Ç ÐÑÙÔÇ MPLE ÔÙÍ GOOD ÊÁÉ GASKINS

ÌÁÍÙËÉÁ ÊÏÊÏËÏÃÉÁÍÍÁÊÇ

Ìáèçìáôéêü ÔìÞìá, Ô.È 2208, ÐáíåðéŸÞìéï ÊñÞôçò 71003 ÇñÜêëåéï-ÊñÞôç, ÅËËÁÓ.

16 ÄåêåìâñSSïõ, 1998

Ðåñéåœüìåíá

1 ÅéĆãùãÞ 3 2 Ç ðñþôç MPLE ôùí Good êáé Gaskins 7 2.1 Ç ðñþôç åêôéìÞôñéá ôùí Good êáé Gaskins . . . . . . . . . . . . . . . . . 12 3 Åíáò äéáêñéôüò üñïò ðïéíÞò 19 3.1 ÅðSSëõŁêáé ŽíÝðåéá ôçò ðñþôçò DMPLE . . . . . . . . . . . . . . . . . . 21 3.2 ÁñéèìçôéêÜ áðïôåëÝŘáôá . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 4 L_2 ŽíÝðåéá ôçò ñSSæáò ôçò ðõêíüôçôáò 33 5 ÐáñÜñôçìá 43

2 ÐÅÑÉÅŒÏÌÅÍÁ

ÐåñSSëçøç

Óôçí åñãáŇá áõôÞ õðïëïãSSæïõìå ôçí åêôéìÞôñéá ôçò ÜãíùŸçò ŽíÜñôçŁò ðõêíüôçôáò f, ìåãé- Ÿïðïéþíôáò ôï ŽíáñôçŤåéäÝò ôïõ ëïãáñSSèìïõ ôçò ðéèáíïöÜíåéáò ìåSSïí Ýíá üñï ðïéíÞò. Óôçí ðåñSSðôùŁðïõ ï üñïò ðïéíÞò åSSíáé ç L_2 íüñìá ôçò ðñþôçò ðáñáãþãïõ ôçò f^{1/2} Ÿïí RKHS H^1(−∞, +∞), áðïäåéêíýïõìå üôé ç MPL åêôéìÞôñéá ðïõ ðñïêýðôåé õðÜñœåé, åSSíáé ìïíáäéêÞ êáé åSSíáé ŽíåðÞò ùò ðñüò ôçí áðüŸáŁHellinger. Ç DMPL åêôéìÞôñéá ðïõ ðñïêýðôåé áðü ìéá äéáêñéôÞ ðñïĘããéŁôïõ ðáñáðÜíù üñïõ ðïéíÞò, âëÝðïõìå üôé õðÜñœåé ìïíïĽìáíôá êáé åSSíáé ŽíåðÞò Ÿï œþñï ôùí éŸïãñáììÜôùí. ÔÝëïò, ðáñïõŊÜæïõìå ìéá ĞéñÜ áðü áñéèìçôéêÜ áðïôåëÝŘáôá ðïõ ĲåôSSæïíôáé ìå ôïí õðïëïãéŘü ôçò DMPLE Ÿï œþñï ôùí éŸïðïëõãþíùí ìå üñï ðïéíÞò ôç äéáêñéôÞ äåýôåñç ðáñÜãùãï.

ÊåöÜëáéï 1

ÅéĆãùãÞ

ÅŸù X_1, X_2, ..., X_n áíåîÜñôçôåò êáé éŞíïìåò ðáñáôçñÞĞéò, áðü ìéá êáôáíïìÞ ìå ðõêíüôçôá ðéèáíüôçôáò f. Åíá áðü ôá âáŊêÜ ðñïâëÞìáôá ìå ôá ïðïSSá áĲïëåSSôáé ï ôïìÝáò ôçò ÓôáôéŸéêÞò, åSSíáé ç åêôSSìçŁôçò ÜãíùŸçò ŽíÜñôçŁò f. Áí ìå ^f ŽìâïëSSŤõìå ôçí åêôéìÞôñéá ôçò ŽíÜñôçŁò ðõêíüôçôáò f, ôüôå ç åêôéìÞôñéá ôçò ŽíÜñôçŁò êáôáíïìÞò F ôïõ ôõœáSSïõ äåSSãìáôïò, èá åSSíáé ^F (x) = ∫ x −∞ ^f(z)dz. Ç ℓ äåí åSSíáé öñáãìÝíç Ÿï Źíïëï ôùí ðõêíïôÞôùí êáé ìéá áðåõèåSSáò ìåãéŸïðïSSçŁôïõ ŽíáñôçŤåéäïýò ôçò ðéèáíïöÜíåéáò: ℓ(f) = n∏ i=1 f(X_i), Ÿï Źíïëï {f : f ≥ 0, ∫ f = 1} , ïäçãåSS Ÿçí \ëýŁDirac",^1_n ∑n i=1 δ(x − X_i). Ãéá íá áðïöýãïõí ôçí \ëýŁDirac" ïé Good êáé Gaskins ôï 1971 [1], åí§ìÜôùĆí Ÿï ŽíáñôçŤåéäÝò ôçò ðéèáíïöÜíåéáò Ýíá üñï ðïõ ðåñéãñÜöåé ôï ìç ïìáëüí ôçò åêôéìÞôñéáò. ÅŸù ëïéðüí ˘(f) Ýíá ŽíáñôçŤåéäÝò ðïéíÞò, üðùò ïíïìÜŸçêå, ôï ïðïSSï ðïŤôéêïðïéåSS ôçí ìåôáâëçôüôçôá ôçò åêôéìÞôñéáò êáé áðåéñSSæåôáé Ÿçí \ëýŁDirac". Ïé Good êáé Gaskins ðñüôåéíáí ôá áêüëïõèá ŽíáñôçŤåéäÞ ðïéíÞò: ˘(f) = ∫_{+∞} −∞ (f^{(k)})^2

ãéá k = 1 Þ 2. Óôá ðëáSSŊá ôçò ðáñáðÜíù éäÝáò ôïõò ïé Good êáé Gaskins åéĽãáãáí ôçí Maximum Penalized Likelihood ÌÝèïäï ãéá ôçí åêôSSìçŁôçò ÜãíùŸçò ŽíÜñôçŁò ðõêíüôçôáò. Ìå âÜŁôç ìåèüäï áõôÞ, ìåãéŸïðïéïýìå ôï ðïéíéêïðïéçìÝíï ŽíáñôçŤåéäÝò ôïõ ëïãáñSSèìïõ ôçò ðéèáíïöÜíåéáò, ðïõ ïñSSæåôáé : L(f) = n∑ i=1 log f(X_i) − α˘(f), (1.1)

üðïõ α åSSíáé ìéá èåôéêÞ ðáñÜìåôñïò, ç ïðïSSá êáèïñSSæåé ôï ðüŤïìáëÞ èá åSSíáé ç åêôéìÞôñéá ìáò. Èåùñïýìå äçëáäÞ Ćí åêôéìÞôñéá ôçò ÜãíùŸçò ŽíÜñôçŁò ðõêíüôçôáò f, ôï ìÝãéŸï ôïõ ŽíáñôçŤåéäïýò ôïõ ëïãáñSSèìïõ ôçò ðéèáíïöÜíåéáò ìåSSïí Ýíá üñï ðïéíÞò êáé üœé áõôïý êáè’åáõôïý ôïõ ŽíáñôçŤåéäïýò ôïõ ëïãáñSSèìïõ ôçò ðéèáíïöÜíåéáò. Ôï ŽíáñôçŤåéäÝò L ðïŤôéêïðïéåSS ôçí áíôéðáëüôçôá ìåôáîý ôçò ïìáëüôçôáò ôçò åêôéìÞôñéáò êáé ôçò ðñïĆñìïãÞò ôçò Ÿá äåäïìÝíá, ìéá ðïõ

4 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

ï üñïò ∑n i=1 log f(X_i), ñõèìSSæåé ôï ðüŤêáëÜ ðñïĞããSSæåé ç ŽíÜñôçŁf ôá äåäïìÝíá.

ÐñSSí áðü ôïõò Good êáé Gaskins, ï ôñüðïò ðïõ ðñïĞããéæüôáí ç \ëýŁDirac", Þôáí ìå ôçí ðñïĘããéŁôçò êáôáíïìÞò δ(x − X_i) áðü ìéá ŽíÜñôçŁôçò ìïñöÞò^1_h K ( x−X_i h ) , üðïõ K Þôáí ìéá ôõœáSSá ŽíÜñôçŁðõêíüôçôáò Ÿï R êáé h ìéá ðáñÜìåôñïò ŽíäåäåìÝíç ìå ôï n, êáèþò áõôü ôåSSíåé Ÿï Üðåéñï. ÁõôÞ ç ðñïĘããéŁôçò \ëýŁò Dirac", äçëáäÞ ç: 1 n n∑ i=1 1 h K ( x − X_i h ) = ∫_{+∞} −∞ 1 h K ( x − y h ) dF_n(y), äSSíåé ôéò êëáŊêÝò åêôéìÞôñéåò ðõêíüôçôáò, ôéò åêôéìÞôñéåò ôùí ðõñÞíùí, ïé ïðïSSåò âÝâáéá åìöáíSS- Ÿçêáí áñœéêÜ ìå Üëëï äéáéŃçôéêü õðüâáèñï.

Óáí Maximum Penalized Likelihood ÅêôéìÞôñéá (MPLE) ïñSSæåôáé êÜèå ëýŁôïõ áêüëïõèïõ ðñïâëÞìáôïò âåëôéŸïðïSSçŁò:

max_f { n ∏ i=1 f(X_i) exp(−α˘(f)) } ⇔ max_f { n ∫_{+∞} −∞ log f(x)dF_n(x) − α˘(f) } (1.2)

õðü ôïõò ðåñéïñéŘïýò: f ≥ 0, ∫ f = 1. (1.3)

ÅSSíáé öáíåñü üôé ç åêôéìÞôñéá ðïõ ðáSSñíïõìå ìå ôçí MPL ìÝèïäï èá åSSíáé åî’ïñéŘïý ìéá ŽíÜñôçŁðõêíüôçôáò. Ç ðáñÜìåôñïò α, ñõèìSSæåé ôï ðüŤïìáëÞ èá åSSíáé ç åêôéìÞôñéá ìáò ìéá êáé êáèïñSSæåé, ôçí õðåñïœÞ ôçò ïìáëüôçôáò ôçò åêôéìÞôñéáò Þ ôçò êáëÞò ðñïĘããéŁò ôçò f Ÿá äåäïìÝíá. ÏŤìéêñüôåñç åSSíáé ç ôéìÞ ôçò ðáñáìÝôñïõ, ôüŤáíþìáëç èá åSSíáé ç áíôSSŸïéœç MPLE. Åí ŽíåœåSSá, ãéá ëüãïõò áðëüôçôáò åí§ìáôþíïõìå ôçí ðáñÜìåôñï α, Ÿï ŽíáñôçŤåéäÝò ˘(f).

Ïé Scott, Tapia êáé Thompson ôï 1980 [2] ( âëÝðå åðSSŁò [3]), ðñüôåéíáí ìéá äéáêñéôïðïSSçŁ ôïõ áíùôÝñù ðñïâëÞìáôïò ðïõ êÜíåé ôçí äéÜŸáŁôïõ ðåðåñáŘÝíç êáé åéĄãåé äéáêñéôÜ Žíáñôç- ŤåéäÞ ðïéíÞò, áíÜëïãá ôùí Good êáé Gaskins. Ïðùò èá äïýìå Ÿï êåöÜëáéï 3, ïé åêôéìÞôñéåò ðïõ ðñïêýðôïõí åSSíáé ŽíåðåSSò. ÅðéðëÝïí Ÿï SSäéï êåöÜëáéï ðáñïõŊÜæïõìå ìéá ĞéñÜ áðü áñéèìçôéêÜ áðïôåëÝŘáôá, ĲåôéêÜ ìå ôïí õðïëïãéŘü ôçò MPLE Ÿçí ðåñSSðôùŁðïõ Ćí üñï ðïéíÞò èåùñÞ- Ťõìå ôçí äéáêñéôÞ äåýôåñç ðáñÜãùãï. Ï Silverman [4], [5], ãéá íá áðïöýãåé ôçí ìç ãñáììéêüôçôá ôïõ ŽíáñôçŤåéäïýò ôçò ðéèáíïöÜíåéáò, œñçŊìïðïSSçĞùò ìåôáâëçôÞ ôïí log f êáé êáôÜ ŽíÝðåéá ïäçãÞèçêå ĞÝíá ŽíáñôçŤåéäÝò ðïéíÞò åðSS ôïõ log f, üðùò ôï áêüëïõèï:

˘(g) = ∫_{+∞} −∞ (g 00 )^2

üðïõ g = log f. Ôï 1975 ïé De Montricher, Tapia êáé Thompson [6] (âëÝðå åðSSŁò [2]), áðÝäåéîáí ôüŤôçí ýðáñîç üŤêáé ôçí ìïíáäéêüôçôá êáé ôùí äõï MPLE ðïõ åéĽãáãáí ïé Good

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 5

êáé Gaskins êáé ãåíSSêåõĆí ôá ŽíáñôçŤåéäÞ ðïéíÞò. Ç èåùñSSá ôïõò áíáðôýœèçêå êõñSSùò Ÿïõò Reproducing Kernel Hilbert Space H^1(−∞, +∞) êáé H^2(−∞, +∞). Åíáò œþñïò Hilbert H(˙) ŽíáñôÞĞùí ïñéŘÝíùí Ÿï ˙, ïíïìÜæåôáé Reproducing Kernel Hilbert Space (RKHS) áí õðÜñœåé Ýíá ŽíáñôçŤåéäÝò K(·, ·) ïñéŘÝíï Ÿï ˙ × ˙ ôÝôïéï þŸå : 1. K(·, t) ∈ H(˙), t ∈ ˙ êáé 2. f(t) = ⟨f(·), K(·, t)⟩_H , ãéá êÜèå f ∈ H(˙) êáé t ∈ ˙.

Ãéá s = 1, 2, ... ï œþñïò H^s(−∞, +∞) = { f : f^{(j)} ∈ L^2(−∞, +∞), j = 0, ..., s }

ìå å§ôåñéêü ãéíüìåíï ⟨f, g⟩_Hs = s∑ j=0 w_j ⟨ f^{(j)}, g^{(j)} ⟩ L2(−∞,+∞) , w_j ≥ 0, w_0, w_s > 0

åSSíáé Ýíáò RKHS (âëÝðå [2]). Óôç ŽíÝœåéá èá ŽìâïëSSæïõìå ôçí L^2(−∞, +∞) íüñìá ìå ‖·‖ ãéá ëüãïõò áðëüôçôáò. Ôá áðïôåëÝŘáôá ĲåôéêÜ ìå ôçí ðñþôç MPLE ôùí Good êáé Gaskins ðáñïõŊÜæïíôáé áíáëõôéêÜ Ÿï ÊåöáëáSSï 2. Ôï 1982 ï ÊëùíéÜò [7], áðÝäåéîå ôçí éĲõñÞ ŽíÝðåéá ôçò ðñþôçò MPLE ôùí Good êáé Gaskins õðü äéÜöïñåò ìåôñéêÝò, ç äå ŽíÝðåéá ôçò äåýôåñçò Ýðåôáé áðü ôï Üñèñï [8] ôïõ éäSSïõ ôï 1984. Áðü ôçí äïõëåéÜ áõôÞ ðáñïõŊÜæïõìå Ÿï êåöÜëáéï 4 ìüíï ôçí ŽíÝðåéá ùò ðñüò ôçí áðüŸáŁHellinger ôçò ŽíÜñôçŁò ðõêíüôçôáò

6 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

ÊåöÜëáéï 2

Ç ðñþôç MPLE ôùí Good êáé Gaskins

ÄåäïìÝíïõ ôïõ ôõœáSSïõ äåSSãìáôïò X_1, X_2, ..., X_n, áðü ìéá ŽíÜñôçŁðõêíüôçôáò f, ìå ðåðåñá-

ŘÝíç ðëçñïöïñSSá êáôÜ Fisher, Ÿüœïò ìáò Ÿï êåöÜëáéï áõôü åSSíáé íá ìåëåôÞŤõìå êõñSSùò ôçí

ðñþôç åêôéìÞôñéá ôùí Good êáé Gaskins [1] êáé íá áíáöÝñïõìå ëSSãá ðñÜãìáôá ãéá ôç äåýôåñç

åêôéìÞôñéá. Ïé åêôéìÞôñéåò áõôÝò, ëáìâÜíïíôáé Ćí ôç ëýŁôïõ áêüëïõèïõ ðñïâëÞìáôïò âåëôéŸï-

ðïSSçŁò:

max_f { n ∑ i=1 log f(X_i) − ˘( √ f) }

õðü ôïõò ðåñéïñéŘïýò: f^{1/2} ∈ H(−∞, +∞), ∫_{+∞} −∞ f(t)dt = 1, f(t) ≥ 0, ∀t ∈ R üðïõ H(−∞, +∞) åSSíáé Ýíáò RKHS êáé ôï ŽíáñôçŤåéäÝò ˘, äSSíåôáé áíôSSŸïéœá áðü ôéò ĲÝĞéò: ˘( √ f ) = 4α ‖ ‖ ‖ ‖ (√ f )0‖ ‖ ‖ 2 2 , α > 0 êáé ˘( √ f) = α ‖ ‖ ‖ ‖ (√ f )0‖ ‖ ‖ 2 2 + β ‖ ‖ ‖ ‖ (√ f )00 ‖ ‖ ‖ 2 2 , α ≥ 0, β > 0. Ðáñáôçñïýìå üôé êáé Ÿéò äýï ðåñéðôþĞéò ôï ŽíáñôçŤåéäÝò ˘ ôïõ üñïõ ðïéíÞò åSSíáé Ýíá Žíáñ-

ôçŤåéäÝò ôçò ôåôñáãùíéêÞò ñSSæáò ôçò ŽíÜñôçŁò ðõêíüôçôáò.

Ôï ðáñáðÜíù ðñüâëçìá âåëôéŸïðïSSçŁò ãñÜöåôáé éŤäýíáìá:

max_f { n ∫_{+∞} −∞ log f(x)dF_n(x) − ˘( √ f) } êÜôù áðü ôïõò SSäéïõò ðåñéïñéŘïýò.

8 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

Ïé Good êáé Gaskins ÝêöñáĆí ôï ðáñáðÜíù ðñüâëçìá Ğüñïõò ôçò ôåôñáãùíéêÞò ñSSæáò ôçò ŽíÜñôçŁò ðõêíüôçôáò êõñSSùò ãéá ìáèçìáôéêÞ åõêïëSSá êáé áðü Bayesian äéáSSŃçŁ. Ïé De Montricher, Tapia êáé Thompson [6], [2], áêïëïýèçĆí ôçí ôåœíéêÞ ôïõò êýñéá ãéá ôåœíéêïýò ëüãïõò êáé ŽãêåêñéìÝíá, ãéá íá áðïöýãïõí ôç ìåãéŸïðïSSçŁôïõ ðïéíéêïðïéçìÝíïõ ŽíáñôçŤåéäïýò Ÿï èåôéêü êþíï ôùí ŽíáñôÞĞùí ðõêíüôçôáò. Óôçí ðñïŢÜèåéá ôïõò íá ìåëåôÞŤõí ôéò MPLE, ðñüôåéíáí ôçí áêüëïõèç åíáëëáêôéêÞ äéáôýðùŁôïõ ðáñáðÜíù ðñïâëÞìáôïò:

max_u { n ∫_{+∞} −∞ log u^2(x)dF_n(x) − ˘(u) } (2.1)

õðü ôïõò ðåñéïñéŘïýò: u ∈ H(−∞, +∞), ∫_{+∞} −∞ u^2(t)dt = 1, u(X_i) ≥ 0 ∀ i = 1, 2, ..., n, üðïõ f^{1/2} = u.

Óôç ŽíÝœåéá, âáŊæüìåíïé Ÿç äïõëåéÜ ôùí De Montricher, Tapia êáé Thompson [6], [2], èá ðáñïõŊÜŤõìå ìéá ĞéñÜ áðü áðïôåëÝŘáôá ôá ïðïSSá åîáŻáëSSæïõí ôüŤôçí ýðáñîç üŤêáé ôç ìïíáäéêüôçôá ôçò ðñþôçò MPLE. ÅðéðëÝïí, èá äïýìå üôé åSSíáé ìéá èåôéêÞ åêèåôéêÞ spline ìå êüìâïõò áêñéâþò Ÿá äåéãìáôéêÜ ŁìåSSá êáé üôé ĞáõôÞ ôçí ðåñSSðôùŁç åíáëëáêôéêÞ äéáôýðùŁ ôùí Good êáé Gaskins äSSíåé ôçí MPLE. Óôçí ðåñSSðôùŁüìùò ðïõ ôï ŽíáñôçŤåéäÝò ˘ åSSíáé ãñáììéêüò ŽíäõáŘüò ôçò L_2 íüñìáò ôçò ðñþôçò êáé äåýôåñçò ðáñáãþãïõ ôïõ u, ç MPLE õðÜñœåé êáé åSSíáé ìïíáäéêÞ áëëÜ ç åíáëëáêôéêÞ äéáôýðùŁäSSíåé ìéá øåýäï-MPLE. Íá ŁìåéþŤõìå üôé åêèåôéêÞ spline ìå êüìâïõò Ÿá ŁìåSSá X_1, X_2, ..., X_n, ïíïìÜæåôáé êÜèå ŽíÜñôçŁôçò ìïñöÞò E(x) = n∑ i=1 (α_i + β_i(x − X_i) + γ_i cosh (κ_i |x − X_i|) + δ_i sinh (κ_i |x − X_i|)) , (2.2)

üðïõ α_i, β_i, γ_i, δ_i, κ_i åSSíáé ŸáèåñÝò.

Ìéá ôåœíéêÞ, ãéá ðñïâëÞìáôá áíÜëïãá ìå ôï äéêü ìáò üðïõ Ýœïõìå ôïí ðåñéïñéŘü ç ŽíÜñôçŁ ðõêíüôçôáò íá åSSíáé èåôéêÞ, åSSíáé íá äïõëåýïõìå ìå Ýíá ðñüâëçìá åêöñáŘÝíï Ğüñïõò ôçò ôåôñáãùíéêÞò ñSSæáò ôçò ÜãíùŸçò ŽíÜñôçŁò ðõêíüôçôáò. Ìå ôï ìåôáĲçìáôéŘü áõôü, ï ðåñéïñéŘüò ç ŽíÜñôçŁðõêíüôçôáò íá åSSíáé èåôéêÞ, åSSíáé ðåñéôôüò. Óôç ŽíÝœåéá, ôá ðñïâëÞìáôá âåëôéŸïðïSSçŁò ðïõ áöïñïýí ôçí ðñþôç êáé äåýôåñç MPLE ôùí Good êáé Gaskins Ýœïõí ôçí áêüëïõèç ìïñöÞ:

max_f J(f) (2.3)

õðü ôïõò ðåñéïñéŘïýò: f^{1/2} ∈ H(−∞, +∞), ∫_{+∞} −∞ f(t)dt = 1, f(t) ≥ 0, ∀t ∈ R,

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 9

üðïõ ôï ŽíáñôçŤåéäÝò J åSSíáé ïñéŘÝíï Ÿï œþñï H(−∞, +∞). Áêïëïõèþíôáò ôçí ðáñáðÜíù ôåœíéêÞ ïé Good êáé Gaskins èåþñçĆí êáé ôï áêüëïõèï ðñüâëçìá âåëôéŸïðïSSçŁò:

max_u J(u^2) (2.4)

õðü ôïõò ðåñéïñéŘïýò: u ∈ H(−∞, +∞), ∫_{+∞} −∞ u^2(t)dt = 1.

Ìåôáîý ôùí ðñïâëçìÜôùí (2.3) êáé(2.4) õðÜñœåé ìéá äéáöïñÜ, åî’ áéôSSáò ôçò ïðïSSáò ôá äýï áõôÜ ðñïâëÞìáôá äåí åSSíáé ðÜíôá éŤäýíáìá. ÓõãêåêñéìÝíá,

• ËÞììá 2.1: Áí v^∗ åSSíáé ëýŁôïõ ðñïâëÞìáôïò (2.4), ôüôå f^∗ = (v^∗)^2 åSSíáé ëýŁôïõ ðñïâëÞìáôïò (2.3) áí êáé ìüíï áí Ýœïõìå åðéðëÝïí üôé |v^∗| ∈ H(−∞, +∞).

Áðüäåéîç : ÕðïèÝôïõìå üôé v^∗ åSSíáé ëýŁôïõ ðñïâëÞìáôïò (2.4.) ÁñœéêÜ ÝŸù üôé ôï

f^∗ = (v^∗)^2 åSSíáé ëýŁôïõ ðñïâëÞìáôïò (2.3). Ôüôå áðü ôïõò ðåñéïñéŘïýò ôïõ ðñïâëÞìáïò (2.3) èá Ýœïõìå üôé (f^∗)^{1/2} ∈ H(−∞, +∞). Ïìùò (f^∗)^{1/2} = |v^∗| , Üñá |v^∗| ∈ H(−∞, +∞). ÁíôSS- Ÿñïöá, ÝŸù üôé |v^∗| ∈ H(−∞, +∞). Ôüôå áðü ôï ãåãïíüò üôé ôï v^∗ åSSíáé ëýŁôïõ ðñïâëÞìáôïò (2.4) èá Ýœïõìå üôé ôï f^∗ = (v^∗)^2 èá åSSíáé ëýŁôïõ ðñïâëÞìáôïò (2.3).2

Ïôé ç åðéðëÝïí áõôÞ ŽíèÞêç åSSíáé áíáãêáSSá, öáSSíåôáé áðü ôï ãåãïíüò üôé Ÿï ðñüâëçìá (2.3) èÝëïõìå √ f ∈ H(−∞, +∞). Ðáñáôçñïýìå üôé áí ôï v^∗ åSSíáé èåôéêÞ ŽíÜñôçŁ, ôüôå ç ŽíèÞêç áõôÞ éêáíïðïéåSSôáé. Áí üìùò ôï ðñüâëçìá (2.4) Ýœåé ëýŁðïõ ðáSSñíåé èåôéêÝò êáé áñíçôéêÝò ôéìÝò, ç ŽíèÞêç áõôÞ äåí éêáíïðïéåSSôáé ðÜíôá.

Óôçí ðåñSSðôùŁôçò ðñþôçò MPLE, ï œþñïò H åSSíáé ï

H^1(−∞, +∞) = { f : f, f 0 ∈ L^2(−∞, +∞) } , åíþ Ÿçí ðåñSSðôùŁôçò äåýôåñçò MPLE åSSíáé ï

H^2(−∞, +∞) = { f : f, f 0 , f 00 ∈ L^2(−∞, +∞) } . Ôï å§ôåñéêü ãéíüìåíï Ÿïõò ðáñáðÜíù œþñïõò ïñSSæåôáé ùò åîÞò: ⟨f, g⟩_Hs = s∑ j=0 w_j ⟨ f^{(j)}, g^{(j)} ⟩ L2(−∞,+∞) , w_j ≥ 0, w_0, w_s > 0

ìå s = 1, 2 êáé ç íüñìá ‖f‖_Hs = (⟨f, f⟩_Hs)^{1/2} . Ïé œþñïé áõôïSS åSSíáé RKHS (âëÝðå [2]). Óôç ŽíÝœåéá èá õðïëïãSSŤõìå ôïí ðõñÞíá K(·, X_i) ãéá ôïí œþñï H^1(−∞, +∞), ìå íüñìá ⟨f, g⟩_λ = 2α ∫_{+∞} −∞ f 0( t)g 0( t)dt + λ ∫_{+∞} −∞ f(t)g(t)dt, α > 0, λ > 0

10 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

ðïõ åSSíáé éŤäýíáìç ìå ôç íüñìá ðïõ Ýœïõìå ïñSSĞé Ÿïí H^1(−∞, +∞). Ï ðõñÞíáò K(·, X_i) ≡ K_i(·), áðü ôéò éäéüôçôåò ôïõ RKHS èá ðñÝðåé íá éêáíïðïéåSS ôçí ⟨f(x), K(x, X_i)⟩_λ = f(X_i) ãéá êÜèå f ∈ H^1(−∞, +∞). ÉŤäýíáìá: 2α ∫_{+∞} −∞ f 0 (t)K 0_i (t)dt + λ ∫_{+∞} −∞ f(t)K_i(t)dt = f(X_i) ãéá êÜèå f ∈ H^1(−∞, +∞). Ïìùò ìå ïëïêëÞñùŁêáôÜ ðáñÜãïíôåò èá Ýœïõìå üôé ∫_{+∞} −∞ f 0( t)K 0_i( t)dt = − ∫_{+∞} −∞ f(t)K 00_i ( t)dt, Üñá ç ðñïçãïýìåíç ĲÝŁèá ãSSíåé ∫_{+∞} −∞ { −2αK 00_i (t) + λK_i(t) } f(t)dt = f(X_i) = ∫_{+∞} −∞ δ_i(t)f(t)dt ãéá êÜèå f ∈ H^1(−∞, +∞). Áñá − 2αK 00_i + λK_i = δ_i, i = 1, 2, ..., n (2.5) üðïõ δ_i(t) = δ_0(t − X_i) êáé δ_0 åSSíáé ç Dirac êáôáíïìÞ, äçëáäÞ ∫ δ_0(t)η(t)dt = η(0). Ôüôå ãéá i = 0 ç K_0(t) = 1 2(2αλ)^{1/2} exp{−(λ/(2α))^{1/2} |t|}, (2.6) åSSíáé ëýŁôïõ (2.5). Áñá ï ðõñÞíáò K_i(·) ôïõ œþñïõ H^1(−∞, +∞), õðïëïãéŘÝíïò Ÿï X_i èá äSSíåôáé áðü ôç ĲÝŁ:

K_i(t) = 1 2(2αλ)^{1/2} exp { − (λ/2α)^{1/2} |t − X_i| } , (2.7)

ìéá ðïõ K_i(t) = K_0(t − X_i), i = 1, 2..., n.

Ïôáí H åSSíáé Ýíáò œþñïò Hilbert êáé áíáöåñüìáŸå Ÿï ðïéíéêïðïéçìÝíï ŽíáñôçŤåéäÝò ôïõ ëïãáñSSèìïõ ôçò ðéèáíïöÜíåéáò œùñSSò íá ðñïĚéïñSSæïõìå ôï ŽíáñôçŤåéäÝò ðïéíÞò ˘, èá õðïèÝôïõìå üôé ˘ åSSíáé ôï ôåôñÜãùíï ôçò íüñìáò Ÿïí œþñï H.

Ðñéí ŽíåœSSŤõìå ìå ôç ìåëÝôç ôçò ðñþôçò åêôéìÞôñéáò ôùí Good êáé Gaskins, üðùò áõôÞ Ýãéíå áðü ôïõò De Montricher, Tapia êáé Thompson, èá áðïäåSSîïõìå ôçí ÐñüôáŁ2.1 ç ïðïSSá åîáŻáëSSæåé ôüŤôçí ýðáñîç üŤêáé ôç ìïíáäéêüôçôá ôùí åêôéìçôñéþí ìáò.

• ÐñüôáŁ2.1: ÅŸù H(˙), ìå ˙ Ýíá äéÜŸçìá ôçò ðñáãìáôéêÞò åõèåSSáò, Ýíáò RKHS êáé

D Ýíá êëåéŸü êáé êõñôü õðïŹíïëï ôïõ Žíüëïõ {f ∈ H(˙) : f(X_i) ≥ 0, i = 1, ..., n} ìå ôçí éäéüôçôá üôé ðåñéÝœåé ôïõëÜœéŸïí ìéá ŽíÜñôçŁ, ç ïðïSSá åSSíáé èåôéêÞ Ÿá äåéãìáôéêÜ ŁìåSSá. Ôüôå ôï ðïéíéêïðïéçìÝíï ŽíáñôçŤåéäÝò ôçò ðéèáíïöÜíåéáò Ýœåé ìïíáäéêü ìÝãéŸï Ÿï D.

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 11

Áðüäåéîç : Áöïý H(˙) åSSíáé Ýíáò RKHS èá Ýœïõìå |f(X_i)| ≤ ‖K_i‖_H ‖f‖_H , f ∈ H(˙), i = 1, 2, ...n, (âëÝðå [2]). Áñá áí L(f) = n∏ i=1 f(X_i) exp(−˘(f))

åSSíáé ôï ðïéíéêïðïéçìÝíï ŽíáñôçŤåéäÝò ôçò ðéèáíïöÜíåéáò, èá Ýœïõìå |L(f)| ≤ n∏ i=1 |f(X_i)| exp(−˘(f))

⇒ |L(f)| ≤ c_1 ‖f‖^n_Ç exp(− ‖f‖^2_Ç). (2.8)

Ðáñáôçñïýìå üôé ç ŽíÜñôçŁλ^n exp(−λ^2) åSSíáé öñáãìÝíç ðÜíù áðü ôï (n/2) exp(−n/2), Üñá |L(f)| ≤ c_2. Áí M = sup {L(f), f ∈ D} , ôüôå õðÜñœåé áêïëïõèSSá {f_j} ⊂ D ôÝôïéá þŸå L(f_j ) → M, êáèþò ôï j → +∞. Ðñïöáíþò M > 0 êáé ‖f_j ‖_Ç ≤ c_3, ãéá êÜèå j. Èåùñïýìå ôçí ìðÜëá

{f ∈ H(˙) : ‖f‖_Ç ≤ c_3} , (2.9)

ç ïðïSSá åýêïëá âëÝðïõìå üôé åSSíáé êëåéŸÞ êáé öñáãìÝíç, Üñá áŃåíþò ŽìðáãÞò. Áñá ç {f_j } Ýœåé ìéá áŃåíþò ŽãêëSSíïõĆõðáêïëïõèSSá, ÝŸù {f_j} (ãéá ëüãïõò áðëüôçôáò). ÄçëáäÞ f_j → f^∗ áŃåíþò, Üñá f_j(Œ_i) → f^∗(Œ_i), j → ∞, i = 1, ..., n Ç íüñìá åSSíáé weakly lower semicontinuous, Üñá lim inf_j ‖f_j ‖_Ç ≥ ‖f^∗‖_Ç . Óõíåðþò,

lim sup_j ( n ∏ i=1 f_j (X_i) exp(− ‖f_j ‖^2) ) ≤ n∏ i=1 f^∗(X_i) exp(− ‖f^∗‖^2) (2.10)

Ðáñáôçñïýìå üôé ôï áñéŸåñü ìÝñïò ôçò (2.10) åSSíáé SSŤìå M, åíþ ôï äåîéü éŤýôáé ìå L(f^∗), Üñá M ≤ L(f^∗). Åœïõìå üìùò éŞôçôá ìéá ðïõ f^∗ ∈ D. Áñá ôï ðïéíéêïðïéçìÝíï ŽíáñôçŤåéäÝò ôçò ðéèáíïöÜíåéáò Ýœåé ìÝãéŸï Ÿï D. Áðü ôçí õðüèåŁ, õðÜñœåé ôïõëÜœéŸïí Ýíá f ∈ D ôÝôïéï þŸå L(f) > 0. Áñá áíôSS íá ìåãéŸïðïéÞŤõìå ôï L ðÜíù Ÿï D, áñêåSS íá åëáœéŸïðïéÞŤõìå ôï J = − log L ðÜíù Ÿï D. Ìå ĲåôéêÜ áðëÝò ðñÜîåéò âñÞŐïõìå üôé ç äåýôåñç Gateaux ðáñÜãùãïò ôïõ J åSSíáé J^{′′}(f)(h, h) = n∑ i=1 h(X_i)h(Œ_i)

f^2(Œ_i) + 2 ⟨h, h⟩ > 0, (2.11) Üñá ôï J èá Ýœåé ôï ðïëý Ýíá åëÜœéŸï Ÿï êõñôü Źíïëï D. Óõíåðþò ôï ðïéíéêïðïéçìÝíï ŽíáñôçŤåéäÝò ôçò ðéèáíïöÜíåéáò èá Ýœåé ìïíáäéêü ìÝãéŸï Ÿï êõñôü Źíïëï D, ìå âÜŁôï Èåþñçìá 2 áðü ôï âéâëSSï ôùí Thompson êáé Tapia [2](Ğë. 267). 2

Óôçí åðüìåíç ðáñÜãñáöï èá áĲïëçèïýìå ìå ôçí ýðáñîç êáé ôç ìïíáäéêüôçôá ôçò ðñþôçò åêôéìÞôñéáò ôùí Good êáé Gaskins, üðùò êáé ìå ŽãêåêñéìÝíåò éäéüôçôåò ðïõ ôç œáñáêôçñSSæïõí. Ãéá ðáñÜäåéãìá èá äïýìå üôé Ÿï œþñï H^1(−∞, +∞) åSSíáé ìéá èåôéêÞ åêèåôéêÞ spline ìå êüìâïõò áêñéâþò Ÿá ŁìåSSá ôïõ äåSSãìáôïò êáé üôé ç åíáëëáêôéêÞ äéáôýðùŁôùí Good êáé Gaskins äSSíåé ôçí MPLE.

12 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

2.1 Ç ðñþôç åêôéìÞôñéá ôùí Good êáé Gaskins

Óôï œþñï H^1(−∞, +∞), ðïõ üðùò ðñïáíáöÝñáìå åSSíáé Ýíáò RKHS, ïñSSæïõìå ôï ŽíáñôçŤåéäÝò

˘_1(f) = α ∫_{+∞} −∞ (f^′)^2 (t) f(t) dt = 4α ‖ ‖ ‖ ‖ (√ f )0‖ ‖ ‖ 2 2 , α > 0. (2.12)

ŒñçŊìïðïéþíôáò Ćí üñï ðïéíÞò ôï ˘_1(f), äçëáäÞ Ýíá ŽíáñôçŤåéäÝò ôçò ôåôñáãùíéêÞò ñSSæáò ôçò ŽíÜñôçŁò ðõêíüôçôáò, ðáSSñíïõìå ôçí ðñþôç MPLE ôùí Good êáé Gaskins [1], ç ïðïSSá ïñSSæåôáé Ćí ç ëýŁôïõ áêüëïõèïõ ðñïâëÞìáôïò âåëôéŸïðïSSçŁò,

max_f { n ∫_{+∞} −∞ log f(x)dF_n(x) − ˘_1(f) } (2.13)

õðü ôïõò ðåñéïñéŘïýò

f^{1/2} ∈ H^1(−∞, +∞), ∫_{+∞} −∞ f(t)dt = 1, f(t) ≥ 0, ∀ t ∈ R. ÓõíœÜ âïçèÜåé íá âëÝðïõìå ôï ðáñáðÜíù ðñüâëçìá åêöñáŘÝíï ìå ôçí áêüëïõèç éŤäýíáìç ìïñöÞ ôïõ max_f { n ∏ i=1 f(X_i) exp(−˘_1(f) } ⇔ max_f { n ∑ i=1 log f(X_i) − ˘_1(f) } , (2.14)

ìå ôïõò SSäéïõò ðåñéïñéŘïýò.

Óôç ŽíÝœåéá, èá äïýìå üôé ç ëýŁáõôÞ õðÜñœåé, åSSíáé ìïíáäéêÞ êáé åSSíáé ìéá èåôéêÞ åêèåôéêÞ spline ìå êüìâïõò áêñéâþò Ÿá ŁìåSSá ôïõ äåSSãìáôïò.

Ãéá ôç ìåëÝôç ôïõ ðñïâëÞìáôïò (2.13) ïé De Montricher, Tapia êáé Thompson äéáôýðùĆí ôï áêüëïõèï âïçèçôéêü ðñüâëçìá åêöñáŘÝíï Ğüñïõò ôïõ u = f^{1/2}

max_u { n ∫_{+∞} −∞ log u(x)dF_n(x) − ˘(u) } (2.15)

õðü ôïõò ðåñéïñéŘïýò: u ∈ H^1(−∞, +∞), ∫_{+∞} −∞ u^2(t)dt = 1, u(t) ≥ 0, ∀ t ∈ R, üðïõ ˘(u) = 2α ∫_{+∞} −∞ ( u0 )_2

(t)dt. Ðáñáôçñïýìå üôé ôï ðñüâëçìá (2.15) ðñïêýðôåé áðü ôï (2.14) áí èÝŤõìå u = f^{1/2} êáé ðÜñïõìå ôçí ôåôñáãùíéêÞ ñSSæá ôçò ðïŞôçôáò ðïõ ìåãéŸïðïéïýìå.

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 13

• ËÞììá 2.1.1: Áí u^∗ åSSíáé ëýŁôïõ (2.15) ôüôå f^∗ = (u^∗)^2 åSSíáé ëýŁôïõ (2.13). Áðüäåéîç: Ôï ðñüâëçìá (2.13) ãéá u = f^{1/2}, ãSSíåôáé:

max_u { n ∫_{+∞} −∞ log u^2(x)dF_n(x) − 4α ∫_{+∞} −∞ ( u 0 )2 ( t)dt } (2.16)

õðü ôïõò ðåñéïñéŘïýò: u ∈ H^1(−∞, +∞), ∫_{+∞} −∞ u^2(t)dt = 1.

Ðáñáôçñïýìå üôé áí u^∗ ëýŁôïõ ðñïâëÞìáôïò (2.15) ôüôå u^∗ èá åSSíáé ëýŁêáé ôïõ ðñïâëÞìáôïò (2.16). Áñá f^∗ = (u^∗)^2 èá åSSíáé ëýŁôïõ (2.13), ìå âÜŁôï Ëçììá 2.1. 2

Ãéá íá áðïöýãïõí ôç ìåãéŸïðïSSçŁôïõ ðïéíéêïðïéçìÝíïõ ŽíáñôçŤåéäïýò Ÿï èåôéêü êþíï, èåþñçĆí ìéá åíáëëáêôéêÞ äéáôýðùŁôïõ ðñïâëÞìáôïò (2.15). ÓõãêåêñéììÝíá äéáôýðùĆí ôï áêüëïõèï ðñüâëçìá âåëôéŸïðïSSçŁò:

max_u { n ∫_{+∞} −∞ log u(x)dF_n(x) − ˘(u) } (2.17)

õðü ôïõò ðåñéïñéŘïýò: u ∈ H^1(−∞, +∞), ∫_{+∞} −∞ u^2(t)dt = 1, u(X_i) ≥ 0, ∀ i = 1, 2, ..., n.

Ïðùò èá äïýìå Ÿç ŽíÝœåéá ç åíáëëáêôéêÞ áõôÞ äéáôýðùŁäSSíåé ôçí ðñþôç MPLE ôùí Good êáé Gaskins.

ÈåþñçĆí áêüìá ôï áêüëïõèï âïçèçôéêü ðñüâëçìá:

max_u { L_λ(u) = n ∫_{+∞} −∞ log u(x)dF_n(x) − 2α ∫_{+∞} −∞ ( u 0)^2 ( t)dt − λ ∫_{+∞} −∞ u^2(t)dt } (2.18)

õðü ôïõò ðåñéïñéŘïýò: u ∈ H^1(−∞, +∞), u(Œ_i) ≥ 0, ∀ i = 1, 2, ..., n, ãéá êÜèå λ > 0.

Óôçí ÐñüôáŁ2.1.1 áðïäåéêíýïõìå üôé ôï ðñüâëçìá (2.18) Ýœåé ìïíáäéêÞ ëýŁu_λ ãéá ôçí ïðïSSá ‖u_λ‖^2 ≥ n 4λ ãéá êÜèå λ > 0.

14 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

Óôçí ÐñüôáŁ2.1.2 áðïäåéêíýïõìå, œñçŊìïðïéþíôáò ôçí ÐñüôáŁ2.1.1, üôé ôï ðñüâëçìá (2.17) Ýœåé ìïíáäéêÞ ëýŁ. Óýìöùíá ìå ôçí ÐñüôáŁ2.1.3 ç ëýŁáõôÞ èá åSSíáé ìéá èåôéêÞ åêèåôéêÞ spline ìå êüìâïõò Ÿá ŁìåSSá ôïõ äåSSãìáôïò êáé Üñá èá åSSíáé ëýŁêáé ôïõ ðñïâëÞìáôïò (2.15). Óõíåðþò ôï ôåôñÜãùíï ôçò èá åSSíáé ëýŁôïõ áñœéêïý ìáò ðñïâëÞìáôïò (2.13) ìå âÜŁôï ËÞììá 2.1.1.

• ÐñüôáŁ2.1.1: Ôï ðñüâëçìá (2.18) Ýœåé ìïíáäéêÞ ëýŁ. ÅðéðëÝïí áí u_λ åSSíáé áõôÞ ç ëýŁôüôå:

1. u_λ åSSíáé ìéá åêèåôéêÞ spline ìå êüìâïõò Ÿá ŁìåSSá ôïõ äåSSãìáôïò,

2. u_λ(t) > 0,ãéá êÜèå t ∈ R

3. ‖u_λ‖_2 ≥ (^n_{4λ})^{1/2}.

Áðüäåéîç: Ï H^1(−∞, +∞) åSSíáé Ýíáò RKHS êáé áí èåùñÞŤõìå ôç íüñìá

‖u‖^2_λ = 2α ∫_{+∞} −∞ ( u 0 )2 ( t)dt + λ ∫_{+∞} −∞ u^2(t)dt ç ïðïSSá åSSíáé éŤäýíáìç ìå ôçí íüñìá ôïõ H^1(−∞, +∞), ôï ðñüâëçìá ìáò èá Ýœåé ìïíáäéêÞ ëýŁ, ÝŸù u_λ. ÐñÜãìáôé, áõôü åSSíáé ÜìåŤáðü ôçí ÐñüôáŁ2.1, áí ðÜñïõìå Ćí D = { u ∈ H^1(−∞, +∞) : u(X_i) ≥ 0, i = 1, 2..., n } . ÅŸù K_i(x) ï ðõñÞíáò ôïõ H^1(−∞, +∞) õðïëïãéŘÝíïò Ÿï X_i. Áöïý ôï u_λ åSSíáé ç ëýŁôïõ ðñïâëÞìáôïò âåëôéŸïðïSSçŁò (2.18), èá Ýœïõìå üôé u_λ(X_i) > 0 ãéá êÜèå i = 1, ..., n ìéá ðïõ áí Þôáí SSŤìå ôï ìçäÝí ç log ðéèáíïöÜíåéá èá ãéíüôáí ìåSSïí Üðåéñï êáé Üñá äåí èá Þôáí ŁìåSSï ìåãSSŸïõ. Áêüìá ∇L_λ(u_λ) = 0, (2.19)

üðïõ L_λ(u_λ) = n∑ i=1 log u_λ(X_i) − 2α ∫_{+∞} −∞ ( u 0_λ)2 ( t)dt − λ ∫_{+∞} −∞ u^2_λ(t)dt. Äåí ìÝíåé ðáñÜ íá õðïëïãSSŤõìå ôï ∇L_λ(u_λ). Åœïõìå

L_λ(u_λ + εh) = n∑ i=1 log(u_λ(X_i) + εh(X_i)) − 2α ∫_{+∞} −∞ (u^′_λ(t) + εh^′(t))^2dt − λ ∫_{+∞} −∞ (u_λ(t) + εh(t))^2dt. Áñá (âëÝðå [2])

∇L_λ(u_λ)(h) = lim_{ε→0} d dε L_λ(u_λ + εh) = n∑ i=1 h(X_i) u_λ(X_i) − 4α ∫_{+∞} −∞ u^′_λ(t)h^′(t)dt − 2λ ∫_{+∞} −∞ u_λ(t)h(t)dt

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 15 = n∑ i=1 1 u_λ(X_i) ⟨h, K_i⟩_λ − 2 ⟨u_λ, h⟩_λ = ⟨ n ∑ i=1 K_i u_λ(X_i) − 2u_λ, h ⟩ λ , (2.20)

ãéá êÜèå h ∈ H^1(−∞, +∞). Áñá

∇L_λ(u_λ) = 2u_λ − n∑ i=1 K_i u_λ(X_i) , ïðüôå áðü ôç (2.19) èá Ýœïõìå 2u_λ − n∑ i=1 K_i u_λ(X_i)

= 0 ⇒ u_λ = 1 2 n∑ i=1 K_i u_λ(X_i)

(2.21)

Óõíåðþò, áðü ôç ĲÝŁ(2.7), âëÝðïõìå üôé ôï u_λ åSSíáé ìéá èåôéêÞ åêèåôéêÞ spline ìå êüìâïõò áêñéâþò Ÿá ŁìåSSá ôïõ äåSSãìáôïò, üðïõ ïé ŸáèåñÝò ôçò ĲÝŁò (2.2) åSSíáé α_i = 0, β_i = 0, γ_i = 1 4 √ 2αλ 1 u_λ(X_i) , δi = −γi êáé κi = √ λ 2α . ÌÝíåé ëïéðüí üôé: ‖u_λ‖_2 ≥ ( n 4λ )^{1/2}.

Åœïõìå

‖u_λ‖^2_λ = ⟨u_λ, u_λ⟩_λ = ⟨ 1 2 n∑ i=1 K_i u_λ(X_i) , u_λ ⟩ λ = 1 2 n∑ i=1 1 u_λ(X_i)

⟨K_i, u_λ⟩_λ (2.22) = 1 2 n∑ i=1 1 u_λ(X_i) u_λ(X_i) = n 2 Áðü ôç ĲÝŁ(2.7), K^′_i(t) = ( λ 2α )^{1/2}K_i(t) (2.23)

ãéá t − X_i < 0 êáé K^′_i(t) = −( λ 2α )^{1/2}K_i(t) (2.24)

ãéá t − X_i > 0. Áñá K^′_i(t)K^′_j(t) ≤ λ 2α K_i(t)K_j(t), i, j = 1, 2..., n. Ïðüôå ôåëéêÜ èá Ýœïõìå, ìÝ§ôçò (2.21), üôé ( u 0_λ)2 (t) = 1 4 ∑ i ( K^′_i(t) u_λ(X_i)

)_2 + ∑ i,j K^′_i(t)K^′_j(t) u_λ(X_i)u_λ(Œ_j) ≤ λ 2α u^2_λ(t). (2.25)

Áí ïëïêëçñþŤõìå ôçí ðáñáðÜíù ĲÝŁùò ðñüò t ðáSSñíïõìå 2α ∫_{+∞} −∞ ( u 0_λ)2 (t)dt ≤ λ ∫_{+∞} −∞ u^2_λ(t)dt ⇒ 2α ‖ ‖u^′λ ‖ ‖^2 ≤ λ ‖uλ‖^2 (2.26)

16 ÌáíùëSSá É. ÊïêïëïãéáííÜêç Åî’ ïñéŘïý ôçò íüñìáò ‖·‖_λ êáé œñçŊìïðïéþíôáò ôéò ĲÝĞéò (2.26) êáé (2.22) âëÝðïõìå üôé ‖u_λ‖^2_λ ≤ 2λ ‖u_λ‖^2 ⇒ ‖u_λ‖_2 ≥ (^n_{4λ})^{1/2}. (2.27) Åœïõìå ëïéðüí ôï æçôïýìåíï áðïôÝëåŘá.2 • ÐñüôáŁ2.1.2: Ôï ðñüâëçìá (2.17) Ýœåé ìïíáäéêÞ ëýŁ. Áðüäåéîç: ÅŸù ^ = { u ∈ H^1(−∞, +∞) : ∫_{+∞} −∞ u^2(t)dt ≤ 1, u(X_i) ≥ 0, i = 1, 2..., n } . ÅSSíáé åýêïëï íá äïýìå üôé ôï ^ åSSíáé êëåéŸü êáé êõñôü. Ìå âÜŁôçí ÐñüôáŁ2.1, ôï ŽíáñôçŤåéäÝò L_λ Ýœåé ìïíáäéêü ìÝãéŸï Ÿï ^, ÝŸù μ_λ. Åíþ áðü ôçí ÐñüôáŁ2.1.1, áí u_λ åSSíáé ç ëýŁ ôïõ (2.18), ìðïñþ íá åðéëÝîù 0 < λ <^n_4 þŸå ‖u_λ‖_2 > 1. Èá äåSSîïõìå üôé: ‖μ_λ‖_2 = 1 ÅŸù üôé ‖μ_λ‖_2 < 1. Èåùñïýìå u_ϑ = ϑu_λ + (1 − ϑ)μ_λ, ϑ ∈ (0, 1).

Ôï ŽíáñôçŤåéäÝò (−L_λ) åSSíáé ãíÞŊá êõñôü. Áñá L_λ(u_ϑ) ≥ ϑL_λ(u_λ) + (1 − ϑ)L_λ(μ_λ). (2.28) Ôï μ_λ éêáíïðïéåSS ôïõò ðåñéïñéŘïýò ôïõ ðñïâëÞìáôïò (2.18) Üñá L_λ(μ_λ) ≤ L_λ(u_λ).

Óõíåðþò ç (2.28) äSSíåé L_λ(u_ϑ) ≥ L_λ(μ_λ), (2.29) ãéá êÜèå ϑ ∈ (0, 1). ÅŸù g(ϑ) = ‖u_ϑ‖_2 (2.30) ôüôå g(0) = ‖μ_λ‖_2 < 1 êáé g(1) = ‖u_λ‖_2 > 1 Üñá õðÜñœåé ϑ_0 ∈ (0, 1) ôÝôïéï þŸå g(ϑ_0) = ‖u_{ϑ0} ‖_2 = 1 (2.31) êáé L_λ(u_{ϑ0} ) ≥ L_λ(μ_λ). (2.32)

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 17

Áôïðï, äéüôé u_{ϑ0} ∈ ^ êáé Ÿï ^ ôï μ_λ åSSíáé ôï ìïíáäéêü ìÝãéŸï ôïõ L_λ. Áñá ‖μ_λ‖_2 = 1. Óõíåðþò ôï μ_λ åSSíáé ç ìïíáäéêÞ ëýŁôïõ ðñïâëÞìáôïò

max_u L_λ(u) (2.33)

õðü ôïõò ðåñéïñéŘïýò: u ∈ H^1(−∞, +∞), ∫_{+∞} −∞ u^2(t)dt = 1, u(X_i) ≥ 0, ∀i = 1, ..., n, ãéá 0 < λ <^n_4 . Ðáñáôçñïýìå üôé ï üñïò λ ∫_{+∞} −∞ u^2(t)dt, Ÿïí ïðïSSï ôá ðñïâëÞìáôá (2.33) êáé (2.17) äéáöÝñïõí, åSSíáé Ÿáèåñüò êÜôù áðü ôïõò ðåñéïñéŘïýò ôïõò. Áñá ôá ðñïâëÞìáôá (2.33) êáé (2.17) Ýœïõí ôçí SSäéá ëýŁãéá êÜèå λ > 0. Áñá ôï ðñüâëçìá (2.17) Ýœåé ìïíáäéêÞ ëýŁ.2

• ÐñüôáŁ2.1.3: Ôï ðñüâëçìá (2.15) Ýœåé ìïíáäéêÞ ëýŁç ïðïSSá åSSíáé èåôéêÞ åêèåôéêÞ spline ìå êüìâïõò áêñéâþò Ÿá ŁìåSSá ôïõ äåSSãìáôïò.

Áðüäåéîç: Áí äåSSîïõìå üôé ç ìïíáäéêÞ ëýŁv ôïõ ðñïâëÞìáôïò (2.17)(ãíùñSSæïõìå üôé õðÜñœåé ìÝ§ôçò ÐñüôáŁò 2.1.2) åSSíáé èåôéêÞ åêèåôéêÞ spline ìå êüìâïõò Ÿá ŁìåSSá ôïõ äåSSãìáôïò, ôüôå èá åSSíáé ëýŁêáé ôïõ ðñïâëÞìáôïò (2.15). ÅŸù ëïéðüí v ç ëýŁôïõ (2.17). ÅŸù g(u) = ∫_{+∞} −∞ u^2(t)dt. êáé L(u) = n ∫_{+∞} −∞ log u(x)dF_n(x) − ˘(u) üðïõ ˘(u) = 2α ∫_{+∞} −∞ ( u0 )_2

(t)dt, ãéá u ∈ H^1(−∞, +∞). Ðñïöáíþò v(X_i) > 0 ãéá i = 1, ..., n.

Áñá áðü ôç ìÝèïäï ôùí ðïëëáðëáŊáŸþí Lagrange, õðÜñœåé λ þŸå ôï v íá éêáíïðïéåSS ôéò åîéđ- Ğéò:

L^′(u) − λg^′(u) = 0 (2.34) êáé g(u) = 1. (2.35) Ïðïõ ∇L(u_λ)(h) = n∑ i=1 h(X_i) u(X_i) − 4α ∫_{+∞} −∞ u^′(t)h^′(t)dt = n∑ i=1 1 u(X_i) ∫_{+∞} −∞ δ_i(t)h(t)dt + 4α ∫_{+∞} −∞ u^{′′}(t)h(t)dt, (2.36) ìå δ_i(t) = δ_0(t − X_i) êáé g^′(u)(h) = 2 ∫_{+∞} −∞ u(t)h(t)dt (2.37) ÁíôéêáèéŸþíôáò ôéò (2.36) êáé (2.37) Ÿçí (2.34) èá Ýœïõìå: n∑ i=1 1 u(X_i) ∫_{+∞} −∞ δ_i(t)h(t)dt + 4α ∫_{+∞} −∞ u^{′′}(t)h(t)dt − 2λ ∫_{+∞} −∞ u(t)h(t)dt = 0

18 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

êáé áõôü ãéá êÜèå h. Áñá_n ∑ i=1 1 u(X_i) δ_i + 4αu^{′′} − 2λu = 0, äçëáäÞ − 4αu^{′′} + 2λu = n∑ i=1 1 u(X_i) δ_i (2.38) êáé g(u) = ∫_{+∞} −∞ u^2(t)dt = 1, (2.39)

üðïõ ãéá ôï δ_i Ýœïõìå üôé ∫_{+∞} −∞ u(t)δ_i(t)dt = u(X_i) ãéá êÜèå i = 1, ..., n. Áöïý ëïéðüí Ýœïõìå áðïäåSSîåé Ÿçí ÐñüôáŁ2.1.2 üôé ôï ðñüâëçìá (2.17) Ýœåé ìïíáäéêÞ ëýŁ, èá ðñÝðåé ïé åîéđĞéò (2.38) êáé(2.39) íá Ýœïõí ìïíáäéêÞ ëýŁŸï œþñï H^1(−∞, +∞). ÅŸù üôé λ ≤ 0 · èá êáôáëÞîïõìå ĞÜôïðï. Áí õðïèÝŤõìå üôé x < X_i, ∀i = 1, ..., n, ôüôå Ÿï äéÜŸçìá (−∞, x) ç v èá åSSíáé ëýŁ ôçò åîSS§Łò −4αu^{′′} +2λu = 0 êáé Üñá áõôÞ èá åSSíáé ÜèñïéŘá ôñéãùíïìåôñéêþí ŽíáñôÞĞùí, ìéá ðïõ äåí ìðïñåSS íá åSSíáé ç ìçäåíéêÞ ŽíÜñôçŁ. ÄçëáäÞ ç v èá åSSíáé ìéá ðåñéïäéêÞ ŽíÜñôçŁêáé Üñá äåí ìðïñåSS íá éêáíïðïéåSS ôçí (2.39). Óõíåðþò ðñÝðåé λ > 0. ÅSSíáé åýêïëï íá ðáñáôçñÞŤõìå üôé L(u) − λg(u) = n∑ i=1 log u(X_i) − 2α ∫_{+∞} −∞ ( u 0)2 (t)dt − λ ∫_{+∞} −∞ u^2(t)dt = L_λ(u), (2.40)

Üñá ôï v èá åSSíáé ëýŁêáé ôïõ (2.18) ãéá áõôü ôï λ. ÄçëáäÞ ôï v èá åSSíáé ëýŁêáé ôïõ (2.18), ïðüôå ìå âÜŁôçí ÐñüôáŁ2.1.1 ôï v èá åSSíáé ìéá èåôéêÞ åêèåôéêÞ spline ìå êüìâïõò Ÿá äåéãìáôéêÜ ŁìåSSá êáé áõôü ïëïêëçñþíåé ôçí áðüäåéîç ìáò.2

ùôçò

ÊåöÜëáéï 3

Åíáò äéáêñéôüò üñïò ðïéíÞò

Ïé Scott,Tapia êáé Thompson ôï 1980 [2] (âëÝðå åðSSŁò [3]), ðñüôåéíáí ìéá äéáêñéôïðïSSçŁ ôïõ áñœéêïý ðñïâëÞìáôïò âåëôéŸïðïSSçŁò, ðïõ êÜíåé ôç äéÜŸáŁôïõ œþñïõ ðåðåñáŘÝíç êáé äSSíåé ùò åêôéìÞôñéá ìéá åîïìÜëõíŁôïõ éŸïãñÜììáôïò. ÓõãêåêñéìÝíá, èåþñçĆí ôõœáSSï äåSSãìá X_1, X_2..., X_n, áðü ìéá ŽíÜñôçŁêáôáíïìÞò F, ìå ŽíÜñôçŁðõêíüôçôáò f, ãéá ôçí ïðïSSá õðÝèå- Ćí üôé Žãêåíôñþíåôáé Ÿï öñáãìÝíï äéÜŸçìá [a, b], ìå f(a) = f(b) = 0. Ãéá ôçí åêôSSìçŁôçò f, ìåëÝôçĆí ôï ðñüâëçìá ìåãéŸïðïSSçŁò ôïõ ŽíáñôçŤåéäïýò ôïõ ëïãáñSSèìïõ ôçò ðéèáíïöÜíåéáò ùò ðñüò ìéá äéáêñéôÞ ðõêíüôçôá ìåSSïí Ýíá äéáêñéôü üñï ðïéíÞò. Óôï êåöÜëáéï áõôü, èá ðáñïõ- ŊÜŤõìå ôï ðáñáðÜíù ðñüâëçìá âåëôéŸïðïSSçŁò êáé èá äïýìå üôé Ýœåé ìïíáäéêÞ ëýŁôüŤŸï Źíïëï ôùí éŸïãñáììÜôùí, üŤêáé Ÿï Źíïëï ôùí éŸïðïëõãþíùí. Èá äïýìå áêüìá ôç ŽíÝðåéá ôùí åêôéìçôñéþí áõôþí Ÿï Źíïëï ôùí éŸïãñáììÜôùí, êáèþò êáé áñéèìçôéêÜ áðïôåëÝŘáôá ĲåôéêÜ ìå ôïí õðïëïãéŘü ôùí ðáñáðÜíù åêôéìçôñéþí Ÿï œþñï ôùí éŸïðïëõãþíùí.

Ãéá íá åöáñìüŤõìå ôçí ðáñáðÜíù éäÝá, äéáìåñSSæïõìå ôï äéÜŸçìá [a, b] Ğm SSĆôìÞìáôá , a = t_0 < t_1 < ... < t_m = b, üðïõ ôï êÜèå Ýíá áðü áõôÜ Ýœåé ìÞêïò h = t_j − t_{j−1} =^{b−a}_m , j = 1, 2...m. ÓõìâïëSSæïõìå ìå T_i ôï äéÜŸçìá [t_{i−1}, t_i), ãéá i = 1, ...m êáé ìå I(T_i) ôçí œáñáêôçñéŸéêÞ ŽíÜñôçŁôïõ äéáŸÞìáôïò T_i, äçëáäÞ I(T_i)(x) = 0 ãéá x /∈ T_i êáé I(T_i)(x) = 1 ãéá x ∈ T_i. ÅŸù S_0(t_0, t_1, ...t_m), ôï Źíïëï ôùí ŽíáñôÞĞùí ìå öïñÝá ôï äéÜŸçìá [t_0, t_m) = [a, b) ïé ïðïSSåò åSSíáé ŸáèåñÝò Ÿá äéÜŸçìáôá T_i. ÔÝëïò, ÝŸù S_1(t_0, t_1, ...t_m) ôï Źíïëï ôùí Žíåœþí ŽíáñôÞĞùí ìå öïñÝá ôï äéÜŸçìá (t_0, t_m) = (a, b), ïé ïðïSSåò åSSíáé ãñáììéêÝò Ÿá äéáŸÞìáôá T_i. Ðáñáôçñïýìå üôé, êÜèå ŽíÜñôçŁp ∈ S_0(t_0, ...t_m) Ýœåé ôç ìïñöÞ p(x) = m∑ i=1 p_{i−1}I(T_i)(x), Ÿç ŽíÝœåéá ŽìâïëSSæïõìå ìå p_i ôçí ôéìÞ ôçò ŽíÜñôçŁò Ÿç èÝŁt_i, äçëáäÞ

p(t_i) = p_i

20 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

ãéá êáèå i = 0, ...m − 1 êáé õðïèÝôïõìå üôé p_m = 0. Áñá ï œþñïò S_0(t_0, ...t_m) åSSíáé éŞìïñöïò ìå ôïí R^m.

Áðü ôïí ôñüðï ðïõ ïñSSĆìå ôï œþñï S_1(t_0, ...t_m), êÜèå ŽíÜñôçŁs ∈ S_1(t_0, ...t_m) èá Ýœåé ôç ìïñöÞ s(x) = m∑ i=1 {s_{i−1} + h^{−1}(x − t_{i−1})(s_i − s_{i−1})}I(T_i)(x) üðïõ êáé ðÜëé Ýœïõìå s(t_i) = s_i

ãéá i = 1, ...m − 1 êáé õðïèÝôïõìå üôé s_0 = s(t_0) = 0, s_m = s(t_m) = 0. Áñá ï œþñïò S_1(t_0, ...t_m) åSSíáé éŞìïñöïò ìå ôïí R^{m−1}. Óçìåéþíïõìå üôé ôá ìåí ŸïéœåSSá ôïõ S_0(t_0, ...t_m) åSSíáé ãåíéêåõìÝíá éŸïãñÜììáôá, ôá äå ŸïéœåSSá ôïõ S_1(t_0, ...t_m) åSSíáé ãåíéêåõìÝíá éŸïðïëýãùíá.

ÄåäïìÝíïõ ôïõ ôõœáSSïõ äåSSãìáôïò X_1, X_2..., X_n, Ÿï äéÜŸçìá [a, b] êáé ìéáò èåôéêÞò ŸáèåñÜò α, èåùñïýìå ôá áêüëïõèá ðñïâëÞìáôá âåëôéŸïðïSSçŁò (ïñSSæïõìå p_{−1} = 0)

max L(p_0, p_1, ..., p_{m−1}) = max { n ∑ k=1 log p(X_k) − αh m∑ i=0 ( p_i − p_{i−1} h )_2}

(3.1)

õðü ôïõò ðåñéïñéŘïýò: h m−1∑ i=0 p_i = 1, p_i ≥ 0, ∀ i = 0, ..., m − 1 êáé max L(s_1, ..., s_{m−1}) = max { n ∑ i=1 log s(X_i) − α h^3 m−1∑ i=1 {s_{i+1} − 2s_i + s_{i−1}}^2 } (3.2)

õðü ôïõò ðåñéïñéŘïýò: h m−1∑ i=1 s_i = 1, s_i ≥ 0, ∀ i = 1, ..., m − 1. Ï üñïò ðïéíÞò Ÿï ðñüâëçìá (3.1) åSSíáé ìéá äéáêñéôÞ ðñïĘããéŁôïõ üñïõ ∫ (f0)^2 üðïõ f åSSíáé ç ŽíÜñôçŁðõêíüôçôáò, Ÿï ðñüâëçìá (3.2) Ćí üñï ðïéíÞò Ýœïõìå œñçŊìïðïéÞĞé ôçí äéáêñéôÞ äåýôåñç ðáñÜãùãï.

ÔüŤç êáôÜ ôìÞìáôá ŸáèåñÞ spline (ŸïéœåSSï ôïõ S_0(t_0, ...t_m)) ðïõ áíôéŸïéœåSS Ÿçí ëýŁôïõ ðñïâëÞìáôïò (3.1), üŤêáé ç êáôÜ ôìÞìáôá ãñáììéêÞ spline (ŸïéœåSSï ôïõ S_1(t_0, ...t_m)) ðïõ áíôé- ŸïéœåSS Ÿçí ëýŁôïõ (3.2) êáé åSSíáé ãåíéêåõìÝíï éŸïðïëýãùíï ïíïìÜæïíôáé, äéáêñéôÝò MPLE êáé Ÿç ŽíÝœåéá èá áíáöåñüìáŸå ĞáõôÝò ùò DMPLE, ðñþôç êáé äåýôåñç áíôSSŸïéœá.

Óôç ŽíÝœåéá èá äïýìå ôï Èåþñçìá 3.1, ôï ïðïSSï åîáŻáëSSæåé ôüŤôçí ýðáñîç üŤêáé ôç ìïíáäéêüôçôá ôùí åêôéìçôñéþí ìáò.

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 21

• Èåþñçìá 3.1 : ÅŸù H(a, b) Ýíáò RKHS êáé áò õðïèÝŤõìå üôé ôï ïëïêëÞñùìá åSSíáé Ýíáò ŽíåœÞò ôåëåŸÞò. Áí õðÜñœåé ôïõëÜœéŸïí ìéá f ∈ H(a, b) ôÝôïéá þŸå ∫ b a f(t)dt = 1, f(t) ≥ 0 ∀t ∈ (a, b), f(Œ_i) > 0, ôüôå ç MPLE ðïõ áíôéŸïéœåSS Ÿïí H(a, b) õðÜñœåé êáé åSSíáé ìïíáäéêÞ.

Áí ðÜñïõìå ãéá D = { f ∈ H(a, b) : ∫ b a f(t)dt = 1, f(t) ≥ 0 } ôï ïðïSSï åSSíáé êëåéŸü êáé êõñôü, ôï ðáñáðÜíù Èåþñçìá Ýðåôáé áðü ôçí ÐñüôáŁ2.1.

• Èåþñçìá 3.2 : Ïé DMPLE ðïõ ïñSSæïíôáé ìÝ§ôùí ðñïâëçìÜôùí (3.1) êáé (3.2) õðÜñœïõí êáé åSSíáé ìïíáäéêÝò.

Áðüäåéîç: Ç áðüäåéîç åSSíáé ÜìåŁáðü ôï Èåþñçìá 3.1, áñêåSS íá ŁìåéþŤõìå üôé êÜèå œþñïò ðåðåñáŘÝíçò äéÜŸáŁò ìå å§ôåñéêü ãéíüìåíï åSSíáé Ýíáò RKHS (âëÝðå [2]) êáé üôé üëá ôá ãñáììéêÜ ŽíáñôçŤåéäÞ Ğœþñï ðåðåñáŘÝíçò äéÜŸáŁò åSSíáé ŽíåœÞ (âëÝðå [2]).2 Óôçí åðüìåíç ðáñÜãñáöï èá ðåñéïñéŸïýìå Ÿï Źíïëï S_0(t_0, ...t_m) êáé èá äïýìå ôç ŽíÝðåéá ôçò ðñþôçò DMPLE üðùò áõôÞ ðáñïõŊÜŸçêå áðü ôïõò Scott-Tapia-Thompson [2],[3].

3.1 ÅðSSëõŁêáé ŽíÝðåéá ôçò ðñþôçò DMPLE

ÅŸù v_k ï áñéèìüò ôùí ðáñáôçñÞĞùí Ÿï äéÜŸçìá [t_k, t_{k+1}) , k = 0, ..., m − 1. Ôüôå m−1∑ k=0 v_k = n

êáé ôï ðñüâëçìá (3.1) ìåôáĲçìáôSSæåôáé Ÿçí áêüëïõèç ìïñöÞ:

max L(p_0, p_1, ..., p_{m−1}) = max {m_{−1} ∑ i=0 v_i log(p_i) − α h m∑ i=0 (p_i − p_{i−1})^2 } , (3.3)

õðü ôïõò ðåñéïñéŘïýò: h m−1∑ i=0 p_i = 1, p_i ≥ 0, ∀i = 0, ..., m − 1.

ÅŸù [x : n] ôï äéÜŸçìá ìÞêïõò h ðïõ ðåñéÝœåé åêåSSíï ôï x (ãéá ìéá ŽãêåêñéìÝíç ôéìÞ ôïõ n) ãéá ôï ïðïSSï Ÿï Èåþñçìá 3.1.1 èá äåSSîïõìå ŽíÝðåéá, êáé v[x : n] ï áñéèìüò ôùí äåéãìÜôùí Ÿï äéÜŸçìá áõôü. Óôç ŽíÝœåéá áöÞíïõìå ôï h íá åîáñôÜôáé áðü ôï n êáé ŽìâïëSSæïíôáò ôï ìå h_n, ìåëåôïýìå ôç ŽìðåñéöïñÜ ôïõ éŸïãñÜììáôïò v[x : n] nh_n êáèþò ôï n ôåSSíåé Ÿï Üðåéñï.

22 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

• ËÞììá 3.1.1 : ÅŸù X_1, X_2..., X_n Ýíá ôõœáSSï äåSSãìá áðü ìéá ŽíåœÞ ŽíÜñôçŁðõêíüôçôáò

f ìå öñáãìÝíï öïñÝá (a, b) . Èåùñïýìå ìéá äéáìÝñéŁôïõ (a, b) üðùò ôçí ðñïçãïýìåíç, ìå m = [cn^q] , c > 0, 0 < q <^1_3 , üðïõ [d] åSSíáé ôï áêÝñáéï ìÝñïò ôïõ d. Ôüôå ãéá x ∈ (a, b) , lim n→+∞ v[x : n] nh_n = f(x) a.s.. Áðüäåéîç : ÏñSSæïõìå ôéò ôõœáSSåò ìåôáâëçôÝò Y_{ni} = 1[x : n](X_i) − p[x : n] h_n üðïõ p[x : n] = ∫ [x:n] f(t)dt. Ãéá êÜèå n, ïé {Y_{ni}, i = 1, ...n} åSSíáé áíåîÜñôçôåò ôõœáSSåò ìåôáâëçôÝò. Ðáñáôçñïýìå üôé ç 1[x : n](X_i) åSSíáé ìéá Bernoulli ôõœáSSá ìåôáâëçôÞ ìå ìÝŁôéìÞ SSŁìå p[x : n]. Áñá EY_{ni} = 0 êáé V ar(Y_{ni}) =^1_{h2n} p[x : n](1 − p[x : n]). ÅŸù

S_n = n∑ i=1 Y_{ni}, éĲõñéæüìáŸå üôé S_n n → 0 a.s. êáèþò ôï n ôåSSíåé Ÿï Üðåéñï. Ãéá íá ôï äïýìå áõôü, áñêåSS íá äïýìå üôé ãéá êÜèå ϵ > 0 ∞∑ n=1 P {|S_n| > nϵ} < +∞. ÐñÜãìáôé, áõôü åSSíáé ÜììåŤáðü ôï ðñþôï ËÞììá Borel Cantelli [12], Źìöùíá ìå ôï ïðïSSï áí ∑ n P (A_n) < +∞, ôüôå P (lim sup_n A_n) = 0.

ÉĲõñSSæïìáŸå üôé, áí ìéá ôõœáSSá ìåôáâëçôÞ X ∼ B(n, p), ôüôå E (X − EX)^4 ≤ 3pn^2 ãéá ìåãÜëá n. (ÂëÝðå ôçí ÓçìåSSùŁ3.1.1 ðïõ áêïëïõèåSS). Óôçí ðåñSSðôùŁìáò, áöïý 1[x : n](X_i) áêïëïõèåSS ìéá B(1, p[x : n]) ôï ∑n i=1 1[x : n](X_i) èá áêïëïõèåSS ìéá B(n, p[x : n]) êáé Üñá E { n ∑ i=1 1[x : n](X_i) − np [x : n] }_4 ≤ 3n^2p [x : n] . (3.4)

Ç áíéŞôçôá Markov ìáò äSSíåé üôé, ãéá êÜèå ϵ > 0 P {|S_n| > nϵ} < E(S^4_n) (nϵ)^4

, (3.5)

üðïõ E(S^4_n) = 1 h^4_n E { n ∑ i=1 1[x : n](X_i) − np[x : n] }_4 . Áñá ç (3.5) ìÝ§ôçò (3.4) èá ãSSíåé P {|S_n| > nϵ} < 3p[x : n] n^2ϵ^4h^4_n

. (3.6)

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 23 Áðü ôï èåìåëéþäåò èåþñçìá ôïõ ïëïêëçñùôéêïý ëïãéŘïý, õðÜñœåé ξ ∈ [x : n] ôÝôïéï þŸå p[x : n] = ∫ [x:n] f(t)dt = h_nf(ξ). Áñá ç (3.6) èá ãSSíåé P {|S_n| > nϵ} < 3f(ξ) n^2ϵ^4h^3_n . ÁèñïSSæïíôáò ðÜíù Ğüëá ôá n èá Ýœïõìå üôé ∞∑ n=1 P {|S_n| > nϵ} < ∞∑ n=1 3f(ξ) n^2ϵ^4h^3_n = ∞∑ n=1 O ( 1 n^{2−3q} ) , üðïõ ãéá ôçí ôåëåõôáSSá éŞôçôá áñêåSS íá ðáñáôçñÞŤõìå üôé, h_n = O(n^{−q}) ìå q > 0, ìéá ðïõ h =^{b−a}_m êáé m = [cn^q] . Ïìùò ç ôåëåõôáSSá ĞéñÜ ŽãêëSSíåé ìéá ðïõ 0 < q < 1/3, Üñá ∞∑ n=1 P {|S_n| > nϵ} < ∞. Óõíåðþò áðü ôï ËÞììá Borel Cantelli S_n n → 0 a.s. êáèþò ôï n ôåSSíåé Ÿï Üðåéñï. Ïìùò S_n n ≡ v[x : n] nh_n − p[x : n] h_n . Ëüãï ôçò ŽíÝœåéáò ôçò ŽíÜñôçŁò ðõêíüôçôáò f, lim_{n→∞} ∫ [x:n] f(t)dt h_n = f(x). Áñá v[x : n] nh_n → f(x) a.s. êáèþò ôï n → ∞, êáé Ýœïõìå ïëïêëçñþĞé ôçí áðüäåéîç ôïõ ËÞììáôïò.2

• ÓçìåSSùŁ3.1.1 : Áí ç ôõœáSSá ìåôáâëçôÞ X áêïëïõèåSS ìéá B(n, p), ôüôå E(X − EX)^4 ≤ 3pn^2. Áðüäåéîç: ÅSSíáé åýêïëï íá äïýìå üôé E (X(X − 1)(X − 2)...(X − k)) = n(n − 1)(n − 2)...(n − k)p^{k+1} (3.7) Áí áíáðôýîïõìå ôç ĲÝŁE(X − EX)^4, èá Ýœïõìå

E(X − EX)^4 = EX^4 − 4EX^3EX + 6EX^2(EX)^2 − 4EX(EX)^3 + (EX)^4 (3.8)

24 ÌáíùëSSá É. ÊïêïëïãéáííÜêç Áðü ôç ĲÝŁ(3.7) ìðïñïýìå åýêïëá íá õðïëïãSSŤõìå ôéò EX^4, EX^3, EX^2. ÐñÜãìáôé, EX^2 = np(1 − p + np), EX^3 = n(n − 1)(n − 2)p^3 + 3EX^2 − 2np êáé EX^4 = (n − 1)(n − 2)(n − 3)p^4 + 6EX^3 − 11EX^2 + 6EX = n^4p^4 − 6n^3p^4 + 11n^2p^4 − 6np^4 + 6n^3p^3 − 18n^2p^3 + 12np^3 + np − 7np^2 + 7n^2p^2.

Áí áíôéêáôáŸÞŤõìå Ÿç ĲÝŁ(3.8) ôéò ðáñáðÜíù ìÝĞò ôéìÝò, èá Ýœïõìå ìåôÜ áðü ðñÜîåéò üôé E(X − EX)^4 = n^2(3p^4 − 6p^3 + 3p^2) + n(−6p^4 + 12p^3 − 7p^2 + p).

Áñá èÝëïõìå n^2(3p^4 − 6p^3 + 3p^2) + n(−6p^4 + 12p^3 − 7p^2 + p) − 3pn^2 ≤ 0.

Áí ôç ĲÝŁáõôÞ ôç äéáéñÝŤõìå ìå n^2 èá Ýœïõìå ôï æçôïýìåíï áðïôÝëåŘá ãéá ìåãÜëá n, ìéá ðïõ ï üñïò 3p^4 − 6p^3 + 3p^2 − 3p ìðïñåSS íá ãSSíåé áñíçôéêüò, ãéá ðáñÜäåéãìá üôáí p = 0.8. 2 Óôç ŽíÝœåéá èá ŽìâïëSSæïõìå ôç ŸáèåñÞ spline DMPLE ðïõ áíôéŸïéœåSS Ÿç ëýŁôïõ ðáñáðÜíù ðñïâëÞìáôïò ìå p_{hn} (x), ãéá ìéá ŽãêåêñéìÝíç ôéìÞ ôïõ h_n.

• Èåþñçìá 3.1.1 : ÊÜôù áðü ôéò õðïèÝĞéò ôïõ ËÞììáôïò 3.1.1 êáé ìå ôçí åðéðëÝïí õðüèåŁ üôé ç f åSSíáé ãíÞŊá èåôéêÞ Ÿï (a, b), èá Ýœïõìå: lim_{n→∞} p_{hn} (x) = f(x) a.s.. Áðüäåéîç: Áöïý ôï m = [cn^q] , c > 0, 0 < q <^1_3 , ãéá ôï h_n èá Ýœïõìå üôé h_n = O(n^{−q}). Ìå âÜŁôçí èåùñSSá ôùí ðïëëáðëáŊáŸþí Lagrange õðÜñœïõí λ, μ_0, ..., μ_{m−1} ôÝôïéá þŸå: ∂L(p_{hn} ) ∂p_i + λ ∂ ∂p_i [m_{−1} ∑ i=0 p_i − 1 h_n ] + μ_i = 0,

ìå λ (∑ m−1 i=0 p_i −^1_{hn} ) = 0 êáé μ_ip_i = 0. Áñá, ãéá i = 0, ..., m − 1

μ_i + v_i p_i + 2α h_n (p_{i−1} − 2p_i + p_{i+1}) + λ = 0, (3.9) üðïõ v_i åSSíáé ï áñéèìüò ôùí äåéãìÜôùí Ÿï äéÜŸçìá [t_i, t_{i+1}). ÐïëëáðëáŊÜæïíôáò ìå p_i êáé áèñïSSæïíôáò ðÜíù Ğüëá ôá i, èá Ýœïõìå: m−1∑ i=0 v_i + 2α h_n m−1∑ i=0 p_i(p_{i−1} − 2p_i + p_{i+1}) + λ m−1∑ i=0 p_i = 0,

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 25

ìéá ðïõ μ_ip_i = 0 êáé Üñá ôåëéêÜ n + 2α h_n m−1∑ i=0 p_i(p_{i−1} − 2p_i + p_{i+1}) + λ h n = 0. (3.10)

Ïðüôå ï ðïëëáðëáŊáŸÞò Lagrange λ èá éŤýôáé ìå λ = −nh_n − 2α m−1∑ i=0 p_i(p_{i−1} − 2p_i + p_{i+1}).

Áí äéáéñÝŤõìå ôçí (3.9) ìå n êáé áíôéêáôáŸÞŤõìå ìå ôçí ôéìÞ ðïõ âñÞêáìå ãéá ôï λ, èá Ýœïõìå: μ_i n + v_i p_in + 2α nh_n (p_{i−1} − 2p_i + p_{i+1}) − h_n − 2α n m−1∑ i=0 p_i(p_{i−1} − 2p_i + p_{i+1}) = 0. (3.11)

Áðü ôïõò ðåñéïñéŘïýò ôïõ ðñïâëÞìáôïò, ðñÝðåé h_n ∑m_{−1} i=0 p_i = 1 êáé p_i ≥ 0, Üñá p_i ≤^1_{hn} ïðüôå:

p_{i−1} − 2p_i + p_{i+1} = O( 1 h n ) (3.12) êáé_{m−1} ∑ i=0 p_i(p_{i−1} − 2p_i + p_{i+1}) = O( 1 h^3_n

), (3.13)

ìéá ðïõ m =^{b−a}_{hn} . Áí äéáéñÝŤõìå ôçí (3.11) ìå h_n êáé œñçŊìïðïéÞŤõìå ôéò ĲÝĞéò (3.12) êáé (3.13) èá Ýœïõìå μ_i nh_n + v_i p_inh_n − 1 + O( 1 nh^4_n ) = 0. (3.14) Ç ŽíÜñôçŁf åSSíáé ãíÞŊá èåôéêÞ, Üñá áðü ôï ËÞììá 3.1.1 èá õðÜñœåé n_0 ôÝôïéï þŸå v_i > 0, ∀n ≥ n_0. Áõôü ŁìáSSíåé üôé ôï áíôSSŸïéœï p_i, èá åSSíáé ãíÞŊá èåôéêü, ìéá ðïõ áí áõôü ôï p_i Þôáí SSŤìå ôï ìçäÝí ç log ðéèáíïöÜíåéá èá ãéíüôáí ìåSSïí Üðåéñï êáé Üñá äåí èá Þôáí ŁìåSSï ìåãSSŸïõ. Áñá p_i > 0, ôüôå üìùò μ_i = 0 êáé Üñá v_i p_inh_n − 1 + O( 1 nh^4_n ) = 0

ãéá êÜèå n ≥ n_0. ÐïëëáðëáŊÜæïíôáò ôçí ðáñáðÜíù ĲÝŁìå p_i, áöïý p_i > 0, êáôáëÞãïõìå Ÿçí áêüëïõèç ĲÝŁ v_i nh_n − p_i = O( 1 nh^5_n ) ãéá êÜèå n ≥ n_0, ìéá ðïõ p_i = O(^1_{hn} )

Óôçí ðáñáðÜíù ĲÝŁâÜæïíôáò üðïõ v_i ôï v[x : n] êáé üðïõ p_i ôï p_{hn} (x), èá Ýœïõìå üôé lim_{n→∞} p_{hn} (x) = f(x) a.s, ìéá ðïõ áðü ôï ËÞììá 3.1.1 v[x : n] nh_n → f(x) a.s. êáé nh^5_n → ∞, êáèþò ôï n ôåSSíåé Ÿï Üðåéñï êáé Ýœïõìå ïëïêëçñþĞé ôçí áðüäåéîç ãéá ôçí ŽíÝðåéá ôùí DMPLE.2

Óôçí åðüìåíç ðáñÜãñáöï, Ÿüœïò ìáò åSSíáé íá ðáñïõŊÜŤõìå ïñéŘÝíá áñéèìçôéêÜ áðïôåëÝ- Řáôá ĲåôéêÜ ìå ôïí õðïëïãéŘü ôçò ãñáììéêÞò spline DMPLE, üðïõ Ýœïõìå œñçŊìïðïéÞĞé Ćí üñï ðïéíÞò ôç äéáêñéôÞ äåýôåñç ðáñÜãùãï.

26 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

3.2 ÁñéèìçôéêÜ áðïôåëÝŘáôá

Óå áõôÞ ôçí ðáñÜãñáöï èá ðáñïõŊÜŤõìå ìéá ĞéñÜ áðü áñéèìçôéêÜ áðïôåëÝŘáôá, ôá ïðïSSá ĲåôSSæïíôáé ìå ôïí õðïëïãéŘü ôçò äåýôåñçò DMPLE ç ïðïSSá ðñïêýðôåé áðü ôç ìåãéŸïðïSSçŁôïõ ðïéíéêïðïéçìÝíïõ ŽíáñôçŤåéäïýò ôïõ ëïãáñSSèìïõ ôçò ðéèáíïöÜíåéá, œñçŊìïðïéþíôáò ôç äéáêñéôÞ äåýôåñç ðáñÜãùãï ãéá üñï ðïéíÞò. ÄåäïìÝíïõ ôïõ ôõœáSSïõ äåSSãìáôïò X_1, X_2, ...X_n, ìå ŽíÜñôçŁ ðõêíüôçôáò f, Ÿï äéÜŸçìá (a, b) , ìéáò èåôéêÞò ðïŞôçôáò α êáé åíüò èåôéêïý áêåñáSSïõ m, ïñSSæïõìå: h = b − a m , t_i = a + ih, i = 0, 1, ..., m êáé s(t_0) = 0, s(t_m) = 0.

Ôüôå üðùò åSSäáìå êáé ðáñáðÜíù ç ãñáììéêÞ spline DMPLE åSSíáé ç ëýŁôïõ áêüëïõèïõ (m-1)- äéÜŸáôïõ ðñïâëÞìáôïò âåëôéŸïðïSSçŁò

max L(s_1, ..., s_{m−1}) = max { n ∑ i=1 log s(X_i) − α h^3 m−1∑ i=1 {s_{i+1} − 2s_i + s_{i−1}}^2 } (3.15)

õðü ôïõò ðåñéïñéŘïýò: h m−1∑ i=1 s_i = 1, s_i ≥ 0 ∀i = 1, ..., m − 1. Óôçí âéâëéïèÞêç ôçò IMSL [13], õðÜñœåé ìéá ñïõôSSíá ç ïðïSSá ëýíåé ôï ðáñáðÜíù ðñüâëçìá âåëôéŸïðïSSçŁò. Ôá áñéèìçôéêÜ ìáò áðïôåëÝŘáôá áíáöÝñïíôáé Ÿçí ÊáíïíéêÞ, ôç ÃÜììá êáé ôç äSSêïñöç êáíïíéêÞ êáôáíïìÞ êáé ãéá íá ðáñÜãïõìå ôõœáSSïõò áñéèìïýò, œñçŊìïðïéïýìå ñïõôSSíåò áðü ôï âéâëSSï Numerical recipes in fortran , [17]. Óôï ðáñÜñôçìá , ðáñáèÝôïõìå ôïí êþäéêá ôïõ ðñïãñÜììáôïò ðïõ õðïëïãSSæåé ôçí åêôéìÞôñéá ôçò ÜãíùŸçò ŽíÜñôçŁò ðõêíüôçôáò f, ìå ôç ìÝèïäï ôçò ìåãéŸïðïSSçŁò ôïõ ðïéíéêïðïéçìÝíïõ ŽíáñôçŤåéäïýò ôïõ ëïãáñSSèìïõ ôçò ðéèáíïöÜíåéáò, Ÿçí ðåñSSðôùŁðïõ Ćí üñï ðïéíÞò èåùñÞŤõìå ôç äéáêñéôÞ äåýôåñç ðáñÜãùãï

Óôá ĲÞìáôá 3.1 Ýùò 3.3 ðáñïõŊÜæïõìå ôá áðïôåëÝŘáôá ðïõ áöïñïýí ôçí ôõðéêÞ êáíïíéêÞ êáôáíïìç N(0, 1), ãéá 100,200 êáé 300 ðáñáôçñÞĞéò ìå ôçí ôéìÞ ôçò ðáñáìÝôñïõ α íá åSSíáé 3,3 êáé 7 áíôSSŸïéœá. Ôá áðïôåëÝŘáôá ãéá ôçí êáôáíïìÞ ãÜììá `(2, 1) ôá ðáñïõŊÜæïõìå Ÿá ĲÞìáôá 3.4 Ýùò 3.6 üðïõ Ýœïõìå ðÜñåé 100,200 êáé 300 ðáñáôçñÞĞéò åíþ ç ôéìÞ ôçò ðáñáìÝôñïõ α, åSSíáé 7,7 êáé 13 áíôSSŸïéœá. Óôá ĲÞìáôá 3.7 Ýùò 3.9 ðáñïõŊÜæïõìå ôá áðïôåëÝŘáôá ĲåôéêÜ ìå ôç äSSêïñöç êáíïíéêÞ êáôáíïìÞ^1_2 N(0, 1) +^1_2 N(3, 1/4) ãéá 100,200 êáé 300 ðáñáôçñÞĞéò. Ïé ôéìÝò ôçò ðáñáìÝôñïõ α, Ÿçí ðåñSSðôùŁáõôÞ åSSíáé 6,15 êáé 7 áíôïSSŸïéœá.

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 27 ÓœÞìá 3.1. Ç äéáêåêïììÝíç ãñáììÞ ðáñéŸÜíåé ìéá ôõðéêÞ ÊáíïíéêÞ êáôáíïìÞ, N(0,1) ãéá 100 ŁìåSSá . Ç ŽíåœÞò ãñáììÞ ðáñéŸÜíåé ôçí DMPLE ìå α = 3.

ÓœÞìá 3.2. Ç äéáêåêïììÝíç ãñáììÞ ðáñéŸÜíåé ìéá ôõðéêÞ ÊáíïíéêÞ êáôáíïìÞ, N(0,1) ãéá 200 ŁìåSSá . Ç ŽíåœÞò ãñáììÞ ðáñéŸÜíåé ôçí DMPLE ìå α = 3.

28 ÌáíùëSSá É. ÊïêïëïãéáííÜêç ÓœÞìá 3.3. Ç äéáêåêïììÝíç ãñáììÞ ðáñéŸÜíåé ìéá ôõðéêÞ ÊáíïíéêÞ êáôáíïìÞ, N(0,1) ãéá 300 ŁìåSSá . Ç ŽíåœÞò ãñáììÞ ðáñéŸÜíåé ôçí DMPLE ìå α = 5.

ÓœÞìá 3.4. Ç äéáêåêïììÝíç ãñáììÞ ðáñéŸÜíåé ìéá ôõðéêÞ `(2, 1) ãéá 100 ŁìåSSá . Ç ŽíåœÞò ãñáììÞ ðáñéŸÜíåé ôçí DMPLE ìå α = 7.

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 29 ÓœÞìá 3.5. Ç äéáêåêïììÝíç ãñáììÞ ðáñéŸÜíåé ìéá ÃÜììá êáôáíïìÞ, `(2, 1) ãéá 200 ŁìåSSá . Ç ŽíåœÞò ãñáììÞ ðáñéŸÜíåé ôçí DMPLE ìå α = 7.

ÓœÞìá 3.6. Ç äéáêåêïììÝíç ãñáììÞ ðáñéŸÜíåé ìéá ÃÜììá êáôáíïìÞ, `(2, 1) ãéá 300 ŁìåSSá . Ç ŽíåœÞò ãñáììÞ ðáñéŸÜíåé ôçí DMPLE ìå α = 13.

30 ÌáíùëSSá É. ÊïêïëïãéáííÜêç ÓœÞìá 3.7. Ç äéáêåêïìÝíç ãñáììÞ ðáñéŸÜíåé ôçí äSSêïñöç êáíïíéêÞ êáôáíïìÞ^1_2 N(0, 1) + 1 2 N(3, 1/4) ãéá 100 ŁìåSSá . Ç ŽíåœÞò ãñáììÞ ðáñéŸÜíåé ôçí DMPLE ìå α = 6.

ÓœÞìá 3.8. Ç äéáêåêïìÝíç ãñáììÞ ðáñéŸÜíåé ôçí äSSêïñöç êáíïíéêÞ êáôáíïìÞ^1_2 N(0, 1) + 1 2 N(3, 1/4) ãéá 200 ŁìåSSá . Ç ŽíåœÞò ãñáììÞ ðáñéŸÜíåé ôçí DMPLE ìå α = 15.

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 31 ÓœÞìá 3.9. Ç äéáêåêïìÝíç ãñáììÞ ðáñéŸÜíåé ôçí äSSêïñöç êáíïíéêÞ êáôáíïìÞ^1_2 N(0, 1) + 1 2 N(3, 1/4) ãéá 300 ŁìåSSá . Ç ŽíåœÞò ãñáììÞ ðáñéŸÜíåé ôçí DMPLE ìå α = 7.

32 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

ÊåöÜëáéï 4

L_2 ŽíÝðåéá ôçò ñSSæáò ôçò ðõêíüôçôáò

ÅŸù X_1, X_2, ..., X_n áíåîÜñôçôåò êáé éŞíïìåò ôõœáSSåò ìåôáâëçôÝò ìå ŽíÜñôçŁêáôáíïìÞò F êáé ŽíÜñôçŁðõêíüôçôáò f, v = f^{1/2}, ðïõ éêáíïðïéåSS ôéò áêüëïõèåò õðïèÝĞéò: Á1. v ∈ H^1(−∞, +∞), Á2. E_f |X|^τ < +∞ , ãéá τ > 1.

ÓõìâïëSSæïõìå ìå v_n, ôçí MPLE ôçò ñSSæáò ôçò ŽíÜñôçŁò ðõêíüôçôáò êáé ìå f_n = v^2_n, ôçí ðñþôç MPLE ôùí Good êáé Gaskins. Ôï 1982 ï ÊëùíéÜò [7] Ýäåéîå ŽíÝðåéá ôçò f_n ùò ðñüò ôç ìåôñéêÞ Hellinger êáé ùò ðñüò ôéò íüñìåò L_1, L_2, sup_R êáé Sobolev. ÅìåSSò åäþ èá ðåñéïñéŸïýìå Ÿçí áðüäåéîç ôçò ŽíÝðåéáò ôçò f_n ùò ðñüò ôçí áðüŸáŁHellinger, ç ïðïSSá áðïôåëåSS ôï êëåéäSS ãéá ôçí áðüäåéîç ôùí Üëëùí ìïñöþí ŹãêëéŁò. ÁñœéêÜ èá áíáöÝñïõìå ôï ËÞììá 5.1, áðü ôï âéâëSSï ôïõ Billingsley [12], ôï ïðïSSï èá œñåéáŸïýìå Ÿçí áðüäåéîç ôïõ ÈåùñÞìáôïò 5.1 ðïõ äSSíåé ôçí ôáœýôçôá ŹãêëéŁò ôçò ïìïéüìïñöçò åìðåéñéêÞò ŽíÜñôçŁò êáôáíïìÞò ùò ðñüò ìéá ŽãêåêñéìÝíç ìåôñéêÞ. Ôï èåþñçìá áõôü, áðü ôï Üñèñï ôïõ ÊëùíéÜ [7], åSSíáé œñÞŊìï ãéá ôçí áðüäåéîç ôçò L_2 ŽíÝðåéáò ôçò v_n.

• ËÞììá 4.1 : ÅŸù Z_1, ...Z_n áíåîÜñôçôá êáé éŞíïìá ŸïéœåSSá åíüò ìåôñéêïý œþñïõ, ìå ‖X‖ ŽìâïëSSæïõìå ôç áðüŸáŁôïõ Œ áðü ôï ìçäåíéêü ŸïéœåSSï ôïõ œþñïõ. Èåùñïýìå S_n ≡ Z_1+...+Z_n. Ãéá üëá ôá λ > c êáé ôïõò èåôéêïýò áêÝñáéïõò n ≥ m ãéá ôïõò ïðïSSïõò: 0 < δ_{mn} ≡ min_{m≤i≤n} P (‖S_n − S_i‖ < c), Ýœïõìå: P ( max m≤i≤n ‖S_i‖ ≥ λ) ≤ P (‖S_n‖ ≥ λ − c)/δ_{mn}.

ÏñSSæïõìå ôç ìåôñéêÞ: ‖ ‖ ‖ ‖ f − g q ‖ ‖ ‖ ‖ ≡ sup_{t∈(0,1)} |f(t) − g(t)| q(t) , ìå q(t) ≡ {t(1 − t)}^p, p ∈ (1/2, 1).

34 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

Ç (4.1) ðïõ áêïëïõèåSS ãéá s = 0, Ýðåôáé áðü ôï Èåþñçìá 4 ôïõ Wellner [14]. • Èåþñçìá 4.1 : ÅŸù ξ_1, ...ξ_n áíåîÜñôçôåò êáé éŞíïìåò ôõœáSSåò ìåôáâëçôÝò U(0, 1). Ôüôå ãéá s êáé p ôÝôïéá þŸå s > 0, 1/2 < p < 1 êáé s + p < 1, Ýœïõìå: lim_{n→∞} n^s ‖ ‖ ‖ `_n − I {I(1 − I)}^p ‖ ‖ ‖ = 0, a.s. (4.1) üðïõ `_n åSSíáé ç åìðåéñéêÞ ŽíÜñôçŁêáôáíïìÞò ôùí ξ_1, ...ξ_n êáé I ç ôáõôïôéêÞ ŽíÜñôçŁ.

Áðüäåéîç : ÅŸù A_n ≡ {n^s sup_{0<t≤ϑ} |`_n(t) − t| /t^p ≥ ε} ãéá äïŘÝíá 0 < ϑ < 1 êáé ε > 0. ÏñSSæïõìå

Y_i ≡ h_ϑ(ξ_i) − ∫ ξ_i 0 (1 − t)^{−1}h_ϑ(t)dt ìå h_ϑ(t) = t^{−p}1(t ∈ [0, ϑ]). Ôüôå ïé Y_i åSSíáé áíåîÜñôçôåò êáé éŞíïìåò ôõœáSSåò ìåôáâëçôÝò ìå ìÝŁ ôéìÞ ìçäÝí êáé E |Y_1|^τ < +∞ ãéá êÜèå τ < 1/p. XñçŊìïðïéþíôáò ôçí ôåëåõôáSSá áíéŞôçôá áðü ôç ĞëSSäá 484 ôïõ Wellner [14] (ç áíéŞôçôá áõôÞ ïöåSSëåôáé Ÿïõò Bahr êáé Esseen [16]), ãéá c = εn^{−s} êáé γ = τ, ðáSSñíïõìå üôé P (A_n) ≤ 2^{τ +1}ε^{−τ} E |Y_1|^τ n^{−(τ −sτ −1)} (4.2)

ãéá êÜèå τ ôÝôïéï þŸå 1 < τ < 1/p < 2. Áí s < 1 − τ^{−1}, ôüôå ∞∑ n=1 P (A_{[n}η_]) < +∞, (4.3)

áí η(τ − sτ − 1) > 1. Óôç ŽíÝœåéá äåœüìáŸå üôé η > (τ − sτ − 1)^{−1} êáé áêüìá üôé η ≥ 1. ÅŸù k ôÝôïéï þŸå: n^η < k ≤ (n + 1)^η. ÏñSSæïõìå S_k ≡ k∑ i=1 Q_i üðïõ Q_i(t) ≡ 1(ξ_i ∈ [0, t]) − t êáé ‖ ‖ ‖ ‖ z q ‖ ‖ ‖ ‖ ϑ 0 ≡ sup_{0<t≤ϑ} |z(t)| /q(t). ìå q(t) = t^p. Ôüôå max n^η <k≤(n+1)^η ‖ ‖ ‖ ‖ `_k − I q ‖ ‖ ‖ ‖ ϑ 0 = max_k { sup_{0<t≤θ} |`_k(t) − I(t)| q(t) }

= max_k sup_{0<t≤θ} | | |^1k ∑k i=1 1(ξ_i ≤ t) − t | | | q(t) = max_k sup_{0<t≤θ} | | | ∑k i=1[1(ξ_i ≤ t) − kt] | | | kq(t) (4.4)

= max_k { sup_{0<t≤θ} |S^k| kq(t) } = max_k {‖ ‖ ‖ ‖ S_k q ‖ ‖ ‖ ‖ ϑ 0 1 k }

< max_k { 1 n^η ‖ ‖ ‖ ‖ S_k q ‖ ‖ ‖ ‖ ϑ 0 } .

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 35

Áñá áðü ôï ËÞììá 4.1, P ( max_k n^s ‖ ‖ ‖ ‖ `_k − I q ‖ ‖ ‖ ‖ ϑ 0 > 2λ ) ≤ P ( max_k n^sn^{−η} ‖ ‖ ‖ ‖ S_k q ‖ ‖ ‖ ‖ ϑ 0 > 2λ )

= P ( max_k ‖ ‖ ‖ ‖ S_k q ‖ ‖ ‖ ‖ ϑ 0 ≥ 2λn^{η−s} )

≤ P (‖ ‖ ‖ ‖ S_{[(n+1)}η_] q ‖ ‖ ‖ ‖ ϑ 0 ≥ 2λn^{η−s} − λn^{η−s} ) /c_{λ,n} = P (‖ ‖ ‖ ‖ S_{[(n+1)}η_] q ‖ ‖ ‖ ‖ ϑ 0 ≥ λn^{η−s} ) /c_{λ,n}, (4.5) ìå c_{λ,n} = min_k P (‖ ‖ ‖(S_{[(n+1)}η_] − S_k)/q ‖ ‖ ‖ ϑ 0 < λn^{η−s} ) . Ïìùò ‖ ‖ ‖ ‖ S_k q ‖ ‖ ‖ ‖ ϑ 0 = k ‖ ‖ ‖ ‖ `_k − I q ‖ ‖ ‖ ‖ ϑ 0 ⇒ ‖ ‖ ‖ ‖ S_{[(n+1)}η_] q ‖ ‖ ‖ ‖ ϑ 0 = [(n + 1)^η] ‖ ‖ ‖ ‖ `_{[(n+1)}η_] − I q ‖ ‖ ‖ ‖ ϑ 0 . Áñá ç ĲÝŁ(4.5) ãSSíåôáé P ( max_k n^s ‖ ‖ ‖ ‖ `_k − I q ‖ ‖ ‖ ‖ ϑ 0 > 2λ ) ≤ P ( [(n + 1)^η] ‖ ‖ ‖ ‖ `_{[(n+1)}η_] − I q ‖ ‖ ‖ ‖ ϑ 0 ≥ λn^{η−s} ) /c_{λ,n} ≤ P ( [(n + 1)^η]^s ‖ ‖ ‖ ‖ `_{[(n+1)}η_] − I q ‖ ‖ ‖ ‖ ϑ 0 ≥ λ2^{−η(1−s)} ) /c_{λ,n} = P ( A_{[(n+1)}η_] ) /c_{λ,n} (4.6) áñêåSS ãéá ôçí ôåëåõôáSSá éŞôçôá íá ðÜñïõìå ãéá λ = 2^{η(1−s)}ε êáé ãéá ôçí ôåëåõôáSSá áíéŞôçôá íá

ðáñáôçñÞŤõìå üôé λn^{η−s} [(n + 1)^η]^{1−s} ≥ λn^{s(η−1)} (1 +^1_n )^{η(1−s)} ≥ λ2^{−η(1−s)}, áöïý n ≥ 1 êáé Üñá^1_n + 1 ≤ 2 ⇒ (1 +^1_n )^{η(1−s)} ≤ 2^{η(1−s)}. ÁèñïSSæïíôáò ðÜíù Ğüëá ôá n ôç

ĲÝŁ(4.6) ðáSSñíïõìå ∑ n P ( max n^η<k≤(n+1)^η n^s ‖ ‖ ‖ ‖ `_k − I q ‖ ‖ ‖ ‖ ϑ 0 ≥ 2λ ) ≤ ∑ n P (A_{[(n+1)}η_])/c_{λ,n}. (4.7)

ÈÝëïõìå ôþñá íá âñïýìå, ãéá ðïéÜ ôéìÞ ôïõ η, ôï c_{λ,n} åSSíáé öñáãìÝíï ìáêñéÜ áðü ôï ìçäÝí, þŸå

ìÝ§ôçò ĲÝŁò (4.3) íá Ýœïõìå ôåëéêÜ üôé ç ĞéñÜ ∑ n P (A_{[(n+1)}η_])/c_{λ,n}

ŽãêëSSíåé. Åœïõìå ëïéðüí

1 − c_{λ,n} = 1 − min_k P (‖ ‖ ‖ ‖ S_{[(n+1)}η_] − S_k q ‖ ‖ ‖ ‖ ϑ 0 < λn^{η−s} )

= max_k P (‖ ‖ ‖ ‖ S_{[(n+1)}η_] − S_k q ‖ ‖ ‖ ‖ ϑ 0 ≥ λn^{η−s} ) . (4.8)

36 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

Ïìùò S_{[(n+1)}η_](t) − S_k(t) åSSíáé éŞíïìï ìå ôï [(n+1)η]−k ∑ i=1 1(ξ_i ≤ t) − t{[(n + 1)^η] − k} = {[(n + 1)^η] − k}{`_{[(n+1)}η_{]−k}(t) − t}. Áñá 1 − c_{λ,n} = max_k P ‖ ‖ ‖ ‖ {[(n + 1)^η] − k}{`_{[(n+1)}η_{]−k} − I} q ‖ ‖ ‖ ‖ ϑ

0 ≥ λn^{η−s} = max_k P (‖ ‖ ‖ ‖ `_{[(n+1)}η_{]−k} − I q ‖ ‖ ‖ ‖ ϑ 0 ≥ λn^{η−s} [(n + 1)^η] − k )

= max_k P (‖ ‖ ‖ ‖ `_{[(n+1)}η_{]−k} − I q ‖ ‖ ‖ ‖ ϑ 0 ≥ 2^{η(1−s)}εn^{η−s} [(n + 1)^η] − k ) , (4.9)

üðïõ P (‖ ‖ ‖ ‖ `_{[(n+1)}η_{]−k} − I q ‖ ‖ ‖ ‖ ϑ 0 ≥ 2^{η(1−s)}εn^{η−s} [(n + 1)^η] − k )

= P ( {[(n + 1)^η] − k}^s sup_{0<t≤ϑ} | | | | | `_{[(n+1)}η_{]−k}(t) − t t^p | | | | | ≥ 2^{η(1−s)}εn^{η−s} {[(n + 1)^η] − k}^{1−s} )

= P (A_{[(n+1)}η_{]−k}), (4.10)

üðïõ ôþñá Ćí ε Ÿïí ïñéŘü ôïõ A_n Ýœïõìå ðÜñåé ôï^{2η(1}�^{s)εnη}�^s_{{[(1+n)η]−k}1}�_s . Óõíåðþò ç ĲÝŁ(4.9) ìÝ§ ôùí ĲÝĞùí (4.10) êáé (4.2) ãSSíåôáé:

1 − c_{λ,n} = max_k P (A_{[(n+1)}η_{]−k})

≤ max_k 2^{τ +1}( 2^{η(1−s)}εn^{η−s} {[(n + 1)^η] − k}^{1−s} )^{−τ} E |Y_1|^τ {[(n + 1)^η] − k}^{−(τ −1−sτ )} = max_k 2^{τ +1−ητ (1−s)}ε^{−τ} n^{−τ (η−s)}E |Y_1|^τ {[(n + 1)^η] − k}

= 2^{τ +1−ητ (1−s)}ε^{−τ} n^{−τ (η−s)}E |Y_1|^τ {[(n + 1)^η] − [n^η] − 1} < 2^{τ +1−ητ (1−s)}ε^{−τ} E |Y_1|^τ {(n + 1)^η − n^η}/n^{τ (η−s)} < 2^{τ +1−ητ (1−s)}ε^{−τ} E |Y_1|^τ η(n + 1)^{η−1}/n^{τ (η−s)}. (4.11)

Áðü ôç ĲÝŁ(4.11) âëÝðïõìå üôé, ãéá íá åSSíáé ôï c_{λ,n} öñáãìÝíï ìáêñéÜ áðü ôï ìçäÝí èá ðñÝðåé ï ôåëåõôáSSïò üñïò Ÿçí ðáñáðÜíù ĲÝŁíá åSSíáé öñáãìÝíïò áðü Ýíá áñéèìü ãíÞŊá ìéêñüôåñïò ôçò ìïíÜäáò ãéá ìåãÜëá n, Üñá èá ðñÝðåé τ(η − s) > η − 1 Þ éŤäýíáìá η > sτ − 1 τ − 1 . Áõôü üìùò éĲýåé ìéá ðïõ η ≥ 1 >^{sτ −1}_{τ −1} . ÐñÜãìáôé åî’ õðïèÝĞùò s < 1, Žíåðþò sτ < τ ⇒ sτ − 1 < τ − 1 ⇒^{sτ −1}_{τ −1} < 1. Áñá, ãéá η > max{1,^1_{τ −1−sτ} } Ýœïõìå üôé ∑ n P (A_{[(n+1)}η_])/c_{λ,n} < +∞

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 37

êáé Üñá áðü ôçí ĲÝŁ(4.7) ∑ n P ( max_k n^s ‖ ‖ ‖ ‖ `_k − I q ‖ ‖ ‖ ‖ ϑ 0 ≥ 2λ ) < +∞. Óõíåðþò Üðï ôï ËÞììá Borel Cantelli [12], n^s sup_{0<t≤ϑ} |`_n(t) − t| t^p → 0, a.s (4.12) êáèþò n → +∞. Ïìùò n^s sup_{0<t<ϑ} |`_n(t) − t| t^p(1 − t)^p ≤ n^s sup_{0<t<ϑ} |`_n(t) − t| t^p + n^s sup_{0<t<ϑ} |`^n(t) − t| (1 − t)^p . Óôçí ðáñáðÜíù ĲÝŁêáé ïé äýï ôåëåõôáSSïé üñïé ôåSSíïõí Ÿï ìçäÝí Ĳåäüí âåâáSSùò êáèþò ôï n → +∞. ÐñÜãìáôé ãéá ôïí ðñþôï üñï ìüëéò ôï áðïäåSSîáìå êáé ôï üñéï ãéá ôïí äåýôåñï üñï äSSíåôáé áðü ôï Èåþñçìá Â Ÿçí ĞëSSäá 62 ôïõ Ser‚ing [15] (ãéá ôï ïñéŘü ôïõ D_n âëÝðå ĞëSSäá 59 ôïõ éäSSïõ), ìéá ðïõ (1 − t)^{−1} < (1 − ϑ)^{−1}. Ãéá ôï äéÜŸçìá [ϑ, 1] èá Ýœïõìå êáé ðÜëé üôé n^s sup_{ϑ<t<1} |`_n(t) − t| t^p(1 − t)^p ≤ n^s sup_{ϑ<t<1} |`_n(t) − t| t^p + n^s sup_{ϑ<t<1} |`_n(t) − t| (1 − t)^p

üðïõ Ÿçí ðåñSSðôùŁáõôÞ, ôï üñéï ôïõ ðñþôïõ üñïõ äSSíåôáé êáé ðÜëé áðü ôïí Ser‚ing [15] ìéá ðïõ t^{−1} < ϑ^{−1}, åíþ ôï üñéï ôïõ äåýôåñïõ ðñïêýðôåé áðü ôç ĲÝŁ(4.12). 2

Ãéá íá äåSSîïõìå ôçí L_2 ŽíÝðåéá ôçò ñSSæáò ôçò ŽíÜñôçŁò ðõêíüôçôáò åSSíáé áðáñáSSôçôï íá áöÞŤõìå ôçí ðáñÜìåôñï α ôïõ üñïõ ðïéíÞò íá åîáñôÜôáé áðü ôï ìÝãåèïò ôïõ äåSSãìáôïò, äçëáäÞ α = α_n, ìå ôÝôïéï ôñüðï þŸå: α_n → +∞ êáé^{αn}_n → 0, êÜèùò ôï n → +∞. ÅðéëÝãïõìå ëïéðüí α_n = c_nn^t, t ∈ (0, 1) êáé c_n > 0 ôÝôïéï þŸå c_n → c > 0 êÜèùò ôï n → +∞. ÃñÜöïõìå ìå λ_n ôïí ðïëëáðëáŊáŸÞ Lagrange ðïõ áíôéŸïéœåSS Ÿïí ðåñéïñéŘü üôé ç L_2 íüñìá ôïõ v åSSíáé SSŁìå ôç ìïíÜäá, ãéá ôïí ïðïSSï éĲýåé üôé λ_n < n. ÐñÜãìáôé, Ÿç ÐñüôáŁ2.1.1 ïñSSĆìå ôç íüñìá

‖u‖^2_λ = 2α ‖ ‖ ‖u 0 ‖ ‖^2 + λ ‖u‖^2

êáé äåSSîáìå Ÿç ĲÝŁ(2.22) üôé ‖u_λ‖^2_λ =^n_2 . Óôçí ÐñüôáŁ2.1.2 åSSäáìå üôé ãéá êáôÜëçëç åðéëïãÞ ôïõ λ, ìðïñïýìå íá Ýœïõìå üôé ‖u‖^2 > 1. Óõíåðþò λ_n < n.

Ôï ðáñáêÜôù ËÞììá äSSíåé Ýíá Üíù öñÜãìá ãéá ôçí áðüŸáŁHellinger ìåôáîý äýï ŽíáñôÞĞùí ðõêíüôçôáò, ôï ïðïSSï œñçŊìïðïéïýìå êõñSSùò Ÿï Èåþñçìá 4.2.

• ËÞììá 4.2 : Áí f êáé g åSSíáé ðõêíüôçôåò, ôüôå ‖ ‖ ‖f^1/^2 − g^1/^2 ‖ ‖ ‖^2 ≤ ∫ f log(f/g). Áðüäåéîç : ÅŸù f êáé g ŽíáñôÞĞéò ðõêíüôçôáò. ÈõìSSæïõìå üôé, 1 −^1_x ≤ log x, ∀x > 0. Áñá ∫ f log ( f g ) = ∫ f log f − ∫ f log g = 2 ∫ f log f^{1/2} − 2 ∫ f log g^{1/2}

38 ÌáíùëSSá É. ÊïêïëïãéáííÜêç = 2 ∫ f log ( f^{1/2} g^{1/2} ) ≥ 2 ∫ f ( 1 − g^{1/2} f^{1/2} )

= 2 ∫ f − 2 ∫ f^{1/2}g^{1/2} = 2 − 2 ∫ f^{1/2}g^{1/2} = ∫ f + ∫ g − 2 ∫ f^{1/2}g^{1/2} = ∫ (f^{1/2} − g^{1/2})^2 = ‖ ‖ ‖f^1/^2 − g^1/^2 ‖ ‖ ‖^2 .2

• ËÞììá 4.3 : ÊÜôù áðü ôçí õðüèåŁÁ1 Ýœïõìå: (α_n/n)( ‖ ‖v^′n ‖ ‖^2 − ‖ ‖v^′ ‖ ‖^2) + 2 ∫ log vd(F_n − F ) ≤ 2 ∫ log v_ndF_n − 2 ∫ log vdF (4.13) ≤ 2 ∫ log v_nd(F_n − F ).

Áðüäåéîç : Óôçí áðüäåéîç èá Ÿçñéœôïýìå Ÿï üôé ôï v_n åSSíáé ç MPLE ôçò ñSSæáò ôçò ŽíÜñôçŁò ðõêíüôçôáò êáé Ÿï ËÞììá 4.2. Åœïõìå ëïéðüí, 2 ∫ log vd(F_n − F ) + 2 ∫ log vdF − (α_n/n) ‖ ‖v^′ ‖ ‖^2 = ( 2 n∑ i=1 log v(X_i) − α_n ‖ ‖v^′ ‖ ‖^2 ) /n

≤ ( 2 n∑ i=1 log v_n(X_i) − α_n ‖ ‖v^′n ‖ ‖^2 ) /n = 2 ∫ log v_ndF + 2 ∫ log v_nd(F_n − F ) − (α_n/n) ‖ ‖v^′n ‖ ‖^2 ≤ 2 ∫ log vdF + 2 ∫ log v_nd(F_n − F ) − (α_n/n) ‖ ‖v^′n ‖ ‖^2 .

Óôçí ôåëåõôáSSá áíéŞôçôá œñçŊìïðïéÞĆìå üôé 2 ∫ log v_ndF ≤ 2 ∫ log vdF, ôï ïðïSSï, ãéá ðáñÜäåéãìá, åSSíáé ÜìåŤáðü ôï ËÞììá 5.2. ÐñÜãìáôé 2 ∫ log vdF − 2 ∫ log v_ndF = ∫ f log ( v v_n )_2 = ∫ f log ( f f_n ) ≥ 0 2 Óôçí áðüäåéîç ãéá ôç ŹãêëéŁôçò ŽíÜñôçŁò ðõêíüôçôáò ùò ðñüò ôçí áðüŸáŁHellinger, èá åìöáíéŸïýí ôá áêüëïõèá äýï ŽíáñôçŤåéäÞ ∫ log vd(F_n − F ) êáé ∫ log v_nd(F_n − F ), ðïõ üðùò èá äïýìå Ÿç ŽíÝœåéá ŽãêëSSíïõí Ÿï ìçäÝí Ĳåäüí âåâáSSùò êáèþò ôï n ôåSSíåé Ÿï Üðåéñï. Ãéá íá ôï äïýìå áõôü èá œñåéáŸïýìå Ýíá öñÜãìá ãéá ôï äåýôåñï ŽíáñôçŤåéäÝò ðïõ äSSíåôáé áðü ôï áêüëïõèï ËÞììá.

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 39

• ËÞììá 4.4 : Áí E_f |X| < +∞, ôüôå | | | | ∫ log v_nd(F_n − F ) | | | | ≤ (λ_n/α_n)^{1/2} ‖(`_n − I)/h‖ ∫ h ∘ F, (4.14) üðïõ h ≥ 0 ìå ∫ h ∘ F < +∞ êáé `_n åSSíáé ç ïìïéüìïñöç åìðåéñéêÞ ŽíÜñôçŁêáôáíïìÞò ôùí F (X_1), ..., F (X_n). Áðüäåéîç : Ðñéí îåêéíÞŤõìå èá Þôáí œñÞŊìï íá áíáöÝñïõìå ôçí ãíùŸÞ ÐñüôáŁáðü ôçí ÈåùñSSá ÐéèáíïôÞôùí, Źìöùíá ìå ôçí ïðïSSá áí ç ôõœáSSá ìåôáâëçôÞ X Ýœåé ŽíÜñôçŁêáôáíïìÞò F ŽíåœÞ, ôüôå ç ôõœáSSá ìåôáâëçôÞ Y .= F (X) áêïëïõèåSS ìéá ïìïéüìïñöç êáôáíïìÞ U(0, 1). Áðü ôç ĲÝŁ(2.21) ôïõ ÊåöáëáSSïõ 2 (ìå ôçí ìüíç äéáöïñÜ üôé áíôSS ãéá 2α âÜæïõìå α) èá Ýœïõìå ãéá x > X_{(n)} ≡ max(X_1, ..., X_n) üôé

log v_n(x) = log {( 1 4λ_nα_n )_1/_2 n∑ i=1 exp{(λ_n/α_n)^{1/2}X_i}

v_n(X_i) } − (λ_n/α_n)^{1/2}x (4.15)

ìå F_n(x) .=^1_n ∑n i=1 1(X_i ≤ x) = 1, åíþ ãéá x < X_{(1)} ≡ (X_1, ..., X_n)

log v_n(x) = log {( 1 4λ_nα_n )_1/_2 n∑ i=1 exp{−(λ_n/α_n)^{1/2}X_i} v_n(X_i) } + (λ_n/α_n)^{1/2}x, (4.16)

ìå F_n(x) .=^1_n ∑n i=1 1(X_i ≤ x) = 0. ÄçëáäÞ ï log v_n(x), åSSíáé ìéá ãñáììéêÞ ŽíÜñôçŁôïõ x, ãéá

x > X_{(n)} êáé ãéá x < X_{(1)}. ÉĲõñSSæïìáé üôé: lim x→±∞[{Fn(x) − F (x)} log vn(x)] = 0. ÐñÜãìáôé, ðáñáôçñïýìå üôé F_n(x) − F (x) = 1 − F (x) ãéá x > Œ_{(n)}. Áñá áñêåSS íá äåSSîïõìå üôé: lim_{x→+∞} (1 − F (x)) log v_n(x) = 0. Áöïý ï log v_n(x) åSSíáé ôçò ìïñöÞò ax + â, áñêåSS íá äïýìå üôé lim x→+∞ (1 − F (x)) (ax + â) = 0.

Ðáñáôçñïýìå üôé lim_{x→+∞} â (1 − F (x)) = 0, ìéá ðïõ lim_{x→+∞} F (x) = 1. Ãéá ôïí Üëëï üñï Ýœïõìå üôé: lim x→+∞ a (1 − F (x)) x = limx→+∞ ax ∫_{+∞} x f(t)dt ≤ lim_{x→+∞} a ∫_{+∞} x tf(t)dt = 0, ìéá ðïõ E_f |X| < +∞. ÁíÜëïãá äïõëåýïõìå Ÿçí ðåñSSðôùŁðïõ x → −∞. Áñá èá Ýœïõìå | | | ∫ log v_nd(F_n − F ) | | | = | | |{Fn(x) − F (x)} log vn(x) |^{+∞}−∞ − ∫ (F_n − F ) v^′_n v_n | | | = | | | |− ∫ (F_n − F ) v^′_n v_n | | | | ≤ ∫ |F_n − F | | | | | v^′_n v_n | | | | . (4.17)

Áðü ôç ĲÝŁ(2.25) ôïõ ÊåöáëáSSïõ 2 Źìöùíá ìå ôçí ïðïSSá

(v^′_n)^2 ≤ λ_n α_n v^2_n,

40 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

ç ĲÝŁ(4.17) èá ãSSíåé | | | | ∫ log v_nd(F_n − F ) | | | | ≤ ( λ_n α_n )^{1/2} ∫ |F_n − F | . (4.18) ÅSSíáé åýêïëï íá äïýìå üôé ∫ |F_n − F | = ∫ |`_n ∘ F − F | h ∘ F h ∘ F, a.s ìéá ðïõ `_n ∘ F (x) = 1 n n∑ i=1 1(F (X_i) ≤ F (x)) êáé F_n(x) = 1 n n∑ i=1 1(X_i ≤ x) = 1_n^{n∑}_{i=1} 1(F (X_i) ≤ F (x)) a.s.

Áñá áðü ôç ĲÝŁ(4.18) Ýœïõìå üôé: | | | ∫ log v_nd(F_n − F ) | | | ≤ ( λ_n α_n )^{1/2} ∫ |`_n(F (t)) − F (t)| h(F (t)) h(F (t))dt = ( λ_n α_n )^{1/2}

∫_1 0 |`_n(x) − x| h(x) h(x)dF^{−1}(x) ≤ ( λ_n α_n )^{1/2} ‖ ‖ ‖ ‖ `_n − I h ‖ ‖ ‖ ‖ ∫_1 0 h(x) f(F^{−1}(x)) dx = ( λ^n α_n )^{1/2} ‖ ‖ ‖ ‖ `_n − I h ‖ ‖ ‖ ‖ ∫_1 0 h(x)dF^{−1}(x)dx = ( λ_n α_n )^{1/2} ‖(`_n − I)/h‖ ∫ h ∘ F.2

• ÐáñáôÞñçŁ4.1 : Óôçí ŽíÝœåéá, œñçŊìïðïéïýìå ãéá ŽíÜñôçŁh ôçí (t(1 − t))^p , ìå

t ∈ (0, 1) êáé p ∈ (1/2, 1) êáé õðïèÝôïõìå üôé: ∫ {F (1 − F )}^p < +∞ Þ ôçí åðáñêÞ ôçò ŽíèÞêç E_f |X|^τ < +∞ ãéá êÜðïéï τ > 1/p > 1, ðïõ åSSíáé ç õðüèåŁÁ2. ÉĲõñéæüìáŸå üôé áí E_f |X|^τ < +∞, ãéá êÜðïéï τ > 1/p, ôüôå ∫ {F (1 − F )}^p < +∞. ÅŸù ëïéðüí üôé E_f |X|^τ < +∞, ãéá êÜðïéï τ > 1/p. Ôüôå: |x|^τ F (x) (1 − F (x)) → 0, üôáí |x| → +∞. ÐñÜãìáôé, ÝŸù üôé x → +∞. Ôüôå |x|^τ (∫ x −∞ f(t)dt ) (∫_{+∞} x f(t)dt ) ≤ (∫ x −∞ f(t)dt ) (∫_{+∞} x |t|^τ f(t)dt )

≤ (∫_{+∞} −∞ f(t)dt ) (∫_{+∞} x |t|^τ f(t)dt ) → 0, êáèþò x → +∞. ÁíÜëïãá üôáí x → −∞. Áñá õðÜñœïõí èåôéêÝò ŸáèåñÝò c, m ôÝôïéåò þŸå |x|^τ F (x)(1 − F (x)) < c ãéá êÜèå x ∈ M ≡ {x ∈ R : |x| > m} . Óõíåðþò ∫_{+∞} −∞ (F (x) (1 − F (x)))^p dx = ∫ M^c (F (x) (1 − F (x)))^p dx + ∫ M (F (x) (1 − F (x)))^p dx ≤ ∫ M^c (F (x) (1 − F (x)))^p dx + c^p ∫ M |x|^{−τp} dx < +∞,

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 41

ìéá ðïõ τ > 1/p.2

Ôï üñéï ôùí äýï ŽíáñôçŤåéäþí ðïõ åSSäáìå ðáñáðÜíù äSSíåôáé áðü ôçí áêüëïõèç ÐñüôáŁ4.1.

• ÐñüôáŁ4.1 : ÊÜôù áðü ôéò õðïèÝĞéò A1 êáé A2 êáé áí ôá α_n åðéëåãïýí þŸå α_n → +∞

êáé^{αn}_n → 0, n → +∞ Ýœïõìå:

1. n^d ∫ log vd(F_n − F ) → 0, a.s êáèþò ôï n → +∞, ãéá êÜèå d ôÝôïéï þŸå 0 ≤ d < 1/2,

2. n^d ∫ log v_nd(F_n − F ) → 0, a.s êáèþò ôï n → +∞, ãéá êÜèå d ôÝôïéï þŸå

d < (t/2) − (2(min(τ, 2))^{−1} − 1)/2, t ∈ (0, 1), τ > 1.

Áðüäåéîç :

1. Ðáñáôçñïýìå üôé 2 ∫ log vd(F_n − F ) = ∫ log fdF_n − ∫ log fdF = 1 n n∑ i=1 ( log f(X_i) − ∫ log fdF ) . (4.19)

Ôï áðïôÝëåŘá ôþñá Ýðåôáé áðü ôï íüìï ôùí äéáäïœéêþí ëïãáñSSèìùí (âëÝðå [12]), ìéá ðïõ

áðü ôçí õðüèåŁÁ2 Ýœïõìå üôé ∫ f |log f|^2 < +∞ (âëÝðå [9],[10]).

2. Áðü ôï ËÞììá 4.4 Ýœïõìå üôé n^d | | | | ∫ log v_nd(F_n − F ) | | | | ≤ n d ( λ_n α_n )_1/_2 ‖ ‖ ‖ `_n − I h ‖ ‖ ‖ ‖ ∫ h ∘ F. Ïìùò λ_n < n, Üñá n^d | | | | ∫ log v_nd(F_n − F ) | | | | < n d(n/α_n)^{1/2} ‖ ‖ ‖ ‖ `_n − I h ‖ ‖ ‖ ‖ ∫ h ∘ F. Áí ðÜñïõìå ãéá h(t) = {t(1 − t)}^p, ìå p > 1/τ ç ðáñáðÜíù ĲÝŁèá ãSSíåé n^d | | | ∫ log v_nd(F_n − F ) | | | < nd(n/αn)^1/^2 ‖ ‖ ‖ `_n − I {I(1 − I)}^p ‖ ‖ ‖ ∫ {F (1 − F )}^p. Áðü ôï Èåþñçìá 4.1 ãéá s = d + (1 − t)/2 èá Ýœïõìå üôé n^s ‖ ‖ ‖ ‖ `_n − I {I(1 − I)}^p ‖ ‖ ‖ ‖ → 0 a.s, , n → +∞. ãéá p êïíôÜ Ÿï 1/τ þŸå p + s < 1. Óõíåðþò èá Ýœïõìå ôï æçôïýìåíï áðïôÝëåŘá ìéá ðïõ

áðü ôçí ÐáñáôÞñçŁ4.1 ∫ {F (1 − F )}^p < +∞.2 ÅSSìáŸå ôþñá ĞèÝŁíá äïýìå ôçí L_2 ŽíÝðåéá ôïõ v_n = f^{1/2}n , äçëáäÞ ôçí Hellinger

ŽíÝðåéá ôçò f_n.

42 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

• Èåþñçìá 4.2 : ÊÜôù áðü ôéò õðïèÝĞéò Á1 êáé Á2, ðïõ äéáôõðþĆìå Ÿçí áñœÞ ôïõ ÊåöáëáSSïõ êáé ãéá d < (1 − t)/2, d < t/4 − (2(τ ∧ 2)^{−1} − 1)/4 Ýœïõìå üôé: lim_{n→∞} n^d ‖v_n − v‖_2 = 0, a.s. Áðüäåéîç : ÁñœéêÜ áðü ôï ËÞììá 4.2 Ýœïõìå:

‖v_n − v‖^2 = ‖ ‖ ‖f^1/^2n − f^1/^2 ‖ ‖ ‖^2 ≤ ∫ f log f f_n = 2 ∫ f log v v_n = 2 ∫ log v v_n dF = 2 ∫ log vdF − 2 ∫ log v_ndF = 2 ∫ log v_nd(F_n − F ) − 2 ∫ log v_ndF_n + 2 ∫ log vdF ≤ 2 ∫ log v_nd(F_n − F ) − 2 ∫ log vd(F_n − F ) − (α_n/n)( ‖ ‖v^′n ‖ ‖^2 − ‖ ‖v^′ ‖ ‖^2) ≤ 2 ∫ log v_nd(F_n − F ) − 2 ∫ log vd(F_n − F ) + (α_n/n) ‖ ‖v^′ ‖ ‖^2 , (4.20)

üðïõ ç ðñïôåëåõôáSSá áíéŞôçôá Ýðåôáé áðü ôçí ðñþôç áíéŞôçôá ôïõ ËÞììáôïò 4.3 ÌÝíåé íá äïýìå üôé êÜèå Ýíáò áðü ôïõò üñïõò áõôïýò ôåSSíåé Ÿï ìçäÝí áí ôïí ðïëëáðëáŊÜŤõìå ìå n^d, êáèþò ôï n ôåSSíåé Ÿï Üðåéñï. ÅSSíáé åýêïëï íá äïýìå üôé n^dα_n/n → 0 êáèþò ôï n ôåSSíåé Ÿï Üðåéñï. ÐñÜãìáôé α_n = c_nn^t ìå t ∈ (0, 1) êáé c_n → c, Üñá n^dα_n/n = n^dc_nn^t/n = c_nn^{d+t−1} ïðïõ d + t − 1 < 0, áöïý d <^{1−t}_2 < 1 − t. Ôï üñéï ôùí äýï Üëëùí üñùí äSSíåôáé áðü ôçí ÐñüôáŁ4.1, ìéá ðïõ ôï d, áðü ôéò õðïèÝĞéò ôïõ èåùñÞìáôïò, éêáíïðïéåSS ôéò ŽíèÞêåò ôçò ðñüôáŁò áõôÞò. 2

ÊåöÜëáéï 5

ÐáñÜñôçìá

Óôï ðáñÜñôçìá áõôü äSSíïõìå ôïí êþäéêá ãéá ôï ðñüãñáììá ðïõ õðïëïãSSæåé ôçí ãñáììéêÞ spline DMPLE, ðïõ ðáñïõŊÜŸçêå Ÿï êåöÜëáéï 3.

c=============================================================== c This program performs nonparametric probability density c function estimation by the Penalized Likelihood Method. c c Mania Kokologiannaki c last update: 12/11/97 c=============================================================== INTEGER INIT, MAXIT, NOBS, NODE, HALF INTEGER NMISS, NOUT INTEGER N,IA,idum REAL*8 ALPHA,EPS REAL*8 PP,XM,ran1,gasdev REAL*8 gamdev,poidev,bnldev,rr REAL*8 s1,s2,hh PARAMETER (EPS=0.0001,INIT=0,MAXIT=30) PARAMETER (NODE=231) PARAMETER (NOBS=300) PARAMETER (HALF=50) c||||||||||||||||||||{ c EPS = Convergence criterion c INIT = Initialization option

44 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

c MAXIT = Maximum number of iterations c NODE = Number of mesh nodes for the discrete probability c density estimate c NOBS = Numbers of observation c||||||||||||||||||||{ REAL*8 BNDS(2),DENS(NODE),STAT(4),X(NOBS) EXTERNAL DESPL, UMACH print*,’dwse to alpha’ read*, ALPHA print*,’dwse to diastima [a,b]’ read*,s1,s2 bnds(1)=s1 bnds(2)=s2*0.5d0+3.d0 hh=(bnds(2)-bnds(1))/d‚oat(NODE-1) print*,’dwse to arxiko seed (arnitikos akeraios)’ read*,idum print*,’gia Gaussian dwse 1, gia Gamma dwse 2’ read*, ii i=0 if(ii.eq.1)then 21 continue rr=gasdev(idum) if(rr.gt.bnds(1).and.rr.lt.bnds(2))then i = i+1 X(i) = rr if(i.gt.NOBS)goto 44 endif goto 21 elseif(ii.eq.2)then print*,’dwse to ia gia thn Gamma’ read*,ia 22 continue

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 45

rr=gamdev(ia,idum) if(rr.gt.bnds(1).and.rr.lt.bnds(2))then i = i+1 X(i) = rr if(i.gt.NOBS)goto 44 endif goto 22 endif 44 continue do i=HALF+1,NOBS x(i)=0.5d0*x(i)+3.d0 enddo do i=1,NOBS write(33,*)x(i) enddo CALL DESPL(NOBS,X,NODE,BNDS,INIT,ALPHA,MAXIT,EPS,DENS, STAT,NMISS) CALL UMACH (2, NOUT) do i=0,NODE-1 qw = bnds(1) +d‚oat(i)*hh write(11,*)qw,dens(i+1) enddo write(12,*)’LOG-LIKELIHOOD=’,stat(1) write(12,*)’PENALTY=’,stat(2) write(12,*)’MEAN=’,stat(3) write(12,*)’VARIABLE=’,stat(4) END c============================================================= c This routine produce uniform random numbers inside the c inderval (0,1) FUNCTION ran1(idum) INTEGER idum,IA,IM,IQ,IR,NTAB,NDIV

46 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

REAL*8 ran1,AM,EPS,RNMX PARAMETER (IA=16807,IM=2147483647,AM=1./IM,IQ=127773,IR=2836, @ NTAB=32,NDIV=1+(IM-1)/NTAB,EPS=1.2e-7,RNMX=1.-EPS) INTEGER j,k,iv(NTAB),iy SAVE iv,iy DATA iv /NTAB*0/, iy /0/ if (idum.le.0.or.iy.eq.0) then idum=max(-idum,1) do 11 j=NTAB+8,1,-1 k=idum/IQ idum=IA*(idum-k*IQ)-IR*k if (idum.lt.0) idum=idum+IM if (j.le.NTAB) iv(j)=idum 11 continue iy=iv(1) endif k=idum/IQ idum=IA*(idum-k*IQ)-IR*k if (idum.lt.0) idum=idum+IM j=1+iy/NDIV iy=iv(j) iv(j)=idum ran1=min(AM*iy,RNMX) return END c============================================================= c This routine produce standard normal random numbers FUNCTION gasdev(idum) INTEGER idum REAL*8 gasdev CU USES ran1 INTEGER iset

ÅêôSSìçŁðõêíïôÞôùí ìå ôçí MPLE ìÝèïäï 47

REAL*8 fac,gset,rsq,v1,v2,ran1 SAVE iset,gset DATA iset/0/ if (iset.eq.0) then 1 v1=2.*ran1(idum)-1. v2=2.*ran1(idum)-1. rsq=v1**2+v2**2 if(rsq.ge.1..or.rsq.eq.0.)goto 1 fac=sqrt(-2.*log(rsq)/rsq) gset=v1*fac gasdev=v2*fac iset=1 else gasdev=gset iset=0 endif return END c============================================================= c This routine produce random number following the gamma c distribution with λ = 1 FUNCTION gamdev(ia,idum) INTEGER ia,idum REAL*8 gamdev CU USES ran1 INTEGER j REAL*8 am,e,s,v1,v2,x,y,ran1 if(ia.lt.1)pause ’bad argument in gamdev’ if(ia.lt.6)then x=1.

do 11 j=1,ia x=x*ran1(idum)

48 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

11 continue x=-log(x) else 1 v1=2.*ran1(idum)-1. v2=2.*ran1(idum)-1. if(v1**2+v2**2.gt.1.)goto 1 y=v2/v1 am=ia-1 s=sqrt(2.*am+1.) x=s*y+am if(x.le.0.)goto 1 e=(1.+y**2)*exp(am*log(x/am)-s*y) if(ran1(idum).gt.e)goto 1 endif gamdev=x return END

ÂéâëéïãñáöSSá

[1] Good I.J. êáé Gaskins R.A., Nonparametric roughness penalties for probability densities, Biometrika, 58, 255-277 (1971).

[2] Thompson J.R., Tapia R.A., Nonparametric Function Estimation, Modeling, and Simulation, Society for Industrial and Applied Mathematics (siam), Philadelphia (1980).

[3] Scott D.W. ,Tapia R.A. êáé Thompson J.R. Nonparametric probability density by discrete maximum penalized-likelihood criteria, Ann.Statist. 8, 820-832 (1980).

[4] Silverman B.W., On the estimation of a probability density function by the maximum penalized likelihood method, Ann.Statist. 10, 795-810 (1982).

[5] Silverman B.W., Density Estimation for Statistics and Data Analysis, Chapman and Hall (1986).

[6] De Montricher G.F. , Tapia R.A. êáé Thompson J.R., Nonparametric maximum likelihood estimation of probability densities by penalty function methods, Ann. Statist. 3, 1329-1348 (1975).

[7] Klïnias V.K., Consistency of two nonparametric maximum panalized likelihood estimatorw of the probability density function, Ann.Statist. 10, 811-824 (1982b).

[8] Klïnias V.K., On a classof nonparametric density and regression estimators, Ann.Statist. 12, 1263-1284 (1984).

[9] Klïnias V.K., Conditions for finite absolute moments of the logarithm of the probability density function, Tech. Report 335, Dept.of Math. Sciences, The Johns Hopkins University (1981a).

[10] Gijbels I., Klïnias V.K., Density estimation under the Koziol-Green model of censoring by penalized likelihood methods, Canadian Journal of Statistics, 19, 23-38 (1991).

[11] Loeve M., Probability Theory, Van Nostrand, Princeton, N.j. [12] Billingsley P., Convergence of probability measures, Wiley, New York (1968). [13] International Mathematical and Statistical Libraries Subroutines DESPL/DDESPL, Houston, Texas.

50 ÌáíùëSSá É. ÊïêïëïãéáííÜêç

[14] Wellner J.A., A law of the iterated logarithm for functions of order statistics, Ann.Statist. 5, 481-494 (ĞëSSäá 484) (1977).

[15] Ser‚ing R.J., Aproximation theorems of Mathematical Statistics, John Wiley Sons (1980).

[16] von Bahr B., Esseen C.G. Inequalities for the rth absolute moment of a sum of random variables, 1 ≤ r ≤ 2, Ann. Math. Statist. 36, 299-303 (1965).

[17] William H. Press, Saul A. Teukolsky, William T.Vetterling, Brian P. Flannery, Numerical recipes in fortran, Second Edition, Cambridge.

[18] Lions, J.L., Magenes, E. Non-homogeneous boundary value problems and applications, Translated from the French by P.Kenneth. New York, Springer-Verlag (1972).