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ABSTRACT

Radical-ion pairs and their reactions have triggered the study of quantum effects in bi-
ological systems. This is because they exhibit a number of effects best understood within
quantum information science, and at the same time are central in understanding the avian
magnetic compass and the spin transport dynamics in photosynthetic reaction centers.
These pairs of biomolecular ions are recently shown to be biological open quantum sys-
tems. We show that the coupling of the radical-pair spin degrees of freedom to its decoher-
ing vibrational reservoir leads to a phononic Lamb shift of the radical-pair magnetic energy
levels. The Lamb shift Hamiltonian is diagonal in the singlet-triplet basis, and results in a
singlet-triplet energy splitting physically indistinguishable from an exchange interaction.
This could have significant implications for understanding the energy level structure and
the dynamics of photosynthetic reaction centers, which are intimately connected with the
remarkable efficiency of photosynthesis.

Moreover, we address radical-pair reactions from the perspective of quantum metrol-
ogy. Since the coherent spin-motion of radical pairs is effected by an external magnetic
field, these spin-dependent reactions essentially realize a biochemical magnetometer. Us-
ing the quantum Fisher information, we find the fundamental quantum limits to the mag-
netic sensitivity of radical-pair magnetometers, arriving at a sensitivity δB = 2pT

τ[1µs]
p
ν0[1012]

,

given in terms of radical-pair lifetime τ and number of radical pairs ν0. We then explore
how well the usual measurement scheme considered in radical-pair reactions, the mea-
surement of reaction yields, approaches the fundamental limits. In doing so, we find the
optimal hyperfine interaction Hamiltonian that leads to the best magnetic sensitivity as
obtained from reaction yields. This is still an order of magnitude smaller than the absolute
quantum limit. Finally, we demonstrate that with a realistic quantum reaction control re-
minding one of Ramsey interferometry, here presented as a quantum circuit involving the
spin-exchange interaction and a recently proposed molecular switch, we can approach the
fundamental quantum limit within a factor of 2. Hence, this work opens the application of
well-advanced quantum metrology methods to biological systems.
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"You can know the name of a bird in all the languages of the world,

but when you’re finished, you’ll know absolutely nothing whatever about the bird.

So let’s look at the bird and see what it’s doing – that’s what counts.

I learned very early the difference between knowing the name of something

and knowing something."

— Richard P. Feynman
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QUANTUM PHYSICS IN BIOLOGY

1





" What is Life ? "

— Erwin Schrödinger

1
INTRODUCTION

1.1. A BRIEF INTRODUCTION TO QUANTUM BIOLOGY

Nowadays, it is well accepted that the laws of quantum mechanics govern physics and
chemistry, whereas it is not clear that the same holds for biology. Biology appears to re-
main in the classical domain, and hence quantum physics is actually unnecessary in most
biological scenarios, e.g., on the level of proteins and cells. It seems that all processes, par-
ticularly on the physiological level, can and will be well understood in terms of classical
biology. However, we suspect that life must, like everything else, be quantum at the atomic
scale and hence we ask if this atomic scale matters. The debate goes back a long way. Er-
win Schrödinger, a founding father of quantum mechanics, in his influential book "What is
Life?" said that "quantum indeterminacy plays no biologically relevant role". Pascual Jor-
dan, another albeit less recognized founder of quantum mechanics, was instead convinced
that the "Secret of Organic Life" was to be found in quantum "organizing centers" that con-
trolled the classical machinery around them.

Perhaps, the answer to this long-standing debate lies somewhere at the boundary be-
tween quantum and classical physics. A nanometer-scale system sits at this boundary, a
challenging domain which prohibits so far exact calculations or confident approximations.
The nanoscale domain is neither infertile nor inhabitable place, but quiet the contrary. Life
has always been there, operating at the nanoscale for billions of years, endlessly varying
and selecting the devices and programs that lead to survival. If we succeed in understand-
ing these systems, then we will be able to synthesize bio-inspired devices (bio-engineering)
that both mimic and advance natural processes. The convergence between molecular bi-
ology and nanotechnology could bring, in the near future, the emerging science of quan-
tum biology [1–3] into mainstream. Quantum biology is a uniquely interdisciplinary field
combining quantum physics, quantum information science, chemical physics (or physical
chemistry), biochemistry, biophysics and biology.

The first key issue in the field of quantum biology is about the length scale where to
explore quantum effects. In fact, quantum chemistry works very well for typical small

3



4 1. INTRODUCTION

molecules on the order of less than 1 nm, i.e. with a small number of atoms. However,
an exceptional amount of computational power would be required for typical proteins of
about 5–10 nm. Usually, a hybrid classical-quantum method is exploited; a small region is
treated quantum-mechanically, whereas the much larger surrounding is treated classically.
A question that arises is whether quantum effects that are neglected in such calculations
would affect the correctness of the predictions. Although it is found that the hybrid method
results in great success, e.g. in supra-molecular chemistry, it is still not clear whether the
treatment will be precise for complex proteins.

The second key issue in the field of quantum biology is whether and how quantum ef-
fects can sustain in biological systems. Biological systems are open systems (as supplied
with energy), warm (namely at room temperature), wet and noisy with a huge number of
collision events happening, so they are subject to a significant high level of environmental
noise. However, quantum features such as quantum coherence and quantum correlation,
i.e. entanglement1, are fragile to thermal fluctuations and other noise sources. For ex-
ample, quantum information processing (QIP) experiments that allow the observation of
quantum effects, are usually performed under special, carefully controlled conditions such
as carefully isolated setups, high vacuum and extremely low temperatures. This is in or-
der to protect systems from the pernicious environmental noise, so that quantum effects
be sustained for a sufficient long time with respect to the timescale over which the desired
quantum operation takes place, even the absolute coherence time may be short.

Quantum coherence and entanglement have been experimentally identified in various
systems such as ion traps, mechanical resonators, nitrogen vacancy centers in diamond,
superconducting circuits, quantum dots etc. They are all crucial resources, i.e. helpful
ingredients, for QIP. So, it is natural to ask whether quantum physics plays a non-trivial
functional role in biology.

In recent years, scientists have been utilizing the concepts developed in quantum infor-
mation science to explore quantum dynamics in biological systems. There is both theoret-
ical and experimental evidence suggesting that a variety of organisms may harness some
of the unique features of quantum mechanics (and also utilize environmental noise to har-
ness such quantum features) to gain a biological advantage (compared to their classical
competitors). These features go beyond trivial quantum effects, such as quantization of
physical properties (energy, momentum etc.), and may include harnessing quantum co-
herence and entanglement on physiologically important timescales. Such findings support
the early intuition of the founding fathers of quantum mechanics that biological systems
should be influenced by the intricacies of quantum physics. Therefore, quantum biology is
not about the "static", atomistic aspect of biological structure, but about dynamic effects
related to quantum coherence and entanglement influencing biological function.

1Entanglement is a physical phenomenon that was the subject of a 1935 paper by Albert Einstein, Boris Podol-
sky, and Nathan Rosen, and several papers by Erwin Schrödinger shortly thereafter, describing what came
to be known as the EPR paradox. Entangled states cannot accurately be described in terms of the properties
of their component parts considered separately; instead, an entangle state must be described for the system
as a whole. Moreover, the behavior of one part is (instantaneously) affected by what happens to the other
part, even when they are separated by a large distance. Einstein and others considered such behavior to be
impossible, and described this sort of thing as "spooky action at a distance".
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Currently, the following four quantum biological mechanisms are explored: photosynthe-
sis, magnetoreception (magnetic sensing), olfaction (sense of smell), general anaesthesia.
In Chapter 2, we will review recent progress in this direction. It has been found that biolog-
ical systems can perform certain tasks such as photosynthesis more efficiently, or realize a
function such as magnetoreception in some avian species (migratory birds) by harnessing
non-trivial quantum phenomena.

1.2. THIS THESIS

The contribution of this thesis to the general field of Quantum Biology is the follow-
ing. There are some pairs of biomolecular ions, known as Radical Pairs (RPs), which are
recently shown to exhibit a host of non-trivial quantum effects, providing a strong link be-
tween quantum physics and biology. In doing so, RPs have triggered the study of quan-
tum effects in biological systems since they exhibit a number of effects best understood
within quantum information science, and at the same time are central in understanding
the avian magnetic compass and the spin transport dynamics in photosynthetic reaction
centers (PRCs).

In Part II, we study the ’open’ nature and the quantum dynamics of RPs which are lo-
cated in the PRC of Photosystem I. Specifically, we show that the coupling of the RP spin
degrees of freedom to its decohering vibrational reservoir leads to a phononic Lamb-shift-
type singlet-triplet energy splitting, that is the physical magnetic energy levels of the RP are
shifted relative to the levels of a ’bare’ RP, which is an unphysical RP without the decohering
vibrational states. Singlet and triplet RP states are shifted by a different amount, resulting
in a singlet-triplet energy splitting, which is physically indistinguishable from an exchange
interaction. This could have significant implications for understanding the energy level
structure and the dynamics of PRCs, which are intimately connected with the remarkable
efficiency of photosynthesis.

In Part III, we address RP reactions from the perspective of quantum metrology, open-
ing the application of well-advanced quantum metrology methods to biological systems.
Since the coherent spin-motion of RPs is effected by an external magnetic field, their spin-
dependent reactions essentially realize a biochemical magnetometer. We find the funda-
mental quantum limits to the magnetic sensitivity of RP magnetometers by the means of
a fundamental quantity of quantum parameter estimation, the so-called quantum Fisher
information. We then find that the usual measurement scheme of reaction yields is sub-
optimal, approaching the fundamental limits to within an order of magnitude. Finally, we
demonstrate that with a realistic quantum reaction control, reminding one of Ramsey in-
terferometry and modeled by a quantum circuit involving the exchange interaction and a
recently proposed molecular photo-switch, we can approach the fundamental quantum
limit within a factor of 2. The implementation of such a quantum-limited RP magnetome-
ter will add into the Quantum Technology’s gadgets a novel, state-of-the-art, magnetic-
field-intensity biochemical quantum sensor.



2
QUANTUM PHENOMENA IN LIVING

ORGANISMS

2.1. ENERGY TRANSPORT IN PHOTOSYNTHESIS

Photosynthesis is a process used by plants and other organisms (algae, bacteria) to
convert (sun)light energy into chemical energy, which can then be utilized to fuel organ-
isms’ activities. This chemical energy is stored in carbohydrate molecules, such as sug-
ars/glucose (C6H12O6), which are made from carbon dioxide (CO2) and water (H2O). Pho-
tosythesis is largely responsible for producing and maintaining the oxygen content of the
Earth’s atmosphere, and supplies all of the organic compounds and most of the energy nec-
essary for life on Earth, hence it is one of the most important biological processes.

From the point of view of physics, this energy, in the form of photons, is absorbed by
light-harvesting antennas, consist of chlorophyll pigment molecules (giving plants their
green color), which create an electronic excitation, called exciton. The exciton is then
transported from each antenna to a reaction center (RC), where photo-chemical processing
takes place and transforms the excitonic energy into a more stable chemical energy. The re-
markable experimental observation is a photo-biological charge separation closed to 100%
quantum efficiency1, that is almost all of photon energy absorbed by the chlorophyll an-
tennas is transferred to the RC and converted into a more stable electro-chemical form. A
typical photosynthetic process is presented in Fig. 2.1.

Chlorophyll, e.g. chlorophyll-a C55H72O5N4M g , is an eminently quantum object in
which a metal atom (magnesium M g ) sits at the center of a highly delocalised cloud of
electrons. The central part of the chlorophyll molecule is the porphyrin ring surrounding
the magnesium atom, and it is the arrangement of electrons in this ring that allows chloro-
phyll to absorb solar energy. The photo-generated exciton can move around very efficiently
in the system of connected chlorophylls, if they are sufficiently close to each other, and only

1Quantum efficiency is a measure of the probability that a single quantum, such as individual photon, is
transformed into the desired output, such a charge-separation event, that converts the quantum’s unstable
energy into a more stable electric form, a process reminiscent of the charging of a capacitor. This energy can
be utilized for future work.

6



2.1. ENERGY TRANSPORT IN PHOTOSYNTHESIS 7

Figure 2.1: A light-harvesting chlorophyll antenna absorbs light as an electronic excitation (exciton), which is
then transferred through an FMO complex (protein) to a photosynthetic reaction center; the FMO complex
connects the photon-capturing antenna to the raction center by acting as a wire for energy transport. The
FMO complex normally exists in a trimer of 3 complexes, each of which consists of 8 BChl-a molecules, and
is connected to the chlorosome antenna through a baseplate. Excitations enter the FMO from this baseplate,
exciting one of the BChl molecules into its 1st singlet excited state. These molecules are close to each other
(∼ 1.5 nm) enabling the excitation energy to transfer from one BChl molecule to another, until it reaches the
reaction center.

little of its energy is dissipated as heat. The exact exciton energy depends on the associated
chlorophylls which have constant structure and, also, on their immediate molecular envi-
ronment. If an exciton jumps from one set of chlorophylls to another with a smaller exciton
energy, then this energy difference must be absorbed or generated by the environment in
the form of vibrations, termed phonons. The precise biological structures and pigment
constituents used, from the antenna to the RC and forward, vary between photosynthetic
organisms. Most of them use arrangements of such chlorophyll molecules complexed with
proteins.

One of the simplest and most well-studied examples is the light-harvesting apparatus of
green-sulphur bacteria [1], into which the excitonic energy is transferred to the RC through
a specialized protein called Fenna-Mathews-Olson (FMO) complex. Because of its relatively
small size, water solubility and that it makes good crystals which enable the position of all
its atoms to be known, the FMO complex yielded a rich scientific attention and as a re-
sult has been well characterized. What is remarkable is its observed high efficiency; almost
every photon that is absorbed is successfully transferred to the RC even though the inter-
mediate electronic excitations are very short-lived (∼ 1 ns). This indicates that the exciton
energy somehow finds an extremely efficient way to transfer to the RC. Indeed, G. S. Engel
et al. [4] demonstrated experimentally that the energy transport timescale is on the order of
ps. In 2007, G. R. Fleming and co-workers demonstrated evidence for quantum coherence
in both the energy transfer in the FMO complex and in the bacterial RC [5]. Since then, the
FMO complex has been one of the main subjects of research in quantum biology.

The same basic principles have been found to apply also to other protein complexes,
such as light-harvesting complexes of photosynthetic bacteria, marine algae and plants.
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These proteins transport excitons from one end to another via the chlorophyll molecules
embedded in the protein by an efficient (and counter-intuitive) way: (i) the exciton does
not usually reside on a single chlorophyll molecule but it is spread over several ones, (ii)
the exciton follows at the same time different pathways which are mutually interfere in a
wave-like fashion, (iii) the vibrational modes of the protein in which the chlorophylls are
embedded are matched to the energy differences between excitons, so they can absorb or
generate the correct amount of energy, and therefore facilitate exciton transport from one
end to the other, almost without energy loss in between. In other words, as the exciton
energy passes between molecules, a newly observed ’wave-like characteristic’ allows the
energy to simultaneously sample all the potential energy pathways and choose the most
efficient one.

G. S. Engel et al. [4] performed their experiments at the cryogenic temperature of 77
K. Later experiments by E. Collini et al. and G. S. Engel et al. in 2010-11, have shown that
the coherence in excitation transfer exists even near room temperature (∼ 296 K). Photo-
synthesis usually performs at temperature above 273 K. A plausible question that naturally
arises is why quantum coherence exists during excitonic transport and what is the role of it.
And a plausible answer is because it may increase the energy transfer efficiency due to the
aforementioned intriguing characteristics. A high transfer efficiency may be very impor-
tant for life species which live in a weak light environment, such as green-sulphur bacteria.

A key to the survival of quantum coherence in this temperature regime is an interplay
between the electronic energy levels and the energies of long-lived vibrational modes. If
electronic levels of different chromophores are separated by an energy which corresponds
to the energy of a vibrational mode, then we have a resonance which leads to mutual energy
exchange, much like to that between coupled pendula of similar frequency. If a long-lived
vibration is excited, then it can drive oscillations between electronic excitations in a light-
harvesting antenna, thus enabling the pigments to share the same coherent modes. This is
novel engineering: it is fair to say that no man-made device so far has made use of all these
properties at these spatial and temporal scales concomitantly, and with such an efficiency.

As it has already been mentioned in [6], numerous theoretical models have been pro-
posed to explain how and why excitonic transport is more efficient by using quantum co-
herence. For instance, some of them treat the environment as a Markovian thermal bath
[7, 8]. Each site in the FMO complex interacts with an independent environmental bath. It
was found that by combining the coherence of excitation transport and the thermal noise,
the excitation may easily escape a local potential minima of the FMO and move to the RC.

However, as usual, there exists the opposite opinion which challenges the above conclu-
sions. Recent analysis showed that the quantum enhancement of the transport efficiency
might be only a few percent [9]. There is, also, the Förster model in which the exciton trans-
fer between different sites is incoherent, and the superpositions/coherences are neglected.
Therefore, it is still not clear and unambiguous whether quantum coherence is essential for
Photosynthesis. Some works proposed classical models which can also have quantum-like
oscillation behavior [10]. Hence, more studies are needed to clarify the role of quantum
coherence in Photosynthesis [11, 12].
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2.2. MAGNETORECEPTION IN BIRDS

For over 40 years, a wealth of data has made clear that birds posses a magnetic compass
which helps them perform extraordinary features of navigation and migration by using the
geomagnetic field, a phenomenon called avian magnetoreception. Although the molecular
mechanism underlying this compass has been controversial for a long time, one thing has
always been clear: the sensor must include either a ferromagnetic solid like magnetite, i.e.
deposits of magnetic iron minerals, or a paramagnetic entity like an electronic spin.

Behavioral experiments on some avian species seem to rule out the magnetite-based
mechanism. For example, European robins (Erithacus rubecula) have a magnetic sense
that acts as an inclination compass insensitive to polarity [13], i.e. it cannot distinguish
magnetic North from magnetic South pole, but just acquires directional information by in-
terpreting the inclination of the magnetic field lines; ’poleward’ pointing downward and
’equatorward’ pointing upward [14]. However, most magnetite-based compass models op-
erate as a polarity-sensitive sense [15]. So the current favorite and most attractive, at least
in birds, is a mechanism involving electron spins, the so-called Radical-Pair Mechanism
(RPM) proposed in 1978 by K. Schulten et al. [16] as a plausible biological chemical com-
pass. A Radical Pair (RP) is typically a pair of bound molecules each has an unpaired elec-
tron.

Many behavioral experiments have been performed, revealing more and more intrigu-
ing properties of this non-polar magnetic sense. The navigation sense was shown to be :

(i) photoreceptor based, i.e. dependent on the presence of certain frequencies of ambi-
ent light2 [15, 17] ,

(ii) sensitive to changes in the intensity of the external magnetic field [17, 18], and read-
justment over time (as short as an hour) to these new intensities [18–20] ,

(iii) disrupted by magnetic pulses [21], and very weak (∼ 50-100 nT) external radiofre-
quency magnetic fields oscillating at 1.3 MHz (resonant with the Zeeman splitting between
the spin-up and spin-down states of radical electrons, i.e. the electronic spin-precession
Larmor frequency, caused by the static geomagnetic field)[20]. Moreover, a recent study
by S. Engels and co-workers revealed that the magnetic compass orientation in European
robins is disrupted by the anthropogenic (urban) electromagnetic noise [22].

The precise operating principle of RPM is subtle and can be summarized in three main
steps:

(1) Firstly, a photochemical reaction starts from the light activation of a photoreceptor and
is followed by an electron transfer process leading to a spatially separated electron-pair
(charge-separated state), that is a Radical Pair (RP). Each electron has spin (s=1/2) and

2These studies suggest that the magnetic compass operates best under blue and green light, whereas it is
disrupted under yellow and red light with a fairly sharp transition between orientation and disorientation
around 570 nm.
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behaves like a quantum magnet. So an RP carries two unpaired electrons, the spin-state
of which is the singlet (S) or the triplet (T0,T±). Usually, the generated RP is in the spin-
correlated singlet state, which is also the spin-state of its neutral precursor molecule.

(2) Then, the RP spin-state is inter-converted between singlet and triplet under the com-
bined effect of global and local magnetic interactions, namely the external Earth’s magnetic
field (Zeeman interaction) and the internal hyperfine interactions with the host nuclei,
respectively. This quantum coherent process (also known as Rabi flopping/cycle with the
driving field being, for instance, the hyperfine one) is sensitive to and controlled by both
the intensity (magnitude) and orientation of the external magnetic field vector relative to
the orientation of the local environment, principally made up of nuclear spins within the
molecules. Hence, it is an interplay between symmetry and asymmetry in the interaction
with the outside world that gives rise to this dynamical spin-coherence.

(3) Finally, the RP state is unstable and can decay to a more stable state. The singlet and
triplet RPs undergo a chemical reaction and recombine spin-selectively, that is the charge
recombination/reaction rate3 depends on the spin states of the separated charges (radi-
cal electrons), which directly affects the products/yields of their reactions. These differing
reaction yields are biologically detectable in principle; they constitute different ’chemical
messengers’. Hence, if the relative weights of singlet and triplet states are sensitive to the
angle of the external magnetic field, then there will be an angular modulation of the reac-
tion products. In doing so, a biochemical compass is formed.

Now, how the PRM can be described as a paradigm of quantum biology? The sin-
glet S and triplet-naught T0 states are equivalent to the two out of four Bell states, which
are maximally-entangled and thus highly desired in quantum information schemes. How
much of a role does the quantum nature of these states play in RPM? A recent analysis
of the lifetime and decoherence of these states suggests that the answer is quiet complex.
Essentially, some dephasing models leave the sensitivity of the RP reactions to the exter-
nal magnetic fields mostly intact. However, any kind of strong dephasing prevents the RP
model from being able to explain the disruptive effects of very weak oscillating fields. The
weaker the field, the longer is needed for it to have a significant effect. Hence, it was argued
that quantum coherence of RP electron spins has to sustain for tens of microseconds, so
that these disrupting feeble fields have enough time to take effect [23–25]. This is a quiet
amazing result for an electron spin in a ’warm and wet’ biological environment; it seems
that this disruption due to external fields is a purely quantum phenomenon, and that both
the quantum coherence and entanglement properties must be sustained for timescales ’ex-
ceeding the best man-made molecular systems’.

There are many studies on how quantum coherence and entanglement will enhance
the performance of RPM. I. K. Kominis, by using density-matrix equation and quantum
measurement theory, explained RP reactions by the quantum Zeno effect [26] and found
their equivalence to a non-linear biochemical double-slit interferometer [27]. J. Cai et al.
studied how quantum control could affect the performance of the chemical compass based

3The recombination rate should be much smaller than the singlet-triplet mixing rate to allow the RPM com-
pass function.
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on RPM, and also studied the role of entanglement in RPM [28]. It was shown that quan-
tum coherence itself might not be very essential for the functioning of the RPM compass,
whereas the interplay between quantum coherence and environmental noise (decoher-
ence) is the key to achieve its high sensitivity. Later, J. Cai and M. B. Plenio by introducing
the concept of global quantum coherence, they found that the essence of the RP compass
can be understood in analogy to a quantum interferometer exploiting global quantum co-
herence, namely the more global quantum coherence the better performance of the RP
compass [29]. Moreover, C. Y. Cai et al. found that the sensitivity of the RP biochemical
compass could be greatly enhanced by quantum criticality (phase transition) of the envi-
ronments of the two electrons in the RP [30]. The use of entanglement as a resource (helpful
ingredient) for the orientation and navigability of migratory birds in the weak geomagnetic
field remains an open question, whose answer will depend on the specific molecular real-
ization of their chemical compass [28, 31–34].

There is a long history of experimental studies on magnetic-field sensitivity of RP re-
actions in solution [35]. However, in those early experiments the magnetic sensitivity was
observed only for field strengths between 10 mT and several Tesla, i.e. much larger than
the geomagnetic field of about 50 µT. Maeda et al. [36] demonstrated the most sensitive
RP reaction so far. They synthesized a CPF molecular triad composed of linked carotenoid
(C), porphyrin (P) and fullerene (F), and they reported sensitivities down to 50µT. However,
there was angular modulation only for stronger fields on the order of mT. Thus, the require-
ments of high magnetic field-sensitivity and high angular-sensitivity cannot be fulfilled at
the same time. Recently, H. G. Hiscock et al. studied a modified multinuclear model for RPs
and reported, for a magnetic field strength comparable to that of the Earth, a very sharp fea-
ture (spike) at the output of the sensor that could greatly increase the angular-sensitivity or,
equivalently, the heading precision [37].

Figure 2.2: The ’quantum robin’. The reference direction provided by the Earth’s magnetic field may be de-
tected by cryptochrome molecules hosted in the birds’ retina. According to the theory, light absorption gen-
erates long-lived flavin-tryptophan radical pairs. The products of their chemical reactions are determined by
the orientation of the molecule with respect to the geomagnetic field vector. If cryptochromes are associated
with the membrane disks of the outer segments of the photoreceptors, then an ordered structure could result
and different reaction products in different locations of the retina could form an in-eye compass.
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The precise nature of the RP that might be involved in this mechanism is as yet un-
known. The prime and particularly intriguing candidate is a series of RP reactions that are
known to happen within cryptochrome [14, 38, 39], a blue-light-sensitive photoreceptor
flavoprotein. Since cryptochromes are resident in the bird’s eye, particularly in the gan-
glion cell layer of the retina, they could induce a visual signal by which the bird navigates
[20, 40]; it is likely that this mechanism inhabits the retina of the bird’s eye enabling it to see
the Earth’s magnetic field as if it were light. Thus, there is a strong hypothesis that the RP
reaction yield is further converted to nerve signal, and thus avian species may obtain in-
formation on the Earth’s field to guide their migration. However, almost nothing is known
about the biological circuitry connecting the RP yield to a neurological signal [41, 42].

Concluding, one of the principal models of magneto-detection in migrating birds rests
on the quantum spin-dynamics of transient photo-generated radical pairs in ocular cryp-
tochrome proteins. Experiments with birds have provided indirect and in cases conflicting
evidence on the actual existence of the radical-pair mechanism. A recent study proposes a
new experiment which can unambiguously identify the presence of the radical-pair mag-
netoreceptor in birds, and unravel some of its basic properties [43].

2.3. ELECTRON TRANSFER

Electron transfer (ET) is one of the most ubiquitous and fundamental phenomena in
chemistry, physics and biology. Radiative and non-radiative ET processes correspond to a
key elementary step in many important processes involving isolated molecules and super-
molecules, ions and excess electrons in solution, condensed phase, surfaces and interfaces,
electrochemical systems, solar cells etc. In nature, electron transfer, specifically photo-
induced ET, is one of the most pivotal processes in photosynthesis; ET occurs in photosyn-
thetic reaction centers (PRCs) where transfer of electrons is used to create charge imbal-
ance across a membrane (transmembrane proton gradient), originating a proton pumping
mechanism to produce adenosine triphosphate (ATP), the "molecular unit of currency".
In chemical systems, ET at the metal surface with oxygen is responsible of the corrosion.
Solid-state electronics depend on the control of the ET in semiconductors, and the new
area of molecular electronics depends critically on the understanding and control of the
transfer of electrons in and between molecules.

An ET is a type of quantum transition, in which an electron delocalizes from one sta-
tionary state and localizes in another stationary state, thereby inducing a change in the
occupation number of both states. Any description of ET requires knowledge of the behav-
ior and distribution of electrons around atomic nuclei. For an overview of the theory of
electron transfer we refer the interested reader to [44].

The first studied ET reactions were self-exchange/isotopic4 ET reactions of inorganic
ions in aqueous solution [45]. The principal theoretical cornerstone for condensed phase
ET was laid by Franck and Libby (1949–1952), who asserted that the Franck–Condon prin-

4For self-exchange/isotopic reactions the standard free energy (driving force) for the reactions is zero.
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ciple5 is applicable not only to the vertical radiative processes, but also to non-radiative
horizontal ET. The factors determining ET rates have been tested extensively in proteins by
C. C. Moser et al. [46], and are accurately described in 1960s by Rudolph A. Marcus who
received the 1992 Nobel Prize in Chemistry "for his contributions to the theory of electron
transfer reactions in chemical systems" [47, 48]. In broad terms, the ET rate between two
sites increases as the edge-to-edge separation between them decreases or as the orbital
overlap6 between them increases or as the Gibbs energy (activation energy) of reaction be-
comes more well-matched.

2.3.1. CRYPTOCHROME

Magnetic field effect (MFE) is the effect of magnetic fields on the rate, products and/or
their distribution of chemical reactions. Many MFEs are known on reactions occuring in
solids or the interior of proteins. The mechanism of these reactions revolves around a spin-
selective reaction step that is characterized by the reaction’s rate constant which, in turn,
describes ET process.

Fig. 2.3 shows the series of sequential electron-transfer steps that are though to produce
MFEs in the cryptochrome7 family of proteins. The distances between the electron sites
favor a rapid sequential ET. The most experimentally studied MFEs on protein ET are those
that occur in bacteria PRCs, after they have been chemically modified to prevent forward
ET down one of the two almost symmetrical branches of cofactors in the PRC [46].

Figure 2.3: Although cryptochrome’s photocycle is yet unknown, there is a suggestion that as light is absorbed,
it triggers photochemical electron transfer from the flavin adenine dinucleotide (FAD) cofactor to tryptophan
(amino acid) Trp400. The unpaired electron would then continue to ’hop’ rapidly to Trp377, and then to
Trp324. At this point, there is a competition between back-electron transfer to the flavin or further reaction
leading to generation of signalling state of cryptochrome. Picture reproduced from [46].

5Classically, the Franck–Condon principle is the approximation that an electronic transition is most likely to
occur without changes in the positions of the nuclei in the molecular entity and its environment. The re-
sulting state is called a Franck–Condon state, and the transition involved, a vertical transition. The quantum
mechanical formulation of this principle is that the intensity of a vibronic transition (simultaneous change
in electronic and vibrational energy levels) is proportional to the square of the overlap integral between
the vibrational wavefunctions of the two states that are involved in the transition.– IUPAC Compendium of
Chemical Terminology, 2nd Edition (1997)

6Orbitals are stationary electronic states in which the probability of finding the electron is high. The ready
visualization of the overlap of orbitals provides an intuitive and easy-to-grasp method of deciding if electron
transfer will occur or not.

7Cryptochrome has been proposed to be responsible for the magnetic compass sensitivity of migratory birds.
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2.3.2. PHOTOSYNTHETIC REACTION CENTERS

The reaction center (RC) is the key component for the primary events in the photo-
chemical conversion of light into chemical energy in every photosythetic organism [49, 50].
After light excitation, a charge separation that spans the cell membrane is formed in the RC
in a few hundred picoseconds with a quantum yield of almost unity. The coupling of the
primary electron-donor to secondary electron-donor and acceptor molecules, allows elec-
trons and accompanying protons to be transferred to other components of the photosyn-
thetic apparatus, ultimately to be converted into chemically rich compounds such as ATP.

The RC is an integral membrane pigment-protein complex, composed from a special
dimer of pigments (P) which corresponds to the primary electron-donor, the path of the
electron-transfer cascade. Since the photo-excited pigment (P∗) is a strong reducing species,
it rapidly loses an electron to a nearby acceptor (A) forming a charge-separated state P+A−,
which is a dipolar species consisting of the radical-cation P+ and the radical-anion A−,
termed radical-ion pair (RIP). This is the primary process in the photosynthetic reaction
center (Fig. 2.4); the photon’s energy is transformed to (electro)chemical energy. Now, if the
electron is back-transferred from A to P, then the stored energy is lost into heat. However,
this is not the case since another fast electron transfer to a secondary acceptor molecule
takes place. The growing, at each forward ET step, spatial separation between the donor
and the acceptor reduces the charge-recombination rate by orders of magnitude. Hence,
within a very short time the distance between the donor and the acceptor is almost the
thickness of the photosynthetic membrane.

Figure 2.4: Primary reaction of photosynthesis with typical timescales involved. P and A represents the pri-
mary electron-donor and the first ’stable’ acceptor, respectively. 1) Energy transfer from the antenna pigments
(e.g. bacteriochlorophylls) leads to photo-excitation of P on the fs-ps timescale. 2) Electron transfer from the
photo-excited P∗ to A produces the charge-separated state P+A− on the ps-ns timescale. 3) The backward
electron transfer from A− to P+ (charge recombination) to produce PA, and practically heat, is efficiently pre-
vented by further forward electron transfer, which is now proton-coupled. These more complex chemical
processes ultimately produce stable photosynthetic products, and happen on the ns-µs timescale. Picture
reproduced from [50].



2.3. ELECTRON TRANSFER 15

Photosynthetic reaction centers (PRCs) can be categorized into two types based upon
the nature of the electron-acceptors :

I. Green-sulfur bacteria, heliobacteria and Photosystem I (PSI) belong to the iron-sulfur
type.

II. Purple bacteria, green-filamentous bacteria and Photosystem II (PSII) belong to the
pheophytin-quinone type.

Nowadays, we know two types of PRCs each has three classes that are summarized in (Fig.2.5).

Figure 2.5: Electron-transfer pathways for the two types and six classes of PRCs. In type I PRCs (right), iron-
sulfur clusters are used as the electron-acceptors. Type I is subdivided into 3 classes: PSI, green-sulfur bacte-
ria and heliobacteria. In type II PRCs (left), quinones are used as the first ’stable’ electron-acceptors. Type II is
also subdivided into 3 classes: PSII, purple bacteria and green-filamentous bacteria. Intermediates in the fig-
ure have the following designations: P → PRC primary donor, (B)Ph → transient initial (bacterio)pheophytin
acceptor, QA and QB → ’stable’ quinone acceptors, A0 (A1) → transient initial chlorophyll (quinone) acceptor,
FX , FA and FB → ’stable’ iron-sulfur cluster acceptors, NAPD → final acceptor. The electron-donors are Tyrz

and a cluster of 4 manganese (Mn) ions for PSII, a plastocyanin molecule (PC) for PSI and cytochrome (cyt)
c for the bacterial PRCs. The intermediate electron-transfer complexes, cytochrome bc1 and bf, are boxed.
Picture reproduced from [50].
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RADICAL-PAIR MECHANISM

3.1. INTRODUCTION

The Radical-Pair Mechanism (RPM) has evolved to the cornerstone of spin chemistry,
i.e. the study of electronic and nuclear spin effects on chemical reactions. Chemical re-
actions which involve radical intermediates can be affected by magnetic fields that act to
change their rate (kinetics), yields/products and/or their distribution. Such effects have
been studied extensively and are known as Magnetic Field Effects (MFEs).

The origin of the RPM, which marks the birth of the spin chemistry, is set in the 1960s
due to the observation of anomalous lineshapes and enhanced intensities in Electron Para-
magnetic Resonance (EPR) and Nuclear Magnetic Resonance (NMR) signals in chemical
reactions of organic molecules. These effects termed, respectively, as Chemically-Induced
Dynamic Electron Polarization (CIDEP) and Chemically-Induced Dynamic Nuclear Polar-
ization (CIDNP). G. L. Closs and L. E. Closs [51] and, independently, R. Kaptein and J. L.
Oosterhoff [52] introduced the RPM as a reaction intermediate to explain these observa-
tions. Since then, spin chemistry has grown into a mature field of theoretical and experi-
mental physical chemistry [35]. An intriguing result of early spin chemistry work was the
proposal by K. Schulten and co-workers that avian magnetoreception is based on RP bio-
chemical reactions [16, 39, 53, 54].

The RPM involves a multi-spin system of electrons and nuclei embedded in a biomolecule
and undergoing a number of physical/chemical processes, such as magnetic interactions
and coherent spin motion, electron transfer, spin relaxation etc., which provide, between
others, the mechanistic framework for the interpretation of MFEs. Although the RPM has
been known since the late 1960s, the rich quantum physical underpinnings of the mecha-
nism have been unraveled only recently [55], and the RPM was shown to be a rich biophysi-
cal laboratory where the conceptual tools of quantum information science can be fruitfully
applied. However, the fundamental quantum dynamics of RPM is, hitherto, hotly debated
[55].

16
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3.2. A BRIEF BIOGRAPHY OF A RADICAL PAIR

Radical-Pair creation. The quantum degrees of freedom of RPs are formed by a multi-spin
system hosted in a biomolecule that can be either solid or liquid. These spin degrees of
freedom can mathematically be described by the density matrix ρ. Upon absorption of a
photon by this biochemical system, one of the two paired (covalently bound) electrons in a
singlet state, |S〉 = 1/

p
2(| ↑↓〉−| ↓↑〉) in Dirac notation, is excited from the highest occupied

to the lowest unoccupied molecular orbital (HOMO-LUMO transition), and subsequently
transferred to a separate location leaving behind the other electron. So, each of the two
locations possesses an unpaired electron, and hence together they form an RP. Typically,
one chemical bond breaks at a time so that the radicals are created in pairs. In short, an
RP is a pair of biomolecular ions created by a charge transfer from a photo-excited donor-
acceptor dyad DA, schematically described by the reaction DA−→hv D∗A−→ET D•+A•−, with the
dot denoting an unpaired electron.

Since (i) the ground state DA and the excited state D∗A molecular dyads are usually in
a spin-zero/unpolarized state, (ii) the RP formation process is fast, and (iii) effects such
as spin-orbit coupling can be neglected, the RP initial electronic spin-state is also a spin-
zero state, particularly the spin-correlated singlet state described by ρel (0) = |S〉〈S|. The RP
initial nuclear spin-state is a thermal and practically unpolarized state, termed maximally-
mixed state ρnuc (0) = 1/d , where d is the nuclear spin-multiplicity. For instance, the proton
(spin-1/2 nucleus) polarization at room temperature and at magnetic fields ∼ 1T is about
10−5, which is practically negligible. Thus, ρp+(0) = 1/2 and the RP initial total spin-state
is ρ(0) = |S〉〈S|⊗ 1/2. Hence, the total angular momentum is conserved, it is a ’constant of
motion’ in the course of the RP creation process. We denote the singlet RP as SD•+A•−.

Radical-Pair spin evolution. Now, both D and A molecules host a number of nuclear
spins that interact to the respective electron spin through the hyperfine interaction. Neither
singlet-state nor triplet-state RPs are eigenstates of the resulting magnetic Hamiltonian,
Hm , thus the RP spin-state undergoes a coherent singlet-triplet (S-T) oscillation / mixing
/ inter-conversion, designated by SD•+A•− 
 TD•+A•−. At the same time, the nuclear spins
also precess and hence the total electron/nuclear spin system undergoes a coherent spin
motion driven by hyperfine couplings, and the rest of the magnetic interactions to be de-
tailed later.

The simplest way to understand S-T mixing is by using the classical vector model, and
assuming an (unphysical) RP that comprises just two electronic spins having precession
or Larmor frequencies different by δω. If the RP initial state is the singlet |S〉, after a time
interval ∆t = π/δω the two electronic spins will develope a π phase difference and their
state will convert to the triplet |T0〉, as shown in Fig. 3.1(a) [55]. In reality, this model is
encountered in the so-called ∆g -mechanism operating at high magnetic fields, where an
actual difference in the g -factor of the two electrons is responsible for their different Lar-
mor frequency. Specifically, δω = ∆gµB B/ħ where µB is the Bohr’s magneton. However,
S-T inter-conversion is usually induced by the different nuclear spin environment (local
’classical nuclear magnetic field’) hosted in the two radicals and hyperfine coupled to the
respective electronic spin. In Fig. 3.1(b) we show key transitions of the RP spin-state caused
by hyperfine (local) and Zeeman (global) interactions [56].
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Figure 3.1: (a) Classical vector model describing the S-T mixing of the spin-state of two electrons, which is
driven by their different Larmor frequencies. Reproduced from [55]. (b) Key transitions of the Radical-Pair
spin-state caused by Zeeman and hyperfine interactions. Reproduced from [56].

Radical-Pair reaction. The coherent unitary evolution of the RP spin-state, which is the
key feature of the RPM, has a finite lifetime. Charge recombination, i.e. backward charge
transfer from A to D, terminates the coherent spin motion and leads to the formation of the
neutral reaction products/yields in a spin-dependent way; angular momentum conserva-
tion at this step empowers the molecular spins and their minuscule energy1 to determine
the fate of the RP reaction. There are two neutral product species, singlet, such as the orig-
inal DA molecules, and triplet, TDA, resulting, on average, from singlet RPs and triplet RPs,
respectively. It turns out that the relative concentration of the reaction yields can be sub-
stantially influenced by the magnetic spin interactions entering the mixing Hamiltonian
Hm . It is noted for completeness that the reaction can close through the so-called intersys-
tem crossing (ISC) TDA−→DA, mediated by, e.g., spin-orbit (LS) coupling.

All the previous processes can be summarized in Fig. 3.2(a). If we neglect the photo-
excitation and the initial charge transfer, then the RP reaction scheme can be further sim-
plified into Fig. 3.2(b); the two gray boxes show that the RP reaction comprises two phys-
ically very different and concurrent processes: (i) the unitary dynamics embodied by the
magnetic Hamiltonian, Hm , driving a coherent S-T oscillation of the RP spin-state, and (ii)
the non-unitary/irreversible reaction dynamics reducing spin-selectively the RP popula-
tion. While the former is somehow trivial, it turns out that the latter is non-trivial at all and
is still an intense scientific debate [55].

1Even weak magnetic fields whose interaction energies are far less than the thermal energy kB T may cause
significant changes in the RP reaction yields. But this does not contradict the laws of thermodynamics, be-
cause the formation of the RP requires much more than the thermal energy. Moreover, tiny energies (weak
magnetic fields) can have large effects on the RP chemical reactivity when the RP state is far from equilib-
rium, which is indeed the case.



3.2. A BRIEF BIOGRAPHY OF A RADICAL PAIR 19

Figure 3.2: Reproduced from [55]. (a) Simplified energy level structure of Radical-Pair reaction dynamics. A
donor-acceptor molecular dyad DA is photo-excited to D∗A, and a subsequent charge transfer from D to A
forms a singlet RP, SD•+A•−. Intra-molecule magnetic interactions, embodied by Hm , converts singlet RPs
to triplet RPs in a coherent and unitary fashion. At the same time, charge transfer from A back to D leads to
singlet (DA) and triplet (TDA) neutral products in a spin-dependent way with rates kS and kT , respectively.
The reaction cycle can be close through intersystem crossing (ISC) from TDA to DA. (b) Simplified version
of (a) omitting the light excitation and the subsequent charge transfer. Both figures could not be taken too
literally, because an RP can recombine into, e.g., a singlet DA even if its state is a coherent S-T superposition
and not only a pure singlet.

Dimension of RP spin-space. A radical pair consists of two electrons and some num-
ber N of magnetic nuclei located in donor D and acceptor A molecules. Its spin-state is
described by the density matrix ρ whose dimension is d = 4×ΠN

j=1(2I j +1), where 4 is the

spin-multiplicity of the two electronic spins, ΠN
j=1(2I j +1) is the spin-multiplicity of the N

nuclear spins, and I j is the nuclear spin of the j th nucleus with j = 1,2, . . . , N . For example,
in the aforementioned case of just one-proton nucleus the density matrix has dimension
d = 8.

Definitions. At the RP recombination/reaction process, the conservation of angular
momentum forces the decomposition of the RP spin-space into an electronic singlet and
an electronic triplet subspace, defined by the projection operators (projectors) QS and QT ,
respectively. These are d−dimensional square matrices defined as

QS = 1

4
1d −sD ·sA

and

QT = 3

4
1d +sD ·sA ,

where sD and sA are the respective spin-operators of the Donor’s and Acceptor’s electron.
They are d ×d matrices, e.g. the i th component of sD would be written as sDi = si ⊗ 12 ⊗
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12I1+1 ⊗ 12I2+1 ⊗·· ·⊗ 12IN+1, with i ≡ x, y, z, where the first operator in the tensor/Kronecker
product denotes Donor’s electron spin, the second the Acceptor’s electron spin, and the
rest refer to the nuclear spins. By si we denote the familiar two-dimensional spin-1/2 Pauli
operators, and by 1n the n−dimensional identity/unity operator. Moreover, the projectors
QS and QT have the following properties: (i) Qm = Q2

m , m ≡ S,T , (ii) QS +QT = 1d (com-
pleteness), and (iii) QSQT =QT QS = 0 (orthogonality).

The dimension of the RP total singlet subspace is 1×ΠN
j=1(2I j+1), and for the total triplet

subspace it is 3×ΠN
j=1(2I j +1). The electronic spin-multiplicity in the former corresponds

to the spin-zero (s=0) singlet state

|S〉 = 1p
2

(| ↑↓〉− | ↓↑〉) ,

whereas the electronic spin-multiplicity in the latter corresponds to the spin-one (s=1)
triplet states

|T+〉 = | ↑↑〉 ,

|T0〉 = 1p
2

(| ↑↓〉+ | ↓↑〉) ,

|T−〉 = | ↓↓〉 ,

as expressed in the uncoupled two-qubit basis
{| ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉}. The triplet state has

three projections along the quantization axis, which is usually defined by the magnetic field
axis. There is, also, the coupled 2-qubit basis

{|S〉, |T0〉, |T+〉, |T−〉
}
. For an RP containing n

spin-1/2 nuclei, the dimension of the Hilbert space for the RP’s total spin is d = 2n+2. Then,
the projectors would be written as QS = |S〉〈S|⊗ 1⊗n

2 and QT =∑
q=0,± |Tq〉〈Tq |⊗ 1⊗n

2 .

Finally, there are the singlet kS and triplet kT recombination rates that are defined as
follows: At t = 0, we prepare an RP ensemble having no magnetic interactions (Hm = 0) in
the singlet (triplet) electronic spin-state and any nuclear spin-state. If the singlet (triplet)
recombination channel is open, i.e. kS 6= 0 (kT 6= 0), then its population (diagonal density-
matrix elements) would decay exponentially at the rate kS (kT ). In general, during a time
interval d t , the singlet and triplet reaction yields will be

drS = kSd tTr [ρQS]

and

drT = kT d tTr [ρQT ] ,

respectively. If all RPs were in the singlet (triplet) state, the fraction of them recombining
through the singlet (triplet) channel during d t would indeed be kSd t (kT d t ). Instead, if
they are in a general state described by ρ, then kSd t (kT d t ) has to be multiplied by the
respective fraction of singlet (triplet) RPs, i.e. Tr [ρQS] = 〈QS〉 ≡ fS

(
Tr [ρQT ] = 〈QT 〉 ≡ fT

)
known as singlet (triplet) fidelity.
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3.3. RADICAL-PAIR MAGNETIC HAMILTONIAN

The total magnetic interactions of the radical-pair spin-system can be described by the
Hamiltonian

Hm = HZ +HHF +HE +HD ,

where HZ is the Zeeman interaction Hamiltonian, HHF the hyperfine, HE the (spin-)exchange,
and HD the dipolar ones.

Zeeman interaction

The interaction of the two unpaired electronic spins in each radical with an external
(applied) magnetic field B may be written, in general, as

HZ =−µB

ħ (sD · ĝD +sA · ĝA) ·B ,

where µB = |e|ħ/2me is the Bohr’s magneton, sD (sA) is the electron spin-operator of the
donor (acceptor), and ĝD (ĝA) is the g-tensor2 of the donor (acceptor) that accounts for
complexities related to intra-molecule complicated interactions between the electrons [46].
The g-tensor is a 2nd−rank tensor (gi j ) defined by the 3×3 matrix

ĝ =
 gxx gx y gxz

g y x g y y g y z

gzx gz y gzz

 .

However, for small organic radicals it is reasonable to assume that the g-tensor is that of
a free electron, i.e. ĝD,A = diag{g , g , g } = g13 where g ≈ 2 is the electron’s g-factor. In doing
so,

HZ =−γe (sD +sA) ·B

where γe = gµB /ħ≈ |e|/me is the gyromagnetic ratio of the free electron.

The nuclear spins located in an RP also interact with the external magnetic field, but
the nuclear Zeeman interactions are negligible with respect to the electronic Zeeman in-
teraction, because the nuclear gyromagnetic ratios are much smaller than that of the elec-
tron. For instance, a proton’s Zeeman interaction is three orders of magnitude weaker, since
mp /me ≈ 1836.

For an RP spin-system, the Zeeman interaction splits apart the |T±〉 and |T0〉 states, i.e
it lifts the triplet’s energy degeneracy, and this triplet-triplet (Zeeman) splitting is propor-
tional to the intensity of the external magnetic field B . Moreover, transitions between them
could be induced dependent on the orientation of the external magnetic field B (Fig. 3.1b).

2The g-tensor is often determined empirically from EPR spectra, whereas for molecules as large as small
proteins modern density functional theory (DFT) allows reasonably accurate calculations.
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Hyperfine interaction

In natural radical pairs, each radical contains a number of nuclei which generally have
non-zero spin. Hence, the electronic spin in each radical is not isolated, it is embedded in
a magnetic environment induced by its neighboring nuclear spins. In other words, each
unpaired electronic spin is coupled to its local magnetic nuclei through the hyperfine in-
teraction,

HHF =∑
i

sD · âD,i · ID,i +
∑

j
sA · âA, j · IA, j

where ID,i (IA, j ) is the spin-operator of the i th ( j th) nucleus located in the donor (acceptor),
and âD,i (âA, j ) is the hyperfine tensor that couples the i th ( j th) nuclear spin of the donor
(acceptor) to the donor’s (acceptor’s) electronic spin. The hyperfine tensor accounts for the
geometry of this coupling, and it is expressed by the 3×3 matrix

â =
 axx ax y axz

ay x ay y ay z

azx az y azz

 .

In the minimal RP model we consider that the one electronic spin is devoid of hyper-
fine interactions, while the other interacts with just one nuclear spin located in its radical.
Hence,

hHF = s · â · I .

This simple model, also known as ’reference-and-probe’ RP model, is an approximation of
multiple nuclei environments with one effective dominant hyperfine coupling component.
It permits us to obtain analytic expressions and acquire, by this way, a better understanding
of the underlying physics.

In solids or in oriented media, such a liquid crystal, the hyperfine interaction is anisotropic,
i.e. it depends not only on the relative orientation of electronic and nuclear spin, but also
on their orientations with respect to the molecular frame of the radical. Instead, in isotropic
liquids any anisotropy is averaged to zero by the rapid tumbling (motion/disorder) of the
radical. In this case, the hyperfine tensor becomes the isotropic hyperfine coupling con-
stant, â = diag{α,α,α} =α13, and thus the hyperfine Hamiltonian is further simplified to

hHF =αs · I ,

known as Fermi contact interaction3. The hyperfine coupling constant (α) is proportional
to the gyromagnetic ratio of the respective nucleus.

In an RP spin-system, the hyperfine interaction induces the coherent singlet-triplet
inter-conversion. Specifically, for fields B < 50 mT, the S-T mixing responsible for MFEs

3The Fermi contact interaction is the magnetic interaction of the electronic and nuclear spin when the elec-
tron is inside that nucleus. It is isotropic, i.e. it depends only on the relative orientation between the elec-
tronic and nuclear spins, and its strength is proportional to the s-orbital character of the singly occupied
molecular orbital (SOMO) around that nucleus [46].



3.3. RADICAL-PAIR MAGNETIC HAMILTONIAN 23

is governed primarily by the hyperfine mechanism [46]. However, at higher fields the in-
duced S-T mixing is dominated by the small differences in the g-factors of the two radicals,
∆g ≈ 10−3, the so-called ∆g−mechanism. This is because the difference of the Larmor fre-
quencies of the two unpaired electron spins is ∆ω= ∆gµB

ħ B , where µB /ħ≈ 10 GHz/T.

Exchange interaction

Within each radical, Coulombic forces between the electrons and nuclei determine
the radical’s geometry and electronic structure that, in turn, contribute to the radical’s
spin/magnetic Hamiltonian characterized by the hyperfine and g - tensors. The consid-
eration that the radicals in a radical pair are separate entities is not complete, because the
Coulombic interactions between the electrons and nuclei in one radical with those in the
other radical must be taken into account.

When the radicals in an RP approach closely enough for inter-radical electron correla-
tion and bonding effects to set in, the spin evolution can be described by

HE = JsD ·sA ,

known as (spin-)exchange interaction. The exchange coupling strength J is the energy
difference between the singlet and triplet states. In spin chemistry, the exchange cou-
pling is normally assumed to behave as J (r ) ≈ J0e−r /r0 , where J0 is the magnitude (posi-
tive/negative), r is the radical-radical separation, and r0 > 0 is a range parameter [46, 57].
The values of the parameters vary considerably with the nature of the radicals and the in-
tervening medium.

For RP reactions in solutions, the exchange interaction acts to prevent singlet-triplet
mixing since it produces singlet-triplet energy splitting. Thus, whenever the radicals are
close enough, e.g. during diffusive encounters, the exchange interaction dominates the
RP’s magnetic Hamiltonian, and hence no MFEs are expected.

Figure 3.3: Singlet-Triplet energy splitting with respect to radical-radical distance. The T0 and T± states are
split apart due to the Zeeman interaction and J (r ) denotes the energy distance between S and T0 states.
Diagram reproduced from [46].
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Dipolar interaction

Each unpaired electronic spin also experiences a magnetic field induced by the other
unpaired electronic spin. This is a magnetic dipole-dipole interaction, also called dipolar
coupling, that can be described by the Hamiltonian

HD = µ0

4πr 3

[
mD ·mA −3(mD · r0)(mA · r0)

]
,

where µ0 is the magnetic constant (vacuum permeability), mD (mA) is the magnetic dipole
moment of the donor’s (acceptor’s) electronic spin, and r = r r0 is the spatial vector joining
the centers of these two magnetic dipoles. Since mx = γx sx (x ≡ D, A), the dipolar Hamil-
tonian reads

HD = µ0γDγA

4πr 3

[
sD ·sA −3(sD · r0)(sA · r0)

]
,

where γx = gxµB /ħ is the electron gyromagnetic ratio of the x-radical. Strictly speaking,
the above Hamiltonian is only valid for point dipoles separated by r. In real molecules, r is
approximated by the vector between the ’centers’ of the SOMOs on each radical, and then
the dipolar Hamiltonian can be written as

HD = sD · D̂ ·sA ,

where D̂ is the dipolar tensor. At high fields, the diffusive motion of one radical around
the other vanishes the dipolar interaction. However, in weak fields it turns out that the
dipolar interaction suppresses the singlet-triplet mixing, unless the dipolar and exchange
interactions are of similar energies; if they have similar magnitudes but opposite signs, then
they mutually cancel each other [46, 57].
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3.4. RADICAL-PAIR REACTION DYNAMICS

In addition to the unitary evolution of the RP spin-density matrix ρ, a non-unitary term
describing the spin-selective RP reactions must also be taken into account. This biochem-
ical spin-system is an open quantum system, and hence its density matrix does not just
obey the Schrödinger equation, dρ/d t = −i [Hm ,ρ]/ħ, but more terms are needed to ac-
count for the ’open’ character of RPs. Such terms are compactly written as a ’reaction super-
operator’ L (ρ). The Master Equation

dρ

d t
= − i

ħ [Hm ,ρ]︸ ︷︷ ︸
unitary dynamics

+ L (ρ)︸ ︷︷ ︸
non-unitary dynamics

is the starting point for all theoretical calculations involving RP reactions; hence it is of fun-
damental importance for spin chemistry, being the basis for predicting all experimental
observables.

The majority of theoretical calculations were so far performed with a phenomenological
theory elaborated upon by Haberkorn [58] in 1976, termed ’traditional’ master equation.
The Haberkorn’s reaction super-operator reads

L (ρ) =−kS

2
(QSρ+ρQS)− kT

2
(QTρ+ρQT )

=−kTρ+ kT −kS

2
(QSρ+ρQS)

where the second equation is due to QS +QT = 1. This or any master equation requires
as input all the magnetic interactions entering the Hamiltonian Hm and the two recom-
bination rates kS and kT , and it can theoretically predicts any experimental observable as
output. Few customary examples are the following:

(i) The singlet and triplet reaction yields given by Yx = ∫ ∞
0 drx , where drx = kxd tTr [Qxρt ]

with x ≡ S,T . Given that the initial density matrix is normalized, i.e. Tr [ρ0] = 1, it will be
YS +YT = 1.

(ii) The reaction/recombination rate, given by the decay rate of the RP population,
dTr [ρt ]/d t =−kSTr [QSρt ]−kT Tr [QTρt ]. In the special case of symmetric/spin-independent
recombination, kS = kT ≡ k, the RP population decays exponentially at the rate k, that is
dTr [ρt ]/d t =−kTr [ρt ].

(iii) The magnetic field effect is about the magnetic field B-dependence of the evolved
Tr [ρ], defined as MFE≡ Tr [ρ]B −Tr [ρ]0 [36].

Concluding, the particular form of L (ρ) is imprinted in all physically accessible observ-
ables. In the more realistic case of asymmetric/spin-dependent recombination, kS 6= kT ,
the reaction super-operator affects both the RP population, Tr [ρ], and the spin-character
of RP’s density matrix ρ. Assume, for example, a balanced mixture of singlet and triplet RPs,
ρ = a|S〉〈S|+b|T 〉〈T |, which does not evolved unitarily, Hm = 0, and only reacts, L (ρ) 6= 0.
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When kS = kT the balance is not distorted, since the RPs disappear at the same rate in a
spin-independent way. But if kS 6= kT , the ensemble of the surviving/unreacted RPs will
become more triplet (singlet) if kS > kT (kT > kS).

3.5. PHYSICAL MODEL OF THE RADICAL-PAIR MECHANISM

Figures 3.2(a) and 3.2(b) depict a gross picture of the RP reactions and miss impor-
tant details. We show in Fig.3.4 a more detailed energy level structure, which is crucial
to unravel the quantum foundations of the RPM. In our picture, i.e. our physical model
about RPM, we take into account the vibrational excitations, termed phonons, of the neu-
tral product molecules, the precursors of the RPs. These excited states (phonon degrees
of freedom) form at large energies a quasi-continuous reservoir that is quasi-resonant with
the RP magnetic energy levels. As we will demonstrate in Chapter 6, this phonon vacumm is
the fundamental source of singlet-triplet decoherence in RP reactions, similar to the effect
of photon vacuum on atomic coherences, and moreover the generator of a Lamb-shift-type
energy splitting in the RP magnetic levels.

Figure 3.4: Reproduced from [55]. Radical-Pair energy levels including the singlet and triplet reservoirs, which
correspond to the vibrational excitations of the RP neutral precursors. The existence of these reservoir states
forces the RPs to: (i) lose population by charge recombination into the neutral ground states through two
real and consecutive transitions, from RP to the quasi-resonant reservoir states followed by the decay of the
latter to the ground state (in a picosecond timescale relevant to nuclear re-organization), and (ii) suffer, at the
same time, S-T decoherence due to virtual transitions from RP to the reservoir states and back. These virtual
transitions interrupt the S-T mixing induced by the RP magnetic Hamiltonian.
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" We all monitor our world indirectly,
eavesdropping on the environment. "

— Wojciech H. Zurek

4
DECOHERENCE

4.1. INTRODUCTION

Decoherence [59–62], though based at the heart of quantum theory developed in the
first decades of the twentieth century, was pioneered by H. D. Zeh and W. J. Zurek much
later (1970s-1980s) with their work on the emergence of classicality in the quantum frame-
work. Until that time, the orthodox (Copenhagen) interpretation of quantum mechanics
dominated, with its strict distinction between the macroscopic classical and the micro-
scopic quantum worlds. This attitude engraved a boundary between the quantum and
the classical, that was mainly considered as a purely philosophical problem and a non-
experimental field, intangible by any physical analysis. This, however, changed when we
were be able to understand within the quantum framework why the macro-world is mani-
fested as classical, and that there is no need for denying quantum mechanics to hold even
macroscopically. Consider, as an example, macroscopic objects which occupy well-defined
positions in space; they are found in approximate position eigenstates of their center of
mass, and never in superpositions of macroscopically distinct positions. The study of de-
coherence was originally motivated to explain these effective super-selection rules, and the
emergence of classicality within quantum theory by taking into account the environment
of a quantum system and its crucial impact on it.

The theoretical framework for the study of decoherence is the theory of open quantum
systems, which was originally developed to incorporate the friction and thermalization ef-
fects in the quantum formulation. The theory of open quantum systems studies the effects
an (uncontrollable) environment has on the system’s quantum evolution. However, the
intuition and approximations developed in the traditional treatments are not necessarily
appropriate to yield a correct description of decoherence effects, which may take place on
a timescale much shorter than typical relaxation phenomena. While the traditional treat-
ments of open quantum systems focus on how the environmental ’bath’ affects the system,

29
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the emphasis in decoherence is more on the contrary question, namely how the system af-
fects and disturbs environmental degrees of freedom, thereby revealing information about
its state.

The experimental technological advances of the last two decades, brought the physics
of decoherence in the foreground. Now, there are several experiments which reveal the
gradual emergence of classical properties in a quantum system, in agreement with the pre-
dictions of decoherence theory. The popularity of decoherence is, also, because its rele-
vance to quantum information processing (QIP). In QIP tasks, the coherence of a relatively
large quantum system has to be maintained over a sufficiently long time. One of the major
challenges to the observation and exploitation of quantum effects is decoherence: every
quantum system is inevitably coupled to its surroundings, and hence its time evolution
is corrupted by uncontrolled, ’environmental’ degrees of freedom. Consequently, any ini-
tially prepared pure state will decohere, i.e. evolve into a mixed state, and thereby lose its
potential for QIP tasks.

Let’s now describe the basic decoherence effect in a rather general framework. In what
follows we deal with conventional, i.e. environmental decoherence. We need to account for
the unavoidable coupling of the quantum system to its environment. Although these en-
vironmental degrees of freedom are to be treated quantum mechanically, their state must
be taken practically unobservable because of their large number or uncontrollable nature.
The detailed dynamics induced by the environmental interaction will be very complicated
in general, but we can get an idea of the basic effect by assuming that the interaction is
sufficiently short-ranged to admit a description in terms of scattering theory. In this case,
only the map between the asymptotically free states before and after the interaction needs
to be discussed, thus avoiding a temporal description of the collision dynamics.

In general, the quantum state of the system is described by the density operator ρ on
the Hilbert space H . Consider that the system interacts with a single environmental degree
of freedom at a time, e.g. a phonon, a polaron or a gas particle scattering off your favorite
implementation of a quantum register. Moreover, assume that this environmental ’particle’
is in a pure state ρE = |ψi n〉E 〈ψi n |E with |ψi n〉E ∈ HE . The scattering operator Stot maps
between the in- and out-asymptotes in the total Hilbert space H tot = H ⊗HE , and for
sufficiently short-ranged interaction potentials we may identify those with the states before
collision (bc) and after collision (ac). The initially uncorrelated system and environment
turn into a joint state

ρ(bc)
tot = ρ⊗ρE = ρ⊗|ψi n〉E 〈ψi n |E ,

ρ(ac)
tot = Stot

[
ρ⊗|ψi n〉E 〈ψi n |E

]
S†

tot .

Additionally, consider that the interaction is non-invasive with respect to a certain system
property, i.e there is a number of distinct system states such that the environmental scat-
tering off these states does not cause any transitions in the system. For instance, if these
distinguished states correspond to the system being localized at well-defined sites, then the
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environmental particle should induce no hoping between the locations; for elastic scatter-
ing they will be the energy eigenstates. We denote the set of the orthogonal system states
by {|m〉} ∈ H . The non-invasiveness requirement means that Stot commutes with those
states, and hence it is expressed as

Stot =
∑
m

|m〉〈m|⊗Sm ,

where Sm are scattering operators acting in the environmental Hilbert space HE . Inserting
this into the expression of the total state after collision, we get

ρ(ac)
tot = ∑

m,n
〈m|ρ|n〉|m〉〈n|⊗Sm |ψi n〉E 〈ψi n |E S†

n

≡ ∑
m,n

ρmn |m〉〈n|⊗ |ψ(m)
out 〉E 〈ψ(n)

out |E ,

and by performing a partial trace1over the environmental state, i.e. disregarding the envi-
ronment, we end up with the (reduced) system state after the interaction

ρ(ac) = TrE [ρ(ac)
tot ] = ∑

m,n
ρmn |m〉〈n| 〈ψi n |E S†

nSm |ψi n〉E︸ ︷︷ ︸
≡Tr [S†

n SmρE ]=〈ψ(n)
out |ψ(m)

out 〉E

.

Since the Sm are unitary, i.e. S†
mSm = SmS†

m = 1, the diagonal density-matrix elements or
populations are unaffected, ρ(ac)

mm = ρmm , whereas the off-diagonal density-matrix elements
or coherences are multiplied by the overlap of the environmental states scattered off the sys-
tem states m and n, ρ(ac)

mn = ρmn〈ψ(n)
out |ψ(m)

out 〉E . The modulus of this overlap is less than unity,
and hence the coherences which characterize the ability of the system state to display a su-
perposition between |m〉 and |n〉, which is a genuine quantum property, get suppressed.
The value |ρmn | determines the maximum fringe visibility in a general interference exper-
iment involving the states |m〉 and |n〉, as described by the projection on a general super-
position |ψθ,φ〉 = cosθ|m〉+ e iφ sinθ|n〉. It is important to note that this loss of coherence
occurs in a special basis, which is determined only by the scattering operator, i.e. by the
type of the environmental interaction, and to a degree that is determined by the environ-
mental state and the interaction.

The loss of ability to show quantum behavior due to the interaction with an environ-
mental quantum degree of freedom is the basic effect of decoherence. One may view it
as due to the arising correlation between the system with the environment. After the in-
teraction, the joint quantum state of system and environment is no longer separable, i.e.
mathematically expressed as a tensor product, and part of the coherence initially located
in the system now resides in the non-local correlation between the system and the envi-
ronmental particle; it is lost once the environment is disregarded (mathematically traced
out). A complementary point of view argues that the interaction constitutes an informa-
tion transfer from the system to the environment. The more the overlap |〈ψ(n)

out |ψ(m)
out 〉E |2 di-

verges from unity, the more an observer could, in principle, learn about the system state by
measuring the environmental particle. Even though this measurement is never made (by

1The ’partial trace’ is a generalization of the ’trace’. While the ’trace’ is a scalar-valued function of an operator,
the ’partial trace’ is an operator-valued function.
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a conscious observer), the complementarity principle then explains that the wave-like in-
terference phenomenon, characterized by the coherences, vanishes as more (’which path’)
information discriminating the distinct, ’particle-like’ system states is revealed. It is hardly
surprising that an imprint is left whenever two quantum systems interact, even when ’no-
body is looking’, and even when the environment is ’messy’ and full of excitations.

In the above demonstration of the decoherence effect, the choice of the interaction and
the environmental state was rather special. Consider now arbitrary Stot and ρE , and follow
the same analysis. In the expression of the system’s state after the collision, we carry out
the partial trace in the eigenbasis of the environmental state, ρE =∑

l pl |ψl 〉E 〈ψl |E , and we
get

ρ(ac) = TrE
[
Stot [ρ⊗ρE ]S†

tot

]=∑
j ,l

pl 〈ψ j |E Stot |ψl 〉E ρ 〈ψl |E S†
tot |ψ j 〉E

=∑
k

WkρW †
k ,

where Wk are the Kraus operators given by

Wk =√
plk 〈ψ jk |Stot |ψlk 〉 ,

and satisfy ∑
k

W †
k Wk = 1

due to the unitarity of Stot . This implies that
∑

k WkρW †
k is the operator-sum representation

of a completely positive map Φ : ρ(bc) 7→ ρ(ac). In other words, the scattering transforma-
tion has the form of the most general evolution of a quantum state which obeys the rules of
quantum mechanics, usually called as quantum channel or quantum operation 2. It is fea-
sible to construct a scattering operator Stot and an environmental state ρE that gives rise
to the transformation, when an arbitrary quantum channel is known. However, it is usually
not very helpful to model the action of a general, dissipative quantum channel as a single
scattering event.

Finishing the introduction, some other characteristics and popular statements about
the phenomenon of decoherence are the following: Decoherence

(i) can be extremely fast with respect to all other relevant timescales,
(ii) can be interpreted as an indirect measurement process, a monitoring of the system by
the environment,
(iii) creates dynamically a set of preferred (’robust’ or ’pointer’) states that are not coherent
superpositions, thus providing the microscopic mechanism for the emergence of effective
super-selection rules, and
(iv) helps to understand the emergence of classicality in the quantum realm.

2More formally, a quantum channel is a completely positive trace-preserving map between spaces of opera-
tors. Some authors use the term ’quantum operation’ to also include trace-decreasing maps, while reserving
’quantum channel’ for strictly trace-preserving maps.
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4.2. ENVIRONMENTAL MONITORING INTERPRETATION OF DECO-
HERENCE

We can relate the decoherence of a quantum system to the information it reveals to the
environment. Before that, it is necessary to mention some aspects of Measurement Theory
since the formulation is based on the notion of indirect measurements.

4.2.1. ELEMENTS OF GENERAL MEASUREMENT THEORY

Projective Measurements

A projective measurement, also known as von-Neumann measurement, is the most
common type of quantum measurement encountered in standard quantum mechanics. A
projective operator, briefly projector, |a〉〈a| ≡ Pa = P 2

a = P †
a is attributed to each possible

outcome a of an idealized measurement apparatus. The probability of the outcome a is
obtained by the Born rule

Π(a|ρ) = Tr [ρPa] = 〈a|ρ|a〉 ,

and after the measurement of a the state of the quantum system is given by the normalized
projection

M : ρ 7→ ρ′ ≡M (ρ|a) = PaρPa

Tr [ρPa]
.

The basic requirement that the projectors form a resolution of the identity operator,
∑

a Pa =
1, in other words they satisfy the completeness relation, ensures that the corresponding
probability distributionΠ(a|ρ) is normalized to unity.

If the measured system property (system observable) corresponds to a self-adjoint (Her-
mitian) operator A = A†, its expectation value is given by

〈A〉 = Tr [Aρ] .

Moreover, if A has a continuous spectrum, i.e. a set of eigenvalues taking continuous val-
ues, and Pa are the projectors into its eigenspace, then the outcomes are characterized by
intervals of a real parameter, and the sum

∑
a Pa = 1 should be replaced by a projector-

valued Stieltjes integral
∫

dP (a) = 1, or equivalently by a Lebesgue integral over a projector-
valued measure (PVM).

Projective measurements are not the most general type of measurements compatible
with the rules of quantum mechanics. For instance, non-destructive measurements of a
quantum system are usually not of the projective kind.
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Generalized Measurements

In the most general case, a positive and Hermitian operator Ga =G†
a > 0 is attributed to

each outcome a. The set of operators corresponding to all possible outcomes must satisfy
the completeness relation,

∑
a Ga = 1. Particularly, we refer to a positive operator-valued

measure (POVM) in the case of a continuous outcome parameter,
∫

dG(a) = 1, and the
probability (or the probability density in the continuous case) of outcome a readsΠ(a|ρ) =
Tr [ρGa]. The effect of a generalized measurement on the system state is described by a
non-linear transformation

M : ρ 7→ ρ′ ≡M (ρ|a) =
∑

k Oa,kρO†
a,k

Tr [ρGa]
,

that involves a norm-decreasing completely positive map in the numerator, and the normal-
ization which is subject to the consistency requirement∑

k
O†

a,kOa,k =Ga .

The operators Oa,k are called ’measurement operators’ and they characterize the measure-
ment process completely. The operators Ga are sometimes called ’effects’ or ’measurement
elements’. It is noted that different measurement operators can lead to the same measure-
ment element.

A simple class of generalized measurements are the unsharp measurements, where a
number of projectors are lumped together with probabilistic weights in order to account
for the finite resolution of a measurement device, or for classical noise in its signal pro-
cessing. However, generalized measurement schemes may also perform tasks which are
seemingly impossible with a projective measurement, such as error-free discrimination of
two non-orthogonal states.

Efficient Measurements

As efficient, is defined a generalized measurement for k = 1, i.e.

M (ρ|a) = OaρO†
a

Tr [ρO†
aOa]

.

This implies that pure states are mapped to pure states. In a sense, there are measurements
where no classical noise (uncertainty) is introduced during the measurement process. Ef-
ficient measurement operators have the form

Oa =Ua

√
Ga ,

where Ua is an unitary operator. In doing so, the state’s transformation due to an efficient
measurement can be decomposed as

M (ρ|a) = Ua︸︷︷︸
back-action

p
Gaρ

p
Ga

Tr [ρGa]︸ ︷︷ ︸
raw measurement

U †
a︸︷︷︸

back-action

,
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where the positive operators
p

Ga ’squeeze’ the state along the measured property and ex-
pand it along the complementary one, while the back-action operators Ua ’kick’ the state
by transforming it in a reversible manner, in principle, provided that the outcome a is
known. It is noted that the projective measurements M (ρ|a) = PaρPa

Tr [ρP 2
a ]

are a subclass of

back-action-free efficient measurements.

4.2.2. INDIRECT MEASUREMENTS

By performing an indirect measurement on a system, we try to acquire information
about its state by disturbing it as little as possible. This is achieved as follows: Firstly, a
well-prepared microscopic quantum probe is let to interact with the system. Then, this
probe is measured by projection, i.e. destructively. In doing so, we can reveal information
about the properties of the system by avoiding its direct contact with a macroscopic mea-
surement device.

Let the prepared state of the probe to be described by the density matrix ρpr obe , and
Pa being the projectors corresponding to the various outcomes of the probe measurement.
The probability of measuring a is determined by the (reduced) state of the probe after in-
teraction, i.e.

Π(a|ρs y s) = Tr [Paρ
′
pr obe ] = Tr

[
PaTrs y s[ρ′

tot ]
]
= Tr

[
PaTrs y s[Stotρtot S†

tot ]
]

,

where the operator Stot describes the system-probe interaction. By pulling out the system
partial trace and instead extending the projectors to H tot =H s y s ⊗Hpr obe , and then using
the cyclic permutability of operators under the trace, we get

Π(a|ρs y s) = Tr
[

S†
tot (1⊗Pa)Stot (ρs y s ⊗ρpr obe )

]
= Tr

[
Ga(ρs y s ⊗ 1)

]
.

The measurement elements are microscopically defined as

Ga = S†
tot (1⊗Pa)Stot (1⊗ρpr obe ) > 0 ,

and they satisfy the completeness relation
∑

a Ga = 1. Since the probe is subjected on a
projective measurement, the new system state can be conditionally specified on the click
at a of the probe detector

M (ρs y s |a) = Trpr obe [Mtot (ρtot |a)]

= Trpr obe

[ Paρ
′
tot P †

a

Tr [Paρ
′
tot P †

a]

]
= Trpr obe

[ (1⊗Pa) ·Stot (ρs y s ⊗ρpr obe )S†
tot · (1⊗Pa)

Tr
[
(1⊗Pa) ·Stot (ρs y s ⊗ρpr obe )S†

tot · (1⊗Pa)
]]

=
Trpr obe

[
(1⊗Pa) ·Stot (ρs y s ⊗∑

k wk |ψk〉〈ψk |)S†
tot · (1⊗Pa)

]
Tr

[
S†

tot · (1⊗Pa) ·Stot (1⊗ρpr obe ) · (ρs y s ⊗ 1)
]

=∑
k

Oa,kρs y sO†
a,k

Tr
[
Ga(ρs y s ⊗ 1)

] .
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A microscopic description also of the measurement operators is obtained by taking Pa =
|a〉〈a|, that is

Oa,k =p
wk〈a|Stot |ψk〉 .

This shows that an indirect measurement is efficient if the probe is initially in a pure state
(k = 1), i.e. if there is no unnecessary (classical) uncertainty/noise introduced in the mea-
surement process, except for the fundamental/unavoidable quantum noise imposed by the
uncertainty relations on ρpr obe .

When an indirect measurement has taken place but its outcome a is unknown, one has
to resort to a Bayesian (probabilistic) description of the new system, which is given by the
sum over all possible outcomes weighted by their respective probabilities:

ρ′
s y s =

∑
a
Π(a|ρs y s)M (ρs y s |a) =∑

a,k
Oa,kρs y sO†

a,k .

This form is similar to the general one of Kraus operators, where the basic effect of de-
coherence has been described (see Sec. 4.1). Therefore, the decoherence process can be
legitimately viewed as a consequence of the information transfer from the system to the en-
vironment, and the complementarity principle can then be invoked to understand which
particular system properties lose their quantum behavior, namely those complementary to
the ones revealed to the environment. This is the ’monitoring interpretation’ of the deco-
herence process (Fig. 4.1).

Figure 4.1: In the environmental monitoring approach of the process of decoherence, the system is taken to
interact at most with one environmental (quasi-)particle at a time, so the three-body collisions are excluded.
Moreover, in agreement with the Markov assumption, it is assumed that the environmental particles disperse
their correlation with the system before scattering again. In doing so, the environmental decoherence can be
understood as due to the information transfer from the system to the environment occurring in a sequence
of indirect measurements. In accordance with this, the environment is monitoring the system continuously
by sending probe particles which scatter off the system at random times. Thus, the system-environment in-
teraction can reasonably be described in terms of individual interaction events or ’collisions’. The Markov
assumption is then easily incorporated by disregarding the change of the environmental state after each col-
lision. Picture reproduced from [61].
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MARKOVIAN DYNAMICS OF OPEN

QUANTUM SYSTEMS

5.1. INTRODUCTION

In the Schrödinger picture and for general mixed states, isolated/closed systems evolve
according to the von Neumann equation

dρ(t )

d t
=− i

ħ [H ,ρ(t )]

which is the quantum generalization of the classical stochastic Liouville equation. A similar
differential equation for the reduced dynamics of an ’open’ quantum system which inter-
acts with its surroundings is, also, desirable. By extending our description to include the
environment HE and its coupling to the system, the total state in H tot = H ⊗HE under-
goes unitary/reversible evolution in time. The partial trace over the environment gives the
evolved system state, and its ’equation of motion’ reads

dρ(t )

d t
= d

d t
TrE

{
Utot (t )ρtot (0)U †

tot (t )
}=− i

ħTrE
{
[Htot ,ρtot (t )]

}
,

which is exact but not closed, and therefore not particularly helpful as it stands. However,
it can be used as the starting point to derive approximate time-evolution equations for ρ,
in particular, if it is permissible to take the initial system state to be uncorrelated with the
environment, i.e. ρtot (0) = ρ(0)⊗ρE (0).

These equations are often non-local in time, though in agreement with causality, the
change of the system state at each instant in time depends only on the state evolution in
the past. In this case, the evolution equation is called a generalized master equation which
can be specified in terms of super-operator functionals, i.e. linear operators which take ρ
with its past time evolution until time t and map it to the differential change of the operator
at that time,

dρt

d t
=K [{ρτ : τ< t }] .

37
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The dependence on the system’s past can be interpreted as follows : The environment
has a memory, since it affects the system in a way which depends on the history of the
system-environment interaction. On a coarse-grained timescale that is large compared
to the inter-environmental correlation times (environment self-correlation times), these
memory effects might become irrelevant. In such a case, a proper master equation might
be appropriate, where the infinitesimal change in ρ depends only on the instantaneous /
present system state through a Liouville super-operator L ,

dρt

d t
=Lρt .

Master equations of this type are called Markovian, reminiscent to the differential Chapman-
Kolmogorov equation for a classical Markov process. The fact that a number of approxima-
tions are involved in their derivation makes unclear whether the corresponding time evolu-
tion respects important properties of a quantum state, such as positivity 〈ψ|ρ(t )|ψ〉 ≥ 0. We
will see in Section 5.3 that these constraints restrict the possible form of L rather strongly.

5.2. QUANTUM DYNAMICAL SEMIGROUPS

A rigorous formulation of the Markovian assumption in quantum theory is permissible
by the notion of a quantum dynamical semigroup. In order to introduce it, one first needs
a number of concepts from the theory of open quantum systems.

5.2.1. DYNAMICAL MAPS

A dynamical map is an element of a one-parameter family of trace-preserving, convex
linear and completely positive maps (CPM)

Dt : ρ0 7→ ρt , t ≥ 0

satisfying D0 = I, where I is the identity map, and it yields the most general description of
a time evolution that maps an arbitrary initial state ρ0 to valid states at later times. The
normalization of the state is guaranteed by the trace preservation, Tr {ρt } = 1, while the

convex linearity, Dt

(
qρ0 + (1−q)ρ′

0

)
= qDt (ρ0)+ (1−q)Dt (ρ′

0) ∀q ∈ [0,1], ensures that the

transformation of mixed states is consistent with the classical notion of ignorance. The
final requirement of complete positivity is stronger than mere positivity of Dt (ρ0); all the
tensor product extensions of Dt to spaces of higher dimension, defined with the identity
map Iex , are positive, Dt ⊗ Iex > 0, i.e. the image of any positive operator in the higher di-
mensional space is again a positive operator. This guarantees that the system state remains
positive even if it is the reduced part of a non-separable state evolving in a higher dimen-
sional space.
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5.2.2. KRAUS REPRESENTATION

Any dynamical map Dt admits an operator-sum representation of the form

Dt (ρ) =
N∑

k=1
Wk (t )ρW †

k (t ) ,

where Wk are the Kraus operators. In the case of a trace-preserving, convex linear, CPM
they satisfy the completeness relation

N∑
k=1

W †
k (t )Wk (t ) = 1 .

It is noted that for a trace-decreasing, convex linear, CPM the completeness condition is
replaced with

∑
k W †

k (t )Wk (t ) < 1, that is the operator 1−∑
k W †

k (t )Wk (t ) must be positive.
Also, the number N of Kraus operators Wk (t ) is limited by N ≤ di m(H )2, with H denot-
ing the Hilbert space of the system, and it is confined to a countable set in the case of an
infinite-dimensional, separable Hilbert space. However, their choice is not unique.

5.2.3. SEMIGROUP ASSUMPTION

At this point, one can assume that the set/family of dynamical maps {Dt : t ≥ 0} on the
space of density matrices ρ forms a continuous dynamical semigroup

Dt2 (Dt1 (ρ)) =Dt1+t2 (ρ) ∀ t1, t2 ≥ 0 ,

where D0 = I (the inverse element D−1, required for a group structure, is missing for gen-
eral, irreversible CPMs). This is a rather strong statement which is certainly violated for
truly microscopic times. However, it is not unreasonable for a coarse-grained timescale
that is long compared to the time it takes for the environment to ’forget’ the past interac-
tions with the system due to the dispersion of correlations into the many environmental
degrees of freedom (Markovian assumption).

For a given dynamical semigroup Dt there exists, under rather weak conditions, a super-
operator L that satisfies

Dt = eL t , t > 0

i.e. the Lindblad super-operator L is the generator of the quantum dynamical semigroup
Dt . In this case, Dt (ρ) is the formal solution of the Markovian master equation dρ/d t =
Lρ.

The generator can be obtained by

Lρ = lim
∆t→0

D∆t (ρ)−D0(ρ)

∆t
which is a linear super-operator due to the linearity of Dt . The semigroup can be recovered
as

Dt1+t2 (ρ) = eL t2Dt1 (ρ) .
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5.3. MICROSCOPIC DERIVATION – WEAK-COUPLING LIMIT

The following first-principle derivation of the Master Equation describing the dynamics
of an open quantum system, which is weakly coupled to its environment/reservoir/bath,
shortly Lindblad Master Equation, is based on [61](p.255-259), [63](p.130-136) and [64](p.155-
167). The Lindblad Master Equation is a special and more simplified form of the general
Born-Markov Master Equation, which plays a key role for the study of open quantum sys-
tems and decoherence.

A simplified model that describes the dynamics of a microscopic-quantum system S
which is coupled to the environment E , is given by the total Hamiltonian

H = HS +HE︸ ︷︷ ︸
≡H0

+HSE ,

with HS and HE being the free/unperturbed Hamiltonian of the system and the environ-
ment, respectively. Considering weak system-environment coupling, i.e. ||HSE || << ||H0||,
a perturbative treatment of the interaction Hamiltonian is permissible. In other words, we
can approximate the system-environment interaction using perturbation theory.

According to Born approximation which states that HSE is sufficiently small, we can
factorize the total state both initially, ρ(0) = ρS(0)⊗ρE , and subsequently in those terms
which involve HSE up to second order, i.e.

• Assumption 1 : ρ(t ) ' ρS(t )⊗ρE , t > 0 up to O (H 2
SE ) . (5.1)

Here we assume that the environment is approximately at equilibrium1, that is dρE
d t =

1
iħ [HE ,ρE ] ' 0, and thus ρE is stationary (homogeneous in time or time-independent). The
rationale of this approach is that the environment is assumed to be much larger than the
system, so its variation due to the coupling with the system is small. Thus, it is justified to
assume that ρE (t ) ' ρE (0) = ρE .

For the reason that the master equation of an open quantum system is most easily de-
rived in the interaction/Dirac picture, a picture into which both quantum states and oper-
ators are time-dependent, we use a tilde (∼) to denote the interaction picture.

The Schrödinger-von Neumann equation (or the ’quantum Liouville’ equation) for the
total system, i.e. system plus environment, in the interaction picture reads

d ρ̃(t )

d t
= 1

iħ [H̃SE (t ), ρ̃(t )]

= 1

iħ [H̃SE (t ),ρ(0)]− 1

ħ2

∫ t

0
dξ[H̃SE (t ), [H̃SE (ξ), ρ̃(ξ)]] (5.2)

1It is important to mention that this does not mean that there are no system-induced excitations in the en-
vironment. The Markovian approximation, that we will consider afterwards, provides a description on a
coarse-grained timescale and the assumption is that the environmental excitations decay over times which
are not resolved. Put differently, the ’memory’ of the environment about the system is negligible, in the sense
that any self-correlations within the environment created by the coupling to the system, decay rapidly with
respect to the characteristic timescale over which the system’s state changes appreciably.
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which is still exact. To derive this, i.e. the second equation, we insert into the first differen-
tial equation its integral equation version ρ̃(t ) = ρ(0)+ 1

iħ
∫ t

0 dξ[H̃SE (ξ), ρ̃(ξ)]. We also note
that

H̃SE (t ) = e i H0t/ħHSE e−i H0t/ħ and

ρ̃(t ) = e i H0t/ħρ(t )e−i H0t/ħ = e i H0t/ħe−i H t/ħρ(0)e i H t/ħe−i H0t/ħ = e−i HSE t/ħρ(0)e i HSE t/ħ .

The general H̃SE can be decomposed in a basis of Hilbert-Schmidt operators of the
product Hilbert space, taking the form

H̃SE (t ) =∑
k

Ãk (t )⊗ B̃k (t ) (5.3)

with Ãk and B̃k being Hermitians. The intuitive physical interpretation of this diagonal de-
composition is that the operators Ãk correspond to the physical quantities of the system
that are continuously ’monitored’ by the environment [64].

At this point, we use the Born approximation in the double commutator of (5.2), and
consequently the exact Schrödinger-von Neumann equation (5.2) obtains the approxima-
tive form of a second order perturbation expansion. Thereafter, we substitute (5.3) into the
second order perturbation expansion and then we perform the partial trace over the envi-
ronment, since the environment is at equilibrium and hence we are only interested in the
dynamics of the system. In doing so, after some algebra we get

d ρ̃S(t )

d t
=TrE

[d ρ̃(t )

d t

]
' 1

iħ
∑
k
〈B̃k (t )〉ρE [Ãk (t ),ρS(0)]

− 1

ħ2

∑
kl

{∫ t

0
dξ〈B̃k (t )B̃l (ξ)〉ρE︸ ︷︷ ︸

=Ckl (t−ξ)

(
Ãk (t )Ãl (ξ)ρ̃S(ξ)− Ãl (ξ)ρ̃S(ξ)Ãk (t )

)
+h.c.

}
(5.4)

where h.c. means the hermitian conjugate (complex conjugate transpose) expression and
Ckl (t −ξ) are the (complex) bath self-correlation functions which, broadly speaking, quan-
tify to what degree the environment retains information over time about its interaction with
the system. Let us explain this further: The Hermitian operators B̃k are considered as ob-
servables ’measured’ on the environment by the system-environment interaction. So, the
bath self -correlation functions tell us to what extend the result of such a ’measurement’ of
a particular B̃k is correlated with the result of a ’measurement’ of the same observable per-
formed at a later time. Moreover, these functions depend only on the time difference τ ≡
t−ξbetween these two identical ’measurements’ sinceρE is stationary, they are determined
by the environmental state alone Ckl (τ) = 〈e i HEτBk e−i HEτBl 〉ρE ≡ Tr [e i HEτBk e−i HEτBlρE ],
and they are typically appreciable only in the vicinity of τ= 0, because of their rapid decay
compared to the timescale set by the system’s evolution.
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The latter ’equation of motion’ of the (reduced) system density matrix has the closed
form of a generalized master equation non-local in time, that is non-Markovian. Viewing
the second-order term as a superoperator functional which depends essentially on t−ξ, we
can rewrite it in the closed form

d ρ̃S(t )

d t
' 1

iħ
∑
k
〈B̃k (t )〉ρE [Ãk (t ),ρS(0)]+

∫ t

0
dξ K (t −ξ)ρ̃S(ξ) . (5.5)

Furthermore, one can always reformulated HE such that 〈B̃k (t )〉ρE = 0. Thus, the first-order
term may be ignored leading to

d ρ̃S(t )

d t
'

∫ t

0
dξ K (t −ξ)ρ̃S(ξ) . (5.6)

The above equation can be interpreted as follows: The infinitesimal change of ρS depends
on the history of the system-environment interaction or, in other words, it depends on the
state evolution in the past. An interpretation of this dependence on the system’s past is
that the environment has a memory, it does ’keep track of his history’ since it affects the
system in a way which depends on the history of the system-environment interaction. For
this reason K (t −ξ) corresponds to a superoperator memory kernel.

Since the memory kernel is sharply peaked around τ≡ t −ξ= 0, it is reasonable to con-
sider the Born-Markov approximation :

• Assumption 2 :
∫ t

0
dξ K (t −ξ)ρ̃S(ξ) '

[∫ t

0
dξ K (t −ξ)

]
ρ̃S(t ) '

∫ ∞

0
dξ K (ξ)ρ̃S(t )

(5.7)

Firstly, we replace the retarded-time density operator ρ̃S(ξ) with the current-time density
operator ρ̃S(t ), since the latter varies insignificantly during the typical time-interval τB over
which the bath self-correlation functions Ckl (t −ξ) vanish. In doing so, the resulting mas-
ter equation is the Redfield equation (the middle term above is the right-hand side of it)
which is local in time but not Markovian, because the integrated superoperator is still time-
dependent.

The last term is the result of the replacement of the integration variable ξwith t −ξ and the
reasonable change of the upper integration limit t →∞ ; the change of the integral variable
affects, obviously, only the superoperator K which now becomes time-independent. The
aforementioned substitution is allowed if the memory kernel goes to zero sufficiently fast
for ξ>> τB , where τB is a characteristic timescale of the environment, called bath correla-
tion time over which any dynamically established quantum correlations between its parts
are destroyed. Therefore, the Markovian assumption is justified when the timescale τR over
which the system changes significantly, called relaxation time, is large with respect to the
timescale τB over which the bath correlation functions vanish. In other words, τB << τR is
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the physical condition for the Born-Markov approximation.

By this way, we arrive at a Markovian master equation which is local in time, i.e. it
depends only on the present state of the system

d ρ̃S(t )

d t
'

∫ ∞

0
dξ K (ξ)ρ̃S(t )

= 1

ħ2

∑
kl

{∫ ∞

0
dξ〈B̃k (ξ)Bl (0)〉ρE︸ ︷︷ ︸

=Ckl (ξ)

(
Ãl (t −ξ)ρ̃S(t )Ãk (t )− Ãk (t )Ãl (t −ξ)ρ̃S(t )

)
+h.c.

}
(5.8)

In a description of the system’s equation of motion on the basis of a Markovian master
equation, the dynamical behaviour over times of the order of τB is not resolved, and in
this sense the evolution is described on a coarse-grained time-axis. The Born-Markov ap-
proximation is reasonable, because damping destroys memory of the past. In such a case,
a proper master equation might be appropriate, where the infinitesimal change of ρS de-
pends only on the instantaneous system state through a time-independent superoperator.
Such an equation, is the Markovian master equation which is characterized by the Liouville
superoperator L : dtρ(t ) =Lρ(t ). Obviously, in our case L = ∫ ∞

0 dξ K (ξ).

Now, the master equation that governs the evolution of a non-leaky system must be
trace-preserving, i.e. without population loss, and completely positive for any initial con-
dition, since the rates that determine the dynamics must be positive and 〈ψ|ρS(t )|ψ〉 ≥ 0
in order to be interpreted as occupation probabilities. However, the Markovian master
equation (5.8) is not guaranteed to be completely positive. A completely positive master
equation can be obtained by the ’secular’ approximation, which is applicable if the sys-
tem’s unperturbed Hamiltonian HS has a discrete, non-degenerate set of energy eigenval-
ues (spectrum). Then, the system’s operators Ak can be decomposed in the system’s energy
eigenbasis (since it is complete and orthonormal) or, in other words, the system’s operators
Ak in the interaction Hamiltonian HSE can be decomposed into eigenoperators of HS .

Combining the contributions with equal energy differences, i.e. with fixed frequencyω,
the system’s operators are defined as

Ak (ω) = ∑
E ′−E=ħω

〈E |Ak |E
′〉|E〉〈E ′ | (5.9)

where E and |E〉 are the eigenvalues and eigenstates of HS , respectively. Some useful rela-
tions based on the above definition are the following:

[HS , Ak (ω)] =−ωAk (ω) (5.10)

[HS , A†
k (ω)] =ωA†

k (ω) (5.11)

e i HS t Ak (ω)e−i HS t = e−iωt Ak (ω) (5.12)

e i HS t A†
k (ω)e−i HS t = e iωt A†

k (ω) (5.13)

[HS , A†
k (ω)Al (ω)] = 0 (5.14)

A†
k (ω) = Ak (−ω) (5.15)
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If we sum (5.9) over all energy differences and employ the completeness relation, then the
system’s operator can be written as

Ak =∑
ω

Ak (ω) . (5.16)

However, in our master equation (5.8) we have the system’s operators as a function of
time in the interaction picture. So, by performing a discrete Fourier transform (DFT) from
ω-space to t-space, the time-dependence of these operators in the interaction picture is,
now, particularly simple :

Ãk (t ) =∑
ω

e−iωt Ak (ω) . (5.17)

Substituting this decomposition into the master equation (5.8), we get

d ρ̃S(t )

d t
=∑

kl

∑
ωω′

e i∆ωt 1

ħ2

∫ ∞

0
dξ e iω′ξ

=〈B̃k (ξ)Bl (0)〉ρE =Ckl (ξ)︷ ︸︸ ︷
TrE [B̃k (ξ)Bl (0)ρE ]︸ ︷︷ ︸

≡Γkl (ω′)

×

×
(

Al (ω′)ρ̃S(t )A†
k (ω)− A†

k (ω)Al (ω′)ρ̃S(t )
)
+h.c. (5.18)

where we have made use of (5.15), ∆ω=ω−ω′ is the detuning, and Γkl (ω) is the one-sided
Fourier transform of the bath correlation function Ckl (ξ). Essentially, the ’secular’ approxi-
mation consists of replacing the generator of the interaction picture master equation by its
time-average.

For times t , e.g. the relaxation time of the system τR , which are sufficiently larger than
the typical timescale of the inherent evolution of the system τS given by the smallest sys-
tem’s energy spacings/splittings/gaps, i.e t >> τS ∼ 1/|ω−ω′|, it is reasonable to expect
that only the secular terms for which ω = ω′, i.e. the resonances, contribute appreciably
into the sum of (5.18). All the other non-secular terms are averaged out by the rapidly os-
cillating phase factor, exp(i∞) ' 0, or, in other words, vanish due destructive interference.

This is the, commonly encountered in quantum optics, rotating wave approximation (RWA)

• Assumption 3 :
∑
ωω′

e i (ω−ω′)t f (ω,ω′) '∑
ω

f (ω,ω) (5.19)

due to which the master equation (5.18) becomes

d ρ̃S(t )

d t
=∑

kl

∑
ω

1

ħ2

∫ ∞

0
dξ e iωξ〈B̃k (ξ)Bl (0)〉ρE︸ ︷︷ ︸

≡Γkl (ω)

(
Al (ω)ρ̃S(t )A†

k (ω)− A†
k (ω)Al (ω)ρ̃S(t )

)
+h.c. ,

(5.20)
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where Γkl (ω) is a complex matrix element which has dimensions of frequency. It is useful
to rewrite it as

Γkl (ω) = 1

2
γkl (ω)+ i Skl (ω) , (5.21)

where γkl (ω) is positive2 and given by the full Fourier transform of the bath correlation
function,

γkl (ω) = Γkl (ω)+Γ∗lk (ω) = 1

ħ2

∫ ∞

−∞
dξ e iωξ 〈B̃k (ξ)Bl (0)〉ρE (5.22)

and Skl (ω) is Hermitian defined by

Skl (ω) = 1

2i

(
Γkl (ω)−Γ∗lk (ω)

)
. (5.23)

Using the identities Tr [O†] = (Tr [O])∗ and Tr [ABC ] = Tr [C AB ] = Tr [BC A] , we have:

Γ∗l k (ω) = 1

ħ2

∫ ∞

0
dξ e−iωξ (

TrE [B̃l (ξ)Bk (0)ρE ]
)∗ ξ→−ξ′︷︸︸︷= 1

ħ2

∫ 0

−∞
dξ′ e iωξ′ TrE [ρE Bk (0)B̃l (−ξ′)]

(5.24)

ξ′→ξ︷︸︸︷= 1

ħ2

∫ 0

−∞
dξ e iωξ TrE [ρE Bk (0)B̃l (−ξ)] = 1

ħ2

∫ 0

−∞
dξ e iωξ TrE [ρE Bk (0)e−i HEξBl (0)e i HEξ]

(5.25)

= 1

ħ2

∫ 0

−∞
dξ e iωξ TrE

[
ρE

(
e i HEξBk (0)e−i HEξ

)
Bl (0)

]= 1

ħ2

∫ 0

−∞
dξ e iωξ TrE [B̃k (ξ)Bl (0)ρE ] ,

(5.26)

which proves (5.22).

At this point it is useful to write the hermitian conjugate (h.c.) term in (5.20). Then, we
have

d ρ̃S(t )

d t
= ∑

klω
Γkl (ω)

(
Al (ω)ρ̃S(t )A†

k (ω)− A†
k (ω)Al (ω)ρ̃S(t )

)
+ ∑

klω
Γ∗lk (ω)

(
Al (ω)ρ̃S(t )A†

k (ω)− A†
k (ω)Al (ω)ρ̃S(t )

)†

= ∑
klω
Γkl (ω)

(
Al (ω)ρ̃S(t )A†

k (ω)− A†
k (ω)Al (ω)ρ̃S(t )

)
+ ∑

klω
Γ∗lk (ω)

(
Ak (ω)ρ̃S(t )A†

l (ω)− ρ̃S(t )A†
l (ω)Ak (ω)

)
, (5.27)

2These matrix elements, as we will see soon, are constants that determine the dynamics, and specifically play
the role of relaxation rates for the different decay modes of the open quantum system. Hence, they must be
positive to ensure that the master equation is trace-preserving and completely positive. The positivity of this
matrix γ(ω) = (γkl (ω)) is proved according to the Bochner’s theorem, which states that the Fourier transform
of a function which is of positive type is, also, positive.
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where

Γ∗lk (ω) = 1

2
γ∗lk (ω)− i S∗

lk (ω) = 1

2
γlk (ω)− i Slk (ω) . (5.28)

Substituting (5.21) and (5.28) into (5.27) and performing some algebra, we end up with
the master equation of the first Lindblad form (first standard form for a generator of a quan-
tum dynamical semigroup),

d ρ̃S(t )

d t
= 1

iħ [HLamb, ρ̃S(t )]

+ ∑
klω

γkl (ω)
(

Al (ω)ρ̃S(t )A†
k (ω)− 1

2
A†

k (ω)Al (ω)ρ̃S(t )− 1

2
ρ̃S(t )A†

k (ω)Al (ω)
)

(5.29)

where the coefficients γkl have dimensions of frequency, and constitute a positive matrix as
it is proved according to the Bochner’s theorem. Diagonalizing this (coefficient) matrix by
an appropriate unitary transformation, the master equation (5.29) can be brought into the

second Lindblad form or diagonal form
∑

m rm

(
Lmρ̃S(t )L†

m − 1
2 L†

mLmρ̃S(t )− 1
2 ρ̃S(t )L†

mLm

)
,

which is the most general form for a generator of a quantum dynamical semigroup, and the
dimensionless operators Lm are called Lindblad or jump operators.

In the first unitary term of (5.29), there is the Hermitian operator

HLamb =ħ ∑
klω

Skl (ω)A†
k (ω)Al (ω) , (5.30)

which is not equal to the self-Hamiltonian of the system, but it incorporates effective uni-
tary dynamics arising from the system-environment interaction. Specifically, it describes
a renormalization of the system’s energy levels due to the (weak) coupling with the envi-
ronment, the so-called Lamb shift. Since there is no energy exchange between system and
environment, the commutation relation [HS , HLamb] = 0 must be satisfied. Hence, the first
term of this master equation describes effective unitary evolution.

The second term of (5.29) is non-unitary, and it corresponds to the incoherent part of
the system’s evolution that describes the damping/dephasing/decoherence of the system
due to its coupling with the environment. It is the dissipator of the master equation

Dρ̃S(t ) = ∑
klω

γkl (ω)
(

Al (ω)ρ̃S(t )A†
k (ω)− 1

2
A†

k (ω)Al (ω)ρ̃S(t )− 1

2
ρ̃S(t )A†

k (ω)Al (ω)
)

(5.31)

which is known as Lindblad term, and the matrix coefficients γkl (ω) are the rate constants
that determine these deleterious dynamics, known as decoherence rates.
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Transformation back to the Schrödinger picture

Finally, the interaction-picture master equation (5.29) can be transformed back to the
Schrödinger picture by the following general recipe.

Since

ρ̃S(t ) = e i HS t/ħρS(t )e−i HS t/ħ , (5.32)

it is straightforward to show that

d ρ̃S(t )

d t
= i

ħ [HS , ρ̃S(t )]+e i HS t/ħ dρS(t )

d t
e−i HS t/ħ . (5.33)

Inserting (5.32) into the commutator of (5.33), the latter reads

dρS(t )

d t
=− i

ħ [HS ,ρS(t )]+e−i HS t/ħ d ρ̃S(t )

d t
e i HS t/ħ , (5.34)

where we multiplied both sides from the left by e−i HS t/ħ and from the right by e i HS t/ħ.

Then, we insert (5.29) into the above equation, and utilizing the properties (5.10)-(5.14),
after some algebra we end up with the Schrödinger-picture master equation

dρS(t )

d t
=− i

ħ [HS +HLamb,ρS(t )]

+ ∑
klω

γkl (ω)
(

Al (ω)ρS(t )A†
k (ω)− 1

2
A†

k (ω)Al (ω)ρS(t )− 1

2
ρS(t )A†

k (ω)Al (ω)
)

.

(5.35)



" No progress was made for 20 years. Then a development came,
initiated by Lamb’s discovery and explanation of the Lamb shift,

which fundamentally changed the character of theoretical physics. "

— Paul M. Dirac

6
LAMB SHIFT IN RADICAL-ION PAIRS

PRODUCES A SINGLET-TRIPLET ENERGY

SPLITTING IN PHOTOSYNTHETIC REACTION

CENTERS

6.1. INTRODUCTION

Radical-ion pairs (RPs) [35] are biomolecules recently shown [26, 27, 31, 65–70] to ex-
hibit a host of non-trivial quantum effects, providing a strong link between biology and
quantum information science, thus further driving the emerging field of quantum biology
[2, 23, 28–30, 32, 34, 71–73]. Radical-ion-pair reactions are thought to underlie the avian
magnetic compass [38, 39, 54, 74, 75], however the primary interest in them stems from
their central role in photosynthesis [76, 77]. The photon energy absorbed by the chlorophyll
antennae is transformed to an electronic excitation finally reaching the photosynthetic re-
action center (PRC), and resulting in the transmembrane charge separation essential for
biochemical energy production. This charge separation is the end result of a cascade of
electron transfers through a series of RPs. So the fundamental understanding of PRC dy-
namics and hence the efficiency of photosynthesis is intimately linked to the understand-
ing of RP reactions.

A new approach for describing spin-selective RP reactions was recently introduced [26,
27, 71] based on quantum measurement theory. In particular, we showed that spin-selective
RP reactions can be understood as an intra-molecule quantum measurement of the RP’s
electron spin-state. This intra-molecule quantum measurement leads to spin decoherence,
in particular to singlet-triplet (S-T) dephasing. Now, it is well-known that decoherence is
one facet of an open quantum system’s interaction with its environment. Another is, in
principle, a shift in the unperturbed energy levels of the system, generically known as Lamb

48



6.2. SYSTEM-RESERVOIR INTERACTION 49

shift [61, 63, 78, 79], first measured by W. E. Lamb and R. C. Retherford in 1947 as an up-
ward energy shift of about 1 GHz on 2 2S1/2 level relative to 2 2P1/2 level of atomic hydrogen
(2S1/2−2P1/2 splitting). This discovery was the harbinger of the development of modern
quantum electrodynamics and awarded with the Nobel Prize in 1955.

We will here show that the intra-molecule quantum dynamics of RPs result in a Lamb
shift of their magnetic energy levels, that is the physical energy levels of the RP are shifted
relative to the levels of a ’bare’ RP, which is an imaginary RP without the decohering vibra-
tional states. It will be shown that, in general, singlet and triplet RP states are shifted by a
different amount, resulting in an S-T energy splitting, which is physically indistinguishable
from an exchange interaction.

Radical-ion pairs are biomolecular ions with two unpaired electrons and any number of
magnetic nuclei, created by a charge transfer from a photo-excited donor-acceptor molec-
ular dyad DA. It is spin dynamics that are of interest in RP reactions, the spin-space consist-
ing of the electron and nuclear spins. RPs are usually created from singlet neutral precur-
sors, so their initial state is the singlet electronic spin-state denoted by SD•+A•−, where the
two dots signify the two unpaired electrons in the donor (+) and the acceptor (−) molecular
ions. Intra-molecule magnetic interactions, dominated by hyperfine couplings of the RP’s
electrons to the RP’s nuclei, lead to a coherent singlet-triplet mixing of the RP spin-state,
SD•+A•− ←→ TD•+A•− . While mixing, RP population is lost spin-selectively due to charge
recombination taking place at a random instant in time and leading to the neutral reaction
products. In the following, we do not at all consider recombination reactions, but focus on
the state evolution of radical pairs until the time they recombine.

According to our approach [26], shown in Fig. 3.4, the vibrational excitations of the neu-
tral product molecules form a decohering reservoir for the RP’s spin evolution. That is, the
coupling of the RP’s spin degrees of freedom to the vibrational modes is responsible not
only for charge recombination, but it also produces random jumps from the RP state to the
reservoir states and back, interrupting the coherent S-T mixing driven by the RP’s magnetic
Hamiltonian Hm and leading to S-T dephasing [80]. The same intra-molecule coupling to
the vibrational reservoir has yet another consequence : the physical RP Hamiltonian will
be slightly different, shifted from the ’bare’ Hamiltonian Hm by the Lamb-shift correction
δH Lamb , which we are now going to calculate.

6.2. SYSTEM-RESERVOIR INTERACTION

Consider for the moment just the singlet reservoir, consisting of states with energy εi

(Fig. 6.1a). These are described by fermionic creation and annihilation operators a†
i and ai ,

respectively, and the reservoir Hamiltonian is Hr es =∑
i εi a†

i ai . The fact that we treat a vi-
brational reservoir with fermionic operators might appear questionable. The reason is that
we wish to describe a single occupation of just one of the reservoir states. That is, when the
acceptor’s electron is transferred back to the donor, just one among the quasi-continuous
manifold of reservoir states is occupied, and hence this notation is useful to account for
this process. This will be evident in the following after we introduce the system-reservoir
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Figure 6.1: (a) Radical-ion pair with singlet (S) and triplet (T) reservoir states. These are the vibrational exci-
tations of the singlet, DA, and triplet, TDA, neutral ground states which form the RP recombination-reaction
products. In a ’bare’ (unphysical) RP without any reservoir states, the S and T involved in S-T mixing through
the magnetic Hamiltonian Hm would be degenerate (blue levels). The presence of reservoir states and the
virtual transitions they cause from the RP to them (Hamiltonians hi and h j ) and back (Hamiltonians h†

i and

h†
j ) do not only dump the S-T coherence, but they also shift the x-RP states downwards by δωx = kx wx /ε0x ,

with x ≡ S,T . The resulting S-T energy splitting is JLamb = δωT −δωS . (b) The Lamb shift is due to the asym-
metry of the Franck-Condon-averaged density of states gx (εx ) around the finite-lifetime-broadened energy
of the x-RP.

coupling Hamiltonian in Section 6.2.1.

If Hm denotes all magnetic interactions within the radical pair (Zeeman, hyperfine,
exchange, dipolar etc.), the RP unperturbed Hamiltonian is HRP = c†c(εS +Hm), where
εS is the energy gap of the radical pair from the neutral precursor (DA) ground state. The
operator c describes the occupation of the acceptor’s electron cite, i.e. c†c = 1 means the
electron is localized at the acceptor, and c†c = 0 means that the electron has moved back
to the donor and hence the RP does not exist (HRP = 0). The sole role of the c operator is
to ensure energy conservation for the transitions from the RP state to a reservoir state lying
εS above the ground state.

6.2.1. SYSTEM-RESERVOIR COUPLING

The spin degrees of freedom of the RP represent the open system under considera-
tion. Since the coupling of the RP to the vibrational reservoir states of the neutral product
molecule is spin-selective, the amplitude for the transition to one of the singlet reservoir
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states, SD•+A•− −→ DA∗
i , is proportional to the singlet character of the RP state. Thus, the

RP-reservoir interaction/coupling Hamiltonian reads V =∑
i (hi +h†

i ), where hi = ui a†
i cQS .

This coupling is assumed to be weak, and hence it is treated as a perturbation. The operator
QS projects the RP spin-state onto the electron-singlet subspace, while the raising opera-
tor a†

i produces a single occupation of the i -th reservoir level. The transition amplitude ui

will be detailed later. The hermitian conjugate h†
i describes the reverse process, DA∗

i −→
SD•+A•−. As has been explained in [26], a virtual transition SD•+A•− −→ DA∗

i driven by

hi , followed by the reverse transition DA∗
i −→ SD•+A•− driven by h†

i , produces within 2nd-
order perturbation theory the fundamental S-T decoherence of RPs. We will now show that
these virtual transitions also shift the RP energy levels.

6.2.2. TOTAL HAMILTONIAN AND INITIAL STATE

The radical pairs are created at t = 0 in the singlet electron state with a practically zero
nuclear spin-polarization, equivalently a maximally-mixed nuclear spin-state, hence the
initial RP density matrix is ρ(0) = QS/Tr [QS]. The dimension of the RP’s density matrix is
d = 4Πn

j=1(2I j +1), where 4 is the spin-multiplicity of the two electrons and the rest is the
nuclear spin-multiplicity of n magnetic nuclei with spin I1, I2, . . . , In . The singlet and the
triplet projection operators QS = (1/4)1− s1 · s2 and QT = (3/4)1+ s1 · s2 are d-dimensional
matrices. The initial density matrix ρ(0) =QS/Tr [QS] is properly normalized (Tr [ρ(0)] = 1),
and it describes a singlet electronic spin-state (Tr [ρ(0)QS] = 1) with completely unpolar-
ized nuclear spins, i.e. Tr [ρ(0)Iβ, j ] = 0 for components β≡ x, y, z of the j -th nuclear spin.

The reservoir states are initially empty (and in the Markovian approximation remain
empty throughout the considered evolution), hence the total state of the RP and reservoir
is initially σ(0) = ρ(0)⊗ρE (0), where ρE (0) = |0〉〈0|⊗N , with N being the number of singlet
reservoir states with energy up to εS .

The unperturbed Hamiltonian of the total system, i.e. RP plus reservoir, is H0 = c†c(εS+
Hm)+Hr es , while the interaction Hamiltonian V is the perturbation, ||V || ¿ ||H0||. The
magnetic Hamiltonian Hm could have been completely omitted and brought back in at
the end of the calculation, as its contribution is the simple unitary evolution dρ/d t =
−i [Hm ,ρ]. In [26] the magnetic Hamiltonian was treated as part of the perturbation, again
leading to the same result of the ordinary unitary evolution. This is because Hm effects the
state evolution to first order in d t , and indeed if we treat it as a perturbation we retrieve the
term dρ/d t = −i [Hm ,ρ] within 1st−order perturbation theory. Decoherence and Lamb
shift are derived within 2nd−order perturbation theory, but interestingly, they also effect
reaction dynamics to first order in d t .

Finally, the perturbation V can be written as a linear combination of system⊗reservoir
operators known as Hilbert-Schmidt decomposition, i.e. V = ∑

i Si ⊗Ei +h.c., where Si =
cQS independent of i , Ei = ui a†

i , and h.c. denotes the hermitian conjugate term.
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6.2.3. INTERACTION PICTURE DENSITY MATRIX EVOLUTION

In the interaction picture, the quantum states are evolved under the interaction Hamil-
tonian, whereas the quantum-mechanical operators are evolved under the total unper-
turbed Hamiltonian. So the perturbation in the interaction picture reads

Ṽ (t ) = e iH0tV e−iH0t

=∑
i

ui c̃(t )Q̃S(t )⊗ ã†
i (t )+h.c.

=∑
i

ui e i (εi−εS )t cQ̃S(t )⊗a†
i +h.c. ,

where Q̃S(t ) = e i c†cHm tQSe−i c†cHm t = e iHm tQSe−iHm t , since the magnetic interactions Hm

premise that the RP already exists and thus c†c = 1, and because in general [Hm ,QS] 6= 0,
i.e. the electronic singlet state is not an eigenstate of Hm . Moreover, we used the fact

that Ẽi (t ) = e iHr es t Ei e−iHr es t = ui e iεi t a†
i and c̃(t ) = e iεS tc†c ce−iεS tc†c = e−iεS t c, since for the

fermionic ladder operators f ≡ c, a it holds that: f 2 = ( f †)2 = 0 , ( f † f )n = f † f , n = 1,2,3, . . .
and { f , f †} = f † f + f f † = 1.

The still exact equation of motion for σ̃(t ) is (see Eq. 5.2)

dσ̃(t )

d t
=−i [Ṽ (t ),σ(0)]−

∫ t

0
dτ[Ṽ (t ), [Ṽ (τ), σ̃(τ)]] ,

where we set ħ= 1. Taking the partial trace over the reservoir degrees of freedom and then
performing the Born-Markov approximation (see the derivation of Eq. 5.8 in Section 5.3),
we arrive at a Markovian master equation for the RP density matrix ρ in the interaction
picture,

d ρ̃(t )

d t
=∑

i j

∫ ∞

0
dτ〈Ei (0)Ẽ †

j (τ)〉e−iεSτ
(
Q̃S(t )ρ̃(t )Q̃†

S(t −τ)− ρ̃(t )Q̃†
S(t −τ)Q̃S(t )

)
+h.c. (6.1)

where (i) we also traced out the c degrees of freedom, as we are interested in the time evo-
lution of the RP state for which 〈c†c〉 = 1, (ii) we ignored the first-order term via a reformu-
lation of Hr es such that 〈Ẽi (t )〉 = 〈Ẽ †

i (t )〉 = 0, and (iii) 〈A〉 is the expectation value of the

reservoir operator A in the state ρE (0). In particular, it is 〈ã†
i (τ)a j (0)〉 = 0 since the singlet

reservoir states are empty, and 〈ai (0)ã†
j (τ)〉 = δi j e iε jτ.

Finally, if the eigenvalues and eigenstates of Hm are denoted by el and |el 〉, respectively,
then QS =∑

l m |lm), where |l m) = 〈el |QS |em〉|el 〉〈em |, hence in the interaction picture it will
be Q̃S(t ) =∑

lm e−iωlm t |lm), where ωlm = em −el . Inserting this into (6.1), we find that

d ρ̃(t )

d t
=∑

i

∑
lm,pq

Γi
lm,pq

(
|lm)ρ̃(t )(pq |− ρ̃(t )(pq |lm)

)
+h.c. ,

where

Γi
lm,pq = |ui |2e−i (ωl m−ωpq )t

∫ ∞

0
dτe i (εi−εS−ωpq )τ .
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6.2.4. MASTER EQUATION FOR UNREACTED RADICAL PAIRS

To go back to the Schrödinger picture, we set ρ̃(t ) = e iHm tρ(t )e−iHm t in the left-hand
side (LHS) of the previous master equation, and then multiply both sides from the left by
e−iHm t and from the right by e iHm t . The LHS will lead to dρ/d t +i [Hm ,ρ]. To evaluate the
RHS we note that :

(i) since [Hm , |lm)] =−ωlm |lm) and [Hm , (lm|] =ωlm(l m|, we have e−iHm t |l m)ρ̃(pq |e iHm t =
e i (ωlm−ωpq )t |lm)ρ(pq | ,

(ii) since [Hm , (pq |lm)] = [Hm , (pq |] · |lm)− (pq | · [Hm , |l m)] = (ωpq −ωl m) · (pq |lm), and∑
lm,pq (pq |lm) =Q2

S =QS because QS is a projector, it easily follows that
∑

lm,pq e−iHm t ρ̃

(pq |lm)e iHm t = e i (ωlm−ωpq )tρQS , and

(iii) in the integral over τ in the expression for Γi
lm,pq we omit ωpqτ in the phasor, since

ωpq ¿ εi − εS . Let us explain this: obviously εS À ωpq , where ωpq is a typical frequency
scale of Hm , since εS ≈ 1 eV ≈ 1014 Hz is of electrostatic origin, whereas ωpq ≈ 107 Hz is
determined by typical hyperfine couplings of about 10 Gauss. The frequency ωpq is also
much smaller than εi −εS , since the latter is on the order of the detuning ∆= ε−εS , which
is on the order of the singlet recombination rate kS ≈ 109 s−1 or even higher.

In doing so, the master equation becomes

dρ(t )

d t
+ i [Hm ,ρ(t )] = Γ(

QSρ(t )QS −ρ(t )QS
)+h.c. , (6.2)

where Γ=∑
j Γ j and Γ j = |u j |2

∫ ∞
0 dτe i (ε j−εS )τ .

The tunneling amplitude u j is composed of an electronic matrix element, υ j , and a
nuclear vibrational overlap integral, χ j , between the wavefunctions of the j -th reservoir
state and the state of the RP, u j = υ jχ j [81]. We consider the former to be independent of j
in the vicinity of εS , i.e. υ j = υ, and introduce the Franck-Condon-averaged density of states
gS(ε) = |χ(ε)|2d(ε), which takes into account both χ(ε), the nuclear wavefunction overlap
integral, and d(ε), the density of vibrational states at the energy ε. The discrete sum

∑
j Γ j

is thus approximated by the integral |υ|2 ∫
dεgS(ε)

∫ ∞
0 dτe i (ε−εS )τ. Introducing the detuning

∆= ε−εS , the complex coefficient becomes

Γ= |υ|2
∫

d∆ gS(∆+εS)
∫ ∞

0
dτe i∆τ .

Noting then the well-known relation for the Fourier transform of the Heaviside (unit
step) function H(t ) =1, t≥0

0, t<0 ,∫ ∞

−∞
e−iωt H(t )d t =

∫ ∞

0
e−iωt d t =πδ(ω)− iP

1

ω
,

we find

Γ≡ γR − iγI = |υ|2
∫

d∆
(
πδ(∆)− iP

1

∆

)
gS(∆+εS) . (6.3)
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6.3. LAMB SHIFT IN RADICAL-ION PAIRS IS PHYSICALLY EQUIVA-
LENT TO A SPIN-EXCHANGE INTERACTION

When the real part of (6.3) is inserted into (6.2), we will arrive at the Lindblad description
of S-T decoherence already discussed in [26]. Using the imaginary part of (6.3) in (6.2) leads
to the Lamb shift Hamiltonian. Before proceeding to the latter, we note that the real part of
(6.3), considering the well-known property of the Dirac delta function

∫
d xδ(x) f (x) = f (0),

is γR = π|υ|2gS(εS) and is nothing else than the half singlet recombination rate, kS/2. In-
deed, recombination of RPs proceeds within 1st−order perturbation theory by a real tran-
sition to a reservoir state, followed by another real transition (decay) of the reservoir state
to the ground state of the neutral product DA. The latter happens very fast, e.g. at picosec-
onds, so the rate limiting process is the former. Using Fermi’s golden rule, we immediately
find that the recombination rate will be kS = 2π|〈 f |V |i 〉|2d(εS) = 2π|υ|2gS(εS) = 2γR , where
as initial state |i 〉 we chose a pure singlet state of the RP, e.g. |S ⇑〉 , and as a final state | f 〉
one among the near-resonant and quasi-continuum reservoir states described by the den-
sity of states d(εS).

In order to find the imaginary part γI = |υ|2 ∫
d∆ P(1/∆)gS(∆+ εS), we expand gS(∆+

εS) ≈ gS(εS)+ g ′
S(εS)∆. The ∆-integration range is determined by the RP’s energy uncer-

tainty. Since the singlet RP has a finite lifetime τS , its energy level will be broadened by wS ≈
1/τS according to the Heisenberg’s energy-time ’uncertainty’. Since P(1/∆) is an odd func-
tion of ∆, only the second term of the integral γI ≈ |υ|2gS(εS)

∫
d∆ P(1/∆)+|υ|2g ′

S(εS)
∫

d∆
P(1/∆)∆ will survive, and the result will be γI = |υ|2g ′

S(εS)wS . Putting everything together
(also using the hermitian conjugate term in (6.2)) and repeating the above calculation for
the triplet reservoir states, we find that the density matrix of the unreacted/non-recombining
RPs evolves according to

dρ(t )

d t
=−i [Hm +δHLamb ,ρ(t )]+Lρ(t ) .

This equation is known from quantum optics as a ’null’ measurement and describes the
null measurement of RP recombination products. The Lamb shift Hamiltonian reads

δHLamb = δωSQS +δωT QT , (6.4)

with

δωx = 1

2π

g ′
x(εx)

gx(εx)
kx wx , x ≡ S,T . (6.5)

For completeness, we reiterate that

Lρ(t ) =−kS

2

(
QSρ(t )+ρ(t )QS −2QSρ(t )QS

)
− kT

2

(
QTρ(t )+ρ(t )QT −2QTρ(t )QT

)
=−kS +kT

2

(
QSρ(t )+ρ(t )QS −2QSρ(t )QS

)
is the aforementioned S-T dephasing Lindblad term, the foundamental source of S-T de-
coherence [26].
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The physical interpretation of δHLamb is based on these two points :

(i) the RP singlet and triplet energy levels acquire a broadening wS and wT , respectively,
due to their finite lifetime, and

(ii) the Franck-Condon-averaged density of states g (ε) (for simplicity we will henceforth
omit the S or T index of the function g and its argument ε) has a steep ε-dependence, in
fact d g (ε)/dε < 0 [82, 83]. Hence, when the RP makes a virtual transition to a reservoir
level, it momentarily acquires an energy which is smaller, on average, than the ’bare’ RP
energy. The physical energy levels of the singlet and triplet RP are thus shifted downwards
by δωS and δωT , respectively, compared to the ’bare’ RP having no reservoir states (see Fig.
6.1).

In the general case when δωS 6= δωT , the Lamb shift will lead to an S-T energy splitting,
as if there was an exchange coupling of the form Js1 · s2, which is known to produce an S-T
energy splitting of J , specifically the triplet being higher in energy for J > 0. In other words,
the differential Lamb shift of singlet and triplet RP states, which is inherent in the RP due
to the interaction with its intra-molecule vibrational reservoir, would physically look as an
exchange interaction having JLamb = δωT −δωS . Put differently, if an exchange interaction
with coupling J actually exists in the RP, then the physically observed S-T energy splitting
will not be J , but J ′ = J + JLamb .

The sign of JLamb is determined by the sign of δωT and δωS and their relative size. Since
g ′(ε) < 0, it is δωS = −|δωS | < 0 and δωT = −|δωT | < 0. Therefore the sign of JLamb will be
the sign of |δωS | − |δωT |. How large is |JLamb | in realistic cases? To this end, we have to
first evaluate the typical value of g ′(ε)/g (ε). It is known that g (ε) can be locally approxi-
mated [82, 83] by an exponential, g (ε) ∝ e−ε/ε0 , where ε0 ≈ 200-700 cm−1 ≈ 1013 Hz, hence
|g ′(ε)/g (ε)| ≈ 1/ε0 ≈ 0.1 ps. Thus, apart from the constants of order unity, the absolute
shifts will be of order

|δω| ≈ kw

ε0
. (6.6)

For isolated RPs, the singlet and triplet lifetimes are determined by the spin-selective charge-
recombination rates, i.e. w = k, hence |δω| ≈ k2/ε0. For a typical recombination rate
of k ≈ 109 s−1 it follows that |δω| ≈ 105 s−1, which, expressed in magnetic-field units, is
|δω| ≈ 5 mGauss, that is two order of magnitudes smaller than the geomagnetic field. The
splitting JLamb , which will result if kS 6= kT and/or ε0S 6= ε0T will be of the same order. Al-
though small, such splittings can produce interesting low-field level-crossing effects to be
addressed elsewhere.
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6.4. RADICAL-ION-PAIR LAMB SHIFT IN PHOTOSYNTHETIC RE-
ACTION CENTERS

The considered effect becomes much larger for RPs participating in the charge-separation
pathway in PRCs as shown in Fig. 6.2. PRCs exhibit a cascade of electron-transfer steps un-
til the stable charge-separated state is produced. In each of those steps a different RP is
formed and its inverse lifetimes wS and wT are also influenced, and in cases dominated
by the electron-transfer rates to the following step. For example, the lifetime of the singlet
RP, SP•+A•−

0 A1 shown in Fig. 6.2, is not dominated by the singlet or triplet recombination
time of about 10 ns and 1 ns, respectively, but by the electron transfer to the next-stage
RP, SP•+A0A•−

1 , taking place in about w−1 ≈ 50 ps. In this case, there will be two different
shifts, one stemming from reservoir states of the singlet and triplet neutral products PA0A1

and TPA0A1, respectively, and one stemming from the reservoir states of the next-stage RP,
SP•+A0A•−

1 . For the former it will be |δωx | ≈ kx w/ε0, where we took ε0S ≈ ε0T ≈ ε0 ≈ 10 THz.
Since kT À kS , it will be |δωT |À |δωS | and JLamb ≈−|δωT | ≈ −0.1 Gauss. For the latter the
shifts will be on the order of δω ≈ −w 2/ε0 ≈ −2 Gauss, which is a significant shift (about
4 times the geomagnetic field). Since the electron-transfer rate to the next-stage RP is not
spin-dependent (wS = wT = w), it would appear that both the singlet and triplet RPs would
be shifted by δω. However, the interplay of these shifts with PRC dynamics is more involved
and will be explored elsewhere.

10 ps

50 ps
hν

P+  A0 A1

PA0A1
*

PA0A1
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~~

-1
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~~

-1
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.

   
.
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Figure 6.2: First stages of charge separation in the photosynthetic reaction center (PRC) of Photosystem I [84].
The goal of the PRC is to efficiently create the final charge-separated state (after the dots in the lower part of
the figure) starting from the photo-excited ∗PA0A1 and going through a series of electron transfers to interme-
diate radical-ion pairs. P (primary donor) and A0 (transient initial acceptor) are chlorophyll molecules and
A1 (transient initial acceptor) is phylloquinone. The lifetime of the intermediate radical-ion pair SP•+A•−

0 A1

is not dominated by the recombination rates kS and kT , but by the much faster electron transfer (50 ps
timescale) to the following charge-separated state SP•+A0A•−

1 .
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6.5. DISCUSSION-CONCLUSIONS

We finally comment on our perturbative derivation of the Lamb shift Hamiltonian. In
the application of the Lamb shift expression (6.5) in PRCs, we used as input the short RP
lifetime w−1 ≈ 50 ps, so the use of V as a perturbation might appear questionable. In other
words, the relevant rate w ≈ 1010 Hz related to the perturbation V is much larger than the
typical frequency scale ω ≈ 107 Hz of the unperturbed magnetic Hamiltonian Hm . To al-
leviate such a concern, we first note that there is a similar example in NMR [85], where
spin-lattice relaxation theory is equally applicable at low magnetic fields, where the typical
Larmor frequency is smaller than the relaxation rate. We secondly note that the calculated
magnitude of the shift is of the same order as ||Hm ||, so at least the use of perturbation
theory produces a consistent result. Finally, the actual reason why our perturbative treat-
ment does not pose a problem is that the high reaction rate w strongly depends on the high
density of states of the reservoir, i.e. each individual term in the expansion V = ∑

i Si ⊗Ei

can indeed be considered and treated as a perturbation, while the final rates depend on
the combined action of all those terms. Indeed, one of the main starting assumptions of all
calculations, such as the one presented in [82] (see, e.g., Eq. (II.1) of [82]), is that the num-
ber of reservoir states within the lifetime-broadened width w of the RP is much larger than
one. This is expected since the energy gap εS relevant for the reservoir density of states is
about two orders of magnitude higher than the typical vibrational frequency.

Concluding, we have analyzed the complete effect of the continuous quantum mea-
surement taking place in RPs as a result of their coupling to the intra-molecule vibrational
reservoir. Besides the spin decoherence that was described in our earlier work, we here
considered the shift this quantum measurement brings about to the RP energy levels. This
shift can have non-negligible values in photosynthetic reaction centers. Since this shift is
equivalent to an exchange interaction, which is known to suppress singlet-triplet mixing
and thus directly affect RP spin dynamics, it will be interesting to examine the effect of
such shifts in the dynamics of PRCs.
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7
QUANTUM METROLOGY & PARAMETER

ESTIMATION

7.1. INTRODUCTION

The estimation of parameters characterizing dynamical processes is a central problem
in science and technology. It is an essential part of the scientific analysis of experimental
data playing an important role at a very basic level, which involves, for instance, the mea-
surement of fundamental constants of Nature, or yet the evaluation of : the duration of
some interaction, the value of a coupling constant, a transition frequency in atomic spec-
troscopy, a phase shift in optical interferometry etc.

Detailed techniques for parameter estimation are dated back to the work of Fisher [86],
Cramér [87], and Rao [88] that allowed the characterization of the achievable limits in the
precision of estimation. In classical parameter estimation, the estimation error scales as
1/
p
ν, where ν is the number of experiments (experimental repetitions/rounds of measure-

ments). The estimation error also depends on the number N of resources employed in each
experiment, e.g. the number of probes or the probing energy, and for independent/uncorrel-
ated/non-entangled probes it scales as 1/

p
νN . This is the so-called standard quantum

limit (SQL), a consequence of the central-limit theorem, that characterizes the precision
limit of quantum measurements in the presence of the shot-noise. Quantum strategies,
using ’quantum tricks’ such as entangled or squeezed states which correspond to distinc-
tive resources of quantum mechanics, may improve the estimation precision, for noiseless
processes, by an extra factor 1/

p
N , leading to the so-called Heisenberg limit. This is a more

fundamental imprecision of quantum measurements that originates from the Heisenberg
uncertainty principle due to the probabilistic nature of quantum measurements, implying
an improvement of 1/

p
N over the SQL. An important question is if and when this improve-

ment can be achieved in the case of noisy processes [89].

The basic steps for parameter estimation are presented in Fig. 7.1. A probe, prepared in
a known initial configuration, is sent through the parameter-dependent process to be in-
vestigated, and then the final parameter-dependent configuration of the probe is measured

60
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Figure 7.1: General setup for parameter estimation: (1) preparation of the probe in a known initial state, (2)
evolution of the probe through a parameter-dependent dynamical process, which in general could be unitary
or noisy, (3) measurement of the final parameterized probe, (4) the outcome of this measurement is used to
estimate the value of the parameter through an estimation strategy (estimator). Picture reproduced from [90].

(using a measurement strategy). Since the measurement results depend on the parameter,
they can be used as sample data to estimate the value of the parameter (through an esti-
mation strategy).

Realistic experimental data are never ideal/perfect, since they have statistical uncer-
tainties due to external perturbations, intrinsic fluctuations, or imperfect detectors. There-
fore, it is not possible to unambiguously associate an experimental result (through an es-
timation) with the true value of the parameter under consideration. The error in an esti-
mation may be quantified by the square root of the statistical average of the square of the
difference between the estimated and the true value of the parameter, briefly root-mean-
square error (RMSE). This error is lower bounded by the so-called Cramér-Rao bound/limit,
which characterizes how well a parameter can be estimated from a probability distribu-
tion and it is inversely proportional to

p
ν. In single-parameter estimation, the Cramér-Rao

bound is expressed in terms of a quantity known as Fisher Information1, to be defined later:
the larger the Fisher information, the more accurate can the estimation be.

The Fisher information may be considered as a measure of the maximum amount of in-
formation that can be extracted from experiments about the true value of an unknown pa-
rameter. This quantifier of information depends on properties of the probe, the parameter-
dependent process, and the measurement of the probe used to investigate the process. An
important aim of metrology is to calculate the Fisher Information, to find ways to maximize
it, and to find protocols that allow for better estimation.

Quantum Metrology [91–94] is rooted in the theory of quantum estimation that was pi-
oneered by Helstrom [95] and Holevo [96], who proposed the parameter-based uncertainty
relation. Thus, quantum metrology also deals with parameter estimation, but takes into ac-
count the quantum character of the systems and processes involved. The estimation error
is again limited by the Cramér-Rao bound [97, 98], expressed in terms of the Fisher Infor-
mation, which now considers also the constraints imposed by quantum physics, such as its
intrinsic probabilistic nature, the dependence of the result on the measurement scheme,
and the more restricted set of possible measurements. The complexity of quantum metrol-

1Ronald A. Fisher (1890–1962) was an English statistician and biologist whose work is not well-known to
physicists. He is renowned in the fields of genetics, statistics, and eugenics. Among his pivotal contributions
to these fields (Fisher, 1959) are the maximum likelihood estimate, the analysis of variance, and a quality
metric of parameter estimation procedure now called ’Fisher information’.
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ogy comes from the many different choices of the measurement strategies or POVMs al-
lowed by quantum mechanics; different measurement schemes result in different preci-
sions of the estimation results. Hence, one of the main purposes of quantum metrology is
to increase the estimation precision by optimizing the measurement basis or POVM.

The so-called Quantum Fisher Information (QFI) is defined by maximizing the Fisher
information over all possible measurement strategies allowed by quantum mechanics [97].
It characterizes the maximum amount of information that can be extracted from quantum
experiments about an unknown parameter using the best (and ideal) measurement device.
It establishes the best precision that can be attained with a given quantum probe.

Further maximization of the QFI over all initial states of the probe leads to the ulti-
mate precision in quantum parameter estimation. For isolated systems, useful analytic
results allow the calculation of this ultimate bound. Quantum strategies, involving non-
classical characteristics of the probes, like entanglement and squeezing, lead to much bet-
ter bounds, as compared with standard approaches that do not profit from these proper-
ties [91]. Consider, as an example, the determination of a phase as a function of the photon
number N in optical interferometry. It scales as 1/

p
N for non-entangled photons, whereas

N -photon entangled states result in a scaling proportional to 1/N , i.e. a better resolution
for the same amount of resources.

The quantum theory of parameter estimation allows a useful complementation of the
Heisenberg inequalities, associated with Hermitian operators and their canonical conju-
gates. Quantum metrology leads to inequalities involving parameters and operators, in-
stead of just operators, thus allowing a precise formulation of, e.g., the phase-number un-
certainty relation.

Given the importance of precision measurement in different fields of physics and en-
gineering, the QFI has attracted great scientific interest. This stimulated the emergence
of quantum metrology, which has been applied to different quantum systems to raise the
precision of measurements, and to provide a route to overcome practical limits in sensing
devices. Therefore, many applications of quantum metrology have been found, including
quantum frequency standards, optical phase estimation, atomic clocks, atomic interfer-
ometers, quantum imaging, and quantum-enhanced position and clock synchronization.
The QFI has also been studied in open systems, along with growing research on protocols
assisted by error correction, or yet quantum feedback [99].

To finish the introduction, in quantum metrology an even greater range of applications
arise from the ability to not just understand, but to engineer coherence and correlations at
the quantum level. In the past few years, quite dramatic progress has been seen in applying
these ideas into biological systems, where sensitivity and resolution constraints restrict ap-
plications both in fundamental biophysics and in medicine. For a review of the application
of quantum metrology in biology, we refer the interested reader to [100].
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7.2. PARAMETER ESTIMATION: CRAMÉR-RAO BOUND

The general parameter estimation scheme depicted in Fig. 7.1, opts to estimate the
value of a parameter x from a set of data that depend on the parameter. Since there are
different estimation strategies (estimators), e.g. method of moments, maximum likelihood
estimation (MLE) etc., which lead to different estimation precisions, a convinient merit
quantifier of the performance of an estimator is the RMSE,

E ≡
√
〈(xest −xtr ue )2〉 (7.1)

where xest is the estimated value of the parameter for a possible measurement result, xtr ue

is the true value of the parameter, and the brackets denote the statistical average taken over
all measurement results.

For unbiased estimators, i.e. 〈xest 〉x = xtr ue , Cramér and Rao found that

E ≥ 1p
νF (xtr ue )

(7.2)

where F (x) is the Fisher information about the parameter x. For a continuum set of mea-
surement results, the Fisher information is given by

F (x) ≡
∫

dχp(χ|x)
(
∂x ln[p(χ|x)]

)2 =
∫

dχ
1

p(χ|x)

(
∂x p(χ|x)

)2
(7.3)

where p(χ|x)dχ is the probability of finding the measurement outcome between χ and
χ+ dχ, and ∂x ≡ ∂/∂x. In statistics, the quantity ∂x ln[p(χ|x)] is known as the score or
informant, that is the gradient of the (natural) logarithm of the likelihood function (the
log-likelihood) with respect to some parameter. The score indicates how sensitive is a like-
lihood function to its parameter. Hence, one can safely say that the Fisher information is
the variance of the score. For a discrete set of data, we have

F (x) ≡∑
k

pk (x)
(
∂x ln[pk (x)]

)2
(7.4)

where pk (x) is the probability of getting an experimental result k given that the parameter
is x.

At this point, we are going to derive the Cramér-Rao bound (7.2) which is a cornerstone
of the parameter estimation theory. The aim is the estimation of a real, single or multi-
variate, continuous or discrete parameter x. Particularly, we consider a single continuous
parameter, and ν identical and independent experiments.

Let χ1,χ2, . . . ,χν be a set of the ν measurement outcomes which obey the probability
density function p(χ|x), called the ’likelihood law’, to have the outcome χ given that the
parameter is x. More intuitively, the p(χ|x) describes the fluctuations in data values χ in
the presence of the parameter value x. We estimate x by using a certain estimator

xest = xest (χ1,χ2, . . . ,χν) (7.5)
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Figure 7.2: The parameter estimation problem of classical statistics. An unknown but fixed parameter value
x causes intrinsic data {χ1, . . . ,χν} through random sampling of a likelihood law P (χ|x). Then, the likelihood
law and the data are used to form the estimator xest (χ) via an estimation principle. The scheme is a modified
version of Fig.1.1 in [101].

which is constructed from the set of the νmeasurement data with an appropriate algorithm
(Fig. 7.2). It is noted that the estimator xest does not depend on the unknown parameter x.

We then define the deviation ∆xest ≡ xest −〈xest 〉x , where the index x implies that the
average value of the estimation (averaged estimate) depends on x, which satisfies the fol-
lowing identity ∫

dχ1 . . .dχνP (χ1, . . . ,χν|x)∆xest = 0 (7.6)

where P (χ1, . . . ,χν|x) = p(χ1|x) . . . p(χν|x) is the joint probability density thatν independent
measurements of the parameter x lead to the outcomes χ1, . . . ,χν. Due to normalization, it
must satisfies

∫
dχ1 . . .dχνP (χ1, . . . ,χν|x) = 1. Since∫

dχ1 . . .dχνP (χ1, . . . ,χν|x)xest = 〈xest 〉x , (7.7)

the equation (7.6) is obviously valid.

Taking the derivative of both sides of (7.6) with respect to x, we have

d〈xest 〉x

d x
=

∫
dχ1 . . .dχν

( ν∑
n=1

p(χ1|x) . . . p(χν|x)

p(χn |x)
∂x p(χn |x)

)
∆xest (χ1, . . . ,χν) (7.8)

=
∫

dχ1 . . .dχνp(χ1|x) . . . p(χν|x)
( ν∑

n=1
∂x ln[p(χn |x)]

)
∆xest (χ1, . . . ,χν) (7.9)

=
∫

dχ1 . . .dχνP (χ1, . . . ,χν|x)
( ν∑

n=1
∂x ln[p(χn |x)]

)
∆xest (χ1, . . . ,χν) (7.10)
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where the right-hand side (RHS) of (7.10) can be regarded as a scalar product between the
vectors

{
∂x l n[p(χ1|x)], . . . ,∂x ln[p(χν|x)]

}
and

{
∆xest , . . . ,∆xest

}
, with the joint probability

P (χ1, . . . ,χν|x) to be the measure. Applying the Schwarz inequality to this scalar product,
we get(d〈xest 〉x

d x

)2 ≤ 〈(∆xest )2〉
∫

dχ1 . . .dχνp(χ1|x) . . . p(χν|x)
( ν∑

n=1
∂x ln[p(χn |x)]

)2
(7.11)

which reduces to(d〈xest 〉x

d x

)2 ≤〈(∆xest )2〉
∫

dχ1 . . .dχνp(χ1|x) . . . p(χν|x)
ν∑

n=1

(
∂x ln[p(χn |x)]

)2
(7.12)

= 〈(∆xest )2〉
ν∑

n=1

∫
dχ1 . . .dχνp(χ1|x) . . . p(χν|x)

(
∂x l n[p(χn |x)]

)2
(7.13)

since the cross terms in the squared sum in the integrand of (7.11) vanish due to the fact
that

∫
dχ j p(χ j |x)∂x l n[p(χ j |x)] = ∫

dχ j∂x p(χ j |x) = ∂x
∫

dχ j p(χ j |x) = 0.

Inequality (7.13) can be further simplified to(d〈xest 〉x

d x

)2 ≤〈(∆xest )2〉
ν∑

n=1

∫
dχn p(χn |x)

(
∂x ln[p(χn |x)]

)2
(7.14)

= 〈(∆xest )2〉
ν∑

n=1
F (x) (7.15)

= 〈(∆xest )2〉νF (x) ⇒ (7.16)

〈(∆xest )2〉
(d〈xest 〉x/d x)2

≥ 1

νF (x)
(7.17)

since in (7.13) it is
∫

dχ j p(χ j |x) = 1 for j = 1, . . . ,n −1,n +1, . . . ,ν, and the Fisher informa-
tion F (x) does not depend on ν. The inequality (7.17) is still somewhat distant from (7.2),
because ∆xest is the deviation of the estimator from the average value of the estimation,
and not from the real value of the parameter as we want.

Braunstein and Caves [97] introduced the estimation error

δx ≡ xest

|d〈xest 〉x/d x| −x , (7.18)

which takes into account both the estimator’s systematic bias away from the parameter,
and the (local) difference in units between the estimator and the parameter through the
denominator |d〈xest 〉x/d x|. In other words, the denominator corrects the units and pun-
ishes wild guesses about the true value of the unknown parameter [89]. The quantity (7.18)
is one of the most important benchmarks of an estimation strategy.

We next square and average both sides of (7.18). After some algebra, we find that

〈(δx)2〉 = 〈(∆xest )2〉
(d〈xest 〉x/d x)2

+〈δx〉2 (7.19)
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and taking into account the inequality (7.17), we end up with

〈(δx)2〉 ≥ 1

νF (x)
+〈δx〉2 . (7.20)

The second term on the RHS of the above inequality characterizes the bias of the estimator.
When 〈δx〉 is non-zero, the (units-corrected) estimator has a systematic bias away from the
parameter. In the case of unbiased estimator, i.e. 〈xest 〉x = x, then 〈δx〉 = 0. Moreover,
d〈xest 〉x/d x = 1 and, therefore, the inequality (7.20) becomes

〈(δx)2〉 = 〈(∆xest )2〉 = 〈(xest −x)2〉 ≥ 1

νF (x)
. (7.21)

For x = xtr ue and taking the square root of the above inequality, we get the Cramér-
Rao bound for unbiased estimators (7.2). The optimal estimator leads to the achievabil-
ity/tightness/saturation of the Cramér-Rao inequality, i.e. the inequality becomes equality.
Such an estimator is the aforementioned MLE which is unbiased and efficient. This case
is addressed by the Fisher’s theorem : For ν→∞, the Cramér-Rao bound can be saturated
asymptotically via the MLE strategy and the estimation result is unbiased, that is

√
〈(δx)2〉 = E = 1p

νF (xtr ue )
. (7.22)

Because of this property, MLE has been widely adopted in parameter estimation protocols.

7.3. QUANTUM PARAMETER ESTIMATION

Braunstein and Caves [97] provided an important contribution to the generalization of
the problem of parameter estimation in the quantum framework, namely the association of
the estimation accuracy to the fundamental concept of the distinguishability between two
quantum states. Their approach maps the problem of state distinguishability onto that of
precision determination of a parameter.

Consider an example from optical interferometry, in particular the Mach-Zehnder in-
terferometer schematically depicted in Fig. 7.3. It consists of a beam splitter, two sets of
mirrors and, between them, a sample which introduces a phase shift θ in one of the arms
of the interferometer; in our case the upper one. This displacement θ is estimated from the
measurement outcome.

Figure 7.3: Mach-Zehnder interferometer setup for estimating a phase shift θ. Picture reproduced from [90].
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When uncorrelated, i.e. non-entangled, photons (e.g. in a coherent state) are sent
through the interferometer, the θ-estimation precision is shot-noise-limited, obtaining the
SQL scaling

δθ ∼ 1p
ν〈N 〉 , (7.23)

where 〈N 〉 is the average number of photons in the field. The interpretation of (7.23) is
relatively easy if the phase is probed with coherent states. Suppose that there is no phase
shift when a coherent state is sent through an arm of the interferometer, and then there is
a phase fluctuation δθ, after which a second coherent state is sent through the same arm.
Thus, the second coherent state will acquire a phase shift δθ compared to the first one. If
the second coherent state, |ae iδθ〉, is distinguishable from the first one, |a〉, the detection of
this phase variation will be feasible. Instead, the detection may be impossible when the two
states overlap strongly, i.e. |〈a|ae iδθ〉|2 ' 1, thus they become indistinguishable. Hence, the
detection of the phase displacement δθ is equivalent to the discrimination between the
quantum states |a〉 and |ae iδθ〉.

For small δθ, the overlap/fidelity between the two states can be approximated by [89]

|〈a|ae iδθ〉|2 = e−|a(1−eiδθ)|2 ≈ e−〈N 〉(δθ)2
, (7.24)

which is small when 〈N 〉(δθ)2 ∼ 1, in agreement with (7.23). However, the RHS of (7.23)
is not an absolute lower bound. Smaller uncertainties result when correlated/entangled
states replace the uncorrelated (’classical’) ones.

For instance, assume that we send through the interferometer the so-called NOON
state, |ψ0〉 = |N ,0〉+|0,N〉p

2
, which is an N -body entangled state (N ≥ 2) describing a coherent

superposition of two states, each has N photons in one of the arms of the interferometer
and none in the other; e.g., the state |N ,0〉 has N photons in the upper arm and zero pho-
tons in the lower one. If there is a phase fluctuation δθ in the upper arm, the state with
N photons in this arm will acquire a phase factor e i Nδθ, since the phase displacement is
proportional to the photon number in the arm. In doing so, the final NOON state will be

|ψδθ〉 = ei Nδθ |N ,0〉+|0,N〉p
2

.

According to the previous, the orthogonality between the initial |ψ0〉 and final |ψδθ〉
NOON states makes possible the determination of the phase shift δθ. Thus, we want to find
the displacement δθ that vanishes the overlap between the initial and final states, which in
turn defines the resolution of the experiment. We have that

∣∣〈ψδθ|ψ0〉
∣∣2 =

∣∣∣e i Nδθ+1

2

∣∣∣2 =
∣∣∣e i Nδθ/2

(e i Nδθ/2 +e−i Nδθ/2

2

)∣∣∣2 = cos2(Nδθ/2) (7.25)

and for Nδθ = π, it is equal to zero. Therefore, δθ ∼ 1/N indicating that the phase sens-
ing is higher for a given number N of photons (resources), when there are in an entangled
rather than a non-entangled state. The resulting enhancement is a factor of

p
N , that is a

quadratic improvement over (7.23).
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Figure 7.4: General setup for Quantum Parameter Estimation. The probe is prepared in an initial known state
|Ψ〉 and then is sent through a parameter-dependent physical process (quantum channel), which may be
described by a set of Kraus operators Π(x). The output state is, in general, a parameterized density operator
ρ(x). The estimated value of the parameter embedded in the physical process, xest , is obtained from the
results of the measurements made on the final probe ρ(x).

The previous treatment of the problem of quantum parameter estimation was rather
special. We now investigate it from a more general perspective, shown in Fig. 7.4.

Consider an initial pure (i.e. known) state |Ψ〉 and a trace-preserving physical process
that depends on a parameter x. We call this dynamical process a quantum channel, which
in general is described by a set of Kraus operatorsΠ(x) that depend on the parameter to be
estimated. The initial state is sent through this channel and it becomes, in general, a den-
sity matrix ρ(x) which carries information about the parameter x embedded in the physical
process. Measurement onρ(x) follows, the result of which is then used to estimate the value
of the parameter x.

When the x-dependent dynamical process is unitary, i.e. noiseless, the evolved state of
the probe before measurement is given by

ρ(x) =U (x)ρ(0)U †(x) , (7.26)

with ρ(0) = |Ψ〉〈Ψ|, whereas for noisy (non-unitary) process it may be written as

ρ(x) =∑
j
Π j (x)ρ(0)Π†

j (x) , (7.27)

which may be regarded as the integral version of the master equation of the system. More-
over, the Kraus operators satisfy the condition

∑
j Π j (x)Π†

j (x) = 1.

Next, we have to choose an appropriate measurement, which quantum-mechanically
is associated with a set of non-negative Hermitian operators Gi , known as POVMs. Because
the Gi do not correspond necessarily to orthogonal measurements, they are a generaliza-
tion of the von-Neumann projection operators. POVMs should satisfy the completeness
relation

∑
i Gi = 1, and they are such that the probability of getting a discrete measurement

outcome i if the value of the parameter is x, is given by pi (x) = Tr [ρ(x)Gi ]. For a con-
tinuous set of measurement outcomes, we have to replace the index i with a continuous



7.3. QUANTUM PARAMETER ESTIMATION 69

(random) variable χ, so that the completeness relation is now
∫

dχG(χ) = 1, and the proba-
bility density reads p(χ|x) = Tr [ρ(x)G(χ)].

We, then, associate an estimation xest (i ) with each measurement result i that corre-
sponds to an operator Gi , and finally we evaluate the performance of the estimation by the
means of (7.18). For unbiased estimators, it results in

√
〈(δx)2〉 =

√
〈(xest −x)2〉 as before.

Although the classical and quantum parameter estimation schemes are very similar,
we stress that their noteworthy difference is the following : the probability of measure-
ment outcomes, pi (x) or p(χ|x), in the quantum case depends on both the choice of the
measurements or POVMs performed on the system, and the density matrix of the system
undergoing the dynamical process. In other words, the Fisher information defined in (7.3),
in the quantum case is written as

F (x) = F (x; {G(χ)}) =
∫

dχp(χ|x)
(
∂x ln[p(χ|x)]

)2 =
∫

dχ

(
∂x p(χ|x)

)2

p(χ|x)
(7.28)

with the probability density to be p(χ|x) = Tr [ρ(x)G(χ)].

As stated before, the attainability of the Cramér-Rao bound

√
〈(δx)2〉 ≥ 1√

νF (x; {G(χ)})
(7.29)

premises an optimization over estimators for a given quantum measurement. In quantum
mechanics, the measurement strategy matters, so one has to also optimize the procedure
over all quantum measurements. This leads to the quantum Fisher information (QFI)

F (x) ≡ max
{G(χ)}

F (x; {G(χ)}) , (7.30)

and the quantum Cramér-Rao bound reads

√
〈(δx)2〉 ≥ 1p

νF (x)
. (7.31)

Thus, in the quantum case we can take advantage of the freedom to choose the experi-
mental setup to minimize the RHS of (7.29), and hence optimize the estimation precision.
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7.4. QUANTUM FISHER INFORMATION

An important aim of Quantum Metrology is to increase the estimation precision by find-
ing the optimal measurement basis/POVM. Braunstein and Caves [97] obtained the opti-
mal Fisher information over all POVMs for a given parameter-dependent quantum state
ρ(x), which is called quantum Fisher information (QFI), through the logarithmic derivative
L(x) :

F (x) = Tr
{
L†(x)ρ(x)L(x)

}
. (7.32)

The most common definition of L(x) is the symmetric logarithmic derivative (SLD), ∂xρ(x) =
[L(x)ρ(x)+ρ(x)L(x)]/2, hence L(x) = L†(x). In doing so, the QFI can be simplified to

F (x) = Tr
{
ρ(x)L2(x)

}= Tr
{(
∂xρ(x)

)
L(x)

}
. (7.33)

Since it is a local quantity which dependents on ρ(x) and its first derivative ∂xρ(x), it can
be intuitively and physically interpreted as the ’velocity’ at which the density matrix moves
for a given parameter value [102].

The SLD can be explicitly expressed in the eigenbasis of the parameterized density ma-
trix, ρ(x) =∑

i ri |ri 〉〈ri |, as

L(x) = 2
∑
i , j

〈ri |∂xρ(x)|r j 〉
ri + r j

|ri 〉〈r j | (7.34)

where the |ri 〉 are the eigenstates of ρ(x), and the ri are the corresponding eigenvalues.
Inserting (7.34) into (7.33) and performing some algebra, we get

F (x) = ∑
i ,ri>0

(∂xri )2

ri
+ 2

∑
i , j ,ri+r j>0

(ri − r j )2

ri + r j
|〈ri |∂xr j 〉|2 . (7.35)

The first term in the RHS of (7.35) is just the classical Fisher information, whereas the sec-
ond term can be considered as the quantum contribution [99].

Usually, it is not an easy task to express the QFI in the form of the density matrix for a
general system. However, as has already been mentioned in [99], an explicit expression of
the QFI in terms of a two-dimensional density matrix has been derived :

F (x) = Tr
{(
∂xρ(x)

)2}+ Tr
{(
ρ(x)∂xρ(x)

)2}
det [ρ(x)]

. (7.36)
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Moreover, the QFI is related to the Bures distance D as

D2[ρ(x),ρ(x +d x)
]= F (x)d x2

4
. (7.37)

The Bures distance D[A,B ] measures the distance between the two quantum states A and
B , and is defined as [97, 99]

D[A,B ] =
√

2
(
1− f [A,B ]

)
, (7.38)

where f [A,B ] = Tr
{√p

AB
p

A
}

is the fidelity which measures the ’closeness’ of A and B .

Let us now turn to the case of pure states and unitary (noiseless) parameter-dependent
processes, which lead to exact expressions for the QFI.

Braunstein and Caves [97] showed that the QFI is proportional to the variance of an
operator h(x), which is related to the unitary time-evolution operator (propagator) as

h(x) = i
(
∂xU (x)

)
U †(x) . (7.39)

The operator h(x) is the generator of the transformation associated with the parameter x.
In order to illuminate this, consider a system whose Hamiltonian is H(x), its initial state is
ρ, and that we want to estimate the parameter x. When the system is evolved under the
action of the Hamiltonian, its state becomes ρ(x) = U (x)ρU †(x), where U (x) = e−i H(x)t/ħ.
The sensitivity of ρ(x) to the parameter x can be characterized by the generator h(x) of lo-
cal parameter translation from ρ(x) to ρ(x +d x), with d x be the infinitesimal change of x.

In detail [103], if x is changed to x + d x, then ρ(x) is updated to ρ(x + d x) = U (x +
d x)ρU †(x +d x). Because U (x +d x) ≈U (x)+∂xU (x)d x, the translation from ρ(x) to ρ(x +
d x) can be written as

ρ(x +d x) ≈ (
U (x)+∂xU (x)d x

)
ρ

(
U (x)+∂xU (x)d x

)†

= (
U (x)+∂xU (x)d x

)
1ρ1

(
U †(x)+∂xU †(x)d x

)
= (

U (x)+∂xU (x)d x
) (

U †(x)U (x)ρU †(x)U (x)
) (

U †(x)+∂xU †(x)d x
)

= [
1+ (

∂xU (x)
)
U †(x)d x

]
U (x)ρU †(x)

[
1+U (x)

(
∂xU †(x)

)
d x

]
≈ e−i h(x)d x ρ(x) e i h†(x)d x , (7.40)

and therefore the operator h(x) is indeed an x-generator.

According to [97, 98], when the initial state of the probe is a pure state |ψ0〉, the QFI is
given by

F (x) = 4〈ψ0|
(
∆h(x)

)2|ψ0〉 = 4〈(∆h(x)
)2〉0 , (7.41)

where

〈(∆h(x)
)2〉0 = 〈(h(x)−〈h(x)〉0

)2〉0 (7.42)
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is the average variance of h(x) with respect to the initial state of the probe. Hence, in this
case the inequality (7.31) reads

√
〈(δx)2〉 ≥ 1

2
√
ν〈(∆h(x)

)2〉0

, (7.43)

which was named a ’generalized uncertainty relation’ in [98]. As opposed to the usual un-
certainty relations in quantum mechanics, it does not relate the variances of two (conju-
gate) operators, but instead the variances of a parameter and an operator. It is, in other
words, a parameter-based uncertainty relation.

In order to minimize the RHS of (7.43), i.e. to optimally improve the estimation preci-
sion, we first have to identify the generator of the transformation related to the parameter
and then we must find the state which maximizes the variance of this generator. Giovan-
netti et al. [92] found that the variance of h(x) is maximized when the input state of the

probe is |ψ0〉 = 1p
2

(
|λmax

(
h(x)

)〉+ e iφ|λmi n
(
h(x)

)〉), where e iφ is an arbitrary phase factor

(phasor). This yields the maximum quantum Fisher information

Fmax(x) =
[
λmax

(
h(x)

)−λmi n
(
h(x)

)]2
, (7.44)

where λmax and λmi n are, respectively, the maximum and minimum eigenvalues of h(x).
Hence, the key to the QFI is the derivation of the generator h(x). By this way, the optimal
x-estimation precision reads

√
〈(δx)2〉 = 1

p
ν
[
λmax

(
h(x)

)−λmi n
(
h(x)

)] . (7.45)

7.5. QUANTUM CRAMÉR-RAO BOUND UNCERTAINTY RELATION:
A FEW EXAMPLES

Position and Momentum

Consider a system that is spatially displaced by X , and we want to estimate this dis-
placement. It is known that such displacements are generated by the momentum operator
P = −iħ∂X of the system. Put differently, the state |ψ(X )〉 is related to |ψ0〉 by the unitary
transformation

|ψ(X )〉 =U (X )|ψ0〉 = e−i X P /ħ|ψ0〉 . (7.46)

Using (7.39), we find that the X -generator is given by

h(X ) = h = P

ħ . (7.47)
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Insertion of (7.47) into (7.41) yields the following expression for the QFI

F (X ) = 4〈(∆P )2〉0

ħ2
, (7.48)

which, in turn, leads to the following (unbiased) Cramér-Rao uncertainty relation√
〈(δX )2〉 ≥ ħ

2
√
ν〈(∆P )2〉0

. (7.49)

This is different from the usual Heisenberg position-momentum uncertainty relation
∆X∆P ≥ħ/2. Here, X is a parameter, not an operator, and the number ν of experimental
repetitions is not found in the standard Heisenberg relation. The inequality (7.49) corre-
sponds to a ’generalized uncertainty relation’ [98].

Time and Energy

The parameter we want to estimate may be a time duration. For instance, we consider
a system that evolves in time unitarily under the action of its (unperturbed) Hamiltonian
H , which is assumed to be time-independent. After a time lapse T , the state of the system
becomes

|ψ(T )〉 =U (T )|ψ0〉 = e−i T H /ħ|ψ0〉 . (7.50)

We again apply (7.39) to find that

h(T ) = h = H

ħ , (7.51)

hence the Hamiltonian of the system is the generator of its temporal translations (time
evolution), and the Cramér-Rao uncertainty relation is

√
〈(δT )2〉

√
〈(∆H )2〉0 ≥ ħ

2
p
ν

. (7.52)

The quantity 〈(δT )2〉 is the square deviation of the estimator Test from the actual elapsed
time T averaged over all measurement results, and the 〈(δH )2〉0 is the energy dispersion
along the initial state of the system. Thus, the brackets in the former denote a classical
statistical average, whereas in the latter they denote a quantum-mechanical expectation
value.

The inequality (7.52) could not be interpreted as a standard Heisenberg uncertainty
relation, since in ordinary quantum mechanics there is no hermitian operator associated
with time. Instead, it is an example of the so-called ’generalized Heisenberg relation’ [97],
an inequality which relates the energy dispersion to the uncertainty in the elapsed time,
which is a parameter.
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Photon number and Phase

Let us now examine the optical interferometer shown in Fig. 7.3 from a different per-
spective.

We want to find the relation between the uncertainty of the phase of the harmonic os-
cillator and the variance of the number operator. It is known that the number operator
N = a†a is the generator of shifts in the phase θ of the oscillator. Indeed, when we apply
on the input state |ψ0〉 the unitary operator U (θ) = e−iθN , we get at the output the state
|ψ(θ)〉 = e−iθN |ψ0〉, which it has been rotated (or phase-shifted) by θ in the phase space of
the harmonic oscillator. From (7.39), we find that

h(θ) = h =N , (7.53)

which, through (7.41), leads to

F (θ) = 4〈(∆N )2〉0 . (7.54)

In the case of the optical interferometer in Fig. 7.3, this means that the QFI is propor-
tional to the variance in the number of photons in the upper arm of the interferometer,
with respect to the initial state of the photons.

For coherent states obeying the Poissonian distribution, we get the shot noise limit or
SQL scaling for the uncertainty in the phase θ, since 〈(∆N )2〉 = 〈N 〉, where 〈N 〉 is the av-
erage number of photons in the upper arm. Indeed, for ν= 1 experiment, the θ-estimation
error using coherent photons is given by the Cramér-Rao inequality

δθ ≥ 1

2
p〈N 〉0

. (7.55)

In order to further improve the θ-estimation precision, we should maximize the QFI in
(7.54). Equivalently, we have to find the initial state of the photons which maximizes the
variance of N . As has been stated in [89], the NOON state |ψ0〉 = 1p

2

(|N ,0〉+ |0, N〉) yields

the maximum variance 〈(∆N )2〉0 = N 2/4, which in turn leads to

δθ ≥ 1

N
, (7.56)

that is the Heisenberg limit scaling with the number N of resources.

Again, we conclude that the NOON states are more sensitive to phase shifts than the
coherent states, offering a better precision for the same amount of resources.
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8
QUANTUM-LIMITED BIOCHEMICAL

MAGNETOMETERS DESIGNED USING THE

FISHER INFORMATION AND QUANTUM

REACTION CONTROL

8.1. INTRODUCTION

The quantum dynamics of the radical-pair mechanism [16, 35], underlying the avian
magnetic compass [38, 39, 54, 104] and spin transport in photosynthetic reaction centers
[76, 77, 105–108], have recently attracted the attention of the quantum physics community
[23, 28, 30, 32, 56, 72, 73], since it was shown [26, 27, 55, 66, 67, 109, 110] that radical pairs
offer an ideal system to study quantum coherence effects and explore quantum informa-
tion processing in a complex biochemical setting.

Radical-pair reactions consist of a coherent spin motion in a multi-spin system embed-
ded in a biomolecule, interrupted by an electron transfer that results in the spin-dependent
charge recombination of the radical-ion pair and the termination of the reaction. It is
known that the coherent spin motion as well as the measurable reaction yields in radical-
pair reactions are also influenced by the external magnetic field through the unpaired elec-
trons’ Zeeman interaction. Hence, radical-pair reactions are no different than other quan-
tum systems used to measure a classical parameter, as for example are the well-developed
atomic magnetometers [111] using e.g. alkali vapors [112–117] or nitrogen vacancy centers
[118–120]. Central in these studies have been the fundamental measurement precision lim-
its set by the quantum dynamics of the system under consideration.

We here establish a venue for studying quantum metrology in a biological context [100].
We introduce the full machinery of quantum parameter estimation [89–92, 97, 121, 122] in
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order (i) to establish the exact value of δB , the fundamental magnetic sensitivity of the re-
action, and (ii) design an optimal molecular system approaching this fundamental limit.
To this end we consider the quantum Fisher information obtained from the radical-pair
reaction and the resulting Cramér-Rao bound. We then treat the intra-molecule hyperfine
couplings as free design parameters, and obtain their optimum value by maximizing the
quantum Fisher information. This leads to the fundamental limit δB , which we explicitly
derive for any radical pair. Knowing the absolute quantum limit on δB , we address the
well-known measurement of reaction yields and show it is sub-optimal. We then modify a
recently proposed method of reaction control [123], introducing a quantum circuit analysis
of the controlled reaction, and reducing δB by a factor of 3 compared to [123].

The outline of this work is the following. In Sec. 8.2 we briefly introduce the dynamics
of radical-pair reactions, and in Sec. 8.3 the basic tools of quantum metrology, in partic-
ular the analytic form of the parameter-generator, a useful tool recently introduced [103].
In Sec. 8.4, the eigenvalues of this operator are then used to find the maximum quantum
Fisher information and the resulting bounds on δB for radical-pair reactions. In Sec. 8.5
we discuss a common observable in radical-pair reactions, the reaction yield, in the con-
text of magnetic sensitivity. We demonstrate that the resulting maximum possible sensi-
tivity is an order of magnitude smaller than the absolute quantum limit. In Sec. 8.6 we
present the optimum measurement scheme that can realize the optimum quantum limit
on δB . Since this scheme does not appear to be chemically realistic, a natural question is
whether some sort of quantum reaction control can improve the magnetic sensitivity of re-
action yields. This is indeed the case as shown in Sec. 8.7, where we take advantage of the
spin-exchange interaction naturally occurring in radical pairs, and known from quantum
metrology work to simulate a controlled-NOT gate. The spin-exchange interaction effects
a state-preparation and readout before and after the actual magnetometric state evolution,
respectively, reminding one of Ramsey interferometry. Together with the reaction control
method of [123], which is a factor of 6 away from the absolute quantum limit, our measure-
ment scheme is shown to approach this limit within a factor of 2.

8.2. RADICAL-PAIR MECHANISM

Radical pairs (RPs) are the cornerstone system of spin chemistry, the field of physi-
cal chemistry and photochemistry dealing with the effect of electron and nuclear spins
on chemical reactions. The radical-pair mechanism was introduced by Closs and Closs
[51] and by Kaptein and Oosterhoff [52] as a reaction intermediate explaining anomalously
large EPR and NMR signals observed in organic molecule reactions in the 1960s. The quan-
tum degrees of freedom of radical-ion pairs are formed by a multi-spin system embedded
in a biomolecule. The multi-spin system is composed of the two unpaired electrons of
the two radical ions and a usually large number of nuclei. Their coherent spin motion is
driven by intramolecule magnetic interactions, such as hyperfine couplings between each
radical’s magnetic nuclei and the respective unpaired electron. The magnetic field effects
resulting from such interactions in this spin-dependent biochemical reaction have been
extensively explored theoretically and experimentally [36, 46, 124–126].
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In particular, a charge transfer following the photoexcitation of a donor-acceptor dyad
DA leads to the radical pair (also called charge-separated state) D•+A•−, where the two
dots represent the two unpaired electron spins of the two radicals. The initial spin state
of the two unpaired electrons of the radical pair is usually a singlet, denoted by SD•+A•−.
Now, both D and A contain a number of magnetic nuclei which hyperfine-couple to the
respective electron. Neither singlet-state nor triplet-state RPs are eigenstates of the mag-
netic Hamiltonian, HB ; hence the initial formation of SD•+A•− is followed by singlet-triplet
(S-T) mixing, i.e. a coherent oscillation of the spin state of the electrons, designated by
SD•+A•− � TD•+A•−. Concomitantly, nuclear spins also precess, and hence the total elec-
tron and nuclear spin system undergoes a coherent spin motion driven by HB . As will be
detailed later, the subscript B in HB is a reminder that the Hamiltonian depends paramet-
rically on the magnetic field B to be estimated.

This coherent spin motion has a finite lifetime. Charge recombination, i.e. charge trans-
fer from A back to D, terminates the reaction and leads to the formation of the neutral reac-
tion products, conserving during the process the electronic spin-angular momentum. That
is, there are two kinds of neutral products, singlet (the original DA molecules) and triplet,
TDA. The percentage of the initial radical-pair population ending up in the singlet (triplet)
neutral product defines the singlet (triplet) reaction yield. Singlet and triplet recombina-
tion takes place at the rate kS and kT , respectively. Both rates are in principle known param-
eters of the specific molecular system under consideration, as of course are the hyperfine
couplings entering HB . The whole process is schematically depicted in Fig.8.1(a).

DA TDA

 SD  +  A  TD  +  A

kS kT

ψ0 ψB

HB
(a)

(b)
HB

Figure 8.1: (a) Radical-pair reaction dynamics. A charge transfer following the photoexcitation (not shown
here) of a donor-acceptor dyad DA produces a singlet state radical pair SD•+A•−, which is coherently con-
verted to the triplet radical pair, TD•+A•−, due to intramolecule magnetic interactions embodied in the spin
Hamiltonian HB . Simultaneously, spin-selective charge recombination leads to singlet (DA) and triplet neu-
tral products (TDA). (b) Quantum metrology aspect of the radical-pair reaction, where an initial spin state is
transformed into a final spin state, which depends on the magnetic field B through the spin Hamiltonian.
The measurement of the final state conveys information about B .
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The schematic of Fig.8.1(a) should not be taken too literally, as it suggests that only pure
singlet (triplet) radical pairs can recombine to the singlet (triplet) neutral reaction products.
This is not the case, like it is not the case for a two-level atom that only an excited-state atom
can decay to the ground state. As in atoms having ground-excited state coherence, radical
pairs can be in coherent superpositions of singlet and triplet states, continuously evolving
by HB . A major aspect of our previous work has been to understand the physics of this
coherence, its fundamental dissipation properties, and the role thereof in establishing the
fundamental master equation, dρ/d t , accounting for the radical-pair reaction’s quantum
dynamics. This issue is still hotly debated [127, 128].

8.2.1. THIS WORK

This work, however, is decoupled from this debate, as we consider only the Hamiltonian
contribution to the quantum metrology aspect of the reaction. The non-trivial quantum
dynamics previously alluded to mainly appear in the case of unequal recombination rates,
kS 6= kT . Here we consider the simple exponential model, where kS = kT ≡ k, and we fur-
ther neglect the presence of S-T decoherence [55], which is unavoidable even in the case
kS = kT .

The rationale of this approach is that it allows a step-wise understanding of the quan-
tum metrology aspect of radical-pair reactions, starting from the most evident features
stemming from the coherent spin motion, and progressing to more complex properties of
the system, which is an open and leaky quantum system. Earlier works [23, 28] attempted to
explore some metrological aspects of these reactions, however using the traditional (called
Haberkorn’s) master equation and considering phenomenological sources of decoherence.
Our understanding is (i) that Haberkorn’s master equation scrambles the quantum dynam-
ics of the system and is a phenomenological description valid only in the regime of strong
spin relaxation, and (ii) consideration of decoherence and its role in this new kind of bio-
chemical quantum metrology is a non-trivial task, intertwined with the understanding of
the fundamental master equation.

Therefore we opt to first establish the fundamental limits to the magnetic sensitivity of
radical-pair reactions in the simple case of equal recombination rates and a purely coher-
ent spin motion. Thus, the only effect of the finite radical pair’s lifetime τ = 1/k relevant
to this work is that the radical-pair population decays exponentially as e−t/τ. Hence the
sensitivity limit δB 1 will be shown to be directly dependent on τ. This is not unexpected,
since measurement time is a central resource in quantum metrology.

In other words, we here explore the equivalence of Fig.8.1(a) with Fig.8.1(b), which de-
scribes the usual scheme of quantum estimation of a classical parameter such as a mag-
netic field. An initial state |ψ0〉 evolves under the unitary action of the Hamiltonian HB

into |ψB 〉. Measuring the final state conveys information about B . In radical-pair reac-
tions, an initial spin state (comprising the spin of the two electrons and the present nuclei)

1To caution for a possible semantic confusion, we note that high (low) magnetic sensitivity means small
(large) uncertainty δB in the estimate of B .
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evolves under HB , and the recombination process effects the measurement in the singlet-
triplet basis, i.e. the measurement stage is naturally built into the radical-pair mechanism.

We here treat radical-pair reactions as scalar magnetometers, and conclusively address
the following questions: (A) What is the fundamental quantum limit, δB , to the precision
of estimating B? (B) Is this limit realized when the physical observable carrying the infor-
mation on B is the reaction yield? (C) If not, can we control the reaction in order to better
approach the fundamental limit δB?

8.2.2. RADICAL-PAIR HAMILTONIAN

If we consider a radical pair with nD nuclear spins in the donor and nA nuclear spins
in the acceptor, the hyperfine Hamiltonian in the presence of an external magnetic field
B = B ẑ, where B is to be estimated, is

HB =−B(sDz + sAz)+
nD∑
j=1

sD · Ã j · I j +
nA∑

k=1
sA · ãk · Ik . (8.1)

Here we denote by sD (sA) the electron spin operator of the donor (acceptor) radical, I j (Ik )
is the j -th (k-th) nuclear spin operator of the donor (acceptor) radical, and Ã j (ãk ) the hy-
perfine tensor coupling the j -th (k-th) nuclear spin of the donor (acceptor) radical to the
donor’s (acceptor’s) electron spin. The gyromagnetic ratio of the electrons setting the fre-
quency scale, γ/2π= 2.8×106 Hz/G, has been set to γ= 1 in Eq.(8.1) and we will keep this
convention from now on. We also set ħ= 1; thus the hyperfine couplings and the magnetic
field B have units of frequency, while the spin operators are dimensionless. In the follow-
ing, in order to get actual magnetic field values, one should divide the derived expressions
for B by γ.

Before embarking on our analysis, we will first lay out the tools of quantum parameter
estimation and apply them to two pedagogical cases, a single-electron Zeeman interaction
and a two-electron Zeeman interaction. These considerations will form a baseline for com-
paring fundamental sensitivity limits in radical pairs.

8.3. QUANTUM PARAMETER ESTIMATION

The formalism developed by Brun and coworkers [103] is ideally suited to treat the esti-
mation of B , which is not a multiplicative parameter of the radical-pair Hamiltonian (8.1).
Specifically, the authors in [103] consider the time-evolution operator, UB = e−i tHB , which
obviously depends on the parameter B we wish to estimate. If the initial state of the system
is ρ0, then the time-evolved state will be ρB =UBρ0U †

B , where the subscript in ρB reminds
us that the time evolved state also depends on B . The generator of B translations is then
shown to be hB = i (∂BUB )U †

B . The utility of this generator is that it directly leads to the
maximum quantum Fisher information

F max
B = [λmax(hB )−λmin(hB )]2 , (8.2)
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where λmax(hB ) (λmin(hB )) is the maximum (minimum) eigenvalue of hB . The authors in
[103] then derive two general results. First, knowing the n different eigenvalues, Ek , and
corresponding eigenvectors, |E (i )

k 〉 of HB , where i = 1, . . . ,dk , with dk being the degeneracy
of eigenvalue Ek , one can obtain hB from

hB = t
n∑

k=1

∂Ek

∂B
Pk +2

∑
k 6=l

dk∑
i=1

dl∑
j=1

e−i (Ek−El )t/2

× sin
(Ek −El )t

2
〈E ( j )

l |∂B E (i )
k 〉 |E (i )

k 〉〈E ( j )
l | . (8.3)

By Pk =∑dk
i=1 |E (i )

k 〉〈E (i )
k | we denote the projector to the k-th eigenspace of HB . Second, the

maximum Fisher information is obtained for the initial state

|ψ〉 = 1p
2

(|λmax〉+e iφ|λmin〉
)

, (8.4)

where |λmax〉 and |λmin〉 are the eigenkets of hB corresponding to its maximum and mini-
mum eigenvalues, respectively. Finally, the uncertainty δB in estimating B is limited by the
Cramér-Rao bound [95]

δB ≥ 1√
νF max

B

, (8.5)

where ν is the number of independent repetitions (number of radical pairs in our case) of
the measurement.

8.3.1. SINGLE ELECTRON IN A MAGNETIC FIELD

Before proceeding with radical pairs, we analyze two intuitive and simple examples.
Consider first a single electron in a magnetic field B = B ẑ, the Hamiltonian being H =
−B sz . The eigenvectors and eigenvalues of H are |±〉 and ε± = ∓B/2, respectively. Since
the eigenvectors are B-independent, the second term in Eq. 8.3 is zero, while the first term

leads to hB = t
∑

j=±
dε j

dB | j 〉〈 j | = −t sz . The maximum and minimum eigenvalues of hB are
t/2 and −t/2, respectively, hence F max

B = t 2. Thus, we recover the well-known time-scaling
limit; namely the magnetic sensitivity resulting from measuring the electron’s Larmor fre-

quency during a time interval t is limited by δB ≥ 1/
√

F max
B = 1/t . Repeating this measure-

ment ν times, the so-called shot-noise-limited sensitivity will be δB ≥ 1/
p
νt .

8.3.2. TWO ELECTRONS IN A MAGNETIC FIELD

We will now demonstrate the particle-number scaling limit by considering a 4-dimensional
Hamiltonian consisting of the Zeeman interaction of two electrons, H =−B(sz ⊗1+1⊗ sz).
Now the eigenvalues are ε++ = −B with corresponding eigenstate |++〉, ε−− = B with cor-
responding eigenstate | − −〉, and ε0 = 0, which is doubly degenerate, with correspond-
ing eigenstates | +−〉 and | −+〉. Again, the eigenstates are B-independent, hence hB =
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−t
(|++〉〈++|− |−−〉〈−−|). The eigenvalues of hB are ±t , hence now it is F max

B = 4t 2. The
magnetic sensitivity is now δB ≥ 1/2t .

This is
p

2 times better than repeating the one-electron measurement two times. Gen-
eralizing to an N -electron system, where H =−B(sz ⊗1⊗1⊗·· ·⊗1+1⊗ sz ⊗1⊗·· ·⊗1+·· ·+
1⊗ 1⊗·· ·⊗ sz), we find δB ≥ 1/N t . This is

p
N times better than repeating the one-electron

measurement N times. This enhancement is due to a possible multi-partite entanglement
in the N -electron state. That is, a notable feature of F max

B is that it automatically takes into
account such a possibility in the system’s state preparation.

It should be noted that the scaling with the particle number should not be confused
with the scaling with the number ν of the experiment’s repetition. Since the experimen-
tal realizations are independent, the scaling with ν is the ordinary statistical scaling 1/

p
ν.

That is, repeating the 2-electron measurement ν times, the so-called Heisenberg limited
magnetic sensitivity will beδB ≥ 1/2

p
νt . Similarly, in the N -electron system, the Heisenberg-

limited magnetic sensitivity obtained by averaging ν independent measurements will be
δB ≥ 1/N

p
νt .

8.4. FUNDAMENTAL MAGNETIC SENSITIVITY OF RADICAL-PAIR RE-
ACTIONS

As shown previously with the simple scenario of free electrons in a magnetic field, the
sensitivity δB depends on the measurement time t . In radical-pair reactions there is a nat-
ural time scale limiting the magnetic sensitivity, the radical pair’s lifetime. This is deter-
mined by the recombination rates kS and kT . For the reasons outlined in Sec. 8.2.1, we
here consider the so-called exponential model, where kS = kT ≡ k. When kS = kT = k, the
quantum dynamics of the radical-pair reaction simplify considerably. This is because, ne-
glecting singlet-triplet decoherence which we understand is inherent in the system (even
when kS = kT ), in the exponential model radical pairs can be considered to evolve unitarily
by the magnetic Hamiltonian HB , while their population decays exponentially at the rate
k. Equivalently, at the single-molecule level, each radical pair evolves unitarily until the
random instant in time when it recombines. This time follows the exponential distribution
(d t/τ)e−t/τ, where τ= 1/k.

Since the quantum Fisher information is time-dependent, we have to take into account
the fact that from each radical pair in the ensemble we can extract a different Fisher in-
formation, depending on the time it recombined. If νt is the radical-pair population at
time t and ν0 is the initial population, then in each time interval d t there will be kνt d t
radical pairs contributing to F max

B . If the variance of the magnetic field estimate resulting
from one molecule is 1/F max

B , then the kνt d t molecules contribute independently to the
measurement during d t . The inverse uncertainties of B add in quadrature, hence the in-
verse variance stemming from those kνt d t molecules will be 1/(δB)2

t = F max
B kνt d t . Since
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νt = ν0e−kt , the magnetic sensitivity for the whole reaction is

δB = 1[
ν0

∫ ∞
0 F max

B ke−kt d t
]1/2

. (8.6)

Clearly, we are not concerned with the absolute value of δB as determined by how many
molecules participate in the experiment. We rather focus on optimizing F max

B , which de-
pends on the state preparation and measurement scheme. Thus, in the following we will
take ν0 = 1. For those cases where F max

B = αt 2, where α is some constant, it follows that
δB = 1/

p
2ατ.

We will first derive exact analytic results for F max
B and δB for a radical pair with one

nuclear spin-1/2 contained in e.g. the donor. The magnetic Hamiltonian is

HB =−B(sDz + sAz)+ Ax sDx Ix + Ay sD y Iy + Az sDz Iz .

As it formally turns out, the maximum quantum Fisher information does not depend on
Az . Intuitively, this is because the term Az sDz Iz just produces a shift in the magnetic field
"seen" by the electron spin sD along the z-axis and hence does not "produce" any informa-
tion on B . We therefore have to distinguish two cases: Ax = Ay and Ax 6= Ay . After dealing
with the single-nuclear-spin radical pair, we generalize to multiple nuclear spins.

8.4.1. SPHEROIDAL HYPERFINE COUPLING (Ax = Ay )

For the spheroidal hyperfine coupling it is

HB =−B(sDz + sAz)+ AsDx Ix + AsD y Iy +asDz Iz . (8.7)

A special case, occurring when a = A, is the commonly encountered isotropic hyperfine
coupling. The eight eigenvalues of HB are given in Appendix A, along with the eigenvalues
of hB calculated from Eq. 8.3 . It is found that the maximum and minimum eigenvalues of
hB are t and −t , respectively. Hence in this case, the maximum quantum Fisher informa-
tion is F max

B = 4t 2, leading to the quantum limit

δBF = 1p
8τ

. (8.8)

This is the first general result of this work: the minimum uncertainty, δB , for determining
a magnetic field B by using a radical-ion-pair reaction, the single nuclear spin of the radical
pair having a spheroidal hyperfine coupling, is given by Eq. 8.8.

It is worthwhile noting that the maximum Fisher information, 4t 2, is the same with the
case of two free electrons studied in Sec. 8.3.2. One would perhaps expect that having three
particles in the system (two electrons and one nucleus), the optimal sensitivity should gain
(according to the Heisenberg scaling) a factor of 3 compared to the single-electron case, or
a factor of 3/2 compared to the two-electron case. The reason behind the absence of such
enhancement is that the nuclear spin does not strongly couple to the magnetic field. Hence
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it does not provide any independent information on the magnetic field, but only serves to
drive the time evolution of the radical pair’s electronic spin state.

The lack of enhancement by the nuclear spin is not because we omitted the nuclear
Zeeman interaction in the Hamiltonian. Indeed, if we include the nuclear Zeeman term in
HB , we find that F max

B = (2+γn)2t 2, where γn is the nuclear gyromagnetic ratio (scaled to
γ). Thus the correction to F max

B is on the order of 10−3 and hence negligible. However, if it
were γn = 1, then we would get the expected factor of 3 in sensitivity gain compared to the
single-electron case of Sec. 8.3.1. In other words, the information about the magnetic field
essentially stems from the strength of the field’s coupling to the spins.

8.4.2. ELLIPSOIDAL HYPERFINE COUPLING (Ax 6= Ay )

We will now consider the general hyperfine coupling, where Ax 6= Ay ,

HB =−B(sDz + sAz)+ Ax sDx Ix + Ay sD y Iy +asDz Iz . (8.9)

Again, we can find analytic expressions for the eigenvalues of hB , which are given in Ap-
pendix B. There it is shown that λmax ≤ t and λmin ≥ −t , hence the resulting maximum
quantum Fisher information is bound by 4t 2, which we found previously for the spheroidal
hyperfine coupling. We thus arrive at our second general result: for a radical pair with a
single nuclear spin-1/2, the spheroidal hyperfine coupling (the isotropic being a special
case) leads to the smallest uncertainty, δB , for determining a magnetic field B along the
spheroid’s symmetry axis. This uncertainty depends only on the radical pair’s lifetime τ,
and is given by δBF . As a numerical estimate, for τ = 1 µs and ν = 1012 radical pairs we
obtain δB ≈ 2 pT.

8.4.3. RADICAL PAIR WITH MANY NUCLEAR SPINS

Realistic radical pairs contain many (sometimes tens) of nuclear spins. Based on the
above, we can readily generalize and state the third general result of this work: For any
radical pair with a spin-independent lifetime (i.e. kS = kT = k = 1/τ), the maximum mag-
netic sensitivity (minimum δB) that can be obtained with any measurement method and
any initial state is δBF = 1/

p
8τ. This follows from the same physical argument used in

Sec. 8.4.1, namely that the uncertainty δB is determined just by the two electron spins. The
nuclear spins do not couple to the external magnetic field; i.e., they are spectators just driv-
ing the spin-state evolution. A formal proof of this general result follows. For any operator
P (B) depending parametrically on B , it is [129] d

dB eP (B) = ∫ 1
0 du euP dP

dB e(1−u)P . We take

P = −iHB t , calculate the above derivative with B and multiply with U †
B = e iHB t in order

to find hB = i (∂BUB )U †
B = −t

∫ 1
0 du e−i utHB (sDz + sAz)e i utHB . Taking the operator norm

we get ||hB || ≤ t
∫ 1

0 ||e−i utHB || ∗ ||sDz + sAz || ∗ ||e i utHB ||du = t , hence indeed the maximum
(minimum) eigenvalue of hB is smaller (larger) than or equal to t (−t ).
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8.5. REACTION YIELD AS A MAGNETOMETRIC OBSERVABLE

Typically, when studying the magnetic sensitivity of radical-pair reactions, one con-
siders the singlet reaction yield, which quantifies the percentage of the reactants (num-
ber of radical pairs starting out in the electronic singlet state at t = 0) ending up in the
singlet neutral product state. To define the singlet reaction yield, YS, we first need to in-
troduce two basic operators, the singlet and triplet projectors, QS and QT , respectively.
For a radical pair with a single nuclear spin they are written as QS = |S〉〈S| ⊗ 1 and QT =(|T+〉〈T+|+|T0〉〈T0|+|T−〉〈T−|

)⊗1. They leave the nuclear spin state untouched and project
out of a general state |ψ〉 the electronic singlet or triplet component. The expectation
value of QS in the state |ψ〉 is thus 〈ψ|QS |ψ〉; hence the singlet reaction yield is written
as YS =

∫ ∞
0 〈ψt |QS |ψt 〉ke−kt d t , where |ψt 〉 = e−iHB t |ψ0〉. It is obviously irrelevant whether

one chooses to measure the singlet or the triplet reaction yield, since it is always YS+YT = 1,
where YT = ∫ ∞

0 〈ψt |QT |ψt 〉ke−kt d t .

8.5.1. INSTANTANEOUS VERSUS INTEGRATED YIELD

Now, since the magnetic field enters |ψt 〉 through the Hamiltonian, the reaction yield
is a function of B . In particular, in order to find the magnetic sensitivity δB , we first need
to distinguish two cases. (A) If one can measure the instantaneous singlet yield given by
〈QS〉t ke−kt d t = 〈ψt |QS |ψt 〉ke−kt d t , one can estimate B just from those radical pairs that
recombined into the singlet channel during d t through the relation (error propagation)
1/(δB)t = |∂B 〈QS〉t |/(∆QS)t , where (∆QS)2

t = 〈Q2
S〉t−〈QS〉2

t is the variance of QS at time t , and
∂B 〈QS〉t is the magnetic sensitivity of the instantaneous singlet fidelity. All such estimates
can then be statistically combined (inverse uncertainties add in quadrature) to yield the
total uncertainty

δB =
[ ∞∫

0

(
∂B 〈QS〉t

)2

〈QS〉t
(
1−〈QS〉t

)ke−kt d t
]−1/2

, (8.10)

where in the expression for the variance of QS appearing in the denominator of the in-
tegrand in Eq. 8.10, we took into account that Q2

S = QS , since QS is a projector. For this
measurement scheme to be realistic, the time resolution of the measurement of the instan-
taneous yield must be much better than 1/k.

If this is not the case, we are led to case (B), integration over the whole reaction, i.e.
measurement of the total yield YS. Then the magnetic sensitivity δB is given by δB =
δYS/|dYS/dB |, where δYS is the precision with which YS is measured. This is calculated
as follows. In each time step d t , the instantaneous yield, proportional to 〈QS〉t , is a ran-
dom variable following a binomial distribution with probability 〈QS〉t . Thus, the total yield
follows the sum of binomials having different probabilities, which is the Poisson binomial
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distribution. Its variance is
∞∫
0
〈QS〉t

(
1−〈QS〉t

)
ke−kt d t ; hence

δB =

[ ∞∫
0
〈QS〉t

(
1−〈QS〉t

)
ke−kt d t

]1/2

∣∣∣ ∂
∂B

∫ ∞
0 〈QS〉t ke−kt d t

∣∣∣ . (8.11)

It is expected that the magnetic sensitivity of case (B) is smaller than case (A), or equiv-
alently δBEq.8.11 > δBEq.8.10, since in case (A) we have access to much more information
along the reaction than the integrated yield relevant to case (B). Nevertheless, we here opt
to provide exact expressions for δB in the integrated case, as we think that this is most rel-
evant for physiological conditions. For completeness, we then report the corresponding
sensitivities for case (A).

8.5.2. ISOTROPIC HYPERFINE COUPLING

We first consider an isotropic hyperfine Hamiltonian, HB =−B(sDz + sAz)+ AsD · I. We
calculate δB for initial state (i) |S〉⊗| ⇑〉, (ii) |S〉⊗| ⇓〉, and (iii) an equal mixture of (i) and (ii),
which is usually taken to describe the initial state of radical-pair reactions, as it accounts for
thermal equilibrium (practically zero) nuclear spin polarization. We denote the respective
uncertainties by δB iso

S⇑ , δB iso
S⇓ and δB iso

S . The analytic expressions for these uncertainties fol-

low from the analytic expressions for the reaction yields Y iso
S⇑ , Y iso

S⇓ and Y iso
S = (Y iso

S⇑ +Y iso
S⇓ )/2

and their derivatives with respect to B entering the denominator of Eq.8.11, as well as from
the analytic expressions for the respective nominators. The resulting formulas are too cum-
bersome to list here. In Appendix C we provide for reference the exact expressions for the
reaction yields.

We here use the obtained analytic expressions for the uncertainties δB to display their
inverses as a function of the Hamiltonian parameters B and A in the contour plots of Fig.8.2
(a)-(c) for the cases (i)-(iii), respectively. We first note that the minimum of δB iso

S⇓ (see

Fig.8.2b) is smaller by about 30% than the minimum of δB iso
S⇑ (see Fig.8.2a), and both min-

ima appear at a finite (and different in each case) value of the hyperfine coupling A and at
a different field B . This is due to the different singlet-triplet mixing frequencies caused by
the nuclear spin in the | ⇑〉 or in the | ⇓〉 state. In the | ⇓〉 state the nuclear magnetic field
opposes B and hence reduces the mixing frequency; thus its B-dependence becomes rela-
tively more significant.

In case (iii), shown in Fig.8.2(c), the minimum of δB iso
S is achieved for A À B . Although

the sensitivity ∂B 〈QS〉 is linear in the density matrix, the magnetic sensitivity δB depends
on the absolute value of ∂B 〈QS〉; hence δB iso

S is not trivially related to δB iso
S⇑ and δB iso

S⇓ . For

example, at low B and A where δB iso
S⇑ and δB iso

S⇓ are close to their minimum, the respective

derivatives ∂B 〈QS〉 are opposite in sign, and this is why δB iso
S is large in this region.
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Figure 8.2: Magnetic sensitivity (1/δB is better visualized than δB), determined from the singlet reaction
yield for a radical pair with one nuclear spin-1/2, having equal recombination rates kS = kT = k. Isotropic
hyperfine coupling (Ax = Ay = Az = A) and initial state (a) |S〉⊗ | ⇑〉, (b) |S〉⊗ | ⇓〉, (c) an equal mixture of the
previous two. (d) Maximally anisotropic hyperfine coupling (Ax = A and Ay = Az = 0, or Ay = A and Ax =
Az = 0). In this case δB is the same for all three initial states. (e,f) When a time-resolved measurement of the
reaction yield is possible, δB is calculated by Eq.8.10, resulting in (e) and (f) for the isotropic and maximally
anisotropic case, respectively, where the mixed singlet initial state (as in (c)) was used for both.

In any case, taking the limit of large A we find the exact expression

δB iso
S (B) → (B 2 +4k2)3/2

16Bk2

[3

2

(7B 4 +39B 2k2 +28k4

B 2 +k2

)]1/2
.

The minimum occurs at B/k = 1.15 and takes the value

δB iso
S = 5.14

τ
. (8.12)

This is the fourth main result of this work: For a radical pair with one isotropically coupled
nuclear spin-1/2, the maximum possible magnetic sensitivity obtained by measuring the
time-integrated reaction yield is almost 15 times lower, δB iso

S = 14.5 δBF , than the high-
est possible sensitivity allowed by quantum physics and given by Eq. 8.8. This means that
there is ample room for improvement.

8.5.3. ANISOTROPIC HYPERFINE COUPLING

By changing to an anisotropic hyperfine interaction we can already get about a factor
of 2 improvement in δB . That is, we repeat the calculation for δB taking HB = −B(sDz +
sAz)+Ax sDx Ix+Ay sD y Iy+Az sDz Iz . We find that δB is minimized either for Ax = A À B and
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Ay = Az = 0 or for Ay = A À B and Ax = Az = 0. For both cases the minimum is the same
for both initial states (i) |S〉⊗ | ⇑〉 and (ii) |S〉⊗ | ⇓〉, and hence the same for (iii) the mixed
singlet initial state. This is expected, since both pure initial states are symmetric with re-
spect to the Hamiltonian anisotropy. We thus denote the uncertainty common to all three
initial states (i)-(iii) by δB aniso

S . As in the isotropic case, the resulting expressions are long.
In Appendix C we provide for reference the reaction yield.

As shown in Fig. 8.2(d), 1/δB aniso
S increases with increasing A. Like before, we take the

limit A À B and find

δB aniso
S (B) → (B 2 +k2)3/2

2Bk2

[7B 4 +12B 2k2 +2k4

4B 2 +k2

]1/2
.

The minimum occurs at B/k = 0.58, and takes the value

δB aniso
S = 2.27

τ
, (8.13)

which is still a factor of 6.4 away from δBF . To summarize our fifth main result: The mea-
surement of the integrated reaction yield can at best provide 6.4 times worse magnetic sen-
sitivity than the absolute quantum limit, and this is achieved for the maximally anisotropic
hyperfine interaction. The reason the anisotropic coupling outperforms the isotropic in
the reaction-yield magnetic sensitivity will be given in Sec. 8.6.1 after we introduce the op-
timal measurement strategy. Furthermore, we stress that for a given magnetic field B to be
estimated, the optimum reaction-yield sensitivity δB is obtained for a particular lifetime of
the radical pair on the order of 1/B . The reason will be given in Sec. 8.7.4.

For completeness, we produce in Figs. 8.2(e),(f) the results of Eq. 8.10, i.e. the case when
our measurement time resolution is enough to monitor the instantaneous yield along the
reaction. In both cases studied, isotropic and anisotropic, this kind of measurement yields
about a factor of 2 improvement in magnetic sensitivity. Specifically, we find δB iso

S ≈ 2.5/τ
and δB aniso

S ≈ 1/τ, obtained for A À B at B/k ≈ 1. Moreover, both minimums become
broader; i.e., there is a larger range of B values close to the optimal δB .

8.6. OPTIMUM INITIAL STATE AND MEASUREMENT OPERATOR FOR

RADICAL-PAIR MAGNETOMETERS

The usual measurement scheme of radical-pair reactions, namely the singlet initial state
and the measurement of the singlet reaction yield, is enforced by the very nature of these
reactions. As shown in the previous section, this measurement is sub-optimal. Towards
a possible improvement in magnetic sensitivity, we first need to point to the optimal ini-
tial state and the optimal measurement operator. According to the general result of Eq.
8.4, the optimal initial state for a single-nuclear-spin radical pair is the Greenberger-Horne-
Zeilinger (GHZ) state |ψ0〉 = 1p

2

(| ↑↑⇑〉+e iφ| ↓↓⇓〉).

Clearly, |ψ0〉 belongs to the triplet manifold, and exhibits maximum tripartite (three-
particle) entanglement. It is expected that by measuring the electronic spin precession of
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this state in the magnetic field one would obtain the optimum sensitivity. Indeed, for the
isotropic hyperfine Hamiltonian, which we know already is optimal (see Sec. 8.4.1), the
time-evolved state (taking φ= 0) is |ψt 〉 = 1p

2

(| ↑↑⇑〉+e−i 2B t | ↓↓⇓〉). We choose [92] as mea-

surement operator X = | ↑↑⇑〉〈↓↓⇓ |+ | ↓↓⇓〉〈↑↑⇑ |.

We will now analyze the two scenarios mentioned in Sec. 8.5, that of a time-resolved
measurement and that of an integrated measurement. In the former case we get 〈X 〉t =
〈ψt |X |ψt 〉 = cos(2B t ); hence ∂B 〈X 〉t =−2t sin(2B t ). Now during d t there will be kd te−kt

molecules contributing to this measurement of X . The resulting inverse variance in B is
1/(δB)2

t = |∂B 〈X 〉t |2/(∆X )2
t , where (∆X )2

t = 〈X 2〉t −〈X 〉2
t = sin2(2B t ) is the variance of X .

Thus we find 1/(δB)2
t = 4t 2, which is exactly equal to the maximum quantum Fisher infor-

mation, leading to 1/(δB)2 =
∞∫
0

kd te−kt /(δB)2
t = 8/k2 = 1/(δBF )2. It thus follows that with

this measurement strategy one achieves the limit δBF at any B .

In contrast, an integrated measurement is not as capable. Now the integrated X -"yield"

is YX =
∞∫
0
〈X 〉t ke−kt d t = k2/(4B 2+k2), and its magnetic sensitivity is ∂B YX =−8Bk2/(4B 2+

k2)2. The square error in YX will be the integrated variance of X , weighted by the exponen-

tial population decay, i.e. δYX =
[ ∞∫

0
(∆X )2

t ke−kt d t
]1/2 = [

8B 2/(16B 2 +k2)
]1/2. Finally, the

magnetic sensitivity will be δB = δYX /|∂B YX | = 1p
8k2

[
(4B 2+k2)4

16B 2+k2

]1/2
. It is seen that δB ≥ δBF ,

with the equality sign valid only for B = 0. That is, in the integrated measurement with the
optimal initial state and optimal measurement operator we achieve the optimal sensitivity
only at B = 0.

The optimum magnetic sensitivity follows from the optimal measurement strategy out-
lined before, choosing as initial state a maximally entangled state of the triplet electronic
manifold, and measuring its spin coherence while it is evolving, always within the triplet
manifold. Clearly, this is far from how radical pairs evolve in reality. This leads to a natu-
ral question that we will affirmatively address in the following section; i.e., can we control
the reaction in a chemically and physically realistic way in order to approach the optimum
magnetic sensitivity?

8.6.1. ANISOTROPIC VERSUS ISOTROPIC HAMILTONIAN

Before addressing the previous question, we will explain the fact that the maximally
anisotropic hyperfine interaction gives a factor of 2 improvement in δB , as was demon-
strated in Sec. 8.5.3. This can be seen to result from the overlap of the state evolved
by the magnetic Hamiltonian HB , which is ρt = e−iHB tρ0e iHB t , with the optimal state
ρopt = |ψt 〉〈ψt | previously defined. For the isotropic Hamiltonian the overlap is zero, while

for the anisotropic Hamiltonian it is Tr{ρtρopt} =
[

A2/(4A2 +16B 2)
]

sin2
(p

A2 +4B 2t/4
)
.

Finally, it might sound contradictory that on the one hand we obtain the maximum
quantum Fisher information for the isotropic case, while the maximum reaction-yield sin-
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glet magnetic sensitivity for the anisotropic case. The latter finding does not contradict the
former, as the reaction-yield sensitivity limit is well below the quantum limit defined by the
Fisher information.

8.7. QUANTUM REACTION CONTROL

In Sec. 8.5 we have rigorously proved that the singlet reaction yield with a maximally
anisotropic hyperfine interaction can at most provide a magnetic sensitivity 6.4 times worse
than the absolute quantum limit. A natural question is, how can one do better? In partic-
ular, given the discussion of the previous section, how can one do better in a chemically
realistic way? Towards addressing this question we will (i) take advantage of a very promis-
ing approach of optically switching the conformation of the radical pair, recently proposed
in [123], and (ii) include a realistic exchange interaction in the Hamiltonian, which changes
(a) the initial spin state before the radical pair commences its magnetometric state evolu-
tion, and (b) the effective measurement basis before it recombines.

In summary, given the maximally anisotropic coupling that resulted from the optimiza-
tion of Sec. 8.5.3, the reaction control proposed in [123], and the modified initial state and
measurement basis we introduce in the following, we will show that the obtained sensitiv-
ity δB is just a factor 2 away from the quantum limit δBF of Eq. 8.8. Moreover, compared to
the approach of [123], we reduce δB by a factor of 3.

8.7.1. THE MAGNETIC SENSITIVITY GAIN RESULTING FROM PULSING THE CON-
FORMATION OF THE RADICAL PAIR

We briefly reiterate the method of [123], since the added advantage we introduce by
the exchange Hamiltonian is based on the same method of optically pulsing the conforma-
tion of the radical pair. In particular, the authors in [123] suggest binding the donor and
acceptor parts of the radical pair to the two ends of a molecular switch, the conformation
of which can be laser-controlled. Schematically, this is shown in Fig. 8.3. The rationale
behind this idea is the following. As shown previously, the magnetic sensitivity depends
on g t (A,B) = ∂B 〈QS〉t , where 〈QS〉t = Tr{ρtQS} is the so-called singlet fidelity of the radical-
pair state at time t , and A, B the hyperfine coupling and the magnetic field, respectively.
For reference, the functions g t are given in Appendix D for the Hamiltonians considered
in this work. In Fig. 8.4(a) we plot an example of g t (A,B), which is seen to be symmetric
about zero. Thus, when integrated with the exponential population decay, ke−kt , and the
lifetime 1/k is long enough to contain many positive and negative swings of g t (A,B), mag-
netic sensitivity is suppressed.

The idea of [123] is to pulse the conformation of the molecular switch by an external
laser. When the switch is open, the radical pair evolves unitarily by the magnetic Hamil-
tonian, which for later use we call Htrans. For example, this would be either Htrans =
−B(sDz+sAz)+AsD ·I for the isotropic or Htrans =−B(sDz+sAz)+AsDx Ix for the anisotropic
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D
+

A D
+

A

cis trans

Hcis Htrans

reaction control 

laser pulses

Figure 8.3: According to the proposal of [123], radical-pair reactions can be controlled by binding the two
radicals to the two ends of a molecular switch, the conformation of which can be laser-controlled. We here
consider that apart from the Zeeman and hyperfine coupling term in the magnetic Hamiltonian, in the cis-
conformation there is also a finite exchange coupling, which the authors in [123] take to be infinite.

case. When the switch is closed, the authors in [123] argue, the short distance between D
and A will turn on the exchange interaction [57], JsD · sA. For large exchange coupling J ,
pertinent to the small D-A separation at the closed switch position, the singlet and triplet
energy levels separate by J and singlet-triplet mixing is suppressed, so only recombination
can take place. If the reaction control laser is turned on at those instances (Fig. 8.4b) where
g t (A,B) is positive (and does not have fast oscillations, as in the middle part of Fig. 8.4a),
then the reaction-yield magnetic sensitivity will be enhanced, as demonstrated in [123].

8.7.2. MEASUREMENT SCHEME INVOLVING OPTIMAL STATE PREPARATION AND

READ OUT

Taking advantage of the cis� trans modulation that can be externally controlled by the
reaction control laser pulses, we now analyze our measurement scheme approaching the
absolute quantum limit δBF . As shown in Fig. 8.5, we first prepare the radical-pair state
in the electron singlet state. The nuclear spin is usually in an equal mixture of the states
| ⇑〉 and | ⇓〉. Towards better exhibiting the connection of this biochemical reaction with
quantum metrology, we take the quantum circuit perspective and depict the electron sin-
glet state as produced from | ↓↓〉 by a Hadamard gate followed by a controlled-NOT gate. In
radical pairs, this state preparation is naturally realized by the electron transfer producing
the charge-separated state, since the precursor neutral molecule is already in the singlet
state.

Step 1 At t = 0 all molecular switches are in the "closed" conformation and the radical pairs
in the state ρ0 =QS/Tr{QS} = |S〉〈S|⊗ 1

21, which describes a singlet state for the electrons and
a maximally mixed state for the nuclear spin-1/2. Now, while the authors in [123] open the
switch at this time, using a laser pulse strong enough to open all molecular switches, we
wait for a time τ1 and act on the initial state with the Hamiltonian Hcis. While the authors
in [123] consider an exchange coupling J too large to allow any S-T mixing, we take J to be
a finite optimization parameter. We thus take Hcis =−B(sDz + sAz)+ AsDx Ix + JsA ·sD . The
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Figure 8.4: Time-dependence of g t (A,B) = ∂B Tr{ρt QS }, where ρt = e−iHtranstρ0e iHtranst , for a mixed singlet
initial state ρ0 =QS /Tr{QS }, and (a) an isotropic and (c) a maximally anisotropic hyperfine interaction. In (b)
and (d) we depict the corresponding probability per unit time, d pr /d t = ke−kt , for the molecular switches
to close by the reaction control laser pulses, which are tuned to coincide with the positive swings of g t . In
the middle of trace (b) there are a number of pulses missing, since there the corresponding g t is on average
zero and hence will not contribute to the singlet-yield magnetic sensitivity. For all plots it was A = 352k and
B = 17.6k = A/20.
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duration τ1 of the action of Hcis is a free parameter, however constrained by τ1 ¿ 1/k, so
that the radical pairs do not have enough time to recombine through the singlet channel.
Essentially, the action of Hcis for a time τ1 prepares the initial state of the radical pair in a
state other than ρ0.

Step 2 At time t = τ1 a strong reaction control laser pulse opens all molecular switches,
and the two radicals are now far apart, so that J → 0 is a good approximation, given the
exponential dependence of J on inter-radical distance [57]. From t = τ1 until t = τ1+τ2 the
Hamiltonian Htrans effects the singlet-triplet conversion forming the main magnetometric
state evolution.

Step 3 At time t = τ1 +τ2 a weak reaction control laser pulse closes some of the switches.
The pulse energy is chosen so that the rate of closing is equal to the radical-recombination
rate k. This pulse is the first pulse shown in the pulse sequence of Fig. 8.4(d). Now in our
model, the Hamiltonian Hcis will act again until the radical pairs of those switches that
closed recombine. In the model of [123], the radical pairs just recombine at some time af-
ter the switches close without any state evolution taking place before recombination.

Step 4 The radical pairs of those switches that did not close in step 3 continue to evolve
under Htrans. Step 3 is then repeated with the next weak reaction control pulse, and so
on. Thus, the pulse repetition period is 2π/B , which is the envelope period of the function
g t (A,B) shown in Fig. 8.4(c), while the pulse width is π/B , so that only the positive swings
of g t (A,B) contribute to the yield’s magnetic sensitivity. Hence for any given radical pair,
the time τ2 during which Htrans is acting is some odd multiple of π/B , plus the time within
the pulse, at which this radical pair recombines.

8.7.3. RESULTS AND INTERPRETATION

The magnetic sensitivity resulting from the quantum circuit of Fig. 8.5 is shown in Fig.
8.6 in two equivalent ways. In Fig. 8.6(a) we plot the yield sensitivity ΛB = |dYS/dB |, in
order to directly compare with the result of [123]. In Fig. 8.6(b) we plot the absolute value
of δB , normalized to the optimum quantum limit δBF . It is evident that (a) the choice of
the maximally anisotropic Hamiltonian and (b) the inclusion of the action of the exchange
interaction in Hcis lead to an enhancement by a factor of 3 compared to [123], and put the
scheme of Fig. 8.5 a factor of 2 away from the absolute quantum limit. The factor of 3 is
equally attributed to (a) and (b).

The physical interpretation of the enhancement of the magnetic sensitivity by the ex-
change interaction is the initial phase difference between the singlet and triplet states re-
sulting from the initial action of Hcis. Due to this phase difference, the action of Htrans

fully transforms the |S〉 into a |T0〉 state, thus sensitively affecting the results of the recom-
bination measurement. Without this phase, i.e. setting J = 0, the singlet and triplet states
both have significant populations at the end of the circuit and dilute the magnetic sensitiv-
ity of the recombination products. Our quantum circuit scheme of Fig. 8.5 reminds one of
Ramsey spectroscopy, where an initial π/2 pulse produces an atomic hyperfine coherence,
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which evolves under the clock transition hyperfine Hamiltonian, and is refocused by the
final π/2 pulse. To further clarify the workings of this quantum reaction control the follow-
ing remarks are in order.

(1) The pulse sequence of the reaction control laser shown in Fig. 8.4(d) is synchronized
with the positive swings of g t shown in Fig. 8.4(c). This necessitates some prior (and ap-
proximate) knowledge of the magnetic field, a feature common with the reaction control
scheme of [123].

(2) The time interval τ1 during which Hcis acts before the molecular switch opens is taken
1/10k, so that radical-pair recombination is negligible (it actually increases the obtained
δB by 5%) . After the switch closes, Hcis acts for time τ3 before the radical pairs recombine.
This time is taken to follow the exponential distribution with parameter k, i.e. Hcis acts for
a time as long as the radical pair takes to recombine on average, i.e. τ3 ≈ 1/k.

(3) The inclusion of Hcis, which includes the exchange interaction, was motivated by (i)
other works [130], where a controlled-NOT gate is shown to be a crucial element in metrol-
ogy, and (ii) the fact that the controlled-NOT gate is naturally realized by the exchange in-
teraction, as analyzed in [131].

H

QS

S

e

e

n

HcisHtransHcis

t =                         0         τ1                     τ1+τ2          τ1+τ2+τ3                   

D
+

A AD
+

AD
+

1/2

Figure 8.5: Quantum circuit for a quantum-limited biochemical magnetometer, approaching the absolute
quantum limit on δB by a factor of 2. The two unpaired electron spins of the radical pair start out in the
singlet state. Circuit-wise, this follows from | ↓↓〉 by application of a Hadamard and a controlled-NOT gate.
The nuclear spin is unpolarized, compactly denoted by the 2×2 unit matrix divided by 2, 1/2 (equivalently,
there are two such circuits for each of the two nuclear spin states). The Hamiltonian Hcis, including a finite
exchange interaction, acts upon the initial radical-pair state for a time τ1. A reaction control laser pulse
opens all molecular switches, and the magnetometric Hamiltonian Htrans acts for a time τ2. Another reaction
control pulse closes some switches, and upon closure the radical-pair spin state evolves again by Hcis until
it recombines. The singlet recombination yield, i.e. the measurement of the singlet projector QS , carries the
magnetic field information.
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We let the exchange coupling J be a free optimization parameter. The minimum δB was
found for J = 0.65A. For a typical hyperfine coupling A of several Gauss, the resulting value
of J is also on the order of several Gauss. Now, J = J0e−βr , where r is the donor-acceptor
distance, and typical values [57] of J0 and β are 8×1013 µT and 14 nm−1, respectively. For
J to be on the order of several Gauss, the distance r in the closed position of the switch
must be around 1.8 nm. This is quite larger than the D-A distance of 0.5 nm in the closed
position of azobenzene [132], proposed in [123] as a molecular switch. So for the reaction
control studied here azobenzene is not an ideal candidate, and other candidates [133–136]
should be investigated for D-A separation and chemical affinity with the radical pair.

Furthermore, in Fig. 8.6(c) we plot the minimum value of the obtained sensitivity, δBmin

(i.e. the minimum of the red solid trace of Fig. 8.6b) as a function of the exchange coupling
J . However, as the exchange coupling depends on inter-radical separation, which is modu-
lated by molecular vibrations, in reality we have to average the trace of Fig. 8.6(c). Indeed,
evaluating J = J0e−βr around r = 1.8 nm, and taking a variation of r by 0.05 nm, which
is typical for studies on the relaxation effect of J-modulation due to molecular vibrations
[137], leads to a factor of 2 change in J , similar to the J-range of Fig. 8.6(c). We thus obtain
a final δB = 2.2 δBF , i.e. 10% higher than the value for a constant (and optimum) J .

(4) Further, there are two points that might cause a misunderstanding. We first note that
although the reaction control pulse sequence introduces a timing in the measurement of
reaction yields, the measurement is not of the instantaneous type described in Sec. 8.5.1,
since we still measure an integrated yield, as does the scheme in [123]. Second, the reader
might argue that we use an exchange interaction, which was absent in the optimization
presented in Secs. 8.4 and 8.5. However, the exchange interaction is used in Hcis, which
is just a state-preparation process, changing the initial singlet state and the final measure-
ment basis. We thus engineer an initial state which is more optimal than ρ0, and the actual
magnetometry takes place during the action of Htrans, which does not include any spin ex-
change.

8.7.4. WHEN IS REACTION CONTROL NECESSARY?

Finally, we elaborate on a subtle point regarding practical implementation. In Sec.
8.5, evaluating the optimum sensitivity of the reaction yield in the case of the maximally
anisotropic coupling, we found δB aniso

S to be 6.4 times away from the absolute quantum
limit δBF . This optimum, however, is realized for a specific value of B , e.g. B = 0.58k for
the anisotropic case, and a hyperfine coupling A À B . In other words, if one wants to re-
alize the limit δB aniso

S at e.g. earth’s field, one needs to find a radical pair having a lifetime
τ = 0.58/Bearth. We can now explain this earlier finding: because at that lifetime the reac-
tion is almost complete during one (positive or negative) swing of the sensitivity function
g t , and further swings do not suppress sensitivity.

Now, it is evident by looking at Fig. 8.6(b) that the optimum sensitivity δB aniso
S we obtain

just by using the optimal RP lifetime (i.e. without any reaction control) is the same as the
one achieved by the authors of [123] using the reaction control, but taking B = 17.6k, which
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is far from the magnetic field value at which δB aniso
S is optimized. This leads to the following

statement summarizing our findings: One can realize the optimum uncertainty δB at a de-
sired magnetic field B if it is possible to engineer a radical pair with the specified lifetime
and an anisotropic hyperfine coupling approaching the maximal anisotropy. For example,
the lifetime engineering could result from molecular bridges [82] interleaving the donor
and acceptor. On the other hand, if such experimental control of the radical pair’s lifetime
is not possible, then the reaction control scheme of [123] and its modification presented
here offer a generally useful alternative.

8.8. DISCUSSION

In this work we introduced the tools of quantum metrology to put formal and funda-
mental limits to the magnetic sensitivity of radical-pair reactions, a class of spin-dependent
biochemical reactions central in the field of spin chemistry and relevant to the avian com-
pass mechanism. Knowing what is the fundamental limit is crucial for understanding how
successful a particular measurement scheme is, and for motivating the search for new mea-
surement schemes if there is room for improvement. This has been shown to be the case
with the reaction-yield measurement, which we have shown to be sub-optimal by almost
an order of magnitude. We then took advantage of a recently proposed reaction control
scheme, modified the scheme by inclusion of the exchange interaction along the lines of
a quantum circuit and Ramsey interferometry, and demonstrated a close approach to the
absolute quantum limit. Regarding future work, we point to two venues of research natu-
rally following from here.

8.8.1. IS ENTANGLEMENT A RESOURCE?

A recurring discussion [29, 34] in the quantum dynamics of radical-pair reactions, in
particular in relevance to the avian compass, is whether electron spin entanglement is a
resource. In other words, whether the initial singlet electron state, which is maximally
entangled, and its subsequent evolution, more or less maintaining the initial entangle-
ment, enhances whatever biological performance radical-pair reactions have. Regarding
the radical-pair magnetometer we have considered in this work, the answer is clear: Con-
sidering a radical pair with a spin-independent lifetime (kS = kT = k = 1/τ), and neglecting
the intrinsic singlet-triplet decoherence mechanism we introduced [26, 55], electron spin
entanglement obviously helps in principle. Indeed, based on the discussion of Sec. 8.3.1
and Sec. 8.3.2, for a system consisting of just two uncorrelated electron spins the optimum
magnetic sensitivity is τδB = 1/2. Allowing quantum correlations one can in principle ob-
tain a

p
2 improvement, i.e. τδB = 1/2

p
2 = 0.35. Our reaction control scheme of Fig. 8.5

leads to τδB = 0.78, but this does not imply that entanglement "does not help". In other
words, it is not straightforward to arrive at a definitive statement with such comparisons.
On the one hand it is inconceivable how to experiment with two free electron spins in a
chemical environment. Radical pairs offer such a possibility. Similarly, there is no imme-
diate way to controllably "switch-off" entanglement within the radical-pair reactions. Put
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Figure 8.6: (a) Magnetic sensitivity of the singlet reaction yield,ΛB = |dYS/dB |, and (b) error δB in the estima-
tion of the magnetic field, normalized by the absolute quantum limit δBF . The blue dashed line reproduces
the result of the reaction control scheme of [123], while the red solid line is the result of this work. Our re-
action control scheme approaches δBF within a factor of 2. (c) The minimum of the red solid line in (b) is
plotted as a function of the exchange coupling J . For J = 0.65A = 229k, we obtain δB = 2δBF . But nearby
values of J are induced by molecular vibrations; hence averaging trace (c) leads to the realistic uncertainty
2.2 times away from δBF .
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differently, even though the achieved sensitivity τδB = 0.78 happens to be worse than the
two-uncorrelated-spins case, further analysis is required to demonstrate whether or not (or
what part of) τδB = 0.78 is attributed to entanglement.

Moreover, according to our understanding [55], singlet-triplet decoherence is an un-
avoidable feature of the radical-pair mechanism itself, and in the case of equal recombi-
nation rates (kS = kT = k) leads to a master equation for ρ that reads dρ/d t = −i [H ,ρ]−
k(QSρ+ρQS−2QSρQS)−kρ. In other words, in this work we omitted the second term of the
previous equation, first because its validity is not generally accepted and we wish to decou-
ple this work from the relevant debate, second because omitting it considerably simplifies
the calculations, and third we obtain the sought after fundamental limits in the idealized
and intuitive physical context of unitary evolution.

Nevertheless, the role of decoherence in the magnetic sensitivity δB ought to be ad-
dressed in detail, as it is known that the advantage due to entangled states might deterio-
rate [138]. Hence it remains an unsettled issue whether entanglement is a resource for this
kind of biochemical magnetometer.

8.8.2. CHEMICAL COMPASS

A natural extension of this work is to study the fundamental limit δφ in estimating the
angle of the magnetic field with respect to a molecular frame of reference. This is directly
relevant to the avian compass function of radical-pair reactions, and the relevant study will
be undertaken elsewhere.
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A
SPHEROIDAL HYPERFINE INTERACTION

For the spheroidal hyperfine interaction (8.7) considered in Sec. 8.4.1,

HB =−B(sDz + sAz)+ AsDx Ix + AsD y Iy +asDz Iz

the eigenvalues of HB are a/4 (doubly degenerate), a/4±B ,
(−a −2B ±2

p
A2 +B 2

)
/4 and(−a +2B ±2

p
A2 +B 2

)
/4.

Taking care of the degeneracy in the calculation of hB (8.3), the eigenvalues of hB are
found to be:

0 (doubly degenerate),

λ(1)
± =±t ,

λ(2)
± =±t/2±

[
(A2+B 2)B 2t 2+2A2−2A2 cos

(p
A2+B 2t

)]1/2

2(A2+B 2)
, and

λ(3)
± =±t/2∓

[
(A2+B 2)B 2t 2+2A2−2A2 cos

(p
A2+B 2t

)]1/2

2(A2+B 2)
.

By inspection it is seen that |λ(2)
± | ≥ |λ(3)

± |, but due to the cosine term it is not imme-

diately obvious how |λ(1)
± | compares to |λ(2)

± |. We can prove that for all times |λ(1)
± | ≥ |λ(2)

± |.
Indeed, take λ(1)

+ and λ(2)
+ and subtract from both the common term t/2. We need to show

that
[
(A2 +B 2)B 2t 2 +2A2 −2A2 cos

(p
A2 +B 2t

)]1/2/2(A2 +B 2) is less than t/2, or their ra-
tio smaller than 1. The maximum value of the term involving the cosine occurs at t =
(2n +1)π/

p
A2 +B 2, where n = 0,1, ... . Then the maximum value of the ratio is√

4A2 + (2n +1)2π2B 2

(2n +1)2π2 A2 + (2n +1)2π2B 2
< 1 ∀ n .

Thus the maximum and minimum eigenvalues of hB are t and −t , respectively.

100



B
ELLIPSOIDAL HYPERFINE INTERACTION

For the ellipsoidal hyperfine coupling (8.9) discussed in Sec. 8.4.2, the eigenvalues of hB

are found to be:

λ(1)
± = t/2± B tp

(Ax−Ay )2+4B 2
,

λ(2)
± = t/2±

[
B 2

(
(Ax+Ay )2+4B 2

)
t 2+4(Ax+Ay )2 sin2

(
1
4

p
(Ax+Ay )2+4B 2t

)]1/2[
(Ax+Ay )2+4B 2

] ,

λ(3)
± =−t/2±

[
B 2

(
(Ax+Ay )2+4B 2

)
t 2+4(Ax+Ay )2 sin2

(
1
4

p
(Ax+Ay )2+4B 2t

)]1/2[
(Ax+Ay )2+4B 2

] , and

λ(4)
± =−t/2±

[
B 2

(
(Ax−Ay )2+4B 2

)
t 2+4(Ax−Ay )2 sin2

(
1
4

p
(Ax−Ay )2+4B 2t

)]1/2[
(Ax−Ay )2+4B 2

] .

Now it is less straightforward to find the maximum (and similarly the minimum) eigen-
value, as for some times λ(1)

+ is the maximum, while at other times it is λ(2)
+ . However, we

can prove as in Appendix A that at any time the maximum eigenvalue is smaller than or
equal to t , and similarly the minimum eigenvalue is larger than or equal to −t . Hence the
ellipsoidal case cannot exceed the spheroidal F max

B .

C
SINGLET REACTION YIELD

For the Hamiltonian HB =−B(sDz+sAz)+AI·sD , we calculate the singlet reaction yields
Y iso

S⇑ and Y iso
S⇓ corresponding to the initial states |S〉⊗ | ⇑〉 and |S〉⊗ | ⇓〉, respectively. For the

Hamiltonian HB =−B(sDz + sAz)+AsDx Ix , and for all three initial states considered before
we find a common singlet reaction yield Y aniso

S . The results are

101



Y iso
S⇑⇓ =

1

8

[3A2 +4B 2

A2 +B 2
+ A2k2

(A2 +B 2)(A2 +B 2 +k2)
+ 8(A2 ±2AB +2B 2)k2 +16k4

A2B 2 +4(A2 ± AB +B 2)k2 +4k4

]
(C.1)

Y aniso
S = 1− A2B 2

4(A2 +4B 2)(B 2 +k2)
− A4(A2 +8B 2 +4k2)

4(A2 +4B 2)(A4 +8(A2 +8B 2)k2 +16k4)
− A2

4(A2 +4B 2 +4k2)
(C.2)

The + (−) sign in the third term of (C.1) corresponds to |S〉⊗ | ⇑〉 (|S〉⊗ | ⇓〉). Taking the
average (Y iso

S⇑ +Y iso
S⇓ )/2, we reproduce the result of [139].

D
INSTANTANEOUS MAGNETIC SENSITIVITY

The magnetic field sensitivity of the singlet fidelity g t (A,B) = ∂B Tr{ρtQS}, where ρt =
e−iHB tρ0e iHB t , is given (after setting α2 = A2 +B 2) by the expressions

g t (A,B) =− A2

4α4

[
αt cos

(αt

2

)
−2sin

(αt

2

)][
αsin

( (A+B)t

2

)
+B sin

(αt

2

)]
, (D.1)

g t (A,B) = A2

4α4

[
αt cos

(αt

2

)
−2sin

(αt

2

)][
αsin

( (A−B)t

2

)
−B sin

(αt

2

)]
, (D.2)

g t (A,B) =− A2

4α4

[
αt cos

(αt

2

)
−2sin

(αt

2

)][
αcos

( At

2

)
sin

(B t

2

)
+B sin

(αt

2

)]
, (D.3)

for the isotropic Hamiltonian HB =−B(sDz +sAz)+AsD ·I, and initial states (a) |S〉⊗| ⇑〉, (b)
|S〉⊗ | ⇓〉, and (c) an equal mixture of (a) and (b), respectively.

For the maximally anisotropic Hamiltonian HB =−B(sDz + sAz)+ AsDx Ix , all three ini-
tial states produce the same expression for g t , given (after setting β2 = A2 +4B 2) by

g t (A,B) =− A2

β4
sin

(B t

2

)[
βt cos

(βt

4

)
−4sin

(βt

4

)][
βcos

(B t

2

)
cos

(βt

4

)
+2B sin

(B t

2

)
sin

(βt

4

)]
.

(D.4)
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