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MepiAnyn

H mapodoa epyoasio £xel mg KOPLO 6TOYO TNV TAPOVCINCT| GUECWY KO EXOVOANTTIKDV UeBO0wV Yo TV
emilvon PeYGA®Y Kot apotdV YPOUUIKGY cVGTUATOV TG popeng Ax = b dmov b € C" ko A € C™*",

Ytov topéa NG aplfunTiKng avaivong 660 Kol GTOVG EMGTNHOVIKOVS VITOAOYIGUOVS, EIVOL OTUAVTIKO
VoL YPNGUYLOTOIOVE OGO TO OLVATOV ALYOTEPT LV Y10 TV 0001 KeELGT OEdOUEVAOV EVOG TTPOBANLOTOC.
To apotd cvetiuate pog divovy v duvatdtnTo €£0KOVOUNONG LVALNG amodnkevovtag Lovo To Un
UNOEVIKG OEO0UEVE, GE EIOKES HLOPPES, Ol 0moieg mapovatdlovtal 6to devtepo kePdiato. "Eva axdun
TAEOVEKTNLO TOV APOLDV CLGTNUATOV €lval TO YEYOVOC OTL LWITOPOVLE VO LELMCOVIE TO VTOAOYIGTIKO
KOGTOG 0oV YVOPILovUE €K TOV TPOTEPOV TO AMOTEAEGO, TOV TPaEemv pe undevikd ototyeio. Eivar
ONUAVTIKO VO LTOPOVE VO EEICOPPOTIGOVLLE TA, TPiC ALTE PACIKA YOUPOKTNPIOTIKA, ONAAST TOV YDPO
Ao KELOTG, TO VITOAOYIGTIKO KOGTOG KOl TV EVGTADELN TNG VITOAOYIGTIKTG S10d1IKAGI0G 00TMOG MOTE VAL
0dnynBovue og ol ATOTEAEGLOTIKT AVOT| TOL TpoPAnpatog. Xto Kepdhato 2 mapovoidlovtal, emiong,
o padely oo TPOoPANUATMV apYIKOV TILOVY To 0Toio SLUKPITOTO00VTOL e TN 1EBod0 TV TETEPATUEV DV
010QOP@Y KL 001YOUV GE APl YPOUUIKE GUGTNUATO EEIGOCEMV.

Axorobbmg, oto Kepdrato 3 mapovoialovrar pébodor tng katnyopiag Stationary Ilterative Methods otnv
omoia mepthappdvovrtal ot péBodot Jacobi, Gauss—Seidel, kaBmg emiong ko  uébodog s dradoyixng
vrepyalopwons (SOR). Aivovpe Epeact 1060 GTNV TEPLYPOUPN OVTAV TOV ETOVAANTTIKOV GYNLATOV,
000 K0l GTIV aVIALOT TOV WO10TATOV GUYKAOTNG.

Y10 Kepdrao 4 mopovsialovrar ot voympot Krylov kot ot pébodor androuns kabodov ko avlvydv
rKlioewv. Téhog, oto Kepdlato 5 eEetdlovpe TNV OMOTEAEGUATIKOTNTA KOL TN GYETIKN 0dS00T KATAAAN-
AoV GUECOV Kol ETAVUANTTIKOV HEBOS®V GE GLOTHLOTA YPOUUIKOVY EEIGMGEDY TOV TPOKOTTOLY OO TN
dwakprromoinon g e&lowong tov Helmholtz pe pefddovg memepacpuévov S1apopmy Kol TETEPACUEV®Y
oTolyeiv.

Xii



Abstract

In this thesis presented an overview of direct and iterative methods for solving large sparse linear systems
such as Ax = b where A € C"*" and b € C".

In numerical analysis and scientific computing, an important condition for the computations is the low
consuming of memory storage. A sparse linear system has the advantage that the amount of storage
required is greatly reduced and several storage schemes have been devised for this special category. The
respective theory was developed in the second chapter. In addition, the computational cost is reduced
since we know beforehand the result of arithmetic operations with zero. The main challenge in sparse
linear algebra is to balance storage, computational cost and stability to create an effective solution. In
chapter 2, it is also described the Finite Difference Methods, a class of numerical techniques for solving
differential equations by approximating derivatives with finite differences.

Later in chapter 3, there are developed the Stationary Iterative Methods. Some of them are the well—
known methods of Jacobi, Gauss—Seidel and SOR method as well. Consequently, we emphasize the
linear iterative schemes that constitute an important part of iterative methods.

Continuing into Chapter 4, we define the Krylov subspace. The jth Krylov subspace formed by the
linear combination of b,Ab, - -- ,A’~'b and comprises the base of Gradient methods. We will refer to the
steepest descent method and the conjugate gradient method which differ in the search direction.

Finally, in Chapter 5 we present the results of numerical experiments performed with the solution of
linear systems which result from the discretization of the Helmholtz equation, using finite difference and
finite element methods. The Python codes used in the numerical experiments performed in this thesis
are listed in Appendix A.

xiii






CHAPTER 1

Introduction

When discretizing partial differential equations, we often end up with a system of linear equations in
the form of Ax = b, where A is a, generally, sparse matrix, and b is a known vector. In the context of
partial differential equations, A typically arises from a finite difference, finite element, or finite volume
discretization of the differential operators in the equation.

Sparse linear systems are particularly challenging to solve because direct methods, like Gaussian elim-
ination of the Cholesky factorization can be very inefficient due to the large number of zero entries.
Therefore, iterative methods such as the Conjugate Gradient method or the Generalized Minimal Resid-
ual method are often used instead. These methods exploit the sparsity of the matrix to reduce the com-
putational complexity of the solution process.

Many specialized algorithms and libraries have been developed specifically for solving sparse linear
systems arising from partial differential equations, such as the Sparse Solvers Library (SPLIB) and the
SuiteSparse package. These libraries use a variety of techniques to accelerate the solution process, such
as reordering the matrix to reduce fill-in and using parallel processing.






CHAPTER 2

Direct methods for linear systems

2.1 Finite Difference Methods

Suppose that we have the function u € C*. Using Taylor’s formula we have

du Wd*uw WBdu K du

= aprer e, 2oy 2.1
ubeth) =uC) +h e+ S et e aw T 2aae o) 1)
for some & € (x,x+h). Therefore, from (2.1) we conclude that:
du  u(x+h)—u(x) hd*u(x) )
— = - O(h~). 2.2
dx h + 2 dx? +O0(r) 2.2)
In a similar fashion,
du h*d*u hdu h*d*u
—h)=ux)—h 2 E D TR T e 23
ubr—h) =ul) —h ot S e " 6w T 2aae o) @3)

for some &_ € (x— h,x). Using (2.1) and (2.3) we obtain the approximation of the second derivative

@_u(x—i—h)—Zu(x)—i—u(x—h) hj@(é)
dx® h? 12 dx*
The approximation (2.4) is called a centered difference approximation of the second derivative while

(2.1) is a so-called forward approximation of the first derivative and (2.3) is a backward approximation.
The combination of (2.1) and (2.3) gives the centered difference formula

(2.4)

du u(x+h)—u(x—nh)
— . 2.
dx 2h 23)
For future reference we define the forward and backward difference operators by
STu(x) = u(x+h) —u(x), (2.6)
0 u(x) =u(x) —u(x—nh). 2.7)
Consider now the boundary value problem
—u'(x) = f(x), x€(0,1), (2.8)
u(0) = u(1) =0, 2.9)
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and a discretization of the interval [0, 1]

xi=ih, i=0,...,n4+1,

where h = nlﬁ for some integer n > 2. Motivated by (2.4), we define approximations U; of the values of

u(x;),i=0,...,n+1, by
— Ui 4+2U; — Uiy = B2 f;, i=1,...,n, (2.10)
with Uy = U,+1 =0and f; = f(x;), i =1,...,n. The equations in (2.10) may be written as
AU =F,

where U = (Uy,...,U,)T, F = h*(f(x1),...,f(x,))T, and
A= : (2.11)

The tridiagonal matrix A is symmetric positive definite so a solution of the linear system represented by
(2.10) may be easily computed via the Cholesky factorization which we present below:

Theorem 2.1 (Cholesky factorization). Given a symmetric positive definite matrix A, there exists a lower
triangular matrix L such that
A=LL".

Proof. We proceed by induction on the dimension of the matrix A. Indeed, for a 1 x 1 positive definite
matrix A = (01), the assertion holds with L;; = /& (recall that the diagonal elements of a positive
definite matrix are positve). Assume now that it holds for all (n — 1) x (n — 1) positive definite matrices.
For A € R™" symmetric positive definite, we write

d u’
A=(0 ).

where d = o1 > 0, uis a (n — 1) —column vector and H € R"~!"~1, We observe that
d 0 u_
A=(4 (1 0) vd 2.12)
Va In-1 0 H 0 I,

-1
H=H——uu’.
duu

where

The matrix H is symmetric positive define matrix since for x € R"~! x # 0 and

1.T
:—EXM ]Rn
y= () ere

we have
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and clearly y # 0. From the inductive hypothesis, H can be written as H = Ly L}, where Ly a lower
triangular matrix with positive diagonal elements. Therefore, as a result of (2.12), A is equal to

(vad o N1 oN/1 o\(vd <L\ (vd o)\(vd <
(5 0)6 D6 R0 E)-(E 20 F)

L:= <\/u;l LO>,
ﬁ H

we have the required factorization A = LL” . The proof of the uniqueness of L is as follows:
Assume that there exists a lower triangular matrix M with positive diagonal elements such that A =
LL" = MM" . In this case L~'M = L" (M") ! On the left side of equality we have a lower triangular

matrix and on the right side we have an upper triangular matrix so L~'M = LT (M") =D, where D is
a diagonal matrix. Thus,

N

so, for

M = LD = D;; = M;;/Li;,

and
LT = DMT = Dii = L,',‘/Mi,‘.

Therefore, Li2i = Ml.zl- = L; = M;; and D = I, which implies that M = L. ]

The elements of the matrix L may be easily computed by comparing the corresponding elements of the
matrices on either side of the factorization A = LLT. The algorithm below computes the elements of L
in a column-wise fashion:
for j=1,...,ndo
i 1/2
Ljj= <Ajj— ) (ij)2>

fori=j+1,--- ,ndo
j-1
Lij= <A,~, - L Liijk> /Lij-

end

end

Observe that in the case of a tridiagonal matrix, the algorithm simplifies considerbly. We need only
compute the diagonal and sub-diagonal elements:

for j=1,...,ndo
i1 X 1/2
Ljj= (Ajj— Y (Ljk) )

Ljy1,j=Ajt1,/Ljj-
end

Example 2.1.1. For the matrix A in (2.11), is easily seen that A = LLT where

V2 0 0
—1/V2 3/2 0
0 -V23 V2
| 0 —INVZI B2

oS O O O

(2.13)

0 O‘nfl,n Cun
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The elements 0,1 , and O, depend on the dimension n, i.e.,

C1n=—1/V2 and Oy, =+/3/2, when n="2k, k€N,
Op_1,=—1+/2/3 and Opn =2 when n=2k+1, keN.

Having computed the Cholesky factorizaton of the matrix A the linear system AU = f reduces to

AU =f=LL"U = f.

In general, consider the solution of the linear system

LUx = b,

where L and U are given by

01 G &

n & 0 &L & 0

L= _ , U= : :
Ya—1 611—1 0 Cn—l €1
Letting y = U, it suffices to solve the system
Ly=f.

L is a lower triangular matrix with a single nonzero sub—diagonal, so we may apply the back-substitution
algorithm shown below:

yi=fi/68
fork=2,--- ,ndo

| v = (fi — Yu—1)/ 6
end

Having y, we can compute the solution x by solving the upper triangular system Ux = y. Once again, we
can apply the back-substitution algorithm, which now takes the form:

xn:yn/cn
fork=n—1,...,1do

\ X = (Y — &Xr1)/ Gk
end

We are now ready to solve the initial system LLTU = f. We write U = (Uy,...,U,)" and lety = LTU,
so that Ly = f. Given the form of L in (2.13), the following algorithm computes the solution y:

yi=fi/V2

for k=2,...,nwith step 2 do

| ve= et (1/V2) 1) /V/3/2
end

for k =3,... ,nwith step 2 do

| ve= (fio+ (V2/3)0-1)/V2

end

Having the solution y of the system Ly = f, we proceed with the solution of LTU = y, where LT is an
upper triangular matrix. We apply the backward substitution algorithm, which, in the case of even n is
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U, ZYn/\/m

fork=n—1,...,1 with step 2 do
| U= O+ (1/V2)Uri1) V2

end
fork=n—2,...,1 with step 2 do

| U=+ (V/2/3)Uii1)/+/3/2

end

and when n 1s odd

Un:)’n/\ﬁ
fork=n—1,...,1 with step 2 do

| U= 0+ (V2/3)Uii1)/V/3/2
end
fork=n—2,...,1 with step 2 do

| U= Ok+ (1/V2)Uri1)/V2
end
2.1.1 An upwind scheme

Consider now the one-dimensional version of a convection-diffusion equation with Dirichlet boundary
conditions

—au” +bu' =0 0<x<L=1
u' +ou , X , (2.14)
u(0)=0,u(l)=1,
whose exact solution is
L-e 2.15
”(X)—ﬁ- (2.15)

Here, R is the Péclet number, defined by R = bL/a. Given, n > 1, integer, consider a partition of [0, L]
with nodes x; = ih, i =0,...,n+ 1, where h=L/(n+1).

We set up = u(0) = 0, up+1 = u(1) = 1, and compute approximations u; ~ u(x;), i = 1,...,n, by re-
placing the first and the second order derivatives in the equation, by the approximations (2.5) and (2.4),
respectively, so that

Wit — Ui Uit —2u; +ui .
b T - 2 =0, i=1,...,n. (2.106)
Setting ¢ = Rh/2 we may write the system of equations above as
—(1=c)ujy1 +2u; — (1 +c)uj—; =0, i=1,....n (2.17)

Equations (2.17) are equivalent to a tridiagonal system of equations Au = f, where, for the case n = 5,
the tridiagonal matrix A is giving by

A= — ¢ 2  —l+ec . (2.18)

It easy to see that if backward approximations had been used to obtain approximations of the derivates,
the tridiagonal matrix A, again for the case n = 5 would be

24c¢ —1
—1l—-c 2+4c —1
A:ﬁ —1l—c 2+4c —1 , (2.19)
—1—-c 2+c —1
—1—c 2+4c
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where now ¢ = Rh. The choice of the discretization used depends on the sign of the coefficient b. It
can be shown that the forward difference formula for approximating the derivative is appropriate when
b < 0, while the backward difference formula is appropriate when b > 0. We can succinctly write both
schemes as

O u; i1 — 2u; + u;
b lh”’—a”’ ! hZ”L”’“ —0, i=1,...n (2.20)
by adopting the notational convention
;= 6’; h=0, 2.21)
o ifb<O.

Using the Upwind Scheme code we can verify that this discetization produces accurate approximations
of the exact solution (2.15) of the convection—diffusion equation (2.14).

10+ --- Approximate solution

—— Exact solution

o o o
+a 2] oo
1 1 1

Approximate \ Exact solution

o
28]
L

0.0 4

0 5 10 15 20 25 30
N: number of nodes

Figure 2.1: Finite difference solution and exact solution of the convection-diffusion equation (2.14) with
a=2,b=9and N =30

R . 0.7 . . ’
1.0 --- Approximate solution —--- Approximate solution A
—— Exact solution i/ —— Exact solution ,/"/
——- Forward approximation h) —== Forward approximation vy
5 081 S 06 by
= = s, !
2 E] e
2 7 ,’:’
Y 0.6 o ‘s
T 2 051 ~
w w ,:f
5 5 %
U
T 0.4 2 e
£ E ;,”'"
8 5 0.4 P
= &~
g g -~
< 0.2 < "’
-
4'”
0.3 ’,’
0.0 4 [
T T T T T T T . T T T T
0 5 10 15 20 25 30 22 24 26 28 30

N: number of nodes

N: number of nodes

Figure 2.2: A comparison between the upwind scheme choice and the forward approximation, in the
case of b >0

The figure above presents the convergence of the approximation solution to the exact solution using the
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upwind scheme (red line) and the forward approximation (green line) in the case of » > 0. Clearly, the
upwind scheme provides a more accurate approximation.

2.1.2 Cyclic Reduction

Consider now the two-dimensional problem

’u  du
—==+==]= in Q 222
<ax% axg) ;oo (222)
with the boundary condition
u=0 onI'=0Q, (2.23)

where Q = (0,1;) x (0,1;). We consider a uniform partition of Q = (0,/;) x (0,) with (n; +1) x (n, + 1)
points.
X11i:l‘><h1, i=0,....,n+1, X2’j:j><h2, j:0,...,n2—|—1,

where

l )
hy=—— hy = .
! n+1 ’ 2 ny+1
If we use the second order finite difference scheme (2.4) for the discretization of the partial deriv-
atives, in (2.22) we obtain a symmetric, block—diagonal system of equations for the approximations
uij ~ u(xy j,x2 ;). The system matrix A, when n; =3 and n, =5, is

4 —1
A—1 BI ;31 I B -4 -l
il —L, = _ _
h e 1 4 1

1 4

We describe the method of cyclic reduction for solving a block-tridiagonal system of equations of the
form

1 B -1 uj f]
o -1 B —I||lw]|=|pf (2.24)
—1 B us f3

where u;, fj fori=1,2,3 and j = 1,2, 3, are vectors of length 4.

To this end, we multiply the second row by B and add to it the first and the third rows, so that

1
ﬁ(BZ*ZI) ur = (Bfa+ fi+ f3), (2.25)
which we can easily solve. Having u, we obtain u; and u3 by solving similar tridiagonal systems. This
procedure may be generalized to n x n block-tridiagonal systems with n = 27 — 1 using the so-callled
Buneman variant, see [2] Let us assume that the matrix A has the form

D F
F D F

Y , (2.26)
F D F
F D

where F and D are g X g matrices that satisfy DF = F D and where n = 2X — 1. Notice that these conditions
hold for the discretization of Poisson’s equations described above. The integer n is determined by the
size of the mesh and can often be chosen to be of the particular form.

The basic ideas behind cyclic reduction is to halve the dimension of the problem repeatedly until we are
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left with a single g x g system for the g-vector x,«-1. The system is then solved by standard means. The
previously eliminated x; are found by a back-substitution process. For example, in the case n = 7 we
have

Dx1+Fx, = by, (2.27)
Fx1+Dx;+ Fx3 = by, (2.28)
Fxy+Dxy+ Fxy = b3, (2.29)

Fx3+ Dx4+ Fxs = by, (2.30)

Fx4+ Dxs+ Fxg = bs, (2.31)

Fxs5+ Dxg + Fx7 = bg, (2.32)

Fxg+ Dx7 = by, (2.33)

Fori=2,4,6, we multiply equations i — 1,i and i + 1 by F, —D, and F, respectively and add the resulting
equation to obtain
(2F% — D?)xy + F?x4 = F(b; +b3) — Dbs,
F2x2 + (2F2 —DZ)X4 +F2x6 = F(b3 —|—b5) — Dby,
F2x4+ (2F% — D*)x¢ = F (b5 + b7) — Dbs.

This is a reduced block tridiagonal system of the form

DWxy + Flyxy = bgl),
FWxy + DWiy + FWxg = bgl),

F(I)X4 +D<1)x6 = bél),

where DY) = 2F? — D? and F(!) = F? commute. Applying the same elimination strategy as above, we
multiply these three equations respectively by F(1), =D and F(). When these equations are added
together , we obtain a single equation

which we write as
D(Z)X4 = bf)

This completes the cyclic reduction. We now solve this small g x g system for x4. The vectors x, and x4
are found by solving the systems

D(l)x2 _ bgl) _F(l)x4,

D(I)X(, = bél) —F(I)X4.

Finally, we use the first, third, fifth and seventh equations in (2.27) — (2.33) to compute x,x3, x5, and x7,
respectively.

2.2 The coordinate format

The storage of large sparse matrices is especially important for the performance of direct (and iterative)
solvers. Several storage schemes have been devised for storing sparse matrices.

The simplest storage scheme for sparse matrices is the so-called “coordinate format”. This scheme uses
three arrays:
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* An array AA containing all the nonzero elements of the sparse matrix A, in any order.
* An integer array JR containing their row indices.
* A second integer array JC containing their column indices.

All arrays are of length N, where N, is the number of nonzero elements of A.

Example 2.2.1. The sparse matrix

100 2 0
340 5 0
A=|6 0 7 8 9 (2.34)
00 10 11 0O
00 0 0 12

will be represented by

A4 [12 9 7 5 1 2 11 3 6 4 8 10|

JR |5 3 3 2 1 1 4 2 3 2 3 4]

JC[5 5 3 4 1 4 4 1 1 2 4 3]

In the example above, the element order is arbitrary. However, usually the elements are stored either by
row or by column. If the elements were listed by row, the array JR would not be needed and could be
replace by an array containing the indices of the beginning of each row in AA. The resulting format is
the so-called Compressed Sparse Row (CSR) format. As before, we set the three arrays:

* An array AA containing all the nonzero elements of A stored row by row.
* A second integer array JA containing their column indices of ¢;; as stored in AA.

* An integer array [A contains the pointers to the beginning of each row in the arrays AA and JA.
Thus, if AR(k) = @;j and JA(k) = j, then fori € {1,...,n}, where n is the dimension of the matrix
A we have

— IA(i) = k, where @;; in AR(Kk) is the first element stored in AR for row i.
— TA(G) =IA(i+1) if all @;; = 0 in row i
- [A(n+1)=N,+1.

The length of AA and JR is N, while the length of [A isn+ 1.

Example 2.2.2. The above matrix may be stored as follows:

AA |1 2 3 45 6 7 8 9 10 11 12|

JA|1 41 2 41 3 45 3 4 5]

IA[1 3 6 10 12 13]

A variation of the CSR format is the Compressed Sparse Column (CSC) scheme, where the elements are
listed column by column. Another variation is the Modified Sparse Row (MSR) format. There are only
two matrices where,

* The matrix AA which has, at the first n positions, the diagonal elements of the matrix, in order.
The position n+ 1 is empty and the rest of nonzero elements of A, distributed among the rest of
positions.
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* The matrix JA, whose elements distribute as follows: The n+ 1 positions contain the pointer to
the beginning of each row in AA and JA and for the rest of positions contain the corresponding
column of each element of AA(k) for k > n+ 1.

Example 2.2.3. For the matrix (2.34), the AA and JA according to MSR, are:

AA [1 4 7 11 12 * 2 3 5 6 8 9 10]

JA |7 8 10 13 14 14 4 1 4 1 4 5 3]

where * denoted the empty posistion.

Another storage format appropriate for diagonally structured matrices, that is matrices with nonzero
elements along a small number of diagonals is as follows: the diagonals are stored in a rectangular array
DIAG(1:n, 1:Nd), where Nd is the number of diagonals. The number of offsets of each diagonal is stored
in an second integer array IOFF(1:Nd).

Example 2.2.4.

1 02 0 O
340 5 0

A=10 6 7 0 8
00 9 10 0
0 0 0 11 12

will be represented by the two arrays:
* ] 2
3 4 5
DIAG=| 6 7 8 | IOFF=[-1 0 2|
9 10 *
11 12 *

2.3 Solving sparse linear system using Python

Systems or linear equations with sparse coefficient matrices may be solved easily using Python’s SciPy
library, and more specifically the routines in the sub-packages scipy.sparse and scipy.sparse.linalg. A
short review of the available utility functions and solvers using the default CSC format is presented
here. The solution process for matrices stored tin the CSR format is presented in A.2. For both storage
schemes, the solution of a linear system is accomplished with the command spsolve(, *).

2.3.1 Package Numpy
From the package Numpy we use the commands:
* np.size(A, axis=0) — Gives the number of rows of the matrix A

* np.ones(i) —> Gives a vector with all elements equal to 1 and length i

2.3.2 Sparse matrices (scipy.sparse)

To build the coefficient matrix, we may use functions provided in the subpackage scipy.sparse. There
functions to define a sparse identity matrix, or an upper tridiagonal matrix, and several others:

* eye(m][, n, k, dtype, format]) — Sparse matrix with ones on the diagonal
* identity(n[, dtype, format]) — Identity matrix in sparse format

* diags(diagonals|, offsets, shape, format, dtype]) — Construct a sparse matrix from diagonals
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* block_diag(mats|, format, dtype]) — Build a block diagonal sparse matrix from the provided
blocks.

* tril(A[, k, format]) — Return the lower triangular part of a matrix in sparse format.
* triu(Al, k, format]) — Return the upper triangular part of a matrix in sparse format.
Given a sparse matrix, to find the values of its nonzero elements we could use the function:
* find(A) — Return the indices and values of the nonzero elements of a matrix.
We could also confirm that a matrix is a sparse matrix with the commands:
* issparse(x)

* isspmatrix(x)

2.3.3 Sparse Linear Algebra (scipy.sparse.linalg)

We can easily find the solution of a system by using the command spsolve. This command returns the
exact solution of a system, where the coefficient matrix is assumed to be stored in the CSC format.
However, converting the storage scheme to CSR, as is shown in the examples below, usually results tin
faster solution times.

2.3.4 Applications and examples

We consider five symmetric, positive definite matrices with corresponding sizes 4884 x 4884, 10974 x
10974, 15439 x 15439, 23052 x 23052 and 30401 x 30401. The first four matrices arise from a structural
problem while the last one arises from a random problem (more details about them my be found at the
site Suite Sparse Matrix Collection). We can see, graphically, their sparsity structure of these matrices
using the command plt.spy:

0 1000 2000 3000 4000
. . . 1

0 2000 4000 6000 8000 10000
. . L L L

1000 - 2000 -

2000 4 4000

6000
3000 +

8000
4000 4

10000

Figure 2.3: Graph of besstk16 Figure 2.4: Graph of besstk17
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Figure 2.5: Graph of besstk25 Figure 2.6: Graph of besstk36

0 5000 10000

15000 20000 25000 30000
0 i i

Figure 2.7: Graph of wathen100

Using the Python code A.2 we obtain the solution of the system Ax = b, where the right-hand side b is

the unit vector. The solution x and the time needed to find the solution of the system Ax = b by the code
A.2 are shown below:
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bcsstk25.mat
Non-zero elements: 252241
2.0612461 seconds

Matrix:

Solve in

[ 2.03384805e-06 2.49393362e-06 9.56244567e-09 ...
-6.26957911e-07 -3.70575792e-07]

Next matrix:

becsstklé.mat

Non-zero elements: 290378

Solve in 0.31377960000000016 seconds

[ 3.89719769e-08 -1.50445471e-08 1.00000000e+00 ...
2.67834286e-07 1.00000000e+00]

Matrix:

Next matrix:

becsstkl7.mat

Non-zero elements: 428650

Solve in 0.4342156999999993 seconds

[ 1.00000000e+00 9.28716555e-03 2.11548110e-04
-1.64567602e-06 3.49673068e-04]

Matrix:

5

Next matrix:
wathenl@@.mat
Non-zero elements: 471601
Solve in 0.7952624000000004 seconds
[0.14676698 0.04238437 0.13706134

Matrix:

becsstk36.mat

Non-zero elements: 1143140

Solve in 9.1718284 seconds
[-2.53417062e-04 -9.27900398e-05
-5.2694724%9e-02 -1.55982185e-02]

Matrix:

1.51942724e-04

Figure 2.8: Results of run code A.2
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5.73893861e-07

6.81791603e-07

5.26814471e-05

. 0.10417945 0.89707795 0.25494121]

-3.4927905%e-04

We normalize the time using as unit time the required time for the matrix with the least number non zero
elements, that is the matrix labeled ‘bcsstk25’. The graph below shows the relation between time (in

seconds) and the number of non-zero elements.
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Figure 2.9: Comparison plot between time (also normalized time) and non-zero elements






CHAPTER 3

Stationary Iterative methods

There are several differences between direct and iterative methods for the solution of systems of linear
equations. Two of the main differences are detailed below: First, to obtain the solution of a system of
linear equations using a direct method means that we should perform a fixed amount of floating point
operations, depending only on the size of system matrix. For example, the LU factorization method
requires O(n*) floating point operations, with 7 the number of equations. Moreover, in the case of a sparse
matrix the elementary row operations used in the LU factorization may introduce nonzero elements in
the system matrix. By contrast, if we use an iterative method, like Jacobi, then the matrix is not changed
and we can stop iterating when a sufficiently accurate solution has been obtained. Secondly, for a direct
method we need to store the entire matrix while with an iterative method, only matrix—vector products
are usually required

3.1 Stationary Iterative Methods

Suppose that we have the system Ax = b, where A € R™", b € R" and det(A) # 0. Stationary Iterative
Methods to solve this system, start from an initial guess of the solution and compute approximations x)
for k =1,2..., using particular matrix splittings. The two best known Stationary Iterative Methods are
the Jacobi and Gauss—Seidel methods. Both of them require that the matrix has nonzero diagonal entries.
Observe that in this case, the system Ax = b may be written as

1 i—1 n
xi—<bi—2aijxj— Z aijxj>, izl,...,n. (3.1)
aii i=1
J

j=it1

3.1.1 A short description of Jacobi and Gauss-Seidel Methods

Jacobi'’s Method is based on the following strategy: starting from a given initial guess of the solution,
x(©) ¢ R”, and substituting it into the right side of the equation (3.1) we can find another approximation
x(1). Similarly, using the last approximation we can find a, hopefully, better approximation to the solution.
This procedure stops when the error e,, = ||x("”) — x|| is small enough. Therefore, the equation (3.1) for
the (m+ 1)-st approximation is

m 1 i—1 " n m
'xz( +1) ::w<bi_zaijx§ )— Z a,-jxg )>, izl,...,l’l. (32)
i j=1 i

j=i+l

17
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Formula (3.2) shows that xme) depends only on the previous iterates xg.m), j=1,...i—Li+1,...n,

hence the computation for every j can be computed in parallel, using n different compute units with the
same data, A, b, x".

Another approach for the estimation of xEmH) is the Gauss-Seidel Method for which

m 1 [71 m Z m

A — <bl~— Y ap ) Y gyl )> ,i=1,...n (3.3)
j=1 j=it1

(m+1)

i

E-mﬂ) which have already been computed.

At first glance, the Gauss-Seidel Method seems to approach faster the solution since mth

J
better approximation than x§m>, j=1,...,i— 1. However, there are systems for which Jacobi’s method

converges while Gauss-Seidel does not.

Observe that the value of x , except for x;”, depends on x

comprises a

3.1.2 Matrix splittings for the Jacobi and the Gauss—Seidel methods

Suppose that
aip appg aiz - dig
az; Az a;z o Ay
A= |41 a3z dadzz -+ a3
anl dp2 ap3 - dpp
and define the matrices D, L,U by
al 0
an» 0 any 0 0
D= ass , L=|an axn O ,
0 . .
Ann anl dp2 - App—1 0
0 ap a3z - an
0 ax -+ amp
U= 0
0 . an—1.n
0

so the A= D+ L+ U. According to above definition of D,L and U, equations (3.2) and (3.3) may be
written as

Dx™) = _(L+U)x"™ +b,
(L—i—D)x('"H) _ _Ux(m) +b,
respectively, or, equivalently
D = _p YL+ U)x"™ + Db, (3.4)

X = (L u)Tox™ (L U)o, (3.5)
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3.1.3 Convergence of iterative methods
We assume that x"*1) is given by
Mx" ) =Nx™ b A=M-N (3.6)
) = NG M b, me N (3.7)
where M is an invertible matrix and N is such that A =M — N.

Remark: Observe that M; = D, Ny = —(L+ U) for Jacobi’s method, and Mgs = L+ D, Ngs = —U for
Gauss-Seidel method.

Suppose now that the current approximation x(¥) is the exact solution x, then x**1) should be also be the
exact solution. Therefore, by (3.7) it should be true that

x=M'Nx+M b
= Mx=Nx+b (3.8)
= (M—N)x=b

Since A = M — N, it is obvious that if the sequence x") converges, its limit is the solution of the system
Ax = b. By subtracting (3.8) from (3.6), we get

x(m+1)—x:G(x(m)—x), m € Ny, (3.9)
where G is the so-called iteration matrix and is defined as
G=M"'N.

It is easy to see that if x(") — x is the current error (™ then from (3.9) we get

e =G = G(Ge" V) =-.. = G"e®
xm —x =G —x) (3.10)

Suppose that || - || is an induced matrix norm. From the last equation we have
e = 6 — x| < G [x© — x|l = 6™ |, m € Ny, G.11)

There are initial vectors x?), for all values of m, that satisfy the above with equality. Thus, we come to
the conclusion that the sequence (x(m))meNO converges to x if and only if

lim G" =0 = lim | G"|=0, (3.12)
n—yoo

m—oo

for every induced matrix norm. With the purpose of studying convergence, we will recall the following
definition of the spectral radius:

Definition 3.1. The spectral radius of a matrix P € C*" is defined as
p(P) := max<i<p|Ai(P)|, (3.13)
where A; = A;(P) are the eigenvalues of P.
We have the following:
Lemma 3.1. Assume that ||-|| is a norm in C". Then, for every P € C"", it is true that
p(P) < |P|. (3.14)
Conversely, for every P € C"" and € > 0, there is a norm ||-|| in C" such that

1P| < p(P)+e. (3.15)



20 CHAPTER 3. STATIONARY ITERATIVE METHODS

Proof. We refer the reader to [11], section 3.9, for a proof. O

Definition 3.2. We say that {By};_, converges if and only if there is a matrix B € C"™*" such that, for
every € > 0 there exists an integer K > 0 such that, if k is any integer satisfying k > K, then it follows
that

HBk _B”max <E§,

where the norm || - || may be any norm of C™*" (because of the equivalence of norms). We write B, — B.
We say that the square matrix A € C"™" is convergent to zero if and only if AK — 0 € C"™",

Considering last definition and using Lemma 3.1, it ia easy to prove the next result

Theorem 3.1. Let x be the solution of the system Ax = b. The following are equivalent:
(a) Iterative method (3.7) converges and this means that for every x0 e ¢ = xm 222,
(b) p(G) < 1, where G the ireration matrix G =M~'N of (3.7).

(c) There is an induced matrix norm |||-||| such that |||G||| < 1.

@ lim G" = 0.
m—yoo

Proof. (a) = (b): From (a) we know that x") 2 x According to 3.10
G'(x9 —x) =20, xeCn (3.16)
For any given y € C", let x(O) = y+ x. Thus, the (3.16) can be written as
m—yoo

G"y ——0, VyeC" (3.17)

Suppose that A is an eigenvalue of G and z its eigenvector. Then, G"z = A"z, m € Ny. However,
G"z ™% 0, then for any norm ||. | in C":

|G™"z||— 0= |A|"||z]| = 0=|A| < 1 (3.18)
So, p(G) = max; |4;(G)| < 1.
(b) = (¢) : Suppose p(G) = max |A;(G)| < 1 and € a positive number such that 0 < € < 1 — p(G).
According to lemma 3.1, there is an induced matrix norm |||-||| in C*" such that ||G[| < p(G)+€ < 1.
(¢) = (d) : If || G||| < 1, on the grounds that [|G"|| = ||G-G---G|| < ||G||™, we have

IG™|| — 0 = G™ == 0. (3.19)

(d) = (a) : If G Z—5 0 for any norm ||.|| in C” then, because of (3.10), we have

xm 2% 0 w0 e .

O]

Most of the time, initial approximation x(¥) is chosen arbitrarily. In order to terminate the iterative
method, it’s important to define a tolerance € > 0 such that

[x) —xV=D) < e (3.20)

As a consequence, we can prove that if the inequality (3.20) holds, then it’s true that
o

— WM <
o2 < 52

with o = ||G||.
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Proposition 3.1. Forany € > 0, the inequality ||x—x™) || < £Z follows from ||x) — x| < &, where
|Gl|=0< 1.

Proof. Let the function ¢ (xV)) = x(V+1) = Gx™) + M~1b, where xV) is the N — th iteration of the
iterative method. We have the following inequality:

o™y =™ D) = [|Gx™ 4+ Mo —Gx VD) — b
IGE™ =21

< Gl —x N1
We have also the relations:
X =V = o) — o) < |G|« =]
5 —x@ = o) — o M) < |Gl = x| < |G| — £
AN —x ™ = o (™)) — o YD) < <GV =X O

Soforke N

N-+k) —X(N) H N+k) _x(N+k71) H + HX(NJrkfl) _x(N) H

I I

N+k) _X(N+k71) H + HX(NJrkfl) _X(N+k72) H + HX(NJrk72) —X(N) H

k3
||x(N+k) _x(N+k—])|| + ||X(N+k_l) —X(N+k_2)|| 4t HX(N+]) _x(N)H
IGIN D — O 4 G2t = O 4 | G ) = 2
=oV(1+o+0>+---+ o x) —xO

1—o*
—o X1 — x|

IAIA A TN TA

:O'N

Therefore, the following inequality holds

N
N+k) (N)”< o

[ X 1_6||x(1)—x(0)\|. (3.21)

Now define the continuous function g(x) := ||x —x(*)||. Because of continuity we have

GN

1—

e —x™|| = g(x) = g(Jim A¥*) = lim g™ h) = lim e — 2| < [ =@
—oo —o0

k—>oo

Define
YO = ™= and ) =9 0) = ¢ (xM 1) = V.

From (3.21) we have

(e (0 _ EO
Iy =l < T2V =3O = =2 — 50 < E2

Therefore,

which completes the proof. O
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Considering the convergence criteria for the general stationary iterative method above, we must find
necessary conditions for the matrix A in order that either (b) or (c) of (3.1) are true. A particularly
useful is the so called diagonal dominance. We recall that a square matrix A is called strictly diagonally
dominant if

n
loi| > Y Jayjl,  1<i<n, (3.22)
;i
where we assume that oy; # 0, forall 1 <i <n.
Proposition 3.2. Let A be a strictly diagonally dominant matrix. Then

(i) A is invertible with nonzero elements in the main diagonal.

(ii) Iteration matrices Gy = —D~Y(L+U), Ggs = —(L+U)~'U of the methods Jacobi and Gauss-
Seidel, respectively, satisfy the inequalities ||Gy|lo < 1, [|Ggs|l < 1.

(iii) The Jacobi and Gauss-Seidel methods converge.
Proof. (i) : Let A an eigenvalue of A and w € C" the corresponding eigenvector. Then, from Aw — Aw,
we get:

n
ZOCUW‘,'ZQLW[, 1<i<n,
j=1

that is
n
(0 —A)wi = — Z o iwi, 1<i<n.
/;i
As a result,
n
o — Allwil < Y logllwyl,  1<i<n. (3.23)
j=1
J#i

Lets, 1 <s <n, an index for which,
|ws| = max |wg].
1<k<

Obviously, wg # 0. From (3.23) with i = s, it follows that

n

o — Al < Z |OCSJ‘| Z |0t ]
s _
/#Y ]#

To sum up, we have shown that for every eigenvalue A there is s, 1 <s < n, such that

n
logs — A < Y Jo;] (3.24)
=1
s
This inequality is called Gerschgorin’s inequality. Thus, if there is a zero eigenvalue, then the inequality
(3.24) will provide a contradiction, because of (3.22). In conclusion the matrix A has only nonzero
eigenvalues, so it is invertible.

(ii) : Define C as

1
C := max (3.25)

1<i<n ‘06”|

According to (3.22), C < 1. We will show that |G|l < C and ||Ggsl| < C. In the case of Jacobi’s
method, we have

n

o o
HGJH‘X’ HD (L+U)”oo— max | ‘f‘ ’ ll‘
1<i<n = log:|  1<i<n | ot

J#!

=1. (3.26)
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In the case of Gauss-Seidel method, we consider the vector u = Gggy, for y € R”, which satisfies
(L+U)u=—-Uy

so that,

a{ Za,JuJ Za,-jy‘,}, i=1,....n (3.27)
i j=1

Jj=i+1
We will prove by induction that
i <Cllyllo, 1<i<n. (3.28)

Fori=1

)= 2| < €l (3.29)
Suppose now that the claim is true for 1,...,i — 1. Then

i < —— {Z|au|\uj|+ Y lollyl} < Iyl 2|az,\<cny||m
| ”| j i+1 | ”|
J#t

Thus, (3.28) holds for all 1 <i < n, and it may be written as
Vy €R" - lullo= [|Gsylleo< Cl[y|eo-

Therefore, we have the required estimate ||Ggs||< C < 1, and so the proof of (ii) is completed. O

Remark 3.1. For a symmetric and positive definite matrix A € R™" the Gauss-Seidel method converges,
while, in general, Jacobi'’s method does not

With the purpose of finding a method which converges faster than either Jacobi or the Gauss—Seidel
method , speed-up techniques have been devised. One of these techniques is the Successive Over-
Relaxation (SOR) method which was invented along with the advent of other sparse system techniques.
Let x("™) be a known approximation of x and let £"*1) be the approximation computed by the Gauss-
Seidel method. It is expected that the linear combination

AmtD) = gt 4 (1 — @)x(m) (3.30)

will have smaller error than (1)

parameter @ # 0.

under specific assumptions and for appropriate values of the relaxation
Consider the system Ax = b, where o;; # 0. For the SOR method we have
n
) — Z o™ =Y o™ |+ (1 @)™, 1<i<n (3.31)

or in matrix form
(D+ oL)x"*) = [(1 - )D — Ux") + wb. (3.32)

Obviously, the matrix (D + @L) is invertible if a; # 0 for all 1 <i <n. If @ = 1, then the SOR method
coincides with the Gauss-Seidel method. It can be proved that if A € R™" is symmetric and positive
definite and 0 < w < 2, then the SOR method converges. A natural question arises: Are there any values
of @ # 1 such that SOR converges faster than Gauss-Seidel method? The answer depends, of course, on

finding a parameter @ which minimizes the spectral radius p (G, ) of the iteration matrix G, = Mc((;l)Nw.
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3.2 Linear iterative schemes

As shown in previous section, Jacobi’s and Gauss-Seidel’s methods are expressed by iterative schemes.
That is to say, the estimation of x;; depends on known data like the matrix A, the x; and the vector b.
In general, iterative schemes are defined as follows:

Definition 3.3. Let A € C"" with det(A) # 0 and f € C". An iterative scheme to find an approximate
solution to Ax = f is a process to generate a sequence of approximations {xi}y_, via an iteration of the
form

= Q(A, f1Xk—15 -y Xk—r), (3.33)
given the starting values xg,- -+ ,x,—1 € C". Here
O(, e, ):CP"xC"x - xC"— C" (3.34)

is called the iteration function. In case of r = 1 the process is a two-layer scheme, otherwase it is a
multilayer scheme.

Definition 3.4. Let A € C™" with det(A) # 0 and f € C". Set x = A~ f. The two-layer iterative scheme

xk:(P(A’f?‘xk—l)? (335)

is said to be consistent if and only if x = ¢(A, f,x), i.e., x = A"\ f is a fixed point of ¢(A, f,-). The
scheme is linear if and only if

O (A, afi+Bfr,0xi 4+ Bx2) = ad(A, f1,x1) +BO(A, fo,x2), (3.36)
Va,B € C and x1,x, € C".

Proposition 3.3. Let A € C"™" with det(A) # 0 and f € C". Any two-layer, linear, and consistent scheme
can be written in the form

X1 = Xk +Cr(xg) = x +C(f — Axy), (3.37)

Jor some matrix C € C", where r(z) = f — Az is the residual vector.

Proof. A two layer scheme is defined by an iteration function
() :C""xC"xC"— C".
Given ¢, define the operator
Cz=¢(A,z0).

This is a linear operator, due to the assumed linearity of the iteration function. Consequently, C can be
identified as a square matrix. It follows from this definition, using the consistency and linearity of ¢,
that

(I, —CA)w = w—¢(A,Aw,0)
= (P(Aava W) - ¢(A7AW70)
= ¢(A?0?W)'
Furthermore by linearity, we can write
Xk+1 = ¢(A,f+0,0)+¢(A,0,Xk)
Cf+ (I, —CA)x
= Xk+C(f—AXk),

as we intended to show. O
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On the grounds that the equation (3.37) can be written as
Cil (xk+1 —xk) +Axk = f

where C is invertible, we have the following definitions.

Definition 3.5. Let A € C"*" with det(A) # 0 and f € C". A scheme of the form
Big1 (X1 —xx) +Axg = f, (3.38)

where By..1 € C"*" is invertible is called an adaptive two-layer scheme. If By..| = B, where B is invertible
and independent of k, then the scheme is called stationary two-layer scheme and the matrix B is called the
iterator. If By.y| = ﬁln, where 041 € C., then we say that the adaptive two-layer scheme is explicit.

With regard to stationary two-layer schemes, we assume that B is invertible so that (3.38) becomes
X1 =X+ BT (f — Axy). (3.39)

The last equality shows that if {x;} converges, then it must converge to x =A=' f.

Definition 3.6. Let A € C"™*" be invertible and f € C". Suppose that x = A~ f and consider the sta-
tionary two-layer scheme (3.39) defined by the invertible matrix B € C™". The matrix T =1, — B~ 'A is
called the error transfer matrix and satisfies

ex+1 = Tey,

where e;, = x — xy is the error at step k.

Theorem 3.2. Let A € C"*". The following are equivalent.
1. A is convergent to zero.
2. For some induced matrix norm

lim |JA%|| = 0.
k—>00

3. For all induced matrix norms
lim ||A¥|| = 0.
k—o0
4. p(A) < 1.
5. Forall x e C",

lim Afx =0
k—>o0

Before proving the above theorem, we establish a useful inequality:

Proposition 3.4. For every matrix A € C**" is true that
1A lmax < [[Alleo < nl[Al]eo
Proof. For a matrix A € C"", || - || ax and || - || norms define as

|Allmax = max |aij|
1<i,j<n

and .
[|A]le = gngI |l
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The left part of the inequality is obvious. We will prove the right part of the inequality.
n n
] 112?2‘”; Joij| < max ) max ol =n max |oij| = Al

1<i<n &=
ji

which completes the proof. O
Now we go back to proving the theorem:

Proof. 1 = 2: Since A is convergent to zero, using (3.4),

1
;IlAkllw < A lax = 0.

Thus ||A*]| — 0.

2 = 1 : Suppose that ]}im ||A¥|| = 0, for some induced matrix norm. Since all matrix norms are equivalent,
—» 00
fim [|A |« = 0.
k—ro0
Using (3.4),
1A lax < [[A*]le = 0.

Therefore, A is convergent to zero.

2 = 4 : From the Schur factorization theorem we have that A = UTU" , where T is upper triangular and
U is unitary. Then
A*=uTttu”.

Also, it’s true that p(A) < ||A||, for any induced matrix norm and if A is an eigenvalue of A, then A is
an eigenvalue of A¥. Therefore,
0 < p*(A) = p(A¥) < [|A"].

Thus, if ||A¥|| — 0, it follows that
p¥(A) — 0.

This implies p(A) < 1.
4 = 2 : By the lemma 3.1 there is an induced matrix norm || - ||, such that

Al < p(A) +e&,

for any € > 0. Recall that the choice of || - || depends upon A and € > 0. Since, by assumption p(A) < 1,
there is an € > 0 and an induced norm || - ||, such that

A% <p(A)+e=0<1.

Then, using sub-multiplicativity,
1A% < J|AJIS < 6 — 0.

Consequently,
lim ||A¥||, = 0.
k—roo

2 = 3 : This follows from the equivalence of norms. If convergence is observed in one induced norm, it
is observed in all induced norms.
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3 = 5 : Suppose that ]}im |A¥|| = 0 for all induced matrix norms. Let x € C" be arbitrary. Then,
—»00

1A% |oo < [|A¥]|oo [l ][0 — O

Since ||A¥||.. — 0. Hence ||A*x||.. — 0. This implies

lim Afx = 0.
k—boo

5 = 1: Suppose that, for any x € C",
lim A*x = 0.
k—ro0

Then, it follows that, Vx,y € C",
Vi Afx 0.

Now, suppose y = ¢; and x = e;. Since
YA = eflAfe; = AN,
then it follows that
lim [A"]; ; = 0.

k—boo

This implies that
lim [|A* || yax = O.
k—yo0

Hence, A is convergent to zero. O

At this point it is useful to state a theorem about the convergence of linear schemes.
Theorem 3.3. Suppose that A,B € C"™" are invertible, f,xq € C" given and x = A~ f.

1. The sequence {x; }7._, defined by the linear, two-layer, stationary iterative scheme (3.39) converges
to x for any starting point xq iff p(T) < 1, where T is the error transfer matrix T = I, — B~'A.

2. A sufficient condition for the convergence of {xy }_, for any starting point x is the condition that
|T|| < 1, for some induced matrix norm.
Proof. It’s true that
€l — Tek_l = Tzek_z == Tke(). (340)

Observe that
Xy H—wnc:A*lf iff e H—°°>O

Suppose that x;, — x = A~ f, as k — oo, for any xq. Then ¢y K720 0 for any eg. Set eg = w, where
(A,w) is any eigenpair of T, with ||w|| = 1. Then

er = AKep,

and
A= [A[ Wl = llex]|eo — O

It follows that |A| < 1. Since A was arbitrary, p(T) < 1. If p(T') < 1, appealing to Theorem 3.2,

lim ¢; = lim T¥ey = 0,
k—yo0 k—>o0

for any ep. Hence, x; — x = A~1f, as [ — oo, for any xo. Suppose now that ||T'|| < 1 for some induced
matrix norm. Since, for any induced matrix norm,

p(T) <|T]|,
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it follows that p(7') < 1. Again, by Theorem 3.2,

lim ¢; = lim T¥eq = 0,
k—yo0 k—ro0

for any ey. O

Theorem 3.4. Let A,B € C"" be invertible, xo, f € C" and x =A"'f. Let Xiyp; be the sequence gener-
ated by the linear, two-layer, stationary scheme (3.39). The following estimates hold

e =20l < I IJ*flx = xoll,

s
L=}l

[lx =il < [l = o[-

Proof. It follows that ¢; = TXe(. By using the consistency and sub-multiplicativity of the induced matrix
norm, we find
k k
lell < 1T [lleoll < IT[1*[leo,

which proves the first estimate.
For the second one, observe that e; = T* !¢, and thus Te; = T¥e;. Substracting the last expression from
ex = T*ep, we find

(I, — T)ex = T*(x; —xo).

We have that ||7|| < 1. Using the reverse triangle inequality for any x € C",
1(n = T)xl| = [llxl| = 1 T[] = (1 = [[T[[)]|x]]

The inequality implies that, if (I, — T')x = 0 then x = 0. Therefore, [, — T is invertible.
To obtain the norm estimate, notice that

1= Ll =L-T)L-T)""=6-T)" =TU—=T)""| = |(L—=T)"" = ITI(L—T)""|,
thus
(L, —T)7'[| < :
" 1|7
Hence,

e = (In — T)ilTk(xl —XO)
and using the consistency and sub-multiplicativity of the norm, we get

1

lewll < 112 =)= T ¥ 1 =0l < +—r
’ =T

1Tl = %o

3.3 Matrix splitting methods
As we describe in subsection 3.1.2, a matrix A can be split as
A=L+D+U.

For a stationary two-layer method, if we choose B = D as iterator we would have the Jacobi method and
error transfer matrix

ayp (W]
0 E e E
Qo e Gam
T=Tj=,-D'A=—|"* (3.41)
ar:‘l . Apn—1 O

O O
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Consider the system Ax = f. According to (3.2) and the matrix 7}, the estimating formula of xl(kﬂ) can

be written in the form

k _
+1) 7206, jx —|- i: [zjk],-—l- [D 1f],'
i Zi

Jj=1

In the same way, the Gauss-Seidel method defined by (3.3) with error transfer matrix

Tes=—(L+D)"'U=—-(A-U)"'U. (3.42)

We prove a theorem which gives us an important conclusion about the relation between the convergence
of Jacobi method and the convergence of Gauss-Seidel method.

Theorem 3.5. Let A € C**" be tridiagonal with non zero diagonal elements. Denote by Ty and Tgs the
error transfer matrices of the Jacobi and Gauss-Seidel methods, respectively. Then we have

p(Tss) = p(Ty)*.

In particular, one method converges iff the other method does.

Proof. Suppose that

by ¢ 0 0
ar bz

. an—1 by—1 cn
o - 0 a, b,

where b; # 0, forall 1 <i<n.Let0# u € C and define

M(u)=DAD ™!,
where D = diag[u,u?,--- ,u"]. Then
by ule, 0 0
Hay b2
Mp)=1| o oou e, 0
: Hap—1 by .u_lcn
0 0 ua, b,

It’s true that det(M( ) det(M(1)) = det(A). Suppose the matrix Q(u) = diag(u,u?,---,u") with
the property: Q(u)Q~'(u) =7and Q~'(u) = Q(u~"). In addition we have the equality

M(p)Q(r) = Q(uM(1) = Q™ 'M(n)Q(u)=M(1)

= det(Q " )der(M())det(Q()) = der(M(1))

= det(M(u)) =det(M(1)).
Let A =L+ D+U where L,D,U define as usual. From (3.41) we have that 7y = I, — D~'A. Therefore,
the eigenvalues of T are the zeros of the characteristic polynomial

pJ(QL) = det(TJ—lI)

det(—=D'(L+U)—AL)
det-D~'(L+U +AD)]
— det(-D g, (M),
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where we defined the polynomial
qi(A) =det(L+AD+U).
On the other hand, form (3.42) we have that Tgs = —(L+ D)*1 U, and so its eigenvalues are the zeros of
pos(A) = det(Tgs — Al,) = det(—(L+D) Vges(A),

where
qgos(A) =det(AL+AD+U).

Notice now that 0 = ggs(0) = ¢;(0). In addition, both matrices involved in the definitions of ¢; and ggs,
respectively, are tridiagonal. By the previous statement about determinants of tridiagonal matrices we
have that, if A # 0,

gos(A?) = det(A*L+A’D+U)
A'det(AL+AD+A7'0)
A'det(L+AD+U)
= A"qi(4)

and so this holds for all A € C. The previous reltion shows that

1 1

Aeo(Tgs) = A2, —Areo(T))

and
(A €0(T)) <= —A €o(Ty) = A? € 6(Tgs).

O]

In previous section we referred to SOR method which define via (3.32). In this case the error transfer
matrix is given by
To=(L+o 'D)" (0 ' - 1)D-U)

and the iterator is
By =L+ o 'D.

It’s necessary to choose a valid value for @ to achieve convergence. A necessary condition for this is
given by the theorem below.

Theorem 3.6. Let A € C"™" have non zero diagonal entries. A necessary condition for convergence of
the relaxation method is that ® € (0,2).

Proof. Since A € C™" has non zero diagonal entries, the relaxation method is well defined. A neces-
sary and sufficient condition for convergence is p(7,) < 1. Eigenvalues are roots of the characteristic

polynomial,
n

1r(A) = det(Ty — A1) = (=1)"[J(2 — 4).

If A = 0 then
x7(0) = det(Ty) = [ [(M).-
However, if | det(7g)| > 1 then there must be at least one eigenvalue that satisfies |A;| > 1, so the method

cannot converge. Thus,
|det(Tp) < 1.
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In previous sections we discussed the convergence properties of the Jacobi and Gauss—Seidel (GS) meth-
ods and we saw that GS converges faster than the Jacobi method. However, the results shown above
indicate that between these three methods, SOR is faster, given a suitable relaxation parameter @.

In the example below we compare the convergence of GS and SOR methods for a specific matrix, the
48 x 48 matrix “bcsstk01” from the Suite Sparse Matrix Collection:

Example 3.3.1. Suppose the system Ax = b where A is the 48 x 48 matrix and b is the unit vector. If
we try to approach the solution x with Jacobi’s method, then the result would be that the method did not
converges in 4000 iterations.

On the other hand, GS and SOR converge in less than 4000 iterations. Suppose that the relaxation
parameter is @ = 1.8, the number of max iterations is 4000 and estimate error is e = 10~*. Running the
code for GS and SOR methods we have the results below:

Gauss-Seidel converged
Number of iterations = 3462. || b - A x || 0.000100289
Times: 136.97223006700005 seconds

SOR converged
Number of iterations = 437. || b - A x || 9.90254e-05
Times: 16.83217748299967 seconds

Figure 3.1: Results for GS and SOR methods

Observe that SOR converges faster with smaller residual error. This conclusion can be more obvious by
sketching the comparison plot between residual error and iteration as it shows below:

120 1 === (Gauss-Seidel
— SOR
100 1

80

60

b —Ax¥];

40

20

T

lteration

Figure 3.2: Comparison plot between residual error and iteration
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CHAPTER 4

Gradient methods and Krylov subspaces

4.1 Introductory concepts

Suppose we have the system Ax = f, where A € C"*" is Hermitian positive definite (HPD). The following
theorem summarizes some ot the properties of HPD matrices.

Theorem 4.1. Suppose that A € C**" is Hermitian positive definite. Then the following are true:

1. The expression
(xvy)A = (Axvy)Z = yHAx7 Vx,y € Cn? (41)

defines an inner product on C".
2. The object ||x||a = VxH"Ax, where x € C", defines a norm on C".

3. Let the eigenvalues of A be ordered so that 0 < 4y < Ay < --- < A,. Then

VAl < lxlla < Vallx2,

for any x € C".

4. Let f € C" be given. Thenx=A""f ifand only if x minimizes the quadratic functional E5 : C" — R,
defined by

Ex(z) = %zHAz—iR(sz).

Proof- We prove each assertion of the theorem separately:

1. Forall x € C", it’s true that
(x,x)a = (Ax,x)2 = x"Ax > 0,

because A is HPD, which implies that xX"Ax >0, Vxec C" x#0.
Now, for x,y € C",
(xy)a = (Axy)e =y"Ax=)y"AMx = (Ay)"x
xHAy
Ay, x)2
= (»X)a,

—

33
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which establishes the symmetry of the inner product.
Finally, for x,y,w € C" and any 41,4, € C, we have

(Mx+Ay,w)a = (A(Mx+Ay),w)2
wiA (x4 Aay)

w A ix +wi ALy

A (Ax, W)+ Az (Ay,w)2
= Ai(x,w)a+A(y,w)a.

Thus, (4.1) defines an inner product on C”.

2. Observe that
x[I = (x,x)a.
The fact that (-,-)4 is an inner product implies the positivity of || - ||4 and the fact that ||Ax|[4 =
|A]||x[|a, for A € C and x € C". We will prove the triangle inequailty, i.e. the inequality
x4 ylla < [lxlla+ Iyl

First of all, we going to prove Cauchy inequality for the above inner product by calculating the
inner product of the vector x — Ay with itself.

(x=Ayx—=Ay)a = (6x)a— (% Ay)a— (Anx)a+ (27, 47)a
= (x4 —2A(x,)a = 24+ AP (1,7)a

For A = & .
Oy)a -
(y7x)A (xay)A ‘(xvy)A|2
0<(x—Ay,x—A = (x,x)4— X, V)A — X) A+ (¥,
=y o) (®3)s ()’7)’)A( I (% ¥)a 0-2)a (v, 9)al? Or3)a
_ (x x)A_z(xvy)A(yax)A ‘(x7y)A’2
’ (,)a (3.7)a
|(x,y)al?
= (x,x)4 —————5F
(524 (,7)a
from which it follows that
|(x,3)a® < (x,x)a (5 3)a = [IKlIZ VI3 (4.2)
From (4.2) it follows that
Ix+yi = (x+yx+y)a
= (rx)a+ )4+ 0,x)a+(,¥)a (4.3)

= 2+ 11113 + (e 3)a + (0)a

However,

(634 =(Axy)2 = (Ax)fy
xHAHy
xHAy
(Ay,x)2
= (»X)a
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Thus, using the symmetry of the inner prodcut (-,-)4 and the Cauchy—Schwarz inequality (4.2),
relation (4.3) becomes

et ylI2 = IxlZ+IYIA +20x)a
xl1 + 112+ 211xlIZI¥11E = ((lella + 1y]1a)?

IN

This establishes that || - ||4 is a norm.

3. Suppose S ={wi,...,w, } is an orthonormal basis of C" consisting of eigenvectors of A (i.e. Aw; =
n
Aiw; and (w;,w;) = wquj =0 fori # j). Let x € C" be arbitrary, and write x = ¥ ¢;,w;, for some
i=1
for uniquely determined constants ¢; € C, i =1,...,n. Then

n n
[lx[|3 = xfAx = x ZAciwi = X Zciliw,'

i=1 i=1

[
1=
D
>

“x
=

Il
_

Il
s
O
&
1=
K]
<
=
3

Il
—
~.

Il
—

I

1=
O
>

1=
o
=2

~

N~—

Il
—
~.
Il
—

I
S
3l
&

Il
_

I
S
[\S)
Rt

Il
—

(4.4)
< A Y lel? = A3
i=1

Thus, ||x||4 < v/An||x]|2. For the left part of inequality, it’s obvious that we can take the lower bound
of (4.4)

n
el = A1 Y [l = A flx]13,
i=1

and we have the needed ||x[[4 > VA1 |x]|2-
4. Suppose that x =A=' f. Let y € C" be arbitrary and consider

En(rty) = (b Alc+y) ~ RO ) ~RO7 ) @5)
= %XHAH %yHAer %XHAH %yHAx—EK(fo) —ROS).

Note that R(A) = (A +A"), so that R(y7Ax) = L (v Ax + (yAx)H), and xAy = xAHy =
(Ax)Hy = (y"Ax)H. Then

Ea(ety) = safAvt Ayt 2 (F At (074N - R( ) - RO)
= AT DAy EROMAY) - ROY ) - RO1 )
_ B+ %yHAerEK(yH(Ax—f))

1
= Es(x)+ EyHAy > Ea(x).
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The last inequality holds because A is HPD so that y Ay is non-negative. Equality holds if and
only if y = 0, therefore x minimizes Ejy4.

Conversely, suppose that x minimizes the functional E4, let u € C" be an arbitrary unit vector, and
define g(s,t) = Eq(x+ au), where o = s+ it, s, € R. Then

g(s, 1) = %(x—i—om)HA(x-i-Ocu)—9?((x+06u)Hf)

= %xHAx + %xHAau + %mﬂAx + %GMHAau — R f) =R f)

A simple calculation shows that (4.6) may be written as

2
g(s,t) = ;xHAx—FEK(auHAx)ij;’uHAu—iK(fo) —R(au” f)
= Ex(x) +R(auAx) —|—|az|2uHAu—5K((quf)

o 4 = H
= EA(x)—FTu Au+R(au” (Ax—f))
= Ex(x)+ |a2|2uHAu+9i(oc)9{(uH(Ax—f)) —3(@)3(u (Ax - f))
= Ex(x)+sR(u” (Ax— ) +13 (" (Ax— f)) + s

H
Au.
2uu

Considering all the above, g is a strictly convex, quadratic function on R?. On the grounds that x
minimizes g, we conclude that g has minimum at (s,7) = (0,0). Hence,

dg

0=-°(0,0)= R (Ax— 1)),
and p)
_og _
0="2"(0,0) =3 (Ax—f)),

where u is arbitrary. Therefore, it follows that Ax = f.

This concludes the proof of the the theorem. O

In Theorem 4.1 we showed that an HPD matrix defines an inner product. The converse is also true and
this is established in the following proposition.

Proposition 4.1. Suppose that (-,-) : C" x C* — C is an inner product. There exists a unique HPD
matrix A € C*" such that

(x,y) = (Ax,y)2 = (x,y)a, Vx,y€C".

Definition 4.1. Suppose that (-,-) : C" x C" — C is an inner product and A € C"*" is its associated HPD
matrix. We say that B € C"" is self-adjoint with respect to this inner product if and only if

(x,By) = (x?By)A = (Bx7y)A = (Bx7y)7 vxay e C".

We say that B is self-adjoint positive definite with respect to this inner product if and only if B is self-
adjoint and satisfies
(x,Bx) = (x,Bx)s >0, Vx e Cl.

We say that two vectors x,y € C" are A-orthogonal (or A-conjugate) if and only if

(x7y) = (X,y>A =0.
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We say that a set S C C" of non-zero vectors is called A-orthogonal (or A-conjugate) if and only if
whenever x,y € S, and x # y, then

(x,y) = (x,)a = 0.
We say that S C C" is A-orthonormal iff S is A-orthogonal and

Ixla=1, Vxes.

Theorem 4.2. Suppose that A € C"™" is HPD and B € C"™" is self-adjoint with respect to (-,-)s. Then

all of the eigenvalues of B are real and there is an A-orthonormal basis of C* consisting of eigenvectors
of B.

Before proving this theorem, we will state two useful propositions:

Lemma 1. Let A € C™". Then there exist matrices U, D € C"" with U unitary and D upper triangular
such that
A=UDU".

Proposition 4.2. Let A € C"*" be self-adjoint (Hermitian). Then o (A) C R and there is a unitary matrix
U € CY" such that

A=UDU",
where D = diag[Ay,--- , Ay). Furthermore, there exists an orthonormal basis B = {uy,--- ,u,} of eigen-

vectors of A for the space C", and Au; = Aju;, i=1,--- | n.

Now we return to the proof of Theorem 4.2

Proof. Consider the matrix C = L BL=  where L is the lower triangular matrix of the Cholesky decom-
position of the matrix A, so that A = LLH. We have L = L7'A and L = AL Since B is self-adjoint
with respect to (,+)4 we have that BYA = AB. We will show that C is a Hermitian matrix. Indeed,
c=L"BL™" = L'ABL™"

= L 'BoaL™

= L 'BL

= .
Applying Proposition 4.2, matrix C is equal to

LYBL " =c=UDU',

where U € C"*" and D is a diagonal matrix with entries D = diag[Ay,...,A,]. Hence, B is similar to a
diagonal matrix with real entries
B=(L"u)p(L "u)~.
Setting M = L 7U, we have
BM =MD

which implies that the columns of the invertible matrix M are eigenvectors of B.

Let us now show that the columns of M form an A-orthonormal set. The columns of M are eigenvectors
of B so we know that they are A-orthogonal. We have to establish that ||x||4 = 1, for any eigenvector x
of B. First, we know that the matrix L is an unitary matrix, i.e. L~! = L. As a consequence, we have
that

M=)yt =u U =yt =gt = (LU = ME
By definition, if the invertible matrix is unitary, then its columns form an orthonormal set. Moreover it

is true that
X;LIX,' :XiHLLilx,' :XZHLLHX,' :leAx,' = (x,-,xl-)A = HX,HI% = 1,

so the columns of M form an A—orthonormal set. O
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4.2 Gradient descent methods

Gradient descent methods are frequently used for the minimization of nonlinear functions. The general
idea of the method is to proceed along a direction of descent, computing at each step an appropriate step
size. The difficulty, of course, lies in detemining the steps size. In that respect, we will make use of the
following definitions:

Definition 4.2. Suppose that A € C**" is HPD, f € C", and define the quadratic functional E4 : C" — R
via

Es(z) = %zHAz—EK(ZHf).

A gradient descent method is a two-layer iterative scheme to approximate x = A~ f. Starting from an
arbitrary initial guess X, the iterations proceed as

X = Xp—1 + Ogdy_1, k=1,2,3,....

where dy_; € C" is the (k — 1)-st search direction, supplied by the algorithm, and oy € R is the step size
given by the condition
oy = argminEy (x;_1 + ady_1),
acC

which is called a line search.
The next theorem gives a formula to calculate o at each iteration step:

Theorem 4.3. Suppose that A € C"*" is HPD, f € C", and define the quadratic functional E4 : C" — R
via

Ea(z) = %ZHAZ —R(ES).

Suppose that the search direction dy_ € CI, and previous iterate xy_ € C" in a gradient descent method
are given, and define ri_| = f — Axy_1. Then, the step size can be computed exactly via the formula

oy = argminE (xx_1 + atdy_1) 761]51}’](_1
k= A Xk—1 k—1) = .
acC di | Adyy
Proof. Let @ = s+ it, where s,¢t € R. Define the function
g(s,t) = Ea(x—1+adi)
1
= E(xk,1 + (Xdk,1>HA(xk,1 +oadi—1) — R((—1 + Otdk,I)Hf)
af?

1 a o
= Ex,’j,lek,l + ?{j,lAdk,l + Ed,fﬂ JAx + Td,{{ Ady 1 —R((x1 +adi_ 1) f)

2
o _ _
= Ex(x—1)+ ’2’61151_114611(—1 +R(adf | Axi—1) — R(ad | f)

2
_ o
= E,4 (xk_l) — E){(ad,{{lrk_l) + ;dflAdk_l

H H S+ oy
= EA(xk,l)—si)i(dkflrk,l)—tfs(dk,lrk,l)—i—Tdk,IAdk,l.

This is a strictly positive quadratic function of two variables. Setting the first derivatives equal to zero,
we find

0
0= %(Sk,tk) = —%(d,ﬁ’_lrk_l) + Skd/?]_lAdk_l ,

d
0= 28 (51,10) = ~S(dfLyri 1) + 1dfL Ady
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which implies that
dif iy

oy =sp+ity = —F—.
d? Ady_

4.3 The steepest descent method

As we have seen in the previous section, the gradient descent method’s search direction is supplied by
the algorithm. For the steepest descent method we use as search direction the one given by the residual:

Definition 4.3. Suppose that A € C"*" is HPD, and f € C". The steepest descent method is a gradient
descent method for which the search direction dy_1 is defined to be the residual,

di—1 =11 = [ —Axp_1,

so that the step size is precisely
H
Te—1Tk—=1

O = ——.
il Are

If L € C*" is an HPD matrix, the L-preconditioned steepest descent method is a gradient descent
method with search direction
~1
di—1 =L "riy,

so that the step size is precisely

r  LTVAL 'y

—1
i L7y
oy =

Proposition 4.3. Suppose that A € C"™" is HPD, and f € C". Suppose that {x;};._, is computed using
the steepest descent method with the starting vector xo. Then the sequence of residual vectors {ri}7_,,
re = f — Axy, has the property that

(rksres)2 = 1 e =0,

fork=0,1,2,....
Proof.
(restsm)2 = i rie i (f — Axis1)
e (f = AQ+ 0 1dy))
ri (f — Axi — 01 Ady)
= r{ (re— 1Ary)
e
= rl(n——4—A
k (rk I‘]I:IAI’/( rk)
ek
e Ifrk — %%AI’]{
= Afr—rin
= 0,
which completes the proof. O

As a consequence of the last proposition it follows that search directions are pairwise orthogonal. For
the error in the steepest descent method we have:
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Theorem 4.4. Suppose that A € C"*" is HPD, f € C", and x = A~ f. Suppose that {x;}7>_, is computed
using the steepest descent method with the starting value xy € C". Then the error e, = x — x;, satisfies

llex+11lz = ellexlz

where

(i rn)?

(rlre) (rf A=)

he=1-

Proof. Suppose x = A~! f. Then, x minimizes the quadratic functional E4 : C" — R defined by
Ex(z) = %ZHAZ R ),
so that the following holds for any z € C"
Er(2) = Ea()+ 52— @6

We have that ry = f — Axy, and the step size is
T

Ogr1 = —F/—-
* r,fIArk

Note that 0441 = O+ and rir = (rfr). We then conclude that
Ex(xks1) = Ealg+oggin) = %(Xf + 01 7)Ao + G 171) — R f + o1 rf )
= SlAvt o An S o vt S0l Ar - S ) - e f)
= Eqln)+ %akﬂ (g Ay + g Ax) + %agﬂrfmk — o 1 RO — a1 R Axy)
= Ea(x)+ o R Ax) + %agﬂrfmk — g 17— o R Axy)

1
= Ealx)+ 5a1<2+1rlfIArk — O 7 Tk

1 rHrk
= Ea(x)+ 5 Ok %UIQIAW — 1Tk
1 (rf'r)?
= E —= . 4.7
A(xk) D) }"]{-IAI”/{ ( )
Combining equations (4.6) and (4.7) we get
1
Ea(vet1) = Ea(x) + 5 Pt —xli = ller1llz =2(Ea(xie1) — Ea(x))
l(rHrk)2
2 k
= =2(E — = —E
lexs1llz = 2(Ea(xx) 2 Har, A(x))
(rHrk)2
= lexr1llz = 2(Ea(x) — Ea(x)) — r}l‘:fArk
2
2 2 (’f”k>
= — . 4.
= llexs1lla = llexlla HAr, (4.8)
Since r, = Aey, we have
lecli = efAe
= ekHrk

= A7 (4.9)
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Thus, (4.8) becomes

which finishes the proof.

= el (1 -

(i) >

re Are) llecl;

(rir)?

— Jel (1~

= Yellexli,

riAr) (rf A=ry)

)
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O]

Lemma 2. (Kantorovich Inequality). Let the matrix A € C"*" be HPD with spectrum 6(A) = {4},
with0 < Ay <A < --- <A, and spectral condition number

Then, for any x € CI,

Proof. Define u = +/A1A,. Then

and

Therefore, foralli=1,--- ,n,

Now observe that the function

is strictly decreasing on (0, 1) and strictly increasing on (1,00). Setx = % Using (4.10), if

then

This implies that

On the other hand, if

then

Ai

1<x=—
u

An
K=K (A)=—.
2(A) p»
(HAx)(xHA 1x) 1 — 5
<= V=
(xfx)2 _4(\/E+ k)
Vi VA, T M T u
2:\/2/71: lllngﬁgﬂzk.%
vV, An AT A
2K7%§&+ES2K%
noA
f(x):x—i—;

1

< K7,

(4.10)
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which implies that
et M Ry
uoA
Therefore, it’s true for every case that
Ai
2<ﬁ %glcf—i—rc’%. @.11)
Suppose that (A;,w;) is an eigenpair of A, where {w;}"_, is an orthogonal basis for C". Then
Ai LK
-1 -1
A+ UA =
(L A+ pA™ )w; < u M) Wi.
Let x € C” be arbitrary. There exist unique constants x; € C such that
n
= Z Ciw;
i=1
Then
1 n n
ﬁxHA)H— [,LxHAflx = Z Z clc]wHAwJ + Ueiciw; A= w]
i=1 :
= Z |ei|? <'wflwi + ZW?W,‘)
i=1 H i
= Y laP ( - ;‘)
i=1 HoA
< (<F )3
From the inequality
1 1
b| < ~lal*+ = b
’a ’—2’a| +2’ ‘ Y
for any a,b € R, it follows that
ab < |ab| < — (|a| +|b])*.
Using the last inequality with
1
= —xAx, b= ,uxHAflx,
u
we obtain
2
1
(HAx) (Fa1x) < 7 ( ~ At A~ x> <7 (m K ) (xx)2,
from which the assertion of the lemma follows readily. O

Theorem 4.5. Suppose that A € C"™" is HPD, f € C", and x = A~' f. Suppose that {x}3 is computed
using the steepest descent method with the starting value xy € C". Then the following estimate holds

k—1\*
leula = (1) leola

where k = K2(A).
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Proof. From Theorem 3.4 we have

lexlli = Ye1llex—1llz

= }’k—ﬂ’k—zﬂek—sz\

= Yk—l?’k—2"'?’0||€0“/24-

Using the Kantorovich inequality (2) for ¥ we observe that

2
1
1 R 4 - (et V) 4
_ SN S
(rdr) (g Ay (k™2 +x2)2 <#+ﬁ)2
_ 1424+x-4
| 2
(F=+v¥)
2
1
G,
_ ).
(ve+ k)
_ K—1)\2
 \k+1
So,
K—1\* K—1\*
e < (£57) leoll =l < (£57) Teola

Remark 4.1. We observe that, for large spectral condition number K

1 2
AL

K+1 K

In other words, the convergence rate deteriorates as K — oo.

4.4 The conjugate gradient method

Recall that finding the solution of Ax = f, where A € C"*" is Hermitian Positive Definite (HDP) and
f € C" is equivalent to minimizing the functional

Ea(2) = 57"Az— (),

that is, finding

x = argminEy4(z).
zeC

A smarter way to solve this system is to minimize the functional over a sequence of increasing larger
subspaces of C". We begin with some necessary definitions.

Definition 4.4. Given A € C"™" and 0 # q € C", the Krylov subspace of degree m is

Hm(A,q) = span{Arqlk=0,--- ,m—1}.
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Definition 4.5. Suppose that A € C"" is HPD, f € C", andx =A=' f. The zero-start conjugate gradient
method is an iterative scheme for producing a sequence of approximations {x; }°_, from the starting point
0 = xo € C" according to the following formula: setting %, = J#;(A, f), the k—th iterate is obtained by

x; = argminEy (z). (4.12)
ZEH,

By construction, J#,(A,q) € Hu+1(A,q). Thus, we are minimizing over a non-decreasing family of
nested subspaces of C".

Remark 4.2. Someone may possibly wonder which is the most appropriate value for the starting vector
Xo such that the conjugate gradient method converges faster. Later we will see the importance of starting
the method with a non-zero starting vector xy.

Definition 4.6. Suppose thatA € C" is HPD, f € C", x=A"'f, and W is a subspace of C". The vector
xw € W is called the Galerkin approximation of x in W if and only if

(Axw,w)2 = (f,w)a,  YweW. (4.13)

In the following theorem we prove the existence and uniqueness of the Galerkin approximation.

Theorem 4.6. Suppose that A € C"*"is HPD, f € C", x=A""' f.and W is a subspace of C". The Galerkin
approximation xy € W exists and is unique.

Proof. Let B={wy,---,w;} be an A-orthonormal basis for W, i.e.,
(wi,wj)a = (Aw;,w;j)2 = 0; j,
forall 1 <i,j <k <n.Then (4.13) holds if and only if

(AXW,W[)Q = (fa Wi)27 = 1)' o 7k' (414)

k
Since B is a basis, there are unique constants cy,--- ,c; € C such that xy = Y} ¢;w;. Plugging this into
j=1
(4.14) we get

(i ciAw;j,wi)z = (f,wi)2
2:1
= ;Cj(wiji)A = (f,wi)2
= i‘,-: (fywi)a, i=1,... k.
Thus ¢;, i=1,---,k exist and they are unique by definition. O

The next property summarizes some important properties of the Galerkin approximations.

Proposition 4.4. Suppose that A € C" is HPD, f € C",x =A™\ f, Wis a subspace of C", and xy is
the Galerkin approximation to x in W.

1. The residual is orthogonal to W. That is, if r = f — Axy, we have

(r,w)2 =0, Yw e W.

2. Galerkin orthogonality: Define the error e = x — xy . Then we have

(Ae,w), =0, Yw e W.
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3. Optimality:
(Ae,e)y < (A(x—w),x—w)a, YweW.
Proof. Since xy is the Galerkin approximation to x in W, it’s true that
(Axw,w)2 = (f,w)2, VxeW.
1. According to the last observation we have that

(nw)y = (f—Axw,w)
= (f,w)2— (Axw,w)2
= (fiw)a—(f,w)2
= 0.

2. For the proof of the Galerkin orthogonality, we have that

(Ae,w), = (A(x—xw),w)2
= (Ax,w); — (Axw,w)>
= (Av ) ( ) )
= (Ax—f,w)
= 0.

3. Before proving the optimality of the Galerkin orthogonality, we need to recall some important
properties. Firstly, we know that if W is a subspace of C” then for every x,y € W it’s also true that
x—y € W. Secondly, the Cauchy-Schwarz inequality for the A-norm says that for any u,v € C"

[ (e, v)al < [[ullal[v]]a- (4.15)

So we have that
(Ae,x—y), =0, Vx,y € W.

Therefore,

leli = (Ae,e)y = (Ae,x—xw)s
(Ae,e)>
(Ae,x —xw)2+ (Ae,xw —w)2
= (Ae,x—xw +xw —w)2
(Ae,x—w)

= (e;x—w)a <|leflalx—wlla-

In the case of ||e||4 = 0, the result is trivial, while in the case of ||e[|4 > 0, we have
lefla < llx—wlla,

and the result follows.

O

Theorem 4.7. Suppose that A € C"™" is HPD, f € C", and W is a subspace of C". Then, the following
are equivalent:
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1. The vector xyw € W is a minimizer of Ex over W:

xw = argminEy (z).
zeEW

2. The vector xyw € W is a Galerkin approximation of x = A~ f:
(Axw,w)2 = (f,w)2, VweW.

Theorem 4.8. Let A be HPD, f € C", and x = A=\ f. We have that dim %,,(A, f ) =m and, as a conse-
quence, the sequence {xi};._,, generated by the zero-start conjugate gradient method is such that there
is an integer m, € {1,--- ,n} for which

xx#x, k=1,....my—1, xr=x, k>m,.

Proof. Let J,, = (A, f). Notice that dim 7, < m. We have to show that the equality dim.J¢,, = m
holds. We will proceed by induction. Set m = 1,--- , k and notice that, since f # 0,

1 =span{f} = dim.#] = 1.

Assume that for all m = 1,... k with k < n— 1 we have dim %, = k and x; # x. Therefore, the residual

ri = f —Axy # 0. Observe that x; = argminEy (z) and so x; € #;. So, Ax; € #;41 and the corollary to
ZEH
this is that r; € ;1. Now we have that x; € J#; is a minimizer of E4 over .#;, so using Theorem 4.7

we observe that
(row)a = (f —Axg,w)2 = (f,w)2 — (Ax,w)2 =0 Vxx € 1.

Thus the residual r; must be orthogonal to #;. The last equality above shows that r; # 0 and by ex-
tension ry € 1 \#%. The last conclusion is only possible if dim %, > dim.#;. As a consequence
dim % =k+1. O

Theorem 4.8 shows that the exact solution can be found in at most n steps. This can be expressed as an
iterative scheme for two reasons. First, we should avoid the case of a very large n and so the method
could stop after a specific number of iterations. Second, experience shows that rounding errors make the
calculation of the exact solution almost impossible.

We going to rephrase the conjugate gradient method in a more convenient equivalent form. As stated in
Definition 4.12, at step k we need to store k vectors of a basis of %% (A, f), as we need to minimize over
it. The theorem below shows that this action is not necessary.

Theorem 4.9. Suppose that A € C™" is HPD, f € C", and x = A~ f. The sequence generated by the
zero-start conjugate gradient method, {x;}}* |, is the same sequence as that generated by the following
recursive algorithm:

x0=0,rp=f—Axo=f,po=ro=f
fork=0,1,--- ,m,—1do
if £k > 1 then

Pk = rk(A— .ukpli—l

_ TisPk—1)2

Hoe = (Apk—1,Pk-1)2
end
Xpr1 = X+ Ak 1Pk

_ _(nopi)e
(Apk,pr)2

Fkpl = Tk — M 1A Pk

Ak-&-l

end

if Kk =m, — 1 then
| Pm, =0

end
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Clearly,

Tm, =0=pp,.

In addition,
O#rk€<%/k+l\<%/k) O#pkE%H»l\%ﬁ k:O,--‘,m*—l,

and
(rjari)Z - (PjaPi)A :07
forall0<j<i<m,—1.

Proof. Suppose that the solution is obtained after m, — 1 iterations. We will prove the theorem by in-
duction on k. The cases for k < 2 are clearly true. So we have the induction hypothesis that the formulae
and properties of the theorem are true for 0 < k < m — 1. Therefore, we are going to study the case of
k<m<m,—1.

Assume that {xk};:’:ll is generated by the zero-start conjugate gradient algorithm. It’s true that x,, # x

and r,, = f — Axy, # 0. In addition, x| € #}| where x;1 is given by (4.12). As we concluded in the
proof of Theorem 4.8, r,,, € J%,,. Since x,, is a Galerkin approximation to x, the Galerkin orthogonality
(4.7) shows that

0= (Aemuy)z = (A(X—Xm),y)z (416)

= (Axvy)z_ (Axmvy)2 (417)

= (f:y)2— (Axm,y)2 (4.18)

= (f—Axm,y)2 (4.19)

= (rm:y)2, (4.20)

where y € J#,. So ry, is orthogonal to an arbitrary component of %, that is r,, € J£,11\%m. The

induction hypothesis guarantees that {rg,---,r,_1} is an orthogonal set and a basis for ./%,. Also, the

Galerkin orthogonality implies that r,, is orthogonal to this basis so {rg, - ,7m_1,7} is an orthogonal
basis for 7,1 1.

Denote by e%/mL the orthogonal complement of %, in %, in the A-inner product, that is,
k= {w € K1 | (Aw,y)2 = 0,Yy € A, ).
Observe that r,, € %" so #,.- # {0}. Notice that .%;, | can be written as the direct sum of its subspaces
o and L e,
1
K1 = Ko g

From the properties of the direct sum, we have that
dim (A1 1) = dim(4,) 4+ dim (7).

Since dim(.#,,,1) = m+ 1 and dim(.%,,) = m we conclude that dim(.#,;-) = 1. Thus any element
&1 € Hppyq can be written as

§m+1 = ém + UPm;
for some u € C, p,, € #,-NC", and &, € H;,.

Now consider the element

T'my Pm)2
W:xm+km+1pma )vm+1 = (54;1’;1))2
my Pm

We observe the following:
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L. rm € Fpii\Hm, En€ Hm so ry L&, and (ry,En)2 =0.
2. pm € K, so from the definition of .#,;- we have that (Ap,,, &, )2 = 0 since &, € 7.
Then,

(Aw—f.&ni1)2 = (A +Ant1Pm) = [, Em + Upm)2
= (Axm—f,6n)2 +(AX0 — £, Pm)2 + A 1 (APms Em)2 + B 1 (AP, P2
= —("mySm)2 — B [(rm: Pm)2 = A1 (APms P )2
= —H[(rm:Pm)2 — An+1(APm; Pm)2]
(rnupm)Z

= —ﬁKnmnwz—(

A 3 2
Apm7pm)2( Pm Pm) ]
= 0.

Therefore,
(AW—f, ém—i—l)Z =0, \Vlém_t,_] € ,%/m_,_].

But x,, 1 € 11 1s the unique element that has this property in the last equation. Therefore, w = x;,11. In
other words, x,,41 € %, is the Galerkin approximation defining the (m + 1)-st iterate in the zero-start
conjugate gradient algorithm if and only if

T'm, 2
Xt = Xm + A1 P A1 = (1(4;1 p;l)>2

From the last equation we can compute the (m + 1)-st residual:
Fmi1 = f—AXxmp

= f —Axy — AerlApm

= Tm— Anr1Apn

By the induction hypothesis, {po,- -, pm—1} is an A-orthogonal set and, hence, it forms a basis for ..
Since r,, € #p,11 has a component in .%#,;", its A-orthogonal projection, q, into Jime iS non-zero:

¥ (A, pi)2 "V (rm:Pi)a
e P2 ! g 421

But for 0 <i < m—2 we have Ap; € %, so (Api,rm)2 = 0. Thus, equation (4.21) becomes

(Armvpm—l)Z L
=ty — 2 pp_1 € K.
1 " (Apm—lapm—l)me "
Taking
(AFm, Pm—1)2 n
Pm=q=rtm— ———"Pm_1 €EH,,
m=q " (Apm—lapm—l)Z " "
it follows that {po, -, pm—1,Pm} is an A-orthogonal set. O

Considering all of the above, we may consider asking how to choose between a direct method (Cholesky
factorization) and an iterative method (Conjugate Gradient) when we have a large sparse matrix? Some
answers arise from the following example.

Example 4.4.1. Suppose the system Ax = b, where A is a symmetric positive definite matrix. First we
are going to solve it using the Cholesky Factorization method and then using the Conjugate Gradient
method. We use the matrices “besstk01” and “besstk16”. The next table sums up the results.
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Table 4.1: Results for besstk01

Choleksy Factorization Conjugate Gradient method

Convergence True True
Time 0.0003273 0.0041463
Residual error 5.658646¢-13 6.573808¢-05

Table 4.2: Results for besstk16

Choleksy Factorization ~Conjugate Gradient method

Convergence True True
Time 0.1650811 0.1376722
Residual error 3.774699¢-12 0.000628

Observe that the Cholesky Factorization converges to a solution with a residual error less than 10~
while the Conjugate Gradient method has a bigger residual error.

Corollary 4.1. Suppose that A € C"™" is HPD, f € C" and x = A~' f. The sequence generated by the
zero-start conjugate gradient method, {x;}}* | has the following property for all k € {1,--- ,m,},

Xp € H\Hp—1.

This implies that
(X1, x) = A

Corollary 4.2. Suppose that A € C"™" is HPD, f € C" and x = A~ f. If the zero-start conjugate gradient
(CG) algorithm is employed to produce the approximation sequence {x j};’;l, then, forall 1 <i<m,

H(Af) = (fAf,-- AT f) (4.22)
= <X1,---,X,'> (4.23)
= <p07 te 7pi71> (424)
= (ro,~-,ri1) (4.25)

Theorem 4.10. For A € C™*" HPD, f € C given and x =A"'f, let {x;}" for m € {1,--- ,n} denote
any sequence of vectors with xo = 0 that satisfies:

‘%/j :‘%/](f7A) = <faAf7 7Aj_1f> = <X1,'-' axj> = <i’0,'-' ,}"1;1), rj—1 7&0
forall j=1,... n, with orthogonality relations:
=0 Vo<k<I<m. (4.26)

Then the j" iterate x; is the unique vector in J¥; that minimizes the error function ¢(y) = ||x — y||a.
Furthermore, ¢ is monotonically decreasing:

lejlla = llx—xjlla =@ (x;) < P(xj—1) = lx—xj-1]la = llej—1lla
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Proof. Let z € % be arbitrary. Define w = x; —z € ¥, then:
020 = lr—zlfi =l =4+~ 2l = llej 4wl = (e +w)"Ale; +w)
= llejlli+wAe;+effAw+ [[wl3
= llejlz+w"rj+(Aej) w+ w3
= lejlz+wrj+rfw+ w3
= el +2Rw"ry) +IIwl3,

where r; = f —Ax; = Ax— Ax; = Ae;. Since w € #j = (ro,--- ,rj—1), there exists unique oy, --- ,Qj_1 €
C such that
i1
w = Z o1,
i=0

So
whr; = Z orfr;

and the fact that rfr; =0 V 0 <k <[ <m follows from wr; = 0. Hence

9°(2) = llejll3 + 1wz = llelIz-
The equality holds for w = 0, so z = x;. Hence x; ia the unique minimizer of ¢ over J%;.
Since #j_1(f,A) C J;(f,A) we have the result
lejlla = ¢ (xj) = inf{@(z)[z € HZj(f,A)} <inf{d(2)|z € Hj1(f,A)} = ¢(xj-1) = llej-1lla
O

Theorem 4.11. Suppose that the zero-start conjugate gradient method is applied to solve Ax = f, where
A € CV" is HPD and f € C. Then, if the iteration has not already converged (r;—; # 0), then there is
a unique polynomial

pi€P={pePi|p(0)=1}

that minimizes ||p(A)eo||a over all p € P¥. The iterate x; has the error e; = pi(A)ey and consequently,

leilla — inf max [p(a)] 4.27)
||eo||A PEPFAec(A)

Proof. We have
1 1 1
Ea(2) = 52" Az = R("f) = EHZIIi =5 (@ f+ 1)

and
e-xB—ipiasly = re—vfae-n-Ltriay
2 ) 2 2
1y, 1y, 1y 1 1y
= Az~ Ax— Az + —xMAx— ~fHA
Zzzzzxzxz—I—2 x2f f
1 1 1
= A= REf )+*IIXIIi—*fHA“f
1
= EZHAZ—EK(”) *IIA Yfla - ”A f

1
= Sllelli - R+ f”A AaTlf - f”A f

= JIHIG- %)
= EA(Z)-
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Therefore, by the definition of the zero-start CG method, we have

xj = argmin|lx—z|x min||x —zl|a = [|x = xilla = [leilla
€X; Hi
= argminEs(z)
2EH;

1 -H
= - —_fHA
a;ﬁﬂ;nzlk x|z 5 'f.

Since xg = 0 we have ¢p = x and consequently, ro = f —Axg = f. For any z € %, there are constants
cj € C, 1< j<isuch that:

:): AT = x— z:x+z c)AIT

j=1 j=1
It follows that,
x—z = e+ Z Af U
= e+ Z cj)AIA™!
= eo[l+ Z cjA]
j=1
= EQP(A),
where .
1
px)=14+Y cix/ ePf={peP;:p(0)=1}. (4.28)

j=1
It follows that the minimization problem is equivalent to minimize the above polynomial, i.e. is equiva-
lent to

pi = argmin||p(A)eolla  min|[p(A)eolla = min|x —zlla = leilla
peEPr pEIP’: zeK;

Therefore,
leilla = inf ||p(A)eolla < inf [|p(A)]alleoll
pelP; pEP;
which implies that

eilla
nf A)lla. 4.29
HeOHA _pEIP’i*Hp( )HA ( )

Suppose that z € C? and let {wy,...,w,} be an orthonormal eigenbasis of A. Let 6(A) = {41, -+, A»}
denote the set of eigenvalues of A with

AWJ':A,J‘WJ', jzl,...,n

Thus, z can be expressed as

n
= Z oiw;j,
j=1
for some constants & € C,  j=1,---,n. Observe that

Az = Z AW = Z AW,

Jj= j=



52 CHAPTER 4. GRADIENT METHODS AND KRYLOV SUBSPACES

and (wj,w;), =0 Vi# j. Therefore

Izl15 = 1Az = Z o A w; = Z o |* ;. (4.30)
j=1
From (4.28) we claim that
i i
p(Aw; = w;+ Z ckAkwj =w;+ Z ckl]]fwj
k=1 k=1

i
pPAjw; = wi+ Y cdjw;
k=1
In the same way as in (4.30) we have

lp(a)ll; = <p(a)"Ap(A)z

i p(A) Ap(A)ayw;

Il
M=
‘s;
]

~.
Il
—

o p(A) W Ap(A))w;

I
=

~.
Il
_

2
|0 p (A7) P Aw;

I
=

~.
Il
_

IOC/I [P(A))*2,.

I
™=

~.
Il

The last equation divided by ||z||; becomes,

Z o[ p(A7)[*A,
Ip(A)zlIz _ =l < max |p(A)

2l _
1211z Zl o[22, rea(4)
]:

‘ 2

In conclusion

< .
()14 < max [p(2) @31

Combining (4.31) and (4.29) we have the desired result

HeiHA .
< inf 4 < inf max
feolla < Ang1P(A)lla < fnf max p(A)]

O]

The next theorem is required to define the well-known Chebyshev Polynomials. For this reason, we are
going to give a summary of Chebyshev Polynomials referring to the definition as well as some results
about them.

Definition 4.7. Let x € [—1,1] and x = cos(0). The polynomial

Tx(x) =cos(kB), ke Ny (4.32)
is called the Chebyshev Polynomial of degree k. In the case of |x| > 1, the polynomial is

Tx(x) = cosh(kB), ke Ny (4.33)

where x = cosh(0).
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Proposition 4.5. The Chebyshev polynomials satisfy the following three-term recurrence relation
Ty = 2T (x) —T—1(x), n=12,...,
with To(x) = 1 and Ty (x) = x  Vx € [1,1]. In addition Ty(1) = 1 and T,(—1) = (—1).
Proof. Consider the trigonometric formula
cos((n41)0) =cos(nB)cos(0) Fsin(n0)sin(H).
Then

Thr1(x)+Th—1(x) = cos[(n+1)6]+cos[(n—1)6]
= cosnBcosO —sinnbsinO +cosnb cos O +sinnb sin O
= 2cosnBcosH
= 2co0sOT,(x)
= 2T,(x).

Now, we have x = cos @ = 0 = cos ! (x) so, forx € [~1,1] = 6 € [0, 7] and the following relations hold

Ti(x) = cos(kcos™'(x)),
Ti(1) = cos(kcos (1)) = (k2n7r)—1 nez,
Ti(—1) = cos(kcos '(— 1)) os(k(2n+1)z) = (-1)k € Z.

This completes the proof. O

Definition 4.8. Let f € C°([a,b],R) be given and n € Ny := NU{0} be fixed. The polynomial p € P,
is the best polynomial approximation of f in L*([a,b]) norm or a minmax polynomial if and only if

|f = plle = inf [ f —gl|w (4.34)
q€Py

Definition 4.9. Let f(x) € Cla,b]. Then,
1. x € a,b] is called a (+)-point for f(x) if f(x) = |||l
2. x € |a,b] is called a (—)-point for f(x) if f(x) = —|| f]|e

3. A set of distinct points a < xp < x| < +++ < x, < b is called an alternating set for f(x) if the x; s
are alternately (+)-points and (—)-points, that is, if | f(x;)| = || f||~ and f(xi) = —f(xi—1) for all
i=1,...,n

Now we are able to state and prove the following theorem:

Theorem 4.12. For any n < 1, the formula p(x) = x" — 27"*T,,(x) defines a polynomial p € P,_;
satisfying
27" = max|x" — p(x)] < max|x" q(x)], (4.35)

<1 <1

for any other q € P,_y, i.e. p(x) is the minmax polynomial for f(x) = x".
Proof. The definition of minmax polynomial implies that
1f = Pllo = inf [lf —gll=, g €Pn,

that is
max|x" — p(x)| = ||f = pllo = 27" Tu(x) lo < 27T (2) [|o = 2"

[x[<1
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Thus, if we show that 2! " < max\x" — g(x)| for any other ¢ € IP,_1, then p(x) is the minmax polynomial
x|<1

of f. Suppose p is the minmax polynomial of x". If g is another minmax polynomial of x" then,

|X" —g| > |x" — p| = max|x" — p| < max|x" —¢|
[x|<1 [x]<1

We have that the coefficient of x* in the expression 27"*!T; (x) is 1 because of the following:

= 1

X

24T (x) — Tp(x) = 2x* — 1

= 2T (x) — T (x) = 2%x° — 3x

= 2uT(x) —D(x) =25 —8x* + 1

=

=

Sogss
e R e T
= =
S~ N N N
Il

=

=

—~
=

N—
Il

2Ty — T o(x) =2""1x"— ..

Therefore,
2lfnTn(x) — 217n2n71xn .

and
p(x) =x"=2""T,(x) € P,_;.

Setting x; = cos((n—k)%) fork=0,1,...,n. Then —1 =xp <x; <--- <x, = 1 and

T,(x) = T,(cos[(n—k)

Also we have that
|T,(x)| = |T(cos 0)| = |cos(nB)| <1, for —1<x<1.

From the Definition 4.9, observe that xo < --- < x, is an alternating set containing n + 1 points. Thus,
using the next theorem, p must be the best approximation to x” out of P, _». O

Theorem 4.13. Let f € Cla,b] and let p € P,. If f — p has an alternating set containing n+ 2 (or more)
points, then p is the best approximation to f out of P,.

Proof. Let xg,x1,...,%,41 be an alternating set for f — p, and suppose that some g € P, is a better ap-
proximation to f than p, that s, ||f —g|| < ||f — p||. In particular, we must have

[f(xi) = p(ai)| = Ilf = Pl > |If —qll = [/ (xi) —q(xi)],
fori=0,...,n+ 1. The inequality | f — p| > | f — g| implies that ¢ — p has the same sign as f — p. So,
q—p=(f-p)—(f—q)

alternates in sign n+ 2 times (because f — p does). Thus, ¢ — p would have at least n + 1 zeros. However
since g — p € P, we must have ¢ = p which is a contradiction. So p is the best approximation to f out
of P,,. O
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Theorem 4.14. Among all polynomials in P, n > 1 whose leading coefficient is 1, the polynomial

p(x) = 21_”Tn(x)

is the one with the smallest L norm.

Proof. Any polynomial e € P, whose leading coefficient is 1, can be written as the difference between
f(x) =x" and a polynomial g € P,,_. By the previous theorem

min|f =gl = |2 T -
q€P,

Therefore among all polynomials in P, whose leading coefficient is 1, the polynomial p(x) = 2! "7, (x)
has the smallest deviation from zero. O

Theorem 4.15. Let A € C"*" be HPD and f € C. The error for the zero-start conjugate gradient method

satisfies
k
To(A) — 1
legla <2 ( YRAZLY
kz(A)+1

Proof. Suppose that 6(A) = {A,...,4,},0< A, <--- < A,. From a previous theorem
pp p

4.36
lecls <, max_lac2)lleol, (436

where gy is a polynomial of degree at most k, such that ¢;(0) = 1. Since this polynomial is arbitrary, we

set | | )
[ E— ) ey O E—— I I
1) = 707 k(P( 7Ll+/1n)>
A

where p = o and T;(x) is the Chebyshev polynomial. We obtain the bound
1 1 2
mim i (5 (1 - m/lﬂ)) ‘
2

]
L[ Aty —22
w7 HTk(;( i '))\
E

w7 |11

max |qi(1)]

max
Ae[A,A] [ll An)

<

Sincep<1= % > 1, so we set % = cosho = ¢ = cosh ™! <%> As a consequence,

1 1
Ty (1/p) = cosh(ko) = E(ekcy +e7KT) > —¢ko,
It holds that

o=cosh”!(1/p) = cosho=

Defining @ = ¢°, we have
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Therefore,

1 1

o=In|—-+4/=-1],

p p

and .
1
ek = (p(1+\/1 —p2)> :

Observe that

b A — Ay _ A /A1 —1 _ K(A)—1
A+ A A,n/ll—f-l Kz(A)-Fl'
Finally, according (4.4), we have the inequality

1
Ti(1/p)

k
—o\k __ p
<A = 2<1+ﬂ>
_ 2( Ko (A) — 1 )
(VA + 17
2((fxz(A)—1><W<2<A>+1>>"
(VA + 172
2<<\/KZ<A>—1>>"_
(V&) +1)

The desired inequality follows from the last relation and (4.36)

i (VoA -1\
lex]la < m”eOHA <2 (WM) lleolla-

4.4.1 Non-zero starting values

In general, we can think of the case of non-zero starting values as a variation of CG method with zero
starting values. By a transformation of problem’s data we obtain an equivalent problem with zero-starting
values and hence the previous technique can be applied.

Definition 4.10. Suppose that A € C"™" js HPD, f € C" and x = A~ f. The conjugate gradient method
is an iterative scheme for producing a sequence of approximations {xi|;._, where

Xk =X +X0, X = argrjnginEA (z+x0), (4.37)
Z2ELy

where ¢ = J6.(A, ro) with ro = f — Axo and starting point xo € C".
Proposition 4.6. Suppose that A € C"™" is HPD, f € C", x =A~'f, xo € C" and set

X =x—xy9, ro=f—Axo.

The sequence {x;];_, generated by the zero-start conjugate gradient method is equivalent to the sequence
{x]_, generated by the conjugate gradient (4.37) with starting vector xo to approximate the solution to
Ax = f in the sense that

X = X0 +x,’< and x—xy=x —x;(.

Furthermore as long as xy # x there is an integer my € {1,...,n} such that

xxZx, k=1,....m.—1 and x;=x, k>m,.
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Proof. We have that
1
Ex(2) = 5 llzlli = RE"f),  vzeC”,

and define

1
Ex(2) = 5 llzl3 —R("ro),  VzeC,

so that
Enetm) = gllztol} ~ S0 +2)
= %HzHiJr%HXOHiJr%ZHAXOJr%ngZ—m(ng)—m(ZHf)
= EA(xo)+%HzHi—9?<—zHAxo+sz>

= Ealo)+ 5 IR - ()
— EA(X0)+EA(Z)~

By definition we conclude that

X, = argminEx(z+ xo) = argminEs (z)
2EH 7EH

O

Remark 4.3. The standard conjugate gradient method to approximate the solution of Ax = f is equiva-
lent to the zero-start conjugate gradient method to approximate the solution of AxX' = .

4.4.2 Preconditioned conjugate gradient method

Proposition 4.7. Suppose that A,L € C"™" are HPD, f € C", x =A"'f € C". Let L = BB, where
B € C"™" is invertible. Define
C=B"AB"

Then C is HPD and L™'A is similar to C,
c=prP Y (L'A)P.
Consequently,
o(L™'A) = 6(C) C (0,00).

The following are equivalent for x € C":

1. Ax=f

2. L 'Ax=L"'f

3. Bx=y, Cy=qwhereq=B1f
The equation Cy = q is called the preconditioned system.

Proposition 4.8. Suppose that B,C,L and q are defined as in previous proposition. The sequence gen-
erated by the zero-start conjugate gradient method to approximate the solution to the preconditioned
system

Cy=gq,

denoted by {yi}y_,, is the same sequence as that generated by the following recursive algorithm:
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yo=20,50 =qg—Cyo=q,do =s0=¢q
fork=0,1,--- do
if £k > 1 then

| dr=sk+Vvidiet,  Vie= (Sk,50)2 ) (Sk—1,8k—1)2
end
Virl =Yk + Or1dee Ok = (Sk,5k)2 / (Cdy,dy)2
Sk1 = 8k — O 1Cdy

if di 1 =0 then
| stop

end

end

Corollary 4.3. With the same assumptions and notation as in Proposition 4.8, define for 0 < k < m,,
the vectors

xe = B 'y
ry = BHSk
P = B_ldk7

which are generated by the following recursive algorithm:

x():(),ro:f,po :Lilf
for k=0,1,--- do
if £k > 1 then
\ Pk = Lilrk — ViPk—1, Vi = (Lilrkyrk)Z / (Lilrk—lark—l)Z
end
X1 = X+ kg1 Pre Oks1 = (L™ re,ri)2 / (Apk, pi)2
Fk1 = Ik — Ok 1Api
if Pik+1 = 0 then
| stop

end

end

4.4.3 Krylov subspace methods for non HPD problems

In previous paragraphs we discussed solving linear systems of the form Ax = f, where A is an HPD
matrix. Now we will study the case of a linear system, Ax = f, where A is a non HPD matrix.

So suppose the linear system where A € C"*" is non HPD. Conjugate Gradient method is not applied to
this system but it is applicable to the equivalent system

AfAx=A1f
The last one is an HPD system and is known as the system of normal equations and that because

AfAx=A"f = AR (f—Ax)=0
= Afr=0.

Thus, the system consists of normal equations. This approach is called Conjugate Gradient Normal
equation Residual (CGNR) method.
The algorithm of CGNR has the following form:
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ro=f —Axo, z0=A"ro, po=rzo.
for k=0,1,--- do

w; = Ap;

o = (zi,zi)2 | (Wi, wi)2

Xit1 = X+ Oy 1W;

Fig] =1 — O W;

zie1 =APriy

B = (Zi+1,Zi+1)2 / (ZuZi)z

Pit1 = Zit1+ Bipi

end
Define now, the vector y as x = A"y so that the given system becomes
AAPy = f, (4.38)

which again is known as the system of normal equations. The application of the CG method to (4.38)
is called Conjugate Gradient Normal equation Error (CGNE) method. The algorithm of CGNE method
is:

ro = f —Axo, 20 = Afrg, po = z0.
fork=0,1,--- do

& = (zi,ri)2 / (PisPi)2

w; =Axp;

Xit1 = Xi + Qi1 Wi

Figl = Fi— Qi1 W;

ziq1 =A%ri

Bi = (ziv1,7iv1)2 / (zi,7i)2
piv1 =A%z + Bipi

end

We will define the GMRES method which be used to find the x, € %, that minimizes the residual
rn = ||f — Axal|2.

Definition 4.11. Let A € C"" be nonsingular, f € C} and xo € C" be arbitrary. The sequence {x;}7_,
obtained by minimizing
Ir(@)ll2 = If — Az])2

over

X0+ (A, f —Axp),
gives rise to the Generalized Minimal Residual (GMRES) method.

We saw that in the Conjugate Gradient method, the residuals form an orthogonal basis for 7 (A, f) =
(ro,--- ,rxk—1). In contrast, in GMRES this basis formed by:

wd = Ay
fork=1,...,ido

‘ w) — () — (wi,v("))v(">
end

D = @ 7w

This is a modified Gram-Schmidt orthogonalization and applied to the Krylov sequence {A* r0) }is called
the Arnoldi method. The GMRES iterates are constructed as

where y; minimizes the residual norm || f — Ax(?||.
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Based on drawbacks of Conjugate Gradient method and GMRES method we introduce the BiConjugate
Gradient method (BiCG). We will start the presentation of BiCG, name the main drawbacks of these
two methods. Firstly, CG method is suitable for HPD matrices. In contrast, GMRES is applicable to non
HPD matrices however, is requires more storage because of the large amount of residual minimizations.
BiCG method constructs four sequences of vectors. Two sequences of residuals, V), 79 which define as

rD = =0 oA p) R VI aAp,
and two sequences of search directions p¥), 5)) which define as:
p =/ g pli=b 50 — =D g 1)
where o; and f3; are given by

Fi—1)T (i—1) FD)T (@)

%=y P e

These vectors ensure the bi-orthogonal relations
0T ) — ﬁ(i)TAp(j)’ if i .

BiCG method is the basis for some successful iterative methods. One of them is BICGSTAB method
for nonsymmetric linear systems developed by Hendrik Albertus van der Vorst (see [10] ). BICGSTAB
has faster and smoother convergence than BiCG.

The unpreconditioned BICGSTAB algorithm starts with an initial guess of xo. The initial residual is
given by ryp = b — Axp and we choose an arbitrary vector rg, such that (7y,ry) # 0, e.g., 7o = ro. The
algorithm is as below:

Xp = initial guess

ro = b—Axo

7o an arbitrary vector such that (7, ry) # 0
po=a=awy=1

vo=po=0

fori=1,2,3,--- do

pi = (fo,ri-1); B = (pi/ pi—1)(at/ Wi—1)
pi=ric1+B(pic1— @i -1vi-1)

vi =Api

a= pi/(f()?vi)
S=ri—_1 — Ov;
t=As

w; = (t,5)/(,1)

Xi =Xj—1+Ap;+ W;s

if x; is accurate enough then
| quit

end

ri=8— @t

end



CHAPTER D

The Helmholtz Equation

5.1 The Helmholtz equation

The study of many physical problems related to steady—state oscillations leads to the Helmholtz equa-
tion, named after Hermann von Helmholtz (1821-1894). It has various applications in physics, includ-
ing optics, acoustics, electrostatics and quantum mechanics. In this work we concentrate on the two-
dimensional Helmholtz equation

Au+k*n(x,y)u=0, (5.1

as a model of sound propagation. Equation (5.1) with a suitable radiation condition at infinity describes
the propagation and scattering of time—harmonic waves. Here, u represents the acoustic pressure, n(x,y)
the index of refraction, and k the wave number, equal to 27 f/cy, where f is the frequency and c¢o is
some reference sound speed. We will consider (5.1) in a finite rectangular waveguide € and assume the
so-called Sommerfeld radiation condition

d
lim r1/2 (” - iku> —0 ondQ. (5.2)
r—veo ov

Discretizations of the Helmholtz problem (5.1) using, say, finite difference methods, result in a linear
system

Au=b,

where A is a complex, non-Hermitian, indefinite, large, sparse matrix. This complex linear system is
usually solved by a Gauss elimination type direct method, or by Krylov subspace methods like the quasi—
minimal residual (QMR) or bi-conjugate gradient methods. Some Krylov subspace methods are used on
the equivalent real system of double size. We consider the model problem, see [9]

—Au—a*(x,y)u+igtu=f in Q=(0,1)2 (5.3)
d
a—u—i-iau:O onT =9Q, (5.4)
v

where ¢ and o are real constants and « is a real-valued, bounded and sufficiently smooth function. We
assume that this problem has a unique and sufficiently smooth solution in H'(Q).

61
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5.2 A finite difference method for the model problem

In the model problem for the Helmholtz equation (5.3)—(5.4), we split the exact solution « and the right-
hand side f into their real ug, fz and imaginary parts u;, fj,respectively. It is easily seen that (5.3) is
equivalent to the following two problems

—Aug —a*(x,y)ug = fr+q*u; in Q, (5.5)
0
YR _ qu; on 9Q, (5.6)
v
and
—Auy—a*u; = fi+q*ug  in Q, (5.7)
P
P _ g on 9Q. (5.8)
v

Consider a regular partition of the Q
(xi,yj):(ih,jh), i,jZO,l,...,N—{—l,

where h = ﬁ is the step size and N > 1, integer, is the number of the interior points along each direc-
tion. We discretize the equation (5.3) using a second order, central difference scheme. As discussed in
Section 2.1, using Taylor’s theorem we have

u(x— h,y) ~ u(x,y) — hg”+h2 322, (5.9)
u(x+hy) ~ u(x, y)—i—hgu Ui 322, (5.10)
u(,y — h) ~ u(x,y) — hg”+h2322, (5.11)
w(x,y+h) = ulx, y)+hg“+h22‘322 (5.12)

Adding (5.9) and (5.10), and then (5.11) and (5.12) we obtain the central difference approximations

0%u 1
532 (xi,yj) ~ 2 [Wiv1,j+uiz1,j— 2u; ],
0%u 1

(9 z(xzayj) 2 [”thrl“‘ut,J 1— 2”1’,]]7

where uy ; ~ u(xg,y;), 0 <k, <N+ 1. Using these approximations in (5.3) we obtain the finite difference
scheme

=y Wi it oy ey — A ] —aiuij+igu ;= fij,  0<i,j<N+1,

where a; j = a(x;,y;). Welet g; j =4+ h*(ig> — a7 ;) and b; j = h* f; j, so that the finite difference scheme
may be written as

—Uiy1,j— Wi 1j— Wi j—1 — Ui j+1+ & juij = bij, 0<i,j<N+1L (5.13)

The discretization of the boundary condition (5.4) is as follows:

1. On the top edge the unit outward normal is V| = (0, 1) and the boundary condition reduces to

du
afy—i—zau—o



5.2. A FINITE DIFFERENCE METHOD FOR THE MODEL PROBLEM 63

which we discretize using the central difference formula

Ui N+2 —UiN
2h
Now, for j =N+ 1and 1 <i <N, we have from (5.13) that

+iouini1 =0, 1 <i<N.

—Uip I N+1— Ui I N1 — UiN — UiN12 + ZiNt1UiN+1 = Dini1, I1<i<N.
Eliminating the fictitious term u; 5, we obtain the equation

—Uip I N+1 — Uim1 N1 — 2Ui N+ (gin+1 +i2h00) Ui N1 = bin1, 1 <i<N. (5.14)
2. On the bottom edge the unit outward normal v, = (0, —1) and the boundary condition reduces to

0
O L iau=0, 1<i<N,
dy

which we discretize using the central difference formula
Uil — Ui —1 . .
———— +iou;, 1 <i<N.
W i,0 >
Now, for j =0and 1 <i <N, we have from (5.13) that
—Uit1,0 — Ui—1,0 — Ui —1 — Ui 1 +&ioUio = i, I1<i<N.
Eliminating the fictitious term u; _; we obtain the equation

—Ui1,0 — Ui—1,0 — 2u; 1 + (810 +i2hot)u; o = b, 1 <i<N. (5.15)

3. On the right edge the unit outward normal V5 = (1,0) and the boundary condition reduces to

d
a—z +iou =0,
which we discretize using the central difference formula
u i — UN,j
W—Fiaujv+17j:0, 1<j<N.

Now, fori=N+1and 1 < j <N, we have from (5.13) that

—UN{2 = UN,j —UNL1,j—1 — UN41,j+1 T EN+1,jUN+1,j = bNi1 s 1<j<N.

Eliminating the fictitious term uy > ; we obtain the equation

—MN+1.’];1—2uN’j—uN+17j+1—I—(gN+17j+l'2hOl)MN+17j:bN+1’j, 1<j<N. (5.16)
4. On the left edge the unit outward normal vy = (—1,0) and the boundary condition reduces to

0
—a—Z—l—i()m:O,

which we discretize using the central difference formula

Upj—u—1j . .
—W+lau0d~:0, 1<j<N.

Now, fori=0and 1 < j <N, we have from (5.13) that
—uyj— U1 j— U 1 —Up,j+1+go,jo,;j = boj, I<j<N.
Eliminating the fictitious term u_; ; we obtain the equation

—u07j,1—2u1,j—uo7j+1+(g07j+i2ha)u0,j:b()’j, 1<j<N. (5.17)
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Figure 5.1: Graph of the domain Q = (0, 1) x (0, 1) and the corresponding outward unit normal vectors.

Equations (5.13), for 1 <i,j <N, and (5.14)—(5.17) comprise a (N +2)? x (N +2)? system of linear
equations of the form

Au=b, (5.18)
where
T
U= [u0,07ul,07"‘7”N+1707u0,17u1,17"‘7”N+1717°-')MO7N+1)MI,N+17"'MN+1,N+1] )
T
b=1b00,b10,---,bN+1,0,001,D1,15- -, ONF115- - DON+1,DIN41s - - D1 N+1] S
and ) )
Dy —21
-1 D I
7= 6(C(N4r2)2x(N+2)2_
-1 Dy -1
i =21 Dy |

Here, I € RV+2)x(¥+2) ig the identity matrix, and

o ﬁ)j for j=1,...,N,
7 D+ i2had for j=0,N+1,
with
go,j +i2hat =2
—1 g1 Jo 1
—1 gN,j —1
-2 gy, +Hi2ha
Obviously the matrix 4 is a non symmetric matrix. We can symmetrize it as follows: define the diagonal

matrix | .
J:dlag <\/§,1,...,1,\/§> R(N+2)X(N+2), (519)

and set S = J ®J where ® denotes the Kronecker product.

Definition 5.1. If A is a m X n matrix and B is a g X p matrix, then the Kronecker product A @ B is the
pm x gn block matrix:
oy B - o,,B

AQB = o
OB - B
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Set S = J ®J and consider the system

with

Av =,
where A = 545!, v = Su, ¢ = Sb, so that
- DO _\/EI -
-2l Dy I
I D, —I
A= ,
—1 Dy —V2I
L —V2I Dy ]
D ﬁj for j=1,...,N,
7\ Dj+i2had, for j=0,N+1,
(g0 +2hai —/2 ]
2 gl,j —1
) ) ]:07
—1

gN]

-2
—V2 gni1,j+2hai]
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(5.20)

(5.21)

(5.22)

(5.23)

It is easy to see that the system Av = ¢ is equivalent to (5.18) , with A a complex symmetric matrix. We
now split A, v and ¢ in real and imaginary parts

A=A|+iA,y,

v=vr+ive, c¢=cRr-+icc,

and transform the complex linear system (5.20) into the following equivalent real, block system

where

with

A

cc ’
A2 Al 2(N+2)2x2(N+2)?
[ e Az] R ,
- BO _\/EI -
V21 By I
_ -1 B - € RIVF2Px(N+2)?
-1 By —V2I
L —V2I By ]

Az = diag (C(),C],'-

Co = diag(2ha,0,.
C; = diag(2ha,0,.

. ,C] 7CO) c R(N+2)2><(N+2)2’

..,0,2ha) + (2ha + K¢,
.,0,2h0) + K271,

)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)
(5.29)
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and
by -2 -
V2 b -1
-1 by; -1
B; = , _ :
—1 by, V2
L —V2 byt

where b; j =4 — hzafj.

We solve the real system (5.24) using two variations of the block SOR method defined by the iteration
matrix
Tsor = (L+ o~ 'D) '[(w™' - 1)D - U], (5.30)

the first one denoted by BSOR1, where

A0 o o o A
o P L R Y a1

with corresponding iteration matrix

(1-w)l —Ay A
1) = 32
BSORI [a)(l—w)Az‘lAl —0A; ' ALA A + (1 — o) (5:32)
and the other one denoted by BSOR2 where
A1 O 10 0 10 Ay
o AT R R (Y s
with corresponding iteration matrix
(1—w)I AT'Ay
T; = : 34
piorR [—w(l—w)Al“Az — AT AT A+ (1— @)1 (5:34)

Thus, for these iteration matrices, we have the iterative schemes

Ve (n+1) Ve (n) . e (n+1)
(%) = Tgsor1 (Wc) +(L+o D) (V]R>

VR (n+1) VR (n) cR (n+1)
( > :TBSOR2< > +(L+o 'D)"! < >
Ve v vc

for BSOR2. These schemes may be written as

for BSOR1 and

* BSORI1

i = (-0 - Ay A +ony e

ng+l) — o1 - w)Az—lAle(Rfl) + [(1 — o) — wA;lAlAglAl] v((él) + szglAlAEICC — wAglcR
* BSOR2

v]ggﬂ) =(1- a))v[(él) +Af1A2v((g) + A g
(n+1
Ve

= —0(1— o)A A + [(1 - 0)] — AT 'AA7 A Y — 0°AT ArAT ep + 0AT 'cc
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and organize their computations as follows: In the first scheme, we multiply v]gg D by wA, 'A; and

substitute the term a)ZAZ’ 1A1A2’ Lee into the formula for v((é’ 1 For the second scheme, we multiply the

vl(g +1) by —a)Al_lAz and substitute the term —a)zAl_lA2Al_lcR into the formula for v((g H). Thus,

* BSORI1
vI([gH) =(1- a))v](R?) — a)AglA]v((C") + oA 'cc,
v((éHl) = a)Az_lAlv]ggH) +(1-—w) ((c") — coAz_lcR,
* BSOR2
V]%H_l) =(1- a))v]gg) —i—a)Aflszg) + oA cg,
v((gﬂ) = —a)AflAgv]%H) +(1- a))v((cn) + oA cc,

where  is the relaxation parameter of the SOR method.

5.3 A finite element method for the model problem

We consider equation (5.3) posed in a two-dimensional waveguide consisting of a single water layer
overlying an acoustically-soft bottom of variable topography. The upper boundary is assumed to be a
horizontal pressure-release surface. The acoustic field is generated by a time-harmonic source located at
(x5,y5), see Figure 5.2.

IN X1 Fg Ty TR

(Ts,ys) *

r, 0 :
: | Ty

y—Dl\'A\ |

Figure 5.2: Schematic represenatation of the waveguide.

We take ¢ = f = 0 and a, the real wavenumber, as a sufficiently smooth function of the form

ay for x < xp,
a(x,y) = q ain(x,y) for x; <x < xz,

ar for x < x5.

Equation (5.3) is supplemented by appropriate radiation conditions, see [5] for details. The weak for-
mulation of the boundary value problem is descritized by a finite element method with continuous in
Q piecewise linear functions. A regular triangulation with triangles of maximal diameter 4 is imposed
on Q. In the numerical experiments reported below we took Q = [170,220] x [0,50] and a triangulation
consisting of 4671 elements.

Denote the resulting linear system of equations by Ax = b. The matrix A is complex, symmetric but not
Hermitian. Its condition number was approximately 1.8 x 107, necessitating the use of a preconditioner.
In the present case, we applied a preconditioning matrix based on the LU factorization, more specifi-
cally a sparse matrix resulting from an incomplete LU factorization. In contrast with the complete LU
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factorization, in the incomplete LU factorization (ILU) computes a sparse lower triangular matrix L and
a sparse upper triangular matrix U such that the residual matrix R = LU — A satisfies certain constraints.
Here, we discuss the ILU(0) factorization, the simplest form of the family of ILU preconditioners. ILU(0)
is the incomplete LU factorization technique with no fill-in!, and consists of taking the zero pattern P
to be precisely the zero pattern of A. Consider the 5—point > matrix A, any lower and upper triangular

Figure 5.3: The ILU(0) factorization for a five—point matrix as it shown in [6]

matrix L and U which have the same structure as the lower and upper part of A, respectively, as it shows
in Figure 5.3. The resulting matrix of the product LU would have the pattern shown at the bottom-left
corner of Figure 5.3. The structure of LU is almost the same as the structure of A except of two extra
diagonals which appear with nonzero elements. These extra diagonals are called fill—in elements. If these
fill-in elements are ignored, then it is possible to find L and U so that their product is equal to A in the
other diagonals. This is the ILU(0) preconditioner, with O representing the number of extra diagonals
which are not ignored. Similarly, we may define ILU(p) incomplete factorizations which differ from
ILU(0) in keeping the “pth—order fill-ins”.

Now we apply some iterative methods to solve the system resulting from the finite element discretization
of the Helmholtz equation using the finite element method. We refer to the python code in Appendix A
for the details of the solution process. Lines 7 — 32 contain the Python code necessary for reading the
elements of the system matrix and its sparsisty pattern. In short,

* Ais a complex array contains the complex values ¢;; stored row by row, from row 1 to n.
* JA is an integer array contains the column indices of the elements o;; as stored in the array A
 [A is an integer array contains the pointers to the beginning of each row in the arrays A and JA.

Our main purpose is to apply the GMRES and BiCGSTAB iterative methods to this system. However,
using the python-supplied functions for GMRES and BICGSTAB we need to transform A to csc form. So,
at lines 38 — 43 we compute a new array Rows which contains the corresponding row of each element and
then we transform A to a csc form. In lines 46 — 48 we compute the preconditioning matrix. Finally, for

Ufill—in: the entries of a matrix change from zero to a non—zero value
2for the definition see section 2.2.2 of [6]
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comparison purposes, we also use the direct method SuperLU and compare the outputs. The following
table shows the needed average time of each method:

Table 5.1: Comparison of GMRES, BiCGStab and SuperLU

GMRES  BiCGStab  SuperLU

Convergence True True True
Average Time 0.0011098 0.0004747 0.0024724

Observe that BiCGStab converges faster than the others even though the difference between them isn’t
as big as it could be.
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APPENDIX A

First appendix

Python code for "upwind scheme”

import numpy as np
: from scipy.linalg import solve_banded
4 import matplotlib.pyplot as plt

W

6 a=2;,b=9;, N=230
7 h = 1/(N+1)
8 x = np.linspace(0, 1, N+2)

0 cl1=(b*h)/(2*a)
I c2=(b*h)/a

13 Ab = np.zeros((3,N))
14 Z =np.zeros(N)

5 Z[N-1]=1

17 if (np.sign(b)==1):

18 Ab[0, 1: ] = (-1)*np.ones(N-1)

19 Ab[1, : ] = (2 + c2)*np.ones(N)

20 Ab[2, :N-1] = (-1-c2)*np.ones(N-1)
21 else:

22 Ab[0, 1: ] = (-1+c1)*np.ones(N-1)
23 Ab[1, : ] = 2*np.ones(N)

24 Ab[2, :N-1] = (-1-c1)*np.ones(N-1)

27 sol = solve_banded((1,1), Ab, Z)
28 S = np.zeros(N+2)

29 S[1:N+1] = sol

30 S[N+1]=1

D=

plt.plot(x, S)
33 plt.show ()

Listing A.1: Upwind Scheme

73



w o

74

Python code for the solution of a system with the CSR format of A

import matplotlib.pyplot as plt

import scipy.io as sio

import scipy.sparse

import numpy as np

from scipy.sparse.linalg import spsolve
import time

from scipy.sparse import csr_matrix

N_list=[ "bcsstk25.mat’, 'bcsstk16.mat’, ’bcsstk17.mat’, 'wathen100.mat’,

Second_method = np.ones(len(N_list))
Nonzero = np.ones(len(N_list))
Second_method2 = np.ones(len(N_list))

for i in range(0,len(N_list)):
mat=scipy.io.loadmat(N_list[i])

if i==3:
print (' Matrix: ", N_list[i])
A = mat[ 'Problem’][0][0][2]

plt.spy(mat[ Problem ][0][0][2], precision = 0.2, markersize = 0.2)
plt.show ()

N=mat[ 'Problem ' ][0][0][2]. size
sum_of_rows = np.size (A, axis = 0)
b=np.ones(sum_of_rows)

T=scipy.sparse.find (A)
K=np.size (T ,axis = 1)
Nonzero[i]=K

print(’Non-zero elements:’ K)

B= csr_matrix (A)

sum_of_cols = np.size (B, axis = 1)
b=np.ones(sum_of_cols)

k=time . perf_counter ()
x2= spsolve (B, b)
t=time.perf_counter ()

print(’Solve in ', t-k, ' seconds’)
print (x2)
Second_method[i] = t-k

print ()

else:
print (' Matrix:’, N_list[i])
A = mat[ Problem’][0][0][1]
plt.spy(mat[ Problem ][0][0][1], precision = 0.2, markersize = 0.2)
plt.show ()

N=mat[ 'Problem ' J[0][0][1]. size
sum_of _rows = np.size (A, axis = 0)
b=np.ones(sum_of_rows)

T=scipy.sparse.find (A)
K=np.size (T ,axis = 1)
Nonzero[i]=K

print(’Non-zero elements:’ K)
B= csr_matrix (A)

APPENDIX A. FIRST APPENDIX

"bcsstk36 . mat’]



64 sum_of_cols = np.size(B, axis = 1)
65 b=np.ones(sum_of_cols)

67 k=time . perf_counter ()

68 x2= spsolve (B, b)

69 t=time.perf_counter()

70

71 print(’Solve in ', t-k, ' seconds’)
72 print(x2)

73 Second_method[i] = t-k

75 print ()
76 print(’Next matrix:’)

78 new_unit2 = Second_method[0]

79 for i in range(0,len(N_list)):
80 temp=Second_method[i]

81 Second_method2[i]=temp/new_unit2

83 axis_x=[252241, 290378, 428650, 471601, 11443140]

84 default_x_ticks = range(len(axis_x))

85 axis_y2=[Second_method2[0], Second_method2[1], Second_method2[2], Second_method2[3],
Second_method2[4]]

86 axis_y=[Second_method[0], Second_method[1], Second_method[2], Second_method[3], Second_method

[41]

88 fig, ax = plt.subplots ()

89 ax.plot(default_x_ticks , axis_y)

90 plt.xticks (default_x_ticks , axis_x)
91 ax.set_xlabel(’Non-zero elements’)
92 ax.set_ylabel(’Time (seconds)’)

94 ax2 = ax.twinx ()
95 ax2.plot(default_x_ticks , axis_y2)
96 ax2.set_ylabel('Normalized time’)

98 plt.show()
99

Listing A.2: Solve in CSR format
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Python code for Jacobi’s method

import sc
import sc

ipy.io as sio
ipy . sparse

import numpy as np

from numpy import linalg as LA
import matplotlib.pyplot as plt
import time

#Define a matrix A
A = mat[’
n, nc = A
b = np.ones(n)

# Stop if
tol = 2.0e-4

Problem’1[0][0][1]
.shape

[l b -Axk || < tol

# Allow at most maxiters iterations
maxiters = 4000

# Initial

X = np.ze

Xnew = np

resvec =

N=20

guess is x =0
ros(n)
.zeros(n)

np.zeros (maxiters)

tbeg = time.perf_counter ()

while N <

maxiters:

res = np.linalg.norm(b - A.dot(x))
resvec[N] = res

for i in range(n):
xnew[i] = b[i]
for j in range(i) : xnew([i]
for j in range(i+1,n): xnewl[i]
xnew[i] /= A[i,i]

if LA.norm(b - A@ xnew) < tol:
break

for i in range(n): x[i] = xnew][i]

N += 1

tend = time.perf_counter ()

# Check f

or convergence

if N < maxiters:

print (f
print (f
print(f
xaxis =
plt.plo

"Jacobi converged’)

= Ali L]
= Ali L]

"Number of iterations = {N:5d}. ||
"Times: {tend-tbeg} seconds’)

range (N+1)
t (xaxis, resvec[:N+1])

plt.ylim ([0, 125])

plt.xlabel(’Iteration )
plt.ylabel(r’$\| b - A x~{(k)}\|_2%")
plt.show()

else:

print (f’Jacobi did not converge’)

* x[jl]
* x[i]

b - A X

APPENDIX A. FIRST APPENDIX

= {res:.6g}"’)

Listing A.3: Jacobi method
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Python code for Gauss-Seidel method

import scipy.io as sio

import scipy.sparse

import numpy as np

from numpy import linalg as LA
import matplotlib.pyplot as plt
import time

#Define a matrix A

mat = scipy.io.loadmat(’ bcsstk02.mat")
A = mat[ ' Problem’]J[0][0][1]

n, nc = A.shape

b = np.ones(n)

# Stop if || b - Ax_k || < tol
tol = 1.0e-4

# Allow at most maxiters iterations
maxiters = 4000

# Initial guess is x =0

X = np.zeros(n)
Xnew = np.zeros(n)
resvec = np.zeros(maxiters)
N=20
tbeg = time.perf_counter ()
while N < maxiters:
res = np.linalg.norm(b - A.dot(x))
resvec[N] = res
for i in range(n):
xnew[i] = b[i]

for j in range(i) : xnew[i] -= Afi,j]
for j in range(i+1,n): xnew[i] -= Afi,j]

xnew[i] /= A[i,i]

if LA.norm(b - A@ xnew) < tol:

break
for i in range(n): x[i] = xnew[i]
N += 1

tend = time.perf_counter ()

if N < maxiters:
print (f Gauss-Seidel converged’)

print (f ’Number of iterations = {N:5d}.

print(f’ 'Times: {tend-tbeg} seconds’)

xaxis = range (N+1)

plt.plot(xaxis, resvec[:N+1])
plt.ylim ([0, 125])
plt.xlabel(’Iteration )
plt.ylabel(r’$\| b - A x~{(k)}\|_2%")
plt.show()

else:

print (f 'Gauss-Seidel did not converge’)

* xnew|[]j]

* x[il

b - A X

= {res:.6g}’)

Listing A.4: Gauss-Seidel method
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Python code for SOR method

import matplotlib.pyplot as plt

import scipy.io as sio

import scipy.sparse

from scipy.sparse.linalg import spsolve
import numpy as np

import time

# Set up a test problem
mat=scipy.io.loadmat( ' bcsstk01.mat")
A = mat[ 'Problem’][0][0][1]

print (type(A))

n = A.shape[0]

b = np.ones(n)

x0 = np.zeros(n)

# Use the relaxation parameter omega
omega = 1.8

# lterations will stop when || b - A x_k || < tol
tol = 1.0e-4

# ... or maxit steps have been attempted

maxit = 4000

# Keep track of the residual at each iteration
resvec = np.zeros(maxit)

# The SOR iterations

x = x07[:]

N=0

tbeg = time.perf_counter ()

while N < maxit:
res = np.linalg.norm(b - A.dot(x))
resvec[N] = res
if res < tol: break

for i in range(n):
S:
for j in range(i):
s =s +A[i,j] * x[j]
for j in range(i+1,n):
s =s +A[i,j] * x[j]

o

x[i] = (omega / A[i,i]) * (b[i] - s) + (1 - omega) * x[i]
N=N+1
tend = time.perf_counter ()

# Check for convergence

if N < maxit:
print (f ’'SOR converged’)
print (f 'Number of iterations = {N:5d}. || b - A x || = {res:.6g}")
print(f’'Times: {tend-tbeg} seconds’)
xaxis = range(N+1)
plt.plot(xaxis, resvec[:N+1])
plt.ylim ([0, 125])
plt.xlabel(’Iteration )
plt.ylabel(r’$\| b - A x"{(k)}\|_2%")
plt.show()

else:
print (f 'SOR did not converge’)

Listing A.5: SOR method

APPENDIX A. FIRST APPENDIX



Python code for Cholesky factorization

import scipy
import scipy.io as sio

3 import numpy as np

8

9
10
11
12
13
14
15
16
17
18
19

20

W

20

import time
from scipy.sparse.linalg import splu

mat = scipy.io.loadmat( ' bcsstk16.mat’)
A = mat[ 'Problem’J[0][0][1]

n, nc = A.shape

b = np.ones(n)

tbeg = time.perf_counter ()
B = splu(A)
x=B.solve (b)
tend = time.perf_counter ()

print(np.allclose(A@ x - b, np.zeros(n),rtol=1e-04, atol=1e-04))
print (tend -tbeg)

print(np.linalg.norm(b - A.dot(x)))

print(x)

Listing A.6: Cholesky factorization

Python code for Conjugate Gradient method

import numpy as np

from scipy.sparse.linalg import cg
import scipy

import scipy.io as sio

import time

mat = scipy.io.loadmat( bcsstk16.mat’)
A= mat[ ' Problem ][0][0][1]

n, nc = A.shape

b = np.ones(n)

tbeg = time.perf_counter ()
x, exit_code = cg(A, b,tol=1e-05)
tend = time.perf_counter ()

print (exit_code)

print(np.allclose (A.dot(x)- b, np.zeros(n),rtol=1e-04,
print (tend-tbeg)

print(np.linalg.norm(b - A.dot(x)))

print(x)

atol=1e-04))

Listing A.7: Conjugate Gradient method
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Iterative and Direct methods applied for matrix A

import scipy

import time

import numpy as np

4 from statistics import mean

w o

5 import scipy.sparse as sparse
6

7 fd = open(’helmsys.out’, 'r’);
8

9 line = fd.readline ()

10 N, NNZ = (int(x) for x in line.split())
12 print (N**2, NNZ, 100*NNZ/N**2)

14 IA = np.zeros(N+1, dtype=int)
15 for i in range(N+1):
16 IA[i] = int(fd.readline()) - 1

18 JA = np.zeros(NNZ, dtype=int)
19 for i in range(NNZ):
20 JA[i] = int(fd.readline()) - 1

22 A = np.zeros(NNZ, dtype=np.cdouble)

23 for i in range(NNZ):

24 rp, ip = (float(x) for x in line.split())
25 A[i] = complex(rp, ip)

27 b = np.zeros(N, dtype=np.cdouble)

28 for i in range(N):

29 rp, ip = (float(x) for x in line.split())
30 b[i] = complex(rp, ip)

32 fd.close ()

34 #Condition number of A
35 print(np.linalg.cond(A))

37 #Compute rows’ vector

38 k=-1

39 Rows = np.zeros(NNZ, dtype = int)
40 for i in range(NNZ):

41 if JA[i]<JA[i-1]:

42 k+=1
43 Rows[i] = k
44

45 #Preconditioner

46 A = scipy.sparse.csc_matrix ((A,Rows,|A))

47 A_iLU = sparse.linalg.spilu(A)

4t M = sparse.linalg.LinearOperator ((N,N), A_iLU.solve)

50 Meth_list = ['GMRES’, ’'BiCGStab’, ’'SuperLu’]
51 for j in range(len(Meth_list)):

52 Times = []

53 for i in range(5):

54 if j==0:

55 tbeg = time.perf_counter ()

56 x, exitCode = sparse.linalg.gmres(A,b,restart=10,M=M)
57 tend = time.perf_counter ()

58 tdif = tend-tbeg

59 Times.append( tdif)

60 elif j==1:

61 tbeg = time.perf_counter ()

62 x, exitCode = sparse.linalg.bicgstab (A,b,M~M)



64
65

66

68
69

print(’Average for ’',Meth_list[j],
print(’Converge:’, np.allclose (A.dot(x), b))

tend = time.perf_counter ()
tdif = tend-tbeg
Times.append( tdif)
else:
tbeg = time.perf_counter ()
spilu = scipy.sparse.linalg.spilu(A)
x = spilu.solve(b)
tend = time.perf_counter ()
tdif = tend-tbeg
Times.append(tdif)

, mean(Times))
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