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ABSTRACT: Recent developments in the study of holographic Renormalization Group
(RG) flows have unveiled exotic local solutions which fall outside of the Fefferman
Graham (FG) description of asymptotically anti-de Sitter space-times. These solu-
tions lead to a lower dimensional boundary metric, posing a potential challenge to
our understanding of the holographic principle if they can be globally extended. In
this undergraduate thesis, we will review the framework of holography as well as
the usual techniques used to solve such problems. Then, we will discuss possible
generalizations to the FG methodology to incorporate these exotic solutions in the
standard dictionary of holography and to be able to calculate the relevant vacuum
expectational values (vevs).


http://hep.physics.uoc.gr

Contents

1. Fundamental Concepts of Quantum Field Theory (QFT)
1.1 Renormalization
1.2 The Renormalization Group (RG)
2. Holography
2.1 A brief introduction to holography
2.2 AdS space-time
2.3 The Holographic Dictionary and Holographic RG Flows
2.4 The dilaton action and the Equations of Motion (EsOM)
3. Perturbative solution near an extremum of the potential
3.1 The solution of the scalar equation to order O(r?).
3.2 The solution of the ij Einstein equation to order O(r?).
3.3 The solution of the scalar equation to order O(r®++3),
3.4 The solution of the ij Einstein equation to order O(r2++3).
3.5 The O(r") order of the scalar and the ij Einstein equations.
3.6 The solution of the ij Einstein equation to order O(r?4++2).
3.7 The solution of the rr Einstein equation.
3.8 The solution of the rj Einstein equation.
3.9 A potential of cubic order in .
4. The On shell action.
4.1  The renormalization of the on-shell action
4.2 The Stress-Energy Tensor
5. Discussion of the Exotic RG flows
5.1 The properties of the exotic solutions
5.2 A possible solution
Appendix

A. The Fefferman-Graham Coordinate System

B. A review of the Exotic RG Flows

References

11
12
14

16
17
18
20
21
22
22
24
25
27

29
32
34

37
37
38

41

41

43

48




1. Fundamental Concepts of Quantum Field Theory (QFT)

We begin our introduction with fundamental concepts of QFT which will be necessary
to understand the topics discussed later in this thesis. The first two subsections will
introduce the concepts of renormalization and the renormalization group (RG). The
book of Peskin and Schroeder “An introduction to Quantum Field Theory” is an
excellent starting point to introduce these topics. [1]

1.1 Renormalization

In QFT particles are not the most fundamental objects which describe a given system.
Instead, we reduce the description to that of underlying quantum fields. The particles
can then be thought of as excited states of these fields. There are some key advantages
to that description, with the most important being arguably that we can study the
creation and annihilation of particles. The physically relevant quantities in QFT are
the correlation functions:

OIT(p(x)p)]0)  T(p(@)e(y)) = Oz =y )p()p(y) + O(y" — 2°)p(y) ()
(1.1)
This quantity for example, which is known as the two point function, describes
the probability amplitude of a field ¢ to propagate from the space-time event x to the
space-time event y and it appears often in QFT calculations. In general, we can take
correlation functions in any state, but the simples ones are the vacuum correlation

functions, taken either at the free vacuum state |0), or the interacting vacuum state
€2).

The calculations become more complicated when one considers interacting QF T's.
Delving into details would require multiple semesters worth of advanced undergradu-
ate or graduate level physics to explain. For the purposes of understanding this thesis,
it is sufficient to know that in most cases we are limited to perturbative techniques
to study an interacting system. The usual approach is to expand the interacting
part of the correlation function in powers of the coupling constants. These are the
famous Feynman diagrams, which are a tool of expressing complicated integrals in
a concise diagrammatic way. Each diagram comes with a set of rules that describe
what the different lines and vertexes of a diagram correspond to. Of course, as we
will discuss in later subsections, when the coupling constant is not sufficiently small
to be considered a perturbation, as in the case of QCD, these methods fall apart.

To motivate the need of renormalization, consider as an example the so-called
one-loop correction (the first non-trivial perturbative correction to the correlation
function) for an interacting Lagrangian given by:

1
£ = (09 - 5mde* — ¢ (12)



One of the Feynman diagrams we would have to evaluate to study a one-loop cor-
rection to the scattering 1902 — @304 would be the following:

k
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The Feynman rules of the theory instruct us to integrate over all possible values of
the internal momenta appearing in the diagram, which in our case is just k. These
lines are interpreted as virtual particles. However, if we follow the rules for the free
scalar propagators, i.e. the rules associated with the lines in the above diagram, we
would find out that the integral diverges when k takes large values. This is a case of
a UV divergence and as one might guess, these divergences appear a lot in QFT.

To make matters worse, even if all of the real particles’ momenta p; — ps took
small values, the virtual particles are still allowed to be created with arbitrarily
large momenta. These divergences are problematic, because the emerging correla-
tion functions would be infinite, which is contrary to our physical interpretation of
them being associated with probability amplitudes. Renormalization is our way of
dealing with these divergences and obtaining the physical information hidden behind
the emerging infinities.

There are various techniques to make these infinities disappear, each with their
advantages and disadvantages. In our case, the technique we will be using is the
addition of counterterms in our Lagrangian. The physical argument for this method
is that the coupling constants mg and Ay appearing in the equations are not neces-
sarily the physical ones that we measure in our lab. The couplings appearing in the
Lagrangian of (1.2) are called bare couplings and usually they are denoted with an
index of 0. This choice of indexing is to distinguish them from the physical couplings,
usually called dressed, which will appear without an index of 0.

To renormalize the Lagrangian via counterterms:

e We adopt a finite UV momentum cutoff A, ie we allow the momentum k to
take values up to A. Now the integral over k is not divergent, or as it is usually
called, it is regulated.
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e We express the bare couplings go,; that appear in our Lagrangian (in our case
i takes 2 values, with the first being associated with mg and the second with

o) as:
9o,i = gi — 0Gi (1.3)

The terms dg; are called counterterms and the dressed couplings g; are the
physical observables that we measure in the lab.

e This is the most important step. Since the counterterms are arbitrary, we select
them so that they cancel out the emerging infinities in the limit where A — oo.
Now when we take that limit the regulated integral becomes finite.

e We evaluate the finite part of the integral, which has now become renormalized.

There is a perplexing conceptual observation which emerges upon describing the
aforementioned process. The energy scale of the scattering we discussed is derived
through the momenta of the external particles. We can think of the energy scale as an
order of magnitude estimate for the energies we would expect to appear in the system.
Renormalization would seem to imply that virtual particles whose momentum lies
outside of the system’s energy scale do not affect the physics of the system we are
studying significantly. The renormalization group will help us understand this feature
of QFT.

1.2 The Renormalization Group (RG)

A useful quantity in QFT is the generating functional of vacuum correlation func-
tions. In d-dimensional Minkowski space-time we have:

Z[J] = /Dg& et [ Lleigil+J (z)e(w)dz? ., Dp= Hdgp(l{;) (1.4)
k=0

Note that the momentum is in general a non integer. The product in (1.4) is a prod-
uct over all possible momenta. The generating functionals offer a convenient way
of studying correlation functions through functional differentiation. The momentum
cutoff A we discussed in the previous section would translate to us integrating over
momenta with |k| < A.

To study the effect of high energy virtual particles in our system we can explic-
itly integrate over momenta with values close to the cutoff and obtain an effective
description of our system at lower energies. The comparison of the new generating
functional with the old will uncover the effect of the high energy momenta. For
simplicity we will also set:

J(z) =0, (1.5)



and we will study the specific example of the Lagrangian in the previous subsection.
Of course it is straightforward, to generalize the following calculations to any renor-
malizable Lagrangian by expressing any arbitrary analytic potential V' (¢) as a power
series in powers of (.

We begin by bringing the generating functional to Euclidean form:

A
2ol = [[Dely e TebGOe iniA)pg)y = [deth) (10
k=0
Henceforth we will drop the index E for convenience. We have to decompose the
scalar field into high energy and low energy modes. To do that consider a real
number b, with 0 < b < 1 and define:

() = {tp(k;) ,ObAeiek <A, )
o(k) = {Sp(kz]’ ];; oA, (1.8)

Using the definitions in (1.7) and (1.8) we may identify the high energy modes with
x and the low energy modes with ¢. Now we can write:

bA A
p=0+x , [Dghn=]]dok) , Dx= [] dx(k) (1.9)
k=0 k=bA
and we rewrite (1.6) as follows:
Z[0] = / [D@)ys e 4= Fersloa], (1.10)
with:
o= [ Lesslosgildat — — [ Lligi] / Dy ¢ (f Elail+Lilb gl o (1.11)

with the Lagrangian £; containing all terms that include both the high and the low
energy modes.

Upon integrating out the higher energy modes, we observe that the resulting
effective Lagrangian takes the following form:

Lerrlo; 9i] = %(1 + Aa)(09)? + %(m2 + Am?)¢* + %(/\ + ANt + ... (1.12)

The integration of the high energy modes will generate corrections to all possible
powers of ¢, d¢ and their products. Essentially, the effect of the higher energy
modes has been absorbed into the coupling constants and now we have an effective



description of the system for lower energies.

Let us now compare the partition functions of (1.6) and (1.10). On one hand we
have equation (1.6):

Z[0] = / [Digjye | @it (1.13)

On the other hand we have (1.10):
Z[0] = / [DgppeJ 4 Eersldi] (1.14)
By performing the rescaling:
F=-— , o=uab (1.15)
in (1.14), we can write ¢ = ¢ and match the cutoffs. Equation (1.14) becomes:

Z[0] = /[Dgp]Aefdxdbd(é(1+Aa)b2(8ga)2+§(m2+Am2)¢2+41!()\+A)\)ga4+...) (1.16)

But now we can rescale the scalar and adopt new coupling constants in the effective
Lagrangian, in order to obtain correlation functions of the same form as those that
we would obtain from the original Lagrangian:

o m?+ Am?

"= /(1+ Aa)b> = =

A+ AN
= 1.1
N 0T dayp (1.17)

To summarize, we saw that the process of integrating out the high energy mo-
mentum modes and rescaling momenta is analogous to a rescaling of the Lagrangian.
In the limit b — 1 this transformation is continuous. If we repeat this process an
arbitrary number of times, we can think of its effects as a flow over all possible cou-
pling constants. For historical reasons we call this transformation of the Lagrangian
“The Renormalization Group”, although it is not a group with its strict mathemat-
ical definition.

Let us return to the observation that motivated the study of RG flows, i.e., that
the high energy modes of the virtual particles seem to be negligible in perturbative
QFT corrections. We learned that the effect of these higher energy modes has been
absorbed in the coupling constants that describe our system at the given energy
scale. In a sense, we can think of the coupling constants as functions of the system’s
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energy scale. All the energy modes which lie far beyond the system’s energy scale
can be integrated through the Renormalization Group until we reach an effective
description applicable to our system’s energy scales.

Let us examine systematically how we can obtain the RG equations through
which we can express a coupling constant as a function of the system’s energy scale.
Based on what we learned about the RG we saw that an infinitesimal variation of
the cutoff given by:

A — A+ A, (1.18)

corresponds to the following changes in the fields and the coupling constants:
o= (1+dny . g —g;+0y (1.19)

The index j ranges over all possible coupling constants. An interacting n-point
correlation function, i.e.:

G ({zi}) = QT (p(z)p(s).p(20)) 1), =12, .0 (1.20)
would transform (according to the first transformation in (1.19)) as:
G ({ai}) = (1 +non)G™ ({z:}) (1.21)

If we consider that G should be a function of the cutoff and the coupling constants
we can write:

(n) (n)
dG™ = agA SA + %5% = nonG™ (1.22)
Defining;:
A A
Bil95) = 55095+ V(g5) = —550m (1.23)
we obtain the Callan-Symanzik equation:
A£+6.i+n7 G(”)({x-}-A g-) =0 (1.24)
ON "7 dg; e

The dimensionless quantities in (1.23) are called the § and v functions. Since the
n-point function is renormalized they are independent of the cutoff and they depend
only upon the coupling constants.

Finally, let us consider what can happen when a Lagrangian transforms under
the RG. Starting from an arbitrary point in the space of coupling constants, there
are two possible outcomes:

e The process does not converge. This case is not interesting.
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e The process converges to a fixed point of the flow, meaning a point that is
invariant under an RG transformation.

As we can see from equation (1.15), for a fixed point to remain invariant under an
RG transformation x must be either 0 or co. This means that our system has no
characteristic length or energy scale. Moreover, the fixed points of a RG transfor-
mation are characterized by conformal symmetry, a symmetry in the scaling of the
coordinates in a way that preserves angles.

Finally, let us return to (1.12) and consider what happens near a fixed point.
The different powers of ¢, dp and their products are often called operators. If we
denote them with O(x), then the interacting part of the action can be expressed as:

Stle] o /d:vdgiOi(x) (1.25)
Since the action remains invariant we observe that if the operators scale as:
Oy(x) = b2+ 0;(z) (1.26)
then the coupling constants must scale as:
g — b 2ig, A, =d—Ay,; (1.27)

The operators can then be classified according to the value of the corresponding A,
as follows:

e If A_ > 0 the operator is called relevant. According to (1.27) we see that this
operator moves away from the fixed point as we move to the IR (b — 0) and
therefore it will end up describing different long distance physics.

e If A_ < 0 the operator is called irrelevant. According to (1.27) we see that this
operator moves towards the fixed point and therefore it will end up describing
the same long distance physics.

e If A = 0 the operator is called marginal. This case is a little more com-
plicated, as the behavior of the operators depends on higher order quantum
corrections. It could be marginally relevant or marginally irrelevant (i.e be-
having like a relevant or irrelevant operator). In the special case where all
quantum corrections vanish, it corresponds to our fixed point being part of a
higher dimensional surface of fixed points. The RG will take us to another of
these points.



2. Holography
asi] 2.1 A brief introduction to holography

The holographic principle is an axiom that was proposed by Gerard 't Hooft [2] and
Leonard Susskind [3] in the 1990s. What started as an attempt to provide a quan-
tum description of gravity and explain thermodynamical properties of black holes
has evolved to a viable method of studying strongly coupled QFTs. As we discussed
in previous subsections, the correlation functions of a QFT, are usually calculated
using perturbative methods. However, this is impossible when the QFT is strongly
coupled because the expansion parameter (the coupling constant) is not sufficiently
small to be considered a perturbation.

The situation is further complicated when one considers what we learned from
the study of the RG, ie, that in general, the coupling constant depends on the energy
scale of the system. Although perturbative approaches may be applicable in certain
energy scales, the same cannot be stated in the high energy (UV) limit or the low
energy (IR) limit. This has led physicists to primarily use numerical approaches to
study systems described by strongly coupled QFTs. One such example which has
applications in QCD is to use a lattice, but even these numerical methods have their
limitations. A great amount of computational strength is required and there are still
cases where these methods fall apart [4].

In order to understand the holographic principle consider a d+1 dimensional
space-time, described by a gravitational theory (bulk/gauge theory). The additional
dimension, usually called the holographic dimension, ranges to infinity, where the
space-time’s d-dimensional boundary is located. Then, the holographic principle
postulates that the dynamics of the bulk can be described by a QFT defined on
that boundary (boundary theory). Essentially, it is as if the gravitational physics
of the bulk space-time are encoded as a hologram on the boundary, hence the name
holographic principle.

The duality becomes especially useful when one considers CFTs with a large
number of colors, which corresponds to a SU(NN) gauge group in the large N limit
for reasons that will soon become apparent. According to the holographic principle,
the ground state of these CFT's corresponds to an AdS space-time [5]. The AdS/CFT
correspondence is the most known and studied case of a holographic correspondence.

AdS/CFT is an especially useful duality because the relation between the grav-
itational and the field theoretical description is a strong-weak one. To demonstrate



that, we begin from the one-loop f function [6]:

dgvm 11 gy

In order for the two sides of the equation to scale the same way to leading order in
gy, we see that the following coupling must be kept constant:

A= Ngiuy (2.2)

The coupling A is called the t’'Hooft coupling. A useful feature of the holographic
principle is that the curvature radius of AdS scales as:

R = I\, (2.3)

where [ is the natural length scale of string theory. We can perform perturbative
gravitational calculations only when R > [, because then the space-time is asymp-
totically flat. But according to (2.3), this means that the t’Hooft coupling must
be large, and therefore, the CF'T must be strongly coupled. This confirms that the
duality is a strong-weak one, which is the key advantage of AdS/CFT. In the large
N-limit, computations that would be impossible in the QFT side of the duality be-
come easy in the gravitational side and vice versa.

There is a fair amount of skepticism that should be present when one first learns
of the holographic principle, since it is a conjecture. To ease these concerns, it should
be mentioned that the theory does more than simply providing us with insight into
the workings of strongly interacting systems via the study of toy models. There
are plenty of examples across many different areas of physics that are in qualitative
agreement with the holographic principle [7].

Perhaps, the most known is the entropy of a black hole. Bekenstein originally
predicted and Hawking later confirmed that the entropy of a black hole is propor-
tional to its area rather than its volume [8][9], which is in contrast to what would
have been expected of a physical system. However, this perplexing relation is in total
agreement with the holographic description, according to which the thermodynam-
ical properties of black holes are encoded on their boundary, making the scaling of
their entropy with their surface area appear natural.

Finally, since the holographic principle offers us with an inherently quantum
mechanical description of gravity, it is natural to compare it with string theory. The
key advantage of holography when compared to perturbative string theory, is that it
allows us to create a non-perturbative theory of quantum gravity.

— 10 —



2.2 AdS space-time

The importance of AdS/CFT necessitates a brief overview of the most important
features of AdS space-time. AdS is a maximally symmetric space-time with constant
negative scalar curvature. To visualize it, consider a “d+2”-dimensional hyperboloid
embedded in a “d+3”-dimensional space. This is described from the metric:

d
XG —00,0),
As* = —dX§ = dXG, + 3 dXT X, T 1(_” dl2 (2.4)

=1

along with the condition

d
Xg + Xc2l+2 - ZXE - X§+1 =L’ (2.5)

=1

We can change coordinates via:

r

Xo 5

1 »
[1+ﬁ <L2+I2 —t2):| s Xz = ?ﬂfl

1 L
X =1 {1 Leey t2)] X =L (2.6)
r r
to obtain the metric of the “d+42”-dimensional AdS space-time, in what is usually
referred to as Poincare coordinates:

2

L —
ds?® = = [dr? — dt* + dZ?] | 1€ (0,00) (2.7)
with dZ being a d-dimensional vector of spatial coordinates. The Poincare coordi-

nates cover only half of AdS, but the other half can be readily obtained by changing

the sign of r. The Ricci tensor and the scalar curvature for a d-dimensional AdS
space-time are given by:

d—1 d(d— 1)

R = =5 9w » B=——"5— (2.8)

We can see two important features of AdS space-time from the metric in (2.7):

e The first feature is that for a given radial slice r = const, the metric becomes
Minkowski. This is an important feature for holography, because the vevs
defined on these submanifolds are well defined.

— 11 -



e The second feature is that this metric displays conformal symmetry. This par-
tially motivates the AdS/CFT correspondence. We can see that as a symmetry
of the metric in the scaling:

(ryt,z;) = (ar,at,az;) , a>0 (2.9)

Finally, another property of AdS worth discussing is its conformal boundary.
We may parametrize the metric of AdS in a conformal way, such that the point at
radial infinity becomes mapped in a compactified manifold. The boundary of the
compactified manifold is called the conformal boundary of AdS. This is easier to see
using an alternative form for the metric, where the coordinates are called the global
coordinates of AdS:

ds* = L*(—cosh®pd7?® + dp® + sinh*pdQ3) , p€ (0,00) , 7€0,27) (2.10)
Under the transformation:
tanf = sinh p, (2.11)

the metric takes the form:

L2
cos20

ds® = (—dr® + db” + sin®0d);) (2.12)
The radial dimension has been compactified through 6, which now takes values in 6 €
[0, %). Now we can perform a conformal transformation to the metric by multiplying
with Lo

cos?0 "

ds* = —dr? + db* + sin*0dQ3 (2.13)

We have arrived at the metric of Einstein’s static universe, however 6 € [0, 7)

rather than 0in[0,7). The equator § = 7 is a boundary of AdS. Through this
comparison we can define Asymptotically AdS space-times, as the space-times which
are conformal to space-times isomorphic to half of Einstein’s static universe. In the
case of the Poincare coordinate system, the boundary is at » = 0. This is where the

boundary CFT is located in the AdS/CFT correspondence.

2.3 The Holographic Dictionary and Holographic RG Flows

We can now discuss specifically the relation between the two descriptions of the
holographic duality. This relation is usually referred to as the Holographic Dictionary
or the Gubser-Klebanov-Polyakov [10] and Witten [11] formula. Assume that we have
an operator O of a QFT residing on the d-dimensional boundary of a space-time.
The conformal dimension of O is A and the operator is coupled to a scalar source
©vo. Then, the Holographic Dictionary states that:

ZQFT[()DO] - Zstring [TAidgp(xua T)‘T’:O} = Zstring [(100] ) (214)

— 12 —



where Zgpr and Z,.iny are the generating functionals of the QFT and the string/gravitational

theory respectively. We see that the scalar source ¢ acts as a boundary condition
imposed on the space-time’s boundary.

The generating functional of the QFT is:

Zorrlin] = (eapi [ d'400)) (2.15)

As we discussed in previous sections, the generating functional can be used to obtain
correlation functions through functional differentiations. For example, the two-point
function of O can be obtained by:

. (52ZHZQFT [900]

(O(2)0(y)) = 5o(0)3 (1) | po=0 (2.16)

The Holographic Dictionary is useful because when the QFT is strongly coupled,
the calculation of Zgpr is not practical. Instead, we can use equation (2.14) and use
the gravitational generating functional. In the case of AdS/CFT the gravitational
generating functional is obtained through the classical gravity action:

Zstring = e‘rpusonfshell [3007 g]) (2 17)

and since the gravitational theory is weakly curved for strongly coupled QFTs, the
calculation of the on-shell action is easy. The only difficulty arises due to the IR
divergences of the gravitational theory, which are associated with the infinite volyme
of space-time. Therefore, the action must be renormalized. Through the holographic
correspondence, the interpretation of these IR divergences is that they correspond
to UV divergences of the QFT.

In the context of the AdS/CFT correspondence, the study of RG flows has an
interesting translation. According to the holographic principle, the RG flows of the
CFT correspond to the evolution of the bulk fields in the holographic dimension.
The reason is that the Hamilton-Jacobi equations for the gravitational theory can
be recast in the form of RG flow equations for the QFT, which asymptotically take
the standard Callan-Symanzik form ([12]-[19]). This observation indicates that the
radial /holographic dimension r is related to the energy scale of the CFT, with the
UV corresponding to the limit where r — 0 and the IR to the limit where » — oco.

There are many reasons one would want to study RG flows. Being inherently

linked to renormalization, they are useful for the study of a QFT’s UV and IR
limits. RG flows can also be used to study phase transitions and critical phenomena.

— 13 —
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Of course, if one accepts the holographic principle, they can be useful for studying
properties of quantum gravity [20]. Finally, there have been recent developments in
machine learning algorithms that can study RG flows [21].

2.4 The dilaton action and the Equations of Motion (EsOM)

The standard action used to describe RG flows, from the ordinary solutions ([13]-[17])
to the exotic ones ([18],[19]), is the Einstein-dilaton theory in (3+1)-dimensions. It
is the simplest action that can drive an RG flow, being a two-derivative action with
a single scalar.

Specifically, the action we are using is':

1
Slapl = M2 [ @odri/Tl (B9 = 30,600% ~ V() + Samy (219

where Sgpy is the Gibbons-Hawking-York boundary term and can be written as:

Seuy = 2M? { / d%ﬁK} (2.19)

uv

We work in 4 dimensions, because the exotic RG flows were found during a study
of squashed S®. As we will see in section 4, 7;; is the induced metric on the r = (
boundary of AdS, whereas K is the trace of the extrinsic curvature. It is convenient
to switch the action to Euclidean form by changing the signature of the metric:

1
Selg, o] =-S5 = —Mg/dgxdr\/g (R(g) b 0" — V(go)) — Seuy  (2.20)

Varying this action with respect to the metric g,, and the scalar ¢ we obtain
the following equations of motion:

1 1 v
GHV - 5 |:8M§08V90 - 59#1/801908&90] + %V =0 (2'21)
1 oV
0, (V79" D0) — - =0, (2.22)

Vi 5

where G is the Einstein Tensor.

It is convenient to express the metric in the following form:

ds* = ﬁdTQ + ﬁA-~(7" o) da' da’ (2.23)
T2 /r2g7/] ) .

'For the rest of this thesis unless specified we will adopt the usual notation of Greek indices
taking the values 0-3 and Latin indices taking the values 1-3. The coordinate z" is the radial
coordinate.

— 14 —
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This coordinate system is known as the Fefferman-Graham system and it can describe
any asymptotically AdS space-time. The boundary metric g;; has a regular expansion

if it is odd-dimensional: .

Gij(r,x") = Z ijm) (z")r™ (2.24)
m=0

More details abount this coordinate system are presented in Appendix (A.1).

The scalar equation (2.22) may be expanded in terms of the metric g,

oV

0,(v99""¢') + —=0i(\/99" j@)—% =0 = (2.25)

1
f V9
2 2
re r 35 0 V
—¢'0,1 Or(— 40, 2.26
The square root of the determinant is a scalar density with a vanishing covariant
derivative. Therefore, using the Christoffel Symbols of Appendix (A) we have:

4 1
Orlog(/g) =T, = =~ + 5Tr[g—lg’], (2.27)
and thus, the scalar equation takes the following form:
2 oV
20" — 2 + —Tr[§7 )¢ + 1?0y — 25 = 0 (2.28)
2 dp
The trace-inverted Einstein equations are:
1 %
R#V = §8Hg031,<,0 + Eglw (2.29)
because ]
R = 5(&0)2 + 2V (2.30)
In components, they read:
R —1( ’)2+”2 (2.31)
rr — 9 (Y2 9 7“2 .
1
1 V (?
R;; = 281908390 + —= 5y —Jij (2.33)
We parametrize:
6
V= Iz + oV (2.34)
Using the results in Appendix (A), the equations of motion can be written as:
7“2 62 2 . 2 . r . €2
o —_T —_ /\// T ~/ _T ~—1 At - 1
(@) + 5V =—-5Trlg ]+4 g~ d'a g1+ 5Trlg 9]+3<L2 )
(2.35)
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di8

d19

d20

d21

d24

d25

Q.

26

d27

Q.

[o0]

2

d29

d30



rg™ | Vigi; — @jﬁgk} = r¢'d;p (2.36)

r? 25V n r?. .
Eaﬂpaj@ + Tgij = TQRz'j - EQZ + 5(9/9 1gl)ij_
T2 A—1 A1 al r A—1A~17A N £2 ~
=Tl 905 + 5Tl 0 + gy +3( 1z 1) 9y (2.37)

In later parts, we will refer to the Einstein equations using the indexes of the Ricci
scalar component from which they are stemming from.

Finally, using equation (2.30), the on-shell action may be rewritten as:

Son=shell[g ] = —M? / d*xdr\/gV (p) — 2M? { / dx?’\/&KL (2.38)

3. Perturbative solution near an extremum of the potential

To introduce the basic concepts and methodology which we will follow when we study
the exotic RG flows, we will first study a specific potential and a 3-dimensional met-
ric. The standard procedure was introduced by de Haro, Skenderis and Solodukhin in
[22]. We will solve the equations “order by order” in the radial coordinate r. Then,
we need to renormalize the action because, as we will see in section 4, the terms
appearing in the action will be divergent. The renormalization can be performed by
adding appropriate counterterms to the action, so that said divergences cancel each
other out. Finally, we will calculate the vev of the induced Stress-Energy Tensor on
the boundary.

Any potential which is analytical near one of its extremums can be expanded in
the general form:
V= Vo + Vap® + O0(¢%) (3.1)

There are some convenient reparameterizations that we can perform for the coeffi-
cients Vy and V5. We may obtain 1} from the scalar-free limit. By comparison with
(2.34) we see that the scalar field limit corresponds to selecting:
6

Vo = 7k 2A ags, (3.2)
One can easily verify that with this selection for Vj the Einstein-Hilbert term in
(2.38) is the expected one for a 4-dimensional AdS space-time. To justify the repa-
rameterization of V5 we turn our attention to (2.22). By selecting :

(3.3)

d34

elb



we see that equation (2.22) takes the familiar-looking form of the scalar equation:
Op —mPe + O(¢*) =0 (3.4)

Thus, the potential can be written as:

2

Vo L62+7¢ + O (3.5)

To justify the perturbative expansion of the scalar, note that we are interested
in studying the RG flow starting near the UV fixed point, which has been shifted
at ¢ = 0. Since the UV regime of the QFT corresponds to the IR regime of AdS,
we are close to the boundary r — 0. Therefore, we will adopt expansions of the
following form for the quantities that appear in equations (2.28), (2.35)-(2.37) and
we will start to solve the equations “order by order” in r:

p(r,z) = Z Spn,m(x)rnA++m + Z @n,m(x)rnA_er + Z Pm(x)r™ (3.6)
= i o
gij(r, :L‘”) _ gl(Jn m) nA++m + Z gl(jnm :L‘ prB—tm Zgg_l) (:L‘p’)r” (3.7)
n=1 —
m=0 m70

ij(n,m) (x)rnA++m + Zgij(n,m)(w)rnA_er + Zglj(n) (Iu>rn (38)

n=1 n=1 n=0

Qﬁ
£
=
&
=
I
()¢
s

Rij(r’ ") = Rz(;%,m) (33)7“”A++m + 2 :Rgb,m) (x)rnA"i_m + E :RE?)(LE”)Tn (3.9)
n=1 n=1 =
m=0 m=0

Since, the single index 0 appears the most in the equations to follow, for con-
venience, every coefficient that corresponds to the 7° power will be denoted with a
subscript 0. The aforementioned coefficients are entirely constructed from the metric

0
gi(j)'

3.1 The solution of the scalar equation to order O(r?).

We will begin from the scalar equation (2.28) up to order O(¢?). In a later subsection,
we will see what would have been different had we kept higher orders of the scalar
in the potential. The indexes ¢ and 7 will be omitted unless they are necessary. We
have:

2
Py = 2+ S Trlg ] + 1’00 — m* P+ 0(¢7) =0 = (3.10)

— 17 —
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r? L 1 e L
r2p" — 2r¢’ + E@'Tr[g_lg'] + 72 (ﬁTr[g_laig]g”@jtp + 0,6 0,0+ (3.11)

+ Qij&-(?jgo) —m*Cp+ O(*) =0

In the last step, we performed the partial derivatives of the box operator with respect
to z’ the same way we did in (2.26) using the logarithmic derivative of /g as in (2.27).
We will study separately the order O(r*) and thus, we begin with the equations up
to order O(r®,r2+). Up to this order, we will not need the terms of the expansions
(3.6)-(3.8) that contain two indexes n and m.

2

.
2r¥py — 2r(p1 + 2par) + ESﬁlTT[go_lg(l)] + r?Oopo—

—mP (o + 11 + or®) + O(r%, 125, %) = 0 (3.12)

We are led to the following equations by regrouping the terms of (3.12) according
to their order in r:

—m*Ppy =0 = =0 (3.13)

—2p1 —m*Pp; =0 = (MP+2)p=0 = ¢ =0 (3.14)
1
209 — dipy — m* s + 5901T7’[90_19(1)] +0opo =0 =
= (M +2)p=0 = =0 (3.15)

We set ¢1 and ¢, equal to zero because we are not interested in integer values
for Ay. We will see that this would have been the case when we revisit the scalar
equation to order O(r&++1).

3.2 The solution of the ij Einstein equation to order O(r?).

Since the ¢,,, contribution starts at least to order O(r*) we proceed with the solution
of the ij equation (2.37), solving up to order O(r* r2+). Similar to the scalar
equation, it is convenient to study the order O(r') separately. For our choice of
potential, the 75 equation becomes:

r? m20? . . r? .
0000 + ==y = Ry — 0+ (0979~
72 A—T1Am Al r ~—1 A4 ~f 62 ~ 3
—ZTT[Q J'19i; + §T7“[g 9'1Gij +7gi; +3 2 1) 9yt O(¢?) (3.16)

We substitute the relevant terms of the expansions (3.6)-(3.9) in (3.16) to obtain to
order O(r®, r2%, ¢?):

2
2 ™ a 1
—7‘2R@'j,0 = —7’291'(]') + 39§k)gglgl(j)_
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2

r _
—;IT%[goﬂf”]g§)+wxgg)4—2g§%q+- (3.17)

+57r (g5 + (97)0r) (99 +207)] (g0 + 91 'r)+

02 .
+3 <ﬁ - 1) (go,ij + rgg) + 7’2gi(]2)> + O(r3, 18 3)
The equation of order O(r!) is trivially satisfied as long as we set:
=1, (3.18)

therefore we immediately move to the equation of order O(r?), which reads:

1 _
gf;) + §Tr [go 19(1)] gij0 =0 (3.19)

By taking the trace of equation (3.19) with g we have:

R (3.20)

ij

5T'r [90—19(1)] =0 = ¢

(1)

In the last step we used the tracelessness of gfjl ) on (3.20). Since g;;” vanishes so does

0
RY.

The equation of order O(r?) in (3.17) is solved by trace inverting:

—Rijo=9 +Tr[g5'9®] 90 = (3.21)

Ry

—Ry=4Tr [g;'9®] = Trlg'9?] = 1 (3.22)
Therefore 91(32 ) takes the form:
R
g = Iogz‘j,o — Rijo (3.23)

We will not solve the O(r?) order equations yet, because there will be terms with
two indexes that we have not calculated. It is better to study the terms that appear
in equations (3.11) and (3.16) up to order O(r®+*3). The equations for the r"4-+m

powers are readily obtained from those of the rm&++m

powers by switching A, to
A_, bared quantities to non-bared quantities and vice versa. Therefore we will not
study them separately but we will instead use the mapping described earlier. These

terms will be denoted by + (+ <> —).

— 19 —

el6

neq

el9

e20

e21

e23

e24



3.3 The solution of the scalar equation to order O(r2+*3).

We substitute the expansions (3.6) -(3.8) in (3.11) up to terms that will contribute
to order O(r2++3).

AL(Ay — 1)901,07"A+ + (A + 1)A+901,17“A++1+

Ay +2)(Ay + 1)801,27’A++2 - 2<A+%01,07”A+ + (A + 1)901,17”A++1 +

r _
+(A4 + 2)901,27“A++2> + 3 (A+S01,07“A+) Tr(gq 129(2)7“]"‘

+r200(r*t @1,0) — m?L? (1o + prar®t T + o or®t ) (3.24)
+(+ ¢ =) + O, P23 p285) = 0

We are led to the following equations:

3+ V9 +4m?2L?

(A% —=3A4 —m’LY)p10=0 = Ay= 5 (3.25)
(A=A, —2-m’LY)p11 =0 = 2(A; —1)p;1=0 =
o110 =¢11=0 (3.26)
(A% + Ay —2—m*L?)p1o+ A Trlgy ' ¢P)pro + Dopro =0 = (3.27)
A Tr(gy" 910 + Bopio

- _ ’ ’ 3.28
F12 202A, — 1) (3:28)
5y = A Trlgy ' gPg1o + Doprg (3.29)

F12 22A_ — 1) '

Equation (3.25) provides us with some useful properties of Ay:

AL +A_=3 (3.30)
AT —3AL =A% —3A_ = -A,A_=m’L? (3.31)

Before proceeding with the solution of the ij equation (3.16) to higher orders
we note that our justification for setting ¢, = 0 is correct. Indeed, equation (3.25)
has no dependency on any coefficients of the scalar expansion in (3.6) besides ¢
and @1 0. Therefore, equation (3.25) is independent of us setting ¢; = 0. We see
that, had we not selected ¢ = 0 in equation (3.14) we would have integer values for
Ay, just as we had stated. This is also the reason why we selected ¢11 = @11 = 0.
Finally, we did not select ¢19 = @10 = 0 in (3.25) because these are the boundary
conditions through which we will express the rest of the scalar coefficients.
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3.4 The solution of the ij Einstein equation to order O(r2+*3).

We may now proceed to (3.16) and study it up to order O(r2++3). We can use (3.31)
to eliminate the mass, and thus, the 75 equation reads:

r? AA -, - r? .
S 0ip0p — —5—¢"0i; = °Riy = 545 + 5 (9'57'9)
2
—ZTT[ _1”]9” + 2Tr[g s —|—7’gw + O(¢?) (3.32) |e32
We substitute the terms of the expansions (3.6)-(3.9) that will contribute to order
O(rA=+3):
2 RO A 4 o <A+(A —1)g{ 0 4
F(A L+ DAL A (A 2)(A 4 1)glPra2)
1 ( Ay Kkl (1,0),.A4
2((2gzk7’ + A4gy ) gh (2011 + +A 4 g)) ))+
1
772902 + Ay gt O ) g7 ) (20577 + A gl Orie) - (3.33)

(A+gzj P2+ (Ap + 1)g rA e (A +2)g4 A*“) -

1 _ _ _
_ETT[(gO 1 + <g 1)(2)7“2 + (g 1)(1’0)7“A+) (29(2)’/“2 + A+g(1’O)TA++
H(Ay + 1)gt0rA+ 4 (AL +2)g0 e85 (g0 + g2 12+

g5 )+ (+ 6 =)+ O A ) = 0

We start from the equation of the terms which are of order O(r2++1). Following
the same process as in (3.19) and (3.20), we obtain:

| A
(A =389 = Trlgg g lgo =0 = g" =g =0 (3.34) [e34

We reintroduce this result to (3.4) to simplify it. Note that RZ(J1 9 Vanishes as well.
Equation (3.4) takes the form:

(A +1)2g D 4 (Mg +2)(A + 1)g e+ -

DN =

((A++1)g( DBt (A 4 2)g0Y A++2) - (3.35) [e35

ij
1 _
=5 Trlayt (A +1)gt ISt 4 (A +2)g" D) g0+

+ (4 < =) + O3, 1213 p225) =

- 921 —



We have the two following equations for the orders O(r2+*1) and O(r2++2):

A, +1

1
§(A2 A+—2) (11) iy % [g 19(11]gij70:0 -

gV =g =0 (3.36) [e36

)

Ay +2

1 _
FAL+ AL+ ~2)g;" — Trlge ‘9" g0 =0 =

g =g =, (3.37) [e37

where we solved the equations by trace inverting them and demanding that A are

not integers. Before continuing with the scalar equation (3.32) to order O(r?4++1)

to find at which order the scalar affects the metric for the first time, we will study
the O(r*) order of the ij Einstein equation (3.32) and the scalar equation (3.11).

3.5 The O(r*) order of the scalar and the ij Einstein equations.

We substitute the relevant terms of the expansion (3.6) in the scalar equation (3.11):
6p31r® — 631 + ALA_ps + O(¢*) =0 = p3=0 (3.38) [e38

For the ij Einstein equation (3.32), the terms of the expansions (3.6)-(3.9) which are
contributing to order O(r*) are:

ALA 3r3
- +4 (107" + @107 )2 gijo + 37 gl(d) 5 —Trlgy 19(3)]91']',0_ (3.39) |e39
=3 + +0(p 1) =0 =
(—A A _p10p10 — 37795 " 9%)]) gijo + O, 7)) =0 = (3.40) [e40
ALA_
Trlgy'g®] = - +3 ©1,091,0 (3.41) |e41

Equation (3.41) serves as a constraint between our four arbitrary boundary condi-
tions.

3.6 The solution of the ij Einstein equation to order O(r?2++2),

By substituting the terms of the expansions (3.6) - (3.8) which will contribute up to
order O(r?*++2) in (3.32) we obtain:

AA !
— g™ + 5 (20428, — 1)gF0r e+

1
+(2A, + 1)2A+g(2 ) 2A++1> 2Tfr [ (2A g P02 4

+2A1 + 1g® VA )] g0 — (28970 4 (342) [e43

— 922 —



HAL + g7 V) 4 (F 0 ) £ O, 1818, 98 =0

To order O(r?2++1) we have:

AL A
ST Fhoso + 00 =380 — ATrlg g lgosy =0 (343

We trace the equation with gfj:
3ALA_

P+ (285 —6A )T g* ] =0 = (3.44)
3AL(3—A4) 3
Trig-lg20] = 22F\2 =4/ = 22 3.45
[90 g = SAL (A +_3)90 0 8‘;01,0 ( )
_ 3
Trlgy'g™"] = = 2P0 (3.46)
We substitute (3.45) in (3.43) to obtain:
AyA 3
_+T<P%,ogij,0 + (247 — 3A+)gfj2 O §A+90iogij,o =0 = (3.47)
ZA 3A
(2Ai - 3A+)9£32’0) = _TJFW% 09ij,0 = (3.48)
1
91(32 0= _g‘;piogij,o (3.49)
_ 1
91(32 0= g@iogz’j,o (3.50)
The terms that contribute to order O(r?2++2) are:
2A4 +1 _
(As =@+ 1)g)" — —5—Trlgy 9 V]gijo = 0 (3.51)
By trace inverting and substituting the trace in equation (3.51) we have:
S _
AL +1)(Ar = H)Trlgy g* V) =0 = Trig'g®V =0 = (3.52)
g7V =g" =0 (3.53)

We will limit ourselves to operators whose conformal dimension ranges between:
2>A;>15 = 15>A_>1, (3.54)

which is why we are not interested in the case Tr[g," g ] # 0. As we will see in
section (4), we do not need any additional orders to calculate the stress tensor as long
as we limit ourselves to operators with the aforementioned dimensions. Nevertheless,
we have to confirm that the other Einstein equations hold up to the order in r that
we have solved.
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3.7 The solution of the rr Einstein equation.

We proceed to the solution of the rr Einstein equation. By substituting the expan-
sions (3.6)-(3.8) we find out that most perturbation orders lead to identities of the
form 0 = 0. The rr Einstein equation reads:

T N2 T A—1 Al
2(90) 1 0+ = 5 rlg—g"]—
r? 1ala—lnr r A1 A 3
—ZTT[g qg g]—§T7"[g J1+0(’) =0 (3.55) |e64

We insert the relevant terms of the expansions (3.6)-(3.8):

1 _ 2 ALA_ _ 2
2 (Appror® + A @i grt)" — +4 (ror™ +@ror)" +
1
+ (§Tr (96" (272 +6¢P7r3 + (2A1)(2A 4 — 1)g@0r?2+)] — (3.56) [e65

1
—§Tr[ (29()7“ +3g®r% £ 2A 20 2A+)+(+<—>—))}—I—
+O(g03,7’4,7’Ai+3,T2Ai+2,7’3Ai) =0 =

We regroup the terms according to their powers of r to obtain:

. AAL 3
(Trlgy"g™] ~ T?“[golg(”])?“h“( 3 901,090170+§T7‘[9019(3)}) i (357)

2A2 — A A
A

80%,0 + 2A+(A 1)T7“[90 @ 0)]) 2o+

F(+ o _)} O BB 20042 30y )

The O(r?) order equation is satisfied as an identity. We may factor out the

2Ai+1)

conformal dimension in the O(r order:

3 <A+A

5 | =5 eopro + Trigy 19(3)]) ri+

3
+ {(mi —2A,) (§goio + TT[go_lg(Q’O)]) Pt 4 (4 —)} + (3.58) [e67
+O((p3, T4, ’f‘A:H_S, 7’2Ai+2, T3Ai) =0

By substituting in (3.58) equations (3.41), (3.45) and (3.46) we find out that the
r3 and 7?2+ order equations are also 0 = 0 identities.
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3.8 The solution of the r; Einstein equation.

We are left with the rj equation for which we shall repeat the process we followed
to solve the rr Einstein equation. However, we first have to express the covariant
derivatives in a convenient way to use our expansions (3.6)-(3.8):

F [@k% — %g;k] =r¢'0;p = (3.59) [e68
[&cgw Fa gl — 05, + Fljlﬁék} =r¢'dip = (3.60)
g {&cﬁﬁj — 0j Gy + %le (0iGsj + 03Gsj — OsGire) Gig—
—%gls (DiGrs + OkGis — OsGni) f]fj] = r¢'Oj¢p (3.61) [e70
We substitute the terms of the expansions (3.6)-(3.8) that will contribute up to order

O<T2Ai+2):
[ O (29117" +3g( 3+ 2A gl 2A+>—

v

— g0 8 (291k T+ ng(k T+ 2A+9z 2A+> t

|
+590°90 [[S;ij]o (29( Ir2 4 3¢Dp3 oA gl20) “*) - (3.62) [e71

—[s;ik]o <2gl] r +3g(3)7’3 +2A g(20 2A+>} -
— A4 010001078 4 (+ & —)} — <A+901,03j951,0 +
+A—@1,oaj801,0> 34 O(p%, 1t pBETS p2Bet2 p382) —
We regroup the coefficients that appear according to their powers of r.
(296’“0kg§f " — 200,05 + 201 o' gty — 200 T zklgz(a)) rit

( 8ng] — 3950, + 3980459ty — 39 To ik gl(j)

—A_@l 005010 — Dy1,00;810) T+
[<2A+9 Ok 9@] — 20, giF 095" + 20, gi To i g1 -
—2A4 98T ok gz] — Ayp100;01, o) (4 e —)} + (3.63) |e72
HO(%,rt pBETS 22 385 = 0

We will solve the equations “order by order” in r. The order r? equation is:

203" (0k9 — Toa'ssy = 0i0F + Toif'ly)) =0 = (3.64) [e73

— 925 —



9" (Vo,kgi(?) - Vo,j9§§)> =0 = (3.65)

ngj vz (90 Z]Tr[g() (2 )]) (366)

We substitute in the equation above the coefficient g( )

(3.22) and (3.23):

as it appears in equations

(R (R
Vo (Iogo,ij - Ro,ij) ==V (Zogﬂ,ij> ~ (3.67)

, R
Vi (Ro,ij - 7090,20 —0 (3.68)

This is a Bianchi identity, therefore the 2nd order equation holds as an identity.
The r3 order equation is:

i 3 3 3 3 3
3gok <0kg§j) - FO,iklgl(j) — Loji lgl(z) ajgz(k) + FO,ijlgl(k)+ (3.69)

+F0]k’ 912 ) A_P1005p10 + Ay100;010 =

A_¢1,00501,0 + Ap1,00;P10

195 = Vi (9045Trlay " 9®)]) + ; (3.70)
Therefore, by substituting the trace of gg’) written in (3.41) we obtain:

i ALA_, _ A_p100; + A 0;p

Vi z(j) = +TVO (90.i51,091,0) + PLO%5PL0 3 +$1,097#1,0 (3.71)

ALA— A A — A

Vgl ” N %V (9045 P10%10) + +T901,03j851,0 = (3.72)

@6 [391(?) — (A% — 2A7)90,ij@1,0@1,0} = (2A4 —3)p100;P10 = (3.73)

% [395’) — (A% - 2A—)go,ij@1,0901,0} = (0)0;%10 (3.74)

We can already see which must be the form of the stress-tensor by demanding that
the Ward identity is satisfied, however, it is better to follow the usual approach of
deriving the Stress-Tensor from the action and to use (3.70) as a verification check.

Finally, the 722+ order equation is:
2,0 2,0 0
2A+g (akgm FO,iklgl(j ) — FO,jklgl(z‘ ) — ajgz(k 0 + Lo j gl(k ) + (3.75)

+I ]klgl(fo ) = Ayp100j010 =

901,03j<,01,0

5 (3.76)

Vigs® = b (98 Trlgy'920]) +
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We substitute the metric coefficient g@’o)

. as it appears in equations (3.45) and (3.49)

to obtain:
—évé (¢7090.i5) = —gvé (90,4507 0) + % = (3.77) [e84
iaj (¢2,) = % = (3.78) [e85
901,08;%01,0 _ @1,0323‘%01,0 (3.79) [e86

We see that equation (3.79) is satisfied as an identity and similarly, the equation for
gw 9 holds as well:

©1,00;P1,0

VE) ’Lj Vz (QOZJTT[QOI (20)]) + 2

= 0=0 (3.80) [e87

3.9 A potential of cubic order in .

Before proceeding to the calculation of the stress energy tensor it is a good idea to
consider what would have happened had we kept cubic terms of the scalar in our
potential. Assume that:

m2

6 Vs
= 4 81
V L2+ 2g0+3L2g0 + O(p%) (3.81) [ess

Equation (2.28) shows us that in the scalar equation, there would be an extra term:

oV 2
2

We expand the scalar according to (3.6):

oV 2

—52% = —73Va (0 + 20001 + (20002 + 97) %) —

2 €2
N — V5 (20003 + 20102 + 201,0P1,0) 7° Tz

+ (200011 + 20101 0)TA++1 + (200012 + 201011 + 20201 090) T

— V5 [2¢1,000m% +

Ap+2

+ (200013 + 201012 + 202 + 203010 + 202,0P1,0)7 Apt3 (+ & _)} +

FO(P, 14 pditt 20y (359

Now equation (3.13) becomes:

—m?L%py — Vapi =0 = (3.84)

@o (M*L? + Vapg) = 0 (3.85) |e91
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It looks like ¢q could take the non-trivial value:
m2 L2
Vs

o= — (3.86)

However, this corresponds to a different fixed point from the one we started and
to be consistent with our assumptions we need to take ¢y = 0. As we can see from
(3.83), the corrections in most of the orders of r will vanish with a few exceptions.
The non-trivial corrections are:

oV 02
—52% — 2 Vs (10010 + [(301,0 + ©2,081,0)7 Artiy (3.87)

+(+ & 2)]) + O(p°, 1t pBett p28s)

We see that the first terms that would be corrected in the scalar expansion would
be @3 and ¢; 3. However, the terms containing a potential in the on-shell action are
quadratic or cubic in the scalar for a cubic potential. We see that any combination
of the existing scalar terms or the corrected ones will be of greater order than the

terms we have omitted, which are of order O(p?, 74, rA++3 28242 1384)

. Therefore,
from the scalar’s point of view, the Stress-Tensor is unaffected by potentials with
greater powers of the scalar than ¢?. However, before concluding that a potential
with a cubic scalar term would leave the Stress-Tensor unaffected, we have to see
the corrections in the ij equation, because through that equation we calculated the

metric coeflicients.

The correction in the 75 equation comes in the form of two extra terms:
2

R m?2(? Val R
— g — ( 1 (0 — v2g) + %@? i + O(eh), (3.88)

where the scalar ¢,y contains the coefficients we calculated ignoring the cubic term

in the potential. By inserting the new and old terms of the scalar, we obtain:

v .. m20?
7€2 ij ( 4 37 + 203010r 2+ (+ )]+

4 AL+4 [ 2A A
—I—O((,O 77,7’7, ++ T :t+3’r3 :t)+

VSEQ

6L2 [60301,081,07° + (367 o Pror ™+ + (+ ¢ —))}) Gij (3.89)

We see that the first corrections to the metric coefficients will be at gZ(J), gl(1 # and

~(1,3)
9ij
required for the Stress-Energy tensor. Therefore, a cubic potential would not alter

. However, as we can see from their order in r, all corrections lie after the terms

the results of this analysis in a physically meaningful way.
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4. The On shell action.

We now move to the on-shell action, which we had already written in (2.38), but
we will reproduce it for convenience after we substitute the potential in (3.5) to see
explicitly the scalar:

6 2
sp= g, = M2 [ Bodr /5 (5~ T+ O)) ~ Samy (41)
The induced metric (at the boundary r = €) is:
L? 4
i = 5 9ii(e,7') (4.2)

Therefore the determinant -~ is:

2\’ L\’
=(5) o = vi-(5) v (4.3
The vector which is orthogonal to the hypersurface r = ¢ has the form:
nf = (A4,0,0,0) (4.4)
We normalize it using the metric g, in (A.1):
ngun' =1 = A= i% (4.5)

The sign is selected to point toward the direction where n” increases and thus we
take it to be positive.

The extrinsic curvature in terms of g;; is given by:

1 r € L?

2
L. €., ;
Kij =5 [gij - §9ij(67$ )] (4.7)
The extrinsic curvature’s trace is taken with v% :
K =9"K; =+ {3 - %Tr[g’lg’(e, J;Z)]} (4.8) [£10

Therefore, the Euclidean action takes the form:

2712

el 1 ~ m=L :
son h”[g,gp]:MQLQ/d?’xdrﬁ\/E((S— 5 902+O(903))— (4.9) [£12

1
—2M?L? { d%ﬁ\/g(?) - gTr[glg'])} =

r=e
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; ALA-
Son=shell (g o] = M*L? / d%dr%‘; (6+ — so2+(9(903)) - (4.10)

Az ]

R e )]

=€

We expand the determinant of the metric in powers of r variationally to identify
the counterterms that need to be added for the renormalization of the action. We

define:
Gi5 = 90,5 + 0015 = Gow (8" + 95 0315) (4.11)
and:

Vi = aor I+ 95404 (4.12)

The term §g contains all the powers of r. Therefore we rewrite (4.12) as follows:

Vi =% (1 + %Tr{galég] +0 ((9515§>2)) (4.13)

There is no reason to go beyond the first order in dg since higher powers would
produce terms that vanish at » — 0. Therefore we obtain:

1 1
V=@ (L+ 5Tl sl + 5 Trlag gl + + (4.14)

i 1T7”[ —1- (20)} 2A> _'_0(903 r4 TAi+3 7,2A+ T,QA,—&-Q TSA:E)
9 IR ’ ) ’

We see that as long as we limit ourselves to dimensions 2 > A, > 1.5 and
1.5 > A_ > 1, all of the neglected terms will not contribute to the counterterms.
For the scalar field, the expansion is:

0 = (pror™ + (+ & =) + 0P, rt phe¥2 p2hs p30a)) - o (4.15)

g02 — 2@1,0@1,07,3 + @%707,2A_ + O(ng, 7,47 rAi+3, 7,2A+77,,2A_+2’ rBAi) (416)

Similar to the metric, we see that the neglected terms will not contribute to the
counterterms. We substitute the expansions of (4.14) and (4.16) in the integrals of
(4.10) to obtain:

S%nfshell[g, S0] _ M2L2 d?’:vdr\/_ |:(1 + 2T7a[go g( )] 2+
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1 _ 1 L ALA_ B
+5Trlgo g1 + S Trlgg 19(2’0)]7““) (6 + =5 (2p10P10r +
+goiorm)) + (9(903,r4,rAi+3,r2A+,r2A+2,r3Ai)] - (4.17) [£21

1
—MQLQ{ d>x \/_ ((1 + 2T?“[go gPr? + §T7"[go_19(3)]7“3+

1
+ ETT[galg@’o)]rm‘) (6 —2T7r[gy ' 9P )r? = 3Tr[gy  g®)r® —

. 2ATT[901§(2’0)]7’2A_)) + O(Qﬂg, 7”4, TAiJrS’ 7"2A+, 7,2A_+2’ TSAi ):|

r=€

We regroup terms and perform the appropriate multiplications to obtain:

Son—shelllg o] = M?L? dsxdr\/_[fi—{—?)Tr[ o lgP)rt 4

+ (3Tr[galg(3)] + ALA_p10P10) TP+ (BTr[gO_lg(z’O)] + (4.18) [£22

AA_

+29010

)T2A + 0(903, 7n47 TAi+3, T2A+, r2A7+2’ T3Ai>:| _
ML { d%g (6 + Trlgy 'g®]r” + (3 = 2A)Tr[gy ' g> V)2 +

3 4 AL+3 2A, 2A_+42 3AL
+0O(, 1%, r TSt T ))]

And finally we distribute the factors of r and use (3.41) and (3.46) to simplify the
integrals:

San shell[ M2L2/d3 / d?“\/_ +3T7,[go—lg(2)]r—2+

YANIWANE
+ (3 — ; ) Trlgy tg®0rA8 -4 (4.19)
+ O(¢3’ 7,0’ TAiil, 7,,2A.,_74’ T,QA_72’ T3Aif4)i| —[£23
ML [ @ (6 Tl gl (3 - 28 )Ty g0

+ (3 o QA_)TT[go—lg(Q,D)}EQA,—S + 0(303,61,6Ai,62A+_3, E2A,—1’€3Ai—3))

We integrate over r and separate the infrared from the ultraviolet part of the action.
Str will denote the action that contains all powers of the infrared endpoint r;z:

Son shell[ ] SIR + M2L2/d3(1,‘ 90 [26_3 + STT[g(]_lg(Q)]E_l_
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AA%2 —12A_+9
3(2A_ — 3)
_i_o(w?,’€7€Ai7€2A+—37€2A,—17€3Ai—3>] _[$2a

) Tr[galg@’o)]em‘fs—i- (4.20)

—M?L? / dx (6 +Trlgy* gVt +(3- QA_)Tr[galg(Q’O)]em*_3+

3 AL 2A;-3 2A_ -1 3A:-3
+ O(p° €, e7% 2477 € € ))

We combine the integrals and regroup the terms to obtain:

Son shell[ ] SIR+M2L2/CZ3$ 90[ de™ —|—2T7”[ -1 (2)] +

2
+§(2A_ — 3)Trlgy L gPV]e2A =73 £ O3 ¢, 8%, 28+73 2271 B2273) | (4.91) [£25

4.1 The renormalization of the on-shell action

To obtain the renormalized action we must add counterterms for the divergences and
take the limit ¢ — 0. However, the counterterms must be expressed in terms of the
induced metric. We will do that order by order in € up to terms that vanish in the
limit ¢ — 0. Using equation (3.9) we see that the induced metric’s determinant up
to finite terms in the limit € — 0 is:

L3\ -~ U T 1,
V7 = (T—s) Vi=Lgo(r™ + 5Trlgy gl + 5 Trlgg 9] +

%TT[ -1 (2 O)] 2A—3) + 0(9037 r, ,rAi-i-l’ T2A+_3, TQA,—l’ TBAi—?’) = (422) £26

4M>

—AMPI?\ fgpe® = — L*\/goTrlgy g+

+2M2 L /goTrlgy ™) + 2MP L2 /g Tr[gy gV 2+
+O<9037 €, €Ai7 62A+737 EzA_il 63Ai73) (423) nfl

?

We can now express the leading singularity in (4.21) in terms of . The action in
the limit € — 0 becomes:

. on—shell | » _ : 272
lim (% 19,¢]) = Str + lim (M L / ( \/_)

+v/90 |4T7[g5 gP)e ! + 2Tr[go g™ +

@ Trlgytg®0)e2A- 3]) (4.24) [f28

And using (3.22) we have:

lim (S (g, ¢]) = Sir + lim (M2L2 / ( —=V7 ) + V90 [~ Roe '+

e—0
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4
+2Tr[galg(3)] +

A 1150 m_s,D (4.25)

Since the Ricci scalar and Ricci tensor of the metric g;; contain no derivatives
with respect to r, expressing them in terms of the induced metric is a matter of
scaling. Fach term in the definition of the Ricci tensor is a product of one inverse
metric and one metric, therefore the scaling is:

2

Rij = Ryly] = RhR)= L2R (4.26)

We will express the next singularity in terms of ;;:
L g 1g® Ll 1g®
VRN = Lv/go (77 + 5Trley g™ lr ™ + 5Trlge ' g™] +

1 R
+§TT[951§(2’0)]7’2A_3) 2R 4 O(@?, r % p28+73 p2A-—1 p80e=8) (4.27)

L
WR[,}/] — ?\/%RO 4 0(903’ r, TAi,T2A+_3, T2A7—17 T3Ai—3) = (428)

1
—M2LARN] = —M2L?= /G Rlgo] + O(", €, 24+1, 873 281 3hamty (4 90)
€

Using (4.29), the action takes the form:

lim (573, ]) = Sya +lim <M2L2/ ( V7~ —\/_R[ ])

e—0

TN
Vo {2T7“[go‘ 9]+ == Trlgy 19(2’0)]6““3” (4.30)

To express the final divergence in terms of the induced metric at the boundary,
we use equation and (3.46):

e—0

lim (573, ]) = Sya +lim (MQLQ/ ( V7~ —\/_R[ ])

_ A_ .
Vi [271a59] - S ) (4.31)

We have to study the following product in the limit ¢ — 0. Using (4.16) and (4.22)
we find:

N T |
V¥t = LVa (7’ P S Trley g+ S Trley g+
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1 - - _ _
‘|’§T7“[90 tg 08 3) (2¢1,0p1,0r° + 90%707’%*) + (4.32) [£37

3 Ar 2AL -3 2A_—1 .3A+—3
+O(907Tar T * , T , T )

By performing the multiplication and dropping the terms that vanish when ¢ — 0

we have:
V19" = LP\/g0 (2010810 + 95%,07"2A7_3) + (4.33) |£38
FO(PP r, P 2008 (281 3A8)
A_ _ A_ M? B
—7M2L2\/9_085io€m* P = —TTWSDQ +A_M?L? /90010010 (4.34) [£39

3 At 2A,-3 2A_—1 3A4-3
+O<s07€7€ 76 + 76 76 )

Therefore, by defining:

Sreglds 0] = lim (S7 (g, ¢]) (4.35)

the regulated action takes the form:

4 1 A_
~ . 2712 3 2
Sreg[ga 90] = lim (M L /d $ﬁ <_ﬁ — ZR[’Y] — ﬁw ) + (4.36) £40

e—0

+ 9 [QTT[QO_lg(?))] + A_10P10]) + Sir
We can identify, the counterterm action from (4.36):
4 R[y] A_
o272 3 2
SCt_ML/dxﬁ(ﬁ—'—T—km@) (4.37) |f41
And we have completed the renormalization of the action:
Sren = hf% (Sct + Sreg) = S[R + M2L2 / dSZE\/% <2T7‘[go_19(3)} —|— A—SOLO@LO) (438) 42
e—

4.2 The Stress-Energy Tensor
The expected value of the Stress-Energy Tensor is given by:

2 5ST67L — 1 2 5Sren — lim éidsren
eSS0\ € V7 07

(Ti;)

j :ﬁ Sq7 (4.39) [£53

= 5

We may freely move from one expression to the next because the renormalized
action contains no divergences. Furthermore, we shall return to the original expres-
sion of the supergravity action in (4.1), to avoid implicit dependencies between the
remaining parameters.

— 34 —



The renormalized action contains two contributions, one from the supergravity
action and one from the counterterm action. The bulk action does not contribute
because by definition its variation with respect to the metric produces the equations
of motion and since the on-shell action is evaluated for the solutions to these equa-
tions, the bulk term vanishes. We begin by examining the contribution of the GHY
term. Using:

oK 1
57 = 5l (4.40)
fyl
we obtain:
. (L2 5SGHY
T i = 1 =
— _AM2Llim (X 1K + K Lk = (4.41) [£58
- EI_E% € 9 71] 1] 9 ij .
1
TGHY,z] 2M*L lli% (LE (KW K’y”)> (442) £59

Using (4.2), (4.7) and (4.8) we express Tgyy in terms of the metric g;;:

. 1 € L? L?
TGHYJ'j = —2M?L? lg% (L_e (ﬁ |:2 3 gij - 2 gz,‘j:| -

1 Py L?
We rearrange the terms to obtain:
Tanyi; = M?L*1i 4A--+ Ll — 1T [0 €d]g 4.44) [f61
GHY,ij = Jm 6—3911 691] —iT €9 19ij (4.

The contribution of the counterterm action comes from the action in (4.37):

L 296
Tty = lim ( Sd) =

e—0 € \/_671]
L LBbl A Rii[]
= 2M*L*lim | — —= 4=t )+ 4.45) [£62
1m(6( ( 7 —|—2L390>+ 7 (4.45) |f6
We use (4.2) and (4.26) to express the counterterm contribution in terms of the

metric gl] :

L L? 4  ER AL Ry;
o 2421 _ . ~ 19
Terij = 2M°L 11_1)1% (6 ( 5e2 i (_L3 + = 5 + Yk > + 7 )) (4.46) [£63

We then rearrange the resulting terms to obtain:

2 ([ - 1 4 4 A_
Tct g = M2L2 hm ( <RU —Rg”) — —SQU — —2 3 QOQQZJ) (447) f64
€ €

e—0 2
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We can now obtain the expected value of the Stress-Energy tensor by adding the two
contributions:

e—0 €

i 2 [ A 1., A R

1 1 1
+ 6—36ng - gTr[g 1eg']gij)

We use the expansions (3.6)- (3.9) up to finite terms. If the renormalization was
correct we will see the divergent terms cancel each other out. For this reason, we
will not write explicitly the limit of € going to zero:

N 1 A_ _
<T;J> = M2L2 (26 ! (Ro,ij - §ROgO,ij> - T@%7ogo,ij€2A_ s (449)

—A_ 1,091,090, + 267191-(?) + 3g§;) + QA,EZA—{)’QZ(?’O)—

—2¢7"Trlgy " P gos; — 3T (95" 9P 190,45 — 28272 Tr(g5 5% 90.5)
We regroup the divergences and use (3.22), (3.41) and (3.46):

R
(Tiy) = M2I2 (26_1 (gg) - (Iogo,ij — RO,ij)) + (4.50)

3 = (8 =28 )guapioms

af_ 1_
+2A_2A-73 (gz-(f’o) - <—§‘Pi090,z‘j>))

Finally, we use (3.23) and (3.50) to eliminate the divergences. The expected value
of the Stress-Tensor is:

(Ty;) = M°L? (392(?) — (A% — 2A—)901,0951,090,ij> (4.51)
Indeed, its trace can be expressed through (3.41) :
(T}) = MPL? (3BA_ = 2A%) p10p10 = (4.52)

(T7) = MPL2A_(2A ¢ — 3)p10P10 = A_10(O) (4.53)

And it satisfies the Ward identity as we can see from (3.74).
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5. Discussion of the Exotic RG flows

scl

5.1 The properties of the exotic solutions

We are ready to begin discussing exotic RG flows. One such example comes in the
from of the Bergman metric discussed in [23]. We can express it in FG coordinates
as:

du? 1

2
ds* = €2u2+2£2u2\/§

<(dw + c0s0dp)? + uY?(d6? + sin® 9d¢2)) (1 + O(uﬁ)> (5.1)
Using the coordinate transformation:
r=uY? (5.2)

we can bring the metric to the familiar FG form with integer powers:

s o, P 2 2 | 2072 ;1
ds® = ?"_er + 2 ((d + cosbdg)? + r(d6” + sin® 6d¢*)) (1 + O(r)) , (= @ |
5.3

We see that the metric is exotic in the sense that the boundary metric becomes de-
generate when r — 0. The boundary metric is one-dimensional, meaning that it has
only one non-zero eigenvalues and two zero eigenvalues.

Of course this makes the calculation of vevs non trivial, because the boundary
inverse metric is ill-defined and the determinant cannot be expanded variationally
using the method described in section 4. To understand these properties we would
need to somehow modify the FG expansion so that it can consistently describe met-
rics with degenerate boundaries. We would also want to find the dual description of
these degeneracies in the context of the boundary QFT.

Another example of exotic RG flows was studied in [19]. A summary of the
process followed to find these exotic solutions is presented in Appendix (B). We will
reproduce for convenience the asymptotic form of the metrics in (B.36) and (B.48),
which govern the exotic RG flows:

Cdarr 2 16 4 N
ds* = +—= (= dip + cos 0dg)* + ——rdQ? | (1 + O(r , =—
Tt ( oy (00 + confo) + grrdt? | (1+0(1) 7
(5.4)
2 ® [ PT, ~
2 2 (1o 2 2 7002
ds 3 dre + > ( 1 (dip + cos 0dg)” — r2d ) (1+0(r) , ¢ = (5.5)
The expansions of the corresponding scalar fields are respectively:
1 1
e=po+r=(1+...) , ve= (5.6)

1+ (A —1)(A4—2)
2
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sc2

340 12A,A_

90:@0+7“%(1+...) , = —

Again, we see that the boundary metric is one-dimensional and the rest of the
dimensions appear at higher perturbative orders. This does not allow us to have a
regular expansion for the inverse metric, thus hindering their analysis and the cal-
culation of the corresponding Stress-Energy tensor. Furthermore, in the case of the
metric in (5.4), the missing dimensions appear at the first perturbative order in r,
which was not present when studying a regular metric.

A more general form of the FG expansion was discussed in [23], with the gen-
eralization being that the gy boundary metric depends on r as well. This approach
however has some problems, as the author pointed out. As we discussed previously,
since the determinant of go in general could vanish in the limit  — 0 (in fact, in both
of our cases it does), the inverse of the boundary metric is ill-defined. Moreover, the
resulting action cannot be reformulated in a covariant way, meaning that it is not
renormalisable.

Although such an approach does not seem to be able to solve our problem, it
was useful since it highlighted some key features that must be present in the ap-
proach that will eventually solve the problem. One is that we need a way to be able
to somehow have a non-zero contribution to first order in r. This feature could be
incorporated using an approach where the metric gy has an explicit r dependence.

However, there should be caution when using the inverse metric in the equations,
because it is divergent in the » — 0 limit. The same caution should be present when
using perturbative expansions of the metric since the determinant of gy vanishes in
the r — 0 limit. Finally, the method should permit the covariant reformulation of
the action, because otherwise, renormalization is impossible.

5.2 A possible solution

A possible solution to this problem is to use a Kaluza/Klein-like ansatz for the metric
of the following form?:
& -
ds® = — [drz + 1" Bog(r, ™) da®da’+
r

~

+Cyi(r, 2™) (da? + Ajﬁ(r, ™) da?) (dx’ + Aai(r, z)dz®) |, (5.8)

2For this subsection we change our index notation, because we will need to refer to separate
blocks of the metric. The convention we are adopting is as follows: Upper case Greek indexes take
the values 1, 2, ---, d. The Latin indexes take the values 1, 2, -+, d;. Finally, lower case Greek
indexes a3 take the values di1+1, d1+2, ---, d.
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where the metrics Bag, C’ij and the ”vectors” A’ 5 Aal have now regular FG expan-
sions. Usually, the factor ™ multiplying B’W would be omitted, however, the case of
the exotic RG flows demands that the two parts of the metric scale at different rates
with respect to r.

In the case of the exotic solutions of the Squashed S® there exists a single fiber,
therefore the metric C’ij is one-dimensional and n takes the values 1 for the vy so-
lutions and 2 for Bs. However, we will study the most general case in the sequel,
where C’ij is d;-dimensional and Eij is do-dimensional, with the dimensions satisfy-
ing d; + ds = d. One important simplification comes in the form of the cylinder
condition, which is usually implemented in such systems. According to this condi-
tion, the metric does not depend on the fibered coordinates of the d; x d; block
[24]. Through the cylinder condition (which holds at least for the lowest order of
the exotic solutions) partial derivatives with respect to the fibered coordinates vanish.

In matrix representation, we have:

(e aw
gun=1| -~ . N . (5.9)
Aa Cij TnBag + Aa C,LJA 8

The inverse metric according to the ansatz is:

~ij i RaB A J —n _Ai naf,.—n
gMN:<(J + Ai BB A — Ai, Befy ) (5.10)

_BaﬂAﬁjr—n T—néaﬂ

This ansatz has many promising attributes. For one, it is the most general form of
many fibered metrics, for example, the metrics discussed in [25] and [26]. The sec-
ond strength it offers is that it allows us to isolate the divergent parts of the metric
and study them separately. Therefore, we do not need to worry about using gy,
because the divergences have been absorbed in the equations. Instead, we will use
the inverses of the matrices C and B, which are well-defined.

Another strength is that by construction we have a contribution in the r! order
from the term T’nBag. In short, the proposed generalization to the FG expansion is
to use independent expansions for each of the blocks of the metric. The determinant
of g seems initially difficult to handle, however, this is not the case. The problem
can be solved by implementing a math theorem presented in [27], which allows us to
express the determinant in terms of the determinants of B and C. The only possible
issue is the covariant reformulation of the action. This is an issue that will be dealt
with once the equations of motion have been solved.
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To summarize how one would study such a metric, the standard procedure
demonstrated in section (3) can be repeated for each block independently, allow-
ing us to impose boundary conditions on each of them. Instead of a system of 4
equations, we would have 8. One scalar equation, one equation for the trace of g,
corresponding to the rr equation, 2 for the conservation of each square matrix, corre-
sponding to the rj equations and 4 for the coefficients of each block, corresponding
to the ij equations. Using symmetry arguments, the equations for the coefficients
of the iav and «ai blocks would not be independent, leaving us with a system of 7
independent equations.

The challenge comes in the form of finding the Ricci tensor elements for this
metric and expressing them in terms of the quantities appearing in the equations.
This endeavor can be slightly simplified by noting that we have already calculated
the Ricci tensor elements for a metric in FG form in Appendix (A). One must simply
take all combinations of indexes belonging to each block and be extra careful when
using the inverse metric in products and traces.

Finally, one good correspondence check when one finishes the calculations would
be to set di = n = 0, dy = d and set all matrices besides B to zero. The results
should correspond to those of a regular FG expansion. The same is not true for
letting only C be non-zero, because of the cylinder condition. One would have to
calculate the full equations of motion, without using the cylinder condition if they
want to use C as a correspondence check. This problem will be continued and solved
in the future.
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Appendix

A. The Fefferman-Graham Coordinate System

An asymptotically AdS 3+1 dimensional metric g, expressed in Fefferman -Graham
coordinates has the following form:

2 2
ds® = —dr + 2gm(r 2")dz'dz’ (A1)

where the boundary metric has a regular expansion if it is odd-dimensional:

Gij(r, 2" i (A.2)

m=0

Usually, an additional logarithmic term is required for even-dimensional metrics, but
this is beyond the scope of this thesis since our metric is 3+1 dimensional. The
expansion may have corrections to account for scalar sources coupled to gravity. If
one is interested in such cases, the expansion of g;; becomes:

o0

Gig(r,a’) = g™ (@A Z—Wﬂ rna- +m+zg 2", (A3)
n=1 =

m=0 m=0

where A, is the dimension of the dual operator and A_ is defined as A_ =d — A,.

For the rest of this appendix, a hat denotes a quantity constructed from the met-
ric g;; and a prime denotes a derivative with respect to . The non-trivial Christoffel
symbols of g, are:

1 1 2
F’I‘T‘T:__ ) Fi‘T:__ A/“__Ai‘ s A4
r J 9 (92] TQ]) ( )

. 1 N 2 . ~ Kk
Iyt = 2 ((9 19/)]1- - ;5]i> 5 Fijk =Ty

The non-trivial independent components of the Riemann tensor are

i 1., 1. ,..,. 9 2.
Ry =5 [923 —5(99 )i — 7” —QQU] (A.5)
T 1 ~ var
R, = 2 [ngm ngik} (A.6)
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The non-trivial components of the Ricci tensor are:

~ 1 o R o
Rij = Rij + (2(9’9 ') — 205 — Trlg™'9la5 +
2 DY 2(d —1) . 4d .
+=Trlg™ g 1g: + %gij — pgw) (A.8)
R,; = 59 ¥ (nggj - VjQ;k) (A.9)
_ 1 ~—1 AN 1 A—1Aala—1nr 1 ~—1 A/ 2d
Ry = =5 (Trlg™'9") = 5Trlg7 99741 - ~Trlg™d 1+ 3 (A.10)
The Ricci curvature becomes:
2. 1t f4Ad o, .
4d(d + 1
FaTrlg) - (rg) - AE) (A1)

We may combine our results for the Ricci curvature and Ricci tensor, to obtain
the non-trivial elements of the Einstein tensor:

1. 1, L
G = —5R =2 (Trlg~'9'g~"'9'l — (Trlg—'9'])*+
Ad—1), . 4dd—1)
+————Trlg '] — — (A.12)
Grj = Ry (A.13)
A 1 Ala—1nt I A—lAnar 4(d_ 1) A1 ArA A
Gij = Gy + g\ 40979y — 4955 = 2Trlg 7919} — ———Trlg7'¢19 + (A.14)
A(d -1
Mg (vl - st +

I )

r2
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B. A review of the Exotic RG Flows

In this appendix, we have collected the expansions of the exotic solutions we are
asked to describe up to the orders which will be relevant for the calculation of the
Stress-Energy Tensor. For more details, read [19]. For a potential of the form:
6 ALA_
Vip) = -5~ ;—EQ(SP—%)QJFO((SO—%)S), (B.1)

and the following ansatz for the bulk metric:
ds® = du® + L* (> (dy) + cosfdg)? + >4 d3) , (B.2)

the resulting equations of motion obtained variationally from the action in (2.20) are
(dots denote derivatives with respect to u and primes denote derivatives with respect
to r):

¢+ (A +245)0+V'(p) =0 (B.3)

4A3 +8A Ay + %62A14A2 - %e% —@*+2V(p) =0 (B.4)
LAy + 4A5(Ay — Ay + ée%—% =0 (B.5)

Ay = g + (A1 — Ao)(Ay +245) + LLA - LiAA 0  (B6)

The conformal dimension of the operator takes the values % < A, < 3 when we are
at a maximum and A, > 3 when we are at a minimum of the potential.

The equations can be expressed in terms of the following superpotentials:

Wi(p) = —44, (B.7)
Wy(p) = —4A, (B.8)
Ti(p) = ryeh 4% (B.9)
To(p) = é62A2 (B.10)
S=¢ (B.11)

It is possible to show that the equation inside the parenthesis is not independent of
the rest, however for clarity’s sake we shall leave it here:

1
SS' — 73 (Wi +21W5) — V' =0, (B.12)
W2+ 2W Wy + Ty — 4T, — 45% + 8V =0, (B.13)
(—4SW, + W5 — WiWa + Ty +45% = 0) (B.14)
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AWy = W))S + (Wy — Wa) (W + 2Ws) + 4(Tp — Ty) =0, (B.15)

From the definitions of the T superpotentials, we may also obtain:

1 1
ST = —5 (W —2Wo)Ty STy = JWaTh. (B.16)

Besides regular power series expansions, the superpotential may also contain de-
formations corresponding to non-analytic expansions, as long as they are subleading.
To solve the equations we define:

S - SL +5S y Wl == WIL +5W1 5 W2 = WQL +5W2, (Bl?)

Tl :T1L+5T1 5 T2 :T2L+6TQ, <B18)

and introduce these redefinitions in the ESOM. The functions with an L index, are
assumed to satisfy the non-linear equations.

1 1
(S1.0S) = 51 (SWy + 28Wy) — 08 (Wiy + 2War) = 0, (B.19)

1
(WQL + WlL) oWy + Wor oWy + §5T1 — 2015 — 45165 =0 (BQO)

/ ! 1
(WQL — WlL) oS + ((SWQ — 5W1) SL + Z (W1L — WQL) (5W1 + 2(5W2) ,

1
+Z (W — 6Wa) (Wi + 2Way) + 0Ty — 017 = 0, (B.21)
1
SpoT] + 0ST]; + 5 (Wi — 2War)oTy + (6Wy — 26Wo)Tyz) = 0. (B.22)
1
SL(ST2I -+ 5ST2/L = 5 (W2L5T2 + 6W2T2L) y <B23)

We can solve first equations (B.19)-(B.21) in order to obtain W5, 0Ty, dT,. After
that, we shall substitute the resulting expressions into equations (B.22), (B.23). We
will finally solve two differential equations for the functions W5, d5S.
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The vy solutions

Defining:
T = — g, (B.24)
and: ]
Vi = (B.25)

1+ (Ar-1)(A4-2)
2

the expansions for the v, solutions are:

\/§ 3‘/},5%‘: 2
T+ x
lve V/2(3 - 2uy)

IVEeui
(3—2v4)?

Sus = (B.26)

4(2v3 +27v3 4661+ —72)
vy (1207 +33v1 —32)(124v1) + 4Vilvy —

2v/2(2 — )

Tigpox' ™ (14 O(x)) +

z® + O(zh)+

14
+8\/§(2 — Vi)

C

s2ront (TOWT

3£ViD
_|_ -
( 8v/2

44/2 8vV2(v2 + ve — 2)

2?70 (14 O(2)),

= 2 3 3l/i
Wi, 7 (127 + 330, — 32>€Vix +O(z°) + Cx”* (14 O(x)), (B.27)
2v/2  4V2(v3 4 1402 + 56y — 48) 5
Wawe = =5 (12 + v2) (1202 + 3302 — 32)0vy O+ (B.28)
+4—\£/§T(2)0$Vi (1+O(x)) — %:163"i (1+ O(x)),
8 16 (2vs — 1) ) X
hoye =5+ (127 1 330, — 302" + O(z°)+ (B.29)
vt \/§ v+ U4
+T2p02"* (1 + O(x)) — TC[E (14+O(x)) + (Dx™*) (1 + O(x)),
V2

TQ,I/i = 7_7(2)0-/171/i (1 + O(Z’)) — mc.ﬂf2+3yi (1 + O(Z’)) + (BSO)

+(Dx**) (1 + O(z)) .

In the above expansions, C, D and Ty, are integration constants. The terms propor-
tional to D exist only when v > 1, whereas the rest all exist simultaneously when
vy > 0. The terms proportional to D are inside parentheses to emphasize this fact.
Specifically, we see from (B.25) that they exist for the v_ solution but not for the v,
solution. Now we may find the expansion of the scalar from (B.11). In both cases,

ﬁ U—U
o=+ e (14 ) (B.31)

it 1is:
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We may then use relations (B.9) and (B.10) to directly compute the exponentials
appearing in the metric ansatz. To leading order, we obtain:

4 u—u u—u
€2A2 = W(Z)Oeﬂéo (1 +0O <€\/§ ¢ 0)) , (B32)
32 u—u u—u
€2A1 = Weik/i £ . (1 + @) ((9\/E £ 0)) . <B33)
(2)0

Which give the following form for the metric near ¢y (we define (=

)’

S

32e2V2570
15,

£2T(2)0

ds? =~ du? + dp + cos0dg)? + — 22V 02 ) = B.34
8

27,2 9,2V2 2T V2
g2 L0 32% (dip + cos 0dp)? + % (3) 02| = (B.35)

22 EQT(22)O,22‘/E <0
Carr 2 [ 16 4
ds® ~ ; + 5= (dip + cos 0dp)? + =———rd? (B.36)
r r €4T(2)0 KQT@)O

As we can see, this metric does not correspond to a standard FG boundary. The
different parts of the metric scale at different rates and the metric that would be ¢
in the symbolism of appendix (A) is degenerate in the limit » — 0.
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The Bs solution
Similarly to the vy solutions, by defining the constant & as:

3+ O 12A, A

AA , Ay >3,

&=-—

the expansions for the B3 solution are:

Tz (1 + O(z))+

2V3  V3lav; 2 ¢
S = — + - +0 -
“’(m a6 PO e m e

c 1+ T
4—§Z5f;7§5x (1'+'C)( )%
4B 2-@U+a)(12at+AA ) 3y_
=t T G —nare POV
_{Tay s o)) — 2o .
3 (1+0(x)) = 5C2**(1 + O(x)),
W, 2 12672 +A+A—x2+o(x3)+Wﬂxd(HO(x))+C:c&/2(1+0(:c)),

NEY a—4

T1 = T(l)ol'&(l + O(LL')) +

44/3
48 — 36a + 1642 + 1163
3v3(a + 2)2(a — 4)la
12 126724+ A A, 5
2T raaioy ¢ o)

a1 4 o) - 2221+ o))

Again, from (B.11) we find the expansion of the scalar to leading order:

Ca**5(1+ O(x)),

T2:—

2V3 u—uqg

p=po+es = (1+...),

From (B.9) and (B.10) the exponentials are to leading order:

52 FU—U
245 \/3 0
e = —@ <1 -+ O<€ L )) R

2A1__>€4j?no 234t L0 J3ist
¢ _36L26 + O(e )) .

Finally, the metric near ¢ is (we define ¢ = \/ig)

2 2 €4T(1)0 2/34510 o s
ds® =~ du —I—Te 7 (dip + cos 0do) —ng =
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(B.41)

(B.42)

(B.43)

(B.44)

(B.45)

(B.46)
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(2 Ty 2

ds? ~ ﬁdﬂ + g2 (AW + cos 0do)* — gdm = (B.47) [RGF46
T T
2 5 2 & ng(l)o 2 2 1002
ds® ~ —dr* + — 1 (dp 4 cos 0dg)” — r=dQ (B.48) |RGF47
r T

This metric has the same problems as the one in (B.36).
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