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CHAPTER 1

INTRODUCTION

The nature of magnetic interactions was understood only after the es-

tablishment of quantum physics, since classical electromagnetic theory failed

to account for the origin of magnetic phenomena in matter. Heisenberg in

1928 showed that in quantum mechanics Coulomb interactions along with

Pauli's exclusion principle can lead to spin dependent interactions. One

of the most important one-dimensional (1D) models proposed for the de-

scription of magnetic interactions is the spin-1
2
XYZ model described by the

general Hamiltonian

W =
��1X
n=1

�
J1S

x
nS

x
n+1 + J2S

y
nS

y
n+1 + J3S

z
nS

z
n+1

�
�H

�X
n=1

Szn; (1.1)

where Sn is the spin-
1
2
operator at site n, � is the total number of sites in the

chain, J1, J2, J3, are exchange constants, and H is a magnetic �eld applied

in the z direction.

Special cases of (1.1) have been the subject of numerous studies and have

played an important role in statistical physics. Ising in 1925 [1] studied a

model with J1 = J2 = 0 which was later (1944) solved in 2D for the case

of H = 0 by Onsager [2]. For J1 = J2 = J3 Hamiltonian (1.1) describes

the isotropic Heisenberg or XXX model (Heisenberg 1928 [3], Bloch 1930

[4]). The case J1 = 0 is known as the XY model. Explicit expressions

for all the eigenvalues can be given (for any �) and the partition function

evaluated (Lieb 1961 [5], Katsura 1962 [6]). The case J1 = J2 is called

the Heisenberg-Ising or XXZ model for which Bethe [7] provided the correct
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1. Introduction

form of eigenfunctions and eigenvalues (Bethe Ansatz), while Yang and Yang

(1966) [8{10] proved rigorously that Bethe's Ansatz was correct, and derived

the ground state and elementary excitations in the limit of large �. Later

Gaudin [11; 12] derived an in�nite set of coupled nonlinear integral equations,

often referred to as Gaudin-Takahashi equations [13], from which it is possible

to determine the free energy for any value of the magnetic �eld H. In 1972

Baxter calculated the free energy along with the low-lying eigenvalues and

their corresponding eigenvectors for the general XYZ model in the absence

of magnetic �eld [13{16]. Special cases of the XYZ model were found to be

related to other integrable quantum 1D or classical 2D systems, such as the

spinless fermion gas or the eight vertex model, and led to the development

of new mathematics for their solution [17; 18].

Recently, there has been increased theoretical interest in surface e�ects

on antiferromagnetic chains, which had been theoretically predicted some

time ago [19{21]. This was partly due to the observation of a surface spin-

op transition in an Fe/Cr multilayer [22{25] a system that has attracted

research interest due to its giant magnetoresistance. It has been shown that

Fe/Cr multilayers can be modeled by a classical antiferromagnetic spin chain

characterized by an isotropic exchange interaction J1 = J2 = J3 = J > 0

and a single-ion quadratic anisotropy of the form �D(Szn)2, where D is a

positive constant. The precise nature of the surface transition proved to be

more intricate than originally envisaged and has only recently been clari�ed

in a number of theoretical investigations [25{35]. Similar investigations for

the quantum case [36{41] were limited to surface e�ects in the presence of

arti�cial boundary �elds which are diÆcult to implement experimentally.

The Bethe Ansatz does not apply in the presence of a uniform �eld H,

except in very special limits; e.g. J1 = J2.

In this work we investigate the possibility of such a transition in an an-

tiferromagnetic quantum XYZ model in a uniform �eld. In chapter 2 we

show that a spin-op transition is present in a general class of classical XYZ

Hamiltonians [42]. We present a detailed description of surface e�ects in

order to prepare the ground for the quantum mechanical model studied in

the following chapters and at the same time clarify some of the dark points

of the surface transition in magnetic multilayers.

In chapter 3 we show [43] that a surface spin-op transition can be induced

2



by a uniform bias �eld in a special case of the quantum Hamiltonian (1.1),

leading to the creation of quantum domain walls. A bulk spin-op transition

takes place for larger �elds through a nontrivial mechanism and is studied

both analytically and numerically. The possibility of experimental realization

is discussed together with a generalization to other quantum models in the

general class (1.1).

The low temperature electron spin resonance spectrum of our special

model is studied in chapter 4. We �nd that the resulting spectrum can probe

both the surface and the bulk spin-op transition as well as the excitation gap

of our system for all values of the bias �eld. Our analytical results provide a

complete picture for all values of the parameters of our model.

In chapter 5 the recently developed transfer matrix renormalization group

(TMRG) method is used for the calculation of the magnetization and the

speci�c heat directly in the thermodynamic limit [44]. We study their �eld

and temperature dependence to �nd that signatures of the bulk spin-op

transition are apparent in both the magnetization and the speci�c heat. We

also discuss low temperature spin-wave anomalies that are predicted to occur

in the speci�c heat.

In chapter 6 we apply the TMRG method to provide an accurate calcula-

tion of the thermodynamics in a quantum spin-1 planar ferromagnetic chain

[45]. We also calculate the �eld dependence of the magnon gap and con�rm

the accuracy of the magnon dispersion derived earlier through an 1=n ex-

pansion. We are thus in a position to analyze a wide range of experiments

on CsNiF3. We �nally present some indirect evidence to the e�ect that the

popular interpretation of the excess speci�c heat in terms of sine-Gordon

solitons may not be appropriate.

Our main conclusions are briey summarized in chapter 7.
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CHAPTER 2

CLASSICAL THEORY

2.1 Introduction

In this chapter we study [42] the ground state and phase diagram of a

classical, easy-axis antiferromagnet described by Hamiltonian (1.1) restricted

by the inequalities

jJ1j � J2 � J3: (2.1)

The classical spin is parametrized by the usual spherical variables:

Sxn + iSyn = s sin �n e
i�n ; Szn = s cos �n; (2.2)

where we further set s = 1=2 in order to allow for a direct comparison with

the quantum model studied in Chapter 3.

Because of (2.1) the ground state is characterized by �n = �=2 and is thus

independent of the speci�c value of J1. The spin con�guration can therefore

be written in the form

Sxn = 0; Syn =
1

2
sin �n; Szn =

1

2
cos �n (2.3)

and stable states are found as the local minima of the e�ective potential

W =
1

4

��1X
n=1

�
sin �n sin �n+1 +�cos �n cos �n+1

�
� H

2

�X
n=1

cos �n; (2.4)

where units are chosen such that J2 = 1; J3 = �. Mathematically the prob-

lem reduces to solving the system of equations

@W

@�n
= 0; n = 1; 2; : : : ;� (2.5)
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2. Classical Theory

in addition to performing a stability analysis for each solution of (2.5).

In sections 2.2 and 2.3 we study the ground state and topologically non-

trivial excitations of the in�nite system. In sections 2.4 to 2.7 we discuss

surface induced e�ects, and derive the phase diagram of the �nite chain,

while in section 2.8 we discuss hysteresis phenomena. We then apply our re-

sults to describe the odd chain in section 2.9 and we conclude in section 2.10.

Finally, Appendix A o�ers a more detailed description of surface e�ects.

2.2 The in�nite chain

The in�nite chain is easier to investigate analytically because of its trans-

lational symmetry. In order to �nd the ground state of the in�nite system,

we can take advantage of the fact that the antiferromagnetic ground state is

periodic with period of, at most, two sites. The energy per site is then given

by

V =
1

4

h
sin �1 sin �2 +�cos �1 cos �2 �H(cos �1 + cos �2)

i
(2.6)

and condition (2.5) reduces to

@V

@�1
=

@V

@�2
= 0: (2.7)

The simplest solution of (2.7) is the well known N�eel state shown in �g. 2.1,

..........

Figure 2.1: The N�eel state.

which corresponds to (�1 = 0; �2 = �) and its energy per site is given by

V = ��

4
: (2.8)

A second solution of equation (2.7) is the canted state depicted in �gure 2.2

..........

Figure 2.2: The canted state.

6



2.2. The in�nite chain

and analytically described by

�1 = ��2 = �; cos � =
H

�+ 1
; (2.9)

while its energy per site is

V = �1

4

�
1 +

H2

�+ 1

�
: (2.10)

The canted state contains as a special case the ferromagnetic state (�1 =

�2 = 0) shown in �gure 2.3, whose energy per site is given by

V =
1

4
(�� 2H): (2.11)

A simple comparison of the energies given in equations (2.8), (2.10) and

..........

Figure 2.3: The ferromagnetic state.

(2.11) establishes the existence of two critical �elds:

Hb =
p
�2 � 1; Hf = �+ 1: (2.12)

For H < Hb the N�eel state is the ground state. Once Hb is reached a Bulk

Spin Flop (BSF) transition takes place and the canted state becomes the

lowest energy state for Hb < H < Hf . Finally, when H exceeds Hf total

ferromagnetic order is established. The emerging picture is summarized in

the phase diagram of �gure 2.4. Here we call AF, BSF, and F the phases

where the N�eel, the canted, and the ferromagnetic state, are the ground

states of our system. The dashed line shows the region of stability of the

Ising type domain wall discussed in section 2.3.

We can see that the spin con�guration of the ground state changes dis-

continuously at the transition from the AF to the BSF phase (�gs. 2.1, 2.2),

and therefore the BSF transition is a �rst order transition. On the other

hand, the F transition is a smooth, second-order transition (�gs. 2.2, 2.3).

A complete stability analysis of the uniform states described in this section

will be given in section 2.5.
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2. Classical Theory

0 1 2 3
H

1

1.5

2

2.5

∆
AF BSF

F

Figure 2.4: The Phase Diagram of the in�nite chain. AF is the antiferro-

magnetic phase, BSF is the bulk spin op phase, and F the ferromagnetic phase.

The boundaries separating AF $ BSF and BSF $ F correspond to the critical

�elds Hb and Hf , respectively. The dashed line bounds from below the region of

stability of the Ising type DW.

2.3 Antiferromagnetic domain walls

In this section we abandon the requirement of minimum energy and look

for more general solutions of equations (2.5). One can think of topologically

nontrivial solutions such as the Ising type domain wall (DW) shown in �gure

2.5. The Ising type DW (or locked DW) is actually composed of two N�eel

.... .....

Figure 2.5: An Ising type DW.

states joined together, with the two spins at the interface pointing in the

same direction.

It is a straightforward matter to prove that this con�guration is an exact

solution of (2.5) but of higher energy than the N�eel state. However, the

stability analysis shows that a locked DW is stable only for �elds in the

region (H�
[1]; H

+
[1]) where

H�
[1] =

1

2� + 1

h
�(� + 1)� 2

p
�(� + 1)(�2 ��� 1)

i
: (2.13)
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2.3. Antiferromagnetic domain walls

The �elds H�
[1] are depicted by the dashed line in the phase diagram 2.4,

and they join smoothly at the minimum of the curve that occurs at (H '
1:00; � ' 1:62).

In order to �nd out what becomes of the Ising type DW con�guration

outside its region of stability, one has to resort to numerical methods. A

simple and eÆcient method for �nding stable solutions of (2.5) is based on

a relaxation algorithm which amounts to numerically solving on a �nite spin

chain the di�erential equations

@�n
@�

= �@W
@�n

(2.14)

with appropriate initial conditions.

For our purpose we use as initial condition the con�guration of �gure

2.5 slightly distorted. We performed our calculations on a chain with 200

sites and with the DW located at its center, so that it will not interact

with the surfaces, for a variety of parameters H and �. The numerical

relaxation algorithm (2.14) shows that the distorted DW returns to its ideal

Ising type shape of �gure 2.5 for values of � and H belonging in the region

over the dotted line of �gure 2.4 de�ned by equation (2.13). Otherwise,

the DW spreads out to become a topological defect with nontrivial spatial

distribution. An example is shown at �gure 2.6 for parameters H = 0 and

� = 1:25. Domain walls of this type are stable throughout the AF region of

our phase diagram except for � = 1.

.... .....

Figure 2.6: A typical DW. Here we have used � = 1:25;H = 0.

It is evident that the spin con�guration resumes its N�eel values away

from the center of the DW. But the size of the core of a DW depends on

the speci�c anisotropy. When � approaches the isotropic limit (� ! 1+)

the core of the DW extends to in�nity, while in the opposite limit, �!1,

the DW approaches an Ising DW of the type shown in �g. 2.5. However for

H = 0 the ideal Ising wall is not stable for any anisotropy.

One can repeat the procedure above for an Ising type DW with its central

spins pointing down. Initializing our relaxation algorithm with the \down"

9



2. Classical Theory

locked DW for H = 0 leads to the corresponding \up" con�guration trans-

formed by Sn ! �Sn. The two kinds of DW are degenerate for zero �eld.

Once we apply a positive external �eld the \up" DW, with its central spins

in the direction of H, becomes energetically preferable.

Analytical description of the DW is available only near the isotropic limit

through the continuum approximation. It is useful to de�ne Æ = � � 1

and the rationalized magnetic �eld h = H=
p
2Æ. In order to turn from the

alternating variables Sn to a set of slow ones we introduce

m� = S2��1 + S2�; n� = S2��1 � S2� � = 1; 2; : : : (2.15)

where � is a sublattice index from which we de�ne the position variable

y =
p
2Æ (1� h2) �. In the limit ofp

2Æ (1� h2)� 1 (2.16)

one can show [46] that

n1(y) = 0; n2(y) =
1

cosh y
; n3(y) = � tanh y;

m1(y) = 0; m2(y) =

p
2Æ

2
[h +

p
1� h2]

tanh y

cosh y
;

m3(y) =

p
2Æ

2
[h+

p
1� h2]

1

cosh2 y
; (2.17)

The continuum approximation will prove useful in Appendix A for the un-

derstanding of the surface-DW interaction.

2.4 Surface spin-op transition

We will now use the relaxation algorithm (2.14) to perform numerical

experiments on a �nite chain of length � = 22, which is a typical size of

realistic Fe/Cr multilayers [22{25], for speci�c values of �. Speci�cally, we

start our simulations with H = 0, and our system in a slightly perturbed

N�eel state, and we increase the magnetic �eld in small steps until the chain

reaches ferromagnetic saturation. For each value of H we allow the system

to relax to a stable con�guration and we then calculate the energy, as well

10



2.4. Surface spin-op transition

0  Hs  Hw  Hb 0.75
H

0

5

Μ

2

3

(a)

∆=1.125

0  Hs  Hw  Hb 0.75
H

0

1

χ 33

∆=1.125

(b)

Figure 2.7: Field dependence of the total magnetization and susceptibility

for an open chain with � = 22 sites and � = 1:125. (a) The two nonvanishing

components of the magnetization M2 and M3. (b) The diagonal susceptibility �33
de�ned as in equation (2.18).

as the magnetization and susceptibility per site de�ned from

M =
�X
n=1

Sn � (M1 = 0;M2;M3); �23 =
1

�

@M2

@H
; �33 =

1

�

@M3

@H
: (2.18)

For the next value of magnetic �eld H + dH we use as initial condition

the con�guration found in the previous step1, slightly perturbed in order to

escape unstable solutions. This procedure, although it may skip the abso-

lute energy minimum, simulates better an actual experiment than a direct

minimization of the e�ective potential.

We �rst perform a simulation for � = 1:125 that gives us the total mag-

netization and susceptibility per site of �gure 2.7. One can see that there

are two new critical �elds Hs; Hw < Hb that were absent in the in�nite

system. Once Hs is reached the magnetization gradually acquires non zero

values while the susceptibility su�ers a sudden jump. At Hw the magnetiza-

tion develops a knee that causes a sharp peak in the susceptibility, and once

Hb is reached the BSF transition takes place creating a new smoother peak

in the susceptibility. Finally, the magnetization takes its saturation value

M3 = �=2 for �elds greater than Hf (not displayed in �gure 2.7).

1One can also use a slightly perturbed N�eel state as initial condition for all values of

H . It turns out to give the same results.
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2. Classical Theory

H=0.000

H=0.325

H=0.400

H=0.425

H=0.450

H=0.550

H=1.000

H=2.125(h)

(g)

(f)

(e)

(d)

(c)

(b)

(a)

Figure 2.8: The spin con�gurations for � = 1:125, � = 22 for a charac-

teristic set of �eld values. The critical �elds for this � are Hs = 0:310; Hw =

0:428; Hb = 0:515; Hf = 2:125:
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2.4. Surface spin-op transition

  Hs  Hw   Hb0.250  1.25
H

0

5

Μ

2

3(a)

∆=1.50

  Hs  Hw   Hb0.250   1.25
H

0

5

10

χ 33

∆=1.50

(b)

Figure 2.9: As in �gure 2.7 but for � = 1:50.

In �gure 2.8 we see the spin con�gurations for a convenient set of �eld

values. For magnetic �elds in the region of (0; Hs) the ground state is the N�eel

state (�g. 2.8a). Once we reach Hs the spin opposed to the �eld gradually

deviates from its �z direction and the system relaxes in a surface state (�g.

2.8b). We will thus call the transition that takes place at Hs the surface

spin-op (SSF) transition. Further increase of H causes the ending spin to

further align with the �eld and the surface state to become a DW located

near the surface as H approaches Hw (�g. 2.8c). The created DW moves

further towards the center with increasing bias �eld and does so rapidly

when H crosses Hw (�g. 2.8d). The wall eventually migrates and becomes

symmetric about the center to great numerical precision near the critical �eld

Hb (�g. 2.8e). In the region H & Hb the domain wall expands symmetrically

about the center to become a nearly uniform canted state within the bulk

with notable nonuniformities near the edges (�g. 2.8f,g). Finally complete

ferromagnetic order is achieved when H crosses the last critical �eld Hf (�g.

2.8h).

To investigate the � dependence of the SSF transition we repeat our

numerical experiment for � = 1:50. The corresponding total magnetization

and susceptibility per site are shown in �gure 2.9. We see that the evolution

of the SSF transition with H produces more structure in the susceptibility

and magnetization around the critical �eld Hw compared with the � = 1:125

case.

13



2. Classical Theory

H=0.000

H=0.625

H=0.800(c)

(b)

(a)

H=1.000

H=1.030

H=1.045(f)

(e)

(d)

H=1.065(g)

H=1.250(i)

H=2.500(j)

H=1.120(h)

Figure 2.10: The spin con�gurations for � = 1:5, � = 22 for a charac-

teristic set of �eld values. The critical �elds for this � are Hs = 0:610; Hw =

1:025; Hb = 1:120; Hf = 2:500:

14



2.4. Surface spin-op transition

0.5   Hs0 1.5   Hb 2
H

0

3

6

Μ

2

3
(a)

∆=2.0

0.5   Hs 1.5   Hb 20
H

0

100

200

300

χ 33

∆=2.0

(b)

Figure 2.11: As in �gures 2.7 and 2.9 for � = 2.

Figure 2.10 shows a set of the corresponding spin con�gurations. Once

we reach the critical �eld Hs the SSF transition takes place (�g. 2.10b)

and the system gradually develops a DW (�g. 2.10c) that moves towards

the center with increasing �eld (�g. 2.10c-g). Yet, in order for it to move

from the position of �gure 2.10c, zero sites away from the surface, to that

of �gure 2.10d, two sites away from the surface, it has to go through an

unfavorable \down" DW located one site away from the surface. Speci�cally,

as we increase the �eld the DW is moving towards the center through a series

of �rst order transitions from a preferable \up" wall located an even number

of sites away from the surface to an energy costing \down" one at an odd

number of sites away from the surface, and that causes the sharp peaks in

the susceptibility. Because of the barriers that the wall encounters in its

movement it is delayed from settling in the center which now happens closer

to Hb. Once the DW does so, the system evolves with the �eld similarly to

the � = 1:125 case, �rst to the canted and then to the ferromagnetic state.

One should mention here that the barriers that the DW su�ers during its

movement are similar to Peierls barriers observed in Frenkel-Kontorova type

models [47].

The reason that this structure around Hw was absent in the susceptibility

of the � = 1:125 case is that the energy di�erence between the \up" and

the \down" wall diminishes for smaller anisotropies. The picture above is

veri�ed by performing numerical experiments for intermediate anisotropies,
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(g)

(f)

(e)

(d)
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H=0.925

H=1.000

H=1.500

H=1.720

H=1.750

H=3.000

H=0.000

Figure 2.12: The spin con�gurations for � = 2, � = 22 for a characteristic

set of �eld values. The critical �elds for this � are Hs = 0:905; Hb = 1:730; Hf =

3:00:
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2.5. Local stability analysis and critical �elds

where the occurring e�ects lie between the two cases we have presented.

One can ask what will happen for even greater anisotropies and specif-

ically above the line H[1] (eq. (2.13)) where we can have stable Ising type

DW's. In order to investigate the possibility of such a DW created through

the SSF transition we perform an experiment for � = 2. The susceptibility

and magnetization diagrams (�g. 2.11) show that the critical �eld Hw is now

absent while there is a region before Hb where the magnetization remains

stable at M = 2.

We can see that after the SSF transition has taken place (�g. 2.12b), the

created DW, located right at the surface, becomes locked at a new critical

�eld H[0] di�erent than H[1] (�g. 2.12d). The wall unlocks just before Hb

and then moves rapidly towards the center of the chain to spread and give

its place to the canted state once the BSF �eld is crossed. Once again total

ferromagnetic order is achieved for H > Hf .

To conclude, our numerical experiments show that the SSF transition is

always present but its evolution strongly depends on the speci�c choice of

�. The main phenomena that complicate the straightforward picture of our

�rst (� = 1:125) experiment are the barriers encountered in the movement

between two successive \up" DW's for large anisotropies, and the locking of

the wall for even larger �'s. Yet, we have not provided detailed description

of the critical �elds that we have found nor any analytical formulas for their

accurate determination. This will be our task in sections 2.5 and 2.6 below

while in Appendix A we provide a detailed analysis of the surface state in

the limit of small anisotropies.

2.5 Local stability analysis and critical �elds

We now present a systematic stability analysis for some of the stationary

states of both the in�nite and the �nite chain. A stationary state becomes

unstable when the corresponding Hessian eH ceases to be positive de�nite.

Therefore in the rest of this section our task will be to solve the eigenvalue

problem

eHC =
!

2
C; (2.19)
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2. Classical Theory

where !=2 are the eigenfrequencies, and C the corresponding eigenvectors,

in order to determine the combination of parameters � and H for which the

lowest lying eigenvalue crosses zero to become negative. It is straightforward

to check that the only non-zero elements of the Hessian calculated from our

e�ective potential (2.4) for a spin state f�ig are
@2V

@�2n

����
f�ig

=
1

4
(� sin �n sin �n�1 ��cos �n cos �n�1)

+
1

4
(� sin �n sin �n+1 ��cos �n cos �n+1)

+
H

2
cos �n (2.20)

@2V

@�n@�n+1

����
f�ig

=
1

4
(cos �n cos �n+1 +�sin �n sin �n+1)

@2V

@�n@�n�1

����
f�ig

=
1

4
(cos �n cos �n�1 +�sin �n sin �n�1):

We start with the stability analysis of the lowest energy states of the

in�nite system discussed in section 2.2. The Hessian of the N�eel (AF) state

is easily found from equation (2.20) to be

eH =
1

2

0BBBBBB@

� � � � � �
��+H �1=2 0 0 �
� �1=2 ��H �1=2 0 �
� 0 �1=2 �+H �1=2 �
� 0 0 �1=2 ��H �
� � � � � �

1CCCCCCA (2.21)

and the eigenproblem of equation (2.19) can be rewritten as

[� + (�1)nH � !]Cn =
1

2
(Cn+1 + Cn�1) (2.22)

where Cn are the components of the eigenvector C.

Here we introduce the sublattice variables

An = C2n�1; Bn = C2n; (2.23)

in terms of which the linear system (2.22) takes the form

(��H � !)An =
1

2
(Bn�1 +Bn);

(2.24)

(� +H � !)Bn =
1

2
(An + An+1):
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2.5. Local stability analysis and critical �elds

It is now a straightforward matter to eliminate Bn to obtain the equivalent

system

Bn =
1

2

An + An+1
�+H � !

; (2.25a)

�
(�� !)2 �H2

�
An =

1

4
(2An + An+1 + An�1); (2.25b)

whose solution is An = eikn, where k 2 [0; 2�) is a sublattice crystal momen-

tum, provided that

! = ��
p
H2 + cos2(k=2): (2.26)

For the case of the canted (BSF) state the calculation of the Hessian gives

eH =
1

2

0BBB@
� � � � � �
� 1 A 0 0 �
� A 1 A 0 �
� 0 A 1 A �
� 0 0 A 1 �
� � � � � �

1CCCA ; A � 1

2

�
H2

�+ 1
��

�
; (2.27)

and its diagonalization leads to the system of equations

(! � 1)Cn = A(Cn�1 + Cn+1) (2.28)

with solution

Cn = eikn; k 2 [0; 2�);

! = 1 + 2A cos k: (2.29)

Finally, for the ferromagnetic (F) state we �nd

eH =
1

2

0BBBBB@
� � � � � �
�H�� 1=2 0 0 �
� 1=2 H�� 1=2 0 �
� 0 1=2 H�� 1=2 �
� 0 0 1=2 H�� �
� � � � � �

1CCCCCA ; (2.30)

whose eigenvalue problem gives

(! �H +�)Cn =
1

2
(Cn�1 + Cn+1)

Cn = eikn; k 2 [0; 2�); (2.31)

! = cos k +H ��:
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Figure 2.13: The spectrum of the quadratic uctuations of the in�nite

system as a function of H.

In �gure 2.13 we show the full spectrum of eigenfrequencies for the AF

(0 < H < Hb) the BSF (Hb < H < Hf ) and the F (Hf < H) phase as a

function of the magnetic �eld. We see that the lowest lying eigenfrequency

of the AF spectrum becomes zero at the critical �eld Hb above which the

N�eel state becomes unstable. Similarly, we �nd the eigenvalues (2.29) to be

strictly positive in the region (Hb; Hf) where the canted state is locally stable.

Finally, the ferromagnetic state becomes stable above Hf , as expected.

We will now perform the stability analysis for the Ising type DW discussed

in section 2.3. We consider such a DW with its two aligned spins located at

sites 0 and 1 whose Hessian is

eH =
1

2

0BBBBBBBBBBB@

� � � � � � � �
� �+H �1=2 0 0 0 0 �
� �1=2 ��H �1=2 0 0 0 �
� 0 �1=2 H 1=2 0 0 �
� 0 0 1=2 H �1=2 0 �
� 0 0 0 �1=2 ��H �1=2 �
� 0 0 0 0 �1=2 �+H �
� � � � � � � �

1CCCCCCCCCCCA
(2.32)

and its eigenvalue problem (2.19) can be explicitly written as

(� + (�1)nH � !)Cn =
1

2
(Cn�1 + Cn+1); n = �1;�2; : : : (2.33a)
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2.5. Local stability analysis and critical �elds

(H � !)C0 =
1

2
(C�1 � C1); (2.33b)

(H � !)C1 =
1

2
(�C0 + C2); (2.33c)

(� + (�1)n+1H � !)Cn =
1

2
(Cn�1 + Cn+1) n = 2; 3; : : : (2.33d)

Since we seek after a combination of H and � for which the lowest lying

eigenvalue becomes zero we explicitly set ! = 0 to simplify the calculation.

One can see that (2.33a) is identical to (2.22) for n = �1;�2; : : :, and we can

therefore apply the transformation (2.23) to obtain equations (2.24), (2.25)

which are satis�ed by a solution of the special form

An =  �n; n = 0;�1; : : :
(2.34)

Bn =
1

2

1 +  �1

�+H
 �n � r �n; n = �1;�2; : : :

provided that

�2 �H2 =
1

4
(2 +  + 1= ) (2.35)

and supplemented by the requirement j j < 1 which guarantees that the state

decays exponentially away from the wall. Demanding that the eigenstate will

be symmetric about the center of the wall we �nd similarly the solution of

(2.33d) to be

Bn =  n�1; n = 1; 2; : : :
(2.36)

An =
1

2

1 +  �1

�+H
 n�1 = r n�1; n = 2; 3; : : :

and replacing equations (2.34), (2.36) in the remaining equations of (2.33)

we �nd that

��H =
1

2
(r +B0);

HB0 =
1

2
(1� A1);

(2.37)

HA1 =
1

2
(1� B0);

��H =
1

2
(r + A1):
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2. Classical Theory

This system is further simpli�ed by applying our symmetry argument again

to set A1 = B0, leading to a unique equation for  

��H =
1

2

�
r +

1

2H + 1

�
(2.38)

which we can now combine with (2.35) to obtain our �nal result of equation

(2.13) already discussed in section 2.3.

We will now search for instabilities that may arise from the surfaces in

order to probe the �nite system, similarly to the single ion model case of

references 20, 35. Analytical diagonalization of the Hessian of the �nite

system is not possible and one has to perform the preceding analysis for

the semi-in�nite system where the essential new ingredients can be explicitly

obtained.

The Hessian of a semi-in�nite system with its ending spin located at site

1 and pointing in the �z direction is found to be

eH =
1

2

0BBBBBB@
�=2�H �1=2 0 0 �
�1=2 �+H �1=2 0 �
0 �1=2 ��H �1=2 �
0 0 �1=2 �+H �
� � � � �

1CCCCCCA (2.39)

and its diagonalization leads to the linear system

(�=2�H � !)C1 =
1

2
C2; (2.40a)

[� + (�1)nH � !]Cn =
1

2
(Cn+1 + Cn�1): n = 2; 3; : : : (2.40b)

or, by applying transformation (2.23),

(�=2�H � !)(�=2 +H � !)A1 =
1

4
(A1 + A2);

(2.41)�
(�� !)2 �H2

�
An =

1

4
(2An + An+1 + An�1) n = 2; 3; : : :

supplemented by (2.25a).

The lowest lying mode turns out to be a surface mode of the special form

An = �n;
n = 1; 2; : : : (2.42)

Bn =
1

2

1 + �

�+H � !
�n;
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2.5. Local stability analysis and critical �elds

provided that j�j < 1 which guarantees that the state decays exponentially

away from the boundary. Equations (2.41) reduce to

(�=2�H � !)(� +H � !) =
1

4
(1 + �);

(2.43)

(�� !)2 �H2 =
1

4
(2 + � + 1=�);

which yield two distinct converging (j�j < 1) surface modes.

The most interesting surface mode is given by the root � = �1 and ! = !1

with

�1 =
1

2�2

hp
(�2 + 4�H � 1)2 + 4�2 � (�2 + 4�H � 1)

i
;

(2.44)

!1 = ��
r
H2 +

1

4
(2 + �1 + 1=�1);

which satis�es the convergence condition for H > �H0 with

H0 =
�2 � 1

2�
: (2.45)

A second converging root is given by � = �2 and ! = !2 with

�2 = � 1

2�2

hp
(�2 + 4�H � 1)2 + 4�2 + (�2 + 4�H � 1)

i
;

(2.46)

!2 =

8>><>>:
��

r
H2 +

1

4
(2 + �2 + 1=�2) �H0 < H < 0;

�+

r
H2 +

1

4
(2 + �2 + 1=�2) H < �H0:

The two branches of !2 join smoothly at �H0 while �2 lies in the interval

�1 < �2 < 0 and thus the corresponding surface state decays away from the

boundary in an oscillatory manner.

The calculated surface modes !1 and !2 are depicted in �gure 2.14 by

lines 1 and 2 respectively where we have also included the spectrum of the

bulk AF state of equation (2.26). The lines 10 and 20 correspond to a surface

with its ending spin in the +z direction so the spectrum of �g. 2.14 would

actually be obtained by a chain consisted by an even number of spins.

Our results are veri�ed by a numerical diagonalization of the Hessian

which shows that the size dependence of the spectrum is rather weak. For
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Figure 2.14: The spectrum of a �nite system (� = 2N) in the N�eel state.

We distinguish the surface modes 1; 10 and 2; 20 while the shaded region corre-

sponds to the bulk continuum.

any given � = 2N the majority of eigenvalues fall within the shaded region

of �gure 2.14 but a �nite number of eigenvalues occur outside the continuum,

and are very accurately described by the analytically calculated frequencies

!1 and !2. The frequencies of the gap modes calculated analytically on a

chain with � = 1:125 agree with the numerical results to several signi�cant

�gures for � = 22 while the agreement improves rapidly with increasing �

or �.

The most important conclusion derived from the preceding calculation is

that !1 crosses zero for a �eld value Hs < Hb which is found from (2.44) to

be

Hs =
1

4�

hp
(�2 � 1)(9�2 � 1)� (�2 � 1)

i
; (2.47)

where the SSF transition takes place and the N�eel state ceases to be the

ground state. Our numerical experiments of section 2.4 give values for Hs

which are in excellent agreement with those calculated from (2.47) thus veri-

fying the picture derived from the stability analysis. We should mention here

that there is also a second root He of !1 = 0, namely

He = � 1

4�

hp
(�2 � 1)(9�2 � 1) + (�2 � 1)

i
; (2.48)

where He < �H0 and therefore the corresponding eigenvector of equation
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2.5. Local stability analysis and critical �elds

(2.44) is exponentially diverging away from the surface and we have to reject

it. Finally, we can see from �g. 2.14 that the modes 10 and 20, related to a

surface with its ending spin in the +z direction, can be found from the 1 and

2 modes by the transformation H ! �H and therefore the corresponding

critical �elds will be

H 0
s = �Hs ; H 0

e = �He: (2.49)

We will now derive a condition for the determination of the critical �eld

H[0]. Here we adopt the convenient symbol j2ni to denote an Ising do-

main wall located n steps away from the chain boundary, e.g. j0i � (�n) =

(0; 0; �; 0; �; 0; : : :), j2i � (�n) = (0; �; 0; 0; �; 0; : : :) and so on. So H[0] is the

�eld for which the j0i state becomes unstable and similarly H[2] is the �eld

corresponding to j2i while the extreme member of this family will be H[1] of

equation (2.13).

The Hessian of the j0i state is found to be

eH =
1

2

0BBBBBBBB@

��=2+H 1=2 0 0 0 �
1=2 H �1=2 0 0 �
0 �1=2��H �1=2 0 �
0 0 �1=2 �+H �1=2 �
0 0 0 �1=2 ��H �
� � � � � �

1CCCCCCCCA
(2.50)

and its diagonalization leads to the following system

(��=2 +H � !)C1 = �1

2
C2;

(H � !)C2 =
1

2
(�C1 + C3); (2.51)

[� + (�1)nH � !]Cn =
1

2
(Cn+1 + Cn�1); n = 3; 4; : : :

Similarly to the case of the DW in the bulk we apply transformation (2.23)

and additionally set ! = 0 to �nd that the last of equations (2.51) has a

solution of the form

An = �n�1;
n = 2; 3; : : : (2.52)

Bn =
1

2

1 + �

�+H
�n�1 � q�n�1;
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where � must satisfy

�2 �H2 =
1

4
(2 + � + 1=�) ; (2.53)

while the remaining of equations (2.51) are written in the form

(��=2 +H)A1 = �1

2
B1

HB1 =
1

2
(� � A1) (2.54)

(��H)� =
1

2
(q� +B1):

This last system leads to a unique equation for �

[2(��H)(�+H)�1

2
(1+�)][�1

2
+H(2H��)] = (H��

2
)(�+H) (2.55)

which, combined with (2.53), yields an algebraic condition that determines

the points (H;�) at which ! = 0, namely

16�H4�8(4�2�1)H3+10�(2�2�1)H2�(4�4�5�2+1)H��(�2�1) = 0:

(2.56)

This equation can be solved numerically and its roots in the upper-right

quadrant of the (H;�) plane bound from below the region of stability of

the j0i domain wall. Speci�cally, we �nd that there is a minimum value of

� ' 1:76 below which equation (2.56) has no solutions and therefore j0i
never occurs, while for bigger anisotropies we �nd two positive solutions of

(2.56) H�
[0]; H

+
[0] which de�ne the region of stability (H

�
[0]; H

+
[0]) of the state j0i.

Once again agreement of the H[0] calculated from the equation above and the

values obtained from the numerical experiments of section 2.4 is excellent.

Although we do not calculate the limits of stability of j2i; j4i; : : : ; j2ni
here, the results show that the series of H[2n] converges very fast to H[1].

Speci�cally, only H[0] di�ers from H[1] while the other members of the family

are practically indistinguishable from H[1].

2.6 The critical �eld Hw

We will now derive an analytical formula for the critical �eld Hw using

an argument similar to that applied before for the single-ion model [32; 48].
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The procedure of section 2.5 seems inapplicable because the ground state

in the �eld region of Hw is non trivial making the explicit calculation and

diagonalization of the Hessian impossible.

It is useful to note that the values of Hw obtained from our numerical

experiments of section 2.4 coincide with the critical �eld H 0
e of equation

(2.49). For example the critical �elds Hw depicted in �gures 2.7 and 2.9 by

the dotted line were calculated by formula (2.49) and we can see that the

agreement is very good for the D = 1:125 case.

The physical meaning of Hw can be understood by performing the fol-

lowing numerical experiment. We apply our relaxation algorithm on long

systems with initial con�gurations slightly perturbed j2ni states. Compar-

ing the calculated energies of the resulting con�gurations we �nd that above

Hw the energetically preferable location for a DW is as far from the surface

as possible.

An analytical comparison of those energies, for the �eld region of inter-

est, can be performed by using the following argument. For a semi-in�nite

system at H � H 0
e ' 0 the domain wall causes the surface spins to relax

in a con�guration given by the eigenvector of equation (2.44). Speci�cally,

at H 0
e this surface mode becomes static (! = 0) and once we exceed Hw it

becomes energetically preferable to the N�eel state (! < 0). This causes the

DW to move towards the bulk in order to include as many tail spins as pos-

sible at the expense of the energy costing N�eel spins in�nitely into the bulk.

Therefore, at H 0
e the wall moves in the bulk in order to lower its energy thus

verifying that Hw = H 0
e or explicitly

Hw =
1

4�

hp
(�2 � 1)(9�2 � 1) + (�2 � 1)

i
: (2.57)

This critical �eld is present for those values of � for which the DW is not

of the Ising type and therefore interacts with the surface.

2.7 Phase diagram on a �nite chain

We are now in a position to derive the phase diagram of the �nite system

with � = 2N , shown in �gure 2.15. In comparison with the phase diagram

of the in�nite system (sec. 2.2) we �nd that the BSF and F phases remain as

they were while the AF region has been divided in four subregions AF, SSF,
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Figure 2.15: The phase diagram of the �nite system.

DW, D[0], separated by the critical �elds Hs; Hw; H[0] respectively. Here

we also display the critical �eld H[1] depicted by the dashed line. One

can see that the critical �eld Hw terminates at a point P where the lines

H[0] and Hw intersect. We �nd that at the point P all critical �elds H[2n]

intersect, and we therefore call it the multicritical point which is numerically

calculated to be P = (�P ; HP ) = (1:7807764; 2:7807764). The existence

of such a multicritical point has also been observed in the single-ion model

describing Fe/Cr superlattices [32; 33] whose phase diagram shares many

common features with that of our model.

In the AF phase the ground state is the well known N�eel state of �g. 2.1.

Once we cross Hs the SSF transition takes place and the system enters the

SSF phase where the lowest energy state is the surface state of section 2.4,

also described in Appendix A. Above Hw and for � under �P we enter the

DW phase, in which the energy is minimized through an \up" DW as far

from the surfaces as possible, which at Hb gives its place to the BSF phase

and �nally to the F phase for �elds above Hf . For anisotropies above �P

once we reach the critical �eld H[0] the surface state of lowest energy becomes

the j0i state until we cross H[1] where the ground state becomes an extended

domain wall at the center of the chain. Again at Hb and Hf we enter the

BSF and F phases respectively.
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Figure 2.16: Field dependence of the total magnetization and susceptibility

for an open chain with � = 22 sites and � = 1:25 for a hysteresis numerical

experiment. The dashed line depicts the values corresponding to the increase of

the �eld from H = 0 to Hf (as described in section 2.4) while the continuous line

depicts the values obtained while decreasing H from Hf to �Hf .

As we have seen in numerical experiments the system will not always

relax in the ground state, because of local minima in the energy. Their role

becomes even more important in the following discussion of the hysteresis.

2.8 Hysteresis of the spin-op transition

In order to investigate hysteresis phenomena we perform the following

numerical experiment. Beginning from the N�eel state at H = 0 we increase

the magnetic �eld until ferromagnetic saturation is reached, and we then de-

crease H in small steps down to H = �Hf . For every value of the �eld we use

as initial con�guration for our relaxation algorithm the stable con�guration

of the previous �eld value H � dH slightly perturbed in a random way.

In �gure 2.16 we show the magnetization and susceptibility of a system of

� = 22 and � = 1:25. The dashed lines depict the results obtained while we

increase the �eld where we can see the peaks in the susceptibility around Hs,

Hw and Hb caused by the SSF and BSF transitions taking place, as described

in section 2.4. The continuous line depict the results corresponding to �elds

decreasing from Hf to �Hf . We note that the two lines coincide down to

Hw but separate for smaller �elds. Furthermore, the magnetization takes
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H=1.000

H=0.500
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H=−0.450(g)

(f)

(e)

(d)

(c)

(b)
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H=−2.250(k)

Figure 2.17: The spin con�gurations for � = 1:25, � = 22 for �elds de-

creasing from Hf to �Hf .
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non zero values for all positive �eld values suggesting that the system does

not return to the N�eel state. One can check that in the region 0 < H < Hb

the magnetization actually coincides with the magnetization curve of a bulk

DW which is known [46; 34] to take non-zero values even for vanishing �eld.

The spin con�gurations of �g. 2.17a-d reveal that as we decrease the

magnetic �eld the canted state of H � Hb evolves into an \up" DW in

the center of the chain which sustains all the way down to H = 0. Once

we apply negative magnetic �eld the DW becomes energetically unfavorable

and moves by one site to lower its energy (�g. 2.17e) causing a sharp peak in

the susceptibility. At H . �Hs a surface state is generated at both ends of

the chain (�g. 2.17g) and by further decreasing the �eld the wall annihilates

with one2 of the surface states (�g. 2.17h) leaving the system in a surface

state at its other end. The surface state now evolves with the �eld as we

have described before in section 2.4 �rst to a DW at H ' Hw (�g. 2.17i)

and then to the canted state once we reach Hb (�g. 2.17j).

The picture presented above strongly depends on the anisotropy and lat-

tice size. For anisotropies for which the width of the formed DW at H = Hw

is comparable to the size of the chain once the �eld becomes lower than Hw

the wall moves towards the surface following an inverse SSF transition lead-

ing to the N�eel state at H = Hs thus producing no hysteresis loop. When

the dimension of the system is large compared with the width of the DW

(that is for large anisotropies) the interaction of the wall with the surface is

not enough to overcome the barriers encountered in its movement and the

DW remains in the center evolving as in the � = 1:25 case presented above.

2.9 The odd chain

The case of the odd chain does not add anything fundamentally new as

all the occurring phenomena can be derived from our analysis of the even

chain. We can distinguish two cases for the study of the odd chain depending

on the direction of the ending spins relatively to the bias �eld.

The simplest case is for applied �eld in the direction of the ending spins.

In �gure 2.18 we see the magnetization and the susceptibility per site ob-

2The one that is closer to the DW.
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Figure 2.18: The magnetization and susceptibility per site of a system with

� = 21 and � = 1:250 and the two ending spins parallel to the magnetic �eld.

H=0.00

H=0.78

H=1.00

H=2.25

Figure 2.19: The spin con�gurations for � = 1:25, � = 21 for a char-

acteristic set of �eld values. The critical �elds for this � are Hs = 0:43; Hw =

0:65; Hb = 0:75; Hf = 2:25:
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Figure 2.20: Field dependence of the total magnetization and susceptibility
for an open chain with � = 21 sites, � = 1:250 and both ending spins, initially,

antiparallel to the bias �eld. (a) The two nonvanishing components of the mag-

netization M2 and M3. (b) The diagonal susceptibility �33 de�ned as in equation

(2.18).

tained by a simulation of a system of � = 21 and � = 1:250. We notice

that there is no structure present around Hs and Hw implying that the SSF

transition do not occur.

The corresponding spin con�gurations of �gure 2.19 verify that the sys-

tem remains in its N�eel positions until Hb where the BSF transition takes

place and the canted state becomes the lowest energy state. Finally, when

the critical �eld exceeds Hf the system reaches ferromagnetic saturation.

Therefore for �elds in the direction of the ending spins the phase diagram

coincides with that of the in�nite chain.

On the other hand, if we apply a bias �eld antiparallel to the ending spins

once we reach Hs a surface spin op transition takes place at both ends of the

chain developing into two DW's moving towards the center of the chain with

increasing �eld. These two DW's evolve independently as described in the

even spin chain, as long as they are not close enough for their interaction to

become important. Once they approach they annihilate each other to leave

the system in a N�eel state with both ending spins parallel to the bias �eld.

The evolution of the chain now proceeds as in the previous case (where the

ending spins were initially in the direction of the bias �eld) with the N�eel

state giving its place to the canted state at Hb and then to the ferromagnetic
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H=0.000

H=0.450

H=0.550

H=0.625

H=0.775

H=1.000

H=2.250
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Figure 2.21: The spin con�gurations for � = 1:250, � = 21 and a char-

acteristic set of �eld values. The critical �elds for this case are Hs = 0:43; Hw =

0:65; Hb = 0:75; Hf = 2:25:

34



2.10. Conclusion

state for H � Hf .

The �eld at which the annihilation of the two DW's takes place depends

on the width and the relative positions of the DW's which are relevant to

the values of � and �. One expects that this �eld would generally be in the

region of Hw < H < Hb. The picture described above is shown in �gures

2.20 and 2.21.

2.10 Conclusion

We have seen that our system described by the e�ective potential (2.4)

is characterized by a surface and a bulk spin op transition for all values

of the anisotropy �. We have provided the phase diagram with a detailed

description of the di�erent phases and we have pointed out the importance of

local energy minima in the evolution of the system with the magnetic �eld.

Furthermore, our numerical relaxation algorithm, in contrast to a straight

energy minimization procedure, allows us to probe the odd chain and the

hysteresis of the SSF transition.

One should note here that the emerging picture shares several common

features with the one derived within the single-ion model of the magnetic

superlattices [29{35] which make our model helpful for the understanding of

some of the dark points of the SSF transition. On the other hand, there

are some important di�erences. For example, the critical �elds Hs and Hw

coincide in the single ion model leading to a more involved picture partly

responsible for some confusion on that subject. Moreover the BSF transition

in our model, although a �rst order one, is characterized by a single critical

�eld while in the single ion case by three such �elds. Yet, the di�erences

of the two models smooth out for small anisotropies as they share the same

continuous limit.
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CHAPTER 3

QUANTUM THEORY

3.1 Introduction

In this chapter we study [43] the spin-op transition in a quantum spin-
1
2
system described by Hamiltonian (1.1) for the special choice of exchange

constants

�J1 = J2 � 1; J3 � � > 1; (3.1)

which is consistent with inequalities (2.1). We �nd that this choice gives the

most classical antiferromagnet e.g. if u and d denote spin-up and spin-down

states, the two fully polarized N�eel states

jNAi = jd; u; d; u; : : :i; jNBi = ju; d; u; d; : : :i; (3.2)

are the two (degenerate) exact ground states when the applied �eld is suÆ-

ciently weak.

The study of the quantum mechanical problem at zero temperature re-

quires the determination of the ground state from which we calculate the

mean values of the desired observables. The numerical diagonalization of

the Hamiltonian is only possible for small systems since the dimension of

the Hilbert space grows as 2�. Yet, signi�cant analytical progress can be

made for the speci�c choice (3.1) which may serve as a prototype for further

consideration of the full range of models de�ned by inequalities (2.1).

Some special features of model (3.1) become apparent by performing the
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familiar canonical transformation

Sxn = T xn ; Syn = (�1)nT yn ; Szn = (�1)nT zn ; (3.3)

where the `pseudospin' variables Tn again satisfy the standard spin commu-

tation relations and map the Hamiltonian to

W = �
��1X
n=1

�
T xnT

x
n+1 + T ynT

y
n+1 +�

�
T znT

z
n+1 �

1

4

��
�H

�X
n=1

(�1)nT zn ; (3.4)

which describes an easy-axis `ferromagnet' in a staggered magnetic �eld.

In equation (3.4) we have included a trivial additive constant to provide a

convenient normalization for the energy eigenvalues.

It is clear from equation (3.4) that the model (3.1) is also endowed with

a U(1) symmetry because the total azimuthal pseudospin

� =
�X
n=1

T zn =
�X
n=1

(�1)nSzn; (3.5)

obviously commutes with the Hamiltonian and thus the Hilbert space breaks

up into �+1 sectors characterized by the good quantum number � = �=2��
with � = 0; 1; : : : ;�. Although this observation will greatly simplify calcula-

tions, the quantum number � is not related to a simple physical observable.

Instead we shall be interested in the total azimuthal magnetization

M =
�X
n=1

Szn =
�X
n=1

(�1)nT zn ; (3.6)

which does not commute with the Hamiltonian and its expected values cannot

be predicted by simple quantization. One of our objectives in the following is

to determine the ground-state expectation valueM =M(�; H) as a function

of anisotropy � and applied �eld H.

In section 3.2 we provide a complete calculation of one-magnon excita-

tions with or without open boundaries. These results already suggest the

occurrence of a bulk spin-op (BSF) transition at a critical �eld Hb, which

is preceded by a surface spin-op (SSF) transition at a new critical �eld

Hs < Hb in the presence of open boundaries. The two types of transition

are analyzed in sections 3.3 and 3.4. Antiferromagnetic domain walls arise
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3.2. One-magnon spectrum

naturally in the description of the SSF transition and are thus also discussed

in section 3.4. In section 3.5 we summarize some of our main conclusions,

and present the phase diagram, while in section 3.6 we discuss the necessary

modi�cations for the case of an odd chain (� = 2N + 1). Some preliminary

results for other quantum spin models in the range of inequalities (2.1) are

presented in section 3.7, and our conclusions are summarized in section 3.8.

3.2 One-magnon spectrum

The eigenstates of the Hamiltonian (3.4) are linear superpositions of states

of the form j�1; �2; : : : ; ��i where the �n's take the values 1/2 or �1=2 in any

combination that preserves their sum � . The N�eel states (3.2) are mapped to

two completely polarized `ferromagnetic' states jFAi, jFBi, with � = ��=2,
which are exact eigenstates, with energy E = 0, for any value of the applied

�eld. It is also clear that these are the two degenerate ground states at

vanishing �eld. The �rst question is then to determine the �eld region over

which the polarized states persist as the ground states of the system.

One is thus lead to study excitations, the simplest possibilities being one-

magnon modes with � = �=2�1 or ��=2+1. It is suÆcient to consider only

the former case, information about the latter being inferred by extending the

�eld region to both positive and negative values of H. The one-magnon

eigenvalue problem reads

W j i = Ej i; j i =
�X
n=1

Cnjni; (3.7)

where we have simpli�ed the notation by asserting that jni is the state where
�n = �1=2 but all other � 's are equal to 1/2. An explicit form of the eigen-

value equations is then given by

(�=2�H � E)C1 =
1

2
C2;

[� + (�1)nH � E]Cn =
1

2
(Cn+1 + Cn�1); n = 2; 3; : : : ;�� 1; (3.8)

(�=2 +H � E)C� =
1

2
C��1;

and are valid on an open chain with � sites. Comparing (3.8) with (2.22) we

can see that the one-magnon spectrum actually coincides with that of the
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quadratic uctuations of the N�eel state already performed in section 2.5. Yet,

we will repeat the calculation here for reasons of completeness. Throughout

this chapter we assume that the chain is even (� = 2N) with the exception

of section 3.6 where we deal with the problem of the odd chain. We now

introduce the sublattice variables

An = C2n�1; Bn = C2n; n = 1; 2; : : : ; N; (3.9)

in terms of which the linear system (3.8) reads

(�=2�H � E)A1 =
1

2
B1;

(��H � E)An =
1

2
(Bn�1 +Bn); n = 2; 3; : : : ; N;

(3.10)

(� +H � E)Bn =
1

2
(An + An+1); n = 1; 2; : : : ; N � 1;

(�=2 +H � E)BN =
1

2
AN :

It is instructive to consider in parallel a cyclic or periodic chain with the

same number of sites, in order to establish a simple reference case which

will enable us to better appreciate surface e�ects that may arise on an open

chain. The �rst and fourth equations in (3.10) are absent on a cyclic chain,

and the remaining two equations are valid for all n = 1; 2; : : : ; N . It is then

a straightforward matter to eliminate Bn to obtain the equivalent system

Bn =
1

2

An + An+1
�+H � E

;

(3.11)�
(�� E)2 �H2

�
An =

1

4
(2An + An+1 + An�1);

whose solution is An = eikn, where k = 2��=N with � = 0; 1; : : : ; N � 1 is a

sublattice crystal momentum, provided that the energy is given by

E = ��
p
H2 + cos2(k=2): (3.12)

Viewed as functions of the applied �eld the energy eigenvalues are contained

within the two shaded regions of �gure 2.14 and their distribution becomes

increasingly dense in the bulk limit N !1. The shaded regions are bounded

from above and below by the two curves E = � � pH2 + 1 and display a
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middle gap extended between the straight lines E = ��H. The lowest gap

closes (E = 0) at H = �Hb where

Hb =
p
�2 � 1; (3.13)

is a critical �eld of special importance in the following. The preceding deriva-

tion already indicates that the simple N�eel states (3.2) can no longer be the

ground states for �eld values outside the interval [�Hb; Hb]. Further analysis

of the cyclic chain given in section 3.3 will establish that Hb provides the

critical boundary of the BSF transition.

We now return to the main theme and examine the possibility of one-

magnon surface modes on an open chain. Solution of the linear system (3.10)

is complicated by the appearance of the two distinct equations at the outer

layers. However the essential new ingredients can be obtained analytically

on a semi-in�nite chain. The fourth equation in (3.10) may then be ignored

and the third may again be used to eliminate Bn as in equation (3.11). The

�rst two equations are written as

(�=2�H � E)(� +H � E)A1 =
1

4
(A1 + A2);

(3.14)�
(�� E)2 �H2

�
An =

1

4
(2An + An+1 + An�1);

where n = 2; 3; : : : ;1. A surface mode is described by a special solution of

the form

An = �n; Bn =
1

2

1 + �

�+H � E
�n; (3.15)

supplemented by the requirement j�j < 1 which guarantees that the state

decay exponentially away from the boundary. Equations (3.14) reduce to

(�=2�H � E)(� +H � E) =
1

4
(1 + �);

(3.16)

(�� E)2 �H2 =
1

4
(2 + � + 1=�);

and should be viewed as a system of two algebraic equations for the unknowns

� and E. Detailed examination of the roots that satisfy the condition j�j < 1

yields two distinct surface modes which we discuss in turn.

The most interesting surface mode is given by the root � = �1 and E = E1

with

�1 =
1

2�2

hp
(�2 + 4�H � 1)2 + 4�2 � (�2 + 4�H � 1)

i
;
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(3.17)

E1 = ��
r
H2 +

1

4
(2 + �1 + 1=�1);

and its energy labeled as curve 1 in �gure 2.14 lies below the one-magnon

continuum. This curve emanates from the continuum at the characteristic

�eld �H0 with

H0 =
�2 � 1

2�
; (3.18)

and persists in the �eld region H > �H0. The parameter �1 is equal to

unity at �H0 but lies in the interval 0 < �1 < 1 for H > �H0. The surface

state exists as a distinct gap mode below the continuum even at vanishing

�eld (H = 0) where �1 = 1=�2 and E1 = (�2 � 1)=2�. This special limit

coincides with a result obtained by Johnson and Bonner [49] in their study

of the ferromagnetic XXZ chain.

A second root satisfying the condition j�j < 1 is given by � = �2 and

E = E2 with

�2 = � 1

2�2

hp
(�2 + 4�H � 1)2 + 4�2 + (�2 + 4�H � 1)

i
;

(3.19)

E2 =

8>>><>>>:
��

r
H2 +

1

4
(2 + �2 + 1=�2) �H0 < H < 0;

�+

r
H2 +

1

4
(2 + �2 + 1=�2) H < �H0:

The two branches in E2 join smoothly at �H0 and their union is labeled as

curve 2 in �gure 2.14. Therefore the second root describes a surface mode

with energy in the middle gap of the magnon continuum. The parameter �2

lies in the interval �1 < �2 < 0 and thus the middle-gap mode decays away

from the boundary in an oscillatory manner.

To complete the description of �gure 2.14 we must now reconcile the

preceding analytical results on a semi-in�nite chain with those obtained by

numerical diagonalization of the linear system (3.8) or (3.10) on a �nite

open chain. For any given � = 2N the majority of eigenvalues fall within

the shaded regions of �gure 2.14, but a �nite number of eigenvalues occur

outside the continuum for each �eld H. Also note that a duplication of

gap modes should be expected on an open chain because surface states can

now be formed near either one of the two free ends. Indeed, in addition to
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con�rming the gap modes 1 and 2 predicted on a semi-in�nite chain, the

numerical diagonalization also yields the two mirror modes 10 and 20 shown

in �gure 2.14.

The energies of the gap modes calculated analytically on a semi-in�nite

chain with � = 1:5 agree with the numerical results to several signi�cant

�gures for � � 10 , while the agreement improves rapidly with increasing

� or �. Hence the numerical simulations described in sections 3.3 and 3.4

for chains of modest size are expected to provide a reliable picture for most

values of � of practical interest.

The most important conclusion derived from the one-magnon calculation

becomes apparent by simple inspection of �gure 2.14. The surface modes in

the lower gap are degenerate with the N�eel states at the critical �elds �Hs.

The �eld Hs is computed from the condition E1 = 0 where E1 is given by

equation (3.17). A straightforward calculation shows that

Hs =
1

4�

hp
(�2 � 1)(9�2 � 1)� (�2 � 1)

i
: (3.20)

Outside the interval [�Hs; Hs] the N�eel states cease to be the lowest-energy

states. Therefore the BSF transition anticipated to occur at the critical �eld

Hb of equation (3.13) is preceded on an open chain by a SSF transition at

Hs < Hb. The critical �elds Hs and Hb coincide with those found in the

classical calculation of chapter 2.

3.3 Bulk spin-op transition

In this section we focus on a cyclic chain with an even number of sites

and examine in greater detail the BSF transition at the critical �eld Hb of

equation (3.13) suggested by the one-magnon calculation. In a curious turn

of events, the recent work of Alcaraz et al [36] on an open spin chain in

the presence of suitable boundary �elds proved to be very instructive for the

current work on a cyclic chain in a bulk bias �eld H.

We may also invoke the cluster argument of Bader and Schilling [39] on

a cyclic chain noting that the Hamiltonian may then be written as a sum of

cell Hamiltonians, namely

W =
�X
n=1

Wn;
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(3.21)

Wn =�
�
T xnT

x
n+1 + T ynT

y
n+1 +�

�
T znT

z
n+1 �

1

4

��
� 1

2
H(�1)n(T zn � T zn+1);

and thus the ground-state energy E0 satis�es the inequality

1

2
�(E+ + E�) � E0; (3.22)

where E� are the ground-state energies of the two-spin Hamiltonians

W� = �
�
T x1 T

x
2 + T y1 T

y
2 +�

�
T z1 T

z
2 �

1

4

��
� 1

2
H(T z1 � T z2 ): (3.23)

The eigenvalues of both W+ and W� are given by

1

2

�
�+

p
H2 + 1

�
; 0; 0;

1

2

�
��

p
H2 + 1

�
; (3.24)

where the �rst eigenvalue is always positive and the fourth one may be pos-

itive or negative depending on the �eld strength H. Therefore inequality

(3.22) is written as

�min

�
0;
1

2

�
��

p
H2 + 1

��
� E0 � 0; (3.25)

and has been supplemented by E0 � 0 which follows from the fact that the

polarized states are eigenstates of the complete Hamiltonian with vanishing

energy for any value of the applied �eld. An immediate consequence of (3.25)

is that the true ground-state energy vanishes when �Hb � H � Hb, where

Hb is precisely the critical �eld (3.13), and thus coincides with the energy of

the polarized states.

The preceding result strengthens the conclusion that the BSF transition

occurs at the critical �eld Hb but a more detailed argument is required to

determine the precise nature of the transition. The work of section 3.2 already

established that the lowest-energy state in the one-magnon sector becomes

degenerate with the polarized states at Hb. We shall further show that the

lowest-energy states of all multimagnon sectors become degenerate at the

same critical �eld, in analogy with a similar result in the model of reference

36. When H = Hb it is convenient to introduce the parameterization

� =
1

2

�
q +

1

q

�
; H =

1

2

�
q � 1

q

�
; (3.26)
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where � > 1 and q = �+
p
�2 � 1 > 1.

To motivate the demonstration we return to the one-magnon calculation

and speci�cally consider the lowest-energy state at Hb obtained by setting

k = 0 and E = 0 in equations (3.11) and (3.12) to yield An = 1 and

Bn = 1=q for all n = 1; 2; : : : ; N . In the notation of equation (3.7) this

special one-magnon state reads

Cn = q�
1

2
(�1)n ; (3.27)

where we have also included an overall normalization factor
p
q.

We next consider the two-magnon eigenvalue problem

W j i = Ej i; j i =
X
n1<n2

C(n1; n2)jn1; n2i; (3.28)

where jn1; n2i is a state with �n1 = �1=2 = �n2 and all other � 's equal to

1/2. On a cyclic chain the generic eigenvalue equation is

f2� + [(�1)n1 + (�1)n2 ]H � EgC(n1; n2)
=

1

2
[C(n1 + 1; n2) + C(n1 � 1; n2) + C(n1; n2 + 1)

+ C(n1; n2 � 1)] ; (3.29)

and should be completed with the meeting condition [12; 14]

�C(n; n+ 1) =
1

2
[C(n; n) + C(n+ 1; n+ 1)] ; (3.30)

where one formally extends the de�nition of C(n1; n2) to coinciding argu-

ments (n1 = n2) which are absent in equation (3.28). When � and H are

given by equation(3.26) the wavefunction

C(n1; n2) = q�
1

2
[(�1)n1+(�1)n2 ]; (3.31)

satis�es equation (3.28), with E = 0, as well as the meeting condition (3.30).

We have thus obtained a special two-magnon eigenstate which is degenerate

with both the one-magnon state (3.27) and the completely polarized states

at the critical �eld Hb.

These elementary results possess a simple generalization to an arbitrary

sector. A set of exact eigenstates with vanishing energy is given by

j � i =
X
f�g

q
1

2

P
�

n=1
(�1)n�n j�1; �2; : : : ; ��i; (3.32)
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where the sum extends over all con�gurations f�g = (�1; �2; : : : ; ��) which

are consistent with a de�nite azimuthal pseudospin

� =
�X
n=1

�n = N;N � 1; : : : ;�N; (3.33)

where � = 2N . As a check of consistency one may apply equation (3.32) for

� = N�1 andN�2 to recover the one- and two-magnon wavefunctions (3.27)
and (3.31). For other values of � our basic result (3.32) can be established by

a straightforward generalization of the two-magnon calculation given above.

A numerical calculation of all eigenstates and eigenvalues, for various

� � 14, con�rms that the ground states of all sectors become degenerate

at the critical �eld. Excited states also exhibit some `accidental' degeneracy

that cannot be accounted for by the U(1) symmetry. One is thus tempted

to conclude that the model acquires a larger symmetry at the critical point,

perhaps analogous to the quantum-group Uq [SU(2)] symmetry of the model

with boundary �elds studied in Refs. 36, 50. We shall not pause to examine

the possibility of a hidden symmetry in the present model because the ex-

plicit result (3.32) proves to be suÆcient to illuminate the nature of the BSF

transition.

The special form of the eigenvectors (3.32) atH = Hb allow us to calculate

the magnetization M� on an even cyclic chain of any size for each sector � .

Speci�cally one can easily check that the magnetization can be written as

M� =
�X
n=1

(�1)n h � jT
z
n j � i

h � j � i = q
@

@q
lnh � j � i; (3.34)

and the problem reduces to the calculation of the norm h � j � i. A reasonable

amount of combinatorics leads to

h � j � i =
N��X
�=0

�
N !

(N � �)!�!

� �
N !

(N � � � �)!(� + �)!

�
qN���2� (3.35)

that can be written in the integral representation

h � j � i = 2N

�

Z �

0

cos(��)(� + cos �)Nd� � I�N : (3.36)

Combining equations (3.34), (3.36) we obtain

M� =
p
�2 � 1

I�N�1
I�N

: (3.37)
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3.3. Bulk spin-op transition

A simple application of the Laplace method [51] yields the asymptotic ex-

pansion

M� =

�
N +

1

2

�r
�� 1

� + 1
+
1� 4� 2

8N

p
�2 � 1 +O(1=N2); (3.38)

from which we can derive the magnetization of any sector � in the thermo-

dynamic limit.

The emerging qualitative picture of the BSF transition is substantiated

with an explicit calculation of the ground-state expectation value of the total

magnetization M which vanishes in the region H < Hb but acquires �nite

values for H � Hb. Speci�cally, for H = Hb the magnetization can be

calculated from

�b = lim
N!1

1

(2N)2

NX
�=�N

M� : (3.39)

The asymptotic expansion (3.38) cannot be employed here because equation

(3.39) contains terms with values of � that are comparable to N and �b can

only be numerically calculated from equation (3.37). Yet, the actual sudden

jump that occurs at the critical �eld can be calculated analytically from

equation (3.37) by noting that the � = 0 sector prevails above Hb, in the

sense that it contains the unique absolute ground state for H > Hb. The last

statement is corroborated by numerical diagonalization on short chains of

varying size. Therefore the magnetization jump at the critical �eld is given

by

�0 =
M0

2N
=

1

2

p
�2 � 1

I0N�1
I0N

(3.40)

where �0 is the average magnetization per site, and its thermodynamic limit

limN!1 �0 can be found from (3.38) to be

�0 =
1

2

r
�� 1

� + 1
: (3.41)

Analytical calculation of the magnetization for H > Hb is impossible at

present because the � = 0 ground state becomes increasingly complex away

from the critical point. We have thus resorted to numerical diagonalization

on short chains. Memory requirements restrict us to the range � � 14 if we

wish to compute all eigenstates. However we have been able to extend the
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3. Quantum Theory

range to � � 24 for the calculation of the ground-state energy via a Lanczos1

algorithm [53; 54]. In all cases we provide explicit estimates of �nite-size

e�ects which suggest that the derived overall picture is indeed reliable.

For instance, the average magnetization per site � =M=� calculated on

a cyclic chain with � = 1:5 and � = 10 is depicted by a dashed line in �gure

3.1 and exhibits a sudden jump at the critical �eld Hb = 1:11803399 given

by equation (3.13). The size of the jump was found equal to � = 0:24973268,

also in perfect agreement with the analytical result (3.40) applied for � = 1:5

and N = �=2 = 5. Away from the critical point the magnetization increases

smoothly to achieve the saturated ferromagnetic value � = 1=2 in the limit

H !1.

Although Hb is independent of chain size, the magnetization does depend

on � = 2N for H � Hb. A good estimate of its size dependence is obtained

by taking advantage of the analytical result (3.41). Applied for � = 1:5 the

above expression leads to � = 0:22360680 which is overestimated by the value

at � = 10 quoted earlier by about 12%. More generally, the magnetization

at the critical �eld computed on chains with � � 10 does not di�er from its

�!1 limit by more than 13%, for all � > 1, and the agreement improves at

large �. In chapter 5 we extrapolate the results from the Lanczos algorithm

to the thermodynamic limit and we compare them with those obtained by

other methods that are more appropriate for the study of the in�nite system.

3.4 Surface spin-op transition

The numerical calculation described in section 3.3 was subsequently re-

peated on an open chain with the same size � = 10, and the result is depicted

by a solid line in �gure 3.1. The magnetization is now seen to exhibit a sudden

jump at a new critical �eld Hs = 0:60922570 which is in excellent agreement

with equation (3.20) applied for � = 1:5. This result is consistent with the

theoretical development of section 3.2 which predicts that the one-magnon

surface mode becomes the ground state beyond Hs. One may then use the

analytical results obtained on a semi-in�nite chain to actually predict the

magnetization, at least for some nontrivial �eld region above Hs.

1A source code for the Lanczos method can be downloaded freely from the Internet [52]
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Figure 3.1: Field dependence of the average magnetization per site � =

M=� in the ground state of a chain with � = 1:5 and � = 10. The dashed

line corresponds to a cyclic chain and the solid line to an open chain with the

same number of sites. The inset focuses on the �rst step of the main �gure and

compares the total magnetization M to the analytical prediction (3.45) depicted
by open circles.

The ground-state total magnetization again vanishes for H < Hs but is

equal to

M =
�X
n=1

Mn; Mn = (�1)n h 1jT
z
n j 1i

h 1j 1i ; (3.42)

for H > Hs where j 1i is now the state of the surface mode in the lower gap

of �gure 2.14. Therefore the norm of this state is given by

h 1j 1i =
1X
n=1

�jAnj2 + jBnj2
�
=
�
1 + (�� 2H � 2E1)

2
� �21
1� �21

; (3.43)

where An and Bn are taken from equation (3.15) applied for � = �1 and

E = E1 given by equation (3.17). Accordingly the local magnetization Mn

is given by

M2n�1 =
jAnj2
h 1j 1i �

1

2
; M2n =

1

2
� jBnj2
h 1j 1i ; (3.44)

for odd and even sites, respectively, and the total magnetization by

M =
1� (�� 2H � 2E1)

2

1 + (�� 2H � 2E1)2
: (3.45)
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3. Quantum Theory

It should be clear that the preceding results are valid also for H < Hs where

the surface mode is not the ground state. In particular,

M(H = 0) =
�2 � 1

�2 + 1
; (3.46)

is the total magnetization of the one-magnon surface state at vanishing �eld.

At the critical �eld Hs, where E1 = 0, equation (3.45) yields

M(H = Hs) =
1� (�� 2Hs)

2

1 + (�� 2Hs)2
; (3.47)

which agrees with the jump observed at Hs in �gure 3.1 to eight signi�cant

�gures; as expected on the basis of our discussion of the size dependence of

the surface modes in section 3.2.

Such an excellent agreement of the analytical prediction (3.45) with the

�nite-size results of �gure 3.1 persists over a nontrivial �eld region Hs <

H < Hw, as demonstrated in the inset which focuses on the �rst step of the

main �gure. Clearly a new transition takes place at Hw and the one-magnon

surface mode ceases to be the ground state for H > Hw. One would think

that the SSF transition proceeds beyond Hs by a cascade of level crossings

induced by multimagnon surface modes. But the results of �gure 3.1 clearly

indicate that there exists only one additional crossing at the critical �eld

Hw � 1:06 < Hb for � = 1:5.

In order to appreciate the precise nature of the transition at Hw we have

examined the evolution of the local magnetization Mn with increasing bias

�eld. Results for � = 1:5 and � = 10 are shown in �gure 3.2 for a selected

set of �eld values, using a more or less obvious notation. For de�niteness we

begin with the �rst N�eel state jNAi of equation (3.2) whose local magnetiza-

tion is depicted in the H = 0 entry of �gure 3.2. The N�eel state persists as

the absolute ground state until the �eld crosses the critical value Hs = 0:609

of equation (3.20). Just above Hs a surface magnon is realized in the ground

state, as shown in the H = 0:61 entry which may be reproduced to great

precision using the analytical prediction (3.44) obtained on a semi-in�nite

chain. With further increase of the applied �eld the surface magnon slowly

approaches a boundary Ising domain wall of the type uududu : : :. However

a sudden change occurs at the critical �eld Hw � 1:06, as demonstrated in

the H = 1:07 entry where a bulk domain wall appears at the center of the
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3.4. Surface spin-op transition

H=0

H=0.61

H=1.07

H=1.12

H=2

Figure 3.2: Snapshots of the local magnetization Mn on a chain with � =
1:5 and � = 10, for a characteristic set of �eld values described in the text.
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3. Quantum Theory

chain. This state is a slightly depleted version of an ideal Ising domain wall

of the type : : : uduudu : : :, thanks in part to the �nite value of � and to the

applied �eld. The tendency for ination of the domain wall with increasing

�eld becomes apparent in the H = 1:12 entry, where the �eld was chosen

to be slightly greater than the bulk critical value Hb = 1:118 of equation

(3.13). It should be noted here that the anticipated BSF transition is re-

placed on an open chain by a rapid but rounded crossover which becomes

increasingly sharp with increasing chain size. The ination of the domain

wall is more rampant at higher �eld values and the local magnetization ap-

proaches a nearly uniform ferromagnetic con�guration within the bulk, with

some nonuniformity persisting near the edges of the open chain; as is com-

pletely apparent in the last, H = 2, entry of �gure 3.2. However complete

ferromagnetic order is achieved only when H !1.

The picture was completed with a detailed examination of the pertinent

level crossings. Thus we calculated the ground-state energies of all sectors

(� = N;N � 1; : : : ;�N) as functions of the applied �eld H at the given

anisotropy � = 1:5. The �rst transition occurs at the critical �eld Hs where

the N�eel state jNAi, with � = N , is crossed by the one-magnon surface mode,

with � = N � 1. For higher �elds, multiple level crossings take place among

the lowest-energy states of the multimagnon sectors � = N�2; N�3; : : :, and
are likely to play an important role in the low-temperature dynamics. But

most of these crossings are irrelevant for the determination of the absolute

ground state because the one-magnon surface mode is eventually overtaken

only by the ground state of the � = 0 sector which is an antiferromagnetic

domain wall located at the center of the open chain.

The last remark prompted us to examine the local magnetization in the

lowest-energy states of all sectors, even though most of these states do not

become the absolute ground state for any �eld value. The result for � =

2N = 10 is presented in table 3.1 using a symbolic notation that is strictly

appropriate only in the extreme Ising limit �!1. But the essence of the

derived picture at �nite � and 0 < H . Hb is well represented in table

3.1. Thus the ground state in each sector ranges between the two pure N�eel

states of equation (3.2) which correspond to the two extreme values of the

azimuthal pseudospin � = �N: For intermediate values of � = N � �, with

� = 1; 2; : : : ; 2N � 1, a domain wall is formed at a distance equal to � lattice
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3.4. Surface spin-op transition

� Pseudospin Spin M

5 uuuuuuuuuu dududududu 0

4 duuuuuuuuu uududududu 1

3 dduuuuuuuu uddudududu 0

2 ddduuuuuuu uduudududu 1

1 dddduuuuuu ududdududu 0

0 ddddduuuuu ududuududu 1

�1 dddddduuuu udududdudu 0

�2 ddddddduuu udududuudu 1

�3 dddddddduu ududududdu 0

�4 dddddddddu ududududuu 1

�5 dddddddddd ududududud 0

Table 3.1: Symbolic illustration of the ground state in each sector on an

open chain with � = 10.

units from the left boundary of the chain. Therefore the good quantum

number � provides a rigorous de�nition of the relative location of a domain

wall on an open chain, even at �nite � where the wall expands and thus

departs from its ideal Ising shape. Domain walls with opposite pseudospin

�� are displayed symmetrically about the center and carry the same energy.

The least-energy state for H > Hw is a � = 0 domain wall located at the

center of the chain.

To rule out the possibility of an accident that might have occurred for the

speci�c size � = 10 used so far, we repeated the calculation for � = 12 and

the results for the total magnetization are shown in �gure 3.3. Surprisingly,

two instead of one additional level crossings may now be discerned; the �rst

at Hw � 1:06, which is virtually identical to the value obtained earlier for

� = 10, and the second at H 0
w � 1:09 which indicates the existence of yet

another critical �eld. This interesting twist in the general picture is clari�ed

by the results of the local magnetizationMn given in �gure 3.4, in conjunction

with an obvious extension of table 3.1 to � = 12. At this point it is useful

to address the last column of table 3.1 which quotes the possible values of

the total magnetization of domain walls in the extreme Ising limit; M = 0

or 1. One may say that the two values correspond to domain walls of dd
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Figure 3.3: Same as �gure 3.1 for a chain with � = 12. The inset now

focuses on a narrow region near the critical �eld Hw to reveal the existence of a

secondary critical �eld H 0
w:

or uu type, respectively. Although these values are signi�cantly modi�ed

at �nite �, they nevertheless suggest that a level crossing is more likely to

be induced by a uu state whose (negative) Zeeman energy in a (positive)

�eld H is greater in absolute value, similarly to the case of the classical

system discussed in chapter 2. The � = 0 domain wall at the center of the

� = 10 chain is indeed a uu state. However, when table 3.1 is extended to

� = 2N = 12, where N = 6 is even, the � = 0 domain wall becomes a dd

state, whereas uu domain walls that are closest to the center are those with

� = �1 and are likely to be energetically favorable.

Simple comparison of the H = 1:07 entries in �gures 3.2 and 3.4 reveals

that the same domain wall of the uu type appears in both cases, but the

wall in the second case is displaced by one lattice unit from the center of the

chain. Since a bulk domain wall is rather narrow for the speci�c anisotropy

� = 1:5 used so far, its energy is relatively insensitive to the precise location

about the center even for short chains. This explains why the transition

observed for � = 12 occurs at virtually the same critical �eld Hw � 1:06

found earlier for � = 10, even though it now corresponds to a level crossing

of the one-magnon mode by the ground state of the � = 1 sector. However

the � = 0 ground state, which originates in a dd domain wall at lower �elds,
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H=0

H=0.61
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Figure 3.4: Snapshots of the local magnetization Mn on a chain with � =

1:5 and � = 12, for a characteristic set of �eld values described in the text.
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Figure 3.5: The results of �gures 3.1, 3.3 now iterated on longer chains

with � = 14 and 16 to establish the alternating pattern described in the text.

ultimately becomes suÆciently frustrated to overtake the � = 1 sector at a

new critical �eld H 0
w � 1:09; as demonstrated by the H = 1:10 entry of �gure

3.4. The absolute ground state remains in the � = 0 sector for H > H 0
w and

is again rendered increasingly ferromagnetic in the limit H !1.

The foregoing analysis suggests that a transition into a domain-wall state

is always present on an open chain at a critical �eld Hw, and is merely

decorated by a secondary transition at a slightly higher �eld H 0
w when N

in � = 2N is even. This alternating pattern is con�rmed by the calculated

total moment for � = 14 and 16 shown in �gure 3.5, and by further analysis
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3.4. Surface spin-op transition

of level crossings using the Lanczos algorithm on chains with � � 22. The

main new critical �eld Hw quickly stabilizes to the size-independent value

Hw = 1:0625, for � = 1:5, which is distinct from the bulk critical �eld

Hb = 1:118 and thus clearly suggests the appearance of a de�nite domain-

wall phase in Hw < H < Hb.

The picture just derived for the speci�c anisotropy � = 1:5 is more or less

sustained for a wide range of anisotropies in the region � & 1:25. However

this simple picture becomes more involved as the anisotropy approaches the

isotropic limit �! 1+. Already at � = 1:125 a cascade of level crossings are

induced by the least-energy states of the sectors � = N�1; N�3; N�5; : : : at
a sequence of critical �eldsHs; Hw; H

0
w; : : : which stabilize to size-independent

values. The main SSF transition is still given by the crossing of the � = N

N�eel state by the � = N �1 surface magnon or boundary domain wall at the

critical �eld Hs of equation (3.20). However the next transition at Hw now

corresponds to a crossing of the � = N � 1 surface magnon by the � = N � 3

ground state which is a uu-type domain wall located three lattice units away

from the left end of the chain. Subsequent transitions at a sequence of critical

�elds H 0
w; H

00
w; : : : correspond to a sequence of hoppings of the domain wall

in steps of two lattice units until it arrives at the center of the chain. Once

the domain wall reaches the center, its future evolution is similar to the one

described earlier for � = 1:5.

So far we have described the SSF transition through a series of level

crossings from the � = N to the � = 0 sector. We could equivalently start

from the second of the polarized N�eel states (3.2), with � = �N , which

would give its place to the �N + 1 surface state at H = Hs and �nally lead

to the � = 0 sector through a � ! �� symmetrical series of crossings. An

inspection of table 3.1 shows that this procedure corresponds to a surface

transition at the other end of the chain and in fact both mechanisms of the

SSF transition take place simultaneously in our numerical simulations.

A completely satisfactory description of the SSF transition is not possible

on the short chains used in our numerical calculations, because the size of the

relevant domain walls increases to lattice dimensions in the limit � ! 1+.

However the observed pattern is suÆciently clear to provide unambiguous

numerical evidence for the new critical �eld H = Hw(�).
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Figure 3.6: The T = 0 phase diagram for the quantum model (3.1). The

bulk and surface critical boundaries Hb and Hs are given analytically by equations
(3.13) and (3.20), and the domain-wall boundary Hw was obtained numerically as

described in section 3.2.

3.5 The phase diagram

In �gure 3.6 we show the T = 0 phase diagram of the quantum system.

For H < Hs the ground state is purely N�eel and the corresponding phase is

labeled as antiferromagnetic (AF). The region Hs < H < Hw is characterized

by a ground state which is a surface mode and is thus called a surface spin-

op (SSF) phase. The domain-wall (DW) phase extends in the region Hw <

H < Hb where a bulk domain wall is realized in the ground state. Finally

the region H > Hb corresponds to the bulk spin-op (BSF) phase, studied

in section 3.3, which becomes increasingly ferromagnetic (F) although no

transition to the pure F state occurs at any �nite �eld H. This explains

the composite designation (BSF,F) in �gure 3.6. Although this basic phase

diagram does not reect the �ne structure in Hw < H < Hb alluded to

in section 3.4 it certainly contains all those elements that are likely to be

important in practical applications. One should add that the phase diagram

for this quantum spin-1
2
chain is simpler than the classical phase diagram of

�gure 2.15.

We conclude with a comment on the thermodynamic limit. Bulk quanti-

ties such as the average magnetization per site � = M=� become relatively
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3.6. The odd chain

insigni�cant in the limit � ! 1 within the SSF and BSF phases. For ex-

ample, for Hs � H � Hw, the total magnetization M is given analytically

by equation (3.45) and is of order unity. Therefore the average moment � in

the SSF phase decreases linearly with 1=�, a fact that is progressively appar-

ent in �gures 3.1, 3.3 and 3.5, and in the thermodynamic limit the union of

the AF, SSF and DW phases becomes an extended AF phase. Nevertheless

surface e�ects are always present on open even chains of any size and could

be observed in a magnetic material that is suÆciently doped to produce a

statistically signi�cant number of such chains.

3.6 The odd chain

Similarly to the classical system of chapter 2 the odd system di�ers from

the even one without introducing anything fundamentally new. The two N�eel

states

jNAi = jd; u; d; u; : : : ; d; u; di;
(3.48)

jNBi = ju; d; u; d; : : : ; u; d; ui;
are again mapped by equation (3.3) to two completely polarized `ferromag-

netic' states which are exact eigenstates of the Hamiltonian (3.4) for any value

of the applied �eld. However degeneracy is now lifted by the bias �eld because

the states (3.48) carry nonvanishing total magnetization M = �1=2 and the

corresponding energy eigenvalues are given by �H=2. Therefore, when H is

taken to be positive, jNBi is the unique ground state with M = 1=2. Simi-

larly, when H is negative, the unique ground state is jNAi with M = �1=2.
For de�niteness, we assume that the bias �eld is positive, the case of H being

completely analogous.

Our task is then to determine the critical �eld above which a spin-op

transition may take place. Examination of the one-magnon spectrum around

the state jNBi leads to a picture that is fairly similar to that of �gure 2.14,

with the following notable di�erence. The gap mode 1 is now missing from

the spectrum, while mode 10 is duplicated. As a result there will be no SSF

transition at the critical �eld Hs. Instead an odd open chain will proceed

directly to a BSF transition which occurs by a cascade of successive level

crossings in the vicinity of the critical �eld Hb. This picture is similar but not
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Figure 3.7: Field dependence of the average magnetization per site � =

M=� in the ground state with � = 1:5 on an open chain with an odd number of

sites � = 15.

identical to the BSF transition on an even cyclic chain, studied in section 3.3,

where all crossings take place at precisely the same critical �eld Hb. Putting

it di�erently, if a hidden symmetry were indeed present on an even cyclic

chain at the critical point, it would be broken on an open chain.

The lack of a SSF transition on an odd chain becomes apparent with an

explicit calculation of the total magnetization for � = 1:5 and � = 15 shown

in �gure 3.7. At low �eld values the total magnetization is given byM = 1=2,

or � = 1=2�, and coincides with that of the pure N�eel state jNBi. The BSF
transition near the critical �eld Hb is also apparent in �gure 3.7, whereas the

chain is set on a more or less smooth course toward ferromagnetic order for

H > Hb.

3.7 The general XYZ model

There have been known [55] spin-1
2
antiferromagnets throughout a wide

range of parameters satisfying inequalities (2.1). While a direct approach

to all these models has not yet been possible, we present some preliminary

results for some interesting limiting cases of the general XYZ model.

For example, an interesting special case is the anisotropic XY model (J1 =
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Figure 3.8: Field dependence of the average magnetization per site � =

M=� in the ground state of a model with J1 = 0; J2 = 1; J3 = 1:5, and � = 14.

The dashed line corresponds to a cyclic chain and the solid line to an open chain

with the same number of sites.

0; J2 = 1; J3 = � > 1), or YZ model in current notation, in the presence

of an in-plane �eld applied along the easy axis. Analytical solution of this

model does not seem possible at nonvanishing �eld, and theoretical analysis is

further complicated by the lack of a U(1) symmetry. A numerical calculation

of the ground-state total magnetization on a chain with � = 14 is shown in

�gure 3.8. While a trace of both a surface (Hs) and a bulk (Hb) critical �eld

is again present, the spin-op transition obviously proceeds by multiple level

crossings which are diÆcult to study in detail by numerical simulations on

short chains. A notable feature of �gure 3.8 is that ferromagnetic order at

high �elds is now more robust.

The picture could again simplify in the XXZ model (J1 = 1 = J2; J3 =

� > 1) where a U(1) symmetry is restored. The e�ect of a uniform �eld

pointing along the symmetry axis is simply a linear Zeeman shift of the zero-

�eld energy eigenvalues. The latter may, in principle, be obtained by the

Bethe Ansatz [12] known to apply to both a cyclic and an open chain, [40]

and the problem of spin-op transitions amounts to studying the density of

level crossings induced by the linear Zeeman shift. In fact, the T = 0 phase

diagram on an in�nite chain was studied by Johnson and McCoy [56] and

consists of an AF phase for H < Hb, a BSF phase for Hb < H < Hf , and a
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Figure 3.9: Field dependence of the average magnetization per site � =

M=� in the ground state of the XXZ model J1 = 1; J2 = 1; J3 = 1:5 with � = 14.
The dashed line corresponds to a cyclic chain and the solid line to an open chain

with the same number of sites. Note the transition to a pure F phase above the

critical �eld Hf = 2:5.

pure F phase for H > Hf . If we set � � cosh� the critical �eld Hb is given

by [49]

Hb = sinh�
1X

n=�1

(�1)n
coshn�

= sinh�
�

�

1X
n=�1

1

cosh
h
(2n+1)�2

2�

i ; (3.49)

which di�ers signi�cantly from equation (3.13) especially at weak anisotropies

(� ! 1+ or � ! 0) where the �eld (3.49) vanishes exponentially. Further-

more a transition to a pure F state now takes place above the critical �eld

Hf = �+ 1: (3.50)

Comparison of the results for the total magnetization computed numeri-

cally on an open and a cyclic chain with � = 14, shown in �gure 3.9, again

suggests a SSF transition at a new critical �eld Hs < Hb. However both

Hb and Hs are now size-dependent and hence the results of �gure 3.9 are

not suÆcient to establish the existence of a SSF transition. Extrapolation

of the relevant magnon gaps calculated on chains with � � 22 indicates a

ratio Hb=Hs that remains remarkably close to its Ising value 2 for a wide

range of strong anisotropies in the region � > 2. Nevertheless extrapolation
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becomes problematic at weak anisotropies and thus a de�nite prediction near

the isotropic limit is diÆcult to obtain numerically. It should be mentioned

that a considerable amount of work has been devoted to the study of the

XXZ model in the presence of boundary �elds, [37; 38] but the more direct

questions raised here in the presence of a uniform bulk �eld do not seem to

have been addressed.

3.8 Conclusion

The main advantage of the bulk and surface spin-op transitions studied

in this chapter is that they are induced by a uniform bias �eld which can

be easily applied and tuned to any desired value. This situation should be

contrasted with the case of boundary �elds [36] that are generally diÆcult

to implement, especially in doped materials where open magnetic chains are

produced within the crystal in a random manner.

Suppose that a quasi-one-dimensional magnetic material is found [55]

with exchange constants that are approximately given by equation (3.1) after

suitable normalization. Doping such a material with nonmagnetic ions [57]

would produce open magnetic chains of varying size. However, since the

critical boundaries of �gure 3.6 are practically independent of chain size,

it would be possible to tune the applied �eld to the various regions of the

phase diagram and thus probe the predicted magnetic phases. Electron-spin

resonance at low temperature seems to be an appropriate experimental tool,

and is theoretically discussed in chapter 4.

We conclude with a comment on the classical limit of our model. The

analytical result (3.41) coincides with the magnetization obtained within the

classical calculation of chapter 2 at the onset of the BSF phase which is

described by a canted spin con�guration. This curious fact could be inves-

tigated further by generalizing the special states (3.32) to arbitrary spin s,

also in analogy with a similar calculation in the model of reference 36. One

should then be able to explicitly study the classical (large-s) limit on any

�nite chain and eventually explain its coincidence with the quantum predic-

tion (3.41) in the thermodynamic limit. As we have seen in chapter 2 the

classical ground state is independent of J1 and thus combines features of the

entire class of quantum models in the range jJ1j � J2 < J3.
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CHAPTER 4

MAGNETIC RESONANCE

4.1 Introduction

In this chapter we present a theoretical study of electron-spin resonance

(ESR) in a system described by the Hamiltonian (3.1). In a typical ESR

experiment a homogeneous microwave �eld of frequency ! is applied to the

magnetic system and its absorption spectrum is measured in order to probe

the susceptibility and elementary excitations.

When an AC magnetic �eld of the form

h = h0 cos!t e (4.1)

is applied to a magnetic system, in addition to the bias �eld H, it induces

transitions between its eigenstates. The resulting average power absorption

is equal to [58]
�P (!) = ~!

X
Ea>Eb

Dab [p(Ea)� p(Eb)] (4.2)

where Dab is the quantum-mechanical probability that a transition takes

place between an initial state jai and a �nal state jbi, and p(E) is the Boltz-
mann probability that a state of energy E is occupied given by

p(E) =
e�E=kTP
E0 e�E

0=kT
: (4.3)

SuÆciently weak �elds h can be considered to be a perturbation to the Hamil-

tonian (3.4) of the form

Wpert = �M eh0 cos!t (4.4)
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whereM e =M�e is the projection of the magnetizationM along the direction

of the AC �eld. Then, time dependent perturbation theory predicts

Dab =
2�h20
~
jhajM ejbij2 Æ(Ea � Eb � ~!); (4.5)

where jhajM ejbij2 will be referred to as the transition amplitude. The average
power absorption then reads

�P =
h20
2
�!

X
Ea>Eb

[p(Ea)� p(Eb)] jhajM ejbij2 Æ(Ea � Eb � ~!): (4.6)

From equation (4.6) it is possible to derive the imaginary part of the suscep-

tibility which is related to �P by

�P =
!

2
�00h20 (4.7)

while the real part of the susceptibility can be found from the Kramers-Kronig

equations.

In the case of our model (3.1) operators Mx and My can be rewritten

with respect to the pseudospin variables (3.3) as

Mx =
�X
n=1

T xn =
�X
n=1

T+
n + T�n
2

;

(4.8)

My =
�X
n=1

(�1)nT yn =
�X
n=1

(�1)nT
+
n � T�n
2i

:

Therefore, if the �eld h is applied in either the x or y direction a transition

between states jai and jbi is only possible if

�a = �b � 1 (4.9)

where �a and �b are the eigenvalues of T z corresponding to the jai and jbi
states respectively.

Our task in this chapter will be to calculate the low-temperature absorp-

tion intensity along the x and the y direction de�ned as

Ix;y(!ab) = !ab
X
Ea>Eb

[p(Ea)� p(Eb)] jhajMx;yjbij2 (4.10)
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4.2. Bulk spin-op transition

where !ab = Ea�Eb. For the calculation of the eigenstates and the relevant

matrix elements we use analytical results of chapter 3 or numerical diagonal-

ization on sort chains. The intensity spectrum of the closed chain is studied

in section 4.2 in order to probe the BSF transition while in section 4.3 we

present the corresponding calculation on an open chain. Finally, our main

conclusions are summarized in section 4.4.

4.2 Bulk spin-op transition

In order to calculate the absorption intensity spectrum I(!) of the bulk

system we consider a closed chain with � = 2N sites. As we have seen

in chapter 3 for �elds in the region of 0 � H < Hb the energy spectrum

presents non vanishing energy gap. For suÆciently low temperatures T only

the two fully polarized ground states jFAi, jFBi with � = N and � = �N
and vanishing energy are occupied with

p(0) ' 1=2: (4.11)

Then from equations (4.9) and (4.11) we can see that non zero contributions

to the intensity spectrum will be due to transitions from jFAi to the one-

magnon sector with � = N�1 and from jFBi to the sector with � = �N +1.

Because of the � $ �� symmetry the contribution of these two sets of

transitions will be equal therefore it is suÆcient to study only the former. In

the rest of this chapter we use this symmetry argument to restrict to tran-

sitions between the sectors with � = 0; 1; : : :N . We then scale the resulting

absorption intensity by two in order to account for transitions to negative � .

States of negative � are only considered for the proper calculation of p(E).

We now use the analytical results of section 3.2 for the � = N � 1 eigen-

states j i to calculate the relevant matrix elements hFAjMx;yj i. One can

easily check that for 0 � H < Hb all the matrix elements are equal to

zero except for those involving one-magnon states jAi and jBi characterized
by the quantum numbers � = N � 1, k = 0, and corresponding energies

EA;B = � � p
H2 + 1. Therefore at low temperatures the only possible

transitions are between jFAi and the states jAi and jBi contributing to the

absorption intensity Ix;y(!) at frequencies

!A = ��
p
H2 + 1; !B = �+

p
H2 + 1: (4.12)
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Figure 4.1: Field dependence of the resonance lines of the bulk system for

� = 3=2. The A and C lines actually designate the energy gap of the closed

chain in the thermodynamic limit while the skew dashed line represents the Ising

asymptote H ��.

For the special case of � = 3=2 !A and !B are displayed in �gure 4.1 by lines

A and B respectively.

The resulting transition amplitudes are found to be

jhFAjMxjAij2
hFAjAi =

jhFAjMyjBij2
hFAjBi =

�

8

(1 + Y )2

1 + Y 2

(4.13)
jhFAjMyjAij2
hFAjAi =

jhFAjMxjBij2
hFAjBi =

�

8

(1� Y )2

1 + Y 2

where Y = 1=(H+
p
H2 + 1). Combining equations (4.10), (4.11) and (4.13)

we �nd the absorption intensities per site Ix;yA = Ix;y(!A)=� and Ix;yB =

Ix;y(!B)=� to be

IxA =
!A
8

(1 + Y )2

1 + Y 2
; IyA =

!A
8

(1� Y )2

1 + Y 2

(4.14)

IxB =
!B
8

(1� Y )2

1 + Y 2
; IyB =

!B
8

(1 + Y )2

1 + Y 2

where we have included a factor of two due to the negative � transitions as

discussed above. The calculated intensities per site for anisotropy � = 3=2

are shown in �gure 4.2.
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Figure 4.2: The absorption intensities per site IA and IB of the bulk reso-
nance lines A and B for H < Hb.

For H > Hb the ground state is the lowest energy state of the � = 0

sector j 0i. Direct numerical diagonalization on short chains (� � 14) shows

that the �rst excited states of the system are the lowest lying states of the

� = �1 sectors j �1i which is veri�ed by Lanczos diagonalization on chains

up to � = 24 sites. At low temperatures only the ground state is occupied

with p(E) ' 1 and the absorption intensity spectrum is due to transitions

from j 0i to states of the � = �1 sectors. Here again we study transitions

to the � = 1 sector only.

The numerical calculation of the relevant matrix elements of bothMx and

My shows that the only signi�cant contribution to the absorption intensity

is caused by transitions from the j 0i to the j 1i states, resulting in a unique

resonance line in the spectrum of the absorption intensity at frequency

!C = E 1 � E 0 ; (4.15)
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Figure 4.3: The transition amplitude per site Qx
C corresponding to the C

resonance line for �eld applied along the x axis.

where E 0 and E 1 are the energies of the j 0i and j 1i states respectively.
In fact in region H > Hb !C is equal to the energy gap and can accurately

be determined by extrapolation of our Lanczos results. For the special case

of � = 3=2 the results are depicted in �gure 4.1 by line C.

The transition amplitudes per site

Qx
C =

jh 0jMxj 1ij2
�h 0j 0ih 1j 1i ; Qy

C =
jh 0jMyj 1ij2

�h 0j 0ih 1j 1i ; (4.16)

are then numerically calculated and extrapolated for the determination of

the corresponding absorption intensities per site Ix;yC = Ix;y(!C)=�. We �nd

that Qx
C diverges with � for �elds close to Hb while converging behavior is

restored for �elds in the region H & � as it is shown in �gure 4.3. Yet,

the corresponding intensity IxC scales smoothly with � suggesting that the

scaling behavior of Qx
C might be connected to that of !C . For the case of the

y direction we �nd that both Qy
C and IyC converge rapidly with increasing �.

The extrapolated intensities per site for the case of � = 3=2 are shown in

�gure 4.4.

In order to understand the diverging behavior of Qx
C in the region of Hb

we use our analytical result (3.32) for its explicit calculation. A reasonable
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Figure 4.4: The numerically calculated absorption intensities per site occur-

ring at frequency !C for �eld applied in either the x and y direction and � = 3=2.
The inset compares with the analytic approximation for H ' H+

b described in the
text.

amount of combinatorics leads to

h 0jMxj 1i = 1

2

NX
�=0

�
N � �p

q
+ �

p
q

��
N !

(N � �)!�!

�2
qN�2�: (4.17)

Its asymptotic behavior can then be found by expressing our result with re-

spect to h 0j 0i and IN of equations (3.35) and (3.36) respectively to produce

Qx
C =

�2

8(� + 1)
: (4.18)

For H ! H+
b a straightforward application of the Feynman-Helman theorem

yields

!C ' (M1 �M0)(H �Hb) (4.19)

while for large � from equation (3.38) we obtain

M1 �M0 =
1

�

p
�2 � 1: (4.20)

Using equations (4.18) (4.20) in (4.10) we obtain the absorption intensity per

site for �elds slightly above Hb

IxC '
1

4

r
�� 1

� + 1
(H �Hb) (4.21)
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where we have again scaled the result by two in order to account for the

j 0i ! j �1i transitions. The intensity calculated from (4.21) is depicted in

the inset of �gure 4.4 by the dashed line and we can see that it is in very good

agreement with the corresponding extrapolated results for �elds H ! H+
b .

The � dependence of the absorption spectrum for H > Hb can be found

by numerical calculation on short chains. The general qualitative picture for

the frequency !C can be derived by noting that the C line for large �elds

coincides with its Ising asymptote depicted by the dashed line of �gure 4.1.

4.3 Surface spin-op transition

We now consider an open chain with � = 2N in order to investigate the

absorption intensity spectrum that might be due to the existence of open

boundaries.

Similarly to the case of the closed chain for H < Hs the ground states

of the system are the two fully polarized states with � = N and � = �N
thus low temperature contributions to the absorption intensity will be due

to transitions from states jFAi, jFBi to one magnon states. Again we only

study transitions from jFAi to states with � = N � 1.

Numerical calculations of the relevant matrix elements on �nite chains

show that the dominant contributions to the absorption intensity spectrum

are found in the close vicinity of frequencies !A and !B and are now caused

by the sets of states that lie in the lower and upper limit of the one magnon

continuum respectively. As the size of the system increases the resulting fre-

quencies and intensities converge rapidly to those of equations (4.12), (4.14)

as expected.

Our results show that there is also signi�cant contribution from transi-

tions to the surface modes j1i, j10i. Speci�cally, the jFAi ! j1i transition
causes a distinct resonance line throughout the H < Hs region at frequency

equal to

!1 = E1(H); (4.22)

where E1(H) is the energy of the surface mode j1i for bias �eld H given by

equation (3.17). On the other hand the jFAi ! j10i transition causes a line

at frequency !10 = E1(�H) for H < H0 while above H0 the j10i state enters
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Figure 4.5: The resonance lines corresponding to surface transitions. The

A line corresponds to the bulk transition described in section 4.2.

the continuum contributing to the intensity of the A resonance line. The

frequencies !1, !10 for the case of � = 3=2 are displayed in �gure 4.5.

The transition amplitudes for the jFAi ! j1i transition can be calculated

from our analytical result (3.17) and are found to be rather insensitive to

chain size. For large � we �nd

jhFAjMxj1ij2
hFAjFAih1j1i =

�

4

(1 + r)2

1 + r2
;

jhFAjMyj1ij2
hFAjFAih1j1i =

�

4

(1� r)2

1 + r2
; (4.23)

where

r =
1

2

1 + �1
�+H � E

; � =
1 + �1
1� �1

(4.24)

and �1 is given by equation (3.17). The corresponding intensities are

Ix1 =
!1
4

� (1 + r)2

1 + r2
; Iy1 =

!1
4

� (1� r)2

1 + r2
; (4.25)

and for the case of � = 3=2 they are displayed in �gure 4.6.

For �elds in the region Hs < H < Hw the surface state j1i becomes the
ground state of the system. From (4.9) we see that the possible transitions

will now be from j1i to the jFAi state as well as to states of the two-magnon
sector with � = N � 2.
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Figure 4.6: The absorption intensities of the main surface transitions.

The �rst possibility j1i ! jFAi involves the transition amplitudes of

equation (4.23) and will cause a resonance line at frequency

!1 = EFA � E1 = jE1j: (4.26)

The corresponding absorption intensity is found from equations (4.25) where

!1 is now given by equation (4.26). The results for the special case of � = 3=2

are shown in �gure 4.6.

The numerical calculation of the matrix elements involving two-magnon

states shows that the A and B resonance lines are now caused by transitions

from the state j1i to bound states of the � = N � 2 sector. For large �

their frequency and intensity rapidly converge to the values calculated from

equations (4.12), (4.14).

Additional to bulk transitions we �nd that there is also contribution

caused by a transition to the lowest lying state of the two-magnon sector

j2i. This is actually a surface state and we �nd the frequency and matrix
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elements of the j1i ! j2i transition to be rather insensitive to chain size.

Our results for !2 and the corresponding intensity Ix;y2 on short chains have

stabilized to several signi�cant �gures and for � = 3=2 they are shown in

�gure 4.6.

In the region Hw < H < Hb the ground state strongly depends on the

speci�c value of � and it is diÆcult to provide a complete picture of the

occuring transitions. Yet, the A and B resonance lines of the closed chain

are still present and for large � they are found by equations (4.12) (4.14).

Finally, for H > Hb there are no new transitions of physical importance

that are induced by the boundaries and the resulting spectrum of the open

chain practically coincide with that of the closed chain.

4.4 Conclusion

We have provided an analysis of the ESR spectrum of both surface and

bulk spin op transitions. We have seen that the resulting spectrum probes

the energy excitation gap for all values of the bias �eld. Surface transitions

give signi�cant contribution that occur at frequencies which are distinct from

those corresponding to bulk modes. Furthermore, the resulting absorption

spectrum of either bulk or surface transitions is relatively insensitive to the

size of the chain making the identi�cation of the di�erent resonance lines

possible.

If a magnetic system described by our model (3.1) is doped with non-

magnetic ions so that a statistically signi�cant number of open boundaries

is created, transitions to surface modes can cause experimentally measurable

absorption intensity. The di�erent phases of the system can then be probed

by the emerging spectrum whereas the SSF and BSF phase transitions are

identi�ed by the closing of the corresponding excitation gap.

To summarize ESR spectroscopy proves to be very eÆcient for the study

and of the bulk and the surface spin-op phase transitions of magnetic ma-

terials that are in the region of parameters of our model (3.1).
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CHAPTER 5

THERMODYNAMICS

5.1 Introduction

In this chapter we study [44] thermodynamic properties of our model

(3.4) like the speci�c heat and the magnetization as functions of the applied

magnetic �eld and the temperature. The most straightforward method for

the calculation of thermodynamic properties is by evaluating the partition

function from the complete set of energy eigenvalues. This demands a com-

plete numerical diagonalization of the Hamiltonian which is possible only for

small chains (� ' 14) while a reliable extrapolation to larger values of � is

diÆcult.

The most powerful method for studying thermodynamic properties of

quasi one-dimensional quantum lattice models with short range interactions

is the transfer matrix renormalization group (TMRG) method [59{61]. This

method addresses directly the thermodynamic limit while it is possible to

reach very low temperatures of the order of T = 0:01J . TMRG is based on a

Trotter-Suzuki [62; 63] decomposition of the partition function leading to the

construction of the quantum transfer matrix (QTM). In the thermodynamic

limit the calculation of thermodynamic quantities reduces to the determina-

tion of the maximum eigenvalue and the corresponding eigenvector of the

QTM. The dimension of the quantum transfer matrix becomes very large

for low temperature calculations and requires the use of a density matrix

renormalization group (DMRG) method.
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The DMRG method [59; 60; 64; 65] is a numerical technique for �nding

accurate approximations to the ground state and the low-lying excited states

of large strongly interacting quantum lattice systems. The numerical renor-

malization group (RG) treatment was used for the �rst time by Wilson [66]

for the solution of the Kondo problem. It is actually a variational diago-

nalization scheme that truncates the relevant Hilbert space. In the DMRG

method the density matrix [59; 67] is used in the calculation for the selection

of the optimal base of the truncated space.

In section 5.2 we present a TMRG calculation for the magnetization at

�nite temperature while the zero temperature limit is consistent with results

obtained by extrapolation of our Lanczos results of chapter 3. Speci�c heat

calculations are presented in section 5.3 with a detailed analysis of low tem-

perature behavior in respect to anomalous scaling. A discussion on the origin

of the anomalous scaling phenomena and the validity of the dilute magnon

approximation is given in section 5.4. Our main conclusions are summarized

in section 5.5.

5.2 Magnetization

Our analytical results of chapter 3 (eqs. (3.40), (3.41)) allow us to check

that the T = 0 magnetization converges rapidly with increasing � for H =

Hb. For example the magnetization jump at the critical �eld calculated

by our Lanczos method for � = 22 di�ers from the analytical prediction

(3.41) by about 5%, a di�erence that is recti�ed by Richardson extrapolation

to an accuracy about one part in a thousand. Hence we have applied the

same extrapolation to our Lanczos results for H > Hb and the result is

depicted by the solid line in �gure 5.1. Extrapolation becomes unnecessary

for H & � leading us to believe that we have calculated the magnetization of

the thermodynamic limit with an accuracy better than 0.1% for all H � Hb.

We now apply our TMRG algorithm to calculate the temperature depen-

dence of the magnetization which is shown in �gure 5.2 for a number of �eld

values. The magnetization vanishes for all temperatures at vanishing �eld.

For �nite �elds in the subcritical region, H < Hb, the magnetization again

vanishes at T = 0, as expected, but develops a maximum at some �nite

temperature. Right at the critical �eld, H = Hb, the T = 0 limit of the
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Figure 5.1: Field dependence of the average magnetization per site � =

M=� for T = 0 (solid line) and T = 0:1 (dotted line). The solid circles represent the
values of the T = 0 magnetization just below Hb (� = 0), right at Hb (�b = 0:143),
and just above Hb (�0 = 0:224). The meaning of the open circles is discussed in

the text.
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Figure 5.2: Temperature dependence of the magnetization for various �eld

values throughout the BSF transition. The solid circles on the � axis correspond

to the same values as those of �gure 5.1.
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calculated curve is consistent with the value �b = 0:143 of equation (3.39),

applied for � = 3=2, whereas just above Hb the T = 0 limit is consistent with

the value �0 = 0:224 of equation (3.40). For supercritical �elds, H > Hb, the

low-temperature limiting values of � extracted from �gure 5.2 are depicted

by open circles in �gure 5.1 and are thus seen to be in excellent agreement

with our independent Lanczos calculation of the magnetization at T = 0.

Similarly the results extracted from �gure 5.2 at the speci�c temperature

T = 0:1 were used to calculate the �eld dependence of the magnetization at

this temperature, a result that is shown by a dotted line in �gure 5.1 and

illustrates the manner in which the T = 0 magnetization jump at the critical

point is smoothed out at �nite temperature.

5.3 Speci�c heat

We thus arrive at the main point of this chapter, namely the calculation

of the speci�c heat via a TMRG algorithm [60; 68]. In �gure 5.3 we compare

the TMRG result at vanishing �eld with a �nite-size calculation for chains

with � = 10; 12, and 14 for which a complete numerical diagonalization of

the Hamiltonian is possible. This comparison is surprising in that the trend

of the �nite-size results does not seem to be consistent with the calculated

thermodynamic limit. We have thus naturally questioned the validity of our

TMRG calculation. However this special case was also considered in �gure

4(b) of a paper by Kl�umper [69] whose numerical method is again based on a

transfer matrix but relies heavily on the complete integrability of model (3.4)

at vanishing staggered �eld. Direct correspondence with the above author

established that our result agrees with his throughout the temperature range

considered.

The \anomalous scaling" observed in �gure 5.3 for H = 0 persists for

nonvanishing �elds throughout the BSF transition but gradually disappears

in the \no-scaling region" H & � where the correct thermodynamic limit

is practically reached by very short chains, as short as � = 4. In any case,

the TMRG calculation of the temperature dependence of the speci�c heat is

illustrated in �gure 5.4 for various �eld values. The main feature of this �gure

is that the speci�c heat develops a double peak for �elds in the vicinity of

the critical point Hb. Furthermore the low-temperature behavior appears to
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Figure 5.3: Temperature dependence of the speci�c heat per site C at

vanishing �eld (H = 0).

be generally consistent with the �eld dependence of the magnon gaps shown

in �gure 4.1.

One would expect that the low-temperature speci�c heat is correctly pre-

dicted by a dilute-magnon or spinwave approximation, a long cherished as-

sumption in condensed matter physics. To check this assumption we �rst

consider the case of vanishing �eld for which our model is formally identi-

cal to the ferromagnetic XXZ chain extensively studied through the Bethe

Ansatz [49; 69]. At suÆciently low temperature the spinwave approximation

of the speci�c heat should read

C � G2
� exp(�G�=T )

(2�T 3)1=2
; G� = �� 1; (5.1)

where G� is the lowest magnon gap at vanishing �eld. Equation (5.1) sug-

gests considering the quantity �T ln(T 3=2C) which should interpolate linearly

to the magnon gap G� at T = 0. Yet a comparison of the spinwave predic-

tion (5.1) with the TMRG calculation shown in the � = 3=2 entry of �gure

5.5 reveals a sharp disagreement even at the lowest temperature accessible

by our method. On the other hand, one can show that the spinwave ap-

proximation agrees well with the �nite-size results for � = 10; 12; 14 given in

�gure 5.3 restricted to the temperature range of �gure 5.5. Clearly then the
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Figure 5.4: Speci�c heat for various �eld values throughout the BSF tran-

sition.

anomalous scaling noted earlier is intimately related to the apparent failure

of the dilute-magnon approximation.

In order to understand this situation we now invoke an asymptotic re-

sult obtained for the ferromagnetic XXZ chain by Johnson and Bonner [49]

who predict that the low-temperature speci�c heat is more appropriately

described by

C � G2
� exp(�G�=T )

(2�T 3)1=2
+
G2

1 exp(�G1=T )

T 2
;

(5.2)

G1 =
1

2

p
�2 � 1;
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Figure 5.5: Comparison of the calculated speci�c heat (solid line) at van-

ishing �eld (H = 0) with the spinwave approximation (5.1) (dotted line) and the

Johnson-Bonner prediction (5.2) (dashed line).
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where a new gap G1 is potentially important. The two gaps G� and G1

become equal at the critical anisotropy � = 5=3 and are ordered as G� < G1

or G� > G1 for � < 5=3 or � > 5=3.

Therefore, when 1 < � < 5=3, the magnon contribution in equation

(5.2) dominates for suÆciently low temperature, practically in the region

T � G1 � G� � Æ. For � = 3=2 one �nds that Æ = 0:06 and hence the

region T � Æ is diÆcult to approach by the inherently �nite-temperature

TMRG algorithm. This explains the apparent failure of spinwave theory

demonstrated in the � = 3=2 entry of �gure 5.5. However, when both terms

of Equation (5.2) are included, the agreement with our TMRG result is ob-

viously very good. The picture becomes more transparent in the � = 5=4

entry of �gure 5.5 where the di�erential gap Æ = 0:125 is greater and thus

the region T � Æ becomes accessible to TMRG, albeit somewhat marginally.

Also interesting is the result for the critical anisotropy � = 5=3 shown in

�gure 5.5, where the failure of spinwave theory becomes complete, whereas

our result continues to agree with the Johnson-Bonner prediction (5.2). Fi-

nally we have examined the case of a supercritical anisotropy, � = 2, with a

similar conclusion.

At �nite (staggered) �eld our model is not equivalent to the ferromag-

netic XXZ chain and thus the �nite-�eld results of reference 49 are no longer

applicable. We do not know at this point how to generalize equation (5.2)

to account for a staggered �eld, especially because complete integrability

seems to be lost. Numerical investigation of this issue suggests that spinwave

anomalies persist in the subcritical region H < Hb while normal spinwave be-

havior is restored for H > Hb. In the latter region the quantity �T ln(T 3=2C)

interpolates linearly to the magnon gap G shown in �gure 4.1.

5.4 Johnson-Bonner anomalies

In order to understand the origin of the new gap G1 we examine the Ising

model which presents similar low temperature anomalous scaling behavior.

The energy levels of a cyclic ferromagnetic Ising chain (ring) appear at

E = 0; 2jJ j; 4jJ j; : : : , where J is the exchange parameter, therefore one

would expect the low temperature behavior of the speci�c heat to be governed

by an energy gap of 2jJ j. The exact partition function for an Ising ring can
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be found to be [14]

Z� = 2�
�
cosh�(J=T ) + sinh�(J=T )

�
: (5.3)

We may see from a series expansion of equation (5.3) that there is an \ac-

cidental" canceling of the odd powers of eJ=T for any �nite � thus causing

an e�ective gap of 2jJ j which is equal to the lowest excitation energy of the

Ising ring. The canceling is due to the e�ect of the sinh�(J=T ) term which

is completely negligible in the thermodynamic limit � ! 1 resulting in an

e�ective gap of J . This means that in the thermodynamic limit the low tem-

perature behavior is not determined just by the low-lying states but may be

governed by all the energy levels.

Using the Ising model as their starting point Johnson and Bonner [49]

proposed that in the thermodynamic limit of the zero �eld XXZ model the

e�ective gap depends on both the energies and the degeneracy of the lowest

lying excitations. Speci�cally, they suggested that an energy level E with

multiplicity of the order O(N r) produce an e�ective gap of E=r ; e.g. the

degeneracy of the 2jJ j energy state of the Ising ring is of order O(N2) and

should induce an e�ective gap jJ j which is consistent with the exact result. In
this interpretation the e�ective gapG1 of our model is found to originate from

bound multimagnon or domain wall states predicted by the Bethe Ansatz

solution to rise at energy
p
�2 � 1 [49; 56], including the notorious factor

1=2 due to their multiplicity.

The most important conclusion of this analysis is that the dilute magnon

approximation can sometimes fail to predict the correct low temperature

behavior of quantum spin systems. Furthermore, as we can see in �gures

5.4, its validity can be restricted to very low temperatures which may be

diÆcult to reach either experimentally or by numerical calculations. In every

case the dilute magnon predictions should be corroborated by more accurate

calculations.

5.5 Conclusion

We have presented a reasonably complete theoretical description of the

thermodynamics of the spin-op transition for Hamiltonian (3.4). The calcu-

lated speci�c heat exhibits a double peak at the critical �eld Hb which might
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be related to the special character of the BSF transition while anomalous

scaling phenomena are present throughout a wide range of parameters . Our

explicit results would be directly relevant for the analysis of actual experi-

ments, provided that a quasi-one-dimensional magnetic system is found that

is described by our model Hamiltonian at least approximately [55]. On the

other hand we have checked that the TMRG algorithm provides exceptional

accuracy even under stringent conditions while it can be trivially adjusted

to handle a general class of spin systems without relying on integrability.
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CHAPTER 6

SPIN-1 PLANAR FERROMAGNET CsNiF3

6.1 Introduction

In this chapter [45] we apply the DMRG and TMRG methods, described

in chapter 5, to study the magnetic compound CsNiF3. CsNiF3 has been

the subject of a number of experimental investigations which suggest that it

undergoes three-dimensional (3D) ordering at very low temperatures, T <

TN = 2:7 K, but exhibits essentially one-dimensional (1D) behavior for T >

TN . It is believed that an appropriate 1D model is described by the spin

s = 1 Hamiltonian

W =
X
n

��JSn � Sn+1 + A(Szn)
2 � g�BH�Sn

�
; (6.1)

which contains a ferromagnetic (J > 0) isotropic exchange interaction and

an easy-plane (A > 0) single-ion anisotropy, in addition to the usual Zeeman

term produced by an applied �eld H.

The derivation of accurate theoretical predictions based on Hamiltonian

(6.1) turned out to be more diÆcult than anticipated thanks to the strong

quantum uctuations that occur in this quasi-1D system. In particular, the

leading-order magnon dispersion derived within the usual 1=s expansion is

too crude an approximation for s = 1. As a result, inelastic neutron scat-

tering experiments were analyzed [70] mostly on the basis of an alternative

dispersion derived by Lindgard and Kowalska [71] using a self-consistent ap-

proach that is designed to properly account for single-ion anisotropy. Sim-
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6. Spin-1 planar ferromagnet CsNiF3

ilarly, a large body of experimental data became available for thermody-

namic quantities such as magnetization, susceptibility, and speci�c heat, but

a corresponding theoretical calculation proceeded slowly. To the best of our

knowledge, the most accurate calculation of thermodynamics was provided

by Delica et al [72] based on a quantum transfer matrix, while comparable

success was claimed more recently by Cuccoli et al [73] through a sophisti-

cated semiclassical approach. The above two papers also contain an extensive

list of references to earlier work.

It is our aim in this chapter to derive theoretical predictions that are ac-

curate to within line thickness and thus provide a safe basis for the discussion

of various issues that have been raised during the long history of this subject.

In section 6.2, experimental data on the magnon dispersion are analyzed

in terms of an unconventional 1=n expansion [74] which is shown to contain

the Lindgard-Kowalska dispersion as a special case. The accuracy of the

leading 1=n approximation is con�rmed by an independent calculation of the

�eld dependence of the magnon gap using a DMRG method [64; 65], while a

discussion of anharmonic corrections within the conventional 1=s expansion

is also included for comparison. Thermodynamic quantities are calculated

in section 6.3 by a powerful TMRG algorithm [59{61]. We are thus in a

position to appreciate the relative accuracy of earlier calculations, analyze

all available data and anticipate results of possible future experiments, as

well as challenge popular interpretations in terms of sine-Gordon solitons. A

brief summary of the main conclusions is given in section 6.4.

6.2 The magnon dispersion

The standard spinwave theory is a method for calculating quantum cor-

rections around the classical minimum of Hamiltonian (6.1) by a systematic

1=s expansion. The 1=n expansion developed in reference 74 is of a similar

nature, except that the corresponding \classical" minimum is a variational

Hartree-like ground state that is more sensitive to the nature of single-ion

anisotropy and thus provides a more sensible starting point. Hence one ob-

tains an accurate magnon dispersion even if the 1=n series is restricted to the

harmonic approximation.

For a �eld applied in a direction perpendicular to the c-axis, e.g., H =

88



6.2. The magnon dispersion

(H; 0; 0), the magnon energy at crystal momentum q is given by

!q = 2J
n
(1 + ")(

�

4"
� cos q)

h �
4"
(1 + ")� (1� ") cos q

io1=2

(6.2)

Here and in the rest of this chapter we employ rationalized parameters for

anisotropy and �eld,

� = A=J; h = g?�BH=J; (6.3)

while energy and temperature may be measured in units of the exchange

constant J . The notation employed for the gyromagnetic ratio g? implies

that the corresponding ratio gk for a �eld parallel to the c-axis may be di�er-

ent. Finally, the dimensionless parameter " in equation (6.2) is determined

in terms of � and h by the algebraic equation

" =
�(1� "2)1=2

2h+ 4(1� "2)1=2
: (6.4)

One should add that derivation of systematic 1=n corrections to the harmonic

approximation (6.2) is possible [74] but unnecessary in the parameter range

of current interest: �; h < 0:5.

At zero �eld, the root of equation (6.4) is " = �=4 which is inserted

in equation (6.2) to provide a completely explicit expression for the magnon

dispersion. For nonzero �eld, equation (6.4) may be solved by simple iteration

starting with " = 0. In fact, the result of a single iteration,

" ' �

2h+ 4
; (6.5)

is practically indistinguishable from the exact root of equation (6.4) for pa-

rameters such that �; h < 0:5. The last remark becomes especially important

if one notes that the dispersion obtained by inserting the approximate root

(6.5) in equation (6.2) is precisely the magnon dispersion derived earlier by

Lindgard and Kowalska [71], applied for s = 1, which was in turn employed

for the analysis of experimental data from inelastic neutron scattering [70].

The latter analysis provided what is often referred to as the standard set

of parameters for CsNiF3 :

J = 23:6 K; A = 9 K; g? = 2:4: (6.6)
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The corresponding theoretical predictions of the magnon dispersion (6.2) are

compared to experimental data [70] in the upper panel of �gure 6.1. The

agreement is obviously very good for �eld H = 41 kG, while a slight but

systematic deviation is observed for H = 0. This conclusion is somewhat

surprising in view of the claim in reference 70 that nearly perfect agreement is

obtained for both �eld values, even though the Lindgard-Kowalska dispersion

employed in the above reference is practically identical to equation (6.2) for

the set of parameters (6.6). The systematic nature of this discrepancy makes

it unlikely that the data communicated to us by Steiner [75] di�ers from the

data actually used in the analysis of reference 70. A more likely explanation

is that the Lindgard-Kowalska dispersion was further approximated by the

authors of reference 70, as is evident in the expression for the magnon gap

given in their equation (5).

Although the observed discrepancy appears to be minor, it nonetheless

leads to a substantial rede�nition of parameters. Thus we have redetermined

the exchange constant J and anisotropy A by a least-square �t of the zero-

�eld data to dispersion (6.2), while the gyromagnetic ratio was subsequently

obtained by a one-parameter least-square �t of the H = 41 kG data. The

resulting new set of parameters

J = 23:6 K; A = 11 K; g? = 2:18 (6.7)

restores agreement with experiment for both �eld values, as is shown in the

lower panel of �gure 6.1. A notable feature of equations (6.6) and (6.7) is

that the exchange constant has remained unchanged. Indeed, throughout our

analysis, we found no evidence for departure of the exchange constant from

the value J = 23:6 K which will thus be adopted in the following without

further questioning.

In contrast, the observed signi�cant uctuations in the anisotropy con-

stant A and gyromagnetic ratio g? simply reect the fact that the magnon

dispersion is not especially sensitive to those parameters. Therefore, their val-

ues given in either equation (6.6) or (6.7) cannot be considered as established

without further corroboration. Now, the reduced value of the gyromagnetic

ratio given in equation (6.7) is consistent with g? = 2:1� 0:05 obtained in-

dependently by measuring the saturation magnetization at strong �elds [72]

and is also supported by the analysis of the zero-�eld susceptibility in section
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Figure 6.1: The magnon energy E = !q as a function of crystal momentum
q calculated from equation (6.2) for two values of the applied �eld, H = 0 and H =

41 kG, and two di�erent sets of parameters. The insets illustrate the corresponding

�eld dependence of the q = 0 magnon gap G calculated from equation (6.8). Solid

circles represent experimental data from reference 70 taken at T = 4:2 K.
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6.3. But a proper choice of the anisotropy constant A will be a matter of de-

bate throughout this chapter. In this respect, one should keep in mind that

the neutron data displayed in �gure 6.1 were taken at helium temperature,

T = 4:2 K, which is relatively high but not too distant from the 3D-ordering

transition temperature TN = 2:7 K. Hence, �nite-temperature e�ects as well

as deviations from ideal 1D behavior may already be present.

An important special case of the magnon dispersion (6.2) is the zero-

momentum gap G = !q=0, or

G =

(
g?�BH

"
g?�BH + A

�
1 + "

1� "

�1=2
#)1=2

; (6.8)

where we have made use of the algebraic equation (6.3) to simplify the ex-

pression [74]. A comparison of the predictions of equation (6.8) with the

measured �eld dependence of the magnon gap [71; 75] is shown in the insets

of �gure 6.1 for both sets of parameters. Although the overall agreement is

reasonable, systematic deviations are present at relatively low �eld values in

both cases. An attempt to redetermine the parameters by a least-square �t

of the q = 0 data to equation (6.8) yields values for A and g? that would sig-

ni�cantly compromise the agreement obtained at nonzero crystal momentum

q.

Implicit in the preceding discussion is the presumption that the magnon

dispersion (6.2) and its special case (6.8) are suÆciently accurate and there

is no need to proceed with the calculation of anharmonic 1=n corrections.

We now test this assumption by a completely independent calculation of the

�eld dependence of the magnon gap based on a DMRG algorithm [64; 65].

An early e�ort [76] to apply a renormalization-group technique was restricted

to short chains (16 sites) and thus provided reasonable but not especially

accurate estimates of the magnon gap. The DMRG algorithm allowed us

to calculate the gap on long chains up to 400 sites. We have also tested

the stability of our results through Shanks or Richardson extrapolation [51]

and believe to have calculated the gap to an accuracy greater than the three

�gures actually displayed in the third column of Table 6.1.

It is then important that the corresponding results obtained through

equation (6.8), listed in the second column of Table 6.1, are in agreement

with the DMRG calculation. Since the relative accuracy is expected to fur-
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h Magnon gap G

1=n DMRG 1=s

0.000 0.000 0.000 0.000

0.025 0.105 0.106 0.109

0.050 0.152 0.155 0.160

0.075 0.192 0.195 0.201

0.100 0.227 0.230 0.238

0.150 0.290 0.295 0.304

0.200 0.350 0.354 0.365

0.250 0.406 0.411 0.422

0.300 0.461 0.466 0.478

0.400 0.568 0.573 0.586

0.500 0.673 0.677 0.691

Table 6.1: Magnon gap in units of J , for a typical anisotropy � = A=J =

0:38, and a �eld h = g?�BH=J applied in a direction perpendicular to the c-axis.

ther improve at nonzero crystal momentum q, one must conclude that the

magnon dispersion (6.2) is suÆciently accurate for all practical purposes.

Therefore, any disagreement between theory and experiment should be at-

tributed to other reasons. In particular, one should note in Table 6.1 that

the 1=n results slightly underestimate the DMRG data and hence the lat-

ter cannot be used to eliminate the remaining small disagreement with the

experimental data shown in the insets of �gure 6.1.

Next we comment on the relative validity of the standard semiclassical

theory based on a 1=s expansion. The corresponding harmonic approxima-

tion of the magnon dispersion is clearly inaccurate, as is apparent in the

estimate of anisotropy A = 4:5 K encountered in the early literature [77].

However, the semiclassical prediction can be signi�cantly improved by in-

cluding the �rst (anharmonic) 1=s correction. At zero �eld, a completely an-

alytical calculation is possible and may be found in reference 78. For nonzero

�eld, the anharmonic correction is expressed in terms of complicated inte-

grals that cannot be computed analytically. Therefore, for simplicity, the

main point is made here by considering only the q = 0 magnon gap which
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can be written as

G = G0

�
1 + Æ=s+O(1=s2)

�
;

G0 = sJ [h(h+ 2�)]1=2 ; Æ =
�

h + 2�

�
1

2
� I

�
; (6.9)

I =
1

�

Z �

0

dq
1� cos q + h=2 + �=4

[(1� cos q + h=2)(1� cos q + h=2 + �)]1=2
;

where the rationalized �eld is now de�ned as h = g?�BH=sJ which di�ers

from the de�nition given in equation (6.3) by a factor that becomes unimpor-

tant for s = 1. G0 is the (harmonic) classical approximation and Æ provides

the �rst anharmonic correction which amounts to about 15 � 20% of the

total answer. Numerical values for the gap calculated from equation (6.9),

applied for s = 1, are listed in the fourth column of Table 6.1. These val-

ues overestimate the DMRG data by a wider margin than the harmonic 1=n

approximation underestimates the same data. Therefore, we again conclude

that the magnon dispersion (6.2) and the magnon gap (6.8) provide the most

accurate description.

Finally, we mention that an 1=n expansion is also possible in the case

of a �eld parallel to the c-axis, along the lines outlined in the Appendix of

reference 74. Such a possibility will not be pursued further here, except for

a minor application in section 6.3.2, mainly because we do not know of an

experimental measurement of the magnon dispersion for this �eld orientation.

6.3 Thermodynamics

Since the calculation of the partition function through a complete diago-

nalization of the Hamiltonian is only possible on very short chains (� ' 7)

more powerful numerical methods proceed with the construction of a quan-

tum transfer matrix (QTM) obtained by an M -step Trotter decomposition.

An explicit calculation was initially performed via Quantum Monte Carlo

sampling [79] and was also limited to short chains (� = 16) and a relatively

small number of Trotter steps (M = 12). This procedure led to reasonable

results for the magnetization and susceptibility, but the calculation of the

speci�c heat was plagued by large statistical errors.

A more systematic QTM calculation was later accomplished [72] on long
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chains (� � 150) by limiting the number of Trotter steps (M � 6) which

allows an accurate diagonalization of the matrices involved in the Trotter

decomposition. At �rst sight, a small M limits the calculation to high tem-

peratures. However, Delica et al [72] extrapolate their results for M = 4; 5

and 6 to higher values of M and thus obtain thermodynamic quantities that

are expected to be accurate to within a few percent in the temperature region

T > 0:16J ' 4 K. This restriction is not crucial for application to CsNiF3

in view of the 3D-ordering transition below TN = 2:7 K which limits the

validity of the 1D model anyway.

Our TMRG calculation [59{61] concentrates on the largest eigenvalue of

the QTM and thus addresses directly the in�nite-chain limit. The number

of Trotter steps may be chosen to be as large as M � 160 which leads

to numerical results with an accuracy better than line thickness, down to

temperature as low as T = 0:02J ' 0:5 K which is one order of magnitude

lower than the lowest temperature reached in earlier calculations. We �nd

that the results of Delica et al [72] are reliable, within the anticipated limits

of accuracy, whereas the more recent elaborate semiclassical calculation of

Cuccoli et al [73] is not very accurate over the temperature region of current

interest.

6.3.1 Field perpendicular to c

We begin with the discussion of the temperature dependence of the zero-

�eld transverse susceptibility �? measured sometime ago by Dupas and Re-

nard [80]. The TMRG result for the standard set of parameters (6.6) is

depicted by a dashed line in �gure 6.2 and is seen to systematically deviate

from the experimental data. The agreement with experiment for this set of

parameters claimed by Cuccoli et al [73] is due to inaccuracies in their calcu-

lation, a point that will be made more explicit in our subsequent discussion

of the speci�c heat.

Now, the transverse susceptibility �? is found to be largely insensitive to

the speci�c strength of anisotropy, as demonstrated in the inset of �gure 6.2.

On the other hand, �? depends quadratically on the gyromagnetic ratio g?

and is thus very sensitive to its speci�c value. It is then important that a

reasonable agreement with the data is achieved for the same value g? = 2:18
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Figure 6.2: Comparison of TMRG predictions for the temperature depen-

dence of the zero-�eld transverse susceptibility �? with experimental data from

reference 80 (solid circles). The dashed line corresponds to the standard set of

parameters of equation (6.6) and the solid line to a lower value of the gyromag-

netic ratio (g? = 2:18). The inset illustrates the calculated susceptibility for two

values of anisotropy, A = 9 K (solid line) and A = 11 K (dotted line), which lead

to virtually identical results.

obtained by our spinwave analysis of section 6.2, as shown by the solid line in

the main frame of �gure 6.2. The remaining systematic departure from the

data observed for T . 5 K could be due to a gradual onset of 3D ordering

at low temperatures.

The above choice of the gyromagnetic ratio is further challenged by com-

paring, in �gure 6.3, the TMRG prediction for the �eld dependence of the

magnetization with experimental data taken at selected temperatures [72].

The speci�c value of A chosen in �gure 6.3 is not important because the

transverse magnetization is also not particularly sensitive to the strength of

anisotropy. But the relatively low value g? = 2:18 was again important to

improve agreement with the data. Yet a signi�cant disagreement between

theory and experiment is apparent in �gure 6.3, even at relatively high tem-

peratures. The lower value g? = 2:1 employed in reference 72 reduces but

does not eliminate the discrepancy. An attempt to remedy this situation by

incorporating a phenomenological interchain interaction leads to a deteriora-

tion of the corresponding theoretical prediction for the zero-�eld transverse
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Figure 6.3: Comparison of TMRG predictions for the �eld dependence

of the magnetization M at selected temperatures with experimental data from
reference 72 (solid circles). Ms is the saturation magnetization, and the speci�c

choice of parameters is discussed in the text.

susceptibility [72].

We next discuss the speci�c heat C = C(T;H) which was measured

experimentally by Ramirez and Wolf [81]. In fact, most of the attention was

concentrated on the excess speci�c heat

�C = C(T;H)� C(T; 0) (6.10)

viewed as a function of �eld H at some speci�ed temperature T . An elemen-

tary argument based on the dilute-magnon approximation suggests that �C

is negative and decreases with increasing �eld, because the magnon disper-

sion discussed in section 6.2 increases monotonically with H for all values

of the crystal momentum q. Nevertheless, the experiment revealed that �C

rises to a positive maximum at some �eld Hmax � T 2 before it begins to

decrease and eventually reach negative values for stronger �elds. A possible

explanation of this unexpected behavior could be that the dilute-magnon ap-

proximation breaks down in the actual temperature range of the experiment,

or \nonlinear modes" are activated in addition to magnons. Whence the

beginning of a long debate concerning the possible relevance of sine-Gordon

kinks, at least in some approximate sense [72; 73].
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Figure 6.4: Comparison of TMRG predictions for the excess speci�c heat

(solid lines) with experimental data from reference 81 (solid circles) for two typi-

cal values of temperature. The dashed lines depict the corresponding theoretical

results of reference 73 for the same set of parameters given by equation (6.6).

One of the advantages of an accurate numerical algorithm such as TMRG

is that potential nonlinear e�ects are automatically taken into account. Our

results for the excess speci�c heat calculated for the standard choice of pa-

rameters given in equation (6.6) are depicted in �gure 6.4 for two character-

istic values of temperature actually employed in the experiment [81]. Inspite

of the overall qualitative agreement, signi�cant quantitative di�erences are

apparent in �gure 6.4 for both values of the temperature. We were thus

surprised to note that the theoretical results of Cuccoli et al [73; 82] for the

same set of parameters, depicted by dashed lines in �gure 6.4, are in agree-

ment with the data for the speci�c temperature T = 7:1 K. On the other

hand, our results agree with those given by Delica et al [72] for the same set

of parameters, except for some minor (a few percent) di�erences anticipated

by the introductory remarks of this section. As mentioned already, a similar

criticism applies to the calculation of the transverse susceptibility by Cuc-

coli et al [73]. We must thus conclude that the semiclassical nature of their

method does not allow a completely accurate calculation in this temperature

range and the claimed agreement with experiment is fortuitous.

It is now interesting to examine whether or not the alternative set of
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Figure 6.5: Comparison of TMRG predictions for the excess speci�c heat,

for two di�erent sets of parameters, with experimental data from reference 81 (solid

circles).

parameters given in equation (6.7) may be used to eliminate the observed

di�erences. In fact, our results quoted in �gure 6.5, together with those

given in �gure 4 of reference 72 for yet another set of parameters, suggest

that an accurate �t of the data is not possible for any reasonable choice of

parameters.

Nevertheless, the main qualitative features of the experimental data are

reproduced by the theoretical calculation. Therefore, it is important to exam-

ine further within the 1D model the mechanism by which the simple spinwave

argument given earlier in the text is reconciled with a positive excess speci�c

heat. In the remainder of this subsection we �nd it convenient to work exclu-

sively with the rationalized parameters � and h of equation (6.3) whereas the

temperature � = T=J is measured in units of the exchange constant J . The

corresponding absolute speci�c heat per lattice site is denoted by c = c(�; h)

and the excess speci�c heat by Æc = c(�; h)� c(�; 0).

We �rst consider the quantity

�� ln(� 3=2c) = G +G1� +G2�
2 + : : : ; (6.11)

where the expansion in the right-hand side presumes that the low-temperature

thermodynamics is dominated by magnons with a q = 0 energy gap equal
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Figure 6.6: TMRG calculation of the excess speci�c heat Æc for a typical

anisotropy (� = 0:5) and for the isotropic spin-1 ferromagnetic chain (� = 0). The

inset depicts the temperature dependence of the absolute speci�c heat c for two
�eld values, h = 0 and 0:1, and anisotropy � = 0:5. All quantities shown in this

�gure are expressed in rationalized units.

to G. A detailed TMRG calculation of the left-hand side of equation (6.11)

for low temperatures down to � = 0:02 reveals a behavior that is indeed

consistent with the right-hand side of the same equation. Putting it in more

practical terms, an extrapolation to � = 0 using a second-degree polynomial

to �t the low-temperature numerical data yields estimates of the magnon

gap G which are in agreement with the direct DMRG calculation given in

Table 6.1. A curious fact is that the present calculation gives values for the

gap that are even closer to the 1=n results of Table 6.1, but this may be an

artifact of the speci�c second-order interpolation scheme.

The implied normal spinwave behavior of this easy-plane ferromagnetic

chain should be contrasted with the low-temperature anomalies discovered

by Johnson and Bonner [49] in an easy-axis ferromagnetic chain and recently

con�rmed by a TMRG calculation [44]. The absence of such anomalies in

the present model reinforces the need for explaining the excess speci�c heat

in simple terms.

The inset of �gure 6.6 illustrates the calculated temperature dependence

of the speci�c heat c for a typical anisotropy � = 0:5 and two �eld values;

h = 0 and 0:1. It is clear that a nonzero �eld causes a depression of the
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speci�c heat at low temperatures thanks to the opening of a �nite magnon

gap. This is the expected normal spinwave behavior, as predicted by the

usual dilute-magnon approximation. What is not accounted for by dilute

magnons is the crossing of the h = 0 and h = 0:1 curves at a point P that

corresponds to a speci�c temperature � which depends on h. In particular,

P is located near the origin for small h and moves outward with increasing

h. This crossing is precisely the origin of the positive excess speci�c heat at

low h, as demonstrated again by the � = 0:5 solid curve in the main frame

of �gure 6.6 for the speci�c temperature � = �0 = 0:2.

Indeed, for any �xed �0, the crossing point P occurs at some � < �0 for

suÆciently weak �elds, and thus leads to positive Æc at � = �0. With increas-

ing �eld the point P moves to the right and the corresponding temperature �

eventually overtakes �0, thus leading to negative Æc at � = �0 for suÆciently

strong �elds. The described picture is valid for any choice of �0, and is con-

�rmed by all of our numerical experiments. Therefore, the explanation of

a positive Æc at low �elds is equivalent to ascertaining the robust enhance-

ment of the absolute speci�c heat c with increasing �eld, inspite of its initial

depression by the �eld dependent magnon gap.

At this point one could invoke the popular sine-Gordon approximation

to argue that the crossing mechanism described in the preceding paragraph

is due to the activation of kinks or other nonlinear modes in addition to

magnons. We think that such an interpretation is dubious simply because the

same mechanism occurs also in the isotropic Heisenberg chain, as illustrated

by the � = 0 line in �gure 6.6. In fact, the e�ect is strongly pronounced in

the isotropic limit, even though a sine-Gordon approximation is clearly out

of question.

Therefore, we return to the described crossing mechanism and attempt to

explain it by more elementary means [83]. The absolute speci�c heat satis�es

the obvious identity

Z 1

0

d� c(�; h) = u(1; h)� u(0; h); (6.12)

where u(�; h) is the internal energy at temperature � and �eld h. A corre-

sponding identity for the excess speci�c heat is obtained by applying equation
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(6.12) twice:Z 1

0

d� Æc(�; h) = [u(1; h)� u(1; 0)] + [u(0; 0)� u(0; h)] : (6.13)

A signi�cant simpli�cation occurs in the limit of an isotropic ferromagnetic

chain for which the �eld dependence of the energy levels is simply a linear

Zeeman shift mh, with m = 0;�1;�2; : : :. Therefore the �eld dependence

averages out of the in�nite-temperature internal energy u(1; h), which is the

sum of all energy levels, and u(1; h)� u(1; 0) = 0. If we further recall that

e(h) = u(0; h) is the ground-state energy at �eld h, we obtain the elementary

sum rule Z 1

0

d� Æc(�; h) = e(0)� e(h) = h; (6.14)

where we have also invoked the known energy of the fully polarized ferro-

magnetic ground state.

The obvious consequence of equation (6.14) is that positive values of Æc

are the rule rather than the exception. In particular, the initial depression

of the speci�c heat (Æc < 0) at low temperatures, due to the opening of a

magnon gap at �nite �eld, is overwhelmed by positive values of Æc attained

at higher temperatures also thanks to the applied �eld. This explains the

gross features of the crossing mechanism described earlier in the text and

concludes our discussion of the excess speci�c heat.

6.3.2 Field parallel to c

The case of a �eld parallel to the c-axis is equally interesting but the

corresponding experimental work has not been as extensive. We begin with

the discussion of the temperature dependence of the zero-�eld longitudinal

susceptibility. A notable feature of �k(T ) is that it must approach a �nite

value in the limit T ! 0. A simple estimate of this value is obtained by a

straightforward classical argument. In the presence of a �eld H = (0; 0; H)

the classical ground state is such that all spins form an angle � with the c-axis

calculated from cos � = gk�BH=2A. Therefore, the T = 0 magnetization is

given by M = �gk�B cos � and the susceptibility by

�clk (T = 0) =
1

2A
(�g2k�

2
B); (6.15)
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Figure 6.7: Comparison of TMRG predictions for the temperature depen-

dence of the zero-�eld longitudinal susceptibility �k with experimental data from

reference 80 (solid circles).

where � is the total number of magnetic sites and gk is the gyromagnetic

ratio for a �eld applied along the c-axis.

Of course, numerical estimates based on the above classical result are not

expected to be accurate, for reasons similar to those explained in section 6.2.

However, a more accurate prediction may again be obtained through the 1=n

expansion. To leading order, the T = 0 magnetization is calculated as the

expected value of the azimuthal spin in the Hartree variational ground state

given in the Appendix of reference 74. Restricting that calculation to weak

�elds one may extract the T = 0 longitudinal susceptibility

�
1=n
k (T = 0) =

1

A

�
1� A

4J

�
(�g2k�

2
B): (6.16)

The main di�erence from equation (6.15) is an overall factor of 2, which is

essentially the same factor that caused the low estimate A = 4:5 K in the

early literature [77], in addition to some mild dependence on the exchange

constant. In any case, the main conclusion is that �k is more sensitive to

the value of the anisotropy constant A than to the exchange constant J , a

situation that is reverse to the one encountered in section 6.3.1.

Therefore, the longitudinal susceptibility is an ideal physical quantity

to yield a sensible estimate of the anisotropy constant A, provided that an
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Figure 6.8: Comparison of TMRG predictions for the �eld dependence

of the magnetization M at selected temperatures with experimental data from

reference 72 (solid circles). The �eld is applied along the c-axis and Ms is the
saturation magnetization.

accurate value for gk is also available. The latter is �xed here by appealing to

a theoretical estimate [80] of the di�erence g?� gk ' 5� 10�2 which leads to

gk = 2:13 if we adopt our earlier value for the transverse gyromagnetic ratio

g? = 2:18. The corresponding TMRG calculation of �k(T ) is illustrated in

�gure 6.7 for various reasonable choices of A. The experimental data [80] are

well reproduced for the set of parameters

J = 23:6 K; A = 8:25 K; gk = 2:13; (6.17)

which is closer to the set employed by Delica et al [72]. In addition, the

�eld dependence of the magnetization measured at selected temperatures

[72] agrees with our TMRG calculation without further �t of parameters, as

demonstrated in �gure 6.8.

Incidentally, for this choice the classical result (6.15) yields 0:10 emu/mol

and the leading 1=n approximation (6.16) gives 0:19 emu/mol. These values

should be compared with �k(T = 0) ' 0:175 emu/mol extracted by a visual

extrapolation of the solid curve in �gure 6.7 to T = 0. Including the 1=n

correction produced by zero-point uctuations in equation (6.16) will bring

its prediction to the same level of accuracy with the magnon gap discussed

in Table 6.1.
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Figure 6.9: TMRG calculation of the �eld dependence of the magnetization

M for a wide �eld range and two typical values of temperature. The inset displays

the corresponding results for the �eld dependence of the susceptibility. The �eld

is applied along the c-axis and the critical �eld Hc is estimated to be 58 kG for

gk = 2:13.

It is now interesting to take this calculation into the region of strong �elds

where the ground state becomes completely ordered along the c-axis. Such

a ferromagnetic state is actually an exact eigenstate of the Hamiltonian for

any strength of the �eld H. But the corresponding magnon gap

G = gk�BH � A (6.18)

is positive only for H > Hc where

Hc = A=gk�B (6.19)

is the critical �eld beyond which the fully ordered state is the absolute ground

state. The gap vanishes for all H < Hc because the corresponding magnon

is a Goldstone mode associated with the axial symmetry for this �eld orien-

tation.

For the set of parameters (6.17) one �nds that Hc = 58 kG, in reasonable

agreement with the value 62:5 kG estimated from an experiment of A. Miedan

which is quoted in reference 80 but is apparently unpublished. According

to the description of Dupas and Renard, [80] Miedan measured the �eld
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Figure 6.10: TMRG calculation of the excess speci�c heat for a wide �eld

range and two typical values of temperature. The �eld is applied along the c-axis
and the critical �eld Hc is estimated to be 58 kG for gk = 2:13.

dependence of the magnetization at T = 4:2 K and extracted Hc from the

observed bending of the M(H) curve. Although we do not know the details

of this experiment, we have calculated the M(H) curve at T = 4:2 K for

a wide �eld range and the result is depicted by a dashed line in �gure 6.9.

Interestingly, the bending of theM(H) curve is not predicted to be especially

sharp at this temperature, as is apparent in the corresponding susceptibility

displayed also by a dashed line in the inset of �gure 6.9. In other words, if

the location of the maximum of the susceptibility were taken as an estimate

of the critical �eld Hc, the latter would have been severely underestimated.

The situation improves slowly at lower temperatures, as indicated by the

solid lines in �gure 6.9 which correspond to T = 2:4 K; i.e., to a temperature

that is already below the 3D-transition temperature TN = 2:7 K.

It is clear that we cannot go farther with our theoretical arguments with-

out explicit knowledge of detailed experimental data on M(H) in this �eld

region. We thus conclude the discussion of magnetization with a comment

concerning an apparent contradiction between the results of �gure 6.9 and

those given earlier in �gure 6.8 for lower �eld strengths. Indeed, �gure 6.8

suggests that the magnetization M(H) for any given �eld H decreases with

increasing temperature, as expected, while �gure 6.9 indicates that a rela-
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tive crossing occurs between any two M(H) curves. The resolution of this

apparent paradox lies in the fact that the values of temperature employed

in �gure 6.8 are all greater than the temperature T ' 7:5 K, at which the

maximum of the zero-�eld susceptibility of �gure 6.7 occurs, while those of

�gure 6.9 are smaller.

Finally, we discuss the speci�c heat in a �eld parallel to the c-axis. It

appears that no measurements have been made for this �eld orientation but

could prove to be feasible in the future [84]. Our TMRG calculation of

the excess speci�c heat is illustrated in �gure 6.10 for the two values of

temperature employed in our preceding discussion of the magnetization. The

characteristic double peak near the critical �eld Hc was anticipated by earlier

work [83] based on a classical transfer matrix calculation, on the known exact

solution for a spin-1
2
XY chain, as well as on an accurate numerical solution

for a spin-1
2
XXZ chain based on the Bethe Ansatz. The calculated double

peak is also a clear departure from the corresponding prediction of the dilute-

magnon approximation [83] and could eventually be observed in CsNiF3. An

unfortunate feature of �gure 6.10 is that a strongly pronounced double peak

is predicted to occur in the low-temperature region where the 1D model is

no longer applicable.

6.4 Conclusion

We have presented a more or less complete calculation of the dynamics

and the thermodynamics associated with the spin-1 Hamiltonian (6.1). The

T = 0 dynamics is eÆciently described by an 1=n expansion whose full

potential has not yet been explored. For example, an accurate calculation

of the magnon dispersion for a �eld parallel to the c-axis is also possible

but has not been carried out mainly because there seems to have been no

experimental e�ort in that direction.

On the other hand, the thermodynamics is calculated by a powerful

TMRG method which has opened the way to obtain accurate theoretical pre-

dictions for a wide class of quantum magnetic chains. SuÆce it to say that

our present algorithm may be trivially adjusted to handle spin-1 Haldane-

gap antiferromagnets [85] in the presence of anisotropy and external �elds.

Even in the case of completely integrable spin-1
2
chains, for which the Bethe

107



6. Spin-1 planar ferromagnet CsNiF3

Ansatz applies, the calculation of the thermodynamics is far from trivial [69].

Nevertheless, TMRG can be applied in a straightforward manner irrespective

of complete integrability [44].

The extent to which the 1D Hamiltonian (6.1) may describe the magnetic

properties of CsNiF3 has been debated on several occasions. Our calculations

con�rm the general conclusion that the 1D model accounts for the main fea-

tures of all available experimental data. But it is also clear that departures

from ideal model behavior are present, especially at low temperatures ap-

proaching the 3D-ordering transition temperature TN = 2:7 K.
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CHAPTER 7

CONCLUSION

In this work we have presented a complete analysis of bulk and surface

spin-op transitions induced by a uniform magnetic �eld in special cases of

the general XYZ model of equation (1.1). The classical analysis of chapter 2

shows that surface e�ects are easier to comprehend in our model than in the

case of the single-ion model and is therefore helpful for a better understanding

of the surface transition in magnetic multilayers [22{35]. But, the main

reason for performing the classical study was to provide a guide for the

quantum mechanical model of chapters 3 to 5.

To the best of our knowledge the SSF transition presented in chapter 3 is

the �rst example of a surface transition induced in a quantum spin-1
2
model

by a uniform magnetic �eld. For the speci�c choice of parameters (3.1) the

surface transition of the quantum chain is present for all values of anisotropy,

sharing several common features with that of the classical system. In fact,

our results suggest that the occurrence of a similar transition is a generic

characteristic of the larger family of XYZ models de�ned by inequalities

(2.1).

If a magnetic material is found to be described by our model (3.1) this

work can be a guide for its experimental study. The calculation of thermody-

namic properties and ESR spectrum can then be used for the determination

of the values of parameters used in our model. Doping such a material with

nonmagnetic ions [57] would produce open magnetic chains of varying size.

The surface spin-op transition can then be probed through low temperature
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ESR spectroscopy as described in the text.

Recently there has been increased research interest for boundary induced

phenomena arising in doped spin-1 Haldane-gap materials [86{88] whose ori-

gin has not yet been understood. Furthermore, one-dimensional spin-1
2
ma-

terials have recently attracted attention especially with respect to ultrafast

non-linear optical properties [89{91] that could lead to all-optical switches

applicable in high speed network systems. The Bethe Ansatz does not ap-

ply for the majority of these models. Therefore alternative more versatile

methods are needed for the study of surface as well as bulk properties, as

explained in the main body of this thesis.

For example, the recently developed DMRG and TMRG methods pre-

sented in chapter 5 have proved to be extremely eÆcient for the study of

thermodynamic properties and, corroborated with direct diagonalization, can

provide a complete analysis of quantum spin systems. Both methods are in-

dependent of complete integrability and are easily generalized to a wide range

of quantum chains. The power of these methods was demonstrated in chapter

6 where we used DMRG and TMRG for a thorough analysis of experimental

results on the spin-1 planar ferromagnet CsNiF3.
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APPENDIX A

DETAILED DESCRIPTION OF THE SSF

PHASE

The SSF phase is easier to understand in the strong anisotropy limit

where the created formations remain compact or even locked for most of

the (Hs; Hb) region. On the other hand close to the isotropic limit the sur-

face state is wider and evolves continuously to a DW through a non trivial

mechanism.

Numerical investigation for small anisotropies shows that there is a cor-

respondence between the spin con�guration of a surface state and that of a

DW. For example in �gure A.1 we show the surface state of a system with

22 cites compared to a selected part of a bulk DW, for the same parameters

� and H, and we see that they coincide. One can therefore conclude that

the evolution of the surface state with the �eld within the SSF phase is de-

scribed by a DW moving from in�nite distance away from the surface of the

system under Hs to in�nite distance within the system above Hw. We should

mention here that the impressive agreement shown above in �gure A.1 was

achieved by a careful choice of �elds H so that the position of the DW with

respect to the �nite lattice will allow it to be of the \up" type.

One can use this idea to extract more information about the SSF phase

near the isotropic limit where the continuous approximation of equation

(2.17) is valid. We consider a chain of � = 200 spins and anisotropy

� = 1:005 and we create a state with a DW located at site x by setting

the spins in a con�guration given by the analytical solution (2.17). Speci�-
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.......... .....

..... .....

..... .....

..... .....

..... .....

H=0.311

H=0.314

H=0.377

H=0.408

H=0.310

Figure A.1 : Spin con�guration of a chain of � = 22; � = 1:125; in
comparison with the spin con�guration of a DW in the bulk for a choice of bias

�elds H. We see that the surface state coincides with the underlined part of the

DW. For this set of parameters it is Hs = 0:310; Hw = 0:428.
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Figure A.2 : The energy minimizing position of a DW with respect to

the surface as a function of the magnetic �eld. We can see that in the SSF phase

the DW relaxes at �nite distance from the surface. Negative values correspond to

positions out of the chain.

cally, we set the reference system for the x-axis at site 1 to get

S2��1 =
m(y�) + n(y�)

2
;

S2� =
m(y�)� n(y�)

2
; (A.1)

y� =
p
2Æ(1� h2)[(�� 1)� x]; � = 1; 2; : : : ;�=2

where m(y) and n(y) are given by equation (2.17). We then minimize the

energy of the chain with respect to the position x for �elds in the region

(Hs; Hb). In �gure A.2 we display the energy minimizing position of the wall

as a function of the applied magnetic �eld. We see that the wall migrates

from x = �1 (at in�nite distance from our system) below Hs to x = +1
(in our case the center of the chain for x = 50) above Hw.

The results found by the procedure described above are in very good

agreement with those obtained by applying our relaxation algorithm for the

same parameters � and H. This is demonstrated in �gure A.3 where we dis-

play the third component of the magnetization produced by the two di�erent

methods. The disagreement for big values of H is due to the failure of the

continuous approximation close to Hb.

From the analysis above we can conclude that for every �eld value in the

region (Hs; Hw) there is a site in the DW, at �nite distance from its center,
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Figure A.3 : The z-axis magnetization of a system obtained through our

relaxation algorithm (dashed line) and the continuous model (solid line).

that hardly interacts with one of its neighbors. For example in �gure A.1

the last underlined spin of the DW on the left remains in the same position

no matter if the spin on its left is there or not1.

The time evolution of a spin in the chain is governed by the Landau-

Lifshitz equations
@Si
@t

= Si � Fi (A.2)

where Fi = �@W=@Si. If for a given �eld H in (Hs; Hw) it is the ith spin

that does not interact with its previous neighbor Si�1 then it will be

Si � F
(i�1)
i = 0 (A.3)

where F(i�1)
i is the part of Fi due to the previous spin Si�1. Equation (A.3)

is actually the condition that two neighboring spins have to satisfy so that

there can be a surface state identical to the part of the DW at the right of

site i and can be rewritten as

�
Syi
Szi

=
Syi�1
Szi�1

: (A.4)

One can substitute the solution of the continuous (2.17) into (A.4) to get

analytical formulas for the critical �elds for Hs and Hw. Although we shall

1Actually there are two such sites symmetric around the center of the wall.
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not provide these result here they coincide with those of (3.20) and (2.57) in

the limit of small anisotropies.

Condition (A.3) is satis�ed because of the exchange nature of the anisotropy

and thus can not be applied in the single ion model describing magnetic su-

perlattices. This is the reason that a smooth transition from the N�eel state

to the DW state does not take place in the single ion model causing a more

involved picture of the SSF transition.
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