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Abstract

In the introduction of this article, we make a brief his-
torical retrospection of Mathematical Logic, from Ancient
Greece and Aristotle to the modern era and the great evolu-
tion of Logic. At the beginning of the 20th century, three
schools of mathematical philosophy, each opposite to the
other, appeared: Formalism, Intuitionism and Logicism.

According to Logicism, logic is the basis for any kind of
argument. And since Mathematics are considered as an ex-
tension of logic, most or all mathematics are reducible to
logic. Russell and Whitehead championed this theory, fa-
thered by Gottlob Frege.

On the other hand, Intuitionists such as G.Boole, J.Wenger
and E.Schroder, were mostly interested in studying the rela-
tionship between numerical and logical operations.

Regarding formalism, one of its first supporters was David
Hilbert, whose theory was intended to be a complete and
consistent axiomatization of all mathematics. His main ob-
jective was to prove that these axiomatic systems do not lead
to contradictions.

In the second chapter, we study various concepts from
the field of Topology. Our ultimate goal is to present an
alternative proof of the Compactness’ Theorem via Topology
techniques.
Definition 1 A topological space X is called compact i� for

each class {O
a

: a œ I} of open sets of X, for which X =
t

iœI

O
i

, there is a finite I0 µ I such that X = t
iœI

o

O
i

.

Definition 2 A topological space X is called compact if for

each class of {C
a

: a œ I} of closed sets of X, which are the

complement of open sets (C
a

= X ≠ O
a

), for which

u
iœI

C
i

=
ÿ, there is a finite number of I0 µ I such that

u
iœI

o

C
i

= ÿ.
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The alternative formulation of the above definition will be
more useful for the following proofs.

Remark 1 Let X1, . . . , X
n

, . . . topological spaces. We recall

the definition of the Product Topology, which we symbolize:

ŒŸ

n=1
X

n

= {f : N æ
Œ€

n=1
X

n

: ’n œ N f(n) œ X
n

} (1)

In order to prove the Compactness’ Theorem, we assume
that, for the Topology Spaces X1, . . . , X

n

, . . . of the remark
(1), we can accept that X1 = . . . = X

n

= {0, 1}. We shall
denote this space by 2Ê = {0, 1}Ê = {0, 1} ◊ {0, 1} ◊ . . .,
where each of X

i

= {0, 1} is trivially compact. Moreover,
all subsets of 2Ê are both open and close, using the discrete
topology.

Definition 3 Let {x
i

: i œ I} be a family of topological

spaces and X = r
iœI

X
i

their product. The open sets in

product topology are unions (finite or infinite) of sets of the

form: X = r
iœI

U
i

, where every U
i

is an open subset of X
i

and X
i

”= U
i

only finitely many i.

The following theorem of Topology plays an important
role towards the proof of the Compactness theorem.

Theorem 0.1 (Tychono�) Let {X
i

: i œ I}, a family of

compact topological spaces. Then the product X = r
iœI

X
i

is

a compact topological space.

According to the theorem, the space 2Ê is compact and
therefore, its open subsets are, by definition, sets of the form:

O1 ◊ O2 ◊ · · · ◊ O
p

◊ {0, 1} ◊ {0, 1} ◊ · · · (2)
where O

i

are open subsets of {0, 1}, for i œ {1, . . . , p}.
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Lemma 0.2 Given a formula „, we denote the set F
„

= {ū :
ū(„) = 1}. Then, both of the following statements are valid:

1. F
„

is an open set, for every formula „.

2. F
„

is a closed set, for every formula „.

Proof: We will prove the lemma in two steps. First, we
will prove the 2, assuming that 1 is true. The proof is then
completed by showing the validity of 1.

Proof of 2. For each formula „ the following applies:

F
„

= F c

¬„

, (3)
where F c

¬„

denotes the complement of set F¬„

. The set F¬„

is an open set and therefore F
„

, for each formula „, is closed.
Proof of 1. First, suppose that the random formula „ is

just a variable, x
n

. We define the set:

F
x

n

= {u : u(x
n

) = 1}, (4)
where u(x

n

) is the valuation of variable x
n

.
The elements of this set are sequences of 0 and 1, whose

nth term is equal to 1 and all others are either 0 or 1. Notice
that the set F

x

n

is an element of the base of open subsets, as
defined above, therefore it is an open set.

We will show that the same principle also applies to the
case where „ contains more than one variable. Suppose that
the variables appearing in the „ formula are between the
variables x1, . . . , x

n

. Obviously, the remaining variables from
x

n+1 do not a�ect the valuation of „.
We consider a valuation u and let every i œ {1, . . . , n}

have u(x
i

) = w
i

. For each i œ {1, . . . , n} we define:

x̄
i

=
Y
_]

_[

x
i

, w
i

= 1
¬x

i

, w
i

= 0.
(5)
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We then define the set W = (w1, w2, . . . , w
n

) œ {0, 1}n

which contains all n-groups of valuations of variables appear-
ing in the formula „, for which „ is true.

As in the case of one variable, we will define the sets

F
x̄

i

= {u : u(x̄
i

) = 1}, (6)
for i œ {1, . . . , n}, which are both open and closed. Obvi-
ously „ is logicably equivalent to the formula:

„ =
fl

x̄1 · x̄2 · . . . · x̄
n

(7)
and therefore F

„

is:

F
„

=
€

Wœw

(F
x̄1 fl F

x̄2 fl . . . fl F
x̄

n

). (8)

Therefore, the set F
„

is a finite union of finitely many
intersections of closed sets and as such, it is a closed set.

⇤

Theorem 0.3 (Compactness’ Theorem in Logic). Let � be

a set of formulas. If � is finitely satisfiable, then � is satis-

fiable.

Proof: To prove that the set � = {„1, „2, . . .} is satisfiable,
we need to show that

‹

kœN
F

„

k

”= ÿ, (9)

where F
„

k

as in Lemma (an/kl).
We shall prove this by contradiction, therefore we sup-

pose that the intersection of F
„

k

is the empty set. Applying
Tychono�’s theorem, we know that the space 2Ê is compact
thus we get, from the equivalent definition of compactness
in Topology, that there is a finite number of sets F

„

k

whose
intersection is the empty set. But this leads to a contradic-
tion, because it is known that the set � is finitely satisfiable,

iv



so for every finite subset of � is satisfiable. Therefore, for
every n œ N

‹

kœ{1,...,n}
F

„

k

”= ÿ. (10)

⇤

In the third chapter, we make a brief introduction to quan-
tum mechanics and study the experiment of the two slits and
the conlusions derived by it.

The double slit experiment, first performed by Thomas
Young in 1801 is considered one of the most famous exper-
iments in quantum physics. The layout of the experiment
is quite simple. We have a wall with two very small slots in
close proximity and on the opposite side a screen that records
the result of the experiment.

In front of the wall we place a source. In the first version of
the experiment we consider a source that sends out particles
of macroscopic dimension, for example small balls. Some will
bounce o� the wall, but some of them will travel through
the slits and hit the screen behind. The screen marks all
the spots where a ball has hit and the pattern that will be
formed on the screen will be in the form of two lines of marks
roughly the same shape as the slits.

The second time we run the experiment with a source
that emits (classic) waves. As the wave passes though both
slits, it essentially splits into two new waves, each spreading
out from one of the slits. These two waves interfere with
each other. For some of these waves, the crest of one will
meet the trough of the other, and they will cancel each other
out (destructive interference). For some other waves, their
crests will meet resulting in a wave of double the amplitude
(constructive interference). When the waves meet the screen
placed behind the wall, we will see a stripy pattern, called
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an interference pattern.
Lastly, we run the experiment with a source that sends out

particles of the microcosm, for example electrons. Imagine
firing electrons at our wall with the two slits, but block one
of tho slits for the moment. You’ll find that some of the
electrons will pass through the open slit and strike the screen
just as small balls did at the first experiment. Something
unexpected occurs when we repeat the experiment with both
slits open. You would expect two rectangular strips on the
second wall, as with the small balls, but what is actually
observed is very di�erent: the spots where electrons hit build
up to replicate the interference pattern from a wave.

There is a possibility that the electrons might somehow
interfere with each other, so they don’t arrive in the same
places they would if they were alone. However, the interfer-
ence pattern remains even when we fire electrons one by one,
so that they have no chance of interfering. Strangely, each
individual electron contributes one dot to an overall pattern
that looks like the interference pattern of a wave. his means
that somehow each electron splits, passes through both slits
at once, interferes with itself, and then recombines to meet
the second screen as a single particle.

To find out what exactly happens, we place a detector by
the slits, to see from which slit each electron passes through.
If you do that, then the pattern on the screen turns into the
particle pattern of two strips, as seen in the first experiment.
The interference pattern disappears. Somehow, the act of
looking makes sure that the electrons travel like well-behaved
little balls.

This experiment suggests that what we call ”particles”,
such as electrons, somehow combine characteristics of par-
ticles and characteristics of waves. That’s the famous wave
particle duality of quantum mechanics. It also suggests that
the act of observing, of measuring, a quantum system has
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a profound e�ect on the system. The question of exactly
how that happens constitutes the measurement problem of
quantum mechanics.

In the last chapter, we present the proof of the Kochen-
Specker Theorem and examine its importance for quantum
mechanics. The Kochen-Specker theorem was suggested by
S.Kochen and E.Specker in 1967. It is also known as the
Bell-KS theorem, because in 1966 Bell had proposed an al-
ternative formulation that led to similar conclusions.

Theorem 0.4 (KS Theorem) There is no function S2 æ
{0, 1}, where S2

is the unit sphere, such that for each system

{a1, a2, a3} this representation takes the value 0 in just one

direction.

In order to understand the significance of the KS theo-
rem, we must make reference to some well known facts and
definitions of the Quantum mechanics field.

Quantum mechanics based on experimental data, makes
the following assumptions regarding the electron spin on the
orthhohelium atom:

I. The projection s(a, t) of the spin in the direction a œ S2,
where S2 is the unit sphere, at the moment t is measurable.
Also, s(a, t) randomly takes only one of the values -1,0,1 with
some probability each.

II. The lengths |s(a
i

, t)|2, for i = 1, 2, 3, of the three pro-
jections in an orthonormal basis {a1, a2, a3} µ S2 are mea-
surable. Each such orthonormal basis will be called system.
The sum of the lengths of the projections of the spin onto
the vectors of every system is always equal to 2.

From now on, we will refer to the above properties as ax-

ioms I and II. According to classical mechanics, the quantity
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spin had to be a function of di�erent variables. The key
question we consider is this: Can the spins be considered as
a function of natural variables and at the same time satisfy
axioms I and II?

The answer to the above question is negative due to the
KS theorem. In particular, we begin by assuming that there
exists such a function |s(a, t)| that satisfy both axioms.

From axiom I, we get that the value |s(a, t)| is either 0
or 1, whereas from axiom II, we derive that, for each system
{a1, a2, a3}, only one of |s(a

i

)| equals 0. We shall also refer to
this property of |s(a

i

, t)| as basic property. Finally, we derive
a contradiction using the basic property of |s(a

i

, t)| and the
KS theorem.

Lastly and in order to prove the KS theorem, we present
the proof of the following Technical Theorem.

Technical Theorem. It is possible to construct a

finite set � µ S2
which has 117 vertices and the following

property: ”For any function k: � æ {0, 1}, there is a sys-

tem {a1, a2, a3} µ � in which k will not take value 0 exactly

once, or there will be a pair of {a1, a2} µ � perpendicular

directions, in which k is equal to 1.”

A direct consequence of this theorem is the KS theorem.
To prove the Technical Theorem, we first need the following
two intermediate lemmas.

Lemma 0.5 Let a and b vertices on S2
such that: sin◊ œ

[0, 1/3], where ◊ is the angle formed between a and b. Then,

the following graph can be constructed, for which a0 ‘æ a and

a9 ‘æ b.

Lemma 0.6 The vertices a0 and a9 of the graph (1) will

always be either both 0 or both 1.

Proof: Suppose that in the graph we assign di�erent values
at the vertices a0 and a9. We select the value 1 for a0 and 0
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Figure 1: G1

for a9. According to the basic property, we will give values
to the other vertices as shown in the figure (2):

Figure 2: G2

This requires that vertices a5 and a6 are orthogonal and
both take the value 1, which is forbidden. Hence, two vertices
closer than arcsin(1/3) cannot have di�erent values.

⇤

Technical Theorem’s Proof: We have to construct another
KS graph in the following way. Consider a realization of
the graph (1), where, according to Lemma(0.5), the angle
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between vertices a0 and a9 is ◊ = fi/10 6 sin≠1(1/3).
Now we choose three orthogonal vertices p0, q0, r0 and space

interlocking copies of (1) between them such that every in-
stance of vertex a9 of one copy of (1) is identified with the
instance of a0 of the next copy. In this way five interlock-
ing copies of (1) are spaced between p0 and q0 and all five
instances of a8 are identified with r0. Working in the same
way, five interlocking copies are spaced between q0 and r0,
identifying all copies of a8 with p0, and between p0 and r0,
identifying all copies of a8 with q0.

Figure 3: G3

That graph is constructible is born out directly by the
construction itself. If from the 15 copies of (1) used in the

x



process of constructing (3) we subtract those vertices that
were identified with each other, we end up with the requested
set of 117 vertices.

However, although (3) is constructible, no values can be
attributed to its vertices according to the basic property. We
know from Lemma (0.5) that a copy of (1) with ◊ = fi/10 6
sin≠1(1/3), requires that vertices a0 and a9 have the same
value. Now, since a9 in one copy of (1) is identical to a0
in the next copy, a9 in the second copy must have the same
value as a0 in the first. Indeed, by repetition of this argument
all instances of a0 must have the same value.

Vertices p0, q0, r0 are identified with points a0, so they
must have the same value, which are inconsistent with the
constraint that exactly one of them must get the value 0 and
the other two must get the value 1.

⇤

xi
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1 Istor–a thc Logik†c

1.1 H Logik† sthn arqaiÏthta

H Logik†, † kal‘tera Epist†mh thc Logik†c, e–nai h anàlush
kai h melËth twn mejÏdwn tou sullogismo‘ kai sumperasmo‘.
Me aplà lÏgia, e–nai h melËth tou trÏpou me ton opo–o kànou-
me sullogismo‘c kai apode–xeic. Ja mporo‘se na jewrhje–
anexàrthtoc klàdoc, Ïpwc h Fusik† kai ta Majhmatikà, gia
touc perissÏterouc Ïmwc apotele– th bàsh thc orj†c nÏhshc,
pou e–nai apara–thth se Ïlec tic epist†mec.
H Logik† wc epist†mh anapt‘qjhke †dh apÏ thn arqaiÏth-

ta. O AristotËlhc †tan o pr∏toc o opo–oc diËkrine ta e–dh tou
sullogismo‘, dhmiourg∏ntac Ëna s‘sthma pou e–nai gnwstÏ
wc «sullogistik†». Ta Ërga tou pou sqet–zontai me th logik†
kai onomàzontai wc s‘nolo To 'Organon, e–nai h pr∏th tupi-
k† melËth thc Logik†c pou Ëqei breje–. An kànoume s‘gkrish
anàmesa sth logik† tou AristotËlh kai sth montËrna logi-
k†, ja do‘me pwc Ëqoun wc koinÏ qarakthristikÏ touc to –dio
antike–meno, thn logik† prÏtash.
Oi logikËc protàseic apotelo‘ntai apÏ paratejeimËnec lËxeic

oi opo–ec sunolikà antiproswpe‘oun kàti sto opo–o mporo‘me
na d∏soume m–a apÏ tic timËc, Al†jeia † YËma. p.q. O a-
kËraioc 8 e–nai megal‘teroc apÏ ton akËraio 5. Upàrqoun
protàseic oi opo–ec Ïmwc den mporo‘n na jewrhjo‘n logikËc
protàseic. TËtoiec e–nai oi erwthmatikËc protàseic, oi pro-
stagËc † euqetikËc protàseic p.q. Piste‘eic Ïti ja brËxei;
Suqnà oi logikËc protàseic sundËontai mËsw twn logik∏n

sundËsmwn kai dhmiourgo‘ntai Ëtsi s‘njeta protasiakà s‘no-
la. Oi s‘ndesmoi pou Ëqei kajierwje– na qrhsimopoio‘ntai pio
suqnà e–nai oi ex†c: àrnhsh, s‘zeuxh, diàzeuxh, sunepagwg†
kai isodunam–a. p.q O akËraioc 8 e–nai megal‘teroc apÏ ton
akËraio 5 kai o akËraioc 3 e–nai mikrÏteroc apÏ ton akËraio 4.
Sthn arqaiÏthta, ektÏc apÏ ton AristotËlh kai th sqol†

tou, àllo megàlo sqole–o thc ellhnik†c logik†c e–nai autÏ
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twn Stwik∏n, oi opo–oi Ëpaixan shmantikÏ rÏlo sth logik†
Ëreuna. Dustuq∏c s∏jhkan mÏno apospàsmata apÏ to Ërgo
touc sth logik†. Gia arketo‘c ai∏nec h AristotËleia Logik†
jewro‘ntan ant–palh thc Stwk†c Logik†c. WstÏso, metà
thn AnagËnnhsh Ëgine safËc Ïti e–nai sumplhrwmatikËc kai
Ïqi antikrouÏmenec jewr–ec.

1.2 H Logik† sta neÏtera qrÏnia

Gia pollo‘c ai∏nec h exËlixh tou tomËa thc Logik†c para-
mËnei stàsimh. H arq† miac kaino‘riac periÏdou xekinàei me
idËec Ïpwc autËc twn Leibniz kai Bolzano. To sqËdio tou
pr∏tou †tan h dhmiourg–a thc �characteristica universalis�,
miac gl∏ssac mËsa apÏ thn opo–a ja mporo‘san Ïla ta e-
pisthmonikà probl†mata na anaqjo‘n se upologismo‘c mËsw
aut†c. 'Omwc autÏ to Ërgo autÏ den leito‘rghse ousiastikà.
O de‘teroc, qrhsimopoi∏ntac mia hmitupk† gl∏ssa melËthse
shmantikËc Ënnoiec thc logik†c, Ïpwc h logik† sunËpeia kai h
sunepagwg†.
Sta neÏterà thc qrÏnia h logik† qarakthr–sthke wc «sum-

bolik†» † «majhmatik†». H arq† thc shmatodote–tai me thn
Ëkdosh d‘o Ërgwn pou dhmosie‘jhkan to 1847, to Formal Lo-
gic tou De Morgan kai to Mathematical Analysis of Logic
tou Boole.
Sta tËlh tou 19ou ai∏na àrqise h megàlh allag† sthn i-

stor–a thc Logik†c, Ïtan kai àrqisan na anapt‘ssontai treic
sqolËc logik∏n anazht†sewn. Sthn Logikistik† Sqol† ta
mËlh thc jewro‘san Ïti h logik† apotelo‘se th bàsh gia
kàje e–douc epiqeirhmatolog–a. UposthriktËc thc up†rxan oi
G.Frege kai B.Russell. O Frege anËptuxe mia tupik† gl∏ssa
sto Ërgo tou Begri�sschrift. Dustuq∏c Ïmwc to s‘sthma
autÏ †tan antifatikÏ Ïpwc apËdeixe o Russell me to gnwstÏ
paràdoxÏ tou. O –dioc me thn bo†jeia tou A.Whitehead e-
xËdwsan to Ërgo Principia Mathematica. Ta paràdoxa apo-
fe‘qjhkan me th sumper–lhyh thc arq†c tou fa‘lou k‘klou
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sto s‘sthma, h opo–a Ëlege Ïti kamià ontÏthta den mpore– na
oriste– me anaforà se mia olÏthta pou periËqei thn ontÏthta
pou jËloume na or–soume.
H de‘terh sqol† †tan h Algebrik† Sqol†, ekprÏswpoi thc

opo–ac up†rxan oi G.Boole, J.Venn kai E.Schroder. To endia-
fËron thc epikentr∏jhke sth melËth thc sqËshc pou upàrqei
metax‘ arijmhtik∏n pràxewn kai logik∏n pràxewn.
TËloc Ëqoume thn legÏmenh Formalistik† Sqol† me shma-

ntikÏterouc ekpros∏pouc thc touc R.Dedekind, G.Peano kai
D.Hilbert. H Ëreuna thc sqol†c epikentrwnÏtan sthn kata-
skeu† axiwmatik∏n susthmàtwn gia ep– mËrouc klàdouc twn
majhmatik∏n. H basik† epid–wxh †tan na apodeiqje– Ïti autà
ta axiwmatikà sust†mata den odhgo‘n se antifàseic. Gia pio
analutik† istorik† anadrom† mpore–te na de–te to bibl–o tou
Bochenski [10].
Meriko– apÏ touc shmantikÏterouc logikolÏgouc up†rxan

ep–shc kai oi A.Tarski, A.Church kai K.Gödel. Eidikà o
Gödel, o opo–oc apËdeixe duo apÏ ta pio jemeli∏dh jewr†mata
thc s‘gqronhc Logik†c, to «je∏rhma plhrÏthtac tou kath-
gorhmatiko‘ logismo‘» kai to «je∏rhma mh plhrÏthtac thc
tupik†c arijmhtik†c».

2 Sumpàgeia

'Opwc anafËrjhke kai sto prohgo‘meno kefàlaio, Ënac me-
gàloc stajmÏc sthn exËlixh tou tomËa thc Majhmatik†c Lo-
gik†c up†rxe h apÏdeixh tou Jewr†matoc thc PlhrÏthtac a-
pÏ ton Gödel to 1929. ShmantikÏ pÏrisma tou jewr†matoc
auto‘ e–nai to Je∏rhma thc Sumpàgeiac. SkopÏc auto‘ tou
kefala–ou e–nai h parous–ash miac enallaktik†c apÏdeixhc tou
Jewr†matoc thc Sumpàgeiac me qr†sh topologik∏n ergale–-
wn. Pr∏ta Ïmwc ja jum–soume merikËc basikËc Ënnoiec sth
Majhmatik† Logik† [9]. Se autÏ to shme–o na anafËroume Ïti
ta antike–mena melËthc mac ja e–nai oi logikËc protàseic kai
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Ïtan anaferÏmaste se protasiakËc metablhtËc ja ennoo‘me
protàseic oi opo–ec den mporo‘n na qwristo‘n se mikrÏterec
protàseic oi opo–ec sundËontai metax‘ touc me logiko‘c sun-
dËsmouc.

2.1 Eisagwgikà sthn Ënnoia thc Sumpàgeiac

E–maste ston protasiakÏ logismÏ kai Ëstw Ïti Ëqoume touc e-
x†c protasiako‘c t‘pouc „

1

, „
2

, . . . , „
n

, gia n ∈ N. Kàje pro-
tasiakÏc t‘poc (bl. or. (1)) apotele–tai apÏ mia akolouj–a
logik∏n sumbÏlwn (protasiakËc metablhtËc, logiko‘c sun-
dËsmouc, parenjËseic), ta opo–a Ëqoun topojethje– «me trÏpo
pou na Ëqei nÏhma», p.q. h akolouj–a logik∏n sumbÏlwn x

1

∧]
den apotele– protasiakÏ t‘po, se ant–jesh me thn akolouj–a(x

1

∧ x
2

)→ x
3

, h opo–a e–nai Ënac protasiakÏc t‘poc.
H tim† al†jeiac (bl. or. (2)) enÏc protasiako‘ t‘pou eph-

reàzetai apÏ thn tim† al†jeiac pou pa–rnei kàje protasiak†
metablht† pou emfan–zetai se autÏn. O trÏpoc me ton opo–o
apone–moume tic timËc al†jeiac stouc t‘pouc apeikon–zei tic
Ënnoiec pou d–noume stouc –diouc touc logiko‘c sundËsmouc.
Pio sugkekrimËna, gia kàje tim† al†jeiac twn protasiak∏n
metablht∏n o t‘poc lambànei mia sugkekrimËnh tim† al†jeiac,
p.q. o t‘poc x

1

∧x
2

, h Ënnoia tou opo–ou metafràzete wc «x
1

kai x
2

», pa–rnei thn tim† Al†jeia Ïtan kai oi duo metablhtËc
x

1

kai x
2

pa–rnoun thn tim† Al†jeia, en∏ an Ëstw kai mia apÏ
tic metablhtËc († kai oi d‘o) pa–rnoun thn tim† YËma, tÏte kai
h tim† al†jeiac tou t‘pou ja e–nai YËma.

Ac jewr†soume to s‘nolo protasiak∏n t‘pwn � = {„
n

∶
n ∈ N} me dedomËno Ïti opoiod†pote peperasmËno upos‘nolo
�

0

, tou sunÏlou �, e–nai ikanopoi†simo (bl. or. (6)), dhlad†
upàrqoun katàllhlec timËc twn metablht∏n gia tic opo–ec Ïloi
oi t‘poi tou �

0

alhje‘oun. To Je∏rhma thc Sumpàgeiac, tou
opo–ou apÏdeixh ja do‘me analutikà sthn sunËqeia tou kefa-
la–ou, isqur–zetai Ïti eàn isq‘oun oi parapànw proÙpojËseic,
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tÏte kai to àpeiro s‘nolo � ja e–nai ikanopoi†simo, dhlad†
ja mporo‘me na d∏soume timËc al†jeiac stic metablhtËc me
tËtoio trÏpo ∏ste Ïloi oi t‘poi tou � na g–nontai tautÏqrona
al†jeia.
Paràdeigma. Jewro‘me Ïti briskÏmaste sto s‘mpan twn

fusik∏n arijm∏n N, epomËnwc jewro‘me dedomËnh kàje touc
idiÏthta. Ja qrhsimopoi†soume thn gl∏ssa thc Arijmhtik†c
h opo–a perilambànei ta ex†c mh logikà s‘mbola L = {+, ⋅,<,=
, 0, 1}, dhlad† mporo‘me na qrhsimopoi†soume mÏno autà kai
ta gnwstà logikà s‘mbola gia na sqhmat–soume tic protàseic
mac. Oi protasiako– t‘poi sto s‘mpan sto opo–o ermhne‘o-
ntai, sugkekrimËna ed∏ sto N, gia kàje tim† al†jeiac twn
metablht∏n pou periËqoun, mporo‘n na pàroun mÏno m–a tim†,
Al†jeia † YËma. Jewro‘me to àpeiro s‘nolo t‘pwn:

S =

�������������������������

„
1

∶ 1 < x

„
2

∶ 1 + 1 < x

. . .

„
n

∶ 1 + 1 + . . . + 1 < x

. . .

(1)

kai to T (N), pou e–nai h jewr–a twn fusik∏n, dhlad† to s‘no-
lo Ïlwn twn protàsewn thc gl∏ssac L pou alhje‘oun sto
N. JËloume na de–xoume Ïti to s‘nolo S ∪ T (N) e–nai ikano-
poi†simo. 'Estw S

0

Ëna tuqa–o peperasmËno upos‘nolo tou
S ∪ T (N). 'Estw S

0

to s‘nolo twn t‘pwn tou S pou peri-
Ëqontai se autÏ to sugkekrimËno upos‘nolo. TÏte to S

0

ja
periËqetai se Ëna s‘nolo thc morf†c S′

0

, Ïpou

S′
0

=
�������������������

„
1

∶ 1 < x

„
2

∶ 1 + 1 < x

. . .

„
k

∶ 1 + 1 + . . . + 1 < x.

(2)
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Profan∏c, to S′
0

∪T (N) e–nai ikanopoi†simo, diÏti mporo‘me
na epilËxoume to x na pàrei thn tim† k + 1. 'Omwc to s‘no-
lo S

0

e–nai tuqa–o opÏte Ïla ta peperasmËna upos‘nola tou
S∪T (N) e–nai ikanopoi†sima. S‘mfwna loipÏn me to je∏rhma
thc sumpàgeiac to s‘nolo S e–nai ikanopoi†simo. 'Ara upàrqei
m–a majhmatik† dom† sthn opo–a ikanopoio‘ntai oi protàseic
pou alhje‘oun stouc fusiko‘c arijmo‘c kai tautÏqrona u-
pàrqei kai Ëna katàllhlo x to opo–o ikanopoie– Ïlouc touc
t‘pouc tou sunÏlou S, àra e–nai megal‘tero apÏ Ïlouc touc
«sunhjismËnouc fusiko‘c arijmo‘c». H melËth aut∏n twn
dom∏n epaf–etai sthn non-standard number theory.
Sthn sunËqeia tou kefala–ou ja or–soume me austhrÏthta

Ïlec tic logikËc Ënnoiec kai ja do‘me analutikà thn apÏdeixh
tou Jewr†matoc thc Sumpàgeiac ston ProtasiakÏ LogismÏ.

OrismÏc 1 ProtasiakÏ t‘po onomàzoume opoiad†pote ako-
louj–a logik∏n sumbÏlwn h opo–a mpore– na kataskeuaste–
me mia peperasmËnh efarmog† twn parakàtw kanÏnwn:

1. Apotele–tai apÏ mia protasiak† metablht†

2. An o „ e–nai t‘poc, tÏte kai o ¬„ e–nai t‘poc.
3. An „

1

, „
2

e–nai t‘poi, tÏte kai oi („
1

∨ „
2

), („
1

∧ „
2

),
(„

1

→ „
2

), („
1

↔ „
2

) e–nai t‘poi. 1
OrismÏc 2 'Estw A = {x

i

∶ i ∈ N} s‘nolo protasiak∏n
metablht∏n. Apot–mhsh onomàzoume opoiad†pote sunàrthsh
u ∶ A→ {0, 1}. Kàje u(x

i

) e–nai h apot–mhsh thc metablht†c
x

i

kai ta 0, 1 onomàzontai «timËc al†jeiac» oi opo–ec antistoi-
qo‘n stic Ënnoiec YËma kai Al†jeia ant–stoiqa. Eàn o „ e–nai
protasiakÏc t‘poc pou periËqei metablhtËc pou an†koun sto
1(¬„) sumbol–zei thn àrnhsh tou t‘pou „ kai Ëqei thn Ënnoia: «Ïqi „».(„1 ∨ „2) sumbol–zei thn diàzeuxh kai Ëqei thn Ënnoia: «„1 † „2».(„1 ∧ „2), sumbol–zei thn s‘zeuxh kai Ëqei thn Ënnoia: «„1 kai „2».(„1 → „2) sumbol–zei thn sunepagwg† kai Ëqei thn Ënnoia: «an „1, tÏte „2».(„1 ↔ „2) sumbol–zei thn isodunam–a kai Ëqei thn Ënnoia: «„1 an kai mÏno an „2».
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A, ja sumbol–zoume me ū(„) thn ant–stoiqh tim† al†jeiac
thc.

Paràdeigma: Gia ton t‘po „ = x
1

∧ x
2

gnwr–zoume Ïti e–nai
alhj†c mÏno sthn per–ptwsh Ïpou oi protasiakËc metablhtËc
x

1

kai x
2

pa–rnoun thn tim† al†jeia. EpomËnwc Ëqoume Ïti
ū(„) = 1 an kai mÏno an u(x

1

) = 1 kai u(x
2

) = 1.

Ax–zei na parathr†soume Ïti h tim† tou ū(„) exartàtai
mÏno apÏ tic timËc pou d–nei h u stic protasiakËc metablh-
tËc pou emfan–zontai ston „. Oi kanÏnec me touc opo–ouc
aponËmontai timËc al†jeiac se sunjËseic protasiak∏n t‘pwn
apÏ tic timËc twn upo-t‘pwn touc sthr–zetai sthn ermhne–a
twn logik∏n sundËsmwn ¬,∧,∨ k.l.p. Parade–gmatoc qàrin, o
t‘poc „→ Â pa–rnei thn tim† YËma an kai mÏno an o „ pa–rnei
thn tim† Al†jeia kai o Â pa–rnei thn tim† YËma.
Eàn Ënac protasiakÏc t‘poc e–nai alhj†c gia opoiesd†pote

apotim†seic twn metablht∏n tou, tÏte ton onomàzoume tauto-
log–a. Ant–stoiqa, Ënac protasiakÏc t‘poc e–nai yeud†c gia
opoiesd†pote apotim†seic twn metablht∏n tou, onomàzetai a-
nt–fash. Gia paràdeigma, o t‘poc p ∧ ¬p e–nai ant–fash.
OrismÏc 3 LËme Ïti «to s‘nolo protasiak∏n t‘pwn T su-
nepàgetai tautologikà to „», kai to sumbol–zoume wc ex†c:
T � „ 2, an kai mÏno an kàje apot–mhsh pou ikanopoie– kàje
t‘po tou T ikanopoie– kai ton t‘po „.

To Ïti «to s‘nolo protasiak∏n t‘pwn T sunepàgetai tau-
tologikà to „» suqnà ekfràzetai kai wc «to s‘nolo upojËse-
wn T sunepàgetai logikà to sumpËrasma „» † «to „ apotele–
logikÏ sumpËrasma tou sunÏlou twn upojËsewn T». E‘kola
mporo‘me na sumperànoume Ïti isq‘ei � � „ an kai mÏno an o
„ e–nai tautolog–a.
2sumbolismÏc thc tautologik†c sunepagwg†c
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OrismÏc 4 Or–zoume to axiwmatikÏ s‘sthma < A
0

, K
0

>,
Ïpou to A

0

e–nai to s‘nolo pou periËqei ta axi∏mata kai to K
0

to s‘nolo twn apodeiktik∏n kanÏnwn. To axiwmatikÏ s‘sthma
pou ja qrhsimopoio‘me periËqei ta ex†c:

1. Axi∏mata tou A
0

apotelo‘ntai apÏ tic ex†c tautolog–ec:

AS1 „→ (Â → „)
AS2 [„→ (Â → ‰)]→ [(„→ Â)→ („→ ‰)]
AS3 (¬„→ ¬Â)→ [(¬„→ Â)→ „]
2. KanÏnac tou K

0

e–nai h ex†c tautologik† sunepagwg†:

Modus Ponens (MP) : „, „→ Â � Â

E–nai gnwstÏ Ïti kàje t‘poc mpore– na grafe– se isod‘namh
morf† qrhsimopoi∏ntac mÏno touc logiko‘c sundËsmouc ¬ kai→. 'Etsi, to axiwmatikÏ s‘sthma pou qrhsimopoio‘me mpore–
na diaqeiriste– ousiastikà Ïlouc touc t‘pouc. To s‘sthma
autÏ Ëqei epikrat†sei kur–wc gia istoriko‘c lÏgouc, kaj∏c
†tan autÏ pou e–qe prote–nei o D.Hilbert.
Gia thn exagwg† logik∏n sumperasmàtwn qrhsimopoio‘me

mia tupik† diadikas–a apÏdeixhc. S‘mfwna me aut†n xekinàme
apÏ Ëna s‘nolo upojËsewn efarmÏzontac diadoqikà se autÏ
touc apodeiktiko‘c kanÏnec. AutÏ mac epitrËpei na exàgoume
Ëna logikÏ sumpËrasma apÏ tic upojËseic mac.

OrismÏc 5 'Estw Ëna s‘nolo protasiak∏n t‘pwn T = {„
1

, . . . , „
n

}
pou tic apokalo‘me arqikËc upojËseic kai m–a prÏtash Â pou
apokalo‘me sumpËrasma. Tupik† ApÏdeixh gia ton t‘po Â,me
upojËseic apÏ to T , lËgetai opoiad†pote peperasmËnh akolou-
j–a protasiak∏n t‘pwn ‰

1

, ‰
2

, . . . , ‰
k

tËtoia ∏ste:

1. O t‘poc Â na taut–zetai me ton ‰
k

, kai

2. kàje t‘poc ‰
i

gia i ∈ (1, k−1) e–te an†kei sto s‘nolo twn
arqik∏n upojËsewn A

0

∪T , e–te prok‘ptei apÏ auto‘c me
qr†sh tou MP .
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Opoted†pote upàrqei tupik†c apÏdeixh tou t‘pou „ apÏ to
s‘nolo upojËsewn T sumbol–zoume wc ex†c: T � „ 3.

Oi tupikËc apode–xeic kai oi kanÏnec pou efarmÏzoume e–-nai
kataskeuasmËnoi me tËtoio trÏpo ∏ste Ï,ti e–nai apode–-ximo
mËsw miac tupik†c apÏdeixhc na e–nai kai tautologik† sunepa-
gwg† twn upojËsewn. AutÏ diapist∏nete apÏ to akÏloujo
Je∏rhma thc EgkurÏthtac [5] tou opo–ou h apÏdeixh e–nai e‘-
kolh.

Je∏rhma EgkurÏthtac. Gia kàje s‘nolo protasiak∏n
t‘pwn T kai kàje protasiakÏ t‘po „ an T � „ , tÏte T � „.

AutÏ pou den e–nai profanËc e–nai katà pÏson isq‘ei kai
to ant–strofo. To je∏rhma pou apànthse sto er∏thma autÏ
e–nai to je∏rhma thc PlhrÏthtac pou apotele– to ant–strofo
tou prohgo‘menou jewr†matoc.

Je∏rhma PlhrÏthtac. Gia kàje s‘nolo protasiak∏n
t‘pwn T kai kàje protasiakÏ t‘po „ an T � „ , tÏte T � „.

OrismÏc 6 LËme Ïti h apot–mhsh u ikanopoie– ton t‘po „

eàn ū(„) = 1. LËme Ïti h apot–mhsh u ikanopoie– to s‘nolo
t‘pwn T , an kai mÏno an h u ikanopoie– kàje t‘po tou sunÏlou
T . LËme Ïti to s‘nolo T e–nai ikanopoi†simo an kai mÏno an
upàrqei m–a apot–mhsh pou to ikanopoie–.

To Je∏rhma thc Sumpàgeiac, pou ja apode–xoume sthn su-
nËqeia, e–nai pÏrisma twn jewrhmàtwn thc PlhrÏthtac kai thc
EgkurÏthtac. Ja do‘-me thn apÏdeixh auto‘ tou jewr†matoc
mËsa apÏ d‘o diaforetikËc optikËc gwn–ec. H pr∏th ja e–nai
mËsw thc majhmatik†c logik†c. En∏ sthn sunËqeia ja do-
‘me thn apÏdeixh mËsw Topolog–ac, afo‘ pr∏ta kànoume mia
s‘ntomh eisagwg† se autÏn ton tomËa twn majhmatik∏n [3].
3sumbolismÏc thc tupik†c apÏdeixhc
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Je∏rhma Sumpàgeiac. 'Estw T tuqa–o s‘nolo t‘pwn.
Eàn to T e–nai peperasmËnwc ikanopoi†simo, dhlad† kàje T ′ ⊂
T me �T ′� <∞ e–nai ikanopoi†simo, tÏte to T e–nai ikanopoi†si-
mo.
ApÏdeixh. 'Estw Ïti T e–nai Ëna àpeiro s‘nolo protasia-

k∏n t‘pwn, gia to opo–o kàje peperasmËno upos‘nolo tou
e–nai ikanopoi†simo allà to –dio to T den e–nai ikanopoi†simo.
TÏte, gia kàpoion t‘po p

0

, T � p
0

kai T � ¬p
0

. S‘mfwna
me to Je∏rhma thc PlhrÏthtac isq‘ei T � p

0

kai T � ¬p
0

.
EpomËnwc, upàrqei kàpoio peperasmËno T ′ ⊂ T tËtoio ∏ste
T ′ � p

0

kai T ′ � ¬p
0

(epeid† kàje apÏdeixh periËqei mÏno
peperasmËnouc wc proc to pl†joc t‘pouc). TÏte apÏ to Je-
∏rhma thc EgkurÏthtac, ja isq‘ei T ′ � p

0

kai T ′ � ¬p
0

. AutÏ
Ïmwc e–nai àtopo, diÏti xËroume apÏ tic upojËseic Ïti to T ′ e-
–nai ikanopoi†simo kai autÏ ja s†maine pwc oi apotim†seic pou
ikanopoio‘n to T ′ ja ikanopoio‘n kai to p

0

kai to ¬p
0

kàti to
opo–o e–nai ant–fash. �
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2.2 H sumpàgeia sth Logik†

Se autÏ to kefàlaio ja do‘me mia enallaktik† apÏdeixh tou
jewr†matoc thc Sumpàgeiac thc Logik†. H apÏdeixh ja prag-
matopoihje– me thn bo†jeia thc Topolog–ac kai gia autÏ ja
or–soume kàpoiec basikËc Ënnoiec pou ja qrhsimopoi†soume
sthn sunËqeia.

2.2.1 Mia eisagwg† sthn Topolog–a

H Genik† Topolog–a genn†jhke mËsa apÏ mia seirà àrjrwn
tou Cantor, ta opo–a dhmosie‘jhkan katà thn per–odo 1879-
1884, sta opo–a melËthse kai Ïrise, pànw se upos‘nola tou
Eukle–deiou q∏rou, merikËc apÏ tic pio jemeli∏deic arqËc thc
Topolog–ac. O Ïroc Topolog–a eis†qjh apÏ ton Johann Be-
nedict Listing ton 19o ai∏na kai Ëwc ta mËsa tou 20ou ai∏na,
e–qe g–nei Ënac shmantikÏc klàdoc twn majhmatik∏n. H ana-
dÏmhshc twn jemel–wn thc anàlushc bo†jhse sthn anàptux†c
thc.
O klàdoc thc Topolog–ac asqole–tai me tic idiÏthtec tou

q∏rou oi opo–ec paramËnoun anallo–wtec upÏ suneqe–c pa-
ramorf∏seic. Gia paràdeigma to tËntwma kai h kàmyh e–nai
epitrepÏmenec diergas–ec, allà Ïqi to sk–simo † h kÏllhsh.
Sthn sunËqeia or–soume merikËc apÏ tic basikËc Ënnoiec thc

Topolog–ac. Oi orismo– ja diatupwjo‘n me bàsh tic shmei-
∏seic tou k.M†tsh [4] kai to bibl–o [7]

OrismÏc 7 'Estw Q s‘nolo. Mia oikogËneia T uposunÏlwn
tou Q kale–tai topolog–a sto Q, an :

1. �, X ∈ T
2. Kàje peperasmËnh tom† stoiqe–wn thc T an†kei sthn T .
Dhlad† an n ∈ N kai G

1

, G
2

, . . . , G
n

∈ T , tÏte
n�

i=1 G
i

∈ T (3)
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3. H T e–nai kleist† wc proc tic auja–retec en∏seic. Dh-
lad† an I Ëna s‘nolo deikt∏n kai G

i

∈ T , gia kàje i ∈ I

tÏte

�
i∈I G

i

∈ T (4)

To ze‘goc (Q,T ), Ïpou Q e–nai Ëna s‘nolo kai T mia oiko-
gËneia uposunÏlwn tou Q, onomàzetai topologikÏc q∏roc kai
ta stoiqe–a tou T kalo‘ntai anoiqtà s‘nola.
OrismÏc 8 'Estw Q Ëna s‘nolo. H oikogËneia T = P (X)
tou Q e–nai mia topolog–a, h diakrit† topolog–a tou Q. H T
epàgetai apÏ th diakrit† metrik†

fl(x, y) = �������
0, x = y

1, x ≠ y
(5)

H mikrÏterh topolog–a auto‘ enÏc q∏rou Ëqei d‘o anoiktà
s‘nola, to � kai to Q. H diakrit† topolog–a e–nai h megal‘te-
rh kai periËqei Ïla ta dunatà upos‘nola wc anoiqtà s‘nola.
SugkekrimËna, kàje shme–o tou Q e–nai Ëna anoiqtÏ s‘nolo
sth diakrit† topolog–a.

OrismÏc 9 'Enac topologikÏc q∏roc X kale–tai sumpag†c
an gia kàje klàsh {O

a

∶ a ∈ I} anoikt∏n sunÏlwn tou X,
gia ta opo–a isq‘ei X = �

i∈I O
i

, upàrqei Ënac peperasmËnoc
arijmÏc apÏ O

a

pou Ëqei wc Ënws† tou to X, dhlad† upàrqei
Ëna peperasmËno I

0

⊂ I, tËtoio ∏ste X = �
i∈I

o

O
i

.

H enallaktik† diat‘pwsh tou parapànw orismo‘ pou ako-
louje– ja mac e–nai pio e‘qrhsth gia tic apode–xeic pou Ëpo-
ntai.

OrismÏc 10 'Enac topologikÏc q∏roc X kale–tai sumpag†c
an gia kàje klàsh {C

a

∶ a ∈ I} kleist∏n sunÏlwn tou X, dhla-
d† ta sumplhr∏mata twn anoikt∏n sunÏlwn (C

a

=X−O
a

), gia
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ta opo–a �
i∈I C

i

= �, isq‘ei pwc upàrqei Ënac peperasmËnoc
arijmÏc apÏ C

a

pou Ëqei wc tom† tou to kenÏ, dhlad† upàrqei
Ëna peperasmËno I

0

⊂ I, tËtoio ∏ste �
i∈I

o

C
i

= �.
SqÏlio: E–nai profanËc pwc o orismÏc autÏc isoduname– me

ton prohgo‘meno an antikatast†soume kàje anoiktÏ s‘nolo
O

a

me to sumpl†rwma tou C
a

, pou e–nai kleistÏ, thn Ënwsh me
thn tom† kai to X me to kenÏ s‘nolo.

OrismÏc 11 'Estw X
1

, X
2

, ..., X
n

, ... topologiko– q∏roi. U-
penjum–zoume to GinÏmeno twn topologik∏n q∏rwn to opo–o
sumbol–zoume:

∞�
n=1 X

n

= {f ∶ N→ ∞�
n=1 X

n

∶ ∀n ∈ N f(n) ∈X
n

} (6)

Gia thn apÏdeixh tou jewr†matoc thc Sumpàgeiac, pou ja
do‘me sthn sunËqeia, jewro‘me Ïti gia touc Topologiko‘c
Q∏rouc X

1

, X
2

, ..., X
n

, ... tou orismo‘ (11) isq‘ei X
1

= . . . =
X

n

= {0, 1}. Gia ton q∏ro autÏ me thn diakrit† topolog–a Ïla
ta upos‘nola e–nai anoiqtà (àra kai kleistà). O q∏roc e–nai
sumpag†c kai h apÏdeixh tou e–nai tetrimmËnh. Sumbol–zoume
ton q∏ro 2w = {0, 1}Ê = {0, 1} × {0, 1} × . . . × {0, 1} × . . ..

OrismÏc 12 'Estw {X
i

∶ i ∈ I}, mia oikogËneia topologik∏n
q∏rwn kai to ginÏmeno X =∏

i∈I X
i

pou paràgetai apÏ aut†n.
Ta anoiktà s‘nola sthn topolog–a ginÏmeno e–nai en∏seic (pe-
perasmËnec † àpeirec) s‘nolwn thc morf†c: X =∏

i∈I U
i

, Ïpou
kàje U

i

e–nai anoiktÏ upos‘nolo touX
i

kai isq‘eiX
i

≠ U
i

mÏno
gia peperasmËna i.

H Sumpàgeia sth Logik†, pou anafËrame parapànw, Ëpetai
apÏ thn sumpàgeia sthn Topolog–a, gia kàpoia katàllhlh
Topolog–a. Sthn Topolog–a Ëqoume to ex†c pol‘ shmantikÏ
je∏rhma to opo–o anafËretai sthn Ënnoia thc sumpàgeiac:
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Je∏rhma 1 (Tychono�) 'Estw {X
i

∶ i ∈ I}, mia oiko-
gËneia sumpag∏n topologik∏n q∏rwn. TÏte to ginÏmeno X =∏

i∈I X
i

e–nai sumpag†c topologikÏc q∏roc.

S‘mfwna loipÏn me to je∏rhma tou Tychono� o q∏roc 2Ê

e–nai sumpag†c kai ta anoiqtà s‘nola auto‘ s‘mfwna me ton
orismÏ (12) e–nai en∏seic sunÏlwn thc morf†c

O
1

×O
2

×�×O
p

× {0, 1} × {0, 1} ×� (7)

Ïpou O
i

anoiktà upos‘nola tou {0, 1}, gia i ∈ {1, . . . , p}.
L†mma 1 Or–zoume, gia kàje t‘po „, to s‘nolo F

„

= {ū ∶
ū(„) = 1}.
1. Kàje s‘nolo thc morf†c F

„

e–nai anoiktÏ s‘nolo.

2. Kàje s‘nolo thc morf†c F
„

e–nai kleistÏ s‘nolo.

ApÏdeixh. Arqikà upojËtontac Ïti isq‘ei to 1 apodei-
kn‘oume to 2.
2. Gia kàje t‘po „ isq‘ei:

F
„

= F c¬„

, (8)

Ïpou me F c¬„

sumbol–zoume to sumpl†rwma tou sunÏlou F¬„

.
To F¬„

e–nai anoiqtÏ s‘nolo kai sunep∏c to F
„

, gia kàje t‘po
„, e–nai kleistÏ.
1. Arqikà, ac upojËsoume Ïti o tuqa–oc t‘poc „ e–nai m–a

metablht†, h x
n

. Or–zoume to s‘nolo:

F
x

n

= {u ∶ u(x
n

) = 1}, (9)

Ïpou u(x
n

) h apot–mhsh thc metablht†c x
n

.
Ta stoiqe–a auto‘ tou sunÏlou e–nai akolouj–ec apÏ 0 kai

1, twn opo–wn oi n−osto– Ïroi e–nai –soi me 1 kai Ïloi oi upÏloi-
poi e–nai Ëna opoiod†pote stoiqe–o tou {0,1}. Parathro‘me
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Ïti to s‘nolo F
x

n

apotele– stoiqe–o thc bàshc twn anoiqt∏n,
Ïpwc thn or–same parapànw, epomËnwc e–nai anoiktÏ s‘nolo.
Ja de–xoume Ïti to –dio isq‘ei kai sthn per–ptwsh Ïpou o

t‘poc „ periËqei perissÏterec thc m–ac metablhtËc. 'Estw
Ïti oi (peperasmËnec) metablhtËc pou emfan–zontai ston t‘po
„ e–nai metax‘ twn metablht∏n x

1

, . . . , x
n

. Profan∏c, oi u-
pÏloipec metablhtËc apÏ to x

n+1

kai metà den ephreàzoun thn
apot–mhsh tou t‘pou „.
Jewro‘me mia apot–mhsh u kai Ëstw gia kàje i ∈ {1, . . . , n}

na Ëqoume u(x
i

) = w
i

. Gia kàje i ∈ {1, . . . , n} or–zoume:
x̄

i

= �������
x

i

, w
i

= 1
¬x

i

, w
i

= 0.
(10)

Sthn sunËqeia or–zoume to s‘nolo W = (w
1

, w
2

, . . . , w
n

) ∈{0, 1}n to opo–o periËqei Ïlec tic n-adec twn apotim†sewn twn
metablht∏n pou emfan–zontai ston t‘po „, gia tic o opo–ec o
„ alhje‘ei.
'Opwc prohgoumËnwc sthn per–ptwsh thc miac metablht†c

ja or–soume ta s‘nola

F
x̄

i

= {u ∶ u(x̄
i

) = 1}, (11)

gia i ∈ {1, . . . , n}, ta opo–a e–nai kai anoiktà kai kleistà. Pro-
fan∏c o „ e–nai logikà isod‘namoc me ton t‘po:

„ =� x̄
1

∧ x̄
2

∧ . . . ∧ x̄
n

(12)

kai àra to F
„

e–nai:

F
„

= �
W ∈w(Fx̄1 ∩ F

x̄2 ∩ . . . ∩ F
x̄

n

). (13)

'Ara to s‘nolo F
„

e–nai mia peperasmËnh Ënwsh apÏ pepe-
rasmËnec tomËc kleist∏n sunÏlwn kai to opo–o gnwr–zoume
Ïti e–nai kleistÏ s‘nolo. �
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Gia thn kal‘terh katanÏhsh thc parapànw apÏdeixhc ja
d∏soume Ëna paràdeigma. Gnwr–zontac pwc kàje protasiakÏc
t‘poc mpore– na Ërjei se kanonik† suzeuktik† morf† mporo‘me
na exetàsoume to paràdeigma tou protasiako‘ t‘pou „ = x

1

∨
x

2

. O t‘poc „ pa–rnei thn tim† Al†jeia se treic diaforetikËc
peript∏seic. 'Otan u(x

1

) = u(x
2

) = 1, u(x
1

) = 1 kai u(x
2

) = 0,
kai sthn per–ptwsh Ïpou u(x

1

) = 0 kai u(x
2

) = 1.
'Etsi mporo‘me na kataskeuàsoume to s‘nolo F

„

to opo–o
s‘mfwna me thn parapànw apÏdeixh e–nai:

F
„

= (F
x1 ∩ F

x2) ∪ (Fx1 ∩ F¬x2) ∪ (F¬x1 ∩ F
x2). (14)

Metà apÏ thn s‘ntomh upenj‘mish twn basik∏n ennoi∏n
thc Majhmatik†c Logik†c kai thn eisagwg† twn jemeliwd∏n
ennoi∏n thc Topolog–ac ja do‘me apÏ mia diaforetik† sko-
pià to je∏rhma thc Sumpàgeiac, kaj∏c kai mia enallaktik†
apÏdeix† tou me thn bo†jeia twn ergale–wn thc Topolog–ac.
Jum–zoume to Je∏rhma thc Sumpàgeiac.

Je∏rhma 2 (Je∏rhma Sumpàgeiac sth Logik†). 'Estw �
tuqa–o s‘nolo t‘pwn. Eàn to � e–nai peperasmËnwc ikanopoi-
†simo, dhlad† kàje �

0

⊂ � me ��
0

� < ∞ e–nai ikanopoi†simo,
tÏte to � e–nai ikanopoi†simo.

ApÏdeixh. Gia na apode–xoume Ïti to s‘nolo � = {„
1

, „
2

, . . .}
e–nai ikanopoi†simo arke– na de–xoume Ïti

�
k∈NF

„

k

≠ �, (15)

Ïpou F
„

k

Ïpwc sto L†mma (1). Gia autÏn ton lÏgo h tom†
Ïlwn twn F

„

k

e–nai to kenÏ s‘nolo. Epeid† o q∏roc 2Ê e–nai
sumpag†c apÏ to je∏rhma tou Tychono�, apÏ ton isod‘namo
orismÏ thc sumpàgeiac sthn Topolog–a, upàrqei kàpoio pepe-
rasmËno pl†joc apÏ ta s‘nola F

„

k

twn opo–wn h tom† e–nai
to kenÏ s‘nolo. AutÏ e–nai àtopo, diÏti gnwr–zoume pwc to
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s‘nolo � e–nai peperasmËnwc ikanopoi†simo, epomËnwc kàje
peperasmËno upos‘nolo tou � e–nai ikanopoi†simo, dhlad† gia
kàje n ∈ N isq‘ei

�
k∈{1,...,n}

F
„

k

≠ �. (16)

�
Gia perissÏterec plhrofor–ec pànw sthn apÏdeixh thc Su-

mpàgeiac me qr†sh topologik∏n ergale–wn kai se agglik†
gl∏ssa mpore–te na sumbouleute–te kai thn ergas–a [14].
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3 Eisagwg† sthn Kbantomhqanik†

Afo‘ gnwr–same l–go kal‘tera ton tomËa thc Logik†c ac do-
‘me kai kàpoiec epektàseic pou mpore– na Ëqei se susqetismÏ
me thn epist†mh thc Fusik†c. Sto kefàlaio autÏ ja kànou-
me arqikà mia eisagwg† sthn kbantik† mhqanik† parathr∏ntac
paràllhla thn exËlixh auto‘ tou klàdou mËsa apÏ thn pàrodo
twn et∏n. Ja exetàsoume merikà pol‘ shmantikà peiràmata,
pou àllaxan ton trÏpo pou blËpoume ton kÏsmo g‘ro mac,
kai ton trÏpo me ton opo–o ta apotelËsmata aut∏n twn peira-
màtwn ephrËasan thn metËpeita exeliktik† pore–a. Gia mega-
l‘terh embàjunsh pànw sthn Kbantomhqanik† melet†ste ta
bibl–a [6].

3.1 Ti e–nai h Kbantik† Fusik†;

Ton 17o ai∏na o Newton kai pollo– àlloi megàloi epist†mo-
nec Ëdwsan mia pol‘ petuqhmËnh jewr–a me thn opo–a exh-
go‘san ton trÏpo me ton opo–o kino‘ntai ta ulikà s∏mata.
AutÏ to jewrhtikÏ pla–sio onomàsthke Klasik† Mhqanik†,
h opo–a perigràfei Ënan apÏluta aitiokratikÏ (nteterministi-
kÏ) kÏsmo. AutÏ shma–nei pwc h pl†rhc gn∏sh thc katàsta-
shc enÏc sust†matoc se m–a qronik† stigm† t

0

mac prosfËrei
pl†rh gn∏sh tou sust†matoc gia opoiad†pote qronik† stig-
m† t sto pareljÏn † sto mËllon tou. EpiplËon, Ïtan kànoume
metr†seic sta sust†mata pou parathro‘me, h diadikas–a thc
mËtrhshc den ja diataràxei to s‘sthma autÏ.
'Otan oi fusiko– arq–sane na meletàne th sumperiforà thc

‘lhc kai tou fwtÏc se «atomik†» kl–maka parat†rhsan su-
mperiforËc oi opo–ec den sumfwno‘san me touc kanÏnec thc
klasik†c mhqanik†c. TÏte †tan pou àrqise na diamorf∏netai
h jewr–a thc Kbantik†c Mhqanik†c.
H Kbantomhqanik† e–nai axiwmatikà jemeliwmËnh jewr–a

thc Fusik†c, pou anapt‘qjhke me skopÏ thn ermhne–a fai-
nomËnwn pou h neut∏neia adunato‘se na perigràyei. Mpore–
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na jewrhje– wc h melËth thc fusik†c se pol‘ mikro‘ m†kouc
kl–makec, kaj∏c perigràfei th sumperiforà thc ‘lhc sto mo-
riakÏ, atomikÏ kai upoatomikÏ ep–pedo. WstÏso, upàrqoun
kai orismËna makroskopikà sust†mata sta opo–a efarmÏzetai
àmesa.
O Ïroc kbànto (quantum) proËrqetai apÏ ta Latinikà,

Ïpou shma–nei posÏthta, kai anafËretai se mia adiàstath mo-
nàda posÏthtac. 'Ena kbànto enÏc megËjouc e–nai h mikrÏterh
dunat† posÏthta auto‘ tou megËjouc pou mpore– na upàrxei
(p.q Ëna fwtÏnio e–nai Ëna kbànto fwtÏc, dhlad† h mikrÏterh
posÏthta fwtÏc pou mpore– na upàrxei). EpiplËon, Ïlec oi po-
sÏthtec auto‘ tou megËjouc e–nai pànta akËraia pollaplàsia
aut†c thc monàdac. Se ant–jesh me thn klassik† mhqanik†,
sthn kbantomhqanik† orismËnec posÏthtec den mporo‘n na pa-
–rnoun opoiad†pote tim†, allà mÏno diakritËc timËc. Kàpoiec
apÏ autËc e–nai h enËrgeia enÏc atÏmou ‘lhc se katàstash
hrem–ac kai h orm† tou.
Oi ermhne–ec pou mac d–nei h Kbantomhqanik† gia ta fai-

nÏmena Ërqetai se antidiastol† me thn koin† dia–sjhsh, dh-
lad† e–nai antidiaisjhtik†. Ac do‘me Ëna paràdeigma gia na
katalàboume thn diaforà aut†.
Paràdeigma: Topojeto‘me mia mpàla ston pàto enÏc phga-

dio‘ pou br–skete sthn koruf† enÏc lÏfou. S‘mfwna me tic
empeir–ec mac ja lËgame Ïti h mpàla ja hrem†sei ston pàto
tou phgadio‘ kai den ja breje– potË Ëxw apÏ autÏ. AntijËtwc,
s‘mfwna me thn kbantik†, to s∏ma den br–sketai se hrem–a kai
upàrqei pijanÏthta na breje– ektÏc tou phgadio‘.
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ApÏ tÏte pou anakal‘fjhke h Kbantik† Fusik† Ëqoun em-
faniste– pollËc ermhne–ec pou prospajo‘n na exhg†soun to
fusikÏ thc nÏhma. H epikratËsterh ermhne–a e–nai h legÏmenh
ermhne–a thc Kopegqàghc.
'Estw Ïti Ëqoume Ëna hlektrÏnio to opo–o mpore– na breje–

se mia apÏ treic pijanËc jËseic, h kàje mia me dik† thc pi-
janÏthta. S‘mfwna me thn ermhne–a thc Kopegqàghc h jËsh
sthn opo–a br–sketai to hlektrÏnio, afo‘ to metr†soume, e–nai
tuqa–a. H Kbantomhqanik† uposthr–zei pwc upàrqei trÏpoc
na problËyoume mÏno thn pijanÏthta na breje– to hlektrÏnio
se mia jËsh.
Thn Kbantomhqanik† se sunduasmÏ me thn ermhne–a thc

Kopegqàghc oi perissÏteroi fusiko– thn apodËqthkan kàtw
apÏ thn p–esh twn peiramatik∏n dedomËnwn, miac kai erqÏtan
se s‘gkroush me tic kajierwmËnec touc antil†yeic. Meriko-
– màlista, Ïpwc o Einstein, sunËqisan na thn amfisbhto‘n
mËqri prÏsfata uposthr–zontac diaforetikËc ermhne–ec gia ta
apotelËsmata twn peiramatik∏n dedomËnwn.
Sumpera–noume apÏ ta parapànw Ïti h Kbantomhqanik† e-

–nai mia Pijanokratik† jewr–a. EpiplËon mpore– na qarakth-
riste– wc mia mh topik† jewr–a. AutÏ shma–nei Ïti an kàpoia
stigm† d‘o sust†mata †tan susqetismËna, dhlad† antàllas-
san mhn‘mata metax‘ touc, Ïso kai eàn apomakrunjo‘n ja
exakoloujo‘n na e–nai susqetismËna metax‘ touc [16].

3.2 Qronik† anadrom†: H anakàluyh tou spin

To 1900, O Max Planck sthn prospàjeià tou na melet†sei
thn aktinobol–a tou legÏmenou mËlanoc s∏matoc (Ëna idani-
kÏ s∏ma to opo–o aporrofà Ïlo to fwc pou prosp–ptei pànw
tou) epikentr∏netai sthn belt–wsh miac sqËshc sqetikà me
thn katanom† thc enËrgeiac pou aktinobole–tai stic diàforec
suqnÏthtec. Gia na to pet‘qei autÏ qrhsimopoie– thn upÏjesh
s‘mfwna me thn opo–a h fwtein† enËrgeia pou aktinobole–tai
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apÏ Ëna jermainÏmeno s∏ma (aktinobol–a mËlanoc s∏matoc)
den ekpËmpetai me suneqÏmenh ro†, allà se morf† autote-
l∏n posot†twn, ta gnwstà s†mera kbànta. Oi posÏthtec thc
enËrgeiac diafËroun anàloga me th suqnÏthtà tou ekpempÏme-
nou fwtÏc. 'Etsi me th jewrhtik† aut† ermhne–a katàfere na
sumfwn†sei me ta peiramatikà dedomËna sto uperi∏dec.
PËnte qrÏnia argÏtera, to 1905, o Einstein, gia na ermhne-

‘sei to fwtohlektrikÏ fainÏmeno, upËjese Ïti h enËrgeia enÏc
hlektromagnhtiko‘ k‘matoc metafËretai se diakritËc posÏth-
tec «kbànta fwtÏc» pou onomàzontai fwtÏnia. Kàje kbànto
periËqei thn elàqisth dunat† enËrgeia pou mpore– na upàrxei
gia kàje sugkekrimËno m†koc k‘matoc. H diap–stwsh aut†,
maz– me thn ermhne–a thc aktinobol–ac tou mËlanoc s∏matoc
apÏ ton Planck, apotËlese to jemËlio thc jewr–ac gia ton
kumatoswmatidiakÏ dusmÏ tou fwtÏc allà kai thc pr∏imhc
Kbantik†c Mhqanik†c.
O Ernest Rutherford to 1911 prote–nei to planhtikÏ mo-

ntËlo gia to àtomo, s‘mfwna me to opo–o se kàje àtomo upàr-
qei jetikÏ fort–o sugkentrwmËno se mia pol‘ mikr† perioq†
tou pou pou sugkentr∏nei to megal‘tero mËroc thc màzac tou
atÏmou kai onomàzetai pur†nac. G‘rw apÏ ton pur†na br–sko-
ntai se troqiËc ta arnhtikà fortismËna hlektrÏnia, deqÏmena
apÏ ton pur†na elktikËc hlektrikËc dunàmeic Coulomb, sqh-
mat–zontac Ëna s‘nnefo arnhtiko‘ fort–ou. To montËlo autÏ
†tan asumb–basto me thn klasik† fusik†, diÏti s‘mfwna me
aut†n ta hlektrÏnia ja Ëprepe katà thn k–nhs† touc na ek-
pËmpoun aktinobol–a me apotËlesma na qànoun enËrgeia kai
Ëtsi telikà na pËftoun pànw ston pur†na. EpomËnwc ta àto-
ma ja †tan astaj†.
To 1913 o Niels Bohr dËqthke to atomikÏ prÏtupo tou

prohgo‘menou, prosjËtontac wstÏso tic akÏloujec d‘o sun-
j†kec. Je∏rhse arqikà Ïti oi epitrepÏmenec troqiËc e–nai au-
tËc gia tic opo–ec isq‘ei to gegonÏc Ïti h stroform† tou
hlektron–ou katà thn periforà tou g‘rw apÏ ton pur†na e–nai

21



kbantismËnh kai –sh me Ëna akËraio pollaplàsio thc posÏthtac
h�(2fi), Ïpou h e–nai h stajerà tou Plank. EpiplËon, or–zei
pwc to hlektrÏnio Ïtan br–sketai stic epitreptËc troqiËc den
aktinobole–. To àtomo ekpËmpei aktinobol–a mÏno Ïtan to hle-
ktrÏnio metap–ptei apÏ mia arqik† stàsimh katàstash uyhl†c
enËrgeiac se mia stàsimh katàstash qamhlÏterhc enËrgeiac,
kai h diaforà touc se enËrgeia e–nai E

2

−E
1

= h‹.
O Wolfgang Pauli to 1925 eisàgei thn apagoreutik† arq†

gia ta hlektrÏnia pou e–nai mia apÏ tic shmantikÏterec arqËc
thc kbantik†c mhqanik†c kai thc atomik†c jewr–ac. S‘mfwna
me aut† den e–nai dunatÏn na upàrxoun sto –dio àtomo pànw
apÏ d‘o hlektrÏnia ta opo–a na br–skontai sthn –dia kbantik†
katàstash. H arq† aut† epibebai∏nei kai thn stajerÏthta
twn atÏmwn.
To –dio Ëtoc oi George Uhlenbeck kai Samuel Goudsmit

exetàzontac leptomer∏c to an∏malo fainÏmeno Zeeman, pou
e–qe skopÏ thn parat†rhsh thc ep–drashc magnhtiko‘ ped–ou
sta àtoma, katËlhxan sto sumpËrasma pwc o tËtartoc kbanti-
kÏc arijmÏc tou Pauli prËpei na sqet–zetai me thn peristrof†
hlektron–wn. Eisàgoun loipÏn thn Ënnoia thc idiostroform†c
(spin) pou d–nei Ëna kaino‘rgio kbantikÏ arijmÏ, o opo–oc †tan
apara–thtoc gia thn efarmog† thc arq†c tou Pauli [1].

3.3 Ta 3 nohtà peiràmata

NohtÏ pe–rama e–nai Ëna bo†jhma thc skËyhc gia na uposth-
riqje–, na antikrousje– † na epexhghje– kàpoia jewr–a. 'E-
tsi kataskeuàzetai nohtikà mia katàstash pou ja †tan pol‘
d‘skolo, Ëwc kai ad‘naton na upàrxei sthn pragmatikÏthta,
Ïpwc gia paràdeigma, Ëna tax–di me thn taq‘thta tou fwtÏc.
Fantastikà peiràmata tou e–douc auto‘ deqÏmaste Ïti die-
xàgontai upÏ exidanikeumËnec sunj†kec, gia na pet‘qoume me-
gal‘terh aplÏthta. Sthn sunËqeia ja perigràyoume Ëna noh-
tÏ pe–rama se treic diaforetikËc ekdoqËc tou, ja sugkr–noume
ta apotelËsmata kai ja bgàloume ta sumperàsmatà mac. Ta
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peiràmata autà mporo‘me na ta do‘me akÏma pio analutikà sto
bibl–o tou Qr. G. Gewrgalàc(kef.,sel.) [2].
To pe–rama autÏ pragmatopoi†jhke pr∏th forà apÏ ton

Thomas Young to 1803. H diàtaxh tou peiràmatoc e–nai arke-
tà apl†. 'Eqoume Ëna to–qwma me d‘o pol‘ leptËc opËc, pou ja
tic onomàsoume O

1

kai O
2

, se kontin† apÏstash metax‘ touc.
Akrib∏c apËnanti Ëqoume mia ojÏnh, pànw sthn opo–a jew-
ro‘me Ïti upàrqei kàpoiou e–douc metrht†c, o opo–oc mpore–
na prosdior–sei to pl†joc twn swmatid–wn † ant–stoiqa thn
Ëntash twn kumàtwn pou prosp–ptoun se kàje perioq† thc o-
jÏnhc. Mprostà apÏ to to–qwma ja topojet†soume mia phg†
S h opo–a isapËqei apÏ tic d‘o opËc tou toiq∏matoc, dhlad†
�O

1

= �O
2

. ApÏ tic opËc autËc kàpoio pl†joc swmatid–wn †
mËroc thc enËrgeiac pou metafËroun ta k‘mata perno‘n p–sw
apÏ to fràgma kai katal†goun telikà sthn ojÏnh.
Ja diexàgoume to pe–rama treic forËc tropopoi∏ntac kàje

forà mia sunist∏sa tou. Jewro‘me pwc h phg† ja ekpËmpei me
ton –dio trÏpo, proc Ïlec tic kateuj‘nseic swmat–dia † k‘ma-
ta. Sthn pr∏th ekdoq† tou peiràmatoc ja jewr†soume Ïti
h phg† ekpËmpei swmat–dia makroskopik∏n diastàsewn, p.q.
sfair–dia. Thn de‘terh forà ja topojet†soume olÏklhro to
s‘sthma mËsa sto nerÏ kai h phg† mac ja ekpËmpei (klasikà)
k‘mata sthn epifàneia tou nero‘, en∏ thn tr–th ja ekpËmpei
swmat–dia tou mikrÏkosmou.
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Sq†ma 1: To pe–rama twn d‘o op∏n

Pe–rama twn d‘o op∏n gia klasikà swmat–dia

H phg† ekpËmpei me ton –dio trÏpo kai stajerÏ rujmÏ sfai-
r–dia makroskopik∏n diastàsewn ta opo–a diajËtoun Ïla thn
–dia màza kai enËrgeia. En∏ h k–nhsh touc perigràfetai apÏ
touc gnwsto‘c nÏmouc thc klasik†c mhqanik†c.
Ta sfair–dia perno‘n mËsa apÏ tic opËc e–te kateuje–an,

e–te metà apÏ skËdash sta àkra twn op∏n. Metràme to pl†joc
�n(x) twn sfairid–wn ta opo–a se orismËno qronikÏ diàsthma,
prosp–ptoun se diaforetikËc jËseic pànw sthn ojÏnh.
Jewro‘me n na e–nai to pl†joc twn sfairid–wn pou ek-

pËmpontai apÏ thn phg† se orismËno qronikÏ diàsthma. TÏte
h pijanÏthta na prospËsei Ëna sfair–dio se Ëna stoiqe–o thc e-
pifàneiac �‡, to opo–o periËqei to shme–o (x, 0, 0) thc ojÏnhc
e–nai:

P (x)�‡ = �n(x)
n

(17)

H ant–stoiqh «pijanÏthta prospt∏sewc anà monàda epi-
fàneiac» e–nai:

P (x) = 1
n

�n(x)
�‡

(18)
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Parathro‘me Ïti h P (x) e–nai anàlogh tou arijmo‘ twn
sfairid–wn pou prosp–ptoun.
ApÏ thn parapànw ekdoq† tou peiràmatoc Ëqoume Ïti Ïtan

e–nai anoiqtËc kai oi d‘o opËc, O
1

kai O
2

, h grafik† paràstash
thc sunàrthshc P (x) Ëqei th morf† thc kamp‘lhc tou sq†ma-
toc (2).

Sq†ma 2: Pe–rama twn d‘o op∏n me sfair–dia

Sth sunËqeia ja dokimàsoume na kle–soume th m–a apÏ tic
d‘o opËc. Ac upojËsoume Ïti ja kle–soume thn O

1

, tÏte ta
sfair–dia ja diËrqontai mÏno apÏ thn anoiqt† op† O

2

kai ja
làboume mia diaforetik† kamp‘lh thn P

2

(x). Omo–wc ja e-
xetàsoume thn per–ptwsh, opo‘ ja diathr†soume anoiqt† thn
op† O

1

kai ja kle–soume thn O
2

. Pàli ja pàroume m–a diafo-
retik† kamp‘lh pou ja Ëqei thn morf† thc P

1

(x).
Sumperàsmata 1ou peiràmatoc

Ta sumperàsmata pou mporo‘me na pàroume apÏ to para-
pànw pe–rama e–nai ta ex†c:

1. Metr∏ntac to �n(x) se diàfora shme–a (x, 0, 0) thc o-
jÏnhc, Ëqoume Ïti isq‘ei:

P
12

(x) = P
1

(x) + P
2

(x) (19)

Ta sfair–dia upako‘oun stouc nÏmouc thc Klasik†c Fu-
sik†c. H olik† pijanÏthta na fjàsei Ëna sfair–dio sthn
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ojÏnh e–nai to àjroisma twn pijanot†twn na peràsei apÏ
th mia † apÏ thn àllh op†.

2. H enËrgeia ftànei sthn ojÏnh katà asuneq† posà. Kàje
sfair–dio me màzam kai taq‘thta u, pou ftànei thn ojÏnh
,metafËrei enËrgeia –sh me E = 1

2

mu2. H olik† enËrgeia
pou ftànei sto ep–pedo autÏ e–nai –sh me NE, Ïpou N
akËraioc arijmÏc, –soc me pl†joc twn olik∏n sfairid–wn
pou prosp–ptoun.

Ta sumperàsmata autà moiàzoun tetrimmËna kai anamenÏme-
na. H shmas–a touc ja fane– Ïtan ta sugkr–noume me ta su-
mperàsmata twn akÏloujwn peiramàtwn.

Pe–rama twn d‘o op∏n gia k‘mata

Sthn de‘terh ekdoq† tou peiràmatoc h phg† mac, thn o-
po–a Ëqoume topojet†sei sth jËsh S, Ïpwc kai prin, ja dh-
miourge– m–a periodik† diataraq† apÏ thn opo–a ja paràgontai
k‘mata epifàneiac. Gia kal‘terh katanÏhsh sto sq†ma pou
akolouje– h epifàneia tou qartio‘ anaparistà thn epifàneia
enÏc ugro‘. Ta k‘mata pou paràgontai metad–dontai sthn epi-
fàneia tou ugro‘ kai sthn sunËqeia prosp–ptoun sto fràgma
F. An to m†koc tou k‘matoc e–nai thc –diac tàxewc megËjouc
me thn apÏstash O

1

O
2

tÏte, katà thn arq† tou Huygens, ta
shme–a O

1

kai O
2

g–nontai deuterogene–c phgËc tou k‘matoc
lÏgw tou fainomËnou thc per–jlashc. Sthn per–ptwsh aut†
h enËrgeia ftànei sthn ojÏnh suneq∏c kai den e–nai akËraio
pollaplàsio miac stoiqei∏douc enËrgeiac pou metafËretai apÏ
Ëna diakekrimËno forËa, Ïpwc to sfair–dio tou prohgo‘menou
peiràmatoc.
Sth sunËqeia ja kle–soume th m–a apÏ tic d‘o opËc, Ëstw

Ïti ja kle–soume thn O
2

kai ja af†soume anoiqt† mÏno thn
O

1

. TÏte h Ëntash tou k‘matoc pou prosp–ptei sthn ojÏnh
d–netai apÏ thn kamp‘lh I

1

(x) tou sq†matoc (3). En∏ para-
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thro‘me Ïti an krat†soume anoiqt† mÏno thn O
2

, ja pàroume
thn kamp‘lh I

2

(x). Oi kamp‘lec autËc moiàzoun pol‘ me tic
kamp‘lec P

1

(x) kai P
2

(x) tou prohgo‘menou peiràmatoc.
Shmantik† diaforà parathre–tai sthn per–ptwsh katà thn

opo–a e–nai anoiqtËc kai oi d‘o opËc, pràgma pou ofe–letai
sthn sumperiforà twn kumàtwn Ïtan «sugkro‘ontai». An su-
nanthjo‘n d‘o korufËc † d‘o koilÏthtec tÏte ja mac d∏soun
mia megal‘terh koruf† † koilÏthta. An sunanthjo‘n mia ko-
ruf† me m–a koilÏthta tÏte ja allhloanairejo‘n. Ta k‘mata
lËme Ïti sumbàloun kai to apotËlesma onomàzetai eikÏna sum-
bol†c. 'Etsi kai sto pe–rama diakr–noume Ïti sth perioq† p–sw
apÏ to fràgma Ëqoume fainÏmena sumbol†c kai h Ëntas† tou
k‘matoc sta diàfora shme–a (x, 0, 0) thc ojÏnhc d–netai apÏ
thn kamp‘lh I

12

(x) tou sq†matoc. Ta d‘o autà k‘mata sum-
bàlloun kai dhmiourgo‘ntai krosso– sumbol†c, me àlla lÏgia
upàrqoun shme–a tou k‘matoc pou pàllontai me mËgisto ‘yoc
kai shme–a tou k‘matoc pou den pàllontai kajÏlou.

Sq†ma 3: Pe–rama twn d‘o op∏n me k‘mata

'Eqoume loipÏn:

I
12

(x) ≠ I
1

(x) + I
2

(x) (20)

To parapànw apotËlesma e–nai anamenÏmeno apÏ touc gnw-
sto‘c nÏmouc thc klasik†c kumatik†c.
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Sumperàsmata 2ou peiràmatoc

Ta sumperàsmata mac apÏ aut† th kaino‘ria ekdoq† tou
peiràmatoc e–nai:

1. Emfan–zontai fainÏmena sumbol†c

2. H enËrgeia mpore– na làbei opoiad†pote tim† kaj∏c ftànei
sthn ojÏnh me trÏpo suneq†.

Pe–rama twn d‘o op∏n me hlektrÏnia

Sthn tr–th kai teleuta–a ekdoq† tou peiràmatÏc mac h phg†
ja ekpËmpei me ton –dio trÏpo swmat–dia tou mikrÏkosmou ori-
smËnou e–douc. Ac upojËsoume ed∏ Ïti ekpËmpei hlektrÏnia,
pou Ïla Ëqoun thn –dia enËrgeia. EpiplËon, diajËtoume Ëna me-
trht† o opo–oc mac bohjà na prosdior–soume to pl†joc twn
hlektron–wn pou prosp–ptoun stic diàforec jËseic (x, 0, 0)
thc ojÏnhc.
Ant–jeta me ta d‘o prohgo‘mena, to sugkekrimËno pe–rama

den e–nai dunatÏn na pragmatopoihje–. O lÏgoc e–nai Ïti, gia na
pragmatopoihjo‘n ta fainÏmena pou ja perigràyoume, prËpei
Ïlh h diàtaxh na Ëqei tÏso mikrËc diastàseic ∏ste h apÏstash
metax‘ twn d‘o op∏n na e–nai thc tàxewc merik∏n Angstrom.
Miac kai ta hlektrÏnia apotelo‘n mia mikroskopik† po-

sÏthta ‘lhc, san pol‘ pol‘ mikrËc mp–liec h dia–sjhsh mac
lËei pwc ja mac d∏soun to –dio apotËlesma me ta swmat–dia.
Kai Ïntwc Ïtan ektelo‘me to pe–rama me m–a op† anoiqt† lam-
bànoume to –dio apotËlesma. Kai se aut†n thn per–ptwsh h
enËrgeia pou ftànei sthn ojÏnh g–netai me asuneq† trÏpo kai
kàje stoiqei∏dec posÏ enËrgeiac metafËretai apÏ Ëna stoiqei-
∏dh forËa, dhlad† to hlektrÏnio. To apotËlesma autÏ e–nai
anàlogo me autÏ tou arqiko‘ peiràmatoc kai fa–netai pwc ta
hlektrÏnia akoloujo‘n thn klasik† sumperiforà twn sfairi-
d–wn.
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Sq†ma 4: Pe–rama twn d‘o op∏n me hlektrÏnia

Sthn sunËqeia jËloume na upolog–soume thn pijanÏthta
prosp∏sewc twn hlektron–wn anà monàda epifàneiac, dhla-
d† to P (x) me ton –dio trÏpo Ïpwc sthn arqik† ekdoq† tou
peiràmatoc. Gia na to epit‘qoume autÏ prËpei pr∏ta na me-
tr†soume to pl†joc �n(x) twn hlektron–wn ta opo–a se ori-
smËno qronikÏ diàsthma, ftànoun sthn ojÏnh. Kai se aut†n
thn per–ptwsh ja upolog–soume tic pijanÏthtec anàloga me
to an e–nai anoiqtËc kai oi d‘o opËc † mÏno mia apÏ tic d‘o.
'Otan e–nai anoiqt† mÏno h m–a op† apÏ thc duo, oi sunart†seic
P

1

(x) kai P
2

(x) parousiàzoun omoiÏthta me tic sunart†seic
tou sq†matoc (2) apÏ to pr∏to pe–rama. 'Otan Ïmwc sto
pe–rama Ëqoume anoiqtËc kai tic d‘o opËc, tÏte h sunàrthsh
P

12

(x) Ëqei morf† Ïmoia me thn I
12

(x) tou sq†matoc (3) apÏ
thn de‘terh ekdoq† tou peiràmatoc. Ant– na parathr†soume
to anamenÏmeno apotËlesma pa–rnoume mia eikÏna sumbol†c.
Katal†goume epomËnwc na Ëqoume thn plËon axioper–ergh

parat†rhsh. ApÏ th m–a pleurà, sth per–ptwsh twn swmati-
d–wn tou mikrÏkosmou, h enËrgeia metafËretai apÏ diakekri-
mËnouc stoiqei∏deic fore–c Ïpwc sth per–ptwsh twn klasik∏n
swmatid–wn, kàti to opo–o mac parapËmpei sto sumpËrasma Ïti
to fwc telikà Ëqei swmatidiak† sumperiforà. ApÏ thn àllh
merià Ïmwc emfan–zontai fainÏmena sumbol†c, Ïpwc sthn pe-
r–ptwsh twn klasik∏n kumàtwn, kàti to opo–o ja Ëlege kane–c
pwc epibebai∏nei thn kumatik† f‘sh tou fwtÏc.
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'Eqoume wstÏso kai mia exairetikà paràdoxh parat†rhsh
kaj∏c s‘mfwna me ta parapànw sunepàgetai Ïti:

P
12

(x) =/ P
1

(x) + P
2

(x) (21)

AutÏ shma–nei Ïti h pijanÏthta na ftàsei Ëna hlektrÏnio
sth perioq† tou shme–ou (x, 0, 0) thc ojÏnhc den iso‘tai me to
àjroisma thc pijanÏthtac na ftàsei pern∏ntac apÏ thn op†
O

1

, sun thn pijanÏthta na ftàsei pern∏ntac apÏ thn op† O
2

.
To apotËlesma autÏ Ïmwc Ërqetai se ant–fash me thn ex†c

prÏtash:

PrÏtash 1 Kàje hlektrÏnio pou ftànei sthn ojÏnh e–te di-
Ërqetai mËsw thc op†c O

1

(kai Ïqi mËsw thc O
2

) e–te diËrqetai
mËsw thc op†c O

2

(kai Ïqi mËsw thc O
1

).

H prÏtash aut† Ïmwc, diaisjhtikà mac fa–netai alhjin†
kai, akÏma –swc kai, tetrimmËnh. ParÏla autà h ant–jesh pou
parathre–tai metax‘ thc protàsewc aut†c kai tou parapànw
sumperàsmatoc, e–nai arketà e‘kolo na apodeiqje–.
An deqto‘me Ïti h prÏtash e–nai alhj†c, tÏte to olikÏ

pl†joc �(x) twn hlektron–wn pou ftànoun sthn perioq† tou
shme–ou (x, 0, 0) ja dinÏtan apÏ to àjroisma tou pl†jouc
�n

1

(x) twn hlektron–wn pou ftànoun dierqÏmena apÏ thn O
1

kai tou pl†jouc �n
2

(x) twn hlektron–wn ta opo–a Ëqoun di-
Ëljei apÏ thn O

2

. TÏte Ïmwc, h pijanÏthta P
12

(x) ja Ëprepe
na e–nai –sh me P

1

(x)+P
2

(x) kàti to opo–o Ërqetai se ant–jesh
me ta apotelËsmata tou peiràmatoc. EpomËnwc upoqrewtikà
h prÏtash e–nai yeud†c.
Ento‘toic, an deqto‘me Ïti h prÏtash e–nai yeud†c, tÏte

upàrqoun oi ex†c d‘o dunatÏthtec:

1. OrismËna hlektrÏnia na ftànoun sthn ojÏnh qwr–c na
Ëqoun peràsei mËsa apÏ kàpoia op† tou fràgmatoc.

AutÏ e–nai pragmatikà ad‘naton, diÏti to fràgma stama-
tàei Ïla eke–na ta hlektrÏnia pou den diËrqontai apÏ tic
opËc.
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2. OrismËna hlektrÏnia na diËrqontai kai apÏ tic d‘o opËc.
To pl†joc Ïmwc twn hlektron–wn e–nai pànta akËraioc
arijmÏc. 'Ena hlektrÏnio potË den mpore– na kope– sta
d‘o kai epomËnwc e–nai ad‘nato mËroc enÏc hlektron–ou
na peràsei mËsa apÏ th m–a op† kai to upÏloipo na peràsei
mËsa apÏ thn àllh.

Gia na isq‘ei loipÏn h (2), ja prËpei merikà hlektrÏnia na
ektelo‘n pol‘plokh palindromik† k–nhsh. Kam–a jewr–a den
exhge– th morf† thc kamp‘lhc I

12

(x) me tËtoiec pol‘plokec
kin†seic.
Fa–netai p∏c Ëna sqetikà eustajËc sumpËrasma ja †tan

pwc h parapànw prÏtash den e–nai o‘te alhj†c, allà o‘te kai
yeud†c, kàti to opo–o moiàzei pragmatikà paràdoxo.

3.4 EpËktash peiràmatoc twn d‘o op∏n - H e-
p–drash thc parat†rhshc

ApÏ ta prohgo‘mena peiramatikà dedomËna dhmiourgo‘ntai
pollà erwthmatikà, sta opo–a kai ja prospaj†soume na apa-
nt†soume.
E–nai dunatÏ me kàpoio trÏpo na diakr–noume apÏ poia op†

Ëqoun peràsei ta hlektrÏnia;
An kàti tËtoio mporo‘se na g–nei, tÏte apÏ peiramatik†

skopià h prÏtash 1 e–nai swst†;

Arqikà, parathre–tai pwc to fainÏmeno thc sumbol†c sune-
q–zei na uf–statai akÏma kai Ïtan h phg† ekpËmpei hlektrÏnia
me tÏso mikrÏ rujmÏ, ∏ste se kàje qronik† stigm† to po-
l‘ Ëna hlektrÏnio na br–sketai se k–nhsh. AutÏ mac lËei Ïti
an jewr†soume pwc Ëqoume duo diaforetikà k‘mata pou sum-
bàloun, ta �

1

(x, t) kai �
2

(x, t), tÏte to kàje k‘ma den a-
ntistoiqe– se Ëna diaforetikÏ hlektrÏnio, allà ant–jeta gia
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kàje hlektrÏnio, upàrqoun d‘o diaforetikà k‘mata �
1

kai �
2

pou sumbàloun.
Ja qreiaste– na diereun†soume perissÏtero ta paràxena

autà fainÏmena kai gia autÏ ja prospaj†soume na exakri-
b∏soume ti e–douc k–nhsh kànei pragmatikà kai apÏ poià o-
p† diËrqetai to kàje hlektrÏnio. Gia na to pet‘qoume autÏ
prËpei na tropopoi†soume to teleuta–o pe–rama mac me ton
ex†c trÏpo:
S' Ëna shme–o L, p–sw apÏ to fràgma kai anàmesa stic

d‘o opËc, topojeto‘me m–a isqur† fwtein† phg†. 'Otan Ëna
hlektrÏnio ja pernà ston q∏ro p–sw apÏ to fràgma, tÏte Ëna
† perissÏtera fwtÏnia apÏ thn phg† L ja skedasto‘n pànw
tou kai sthn sunËqeia ja parathrhjo‘n. An parathrhjo‘n
fwtÏnia pou proËrqontai apÏ thn perioq† thc m–ac apÏ thc
d‘o opËc, tÏte ja xËroume Ïti to hlektrÏnio autÏ pËrase apÏ
thn sugkekrimËnh op†.
Me autÏ ton trÏpo, Ïtan o metrht†c mac d–nei s†ma Ïti

kàpoio hlektrÏnio Ëftase sthn ojÏnh, parathro‘me fwtÏnia
pou proËrqontai e–te apÏ thn op† O

1

, e–te apÏ thn O
2

, allà
potË kai apÏ tic d‘o tautÏqrona.
Ac metakin†soume t∏ra ton metrht† katà m†kouc tou àxona

twn x kai ac metr†soume to pl†joc twn palm∏n �n
1

(x) kai
�n

2

(x), gia touc opo–ouc emfan–zontai fwtÏnia proerqÏmena
apÏ th op† O

1

kai O
2

antisto–qwc.

Sq†ma 5: Parathr∏ntac ta hlektrÏnia
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Parathro‘me e‘kola thn omoiÏthta metax‘ twn kampul∏n
twn sunart†sewn �n

1

(x) kai �n
2

(x) me thn morf† twn ka-
mpul∏n P

1

(x) kai P
2

(x) tou sq†matoc. EpiplËon, o suno-
likÏc arijmÏc twn palm∏n d–netai apÏ th sqËsh: �n

12

(x) =
�n

1

(x) +�n
2

(x). Sumpera–noume loipÏn pwc gia to tropo-
poihmËno pe–rama isq‘ei to ex†c:

P
12

(x) = P
1

(x) + P
2

(x)
En tËlei, apÏ thn tropopoihmËnh ekdoq† auto‘ tou pei-

ràmatoc, Ëqoume thn pio shmantik† parat†rhsh apÏ Ïlec. Eàn
prosdior–soume apÏ poià op† di†lje to hlektrÏnio h sunàrth-
sh P

12

(x) e–nai diaforetik† apÏ Ïti an den kànoume autÏn ton
prosdiorismÏ. 'Otan parathro‘me ta hlektrÏnia autà sumpe-
rifËrontai Ïpwc ta klasikà swmat–dia.
H diaforopo–hsh aut† ofe–letai sto Ïti h parat†rhsh h

–dia «ephreàzei» ta hlektrÏnia kai Ëtsi tropopoie–tai h k–nhs†
touc.
'Otan Ëna peiramatikÏ apotËlesma mpore– na pragmatopoi-

hje– me pollo‘c trÏpouc, tÏte:

1. An prosdior–soume peiramatikà me poiÏn apÏ touc duna-
to‘c trÏpouc pragmatopoie–tai to pe–rama, tÏte parath-
ro‘me Ïti den Ëqoume sumbol†.

2. An den prosdior–soume me poiÏn trÏpo ja pragmatopoih-
je– to pe–ramà mac, tÏte parathro‘me Ïti emfan–zetai to
fainÏmeno thc sumbol†c.

Den e–nai dunatÏ na upàrxei mia suskeu† me thn opo–a na
mporo‘me na prosdior–soume apÏ poia op† pËrase to hle-
ktrÏnio qwr–c na to diataràxoume se tËtoio bajmÏ ∏ste na
katastrËyoume ton krossÏ sumbol†c.
Ac epistrËfoume t∏ra sto er∏thma mac: h prÏtash 1 e–nai

alhj†c † yeud†c;
H prÏtash ja e–nai Ïntwc alhj†c an mporo‘me na pros-

dior–soume thn op† apÏ thn opo–a diËrqetai kàje hlektrÏnio.
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Eàn Ïmwc den probo‘me se autÏn ton prosdiorismÏ, tÏte h
prÏtash den e–nai o‘te alhj†c, o‘te kai yeud†c, allà qwr–c
perieqÏmeno gia th s‘gqronh fusik†.

H s‘gqronh fusik† apaite– na or–zetai kàje fusikÏ mËge-
joc me trÏpo tËtoio ∏ste na mporo‘me na to or–soume pe-
rigràfontac m–a allhlouq–a metr†sewn me thn opo–a mpore–,
arqikà, na metrhje– to fusikÏ mËgejoc. EpiplËon o qara-
kthrismÏc «alhj†c» † «yeud†c» mpore– na apodoje– se m–a
prÏtash mÏno me thn perigraf† metr†sewn pou epitrËpoun na
elegqje– an e–nai † Ïqi alhj†c.

EpomËnwc, ac epanadiatup∏soume thn prÏtash wc ex†c:
An prosdior–soume -fwt–zontac katall†lwc ta hlektrÏnia

kai parathr∏ntac thn proËleus† twn fwton–wn pou skedàzo-
ntai pànw touc- thn op† apÏ thn opo–a pernàei kàje hlektrÏnio,
br–skoume Ïti kàje hlektrÏnio pou ftànei sthn ojÏnh, e–te Ëqei
diËljei apÏ thn op† O

1

(kai Ïqi apÏ th O
2

) † apÏ thn op† O
2

(kai Ïqi apÏ th O
1

).
Me th swst† aut† diat‘pwsh, h prÏtash e–nai alhj†c, en∏

h prohgo‘menh diat‘pwsh, sthn opo–a den anaferÏtan kàti gia
ton trÏpo pou mpore– na prosdioriste– h op† apÏ thn opo–a
diËrqetai to kàje hlektrÏnio, h prÏtash e–nai aÏristh.

To fainÏmeno katà to opo–o to fwc sumperifËretai àllo-
te san k‘ma kai àllote san swmat–dio e–nai gnwstÏ wc ku-
matoswmatidiakÏc dusmÏc. Upoatomikà swmat–dia, Ïpwc ta
hlektrÏnia, epideikn‘oun kai autà thn –dia sumperiforà. 'Otan
parathro‘me fwtÏnia kai hlektrÏnia h sumperiforà touc eph-
reàzetai. Den e–nai efiktÏ na kànoume me kàpoion trÏpo thn
parat†rhs† mac amelhtËa ∏ste na mhn ephreaste– to para-
thro‘meno s‘sthma. Sthn Kbantik† ant–lhyh o parathrht†c
den e–nai potË anexàrthtoc apÏ autà pou parathre–.
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4 Kbantik† Logik†

4.1 Jewr–ec Kruf∏n Metablht∏n

Parà to gegonÏc Ïti h kbantik† jewr–a mac prosfËrei ermhne-
–ec gia pollà peiramatikà apotelËsmata sth f‘sh, pollo– e–nai
eke–noi pou Ëqoun jewr†sei uperbolik† thn tuqaiÏthta pou em-
fan–zetai se aut†n. 'Opwc e–dame, h àpoyh pou kuriarqe– e–nai
pwc prÏkeitai gia mia mh aitiokratik† jewr–a. Pollo– jewro-
‘n Ïti autÏ apotele– atËleia thc jewr–ac h opo–a ja prËpei
na diorjwje– ∏ste na apokatastaje– h aitiokrat–a. Gia to
lÏgo autÏ uiojet†jhke apÏ orismËnouc fusiko‘c h legÏmenh
jewr–a kruf∏n metablht∏n.
O Albert Einstein e–nai Ënac apÏ touc pio diàshmouc u-

posthriktËc thc àpoyhc aut†c, miac kai †tan ant–jetoc sthn
pijanotik† f‘sh thc kbantik†c mhqanik†c. Me to mËroc tou
suntàqjhkan kai àlloi , kur–wc o Planck parÏlo pou h dik†
tou douleià Ëdwse tic bàseic thc kbantik†c fusik†c.
EktÏc apÏ thn tuqaiÏthta pou emfan–zetai Ëna akÏma ane-

x†ghto gegonÏc problhmàtize touc fusiko‘c kai autÏ †tan to
fainÏmeno tou kbantiko‘ susqetismo‘ († kbantik†c diemplo-
k†c † quantum entanglement), mia Ënnoia h opo–a br–sketai
sthn kardià thc kbantik†c jewr–ac kai ja katalàboume ka-
l‘tera ti akrib∏c e–nai mËsa apÏ to parakàtw pe–rama.
To paràdoxo Einstein-Podolsky-Rosen e–nai Ëna nohtÏ pe-

–rama pou p†re thn onomas–a EPR apÏ ta arqikà touc [11].
To pe–rama pragmatopoi†jhke to 1934-1935, se mia per–odo
katà thn opo–a o Einstein kai oi sunergàtec tou do‘leuan
sto Princeton. StÏqoc touc †tan na apodeiqje– pwc h jewr–a
th kbantik†c mhqanik†c e–nai ellip†c. H dhmos–eus† tou Ëgine
sto periodikÏ Physical Rewiew.
To pe–rama autÏ estiàzei sto spin enÏc hlektron–ou. 'E-

qei apodeiqte– apÏ to pe–rama twn Stern-Gerlach Ïti ta sw-
mat–dia ston mikrÏkosmo Ëqoun Ëna endogenËc qarakthristikÏ
pou Ëqei idiÏthtec stroform†c, to legÏmeno spin (idiostro-
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form†). To spin e–nai Ëna kbantismËno mËgejoc kai pa–rnei
mÏno d‘o timËc, «pànw» kai «kàtw», anàloga me th forà thc
peristrof†c tou hlektron–ou g‘rw apÏ ton eautÏ tou.
Sto nohtÏ pe–rama Ëqoume d‘o susqetismËna hlektrÏnia

me ant–jeta metax‘ touc spin, dhlad† to àjroismà touc e–nai
sunolikà mhdËn. Na shmei∏soume se autÏ to shme–o Ïti to
sunolikÏ àjroisma twn tim∏n tou spin e–nai metr†simo (bl.
orismÏ 13), se ant–jesh me thn tim† tou kajenÏc xeqwristà.
Sth sunËqeia tou peiràmatoc apomakr‘noume to Ëna apÏ ta
d‘o hlektrÏnia dhmiourg∏ntac pol‘ megàlh apÏstash metax‘
touc. To paràdoxo emfan–zetai Ïtan metr∏ntac thn tim† tou
spin sto Ëna hlektrÏnio akaria–a maja–noume kai thn tim† tou
spin gia to apomakrusmËno hlektrÏnio, kaj∏c gnwr–zoume to
àjroismà touc, to opo–o paramËnei stajerÏ kai –so me mhdËn.
To paràdoxo se autÏ to shme–o e–nai Ïti pe–rama autÏ uponoe–
pwc upàrqei kàpoioc trÏpoc metàdoshc plhrofor–ac h opo–a
g–netai pragmatikà akaria–a.
ApÏ thn àllh pleurà, upàrqei kai h àpoyh tou Bohr sqeti-

kà me to parapànw pe–rama. Jewre– pwc ta asun†jista apote-
lËsmatà ofe–lontai stic idiÏthtec tou mikrÏkosmou, oi opo–ec
diafËroun apÏ autËc tou makrÏkosmou kai sthn sunËqeia den
ja mac apasqol†soun peraitËrw.

4.2 To Je∏rhma Kochen-Specker

To je∏rhma Kochen-Specker protàjhke apÏ touc S. Kochen
kai E. Specker to 1967. Sth bibliograf–a sunantàtai suqnà
kai wc je∏rhma Bell-KS, diÏti o Bell to 1966 e–qe prote–nei
mia enallaktik† diat‘pwsh pou katËlhge se parÏmoia sumpe-
ràsmata [12].

OrismÏc 13 Mia posÏthta ja thn qarakthr–zoume wc me-
tr†simh (measurable, s‘mfwna me thn orolog–a sto [17])
eàn mporo‘me na upolog–soume thn tim† thc mËsw kàpoiac
peiramatik†c diadikas–ac.
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Paràdeigma. Sto nohtÏ pe–rama twn d‘o op∏n anafËra-
me Ïti h jËsh tou hlektron–ou, se kàje qronik† stigm†, den
mpore– na kajoriste–, dhlad† h jËsh tou hlektron–ou e–nai
mh metr†simh. AntijËtwc, h pijanÏthta tou na br–sketai to
hlektrÏnio se mia jËsh e–nai metr†simh.

H Kbantomhqanik† basizÏmenh se apotelËsmata twn pei-
ramatik∏n dedomËnwn, kànei tic ex†c paradoqËc anaforikà me
to spin tou hlektron–ou sto àtomo tou orthohelium[17]:

I. H probol† s(a, t) tou spin sthn kate‘junsh a ∈ S2,
Ïpou S2 e–nai h monadia–a sfa–ra, thn qronik† stigm† t e–nai
metr†simh. To s(a, t) pa–rnei tuqa–a mia mÏno apÏ tic timËc{−1, 0, 1} me kàpoia pijanÏthta thn kàje mia.
II. Ta m†kh �s(a

i

, t)�2, gia i = 1, 2, 3, twn tri∏n probo-
l∏n tou spin se Ëna trisorjog∏nio s‘sthma kateuj‘nsewn{a

1

, a
2

, a
3

} ⊂ S2, e–nai metr†sima. Kàje tËtoio trisorjog∏nio
s‘sthma kateuj‘nsewn ja to onomàzoume s‘sthma. To
àjroismà twn mhk∏n twn probol∏n gia kàje s‘sthma kai
opoiad†pote qronik† stigm† t e–nai –so me 2.

Oi parapànw idiÏthtec tou spin ja onomasto‘n, apÏ ed∏
kai sto ex†c, axi∏mata.

S‘mfwna me thn klasik† mhqanik† h posÏthta spin ja
Ëprepe na e–nai sunàrthsh diafÏrwn posot†twn. To basikÏ
er∏thma pou ja kànoume e–nai: Mpore– to spin na je-
wrhje– wc sunàrthsh fusik∏n metablht∏n kai
tautÏqrona na ikanopoie– ta axi∏mata I kai II;
Ja apode–xoume Ïti h apànthsh sto parapànw er∏thma e-

–nai arnhtik†. SugkekrimËna, ja apode–xoume (me thn mËjodo
thc eic àtopon apagwg†c) Ïti h sumperiforà m–ac tËtoiac su-
nàrthshc antiba–nei me ta axi∏mata I kai II, kai sunep∏c h
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‘parx† thc e–nai ad‘nath.

'Estw Ïti to spin e–nai mia klasik† sunàrthsh ��→spin(t, Ê),
Ïpou me t sumbol–zoume ton qrÏno kai me Ê sumbol–zoume àl-
lec metablhtËc pou ekproswpo‘n fusikËc posÏthtec sumperi-
lambanomËnwn kai posot†twn pou akÏmh den gnwr–zoume. Oi
teleuta–ec onomàzontai sthn bibliograf–a wc krufËc metablh-
tËc (Hidden Variables).
Gia dedomËno

��→
spin(t, Ê), jewro‘me thn probol† tou spin

sthn die‘junsh a na e–nai s(a, t, Ê), Ïpou Ê ∈ �. EfÏson
to spin e–nai sunàrthsh, tÏte kai to s(a, t, Ê) e–nai ep–shc
sunàrthsh. Or–zoume wc W ton q∏ro ston opo–o an†koun
Ïlec oi krufËc metablhtËc.
Mporo‘me ep–shc na upojËsoume Ïti to W den exartàtai

mÏno apÏ to –dio to s‘sthma, allà kai apÏ th diàtaxh mËtrhshc
tou spin, dhlad† ephreàzetai apÏ ton –dio ton parathrht†.
H susqËtish thc s(a, t, Ê) kai twn parathro‘menwn mege-

j∏n g–netai wc ex†c: h posÏthta pou parathro‘me e–nai oi
timËc thc sunàrthshc s(a, t), Ïpou

s(a, t) ∶= �
�

s(a, t, Ê)dµ(Ê). (22)

Dhlad†, s(a, t) e–nai o mËsoc Ïroc thc posÏthtac s(a, t, Ê),
Ïpou o «mËsoc Ïroc» d–netai apÏ Ëna mËtro pijanot†twn µÊ,
to opo–o Ïmwc, mh gnwr–zontac thn paràmetro Ê, den gnw-
r–zoume. To �s(a, t)� or–zetai me parÏmoio trÏpo. AutÏ pou
ja apode–xoume e–nai Ïti to s(a, t) den e–nai sunàrthsh.
Gia dosmËna w kai t, ja jewr†soume thn antisto–qhsh:

S2 → {0, 1} ∶ a� �s�(a, t). (23)

ApÏ to ax–wma I Ëqoume Ïti to �s(a, t)� mpore– na pa–rnei mÏno
tic timËc 0 kai 1, en∏ apÏ to II gnwr–zoume Ïti gia kàje s‘sth-
ma {a

1

, a
2

, a
3

} akrib∏c Ëna apÏ ta �s(a
i

)� iso‘tai me 0. Ja a-
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naferÏmaste sthn idiÏthta aut† me ton t–tlo basik† idiÏthta.

OrismÏc 14 Or–zoume wc gràfhma pànw sth monadia–a sfa-
–ra Ëna diatetagmËno ze‘goc (V, E), Ïpou V e–nai Ëna pepera-
smËno s‘nolo shme–wn thc epifàneiac thc sfa–rac kai to E
e–nai Ëna s‘nolo apÏ tÏxa�AB, Ïpou ta A kai B an†koun sto V

kai to�AB sumbol–zei Ëna tÏxo meg–stou k‘klou thc sfa–rac
me àkra ta A kai B.

OrismÏc 15 Katà thn apÏdeixh twn akÏloujwn jewrhmàtwn,
ja kataskeuàsoume graf†mata pànw sthn monadia–a sfa–ra.
'Ena tËtoio gràfhma ja lËme Ïti e–nai ulopoi†simo eàn isq‘oun
ta ex†c:

1. kàje koruf† tou graf†matoc br–sketai pànw sthn mona-
dia–a sfa–ra.

2. kàje d‘o korufËc pou sundËontai me mia akm† sto gràfh-
ma Ëqoun ant–stoiqh ep–kentrh gwn–a fi�2.
Sto upÏloipo tou kefala–ou auto‘ apodeikn‘oume to ex†c

je∏rhma.

Je∏rhma 3 Den upàrqei apeikÏnish S2 → {0, 1}, Ïpou S2 e-
–nai h monadia–a sfa–ra, tËtoia ∏ste gia kàje s‘sthma {a

1

, a
2

, a
3

}
h apeikÏnish aut† na pa–rnei thn tim† 0 se akrib∏c m–a apÏ
tic kateuj‘nseic a

i

.

To je∏rhma autÏ sunepàgetai Ïti den mpore– na upàrqei
sunàrthsh s(a, t) pou ikanopoie– ta axi∏mata. To Je∏rhma 3
e–nai àmesh sunËpeia tou akÏloujou teqniko‘ jewr†matoc.

TeqnikÏ Je∏rhma. E–nai efiktÏ na kataskeuaste– Ëna
peperasmËno s‘nolo � ⊂ S2 to opo–o Ëqei 117 korufËc kai thn
akÏloujh idiÏthta: «Gia opoiad†pote apeikÏnish k: �→ {0, 1}
e–te upàrqei Ëna s‘sthma {a

1

, a
2

, a
3

} ⊂ � sto opo–o h k den ja
pa–rnei thn tim† 0 akrib∏c mia forà, e–te ja upàrqei kàpoio
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ze‘goc kajËtwn kateuj‘nsewn {a
1

, a
2

} ⊂ �, sthn opo–a h k

e–nai –sh me 1.»

Na anafËroume pwc gia to s‘nolo twn 117 koruf∏n den
gnwr–zoume an to pl†joc twn koruf∏n e–nai to bËltisto pou
upàrqei, allà leitourge– gia thn sugkekrimËnh apÏdeixh pou
ja efarmÏsoume gia to je∏rhma autÏ.
'Ameso pÏrisma tou parapànw jewr†matoc e–nai Ïti h apei-

kÏnish s(a, t) den mpore– na upàrqei. Pràgmati, se ant–jeth
per–ptwsh, ja Ëprepe na ikanopoie–tai h basik† idiÏthta pou
proanafËrame gia kàje s‘sthma. To teqnikÏ je∏rhma Ïmwc
upodeikn‘ei Ïti upàrqei s‘sthma sto opo–o d‘o † parapànw
apÏ ta �s�(a

i

) iso‘tai me 0 † isod‘nama Ïti den isq‘ei h basik†
idiÏthta, to opo–o odhge– se ant–fash.

Oloklhr∏noume to kefàlaio me thn apÏdeixh tou teqniko‘
jewr†matoc. Arqikà apodeikn‘oume d‘o qr†sima l†mmata, ta
opo–a ja mac bohj†soun sthn kataskeu† tou sunÏlou � tou
teqniko‘ jewr†matoc [18].

L†mma 2 'Estw a kai b shme–a pànw sthn S2 tËtoia ∏ste :
sin◊ ∈ [0, 1�3] , Ïpou ◊ e–nai h gwn–a pou sqhmat–zetai metax‘
twn a kai b. TÏte mpore– na ulopoihje– to akÏloujo gràfhma
gia to opo–o ja isq‘ei a

0

� a kai a
9

� b.

ApÏdeixh. Ja apode–xoume Ïti eàn ta dian‘smata u(a
0

) kai
u(a

9

), pou antistoiqo‘n sta shme–a a
0

kai a
9

tou graf†ma-
toc (6) sqhmat–zoun gwn–a j, Ïpou 0 � sin◊ � 1�3, tÏte to
gràfhma (6) e–nai ulopoi†simo.
'Estw Ïti h ep–kentrh gwn–a j metax‘ twn u(a

0

) kai u(a
9

)
e–nai mia opoiad†pote oxe–a gwn–a. ApÏ to gràfhma (6) gnw-
r–zoume Ïti to u(a

8

) e–nai kàjeto sta u(a
0

), u(a
7

) kai u(a
9

).
EpiplËon, to u(a

7

) e–nai kàjeto sto u(a
9

), àra to u(a
7

) prËpei
na br–sketai sto ep–pedo pou or–zetai apÏ ta u(a

0

) kai u(a
9

).
H kate‘junsh tou u(a

7

) mpore– na epilege– Ëtsi ∏ste, eàn f
e–nai h gwn–a metax‘ twn u(a

0

) kai u(a
7

), tÏte:
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Sq†ma 6: KS gràfhma 10 shme–wn

„ = fi�2 − ◊ (24)

Sth sunËqeia onomàzoume u(a
5

) = i kai u(a
6

) = k kai epi-
lËgoume Ëna tr–to diànusma j, tËtoio ∏ste ta i, j, k na e–nai
anà d‘o kàjeta metax‘ touc. To u(a

1

) efÏson e–nai kàjeto
sto i mpore–, gia kàpoio katàllhlo pragmatikÏ arijmÏ x, na
grafe– wc ex†c:

u(a
1

) = j + xk√
1 + x2

(25)

Omo–wc, to u(a
2

) to opo–o e–nai kàjeto sto k mpore–, gia
kàpoio katàllhlo pragmatikÏ y, na grafe– wc:

u(a
2

) = i + yj�
1 + y2

(26)

S‘mfwna me tic plhrofor–ec pou Ëqoume apÏ to gràfh-
ma (6) kai me thn qr†sh tou exwteriko‘ ginomËnou 4 mporo‘me
na gràyoume ta u(a

3

) kai u(a
4

) wc ex†c:
4'Estw d‘o dian‘smata, to �a = a1i+a2j+a3k kai to �b = b1i+b2j+b3k. Wc exwterikÏ

ginÏmeno �c = �a × �b or–zetai to diànusma: �c =
�������������

i j k
a1 a2 a3
b1 b2 b3

�������������
= i(a2b3 − a3b2) − j(a1b3 −

a3b1) + k(a1b2 − a2b1). To diànusma �c e–nai kàjeto kai sta d‘o dian‘smata �a kai �b.
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u(a
3

) = u(a
5

) × u(a
1

) = −xj + k√
1 + x2

(27)

u(a
4

) = u(a
6

) × u(a
2

) = yi − j�
1 + y2

(28)

EpiplËon, Ëqoume Ïti to u(a
0

) e–nai kàjeto sta u(a
1

) kai
u(a

2

), epomËnwc:
u(a

0

) = u(a
1

) × u(a
2

)�u(a
1

) × u(a
2

)� = −xyi + xj − k�
1 + x2 + x2y2

(29)

Kai omo–wc to u(a
7

) e–nai kàjeto sta u(a
3

) kai u(a
4

):
u(a

7

) = u(a
4

) × u(a
3

)�u(a
4

) × u(a
3

)� = −i − yj − xyk�
1 + y2 + x2y2

(30)

Na upenjum–soume ed∏ Ïti to eswterikÏ ginÏmeno 5 d‘o
monadia–wn dianusmàtwn iso‘tai akrib∏c me to sunhm–tono thc
metax‘ touc gwn–ac kai isq‘ei:

u(a
0

) ⋅ u(a
7

) = cos„ = xy�(1 + x2 + x2y2)(1 + y2 + x2y2) (31)
EpomËnwc apÏ thn (24)

sin◊ = xy�(1 + x2 + x2y2)(1 + y2 + x2y2) (32)

H parapànw posÏthta epitugqànei thn mËgisth tim† thc
Ïtan x = y = ±1 kai iso‘tai memax = 1�3. 'Ara to gràfhma (6)
e–nai ulopoi†simo eàn

0 � ◊ � arcsin(1�3)⇒ 0 � sin◊ � 1�3 (33)
5'Estw d‘o dian‘smata, to �a = a1i+a2j+a3k kai to �b = b1i+b2j+b3k. Wc eswterikÏ

ginÏmeno aut∏n twn d‘o dianusmàtwn or–zetai to: �a ⋅ �b = a1b1 + a2b2 + a3b3. Mpore–
na grafe– kai wc: �a ⋅ �b = ��a���b�cos◊, Ïpou ◊ e–nai h gwn–a pou sqhmat–zetai metax‘ twn
dianusmàtwn �a kai �b.

42



to opo–o oloklhr∏nei thn apÏdeixh tou l†matoc. �
L†mma 3 Stic korufËc a

0

kai a
9

tou graf†matoc (6) ja a-
pod–detai pànta e–te kai stic d‘o h tim† 0 e–te kai stic d‘o h
tim† 1.

ApÏdeixh. 'Estw Ïti sto gràfhma (6) apod–doume stic ko-
rufËc a

0

kai a
9

diaforetikËc timËc. EpilËgoume thn tim† 1 gia
to a

0

kai to 0 gia to a
9

. S‘mfwna me thn basik† idiÏthta ja
apod∏soume timËc kai stic upÏloipec korufËc me ton trÏpo
pou blËpoume sto sq†ma (7).

Sq†ma 7: KS gràfhma 10 shme–wn me timËc

H anàjesh aut† parathro‘me pwc katal†gei se àtopo, ka-
j∏c sta a

5

kai a
6

, ta opo–a e–nai kàjeta metax‘ touc, Ëqei
apodoje– kai stic d‘o korufËc h tim† 1, kàti to opo–o apa-
gore‘etai apÏ th basik† idiÏthta. EpomËnwc, d‘o shme–a ta
opo–a e–nai pio kontà apÏ arcsin(1�3) den mporo‘n na Ëqoun
diaforetikËc timËc kai d‘o shme–a me diaforetikËc timËc den
mporo‘n na e–nai pio kontà apÏ arcsin(1�3). �
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Ja oloklhr∏soume me thn apÏdeixh tou teqniko‘ jewr†ma-
toc, ulopoi∏ntac to zhto‘meno s‘nolo twn 117 shme–wn pànw
sthn monadia–a sfa–ra.

ApÏdeixh teqniko‘ jewr†matoc. EpilËgoume Ëna s‘sth-
ma tri∏n shme–wn p

0

, q
0

, r
0

, pànw sthn monadia–a sfa–ra. Se
kàje Ëna apÏ ta 3 elàssonta tetartok‘klia ep– thc sfa-
–rac pou or–zoun anà d‘o ta shme–a p

0

, q
0

, r
0

, epilËgoume e-
piplËon 4 isokatanemhmËna shme–a. SugkekrimËna sto tÏxo(p

0

, q
0

) dialËgoume ta shme–a p
i

gia i ∈ {1, 2, 3, 4}, sto tÏxo(q
0

, r
0

) dialËgoume ta shme–a q
i

gia i ∈ {1, 2, 3, 4} kai tËloc
sto tÏxo (r

0

, p
0

) dialËgoume ta shme–a r
i

gia i ∈ {1, 2, 3, 4}
(blËpe Sq (8)).

Sq†ma 8: 'Olec oi korufËc a0 topojethmËnec pànw sth monadia–a sfa–ra.

O trÏpoc epilog†c twn 15 shme–wn p
i

, q
i

, r
i

, gia i ∈ {0, 1, 2, 3, 4},
e–nai tËtoioc ∏ste kàje d‘o «geitonikà» shme–a thc sfa–rac
na sqhmat–zoun ep–kentrh gwn–a ◊ = fi�10. Sth sunËqeia ka-
taskeuàzoume 15 ant–grafa tou graf†matoc (6), Ëtsi ∏ste
se kàje ant–grafo h koruf† a

9

kai h koruf† a
0

tou na tau-
t–zontai me d‘o tËtoia geitonikà shme–a apÏ ta p

i

, q
i

, r
i

, gia
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i ∈ {0, 1, 2, 3, 4}. H kataskeu† twn antigràfwn aut∏n e–nai
efikt† s‘mfwna me to L†mma 3 kaj∏c h gwn–a anàmesa sta
a

0

kai a
9

e–nai ◊ = fi�10 � sin−1(1�3).
Eàn apÏ ta 15 ant–grafa tou (6) pou qrhsimopoi†jhkan

gia thn kataskeu† tou (9) afairËsoume eke–nec tic korufËc
pou taut–zontai metax‘ touc ja katal†xoume sto zhto‘meno
s‘nolo twn 117 koruf∏n.

Sq†ma 9: KS gràfhma 117 shme–wn
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WstÏso, an kai to gràfhma autÏ e–nai ulopoi†simo, den
mporo‘n na apodojo‘n timËc stic korufËc tou s‘mfwna me
thn basik† idiÏthta. Gnwr–zoume Ïti Ëna ant–grafo tou (6),
kataskeuasmËno Ëtsi ∏ste h ep–kentrh gwn–a metax‘ twn a

0

kai a
9

na e–nai ◊ = fi�10 apaite– oi korufËc a
0

kai a
9

na Ëqoun
thn –dia tim†. EpiplËon, efÏson to a

9

tou enÏc ant–grafou
taut–zetai me thn koruf† a

0

tou epÏmenou antigràfou prËpei
kai to a

9

na Ëqei thn –dia tim† me to a
0

tou pr∏tou antigràfou.
SkeptÏmenoi me autÏn ton trÏpo katal†goume sto sumpËra-
sma pwc Ïlec oi emfan–seic tou a

0

prËpei na Ëqoun thn –dia
tim†.
To àtopo prok‘ptei àmesa diÏti gnwr–zoume pwc ta shme–a

p
0

, q
0

, r
0

taut–zontai me tic korufËc a
0

, opÏte prËpei na apo-
doje– se Ïla e–te h tim† 0, e–te h tim† 1. AutÏ Ïmwc den e–nai
efiktÏ diÏti akrib∏c Ëna apÏ autà ja prËpei na lambànei thn
tim† 0. �
Sthn arqik† apÏdeixh tou jewr†matoc apÏ touc Kochen

kai Specker [15], pou e–dame analutikà, Ëqoume Ëna gràfhma
kataskeuasmËno ston trisdiàstato q∏ro to opo–o apotele–tai
apÏ 117 korufËc. Sthn pore–a up†rxan apode–xeic tou jew-
r†matoc se megal‘terec diastàseic, allà me mikrÏtero pl†joc
koruf∏n.
H apÏdeixh tou Kernaghan to 1994 mac Ëdwse Ëna gràfh-

ma 20 koruf∏n ston tetradiàstato q∏ro [13], Ënw o Cabello
to 1996 apËdeixe to je∏rhma pàli ston tetradiàstato q∏ro,
me mÏlic 18 korufËc [8]. Oi apode–xeic autËc dhmiourgo‘n
antifàseic stic tËsseric diastàseic. WstÏso, ta apotelËsma-
ta autà e–nai pio ad‘nama se sqËsh me to arqikÏ, diÏti kàje
ant–fash se treic diastàseic e–nai ep–shc mia ant–fas† se a-
n∏terec diastàseic, en∏ to ant–strofo den isq‘ei.
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