.

METAPTUQIAKH ERGASIA

DUNAMIKA SUSTHMATA QWRIS PERIODIKES TROQIES ANTIPARADEIGMATA STHN EIKASIA TOU SEIFERT

ELENH MENIOUDAKH

PANEPISTHMIO KRHTHS TMHMA MAJHMATIKWN OKTWBRIOS 2000

.

.

H metaptuqiakă aută ergasÐa ègine sto Tmăma Majhmatikÿn tou PanepisthmÐou Krăthc kai katatèjhke ton Oktÿbrio tou 2000. Epiblèpwn ătan o K. Ajanasìpouloc.

Thn epitropă axiolìghshc apotèlesan oi K. Ajanasìpouloc, D. GatzoÔrac kai Q. Kourouniÿthc.

.

.

...stouc goneÐc mou kai sth Bibă...

.

PERIEQOMENA

Eisagwgă I. DianusmatikĹ pedÐa kai DunamikĹ sustămata

1. DianusmatikĹ pedÐa se pollaplìthtec 1 2. DunamikĹ sustămata 3 II. DunamikĹ sustămata tou Denjoy

1. Anartăseic 6 2. AmfidiaforÐseic tou Denjoy ston S^1 9 3. DianusmatikĹ pedÐa tou Denjoy ston T^2 17 III. To C^1 antiparĹdeigma tou Schweitzer sthn eikasÐa tou Seifert 1. Plugs 18 2. ’Ena C^∞ dianusmatikì pedÐo sthn S^3 me mÐa mìno periodikă troqiĹ 21 3. To C^1 antiparĹdeigma tou Schweitzer sthn eikasÐa tou Seifert 24 IV. To C^∞ antiparĹdeigma thc K. Kuperberg sthn eikasÐa tou Seifert 1. H plug thc K. Kuperberg 26 2. H aperiodikìthta thc plug thc K. Kuperberg 30 Anaforèc ParĹrthma

.

Eisagwgă

To jèma autăc thc ergasÐac eÐnai h kataskeuă dunamikÿn susthmĹtwn sthn 3-sfaÐra, qwrÐc periodikèc troqièc kai qwrÐc stajerĹ shmeÐa. ’Opwc eÐnai gnwstì, se Ĺllec sumpageÐc 3-pollaplìthtec qwrÐc sÔnoro, ìpwc gia parĹdeigma ston 3-torus T^3, upĹrqoun tètoia dunamikĹ sustămata. To 1950 o H. Seifert apèdeixe ìti kĹje C^1 dianusmatikì pedÐo sthn S^3, tou opoÐou ta dianÔsmata sqhmatÐzoun arketĹ mikrèc gwnÐec me to dianusmatikì pedÐo pou efĹptetai thc Hopf fibration, èqei toulĹqiston mÐa periodikă troqiĹ. Tautìqrona diatÔpwse to erÿthma, an kĹje dianusmatikì pedÐo sthn S^3 qwrÐc stajerĹ shmeÐa, èqei toulĹqiston mÐa periodikă troqiĹ. Apì tìte èginan prospĹjeiec apìdeixhc thc eikasÐac, gia eidikèc klĹseic dianusmatikÿn pedÐwn, allĹ kai arnhtikăc apĹnthsăc thc. To prÿto antiparĹdeigma dìjhke apì ton P. Schweitzer [Sch] to 1974, pou ătan ìmwc mìno C^1 kai den mporeÐ na gÐnei perissìtero leÐo. To 1988 dìjhke C^2 antiparĹdeigma apì thn J. Harrison. To C^∞ antiparĹdeigma dìjhke to 1994 apì thn K. Kuperberg [KuK]. H kataskeuă tou antiparadeÐgmatoc autoÔ sthrÐzetai sthn idèa tou Schweitzer kai qrhsimopoieÐ th mèjodo twn plugs.

Sto antiparĹdeigma tou P. Schweitzer, xekinĹme me èna mh-mhdenizìmeno C^∞ dianusmatikì pedÐo X_1 sthn S^3 me mÐa mìno periodikă troqiĹ. Stìqoc eÐnai na {spĹsoume} autăn thn troqiĹ, qwrÐc ìmwc na dhmiourghjoÔn kainoÔriec periodikèc troqièc. JewroÔme mÐa amfidiafìrish Denjoy ston kÔklo. Prìkeitai gia mÐa C^1 amfidiafìrish f : S^1 → S^1 pou diathreÐ ton prosanatolismì kai èqei èna mh-tetrimmèno elĹqisto sÔnolo L, omoiomorfikì me to sÔnolo tou Cantor. Me th mèjodo thc anĹrthshc kataskeuĹzetai èna C^1 dianusmatikì pedÐo ston mapping torus thc f. Kajÿc autìc eÐnai C^1 amfidiaforÐsimoc me ton torus T^2, paÐrnoume èna C^1 dianusmatikì pedÐo V ston T^2. To V èqei èna mhtetrimmèno elĹqisto sÔnolo M kai kamÐa stajeră, periodikă ă puknă troqiĹ ston T^2. H kataskeuă aută parousiĹzetai analutikĹ sto kefĹlaio II.

Sto kefĹlaio III, afoÔ parousiĹsoume tic basikèc ènnoiec thc jewrÐac twn plugs, perigrĹfoume leptomerÿc to antiparĹdeigma tou Schweitzer. OrÐzoume sthn 3−pollaplìthta T^2 × [−1, 1] èna C^1 dianusmatikì pedÐo E, to opoÐo èqei monadikì elĹqisto sÔnolo to M × {0} kai kataskeuĹzoume mÐa plug Φ pou èqei bĹsh ton T^2 \ {eswterikì enìc dÐskou} kai den èqei periodikèc troqièc. EisĹgoume tìte thn Φ se èna flow box gÔrw apì èna shmeÐo thc periodikăc troqiĹc tou X_1, pou antistoiqeÐ se shmeÐo tou sunìlou M × [−1, 1]. Etsi paÐrnoume èna C^1 dianusmatikì pedÐo S sthn S^3, qwrÐc periodikèc troqièc kai qwrÐc stajerĹ shmeÐa. To S den epidèqetai beltÐwsh sto bajmì diaforisimìthtĹc tou, diìti h kataskeuă tou sthrÐzetai sthn amfidiafìrish Denjoy, pou eÐnai mìnon C^1, afoÔ den upĹrqoun C^2 amfidiaforÐseic Denjoy.

H K. Kuperberg xekinĹ me to X_1 sthn S^3 kai me mÐa plug W, {tÔpou} Wilson. H W, h opoÐa èqei forèa ton stereì torus W = {(r, θ, z) : r, z ∈ [−1, 1], θ ∈ R/10Z}, èqei akribÿc dÔo periodikèc troqièc T_1, T_2 stajerăc aktÐnac r = 0, sta epÐpeda z = −^1_2 kai z = +^1_2 . KĹnontac eisagwgă thc W sthn periodikă troqiĹ L tou X_1, dhmiourgeÐtai èna nèo pedÐo sthn S^3 ìpou h L èqei katastrafeÐ, allĹ èqoun dhmiourghjeÐ dÔo kainoÔriec periodikèc troqièc, oi T_1, T_2. H idèa thc Kuperberg ătan, prin kĹnei eisagwgă thc W sthn S^3, na kĹnei prÿta eisagwgă thc W ston eautì thc, ÿste na spĹsei tic periodikèc thc troqièc. ’Etsi dhmiourgeÐtai mÐa kainoÔria plug K, qwrÐc periodikèc troqièc, h opoÐa eisĹgetai plèon se èna flow box gÔrw apì èna shmeÐo thc troqiĹc L tou X_1, pou antistoiqeÐ se shmeÐo thc morfăc (0, θ, −1). To apotèlesma eÐnai èna C^∞ dianusmatikì pedÐo sthn S^3, qwrÐc stajerĹ shmeÐa kai qwrÐc periodikèc troqièc.

.

I. DIANUSMATIKA PEDIA KAI DUNAMIKA SUSTHMATA

1. DianusmatikĹ pedÐa se pollaplìthtec.

JewroÔme mia C^∞ n-pollaplìthta M kai 1 ≤ k ≤ ∞. ’Ena C^k dianusmatikì pedÐo sthn M eÐnai mÐa C^k apeikìnish ξ : M → T M, tètoia ÿste gia kĹje p ∈ M to ξ(p) eÐnai èna efaptìmeno diĹnusma thc M me shmeÐo efarmogăc to p. MÐa C^k kampÔlh γ : I → M, ìpou to I ⊂ R eÐnai èna anoiktì diĹsthma, lègetai oloklhrwtikă kampÔlh tou ξ, an γ̇(t) = ξ(γ(t)) gia kĹje t ∈ I. H apìdeixh tou akìloujou Jewrămatoc brÐsketai sto [Boo], Ch. IV, Theorem 4.2.

Jeÿrhma 1.1. ’Estw ξ èna C^k dianusmatikì pedÐo, 1 ≤ k ≤ ∞, sthn pollaplìthta M. Tìte gia kĹje p ∈ M upĹrqoun mÐa anoiktă perioqă V, èna ϵ > 0 kai mÐa C^k apeikìnish ϕ^V : (−ϵ, ϵ) × V → M, ÿste ∂ϕ^V ∂t (s, q) = ξ(ϕ^V (s, q)) gia kĹje (s, q) ∈ (−ϵ, ϵ)×V kai ϕ^V (0, q) = q gia kĹje q ∈ V. Epiplèon, gia kĹje oloklhrwtikă kampÔlh γ : I → M tou ξ, me γ(0) = q ∈ V, isqÔei ϕ^V (·, q)|_{I∩(−ϵ,ϵ)} = γ|_{I∩(−ϵ,ϵ)}. EidikĹ, h ϕ^V eÐnai monadikă, dhladă an ϵ^′, V^′ eÐnai èna Ĺllo tètoio zeÔgoc pou antistoiqeÐ sto p ∈ M, tìte ϕ^V = ϕ^{V ′} sto ((−ϵ, ϵ) × V ) ∩ ((−ϵ^′, ϵ^′) × V^′).

H ϕ^V lègetai topikă roă tou ξ gÔrw apì to p. Sth sunèqeia, upojètoume pĹnta ìti to ξ eÐnai èna C^k dianusmatikì pedÐo sthn C^∞ n-pollaplìthta M, 1 ≤ k ≤ ∞.

Prìtash 1.2. Gia kĹje p ∈ M upĹrqei èna monadikì anoiktì diĹsthma I_p = (a_p, b_p) pou perièqei to 0, me tic akìloujec idiìthtec

a) UpĹrqei mÐa oloklhrwtikă kampÔlh γ : I_p → M tou ξ, me γ(0) = p. b) An g : I → M eÐnai mÐa opoiadăpote Ĺllh oloklhrwtikă kampÔlh tou ξ me g(0) = p, tìte I ⊂ I_p kai g = γ|I.

Dhladă gia kĹje p ∈ M upĹrqei mÐa mègisth oloklhrwtikă kampÔlh ϕ_p : I_p → M me arqikă sunjăkh ϕ_p(0) = p. (Bl. [Boo], Ch. IV, Theorem 4.3.)

Lămma 1.3. ’Estw p ∈ M, t ∈ I_p kai q = ϕ_p(t). Tìte I_q = I_p − t = (a_p − t, b_p − t) = (a_q, b_q) kai ϕ_q(s) = ϕ_p(t + s) gia kĹje s ∈ I_q. (Bl. [Boo], Ch. IV, Corollary 4.4.)

Jètoume tÿra D(ξ) = {(t, p) ∈ R×M : t ∈ I_p}. To D(ξ) perièqei mÐa anoiktă perioqă tou {0}×M. H kalÿc orismènh apeikìnish ϕ : D(ξ) → M me tÔpo ϕ(t, p) = ϕ_p(t) lègetai roă tou ξ kai ikanopoieÐ

i) ϕ(0, p) = p gia kĹje p ∈ M.

ii) ϕ(t, ϕ(s, p)) = ϕ(t + s, p) opotedăpote kĹpoio apì ta dÔo mèlh orÐzetai, opìte orÐzetai kai to Ĺllo kai eÐnai Ðsa apì to Lămma 1.3.

Jeÿrhma 1.4. To D(ξ) eÐnai anoiktì uposÔnolo tou R × M kai h roă ϕ eÐnai C^k apeikìnish. (Bl. [Boo], Ch. IV, Theorem 4.5.)

To I_p endèqetai na mhn eÐnai olìklhro to R, dhladă D(ξ) ⫋ R × M en gènei. An D(ξ) = R × M, tìte to ξ lègetai plărec dianusmatikì pedÐo. KĹje dianusmatikì pedÐo pou orÐzetai se sumpagă pollaplìthta, eÐnai plărec. (Bl. [Boo], Ch.IV, Corollary 5.6). An ϕ : D → M eÐnai mÐa leÐa roă, orÐzetai to leÐo dianusmatikì pedÐo ξ : M → T M me tÔpo ξ(p) = ∂ϕ∂t (0, p). To ξ lègetai apeirostikìc gennătorac thc ϕ. H topikă roă gÔrw apì èna shmeÐo sto opoÐo to ξ de mhdenÐzetai, perigrĹfetai apì to akìloujo.

Jeÿrhma 1.5. (’Uparxhc flow box) ’Estw ξ èna leÐo dianusmatikì pedÐo sthn n-pollaplìthta M kai p ∈ M. An ξ(p) ≠ 0, tìte upĹrqei ènac qĹrthc (U, σ) me p ∈ U, ÿste ξ|_U = ∂ ∂x^1 . (Bl. [Boo], Ch. IV, Theorem 3.14.)

H sumperiforĹ aută, eÐnai eidikă perÐptwsh thc ènnoiac thc foliation. JewroÔme mÐa C^∞ n-pollaplìthta M, me ă qwrÐc sÔnoro kai A = {(U_i, ψ_i) : i ∈ I} ènan C^r Ĺtlanta thc M, 0 ≤ r ≤ ∞. ’Estw F = {L_j : j ∈ J} mÐa oikogèneia sunektikÿn katĹ tìxa uposunìlwn thc M. Ja lème ìti h F eÐnai mÐa k-diĹstath C^r foliation thc M, an 1) L_j ∩ L_m = ∅ gia kĹje j, m ∈ J me j ≠ m. 2) ⋃ j∈J L_j = M. 3) gia kĹje p ∈ M upĹrqei qĹrthc (U_i, ψ_i) ∈ A gÔrw apì to p, tètoioc ÿste gia kĹje L_j ∈ F me U_i ∩L_j ≠ ∅, j ∈ J, kĹje sunektikă katĹ tìxa sunistÿsa tou ψ_i(U_i ∩L_j) eÐnai thc morfăc {(x_1, x_2, ..., x_n) ∈ ψ_i(U_i) : x_{k+1} = c_{k+1}, x_{k+2} = c_{k+2}, ..., x_n = c_n}, ìpou oi c_{k+1}, c_{k+2}, ..., c_n eÐnai stajerèc pou orÐzontai apì thn sunektikă katĹ tìxa sunistÿsa. Dhladă mÐa k -foliation F, eÐnai ènac Ĺtlac qartÿn sto R^n pou diathroÔn th diamèrish tou R^n se kìpiec tou R^k , h opoÐa apoteleÐ thn tetrimmènh k -foliation tou R^n .

OnomĹzoume to L_j fÔllo thc foliation F, pou eÐnai profanÿc immersed upopollaplìthta thc M. MÐa pollaplìthta M efodiasmènh me mÐa foliation F, onomĹzetai foliated pollaplìthta. ’Enac qĹrthc (U_i, ψ_i) ∈ A pou ikanopoieÐ thn idiìthta 3) onomĹzetai foliated qĹrthc ă foliated perioqă. (Bl. [Tam], Ch. IV, §16). Apì to Jeÿrhma Ôparxhc flow box, prokÔptei ìti kĹje C^k dianusmatikì pedÐo pou de mhdenÐzetai poujenĹ, orÐzei mÐa 1-diĹstath C^k foliation, me fÔlla tic eikìnec twn oloklhrwtikÿn kampulÿn tou pedÐou.

’Estw tÿra M mÐa n-pollaplìthta, F mÐa k-foliation sthn M kai N mÐa jupopollaplìthta thc M me j + k ≥ n. Oi N kai F tèmnontai egkĹrsia sto p ∈ M an upĹrqei qĹrthc (U, ψ) tou p sthn M, ÿste h F|_U na apeikonÐzetai mèsw thc ψ se parĹllhla k-epÐpeda pou tèmnoun to j-epÐpedo ψ(U ∩ N) ⊂ R^n se (j + k − n)-epÐpeda. Dhladă isqÔei T_pM = T_pN + T_pL_j gia kĹje j ∈ J me p ∈ L_j.

MÐa n-pollaplìthta me o-gwnÐec eÐnai ènac sumpagăc 2oc arijmăsimoc qÿroc Hausdorff, pou eÐnai topikĹ omoiomorfikìc me kĹpoio anoiktì uposÔnolo tou O = {(x_1, ..., x_n) ∈ R^n : x_k ≥ 0 gia kĹje k = 1, 2, ...n}. Sthn ergasÐa aută ja jewrăsoume C^∞ n-pollaplìthtec me o-gwnÐec, pou orÐzontai me entelÿc anĹlogo trìpo ìpwc oi C^∞ pollaplìthtec me sÔnoro. Profanÿc kĹje C^∞ pollaplìthta me sÔnoro, eÐnai C^∞ pollaplìthta me o-gwnÐec. ’Omwc èna parallhlepÐpedo, gia parĹdeigma, eÐnai C^∞ pollaplìthta me o-gwnÐec, allĹ ìqi C^∞ pollaplìthta me sÔnoro. Bèbaia kĹje pollaplìthta me o-gwnÐec eÐnai topologikă pollaplìthta me sÔnoro.

MÐa foliation se mÐa C^∞ n-pollaplìthta me o-gwnÐec M eÐnai mÐa foliation tou eswterikoÔ thc M, pou epekteÐnetai se mÐa foliation mÐac anoiktăc C^∞ n-pollaplìthtac pou perièqei thn M.

2. DunamikĹ sustămata.

’Ena C^k dunamikì sÔsthma, 0 ≤ k ≤ ∞, me suneqă qrìno se mÐa pollaplìthta, eÐnai èna zeÔgoc (M, Φ), ìpou M eÐnai mÐa pollaplìthta kai Φ : R × M → M mÐa C^k apeikìnish pou ikanopoieÐ

i) Φ(0, x) = x gia kĹje x ∈ M.

ii) Φ(t + s, x) = Φ(s, Φ(t, x)) gia kĹje t, s ∈ R kai gia kĹje x ∈ M. H pollaplìthta M onomĹzetai qÿroc fĹsewn tou sustămatoc kai h apeikìnish Φ lègetai roă. SuqnĹ, ìmwc, de gÐnetai diaqwrismìc twn ennoiÿn thc roăc kai tou dunamikoÔ sustămatoc. Oloklhrÿnontac èna plărec leÐo dianusmatikì pedÐo, paÐrnoume èna dunamikì sÔsthma sthn M. AntÐstrofa, an Φ eÐnai èna C^∞ dunamikì sÔsthma, o tÔpoc ∂Φ∂t (0, x) = V(x) orÐzei èna C^∞ dianusmatikì pedÐo sthn M. An ston parapĹnw orismì antikatastăsoume to R me to Z, èqoume ton orismì enìc dunamikoÔ sustămatoc me diakritì qrìno. Sthn perÐptwsh aută, upĹrqei mÐa C^k amfidiafìrish f : M → M, tètoia ÿste Φ(k, x) = f^k(x) gia kĹje k ∈ Z kai x ∈ M. Oi parakĹtw orismoÐ èqoun nìhma gia dunamikĹ sustămata me suneqă, allĹ kai diakritì qrìno.

To sÔnolo C(x) = {Φ(t, x) : t ∈ R} onomĹzetai troqiĹ tou shmeÐou x ∈ M, to sÔnolo C^+(x) = {Φ(t, x) : t ∈ R^+ } jetikă hmitroqiĹ tou x, enÿ to sÔnolo C^−(x) = {Φ(t, x) : t ∈ R^− } arnhtikă hmitroqiĹ tou x. ’Ena sÔnolo A ⊂ M onomĹzetai jetikĹ analloÐwto, an C^+(x) ⊂ A gia kĹje x ∈ A kai arnhtikĹ analloÐwto, an C^−(x) ⊂ A gia kĹje x ∈ A. To A lègetai analloÐwto, an C(x) ⊂ A gia kĹje x ∈ A.

Lămma 2.1. ’Estw A ⊂ M èna analloÐwto sÔnolo. Tìte kai ta A, M \ A eÐnai analloÐwta sÔnola. (Bl. [Sib], Ch.1, Theorem 4.4, Theorem 4.5.)

’Estw (M, Φ) èna dunamikì sÔsthma. Gia kĹje x ∈ M orÐzetai h suneqăc kai epÐ apeikìnish Φ_x : R → C(x) ⊂ M me tÔpo Φ_x(t) = Φ(t, x). To sÔnolo C_x = Φ^{−1}_x (x) = {t ∈ R : Φ(t, x) = x} eÐnai kleistă prosjetikă upoomĹda tou R kai onomĹzetai omĹda isotropÐac tou shmeÐou x. To akìloujo Lămma apodeiknÔetai eÔkola.

Lămma 2.2. ’Estw H mÐa kleistă upoomĹda tou R. Tìte isqÔei akribÿc èna apì ta parakĹtw. a) H = R. b) UpĹrqei λ > 0 tètoio ÿste H = λZ. g) H = {0}. An gia kĹpoio x ∈ M isqÔei C_x = R, tìte C(x) = {x} kai to x lègetai stajerì shmeÐo, enÿ an C_x = λZ, tìte to x lègetai periodikì shmeÐo, h troqiĹ tou C(x) periodikă troqiĹ kai eÐnai omoiomorfikă me ton S^1. An tÿra C_x = {0}, tìte h Φ_x : R → C(x) eÐnai mÐa suneqăc, 1-1 kai epÐ sunĹrthsh kai isqÔoun ta akìlouja.

Lămma 2.3. ’Estw x ∈ M me C_x = {0}. Tìte h troqiĹ C(x) eÐnai omoiomorfikă me to R, an kai mìno an h Φ_x eÐnai omoiomorfismìc. (Bl. [Sib], Ch. II, Corollary 2.11)

Jeÿrhma 2.4. ’Estw x ∈ M me C_x = {0}. Tìte h troqiĹ C(x) den eÐnai omoiomorfikă me to R, an kai mìno an upĹrqei mÐa akoloujÐa (t_n)_{n∈N} sto R pou apoklÐnei jetikĹ ă arnhtikĹ, ÿste Φ(t_n, x) → x sthn M. (Bl. [Sib], Ch. II, Corollary 1.11)

JewroÔme pĹli èna dunamikì sÔsthma (M, Φ). OnomĹzoume jetikì oriakì sÔnolo tou shmeÐou x ∈ M, to sÔnolo L^+(x) = {y ∈ M : upĹrqoun t_n → +∞ me Φ(t_n, x) → y}, enÿ to L^−(x) = {y ∈ M : upĹrqoun t_n → −∞ me Φ(t_n, x) → y} lègetai arnhtikì oriakì sÔnolo tou x ∈ M. To akìloujo Jeÿrhma brÐsketai sto [Bh-Sz], Ch.2, Theorem 3.4.

Jeÿrhma 2.5. ’Estw (M, Φ) èna dunamikì sÔsthma kai x ∈ M. Tìte isqÔoun ta akìlouja.

a) C^±(x) = C^±(x) ∪ L^±(x).

b) Ta L^+(x), L^−(x) eÐnai kleistĹ kai analloÐwta sÔnola.

’Ena sÔnolo K ⊂ M onomĹzetai elĹqisto, an eÐnai mh-kenì, kleistì, analloÐwto kai kanèna gnăsio uposÔnolì tou den èqei tic Ðdiec idiìthtec. Apì to Lămma tou Zorn prokÔptei ìti kĹje dunamikì sÔsthma s’ ènan sumpagă qÿro èqei elĹqista sÔnola. To elĹqisto sÔnolo K ja lègetai tetrimmèno, an eÐnai èna stajerì shmeÐo ă mÐa periodikă troqiĹ ă K = M. ’Enac qrăsimoc qarakthrismìc twn elĹqistwn sunìlwn dÐnetai apì ta Jewrămata 2.6 kai 2.7, h apìdeixh twn opoÐwn brÐsketai sto [Bh-Sz], Ch.3, Theorem 3.2, Theorem 3.4.

Jeÿrhma 2.6. ’Ena mh-kenì sÔnolo K ⊂ M eÐnai elĹqisto, an kai mìno an gia kĹje x ∈ K isqÔei C(x) = K.

Jeÿrhma 2.7. ’Estw K ⊂ M èna mh-kenì, sumpagèc sÔnolo. Tìte ta akìlouja eÐnai isodÔnama

a) To K eÐnai elĹqisto. b) C(x) = K gia kĹje x ∈ K. g) C^+(x) = K gia kĹje x ∈ K. d) C^−(x) = K gia kĹje x ∈ K. e) L^+(x) = K gia kĹje x ∈ K. st) L^−(x) = K gia kĹje x ∈ K.

Sthn paroÔsa ergasÐa ja mac apasqolăsoun elĹqista sÔnola ston S^1 kai ston torus T^2. Gia to lìgo autì anafèroume ta parakĹtw Jewrămata.

Jeÿrhma 2.8. (Denjoy) An h f : S^1 → S^1 eÐnai mÐa C^2 amfidiafìrish pou diathreÐ ton prosanatolismì, tìte h f den èqei kanèna mh-tetrimmèno elĹqisto sÔnolo. (Bl. [Tam], Ch.1, Theorem 1.7.)

Jeÿrhma 2.9. (Schwartz) ’Estw M mÐa 2-pollaplìthta kai ϕ : R × M → M mÐa C^2 roă sthn M. An to A ⊂ M eÐnai èna sumpagèc elĹqisto sÔnolo, tìte eÐte to A eÐnai stajerì shmeÐo, eÐte eÐnai mÐa periodikă troqiĹ, eÐte A = M. (Bl. [Schw].)

Ta elĹqista sÔnola diakritÿn dunamikÿn susthmĹtwn tou S^1 pou diathroÔn ton prosanatolismì, kajorÐzontai apì ton arijmì strofăc tou Poincaré.

Jeÿrhma 2.10. (Poincaré) ’Estw f : S^1 → S^1 ènac omoiomorfismìc pou diathreÐ ton prosanatolismì. Tìte to ìrio

ρ(f) = lim_{n→+∞} f̃^n(t) − t n upĹrqei gia kĹje t ∈ R, eÐnai anexĹrthto tou t kai anexĹrthto (mod 1) apì thn anÔywsh f̃ : R → R tou f. O ρ(f) onomĹzetai arijmìc strofăc tou Poincaré. (Bl. [Ar-Be-Zh], Ch.5, §1).

Jeÿrhma 2.11. (Poincaré) ’Estw f : S^1 → S^1 ènac omoiomorfismìc pou diathreÐ ton prosanatolismì.

a) An o ρ(f) eÐnai rhtìc, tìte kĹje elĹqisto sÔnolo tou f eÐnai stajerì shmeÐo ă periodikă troqiĹ.

b) An o ρ(f) eÐnai Ĺrrhtoc, tìte o f èqei èna monadikì elĹqisto sÔnolo K ⊂ S^1 kai eÐte K = S^1, eÐte to K eÐnai èna sÔnolo Cantor kai L^+(x) = L^−(x) = K gia kĹje x ∈ S^1. (Bl. [Ar-Be-Zh], Ch.5, §1.)

O arijmìc strofăc Poincaré eÐnai anexĹrthtoc apì hmisuzugÐec, ìpwc deÐqnei to akìloujo.

Jeÿrhma 2.12. ’Estw D to sÔnolo twn auxìntwn omoiomorfismÿn tou R, thc morfăc Φ + id, ìpou h Φ eÐnai periodikă sunĹrthsh tou R me perÐodo 1. ’Estw epÐshc H : R → R mÐa suneqăc sunĹrthsh thc morfăc H = ψ + id, ìpou h ψ eÐnai suneqăc kai periodikă sunĹrthsh periìdou 1. An oi F, G ∈ D ikanopoioÔn thn H ∘F = G∘H, tìte ρ(F ) = ρ(G), ìpou ρ eÐnai o arijmìc strofăc tou Poincaré. (Bl. [Ar-Be-Zh], Ch.5, Lemma 1.5.)

II. DUNAMIKA SUSTHMATA TOU DENJOY

1. Anartăseic

Sto kefĹlaio autì ja kataskeuĹsoume èna dianusmatikì pedÐo ston torus, qwrÐc stajerĹ shmeÐa, qwrÐc periodikèc troqièc kai qwrÐc troqièc puknèc ston torus, opìte to pedÐo ja èqei èna mh-tetrimmèno elĹqisto sÔnolo. Apì to Jeÿrhma I.2.9 gnwrÐzoume ìti èna tètoio pedÐo mporeÐ na eÐnai to polÔ C^1. Gia to lìgo autì, ja perigrĹyoume mÐa genikă kataskeuă suneqoÔc roăc apì mÐa diakrită roă.

’Estw N mÐa C^∞ n−pollaplìthta kai f : N → N mÐa C^r amfidiafìrish, r ≥ 0. Sto kartesianì ginìmeno R × N orÐzoume thn apeikìnish g : R × N → R × N me tÔpo g(s, x) = (s − 1, f(x)), pou eÐnai C^r amfidiafìrish tou R × N epÐ tou eautoÔ tou. Sto R × N orÐzetai h diakrită roă π : Z × (R × N) → R × N me tÔpo π(k, (s, x)) = g^k(s, x) = (s − k, f^k(x)). H parapĹnw drĹsh tou Z sto R × N me gennătora g eÐnai gnăsia asuneqăc. PrĹgmati, gia kĹje (s, x) ∈ R × N, epilègoume perioqă U = (s − ϵ, s + ϵ) × N, me 0 < ϵ <^1_2 . Tìte g^k(U) ∩ U = ∅, gia kĹje k ∈ Z, k ≠ 0.

Sto sÔnolo R × N, orÐzoume th sqèsh isodunamÐac (s, x) ∼_g (s^′, x^′) an kai mìno an upĹrqei k ∈ Z,tètoio ÿste (s^′, x^′) = g^k(s, x), dhladă s^′ = s − k kai x^′ = f^k(x), ă isodÔnama ta (s, x) kai (s^′, x^′) anăkoun sthn Ðdia g-troqiĹ. ’Estw M = R × N/ ∼_g o qÿroc twn g troqiÿn kai p : R ×N → M h apeikìnish phlÐko. O M onomĹzetai mapping torus thc f. AfoÔ h drĹsh tou Z epÐ tou R × N me gennătora g eÐnai gnăsia asuneqăc, o M gÐnetai C^r (n + 1)-pollaplìthta kai h probolă p : R × N → M eÐnai kanonikă apeikìnish epikĹluyhc me omĹda twn covering transformations thn {g^k : k ∈ Z} ∼= Z (Bl. [Mas], Ch. 5, Proposition 8.2).

Sto R × N, h C^∞ roă ϕ̃ : R × (R × N) → R × N me tÔpo ϕ̃(t, (s, x)) = (t + s, x) èqei apeirostikì gennătora to C^∞ dianusmatikì pedÐo ζ = ( ddt, 0).

Sthn M orÐzetai h C^r roă ϕ : R × M → M me tÔpo ϕ(t, p(s, x)) = p(t + s, x). H ϕ orÐzetai kalÿc. PrĹgmati, an (t_1, p(s_1, x_1)), (t_2, p(s_2, x_2)) ∈ R × M, èqoume (t_1, p(s_1, x_1)) = (t_2, p(s_2, x_2)), tìte kai mìno tìte ìtan t_1 = t_2 kai p(s_1, x_1) = p(s_2, x_2), dhladă t_1 = t_2 kai upĹrqei k ∈ Z tètoio ÿste s_2 = s_1 − k kai x_2 = f^k(x), opìte ϕ(t_2, p(s_2, x_2)) = p(t_2 + s_2, x_2) = p(t_1 + s_1 − k, f^k(x_1)) = p(g^k(t_1 + s_1, x_1)) = p(t_1 + s_1, x_1) = ϕ(t_1, p(s_1, x_1)). H roă (M, ϕ) onomĹzetai anĹrthsh thc diakrităc roăc (R × N, π). An r ≥ 1, o apeirostikìc gennătorac thc ϕ sthn M, eÐnai to C^r dianusmatikì pedÐo ξ me tÔpo ξ(p(s, x)) = p_{∗(s,x)}(ζ(s, x)). Kat’ arqăn, to ξ eÐnai kalĹ orismèno. PrĹgmati, èstw ìti p(s, x) = p(s^′, x^′). IsodÔnama, (s^′, x^′) = g^k(s, x) = (s − k, f^k(x)) gia kĹpoio k ∈ Z. AfoÔ h p : R × N → M eÐnai apeikìnish epikĹluyhc, kĹje p(s, x) ∈ M èqei mÐa sunektikă anoiqtă perioqă U ⊆ M, tètoia ÿste p^{−1}(U) = ⋃ j∈J V_j, me V_j ⊂ R × N kai V_i ∩ V_j = ∅ gia kĹje i ≠ j kai h p periorismènh sto V_j na eÐnai omoiomorfismìc epÐ tou U gia kĹje j ∈ J. ’Estw loipìn (s, x) ∈ V_i kai g^k(s, x) ∈ V_j . Tìte (p |_{Vj} )^{−1} ∘ p |_{Vi} = g^k : V_i → V_j , epeidă h g dra gnăsia asuneqÿc kai g^k(s, x) ∈ V_j . ’Omwc

(g^k)_∗ ( d dt 0 ) = ( 1 0 0 (f^k)_∗ ) ( d dt 0 ) = ( d dt 0 ) , dhladă g^k_∗ ζ = ζ kai epomènwc

(p_{∗g}k_{(s,x)})^{−1} ∘ (p_{∗(s,x)})[( d dt , 0)(s, x)] = ( d dt , 0)(g^k(s, x)), ă isodÔnama p_{∗(s,x)}(ζ(s, x)) = p_{∗g}k_{(s,x)}(ζ(g^k(s, x)). Ara ξ(p(s, x)) = ξ(p(s^′, x^′)). To ξ de mhdenÐzetai poujenĹ sto M, diìti h p eÐnai topikă C^r amfidiafìrish, epomènwc h p_{∗(s,x)} eÐnai isomorfismìc gia kĹje (s, x) ∈ R × N.

To ξ èqei tÿra roă thn ϕ, diìti ∂ϕ∂t (0, p(s, x)) = p_{∗(s,x)}(ζ(s, x)) = ξ(p(s, x)) = ξ(ϕ(0, p(s, x))). ’Estw tÿra N_0 = {0} × N ⊂ R × N. Gia kĹje x, y ∈ N, èqoume p(0, x) = p(0, y) an kai mìno an upĹrqei k ∈ Z, tètoio ÿste (0, y) = g^k(0, x) = (−k, f^k(x)), isodÔnama k = 0 kai x = y, dhladă h p |_{N0} : N_0 → p(N_0) eÐnai C^r amfidiafìrish tou N_0 epÐ thc eikìnac tou, afoÔ h p eÐnai topikă amfidiafìrish. Gia to p(N_0) isqÔei to akìloujo.

Lămma 1.1. (a) To p(N_0) eÐnai kleistì sthn M kai egkĹrsio stic troqièc tou ξ.

(b) KĹje troqiĹ tou ξ tèmnei to p(N_0). (g) ϕ(1, p(0, x)) = p(1, x) = p(0, f(x)).

Apìdeixh. a) ’Eqoume ìti p^{−1}(M \ p(N_0)) = ⋃ k∈Z{(k, k + 1) × N}, pou eÐnai anoiktì sto R × N, epomènwc to p(N_0) eÐnai kleistì sthn M. EpÐshc, afoÔ h p eÐnai topikă amfidiafìrish, p_∗ζ = ξ kai

< ζ(0, x) > +T_{(0,x)}N_0 = T_{(0,x)}(R × N) = T_{(0,x)}N,

èqoume p_{∗(0,x)}ζ + T_{p(0,x)}p(N_0) = T_{p(0,x)}M, dhladă < ξ(p(0, x)) > +T_{p(0,x)}p(N_0) = T_{p(0,x)}M, epomènwc to p(N_0) eÐnai egkĹrsio stic troqièc tou ξ.

b) Apì ton tÔpo thc roăc ϕ tou ξ èqoume ìti an p(s, x) ∈ M, tìte ϕ(−s, p(s, x)) = p(0, x) ∈ p(N_0), dhladă h troqiĹ tou ξ pou pernĹ apì to shmeÐo p(s, x) thc M, tèmnei se qrìno −s to p(N_0).

g) Gia tic roèc ϕ̃ kai ϕ twn pedÐwn ζ kai ξ antÐstoiqa, isqÔei ìti ϕ(t, p(s, x)) = p(t + s, x), Ĺra ϕ(1, p(0, x)) = p(1, x) = p(0, f(x)). □

Epomènwc, h dunamikă twn troqiÿn tou ξ perigrĹfetai plărwc apì th dunamikă sumperiforĹ thc f. Gia parĹdeigma, to ξ èqei mÐa periodikă troqiĹ pou pernĹ apì to p(0, x), tìte kai mìnon tìte ìtan to x eÐnai periodikì shmeÐo thc f.

Prìtash 1.2. ’Estw N mÐa C^∞ pollaplìthta, f : N → N mÐa C^ramfidiafìrish kai M o mapping torus thc f. An h f eÐnai C^r isotopikă me thn id_N , tìte upĹrqei mÐa C^r amfidiafìrish B : M → S^1 × N, ìpou S^1 eÐnai o monadiaÐoc kÔkloc.

Apìdeixh. ’Estw F : [0, 1] × N → N h C^r isotopÐa f ≃ id_N me F (0, x) = x, F (1, x) = f(x) kai h F (t, .) eÐnai C^r amfidiafìrish, gia kĹje t ∈ [0, 1]. ParathroÔme ìti, an upĹrqei C^r isotopÐa F : f ≃ id_N , tìte upĹrqei kai C^r isotopÐa G : f ≃ id_N , pou na ikanopoieÐ epiplèon ∂G∂t (0, x) = ∂G∂t (1, x) = 0. PrĹgmati, jewroÔme mÐa monìtonh, C^∞ sunĹrthsh ψ : R → [0, 1] me ψ^{−1}(0) = (−∞, 0] kai ψ^{−1}(1) = [1, +∞). Tìte, gia thn G : R × N → N me G(s, x) = F (ψ(s), x) isqÔoun G(0, x) = F (ψ(0), x) = F (0, x) = x, G(1, x) = F (ψ(1), x) = F (1, x) = f(x), h G(t, .) = F (ψ(t), .) eÐnai C^r amfidiafìrish, dhladă h G eÐnai C^r isotopÐa f ≃ id_N kai ∂G ∂t (s, x) = ∂ ∂t (F (ψ(s), x)) = ∂F ∂t (ψ(s), x) · ψ^′(s). ’Ara ∂G ∂t (0, x) = ∂G ∂t (1, x) = 0.

Etsi, mporoÔme na upojèsoume gia thn arqikă F : f ≃ id_N ìti ∂F∂t (0, x) = ∂F∂t (1, x) = 0. OrÐzoume ton omoiomorfismì B̃ : R × N → R × N me tÔpo B̃(s, x) = (s, F (s − [s], f^{[s]}(x))) H B̃ eÐnai C^r amfidiafìrish, an r ≥ 1, me parĹgwgo B̃_{∗(s,x)} = ( 1 0 h(s, x) D_xF_{s−[s]}(f^{[s]}(x)) · D_xf^{[s]}(x) ) , ìpou h h : R × N → T N èqei tÔpo h(s, x) = { ∂F ∂t (s − [s], f^{[s]}(x)), an s ∈ R \ Z 0, an s ∈ Z, afoÔ ∂F∂t (0, x) = 0. Omwc, B̃ ∘ g^k(s, x) = (s − k, F (s − k − [s − k], f^{[s−k]}(f^k(x)))) = (s − k, F (s − [s], f^{[s]}(x))), gia kĹje k ∈ Z. Epomènwc, h B̃ epĹgei mÐa C^r-amfidiafìrish B : M → S^1 × N, ÿste to akìloujo diĹgramma na eÐnai metajetikì. R × N^{B̃}−→ R × N p exp^{×id}N M^B−→ S^1 × N □ Parathrăseic : a) An h isotopÐa F eÐnai C^{r+1} wc proc thn prÿth metablhtă s, tìte h h eÐnai C^r sunĹrthsh.

b) Gia kĹje (s, x) ∈ R × N, èqoume B̃_{∗(s,x)}(ζ(s, x)) = (1, h(s, x)), diìti B̃_{∗(s,x)}(ζ(s, x)) = ( 1 0 h(s, x) D_xF_{s−[s]}(f^{[s]}(x)) · D_xf^{[s]}(x) ) ( 1 0 ) = ( 1 h(s, x) ) . g) To B_∗ξ eÐnai C^r dianusmatikì pedÐo sthn S^1 × N. Apì to diĹgramma thc apìdeixhc thc Prìtashc 1.2 kai ton kanìna thc alusÐdac èqoume

B_∗ξ = B_∗(p_∗ζ) = (B ∘ p)_∗ ∘ ζ ∘ (B ∘ p)^{−1} = ((exp ×id_N )_∗ ∘ B̃) ∘ ζ ∘ ((exp ×id_N ) ∘ B̃)^{−1} =

(exp ×id_N )_∗ ∘ B̃_∗ ∘ ζ ∘ ((exp ×id_N ) ∘ B̃)^{−1}.

Prìtash 1.3. An h f : S^1 → S^1 eÐnai mÐa C^r amfidiafìrish, r ≥ 0, pou diathreÐ ton prosanatolismì, tìte h f eÐnai C^r isotopikă me thn id_S1 , mèsw isotopÐac pou eÐnai C^∞ wc proc thn prÿth metablhtă.

Apìdeixh. AfoÔ h f : S^1 → S^1 diathreÐ ton prosanatolismì, upĹrqei f̃ : R → R, pou eÐnai aÔxousa C^r amfidiafìrish, tètoia ÿste to diĹgramma R^{f̃}−→ R exp exp S^{1 f}−→ S^1 na eÐnai metajetikì. ’Estw ψ : R → [0, 1] mÐa C^∞ sunĹrthsh, tètoia ÿste ψ^{−1}(0) = (−∞, 0] kai ψ^{−1}(1) = [1, +∞). OrÐzoume F : [0, 1] × S^1 → S^1 me tÔpo

F (t, exp θ) = exp[θ + ψ(t)(f̃(θ) − θ)]

H F eÐnai C^r, afoÔ h ψ eÐnai C^∞, h exp eÐnai topikă C^∞ amfidiafìrish kai h anÔywsh f̃ eÐnai Cr. Profanÿc, F (0, x) = x kai F (1, x) = f(x) gia kĹje x ∈ S1. Gia kĹje t ∈ [0, 1], h F (t, .) eÐnai C^r amfidiafìrish. ’Ara oi f, id_S1 eÐnai C^r isotopikèc mèsw thc F. □ Pìrima 1.4. An h f : S^1 → S^1 eÐnai mÐa C^r amfidiafìrish, r ≥ 0, pou diathreÐ ton prosanatolismì, tìte upĹrqei C^r amfidiafìrish B : M → T^2.

Apìdeixh. Efarmìzoume thn Prìtash 1.2 gia N = S^1 kai M ton mapping torus thc f : S^1 → S^1 pou diathreÐ ton prosanatolismì. □

2. AmfidiaforÐseic tou Denjoy ston S^1

Sthn parĹgrafo aută, ja kataskeuĹsoume mia C^1 amfidiafìrish f : S^1 → S^1pou diathreÐ ton prosanatolismì kai èqei èna monadikì elĹqisto sÔnolo pou eÐnai mhtetrimmèno, dhladă eÐnai omoiomorfikì me to sÔnolo tou Cantor (Jeÿrhma I.2.11). H f anuyÿnetai se mÐa aÔxousa C^1 amfidiafìrish F : R → R, me thn idiìthta F (t + 1) = F (t) + 1 gia kĹje t ∈ R. Ja kataskeuĹsoume prÿta thn F.

’Estw a ∈ R \ Q kai t_0 ∈ R \ (Z + aZ). AfoÔ to sÔnolo Z + aZ eÐnai puknì sto R, to Ðdio sumbaÐnei kai me to sÔnolo t_0 + Z + aZ. ’Estw l_n > 0, n ∈ Z, tètoioi ÿste ∑ n∈Zl_n = ρ, me 0 < ρ ≤ 1. Gia parĹdeigma, l_n = ρπ (arctan(n + 1) − arctan n) .

JewroÔme tic sunartăseic p : R → R^+ me tÔpo p(t) = { 0, an t /∈ t_0 + Z + aZ l_n, an t = t_0 + m + an gia kĹpoia m, n ∈ Z.

kai J : R → R me tÔpo J(t) = { (1 − ρ)t + ∑ 0≤s≤t p(s), an t ≥ 0 (1 − ρ)t − ∑ t≤s≤0 p(s), an t < 0 . Lămma 2.1. H sunĹrthsh J eÐnai gnăsia aÔxousa, pantoÔ suneqăc ektìc apì ta shmeÐa tou sunìlou t_0 + Z + aZ, ìpou eÐnai apì dexiĹ suneqăc kai aristerĹ parousiĹzei sto shmeÐo t_0 + m + an Ĺlma l_n. EpÐshc, isqÔoun :

a) J(0) = 0, J(t + 1) = J(t) + 1 gia kĹje t ∈ R, Ĺra J(k) = k gia kĹje k ∈ Z. b) To sÔnolo C = J(R) eÐnai kleistì, tèleio, olikĹ mh-sunektikì kai R_1(C) = C, ìpou R_1 : R → R eÐnai h metaforĹ R_1(t) = t + 1.

g) μ(C ∩ [0, 1]) = 1 − ρ, ìpou μ eÐnai to mètro Lebesgue.

Apìdeixh. H J eÐnai gnăsia aÔxousa, diìti an t_1 > t_2 ≥ 0, tìte

J(t_1) = (1 − ρ)t_1 + ∑ 0≤s≤t_1 p(s) > (1 − p)t_2 + ∑ 0≤s≤t_2 p(s) = J(t_2),

afoÔ to t_0 +Z+aZ eÐnai puknì sto R kai sunepÿc upĹrqei s ∈ t_0 +Z+aZ, me t_1 < s < t_2.

’Omoia, an t_1 < t_2 < 0, tìte

J(t_1) = (1 − ρ)t_1 − ∑ t_1<s≤0 p(s) < (1 − ρ)t_2 − ∑ t_2<s≤0 p(s) = J(t_2).

Tèloc, an t_1 < 0 < t_2, tìte

J(t_1) = (1 − ρ)t_1 − ∑ t_1<s≤0 p(s) < (1 − ρ)t_1 < (1 − ρ)t_2 < (1 − ρ)t_2 + ∑ 0≤s≤t_2 p(s) = J(t_2).

Gia th sunèqeia thc J, jewroÔme èna t ≥ 0. An t_k ↘ t, tìte

J(t_k) = (1 − ρ)t_k + ∑ 0≤s≤t_k p(s) ↘ (1 − ρ)t + ∑ 0≤s≤t p(s) = J(t), dhladă h J eÐnai apì dexiĹ suneqăc sto t. An t_k ↗ t, tìte

J(t_k) = (1 − ρ)t_k + ∑ 0≤s≤t_k p(s) ↗ (1 − ρ)t + ∑ 0≤s<t p(s) = J(t) − p(t), opìte an t /∈ t_0 + Z + aZ, tìte p(t) = 0 kai J(t_k) → J(t), enÿ an t = t_0 + m + an, tìte p(t) = l_n kai sunepÿc J(t_k) → J(t) − l_n. Dhladă h J eÐnai aristerĹ suneqăc se kĹje t ≥ 0 me t /∈ t_0 + Z + aZ, enÿ gia t = t_0 + m + an, parousiĹzei apì aristerĹ Ĺlma l_n. ’Omoia gia t < 0.

a) Profanÿc, 0 /∈ t_0 + Z + aZ, epomènwc p(0) = 0, Ĺra J(0) = 0. ParathroÔme ìti gia kĹje t ∈ R kai gia kĹje n ∈ Z, sto diĹsthma (t, t + 1] upĹrqei akribÿc èna m ∈ Z, tètoio ÿste t_0 + m + an ∈ (t, t + 1], diìti to sunìlo t_0 + Z + aZ eÐnai puknì sto R, o m eÐnai akèraioc kai to măkoc tou (t, t + 1] eÐnai 1. Epomènwc, gia kĹje t ∈ R, èqoume ∑ t<s≤t+1 p(s) = ∑ n∈Z l_n = ρ.

Qrhsimopoiÿntac thn parapĹnw sqèsh, an t ≥ 0, tìte

J(t + 1) = (1 − ρ)(t + 1) + ∑ 0≤s≤t+1 p(s) = (1 − ρ)t + ∑ 0≤s≤t p(s) + (1 − ρ) + ∑ t<s≤t+1 p(s) =

J(t) + 1 − ρ + ρ = J(t) + 1.

EpÐshc, an −1 ≤ t < 0, tìte

J(t + 1) = (1 − ρ)(t + 1) + ∑ 0≤s≤t+1 p(s) = (1 − ρ) − ∑ t<s≤0 p(s) + (1 − ρ) + ∑ t<s≤t+1 p(s) =

J(t) + 1 − ρ + ρ = J(t) + 1.

Tèloc, an t < −1, tìte t + 1 < 0, kai

J(t + 1) = (1 − ρ)(t + 1) − ∑ t+1<s≤0 p(s) = (1 − ρ)t − ∑ t<s≤0 p(s) + (1 − ρ) + ∑ t<s≤t+1 p(s) =

J(t) + 1 − ρ + ρ = J(t) + 1.

EÐnai profanèc tÿra ìti J(k) = k gia kĹje k ∈ Z.

b) To C = J(R) eÐnai kleistì, ex’ orismoÔ. Gia na deÐxoume ìti to C eÐnai tèleio, jewroÔme èna t ∈ R. AfoÔ to sunìlo t_0 + Z + aZ eÐnai puknì sto R, upĹrqoun t_k ∈ t_0 + Z + aZ, tètoia ÿste t_k ↘ t kai t_k ≠ t. ’Omwc h J eÐnai apì dexiĹ suneqăc, Ĺra J(t_k) ↘ J(t) kai J(t_k) ≠ J(t), afoÔ t_k ≠ t kai h J eÐnai gnăsia aÔxousa. Epomènwc, kĹje shmeÐo tou C eÐnai shmeÐo sussÿreushc.

To C eÐnai olikĹ mh-sunektikì tìte kai mìnon tìte, ìtan den perièqei kanèna diĹsthma. ’Estw I èna anoiktì diĹsthma, me I ⊂ C. Tìte I ∩ J(R) ≠ ∅. ’Estw t ∈ R, tètoio ÿste J(t) ∈ I kai t_k ∈ t_0 + Z + aZ, tètoia ÿste t_k ↘ t. Tìte J(t_n) ↘ J(t) ∈ I, pou eÐnai anoiktì, sunepÿc upĹrqei k_0 ∈ N me J(t_k) ∈ I gia kĹje k ≥ k_0. ’Estw k ≥ k_0. AfoÔ t_k ∈ t_0 + Z + aZ, upĹrqoun m, n ∈ Z tètoia ÿste t_k = t_0 + m + an. Tìte ∅ ≠ (J(t_k) − l_n, J(t_k)) ∩ I ⊂ (R \ C) ∩ I, kĹti to opoÐo eÐnai antÐfash, diìti I ⊂ C.

Tèloc, apì to a) èqoume ìti

J(t + 1) = J(t) + 1, dhladă J ∘ R_1 = R_1 ∘ J, Ĺra J(R) = J(R_1(R)) = R_1(J(R))

kai sunepÿc C = J(R) = R_1(J(R)) = R_1(J(R)) = R_1(C).

g) μ(C ∩ [0, 1]) = μ([0, 1]) − μ([0, 1] \ C) = 1 − ∑ 0≤s≤1 p(s) = 1 − ∑ 0<s≤1 p(s) = 1 − ∑ n∈Zl_n = 1 − ρ. □

UpenjumÐzoume ìti J(R) = R \ ⋃ n,m∈Z (J(t_0 + m + an) − l_n, J(t_0 + m + an)] kai C = J(R) = R \ ⋃ n,m∈Z (J(t_0 + m + an) − l_n, J(t_0 + m + an)).

Jètoume I_{n,m} = [J(t_0 + m + an) − l_n, J(t_0 + m + an)], me n, m ∈ Z, opìte R \ C = ⋃ n,m∈Z int(I_{n,m}).

JewroÔme th sunĹrthsh H : R → R me tÔpo H(x) = { t, an x = J(t) gia kĹpoio t ∈ R t_0 + m + an, an x ∈ I_{n,m}.

Lămma 2.2. H sunĹrthsh H eÐnai suneqăc, aÔxousa, H ∘ J = id_R kai H(C) = R. EpÐshc,

a) H(0) = 0, H(x + 1) = H(x) + 1 gia kĹje x ∈ R, Ĺra H(k) = k gia kĹje k ∈ Z. b) Gia kĹje x ∈ J(R^+ ) isqÔei μ(C ∩ [0, x]) = (1 − ρ)H(x).

Apìdeixh. Apì ton orismì thc H, profanÿc isqÔei H ∘ J = id_R. Sunepÿc, H(C) = H(J(R)) ⊃ H(J(R)) = R. H sunèqeia thc H prokÔptei eÔkola apì touc orismoÔc kai thn puknìthta tou t_0 + Z + aZ sto R.

a) Apì ton orismì thc H èqoume 0 = J(0) ∈ J(R), epomènwc H(0) = 0. Ja deÐxoume tÿra ìti H(x + 1) = H(x) + 1 gia kĹje x ∈ R, diakrÐnontac periptÿseic.

An x ∈ J(R), dhladă x = J(t) gia kĹpoio t ∈ R, tìte H(x + 1) = H(J(t) + 1) = H(J(t + 1)) = t + 1 = H(x) + 1. Sunepÿc H(x + 1) = H(x) + 1 gia kĹje x ∈ C, lìgw thc sunèqeiac thc H. An x ∈ R \ C = ⋃ n,m∈Zint(In,m), tìte upĹrqoun n, m ∈ Z ÿste x ∈ int(In,m), sunepÿc H(x) = t_0 + m + an. To R_1(int(I_{n,m})) eÐnai anoiktì diĹsthma me Ĺnw Ĺkro to J(t_0 + m + an) + 1 = J(t_0 + (m + 1) + an), pou eÐnai h sunektikă sunistÿsa tou R \ C pou perièqei to x + 1. AfoÔ loipìn x + 1 ∈ I_{n,m+1}, apì ton orismì thc H èqoume H(x + 1) = t_0 + (m + 1) + an = t_0 + m + an + 1 = H(x) + 1.

b) An x ∈ J(Z^+), tìte apì to Lămma 1.5 èqoume ìti μ(C ∩ [0, 1]) = 1 − ρ kai R_1(C) = C, epomènwc μ(C ∩ [0, x]) = (1 − ρ)x = (1 − ρ)H(x), diìti H(x) = x.

An x ∈ J(R^+ ), me 0 ≤ x < 1 kai x = J(t) gia kĹpoio t > 0, parathroÔme ìti ∑ {n,m∈Z:I_{n,m}⊂[0,x]} l_n = ∑ {n,m∈Z:I_{n,m}⊂[0,J(t)]} l_n = ∑ 0≤s≤t p(s), diìti I_{n,m} ⊂ [0, x], tìte kai mìno tìte ìtan [J(t_0 + m + an) − l_n, J(t_0 + m + an)] ⊂ [J(0), J(t)] kai isodÔnama 0 < t_0 + m + an ≤ t. Epomènwc μ(C ∩ [0, x]) = μ([0, x]) − μ([0, x] \ C) = x − ∑ {n,m∈Z:I_{n,m}⊂[0,x]} l_n = J(t) − ∑ 0≤s≤t p(s) =

(1 − ρ)t + ∑ 0≤s≤t p(s) − ∑ 0≤s≤t p(s) = (1 − ρ)t = (1 − ρ)H(x). An x ∈ J(R^+ ), tìte μ(C ∩ [0, x]) = μ(C ∩ [0, [x]]) + μ(C ∩ [[x], x]) = (1 − ρ)[x] + μ(C ∩ [0, x − [x]]) = (1 − ρ)[x] + (1 − ρ)H(x − [x]) = (1 − ρ)H([x] + x − [x]) = (1 − ρ)H(x). □ Prìtash 2.3. An F : R → R eÐnai ènac aÔxwn omoiomorfismìc me F (x + 1) = F (x) + 1 gia kĹje x ∈ R, tìte ta akìlouja eÐnai isodÔnama:

a) H ∘ F = R_a ∘ H, ìpou R_a : R → R eÐnai h metaforĹ R_a(x) = x + a. b) F (x) = J(H(x) + a), gia kĹje x ∈ J(R).

Apìdeixh. ’Estw ìti isqÔei H ∘ F = R_a ∘ H, dhladă H(F (x)) = H(x) + a gia kĹje x ∈ R.

’Estw x_0 ∈ J(R) tètoio ÿste H(x_0) /∈ t_0 + Z + aZ, dhladă x_0 /∈ I_{n,m} kai eidikĹ x_0 ≠ J(t_0 + m + an) gia kĹje n, m ∈ Z. Tìte H(F (x_0)) = H(x_0) + a /∈ t_0 + Z + aZ, Ĺra F (x_0) ∈ J(R) kai mĹlista F (x_0) = J(H(x_0) + a), apì ton orismì thc H. AfoÔ H ∘ F = R_a ∘ H, epagwgikĹ èqoume H ∘ F^k = (R_a)^k ∘ H = R_{ka} ∘ H gia kĹje k ∈ Z, dhladă H(F^k(x)) = H(x) + ka gia kĹje x ∈ R.

Tìte, gia kĹje k, λ ∈ Z isqÔei H(F^k(x_0)) + λ = H(x_0) + ka + λ /∈ t_0 + Z + aZ kai sunepÿc F^k(x_0) + λ ∈ J(R) kai mĹlista F^k(x_0) + λ = J(H(x_0) + ak + λ) gia kĹje k, λ ∈ Z.

’Estw tÿra x ∈ J(R), x = J(t) gia kĹpoio t ∈ R. To sÔnolo H(x_0) + Z + aZ = {H(x_0) + λ + ak : k, λ ∈ Z} = {H(F^k(x_0) + λ) : k, λ ∈ Z} eÐnai puknì sto R. AfoÔ h J eÐnai dexiĹ suneqăc pantoÔ, to sÔnolo {F^k(x_0) + λ : k, λ ∈ Z} eÐnai puknì sto J(R), Ĺra kai sto C. Epomènwc upĹrqoun k_n, λ_n ∈ Z, n ∈ N, tètoia ÿste H(x_0) + λ_n + ak_n ↘ t, dhladă F^{kn} (x_0) + λ_n = J(H(x_0) + λ_n + ak_n) ↘ x.

Tìte, lìgw monotonÐac kai sunèqeiac thc H, dexiĹc sunèqeiac thc J kai afoÔ H∘J = id_R, J(H(x) + a) = J(H( lim_{n→+∞}(F^{kn} (x_0) + λ_n)) + a) = J( lim_{n→+∞} H(F^{kn} (x_0) + λ_n) + a) = lim n→+∞ J(H(F^{kn} (x_0) + λ_n) + a) = lim_{n→+∞} J(H(x_0) + λ_n + ak_n + a) = lim n→+∞ J(H(x_0) + λ_n + (k_n + 1)a) = lim_{n→+∞}(F^{kn+1}(x_0) + λ_n) = lim n→+∞ F ((F^{kn} (x_0) + λ_n)) = F ( lim_{n→+∞}(F^{kn} (x_0) + λ_n) = F (x).

AntÐstrofa, èstw ìti isqÔei F (x) = J(H(x) + a) gia kĹje x ∈ J(R). An x ∈ J(R), tìte H(F (x)) = H(J(H(x) + a)) = H(x) + a. Sunepÿc to Ðdio isqÔei kai gia kĹje x ∈ C, lìgw sunèqeiac. An tÿra x ∈ R \ C, tìte x ∈ I_{n,m}, gia kĹpoia n, m ∈ Z. ParathroÔme ìti F (J(t)) = J(t + a) gia kĹje t ∈ R kai sunepÿc F (J(R)) = J(R). Epomènwc, afoÔ h F eÐnai omoiomorfismìc, isqÔei F (C) = C. ’Eqoume epÐshc F (I_{n,m}) = I_{n+1,m}. PrĹgmati, an x = J(t_0 + m + an), tìte H(x) = t_0 + m + an kai sunepÿc F (x) = J(H(x) + a) = J(t_0 + m + (n + 1)a), pou eÐnai to Ĺnw Ĺkro tou I_{n+1,m}. ’Ara, H(F (x)) = t_0 + m + an + a = H(x) + a = R_a(H(x)) gia kĹje x ∈ I_{n,m}. □

Pìrisma 2.4. An F : R → R eÐnai ènac aÔxwn omoiomorfismìc me F (x + 1) = F (x) + 1 kai H ∘ F = R_a ∘ H, tìte

a) F (C) = C, dhladă to sÔnolo C eÐnai F -analloÐwto. b) To sÔnolo {F^k(x) + λ : k, λ ∈ Z} eÐnai puknì sto C, gia kĹje x ∈ C.

Apìdeixh. To a) apodeÐqjhke sthn Prìtash 2.3. Sthn Ðdia Prìtash, apodeÐxame epÐshc ìti an x ∈ J(R) kai H(x) /∈ t_0 + Z + aZ, tìte to sÔnolo {F^k(x) + λ : k, λ ∈ Z} eÐnai puknì sto J(R), Ĺra kai sto C. Mènei na exetĹsoume tic akìloujec dÔo periptÿseic.

An prÿta x = J(t_0 + m + an) gia kĹpoia n, m ∈ Z, tìte apì thn Prìtash 2.3

F^k(x) + λ = J(H(x) + ka + λ) = J(H(J(t_0 + m + an)) + ka + λ) =

J(t_0 + m + an + ka + λ) = J(t_0 + (m + λ) + (n + k)a) ∈ J(t_0 + Z + aZ).

’Omwc to sÔnolo t_0 + Z + aZ eÐnai puknì sto R kai h J eÐnai dexiĹ suneqăc, epomènwc to sÔnolo {F^k(x) + λ : k, λ ∈ Z} eÐnai puknì sto J(R), Ĺra kai sto C.

’Estw tÿra ìti x ∈ C \ J(R) = {J(t_0 + m + an) − l_n : n, m ∈ Z}. ’Eqoume upojèsei ìti ∑ n∈Z l_n = ρ kai sunepÿc lim_{n→±∞} l_n = 0. ’Ara to sÔnolo {J(t_0 + m + an) − l_n :

n, m ∈ Z} eÐnai puknì sto C kai afoÔ h F eÐnai omoiomorfismìc me F (C) = C, to sÔnolo {F^k(x) + λ : k, λ ∈ Z} eÐnai puknì sto C. □

OrÐzoume tÿra thn amfidiafìrish F se diastămata thc morfăc I_{n,0} ⊆ R \ C. Gia th sunèqeia thc paragrĹfou, kĹnoume thn epiplèon upìjesh ìti lim n→±∞ l_{n+1} l_n = 1 kai l_{n+1} l_n > 1 3 gia kĹje n ∈ Z.

Autèc oi epiplèon upojèseic ikanopoioÔntai ìtan l_n = ρπ (arctan(n + 1) − arctan n).

Lămma 2.5. Gia kĹje n ∈ Z upĹrqei mÐa C^1 amfidiafìrish F_{n,0} : I_{n,0} → I_{n+1,0}, tètoia ÿste:

a) F^′_{n,0}(J(t_0 + an) − l_n) = F^′_{n,0}(J(t_0 + an)) = 1.

b) 0 < F^′_{n,0}(x) ≤ 1 + 6|l^{n+1}l_n − 1| gia kĹje x ∈ I_{n,0}, n ∈ Z kai lim n→±∞ (sup{|F^′_{n,0}(x) − 1| : x ∈ I_{n,0}}) = 0.

Apìdeixh. Gia aplìthta stouc sumbolismoÔc, jètoume a_n = J(t_0 + an) − l_n, b_n = J(t_0 + an) kai c_n = 6(l^{n+1}l_n − 1) > −4. OrÐzoume thn F_{n,0} : I_{n,0} → I_{n+1,0} me tÔpo

F_{n,0}(x) = a_{n+1} + ∫_x a_n [1 + c_n l^2_n (y − a_n)(b_n − y)]dy. H F_{n,0} eÐnai profanÿc C^1, F_{n,0}(a_n) = a_{n+1} kai

F_{n,0}(b_n) = a_{n+1}+ ∫_{bn} a_n dy+ c_n l^2_n ∫_{bn} a_n (y−a_n)(b_n−y)dy = a_{n+1}+(b_n−a_n)+ c_n l^2_n

(b_n − a_n)^3 6 =

a_{n+1} + l_n + ( l_{n+1} l_n − 1)l_n = a_{n+1} + l_n + l_{n+1} − l_n = a_{n+1} + l_{n+1} = b_{n+1}.

H F_{n,0} eÐnai gnăsia aÔxousa, giatÐ gia kĹje x ∈ I_{n,0} èqoume

F^′_{n,0}(x) = 1 + c_n l^2_n (x − a_n)(b_n − x) > 1 − 4 l^2_n (x − a_n)(b_n − x) ≥ 1 − 4 l^2_n · l^2_n 4 = 0.

Epomènwc, afoÔ h F_{n,0} eÐnai suneqăc kai gnăsia aÔxousa,

F_{n,0}(I_{n,0}) = F_{n,0}([a_n, b_n]) = [a_{n+1}, b_{n+1}] = I_{n+1,0},

dhladă h F_{n,0} eÐnai C^1-amfidiafìrish epÐ tou I_{n+1,0}. a) F^′_{n,0}(J(t_0 +m+an)−l_n) = F^′_{n,0}(b_n −l_n) = F^′_{n,0}(a_n) = 0+1+ c^n l^2_n

(a_n −a_n)(b_n −a_n) = 1.

’Omoia, F^′_{n,0}(J(t_0 + m + an)) = F^′_{n,0}(b_n) = 1. b) Gia kĹje x ∈ I_{n,0} èqoume |F^′_{n,0}(x) − 1| = |c_n| l^2_n (x − a_n)(b_n − x) ≤ |c_n| l^2_n

(b_n − a_n)^2 = |c_n| l^2_n · l^2_n = |c_n|, Ĺra kai sup_{x∈In,0} |F^′_{n,0}(x) − 1| → 0, ìtan n → ±∞. □ Jeÿrhma 2.6. UpĹrqei mÐa aÔxousa C^1 amfidiafìrish F : R → R me H ∘ F = R_a ∘ H, ÿste F (x + 1) = F (x) + 1 gia kĹje x ∈ R.

Apìdeixh. Gia kĹje n ∈ Z jewroÔme thn C^1 amfidiafìrish thc apìdeixhc tou Lămmatoc 2.5 F_{n,0} : I_{n,0} → I_{n+1,0} me tÔpo

F_{n,0}(x) = a_{n+1} + ∫_x a_n [1 + c_n l^2_n (y − a_n)(b_n − y)]dy. Gia kĹje m ∈ Z, orÐzoume thn F_{n,m} : I_{n,m} → I_{n+1,m} me tÔpo F_{n,m} = R_m ∘ F_{n,0} ∘ R_{−m}. H F_{n,m} eÐnai aÔxousa, C^1 amfidiafìrish kai F^′_{n,m}(x) = F^′_{n,0}(x − m) gia kĹje x ∈ I_{n,m}. OrÐzoume thn G : R → (0, +∞), me tÔpo G(x) = { 1, an x ∈ C F^′_{n,m}(x) = F^′_{n,0}(x − m), an x ∈ I_{n,m}, n, m ∈ Z.

Apì to Lămma 2.5 èqoume ìti sup_{x∈In,0} |F^′_{n,0}(x) − 1| → 0 ìtan n → ±∞, epomènwc h G eÐnai suneqăc kai fragmènh, dhladă upĹrqei M > 1 tètoio ÿste 0 ≤ G(x) ≤ M gia kĹje x ∈ R. OrÐzoume tÿra thn F : R → R, me tÔpo

F (x) = J(a) + ∫_x 0 G(s)ds. H F eÐnai C^1 amfidiafìrish epÐ tou R kai aÔxousa, afoÔ G > 0. Epiplèon,

F (x) = J(H(x) + a) gia kĹje x ∈ J(R).

PrĹgmati, èstw x ∈ J(R), me x ≥ 0. An I_{n,m} ⊂ [0, x], tìte ∫ I_{n,m} G(s)ds = ∫ I_{n,m} F^′_{n,m}(s)ds = ∫ I_{n,0} F^′_{n,0}(s) = ∫_{bn} a_n [1 + c_n l^2_n (s − a_n)(b_n − s)]ds =

l_n + c_n l^2_n

(b_n − a_n)^3 6 = l_n + ( l_{n+1} l_n − 1)l_n = l_{n+1} = p(t_0 + m + (n + 1)a).

Epomènwc, ∫_x 0 G(s)ds = μ(C ∩[0, x])+ ∫ [0,x]\C G(s)ds = μ(C ∩[0, x])+ ∑ n,m∈Z:I_{n,m}⊂[0,x] ∫ I_{n,m} G(s)ds

= μ(C ∩ [0, x]) + ∑ n,m∈Z:I_{n,m}⊂[0,x] p(t_0 + m + an + a) = (1 − ρ)H(x) + ∑ 0≤s≤H(x) p(s + a). ’Ara

F (x) = J(a) + ∫_x 0 G(s)ds = (1 − ρ)a + ∑ 0≤s≤a p(s) + (1 − ρ)H(x) + ∑ 0≤s≤H(x) p(s + a)

= (1−ρ)(H(x)+a)+ ∑ 0≤s≤a p(s)+ ∑ a≤s≤H(x)+a p(s) = (1−ρ)(H(x)+a)+ ∑ 0≤s≤H(x)+a p(s) = = J(H(x) + a), afoÔ p(a) = 0. ’Omoia, F (x) = J(H(x) + a) gia kĹje x ∈ J(R) me x < 0.

Lìgw thc Prìtashc 2.3 apomènei na apodeÐxoume ìti F (x + 1) = F (x) + 1 gia kĹje x ∈ R. DiakrÐnoume periptÿseic.

An x ∈ J(R), tìte F (x+1) = J(H(x+1)+a) = J(H(x)+1+a) = J(H(x)+a)+1 = F (x) + 1 kai lìgw sunèqeiac thc F, to Ðdio isqÔei gia x ∈ C.

An x ∈ I_{n,m} gia kĹpoia n, m ∈ Z, tìte

F (J(t_0 + m + an) − l_n) = J(a) + ∫_{J(t0+m+an)−ln} 0 G(s)ds =

J(a) + ∫_{J(t0+m+an)} 0 G(s)ds − ∫ I_{n,m} G(s)ds = F (J(t_0 + m + an)) − ∫ I_{n,m} F^′_{n,m}(s)ds = J(H(J(t_0 + m + an)) + a) − ∫ I_{n,m} F^′_{n,m}(s)ds = J(t_0 + m + an + a) − ∫ I_{n,m} F^′_{n,m}(s)ds =

J(t_0 + m + an + a) − l_{n+1} = a_{n+1}

kai katĹ sunèpeia F (x) = a_{n+1} + ∫_x a_n F^′_{n,m}(s)ds = F_{n,m}(x). Dhladă o periorismìc thc F se kĹje diĹsthma I_{n,m} tautÐzetai me thn F_{n,m} gia kĹje n, m ∈ Z. Epomènwc, èqoume

F (x + 1) = F_{n,m+1}(x + 1) = R_{m+1} ∘ F_{n,0} ∘ R_{−m−1}(x + 1) = F_{n,0}(x − m) + m + 1 =

F_{n,m}(x) + 1 = F (x) + 1. □ H C^1 amfidiafìrish F : R → R pou kataskeuĹsame eÐnai aÔxousa kaÐ F (x + 1) = F (x) + 1 gia kĹje x ∈ R. EpÐshc, to sÔnolo C eÐnai F -analloÐwto, tèleio, kleistì, olikĹ mh-sunektikì, èqei mètro Lebesgue μ(C ∩ [0, 1]) = 1 − ρ kai kĹje F -troqiĹ sto C eÐnai puknă s’ autì.

OrÐzoume loipìn f : S^1 → S^1, me tÔpo f(e^{2πit}) = e^{2πiF (t)}. Profanÿc h f orÐzetai kalĹ, diathreÐ ton prosanatolismì, diìti h F eÐnai aÔxousa kai èqei Ĺrrhto arijmì strofăc ρ(f) = e^{2πia}, afoÔ a ∈ R \ Q kai H ∘ F = R_a ∘ H (bl. Jeÿrhma I.2.12). To sÔnolo L = exp(C) eÐnai sumpagèc, tèleio, olikĹ mh-sunektikì kai f-analloÐwto. EpÐshc, gia kĹje z ∈ L, h f-troqiĹ {f^n(z) : n ∈ Z} eÐnai puknă sto L, diìti to sÔnolo {F^n(x) + λ : n, λ ∈ Z} eÐnai puknì sto C gia kĹje x ∈ C. Dhladă, to sÔnolo L eÐnai f-elĹqisto kai èqei kanonikopoihmèno mètro Lebesgue μ(L) = μ(C ∩ [0, 1]) = 1 − ρ.

H parapĹnw f : S^1 → S^1 den èqei periodikèc troqièc, afoÔ ρ(f) = e^{2πia}, me a ∈ R\Q , den èqei stajerĹ shmeÐa kai èqei mh-tetrimmèno elĹqisto sÔnolo L, sto opoÐo h f-troqiĹ kĹje shmeÐou tou eÐnai puknă sto L (bl. Jeÿrhma I.2.11).

3. DianusmatikĹ pedÐa tou Denjoy ston T^2

JewroÔme ton mapping torus M thc C^1 amfidiafìrishc tou Denjoy f : S^1 → S^1 pou kataskeuĹsame sthn parĹgrafo 2. An ξ eÐnai to dianusmatikì pedÐo pou orÐzetai ston M mèsw thc f, apì to Lămma 1.1 èqoume ìti to ξ den èqei stajerĹ shmeÐa, den èqei periodikèc troqièc kai èqei èna mh-tetrimmèno elĹqisto sÔnolo A, afoÔ ta antÐstoiqa isqÔoun gia thn f. EpÐshc, apì thn Paratărhsh g) thc paragrĹfou 1 èqoume ìti to V = B_∗ξ eÐnai C^1 dianusmatikì pedÐo ston T^2, ìpou B : M → T^2 eÐnai h C^1 amfidiafìrish tou PorÐsmatoc 1.4. Epomènwc, to dianusmatikì pedÐo V ston T^2 den èqei stajerĹ shmeÐa ă periodikèc troqièc kai h V-troqiĹ kĹje shmeÐou tou M = B(A) ja eÐnai puknă sto M, ìpou to M eÐnai mh-tetrimmèno elĹqisto sÔnolo tou V, kajÿc h B eÐnai amfidiafìrish kai oi antÐstoiqec idiìthtec isqÔoun gia to dianusmatikì pedÐo ξ ston M kai to sÔnolo A.

III. TO C^1 ANTIPARADEIGMA TOU SCHWEITZER STHN EIKASIA TOU SEIFERT

1. Plugs

’Estw M mÐa C^∞ n-pollaplìthta me o-gwnÐec kai F mÐa prosanatolismènh 1- foliation sthn M, pou parĹgetai dhladă apì èna dianusmatikì pedÐo. ParĹllhlo sÔnoro thc F, eÐnai to sÔnolo twn shmeÐwn tou ∂M ta opoÐa èqoun perioqă sthn opoÐa h F tautÐzetai me thn foliation tou Ĺnw hmiqÿrou apì orizìntiec grammèc. EgkĹrsio sÔnoro thc F, eÐnai to sÔnolo twn shmeÐwn tou ∂M ta opoÐa èqoun perioqă sthn opoÐa h F tautÐzetai me thn foliation tou Ĺnw hmiqÿrou apì kĹjetec grammèc.

H F mporeÐ na èqei sÔnoro pou den eÐnai oÔte parĹllhlo, oÔte egkĹrsio. H F èqei corner separation sto p ∈ ∂M, an to p den anăkei oÔte sto parĹllhlo, oÔte sto egkĹrsio sÔnoro thc F, allĹ anăkei sthn kleistìthta kai twn dÔo kai se mÐa perioqă tou p h F eÐnai topologikĹ isodÔnamh me thn foliation me fÔlla {x} × [0, +∞), x ∈ N, tou N × [0, +∞), ìpou N eÐnai mÐa (n − 1)-upopollaplìthta me o-gwnÐec tou R^{n−1} .

MÐa flow bordism eÐnai mÐa prosanatolismènh 1-foliation P mÐac sunektikăc, sumpagoÔc pollaplìthtac M me o-gwnÐec, tètoia ÿste to sÔnoro thc M na eÐnai ex oloklărou egkĹrsio, parĹllhlo, ă na èqei corner separation kai ìla ta fÔlla thc P sto parĹllhlo sÔnoro thc M na eÐnai omoiomorfikĹ me eujÔgramma tmămata.

’Estw P mÐa flow bordism. SumbolÐzoume me F_− thn kleistìthta tou tmămatoc tou egkĹrsiou sunìrou, sto opoÐo ta fÔlla eÐnai prosanatolismèna proc ta mèsa kai me F_+ thn kleistìthta tou tmămatoc tou egkĹrsiou sunìrou, sto opoÐo ta fÔlla eÐnai prosanatolismèna proc ta èxw. JewroÔme tic sunjăkec

(I) UpĹrqei èna Ĺpeiro fÔllo thc P me Ĺkro sthn F_−, dhladă toulĹqiston mÐa troqiĹ tou dianusmatikoÔ pedÐou pou parĹgei thn 1-foliation P, mpaÐnei apì to F_− se kĹpoia qronikă stigmă kai de bgaÐnei potè èxw apì thn M.

(II) UpĹrqoun sumpagăc pollaplìthta F kai omoiomorfismoÐ a_+ : F → F_+, kai a_− : F → F_−, tètoioi ÿste an a_+(p) kai a_−(q) eÐnai ta Ĺkra enìc fÔllou thc P, tìte p = q. Sthn perÐptwsh aută lème oti h flow bordism èqei thn idiìthta twn apènanti perĹtwn.

To zeÔgoc (M, P) onomĹzetai plug an h flow bordism P ikanopoieÐ tic sunjăkec (I) kai (II), semi-plug an ikanopoieÐ thn (I) allĹ ìqi thn (II), unplug an ikanopoieÐ thn (II) allĹ ìqi thn (I) kai semi-unplug an den ikanopoieÐ kammÐa apì tic (I), (II).

H pollaplìthta F_− onomĹzetai pedÐo eisìdou thc P, enÿ h F_+ pedÐo exìdou thc P. An h P èqei thn idiìthta twn apènanti perĹtwn, tìte h pollaplìthta F onomĹzetai bĹsh thc P. To sÔnolo twn jetikĹ pagideumènwn shmeÐwn S_− eÐnai to sÔnolo twn shmeÐwn thc F_− pou apoteloÔn Ĺkra Ĺpeirwn fÔllwn thc P. ’Omoia orÐzetai to S_+ ⊂ F_+. An h P èqei thn idiìthta twn apènanti perĹtwn, tìte a^{−1}_− (S_−) = a^{−1}_+ (S_+). Tèloc, h pollaplìthta M onomĹzetai forèac thc P.

Parathrăsh : An h P eÐnai flow bordism me pedÐo eisìdou F_− kai pedÐo exìdou F_+, tìte oi F_+ kai F_−, afoÔ apoteloÔn to egkĹrsio sÔnoro thc P mazÐ me kĹpoia shmeÐa me corner separation, ja èqoun kĹpoiec perioqèc me tetrimmènh foliation. Dhladă an jewrăsoume tic F_± × [0, 1) me foliation tic kĹjetec Ðnec {p} × [0, 1), tìte upĹrqei ènac omoiomorfismìc ω_± pou diathreÐ ta fÔlla, apì mÐa anoiktă perioqă tou F_± sto F_± × [0, 1), ÿste ω_±(p) = (p, 0) gia kĹje p ∈ F_±.

Lămma 1.1. ’Estw P mÐa flow bordism me forèa th sunektikă, sumpagă pollaplìthta me o-gwnÐec M. ’Estw ìti h P èqei toulĹqiston èna periodikì ă èna Ĺpeiro fÔllo. Tìte to S_− eÐnai mh-kenì, an kai mìno an to F_− eÐnai mh-kenì. Sthn perÐptwsh aută, an h P èqei thn idiìthta twn apènanti perĹtwn kai F ≠ ∅, tìte h P eÐnai plug.

Apìdeixh. Profanÿc, an S_− ≠ ∅ tìte isqÔei F_− ≠ ∅, afoÔ S_− ⊂ F_−. ’Estw tÿra F_− ≠ ∅ kai ϕ roă, pou parĹgei thn P. OrÐzoume tic sunartăseic L_± : M → [0, +∞] me L_±(p) = sup{t ≥ 0 : ϕ(±s, p) ∈ M gia kĹje 0 ≤ s ≤ t}, ìpou L_+(p) = +∞ ă L_−(p) = +∞, an h troqiĹ thc ϕ pou pernĹ apì to p eÐnai Ĺpeirh. An tÿra gia kĹpoio p ∈ M isqÔei L_+(p) < +∞ ă L_−(p) < +∞, tìte to fÔllo thc P pou perièqei to shmeÐo p, èqei èna Ĺkro q sto F_+ ă sto F_−, antÐstoiqa. To sÔnolo tÿra {x ∈ M : L_+(x) < +∞} eÐnai mh-kenì, afoÔ perièqei to p kai anoiktì, apì thn prohgoÔmenh paratărhsh. ’Ara to sÔnolo L^{−1}_+ (+∞) eÐnai kleistì. ’Omoia kai to sÔnolo L^{−1}_− (+∞) eÐnai kleistì.

An S_− = ∅, tìte F_− ∩ L^{−1}_+ [0, +∞) = F_− ≠ ∅. H ènwsh A twn fÔllwn thc P pou tèmnoun to F_−, eÐnai kleistì sÔnolo. PrĹgmati, èstw x_m ∈ A, m ∈ N, dhladă x_m = ϕ(t_m, z_m) gia kĹpoia t_m ∈ R, z_m ∈ F_− kai x_m → x, ìpou x ∈ P. AfoÔ z_m ∈ F_− kai to F_− eÐnai sumpagèc, upĹrqei sugklÐnousa upakoloujÐa z_{mk} → z ∈ F_−, dhladă L_−(z) < +∞. EpÐshc, h {t_{mk} : k ∈ N} eÐnai Ĺnw fragmènh, giatÐ alliÿc ja eÐqame +∞ ← t_{mk} ≤ L_−(z_m) → L_−(z) < +∞, pou eÐnai antÐfash. Epomènwc h t_{mk} sugklÐnei se kĹpoio t ∈ R kai x_{mk} = ϕ(t_{mk} , z_{nk} ) → ϕ(t, z), Ĺra x = lim_{k→∞} x_{nk} = ϕ(t, z) ∈ A. Etsi, h M grĹfetai ènwsh dÔo xènwn, mh-kenÿn kleistÿn sunìlwn

M = A ∪ (L^{−1}_− (+∞) ∪ L^{−1}_+ (+∞)),

pou eÐnai Ĺtopo, afoÔ h M eÐnai sunektikă. Sunepÿc, S_− ≠ ∅, an F_− ≠ ∅. □

Lămma 1.2. ’Estw P mÐa semi-unplug me forèa M kai perioqă eisìdou F_−. Tìte upĹrqei ènac omoiomorfismìc pou diathreÐ ta fÔlla γ : F_− × I → M, ìpou h F_− × I èqei foliation me fÔlla {p} × I, p ∈ F_−. EidikĹ an h P eÐnai unplug me bĹsh F, tìte upĹrqei omoiomorfismìc pou diathreÐ ta fÔlla a : F × I → M, pou epekteÐnei tic a_+ kai a_−.

Apìdeixh. ’Estw ϕ mÐa roă pou parĹgei thn P kai L_+ : M → [0, +∞] h apeikìnish tou Lămmatoc 1.1. H P eÐnai semi-unplug, Ĺra den upĹrqei kanèna Ĺpeiro fÔllo, dhladă L_+(p) < +∞ gia kĹje p ∈ M. OrÐzoume γ : F_− × I → M, me tÔpo γ(p, t) = ϕ(p, t L_+(p) ). Tìte h γ eÐnai o zhtoÔmenoc omoiomorfismìc. □

’Estw P_1, P_2, dÔo flow bordisms, tètoiec ÿste to pedÐo exìdou thc P_1 na eÐnai Ðdio me to pedÐo eisìdou thc P_2. H sÔndesh twn P_1 kai P_2, eÐnai h flow bordism pou prokÔptei ìtan tautÐsoume tic tetrimmèna foliated perioqèc tou koinoÔ touc pedÐou (eisìdou thc P_1 kai exìdou thc P_2). H anĹklash P mÐac flow bordism P eÐnai h flow bordism pou prokÔptei ìtan antistrèyoume ton prosanatolismì twn fÔllwn thc P, ètsi ÿste to pedÐo eisìdou thc P gÐnetai pedÐo exìdou kai antÐstrofa. H sÔndesh miac flow bordism P me thn anĹklash thc P dÐnei mÐa flow bordism pou èqei thn idiìthta twn apènanti perĹtwn. An loipìn h P eÐnai semi-plug, tìte h sÔndesă thc me thn P dÐnei plug.

’Estw X mÐa foliation se mÐa n-pollaplìthta X kai P mÐa plug diĹstashc n, me bĹsh F. JewroÔme thn F ×I efodiasmènh me thn tetrimmènh foliation. Jèloume na broÔme mÐa emfÔteush, pou diathreÐ ta fÔlla, thc F × I sthn X kai katìpin na antikatastăsoume thn foliation thc F × I sthn X me thn P. H diadikasÐa thc eisagwgăc proôpojètei dÔo idiìthtec gia thn plug P. H P prèpei na eÐnai eisagÿgimh kai sunĹyimh.

MÐa apeikìnish eisagwgăc gia thn plug P sthn foliation X , eÐnai mÐa emfÔteush σ : F → X, tètoia ÿste h σ(F ) na eÐnai egkĹrsia sthn X . MÐa apeikìnish eisagwgăc epekteÐnetai se emfÔteush σ : F ×I → X, pou stèlnei thn tetrimmènh foliation thc F ×I se fÔlla thc X .

H n-diĹstath plug P ja lègetai eisagÿgimh, an h bĹsh thc F epidèqetai emfÔteush sto R^n , tètoia ÿste h σ(F ) na eÐnai egkĹrsia sthn foliation tou R^n apì kĹjetec eujeÐec.

MÐa plug eÐnai pĹnta sunĹyimh, epeidă kĹje fÔllo thc sto parĹllhlo sÔnoro, eÐnai peperasmèno. Sth dosmènh pollaplìthta me o-gwnÐec M sumbolÐzoume me N_M mÐa anoiktă perioqă tou sunìrou ∂M thc M. ’Estw ìti h plug P eÐnai eisagÿgimh mèsw kĹpoiac emfÔteushc σ : F × I → X. An N_{F ×I} eÐnai mÐa anoiktă perioqă tou sunìrou ∂(F × I), afairoÔme to σ((F × I) \ N_{F ×I} ) apì thn X kai kollĹme to eswterikì qeÐloc tou σ(N_{F ×I} ) sto forèa M thc sunĹyimhc plug P, me ènan omoiomorfismì pou diathreÐ ta fÔlla a : N_{F ×I} → N_M , ìpou N_M eÐnai mÐa perioqă tou sunìrou ∂M ÿste a(p, 0) = a_−(p) kai a(p, 1) = a_+(p), gia na mporeÐ na gÐnei h {sugkìllhsh} tou σ(N_{F ×I} ) me to M. O omoiomorfismìc a onomĹzetai omoiomorfismìc sugkìllhshc gia thn P.

Shmeiÿnoume ìti gia mÐa plug ă unplug P upĹrqei pĹnta o parapĹnw omoiomorfismìc sugkìllhshc. PrĹgmati, èstw G to parĹllhlo sÔnoro tou M, dhladă ∂M = G ∪ F_+ ∪ F_−. AfoÔ h P eÐnai sunĹyimh, ta fÔlla thc sto G eÐnai peperasmèna, Ĺra to Ðdio ja isqÔei kai gia mÐa perioqă N_G tou sunìrou ∂G. Epomènwc, apì to Lămma 1.2 upĹrqei ènac omoiomorfismìc pou diathreÐ ta fÔlla γ : N_G → N_F × I. AfoÔ ikanopoieÐtai h sunjăkh twn apènanti perĹtwn, eÐte h P eÐnai plug, eÐte eÐnai unplug, èpetai ìti a(p, 0) = a_−(p) kai a(p, 1) = a_+(p) gia kĹje p ∈ F.

’Estw P mÐa eisagÿgimh plug, me apeikìnish eisagwgăc σ kai omoiomorfismì sugkìllhshc a. An X eÐnai h dosmènh pollaplìthta me foliation X , sumbolÐzoume me ^X th foliation sthn pollaplìthta ^X pou prokÔptei ìtan kĹnoume eisagwgă thc P sthn X . H ^X den eÐnai pĹnta omoiomorfikă me thn X. An ìmwc o omoiomorfismìc sugkìllhshc epekteÐnetai se ènan omoiomorfismì tou F × I epÐ thc M, tìte h ^X eÐnai omoiomorfikă me thn X.

2. ’Ena C^∞ dianusmatikì pedÐo sthn S^3 me mÐa mìno periodikă troqiĹ

MÐa kleistă C^∞ n-pollaplìthta M epidèqetai mh-mhdenizìmeno C^∞ dianusmatikì pedÐo, an kai mìno an h qarakthristikă Euler thc M eÐnai mhdèn (bl. [Hir], Ch.5, Theorem 2.2, Theorem 2.10). H qarakthristikă Euler kĹje kleistăc 3-pollaplìthtac eÐnai mhdèn, epomènwc kĹje kleistă 3-pollaplìthta èqei èna mh-mhdenizìmeno C^∞ dianusmatikì pedÐo. ’Ena C^∞ dianusmatikì pedÐo sthn 3-sfaÐra S^3, qwrÐc stajerĹ shmeÐa, eÐnai to pedÐo Hopf, pou ja perigrĹyoume amèswc parakĹtw, tou opoÐou ìlec oi troqièc eÐnai periodikèc. H

S^3 = {(x_1, x_2, x_3, x_4) ∈ R^4 : 4∑ i=1 x^2_i = 1},

perigrĹfetai, kĹnontac tic tautÐseic z_1 = x_1 + ix_2, z_2 = x_3 + ix_4 kai wc

S^3 = {(z_1, z_2) ∈ C^2 : |z_1|^2 + |z_2|^2 = 1}.

H C^∞ apeikìnish π : S^3 → S^2 me tÔpo

π(z_1, z_2) = (2Re(z_1z̄_2), 2Im(z_1z̄_2), |z_1|^2 − |z_2|^2),

onomĹzetai apeikìnish Hopf. H antÐstrofh eikìna kĹje shmeÐou (x_1, x_2, x_3) ∈ S^2 mèsw thc π eÐnai kÔkloc, dhladă thc morfăc

π^{−1}(x_1, x_2, x_3) = {(z_1e^{iθ}, z_2e^{iθ}) : 0 ≤ θ < 2π} = {(λz_1, λz_2) : |λ| = 1}.

Kat’ arqăn, h π eÐnai epÐ, giatÐ an (x_1, x_2, x_3) = (0, 0, 1), tìte (1, 0) ∈ π^{−1}((0, 0, 1)). An (x_1, x_2, x_3) ∈ S^2 \ {(0, 0, 1)}, tìte gia z_1 = 1 + x^3√ 2 + 2x_3 kai z_2 = x^1 + ix^2 √ 2 + 2x_3

, èqoume

π(z_1, z_2) = (x_1, x_2, x_3).

An (z_1, z_2), (u_1, u_2) ∈ π^{−1}(x_1, x_2, x_3) gia kĹpoio (x_1, x_2, x_3) ∈ S^2, tìte

2Re(z_1z̄_2) = 2Re(u_1ū_2) kai 2Im(z_1z̄_2) = 2Im(u_1ū_2),

dhladă z_1z̄_2 = u_1ū_2. EpÐshc,

|z_1|^2 − |z_2|^2 = |u_1|^2 − |u_2|^2 kai |z_1|^2 + |z_2|^2 = |u_1|^2 + |u_2|^2 = 1

Apì tic teleutaÐec sqèseic prokÔptei ìti |z_1|^2 = |u_1|^2, Ĺra |z_1| = |u_1| kai ìmoia |z_2| = |u_2|. AfoÔ |z_1|^2 + |z_2|^2 = 1, eÐte z_1 ≠ 0, eÐte z_2 ≠ 0. An z_1 ≠ 0, tìte |z_1| = |u_1|, dhladă λ = u^1z_1 ∈ S^1. Apì thn prÿth sqèsh èqoume u_2 = λz_2, epomènwc

(u_1, u_2) = (λz_1, λz_2), me |λ| = 1.

’Omoia gia z_2 ≠ 0. ’Ara π^{−1}(x_1, x_2, x_3) = {(z_1e^{iθ}, z_2e^{iθ}) : 0 ≤ θ ≤ 2π} gia kĹje (x_1, x_2, x_3) ∈ S^2.

H roă Hopf ϕ : R × S^3 → S^3, èqei tÔpo

ϕ(t, (z_1, z_2)) = (z_1e^{it}, z_2e^{it}).

H troqiĹ kĹje shmeÐou (z_1, z_2) thc S^3, eÐnai thc morfăc

C((z_1, z_2)) = {(z_1e^{it}, z_2e^{it}) : t ∈ R} = π^{−1}(π(z_1, z_2)),

kai sunepÿc eÐnai periodikă. O apeirostikìc gennătorac X_H = ∂ϕ∂t onomĹzetai dianusmatikì pedÐo Hopf sthn S^3. H apeikìnish η : S^3 \ π^{−1}(0, 0, 1) → R^2 × S^1 me tÔpo

η(z_1, z_2) = ( z_1 z_2 , z_2 |z_2| ) = ((x, y), e^{iθ} ) me 0 ≤ θ < 2π,

eÐnai C^∞ amfidiafìrish kai an (z^′_1, z^′_2) ∈ S^3 me (z^′_1, z^′_2) = (z_1e^{iψ}, z_2e^{iψ}), tìte

η(z^′_1, z^′_2) = ( z_1e^{iψ} z_2e^{iψ} , z_2e^{iψ} |z_2e^{iψ}| ) = ( z_1 z_2 , z_2 |z_2| e^{iψ}) = ((x, y), e^{i(θ+ψ)} ). EpÐshc, parathroÔme ìti to parakĹtw diĹgramma eÐnai metajetikì

S^3 \ π^{−1}(0, 0, 1) η R^2 × S^1 π probolă S^2 \ {(0, 0, 1)} = R^2

giatÐ (probolă) ∘ η(z_1, z_2) = z^1z_2 kai mèsw thc stereografikăc probolăc,

π(z_1, z_2) =

2Re(z_1z̄_2) 1 − |z_1|^2 + |z_2|^2 + i 2Im(z_1z̄_2) 1 − |z_1|^2 + |z_2|^2 = 2(z_1z̄_2) 2|z_2|^2 = z_1 z_2

, ìtan z_2 ≠ 0.

Gia kĹje (z_1, z_2) ∈ S^3 \ π^{−1}(0, 0, 1) me π(z_1, z_2) = ((x, y), e^{iθ} ), jewroÔme thn l_{(z1,z2)} : R → S^3 \ π^{−1}(0, 0, 1), me tÔpo l_{(z1,z2)}(t) = η^{−1}((x + t, y), e^{iθ}), pou eÐnai C^∞ kampÔlh. SumbolÐzoume me [l_{(z1,z2)}] to efaptìmeno diĹnusma thc l_{(z1,z2)} sto shmeÐo (z_1, z_2). OrÐzoume to dianusmatikì pedÐo X^′_1 sthn S^3 me tÔpo

X^′_1(z_1, z_2) = { [l_{(z1,z2)}], an (z_1, z_2) ∈ S^3 \ π^{−1}(0, 0, 1) 0, an (z_1, z_2) ∈ π^{−1}(0, 0, 1).

To X^′_1 eÐnai C^∞ pedÐo kai èqei stajerĹ shmeÐa ìla ta shmeÐa tou kÔklou π^{−1}(0, 0, 1) kai mìno autĹ. OrÐzoume tÿra to dianusmatikì pedÐo X_1 sthn S^3 me tÔpo X_1 = X_H + X^′_1, dhladă

X_1(z_1, z_2) = ∂ϕ ∂t (s, (z^1, z^2)) + [l^{(z1,z2)}], an (z^1, z^2) ∈ S^3 \ π^{−1}(0, 0, 1) ∂ϕ ∂t (s, (z^1, z^2)), an (z^1, z^2) ∈ π^{−1}(0, 0, 1).

To X_1 eÐnai C^∞ mh-mhdenizìmeno pedÐo kai ja apodeÐxoume ìti èqei mìno mÐa periodikă troqiĹ. To Y = π_∗X_1, eÐnai èna kalÿc orismèno C^∞ dianusmatikì pedÐo sthn S^2. PrĹgmati, parathroÔme kat’ arqăn ìti Y = π_∗X^′_1, kajÿc gia kĹje (z_1, z_2) ∈ S^3 èqoume

π_{∗(z1,z2)}X_H (z_1, z_2) = π_{∗(z1,z2)}ϕ̇_{(z1,z2)}(t) = [π ∘ ϕ_{(z1,z2)}(t)]_{π(z1 ,z2)} = 0.

EpÐshc, an (z_1, z_2), (z^′_1, z^′_2) ∈ S^3 kai z^′_1 = z_1e^{iψ}, z^′_2 = z_2e^{iψ} gia kĹpoio 0 ≤ ψ < 2π, tìte

η(z_1, z_2) = ((x, y), e^{iθ} ), η(z^′_1, z^′_2) = ((x, y), e^{i(θ+ψ)} ) kai l_{(z1,z2)}(t) = η^{−1}((x + t, y), e^{iθ} ), l_{(z}′_{1,z}′_{2)}(t) = η^{−1}((x + t, y), e^{i(θ+ψ)}).

Epomènwc, an (z_1, z_2) ∈ S^3 \ π^{−1}(0, 0, 1), tìte

π_∗X^′_1(z_1, z_2) = π_∗[l_{(z1,z2)}]_{(z1,z2)} = [π ∘ η^{−1}((x + t, y), e^{iθ})]_{π(z1 ,z2)} kai π_∗X^′_1(z^′_1, z^′_2) = [π ∘ η^{−1}((x + t, y), e^{i(θ+ψ} )]_{π(z}′_{1,z}′_{2)}, me π(z^′_1, z^′_2) = π(z_1, z_2).

’Omwc η^{−1}((x+t, y), e^{i(θ+ψ)}) = e^{iψ}η^{−1}((x+t, y), e^{iθ}) kai sunepÿc π∘η^{−1}((x+t, y), e^{iθ}) = π ∘ η^{−1}((x + t, y), e^{i(θ+ψ} ). ’Ara π_∗X^′_1(z_1, z_2) = π_∗X^′_1(z^′_1, z^′_2). Profanÿc gia (z_1, z_2) ∈ π^{−1}(0, 0, 1) èqoume π_{∗(z1,z2)}X_1(z_1, z_2) = 0.

An Φ_{(z1,z2)} eÐnai h oloklhrwtikă kampÔlh tou X_1 pou pernĹ apì to (z_1, z_2) ∈ S^3, h oloklhrwtikă kampÔlh tou Y pou pernĹ apì to π(z_1, z_2) ∈ S^2, eÐnai h π ∘ Φ_{(z1,z2)}, afoÔ ∂ ∂t (π ∘ Φ_{(z1,z2)}(s)) = π_{∗Φ(z1,z2)(s)} ∂Φ_{(z1,z2)} ∂t (s) = π_{∗Φ(z1,z2)(s)}X_1(Φ_{(z1,z2)}(s)) = Y (π ∘ Φ_{(z1,z2)}(s)).

’Omoia, oi oloklhrwtikèc kampÔlec tou Y eÐnai oi eikìnec mèsw thc π twn oloklhrwtikÿn kampulÿn tou X^′_1.

To Y èqei akribÿc èna stajerì shmeÐo, to π(z_1, 0) = (0, 0, 1) ∈ S^2 kai kĹje Ĺllh troqiĹ tou Y, èqei jetikì kai arnhtikì oriakì sÔnolo autì to stajerì shmeÐo, diìti oi troqièc tou Y sto S^2 \(0, 0, 1) = R^2 , eÐnai oi {π ∘η^{−1}((x+t, y), e^{iθ} ) = (x+t, y) : t ∈ R}. Epomènwc to Y den èqei periodikèc troqièc.

An loipìn (z_1, 0) ∈ π^{−1}(0, 0, 1), tìte h troqiĹ tou X_1 pou pernĹ apì to (z_1, 0) eÐnai h π^{−1}(0, 0, 1) ≈ S^1, Ĺra eÐnai periodikă. An ìmwc (z_1, z_2) /∈ π^{−1}(0, 0, 1), tìte ta oriakĹ sÔnola twn oloklhrwtikÿn kampulÿn Φ_{(z1,z2)} tou X_1 eÐnai to kajèna π^{−1}(oriakì sÔnolo thc π ∘ Φ_{(z1,z2)} tou Y ) = π^{−1}(0, 0, 1), Ĺra h troqiĹ C((z_1, z_2)) den eÐnai periodikă. Epomènwc, h mình periodikă troqiĹ tou X_1 eÐnai h π^{−1}(0, 0, 1).

3. To C^1 antiparĹdeigma tou Schweitzer sthn eikasÐa tou Seifert

JewroÔme thn C^1 amfidiafìrish tou Denjoy f : S^1 → S^1, me mh-tetrimmèno elĹqisto sÔnolo L kai to C^1 dianusmatikì pedÐo ston torus V = B_∗ξ, ìpwc stic parĹgrafouc II.2 kai II.3 ’Estw M = B(A) ⊂ T^2 to monadikì elĹqisto sÔnolo tou V. To M eÐnai monodiĹstato elĹqisto sÔnolo, allĹ den eÐnai periodikă troqiĹ.

JewroÔme thn 3-pollaplìthta T^2 ×[−1, 1]. ’Estw h : T^2 → [0, 1] mÐa C^∞ sunĹrthsh, tètoia ÿste h^{−1}(0) = M. OrÐzoume to dianusmatikì pedÐo E sthn T^2 × [−1, 1], me tÔpo

E = V + (h + z^2) ∂ ∂z , ìpou z eÐnai h parĹmetroc tou [−1, 1]. Gia th sumperiforĹ tou dianusmatikoÔ pedÐou E, parathroÔme ìti sto sÔnolo M × [−1, 1] ⊂ T^2 × [−1, 1], èqoume h(M) = {0}, Ĺra E(m, z) = V(m) + z^2 ∂ ∂z gia kĹje m ∈ M kai z ∈ [−1, 1].

EidikĹ sto epÐpedo z = 0, èqoume E(m, 0) = V(m), dhladă oi troqièc tou E tautÐzontai me tic troqièc tou V. ’Ara to M × {0} eÐnai elĹqisto sÔnolo tou E. Opoudăpote alloÔ, oi troqièc tou E den tautÐzontai me troqièc tou V kai mĹlista kinoÔntai proc th jetikă kateÔjunsh tou z, kajÿc z^2 + h > 0. Epomènwc, h 1-foliation sthn opoÐa efĹptetai to E, den èqei kleistĹ fÔlla, afoÔ ta fÔlla thc eÐte kinoÔntai sth jetikă kateÔjunsh tou z, eÐte tautÐzontai me troqièc thc roăc tou V sto M × {0}. Epiplèon, èqei Ĺpeira fÔlla mèsa sto mh-tetrimmèno elĹqisto sÔnolo M × {0} kai kĹje fÔllo pou dièrqetai apì shmeÐo tou M × {−1} eÐnai Ĺpeiro. ’Ara apì to Lămma 1.1 eÐnai semi-plug me bĹsh ton T^2. KĹnontac sÔndesh me thn anĹklasă thc, paÐrnoume mÐa plug F me forèa thn T^2 × [−1, 1] kai bĹsh ton T^2, pou den èqei kleistĹ fÔlla. H F den eÐnai eisagÿgimh sÔmfwna me to parakĹtw, diìti o T^2 eÐnai pollaplìthta qwrÐc sÔnoro.

Lămma 3.1. ’Estw N mÐa sumpagăc C^∞ n-pollaplìthta qwrÐc sÔnoro. Tìte den upĹrqei emfÔteush thc N sto R^{n+1} pou na eÐnai egkĹrsia sthn foliation tou R^{n+1} apì kĹjetec eujeÐec.

Apìdeixh. ’Estw ìti upĹrqei mÐa tètoia emfÔteush i : N → R^{n+1} , dhladă

i_{∗x}(T_xN) ⊕ R = R^{n+1} , gia kĹje x ∈ N.

An p : R^{n+1} = R^n × R → R^n eÐnai h probolă tou R^{n+1} sto R^n , tìte èqoume

(p ∘ i)_{∗x}(v) = p_{∗i(x)} ∘ i_{∗x}(v) ≠ 0 gia kĹje v ∈ T_xN, v ≠ 0.

Epomènwc, p_{∗i(x)}(i_{∗x}(T_xN) ⊕ R) = p_{∗i(x)}(R^{n+1} ), dhladă p_{∗i(x)}(i_{∗x}(T_xN)) = R^n , Ĺra h (p ∘ i)_{∗x} eÐnai isomorfimìc. AfoÔ h N eÐnai pollaplìthta qwrÐc sÔnoro, h p ∘ i antistrèfetai topikĹ, Ĺra to (p ∘ i)(N) eÐnai anoiktì uposÔnolo tou R^n , kĹti pou eÐnai Ĺtopo. □

Jewrÿntac wc l thn epèktash tou fÔllou thc E pou perièqei èna shmeÐo (x, 0), me x ∈ T^2 tètoio ÿste h(x) > 0, dhladă x /∈ M, tìte to l eÐnai fÔllo thc F me dÔo telikĹ shmeÐa. Apì to Jeÿrhma I.1.5 kai th monotonÐa twn fÔllwn, upĹrqei mÐa analloÐwth tubular perioqă N_l tou l, ÿste o periorismìc Φ thc F sto T^2 ×[−1, 1]\N_l ∼= pT^2 ×[−1, 1] eÐnai plug me bĹsh ton pT^2 = T^2 \ {eswterikì enìc dÐskou}, pou eÐnai pollaplìthta me sÔnoro. H Φ eÐnai eisagÿgimh. To parakĹtw sqăma apeikonÐzei emfÔteush tou pT^2, egkĹrsia stic kĹjetec eujeÐec tou R^3 .

Jewrÿntac to C^∞ dianusmatikì pedÐo X_1 sthn S^3 me mÐa monadikă periodikă troqiĹ pou kataskeuĹsthke sthn parĹgrafo III.2, kĹnoume eisagwgă thc plug Φ se èna flow box gÔrw apì èna shmeÐo thc periodikăc troqiĹc tou, to opoÐo na antistoiqeÐ se shmeÐo tou sunìlou M × [−1, 1]. O omoiomorfismìc sugkìllhshc epekteÐnetai se ènan omoiomorfismì tou pT^2 × [−1, 1] epÐ tou T^2 × [−1, 1] lìgw thc monotonÐac twn fÔllwn, ìpwc deÐqnei to prohgoÔmeno sqăma. M’ autìn ton trìpo prokÔptei èna C^1 dianusmatikì pedÐo S sthn S^3 qwrÐc stajerĹ shmeÐa, sto opoÐo h kampÔlh pou ătan to tmăma thc periodikăc troqiĹc tou X_1 ektìc tou flow box, den eÐnai pia tmăma thc periodikăc troqiĹc tou S. Me Ĺlla lìgia, èspase h periodikă troqiĹ. Epiplèon de dhmiourgăjhke kammÐa nèa periodikă troqiĹ, lìgw thc anĹklashc sthn kataskeuă thc Φ. Sunepÿc to S den èqei kammÐa periodikă troqiĹ.

IV. TO C^∞ ANTIPARADEIGMA THS K. KUPERBERG STHN EIKASIA TOU SEIFERT

1. H plug thc K. Kuperberg

’Estw F = {(r, θ) : −1 ≤ r ≤ 1, θ ∈ R/10Z} kai W = F × [−1, 1]. To W eÐnai omoiomorfikì me to D^2 × S^1. Sto W orÐzoume to dianusmatikì pedÐo W, me tÔpo W(r, θ, z) = { h(2z + 1) ∂∂θ + [(2z + 1)^6 + r^2] ∂∂z , an −1 ≤ z ≤ 0 −h(2z − 1) ∂∂θ + [(2z − 1)^6 + r^2] ∂∂z , an 0 ≤ z ≤ 1

ìpou h : R → [0, 1] eÐnai mÐa C^∞sunĹrthsh pou ikanopoieÐ h(z) = h(−z), h^{−1}(1) = {0} kai h^{−1}(0) = (−∞, −1]∪[1, +∞). Oi oloklhrwtikèc kampÔlec tou dianusmatikoÔ pedÐou W, eÐnai oi lÔseic tou sustămatoc twn diaforikÿn exisÿsewn

ṙ = 0, (1)

θ̇ = { h(2z + 1), an −1 ≤ z ≤ 0 −h(2z − 1), an 0 ≤ z ≤ 1, (2)

ż = { (2z + 1)^6 + r^2, an −1 ≤ z ≤ 0 (2z − 1)^6 + r^2, an 0 ≤ z ≤ 1. (3) Apo thn (1), sumperaÐnoume ìti kĹje troqiĹ tou W èqei stajeră aktÐna, dhladă brÐsketai pĹnw se kÔlindro. EpÐshc, apì ton tÔpo tou W èqoume W(0, θ, −12 ) = ∂∂θ kai W(0, θ, 12) = − ∂∂θ . Sunepÿc, upĹrqoun dÔo antÐjeta prosanatolismènec periodikèc troqièc tou W, oi T_1 = {(r, θ, z) ∈ W : r = 0, z = − 1 2 } kai T_2 = {(r, θ, z) ∈ W : r = 0, z = 1 2 }. Oi T_1, T_2 eÐnai oi monadikèc periodikèc troqièc tou W, diìti an r ≠ 0 kai z ≠ ±12, apì thn (3) èqoume ìti ż > 0. Epomènwc, h troqiĹ kĹje shmeÐou r = (r, θ, z) ∈ W me r ≠ 0 kai z ≠ ±12, kineÐtai suneqÿc kai monìtona proc ta pĹnw.

To zeÔgoc (W, W) eÐnai plug. Kat’ arqăn, to W eÐnai flow bordism, giatÐ to W eÐnai sumpagăc, sunektikă pollaplìthta me o-gwnÐec kai to sÔnoro ∂W eÐnai egkĹrsio, parĹllhlo ă èqei corner seperation. EpÐshc, h W-troqiĹ kĹje shmeÐou p = (0, θ, z) me z ≠ ±12, {pagideÔetai} mèsa sto W kai èqei jetikì oriakì sÔnolo thn T_1, an p = (0, θ, z) me −1 ≤ z < −12, arnhtikì oriakì sÔnolo thn T_2, an p = (0, θ, z) me 12 < z ≤ 1, ă thn T_2 kai thn T_1 wc jetikì kai arnhtikì oriakì sÔnolo antÐstoiqa, an p = (0, θ, z) me −12 < z < 12 , diìti ż(t) > 0 gia z(t) ≠ ±12, enÿ gia z = ±12 èqoume tic periodikèc troqièc T_1, T_2. Tèloc, to W ikanopoieÐ thn idiìthta twn apènanti perĹtwn, diìti eÐnai antisummetrikì, dhladă to W|_{F ×[−1,0]} eÐnai h anĹklash tou −W|_{F ×[0,1]} wc proc to epÐpedo z = 0. PrĹgmati, an T : F × [−1, 0] → F × [0, 1] eÐnai h anĹklash wc proc to epÐpedo z = 0, pou èqei tÔpo T (r, θ, z) = (r, θ, −z), tìte T_{∗(r,θ,z)}W(r, θ, z) = −h(2z − 1) ∂ ∂θ − [(2z − 1)^6 + r^2] ∂ ∂z = −W(r, θ, −z).

.

’Estw D ènac kleistìc dÐskoc sthn F, tou opoÐou to sÔnoro sthn F eÐnai èna emfuteumèno tìxo γ, egkĹrsio sto ∂F. ’Estw σ : D → W mÐa emfÔteush pou ikanopoieÐ ta parakĹtw.

a) To σ(D) eÐnai egkĹrsio sto W.

b) To σ(D) eÐnai xèno proc tic F_− = F × {−1} kai F_+ = F × {+1}. g) σ(γ) ⊂ ∂W kai σ(D \ γ) ∩ ∂W = ∅. d) To σ(γ) den tèmnei troqièc tou W pou èqoun Ĺkra sto a_−(γ), ìpou a_− : F → F_− eÐnai o omoiomorfismìc pou orÐzetai sthn parĹgrafo III.1

Tìte h σ epekteÐnetai se mÐa emfÔteush f : D × [−1, 1] → W, h opoÐa ikanopoieÐ ta parakĹtw:

i) Gia kĹje x ∈ D, to f({x} × [−1, 1]) perièqetai se troqiĹ tou W. ii) H f periorismènh se mÐa perioqă tou ∂W, diathreÐ thn kateÔjunsh thc roăc stic troqièc tou W. iii) f(D × [−1, 1]) ∩ (∂D \ γ) = ∅. iv) f(γ × [−1, 1]) ⊂ b × [−1, 1], ìpou to b eÐnai èna tìxo tou ∂F, xèno proc to ∂D \ γ. H f eÐnai thc morfăc f = Φ_W |_{[−ϵ,ϵ]×σ(D)} ∘ K, gia katĹllhlo ϵ, ìpou Φ_W eÐnai h roă tou W kai h K : [−1, 1] × σ(D) → [−ϵ, ϵ] × σ(D) eÐnai aplÿc anaparamètrhsh. Oi sunjăkec i) kai ii) èpontai Ĺmesa apì ton trìpo kataskeuăc thc f, enÿ h sunjăkh iii) isqÔei lìgw thc g).

JewroÔme dÐskouc D_i, i = 1, 2, sthn F kai σ_i : D_i → W emfuteÔseic pou ikanopoioÔn tic sunjăkec a), b), g) kai d). ApaitoÔme epiplèon oi σ_i na ikanopoioÔn:

e) UpĹrqei θ_i ∈ R/10Z, tètoio ÿste σ_i(0, θ_i) ∈ T_i, ìpou T_i eÐnai oi dÔo periodikèc troqièc thc plug (W, W), i = 1, 2.

st) Sto U_i = D_i \ {(0, θ_i)}, oi σ_i ikanopoioÔn thn aktinikă anisìthta, dhladă an (r, θ) ∈ U_i, θ ≠ θ_i kai σ_i(r, θ) = (r^′, θ^′), tìte r > r^′. EidikĹ to tìxo γ_i, apeikonÐzetai se tìxo aktÐnac −1.

Gia parĹdeigma, èstw ìti

D_1 = {(r, θ, −1) : (θ − 2)^2 + 1 8 (r − 2)^2 ≤ 1} kai D_2 = {(r, θ, 1) : (θ − 8)^2 + 1 8 (r − 2)^2 ≤ 1}.

An h σ_1 : D_1 → W èqei tÔpo

σ_1(r, θ, −1) = (1 − 2(θ − 2)^2 − ( r 2 − 1)^2, 6, ϕ_1(θ)),

ìpou ϕ_1 : [98, 238 ] → (−1, +1) mÐa gnhsÐwc fjÐnousa C^∞ sunĹrthsh me to ϕ_1(98) arketĹ kontĹ sto +1, to ϕ_1(238 ) arketĹ kontĹ sto −1 kai ϕ_1(2) = −12 kai h σ_2 : D_2 → W èqei tÔpo σ_2(r, θ, +1) = (1 − 2(θ − 8)^2 + ( r 2 − 1)^2, 4, ϕ_2(θ)),

ìpou ϕ_2 : [578 , 718 ] → (−1, +1) mÐa gnhsÐwc aÔxousa C^∞ sunĹrthsh me to ϕ_2(578 ) arketĹ kontĹ sto −1, to ϕ_2(718 ) arketĹ kontĹ sto +1 kai ϕ_2(8) = 12, tìte oi σ_1, σ_2 i = 1, 2, ikanopoioÔn tic sunjăkec a) èwc st):

a) To σ_i(D_i) eÐnai profanÿc egkĹrsio sto W gia i = 1, 2.

b) Gia kĹje (r, θ, −1) ∈ D_1 ston tÔpo thc σ_1 èqoume ϕ_1(θ) ≠ ±1, Ĺra σ_1(D_1) ∩ F_± = ∅. ’Omoia, σ_2(D_2) ∩ F_± = ∅.

g) Gia kĹje i = 1, 2, to tìxo γ_i apeikonÐzetai mèsw thc σ_i se tìxo aktÐnac −1, epomènwc σ_i(γ_i) ⊂ ∂W. EpÐshc, isqÔei ìti σ_i(D_i \ γ_i) ∩ ∂W = ∅, lìgw thc aktinikăc anisìthtac pou ja apodeiqjeÐ parakĹtw kai tou b).

d) To γ_i apeikonÐzetai mèsw thc σ_i se tìxo aktÐnac −1, enÿ to a_−(γ_i) den piĹnei thn timă −1 gia kanèna shmeÐo tou γ_i. Epomènwc, afoÔ oi troqièc tou W èqoun stajeră aktÐna, to σ_i(γ_i) den tèmnei troqièc tou W pou èqoun Ĺkra sto a_−(γ_i).

e) Gia θ_1 = 2 èqoume σ_1(0, 2, −1) = (0, 6, −12 ), pou eÐnai shmeÐo thc T_1, enÿ gia θ_2 = 8 èqoume σ_2(0, 8, +1) = (0, 4, 12), pou eÐnai shmeÐo thc T_2.

st) An (r, θ, −1) ∈ D_1 tìte σ_1(r, θ, −1) = (1 − 2(θ − 2)^2 − ( r2 − 1)^2, 6, ϕ_1(θ)) = (r^′, θ^′, z^′). IsqÔei r = r^′, an kai mìno an 1 − 2(θ − 2)^2 − r^24 + r − 1 = r, isodÔnama 2(θ − 2)^2 + r^24 = 0, dhladă r = 0 kai θ = 2 = θ_1. Enÿ gia (r, θ, −1) ∈ D_1 \ {(0, θ_1, −1)}, èqoume r^′ = −2(θ − 2)^2 − r^24 < r. ’Ara h σ_1 ikanopoieÐ thn aktinikă anisìthta sto D_1 \ {(0, θ_1, −1)}. OmoÐwc gia thn σ_2 sto D_2 \ {(0, θ_2, +1)}. Parathrăsh : Me katĹllhlh epilogă twn ϕ_i i = 1, 2, ìpwc gia parĹdeigma,

ϕ_1(θ) = 1 2 θ^2 − 3θ + 7 2 , me θ ∈ [ 9 8 , 23 8 ], èqoume ϕ_1( 9 8 ) = 97 128 , Ĺra 1 − ϕ_1( 9 8 ) = 31 128 kai ϕ_1( 23 8 ) = − 127 128 , Ĺra − 1 − ϕ_1( 23 8 ) = − 1 128 .

Dhladă h apìstash twn Ĺkrwn tou ϕ_1(θ) apì tic F_+, F_− eÐnai arketĹ mikră, ÿste na jewroÔme ìti ta ϕ_1(98 ) kai ϕ_1(238 ) brÐskontai sthn perioqă twn F_+ kai F_− antÐstoiqa, ìpou to W eÐnai egkĹrsio.

Sto W jewroÔme th sqèsh isodunamÐac (r, θ, z) ∼ f_i(r, θ, z) gia (r, θ, z) ∈ D_i × [−1, 1] kai i = 1, 2. ’Estw B = W \ f_1(D_1 × [−1, 1]) ∪ f_2(D_2 × [−1, 1]), K o qÿroc phlÐko W/ ∼ kai p : W → K h apeikìnish phlÐko. Tìte K ≈ H × [−1, 1], ìpou o qÿroc H eÐnai to sumplărwma twn eswterikÿn dÔo xènwn dÐskwn ston T^2. Dhladă, o H eÐnai omoiomorfikìc me ènan torus me dÔo trÔpec.

Sto K orÐzetai tÿra èna C^∞ dianusmatikì pedÐo K, tou opoÐou oi troqièc eÐnai oi sugkollăseic twn troqiÿn tou W sto B, me tic eikìnec twn troqiÿn sta D_i × [−1, 1] mèsw twn f_i, i = 1, 2, lìgw thc idiìthtac i) twn f_i. To zeÔgoc (K, K) den eÐnai kan flow bordism, diìti upĹrqoun {skalopĹtia} sto K, dhladă upĹrqoun shmeÐa sto ∂K pou den anăkoun oÔte sto parĹllhlo sÔnoro, oÔte sto egkĹrsio, oÔte èqoume corner seperation s’ autĹ. Autì ofeÐletai sto gegonìc ìti f_i(γ_i × [−1, 1]) ⫋ b_i × [−1, 1], gia i = 1, 2. ’Omwc, me bĹsh thn parapĹnw Paratărhsh, epilègontac katĹllhla tic σ_i mporoÔme na epitÔqoume ta Ĺkra twn σ_i(γ_i) na eÐnai arketĹ kontĹ stic F_+, F_−, dhladă mèsa sthn perioqă touc ìpou to sÔnoro eÐnai egkĹrsio. MporoÔme tìte, kinoÔmenoi sthn kateÔjunsh tou stajeroÔ sthn perioqă aută dianusmatikoÔ pedÐou W, na proseggÐsoume tic F_+, F_−, me epifĹneiec F̃_+, F̃_−, pou na eÐnai egkĹrsiec sto W. ’Estw K^′ h pollaplìthta me o-gwnÐec pou prokÔptei metĹ thn prosèggish twn epifaneiÿn F_+ kai F_− apì tic F̃_+, F̃_− kai K′ o periorismìc tou dianusmatikoÔ pedÐou K sthn K′. Ja apodeÐxoume sthn epìmenh parĹgrafo ìti to zeÔgoc (K^′, K^′) eÐnai plug. KataqrhstikĹ, ja suneqÐsoume na qrhsimopoioÔme touc sumbolismoÔc K kai K gia thn parapĹnw pollaplìthta kai to periorismèno s’ autăn pedÐo, antÐ twn K^′ kai K^′.

2. H aperiodikìthta thc plug thc K. Kuperberg

Gia kĹje shmeÐo x ∈ K, orÐzoume wc kulindrikèc suntetagmènec tou x, autèc thc monadikăc proeikìnac tou x mèsw thc p sto W \ f_1(D_1 × [−1, 1]) ∪ f_2(D_2 × [−1, 1]). Ta shmeÐa tou H ×{−1}\f_i(D_i ×{−1}), i = 1, 2, onomĹzontai shmeÐa kÔriac eisìdou, enÿ ta shmeÐa tou H×{+1}\f_i(D_i ×{+1}), i = 1, 2, onomĹzontai shmeÐa kÔriac exìdou. EpÐshc, ta shmeÐa twn f_i(D_i × {−1}), i = 1, 2, onomĹzontai shmeÐa deutereÔousac eisìdou, enÿ ta shmeÐa twn f_i(D_i × {+1}), i = 1, 2, onomĹzontai shmeÐa deutereÔousac exìdou.

Ta shmeÐa eisìdou kai exìdou onomĹzontai shmeÐa metĹbashc. An to x = (r, θ, −1) eÐnai shmeÐo kÔriac eisìdou kai to y = (r, θ, +1) eÐnai shmeÐo kÔriac exìdou kai ta x, y èqoun tic Ðdiec (r, θ)-suntetagmènec, tìte ja grĹfoume x ≡ y. Ton Ðdio sumbolismì ja qrhsimopoioÔme kai gia ta shmeÐa deutereÔousac eisìdou kai exìdou pou èqoun tic Ðdiec (r, θ)-suntetagmènec, jewrÿntac ta wc shmeÐa twn D_i × {−1, +1}, i = 1, 2, prin dhladă kĹnoume tic emfuteÔseic f_1, f_2.

’Ena tìxo Wilson eÐnai èna tmăma K-troqiĹc pou enÿnei dÔo shmeÐa metĹbashc, qwrÐc na perièqei Ĺlla tètoia shmeÐa endiĹmesa. UpĹrqoun dÔo eidikĹ tìxa Wilson, pou prokÔptoun metĹ tic emfuteÔseic f_1, f_2 kai perièqontai stic periodikèc troqièc T_1, T_2 tou W. DÔo tìxa Wilson l, k lègontai K-diadoqikĹ, an to tèloc tou l eÐnai h arqă tou k. ’Ena tìxo Kuperberg, eÐnai èna tmăma K-troqiĹc pou enÿnei dÔo shmeÐa metĹbashc. KĹje tìxo Kuperberg, apoteleÐtai apì K-diadoqikĹ tìxa Wilson.

’Estw l, k dÔo tìxa Wilson. Ja lème ìti to l W-prohgeÐtai tou k, sumbolikĹ l ≺ k, an to k perièqetai sth jetikă W-troqiĹ tou l. ParathroÔme ìti isqÔei l ≺ l, mìno an to l eÐnai eidikì tìxo Wilson.

’Estw L = [x_0, x_n] èna tìxo Kuperberg pou enÿnei ta shmeÐa metĹbashc x_0, x_n, me to x_n na brÐsketai sth jetikă troqiĹ tou x_0 kai x_0, x_1, ..., x_{n−1}, x_n h seirĹ ìlwn twn diadoqikÿn shmeÐwn metĹbashc tou L. SumbolÐzoume me l_i = [x_{i−1}, x_i] to tìxo Wilson pou enÿnei ta shmeÐa metĹbashc x_{i−1}, x_i. Dhladă èqoume L = l_1 ∪ l_2 ∪ ... ∪ l_n. OrÐzoume thn L-stĹjmh tou tìxou l_i, sumbolikĹ lev(l_i) wc exăc: Jètoume lev(l_1) = 0 kai

lev(l_{i+1}) = (plăjoc shmeÐwn eisìdou)-(plăjoc shmeÐwn exìdou)

metaxÔ twn shmeÐwn x_0 kai x_{i+1} = i∑ k=1 sgnx_k, ìpou sgnx_k = { +1, an to x_k eÐnai shmeÐo deutereÔousac eisìdou, −1, an to x_k eÐnai shmeÐo deutereÔousac exìdou.

ParathroÔme ìti an to x_i eÐnai shmeÐo deutereÔousac eisìdou, tìte lev(l_{i+1}) = lev(l_i)+1, enÿ an to x_i eÐnai shmeÐo deutereÔousac exìdou, tìte lev(l_{i+1}) = lev(l_i) − 1.

Lămma 2.1. ’Estw l = [x, y] kai k = [z, u] dÔo tìxa Wilson. An to y eÐnai shmeÐo deutereÔousac eisìdou, to z eÐnai shmeÐo deutereÔousac exìdou kai y ≡ z, tìte l ≺ k.

Apìdeixh. ’Estw f_i : D_i × [−1, 1] → F × [−1, 1], i = 1, 2, oi dÔo emfuteÔseic sthn K. JewroÔme tic proeikìnec y^′, z^′ twn y, z mèsw kĹpoiac f_i sto D_i. ’Estw, paradeÐgmatoc qĹrhn, ìti y^′ ∈ D_1 × {−1}, opìte z^′ ∈ D_1 × {+1}. AfoÔ y ≡ z, upĹrqei kĹjeto eujÔgrammo tmăma m, pou enÿnei ta y^′, z^′. Tìte to f_1(m) perièqetai se W-troqiĹ kai èqei gia arqă to y kai gia tèloc to z. Dhladă, ta l, k brÐskontai sthn Ðdia W-troqiĹ kai epiplèon l ≺ k. □

Pìrisma 2.2. ’Estw L = [x_0, x_3] èna tìxo Kuperberg me L = l_1 ∪ l_2 ∪ l_3, ìpou ta l_1, l_2, l_3, eÐnai K-diadoqikĹ tìxa Wilson. An lev(l_2) = +1 kai lev(l_3) = 0, tìte l_1 ≺ l_3.

Apìdeixh. Apì ton orismì thc L-stĹjmhc, afoÔ lev(l_2) = +1, to x_1 eÐnai shmeÐo deutereÔousac eisìdou kai afoÔ lev(l_3) = 0, to x_2 eÐnai shmeÐo deutereÔousac exìdou. AfoÔ ta x_1, x_2 eÐnai diadoqikĹ shmeÐa deutereÔousac eisìdou kai exìdou kai h W ikanopoieÐ thn idiìthta twn apènanti perĹtwn, èqoume x_1 ≡ x_2. ’Ara apì to Lămma 2.1, gia l = l_1 kai k = l_3, èqoume l_1 ≺ l_3. □

Lămma 2.3. ’Estw l = [x, y] kai k = [z, u] dÔo tìxa Wilson. An to x eÐnai shmeÐo eisìdou, to u eÐnai shmeÐo exìdou kai l ≺ k, tìte x ≡ u.

Apìdeixh. AfoÔ l ≺ k, ta l kai k brÐskontai sthn Ðdia W-troqiĹ. An loipìn to x eÐnai shmeÐo eisìdou kai to u eÐnai shmeÐo exìdou, afoÔ h W ikanopoieÐ thn idiìthta twn apènanti perĹtwn, ja èqoume x ≡ u. □

Lămma 2.4. ’Estw L = [x_0, x_n] èna tìxo Kuperberg me L = l_1 ∪ ... ∪ l_n, ìpou ta l_1, ..., l_n, eÐnai K-diadoqikĹ tìxa Wilson. An lev(l_n) = 0 kai lev(l_i) ≥ 0 gia kĹje i = 1, ..., n, tìte l_1 ≺ l_n.

Apìdeixh. Efarmìzoume epagwgă sto plăjoc n twn epimèrouc tìxwn Wilson pou apoteloÔn to tìxo Kuperberg. Gia n = 3, ja èqoume lev(l_3) = 0 kai lev(l_2) = +1.

Sunepÿc, apì to Pìrisma 2.2 prokÔptei ìti l_1 ≺ l_3. ’Estw ìti to Lămma isqÔei gia ìla ta tìxa Kuperberg pou apoteloÔntai apì k tìxa Wilson, me 3 ≤ k ≤ n − 1. DiakrÐnoume dÔo periptÿseic:

a) Upojètoume prÿta ìti upĹrqei 2 ≤ i ≤ n − 1, tètoio ÿste lev(l_i) = 0. Tìte ta tìxa Kuperberg L_1 = l_1 ∪ ... ∪ l_i kai L_2 = l_i ∪ ... ∪ l_n ikanopoioÔn tic upojèseic tou Lămmatoc, gia măkh tìxwn mikrìtera ă Ðsa tou n − 1. Epomènwc, apì thn epagwgikă upìjesh èqoume l_1 ≺ l_i kai l_i ≺ l_n, Ĺra l_1 ≺ l_n.

b) ’Estw ìti lev(l_i) ≥ 1 gia kĹje i = 2, ..., n−1. Sto tìxo Kuperberg L = l_1 ∪...∪l_n, èqoume lev(l_2) = +1, dhladă sgnx_1 = +1 kai to x_1 eÐnai shmeÐo deutereÔousac eisìdou. AfoÔ lev(l_n) = 0 kai lev(l_{n−1}) ≥ 1, èqoume sgnx_{n−1} = −1 kai to x_{n−1} eÐnai shmeÐo deutereÔousac exìdou. ’Ara

0 = lev(l_n) = n−1∑ i=1 sgnx_i = n−2∑ i=2 sgnx_i. JewroÔme to tìxo Kuperberg L^′ = l_2 ∪ ... ∪ l_{n−1} = l^′_1 ∪ ... ∪ l^′_{n−2} pou enÿnei ta shmeÐa metĹbashc x_1 kai x_{n−1}. Tìte h L^′-stĹjmh tou l^′_{n−2} eÐnai

lev(l^′_{n−2}) = n−2∑ i=2 sgnx_i = lev(l_n) = 0. Epomènwc, to L^′ ikanopoieÐ tic upojèseic tou Lămmatoc gia k = n − 2 < n − 1, Ĺra apì thn epagwgikă upìjesh l_2 ≺ l_{n−1}. KatĹ sunèpeia x_1 ≡ x_{n−1}, apì to Lămma 2.3. EpanalambĹnontac tÿra to Ðdio epiqeÐrhma ìpwc sthn perÐptwsh k = 3 kai gia ta l_1, L^′, l_n èqoume l_1 ≺ l_n. □

MporoÔme tÿra na apodeÐxoume ìti h flow bordism K ikanopoieÐ thn idiìthta twn apènanti perĹtwn.

Prìtash 2.5. ’Estw L = [x_0, x_n] èna tìxo Kuperberg me L = l_1 ∪ ... ∪ l_n, ìpou ta l_1, ..., l_n eÐnai K-diadoqikĹ tìxa Wilson. An to x_0 eÐnai shmeÐo kÔriac eisìdou kai to x_n eÐnai shmeÐo kÔriac exìdou, tìte x_0 ≡ x_n. An n > 1, tìte l_1 ≺ l_n.

Apìdeixh. Gia n = 1 isqÔei, diìti tìte den upĹrqoun shmeÐa deutereÔousac eisìdouexìdou sthn troqiĹ tou x_0, epomènwc h K-troqiĹ tou x_0 tautÐzetai me thn W-troqiĹ tou, h opoÐa ikanopoieÐ thn idiìthta twn apènanti perĹtwn.

’Estw ìti n > 1. Sthn perÐptwsh aută èqoume lev(l_i) ≥ 0 kai lev(l_i) ≥ lev(l_n) gia kĹje i = 1, ..., n. Gia thn apìdeixh tou prÿtou, parathroÔme kat’ arqăn ìti gia i = 2, èqoume lev(l_2) = +1, dhladă to x_1 eÐnai shmeÐo deutereÔousac eisìdou. EidĹllwc, an lev(l_2) = −1, tìte to x_1 ja ătan shmeÐo deutereÔousac exìdou kai afoÔ ta x_0, x_1 eÐnai diadoqikĹ shmeÐa metĹbashc, ja eÐqame x_0 ≡ x_1. ’Omwc to x_0 eÐnai shmeÐo kÔriac eisìdou, epomènwc kai to x_1 ja eÐnai shmeÐo kÔriac exìdou, kĹti pou isqÔei mìno sthn perÐptwsh n = 1. ’Estw tÿra ìti upĹrqei kĹpoio 1 < i < n gia to opoÐo isqÔei lev(l_{i+1}) = −1. Epilègoume to elĹqisto i me thn idiìthta autăn, opìte epiplèon lev(l_i) = 0 kai lev(l_j ) ≥ 0 gia kĹje j = 1, ..., i. Tìte apì to Lămma 2.4 èqoume l_1 ≺ l_i. AfoÔ l_1 = [x_0, x_1] kai l_i = [x_{i−1}, x_i], apì to Lămma 2.3 èqoume x_0 ≡ x_i. ’Omwc to x_0 eÐnai shmeÐo kÔriac eisìdou, Ĺra to x_i ja eÐnai shmeÐo kÔriac exìdou me i < n, pou eÐnai Ĺtopo.

H apìdeixh tou deÔterou isqurismoÔ gÐnetai me to Ðdio epiqeÐrhma, allĹ proc thn antÐjeth kateÔjunsh. Pio sugkekrimèna, èstw ìti upĹrqei kĹpoio j me 1 < j < n gia to opoÐo isqÔei lev(l_j ) < lev(l_n). Epilègoume to mègisto j m’ autăn thn idiìthta, opìte epiplèon lev(l_{j+1}) = lev(l_n). JewroÔme to tìxo Kuperberg L^′ = l_{j+1} ∪ ... ∪ l_n = l^′_1 ∪ ... ∪ l^′_{n−j} . Tìte, gia kĹje μ = 1, ..., n − j h L^′-stĹjmh tou l^′_μ eÐnai lev(l^′_μ) = lev(l_{j+μ}) − lev(l_n). ’Ara lev(l^′_{n−j} ) = lev(l_{j+n−j} ) − lev(l_n) = 0 kai lev(l^′_μ) = lev(l_{j+μ}) − lev(l_n) ≥ 0, diìti to j eÐnai mègisto me thn idiìthta lev(l_j ) < lev(l_n). ’Ara apì to Lămma 2.4 èqoume l^′_1 ≺ l^′_{n−j}, dhladă l_{j+1} ≺ l_n. AfoÔ l_{j+1} = [x_j , x_{j+1}] kai l_n = [x_{n−1}, x_n], apì to Lămma 2.3 èqoume x_j ≡ x_n. To x_n eÐnai shmeÐo kÔriac exìdou, Ĺra to x_j ja shmeÐo kÔriac eisìdou me j > 0, pou eÐnai Ĺtopo. ’Etsi, gia i = 1, èqoume tÿra 0 = lev(l_1) ≥ lev(l_n) kai gia i = n èqoume lev(l_n) ≥ 0. Epomènwc lev(l_n) = 0 kai lev(l_i) ≥ 0, gia kĹje i − 1, ..., n. ’Ara, apì to Lămma 2.4 èqoume l_1 ≺ l_n, gia n > 1 kai apì to Lămma 2.3 èqoume x_0 ≡ x_n. □

Lămma 2.6. An to x_0 eÐnai shmeÐo kÔriac eisìdou me x_0 = (0, θ, −1), tìte h K-troqiĹ tou de ftĹnei se shmeÐo kÔriac exìdou.

Apìdeixh. ’Estw ìti h K-troqiĹ x_0 èqei shmeÐo kÔriac exìdou x_n. Apì thn Prìtash 2.5 ja èqoume x_0 ≡ x_n, dhladă x_n = (0, θ, +1). ’Omwc èqoume dei ìti oi W-troqièc shmeÐwn thc morfăc (0, θ, −1), èqoun jetikì oriakì sÔnolo thn T_1, epomènwc de mporeÐ na èqoun shmeÐo kÔriac exìdou. □

Apì thn Prìtash 2.5 kai to Lămma 2.6 prokÔptei loipìn ìti to (K, K) eÐnai plug. Sth sunèqeia ja apodeÐxoume ìti to K den èqei kammÐa periodikă troqiĹ sto K. ’Opwc ja doÔme sthn apìdeixh pou akoloujeÐ, autì ofeÐletai sthn aktinikă anisìthta, pou de qrhsimopoiăjhke mèqri tÿra.

Lămma 2.7. ’Estw l_1, ..., l_n tìxa Wilson kai r(l_i) h r-suntetagmènh kĹje shmeÐou tou tìxou l_i.

a) An l_i ≺ l_j, tìte r(l_i) = r(l_j ).

b) An lev(l_i) < lev(l_{i+1}), tìte r(l_i) ≤ r(l_{i+1}), me r(l_i) = r(l_{i+1}) mìno ìtan to l_i eÐnai eidikì tìxo.

Apìdeixh. To (a) eÐnai profanèc, diìti an l_i ≺ l_j , tìte ta l_i, l_j anăkoun sthn Ðdia W-troqiĹ kai Ĺra r(l_i) = r(l_j ). Gia to (b), èstw ìti lev(l_i) < lev(l_{i+1}), dhladă lev(l_{i+1}) = lev(l_i) + 1, pou shmaÐnei ìti to x_i eÐnai shmeÐo deutereÔousac eisìdou. ’Estw ìti x_i = σ_j (y_i) me y_i ∈ D_j × {−1} kai σ_j : D_j → W h gnwstă emfÔteush, gia j = 1 ă 2. Apì thn aktinikă anisìthta èqoume r(y_i) ≥ r(x_i). ’Omwc r(y_i) = r(l_{i+1}) kai r(x_i) = r(l_i), Ĺra r(l_{i+1}) ≥ r(l_i). An èqoume r(l_{i+1}) = r(l_i) me lev(l_i) < lev(l_{i+1}), tìte h W-troqiĹ tou x_i ja eÐnai kĹpoia twn T_1, T_2, dhladă to l_i ja eÐnai kĹpoio eidikì tìxo Wilson. □

Lămma 2.8. ’Estw L = l_1 ∪...∪l_n èna tìxo Kuperberg, ìpou ta l_1, ..., l_n eÐnai K-diadoqikĹ tìxa Wilson.

a) An lev(l_i) ≥ 0 gia kĹje i = 2, ..., n tìte r(l_n) ≥ r(l_1).

b) An epiplèon lev(l_n) > 0 kai to l_1 den eÐnai eidikì tìxo, tìte r(l_n) > r(l_1).

Apìdeixh. Efarmìzoume epagwgă sto n. Gia n = 2 èqoume lev(l_2) ≥ 0, opìte lev(l_2) = +1 > 0 = lev(l_1) kai apì to Lămma 2.7(b) èqoume r(l_2) ≥ r(l_1). ’Estw ìti isqÔei gia kĹje tìxo Kuperberg pou apoteleÐtai apì k tìxa Wilson, me 2 ≤ k ≤ n − 1. ’Estw ìti lev(l_n) ≥ 0 gia kĹje i = 2, ..., n. DiakrÐnoume dÔo periptÿseic :

i) An lev(l_n) = 0, apì to Lămma 2.4 èqoume ìti l_1 ≺ l_n kai apì to Lămma 2.7(a) èqoume r(l_1) = r(l_n).

ii) An lev(l_n) > 0, èstw i o mègistoc akèraioc me 1 ≤ i < n gia ton opoÐo isqÔei lev(l_i) = 0. Apì ta Lămmata 2.4 kai 2.7 èqoume l_1 ≺ l_i kai r(l_1) = r(l_i). An i = 1, tìte to l_1 eÐnai eidikì tìxo. ’Etsi, i > 1 kai oÔte to l_i eÐnai eidikì tìxo, afoÔ r(l_1) = r(l_i). Epeidă o i eÐnai o mègistoc akèraioc me thn idiìthta lev(l_i) = 0, tìte lev(l_{i+1}) = +1 > lev(l_i), Ĺra apì to Lămma 2.7(b) èqoume r(l_{i+1}) > r(l_i).

JewroÔme to tìxo Kuperberg L^′ = l_{i+1} ∪ ... ∪ l_n. H L^′-stĹjmh tou l_j eÐnai lev(l_j ) ≥ 0 gia kĹje j = i + 1, ..., n kai apì to epagwgikì băma gia măkoc tìxou Kuperberg n − i < n − 1, èqoume r(l_n) ≥ r(l_{i+1}) > r(l_i) = r(l_1), Ĺra r(l_1) < r(l_n). □

Lămma 2.9. ’Estw a_1, a_2, ..., a_n ∈ R me a_1 + a_2 + ... + a_n > 0. Tìte upĹrqei kÔkloc σ ∈ S_n tètoioc ÿste a_{σ(1)} + ... + a_{σ(k)} > 0 gia kĹje 1 ≤ k ≤ n.

Apìdeixh. AfoÔ ta a_1, a_2, ..., a_n eÐnai peperasmèna, ta merikĹ ajroÐsmata a_1 + ... + a_i, 1 ≤ i ≤ n, eÐnai peperasmèna, epomènwc upĹrqei to min{a_1 + ... + a_i : 1 ≤ i ≤ n}. ’Estw

n_0 = max{1 ≤ m ≤ n : a_1 + ... + a_m = min{a_1 + ... + a_i : 1 ≤ i ≤ n}}

Gia kĹje k me n_0 < k ≤ n, èqoume a_1 + ... + a_k > a_1 + ... + a_{n0} , Ĺra a_{n0+1} + ... + a_k > 0. EpÐshc, gia kĹje j me 1 ≤ j ≤ n_0 èqoume a_1 + ... + a_j ≥ a_1 + ... + a_{n0} . Epomènwc a_{n0+1} + ... + a_n + a_1 + ... + a_j ≥ a_{n0+1} + ... + a_n + a_1 + ... + a_{n0} > 0, lìgw thc upìjeshc. ArkeÐ loipìn na pĹroume σ = ( n_0 + 1 n_0 + 2 ... n 1 2 ... n_0 ) . □ Jeÿrhma 2.10. H plug (K,K) den èqei periodikèc troqièc.

Apìdeixh. ’Estw ìti upĹrqei mÐa periodikă troqiĹ L tou dianusmatikoÔ pedÐou K sthn K kai L = l_1 ∪ ... ∪ l_n h anĹlusă thc se tìxa Wilson, ÿste o n na eÐnai o elĹqistoc akèraioc me l_1 = l_n. DiakrÐnoume dÔo periptÿseic:

a) ’Estw ìti lev(l_n) ≠ 0, opìte mporoÔme na upojèsoume ìti lev(l_n) > 0, antistrèfontac en anĹgkh th forĹ twn troqiÿn tou K. AfoÔ lev(l_j ) = ∑_{j−1} i=1 sgnx_i kai lev(l_n) > 0, apì to Lămma 2.9 mporoÔme na epilèxoume katĹllhla to l_1, oÔtwc ÿste lev(l_i) > 0 gia kĹje i = 1, ..., n. AfoÔ lev(l_2) = +1 > 0 = lev(l_1), apì to Lămma 2.7 èqoume r(l_2) ≥ r(l_1). EpÐshc, sto tìxo Kuperberg L^′ = l_2 ∪ ... ∪ l_n, ta tìxa Wilson èqoun mh-arnhtikèc L^′-stĹjmec, Ĺra r(l_n) ≥ r(l_2), lìgw tou Lămmatoc 2.8(a). Dhladă r(l_1) ≤ r(l_2) ≤ r(l_n) = r(l_1), Ĺra r(l_1) = r(l_2) = r(l_n). IsqÔei, epÐshc, lev(l_1) < lev(l_2), opìte apì to Lămma 2.7(b) to l_1 = l_n eÐnai eidikì tìxo Wilson. Epeidă ìmwc de gÐnetai na èqoume dÔo diadoqikĹ eidikĹ tìxa, to l_2 den eÐnai eidikì tìxo Wilson.

An isqÔei lev(l_2) < lev(l_n), tìte r(l_1) = r(l_2) < r(l_n) = r(l_1), afoÔ to l_n eÐnai eidikì tìxo Wilson, enÿ to l_2 ìqi, pou eÐnai antÐfash.

An lev(l_2) = lev(l_n), sto tìxo Kuperberg L^′ = l_2 ∪ ... ∪ l_n, oi L^′-stĹjmec twn tìxwn eÐnai lev(l_n) = 0 kai lev(l_i) ≥ 0 gia kĹje i = 2, ..., n. ’Ara apì to Lămma 2.4 èqoume l_2 ≺ l_n, pou eÐnai pĹli antÐfash, diìti to l_n eÐnai eidikì tìxo Wilson, enÿ to l_2 ìqi, Ĺra de gÐnetai ta l_2, l_n na anăkoun sthn Ðdia K-troqiĹ.

b) An lev(l_n) = 0, mporoÔme ìpwc sthn prÿth perÐptwsh na epilèxoume to l_1, oÔtwc ÿste na isqÔei lev(l_i) ≥ 0 gia kĹje i = 1, ..., n. Apì to Lămma 2.4 èqoume l_1 ≺ l_n. ’Omwc l_1 = l_n, Ĺra to l_1 = l_n eÐnai kĹpoio eidikì tìxo Wilson. ’Etsi r(l_1) = r(l_n) = 0. ’Estw i o elĹqistoc akèraioc me 1 < i ≤ n, gia ton opoÐo isqÔei lev(l_i) = 0. Sto tìxo Kuperberg L^′ = l_2 ∪ ... ∪ l_i, oi L^′-stĹjmec twn tìxwn eÐnai lev(l_{i−1}) = 0 kai lev(l_j ) ≥ 0 gia j = 2, ..., i − 1. Apì to Lămma 2.4 èqoume l_2 ≺ l_{i−1}. ’Omwc l_2 = [x_1, x_2] kai l_{i−1} = [x_{i−2}, x_{i−1}] kai sunepÿc, apì to Lămma 2.3, isqÔei x_1 ≡ x_{i−1}. Autì eÐnai Ĺtopo, diìti r(x_1) = 0, epomènwc h troqiĹ tou x_1 de mporeÐ na èqei shmeÐo exìdou. □

SunoyÐzontac ìla ta prohgoÔmena, to epìmeno Jeÿrhma thc K.Kuperberg, èrqetai na dÿsei to C^∞ antiparĹdeigma sthn eikasÐa tou Seifert.

Jeÿrhma 2.11. UpĹrqei C^∞ dunamikì sÔsthma sthn S^3 qwrÐc stajerĹ shmeÐa kai qwrÐc periodikèc troqièc.

Apìdeixh. JewroÔme to mh-mhdenizìmeno C^∞ dianusmatikì pedÐo X_1 sthn S^3 me mÐa monadikă periodikă troqiĹ, pou kataskeuĹsthke sthn parĹgrafo III.2. An L eÐnai aută h troqiĹ, èstw x_0 èna shmeÐo thc kai A èna flow box gÔrw apì to x_0. KĹnoume eisagwgă thc plug (K, K) thc Kuperberg sto A, me tètoion trìpo ÿste èna shmeÐo thc morfăc (0, θ, −1) na apeikonÐzetai sto x_0, ìpwc deÐqnei to parakĹtw sqăma. ’Etsi prokÔptei èna C^∞ dianusmatikì pedÐo Q sthn S^3 qwrÐc stajerĹ shmeÐa kai qwrÐc periodikèc troqièc, kajÿc h L {pagideÔetai} mèsa sto K lìgw tou Lămmatoc 2.6, enÿ de dhmiourgoÔntai kainoÔriec periodikèc troqièc, afoÔ h K ikanopoieÐ thn idiìthta twn apènanti perĹtwn. □

.

Anaforèc

[Ar-Be-Zh] S. Kh. Aranson, G. R. Belitsky and E. V. Zhuzhoma, Introduction to the Qualitative Theory of Dynamical Systems on Surfaces, Transl. Math. Monographs 153, Amer. Math. Soc., 1996.

[Bh-Sz] N. P. Bhatia and G. P. Szegö, Stability theory of dynamical systems, Springer- Verlag, 1970.

[Boo] W. M. Boothby, An introduction to Differential Manifolds and Riemannian Geometry, Pure and Applied Mathematics, vol. 120, Academic Press, 1976.

[Ghy] E.Ghys, Construction de champs de vecteurs sans orbite périodique, Séminaire Bourbaki, exposé 785 (1993-94).

[Hir] Morris W. Hirsch, Differential Topology, Springer-Verlag, 1976. [KuG] G. Kuperberg, A volume-preserving counterexample to the Seifert conjecture, Comment. Math. Helvetici 71 (1996), 70-97.

[KuG-K] G. Kuperberg and K. Kuperberg, Generalized counterexamples to the Seifert conjecture, Ann. of Math. 144 (1996), 239-268.

[KuK] K. Kuperberg, A smooth counterexample to the Seifert conjecture, Ann. of Math. 140 (1994), 723-732.

[Mas] W. S. Massey, Algebraic Topology: An Introduction, Springer-Verlag, 1977. [Mats] S. Matsumoto, K. M. Kuperberg’s counterexample to the Seifert conjecture, Sugaku 47 (1995), no. 1, 38-45.

[Mun] J. R. Munkres, Topology, A First Course, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1975.

[Schw] A. J. Schwartz, A generalization of a Poincaré-Bendixson theorem to closed two-dimensional manifolds, Amer. J. Math. 85 (1963), 453-458.

[Sch] P. A. Schweitzer, Counterexamples to the Seifert conjecture and opening closed leaves of foliations, Ann. of Math. 100 (1974), 386-400.

[Sib] K. S. Sibirsky, Introduction to topological dynamics, Monographs and textbooks on pure and applied mathematics, 1975.

[Tam] I. Tamura, Topology of Foliations: An Introduction, Transl. Math. Monographs 97, Amer. Math. Soc., 1992.

.

PARARTHMA

Sqămata

.

PLUGS

Flow bordism

Sunjăkec (I) Pagideumènhc troqiĹc (II) Apènanti perĹtwn

.

H HOPF FIBRATION

Apeikìnish Hopf π : S^3 → S^2,

π(z_1, z_2) = (2Re(z_1z̄_2), 2Im(z_1z̄_2), |z_1|^2 − |z_2|^2) AntÐstrofh eikìna kĹje shmeÐou (x_1, x_2, x_3) ∈ S^2 mèsw thc π eÐnai π^{−1}(x_1, x_2, x_3) = {(z_1e^{iθ}, z_2e^{iθ}) : 0 ≤ θ ≤ 2π} Roă Hopf ϕ : R × S^3 → S^3, ϕ(t, (z_1, z_2)) = (z_1e^{it}, z_2e^{it}).

.

TO DIANUSMATIKO PEDIO X^′_1 STHN S^3

η : S^3 \ π^{−1}(0, 0, 1) → R^2 × S^1,

η(z_1, z_2) = ( z_1 z_2 , z_2 |z_2| ) = ((x, y), e^{iθ}) me 0 ≤ θ < 2π,

S^3 \ π^{−1}(0, 0, 1) η R^2 × S^1

π probolă S^2 \ (0, 0, 1) = R^2

X^′_1 = { η^{−1}_∗ ( ∂∂x) sthn S^3 \ π^{−1}(0, 0, 1) 0 sto π^{−1}(0, 0, 1)

.

H PLUG THS K. KUPERBERG