
PANEPISTHMIO KRHTHS
TMHMA MAJHMATIKWN

Mèjodoi ElaqistopoÐhshc gia thn EpÐlush
Algebrik¸n Grammik¸n Susthm�twn kai

Efarmog  touc sthn p−Kuklik  PerÐptwsh

MIQAHL LAPIDAKHS

Epiblèpwn Kajhght c: APOSTOLOS QATZHDHMOS

METAPTUQIAKH ERGASIA
Hr�kleio, Okt¸brioc 2002.



Perieqìmena
1 AntÐ Prolìgou 1

2 Eisagwg  2

3 StoiqeÐa Grammik c 'Algebrac 6
3.1 BasikoÐ orismoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.2 Kanonikèc Morfèc kai Paragontopoi seic. . . . . . . . . . . . 8
3.3 Idiotimèc kai PedÐo Tim¸n. . . . . . . . . . . . . . . . . . . . . 14

4 Mèjodoi ElaqistopoÐhshc 18
4.1 Mèjodoc thc Apl c Epan�lhyhc . . . . . . . . . . . . . . . . . 18
4.2 Mèjodoi Orthomin(1) kai Apìtomhc Kajìdou Steepest Descent 19
4.3 Mèjodoi Orthomin(2) kai Suzug¸n KlÐsewn (Conjugate Gra-

dient (CG) ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.4 Mèjodoi Orthodir, Genikeumènh ElaqÐstou UpoloÐpou (Gener-

alized Minimal Residual (GMRES) ) kai ElaqÐstou UpoloÐpou
(Minimal Residual (MINRES) ) . . . . . . . . . . . . . . . . . 32

5 Mèjodoc Disuzug¸n KlÐsewn (Biconjugate Gradient (BiCG) )
kai Sqetikèc Mèjodoi 40
5.1 AmfÐpleuroc Algìrijmoc tou Lanczos . . . . . . . . . . . . . . 40
5.2 Mèjodoc Disuzug¸n KlÐsewn (Biconjugate Gradient (BiCG) ) 42
5.3 Mèjodoc HmielaqÐstou UpoloÐpou (Quasi-minimal Residual

(QMR) ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
5.4 Tetragwnik  Mèjodoc Suzug¸n KlÐsewn (Conjugate Gradient

Squared) (CGS) ) . . . . . . . . . . . . . . . . . . . . . . . . . 46
5.5 Eustajeiopoihmènh Mèjodoc Disuzug¸n KlÐsewn (Biconjugate

Gradient Stabilized (BiCGSTAB) ) . . . . . . . . . . . . . . . 49

6 p−KuklikoÐ PÐnakec 51
6.1 Eisagwg  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
6.2 Anhgmèno SÔsthma . . . . . . . . . . . . . . . . . . . . . . . . 54

7 Efarmog  twn Mejìdwn ElaqistopoÐhshc se p−KuklikoÔc
PÐnakec 58

8 EpÐlogoc 65

i



9 Par�rthma 67

ii



1 AntÐ Prolìgou
Prin apì thn parousÐash thc paroÔshc ergasÐac, ja  jela na euqarist -

sw ìsouc bo jhsan sthn ulopoÐhs  thc. OfeÐlw, prwtÐstwc, na euqarist -
sw jerm� to d�skalì mou, Kajhght  A. Qatzhd mo, me th kajod ghsh kai
tic polÔtimec sumboulèc tou opoÐou, ìqi mìno olokl rwsa th metaptuqiak 
mou ergasÐa all�, epiplèon, katanìhsa bajÔterec ènnoiec tou q¸rou thc
Arijmhtik c Grammik c 'Algebrac. Ton euqarist¸, eilikrin�, gia thn hjik 
sumpar�stash kai katanìhs  tou kaj� ìlh th di�rkeia thc sunergasÐac mac.

Ja  jela, epÐshc, na euqarist sw ta upìloipa mèlh thc trimeloÔc epitrop-
 c: Ton k. M. B�balh (Anaplhrwt  Kajhght  Majhmatik¸n tou Panepisth-
mÐou Kr thc) tou opoÐou h bo jeia  tan idiaÐtera shmantik  kai polÔpleurh.
Ton k. D. NoÔtso (Anaplhrwt  kajhght  Majhmatik¸n tou Panepisth-
mÐou IwannÐnwn) oi parathr seic tou opoÐou sunèbalan sthn diamìrfwsh tou
telikoÔ keimènou thc ergasÐac. Epiplèon, de ja mporoÔsa na xeq�sw na
euqarist sw touc kajhghtèc tou Tm matoc Majhmatik¸n tou PanepisthmÐou
Kr thc gia tic gn¸seic pou mou pareÐqan sth di�rkeia twn mèqri t¸ra spoud¸n
mou.

Tèloc, ja  jela na euqarist sw dÔo oikeÐa mou prìswpa, thn adelf  mou
Kalliìph Lapid�kh (Filìlogo) h opoÐa me upost rixe hjik� kai filologik�,
ìpwc epÐshc, th fÐlh kai sun�delfo Iak¸ba Kokkin�kh thc opoÐac h hjik 
upost rixh  tan idiaÐtera shmantik .
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2 Eisagwg 
Skopìc thc paroÔshc ergasÐac eÐnai h epÐlush tou algebrikoÔ grammikoÔ

sust matoc

Ax = b, A ∈ Cn,n, det(A) 6= 0, b ∈ Cn\{0}. (2.1)

H epÐlush enìc tètoiou sust matoc ja proèljei mèsw mÐac epanalhptik c
diadikasÐac diadoqik¸n proseggÐsewn. E�n, p.q., wc arqik  prosèggish thc
lÔshc jewrhjeÐ h x0 = 0, tìte h nèa prosèggish x1 ∈ span{b}, h epìmenh
x2 ∈ span{b, Ab} k.o.k. Me thn Ðdia diadikasÐa, lamb�noume nèec proseggÐseic
xk tètoiec, ¸ste

xk ∈ span{b, Ab, . . . , Ak−1b}, k = 1, 2, . . . .

Q¸roi thc morf c

Kk(A, b) := span{b, Ab, . . . , Ak−1b}, k = 1, 2, . . . ,

onom�zontai “q¸roi Krylov”. Sthn pr�xh, oi parap�nw proseggÐseic Ðswc na
mhn eÐnai oi kalÔterec dunatèc. Gia th beltÐws  touc, tropopoioÔme to arqikì
sÔsthma lamb�nontac to ex c isodÔnamo,

M−1Ax = M−1b.

O antistrèyimoc pÐnakac M ∈ Cn,n kaleÐtai prorrujmist c kai, e�n akolou-
jhjeÐ h prohgoÔmenh diadikasÐa, tìte h proseggistik  lÔsh

xk ∈ span{M−1b,M−1AM−1b, . . . , (M−1A)k−1M−1b}.

Ta basikìtera krit ria epilog c tou M eÐnai: H epÐlush enìc sust matoc
thc morf c My = c na eÐnai shmantik� “oikonomikìterh”, se pl joc pr�xewn,
apì aut n tou Ax = b kai h sÔgklish thc akoloujÐac twn xk, k = 0, 1, 2, . . .
na eÐnai ìso to dunatì “taqÔterh”.

Sth sunèqeia, akoloujeÐ mÐa sÔntomh perigraf  twn perieqomènwn thc
paroÔshc ergasÐac. Arqik�, sto deÔtero Kef�laio, gÐnetai mÐa sÔntomh
anaskìphsh basik¸n apotelesm�twn thc Grammik c 'Algebrac kai thc Ari-
jmhtik c Grammik c 'Algebrac. Ta apotelèsmata aut� aforoÔn stouc oris-
moÔc eswterik¸n ginomènwn, norm¸n kai sunjhk¸n sÔgklishc akoloujÐac di-
anusm�twn. EpÐshc, dÐdontai sÔntomec perigrafèc mejìdwn paragontopoÐhshc
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pin�kwn, ìpwc h “kanonik  morf  Jordan”, h “paragontopoÐhsh Schur” kai h
“QR an�lush”. Sto teleutaÐo tm ma tou kefalaÐou orÐzontai ènnoiec, ìpwc
ekeÐnh tou “pedÐou tim¸n” enìc pÐnaka A, F(A) kai thc “arijmhtik c aktÐnac”
ν(A), enìc pedÐou tim¸n. EpÐshc, parousi�zontai basikèc idiìthtec kai sqèseic
pou aforoÔn stic dÔo parap�nw ènnoiec.

Sto trÐto Kef�laio, parousi�zontai oi legìmenec “mèjodoi elaqistopoÐh-
shc” dianÔsmatoc−upoloÐpou kai dianÔsmatoc−sf�lmatoc. Arqikìc skopìc
gia thn eisagwg  aut¸n twn mejìdwn eÐnai h beltÐwsh thc “Apl c Epanalhp-
tik c Mejìdou”. Me ton ìro “Apl  Epanalhptik  Mèjodoc” prosdiorÐzetai
mÐa akoloujÐa diadoqik¸n proseggÐsewn thc lÔshc, mèsw mÐac epanalhptik c
diadikasÐac pou emplèkei ènan pÐnaka prorrÔjmishc M , h epilog  tou opoÐou
odhgeÐ stic basikèc epanalhptikèc mejìdouc Jacobi, Gauss–Seidel, SOR kai
�llec. 'Eqontac wc gn¸mona th beltÐwsh aut c thc mejìdou, parousi�zoume
ìlec ekeÐnec tic mejìdouc pou anaptÔqjhkan, kat� kairoÔc, sthn prosp�-
jeia na dojoÔn kalÔtera apotelèsmata apì aut� thc “Apl c Epanalhp-
tik c Mejìdou”. H basik  arq  ìlwn aut¸n twn mejìdwn basÐzetai, ìp-
wc anafèrjhke prohgoumènwc, sthn elaqistopoÐhsh thc “EukleÐdeiac” nìr-
mac tou dianÔsmatoc−upoloÐpou (rk = b − Axk)   thc “A−nìrmac” tou
dianÔsmatoc−sf�lmatoc (ek = A−1b− xk), se k�poion q¸ro Krylov thc mor-
f c

span{r0, Ar0, . . . , A
k−1r0}. (2.2)

Xekin¸ntac, loipìn, qronologik� apì tic mejìdouc “Apìtomhc Kajìdou” kai
“Orthomin(1)”, perigr�foume th basik  majhmatik  jewrÐa, dÐdontac, sug-
qrìnwc, tic sqèseic pou aforoÔn sta fr�gmata gia tic nìrmec sfalm�twn
kai upoloÐpwn antÐstoiqa. Sth sunèqeia, me b�sh thn exèlixh twn mejìd-
wn, parousi�zoume mejìdouc genikìterec kai “ kalÔterec” anaforik� me ton
arijmì twn pr�xewn all� kai th mn mh pou qrhsimopoieÐtai gia thn eÔresh
thc lÔshc tou sust matoc (2.1). Tètoiec mèjodoi eÐnai h Orthomin(j), Or-
thidir, MINRES, CG kai h GMRES. 'Opwc eip¸jhke prohgoumènwc, oi para-
p�nw mèjodoi basÐzontai sthn elaqistopoÐhsh thc “EukleÐdeiac” nìrmac tou
dianÔsmatoc−upoloÐpou   thc “A−nìrmac” tou dianÔsmatoc−sf�lmatoc s-
to q¸ro Krylov (2.2). H kataskeu  all� kai h kanonikopoÐhsh thc b�shc
Krylov sthrÐzetai stouc AlgorÐjmouc twn Arnoldi kai Lanczos. Efarmog 
tou deÔterou algorÐjmou gÐnetai sthn eidik  perÐptwsh ìpou o pÐnakac tou
arqikoÔ prorrujmismènou sust matoc eÐnai pragmatikìc kai summetrikìc.

Sto tètarto Kef�laio thc ergasÐac, parousi�zetai mÐa kathgorÐa mejìdwn
elaqistopoÐhshc thc nìrmac twn dianusm�twn−upoloÐpwn kai twn dianusm�-
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twn−sfalm�twn sthn perÐptwsh genikoÔ pÐnaka A. H basik  idèa aut¸n
twn mejìdwn sthrÐzetai se mÐa ubridik  morf  tou AlgorÐjmou tou Lanczos,
pou eÐnai gnwst  wc “AmfÐpleuroc Algìrijmoc tou Lanczos”. Se aut  thn
kathgorÐa an koun mèjodoi ìpwc oi BiCG, QMR, CGS kai h BiCGSTAB.

Stic dÔo prohgoÔmenec paragr�fouc kathgoriopoi same tic mejìdouc sÔm-
fwna me thn arq  kataskeu c touc. H pr¸th kathgorÐa mejìdwn sthrÐzetai
stouc AlgorÐjmouc twn Arnoldi kai Lanczos, en¸ h deÔterh ston “AmfÐpleuro
Algìrijmo tou Lanczos”. MporoÔme, ìmwc, na diakrÐnoume tic parap�nw
mejìdouc se dÔo akìma kathgorÐec, me krit rio diaqwrismoÔ th jèsh tou
dianÔsmatoc−upoloÐpou se sqèsh me to q¸ro Krylov (2.2). SÔmfwna me autì,
oi parap�nw mejìdoi diaqwrÐzontai se MR (Minimal Residual) (ElaqÐstou
UpoloÐpou) kai se OR (Orthogonal Residual) (Orjog¸niou UpoloÐpou). Sth-
n pr¸th kathgorÐa an koun mèjodoi stic opoÐec to upìloipo rk elaqistopoi-
eÐtai p�nw sto q¸ro Krylov (2.2) kai sth deÔterh kathgorÐa an koun autèc
ìpou to upìloipo eÐnai orjog¸nio ston Ðdio q¸ro Krylov. Oi mèjodoi Or-
thomin(1), Orthomin(j), Orthidir, MINRES, GMRES kai QMR an koun
sthn pr¸th kathgorÐa, en¸ oi mèjodoi “Apìtomhc Kajìdou”, CG, BiCG,
CGS kai h BiCGSTAB an koun sth deÔterh kathgorÐa.

Sta dÔo teleutaÐa kef�laia aut c thc ergasÐac efarmìzoume tic mejìdouc
elaqistopoÐhshc, eidikìtera touc pur nec aut¸n, dhlad , touc algorÐjmouc
twn Arnoldi, Lanczos kai ton “AmfÐpleuro Algìrijmo tou Lanczos”, se mÐa
kathgorÐa pin�kwn pou kaloÔntai p−kuklikoÐ. Se aut  thn ergasÐa, ja peri-
orÐsoume thn efarmog  mon�qa sthn perÐptwsh tou AlgorÐjmou tou Arnoldi,
o opoÐoc, bèbaia, eÐnai genikìteroc apì autìn tou Lanczos.

Sugkekrimèna, sto pèmpto Kef�laio, gÐnetai mÐa sÔntomh parousÐash twn
basik¸n apotelesm�twn pou aforoÔn stouc p−kuklikoÔc pÐnakec, sÔmfwna
p�nta me touc orismoÔc pou dÐdontai apì to Varga [38]. EpÐshc, sto teleutaÐo
mèroc tou kefalaÐou autoÔ parousi�zontai k�poia apotelèsmata pou aforoÔn
se isodÔnamec morfèc tou arqikoÔ sust matoc Ax = b, oi opoÐec prokÔptoun
apì thn eidik  morf  tou p−kuklikoÔ pÐnaka A.

Sto èkto Kef�laio, dÐdoume èna “metallagmèno” algìrijmo tou Arnoldi
gia thn perÐptwsh twn p−kuklik¸n pin�kwn, o opoÐoc ekmetalleÔetai pl rwc
th morf  tou pÐnaka A. Epiplèon, blèpoume ìti eÐnai skìpimo kai eÔqrhsto
na upojèsoume ìti to arqikì upìloipo r0 eÐnai qwrismèno se p blocks apì ta
opoÐa mìno to pr¸to eÐnai mh-mhdenikì. EpÐshc, paratÐjentai dÔo jewr ma-
ta pou mac epitrèpoun na mil soume gia thn isodunamÐa thc efarmog c twn
mejìdwn elaqistopoÐhshc MR kai OR sto arqikì kai to anhgmèno sÔsth-
ma. Shmei¸noume ìti “Anhgmèno” kaleÐtai to sÔsthma pou prokÔptei ekmet-
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alleuìmenoi, kat� èna sugkekrimèno trìpo, thn eidik  morf  tou pÐnaka A.
Sto èbdomo Kef�laio dÐdetai mia sÔnoyh twn perieqomènwn thc paroÔshc

ergasÐac kai upodeiknÔontai dunatèc kateujÔnseic gia ereunhtik  ekmet�lleush
twn Mejìdwn ElaqistopoÐhshc se sugkekrimènec kathgorÐec pin�kwn.

Tèloc, sto Par�rthma, parousi�zontai analutik� ìloi oi algìrijmoi twn
mejìdwn pou perigr�fthkan kai anaptÔqjhkan sthn paroÔsa ergasÐa.
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3 StoiqeÐa Grammik c 'Algebrac

3.1 BasikoÐ orismoÐ
JewroÔme gnwstoÔc touc orismoÔc tou “EukleÐdeiou eswterikoÔ ginomènou”

(x, y)2 :=
n∑

i=1

xiyi, x, y ∈ Cn,

ìpou xi o suzug c migadikìc tou xi kai thc “dianusmatik c nìrmac” ston Cn.
Oi basikèc dianusmatikèc nìrmec ston Cn, stic opoÐec kurÐwc ja anaferì-
maste, eÐnai oi ex c:

‖u‖1 =
∑n

i=1 |ui| ,
‖u‖2 =

(∑n
i=1 |ui|2

) 1
2 = (u, u)

1
2
2 ,

‖u‖∞ = maxi=1,...,n |ui| .
An G ∈ Cn,n kai GH o suzug c an�strofoc tou G, tìte an u, v ∈ Cn, o
orismìc

(u, v)GHG := (u,GHGv)2 = (Gu,Gv)2

genikeÔei, profan¸c, ton orismì tou EukleÐdeiou eswterikoÔ ginomènou kai
kaleÐtai “GHG−eswterikì ginìmeno”. O de orismìc

‖u‖GHG := (Gu,Gu)
1
2
2 = (u, u)

1
2

GHG
, (3.1)

mporeÐ na apodeiqjeÐ ìti orÐzei mia dianusmatik  nìrma. Me b�sh ton orismì
tou GHG−eswterikoÔ ginomènou, mporoÔme na orÐsoume thn GHG−probol 
tou u ∈ Cn sto v ∈ Cn,

P r
GHG(u, v) :=

(u,GHGv)2

(v, GHGv)2

v. (3.2)

ParathroÔme ìti sthn perÐptwsh ìpou GHG = I, lamb�noume th gnwst 
EukleÐdeia probol .

Orismìc 3.1. : 'Enac pÐnakac Q ∈ Rn,n kaleÐtai orjog¸nioc ann

QT Q = QQT = I.

An Q ∈ Cn,n, tìte kaleÐtai orjokanonikìc ann isqÔei

QHQ = QQH = I.
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Jewr¸ntac gnwstì ton orismì thc nìrmac pÐnaka sto Cn,n, dÐdoume ton
parak�tw merikìtero:

Orismìc 3.2. : 'Estw ìti ‖.‖ eÐnai mÐa nìrma dianÔsmatoc sto Cn. H epagìmen-
h (“fusik ”) nìrma pÐnaka A ∈ Cn,n sumbolÐzetai me ‖A‖ kai orÐzetai wc:

‖A‖ := sup
x∈Cn\{0}

‖Ax‖
‖x‖ = max

y∈Cn, ‖y‖=1
‖Ay‖ .

MporeÐ na apodeiqjeÐ ìti oi treic fusikèc nìrmec pin�kwn sto Cn,n, pou
ep�gontai apì tic dianusmatikèc nìrmec ‖.‖1 , ‖.‖2 , ‖.‖∞, sto Cn, eÐnai oi ex c:

‖A‖1 = maxj

∑n
i=1 |aij| ,

‖A‖2 = ρ
1
2 (AHA),

‖A‖∞ = maxi

∑n
j=1 |aij| ,

ìpou aij eÐnai ta stoiqeÐa tou pÐnaka A kai ρ(A) eÐnai h fasmatik  aktÐna tou.

Je¸rhma 3.1. : An ‖.‖ eÐnai h nìrma enìc pÐnaka kai an G ∈ Cn,n eÐnai
antistrèyimoc, tìte h

‖A‖GHG ≡
∥∥GAG−1

∥∥
orÐzei mÐa nìrma pÐnaka. An, epiplèon, h ‖.‖ eÐnai fusik  nìrma, tìte h ‖.‖GHG

ep�getai apì th dianusmatik  nìrma ‖.‖GHG .

Je¸rhma 3.2. : An ‖.‖ eÐnai mia fusik  nìrma pÐnaka kai A ∈ Cn,n, tìte

ρ(A) ≤ ‖A‖ .

Je¸rhma 3.3. : 'Estw A ∈ Cn,n kai ε > 0. Up�rqei fusik  nìrma t.w.

‖A‖ ≤ ρ(A) + ε.

Je¸rhma 3.4. : 'Estw A ∈ Cn,n. Tìte

lim
k−→∞

Ak = O ⇔ ρ(A) < 1.

Pìrisma 3.5. : 'Estw ‖.‖ mia fusik  nìrma. Tìte

ρ(A) = lim
k−→∞

∥∥Ak
∥∥1/k

,∀A ∈ Cn,n.
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Orismìc 3.3. : DeÐkthc kat�stashc enìc pÐnaka A ∈ Cn,n me det(A) 6= 0,
wc proc k�poia fusik  nìrma ‖.‖ , kaleÐtai o pragmatikìc arijmìc κ(A) =
‖A‖ ‖A−1‖ .

Shmei¸seic: 1) Apì ton orismì tou deÐkth kat�stashc prokÔptei ìti
κ(A) = ‖A‖ ‖A−1‖ ≥ 1. 2) Sthn eidik  perÐptwsh pou h nìrma tou pÐnaka
A eÐnai h “EukleÐdeia”, o deÐkthc kat�stashc lègetai “EukleÐdeioc deÐkthc
kat�stashc tou A”   “fasmatikìc deÐkthc kat�stashc tou A wc proc thn
antistrof  (inversion)” kai sumbolÐzetai me κ2(A). Epiplèon, ìtan A = AH ,
tìte κ2(A) = |λmax|

|λmin| , ìpou λmax, λmin antistoiqoÔn sthn apìluta mègisth kai
thn apìluta el�qisth idiotim  tou pÐnaka A1. 3) O rìloc tou deÐkth kat�s-
tashc sth sÔgklish twn mejìdwn epÐlushc grammik¸n susthm�twn (2.1) eÐnai
idiaÐtera shmantikìc gia touc ex c parak�tw lìgouc: i) 'Oso mikrìteroc eÐnai
o deÐkthc kat�stashc enìc pÐnaka, tìso taqÔterh eÐnai h sÔgklish twn mejìd-
wn pou qrhsimopoioÔme gia thn eÔresh thc lÔshc tou (2.1). ii) Stic perip-
t¸seic arijmhtik c peperasmènhc akrÐbeiac isqÔei, genik�, ìti ìso mikrìteroc
eÐnai o deÐkthc kat�stashc, tìso mikrìtero eÐnai to fr�gma gia to sqetikì
apìluto sf�lma thc lÔshc. iii) 'Ena sÔsthma jewreÐtai “kal c kat�stashc”
ìtan “mikrèc” metabolèc sta stoiqeÐa tou pÐnaka A  /kai tou dianÔsmatoc b
epifèroun “as mantec” metabolèc sth lÔsh tou sust matoc. Diaforetik�,
to sÔsthma qarakthrÐzetai wc “kak c kat�stashc”. Gia th beltÐwsh tè-
toiwn katast�sewn, qrhsimopoioÔntai algìrijmoi pou onom�zontai sun jwc
“Algìrijmoi Epanalhptik c BeltÐwshc”. Gia mÐa pl rh an�lush ìlwn aut¸n
twn apotelesm�twn, mporeÐ o anagn¸sthc na katafÔgei sto biblÐo tou Wilkin-
son [39].

3.2 Kanonikèc Morfèc kai Paragontopoi seic.
Kanonik  Morf  Jordan: 'Estw A ∈ Cn,n. Tìte up�rqei antistrèyimoc

pÐnakac S ∈ Cn,n t.w.

A = SJS−1, J = diag(Jn1(λ1), . . . , Jnm(λm)), (3.3)
1Sth genik  perÐptwsh pÐnaka o “fasmatikìc” deÐkthc kat�stashc dÐdetai apì ton tÔpo

κ2(A) = σmax
σmin

, me σmax, σmin na eÐnai h mègisth kai h el�qisth “idi�zousa tim ”, antÐstoiqa.
O orismìc thc “idi�zousac tim c” ja dojeÐ parak�tw.
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ìpou Jni
(λi) ∈ Cni,ni eÐnai �nw trigwnikìc pÐnakac thc morf c:

Jni
(λi) =




λi 1
λi 1

. . . . . .
λi 1

λi




, i = 1(1)ni, (3.4)

me
∑m

i=1 ni = n. H èkfrash tou A stic (3.3)�(3.4) kaleÐtai “kanonik  morf 
Jordan” tou pÐnaka A. O pÐnakac S èqei wc st lec ta idiodianÔsmata, kaj¸c
kai ta “genikeumèna” idiodianÔsmata tou pÐnaka A.

Orismìc 3.4. : 'Enac pÐnakac A lègetai diagwnopoi simoc ann stic (3.3)�
(3.4) m = n. Dhlad , o pÐnakac S èqei wc st lec tou mìno ta n (grammik�
anex�rthta) idiodianÔsmata tou A.

Orismìc 3.5. : 'Enac pÐnakac A eÐnai “kanonikìc” (normal,) e�n mporeÐ na
grafeÐ sth morf 

A = QΛQH ,

ìpou Λ eÐnai ènac diag¸nioc kai Q ènac orjokanonikìc pÐnakac.

Prìtash 3.6. : 'Enac pÐnakac A eÐnai kanonikìc ann antimetatÐjetai me ton
suzug  an�strofì tou. Dhlad , an

AAH = AHA.

(ShmeÐwsh: Profan¸c, k�je Ermitianìc pÐnakac (AH = A) kai k�je anti-
Ermitianìc (AH = −A) eÐnai kanonikìc.)

MporoÔme na apodeÐxoume epagwgik� ìti h k dÔnamh enìc Jordan block
eÐnai:

Jk
nl

(λl) = {d(k)
i,j (λl)}, 1 ≤ i, j ≤ nl,

ìpou

d
(k)
i,j (λl) =





0, j < i(
k

j − 1

)
λk−j+i

l , i ≤ j ≤ min(nl, k + i)

0, k + i < j ≤ nl

Mèsw twn parap�nw ekfr�sewn kai thc kanonik c morf c Jordan mporeÐ na
apodeiqjeÐ to Pìrisma 3.5.
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Je¸rhma 3.7. : (Morf  Schur): 'Estw A ∈ Cn,n me idiotimèc λ1, . . . , λn.
Tìte up�rqei orjokanonikìc pÐnakac Q t.w.

A = QUQH ,

ìpou U eÐnai ènac �nw trigwnikìc pÐnakac kai uii = λi.

ParathroÔme ìti o pÐnakac S thc kanonik c morf c Jordan, (3.3) mporeÐ
na eÐnai kak c kat�stashc (dhlad , κ(S) = ‖S‖ ‖S−1‖ À 1). AntÐjeta,
ìmwc, o metasqhmatismìc sthn “�nw trigwnik ” morf  (Schur) mporeÐ na eÐnai
exairetik� “kal c kat�stashc”, afoÔ

κ(U) = ‖U‖
∥∥U−1

∥∥ =
∥∥QHA−1Q

∥∥ ∥∥QHAQ
∥∥ = ‖A‖

∥∥A−1
∥∥ = κ(A).

MporeÐ na apodeiqjeÐ ìti h morf  Schur den eÐnai monadik  (bl. [20], [22]).

Je¸rhma 3.8. (LU paragontopoÐhsh): 'Estw A ∈ Cn,n antistrèyimoc. Tìte,
o A mporeÐ na paragontopoihjeÐ sth morf 

A = PLU,

ìpou P eÐnai ènac pÐnakac met�jeshc, L eÐnai ènac k�tw trigwnikìc me mon�dec
sth diag¸nio kai U eÐnai ènac �nw trigwnikìc pÐnakac. 'Otan o A eÐnai Ermi-
tianìc kai epiplèon jetik� orismènoc (dhlad , (x,Ax)2 > 0, ∀x ∈ Cn\{0}),
tìte h paragontopoÐhsh tou A mporeÐ na p�rei kai th morf  2

A = LLH ,

ìpou ta diag¸nia stoiqeÐa tou (monadikoÔ) k�tw trigwnikoÔ pÐnaka L eÐnai
jetik�.

Je¸rhma 3.9. (QR an�lush): 'Estw A ∈ Cn,m, me m ≤ n. Up�rqei pÐnakac
Q ∈ Cn,m, me dianÔsmata�st lec an� dÔo orjokanonik�, kai �nw trigwnikìc
pÐnakac R ∈ Cm,m t.w.

A = QR.

Epiplèon, mporoÔn na prostejoÔn n−m st lec ston pÐnaka Q, ètsi ¸ste na
gÐnei orjokanonikìc pÐnakac Q′ t.w.

A = Q′R′

me ton R′ ∈ Cn,m pÐnaka na èqei ton R wc m×m kÔrio upopÐnaka kai opoud -
pote alloÔ mhdenik�.

2ParagontopoÐhsh Cholesky.
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Gia thn kataskeu  orjokanonik¸n dianusm�twn up�rqoun di�foroi al-
gìrijmoi oi opoÐoi mporoÔn na qrhsimopoihjoÔn. O gnwstìteroc algìrijmoc
kataskeu c orjokanonik¸n dianusm�twn uj ∈ Cn, ‖uj‖2 = 1 , j = 1, . . . , k ≤
n, apì èna sÔnolo grammik¸c anex�rthtwn dianusm�twn vj, j = 1, . . . , k ≤ n,
eÐnai o algìrijmoc twn Gram–Schmidt. Se pollèc peript¸seic, kai kurÐwc
gia lìgouc eust�jeiac, qrhsimopoieÐtai o “tropopoihmènoc” algìrijmoc twn
Gram–Schmidt, o opoÐoc parousi�zetai sto Par�rthma.

Up�rqoun di�foroi trìpoi na petÔqoume thn QR an�lush tou A ∈ Cn,m,
m ≤ n. 'Opwc:

1. (Tropopoihmènoc) Algìrijmoc Gram–Schmidt.

2. Anakl�seic (MetasqhmatismoÐ) Householder.

3. Strofèc (MetasqhmatismoÐ) Givens.

Anakl�seic Householder: 'Enac orjokanonikìc pÐnakac P ∈ Cn,n orÐzetai
wc an�klash Householder an

∃u ∈ Cn µε ‖u‖2 = 1

t.w. P = I − 2uuH . Oi anakl�seic Householder efarmìzontai sthn QR
an�lush me skopì thn apaloif  twn k�tw apì th “diag¸nio” stoiqeÐwn tou
pÐnaka A. Sugkekrimèna, an y eÐnai to di�nusma thc pr¸thc st lhc tou A
kai ξ1 to monadiaÐo di�nusma me ìlec tic sunist¸sec mhdèn ektìc thc pr¸thc
(ξ1 = (1, 0, . . . , 0)T ), tìte jewroÔme

P1y = (I − 2uuH)y = cξ1 ⇔ 2uuHy = y − cξ1 ⇔ 2uHyu = y − cξ1.

PaÐrnontac nìrmec stic parap�nw sqèseic èqoume:

‖P1y‖2 =
∥∥cξ1

∥∥
2
⇒ ‖y‖2 = |c| ⇒ c = ±‖y‖2 .

OrÐzoume, loipìn,

u′ = y ± ‖y‖2 ξ1, u =
u′

‖u′‖2

kai efarmìzontac ton P1 ston A, lamb�noume ton pÐnaka:

P1A =




a
(1)
11 a

(1)
12 . . . a

(1)
1m

0 a
(1)
22 . . . a

(1)
2m

... ... . . . ...
0 a

(1)
n2 . . . a

(1)
nm


 .
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'Epeita, mhdenÐzoume ta k�tw apì th diag¸nio stoiqeÐa tou k�tw dexi� (n −
1) × (m − 1) upopÐnaka tou A, epanalamb�nontac thn parap�nw diadikasÐa
m − 1 forèc. Sugkekrimèna pollaplasi�zontac diadoqik� apì ta arister�
ton A epÐ P1, P2, . . . , Pm, lamb�noume ènan pÐnaka me mhdenik� k�tw apì thn
kÔria diag¸nio, dhlad :

Am = PmPm−1 . . . P1A.

Epomènwc
A = PH

1 PH
2 . . . PH

m Am.

O pÐnakac Q apoteleÐtai apì tic m pr¸tec st lec tou

P = PH
1 PH

2 . . . PH
m

kai o R eÐnai o �nw trigwnikìc m×m upopÐnakac tou Am.
Strofèc Givens: 'Enac �lloc trìpoc QR paragontopoÐhshc eÐnai oi strofèc

Givens, dhlad , h efarmog  ston pÐnaka A enìc pÐnaka thc morf c:

Fjk(θ) =




1
1

. . .
c s

. . .
1

. . .
−s c

. . .
1




,

me
c = cos(θ), s = sin(θ),

ìpou h gwnÐa θ mporeÐ na eÐnai migadik . H efarmog  enìc tètoiou pÐnaka se
èna di�nusma strèfei thn (j, k) sunist¸sa tou kat� gwnÐa θ. Skopìc mac, kai
se aut  thn perÐptwsh, eÐnai o mhdenismìc twn stoiqeÐwn k�tw apì th diag¸nio
tou pÐnaka A. An, loipìn, jèloume na mhdenÐsoume to (k, j) stoiqeÐo tou A,
efarmìzoume ston A ton pÐnaka�strof  Fjk(θ). ParathroÔme, tìte, ìti gia
to mhdenismì tou (k, j) stoiqeÐou prèpei

cos(θ) =
|ajj|√|akj|2 + |ajj|2

, sin(θ) =
akj

ajj

cos(θ), ajj 6= 0, (3.5)
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kai
sin(θ) = 1 αν cos(θ) = 0.

Epiplèon, to nèo stoiqeÐo a′jj ja dÐdetai apì th sqèsh

a′jj = ajj cos(θ) + akj sin(θ) =
αjj

|αjj|
√
|akj|2 + |ajj|2. (3.6)

Ta upìloipa stoiqeÐa thc j gramm c ja dÐdontai apì tic sqèseic

a′ji = aji cos(θ) + aki sin(θ), i = j + 1(1)m. (3.7)

Me parìmoio trìpo, ta stoiqeÐa thc k gramm c ja dÐdontai apì touc tÔpouc

a′ki = −ajisin(θ) + aki cos(θ), i = j + 1(1)m. (3.8)

Akolouj¸ntac thn parap�nw diadikasÐa gia k�je stoiqeÐo αij, i = 1, . . . , n, j =
1, . . . ,m, j < i, tou A lamb�noume ton pÐnaka

Am = Fmn . . . F12A,

ìpou ta k�tw apì thn diag¸nio stoiqeÐa tou eÐnai mhdenik�. O Q apoteleÐtai
apì tic pr¸tec m st lec tou pÐnaka

P = FH
12 . . . FH

mn

en¸ o R eÐnai o �nw trigwnikìc m×m upopÐnakac tou Am.

Je¸rhma 3.10. (An�lush Idiazous¸n Tim¸n (Singular Value Decomposition
(SVD))): An A ∈ Cm,n me rank(A) = k, tìte o A mporeÐ na grafeÐ sth morf 

A = V ΣWH ,

ìpou V ∈ Cm,m, W ∈ Cn,n orjokanonikoÐ pÐnakec kai Σ ∈ Cm,n “diag¸nioc”
pÐnakac me

σij = 0 ∀i 6= j και σ11 ≥ σ22 ≥ . . . ≥ σkk > σk+1,k+1 = . . . = σqq = 0,

ìpou q = min(m,n).

Oi arijmoÐ σi = σii, i = 1, 2, . . . , q onom�zontai “idi�zousec timèc” (singu-
lar values) tou A kai eÐnai oi mh-arnhtikèc tetragwnikèc rÐzec twn idiotim¸n
tou AAH . Oi st lec tou V kaloÔntai “arister� idi�zonta dianÔsmata” (sin-
gular vectors) tou A kai eÐnai ta idiodianÔsmata tou AAH . Oi st lec tou W
kaloÔntai “dexi� idi�zonta dianÔsmata” kai eÐnai ta idiodianÔsmata tou pÐnaka
AHA.
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Je¸rhma 3.11. (ParagontopoÐhsh Schur): 'Estw ìti o A ∈ Cn,n èqei idio-
timèc λ1, . . . , λn kai idi�zousec timèc σ1, . . . , σn kai èstw ìti

A = QUQH

eÐnai h paragontopoÐhsh Schur tou A. 'Estw Λ o pÐnakac me diag¸nia stoiqeÐa
ta diag¸nia stoiqeÐa tou U, dhlad , tic idiotimèc tou A, kai èstw T to austhr�
�nw trigwnikì tm ma tou U . Tìte

‖A‖2
F =

n∑
i=1

σ2
i = ‖Λ‖2

F + ‖T‖2
F .

ShmeÐwsh: To sÔmbolo ‖A‖F dhl¸nei th nìrma tou Frobenius tou A kai
orÐzetai wc

‖A‖F :=

(
n∑

i,j=1

|aij|2
) 1

2

.

(H nìrma tou Frobenius den eÐnai fusik .)
Gia perissìtera p�nw stic analÔseic kai paragontopoi seic pin�kwn bl.

[5], [6], [22].

3.3 Idiotimèc kai PedÐo Tim¸n.
Stic peript¸seic kanonik¸n pin�kwn A ∈ Cn,n oi idiotimèc touc mac dÐdoun

ìlec tic plhroforÐec gia thn epÐlush tou arqikoÔ grammikoÔ sust matoc.
Sthn perÐptwsh ìpou o pÐnakac A den eÐnai kanonikìc, tic antÐstoiqec plhro-
forÐec tic paÐrnoume apì èna �llo sÔnolo tim¸n, pou kaleÐtai “pedÐo tim¸n”
tou pÐnaka A.

Je¸rhma 3.12. (Gerschgorin): 'Estw A ∈ Cn,n me

Ri(A) =
n∑

j=1,i6=j

|aij| , i = 1, . . . , n.

Tìte ìlec oi idiotimèc tou A brÐskontai sthn ènwsh twn dÐskwn

n⋃
i=1

{z ∈ C : |z − aii| ≤ Ri(A)} .
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Pìrisma 3.13. : 'Estw A ∈ Cn,n kai èstw

Cj(A) =
n∑

i=1,i 6=j

|aij| , j = 1, . . . , n.

Tìte ìlec oi idiotimèc tou A an koun sthn ènwsh twn dÐskwn

n⋃
i=1

{z ∈ C : |z − ajj| ≤ Cj(A)} .

Orismìc 3.6. : 'Enac pÐnakac A ∈ Cn,n lègetai “austhr� diag¸nia upèrteroc
kat� grammèc”, an

|aii| >
n∑

j=1,i 6=j

|aij| , i = 1, . . . , n.

(ShmeÐwsh: An�loga, orÐzetai kai ènac “austhr� diag¸nia upèrteroc kat�
st lec” pÐnakac.)
'Enac “austhr� diag¸nia upèrteroc kat� grammèc (  st lec)” pÐnakac eÐnai
antistrèyimoc3. Sthn perÐptwsh pou h prohgoÔmenh sqèsh parousi�zetai me
isìthta, dhlad ,

|aii| ≥
n∑

j=1,i 6=j

|aij| , i = 1, . . . , n,

o pÐnakac kaleÐtai “asjen¸c diag¸nia upèrteroc kat� grammèc”.

Orismìc 3.7. : 'Enac Ermitianìc pÐnakac A ∈ Cn,n kaleÐtai jetik� orismènoc
ann ∀x ∈ Cn\{0} sunep�getai (x,Ax)2 > 0. IsodÔnama, ìtan ìlec oi idiotimèc
tou A eÐnai gn sia jetikèc4.

Prìtash 3.14. : 'Enac austhr� diag¸nia upèrteroc Ermitianìc pÐnakac A
me jetik� diag¸nia stoiqeÐa eÐnai jetik� orismènoc.

Orismìc 3.8. : 'Enac Ermitianìc pÐnakac A ∈ Cn,n kaleÐtai jetik� hmioris-
mènoc ann ∀x ∈ Cn\{0} sunep�getai (x,Ax)2 ≥ 0. IsodÔnama, ìtan ìlec oi
idiotimèc tou A eÐnai pragmatikèc mh-arnhtikèc.

3Efarmog  twn dÐskwn Gerschgorin.
4EÐnai gnwstì ìti ènac pragmatikìc summetrikìc pÐnakac èqei pragmatikèc, idiotimèc.
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Orismìc 3.9. : PedÐo tim¸n tou A ∈ Cn,n eÐnai to sÔnolo

F(A) =
{
yHAy : y ∈ Cn, yHy = 1

}
. (3.9)

To sÔnolo F(A) kaleÐtai kai “arijmhtik  perioq ”. 'Enac isodÔnamoc orismìc
eÐnai kai o ex c:

F(A) =

{
yHAy

yHy
: y ∈ Cn, y 6= 0

}
.

Parat rhsh 3.1. : To pedÐo tim¸n eÐnai sumpagèc uposÔnolo tou C, afoÔ eÐnai
h eikìna thc monadiaÐac EukleÐdeiac mp�lac, mèsw thc suneqoÔc apeikìnish-
c pou orÐzetai sth (3.9). EpÐshc, mporeÐ na apodeiqjeÐ ìti eÐnai kai kurtì
[22],[23].

Orismìc 3.10. : “Arijmhtik  aktÐna” pÐnaka A ∈ Cn, ν(A), eÐnai h megalÔte-
rh apìluth tim  twn stoiqeÐwn tou F(A), dhlad ,

ν(A) ≡ max {|z| : z ∈ F(A)} .

An A ∈ Cn,n kai α ∈ C tìte

1. F(A + αI) = F(A) + α
(3.10)

2. F(αA) = αF(A)

Parat rhsh 3.2. : 1) Gia k�je A ∈ Cn,n to F(A) perièqei tic idiotimèc tou A.
2) An Q ∈ Cn,n eÐnai orjokanonikìc, tìte F(QHAQ) = F(A). 3) Gia kanon-
ikoÔc pÐnakec to pedÐo tim¸n eÐnai h kurt  j kh tou f�smatoc twn idiotim¸n
touc.

'Estw A ∈ Cn,n kai H(A) = 1
2
(A + AH) h Ermitian  sunist¸sa tou(

A = 1
2
(A + AH) + 1

2
(A− AH)

)
. Tìte èqoume ìti F(H(A)) = Re(F(A)).

Je¸rhma 3.15. : 'Estw A ∈ Cn,n kai èstw Ri(A) =
∑n

j=1,j 6=i |aij| , i =
1, . . . , n, kai Cj(A) =

∑n
i=1,i 6=j |aij| , j = 1, . . . , n. Tìte to pedÐo tim¸n tou A

an kei sto sÔnolo

Co

(
n⋃

i=1

{
z ∈ C : |z − aii| ≤ 1

2
(Ri(A) + Ci(A))

})
,

ìpou me Co sumbolÐzoume thn kurt  j kh tou sunìlou.
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Parat rhsh 3.3. : H apìdeixh autoÔ tou jewr matoc dÐdei kai mia diadikasÐa
arijmhtik c prosèggishc tou pedÐou tim¸n.

Epistrèfoume p�li sthn ènnoia thc arijmhtik c aktÐnac, dÐdontac k�poiec
shmantikèc idiìthtec.

1. ν(A + B) = max‖y‖2=1

∣∣yH(A + B)y
∣∣ ≤ max‖y‖2=1

∣∣yHAy
∣∣ + max‖y‖2=1

∣∣yHBy
∣∣ ≤

ν(A) + ν(B).

2. H arijmhtik  aktÐna den orÐzei nìrma pÐnaka, afoÔ den eÐnai en gènei
pollaplasiastik . Dhlad , ν(AB) 6≤ ν(A)ν(B).

3.
1

2
‖A‖2 ≤ ν(A) ≤ ‖A‖2 . (3.11)

4. ν(Am) ≤ (ν(A))m, m = 1, 2, . . . .

Prìtash 3.16. : An σ(A) eÐnai to f�sma twn idiotim¸n tou A kai R eÐnai
èna polu¸numo me migadikoÔc genik� suntelestèc, tìte σ(P (A)) = P (σ(A)).

Parat rhsh 3.4. : Sthn perÐptwsh tou pedÐou tim¸n den up�rqei an�logh
prìtash, afoÔ up�rqoun peript¸seic ìpou F(P (A)) 6= P (F(A)).

Prìtash 3.17. : An to pedÐo tim¸n tou A perièqetai se dÐsko kèntrou 0
kai aktÐnac r, tìte to pedÐo tim¸n tou Am perièqetai se dÐsko kèntrou 0 kai
aktÐnac rm.

Gia tic apodeÐxeic ìlwn twn parap�nw prot�sewn, idiot twn kai parathr -
sewn bl. [1], [22], [23].
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4 Mèjodoi ElaqistopoÐhshc
Sto kef�laio autì ja anaferjoÔme stic kÔriec mejìdouc elaqistopoÐh-

shc dianÔsmatoc−upoloÐpou   dianÔsmatoc−sf�lmatoc gia ErmitianoÔc kai
jetik� orismènouc pÐnakec, mÐac epanalhptik c mejìdou. PrwtÐstwc, ìmwc, ja
prospaj soume na sundèsoume autèc me tic basikèc epanalhptikèc mejìdouc,
dÐdontac mÐa genik  mèjodo diadoqik¸n proseggÐsewn thc lÔshc.

4.1 Mèjodoc thc Apl c Epan�lhyhc
H mèjodoc thc “Apl c Epan�lhyhc”   “Apl  Epanalhptik ”, ìpwc kaleÐ-

tai, mporeÐ na jewrhjeÐ sthn parak�tw genik  morf  twn diadoqik¸n pros-
eggÐsewn thc lÔshc

xk+1 = xk + M−1(b− Axk), ∀ x0 ∈ Cn, k = 0, 1, 2, . . . , (4.1)

ìpou o pÐnakac M anafèretai ston prorrujmist  tou arqikoÔ sust matoc
Ax = b. An�loga me thn epilog  tou prorrujmist , lamb�noume tic di�forec
aplèc epanalhptikèc mejìdouc, metaxÔ twn opoÐwn sugkatalègontai kai oi
legìmenec “klasikèc”. 'Etsi, an M = D ìpou D = diag(a11, a22, . . . , ann),
me det(D) 6= 0, tìte paÐrnoume th shmeiak  mèjodo tou Jacobi. Jewr¸ntac
kat�llhlo pÐnaka M , mporoÔme na p�roume mejìdouc ìpwc h Gauss–Seidel,
h SOR, k.lp. O algìrijmoc thc mejìdou thc Apl c Epan�lhyhc (4.1) dÐdetai
pl rwc sto Par�rthma. Gia th melèth twn sfalm�twn kai twn asumptwtik¸n
  mh asumptwtik¸n, taqut twn sÔgklishc twn parap�nw mejìdwn, o anag-
n¸sthc parapèmpetai se opoiod pote biblÐo pou èqei sqèsh me Arijmhtik 
Grammik  'Algebra (bl., p.q., [38], [40], [3]).

To basikì je¸rhma sÔgklishc thc mejìdou thc Apl c Epan�lhyhc eÐnai
to ex c:

Je¸rhma 4.1. : H Apl  Epanalhptik  mèjodoc (4.1) sugklÐnei sth lÔsh
tou arqikoÔ sust matoc (2.1) , A−1b, gia k�je arqik  prosèggish x0 ∈ Cn

ann ρ(I −M−1A) < 1.

Apì thn (4.1), jewr¸ntac to di�nusma�sf�lma

ek = A−1b− xk,

lamb�noume th sqèsh
ek = (I −M−1A)ek−1,
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pou sundèei ta diadoqik� sf�lmata thc mejìdou. OmoÐwc, jewr¸ntac to
di�nusma�upìloipo

rk = b− Axk,

lamb�noume thn an�logh sqèsh gia ta diadoqik� upìloipa

rk = (I − AM−1)rk−1.

PaÐrnontac nìrmec kai stic dÔo parap�nw sqèseic èqoume :

‖ek‖ ≤
∥∥I −M−1A

∥∥ ‖ek−1‖ , (4.2)

‖rk‖ ≤
∥∥I − AM−1

∥∥ ‖rk1‖ . (4.3)

ParathroÔme, loipìn, ìti an ‖I −M−1A‖ < 1 (‖I − AM−1‖ < 1), gia k�poia
fusik  nìrma tou antÐstoiqou pÐnaka, tìte to (apìluto) sf�lma (upìloipo)
mei¸netai monìtona, me to �nw fr�gma tou rujmoÔ meÐwshc an� epan�lhyh na
dÐdetai apì thn parap�nw nìrma.

4.2 Mèjodoi Orthomin(1) kai Apìtomhc Kajìdou Ste-
epest Descent

Se aut  thn par�grafo, ja exet�soume mÐa nèa kathgorÐa mejìdwn pou
aposkopoÔn sth beltÐwsh thc mejìdou thc Apl c Epan�lhyhc. BasÐzontai,
kurÐwc, sthn elaqistopoÐhsh mÐac nìrmac eÐte tou dianÔsmatoc−sf�lmatoc
eÐte tou dianÔsmatoc−upoloÐpou. Efex c, ja upojètoume ìti to arqikì sÔsth-
ma eÐnai  dh prorrujmismèno. Ja lème ìti eÐnai “Ermitianì”, an o arqikìc
pÐnakac A eÐnai Ermitianìc kai o prorrujmist c M eÐnai Ermitianìc kai jetik�
orismènoc. Sthn perÐptwsh ìpou o arqikìc pÐnakac A eÐnai Ermitianìc kai
o prorrujmist c eÐnai Ermitianìc all� mh-orismènoc, tìte ja jewroÔme to
sÔsthma wc “mh-Ermitianì”. Sthn perÐptwsh ìpou èqoume Ermitianì kai
jetik� orismèno prorrujmist , tìte mporoÔme na analÔsoume autìn, sÔmfwna
me thn paragontopoÐhsh Cholesky, wc ginìmeno

M = LLH .

Se aut  thn perÐptwsh, mporoÔme na efarmìsoume ton kaloÔmeno “aristerì�
dexiì” prorrujmist , me to arqikì sÔsthma na lamb�nei th morf 

L−1AL−Hy = L−1b, y = LHx.
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ShmeÐwsh: Sth sunèqeia, ìtan se k�poio eswterikì ginìmeno   se k�poia
nìrma den up�rqei deÐkthc, tìte ja upojètoume ìti anaferìmaste p�ntote sto
EukleÐdeio eswterikì ginìmeno   sthn EukleÐdeia nìrma antÐstoiqa.

'Opwc anafèrjhke sthn arq  thc paragr�fou, skopìc mac eÐnai h beltÐ-
wsh thc Apl c Epanalhptik c mejìdou. Gia na to epitÔqoume, epilègoume,
katarq�c, wc prorrujmist  ton pÐnaka

Mk =
1

αk

M, k = 0, 1, 2, · · · ,

ìpou αk par�metroc metaballìmenh me tic epanal yeic. H akoloujÐa twn
diadoqik¸n proseggÐsewn thc lÔshc eÐnai h ex c:

xk+1 = xk + αk(b− Axk). (4.4)

Sth genik  perÐptwsh epidi¸koume thn elaqistopoÐhsh thc EukleÐdeiac
nìrmac tou dianÔsmatoc−upoloÐpou rk (= b − Axk) an� epan�lhyh. Sthn
perÐptwsh ìpou to sÔsthma eÐnai Ermitianì kai jetik� orismèno, mporoÔme na
epidi¸xoume thn elaqistopoÐhsh eÐte thc EukleÐdeiac nìrmac tou dianÔsmatoc−-
upoloÐpou rk (= b−Axk) eÐte thc “A−nìrmac” tou antÐstoiqou dianÔsmatoc−-
sf�lmatoc. (ShmeÐwsh: O orismìc thc “A−nìrmac” dianÔsmatoc ja dojeÐ
parak�tw.)

Sthn perÐptwsh thc elaqistopoÐhshc thc EukleÐdeiac nìrmac tou dianÔ-
smatoc−upoloÐpou, rk+1 = rk − αkArk, èqoume ìti

(rk+1, rk+1) = (rk, rk)− 2Re(ᾱk(rk, Ark)) + |αk|2 (Ark, Ark).

Jètontac αk = x+iy, x, y ∈ R, kai (rk, Ark) = γ+iδ, γ, δ ∈ R, katal goume
sthn isìthta

‖rk+1‖2 = ‖rk‖2 − 2(xγ + yδ) + (x2 + y2) ‖Ark‖2 .

OrÐzontac wc

F (x, y) := ||rk+1||2 = ‖rk‖2 − 2(xγ + yδ) + (x2 + y2) ‖Ark‖2 ,

èqoume ìti

∇F (x, y) = 0 ⇒ x =
γ

‖Ark‖2 , y =
δ

‖Ark‖2 .
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Epiplèon, lamb�nontac ton pÐnaka twn deÔterwn parag¸gwn (Esianì)

HF =

[
∂2F
∂x2

∂2F
∂x∂y

∂2F
∂y∂x

∂2F
∂y2

]
=

[
2 ‖Ark‖2 0

0 2 ‖Ark‖2

]
,

diapist¸noume amèswc ìti eÐnai jetik� orismènoc. Epomènwc, h EukleÐdeia
nìrma tou dianÔsmatoc−upoloÐpou elaqistopoieÐtai, e�n epilèxoume

x =
γ

‖Ark‖2 και y =
δ

‖Ark‖2

 , isodÔnama,

αk =
(rk, Ark)

(Ark, Ark)
. (4.5)

Me thn epilog  (4.5), lamb�noume mÐa mèjodo pou onom�zetai “Orthomin(1)”.
MporoÔme na parathr soume ìti gia na p�roume to upìloipo rk+1 = rk −
αkArk, jewroÔme th diafor� tou rk apì thn probol  tou sto Ark (bl. (3.2) ).
Diapist¸noume, loipìn, ìti oi nìrmec twn rk+1 kai rk ikanopoioÔn thn anisìth-
ta ‖rk+1‖ ≤ ‖rk‖ . Sthn perÐptwsh pou to rk eÐnai k�jeto sto Ark, è-
qoume isìthta twn dÔo norm¸n. Tìte lème ìti o algìrijmoc thc mejìdou
“katarrèei”.

Je¸rhma 4.2. : H EukleÐdeia nìrma tou upoloÐpou thc epanalhptik c mejìdou
xk+1 = xk + αk(b− Axk) me thn epilog  tou αk = (rk,Ark)

(Ark,Ark)
mei¸netai gn sia

monìtona gia k�je r0 ann 0 6∈ F(AH).

Apìdeixh: EÔkola, parathreÐ k�poioc ìti e�n 0 ∈ F(AH), tìte ja up rqe
di�nusma x0 kai �ra r0 tètoio, ¸ste 0 = rH

0 AHr0. 'Epomènwc, to epìmeno
di�nusma−upìloipo ja eÐnai r1 = r0, to opoÐo shmaÐnei ìti rk = r0, k =
1, 2, . . . , dhlad , kat�rreush thc mejìdou, qwrÐc eÔresh thc lÔshc 2.
Parat rhsh 4.1. : To parap�nw je¸rhma isqÔei akìmh kai an sthn upìjesh
èqoume ìti 0 6∈ F(A) antÐ gia 0 6∈ F(AH), afoÔ to F(A) eÐnai to suzugèc
migadikì tou F(AH)5.

5To suzugèc migadikì enìc sunìlou A ⊂ C eÐnai to sÔnolo AH me stoiqeÐa ta suzug 
migadik� tou A.
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Je¸rhma 4.3. : To epanalhptikì sq ma tou prohgoÔmenou jewr matoc sug-
klÐnei sto A−1b gia k�je r0 ann 0 6∈ F(AH). Se aut n thn perÐptwsh h
EukleÐdeia nìrma tou upoloÐpou ikanopoieÐ th sqèsh

‖rk+1‖ ≤
√

1− d2

‖A‖2 ‖rk‖ , (4.6)

ìpou d eÐnai h apìstash thc arq c twn axìnwn apì to pedÐo tim¸n F(AH).

Parat rhsh 4.2. : An o A ∈ Rn,n kai o H(A) = A+AH

2
eÐnai jetik� orismènoc,

tìte h apìstash d eÐnai h elaqÐsth idiotim  tou pÐnaka H(A).

Prìtash 4.4. : 'Estw ìti o A ∈ Cn,n eÐnai Ermitianìc kai jetik� orismènoc.
Tìte up�rqei monadikìc Ermitianìc kai jetik� orismènoc pÐnakac B ∈ Cn,n

t.w. A = BHB. (ShmeÐwsh: O pÐnakac B kaleÐtai (jetik ) tetragwnik  rÐza
tou pÐnaka A kai sumbolÐzetai me A

1
2 (bl. [40]) ).

Orismìc 4.1. : 'Estw pÐnakac A ∈ Cn,n Ermitianìc kai jetik� orismènoc.
Tìte gia k�je x ∈ Cn h apeikìnish ‖.‖A : Cn,n → [0,∞), pou orÐzetai apì th
sqèsh

‖x‖A = (x,Ax)
1
2 ,

orÐzei mÐa dianusmatik  nìrma h opoÐa kaleÐtai “A−nìrma”   “nìrma enèrgeiac”.

Parat rhsh 4.3. : ParathroÔme ìti ‖x‖A =
∥∥∥A

1
2 x

∥∥∥ . Epìmenwc, h parap�nw

nìrma eÐnai mÐa GHG−nìrma, me G = A
1
2 (bl. (3.1) ).

Upojètoume ìti o A eÐnai Ermitianìc kai jetik� orismènoc. Apì thn (4.4)
èqoume ìti ek+1 = ek − αkrk. Jewr¸ntac to tetr�gwno thc A−nìrmac tou
sf�lmatoc, paÐrnoume:

(ek+1, Aek+1) = (ek, Aek)− 2αk(rk, rk) + α2
k(rk, Ark).

H parap�nw èkfrash, lìgw twn jetik¸n EukleÐdeiwn eswterik¸n ginomènwn
elaqistopoieÐtai (gia αk pragmatikì), ìtan epilèxoume to suntelest  αk na
isoÔtai me

αk =
(ek, Ark)

(rk, Ark)
=

(rk, rk)

(rk, Ark)
. (4.7)

H mèjodoc pou prokÔptei, se aut n thn perÐptwsh, kaleÐtai mèjodoc thc
“Apìtomhc Kajìdou” (Steepest Descent).
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Parat rhsh 4.4. : MÐa diaforetik  diadikasÐa dhmiourgÐac thc parap�nw
mejìdou dÐdetai mèsw thc elaqistopoÐhshc tou sunarthsoeidoÔc6

f(x) = xHAx− 2bHx,

to opoÐo lamb�nei el�qisto sto shmeÐo x = A−1b. Tìte h dieÔjunsh sthn
opoÐa èqoume th megÐsth meÐwsh thc tim c thc f(x) sto x = xk eÐnai aut  thc
−∇f(x)|x=xk

, pou isoÔtai me to di�nusma−upìloipo rk = b− Axk.

ShmeÐwsh: Oi algìrijmoi twn dÔo mejìdwn parousi�zontai oloklhrwmènoi
sto Par�rthma.

Sthn perÐptwsh ìpou o pÐnakac A eÐnai Ermitianìc kai jetik� orismènoc,
beltÐwsh tou fr�gmatoc tou sqetikoÔ apìlutou sf�lmatoc dÔo opoiwnd pote
diadoqik¸n epanal yewn thc mejìdou Orthomin(1)

||rk+1||
||rk|| ≤ ||I − αkA||

mporeÐ na gÐnei an sthn jèsh tou αk jewr soume stajerì suntelest  α ∈
R kai prospaj soume na elaqistopoi soume to parap�nw fr�gma. 'Etsi h
sqèsh pou sundèei tic nìrmec twn upoloÐpwn dÔo diadoqik¸n epanal yewn
paÐrnei th morf 

‖rk+1‖ ≤ ‖I − αA‖ ‖rk‖ . (4.8)

Jewr¸ntac λi ∈ σ(A), i = 1, 2, . . . , n tic idiotimèc tou A me λmin kai λmax,
thn el�qisth kai mègisth antÐstoiqa ex aut¸n, mporeÐ na deiqjeÐ ìti gia α =

2
λmax+λmin

èqoume

minα∈R ||I − αA|| = minα∈Rmaxλi∈σ(A) |1− αλi| ≤
minα∈Rmaxλ∈[λmin,λmax] |1− αλ| = |1− 2λmin

λmax+λmin
| (4.9)

kai �ra

‖rk+1‖ ≤
(

λmax − λmin

λmax + λmin

)
‖rk‖ =

(
κ− 1

κ + 1

)
‖rk‖ ,

ìpou κ = λmax

λmin
eÐnai o deÐkthc kat�stashc tou pÐnaka A.

6H elaqistopoÐhsh autoÔ tou sunarthsoeidoÔc mporeÐ na odhg sei sth dhmiourgÐa kai
�llwn mejìdwn gia ErmitianoÔc kai jetik� orismènouc pÐnakec, ìpwc h CG (Conjugate
Gradient), thn opoÐa ja melet soume parak�tw.
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Gia th mèjodo thc Apìtomhc Kajìdou kai gia thn “A−nìrma” tou sf�l-
matoc èqoume antÐstoiqa fr�gmata ta opoÐa dÐdontai apì th sqèsh

‖ek+1‖A ≤
(

κ− 1

κ + 1

)
‖ek‖A .

Je¸rhma 4.5. : 'Estw xk h akoloujÐa twn diadoqik¸n proseggÐsewn thc
lÔshc A−1b tou grammikoÔ sust matoc Ax = b, me ton pÐnaka A na eÐnai Er-
mitianìc kai jetik� orismènoc7, pou par�getai apì ton algìrijmo thc mejìdou
Apìtomhc Kajìdou gia opoiad pote arqik  prossèggish x0 ∈ Cn,n. 'Estw
κ(A) = λmax

λmin
, ìpou λmax, λmin eÐnai h mègisth kai h el�qisth idiotim  tou pÐ-

naka A. E�n ek = A−1b − xk eÐnai to di�nusma−sf�lma sthn k epan�lhyh,
tìte

‖ek+1‖A ≤
(

κ− 1

κ + 1

)
‖ek‖A .

Gia thn apìdeixh tou jewr matoc anatrèqoume sto [6].
Sthn perÐptwsh mh-ErmitianoÔ sust matoc, me thn epiplèon upìjesh ìti to

pedÐo tim¸n tou pÐnaka AH brÐsketai se èna dÐsko D = {z ∈ C : |z − c̄| ≤ s} ,
pou den perièqei to mhdèn, epilègontac to α = 1

c
sthn (4.8) kai qrhsimopoi¸n-

tac tic idiìthtec tou pedÐou tim¸n (3.10), lamb�noume tic sqèseic:

F(I − 1

c̄
AH) = 1− 1

c̄
F(AH) ⊆

{
z ∈ C : |z| ≤ s

|c|
}

.

Sth sunèqeia, qrhsimopoi¸ntac th sqèsh (3.11) pou sundèei th nìrma me thn
arijmhtik  aktÐna, me α = 1

c
, èqoume ìti

‖I − αA‖ =

∥∥∥∥I − 1

c̄
AH

∥∥∥∥ ≤ 2ν(I − 1

c̄
AH) ≤ 2

s

|c|
kai ètsi h sqèsh (4.8) gÐnetai

‖rk+1‖ ≤ 2
s

|c| ‖rk‖ .

Parak�tw ja diatup¸soume to parap�nw sumpèrasma se morf  jewr -
matoc.

7SÔmfwna me ton orismì pou dìjhke sto deÔtero kef�laio.
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Je¸rhma 4.6. : 'Estw xk h akoloujÐa twn diadoqik¸n proseggÐsewn thc
lÔshc A−1b tou grammikoÔ sust matoc Ax = b, me A ∈ Cn,n, det(A) 6= 0.
'Estw ìti to pedÐo tim¸n tou pÐnaka AH(F(AH)) an kei sto dÐsko D =
{z ∈ C : |z − c̄| ≤ s} , me 0 6∈ D. Tìte, e�n jewr soume rk = b − Axk to
di�nusma�upìloipo sthn k epan�lhyh tou algorÐjmou thc mejìdou Orthomin(1)
gia to parap�nw sÔsthma, isqÔei ìti

‖rk+1‖ ≤ 2
s

|c| ‖rk‖ .

MÐa skiagr�fhsh thc apìdeixhc parousi�same lÐgo prin thn ekf¸nhsh tou
jewr matoc.

Me diaforetikèc epilogèc twn s, c mporoÔme na doÔme ìti to fr�gma pou
brÐsketai mporeÐ na eÐnai   na mhn eÐnai kalÔtero apì to (4.6) (bl.[20]).

4.3 Mèjodoi Orthomin(2) kai Suzug¸n KlÐsewn (Con-
jugate Gradient (CG) )

GenikeÔontac tic mejìdouc Orthomin(1) kai Apìtomhc Kajìdou, qrhsi-
mopoioÔme mÐa nèa akoloujÐa diadoqik¸n proseggÐsewn thc lÔshc

xk+1 = xk + αkpk, (4.10)

ìpou ta dianÔsmata pk eÐnai, katarq�c, genik� tuqaÐec dieujÔnseic. To nèo
upìloipo kai to sf�lma, sthn perÐptwsh aut , dÐdontai antÐstoiqa apì tic
sqèseic

rk+1 = rk − αkApk, ek+1 = ek − αkpk.

O suntelest c αk epilègetai ètsi ¸ste sthn pr¸th perÐptwsh to rk+1 na eÐnai
orjog¸nio sto Apk, en¸ sth deÔterh to ek+1 na eÐnai A−orjog¸nio sto pk.
E�n gia thn eÔresh tou nèou upoloÐpou sthn perÐptwsh thc Orthomin(1),
antÐ na afairèsoume thn probol  tou rk sth dieÔjunsh Ark, afairèsoume thn
probol  tou se dieÔjunsh Apk, h opoÐa, ìpwc diapist¸netai, eÐnai k�jeth sthn
Apk−1, ìtan

pk = rk − (Ark, Apk−1)

(Apk−1, Apk−1)
pk−1, (4.11)

tìte èqoume ìti: (rk+1, Apk) = 0, ex orismoÔ, kai

(rk+1, Apk−1) = (rk, Apk−1)− αk(Apk, Apk−1) = 0,
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diìti (rk, Apk−1) = 0, ex orismoÔ, kai (Apk, Apk−1) = 0, apì thn (4.11). Se
aut n thn perÐptwsh to upìloipo elaqistopoieÐtai sto q¸ro span{Apk, Apk−1}
=span{Ark, Apk−1} kai paÐrnei th morf 

rk+1 = rk − αkArk + akβk−1Apk−1,

ìpou
αk =

(rk, Apk)

(Apk, Apk)
και βk−1 =

(Ark, Apk−1)

(Apk−1, Apk−1)
,

antÐstoiqa. Oi timèc twn αk, βk−1 eÐnai profan¸c t.w. to di�nusma rk+1 na eÐ-
nai orjog¸nio sto q¸ro span{Apk, Apk−1}  , isodÔnama, sto span{Ark, Apk−1}.
H mèjodoc aut , pou par�getai apì thn parap�nw diadikasÐa, kaleÐtai Or-
thomin(2) kai o algìrijmìc thc dÐdetai sto Par�rthma.
Parat rhsh 4.5. : Sthn perÐptwsh ìpou to r0 eÐnai k�jeto sto Ar0, tìte h
mèjodoc apotugq�nei, me thn ènnoia ìti den mporeÐ na epiteuqjeÐ peraitèrw
meÐwsh thc nìrmac tou upoloÐpou. MporeÐ kai p�li na apodeiqjeÐ ìti ìtan
0 6∈ F(AH), tìte o h mèjodoc den apotugq�nei kai to fr�gma gia th nìrma
tou upoloÐpou dÐdetai apì thn (4.6).
Eidik�, an o pÐnakac A eÐnai Ermitianìc isqÔei to epìmeno je¸rhma.

Je¸rhma 4.7. : 'Estw ìti o A eÐnai Ermitianìc, ta α0, . . . , αk−1 eÐnai mh-
arnhtikoÐ, kai ta dianÔsmata r1, . . . , rk+1 kai p1, . . . , pk+1 sth mèjodo thc Or-
thomin(2) eÐnai kal¸c orismèna8 . Tìte

(rk+1, Apj) = (Apk+1, Apj) = 0 ∀j ≤ k ≤ n− 1.

Epiplèon, gia k�je di�nusma sto q¸ro

r0 + span{Ar0, . . . , A
k+1r0},

to rk+1 èqei thn elaqÐsth EukleÐdeia nìrma. EpÐshc, an α0, . . . , αn−2 6= 0 kai
r1, . . . , rn kai p1, . . . , pn eÐnai kal¸c orismèna, tìte rn = 0.

H apìdeixh tou parap�nw jewr matoc gÐnetai me epagwg  sto k (bl. [20]).
H epÐlush enìc sust matoc, me thn parap�nw diadikasÐa elaqistopoÐhshc

8H upìjesh aut  den eÐnai aparaÐthth afoÔ mporoÔme na th sumper�noume me th qr sh
twn upoloÐpwn an αk 6= 0. Tìte, me thn parap�nw mèjodo, par�gontai k grammik¸c
anex�rthta dianÔsmata dieÔjunshc.
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tou upoloÐpou kaleÐtai Mèjodoc ElaqÐstou UpoloÐpou (Minimal Residual
(MINRES) ).

Sthn perÐptwsh ìpou to sÔsthma eÐnai Ermitianì kai jetik� orismèno, tìte
autì pou k�noume eÐnai h apaloif  thc A−probol c tou sf�lmatoc se mÐa
dieÔjunsh A−orjog¸nia sthn prohgoÔmenh. Dhlad , sth dieÔjunsh

pk = rk − (rk, Apk−1)

(pk−1, Apk−1)
pk−1.

Se aut  thn perÐptwsh, èqoume ìti

(ek+1, Apk) = (ek+1, Apk−1) = 0,

kai �ra h “A−nìrma” tou sf�lmatoc elaqistopoieÐtai sto q¸ro

ek + span{rk, pk−1}.

H mèjodoc, pou efarmìzei ta parap�nw, kaleÐtai Mèjodoc “Suzug¸n KlÐsewn”
(Conjugate Gradient (CG) ) kai h ulopoÐhs  thc parousi�zetai sto Par�rth-
ma.

Je¸rhma 4.8. : 'Estw ìti o A eÐnai Ermitianìc kai jetik� orismènoc. H
mèjodoc thc CG par�gei thn akrib  lÔsh tou arqikoÔ sust matoc se n, to
polÔ, epanal yeic. To sf�lma, to upìloipo kai ta dianÔsmata�dieÔjunshc
pou prokÔptoun kat� thn efarmog  thc mejìdou eÐnai kal� orismèna9 kai
ikanopoioÔn tic sqèseic:

(ek+1, Apj) = (pk+1, Apj) = (rk+1, rj) = 0 ∀j ≤ k ≤ n− 1.

EpÐshc, apì ìla ta dianÔsmata pou an koun sto q¸ro

e0 + span{Ae0, . . . , A
k+1e0},

to ek+1 èqei thn elaqÐsth A−nìrma.

H apìdeixh eÐnai ìmoia me aut  tou prohgoÔmenou jewr matoc.
Blèpoume, loipìn, ìti kai stic dÔo mejìdouc, to sf�lma ek all� kai to

upìloipo rk mporoÔn na ekfrastoÔn wc grammikoÐ sunduasmoÐ twn dianus-
m�twn Ale0 kai Alr0, l = 0, 1, . . . , k, antÐstoiqa. Epomènwc, ek = pk(A)e0 kai

9 'Opwc sto prohgoÔmeno je¸rhma.
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rk = pk(A)r0, ìpou ta pk(A) eÐnai polu¸numa−pÐnakec k bajmoÔ wc proc A me
suntelestèc, genik�, migadikoÔc. Epomènwc, ek = pk(A)e0 kai rk = pk(A)r0.
'Etsi, gia to sf�lma ek thc mejìdou CG paÐrnoume th sqèsh

‖ek‖A = min
pk∈Pk, pk(0)=1

‖pk(A)e0‖A .

OmoÐwc, gia to upìloipo rk thc mejìdou MINRES èqoume th sqèsh

‖rk‖ = min
pk∈Pk, pk(0)=1

‖pk(A)r0‖ .

Kai stic dÔo sqèseic, to minimum lamb�netai p�nw sto q¸ro ìlwn twn
poluwnÔmwn bajmoÔ k, Pk, me pk(0) = 1.

ParathroÔme ìti, epeid  o A eÐnai Ermitianìc ja eÐnai kai diagwnopoi si-
moc. Epomènwc, up�rqei orjokanonikìc pÐnakac U tètoioc ¸ste A = UΛUH .
O Λ eÐnai diag¸nioc pÐnakac me stoiqeÐa tic idiotimèc tou A.

Sthn perÐptwsh ìpou o A eÐnai epiplèon jetik� orismènoc, jewr¸ntac
gnwst  thn prohgoÔmenh paragontopoÐhs  tou, brÐsketai ìti A

1
2 = UΛ

1
2 UH ,

ìpou ta diag¸nia stoiqeÐa tou Λ
1
2 eÐnai oi jetikèc tetragwnikèc rÐzec twn

antÐstoiqwn stoiqeÐwn tou Λ. Epomènwc,

‖ek‖A = min
pk∈Pk, pk(0)=1

∥∥∥A
1
2 pk(A)e0

∥∥∥ .

Antikajist¸ntac touc pÐnakec A, A
1
2 sÔmfwna me tic parap�nw ekfr�seic

touc, èqoume ìti

‖ek‖A ≤ min
pk∈Pk, pk(0)=1

‖pk(Λ)‖ ‖e0‖A . (4.12)

Me ìmoio trìpo, lamb�noume thn antÐstoiqh sqèsh gia to upìloipo

‖rk‖ ≤ min
pk∈Pk, pk(0)=1

‖pk(Λ)‖ ‖r0‖ . (4.13)

Kai ta dÔo par�panw fr�gmata mporeÐ na apodeiqjeÐ ìti eÐnai sharp10. Oi dÔo
ekfr�seic stic (4.12) kai (4.13) mporoÔn na p�roun tic morfèc

‖ek‖A

‖e0‖A

≤ min
pk∈Pk, pk(0)=1

max
i=1,...,n

|pk(λi)| , e0 ∈ Cn\{0}, (4.14)

10Dhlad , up�rqoun arqik� dianÔsmata e0 kai r0, antÐstoiqa, t.w. kai oi dÔo anisìthtec
na gÐnontai isìthtec.
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kai ‖rk‖
‖r0‖ ≤ min

pk∈Pk, pk(0)=1
max

i=1,...,n
|pk(λi)| , r0 ∈ Cn\{0}, (4.15)

gia th mèjodo CG kai gia th mèjodo MINRES, antÐstoiqa. Jewr¸ntac ìti

0 < λmin ≡ λ1 ≤ λ2 ≤ · · · ≤ λn ≡ λmax

eÐnai oi idiotimèc tou A kai gnwrÐzontac mìno th λmin kai th λmax, me th bo jeia
twn poluwnÔmwn tou Chebyshev pr¸tou eÐdouc,

Tk(z), k = 0, 1, 2, . . . , (T0(z) = 1, T1(z) = z, Tk(z) = 2zTk−1−Tk−2, k ≥ 2),

pou orÐzontai gia z ∈ [−1, 1]   z ∈ [1, ∞) (  akìmh gia z ∈ (−∞, −1]),
mporoÔme na l�boume fr�gmata gia ta parap�nw sqetik� apìluta sf�lmata.
Gia na epiteuqjeÐ autì, an�goume thn epÐlush tou diakritoÔ minmax probl -
matoc stic sqèseic (4.14) kai (4.15) se an�logo suneqèc wc ex c:

min
pk∈Pk, pk(0)=1

max
i=1,...,n

|pk(λi)| ≤ min
pk∈Pk, pk(0)=1

max
λ∈[λmin,λmax]

|pk(λ)| . (4.16)

H epÐlush tou suneqoÔc probl matoc apoteleÐ èna klasikì prìblhma tou
opoÐou h lÔsh dÐdetai mèsw twn poluwnÔmwn tou Chebyshev pr¸tou eÐdouc
sto di�sthma [λmin, λmax]. Sugkekrimèna, to polu¸numo pou epilÔei to suneqèc
minmax prìblhma sthn (4.16) eÐnai to

pk(z) =
Tk

(
2z−λmax−λmin

λmax−λmin

)

Tk

(
−λmax−λmin

λmax−λmin

) , (4.17)

ìpou Tk(z) eÐnai to polu¸numo tou Chebyshev pr¸tou eÐdouc bajmoÔ k.
ParathroÔme ìti, efìson Tk(z) = cos(k arccos(z)) gia z ∈ [−1, 1], h apì-
luth tim  tou arijmht  tou pk(z) fr�ssetai apì th mon�da, afoÔ gia k�je
z ∈ [λmin, λmax] to ìrisma ston arijmht  ikanopoieÐ −1 ≤ 2z−λmax−λmin

λmax−λmin
≤ 1.

Gia na upologÐsoume thn apìluth tim  tou paranomast , parathroÔme ìti
to ìrisma ston paronomast  ikanopoieÐ th −λmax−λmin

λmax−λmin
< −1 (λmax > λmin).

Se aut n thn perÐptwsh Tk(z) = cosh(k arccosh(z)) kai apì thn epÐlush thc
exÐswshc diafor¸n pou orÐzei ta polu¸numa tou Chebyshev mporeÐ na brejeÐ,
met� apì pr�xeic, h sugkekrimènh tim  gia to Tk

(
−λmax−λmin

λmax−λmin

)
, pou dÐdetai

èmmesa sto epìmeno Je¸rhma.
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Je¸rhma 4.9. : 'Estw ìti ek eÐnai to sf�lma sthn k epan�lhyh thc mejìdou
CG efarmosmènhc se Ermitianì kai jetik� orismèno sÔsthma. Tìte

‖ek‖A

‖e0‖A

≤ 2

[(√
κ− 1√
κ + 1

)k

+

(√
κ + 1√
κ− 1

)k
]−1

≤ 2

(√
κ− 1√
κ + 1

)k

, (4.18)

ìpou κ = λmax

λmin
eÐnai o deÐkthc kat�stashc tou pÐnaka A.

Sthn prohgoÔmenh perÐptwsh, mac arkoÔsan h mègisth kai h el�qisth
idiotim  tou pÐnaka A. E�n, epiplèon, gnwrÐzoume ìti, p.q., h mègisth idiotim 
eÐnai “makri�” apì tic upìloipec kai pio sugkekrimèna

λ1 ≤ . . . ≤ λn−1 ¿ λn,

tìte h epÐlush tou minmax probl matoc (4.16) an�getai sthn epÐlush enìc
�llou minmax probl matoc sto q¸ro twn poluwnÔmwn pk−1 ∈ Pk−1,pk−1(0) =
1. Sugkekrimèna, an jèsoume pk(z) = apk−1(z)(z − λmax), o periorismìc
pk(0) = 1 kai o pk−1(0) = 1 dÐdoun a = − 1

λmax
, opìte èqoume:

pk(z) = pk−1(z)

(
λmax − z

λmax

)
.

ParathroÔme ìti gia to polu¸numo pk(z) isqÔei pk(λmax) = 0. 'Etsi gia thn
epÐlush tou minmax probl matoc (4.16), arkeÐ na brejeÐ h mègisth tim  tou
poluwnÔmou pk ∈ Pk, pk(0)= 1 p�nw apì tic n − 1 pr¸tec idiotimèc λi, i =
1, 2, . . . , n− 1, ìpwc faÐnetai sth sunèqeia. Sugkekrimèna

min
pk∈Pk, pk(0)=1

max
λi∈σ(A), i=1,2,...,n

|pk(λi)| ≤

min
pk−1∈Pk−1, pk−1(0)=1

[
max

λi∈σ(A), i=1,2,...,n−1
|pk−1(λ)| max

λi∈σ(A)

∣∣∣∣
λmax − λi

λmax

∣∣∣∣
]
≤

min
pk−1∈Pk−1, pk−1(0)=1

[
max

λ∈[λmin,λn−1]
|pk−1(λ)| max

λ∈[λmin,λn−1]

∣∣∣∣
λn − λ

λn

∣∣∣∣
]
≤

(
λn − λ1

λn

)
min

pk−1∈Pk−1, pk−1(0)=1
max

λ∈[λmin,λn−1]
|pk−1(λ)| <

min
pk−1∈Pk−1, pk−1(0)=1

max
λ∈[λmin,λn−1]

|pk−1(λ)| .
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To teleutaÐo minmax prìblhma mporeÐ na epilujeÐ, ìpwc prohgoumènwc, me
th qr sh twn poluwnÔmwn tou Chebyshev pr¸tou eÐdouc bajmoÔ k − 1 sto
di�sthma [λmin, λn−1]. 'Etsi, loipìn, to metasqhmatismèno arqikì minmax
prìblhma epilÔetai jewr¸ntac ousiastik� to polu¸numo :

pk(z) =
Tk−1

(
2z−λn−1−λ1

λn−1−λ1

)

Tk−1

(
−λn−1−λ1

λn−1−λ1

)
(

λn − z

λn

)
.

Me b�sh to apotèlesma (4.18) brÐsketai ìti:

‖ek‖A

‖e0‖A

≤ 2

(√
κn−1 − 1√
κn−1 + 1

)k−1

, κn−1 =
λn−1

λ1

.

OmoÐwc, an sumbaÐnei na gnwrÐzoume ìti k�poiec apì tic idiotimèc tou A, ìpwc
p.q., oi n− l megalÔterec, apèqoun arket� apì tic upìloipec, dhlad ,

λ1 ≤ . . . ≤ λn−l ¿ λn−l+1 ≤ . . . ≤ λn,

tìte me skeptikì an�logo proc to prohgoÔmeno katal goume se èna polu¸nu-
mo thc morf c:

pk(z) =
Tk−1

(
2z−λn−l−λ1

λn−l−λ1

)

Tk−1

(
−λn−l−λ1

λn−l−λ1

)
n∏

i=n−l+1

(
λi − z

λi

)
,

opìte mporoÔme na l�boume fr�gmata thc morf c:

‖ek‖A

‖e0‖A

≤ 2

(√
κn−l − 1√
κn−l + 1

)k−l

, κn−l =
λn−l

λ1

.

'Ola ta parap�nw sunoyÐzontai sto epìmeno genikì je¸rhma, h apìdeixh tou
opoÐou dìjhke ousiastik� stic dÔo prohgoÔmenec selÐdec.

Je¸rhma 4.10. : 'Estw ìti ek eÐnai to sf�lma sthn k epan�lhyh thc mejìdou
CG efarmosmènhc se Ermitianì kai jetik� orismèno sÔsthma. E�n epiplèon,
oi idiotimèc tou pÐnaka A eÐnai diatetagmènec

λ1 ≤ . . . ≤ λn−l ¿ λn−l+1 ≤ . . . ≤ λn,

dhlad , oi n− l pr¸tec apèqoun arket� apì tic upìloipec, tìte:

‖ek‖A

‖e0‖A

≤ 2

(√
κn−l − 1√
κn−l + 1

)k−l

, κn−l =
λn−l

λ1

.
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An�loga apotelèsmata lamb�noume kai sthn perÐptwsh thc mejìdou MIN-
RES, efarmosmènhc se Ermitian� kai jetik� orismèna sust mata, ìpou prokÔp-
toun akrib¸c oi Ðdioi tÔpoi, qrhsimopoi¸ntac ìmwc, t¸ra, thn EukleÐdeia nìrma
tou upoloÐpou, antÐ thc “A−nìrmac” tou sf�lmatoc.

Sthn perÐptwsh Ermitian¸n all� mh-orismènwn susthm�twn, me idiotimèc
na brÐskontai se dÔo diast mata thc morf c

σ(A) ∈ [a, b]
⋃

[c, d], µε a < b < 0 < c < d και b− a = d− c,

to polu¸numo Chebyshev, to opoÐo epilÔei to antÐstoiqo minmax prìblhma,
eÐnai to

pk(z) =
Tl(q(z))

Tl(q(0))

me q(z) = 1+ 2(z−b)(z−c)
ad−bc

, ìpou l = [k/2] 11. Epilègontac to parap�nw polu¸nu-
mo, to fr�gma gia to sf�lma pou paÐrnoume eÐnai

‖rk‖
‖r0‖ ≤ 2

(√
|ad| −

√
|bc|√

|ad|+
√
|bc|

)l

(bl. [13]).

4.4 Mèjodoi Orthodir, Genikeumènh ElaqÐstou UpoloÐ-
pou (Generalized Minimal Residual (GMRES) ) kai
ElaqÐstou UpoloÐpou (Minimal Residual (MIN-
RES) )

Se aut  thn par�grafo ja asqolhjoÔme me thn perÐptwsh tou genikoÔ
pÐnaka A ∈ Cn,n, det(A) 6= 0 kai ja prospaj soume na elaqistopoi soume
thn EukleÐdeia nìrma tou upoloÐpou ‖rk+1‖ p�nw se ènan j�di�stato q¸ro
thc morf c

rk + span{Apk, Apk−1, . . . , Apk−j+1},
ìpou

pk = rk −
j−1∑

l=1

β
(k)
k−lpk−l, β

(k)
k−l =

(Ark, Apk−l)

(Apk−l, Apk−l)
.

11Me [.] sumbolÐzoume to akèraio mèroc enìc pragmatikoÔ arijmoÔ.
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H mèjodoc pou prokÔptei me aut  th diadikasÐa kaleÐtai Orthomin(j) kai eÐ-
nai, ìpwc mporeÐ na parathrhjeÐ, genÐkeush thc Orthomin(1). Se aut  thn
perÐptwsh, ìpwc kai me tic prohgoÔmenec twn Orthomin(1) kai Orthomin(2),
o algìrijmoc katarrèei ìtan 0 ∈ F(AH). MÐa lÔsh gia thn apofug  aut c thc
kat�stashc eÐnai h antikat�stash tou rk twn parap�nw sqèsewn me Apk−1.
Tìte h mèjodoc pou prokÔptei kaleÐtai Orthodir. 'Opwc mporeÐ k�poioc na
parathr sei, h mèjodoc aut  eÐnai arket� dapanhr  apì �poyh pr�xewn kai m-
n mhc, afoÔ se k�je epan�lhyh prèpei na upologÐzoume diaforetik� ginìmena
pÐnaka−dianÔsmatoc kai eswterik� ginìmena. Epiplèon, ja prèpei na apo-
jhkeÔoume toul�qiston j diaforetikèc dieujÔnseic gia thn eÔresh thc nèac
dieÔjunshc.

Sthn an�lush pou akoloujeÐ qrei�zetai o parak�tw orismìc:

Orismìc 4.2. 'Enac pÐnakac A ∈ Cm,n kaleÐtai �nw Hessenberg an

aij = 0, i = 3, 4, . . . ,m, j = 1, 2, . . . , min{i− 2, n}.
MÐa �llh mèjodoc gia thn eÔresh thc proseggistik c lÔshc sthn perÐptw-

sh genikoÔ pÐnaka eÐnai h Genikeumènh ElaqÐstou UpoloÐpou (Generalized
Minimal Residual) (GMRES) ), h opoÐa apaiteÐ th mis  mn mh apì ìti h Or-
thodir(n) kai èqei kalÔterh akrÐbeia. H mèjodoc aut  qrhsimopoieÐ thn par-
allag  thc Gram–Schmidt gia thn orjokanonikopoÐhsh tou q¸rou Krylov
span{r0, Ar0, . . . , A

kr0}. O algìrijmoc aut c thc orjokanonikopoÐhshc kaleÐ-
tai algìrijmoc tou Arnoldi kai dÐdetai sto Par�rthma. Oi basikèc sqèseic
sto k b ma tou algorÐjmou se morf  pin�kwn dÐdontai apì tic

AQk = QkHkk + hk+1(ξ
k)T = Qk+1Hk+1,k. (4.19)

Stic (4.19), o pÐnakac Qk eÐnai ènac n×k orjokanonikìc pÐnakac me st lec ta
orjokanonik� dianÔsmata qk pou par�gontai apì ton Ðdio algìrijmo, o pÐnakac
Hkk eÐnai ènac k×k �nw Hessenberg pÐnakac me stoiqeÐa ta eswterik� ginìmena
hij = (q̃j+1, qi), ìpou qi eÐnai ta orjokanonik� dianÔsmata pou kataskeu�zon-
tai apì ton algìrijmo tou Arnoldi, en¸ ta q̃j+1 eÐnai ta orjog¸nia an� dÔo
dianÔsmata ta opoÐa, epÐshc, kataskeu�zontai apì ton Ðdio algìrijmo. O
pÐnakac Hk+1,k eÐnai o prohgoÔmenoc pÐnakac Hkk, auxhmènoc kat� mÐa epi-
plèon gramm , thc opoÐac to mìno mh-mhdenikì stoiqeÐo eÐnai to hk+1,k. To
stoiqeÐo autì brÐsketai apì ton algìrijmo tou Arnoldi. To di�nusma hk+1

eÐnai to an�strofo tou dianÔsmatoc−gramm c thc teleutaÐac gramm c tou pÐ-
naka Hk+1,k. To di�nusma ξk, pou emfanÐzetai stic parap�nw sqèseic, eÐnai
to gnwstì basikì monadiaÐo di�nusma di�stashc k me 1 sthn k sunist¸sa.
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Sth mèjodo GMRES h prosèggish thc lÔshc dÐdetai apì th sqèsh

xk = x0 + Qkyk,

h opoÐa ja mporoÔsame na poÔme ìti apoteleÐ mÐa diadikasÐa diadoqik¸n belti-
¸sewn thc arqik c prosèggishc x0, mèsw grammik¸n sunduasm¸n twn dianus-
m�twn tou q¸rou Krylov Kk(A, r0) =span{r0, Ar0, . . . , A

k−1r0}. H antÐstoiqh
sqèsh gia ta diadoqik� upìloipa dÐdetai apì thn èkfrash

rk = r0 − AQkyk.

Gia na broÔme pìte to rk èqei elaqÐsth EukleÐdeia nìrma, ja prèpei na lÔsoume
to prìblhma twn elaqÐstwn tetrag¸nwn:

min
y∈Ck

‖r0 − AQky‖ (4.19)

=
min
y∈Ck

‖r0 −Qk+1Hk+1,ky‖ =

min
y∈Ck

∥∥Qk+1(τξ1 −Hk+1,ky)
∥∥ = min

y∈Ck

∥∥τξ1 −Hk+1,ky
∥∥ , (4.20)

ìpou τ = ‖r0‖ kai ξ1 eÐnai to basikì monadiaÐo di�nusma12 di�stashc k + 1.
H teleutaÐa isìthta, sthn parap�nw sqèsh, isqÔei giatÐ o pÐnakac Qk+1 eÐnai
orjokanonikìc kai epomènwc, diathreÐ analloÐwta ta EukleÐdeia eswterik�
ginìmena.

H perissìtero diadedomènh mèjodoc gia thn epÐlush tètoiwn problhm�twn
elaqÐstwn tetrag¸nwn eÐnai aut  pou efarmìzei thn QR an�lush ston �nw
Hessenberg pÐnaka Hk+1,k. H mèjodoc pou sun jwc qrhsimopoieÐtai gia thn
ulopoÐhsh thc QR an�lushc eÐnai h efarmog  diadoqik¸n strof¸n Givens
ston �nw Hessenberg pÐnaka Hk+1,k. H lÔsh yk tou probl matoc elaqÐstwn
tetrag¸nwn lamb�netai apì thn epÐlush tou �nw trig¸nikou sust matoc

Rk×ky = τ(Fξ1)k×1,

ìpou Rk×k eÐnai o k × k kÔrioc upopÐnakac tou �nw trigwnikoÔ pÐnaka R pou
proèrqetai apì thn QR an�lush, o de pÐnakac FH eÐnai o pÐnakac Q thc QR
an�lushc.

Autì pou t¸ra mac apasqoleÐ eÐnai to p¸c mporeÐ na paraqjeÐ h QR
an�lush tou Hk+2,k+1, an gnwrÐzoume thn QR an�lush tou Hk+1,k, me ìso to
dunatìn ligìterec pr�xeic. H diadikasÐa pou qrhsimopoieÐtai eÐnai h ex c:

12Me mon�da sth pr¸th sunist¸sa.
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'Estw Fi,i+1 o pÐnakac−strof  twn monadiaÐwn dianusm�twn ξi, ξi+1 kat�
mÐa gwnÐa θi:

Fi,i+1 =




Ii−1

ci si

−s̄i ci

Ik−i


 , i = 1, 2, . . . , k. (4.21)

Efarmìzontac diadoqik� tic strofèc Fi,i+1 ston pÐnaka Hk+1,k, autìc paÐrnei
th morf :

(Fk,k+1Fk−1,k · · ·F12)Hk+1,k = R(k) =




x x · · · x
x · · · x

. . . ...
x

0 0 · · · 0




.

Gia na p�roume ton par�gonta R(k+1) apì ton Hk+2,k+1, efarmìzoume tic pro-
hgoÔmenec strofèc F12, . . . , Fk,k+1 mìno sthn teleutaÐa st lh tou Hk+2,k+1

kai katal goume se pÐnaka thc morf c:



x x · · · x x
x · · · x x

. . . ... ...
x x

0 0 · · · 0 d
0 0 · · · 0 h




.

Sth sunèqeia, efarmìzoume ston parap�nw pÐnaka th strof  Fk+1,k+2, epilè-
gontac, apì th (3.5), th gwnÐa strof c kat�llhla ¸ste na mhdenisteÐ to
stoiqeÐo hk+2,k+1 = h. Tìte to nèo (k +1, k +1) stoiqeÐo tou pÐnaka eÐnai Ðso

me d
|d|

√
|d|2 + |h|2 (bl. (3.6) ). O pÐnakac F = (Fk+1,k+2Fk,k+1 · · ·F12)

H eÐnai
autìc pou efarmìzetai sto dexiì mèloc tou sust matoc

Rk×ky = τ(Fξ1)k×1. (4.22)

ParathroÔme ìti h apìluth tim  tou teleutaÐou stoiqeÐou tou dianÔsmatoc
τFξ1 tou dexioÔ mèlouc eÐnai h EukleÐdeia nìrma tou rk. Autì sumbaÐnei diìti
apì tic sqèseic

‖b− Axk‖ =
∥∥τξ1 − FHRyk

∥∥ =
∥∥τFξ1 −Ryk

∥∥ ,
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me b�sh thn τFξ1 = Ryk, èqoume thn isìthta twn k pr¸twn sunistws¸n, apì
th sqèsh (4.22), ektìc apì thn teleutaÐa sunist¸sa tou dianÔsmatoc τFξ1.
Blèpoume, loipìn, ìti me th diadikasÐa pou perigr�fthke, mporoÔme, qwrÐc
epiplèon kìstoc, na elègqoume se k�je b ma th nìrma tou upoloÐpou. O
pl rhc algìrijmoc thc mejìdou GMRES parousi�zetai sto Par�rthma.
Parat rhsh 4.6. : O algìrijmoc thc pl rouc GMRES eÐnai sqetik� da-
panhrìc. AfoÔ e�n efarmosteÐ n−forèc tìte h t�xh megèjouc twn pr�xewn
mìno kat� ton algìrijmo tou Arnoldi eÐnai O(n3). Epiplèon to kìstoc apo-
j keushc twn {qi}n

i=1 eÐnai meg�lo. Ta dÔo parap�nw gegonìta ft�noun na
qarakthrÐsoun ton algìrijmo thc GMRES(n) asÔmforo. Autì, loipìn, pou
sun jwc gÐnetai sthn pr�xh eÐnai h “epanekkÐnhsh” thc mejìdou met� apì
lÐgec sqetik� epanal yeic, me ek�stote arqik  prosèggish thn teleutaÐa tou
prohgoÔmenou kÔklou thc. H nèa aut  mèjodoc kaleÐtai GMRES(j), me to j
na anafèretai sthn epan�lhyh amèswc met� thn opoÐa gÐnetai h epanekkÐnhsh
thc mejìdou.

Skopìc mac kai ed¸ eÐnai h elaqistopoÐhsh thc EukleÐdeiac nìrmac tou
upoloÐpou thc mejìdou GMRES. 'Opwc kai sthn perÐptwsh thc mejìdou MIN-
RES, h EukleÐdeia nìrma tou upoloÐpou ekfr�zetai wc

‖rk‖ = min
pk∈Pk, pk(0)=1

‖pk(A)r0‖ ,

me pÐnaka A ∈ Cn,n kai mìnec upojèseic ìti det(A) 6= 0 kai ìti o pÐnakac
A eÐnai diagwniopoi simoc. Jèlontac na d¸soume fr�gmata anex�rthta apì
to r0, efarmìzoume kai p�li th diadikasÐa pou akolouj jhke gia thn eÔresh
fragm�twn sth MINRES sthn perÐptwsh tou ErmitianoÔ sust matoc. Jew-
roÔme, loipìn, qrhsimopoi¸ntac th morf  Jordan, thn paragontopoÐhsh tou
pÐnaka A se A = V ΛV −1, ìpou Λ eÐnai diag¸nioc pÐnakac pou perièqei tic id-
iotimèc tou pÐnaka A kai V o pÐnakac twn antÐstoiqwn idiodianusm�twn. Tìte
apì th sqèsh ‖rk‖ = minpk∈Pk, pk(0)=1 ‖pk(A)r0‖ èqoume:

‖rk‖ = min
pk∈Pk, pk(0)=1

∥∥V pk(Λ)V −1r0

∥∥ ≤ κ(V ) min
pk∈Pk, pk(0)=1

‖pk(Λ)‖ ‖r0‖ ,

(4.23)
pou isodÔnama gÐnetai

‖rk‖
‖r0‖ = min

pk∈Pk, pk(0)=1

∥∥V pk(Λ)V −1
∥∥ ≤ κ(V ) min

pk∈Pk, pk(0)=1
‖pk(Λ)‖ ,

kai ìpou me κ(V ) sumbolÐzoume to deÐkth kat�stashc tou pÐnaka V . Parath-
roÔme ìti autì to fr�gma den eÐnai p�ntote kalì, afoÔ o deÐkthc kat�stashc
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tou pÐnaka V mporeÐ na eÐnai osod pote meg�loc kai, epiplèon, to polu¸numo
pk pou elaqistopoieÐ thn èkfrash ‖V pk(Λ)V −1r0‖ den eÐnai aparaÐthta autì
pou elaqistopoieÐ th ‖pk(Λ)‖ , ìpou pk ∈ Pk me pk(0) = 1. Sthn eidik 
perÐptwsh kanonik¸n (normal) pin�kwn, ìpou κ = 1, to prìblhma an�getai se
èna prìblhma beltistopoÐhshc p�nw sta migadik� polu¸numa Pk me pk(0) = 1.
Kai se aut , ìmwc, thn perÐptwsh, den èqoume “apl�” fr�gmata, ìpwc aut�
twn mejìdwn MINRES kai CG.

'Enac �lloc trìpoc gia thn eÔresh fragm�twn gia to upìloipo thc mejìdou
eÐnai mèsw tou pedÐou tim¸n tou pÐnaka A. 'Estw 0 6∈ F(A) kai ìti to F(A)
an kei se èna dÐsko D = {z ∈ C : |z − c| ≤ s}. Tìte apì tic idiìthtec tou
pedÐou tim¸n (3.10) èqoume:

F(I − 1

c
A) = 1− 1

c
F(A) ⊆ {z ∈ C : |z| ≤ s

|c|}.

'Eqontac ìti h arijmhtik  aktÐna eÐnai ν(I − 1
c
A) ≤ s

|c| , paÐrnoume ìti

ν((I − 1

c
A)k) ≤ (

s

|c|)
k.

Epomènwc,
∥∥pkpk∈Pk, pk(0)=1(A)

∥∥ ≤ 2

(
s

|c|
)k

.

Tìte to fr�gma gia to sqetikì apìluto sf�lma tou upoloÐpou sthn k epan�l-
hyh thc GMRES paÐrnei th morf :

‖rk‖
‖r0‖ ≤ 2

(
s

|c|
)k

.

Ta parap�nw sumper�smata sunoyÐzontai sto akìloujo je¸rhma.

Je¸rhma 4.11. : 'Estw rk to upìloipo sthn k epan�lhyh tou algorÐjmou
thc mejìdou GMRES. E�n, epiplèon, 0 6∈ F(A) kai F(A) ⊆ D = {z ∈ C :
|z − c| ≤ s}. Tìte

‖rk‖
‖r0‖ ≤ 2

(
s

|c|
)k

.

Diaforetik� fr�gmata mporoÔn na prokÔyoun, an qrhsimopoihjeÐ jewrÐa
poluwnÔmwn Faber (bl. [20], [7], [8]), ìpwc epÐshc kai me thn eisagwg  thc
ènnoiac twn “yeudoðdiotim¸n” (pseudo-eigenvalues) (bl. [35]).
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Sto teleutaÐo mèroc aut c thc paragr�fou ja perigr�youme pwc eÐnai
dunatìn, me th bo jeia tou algorÐjmou tou Lanczos13 gia ErmitianoÔc pÐ-
nakec,14 na kataskeu�soume th mèjodo MINRES.

O algìrijmoc tou Lanczos gr�fetai se morf  pÐnakwn wc ex c:

AQk = QkTkk + βkqk+1(ξ
k)T = Qk+1Tk+1,k,

ìpou Qk eÐnai ènac n× k orjokanonikìc pÐnakac me st lec ta orjokanonik�
dianÔsmata qj, j = 1, 2, . . . , k + 1, k = 1, 2, . . . pou par�gontai apì ton al-
gìrijmo. O Tkk eÐnai ènac tridiag¸nioc summetrikìc pÐnakac me Tk+1,k na èqei
wc kÔrio upopÐnak� tou ton Tkk kai thn teleutaÐa gramm  tou mhdenik , ektìc
tou teleutaÐou stoiqeÐou thc, to opoÐo isoÔtai me T (k +1, k) = βk(ξ

k)T , ìpou
βk = ‖q̃k+1‖ me q̃k+1 to di�nusma pou eÐnai orjog¸nio sta qj, j = 1, . . . , k.
Jewr¸ntac to q1 = r0

τ
me τ = ‖r0‖ , h mèjodoc par�gei diadoqikèc proseg-

gÐseic thc lÔshc thc morf c xk = x0 + Qkyk, ìpou Qkyk ∈ Kk(A, r0) kai yk

eÐnai h lÔsh tou probl matoc elaqÐstwn tetrag¸nwn:

miny∈Ck ‖r0 − AQky‖ = miny∈Ck ‖r0 −Qk+1Tk+1,ky‖ =
miny∈Ck ‖Qk+1(τξ1 − Tk+1,ky)‖ = miny∈Ck ‖τξ1 − Tk+1,ky‖ .

(4.24)

Oi parap�nw isìthtec isqÔoun apì touc orismoÔc twn τ, Qk, Qk+1 kai apì
to gegonìc ìti oi pÐnakec Qk kai Qk+1 eÐnai orjokanonikoÐ. To di�nusma Qkyk

apoteleÐ ènan grammikì sunduasmì twn dianusm�twn b�shc tou q¸rou Krylov,
Kk(A, r0) =span{r0, Ar0, . . . , A

k−1r0}. Se aut  thn perÐptwsh de qrei�zetai
na apojhkeÔoume se k�je epan�lhyh perissìtera tou enìc orjokanonik� di-
anÔsmata pou kataskeu�zei o algìrijmoc tou Lanczos. MporoÔme na lÔsoume
to prìblhma me apl  antikat�stash wc ex c: OrÐzoume Pk ≡ QkR

−1
k×k kai è-

qontac p0 = τq1, mporoÔme na upologÐsoume tic st lec tou Pk apì th sqèsh

pk−1 =

(
qk − β

(k−1)
k−2 pk−2 − β

(k−1)
k−3 pk−3

)

β
(k−1)
k−1

,

ìpou β
(k−1)
k−l , l = 1, 2, 3 eÐnai to (k − l + 1, k) stoiqeÐo tou Rk×k. Blèpoume,

loipìn, ìti h prosèggish thc lÔshc sthn k epan�lhyh dÐdetai apì th sqèsh:

xk = x0 + Pkτ(Fξ1)k×1 = xk−1 + αk−1pk−1,

13QwrÐc “look-ahead”.
14Sthn perÐptwsh twn Ermitian¸n pin�kwn mporeÐ na apodeiqjeÐ eÔkola, me epagwg , ìti

o algìrijmoc tou Lanczos tautÐzetai me autìn tou Arnoldi.

38



ìpou αk−1 eÐnai h k sunist¸sa tou dianÔsmatoc τ(Fξ1)k×1. Oloklhrwmènoc
o algìrijmoc parousi�zetai sto Par�rthma.
Parat rhsh 4.7. : Me parìmoia diadikasÐa, sthn perÐptwsh ìpou o A eÐnai
Ermitianìc kai jetik� orismènoc, mporoÔme na kataskeu�soume ton algìrijmo
thc mejìdou CG, qrhsimopoi¸ntac kai p�li ton algìrijmo tou Lanczos(bl.
[20]).
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5 Mèjodoc Disuzug¸n KlÐsewn (Biconjuga-

te Gradient (BiCG) ) kai Sqetikèc Mèjodoi
'Opwc  dh parathr same kai sthn prohgoÔmenh par�grafo, h pl rhc GM-

RES (GMRES(n)) apaiteÐ auxhmèno pl joc pr�xewn kai q¸ro mn mhc an�
epan�lhyh. Gia th beltÐwsh twn auxhmènwn apait sewn thc pl rouc GMRES,
parousi�same mejìdouc, ìpwc h Orhomin(j) kai h GMRES(j), oi algìrijmoi
twn opoÐwn belti¸noun shmantik� to kìstoc epÐlushc. EÐdame, ìmwc, ìti up-
�rqoun peript¸seic stic opoÐec oi parap�nw mèjodoi apotugq�noun, ìpwc gia
par�deigma sthn perÐptwsh ìpou h nìrma tou upoloÐpou stamat�ei na mei¸ne-
tai. MÐa tètoia perÐptwsh èqoume ìtan o suntelest c αk−1 = (rk−1,Apk−1)

(Apk−1,Apk−1)

pou sundèei dÔo diadoqik� upìloipa eÐnai mhdèn.
Sthn par�grafo aut , ja melet soume mejìdouc oi opoÐec sumperifèrontai

kalÔtera apì tic parap�nw15 kai, epiplèon, h pijanìthta apotuqÐac exaleÐfe-
tai me th qr sh thc teqnik c look-ahead [29] bhm�twn stouc algorÐjmouc touc.
H qr sh, ìmwc, tètoiwn teqnik¸n mporeÐ na èqei wc sunèpeia thn aÔxhsh twn
epanal yewn kai tou q¸rou mn mhc pou apaiteÐtai gia th sÔgklish twn mejìd-
wn aut¸n. Epiplèon, se autèc tic peript¸seic, den èqoume ek twn protèrwn
jewrhtikèc ektim seic sfalm�twn.

5.1 AmfÐpleuroc Algìrijmoc tou Lanczos

Sto prohgoÔmeno kef�laio eÐdame ìti sthn perÐptwsh ìpou o pÐnakac A
eÐnai Ermitianìc, o algìrijmoc tou Lanczos èdide thn orjokanonikopoÐhsh thc
b�shc Krylov, me mia akoloujÐa tri¸n bhm�twn. Sthn perÐptwsh, ìmwc, pou
o pÐnakac den eÐnai Ermitianìc, de gÐnetai k�ti tètoio. MporoÔme, ìmwc, na
kataskeu�soume mÐa akoloujÐa tri¸n bhm�twn gia touc pÐnakec A kai AH

qwrist�, dhmiourg¸ntac diorjog¸niec b�seic gia touc q¸rouc Krylov pou
antistoiqoÔn stouc parap�nw pÐnakec.

'Estw ìti Kk(B, v) eÐnai o q¸roc Krylov span{v, Bv, . . . , Bk−1v}. Kata-
skeu�zoume dÔo sÔnola dianusm�twn

v1, v2, . . . , vk ∈ Kk(A, r0)

kai
w1, w2, . . . , wk ∈ Kk(A

H , r̂0),

15Me thn ènnoia ìti èqoun stajerì q¸ro ergasÐac.
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me thn idiìthta ìti

(vi, wj) = 0 ∀i, j = 1, . . . , k, i 6= j.

Ta dianÔsmata r0, r̂0 anafèrontai sta dianÔsmata�upìloipa thc arqik c epan�l-
hyhc x0 gia ta sust mata Ax = b kai AHx = b, antÐstoiqa. O trìpoc
kataskeu c twn dÔo parap�nw sunìlwn dianusm�twn kaleÐtai “amfÐpleuroc
algìrijmoc tou Lanczos” kai parousi�zetai analutik� sto Par�rthma. Stic
epìmenec paragr�fouc, ìtan ja anaferìmaste ston algìrijmo tou Lanczos,
ja ennooÔme ton proanaferjènta “amfÐpleuro algìrijmo tou Lanczos”.

Jewr¸ntac Vk kai Wk touc pÐnakec me st lec ta v1, v2, . . . , vk kai w1, w2,. . . ,
wk antÐstoiqa, h k epan�lhyh tou algorÐjmou tou Lanczos se morf  pin�kwn
eÐnai:

AVk = VkTkk + γkvk+1(ξ
k)T = Vk+1Tk+1,k, (5.1)

AHWk = WkT
H
kk + β̄kwk+1(ξ

k)T = Wk+1T̃k+1,k, (5.2)

me

Tkk =




α1 β1

γ2 α2

. . . βk−1

γk αk


 .

Oi pÐnakec Tk+1,k kai T̃k+1,k eÐnai autoÐ pou èqoun wc kÔriouc upopÐnakec touc
Tkk kai TH

kk antÐstoiqa, en¸ h teleutaÐa touc gramm  eÐnai mhdenik , ektìc
apì ta stoiqeÐa touc T (k + 1, k) = γk+1 kai T̃ (k + 1, k) = β̄k. Apì thn
kataskeu  twn vi, wi, mèsw tou algorÐjmou tou Lanczos, prokÔptei h sunj kh
diorjogwniìthtac

V H
k Wk = Ik.

'Eqoume, loipìn, to epìmeno je¸rhma:

Je¸rhma 5.1. : E�n ta dianÔsmata pou par�gontai apì ton amfÐpleuro
algìrijmo tou Lanczos eÐnai kal� orismèna stic k + 1 pr¸tec epanal yeic,
dhlad , e�n (vj, wj) 6= 0, j = 1, 2, . . . , k + 1, tìte

(vi, wj) = 0 ∀i, j = 1, . . . , k + 1, i 6= j. (5.3)

H apìdeixh tou parap�nw jewr matoc gÐnetai me epagwg  sto k (bl. [20]).
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Parat rhsh 5.1. : Ta dianÔsmata pou par�gontai apì ton algìrijmo tou
Lanczos den orÐzontai se dÔo peript¸seic: Pr¸ton, sthn perÐptwsh ìpou
k�poio apì ta ṽk+1 kai w̃k+1 eÐnai mhdèn. Tìte eÐte ta dianÔsmata v1, v2, . . . , vk

par�goun ènan A−analloÐwto upìqwro eÐte ta w1, w2, . . . , wk par�goun è-
nan AH−analloÐwto upìqwro. Autìc o trìpoc termatismoÔ tou algorÐjmou
kaleÐtai “kanonikìc” termatismìc.

H deÔterh perÐptwsh termatismoÔ kaleÐtai “kat�rreush” (break-down)
kai sumbaÐnei ìtan (ṽk+1, w̃k+1) = 0 all� kanèna ek twn ṽk+1 kai w̃k+1 den
eÐnai mhdèn. 'Etsi, den up�rqoun dianÔsmata ṽj+1 ∈ Kj+1(A, r0) kai w̃j+1 ∈
Kj+1(A

H , r̂0) pou na ikanopoioÔn tic sunj kec (vj+1, wi) = (wj+1, vi)
= 0, ∀i ≤ j. EÐnai dunatìn, bèbaia, sthn j + 1 epan�lhyh na mhn up�r-
qoun tètoia dianÔsmata all� se k�poia epan�lhyh sth sunèqeia na up�r-
qoun ṽj+l ∈ Kj+l(A, r0) kai w̃j+l ∈ Kj+l(A

H , r̂0) t.w. na eÐnai orjog¸ni-
a stouc q¸rouc Kj+l−1(A

H , r̂0) kai Kj+l−1(A, r0) antÐstoiqa. H diadikasÐa
pou ousiastik� prokaleÐ “mikrèc diataraqèc” sta endi�mesa b mata tou al-
gorÐjmou tou Lanczos, sta opoÐa upojètoume ìti ja mporoÔsame na èqoume
“kat�rreush”, kaleÐtai “amfÐpleuroc algìrijmoc tou Lanczos me look-ahead”
(bl. [26], [29], [4]).

5.2 Mèjodoc Disuzug¸n KlÐsewn (Biconjugate Gra-
dient (BiCG) )

Sthn prohgoÔmenh par�grafo, eÐdame analutik� ton amfÐpleuro algìrij-
mo tou Lanczos gia mh-ErmitianoÔc pÐnakec. Se aut n thn par�grafo, ja
melet soume mÐa nèa mèjodo h opoÐa sthrÐzetai ston algìrijmo tou Lanczos
kai kaleÐtai Mèjodoc Disuzug¸n KlÐsewn (Biconjugate Gradient (BiCG) ).

'Estw A ∈ Cn,n mh-Ermitianìc, genik�, pÐnakac kai èstw Ax = b to sÔsth-
ma pou jèloume na epilÔsoume me b ∈ Cn. JewroÔme ìti h akoloujÐa di-
anusm�twn pou par�gei o algìrijmoc tou Lanczos eÐnai pl rhc, dhlad  den
èqoume perÐptwsh “kat�rreushc”. Ta dianÔsmata b�shc tou q¸rou Krylov,
pou anafèrame prohgoumènwc kai ta opoÐa par�gontai apì ton algìrijmo tou
Lanczos, mporoÔn na qrhsimopoihjoÔn sthn prosèggish thc lÔshc tou gram-
mikoÔ sust matoc. Ed¸, ìpwc kai sthn perÐptwsh twn mejìdwn GMRES,
MINRES kai CG, h prosèggish xk thc lÔshc tou grammikoÔ sust matoc
dÐdetai apì mÐa sqèsh thc morf c:

xk = x0 + Vkyk. (5.4)
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H parap�nw sqèsh apoteleÐ mÐa diadikasÐa diadoqik¸n belti¸sewn thc arqik c
prosèggishc x0, mèsw enìc grammikoÔ sunduasmoÔ twn dianusm�twn b�shc
tou q¸rou Krylov Kk(A, r0). MÐa dunat  epilog  tou yk eÐnai na apait soume
to upìloipo sthn k epan�lhyh,

rk = r0 − AVkyk,

na eÐnai orjog¸nio sta w1, w2, . . . , wk, pou kataskeÔazontai apì ton algìri-
jmo tou Lanczos. Autì pou apaitoÔme eÐnai to upìloipo rk na eÐnai orjog¸nio
ston q¸ro Kk(A

H , r̂0). Lamb�noume ètsi thn exÐswsh

WH
k rk = WH

k r0 −WH
k AVkyk = 0. (5.5)

Apì thn (5.1) kai thn (5.3) èqoume ìti

WH
k AVk = WH

k Vk+1Tk+1,k = Tkk

kai
WH

k r0 = βξ1, β = ‖r0‖ .

Apì ta parap�nw, parathroÔme ìti to yk prokÔptei wc lÔsh tou tridiag¸niou
sust matoc

Tkkyk = βξ1.

Parat rhsh 5.2. : An o pÐnakac Tkk eÐnai mh-antistrèyimoc tìte to parap�nw
sÔsthma den èqei lÔsh kai autì shmaÐnei ìti den up�rqei di�nusma xk t.w.
WH

k rk = 0.
O pl rhc algìrijmoc thc Biconjugate Gradient mejìdou dÐdetai sto Pa-

r�rthma.

5.3 Mèjodoc HmielaqÐstou UpoloÐpou (Quasi-minimal
Residual (QMR) )

Sth mèjodo HmielaqÐstou UpoloÐpou (Quasi-minimal Residual (QMR) )
oi proseggÐseic thc lÔshc dÐdontai kai se aut  thn perÐptwsh apì th sqèsh
xk = x0 + Vkyk, ìpou to yk eÐnai tètoio ¸ste na elaqistopoieÐ mÐa posìthta
pou sqetÐzetai me thn EukleÐdeia nìrma tou upoloÐpou. 'Eqoume, loipìn, ìti
h èkfrash

rk = r0 − AVkyk
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mporeÐ na grafeÐ sth morf 

rk = Vk+1(βξ1 − Tk+1,kyk),

ìpou Vk+1 kai Tk+1,k eÐnai oi pÐnakec twn opoÐwn ta stoiqeÐa proèrqontai
apì ton algìrijmo tou Lanczos. Oi st lec tou pÐnaka Vk+1 den eÐnai or-
jog¸niec, pr�gma pou dhmiourgeÐ prìblhma sthn epilog  yk tètoiou ¸ste na
elaqistopoieÐ th ‖rk‖. Lamb�nontac nìrmec, paÐrnoume th sqèsh

‖rk‖ ≤ ‖Vk+1‖
∥∥βξ1 − Tk+1,kyk

∥∥ . (5.6)

Se aut n thn perÐptwsh, to yk epilègetai ètsi ¸ste na elaqistopoieÐ ton
par�gonta ‖βξ1 − Tk+1,kyk‖. 'Eqontac, epiplèon, gnwstì ìti k�je st lh tou
pÐnaka Vk+1 èqei nìrma Ðsh me èna, lamb�noume th sqèsh ‖Vk‖ ≤

√
k + 1, �ra,

‖rk‖ ≤
√

k + 1
∥∥βξ1 − Tk+1,kyk

∥∥ .

Sth mèjodo QMR lÔnoume to prìblhma twn elaqÐstwn tetrag¸nwn

min
y∈Ck

∥∥βξ1 − Tk+1,ky
∥∥ ,

to opoÐo èqei p�nta lÔsh akìma kai an o pÐnakac Tkk eÐnai mh-antistrèyimoc,
ektìc bèbaia apì thn perÐptwsh ìpou o algìrijmoc tou Lanczos katarrèei.

Sth sunèqeia, parousi�zoume èna je¸rhma to opoÐo sundèei tic nìrmec twn
upoloÐpwn twn mejìdwn GMRES kai QMR.

Je¸rhma 5.2. : An me rG
k sumbolÐsoume to upìloipo thc mejìdou GMRES

sthn k epan�lhyh kai me rQ
k to antÐstoiqo thc mejìdou QMR, tìte:
∥∥∥rQ

k

∥∥∥ ≤ κ(Vk+1)
∥∥rG

k

∥∥ , (5.7)

ìpou Vk+1 eÐnai o pÐnakac me st lec ta dianÔsmata b�shc pou kataskeu�zontai
apì ton algìrijmo tou Lanczos kai κ sumbolÐzei to deÐkth kat�stashc.

Dustuq¸c, den up�rqoun ek twn protèrwn fr�gmata gia ton deÐkth kat�s-
tashc tou Vk+1, o opoÐoc endèqetai na eÐnai arket� meg�loc, me apotèlesma
to fr�gma na eÐnai arket� apaisiìdoxo.

H mèjodoc pou akoloujeÐtai gia thn epÐlush tou probl matoc elaqÐstwn
tetrag¸nwn eÐnai aut  pou eÐdame sto prohgoÔmeno kef�laio, sthn perÐptwsh
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thc MINRES mejìdou. Dhlad , h efarmog  twn strof¸n Givens ston tridi-
ag¸nio pÐnaka Tk+1,k, me skopì to mhdenismì twn stoiqeÐwn k�tw apì th
diag¸nio. Katal goume, telik�, ìti to prìblhma elaqÐstwn tetrag¸nwn

min
y∈Ck

∥∥βξ1 − Tk+1,ky
∥∥

= min
y∈Ck

∥∥βξ1 − FHRy
∥∥ = min

y∈Ck

∥∥βFξ1 −Ry
∥∥

isodunameÐ me thn epÐlush tou sust matoc

Rk×kyk = gk×1, (5.8)

ìpou gk×1 eÐnai èna di�nusma me stoiqeÐa ta pr¸ta k stoiqeÐa tou dianÔsmatoc
g = (Fk,k+1 · · ·F12)

Hβξ1,16 kai Rk×k eÐnai ènac �nw trigwnikìc pÐnakac me
dÔo uperdiagwnÐouc. Akolouj¸ntac th diadikasÐa thc mejìdou MINRES,
jètontac, dhlad , Pk ≡ VkR

−1
k×k, kai y = yk th lÔsh tou sust matoc (5.8),

èqoume ìti
xk = x0 + Vkyk = x0 + Pkgk×1.

Epomènwc, kai h prohgoÔmenh epan�lhyh èqei th morf : xk = x0+Pk−1g(k−1)×1.
Sundu�zontac tic dÔo parap�nw sqèseic, lamb�noume ènan anadromikì tÔpo
gia tic proseggÐseic thc lÔshc:

xk = xk−1 + αk−1pk−1,

ìpou αk−1 eÐnai to k stoiqeÐo tou dianÔsmatoc g. H parap�nw èkfrash mac
epitrèpei na parathr soume ìti h prosèggish xk isoÔtai me th xk−1 diorjwmènh
kat� èna di�nusma an�logo thc dieÔjunshc pk−1. Apì ton orismì tou Pk =
(p0 p1 . . . pk−1), èqoume ìti

pk−1 =
1

βk

(vk − βk−1pk−2 − βk−2pk−3),

ìpou βl = R(k+1− l, k), l = 1, 2, 3. O pl rhc algìrijmoc thc QMR mejìdou
parousi�zetai sto Par�rthma.

16Oi F12, F23, . . . , Fk,k+1 eÐnai oi pÐnakec−strof  me ekfr�seic autèc pou dìjhkan stic
(3.5)�(3.8).
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5.4 Tetragwnik  Mèjodoc Suzug¸n KlÐsewn (Conju-
gate Gradient Squared) (CGS) )

Stic mejìdouc BiCG kai QMR, se k�je epan�lhyh, apaitoÔntai pollaplasi-
asmoÐ twn pin�kwn A kai AH epÐ dianÔsmata. To gegonìc autì apaiteÐ epi-
plèon kìstoc se pr�xeic. EpÐshc, se pollèc peript¸seic, o pollaplasiasmìc
me ton AH den eÐnai “bolikìc” se sÔgkrish me autìn tou A (bl. [20])17. Gia au-
toÔc touc lìgouc, prospajoÔme na kataskeu�soume epanalhptikèc mejìdouc,
tètoiec ¸ste apì to èna mèroc na apaitoÔn pollaplasiasmì mìno me ton pÐ-
naka A kai apì to �llo mèroc na par�goun kalèc proseggÐseic thc lÔshc
apì touc q¸rouc Krylov, pou kataskeu�zontai apì ton pollaplasiasmì tou
pÐnaka A epÐ di�nusma.

MÐa tètoia mèjodoc, h opoÐa belti¸nei tic mejìdouc BiCG kai QMR, eÐnai
h Tetragwnik  Mèjodoc Suzug¸n KlÐsewn (Conjugate Gradient Squared)
(CGS) ).

Apì th mèjodo BiCG èqoume ìti ta rk, r̂k kai ta pk, p̂k mporoÔn na ekfras-
toÔn stic morfèc:

rk = φk(A)r0, r̂k = φ̄k(A
H)r̂0 pk = ψk(A)r0, p̂k = ψ̄k(A

H)r̂0 (5.9)

gia sugkekrimèna polu¸numa φk kai ψk bajmoÔ k. An h mèjodoc thc BiCG
sugklÐnei kal¸c, dhlad , an h ‖φk(A)r0‖ eÐnai arket� mikr , tìte perimènoume
h ‖φ2

k(A)r0‖ na eÐnai akìma mikrìterh. Autì isqÔei giatÐ, e�n upojèsoume
ìti to polu¸numo φk(A) eÐnai ènac telest c meÐwshc tou arqikoÔ upoloÐpou
r0, tìte autì pou ja sumbaÐnei eÐnai ìti kaj¸c ja aux�netai h di�stash tou
q¸rou Krylov, Kk(A, r0), o telest c ja mei¸nei to ek�stote upìloipo, me
apotèlesma h mèjodoc na sugklÐnei. K�nontac loipìn aut  thn paradoq  gi-
a to φk(A), eÐnai logikì na perimènoume ìti h efarmog  tou telest  autoÔ
sto di�nusma φk(A)r0 ja prokaleÐ megalÔterh meÐwsh tou upoloÐpou. Sth-
n antÐjeth perÐptwsh, dhlad , thc mh-sÔgklishc tou upoloÐpou thc BiCG,
φk(A)r0, h peraitèrw efarmog  tou telest  dhmiourgeÐ epiplèon probl mata

17Me thn èkfrash ìti o pollaplasiasmìc tou pÐnaka A me èna di�nusma eÐnai “bolikìc”
se sÔgkrish me autìn tou AH , ennooÔme to ex c: Se arketèc peript¸seic, lìgw tou trìpou
apoj keushc twn pin�kwn ston Upologist , up�rqoun uporoutÐnec pou lamb�noun upìyh
kai ekmetalleÔontai to sugkekrimèno gegonìc kat� ton pollaplasiasmì pÐnaka epÐ di�nus-
ma. Antijètwc den up�rqei antÐstoiqh prìbleyh gia ton pollaplasiasmì tou AH epÐ di�nus-
ma, pr�gma pou kajist� ton antÐstoiqo pollaplasiasmì sthn pr�xh pio qronobìro. EpÐshc,
sthn perÐptwsh pou qrhsimopoieÐtai par�llhlh epexergasÐa, o pollaplasiasmìc tou pÐnaka
AH epÐ di�nusma apaiteÐ epiplèon qrìno epikoinwnÐac metaxÔ twn epexergast¸n.
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sth sÔgklish thc mejìdou. Perissìtera p�nw s� autì to jèma ja anap-
tuqjoÔn parak�tw.

Ja prèpei na tonisteÐ ìti, e�n o upologismìc tou φ2
k(A)r0 gÐnetai to Ðdio

eÔkola me ton φk(A)r0, tìte h antÐstoiqh mèjodoc ja mporèsei na qarakthris-
teÐ kalÔterh apì tic prohgoÔmenec, afoÔ ja ikanopoieÐ tic proôpojèseic pou
èqoume jèsei. Se aut  thn parat rhsh sthrÐzetai kai h mèjodoc thc CGS.

Apì th mèjodo thc BiCG kai tic (5.9) èqoume ìti:

φk(A)r0 = φk−1(A)r0 − αk−1Aψk−1(A)r0 (5.10)

kai
ψk(A)r0 = φk(A)r0 + βkψk−1(A)r0, (5.11)

ìpou
αk−1 =

(φk−1(A)r0, φ̄k−1(A
H)r̂0)

(Aψk−1(A)r0, ψ̄k−1(AH)r̂0)
=

(φ2
k−1(A)r0, r̂0)

(Aψ2
k−1(A)r0, r̂0)

.

Apì tic sqèseic (5.10), (5.11) jewroÔme ta polu¸numa

φk(z) = φk−1(z)− αk−1zψk−1(z) (5.12)

kai
ψk(z) = φk(z) + βkψk−1(z). (5.13)

TetragwnÐzontac tic sqèseic (5.12) kai (5.13) lamb�noume:

φ2
k(z) = φ2

k−1(z)− 2αk−1zφk−1(z)ψk−1(z) + α2
k−1z

2ψ2
k−1(z)

kai
ψ2

k(z) = φ2
k(z) + 2βkφk(z)ψk−1(z) + β2

kψ
2
k−1(z).

EpÐshc, me pollaplasiasmì twn Ðdiwn sqèsewn lamb�noume:

φk(z)ψk(z) = φ2
k(z) + βkφk(z)ψk−1(z)

kai
φk(z)ψk−1(z) = φk−1(z)ψk−1(z)− αk−1zψ

2
k−1(z)

= φ2
k−1(z) + βk−1φk−1(z)ψk−2(z)− αk−1zψ

2
k−1(z)

OrÐzontac Φk ≡ φ2
k, Θk ≡ φkψk−1, Ψk−1 ≡ ψ2

k−1 èqoume tic sqèseic:

Φk(z) = Φk−1(z)− 2αk−1z(Φk−1(z) + βk−1Θk−1(z)) + α2
k−1z

2Ψk−1(z),
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Θk(z) = Φk−1(z) + βk−1Θk−1(z)− αk−1zΨk−1(z)

kai
Ψk(z) = Φk(z) + 2βkΘk(z) + β2

kΨk−1.

Sth sunèqeia, qrhsimopoi¸ntac tic parap�nw ekfr�seic, “metall�ssoume”
ton algìrijmo thc BiCG se mÐa nèa morf , par�gontac autìn thc CGS. O
pl rhc algìrijmoc thc CGS parousi�zetai analutik� sto Par�rthma.
Parat rhsh 5.3. : O algìrijmoc thc CGS apaiteÐ dÔo pollaplasiasmoÔc
pÐnaka epÐ di�nusma se k�je epan�lhyh all� den apaiteÐ, plèon, pollaplasi-
asmoÔc me ton AH . Stic peript¸seic ìpou h BiCG sugklÐnei kal¸c, tìte h
CGS apaiteÐ tic misèc epanal yeic gia th sÔgklis  thc kai, epomènwc, kai to
misì kìstoc ergasÐac. E�n ìmwc h nìrma tou upoloÐpou thc BiCG, ‖rk‖ ,
parousi�zei auxomeiwtikèc diakum�nseic apì epan�lhyh se epan�lhyh, tìte h
sumperifor� thc nìrmac tou upoloÐpou thc CGS, apì epan�lhyh se epan�l-
hyh, ja parousi�zei megalÔterec auxomei¸seic (bl. [24], [36], [37]).

SugkrÐnontac t¸ra to upìloipo thc CGS, rS
k , me autì thc BiCG, rB

k ,
èqoume th sqèsh

rS
k = P 2

k (A)r0 = Pk(A)Pk(A)r0 = Pk(A)rB
k . (5.14)

Upojètontac ìti o A eÐnai diagwnopoi simoc, èqoume ìti up�rqei S ∈ Cn,n

antistrèyimoc pÐnakac, tètoioc ¸ste A = SΛS−1. Jètontac aut  th sqèsh
sthn (5.14) èqoume ìti

rS
k = SPk(Λ)S−1rB

k . (5.15)
Lamb�nontac nìrmec, brÐskoume ìti

∥∥rS
k

∥∥ ≤
∥∥SPk(Λ)S−1

∥∥ ∥∥rB
k

∥∥ ≤ κ(S) ‖Pk(Λ)‖
∥∥rB

k

∥∥ , (5.16)

ìpou me κ(S) sumbolÐzoume to deÐkth kat�stashc tou pÐnaka S. Autì loipìn
pou parathreÐ k�poioc eÐnai: Pr¸ton, h ex�rthsh tou suntelest  κ(S) ‖Pk(Λ)‖
apì ton deÐkth kat�stashc tou pÐnaka S, o opoÐoc mporeÐ na eÐnai arket� meg�-
loc, kai deÔteron, apì thn tim  ‖Pk(Λ)‖ , h opoÐa gia k�poia idiotim  mporeÐ
na eÐnai meg�lh. H ex�rthsh thc èkfrashc tou fr�gmatoc tou dexioÔ mèlouc
thc sqèsewc (5.16) apì touc dÔo autoÔc par�gontec Ðswc na eÐnai h aitÐa
tou fainomènou aut¸n twn auxomeiwtik¸n t�sewn sth sÔgklish thc mejìdou
CGS.

Gia thn kat� to dunatìn ex�leiyh   el�ttwsh aut¸n twn auxomei¸sewn
sthn perÐptwsh sÔgklishc, qrhsimopoioÔme mejìdouc eust�jeiac thc sÔgk-
lishc thc CGS, oi opoÐec par�goun nèec mejìdouc pou èqoun p�nta wc b�sh
thn BiCG.
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5.5 Eustajeiopoihmènh Mèjodoc Disuzug¸n KlÐsewn
(Biconjugate Gradient Stabilized (BiCGSTAB) )

Gia thn apofug  twn auxomei¸sewn thc nìrmac tou upoloÐpou kat� th
sÔgklish thc CGS mejìdou, jewroÔme thn parak�tw tropopoihmènh morf 
upoloÐpou

rk = χk(A)φk(A)r0, (5.17)

ìpou φk eÐnai to polu¸numo thc BiCG en¸ to χk epilègetai ètsi ¸ste na
diathreÐ th nìrma tou upoloÐpou se k�je epan�lhyh mikr , akolouj¸ntac thn
taqeÐa sÔglish thc CGS. 'Etsi, e�n to polu¸numo χk(z) eÐnai thc morf c

χk(z) = (1− ωkz)(1− ωk−1z) . . . (1− ω1z), (5.18)

tìte oi suntelestèc ωj, j = 1, 2, . . . , k, mporeÐ na epilegoÔn se k�je epan�l-
hyh ètsi, ¸ste na elaqistopoioÔn th

‖rj‖ = ‖(I − ωjA)χj−1(A)φj(A)r0‖ , j = 1, . . . , k. (5.19)

Aut  h diadikasÐa odhgeÐ sthn kaloÔmenh “Eustajeiopoihmènh Mèjodo Dis-
uzug¸n KlÐsewn” (Biconjugate Gradient Stabilized (BiCGSTAB) ). Pio sug-
kekrimèna, orÐzoume ta φk(A)r0, ψk(A)r0 apì tic sqèseic (5.10), (5.11) kai
jewroÔme ta tropopoihmèna dianÔsmata

rk = χk(A)φk(A)r0, pk = χk(A)ψk(A)r0

gia to upìloipo kai to tuqaÐo di�nusma�dieÔjunshc sthn k epan�lhyh, antÐs-
toiqa. Apì tic sqèseic (5.18), (5.10), (5.11) lamb�noume tic parak�tw morfèc
gia ta rk kai pk :

rk = (I − ωkA)χk−1(A)[φk−1(A)− αk−1Aψk−1(A)]r0

= (I − ωkA)[rk−1 − αk−1Apk−1]

kai
pk = χk(A)[φk(A) + βkψk−1(A)]r0

= rk + βk(I − ωkA)pk−1.

Tèloc, qrei�zetai na ekfr�soume touc suntelestèc αk−1 kai βk thc mejìdou
CGS thc prohgoÔmenhc paragr�fou, sunart sei twn nèwn dianusm�twn rk, pk.
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Qrhsimopoi¸ntac tic diorjog¸niec idiìthtec twn poluwnÔmwn thc BiCG, dh-
lad ,

(φk(A)r0, A
Hj

r̂0) = (Aψk(A)r0, A
Hj

r̂0) = 0, j = 0, 1, . . . , k − 1,

kai tic sqèseic (5.10), (5.11), par�gontai oi epìmenec ekfr�seic gia ta eswte-
rik� ginìmena, pou parousi�zontai sunart sei twn suntelest¸n αj−1 βj, j =
1, 2, . . . , k,

(φk−1(A)r0, φ̄k−1(AH)r̂0) = (−1)k−1αk−2 . . . α0(φk−1(A)r0, A
Hk−1

r̂0)

kai

(Aψk−1(A)r0, ψ̄k−1(A)r0, ψ̄k−1(AH)r̂0) = (−1)k−1αk−2 . . . α0(ψk−1(A)r0, A
Hk−1

r̂0).

Apì tic Ðdiec sunj kec, èqoume ìti ta dianÔsmata�upìloipa kai tuqaÐwn dieu-
jÔnsewn ikanopoioÔn tic sqèseic:

(rk−1, r̂0) = (φk−1(A)r0, χ̄k−1(AH)r̂0) = (−1)k−1ωk−1 . . . ω1(φk−1(A)r0, A
Hk−1

r̂0)

kai

(Apk−1, r̂0) = (Aψk−1(A)r0, χ̄k−1(AH)r̂0) = (−1)k−1ωk−1 . . . ω1(Aψk−1(A)r0, A
Hk−1

r̂0),

antÐstoiqa. 'Etsi oi ekfr�seic twn suntelest¸n αk−1, βk thc BiCG mejìdou
mporoÔn na antikatastajoÔn apì tic parak�tw:

αk−1 =
(rk−1, r̂0)

(Apk−1, r̂0)
, βk =

αk−1

ωk

(rk, r̂0)

(rk−1, r̂0)
, k = 1, 2, . . . .

O pl rhc algìrijmoc thc BiCGSTAB mejìdou parousi�zetai sto Par�rth-
ma.
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6 p−KuklikoÐ PÐnakec

6.1 Eisagwg 
'Estw ìti jèloume na epilÔsoume èna grammikì sÔsthma thc morf c

Ax = b, (6.1)

me A ∈ Cn,n, det(A) 6= 0, kai b ∈ Cn. 'Estw ìti o pÐnakac A diaqwrÐzetai se
blocks wc akoloÔjwc:

A =




A11 A12 . . . A1p

A21 A22 . . . A2p
... ...

Ap1 Ap2 . . . App


 , (6.2)

me touc diag¸niouc upopÐnakec

Aii ∈ Cni,ni , i = 1, . . . , p,

p∑
i=1

ni = n,

na eÐnai antistrèyimoi (det(Aii) 6= 0) kai ta dianÔsmata x, b, na diaqwrÐzontai
an�loga me to diaqwrismì tou pÐnaka A se

x = (x̄T
1 x̄T

2 . . . x̄T
p )T , b = (b̄T

1 b̄T
2 . . . b̄T

p )T x̄i, b̄i ∈ Cni .

JewroÔme th di�spash tou pÐnaka A

A = D − L− U, (6.3)

ìpou D o block diag¸nioc pÐnakac D = diag(A11, . . . , App), L o block austhr�
k�tw trigwnikìc pÐnakac kai U o block austhr� �nw trigwnikìc pÐnakac, pou
antistoiqoÔn sto diaqwrismì (6.2) tou pÐnaka A. Tìte o block epanalhptikìc
pÐnakac tou Jacobi pou prokÔptei apì thn parap�nw di�spash dÐdetai apì ton
tÔpo

BJ = I −D−1A. (6.4)
H morf  tou pÐnaka A me thn opoÐa kurÐwc ja asqolhjoÔme eÐnai h ex c:

A =




A11 O O . . . O A1p

A21 A22 O . . . O O
O A32 A33 . . . O O
... . . . . . . . . . ... ...
O O O . . . Ap,p−1 App




, (6.5)
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me antÐstoiqo epanalhptikì pÐnaka tou Jacobi ton parak�tw:

BJ =




O O O . . . O B1p

B21 O O . . . O O
O B32 O . . . O O
... . . . . . . . . . ... ...
O O O . . . Bp,p−1 O




, (6.6)

ìpou
Bi,i−1 = −A−1

ii Ai,i−1, i = 1, . . . , p,

kai
B10 = −A−1

11 A10 = −A−1
11 A1p = B1p.

ShmeÐwsh: Ta diag¸nia blocks ston pÐnaka (6.6) eÐnai profan¸c tetrag-
wnikoÐ ni × ni pÐnakec.

Orismìc 6.1. : 'Estw B ∈ Cn,n. O B kaleÐtai “asjen¸c kuklikìc deÐkth
p (> 1)” (weakly cyclic of index p), an up�rqei metajetikìc pÐnakac P t.w. o
pÐnakac PBP T na eÐnai thc morf c (6.6).

Orismìc 6.2. : 'Estw ìti o “asjen¸c kuklikìc deÐkth p (> 1)” pÐnakac
B ∈ Cn,n eÐnai  dh sth morf  (6.6). Tìte lème ìti o B eÐnai sthn “kanonik ”
morf  tou.

Je¸rhma 6.1. : 'Estw B ∈ Cn,n “asjen¸c kuklikìc deÐkth p (> 1)”. Tìte
to qarakthristikì polu¸numì tou dÐdetai apì ton tÔpo:

φ(t) = det(tI −B) = tm
r∏

j=1

(tp − λp
j), (6.7)

me m+ rp = n. Oi λj antistoiqoÔn se mh-mhdenikèc idiotimèc tou pÐnaka B kai
m eÐnai ènac mh-arnhtikìc akèraioc.

Basikì stoiqeÐo gia thn apìdeixh tou parap�nw jewr matoc eÐnai h ex c
parat rhsh:
Parat rhsh 6.1. : E�n o pÐnakac B eÐnai “asjen¸c kuklikìc deÐkth p (> 1)”,
tìte up�rqei metajetikìc pÐnakac P, pou metajètei ta blocks tou B, t.w.
PBP T = BJ , ìpou o BJ eÐnai thc morf c (6.6). Oi pÐnakec B kai BJ eÐnai
“ìmoioi”, ìpwc eÐnai kai oi Bp kai Bp

J . 'Ara, èqoun tic Ðdiec idiotimèc, ìpwc
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èqoun kai oi Bp kai Bp
J . O pÐnakac Bp

J mporeÐ na epalhjeujeÐ ìti eÐnai ènac
block diag¸nioc pÐnakac me block diag¸nia stoiqeÐa tic kuklikèc metajèseic
tou ginomènou twn blocks Bi,i−1, i = 1, . . . , p. Sugkekrimèna,

Bp = diag(B
(p)
1 , B

(p)
2 , . . . , B(p)

p ), (6.8)

ìpou
B

(p)
1 = B1pBp,p−1 · · ·B21,

B
(p)
2 = B21B1p · · ·B32,

...
B

(p)
p = Bp,p−1Bp−1,p−2 · · ·B1p.

ParathroÔme, loipìn, ìti, efìson to kajèna apì ta diag¸nia blocks B
(p)
i , i =

1, . . . , p, apoteleÐtai apì èna kuklikì ginìmeno twn Ðdiwn pin�kwn Bi,i−1, i =
1, . . . , p, B10 = B1p, ja èqoun to Ðdio f�sma mh-mhdenik¸n idiotim¸n, afoÔ eÐnai
gnwstì ìti gia duo pÐnakec E ∈ Cm,n kai F ∈ Cn,m isqÔei ìti σ(EF )\{0} ≡
σ(FE)\{0}. 'Etsi k�je mh-mhdenik  idiotim  tou Bp eÐnai kai idiotim  kajenìc
apì touc B

(p)
i , i = 1, . . . , p, sumpèrasma pou mac dÐdei thn parap�nw (6.7)

morf  gia to qarakthristikì polu¸numo tou pÐnaka B.

Parat rhsh 6.2. : Apì th sqèsh (6.7) parathroÔme ìti oi mh-mhdenikèc lÔseic
thc exÐswshc det(tI −B) = 0 dÐdontai apì tic

tj,k = |λj| exp

(
i

(
2kπ

p
+ θj

))
, k = 0, 1, . . . , p− 1, j = 1, 2, . . . , r, (6.9)

ìpou θj to prwteÔon ìrisma (Arg) thc idiotim c λj. Epiplèon, strof  tou
migadikoÔ epipèdou perÐ thn arq  kat� akèraio pollapl�sio thc gwnÐac 2π

p

apeikonÐzei to f�sma twn idiotim¸n tou B, σ(B), ston eautì tou.

Orismìc 6.3. : An o block pÐnakac tou Jacobi (BJ = I − D−1A), pou
antistoiqeÐ ston block diaqwrismì (6.2) eÐnai “asjen¸c kuklikìc deÐkth p (>
1)”, tìte o antÐstoiqoc pÐnakac A, apì ton opoÐo proèrqetai o BJ , kaleÐtai
“p−kuklikìc” se sqèsh me ton block diaqwrismì tou A.

Orismìc 6.4. : 'Estw ìti o A ∈ Cn,n eÐnai p−kuklikìc. Tìte o A kaleÐtai
“sunep¸c diatetagmènoc”, an ìlec oi idiotimèc tou pÐnaka

BJ(α) = D−1
(
αL + α−(p−1)U

)
, ∀α ∈ C\{0}, (6.10)

me L, U, ìpwc orÐsthkan sthn (6.3), eÐnai anex�rthtec tou α.
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Me b�sh th morf  (6.6) gia ton pÐnaka BJ , h antÐstoiqh morf  tou pÐnaka
BJ(α) thc (6.10) dÐdetai apì thn ekfr�sh:

BJ(α) =




O O O . . . O α−(p−1)B1p

αB21 O O . . . O O
O αB32 O . . . O O
... . . . . . . . . . ... ...
O O O . . . αBp,p−1 O




. (6.11)

ApodeiknÔetai me aploÔc diadoqikoÔc pollaplasiasmoÔc ìti

[BJ(α)]p = (BJ)p.

'Eqontac ìti oi idiotimèc tou BJ(α) eÐnai anex�rthtec tou α, o pÐnakac A, apì
ton opoÐo proèrqetai o BJ , eÐnai “p−kuklikìc kai sunep¸c diatetagmènoc”.

6.2 Anhgmèno SÔsthma
JewroÔme ìti o pÐnakac A tou arqikoÔ sust matoc (6.1), kat�llhla di-

aqwrismènoc se blocks, èqei thn ex c idiìthta: O epanalhptikìc pÐnakac Ja-
cobi B, pou antistoiqeÐ ston proanaferjènta block diaqwrismì tou A, eÐnai
“asjen¸c kuklikìc deÐkth p” sthn “kanonik ” tou morf . Tìte, to arqikì
sÔsthma ja gr�fetai isodÔnama wc:

(I −B)x = c, (6.12)

ìpou o B èqei th morf  (6.6) kai

c = (c̄T
1 , c̄T

2 , . . . , c̄T
p )T , c̄j = (diag(Ajj))

−1b̄j ∈ Cnj , j = 1, 2, . . . , p.

EÐnai profanèc ìti, lìgw thc antistreyimìthtac tou A, 1 6∈ σ(B). Lìgw
autoÔ tou sumper�smatoc kai thc asjen¸c kuklik c deÐkth p idiìthtac tou
B, apì thn (6.9) ja èqoume kai

exp

(
i
2kπ

p

)
6∈ σ(B), k = 1, . . . , p− 1.

'Ara, pollaplasi�zontac th sqèsh (6.12) me ton I + B + B2 + . . . + Bp−1 kai
qrhsimopoi¸ntac thn tautìthta

(I + B + B2 + . . . + Bp−1)(I −B) = I −Bp, (6.13)
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katal goume sto isodÔnamo sÔsthma:

(I −Bp)x = d, d = (I + B + B2 + . . . + Bp−1)c. (6.14)

Gr�fontac analutik� to sÔsthma (6.14), dhlad ,



In1 −B
(p)
1

In2 −B
(p)
2

. . .
Inj

−B
(p)
j

. . .
Inp −B

(p)
p







x̄1

x̄2
...
x̄j
...

x̄p




=




d̄1

d̄2
...
d̄j
...
d̄p




,

me d̄j ∈ Cnj , j = 1, 2, . . . , p na eÐnai to j block−di�nusma, pou diaqwrÐzetai
antÐstoiqa to di�nusma d, katal goume se p mikrìterhc t�xewc (nj ×nj, j =
1, 2, . . . , p) sust mata. Epomènwc, k�je sÔsthma pou par�getai me ton trìpo
autì èqei th morf 

(Inj
−B

(p)
j )x̄j = d̄j, j = 1, . . . , p, (6.15)

ìpou d̄j dÐdetai apì ton tÔpo

d̄j = c̄j + Bj c̄π(j) + B
(2)
j c̄π2(j) + . . . + B

(p−1)
j c̄πp−1(j),

me c̄j ∈ Cn
j na eÐnai to j block tou c. To sÔmbolo π(j) antistoiqeÐ sthn kuklik 

met�jesh kat� mÐa block jèsh (apì thn j sthn j+1, ìpou to p+1 ermhneÔetai
wc 1) tou j block stoiqeÐou tou dianÔsmatoc c. To sÔsthma (6.15) kaleÐtai
“kuklik¸c anhgmèno sÔsthma” (cyclically reduced system).
Parat rhsh 6.3. : ParathroÔme ìti, en gènei, h epÐlush enìc kat�llhla
epilegmènou sust matoc apì ta (6.15) eÐnai “litìterh” se pl joc pr�xewn
apì aut n tou sust matoc (6.12). Autì sumbaÐnei, arqik�, giatÐ epilÔontac
èna apì ta sust mata

(Inj
−B

(p)
j )x̄j = d̄j, j = 1, . . . , p− 1,

brÐskoume th lÔsh x̄j, h opoÐa antikajist¸menh sto sÔsthma (6.12), mac
epitrèpei na upologÐsoume ta �lla block−dianÔsmata x̄i, i 6= j, mèsw sqè-
sewn thc morf c

−Bj,j−1x̄j + x̄j−1 = c̄j, j = 1, 2, . . . , p,

55



ìpou deÐktec j− 1   j +1 ektìc tou diast matoc [1, p] ermhneÔontai, p�ntote,
wc j − 1 + p   j + 1 − p, antÐstoiqa. KurÐwc, ìmwc, up�rqei k�poioc �lloc
lìgoc pou faÐnetai kalÔtera sto parak�tw par�deigma.

Gia p = 2 èqoume ìti o pÐnakac twn suntelestwn sto sÔsthma (6.12)
gr�fetai wc

B =

(
O B12

B21 O

)
,

opìte to antÐstoiqo sÔsthma (6.14) pou prokÔptei eÐnai to ex c:
(

In1 −B12B21 O
O In2 −B21B12

)(
x̄1

x̄2

)
=

(
c̄1 + B12c̄2

c̄2 + B21c̄1

)
. (6.16)

EpilÔontac k�poio apì ta dÔo anhgmèna sust mata kai brÐskontac thn tim 
tou dianÔsmatoc x̄1 (x̄2), mporoÔme na broÔme thn tim  tou x̄2 (x̄1), antika-
jist¸ntac sthn (6.12), mèsw thc algebik c exÐswshc

x̄2 = B21x̄1 + c̄2(x̄1 = B12x̄2 + c̄1),

to di�nusma x̄2 (x̄1) (bl. [10]). Sto shmeÐo autì, genniètai to er¸thma e�n
aut  h diadikasÐa eÐnai pragmatik� sumfèrousa se sqèsh me thn apeujeÐac
apaloif  tou Gauss kai proc ta pÐsw antikat�stash. Blèpoume, loipìn, ìti
akolouj¸ntac th diadikasÐa thc apaloif c tou Gauss se èna sÔsthma me
pÐnaka suntelest¸n thc morf c

(
In1 −B12

−B21 In2

)
,

qrei�zetai na gÐnei apaloif  mìno ston n2 × n1 upopÐnaka B21. ParathroÔme
ìti aut  ousiastik� gÐnetai pollaplasi�zontac to (6.12) me ton pÐnaka

(
I11 O
B21 I22

)

me kìstoc se pollaplasiasmoÔc n2
2n1. To sÔsthma pou prokÔptei eÐnai to

ex c: (
In1 −B12

O In2 −B21B12

)(
x̄1

x̄2

)
=

(
c̄1 + B12c̄2

c̄2 + B21c̄1

)
. (6.17)

Gia thn epÐlush enìc tètoiou sust matoc, epilÔoume to sÔsthma

(In2 −B21B12)x̄2 = c̄2 + B21c̄1,
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me kìstoc se pollaplasiasmoÔc 1
3
n3

2, perÐpou, brÐskontac to x̄2 kai èpeita
antikajist¸ntac sth sqèsh x̄1 − B12x̄2 = c̄1, brÐskoume to x̄1. To sunolikì
kìstoc se pl joc pollaplasiasm¸n eÐnai perÐpou

n2
2n1 +

1

3
n3

2.

An eÐqe akoloujhjeÐ h diadikasÐa thc apaloif c tou −B12, tìte to pl joc
twn antÐstoiqwn pollaplasiasm¸n gia thn epÐlush tou sust matoc ja  tan
n2

1n2 + 1
3
n3

1 perÐpou. H diafor� eÐnai Ðsh me

n2
2n1 +

1

3
n3

2 − n2
1n2 − 1

3
n3

1 =
1

3
(n2 − n1)

(
(n2 + n1)

2 + 2n1n2

)
.

H teleutaÐa èkfrash thc diafor�c upodeiknÔei ìti èqontac th morf  (6.16)
mporoÔme na brÐskoume kai na epilÔoume pr¸ta, wc sumferìtero, ekeÐno apì
ta dÔo sust mata pou antistoiqeÐ sto mikrìtero ek twn n1 kai n2. K�ti
antÐstoiqo isqÔei kai sth genikìterh perÐptwsh tou (6.15).
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7 Efarmog  twn Mejìdwn ElaqistopoÐhshc
se p−KuklikoÔc PÐnakec

Upì tic upojèseic thc prohgoÔmenhc paragr�fou, to sÔsthma (6.1) metasqh-
matÐzetai isodÔnama sto (6.12):

(I −B)x = c,

ìpou o pÐnakac B ∈ Cn,n eÐnai “asjen¸c kuklikìc deÐkth p(> 1)” (weakly
cyclic of index p) kai to di�nusma c ∈ Cn. ParathroÔme ìti gia to q¸ro
Krylov èqoume

Kk(I −B, r0) ≡ Kk(B, r0).

Epiplèon, upojètontac ìti to arqikì upìloipo r0 ∈ Cn èqei th morf 

r0 =




r̄1
0

0n2

...
0np


 , (7.1)

me block diaqwrismì an�logo me autìn se blocks tou pÐnaka B (bl.6.6).
Dhlad , r̄1

0 ∈ Cn1 kai ta mhdenik� blocks 0ni
∈ Cni , i = 2, . . . , p, ètsi ¸ste∑p

i=1 ni = n. H parap�nw epilog  tou upoloÐpou r0 par�getai epilègontac
tuqaÐec timèc gia to pr¸to block thc arqik c prosèggishc x0:

x0 =




x̄1
0

x̄2
0
...

x̄p
0




kai upologÐzontac algebrik� ta upìloipa blocks, x̄i
0, i = 2, . . . , p, apì th

sqèsh:

r0 =




r̄1
0

0n2

...
0np


 =




c̄1

c̄2

...
c̄p


− (I −B)




x̄1
0

x̄2
0
...

x̄p
0


 ,

me ton pÐnaka B na eÐnai thc morf c (6.6). Katal goume, loipìn, sto ex c
algebrikì sÔsthma:

c̄1 − x̄1
0 + B1px̄

p
0 = r̄1

0
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c̄j − x̄j
0 + Bj,j−1x̄

j−1
0 = 0, j = 2, . . . , p,

h epÐlush tou opoÐou upodeiknÔei thn tim  thc arqik c prosèggishc, ¸ste to
upìloipo na èqei th morf  (7.1).

'Opwc eÐpame kai prohgoumènwc, lìgw thc eidik c morf c tou pÐnaka B
kai tou arqikoÔ upoloÐpou r0, o q¸roc Krylov Kk(B, r0) pou par�getai eÐnai
thc morf c:

Kk(B, r0) = span








q̄1
1

0n2

...
0np


 ,




0n1

q̄2
2
...

0np


 , . . . ,




0n1

0np

...
q̄p
p


 ,




q̄p+1
1

0n2

...
0np


 , . . .





, (7.2)

ìpou ta dianÔsmata

q̄i
j ∈ Cnj , i = mp + j, j = 1, . . . , p, m = 0, 1, . . .

eÐnai thc morf c

q̄i
j = B(i−1)q̄1

1, i = mp + j, m = 0, 1, . . . j = 1, . . . , p.

ParathroÔme, loipìn, ìti o parap�nw q¸roc Krylov mporeÐ na grafeÐ san
eujÔ �jroisma q¸rwn Krylov thc morf c,

Km(Bp, Bjr0), j = 0, . . . , p− 1, k = mp + j, m = 0, 1, . . . ,

wc ex c:

Kk(B, r0) =
i−1⊕
j=0

Km+1(B
p, Bjr0)

p−1⊕
j=i

Km(Bp, Bjr0), k > p. (7.3)

H kataskeu  tou parap�nw q¸rou Krylov mèsw tou algorÐjmou tou Arnoldi,
pou parousi�sthke sto Kef�laio 3, par�gei mÐa eidik  morf  gia ton �nw
Hessenberg pÐnaka, Hk+1,k, thc sqèsewc (4.19). H morf  tou pÐnaka Hk+1,k

eÐnai h ex c:



0 0 0 . . . x . . . x . . . . . . . . .
x 0 0 . . . 0 x . . . x . . . . . .
0 x 0 . . . 0 0 x . . . x . . .
... . . . . . . . . . ... ... . . . . . . . . . . . .


 . (7.4)
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Autì pou mporeÐ na deÐ eÔkola k�poioc eÐnai ìti ta mh-mhdenik� stoiqeÐa tou
�nw Hessenberg pÐnaka Hk+1,k brÐskontai sthn kÔria upodiag¸nio kai se k�-
je mp, m = 0, 1, 2, . . . , uperdiag¸nio tou pÐnaka, metr¸ntac apì thn kÔria
diag¸nio sthn opoÐa antistoiqÐzoume thn tim  m = 0.

E�n t¸ra anadiat�xoume ta orjokanonik� dianÔsmata pou par�gontai apì
ton algìrijmo tou Arnoldi, ètsi, ¸ste ta dianÔsmata me thn Ðdia di�taxh blocks
na eÐnai suneqìmena, ìpwc akrib¸c faÐnetai apì th di�taxh twn upìqwrwn
Krylov thc sqèsewc (7.3), o antÐstoiqoc pÐnakac Hk+1,k pou par�getai eÐnai
p−kuklikìc18 kai m�lista ta mh-mhdenik� tou blocks èqoun mÐa sugkekrimènh
kai arket� apl  dom .

Sth sunèqeia dÐdoume merikèc epiplèon leptomèreiec sqetik� me ta para-
p�nw sumper�smata.

Apì th dom  tou pÐnaka Hk+1,k kai apì ton trìpo sÔndeshc twn stoiqeÐ-
wn metaxÔ touc, parathroÔme mÐa p−kuklikìthta thc sÔndeshc aut c. Autì
to sumpèrasma mporeÐ na gÐnei eÔkola katanohtì, e�n kataskeu�soume to
pl rec point kateujunìmeno gr�fhma tou pÐnaka Hk+1,k (bl. [38]). Sto
gr�fhma autì parathroÔme ìti ìloi oi kÔkloi (kukl¸mata) apoteloÔntai apì
mp, m ∈ N, korufèc. To qarakthristikì autì mac epitrèpei na sumper�noume
ìti o pÐnakac Hk+1,k mporeÐ na p�rei mia “kanonik ” p−kuklik  morf  (6.6).
Up�rqoun, loipìn, metajetikoÐ pÐnakec P1 ∈ Rk,k, P2 ∈ Rk+1,k+1 tètoioi, ¸ste
h sqèsh

(I −B)Qk = Qk+1Hk+1,k

na lamb�nei thn ex c isodÔnamh morf :

(I −B)QkP1 = Qk+1P2P
T
2 Hk+1,kP1. (7.5)

18KaloÔme ton pÐnaka Hk+1,k p−kuklikì parìlo pou k�poio apì ta diag¸nia blocks den
ja eÐnai tetragwnikì, ìpwc proôpojètei o klasikìc orismìc ([38]).
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'Etsi, o pÐnakac H̃k+1,k = P T
2 Hk+1,kP1 èqei th morf  pou faÐnetai parak�tw:

H̃k+1,k =




Im+1 −T̃
(m)
1

−T
(m+1)
2 Im+1

. . . . . .
−T

(m+1)
i Ĩm

−T
(m)
i+1 Im

. . . . . .
−T

(m)
p Im




,

(7.6)
me touc pÐnakec T

(m+1)
j ∈ Cm+1,m+1, j = 2, . . . , i, T

(m)
j ∈ Cm,m, j = i+1, . . . , p

na eÐnai �nw trigwnikoÐ kai ton pÐnaka T̃m
1 ∈ Cm+1,m na eÐnai �nw Hessenberg.

Epiplèon, o pÐnakac Ĩm ∈ Rm+1,m èqei wc kÔrio upopÐnaka to monadiaÐo m×m
kai to teleutaÐo 1 × m di�nusma−gramm  eÐnai to mhdenikì. To stoiqeÐo h
prokÔptei apì ton algìrijmo tou Arnoldi, pou dìjhke sto Kef�laio 3.
Parat rhsh 7.1. : O parap�nw �nw Hessenberg pÐnakac prokÔptei apì thn
efarmog  tou algorÐjmou tou Arnoldi sthn kataskeu  tou q¸rou Krylov
Kk((I−B), r0), ìpou o pÐnakac B eÐnai sthn kanonik  p−kuklik  morf  kai to
arqikì di�nusma−upìloipo èqei th morf  (7.1). E�n jel soume na broÔme th
morf  pou ja èqei o �nw Hessenberg pÐnakac, sthn perÐptwsh thc efarmog c
tou algorÐjmou tou Arnoldi sthn kataskeu  tou q¸rou Krylov Kk(B, r0), h
mình diafor� eÐnai ìti o pÐnakac (7.6) èqei diag¸nia blocks mhdenik�.

Ja sumbolÐzoume ton �nw Hessenberg pÐnaka thc parap�nw morf c T̃k+1,k,
ìpou k h di�stash tou q¸rou Krylov Kk(B, r0).

K�nontac thn parap�nw parat rhsh gia th morf  tou �nw Hessenberg
pÐnaka sthn perÐptwsh tou q¸rou Krylov Kk(B, r0), o algìrijmoc tou Arnoldi
dÐdetai apì th sqèsh:

B[Q(m+1)
1 Q

(m+1)
2 . . . Q

(m+1)
j . . . Q(m)

p ] = [Q(m+1)
1 Q

(m+1)
2 . . . Q

(m+1)
j Q

(m+1)
j+1 . . . Q(m)

p ]T̃k+1,k,
(7.7)

ìpou
Q

(m)
j+1 = Km(Bp, Bjr0), j = 0, . . . , p− 1, k = mp + j, m = 0, 1, . . . .

Apì th sqèsh (7.7), lamb�noume thn ex c exÐswsh:

BQ
(m)
i = Q

(m)
i+1T

(m)
i+1 .
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Pollaplasi�zontac aut  th sqèsh me ton pÐnaka B, katal goume sthn exÐsw-
sh:

B2Q
(m)
i = BQ

(m)
i+1T

m
i+1 = Q

(m)
i+2T

(m)
i+2 T

(m)
i+1 .

Epagwgik�, loipìn, kai ekmetalleuìmenoi thn kanonik  morf  tou pÐnaka B,
ìpwc kai th morf  twn upìqwrwn Krylov Km(Bp, Bjr0), katal goume sthn
exÐswsh:

BpQ
(m)
i = Q

(m+1)
i

2∏
j=i

T
(m+1)
j T̃

(m)
1

i+1∏
j=p

T
(m)
j = Q

(m+1)
i T1T̃

(m)
1 T2, i = 1, . . . , p,

ìpou oi pÐnakec T1, T2 eÐnai oi pÐnakec ginìmena

T1 =
2∏

j=i

T
(m+1)
j , T2 =

i+1∏
j=p

T
(m)
j .

Qrhsimopoi¸ntac thn parap�nw sqèsh, lamb�noume ìti

(I −Bp)Q
(m)
i = Q

(m+1)
i

(
Ĩm − T1T̃

(m)
1 T2

)
. (7.8)

H parap�nw exÐswsh eÐnai o algìrijmoc tou Arnoldi gia th dhmiourgÐa tou
q¸rou Krylov Km((I−Bp), r0). Ekmetalleuìmenoi, ìmwc, kai thn eidik  morf 
tou arqikoÔ upoloÐpou (7.1), parathroÔme ìti o prohgoÔmenoc q¸roc Krylov

tautÐzetai me to q¸ro Krylov Km((I−B
(p)
i ), r0), pou prokÔptei efarmìzontac

ton algìrijmo tou Arnoldi sto “kuklik¸c anhgmèno sÔsthma” (6.15).
Genniètai, loipìn, to er¸thma e�n h efarmog  twn mejìdwn elaqistopoÐhsh-

c upoloÐpou sto sÔsthma (6.12), sthn k = mp + j epan�lhyh, tautÐzetai me
to upìloipo sthn m epan�lhyh twn mejìdwn elaqistopoÐhshc, efarmosmènwn
sto “kuklik¸c anhgmèno sÔsthma” (6.15). H ap�nthsh se autì to er¸th-
ma den eÐnai kajolik  gia ìlec tic mejìdouc. 'Etsi, ja diaqwrÐsoume tic
mejìdouc se dÔo kÔriec kathgorÐec: Stic mejìdouc ìpou kataskeu�zoume to
upìloipo rk+1 na eÐnai k�jeto se olìklhro to q¸ro Krylov Kk((I − B), r0),
tic opoÐec kaloÔme OR−mejìdouc (Orthogonal Residual) kai se autèc ìpou
elaqistopoioÔme thn EukleÐdeia nìrma tou upoloÐpou, tic opoÐec kaloÔme
MR−mejìdouc (Minimal Residual). Sthn pr¸th kathgorÐa mejìdwn an k-
oun, apì autèc pou melet same, oi mèjodoi Apìtomhc Kajìdou, CG, BiCG,
CGS kai BiCGSTAB. Sth deÔterh kathgorÐa an koun oi mèjodoi Orthomin(j),
Orthodir, MINRES, GMRES kai QMR. Gia thn pr¸th kathgorÐa mejìdwn
èqoume to akìloujo apotèlesma:
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Je¸rhma 7.1. : E�n oi OR−mèjodoi efarmostoÔn sto sÔsthma (6.12) me
ton pÐnaka B sthn kanonik  p−kuklik  morf  kai to arqikì upìloipo r0 na
èqei thn morf  (7.1), tìte to upìloipo sthn epan�lhyh k = mp+i eÐnai mhdèn
ektìc apì to i+1 block, to opoÐo sumpÐptei me to upìloipo sthn epan�lhyh m
twn OR−mejìdwn, efarmosmènwn sto i + 1 block tou “kuklik¸c anhgmènou
sust matoc” (6.15).

Apìdeixh: Apì thn èkfrash (4.20), èqoume ìti to upìloipo

rmp+i ∈ Kmp+i+1((I −B), r0) ≡ Kmp+i+1(B, r0).

Epiplèon gia tic OR−mejìdouc to rmp+i eÐnai k�jeto ston q¸ro Kmp+i((I −
B), r0). Parathr¸ntac, t¸ra, th morf  tou upoloÐpou rmp+i, to opoÐo èqei mh-
mhdenik� stoiqeÐa mìno sto i+1 block, blèpoume ìti ta mh-mhdenik� eswterik�
ginìmena

(rmp+i, qj), j = 1, . . . , mp + i

eÐnai aut� an�mesa sto rmp+i kai sto q¸ro Krylov Km(Bp, Bir0), ta di-
anÔsmata b�seic tou opoÐou eÐnai mh-mhdenik� mìno sto i + 1 block. 'Ara
arkeÐ to upìloipo rmp+i na eÐnai k�jeto ston q¸ro Krylov Km(Bp, Bir0).
To teleutaÐo isodunameÐ, lìgw thc morf c tou pÐnaka B all� kai tou ar-
qikoÔ upoloÐpou r0, me to ìti to r

(i+1)
mp+i block tou rmp+i eÐnai k�jeto sto q¸ro

Km(B
(p)
i+1, B

ir
(i+1)
0 ). H prohgoÔmenh èkfrash mporeÐ na jewrhjeÐ wc to qarak-

thristikì twn OR−mejìdwn, efarmosmènwn sto i + 1 block tou “kuklik¸c
anhgmènou sust matoc” (6.15). 2

Sth sunèqeia, ja d¸soume èna isodÔnamo je¸rhma sthn perÐptwsh twn
MR−mejìdwn.

Je¸rhma 7.2. : E�n oi MR−mèjodoi efarmostoÔn sto sÔsthma (6.12) me
ton pÐnaka B sthn kanonik  p−kuklik  morf  kai to arqikì upìloipo r0 na
èqei th morf  (7.1), tìte to upìloipo sthn epan�lhyh k = mp+ i eÐnai mhdèn,
ektìc apì to i+1 block, to opoÐo sumpÐptei me to upìloipo sthn epan�lhyh m
twn MR−mejìdwn, efarmosmènwn sto i + 1 block tou “kuklik¸c anhgmènou
sust matoc” (6.15), mìno e�n to proanaferjèn upìloipo eÐnai mhdèn.

Apìdeixh: Sthn kathgorÐa twn MR−mejìdwn epilègoume dianÔsmata beltÐ-
wshc tou arqikoÔ upoloÐpou, me skopì thn elaqistopoÐhsh thc EukleÐdeiac
nìrmac tou upoloÐpou

rk = r0 − (I −B)Qkkyk
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me to di�nusma Qkkyk ∈ Kk((I−B), r0). 'Opwc  dh èqoume deÐ, o q¸roc Krylov
Kk((I−B), r0) diaqwrÐzetai se eujÔ �jroisma upìqwrwn Krylov, sÔmfwna me
th sqèsh (7.3). Apì th morf  tou pÐnaka B all� kai tou arqikoÔ upoloÐpou
r0 sth sqèsh (7.1), lamb�noume tic sqèseic:

BQ
(m+1)
j = Q

(m+1)
j+1 , j = 1, . . . , i, (7.9)

BQ
(m)
j = Q

(m)
j+1, j = i + 1, . . . , p− 1, (7.10)

BQ(m)
p = BpQ

(m)
1 . (7.11)

Apì thn epilog  tou r0, èqoume ìti autì eÐnai k�jeto se k�je upìqwro
(I − B)Q

(m)
j gia j = 2, . . . , i, kai (I − B)Q

(m+1)
j gia j = i + 1, . . . , p − 1.

'Etsi, oi q¸roi oi opoÐoi summetèqoun sthn kataskeu  thc diìrjwshc tou ar-
qikoÔ upoloÐpou r0 eÐnai oi (I −B)Q

(m+1)
1 kai (I −B)Q

(m)
p . Lìgw autoÔ tou

qarakthristikoÔ, epilègoume th di�stash tou q¸rou na eÐnai pollapl�sia tou
p, dhlad , k = mp.

OrÐzoume me r̃m ∈ Q
(m+1)
1 to upìloipo thc m epan�lhyhc twn MR− mejìd-

wn, efarmosmènwn sto pr¸to block tou “kuklik¸c anhgmènou sust matoc”
(6.15). Epiplèon, ja prèpei na isqÔei h isìthta r̃m = rmp, prokeimènou na
l�boume to sumpèrasma tou jewr matoc. Ja prèpei, loipìn, to r̃m na eÐ-
nai k�jeto sto q¸ro Krylov Kk((I − B), r0). H kajetìthta autoÔ tou up-
oloÐpou me touc q¸rouc (I − B)Q

(m)
j gia j = 2, . . . , i kai (I − B)Q

(m+1)
j gia

j = i + 1, . . . , p − 1, exasfalÐzetai lìgw thc eidik c morf c tou pÐnaka B
kaj¸c kai tou arqikoÔ upoloÐpou r0. Epiplèon, èqoume ìti:

(r̃m, (I −B)qj) = (r̃m, qj) = 0, ∀ qj ∈ Q
(m)
1

kai
(r̃m, (I −B)qj) = (r̃m, qj) = 0, ∀ qj ∈ Q(m)

p .

Apì tic dÔo parap�nw sqèseic èqoume ìti to r̃m eÐnai k�jeto ston upìqwro
Q

(m)
1 + BpQ

(m)
1 ≡ Q

(m+1)
1 kai efìson to r̃m ∈ Q

(m+1)
1 eÐnai epiplèon k�jeto

ston upìqwro Q
(m+1)
1 ja prèpei r̃m = 0. 2

Parat rhsh 7.2. : ParathroÔme, loipìn, ìti sthn perÐptwsh twn OR−me-
jìdwn, ìpou me thn efarmog  touc sto sÔsthma (6.12) brÐskoume th lÔsh
se k = mp + i epanal yeic, isodunameÐ me thn efarmog  twn OR−mejìdwn
sto “kuklik¸c anhgmèno sÔsthma” (6.15) kai thn eÔresh thc lÔshc se m
epanal yeic, en¸, antijètwc, sthn perÐptwsh twn MR−mejìdwn den isqÔei h
parap�nw isodÔnamÐa, ektìc bèbaia apì thn perÐptwsh ìpou r̃m = 0.
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8 EpÐlogoc
Sthn paroÔsa ergasÐa parousi�same sunoptik� th jewrÐa twn basik¸n

mejìdwn elaqistopoÐhshc. Se autì pou kurÐwc epikentr¸same thn proso-
q  mac  tan sto na doÔme thn exèlixh twn mejìdwn aut¸n, epishmaÐnontac
ta shmeÐa sta opoÐa k�poia mèjodoc parousÐaze èna meionèkthma, ìpwc kai
to p¸c mÐa nèa mèjodoc mporoÔse na anaptuqjeÐ, ¸ste na belti¸nei   kai
na xepern�ei to en lìgw meionèkthma. Qarakthristikì par�deigma eÐnai autì
twn mejìdwn BiCG, CGS kai BiCGSTAB. KÔrio gn¸risma twn tri¸n aut¸n
mejìdwn eÐnai ìti h epìmenh apoteleÐ mia exèlixh thc prohgoÔmenhc kai h k�je
mÐa exèlixh xepern�ei k�poio prìblhma pou parousi�zei h prohgoÔmenh mèjo-
doc. Oi treic sugkekrimènec mèjodoi anafèrontai se probl mata me genikì
pÐnaka suntelest¸n kai o basikìc touc pur nac eÐnai o “AmfÐpleuroc Al-
gìrijmoc tou Lanczos”.

H exèlixh aut¸n twn mejìdwn de stamat� ed¸, afoÔ me th qr sh kat�llhlwn
prorrujmist¸n, lamb�noume kalÔtera apotelèsmata. Se autì to shmeÐo, be-
baÐwc, ja prèpei na tonisteÐ ìti h qr sh enìc prorrujmist , profan¸c, den al-
l�zei th mèjodo all� oi allagèc gÐnontai kurÐwc ston algìrijmo thc mejìdou.
AntÐstoiqec exelÐxeic parousi�zontai kai sthn kathgorÐa mejìdwn pou sthr'-
izontai stouc algorÐjmouc twn Arnoldi kai Lanczos.

Sthn perÐptwsh twn Ermitian¸n pin�kwn h exèlixh, ousiastik�, stamat�
sthn CG, me tic di�forec, bèbaia, metexelÐxeic pou anafèrontai kurÐwc sto
epÐpedo twn prorrujmist¸n kai, kat� sunèpeia, tou algorÐjmou thc mejìdou
kai ìqi, ìpwc anafèrame, sthn Ðdia th mèjodo. Sth genik  perÐptwsh pÐnaka,
h exèlixh twn mejìdwn Orthomin(1), Orthomin(j), Orthodir(1) kai MINRES
stamat� sthn GMRES. Sto ex c, k�je exèlixh afor� se eidikèc morfèc thc
GMRES, ìpwc GMRES(j), dhlad , mÐa mèjodoc GMRES me epanekkÐnhsh
met� apì k�je j b mata. 'Allec exelÐxeic afìroun stouc prorrujmistèc thc
mejìdou.

Se ì,ti afor� ton tomèa twn sfalm�twn eÐdame ìti se pollèc mejìdouc up-
�rqoun arket� apotelèsmata, pou dÐdoun polÔ ikanopoihtik� fr�gmata gia ta
sf�lmata aut�. Up�rqoun, ìmwc, kai mèjodoi ìpwc h GMRES kai oi mèjodoi
pou sthrÐzontai ston “AmfÐpleuro Algìrijmo tou Lanczos”, gia tic opoÐec
apotelèsmata ston tomèa twn sfalm�twn eÐte den up�rqoun   ìtan up�rqoun
den eÐnai tìso apl� sthn katanìhsh kai idiaÐtera sthn ulopoÐhs  touc. Autì
sumbaÐnei giatÐ qrhsimopoioÔn di�fora polÔploka jewrhtik� ergaleÐa, ìp-
wc sthn perÐptwsh thc mejìdou GMRES, th jewrÐa twn poluwnÔmwn Faber.
'Etsi qrhsimopoi¸ntac mìno ergaleÐa thc Migadik c An�lushc, thc JewrÐac
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ProseggÐsewn kai thc Arijmhtik c An�lushc mporoÔn na dojoÔn se k�je
sugkekrimènh perÐptwsh ki aut� mìno proseggistik�.

Sth sunèqeia, eÐdame p¸c oi mèjodoi elaqistopoÐhshc mporoÔn na efar-
mostoÔn se eidikèc kathgorÐec pin�kwn kai sugkekrimèna stouc p−kuklikoÔc
pÐnakec. Parathr same, loipìn, ìti ekmetalleuìmenoi thn eidik  morf  tou pÐ-
naka, mporoÔme na aplopoi soume aisjht� touc algorÐjmouc, blèpontac, m�l-
ista, ìti se k�poiec kathgorÐec algorÐjmwn h epÐlush tou arqikoÔ sust matoc
Ax = b isodunameÐ me thn epÐlush enìc �llou sust matoc, pou prokÔptei apì
thn ekmet�lleush thc eidik c morf c tou pÐnaka A. H epÐlush autoÔ tou nèou
sust matoc eÐnai sumferìterh ènanti aut c tou arqikoÔ sust matoc. Aut  h
sÔgkrish ègine mèsw twn dÔo jewrhm�twn pou dìjhkan sto èkto Kef�laio thc
paroÔshc ergasÐac. Bèbaia, up�rqoun akìma poll� anap�nthta erwt mata,
ìpwc p.q to pìte sumfèrei na epilujeÐ, mèsw mÐac mejìdou elaqistopoÐhshc
to arqikì sÔsthma kai pìte to “Anhgmèno”. MÐa merik  ap�nthsh se autì to
er¸thma, pou afor� kurÐwc stic pr�xeic pou apaitoÔntai gia thn epÐlush twn
dÔo susthm�twn, dìjhke sto pèmpto Kef�laio thc ergasÐac.

IdiaÐtera anafèretai to gegonìc ìti faÐnetai na eÐnai dunat  h peraitèrw
ekmet�lleush twn Mejìdwn ElaqistopoÐshc sthn p−kuklik  perÐptwsh me
b�sh tic ergasÐec [15], [17], [10] kai m�lista ìtan eÐnai gnwst (èc) idiìthta(ec)
twn idiotim¸n tou epanalhptikou pÐnaka tou Jacobi, ìpwc perigr�fontai sta
klasik� biblÐa [38], [40], [3]. Proc aut n thn kateÔjunsh ergazìmaste  dh.

'Ena genikì sumpèrasma, to opoÐo sun�getai apì ìsa mèqri t¸ra eip¸jhkan
sta plaÐsia thc sugkekrimènhc ergasÐac, eÐnai ìti mporoÔme na ekmetalleu-
toÔme thn eidik  morf  twn pin�kwn, akìma kai gia mejìdouc, ìpwc autèc pou
parousi�same sthn ergasÐa mac. Ja prèpei, epÐshc, na shmei¸soume ìti h
efarmog  twn apl¸n epanalhptik¸n mejìdwn se tètoiec kathgorÐec pin�kwn
èqei d¸sei polÔ shmantik� apotelèsmata. 'Iswc, loipìn, na krÐnetai skìpimh
kai h antÐstoiqh melèth sthn perÐptwsh twn mejìdwn elaqistopoÐhshc pou
qrhsimopoioÔntai eurÔtata tic duo teleutaÐec dekaetÐec stic praktikèc efar-
mogèc kai h mèqri t¸ra exèlix  touc eÐnai ragdaÐa.

66



9 Par�rthma
1) “Tropopoihmènoc” Algìrijmoc Gram–Schmidt:

Dedomèna: v1, v2, . . . , vn ∈ Cn grammik� anex�rthta
u1 = v1/ ‖v1‖2

Gia k = 1, . . . , n
u′k = vk

Gia i = 1, . . . , k − 1
u′k ← u′k − (u′k, ui)2ui

uk = u′k/ ‖uk‖2 .

2) Algìrijmoc Arnoldi:

Dedomèna: A ∈ Cn,n, det(A) 6= 0
Epilog : q1 ∈ Cn\{0}, ‖q1‖ = 1
Gia j = 1, 2, . . .

q′j+1 = Aqj

Gia i = 1, . . . , j
hij = (q′j+1, qi)
q′j+1 ← q′j+1 − hijqi

hj+1,j =
∥∥q′j+1

∥∥
qj+1 = q′j+1/hj+1,j.

3)Algìrijmoc Lanczos:

Dedomèna: A ∈ Cn,n, det(A) 6= 0, AH = A
Epilog : q1 ∈ Cn\{0}, ‖q1‖ = 1, β0 = 0
Gia j = 1, 2, . . .

q′j+1 = Aqj − βj−1qj−1

αj = (q′j+1, qj)
q′j+1 ← q′j+1 − αjqj

βj =
∥∥q′j+1

∥∥
qj+1 = q′j+1/βj.
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4) Algìrijmoc Apl c Epan�lhyhc19:

Dedomèna: A,M ∈ Cn,n, det(A) 6= 0, det(M) 6= 0, b ∈ Cn

x0 ∈ Cn (arqik  ektÐmhsh)
r0 = b− Ax0, Mz0 = r0

Gia k = 1, 2, . . .
xk = xk−1 + zk−1

rk = b− Axk

Mzk = rk.

5) Algìrijmoc Apìtomhc Kajìdou:

Dedomèna: A ∈ Cn,n, det(A) 6= 0, AH = A, jetik� orismènoc, b ∈ Cn

x0 ∈ Cn (arqik  ektÐmhsh)
r0 = b− Ax0

Gia k = 1, 2, . . .
EÔresh: Ark−1

αk−1 = (rk−1,rk−1)

(Ark−1,rk−1)

xk = xk−1 + αk−1rk−1

rk = b− Axk.

19Ston parìnta kaj¸c kai se ìlouc touc �llouc algorÐjmouc pou akoloujoÔn oi
epanal yeic termatÐzontai mìlic ikanopoihjeÐ k�poio krit rio pou èqei tejeÐ ek twn pro-
tèrwn.
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5) Algìrijmoc Orthomin(2):

Dedomèna: A ∈ Cn,n, det(A) 6= 0, b ∈ Cn

x0 ∈ Cn (arqik  ektÐmhsh)
r0 = b− Ax0, p0 = r0

Gia k = 1, 2, . . .
EÔresh: Apk−1, (Apk−1, Apk−1)

αk−1 = (rk−1,Apk−1)

(Apk−1,Apk−1)

xk = xk−1 + αk−1pk−1

rk = rk−1 − αk−1Apk−1

βk−1 = (Ark,Apk−1)

(Apk−1,Apk−1)

pk = rk − βk−1pk−1.

6) Algìrijmoc Mejìdou Suzug¸n KlÐsewn(CG) 20:

Dedomèna: A ∈ Cn,n, det(A) 6= 0, AH = A, jetik� orismènoc, b ∈ Cn

x0 ∈ Cn (arqik  ektÐmhsh)
r0 = b− Ax0, p0 = r0

Gia k = 1, 2, . . .
EÔresh: Apk−1

αk−1 = (rk−1,rk−1)

(pk−1,Apk−1)

xk = xk−1 + αk−1pk−1

rk = rk−1 − αk−1Apk−1

βk−1 = (rk,rk)
(rk−1,rk−1)

21

pk = rk + βk−1pk−1.

20Gia ErmitianoÔc kai jetik� orismènouc pÐnakec.
21Se arketèc peript¸seic o algìrijmoc mporeÐ na dojeÐ kai sth morf  ìpou ta αk−1, βk−1

lamb�noun tic timèc αk−1 = (rk−1,pk−1)
(pk−1,Apk−1)

, βk−1 = − (rk,Apk)
(pk−1,Apk−1)

, antÐstoiqa.
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7) Algìrijmoc Mejìdou GMRES:

Dedomèna: A ∈ Cn,n, det(A) 6= 0, b ∈ Cn

x0 ∈ Cn (arqik  ektÐmhsh), ξ1 = (1, 0, . . . , 0)T

r0 = b− Ax0, q1 = r0

‖r0‖ , β = ‖r0‖
Gia k = 1, 2, . . .

qk+1, hik ≡ H(i, k), i = 1, . . . , k + 1 (UpologÐzontai apì ton algìrijmo
tou Arnoldi)
F1, . . . , Fk−1 (Efarmog  strof¸n Givens sthn teleutaÐa st lh tou H)

(
H(i, k)

H(i + 1, k)

)
←

(
ci si

s̄i ci

)(
H(i, k)

H(i + 1, k)

)

(
ξ1
k

ξ1
k+1

)
←

(
ci si

s̄i ci

)(
ξ1
k

0

)

H(k, k) ← ckH(k, k) + skH(k + 1, k), H(k + 1, k) ← 0

E�n β
∣∣ξ1

k+1

∣∣ ¿ 1
Hk×kyk = βξ1

k×1

xk = x0 + Qkyk.
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8) Algìrijmoc Mejìdou MINRES:

Dedomèna: A ∈ Cn,n, det(A) 6= 0, AH = A, jetik�   mh-orismènoc, b ∈ Cn

x0 ∈ Cn (arqik  ektÐmhsh), ξ1 = (1, 0, . . . , 0)T

r0 = b− Ax0, q1 = r0

‖r0‖ , β = ‖r0‖
Gia k = 1, 2, . . .

qk+1, αk ≡ T (k, k), βk ≡ T (k + 1, k) ≡ T (k, k + 1) (UpologÐzontai
apì ton algìrijmo tou Lanczos)
Fk−2, Fk−1 (Efarmog  twn strof¸n Givens)

(
T (k − 2, k)
H(k − 1, k)

)
←

(
ck−2 sk−2

s̄k−2 ck−2

)(
0

T (k − 1, k)

)
, k > 2

(
T (k − 1, k)

H(k, k)

)
←

(
ck−1 sk−1

s̄k−1 ck−1

)(
T (k − 1, k)

T (k, k)

)
, k > 1

(Efarmìzetai h k strof  sto ξ1 kai sthn teleutaÐa st lh tou T )
(

ξ1
k

ξ1
k+1

)
←

(
ck sk

s̄k ck

)(
ξ1
k

0

)

T (k, k) ← ckT (k, k) + skT (k + 1, k), T (k + 1, k) ← 0

pk−1 = [qk − T (k − 1, k)pk−2 − T (k − 2, k)pk−3]/T (k, k)
αk−1 = βξ1

k

xk = xk−1 + αk−1pk−1.
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9) AmfÐpleuroc Algìrijmoc Lanczos (qwrÐc look-ahead):

Dedomèna: A ∈ Cn,n, det(A) 6= 0
Epilog : r0 ∈ Cn\{0}
Epilog : r′0 ∈ Cn\{0} t.w. (r0, r

′
0)2 6= 0

v0 = w0 = 0, v1 = r0

‖r0‖ , w1 =
r′0

(r′0,v1)
, β0 = γ0 = 0

Gia j = 1, 2, . . .
EÔresh: Avj, AHwj

αj = (Avj, wj)
v′j+1 = Avj − αjvj − βj−1vj−1

w′
j+1 = AHwj − ᾱjwj − γj−1wj−1

γj =
∥∥v′j+1

∥∥
vj+1 = v′j+1/γj

βj = (vj+1, w
′
j+1)

wj+1 = w′
j+1/β̄j.

10) Algìrijmoc Mejìdou Biconjugate Gradient:

Dedomèna: A ∈ Cn,n, det(A) 6= 0, b ∈ Cn

x0 ∈ Cn (arqik  ektÐmhsh)
r0 = b− Ax0, p0 = r0

Epilog : r̂0 ∈ Cn t.w. (r0, r̂0) 6= 0
p̂0 = r̂0

Gia k = 1, 2, . . .
αk = (rk−1,r̂k−1)

(Apk−1,p̂k−1)

xk = xk−1 + αkpk−1

rk = rk−1 − αk−1Apk−1, r̂k = r̂k−1 − ᾱk−1A
H p̂k−1

βk−1 = (rk,r̂k)
(rk−1,r̂k−1)

pk = rk + βk−1pk−1, p̂k = r̂k + β̄k−1p̂k−1.
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11) Algìrijmoc Mejìdou QMR (qwrÐc look ahead):

Dedomèna: A ∈ Cn,n, det(A) 6= 0, b ∈ Cn

x0 ∈ Cn (arqik  ektÐmhsh), ξ1 = (1, 0, . . . , 0)T

r0 = b− Ax0, v1 = r0

‖r0‖ , β = ‖r0‖
Epilog : r̂0 ∈ Cn,
w1 = r̂0

‖r̂0‖
Gia k = 1, 2, . . .

vk+1, wk+1, αk ≡ T (k, k), βk ≡ T (k, k + 1), γk ≡ T (k + 1, k)
(Efarmìzontai oi strofèc Fk−2 kai Fk−1 sthn teleutaÐa st lh tou T )

(
T (k − 2, k)
T (k − 1, k)

)
←

(
ck−2 sk−2

−s̄k−2 ck−2

)(
0

T (k − 1, k)

)
, k > 2

(
T (k − 1, k)

T (k, k)

)
←

(
ck−1 sk−1

−s̄k−1 ck−1

)(
T (k − 1, k)

T (k, k)

)
, k > 1

(Efarmìzetai h k strof  sto di�nusma ξ1 kai sthn teleutaÐa st lh
tou T )

(
ξ1
k

ξ1
k+1

)
←

(
ck sk

−s̄k ck

)(
ξ1
k

0

)

T (k, k) ← ckT (k, k) + skT (k + 1, k), T (k + 1, k) ← 0

pk−1 = [vk − T (k − 1, k)pk−2 − T (k − 2, k)pk−3]/T (k, k) (orismènoi
ìroi gia k ≤ 2 eÐnai mhdèn)
xk = xk−1 + βξ1

kpk−1.
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12) Algìrijmoc Mejìdou CGS:

Dedomèna: A ∈ Cn,n, det(A) 6= 0, b ∈ Cn

x0 ≡ xS
0 ∈ Cn (arqik  ektÐmhsh)

r0 ≡ rS
0 = b− AxS

0

uS
0 = rS

0 , pS
0 = rS

0 , qS
0 = 0, vS

0 = ApS
0

Epilog : r̂0 ∈ Cn t.w. (rS
0 , r̂0) 6= 0

Gia k = 1, 2, . . .

αk−1 =
(rS

k−1,br0)

(vS
k−1,br0)

qS
k = uS

k−1 − αk−1v
S
k−1

xS
k = xS

k−1 + αk−1(u
S
k−1 + qS

k )
rS
k = rS

k−1 − αk−1A(uS
k−1 + qS

k )

βk =
(rS

k ,br0)

(rS
k−1,br0)

uS
k = rS

k + βkq
S
k

pS
k = uS

k + βk(q
S
k + βkp

S
k−1)

vS
k = ApS

k .
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13) Algìrijmoc Mejìdou BiCGSTAB:

Dedomèna: A ∈ Cn,n, det(A) 6= 0, b ∈ Cn

x0 ∈ Cn(arqik  ektÐmhsh)
r0 = b− Ax0, p0 = r0

Epilog : r̂0 ∈ Cn t.w. (r0, r̂0) 6= 0
Gia k = 1, 2, . . .

EÔresh: Apk−1

αk−1 = (rk−1,br0)

(Apk−1,br0)

xk− 1
2

= xk−1 + αk−1pk−1

rk− 1
2

= rk−1 − αk−1Apk−1

EÔresh: Ark− 1
2

ωk =
(r

k− 1
2

,Ar
k− 1

2
)

(Ar
k− 1

2
,Ar

k− 1
2
)

xk = xk− 1
2

+ ωkrk− 1
2

rk = rk− 1
2
− ωkArk− 1

2

βk = αk−1

ωk

(rk,br0)
(rk−1,br0)

pk = rk + βk(pk−1 − ωkApk−1).

75



Anaforèc
[1] O. Axelsson, Iterative Solution Methods, Cambridge University Press,

London, 1994.

[2] R. Barrett, M. Berry, T.F. Chan, J. Demmel, J. Donato, J. Dongatta,
V. Eijkhout, R. Pozo, C. Romine and H. van der Vorst, Templates for
the Solution of Linear Systems: Building Blocks for Iterative Methods,
SIAM, Philadelphia, PA, 1995.

[3] A. Berman and R.J. Plemmons, Nonnegative Matrices in the Mathe-
matical Sciences, SIAM, Philadelphia, 1994.

[4] C. Brezinski, M. Redivo Zaglia and H. Sadok, Avoiding breakdown
and near-breakdown in Lanczos type algorithms, Numer. Algorithms,
1 (1991), pp. 199–206.

[5] J.W. Demmel, Applied Numerical Linear Algebra, SIAM, Philadel-
phia, 1997.

[6] B. Dougal c, D. NoÔtsoc kai A. Qatzhd moc, Shmei¸seic Ari-
jmhtik c Grammik c Algebrac, Hr�kleio, 2001.

[7] M. Eiermann, Fields of values and iterative methods, Linear Algebra
Appl., 180 (1993), pp. 167–197.

[8] M. Eiermann, Fields of values and iterative methods, Talk presented at
Oberwolfach Meeting on Iterative Methods and Scientific Computing,
Oberwolfash, Germany, April, 1997, to appear.

[9] M. Eiermann and O. Ernst, Geometric aspects in the theory of Krylov
subspace methods, 1998, to appear in Acta Numerica.

[10] O. Ernst, Equivalent iterative methods for p–cyclic matrices.

[11] V. Faber and T. Manteuffel, Necessary and sufficient conditions for
the existence of a conjugate gradient method, SIAM J. Numer. Anal.,
21 (1984), pp. 352–362.

[12] V. Faber and T. Manteuffel, Orthogonal error methods, SIAM J. Nu-
mer. Anal., 24 (1987), pp. 170–187.

76



[13] B. Fischer, Polynomial Based Iteration Methods for Symmetric Linear
Systems, Wiley–Teubner, Leipzig, 1996.

[14] R. Fletcher, Conjugate gradient methods for indefinite systems, in
Proc. Dundee Biennial Conference on Numerical Analysis, G.A. Wat-
son, ed., Springer–Verlag, Berlin, 1975.

[15] R.W. Freund, A note on two block-SOR methods for sparse least
square problems, Linear Algebra Appl., 88/89 pp. 211–221, 1987.

[16] R.W. Freund, A transpose-free quasi-minimal residual algorithm for
non-Hermitian linear systems, SIAM J. Sci. Comput., 14 (1993), pp.
470–482.

[17] R.W. Freund, G.H. Golub and M. Hochbruck, Krylov subspace meth-
ods for non-Hermitian p−cyclic matrices, unbublished manustript.

[18] R.W. Freund and N.M. Nachtigal, QMR: A quasi-minimal residual
methods for non-Hermitial linear systems, Numer. Math., 60 (1991),
pp. 315–339.

[19] G.H. Golub and R.S. Varga, Chebychev semi-iterative methods, suc-
cessive overrelaxation iterative methods, and second-order Richardson
iterative methods, part I and II, Numer. Math., 3 (1961), pp. 147–168.

[20] A. Greenbaum, Iterative Methods for Solving Linear Systems, SIAM,
PA, 1997.

[21] W. Hackbusch, Iterative Solution of Large Sparse Systems of Equa-
tions, Springer–Verlag, Berlin, 1994.

[22] R.A. Horn and C. Johnson, Matrix Analysis, Cambridge University
Press, London, U.K., 1985.

[23] R.A. Horn and C. Johnson, Topics in Matrix Analysis, Cambridge
University Press, London, U.K., 1991.

[24] E.F. Kaasschieter, The solution of non-symmetric linear systems by
bi-conjugate gradients or conjugate gradients squared, Delft University
of Technology, Faculty of Mathematics and Informatics, Report 86–
121, 1986.

77



[25] C. Lanczos, An iteration method for the solution of the eigenvalue
problem of linear differential and integral operators, J. Res. Nat. Bur.
Standards, 45 (1950), pp. 255–282.

[26] N.M. Nachtigal, A look-ahead variant of the Lanczos algorithm and its
applications to the quasi-minimal residual method for non-Hermitian
linear systems, Ph.D. dissertation, Massachusetts Institute of Tech-
nology, Cambridge, MA, 1991.

[27] N.M. Nachtigal, S. Reddy and L.N. Trefethen, How fast are nonsym-
metric matrix iterations?, SIAM J. Matrix Anal. Appl., 13 (1992),
pp. 778–795.

[28] C.C. Paige and M.A. Saunders, Solution of sparse indefinite systems
of linear equations, SIAM J. Numer. Anal., 11 (1974), pp. 197–209.

[29] B.N. Parlett, D.R. Taylor and Z.A. Liu, A look-ahead Lanczos algo-
rithm for unsymmetric matrices, Math. Comp., 44 (1985), pp. 105–
124.

[30] V. Romanovsky, Recherches sur les chaines de Markoff, Acta Math.,
66 (1936), 147–251.

[31] Y. Saad, Krylov Subspace Methods for Solving Large Unsymmetric
Linear Systems, Math. Comp., 37 (1981), pp. 105–126.

[32] Y. Saad, Iterative Methods for Sparse Linear Systems, PWS Pub. Co.,
Boston, MA, 1996.

[33] Y. Saad and M.H. Schultz, GMRES: A generalized minimal resid-
ual algorithm for solving nonsymmetric linear systems, SIAM J. Sci.
Statist. Comput., 7 (1986), pp. 856–869.

[34] P. Sonneveld, CGS: a fast Lanczos-type solver for nonsymmetric linear
systems, SIAM J. Sci. Statist. Comput., 10 (1989), pp. 36–52.

[35] L.N. Trefethen, Approximation theory and numerical linear algebra, in
Algorithms for Approximation II, J. Mason and M. Cox, eds., Chap-
man and Hall, London, U.K., 1990.

78



[36] H. van der Vorst, The convergence behavior of preconditioned CG and
CG-S in the presence of rounding errors, in Preconditioned Conjugate
Gradient Methods, O. Axelsson and L. Kolotilina, eds., Lecture Notes
in Mathematics 1457, Springer–Verlag, Berlin, 1990.

[37] H. van der Vorst, Bi-CGSTAB: A fast and smoothly converging variant
of Bi-CG for the solution of nonsymmetric linear systems, SIAM J.
Sci. Comput., 13 (1992), pp. 631–644.

[38] R.S. Varga, Matrix Iterative Analysis, Springer–Verlag,
Berlin/Heidelberg, second edition, 2000.

[39] J.H. Wilkinson, The Algebraic Eigenvalue Problem, Oxford University
Press, 1965.

[40] D.M. Young, Iterative Solution of Large Linear Systems, Academic
Press, NY, 1971.

[41] D.M. Young and K.C. Jea, Generalized conjugate gradient accelera-
tion of nonsymmetrizable iterative methods, Linear Algebra Appl. 34,
(1980), pp. 159–194.

79


