SUNORIAKA PROBLHMATA GIA MH GRAMMIKES SUNHJEIS DIAFORIKES EXISWSEIS DEUTERHS TAXHS

Emmanouăl E. MhlĹkhc Tmăma Majhmatikÿn,Panepistămio Krăthc, HrĹkleio

METAPTUQIAKH ERGASIA

H metaptuqiakă ergasÐa èqei katatejeÐ sto Majhmatikì Tmăma tou PanepisthmÐou Krăthc.

’Eqei ekponhjeÐ upì thn epÐbleyh tou kurÐou A. Tersènob. Thn epitropă apotèlesan oi kÔrioi: A. Tersènob A. TertÐkac S. FÐlippac

Noèmbrioc 2001

Perieqìmena

1. Eisagwgă. 4

2. To prìblhma Dirichlet. 8 2.1 EktÐmhsh thc lÔshc. . . . . . . . . . . . . . . . . . . . . . . . 8 2.2 EktÐmhsh thc |y^′| sto sÔnoro. . . . . . . . . . . . . . . . . . . 8 2.3 Olikă ektÐmhsh tou |y^′|. . . . . . . . . . . . . . . . . . . . . . 12

3. To prìblhma Neumann. 18 3.1 EktÐmhsh thc lÔshc. . . . . . . . . . . . . . . . . . . . . . . . 18 3.2 EktÐmhsh thc |y^′|. . . . . . . . . . . . . . . . . . . . . . . . . . 19

4. To prìblhma Robin. 21 4.1 EktÐmhsh thc lÔshc. . . . . . . . . . . . . . . . . . . . . . . . 21 4.2 EktÐmhsh thc |y^′|. . . . . . . . . . . . . . . . . . . . . . . . . . 22

5. Jewrămata ’Uparxhc kai Monadikìthtac. 24 5.1 H mh ekfulizìmenh perÐptwsh ε = 0. . . . . . . . . . . . . . . 24 5.1.1 ’Uparxh thc lÔshc twn problhmĹtwn Dirichlet, Neumann, Robin. . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 5.1.2 Monadikìthta thc lÔshc twn problhmĹtwn Dirichlet, Neumann, Robin. . . . . . . . . . . . . . . . . . . . . 26 5.2 H ekfulizìmenh perÐptwsh . . . . . . . . . . . . . . . . . . . . 30 5.2.1 Monadikìthta thc lÔshc tou problămatoc Dirichlet. . 30 5.2.2 Monadikìthta thc lÔshc twn problhmĹtwn Neumann kai Robin. . . . . . . . . . . . . . . . . . . . . . . . . . 31

1. Eisagwgă.

Sthn ergasÐa aută meletĹme thn epilusimìthta sunoriakÿn problhmĹtwn gia mh grammikèc sunăjeic diaforikèc exisÿseic deÔterhc tĹxhc. JewroÔme thn exÐswsh |y(x)|^εy^{′′}(x) = f(x, y(x), y^′(x)) (1.1) gia x ∈ (−l, l), ε ∈ [0, 1) kai tic sunoriakèc sunjăkec

y(−l) = y(l) = 0, (1.2)

y^′(−l) = y^′(l) = 0, (1.3) y^′(−l) − σ(y(−l)) = y^′(l) + σ(y(l)) = 0. (1.4) ’Otan lème ìti h y eÐnai lÔsh tou problămatoc (1.1), (1.2) ja ennooÔme ìti h y eÐnai klasikă lÔsh dhladă y ∈ C^2(−l, l) ∩ C^0[−l, l]. ’Omoia ìtan lème ìti h y eÐnai klasikă lÔsh tou problămatoc (1.1), (1.3) ă (1.1), (1.4) ja upojètoume ìti y ∈ C^2(−l, l) ∩ C^1[−l, l].

’Hdh apì to 1912 o S.Bernstein sto Ĺrjro tou [1] diatÔpwse èna jeÿrhma pou aforoÔse thn epilusimìthta thc exÐswshc

y^{′′}(x) = f(x, y(x), y^′(x)) (1.5)

gia x ∈ (−l, l) me sunoriakèc sunjăkec (1.2). Sugkekrimèna, upojètontac ìti h f = f(x, y, p) eÐnai suneqăc, me suneqeÐc merikèc paragÿgouc f_y, f_p kai ikanopoieÐ tic sunjăkec f_y ≥ k > 0 (1.6) |f(x, y, p)| ≤ A(x, y)p^2 + B(x, y) (1.7) ìpou A, B fragmènec sunartăseic gia kĹje sumpagèc uposÔnolo tou [−l, l]× R, k stajerĹ, tìte h lÔsh tou (1.5), (1.2) upĹrqei kai eÐnai monadikă. Sthn apìdeixh tou isqurismoÔ autoÔ parousiĹzontai oi ènnoiec twn apriori ektimăsewn kai h stenă sqèsh pou èqoun me thn epilusimìthta tou problămatoc (1.5), (1.2). ’Ektote pollèc prospĹjeiec èginan ÿste na genikeuteÐ to parapĹnw apotèlesma tou S.Bernstein.

Sto [2] apodeiknÔetai h Ôparxh kai h monadikìthta thc lÔshc thc (1.5) gia Dirichlet, Neumann kai periodikèc sunoriakèc sunjăkec. ’Omwc kai edÿ h aÔxhsh thc sunĹrthshc f(x, y, p) wc proc th metablhtă p den prèpei na eÐnai megalÔterh apì p^2, gia |p| → +∞. H apìdeixh thc monadikìthtac proupojètei paragwgisimìthta thc f wc proc y, wc proc p kai epiplèon f_y ≥ 0.

Mia sunjăkh fiperiorismènhcfl aÔxhshc apaiteÐtai kai sto [3]. Analutikìtera upojètontac ìti h f(x, y, p) mporeÐ na grafeÐ wc f(x, y, p) = g(x, y, p) + h(x, y, p) kai na ikanopoioÔntai oi sunjăkec

yg(x, y, p) ≥ 0, |g(x, y, p)| ≤ A(x, y)w(p^2), |h(x, y, p)| ≤ M_0(|y|^α + |p|^β ) gia kĹje (x, y, p) ∈ [−l, l] × R^2, A(x, y) fragmènh sunĹrthsh, w eÐnai mh fjÐnousa me �_{+∞} 0 ds w(s)

= +∞

kai 0 ≤ α, β < 1, M_0 > 0 stajerèc, tìte upĹrqei lÔsh y ∈ C^2[−l, l] tou (1.5), (1.2).

EÐnai loipìn genikĹ gnwstì ìti an gia thn f upojèsoume mia sunjăkh fiperiorismènhcfl aÔxhshc eÐnai dunatìn na katalăxoume sthn Ôparxh thc lÔshc tou problămatoc (1.5), (1.2). ’Eqei kajierwjeÐ h sunjăkh (1.7) na onomĹzetai sunjăkh :Bernstein − Nagumo − T onelli (B.N.T) (blèpe [2], [4]-[7] k.a.). Oi trìpoi grafăc thc (B.N.T) pou emfanÐzontai sthn bibliografÐa eÐnai arketoÐ ìpwc

α) |f(x, y, p)| ≤ A(x, y)p^2 + B(x, y) (blèpe [2], [8], [9])

β) |f(x, y, p)| ≤ ψ(|p|),

�_{+∞} 1 ρdρ ψ(ρ) = +∞ (blèpe [4], [5]),

γ) |f(x, y, p)| ≤ ψ(|p|) , lim_{s→∞}^{s2}_{ψ(s)} = +∞, (blèpe [10]).

H Ôparxh thc lÔshc mporeÐ na apodeiqjeÐ kai me lÐgo diaforetikèc sunjăkec gia to deÔtero mèloc. Pio sugkekrimèna sto [11] oi A.Granas, R.Guenther kai J.W.Lee exetĹzoun thn epilusimìthta thc diaforikăc exÐswshc (1.5) me Dirichlet, Neumann, periodikèc, ă meiktèc sunoriakèc sunjăkec. Eidikìtera sto jeÿrhma (3.1)[11] oi suggrafeÐc apodeiknÔoun apriori ektimăseic gia thn lÔsh kai tic paragÿgouc thc qrhsimopoiÿntac tic sunjăkec :

yf(x, y, 0) ≥ 0 (1.8)

gia |y| > M,

|f(x, y, p)| ≤ ψ(|p|) (1.9)

gia (x, y) ∈ [−l, l] × [−M, M] , ψ > 0,^1_ψ oloklhrÿsimh se kĹje fragmèno diĹsthma sto [0, ∞) kai �_{+∞} 0 ρdρ ψ(ρ)

> 2M. (1.10)

Oi sunjăkec (1.9)-(1.10) gia to deÔtero mèloc thc exÐswshc qrhsimopoioÔntai kai apì Ĺllouc suggrafeÐc (blèpe [12]-[22]).

Sto [23] apodeiknÔetai h Ôparxh thc lÔshc thc exÐswshc (1.5) gia Neumann sunoriakă sunjăkh, qrhsimopoiÿntac tic (B.N.T) kai (1.8), gia thn sunĹrthsh f. Tèloc sto [24] meletĹtai to trÐto sunoriakì prìblhma, upojètontac mia sunjăkh thc morfăc (B.N.T) gia thn f(x, y, p).

Meletÿntac tic parapĹnw anaforèc eÔkola diapistÿnetai ìti h epilusimìthta enìc sunoriakoÔ problămatoc anĹgetai sthn eÔresh apriori ektimăsewn gia tic |y|, |y^′|. H apìdeixh oloklhrÿnetai efarmìzontac topologikèc mejìdouc (jewrÐa Leray − Schauder) (blèpe [2]-[5], [7], [8], [14], [24]-[29]).

Sth paroÔsa ergasÐa apodeiknÔoume apriori ektimăseic gia thn exÐswsh (1.1) me sunoriakèc sunjăkec Dirichlet (1.2), Neumann (1.3) kai Robin (1.4). Upojètoume ìti gia thn f isqÔei h sqèsh

f(x, y, p) = f_1(x, y, p) + f_2(x, y, p)

ìpou h f_1 ikanopoieÐ sunjăkec thc morfăc (1.9)-(1.10) kai h f_2, gia to prìblhma Dirichlet, ikanopoieÐ tic sunjăkec

yf_2(x, y, p) ≥ 0 (1.11)

gia x ∈ (−l, l), |p| < +∞ kai

f_2(x_1, y_1, p) − f_2(x_2, y_2, p) ≥ 0 (1.12)

f_2(x_2, y_1, −p) − f_2(x_1, y_2, −p) ≥ 0 (1.13)

gia x_1 > x_2, y_1 > y_2, p > 0, enÿ gia ta problămata Neumann kai Robin qreiazìmaste mìno tic (1.12)-(1.13) (blèpe [30]).

Analutikìtera sth deÔterh parĹgrafo meletĹme to prìblhma Dirichlet gia thn exÐswsh (1.1). AfoÔ apodeÐxoume apriori ektimăseic gia thn lÔsh, ektimĹme thn |y^′|, kontĹ sto sÔnoro me thn kataskeuă duo bohjhtikÿn sunartăsewn (fragmĹtwn). Sth sunèqeia h olikă ektÐmhsh thc |y^′| gÐnetai qrhsimopoiÿntac thn mèjodo tou Kruzhkov (blèpe [31]), eisĹgontac mia epiplèon metablhtă (blèpe epÐshc [4], [5], [30], [32], [33]).

Sthn trÐth kai tètarth parĹgrafo apodeiknÔoume apriori ektimăseic gia thn lÔsh thc exÐswshc (1.1) me Neumann kai Robin sunoriakèc sunjăkec antÐstoiqa, enÿ h mèjodoc tou Kruzhkov ja mac dÿsei xanĹ thn ektÐmhsh thc paragÿgou.

Sthn teleutaÐa parĹgrafo meletĹme thn mh ekfulizìmenh perÐptwsh, ε = 0. ApodeiknÔoume thn Ôparxh thc lÔshc, qrhsimopoiÿntac tic ădh upĹrqousec ektimăseic, efarmìzontac to jeÿrhma Leray − Schauder. Sth sunèqeia apodeiknÔoume ta jewrămata monadikìthtac kai gia ta trÐa sunoriakĹ problămata tìso thn ekfulizìmenh ìso kai gia th mh ekfulizìmenh perÐptwsh.

SunoyÐzontac, mporoÔme na poÔme ìti me tic mejìdouc pou efarmìzoume eÐnai dunatìn na dieurÔnoume orismèna palaiìtera apotelèsmata. Sugkekrimèna, gia to prìblhma (1.5), (1.2) jewrÿntac tic parapĹnw upojèseic gia tic sunartăseic f_1, f_2 genikeÔoume to jeÿrhma 3.1 tou [11], to jeÿrhma 1 tou [3] kai to jeÿrhma 2.1 tou [7]. Gia to prìblhma (1.6), (1.3) mporoÔme na genikeÔsoume to jeÿrhma 5.1 tou [11] ìpou gia thn apìdeixh thc Ôparxhc thc lÔshc prèpei na upĹrqei stajerĹ M ≥ 0 tètoio ÿste yf(x, y, 0) ≥ 0 gia |y| > M kai h exÐswsh f(x, y, p) − y = 0 na èqei kai jetikèc kai arnhtikèc rÐzec gia stajeropoihmèno (x, y) ∈ [−l, l] × [−M, M]. EpÐshc genikeÔetai to jeÿrhma 3.1 tou [23] ìpou apaiteÐtai mia sunjăkh thc morfăc (B.N.T). Gia to trÐto sunoriakì prìblhma genikeÔoume ta apotelèsmata twn jewrhmĹtwn 4.1-4.4 tou [24] ìpou kai ekeÐ qrhsimopoieÐtai mia sunjăkh thc morfăc (B.N.T). Sthn apìdeixh thc monadikìthtac gia to prìblhma Dirichlet upojètoume ìti to deÔtero mèloc eÐnai mia gnăsia aÔxousa sunĹrthsh wc proc y. Tèloc h apìdeixh thc monadikìthtac gia to prìblhma Neumann gÐnetai upojètontac ìti h f eÐnai Lipschitz wc proc p kai gnăsia aÔxousa wc proc y, epekteÐnontac ètsi ta jewrămata 5.2, 5.3 tou [2].

2. To prìblhma Dirichlet.

2.1 EktÐmhsh thc lÔshc.

Lămma 2.1 JewroÔme to prìblhma

|y|^εy^{′′} = f(x, y, y^′) (2.1)

y(−l) = y(l) = 0, (2.2) ìpou ε ∈ [0, 1) kai h sunĹrthsh f(x, y, p) orÐzetai gia |y| < +∞, |p| < +∞, x ∈ (−l, l). ’Estw ìti upĹrqei M > 0 tètoio ÿste yf(x, y, 0) > 0 gia |y| > M, tìte gia kĹje klasikă lÔsh tou problămatoc (2.1), (2.2) isqÔei |y(x)| ≤ M, x ∈ [−l, l].

Apìdeixh. H sunĹrthsh |y(x)| prèpei na lambĹnei jetikì mègisto se kĹpoio x_0 ∈ (−l, l) (lìgw thc sunèqeiac thc lÔshc kai y(−l) = y(l) = 0). ’Estw |y(x_0)| > M. ’An y(x_0) > M tìte, afoÔ y(x_0) jetikì mègisto, y^{′′}(x_0) ≤ 0, Ĺra |y(x_0)|^εy^{′′}(x_0) ≤ 0 dhladă f(x_0, y(x_0), 0) ≤ 0 kai epeidă y(x_0) > 0 prokÔptei y(x_0)f(x_0, y(x_0), 0) ≤ 0 Ĺtopo. ’An y(x_0) < −M tìte, afoÔ y(x_0) arnhtikì elĹqisto, y^{′′}(x_0) ≥ 0, Ĺra |y(x_0)|^εy^{′′}(x_0) ≥ 0 dhladă f(x_0, y(x_0), 0) ≥ 0 kai epeidă y(x_0) < 0 prokÔptei y(x_0)f(x_0, y(x_0), 0) ≤ 0 Ĺtopo. ’Ara |y(x)| ≤ M.

2.2 EktÐmhsh thc |y^′| sto sÔnoro.

JewroÔme to prìblhma (2.1), (2.2) kai ψ(ρ) ∈ C^1([0, +∞)), ψ(ρ) > 0 gia ρ > 0, ψ(0) ≥ 0 me

�_{+∞} 0 ρdρ ψ(ρ) > (max {M, osc(y)})^{1−ε} 1 − ε

. (2.3)

’Estw h_1(x), h_2(x) oi lÔseic twn parakĹtw problhmĹtwn,

h^ε_1h^{′′}_1 + ψ(|h^′_1|) = 0 (2.4)

h_1(−l) = 0, h_1(−l + τ_0) = μ (2.5) kai h^ε_2h^{′′}_2 + ψ(|h^′_2|) = 0 (2.6) h_2(l − τ_0) = μ, h_2(l) = 0 (2.7) ìpou μ = max {M, osc(y)}, 0 ≤ ε < 1 kai to τ_0 ja epileqjeÐ parakĹtw. Ja broÔme mia anaparĹstash gia thn lÔsh tou problămatoc (2.4), (2.5). ’Estw p(h_1) = h^′_1(x), tìte h^{′′}_1 = p dp dh_1 .

Apì thn exÐswsh (2.4) ja èqoume h^ε_1p dp dh_1

= −ψ(|p|) dhladă − p ψ(|p|) dp = h^{−ε}_1 dh_1 kai oloklhrÿnontac ja pĹroume

�_{h1(q)}

h_1(q_1) 1 1 − ε d(h^{1−ε}_1 ) =

�_{q1} q ρdρ ψ(|ρ|) . Dhladă h_1(q) − h_1(q_1) = (1 − ε)^{11−ε} (

�_{q1} q ρdρ ψ(|ρ|)

)^{11−ε} .

’Eqoume^{dh1}_{dx} = p opìte dx = −^{hε1}_{ψ(|p|)} dp. Dhladă

x(q) − x(q_1) =

�_{q1} q h^ε_1dρ ψ(|ρ|) . Epeidă jèloume h_1(−l) = 0 ja prèpei x(q_1) = −l kai h_1(q_1) = 0 Ĺra h_1(q) = (1 − ε)^{11−ε} (

�_{q1} q ρdρ ψ(|ρ|)

)^{11−ε} , x(q) =

�_{q1} q h^ε_1dρ ψ(|ρ|)

− l.

Epilègoume q_0 ètsi ÿste q ∈ [q_0, q_1], q_1 > q_0 > 0 kai h_1(q_0) = (1 − ε)^{11−ε} (

�_{q1}

q_0 ρdρ ψ(ρ)

)^{11−ε} = μ.

H epilogă aută mporeÐ na gÐnei diìti èqoume upojèsei thn (2.3). Jètoume

τ_0 =

�_{q1}

q_0

h_1^εdρ ψ(ρ) . Tÿra orÐzoume ta D_1, D_2 wc exăc, an τ_0 < 2l tìte D_1 = (−l, −l + τ_0) kai D_2 = (l − τ_0, l) enÿ an τ_0 ≥ 2l tìte D_1 = D_2 = (−l, l).

Lămma 2.2 ’Estw y ∈ C^2((−l, l)) ∩ C^0([−l, l]) lÔsh tou problămatoc (2.1), (2.2) me 0 ≤ ε < 1. ’Estw ìti h sunĹrthsh f(x, y, p) orÐzetai gia |y| ≤ M, |p| < +∞, x ∈ (−l, l) kai f(x, y, p) = f_1(x, y, p) + f_2(x, y, p) me : |f_1(x, y, p)| < ψ(|p|), (2.8) gia |p| < +∞, h ψ epalhjeÔei thn (2.3) kai h f_2(x, y, p) ikanopoieÐ thn yf_2(x, y, p) ≥ 0 (2.9) Tìte gia kĹje x ∈ D_i isqÔei |y(x)| ≤ h_i(x) me i=1,2 .

Apìdeixh. a) ’Estw τ_0 < 2l. Sto sÔnoro eÔkola blèpoume ìti isqÔei : y(−l) = y(l) = h_1(−l) = h_2(l) = 0 kai |y(−l + τ_0)| ≤ M ≤ h_1(−l + τ_0) |y(l − τ_0)| ≤ M ≤ h_2(l − τ_0) diìti èqoume |y| ≤ M kai h_1(−l+τ_0) = h_2(l−τ_0) = μ ìpou μ = max{M, osc(y)}. OrÐzoume tÿra L_0y ≡ |y|^εy^{′′} + ψ(|y^′|) Ĺra

L_0y = |y|^εy^{′′} + ψ(|y^′|) = f_1(x, y, y^′) + f_2(x, y, y^′) + ψ(|y^′|). Profanÿc isqÔei :

L_0h_i = h^ε_i h^{′′}_i + ψ(|h^′_i|) = 0, i = 1, 2.

’Estw v_i(x) = y(x) − h_i(x) tìte apì ton orismì tou telestă L_0 èqoume L_0y − L_0h_i = |y(x)|^εy^{′′}(x) + ψ(|y^′(x)|) − h^ε_i (x)h^{′′}_i (x) − ψ(|h^′_i(x)|) = |y(x)|^εy^{′′}(x) − h^ε_i (x)h^{′′}_i (x) + β_iv^′_i(x) = |y(x)|^εv^{′′}_i (x) + β_iv^′_i(x) + (|y(x)|^ε − h^ε_i (x))h^{′′}_i (x), ìpou ta |β_i| < +∞ sto (−l, l) lìgw thc omalìthtac thc ψ kai diìti h y^′ den apeirÐzetai sto (−l, l). OrÐzoume ton telestă L^∗v_i ≡ Av^{′′}_i + β_iv^′_i (2.10) ìpou A(x) = |y(x)|^ε. EÔkola blèpoume ìti

L^∗v_i = f_1(x, y, y^′) + f_2(x, y, y^′) + ψ(|y^′|) + (h^ε_i − |y|^ε)h^{′′}_i . (2.11) ’Estw ìti gia i = 1, 2 h v_i = y − h_i lambĹnei sto N_i ∈ D_i jetikì mègisto. Tìte profanÿc ja isqÔei v^{′′}_i (N_i) ≤ 0 kai v^′_i(N_i) = 0 dhladă h sqèsh (2.10) mac dÐnei L^∗v_i(N_i) ≤ 0. Apì thn Ĺllh ìmwc y^′(N_i) = h^′_i(N_i) kai lìgw twn sqèsewn (2.8), (2.9) èqoume

f_1(N_i, y(N_i), y^′(N_i)) + ψ(|y^′(N_i)|) > 0 και f_2(N_i, y(N_i), y^′(N_i)) ≥ 0. Lìgw thc epilogăc twn sunartăsewn h_i isqÔei h_i(N_i) > 0. Epeidă to N_i eÐnai shmeÐo jetikoÔ megÐstou thc v_i isqÔei v_i(N_i) > 0 kai Ĺra y(N_i) > h_i(N_i) > 0 dhladă y^ε(N_i) > h^ε_i (N_i). EpÐshc h^{′′}_i (N_i) < 0 diìti h^ε_i (N_i)h^{′′}_i (N_i) = −ψ(|h^′_i(N_i)|) me h^ε_i (N_i) > 0 kai ψ(|h^′_i(N_i)|) > 0. TelikĹ h sqèsh (2.11) mac dÐnei L^∗v_i(N_i) > 0, Ĺtopo. Sto sÔnoro gnwrÐzoume ìti y(x) ≤ h_i(x). Efarmìzontac thn arqă megÐstou paÐrnoume : y(x) ≤ h_i(x) gia x ∈ D_i.

OrÐzoume tÿra L_1y ≡ |y|^εy^{′′}. Opìte ja isqÔei : L_1y = f_1(x, y, y^′) + f_2(x, y, y^′) kai L_1h_i = h^ε_i h^{′′}_i = −ψ(|h^′_i|) gia i = 1, 2 JewroÔme thn sunĹrthsh w_i = y + h_i kai ton telestă Lw ≡ |y|^εw^{′′}. Tìte Lw = |y|^ε(y^{′′} + h^{′′}_i ) = f_1(x, y, y^′) + f_2(x, y, y^′) + |y|^εh^{′′}_i + |h_i|^εh^{′′}_i − |h_i|^εh^{′′}_i = f_1(x, y, y^′) + f_2(x, y, y^′) − ψ(|h^′_i|) + (|y|^ε − |h_i|^ε)h^{′′}_i dhladă

Lw = f_1(x, y, y^′) + f_2(x, y, y^′) − ψ(|h^′_i|) + (|y|^ε − |h_i|^ε)h^{′′}_i . (2.12) ’Estw Ñ_i ∈ D_i tètoio ÿste h w_i = y + h_i na lambĹnei ekeÐ arnhtikì elĹqisto. Tìte w^{′′}(Ñ_i) ≥ 0 opìte apì ton orismì tou telestă L prokÔptei Lw( Ñ_i) ≥ 0. Tÿra profanÿc w(Ñ_i) < 0, Ĺra y(Ñ_i)+h_i(Ñ_i) < 0. EpÐshc isqÔei h^{′′}_i (Ñ_i) < 0 gia i = 1, 2 kai ja deÐxoume ìti h^ε_i (Ñ_i) − |y( Ñ_i)|^ε < 0.

PrĹgmati, 0 < h_i(Ñ_i) < −y( Ñ_i) = |y(Ñ_i)| Ĺra h^ε_i (Ñ_i) < |y(Ñ_i)|^ε. Apì tic sqèseic (2.8), (2.9) kajÿc epÐshc kai ìti sto Ñ_i h w_i lambĹnei arnhtikì elĹqisto (Ĺra y^′(Ñ_i) = −h^′_i(Ñ_i)) èqoume f_1(Ñ_i, y(Ñ_i), y^′(Ñ_i)) − ψ(|y^′_i(Ñ_i|) < 0 kai f_2(Ñ_i, y(Ñ_i), y^′(Ñ_i)) ≤ 0. ’Ara apì th sqèsh (2.12) paÐrnoume Lw( Ñ_i) < 0, Ĺtopo. Sto sÔnoro, gia x ∈ ∂D_i me i = 1, 2, gnwrÐzoume −h_i(x) ≤ y(x). Efarmìzontac thn arqă megÐstou paÐrnoume

−h_i(x) ≤ y(x) sto D_i.

b) ’Estw τ_0 ≥ 2l. H diadikasÐa thc apìdeixhc eÐnai parìmoia, aplĹ tÿra sto sÔnoro ja èqoume y(−l) = h_1(−l) = 0 kai y(l) = h_2(l) = 0 me h^′_1 > 0, h^′_2 < 0. ApodeÐxame loipìn ìti |y(x)| ≤ h_i(x) i = 1, 2 ∀x ∈ D_i .

ParĹdeigma 1. ’Ac pĹroume gia f_1(x, y, p) = p^mg(x, y) kai f_2(x, y, p) = y^{2n+1}p^{2n}h(x, y, p) ìpou oi m, n eÐnai fusikoÐ arijmoÐ, m > 2 kai h h eÐnai mia mh arnhtikă sunĹrthsh. EÔkola blèpoume ìti oi sunjăkec (2.8), (2.9) ikanopoioÔntai.

Apì to prohgoÔmeno parĹdeigma eÐnai fanerì ìti h gnăsia anisìthta sthn sqèsh (2.8) den eÐnai ousiastikă kai ja mporoÔse lìgw thc jetikìthtac thc sunĹrthshc ψ na antikatastajeÐ apì thn |f_1(x, y, p)| ≤ ψ(|p|).

2.3 Olikă ektÐmhsh tou |y^′|.

Lămma 2.3 ’Estw y ∈ C^2((−l, l)) ∩ C^0([−l, l]) lÔsh tou problămatoc (2.1), (2.2) kai gia thn sunĹrthsh f(x, y, p) isqÔoun oi proupojèseic tou lămmatoc 2.2. Epiplèon h f_2(x, y, p) ikanopoieÐ tic sunjăkec f_2(x_1, y_1, p) − f_2(x_2, y_2, p) ≥ 0 (2.13) f_2(x_2, y_1, −p) − f_2(x_1, y_2, −p) ≥ 0 (2.14) gia x_1 > x_2, y_1 > y_2, p > 0. Tìte |y^′(x)| ≤ c_0 ìpou to c_0, exartĹtai mìno apì ta ψ, l^{−1} , M.

Apìdeixh. ’Estw dÔo shmeÐa x_1, x_2 ∈ (−l, l) me x_1 > x_2 kai

|y(x_1)|^εy^{′′}(x_1) = f_1(x_1, y(x_1), y^′(x_1)) + f_2(x_1, y(x_1), y^′(x_1)) (2.15) |y(x_2)|^εy^{′′}(x_2) = f_1(x_2, y(x_2), y^′(x_2)) + f_2(x_2, y(x_2), y^′(x_2)) (2.16) OrÐzoume P = {(x_1, x_2) : |x_1| < l, |x_2| < l, x_1 > x_2, x_1 − x_2 < τ_0}, ìpou to τ_0 ja epileqjeÐ parakĹtw, kai v(x_1, x_2) = y(x_1) − y(x_2). Profanÿc h v ikanopoieÐ thn exÐswsh

|y(x_1)|^εv_{x1x1} − |y(x_2)|^εv_{x2x2} = f_1(x_1, y(x_1), v_{x1} ) + f_2(x_1, y(x_1), v_{x1} )−

−f_1(x_2, y(x_2), −v_{x2} ) − f_2(x_2, y(x_2), −v_{x2} ).

JewroÔme ton telestă

L(v) ≡ −αv_{x1x1} − βv_{x2x2} − ψ(|v_{x1} |) − ψ(|v_{x2} |) (2.17)

ìpou α = α(x_1) = |y(x_1)|^ε, β = β(x_2) = |y(x_2)|^ε. ’Estw h h lÔsh tou problămatoc h^ε(τ)h^{′′}(τ) + ψ(|h^′(τ)|) = 0, (2.18) h(0) = 0, h(τ_0) = μ = max{M, osc(y)}. (2.19) ’Opwc kai prohgoumènwc brÐskoume mÐa anaparĹstash thc lÔshc mèsw thc allagăc p(h) = h^′,

h(q) = (1 − ε)^{11−ε} (

�_{q1} q ρdρ ψ(ρ)

)^{11−ε} , x(q) =

�_{q1} q h^εdρ ψ(ρ)

(2.20)

gia q ∈ [q_0, q_1], q_1 > q_0 > 0 kai

h_1(q_0) = (1 − ε)^{11−ε} (

�_{q1}

q_0 ρdρ ψ(ρ)

)^{11−ε} = μ (2.21)

pou isqÔei lìgw thc (2.3). EpÐshc jètoume

τ_0 =

�_{q1}

q_0

h^εdρ ψ(ρ) . H sÔgkrish twn h(x_1 − x_2) kai v(x_1, x_2) sto ∂P mac odhgeÐ sth anisìthta

v(x_1, x_2) ≤ h(x_1 − x_2) ∀(x_1, x_2) ∈ ∂P.

PrĹgmati, gia x_1 = x_2 oi v(x_1, x_2), h(x_1 − x_2) sumpÐptoun kai isoÔntai me 0, gia x_1 − x_2 = τ_0 paÐrnoume y(x_1) − y(x_2) − h(τ_0) = y(x_1) − y(x_2) − μ ≤ osc(y) − μ ≤ 0. Gia x_1 = l, x_2 ∈ (l − τ_0, l) èqoume y(l) − y(x_2) − h(l − x_2) = −y(x_2) − h(l − x_2). Ja deÐxoume y(x_2) ≥ −h(l − x_2). ’Omwc isqÔei h(l − x_2) = h_2(x_2) diìti oi sunartăseic h_2(x_2), h_0(x_2) = h(l − x_2) eÐnai oi monadikèc lÔseic twn (I), (II)

(I) � � � h^ε_2(x)h^{′′}_2(x) + ψ(|h^′_2(x)|) = 0 h_2(l − τ_0) = μ h_2(l) = 0

(II) � � � h^ε_0(x)h^{′′}_0(x) + ψ(|h^′_0(x)|) = 0 h_0(l − τ_0) = μ h_0(l) = 0

Ĺra to zhtoÔmeno prokÔptei apì to Lămma 2.2. Gia x_2 = −l, x_1 ∈ (−l, −l + τ_0) tìte y(x_1) − y(x_2) − h(x_1 − x_2) = y(x_1) − h(x_1 + l). Ja deÐxoume ìti y(x_1) ≤ h(x_1 + l). ArkeÐ na deÐxoume h_1(x_1) ≤ h(x_1 + l) kai sth sunèqeia qrhsimopoiÿntac to Lămma 2.2 ja èqoume y(x_1) ≤ h_1(x_1) ≤ h(x_1 + l).

’Omwc isqÔei h_1(x_1) = h(x_1 + l) diìti oi sunartăseic h_1(x_1) kai h̃(x_1) = h(x_1 + l) eÐnai monadikèc lÔseic twn (III),(IV ).

(III) � � � h^ε_1(x)h^{′′}_1(x) + ψ(|h^′_1(x)|) = 0 h_1(−l) = 0 h_1(−l + τ_0) = μ

(IV ) � � � h̃ε(x)h̃′′(x) + ψ(| h̃′(x)|) = 0 h̃(−l) = 0 h̃(−l + τ_0) = μ Sto P orÐzoume L_1(h) ≡ h^ε(τ)h^{′′}(τ) + ψ(|h^′(τ)|) kai L_2(h) = −L_1(h). Tÿra L_2(h) − L(v) = L_3(h − v) + g_4(x_1, x_2) (2.22) ìpou L_3(q) ≡ −αq_{x1x1} − βq_{x2x2} − g_1q_{x1} − g_2q_{x2} + g_3q me g_1 =

−ψ(|v_{x1} |) h_{x1} − v_{x1}

, g_2 = ψ(|h_{x2} |) − ψ(|v_{x2} |) h_{x2} − v_{x2} , g_3 = −h^{′′} h^ε − |v|^ε h − v

, g_4 = αh^{′′} + βh^{′′} − |v|^εh^{′′} kai h^{′′} = h_{x1x1} = h_{x2x2} . H apìdeixh thc (2.22) eÐnai aplă, L_3(h − v) + g_4(x_1, x_2) = −α(h − v)_{x1x1} − β(h − v)_{x2x2} + ψ(|v_{x1} |) − ψ(|h_{x2} |)+ ψ(|v_{x2} |)−h^{′′}(h^ε −|v|^ε)+αh^{′′} +βh^{′′} −|v|^εh^{′′} = αv_{x1x1} +βv_{x2x2} −h^{′′}h^ε +ψ(|v_{x1} |)− ψ(|h^′|) + ψ(|v_{x2} |) = αv_{x1x1} + βv_{x2x2} + ψ(|v_{x1} |) + ψ(|v_{x2} |) − (h^{′′}h^ε + ψ(|h^′|)) = −L(v) − L_1(h) = L_2(h) − L(v).

’Omwc g_4 = αh^{′′} +βh^{′′} −|v|^εh^{′′} = h^{′′}(α+β−|v|^ε) = (|y(x_1)|^ε +|y(x_2)|^ε −|v|^ε)h^{′′} kai isqÔoun oi anisìthtec |y(x_1)|^ε + |y(x_2)|^ε ≥ (|y(x_1)| + |y(x_2)|)^ε ≥ |v|^ε gia kĹje ε ∈ [0, 1) (blèpe [35]), opìte g_4 ≤ 0. ’Estw ìti h h − v lambĹnei sto N = (x^0_1, x^0_2) ∈ P arnhtikì elĹqisto tìte ja èqoume (h − v)(N) < 0, Ĺra h^ε(N) < |v|^ε(N) dhladă g_3(N) > 0 diìti h^{′′} < 0. Opìte L_3(h − v)(N) =

−α(N)(h − v)_{x1x1} (N) − β(N)(h − v)_{x2x2} (N) + g_3(N)(h − v)(N) < 0. Apì thn Ĺllh meriĹ

L_2(h) − L(v) = αv_{x1x1} + βv_{x2x2} + ψ(|v_{x1} |) + ψ(|v_{x2} |) = f_1(x_1, y(x_1), v_{x1} )+

+f_2(x_1, y(x_1), v_{x1} )−f_1(x_2, y(x_2), −v_{x2} )−f_2(x_2, y(x_2), −v_{x2} )+ψ(|v_{x1} |)+ψ(|v_{x2} |)

Ĺra oi sqèseic (2.8), (2.13), (2.22) kajÿc epÐshc kai ìti v_{x1} (N) = −v_{x2} (N) = h^′(N) mac dÐnoun ìti L_3(h − v)(N) ≥ 0

Ĺtopo. Me thn ektÐmhsh sto sÔnoro katalăgoume sthn

y(x_1) − y(x_2) = v(x_1, x_2) ≤ h(x_1 − x_2) (2.23)

gia kĹje (x_1, x_2) ∈ P̄ .

Tÿra sto P = {(x_1, x_2) : x_1 > x_2, x_1 − x_2 < τ_0}, ìpou to τ_0 epilègetai ìpwc prohgoumènwc orÐzoume ṽ(x_1, x_2) = y(x_2) − y(x_1). Profanÿc h ṽ ikanopoieÐ thn exÐswsh

|y(x_2)|^εṽ_{x2x2} − |y(x_1)|^εṽ_{x1x1} = f_1(x_2, y(x_2), ṽ_{x2} ) + f_2(x_2, y(x_2), ṽ_{x2} )−

f_1(x_1, y(x_1), −ṽ_{x1} ) − f_2(x_1, y(x_1), −ṽ_{x1} ).

OrÐzoume L(ṽ) ≡ −αṽ_{x1x1} − βṽ_{x2x2} − ψ(|ṽ_{x1} |) − ψ(|ṽ_{x2} |)

ìpou α = α(x_1) = |y(x_1)|^ε, β = β(x_2) = |y(x_2)|^ε. ’Estw h h lÔsh tou problămatoc (2.18), (2.19) kai (2.20) h anaparĹstasă thc. H sÔgkrish twn h(x_1 − x_2) kai ṽ(x_1, x_2) sto ∂P mac odhgeÐ sth anisìthta

ṽ(x_1, x_2) ≤ h(x_1 − x_2) ∀(x_1, x_2) ∈ ∂P.

PrĹgmati, gia x_1 = x_2 oi ṽ(x_1, x_2), h(x_1 − x_2) sumpÐptoun kai isoÔntai me 0, gia x_1 − x_2 = τ_0 paÐrnoume y(x_2) − y(x_1) − h(τ_0) = y(x_2) − y(x_1) − μ ≤ osc(y) − μ ≤ 0. Gia x_1 = l, x_2 ∈ (l − τ_0, l) èqoume y(x_2) − y(l) − h(l − x_2) = y(x_2) − h(l − x_2). Ja deÐxoume ìti y(x_2) ≤ h(l − x_2). ’Omwc isqÔei h(l − x_2) = h_2(x_2) diìti oi sunartăseic h_2(x_2), h_0(x_2) = h(l − x_2) eÐnai oi monadikèc lÔseic twn (I), (II)

(I) � � � h^ε_2(x)h^{′′}_2(x) + ψ(|h^′_2(x)|) = 0 h_2(l − τ_0) = μ h_2(l) = 0

(II) � � � h^ε_0(x)h^{′′}_0(x) + ψ(|h^′_0(x)|) = 0 h_0(l − τ_0) = μ h_0(l) = 0

Ĺra to zhtoÔmeno prokÔptei apì to Lămma 2.2. Gia x_2 = −l, x_1 ∈ (−l, −l+τ_0) tìte y(x_2) − y(x_1) − h(x_1 − x_2) = −y(x_1) − h(x_1 + l). Ja deÐxoume ìti

−h(x_1 + l) ≤ y(x_1). ArkeÐ na deÐxoume h_1(x_1) ≤ h(x_1 + l) kai sth sunèqeia qrhsimopoiÿntac to Lămma 2.2 ja èqoume

y(x_1) ≥ −h_1(x_1) ≥ −h(x_1 + l).

’Omwc isqÔei h_1(x_1) = h(x_1 + l) diìti oi sunartăseic h_1(x_1) kai h̃(x_1) = h(x_1 + l) eÐnai monadikèc lÔseic twn (III),(IV ).

(III) � � � h^ε_1(x)h^{′′}_1(x) + ψ(|h^′_1(x)|) = 0 h_1(−l) = 0 h_1(−l + τ_0) = μ

(IV ) � � � h̃ε(x)h̃′′(x) + ψ(| h̃′(x)|) = 0 h̃(−l) = 0 h̃(−l + τ_0) = μ

Gia ta eswterikĹ shmeÐa tou P orÐzoume

L_1(h) ≡ h^ε(τ)h^{′′}(τ) + ψ(|h^′(τ)|)

kai L_2(h) = −L_1(h). Tÿra

L_2(h) − L(ṽ) = L_3(h − ṽ) + g_4(x_1, x_2)

ìpou L_3(q) ≡ −αq_{x1x1} − βq_{x2x2} − g_1q_{x1} − g_2q_{x2} + g_3q me g_1 =

−ψ(|ṽ_{x1} |) h_{x1} − ṽ_{x1}

, g_2 = ψ(|h_{x2} |) − ψ(|ṽ_{x2} |) h_{x2} − ṽ_{x2} , g_3 = −h^{′′} h^ε − |ṽ|^ε h − ṽ

, g_4 = αh^{′′} + βh^{′′} − |ṽ|^εh^{′′}

kai h^{′′} = h_{x1x1} = h_{x2x2} . H apìdeixh thc parapĹnw sqèshc èqei gÐnei prohgoumènwc. ’Omoia loipìn g_4 = αh^{′′} + βh^{′′} − |ṽ|^εh^{′′} = h^{′′}(α + β − |ṽ|^ε) = (|y(x_1)|^ε + |y(x_2)|^ε − |ṽ|^ε)h^{′′}, kai isqÔoun oi anisìthtec

|y(x_1)|^ε + |y(x_2)|^ε ≥ (|y(x_1)| + |y(x_2)|)^ε ≥ |ṽ|^ε

gia kĹje ε ∈ [0, 1) (blèpe [35]), opìte g_4 ≤ 0. ’Estw ìti h h − ṽ lambĹnei sto Ñ = (x^0_1, x^0_2) ∈ P arnhtikì elĹqisto tìte ja èqoume (h − ṽ)( Ñ) < 0, Ĺra h^ε(Ñ) < |ṽ|^ε(Ñ) dhladă g_3(Ñ) > 0 diìti h^{′′} < 0. Opìte L_3(h − ṽ)( Ñ) = −α( Ñ)(h − ṽ)_{x1x1} (Ñ) − β( Ñ)(h − ṽ)_{x2x2} (Ñ) + g_3(Ñ)(h − ṽ)( Ñ) < 0. Apì thn Ĺllh meriĹ

L_2(h) − L(ṽ) = αṽ_{x1x1} + βṽ_{x2x2} + ψ(|ṽ_{x1} |) + ψ(|ṽ_{x2} |) = −f_1(x_1, y(x_1), −ṽ_{x1} )−

−f_2(x_1, y(x_1), −ṽ_{x1} )+f_1(x_2, y(x_2), ṽ_{x2} )+f_2(x_2, y(x_2), ṽ_{x2} )+ψ(|ṽ_{x1} |)+ψ(|ṽ_{x2} |)

Ĺra oi sqèseic (2.8), (2.14), (2.22) kajÿc epÐshc kai ìti ṽ_{x1} (Ñ) = ṽ_{x2} (Ñ) = −h^′(Ñ) mac dÐnoun ìti L_3(h − ṽ)( Ñ) ≥ 0

Ĺtopo, opìte h anisìthta sto sÔnoro sunepĹgetai

y(x_2) − y(x_1) = ṽ(x_1, x_2) ≤ h(x_1 − x_2) (2.24)

gia kĹje (x_1, x_2) ∈ P̄ .

Sthn mèqri tÿra apìdeixh eÐqame upojèsei ìti τ_0 ≤ 2l. An τ_0 > 2l orÐzoume xanĹ to P kai h apìdeixh eÐnai h Ðdia jewrÿntac touc Ðdiouc telestèc. H mình diaforĹ eÐnai to sÔnoro ìpou tÿra ja èqoume

∂P = {x_1 − x_2 = 0} ∪ {x_2 = −l, x_1 ∈ (−l, l)} ∪ {x_1 = l, x_2 ∈ (−l, l)}

kai h apìdeixh eÐnai aploÔsterh.

Lìgw thc summetrÐac twn metablhtÿn x_1, x_2 mporoÔme na isquristoÔme ìti gia |x_1| < l , |x_2| < l , 0 < |x_1 − x_2| < τ_0 (ă 0 < |x_1 − x_2| gia τ_0 > 2l)

|y(x_1) − y(x_2)|

|x_1 − x_2| ≤ h(|x_1 − x_2|) − h(0) |x_1 − x_2|

dhladă |y^′(x)| ≤ h^′(0) = q_1. (2.25)

To lămma apodeÐqjhke.

ParĹdeigma 2. ’An jewrăsoume f_1(x, y, p) = p^{n+2}g(x, y) kai f_2(x, y, p) = y^{2n+1}e^ph(x, y, p) gia n ≠ 0 fusikì kai h mh arnhtikă sunĹrthsh, blèpoume ìti oi sunjăkec (2.8), (2.13), (2.14) ikanopoioÔntai.

3. To prìblhma Neumann.

3.1 EktÐmhsh thc lÔshc.

Lămma 3.1 JewroÔme to prìblhma

|y|^εy^{′′} = f(x, y, y^′) (3.1)

y^′(−l) = y^′(l) = 0 (3.2) ìpou ε ∈ [0, 1) kai h sunĹrthsh f(x, y, p) orÐzetai gia |y| < +∞, |p| < +∞, x ∈ [−l, l]. ’Estw ìti upĹrqei M > 0 tètoio ÿste yf(x, y, 0) > 0 gia |y| > M, x ∈ [−l, l] kai epiplèon

|y(−l)|^εy^{′′}(−l) = f(−l, y(−l), 0) (3.3)

|y(l)|^εy^{′′}(l) = f(l, y(l), 0) (3.4) tìte gia kĹje y ∈ C^2[−l, l] lÔsh tou problămatoc (3.1), (3.2) isqÔei

|y(x)| ≤ M, x ∈ [−l, l]

Apìdeixh. H sunĹrthsh |y| eÐnai jetikă kai lìgw sunèqeiac ja lambĹnei jetikì mègisto se kĹpoio x_0 ∈ [−l, l]. ’Estw |y| > M.

(a) ’An x_0 ∈ (−l, l), y(x_0) > M tìte y^{′′}(x_0) ≤ 0, Ĺra |y(x_0)|^εy^{′′}(x_0) ≤ 0 dhladă f(x_0, y(x_0), 0) ≤ 0 kai epeidă y(x_0) > 0 prokÔptei y(x_0)f(x_0, y(x_0), 0) ≤ 0 Ĺtopo.

(b) ’An x_0 ∈ (−l, l), y(x_0) < −M tìte y^{′′}(x_0) ≥ 0, Ĺra |y(x_0)|^εy^{′′}(x_0) ≥ 0 dhladă f(x_0, y(x_0), 0) ≥ 0 kai epeidă y(x_0) < 0 prokÔptei y(x_0)f(x_0, y(x_0), 0) ≤ 0 Ĺtopo.

An h |y| lambĹnei to mègisto thc gia x_0 = −l ă x_0 = l tìte |y(x_0)| ≤ M. PrĹgmati èstw x_0 = −l kai y(−l) to mègisto thc sunĹrthshc y. Ja deÐxoume ìti den mporeÐ na isqÔei |y(−l)| > M. ’An |y(−l)| > M tìte pollaplasiĹzontac thn (3.3) me y(−l) prokÔptei

y(−l)|y(−l)|^εy^{′′}(−l) = y(−l)f(−l, y(−l), 0) > 0.

An y(−l) > 0 tìte y^{′′}(−l) > 0 kai Ĺra h y^′ eÐnai gnăsia aÔxousa gia x kontĹ sto −l. Tìte y^′(x) > y^′(−l) = 0 gia x kontĹ sto −l, opìte h y eÐnai gnăsia aÔxousa se aută thn perioqă tou −l kai to y(−l) = |y(−l)| den eÐnai mègisto thc |y|.

An tÿra y(−l) < 0 tìte y^{′′}(−l) < 0 kai Ĺra h y^′ eÐnai gnăsia fjÐnousa se mÐa perioqă tou −l, dhladă y^′(x) < y^′(−l) = 0 gia x kontĹ sto −l, opìte h y eÐnai gnăsia fjÐnousa s’ aută th perioqă tou −l kai h |y| den mporeÐ na lambĹnei mègisto sto −l (ja lambĹnei elĹqisto). H apìdeixh gia x_0 = l gÐnetai me ton Ðdio trìpo.

3.2 EktÐmhsh thc |y^′|.

JewroÔme to prìblhma (3.1), (3.2) ìpou h sunĹrthsh f eÐnai dunatìn na emfanÐzetai sth morfă f(x, y, p) = f_1(x, y, p) + f_2(x, y, p) (3.5) ìpou h f_1 ikanopoieÐ th sunjăkh (2.8) kai gia thn f_2 isqÔoun oi (2.13), (2.14). ’Estw h h lÔsh tou problămatoc (2.18), (2.19) kai (2.20) h anaparĹstasă thc.

Lămma 3.2 ’Estw y ∈ C^2((−l, l)) ∩ C^1([−l, l]) lÔsh tou problămatoc (3.1), (3.2). An upojèsoume ìti gia oi f, f_1, f_2 ikanopoioÔn tic (3.5), (2.8), (2.13)- (2.14) antÐstoiqa, tìte |y^′(x)| ≤ C_0 (3.6) gia kĹje x ∈ [−l, l] ìpou to C_0 exartĹtai mìno apì ta ψ, l^{−1} , M. Apìdeixh. ’An x = −l ă x = l tìte h (3.6) profanÿc isqÔei. ’Estw dÔo shmeÐa x_1, x_2 ∈ (−l, l) me x_1 > x_2 kai

|y(x_1)|^εy^{′′}(x_1) = f_1(x_1, y(x_1), y^′(x_1)) + f_2(x_1, y(x_1), y^′(x_1)) (3.7) |y(x_2)|^εy^{′′}(x_2) = f_1(x_2, y(x_2), y^′(x_2)) + f_2(x_2, y(x_2), y^′(x_2)) (3.8) OrÐzoume P = {(x_1, x_2) : |x_1| < l, |x_2| < l, x_1 > x_2, x_1 − x_2 < τ_0} kai v(x_1, x_2) = y(x_1) − y(x_2). Profanÿc h v ikanopoieÐ thn exÐswsh |y(x_1)|^εv_{x1x1} + |y(x_2)|^εv_{x2x2} = f_1(x_1, y(x_1), v_{x1} ) + f_2(x_1, y(x_1), v_{x1} )− f_1(x_2, y(x_2), −v_{x2} ) − f_2(x_2, y(x_2), −v_{x2} ).

OrÐzoume touc telestèc L(v) ≡ −αv_{x1x1} − βv_{x2x2} − ψ(|v_{x1} |) − ψ(|v_{x2} |) (3.9) ìpou α = α(x_1) = |y(x_1)|^ε, β = β(x_2) = |y(x_2)|^ε, L_1(h) ≡ h^ε(τ)h^{′′}(τ) + ψ(|h^′(τ)|). (3.10) Gia eukolÐa ac jèsoume L_2(h) = −L_1(h). Tÿra isqÔei h sqèsh (2.22). JewroÔme thn sunĹrthsh h−v h opoÐa an lambĹnei sto N ∈ P arnhtikì elĹqisto tìte ìpwc eÐdame kai sth melèth tou problămatoc Dirichlet eÔkola prokÔptei ìti L_3(h − v)(N) < 0. (3.11)

EpÐshc qrhsimopoiÿntac tic (2.8), (2.13), (2.22) mporoume na deÐxoume ìti

L_3(h − v)(N) ≥ 0. (3.12)

Apomènei tÿra o èlegqoc sto sÔnoro tou P dhlĹdh sto

∂P = {x_1 − x_2 = 0} ∪ {x_1 − x_2 = τ_0} ∪ Q_1 ∪ Q_2 (3.13)

ìpou Q_1 = {x_2 = −l, x_1 ∈ (−l, −l + τ_0)}, Q_2 = {x_1 = l, x_2 ∈ (l − τ_0, l)}. Gia x_1 = x_2 oi v(x_1, x_2), h(x_1 −x_2) sumpÐptoun kai isoÔntai me 0, gia x_1 −x_2 = τ_0 paÐrnoume y(x_1) − y(x_2) − h(τ_0) = y(x_1) − y(x_2) − μ ≤ osc(y) − μ ≤ 0.

’An tÿra x_2 = −l, x_1 ∈ (−l, −l + τ_0) èqoume w(x_1, x_2) = y(x_1) − y(x_2) − h(x_1 −x_2) Ĺra w_{x2} (x_1, −l) = −y^′(−l)+h^′(x_1 +l) = h^′(x_1 +l) ≥ q_0 > 0. Tèloc Ĺn x_1 = l, x_2 ∈ (l−τ_0, l) isqÔei w_{x1} (l, x_2) = y^′(l)−h^′(l−x_2) = −h^′(l−x_2) < 0. Opìte apì thn ektÐmhsh sto sÔnoro kai ta apotelèsmata sto eswterikì tou P èqoume v(x_1, x_2) = y(x_1) − y(x_2) ≤ h(x_1 − x_2) (3.14) gia kĹje (x_1, x_2) ∈ P̄ . Me ton Ðdio trìpo allĹ qrhsimopoiÿntac tÿra thn (2.14) mporoÔme na apodeÐxoume (blèpe parĹgrafo 2) ìti

ṽ(x_1, x_2) = y(x_2) − y(x_1) ≤ h(x_1 − x_2) (3.15)

gia kĹje (x_1, x_2) ∈ P̄ kai lìgw thc summetrÐac twn metablhtÿn x_1, x_2 èqoume gia |x_1| < l , |x_2| < l , 0 < |x_1 − x_2| < τ_0 (ă 0 < |x_1 − x_2| gia τ_0 > 2l)

|y(x_1) − y(x_2)|

|x_1 − x_2| ≤ h(|x_1 − x_2|) − h(0) |x_1 − x_2|

dhladă |y^′(x)| ≤ h^′(0) = q_1.

ParĹdeigma 3. Profanÿc oi f_1, f_2 pou eÐdame sto parĹdeigma 2 mporoÔn na epilegoÔn san deÔtero mèloc sto prìblhma Neumann.

4. To prìblhma Robin.

4.1 EktÐmhsh thc lÔshc.

Lămma 4.1 JewroÔme to prìblhma

|y|^εy^{′′} = f(x, y, y^′) (4.1)

y^′(−l) − σ(y(−l)) = 0 (4.2) y^′(l) + σ(y(l)) = 0 (4.3) ìpou ε ∈ [0, 1), h sunĹrthsh f(x, y, p) orÐzetai gia |y| < +∞, |p| < +∞, x ∈ (−l, l) kai h σ(y) orÐzetai gia kĹje y. ’Estw ìti upĹrqei M > 0 tètoio ÿste gia |y| > M isqÔei yf(x, y, 0) > 0 me x ∈ (−l, l) kai y(−l)σ(y(−l)) > 0, y(l)σ(y(l)) < 0. Tìte gia kĹje y ∈ C^2(−l, l)∩C^1[−l, l] lÔsh tou problămatoc (4.1)-(4.3) isqÔei |y(x)| ≤ M, x ∈ [−l, l].

Apìdeixh. H sunĹrthsh |y| lìgw sunèqeiac ja lambĹnei mègisto se kĹpoio x_0 ∈ [−l, l]. ’Estw |y| > M.

(a) ’An x_0 ∈ (−l, l), y(x_0) > M tìte y^{′′}(x_0) ≤ 0, Ĺra |y(x_0)|^εy^{′′}(x_0) ≤ 0 dhladă f(x_0, y(x_0), 0) ≤ 0 kai epeidă y(x_0) > 0 prokÔptei y(x_0)f(x_0, y(x_0), 0) ≤ 0 Ĺtopo.

(b) ’An x_0 ∈ (−l, l), y(x_0) < −M tìte y^{′′}(x_0) ≥ 0, Ĺra |y(x_0)|^εy^{′′}(x_0) ≥ 0 dhladă f(x_0, y(x_0), 0) ≥ 0 kai epeidă y(x_0) < 0 prokÔptei y(x_0)f(x_0, y(x_0), 0) ≤ 0 Ĺtopo.

An h |y| lambĹnei to mègisto thc gia x_0 = −l ă x_0 = l tìte |y(x_0)| ≤ M. PrĹgmati èstw x_0 = −l kai y(−l) to mègisto thc sunĹrthshc y. Ja deÐxoume ìti den mporeÐ na isqÔei |y(−l)| > M. ’An |y(−l)| > M tìte pollaplasiĹzontac thn (4.2) me y(−l) prokÔptei

y(−l)y^′(−l) = y(−l)σ(y(−l)) > 0.

An y(−l) > 0 tìte y^′(−l) > 0 Ĺra h y eÐnai gnăsia aÔxousa gia x ∈ π(−l, δ), δ > 0 kai to y(−l) = |y(−l)| den eÐnai mègisto thc |y|. An tÿra y(−l) < 0 tìte y^′(−l) < 0 Ĺra h y eÐnai gnăsia fjÐnousa se mÐa perioqă tou −l kai h |y| den mporeÐ na lambĹnei mègisto sto −l. Gia x_0 = l h apìdeixh eÐnai parìmoia. PollaplasiĹzoume thn (4.3) me y(l) kai èqoume

y(l)y^′(l) = −y(l)σ(y(l)) > 0.

An y(l) > 0 tìte y^′(l) > 0 Ĺra h y eÐnai gnăsia aÔxousa gia x ∈ π(l, δ^′), δ^′ > 0 kai to y(l) = |y(l)| den eÐnai mègisto thc |y|. An tÿra y(l) < 0 tìte y^′(l) < 0 Ĺra h y eÐnai gnăsia fjÐnousa se mÐa perioqă tou l kai h |y| den mporeÐ na lambĹnei mègisto sto l.

4.2 EktÐmhsh thc |y^′|.

JewroÔme to prìblhma (4.1)-(4.3) ìpou h sunĹrthsh f eÐnai thc morfăc (3.5). Ac upojèsoume epÐshc ìti oi f_1, f_2 epilègontai ìpwc sthn prohgoÔmenh parĹgrafo. Stic sunoriakèc sunjăkec (4.2), (4.3) h sunĹrthsh σ eÐnai fragmènh gia |y| ≤ M kai N = sup_{[−M,M]} |σ|. ’Estw h h lÔsh tou problămatoc (2.18), (2.19) kai (2.20) mia anaparĹstasă thc. H mình diaforĹ me ta dÔo prohgoÔmena problămata eÐnai ìti edÿ prèpei na epilèxoume katĹllhla to q_0. ’Etsi dialègoume q_0 > N. (4.4)

Lămma 4.2 ’Estw y ∈ C^2((−l, l)) ∩ C^1([−l, l]) lÔsh tou problămatoc (4.1)- (4.3) kai oi f, f_1, f_2 epilègontai ìpwc parapĹnw. ’An epiplèon ikanopoieÐtai h (4.4) tìte upĹrqei stajerĹ C_1 pou exartĹtai mìno apì ta ψ, l^{−1} , M, N tètoia ÿste |y^′(x)| ≤ C_1 (4.5)

gia kĹje x ∈ [−l, l].

Apìdeixh. ’An x = −l ă x = l epeidă N = sup_{[−M,M]} |σ| h (4.5) isqÔei. ’Estw dÔo shmeÐa x_1, x_2 ∈ (−l, l) me x_1 > x_2. JewroÔme tic y(x_1), y(x_2) oi opoÐec ikanopoioÔn tic exisÿseic (3.7), (3.8). OrÐzoume to sÔnolo P = {(x_1, x_2) : x_1 > x_2, x_1 − x_2 < τ_0} kai th sunĹrthsh v(x_1, x_2) = y(x_1) − y(x_2). JewroÔme touc telestèc L, L_1 pou dÐnontai apì tic sqèseic (3.9), (3.10) antÐstoiqa. MporoÔme na apodeÐxoume, qrhsimopoiÿntac thn (2.22), ìti h sunĹrthsh h−v den mporeÐ na lambĹnei arnhtikì elĹqisto sto P . Sto sÔnoro

∂P = {x_1 − x_2 = 0} ∪ {x_1 − x_2 = τ_0} ∪ Q_1 ∪ Q_2

ìpou Q_1 = {x_2 = −l, x_1 ∈ (−l, −l + τ_0)}, Q_2 = {x_1 = l, x_2 ∈ (l − τ_0, l)} èqoume, gia x_1 = x_2 oi v(x_1, x_2), h(x_1 − x_2) sumpÐptoun kai isoÔntai me 0, gia x_1 −x_2 = τ_0 paÐrnoume y(x_1)−y(x_2)−h(τ_0) = y(x_1)−y(x_2)−μ ≤ osc(y)−μ ≤ 0. ’An tÿra (x_1, x_2) ∈ Q_1 ja èqoume w(x_1, x_2) = y(x_1) − y(x_2) − h(x_1 − x_2) Ĺra w_{x2} (x_1, −l) = −y^′(−l) + h^′(x_1 + l) = −σ(y(−l)) + h^′(x_1 + l) ≥ −N + q_0 > 0

lìgw thc (4.4). Tèloc Ĺn (x_1, x_2) ∈ Q_2 isqÔei

w_{x1} (l, x_2) = y^′(l) − h^′(l − x_2) = −σ(y(l)) − h^′(l − x_2) ≤ N − q_0 < 0

lìgw xanĹ thc (4.4). Opìte

v(x_1, x_2) = y(x_1) − y(x_2) ≤ h(x_1 − x_2) (4.6) gia kĹje (x_1, x_2) ∈ P̄ . Me ton Ðdio trìpo allĹ qrhsimopoiÿntac tÿra thn (2.14) mporoÔme na apodeÐxoume (deÐte parĹgrafo 2) ìti

ṽ(x_1, x_2) = y(x_2) − y(x_1) ≤ h(x_1 − x_2) (4.7)

gia kĹje (x_1, x_2) ∈ P̄ kai lìgw thc summetrÐac twn metablhtÿn x_1, x_2 èqoume gia |x_1| < l , |x_2| < l , 0 < |x_1 − x_2| < τ_0 (ă 0 < |x_1 − x_2| gia τ_0 > 2l)

|y(x_1) − y(x_2)|

|x_1 − x_2| ≤ h(|x_1 − x_2|) − h(0) |x_1 − x_2|

dhladă |y^′(x)| ≤ h^′(0) = q_1.

To lămma apodeÐqthke.

ParĹdeigma 4. Profanÿc oi f_1, f_2 pou eÐdame sto parĹdeigma 2 mporoÔn na epilegoÔn san deÔtero mèloc sto prìblhma Robin.

5. Jewrămata ’Uparxhc kai Monadikìthtac.

5.1 H mh ekfulizìmenh perÐptwsh ε = 0.

’An stic sqèseic (2.1), (3.1), (4.1) jèsoume ε = 0 tìte profanÿc ja prokÔyei h exÐswsh y^{′′} = f(x, y, y^′) (5.1) me sunoriakèc sunjăkec y(−l) = y(l) = 0, (5.2) y^′(−l) = y^′(l) = 0, (5.3) y^′(−l) − σ(y(−l)) = y^′(l) + σ(y(l)) = 0. (5.4) ApodeÐxame apriori ektimăseic gia thn lÔsh kajÿc kai gia thn parĹgwgì thc, |y(x)| ≤ M, |y^′(x)| ≤ c_0 ∀x ∈ [−l, l]. (5.5)

5.1.1 ’Uparxh thc lÔshc twn problhmĹtwn Dirichlet, Neumann, Robin.

Jeÿrhma 1 JewroÔme to prìblhma (5.1), (5.2) kai èstw h f ikanopoieÐ tic upojèseic twn lhmmĹtwn (2.2), (2.3), tìte upĹrqei mia toulĹqiston lÔsh y ∈ C^2((−l, l)) ∩ C^0([−l, l]).

Apìdeixh. JewroÔme ton telestă T : C^1([−l, l]) −→ C^2([−l, l]) v −→ y ìpou y eÐnai lÔsh tou problămatoc y^{′′}(x) = f(x, v(x), v^′(x)) (5.6) y(−l) = y(l) = 0 (5.7) O telestăc eÐnai kalÿc orismènoc. PrĹgmati h sunĹrthsh f(x, y, p) eÐnai fragmènh gia x ∈ [−l, l], |y| ≤ M, |p| ≤ c_0 Ĺra lìgw thc (5.1) h y^{′′}(x) = f(x, y(x), y^′(x)) = f̃(x) eÐnai fragmènh. Opìte h y^′ eÐnai suneqăc. Tÿra epeidă h f jewrăjhke suneqăc prokÔptei ìti y^{′′} ∈ C^0([−l, l]), dhladă y ∈ C^2([−l, l]). EpÐshc to prìblhma (5.6), (5.7) èqei monadikă lÔsh. Paratărhsh. Mia piì fusiologikă skèyh ja ătan na lègame ìti y ∈ C^2((−l, l)) ∩ C^0([−l, l]) ìmwc lìgw twn upojèsewn gia thn f h omalìthta thc y ftĹnei mèqri to sÔnoro (blèpe [2]).

JewroÔme ston C^1([−l, l]) thn nìrma ||g||_C1 = sup |g| + sup |g^′| kai ston C^2([−l, l]) thn nìrma ||g||_C2 = sup |g|+sup |g^′|+sup |g^{′′}|. O (C^1, ||·||_C1 ) eÐnai qÿroc Banach. Ja deÐxoume ìti o T : C^1 −→ C^1 eÐnai sumpagăc telestăc. ArkeÐ na deÐxoume ìti fragmèno sÔnolo sto C^2 ja eÐnai sqetikĹ sumpagèc sto C^1. ’Estw y_n ∈ C^2 tìte ||y_n||_C2 ≤ c_1. Dhladă sup |y_n| + sup |y^′_n| + sup |y^{′′}_n| ≤ c_1 gia kĹje n ∈ N. Dhladă ∀n ∈ N, ∀x ∈ [−l, l] èqoume |y_n(x)| ≤ c_1. ’Ara y_n omoiìmorfa fragmènh. Tÿra profanÿc ∀n, ∀x_1, x_2 ∈ [−l, l] isqÔei y_n(x_1) − y_n(x_2) = y^′_n(ξ)(x_1 − x_2) (apì to J.M.T). Dhladă

|y_n(x_1) − y_n(x_2)| = |y^′_n(ξ)||x_1 − x_2| ≤ sup(|y^′_n|)|x_1 − x_2| ≤ c_0|x_1 − x_2|.

’Ara ∀ε > 0 ∃δ = δ(ε)(=^ε_{c0} ) tètoio ÿste ∀x_1, x_2 ∈ [−l, l], ∀n me |x_1 − x_2| < δ èqoume |y_n(x_1) − y_n(x_2)| ≤ c_0|x_1 − x_2| ≤ c_0δ = ε. ’Ara y_n isosuneqeÐc. Apì to jeÿrhma Arzela − Ascoli èqoume ìti upĹrqei upakoloujÐa y_{nk} tètoia ÿste y_{nk} → y omoiìmorfa. ’Estw tÿra y^′_{nk} ∈ C^1 tìte profanÿc ∀k ∈ N, ∀x ∈ [−l, l] èqoume |y^′_{nk} (x)| ≤ c_0. ’Ara h y_{nk} omoiìmorfa fragmènh. EpÐshc qrhsimopoiÿntac to jeÿrhma mèshc timăc paÐrnoume ∀k, ∀x_1, x_2 ∈ [−l, l] |y^′_{nk} (x_1)−y^′_{nk} (x_2)| = |y^{′′}_{nk} (ζ)||x_1 −x_2| ≤ sup |y^{′′}_{nk} ||x_1 −x_2| ≤ c_1|x_1 −x_2|. Apì autì ìmoia me to prohgoÔmeno prokÔptei ìti y^′_{nk} eÐnai isosuneqeÐc. Apì to jeÿrhma Arzela − Ascoli prokÔptei ìti upĹrqei upakoloujÐa y^′_{nkm} pou suglÐnei omoiìmorfa, èstw sto w. Tÿra epeidă h y_{nk} sugklÐnei omoiìmorfa sto y upĹrqei x_0 ∈ [−l, l] ÿste h akoloujÐa y_{nkm} (x_0) sugklÐnei. Tìte apì gnwstì jeÿrhma tou apeirostikoÔ logismoÔ (blèpe [36]) èqoume ìti upĹrqei sunĹrthsh t : [−l, l] −→ R, paragwgÐsimh me t^′ = w kai h y_{nkm} sugklÐnei omoiìmorfa sto t. Tÿra apì thn monadikìthta tou orÐou ja èqoume ìti t = y, Ĺra w = y^′. Dhladă telikĹ ja pĹroume

||y_{nkm} − y||_C1 → 0.

’Ara fragmèno sÔnolo sto C^2 apeikonÐzetai se sqetikĹ sumpagèc sto C^1.

H Ôparxh thc lÔshc tou problămatoc (5.1), (5.2) èqei anaqjeÐ sthn eÔresh stajeroÔ shmeÐou tou telestă T. PrĹgmati an o T èqei stajerì shmeÐo y tìte prèpei y = T y kai apì ton orismì tou telestă T (sqèseic (5.6), (5.7)), to y ja eÐnai lÔsh tou problămatoc (5.1),(5.2). Tÿra gia kĹje y t.w y = T y gnwrÐzoume tic apriori ektimăseic (5.5). ’Ara ||y||_C1 = sup |y| + sup |y^′| ≤ M + c_0 = c_1, dhladă ||y||_C1 ≤ c_1. An pĹroume tÿra to

y^{′′} = κf(x, y, y^′) = f_1(x, y, y^′) (5.8)

y(−l) = y(l) = 0 (5.9) gia κ ∈ [0, 1],ja èqoume y = κT y kai oi apriori ektimăseic gia thn lÔsh prokÔptoun akribÿc ìpwc kai gia thn lÔsh tou (5.1),(5.2). Opìte ikanopoioÔntai oi sunjăkec tou jewrămatoc Leray −Schauder Ĺra o T èqei stajerì shmeÐo, dhladă to prìblhma (5.1), (5.2) èqei lÔsh. To jeÿrhma apodeÐqthke.

Jeÿrhma 2 JewroÔme to prìblhma (5.1), (5.3) kai èstw h f ikanopoieÐ tic upojèseic tou lămmatoc (3.2), tìte upĹrqei mia toulĹqiston lÔsh y ∈ C^2((−l, l)) ∩ C^1([−l, l]).

Jeÿrhma 3 JewroÔme to prìblhma (5.1), (5.4) kai èstw h f ikanopoieÐ tic upojèseic tou lămmatoc (4.2), tìte upĹrqei mia toulĹqiston lÔsh y ∈ C^2((−l, l)) ∩ C^1([−l, l]).

Oi apodeÐxeic twn jewrhmĹtwn 2, 3 den diafèroun apì aută tou jewrămatoc 1. 5.1.2 Monadikìthta thc lÔshc twn problhmĹtwn Dirichlet, Neumann, Robin.

Jeÿrhma 4 ’Estw y eÐnai klasikă lÔsh tou (5.1),(5.2), ìpou f(x, y, p) orÐzetai gia |y| ≤ M , |p| < +∞ , x ∈ [−l, l] kai gnăsia aÔxousa wc proc y. Tìte h klasikă lÔsh eÐnai monadikă.

Apìdeixh. ’Estw y_1, y_2 dÔo klasikèc lÔseic tou (5.1),(5.2) tìte y^{′′}_1 (x) = f(x, y_1(x), y^′_1(x)) (5.10) y_1(−l) = y_1(l) = 0 (5.11) y^{′′}_2 (x) = f(x, y_2(x), y^′_2(x)) (5.12) y_2(−l) = y_2(l) = 0 (5.13) OrÐzoume w(x) = y_1(x) − y_2(x). Tìte afairÿntac tic (5.10),(5.12) paÐrnoume w^{′′}(x) = f(x, y_1(x), y^′_1(x)) − f(x, y_2(x), y^′_2(x)) = f(x, y_1(x), y^′_1(x))− f(x, y_2(x), y^′_1(x)) + f(x, y_2(x), y^′_1(x)) − f(x, y_2(x), y^′_2(x)).

Dhladă w^{′′}(x) = G(x) + F (x) (5.14) ìpou G(x) = f(x, y_1(x), y^′_1(x))−f(x, y_2(x), y^′_1(x)) kai F (x) = f(x, y_2(x), y^′_1(x)) −f(x, y_2(x), y^′_2(x)). ’Estw ìti h w lambĹnei jetikì mègisto sto N ∈ (−l, l) tìte profanÿc w^′(N) = 0 Ĺra y^′_1(N) = y^′_2(N) dhladă F (N) = 0. EpÐshc w^{′′}(N) ≤ 0, w(N) > 0 kai G(N) > 0 diìti f gnăsia aÔxousa. Opìte w^{′′}(N) = G(N) > 0 Ĺtopo. ’Estw tÿra ìti h w lambĹnei arnhtikì elĹqisto sto Ñ ∈ (−l, l). Tìte èqoume w^′(Ñ) = 0 Ĺra y^′_1(Ñ) = y^′_2(Ñ) dhladă F (Ñ) = 0. EpÐshc w^{′′}(Ñ) ≥ 0, w(Ñ) < 0 kai G(Ñ) < 0 diìti f gnăsia aÔxousa, Ĺtopo lìgw thc (5.14). Gia x = ±l isqÔoun oi (5.11), (5.13) dhladă w(x) = 0 gia x ∈ [−l, l] Ĺra w(x) = y_1(x) − y_2(x) = 0. Epomènwc

y_1(x) = y_2(x) ∀x ∈ [−l, l]. (5.15)

Ja exetĹsoume tÿra an kai upì poièc proupojèseic èqoume monadikìthta sto prìblhma Neumann. Prin diatupÿsoume to jeÿrhma ja apodeÐxoume èna lămma tropopoiÿntac lÐgo thn apìdeixh pou emfanÐzetai sto [2].

Lămma 5.1 ’Estw y_1, y_2 lÔseic thc (5.1) ìpou h f ikanopoieÐ tic upojèseic tou Jewrămatoc 4 kai epiplèon eÐnai Lipschitz wc proc p. An h sunĹrthsh w = y_1 − y_2 ikanopoieÐ tic sunjăkec w(−l) = 0, w^′(l) = 0 ă w^′(−l) = 0, w(l) = 0, tìte w ≡ 0

Apìdeixh. ArkeÐ na deÐxoume to lămma gia tic sunjăkec w(−l) = 0, w^′(l) = 0. H Ĺllh perÐptwsh antimetwpÐzetai parìmoia. ’An w(l) = 0 tìte apì to jeÿrhma 4 èqoume w ≡ 0. ’Estw w(l) ≠ 0, qwrÐc blĹbh thc genikìthtac mporoÔme na upojèsoume w(l) > 0 (an ìqi antikajistoÔme thn w me thn −w). H w = y_1 − y_2 den mporeÐ na lambĹnei jetikì topikì mègisto sto (−l, l) ektìc kai an eÐnai stajeră. PrĹgmati an lĹmbane se eswterikì shmeÐo topikì jetikì mègisto tìte epeidă h f eÐnai gnăsia aÔxousa kai h sqèsh (5.14) mac dÐnei to Ĺtopo. ’Ara to w(l) eÐnai jetikì mègisto thc w ă h w eÐnai stajeră. ’An h w eÐnai stajeră tìte w ≡ w(−l) = 0 kai èqoume to zhtoÔmeno. ArkeÐ loipìn na deÐxoume ìti h w eÐnai stajeră.

Lìgw xanĹ thc sqèshc (5.14) kai epeidă w(−l) = 0 < w(l) h w den mporeÐ na lambĹnei arnhtikèc timèc. Dhladă isqÔei w ≥ 0 sto [−l, l]. Epeidă w(−l) < w(l) ja upĹrqei x_0 ∈ (−l, l) tètoio ÿste w^′(x_0) > 0. Tÿra epeidă w^′(x_0) > 0 kai w^′(l) = 0 ja prèpei ∀x ∈ [x_0, l] na isqÔei w^′ ≥ 0 (diaforetikĹ ja upărqe shmeÐo x̃_0 ∈ (x_0, l) sto opoÐo h w ja lĹmbane topikì mègisto). ’Ac jewrăsoume thn sqèsh (5.14). Epeidă w ≥ 0, w^′ ≥ 0 sto [x_0, l] kai h f eÐnai Lipschitz wc proc p, gnăsia aÔxousa wc proc y, ja upĹrqei stajerĹ A tètoio ÿste gia x ∈ [x_0, l]

w^{′′}(x) = G(x) + F (x) ≥ −Aw^′

kai epeidă w^′(l) = 0, x ∈ [x_0, l]

w^′(x) ≤ A

�_l x w^′(t)dt,

−(e^{Ax}

�_l x w^′(t)dt)^′ ≤ 0.

Oloklhrÿnoume xanĹ apì x ∈ [x_0, l] èwc l,

e^{Ax}

�_l x w^′(t)dt ≤ 0.

Epeidă w^′ ≥ 0 sto [x_0, l] èqoume w^′ ≡ 0 sto [x_0, l], dhladă w(x_0) = w(l) to jetikì mègisto thc w sto [−l, l], Ĺra w = stajerĹ, opìte w ≡ w(−l) = 0. To lămma apodeÐqthke.

Jeÿrhma 5 ’Estw h f ikanopoieÐ tic upojèseic tou Lămmatoc 5.1, tìte to prìblhma (5.1), (5.3) èqei monadikă lÔsh.

Apìdeixh. ’Estw w = y_1 −y_2 ìpou y_1, y_2 eÐnai lÔseic tou problămatoc (5.1), (5.3). ’An w(−l) = 0 ă w(l) = 0 tìte apì to Lămma 5.1 ja èqoume w ≡ 0. ’Ac upojèsoume loipìn ìti w(−l), w(l) ≠ 0 kai qwrÐc blĹbh thc genikìthtac, èstw w(−l) > 0. ’An w(x_0) = 0 gia kĹpoio x_0 ∈ (−l, l) tìte w ≡ 0 efarmìzontac to Lămma 5.1 sto [0, x_0]. ’Omwc èqoume upojèsei ìti w(−l) ≠ 0 Ĺra den upĹrqei tètoio x_0 opìte w > 0 sto [−l, l].

’Estw w(−l) > w(l). Tìte upĹrqei x_1 ∈ (−l, l) tètoio ÿste w^′(x_1) < 0. EpÐshc ja prèpei na èqoume w^′ ≤ 0 sto [−l, x_1] diìti diaforetikĹ h w ja lĹmbane topikì mègisto ( h w den lambĹnei topikì mègisto sto (−l, l) lìgw thc sqèshc (5.14) kai twn upojèsewn gia thn f). Apì thn (5.14) epeidă h f eÐnai Lipschitz wc proc p, gnăsia aÔxousa wc proc y kai w^′ ≤ 0

w^{′′}(x) = F (x) + G(x) ≥ F (x) ≥ Aw^′

opìte oloklhrÿnontac ja èqoume

w^′(x) ≥ A

�_x −l w^′(t)dt,

(e^{−Ax}

�_x −l w^′(t)dt)^′ ≥ 0.

Oloklhrÿnontac xanĹ e^{−Ax}

�_x −l w^′(t)dt ≥ 0

gia x ∈ [−l, x_1]. Epeidă w^′ ≤ 0 sto [−l, x_1] èqoume w^′ ≡ 0 sto [−l, x_1] dhladă w(x_1) = w(−l) kai w(−l) eÐnai to jetikì mègisto thc w diìti w(−l) > w(l), Ĺtopo afoÔ h w den lambĹnei se eswterikì shmeÐo jetikì mègisto. ’Ara den mporeÐ na isqÔei w(−l) > w(l). Me ton Ðdio sullogismì den mporeÐ na isqÔei w(−l) < w(l), Ĺra w(−l) = w(l). Tÿra eÐte w ≡ w(−l) eÐte h w lambĹnei jetikì mègisto austhrĹ mikrìtero apì to w(−l) se kĹpoio x_2 ∈ (−l, l). ’An ìmwc isqÔei to deÔtero tìte w(x_2) < w(−l) kai w^′(x_2) = 0 = w^′(−l) Ĺtopo sÔmfwna me ta prohgoÔmena epiqeirămata sto diĹsthma [−l, x_2]. ’Ara w ≡ w(−l) stajerĹ.

’An tÿra jewrăsoume thn (5.14) gia w ≡ const (Ĺra y^′_1(x) = y^′_2(x)) ja prokÔyei 0 = G(x) > 0

Ĺtopo, Ĺra y_1 ≡ y_2.

Jeÿrhma 6 ’Estw y eÐnai klasikă lÔsh tou (5.1),(5.4), ìpou f(x, y, p) ikanopoieÐ tic upojèseic tou jewrămatoc 4 kai h σ(y) eÐnai gnăsia aÔxousa sunĹrthsh. Tìte h klasikă lÔsh eÐnai monadikă.

Apìdeixh. ’Estw y_1, y_2 dÔo klasikèc lÔseic tou (5.1),(5.4) tìte

y^{′′}_1 (x) = f(x, y_1(x), y^′_1(x)) (5.16)

y^′_1(−l) − σ(y_1(−l)) = 0, y^′_1(l) + σ(y_1(l)) = 0 (5.17)

y^{′′}_2 (x) = f(x, y_2(x), y^′_2(x)) (5.18)

y^′_2(−l) − σ(y_2(−l)) = 0, y^′_2(l) + σ(y_2(l)) = 0 (5.19)

OrÐzoume w(x) = y_1(x) − y_2(x). Tìte afairÿntac tic (5.16),(5.18) paÐrnoume

w^{′′}(x) = G(x) + F (x) (5.20)

ìpou G(x) = f(x, y_1(x), y^′_1(x))−f(x, y_2(x), y^′_1(x)) kai F (x) = f(x, y_2(x), y^′_1(x)) −f(x, y_2(x), y^′_2(x)). ’Estw ìti h w lambĹnei jetikì mègisto sto N ∈ (−l, l) tìte profanÿc w^′(N) = 0 Ĺra y^′_1(N) = y^′_2(N) dhladă F (N) = 0. EpÐshc w^{′′}(N) ≤ 0, w(N) > 0 kai G(N) > 0 diìti f gnăsia aÔxousa. Opìte

w^{′′}(N) = G(N) > 0

Ĺtopo. ’Estw tÿra ìti h w lambĹnei arnhtikì elĹqisto sto Ñ ∈ (−l, l). Tìte èqoume w^′(Ñ) = 0 Ĺra y^′_1(Ñ) = y^′_2(Ñ) dhladă F (Ñ) = 0. EpÐshc w^{′′}(Ñ) ≥ 0, w(Ñ) < 0 kai G(Ñ) < 0 diìti f gnăsia aÔxousa, Ĺtopo lìgw thc (5.20). Gia x = ±l isqÔoun oi (5.17), (5.19).

’Estw ìti h w lambĹnei jetikì mègisto sto −l. Tìte w(−l) > 0 Ĺra y_1(−l) > y_2(−l) kai σ(y_1(−l)) > σ(y_2(−l)) diìti h σ eÐnai gnăsia aÔxousa. Apì tic (5.17), (5.19) prokÔptei y^′_1(−l) > y^′_2(−l) dhladă w^′(−l) > 0 Ĺra ja prèpei h w na eÐnai gnăsia aÔxousa kontĹ sto −l Ĺtopo. Opìte den mporeÐ na lambĹnei jetikì mègisto sto −l. ’Estw ìti h w lambĹnei arnhtikì elĹqisto sto −l. Tìte w(−l) < 0 Ĺra y_1(−l) < y_2(−l) kai σ(y_1(−l)) < σ(y_2(−l)) diìti h σ eÐnai gnăsia aÔxousa. Apì tic (5.17), (5.19) prokÔptei y^′_1(−l) < y^′_2(−l) dhladă w^′(−l) < 0 Ĺra ja prèpei h w na eÐnai gnăsia fjÐnousa kontĹ sto

−l Ĺtopo. Opìte den mporeÐ na lambĹnei arnhtikì elĹqisto sto −l. ’Omoia apodeiknÔoume ìti h w den mporeÐ na lambĹnei jetikì mègisto ă arnhtikì elĹqisto sto l. ’Ara ja prèpei lìgw twn ektimăsewn sta eswterikĹ shmeÐa h w na stajeră sto [−l.l]. ’An tÿra w = Const h sqèsh (5.20) ja dÿsei

0 = G(x) > 0

Ĺtopo, Ĺra w(x) = y_1(x) − y_2(x) = 0. Epomènwc

y_1(x) = y_2(x) ∀x ∈ [−l, l]. (5.21)

5.2 H ekfulizìmenh perÐptwsh

Sthn teleutaÐa parĹgrafo ja meletăsoume thn monadikìthta thc ekfulizìmenhc perÐptwshc kai gia ta trÐa sunoriakĹ problămata.

5.2.1 Monadikìthta thc lÔshc tou problămatoc Dirichlet.

Lămma 5.2 ’Estw y(x) klasikă lÔsh tou problămatoc (1.1), (1.2) kai 0 < ε < 1.

(i) An f(x, y, 0) < 0 gia x ∈ (−l, l), |y| ≤ M tìte y(x) ≥ 0, ∀x ∈ [−l, l]. (ii) An f(x, y, 0) > 0 gia x ∈ (−l, l), |y| ≤ M tìte y(x) ≤ 0 ∀x ∈ [−l, l]. (iii) An f(x, 0, 0) < 0 gia x ∈ (−l, l) kai f aÔxousa wc proc y tìte y(x) ≥ 0, ∀x ∈ [−l, l].

(iv) An f(x, 0, 0) > 0 gia x ∈ (−l, l) kai f aÔxousa wc proc y tìte y(x) ≤ 0, ∀x ∈ [−l, l].

Apìdeixh. (i) ’Estw ìti upĹrqei N ∈ (−l, l) ìpou h y lambĹnei arnhtikì elĹqisto. OrÐzoume ton telestă Q

Q(y) ≡ |y(x)|^εy^{′′}(x) − f(x, y(x), y^′(x))

Profanÿc Q(y) = 0. Apì thn Ĺllh èqoume :

|y(N)|^ε > 0, y^′(N) = 0, y^{′′}(N) ≥ 0, f(N, y(N), 0) < 0

dhladă Q(y(N)) = |y(N)|^εy^{′′}(N) − f(N, y(N), 0) > 0. Sto sÔnoro èqoume y(−l) = y(l) = 0. ’Ara telikĹ paÐrnoume

y(x) ≥ 0 ∀x ∈ [−l, l].

(ii) ’Omoia èstw ìti upĹrqei Ñ ∈ (−l, l) ìpou h y lambĹnei jetikì mègisto. Tìte èqoume

|y(Ñ)|^ε > 0, y^{′′}(Ñ) ≤ 0, f( Ñ, y(Ñ), 0) > 0 .

Dhladă Q(y(Ñ)) < 0, Ĺtopo. Sto sÔnoro èqoume y(−l) = y(l) = 0. ’Ara telikĹ :

y(x) ≤ 0 ∀x ∈ [−l, l] .

(iii)−(iv) H apìdeixh den diafèrei, arkeÐ na qrhsimopoiăsoume thn monotonÐa thc f wc proc y.

Paratărhsh. Apì thn prohgoÔmenh apìdeixh kai lìgw twn gnăsiwn anisotătwn gia to deÔtero mèloc thc exÐswshc eÐnai fanerì ìti h lÔsh den mporeÐ na mhdenÐzetai se eswterikĹ shmeÐa.

Pìrisma 5.1 ’Estw y lÔsh tou problămatoc (1.1),(1.2) me y ∈ C^2((−l, l)) ∩ C^0([−l, l]) kai 0 ≤ ε < 1.

An f ikanopoieÐ to (i) ă to (iii) tou Lămmatoc 5.2 tìte h (1.1) paÐrnei thn morfă y^εy^{′′} = f(x, y, y^′).

An f ikanopoieÐ to (ii) ă to (iv) tou Lămmatoc 5.2 tìte h (1.1) paÐrnei thn morfă (−y)^εy^{′′} = f(x, y, y^′).

Pìrisma 5.2 ’Estw y klasikă lÔsh tou problămatoc (1.1), (1.2) kai gia thn f isqÔei f(x, 0, 0) < 0 ă f(x, 0, 0) > 0 ∀x ∈ (−l, l) kai eÐnai gnăsia aÔxousa wc proc y. Tìte h (1.1) paÐrnei th morfă

y^{′′}(x) = f(x, y(x), y^′(x)) |y(x)|^ε

= f̃(x, y(x), y^′(x)) (5.22)

gia x ∈ (−l, l).

Jeÿrhma 7 ’Estw y klasikă lÔsh tou problămatoc (1.1), (1.2), ìpou h f(x, y, p) den apeirÐzetai gia |y| < M, |p| < +∞, x ∈ (−l, l), f(x, 0, 0) < 0 ă f(x, 0, 0) > 0 kai oi sunartăseic f, f̃ thc (5.22) eÐnai gnăsia aÔxousec wc proc y. Tìte h parapĹnw lÔsh eÐnai monadikă.

Apìdeixh. Efarmìzoume to Jeÿrhma 4 gia to prìblhma (5.22), (1.2).

5.2.2 Monadikìthta thc lÔshc twn problhmĹtwn Neumann kai Robin.

Lămma 5.3 ’Estw y klasikă lÔsh tou problămatoc (1.1), (1.3) ă (1.1), (1.4). ’An gia th sunĹrthsh f isqÔei f(x, 0, p) < 0 ă f(x, 0, p) > 0 gia x ∈ (−l, l), |p| < +∞ tìte h lÔsh den mporeÐ na mhdenÐzetai se eswterikĹ shmeÐa.

Apìdeixh. An mhdenizìtan ja eÐqame Ĺtopo apì thn exÐswsh (1.1).

Jeÿrhma 8 ’Estw h f ikanopoieÐ tic upojèseic tou Lămmatoc 5.3, kai h f̃ thc (5.22) ikanopoieÐ tic upojèseic tou Jewrămatoc 5. Tìte to prìblhma (1.1), (1.3) èqei monadikă lÔsh.

Apìdeixh. Efarmìzoume to Jeÿrhma 5 gia to prìblhma (5.22), (1.3).

Jeÿrhma 9 ’Estw y eÐnai klasikă lÔsh tou (1.1),(1.4), ìpou f(x, y, p) ikanopoieÐ tic upojèseic tou Lămmatoc 5.3, h f̃ thc (5.22) ikanopoieÐ tic upojèseic tou jewrămatoc 6 kai h σ(y) eÐnai gnăsia aÔxousa sunĹrthsh. Tìte h klasikă lÔsh eÐnai monadikă.

Apìdeixh. Efarmìzoume to Jeÿrhma 6 gia to prìblhma (5.22), (1.4).

Anaforèc

[1] S.N.Bernstein, Sur les équations du calcul des variations, Ann. Sci.

École Norm. Sup., 29, 1912, 431-485

[2] A.Granas, R.B.Guenther, J.W.Lee, On a theorem of S. Bernstein, Pacific J. Math., 74, 1, 1978, 67-82

[3] A.Constantin, On a Two-Point Boundary value Problem, J. Math.

Anal. Appl., 193, 1995, 318-328.

[4] A.S.Tersenov, On quasilinear non-uniformly elliptic equation in some non-convex domains, Communications in PDE, 23, 12, 1998, 2165- 2186.

[5] A.S.Tersenov, On the first boundary value problem for quasilinear parabolic equations with two independent variables Arch. Ration. Mech. Anal., 152, 1, 2000, 81-92.

[6] S.R.Bernfeld, V.Lakshmikantham, An Introduction to Nonlinear Boundary value Problems, Academic Press, 1974.

[7] P.Korman, Remarks on Nagumo’s conditions, Port. Math., 55, 1, 1998, 1-9.

[8] M.Frigon, D.O’Regan, On a generalization of a theorem of S. Bernstein, Annls Pol. Math, 48, 1988, 297-306.

[9] A.Tineo, A comparison theorem for second order ODEs and applications to singular problems, J. Diff. Eq., 116, 1995, 16-30.

[10] H.B.Thompson, C. Tisdell, Systems of difference equations associated with boundary value problems for second order systems of ordinary differential equations, J. Math. Anal. Appl., 248, 2000, 333-347.

[11] A.Granas, R.B.Guenther, J.W.Lee, Nonlinear Boundary value problems for some classes of ODEs, Rocky Mount. J. Math., 10, 1, 1980, 35-58.

[12] J.Henderson, H.B.Thompson, Existence of multiple solutions for second order boundary value problems, J. Diff. Eq., 166, 2000, 443-454.

[13] H.B.Thompson, Second order ordinary differential equations with fully nonlinear two point boundary conditions, Pacific J. Math., 172, 1, 1996, 255-277.

[14] S. R. Bernfeld, G. S. Ladde, Existence of solutions of two point boundary value problems for nonlinear systems, J. Diff. Eq., 18, 1975, 103-110.

[15] A. Lasota, J. A. Yorke, Existence of solutions of two-point boundary value problems for nonlinear systems, J. Diff. Eq., 11, 1972, 509-518.

[16] A.Lepin, V.Ponomarev, On a singular boundary value problem for a second order ordinary differential equation, Nonlinear Analysis, 42, 2000, 949-960.

[17] Q.Huang, Y.Li, Nagumo theorems of nonlinear singular boundary value problems, Nonlinear Analysis, 29, 12, 1997, 1365-1372.

[18] P.W.Eloe, Y.Zhahg, A quadratic monotone iteration scheme for twopoint boundary value problems for ordinary differential equations, Nonlinear Analysis, 33, 1998, 443-453.

[19] S. Sedziwy, Nonlinear periodic boundary value problem for a second order ordinary differential equation, Nonlinear Analysis, 32, 7, 1998, 881-890.

[20] Wolfgang Walter, Ordinary Differential Equations, Springer-verlag New York, 1998.

[21] S.Sedziwy, On the existence of a solution of a certain nonlinear boundary value problem, Zeszyty Naukowe UJ, Prace Matem., 1974, 16, 31-33.

[22] L.H.Erbe, Existence of solution to boundary value problem for second order differential equations, Nonlinear Analysis, 6, 11, 1982, 1155- 1162.

[23] A.Granas, R.B.Guenther, J.W.Lee, Topological transversality II. Applications to the Neumann problem for y^{′′} = f(t, y, y^′), Pacific J. Math., 104, 1, 1983, 95-109.

[24] R.Gaines, Apriori bounds and upper and lower solutions for nonlinear second-order boundary-value problems, J. Diff. Eq., 12, 1972, 291-312.

[25] P.W.Eloe, J.Henderson, Nonlinear boundary value problems and a priori bounds on solutions, SIAM J. Math. Anal., 15, 4, 1984, 642- 647.

[26] S.Umamaheswaram, M.v.S.Suhasini, A global existence theorem for the Boundary value problems of y^{′′} = f(x, y, y^′), Nonlinear Analysis, 10, 7, 1986, 679-681.

[27] A.Tineo, An existence theorem for a class of BvPs without restrictions of the Bernstein-Nagumo type, J Math. Anal. Appl.,175, 1993, 25-32.

[28] J. V. Baxley, Existence theorems for nonlinear second order boundary value problems, J. Diff. Eq., 85, 1990, 125-150.

[29] R.Kelevedjiev, Existence of solutions for two-point Boundary value Problems, Nonlinear Anal. Th. Meth. Appl., 22, 2, 1994, 217-224.

[30] Al. S. Tersenov, Ar. S. Tersenov, Global solvability for a class of quasilinear parabolic problems, Indian. Univ. Math. J., 2001 (to appear).

[31] S.N.Kruzhkov, Quasilinear parabolic equations and systems with two independent variables, Trudy Sem. Petrovsk., 5, 1979, 217-272.

[32] A.S. Tersenov, On quasilinear non-uniformly parabolic equations in general form, J. Diff. Eq., 142, 1998, 263-276.

[33] N. V. Khusnutdinova, On conditions for the boundedness of the gradient of solutions of degenerated parabolic equations, Dinamika Sploshnoi Sredy 72, 1985, 120-128. [Russian]

[34] O. A. Ladyzhenskaja, V. A. Solonnokov, N. N. Uralceva, Linear and quasilinear equations of parabolic type, Amer. Math. Soc. Transl., 2, 23, 1968.

[35] G. H. Hardy, I. E. Littlewood, G. Polya, Inequalities, Cambridge Univercity Press, 1978.

[36] S. Negrepìnthc, S. Giwtìpouloc, E GiannakoÔliac, Apeirostikìc Logismìc Tìmoc IIb, AÐjra Ajăna 1995, 536-537