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ABSTRACT
Light beams can rotate as they travel and thus carry angular momentum.
Besides rotating their polarization vector, and thus carrying spin, their phase
structure can also rotate. In this case the wave carries orbital angular momentum (OAM), which can be many times greater than the spin. Likewise,
optical waves that carry OAM have an optical vortex along their propagation axis and are able to transfer angular momentum. OAM can be easily
imprinted to an optical wavepacket by properly modulating its spatial phase.
The interference wavepackets that carry OAM can lead to exciting new properties like angular acceleration. In this case the light beam rotates in an
accelerating fashion as it propagates.
On the other hand, a family of novel optical wavepackets that propagate
in curved trajectories and resist diffraction or dispersion has been recently
introduced. These so called accelerating wavepackets are able to self-heal
and bypass obstacles, advantages that make them exciting for a broad range
of applications ranging from materials processing to telecommunications.
The unique properties of accelerating wavepackets are correlated to their
non-trivial amplitude and phase distributions and emerge from interference
phenomena. The imprinting of orbital angular momentum on accelerating
wavepackets can lead to novel twisted optical wavepackets with combined
properties.
In this thesis we study the effect of orbital angular momentum on the
propagation of optical wavepackets. In our study we focus on the physical
mechanism that leads to angular acceleration, and on the design of optical
wavepackets that exhibit tailored angular acceleration. Using numerical simulations we show that angular acceleration can be observed as a result of
the interference of a variety of optical wavepackets ranging from modified
Bessel to accelerating ring-Airy. Our results can have an important impact
on applications like optical trapping and particle micromanipulation.

ΠΕΡΙΛΗΨΗ
Δέσμες φωτός μπορούν να περιστρέφρονται καθώς διαδίδονται και ετσι να
έχουν στροφορμή. Εκτός απο την περιστροφή του διανύσματος πόλωσης τους,
ειναι δυνατόν να περιστρέφεται και η φάση τους. Σε αυτήν την περίπτωση το
κύμα κουβαλάει τροχιακή στροφορμή (ΟΑΜ), η οποία μπορεί να είναι πολλές
φορές μεγαλύτερη απο το σπίν. Ακόμη, τα οπτικά κύμματα που έχουν τροχιακή
στροφορμή, παρουσιάζουν μια οπτική δύνη κατα μήκος του άξονα διάδοσης
που είναι ικάνή να μεταφέρει την στροφορμή. Η τροχιακή στροφορμή μπορεί
ευκολά να εισαχθεί σε ενα οπτικό κυματοπακέτο με την σωστή διαμόρφωση της
χωρικής φάσης του. Κυματοπακέτα που προέρχονται συμβολή οπτικών δεσμών,
που έχουν ΟΑΜ μπορούν να οδηγήσουν σε συναρπαστικές νέες ιδιότητες όπως
η γωνιακή επιτάχυνση. Σε αυτή την περίπτωση η δέσμη φωτός περιστρέφεται
κατά τρόπο επιταχυνόμενο καθώς διαδίδεται.
Aπό την άλλη πλευρά, πρόσφατα εισήχθη μια οικογένεια νέων οπτικών κυματοπακέτων που διαδίδονται σε καμπύλες τροχιές και αντιστέκονται σε περίθλαση ή διασπορά. Αυτά τα αποκαλούμενα επιταχυνόμενα κυματοπακέτα είναι ικανά
να αυτοθεραπευτούν και να παρακάμψουν εμπόδια, πλεονεκτήματα που τα καθιστούν συναρπαστικά για ένα ευρύ φάσμα εφαρμογών, από την επεξεργασία
υλικών έως τις τηλεπικοινωνίες. Oι μοναδικές ιδιότητες των επιταχυνόμενων
κυματοπακέτων συσχετίζονται με τις μη τετριμμένες κατανομές πλάτους και
φάσης και εξέρχονται από φαινόμενα συμβολής. Η εισαγωγή της τροχιακής
στροφορμής στα επιταχυνόμενες κυματοπακέτα μπορεί να οδηγήσει σε νέα συστρεμμένα οπτικά κυαμτοπακέτα με συνδυασμένες ιδιότητες.
Σε αυτή τη διατριβή μελετάμε την επίδραση της τροχιακής στροφορμής
στη διάδοση των οπτικών κυματοπακέτων. Στη μελέτη μας επικεντρωνόμαστε
στον φυσικό μηχανισμό που οδηγεί στην γωνιακή επιτάχυνση και στο σχεδιασμό των οπτικών κυματοπακέτων που εκτείνονται στην προσαρμοσμένη γωνιακή επιτάχυνση. Χρησιμοποιώντας αριθμητικές προσομοιώσεις δείχνουμε ότι
η γωνιακή επιτάχυνση μπορεί να παρατηρηθεί ως αποτέλεσμα της συμβολής
μιας ποικιλίας οπτικών κυματοπακέτων που κυμαίνονται από τροποποιημένα
Bessel σε επιταχυνόμενα ring-Airy. Τα αποτελέσματά μας μπορούν να έχουν
σημαντικό αντίκτυπο σε εφαρμογές όπως η οπτική παγίδευση και τον χειρισμό
μικροσωματιδίων.
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1. INTRODUCTION
More than 100 years ago, in 1909, Poyntig showed that circular polarized
light carries angular momentum [1]. Later on, in 1936 Beth [2] was able to
quantify the angular momentum (AM) of a single circularly polarized photon.
This form of AM is nowadays known as spin angular momentum (SAM) and
it’s value is equal to σ~ per photon, where σ equals to ±1 for left and right
circularly polarized light.
In 1992, Allen et all. [3] realized that, in addition to SAM, LaguerreGaussian (LG) laser modes carry another form of AM associated to their
characteristic azimuthal varying phase exp(i`φ), where ` is the topological
charge and is an integer number (will be discussed later). This type of AM is
referred to as orbital angular momentum (OAM). Furthermore, the azimuthal
varying phase term, varies from 0 to 2π in the transverse plane, and thus
introduces an on-axis phase singularity. The donought intensity profile that
the LG modes have, is a result of this singularity. Wavepackets which exhibit
similar singularities are HyGG [4] modes and the high order Bessel beams
[5, 6, 7]. All these beams have hellical wavefront and carry orbital angular
momentum equal to `~ per photon. The above properties give rise to many
new applications in topics as biophysics [8, 9, 10] and micromechanics [11] or
microfluidics [12]. The OAM is also used in super high-density optical data
storage [13], for imagining and metrology [14, 15, 16, 17], communications
[18, 19], even in astronomy [20].
Since the first observation of Airy beams [31], the field of the transverse
accelerating beams has been growing rapidly because of their unique properties to resist diffraction and to propagate on curved trajectories [22]. Besides
spatial acceleration, an another type of acceleration has attract the interest of
the scientific society. In 2009, [23] demonstrated experimental the generation
of a rotating light pattern, as it propagates, using higher-order Bessel beams.
After a few years, [24] measured the rotational rate of it. Finally, in 2016, [25]
demonstrated angular acceleration and decceleration of the rotating intensity
pattern using higher-order Bessel beams.

In this thesis we study the effect of orbital angular momentum on the
propagation of optical wavepackets . In our study we focus on the physical
mechanism that leads to angular acceleration, and on the design of optical
wavepackets that exhibit tailored angular acceleration. More specifically,
by using numerical simulations we show that angular acceleration can be
observed as a result of the interference of a variety of optical wavepackets
ranging from modified Bessel to accelerating ring-Airy.
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2. WAVE PROPAGATION
Starting from Maxwell equations we derive the wave propagation equation
for free space which for monochromatic waves simplifies to the Vectorial
Helmholtz equation. After that, introducing the vector potential A(r,t) and
the scalar potential φ(r, t) we derive the Scalar Helmholtz equation [26, 27].
Finally, by applying the paraxial approximation [28] we derive the paraxial
wave Eq.(2.29).

2.1 Maxwell equations
Maxwell equations are the basis of any electromagnetic system. We will start
this section by rewriting these equations using the international system of
units.
∇ · D(r, t) = %(r, t)

∇ × E(r, t) = −

∂B(r, t)
∂t

∇ · B(r, t) = 0

∇ × H(r, t) = J(r, t) +

∂D(r, t)
∂t

Gauss’s law

(2.1)

Faraday’s law of induction

(2.2)

Gauss’s law for magnetism

(2.3)

Ampere’s circuital law

(2.4)

where, ∇ is the nabla operator, r is the position vector and t symbolizes
the time. Because we are interested in propagation of EM waves at sourcefree medium (free space), we can consider that the total charge and current
density is zero

%(r, t) = %f (r, t) + %b (r, t) = 0
J(r, t) = Jf (r, t) + Jf (r, t) = 0,
where %f (r, t) is the charge density of free charges, %b (r, t) is the charge density
of bounded charges, Jf (r, t) is the free current density and Jb (r, t) is the
bounded current density. Since we limit our study in linear and isotropic
media (free space) we can write the following constitutive relations

D(r, t) = ε0 E(r, t)

H(r, t) =

1
B(r, t).
µ0

(2.5)

Using Eq.(2.5) and in combination to our previous statement for charge
density and current density we can rewrite Maxwell equations in a simpler
form. More specifically:
∇ · E(r, t) = 0

∇ × E(r, t) = −

∂B(r, t)
∂t

∇ · B(r, t) = 0

∇ × B(r, t) = ε0 µ0

∂E(r, t)
∂t

(2.6)

(2.7)

(2.8)

(2.9)

where 0 , µ0 are the permittivity and permeability of free space respectively.

10

2.1.1 The Vectorial Helmholtz equation
Eqs.(2.7, 2.9) can be simplified further using the well known identity ∇ ×
(∇ × F ) = ∇(∇ · F ) − ∇2 F , which can lead us to the time dependent
wave equation for electric and magnetic field,

∇2 E(r, t) −

1 ∂E(r, t)
=0
c2 ∂t

∇2 B(r, t) −

1 ∂B(r, t)
=0
c2 ∂t

(2.10)

√
where c=1/ ε0 µ0 is the light speed in vacuum. Now, in order to get rid of
the the time dependence, we describe the electric and magnetic field as a
superposition of harmonic waves, using a Fourier transform notation:
1
E(r, t) = √
2π

Z

1
B(r, t) = √
2π

Z

∞

E(r, ω) exp(−iωt)dω
−∞

∞

B(r, ω) exp(−iωt)dω

(2.11)

−∞

Replacing the electric and magnetic field from Eq.(2.11) into Eq.(2.10)
we reach to the Vectorial Helmholtz equation:
∇2 E(r, ω) + k 2 E(r, ω) = 0

∇2 B(r, ω) + k 2 B(r, ω) = 0

(2.12)

where k=2π/λ0 is the wavenumber. (magnitude of wavevector k = kx x̂ +
ky ŷ + kz ẑ)

2.1.2 The Scalar Helmholtz equation
The Vectorial Helmholtz equation can be further simplified by introducing
the vectorial potential A(r, t). Starting from Eq.(2.8) we can see that the
curl of A(r, t), equals to the magnetic field.
∇ · B(r, t) = 0

⇔

B(r, t) = ∇ × A(r, t)
11

(2.13)

By substituting Eq.(2.13) into Eq.(2.7) we arrive at:


∂A(r, t)
=0
∇ × E(r, t) +
∂t

(2.14)

which indicates that a scalar potential φ(r, t) that satisfies

E(r, t) +

∂A(r, t)
= −∇φ(r, t) ⇒
∂t

E(r, t) = −

∂A(r, t)
− ∇φ(r, t).
∂t

(2.15)

Substituting Eq.(2.13) and Eq.(2.15) into Eq.(2.9) and using the identity
∇ × (∇ × F ) = ∇(∇ · F ) − ∇2 F we conclude to


∂ 2 A(r, t)
∂φ(r, t)
− ∇ ∇ · A(r, t) + ε0 µ0
= 0.
∇ A(r, t) − ε0 µ0
∂t2
∂t
2

(2.16)

Using the Lorentz gauge which is expressed as

∇ · A(r, t) = −ε0 µ0

∂φ(r, t)
∂t

(2.17)

and by substituting Eq.(2.17) into Eq.(2.16) we derive a wave equation for
the vector potential A(r, t) which is given by

∇2 A(r, t) −

1 ∂ 2 A(r, t)
= 0.
c2 ∂t2

(2.18)

In the same manner we can produce an analogous equation for scalar potential φ(r, t). Specifically, substituting Eq.(2.15) into Eq.(2.6) and using the
Lorrentz gauge Eq.(2.17) we derive

∇2 φ(r, t) −

1 ∂ 2 φ(r, t)
= 0.
c2 ∂t2
12

(2.19)

Using a similar approach to Eq.(2.11) we describe the vector potential A(r, t)
and the scalar potential φ(r, t) as a superposition of harmonic waves, using
a Fourier transform notation
∞

1
A(r, t) = √
2π

Z

1
φ(r, t) = √
2π

Z

A(r, ω) exp(−iωt)dω
−∞
∞

φ(r, ω) exp(−iωt)dω

(2.20)

−∞

and after inserting Eq.(2.20) into Eq.(2.18) and Eq.(2.19) we arrive at the
Helmholtz equation for vector potential A(r, t) and the Helmholtz
equation for scalar potential φ(r, t)
∇2 A(r, ω) + k 2 A(r, ω) = 0

(2.21)

∇2 φ(r, ω) + k 2 φ(r, ω) = 0.

(2.22)

Finally, it is useful to see the relation between the electric field E(r, t)
and vector potential A(r, t). It can be shown that combining Eq.(2.15) and
Eq.(2.17) we have
ic2
∇(∇ · A(r, t)).
(2.23)
ω
Now by choosing a unitary polarization vector ê in the plane perpendicular to the propagation axis like:
E(r, ω) = iωA(r, t) +

V (r) = U (r)ê

(2.24)

where V (r) can be the electric field E(r), the magnetic field B(r) and the
vector potential A(r) and U (r) is a scalar function. With this assumption
we finally conclude to scalar Helmholtz equation
∇2 U (r) + k 2 U (r) = 0.
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(2.25)

2.1.3 The Paraxial approximation
In geometrical optics, paraxial approximation refers to the propagation of
light rays that make a small angle to the optical axis of the system. A
paraxial ray exhibits small angle (θ << 1◦ ) with the optical axis and fulfills
the following requirements sin θ ≈ θ and tan θ ≈ θ. In the wave optics, a
paraxial beam is formed mainly from of quasi-plane waves that propagate
parallel to the propagation axis. Such a wave can be described as [28, 27]
U (r) = u(r) exp(−ikz)

(2.26)

where u(r) is the wave amplitude spatial distribution. Substituting into
Eq.(2.25) we get:
∂u(r)
∂ 2 u(r) ∂ 2 u(r) ∂ 2 u(r)
+
+
− 2ik
=0⇒
2
2
2
∂x
∂y
∂z
∂z

∇2T u(r) +

∂ 2 u(r)
∂u(r)
− 2ik
=0
2
∂z
∂z

(2.27)

where ∇2T is the Laplace operator at the transverse plane. Considering u(r)
is slowly varying along z axis, the second derivative is much smaller to then
first and can be neglected
∂u(r)
∂ 2 u(r)
>>
∂z
∂z 2

∇2T u(r) >>

∂ 2 u(r)
.
∂z 2

(2.28)

We can now write the paraxial equation which is

∇2T u(r) − 2ik

∂u(r)
= 0.
∂z

(2.29)

Some trivial solutions of the above equation can be found in chapter 8. To
summarize, to derive the above Eq.(2.29), we have restricted our attention
to paraxial fields that (1) propagate in vacuum, (2) in the absence of sources
and charges, (3) are monochromatic, (4) and their polarization effects can be
neglected.
14

3. NONDIFFRACTING WAVES
Generally speaking, waves spreads as they propagate. This phenomenon
is called diffraction. A family of light beams can defeat this limitation.
This means that as they prapagate, they don’t spread. They are commonly called ’non-diffracting waves’ or ’nonspreading waves’ or sometimes
as ’auto-healling’ beams. A trivial example of a ’non-diffracting’ wave is the
plane wave. Such wave, like all the ’non-diffracting’ waves, can’t be implemented experimentally due to the infinite amount of energy that contains.
The first theoretical analysis and experimental observation of a non-trivial
non-diffracting wave was Bessel beams by Durnin et al. [5, 6]. Also Airy
beams where early introduced from M.V.Berry and N.L.Balazs in 1978 [29].

3.1 1D+1 propagation
3.1.1 1D Airy beam
In 1978 M.V.Berry and N.L.Balazs described for the first time the dispersionfree Airy wave packets within the context of quantum mechanics [29]. In 2007
G.A. Siviloglou et al. proposed a dispertion-free solution of the paraxial equation in the 1D+1 and 2D+1 propagation regime [30]. These waves exhibit
spatial transversly acceleration during their propagation. More specifically,
using a normalized coordinates, the paraxial wave equation is simplified to

i

∂φ 1 ∂ 2 φ
+
=0
∂ξ
2 ∂s2

(3.1)

where, s = x/x0 represents a dimensionless transverse coordinate, x0 is an
arbitrary transverse scale, ξ = z/kx0 2 is a normalized propagation distance
(with respect to the Rayleigh range), and k = 2πn/λ0 is the wavenumber of
the optical wave. Considering a finite energy Airy beam at ξ = 0, we have:

φ(s, ξ = 0) = Ai(s)exp(αs)

(3.2)

where Ai(·) is the first kind Airy function and α is apodization parameter
which is a positive number and ensures the requirement of finite energy beam.
The Airy function can be represented as the following integral
1
Ai(x) =
π

Z
0

∞


 3
t
+ xt dt.
cot
3

(3.3)

Fig.(3.2) depicts the amplitude φ(s, 0) and the intensity |φ(s, 0)|2 at z=0
for different values of apodization parameter.
α
α
α
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Fig. 3.1: (a)Amplitude and (b) intensity profile of a 1D Airy beam for various
values of the apodization parameter α at the initial plane z = 0.

As shown by Sivilogou et al.[30] in (1D+1) regime we can reach to an
analytic solution for the beam propagation
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φ(s, ξ) = Ai[s − ξ 2 /4 + iαξ]exp[α(s − ξ 2 /2)]exp[−iξ(ξ 2 /12 + α2 /2 + s/2)]
(3.4)
Using this, we can calculate the intensity profile along the propagation as
the following
I(s, ξ) = |φ(s, ξ)|2 = Ai2 [s − ξ 2 /4 + iαξ]exp[a(2s − ξ 2 )]

(3.5)

If we focus on the Airy term of Eq.(3.5) and neglect the term iαξ for α << 1,
we get:
s(ξ) − ξ 2 /4 = c ⇒ c = s(ξ = 0) ⇒ s(ξ) = s(0) + ξ 2 /4

(3.6)

As we can crearly see the trajectory of the beam is parabolic. This causes
the transverse acceleration of the beam. Of course, as you can see from
Eq.(3.2), the wave is a diffracting wave. This is due to the apodization
factor α that enables the generation of finite energy wave. Such waves were
first experimentally observed by Siviloglou et al. [31] who used a Spatial
Light Modulator (SLM) to imprint a cubic phase to a Gaussian beam. The
phase mask which was used to produce an 1D Airy beam is illustrated in
Fig.(3.2).
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Fig. 3.2: Phase masks used to generate 1D Airy beams. The cubic phase is
“wrapped” between [0,2π]. Black corresponds to 0 and white to 2π radians [31].

Furthermore, Siviloglou et al. [22] introduced an extra linear phase term
exp(iνs), to the initial Airy beam that affectively launches the Airy beam at
a different tilt angle , where ν is the tilt angle.

φ(s, ξ = 0) = Ai(s)exp(αs)exp(iνs)

(3.7)

The analytic solution can be derived [31] from Eq.(3.1) and Eq.(3.7) as
φ(s, ξ) = Ai[s − ξ 2 /4 + iαξ − νξ]exp[α(s − νξ − ξ 2 /2)]

exp[i((−ξ 3 /12) + (α2 + s − ν 2 )ξ/2 + νs − (νξ 2 /2))].

18

(3.8)

Fig. 3.3: Ballistic dynamics of an ideal Airy beam α=0 when (a) ν= -2, (b) ν=0,
and (c) ν= +2. The circle in (a) represents an opaque obstacle [22].

In order to study the propagation of such beams we used numerical simulations of the paraxial wave equation using an in-house developed modular
simulation code (P yW p) [32] described in more detail in [33, 34]. In Fig.(3.4)
are shown some numerical examples of 1D Airy beam where the initial angle
of the beam is zero (ν = 0) and the apodiazation factor is changing when is
passing from the ideal infinite energy beam to finite energy beam.
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Fig. 3.4: Intensity profiles I(x, z) of Airy beams, for various values of the apodization factor α, as a function of the propagation distance z.(a) an ideal
airy beam carrying infinite energy (α = 0), (b)-(d) finite energy Airy
beam with apodization factor (b) α = 0.05, (c) α = 0.1, (d) α = 0.15.
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In Fig.(3.4) we conclude that when the apodization factor is increasing,
the beam intensity decays stronger along the transverse plane. Another interesting beam parameter is the width parameter of the Airy beam.
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Fig. 3.5: Intensity of Airy beams, for various values of the width factor w, as a
function of the propagation distance z. (a) w = 6 µm , (b) w = 5 µm ,
(c) w = 4 µm, (d) w = 3 µm.

As we can see in Fig.(3.5), the width parameter strongly affects the trajectory of the beam. Especially, as the width parameter w decreases, the
transverse acceleration of the beam is more profound.
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3.2 2D+1 propagation
3.2.1 Bessel beam
As already mentioned, ideal Bessel beams are non-diffracting waves. The
field distribution of such waves can be written such as [35]:
U (r) = A` J` (kT r) exp(i`ϕ) exp(ikz z)

(3.9)

where J` (·) is the first kind, `th-order Bessel functions, kz , kT are the longitudinal and axial wavenumbers and A` is a normalization constant. The
profile of such a function for various values of ` is shown below where the
function and the squearred absolute value of them are presented. Likewise
the first kind Bessel functions can be also represented using an integral [36]
1
J` (x) =
2π

Z

2π

e−i(xsinu−`u) du.

-2

-1
0

-0
0

0

0
[

_-0 _2

0
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0
[

(3.10)
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[

Fig. 3.6: Profile of typical Bessel functions and their squared amplitude for ` =
0, 1, 2.
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Durnin et al. [5] experimentally demonstrated the zero order Bessel beam
using the aperture as shown in Fig.(3.7), where collimated light illuminates
a circular slit located in the focal plane of a lens.

Fig. 3.7: Experimental arrangment for the creation of the zero order Bessel beam
[5].

Also, Bessel beams had been demonstrated by using Spatial Light Modulator (SLM) by Vasara et al. [37]. Also, Artl et al. [38] managed to create
higher-order Bessel beams by propagating a Laguerre–Gaussian through an
apertured axicon as shown in Fig.(3.8). The order of the Bessel beam depended on the order of LG`,p mode which was used. In this case, the radius
of the inner ring is given from the relation:

r` =

ρ`
kT

(3.11)

where ρ` is the first maximum of the `th-order Bessel function J` (kT r).

Fig. 3.8: Experimental arrangment for the creation of a high order Bessel beam
[38].
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Fig. 3.9: Transverse profiles of Bessel beams for various ` values.(a)-(c) Intensity
and (d)-(f ) phase profile of a Bessel at the initial plane z=0 beam for
` = 0, ` = 1, ` = 2 and kT = 22486.6 m−1 .

As you can see from Fig.(3.9), that depicts typical Intensity and phase
profiles of Bessel beams of various orders, the intensity profile of the beam
has a central lobe surrounded by concentric rings as it get away from the
center for ` = 0. In contrast to that, high order Bessel beams have a null
at the center. This null is due to the singularity introduced by the vortex
(will be discussed later). There, the intensity is zero and the phase profile
twists 2π` times as you can see from (e), (f ). Also, as the topological charge
increased, the radius of the null at the center of the beam, is also increased.
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Fig. 3.10: Intensity I(x, z) profiles of Bessel beams for various ` values, as a function of the propagation distance.(a)-(c) Propagation of Bessel beams
with kT = 22486.6 m−1 for ` = 0, ` = 1, ` = 2.

Fig.(3.10) shows the propagation of Bessel beams with different topological charges. The vertical axis represents the propagation axis and horizontal
axis represents one of two transverse axes. As we can see, the beam doesn’t
spread while propagating along the z-axis. At the chapter 8 there is a more
detailed analysis about the Bessel beams as a solution of Helmholtz equation.
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3.2.2 2D Airy Beam
Siviloglou et al. in 2007 [30] proposed a 2D Airy beam which at cartesian
coordinates can be described as:
φ(s, ξ = 0) = Ai(sx )Ai(sy )e(αsx ) e(αsy )

(3.12)

where again α is the apodization factor, sx = x/x0 and sy = y/y0 are the
dimensionless transverse coordinates. Using the initial beam distribution
at ξ = 0 Eq.(3.12) and the 2D paraxial wave equation like Eq.(3.1), the
analytical 2D+1 Airy beam equation at the paraxial regime can be found.
The propagation of this beam is similar to the 1D case with the difference
that the 2D Airy beam extends now along two transverse directions (x,y)
following a curved trajectory and accelerating transverly at both directions.
Such beams can be produced using a phase SLM and especially the phase
mask which used from [31] is represented at the below figure.

Fig. 3.11: Phase masks used to generate 2D Airy beams. The cubic phase is
“wrapped” between [0,2π]. Black corresponds to 0 and white to 2π
radians [31].

Fig.(3.12), depicts the influence of the apodization factor to the 2D Airy
beams’ profile.
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Fig. 3.12: Transverse intensity profiles of 2D -Airy beams for various values of the
apodization factor α. (a) an infinite energy Airy beam (α = 0) with
w0 = 5 µm , (b)-(d) a finite energy Airy beam with w0 = 5 µm and
apodization factor (b) α = 0.05, (c) α = 0.1, (d) α = 0.15.

3.2.3 Abruplty Autofocusing Beams
Ring-Airy beams
In 2010, Nikolaos K.Efremidis et al. [39] proposed a cylindrically symmetric Airy beam which experiences abruptly autofocusing properties. More
specifically, inspired from parabolic trajectory of 1D and 2D Airy beams,
considered a radially symmetric variant of the:
r − r0
r − r0
)exp[α(
)]
(3.13)
w
w
where r0 is the initial radius of the primary ring, w is a scaling factor or the
width of the main lobe and α is the apodization factor like 1D and 2D Airy
beam.
u0 (r) = Ai(

26

Papazoglou et al. [21] observed experimentally these beams by phase
modulating and then Fourier transforming, using a lens and a Gaussian beam.
As it shown in Fig.(3.13), the intensity profile consists of decaying intensity co-central rings.
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Fig. 3.13: Transverse intensity (left) and phase (right) profiles of a ring-Airy
beam for α=0.05, r0 = 1 mm and w = 80 µm.

A line profile of the intensity can be seen in Fig.(3.14). The intensity of
the each ring as it goes far from the center is getting lower.
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Fig. 3.14: Radial intensity I(r) of a ring-Airy beam with α = 0.05, r0 = 1 mm
and w = 80 µm.

The accelerating nature of Airy beams is imparted in ring-Airy beams, so
as they propagate the rings shrink down in a parabolic fashion. This results
27

to an abrupt increase of the intensity in the region where they collapse due
to their interference.
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Fig. 3.15: I(x, z) intensity profile of the propagation of a ring-Airy beam. (α =
0.05, r0 = 1 mm and w = 80 µm)

Fig.(3.15) shows the intensity profile of a ring-Airy beam as it propagates.
It is clear that the rings shrink down following a parabolic trajectory. Furthermore, they sustain a constant low intensity up to their focus, where the
intensity abruptly increases by orders of magnitude. Cross-sectional images
of the beam propagation from the initial plane (z = 0) to the final plane
(z = 720 mm) with step 80 mm are shown in Fig.(3.16).

28

PP

,  ,













Fig. 3.16: Transverse I(x, y) intensity profiles of a propagating ring-Airy beam for
various positions along it’s propagation. Propagation from 0 − 720 mm
and the beam parameters are: α = 0.05, r0 = 1 mm and w = 80 µm.
The propagation distance is getting larger from left to right and from
upwards to downwards. (λ = 800 nm)

The focus position depends on the radius r0 and width w parameters of
the beam. Analytical relations that predict the focus position along with the
focal volume width and length were recently introduced by Mansour et al.
[40]. The focus position along the propagation axis can be estimated from
the beam’s parameters

fAi = 4bzAi [−2θ̃ ±

q

√
(4θ̃ + bs)] = ±4zAi s

2

(3.14)

where the zAi = kw2 , s = rw0 + b and ± is related with the position of foci
of real and virtual waves (Janus waves) as mentioned at [41]. For instance,
for the case of the numerical simulations presented in Fig.(3.16), the focus
located at fAi = 36.9 cm as it can be estimated from Eq.(3.14). Finally, in
Fig.(3.17) we plot the peak intensity over the propagation distance. Clearly,
before the focus the maximum intensity is as expected quite low while at the
focus the intensity is much higher.
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Fig. 3.17: Peak intensity over propagation distance of a ring-Airy beam with α =
0.05, r0 = 1 mm and w = 80 µm.

Inverse ring-Airy beams
As mentioned by Zhang et al. [42, 40, 34], there exists a variation of the
ring-Airy beam, the Inverse Airy beams, [40] where the rings are directed
inwards instead of outwards. This characteristic makes them defocus in an
accelerating fashion. Furthermore, their focus is elongated with fairly steady
intensity. They are using the following equation

u0 (r) = Ai(−(

r − r0
r − r0
))exp[−α(
)]
w
w

(3.15)

where parameters r0 , w and α are the same as at the case of ring-Airy beam.
A transverse cross-section of the intensity and the phase of such a beam are
visualized in Fig.(3.18):
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Fig. 3.18: Typical transverse intensity (left) and phase (right) profiles of an inverse ring-Airy beam for α = 0.05, r0 = 1 mm and w = 80 µm.

A line profile of the radial intensity can be seen in Fig.(3.19). In contrast
to ring-Airy beams, the intensity rapidly decays for r > r0 .
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Fig. 3.19: Radial intensity I(r) of an inverse ring-Airy beam with α = 0.05, r0 =
1 mm and w = 80 µm.
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Such beams exhibit an acceleration, as it can be clearly seen in Fig.(3.20).












[FP










í

,  ,



í

í

í


í

í

í


















]P

Fig. 3.20: I(x, z) intensity profile of the propagation of an Inverse ring-Airy beam.
(α = 0.05, r0 = 1 mm and w = 80 µm)

Cross-sectional images of the beam propagation from the initial plane
(z = 0) to the final plane (z = 1350 mm) with step 150 mm are shown in
Fig.(3.21). Clearly, the beam intensity profile is similar in shape to a zero
order Bessel beam.
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Fig. 3.21: Transverse I(x, y) intensity profiles of a propagating an inverse ringAiry beam for various positions along it’s propagation. Propagation
from 0 − 1350 mm and the beam parameters are: α = 0.05, r0 = 1 mm
and w = 80 µm. The propagation distance is getting larger from left to
right and from upwards to downwards.

The peak intensity profile along the propagation of an inverse ring-Airy
beam is shown in Fig.(3.22).
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Fig. 3.22: Peak intensity over propagation distance of an Inverse ring-Airy beam
with α = 0.05 and r0 = 1 mm and w = 80 µm.
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4. ANGULAR MOMENTUM OF LIGHT
The angular momentum of light is a quantity related to the light beam rotation during its propagation. Also, for many years it was believed that it was
consisted only from the spin angular momentum (SAM) which has a beam
if is polarized and has non-zero intensity gradient [43]. In 1992 [3], Allen
et al. proposed another one type of angular momentum. A beam which
carries a phase term with azimuthal dependence, has orbital angular momentum (OAM). The OAM as we will see at the next section, can be many
times greater than the SAM due to its non-bounded nature. OAM arises
from phase gradients of the helical phasefront [43]. In paraxial regime, these
two types of angular momentum are not coupled and can be considered as
distinct quantities [44].

4.1 Spin Angular Momentum
A light beam which is circularly polarized carries spin angular momentum
and the electromagnetic field makes a rotation around the beam axis as
shown in Fig.(4.1). As shown in the right side of the figure, the beam is
linearly polarized and there is no rotation over the beam axis. This means
that the SAM of such a beam is zero. Instead, at the left side of the figure,
the beam is circularly polarized and the amount of SAM is ±~, depending
on the handedness of rotation.

Fig. 4.1: Right image: Linearly polarized beam with no SAM, Left image:
Circularly polarized beam with SAM ±~ per photon [45].

Let’s consider a circularly polarized beam with the form [44] :
E = (αx̂ + β ŷ)E(x, y, z)eikz

(4.1)

were α, β are constants which reveal the relative amplitude and phase of the
x- and y-components of the electric field.
The angular momentum density and energy density of such a beam are
[44] :
0
∂|u|2
jz = ωrσ
2
∂r
w = ω0 2 |u|2
where σ = ± 1, 0 for circularly left, right and linear polarized light respectively.
The ratio of angular momentum density to energy density is:
σ ∂|u|2
jz
=
.
w
ω|u|2 ∂r

(4.2)

The ratio of angular momentum to energy per unit length of such wave:
RR
Jz rdrdφ
Jz
S
σ
~σ
= RR
=
= =
.
W
W
ω
~ω
W rdrdφ

(4.3)

In this case, as it is obvious, the nature of angular momentum is only due
to the circular polarization of light.
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4.2 Orbital Angular Momentum
Orbital angular momentum is a type of angular momentum where the wavefront of the light twists along the propagation axis. Mathematically, it can
be formed as a phase term such
Φ(φ) = ei`φ

(4.4)

where ` is an integer which can be positive or negative and is called topological charge. The isophase surface has helicity along the propagation axis
whose handedness Fig.(4.2) depends on the sign of topological charge. The
amount as we will later discuss is equals to `~ and can be many times greater
than the SAM due to the unbounded character of `.

Fig. 4.2: Helical wavefronts for various values of topological charge: (a) ` = 0, (b)
` = 1, (c) ` = 2 and (d) ` = 3 [45].

We consider a paraxial field with form:
u(r, φ, z) = u0 ei`φ .
36

(4.5)

The angular momentum density and energy density of such a beam are
[44] :
jz = ω`0 |u|2
w = ω0 2 |u|2 .
The ratio of angular momentum density to energy density is [44] :
`
jz
= .
w
ω

(4.6)

The ratio of angular momentum to energy per unit length of such wave:
RR
Jz rdrdφ
Jz
L
`
~`
= RR
=
= =
.
W
W
ω
~ω
W rdrdφ

(4.7)

Clearly, the orbital angular momentum per photon is `~. Examples of
light beams which carry orbital angular momentum are Laguerre-Gaussian
modes [3, 44] and High-order Bessel beams [46]. This type of angular momentum (OAM) is a property of all the beams which are described by helical
wavefront. For an electromegnetic wave that carries OAM, the electric and
magnetic field have nonzero z-components. This is related to an azimuthal
component (φ-component) of light linear momentum which additionally will
give rise to a z-component of orbital angular momentum [43].

4.3 Total Angular Momentum
The total angular momentum of a light beam is consisted of the two components of angular momentum (spin and orbital). Here, we have to deal
with the separation of the two components. As already mentioned spin angular momentum and orbital angular momentum can be separated only in
the paraxial regime. For example, let’s assume that a paraxial circularly
polarized beam with azimuthal phase dependence such as :
E = (αx̂ + β ŷ)E(x, y, z)ei`φ eikz
37

(4.8)

were α, β are constants which reveal the relative amplitude and phase of the
x- and y-components of the electric field.
The angular momentum density and energy density of such beam are [44]
respectively:
∂|u|2
0
ωrσ
2
∂r
2
w = ω0 |u|2 .

jz = ω`0 |u|2 −

The ratio of angular momentum density to energy density is :
`
σ ∂|u|2
jz
= −
.
w
ω 2ω|u|2 ∂r

(4.9)

The ratio of angular momentum to energy per unit length of such wave:
RR
Jz rdrdφ
Jz
`+σ
~(` + σ)
L+S
= RR
=
=
.
=
W
W
ω
~ω
W rdrdφ

(4.10)

For example, a beam which is left circularly polarized, carries a spin
angular momentum per photon of S = +~. Also, if this beam has an azimuthal phase dependence with ` = 1, it carries orbital angular momentum
Jz = `~ = ~ per photon. The total angular momentum per photon, is
Jz = S + L = ~ + ~ = 2~

(4.11)

On the other hand, in the non-paraxial regime the total angular momentum of the light is not exactly the sum of each component (spin and
orbital). More specifically, an additional term appears which indicates that
the angular momentum components can’t be separated [44] as described in
the equation bellow
(` + σ) σ
Jz
=
+ F
(4.12)
W
~ω
ω
where F refers to the ratio of two integrals (for details see [44]). The most
important result in Eq.(4.12) is that the additional term is only dependent
on σ and not on `. This means that for a non-paraxial beam which is linearly
poralized (σ = 0), the total angular momentum, just like the paraxial regime,
is Jz = `~ per photon.
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4.4 Phase Singularities
Phase singularities are points (2D space) or lines (3D space) where the phase
is undefined. That leads, as we will prove later, to a zero of the field amplitude. This means that singularities do not carry energy or momentum and
hence no angular momentum. This enables us to say that the orbital angular
momentum of such beams is not a result of the singularity itself but from the
spiral motion of light around it [45]. Another term which is used to describe
beams which have OAM is Vortex beams. The name is related with the vorticity of the wavefront of such a beam and the motion of Poynting vector.
For example, LG modes can be called as Vortex beam or Helical beam. Let’s
consider a complex scalar monochromatic wave
u(r) = A(r)eiψ(r)

(4.13)

where A(r) and ψ(r) are the real amplitude and real phase respectively. At
locations where the wave amplitude is zero u(r) = 0, the phase is practically
undefined [47]. Since phase singularities are lines or points where the phase
is undefined, in a region that surrounds them, the phase varries over the
whole 2π range. In other words, there is a net change of phase in a closed
loop enclosing the singularity which is quantized 2π units [48]. This quantity
is the strength/topological charge of the singularity and is related to the
number of 2π twists in a wavelength distance. Likewise, it is an integer
number which takes negative or positive values related to the chirality (left
or right) of helical wavefront. In Fig.(4.2) is represented the wavefront of a
helical beam for various values of topological charge. The first demonstration
of a beam containing a single line of phase singularity was by Vaughan and
Willets in 1979 [49].
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4.5 Linear Momentum, Angular Momentum and Energy
direction of Helical Beams
The direction of quantities like momentum, angular momentum and energy
are very useful to understand the dynamic of a light beam. In the paraxial
regime the time averaged Poynting vector is [50]
"
#
0 ω
i(u∇u − u∗ ∇u) + 2k|u|2 ẑ
S=
4

(4.14)

where u is the field of the Helical beam.
In fact, in the case of a helical paraxial beam with cylidrical symmetry
(Bessel, LG modes) the Eq.(4.14) is transformed to [51]
#
"
 `
cω 2 0
σ ∂|u|2 
φ̂ + ẑ |u|2 .
S=
Sr r̂ +
−
2
kr 2k|u|2 ∂r

(4.15)

Furthermore, the linear momentum density per photon is given by [44, 3]
#
"

2
2
ω 0
`
σ ∂|u|
S
φ̂ + ẑ |u|2
(4.16)
Pr r̂ +
−
P = 2 =
2
c
2c
kr 2k|u| ∂r
and the angular momentum density per photon is given by [44, 3]
"
#
 `
ω0
σ ∂|u|2 
L=
Lr r̂ + Lφ φ̂ +
−
ẑ |u|2
(4.17)
2
kr 2k|u|2 ∂r
where Sr , Pr and Lr is the r-component of the above vectors. The key point
here is that all the helical paraxial light beams have, due to the phase term
exp(i`φ), a φ-component and hence there is a net flow of both energy and
momentum around the vortex line, which in turn gives an angular momentum
directed along the line [48]. That means that in a transverse cross section
the energy flows in a circular fashion which depending on the sign of the
topological charge as we can see in Fig.(4.3).
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Fig. 4.3: Transverse intensity profiles of (a) a high order Bessel beam with ` = 9
and (b) a Laguerre Gaussian mode with ` = 6 and p = 0 where is shown
the φ-component of Poynting vector of each beam [51].

The r-component of the Poynting vector, in the case of LG modes is
Sr = z2 rz
2 [3]. This non-zero r-component of a linearly polarized LG modes
+zR
(σ = 0) in combination with the φ, z components lead to a spiral motion of
the Poynting vector with radius which depends on propagation distance. In
agreement with the diffractive nature of such beams, its radius increases as
it propagates (considering initial plane z = 0) and this results to a variable
radius spiral motion Eq.(4.15) as we can see in Fig.(4.4).

Fig. 4.4: Spiral motion of Poynting vector of a Laguerre-Gaussian beam with w(z)
width [3].

From Eq.(4.15) it is obvious that the φ-component is described by two
terms. The first of them, is related to the phase gradient of helical wavefront.
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The second term is related with circular polarization and intensity gradient
of the beam.
On the other hand, in case of the high order Bessel beams, the r-component
of Poynting vector is zero Sr = 0 [50] and leads to helical motion with constant radius which is in agreement with the non-diffractive nature of Bessel
beams.
As related to ray representation of light beams with OAM and in the
approximation of geometrical optics, one would say that the light rays that
make up the beam are skewed with respect to its propagation axis [52].
In other words, since the light rays are always perpendicular to the helical
wavefront they make a spiral motion as they propagate.

Fig. 4.5: Graphical representation of the off-axis skew rays for a helical mode with
orbital angular momentum of ` = 2 [53].
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5. HELICAL BEAMS
As mentioned in chapter 4, Helical beams are beams whose wavefront has a
helicity along the propagation axis. These beams carry a phase term which
is dependent to the azimuthal angle as exp(i`φ) (vortex). This singularity
leads to zero intensity in the center of the beam which in turn leads to a
spiral motion around the singularity line. Also, such beams carry OAM.
Some types of beams such Bessel beams and Laguerre-Gaussian modes are
solutions of wave equation and carry the azimuthal dependent phase term
which will be discussed below. These beams, have already been discussed
in detail in chapter 3 and in chapter 8 and won’t be again discussed here.
Additionally, in this chapter we will discuss about vortex Gaussian beams
and vortex abruptly autofocusing beams.

5.1 Gaussian beam with vortex
A Gaussian beam with an azimuthal phase term is:

x2 + y 2
u(x, y, z = 0) = A exp
exp[i`φ]
wg


(5.1)

where A is a constant, wg is the full width at half maximum (FWHM) of the
beam and ` refers to the topological charge introduced by the vortex term.
The additional term generates a phase singularity and thus leads to a null
of the beam’s intensity profile as shown in Fig.(5.1) and in Fig.(5.2).
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Fig. 5.1: I(x, z) intensity profile of the propagation of a vortex Gaussian beam.
(wg = 500 µm, λ = 800 nm and ` = 1)

Due to the diffractive nature of the Gaussian beam its width w(z) is
getting greater as it propagates as it is shown in Fig.(5.2).
As mentioned in chapter 4, the Poynting vector makes a spiral motion
around the line of the singularity. Also, this introduces an orbital angular
momentum per photon equal to `~. Such a beam can be compared with LG10
which has a very similar profile. Likewise, the profile of a gaussian beam
with vortex ` is similar to all LG`0 .
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Fig. 5.2: Transverse I(x, y) intensity profiles of a propagating vortex Gaussian
beam for various positions along it’s propagation. Propagation from 0 −
765 mm with step 85 mm and the beam parameters are: wg = 500 µm,
λ = 800 nm and ` = 1. The propagation distance is getting larger from
left to right and from upwards to downwards.

5.2 Abruptly Autofocusing beam with vortex
As mentioned in chapter 3, abruptly autofocusing beams are beams that
exhibit transverse acceleration as they propagate. Ring-Airy beams exhibit
an inward transverse acceleration while inverse ring-Airy beams exhibit an
outward transverse acceleration. We will now introduce an azimuthal phase
dependence and study the way that this phase term affects the beam propagation. These beams have an azimuthal phase term exp(i`φ) (helical beams)
and they carry an orbital angular momentum per photon equal to ~`. Jiang
et al. [54] have theoretically studied Circular Accelerating beams (CABs)
with one and two optical vorteces located both on and off the propagation
axis. Furthermore, there exist several [55, 56, 57, 58] related to ring-Airy
Gaussian beams. Such beams can be generally described by Mansour et al.
[40]

u0 (r) = Ai(b(

r0 − r
r0 − r
))exp[b(α
)]
w
w
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(5.2)

where r0 is the radius of the main ring, w is the width of the main lobe and
b which can take only values of ±1, where +1 refers to ring-Airy beams and
−1 refers to inverse ring-Airy beams.
5.2.1 Ring-Airy Vortex beam
In Eq.(5.2), for b = 1 we introduce an azimuthal phase term, and the equation
now takes the form

u0 (r) = Ai(

r − r0
r − r0
)exp[α(
)]exp(i`φ).
w
w

(5.3)

As we can see from Fig.(5.3), compared to a ring-Airy beam, the propagation of a vortex ring-Airy beam is not drastically affected by the existence
of the vortex. The focus is located at the same position as a ring-Airy beam
at fAi = 36.9 cm.
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Fig. 5.3: I(x, z) intensity profile of the propagation of a vortex ring-Airy beam.
(α = 0.05, r0 = 1 mm, w = 80 µm and ` = 1)

As expected a null appears in the center of the beam. As we can see
from Figs.(5.3, 5.4), in near and in the focal region the intensity is zero,
due to the vortex. The existence of the vortex is not expressed in the beam
intensity until the beam reaches the focus point. This can be seen in Fig.(5.4)
in comparison to Fig.(3.16) where the upper row images have no difference
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with the ring-Airy beam. After the focus an intensity null is formed in the
center.
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Fig. 5.4: Transverse I(x, y) intensity profiles of a propagating vortex ring-Airy
beam for various positions along it’s propagation. Propagation from 0800mm and the beam parameters are: α = 0.05, r0 = 1 mm, w = 80 µm
and ` = 1. The propagation distance is getting larger from left to right
and from upwards to downwards.

This null strongly affects the maximum intensity of the beam. The maximum intensity of a ring-Airy beam is formed on axis along the propagation.
Since the vortex is also positioned on axis, the maximum intensity drops
by almost four times compared to a ring-Airy. This can be seen when we
compare Figs.(3.17, 5.5).
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Fig. 5.5: Peak intensity over propagation distance of a vortex ring-Airy beam with
α = 0.05, r0 = 1 mm, w = 80 µm and ` = 1.

5.2.2 Inverse ring-Airy Vortex beam
In Eq.(5.2), for b = −1 we introduce an azimuthal phase term, and the
equation now takes the form

u0 (r) = Ai(

r0 − r
r0 − r
)exp[α(
)]exp(i`φ).
w
w

(5.4)

As we can see from Fig.(5.6), compared to an inverse ring-Airy beam, the
propagation of a vortex inverse ring-Airy beam is not drastically affected by
the existence of the vortex.
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Fig. 5.6: I(x, z) intensity profile of the propagation of a vortex Inverse ring-Airy
beam. (α = 0.05, r0 = 1 mm, w = 80 µm and ` = 1)

As expected a null appears in the center of the beam. As we can see from
Fig.(5.6, 5.7), in near and in the focal region the intensity is zero, due to
the vortex. The existence of the vortex is now expressed from the beginning
of beam propagation. This can be seen in Fig.(5.7) at the upper and lower
images.
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Fig. 5.7: Transverse I(x, y) intensity profiles of a propagating Inverse ring-Airy
beam for various positions along it’s propagation. Propagation from 01500mm and the beam parameters are: α=0.05, r0 =1 mm w=80 µm and
` = 1. The propagation distance is getting larger from left to right and
from upwards to downwards.

This null strongly affects the maximum intensity of the beam. The maximum intensity of an inverse ring-Airy beam is formed on axis along the
propagation. Since the vortex is also positioned on axis, the maximum intensity drops by almost three times compared to an inverse ring-Airy. This
can be seen when we compare Fig.(3.22, 5.8).
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Fig. 5.8: Peak intensity over propagation distance of a vortex Inverse ring-Airy
beam with α=0.05, r0 =1 mm, w=80 µm and ` = 1.
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6. ACCELERATING STRUCTURED LIGHT
By structured light we describe any light beam that, in order to tailor its
properties, is modulated by design in respect of its amplitude or/and phase.
For example, structured light can be produced by using a light source and
an SLM to spatially vary it’s intensity profile [59]. Likewise, in the case of
the superposition of two vortex beams with opposite topological charges, a
structured light beam is generated. In this section, we will focus on superposition of Bessel beams and ring-Airy beams. Also, we will study the angular
motion of the light structure.

6.1 Superposition of two Bessel beams
D.McGloin et.al in 2003 [60] studied the superposition of high order Bessel
beams. In this work, the properties of structured light were studied in order
to achieve optical micromanipulation. Based on their analysis and considering two high order Bessel beams with different cone angles and opposite
azimuthal phases we have:

E` (r, φ, z) = A` J` (kT 1 r) exp(i`ϕ) exp(ikz1 z)

(6.1)

E−` (r, φ, z) = A−` J−` (kT 2 r) exp(−i`ϕ) exp(ikz2 z).

(6.2)

The amplitude and the intensity of the superposition is:
Etot (r, φ, z) = E` (r, φ, z) + E−` (r, φ, z)

(6.3)

∗
(r, φ, z)
Itot (r, φ, z) ∝ Etot (r, φ, z)Etot

(6.4)

After some calculations we derive an analytical equation for the intensity
profile
Itot (r, φ, z) ∝ J` (kT 1 r)2 + J−` (kT 2 r)2 +
2A0 J` (kT 1 r)J−` (kT 2 r)cos[(kz2 − kz1 )z − 2`φ]

(6.5)

As we can see from the above equation for the total intensity, has a
sinusoidal dependence on the propagation distance and the azimuthal angle
φ. The location of intensity maxima can thus be estimated from:

cos[(kz2 − kz1 )z − 2`φ] = 1 ⇔ φ(z) =

∆kz
z
2`

(6.6)

Eq.(6.6) shows that the intensity maxima rotate at rate proportional to
the propagated distance. Thus the angular velocity [23] is constant, and the
angular acceleration is zero:
∆kz
∂φ
=v=
∂z
2`
2
∂ φ
= a = 0.
∂z 2

(6.7)
(6.8)

Typical values for the rotation angle, angular velocity and acceleration
are shown in Fig.(6.1):
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Fig. 6.1: Angular properties of a rotating intensity pattern resulting from the superposition of two Bessel beams with opposite helicities as a function
of the propagation distance. (a) Azimuthal angle, (b) Angular Velocity and (c) Angular Acceleration. The beams parameters are: ` = ±1,
kT 1 = 27488.8 m−1 , kT 2 = 31415.8 m−1 and λ = 800 nm.

From Eq.(6.5) we see that this angular motion is a result of the ∆kz
difference of the axial projections of the wavevectors of the two Bessel beams
and the opposite helicities of the vortices. For same helicities, the profile of
their superposition similar to a Bessel beam [24]. For different helicities and
same longitudinal projections of the wavevector, the intensity beam profile
has sinusoidal variation over the azimuthal angle and stays the same as the
beam propagates. For different longitudinal projections of the vector and
opposite helicities the pattern rotates as it propagates with constant angular
velocity as shown in Fig.(6.1).
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Fig. 6.2: Transverse profiles of the superposition of two Bessel beams with opposite
helicities for various ` values. (a) ` = ±1, (b) ` = ±2, (c) ` = ±3 and
(d) ` = ±4. (kT 1 = 27488.8 m−1 and kT 2 = 31415.8 m−1 )

As we can observe from Fig.(6.2) the number of lobes is 2|`| [24]. Also
as the topological charge is getting higher, the distance of the lobes from the
center increases. Now, we will present numerical simulations of the propagation such a superposition. In our simulations we numerically solve the wave
propagation equation using PyWp [32]. More specifically, for parameters
kT 1 = 27488.8 m−1 , and kT 2 = 31415.8 m−1 with topological charge ` = ±1
we will measure the rotation angle over the propagation distance and from
the slope we will calculate the angular velocity of the structured light. The
position of each lobe determines the angle over propagation axis and is measured at the position of the highest intensity. As we can see from Fig.(6.4),
the dimensions of the lobes remain constant over the propagation. This is due
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to the non-diffracting nature of Bessel beams. Furthermore, since, besides
rotating, the intensity distribution does not chance as the beam propagates,
there is no energy exchange from the lobes (inner region) to the outer region.
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Fig. 6.3: Transverse I(x, y) intensity profiles of a propagating superposition cosisted of two Bessel beams with opposite helicities. It is shows the rotation of the pattern over the propagation distance. The propagation distance increases from left to right and from udwards to downwards. The
first images is at the initial plane (z = 0) and the final is for z = 0.83 m
where the pattern has almost done one period rotation. The parameters
of superposition beam are: kT 1 = 27488.8 m−1 (cone agnle = 3.5 mrad)
and kT 2 = 31415.8 m−1 (cone agnle = 4 mrad), wavelength λ = 800 nm
and topological charge ` = ±1.
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From the cross-sectional images of Fig.(6.3), we have measured the rotation angle and made a plot as a function of the propagation distance. At
a distance of 0.83 m the intensity pattern experiences almost a full rotation
following a constant angular velocity.
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Fig. 6.4: The solid red line repsresents the theoretical relation between rotation
angle and propagation distance given from Eq.(6.6). The blue points
represent the measured angle of the rotating patern over the propagation
diastance from Fig.(6.3).

As we can see, the theoretical prediction is in perfect agreement to the
measured data. The total angular momentum of such a superposition is zero
due to the opposite signs of topological charge [23, 50].
Jtot = J` + J−` = ~` + (−~`) = ~` − ~` = 0

(6.9)

Nevertheless, even if the structured light is rotating over the propagation
axis, the total orbital angular momentum of it is zero.
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6.2 Superposition of four Bessel beams
In order to make an angularly accelerating structured light, Schulze et al.
[25], superimposed four Bessel beams. They managed to control the acceleration/decceleration of the pattern by tuning a single parameter. More
specifically, they superimposed two pairs of slightly different longitutinal and
axial wavenumber. Using this approach, two anisotropic vortex beams are
generated. That means that the phase hasn’t linear dependence with azimuthal angle. In more detail:
i
h
θ
θ
Etot (r, φ, z) = J` (kT 1 r) cos( ) exp(i`ϕ) + sin( ) exp(−i`ϕ) exp(ikz1 z)+
2
2
h
i
θ
θ
J` (kT 2 r) sin( ) exp(i`ϕ) + cos( ) exp(−i`ϕ) exp(ikz2 z).
2
2

(6.10)

From the above equation we can calculate the total intensity distribution.
The equation which relates the rotation angle of the maxima a function of
the propagation distance is:

φ(z) =

h cos(θ)sin(z∆k ) i
1
z
arctan
.
2|`|
sin(θ) + cos(z∆kz )

(6.11)

Taking the first and the second derivative of the rotation angle we can
analytically estimate the angular velocity and angular acceleration.
i
∂φ
∆kz h
cos(2θ)
=v=
∂z
2|`| 1 + sin(2θ)cos(z∆kz )

(6.12)

∆kz2 sin(2θ)sin(z∆kz )
∂ 2φ
=
a
=
.
∂z 2
4|`| [1 + sin(θ)cos(z∆kz )]2

(6.13)
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Fig. 6.5: Angular properties of a rotating intensity pattern resulting from the superposition of four Bessel beams with opposite helicities as a function
of the propagation distance.(a) Azimuthal angle,(b) Angular Velocity
and (c) Angular Acceleration. The beams parameters are: ` = ±1,
kT 1 = 27488.8 m−1 , kT 2 = 31415.8 m−1 , λ = 800 nm and θ = π/3.

As we can observe in Fig.(6.5) the rotation angle exhibits a sinusoidal variation over an almost linear dependence on the propagation distance. This
introduces regions where the velocity increases and decreases. In Fig.(6.5(c))
there are regions where the acceleration takes place (0 − 0.15 mm, 0.4 mm −
0.55 mm) and wide regions where decceleration took place. As already mentioned, the motion of this structured beam can be tuned though θ parameter.
This abrupt acceleration as mentioned from [25], has the maximum value for
θ = π/3.
In Fig.(6.6) cross-sectional images of the superposition of four Bessel
beams is shown.
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Fig. 6.6: Transverse I(x, y) intensity profiles of a propagating superposition cosisted of four Bessel beams with opposite helicities. It is shows the rotation of the pattern over the propagation distance. The propagation
distance increases from left to right and from udwards to downwards.
The first images is at the initial plane (z=0) and the final is for z=0.83 m
where the pattern has almost done one period rotation. The parameters
of superposition beam are: kT 1 = 27488.8 m−1 (cone agnle = 3.5mrad)
and kT 2 = 31415.8 m−1 (cone agnle = 4 mrad), wavelength λ = 800 nm
topological charge ` = ±1 and θ = π/3.
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As we can clearly see in Fig.(6.6) the two lobes in the upper row rotate
slowly as the beam propagates in contrast to them in the second row where
they experience an increase of the angular velocity rotation. The behavior
is repeated in the third and forth row where the patterns slightly rotate
after propagating a large a distance. Finally, in the fifth row we observe an
acceleration and a deceleration in the sixth row.
Again, as shown in Fig.(6.7) the theoretical predictions are in very good
agreement to the numerical simulation results.
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Fig. 6.7: Rotation angle as a function of the propagation distance.
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Fig. 6.8: Anglular velocity as a function of the propagation distance.
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Fig. 6.9: Anglular acceleration as a function of the propagation distance.

The analytical predictions and the numerical simulation results are in
good agreement in Figs.(6.7-6.9). Clearly using this approach we can periodically accelerate and decelerate the periodic pattern rotation. For example,
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in case where θ = 0, π the pattern has constant angular velocity. Tuning,
the θ-parameter we can achieve extended range of values of acceleration.
Regarding the total energy, as it can be seen from Fig.(6.6), some crosssection containes brighter lobes (inner region) (first, third, fourth and sixth
row) than the outer region which is consisted of cocentral rings. On the other
hand, at some cross-section the opposite happens (second and fifth row). An
energy exchange mechanism take place while energy is transfered from inner
to outer region and vice-versa, as the beam propagates. The power of the
inner region as measured from the numerical simulation results as a function
of the propagation distance is shown in Fig.(6.10). From this plot we can
better understand the relation between the intensity of the inner region and
its acceleration.
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Fig. 6.10: The solid red line represents the theoretical relation between angular
acceleration and propagation distance given from Eq.(6.13). The green
points represent the normalized power of the two lobes.

As the inner lobs are deccelerating, they have high intensity which means
that the outer region has low intensity and accelerates. This is depicted in
Fig.(6.11). On the other hand, when the inner lobs are accelerating, they
have low intensity which means that the outer region has high intensity and
deccelerates. Schulze et al. [25] proved that the angular accelerations of the
two regions (inner and outer) are inversely proportional to the squares of
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their z-dependence of intensity modulation.
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Fig. 6.11: Normalized power as a function of the propagation distance of inner and
outer region.
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Fig. 6.12: Normalized power as a function of the propagation distance of outer and
whole region.
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Fig. 6.13: Normalized power as a function of the propagation distance of inner
region.

Regarding now to the angular motion of such a superposition and despite
the angular acceleration of the structured light, the angular momentum is
conversed. The inner and outer structures can be viewed as separated structures which experience an independent rigid rotation. As already mentioned,
the energy is conserved and hence as it directly coupled with the angular
momentum, the angular momentum is conserved. While the inner region
accelerates, the outer deccelerates in manner to keep the orbital angular
momentum constant.
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6.3 Superposition of two engineered Bessel beams
Let’s now re-examine the Eq.(6.6) which relates the angle of the structured
light to the propagation distance, the topological charge and the difference of
the z-projections of wavevector of each beam. The Bessel beams in this case
are generated by a conical wavefront that makes an angle γ to the optical
axis. As we can see from the Fig.(6.14) the slope of the rays is constant and
related to the γ angle. This leads to a constant z-projection of the wavevector
for each beam described by kz = k0 cos(γ).

kz
kT

k0

kz
γ
γ-90o

kT

k

γ 0

γ

γ

z

Fig. 6.14: Graphical representation of a Conical wavefront of a Bessel beam where
are represented the rays and the wavenumber.

The constant z-projection leads to a constant difference between the zprojections of the wavevectors ∆kz as described by Eq.(6.6). This as already
mentioned leads to a linear dependence of the angle to the propagation distance with no angular acceleration.
In this work we explore a more general way to control the angular rotation
of the pattern resulting from the superposition of two Bessel beams. Our
analysis is based on engineering the beam’s wavefront. By modifying the
conical phase of a Bessel beam, by adding an additional phase term, as we
can see from Fig.(6.15), we subsequently modify the conical angle of the
wavefront and thus the rays intersect with the propagation axis at a angle
which is not constant any more.
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Fig. 6.15: Graphical representation of a curved wavefront.

The same holds in case of a plane wave modulated by a quadratic phase.
As a result of this modulation, all the rays tilt to focus to a single point. Notice that in this case, the transverse and longitudinal components of wavevector variate depending to the height of the ray. For instance, a quadratic phase
can be introduced from a thin lens, as shown in Fig.(6.16), or from SLM device.

Fig. 6.16: Graphical representation of a plane wave that transformed to a spherical
by a thin lens. The lens introduces a quadratic phase and redirects all
the rays to converge to a single point.

In a similar fashion, the rays in Fig.(6.15) have a variating slope, resulting
67

in different z-projections of wavevector. More specifically, the z-projection
of wavevector for a ray that intersects the propagation axis z, is dependent
on the propagation distance.

kz (z) = k0 cos(γ(z)).

(6.14)

The z-projection wavevector difference can be expressed as:
∆kz (z) = kz2 (z) − kz1 (z).

(6.15)

Keeping the analogy to interfering Bessel beams described in section 6.1,
if two cylindrically symmetric vortex beams interfere a rotating, along the
propagation axis, intensity pattern will be formed. We can now express the
angular orientation of the rotating light pattern as a function of the variable
∆kz as

φ(z) =

∆kz (z)
z.
2`

(6.16)

Taking the first and the second derivative of φ(z), we can estimate the
angular momentum and angular acceleration of the structured light. This
approach provides a theoretical basis for the generation of structured light
with engineered angular acceleration. Also it can be inversed. For instance,
for a specific dependance of angular acceleration or angular velocity we can
estimate the ∆kz (z).
"
#
dφ(z)
1 d∆kz (z)
=
z + ∆kz (z)
dz
2`
dz

(6.17)

"
#
d2 φ(z)
1 d2 ∆kz (z)
d∆kz (z)
=
z+2
.
dz 2
2`
dz 2
dz

(6.18)

Using our simple approach we are able to select a specific dependence of
the angular acceleration a(z) and by solving Eq.(6.18) estimate ∆kz (z).
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As an example, if we can consider a linear variation of the cone angle like
:

γ(z) = cd z

(6.19)

where cd is a constant parameter (in our case is cd = 3.5 rad/m). This results
to a variable z-component of wavevector like

kz (z) = k0 cos(cd z).

(6.20)

Assuming that we interfere a Bessel beam with our modified beam, ∆k(z)
takes the form:
∆kz (z) = kz2 (z) − kz1 .

(6.21)

Using now Eq.(6.17) we can estimate the angular rotation φ of the resulting structured light. In order to confirm the validity of our model we have
numerically estimated the interference of such beams by a direct analytical
model. In our simple interference model the beam superposition is described
as:
E` (r, φ, z) = J` (kT 1 r) exp(i`ϕ) exp(ikz1 z)

(6.22)

E−` (r, φ, z) = J−` (kT 2 (z)r) exp(−i`ϕ) exp(ikz2 (z)z).

(6.23)

Note that in this simple model the structured beam is described as a
vortex Bessel beam of variable cone angle, ignoring any effect of propagation
in the phase evolution. Fig.(6.17) depicts the theoretical prediction from
our simple model to numerical simulation results of the interference of the
two waves. The simple interference model nicely agrees with the theoretical
prediction.
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Fig. 6.17: Rotation angle as a function of the propagation distance of the superposition of a Bessel beam and a modified one.

Another example is to choose a logarithmic variation of the cone angle
like:

γ(z) = cd ln(z)

(6.24)

where cd is a constant parameter (in our case is cd = 3.5 rad). This results
to a variable z-component of wavevector like

kz (z) = k0 cos(cd ln(z)).

(6.25)

Assuming that we interfere a Bessel beam with our modified beam ∆k(z)
takes the form:
∆kz (z) = kz2 (z) − kz1 .

(6.26)

In the same manner with the previous example, in this simple model the
structured beam is described as a vortex Bessel beam of variable cone angle,
ignoring any effect of propagation in the phase evolution. Fig.(6.18) depicts
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the theoretical prediction from our simple model to numerical simulation
results of the interference of the two waves. The simple interference model
nicely agrees with the theoretical prediction.
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Fig. 6.18: Rotation angle as a function of the propagation distance of the superposition of a Bessel beam and a modified one.

As we can see from the above examples, the interference of two Bessel
beams, where the cone angle of the one is properly tuned, results to an
engineered accelerating structure. Let’s now study a more realistic situation.
A thin lens introduces a quadratic phase that would lead to an angular
acceleration of the pattern thus the second derivative of the angle will be
non zero. In this case the phase of the modified Bessel beam is :

ψ(r) = k0 sin(γ)r +

k0 r2
2f

(6.27)

where γ is the cone angle of the, initially conical, wavefront and f is the focal
length of the lens.
The optical path difference correlated to this phase distribution is:
(OP D) =

ψ(r)
r2
= sin(γ)r +
.
k0
2f
71

(6.28)

Taking the tangent of the wavefront (OPD) at a specific ray as shown in
Fig.(6.15), we can estimate the effective conical angle:
 d(OP D) 
d(OP D)
= tan(γef f ) ⇔ γef f = tan−1
.
dr
dr
Likewise the 1st derivative is:
d(OP D)
r
= sin(γ) + .
dr
f

(6.29)

(6.30)

For a cylindrically symmetric beam, all rays emanating from a radius r
will intersect the propagation axis, and thus create a focus [61] at
z∼

r
.
d(OP D)/dr

(6.31)

Combining Eq.(6.30) with Eq.(6.31) we have
z∼

r
sin(γ) + r/f

(6.32)

and by solving the above equation as a function of radial component, we
get:
r∼

zsin(γ)
.
1 − z/f

(6.33)

Finally, the angle as a function of propagation distance can be estimated
by substituting the Eq.(6.30) and Eq.(6.33) into Eq.(6.29)
−1

γef f = tan

 f sin(γ) 
f −z

.

(6.34)

We have concluded in a relation which give us an effective angle of the rays
as a dependence of the propagation axis. The projection of the wavevector
along the propagation axis can be now estimated using Eq.(6.14)
h
 f sin(γ) i
kz (z) = k0 cos tan−1
.
f −z
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(6.35)

In the below example we present the case where one of the Bessel beams is
a Bessel beam and the other is modified Bessel beam based on the above
analysis. This means that the one of them, has a constant cone angle resulting
to a constant z-component of wavevector, and the other has a variable cone
angle resulting to a variable z-component of wavevector. More specifically:

kz1 = k0 cos(γ1 )

(6.36)

h
 f sin(γ ) i
2
.
kz2 (z) = k0 cos tan−1
f −z

(6.37)

Taking the superposition of the two above fields and estimating the location of intensity maxima we get:

φ(z) =


 h
i

2)
k0 cos tan−1 f sin(γ
−
cos(γ
)
1
f −z
2`

z

(6.38)

where γ1 , γ2 are respectively the initial cone angle of the modified Bessel
beam and the constant cone angle of the Bessel beam. Cross-sections of the
resulting intensity pattern using a direct interference of the two beams as
described in Eqs.(6.22, 6.23) are depicted in Fig.(6.19).
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Fig. 6.19: Transverse I(x, y) intensity profiles of a propagating superposition cosisted of a Bessel beam and a modified one with opposite helicities. It
is shows the rotation of the pattern over the propagation distance. The
propagation distance increases from left to right and from udwards to
downwards. The first images is at the initial plane (z = 0) and the final
is z = 0.58 m where the pattern has done five and a half period rotation. The parameters of superposition beam are: kT 1 = 27488.8 m−1
(cone agnle = 3.5 mrad), initial kT 2 = 31415.8 m−1 (initial cone
agnle = 4mrad), ` = ±1, f = 1500 mm and λ = 800 nm.
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Since the interference model is very simple and ignores propagation effects
we have also performed simulations by numerically solving the paraxial wave
equation [32].
In Figs.(6.20, 6.21, and 6.22) we compare the results of the theoretic, the
simple interference model and the numerical simulation data for the rotation
angle, angular velocity and angular acceleration of the structured light.
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Fig. 6.20: Rotation angle as a function of the propagation distance of the superposition of a Bessel beam and a modified one.
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Fig. 6.21: Anglular velocity as a function of the propagation distance of the superposition of a Bessel beam and a modified one.
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Fig. 6.22: Anglular acceleration as a function of the propagation distance of the
superposition of a Bessel beam and a modified one.

As we can see from Fig.(6.20), the theory and the interference model are
in good agreement. Although they qualitatively agree, we observe a devia76

tion between the theory and the numerical simulation data. This deviation
√
is eliminated if we replace the focal length of the Eq.(6.38) with 3f . In
Fig.(6.23) we present a plot of the numerical simulation data and the theoretical
√ relation of angle and propagation distance where we have replace
0
f = 3f .
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Fig. 6.23: Rotation angle as a function of the propagation distance of the superposition of a Bessel beams and a modified one.

Clearly we have captured the basic the mechanism that can lead to angularly accelerating light. This involves the variation of the propagation
constants (kz projection of the wavevector) of two interfering vortex beams
as a function of the propagation distance. Likewise, the angular acceleration
is tailored by engineering the functional dependence of their difference ∆k.
Although the results of a direct theoretical model overestimate the angular
acceleration, and thus further work is required, their are in qualitative agreement with the numerical simulations. Furthermore, we have demonstrated
that by using this approach, of using two beams instead of four [25], we do
achieve angular acceleration that reaches very high values.
For example, in case of where a quadratic phase term has been introduced to the one Bessel beam, the angular acceleration of the numerical
data reaches almost 2500 degs/m2 . In comparison to the case of four Bessel
beams [25] superposition, which almost reaches 400 degs/m2 is much higher.
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Also, in case of the interference model with linear and logarithmic variation
of the cone angle, we have achieved values of angular acceleration almost
14000 degs/m2 and 107 degs/m2 . The advantage of these technique is the
tunability and the usage of only two beams instead of four, in order to achieve
acceleration and the high values of acceleration.
On the other hand, in Fig.(6.24) where we test the theory with the numerical simulation data, for a single modified Bessel beam, we see that the
prediction of kz is too close to the measured. This confirms that observed
deviation is due to phase propagation effects, that were ignored in the theoretical and simple interference models. As mentioned in [62, 63], the vortex
evolution over the propagation is not trivial and for this reason requires further study.
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Fig. 6.24: Left image: Variable kz component of a modified Bessel beam with ` =
1 as a function of the propagation distance. Right image: Percentage
difference between the simulation data of kz and theoretical prediction
of kz as a function of the propagation distance.
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6.4 Superposition of two vortex ring-Airy beams
Let’s now focus on light that accelerates both radially and angularly. As
we have described in section 6.3, angular acceleration can be achieved by
interfere two beams with variable kz wavevector projections along the propagation axis. On the other hand, ring-Airy beams are known [39, 21] to
radially accelerate, i.e. abruptly auto-focus following a parabolic trajectory.
Recently, Mansour et al. [40] have shown that in the focal area of a ringAiry beam the wavevector projection kz variates slightly over z. This makes
it possible to generate radially and angularly accelerating light by interfering
two ring-Airy beams. We have already study the behaviour of a ring-Airy
beam which carries a vortex in chapter 5. The superposition of two vortex
ring-Airy beams of different widths (w), radius (r0 ) and opposite topological charges, will accelerate/deccelerate during its propagation, in a similar
manner to the interference of two conical beams described in section 6.3. We
consider two ring-Airy beams described by:

u01 (r) = Ai

u02 (r) = Ai

 r − r01 
r − r01 
exp α(
) exp(i`φ)
w1
w1

(6.39)

 r − r02 
r − r02 
exp α(
) exp(−i`φ).
w2
w2

(6.40)

In our simulations we numerically solve the wave propagation equation
using P yW p [32].
Fig.(6.25) shows numerical simulation results of the transverse I(x, y) intensity distribution along the propagation for the superposition of the two
ring-Airy beams. For the two beams to focus at the same position along z,
we have properly tuned the r0 and w parameters of the two beams. More precisely, from Eq.(3.14), for specific values of the parameters, we have tailored
the focus point of the first beam at fAi = 22.2 mm. Then, for the second
beam, we chose different (r, w) parameters, as regarding with the first one,
in order to achieve same focus position (high intensity light pattern) and
different kz wavevector projections.
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Fig. 6.25: Transverse I(x, y) intensity profiles of a propagating superposition cosisted of two vortex ring-Airy beams. It is shows the rotation of the
pattern over the propagation distance. The propagation distance increases from left to right and from udwards to downwards. The first
images is slightly before the focus at the z = 21 mm and the final is at
z = 30 mm where the patern has almost done three and a half period
rotations. The parameters of superposition beam are: r01 = 103 µm,
w1 = 25 µm, r02 = 230 µm, w2 = 20 µm, α = 0.01, ` = ±1 and
λ = 800 nm.

As we can see, from Fig.(6.25), two high intensity lobes appear. This
behavior is expected and with all our previous results. This is due to the
fact that in such cases the number of lobes equals to 2|`| where ` is the
topological charge, which in our case is |`| = 1. From Fig.(6.25) we can
observe that the pattern rotates in an accelerating fashion. As we can see the
pattern rotates by three and a half rotations in only 9 mm. This acceleration
reaches much higher values compared to previously reported attempts using
Bessel beams [25], Laguerre-Gaussian beams [64] or modified Bessel beams
(see section 6.3).
Concerning with the dimensions of the inner region (two lobes), the lobes
are getting smaller in size during the propagation. Fig.(6.26) shows the
measured rotation angle as a function of propagation distance. It is obvious
that the variation does not depend linearly on z.
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Fig. 6.26: Rotation angle as a function of the propagation distance of the superposition of two vortex ring-Airy beams.

To quantify the angular acceleration we used an interpolating function
approach to find the first and second derivative of the rotation numerical
data.
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Fig. 6.27: Anglular velocity as a function of the propagation distance of the superposition of two vortex ring-Airy beams. (estimated from simulation
data shown in Fig.6.25)

Also we can say that the pattern accelerates and deccelerates as it prop81
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Fig. 6.28: Anglular acceleration as a function of the propagation distance of the superposition of two vortex ring-Airy beams. (estimated from simulation
data shown in Fig.6.25)

Regarding the energy of the structured light, just like the case of four
Bessel beams, the intensity of the inner region isn’t constant. While the
inner region accelerate, energy is transferred to the outer region. On the
another hand, while the inner region decelerates, energy is transferred from
the outer to the inner structure. Similarly to previous results section 6.2,
and for conservation of energy reasons, the bright parts are rotating slower
compared to lower intensity ones. As the two beams have opposite topological
charges, the total angular momentum is zero [see Eq.(6.9)]. While the inner
region accelerates, the outer region rotates in an opposite direction thus
conserving the angular momentum. In contrast to the superposition of two
and four Bessel beams, here the dimensions of the lobes are changing over
the propagation.
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Fig. 6.29: Normalized power as a function of the propagation distance of inner and
outer region.
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Fig. 6.30: Normalized power as a function of the propagation distance of outer and
whole region.
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Fig. 6.31: Normalized power as a function of the propagation distance of inner
region.
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7. CONCLUSIONS
In summary, in this thesis, we have studied the effect of orbital angular
momentum on the propagation of optical wavepackets like Bessel beams and
ring-Airy beams. In our study, we have focused on the physical mechanism
that leads to angular acceleration, and on the design of optical wavepackets
that exhibit tailored angular acceleration. Using numerical simulations we
have shown that the angular acceleration can be observed as a result of
the interference of a variety of optical wavepackets ranging from modified
Bessel to accelerating ring-Airy. Finally, the angular acceleration is a result
of the variable difference of z-projections of wavevector. Our results can
have an important impact on applications like optical trapping and particle
micromanipulation due to the tunability of angular acceleration and the high
values of it.
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Michael Duparré, and Andrew Forbes. Accelerated rotation with orbital
angular momentum modes. Physical Review A - Atomic, Molecular, and
Optical Physics, 91(4):1–8, 2015.
[26] Yeh P. Yariv A. Optical waves in crystals. Wiley Series in Pure and
Applied Optics. Wiley, 1984.
[27] Joseph T. Verdeyen. Laser Electronics (3rd Edition). Prentice Hall, 3
edition, 1995.
[28] Pierre Hillion. A remark on the paraxial equation for scalar waves in
homogeneous media. Optics Communications, 98(4):217 – 219, 1993.
[29] M. V. Berry and N. L. Balazs. Nonspreading wave packets. American
Journal of Physics, 47(3):264–267, 1979.
[30] Georgios A. Siviloglou and Demetrios N. Christodoulides. Accelerating
finite energy Airy beams. Optics Letters, 32(8):979, 2007.
[31] G. A. Siviloglou, J. Broky, A. Dogariu, and D. N. Christodoulides.
Observation of accelerating airy beam ballistics. Conference on Quantum Electronics and Laser Science (QELS) - Technical Digest Series,
213901(November):23–26, 2008.

88

[32] Dimitris G. Papazoglou. PyWp: A versative wave propagator in Python,
2016.
[33] Fillipakis Ioannis. Autofocusing accelerating optical beams, 2016.
[34] Dimitris Mansour. Design Techniques for the Generation of Novel Optical Wavepackets, 2016.
[35] K Dholakia and North Haugh. Bessel beams : diffraction in a new light.
46(1):15–28, 2005.
[36] G. B. Arfken and H. J. Weber. Mathematical methods for physicists 6th
ed. 2005.
[37] a Vasara, J Turunen, and a T Friberg. Realization of general nondiffracting beams with computer-generated holograms. Journal of the Optical
Society of America. A, Optics and image science, 6(11):1748–1754, 1989.
[38] J. Arlt and K. Dholakia. Generation of high-order Bessel beams by use
of an axicon. Optics Communications, 177(1):297–301, 2000.
[39] Nikolaos K. Efremidis and Demetrios N. Christodoulides. Abruptly autofocusing waves. Optics Letters, 35(23):4045, 2010.
[40] Dimitris Mansour and Dimitris G. Papazoglou. Tailoring the focal region of abruptly autofocusing and autodefocusing ring-airy beams. OSA
Continuum, 1(1):104–115, Sep 2018.
[41] Dimitris G. Papazoglou, Vladimir Yu. Fedorov, and Stelios Tzortzakis.
Janus waves. Optics Letters, 41(20):4656, 2016.
[42] Peng Zhang, Jai Prakash, Ze Zhang, Matthew S. Mills, Nikolaos K.
Efremidis, Demetrios N. Christodoulides, and Zhigang Chen. Trapping
and guiding microparticles with morphing autofocusing Airy beams. Optics Letters, 36(15):2883, 2011.
[43] Miles Padgett. Optical Vortices: Light in a Spin.
[44] L. Allen, M.J. Padgett, and M. Babiker. Iv the orbital angular momentum of light. volume 39 of Progress in Optics, pages 291 – 372. Elsevier,
1999.
89

[45] Alison M. Yao and Miles J. Padgett. Orbital angular momentum: origins, behavior and applications. Advances in Optics and Photonics,
3(2):161, 2011.
[46] K Volke-Sepulveda, V Garcés-Chávez, S Chávez-Cerda, J Arlt, and
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8. APPENDIX A
8.1 Solutions of the Paraxial wave equation
In this section we will discuss a part of solutions of the paraxial wave equation. Of course, the solutions of the equation depends on the coordinate
system that will be chosen. For instance, if we use the Cartesian coordinate
system we will find the Gaussian beam and the Hermite-Gaussian modes
(HG) as naturally arisen solutions. In the other hand, if we use the cylindrical coordinates system, the naturally arisen solutions of paraxial wave
equation will be the Bessel beams and Laguerre-Gaussian modes (LG).
8.1.1 Solutions in Cartesian coordinates
Gaussian beam
Gaussian beam is an monochromatic electromagnetic wave whose the
transverse magnetic and electric field amplitude profiles are given by the
Gaussian function. This implies that the intensity profile is also described
by a Gaussian function. This beams also called T EM00 and means that
is one (the lowest) of the transverse mode that can be supported by a laser
cavity. Almost all the laser cavities can support this mode. In order to derive
the Gaussian beam’s equation, we consider a trivial solution that fulfill the
paraxial equation Eq.(2.29) that can be [65]

x2 + y 2
exp[−ip(z)]
u(x, y, z) = A exp − ik
2q(z)


(8.1)

where A is a normalization constant, q(z) and p(z) are two unknown parameters that will be determined by substituting this trivial solution into
Eq.(2.29). After this procedure we find

1
1
l
=
−i 2
q(z)
R(z)
πw (z)

exp(−ip(z)) =

w0
exp(iζ(z))
w(z)

(8.2)

where q(z) called q − parameter, R(z) is the radius of curvature of the
wavefront, w(z) is called spot size. w0 is the smallest size of the spot, it is
at z=0 plane and is called beam waist. ζ(z) is called Gouy phase and will
described further later. After this analysis the analytic form of a Gaussian
beam can be written as :




x2 + y 2
x2 + y 2
Aw0
exp − 2
exp − ikz − ik
+ iζ(z) (8.3)
u(x, y, z) =
w(z)
w (z)
2R(z)
where
s
w(z) = w0

1+



z
zR

2


R(z) = z 1 +



z
zR

2 
ζ(z) = arctan(

z
).
zR
(8.4)

As previously mentioned, w(z) is the spot size and is the distance from
the axis to an ρ0 where the amplitude falls at the 1/e of its peak value or
equivalently the intensity falls at the 1/e2 of its√peak value. zR is called
Rayleigh length and at this length the spot size is 2w0 . As we can see from
Eq.(8.4), at z = 0 the wavefront is plane and for z 6= 0 has a paraboloidal
shape (Fig.(8.1) right). The axial distance of 2zR is called confocal parameter
and in this zone we can say that we have nice focal of the beam. This can be
shown from the blue region in Fig.(8.1 right). Also, further than this axial
distance we can see the big divergence of the beam with divergence angle
equal to λ/πw. As far as the phase of the beam is concerned, we recognize
three terms: the first (kz), which is the phase distribution of a plane wave,
the second (k(x2 + y 2 )/2R(z)), which is a quadratic dependence with ρ and
is responsible for the wavefront bending and the third term ζ(z), which is
a phase retardation which take values from π/2 to −π/2 for z = ∞ and
z = −∞ respectively. Also the relations for w0 and zR are
r
w0 =

λzR
π

and zR =
94

πw02
.
λ

Fig. 8.1: Left: Intensity profile of Gaussian beam. Right: Schematic representation of wavefront and beam radius of a Gaussian beam
(https://www.comsol.com/blogs/understanding-the-paraxial-gaussianbeam-formula/).

Using the Eq.(8.3) we find that the intensity profile Fig.(8.1 left) of a
Gaussian beam is,

∗



I(x, y, z) = u(x, y, z)u (x, y, z) =

Aw0
w(z)

2



2(x2 + y 2 )
exp −
.
w2 (z)

(8.5)

In Fig.(8.2) we can see the cross-section of intensity pattern at different
axial distances.

Fig. 8.2: Normalized beam intensity I/I0 as a function of radial distance ρ at
different axial distances: (a) z = 0, (b) z = zR , (c) z = 2zR .
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Hermite-Gaussian beam
HG modes consist a full set of solutions of the paraxial wave equation
at Cartesian coordinates. As we can see from the name, they consist of a
Gaussian part and a Hermittian part. In order to derive the HG modes we
consider a trivial solution of Eq.(2.29) that can be [66]

ikρ2
exp[−ip(z)],
u(x, y, z) = Ah(x, z)h(y, z) exp −
2q(z)


(8.6)

where A is a normalization constant and h(x, z) and h(y, z) are two same
unknown function that will be identified. Inserting this solution into paraxial
equation we can find the two unknown functions which in this case are the
Hermite polynomials. After that we can rewrite the complete solution of HG
modes which will be, of course in term of Hermite polynomials Hm and Hn
as
√   √ 


2x
2y
A
x2 + y 2
Hm
HGm,n (x, y, z) =
Hn
exp − 2
w(z)
w(z)
w(z)
w (z)






ik(x2 + y 2 )
exp i m + n + 1 ζ(z) exp − ikz .
exp −
2R(z)


(8.7)

The normalization constant A in terms of m and n is
s
A=


21−n−m
.
πm!n!

(8.8)

The w(z), R(z) and ζ(z) are the same functions as for the Gaussian beam.
As you can see, for m = n = 0 we result at the lowest order HG mode which
is identical to a Gaussian beam. Finally, we present some of the lower HG
modes cross-sections in Fig.(8.3).
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Fig. 8.3: Transverse intensity ptofile for High order HGm,n modes
(https://www.dataray.com/blog-m2-high-order-modes.html).

8.1.2 Solutions in Cylidrical coordinates
Laguerre-Gaussian modes
Solving the paraxial wave equation at cylindrical coordinates, a set of
solutions that arise naturally are called Laguerre-Gaussian modes. They have
attracted the interest due to a phase singularity that they have. To derive
the solution we should express the paraxial equation (2.29) into cylindrical
coordinates. Using the Laplacian operator in these coordinates, we have the
paraxial wave equation at cylindrical coordinates as


∂u
1 ∂ 2u
∂u
1 ∂
ρ
+ 2 2 − 2ik
=0
ρ ∂ρ ∂ρ
ρ ∂ϕ
∂z
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(8.9)

 
y
ϕ = arctan
x

p
ρ = x2 + y 2

z = z.

Again assuming a trivial solution which has a radial and an azimuthal
dependence like

ρ2
u(ρ, ϕ, z) = Ah(ρ, z) exp − ik
exp[−ip(z)] exp[−i`ϕ],
2q(z)


(8.10)

where A is a normalization constant, ` is an integer number which can take
positive and negative values and called topological charge and h(ρ, z) is a
function which will be defined soon. In the same manner with HG modes,
inserting Eq.(8.10) into Eq.(8.9) we find the unknown function which in this
case are Laguerre polynomials. Then, we can rewrite the full solution of LG
modes in terms, of course of generalized Laguerre polynomials Lp` (·) as [65]
 √ ` 



2ρ
ρ2
2ρ2
A
p
L`
exp −
LG`,p (ρ, φ, z) =
w(z) w(z)
w(z)2
w(z)2

ρ2
exp − ik
exp[i(2p + ` + 1)ζ(z)] exp[−i`ϕ].
2R(z)


(8.11)

The normalization constant A in term of p and ` is
s
A = p!


2
.
πp!(| ` | +p)!
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(8.12)

Fig. 8.4: Transverse intensity profile for LG`,p modes
(https://www.dataray.com/blog-m2-high-order-modes.html)

As previously, w(z), R(z) and ζ(z) are the same functions as for the
Gaussian beam and HG modes. We also notice that p is integer number just
like `. In Fig.(8.4) and from Eq.(8.10) and Eq.(8.11) we can see that for
p = l = 0 we conclude again at the Gaussian beam.
The interesting point of the LG modes is their phase dependence. The
phase term exp(i`ϕ) is a phase singularity at the center of the beam. In
other words, we can say that due to this singularity at the center of the
beam, and for ` 6= 0, the intensity is zero. This is the reason that the
intensity pattern has a null at the center as shown in Figs.(8.4,8.5). It must
be clear that ` which called topological charge is related with the number
0-2π that its wavefront exhibits in distance of one wavelength. Also, this
dependence introduces an orbital angular momentum to each photon of the
beam equal to `~.
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Fig. 8.5: Intensity and Phase profile for LG`,p modes [67] (n is identical with p).

Bessel beam
Here we try to find solutions of beams whose wavefronts are planar but
their intensity distribution is nonuniform at the transverse plane. Such a
distribution can written as [65]:
U (r) = A(x, y) exp(ikz z)

(8.13)

Inserting Eq.(8.13) into scalar Helmholtz equation Eq.(2.25) we find that
the A(x,y) must satisfy the following equation :
∇2T A(x, y) + kT2 A(x, y) = 0

(8.14)

where k 2 = kT2 + kz2 and ∇2T is the Transverse Laplacian operator. The above
equation is also known as two-dimensional Helmholtz equation. In order to
solve it, we should express it at cylindrical coordinates. The solution leads
us to :
A(x, y) = A` J` (kT r) exp(i`ϕ),

(8.15)

where A` is a constant, J` (kT r) is the Bessel function of first kind and `th
order. Replacing the solution Eq.(8.15) into Eq.(8.13) we have the well known
Bessel beam:
U (r) = A` J` (kT r) exp(i`ϕ) exp(ikz z).
100

(8.16)

As you can see, the lowest order (` = 0) has planar wavefront which
does not happen at the higher order. This is due to the phase term which
depends on the azimuthal angle ϕ. This term is the same term as at the LG
modes and introduce a singularity on phase at r = 0 as can been seen from
Fig.(8.6). This is the reason why the higher order Bessel beams have a null
at the center.
The remarkable property of these beams is that they don’t spread as they
propagate as can be seen in Fig.(8.7). This means that the intensity pattern
doesn’t depend on the z. Calculating the intensity we can see:
I ∝ U (r)U ∗ (r) ∝ A2` J`2 (kT r)

(8.17)

The beams which have this property called non-diffracting waves.
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Fig. 8.6: Transverse profiles of Bessel beams for various ` values. (a)-(c) Intensity
and (d)-(f ) phase profile of a Bessel at the initial plane z = 0 beam for
` = 0, ` = 1, ` = 2 and kT = 22486.6 m−1 .
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Fig. 8.7: Representation of spatial distribution of zero order Bessel beam over the
propagation axis. This figure reveals the non-spreading nature of such
beams.
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9. APPENDIX B
9.1 Angular spectrum and propagation
Generally speaking, angular spectrum is a technique for modeling the propagation of a wave field. The technique based on the expansion of the field
to a summation of an infinity number of plane waves. The mathematically
description is based on 2D Fourier Transform and Fourier Optics.
More specifically, we can consider a field distribution U(x,y;z0 ) at a specific plane z0 . The 2D Fourier transform of the field can express as the
angular spectrum [68]:
ZZ
P (kx , ky ; z0 ) =

U (x, y; z0 )e−i(kx x+ky y) dxdy.

(9.1)

Generally, writing the Inverse Fourier Transform of the field distribution
over the propagation axis z and introducing the generalized wavenumbers
lx = kkx0 and ly = kky0 :
ZZ
U (x, y; z) =

P (lx , ly ; z)eik0 (lx x+ly y) dlx dly .

(9.2)

Inserting Eq.(9.2) into Eq.(2.25) we will find the solution of the field over
z at the frequency domain.
√ 2 2
P (kx , ky; z) = P (lx , ly ; z0 )eik0 (z−z0 ) 1−lx +ly .

(9.3)

As we can see from the above equation, the solution at the frequency
domain is a plane wave. From Eq.(9.2) and Eq.(9.3) we an express the field
ZZ
U (x, y; z) =

√ 2 2
P (lx , ly ; z0 )eik0 (z−z0 ) 1−lx −ly eik0 (lx x+ly y) dlx dly .

(9.4)

which is the field distribution as it propagates over z.
As we can see from the above mathematical analysis, this technique gives
us the ability to calculate the propagation dynamics of a field which distribution can’t be found from an analytic expression. It is used for problems
with no analytic solution, for example ring-Airy beams and is very useful for
computational modeling and arithmetic problem solutions.
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