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Abstract

Conformal field theories are known to describe the universal physics in scale
invariant critical points. They have been studied in two dimensions for many decades
into great extend. Only recently this research was extended in greater than two dimensions using non perturbative techniques that were developed in the context of the
conformal bootstrap. This renaissance sparked because of the development of new
numerical techniques that could restrain or solve the theories and lately analytical
techniques have also been developed. The ultimate goal of the conformal bootstrap is
to combine analytical with numerical techniques and map out the space of all possible
CFTs.
In this thesis we utilize the tools of the numerical conformal bootstrap. We
begin by applying the bootstrap in the case of 3d Ising model, by considering both
single and mixed correlators of scalar operators with Z2 global symmetry. The results
we find for the two relevant scaling dimensions are in agreement with Monte Carlo
studies. We then proceed to study scalar operators with a global O(N ) symmetry,
by applying the mixed correlator bootstrap for the two relevant scalars in the singlet
and vector representation for N = 2, 5. The N = 2 case describes the XY universality
class and has been studied with various methods. The results we find again agree with
Monte Carlo. The N = 5 is hypothesized to be relevant for high Tc superconductors.
We determine the scaling dimensions of the singlet and vector relevant operators and
we find them to disagree with −expansion results. Finally we use a recent method
that allows to determine scaling dimensions by considering only single correlators and
apply it to the case of O(N ), with N = 4, . . . , 10.
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1
Introduction
Quantum Field theories have met a huge success in theoretical physics due to the
fact that they can describe the world of fundamental particles. Besides that they
have proven to be a very effective formalism to describe critical phenomena and phase
transitions in statistical physics. Phase transitions occur when a system changes its
properties and the way its thermodynamic quantities behave. Critical phenomena have
been studied with a plethora of methods such as epsilon expansion in the context of
Renormalization Group.
These techniques have mostly been based in scaling symmetry which is believed to
be a symmetry of critical phenomena. Often invariance under scaling transformations
implies invariance under the larger Conformal Group, which is a more constraining
symmetry. Unfortunately this aspect was left unexplored for many years due to the
difficulty of solving the equation it would produce. In particular, it was known back
from 1970 that the 2d Ising model exhibited conformal symmetry and it was used with
great success [49]. However in greater than 2 dimensions not a lot progress was done.
In the works of Ferrara et.al.[15] they came up with the so called crossing equation,
which by solving it one could hypothetically calculate all the quantities that could
appear in a theory and hence solve it. Such a task proved impossible in the further
years and no progress was made.
It was only until recently (2008) where Rychkov Rattazi and Vichi in the seminal
paper [51] instead of solving the crossing equation they used it to derive bounds on
the quantities of the theory. This lead to the blossom of a whole new research field
in theoretical physics called the conformal bootstrap based on both numerical and
analytical techniques.
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The first great success that established the power and capabilities of the conformal
bootstrap program was its ability to produce the most precise predictions for the critical exponents of the 3d Ising model [31]. Besides that the program has shed light into
multiple aspects of Conformal Field Theory such as O(N) vector models, supersymmetric theories, gauge theories and others. In this project we aim to demonstrate the
numerical Bootstrap philosophy by reproducing some of the most important results
and then use the tools and knowledge we obtained to further enhance the results of
the conformal bootstrap.
In particular, in section 2 we will start with the physical motivation of the conformal
bootstrap.

We will discuss the Renormalization Group and it’s relation to critical

phenomena, the scaling invariance that can be found in phase transitions and how
conformal symmetry could be linked with them in the continuum limit.
In Section 3 we will introduce the theory of CFTs in general d > 2. We will talk about
the conformal transformations, the conformal group and the possible representations
in a conformal invariant theory for our fields as well as the dynamics that can occur.
Later we will introduce the idea of operator in the radial quantization which we will use
to derive our first primitive bounds on operators as a consequence of unitarity. Finally
we will introduce the notion of the operator product expansion and use it to derive the
forementioned crossing equation which the conformal bootstrap aims to solve.
Section 4 and 5 will be the backbone of the thesis. In section 4 we will demonstrate
how the crossing equation can be formulated in a finite set of equations, which the
conformal bootstrap algorithm can use in order to make predictions for the quantities
that can appear in a CFT. We have included a little toy bootstrap for the case of 2d CFTs
to better demonstrate the philosophy of the conformal bootstrap. We will consider the
case of 4 identical fields and its crossing equation in 3d and we will show how the 3d
Ising model can be pointed out from all the other possible theories that can live in the
space of 3d CFTs. Next we will see how considering multiple fields and their mixed
correlators along with physical assumptions can actually single out the Ising model
out of all the other possible theories. This will allow us to make exact predictions for
the scaling dimensions of those fields.
Then we will use the techniques that we developed for the case of O(N ) vector
models.

We will consider both the case of single and mixed correlators. We will

see that mixed correlators along with physical assumptions can also lead to isolated
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regions (islands). In the bibliography mixed correlators have been applied for the case
of N = 1, 2, 3, 4, 201 . We will then approach the physical case of N = 5, which is
hypothesized to be relevant to high-Tc superconductors.
In section 5 we will demonstrate a recent and unexplored technique to isolate regions in theories with a global symmetry by considering single correlators and imposing
a gap in the scaling dimension of the first spin 1 operator after the conserved current.
In the original paper this technique was only explored when it comes to O(N ) models
for the case of N = 1, 3. We will show that islands can also be obtained for N up to 10.
We will also propose a usage of this property in theories where the scaling dimensions
of the scalar fields are known in good precision as in the case of Ising, in order to
impose rigorous bounds on the scaling dimensions of spin 2 operators.
Finally, in the outlook we summarize the results we obtained and we discuss about
further applications of the conformal bootstrap using the techniques we presented. In
the Appendix we present some of the more technical details related to the programming
side. The programs we used for the numerical analysis are qboot [20] and SDPB [32].
All the sketches presented at chapter 2, 3 are either original or recreations and all the
plots presented in chapters 4 and 5 are originals and created with Mathematica. All
the computations were carried by Metropolis the HPC Facility of UoC.

1

N = 1 case corresponds to the Ising model
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2

Critical Phenomena
2.1 Phase Transitions

Phase transitions describe a certain system when it changes its macroscopic values.
Such transitions take place when the parameters of the system take specific values.
The points in the parameter space where these transitions occur are called critical
points. We can categorise the phase transitions into two groups.
We have the first order or discontinuous transitions. These are characterised by
a discontinuity in the thermodynamic quantities around the critical point where they
take different but finite values according to which state they are in. Some examples of
such transitions are the melting of 3 dimensional solids and the condensation of a gas
into liquid.
On the other hand we have second order or continuous phase transitions. This
time the states that correspond to different phases are connected continually. Such a
case is the ferromagnetic phase transition which can be described by the Ising model.
In the case of Ising model the critical point1 exists at H = 0 and T = Tc , where Tc is
the critical temperature and H the external magnetic field (Figure 2.1). All the thermodynamic qualities have a continuous behaviour (e.g. specific heat, susceptibility)
except in the line of H = 0 and T 6 Tc [4]. In Figure (2.2) we can see that the magnetisation has a discontinuity, but as the temperature approaches Tc from below we see
that the discontinuity goes to zero. This is an example of a discontinuous transition
transforming to a second order. Most of the quantities close to the critical point exhibit
a power law which is closely related to the critical exponents.
1

also called Curie point
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Figure 2.1: Phase diagram of a uniaxial ferromagnet. The figure is a recreation of figure
1.1 in [4]

Figure 2.2: Magnetisation in relation to applied field, for various temperatures. The figure
is a recreation of 1.2 in [4]

Let’s first define the following dimensionless quantities: the reduced temperature
T −Tc
Tc

and the reduced external magnetic field h = kHT . Then the power laws that
B
the thermodynamic quantities exhibit at the critical point can be used to define the

t=

critical exponents. For the case of the Ising model we have
2
• α: Specific heat at h = 0, C = ∂∂TF2 ∼| t |−α

• β : Spontaneous magnetisation lim M ∼ (−t)β
H→+

−γ
• γ : Zero field susceptibility X = ∂M
∂H |H=0 ∼| t |

• δ : At T = Tc , | M |∼| h |1/δ

5
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Let’s now consider the case of water. The phase diagram can be seen in Figure 2.3.
We notice that the red line if isolated reminds a lot the red line in Figure 2.1.
Moreover near the liquid-gas critical point there are discontinuities similar to the
case of the uni-axial magnet. For example we can find a discontinuous behaviour in
the pressure-density diagram near the liquid-gas critical point (Figure 2.3).
As in the case of the Ising model we need two parameters to describe where the
critical point occurs. We can make the following analogy and pair p − pc to the applied
field H and ρ − ρc to the magnetisation M . The critical exponents are defined in
analogy to the magnet as:

Figure 2.3: The left plot correspond to the phase diagram of a typical substance. The right
plot depicts isotherms near the liquid-gas critical point. Both diagrams are recreations of
1.3, 1.4 figures in [4]

• α: Cv ∼| t |−α at ρ = ρc
• β : ρL − ρg ∼ (−t)β
• γ : XT ∼| t |−γ
• δ : p − pc ∼| ρ − ρc |δ
A remarkable experimental result is that the critical exponents appearing in the
uni-axial magnets and the vapor-liquid case actually match. For a collection of experimental results one can refer to p.49 [45]. It is natural to assume there is some kind of
physics behind this universality and that it’s not a coincidence. The formalism of the
renormalization group aims to give an answer.

6
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2.2 Scaling and Renormalization
In this section we will introduce the basic idea of the renormalization group which originates from K.Wilson[57]. The renormalization group could be described as a framework, which has to be adapted in the particular problem we are examining. What it
aims to achieve is to re-express the parameters of the theory in simpler terms while retaining unchanged the physical aspects of the system we are interested in. An example
is when we do some kind of coarse graining of short-distance degree of freedoms in the
cases where the long distance physics is of interest, like in critical phenomena. The
basic goal of this approach is to find the renormalization group flow in some parameter
space. It is the study of these flows that is the essence of the renormalization group
approach.

2.2.1 Block Spin Transformations
People that have studied the Ising model with computer simulations have found out
that at two dimensions it exhibits some sort of scale invariance at the critical point. A
way to implement this into our theory is by a block spin transformation. The basic idea
is to group spins in a lattice in some way and then assign a new value of spin to a new
lattice, where each point corresponds to each group. A simple rule to assign the new
spin value could be the majority rule, where if the starting group has more +1/ − 1
spins you assign +1/ − 1 to the new lattice point. If we rescale the lattice so that
the spacing is the same, we expect to obtain the same system in terms of statistical
behaviour. If we continue this procedure as long as we are on the critical point and we
have a large enough initial lattice, then all the frames we get should be the same.1 .
We have a sketch of the whole procedure at Figure 2.4

2.2.2 Renormalization Group Properties
In order to understand the scaling invariance at critical points we must build a mathematical formalism that describes it. That is what the renormalization group attempts
1

A nice demonstration of scale invariance can be found at [56]
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Figure 2.4: a demonstration of the Renormalization Group transformation

to do. In this section we will try to give the basic mathematical structure for the renormalization group. Let’s suppose that the transformation of the couplings of our theory
have a linear form near the critical point:

Ka0 − Ka∗ ∼

X

Tab (Kb − Kb∗ )

(2.1)

b

and denote the eigenvalues of the matrix T by λi then

X

φia Tab = λi φia

(2.2)

a

where φi are the eigenvectors of T . Then we can define the scaling variables ui =
P i
0
∗
a φa (Ka − Ka ) which transform near the fixed point with the following form:

u0i =

X

=

X

φia (Ka0 − Ka∗ ) =

a

X

φia Tab (Kb − Kb∗ )

a,b

λi φib (Kb − Kb∗ ) = λi ui

(2.3)

b

It is convenient to define λi = byi where yi are called renormalization group eigenvalues
and we can characterize them according to their values :
1. If yi > 0, ui is said to be relevant, which means that it drives away for the fixed
point.
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2. If yi < 0, ui is irrelevant , which means it will take you back to the fixed point.
3. If yi = 0 then it is said to be marginal. In this case no further conclusion can be
made at the linear order
As we have already discussed in the Ising model we have to tune two parameters in
order to get to the critical point. That means that we can also get away from the critical
points with two parameters, so we have only two relevant eigenvalues. We can use this
property to define the Ising universality class as the renormalization group with only
two relevant renormalization group eigenvalues.

2.2.3 Scaling Behaviour and Critical Exponents
For the Ising model universality class we expect to have a relevant thermal scaling
variable ut with eigenvalue yt and a relevant magnetic scaling variable uh with eigenvalue yh as we have already discussed. Also we expect ut to be Z2 even and uh to be

Z2 odd. We expect the values of the relevant scaling fields will depend analytically on
the reduced variables (t, h) and we want them to vanish at exactly the critical point
where t = h = 0, so we can deduce that:

t
+ O(t2 , h2 )
t0
h
+ O(th)
uh =
h0
ut =

(2.4)
(2.5)

Now let’s consider the reduced free energy per site

f (K) =

−lnZ
N

(2.6)

which is a function of the couplings K . As the couplings flow according to the renormalization group equations, we get that

e−N f (K) = e−N g(K)−N

0 f (K 0 )

(2.7)

where N 0 is the total number of blocks and is equal to N 0 = b−d N 1 . The above
equation gives the following transformation rule for the free energy per site :

f (K) = g(K) + b−d f (K 0 )
1

in Figure 2.4 we can see that N 0 = 2−2 × 16 = 4

9
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We are interested in the singular behaviour around the fixed point, so we can drop
the inhomogeneous term g(K). Then the homogeneous transformation law for the
singular part of the free energy is

fs (K) = b−d fs (K 0 )

(2.9)

Close to the fixed point the transformation law gets the following form

fs (ut , uh ) = b−d fs (byt ut , byh uh ) = b−nd fs (bnyt ut , bnyh uh )

(2.10)

where in the last step we have iterated the renormalization group n times. But since
the fields are growing under this iteration we cannot take n too large, since the renormalization equations at the linear limit will eventually break down. Instead we choose
to stop this iteration at a point where | bnyt ut |= ut0 . Then at this point we can solve
for b−n to get :

ut0 1/yt
)
ut
ut 1/yt
=(
)
ut0

bn =(
b−n

(2.11)
(2.12)

By writing the free energy in terms of the reduced variables and absorbing ut0 in the
definition of the scale factor t0 we get:

fs (t, h) =|

t d/yt  h/h0 
Φ
|
,
t0
| t/t0 |yh /yt

(2.13)

where Φ is a scaling function. From the form of the function we can derive the singular
behaviour of thermodynamic quantities and hence the critical exponents. For example
the critical exponent α is related to the specific heat which is equal to ∂ 2 f /∂t2 |h=0 ∝|

t |d/yt −2 , so we have
α = 2 − d/yt

(2.14)

The other critical exponents in a similar manner can be found to be:

d − yh
yt
2yh − d
γ=
yt
yh
δ=
d − yh

β=

(2.15)
(2.16)
(2.17)

These relations among the critical exponents and the two renormalization group eigenvalues are a characteristic of the Ising universality class. Similar equations can be
found for other universality classes [45].
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2.2.4 Operators and the Continuum Limit
At this point in order to connect the previous sections with quantum field theories and
conformal field theories we will consider the continuum limit. In this limit we have
some local quantities called operators that the scaling fields ui are uniquely coupling
with. Then the terms that will appear in the Hamiltonian will have the following form

X

Z

ui

φi (r)

i

dd r
ad

(2.18)

In the above relation ad is the volume of the unit cell. We want our theory to be
invariant under scaling transformations as it is a symmetry of our system. When we
take a renormalization group transformation a → ba and ui → byi ui we see that

∆ i = d − yi

(2.19)

where ∆ is the scaling dimension of the operator φ (φ → b∆ φ). The equation 2.19
is one of the most important in the renormalization group and for our thesis since it
will allow as to determine critical exponents by determining the scaling dimensions ∆.
Generally speaking to determine the scaling dimensions is not an easy task and there
is no absolute path to achieve this.
Besides the scaling invariance that we described, it has been found that many
critical points, as well as the 2d Ising critical point, also possess another symmetry.
This extra symmetry is called conformal and we will discuss it in the next chapter.
The idea of the conformal bootstrap is to use the extra restrictions that arise from this
extra symmetry to impose bounds in the scaling dimensions or even determine them
in some occasions.
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In this chapter we will start by reviewing the basic theory of CFTs and later we will
delve into more advanced aspects that are closely related to the conformal bootstrap. In
general we will follow the notations of [54]. Other excellent introductory texts in CFTs
can be found at [18], [52]. By definition, a conformal transformation is an invertible
mapping that leaves the metric invariant up to a scale, which means:

g̃µν (x̃) = Λ(x)gµν (x)

(3.1)

The set of the conformal transformations form a group which reduces to the
Poincare group for the special case of Λ(x) = 1. The term conformal derives from
the fact that the transformations preserve the angles between two curves locally at a
given point. In order to study the group we must ask the most fundamental question:
what happens we when shift the spacetime variable by xµ → x̃µ = xµ + µ ?

3.1 Conformal Transformations
We know that the metric transforms under a coordinate transformation as such

g̃µν (x̃) =

∂ x̃µ ∂ x̃ν
gµν (x)
∂xρ ∂xσ

(3.2)

So the conformal transformations of Euclidean space time must obey

ηρσ

∂ x̃ρ ∂ x̃σ
= Λ(x)ηµν
∂xµ ∂xν

(3.3)

By applying the infinitesimal transformation of the space time coordinates and doing
some algebra we can find the following constraining equation, which is a characteristic

12
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of conformal transformations:

∂µ ν + ∂ν µ =

2
(∂ · )ηµν
d

(3.4)

by differentiating twice we can find the following differential equation

(d − 1)(∂ · ) = 0

(3.5)

This means that (∂ · ) must be linear in xµ . Therefore in general we have

µ = aµ + bµν xν + cµνρ xν xρ

(3.6)

Now since our constrains work for all x we will investigate each term on its own.
Starting with the aµ we see that its not constrained in any way and corresponds to
boosts since we have

x̃µ = xµ + αµ

(3.7)

For the the linear term if we set αµ , cµνρ = 0, substituting to (3.4) we get

bµν + bνµ =

2 ρ
(b )ηµν
d ρ

(3.8)

We can decompose bµν in a symmetric (aµν ) and antisymmetric part (mµν ). For the
symmetric part we have

2aµν =
aµν

2 ρ
a ηµν
d ρ
= αηµν

(3.9)

therefore,

x̃µ = xµ + αxµ = (1 + α)xµ

(3.10)

which corresponds to dilatations or scale transformations or dilations for brevity. The
antisymmetric part obviously corresponds to infinitesimal Lorentz rotations, as we
expected to find them.
To find the relation for the quadratic term we get back to (3.4). We act with the
derivative ∂ρ and permute the indices and do some algebra to obtain:

2∂µ ∂ν ρ =

2
(−ηµν ∂ρ + ηρµ ∂ν + ηνρ ∂µ )(∂ · )
d

(3.11)

Substituting the quadratic term into the above relation we get

cρµν = −ηµν bρ + ηρµ bν + ηνρ bµ , bµ =

13

1 ν
c
d νµ

(3.12)

3. Conformal Field Theories

These transformations are called special conformal transformations (scts). We can now
find that infinitesimal scts correspond to.

x̃µ = xµ + cµρν xρ xν
= xµ + 2(x · b)xµ − (x2 )bµ

(3.13)

it is straightforward to imagine the finite version of translations, rotations and dilations. For scts the finite version is

xµ − bµ x2
1 − 2bν xν + b2 x2

x̃µ =

or

x̃µ
xµ
=
− bµ
x̃2
x2

(3.14)

µ
and consists of an inversion xµ → xx2 , a translation by bµ , and a second inversion. In
Figure 3.1 we depict the four transformations.

Figure 3.1: transformations belonging in the conformal group.

3.2 Conformal Group Algebra
From the form of infinitesimal transformations we can extract the generators of the
Conformal Group which are defined by eaG = 1+aG+. . . , where a is some infinitesimal
operator. For example in the case of special conformal transformations for scalar fields
by Taylor expanding we get

φ(xµ + 2(x · b)xµ − (x2 )bµ )
=φ(xµ ) + (2(x · b)xµ − x2 bµ )∂µ φ(xµ )
=(1 + bµ (2xµ xρ ∂ρ − x2 ∂µ ))φ(xµ )

14
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With a similar expansion we can find the other generators too and we end up with

Pµ = ∂µ

(translations)

(3.16)

(rotations)

(3.17)

(dilatations)

(3.18)

(special conformal trans.)

(3.19)

Mµν = xν ∂µ − xµ ∂ν
D = xµ ∂µ
Kµ = 2xµ (x · ∂) − x2 ∂µ

From the generators we can read the algebra of the group. Using the conventions of
[54] we have that

[Mµν , Pρ ] =δνρ Pµ − δµρ Pν

(3.20)

[Mµν , Kρ ] =δνρ Kµ − δµρ Kν

(3.21)

[Mµν , Mρσ ] =δνρ Mµσ − δµρ Mνσ + δνσ Mρµ − δµσ Mρν

(3.22)

[D, Pµ ] =Pµ

(3.23)

[D, Kµ ] = − Kµ

(3.24)

[Kµ , Pν ] =2δµν D − 2Mµν

(3.25)

From the algebra (3.22) we can see that M generates the usual SO(d) rotations and
that P, K transform as vectors (3.20),(3.21). Also from (3.23) and (3.24) we can see
that P and K can be perceived as raising and lowering operators for D. The entire
Conformal Algebra is isomorphic to SO(d + 1, 1)1 , which is the Lorentzian spacetime
symmetry group in d + 2 dimensions. We can see this by mapping

Lµν = Mµν , L−1,0 = D, L0,µ =

Pµ − Kµ
Pµ + Kµ
, L−1,µ =
2
2

(3.26)

Now a, b = {−1, 0, . . . , d} and Lab satisfy (3.22) where instead of δµν we have the
Lorentzian metric in Rd+1,1 .

3.2.1 Conformal Group Representations
In the previous section we considered the action of the conformal group in the case
of scalar fields. Obviously we must extend our analysis in the case of other operators
1

SO(d,2) for Lorenztian signature
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that have an inner structure. Let’s first start by labeling the Operators by the way they
transform at the origin under rotations

[Mµν , Oa (0)] = (Sµν )ab Ob (0)

(3.27)

Now we can move away any operator from the origin with the translation generator Pµ
µ
µ
using it as ex Pµ O(0)e−x Pµ = O(x). Obviously Pµ has the same action as before

[Pµ , O(x)] = ∂µ O(x)

(3.28)

To find how a field with spin transforms under rotations away from the origin we must
act with the rotations generator on O(x) and use the Hausdorff formula

Mµν O(x) =Mµν ex
=ex

µP
µ

=ex

µP
µ

µP

µ

1

O(0)

(e(−x

µP

µ)

Mµν e(x

µP

µ)

)O(0)

(−xµ Pν + xν Pµ + Mµν )O(0)

=(xν ∂µ − xµ ∂ν + Sµν )O(x)

(3.29)

In scale-invariant theories it is natural to diagonalize the dilatation operator so that it
acts at the origin as

[D, O(0)] = ∆O(0)

(3.30)

A similar calculation as before gives for the dilatation operator away from the origin

[D, O(x)] = (∆ + xµ ∂µ )O(x)

(3.31)

For special conformal transformations we must first find out how they act on operators
at the origin. To address this question we will first consider the commutator of D with

Kµ
DKµ O(0) = ([D, Kµ ] + Kµ D)O(0) = (∆ − 1)Kµ O(0)

(3.32)

We find out that Kµ acts as a lowering operator in scaling dimensions. Thus with
repeated actions of the generators we can create arbitary low scaling dimensions. As
we will see in the next section unitary CFTs must have a lower bound on ∆ so there
must exist some operators that are killed for Kµ

[Kµ , O(0)] = 0
e Be−A = B + [A, B] +

1 A

1
[A, [A, B]]
2!

+ ...
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These above operators are called primary. From a primary operator we can construct
operators of higher dimension called descendants by acting with momentum generators. As before we can find the action of Kµ on an operator away from the origin

[Kµ , O(x)] = (2∆xµ − 2xν Sµν + 2xµ (x · ∂) − x2 ∂µ )O(x)

(3.34)

A representation of the conformal algebra can now be constructed out of O(0) and its
descendants

O(0) → Pµ1 O(0) → Pµ1 Pµ2 O(0) . . .
∆ → ∆ + 1 → ∆ + 2...

(3.35)
(3.36)

The generators D and Mµν keep the operator at the same level. This procedure looks
a lot like the procedure of building SU (2) irreps starting from highest-weight states.
Usually in the bibliography the set of a primary operator and its descendants is called
a conformal multiplet. The set of scaling dimensions of all the primary operators make
up the spectrum of the theory. In d ≥ 3 we expect the spectrum of a theory to be
discrete, since this property allows well-defined thermal partition functions to exist
[54].

3.3 Correlation Functions
So far we have considered the kinematics of operators in CFTs. In order to make further
progress we must consider suitable correlation function that respect the symmetries
of our theories and describe the dynamics of it. This generally speaking is a difficult
task because of the special conformal transformations that act non linearly. One can
begin by classifying the most general structure that the correlators can have. During
the years multiple techniques have been tried starting from Polyakov (1970) [49] and
up to this date the problem of finding a way to classify all the possible correlators for
all the possible fields in all the possible dimensions is still far from solved.
The two most active and successful approaches are the embedding formalism [9]
which is based on the isomorphism of the conformal group with SO(d + 1, 1) and the
conformal frame [42]. For brevity we will demonstrate the most important results for
our purposes. We will use the conformal frame explicitly at section (3.5).
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Starting with the two point function of two primary scalar operators we expect
because of translation and rotation invariance to have hO1 (x1 )O2 (x2 )i ∼ f (| x1 − x2 |).
Now acting with the Dilatation generator in the 2-point function we can find f ∼| x1 −

x2 |−(∆1 +∆2 ) . Acting with the sct generator we find that it vanishes unless ∆1 = ∆2 .
In conclusion the two point function is

hO1 (x1 )O2 (x2 )i =

Cδ∆1 ∆2

(3.37)

1
x2∆
12

where x12 = x1 − x2 and C defines the normalization of the operators. Usually we
normalize the operators so that C = 1. For the three point function of three scalar
operators following the same procedure we find it fixed up to a constant

hO1 (x1 )O2 (x2 )O3 (x3 )i =

λ123
∆1 +∆2 −∆3 ∆2 +∆3 −∆1 ∆3 +∆1 −∆2
x12
x23
x31

(3.38)

The constants λ are called OPE coefficients and together with the spectrum of the
theory they make up the CFT data. This equation historically played an important role
in the development of CFTs. It was the similarity of three point functions derived from
conformal symmetry and the ones derived by Kadanoff and Onsager for the 2d Ising
model that led Polyakov to believe critical points exhibit conformal symmetry besides
scale invariance[49].
For the 2-point function of operators in the traceless symmetric irrep of SO(d) with
spin ` the operators we must have same ∆. In this case we get

hO

µ1 ...µ`

(x1 )Oν1 ...ν` (x2 )i = C

(`)

 I (µ1 (x ) . . . I µ` ) (x )
ν1
ν`
12
12

x2∆
12

Iνµ ≡ δνµ − 2



− traces ,

(3.39)

xµ xν
x2

(3.40)

where we can symmetrize in either µ or ν and the traces are taken on the µ and

ν indices separately. For the 3-point function of two scalar operators with a spin `
operator we get
µ1 ...µ`
hO1 (x1 )O2 (x2 )O∆,`
(x3 )i =

λO1 O2 O∆,` (Z µ1 . . . Z µ` − traces)

∆1 +∆2 −∆+` ∆2 +∆−∆1 −` ∆+∆1 −∆2 −`
x31
x12
x23
µ
µ
x
x
Z µ ≡ 213 − 223
x13 x23

,

(3.41)
(3.42)

We see that Z µ is antisymmetric in the exchange of 1 ↔ 2. This means that the 3-pt
function with two identical scalar fields is non-vanishing for ` = even. Unfortunately
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the conformal group is not constraining enough to have the same effect for higher npoint function and constrain their form. The best we can do at this point is to define
the conformal invariant cross-ratios u, v

u=

x212 x234
,
x213 x224

v=

x223 x214
.
x213 x224

(3.43)

the reason there are exactly two independent cross-rations will become apparent in
3.5. Then the four point function for four identical scalars can be written as

hO1 (x1 )O2 (x2 )O3 (x3 )O4 (x4 )i =

g(u, v)
2∆
x2∆
12 x34

(3.44)

where g is an arbitrary function of the cross-ratios u, v . In order for g to be an appropriate function some constraints must be met since exchanging x1 ↔ x2 or x1 ↔ x3
leaves the left hand invariant (3.44) . This leads to the following consistency conditions
on g(u, v)

g(u, v) =g(u/v, 1/v)
u
g(u, v) =( )∆ g(v, u)
v

(3.45)
(3.46)

The equation (3.46) is the celebrated "crossing equation" and is the one used in the
conformal bootstrap to retrieve constraints on our theories.
For the case of non-identical scalar fields we have

hOi (x1 )Oj (x2 )Ok (x3 )Ol (x4 )i = (

x24 ∆ij x14 ∆kl gijkl (u, v)
) (
)
∆ +∆
x14
x13
x i j x∆k +∆l
12

(3.47)

34

where ∆ij −∆i −∆j . Like previously the correlator must be invariant under 1, i ↔ 3, k ,
which means that the crossing equation is

v

(∆j +∆k )
2

gijkl (u, v) = u

(∆i +∆j )
2

gkjil (v, u)

(3.48)

3.4 Radial Quantization
At this point in order to proceed further we must choose a suitable quantization. Usually in Quantum Mechanics we choose a one dimensional subspace, which is usually
the time direction and we build "slices" of Hilbert spaces in the other d − 1 orthogonal
dimensions. We can then build correlation function by connecting Hilbert spaces in
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different times with a time evolution operator U = eG , where G is some generator of the
Lorentz group. Then the Hilbert spaces are identified by the eigenvalues of G as well
as the generators that preserve each slice. In typical QFT’s the states in the Hilbert
Space are clasified by their 4-momentum.
For scale invariant QFT’s it is convenient to choose the radial direction around an
origin to be the analogous of time in the previous example. Then we can make d − 1
radial foliations and define upon them our Hilbert spaces. This time we can evolve
through different spaces with the Dilation operator as U = eD (Figure 3.2). In this
quantization, which is named radial, the states are labeled by the eigenvalues of D as
well as the SO(d) rotations that leave invariant each S d−1 .

Figure 3.2: states in radial quantization

D |Oi = ∆ |Oi , Mµν |Oi = Sµν |Oi

(3.49)

where ∆ is the eigenvale of D , and Sµν implements the transformation for a given
representation under rotations. We can define the vacuum of the Hilbert space as the
state that gets killed from the dilation operator

D |Oi = 0

(3.50)

A property of this quantization is that operators are one-to-one correspondence to
states. This happens because we can always transform a spatial slice to the origin
using dilations, where we can identify it with an operator at that point. This means
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that an operator O(0) with scaling dimension ∆ corresponds to a state, according to
the mapping

O(0) ←→ O(0) |0i = |Oi

(3.51)

the correspondece works vice versa. Given a state |Oi we can build an operator by
considering the correlation function with other local operators

h0| O1 (x1 ) . . . |Oi = h0| O1 (x1 ) . . . O(0) |0i

(3.52)

This is called the operator-state correspondence.

3.4.1 Reflection Positivity
In order to proceed further with the scheme of radial quantization we must define an
appropriate conjugation for the operators. For example in the traditional Lorentzian
scheme all the generators must be Hermitian operators so that they preserve the
unitarity of correlation functions. For the scalar operator we have :
~

~

φ(t, ~x) = eiP0 −i~x·P φ(0, 0)e−iP0 t+i~x·P

(3.53)

In order to get from Lorentzian to Euclidean signature we must Wick rotate by defining

tE = −it.
~

~

φE (tE , ~x) ≡ φL (−itE , ~x) = eP0 tE −i~x·P φ(0, 0)e−P0 tE +i~x·P

(3.54)

we see that for the Euclidean operator to remain invariant under conjugation we must
have

φE (tE , ~x)† = φ(−tE , ~x)

(3.55)

For operators with spin ` we generalise the case of scalar as:
µ1 ...µ`
ν1 ...ν`
OE
(tE , ~x)† = Θµν11 Θµν22 . . . Θµν`` OE
(−tE , ~x)

(3.56)

µ

µ
0
where Θµ
ν = δν − 2δ0 δν is a tensor that allow us to reflect the Euclidean time direction.

At this point we must address the condition under which an euclidean path integral
corresponds to unitary Lorenztian theory. An important condition is that states must
have non-negative norms. Let’s consider an initial state |ψi such as

|ψi = O(−tE1 ) . . . O(−tEn ) |0i
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it’s conjugate will be

hψ| = h0| O(tEn ) . . . O(tE1 )

(3.58)

we see that hψ| is obtained by positioning the operators in a time-reflected way. Thus
the conditions of non-negativity hψψi ≥ 0 corresponds to a time symmetric configuration. This property is known as "reflection positivity". The Osterwalder-Schrader
theorem states that, an Euclidean QFT enchanched with reflection positivity, and some
other assumptions can be analytically continued to a unitary Lorentzian QFT. So reflection positivity in an Euclidean theory and unitarity in Lorentzian are essentially
equivalent for our purposes.
At this point we must clarify that in Lorentzian signature a real operator and a Hermitian are the same. In Euclidean signature a real operator satisfies (3.56). Another
important implication of unitarity in a CFT is that the constants in the 3-pt functions
of two real scalars and a real spin ` operator must be real. The easiest way to see this
is in the Lorentzian signature for spacelike seperated operators where the operators
can commute. In this case
µ1 ...µ`
µ1 ...µ`
(x3 ) |0i
(x3 ) |0i† = h0| φ1 (x1 )φ2 (x2 )O∆,`
h0| φ1 (x1 )φ2 (x2 )O∆,`

(3.59)

Substituting (3.41) implies that λφ1 φ2 O∆,` must be real. We mentioned previously that
it is convenient for CFTs to work at radial quantisation. So we must determine the
conjugation in this picture. We can relate the Euclidean signature time quantization
with radial quantization by considering a Weyl rescaling of Rd to R × S d−1

ds2Rd = dr2 + r2 ds2S d−1
dr2
+ ds2S d−1 )
r2
= e2τ (dτ 2 + ds2S d−1 ) = eeτ ds2R×S d−1

= r2 (

(3.60)

Dilations that are realised with r → λr in Rd are now identified as time shifts with

τ → τ log λ on R × S d−1 . We can now define operators in the cylinder quantization as
Ocyl (τ, ~n) ≡ e∆τ O(x = eτ ~n)

(3.61)

where ~
n is the unit vector of S d−1 . To sum it up radial quantization of operators in Rd
corresponds to Euclidean time quantization of cylinder operators. We seen that for the

22

3.4 Radial Quantization

scalar operators conjugation acts as (3.55) in Euclidean signature. So for Euclidean
operators in radial quantization according to (3.61) cojugation corresponds to

φ(x)† = x−2∆ φ(xµ /x2 )

(3.62)

this implies for the conformal generators in the radial quantization that

Pµ† = Kµ

(3.63)

D† = D

(3.64)

†
Mµν
= −Mµν

(3.65)

3.4.2 Unitarity Bounds
In this chapter we will study how reflection positivity for every state in a conformal
multiplet can lead to bounds in the dimensions of the primary operators. Let’s first
consider the case of the first descendant of a scalar operator. Then by taking the inner
product of two such states we get

(Pµ |Oi)† Pν |Oi = hO| Kµ Pν |Oi
= hO| [Kµ , Pν ] |Oi = hO| (2Dδµν − 2Mµν ) |Oi
=2∆δµν hOOi

(3.66)

where we used the conformal algebra and that Kµ kills primary states. Positivity of the
states implies that ∆ > 0. We can now reconsider the above calculation in the case of
an operator O a living in a non trivial irrep RO of SO(d). Taking the inner product of
two first level descendants as before

hOa | Kµ Pν |Ob i = 2∆δµν δab − 2(Mµν )ba

(3.67)

where we used a normalisation such that hOa O b i = δab . Positivity as previously implies
that

∆ ≥ max-eigenvalue((Mµν )ba )

(3.68)

The state Pµ |Oi lives in the representation defined by the tensor product of the vector
V and RO irrep. The vector representation matrix can be found in any QFT textbook
such as [47] and is

(Lαβ )µν = δµα δνβ − δνα δµβ
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So we can write M as the tensor product of the respective generators as

1
(Mµν )ba = (Lαβ )µν (Mαβ )ba
2

(3.70)

To find the eigenvalues of (Mµν )ba we can write A = αβ where A is an adjoint index of

SO(d) and use the standard trick of quantum mechanics to write it as
1
LA MA = ((L + M )2 − L2 − S 2 )
2
1
= (−Cas(V ⊗ RO ) + Cas(V ) + Cas(RO ))
2

(3.71)

In the above equations we have a different sign in the Casimir operators than the usual
one. This happens because our generators differ from standard ones by a factor of i.
Now if we determine the irrep of RO the two last terms in (3.71) are constants while
the value of Cas(V ⊗ RO ) can take different values for each irrep decomposition of the
tensor product. So we must find the irrep with the smallest quadratic Casimir since
we are interested in maximal eigenvalue of LA SA (3.68). If we restrict to R = V` , where

V` is a rank ` traceless symmetric irrep of SO(d) with Casimir
Cas(V` ) = `(` + d − 2)

(3.72)

then the minimal eigenvalue of V1 ⊗V` corresponds to V`−1 . Putting everything together
we get the famous Unitarity bound for operators of spin ` with ` > 0

∆ ≥ ` + d − 2 ,` > 0

(3.73)

The above computation is only valid for ` > 0 since V ⊗ V` = V . To find the Unitarity
bound corresponding to scalar operators we must consider second level descendants.

hO| K µ Kµ P ν Pν |Oi
= hO| K µ (2δµν ∆ − 2Mµν )Pν |Oi + hO| K µ P ν Kµ Pν |Oi
= hO| K µ Pν (2δµν ∆ − 2Mµν ) |Oi + 2 hO| K µ δµν Pν |Oi − 2 hO| K µ δνν Pµ |Oi
+ 2 hO| K µ δµν Pν |Oi + hO| (2δµν ∆ − 2Mµν )K µ P ν |Oi
=(4∆ − 2d + 4) hO| K µ Pµ |Oi

(3.74)

now positivity of the states that we started with implies that

∆≥

d−2
2

,` = 0

(3.75)

which is the Unitarity bound for the scaling dimension of a scalar operator. For more
information in unitarity bounds one can refer to [39].
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3.4.2.1 Conserved Currents
If the scaling dimension ∆ of a primary operator saturates the unitarity bound1 , then
the conformal multiplet will contain a null state. For example all the descendants of
the unitary operator have a vanishing norm. For a scalar with ∆ = d/2 − 1 , the null
state is

P 2 |Oi

(3.76)

Translating to operator language we get ∂ 2 O , which obviously corresponds to the
equation of motion for a free field, so it must be part of a free theory. For a spin `
operator with ∆ = ` + d − 2 the null state is

Pµ1 |Oµ1 ...µ` i = 0

(3.77)

In operator language this leads to the well know equation for a conserved current

∂µ1 Oµ1 ...µ` (x) = 0

(3.78)

For ` = 2 the operator that saturates the Unitarity bound corresponds to the stress
tensor T µν with ∆T = d. Higher conserved currents in d ≥ 3 imply that we are dealing
with a free theory [38],[1].

3.5 Operator Product Expansion
In this chapter we will analyze one of the properties that characterize CFTs and is
crucial for the development of the conformal bootstrap. Let’s start by considering two
operators Oa and Ob inserted inside a sphere in radial quantization which acting on
the vacuum they produce a state on the surface of the sphere |ψi. Every radial slice
corresponds to a Hilbert space so we can expand the state |ψi into the eigenstates
of the space. Due to the operator state correspondence these will be in one to one
correspondence with either primaries or descendants operators. Thus, we can write

Oi (x)Oj (0) |0i =

X

Cijk (x, P )O(0) |0i

(3.79)

Cijk (x12 , ∂2 )Ok (x2 )

(3.80)

k

Oi (x1 )Oj (x2 ) =

X
k

1

∆ = lowest value allowed in the unitarity bound.
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Where the sum is over all the primary operators of our theory. Equations (3.79),(3.80)
define the Operator Product Expansion (OPE) and the radius of convergence is within
a ball where there are no other operator insertions [43]. Because of that we can take
the OPE of two operators in any correlation function as long as the other operators
lie outside of the sphere. An interesting aspect of this formalism is that now the
arbitrary function g that was previously introduced in the 4-point function (3.44) can
be decomposed in the following way:

hφ(x1 )φ(x2 )φ(x3 )φ(x4 )i
=

X

λφφO λφφO0 Cµ1 ...µ` (x12 , ∂2 )Cν1 ...ν` (x34 , ∂4 )hOµ1 ...µ` (x2 )O0ν1 ...ν` (x4 )i

OO0

=

1

X

∆ ∆
x12φ x34φ O

λ2φφO g∆O ,`O (u, v)

(3.81)

where we chose to take the OPE between the first-second and third-fourth operator
and
∆

∆

g∆,l (xi ) ≡ x12φ x34φ Cµ1 ...µ` (x12 , ∂2 )Cν1 ...ν` (x34 , ∂4 )

I µ1 ...µ` ν1 ...ν` (x24 )
O
x2∆
24

(3.82)

We need to obtain analytical expression for the functions g∆,` which in the bibliography are refered as conformal blocks or conformal partial waves. One of the most
efficient ways to extract analytical expressions in various groups is by using the conformal quadratic casimir operator, which will also be the same in our case as it was
demonstrated in [11]. We recall that the conformal group is isomorphic to SO(d + 1, 1)
with generators Lab . Then the Casimir operator is defined as

1
C = − Lab Lab
2

(3.83)

By definition the Casimir operator must have the same eigenvalue on every state that
it acts which belongs in an irrep of the group. The eigenvalue of the operator can be
found to be

C∆,l ≡ ∆(∆ − d) + l(l + d − 2)

(3.84)

We can now act with the Casimir operator on the conformal blocks in order to find
analytical expressions. A useful equation can be found using the Leibnitz rule

Lab φ1 (x1 )φ2 (x2 ) |0i = ([Lab , φ1 (x1 )]φ2 (x2 ) + φ1 (x1 )[Lab , φ2 (x2 )]) |0i
= (Lab,1 + Lab,2 )φ1 (x1 )φ2 (x2 )
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where L is the differential representation of the generator. Acting twice with this generator in the 4-pt function we get the Casimir operator and we find that the conformal
blocks satisy the following differential equation

Dg∆,l (u, v) = C∆,l g∆,l (u, v)

(3.86)

ab
where D = − 21 (Lab,1 + Lab,2 )(Lab
1 + L2 ) It can be proved [11] that the differential
operator can be written in the equivalent form

∂ ∂
∂
∂
v
+ u (2u − d)
∂v ∂v
∂u
∂u
∂
∂
∂
∂
− (1 − v + u)(u
+ v )(u
+v )
∂u
∂v
∂u
∂v

D =(1 − u − v)

(3.87)

The differential equation 3.86 can be solved analytically in any even dimension. In
order to solve the differential equation it is useful to introduce the variables z and z̄
which can be determined after the following transformations .
• 1. Using a SCT with the translation part being xi → xi − x4 we can fix x4 → ∞
• 2. Using translation xi → xi − x1 to fix x1 → 0
• 3. Using rotations xi → Rji xj such that x3 → (| x3 |, 0, . . . , 0) and dilations so
we can fix x3 → (1, 0, . . . , 0)
• 4. Using rotations that preserve x3 but fix x2 → (x, y, 0 . . . , 0) such that x2 +y 2 =

x22
At this point we have exhausted all the symmetries of the conformal group and we use
the parametrisation z = x + iy and z̄ = x − iy . The fact that conformal symmetry can
be utilized to leave only two variables z , z̄ explains why there are only two cross-ratios.
Plugging our fixed points at the cross-ratios (3.43) we find the following relations

u = z z̄,

v = (1 − z)(1 − z̄)

(3.88)

In the new parametrization the differential Casimir operator can take the form

D =2(z 2 (1 − z)∂z2 − z 2 ∂z ) + 2(z̄ 2 (1 − z̄)∂z̄ − z̄ 2 ∂z̄ )
z z̄
+ 2(d − 2)
((1 − z)∂z − (1 − z̄)∂z̄ )
z − z̄
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The above equation can be solved analytically and obtain closed forms in even dimensions. The exact solutions for 2d and 4d are [11] [12]:
(2d)

g∆,l (u, v) = k∆+l (z)k∆−l (z̄) + k∆−l (z)k∆+l (z̄)
z z̄
(4d)
g∆,l (u, v) =
(k∆+l (z)k∆−l−2 (z̄) − k∆−l−2 (z)k∆+l (z̄))
z − z̄
β β
kb (x) ≡ xβ/2 2 F1 ( , , β, x)
2 2

(3.90)
(3.91)
(3.92)

In order to find closed expressions for conformal blocks in other dimensions one has
to follow a more indirect way. One approach that was first used in [13] is to calculate the conformal blocks along the z = z̄ line which is something that can be done
through recursion relations. In particular it is known that in any dimension the scalar
conformal block is given by:
∆

G∆,0 (u, v) = u 2

∞
X

∆
2
[( ∆
2 )m ( 2 )m+n ]
um (1 − v)n
D
m!n!(∆
+
1
−
)
(∆)
2m+n
m,n=0
2 m

(3.93)

which along the z = z̄ line can be brought into the following closed form:

G∆,0 (z) = (

∆ ∆ ∆
z2
∆+1
z2
)∆/2 3 F2 ( , , − a;
, ∆ − a;
)
(1 − z)
2 2 2
2
4(z − 1)

(3.94)

then we can use recursion relations derived at [12],[10] in order to find conformal
blocks for the other integer spin operators. Although this approach was the first that
was developed and incorporated in the numerical conformal bootstrap, in the latter
years a more suitable approach for numerical analysis was developed. It goes by the
name of radial expansion and we will talk about it next.

3.5.1 Radial Expansion for Conformal Blocks
In this section we will discuss the radial expansion as it was presented in [26]. In this
framework we use the parametrization that is depicted in Figure 3.3. We now have the
complex coordinate ρ which is related to z by

ρ=

(1 −

4ρ
z
√
, z=
(1 + ρ2 )
1 − z)2
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Figure 3.3: Operator insertions in the radial expansion

We can define r =| ρ | and η = ~
n · ~n0 where ~n, ~n0 are unit vectors in the directions of x2
and x3 . By expanding the 4-point function in the complete set of states we get

g(u, v) ∼

X h0| φ(r, ~
n)φ(r, −~n) |∆ + m, li h∆ + m, l| φ(1, ~n0 )φ(1, −~n0 |0i

h∆ + m, l | ∆ + m, si

m,l

∼

X
m,l

r∆+m

h0| φ(1, ~n)φ(1, −~n) |∆ + m, li h∆ + m, l| φ(1, ~n0 )φ(1, −~n0 |0i
h∆ + m, l | ∆ + m, si

(3.96)

where in the second line we used the evolution operator on the cylinder r ∆+m . From
the state operator correspondence we know that the intermediate states correspond to
traceless symmetric operators that can appear in the 3-pt function. This means:

h0| φ(1, ~n)φ(1, −~n) |∆ + m, `i ∼ nµ1 . . . nµs − traces

(3.97)

The contraction of two traceless symmetric tensors with η = ~
n · ~n0 can be written as
(d−2)/2

Gegenbauer polynomial Cs

g∆,` =

(η). Then we can write the conformal blocks as a sum:

∞
X
m=0

r∆+m

X

d−2

Bs,m (∆, `, d)Cs 2 (η)

(3.98)

s

where Bs,m are coefficients that can be fixed from the differential equation of the
Casimir operator. For example we can find

Bs,0 (∆, `, d) =

4∆ s!
(−2)s (d/2 − 1)s
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Although this is an algorithm that can produce conformal blocks in non even dimensions, a more sufficient method was introduced in [29] and later it was rigorously
established in [46]. The idea is that when the scaling dimension of an operator O∆,` is
non-unitary, then there exist some descendant |ai = P m |O∆,` i that becomes primary
and therefore it’s norm vanishes. This means that also the descendants of this operator must have null norms, therefore the multiplet of O∆,` is no longer irreducible and
the descendants of |ai form a subrepresentation where all the operators contribute to
the pole at ∆ = ∆a . This means that the residue must be proportional to a conformal
block corresponding to the multiplet of |ai

g∆,` ∼

ca
g∆ ,`
∆ − ∆a a a

(3.100)

Poles in ∆ can determine g∆,` up to a function in the complex plane so we can write
X X
cI,m
g∆I,m +m,`I,m (r, η)
(3.101)
g∆,` (r, η) = g∞,` (∆, r, η) +
I m∈BI

∆ − ∆I,m

As we can see from (3.98) conformal blocks have an essential divergence when ∆ → ∞
which we can strip off by definining the meromorphic function :

h∆,` (r, η) ≡ (4r)−∆ g∆,` (r, η),
h∆,` (r, η) = h∞,` (r, η) +

X X
I m∈BI

cI,m
(4r)m h∆I,m +m,`I,m (r, η)
∆ − ∆I,m

(3.102)

where h∆,` (r, η) is no longer a function of ∆ and can be found by solving the Casimir
equation (3.86) in r, η coordinates after expanding to leading order in ∆ with the initial
condition (3.99). The solution is:
d−2
2

h∞,` (r, η) =

`!C`
(−2)` (d/2

− 1)` (1 −

r2 )

(η)

d−2
2

p

(1 + r2 )2 − 4r2 η 2

(3.103)

The only remaining step to determine the conformal blocks is to clasify the families

I of null descendants and determine the coefficients cI,m . There are three families
labeled by I = 1, 2, 3. The first family has the maximum value of the possible spins

`m,1 = ` + m and become null when ∆m,1 = 1 − ` − m. The second family has the
lowest value possible in the spins `m,2 − ` − m with ∆m,2 = ` + d − 1 − m. Lastly, the
third family is accosiated with descendants that have the same spin with the primary

O∆,` which means that `m,3 = ` and they become null at ∆m,3 = (d − m)/2.1
1

The clasification of the families with the number 1,2,3 may differ between the various sources in the

literature.
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The coefficients cI,m of each family can be found by taking the residues at ∆I,m for
each descendent m, and the calculation gives [5]:

m(−2)m 1 − m 2
=−
(m!)2
2
m


1−m 2
m`!(d/2 + `)−m (d/2 + ` − 1)−m
=−
(−2)m (m!)2 (` − m)!(d − 2 + `)−m
2
m


c1,m
c2,m



m

c3,m

−m(−1) 2 ((d − m)/2 − 1)m
=
2((m/2)!)2 ((d − m)/2 + ` − 1)m ((d − m)/2 + `)m

(3.104)
(3.105)



(d − m)/2 + `
2

4
m
2

(3.106)

The above analysis is true for non even dimensions and when all the external scalars
are identical.

It was generalised for mixed correlators in [28],[46].

A very useful

Mathematica notebook that applies the above procedure is being provided in [8].

3.5.2 OPE Associativity and Crossing Equation
In the previous sections we chose to take the OPE between φ(x1 )φ(x2 ) which in a
diagrammatic form could be represented as

hφ1 (x1 )φ2 (x2 )φ3 (x3 )φ4 (x4 )i =

(3.107)

but we could as well have chosen to enclose with a sphere the operators φ(x1 ), φ(x4 ).
Of course in this case we would get a different conformal partial wave expansion, but
the result should be the same. This means that the OPE should be associative:

C12i (x12 , ∂2 )Ci3j (x23 , ∂3 )Oj (x3 ) = C23i (x23 , ∂3 )C1ij (x13 , ∂3 )Oj (x3 )

31

(3.108)

3. Conformal Field Theories

This leads to the crossing symmetric equation which is the backbone of the conformal
bootstrap:

(3.109)

The left hand side corresponds to the (12)(34) channel, while the right hand side
corresponds to the (14)(23) channel. For four identical scalars operators with scaling
dimensions ∆φ the crossing equation can be written as.

X
O

u X 2
λφφO g∆,l (v, u)
λ2φφO g∆,l (u, v) = ( )∆
v
O

(3.110)

which can take the following form

X

λ2φφO (v ∆φ g∆,l (u, v) − u∆φ g∆,l (v, u)) = 0

(3.111)

O

For the case of non identical scalars we get

X

(λijO λklO v

(∆j +∆k )
2

∆ ,∆kl

g∆,`ij

(u, v) − λkjO λilO u

O
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(∆i +∆j )
2

∆

g∆,`kj

,∆il

(v, u)) = 0

(3.112)

4

Conformal Bootstrap

Although people knew about confrormal symmetry in 2 dimensions and it’s relation
to critical phenomena for a long time, the case of d > 2 conformal theories was left
unexplored for more than 4 decades. In particular the scalar OPE was studied back
in 1972 from Ferrara, Gatto Grillo and Parisi [15][16][17] but when it came to solving
the crossing equation and extract data for the theory there wasn’t any real progress
made. This changed in 2008 by Ratazzi, Rychkov, Vichi and Tonni where instead of
solving the the crossing equation they decided to try and extract bounds from it [51].
This lead to a renaissance in the Bootstrap program that was developed back in 1970s
and from this day up to date it has been a very active field of research.
In this Section we will try to demonstrate the Philosophy and algorithms of the conformal bootstrap. First we will discuss the algorithm that allow us to obtain bounds
for the scaling dimensions of operator. Next we will demonstrate the algorithm by applying a toy version of it in the case of 2d scalar CFTs. Then we will continue and apply
the conformal boostrap in the 3d Ising and O(N ) models by considering correlators
of scalar fields

1

in order to demonstrate the power of the numerical conformal boos-

trap as well as the validity of the software we use [20],[21]. Finally, we will continue
to apply the conformal bootstrap for O(5), since this application is missing from the
bibliography and it’s hypothesised to be relevant to high Tc superconductors.
1

both single and mixed as we will describe later.
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4.1 The Conformal Bootstrap Algorithm
The basic idea for the conformal bootstrap is simple. We begin by rewriting the crossing
equation as

X

∆

λ2φφO∆,` F∆,`φ = 0,

∆

F∆,`φ (u, v) ≡ v ∆φ g∆,` (u, v) − u∆φ g∆,` (v, u).

(4.1)

∆,`
∆φ

We can think the F∆,` (u, v) functions as vectors in the infinite-dimensional vector
space of functions of u and v . We have already discussed that the coefficients λφφO
are real and therefore their square is a positive number. If we consider a functional
that acts on this vector space, then we can get an infinite sum of vectors with positive
coefficients that must add up to zero. The fact that the coefficients are positive can
lead to non trivial constraints on the allowed values of ∆ and ` that appear in the sum.
We can use such functionals to impose bounds on either the scaling dimensions
of operators or to their OPE coefficients. In our study we will only consider bounds on
the scaling dimensions of operators and the algorithm we will use is the following:

Algorithm for bounds in operator dimensions

1. make a hypothesis about the CFT data that can appear in the φ × φ OPE
∆φ

2. Search for a linear functional α that is non-negative acting on all F∆,` satisfying
∆

α(F∆,`φ ) ≥ 0,

(4.2)

and is positive on at least one operator, which is usually the identity
3. If we find such an α then our hypothesis must be wrong. We can see this by
applying α to (4.1) which leads to "something positive = 0".
Obviously before translating the algorithm to a program we must first deal with all the
infinities that appear in the crossing equation (4.1), which are the following:
• The spin of the operators that appear in the OPE can be any integer number.
• The scaling dimension of the operators can be any number above the unitarity
bound.
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• The conformal blocks are calculated using an infinite series expansion in the
radial coordinates r (3.5.1).
• The vector space of u, v in which we are searching for a functional α is infinite
dimensional.
To make the r expansion and the sum over spins finite we can simply impose a cut-off

`max and rmax . The cut-off in r can be simply justified because the series expansion
√
is highly convergent around rc = 3 − 2 2 ' 0.17. The cut-off in ` is more unjustified
and one must refer to experience/trial and error to find an appropriate value. To make
the u, v space finite we can define it as the Taylor expansion coefficients of the crossed
∆φ

blocks (F∆,` ) in terms of z, z̄ around the crossing symmetric point z = z̄ = 1/2 up to
some order Λ. Then the crossing equation becomes

X X

∆ ,rmax

λ2φφO∆,` ∂zm ∂z̄n F∆,`φ

(z, z̄) |z=z̄= 1 = 0,

m+n≤Λ

2

∆ `≤`max

(4.3)

Now the functionals αµν can act on the finite vector space VΛ that is created by the
derivatives. Note that that F (z, z̄) is symmetric under the exchange of z ↔ z̄ so we
can restrict to m ≥ n and odd under z → 1 − z so we can restrict to m = n odd. This
Λ+1
means that we are dealing with a vector space of dimension 12 b Λ+1
2 c(b 2 c + 1). The
parameter Λ is the one that plays the most decisive role in the the effectiveness of the

conformal bootstrap. It will become clear what we mean in section 4.2
The last infinity that we must consider is associated with the continuum of the
scaling dimensions. For this purpose three techniques have been used in the literature.
The first one is to discretize ∆ and impose a cut-off ∆max . Then one can use linear
programming to solve the finite set of linear inequalities. This approach was introduced
in the first paper of the conformal bootstrap [51]. A second approach is based on a
version of the simplex algorithm, for more details one can refer to [14] [44].
Another method is to approximate the Taylor coefficients with polynomials in ∆ for
each `. Then our problem translates to positivity conditions on polynomials, which can
be solved using semidefinite programming [53],[32]. This method was first introduced
in [48] and is the one we use in this thesis. We present some details on how to formulate
the crossing equation in a problem that can be solved with semidefinite programming in
Appendix. In this thesis we won’t present any details about semidefinite programming.
Instead we will treat SDPB as a black box. A black box that has as input the scaling
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dimension of the external field and some assumptions about the spectrum of the theory
and outputs a No or Maybe. No in the sense that the input cannot make a sensible
unitary CFT and Maybe in the sense that it wasn’t able to exclude it.

4.1.1 A Toy Model
To demonstrate the algorithm of the conformal bootstrap we can use the 2d Ising model
as a toy model, and follow the example presented at [54]. Let’s consider the crossing
equation (4.1) of 4 identical scalar operators σ . In the OPE only even spins will appear
as we discussed in (3.41), so we will have
∆σ
λ2σσO F∆,l
=0

X

(4.4)

∆,`=even

Let’s introduce the functional ~
v (F )

 1 1

~v (F ) = H

,

2 5

−H

1 1

,

2 3

,H

1 1

,

2 5

−H

 1 1 

,
3 4

(4.5)

F (u,v)

where H(z, z̄) = u∆σ −v∆σ , u = z z̄ ,v = (1 − z)(1 − z̄). If we act with the functional
on the crossing equation (4.4) we will get a bunch of vectors added up with positive
coefficients that add up to zero. Of course this is not always the case, since there is
the possibility to add up to a cone. (Figure4.1).

Figure 4.1: 3 vectors in the 2 dimensional case where according to their direction they
can never add up to zero with positive coefficients.

Let’s consider the case of ∆σ = 81 and plot ~
v for all the `, ∆ that satisfy the unitarity
bound in Figure 4.2. We notice that the high spin contributions quickly converge to
a point so we don’t need to include them. The idea here is that in order to have the
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vectors adding up to zero the only acceptable values for ∆ are the ones for which the
scalar part crosses the other half plane.
From the diagram we can make the following statements.

Figure 4.2: The curves on the diagram correspond to the endpoints of the vectors ~
v (F )
for different values of ∆. The big blue line that crosses the dashed line is the curve that
corresponds to the first scalar in the OPE. The other lines that correspond to operators
with ` = 2 (orange), ` = 4 (green) etc. quickly converge to a point and we see that as

` grows their curve also shrinks so we can emit high order terms. In order to have a
configuration where the vectors can possibly add up to 0 we the scalar vector must lie on
the left half plane that is beeing created by the dashed line.

• There cannot be a 2d unitary CFT with only one scalar at ∆σ = 81
• There must exist another scalar operator  with ∆ ∈ [0.161, 1.04]
A remarkable result is that the upper bound is within 4% of the actual value ∆ = 1
for the 2d Ising model. Doing the same procedure for other values of ∆σ we can get
an exclusion plot that shows the region where a scalar operator must lie somewhere
inside in order to have a well defined CFT in 2d (Figure 4.3).
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2.5
2.0

Δ

1.5
1.0
0.5
0.1

0.2

0.3
Δσ

0.4

0.5

Figure 4.3: exclusion plot for 2 d CFTs. ∆σ is the scaling dimension of the scalar in the
4pt function and ∆ the scaling dimension for the first scalar in the OPE. The blue area
corresponds to the area that we cant exclude and therefore allowed, while in the white
area we certainly know that a CFT can’t exist.

4.2 3D Ising Model
4.2.1 Single Correlators
As we have already discussed the 3d Ising universality class is a very important model
since it seems to describe various different critical phenomena. Although it has been
solved analytically in 2 and greater than 3 dimensions it still remains unsolved in
3 dimensions. Actually it was proven in 2000 that solving the 3D Ising model in a
lattice is an NP-complete problem [27]. Traditionally, when field-theorists want to
calculate critical exponents, they use the approach of −expansion. In this method
they use perturbation theory in D = 4 −  dimensions and then obtain results in D = 3
by extrapolating to  = 1. This is achieved by various methods of series resumation.
Usually the end results end up agreeing with the experimental results. For an extensive
review on the subject one can refer to [45].
Although we know that the Ising model in 2 dimensions has conformal symmetry
at phase transitions it is still an open problem for 3 dimensions. There has been
work in this direction both from physicists and mathematicians but some theorists
believe there are loopholes in some parts. Nevertheless we will assume that indeed the
phase transition exhibits conformal symmetry and we will compare the results from
the conformal bootstrap with other techniques as it was done in [13].

38

4.2 3D Ising Model

The Ising model can be defined as the model that you need to tune only two parameters in order to get to the fixed point and has a Z2 symmetry. This in the language of
the Renormalization Group means that we can only have two relevant operators. Another physical property that we will use is that the Ising model also has a Z2 symmetry.
This means that if we flip all the spins at the grid we expect the partition function of
our system to remain invariant at the critical point. The bootstrap equation we will
consider is the one that corresponds to the 4-pt function of 4 Z2 odd identical scalars

σ . Because we are considering 4 identical scalar operators we expect that only even
spins will in the conformal blocks as we disused in (3.41)

X

λ2σσO (v ∆σ g∆,` (u, v) − u∆σ g∆,` (v, u)) = 0

(4.6)

I,O,`=even

The usual approach in bootstrap analysis is to first be agnostic for the scaling dimensions of the field that we are bootstrapping and ask what is the maximum ∆bound with

∆ ≥ ∆bound so that the theory in not excluded from the conformal bootstrap, where
∆ is the scaling dimension of the first Z2 even scalar operator .
The result that we obtain is plotted in Figure(4.4). The white region corresponds to
the set of scaling dimensions of the external and first scalar in the OPE operators, for
which we certainly know they can’t belong to a unitary CFT. The points in the shaded
region are points for which we can’t make any conclusions for the existense of CFTs
and therefore we say its the allowed region. What we can also observe is that the curve
posses a kink around where the 3d Ising model is estimated to exist from Monte Carlo
methods [23]. This is a remarkable result, firstly because we see that results from
other methods are not inconsistent with what we obtain from conformal invariance
and unitarity. Secondly, kinks in the spectrum of CFT data around known theories
has sparkled the idea that kinks which appear in other Bootstrap equations might
correspond to actual physical theories, that we don’t know a lot about.
We saw that our analysis can see the 3d Ising model in some way. The next thing
we can do is to make well justified assumptions about gaps that might exist in the
spectrum of an operator. In the case of the 3d Ising universality class we expect to
have only 2 relevant scalar operators σ (Z2 odd),  (Z2 even). So we know that by
definition there can be only one relevant scalar in the OPE of σ × σ and therefore
we can ask the same question as before but now impose that there is a gap between

∆ and the scaling dimension of next scalar operator 0 . If we choose ∆0 ≥ 3.4 and
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Figure 4.4: exclusion plot for the 3d Ising model that we get from bootstraping the single
correlator of the Z2 odd scalar σ . The white region is the excluded space in the parameter
space, while the shaded region is where a theory might exist. We see that the plot exhibits
a kink at the value of the 3d Ising model from MC estimations [23]. The zoomed in region
of the kink is shown at Figure 4.5. This plot was calculated with Λ = 20.

∆0 ≥ 3.8 we get the plots in Figure 4.6. The fact that for both gaps the bounds seem
to saturate the 3d Ising point as well as the free theory is enough to convince us that
the conformal bootstrap can actually find critical points.

4.2.2 Mixed Correlators
We saw in the previous section that when we bootstrap the correlator of 4 identical σ
scalar fields we can get non-trivial results concerning the allowed spectrum spectrum
of 3d CFTs. However, if we want to proceed further we must exclude as much CFT
data as possible. This is why [28] considered for the first time the bootstrap of mixed
correlators. The idea now is to consider at the same time the following three 4-point
functions.

hσσσσi

(4.7)

hσσ   i

(4.8)

hi

(4.9)
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Figure 4.5: The zoom in of the kink shown in Figure 4.4.

By doing this we get access to the Z2 odd spectrum of the operators that appear in
the σ ×  OPE and therefore intuitively we expect the program to be able to distinguish
the 3d Ising model better. In particular, we expect Z2 even/odd operators to appear in
the OPE of operators with same/different Z2 parity. We will see that by including the
spectrum of these operators and imposing that we only have two relevant operators we
get a dramatically different picture than before. We find the 3d Ising model to lie in an
isolated region (island) away from all the other allowed regions. It is worth noting that
without any gap assumption for the scalar operators the picture we get is the same as
with the case of single operator bootstrap (Figure 4.4).
The problem with this approach is that for the mixed correlator case (4.8) in the
conformal block decomposition the OPE coefficients will not necessarily be squared
and therefore positive. For this case we will have to result in the use of semidefinite
programming as a necessity, since all the other methods that have been developed for
the numerical bootstrap cannot resolve this issue.
In more detail the single correlator case of hσσσσi and hi will be identical to
(4.6), with the exception that in the second case we will have  instead of σ . For the
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Figure 4.6: The plots on the left show the allowed region obtained from conformal bootstrap by imposing that the next Z2 even scalar operator has ∆0 ≥ 3.4, 3.8. The plots on
the right are a zoom in to the location of the 3d Ising point.
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hσσi correlator the crossing equation is
X

λ2σO v

∆ +∆σ
2

σ,σ
(u, v) −
g∆,`

X

λ2σO u

∆ +∆σ
2

σ,σ
(v, u) = 0
g∆,`

(4.10)

O−

O−

→

X

σ,σ
=0
λ2σO F−,,∆,`

(4.11)

O−

where O − denotes Z2 odd operators and can be of any integer spin. The crossing
equation of hσσi will be

X

λσσO λO v

∆ +∆σ
2

σσ,
(u, v) −
g∆,`

X

∆ +∆σ
2

σσ,
g∆,`
(u, v) −

X

O−

O+

→

X

σ,σ
(v, u) = 0
λσO λσO u∆σ g∆,`

λσσO λO v

σ,σ
(v, u) = 0
(−1)` λ2σO u∆σ g∆,`

(4.12)

O−

O+

where we used λσO` = (−1)` λσO` and O + refers to Z2 even operators of even spin.
In a similar fashion considering hσσi we can obtain

σ,σ
(u, v) −
(−1)` λ2σO v ∆σ g∆,`

X

X

O−

O+

λσσO λO u

∆σ +∆
2

σσ,
g∆,`
(v, u) = 0

(4.13)

Next we can add/subtract (4.12), (4.13). The whole set of crossing equations that we
end up with for the 3d Ising model is

0=

X

σσ,σσ
λ2σσO F−,∆,`
(u, v),

(4.14)

,
λ2O F−,∆,`
(u, v),

(4.15)

σ,σ
λ2σO F−,∆,`
(u, v),

(4.16)

O+

0=

X
O+

0=

X
O−

0=

X

σσ,
λσσO λO F∓,∆,`
(u, v) ±

X

σ,σ
(−1)` λ2σO F∓,∆,`
(u, v),

(4.17)

O−

O+

We can then assemble the above equations in vector notation as

X
O+



~+,∆,`
λσσO λO V

λσσO
λO
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!

+

X
O−

~−,∆,` = 0,
λ2σO V

(4.18)
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~−,∆,` is a 5-vector and V
~+,∆,` a 5-vector of 2 × 2 symmetric matrices
where V
!


σσ,σσ
F

0

−,∆,`




0
0!






0
0




,
0


0
F


−,∆,`


!
0






σ,σ
0
0


~
~−,∆,` = 

F
,
V
=
V


−,∆,`
 +,∆,`



0 0
 (−1)` F σ,σ 


!

−,∆,` 
1 σσ, 

0
F
σ,σ
`


−(−1) F+,∆,`
 1 σσ, 2 −,∆,` 
 2 F−,∆,`

0

!
1 σσ, 

0

2 F+,∆,` 
1 σσ,
2 F+,∆,`

(4.19)

0

We can act at the crossing equation with a vector of functionals α
~ ≡ (α1 , α2 , α3 , α4 , α5 )
and get the following equation

X



~+,∆,`
λσσO λO α
~ ·V

O+

λσσO
λO

!

+

X

~−,∆,` = 0
λ2σO α
~ ·V

(4.20)

O−

Now we can see that the bootstrap equation of mixed correlators has two terms, a
matrix and a scalar. We know that the identity operator appears in the Z2 even sector
thus an invalid assumption of the spectrum of our theory would mean that we can find
an α such that:



!

~+,0,0 1
1 1 α
~ ·V
1


> 0,

~+,∆,`  0,
α
~ ·V
~−,∆,` ≥ 0
α
~ ·V

(4.21)

where the above inequalities must hold for all the operators that can appear in the

~+,∆,`  0, which means to be a posiOPE. It is the search of an α such that α
~ ·V
tive semidefinite matrix, that makes our problem one that can only been solved by a
semidefinite program solver.
As we already mentioned if we do not make any assumptions about the spectrum
of the theory, then we will get the same result with single correlator bootstrap. Thus,
we impose that there are two scalar operators, σ in Z2 odd and  in Z2 even sector
that have the same scaling dimensions with the external operator and that every other
scalar operator is irrelevant (∆σ0 ≥ 3, ∆0 ≥ 3). We did the calculation with Λ = 20
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and Λ = 28. In Figure 4.7 we see that the allowed region we obtain with Λ = 28 has
transformed into an island which agrees with Monte Carlo results. With the purple
rectangle is depicted the result of [31].
We also present a plot that shows how the island shrinks as we raise the Λ parameter from 20 to 28 and it also compares it with the Monte Carlo results of [23] (red
rectangle), the c-minimization conjecture of [14] (green rectangle) and the Λ = 43 bootstrap [31]. Generally speaking we see that the 3d Ising island shrinks at a high ratio.
It is an open question whether the island shrinks to a point at the limit of Λ → ∞ or it
actually approaches a finite allowed region. At the moment the highest value that has
been reached is Λ = 43 [31] and holds the record of the most precise determination of
the scaling dimensions. Finally, we have a plot which combines figure (4.5) with the
island to demonstrate the power of the mixed correlator bootstrap.
The bootstrap philosophy tell us that the 3d Ising model must lie somewhere in
the allowed region, so we can think of the bounds we found as a rigorous prediction of
the relevant scaling dimension. The values we found along with predictions from other
methods have been summarized at Table 4.1

∆σ

∆

MC[23]

0.518135(50)

1.4129(6)

c-min[14]

0.518155(15)

1.41267(12)

CB[31]

0.5181489(10)

1.4126225(10)

our result

0.518161(24)

1.41270(22)

Table 4.1: Theoretical predictions for the scaling dimensions of the two relevant scalars
in the 3d Ising model. The symbolism 0.518135(50) means 0.518135± 0.000050

4.3 3D Vector Models
We will now generalise the discussion of the previous section for the case of scalar
operators that transform in non trivial irepps of continuous global groups, following
[50]. This discussion is well motivated, since it is believed that many critical points
exhibit such kind of symmetry. We will study the general constraints that a global

O(N ) symmetry imposes on the crossing equation and after ee will then apply the
single correlator bootstrap for various values of N . Then we will apply mixed correlator
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Figure 4.7: At the first plot we see the island we obtained with Λ = 20 (blue) and Λ = 28
(orange), compared to MC (red)[23], c-minization (green) [14] and CB Λ=42 (purple) from
[31]. Second plot shows the 3d Ising island obtained from mixed correlators compared to
the single correlator case (4.5). Last plot is a zoom in on our island with Λ = 28 together
with the Λ = 43 result of [31].
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bootstrap for the physical case of N = 2 which is hypothesized to describe the phase
transition of 4 He and for N = 5 which is relevant to SO(5) transitions in high Tc
superconductors.

4.3.1 Single Correlators
Let’s start by generalizing the results of section 3.3 for the case where our fields also
transform under an irrep R of a global symmetry group G. In this case the nonzero
2-point function of such operators in an orthonomal basis is

hOa Ob i =

δab
x2d

(4.22)

where d is the scaling dimensions of the field φ and a, b are the symmetry indexes. The
2-point function of operators with spin following the same logic is

hOaµ1 ...µ` (x1 )Ob,ν1 ...ν` (x2 )i

=

(`)
Cab

 I (µ1 (x ) . . . I µ` ) (x )
ν1
ν`
12
12

x2∆
12



− traces

(4.23)

(`)

In this case we can also normalize the operators so that Cab = δab . The 3-point for 2
scalars and one spin operator is
µ1 ...µ`
hOa (x1 )Ob (x2 )Oc,∆,`
(x3 )i =

R (Z µ1 . . . Z µ` − traces)
λO1 O2 O∆,` Tabc
1 +∆2 −∆+` ∆2 +∆−∆1 −` ∆+∆1 −∆2 −`
x∆
x23
x31
12

(4.24)

R an invariant tensor for R.
where c is an index labeling an irrep R ∈ R1 × R2 and Tabc

If we have two identical scalar fields transforming under the same irrep R then if R
is symmetric/antisymmetric then ` must be even/odd following the same argument of
the non-global symmetric case (3.41). The 4-point function of identical scalars is

hOa (x1 )Ob (x2 )Oc (x3 )Od (x4 )i =

1
2∆
x12 x2∆
34

X

R
Tabcd
g(u, v)

(4.25)

R∈R×R

The function g(u, v) can be decomposed in conformal partial waves as previously and
the spins that will appear in the sum will either be even or odd depending on R.
We can now specify the symmetry group G to be O(N ) in order to acquire the
crossing equations that we will use in the conformal bootstrap. Let’s consider 4 scalars
with the same scaling dimensions in the vector representation 1 . The irreps of operators
1

also named fundamental

47

4. Conformal Bootstrap

that appear in the φa × φb OPE can be found by considering the tensor product. So we
have

φa × φb ∼ δab I + δab S + T(ab) + A[ab]

(4.26)

where I stands for the identity operator, S denotes the singlet states , which are objects
that remain invariant under the transformations of O(N ), T stands for traceless symmetric tensors and A for antisymmetric tensors. We can write the tensor structures
that appear in the 4-pt function by appropriately symmetrizing the indices as
S
A
Tabcd
= δab δcd , Tabcd
= δac δbd − δad δbc ,
2
R
Tabcd
= δac δbd + δad δbc − δab δcd
N

(4.27)

So the Conformal Blocks in the radial ordering | x1 |<| x2 |<| x3 |<| x4 | have the
following decomposition

G = δab δcd GS + (δad δbc + δac δbd −

2
δab δcd )GT
N

+ (δad δcb − δbd δac )GA

(4.28)

The index structure is such that so that it respects the tensor structure of the irreducible representations and the overall sign is fixed in order to respect reflection
positivity when a = d 6= b = c. Exchanging (1, a) ↔ (3, c) and relabeling a ↔ c we get
u h
2

G = ( )d δad δbc G̃S + (δab δcd + δac δbd − δad δbc )G̃T
v
N
i
+ (δab δcd − δbd δac )G̃A

(4.29)

where G̃ refers to G(v, u). Equating the two equations and picking up the coefficients of
the independent tensor structures δab δcd , δad δbc , δac δbd we can decompose the crossing
equation in the following three :

u−d (GT − GA ) = v −d (G̃T − G̃A )
2
u−d (1 + GS − GT ) = v −d (G̃T + G̃A )
N
u−d (GT + GA ) = v −d (1 + G̃S −

2
G̃T )
N

(4.30)
(4.31)
(4.32)

Using the following convention

u−d G(u, v) − v −d G(v, u)
,
v −d − u−d
u−d G(u, v) + v −d G(v, u)
F+ (u, v) =
.
u−d + v −d
F− (u, v) =
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(4.33)
(4.34)
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we can write the bootstrap equations (4.30) in the following form:

F−,S
F+,S

F−,T − F−,A = 0
2
+ (1 − )F−,T + F−,A = 0
N
2
+ (1 + )F+,T − F+,A = 0
N

(4.35)
(4.36)
(4.37)

Now, introducing the conformal block decomposition we can write the crossing equation as a vectorial sum rule

X

~S +
λ2OS V

S+

X

~T +
λ2OT V

X

~A = 0
λ2OA V

(4.38)

A−

T+

where the superscript +/− refers to even/odd spins and the vectors are



0





∆

φ
−F+,∆,`





∆

φ
F+,∆,`



∆φ
∆φ
2
~
~S = F−,∆,`

,V
 ∆φ  ~

V
 A =  F−,∆,`  , VT =  (1 − N )F−,∆,` 

∆φ
∆φ
∆φ
F+,∆,`
−F+,∆,`
−(1 + N2 )F+,∆,`













(4.39)

Some papers like [30] report the above equation with opposite signs at the antisymmetric conformal blocks. This is related to the convention of including a (−1)` factor at the
conformal blocks. At this point one has all the ingredients that are needed to Bootstrap
the O(N ) vector model using single correlators. We choose to impose bounds on the
lowest dimension ∆s that the scalar operators can have in the singlet for ∆φ scaling
dimension of the external operators. The plots we obtained have a similar behaviour
with the Ising case. We see again that the parameter space is divided in two and the
not allowed region corresponds to the upper plane. We also see that the dividing line
for each N exhibits a kink, which as we already discussed hints that a theory lies
somewhere near 4.8.
In the plot we have also included the theoretical predictions from large N expansion
using the following values provided at [40]. The scaling dimension of the fundamental
scalar field has been computed up to third order while the scalar of the singlet up to
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second.

η=

8 3π8 2
8
−
(3π 2 ) N
3N 2

γ =2−
ν=

24
+
π2N

γ
,
2−η

64

∆φ =



2



8
3π 2

3 

2
− 61π
24

−

797
18

+



44
2
9 −π
π4N 2

1 η
+ ,
2 2

+

9 2
2 π log(2)

+

27ψ (2) ( 21 )
8


(4.40)

N3


(4.41)

∆s = 3 −

1
ν

(4.42)
(4.43)

Where ψ refers to the logarithmic derivative of Γ function. We can see in the plot
that the points predicted from large N seem to coincide with the kinks from N=20
up to N=10, as it is expected. For small N there is incompatibility. We considered

∆φ ∈ {0.503, 0.5135} because we expected to find the wilson-fisher points near the
gaussian values from perturbation theory [4].
2.2

2.0

1.8
Δs
1.6

1.4

1.2
0.505

0.510

0.515

0.520
Δϕ

0.525

0.530

0.535

Figure 4.8: In the Plot we can see the upper bound in the dimension of the first
scalar field that can appear in the singlet representation.

The plots correspond to

N = 3, 4, 5, 6, 8, 10, 15, 20 starting from the red line (the lowest one) with N = 3 and
finishing with N = 20 the orange line (upper one). The black points correspond to values
from large N expansion with N = 20, . . . , 4 (N = 3 was below unitarity bound).
The wilson fisher kinks that we show in our plots are not the only ones that can
be found from the conformal bootstrap of the O(N ) vector model. The reason they
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don’t show up in our graphs is that they lie at the irrelevant spectrum. They are
hypothesised to correspond to gauge theories and they have only been studied recently
at [24][34][35].

4.3.2 Mixed Correlators
We have already seen from the 3d Ising model that bootstrapping more than one
external field at the same time can reveal more about the structure of the possible CFTs
or even single out a particular theory. It is only logical to extend this approach into
theories with more complex symmetries such as the O(N ) models. We will consider
the system of mixed correlators of a scalar φa that tranfrorms like a vector under O(N )
and a scalar belonging in the singlet S of O(N ). This means that we have the following
system of correlators:

hφφφφi

(4.44)

hφφssi

(4.45)

hs s s si

(4.46)

We have already seen how the first correlator can be decomposed into three bootstrap
equations (4.35). The third correlator is the same with the 3d Ising singlet correlator.
To find the decomposition of the vector-singlet 4-point function we must first consider
the OPEs of a vector with a singlet and a singlet with a singlet. These are:

φa × s ∼ φa

(4.47)

s×s∼s

(4.48)

which means that we can have the following two decompositions depending on the
ordering of our operators

hφa σφb σi ∼ hφa φb i

(4.49)

hφa φb σσi ∼ δab hσσi

(4.50)

Doing the same procedure as in the Ising case for mixed correlators (4.12),(4.13) we
end up with the following three extra equations.
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X

φs,φs
λ2φsOV F−,∆,`
± = 0

(4.51)

OV

X

φφ,ss
λφφOS F∓,∆,`
+ ±

OS

X

sφ,φs
λ2φsOV F∓,∆,`
± = 0

(4.52)

OV

where `+ means that even spins appear in the sum, `− odd spins and `± both even
and odd. Now we can write all the equations in a vectorial sum rule

X

λφφOS

λφφOS
λssOS



~S
λssOs V

S,`+

+

X

~A +
λ2φφOA V

A,`−

!

X

+

X

~T
λ2φT V

T,`+

~V = 0
λ2φsOV V

(4.53)

V,`±

where the vectors are defined as




φφ,φφ
φφ,φφ
0
F+,∆,`
−F+,∆,`





 φφ,φφ
0



 (1 − 2 )F φφ,φφ 
 F



 −,∆,` 
−,∆,` 
N






0
φφ,φφ
φφ,φφ
2




−(1 + N
−F+,∆,`
)F
+,∆,` 





0
~V = 
~T = 
~A = 
,
V
,
V
V



0
0
φs,φs






F−,∆,`






0
0






 (−1)` F sφ,φs 









0
0
−,∆,` 
sφ,φs
−(−1)` F+,∆,`
0
0





0 0
0 0

!



(4.54)







!


φφ,φφ


F−,∆,` 0




0
0!




φφ,φφ


F+,∆,` 0




0
0!






0
0


~S = 
ss,ss
V

0 F−,∆,`


!




0 0




0 0


!


1 φφ,ss 

0
F

2 −,∆,` 
 1 φφ,ss

 2 F−,∆,`

0


!

1 φφ,ss 
0

2 F+,∆,` 
1 φφ,ss
2 F+,∆,`



(4.55)

0

We will assume that the critical O(N ) vector model has exactly three relevant
operators: a scalar belonging in the singlet, the vector and the traceless symmetric
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irrep. Since we are not considering here the traceless symmetric scalar in the external
operators, we will not make any assumption about the spectrum of this sector and we
will allow it to vary anywhere above the unitarity value. We do impose though that any
other scalar operator appearing in the OPE belonging to the vector or singlet sector to
have ∆ > 3.
At this point we can set N to whatever value we want according to the universality
class we want to study. The N = 2 case is called the XY universality class and is
hypothesized to describe various critical phenomena. In this universality class also
belongs the superfluid transition in 4 He along the λ−line. The problem with O(2) is
that Monte Carlo studies [3] have an 8σ tension with the experimental results of [37].
This is a dispute that the conformal bootstrap hoped to resolve in [30],[31], but without
success. We report our result for the conformal bootstrap in the case of Λ = 20, 28 in
Figure 4.9. The red rectangle corresponds to the determination of scaling dimensions
from Monte Carlo while the green to the experimental data.
We see that the allowed region of the conformal bootstrap is large enough to include
both regions and we cannot make any conclusions. Another thing that we can notice
is that the island seems to allow a larger area than the case of the 3d Ising mixed
correlators. We can also see that the island seems to converge slower as we increase

Λ. The obvious answer to explain this behaviour is that by not including the traceless
symmetric scalar operator in the set of mixed correlators we ignore a big part of the
spectrum of the theory.
This obvious bootstrap direction was not able to be explored due to the computational complexity of the crossing equations. It was only made possible recently with
the update of SDPB [32]. In [6] they considered mixed correlators of the three relevant
scalars and they found out that the allowed region shrinks inside the Monte Carlo
area. This means that either the superfluid transition in 4 He along the λ−line does
not belong to the universality class of O(2) or there was an error to the experimental
process.
Another physical interesting case that hasn’t been studied a lot in the literature,
and never with mixed correlators in the conformal bootstrap is the O(5) model. For
a list of references one can refer to [45]. This model is relevant to the SO(5) theory
of high Tc superconductors [59]. Even though the O(5) symmetry is SO(5) plus a

Z2 symmetry, we do expect that the crossing equations as well as the bounds we
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Figure 4.9: At the first plot we see the two islands obtained with Λ = 20 (blue) and Λ = 28
(orange) for the O(2) vector model, the green lines correspond to the experimental results
for ∆s , the red rectangle showcases the Monte Carlo results. Second plot compares single
correlator bootstrap with mixed. Last plot is a zoom in on the O(2) island with Λ = 28.
We can clearly see that our calculation is not strong enough to make any conclusions.
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find can still be applied to SO(5) due to representation theory arguments [31]. Like
previously we consider mixed correlators of the two relevant operators in the vector
and singlet representation. The island we find with Λ = 35 is presented in Figure 4.10.
We also include a plot with the N = 5 single correlator from Figure 4.8 along with
the prediction from −expansion [2]. We see that the two methods disagree with each
other. Our prediction for the scaling dimensions of the relevant vector (∆φ ) and singlet
(∆s ) scalars is (∆φ , ∆s ) = (0.51768(107), 1.7208(122)).
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Figure 4.10: The first plot is the island we found with Λ = 35 for the O(5) model. Second
plot combines our island along with theoretical predictions from −expansion [2] (green
rectangle) and the single correlator bootstrap bound from Figure 4.8 (red line).
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5
Islands from Single Correlators
In the previous chapter we saw that by considering mixed correlators of operators that
appear in a theory can allow the bootstrap program to make precise predictions for the
scaling dimensions of operators. Another approach that was first introduced in [36]
is to impose gaps in a sector of spin ` where you have a fixed conserved current. For
example in the case of the Ising model we have the stress energy tensor with ` = 2 and

∆T = 3 in three dimensions. If we impose that the next spin 2 operator T 0 has scaling
dimension ∆T 0 ≥ 4.5, as well as that there is only one relevant scalar operator in the

Z2 even OPE, we can find a similar isolated region with the 3d Ising island from mixed
correlators.
In the same paper it was shown that the same attribute can be found in the O(3)
model if a gap is assumed at the spectrum of spin one operators and that there is only
one relevant scalar operator in the singlet. In more detail a gap was imposed in the

` = 1 operators between the conserved current at ∆j = 2 and the scaling dimension
of the second operator ∆j 0 ≥ 3.5. In this section we continue the work of [36] and we
report that similar islands can be obtained for the cases of the other O(N ) models up
to N = 10. We have included in Table 5.1 the gaps in the spectrum with which we
were able to isolate the islands as well as the scaling dimensions that we obtained with

Λ = 20.
In Figure 5.1 we have included all the islands together. We can see that as N grows
the shape of the islands changes. By looking at the singlet kinks in Figure 4.8 we
see that the geometry of the kink transforms from an obtuse angle to a perpendicular
as we increase N , so this could explain the change in the shape of the islands. One
could also argue that this can be explained because as we increase N , our gap in the
spectrum approaches the actual value of where the second spin 1 operator lives. While
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N

∆j 0 ≥

∆φ

∆s

Λ

4

3.6

0.5174(21)

1.630(45)

20

5

3.5

0.5164(20)

1.684(48)

20

6

3.5

0.5151(18)

1.727(48)

20

7

3.5

0.5140(14)

1.760(48)

20

8

3.5

0.5129(12)

1.788(48)

20

9

3.5

0.5119(10)

1.811(46)

20

10

3.0

0.5111(10)

1.830(45)

20

Table 5.1: Restrictions imposed to the second ` = 1 operator in O(N ) models in order
to find an island. We also include the values of the scaling dimensions ∆φ , ∆s that have
been determined from the boundaries of the islands at Figure 5.1

this can be true, for the case of N=10 we have lowered the gap to ∆j 0 ≥ 3 and we see
that it still follows the pattern.
A reasonable counter argument to this method is that by imposing the gap in the
spectrum, there is a chance you miss an operator and therefore the program might not
see the actual point. In this case the program would create the image of a "spurious"
island that wouldn’t show the correct values and would hypothetically vanish as we
increase Λ. To somehow secure that the bound we have imposed is not an "ill" one,
we can setup the following bootstrap: Let’s assume that we have a theory with O(10)
global symmetry and suppose the first singlet scalar lies between ∆s ∈ [1.5, 1.95],
which is a reasonable assumption from the position of the kink at Figure 4.8. Also
let’s suppose that every other scalar singlet operator must lie above ∆s0 ≥ 3. Now we
can ask the following question: As we vary the external field dimension ∆φ and we
keep an operator of spin 1 fixed at the unitarity bound, what is the maximum gap that
we can impose to the second spin 1 operator so that a theory cannot exist? Following
the bootstrap philosophy we can argue that the actual value of the operator must be
somewhere near that maximum value. We report the corresponding bound we find at
Figure 5.2 which was computed with Λ = 20.
We can see in Figure 5.2 that the bound for the region of ∆φ ∈ [0.51, 0.5117] we
find is ∆j 0 max ∼ 4, so we expect that ∆j 0 ≥ 3 in the conformal bootstrap is a safe
choice. Another thing we can notice is that after ∆φ ∼ 0.5118 the maximum value
drastically decreases. This kink is another indication that the O(10) model exists
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Figure 5.1: In this plot we show all the islands that we obtained from single correlator
bootstrap by imposing a gap in the spectrum of the second ` = 1 operator. We start from
N=4 at the bottom right of the corner with the dark blue color and we end with N=10 at
the top left corner with red color.

somewhere on the left, which can also be supported by the large N expansion that
predicts ∆φ = 0.5116. For the cases of lower N we find that the upper bound of the
allowed region increases and the descent moves to the right. Perhaps one could also
refer to analytical results from other methods to have an idea where the second ` = 1
operator may live, but we didn’t know of any.
The advantage of this method is that considering a single correlator, which means
three crossing equations for the O(N ) case, makes a significantly lighter problem to
be solved by SDPB, opposed to the case of mixed correlators with seven crossing equations. We have computed the O(4) island with Λ = 35 and the method we described
in order to compare it with the result of the mixed correlator bootstrap case provided
in

1

[30] calculated with = 35 also. We present the island we find along with the MC

estimation (red rectangle) [22] in Figure 5.3. The scaling dimensions we find for the
two relevant operators with Λ = 35 are

∆φ ∈ [0.5160, 0.51875],
1

Figure 6 p.17

58

∆s ∈ [1.605, 1.668]

(5.1)
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Figure 5.2: Allowed region for O(10) with ∆j = 2, and ∆j 0 ≥ ∆j2 . The plot was computed
with Λ = 20.
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0.5175
Δϕ

0.5180
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Figure 5.3: Allowed region for O(4) computed with Λ = 35 with a gap ∆j 0 ≥ 3.6. Red
rectangle corresponds to MC estimation [22]

The scaling dimensions we can "read" from the plots of [30] are

∆φ ∈ [0.5173, 0.5205],

∆s ∈ [1.645, 1.675]

(5.2)

In general the two results are in agreement and both islands seem to converge at the
same point. We can argue that the O(4) critical point must lie somewhere in the
intersection of (5.1) and (5.2). This means that the scaling dimensions must be inside
the intervals

∆φ ∈ [0.5173, 0.51875],

∆s ∈ [1.645, 1.668]

(5.3)

We also include a plot with both the Λ = 35 and Λ = 20 islands we found from single
correlator bootstap of O(4) for comparison in Figure 5.4. We see that the convergence
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just like in the case of O(2) mixed correlators (Figure 4.9) is not very fast as we increase

Λ.
1.68

1.66

1.64
Δs
1.62

1.60

1.58
0.516

0.517

0.518

0.519

Δϕ

Figure 5.4: Figure 5.3 combined with the result for Λ = 20 from Figure5.1

The fact that imposing gaps on the spectrum of spin ` operators isolates a region
could be used in order to determine the values of the scaling dimensions in the spin `
sector. This can be done effectively in the cases where the island has been computed
with high precision from mixed correlator bootstrap. To demonstrate what we mean
we will consider the case of the 3d Ising island where the conformal bootstrap of mixed
correlators has provided the most precise determination [31]:

∆φ ∈[0.5181479, 0.5181499]
∆s ∈[1.412615, 1.412635]

(5.4)

We already mentioned that the 3d Ising island can also be isolated with a single correlator bootstrap by imposing a gap in the spectrum of the second ` = 2 operator

∆T 0 ≥ 4.5. If we now increase this gap the boundaries of the island will shift and at
some point they will not contain the values contained at (5.4). At that critical value it
will be safe to assume that we have lost an operator of the actual 3d Ising model. So
we will be able to assume that there must be at least one operator with ∆T 0 ≤ ∆crit .
We did this computation with Λ = 32 and we plot the results near the region of (5.4)
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Figure 5.5: Plots showing the region near the value predicted by [31](blue rectangle).

The orange region corresponds to part of the island that we find for ∆T 0 ≥

5.510, 5.511, 5.512, 5.513 with Λ = 32.

61

5. Islands from Single Correlators

in Figure (5.5) for ∆T 0 ≥ 5.510, 5.511, 5.512, 5.513 . The blue rectangle depicts the area
predicted by (5.4) and the orange area is part of the island that we find.
We can clearly see that by imposing ∆T 0 ≥ 5.513 the two regions don’t have a
common intersection, so ∆T 0 ≤ 5.513 is an appropriate bound. This island is an
example of a "spurious" island, since as we increase Λ it seems to converge at a wrong
point. It should be noted that if we could compare our island with the actual island of
[31], which has a shape like Figure 4.4 we would also be able to exclude ∆T 0 ≥ 5.512.
The lightcone bootstrap has found ∆T 0 = 5.50915(44) [55], where the error bars are
estimations and not rigorous. We can see that our method is in agreement with their
result for the case of T 0 operator. Another method was developed recently [20] where
they choose a trajectory along the island of [31], they use mixed correlator bootstrap
and make similar assumptions about the spectrum. In [20] they find that ∆T 0 ≤ 5.51,
which is also in agreement.
Now if we impose that ∆T 0 ∈ [5.4, 5.513] we can ask the same question for T 00 .
We don’t include the plots in this thesis but we found that ∆T 00 ≤ 7.9, while [20]
reports that ∆T 00 ≤ 7.2 which is obviously stronger. It would be interesting to redo the
computation for a smaller allowed region of ∆T 0 and examine if the upper bound gets
stronger.
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Summary and Discussion
In this thesis we tried to demonstrate the usage and power of the numerical conformal bootstrap, one of the frontiers in theoretical physics in the study of CFTs. We
started with a short introduction in the formalism of renormalization group, in order to connect conformal symmetry with critical phenomena. Then we proceeded to
present all the theory regarding conformal field theories in Euclidean space that is
used in the numerical conformal bootstrap. In particular we demonstrated what conformal symmetry means in d > 2 and how one can build representations of the group
and dynamics. Then we introduced the notion of radial quantization and explained
how unitarity translates to reflection positivity in Euclidean signature. Next we proceeded to demonstrate how reflection positivity imposes lower bounds in the scaling
dimensions of the fields. We also introduced the formalism of the operator product expansion and we used it to decompose 4−point functions into conformal blocks, whose
behaviours is governed by the conformal Casimir operator. Next we demonstrated how
to build representations of the conformal blocks in radial coordinates r, η for non even
dimensions. Lastly, we showcased the crossing equation in which the whole bootstrap
program is based on.
To demonstrate the logic and techniques of our method we studied the case of the
3d Ising model. First we considered the crossing equation of 4 identical scalars and we
found out that a kink in the boundary of the allowed region revealed where the theory
lives. Then by considering mixed correlators we were able to isolate the region of the
theory. We did the calculation with both Λ = 20, 28 and we found that the later was
sufficient enough to produce more precise results than Monte Carlo [23].
We also studied theories with global symmetry. In particular we chose the case of
the O(N ) model for two reasons. The first reason is that there is a lot of work done
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both from bootstrap and other techniques that could be used as a point of reference.
The second reason is that there are still unexplored cases, as the mixed correlator
technique has only been applied to N = 1, 2, 3, 4, 20 cases. We started by showing
that in cases with global symmetry the correlation functions decompose to irreducible
representations of the tensor product of the fields. We found that the single correlator
bootstrap exhibited kinks as well, which indicates the existence of a theory. We chose
to apply mixed correlators for N = 2, with Λ = 20, 28, which is hypothesised to
describe the XY universality class. The isolated region we found was wide enough to
include both Monte Carlo and experimental results so we couldn’t make any statements
regarding the 8σ tension. Finally, we applied the mixed correlator bootstrap for N = 5,
with Λ = 35, which is hypothesized to be relevant to high-Tc superconductors. The
result we found was in disagreement with −expansion [2]
In the last chapter we showcased that one can find islands without considering
mixed correlators, but with making appropriate assumptions about the spectrum of
the theory. We found the islands of O(N ) models with N = 4, . . . , 10, as an attempt
to bridge the gap between large-N expansion and numerical results for low N, that can
be used as a reference to compare analytical results of new methods, like in the case
of analytical conformal bootstrap [25]. Finally we suggested how this method can be
used to obtain bounds on the operators that belong to the same spin family where we
imposed the gap.
We will conclude our thesis with some remarks about future work that could be
done in the direction of the conformal bootstrap. In our study we saw that considering
the mixed correlators of the 2 relevant scalars in the Ising model allowed us to determine the allowed region in pretty good precision. It would be reasonable to add the
next non relevant operator to the system of mixed correlators and see if the restrictions
on (∆σ , ∆ ) become more strict. It would also be interesting to bootstrap three scalar
operators in a supersymmetric theory where one of the operators is fixed by symmetry.
Besides the O(5) model, there is also an absence of results for mixed correlator
bootstrap for the case of O(6), which is hypothesized to be relevant for the chiral
phase transition in QCD with Nf = 2, Nc = 2 [2],[58]. Perhaps another thing someone
could check is that for large N the model doesn’t become non-unitary from a numerical
bootstrap perspective. This would mean that the island obtained would not disappear
when we increase Λ. This technique was used for d=5 to obtain a lower bound in N
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for unitary O(N ) models [33]. At some point we mentioned that in the O(N ) singlet
correlator bootstrap other theories can also be seen in the forms of kinks in the region
of self-organized theories. It would be straightforward to see if the mixed correlator
bootstrap can isolate these theories with appropriate assumptions about the spectrum.
Another approach would be to try to isolate the points in the self-organized spectrum using the technique of imposing gaps above the conserved current in the spin 1
sector. We tried this for the case of N = 8, but it seems we could only find a peninsula
shape like in the case of Figure 4.6. Perhaps this approach could shed some light in
other theories with SU (N ) symmetry, where the scalar operators live in complicated
representations (bifundamental and monopole operators [7],[41] ) and therefore the
mixed correlator case leads to a very computational intensive problem.
Recently, there has been a paper that studied conformal field theories in the large

D limit [19]. It was found by applying the analytical bootstrap to a scalar operator ∆φ
with no global symmetry that if ∆φ /D < 3/4, then we can only have generalized free
field theories in the unitary regime. It would be interesting to impose the existence of
a stress tensor, which would mean we are not in a generalized free field theory and
examine whether the numerical bootstrap can find an upper limit in D, over which no
such unitary CFT can exist. Moreover, it is believed that no unitary CFT can exist for

D ≥ 7. It would be easy to check at D = 7 for the case of O(N ) and SU (N ) single
correlator bootstrap if any kinks appear in the allowed spectrum which would indicate
otherwise.

65

7
Appendix
7.1 Polynomial Equation from Crossing
and Semidefinite Programming
We have discussed in section 3.5.1 how to expand the conformal blocks in radial coordinates. We now need to turn the crossing equation (3.111) in a polynomial equation in

∆ and ` that the SDPB will be able to solve. Recall that the conformal blocks g∆,` (r, η)
take a form of an expansion with rmax and poles in ∆ depending on rmax . For each
rmax
g∆,`
we can define the polynomials in ∆
rmax
p∆,` (r, η) = (4r)∆ g∆,`
(r, η)

Y

(∆ − ∆I )

(7.1)

I∈P`rmax

Generally speaking the efficiency of SDPB depends on the degree of the polynomials
which we would like to be as low as possible. For this purpose it was developed in [29]
a way to approximate the poles in P`rmax /P`κ that appear in the expansion in terms of
poles in P`κ for some cutoff κ as

X
1
cI,J
≈
∆ − ∆I
∆ − ∆J
`

(7.2)

J∈Pκ

where the coefficients cI,J can be chosen in order to make the approximation as accurate as possible for scaling dimensions above the unitarity bound. The way this is
achieved in qboot [20] is by matching the first n/2 derivatives at the unitarity bound

∆ = ∆unitary and at the limit ∆ → ∞. We can now define the reduced polynomials
rmax ,κ
p̄∆,` (r, η) = (4r)−∆ g∆,`
(r, η)

Y
I∈P`κ
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(∆ − ∆I )

(7.3)

7.1 Polynomial Equation from Crossing and Semidefinite Programming

and approximate the Taylor coefficients of the crossing equation around the crossing
symmetric point as polynomials in ∆ by writing them as
∆

∂zµ ∂z̄n F∆,`φ (rc , η = 1) ≈ χ`κ (∆)P`m,n (∆, ∆φ )

(7.4)

(4rc )∆
I∈P`κ (∆ − ∆I )

χ`κ ≡ Q

(7.5)

P`m,n (∆, ∆φ ) ≡ 2(r−∆ ∂zm ∂z̄n (v ∆φ r∆ p̄∆,` (r, η))) |r=rc ,η=1

(7.6)

The positive factor χ`κ can be absorbed by redefining each λφφO∆,` . In a bootstrap we
will make some assumption of the form ∆ ≥ ∆min so we need to impose the following
inequalities for each spin

X

αµν P`µν (∆min,` + x) ≥ 0

(7.7)

mn

There is a theorem of Hilbert stating that any non-negative polynomial P (x), x ∈ [0, ∞)
can be expressed in the following form

P (x) = a(x) + xb(x)

(7.8)

where a(x), b(x) are sums of polynomials squared. The functions a(x), b(x) can also
be written as

a(x) = T r(AQd1 (x)), b(x)T r(BQd2 (x))

(7.9)

2
d T
where the matrix Qd (x) = xd sT
d with xd = (1, x, x , . . . , x ) and d1 = b(1/2)degP c,

d2 = b(1/2)(degP − 1)c. A and B are some semidefinite positive matrices. Having
formulated our problem in this way we must search for coefficients αmn and matrices

A` , B` in order to have
X

αmn P`mn (∆min,` + x) = T r(A` Qd1 (x)) + xT r(B` Qd2 (x))

(7.10)

mn

This setup forms a semidefinite programming problem and can be solve with SDPB,
which was developed explicitly for the conformal bootstrap. For more information on
how SDPB functions one can refer to [53],[32]. The above procedure can be generalized
for the case of mixed correlators. Together with constraints of the previous form we
will also have


X
mn



α
~ mn · 


P`11,mn (∆)

...

..
.

..

P`N 1,mn (∆)

.

...
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P`1N,mn (∆)
..
.



0


P`N N,mn (∆)

(7.11)

7. Appendix

Again we can write the semidefinite positive matrix polynomials us sums of squared
polynomials

X

ij
α
~ mn P`ij,mn (∆min,` + x) = T r(Aij
` Qd1 (x)) + xT r(B` Qd2 (x))

mn
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(7.12)
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