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ABSTRACT

In this thesis we investigated two different problems using computer simulations. First we
employed Monte Carlo simulations for the study of the conformations of polymer chains
in bulk and close to surfaces near the ‘coil-to-globule’ transition as a function of solvent
quality and surface energy. We provided a satisfactory insight into the peculiarities of the
‘coil-to-globule’ transition and the effect of the presence of an attractive surface to it.
Our results are in close agreement with theoretical predictions in bulk, whereas, they
supply useful information on the competition between chain adsorption and chain
collapse.
The second problem was the investigation of the temperature induced changes in the
colloidal superstructure and star-polymer dynamics in suspensions, under marginal
solvent conditions, by means of Molecular Dynamics simulations. Star polymers were
modeled as ‘soft-spheres’, whose size increased with temperature, interacting via a
theoretically developed potential of mean field. Our results show a transition towards a
‘glassy’ state at a temperature very close to the one reported experimentally.
Furthermore, our findings illustrate the road to vitrification for these soft colloidal
suspensions.

vi

Chapter 1: Preface

CHAPTER 1

1.

Preface

A polymer is a large molecule composed of many repeating units, which are covalently
bound to each other. The largest constitutional unit contributed by a single molecule in a
polymerization process is called a monomer unit. The number of repeating units is called
degree of polymerization, N .
Such macromolecular substances are naturally occurring in living organisms and are also
synthetically produced, e.g. in the form of plastic or rubber. Due to their large masses,
polymers possess an enormous variety of conformations with different sizes and shapes.
The study of these conformations is a key to understanding the diverse properties of
macromolecules.
The sum of macromolecules of a polymer system constitutes a complex many-particle
system with an enormous number of degrees of freedom. Hence, for the theoretical
description of such systems one relies on the resources of statistical mechanics.
Simplified models can be introduced, which provide insight into macroscopic properties
of polymers that depend universally on only a few parameters, such as the number of
monomer units and a lumped (free) energy of interaction among non-consecutive
monomers.
Computer simulations in polymer science pursue a two-fold goal. The first is to
understand the properties of real materials, based on details of the chemical structure.
Secondly, there are still a number of unsolved questions which are not related to specific
materials, but are rather of a quite general and fundamental nature, and whose solution is
essential for the prediction of material properties. Computer simulations can study very
simple well-defined model systems, devoid of many of the experimental difficulties, with
an unparalleled by experiments detail. The main advantage of simulations is that all
degrees of freedom are followed explicitly, so that questions of microscopic structure and
mechanisms of motion can be answered. Experiments, on the other hand, often have only
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limited and indirect access to certain of the pertinent quantities. Of course there are
strong limitations with respect to both system size and even more severely, observation
time, since the relaxation time increases very strongly with chain length.
Two types of computer simulation algorithms are employed in this study. Molecular
Dynamics (MD), based on the solution of Newton’s equations of motion, and Monte
Carlo (MC), based on a Markov process in configuration space. There is no general
answer to the question which method is “better”. To a large extent this depends on the
system under consideration, and, even more so, on the scientific questions which one
would like to answer.
Besides the totally deterministic Molecular Dynamics method and the entirely stochastic
Monte Carlo, there are intermediate methods of simulations with different degree of
realism, e.g. Brownian Dynamics, Stockian Dynamics, etc1. These methods generally
combine properties of both MD and MC (i.e., the natural dynamics of MD with the large
jumps in configuration space, possible in MC). The choice of the best technique may vary
from one system to another.
In this work, MC and MD were used in order to investigate two different problems. The
first is the configuration of a polymer chain in bulk and close to surfaces as a function of
solvent quality and surface energy near the coil to globule transition. The simulation
method for this study is the MC. A combination of simple lattice Monte Carlo (LMC)
with local moves and Configuration Bias Monte Carlo (CBMC) is efficient enough to
provide satisfactory insight into the peculiarities of the coil-to-globule transition and the
effect of the presence of an attractive surface to it. The results are in close agreement with
theoretical predictions and delineate certain limitations of existing theories on the bulk
coil-to-globule transition. Adsorption from a poor solvent is largely ‘uncharted territory’
and our simulations play basically the role of ‘computer experiments’ supplying
information on the results of the competition between chain adsorption and chain
collapse.
1

M.P. Allen, D.J. Tildesley, ‘Computer Simulation of Liquids’, Oxford Science

Publications, Clarendon Press – Oxford (1989).
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The second problem is the investigation, by means of Molecular Dynamics simulations,
of the temperature induced changes in the colloidal superstructure and star-polymer
dynamics in suspensions under marginal solvent conditions. To this end, multi-arm star
polymers are modeled as (structure-less) soft spheres interacting via an appropriate soft,
long ranged potential. Linking of the pertinent length and time scales and selection of the
appropriate one, for the simulation study of microstructure and multi-star dynamics, is
crucial in this problem. Simulation results are compared with experimental data and bring
out the details of the mechanism which leads to the counter-intuitive vitrification of these
systems upon increasing temperature.
Contents
The outline of this thesis is as follows: In Chapter 2 there is a brief summary of the basic
aspects of the two simulation methods, which were used, Monte Carlo (MC) and
Molecular Dynamics (MD). A description of the moves involved in the simple lattice MC
(LMC) and the Configuration Bias MC (CBMC) is also presented. The basic idea behind
the MD and a representation of the Verlet algorithm follows. The necessity of Verlret
lists and the way that they are implemented to our problem completes the reference in the
MD method. The chapter also includes a description of the method of periodic boundary
conditions and specifies on their implementation to our problems.
In Chapter 3 an introduction to polymer statistical physics and the definitions of the basic
calculated quantities are outlined. The scaling laws for ideal and real chains are
presented. A description of Flory & Huggins mean field model and a phase diagram of a
typical polymer-solvent system are discussed.
In Chapter 4 we present our investigation of the coil-to-globule transition in bulk
solutions. The investigation of this problem is performed as a function of solvent quality
and molecular weight. A strange behavior in the dependence of the radius of gyration of a
polymer chain on the molecular weight is reported. This is a consequence of a qualitative
change in the form of the density distribution in the inner part of the chain. The nature of
the transition is also examined. Our results are compared with known theoretical
predictions.
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CHAPTER 2

2.

Simulation methods

2.1

Introduction

Computer simulations allow us to study properties of many-particle systems. In this work
two different simulation methods were used: Monte Carlo (MC) and Molecular
Dynamics (MD). Both are based on statistical physics and the MC method is based on
probability theory as well. In the first part of this thesis we employed lattice models,
which have been proven useful in the study of polymeric and colloidal systems. Excellent
introductions and comprehensive reviews of both Monte Carlo and Molecular Dynamics
simulation techniques are contained in the books of Binder and Kremer1, of Frenkel and
Smit2 and of Allen and Tildesley3.

2.2

Monte Carlo method

2.2.1 Simple Sampling
As the name implies, random processes, introduced via random numbers, play a central
role in MC simulations. Using a random number generator the system will explore all
available points in configuration space in a stochastic manner. The simplest MC
technique, invented by von-Neumman4, known as ‘primitive’ MC, was used in the early
50’s for relatively simple numerical integration in configuration space. In most cases this
method is inefficient for the determination of ensemble averages, which represent the
averages of physical thermodynamic quantities, and are the focus of many particle
simulations. Multi-dimensional configurational integrals (Eq. (2.1)), for an observable A ,
typically vary sharply over many orders of magnitude, and only very small regions of
phase space contribute substantially to the average.
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− βH ( q, p )

A

where, β =

dqdp
∫ ∫ A(q, p)e
=
− βH ( q, p )
dp
∫∫e

(2.1)

1
, H is the Hamiltonian and p, q are the phase space coordinates.
k BT

The random sampling MC method uses uniformly distributed random numbers to select
the sampled states in configuration space, without assigning special importance to the
few sub-regions of configuration space that account for the vast contribution of
thermodynamic averages.
2.2.2 Importance Sampling - The Metropolis Method
Difficulties in the calculation of expressions like Eq. (2.1) for the strongly fluctuating
(from point to point in phase space) thermodynamic averages can be overcome using
importance sampling instead of simple sampling MC. The idea behind this method is
based on the use of weighted random numbers which allow a shifting of sampled phase
space points towards the areas where the integrand in Eq. (2.1) assumes values which are
not numerically insignificant. Consequently, the areas which contribute most to the phase
space integral and hence, are the most important ones, are sampled more frequently.
“Importance sampling” must be corrected for this bias in microstate selection. “Smarter”
sampling is the focus of ongoing development in Monte Carlo algorithms5.
Importance sampling is a generic term for efficient MC schemes for the calculation of
integrals like that of Eq. (2.1). When Cartesian coordinates are used for particle positions
(and for classical systems) the integration over the momenta, in Eq. (2.1), can be carried
out analytically6. The phase space integral of Eq. (2.1) reduces to a configuration space
integral.
The main idea underlying importance sampling is contained in Eq. (2.2)∗, with P( S i )
being the pre-defined sampling probability and S i the Cartesian particle coordinates. The
Metropolis choice for P( S i ) is shown in Eq. (2.3)

∗

The integrals of Eq. (2.1) are replaced by sums for “discrete” (i.e., lattice systems).
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S

∑ A(S i ) P −1 (S i )e −βU ( Si )

A = i =1

S

∑P
i =1

−1

( S i )e

− β U ( Si )

P ( S i ) ~ e − β U ( Si )

(2.2)

(2.3)

Therefore, in Metropolis MC, Eq. (2.2) reduces to Eq. (2.4)

A =

1 S
∑ A(S i )
S i =1

(2.4)

Because Peq ( S i ) at equilibrium is not explicitly known, one constructs a random walk of
points S i in configuration space, a first order Markov chain, in such a way that
P ( S i ) → Peq ( S i ) after sufficiently numerous steps (equilibration). Each trial state

originates from the previous state of the system and reaches a neighboring point in
configuration space. The random walk in configuration space consists of “small” steps. In
general small steps (from an existing state) have a high acceptance probability but do not
cover fast the configurational landscape. An optimization is necessary, which in the
original Metropolis scheme, is limited to one particle (monomer) moves and selects the
best (i.e., most frequently acceptable) range for particle trial displacements. This allows
incremental changes to occur in large systems rather than abandoning most of the trial
attempts. Configurational space sampling does not necessarily mimic particle dynamics.
Therefore, the MC method allows for any set of “dynamic” moves provided that they
preserve polymer connectivity and architecture. However, the chosen dynamics must
satisfy two important criteria: ergodicity and detailed balance. This is necessary for MC
averages to constitute correct approximations of true thermodynamic averages.
A move is ergodic as long as every configuration of the system can, in principle, be
reached after a finite number of moves. The detailed balance condition requires that, the
frequency of forward and reverse exchanges between a pair of states i and j should be
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identical, once the original distribution is sampled from an equilibrium ensemble (i.e.,
after equilibration). So, the transition probability T ( S i → S i′ ) fulfills Eq. (2.5).
Peq ( S i )T ( S i → S i′ ) = Peq ( S i′ )T ( S i′ → S i )

(2.5)

Thus using Eq. (2.3) and Eq. (2.5) one gets Eq. (2.6)

T(S i → S i′ )
= e − β∆U , ∆U = U ( S i′ − S i )
T(S i′ → S i )

(2.6)

This means that the ratio of the transition probabilities is only dependent upon the
difference of the potential energy of configurations S i and S i′ . This does not specify
T ( S i → S i′ ) in a unique way. According to Metropolis, a convenient choice of
T ( S i → S i′ ) , consistent with the principle of detailed balance is given by Eq. (2.7).

e − βδU

T(Si → S i′ ) = 
 1


δU > 0 



otherwise


(2.7)

Therefore, one can introduce a convenient bias function in the sampling scheme and
generate a Boltzmann distribution of configurations, provided that the acceptance rule,
Eq(2.7), is modified in such a way that the bias is, at the acceptance stage, removed from
the sampling scheme.

2.2.3 Simple Lattice Monte Carlo (LMC)
One of the earliest algorithms, designed for lattice models of polymers, employs local
moves of one or two consecutive segments along the chain backbone. Local moves are
efficient at high and melt-like concentrations (i.e., melts, polymer chains in poor
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solvents-globules, polymer chains near strongly attractive surfaces). These moves
reproduce Rouse dynamics, a feature that renders them attractive for kinetic studies7.
The most common combination of these short range moves is the following: (a) End
Rotation, (b) Normal Jump, (c) Crankshaft Rotation, (d) Slithering Snake (one segment
reptation). Schematics of these moves are shown in Fig. 2.1.
The end rotation (a) is a flip by 90 o of an end segment. In order to attempt a normal jump
or a crankshaft move subsequent bonds must form a right angle. In the normal jump8 (b)
a bead, located on a corner, flips to a diagonal position, while in the crankshaft9 (c)
segments must form a “ Π ” which rotates about 90 o or 180 o with respect to its initial
configuration. In reptation (d), which was proposed by Wall and Mandel10, the last
segment of a chain is removed and added to the other end.

(c)
(a)

(b)
(d)

Fig. 2.1
Schematic representation of the local moves: (a) End Rotation, (b) Normal Jump,
(c) Crankshaft Rotation, (d) Reptation.

9
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2.2.4 Configuration Bias Monte Carlo (CBMC)
The idea for this method was proposed by Rosenbluth & Rosenbluth11. Its modern
version was developed by Frenkel and Siepmann12. Configuration bias is very efficient
for simulations of long chains. A flow chart of this algorithm is presented below:
1. Randomly select a chain and a unit of that chain.
2. Erase all segments between that unit and the end of the chain.
k

3. Calculate the Rosenbluth weight ( Wold = ∏ e

− βu j ,old

) of the erased portion of

j =1

the chain (from j to k ).
4. Regrow the chain to its full length by randomly choosing directions that are
unoccupied.
5. Calculate the Rosenbluth weight of this new portion of the chain
k

( Wnew = ∏ e

− βu j , new

).

j =1

6. Accept or reject this new portion of chain with probability proportional to
min[ Wnew / Wold , 1 ].
7. Return to step 1.
The Rosenbluth weight is designed to ensure proper sampling in the sense of Eq. (2.4). It
includes Bolzmann factors originating from energetic interactions with surfaces and the
solvent molecules. CBMC constitutes a substantial improvement over local move MC
schemes at low to moderate densities, since large sections of the chain are reshaped in
one move. These multi-segment moves facilitate immensely the simulation of very long
chains.
Several new techniques in the spirit of CBMC have appeared during the last decade.
Algorithms which employ trial moves by regrowth of internal instead of end segments
have received much attention2,13,14,15,16. This class of algorithms has the potential to
generalize CBMC to polymer systems with complex architectures (copolymers and
multifunctional polymers in general). Applications exist towards simulations of very long
chains, branched chains, grafted chains, cyclical polymers, star polymers brush and
comb-like architectures etc.

10
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2.3

Molecular Dynamics method (MD)

2.3.1 The idea
Molecular Dynamics is capable of computing equilibrium and transport properties of
classical many-body systems and, in many respects it is very realistic. The MD-method
was first proposed by Alder and Wainwright17,18, who studied hard sphere systems. The
first simulation of a more realistic continuous model of a liquid was published by
Rahman19 in 1964, who simulated liquid Argon using a 12-6 Lennard-Jones classical
two-body potential.
The process in a classical MD simulation is summarized below: First we select a model
system consisting of N − particles and we solve Newton’s equations of motion for this
system until the properties of the system no longer change with time (system
equilibration). After the equilibration we perform the actual calculation of averages.
Generally a MD simulation program can be divided into three parts:
a) The initialization of particles with coordinates and velocities.
b) Calculation of all forces acting upon each particle.
c) Integration of the equations of motion, using the velocities, coordinates and forces
of all particles.
To calculate a macroscopic (thermodynamic or transport) quantity in a MD simulation,
one expresses this observable as a function of the positions and momenta of the particles
in the system, and consequently performs an appropriate time average. The calculation of
transport properties is more demanding, as these are functionals of trajectories of the
system in phase space, rather than simple point functions of phase space coordinates3,6.

2.3.2 The algorithm
To start the simulation one should assign initial positions and velocities to all particles in
the system. It is advantageous to choose an initial set of particle coordinates as close to
that of the actual state to be simulated (or our best guess of that state). Often particles are
initially placed on a simple cubic lattice. Particle velocities are drawn from a Maxwellian
distribution, whose variance sets the system’s temperature. Subsequently, we shift all
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velocities, so that the total system momentum is zero. We know that, in thermal
equilibrium, Eq. (2.8) should hold.
v a2 = k B T / m

(2.8)

Where, v a is the a − component of the velocity of a given particle. We can use this
relation to define an instantaneous temperature at time t , T (t ) , as in Eq. (2.9).

N

k B T (t ) ≡ ∑

i =1

mv a2,i (t )
3N

(2.9)

Clearly, we can adjust the instantaneous temperature T (t ) to match the desired
temperature T by scaling all velocities with a factor (T / T (t ))1 / 2 . This scaling
corresponds to a homogeneous thermostat, which makes feasible canonical ensemble MD
simulations. (MD is naturally fit for a micro-canonical ensemble3).
Velocities are not really used in solving Newton’s equations of motion. Rather, the
positions of particles at the present, and previous time steps, combined with the
knowledge of the force ( f ), acting on the particles, are used to predict the positions at
the next time step.
A very common method of integrating the equations of motion is the Verlet
algorithm2,3,20. The Verlet algorithm is simple, stable and efficient. To derive it, we start
with a Taylor expansion of particle coordinates, around time as in (Eq. (2.10)) whereas
Eq. (2.11), applies in the backward time direction.

r (t + ∆t ) = r (t ) + v(t )∆t +

f (t ) 2 ∆t 3 ∂ 3 r
∆t +
+ O ( ∆t 4 )
2m
3! ∂t 3

(2.10)

r (t − ∆t ) = r (t ) − v(t )∆t +

f (t ) 2 ∆t 3 ∂ 3 r
∆t −
+ O ( ∆t 4 )
3
2m
3! ∂t

(2.11)
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Summing Eq. (2.10) and Eq. (2.11) we obtain Eq. (2.12). The estimation of the new
position contains an error of order ∆t 4 , where ∆t is the time step in the MD scheme.

r (t + ∆t ) ≈ 2r (t ) − r (t − ∆t ) +

f (t ) 2
∆t
m

(2.12)

The velocity can be derived from the knowledge of the trajectory as shown in Eq. (2.13).
This expression is only accurate to order ∆t 2 .
r (t + ∆t ) − r (t − ∆t ) = 2v(t )∆t + O( ∆t 3 )
v(t ) =

r (t + ∆t ) − r (t − ∆t )
+ O ( ∆t 2 )
2 ∆t

(2.13)

Several algorithms are equivalent to Verlet scheme. The simplest among these is the socalled Leap Frog algorithm21,2,20. This algorithm evaluates the velocities at half-integer
time steps and uses these velocities to compute the new positions. To derive the Leap
Frog algorithm from the Verlet scheme, the velocities must be defined at half-integer
time steps as in Eq. (2.14) and Eq. (2.15).

v(t − ∆t / 2) ≡

r (t ) − r (t − ∆t )
∆t

(2.14)

v(t + ∆t / 2) ≡

r (t + ∆t ) − r (t )
∆t

(2.15)

From Eq. (2.15) we immediately obtain an expression for the new positions, based on the
old positions and velocities, Eq. (2.16).
r (t + ∆t ) = r (t ) + ∆tv(t + ∆t / 2)

The updated velocities are given by Eq. (2.17)

13
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v(t + ∆t / 2) = v(t − ∆t / 2) + ∆t

f (t )
m

(2.17)

In the Leap Frog scheme we can not directly compute the total energy because the
velocities are not defined at the same time as the positions, but this problem can be
overcome if we cast the Verlet algorithm in an other form2,20. Two other schemes that
yield the same trajectories as the Verlet algorithm are the Beeman algorithm and the
velocity corrected Verlet algorithm2.

2.3.3 The Verlet List
The most time-consuming part of almost all Molecular Dynamics simulations is the
calculation of the force acting on every particle. If we consider a model system with
pairwise additive interactions, we have to calculate the contribution to the force on
particle i due to all its neighbors. This implies that, for a system of N − particles, we
must evaluate N × ( N − 1) / 2 pair distances and inter-particle forces. Therefore the
computational time needed for the evaluation of the forces scales as N 2 . In order to
overcome the explosive increase of computational time with system size more efficient
techniques for speeding up the evaluation of both short-range and long-range interactions
(i.e., non integrable in 3-D, e.g. electrostatic forces) were developed. Some of the
techniques used for short-range interactions are the Verlet list, which is described below,
the Cell (or linked) list and a combination of Verlet and cell lists. The computational time
dependence of the Verlet list has a leading N 2 term, albeit with a very small prefactor.
The link-cell method is strictly linear in N , although the details of the method render it
advantageous only for very large systems3 ( N ~ 10 4 ).
When simulating a large system we use a cutoff for the pair interaction potential ( rc ),
beyond which the potential is very weak (e.g., 0.01k B T ), and which is smaller than half
the simulation box, then many particles do not contribute to the energy of a particle i . It
is advantageous, therefore, to exclude the particles that do not interact, from the time
consuming energy calculation. Verlet22 developed a bookkeeping technique, commonly
referred to as the Verlet list or neighbor list, which is illustrated in Fig. 2.2.
14
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rc

i
rv

Fig. 2.2
The Verlet list of particle i. It contains all particles within a sphere with radius rv > rc .
In this method a second cutoff radius rv > rc is introduced, and before we calculate the
interactions, a list is made of all particles within a radius rv of particle i . The “skin”
rv − rc is estimated as the distance that could conceivably be traversed by a particle in

between (its own) list updates. A safe choice for rv − rc is 4 × vthermal × f × ∆t , where, f
is the number of MD steps in between list updates.
In the subsequent calculation of the interactions, only those particles in the list are
considered. If the maximum displacement of particles remains shorter than rv − rc , then
we need to consider only the particles in the Verlet list of particle i . The computational
time of this calculation grows as N . As soon as one of the particles is displaced more
than rv − rc , the Verlet list must be updated. The later operation is of order N 2 , and
although this operation is not performed at every time step, it will eventually become
dominant for very large systems.
The Verlet list can be used both in MD and MC simulations. However, there are slight
differences in the implementation. For example in a MD simulation, the force on all
particles is calculated at the same time. It is sufficient therefore to have a Verlet list with
half the number of particles, for each particle, as long as the interaction i − j is accounted
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for in either the list of particle i or that of j . In a MC simulation each particle is
considered separately, therefore it is convenient to tabulate the complete list for each
particle.

2.4

Periodic boundary conditions

Current simulations cannot deal with systems containing 10 20 , or more, particles.
Furthermore, the realization of thermodynamic and transport averages can be determined
from the proper simulation of systems containing 10 3 − 10 4 particles, provided that
“surface effects” are “negligible”. A naive approach would be to confine molecules by a
potential representing a container, which prevents molecules from drifting apart. A major
obstacle to such a simulation is the large fraction of molecules which lie on the surface,
because they experience quite different forces from molecules in the bulk. For example,
for N = 1000 molecules arranged in a 10 × 10 × 10 cube, no less than 488 of them appear
on the cube faces.
This problem can be overcome by implementing periodic boundary conditions23. The
cubic box is replicated throughout space to form an infinite lattice. In the course of the
simulation as a molecule moves in the original box, its periodic image in each of the
neighboring boxes moves in exactly the same way. Thus as a molecule leaves the central
box, one of its images will enter through the opposite face. There are no walls at the
boundary of the central box, and no surface molecules. The number density in the central
box (and hence in the entire system) is constant. Quantitatively, finite size effects
diminish like N −1 / 3 when one uses a container potential, while they diminish faster
( N −1 / 2 ) when periodic boundary conditions are employed3.
Whether the properties of a small, infinitely periodic, system, and the macroscopic
system, which it models, are the same, will depend both on the range of the
intermolecular potential and the phenomenon under investigation. For example, for a
fluid of Lennard-Jones atoms it should be possible to perform a simulation in a cubic box
of side L ≈ 6σ , without a particle being able to ‘sense’ the symmetry of the periodic
lattice. If the potential is long ranged (i.e., υ (r ) ~ r −ν , where ν is less than the
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dimensionality of the system) there will be a substantial interaction between a particle
and its own images in neighboring boxes, and consequently the symmetry of the cell
structure is imposed in a fluid which is in reality isotropic. Also, the use of periodic
boundary conditions inhibits the occurrence of long-wavelength fluctuations. For a cube
of side L , the periodicity will suppress any density waves with a wavelength greater than
L . Thus, it would not be possible to simulate fluids near critical points and phase

transitions.
In the case of macromolecules (i.e., polymer chains), the beads are considered as the
individual particles of the system. One has to be careful with chain connectivity, which
must be conserved, although periodic boundary conditions are applied. The energetic
interactions that exist among non-consecutive segments of the polymer chain, which are
one lattice site apart, also require special attention. This aspect will be discussed further
in paragraph 4.3.
Both MC and MD methods are applied in the two problems we study in this work.
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CHAPTER 3
3.

Conformations of Polymer Systems

3.1

Intoduction

The statistical physics of macromolecules is of great scientific interest in solid state and
condensed matter physics, chemistry of high molecular-weight compounds, polymer
technology, biophysics and molecular biology. The conformations and conformational
motion of polymer chains determine most of their significant properties.
Flexible polymer chains assume an enormous number of configurations by the rotation
around chemical bonds. A polymer is termed flexible if the thermal motion can overcome
the energy barriers associated with backbone rotation. Such molecules have a randomly
fluctuating three-dimensional tertiary structure, which can be described statistically by
taking averages over all the allowed conformations. The term used for such a structure is
a random coil. In short, each macromolecule is treated as a minute thermodynamic
system.

3.2

Ideal (Gaussian) Chains

The ideal chain model1 plays a role in polymer physics analogous to the ideal gas model
in fluid and liquid state theory. The common “ideal” feature is the absence of volume
interactions. Also, an ideal chain is flexible, but different polymers have different
mechanisms of flexibility. A good measure of polymer flexibility is the persistence length
~
l of the polymer, which can be roughly considered as the maximum chain section that
remains straight. Introducing the magnitude cos(θ s ) , which is the mean cosine of the
angle between the chain segments separated by the contour length s, the persistence
length is defined through the following Eq. (3.1).
~
cos(θ s ) = exp(− s / l )
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The above formula quantifies the diminishing of directional correlation between
segments with the increase of the contour length distance between them.
Alternatively, it is more convenient to use the freely jointed chain model in order to
describe the average size of a polymer coil in a dilute solution of chains under
Θ − solvent conditions. A chain is considered as a sequence of N randomly oriented

bonds (N+1 volume-less beads) each of length l , which is called the Kuhn length,
G
G
G
| Ri − Ri +1 |= l , Ri is the position of each bead. For the freely jointed model

cos(θ s ) = 0 , the bonds are fully independent of each other and the conformation
resembles the trajectory of a particle diffusing under the action of a random force, for
which the solution is well known2. The Kuhn segment length supplies yet another
measure of chain flexibility. The root mean squared (rms) end-to-end distance, Rend , is
proportional to the N 1 / 2 . Hence,

G
G
2
Rend
= ( R0 − R N ) 2 = Nl 2

(3.2)

Furthermore, the end-to-end distance is related to the persistence length via Eq. (3.3)
~~
~
2
~ (L / l )l 2 ~ Ll
Rend

(3.3)

where, L is the contour length of the polymer chain and N can be written as N = L / l . The
Kunh length can be measured experimentally whereas the persistence length has an
unambiguous microscopic meaning hidden in the proportionality constant of Eq. (3.3). l
~
~
and l are of the same order of magnitude. A typical value of l for a simple flexible
~
synthetic polymer like polystyrene is l ≈ 1.0 − 1.4nm , depending on the conditions. In
~

real polymers and for many other models the ratio l / l is close to 2.
2
as well as the rms radius of gyration , RG2 , are characteristic measures of the chain
Rend

size. The radius of gyration is defined as: (Eq. 3.4)
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G

N

RG2 =

G
G
∑ ( Ri − Rcm ) 2

i =0

N +1

G

∑ ( Ri − R j ) 2

=

0≤i ≤ j ≤ N

(3.4)

N +1

i.e., RG , is the root mean square distance of the segments from the center of mass, and for
N

an ideal chain is equal to

RG2

G

∑R

G
1
is the position of the center of
= l 2 N , where, Rcm = i =0
6
N +1
i

mass of the chain and the brackets represent the ensemble average. The probability
distribution P (r ) of the end point of an ideal chain to be at a distance r from the start
point is Gaussian:

2
P (r ) = ( πNl 2 ) −1 / 2 exp(−3r 2 / 2 Nl 2 )
3

(3.5)

Moreover, any orientation between consecutive segments is assumed to have the same
probability. The Gaussian statistics results directly from the independence of
conformations of different sections of the chain. The Gaussian chain is a trivial
( 0 th − order) Markov process3.

3.3

Real chains

It was early understood that the Gaussian chain model is inadequate in most cases.
Experimental measurements (x-ray scattering)4 on isolated polymer chains indicated a
N − dependence in Eq. (3.2) with an exponent higher than 1 . All Gaussian models failed

in one important respect, the neglect of excluded volume effects. It was early realized
(Flory 50’s) that these effects are non trivial and have to be taken into account in any
reliable model and will lead to the correct scaling exponent.
The first estimation of this exponent was made by Flory2 via a remarkably simple
argument that yields RG ~ N 3 / 5 (ν = 3 / 5 is called the Flory exponent) in three
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dimensions, for a chain with excluded volume interactions in a good solvent. This
method allows a simple generalization in a space of arbitrary dimensionality d .
ν = 3 /(d + 2)

d ≤4

ν = 1/ 2

d ≥4

(3.6)

In 1-D Eq. (3.6) reproduces the trivial result ν = 1 (rigid rod). In 4-D it yields ν = 1 / 2 , so
the chain is ideal and excluded volume effects produce only a weak perturbation over the
ideal conformations. The Flory prediction for ν in 3-D is remarkably close to the best
estimates to date (0.589) that were made via considerably more sophisticated methods
(renormalization group calculations, Monte Carlo simulations)5.
For the ideal chains the finite volume of the segments and solvency effects are entirely
ignored. In reality segments cannot overlap (volume exclusion), which leads to chain
expansion. In addition, there exists usually a (solvent dependent) net attraction between
the segments due to, e.g., Van der Waals forces.
Real chains have almost fixed valence angles between bonds. In addition rotation about
bonds is not entirely free, because the potential energy shows minima and maxima as a
function of rotation angle. To account for this effects, Flory2 wrote

2
Rend
= c∞ l 2 N

where, the so-called “characteristic ratio” c∞ is a rigidity constant which depends on the
architecture of the chain and has typical values in the range 5-202,6. In the limit of stiff
~
2
Rend
= L2 , although for very flexible chains, where l / L << 1 ,
rods,

~
~
~
2
Rend
= 2l L = 2l lN ; consequently l = c∞ l / 2 .
The simplest manifestation of volume interaction of a flexible polymer chain is the
swelling or compression of a polymer coil, which is quantified by the swelling parameter,
a , as follows:

2

a =

RG2
RG2

(3.7)
0
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where, subscript 0 denotes the ideal Gaussian coil. The coil with a >1 is swollen
(extended), and that with a <1, is compressed in comparison with its Gaussian size. For
a =1 the chain is ideal.

The inclusion of more realistic chemical structures does not alter the Gaussian nature of
2
statistics, ( Rend
~ N ). All the details are ultimately grouped in c ∞ . Methodologies for

detailed calculations of c∞ were developed by Flory (Rotational Isomeric state model6).
According to Flory6, the equilibrium swelling parameter of a polymer coil is determined
by the balance of the effects of volume interactions, Fint , and polymer elasticity, Fel ,
which is of entropic nature. We can write the free energy as the sum of two terms:

F (a ) = Fel (a ) + Fint (a)

(3.8)

For the elastic term the next proportionality is valid7:

a2

Fel (a ) / T ~

1/ a

a >1
a <1

2

(3.9)

which can be augmented by the simple interpolation formula Eq. (3.10)
Fel (a ) / T ~ a 2 + 1 / a 2

(3.10)

The interaction term of the free energy, as the link concentration in the coil is low, can be
evaluated by means of a virial expansion into a power series of number concentration,
3
.
n ≅ N / RG



CN 2 −6
 BN

−3
Fint (a ) / T = N ( Bn + Cn + ...) = N 
a +
a + ...
3
6
RG 0
 RG

0


2

23

(3.11)

Chapter 3: Conformations of Polymer Systems

B and C are the second and the third virial coefficients respectively. The equilibrium
value of the swelling parameter is determined from the minimization of the total free
energy.
A coil swells if the repulsion between the links dominates ( a > 1 ). This case is realized
for B > 0 . The average polymer density of swollen coils is low and the virial expansion
can be truncated after the second term. Then minimization of Eq. (3.8) shows that the coil
size depends on chain length N as RG ~ N 3 / 5 for N >> 1 . The coil becomes compressed
for a < 1 , if attraction prevails ( B < 0) . The average density of compressed coils is high
and higher order terms need to be included in the virial expansion, (at least the 3 − body
term to produce any meaningful results)5,7. In this regime RG ~ N 1/ 3 for N >> 1 . There is
a certain point, which is called the Θ − point, where repulsion and attraction
counterbalance and the coil becomes Gaussian, a = 1 , B = 0 and RG ~ N 1/ 2 . The
temperature which corresponds to the Θ − point is known as the Θ − temperature. The
ideal behavior of a real polymer chain is possible at Θ − conditions, because of delicate
balance between inherently attractive interactions and bare excluded volume (repulsive)
interactions among segments, mediated by “polymer elasticity”.

3.4

The Mean Field Model of Flory & Huggins

This model was developed independently by Flory2 and Huggins8 and was for a long time
the only available interpolation method between dilute (non-overlapping) coils in good
solvents and very concentrated solutions, where the chains are essentially ideal.
According to the Flory-Huggins approach, polymer chains are represented as random
walks on a lattice, each lattice site being either occupied by one chain monomer or by a
solvent molecule Fig. 3.1. The fraction of sites occupied by monomers is denoted as Φ
(volume fraction). Φ = c a3, c is the number concentration and a3, the volume of a unit cell
in a cubic lattice. The free energy for this model has two components, as mentioned
above, an entropy term describing how many arrangements of ideal chains can exist on
the lattice for a given Φ and an energy term describing the interactions between adjacent
molecules.
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Polymer solvent interactions are encompassed in the Flory-Huggins interaction
parameter χ . It is a dimensionless quantity and, in principle, depends on temperature,
pressure, etc. and describes the solvent quality. Good solvents have a low χ , while poor
solvents have a high χ . χ = 1 / 2 corresponds to Θ − conditions and χ = 0 corresponds to
a solvent which is very similar to the monomer; in such a case temperature has no effect
on structure and the solvent is called “athermal”. Athermal solvents represent a
particularly simple case of good solvents. Eq. (3.12) defines χ in the Flory-Huggins
context.
1
2

χ = χ ms − ( χ mm + χ ss )

(3.12)

χ mm : For the monomer-monomer interactions

χ mm : For the monomer-solvent interactions
χ mm : For the solvent-solvent interactions

Fig. 3.1
A simple cubic lattice occupied by polymer chains (red lines) and solvent molecules (blue

circles). Every lattice site is filled by only one molecule.
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A simple form for the free energy of mixing which is defined as the energy change
associated with the transfer of a segment from pure polymer to pure solvent is:
F Φ
= ln Φ + (1 − Φ ) ln(1 − Φ ) + χΦ (1 − Φ ) (mean field)
kT N

(3.13)

The mean-field character of the theory is manifested by the explicit use of the randommixind (Cahn-Hilliard) approximation2.
The first two terms represent translational and configurational entropy respectively. The
third describes the internal energy of monomer-monomer and monomer-solvent
interactions. At small Φ a virial expansion of the free energy leads to a more convenient
version, which can be written as follows, Eq. (3.14), independently of any lattice model.
1
1
F
c
= ln c + uc 2 + w 2 c 3
2
6
kT N

(3.14)

where u , which is the excluded volume parameter, and w , the third virial coefficient, are
lattice (and in general) model dependent. Comparison of Equations (3.13) and (3.14)
yields u = a3 (1 − 2 χ ) and w = a3. The value of u is positive for good solvents, negative for
poor solvents and u = a3 for athermal solvents.
Polymer-solvent interactions affect crucially chain conformations in a solution and,
consequently, phase behavior. Experimental phase diagrams are always given in terms of
a concentration c and a temperature T, or the more fundamental quantities Φ and χ (T ) 9.
In Fig. 3.2 the particular temperature T = Θ separates the regimes of good and poor
solvents and corresponds to χ = 1 / 2 . At this point polymer chains are Gaussian coils for
all concentrations. At lower χ -values steric repulsion dominates and the chains tend to
swell. One enters this good solvent regime when crosses a certain crossover line which
defines a region of crossover between ideal and swollen chains. When χ > 1 / 2 the
solvent is poor and there is a two phase region and a critical point C. The critical point
occurs at very low concentrations. At the low Φ limit individual coils become more
compact than ideal chains because of the trend toward segregation.
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Fig. 3.2
Phase diagram of a polymer solvent system according to ref. 9. χ is the Flory interaction

parameter and Φ is the volume fraction occupied by the polymer.
It would be useful to emphasize that a model of attractive chains (poor solvent
conditions) in the mean-field approximation ought to have three-body and generally
many body-terms in the expansion of the free energy in order to be realistic. Otherwise,
the minimization of the free energy, in a model with only two-body interaction, leads to
unphysical results like the reduction of a purely attractive continuous chain to a point5.
The general behavior of such a model in bulk and near attractive surfaces and the
peculiarities of the passing from good to poor solvents consist the central subject of
chapters 4 and 5.
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CHAPTER 4
4.

Coil-to-Globule Phase Transition

4.1

Introduction

The terms “coil” and “globule”, are used abundantly in the polymer-related literature.
However, it will facilitate our discussion to summarize precise definitions of the above,
somewhat qualitative terms. The globule is defined as a dense three dimensional structure
from which almost all solvent molecules are ousted by the monomers of the chain.
(Volkenshtein 1975). According to another definition by Lifshitz (1968), a globule is the
state of a macromolecule in which it has a definite thermodynamically reliable spatial
structure, i.e. the amplitude of density fluctuations in a globule is much smaller than the
density itself and it becomes infinitesimally small in the thermodynamic limit ( ~ N −1 / 2 ) .
Furthermore the range of density correlations remains finite when N → ∞ . In contrast, a
coil is a state of a macromolecule characterized by density fluctuations whose amplitude
is of the same order of magnitude as the density itself and the range of correlations is of
the same order as the dimensions of the coil, grows with N and it tends to infinity when
N →∞.

The effect of the solvent quality on the conformation of polymer chains has been studied
thoroughly and comprehensively because of its potential applications in many scientific
and technological fields. The problem of describing the conformational transition of a
polymer chain from the globular state to a coil arose historically in connection with the
problem of the denaturation of

protein globules (Volkenshtein, 1975). The coil-to-

globule transition, as well as the description of globule conformations is of central
importance in biopolymers1. The basic coil-to-globule transition models have been used
as starting points for the description of more complex transitions, such as those occurring
in “responsive materials”2,3, heteropolymers and protein folding4, native DNA packing,
polymer network collapse5, interpolymer complexes, etc.
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Most experiments of coil-to-globule transition have been carried out using polystyrene
solutions of extremely low concentration6,7,8. Various experimental methods, such as
static and quasi-elastic light scattering, small angle neutron scattering and viscometric
measurements have been used for the determination of polymer dimensions.
Unfortunately, the coil collapse problem is extremely difficult to be studied
experimentally, because at finite concentrations in a poor solvent the macromolecules
tend to undergo phase separation when the collapse state is being achieved. Chu et al.8
observed two stage kinetics of a single chain collapse, by using an extremely thin
capillary-tube cell for dynamic light scattering measurements, in agreement with
theoretical predictions9,10. Recently, Chi Wu et al.11 used an amphiphilic copolymer with
evenly spaced hydrophobic styrene segments (stickers), poly(N-isopropylacrylamide-sstyrene), and confirmed that such a copolymer chain in a solvent selectively poor for the
stickers could self-fold from a random coil to a collapsed globule passing through a
proposed ordered coil state.
Global properties of polymer coils in good solvents are “universal”; all segmental-scale
features are “lumped” in a single quantity describing excluded volume interactions, the
second virial coefficient of link interaction. However, in a poor solvent and at a moderate
distance from the Θ -temperature, they depend also on the third virial coefficient of link
interactions. This is because the three-body and in general, many-body effects, become
important near and beyond the transition through the Θ -point to the poor solvent region,
as a result of the high density of the globule.
Below we summarize briefly the main theoretical predictions for the coil to globule
transition, which are based on a variety of theoretical methods, such as mean field
theories, renormalization group calculations, scaling analyses and computer simulations.
The role of attraction, or negative second virial coefficient, is central in shaping the
properties of a polymer globule. A large polymer globule consists of a dense
homogeneous nucleus and a relatively thin surface layer, a fringe. At equilibrium the size
of the globule assumes such a value that the osmotic pressure of the polymer in the
globule nucleus equals zero. This condition specifies the link concentration, n0 , in the
equilibrium globule and corresponds to the minimum of the free energy in Eq. (4.2).
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p * (n0 , T ) = 0

(4.1)

The equilibrium volume of the globule equals V = N / n0 and its size is of order
R ~ V 1 / 3 = ( N / n0 )1 / 3 ~ N 1 / 3 . The physical meaning of the condition described in Eq.

(4.1) is that the link concentration in the globule must settle at such a value that the
attractive and repulsive volume interactions counterbalance each other on the
corresponding characteristic scale ~ n0−1 / 3 . The link concentration distribution, n in a
large globule has the form shown in Fig. 4.1. The chain sections inside the globule
nucleus still obey Gaussian statistics and only in the periphery (surface layer) chain
statistics is more complex12. The simplest thermodynamic description of a large globule
takes into account only the core contribution to the free energy ( F ) and neglects the
surface layer contribution. This is known as the “volume approximation”, where the
conformational entropy (S ) has been totally disregarded, Eq. (4.2) .

F {n} = E{n} − TS{n} ≅ E{n} = Nf * (n0 ) / n0 = Nµ * (n0 )

f * (n0 ) = f (n0 ) − f id (n0 )

(4.2)

µ * (n0 ) = f * (n0 ) / n0

Where, f = F / V and f id is the free energy for non-interacting links.

n
n0

∆

R

r

Fig. 4.1
Distribution of local link concentration in a large polymer globule according to ref. 12
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In the vicinity of the Θ − point, the link concentration in the globule is low and virial
expansions for f * , µ * , p * are accurate.

p * ( n0 ) ≅ TBn02 + 2CTn 03 = 0

(4.3a)

n0 = − B / 2C , V = −2 NC / B

(4.3b)

B, C are the second and third virial coefficients, where B < 0 in poor solvent. The volume

free energy, the surface free energy and the thickness of the surface layer ( ∆ ) are given
below12:
Fvol = − NTB 2 / 4C

(4.4)

Fsurf ~ N 2 / 3Ta (− B) 4 / 3 / C 5 / 6

(4.5)

∆ ~ aC 1 / 2 / | B |

(4.6)

where, a is the monomer length. Near the Θ − point B(T ) ≅ bτ , τ =

T −Θ
Θ

and

C (T ) ≅ C = const. > 0 , hence, Eq. (4.3b) and Eq. (4.4) can be written as,

n0 ≅ τ b / 2C

(4.7a)

R ~ ( N / n0 )1 / 3 ⇔ R ~ N 1 / 3 | τ | −1 / 3 (C / b)1 / 3

(4.7b)

Fvol ≅ − Nτ 2 Θb 2 / 4C ~ − Nτ 2Θ

(4.8)

For the standard model of a polymer chain with spherical beads

b ~ υ and C ~ υ 2 ,

where, υ is the excluded volume of the monomer and the characteristic parameter υ / a 3
depends on the stiffness of the polymer.
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The coil-to-globule transition point is determined by the balance between entropy loss
and energy gain and coincides with the Θ − temperature for infinite molecular weight
chains. For finite N , this point lies in the Θ − region within an interval of order N −1 / 2
below the Θ − point. The total free energy of the globule can be written according to Eqs.
(4.4) and (4.5):
F = Fvol + Fsurf = − NΘτ 2 (b / 4C )[1− | τ tr / τ | 2 / 3 ]

τ tr = (Ttr − Θ) / Θ ≅ −2.7 a 3 / 2 C 1 / 4 /(bN 1 / 2 )

(4.9)

The value of Ttr , or τ tr corresponds to the coil-globule transition point. For T < Ttr or
τ > τ tr F < 0 , and the globule is stable, whereas at T = Ttr or τ = τ tr , F = 0 . The regions

of stable existence of definite states are separated by the finite interval ∆T , whose width
is determined by the conditions, Eq. (4.10):
F (Ttr ) = 0, F (Ttr − ∆T ) ~ Ttr

(4.10a)

∆T ~ (Θ − Ttr )C 1 / 2 / a 3 ~ ΘC 3 / 4 /(a 3 / 2υN 1 / 2 )

(4.10b)

According to the definitions at the start of the section coil and globule represent different
macroscopic phases and the coil-to-globule transition is a phase transition when N → ∞ .
If N is finite, this transition is a finite cooperative transition which occurs in an interval
∆T .

The character of the coil-to-globule transition depends sensitively on chain stiffness.
Chain stiffness sharpens the transition (for the same N ). For flexible chains and in the
thermodynamic limit ( N → ∞ ) the phase transition is 2 nd order. For stiff chains and finite
N , the (finite) transition resembles more a 1st order thermodynamic phase transition.

τ tr and ∆T from Eqs. (4.9) and (4.10b) can be rewritten as:

τ tr ~ −(a 3 / Nυ )1 / 2
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∆T ~ Θ(υ / Na 3 )1 / 2 ~ Θ | τ tr | (υ / a 3 )

(4.12)

For stiff chains υ / a 3 << 1 , ∆T / Θ <<| τ tr | , this means that in this case the coil-to-globule
transition proceeds in a relatively narrow temperature interval, clearly separated and
substantially removed from the Θ − point. Conversely, for flexible chains where
∆T / Θ ~| τ tr | , because υ / a 3 ~ 1 the coil-to-globule transition proceeds relatively

smoothly and the transition interval includes the Θ − point.
In the coil-to-globule transition region the swelling parameter of the macromolecule,
( α = RG / RG 0 ), always depends on the reduced temperature τ and the chain length N as
shown in Eq. (4.13). The functional form of ϕ is affected by the stiffness of the polymer
chain.
α = ϕ (τN 1 / 2 )

(4.13)

The coil-to-globule transition of a polymer chain upon decreasing the temperature and
consequently worsening the solvent quality is similar to the phase transition from a gas to
a condensed state. This transition can be investigated as a function of stiffness (k) at fixed
molecular weight (MW) or as a function of MW - chain length ( N ), at fixed k . These
two approaches are complementary and provide different insights on the underlying
physics.
Grosberg and Kuznetsov in a series of papers13,14,15,16 studied the characteristics of a
single polymer chain and the interactions between chains (two globules at an arbitrary
distance z from each other) in a poor solvent, using mean field theory. They compared
their theoretical predictions with real experiments and computer simulations and found
that generally the mean field theory provides a satisfactory description of the
experimental observed phenomena.
Finite chain length effects on the coil to globule transition of stiff chains were studied
using the bond fluctuation model17. Chain lengths up to 200 monomer units were
simulated. One of the main conclusions of this work was that there is hardly any
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noticeable dependence of the coil-to-globule transition temperature on chain stiffness in
the thermodynamic limit.
Simulations identified regions of stiffness and solvent quality, where finite polymer chain
globules are spherical globules and other regions where globules assume a torroidal
shape. These regions are not separated by sharply defined boundaries, but rather by wide
two-state coexistence regions where also intermediate metastable structures, such as rods
and disks, occur18,19,20.
It should be emphasized that this rich behavior has been observed only for quite short
chains. Whether, torroidal, disk-like and rod-like structures persist at higher N is not
known. At any rate, one can assume that for any finite k , the thermodynamic limit
( N → ∞) results in spherical globules.

Imbert, Lesne and Victor21 studied the coil-to-globule transition via a delicate and
illuminating scaling analysis. Relying on a numerical simulation, they pursued a
phenomenological approach to the statistics of self avoiding random walks. They
introduced a relevant order parameter t for the coil-to-globule transition and added a
formal Boltzmann factor that weights differently the corresponding subspaces of
configurational space (coil or globule) when the temperature is varied. This description
allows a precise definition of coil and globular phases. The various contributions
appearing in the distribution of the order parameter, t , PN (t ) encompass the geometric
basis of the physical coil-globule transition. They account for the influence of topology
(i.e., 1D -chain connectivity, modulated by stiffness) and the constraints imposed by selfavoidance.
The order of the transition (in the thermodynamic limit) has also been examined
extensively. Men field theory predicts that the coil-to-globule transition is a second order
phase transition, for flexible chains and for N → ∞ . This transition point is not a simple
critical point but a “tricritical point” as described in ref. 22.
However, there are works which indicate additional features of this transition. Monte
Carlo simulations in four dimensions, where mean-field theory should be rigorous,
suggest that the approach to the tricritical transition point is characterized by the build up
of first order like singularities masking the second order nature of the transition, like two
clear peaks in the distribution of the internal energy23,24. This happens for finite chain
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lengths while, in the infinite length limit, the above studies agree best with the predictions
of Lifshitz-Grosberg-Khokhlov theory applied in 4 − dimensions22.
As mentioned above, most relevant computer simulations studies were limited to rather
short chains (up to N = 200 ). However, even though simulations of longer chains are time
consuming, they are necessary for the proper study of the transition from the coil to the
globular state.

4.2

The Coil-to-Globule transition: A Monte Carlo Study

We investigated the coil-to-globule transition of polymer chains in bulk solutions as a
function of molecular weight and solvent quality, using Monte Carlo (MC) simulations
for flexible chains on a cubic lattice. We have performed simulations using the
configuration bias Monte Carlo (CBMC) technique as well as Monte Carlo with only
local moves and one-segment reptation (LMC). We simulated polymer chains up to
N = 10000 beads long (these would correspond to MW ~ 3 × 10 6 for polystyrene (PS)). The

aim of this study is to elucidate the strange dependence of the radius of gyration ( RG ) on
N , at finite N , prior to the reach of the limiting dependence RG ~ N 1 / 3 in poor solvents,

using a simple non-controversial MC technique. A similar observation was also reported
previously25, based on a version of Pruned-Enriched Rosenbluth Method (PERM), for
free chains up to N = 5000 .

4.3

Simulation Method

We simulated single polymer chains in bulk, using lattice Monte Carlo simulations. We
have performed configuration bias Monte Carlo (CBMC) at high temperatures (good to
theta solvents), and Monte Carlo with local moves and one-segment reptation (“Slithering
Snake” ) in poor solvents, where large-scale rearrangements are inefficient. We
performed simulations on a simple cubic lattice. Chains were confined in a simulation
box with side at least 5 times larger than the chain radius of gyration. Periodic boundary
conditions were applied in all (x-y-z) directions. Bond rotations were free and solvent
conditions were quantified by an interaction energy ( − E ) between units of the polymer
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chain occupying neighboring lattice sites. With the term flexible here, we mean that there
is no energy term which expresses explicitly any preferred angle between consecutive
bond vectors. Excluded volume effects are accounted for, by the disallowance of multiple
occupancy of lattice sites.
It is important to remark that the choice of the simulation box size is crucial and affects
the right implementation of periodic boundary conditions in simulations of polymer
chains. A small periodic box ( L ), related to chain size (i.e., its radius of gyration, RG ),
can induce unrealistic situations , i.e., wrong results from the calculation of energy
interactions. A characteristic example for a 2D simulation box (square lattice) with L = 5
and a N = 11 chain ( RG = 2.7 ), is represented schematically in Fig. 4.2. The part of the
chain which exceeds the limits of the simulation box (i.e., x, y ≥ 5 or x, y ≤ 1 where, x, y
are the chain coordinates) enters through the opposite face of the box as a periodic image
of the original part. The real chain is the one with beads from 1 − 11 (blue line). Its part
from bead 7 to bead 11 is coming into the simulation box as an image ( 7 * −11 * , red
dotted line).

L

10

11

1

2

10*

11*

9

8

4

3

9*

8*

7

6

5

7*

L

1

Fig. 4.2
A 2D simulation box (square lattice, L = 5 ) with a N = 11 , ( RG = 2.7 ) polymer chain
placed on it.
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The effects of the small size of the simulation box are depicted with cyan circles. These
circles declare two pairs of beads, placed one lattice site apart, which contribute to the
accumulation of chain energy interactions ( 2 − 10 * and 3 − 9 * ). However, they do not
correspond to the real picture, because 2 − 10 and 3 − 9 , are not neighboring segments in
the real chain. Consequently, such a treatment gives a total energy, E , different than the
real one. A decision for L ≥ 5RG is safe, i.e., it avoids the above problem.
Another crucial point is chain connectivity, which must be conserved for both the original
chain and its periodic images.
We simulated chains with N up to 10000 . The demanding RAM requirements for
N > 3000 were bypassed with the incorporation of special external routines for bit

manipulation. A detailed data analysis demands the storing of chain configurations during
the simulation runs with a proper frequency. The choice for this frequency was based on
the requirement that the gathered configurations will contain changes on length scales
suitable for the observation of the time evolution of important quantities without loosing
pertinent physical information.
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Fig. 4.3
The radius of gyration as a function of MC-steps for N = 100 and N = 10000 chains in a
poor solvent E = 0.37 .
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The initial configuration for each run was generated independently via a simultaneous
growth and equilibration method in athermal conditions26,27. The number of necessary
MC steps for each simulation depends on the chain size and grows with N approximately
like ~ N 2 . Systems with higher E − values are also demanding; a larger number of total
steps is needed for each run, because MC moves have lower rate of acceptance for more
compact conformations. Results were averaged after equilibration of the system. In Fig.
4.3 we present a typical example of the evolution of RG as a function of MC-steps for a
short ( N = 100 ) and a very long ( N = 10000 ) chain in a poor solvent ( E = 0.37 ). This
confirms the equilibration of the system even for the longest chains studied ( N = 10000 ).
In all simulations the monomer length (a) is taken as the length unit and the thermal
energy k B T as the energy unit.

4.4

Results and Discussion

The radius of gyration of isolated polymer chains with chain lengths from N = 20 to
N = 10000 and for a wide range of solvent qualities from athermal solvents ( E = 0.0 ) to

poor solvents ( E = 0.45 ) was determined from our simulations. The root mean square
radius of gyration, RG2

1/ 2

where, the mean value is an average over the configurations

of the chain during the run, was calculated after the initial equilibration. In the following
we will note this as RG .
The RG is shown in Fig. 4.4 versus N in a log-log representation for various values of
E , from the athermal solvent ( E = 0.0 ) via the Θ − temperature ( E = 0.28 , see below) to

poor solvents. For E = 0.0 the well-known scaling law RG ~ N ν in good solvent regime,
is observed. The exact exponent from our simulation data is 0.592, which is very close to
the best theoretical estimate for v , (i.e., ν = 0.589 )28. Upon increasing the cohesive
energy (decreasing the temperature) the exponent ν decreases until it reaches the value
of 0.5 , which corresponds to theta conditions ( Θ ). In our simulation this occurs for
E = 0.28 . This value agrees closely with the Θ -point for chains on a cubic lattice,

determined by earlier simulation studies25,29,30,31,32.
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However, an anomalous dependence of the radius of gyration on the polymer molecular
weight for E > E (Θ) is found. Thus, for E = 0.33 and beyond, RG develops a plateau (an
N -independent region) for intermediate values of N , before reaching the limit

RG ~ N 0.33 for very high values of N . It is important to note that very large chains are

needed in order to reach the 1/3 exponent. In our case for E = 0.45 and with the higher N
value equal to 10000 ( MW ≈ 3 × 10 6 for PS), ν = 0.295 .

RG/a
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10

E=0.00
0.10
0.20
0.28
0.33
0.35
0.37
0.40
0.45

10

0.6

0.5

0.33

100

1000

10000

N

Fig. 4.4
Radius of gyration as a function of chain length N , for different solvent qualities.

The range of N where the plateau is observed depends on the solvent quality, with a
decrease of the N -value where the plateau begins, as the solvent becomes worse. This
should be correlated with the transition in the shape of the chain from a coil to a more
compact conformation, which finally evolves to the globular state in bad solvents, which
occurs within this temperature range, E > E (Θ) .
This feature is also apparent in the end-to-end distance ( R EE ) calculation under poor
solvent conditions as we can see in Fig. 4.5 for two solvents with energies E = 0.37 and
E = 0.45 . The sigmoidal behavior is clear for both energies, as well as the different
N − values where the plateau emerges.
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Fig. 4.5
End-to-end distance as a function of chain length N , for two poor solvents E = 0.37 and
E = 0.45 .

The evolution of the density distributions with increasing N sheds light to the observed
dependence of RG on N . In Fig. 4.6 and Fig. 4.7 the density profiles for E = 0.37 and
E = 0.45 (poor solvents), are plotted, as a function of the distance from the center of mass

of the chain, for chain lengths ranging from N = 20 to N = 10000 . As the molecular
weight increases, a qualitative change in the inner part of the density distribution can be
observed. A plateau develops, in the small r-region, which is more pronounced from
intermediate and large N values, indicating the existence of a globule in poor solvent
conditions. The shape of the density curves beyond a certain N − value (about 2000 ) is
similar to that in Fig. 4.1, which was proposed from mean field theory12.
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Fig. 4.6
Density distribution as a function of the distance from the center of mass of the polymer
chain for E = 0.37 and chain lengths varying from N = 20 to N = 10000 .
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Fig. 4.7
Density distribution as a function of the distance from the center of mass of the polymer
chain for E = 0.45 and chain lengths varying from N = 20 to N = 10000 .
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Three regions can be observed in Figs. 4.6 and 4.7; one for low MWs, where an increase
in the MW leads to the expected increase in density, a second for intermediate MWs,
where an increase in MW leads gradually to the formation of a core (increase of the
density mostly in the small r -region) and a third for high MWs, where a compact core
with constant density expands, and the surface layer is thin compared to the core
diameter. Thus, in a poor solvent, an extended polymer chain (coil) starts to shrink, filling
its inner part and forming a dense homogeneous nucleus, and a relatively thin surface
layer.∗
In Fig. 4.8, ρ core is plotted as a function of chain length. This value is the density in the
center of the chain (i.e., one lattice site away from the chain center of mass) and
quantifies the core development of a globular conformation by increasing the MW of the
chain in a poor solvent.
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10
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Fig. 4.8
Core density as a function of chain length in a poor solvent E = 0.45 .

In Fig. 4.6 the picture is consistent with the above description up to N = 5000 , but the
density profile for N = 10000 develops a non-monotonous behavior at small r . Although
we have not pursued this issue further in this work, this is evidence for torroidal
structures, according to ref.17, i.e., the shape of the curve is consistent with the coexistence of torroidal and spherical globules.
∗
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For short chains, where no core exists, the density in their inner part increases with N ,
while this density saturates gradually to a constant value beyond a certain large N . This
N − value depends on E and for E = 0.45 is 1500 .

The surface layer thickness can be determined from the following equation, Eq. (4.14).

δ=

ρ b (r ) − ρ a (r )

(4.14)

(∂ρ (r ) / ∂r ) ρ =( ρb + ρa / 2)

The maximum and the minimum values of the density correspond to ρ a (r ) and ρ b (r )
respectively. This quantity is proportional to the width ∆ depicted in Fig. 4.1. In Table 1
we list the results of this calculation for the case of E = 0.45 . We observe that the surface
layer thickness is almost constant and independent of N .
N

δ/a

1500

4.8

3000

4.5

5000

5.0

10000

5.6

Table 1. Surface layer thickness of polymer chains in a poor solvent E = 0.45
Fig. 4.9 shows the density profiles for two different chain lengths, N = 100 (left) and
N = 3000 (right), and for three solvent qualities, E = 0.00 (athermal), E = 0.28 (theta),
E = 0.45 (poor solvent). There is an abrupt change in the density profiles from good to

bad solvents for N = 3000 but a gradual change for N = 100 . This makes the transition of
the chain conformation from the coil to the globular state much sharper for the long
chain, although the short one also shrinks from its initial unperturbed configuration, with
decreasing solvent quality. For N = 100 , there is no plateau in the density distribution in
the poor solvent, which would indicate a compact globular configuration, so this is not a
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suitable molecular weight for the observation of the features of the coil-to-globule
transition.
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Fig. 4.9
Density distribution as a function of the distance from the center of mass of the polymer
chain for three different solvents E = 0.00 (athermal), E = 0.28 (theta), E = 0.45 (poor)
and for two chain lengths, N = 100 (left) and N = 3000 (right).
This description is also obvious in the snapshots shown in Fig. 4.10ab, where typical
conformations are shown for N = 100 ( Fig. 4.10a) and N = 3000 ( Fig. 4.10b) chain at two
different solvent qualities, E = 0.00 and E = 0.45 . It is clear how loose is the short chain
configuration at E = 0.45 , in contrast to the compact spherical-like configuration of the
long chain.
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Fig. 4.10a
A 3-D snapshot of a chain N = 100 . The black and the yellow configurations represent
respectively the athermal solvent ( E = 0.00 ) configuration and the poor solvent ( E = 0.45 )
configuration.

Fig. 4.10b
A 3-D snapshot of a chain N = 3000 . The blue and the red configurations represent
respectively the athermal solvent ( E = 0.00 ) configuration and the poor solvent ( E = 0.45 )
configuration.
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A systematic shape analysis quantifies further the features of chain conformations. A
shape of an object can be characterized by the structural parameters K1 and K 2 , which are
defined as suitable ratios of the three principal moments L j , j = 1,2,3 of the gyration
tensor, X ab , as follows: ( ω j are the eigenvalues of Χ ab )

X ab =

1 N a b G G G
∑ S i S i ; S i = ri − RCM ; a, b = x, y, z
N i =1

Χ j ω j = L j ω j ; j = 1,2,3

K1 =

L2 + L3
L1 + L2

, K2 =

L1 + L3
L1 + L2

(4.15)

(4.16a)

(4.16b)

The parameters K1 and K 2 take well known values for the typical shapes depicted in
Fig. 4.11.

Fig. 4.11
Possible geometrical structures on the ( K1 , K 2 ) plane.
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1
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2
2

Fig. 4.12 contains histograms of the shape parameters K1 (black line) and K 2 (red line)
for E = 0.45 and for three different chain lengths, N = 100 , N = 500 , N = 10000 . Most of
the weight of the histogram of K1 , for N = 100 , is in a broad peak at a quite small
value K1 ≈ 0.2 − 0.3 , while the corresponding peak of the K 2 histogram occurs close to
0.9. Increasing the MW, a shift of the K1 -peak toward larger values, almost 0.5 for
N = 500 and 0.7 for N = 10000 , is observed, although the K 2 -peak is more or less stable

near 0.9. This analysis indicates a state close to a uniaxial prolate ellipsoid for the small
N values, which evolves towards a perfect sphere with increasing N . It is also

corroborative to the previous discussion for the molecular weight dependence of the
compact configurations of a polymer chain in a poor solvent and clarifies the issue of
when a dense configuration can be characterized as a globule.
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Fig. 4.12
Histograms of the structural parameters K1 and K 2 indicating the shape of the chain,
for E = 0.45 and for three different chain lengths, N = 100 , N = 500 , N = 10000 .
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An estimation of the effect of solvent onto the size of the chain is given by the swelling
parameter ( α ), which is defined as the fraction of the mean radius of gyration of the
chain (ensemble average over the configurations) in a solvent, over the mean radius of
2

gyration of an ideal chain, ( α =

RG2
RG2

, where

RG2

0

=

1
c ∞ Nl 2 ). In Fig. 4.13 the
6

0

quantity α c1∞/ 2 is plotted as a function of chain molecular weight in various solvents ( E ).
The horizontal line, (blue points) is obtained for E = 0.28 . The same E yields an exponent
ν = 0.5 (in Fig. 4.4). Figs. 4.4 and 4.13 define the Θ -temperature in terms of energy, in

our simulation ( TΘ = 3.57 E / k B ). The value of c∞ , is determined by extrapolation of the
data in Fig. 4.13 to N = 0 . c∞ is equal to 1.66 and supplies a measure for the degree of
chain flexibility in our model. For an ideal random walk c∞ = 1 . The “rigidity” reflected
in the value of c∞ = 1.66 results solely from excluded volume interactions, which
preclude multiple occupancy of lattice sites, and more specifically do not allow chain
back-folding.
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Fig. 4.13
Reduced radius of gyration as a function of chain length ( N ) for different solvent
qualities. Determination of Θ -temperature and c∞ .
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Fig. 4.14
Swelling parameter as a function of reduced temperature τ for different chain lengths.
Θ -temperature definition.

According to the theoretical discussion in paragraph 4.1, the coil-to-globule transition for
flexible chains is reported as a second order phase transition which occurs at the Θ temperature for infinite N . In Fig. 4.14 the swelling parameter ( α ) is plotted as a
function of the reduced temperature τ
temperature is defined as τ =

for different chain lengths. The reduced

T − Θ 1 / E − 1 / E (Θ)
=
. The point at which all curves
Θ
1 / E (Θ)

intersect corresponds to the Θ -temperature ( E = 0.28 ). It is evident that the transition
becomes sharper for larger N .
Fig. 4.15 shows the swelling parameter ( α ) as a function of the reduced variable τ N 1/ 2 .
All curves collapse onto the same muster curve in the poor solvent regime signifying that
the swelling parameter is a function of τ N 1/ 2 , as predicted by mean field theories12. The
dashed line ( τ N 1/ 2 = 0 ) indicates the transition from good to poor solvent conditions. All
the points on this vertical correspond to Θ -temperature conditions. The coil-to-globule
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transition for finite N occurs at a temperature lower that Θ , within an N −1 / 2 interval, as
predicted by Eq. (4.10). The transition would occur at Θ in the limit N → ∞ .
The size of the globule, according to mean field theory, must obey the scaling law of Eq.
(4.7b). From this equation we can extract a universal relation for the swelling parameter
as follows:

R ~ N 1/ 3 τ

α~

R
N 1/ 2

−1 / 3
3

⇒α ~

Nτ

−1

N 3/ 2

⇒

α 3 (1 − T / Θ) N 1 / 2 ~ const.
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(4.18)
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Fig. 4.15

Swelling parameter as a function of reduced temperature τ multiplied by N 1 / 2 .
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The average inverse density multiplied by | τ | N 1 / 2 as a function of reduced temperature
| τ |= (1 / E (Θ) − 1 / E ) /(1 / E (Θ)) multiplied by N 1 / 2 in the poor solvent regime.

Fig. 4.16 contains simulation data for the expression in the left side of Eq. (4.18) versus
τ N 1 / 2 whose characteristics arise from the N − dependence of the radius of gyration as

depicted in Fig. 4.4. For low MWs RG increases approximately as ~ N 1 / 2 which leads to
an almost constant value for α , for intermediate MWs RG is almost N − independent, so
α is proportional to N −1 / 2 and for high MWs, where RG tends to the N 1 / 3 dependence,

α is proportional to N −1/ 6 . This last region corresponds to the plateau for large τ N 1 / 2

values in Fig. 4.16.

RG ~ N 1 / 2

α ~ const ⇒ α 3 N 1 / 2 ~ N 1 / 2

RG ~ N 0

α ~ N −1 / 2 ⇒ α 3 N 1 / 2 ~ N −1

RG ~ N 1 / 3

α ~ N −1 / 6 ⇒ α 3 N 1 / 2 ~ N 0 ≡ const.
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This scaling (Eq. (4.19)) is apparent in Fig. 4.16, where the curve starts on a straight line
with slope almost equal to one, goes through a pronounced maximum, which is placed to
the region of maximum slope in Fig. 4.15, and levels off at values of τ N 1 / 2 ≥ 10 ,
eventuating almost to a plateau for very long chains.
Grassberger and coworkers25 claim that the lack of superposition, presented in a plot
similar to Fig. 4.16, supplies information for the nature of the corrections of mean field
theory. According to their analysis, the critical exponents describing the size of the chain
at Θ − temperature are of mean field type, but there are logarithmic corrections to this
behavior which are different from those predicted by field theoretical methods.
In what follows we investigate the nature of the coil-globule transition, i.e., we test
theoretical predictions that the coil-to-globule is a second order phase transition in the
thermodynamic limit. For this reason the ratio of the average energy per monomer
( U / N ) has been calculated as a function of temperature for different chain lengths
together with the specific heat, CV , given by Eq. (4.20).
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Fig. 4.17

(a): Average energy per monomer as a function of solvent quality for four different chain
lengths. (b): Specific heat according to Eq. (4.20).
CV
U
E ∂ (U / Nk BT )
=
−
Nk B Nk BT k BT ∂ ( E / k BT )
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In Fig. 4.17a the average energy is plotted as a function of E ~ 1 / T for four N -values,
N =100, 500, 1000, 3000. The change in the slope of the curve, together with the jump in

the specific heat in Fig. 4.17b, which is sharper for longer chains, constitute the signature
of a second order phase transition.

4.5

Summary and Conclusions

In this chapter we presented a lattice Monte Carlo study of the coil-to-globule transition.
We investigated the dependence of the radius of gyration of flexible chains on chain
molecular weight for a wide range of chain lengths from N = 20 to N = 10000 . An
unexpected dependence of RG on N was observed in the poor solvent regime. An N independent region for intermediate MW chains, accompanied by a qualitative change in
the form of the density distribution in the inner part of the chain, was determined. Long
chains in poor solvents tend to form a dense core and a relatively thin surface layer
(increase their inner part density), which constitutes the realization of a compact globular
configuration. The anomalous behavior, through which RG tends to its limiting
dependence in poor solvents, RG ~ N 1/ 3 , requires very long chains to be materialized.
The N − limits of the transition region depend on solvent quality, ( E ).
Of particular interest is the size dependence of density distributions. There is an abrupt
change in the long chain density profiles from good to poor solvents, in contrast to the
gradual change for short chains. This is corroborated by a shape analysis and clarifies the
definition of a globule.
Our results are in general agreement with theoretical predictions for the nature of the coilto-globule transition of flexible chains. In particular we observe features of an incipient
second order phase transition in the thermodynamic limit with the transition point
coinciding with the Θ -temperature for N → ∞ . For finite chain lengths, the transition has
a width proportional to N −1 / 2 and occurs below Θ -temperature, which corresponds to
E = 0.28 .

Several simulation studies have focused on the polymeric coil-to-globule transitions, as
mentioned earlier. However, these studies were limited to short chains. Our effort
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focused on the simulation of very long chains, approaching in this way the
thermodynamic limit. This allowed us to clarify the complications of the transition
towards this limit and to quantify the chain lengths required to observe the expected
scaling behavior. Besides its inherent merits, the study of the coil-to-globule transition in
the bulk served as a test-bed and a stepping stone for the exploration of the corresponding
transition in the vicinity of adsorbing surfaces.
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CHAPTER 5
5.

Collapse Transition of Polymer Chains near an Attractive Surface

5.1

Introduction

Both theoretical and experimental studies on adsorption of polymer chains onto solid
surfaces, either chemically anchored, or physically adsorbed, have received wide
attention. A detailed knowledge of the conformations and cooperative motion of polymer
chains near a solid surface is of interest to many diverse areas such as biochemistry,
physics, tribology and pharmaceutical research1,2,3. The understanding of polymer
adsorption is crucial in designing and manufacturing of polymer films, which are used as
protective coatings of electronic devices, as lubricants on solid surfaces, as stabilizers of
colloidal suspensions, etc. Experimental studies on systems of co-polymers4,5,6,7 revealed
a rich variety of structural and dynamical behavior. These systems are promising because
they can be tailored for specific applications7.
When a chain interacts with an impenetrable surface its conformational properties are
strongly modified and deviate substantially from those of chains in bulk8,9,10. In melts and
in concentrated solutions, polymers attain a random coil structure. When the solution is
brought in contact with a sufficiently attractive substrate, a layer of adsorbed polymers is
formed. Competition between the lower internal energy near an attractive wall and the
higher entropy away from it, results in conformational reorganization.
If there is also self-attraction in the polymer, there is the possibility of a collapse
transition both in the desorbed and in the adsorbed states. The adsorption phase transition
and the properties of a single polymer chain in athermal, good and theta solvent near an
attractive wall have been studied thoroughly using a variety of methods9. Early works of
Eisenriegler, Kremer and Binder11 included scaling and Monte Carlo analysis on both
ideal noninteracting chains and chains with excluded volume. According to scaling
theory9,11, near the adsorption threshold the perpendicular,
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RG2

//

, components of the mean squared radius of gyration depend on the scaling

variable τN φ . Specifically,
RG2
RG2

⊥

//

= N 2ν h12 (τN φ )

(5.1a)
(5.1b)

= N 2ν h22 (τN φ )

where, N is the chain length, τ is a reduced temperature related to the temperature
corresponds to adsorption threshold, τ =

1 / Ew
− 1 , E w the surface energy and φ is a
1 / E w,thres

critical exponent. The number of adsorbed monomers per chain is predicted to follow the
scaling laws below, as N → ∞ .
M1 ∝ N φ

At the adsorption transition

M 1 ∝ N 0 = const.
M1 ∝ N

Below the transition (desorption)

(5.2)

Above the transition (Strong adsorption)

The functions h1 ( x) and h2 ( x) , ( x = τN φ ) have the following asymptotic behavior:
 const.

h1 ( x) ~  const.
 x −ν / φ


x→∞ 

x→0 
x → −∞ 

 const.

h2 ( x) ~  const.
 x (ν d = 2 −ν ) / φ


x→∞ 

x→0 
x → −∞ 

(5.3)

(5.4)

where, v is the Flory exponent in three dimensions and ν d =2 that in two dimensions.
For the total mean squared radius of gyration an analogous proportionality is also valid:
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RG2 = N 2ν h32 (τN φ ), h3 (φ ) ~ h2 (φ )

(5.5)

The correlation length exponents are ν 3D = ν = 0.59 and ν 2 D = 0.75 for three and two
dimensions respectively in good solvents.
For ideal chains ( Θ − solvents), the crossover exponent φ

is mean-field-like

( φ MF = 1 / 2 )12, whereas the value of φ for the good solvent case in three dimensions has
been fairly controversial. De Gennes13 proposed a scaling relation, φ = 1 − ν , which would
result in

φ ≈ 0.41 , taking the value for the Flory exponent ν = 0.59 , for a three

dimensional long chain in a good solvent. However, it was pointed out that this scaling
relation underestimates φ . Numerical analysis of Monte Carlo data11 on short chains
( N ≤ 100 ) gave φ = 0.58 ± 0.02 , while a second-order renormalization group12,14 resulted
in an even larger value, φ ≈ 0.67 . A further argument against the general validity of the
scaling relation φ = 1 − ν , is that this implies that the monomer density is independent of
the distance from the wall, ( z ), although, a decreasing monomer density profile is found
with increasing z . More precise results have been obtained by field theory and further
Monte Carlo simulations. A field-theoretical renormalization group15 approach suggests
φ ≈ 0.52 and recent Monte Carlo work, using longer chains yielded φ = 0.53 ± 0.007 16 (for
17
N ≤ 260 , on a simple cubic lattice) and φ = 0.496 ± 0.004 (for N ≤ 2000 , on a simple

cubic lattice).
The adsorption of a single polymer chain onto a solid surface has been also investigated
by molecular dynamics simulations18, in which the chain is assumed to be immersed in a
good solvent and grafted to the surface from the one end. The interaction is quantified by
a truncated Lennard-Jones potential. The investigation of the fraction of the adsorbed
monomers and the two components of the radius of gyration results in a scaling behavior
with a scaling exponent φ = 0.58 ± 0.05 . The influence of the chain stiffness on the
adsorption has also been examined.
A bead-spring model of a polymer chain with one end attached to a wall, has been
studied by Monte Carlo simulations, and for two types of adsorption potentials, 9 − 3 and
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19

10 − 4 Lennard-Jones . It gives a crossover exponent φ = 0.50 ± 0.02 for both LJ potentials

under good solvent conditions.
The bond-fluctuation model20 has also been used to simulate the static and dynamic
behavior of a polymer chain in a good solvent near an attractive wall. An estimation of
the critical exponent gives φ = 0.58 ± 0.15 in agreement with some of the earlier works.
Thus, it is obvious that the bounds for φ are not very restrictive.
Later works from de Joannis, Bitsanis et al.21,22 used Configuration Bias Monte Carlo
simulations for the investigation of the adsorption of homopolymers from solution on
solid surfaces and the results were compared with lattice self consistent mean field
theory. They confirmed the generic − 4 / 3 exponent for long chains in the power law
dependence of the concentration profiles on the distance from the wall. They also
examined the tail and loop volume fractions and compared them with mean field theory
predictions.
Unfortunately there have been much fewer studies of polymer adsorption from a poor
solvent. An experimental work23 which was carried out with

13

C NMR, suggested that

there is a change in the shape of the adsorbate (poly(N-isopropylacrylamide) chains
attached to polystyrene latex particles as the molecular weight of the polymer was varied
by almost an order of magnitude. Physics of adsorption from a poor solvent differ in
essential ways from the thoroughly studied physics of adsorption from a good solvent.
Johner and Joanny24 discussed the subject of polymer adsorption from a poor solvent in
terms of a Flory-Huggins expansion for the free energy. Their central result is that in this
case the adsorption of the chain should be viewed as a wetting problem. The wetting
behavior is governed by the ratio of the two length scales of the problem, the adsorption
length D and the concentration correlation length ξ (size of the thermal blob). When D
is larger than ξ , the polymer chain behaves exactly as a small liquid drop of thermal
blobs that wets partially the solid surface. When

D is smaller than ξ , which is the

analog of complete wetting, the chain adopts a flat configuration on the interface. This
theory was limited to scaling laws and did not predict the precise nature of the wetting
transition for a single chain.
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Off-lattice Monte Carlo simulations studies, focused mainly on the effect of stiffness on
the adsorption-desorption transition. Sintes et al.25 represented the polymer chain by a
pearl-necklace model26 containing N beads and found that the stiffer polymer chains, in
various solvent qualities, adsorb more on to the surface when compared to the flexible
chains. With increasing stiffness the adsorption transition becomes sharper and occurs at
higher temperatures. However, they simulated short chains, N = 25 − 500 , and found that
the classical scaling laws for the flexible chains are well-obeyed for the stiffer chains too,
with a value for the crossover exponent φ = 0.59 .
Liu and Chakrabarti27 presented some interesting results of molecular dynamics
simulations for adsorption and spreading of polymer chains onto a flat surface for both
homopolymer chains and “protein-like” copolymer chains in good and poor solvents.
Solvent quality was tuned by changing the temperature and the cut-off distance of a
Lennard Jones potential. They also simulated short chains with N ≤ 256 and found that
when the adsorption strength is high enough, a scaling description of the adsorption
kinetics works well for homopolymers in both good and poor solvents. When the
adsorption strength is not high enough, the chains adsorbed partially and the effects of
this partial adsorption in the scaling description must be considered. They also
established an empirical correlation for the fraction of the adsorbed monomers ( N ads / N )
versus a rescaled time t /( N − N ads ) 2ν , for N = 64,128,256 , in strong adsorption
conditions, both under good solvent and under poor solvent conditions.
In recent papers28,29,30 the phase diagram of a surface interacting linear polymer, with
energetic interaction among its monomers as well, is discussed in two and three
dimensions. If ε s is the energy associated with each monomer lying on the surface, ε u
the monomer-monomer self-interaction for not consecutive pairs and ω = e −ε

S

/ k BT

,

u = e −ε / k T the corresponding Botzmann factors, the possible conformations of the chain
U

B

can be qualitatively represented as in Fig. 5.1.
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Fig. 5.1
Qualitative phase diagram of a surface-interacting linear polymer chain in three
dimensions according to ref. 29.
Five “phases” for a polymer chain are mentioned, depending on the interactions with the
surface and the interactions between the monomers. The desorbed extended (DE), when
ε s and ε u are small in magnitude, is the phase where the chain is a swollen random-coil

away from the surface. The desorbed collapsed (DC), when ε s is small and ε u is large,
signifies a compact conformation of the chain away from the surface. If ε s is sufficiently
large the chain is in an adsorbed phase and depending on whether ε u is small or large,
the polymer is in an adsorbed extended (AE) or in an adsorbed collapsed phase (AC).
According to Singh and coworkers28,29,30 there is also a surface attached globular phase
(SAG), both in two and three dimensions, in which the polymeric globule gets attached to
the attractive surface and has the same free energy per monomer as the bulk globular
phase in the thermodynamic limit. The transition between them is a surface transition.
However, at T = 0 , the SAG phase has lower free energy than the DC or the AC phases,
for 0 ≤ ε s ≤ ε u , which defines the lower and upper boundaries (lines ω c1 and ω c 2 ) of the
SAG phase. If ω = ∞ the polymer is adsorbed onto a (d-1)-dimensional surface and there
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is a transition from the AE to the AC phase at the critical value u d* −1 for d > 2 , as shown
in Fig. 5.1. In the SAG phase a globule sticks on the surface in the same way as a liquid
drop may lie on the surface. In this case the monomer-monomer attraction remains more
effective in holding the monomers in the neighborhood of each other than the surface
monomer attraction whose tendency is to spread the chain on the surface. It is
mentioned30 that there is strong numerical evidence that DE to DC transition is of first
order while all other transitions are of second order.
However, this analysis is made using exact enumeration based on a series expansion up
to N = 20 for a cubic lattice in the three dimensions. We have to point out here, that this
N − value is not as small as the respective in a Monte Carlo treatment. It is also

understandable that it can not be extended to very large chain lengths. This precludes the
investigation of a possible molecular weight dependence of the above picture, or scaling
predictions varying the three variables, surface energy ( ε s ), self-interaction energy ( ε u ),
and chain length ( N ).
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5.2

Coupling between Coil-to-Globule and Adsorption-Desorption Transition

The purpose of our work on this subject is to investigate the competition of the two
transitions that may occur for a polymer chain in varying solvent conditions in the
proximity of an attractive wall, i.e., transition from an extended to a compact
configuration, induced by varying solvent quality, and an adsorption-desorption transition
because of the presence of an energetically active surface. The effect of this coupling on
the chain shape relates to experimental works on the formation of thin films from the
adsorbed block of diblock copolymers7.
The parameter space is charted by three variables, the self-interaction energy between
monomers ( − E ), the surface energy ( − E w ) and the chain length ( N ). We performed
lattice Monte Carlo simulations on a cubic lattice. We used Configuration Bias Monte
Carlo (CBMC) and Monte Carlo with local moves and a few segment reptation for chain
lengths up to N = 5000 . We divided our studies in two parts: investigation of the effect of
surface energy on the coil-to-globule transition, which was explored using E and N as
variables and E w as a parameter, and the effect of solvent quality on the adsorptiondesorption transition, using E w and N as variables and E as a parameter.
We found that the conformations of the adsorbed chains are not controlled by the bulk
Θ − temperature, but by a new temperature Θ ′ which depends strongly on the interactions

with the surface. On the other hand, the adsorption-desorption transition width is
determined by the N − dependence of the bulk radius of gyration, for every solvent
quality. In poor solvents and strongly attractive surfaces, the coil-to-globule transition
turns into a transition from a coil to pancake-like conformation. However, adsorption in
shapes intermediate between droplet and pancake also occurs for moderate values of the
surface energy.

5.3

Simulation Method

We performed Configuration Bias Monte Carlo (CBMC) and Monte Carlo with local
moves and one segment reptation (‘Slithering Snake’) on a cubic lattice. The range of
conditions where CMBC is efficient in this case is narrower than in the bulk, because the
presence of the surface and the high surface densities hinder further multi-segment
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moves. A single flexible chain was simulated, in a simulation box of side L , which is at
least five times larger than the chain radius of gyration. The surface was parallel to the xy plane and periodic boundary conditions were applied in the x-y directions, but not in
the z-direction. The impenetrable surfaces were set at z = 1 and at z = L . The distance
between these two planes ( z = 1 and z = L ), is sufficiently large, so that for all N studied,
the chain cannot interact simultaneously with both planes (bridge formation) and a well
developed bulk region exists in the middle ( z − direction) of the simulation box.
Problems concerning the memory allocation in the algorithm were faced in a similar way
as in the bulk study. Every time that a move leads a segment of the chain to a zcoordinate greater than L or less than 1 it is rejected and the program goes on with one
of the other moves, if it is possible (there is the appropriate configuration of subsequent
segments), or continues to the next MC-step. The self-interaction energy ( − E ) acts
among non-consecutive segments of the chain, which are one lattice site apart, and
quantifies the solvent conditions. The surface-segment interaction is specified by the
energy ( − E w ) and only segments at z = 1 and z = L experience this potential. Excluded
volume interactions are also taken into account by rejecting moves that result in multiple
occupancy of lattice sites.
The initial configuration is obtained from a growth and equilibration method31,32
generally in athermal conditions, except in some demanding occasions, where a very
large number of equilibration-steps would be required. In these cases growth and
equilibration of the initial configuration takes place at the simulation temperature, which
leads to an initial configuration closer to the equilibrium state. The number of MC-steps
for each simulation depends not only on the chain size and E , as in the bulk, but also on
the surface energy. For strongly attractive surfaces more MC-steps are required for
equilibration, because in an almost completely adsorbed conformation most of the trial
moves are rejected. Our results for all the calculated quantities have been averaged after
equilibration of the system. This is clear in Fig. 5.2 where, we present the mean squared
radius of gyration as a function of time, in terms of MC-steps, for a short ( N = 100 ) and a
long ( N = 3000 ) chain, near a strongly attractive surface ( E w = 0.5 ) and in poor solvent
conditions ( E = 0.4 ). Both of them have reached their equilibrium value although this is a
very demanding combination of energies. The number of MC-steps, required for the
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equilibration of the system, and the total number of MC-steps for a series of runs with
different N in a typical poor solvent, E = 0.4 and a certain attractive surface, E w = 0.5 ,
are presented in Table 1. The monomer length (a) is taken as the length unit and the
temperature is expressed in terms of cohesive energy |E|=1/kBT.
N

MC-steps(equilibrium)

MC-steps(total)

100

1.5 × 10 7

4.0 × 10 7

500

2.0 × 10 8

5.0 × 10 8

1000

4.0 × 10 8

1.0 × 10 9

3000

8.0 × 10 8

2.0 × 10 9

Table 1.
The number of MC-steps required for the system equilibration and the total number of
MC-steps, for 4 different chain lengths. The energy conditions are: E w = 0.5 (attractive
wall) and E = 0.4 (poor solvent).
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Fig. 5.2
Radius of gyration as a function of MC-steps for a N = 100 and a N = 3000 chain and
energies E = 0.4, E w = 0.5 .
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5.4

Results and Discussion

The main objective of this work is to understand how the presence of an attractive surface
influences the phase behavior and the conformational statistics of an adsorbed polymer
chain under poor solvent conditions.
In the 1970’s Roe33 and Helfand34 gave the first lattice treatments for the adsorption of
interacting chains, allowing for the finite volume of the segments and for segmentsolvent interactions in a self-consistent field approach. An extension of this work became
by Levine35 and by Scheutjens and Fleer36, around 1980. The main result of this work
was a numerical prediction of the concentration profile of monomer units next to the
surface. The adsorption-desorption transition has been reported as a first order phase
transition in the thermodynamic limit, under theta ( Θ ) and good solvent conditions. The
interplay between this transition and the coil-to-globule transition, which is a second
order phase transition, for N → ∞ , is the focus of this study. A typical outcome of this
competition on the conformation of a polymer chain is depicted in Fig. 5.3.

Fig. 5.3
A 3-D snapshot of a chain, N = 1000 , in a poor solvent and near an attractive surface
(red). A standard coil conformation in the bulk (blue) is also shown for comparison.
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As a preliminary step we have to estimate the energy value beyond which the surface is
adsorbing in our simulation model, i.e., the adsorption-desorption threshold. For this
reason we performed simulations for short chains, N = 50 , and for different values of the
energy E (solvent quality). We scanned the surface energies E w recording the chain
trajectories and calculating the polymer density profile as a function of the distance from
the surface. If the surface is non-adsorbing the chain tends to spend most of the
simulation time away from it. If the surface is adsorbing, the vast majority of chain
configurations are adsorbed i.e., they have several segments in direct contact with the
surface. For values of E w very close to adsorption-desorption transition conformational
statistics is characterized by strong fluctuations between adsorbed and desorbed states.
This is a very simple way to get a first estimate of the adsorption-desorption threshold.
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Fig. 5.4
(a): z-component of the density distribution per unit area as a function of the normalized
distance from the wall for N = 50 and E = 0.10 . Estimation of the adsorption-desorption
threshold. (b): The same quantity as in (a) for E = 0.10 and

E w = 0.30 and different

chain lengths.
Subsequently, we investigated the effect of molecular weight on the adsorptiondesorption threshold. The adsorption-desorption transition becomes sharper with
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increasing chain length, however the energetic threshold for adsorption depends very
weakly on N , in agreement with earlier studies on athermal solutions21,22,37,38,39. This is
apparent in Fig. 5.4, where the z-component of the density distribution as a function of
the distance from the wall, normalized with the simulation box size ( L ), is plotted for
different surface energies in a good solvent, E = 0.10 , and for a chain N = 50 (Fig. 5.4a).
The adsorption-desorption threshold lies between E w = 0.25 and E w = 0.30 , as the
density profile is almost flat in this E w range. In Fig. 5.4b we plot the z-component of
the density distribution as a function of the distance from the wall, normalized with the
simulation box size, for E w = 0.30 and different chain lengths. The longer the chain the
larger part of it lies on the wall. This means that for longer chains the loss in entropy,
because of the presence of the surface, is smaller than the gain in energy, because of the
contacts with the surface. Therefore, a conservative estimate for the threshold is the
energy value where the shortest chain studied has an almost uniform z-density
distribution.
An alternative way to establish the threshold is via the determination of the fraction of
chain segments adsorbed on the surface. The number of asdorbed segments as a function
of surface energy for three different solvents and a range of chain lengths is plotted in
Fig. 5.5.

Based on the bulk analysis, the solvents can be characterized as good

( E = 0.10 ), theta ( E = 0.28 ) and poor ( E = 0.40 ). Accurate determination of the threshold
is problematic for very short chains ( N ≤ 50 ) because of the gradual nature of the
adsorption-desorption transition. For E = 0.10 (Fig. 5.5a), E w,thres is about 0.30
( E w,thres = 0.30 ), for E = 0.28 (Fig. 5.5b), it is about 0.27 ( E w,thres = 0.27 ) and for E = 0.40
(Fig. 5.5c) it is about 0.25 ( E w,thres = 0.25 ). The adsorption-desorption threshold
apparently shifts to smaller values as the solvent quality deteriorates. Statistical errors
and technical problems are more serious in simulations under poor solvent conditions.
The study of the z-component of the radius of gyration as a function of the wall energy
offers another method of evaluation of the threshold as it is shown in Fig. 5.6. The results
are in good agreement with the values we extracted from Fig. 5.5.
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Fig. 5.5
The fraction of the chain adsorbed on the surface as a function of the surface energy for
various chain lengths. Determination of the adsorption-desorption threshold. (a) E = 0.10
and E w,thres = 0.30 ; (good solvent), (b) E = 0.28 , and E w,thres = 0.27 ; ( Θ − solvent) (c)
E = 0.40 and E w,thres = 0.25 ; (poor solvent).
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Fig. 5.6
The z-component of the radius of gyration in a solvent, over the z-component of the
radius of gyration in bulk, under the same solvent conditions, as a function of the wall
energy and for various chain lengths, (a): E = 0.10 , (b): E = 0.28 , (c): E = 0.40 .
Metzger et al.19 proposed yet another method for the determination of the adsorptiondesorption threshold. Their method determines the intersection of the ratio of the
perpendicular over the parallel component on the radius of gyration, ( RG ,⊥ / RG ,// ) , as a
function of the surface energy for different N . The abscissa of the intersection point
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gives the adsorption-desorption threshold. Our data following this methodology are
shown in Fig. 5.7.
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Fig. 5.7
The ratio of the perpendicular ( RG , z ) over the parallel ( RG , y ) components of the radius
of gyration plotted as a function of surface energy ( E w ) for three different solvents
(a): E = 0.10 , (b): E = 0.28 , (c): E = 0.40 and various chain lengths.
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This analysis is also consistent with our previous findings. Summarizing, the results of
different methods for the evaluation of the adsorption-desorption threshold indicate a
common interval, where the threshold-point is placed, 0.25 ≤ E w,thers ≤ 0.30 , for all the
solvents simulated.

5.4.1 Effect of adsorption on Coil to “Compact Configuration” transition
Having estimated the adsorption-desorption threshold we proceed with the first part of
our simulations, concerning the effect of the adsorbing surface on the incipient (bulk)
coil-to-globule transition, using E and N as variables and E w as a parameter. We start
with the study of the adsorbate shape. The component of the radius of gyration normal to
the surface is a measure of the surface effect on the shape of the chain. The
z − component of the radius of gyration as a function of the molecular weight for

different surface energies is shown in Fig. 5.8 for a typical poor solvent ( E = 0.35 ). Fig.
5.8 contains our simulation data for four different E w above the threshold. For E w = 0.30
the RG , z versus N dependence is very similar to that of the bulk chains (Fig. 4.4), with a
plateau at intermediate MWs ( N = (300 − 1000)) and a final exponent ( N ≥ 1000 ) equal to
0.156 . For E w = 0.325 and E w = 0.35 the last six data points yield a small but

determinable apparent exponent of RG , z on N ( RG , z ~ 0.08 for E w = 0.325 and
RG , z ~ 0.05 for E w = 0.35 ). There is no detectable N − dependence of RG , z at the highest

energy shown ( E w = 0.40 ) in Fig. 5.8. This indicates that for strong adsorption energies
the adsorbate assumes a two dimensional platelet-like shape, which spreads parallel to the
surface with increasing N . There exists an intermediate, and practically relevant range of
adsorption energies ( E w = (0.30 − 0.40) ), where the chain assumes shapes intermediate
between droplets and platelets. In this range of values we observe the intermediate stages
of an E w − induced netting transition. Finally for the marginal energy of E w , which is
very close to the adsorption-desorption threshold, the adsorbed chain is almost bulk-like,
(the apparent exponent is positive but lower than 0.33 ), i.e. it assumes a droplet (or semidroplet) shape.
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Fig. 5.8
The z-component of the radius of gyration as a function of chain length in a poor solvent
( E = 0.35 ) and for four different surface energies, above the adsorption-desorption
threshold.
This description can also be substantiated by the snapshots shown in Figure 5.9 for two
isolated chains in a poor solvent with E = 0.35 and surface energies E w = 0.30 (Fig. 5.9a)
and E w = 0.35 (Fig. 5.9b). The decrease of the adsorbate thickness (z-dimension) of the
chain configuration as the surface becomes more attractive is evident. In particular, the
snapshots are suggestive of the transition from semi-droplet to platelet shape, quantified
in Fig. 5.8, with increasing E w .

74

Chapter 5: Collapse Transition of Polymer Chains near an Attractive Surface

(a)

20

58

48
(b)

20

65
55

Fig. 5.9
3-D snapshots of a chain N = 3000 in a solvent E = 0.35 and two different wall energies.
(a): E w = 0.30 and (b): E w = 0.35 .

The shape analysis is corroborated by the calculation of the structural parameters K1 and
K 2 , defined in Equations (4.15), (4.16), (4.17). In fact, this is a more comprehensive way

to obtain information for the shape of the chain as a function of surface energy and
molecular weight. Fig. 5.10 shows the histograms of the structural parameters for a short
( N = 300 ) and a long chain ( N = 1000 ) in a poor solvent ( E = 0.40 ) and for three
attractive walls. The first is near the adsorption-desorption threshold ( E w = 0.30 ) (Fig.
5.10a) and the two others are for stronger attraction ( E w = 0.50 ) and ( E w = 0.70 ) in (Fig.
5.10b) and (Fig. 5.10c) respectively.
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Fig. 5.10
Histograms of the structural parameters K1 and K 2 indicating the shape of the chain,
for E = 0.40 and for two chain lengths, N = 300 , N = 1000 near three different attractive
walls. (a): E w = 0.30 , (b) E w = 0.50 , (c) E w = 0.70
From the histograms we see that the behavior near the threshold is more or less the same
for both the short and the long chain. There exist slight differences, like a wider
distribution for the short chain, but the clear differences originate from the change in

76

Chapter 5: Collapse Transition of Polymer Chains near an Attractive Surface

adsorption energy. For E w = 0.30 the histogram of K1 has a sharp peak at a very small
value, about 0.02 and the histogram of K 2 has also a sharp peak at about 0.95, while
both of them have broad distributions over a range of values [0.0 − 0.6] for K1 and
[0.6 − 1.0] for K 2 . For E w = 0.50 most of the weight of the histogram of K1 is in a wide

peak at K1 ≈ 0.2 for N = 300 , which moves to larger values, K1 ≈ 0.3 for N = 1000 .
Conversely, the K 2 -peak, which is also wide, moves towards smaller values with
increasing N . So, for N = 300 this is at K 2 ≈ 0.9 and for N = 1000 is at K 2 ≈ 0.8 . This
characteristic is more pronounced for the E w = 0.70 energy, although it is observed only
for the long chain. The peaks are more confined in this case; they are located at K1 ≈ 0.4
and K 2 ≈ 0.65 for N = 1000 , while for the short chain they remain almost constant.
An interpretation of the above findings is that near the adsorption-desorption threshold
both long and short chains have a conformation which looks like a uniaxial prolate
ellipsoid. As the surface becomes more attractive they evolve to more flat configurations.
Nevertheless, only long chains respond to further increase in surface energy and
eventuate in a pancake ( K1 and K 2 tend to 0.5 , which corresponds to an infinitely thin
disk).
The coil-to-globule transition in bulk follows certain rules as we discussed in paragraph
4.4. Here we try to find out how these features are affected by the presence of the surface.
The first step is to quantify the Θ − temperature, in terms of energy, through the
calculated values of the radius of gyration. In Fig. 5.11 we present our simulation data on
the radius of gyration of adsorbed chains as a function of the molecular weight for a
specific attractive surface ( E w = 0.416 ) and in a variety of solvents beyond the bulk
Θ − point which corresponds to E = 0.28 . We obtain power law dependencies with a

decreasing slope for E ≤ 0.37 , whereas for worse solvents a plateau develops in the
intermediate N − regime. For E = 0.28 an exponent equal to 0.63 can be extracted, while,
for E = 0.37 the slope equals to 0.48 . We must point out here, that the existence of the
attractive surface worsens the statistics and our data tend to be more noisy than those in
the bulk.
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Fig. 5.11
The radius of gyration as a function of chain length, ( N ), for different solvent qualities,
near an attractive surface ( E w = 0.416 ).

Values for RG , are shown in Fig. 5.12 reduced by ( Nα 2 / 6 ) in order to extract the
Θ − temperature for the system. This value differs substantially from the corresponding

bulk value. The energy at which the chain still obeys Gaussian statistics and acts as an
ideal chain ( RG ~ N 0.5 ) is higher than that in the bulk solution and corresponds to
E = 0.37 . We also extract a lower value for the c∞ , equal to 1.41 , compared to 1.66 in the

bulk. According to this value, the chain appears to be more flexible in this case than in
the bulk. This is counterintuitive as one would expect just the opposite. However, a
possible explanation could be that the chains feel fewer restrictions in their motion when
they lie on a 2D-plane, than when they move in a 3D-lattice, but this is an issue which
requires further investigation.
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Fig. 5.12
Reduced radius of gyration as a function of chain length ( N ) for different solvent
qualities near an attractive wall ( E w = 0.416 ). Determination of Θ -temperature and c∞ .

The same trends were also observed for other attractive walls. After a series of
simulations on different E w ' s we found that there is a new effective Θ − temperature,
Θ ′( E w ) which is an increasing function of the surface energy. The energy that

corresponds to the Θ ′ − temperature, E (Θ′) , as determined by our simulations, is shown
in Fig. 5.13. The end points in the E w − range correspond to the adsorption-desorption
threshold and to a strongly adsorbed chain respectively, (see Fig. 5.8). The E (Θ′) at the
threshold is equal to 0.28, which is identical with the bulk-value. Subsequently it
increases with E w , towards a value near that for the Θ − temperature in two dimensions.
We estimated this value by performing a pseudo 2D-simulation, based on the algorithm
we described in paragraph 4.3, setting E w = 0.00 and confined the L z -dimension of the
simulation box in 4 layers (it is the smallest value we can use specified by the algorithm
disciplines). This system approximately represents a 2D-polymer chain in the bulk.
Nevertheless, a further analysis of our data for more attractive surfaces demonstrates that
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this value is close to, but not the exact one, for a 2D chain, because E (Θ′) tends to
increase even more, as E w increases.
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0.38

2D

0.36

E(Θ')

0.34

30 K

0.32

bulk

0.30
0.28
0.26
0.25

0.30

0.35

EW

0.40

0.45

0.50

Fig. 5.13
The energy that corresponds to Θ ′ − temperature as a function of the surface energy for
values between E w = 0.30 and E w = 0.45 .
Fig. 5.14 shows the swelling parameter for the nearly 2D-system from which we
estimated the 2D Θ′ − temperature, E (Θ ′) ≈ 0.38 , for our model. Fig. 5.15 shows the trend
of the E (Θ′) - values beyond E w = 0.45 where, we have plotted the reduced radius of
gyration versus N , for surface energies between 0.5 and 0.9 , using a solvent energy
value ( E = 0.40 ), larger than the Θ ′ − temperature we found for a 2D-chain ( E (Θ′) = 0.38 ).
We observe that this is close to a horizontal line for the E w = 0.50 wall, but for larger
values of E w the slope increases gradually. This means that the 2D Θ ′ − temperature is
larger than 0.38 and we need more extensive simulations to determine it accurately.
Another interesting remark is that the c∞ is smaller than the one in bulk, as it was
mentioned above, but it remains the same for the different attractive surfaces, to a value
close to 1.4 .
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Fig. 5.14
Reduced radius of gyration as a function of chain length ( N ) for an athermal wall and
different solvents (for L z = 4 layers). Estimation of the 2D Θ -temperature.
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Fig. 5.15
Reduced radius of gyration as a function of chain length ( N ) for E = 0.40 (larger than
the estimation for the 2D Θ -temperature) and different surface energies with E w > 0.45.
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After establishing the new temperature Θ ′ , where the transition of a chain from an
extended to a condensed configuration near an attractive wall occurs, the next step is to
check the width and the order of this transition. To this end, we perform a similar analysis
as in the bulk, by defining a reduced temperature τ =

T − Θ ′ 1 / E − 1 / E (Θ ′)
=
in order to
Θ′
1 / E (Θ ′)

quantify how far from Θ ′ the transition takes place. The swelling parameter ( a ) as a
function of τ for E w = 0.416 and several chain lengths is shown in Fig. 5.16. All curves
intersect at the Θ ′ -point. As expected the transition sharpens with N .
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Fig. 5.16
The swelling parameter as a function of the reduced temperatureτ for different chain
lengths near an attractive wall ( E w = 0.416 ).
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Fig. 5.17
The swelling parameter as a function of the reduced temperature τ multiplied by
N 1 / 2 for E w = 0.416 .

All these characteristics are very similar to the ones of the coil-to-globule transition in the
bulk. It is remarkable that the surface induced shift of the Θ − temperature suffices for the
reproduction of these generic features. The aforementioned findings suggest strongly that
Khokhlov’s and Grosberg’s theoretical predictions40 for the functional form of the
swelling parameter, α = ϕ (τN 1 / 2 ) , will be valid in the case of adsorbed compact
structures, albeit with the use of Θ ′ instead of Θ . Fig. 5.17 shows the excellent
superposition of all curves, for energies higher than E (Θ ′) , when plotted versus τ N 1 / 2 ,
for E w = 0.416 . Thus the width of the coil to a more compact conformation transition is
again proportional to N −1 / 2 as in the bulk. The dashed line indicates the Θ ′ − temperature
and we observe that the transition occurs below Θ ′ to a N 1 / 2τ − value about -2.
The nature of the surface mediated coil to compact (structure) transition is examined in
Fig. 5.18. The calculation of the average energy provides information on the order of the
transition. In Fig. 5.18 the ratio of average energy per monomer, ( U / N ), is plotted as a
function of energy ( E ~ 1 / T ), for three different chain lengths N = 100, N = 500, N = 1000
and an adsorption energy E w = 0.416 .
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Fig. 5.18
The average energy per monomer of the chain as a function of solvent quality for three
different chain lengths and E w = 0.416 .
A change in the slope, which is clearer for longer chains, indicates a second order phase
transition for infinite molecular weights. This is also a common feature to the bulk case.

5.4.2 Effect of solvent on adsorption-desorption transition
Up to this point we have examined the effect of an attractive wall on a polymer chain
under various solvent conditions and particularly near the coil-to-globule transition. In
what follows we focus on the effect of solvent on the adsorption-desorption transition.
As we discussed in the beginning of the paragraph (5.4), the adsorption-desorption
threshold depends very weakly on the molecular weight, although the transition becomes
sharper with increasing N . The effect of temperature (solvent quality) on the threshold is
a shift to smaller values as the solvent quality worsens (see Fig. 5.4, 5.5).
Theoretical and simulation studies11,16,17 suggest that the parallel and perpendicular
components of the radius of gyration are crucial in characterizing the adsorption
transition of a chain. Their scaling behavior has been studied only under athermal and
marginal solvent conditions (paragraph 5.1). In the following we explore their scaling in
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a wide range of solvent conditions. Using as variable the reduced temperature,
τa =

1 / E w − 1 / E w,thr
1 / E w,thr

, we examined the behavior of both components of the radius of

gyration (i.e., parallel and perpendicular to the surface) and of the total mean squared
radius of gyration for three solvents, a good solvent ( E = 0.10 ), a theta solvent ( E = 0.28 )
and a poor solvent ( E = 0.40 ), as discussed above. In Fig. 5.19 and for E = 0.10 the mean
squared radius of gyration over the mean squared radius of gyration in the same solvent
in bulk, is shown as a function of τ a , scaled with the mean squared radius of gyration in
bulk. This ratio, RG / RG ,bulk , can be thought as a deformation parameter caused from the
presence of the surface. A very satisfactory superposition of all our data results by a use
of E w,thr = 0.30 , which is identical to the adsorption-desorption threshold for this solvent
quality. This superposition implies that the total RG and its components, RG ⊥ and RG // ,
are functions of the scaling variable, τ a N φ according to the predictions of the scaling
analysis. The RG ,bulk values were obtained from our corresponding simulation results
which follow the power law: RG ,bulk ~ N 0.588 for the E = 0.10 solvent. This exponent is
consistent with the crossover exponent φ = 0.58 ± 0.02 , found by Eisenriegler , Kremer
and Binder11 for chains with excluded volume interactions. This clarifies that the
exponent characterizing the width of the adsorption-desorption transition under good
solvent conditions is the same as the exponent describing the N − dependence of the bulk
radius of gyration in athermal-good solvents. This is an important finding and has been
the point of some controversy, as discussed in paragraph 5.111-20.
The individual components of

RG2

are shown in Fig. 5.20. They also superimpose

using the same scaling. The relations (5.1)-(5.5) suggest that the simulation results
obtained for different E w and N should fall onto the same master curve when plotted
against τ a N φ . In order to determine the exponent φ we varied E w,thres within the
physically acceptable, and independently determined by our simulation, (narrow) range
(see Figs. 5.5, 5.6, 5.7).
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Fig. 5.19
The mean squared radius of gyration over the mean squared radius of gyration in the
same solvent in bulk as a function of ( RG ,bulk τ a ), for E = 0.10 (good solvent) and
different chain lengths.
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Fig. 5.20
The parallel ( RG , x ) and the perpendicular ( RG , z ) components of the mean squared
radius of gyration over the corresponding components of the mean squared radius of
gyration in the same solvent in bulk as a function of ( RG ,bulk τ a ), for E = 0.10 and
different chain lengths. (Symbols as in Fig. 5.19).
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In Fig. 5.20 there is a characteristic increase of the RG , z values and a corresponding
decrease of the RG , xy values (where, RG , x ≈ RG , y ), as the wall becomes less attractive
(for lower values of E w ) and a consistent scaling of both, above the adsorption-desorption
threshold, as the surface effect is minor or non-existent.
Subsequently, we perform the same analysis for the E = 0.28 solvent ( Θ − solvent in
bulk). In this case, the RG ,bulk depends on N as RG ,bulk ~ N 0.5 . Using this value and
exploring the energy interval around the threshold we plot our results on the ratio of RG
and its components over the corresponding RG ,bulk in Figs. 5.21 and 5.22. Using
E w,thr = 0.30 , as the threshold value, our data collapse onto a master curve. This confirms

that the width of the transition in this case is proportional to ~ N −0.5 . Not only the order
of the transition but its finite size dependence, retain their bulk characteristics as well.
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Fig. 5.21
The mean squared radius of gyration over the mean squared radius of gyration in the
same solvent in bulk as a function of ( RG ,bulk τ a ), for E = 0.28 and different chain lengths.
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Fig. 5.22
The parallel ( RG , x ) and the perpendicular ( RG , z ) components of the mean squared
radius of gyration over the corresponding components of the mean squared radius of
gyration in the same solvent in bulk as a function of ( RG ,bulk τ a ), for E = 0.28 and
different chain lengths. (Symbols as in Fig. 5.21).

Our focus is on the poor solvent case, where the bulk RG depends in a complicated way
on N , as was discussed in paragraph 4.4. Performing analogous plots of the deformation
parameter for E = 0.40 , and scaling with the R G − values from our calculations in bulk
(Fig. 4.4), we observed an overlap of all our data for different N , using as adsorptiondesorption threshold value E w,thr = 0.25 .
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Fig. 5.23
The mean squared radius of gyration over the mean squared radius of gyration in the

RG,z/RG,z-bulk, RG,x/RG,x-bulk

same solvent in bulk as a function of ( RG ,bulk τ a ), for E = 0.40 and different chain lengths.
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Fig. 5.24
The parallel ( RG , x ) and the perpendicular ( RG , z ) components of the mean squared
radius of gyration over the corresponding components of the mean squared radius of
gyration in the same solvent in bulk as a function of ( RG ,bulk τ a ), for E = 0.40 and
different chain lengths. (Symbols as in Fig. 5.23).
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The data for the total mean squared radius of gyration superimpose in a satisfactory way,
under poor solvent conditions (Fig. 5.23), while individual components are more noisy
(Fig. 5.24). This is a consequence of the weak adsorption of short chains at the
neighborhood of the adsorption-desorption threshold. These short chains explore
adsorbed and desorbed states. The overall change in shape conforms to the scaling
analysis presented above. The width of the transition in this case is also proportional to
the N − dependence of the bulk radius of gyration.
However, more than one pair of values ( φ , E w,thres ) could possibly lead to a superposition
of all our RG data. In such a case, the value for E w which would satisfy this requirement
would be out of the range that has been determined for the adsorption-desorption
threshold.
Our simulation data for the effect of solvent quality on the adsorption-desorption
transition, show that the width of the transition scales algebraically with an exponent
identical (within our data resolution) to the correspondingly exponent of the bulk radius
of gyration under those solvent conditions.
An estimation for the nature of the adsorption-desorption transition can be extracted from
Fig. 5.5, which represents the number of contacts of the chain with the surface, that is
proportional to the adsorption energy ( E ads = N ads E w ), as a function of surface energy.
This plot (Fig. 5.5 ) indicates a first order transition in all solvent qualities. Strictly
speaking, this transition is observed by varying E w , which is a material property, and
maintaining all other energetic interactions constant. However, this variable, E w , is not a
thermodynamic variable. Variation in temperature would be the right procedure. This is a
difficult issue in experiments that try to represent the conditions which are described in
our simulations, because a change in T

would affect all energy interactions

simultaneously (i.e., E and E w in our model).

5.5

Summary and Conclusions

In the present study we focused on the interplay of two competing transitions that affect
the conformations of polymer chains near an energetically active surface. The effect of
the presence of a surface near a polymer chain under specific solvent conditions on the
“coil-to-globule” transition and the effect of the solvent quality on the adsorption90

Chapter 5: Collapse Transition of Polymer Chains near an Attractive Surface

desorption transition were considered separately. We also studied the adsorbate shape,
which elucidates the interplay between adsorption energy and solvent quality.
The transition from an extended to a compact conformation of a polymer chain near an
attractive wall, going from good to poor solvent conditions, shows the same
characteristics as the “coil-to-globule” transition in bulk. It maintains the features of a
second order phase transition in the thermodynamic limit and has a width proportional to
N −1 / 2 for finite chain lengths. The presence of the surface seems to influence only the

“transition point”, which does not lie in the bulk Θ − region but in a new region Θ′ which
is an increasing function of the wall energy. The value of Θ ′ is very close to the Θ in
bulk, for surface energies near the adsorption-desorption threshold, and increases tending
to a Θ − value which corresponds to a two-dimensional configuration of the chain onto
the surface.
The adsorption-desorption transition is affected by solvent conditions. The width of the
adsorption-desorption transition is specified by the N − dependence of the bulk radius of
gyration for a certain solvent quality. For very high molecular weights the width of the
transition is proportional to N −ν (where ν is the corresponding RG ,bulk exponent).
The conformation of the adsorbed chain is determined by the balance between the energy
gain (contacts with the solvent and the surface) and the entropy loss due to the
contraction under poor solvent conditions and localization close to the surface. There is a
relevant range of adsorption energies, ( E w = 0.3 − 0.4) , where the chain assumes shapes
intermediate between droplets and platelets. For strong adsorption energies the chain
assumes a pancake-like configuration and the effect is more pronounced for long chains.
For marginal surface energies (near the adsorption-desorpion threshold) the adsorbed
chain is almost bulk-like (droplet or semi-droplet).

5.6

Perspectives

First of all, it could be useful an attempt to treat both changes in energies E and E w
simultaneously, through a thermodynamic variable, i.e., temperature ( T ), in order to
examine the two competing transitions. A possible method to do this, is by varying the
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ratio of E / E w . This demands a special attention because one must make a detailed
exploration of the parameter space ( E, E w ), so that the values for the ratio E / E w will
describe reasonable situations.
An expected continuation of this work is to simulate multiple polymer chains near an
attractive wall either free or grafted from one end. Chain concentration on the surface
will be a crucial parameter for the polymer chain conformation next to the wall, as well
as away from it. Polydispersity is also a basic aspect which could be studied. Many
different models, with different degree of complexity, can be simulated depending on the
question which one wants to answer.
Bi-disperse systems are also of particular interest especially when the two components
have different energetic interactions with the surface. This can lead to the formation of
mushrooms on the wall, from the most favoured to the surface component and of
extended brushes away from the wall from the other component. The ratio of the lengths
of the two components is a crucial parameter in this case, which will affect system
behavior. If an energetic interaction between the two polymer components is also applied
the resulting conformations cannot be anticipated easily.
Simulations can give answers to many open questions about different blends of these
systems and to explore the effect of each parameter on the total system behavior. They
can also suggest the optimal combinations of parameters for specific goals.
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CHAPTER 6

6.

Soft Colloids

6.1

Introduction and Background

Star polymers, micelles and sterically stabilized colloids can be classified as soft colloids.
These systems may be considered as nano-mesoscopic systems interacting via long-range
soft potentials. This type of a potential originates from the existence of macromolecular
chains tethered to a point, a line, or a surface/interface by their ends, i.e., one may think
the arms of a star polymer as chains tethered to a point. These end-anchored chains are
stretched (long-range potential) for high-enough surface densities, whereas they allow
significant interpenetration (soft potential). Development of the use of common concepts
of tethered chains enables analysis for various features of many seemingly different
structures to be pursued from a similar basis. The distinctive properties of densely
tethered chains were first noted by Alexander1 in 1977, concerned the end-adsorption of
terminally functionalized polymers on a flat surface. Further elaboration by de Gennes2
and by Cantor3, stressed the utility of tethered chains to the description of self-assembled
block copolymers. The next important step was taken by Daoud and Cotton4 in 1982 in a
model of star polymers. Our study is based on a model of star polymers, so we present
this kind of structure in more detail.

Fig. 6.1
Schematic representation of a star polymer.
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Regular star polymers are macromolecular entities consisting of f polymeric chains
(usually referred to as ‘arms’) of the same degree of polymerization, N , chemically
anchored to a common center, the star ‘core’. The core dimensions are usually much
smaller than the linear dimension of the arms5. The number of arms f is called
functionality of the star. The schematic of such a molecule is shown in Fig. 6.1.
Star polymers have attracted considerable interest in the last decade. From a technical
point of view they are important in several industrial applications5. One example are
hydrogenated polyisoprene star polymers, which are used as viscosity index modifiers in
oil industry applications due to their excellent shear stability. Further, commercial star
polymers are utilized in coating materials and in several pharmaceutical and medical
applications5.
The static properties of star polymers can be studied by small-angle neutron scattering
(SANS), light scattering and small-angle X-ray scattering (SAXS). Dynamic light
scattering as well as quasi-elastic neutron scattering experiments6, are used to study the
collective and single chain dynamics of arms of the star polymers5. Moreover, multi-arm
star polymers constitute an important soft-condensed matter system, linking the fields of
polymer physics and colloid physics, thus attracting also interest from a theoretical point
of view.
The synthesis of star polymers is usually based on anionic polymerization, which is
employed

to

produce

arms

with

narrow

molecular

weight

distribution.

Postpolymerization linking, involving the still active chain ends, can then be effected to
produce star polymers with a predetermined number of arms via a chlorosilane based
coupling reaction. Multi-arm star polymers, synthesized in the aforementioned, constitute
excellent experimental model systems5.

6.2

Length scales of a star-polymer

Suspensions of star polymers can be looked upon in a variety of length scales depicted
schematically7 in Fig. 6.2. The central goal of the field of statistical physics is to bridge
the gaps between successive length-scales. Starting from microscopic interactions, one
would like to be able to predict the macroscopic behavior of the system. If one looks at
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the chains at length scales one order of magnitude larger than the microscopic (i.e.,
monomer) scales (Fig. 6.2b) a certain universality appears. All chains can be modeled as
self-avoiding fluctuating strings in a good solvent or as ideal chains in a Θ − solvent. In
this way the universal properties can be exploited in order to derive an equally universal
effective interaction between the centers of the stars, by tracing out the monomer degrees
of freedom. The interstar separation is the next length scale which characterizes the size
of the stars (Fig. 6.2c). When the stars have dropped out of sight as “hairy objects” and
they have been replaced by their centers, they are viewed as point particles (Fig. 6.2d).
The known rules of statistical mechanics can be applied in order to predict the properties
of the system at meso- and macroscopic scales.

Fig. 6.2
The various length scales at which a star polymer solution can be looked upon, ranging
from microscopic to macroscopic and covering in this way about eight orders of
magnitude, (from ref. 7).
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A common length that characterizes the size of the star and is directly measured by static
light scattering or small angle neutron scattering (SANS) experiments is the radius of
gyration, RG . Its definition, in Eq. (3.4), is identical with that of linear chains (the
definition remains the same for all polymer architectures).

 1 Nf
RG = 
( Ri − Rcm ) 2
2 ∑
 ( Nf ) i =1





1/ 2

Ri is the instantaneous position of the ith monomer in a star, Rcm =

(6.1)

Nf

1
∑ r j is the center
Nf j =1

of mass of the star and the brackets denote ensemble average.
For ideal chains it has been shown5,8 that RG of the whole star is related to the radius of
gyration of a single arm RG(1) through Eq. (6.2)

RG =

3 f − 2 (1)
RG
f

(6.2)

An additional length, useful in experiments, is the hydrodynamic radius, R H , which is
dynamical quantity related to the hydrodynamic drag of an equivalent sphere and whose
definition is based on the Stokes-Einstein relation for a dilute suspension of such
spheres5.
As far as static properties are concerned, another useful measure of the star size is the
corona radius, Rc , defined as the distance from the center of the star at which the arm
concentration ( c(r ) ) vanishes.

Rc 2
r c( r )dr
0

4π ∫

= Nf

(6.3)

The size of a star can be estimated by employing Flory-type arguments, similar to those
presented in chapter 3 for the free chains ( f = 1 ). For a single chain there is an elastic free
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energy, Fel , and an interaction free energy, Fint , and the minimum of their sum
determines the size of the chain. The procedure can be generalized to a star with f
arms9.
Fel ( R) =

3k B T fR 2
2 Nl 2

 ( Nf ) 2
( Nf ) 3 
Fint ( R ) ≅ k B T u
+ wa 6

R 6 
 2 R 3

(6.4)

(6.5)

where, l is the monomer length. Parameter w plays a role analogous to that of the
excluded volume parameter, u , for binary contacts10 and is of the order unity. Applying a
mean-field approach and taking into account that the average monomer concentration in a
star of size R is Nf / R 3 , we obtain for the interaction energy the expression (6.5)
In good solvent conditions the first term (pair term) dominates over the second one
(ternary term) and the later can be ignored. In Θ − conditions, where, u = 0 , the ternary
term has to be kept under consideration. The minimization of the sum of Eqs. (6.4) and
(6.5) gives a scaling law for the typical size R* of the star.
R* ~ f 1 / 5 N 3 / 5 - (good solvent)

R* ~ f 1 / 4 N 1 / 2 - ( Θ − solvent)

(6.6)

The N − scaling is the same as for a single chain, whereas the additional f − scaling
expresses the stretching of the chains due to the star-shaped architecture. These scaling
laws hold for both RG and Rc .

6.3

Daoud Cotton Model

In order to extract some information about the conformation of an isolated star, the
functional form of the monomer concentration c(r ) is necessary. An elegant scaling
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analysis was developed by Daoud and Cotton4, in analogy to polymer chains grafted on a
flat surface1,2.
According to the Daoud-Cotton model the polymer concentration profile of a single star
includes different concentration regimes. Because all the branches ( f ) have to join at the
center, the concentration in this region is very high. When one gets away from the center,
the concentration decreases, leading eventually to the single (linear) chain problem in the
outermost shell, where the different branches can be considered as being far apart from
each other. Single chain (arm) behavior is valid in regions of size, ξ , the outermost blob
size. This picture is represented schematically in Fig. 6.3.

Fig. 6.3
The Daud-Cotton blob model of a star. Every branch is made of a succession of blobs
with size ξ increasing from the center of the star to the outside.
All blobs at a distance from the central point have the same size ξ (r ) . That implies a
constant value of the swelling parameter at a distance r from the center, a(r ) , which is a
decreasing function of r .
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α (r ) =

ξ (r )
, ξ 0 (r ) = n1/ 2 (r )a
ξ 0 (r )

(6.7)

where, ξ 0 (r ) is the unperturbed size, if the chains were ideal and n(r ) the number of
statistical units in the blob at distance r .
Depending on the value of α (r ) , one distinguishes three separate concentration regions
of the star.
I. The swollen region:
In a good solvent and for large distances the local behavior is that of swollen chain10,11
and Eq. (6.8) is valid:
α 5 ( r ) ~ υ n1 / 2 ( r ) , υ = υa 3 , υ = 1 / 2 − χ

(6.8)

where, υ is the dimensionless excluded volume parameter and χ the Flory interaction
parameter. The blob representation supplies the following scaling relations:

r
n( r ) ~  
a

5/3

υ ( −1 / 3) f
1/ 6

r
α (r ) ~  
a

c( r ) ~ a

−3  r


 
a

−5 / 6

, ξ (r ) ~ rf −1/ 2

f −1 / 2υ 1 / 6

−4 / 3

υ ( −1 / 3) f 2 / 3

(6.9)
(6.10)

(6.11)

A natural hypothesis which has been made is that each shell with volume between r and
r + dr contains f blobs. The extent of the swollen region ranges from the outermost of

the star, r = Rc down to a distance r1 from the center, at which α (r ) = 1 .
r1 ~ f 1 / 2υ ( −1) a
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II. The unswollen region:
The results for the swollen region are based on the assumption that the blob size, ξ (r )
exceeds the size of the thermal blob10 , l c ≅ aυ ( −1) , where the latter is a measure of the
distance over which the behavior of the chain is ideal; on longer scales the chain is selfavoiding. The unswollen region persists down to a distance r2 from the center, where the
local concentration reaches the value unity ( c(r ) = 1 ) and the star resembles a melt. ξ (r )
becomes smaller with approaching the star center and the scaling relations, which are
valid here are:
2

r
n(r ) ~   f −1
a
r
c ( r ) ~ a −3  
a

−1

f 1/ 2

r2 ~ af 1 / 2

(6.13)
(6.14)

(6.15)

III. The core:
At distances 0 < r < r2 the concentration is unity, the blob size coincides with the
monomer size and the chains are completely stretched. In this core region of the star there
are N c monomers. With Rcore denoting the core size, the scaling laws are:

r 
fN c ~  2 
 a

3

(6.16)

N c ~ f 1/ 2

(6.17)

Rcore ~ N c a

(6.18)

c( r ) ~ a −3

(6.19)

Combining the results of this section with the definition of the corona radius, Rc , Eq.
(6.3) the scaling of the latter is obtained as:
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1 f 3/ 2 1 3/ 2 
Rc ~  Nf +
+ f

10 υ 2
6



3/ 5

υ 1/ 5 f −2 / 5 a

(6.20)

Summarizing, one can distinguish three regimes for the N -, f - and υ − -dependencies of
the star size, as follows:
Regime
N >> f 1 / 2υ ( −2)
f 1 / 2υ ( −2) >> N >> f 1 / 2
f 1 / 2 >> N

Rc

N 3 / 5υ 1 / 5 f 1 / 5 a

(6.21)

N 1/ 2 f 1/ 4 a

(6.22)

( Nf )1 / 3 a

(6.23)

If the conditions of (6.21) hold, then most of the star is in the swollen region, so that the
core and the unswollen part of the star can be ignored. As can be seen from Eqs. (6.21)
and (6.22), the spatial extension of stars is larger than that of an isolated chain with the
same degree of polymerization, due to stretching of the chains caused by the star
architecture. At the same time, stars are smaller than a single chain with a degree of
polymerization Nf the latter has an extent which scales as f 3 / 5 N 3 / 5 in good solvents and
as f 1 / 2 N 1 / 2 in Θ -solvents.
In analogy with linear chains one can also discuss for star polymers dilute, semidilute and
concentrated solutions. The quantity that separates the first two regimes is the overlap
density, ρ * , defined as the density at which the stars begin to overlap within their
coronas. According to Daoud and Cotton4 above the overlap concentration there is a
region of space with size x around each star. For small distances, r < x , the behavior is
the same as for a single star. For larger distances the behavior is the same as for linear
chains. The size of the blobs is independent of f and depends only on the monomer
concentration. When the size of the branches decreases, so does the amount of the
overlap.
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6.4

Interactions between star polymers (Effective Potentials)

The pioneering idea for deriving the effective interaction is due to Witten and Pincus12,
who proposed a formula that is shown in Eq. (6.24), where, α is an unknown
proportionality constant.
r
R

βV (r ) = −αf 3 / 2 ln , (r ≤ R )

(6.24)

This effective potential was not complete. Unanswered issues were addressed by Likos et
al.13 who proposed a complete effective interaction potential between star centers for
arbitrary f . The way in which the various parameters were chosen is discussed below:
By matching an expression valid for f = 1 with an expression valid for f >> 1 , it was
postulated that α = 5 / 18 for all f . The logarithmic interaction was assumed to set in as
soon as significant overlap between the blobs of the two stars takes place. Thereafter, the
length scale R was fixed as the length at which the outermost blobs of the two stars fully
overlap. Hence, by defining σ / 2 as the distance from the star center to the center of the
outermost blob (Fig. 6.3), the logarithmic interaction was assumed to be valid for r ≤ σ .
For distances r ≥ σ , the interaction was postulated to have a Yukawa form, with the decay
length given by the diameter of the outermost blob, ξ max = 2σ / f , as dictated by
geometry. This is intuitively clear, as the blob size is the only relevant length scale at
weak overlaps between the chains.
By combining the logarithmic with the Yukawa form and matching them at r = σ by
requiring that both the potential and its first derivative (the force) be continuous there, the
effective star-star interaction was put forward as:
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This potential is shown in Fig. 6.4 for various values of the functionality7, f . It can be
seen that, as all interactions in the system were assumed to be of the excluded volume
type (athermal solvents), the effective potential scales with temperature and the latter
becomes thermodynamically irrelevant. However, another “thermodynamic parameter”∗
appears in its place controlling the stiffness of the interaction, namely the functionality f .
As can be seen, the interaction has an ultra soft logarithmic core, featuring a divergence
as r → 0 which is slower than any power law. Yet, this divergence becomes steeper as f
grows and, formally, the interaction reduces to a hard sphere potential for f → ∞ . The
physical picture of the stars becoming increasingly compact objects for increasing f is
reflected in the stiffening of the effective potential.

Fig. 6.4
The effective star potential of Eq. (6.25), for a number of different f-values.
Taking this pair potential, Eq. (6.25), one can trace out in detail the phase diagram of star
polymer solutions in a good solvent14,15. Clearly, as the temperature is irrelevant, the
appropriate “thermodynamic parameters” are concentration (packing fraction η ) and arm

∗

Increasing arm functionality (f) stiffens potential and plays a role analogous to
temperature increasing.
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number f , hence the phase diagram must be drawn in the (η , f ) plane. A study, based on
computer simulations15, indicated that among the stable phases are a fluid as well as four
crystal phases, a body-centered cubic, a face-centered cubic, an unusual anisotropic
body-centered orthogonal and a diamond crystal. In a limited range of arm numbers,
reentrant melting and reentrant freezing transitions occur for increasing density.
The previous discussion dealt with star polymer solutions in good, or even athermal
solvents. This analysis does not apply if the solvent is in the neighborhood of the Θ −
point. A colloidal approach to this situation16 resulted into an effective interaction
between star polymers in Θ − like conditions, yielding, a more penetrable pair potential
than that of Eq. (6.25). As for the good solvent case, small-angle neutron scattering
experiments were performed on star solutions, and the resulting intensity spectra were
described theoretically by means of an effective potential.
The theoretical investigation had as a starting point the theory of Milner et al.17, a selfconsistent field (SCF) approach in order to describe the density profile and free energy of
polymers grafted on flat surfaces, suitable for our case, in which the grafting density is
high and self-avoidance is weak. Moreover, the free energy cost (effective interaction)
between two such surfaces being brought close to each other at distances smaller than
twice the equilibrium brush extension has been calculated in the same work.
Subsequently, Mewis et al.18 extended the approach to spherical particles coated with
polymer by employing the Derjaguin approximation, and Genz et al.19 used this pair
interaction to investigate the applicability of hard-sphere equations of state to
polymerically stabilized colloidal suspensions. Denoting by R the radius of the particle
on which the chains are grafted and by L the height of polymeric brush, the expression
for the pair potential is given by Eq (6.26):
∞



U − ln y − 9 (1 − y ) + 1 (1 − y 3 ) − 1 (1 − y 6 )
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where, y = (r − 2 L) /(2 L) and the prefactor U 0 =

π 2 L3 f
48 Na 2 R

, with a denoting the monomer

length and N the degree of polymerization. The radius R has been identified with the
innermost part of the star (paragraph 6.3), whereas the values of the parameters, a , N
and L can be read off directly from the experimental data16. This potential form can
account for an increase in star size with temperature, which is to be expected as a result
of improving solvent quality. A plot of this potential is shown in paragraph 7.3.
Theoretical results16 based on the pair potential described above, show that the solution
develops quite strong ordering as we raise the temperature. The theoretical investigations
for the description of scattering intensity curves of stars in the vicinity of the Θ − point,
revealed that the pair interaction which has to be employed is quite different from that for
stars in a good solvent13. Indeed, application of the logarithmic-Yukawa potential of Eq.
(6.25) to this case, would have lead to the result that the solutions ought to be actually
crystalline, i.e., that the potential is too repulsive. This is expected, since the low quality
of the solvent induces weaker repulsions between stars than a good solvent. Thus,
although the Θ − point is an unstable fixed point in the renormalization group-sense and,
therefore, the universal properties of very long chains slightly away from the
Θ − temperature are identical to those of chains in good solvents, it was found that for

nonuniversal quantities the vicinity of the Θ point matters. At this stage, it has been
possible to describe, in a satisfactory way, star solutions in good solvents and in Θ − like
solvents by employing different effective pairwise interactions for each case. Although
the two interactions have some superficial similarities (e.g., the logarithmic term for close
approaches), the arguments that lead to them are quite different in each case.
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CHAPTER 7
7.

Temperature - Induced Microstructural Changes in Suspensions
of “Soft Colloids”

7.1

Introduction

The use of chlorosilane chemistry and anionic polymerization made possible the
controlled synthesis of high functionality 1,4-poly-butadiene stars1,2. These high
functionality stars (‘multi-arm’ star polymers) constitute a novel class of materials with
rich and often unexpected behaviour, especially when suspended in liquids at high
concentrations3,4,5.
The material properties of dense multi-arm star polymer solutions originate from the
interplay of polymeric and colloidal characteristics5. The internal structure of these
macromolecules has been understood by means of concepts (e.g., self-similarity) and
described by means of tools (i.e., scaling analysis and self-consistent mean field theory)
central to polymer physics6,7,8. Multi-arm star suspensions exhibit ‘liquid-like’
ordering9,10,11,12, and predictions suggest that they crystallize near their overlap volume
fraction13,8. In fact, despite some indirect indications coming from NMR data14, no
unambiguous experimental evidence confirming the crystallization predictions for multiarm stars has been presented to date, other than some fragmental preliminary data15.
However, recent progress on this front seems to support the crystallization scenario16. On
the other hand, mono-disperse suspensions of micro-gels or spherical particles with short
grafted polymeric chains, as well as co-polymer micelles are known to crystallize at
sufficiently high concentrations17,18,19,20,21,22,23.
In summary, a colloidal superstructure develops at the multi-star level that can be
analysed and understood using the traditional tools of liquid-state theory3,24. However,
this effort requires the development of accurate inter-star potentials. Precisely at this step,
the interplay between the colloidal and polymeric nature of multi-arm stars becomes
apparent.
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The inter-star potential24 is a parameterised free energy, which involves a pre-averaging
over certain classes of micro-variables. In our problem (presented in next paragraph, 7.2),
these are associated with the solvent (and are already pre-averaged at the polymeric, i.e.
intra-star level) as well as with arm conformations and the thermodynamic penalty of
space-sharing among arms belonging to neighbouring stars.
The pair-potential function should depend on core-core distance (spherical symmetry).
The potential parameters should be fully specified in terms of core linear dimension, (a ) ,
arm degree of polymerization, (N ) , star functionality, ( f ) and temperature ( T ).
Two pair-potentials that meet the aforementioned requirements have been proposed
during the past several years as described in paragraph 6.425,26,27. The input of the latter
potential for marginal solvents, Eq. (6.26) to liquid-state theories has lead to predictions
that agree fairly with the data from SANS experiments10. There has been no direct
Molecular Dynamics test performed on this potential, similar to the one in the good
solvent case Eq. (6.25)25. Furthermore, the accuracy of the Derjaguin approximation is
questionable under the high curvature conditions inherent in the reality of a “tiny” core28.
A striking example of the counterintuitive behavior that can result from the interplay
between polymeric background and colloidal superstructure is the unexpected “gelation”
upon heating recently observed in concentrated suspensions of multi-arm star
polymers4,11,12. The effect of temperature in inducing a liquid-solid transition was
observed in a series of rheological measurements (Fig. 7.1). Dynamic temperature ramp
tests indicated that the material response changed dramatically from liquid-like to solidlike. The frequency spectra showed that at lower temperatures the star polymer solution
exhibits viscous liquid behaviour ( G ′ ~ ω 2 , G ′′ ~ ω , G ′′ > G ′ , where, G ′ and G ′′ are the
elastic and the loss modulus respectively), whereas upon heating it turns into a weak
elastic solid ( G ′ > G ′′ and both moduli exhibit a very weak frequency dependence),
accompanied by an increase in the values of the moduli by several orders of magnitude.
This is depicted in Fig. 7.1, which shows rheological data on poly-butadiene stars with
f = 128 and MW = 56000 per arm, dissolved in decane.
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Fig. 7.1
Frequency dependence of the elastic modulus, G ′ and the loss modulus G ′′ of
12856/decane∗ 6.9 wt % solutions, indicating the liquid-solid transition. ( G ′ -solid
symbols, G ′′ -open symbols).
At temperatures above this “liquid-solid” transition the intermediate scattering function
(determined by Dynamic Light Scattering (DLS) measurements) exhibited a slow
“cluster” mode, bringing analogies to glasses (in addition to the standard cooperative and
self-diffusion modes). This mode “melted” upon cooling to the liquid regime11. Finally,
Pulsed Field Gradient Nuclear Magnetic Resonance (PFG-NMR) experiments
distinguished the “glass” region by the fact that the incoherent structure factor exhibited a
kinetic arrest at long times.
In Fig. 7.2 there is a schematic representation of a mechanism that has been proposed in
order to explain the experimental data4,11. It is the dynamic arrest of the swollen crowed
spheres (partial clustering). Upon heating a single star swells, because as temperature
increases the solvent quality improves. In the case of star solutions, temperature
increasing leads to “jamming” and to the formation of “effective clusters”, which are
considered as responsible for the enhanced elastic behavior of the star solutions at high
T.
∗

12856/decane: star polymers with 128 arms; MW(each arm)= 56000gr/mol; decane is
the solvent.
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Fig. 7.2
Representation of the dynamic arrest of the swollen stars which leads to partial
clustering. (from ref. 11).

7.2

Molecular Dynamics Study and Comparison with Experiments

The main objective of this study is to investigate, by means of Molecular Dynamics
simulations the temperature induced changes in colloidal superstructure and star
dynamics under marginal solvent conditions. To this end, multi-arm star polymers are
modeled as (structure-less) soft spheres interacting via the soft, long ranged potential,
discussed in paragraph 6.4, Eq. (6.26).
We present our results from Molecular Dynamics (MD) simulations, that show a
transition towards a “glassy” state at a temperature very close to the one reported
experimentally. The features of the transition are consistent with those of ideal glass
transitions, as described by ideal Mode Coupling Theory. Furthermore, our findings
illustrate the road to vitrification for these soft colloidal suspensions. The arm expansion
at high temperatures causes jamming and more than compensates for the speeding up of
motions at higher temperatures.
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From a different perspective this study constitutes a rather demanding test of the potential
(Eq. (6.26)) and of its capacity to capture the fundamental physics associated with the
experimentally observed phenomena.

7.3

Simulation Model and Method

As mentioned earlier (paragraph 7.2), each star polymer is modelled as a “soft sphere”
whose size increases with temperature, as was measured experimentally in dilute
solutions4. The interaction between particles is quantified by the temperature dependent
pair potential, given by Eq. (6.26), which is repeated below, (Eq. 7.1)10,27:
∞



U − ln y − 9 (1 − y ) + 1 (1 − y 3 ) − 1 (1 − y 6 )
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where, β = 1 / k B T , y = (r − 2 L) /(2 L) , L ≈ R0 − a and the prefactor U 0 =

π 2 L3 f
48 Na 2 R

(7.1)

. a is the

“core” radius of the star, R0 is a measure of the unperturbed star radius, f is the star
functionality, N is the number of “monomers” per chain and l is the “monomer length”.
For purposes of comparison with the findings of experiment5, potential parameters were
chosen to correspond to 1,4-poly-butadiene stars with f = 128 and arm molecular weight
56000 dissolved in decane. The temperature interval examined was 288K − 323K .

However, we focus our results for four temperatures ( 308K , 318K , 323K , and 328K ), since
this temperature interval coincides approximately with the interesting transition region.
Both experimental evidence and theoretical considerations indicate that decane is a
marginal solvent for these poly-butadiene stars over the entire range of temperatures
studied (this point is further discussed below).
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The assignment of values to the parameters of Eq. (7.1) is a delicate issue. l should be
viewed as the persistence length (estimated to be 0.66 nm for 1,4-poly-butadiene) and
N as the number of subunits containing enough monomers to encompass one persistence

length10 (an equivalence based on “Kuhn segments” would hardly affect the results). The
effective core radius a does not coincide necessarily with the radius of the dendritic core.
If the quantity lf 1/ 2 exceeds the radius of the dendritic core, a should be identified with
that latter size6, which is indeed the case in our systems and a = lf 1/ 2 = 7.5nm . It should
be noted that the outermost part of the potential is relatively insensitive to the exact value
of a . According to the self-consistent field approach26, R0 is the distance (from the star
geometrical centre) beyond which the polymer concentration vanishes. It was
approximated by the measured value4 of the hydrodynamic star radius, R H , under high
dilution. R H is sensitive to the outermost portions of the polymer layer. It constitutes a
better approximation to R0 than other measures of the star linear dimension (e.g., RG ),
in marginal solvents, when the self-consistent field approach supplies the basis for the
inter-star potential. Furthermore, experimental evidence suggests that R H is preferable
over other measures of the linear dimension for scaling dynamical properties, e.g. zero
shear viscosity29.
The experimental values of the hydrodynamic radius used in our simulations are listed in
Table 1. In Table 1 we present the values for the hydrodynamic radius R H and the
effective volume fractions ( φ / φ * ) of the star polymer suspensions, for temperatures



[

]

3
between 288K and 328K ,  φ * = 4πR H
(T ) / 3

−1 

 . Columns 2 and 3 contain the


conversion of the time units, that were used in our model, in seconds. The model unit
 ma 2
(column 2), corresponds to the combination of parameters: 
 k BT


1/ 2






, where, and

m = fMWarm . The natural unit (column 3) contains R H instead of a in the combination:
2
 mR H

 k BT


1/ 2






. In our results time is presented in natural units, i.e., those containing R H as

the length scale. We have to mention here, that in figures where different temperature
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curves are plotted versus time, time axes are normalized with the time (in natural units)
that corresponds to a low temperature, T = 293K , and denoted by ( r -reference value ), in
order to have the same x-axes for all curves and facilitate comparisons among them.

T(K)
288
293
298
303
308
313
318
323
328

Model unit (*10-7)
(sec)
0.130
0.129
0.128
0.127
0.126
0.125
0.124
0.123
0.122

Natural unit(*10-7)
(sec)
0.641
0.651
0.646
0.651
0.652
0.663
0.673
0.696
0.722

RH(nm)

φ /φ*

36.9
37.8
37.8
38.4
38.8
39.8
40.7
42.4
44.3

0.770
0.828
0.828
0.868
0.895
0.966
1.033
1.168
1.332

Table 1
The values for the hydrodynamic radius, the volume fraction and the time units in
seconds for temperatures between 288K and 328K .
The potential of Eq. (7.1) is plotted in Fig. 7.3 for several temperatures. This potential is
compared with a purely repulsive (truncated – shifted) Lennard-Jones (LJ) potential. The
parameters of the LJ potential were determined on the basis of the “hard sphere
equivalence” between the potential of Eq. (7.1) and the truncated-shifted (LJ 12-6)
potential. The softness and the slow decay of the inter-star potential are depicted clearly
in Fig. 7.3. Many interesting features of dense multi-arm star suspensions originate from
the peculiarity of this inter-star potential. In particular, the astonishingly high values of
the effective volume fraction are a direct consequence of potential softness.
Regarding the specifics of the simulations, the number density was fixed to its
experimental value4 of 3.66 × 1015 stars/cm3. The effective volume fraction ranged from
0.77 to 1.33 over the temperature range studied ( 288K − 328K ). All systems simulated

contained 2916 “soft spheres”. The side of the periodic box was about 1µm , which is
20 − 25 times larger than R H (depending on T ). The temperature-induced densification
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of the system resulted solely from the expansion of star polymers (i.e., soft spheres)
through the increasing value of R0 (i.e., R H ).

200
T=293K
303K
313K
323K
328K
LJ (T=303K)

V(r)/kBT

150
100
50
0

0

20

40

60

80

100

r(nm)

Fig. 7.3
Comparison of the inter-star potential for 5 different temperatures between 293K and
328K with the truncated-shifted Lennard-Jones potential at T = 303K .
After charting the parameter space explored by our simulations, it is imperative to justify
quantitatively the use of potential Eq. (7.1). Our best estimate for the Θ − temperature10,12
is 27 0 C . According to Eq. (6.21), the emergence of a ‘swollen blob’ regime within each
star polymer requires6: N >> f 1 / 2υ −2 = f 1 / 2 (1 − Θ / T ) −2 , where, N is the number of
Kuhn segments and υ the excluded volume of the statistical segment. c∞ is about 5 for
poly-butadiene30, which leads to a value of N close to 200 , for MW = 56000 . For
f 1 / 2υ −2 ≈ 10 4 at 308K and f 1 / 2υ −2 ≈ 1500 at 328K , the Daoud-Cotton criterion for the

existence of the swollen blob regime is never even approached. Therefore, the stars in the
systems studied in this work consist of a central core and an outermost portion of unswollen blobs, i.e., the entirety of the chain backbone (except the short central parts,
which form the ‘core’) experiences marginal solvent conditions. The self-consistent-field
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approach is appropriate and the major reservations on the potential relate to the accuracy
of the Derjaguin approximation for stars with a minute, highly curved “core”.
Constant temperature (canonical ensemble) Molecular Dynamics was the method used in
all simulations presented here. Standard (N,V,T) Metropolis Monte Carlo was inefficient
in probing the configuration space of dense systems in the verge of jamming, like those
studied in this work. All systems were initiated from amorphous configurations.
Equilibration was monitored following the time dependence of the total energy and the
temporal evolution of the radial distribution function. After equilibration, the production
runs lasted from about 5 × 10 5 MD steps for low T to about 2 × 10 6 MD steps for high T .
Preliminary simulations on mono-disperse multi-arm star suspensions indicated a slow
“ageing” of the amorphous solid towards a more ordered structure. It has been pointed
out that a certain degree of complexity is necessary to keep a system in a metastable
amorphous state31,32. Indeed, size and arm dispersity33 are about 10% , for the
experimentally used multi-arm star 1,4-polybutadienes1,2. A 10% dispersity in R0 (drawn
from a uniformly random distribution) was sufficient to stabilize the amorphous state for
the duration of the simulations.
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of the “soft-

sphere” suspensions at four temperatures. Typical liquid-like ordering9,10 is manifest at
the lowest temperature ( 308K ). Therefore, the number density is sufficiently high to
induce local “packing” of the soft-spheres (stars) and to develop inter-star microstructure
similar to that of dense liquids of spherically symmetric molecules (and that of dense
suspensions of “hard” colloids). At 318K the structure remains liquid-like but the
oscillations sharpen. More interesting are the new features that first appear at 323K and
develop further at 328K . The gradual split of the second peak, the steady development of
a “shoulder” (incipient split) of the third peak and the flattening of the fourth peak are
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precursors of a crystalline (FCC) structure. Such micro-structural changes reflect the
uneasy competition between a “frozen” crystalline state and a “mobile” amorphous state.
These new features are often indicative of vitrification. Similar, although less



pronounced, features appear in the structure factor  S (q) =
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Fig. 7.4
Radial distribution function for temperatures varying from T = 308K to T = 323K .
Insert: Corresponding structure factor in magnification in the range of the second and
third peaks where new features appear with increasing temperature.
The above observations render necessary the monitoring of “soft sphere” mobility. The
mean square displacements (MSD) of soft spheres vs. time are depicted in Fig. 7.5. It
should be noted that very short time features ( t < 0.5 in Fig. 7.5) result, at least partially,
from the inherent “ballistic” trend of MD. The linear time dependence of the mean square
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displacement,  ∆r 2  , typical of Fickian diffusion, is very evident at 308 K (and below




308 K , not shown in Fig. 7.5). A weak “shoulder”, indicative of a slight delay at

intermediate times can be observed in the T = 318K curve. The situation is more
interesting at even higher temperatures. At T = 323K and, in a stronger fashion, at
T = 328K the short range mobility is followed by a pronounced stagnation (indicated by

the black arrows in Fig. 7.5), which persists for two decades in the timescale of Fig. 7.5.
Soft-sphere mobility recovers only at much longer times and the resulting self diffusivity
is substantially lower (by 2 orders of magnitude) than that observed in the liquid
suspension ( T ≤ 308K ). This type of time evolution of the MSD curves is characteristic of
“caging”, i.e., the temporary confinement of particles in cages formed by their immediate
neighbours34,35.
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Fig. 7.5
Mean squared displacement as a function of time for temperatures between T = 308K
and T = 323K . Plateaus are evidence of “caging effects” at high temperatures. The
dotted line indicates slope 1.

The non-Fickian nature of soft-sphere mobility at high temperatures and intermediate
times is also apparent in Fig. 7.6, where histograms of particle mean square
displacements and their time evolution (self part of the van Hove correlation function,
Eq. (7.2)) are plotted at temperatures T = 308, 318, 323, 328 K .
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Fig. 7.6
Distributions of particle displacements for two different time instants (the black points or
histograms correspond to 10000 MD steps and red ones to 20000 MD steps) and for
temperatures between T = 308K and T = 328K . Solid lines signify the time evolution of a
Gaussian distribution according to Eq. (7.2).

Fickian diffusion requires that the probability density for particle (mean square)
displacements spreads out with time according to the formula, Eq. 7.2.
4π ∆r 2
1/ 2 

2
 =
P ∆r
exp − ∆r 2 / 4 Dt 
3/ 2



 8(πDt )
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The van Hove curves are clearly Gaussian and their time evolution follows Eq. (7.2) at
T = 308K . Slight discrepancies from the Fickian pattern in the form of a delay in the time

evolution of the van Hove self-correlation function appear already at T = 318K . Strong
discrepancies from the Fickian pattern are clear at T = 323K and T = 328K . The van
Hove correlation function spreads at a rate considerably slower than that predicted by Eq.
(7.2). The trend grows with increasing temperature. Furthermore, even the distribution of
particle displacements at a fixed time does not follow the Gaussian statistics implicit in
Eq. (7.2). It should be pointed out that the time intervals for the particle displacements
shown in Fig. 7.6 were selected to be in the plateau of the mean square displacement
curves of Fig. 7.5. This choice illustrates that particles do not diffuse according to the
Fickian prescription at intermediate time scales.
The “non-Gaussian” parameter, a 2 (t ) , defined below, in Eq (7.3), is the simplest measure
of deviation from Gaussian statistics.

a 2 (t ) =

3 ∆r 4 (t )
5 ∆r 2 (t )

−1

(7.3)

Eq. (7.2) implies that the non-Gaussian parameter vanishes. Any deviations of this
quantity from 0 are indicative of non-Gaussian spread of particle positions and, in our
case, of non-Fickian diffusion. Fig. 7.7 contains our simulation data on the non-Gaussian
parameter. Clearly, individual soft-sphere kinetics does not conform to the Fickian
pattern for temperatures higher than T = 45 o C . This is manifested by the large values of
a 2 (t ) . A comparison with Fig. 7.5 is illuminating. For the two highest temperatures the

maxima in Fig. 7.7 occur at about the same time as the end of the plateaus (‘α –
relaxation’) in Fig. 7.5. The non-Gaussian parameter returns to 0 at long times signalling
the re-emergence of Fickian diffusion, albeit at a rate 1-2 orders magnitude lower than
that at T = 308K . The small positive values of the non-Gaussian parameter at very short
times result from the ballistic nature of MD for times shorter than the average particleparticle collision time.
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Fig. 7.7
The time evolution of the non-Gaussian parameter, T = (308 − 323) K .

Velocity autocorrelation function is another quantity, which corroborates the “particle
trapping” scenario. It is defined as the correlation of particles velocities at different times,

v(0) ⋅ v(t )
 C (t ) =

v(0) ⋅ v(0)



 . Negative values of this inner product indicate “backscattering” of



particles, during their attempt to escape from a cage. Fig. (7.8) shows the velocity
autocorrelation for the four temperatures, that have been discussed above. The higher the
temperature the larger the number of unsuccessful attempts for escape from cages (i.e.,
the particles are trapped for longer time periods within the confines of their cage).
The calculation of the diffusion coefficient, D , based on Eq. (7.4) and depicted in Table
2 quantifies the diminishing of diffusion, as temperature increases, (where, m is the mass
of the particle). Self-diffusivity drops by about two orders of magnitude between
T = 35 o C and T = 55 o C , as can be seen in Fig. 7.5 as well.

v(0) ⋅ v(t )
k T ∞
D = B ∫ C (t ) , C (t ) =
m 0
v(0) ⋅ v(0)
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T (K )

2
D( R H
/ t)r

308

0.396

318

0.121

323

0.016

328

0.0054

Table 2
The diffusion coefficient for temperatures between 288K and 323K .
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Fig. 7.8
The velocity autocorrelation function as a function of time t , at 4 different temperatures,
( 308K , 318K , 323K , 328K ).

Experimentally, the incoherent structure factor ( S inc ) can monitor particle displacements
and detect the deviation from Fickian kinetics. This quantity correlates the displacements
of particles at different times and is given by Eq. (7.5)

S inc (q, t ) =

1
N

N

∑e

iq⋅[ r j (t ) − r j ( 0)]

j =1
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Fig. 7.9
The incoherent structure factor vs. q2t at four different temperatures ( 308K , 318K , 323K ,
328 K ). t − values increase from left to right.

In Fig. 7.9, the expected superposition of S inc vs. q 2 t is very satisfactory and verifies
that the motion is Fickian diffusion at T = 308K . Discrepancies appear already at
T = 318K , which are certainly of the same origin as the “weak shoulder” in the mean

square displacement curve of Fig. 7.5. At higher temperatures the superposition fails
completely. Similar behavior has been experimentally reported in suspensions of multiarm star polymers14, albeit in a somewhat different context. These are strong trends
detectable by PFG-NMR.
Fig. 7.10 contains a portion of the trajectory of a soft sphere at T = 323K . This is a rather
typical trajectory. The caging effect is obvious. Substantial displacements are rare and
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occur abruptly. “Soft spheres” move in a narrow region and effectively vibrate in their
cells, until they manage to escape by jumping into a different cell, where they will be
trapped again for a considerable time interval. Trajectories of this type constitute the
physical basis for the plateau of the mean square displacement curves at T = 323K and
T = 328K .

Fig. 7.10
Typical trajectory of one star at T = 323K . Jump from one cage to another.

There is abundant evidence that the escape from “cages” does not take place in a purely
random, uncorrelated fashion. There exist small groups of neighboring soft-spheres,
which move cooperatively in the same region, performing jumps from one cage to
another, as depicted in Fig. 7.11. It should be stressed that particle trajectories are
spatially correlated, i.e., the soft sphere centres are as close as they are depicted in Fig.
7.11. Such groups of particles can be thought as “dynamical clusters” and this picture is
similar to the one shown in Fig. 7.2 that has been proposed from the experimentalists.
Correlated soft sphere trajectories, like those depicted in Fig. 7.11, supply concrete
images of the physics captured by the self-consistent treatment of “in-cage” motion and
cage formation-breakdown, in the context of ideal Mode Coupling Theory31,36.
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Fig. 7.11
Trajectory of an “effective dynamical cluster” with three stars at T = 328K , (cooperative
motion).

Glotzer and co-workers35 have proposed a more systematic way for examining this type
of clustering. It involves the calculation of a displacement-displacement pair-correlation
function g u (r , ∆t ) . This quantity would be identical to the radial distribution function
g (r ) , if displacements were statistically equal for all particles as in the case of a pure

liquid. If however, particles, which at t = 0 were separated by a distance r (e.g., a
“tagged” particle and its nearest neighbors, or particles belonging to a transient “cluster”)
move in a correlated fashion over a time period ∆t , the degree of this correlation will be
measured by g u (r , ∆t ) . A comparison between g (r ) and g u (r , ∆t ) , for a ‘typical’ ∆t (in
the sense that such correlations should persist over it), is shown in Fig. 7.12.
The most pronounced difference appears at the first maximum of g (r ) , i.e., the strongest
displacement-displacement correlation exists between a “tagged” particle and its first cell
neighbors, which form its cage. Another interesting strong correlation exists among the
“tagged” particle and its outermost second cell neighbors (shoulder of the second
oscillation of g (r ) and g u (r , ∆t ) ). Apparently, slight rearrangements of second neighbors
play a crucial role in cage formation and dissolution. Finally, an excess correlation of
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displacements ( g u (r , ∆t ) ) over structural features ( g (r ) ) persists over several particle
diameters. The range of these excess correlations could be used as a measure of the
“dynamical cluster” size. “Cluster rigidity”, properly quantified, should be taken into
account in the definition of “dynamical clusters”.
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Fig. 7.12
The pair correlation function g (r ) and the “displacement-displacement” correlation
function g u (r , ∆t ) versus r for, ∆t = 40.77[mR H2 / k B T ]1 / 2 , at T = 328K . Inset: The excess
correlation Γ(r , ∆t ) versus r .

The excess correlation, Γ(t , ∆t ) , is shown in the inset of Fig. 7.12 at T = 328K , whereas
the total excess correlation A as a function of ∆t is shown in Fig. 7.13.

g (r , ∆t )
 − 1 , Α ≡ drΓ(r , ∆t )
Γ(r , ∆t ) =  u
∫
g (r )


(7.6)

The maximum of A sets a characteristic time, ∆t * , for displacement-displacement
correlations (Fig. 7.13). The ∆t in Fig. 7.12 is about half ∆t * and corresponds to the point
in the red square in Fig. 7.13. This time exceeds (by about a decade) the end of the
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plateau in the MSD curves (Fig. 7.5). One is tempted to interpret ∆t * as the time, when
correlated escapes from cages (e.g., Fig. 7.11) take over and re-establish Fickian
diffusion.
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Fig. 7.13
The total excess correlation A as a function of ∆t at T = 328K . The value in the square

corresponds to the ∆t used for the comparison between g (r ) and g u (r , ∆t ) in Fig 7.12.
It is instructive to attempt a more direct comparison with quantities readily accessible
experimentally. The infinite frequency elastic modulus, G∞ , (Eq. 7.7) is a thermodynamic
property, and its dependence on T is shown in Fig. 7.14.

G∞ = pkT +

2πp 2 ∞
d 4 dV
)
∫0 drg ( r ) ( r
15
dr
dr

(7.7)

It counter-intuitively increases with temperature, in accordance with experimental
observations4. The “osmotic pressure”, P , (Eq. 7.8 - inset of Fig.7.14) of the soft spheres
(i.e., the pressure in a solvent lacking simulation) follows a similar trend.
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P
p2
= p−
kT
6kT

∫

∞

0

r

dV (r )
g (r )4πr 2 dr
dr

(7.8)

These observations are consistent with the reduced soft sphere mobility and the cease of
free diffusion at high temperatures. However, these changes are not nearly as strong and
sharp as those observed experimentally4. This discrepancy is due to the fact that
rheological measurements do not reach G∞ , whose determination would require
measurements in the MHertz range.
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Fig. 7.14
The infinite frequency elastic modulus as a function of temperature. Inset: The osmotic
pressure as a function of temperature.
The overall picture indicates that relatively minor structural changes (like those observed
in Fig. 7.4) are accompanied by very strong qualitatively new effects on soft-sphere
dynamics. In particular, the MSD curves illustrate clearly the separation between short
and long time dynamics (the plateau in Fig. 7.5 extends over two decades in time), i.e.,
the caging effect. It is tempting therefore, to examine dynamical changes taking place
above T = 318K , in ways suggested by ideal Mode Coupling Theory (MCT)31,37,38. In this
work we do not attempt a comprehensive and quantitative comparison with predictions of
the ideal MCT. (Appendix I contains basic points of the ideal MCT).
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Fig. 7.15 contains the simulation data for S inc (q, t ) vs. t at the four temperatures depicted
in Fig. 7.5 (MSD’s). The featureless behaviour at T = 308K and 318K is followed by a
clear two step relaxation at T = 323K and T = 328K a strong indication of structural arrest
in the approach towards a non-ergodic transition. Sufficiently close to the non-ergodic
transition the slow relaxation of S inc (q, t ) conforms the von Schweidler power law series,
(Eq. 7.9).
S inc ( q, t ) = f s ( q) − h (1) (q )(t / τ ) b + h ( 2) (q )(t / τ ) 2b + O(t / τ ) 3b

(7.9)

In the above equation f s (q) is the non-ergodicity parameter, b is known as the von
Schweidler exponent and τ is a characteristic time associated with the a − relaxation. The
data in Fig. 7.15 conform to Eq. (7.9) at the two highest temperatures. The fits to Eq.
(7.9), (dashed lines in Fig. 7.15) were done for each q , with fixed b and τ . The
relaxation time τ increases more than three orders of magnitude from T = 323K to
T = 328K , which indicates that the ideal glass transition point should be very close to

T = 328K ( τ 323 ≈ 1 , while τ 328 ≈ 1800 ). Furthermore, the von Schweidler exponent was

found to be 0.48 , which is slightly, yet not negligibly, lower than of hard sphere glasses
( 0.53 )39.
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Fig. 7.15
The incoherent Structure factor vs. t at various q − values and at four different
temperatures ( 308 K , 318 K , 323K , 328K ). Dashes lines at 323K and 328K are fits
according to Eq. (7.9).
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(a): The apparent localization length, rlap (t ) , vs. t at 4 different temperatures
( 308 K , 318 K , 323K , 328K ) from the fit of the incoherent structure factor, S inc (q) with
the function exp(−q 2 rl2 / 6) . (b): Fit of the non-ergodicity parameter, f s (q ) at T = 328K
with exp(−q 2 rl2 / 6) and estimation of rl .
The Gaussian approximation on S inc (t ) and f s (q) allows the estimation of the
“localization length” ( rl ), which quantifies the extent of in-cage soft sphere
displacements. Although the quality of the approximation deteriorates for large wavevectors and close to the ideal glass transition temperature34, the Gaussian approximation
does supply an estimate of rl . This comparison is shown in Fig. 7.16b for the highest
temperature studied ( T = 328K ). The estimate for rl is 0.22 R H . Fig. 7.16a shows an
apparent localization length ( rlap (t ) ), during the entire motion of the particle, as it comes
from the incoherent structure factor calculation. This quantity coincides with the square


root of the mean squared displacement,  ∆r 2


1/ 2 

 . The two values, from the plateau in


Fig. 7.16a and the fit of the non-ergodicity parameter in Fig. 7.16b agree closely with
each other. Furthermore, they are both very close to the more accurate estimate supplied
by the value of the plateau in the MSD curve of Fig. 7.5 (about 0.24 R H ). These values
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are about the same as the corresponding hard sphere value (0.24R)37 (where, R is the
sphere radius).

7.5

Discussion

The major finding of this simulation study is that dense suspensions of “soft spheres”
interacting via potential (Eq. 7.1), i.e. our model for multi-arm star polymers under
marginal solvent conditions, undergo a qualitative change in their dynamics at
temperatures higher than 318K . This is remarkably close to the temperature at which
similar phenomena were observed experimentally4. The transition is, in a generic sense, a
jamming transition. It is caused by the temperature-induced expansion and consequent
overcrowding of “soft-spheres” (multi-arm star polymers).
There exists abundant simulation evidence in that regard. The radial distribution function
exhibits new features (split of the second peak and the development of a shoulder in the
third peak; Fig. 7.4). The effects on “soft-sphere” dynamics are more pronounced. The
observed ‘soft-sphere’ mobility is not consistent with regular Fickian diffusion above
318K . The α-relaxation is apparent in the simulation time-scale (Fig. 7.5). S inc does not

scale with q 2 t above 318K (Fig. 7.9). The self-part of the van-Hove correlation function
does not evolve according to Gaussian statistics (Fig. 7.6). Individual “soft-sphere”
trajectories (and the mean square displacements in Fig. 7.5) illustrate the “caging effect”
at high temperatures. (Fig. 7.10). Additionally, increasing number and magnitude of
minima in the velocity autocorrelation function, with increasing temperature, indicates
particle trapping inside cages (Fig. 7.8).
Identified dynamical micro-clusters are concrete examples of the cooperative nature of
“soft-sphere” self-diffusion (Fig. 7.11). This is clearly quantified by the displacementdisplacement pair correlation function (Fig. 7.12), which differs from g(r) for distances
that extend over several soft-sphere diameters and are especially pronounced for first and
second nearest neighbors of the “tagged particle”. A characteristic “lifetime” for these
correlations was identified in Fig. 7.13. It is longer than the typical lifetime of cages, and
it probably corresponds to the characteristic time for “correlated cage escapes”.
The incipient transition produces a two step relaxation of S inc , i.e. a structural arrest and
finite values of the non-ergodicity parameter over two decades in the time-scale (Fig.
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7.15). The slow relaxation follows von-Schweidler’s law (Fig. 7.16b). These features are
in qualitative agreement with the main predictions of ideal MCT and suggest strongly
that our systems are very close to an ideal glass transition point (in the ideal MCT
sense).
The potential employed in the current work (Eq. 7.1) is a purely repulsive potential. It is
useful to attempt a more careful comparison between the localization length (Fig. 7.5 and
Fig. 7.16) of our soft-sphere fluid and that of a hard-sphere fluid. For this comparison the
localization length should be compared with the first neighbour distance (about 0.83R H
at 328K ), rather than the infinite dilution R H ( Fig. 7.4d). This leads to a value for rl
close to 0.29 , i.e., higher than the corresponding hard sphere value, as it should be due to
the softness of the potential. It should be pointed out, however, that the major effect of
potential softness is not the aforementioned increase of rl , but the impressive raise of the
nominal volume fraction required for vitrification, which is 1.17 for our soft-spheres
(Table 1), vs. 0.58 for hard spheres.
Several theoretical and simulation studies that compare colloidal gels and colloidal
glasses have appeared during the past few years34,37,39,40,41,42,43. From a fundamental point
of view colloidal gels are linked to the existence of short range attractive interactions
between colloids, which are clearly absent for the soft-sphere system studied in this work.
In this context, the (incipient) non-ergodic states of our soft-sphere systems should be
viewed as “glasses” rather than “gels”. Furthermore, colloidal gels were characterized by
a localization length much smaller than that of hard sphere glasses. On the contrary, in
our case, the localization length was found to be similar, and if anything larger, than that
of hard sphere glasses. Therefore, on this count too, our soft-spheres form glasses.
Recently, Stiakakis et al.12, proposed a kinetic phase diagram for dense suspensions of
multi-arm star polymers. According to that phase diagram the systems studied in this
work fall in the category of “temperature induced gels” ( c / c * = 0.83 ) as opposed to
“concentration induced gels” ( c / c * > 1.05 ; c * is defined as the overlap concentration at
the low T = 293K ). It is important to point out that the temperature-induced gels were
weaker (lower G ′ ) than the concentration-induced gels. On that basis the T − induced
gels were paralleled to “colloidal glasses”, while the c − induced gels to “colloidal
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gels”40. Therefore, our soft sphere suspensions form “temperature induced gels”,
characterized by weak moduli (akin to colloidal glasses) and a certain degree of arm
interpenetration. Furthermore, the T − induced gels12 were found to be ergodic4 and
exhibited a two-step relaxation of S inc (q, t ) . This behavior is very similar to the
simulation findings on soft-sphere S inc (q, t ) depicted in Fig. 7.15. In contrast, c − induced
gels were clearly non-ergodic12.
As mentioned in the previous section the calculated increase of soft-sphere G∞ , caused
by the temperature increase, is more gradual and considerably milder than that reported
experimentally (Fig. 7.14) for G ′(ω ) and over the whole range of experimentally
accessible frequencies4. This discrepancy between simulation and experimental data
originates, at least partially, from the difference in the frequency range accessible by the
two lines of inquiry. The jump in G ′(ω ) diminishes with frequency. The asymptotic value
of G ′(ω ) , i.e. G∞ , cannot be possibly reached for frequencies lower than the inverse of
the Einstein diffusion time, i.e. frequencies in and above the MHertz range. This explains
partially the less impressive rise of G∞ in the simulations compared to that reported
experimentally.
Other reasons for the underestimation of the elastic modulus increase certainly exist.
They could be related to the “lack of friction” between soft-spheres in our soft-sphere
model. This missing friction is predominantly related to the dynamics of arms and arm
inter-diffusion. Polymeric arm dynamics should follow a pattern intermediate between
Zimm and Rouse dynamics44 because of the intermediate solvent quality (better than Θ
but not as good as athermal). The role of entanglements is probably minor (the
entanglement MW for 1-4 polybutadiene is considerably above 56000 for the polymer
volume fraction of the experimental systems, which is about 5% )44.
Experimental findings point to the existence of distinct ‘mobile’ and ‘immobile’
subpopulations of multi-arm stars4,14. This situation would have lead to a wavelength
independent plateau of S inc (q, t ) . Experimental data in this respect are suggestive, but not
definite4. One could distinguish a weak tendency towards a q -dependent plateau, which
would argue for caging of the full soft-sphere population. Simulations suggest full
caging. The resolution of the discrepancy, if any, requires further experimental efforts.
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From our point of view, it is tantamount that the transition occurs (simulation-wise) to
within 5 o C from the experimentally reported value, which constitutes a very successful
test of the potential (Eq. (7.1)). According to the all simulation findings, it is a jamming
transition with reported features of vitrification. The role of temperature is central in
these systems, and counter-intuititive. Increasing T speeds up motions, however it
produces particle expansion and consequent jamming, that restricts them. The
competition, as shown by experiments and these simulations, swings in favor of
jamming.

7.6

Crystallization

Although there is no explicit experimental evidence14,15 for the crystallization of dense
suspensions of multi-arm star polymers, as mentioned above, theoretical predictions8,13 as
well as recent experiments16 support this scenario. Following our study on these systems,
regarding their jamming transition upon increasing temperature and their glass features
above T = 323K , we tried to explore the possibility of the existence of a crystalline phase
under certain conditions, by means of Molecular Dynamics simulations.
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Fig. 7.17
The radial distribution function at T = 323K , (a): glass, (b): FCC crystal.
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Starting from T = 323K and using as initial configuration the glass, as extracted from the
previous simulation (Fig. 7.4c), we continued the simulation run. Fig. 7.17 shows the
radial distribution function evolution. This figure reflects the basic answer to our question
and is a clear proof of crystallization. It is obvious that after some time the system
abandons the supercooled liquid state and falls into a crystalline phase with the
characteristics of an FCC crystal (Fig. 7.17b).
Large scale motion is totally frozen in this state, as observed from the calculation of the
mean squared displacement (Fig. 7.18), where the long time diffusion, after the
stagnation period that has been observed in the supercooled liquid, decreases gradually
and the particles are completely immobile in the solid phase.
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Fig. 7.18
The mean squared displacement at T = 323K , for the glass and the FCC crystal.
The “non-Gaussian” parameter in this case is an increasing function of time (Fig. 7.19). It
starts from almost 0 , in the glassy state, where the re-emergence of Fickian diffusion in
long times was attained, and increases as the system turns into a solid, where particles do
not diffuse any more.
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Fig. 7.19
Time evolution of the non-Gaussian parameter at T = 323K , after the glass formation.
The termination of any diffusion process is also apparent in the incoherent structure
factor vs. q 2 t plot, where all different q − curves slow down eventuating in almost
parallel horizontal lines (Fig. 7.20).
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Fig. 7.20
The incoherent Structure factor vs. q2t at 323K , after the glass formation. q − values
increase from up to down with step 2.
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All the above findings illustrate the fact that the glass is a meta-stable phase of the system
and the equilibrium state is an FCC crystal. We verified this result performing an inverse
simulation run, where we chose an FCC crystal as the initial configuration and let the
system find its equilibrium state. The result was a very similar equilibrium state as the
one that corresponds to the simulation which was started from the amorphous
configuration. Fig. 7.21 contains a comparison between the radial distribution functions
of the system from the two runs. The small discrepancies between the two curves
originate from the slugginess of crystallization kinetics.
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Fig. 7.21
The radial distribution function at T = 323K , from amorphous

initial configuration

(black line), and from FCC initial configuration (red line).
Crystallization kinetics slows down further with increasing temperature. So the formation
of a crystal at

T = 328 K was not feasible during the simulation time, although we

performed longer runs than the ones at T = 323K .

7.7

Conclusions

We performed a series of MD simulations of concentrated suspensions of ‘soft-spheres’
interacting through the potential of Eq. (7.1), which was designed to mimic the
interactions between multi-arm star polymers in suspensions under marginal solvent
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conditions. These studies intended to elucidate the physics underlying the
counterintuitive “gelation upon heating” reported experimentally4. Simulation findings
revealed structural changes (Figure 7.4) and, more importantly, features of a prolonged,
yet temporal, dynamical arrest of soft-sphere self-diffusion and overall kinetics (Figures
7.5, 7.12, 7.13, 7.15, 7.16) at temperatures differing by less than 5 o C from those
reported experimentally. These features conformed to the ideal glass transition scenario.
In particular, a two step relaxation of S inc was observed, in agreement with DLS
experiments4. The consequent lack of non-ergodicity was also reproduced by simulations.
The increase of the elastic modulus was weaker than that reported experimentally, due
the different frequency ranges accessible to experiments and simulations. Experimental
suggestions of mobile and immobile populations4 were not corroborated by simulation
findings. The tentative nature of these experimental findings, aging complications as well
as limitations of the simulation model (lack of appropriate friction) may account for these
discrepancies. The fact that the transition occurs to within 5 o C from the experimentally
reported value, constitutes a very successful test of the potential. The system undergoes a
jamming transition exhibiting features of vitrification.
Crystallization of these systems has not been reported explicitly. Continuing our
simulations further, after the ideal glass transition point, we verified this indication. At
T = 323K an FCC crystal was found to be formed for very long simulation times. This

leads to the conclusion that the glass is a meta-stable state of the system, although it
exists for a long time. The equilibrium state is an FCC crystal. However, the kinetics of
this transition is very slow and temperature increasing hinders it further.

7.8

Perspectives

More detailed comparisons with the ideal Mode Coupling Theory would require
supplementary simulations near the critical temperature at an interval of 5 o C with a
small T − step. In this way further quantitative results for the effect of temperature on the
glass formation could be extracted. Additional information for the “effective clusters”,
(i.e., the number of particles that they include, their “life-time”, their ratio over the total
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number of particles) would also give a further insight to the physical mechanism which
leads to the ideal glass transition.
Another interesting issue would be the effect of the degree of polydispersity on the
jamming transition. One could try size-polydispersity (on the

R H -values) or

polydispersity of functionality (number of arms), or even a combination of them.
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CHAPTER 8
8.

Conclusions

Two problems have been investigated in this thesis, with the use of computer simulations.
The ‘coil-to-globule’ transition of polymer chains in bulk solutions and near attractive
surfaces is the first subject. This problem has been investigated as a function of molecular
weight, solvent quality and surface energy in the later case, using Monte Carlo (MC)
simulations for flexible chains on a cubic lattice.
In the bulk case an unexpected dependence of RG on N was observed in the poor
solvent regime. An N -independent region for intermediate MW chains, accompanied by
a qualitative change in the form of the density distribution in the inner part of the chain,
was determined. Long chains in poor solvents tend to form a dense core and a relatively
thin surface layer, which constitutes the realization of a compact globular configuration.
The anomalous behavior, through which RG tends to its limiting dependence in poor
solvents, RG ~ N 1/ 3 , requires very long chains to be materialized. The N − limits of the
transition region depend on solvent quality, ( E ). Our results are in general agreement
with theoretical predictions for the nature of the coil-to-globule transition of flexible
chains. In particular we observe features of an incipient second order phase transition in
the thermodynamic limit with the transition point coinciding with the Θ -temperature for
N → ∞ . For finite chain lengths, the transition has a width proportional to N −1 / 2 and

occurs below Θ -temperature, which corresponds to E = 0.28 in our model.
Subsequently, we focused on the interplay of two competing transitions that affect the
conformations of polymer chains near an energetically active surface. The effect of the
presence of a surface near a polymer chain under specific solvent conditions on the “coilto-globule” transition and the effect of the solvent quality on the adsorption-desorption
transition were considered separately. We also studied the adsorbate shape, which
elucidates the interplay between adsorption energy and solvent quality.
The transition from an extended to a compact conformation of a polymer chain near an
attractive wall, going from good to poor solvent conditions, shows the same
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characteristics as the “coil-to-globule” transition in bulk. It maintains the features of a
second order phase transition in the thermodynamic limit and has a width proportional to
N −1 / 2 for finite chain lengths. The presence of the surface seems to influence only the

“transition point”, which does not lie in the bulk Θ − region but in a new region Θ′ which
is an increasing function of the wall energy.
The adsorption-desorption transition is affected by solvent conditions. The width of the
adsorption-desorption transition is specified by the N − dependence of the bulk radius of
gyration for a certain solvent quality. For very high molecular weights the width of the
transition is proportional to N −ν (where ν is the corresponding RG ,bulk exponent).
The conformation of the adsorbed chain is determined by the balance between the energy
gain (contacts with the solvent and the surface) and the entropy loss due to the
contraction under poor solvent conditions and localization close to the surface. There is a
relevant range of adsorption energies, where the chain assumes shapes intermediate
between droplets and platelets. For strong adsorption energies the chain assumes a
pancake-like configuration and the effect is more pronounced for long chains. For
marginal surface energies (near the adsorption-desorpion threshold) the adsorbed chain is
almost bulk-like (droplet or semi-droplet).
The main objective of the second study is to investigate, by means of Molecular
Dynamics simulations the temperature induced changes in colloidal superstructure and
star dynamics under marginal solvent conditions. To this end, multi-arm star polymers
are modeled as (structure-less) soft spheres interacting via the soft, long ranged potential
of Eq. (6.26).
These studies intended to elucidate the physics underlying the counterintuitive “gelation
upon heating” reported experimentally. Simulation findings revealed structural changes
and, more importantly, features of a prolonged, yet temporal, dynamical arrest of softsphere self-diffusion and overall kinetics at temperatures differing by less than 5 o C from
those reported experimentally, which constitutes a very successful test of the potential.
These features conformed to the ideal glass transition scenario. In particular, a two step
relaxation of S inc was observed, in agreement with DLS experiments. The consequent

146

Chapter 8: Conclusions

lack of non-ergodicity was also reproduced by simulations. The system undergoes a
jamming transition exhibiting features of vitrification.
Crystallization of these systems has not been reported explicitly. Continuing our
simulations further, after the ideal glass transition point, we verified this indication. At
T = 323K an FCC crystal was found to be formed for very long simulation times. This

leads to the conclusion that the glass is a meta-stable state of the system, although it
exists for a long time. The equilibrium state is an FCC crystal. However, the kinetics of
this transition is very slow and temperature increasing hinders it further.
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Appendix I
Mode Coupling Theory (MCT) for Glass Transition1
The idealized MCT deals with the structural dynamics of simple liquids, consisting of N
G

particles at positions r j . It attempts a description of the density correlator and its self-part
in terms of a fluctuating force correlator2. Every theory dealing with the dynamics of a
variable as a probe of structural relaxation in glassy systems relies on an understanding of
the dynamics of density rearrangements. Hence, the self-part of the density correlator is
defined in Eq. (6.27).

{ [

G G
G
Φ qs (t ) = exp iq ⋅ r j (t ) − r j (0)

]}

(6.27)

G

where, q is the wave vector. The equation of motion of Φ qs , in Brownian dynamics is
given by Eq. (6.28), where τ q is a single particle diffusive time and m q (t ) is a mode
coupling kernel that describes the cage effect3, which is thought to be the reason for the
glass transition.
t

τ q ∂ t Φ qs (t ) + Φ qs (t ) + ∫ m q (t − t ′)∂ t′ Φ qs (t ′)dt ′ = 0
0

(6.28)

The idealized MCT focuses on the solution of the self-consistent problem of the cage
formation and the motion of particles within the cages simultaneously. Within MCT,
glass states are given by non-zero solutions of Eq. (6.28) for the long time limit of
Φ qs (t → ∞) = f qs , which is called the non-ergodicity parameter. The glass transition is

marked by a discontinuous transition from the unique trivial solution in the liquid f qs = 0 ,
to multiple solutions in the glass, where only the highest solution is physically
acceptable. Glass transitions can be classified according to the number l − 1 of non-trivial
solutions merging with the highest one, and the type of transition is noted as Al .
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For liquid states close to the glass, a two step decay is observed for the correlator; the
plateau is at f qs and signals the proximity of the glass transition. Around this plateau Φ qs
shows some universal properties, depending on the type of transition. For the most
common type of transition A2 , the decay to the plateau and that from the plateau, can
both be expressed as power laws. The decay from the plateau is given by Eq. (6.29), with
hq(1) and hq( 2) being amplitudes and τ being the final or a − relaxation time scale. b is the

von Schweidler exponent, which depends on the details of the interaction potential.
Φ qs (t ) = f qs − hq(1) (t / τ ) b + hq( 2) (t / τ ) 2b + O((t / τ ) 3b )

(6.29)

Expression (6.29) implies time scaling for the decay from the plateau, called a − decay,
for different states close to the glass transition.
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