

(1.1.2) g(n) ≤ 30(n− 2)!

gia n arket� meg�lo. H anisìthta aut  apodeÐqjhke apì touc Fleiner, Kaibel
kai Rote sthn ergasÐa [14].

Ja apodeÐxoume èna k�tw fr�gma gia thn g(n). Se aut n thn kateÔjunsh,
shmantik  prìodoc shmei¸jhke apì touc Bárány kai Pór sthn ergasÐa [3], ìpou
apodeiknÔetai ìti

(1.1.3) g(n) ≥
(

cn

log n

)n/4

gia k�poia apìluth stajer� c > 0. Ja apodeÐxoume ìti sthn jèsh tou ekjèth
n/4 mporeÐ kaneÐc na b�lei ton n/2:

Je¸rhma 1.1.1. Up�rqei stajer� c > 0 me thn idiìthta

(1.1.4) g(n) ≥
(

cn

log n

)n/2

.

AxÐzei ton kìpo na sugkrÐnoume aut n thn ektÐmhsh me ta gnwst� fr�gmata
gia th mèsh tim  tou pl jouc twn edr¸n thc kurt c j khc N anex�rthtwn tu-
qaÐwn shmeÐwn pou eÐnai omoiìmorfa katanemhmèna sth monadiaÐa sfaÐra Sn−1.
SumbolÐzoume to tuqaÐo autì polÔtopo me PN,n. Sthn ergasÐa [7] apodeiknÔetai
ìti up�rqoun stajerèc c1, c2 > 0 tètoiec ¸ste

(1.1.5)
(

c1 log
N

n

)n/2

≤ E [fn−1(PN,n)] ≤
(

c2 log
N

n

)n/2

gia ìlouc touc fusikoÔc n kai N pou ikanopoioÔn thn 2n ≤ N ≤ (3/2)n. Dedo-
mènou ìti sthn perÐptwsh twn 0/1 polutìpwn to N mporeÐ na p�rei timèc mèqri
2n, ja mporoÔse na diatupwjeÐ h eikasÐa ìti h g(n) eÐnai thc t�xhc tou nn/2. To
Je¸rhma 1.1.1 dÐnei èna k�tw fr�gma aut c praktik� thc t�xhc: gia k�je ε > 0
èqoume

(1.1.6) g(n) > n(0.5−ε)n

an to n eÐnai arket� meg�lo.
Gia thn apìdeixh thc Ôparxhc 0/1 polutìpwn me pollèc èdrec, ja isquropoi-

 soume thn pijanojewrhtik  mèjodo pou xekÐnhse sthn ergasÐa [10] kai anaptÔ-
qjhke sthn ergasÐa [3] gia to upì melèth prìblhma. Gia to skopì autì eÐnai piì
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bolikì na douleÔoume me ±1 polÔtopa (dhlad , polÔtopa twn opoÐwn oi korufèc
eÐnai akoloujÐec pros mwn). 'Estw X1, . . . , Xn anex�rthtec kai isokatanemhmè-
nec ±1 tuqaÐec metablhtèc, orismènec se ènan q¸ro pijanìthtac (Ω,F ,P), me
katanom 

P(X = 1) = P(X = −1) = 1
2 .

OrÐzoume ~X = (X1, . . . , Xn) kai, gia dosmèno fusikì arijmì N pou ikanopoieÐ
thn n < N ≤ 2n, jewroÔme N anex�rthta antÐtupa ~X1, . . . , ~XN tou tuqaÐou
dianÔsmatoc ~X. Me aut n thn diadikasÐa orÐzetai to tuqaÐo 0/1 polÔtopo

(1.1.7) KN = conv{ ~X1, . . . , ~XN}.

Parathr ste ìti to pl joc twn koruf¸n tou KN eÐnai mikrìtero   Ðso apì N .
K�tw apì k�poiouc periorismoÔc gia to eÔroc twn tim¸n thc paramètrou N , ja

d¸soume èna k�tw fr�gma gia th mèsh tim  tou pl jouc twn edr¸n E [fn−1(KN )],
gia stajerì N . Eidikìtera, èqoume:

Je¸rhma 1.1.2. Up�rqoun jetikèc stajerèc a kai b me thn ex c idiìthta: gia
arkoÔntwc meg�la n, kai gia ìla ta N pou ikanopoioÔn thn na ≤ N ≤ exp(bn),
isqÔei h anisìthta

(1.1.8) E[fn−1(KN )] ≥
(

log N

a log n

)n/2

.

To Je¸rhma 1.1.1 eÐnai �mesh sunèpeia autoÔ tou apotelèsmatoc: arkeÐ na epi-
lèxoume

N = bexp(bn)c.
DouleÔoume ston Rn ton opoÐo jewroÔme efodiasmèno me to eswterikì ginì-

meno 〈·, ·〉. SumbolÐzoume me ‖ · ‖2 thn antÐstoiqh EukleÐdeia nìrma, me ‖ · ‖∞ thn
max-nìrma, kai gr�foume Bn

2 gia thn EukleÐdeia monadiaÐa mp�la kai Sn−1 gia
th monadiaÐa sfaÐra. O ìgkoc, to embadìn thc epif�neiac kai o plhj�rijmoc enìc
peperasmènou sunìlou sumbolÐzontai me | · |. 'Oloi oi log�rijmoi eÐnai fusikoÐ.
'Otan gr�foume a ' b, ennooÔme ìti up�rqoun apìlutec stajerèc c1, c2 > 0 tè-
toiec ¸ste c1a ≤ b ≤ c2a. Ta gr�mmata c, c′, C, c1, c2 klp. sumbolÐzoun apìlutec
jetikèc stajerèc twn opoÐwn h tim  mporeÐ na mhn eÐnai p�nta h Ðdia.

1.2 'Ena �nw fr�gma gia to pl joc twn edr¸n

KleÐnontac autì to eisagwgikì Kef�laio, perigr�foume èna epiqeÐrhma twn Bárány
kai Pór, to opoÐo dÐnei �nw fr�gma gia to pl joc twn edr¸n enìc 0/1 polutìpou
me N korufèc, sunart sei tou N kai thc di�stashc n:

Prìtash 1.2.1. Gia k�je 0/1 polÔtopo P me N korufèc ston Rn, isqÔei

(1.2.1) fn−1(P ) ≤
(

cn log
N

n

)n/2

,

ìpou c > 0 apìluth stajer�.
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Apìdeixh. Ja qrhsimopoi soume to gegonìc (blèpe, gia par�deigma, [2]) ìti gia
k�je N��da shmeÐwn ~x1, . . . , ~xN sthn EukleÐdeia mp�la Bn

2 isqÔei

(1.2.2)
|conv{~x1, . . . , ~xN}|

|Bn
2 |

≤
(

c1

n
log

N

n

)n/2

,

ìpou c1 > 0 apìluth stajer�.
Ac upojèsoume ìti P = conv{~z1, . . . , ~zN} eÐnai èna 0/1 polÔtopo me N ko-

rufèc ston Rn. Gia k�je j = 1, . . . , n jewroÔme thn orjog¸nia probol  πj(P )
tou P ston upìqwro {~x : xj = 0}. AfoÔ ìlec oi korufèc tou πj(P ) apèqoun to
polÔ

√
n− 1 apì to 0, h (1.2.2) deÐqnei ìti

(1.2.3)
|πj(P )|

|√n− 1Bn−1
2 | ≤

(
c1

n− 1
log

N

n− 1

)n−1
2

.

'Estw {Fk : k = 1, . . . ,M} to sÔnolo twn edr¸n tou P . An stajeropoi soume
mia èdra Fk, tìte toul�qiston mÐa probol  πj(k)(Fk) èqei mh mhdenikì ìgko. 'Olec
oi korufèc thc πj(k)(Fk) èqoun suntetagmènec 0   1, kai h πj(k)(Fk) perièqei èna
simplex me mh mhdenikì ìgko. Qrhsimopoi¸ntac thn tetrimmènh ektÐmhsh ìti
an h orÐzousa enìc pÐnaka me akèraiec suntetagmènec den mhdenÐzetai tìte èqei
apìluth tim  toul�qiston 1, sumperaÐnoume ìti |πj(k)(Fk)| ≥ 1

(n−1)! . Sunep¸c,

(1.2.4)
n∑

j=1

|πj(Fk)| ≥ 1
(n− 1)!

gia k�je k = 1, . . . , M . Apì thn �llh pleur� gnwrÐzoume ìti

(1.2.5)
M∑

k=1

|πj(Fk)| = 2|πj(P )|

Sundu�zontac tic teleutaÐec dÔo anisìthtec, blèpoume ìti

M

(n− 1)!
≤

M∑

k=1

n∑

j=1

|πj(Fk)|

=
n∑

j=1

M∑

k=1

|πj(Fk)|

= 2n

n∑

j=1

|πj(P )|

≤ 2n|√n− 1Bn−1
2 |

(
c1

n− 1
log

N

n− 1

)n−1
2

.

Qrhsimopoi¸ntac to gegonìc ìti |√n− 1Bn−1
2 | ≤ cn−1

2 kai (n − 1)! ≤ [c3(n −
1)]n−1, katal goume sthn (1.2.1). 2

ShmeÐwsh. To �nw fr�gma thc Prìtashc 1.2.1 eÐnai kalÔtero apì to genikì �nw
fr�gma 30(n − 2)! twn Fleiner, Kaibel kai Rote, toul�qiston ìtan log N

n ¿ n.
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Den uperèqei ìmwc sthn perÐptwsh pou to N eÐnai ekjetikì wc proc thn di�stash
n. To epiqeÐrhma {q�nei polÔ} sto ex c shmeÐo: h apìluth tim  thc orÐzousac
ènac n×n 0/1�pÐnaka eÐnai me {meg�lh pijanìthta} � sqedìn Ðsh me 1 � thc t�xhc
tou nn/2, emeÐc ìmwc anagkast kame na qrhsimopoi soume to tetrimmèno k�tw
fr�gma 1.





Kef�laio 2

Meg�lec apoklÐseic

2.1 Logarijmik  ropogenn tria kai metasqhmatismìc
Legendre

'Estw X mia fragmènh tuqaÐa metablht  ston q¸ro pijanìthtac (Ω,F , P ), kai
èstw µ(B) := P (X ∈ B), B ∈ B(R), h katanom  thc. Upojètoume ìti h
X eÐnai summetrik , dhlad  µ(B) = µ(−B) gia k�je B ∈ B(R). Upojètoume
epÐshc ìti Var(X) > 0. Eidikìtera, p(µ) := max

x∈R
P (X = x) < 1. Jètoume

r := sup {x ∈ R : µ([x,∞)) > 0}. Dhlad , r eÐnai to {dexiì �kro} tou forèa tou
µ.

JewroÔme thn ropogenn tria thc X,

(2.1.1) ϕ(t) := E
(
etX

)
(t ∈ R)

kai thn logarijmik  ropogenn tria thc X,

(2.1.2) ψ(t) := log ϕ(t).

'Eqoume upojèsei ìti h X eÐnai fragmènh, �ra ϕ(t) < ∞ gia k�je t ∈ R. A-
pì thn summetrÐa thc X èpetai epÐshc ìti oi ϕ kai ψ eÐnai �rtiec sunart seic.
ParathroÔme ìti

eψ(λt+(1−λ)s) = ϕ(λt + (1− λ)s) = E
(
eλtXe(1−λ)sX

)

≤ [
E etX

]λ [
E esX

]1−λ
= eλψ(t)+(1−λ)ψ(s)

gia k�je t, s ∈ R kai gia k�je 0 ≤ λ ≤ 1, �ra h ψ eÐnai kurt . 'Epetai ìti h ϕ eÐnai
epÐshc kurt . EÔkola elègqoume ìti h ϕ eÐnai C∞ sto R. H n-ost  par�gwgoc
thc ϕ eÐnai h sun�rthsh

(2.1.3) ϕ(n)(t) = E
(
XnetX

)
.

Orismìc 2.1.1. Gia k�je t ∈ R orÐzoume èna mètro pijanìthtac Pt ston (Ω,F)
jètontac

(2.1.4) Pt(A) := E
(
etX−ψ(t)1A

)
=

∫
A

etXdP∫
Ω

etXdP
(A ∈ F).
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EpÐshc, orÐzoume µt(A) := Pt(X ∈ A) gia k�je A ∈ B(R). Tìte, to µt èqei
peperasmènec ropèc k�je t�xhc, kai isqÔoun oi

(2.1.5) Et(X) = ψ′(t) kai Vart(X) = ψ′′(t).

Parathr ste ìti P0 = P kai µ0 = µ.

L mma 2.1.2. H ψ′ : R→ (−r, r) eÐnai gnhsÐwc aÔxousa kai epÐ. Eidikìtera,

(2.1.6) lim
t→±∞

ψ′(t) = ±r.

Apìdeixh. AfoÔ

(2.1.7) (ψ′)′(t) = ψ′′(t) = Vart(X) > 0,

h ψ′ eÐnai gnhsÐwc aÔxousa. Apì thn anisìthta −retX ≤ XetX ≤ retX , h opoÐa i-
sqÔei me pijanìthta 1 gia k�je (stajerì) t, kai apì thn ψ′(t) = E

(
XetX

)
/E

(
etX

)

h opoÐa prokÔptei apì thn (2.1.3), paÐrnontac up� ìyin kai tic P (X = ±r) < 1,
sumperaÐnoume ìti ψ′(t) ∈ (−r, r) gia k�je t ∈ R.

Mènei na deÐxoume ìti h ψ′ eÐnai epÐ. 'Estw m : [0, r] → [0,∞] h sun�rthsh

(2.1.8) m(x) = − log µ([x,∞)).

H m eÐnai aÔxousa kai m(r) < ∞ an kai mìno an P (X = r) > 0. ParathroÔme
ìti, apì thn anisìthta tou Markov, gia k�je x ∈ (0, r) kai gia k�je t ≥ 0, èqoume

(2.1.9) ϕ(t) = E
(
etX

) ≥ etxµ([x,∞)),

kai sunep¸c,

(2.1.10) ψ(t) ≥ tx−m(x).

'Estw x ∈ (0, r) kai y ∈ (x, r). Apì thn (2.1.10) èqoume ψ(t) ≥ ty −m(y) gia
k�je t ≥ 0. Eidikìtera,

(2.1.11) ψ
(
m(y)/(y − x)

) ≥ xm(y)/(y − x).

An loipìn jewr soume thn sun�rthsh gx(s) := sx− ψ(s), èqoume gx(0) = 0 kai
gx

(
m(y)/(y−x)

) ≤ 0. AfoÔ h gx eÐnai koÐlh kai g′x(0) = x > 0, autì deÐqnei ìti h
gx paÐrnei th mègisth tim  thc se k�poio shmeÐo tou

(
0,m(y)/(y−x)

)
. Sunep¸c,

ψ′(t) = x gia k�poio shmeÐo t tou diast matoc. To Ðdio epiqeÐrhma efarmìzetai
sthn perÐptwsh x ∈ (−r, 0). Tèloc, gia x = 0 èqoume ψ′(0) = x. 2

Orismìc 2.1.3. OrÐzoume h : (−r, r) → R me h := (ψ′)−1. ParathroÔme ìti h
h eÐnai gnhsÐwc aÔxousa C∞ sun�rthsh kai

(2.1.12) h′(x) =
1

ψ′′(h(x))
.

Orismìc 2.1.4. O metasqhmatismìc Legendre thc ψ eÐnai h sun�rthsh

(2.1.13) f(x) := sup {tx− ψ(t) : t ∈ R} , x ∈ R.
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Oi basikèc idiìthtec thc f perigr�fontai sto epìmeno L mma.

L mma 2.1.5. (a) f ≥ 0, f(0) = 0 kai f(x) = ∞ gia x ∈ R \ [−r, r].
(b) Gia k�je x ∈ (−r, r) èqoume f(x) = tx−ψ(t) an kai mìno an ψ′(t) = x. 'Ara,

(2.1.14) f(x) = xh(x)− ψ(h(x)) gia x ∈ (−r, r).

(g) H f eÐnai gnhsÐwc kurt  C∞ sun�rthsh sto (−r, r), kai

(2.1.15) f ′(x) = h(x).

Apìdeixh. (a) H f ≥ 0 prokÔptei apì to gegonìc ìti h sun�rthsh t 7→ tx−ψ(t)
paÐrnei thn tim  0 gia t = 0. H f(0) = 0 eÐnai profan c. Gia ton trÐto isqurismì,
parathroÔme pr¸ta ìti ϕ(t) ≤ etr gia k�je t ≥ 0. 'Ara,

(2.1.16) tx− ψ(t) ≥ t(x− r) gia t ≥ 0, x ∈ R,

kai sunep¸c,

(2.1.17) f(x) = sup
t∈R

[tx− ψ(t)] ≥ lim
t→∞

[t(x− r)] = ∞

an x > r. Lìgw summetrÐac, èqoume f(x) = ∞ an x < −r.
(b) Upojètoume pr¸ta ìti ψ′(t) = x. Tìte, x ∈ (−r, r) kai h gnhsÐwc koÐlh

sun�rthsh gx(s) = sx−ψ(s) èqei topikì akrìtato, �ra olikì mègisto, sto s = t.
'Epetai ìti

(2.1.18) tx− ψ(t) = max {sx− ψ(s) : s ∈ R} = f(x).

AntÐstrofa, upojètoume ìti x ∈ (−r, r) kai ìti f(x) = tx − ψ(t) gia k�poio t.
Up�rqei u ∈ R ¸ste ψ′(u) = x, kai apì to prohgoÔmeno epiqeÐrhma, prèpei na
èqoume f(x) = ux − ψ(u). AfoÔ h gx(s) = sx − ψ(s) eÐnai gnhsÐwc koÐlh kai
suneq c, èqei monadikì mègisto. 'Epetai ìti u = t, kai sunep¸c, ψ′(t) = x.

(g) Oi ψ kai h eÐnai C∞, opìte to Ðdio isqÔei gia thn f apì to (b). Epiplèon,

(2.1.19)
d

dx
f(x) = h(x) + xh′(x)− ψ′(h(x))h′(x) = h(x),

apì to (b) kai apì ton orismì thc h, �ra

(2.1.20)
dn

dxn
f(x) =

dn−1

dxn−1
h(x)

gia k�je n ∈ N. Tèloc,

(2.1.21)
d2

dx2
f(x) = h′(x) =

1
ψ′′(h(x))

> 0,

�ra h f eÐnai gnhsÐwc kurt  sto (−r, r). 2

Erqìmaste t¸ra sthn perÐptwsh twn ±1-polutìpwn. 'Estw n ∈ N kai èstw
X1, X2, . . . , Xn anex�rthtec kai isokatanemhmènec ±1 tuqaÐec metablhtèc, ori-
smènec se ènan q¸ro pijanìthtac (Ω,F ,P), me katanom  P(X = 1) = P(X =
−1) = 1

2 . Se aut n thn perÐptwsh,

(2.1.22) ϕ(t) := E
[
etX

]
= cosh(t),
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kai

(2.1.23) ψ(t) := log ϕ(t) = log cosh(t).

L mma 2.1.6. H f (o metasqhmatismìc Legendre thc ψ) eÐnai �rtia kai gnhsÐwc
kurt  sun�rthsh sto (−1, 1). Gia k�je x ∈ (−1, 1) èqoume

(2.1.24) f(x) = 1
2 (1 + x) log(1 + x) + 1

2 (1− x) log(1− x).

EpÐshc, lim
x→±1

f(x) = log 2.

Apìdeixh. ParathroÔme ìti

(2.1.25) f(x) = xt− log cosh(t), ìpou x = ψ′(t) = tanh t.

Apì thn tanh t = x blèpoume ìti

(2.1.26) e2t =
1 + x

1− x
,   isodÔnama, t = h(x) = 1

2 log
(

1 + x

1− x

)
.

P�li apì thn tanh t = x, blèpoume ìti e−2t = 1−x
1+x , kai sunep¸c,

(2.1.27) cosh t =
et + e−t

2
=

et(1 + e−2t)
2

=
et

1 + x
.

Epistrèfontac sthn (2.1.25) blèpoume ìti

f(x) = xt− log cosh t

= xt− t + log(1 + x)

= log(1 + x)− (1− x) · 1
2 log

(
1 + x

1− x

)

= log(1 + x)− (1− x) · 1
2 log(1 + x) + 1

2 (1− x) log(1− x),

ap' ìpou prokÔptei h (2.1.24). 2

Gia dosmèna x1, . . . , xn sto (−1, 1), jètoume

(2.1.28) ti := h(xi) (i ≤ n).

Se ìti akoloujeÐ, ja jewroÔme p�nta ìti ta ti kai xi brÐskontai se aut n thn sqè-
sh. Eidikìtera, ja qrhsimopoioÔme suqn� thn antÐstrofh sqèsh touc (jumhjeÐte
ìti ψ(t) = log cosh t):

L mma 2.1.7. 'Estw xi ∈ (−1, 1) kai èstw ti = h(xi). Tìte,

(2.1.29) xi = ψ′(ti) = tanh(ti) (i ≤ n).

JewroÔme epÐshc thn sun�rthsh g : [0,∞) → R pou orÐzetai apì thn

(2.1.30) g(t) =
f(tanh(t))

t2
.
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L mma 2.1.8. H g ikanopoieÐ thn

(2.1.31) g(t) = − 1
t2

log cosh(t) +
tanh(t)

t
,

eÐnai gnhsÐwc fjÐnousa sto [0,∞), kai limt→0 g(t) = 1
2 .

Apìdeixh. Jètoume t = h(x) ìpou x ∈ [0, 1). Apì to L mma 2.1.7 èqoume
x = tanh(t). Tìte,

(2.1.32) f(tanh(t)) = − log cosh(t) + tanh(t)t

apì thn (2.1.25). 'Epetai h (2.1.31). Gia th monotonÐa thc g ja qrhsimopoi soume
thn

(2.1.33) [f(tanh(t))]′ = h(tanh(t)) tanh′(t) = t/ cosh2(t).

ParagwgÐzontac thn g kai paÐrnontac up� ìyin thn parap�nw isìthta, blèpoume
ìti h g′ èqei to Ðdio prìshmo me thn

(2.1.34) w(t) := t2 − 2 cosh2(t)f(tanh(t)).

ParathroÔme ìti w(0) = 0 kai

w′(t) = 2t− 2 cosh2(t)[f(tanh(t))]′ − 4 cosh(t) sinh(t)f(tanh(t))

= −4 cosh(t) sinh(t)f(tanh(t)) < 0

gia t ∈ (0,∞). 'Ara w < 0 kai, omoÐwc, g′ < 0 sto (0,∞). 'Epetai ìti h g eÐnai
gnhsÐwc fjÐnousa sto [0, +∞).

Gia to limt→0 g(t) parathroÔme ìti

(2.1.35)
[f(tanh(t))]′

(t2)′
=

1
2 cosh2(t)

→ 1
2

ìtan t → 0. SÔmfwna me ton kanìna tou l’ Hôspital, limt→0 g(t) = 1
2 . 2

2.2 H mèjodoc twn Dyer, Füredi kai McDiarmid

'Opwc eÐpame sthn eisagwg , h apìdeixh tou kentrikoÔ mac jewr matoc akoloujeÐ
wc èna shmeÐo thn prosèggish twn Bárány kai Pór. Aut  h prosèggish me th
seir� thc èqei san afethrÐa th doulei� twn Dyer, Füredi kai McDiarmid [10], oi
opoÐoi apèdeixan to ex c: 'Estw κ = log 2− 1

2 kai èstw KN to tuqaÐo polÔtopo
pou orÐzetai apì thn (1.1.7). Gia k�je ε ∈ (0, κ) èqoume

(2.2.1) lim
n→∞

sup
{
2−nE |KN | : N ≤ exp((κ− ε)n)

}
= 0

kai

(2.2.2) lim
n→∞

inf
{
2−nE |KN | : N ≥ exp((κ + ε)n)

}
= 1.
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Se aut n thn par�grafo, parousi�zoume sunoptik� th mèjodo thc apìdeixhc
autoÔ tou apotelèsmatoc. Autì ja mac epitrèyei na orÐsoume k�poiec ènnoiec pou
ja paÐxoun kentrikì rìlo sta epìmena, kai na doÔme p¸c h jewrÐa twn meg�lwn
apoklÐsewn emplèketai sth melèth twn tuqaÐwn 0/1 polutìpwn. Arket� apì ta
l mmata pou qrhsimopoioÔntai ed¸ ja apodeiqjoÔn (se isqurìterh morf  kai me
aploÔstero trìpo) sta epìmena Kef�laia.

Gia na prosdiorÐsoun thn krÐsimh tim  κ, oi Dyer, Füredi kai McDiarmid
qrhsimopoÐhsan thn akìloujh sun�rthsh.

Orismìc 2.2.1. Jètoume C = [−1, 1]n. Gia k�je ~x ∈ (−1, 1)n, jètoume

(2.2.3) q(~x) := inf
{
Prob

(
~X ∈ H

)
: ~x ∈ H, H kleistìc hmÐqwroc

}
.

EpÐshc, gia k�je summetrikì kurtì s¸ma A ⊂ (−1, 1)n orÐzoume

(2.2.4) q+(A) = max
~x∈C\A

q(~x) kai q−(A) = min
~x∈∂(A)

q(~x),

ìpou ∂(A) eÐnai to sÔnoro tou A.

Parathr ste ìti to infimum sthn (2.2.3) prosdiorÐzetai apì ekeÐnouc touc hmi-
q¸rouc H gia touc opoÐouc ~x ∈ ∂(H).

2.2 (a) Idèa thc apìdeixhc thc (2.2.1)

H apìdeixh basÐzetai sto ex c aplì L mma:

L mma 2.2.2. 'Estw N > n kai èstw A èna summetrikì kurtì s¸ma pou
perièqetai sto (−1, 1)n. Tìte,

(2.2.5) E(|KN |) ≤ |A|+ 2n ·N q+(A).

Apìdeixh. Gr�foume

(2.2.6) E (|KN |) = E (|KN ∩A|) + E (|KN \A|) ≤ |A|+ E (|KN \A|).

ParathroÔme ìti an H eÐnai ènac kleistìc hmÐqwroc pou perièqei to ~x, kai an
~x ∈ KN , tìte up�rqei i ≤ N ¸ste ~Xi ∈ H (alli¸c, ja eÐqame ~x ∈ KN ⊆ H ′,
ìpou H ′ eÐnai o sumplhrwmatikìc hmÐqwroc tou H). 'Epetai ìti Prob

(
~x ∈ KN

) ≤
N · Prob

(
~X ∈ H

)
, kai afoÔ o H  tan tuq¸n,

(2.2.7) Prob
(
~x ∈ KN

) ≤ N · q(~x).

Qrhsimopoi¸ntac to je¸rhma tou Fubini blèpoume ìti

E (|KN \A|) =
∫

C\A

[
E

(
χKN

(~x)
)]

d~x

=
∫

C\A
Prob(~x ∈ KN ) d~x

≤
∫

C\A
Nq(~x) d~x ≤ N q+(A) |C \A| .
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Epistrèfontac sthn (2.2.6) paÐrnoume to zhtoÔmeno. 2

H idèa eÐnai t¸ra h ex c: an epilèxoume kat�llhlo A (to opoÐo ja exart�tai
apì ta N kai n) ¸ste, gia N ≤ exp((κ−ε)n) na èqoume tautìqrona |A| /2n → 0
kai Nq+(A) → 0 kaj¸c to n →∞, tìte paÐrnoume thn (2.2.1).

2.2 (b) Idèa thc apìdeixhc thc (2.2.2)

H deÔterh basik  parat rhsh eÐnai h ex c.

L mma 2.2.3. 'Estw A èna summetrikì kurtì s¸ma pou perièqetai sto (−1, 1)n.
Tìte,

(2.2.8) 1− Prob
(
KN ⊇ A

) ≤
(

N

n

)
2−(N−n) + 2

(
N

n

)(
1− q−(A)

)N−n
.

H apìdeixh tou L mmatoc 2.2.3 ja dojeÐ sto Kef�laio 5. Autì pou jèloume
na shmei¸soume ed¸ eÐnai ìti sundèei thn sun�rthsh q me thn (2.2.2). Pr�gmati,
an epilèxoume kat�llhlo A (to opoÐo ja exart�tai apì ta N kai n) ¸ste, gia
N ≥ exp((κ+ε)n) na èqoume tautìqrona |A| /2n → 1 kai 1−Prob

(
KN ⊇ A

) → 0
kaj¸c to n →∞, tìte paÐrnoume thn (2.2.2).

2.2 (g) Upologismìc tou q(~x)

Apì tic dÔo prohgoÔmenec paragr�fouc faÐnetai ìti tìso h (2.2.1) ìso kai h
(2.2.2) sqetÐzontai �mesa me thn sumperifor� thc sun�rthshc q(~x) sto (−1, 1)n.
'Ena kalì �nw fr�gma gia thn q(~x) prokÔptei sqetik� eÔkola, me qr sh thc
anisìthtac tou Markov.

L mma 2.2.4. Gia k�je ~x ∈ (−1, 1)n èqoume q(~x) ≤ exp (−∑n
i=1 f(xi)).

Apìdeixh. An H eÐnai ènac kleistìc hmÐqwroc ¸ste ~x ∈ ∂(H), up�rqei ~t ∈ Rn

¸ste

(2.2.9) H = H(~t) = {~y : 〈~t, ~y − ~x〉 ≥ 0}.
Apì thn anisìthta tou Markov,

Prob
(

~X ∈ H(~t)
)

= Prob

(
n∑

i=1

ti(Xi − xi) ≥ 0

)

≤ E

[
exp

{
n∑

i=1

ti(Xi − xi)

}]

=
n∏

i=1

E
[
exp(ti(Xi − xi)

]

=
n∏

i=1

eψ(ti)−tixi .

Apì ton orismì thc q(~x) èqoume

q(~x) ≤ inf
~t∈Rn

n∏

i=1

eψ(ti)−tixi =
n∏

i=1

e− sup{txi−ψ(t): t∈R}

=
n∏

i=1

e−f(xi).
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Dhlad , to zhtoÔmeno. 2

EpekteÐnoume suneq¸c thn f sto [−1, 1] jètontac f(±1) = log 2 kai gia k�je
~x = (x1, . . . , xn) ∈ (−1, 1)n jètoume

(2.2.10) F (~x) =
1
n

n∑

i=1

f(xi).

Gia k�je 0 < α < log 2, orÐzoume

(2.2.11) Fα = {~x ∈ (−1, 1)n : F (~x) ≤ α} .

AfoÔ h f eÐnai �rtia kai kurt  sto (−1, 1), to Fα eÐnai èna summetrikì kur-
tì s¸ma pou perièqetai sto (−1, 1)n. Apì ton orismì tou Fα blèpoume ìti∑n

i=1 f(xi) = nF (~x) = αn gia k�je ~x ∈ ∂(Fα). Sunep¸c, to L mma 2.2.4
apodeiknÔei to ex c.

L mma 2.2.5. 'Estw 0 < α < log 2. Gia k�je ~x ∈ ∂(Fα) èqoume

(2.2.12) q(~x) ≤ exp(−αn).

'Epetai ìti

(2.2.13) q+(Fα) ≤ exp(−αn).

To L mma 2.2.5 ja faneÐ qr simo gia thn apìdeixh thc (2.2.1). Gia thn apì-
deixh thc (2.2.2) qrei�zetai na ektim soume thn q(~x) apì k�tw ¸ste na ekmetal-
leutoÔme to L mma 2.2.3. To basikì teqnikì b ma eÐnai h apìdeixh thc epìmenhc
Prìtashc, h opoÐa basÐzetai sthn jewrÐa twn meg�lwn apoklÐsewn (kai ja pa-
rousiasteÐ sto Kef�laio 4).

Prìtash 2.2.6. Gia k�je ε > 0, up�rqei n(ε) ∈ N, pou exart�tai mìno apì to
ε, ¸ste gia k�je 0 < α < log 2 kai gia k�je n ≥ n(ε) na èqoume

(2.2.13) q−(Fα) ≥ exp(−α(1 + ε)n− εn).

2.2 (d) Prosdiorismìc thc stajer�c κ kai h apìdeixh tou jew-
r matoc

'Estw U1, . . . , Un anex�rthtec tuqaÐec metablhtèc, omoiìmorfa katanemhmènec
sto (−1, 1). Tìte, gia k�je 0 < α < log 2,

(2.2.14) 2−n |Fα| = Prob((U1, . . . , Un) ∈ Fα) = Prob

(
1
n

n∑

i=1

f(Ui) ≤ α

)
.

OrÐzoume

(2.2.15) κ = E (f(Ui)) = 1
2

∫ 1

−1

f(x)dx = log 2− 1
2 .

Apì to nìmo twn meg�lwn arijm¸n sumperaÐnoume to ex c.
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L mma 2.2.7. Gia k�je α ∈ (0, κ) èqoume

(2.2.16) lim
n→∞

2−n |Fα| = 0,

kai, ìmoia, gia k�je α ∈ (κ, log 2) èqoume

(2.2.17) lim
n→∞

2−n |Fα| = 1.

MporoÔme t¸ra na apodeÐxoume to pr¸to misì tou jewr matoc twn Dyer,
Füredi kai McDiarmid.

Prìtash 2.2.8. Gia k�je ε ∈ (0, κ),

(2.2.18) lim
n→∞

sup
{
2−nE(|KN |) : N ≤ exp((κ− ε)n)

}
= 0.

Apìdeixh. Epilègoume α = κ− ε/2. Apì to L mma 2.2.7 èqoume

(2.2.19) lim
n→∞

2−n |Fα| = 0.

Apì thn �llh pleur�, an N ≤ exp((κ− ε)n), to L mma 2.2.5 mac dÐnei

(2.2.20) Nq+(Fα) ≤ exp(−εn/2).

Efarmìzontac to L mma 2.2.2 me A = Fα paÐrnoume

(2.2.21) 2−nE (|KN |) ≤ 2−n |Fα|+ exp(−εn/2),

kai to dexiì mèloc teÐnei sto 0 ìtan n →∞. 2

Gia to deÔtero misì tou jewr matoc qrhsimopoioÔme thn Prìtash 2.2.6:

Prìtash 2.2.9. Gia k�je ε > 0,

(2.2.22) lim
n→∞

inf
{
2−nE (|KN |) : N ≥ exp((κ + ε)n)

}
= 1.

Apìdeixh. StajeropoioÔme ε > 0. AfoÔ (κ + x)(1 + x) + x → κ ìtan x → 0,
mporoÔme na broÔme δ > 0 ¸ste, an jèsoume α = κ+ δ na èqoume (1+ δ)α + δ <

κ+ε. Gi� aut n thn tim  tou α h Prìtash 2.2.6 � se sunduasmì me to L mma 2.2.3
� deÐqnei ìti an n ≥ n(α, δ), kai an N ≥ exp((κ + ε)n) ≥ exp((1 + δ)αn + δn),
tìte

(2.2.23) E (|KN |) ≥ |Fα| · Prob
(
KN ⊇ Fα) ≥ |Fα| (1− 2−n+1).

ParaleÐpoume touc upologismoÔc, afoÔ entel¸c antÐstoiqoi upologismoÐ ja gÐ-
noun sto Kef�laio 5. AfoÔ α > κ, to L mma 2.2.7 deÐqnei ìti

(2.2.24) lim
n→∞

2−n |Fα| = 1.

'Epetai to zhtoÔmeno. 2





Kef�laio 3

Pijanojewrhtik� l mmata

Se autì to Kef�laio apodeiknÔoume dÔo basik� pijanojewrhtik� l mmata pou
dÐnoun k�tw fr�gmata gia tic ourèc thc katanom c twn ajroism�twn Rademacher.

3.1 Stoiqei¸dec k�tw fr�gma

'Estw m ∈ N kai èstw X1, X2, . . . , Xm anex�rthtec kai isokatanemhmènec ±1
tuqaÐec metablhtèc, orismènec se ènan q¸ro pijanìthtac (Ω,F ,P), me katanom 
P(X = 1) = P(X = −1) = 1

2 . JewroÔme s1, . . . , sm ∈ R me
∑m

i=1 si > 0 kai
r > 0. Se aut n thn par�grafo apodeiknÔoume èna pr¸to k�tw fr�gma gia thn

P

(
m∑

i=1

siXi ≥ r

)

mèsw thc sun�rthshc f , gia kat�llhlo eÔroc tim¸n tou r. H apìdeixh akoloujeÐ,
wc èna bajmì, aut n tou L mmatoc 8.2 sthn ergasÐa [3].

Prìtash 3.1.1. 'Estw 0 < γ ≤ 1/10. Up�rqei stajer� c(γ) > 0 tètoia
¸ste: gia k�je m ∈ N kai gia k�je epilog  pragmatik¸n arijm¸n s1, . . . , sm me∑m

i=1 si > 0, isqÔei h anisìthta

(3.1.1) P

(
m∑

i=1

si(Xi − γ) ≥ 0

)
≥ c(γ) m−3/2 e−mf(γ).

Apìdeixh. JewroÔme touc kleistoÔc hmÐqwrouc

H∗ =

{
~x ∈ Rm :

m∑

i=1

si(xi − γ) ≥ 0

}

H =

{
~x ∈ Rm :

m∑

i=1

(xi − γ) ≥ 0

}
.

OrÐzoume σ : Rm → Rm thn apeikìnish pou metajètei kuklik� tic suntetagmènec
tou ~x:

(3.1.2) σ(x1, x2, . . . , xm) = (xm, x1, . . . , xm−1).
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AfoÔ σm(~x) = ~x, h troqi� {σk(~x) : k ≥ 0} tou ~x èqei to polÔ m stoiqeÐa. Lìgw
thc summetrÐac tou H wc proc xi, an ~x ∈ H tìte σk(~x) ∈ H gia k�je k ≥ 0.

ParathroÔme ìti an ~x ∈ H tìte up�rqei k ∈ {1, . . . ,m} tètoioc ¸ste σk(~x) ∈
H∗. Pr�gmati, ac upojèsoume ìti

(3.1.3)
m∑

i=1

si([σk(~x)]i − γ) < 0

gia k�je k. Tìte, prosjètontac tic anisìthtec kai parathr¸ntac ìti

(3.1.4) [σ1(~x)]i + · · ·+ [σm(~x)]i = x1 + · · ·+ xm

gia k�je i = 1, . . . ,m, katal goume sthn

(3.1.5) (s1 + · · ·+ sm)
m∑

i=1

(xi − γ) < 0.

'Atopo, afoÔ ~x ∈ H.
'Epetai ìti

(3.1.6) m · P
(

~X ∈ H∗
)

=
m∑

k=1

P
(
σk( ~X) ∈ H∗

)
≥ P

(
~X ∈ H

)
.

Dhlad ,

P

(
m∑

i=1

si(Xi − γ) ≥ 0

)
≥ 1

m
P

(
m∑

i=1

Xi ≥ γm

)

=
1
m
P

(
|{i : Xi = 1}| ≥ (1 + γ)m

2

)
.

'Ara,

(3.1.7) P

(
m∑

i=1

si(Xi − γ) ≥ 0

)
≥ 1

m

1
2m

∑
γ+1
2 ≤ k

m≤1

(
m

k

)
≥ 1

m

1
2m

(
m

kγ

)
,

ìpou kγ := dm(γ + 1)/2e eÐnai o mikrìteroc akèraioc pou eÐnai megalÔteroc  
Ðsoc apì m(γ + 1)/2. Eidikìtera,

(3.1.8)
kγ

m
<

1 + γ + 2m−1

2
.

Ja qreiastoÔme k�poiec akribeÐc ektim seic tou H. E. Robbins (blèpe [11, II,
(9.15)]).

L mma 3.1.2. IsqÔoun oi anisìthtec

(3.1.9)
√

2πnn+
1
2 e−n · e(12n+1)−1

< n! <
√

2πnn+
1
2 e−n · e(12n)−1

.
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Apìdeixh. JewroÔme thn akoloujÐa

(3.1.10) dn := log n!− (n + 1
2 ) log n + n.

ParathroÔme ìti

(3.1.11) dn − dn+1 = (n + 1
2 ) log

n + 1
n

− 1.

Gr�foume

(3.1.12)
n + 1

n
=

1 + 1
2n+1

1− 1
2n+1

,

kai qrhsimopoi¸ntac to an�ptugma 1
2 log 1+t

1−t = t+ 1
3 t3+ 1

5 t5+ 1
7 t7+ · · · paÐrnoume

(3.1.13) dn − dn+1 =
1

3(2n + 1)2
+

1
5(2n + 1)4

+ · · · .

SugkrÐnontac to dexiì mèloc me thn gewmetrik  seir� lìgou (2n+1)−2 blèpoume
ìti

(3.1.14) 0 < dn − dn+1 <
1

3[(2n + 1)2 − 1]
=

1
12n

− 1
12(n + 1)

.

Apì thn (3.1.13) h {dn} eÐnai fjÐnousa kai apì thn (3.1.14) h {dn − (12n)−1}
eÐnai aÔxousa. 'Ara, to ìrio C := lim dn up�rqei. Apì thn (3.1.13) blèpoume
epÐshc ìti

(3.1.15) dn − dn+1 >
1

3(2n + 1)2
≥ 1

12n + 1
− 1

12(n + 1) + 1
,

dhlad  h {dn − (12n + 1)−1} eÐnai fjÐnousa. 'Ara,

(3.1.16) C +
1

12n + 1
< dn < C +

1
12n

Mènei na elègxoume ìti C = log(
√

2π). Mia polÔ sÔntomh apìdeixh gi� autì eÐnai
h ex c: apì thn dn → C èpetai eÔkola ìti

(3.1.17)
(

2n

n

)√
n

22n
→
√

2
eC

kaj¸c to n →∞. JewroÔme thn sun�rthsh u(x) = (1+x)2n+1. Apì to je¸rhma
tou Taylor,
(3.1.18)

u(x) = u(0) + u′(0)x +
u′′(0)

2!
x2 + · · ·+ u(n)(0)

n!
xn +

1
n!

∫ x

0

u(n+1)(t)(x− t)ndt.

Jètontac x = 1 paÐrnoume

22n+1 =
∑

0≤k≤n

(
2n + 1

k

)
+

1
n!

∫ 1

0

(2n + 1)(2n) · · · (n + 1)(1 + t)n(1− t)ndt

= 22n +
(

2n

n

)
(2n + 1)

∫ 1

0

(1− t2)ndt.
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Dhlad ,

(3.1.19)
(

2n

n

)√
n

22n
· 2n + 1√

n

∫ 1

0

(1− t2)ndt = 1.

Omwc,
(3.1.20)

2n + 1√
n

∫ 1

0

(1− t2)ndt =
2n + 1

n

∫ √
n

0

(1− u2/n)ndu → 2
∫ ∞

0

e−u2
du =

√
π

kaj¸c to n →∞. Apì tic (3.1.17), (3.1.19) kai (3.1.20) paÐrnoume

(3.1.21)
√

2
eC

· √π = 1,

dhlad , C = log(
√

2π). 2

MporoÔme t¸ra na oloklhr¸soume thn apìdeixh thc Prìtashc 3.1.1. QwrÐc
periorismì thc genikìthtac upojètoume ìti m ≥ 3. Qrhsimopoi¸ntac to L mma
3.1.2 kai thn anisìthta

(3.1.22)
1√
2π

√
m

kγ(m− kγ)
≥

√
2

πm

(h opoÐa prokÔptei apì thn anisìthta x(1−x) ≤ 1
4 gia 0 ≤ x ≤ 1) sumperaÐnoume

ìti
(

m

kγ

)
≥

√
2

πm
exp (m log m− kγ log kγ − (m− kγ) log(m− kγ))

× exp
(
(12m + 1)−1 − (12kγ)−1 − [12(m− kγ)]−1

)

=

√
2

πm
exp

(
−m

[
kγ

m
log

(
kγ

m

)
+

(
1− kγ

m

)
log

(
1− kγ

m

)])

× exp
(

1
12m + 1

− 1
12kγ

− 1
12(m− kγ)

)
.

Apì ton orismì tou kγ èqoume

(3.1.23)
1 + γ

2
≤ kγ

m
<

1 + γ + 2m−1

2
,

kai afoÔ h x 7→ −x log x− (1− x) log(1− x) eÐnai fjÐnousa sto [ 12 , 1], sumperaÐ-
noume ìti

(
m

kγ

)
≥

√
2

πm
2m exp(−mf(γ + 2m−1)) exp

(
1

12m + 1
− m

12kγ(m− kγ)

)
.

Apì to je¸rhma mèshc tim c kai apì thn monotonÐa thc f ′ = h blèpoume ìti

(3.1.24) f(γ + 2m−1) ≤ f(γ) + 2m−1h(γ + 2m−1),
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opìte
(

m

kγ

)
≥

√
2

πm
2m exp(−mf(γ))

× exp
(
−2h(γ + 2m−1) +

1
12m + 1

− m

12kγ(m− kγ)

)
.

Gia na oloklhr¸soume thn apìdeixh, parathroÔme ìti, apì thn monotonÐa thc h

èqoume h(γ + 2m−1) ≤ h(γ + 2/3), kai qrhsimopoioÔme to gegonìc ìti

(3.1.25)
m

12kγ(m− kγ)
≤ 1

12m
· 4
1− (γ + 2m−1)2

,

pou isqÔei giatÐ kγ < m(γ + 1)/2 + 1 kai h sun�rthsh x 7→ x(m − x) eÐnai
fjÐnousa sto di�sthma [m/2,m]. Epomènwc, an γ ≤ 1/10 èqoume

(3.1.26)
(

m

kγ

)
≥ c(γ)√

m
2m exp(−mf(γ)),

kai, epistrèfontac sthn (3.1.7), paÐrnoume to zhtoÔmeno. 2

Parat rhsh 3.1.3. H Prìtash 3.1.1 genikeÔetai sto plaÐsio twn anex�r-
thtwn fragmènwn summetrik¸n tuqaÐwn metablht¸n X1, . . . , Xm me katanom  µ.
An 0 < γ ≤ γ(µ), tìte up�rqei m0 = m0(γ) ¸ste, gia k�je m ≥ m0, kai gia
k�je s1, . . . , sm ∈ R me

∑m
i=1 si > 0,

(3.1.27) P

(
m∑

i=1

si(Xi − γ) ≥ 0

)
≥ c(γ) m−3/2 e−mf(γ),

ìpou h stajer� c(γ) > 0 exart�tai mìno apì ta γ kai µ.
Pr�gmati, to pr¸to mèroc tou epiqeir matoc pou perigr�yame parap�nw apo-

deiknÔei ìti

(3.1.28) P

(
m∑

i=1

si(Xi − γ) ≥ 0

)
≥ 1

m
P

(
m∑

i=1

(Xi − γ) ≥ 0

)
.

Apì thn �llh pleur�, to je¸rhma twn Bahadur–Rao (blèpe [1, Je¸rhma 1])
deÐqnei ìti up�rqei akoloujÐa bm jetik¸n pragmatik¸n arijm¸n, tètoia ¸ste

(3.1.29)
√

2πm

bm
emf(γ) P

(
m∑

i=1

(Xi − γ) ≥ 0

)
→ 1

kaj¸c to m → ∞, me thn log bm fragmènh, �ra kai thn bm fragmènh apì mia
gn sia jetik  stajer�.

3.2 H mèjodoc thc parembol c

Se aut n thn par�grafo perigr�foume thn apìdeixh tou ex c apotelèsmatoc tou
Montgomery-Smith (blèpe [29]):
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Je¸rhma 3.2.1. Up�rqei apìluth stajer� c > 0 tètoia ¸ste, gia k�je n ∈ N
kai gia k�je s1, . . . , sn ∈ R, h anisìthta

(3.2.1) P

(
n∑

i=1

siXi ≥ c−1t‖~s‖2
)
≥ c−1e−ct2

isqÔei gia k�je t > 0 me t ≤ ‖~s‖2/‖~s‖∞, ìpou ~s = (s1, . . . , sn).

Gia thn apìdeixh ja qreiastoÔme th sÔgkrish dÔo {norm¸n parembol c} pou
orÐzontai ston Rn.

Orismìc 3.2.2. Gia ~s = (s1, . . . , sn) ∈ Rn kai gia k�je t ≥ 0 orÐzoume

(3.2.2) ‖~s‖K(t) = inf
{
‖~z‖1 +

√
t‖~s− ~z‖2 : ~z ∈ Rn

}
.

Gia m ∈ N kai gia ~s = (s1, . . . , sn) ∈ Rn orÐzoume

(3.2.3) ‖~s‖P (m) = sup
{ m∑

j=1


 ∑

i∈Bj

s2
i




1/2 }
,

ìpou to sup paÐrnetai p�nw apì ìlec tic m��dec xènwn uposunìlwn B1, . . . , Bm

tou {1, . . . , n}. ParathreÐ kaneÐc amèswc ìti

(3.2.4) ‖~s‖P (m) = sup
{ k∑

j=1


 ∑

i∈Bj

s2
i




1/2 }
,

ìpou to supremum paÐrnetai p�nw apì ìlouc touc k ≤ min{m,n} kai ìlec tic
diamerÐseic (B1, . . . , Bk) tou {1, . . . , n}, kai ìti P (k) = P (n) gia k�je k ≥ n.
EÔkola elègqetai ìti oi ‖ · ‖P (m) kai ‖ · ‖K(t) eÐnai nìrmec gia k�je t ≥ 0 kai
m ∈ N. EÐnai epÐshc �meso ìti

‖~s‖K(t) ≤ min{‖~s‖1, ‖~s‖2/
√

t}.

L mma 3.2.3. Gia k�je t > 0, h duðk  nìrma thc ‖ · ‖K(t) eÐnai h

(3.2.5) ‖~u‖∗K(t) = max
{‖~u‖∞,

√
t−1‖~u‖2

}
.

Dhlad ,

(3.2.6) ‖~s‖K(t) = max{〈~u,~s〉 : ~u ∈ Rn, ‖~u‖∞ ≤ 1, ‖~u‖2 ≤
√

t}

gia k�je ~s ∈ Rn.

Apìdeixh. 'Estw t > 0 kai ~u ∈ Rn. Gia ~s ∈ Rn,
∣∣∣∣∣

n∑

i=1

siui

∣∣∣∣∣ =

∣∣∣∣∣
n∑

i=1

ziui +
n∑

i=1

(si − zi)ui

∣∣∣∣∣
≤ ‖~u‖∞‖~z‖1 + ‖~s− ~z‖2‖~u‖2
≤ max{‖~u‖∞,

√
t−1‖~u‖2} · (‖~z‖1 +

√
t‖~s− ~z‖2)
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gia k�je ~z ∈ Rn, ap' ìpou èpetai ìti

(3.2.7)

∣∣∣∣∣
n∑

i=1

uisi

∣∣∣∣∣ ≤ max{‖~u‖∞,
√

t−1‖~u‖2} · ‖~s‖K(t),

kai �ra,

(3.2.8) ‖~u‖∗K(t) ≤ max{‖~u‖∞,
√

t−1‖~u‖2}.

T¸ra, gia ~s = ~u paÐrnoume
n∑

i=1

siui = ‖~u‖2‖~s‖2 =
√

t−1‖~u‖2
√

t‖~s‖2

≥
√

t−1‖~u‖∞‖~s‖K(t),

kai, an |ui| = ‖~u‖∞, h epilog  si = ui, sj = 0 gia j 6= i, dÐnei

(3.2.9)
n∑

i=1

uisi = ‖~u‖∞ = ‖~u‖∞‖~s‖1 ≥ ‖~u‖∞‖~s‖K(t).

'Epetai ìti

(3.2.10) max{〈~u,~s〉 : ‖~s‖K(t) = 1} = max{‖~u‖∞,
√

t−1‖~u‖2}.

2

L mma 3.2.4. Gia ~s ∈ Rn kai gia k�je 0 ≤ t ≤ ‖~s‖22/‖~s‖2∞ isqÔei ìti

(3.2.11) ‖~s‖K(t) = ‖~s‖2
√

t.

Apìdeixh. 'Opwc  dh parathr same, ‖~s‖K(t) ≤
√

t‖~s‖2 kai mènei na deÐxoume thn
antÐstrofh anisìthta. An loipìn 0 ≤ t ≤ ‖~s‖22/‖~s‖2∞, jètontac ui =

√
tsi/‖~s‖2,

i = 1, . . . , n, paÐrnoume ìti ‖~u‖∞ ≤ 1 kai
√

t−1‖~u‖2 = 1, kai 〈~u,~s〉 =
√

t‖~s‖2.
To L mma èpetai t¸ra apì to L mma 3.2.3. 2

Parat rhsh. An supp(~s) = {i ≤ n : si 6= 0}, tìte blèpoume eÔkola ìti isqÔei
epÐshc h ‖~s‖K(t) = ‖~s‖1 gia t ≥ |supp(~s)|. ArkeÐ na jèsoume ui = sign(si), na
qrhsimopoi soume to L mma 3.2.3 kai thn parat rhsh ‖~s‖K(t) ≤ ‖~s‖1.
L mma 3.2.5. Gia k�je ~s ∈ Rn kai gia k�je m ∈ N isqÔei h anisìthta

(3.2.12) ‖~s‖P (m) ≤ ‖~s‖K(m) ≤
√

2‖~s‖P (m).

Apìdeixh. ParathroÔme pr¸ta ìti, gia k�je ~s ∈ Rn,

(3.2.13) ‖~s‖P (m) ≤ min{√m‖~s‖2, ‖~s‖1}.

Pr�gmati, an (B1, . . . , Bk), k ≤ m, eÐnai mia diamèrish tou {1, . . . , n}, kai an
jèsoume

bj :=


 ∑

i∈Bj

s2
i




1/2

,
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tìte

(3.2.14)
k∑

j=1


 ∑

i∈Bj

s2
i




1/2

=
k∑

j=1

bj ≤



k∑

j=1

b2
j




1/2

√
k ≤ √

m‖~s‖2,

kai, profan¸c, epÐshc

(3.2.15)
k∑

j=1


 ∑

i∈Bj

s2
i




1/2

≤
k∑

j=1

∑

i∈Bj

|si| = ‖~s‖1.

T¸ra, gia ~s ∈ Rn, apì thn (3.2.13) èqoume ìti

(3.2.16) ‖~z‖1 +
√

m‖~s− ~t‖2 ≥ ‖~z‖P (m) + ‖~s− ~z‖P (m) ≥ ‖~s‖P (m)

gia k�je ~z ∈ Rn, kai èpetai h arister  anisìthta.
Gia thn dexi� anisìthta stajeropoioÔme ~s ∈ Rn kai epilègoume ~u ∈ Rn ètsi

¸ste ‖~u‖∞ ≤ 1, ‖~u‖2 ≤
√

m kai ‖~s‖K(m) =
∑n

i=1 uisi (apì to L mma 3.2.3).
OrÐzoume n0 = 0, kai epagwgik�,

(3.2.17) nj = min



s ≤ n :

s∑

i=nj−1+1

u2
i > 1





gia ekeÐna ta j gia ta opoÐa nj−1 < n. An gia k�poion J èqoume ìti nJ−1 < n

kai
∑n

nJ−1+1 u2
i ≤ 1, jètoume nJ = n kai stamat�me.

ParathroÔme ìti, an J > 1,

(3.2.18) m ≥ ‖~u‖22 =
J∑

j=1

nj∑
nj−1+1

u2
i > J − 1 +

n∑
nJ−1+1

u2
i ≥ J − 1,

kai �ra J ≤ m, en¸ an J = 1 tìte p�li J ≤ m. Ta sÔnola Bj = {nj−1 +
1, . . . , nj}, j = 1, . . . , J , eÐnai xèna. Tèloc, parathroÔme ìti

(3.2.19)
∑

i∈Bj

u2
i =

nj∑
nj−1+1

u2
i + u2

nj
≤ 1 + ‖~u‖∞ ≤ 2

gia ìla ta j = 1, . . . , J . 'Epetai ìti

‖~s‖K(m) =
n∑

i=1

uisi =
J∑

j=1

∑

i∈Bj

uisi

≤
J∑

j=1


 ∑

i∈Bj

u2
i




1/2 
 ∑

i∈Bj

s2
i




1/2

≤
√

2
J∑

j=1


 ∑

i∈Bj

s2
i




1/2

≤
√

2‖~s‖P (m),

ìpou h teleutaÐa anisìthta isqÔei diìti J ≤ m. 2

Qreiazìmaste epÐshc mia stoiqei¸dh anisìthta twn Paley kai Zygmund (blèpe
[23, Kef�laio 3]:
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L mma 3.2.6. 'Estw ~s ∈ Rn. Tìte,

(3.2.20) P

(
n∑

i=1

siXi > λ‖~s‖2
)
≥ 1

6 (1− λ2)2

gia k�je λ ∈ (0, 1).

Apìdeixh. MporoÔme na upojèsoume ìti ‖~s‖2 = 1. Jètoume Y := (s1X1 + · · ·+
snXn)2 kai gia k�je t ∈ (0, 1) orÐzoume Zt = χ{Y≥tE(Y )} ·Y . Apì thn anisìthta
Cauchy-Schwarz èqoume

(3.2.21) [E(Zt)]2 ≤ P(Y ≥ tE(Y )) · E(Y 2).

ParathroÔme ìti

(3.2.22) E(Y ) ≤ E(Zt) + tE(Y ).

'Ara,

(3.2.23) (1− t)2[E(Y )]2 ≤ P(Y ≥ tE(Y )) · E(Y 2).

Aplìc upologismìc deÐqnei ìti E(Y ) = ‖~s‖22 = 1 kai

(3.2.24) [E(Y 2)] =
n∑

i=1

s4
i + 6

∑

1≤i<j≤n

s2
i s

2
j ≤ 3.

Jètontac t = λ2 sthn (3.2.23) kai qrhsimopoi¸ntac thn summetrÐa thc s1X1 +
· · ·+ snXn paÐrnoume to zhtoÔmeno. 2

To basikì apotèlesma tou Montgomery-Smith eÐnai to ex c.

Je¸rhma 3.2.7. Gia k�je t > 0 kai ~s ∈ Rn isqÔei ìti

(3.2.25) P

(
n∑

i=1

siXi ≥ c−1‖~s‖K(t2)

)
≥ 1

6
exp(−ct2),

ìpou c = 3
2 log 24.

Apìdeixh. 'Estw m ∈ N. Up�rqei diamèrish (B1, . . . , Bk) tou {1, . . . , n} me
k ≤ n, tètoia ¸ste

(3.2.26) ‖~s‖P (m) =
k∑

j=1


 ∑

i∈Bj

s2
i




1/2

.
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Tìte, apì ta L mmata 3.2.5 kai 3.2.6 paÐrnoume ìti

P

(
n∑

i=1

siXi ≥ 1
2
‖~s‖K(m)

)
≥ P

(
n∑

i=1

siXi ≥ 1√
2
‖~s‖P (m)

)

= P




k∑

i=1

∑

i∈Bj

siXi ≥ 1√
2

k∑

j=1


 ∑

i∈Bj

s2
i




1/2



≥
k∏

j=1

P




∑

i∈Bj

siXi ≥ 1√
2


 ∑

i∈Bj

s2
i




1/2



≥
[

1
6

(
1− 1

2

)2
]k

≥ 24−m.

T¸ra, gia t > 0, t ∈ R, parathroÔme ìti ‖~s‖K(t2) ≤ ‖~s‖K(dt2e), kai an t ≥ √
2

tìte epÐshc dt2e ≤ 3
2 t2. 'Epetai ìti

(3.2.27) P

(
n∑

i=1

siXi ≥ 1
2
‖~s‖K(t2)

)
≥ exp

(
−3

2
(log 24)t2

)

gia t ≥ √
2. T¸ra, gia t ≤ √

2, èqoume ìti

(3.2.28) ‖~s‖K(t2) ≤ ‖~s‖K(2) ≤
√

2‖~s‖2 =
√

2‖~s‖P (1),

kai ètsi,

P

(
n∑

i=1

siXi ≥ 1
2
‖~s‖K(t2)

)
≥ P

(
n∑

i=1

siXi ≥ 1√
2
‖~s‖P (1)

)

≥ 24−1 ≥ exp
(
−3

2
(log 24)t2

)

gia
√

2/3 ≤ t ≤ √
2 epÐshc. Tèloc, gia 0 < t < 1 qrhsimopoioÔme to L mma 3.2.4

kai thn anisìthta Paley–Zygmund, se sunduasmì me thn
(
1− t2

4

)2

≤ e−ct2 gia
0 ≤ t ≤ 1. 2

Apìdeixh tou Jewr matoc 3.2.1. Apì to L mma 3.2.4, gia 0 ≤ t ≤ ‖~s‖2/‖~s‖∞,
èqoume

(3.2.29) P

(
n∑

i=1

siXi ≥ 1
2
t‖~s‖2

)
= P

(
n∑

i=1

siXi ≥ 1
2
‖~s‖K(t2)

)
≥ 1

6
e−ct2 ,

ìpou c > 0 h stajer� sto Je¸rhma 3.2.7. 2

Parat rhsh 3.2.8. To Je¸rhma 3.2.1 genikeÔetai sto plaÐsio twn anex�r-
thtwn fragmènwn summetrik¸n tuqaÐwn metablht¸n X1, . . . , Xm me katanom  µ.
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H apìdeixh up�rqei sto [26] (deÐte akìma to [15, L mma 4.12]): Gia k�je n ∈ N
kai gia k�je ~s = (s1, . . . , sn) ∈ Rn, h anisìthta

(3.2.30) P

(
n∑

i=1

siXi ≥ 1
2 t ‖~s ‖2

)
≥ e−Cµt2

isqÔei gia k�je t > 0 me t ≤ ‖~s ‖2 / ‖~s ‖∞ , ìpou h stajer� Cµ > 0 exart�tai apì
to µ.





Kef�laio 4

To basikì
pijanojewrhtikì l mma

Se autì to Kef�laio apodeiknÔoume to basikì pijanojewrhtikì l mma thc dia-
trib c: Up�rqei γ ∈ (0, 1) ¸ste, an n ≥ n0(γ) kai 4 log n/n ≤ α ≤ log 2, tìte
up�rqei ε ≤ 3 log n/n gia to opoÐo

min
∂F α−ε∩γC

q(~x) ≥ exp(−αn).

UpenjumÐzoume touc orismoÔc: Gia k�je ~x ∈ C, jètoume

q(~x) := inf
{
Prob

(
~X ∈ H

)
: ~x ∈ H, H kleistìc hmÐqwroc

}
.

JewroÔme epÐshc thn sun�rthsh f(x) = 1
2 (1+x) log(1+x)+ 1

2 (1−x) log(1−x) sto
[−1, 1], jètoume F (~x) = 1

n

∑n
i=1 f(xi) kai gia dosmèno 0 < β < log 2 orÐzoume

F β = {~x ∈ (−1, 1)n : F (~x) ≤ β}.

4.1 H mèjodoc twn meg�lwn apoklÐsewn

'Estw n ∈ N kai èstw X1, X2, . . . , Xn anex�rthtec kai isokatanemhmènec ±1
tuqaÐec metablhtèc, orismènec se ènan q¸ro pijanìthtac (Ω,F ,P), me katanom 
P(X = 1) = P(X = −1) = 1

2 . Gia k�je t ∈ R, jètoume

(4.1.1) ϕ(t) := E
[
etX

]
= cosh(t)

(thn koin  ropogenn tria twn Xi) kai

(4.1.2) ψ(t) := log ϕ(t) = log cosh(t).

Tèloc, orÐzoume h : (−1, 1) → R me

(4.1.3) h(x) := 1
2 log

(
1 + x

1− x

)
.
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Sthn §2.1 eÐdame ìti h h eÐnai gnhsÐwc kurt  kai gnhsÐwc aÔxousa sto [0, 1).
JumhjeÐte epÐshc ìti

(4.1.4) f(x) = −ψ(h(x)) + xh(x) kai f ′(x) = h(x).

Dojèntwn x1, . . . , xn sto (−1, 1), orÐzoume

(4.1.5) ti := h(xi) (i ≤ n).

Sth sunèqeia, ta ti kai xi ja sundèontai p�nta me aut n thn sqèsh. UpenjumÐ-
zoume ìti

(4.1.6) xi = ψ′(ti) = tanh(ti) (i ≤ n).

OrÐzoume èna nèo mètro pijanìthtac Px1,...,xn ston (Ω,F), jètontac

(4.1.7) Px1,...,xn(A) := E

[
1A · exp

(
n∑

i=1

tiXi

)]
n∏

i=1

[ϕ(ti)]−1

gia k�je A ∈ F .

L mma 4.1.1. Ston q¸ro pijanìthtac (Ω,F ,Px1,...,xn), oi tuqaÐec metablhtèc
t1X1, . . . , tnXn eÐnai anex�rthtec kai èqoun mèsh tim , diaspor� kai apìluth
kentrik  trÐth rop  pou dÐnontai apì tic

Ex1,...,xn [tiXi] = tixi,

Ex1,...,xn

[
t2i (Xi − xi)2

]
=

t2i
cosh2(ti)

,

Ex1,...,xn

[|ti(Xi − xi)|3
]

= |ti|3 cosh(2ti)
cosh4(ti)

,

antÐstoiqa.

Apìdeixh. 'Oloi oi isqurismoÐ epalhjeÔontai me aplèc pr�xeic. Gia par�deigma,

Ex1,...,xn [tiXi] = tiPx1,...,xn(Xi = 1)− tiPx1,...,xn(Xi = −1)

= ti · eti

2 cosh(ti)
− ti · e−ti

2 cosh(ti)
= ti tanh(ti) = tixi,

kai, entel¸c an�loga,

Ex1,...,xn [t2i (Xi − xi)2] = t2i (1− xi)2 · eti

2 cosh(ti)
+ t2i (1 + xi)2 · e−ti

2 cosh(ti)
= t2i + t2i x

2
i − 2xit

2
i tanh(ti)

= t2i − t2i tanh2(ti) =
t2i

cosh2(ti)
.

H anexarthsÐa twn t1X1, . . . , tnXn elègqetai epÐshc eÔkola. 2
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OrÐzoume

(4.1.8) σ2
n :=

n∑

i=1

Ex1,...,xn

[
t2i (Xi − xi)2

]
=

n∑

i=1

t2i
cosh2(ti)

kai

(4.1.9) Sn :=
1
σn

n∑

i=1

ti(Xi − xi),

kai jewroÔme thn sun�rthsh katanom c Fn : R → R thc tuqaÐac metablht c Sn

wc proc to mètro pijanìthtac Px1,...,xn
:

(4.1.10) Fn(x) := Px1,...,xn(Sn ≤ x) (x ∈ R).

Me µn sumbolÐzoume to mètro pijanìthtac sto R pou orÐzetai apì thn

(4.1.11) µn(−∞, x] := Fn(x) (x ∈ R).

Tèloc, jètoume

(4.1.12) ρ(3)
n :=

n∑

i=1

Ex1,...,xn

[|ti(Xi − xi)|3
]

=
n∑

i=1

|ti|3 cosh(2ti)
cosh4(ti)

.

Qrhsimopoi¸ntac thn anisìthta cosh(2y) ≤ 2 cosh2(y), blèpoume ìti

(4.1.13)
ρ
(3)
n

σ2
n

≤ 2 max
1≤i≤n

|ti|.

Parathr ste epÐshc ìti

Ex1,...,xn [Sn] = 0 kai Varx1,...,xn [Sn] = 1.

Apì thn (4.1.7) èqoume

P

(
n∑

i=1

ti(Xi − xi) ≥ 0

)

= Ex1,...,xn

[
1[0,∞)

(
n∑

i=1

ti(Xi − xi)

)
· exp

(
−

n∑

i=1

tiXi

)]
n∏

i=1

ϕ(ti).

Epomènwc, qrhsimopoi¸ntac tic (4.1.2), (4.1.9) kai (4.1.11), sumperaÐnoume ìti

P

(
n∑

i=1

ti(Xi − xi) ≥ 0

)
=

[∫

[0,∞)

e−σnu dµn(u)

]
· exp

(
n∑

i=1

[ψ(ti)− tixi)]

)
.

PaÐrnontac up� ìyin kai tic (4.1.4), (4.1.5) katal goume sthn
(4.1.14)

P

(
n∑

i=1

ti(Xi − xi) ≥ 0

)
=

[∫

[0,∞)

e−σnu dµn(u)

]
· exp

(
−

n∑

i=1

f(xi)

)
.
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JewroÔme thn tupik  kanonik  puknìthta

(4.1.15) φ(x) :=
1√
2π

e−x2/2 (x ∈ R)

kai gr�foume

(4.1.16) Φ(x) :=
∫ x

−∞
φ(y) dy (x ∈ R)

gia thn tupik  kanonik  sun�rthsh katanom c kai µ gia to tupikì kanonikì mètro
pijanìthtac: µ(−∞, x] := Φ(x), x ∈ R. Ja qrhsimopoi soume to Je¸rhma twn
Berry–Esseen [12, Je¸rhma XVI.5.2]:

Je¸rhma 4.1.2 (Berry–Esseen). 'Estw Y1, . . . , Yn anex�rthtec tuqaÐec
metablhtèc se ènan q¸ro pijanìthtac (Ω,F ,P). Upojètoume ìti E(Yi) = 0,
E(Y 2

i ) = a2
i kai E(|Yi|3) = bi gia i = 1, . . . , n. Jètoume

σ2
n = a2

1 + · · ·+ a2
n kai ρ(3)

n = b1 + · · ·+ bn.

An Fn eÐnai h katanom  tou kanonikopoihmènou ajroÐsmatoc

Sn = (Y1 + · · ·+ Yn)/σn,

tìte

|Fn(x)− Φ(x)| ≤ 6
ρ
(3)
n

σ2
n

gia k�je x. 2

Apì to Je¸rhma 4.1.2 kai to L mma 4.1.1, èqoume

(4.1.17) |Fn(x)− Φ(x)| ≤ 6
ρ
(3)
n

σ3
n

gia k�je x, epomènwc h (4.1.13) mac dÐnei

(4.1.18) |Fn(x)− Φ(x)| ≤ 12
σn

max
1≤i≤n

|ti|

gia k�je x.

L mma 4.1.3. IsqÔei h anisìthta
∣∣∣∣∣
∫

(0,∞)

e−σnu dµn(u)−
∫

(0,∞)

e−σnu dµ(u)

∣∣∣∣∣ ≤
24
σn

max
1≤i≤n

|ti|.

Apìdeixh. AfoÔ
∫

(0,∞)

e−σnu dµn(u) =
∫ ∞

0

µn

({u : e−σnu1(0,∞)(u) ≥ r}) dr

=
∫ 1

0

µn

(
0,−σ−1

n log r
]

dr

=
∫ 1

0

[
Fn

(−σ−1
n log r

)− Fn(0)
]

dr,
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kai ìmoia ∫ ∞

0

e−σnu dµ(u) =
∫ 1

0

[
Φ

(−σ−1
n log r

)− Φ(0)
]

dr,

to zhtoÔmeno prokÔptei apì thn (4.1.18). 2

Ja qreiastoÔme èna l mma gia thn tupik  kanonik  puknìthta (oi sugkekri-
mènec ektim seic apodeiknÔontai sthn ergasÐa [34]).

L mma 4.1.4. Gia k�je x > 0 isqÔoun oi anisìthtec

(4.1.19)
1
x

m1(x) e−x2/2 ≤
∫ ∞

x

φ(u) du ≤ 1
x

m2(x) e−x2/2 (x > 0),

ìpou

(4.1.20) m1(x) =
1√
2π

2x

x +
√

x2 + 4
kai m2(x) =

1√
2π

4x

3x +
√

x2 + 8
.

Skiagr�fhsh thc apìdeixhc. Jètoume

(4.1.21) g(x) = ex2/2

∫ ∞

x

e−t2/2dt kai g+(x) =
4

3x +
√

x2 + 8
.

Elègqoume ìti g′(x) = xg(x) − 1 kai g′+(x) ≤ xg+(x) − 1. Sunep¸c, gia thn
sun�rthsh h := g+ − g èqoume h′(x) ≤ xh(x) gia k�je x > 0. ParathroÔme ìti

(4.1.22) g(x) ≤ 1
x

ex2/2

∫ ∞

x

te−t2/2dt =
1
x

gia k�je x > 0, opìte lim
x→∞

h(x) = 0. Me aplì upologismì blèpoume ìti h(0) >

0. 'Epetai ìti h ≥ 0 sto [0, +∞): an èpairne kai arnhtikèc timèc, ja eÐqe k�poio
shmeÐo elaqÐstou y sto opoÐo ja eÐqame 0 = h′(y) ≤ yh(y) < 0.

To parap�nw epiqeÐrhma apodeiknÔei thn dexi� anisìthta sthn (4.1.19). Gia
thn arister  anisìthta douleÔoume me an�logo trìpo. 2

AfoÔ

∫ ∞

0

e−σnu dµ(u) =
eσ2

n/2

√
2π

∫ ∞

0

e−(σn+u)2/2 du = eσ2
n/2

∫ ∞

σn

φ(u) du,

èpetai ìti

(4.1.23)
m1(σn)

σn
≤

∫ ∞

0

e−σnu dµ(u) ≤ m2(σn)
σn

.

Sundu�zontac thn (4.1.23) me to L mma 4.1.3, paÐrnoume tic ektim seic
(4.1.24)

m1(σn)
σn

− 24
σn

max
1≤i≤n

|ti| ≤
∫

(0,∞)

e−σnu dµn(u) ≤ m2(σn)
σn

+
24
σn

max
1≤i≤n

|ti|.

Tìte, apì thn (4.1.14) prokÔptoun oi ex c anisìthtec:



38 · To basiko pijanojewrhtiko lhmma

Je¸rhma 4.1.5. 'Estw x1, . . . , xn ∈ (−1, 1) kai èstw ti = h(xi), i = 1, . . . , n.
Tìte,

(4.1.25) P

(
n∑

i=1

ti(Xi − xi) ≥ 0

)
≥ 1

σn
e−nF (~x)

(
m1(σn)− 24 max

1≤i≤n
|ti|

)

kai

(4.1.26) P

(
n∑

i=1

ti(Xi − xi) ≥ 0

)
≤ 1

σn
e−nF (~x)

(
m2(σn) + 48 max

1≤i≤n
|ti|

)
.

Apìdeixh. ParathroÔme ìti o pr¸toc par�gontac sto dexiì mèloc thc (4.1.14)
isoÔtai me ∫

[0,∞)

e−σnu dµn(u) ≥
∫

(0,∞)

e−σnu dµn(u).

Epomènwc, h pr¸th anisìthta (4.1.25) prokÔptei an sundu�soume tic (4.1.14) kai
(4.1.24). Gia thn deÔterh anisìthta, parathroÔme pr¸ta ìti

∫

[0,∞)

e−σnu dµn(u) =
∫

(0,∞)

e−σnu dµn(u) + Px1,...,xn(Sn = 0),

kai katìpin, qrhsimopoi¸ntac thn (4.1.18), blèpoume ìti

Px1,...,xn(Sn = 0) ≤ Fn(ε)− Fn(−ε) ≤ Φ(ε)− Φ(−ε) +
24
σn

max
1≤i≤n

|ti|

gia k�je ε > 0. 'Ara,

(4.1.27) Px1,...,xn(Sn = 0) ≤ 24
σn

max
1≤i≤n

|ti|,

kai h deÔterh anisìthta (4.1.26) prokÔptei t¸ra an sundu�soume tic (4.1.14),
(4.1.24) kai (4.1.27). 2

Pìrisma 4.1.6. 'Estw δ ∈ (0, 1). An x1, . . . , xn ∈ (−δ, δ) kai ti = h(xi),
i = 1, . . . , n, tìte

P

(
n∑

i=1

ti(Xi − xi) ≥ 0

)
≥ 1√

nF (~x)
e−nF (~x)

×
√

f(δ)
h(δ)

(
m1

(
(cosh(h(δ)))−1

√
2nF (~x)

)
− 24 h(δ)

)
.

kai

P

(
n∑

i=1

ti(Xi − xi) ≥ 0

)
≤ 1√

nF (~x)
e−nF (~x)

× cosh(h(δ))√
2

(
m2

(
h(δ)(f(δ))−1/2

√
nF (~x)

)
+ 48 h(δ)

)
.
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Apìdeixh. Ja qrhsimopoi soume to L mma 2.1.8. H sun�rthsh

(4.1.28) g(t) =
f(tanh(t))

t2
= − 1

t2
log cosh(t) +

tanh(t)
t

eÐnai gnhsÐwc fjÐnousa sto [0,∞) kai limt→0 g(t) = 1
2 . 'Epetai ìti

(4.1.29)
f(δ)
h2(δ)

t2i ≤ f(xi) ≤ 1
2
t2i

gia k�je i ≤ n (qrhsimopoioÔme ed¸ kai to gegonìc ìti h h eÐnai aÔxousa sto
[0, 1), opìte apì thn 0 < xi < δ èqoume h(xi) < h(δ)). AfoÔ 1 ≤ cosh2(ti) ≤
cosh2(h(δ)), apì thn (4.1.8) paÐrnoume

(4.1.30)
f(δ)
h2(δ)

σ2
n ≤ nF (~x) ≤ cosh2(h(δ))

2
σ2

n.

Tèloc, èqoume

(4.1.31) max
1≤i≤n

|ti| ≤ h(δ).

Eis�gontac autèc tic ektim seic sto sumpèrasma tou Jewr matoc 4.1.5, kai qrh-
simopoi¸ntac to gegonìc ìti oi sunart seic m1 kai m2 eÐnai aÔxousec sto [0,∞),
oloklhr¸noume thn apìdeixh. 2

ShmeÐwsh: To �nw fr�gma thc (4.1.26), kaj¸c kai h antÐstoiqh anisìthta tou
PorÐsmatoc 4.1.6, den ja qrhsimopoihjoÔn sth sunèqeia kai dÐnontai ed¸ mìno gia
lìgouc plhrìthtac. Parathr ste ìmwc ìti ta fr�gmata aut� dÐnoun isqurìterh
plhroforÐa ap� ìti to L mma 2.2.4.

4.2 To basikì teqnikì apotèlesma

Ja efarmìsoume to Pìrisma 4.1.6 sthn ex c morf :

Prìtash 4.2.1. Up�rqoun γ ∈ (0, 1) kai k = k(γ) ∈ N me thn ex c idiìthta:
Gia k�je n ∈ N, an ta x1, . . . , xn ∈ (−γ, γ) ikanopoioÔn thn

∑n
i=1 f(xi) ≥ k(γ),

kai an ti = h(xi), i = 1, . . . , n, tìte

(4.2.1) P

(
n∑

i=1

ti(Xi − xi) ≥ 0

)
≥

√
f(γ)

10 h(γ)
× 1√

nF (~x)
e−nF (~x).

Apìdeixh. Pr¸ta epilègoume γ ∈ (0, 1) ètsi ¸ste 24h(γ) ≤ (2
√

2π)−1. Autì
eÐnai dunatìn, diìti limδ→0 h(δ) = 0.

Xèroume ìti h m1 aux�nei sto (2π)−1/2 kaj¸c x → ∞. 'Ara, up�rqei k =
k(γ) ∈ N tètoioc ¸ste

(4.2.2) m1

( √
2k(γ)

cosh
(
h(γ)

)
)
≥ 5

6
√

2π
.
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Apì ton pr¸to isqurismì tou PorÐsmatoc 4.1.6, blèpoume ìti, gia ìla ta xi ∈
(−γ, γ) pou ikanopoioÔn thn nF (~x) =

∑n
i=1 f(xi) ≥ k(γ),

P

(
n∑

i=1

ti(Xi − xi) ≥ 0

)
≥ 1√

nF (~x)
e−nF (~x)

×
√

f(γ)
h(γ)

(
m1

( √
2k(γ)

cosh(h(γ))

)
− 24 h(γ)

)

≥ 1√
nF (~x)

e−nF (~x) ×
√

f(γ)
h(γ)

(
5

6
√

2π
− 1

2
√

2π

)
,

ap� ìpou èpetai h (4.2.1). 2

Orismìc 4.2.2. Sth sunèqeia stajeropoioÔme mia stajer� γ ∈ (0, 1) pou
ikanopoieÐ thn Prìtash 4.2.1 kaj¸c kai thn γ ≤ tanh(c−1), ìpou c eÐnai h apìluth
stajer� sto Je¸rhma 3.2.1. Aplìc èlegqoc twn stajer¸n pou upeisèrqontai
stic apodeÐxeic thc §3.2 deÐqnei ìti mporoÔme na epilèxoume

(4.2.3) γ = tanh
(

1
48
√

2π

)
.

Je¸rhma 4.2.3. Up�rqei γ ∈ (0, 1) ¸ste, an n ≥ n0(γ) kai 4 log n/n ≤ α ≤
f(γ), tìte up�rqei ε ≤ 3 log n/n gia to opoÐo

(4.2.4) min
∂(F α−ε∩γC)

q(~x) ≥ exp(−αn).

Apìdeixh. StajeropoioÔme ε = 3 log n/n. Prèpei na elègxoume ìti q(~x) ≥
exp(−αn) gia k�je ~x sto ∂(Fα−ε ∩ γC). ArkeÐ na deÐxoume ìti

(4.2.5) P
(

~X ∈ H
) ≥ exp(−αn)

gia k�je hmÐqwro H pou ef�ptetai sto Fα−ε∩γC. StajeropoioÔme loipìn ènan
tètoion hmÐqwro H.
Isqurismìc: Up�rqei ~x sto sÔnoro tou H tètoio ¸ste F (~x) = α−ε (dhlad ,
~x ∈ ∂(Fα−ε)).
Apìdeixh. Pr�gmati: an to sÔnoro ∂H tou H akoump�ei to Fα−ε ∩ γC se
k�poio shmeÐo ~x tou ∂(Fα−ε), tìte to ~x èqei aut n thn idiìthta. Diaforetik�,
o H perièqei k�poio shmeÐo ~y (sto sÔnoro tou γC) gia to opoÐo F (~y) < α − ε.
Up�rqei èdra E(~y) tou γC (me thn el�qisth dunat  di�stash) sthn opoÐa an kei
to ~y. Oi korufèc thc E(~y) eÐnai korufèc tou γC, opìte den an koun sto Fα−ε

(an ~z eÐnai koruf  tou γC tìte F (~z) = f(γ) > α − ε, apì thn upìjesh). An
loipìn en¸soume to ~y me opoiad pote apì tic korufèc thc E(~y), apì to je¸rhma
endi�meshc tim c brÐskoume ~x ∈ E(~y) pou ikanopoieÐ thn F (~x) = α − ε. AfoÔ
E(~y) ⊂ H, èpetai o isqurismìc. 2

AfoÔ to ∂H eÐnai efaptìmeno uperepÐpedo tou Fα−ε ∩ γC, mporoÔme na gr�-
youme

(4.2.6) H =
{
~y ∈ Rn : 〈~t∗, ~y − ~x〉 ≥ 0

}
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gia k�poia ~t∗ 6= ~0 kai ~x ∈ ∂(Fα−ε) ∩ γC.
Lìgw summetrÐac mporoÔme na upojèsoume ìti 0 ≤ x1 ≤ · · · ≤ xn. AfoÔ to ~x

an kei sto ∂(Fα−ε)∩γC (kai den eÐnai koruf  tou γC), up�rqei n1 ∈ {1, . . . , n}
tètoioc ¸ste xn1 < γ kai xn1+1 = γ. Jètoume ~t = (t1, . . . , tn) = n∇F (~x)
kai gr�foume ~t∗ = (t∗1, . . . , t

∗
n) gia èna k�jeto di�nusma tou ∂H to opoÐo ja

epilèxoume wc ex c: An n1 = n, dhlad  xi < γ gia k�je i, tìte mporoÔme na
p�roume ~t∗ = ~t. An n1 < n, dhlad  0 ≤ x1 ≤ · · · ≤ xn1 < γ = xn1+1 = · · · = xn,
tìte to ~t∗ prèpei na an kei ston k�jeto k¸no tou Fα−ε ∩ γC sto ~x. Me ton
sumbolismì tou [32],

(4.2.7) ~t∗ ∈ N(~x, Fα−ε ∩ γC) =
{
~v ∈ Rn : 〈~v, ~y − ~x〉 ≤ 0 ∀ ~y ∈ Fα−ε ∩ γC

}
.

SÔmfwna me to [32, Je¸rhma 2.2.1],

(4.2.8) N(~x, Fα−ε ∩ γC) = N(~x, Fα−ε) + N(~x, γC).

'Omwc,

(4.2.9) N(~x, Fα−ε) = {λ∇F (~x) : λ ≥ 0}

kai

N(~x, γC) = {~v ∈ Rn : 〈~v, ~y − ~x〉 ≤ 0 ∀ ~y ∈ γC}
= {~v ∈ Rn : v1 = · · · vn1 = 0, vk+1, . . . , vn ≥ 0} .

MporoÔme loipìn na epilèxoume to ~t∗ ètsi ¸ste

(4.2.10) t∗i = ti = f ′(xi) an i ≤ n1 kai t∗i ≥ ti = f ′(γ) an i > n1.

Gr�foume

P

(
n∑

i=1

t∗i (Xi − xi) ≥ 0

)
= P

(
n1∑

i=1

ti(Xi − xi) +
n∑

i=n1+1

t∗i (Xi − γ) ≥ 0

)

≥ P
(

n1∑

i=1

ti(Xi − xi) ≥ 0

)
P

(
n∑

i=n1+1

t∗i (Xi − γ) ≥ 0

)
.

Ja ektim soume th deÔterh pijanìthta sto teleutaÐo ginìmeno, qrhsimopoi¸ntac
thn Prìtash 3.1.1: èqoume
(4.2.11)

P

(
n∑

i=n1+1

t∗i (Xi − γ) ≥ 0

)
≥ exp

(−(n− n1)f(γ)− 3
2 log(n− n1)− c1(γ)

)
.

Gia na ektim soume thn pr¸th pijanìthta diakrÐnoume dÔo peript¸seic:

1h PerÐptwsh:
∑n1

i=1 f(xi) ≥ k(γ). MporoÔme tìte na qrhsimopoi soume thn
Prìtash 4.2.1 gia na ektim soume thn pr¸th pijanìthta:
(4.2.12)

P

(
n1∑

i=1

ti(Xi − xi) ≥ 0

)
≥ exp

(
−

n1∑

i=1

f(xi)− 1
2 log

n1∑

i=1

f(xi)− c2(γ)

)
.
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Sundu�zontac tic (4.2.11) kai (4.2.12) paÐrnoume

P

(
n∑

i=1

t∗i (Xi − xi) ≥ 0

)
≥ exp

(
−

n1∑

i=1

f(xi)− 1
2 log

n1∑

i=1

f(xi)

)

× exp
(−(n− n1)f(γ)− 3

2 log(n− n1)− c(γ)
)

≥ exp

(
−

n∑

i=1

f(xi)− 2 log n− c(γ)

)

= exp (−(α− ε)n− 2 log n− c(γ))

≥ exp(−αn),

arkeÐ to n na eÐnai arket� meg�lo ¸ste na èqoume log n ≥ c(γ).

2h PerÐptwsh:
∑n1

i=1 f(xi) < k(γ). Se aut n thn perÐptwsh qrhsimopoioÔme
to Je¸rhma 3.2.1 gia na ektim soume thn pr¸th pijanìthta. 'Eqoume

(4.2.13) P

(
n1∑

i=1

ti(Xi − xi) ≥ 0

)
= P




n1∑

i=1

tiXi ≥ c−1θ

√√√√
n1∑

i=1

t2i


 ,

an jèsoume

(4.2.14) θ = c

∑n1
i=1 tixi√∑n1

i=1 t2i
.

Gia na efarmìsoume to Je¸rhma 3.2.1 prèpei na elègxoume ìti

(4.2.15) θ ≤
√∑n1

i=1 t2i
max1≤i≤n1 ti

.

H sun�rthsh h eÐnai kurt  sto [0, 1) kai h par�gwgoc thc sto x = 0 isoÔtai me
1. Epomènwc, x ≤ h(x) gia k�je x ∈ [0, 1). 'Epetai ìti

∑n1
i=1 tixi ≤

∑n1
i=1 t2i .

'Ara,

(4.2.16) θ ≤ c

√√√√
n1∑

i=1

t2i ≤ c h(γ)

√∑n1
i=1 t2i

max
1≤i≤n1

ti
,

afoÔ isqÔei kai h ti = h(xi) ≤ h(γ) gia k�je i, apì th monotonÐa thc h. Apì
thn (4.2.3) kai th monotonÐa thc h, èqoume c h(γ) ≤ 1 opìte to θ ikanopoieÐ thn
sunj kh tou Jewr matoc 3.2.1. Apì to Je¸rhma 3.2.1 kai thn (4.2.13) paÐrnoume
to fr�gma
(4.2.17)

P

(
n1∑

i=1

ti(Xi − xi) ≥ 0

)
≥ c−1e−cθ2 ≥ 1

c
exp

(
−c3 h2(γ)

f(γ)

n1∑

i=1

f(xi)

)
,

ìpou h teleutaÐa anisìthta prokÔptei apì thn pr¸th anisìthta sthn (4.2.16) kai
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thn (4.1.29). Tìte, oi (4.2.17) kai (4.2.11) dÐnoun to fr�gma

P

(
n∑

i=1

ti(Xi − xi) ≥ 0

)

≥ exp

(
−(n− n1)f(γ)− 3

2 log(n− n1)− c1(γ)− c3(γ)
n1∑

i=1

f(xi)− c4(γ)

)

≥ exp

(
−

n∑

i=1

f(xi)− 3
2 log(n− n1)− c1(γ)− |1− c3(γ)|k(γ)− c4(γ)

)

= exp
(−(α− ε)n− 3

2 log(n− n1)− C(γ)
)

≥ exp (−αn) ,

arkeÐ to n na eÐnai arket� meg�lo ¸ste na èqoume log n ≥ C(γ).
Elègxame ìti, kai stic dÔo peript¸seic, isqÔei h

(4.2.18) P

(
n∑

i=1

t∗i (Xi − xi) ≥ 0

)
≥ exp

(− αn
)

gia n ≥ n0(γ). Autì oloklhr¸nei thn apìdeixh. 2

4.3 'Ena teleutaÐo k�tw fr�gma

Se aut n thn Par�grafo apodeiknÔoume èna k�tw fr�gma gia thn posìthta
q−(Fα), to opoÐo apaiteÐtai gia thn apìdeixh tou Jewr matoc twn Dyer, Füredi
kai McDiarmid thc §2.2. H apìdeixh pou dÐnoume eÐnai wc èna bajmì diaforetik 
apì aut n thc ergasÐac [10], kai èqei to pleonèkthma ìti mporeÐ na genikeu-
teÐ sto plaÐsio twn anex�rthtwn fragmènwn summetrik¸n tuqaÐwn metablht¸n
X1, . . . , Xm me katanom  µ.

Prìtash 4.3.1. Gia k�je ε > 0, kai gia k�je α ∈ (0, log 2) up�rqei n(ε) ∈ N
¸ste gia k�je n ≥ n(ε) na isqÔei

(4.3.1) q−(Fα) ≥ exp
(−(1 + ε)αn− εn

)
.

Apìdeixh. ArkeÐ na deÐxoume ìti

(4.3.2) P
(

~X ∈ H
) ≥ exp

(−(1 + ε)αn− εn
)

gia k�je kleistì hmÐqwro H pou to sÔnorì tou sthrÐzei to Fα. T¸ra, an H

eÐnai ènac kleistìc hmÐqwroc pou sthrÐzei to Fα, up�rqei ~x ∈ ∂(Fα) ¸ste

P
(

~X ∈ H
)

= P

(
n∑

i=1

ti(Xi − xi) ≥ 0

)
(ti := h(xi), 1 ≤ i ≤ n).

StajeropoioÔme autì to ~x gia th sunèqeia thc apìdeixhc. MporoÔme na broÔme
δ > 0 pou ikanopoieÐ ta ex c:

(i) 0 < δ < min
{
γ, ψ′(1

4 )
}
, ìpou to γ ikanopoieÐ ton Orismì 4.2.2.
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(ii) An |x| < δ tìte |x| ≤ 2 |h(x)| kai x2 ≤ 4f(x) (autì eÐnai dunatìn, diìti
lim
x→0

h(x)
x = 1 kai lim

x→0

f(x)
x2 = 1

2 ).

(iii) An 1− δ < x < 1 tìte P (X ≥ x) ≥ exp(−f(x)(1+ε)) (autì eÐnai dunatìn,
diìti lim

x→1

P(X≥x)
exp(−f(x)) = 1).

JewroÔme ta sÔnola

I1 = I1(~x) := {i : xi < δ}
I2 = I2(~x) := {i : δ ≤ xi ≤ 1− δ} ,

I3 = I3(~x) := {i : xi > 1− δ}
kai orÐzoume

Pj = Pj(~x) := P

(∑

i∈Ij

ti(Xi − xi) ≥ 0

)
(j = 1, 2, 3).

Lìgw anexarthsÐac èqoume

P
(

~X ∈ H
)

= P

(
n∑

i=1

ti(Xi − xi) ≥ 0

)
≥ P1P2P3.

Melet�me tic pijanìthtec Pj qwrist�.
Pr¸ta exet�zoume to I3. Lìgw anexarthsÐac mporoÔme na gr�youme

(4.3.3) P2 = P

(∑

i∈I3

ti(Xi − xi) ≥ 0

)
≥

∏

i∈I3

P (Xi ≥ xi).

Apì thn epilog  tou δ,

P (Xi ≥ xi) ≥ e−f(xi)(1+ε)

gia k�je i ∈ I3, opìte paÐrnoume amèswc to ex c:

L mma 4.3.2. 'Eqoume

(4.3.4) P3 ≥ exp

(
−(1 + ε)

∑

i∈I3

f(xi)

)
.

Sth sunèqeia exet�zoume to I1. Apì thn Prìtash 4.2.1 kai apì thn epilog 
tou δ, an to ~x ikanopoieÐ thn

∑
i∈I1

f(xi) ≥ k(γ), tìte

(4.3.5) P1 = P

(∑

i∈I1

ti(Xi−xi) ≥ 0

)
≥ exp

(
−

∑

i∈I1

f(xi)− 1
2 log

∑

i∈I1

f(xi)−c

)
,

ìpou h c exart�tai mìno apì to γ.
An p�li

∑
i∈I1

f(xi) < k(γ), qrhsimopoioÔme to je¸rhma tou Montgomery-
Smith gia na ektim soume thn P1. 'Eqoume

(4.3.6) P1 = P

(∑

i∈I1

ti(Xi − xi) ≥ 0

)
= P


∑

i∈I1

tiXi ≥ 1
2θ

√∑

i∈I1

t2i


 ,
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me

(4.3.7) θ = 2

∑
i∈I1

tixi√∑
i∈I1

t2i

.

Gia na qrhsimopoi soume to je¸rhma tou Montgomery-Smith prèpei pr¸ta na
elègxoume ìti

(4.3.8) θ ≤

√∑
i∈I1

t2i

maxi∈I1 ti
.

Apì thn epilog  tou δ, èqoume |x| ≤ 2 |h(x)| gia k�je x ∈ (−δ, δ). 'Ara,∑
i∈I1

tixi ≤ 2
∑

i∈I1
t2i , kai sunep¸c,

(4.3.9) θ ≤ 4
√∑

i∈I1

t2i ≤ 4 h(δ)

√∑
i∈I1

t2i

max
i∈I1

ti
,

an p�roume up� ìyin mac kai thn ti = h(xi) ≤ h(δ) pou isqÔei gia k�je i, apì th
monotonÐa thc h. AfoÔ to δ ≤ ψ′(1

4 ) eÐnai arket� mikrì, èqoume h(δ) ≤ 1
4 kai to

θ ikanopoieÐ thn (4.3.8).
Apì thn (4.3.2) kai apì to je¸rhma tou Montgomery-Smith paÐrnoume thn

anisìthta
P1 ≥ e−Cθ2

,

h opoÐa, se sunduasmì me thn anisìthta Cauchy-Schwarz, thn (4.3.7) kai thn
deÔterh upìjesh gia to δ, dÐnei to fr�gma

P1 ≥ exp

(
−4C

∑

i∈I1

x2
i

)
≥ exp

(
−16C

∑

i∈I1

f(xi)

)

≥ exp

(
−

∑

i∈I1

f(xi)− |1− 16C| k(γ)

)

sthn perÐptwsh pou
∑

i∈I1
f(xi) < k(γ). Sundu�zontac me thn (4.3.5) paÐrnoume

thn ex c ektÐmhsh gia thn P1:

L mma 4.3.3. 'Eqoume

(4.3.10) P1 ≥ exp

(
−

∑

i∈I1

f(xi)− c1 log |I1| − c2

)
,

ìpou oi c1, c2 > 0 exart¸ntai mìno apì ta δ, γ.

Tèloc, dÐnoume ektÐmhsh gia thn P2. QwrÐc periorismì thc genikìthtac, mpo-
roÔme na upojèsoume ìti I2 = {1, . . . , k} gia k�poion k ≤ n. JumhjeÐte ìti
ti = h(xi) gia k�je i, kai ìti aut  h sqèsh eÐnai isodÔnamh me thn xi = ψ′(ti) gia
k�je i. JewroÔme to mètro pijanìthtac Px1,...,xk

ston (Ω,F), me

Px1,...,xk
(A) := E

(
1A · e

∑
i∈I2

[tiXi−ψ(ti)]
)

(A ∈ F).
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EÐdame ìti, k�tw apì to Px1,...,xk
, oi tuqaÐec metablhtèc t1X1, . . . , tkXk eÐnai

anex�rthtec, kai

Ex1,...,xk
(tiXi) = tiψ

′(ti) = tixi,

Ex1,...,xk

(|ti(Xi − xi)|2
)

= t2i / cosh2(ti),

Ex1,...,xk

(|ti(Xi − xi)|3
)

= |ti|3 cosh(2ti)/ cosh4(ti).

Jètoume σ2
i := t2i ψ

′′(ti),

s2
k :=

∑

i∈I2

Ex1,...,xk

(|ti(Xi − xi)|2
)

=
∑

i∈I2

t2i / cosh2(ti) =
∑

i∈I2

σ2
i

kai
Sk :=

∑

i∈I2

ti(Xi − xi),

kai orÐzoume Fk : R→ R th sun�rthsh katanom c thc tuqaÐac metablht c Sk/sk

k�tw apì to Px1,...,xk
: Fk(x) := Px1,...,xk

(Sk ≤ xsk) (x ∈ R). Me µk sumbo-
lÐzoume to mètro pijanìthtac sto R pou orÐzetai apì thn µk(−∞, x] := Fk(x)
(x ∈ R). ParathroÔme ìti Ex1,...,xk

(Sk/sk) = 0 kai Varx1,...,xk
(Sk/sk) = 1.

'Opwc sthn §4.2, èqoume to ex c:

L mma 4.3.4. IsqÔei h tautìthta:

(4.3.11) P2 =

(∫

[0,∞)

e−u dµk(u)

)
exp

(
−

∑

i∈I2

f(xi)

)
.

Ja qrhsimopoi soume epÐshc thn akìloujh sunèpeia tou jewr matoc Berry-
Esseen (blèpe [12], sel. 544).

L mma 4.3.5. Gia k�je a, b > 0, up�rqoun k0 ∈ N kai η > 0 me thn ex c
idiìthta: An k ≥ k0, kai an Y1, . . . , Yk eÐnai anex�rthtec tuqaÐec metablhtèc me

E(Yi) = 0, σ2
i := E(Y 2

i ) ≥ a, E(|Yi|3) ≤ b,

tìte

P

(
0 ≤

k∑

i=1

Yj ≤ σ

)
≥ η,

ìpou σ2 = σ2
1 + · · ·+ σ2

k.

DiakrÐnoume dÔo peript¸seic gia to I2: AfoÔ δ ≤ xi ≤ 1− δ gia k�je i ∈ I2,
mporoÔme na broÔme A,B > 0, pou exart¸ntai mìno apì to δ, ètsi ¸ste oi tuqaÐec
metablhtèc Yi := ti(Xi − xi), i ∈ I2, na ikanopoioÔn tic

σ2
i = Ex1,...,xm (Y 2

i ) = t2i / cosh2(ti) ≥ A

kai
Ex1,...,xm (|Yi|3) = |ti|3 cosh(2ti)/ cosh4(ti) ≤ B

gia k�je i ∈ I2. Jètoume k0 thn stajer� tou L mmatoc 4.3.5 pou antistoiqeÐ
sta A kai B, kai upenjumÐzoume ìti |I2| = k.
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PerÐptwsh 1: |I2| < k0. Tìte, douleÔontac ìpwc gia to I3, blèpoume ìti
(4.3.12)

P2 = P

(∑

i∈I2

ti(Xi − xi) ≥ 0

)
≥

∏

i∈I2

P (Xi ≥ xi) = e−|I2|m(1−δ) ≥ e−k0m(1−δ),

ìpou (jumÐzoume ìti) m(x) = − logP(X ≥ x).

PerÐptwsh 2: |I2| ≥ k0. Apì to L mma 4.3.4 èqoume

(4.3.13) P2 ≥ e−skµk([0, sk]) · exp

(
−

∑

i∈I2

f(xi)

)
.

AfoÔ

(4.3.14) s2
k =

∑

i∈I2

t2i ψ
′′(ti) ≤ B2/3 |I2| ,

h (4.3.13) kai to L mma 4.3.5 dÐnoun

(4.3.15) P2 ≥ η exp

(
−

∑

i∈I2

f(xi)− c3

√
|I2|

)
,

ìpou c3 = B/3 > 0 eÐnai mia stajer� pou exart�tai mìno apì to δ.
Sundu�zontac tic dÔo peript¸seic katal goume sthn ex c ektÐmhsh gia thn

P2:

L mma 4.3.6. 'Eqoume

(4.3.16) P2 ≥ exp

(
−

∑

i∈I2

f(xi)− c3

√
|I2| − c4

)
,

ìpou oi stajerèc c3, c4 > 0 exart¸ntai mìno apì ta δ, γ.

'Eqoume ètsi apodeÐxei thn Prìtash 4.3.1: B�zontac mazÐ tic ektim seic apì
to L mma 4.3.2, to L mma 4.3.3 kai to L mma 4.3.6, blèpoume ìti

P

(
n∑

i=1

ti(Xi − xi) ≥ 0

)
≥ P1P2P3

≥ exp

(
−(1 + ε)

∑

i∈I3

f(xi)

)

× exp

(
−

∑

i∈I1

f(xi)− c1 log |I1| − c2

)

× exp

(
−

∑

i∈I2

f(xi)− c3

√
|I2| − c4

)

≥ exp

(
−(1 + ε)

n∑

i=1

f(xi)− εn

)
,

gia arkoÔntwc meg�la n. 2





Kef�laio 5

Prosèggish tou tuqaÐou
KN

Se autì to Kef�laio ja doÔme me poiìn trìpo h melèth thc sun�rthshc q(~x) kai ta
pijanojewrhtik� L mmata twn prohgoÔmenwn KefalaÐwn dÐnoun plhroforÐec gia
thn sumperifor� tou tuqaÐou polutìpou KN . StajeropoioÔme N me n < N ≤ 2n

kai orÐzoume α > 0 mèsw thc exÐswshc N = eαn. Dhlad , jètoume

α =
log N

n
.

Oi basikèc ektim seic pou ja deÐxoume eÐnai oi akìloujec:

• Up�rqei γ ∈ (0, 1) ¸ste: an to n eÐnai arket� meg�lo kai an n8 < N ≤
enf(γ), tìte

Prob
(
KN ⊇ Fα−2ε ∩ γC

) ≥ 1− 2−n+1

gia k�je ε ≥ 3 log n/n.

• An to n eÐnai arket� meg�lo kai an α < log 2− 12n−1, tìte up�rqei jetik 
stajer� δ ≤ 6/n ¸ste

Prob
( |∂(Fα+δ) ∩ γC ∩KN | ≥ 1

2 |∂(Fα+δ) ∩ γC| ) ≤ 1
100 .

5.1 DÔo l mmata

Se aut n thn par�grafo, h par�metroc α < log 2 ikanopoieÐ k�poiouc polÔ a-
sjeneÐc periorismoÔc: 8(log n/n) < α < log 2 − (12/n). DeÐqnoume pr¸ta ìti
up�rqei ε ≤ 3 log n/n ¸ste h pijanìthta Prob

(
KN 6⊇ Fα−2ε ∩γC

)
na eÐnai polÔ

mikr  an to n eÐnai arket� meg�lo.

Prìtash 5.1.1. 'Estw γ ∈ (0, 1) kai èstw 0 < β < f(γ). Tìte,

(5.1.1) 1− Prob
(
KN ⊇ F β ∩ γC

) ≤
(

N

n

)
1

2N−n
+ 2

(
N

n

)(
1−min q(~x)

)N−n
,

ìpou to min paÐrnetai p�nw apì ìla ta ~x ∈ ∂(F β) ∩ γC.
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Apìdeixh. StajeropoioÔme ta β kai γ kai gr�foume q∗ gia thn el�qisth tim  thc
q(~x) sto ∂(F β)∩γC. 'Estw E to endeqìmeno na èqei mh kenì eswterikì to KN .

Gia k�je uposÔnolo J = {j1, . . . , jn} tou {1, . . . , N}, pou èqei n stoiqeÐa,
orÐzoume to endeqìmeno EJ wc ex c: ta ~Xj1 , . . . ,

~Xjn
eÐnai affinik� anex�rthta,

kai gia k�poion apì touc dÔo kleistoÔc hmiq¸rouc H1,H2 pou orÐzoun, ton Hi,
èqoume tautìqrona KN ⊂ Hi kai P

(
~X /∈ Hi

) ≥ q∗.
JewroÔme t¸ra to endeqìmeno E ìpou to KN èqei mh kenì eswterikì. An

(F β ∩ γC) * KN , tìte up�rqei ~x ∈ ∂(F β) ∩ γC \KN . Autì prokÔptei apì to
epìmeno L mma, to opoÐo ja apodeÐxoume parak�tw.

L mma 5.1.2. H kurt  j kh conv
(
∂(F β) ∩ γC

)
tou ∂(F β) ∩ γC eÐnai Ðsh me

to F β ∩ γC.

AfoÔ ~x /∈ KN , up�rqei èdra F tou KN me thn ex c idiìthta: 'Enac apì touc
dÔo kleistoÔc hmiq¸rouc H1 kai H2 pou orÐzontai apì thn F perièqei to KN

all� den perièqei to ~x. An Hi eÐnai autìc o hmÐqwroc, tìte èqoume tautìqrona
KN ⊂ Hi kai P

(
~X /∈ Hi

) ≥ q(~x). AfoÔ ~x ∈ ∂(F β) ∩ γC, sumperaÐnoume ìti
P
(

~X /∈ Hi

) ≥ q∗. AfoÔ to sÔnoro tou Hi prosdiorÐzetai apì k�poiec affinik�
anex�rthtec korufèc ~Xj1 , . . . ,

~Xjn tou KN (oi opoÐec an koun sthn F ), èqoume
ètsi deÐxei ìti

(5.1.2) E ∩ {
F β ∩ γC * KN

} ⊆
⋃

J

EJ .

Apì thn (5.1.2) èqoume

(5.1.3)
{
F β ∩ γC * KN

} ⊆ Ec ∪
⋃

J

EJ .

'Epetai ìti

Prob
(
F β ∩ γC * KN

) ≤ Prob(Ec) +
∑

J

Prob(EJ)

= Prob(Ec) +
(

N

n

)
Prob(E′),

ìpou E′ := E{1,...,n}.
Elègqoume pr¸ta ìti

(5.1.4) Prob(E′) ≤ 2(1− q∗)N−n.

Pr�gmati, èstw E′′ to endeqìmeno ìpou ta ~X1, . . . , ~Xn eÐnai affinik� anex�r-
thta. Sto E′′, ta ~X1, . . . , ~Xn prosdiorÐzoun dÔo kleistoÔc hmiq¸rouc Hi =
Hi( ~X1, . . . , ~Xn), i = 1, 2. 'Estw Ei to endeqìmeno ìpou ta ~X1, . . . , ~Xn eÐnai
affinik� anex�rthta kai P

(
~X /∈ Hi

) ≥ q∗. Tìte, gr�fontac Exp gia thn mèsh
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tim  wc proc to mètro Prob, èqoume

Prob(E′) ≤
2∑

i=1

Prob
({

~Xn+1, . . . , ~XN ∈ Hi

} ∩ Ei
)

=
2∑

i=1

Exp
(
Prob

({
~Xn+1, . . . , ~XN ∈ Hi

} | ~X1, . . . , ~Xn

)
1Ei

)

≤ (1− q∗)N−n
2∑

i=1

Prob(Ei).

Gia na fr�xoume thn Prob(Ec) skeftìmaste wc ex c. An to KN èqei mh kenì
eswterikì, up�rqei J = {j1, . . . , jn} ⊂ {1, . . . , N} ¸ste to sÔnolo

{
~Xj : j /∈ J

}

na perièqetai sthn affinik  j kh tou
{

~Xj : j ∈ J
}
. Ja qreiastoÔme to ex c.

L mma 5.1.3. An h affinik  di�stash tou S eÐnai mikrìterh apì n, tìte P
(

~X ∈
S

) ≤ 1
2 .

'Epetai ìti

(5.1.5) Prob(Ec) ≤
(

N

n

)
2−(N−n).

Autì apodeiknÔei thn Prìtash. 2

Apìdeixh tou L mmatoc 5.1.2. EÐnai fanerì ìti conv
(
∂(F β) ∩ γC

) ⊆ F β ∩ γC,
arkeÐ loipìn na deÐxoume ton antÐstrofo egkleismì. JewroÔme ~x ∈ F β ∩γC, kai
upojètoume ìti f(~x) < β (alli¸c, den èqoume tÐpota na deÐxoume). AfoÔ ~x ∈ γC,
up�rqoun λ1, . . . , λ2n ≥ 0 me

∑
i λi = 1 ¸ste

(5.1.6) ~x =
∑

i

λi~vi,

ìpou ~v1, . . . , ~v2n eÐnai oi korufèc tou γC. Apì th sunj kh f(γ) ≥ β pou i-
kanopoioÔn ta β kai γ, èpetai ìti f(~vi) ≥ β gia k�je i. 'Eqoume upojèsei ìti
f(~x) < β, �ra up�rqoun ti ∈ (0, 1] ¸ste f(ti~vi + (1 − ti)~x) = β. Jètoume
~yi := ti~vi + (1− ti)~x. Tìte, ~yi ∈ ∂(F β) kai ~vi = t−1

i ~yi − t−1
i (1− ti)~x gia k�je i.

Apì thn (5.1.6) sumperaÐnoume ìti

(5.1.7) ~x =

(
1 +

∑

i

λi
1− ti

ti

)−1 ∑

i

λi

ti
~yi,

kai to ~x eÐnai kurtìc sunduasmìc twn ~yi ∈ ∂(F β) ∩ γC. 2

Apìdeixh tou L mmatoc 5.1.3. 'Estw S èna sÔnolo Borel pou perièqetai se
k�poio uperepÐpedo H. Tìte, H = {~y ∈ Rn : 〈~u, ~y − ~x〉 = 0} gia k�poia ~u =
(u1, . . . , un) 6= ~0 kai ~x = (x1, . . . , xn). MporoÔme na upojèsoume ìti ui 6= 0.
Tìte,

(5.1.8) ~X ∈ H ⇐⇒ Xi = xi − u−1
i

∑

j 6=i

uj(Xj − xj).

AfoÔ P (Xi = x) ≤ 1
2 gia k�je x ∈ R, èpetai to L mma. 2
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Je¸rhma 5.1.4. 'Estw γ ∈ (0, 1) h stajer� tou Jewr matoc 4.2.3 kai èstw
ìti n8 < N ≤ enf(γ). Tìte,

(5.1.9) Prob
(
KN ⊇ Fα−2ε ∩ γC

) ≥ 1− 2−n+1

gia k�je ε ≥ 3 log n/n, an to n eÐnai arket� meg�lo.

Apìdeixh. Efarmìzoume to Je¸rhma 4.2.3. Up�rqei n0 ¸ste, an n ≥ n0 kai an
ε = 3 log n/n, tìte

(5.1.10) min q(~x) ≥ exp(−(α− ε)n),

ìpou to min eÐnai p�nw apì ìla ta ~x ∈ ∂(Fα−2ε) ∩ γC. Parathr ste ìti h
sunj kh f(γ) ≥ α > 2ε, h opoÐa qrei�zetai gia na efarmìsoume to Je¸rhma
4.2.3, ikanopoieÐtai lìgw thc N > n6. Sundu�zontac thn (5.1.10) me thn Prìtash
5.1.1, blèpoume ìti
(5.1.11)

1−Prob
(
KN ⊇ Fα−2ε∩γC

) ≤
(

N

n

)
2−(N−n)+2

(
N

n

)(
1−exp(−(α−ε)n)

)N−n
.

L mma 5.1.5. An to n eÐnai arket� meg�lo kai N > n6, tìte

(5.1.12)
(

N

n

)
2−(N−n) < 2−n.

Apìdeixh. IsqÔei
(
N
n

) ≤ (eN/n)n, opìte arkeÐ na elègxoume ìti

(5.1.13) 1 + log
(

N

n

)
− N − n

n
log 2 < − log 2.

An jèsoume x := N/n, h (5.1.13) eÐnai isodÔnamh me thn

(5.1.14) (x− 1) log 2− log x > 1− log 2.

To L mma èpetai, giatÐ h sun�rthsh sto aristerì mèloc aux�nei sto �peiro ìtan
x →∞, kai x = N/n > n5. 2

L mma 5.1.6. An to n eÐnai arket� meg�lo kai N ≥ 2n, tìte

(5.1.15) 2
(

N

n

)(
1− exp(−(α− ε)n)

)N−n
< 2−n.

Apìdeixh. Lìgw thc 1− x ≤ e−x, arkeÐ na elègxoume ìti

(5.1.16)
(

4eN

n

)n

exp
(
−(N − n)e−(α−ε)n

)
< 1.

ParathroÔme ìti e−(α−ε)n = eεn/N . AfoÔ n log(4eN/n) ≤ n2f(γ) (an upojè-
soume ìti n ≥ 4e) kai (N − n)/N ≥ 1

2 , zht�me na isqÔei h

(5.1.17) 2n2f(γ) < eεn.
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Aut  ikanopoieÐtai gia ε = 3 log n/n kai n arket� meg�lo. 2

Sundu�zontac thn (5.1.11) me ta dÔo L mmata, paÐrnoume thn

(5.1.18) Prob
(
KN ⊇ Fα−2ε ∩ γC

) ≥ 1− 2−n − 2−n

gia n arket� meg�lo. 2

To deÔtero apotèlesma aut c thc paragr�fou deÐqnei ìti up�rqei δ ≤ 6/n

¸ste h mis  toul�qiston epif�neia tou Fα+δ ∩ γC na eÐnai èxw apì to KN an to
n eÐnai arket� meg�lo.

L mma 5.1.7. Upojètoume ìti to n eÐnai arket� meg�lo kai ìti α < log 2 −
12n−1. Up�rqei jetik  stajer� δ ≤ 6/n tètoia ¸ste

(5.1.19) Prob
( |∂(Fα+δ) ∩ γC ∩KN | ≥ 1

2 |∂(Fα+δ) ∩ γC| ) ≤ 1
100 .

Apìdeixh. JewroÔme α < β < log 2 kai gr�foume β = α + δ gia k�poio δ > 0.
'Estw ~x sto sÔnoro tou F β . An H eÐnai ènac kleistìc hmÐqwroc pou perièqei
to ~x, kai an ~x ∈ KN = conv{ ~X1, . . . , ~XN}, tìte up�rqei deÐkthc i ≤ N tètoioc
¸ste ~Xi ∈ H (giatÐ to Rn \H eÐnai kurtì.). Gr�foume

Prob
(
~x ∈ KN

)
= Prob

(
~x ∈ conv{ ~X1, . . . , ~XN}

)

≤ Prob
(

~Xi ∈ H gia k�poio 1 ≤ i ≤ N
)

≤
N∑

i=1

Prob
(

~Xi ∈ H
)

= N Prob
(

~X ∈ H
)
.

AfoÔ o hmÐqwroc H 3 ~x  tan tuq¸n,

(5.1.20) Prob
(
~x ∈ KN

) ≤ N inf
{
Prob

(
~X ∈ H

)
: H 3 ~x

}
= Nq(~x).

Apì to L mma 2.2.4 èqoume

(5.1.21) Nq(~x) ≤ N exp(−nF (~x)) = N exp(−αn− δn) = exp(−δn) < 1
200

an δ ≥ 6/n. Parathr ste ìti tètoiec timèc tou δ epitrèpontai apì ton periorismì
pou èqei tejeÐ sto α. T¸ra,
(5.1.22)

E |∂(F β) ∩ γC ∩KN | ≤
∫

∂(F β)∩γC

Prob
(
~x ∈ KN

)
d~x ≤ 1

200 |∂(F β) ∩ γC|.

Epomènwc,

(5.1.23) Prob
( |(∂(F β) ∩ γC ∩KN | ≥ 1

2 |∂(F β) ∩ γC| ) ≤ 10−2,

apì thn anisìthta tou Markov. 2





Kef�laio 6

Gewmetrik� l mmata

6.1 Kampulìthta kai epif�neia tou Fβ

Skopìc mac se aut n thn par�grafo eÐnai na d¸soume k�tw fr�gma gia thn
epif�neia tou kommatioÔ tou sunìrou ∂(F β) pou brÐsketai mèsa ston kÔbo γC.

6.1aþ To pr¸to gewmetrikì L mma

Je¸rhma 6.1.1. Gia k�je γ ∈ (0, 1), Ôp�rqei stajer� c(γ) > 0 tètoia ¸ste
an to n eÐnai arket� meg�lo kai an β ≤ c(γ), tìte

(6.1.1) |∂(F β) ∩ γC| ≥ c(γ)n−1(2βn)(n−1)/2|Sn−1|.

H apìdeixh ja basisteÐ se mia seir� apì l mmata.

L mma 6.1.2. 'Estw β < log 2 kai èstw ~x ∈ γC me F (~x) = β. An κ(~x) eÐnai
h kampulìthta Gauss thc epif�neiac F (~x) = β sto ~x, tìte

(6.1.2)
1

κ(~x)
≥ (

1− γ2
)n−1(2βn)(n−1)/2.

Apìdeixh. 'Estw ν(~x) = ∇F (~x)/‖∇F (~x)‖2 to monadiaÐo exwterikì k�jeto di�-
nusma tou F β sto ~x. SÔmfwna me to [32, Par�grafoc 2.5], gr�foume T~xF β gia
ton efaptìmeno q¸ro tou F β sto ~x, kai jewroÔme thn apeikìnish Weingarten
W~x : T~xF β → T~xF β . H apeikìnish aut  eÐnai o periorismìc ston T~xF β tou
diaforikoÔ D~x thc apeikìnishc ~x 7→ ν(~x). H W~x eÐnai summetrik  kai jetik�
orismènh, epomènwc

(6.1.3) κ(~x) = det W~x ≤
(

trace(W~x)
n− 1

)n−1

apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou. 'Estw (aij)n
i,j=1 o pÐnakac

tou D~x wc proc thn sun jh orjokanonik  b�sh tou Rn. EÐnai gnwstì, kai
epalhjeÔetai eÔkola me apeujeÐac upologismì, ìti to ν(~x) eÐnai idiodi�nusma tou
suzugoÔc tou D~x, pou antistoiqeÐ sthn idiotim  0. Apì thn parat rhsh aut 
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kai apì to gegonìc ìti oi idiotimèc tou W~x eÐnai epÐshc idiotimèc tou D~x (ìlec mh
mhdenikèc) èpetai ìti tr(W~x) = tr(D~x). EpÐshc, ènac aplìc upologismìc deÐqnei
ìti

(6.1.4) aii =
f ′′(xi)

(‖n∇F (~x)‖22 − (f ′(xi))2
)

‖n∇F (~x)‖32
=

h′(xi)
(‖~t ‖22 − (h(xi))2

)

‖~t ‖32
.

Epomènwc, gia k�je ~x ∈ ∂(F β) ∩ γC èqoume

trace(W~x)
n− 1

=
trace(D~x)

n− 1
=

n∑

i=1

h′(xi)
(‖~t ‖22 − (h(xi))2

)

(n− 1)‖~t ‖32

≤ h′(γ)
n‖~t ‖22 −

∑n
i=1 t2i

(n− 1)‖~t ‖32
=

h′(γ)
‖~t ‖2

.

Apì thn ψ′ = tanh èqoume

h′(x) =
1

ψ′′(h(x))
=

1
tanh′(h(x))

=
1

1− tanh2(h(x))
=

1
1− x2

,

opìte h (6.1.3) paÐrnei th morf 

(6.1.5)
1

κ(~x)
≥

∥∥~t
∥∥n−1

2
(1− γ2)n−1.

JumhjeÐte ìti 2f(xi) ≤ t2i apì thn (4.1.29). 'Ara,

(6.1.6) ‖~t ‖22 =
n∑

i=1

t2i ≥ 2nF (~x) = 2βn.

'Epetai to zhtoÔmeno. 2

ShmeÐwsh. O akrib c upologismìc thc kampulìthtac Gauss thc epif�neiac
F (~x) = β sto ~x ∈ ∂(F β) gÐnetai sthn epìmenh par�grafo. H ektÐmhsh pou
apodeÐxame sto L mma 6.1.2 eÐnai arket  gia ton skopì mac.

L mma 6.1.3. 'Estw β > 0 kai èstw ~θ ∈ Sn−1 me

(6.1.7) β < |supp(~θ)| (log 2)/n.

Up�rqei monadikì shmeÐo ~x(~θ, β) sto sÔnoro tou F β gia to opoÐo to

(6.1.8) ~t(~θ, β) := n∇F (~x(~θ, β)) = ρ(~θ, β)~θ

eÐnai jetikì pollapl�sio tou ~θ. Epiplèon, h sun�rthsh β 7→ ρ(~θ, β) eÐnai gnhsÐwc
aÔxousa sto (0, |supp(~θ)| (log 2)/n).

Apìdeixh. Gia k�je ρ > 0 orÐzoume

(6.1.9) ~x(~θ, ρ) = (tanh(ρθi))i≤n.
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To shmeÐo ~x(~θ, ρ) an kei sto C kai

(6.1.10) n∇F (~x(~θ, ρ)) = ρ~θ.

ParathroÔme ìti h apeikìnish

(6.1.11) ρ 7→ F (~x(~θ, ρ)) =
1
n

n∑

i=1

f(tanh(ρθi))

eÐnai suneq c, h tim  thc sto 0 eÐnai 0, kai to ìrio thc kaj¸c to ρ → ∞ eÐnai
Ðso me 1

n |supp(~θ)|(log 2). Sunep¸c, an to β ikanopoieÐ thn (6.1.7), apì to je-
¸rhma endi�meshc tim c up�rqei ρ := ρ(β) tètoio ¸ste to ~x(~θ, β) := ~x(~θ, ρ(β))
na ikanopoieÐ thn F (~x(~θ, β)) = β. Epiplèon, apì thn (6.1.10) blèpoume ìti to
~t(~θ, β) := n∇F (~x(~θ, β)) ikanopoieÐ thn (6.1.8). Tèloc, h sun�rthsh pou orÐzetai
apì thn (6.1.11) eÐnai gnhsÐwc aÔxousa sun�rthsh tou ρ, to opoÐo apodeiknÔei
ìti h sun�rthsh β 7→ ρ(~θ, β) eÐnai gnhsÐwc aÔxousa sto (0, |supp(~θ)| (log 2)/n).
2

JewroÔme mia apìluth stajer� r > 0 (thn opoÐa ja epilèxoume kat�llhla)
kai jètoume

(6.1.12) Mr =
{
~θ ∈ Sn−1 :

√
n/r ~θ ∈ C

}
.

L mma 6.1.4. Up�rqei stajer� c(γ) > 0 me thn ex c idiìthta: an β < c(γ)/r,
tìte gia k�je ~θ ∈ Mr èqoume ~x(~θ, β) ∈ int(γC).

Apìdeixh. Jètoume λ =
√

n/r kai jewroÔme tuqìn ~θ ∈ Mr. QwrÐc periorismì
thc genikìthtac upojètoume ìti θi ≥ 0 gia k�je i = 1, . . . , n. Apì ton orismì tou
Mr èqoume γλ~θ ∈ γC, �ra, an orÐsoume xi = tanh(γλθi) gia k�je i = 1, . . . , n,
èqoume n∇F (~x) = γλ~θ.

Apì thn (4.1.29) èqoume

(6.1.13) F (~x) ≥ f(γ)
h2(γ)

· 1
n

n∑

i=1

(γλ)2θ2
i =

γ2f(γ)
3h2(γ)r

.

An loipìn β < c1(γ)/r, ìpou c1(γ) > 0 kat�llhlh stajer� pou exart�tai mìno
apì to γ, tìte F (~x) > β.

ParathroÔme epÐshc ìti an ~θ ∈ Mr, tìte

(6.1.14) |supp(~θ)| r
n
≥

n∑

i=1

θ2
i = 1.

'Ara, |supp(~θ)| ≥ n/r. Up�rqei loipìn c2(γ) > 0 tètoia ¸ste: an β < c2(γ)/r

tìte β < |supp(~θ)| (log 2)/n.
Jètoume c(γ) = min{c1(γ), c2(γ)}. An β < c(γ)/r tìte qrhsimopoioÔme ton

deÔtero isqurismì tou L mmatoc 6.1.3 wc ex c: afoÔ F (~x) > β kai n∇F (~x) =
γλ~θ, gia to ~x(~θ, β) isqÔei h anisìthta

(6.1.15) [~x(~θ, β)]i < tanh(γλθi) ≤ tanh(γ) < γ

gia k�je i = 1, . . . , n. Dhlad , ~x(~θ, β) ∈ γC. 2

To epìmeno L mma dÐnei ektÐmhsh gia to mètro tou Mr.
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L mma 6.1.5. Up�rqei r > 0 me thn ex c idiìthta: an n ≥ 3 tìte

(6.1.16) |Mr| ≥ e−n/2|Sn−1|.

Apìdeixh. SumbolÐzoume me γn to tupikì mètro tou Gauss ston Rn kai me σn

to analloÐwto wc proc orjog¸niouc metasqhmatismoÔc mètro pijanìthtac sthn
Sn−1. Ja qreiastoÔme to ex c.

L mma 6.1.6. 'Estw K èna summetrikì kurtì s¸ma ston Rn. IsqÔoun oi
anisìthtec

(6.1.17) 1
2 σn

(
Sn−1 ∩ 1

2K
) ≤ γn(

√
nK) ≤ σn(Sn−1 ∩ eK) + e−n/2.

Apìdeixh (blèpe [23]). Perigr�foume mìno thn apìdeixh thc dexi�c anisìthtac
(thn opoÐa ja qrhsimopoi soume). ParathroÔme ìti

(6.1.18)
√

nK ⊆ (
1
e

√
nBn

2

) ∪ C
(

1
e

√
nSn−1 ∩√nK

)

ìpou, an A ⊆ 1
e

√
nSn−1, gr�foume C(A) gia ton jetikì k¸no pou par�getai apì

to A. 'Epetai ìti

(6.1.19) γn(
√

nK) ≤ γn

(
1
e

√
nBn

2

)
+ σ

(
1
e

√
nSn−1 ∩√nK

)

ìpou σ eÐnai to analloÐwto wc proc orjog¸niouc metasqhmatismoÔc mètro pija-
nìthtac sthn 1

e

√
nSn−1. Tìte,

(6.1.20) σ
(

1
e

√
nSn−1 ∩√nK

)
= σn(Sn−1 ∩ eK),

kai apeujeÐac upologismìc deÐqnei ìti

(6.1.21) γn

(
ρ
√

nBn
2

) ≤ (ρ
√

e)ne−ρ2n/2

gia k�je 0 < ρ ≤ 1. 'Epetai ìti

(6.1.22) γn

(
1
e

√
nBn

2

) ≤ exp(−n/2).

Apì tic (6.1.19)�(6.1.22) prokÔptei to L mma. 2

Apìdeixh tou L mmatoc 6.1.5. ParathroÔme ìti

(6.1.23) Mr = Sn−1 ∩ e
(√

r/(e2n)C
)

.

'Ara,

|Mr|
|Sn−1| = σn(Mr) = σn

(
Sn−1 ∩ e

(√
r/(e2n)C

))

≥ γn

(
(
√

r/e)C
)− e−n/2

= d
(√

r/e
)n − e−n/2,

ìpou

(6.1.24) d(s) :=
1√
2π

∫ s

−s

e−t2/2dt.
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ParathroÔme ìti 2e−n/2 < e−n/4 an n ≥ 3. Epilègoume r > 0 ¸ste na ikano-
poieÐtai h

(6.1.25) d
(√

r/e
)

> e−1/4.

Autì eÐnai dunatì, diìti lims→+∞ d(s) = 1. Tìte,

(6.1.26) d
(√

r/e
)n

> 2e−n/2

gia n ≥ 3, ki autì apodeiknÔei to L mma. 2

Apìdeixh tou Jewr matoc 6.1.1. Gr�fontac, gia suntomÐa, ~x antÐ tou ~x(~θ, β), kai
qrhsimopoi¸ntac ton gnwstì tÔpo pou sundèei thn epif�neia me thn kampulìthta
Gauss (blèpe [32, Je¸rhma 4.2.4]), mporoÔme na gr�youme

(6.1.27) |∂(F β) ∩ γC| ≥
∫

Mr

1
κ(~x)

d~θ,

ìpou Mr to uposÔnolo thc Sn−1 pou orÐsame sthn (6.1.12). Pr�gmati, an ~θ ∈ Mr

tìte to ~x(~θ, β) orÐzetai kal� (apì to L mma 6.1.4) kai an kei sto eswterikì tou
γC. Apì to L mma 6.1.2 èqoume 1

κ(~x) ≥
(
1 − γ2

)n−1(2βn)(n−1)/2 kai apì to
L mma 6.1.5 èqoume |Mr| ≥ e−n/2|Sn−1|. Sunep¸c,

(6.1.28) |∂(F β) ∩ γC| ≥ e−n/2
(
1− γ2

)n−1(2βn)(n−1)/2|Sn−1|,

kai èpetai to zhtoÔmeno. 2

6.1bþ Mia genÐkeush tou L mmatoc 6.1.5

H mèjodoc apìdeixhc tou L mmatoc 6.1.5 dÐnei èna genikì k�tw fr�gma gia to
mètro thc tom c tuqìntoc summetrikoÔ poluèdrou me th sfaÐra. 'Estw ~u1, . . . , ~um

mh mhdenik� dianÔsmata ston Rn. JewroÔme to summetrikì polÔedro

(6.1.29) T =
m⋂

j=1

{
~x : |〈~x, ~ui〉| ≤ 1

}
.

To epìmeno je¸rhma tou Sidák (blèpe [33]) dÐnei ektÐmhsh gia to γn(T ).

L mma 6.1.7 (L mma tou Sidák). An T eÐnai to summetrikì polÔedro pou
orÐzetai apì thn (6.1.29) tìte

(6.1.30) γn(T ) ≥
m∏

i=1

γn({~x : |〈~x, ~ui〉| ≤ 1}) =
m∏

i=1

d

(
1

‖~ui‖2

)
.

Ja qrhsimopoi soume epÐshc mia ektÐmhsh apì to [17].

L mma 6.1.8. Up�rqei apìluth stajer� λ > 0 ¸ste, gia k�je t1, . . . , tm > 0,

(6.1.31)
m∏

i=1

d

(
1
ti

)
≥ exp

(
−λ

m∑

i=1

t2i

)
.
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OrÐzoume mia par�metro R = R(T ) wc ex c:

(6.1.32) R2(T ) =
m∑

i=1

‖~ui‖22.

'Estw s > 0. To L mma 6.1.7 deÐqnei ìti

(6.1.33) γn(sT ) ≥
m∏

i=1

d

(
s

‖~ui‖2

)
.

Tìte, to L mma 6.1.8 deÐqnei ìti

(6.1.34) γn(sT ) ≥ exp
(−λR2(T )/s2

) ≥ e−n/4 ≥ 2e−n/2,

an n ≥ 3 kai

(6.1.35) s ≥ 2
√

λR(T )√
n

.

Efarmìzontac to L mma 6.1.6 gia to K = (s/
√

n)T paÐrnoume

(6.1.36) σn

(
Sn−1 ∩ es√

n
T

)
≥ e−λR2(T )/s2 − e−n/2 ≥ 1

2e−λR2(T )/s2
.

Me �lla lìgia, èqoume thn ex c.

Prìtash 6.1.9. 'Estw n ≥ 3 kai èstw ~u1, . . . , ~um mh mhdenik� dianÔsmata
ston Rn. JewroÔme to summetrikì polÔedro

(6.1.37) T =
m⋂

j=1

{
~x : |〈~x, ~ui〉| ≤ 1

}
,

kai orÐzoume

(6.1.38) R2(T ) =
m∑

i=1

‖~ui‖22.

Tìte, gia k�je t ≥ cR(T )/
√

n èqoume

(6.1.39) σn

(
Sn−1 ∩ (t/

√
n)T

) ≥ 1
2 exp

(−cR2(T )/t2
)
,

ìpou c > 0 apìluth stajer�. 2

6.1gþ To deÔtero gewmetrikì L mma

To deÔtero gewmetrikì l mma mac isqurÐzetai ìti, an to ε > 0 eÐnai mikrì, tìte to
komm�ti tou ∂(F β+ε)∩γC pou perièqetai se ènan hmÐqwro xèno proc to F β ∩γC

eÐnai epÐshc mikrì.

Prìtash 6.1.10. 'Estw γ ∈ (0, 1) kai èstw ìti β +ε < log 2. An H eÐnai ènac
hmÐqwroc tou opoÐou to eswterikì eÐnai xèno proc to F β ∩ γC, tìte

(6.1.40)
∣∣∂(F β+ε) ∩ γC ∩H

∣∣ ≤ (2εn)(n−1)/2
∣∣Sn−1

∣∣ .
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Apìdeixh. 'Estw H ènac kleistìc hmÐqwroc tou opoÐou to eswterikì eÐnai xèno
proc to F β ∩γC. QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti
to ∂H eÐnai efaptìmeno uperepÐpedo tou F β∩γC, kai tìte mporoÔme na gr�youme

(6.1.41) H = {~y ∈ Rn : 〈~u, ~y − ~x〉 ≥ 0}

gia k�poia ~u 6= ~0 kai ~x ∈ ∂(F β ∩ γC). 'Opwc sthn apìdeixh tou Jewr matoc
4.2.3, mporoÔme na upojèsoume ìti ~x ∈ ∂(F β), �ra F (~x) = β. MporoÔme epÐshc
na upojèsoume ìti 0 ≤ x1 ≤ · · · ≤ xn. An xi < γ gia k�je i tìte mporoÔme
na p�roume ~u = ∇F (~x). An 0 ≤ x1 ≤ . . . ≤ xk < γ = xk+1 = . . . = xn, sthn
apìdeixh tou Jewr matoc 4.2.3 eÐdame ìti mporoÔme na epilèxoume to ~u ètsi ¸ste

(6.1.42) ui = f ′(xi) an 1 ≤ i ≤ k kai uj ≥ f ′(xj) an k < j ≤ n.

'Estw ~y ∈ H ∩ γC. AfoÔ yi − xi ≤ 0 gia k < i ≤ n, èqoume

(6.1.43) 〈∇F (~x), ~y − ~x〉 =
n∑

i=1

f ′(xi)(yi − xi) ≥
n∑

i=1

ui(yi − xi) ≥ 0.

T¸ra, èstw ~y ∈ F β+ε ∩ γC ∩ H. Apì to je¸rhma tou Taylor, up�rqoun ζi ∈
[xi ∧ yi, xi ∨ yi] (ìpou a ∧ b := min {a, b} kai a ∨ b := max {a, b}) tètoia ¸ste

f(yi) = f(xi) + f ′(xi)(yi − xi) + 1
2f ′′(ζi)(yi − xi)2

= f(xi) + f ′(xi)(yi − xi) + 1
2

(yi − xi)2

1− ζ2
i

.

AfoÔ (1− ζ2
i )−1 ≥ 1, sumperaÐnoume ìti

(6.1.44) f(yi) ≥ f(xi) + f ′(xi)(yi − xi) + 1
2 (yi − xi)2.

'Epetai ìti

F (~y) ≥ F (~x) + 〈∇F (~x), ~y − ~x〉+
1
2n

n∑

i=1

(yi − xi)2

= β + 〈∇F (~x), ~y − ~x〉+
1
2n

n∑

i=1

(yi − xi)2

≥ β +
1
2n
‖~y − ~x‖22 ,

ìpou h teleutaÐa anisìthta prokÔptei apì thn (6.1.43). Apì thn �llh pleur�,
afoÔ ~y ∈ F β+ε, èqoume epÐshc

(6.1.45) F (~y) ≤ β + ε,

�ra

(6.1.46) ‖~y − ~x‖2 ≤
√

2nε.

Autì deÐqnei ìti to F β+ε ∩ γC ∩ H perièqetai se mia mp�la aktÐnac
√

2nε me
kèntro to ~x, opìte h epif�neia tou eÐnai to polÔ Ðsh me (2nε)(n−1)/2

∣∣Sn−1
∣∣. 2
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ShmeÐwsh. Sto teleutaÐo b ma thc apìdeixhc qrhsimopoi same ton ex c isquri-
smì: an A,B eÐnai kurt� s¸mata ston Rn kai A ⊆ B, tìte |∂(A)| ≤ |∂(B)|. H
anisìthta aut  eÐnai �mesh sunèpeia tou {tÔpou tou Cauchy}: èqoume

(6.1.47) |∂(A)| = 1
|Bn−1

2 |

∫

Sn−1
|P~u(A)|σn(d~u),

kai ìmoia gia to B, ìpou P~u(A) eÐnai h orjog¸nia probol  tou A ston {~x :
〈~x, ~u〉 = 0}.

6.2 Par�rthma: akrib c upologismìc thc kampulì-
thtac

Se aut n thn par�grafo ta dianÔsmata jewroÔntai genik� wc dianÔsmata�st lec
ektìc an dhl¸netai to antÐjeto. An A eÐnai ènac n ×m pÐnakac, me A∗ sumbo-
lÐzoume ton an�strofì tou. Sunep¸c, to di�nusma�gramm  (v1, . . . , vn) eÐnai to
~v∗, ìpou ~v eÐnai to di�nusma�st lh me suntetagmènec v1, . . . , vn.

'Estw F : U −→ R mia C2-sun�rthsh, orismènh sto anoiktì sÔnolo U ⊆ Rn.
JewroÔme to dianusmatikì pedÐo

(6.2.1) ν(~x) :=
∇F (~x)
‖∇F (~x)‖ (~x ∈ U, ∇F (~x) 6= 0).

An gr�youme ν(~x) =
∑n

i=1 νi(~x)~ei, ìpou {~e1, . . . , ~en} eÐnai h sun jhc b�sh
ston Rn, tìte h kampulìthta Gauss–Kronecker κ(~x) thc epif�neiac F−1(β) =
{~x : F (~x) = β} sto shmeÐo ~x ∈ F−1(β), eÐnai to ginìmeno twn kurÐwn kampulo-
t twn

(6.2.2) κ1(~x), . . . , κn−1(~x).

Me �lla lìgia, eÐnai h orÐzousa tou periorismoÔ W~x ston upìqwro

(6.2.3) T~xF β ' {~v ∈ Rn : 〈~v,∇F (~x)〉 = 0}
thc grammik c apeikìnishc

(6.2.4) ~v
D~x7−→ −



〈∇ν1(~x), ~v〉

...
〈∇νn(~x), ~v〉


 ,

pou orÐzetai ston efaptìmeno q¸ro T~x(Rn) ' Rn sto ~x (blèpe [35, p. 55 kai
Je¸rhma 2 sthn sel. 25]). Parathr ste ìti h D~x eÐnai to diaforikì sto ~x thc
apeikìnishc ~x 7−→ −ν(~x). H grammik  apeikìnish W~x : T~xF β −→ T~xF β , pou
orÐzetai apì thn W~x = (D~x)|T~xF β , lègetai apeikìnish Weingarten thc epif�neiac
F−1(β). O pÐnakac thc D~x wc proc th sun jh b�sh tou T~x(Rn) ' Rn eÐnai (me
∂i = ∂/∂xi kai ∂ij = ∂i∂j) o

(6.2.5) D~x =




∂1

(
∂1F (~x)
‖∇F (~x)‖

)
· · · ∂n

(
∂1F (~x)
‖∇F (~x)‖

)

...
. . .

...

∂1

(
∂nF (~x)
‖∇F (~x)‖

)
· · · ∂n

(
∂nF (~x)
‖∇F (~x)‖

)




,
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kai isoÔtai me

(6.2.6) D~x =
1

‖∇F (~x)‖HF (~x)− 1
‖∇F (~x)‖2




∂1F (~x) (∇‖∇F (~x)‖)∗
...

∂nF (~x) (∇‖∇F (~x)‖)∗


 ,

ìpou HF (~x) eÐnai h Hessian thc F kai (∇‖∇F (~x)‖)∗ eÐnai to di�nusma�gramm 
(6.2.7)

(∇‖∇F (~x)‖)∗ =
1

‖∇F (~x)‖

(
n∑

k=1

∂kF (~x)∂1kF (~x), . . . ,
n∑

k=1

∂kF (~x)∂nkF (~x)

)
.

'Ara, h i-ost  gramm  tou pÐnaka ‖∇F (~x)‖3 D~x eÐnai to di�nusma�gramm 

Ri(~x) =
n∑

k=1

(∂kF (~x))2 (∂i1F (~x), . . . , ∂inF (~x))

− ∂iF (~x)

(
n∑

k=1

∂kF (~x)∂1kF (~x), . . . ,
n∑

k=1

∂kF (~x)∂nkF (~x)

)
,

kai eÔkola elègqoume ìti

(6.2.8)
n∑

i=1

∂iF (~x)Ri(~x) = (0, . . . , 0),

to opoÐo, an p�roume up� ìyin thn ∇F (~x) 6= 0, deÐqnei ìti oi grammèc tou D~x

eÐnai grammik� exarthmènec,   isodÔnama, ìti to ∇F (~x) eÐnai idiodi�nusma tou
an�strofou tou D~x me antÐstoiqh idiotim  to 0.

ParathroÔme ìti

(6.2.9) ∇‖∇F (~x)‖ =
1

‖∇F (~x)‖ HF (~x) (∇F (~x)),

opìte

D~x =
1

‖∇F (~x)‖ HF (~x)− 1
‖∇F (~x)‖3




∂1F (~x) (∇F (~x))∗HF (~x)
...

∂nF (~x) (∇F (~x))∗HF (~x)




=
1

‖∇F (~x)‖ HF (~x)− 1
‖∇F (~x)‖3 (∇F (~x))(∇F (~x))∗HF (~x)

=
1

‖∇F (~x)‖3
(‖∇F (~x)‖2 In − (∇F (~x))(∇F (~x))∗

)
HF (~x)

se piì sumpag  morf . T¸ra, eÐnai fanerì ìti

(6.2.10) (∇F (~x))∗D~x = (0, . . . , 0),

k�ti pou ekfr�zei xan� to gegonìc ìti to ∇F (~x) eÐnai idiodi�nusma tou an�-
strofou tou D~x pou antistoiqeÐ sthn idiotim  0. ParathroÔme epÐshc ìti, h
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(6.2.10) èqei san sunèpeia ìti o D~x af nei analloÐwto ton upìqwro T~xF β pou
eÐnai k�jetoc sto ∇F (~x), afoÔ o suzug c tou af nei analloÐwto ton upìqwro
pou par�getai apì to ∇F (~x). 'Ara, D~x : T~xF β −→ T~xF β , kai h W~x eÐnai ka-
l� orismènh apeikìnish T~xF β −→ T~xF β . 'Eqei loipìn nìhma na mil�me gia tic
idiotimèc κ1(~x), . . . , κn−1(~x).

'Epetai ìti oi idiotimèc tou D~x eÐnai oi idiotimèc κ1(~x), . . . , κn−1(~x) tou W~x

sun thn idiotim  0. Dhlad ,

(6.2.11) spectrum(D~x) = spectrum(W~x) ∪ {0} = {κ1(~x), . . . , κn−1(~x)} ∪ {0} .

Eidikìtera, ta qarakthristik� polu¸numa twn D~x kai W~x sundèontai wc ex c:

(6.2.12) pD~x
(λ) = det (λIn −D~x) = λ det (λIn−1 −W~x) = λ pW~x

(λ).

'Ara det (D~x) = 0,

(6.2.13) tr (W~x) = tr (D~x) ,

kai

(6.2.14) κ(~x) =
n−1∏

i=1

κi(~x) = det (W~x) = suntelest c tou λ sto pD~x
(λ).

ParathroÔme epÐshc ìti, apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou kai
thn (6.2.13), èqoume

(6.2.15) κ(~x) = det (W~x) ≤ (
(n− 1)−1 tr (W~x)

)n−1
=

(
(n− 1)−1 tr (D~x)

)n−1
,

k�ti pou mac dÐnei ènan polÔ aplì trìpo gia na ektim soume thn kampulìthta
κ(~x) mèsw tou Ðqnouc tou D~x. ApeujeÐac upologismìc deÐqnei ìti

tr (D~x) =
n∑

i=1

‖∇F (~x)‖2 ∂iiF (~x)− ∂iF (~x)
∑n

j=1 ∂jF (~x) ∂ijF (~x)

‖∇F (~x)‖3

=
1

‖∇F (~x)‖ tr (HF (~x))− (∇F (~x))∗ [HF (~x)]∇F (~x)
‖∇F (~x)‖3 .

JewroÔme thn

(6.2.16) F (~x) =
1
n

n∑

i=1

f(xi) (~x = (x1, . . . , xn)),

ìpou f : (−1, 1) −→ R eÐnai h C2-sun�rthsh

(6.2.17) f(x) := 1
2 (1 + x) log(1 + x) + 1

2 (1− x) log(1− x) (x ∈ (−1, 1)),

kai jètoume ~t = (t1, . . . , tn) := (h(x1), . . . , h(xn)), ìpou

(6.2.18) h(x) := 1
2 log(1 + x)− 1

2 log(1− x) (x ∈ (−1, 1)).
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Tìte,

(6.2.19) ∇F (~x) =
1
n

(h(x1), . . . , h(xn)) =
~t

n
,

kai

(6.2.20) HF (~x) =
1
n




(1− x2
1)
−1

. . .
(1− x2

n)−1


 ,

epomènwc,

(6.2.21) tr (D~x) =
1∥∥~t
∥∥

n∑

i=1

1
1− x2

i

− 1∥∥~t
∥∥3

n∑

i=1

t2i
1− x2

i

=
1∥∥~t
∥∥3

n∑

i=1

∥∥~t
∥∥2 − t2i

1− x2
i

.

Eidikìtera, gia ~x ∈ (−γ, γ)n,

(6.2.22) tr (D~x) ≤ 1
1− γ2

1∥∥~t
∥∥3

n∑

i=1

(∥∥~t
∥∥2 − t2i

)
=

n− 1
1− γ2

∥∥~t
∥∥−1

,

kai afoÔ
∥∥~t

∥∥2 ≥ 2nF (~x) = 2nβ, apì thn (3.3.26), qrhsimopoi¸ntac thn (6.2.13)
blèpoume ìti

κ(~x) ≤ (1− γ2)−(n−1)(2nβ)−(n−1)/2,

gia ~x ∈ F−1(β).
MporoÔme m�lista na upologÐsoume thn akrib  tim  thc κ(~x). Upojètoume

pr¸ta ìti o HF (~x) eÐnai antistrèyimoc. To qarakthristikì polu¸numo tou D~x

eÐnai to

(6.2.23) pD~x
(λ) = det (λIn −D~x) .

Apì thn (6.2.14), an antikatast soume thn pr¸th gramm  aut c thc orÐzousac
me

∑n
i=1 ∂iF (~x)Ri, ìpou Ri eÐnai h i-ost  gramm  thc orÐzousac, tìte paÐrnoume

(6.2.24) pD~x
(λ) =

λ

∂1F (~x)
det (A) ,

ìpou o pÐnakac A èqei tic Ðdiec grammèc me ton λIn − D~x ektìc apì thn pr¸th
pou ston A eÐnai (∇F (~x))∗. ParathroÔme t¸ra ìti afoÔ to 0 eÐnai idiotim  tou
an�strofou tou D~x, ja eÐnai kai idiotim  tou Ðdiou tou D~x. Epiplèon, an ~v eÐnai
èna idiodi�nusma pou antistoiqeÐ sthn idiotim  0 gia ton D~x, tìte prèpei na isqÔei
HF (~x)~v = c∇F (~x), afoÔ ta pollapl�sia tou ∇F (~x) eÐnai oi mìnec lÔseic thc
exÐswshc

(6.2.25)
(‖∇F (~x)‖2 In − (∇F (~x))(∇F (~x))∗

)
~v = ~0.

StajeropoioÔme èna tètoio idiodi�nusma ~v(~x) me c = 1, kai antikajistoÔme thn
pr¸th st lh tou A me

∑n
j=1 vj(~x) Cj , ìpou Cj eÐnai h j-ost  st lh thc orÐzousac

kai

~v(~x) =
n∑

j=1

vj(~x)~ej ,
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dhlad  v1(~x), . . . , vn(~x) eÐnai oi suntetagmènec tou ~v(~x) wc proc th sun jh b�-
sh. PaÐrnoume ètsi to di�nusma ((~v(~x))∗∇F (~x), λv2(~x), . . . , λvn(~x))∗ sthn pr¸th
st lh, kai èpetai ìti

(6.2.26) pD~x
(λ) =

λ

∂1F (~x) v1(~x)

∣∣∣∣∣∣∣∣∣

(~v(~x))∗∇F (~x) ∂2F (~x) . . . ∂2F (~x)
λv2(~x)

... A′

λvn(~x)

∣∣∣∣∣∣∣∣∣
,

ìpou o A′ = A′(λ) eÐnai ènac (n−1)×(n−1) pÐnakac, pou prokÔptei apì ton λIn−
D~x an diagr�youme thn pr¸th gramm  kai thn pr¸th st lh tou. AnaptÔssontac
wc proc thn pr¸th st lh blèpoume ìti

(6.2.27) pD~x
(λ) = λ

(~v(~x))∗∇F (~x)
∂1F (~x) v1(~x)

det (A′) + ìroi t�xhc λ2 kai p�nw.

AfoÔ o A′ = A′(λ) prokÔptei apì ton λIn−D~x me diagraf  thc pr¸thc gramm c
kai thc pr¸thc st lhc tou, mporoÔme na gr�youme ton A′(λ) wc ex c:

A′(λ) = λIn−1 − 1
‖∇F (~x)‖3

(‖∇F (~x)‖2 In−1

− (∇Fx1(x2, . . . , xn))(∇Fx1(x2, . . . , xn))∗
)
HFx1

(x2, . . . , xn),

ìpou, gia stajerì x1, Fx1(x2, . . . , xn) eÐnai h sun�rthsh twn n − 1 pou prokÔ-
ptoun apì to x an krat soume thn pr¸th suntetagmènh tou stajer , opìte

(6.2.28) ∇Fx1(x2, . . . , xn) = (∂2F (~x), . . . , ∂nF (~x)),

kai

(6.2.29) HFx1
(x2, . . . , xn) =




∂22F (~x) . . . ∂2n(F (~x)
...

. . .
...

∂n2F (~x) . . . ∂nn(F (~x)


 .

Tìte,

(6.2.30) κ(~x) =
(~v(~x))∗∇F (~x)
∂1F (~x) v1(~x)

det (A′(0)) ,

kai

det (A′(0)) =
1

‖∇F (~x)‖3(n−1)

× det
((‖∇F (~x)‖2 In−1 − (∇Fx1(x2, . . . , xn))(∇Fx1(x2, . . . , xn))∗

))

× det
(
HFx1

(x2, . . . , xn)
)
.

Sth sunèqeia upologÐzoume thn orÐzousa thc mesaÐac gramm c sthn parap�nw
sqèsh. EÐnai to qarakthristikì polu¸numo, èstw pn−1, tou pÐnaka

(6.2.31) (∇Fx1(x2, . . . , xn))(∇Fx1(x2, . . . , xn))∗,
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upologismèno sto λ = ‖∇F (~x)‖2. 'Omwc,

(6.2.32) pn−1(λ) = λn−2(λ− ‖∇Fx1(x2, . . . , xn)‖2).

Autì mporoÔme na to doÔme wc ex c: K�je idiodi�nusma tou pÐnaka

(∇Fx1(x2, . . . , xn))(∇Fx1(x2, . . . , xn))∗

prèpei na eÐnai pollapl�sio tou ∇Fx1(x2, . . . , xn). Apì thn �llh pleur�, to
∇Fx1(x2, . . . , xn) eÐnai idiodi�nusma autoÔ tou pÐnaka, pou antistoiqeÐ sthn i-
diotim  ‖∇Fx1(x2, . . . , xn)‖2, kai epiplèon, autìc o pÐnakac eÐnai summetrikìc,
sunep¸c diagwnopoieÐtai. 'Ara, ìla ta idiodianÔsmata tou

(∇Fx1(x2, . . . , xn))(∇Fx1(x2, . . . , xn))∗

(me thn exaÐresh tou ∇Fx1(x2, . . . , xn)) an koun ston orjog¸nio upìqwro tou
∇Fx1(x2, . . . , xn), kai antistoiqoÔn anagkastik� sthn idiotim  0, giatÐ

(6.2.33) (∇Fx1(x2, . . . , xn))(∇Fx1(x2, . . . , xn))∗ ~y = 0

gia k�je ~y ⊥ ∇Fx1(x2, . . . , xn). Tìte,

det (A′(0)) = ‖∇F (~x)‖−3(n−1) ‖∇F (~x)‖2(n−2)

× (‖∇F (~x)‖2 − ‖∇Fx1(x2, . . . , xn)‖2) det
(
HFx1

(x2, . . . , xn)
)

= ‖∇F (~x)‖−(n+1) (∂1F (~x))2 det
(
HFx1

(x2, . . . , xn)
)
.

'Epetai ìti
(6.2.34)

κ(~x) = (~v(~x))∗∇F (~x)
∂1F (~x)
v1(~x)

‖∇F (~x)‖−(n+1) det
(
HFx1

(x2, . . . , xn)
)
.

Tèloc, afoÔ upojèsame ìti o HF (~x) eÐnai antistrèyimoc, èqoume

(6.2.35) ~v = (HF (~x))−1∇F (~x),

�ra

(6.2.36) κ(~x) =
(∇F (~x))∗(HF (~x))−1∇F (~x)

‖∇F (~x)‖n+1

∂1F (~x)
v1(~x)

det
(
HFx1

(x2, . . . , xn)
)
.

Parathr ste ìti upojèsame siwphr� ìti v1(~x) ∂1F (~x) 6= 0 sto prohgoÔmeno
epiqeÐrhma. Autì mporeÐ na gÐnei qwrÐc periorismì thc genikìthtac an o HF (~x)
eÐnai jetik�   arnhtik� orismènoc gia ton ex c lìgo: AfoÔ o HF (~x) èqei upotejeÐ
antistrèyimoc kai ∇F (~x) 6= 0, èqoume

(6.2.37) (~v(~x))∗∇F (~x) = (∇F (~x))∗(HF (~x))−1∇F (~x) 6= 0.

'Ara to vi(~x) ∂iF (~x) ja eÐnai 6= 0 gia k�poio i ∈ {1, . . . , n}, kai tìte mporoÔ-
me na antikatast soume thn pr¸th gramm  kai thn pr¸th st lh sto parap�nw
epiqeÐrhma me thn i-ost  gramm  kai thn i-ost  st lh, qwrÐc kamÐa allag .
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JewroÔme t¸ra thn eidik  perÐptwsh pou o HF (~x) eÐnai diag¸nioc, dhlad ,
HF (~x) = diag

(
∂11F (~x) . . . , ∂nnF(~x)

)
. Tìte, h sqèsh (6.2.36) paÐrnei thn aploÔ-

sterh morf 

(6.2.38) κ(~x) =
det (HF (~x))
‖∇F (~x)‖n+1

n∑

i=1

(∂iF (~x))2

∂iiF (~x)
.

Mènei na exet�soume thn perÐptwsh pou o HF (~x) den upotÐjetai orismènoc  
diag¸nioc. Tèloc, ìtan o HF (~x) eÐnai mh antistrèyimoc, tìte prèpei eÔkola na
elègqetai ìti κ(~x) = 0.

Gia par�deigma, h kampulìthta thc epif�neiac F−1(β) se èna apì ta shmeÐa
thc ~x (ìpou h F orÐzetai ìpwc sthn (6.2.16)), dÐnetai apì thn

(6.2.39) κ(~x) =
1∥∥~t
∥∥n+1

n∏

i=1

1
1− x2

i

n∑

i=1

t2i (1− x2
i ).

SugkrÐnontac aut n thn isìthta me thn anisìthta

(6.2.40) κ(~x) ≥ 1
(1− γ2)n−1‖~t‖n−1

sthn opoÐa mac od ghse h anisìthta arijmhtikoÔ�gewmetrikoÔ mèsou det(W~x) ≤
((n − 1)−1tr(W~x))n−1, blèpoume ìti den kerdÐzoume k�ti apì ton akrib  upolo-
gismì thc kampulìthtac, afoÔ to γ ∈ (0, 1) � �ra kai ta xi � èqoun upotejeÐ
arket� mikr�.



Kef�laio 7

0/1�polÔtopa me pollèc
èdrec

7.1 Apìdeixh tou kentrikoÔ apotelèsmatoc

MporoÔme t¸ra na apodeÐxoume to Je¸rhma 1.1.2.

Je¸rhma 1.1.2. Up�rqoun jetikèc stajerèc a kai b me thn ex c idiìthta:
gia arket� meg�la n, kai gia ìla ta N pou ikanopoioÔn thn na ≤ N ≤ exp(bn),
isqÔei h anisìthta

(7.1.1) E [fn−1(KN )] ≥
(

log N

a log n

)n/2

.

Apìdeixh. Upojètoume ìti to n eÐnai arket� meg�lo kai jètoume b = c(γ)/2,
ìpou c(γ) > 0 eÐnai h stajer� sto Je¸rhma 6.1.1.

Gia dojèn N pou ikanopoieÐ thn n8 ≤ N ≤ exp
(
bn

)
, jètoume α = log N/n

kai jewroÔme thn stajer� γ ∈ (0, 1) tou OrismoÔ 4.2.2. Apì to L mma 5.1.7
up�rqei δ ≤ 6/n tètoio ¸ste to KN na ikanopoieÐ thn

(7.1.2) |∂(Fα+δ) ∩ γC ∩KN | ≤ 1
2 |∂(Fα+δ) ∩ γC|

me pijanìthta megalÔterh apì 1 − 10−2. Apì to Je¸rhma 4.2.3, up�rqei ε ≤
3 log n/n ¸ste to KN na ikanopoieÐ thn

(7.1.3) KN ⊃ Fα−2ε ∩ γC

me pijanìthta megalÔterh apì 1− 2−n+1.
'Estw E to endeqìmeno na ikanopoieÐ to KN tic (7.1.2) kai (7.1.3). Tìte,

Prob(E) ≥ 1− 10−2 − 2−n+1,
Efarmìzoume t¸ra thn Prìtash 6.1.10 me β = α − 2ε kai ε = 2ε + δ: An A

eÐnai mia èdra tou KN kai HA eÐnai o antÐstoiqoc hmÐqwroc (pou èqei eswterikì
xèno proc to KN ), tìte

(7.1.4) |∂(Fα+δ) ∩ γC ∩HA| ≤
(
2(2ε + δ)n

)(n−1)/2 |Sn−1|.
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'Epetai ìti

fn−1(KN )
(
2(2ε + δ)n

)(n−1)/2 |Sn−1| ≥
∑

A

|∂(Fα+δ) ∩ γC ∩HA|

≥
∣∣(∂(Fα+δ) ∩ γC

) \KN

∣∣
≥ 1

2 |∂(Fα+δ) ∩ γC|

T¸ra, efarmìzontac to Je¸rhma 6.1.1 me β = α + δ paÐrnoume

(7.1.5) fn−1(KN )
(
2(2ε + δ)n

)(n−1)/2 ≥ (
c(γ)

√
αn

)n−1
.

AfoÔ αn = log N kai (2ε + δ)n ≤ 12 log n, sumperaÐnoume ìti

(7.1.6) fn−1(KN ) ≥
(

c1(γ) log N

log n

)n/2

sto E , kai h apìdeixh eÐnai pl rhc. 2

'Amesh sunèpeia eÐnai h Ôparxh 0/1 polutìpwn me {pollèc èdrec}.

Je¸rhma 1.1.1. Up�rqei stajer� c > 0 me thn idiìthta

(7.1.7) g(n) ≥
(

cn

log n

)n/2

.

Apìdeixh. MporoÔme na efarmìsoume to Je¸rhma 1.1.2 me N ≥ exp
(
c1n

)
ìpou

c1 > 0 eÐnai mia apìluth stajer�. Up�rqei loipìn N me thn idiìthta

(7.1.9) E [fn−1(KN )] ≥
(

log N

a log n

)n/2

≥
(

c2n

log n

)n/2

.

Sunep¸c, up�rqei èna 0/1 polÔtopo P ston Rn me

(7.1.10) fn−1(P ) ≥
(

c2n

log n

)n/2

,

ki autì dÐnei to k�tw fr�gma mac gia thn g(n). 2



Mèroc II

To prìblhma tou Sylvester

sto epÐpedo





Kef�laio 8

To genikì prìblhma tou
Sylvester sto epÐpedo

8.1 To prìblhma

'Estw K èna kurtì s¸ma ston Rd. StajeropoioÔme n ≥ d + 1 kai jewroÔme n

anex�rthta tuqaÐa shmeÐa y1, . . . , yn, omoiìmorfa katanemhmèna sto K. OrÐzoume
thn tuqaÐa metablht 

(8.1.1) C := C(K,n) =
|conv{y1, . . . , yn}|

|K|
ìpou | · | eÐnai o ìgkoc ston Rd. Me �lla lìgia, C eÐnai o kanonikopoihmènoc
ìgkoc tou tuqaÐou polutìpou conv{y1, y2, . . . , yn}. Parathr ste ìti h katanom 
thc C eÐnai analloÐwth wc proc affinikoÔc metasqhmatismoÔc tou {perib�llontoc
s¸matoc} K. MporoÔme loipìn sth sunèqeia na upojètoume ìti |K| = 1.

To prìblhma tou Sylvester diatup¸netai wc ex c: dojèntwn twn d kai n ≥
d + 1, na brejoÔn ta kurt� s¸mata K ston Rd (akribèstera, oi affinikèc kl�-
seic kurt¸n swm�twn) gia ta opoÐa megistopoieÐtai   elaqistopoieÐtai h mèsh
tim  E [C(K, n)]. Genikìtera, gia k�je gnhsÐwc aÔxousa, suneq  sun�rthsh
H : [0,+∞) → [0, +∞) na brejoÔn ta kurt� s¸mata ston Rd gia ta opoÐa
megistopoieÐtai   elaqistopoieÐtai h mèsh tim 

(8.1.2) E
[
H

(
C(K, n)

)]
:=

∫

K

. . .

∫

K

H
(|conv{y1, . . . , yn}|

)
dyn · · · dy1.

Apl� epiqeir mata sump�geiac deÐqnoun ìti up�rqoun kurt� s¸mata sta opoÐa
pi�nontai oi akraÐec timèc thc E

[
H

(
C(K, n)

)]
.

To prìblhma tou elaqÐstou gia thn E [C(K,n)p], p ≥ 1 lÔjhke apì ton Groemer
stic ergasÐec [19], [20]: gia k�je d ≥ 2 kai k�je n ≥ d + 1,

(8.1.3) E [C(K, n)p] ≥ E [
C(Bd

2 , n)p
]

ìpou Bd
2 h EukleÐdeia monadiaÐa mp�la, me isìthta an kai mìno an to K eÐnai ellei-

yoeidèc. H apìdeixh qrhsimopoieÐ th mèjodo thc summetrikopoÐhshc kat� Steiner,



74 · To geniko problhma tou Sylvester sto epipedo

mèjodo pou eÐqe qrhsimopoi sei o Blaschke [5], [6] gia to klasikì prìblhma tou
Sylvester (perÐptwsh d = 2, n = 3, p = 1). Sthn [18], me mia prosektik  qr sh
aut c thc mejìdou, apodeiknÔetai telik� ìti an S(K) eÐnai h summetrikopoÐhsh
kat� Steiner tou K wc proc tuqoÔsa dieÔjunsh, tìte

(8.1.4) E
[
H

(
C(K, n)

)] ≥ E [
H

(
C(S(K), n)

)]

gia k�je gnhsÐwc aÔxousa, suneq  sun�rthsh H : [0,+∞) → [0, +∞) me H(0) =
0. 'Epetai ìti to el�qisto thc E

[
H

(
C(K, n)

)]
pi�netai sta elleiyoeid  kai m�li-

sta me isìthta an kai mìno an to K eÐnai elleiyoeidèc. Gia peraitèrw epekt�seic
autoÔ tou apotelèsmatoc, me antikat�stash tou ìgkou apì tuqìn quermassinte-
gral tou tuqaÐou polutìpou conv{y1, . . . , yn}, parapèmpoume sthn [21].

To prìblhma tou megÐstou eÐnai teleÐwc anoiktì, ektìc apì thn perÐptwsh tou
epipèdou (d = 2). O Blaschke, qrhsimopoi¸ntac to metasqhmatismì “Schüttelun-
g” èdeixe ìti E [C(K, 3)] ≤ E [C(T, 3)] ìpou T trÐgwno, me isìthta an kai mìno
an to K eÐnai trÐgwno. PolÔ argìtera, oi D�lla kai Larman [9] èdeixan ìti an
d = 2, tìte

(8.1.5) E [C(K,n)] ≤ E [C(T, n)]

gia k�je n ≥ 3, me gn sia anisìthta an to K eÐnai polÔgwno me perissìterec apì
treic korufèc. H pl rhc ap�nthsh sthn perÐptwsh tou epipèdou dìjhke sthn
[16], ìpou apodeiknÔetai ìti an K eÐnai èna kurtì qwrÐo sto epÐpedo kai to K

den eÐnai trÐgwno, tìte

(8.1.6) E [C(K,n)] < E [C(T, n)]

gia k�je n ≥ 3. Me �lla lìgia, h monadik  affinik  kl�sh pou megistopoieÐ thn
posìthta E [C(K, n)] eÐnai h kl�sh twn trig¸nwn.

Sthn §9.1 deÐqnoume ìti to apotèlesma tou Blaschke gia to arqikì prìblhma
tou Sylvester sto epÐpedo (d = 2 kai n = 3) epekteÐnetai sthn perÐptwsh tu-
qoÔsac suneqoÔc kai aÔxousac sun�rthshc. Pio sugkekrimèna, apodeiknÔoume
to ex c.

Je¸rhma 8.1.1. 'Estw H : [0, +∞) → [0,+∞) gnhsÐwc aÔxousa, suneq c
sun�rthsh me H(0) = 0. An K eÐnai èna kurtì qwrÐo sto epÐpedo R2, tìte

(8.1.7) E
[
H

(
C(K, 3)

)] ≤ E [
H

(
C(∆, 3)

)]

ìpou ∆ eÐnai èna trÐgwno, me isìthta an kai mìno an to K eÐnai trÐgwno.

Melet�me epÐshc thn {summetrik  perÐptwsh} tou probl matoc tou Sylvester
sto epÐpedo. JewroÔme èna summetrikì wc proc thn arq  twn axìnwn kurtì qwrÐo
K ston R2, stajeropoioÔme n ≥ 3 kai epilègoume n tuqaÐa shmeÐa y1, . . . , yn,
anex�rthta kai omoiìmorfa apì to K. 'Opwc prin, orÐzoume thn tuqaÐa metablht 
C := C(K, n), all� kai thn tuqaÐa metablht 

(8.1.8) T := T (K,n) =
|conv{±y1, . . . ,±yn}|

|K| .
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To prìblhma eÐnai t¸ra to ex c: gia k�je gnhsÐwc aÔxousa, suneq  sun�rthsh
H : [0,+∞) → [0, +∞) me H(0) = 0, na brejoÔn oi affinikèc kl�seic summetri-
k¸n kurt¸n qwrÐwn gia tic opoÐec megistopoieÐtai h mèsh tim  E

[
H

(
T (K, n)

)]
 ,

antÐstoiqa, h mèsh tim  E
[
H

(
C(K,n)

)]
. O {profan c upoy fioc} se aut  thn

perÐptwsh eÐnai h kl�sh twn parallhlogr�mmwn. To gegonìc ìti ta parallhlì-
gramma eÐnai lÔseic tou probl matoc gia k�je n ≥ 2 apodeÐqjhke apì ton Meckes
[27], me thn prìsjeth ìmwc upìjesh ìti h H eÐnai kurt . H monadikìthta den
èqei apodeiqjeÐ oÔte se aut n thn perÐptwsh. Mia polÔ eidik  perÐptwsh (n = 2
kai H(t) = t   H(t) = t2) antimetwpÐzetai pl rwc sthn ergasÐa [4].

Sthn §9.2 apodeiknÔoume to ex c.

Je¸rhma 8.1.2. 'Estw H : [0,+∞) → [0, +∞) gnhsÐwc aÔxousa, suneq c
sun�rthsh me H(0) = 0. An K eÐnai èna kurtì qwrÐo sto epÐpedo R2 me kèntro
summetrÐac thn arq  twn axìnwn, tìte

(8.1.9) E
[
H

(
T (K, 2)

)] ≤ E [
H

(
T (P, 2)

)]

ìpou P eÐnai èna parallhlìgrammo, me isìthta an kai mìno an to K eÐnai paral-
lhlìgrammo.





Kef�laio 9

H perÐptwsh twn tri¸n
shmeÐwn

Ta apotelèsmata autoÔ tou KefalaÐou eÐnai ta ex c.

(i) 'Estw H : [0,+∞) → [0, +∞) gnhsÐwc aÔxousa, suneq c sun�rthsh me
H(0) = 0. An K eÐnai èna kurtì qwrÐo sto epÐpedo R2, tìte

E
[
H

(
C(K, 3)

)] ≤ E [
H

(
C(∆, 3)

)]

ìpou ∆ eÐnai èna trÐgwno, me isìthta an kai mìno an to K eÐnai trÐgwno.

(ii) 'Estw H : [0,+∞) → [0, +∞) gnhsÐwc aÔxousa, suneq c sun�rthsh me
H(0) = 0. An K eÐnai èna kurtì qwrÐo sto epÐpedo R2 me kèntro summetrÐac
thn arq  twn axìnwn, tìte

E
[
H

(
T (K, 2)

)] ≤ E [
H

(
T (P, 2)

)]

ìpou P eÐnai èna parallhlìgrammo, me isìthta an kai mìno an to K eÐnai
parallhlìgrammo.

Gia thn apìdeixh twn dÔo Jewrhm�twn deÐqnoume tic ex c anisìthtec sqetik� me
thn katanom  twn tuqaÐwn metablht¸n C(K, 3) kai T (K, 2):

(i) An K1 eÐnai o metasqhmatismìc Schüttelung tou K, tìte

AK(α) := Prob{C(K, 3) ≤ α} ≥ Prob{C(K1, 3) ≤ α} = AK1(α)

gia k�je α > 0.

(ii) An to K èqei kèntro summetrÐac thn arq  twn axìnwn kai K2 eÐnai o {sum-
metrikìc} metasqhmatismìc Schüttelung tou K, tìte

BK(α) := Prob{T (K, 2) ≤ α} ≥ Prob{T (K2, 2) ≤ α} = BK2(α)

gia k�je α > 0.
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9.1 Katanom  tou embadoÔ enìc tuqaÐou trig¸nou

'Estw K èna kurtì qwrÐo sto epÐpedo R2 me embadìn |K| = 1, kai èstw ` tuqoÔsa
eujeÐa tou epipèdou. QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume
ìti ` = {y = (x, s) ∈ R2 : s = 0}. MporoÔme na gr�youme to K sth morf 

(9.1.1) K = {y = (x, s) : a ≤ x ≤ b, f(x) ≤ t ≤ g(x)},

ìpou a < b, h f eÐnai kurt , h g eÐnai koÐlh, kai f ≤ g sto [a, b].
'Estw H : [0, +∞) → [0, +∞) mia gnhsÐwc aÔxousa, suneq c sun�rthsh me

H(0) = 0. Gr�foume

(9.1.2) E
[
H

(
C(K, 3)

)]
=

∫ b

a

∫ b

a

∫ b

a

MK,H(x1, x2, x3)dx3dx2dx1

ìpou
(9.1.3)

MK,H(x1, x2, x3) =
∫ g(x1)

f(x1)

∫ g(x2)

f(x2)

∫ g(x3)

f(x3)

H
(|conv{(xi, si) : i ≤ 3}|) ds3ds2ds1.

StajeropoioÔme x1, x2, x3 ∈ [a, b]. Jètoume

X = (x1, x2, x3),

Q = Q(X) =
3∏

i=1

[f(xi), g(xi)],

U = U(X) = (x3 − x2, x1 − x3, x2 − x1).

Gia k�je S = (s1, s2, s3) ∈ Q èqoume

(9.1.4) |conv{(x1, s1), (x2, s2), (x3, s3)}| = |det(X, S,E)|
2

=
|〈S, U〉|

2

ìpou E = (1, 1, 1), sunep¸c,

(9.1.5) MK,H(X) =
∫

Q

H

( |〈S,U〉|
2

)
dS

O metasqhmatismìc Schüttelung (wc proc thn `) apeikonÐzei to K sto qwrÐo

(9.1.6) K1 = {y = (x, s) : a ≤ x ≤ b, 0 ≤ t ≤ g(x)− f(x)}.

EÔkola elègqoume ìti to K1 eÐnai kurtì kai èqei embadìn |K1| = |K| = 1.
Dojèntwn twn x1, x2, x3 ∈ [a, b] ìpwc parap�nw, jètoume

Q1 = Q1(X) =
3∏

i=1

[0, g(xi)− f(xi)].

Prìtash 9.1.1. 'Estw x1, x2, x3 ∈ [a, b]. Gia k�je α > 0 isqÔei h

(9.1.7) |Q ∩ {S : |〈S, U〉| ≤ α}| ≥ |Q1 ∩ {S : |〈S,U〉| ≤ α}|.
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Apìdeixh. JewroÔme to summetrikì orjog¸nio parallhlepÐpedo C =
∏3

i=1[−ci, ci],
ìpou ci =

(
g(xi)− f(xi)

)
/2. An jèsoume

G = (g(x1), g(x2), g(x3)) kai F = (f(x1), f(x2), f(x3)),

tìte

(9.1.8) Q = C + W kai Q1 = C + W1

ìpou

(9.1.9) W =
G + F

2
kai W1 =

G− F

2
.

'Estw α > 0. AfoÔ to embadìn eÐnai analloÐwto wc proc metaforèc, h (9.1.7)
gr�fetai isodÔnama sth morf 

(9.1.10) |C ∩ {S : |〈S, U〉+ 〈W,U〉| ≤ α}| ≥ |C ∩ {S : |〈S, U〉+ 〈W1, U〉| ≤ α}|.

L mma 9.1.2. H sun�rthsh Lα : R→ [0, +∞) pou orÐzetai apì thn

(9.1.11) Lα(ρ) = |C ∩ {S : |〈S,U〉+ ρ| ≤ α}|

eÐnai �rtia kai fjÐnousa sto [0, +∞).

Apìdeixh tou L mmatoc. AfoÔ to C eÐnai summetrikì, eÔkola elègqoume ìti

(9.1.12) C ∩ {S : |〈S, U〉 − ρ| ≤ α} = − (C ∩ {S : |〈S, U〉+ ρ| ≤ α}) .

Autì apodeiknÔei ìti h Lα eÐnai �rtia. EpÐshc, an λ ∈ (0, 1) kai ρ1, ρ2 ∈ supp(Lα),
tìte

C ∩ {S : |〈S,U〉+ λρ1 + (1− λ)ρ2| ≤ α} ⊇ λ
(C ∩ {S : |〈S, U〉+ ρ1| ≤ α})

+ (1− λ)
(C ∩ {S : |〈S, U〉+ ρ2| ≤ α}).

Apì thn anisìthta Brunn-Minkowski (blèpe [32]), h 3
√

Lα eÐnai koÐlh sto forèa
thc. AfoÔ eÐnai kai �rtia, èpetai to zhtoÔmeno. 2

Parathr ste ìti h (9.1.10) isqurÐzetai ìti Lα(〈W,U〉) ≥ Lα(〈W1, U〉). Lìgw
tou L mmatoc, arkeÐ na elègxoume ìti

(9.1.13) |〈G + F,U〉| = 2|〈W,U〉| ≤ 2|〈W1, U〉| = |〈G− F, U〉|.

Autì isqÔei an kai mìno an

(9.1.14) 〈G,U〉〈F, U〉 ≤ 0.

'Omwc, qrhsimopoi¸ntac to ìti h f eÐnai kurt  kai h g eÐnai koÐlh, blèpoume
amèswc ìti oi 〈G,U〉 kai 〈F, U〉 èqoun antÐjeta prìshma. 'Etsi oloklhr¸netai h
apìdeixh thc Prìtashc 9.1.1. 2

Je¸rhma 9.1.3. Gia k�je α > 0 isqÔei h

(9.1.15) AK(α) = Prob
(
C(K, 3) ≤ α

) ≥ Prob
(
C(K1, 3) ≤ α

)
= AK1(α).
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Apìdeixh. ParathroÔme ìti, apì thn (9.1.4),
(9.1.16)

Prob
(
C(K, 3) ≤ α

)
=

∫ b

a

∫ b

a

∫ b

a

|Q(X) ∩ {S : |〈S, U(X)〉| ≤ 2α}|dx3dx2dx1.

To Je¸rhma eÐnai loipìn �mesh sunèpeia thc Prìtashc 9.1.1. 2

Je¸rhma 9.1.4. 'Estw H : [0,+∞) → [0, +∞) mia gnhsÐwc aÔxousa, suneq c
sun�rthsh me H(0) = 0. Tìte,

(9.1.17) E
[
H

(
C(K, 3)

)] ≤ E [
H

(
C(K1, 3)

)]
.

Apìdeixh. AfoÔ h H eÐnai gnhsÐwc aÔxousa, mporoÔme na gr�youme

(9.1.18) E
[
H

(
C(K, 3)

)]
=

∫ ∞

0

Prob
(
C(K, 3) ≥ H−1(t)

)
dt.

Katìpin, efarmìzoume to Je¸rhma 9.1.3. 2

Gia na oloklhr¸soume thn apìdeixh tou Jewr matoc 9.1.1 arkeÐ na elègxoume
ìti an to K den eÐnai trÐgwno tìte den mporeÐ na megistopoieÐ thn E

[
H

(
C(·, 3)

)]
.

Autìc o isqurismìc eÐnai sunèpeia thc epìmenhc Prìtashc.

Prìtash 9.1.5. 'Estw K èna kurtì qwrÐo ston R2. An to K den eÐnai trÐgwno,
tìte mporoÔme na broÔme eujeÐa ` pou ikanopoieÐ thn

(9.1.19) E
[
H

(
C(K, 3)

)]
< E

[
H

(
C(K1, 3)

)]

gia k�je gnhsÐwc aÔxousa suneq  sun�rthsh H : [0, +∞) → [0,+∞) me H(0) =
0, ìpou K1 eÐnai o metasqhmatismìc Schüttelung tou K wc proc thn `.

Apìdeixh. Upojètoume ìti to K èqei perissìtera apì trÐa akraÐa shmeÐa. Tìte,
up�rqei kurtì tetr�pleuro z1z2z3z4 pou ìlec oi korufèc tou eÐnai akraÐa shmeÐa
tou K. Epilègoume san ` mia eujeÐa pou eÐnai k�jeth sth diag¸nio z1z3.

MporoÔme na upojèsoume ìti h ` eÐnai o x-�xonac kai na gr�youme to K sth
morf  (9.1.1). Apì thn epilog  thc `, an (x∗, 0) eÐnai h probol  twn z1 kai z3

sthn ` èqoume a < x∗ < b.

L mma 9.1.6. 'Estw a < x1 < x2 = x∗ < x3 < b. Tìte, up�rqei α(X) > 0 me
thn idiìthta

(9.1.20) |Q(X) ∩ {S : |〈S,U(X)〉| ≤ α}| > |Q1(X) ∩ {S : |〈S,U(X)〉| ≤ α}|

gia k�je 0 < α < α(X).

Apìdeixh tou L mmatoc. Ja deÐxoume ìti

(9.1.21) |C ∩ {S : |〈S,U〉+ 〈W,U〉| ≤ α}| > |C ∩ {S : |〈S, U〉+ 〈W1, U〉| ≤ α}|

an o α > 0 eÐnai arket� mikrìc. JewroÔme thn sun�rthsh m : R → R+ pou
orÐzetai apì thn

(9.1.22) m(t) = |C ∩ (U⊥ + tU/u)|,
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ìpou u eÐnai to m koc tou U . An jèsoume ρ = |〈W,U〉| kai ρ1 = |〈W1, U〉|
tìte ρ ≤ ρ1 apì thn (9.1.13). Epiplèon, oi upojèseic mac exasfalÐzoun ìti h
anisìthta eÐnai gn sia: qrhsimopoi¸ntac to gegonìc ìti ta z1 kai z3 eÐnai akraÐa
shmeÐa tou K, blèpoume ìti 〈G,U〉 < 0 kai 〈F, U〉 > 0, �ra h anisìthta sthn
(9.1.14) eÐnai gn sia.

Parathr ste epÐshc ìti ta ±W1 eÐnai korufèc tou C. Autì èqei san sunèpeia
to ìti h m eÐnai gnhsÐwc aÔxousa sto (−∞,−ρ1/u] ∩ supp(m), stajer  sto
[−ρ1/u, ρ1/u] kai gnhsÐwc fjÐnousa sto [ρ1/u, +∞) ∩ supp(m). T¸ra, lìgw
summetrÐac mporoÔme na upojèsoume ìti

(9.1.23) |C ∩ {S : |〈S, U〉+ 〈W1, U〉| ≤ α}| =
∫ (α−ρ1)/u

(−α−ρ1)/u

m(t)dt

kai

|C ∩ {S : |〈S, U〉+ 〈W,U〉| ≤ α}| =
∫ (α−ρ)/u

(−α−ρ)/u

m(t)dt

=
∫ (α−ρ1)/u

(−α−ρ1)/u

m(t + (ρ1 − ρ)/u)dt.

AfoÔ m(t+(ρ1−ρ)/u) < m(t) sto [(−α−ρ1)/u,−ρ1/u], paÐrnoume to zhtoÔmeno
gia k�je α < α(X) := ρ1. 2

9.2 Katanom  tou embadoÔ enìc tuqaÐou parallhlo-
gr�mmou

Exet�zoume t¸ra to antÐstoiqo prìblhma sthn summetrik  perÐptwsh. 'Estw K

èna summetrikì kurtì qwrÐo ston R2 me |K| = 1. An ` = {(x, s) ∈ R2 : s = 0},
mporoÔme na gr�youme

(9.2.1) K = {y = (x, s) : −b ≤ x ≤ b, f(x) ≤ s ≤ g(x)},

ìpou b > 0, h f eÐnai kurt , h g eÐnai koÐlh, f ≤ g kai f(−x) = −g(x) gia k�je
x ∈ [−b, b]. ParathroÔme ìti

(9.2.2) E
[
H

(
T (K, 2)

)]
= 4

∫ b

0

∫ b

0

NK,H(x1, x2)dx2dx1

ìpou

(9.2.3) NK,H(x1, x2) =
∫ g(x1)

f(x1)

∫ g(x2)

f(x2)

H
(|conv{±(x1, s1),±(x2, s2)}|

)
ds2ds1.

StajeropoioÔme x1, x2 ∈ [0, b]. Jètoume

X = (x1, x2),

Q = Q(X) =
2∏

i=1

[f(xi), g(xi)],

U = U(X) = (−x2, x1).



82 · H periptwsh twn triwn shmeiwn

Gia k�je S = (s1, s2) ∈ Q èqoume

(9.2.4) |conv{±(x1, s1),±(x2, s2)}| = 2|〈S, U〉|,

sunep¸c,

(9.2.5) NK,H(X) =
∫

Q

H
(
2|〈S, U〉|)dU.

O {summetrikìc} metasqhmatismìc Schüttelung (wc proc thn `) apeikonÐzei to K

sto qwrÐo

(9.2.6) K2 = {y = (x, s) : −b ≤ x ≤ b, f2(x) ≤ s ≤ g2(x)},

ìpou

(9.2.7) g2(x) = f(0) + g(x)− f(x) sto [0, b] kai g2(x) = g(0) sto [−b, 0],

en¸

(9.2.8) f2(x) = f(0) sto [0, b] kai f2(x) = f(x)− g(x)− f(0) sto [−b, 0].

EÔkola elègqoume ìti to K2 eÐnai kurtì, summetrikì wc proc thn arq  twn axì-
nwn, me embadìn |K2| = |K| = 1. Dojèntwn twn x1, x2 ∈ [0, b] ìpwc parap�nw,
jètoume

Q2 = Q2(X) =
2∏

i=1

[f(0), f(0) + g(xi)− f(xi)].

Prìtash 9.2.1. 'Estw x1, x2 ∈ [0, b]. Gia k�je α > 0 isqÔei h

(9.2.9) |Q ∩ {S : |〈S, U〉| ≤ α}| ≥ |Q2 ∩ {S : |〈S,U〉| ≤ α}|.

Apìdeixh. Jètoume ci =
(
g(xi)−f(xi)

)
/2 kai jewroÔme to summetrikì orjog¸nio

parallhlìgrammo C =
∏2

i=1[−ci, ci]. An jèsoume

E = (1, 1), G = (g(x1), g(x2)) kai F = (f(x1), f(x2)),

èqoume

(9.2.10) Q = C + W kai Q2 = C + W2

ìpou

(9.2.11) W =
G + F

2
kai W2 =

G− F + 2f(0)E
2

.

'Estw α > 0. Tìte, h (9.2.9) gr�fetai isodÔnama sth morf 

(9.2.12) |C ∩ {S : |〈S,U〉+ 〈W,U〉| ≤ α}| ≥ |C ∩ {S : |〈S,U〉+ 〈W2, U〉| ≤ α}|.

'Opwc sthn apìdeixh thc Prìtashc 9.1.1, ja qrhsimopoi soume to gegonìc ìti h
sun�rthsh Dα : R→ [0, +∞) pou orÐzetai apì thn

(9.2.13) Dα(ρ) = |C ∩ {S : |〈S,U〉+ ρ| ≤ α}|
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eÐnai �rtia kai fjÐnousa sto [0,+∞) (h apìdeixh eÐnai entel¸c ìmoia me aut n
tou L mmatoc 9.1.2). Parathr ste ìti h (9.2.12) isqurÐzetai ìti Dα(〈W,U〉) ≥
Dα(〈W2, U〉). Epomènwc, arkeÐ na elègxoume ìti

(9.2.14) |〈G + F,U〉| = 2|〈W,U〉| ≤ 2|〈W2, U〉| = |〈G− F + 2f(0)E,U〉|.
AploÐ upologismoÐ deÐqnoun ìti autì isqÔei an kai mìno an

(9.2.15) h(G,X)h(F, X) ≤ 0,

ìpou

(9.2.16) h(G,X) = 〈G,U〉 − g(0)〈E,U〉 = g(x2)x1 + g(0)(x2 − x1)− g(x1)x2

(ìmoia gia thn h(F,X)). 'Omwc, qrhsimopoi¸ntac to ìti h f eÐnai kurt  kai h g

eÐnai koÐlh, blèpoume amèswc ìti oi h(G,X) kai h(F,X) èqoun antÐjeta prìshma.
Autì oloklhr¸nei thn apìdeixh thc Prìtashc. 2

'Opwc sthn §9.1, mporoÔme na sugkrÐnoume tic sunart seic katanom c twn tuqaÐ-
wn metablht¸n T (K, 2) kai T (K2, 2).

Je¸rhma 9.2.2. Gia k�je α > 0 isqÔei h

(9.2.17) Prob
(
T (K, 2) ≤ α

) ≥ Prob
(
T (K2, 2) ≤ α

)
.

Autì apodeiknÔei ìti h E [H(T (·, 2))] aux�nei an efarmìsoume ton {summetrikì}
metasqhmatismì Schüttelung.

Je¸rhma 9.2.3. 'Estw H : [0, +∞) → [0,+∞) mia gnhsÐwc aÔxousa, suneq c
sun�rthsh me H(0) = 0. Tìte,

(9.2.18) E
[
H

(
T (K, 2)

)] ≤ E [
H

(
T (K2, 2)

)]
.

Gia thn apìdeixh tou Jewr matoc 2 arkeÐ na elègxoume ìti an to K den eÐnai
parallhlìgrammo tìte den mporeÐ na megistopoieÐ thn E

[
H

(
T (·, 2)

)]
. Autì eÐnai

sunèpeia thc epìmenhc Prìtashc

Prìtash 9.2.4. 'Estw K èna summetrikì kurtì qwrÐo ston R2. An to K den
eÐnai parallhlìgrammo, tìte mporoÔme na broÔme eujeÐa ` pou ikanopoieÐ thn

(9.2.19) E
[
H

(
T (K, 2)

)]
< E

[
H

(
T (K2, 2)

)]

gia k�je gnhsÐwc aÔxousa, suneq  sun�rthsh H : [0, +∞) → [0,+∞) me H(0) =
0, ìpou K2 eÐnai o {summetrikìc} metasqhmatismìc Schüttelung tou K wc proc
thn `.

Apìdeixh. Upojètoume ìti to K èqei perissìtera apì tèssera akraÐa shmeÐa.
Tìte, up�rqei èna kurtì ex�gwno z1z2z3z4z5z6 pou ìlec oi korufèc tou eÐnai
akraÐa shmeÐa tou K. Epilègoume san ` thn eujeÐa pou pern�ei apì thn arq  twn
axìnwn kai eÐnai k�jeth sthn diag¸nio z1z3 autoÔ tou exag¸nou.

MporoÔme na upojèsoume ìti h ` eÐnai o x-�xonac kai na gr�youme to K sth
morf  (9.2.1). MporoÔme epÐshc na upojèsoume ìti h probol  (x∗, 0) twn z1 kai
z3 sthn ` ikanopoieÐ thn 0 < x∗ < b.



84 · H periptwsh twn triwn shmeiwn

L mma 9.2.5. 'Estw 0 < x1 = x∗ < x2 < b. Tìte, up�rqei α(X) > 0 tètoioc
¸ste

(9.2.20) |Q(X) ∩ {S : |〈S,U(X)〉| ≤ α}| > |Q2(X) ∩ {S : |〈S,U(X)〉| ≤ α}|

gia k�je 0 < α < α(X).

Apìdeixh tou L mmatoc. Ja deÐxoume ìti

(9.2.21) |C ∩ {S : |〈S,U〉+ 〈W,U〉| ≤ α}| > |C ∩ {S : |〈S, U〉+ 〈W2, U〉| ≤ α}|

an o α > 0 eÐnai arket� mikrìc. JewroÔme thn sun�rthsh m : R → R+ pou
orÐzetai apì thn

(9.2.22) m(t) = |C ∩ (U⊥ + tU/u)|,

ìpou u eÐnai to m koc tou U . An jèsoume ρ = |〈W,U〉| kai ρ2 = |〈W1, U〉| tìte
ρ ≤ ρ2 apì thn (9.2.14). Epiplèon, apì tic upojèseic mac èpetai ìti h anisìthta
eÐnai gn sia: qrhsimopoi¸ntac to gegonìc ìti ta z1 kai z3 eÐnai akraÐa shmeÐa tou
K, blèpoume ìti h(G,X) < 0 kai h(F, X) > 0, �ra h anisìthta sthn (9.2.15)
eÐnai gn sia.

Parathr ste epÐshc ìti ta ±W2 eÐnai korufèc tou C. Autì èqei san sunèpeia
to ìti h m eÐnai gnhsÐwc aÔxousa sto (−∞,−ρ2/u] ∩ supp(m), stajer  sto
[−ρ2/u, ρ2/u] kai gnhsÐwc fjÐnousa sto [ρ2/u,+∞) ∩ supp(m). T¸ra, lìgw
summetrÐac mporoÔme na upojèsoume ìti

(9.2.23) |C ∩ {S : |〈S, U〉+ 〈W2, U〉| ≤ α}| =
∫ (α−ρ2)/u

(−α−ρ2)/u

m(t)dt

kai

|C ∩ {S : |〈S, U〉+ 〈W,U〉| ≤ α}| =
∫ (α−ρ)/u

(−α−ρ)/u

m(t)dt

=
∫ (α−ρ2)/u

(−α−ρ2)/u

m(t + (ρ2 − ρ)/u)dt.

AfoÔ m(t+(ρ2−ρ)/u) < m(t) sto [(−α−ρ2)/u,−ρ2/u], paÐrnoume to zhtoÔmeno
gia k�je 0 < α < α(X) := ρ2. 2
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