Ta Jewrămata twn Dvoretzky

kai Krivine

Marianna Qartzoulakh

Metaptuqiakh Ergasia

Panepisthmio Krhthc Tmhma Majhmatikwn Aprilioc 1999

.

H metaptuqiakă aută ergasÐa katatèjhke sto Tmăma Majhmatikÿn tou PanepisthmÐou Krăthc ton AprÐlio tou 1999. Epiblèpontec ătan oi A. Giannìpouloc kai E. DelhgiĹnnh.

Thn epitropă axiolìghshc apotèlesan oi: A. Giannìpouloc, E. DelhgiĹnnh kai S. PapadopoÔlou.

.

Perieqìmena

1 To Jeÿrhma tou Dvoretzky 7 1.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.2 KurtĹ sÿmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.3 To Jeÿrhma tou John kai to Lămma twn Dvoretzky kai Rogers . . . 13 1.4 AnalloÐwta mètra se omogeneÐc qÿrouc . . . . . . . . . . . . . . . . 21 1.5 To jeÿrhma tou Dvoretzky . . . . . . . . . . . . . . . . . . . . . . . 27 1.6 H diĹstash twn EukleÐdeiwn upoqÿrwn tou ℓ^n_p . . . . . . . . . . . . . 42 1.7 Lìgoc ìgkwn - to jeÿrhma tou Kashin . . . . . . . . . . . . . . . . . 49

2 To Jeÿrhma tou Krivine 55 2.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 2.2 OrismoÐ - ProkatarktikĹ apotelèsmata . . . . . . . . . . . . . . . . 57 2.3 Apìdeixh tou Jewrămatoc A . . . . . . . . . . . . . . . . . . . . . . . 60 2.4 Apìdeixh tou Jewrămatoc B . . . . . . . . . . . . . . . . . . . . . . . 72

6

KefĹlaio 1

To Jeÿrhma tou Dvoretzky

1.1 Eisagwgă

To Jeÿrhma tou Dvoretzky [Dv1,2] gia tic sqedìn sfairikèc tomèc summetrikÿn kurtÿn swmĹtwn eÐnai to prÿto asumptwtikì apotèlesma gia qÿrouc peperasmènhc diĹstashc me nìrma.

Jeÿrhma. UpĹrqei apìluth stajerĹ c > 0 tètoia ÿste: gia kĹje ε > 0 kai kĹje summetrikì kurtì sÿma K ston R^n , upĹrqoun k ≥ cε^2 log n, k-diĹstatoc upìqwroc F tou R^n kai r > 0, pou ikanopoioÔn thn (1 + ε)^{−1}rD_n ∩ F ⊂ K ∩ F ⊂ (1 + ε)rD_n ∩ F, ìpou D_n h EukleÐdeia monadiaÐa mpĹla.

Ja dÿsoume plărh apìdeixh autoÔ tou apotelèsmatoc, kai ja suzhtăsoume eidikèc periptÿseic kai epektĹseic tou. H mèjodoc thc apìdeixhc eÐnai pijanojewrhtikă ([Mi], [MS]), kai basÐzetai sto {fainìmeno thc sugkèntrwshc tou mètrou}. TeleÐwc sqhmatikĹ, ta bămata eÐnai ta exăc:

(a) Upojètoume ìti to elleiyoeidèc mègistou ìgkou tou K eÐnai h D_n (h Ôparxh kai h monadikìthta enìc tètoiou elleiyoeidoÔc ja suzhthjoÔn sthn ParĹgrafo 3). Tìte, h sunĹrthsh r : S^{n−1} → R me r(x) = ‖x‖_K eÐnai Lipschitz suneqăc me stajerĹ 1.

(b) Qrhsimopoiÿntac thn sfairikă isoperimetrikă anisìthta, sthn ParĹgrafo 5 blèpoume ìti upĹrqei jetikìc arijmìc L_r (o mèsoc Lévy thc r) me thn idiìthta σ ( x ∈ S^{n−1} : |r(x) − L_r| ≥ εL_r ) ≤ c exp ( −c^′ε^2nL^2_r ) . Dhladă, oi timèc thc r sugkentrÿnontai me thn ènnoia tou mètrou gÔrw apì ton mèso thc, ìlo kai piì èntona kajÿc h diĹstash n teÐnei sto Ĺpeiro.

(g) H sugkèntrwsh aută tou mètrou mac epitrèpei na broÔme upìqwro F tou R^n diĹstashc k ≥ cε^2nL^2_r, tètoion ÿste

(1 + ε)^{−1}L_r ≤ ‖x‖_K ≤ (1 + ε)L_r

gia kĹje x sth monadiaÐa sfaÐra tou F .

(d) O mèsoc L_r eÐnai, an exairèsoume apìlutec stajerèc, isodÔnamoc me th mèsh timă thc r M = ∫ S^{n−1} ‖x‖_K σ(dx). Tèloc, to Lămma twn Dvoretzky kai Rogers mac dÐnei èna kĹtw frĹgma gia to M: M ≥ c^{′′} ( log n n )_{1/2} . Dhladă, k ≥ cε^2 log n.

Gia kĹje n-diĹstato qÿro me nìrma X, orÐzoume k(X) ton megalÔtero fusikì k ≤ n gia ton opoÐo upĹrqei k-diĹstatoc upìqwroc F tou X o opoÐoc eÐnai 4- isìmorfoc me ton ℓ^k_2 . H apìdeixh tou Jewrămatoc tou Dvoretzky mac dÐnei k(X) ≥ c ( M b )_2 , ìpou b = max{‖x‖_K : x ∈ S^{n−1}}. Sthn ParĹgrafo 6, upologÐzoume thn tĹxh megèjouc thc paramètrou k(ℓ^n_p ), 1 ≤ p ≤ ∞. To parĹdeigma tou kÔbou (k(ℓ^n_∞) ≃ log n) deÐqnei ìti h ektÐmhsh tou Jewrămatoc eÐnai, se plărh genikìthta, bèltisth.

’Otan 1 ≤ p ≤ 2, isqÔei k(X) ≃ n: upĹrqoun EukleÐdeiec tomèc thc B^n_p me diĹstash anĹlogh tou n. Sthn ParĹgrafo 7 blèpoume ìti kĹje sÿma pou èqei mikrì lìgo ìgkwn èqei thn Ðdia idiìthta.

1.2 KurtĹ sÿmata

’Ena sumpagèc kurtì uposÔnolo K tou R^n lègetai kurtì sÿma an èqei mh kenì eswterikì. Ja lème ìti to K eÐnai summetrikì, an èqei kèntro summetrÐac thn arqă twn axìnwn o.

1.2.1. ’Estw K summetrikì kurtì sÿma ston R^n . H apeikìnish ‖ · ‖_K := ‖ · ‖ : R^n → R^+ pou orÐzetai apì thn ‖x‖ = min{λ ≥ 0 : x ∈ λK} èqei tic akìloujec idiìthtec:

(α) ‖x‖ ≥ 0 me isìthta mìno an x = o.

(β) ‖λx‖ = |λ|‖x‖ , x ∈ R^n , λ ∈ R. (γ) ‖x + y‖ ≤ ‖x‖ + ‖y‖ , x, y ∈ R^n , eÐnai dhladă nìrma ston R^n . O R^n efodiasmènoc me thn nìrma ‖·‖_K ja sumbolÐzetai me X_K . AntÐstrofa, an X = (R^n , ‖ · ‖) eÐnai ènac qÿroc me nìrma, tìte h monadiaÐa tou mpĹla K_X = {x ∈ R^n : ‖x‖ ≤ 1} eÐnai summetrikì kurtì sÿma ston R^n . Autì deÐqnei ìti h melèth twn summetrikÿn kurtÿn swmĹtwn kai h melèth twn qÿrwn peperasmènhc diĹstashc me nìrma sumbadÐzoun.

Apì ton orismì thc nìrmac èpetai Ĺmesa ìti an K kai L eÐnai dÔo summetrikĹ kurtĹ sÿmata ston R^n , tìte K ⊆ L an kai mìno an ‖x‖_L ≤ ‖x‖_K giĹ kĹje x ∈ R^n . EpÐshc, ‖x‖_{rK} =^1_r ‖x‖_K giĹ kĹje r > 0 kai kĹje x ∈ R^n .

1.2.2. ’Estw X kai Y dÔo n-diĹstatoi qÿroi me nìrma ìpwc parapĹnw. An T : R^n → R^n eÐnai ènac grammikìc metasqhmatismìc (ja grĹfoume T ∈ L(R^n , R^n )), orÐzoume th nìrma ‖T : X → Y ‖ tou T wc telestă apì ton X ston Y wc exăc: ‖T : X → Y ‖ = max{‖T (x)‖_Y : x ∈ K_X }. IsodÔnama, h nìrma tou T eÐnai o mikrìteroc jetikìc arijmìc ρ giĹ ton opoÐo T (K_X ) ⊆ ρK_Y . O T : X → Y lègetai isomorfismìc an eÐnai antistrèyimoc (dhladă, an T ∈ GL_n).

H apìstash Banach-Mazur twn X kai Y eÐnai o arijmìc d(X, Y ) = min{‖T ‖ ‖T^{−1}‖ : T ∈ GL_n}, kai metrĹei pìso kalĹ isìmorfoi eÐnai oi X kai Y . MiĹ isodÔnamh gewmetrikă ermhneÐa eÐnai h exăc: h d(X, Y ) eÐnai o mikrìteroc ρ ≥ 1 gia ton opoÐo upĹrqei T ∈ GL_n pou ikanopoieÐ thn K_Y ⊆ T (K_X ) ⊆ ρK_Y . EÔkola blèpoume ìti d(X, Y ) = d(Y, X) gia kĹje X kai Y (h d eÐnai summetrikă), kai d(X, Y ) = 1 an kai mìno an upĹrqei T : X → Y isometrÐa.

JewroÔme to sÔnolo B_n ìlwn twn klĹsewn isodunamÐac n-diĹstatwn qÿrwn me nìrma, ìpou o X eÐnai isodÔnamoc me ton X^′ an kai mìno an oi X kai X^′ eÐnai isometrikoÐ. O B_n eÐnai sumpagăc metrikìc qÿroc, me metrikă thn log d: h trigwnikă anisìthta eÐnai sunèpeia thc d(X, Y ) ≤ d(X, Z) d(Z, Y ) pou epalhjeÔetai eÔkola gia kĹje triĹda X, Y, Z ∈ B_n.

O metrikìc qÿroc (B_n, log d) sunăjwc lègetai Banach-Mazur compactum ă Minkowski compactum. AntÐ gia thn log d, ja qrhsimopoioÔme thn d san mÐa pollaplasiastikă apìstash ston B_n.

1.2.3. Upojètoume ìti o R^n eÐnai efodiasmènoc me mÐa EukleÐdeia domă ⟨·, ·⟩, kai sumbolÐzoume thn antÐstoiqh EukleÐdeia nìrma me | · |. GrĹfoume D_n gia thn EukleÐdeia monadiaÐa mpĹla, kai S^{n−1} gia th monadiaÐa sfaÐra.

H aktinikă sunĹrthsh ρ_K : R^n \{o} → R^+ tou K orÐzetai apì thn ρ_K (x) = max{λ > 0 : λx ∈ K}. Parathrăste ìti, gia kĹje x ≠ o ρ_K (x) = ‖x‖^{−1}. H sunĹrthsh stărixhc h_K : R^n → R tou K orÐzetai apì thn h_K (x) = max{⟨x, y⟩ : y ∈ K}. H sqèsh anĹmesa sthn aktinikă sunĹrthsh ρ_K kai th sunĹrthsh stărixhc h_K giĹ dosmènh dieÔjunsh θ ∈ S^{n−1} eÐnai ρ_K (θ) ≤ h_K (θ). To polikì sÿma K^∘ tou K eÐnai to K^∘ := {y ∈ R^n : |⟨x, y⟩| ≤ 1, ∀x ∈ K}. Oi basikèc idiìthtec tou polikoÔ sÿmatoc perigrĹfontai sthn akìloujh prìtash: Prìtash 1. ’Estw K kai L summetrikĹ kurtĹ sÿmata ston R^n . IsqÔoun ta exăc:

(1) Gia kĹje θ ∈ S^{n−1}, ρ_K∘ (θ) = 1/h_K(θ). (2) An K ⊆ L, tìte L^∘ ⊆ K^∘.

(3) An T ∈ GL_n, tìte (T K)^∘ = (T^{−1})^∗(K^∘). (4) (K^∘)^∘ = K. (5) |T K||(T K)^∘| = |K||K^∘|. □ 1.2.4. H duðkă nìrma ‖ · ‖_∗ thc ‖ · ‖ orÐzetai apì thn ‖y‖_∗ = max{|⟨x, y⟩| : ‖x‖ ≤ 1}. Apì ton orismì eÐnai fanerì ìti |⟨x, y⟩| ≤ ‖y‖_∗‖x‖ giĹ kĹje x, y ∈ R^n . An X^∗ eÐnai o duðkìc qÿroc tou X, tìte h monadiaÐa mpĹla K_X ∗ tou X^∗ eÐnai to polikì sÿma thc monadiaÐac mpĹlac K_X tou X. Ja grĹfoume ‖ · ‖_K∘ ă ‖ · ‖_∗, kai ‖ · ‖_K ă ‖ · ‖ qwrÐc autì na dhmiourgeÐ sÔgqush. 1.2.5. To Ĺjroisma Minkowski twn A, B ⊂ R^n eÐnai to A + B = {a + b : a ∈ A, b ∈ B}. An λ > 0, tìte λA = {λa : a ∈ A}. H anisìthta Brunn-Minkowski sundèei to Ĺjroisma Minkowski me ton ìgko ston R^n :

Jeÿrhma 1. ’Estw K kai T dÔo mh kenĹ sumpagă uposÔnola tou R^n . Tìte, (1) |K + T |^{1/n} ≥ |K|^{1/n} + |T |^{1/n}. Sthn perÐptwsh pou ta K kai T eÐnai kurtĹ sÿmata, isìthta sthn (1) mporeÐ na isqÔei mìno an ta K kai T eÐnai omoiojetikĹ.

H (1) ekfrĹzei me mÐa ènnoia to gegonìc ìti o ìgkoc eÐnai koÐlh sunĹrthsh wc proc thn prìsjesh katĹ Minkowski. Gia to lìgo autì suqnĹ grĹfetai sthn akìloujh morfă: An K, T eÐnai mh kenĹ sumpagă uposÔnola tou R^n kai λ ∈ (0, 1), tìte (2) |λK + (1 − λ)T |^{1/n} ≥ λ|K|^{1/n} + (1 − λ)|T |^{1/n}. Qrhsimopoiÿntac thn (2) kai thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou, mporoÔme akìma na grĹyoume: (3) |λK + (1 − λ)T | ≥ |K|^λ|T |^{1−λ}. H asjenèsterh aută morfă thc anisìthtac Brunn-Minkowski èqei to pleonèkthma ìti eÐnai anexĹrthth thc diĹstashc.

UpĹrqoun pollèc kai endiafèrousec apodeÐxeic thc (1). Ja dÿsoume edÿ thn apìdeixh thc sunarthsiakăc morfăc thc anisìthtac, pou ofeÐletai stouc Prékopa kai Leindler (blèpe [Pi]):

Jeÿrhma 2. ’Estw f, g, h : R^n → R^+ treic metrăsimec sunartăseic, kai λ ∈ (0, 1). Upojètoume ìti oi f kai g eÐnai oloklhrÿsimec, kai ìti, gia kĹje x, y ∈ R^n (4) h(λx + (1 − λ)y) ≥ f(x)^λg(y)^{1−λ}. Tìte, ∫ R^n h ≥ (∫ R^n f )_λ (∫ R^n g )_{1−λ} . Apìdeixh: Ja deÐxoume thn anisìthta me epagwgă wc proc thn diĹstash n. (a) n = 1: MporoÔme na upojèsoume ìti oi f kai g eÐnai suneqeÐc kai gnăsia jetikèc. H apìdeixh pou ja dÿsoume basÐzetai sthn idèa thc metaforĹc tou mètrou. OrÐzoume x, y : (0, 1) → R mèsw twn ∫_{x(t)} −∞ f = t ∫ f , ∫_{y(t)} −∞ g = t ∫ g. Me bĹsh tic upojèseic mac oi x, y eÐnai paragwgÐsimec, kai gia kĹje t ∈ (0, 1) èqoume x^′(t)f(x(t)) = ∫ f , y^′(t)g(y(t)) = ∫ g. OrÐzoume z : (0, 1) → R me z(t) = λx(t) + (1 − λ)y(t). Oi x kai y eÐnai gnăsia aÔxousec. ’Epetai ìti h z eÐnai ki aută gnăsia aÔxousa kai, apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou,

z^′(t) = λx^′(t) + (1 − λ)y^′(t) ≥ (x^′(t))^λ(y^′(t))^{1−λ}.

MporoÔme loipìn na ektimăsoume to oloklărwma thc h kĹnontac thn allagă metablhtăc s = z(t): ∫ h = ∫_1 0 h(z(t))z^′(t)dt ≥ ∫_1 0 h(λx(t) + (1 − λ)y(t))(x^′ (t))^λ(y^′(t))^{1−λ}dt ≥ ∫_1 0 f^λ(x(t))g^{1−λ}(y(t)) ( ∫ f f(x(t)) )_λ ( ∫ g g(y(t)) )_{1−λ} dt = (∫ f )_λ (∫ g )_{1−λ} .

(b) Epagwgikì băma: Upojètoume ìti n ≥ 2 kai ìti to Jeÿrhma èqei apodeiqjeÐ gia k ∈ {1, . . . , n − 1}. ’Estw f, g, h ìpwc sto Jeÿrhma. Gia kĹje s ∈ R orÐzoume h_s : R^{n−1} → R^+ me h_s(w) = h(w, s), kai me anĹlogo trìpo orÐzoume f_s, g_s : R^{n−1} → R^+ . Apì thn (4) èpetai ìti, an x, y ∈ R^{n−1} kai s_0, s_1 ∈ R tìte

h_{λs1 +(1−λ)s0} (λx + (1 − λ)y) ≥ f_{s1} (x)^λg_{s0} (y)^{1−λ},

kai h epagwgikă upìjesh mac dÐnei

H(λs_1 + (1 − λ)s_0) := ∫ R^{n−1} h_{λs1 +(1−λ)s0} ≥ (∫ R^{n−1} f_{s1} )_λ (∫ R^{n−1} g_{s0} )_{1−λ} =: F^λ(s_1)G^{1−λ}(s_0).

Efarmìzontac tÿra xanĹ thn epagwgikă upìjesh gia n = 1 stic sunartăseic F, G kai H, paÐrnoume ∫ h = ∫ R H ≥ (∫ R F )_λ (∫ R G )_{1−λ} = (∫ f )_λ (∫ g )_{1−λ} . □

Apìdeixh tou Jewrămatoc 1: ’Estw K, T sumpagă mh kenĹ uposÔnola tou R^n , kai λ ∈ (0, 1). OrÐzoume f = χ_K , g = χ_T , kai h = χ_{λK+(1−λ)T} . EÔkola elègqoume ìti ikanopoioÔntai oi upojèseic tou Jewrămatoc 2, opìte |λK + (1 − λ)T | = ∫ h ≥ (∫ f )_λ (∫ g )_{1−λ} = |K|^λ|T |^{1−λ}. Autì apodeiknÔei thn (3) gia kĹje triĹda K, T, λ. Gia na pĹroume thn (1) jewroÔme K kai T ìpwc sto Jeÿrhma 1 (me |K| > 0, |T | > 0), kai orÐzoume K_1 = |K|^{−1/n}K , T_1 = |T |^{−1/n}T , λ = |K|^{1/n} |K|^{1/n} + |T |^{1/n} .

Ta K_1 kai T_1 èqoun ìgko 1, opìte apì thn (3) paÐrnoume

(∗) |λK_1 + (1 − λ)T_1| ≥ 1.

’Omwc, λK_1 + (1 − λ)T_1 = K + T |K|^{1/n} + |T |^{1/n} , epomènwc h (∗) paÐrnei thn morfă |K + T | ≥ ( |K|^{1/n} + |T |^{1/n} )_n . □ 1.2.6. Ston R^n orÐzoume tic nìrmec

‖x‖_p = (_n ∑ i=1 |x_i|^p )_{1/p} , 1 ≤ p < ∞ kai ‖x‖_∞ = max_{1≤i≤n} |x_i|. Ja grĹfoume ℓ^n_p gia ton (R^n , ‖ · ‖_p), kai B^n_p gia th monadiaÐa mpĹla tou ℓ^n_p , 1 ≤ p ≤ ∞. Stic periptÿseic p = 2 kai p = ∞ ja qrhsimopoioÔme to sumbolismì D_n := B^n_2 kai Q_n := [−1, 1]^n = B^n_∞ antÐstoiqa.

Gia tic apodeÐxeic twn parapĹnw isqurismÿn parapèmpoume ton anagnÿsth sta biblÐa twn R.J. Gardner [Gar], V.D. Milman kai G. Schechtman [MS], kai R. Schneider [Sch].

1.3 To Jeÿrhma tou John kai to Lămma twn Dvoretzky kai Rogers

JewroÔme èna summetrikì kurtì sÿma K ston R^n kai thn oikogèneia E(K) ìlwn twn elleiyoeidÿn pou perièqontai sto K. ’Ena elleiyoeidèc ston R^n eÐnai èna kurtì sÿma thc morfăc E = { x ∈ R^n : n∑ i=1 ⟨x, v_i⟩^2 α^2_i ≤ 1 } , ìpou {v_i}_{i≤n} eÐnai orjokanonikă bĹsh tou R^n , kai α_1, . . . , α_n eÐnai jetikoÐ pragmatikoÐ arijmoÐ (oi dieujÔnseic kai ta măkh twn hmiaxìnwn tou E antÐstoiqa). EÔkola elègqoume ìti E = T (D_n), ìpou T eÐnai o grammikìc metasqhmatismìc tou R^n pou orÐzetai apì tic T (v_i) = α_iv_i, i = 1, . . . , n. Epomènwc, o ìgkoc tou E isoÔtai me |E| = |D_n| n∏ i=1 α_i.

O F. John ([Jo], 1948) èdeixe ìti upĹrqei monadikì elleiyoeidèc E pou perièqetai sto K kai èqei ton mègisto dunatì ìgko. Ja lème ìti to E eÐnai to elleiyoeidèc mègistou ìgkou tou K. Gia thn apìdeixh, blèpoume tautìqrona ìti upĹrqei monadikì elleiyoeidèc E pou perièqei to K kai èqei elĹqisto ìgko:

Prìtash 1. ’Estw K summetrikì kurtì sÿma ston R^n . UpĹrqei monadikì elleiyoeidèc E ⊇ K me elĹqisto ìgko. Apìdeixh: JewroÔme ton arijmì V = inf{|E| : E ⊇ K} > 0. UpĹrqei akoloujÐa T_m ∈ GL_n ÿste E_m = T^{−1}_m (D_n) ⊇ K kai |E_m| = |D_n| |det(T_m)| → V. AfoÔ ‖T_m : X_K → ℓ^n_2 ‖ ≤ 1, m ∈ N, mporoÔme na broÔme upakoloujÐa {T_{km} } kai S ∈ L(R^n , R^n ) me T_{km} → S. Tìte, |det(S)| = |D_n|/V > 0, epomènwc, S ∈ GL_n. OrÐzoume E = S^{−1}(D_n). ’Eqoume ‖S : X_K → ℓ^n_2 ‖ = lim ‖T_{km} : X_K → ℓ^n_2 ‖ ≤ 1, Ĺra E ⊇ K. AfoÔ |E| = V , to E eÐnai èna elleiyoeidèc pou perièqei to K, kai èqei ton elĹqisto dunatì ìgko.

DeÐqnoume tÿra ìti upĹrqei èna mìno elleiyoeidèc me autăn thn idiìthta. ’Estw ìti ta E_1 kai E_2 perièqoun to K kai èqoun elĹqisto ìgko. QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti E_1 = D_n eÐnai h EukleÐdeia monadiaÐa mpĹla, kai E_2 = { x ∈ R^n : n∑ i=1 ⟨x, v_i⟩^2/α^2_i ≤ 1 } . JewroÔme èna trÐto elleiyoeidèc, ton {mèso ìro} touc F = { x ∈ R^n : n∑ i=1 1 2 (1 + α^{−2}_i )⟨x, v_i⟩^2 ≤ 1 } . EÐnai fanerì ìti F ⊇ E_1 ∩ E_2 ⊇ K, epomènwc (∗) |F | ≥ |E_1| = |E_2|. AfoÔ E_1 = D_n, h (∗) paÐrnei th morfă 1 = n∏ i=1 α^2_i ≤ n∏ i=1 2 1 + α^{−2}_i

= n∏ i=1 2α^2_i 1 + α^2_i = n∏ i=1 2α_i 1 + α^2_i , opìte, afoÔ 2α_i ≤ 1 + α^2_i gia kĹje i = 1, . . . , n, èpetai ìti α_i = 1, i = 1, . . . , n. ’Ara, E_1 = E_2. □

H Prìtash 1 mac dÐnei thn Ôparxh kai th monadikìthta tou elleiyoeidoÔc mègistou ìgkou tou K:

Jeÿrhma 1. ’Estw K summetrikì kurtì sÿma ston R^n . UpĹrqei monadikì elleiyoeidèc E ∈ E(K) me mègisto ìgko.

Apìdeixh: EÐdame ìti upĹrqei monadikì elleiyoeidèc F elĹqistou ìgkou tou K^∘. JewroÔme to E = F^∘. Tìte E ⊆ K, kai an E_1 eÐnai èna Ĺllo elleiyoeidèc me E_1 ⊆ K, tìte E^∘_1 ⊇ K^∘, Ĺra |E^∘_1 | ≥ |F |. Qrhsimopoiÿntac thn Prìtash 1(5) thc ParagrĹfou 2, blèpoume ìti

|E_1| = |D_n|^2 |E^∘_1 | ≤ |D_n|^2 |F | = |E|. Apì thn Prìtash 1, isìthta mporeÐ na isqÔei mìno an E^∘_1 = F , dhladă E_1 = E. ’Ara, to E eÐnai to monadikì elleiyoeidèc mègistou ìgkou tou K. □ Upojètoume ìti to elleiyoeidèc mègistou ìgkou tou K eÐnai h D_n. To u ∈ R^n lègetai shmeÐo epafăc twn K kai D_n an |u| = ‖u‖_K = 1, dhladă an anăkei sthn tomă twn sunìrwn touc. To jeÿrhma tou John perigrĹfei thn katanomă twn shmeÐwn epafăc pĹnw sthn monadiaÐa sfaÐra S^{n−1}:

Jeÿrhma 2. An h D_n eÐnai to elleiyoeidèc mègistou ìgkou tou K, tìte upĹrqoun shmeÐa epafăc u_1, . . . , u_m twn K kai D_n, kai jetikoÐ pragmatikoÐ arijmoÐ λ_1, . . . , λ_m tètoioi ÿste x = m∑ j=1 λ_j ⟨x, u_j ⟩u_j gia kĹje x ∈ R^n .

Parathrăseic. To Jeÿrhma 2 mac lèei ìti h tautotikă apeikìnish I tou R^n anaparÐstatai sth morfă I = m∑ j=1 λ_j u_j ⊗ u_j , ìpou u_j ⊗ u_j eÐnai h probolă sthn dieÔjunsh tou u_j : (u_j ⊗ u_j )(x) = ⟨x, u_j ⟩u_j . ParathroÔme ìti, gia kĹje x ∈ R^n |x|^2 = ⟨x, x⟩ = m∑ j=1 λ_j ⟨x, u_j ⟩^2.

EpÐshc, paÐrnontac x = e_i, i = 1, . . . , n, ìpou {e_i} h sunăjhc orjokanonikă bĹsh tou R^n , èqoume n = n∑ i=1 |e_i|^2 = n∑ i=1 m∑ j=1 λ_j ⟨e_i, u_j ⟩^2

= m∑ j=1 λ_j n∑ i=1 ⟨e_i, u_j ⟩^2 = m∑ j=1 λ_j |u_j |^2

= m∑ j=1 λ_j .

Apìdeixh tou Jewrămatoc 2: Apì tic parathrăseic pou prohgăjhkan, an upĹrqei h zhtoÔmenh anaparĹstash ja prèpei na isqÔei ∑ (λ_j /n) = 1. Autì loipìn pou qreiĹzetai na deÐxoume eÐnai ìti h I/n grĹfetai san kurtìc sunduasmìc pinĹkwn thc morfăc u ⊗ u, ìpou u shmeÐo epafăc twn K kai D_n. OrÐzoume dhladă C = {u ⊗ u : |u| = ‖u‖_K = 1}, kai deÐqnoume ìti I/n ∈ co(C). ParathroÔme ìti to co(C) eÐnai kleistì uposÔnolo tou R^{n2} , kai ìti C ≠ ∅: an h D_n den akoumpoÔse to sÔnoro tou K, ja mporoÔsame na broÔme rD_n ⊆ K me to r lÐgo megalÔtero apì 1, opìte h D_n den ja ătan to elleiyoeidèc mègistou ìgkou tou K.

Upojètoume ìti I/n /∈ co(C). Apì diaqwristikì jeÿrhma, mporÔme na broÔme ϕ ∈ R^{n2} kai r ∈ R tètoia ÿste ⟨ϕ, I/n⟩ < r ≤ ⟨ϕ, A⟩ gia kĹje A ∈ co(C). Eidikìtera, gia kĹje shmeÐo epafăc u twn K kai D_n èqoume ⟨ϕ, I/n⟩ < r ≤ ⟨ϕ, u ⊗ u⟩. Oi pÐnakec I/n kai u ⊗ u eÐnai summetrikoÐ, opìte paÐrnontac ton ψ = (ϕ + ϕ^∗)/2 antÐ tou ϕ èqoume ìti o ψ eÐnai summetrikìc kai exakoloujeÐ na ikanopoieÐ thn ⟨ψ, I/n⟩ < r ≤ ⟨ψ, u ⊗ u⟩ gia kĹje u⊗u ∈ C. ’Estw β = tr(ψ)/n. AfoÔ tr(I/n) = 1 kai tr(u⊗u) = ∑ u^2_i = 1, blèpoume ìti ⟨ψ − βI, I/n⟩ = ⟨ψ, I/n⟩ − β = 0 < r − β ≤ ⟨ψ − βI, u ⊗ u⟩ gia kĹje u ⊗ u ∈ C. PaÐrnontac B = ψ − βI, èqoume:

Lămma 1. An I/n /∈ co(C), tìte upĹrqoun s > 0 kai B summetrikìc me tr(B) = 0, ètsi ÿste ⟨B, u ⊗ u⟩ ≥ s gia kĹje u ⊗ u ∈ C. □

Gia δ > 0 arketĹ mikrì, jewroÔme to elleiyoeidèc E_δ = {x ∈ R^n : ⟨(I + δB)x, x⟩ ≤ 1}. [An M = max{|⟨Bx, y⟩| : |x| = |y| = 1} kai 0 < δ < 1/M, tìte o I + δB eÐnai summetrikìc kai jetikĹ orismènoc, Ĺra èqei summetrikă jetikă tetragwnikă rÐza S_δ, kai E_δ = S^{−1}_δ (D_n).]

Ja deÐxoume ìti E_δ ⊆ K an to δ eÐnai mikrì, deÐqnontac ìti ρ_{Eδ} (v) ≤ ρ_K (v) gia kĹje v ∈ S^{n−1}:

1h PerÐptwsh: ’Estw U to sÔnolo twn shmeÐwn epafăc twn K, D_n. An u ∈ U kai v ∈ S^{n−1} me |u − v| < s/2M, tìte apì to Lămma 1, ⟨(I + δB)u, u⟩ ≥ 1 + δs, enÿ |⟨v + δBv, v⟩ − ⟨u + δBu, u⟩| = δ|⟨Bv, v⟩ − ⟨Bu, u⟩| ≤ δ|⟨Bv, v − u⟩| + δ|⟨Bu, u − v⟩| ≤ 2Mδ|u − v| < δs. ’Ara, an to v ∈ S^{n−1} apèqei apìstash mikrìterh thc s/2M apì to U, tìte ⟨(I + δB)v, v⟩ > 1 + δs − δs = 1, dhladă v /∈ E_δ . ’Omwc, v ∈ D_n ⊆ K gia kĹje v ∈ S^{n−1}. ’Ara, sfl autăn thn perÐptwsh isqÔei ìti ρ_{Eδ} (v) < 1 ≤ ρ_K (v). 2h PerÐptwsh: ’Estw V to sÔnolo twn v ∈ S^{n−1} pou apèqoun toulĹqiston s/2M apì to U. Tìte, to V eÐnai sumpagèc kai r = max{‖v‖ : v ∈ V } < 1. Jètoume λ = min{⟨Bv, v⟩ : v ∈ V }. Parathrăste ìti ta r, λ den exartÿntai apì to δ (exartÿntai mìno apì ton B kai to U). An 0 < δ < (1 − r^2)/|λ|, tìte ⟨(I + δB)(v/‖v‖), v/‖v‖⟩ = 1 + δ⟨Bv, v⟩ ‖v‖^2 ≥ 1 + δλ r^2 > 1, dhladă v/‖v‖ /∈ E_δ. Autì shmaÐnei ìti ρ_{Eδ} (v) ≤ ρ_K (v).

SunduĹzontac ta parapĹnw katalăgoume sto exăc:

Lămma 2. UpĹrqei δ_0 > 0 tètoio ÿste E_δ ⊆ K gia kĹje 0 < δ < δ_0. □

MporoÔme tÿra na katalăxoume se Ĺtopo: PaÐrnoume δ > 0 arketĹ mikrì ÿste o I +δB na eÐnai jetikĹ orismènoc kai to elleiyoeidèc E_δ na perièqetai sto K. AfoÔ h D_n eÐnai to elleiyoeidèc mègistou ìgkou tou K, èqoume |E_δ | ≤ |D_n|. ’Omwc, |E_δ| = |S^{−1}_δ (D_n)| = |D_n|/ √ det(I + δB). ’Ara, det(I + δB) ≥ 1. Apì thn Ĺllh pleurĹ, h anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou mac dÐnei

[det(I + δB)]^{1n} ≤ tr(I + δB) n = 1 + δ tr(B) n = 1,

giatÐ tr(B) = 0. Gia na isqÔoun ta parapĹnw, prèpei na èqoume isìthta sthn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou. Tìte ìmwc, ìlec oi idiotimèc tou I +δB eÐnai Ðsec, dhladă I + δB = μI. ’Epetai ìti o B eÐnai pollaplĹsio tou tautotikoÔ pÐnaka, kai afoÔ tr(B) = 0 paÐrnoume B = 0.

Autì eÐnai Ĺtopo, giatÐ apì to Lămma 1 èqoume ⟨Bu, u⟩ ≥ s > 0, u ∈ U. Epomènwc I/n ∈ co(C), kai h apìdeixh eÐnai plărhc. □

H anaparĹstash thc tautotikăc apeikìnishc pou mac dÐnei to Jeÿrhma 2, qarakthrÐzei to elleiyoeidèc mègistou ìgkou me thn exăc ènnoia [Ba]:

Jeÿrhma 3. ’Estw K summetrikì kurtì sÿma ston R^n pou perièqei thn EukleÐdeia monadiaÐa mpĹla D_n. Upojètoume ìti upĹrqoun shmeÐa epafăc u_1, . . . , u_m twn K kai D_n kai jetikoÐ pragmatikoÐ arijmoÐ λ_1, . . . , λ_m tètoioi ÿste I = m∑ j=1 λ_j u_j ⊗ u_j . Tìte, h D_n eÐnai to elleiyoeidèc mègistou ìgkou tou K.

Apìdeixh: OrÐzoume L = {y ∈ R^n : |⟨u_j , y⟩| ≤ 1, j = 1, . . . , m}. Tìte K ⊆ L, opìte arkeÐ na apodeÐxoume ìti h D_n eÐnai to elleiyoeidèc mègistou ìgkou tou L. ’Estw E = {y ∈ R^n : n∑ i=1 α^{−2}_i ⟨y, v_i⟩^2 ≤ 1}, ìpou {v_i} eÐnai orjokanonikă bĹsh tou R^n kai α_i > 0. Upojètoume ìti E ⊆ L. Gia kĹje j = 1, . . . , m èqoume

y(u_j ) = (_n ∑ i=1 α^2_i ⟨u_j , v_i⟩^2 )_{−1/2 n} ∑ i=1 α^2_i ⟨u_j , v_i⟩v_i ∈ E ⊆ L, opìte h |⟨u_j , y(u_j )⟩| ≤ 1 dÐnei (∗) n∑ i=1 α^2_i ⟨u_j , v_i⟩^2 ≤ 1 , j = 1, . . . , m. PollaplasiĹzontac me λ_j kai prosjètontac, blèpoume ìti m∑ j=1 λ_j (_n ∑ i=1 α^2_i ⟨u_j , v_i⟩^2 )_{1/2} ≤ m∑ j=1 λ_j = n. AfoÔ |x|^2 = ∑ λ_j ⟨x, u_j ⟩^2 gia kĹje x ∈ R^n , kai ta v_i sqhmatÐzoun orjokanonikă bĹsh, qrhsimopoiÿntac thn (∗) paÐrnoume n∑ i=1 α_i = n∑ i=1 m∑ j=1 α_iλ_j ⟨v_i, u_j ⟩^2

= m∑ j=1 λ_j (_n ∑ i=1 α_i⟨v_i, u_j ⟩^2 )

≤ m∑ j=1 λ_j (_n ∑ i=1 α^2_i ⟨v_i, u_j ⟩^2

)_{1/2} (_n ∑ i=1 ⟨v_i, u_j ⟩^2 )_{1/2}

= m∑ j=1 λ_j (_n ∑ i=1 α^2_i ⟨v_i, u_j ⟩^2 )_{1/2} ≤ n.

Apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou ( ∏ α_i)^{1/n} ≤ ∑ α_i/n ≤ 1, epomènwc |E| ≤ |D_n|. Dhladă, h D_n eÐnai to elleiyoeidèc mègistou ìgkou tou L. □ H piì gnwstă sunèpeia tou Jewrămatoc 2 (h opoÐa anafèretai suqnĹ san to jeÿrhma tou John) eÐnai ìti, an K eÐnai summetrikì kurtì sÿma ston R^n kai E eÐnai to elleiyoeidèc mègistou ìgkou tou K, tìte K ⊆ √ nE. Autì prokÔptei Ĺmesa apì to exăc:

Prìtash 2. An D_n eÐnai to elleiyoeidèc mègistou ìgkou tou K, tìte K ⊂ √ nD_n. Apìdeixh: JewroÔme thn anaparĹstash thc tautotikăc apeikìnishc x = m∑ j=1 λ_j ⟨x, u_j ⟩u_j tou Jewrămatoc 2. AfoÔ u_j ∈ S^{n−1}, èqoume 1 = ⟨u_j , u_j ⟩ ≤ ‖u_j ‖_K ‖u_j ‖_K∘ = ‖u_j ‖_K∘ , j = 1, . . . , m. Apì thn Ĺllh pleurĹ, se kĹje u_j ta K kai D_n èqoun to Ðdio efaptìmeno uperepÐpedo me kĹjeto diĹnusma to u_j (gia thn mpĹla, to efaptìmeno uperepÐpedo se kĹje shmeÐo u ∈ S^{n−1} èqei kĹjeto diĹnusma to u). Epomènwc, gia kĹje x ∈ K èqoume ⟨x, u_j ⟩ ≤ 1, kai lìgw summetrÐac tou K, |⟨x, u_j ⟩| ≤ 1. Dhladă, ‖u_j ‖_K = ‖u_j ‖_K∘ = |u_j | = 1, j = 1, . . . , m. ’Estw tÿra x ∈ K. Tìte,

|x|^2 = m∑ j=1 λ_j ⟨x, u_j ⟩^2

≤ m∑ j=1 λ_j = n.

Dhladă, |x| ≤ √ n. ’Ara, D_n ⊆ K ⊆ √ nD_n. □ To Jeÿrhma 2 mac lèei me mÐa ènnoia ìti upĹrqoun pollĹ shmeÐa epafăc anĹmesa se èna summetrikì kurtì sÿma kai to elleiyoeidèc mègistou ìgkou tou. ’Enac trìpoc posotikăc perigrafăc autoÔ tou isqurismoÔ eÐnai o exăc:

Prìtash 3. An h D_n eÐnai to elleiyoeidèc mègistou ìgkou tou K, tìte gia kĹje T ∈ L(R^n , R^n ) upĹrqei shmeÐo epafăc u twn K kai D_n me thn idiìthta: ⟨u, T u⟩ ≥ trT n . Apìdeixh: Apì to Jeÿrhma 2, an T ∈ L(R^n , R^n ) tìte trT = ⟨T, I⟩ = m∑ j=1 λ_j ⟨T, u_j ⊗ u_j ⟩.

PaÐrnontac upfl ìyin kai thn ∑ λ_j = n, sumperaÐnoume ìti upĹrqei u anĹmesa sta u_j me thn idiìthta ⟨u, T u⟩ = ⟨T, u ⊗ u⟩ ≥ trT n . □ Oi Dvoretzky kai Rogers [DR] èdeixan akribă apotelèsmata giĹ thn katanomă twn shmeÐwn epafăc sthn epifĹneia tou elleiyoeidoÔc mègistou ìgkou. ’Ola touc ekfrĹzoun me ton ènan ă ton Ĺllo trìpo thn arqă ìti parìlo pou oi nìrmec | · | kai ‖ · ‖ mporeÐ na diafèroun wc kai √ n giĹ kĹpoia x, upĹrqoun pollèc kai {arketĹ orjogÿniec} dieujÔnseic stic opoÐec oi dÔo nìrmec sugkrÐnontai kalĹ. Ja deÐxoume èna tètoio apotèlesma, pou ja paÐxei ousiastikì rìlo kai sthn apìdeixh tou Jewrămatoc tou Dvoretzky:

Prìtash 4. An D_n eÐnai to elleiyoeidèc mègistou ìgkou tou K, upĹrqei orjokanonikă akoloujÐa y_1, . . . , y_n ston R^n tètoia ÿste ( n − i + 1 n )_{1/2} ≤ ‖y_i‖_K ≤ |y_i| = 1 , i = 1, . . . , n.

Apìdeixh: OrÐzoume ta y_i epagwgikĹ. San y_1 mporoÔme na pĹroume opoiodăpote shmeÐo epafăc twn K kai D_n. Ac upojèsoume ìti èqoun epilegeÐ ta y_1, . . . , y_{i−1}. Jètoume F_i = span{y_1, . . . , y_{i−1}}. Tìte, tr(P_F ⊥_i ) = n − i + 1, kai apì thn Prìtash 3 upĹrqei shmeÐo epafăc u_i tètoio ÿste

|P_F ⊥_i u_i|^2 = ⟨u_i, P_F ⊥_i u_i⟩ ≥ n − i + 1 n . ’Epetai ìti ‖P_{Fi} u_i‖_K ≤ |P_{Fi} u_i| ≤ √ (i − 1)/n. OrÐzoume y_i = P_F ⊥_i u_i/|P_F ⊥_i u_i|.

Tìte, 1 = |y_i| ≥ ‖y_i‖_K ≥ |⟨u_i, y_i⟩| = |P_F ⊥_i u_i| ≥ ( n − i + 1 n )_{1/2} . □ Pìrisma. Upojètoume ìti h D_n eÐnai to elleiyoeidèc mègistou ìgkou tou K. An k = [n/2] + 1, mporoÔme na broÔme orjokanonikĹ dianÔsmata y_1, . . . , y_k tètoia ÿste 1 2 ≤ ‖y_j ‖ ≤ 1 , j = 1, . . . , k. □

1.4 AnalloÐwta mètra se omogeneÐc qÿrouc

’Estw (M, d) ènac sumpagăc metrikìc qÿroc, kai G mÐa sumpagăc topologikă omĹda thc opoÐac ta stoiqeÐa droÔn san isometrÐec ston M: upĹrqei suneqăc apeikìnish π : G × M → M me (g, t) → π(g, t) =: gt, pou ikanopoieÐ thn d(gt, gs) = d(t, s) gia kĹje g ∈ G kai t, s ∈ M. Epiplèon, upojètoume ìti π(e, t) = t gia kĹje t ∈ M ìpou e to oudètero stoiqeÐo thc G, kai π(gh, t) = π(g, π(h, t)) gia kĹje g, h ∈ G kai t ∈ M. EÔkola elègqoume ìti kĹje π_g : M → M me π_g (t) = gt eÐnai omoiomorfismìc tou M, kai ìti π_g ∘ π_h = π_{gh}, π_g ∘ π_g−1 = I_M .

Jeÿrhma 1. UpĹrqei kanonikì mètro μ sta Borel uposÔnola tou M, to opoÐo eÐnai analloÐwto wc proc thn drĹsh thc omĹdac G. Dhladă, μ(A) = μ(gA) gia kĹje g ∈ G kai kĹje Borel A ⊆ M. IsodÔnama, ∫ M f(t)dμ(t) = ∫ M f(gt)dμ(t) gia kĹje g ∈ G kai kĹje f ∈ C(M).

H apìdeixh pou ja dÿsoume ofeÐletai ston Maak (blèpe [Do], [MS]), kai qrhsimopoieÐ to jeÿrhma tou gĹmou:

Lămma. ’Estw B kai Γ dÔo peperasmèna sÔnola, kai R ⊂ B × Γ mÐa sqèsh. Upojètoume ìti gia kĹje k ∈ N kai kĹje B_1 ⊂ B me |B_1| = k, to sÔnolo R(B_1) = {γ ∈ Γ | ∃β ∈ B_1 : (β, γ) ∈ R} èqei toulĹqiston k stoiqeÐa. Tìte, upĹrqei 1 − 1 sunĹrthsh ϕ : B → Γ me thn idiìthta (β, ϕ(β)) ∈ R gia kĹje β ∈ B. □

Apìdeixh tou Jewrămatoc: Gia kĹje t ∈ M kai ε > 0, h mpĹla me kèntro t kai aktÐna ε eÐnai to B(t, ε) = {s ∈ M : d(s, t) ≤ ε}. Lìgw sumpĹgeiac tou M, gia kĹje ε > 0 upĹrqei peperasmèno N ⊆ M tètoio ÿste M = ⋃ t∈N B(t, ε). OrÐzoume n_ε ton elĹqisto plhjĹrijmo enìc tètoiou ε-diktÔou gia ton M, kai epilègoume èna ε-dÐktuo N_ε me |N_ε| = n_ε.

Qrhsimopoiÿntac to N_ε orÐzoume μ_ε ∈ [C(M)]^∗ me

μ_ε(f) = 1 n_ε ∑ t∈N_ε f(t). EÐnai fanerì ìti kĹje μ_ε anăkei sthn monadiaÐa mpĹla tou [C(M)]^∗, h opoÐa eÐnai w^∗-sumpagăc kai metrikopoiăsimh. Epomènwc, upĹrqoun μ ∈ [C(M)]^∗ kaÐ ε_i → 0 tètoia ÿste μ_{εi} → μ me thn w^∗-topologÐa. Dhladă, gia kĹje f ∈ C(M), μ_{εi} (f) → μ(f) , i → ∞. EÔkola elègqoume ìti μ(1) = 1 kai ìti to μ eÐnai jetikì sunarthsoeidèc ston C(M). Apì to jeÿrhma anaparĹstashc tou Riesz, to μ eÐnai kanonikì Borel mètro pijanìthtac ston M.

StajeropoioÔme thn akoloujÐa ε_i, kai deÐqnoume ìti to μ prosdiorÐzetai monosămanta me thn exăc ènnoia: an gia kĹje i ∈ N orÐsoume μ^′_{εi} qrhsimopoiÿntac èna Ĺllo elĹqisto ε_i-dÐktuo N^′_{εi} , tìte μ^′_{εi} (f) → μ(f) gia kĹje f ∈ C(M). Gia ton skopì autì apodeiknÔoume to exăc:

Isqurismìc. UpĹrqei 1 − 1 kai epÐ ϕ_i : N_{εi} → N^′_{εi} tètoia ÿste d(t, ϕ_i(t)) ≤ 2ε_i gia kĹje t ∈ N_{εi} .

[OrÐzoume sqèsh R ⊂ N_{εi} × N^′_{εi} jètontac (t, s) ∈ R an B(t, ε_i) ∩ B(s, ε_i) ≠ ∅. H R ikanopoieÐ tic upojèseic tou Lămmatoc: ’Estw K ⊂ N_{εi} kai L = R(K). To sÔnolo L ∪ (N_{εi} \K) eÐnai ε_i-dÐktuo ston M:

PrĹgmati, an x ∈ M, upĹrqoun t ∈ N_{εi} kai s ∈ N^′_{εi} tètoia ÿste d(x, t) ≤ ε_i kai d(x, s) ≤ ε_i. An t ∈ K, tìte afoÔ B(t, ε_i) ∩ B(s, ε_i) ≠ ∅ prèpei na èqoume s ∈ R(K) = L. ’Ara, se kĹje perÐptwsh upĹrqei z ∈ L ∪ (N_{εi} \K) tètoio ÿste d(z, x) ≤ ε_i. ’Epetai ìti |L ∪ (N_{εi} \K)| ≥ |N_{εi} |, opìte |R(K)| = |L| ≥ |K|. Apì to Lămma, upĹrqei ϕ_i : N_{εi} → N^′_{εi} sunĹrthsh 1-1 (Ĺra kai epÐ) me thn idiìthta (t, ϕ_i(t)) ∈ R gia kĹje t ∈ N_{εi} . Dhladă, d(t, ϕ_i(t)) ≤ 2ε_i , t ∈ N_{εi} .]

Qrhsimopoiÿntac ton isqurismì blèpoume ìti, an f ∈ C(M) kai i ∈ N tìte |μ_{εi} (f) − μ^′_{εi} (f)| ≤ 1 n_{εi} ∑ t∈N_{εi} |f(t) − f(ϕ_i(t))| ≤ ω(2ε_i),

ìpou ω(ε) = max{|f(t) − f(s)| : d(t, s) ≤ ε} eÐnai to mètro sunèqeiac thc f. AfoÔ ω(2ε_i) → 0 kajÿc i → ∞, èpetai ìti to lim μ^′_{εi} (f) upĹrqei kai eÐnai Ðso me μ(f).

Tèloc, apodeiknÔoume ìti to mètro μ eÐnai analloÐwto wc proc th drĹsh thc G: An g ∈ G, tìte to N^′_{εi} = {gt}_{t∈Nεi} eÐnai elĹqisto ε_i-dÐktuo ston M, kai ∫ M f(gt)μ(dt) = lim_{i→∞} 1 n_{εi} ∑ t∈N_{εi} f(gt)

= lim_{i→∞} 1 n_{εi} ∑ s∈N^′_{εi} f(s) = lim_{i→∞} μ^′_{εi} (f)

= μ(f) = ∫ M f(t)μ(dt). □

OrismoÐ. ’Estw M kai G ìpwc parapĹnw. H drĹsh thc G pĹnw ston M lègetai metabatikă an gia kĹje t, s ∈ M upĹrqei g ∈ G me gt = s. An sumbaÐnei kĹti tètoio, lème ìti o M eÐnai omogenăc qÿroc thc G.

Jeÿrhma 2. ’Estw (M, d) omogenăc qÿroc thc sumpagoÔc omĹdac G. Tìte, upĹrqei monadikì mètro pijanìthtac μ ston M to opoÐo eÐnai analloÐwto wc proc th drĹsh thc G.

Apìdeixh: OrÐzoume mÐa yeudometrikă ρ sthn G, jètontac

ρ(g_1, g_2) = max_{t∈M} d(g_1t, g_2t).

H G_0 = {g ∈ G : ρ(g, e) = 0} eÐnai kanonikă upoomĹda thc G, h H = G/G_0 eÐnai sumpagăc me thn epagìmenh metrikă ρ^′, kai ta stoiqeÐa thc droÔn metabatikĹ san isometrÐec ston M.

H H drĹ ston eautì thc me thn (h, g) → g ∘ h. Epomènwc, to Jeÿrhma 1 efarmìzetai gia thn H: upĹrqei mètro pijanìthtac ν sta Borel uposÔnola thc H tètoio ÿste: ∫ H F (g ∘ h)ν(dg) = ∫ H F (g)ν(dg) gia kĹje h ∈ H kai kĹje F ∈ C(H). ’Estw μ mètro pijanìthtac ston M, analloÐwto wc proc th drĹsh thc H. StajeropoioÔme t_0 ∈ M. Gia kĹje t ∈ M apì thn metabatikìthta thc drĹshc thc H upĹrqei h_t ∈ H tètoio ÿste t = h_tt_0. An f ∈ C(M), tìte gia kĹje t ∈ M h apeikìnish F_t(g) = f(gt) eÐnai suneqăc sthn H. Qrhsimopoiÿntac to analloÐwto twn μ kai ν, èqoume ∫ M f(t)μ(dt) = ∫ H 1ν(dg) ∫ M f(t)μ(dt) = ∫ H ∫ M f(gt)μ(dt)ν(dg) = ∫ M ∫ H f(gt)ν(dg)μ(dt) = ∫ M ∫ H f((g ∘ h_t)t_0)ν(dg)μ(dt) = ∫ M ∫ H F_{t0} (g ∘ h_t)ν(dg)μ(dt) = ∫ M ∫ H F_{t0} (g)ν(dg)μ(dt) = ∫ M ∫ H f(gt_0)ν(dg)μ(dt) = ∫ H f(gt_0)ν(dg). ’Epetai ìti, an μ_1 eÐnai èna Ĺllo mètro pijanìthtac sta Borel uposÔnola tou M, analloÐwto wc proc thn drĹsh thc G, tìte gia kĹje f ∈ C(M) isqÔei ∫ M f(t)μ(dt) = ∫ H f(gt_0)ν(dg) = ∫ M f(t)μ_1(dt). Dhladă, μ = μ_1. □

PaÐrnoume san G thn orjogÿnia omĹda O(n). StajeropoioÔme orjokanonikă bĹsh {e_1, . . . , e_n} tou R^n , kai tautÐzoume ton U ∈ O(n) me thn orjokanonikă bĹsh {Ue_1, . . . , Ue_n}. H O(n) eÐnai sumpagăc omĹda me metrikă thn

ρ(U, V ) = (_n ∑ i=1 |Ue_i − V e_i|^2 )_{1/2} . H O(n) drĹ metabatikĹ ston eautì thc, upĹrqei loipìn monadikì analloÐwto wc proc O(n) Borel mètro pijanìthtac ν sthn O(n). H O(n) drĹ metabatikĹ sthn S^{n−1}, dhladă, h S^{n−1} eÐnai omogenăc qÿroc thc O(n). ’Estw σ to monadikì mètro pijanìthtac sta Borel uposÔnola thc S^{n−1} pou eÐnai analloÐwto wc prìc thn drĹsh thc O(n). Dhladă, gia kĹje suneqă f : S^{n−1} → R kai kĹje U ∈ O(n), ∫ S^{n−1} f(Ux)σ(dx) = ∫ S^{n−1} f(x)σ(dx). Ja qreiastoÔme thn exăc tautìthta:

Prìtash 1. An A Borel uposÔnolo thc S^{n−1}, tìte gia dosmèno x_0 ∈ S^{n−1}, ν (U ∈ O(n) : Ux_0 ∈ A) = σ(A).

Apìdeixh: Gia kĹje x ∈ S^{n−1} upĹrqei V_x ∈ O(n) tètoioc ÿste V_xx_0 = x. GrĹfoume σ(A) = ∫ S^{n−1} χ_A(x)σ(dx) = ∫ O(n) ∫ S^{n−1} χ_A(Ux)σ(dx)ν(dU) = ∫ S^{n−1} ∫ O(n) χ_A(UV_xx_0)ν(dU)σ(dx) = ∫ S^{n−1} ν (U ∈ O(n) : UV_xx_0 ∈ A) σ(dx) = ∫ S^{n−1} ν (U ∈ O(n) : Ux_0 ∈ A) σ(dx) = ν (U ∈ O(n) : Ux_0 ∈ A) . □ Amesh sunèpeia thc Prìtashc 1 eÐnai h exăc:

Prìtash 2. ’Estw f : S^{n−1} → R suneqăc, kai x_0 ∈ S^{n−1}. Tìte, ∫ O(n) f(Ux_0)ν(dU) = ∫ S^{n−1} f(x)σ(dx).

Apìdeixh: MporoÔme na upojèsoume ìti f ≥ 0. Tìte, qrhsimopoiÿntac thn Prìtash 1 paÐrnoume ∫ O(n) f(Ux_0)ν(dU) = ∫_∞ 0 ν (U ∈ O(n) : f(Ux_0) ≥ t) dt = ∫_∞ 0 ν ( U ∈ O(n) : Ux_0 ∈ f^{−1}([t, ∞)) ) dt = ∫_∞ 0 σ ( f^{−1}([t, ∞)) ) dt = ∫_∞ 0 σ(x : f(x) ≥ t)dt = ∫ S^{n−1} f(x)σ(dx). □ H pollaplìthta Grassman G_{n,k}, 1 ≤ k ≤ n, apoteleÐtai apì ìlouc touc kdiĹstatouc upoqÿrouc tou R^n . OrÐzoume metrikă sthn G_{n,k} jètontac

ρ̃(F_1, F_2) = inf (_k ∑ i=1 |f_i − f^′_i |^2 )_{1/2} , ìpou to inf paÐrnetai pĹnw apì ìlec tic orjokanonikèc bĹseic {f_i}, {f^′_i } twn F_1, F_2 antÐstoiqa.

H O(n) drĹ metabatikĹ pĹnw sthn G_{n,k}, opìte h G_{n,k} gÐnetai omogenăc qÿroc thc O(n). ’Ara, upĹrqei monadikì mètro pijanìthtac ν_{n,k} sta Borel uposÔnola thc G_{n,k}, to opoÐo eÐnai analloÐwto wc proc thn drĹsh thc O(n). Prìtash 3. An f : S^{n−1} → R suneqăc, tìte ∫ S^{n−1} f(x)σ(dx) = ∫ G_{n,k} ∫ S_F f(x)σ_F (dx)ν_{n,k} (dF ). [To mètro σ_F orÐzetai apì thn ∫ S_F f(x)σ_F (dx) = ∫ S^{k−1} f(U_F x)σ(dx), ìpou U_F ∈ O(n) tètoioc ÿste U_F (R^k ) = F . To oloklărwma sto dexiì mèloc eÐnai anexĹrthto apì thn epilogă tou U_F .]

Apìdeixh: JewroÔme to mètro σ_1 sthn S^{n−1} pou orÐzetai apì thn ∫ S^{n−1} f(x)σ_1(dx) = ∫ G_{n,k} ∫ S_F f(x)σ_F (dx)ν_{n,k} (dF ) , f ∈ C(S^{n−1}). ArkeÐ na deÐxoume ìti, gia kĹje f ∈ C(S^{n−1}) kai kĹje U ∈ O(n), ∫ G_{n,k} ∫ S_F f(Ux)σ_F (dx)ν_{n,k} (dF ) = ∫ G_{n,k} ∫ S_F f(x)σ_F (dx)ν_{n,k} (dF ), dhladă ìti to σ_1 eÐnai analloÐwto wc proc thn O(n). Tìte, σ_1 = σ. OrÐzoume A_f (F ) = ∫ S_F f(x)σ_F (dx). Apì thn sunèqeia thc f sthn S^{n−1} kai ton orismì twn σ_F kai ρ̃ èpetai ìti h A_f eÐnai suneqăc sthn G_{n,k}. EpÐshc,

A_f (UF ) = ∫ S_{U F} f(x)σ_{UF} (dx) = ∫ S_F f(Ux)σ_F (dx). Epomènwc, ∫ G_{n,k} ∫ S_F f(Ux)σ_F (dx)ν_{n,k} (dF ) = ∫ G_{n,k} A_f (UF )ν_{n,k}(dF ) = ∫ G_{n,k} A_f (F )ν_{n,k}(dF ) = ∫ G_{n,k} ∫ S_F f(x)σ_F (dx)ν_{n,k} (dF ). □ AnĹlogh apìdeixh èqei kai h akìloujh Prìtash: Prìtash 4. An B ⊂ O(n) kai F_0 ∈ G_{n,k}, tìte ν(B) = ν_{n,k} (U(F_0) : U ∈ B) . □

1.5 To jeÿrhma tou Dvoretzky

H afethrÐa gia to jeÿrhma tou Dvoretzky brÐsketai sthn ergasÐa [DR]. Oi Dvoretzky kai Rogers èdeixan thn exăc:

Prìtash 1. Upojètoume ìti h D_n eÐnai to elleiyoeidèc mègistou ìgkou tou sum-

metrikoÔ kurtoÔ sÿmatoc K. UpĹrqoun k ≃ √ n kai y_1, . . . , y_k orjokanonikĹ dianÔ-

smata ston R^n , tètoia ÿste, gia kĹje a_1, . . . , a_k ∈ R^n , 1 √ 3 max_{i≤k} |a_i| ≤ ‖ ‖^k ∑ i=1 a_iy_i ‖ ‖ ≤ (_k ∑ i=1 a^2_i )_{1/2} .

Apìdeixh: Epistrèfoume sthn apìdeixh thc Prìtashc 3.4, kai orÐzoume w_i = P_F ⊥_i u_i.

Tìte, u_i − w_i ∈ F_i, kai

|u_i − w_i|^2 = 1 − |w_i|^2 = 1 − |P_F ⊥_i u_i|^2 ≤ i − 1 n . Jètoume k = [ √ n/4], kai deÐqnoume me epagwgă ìti ‖y_i‖_K∘ ≤ √ 3 , i = 1, . . . , k. An i = 1, èqoume y_1 = u_1 shmeÐo epafăc pou emfanÐzetai sthn anaparĹstash thc tautotikăc, opìte (blèpe Prìtash 3.2) ‖y_1‖_K∘ = 1.

Upojètoume ìti ‖y_j ‖_K∘ ≤ √ 3, gia kĹje j ≤ i − 1 < k. Tìte, an z = ∑_{i−1} j=1 t_j y_j , ‖ ‖^{i−1} ∑ j=1 t_j y_j ‖ ‖_{K∘} ≤^{i−1} ∑ j=1 |t_j |‖y_j ‖_K∘ ≤ √ 3k i−1∑ j=1 t^2_j 1/2

= √ 3k | |^{i−1} ∑ j=1 t_j y_j | |.

Epomènwc, ‖I : (F_i, | · |) → X^∗_K ‖ ≤ √ 3k. ’Omwc u_i − w_i ∈ F_i, Ĺra ‖u_i − w_i‖_K∘ ≤ √ 3k|u_i − w_i| ≤ √ 3k ( i − 1 n )_{1/2}

≤ √ 3k √ n . H trigwnikă anisìthta dÐnei ‖w_i‖_K∘ ≤ ‖u_i‖_K∘ + ‖u_i − w_i‖_K∘ ≤ 1 + √ 3k √ n , opìte, ‖y_i‖_K∘ = ‖w_i‖_K∘ |w_i| ≤ 1 +^{√3k√}_n √_{n−k+1} n = √ n + √ 3k √ n − k + 1 ≤ √ n + √ 3n/4 √ n − √ n/4 + 1 ≤ √ 3. Apì ta parapĹnw prokÔptei ìti, gia kĹje a_1, . . . , a_k ∈ R,

‖ k∑ i=1 a_iy_i‖ ≤ | k∑ i=1 a_iy_i| = (_k ∑ i=1 a^2_i )_{1/2} , kai, gia kĹje i = 1, . . . , k, |a_i| = |⟨ k∑ i=1 a_iy_i, y_i⟩| ≤ ‖ k∑ i=1 a_iy_i‖_K ‖y_i‖_K∘

≤ √ 3‖ k∑ i=1 a_iy_i‖_K . □

Me aformă autì to apotèlesma, o Grothendieck [Gr] èjese to erÿthma an eÐnai

dunatì na antikatastăsoume to max_{i≤k} |a_i| apì to (∑ i≤k a^2_i )_{1/2} sthn parapĹnw prìtash, kai tautìqrona na èqoume k = k(n) → ∞ kajÿc n → ∞. [IsodÔnama, an upĹrqei k-diĹstatoc upìqwroc F tou R^n me thn idiìthta D_n ∩F ⊆ K ∩F ⊆ cD_n ∩F , ìpou c > 0 apìluth stajerĹ, kai to k na {megalÿnei} me to n.] O Dvoretzky [Dv1,2] èdwse katafatikă apĹnthsh sto erÿthma:

Jeÿrhma 1. ’Estw ε > 0 kai k fusikìc arijmìc. UpĹrqei N = N(k, ε) me thn exăc idiìthta: An X eÐnai qÿroc me nìrma diĹstashc n ≥ N, mporoÔme na broÔme k-diĹstato upìqwro F tou X me d(F, ℓ^k_2 ) ≤ 1 + ε.

Se gewmetrikă glÿsa, to Jeÿrhma 1 mĹc lèei ìti kĹje summetrikì kurtì sÿma arketĹ megĹlhc diĹstashc èqei kentrikèc tomèc pou eÐnai sqedìn elleiyoeidă. H akribăc exĹrthsh tou N(k, ε) apì ta k kai ε meletăjhke susthmatikĹ, kai to jeÿrhma tou Dvoretzky păre polÔ piì sugkekrimènh posotikă morfă:

Jeÿrhma 2. ’Estw X ènac n-diĹstatoc qÿroc me nìrma, kai ε > 0. UpĹrqoun akèraioc k ≥ cε^2 log n kai k-diĹstatoc upìqwroc F tou X o opoÐoc ikanopoieÐ thn d(F, ℓ^k_2 ) ≤ 1 + ε.

Dhladă, to Jeÿrhma 1 isqÔei me N(k, ε) = exp(cε^{−2}k). H arqikă apìdeixh tou Dvoretzky èdine thn ektÐmhsh N(k, ε) = exp(cε^{−2}k^2 log k). Argìtera, o Milman [Mi] èdeixe ìti arkeÐ na pĹroume N(k, ε) = exp(cε^{−2}| log ε|k), qrhsimopoiÿntac diaforetikă mèjodo. Ton logarijmikì wc proc ε parĹgonta afaÐrese o Gordon [Go], kai argìtera o Schechtman [Sc].

’Ena apì ta basikìtera stoiqeÐa sthn apìdeixh tou Jewrămatoc 2 eÐnai to legìmeno fainìmeno thc sugkèntrwshc tou mètrou sthn S^{n−1}, to opoÐo me th seirĹ tou eÐnai sunèpeia thc sfairikăc isoperimetrikăc anisìthtac: JewroÔme thn S^{n−1} san metrikì qÿro pijanìthtac, me th gewdaisiakă apìstash ρ kai to analloÐwto wc proc tic strofèc mètro pijanìthtac σ. Gia kĹje Borel uposÔnolo A thc S^{n−1} kai kĹje ε > 0, orÐzoume thn ε-epèktash tou A:

A_ε = { x ∈ S^{n−1} : ρ(x, A) ≤ ε } . H isoperimetrikă anisìthta gia th sfaÐra eÐnai h akìloujh prìtash:

AnĹmesa se ìla ta Borel uposÔnola A thc S^{n−1} pou èqoun dosmèno mètro α ∈ (0, 1), h mpĹla B(x, r) gwniakăc aktÐnac r > 0 gia thn opoÐa σ(B(x, r)) = α, èqei elĹqisth ε-epèktash gia kĹje ε > 0.

Autì shmaÐnei ìti an A ⊆ S^{n−1} kai σ(A) = σ(B(x_0, r)) gia kĹpoio x_0 ∈ S^{n−1} kai kĹpoio r > 0, tìte σ(A_ε) ≥ σ(B(x_0, r + ε))

gia kĹje ε > 0. Dedomènou ìti to σ-mètro miĹc mpĹlac upologÐzetai eÔkola, mporoÔme na dÿsoume kĹtw frĹgma gia to mètro thc ε-epèktashc tuqìntoc uposunìlou thc sfaÐrac, arkeÐ na gnwrÐzoume to mètro tou. Endiaferìmaste kurÐwc gia thn perÐptwsh σ(A) =^1_2 , kai tìte apeujeÐac upologismìc deÐqnei to exăc:

Prìtash 2. An A eÐnai Borel uposÔnolo thc S^{n+1} kai σ(A) = 1/2, tìte σ(A_ε) ≥ 1 − √ π/8 exp(−ε^2n/2)

gia kĹje ε > 0.

[H stajerĹ √ π/8 mporeÐ na antikatastajeÐ apì mÐa akoloujÐa stajerÿn a_n pou teÐnoun sto^1_2 kajÿc n → ∞.]

Apìdeixh: SÔmfwna me th sfairikă isoperimetrikă anisìthta, arkeÐ na dÿsoume kĹtw frĹgma gia to σ(B(x,^π_2 + ε)). ’Omwc,

σ(B(x, π/2 + ε)) = ∫ π_{2 +ε} 0 sin^n θdθ ∫_π 0 sin^n θdθ . Jètoume loipìn h(ε, n) = 1 − σ(B(x,^π_2 + ε)), kai zhtĹme Ĺnw frĹgma gia thn

h(ε, n) = ∫_{ππ} 2 +ε sin n θdθ ∫_π 0 sin^n θdθ = ∫ π_2 ε cos^n ϕdϕ 2I_n ,

ìpou I_n = ∫_{π/2} 0 cos^n ϕdϕ. MetĹ thn allagă metablhtăc t = ϕ √ n, blèpoume ìti h(ε, n) = 1 2 √ nI_n ∫ π_2^√_n ε √ n cos^n(t/ √ n)dt.

SugkrÐnontac ta anaptÔgmata Taylor twn sunartăsewn cos s kai exp(−s^2/2) èqoume

cos s ≤ exp(−s^2/2)

sto [0, π/2], epomènwc h(ε, n) ≤ 1 2 √ nI_n ∫ π_2^√_n ε √ n e^{− t22} dt = 1 2 √ nI_n ∫_( π_{2 −ε)}^√_n 0 exp(−(s + ε √ n)^2/2)ds ≤ exp(−ε^2n/2) 2 √ nI_n ∫_∞ 0 exp(−s^2/2)ds = √ π/8 √ nI_n exp(−ε^2n/2).

Mènei na doÔme ìti √ nI_n ≥ 1 giĹ kĹje n ≥ 1. GiĹ to skopì autì parathroÔme ìti, apì thn anadromikă sqèsh (n + 2)I_{n+2} = (n + 1)I_n, √ n + 2I_{n+2} = √ n + 2 n + 1 n + 2

I_n = n + 1 √ n + 2 I_n ≥ √ nI_n, epomènwc arkeÐ na elègxoume tic

I_1 = ∫_{π/2} 0 cos ϕdϕ = 1 ≥ 1 kai √ 2I_2 = √ 2 ∫_{π/2} 0 cos^2 ϕdϕ = √ 2 π 4 ≥ 1. Autì oloklhrÿnei thn apìdeixh. □

H sfairikă isoperimetrikă anisìthta apodeiknÔetai me teqnikèc sfairikăc summetrikopoÐhshc. Prìsfata parathrăjhke [ABV]ìti mporeÐ kaneÐc polÔ aplĹ na dÿsei ektÐmhsh anĹlogh mfl autăn thc Prìtashc 2, qrhsimopoiÿntac thn anisìthta Brunn-Minkowski. H basikă idèa brÐsketai sto parakĹtw Lămma:

Lămma 1. ’Estw K kai L mh kenĹ, kleistĹ uposÔnola thc D_n, me apìstash d(K, L) = ρ > 0. Tìte, min{|K|, |L|} ≤ exp(−ρ^2n/8)|D_n|. Apìdeixh: ’Estw x ∈ K kai y ∈ L. Apì ton kanìna tou parallhlogrĹmmou,

|x + y|^2 + |x − y|^2 = 2|x|^2 + 2|y|^2 ≤ 4.

’Omwc ρ^2 ≤ |x − y|^2, epomènwc | | | | x + y 2 | | | | ≤ √ 1 − ρ^2/4.

’Ara, K + L 2 ⊆ ( 1 − ρ^2/4 )_{1/2} D_n. Qrhsimopoiÿntac thn anisìthta Brunn-Minkowski gia ta sumpagă K, L paÐrnoume min{|K|, |L|}^{1n} ≤ 1 2 |K|^{1n} + 1 2 |L|^{1n} ≤ | | | | K + L 2 | | | | 1 n ≤ ( 1 − ρ^2/4 )_{1/2} |D_n|^{1n} , Ĺra min{|K|, |L|} ≤ ( 1 − ρ^2/4 ) n_2 |D_n| ≤ exp(−ρ^2n/8)|D_n|. □ Apìdeixh thc Prìtashc 2 (me asjenèsterec stajerèc): ’Estw A kleistì uposÔnolo thc S^{n−1} me σ(A) = 1/2 kai ε > 0. OrÐzoume B = {x ∈ S^{n−1} : d(x, A) ≥ ε}. StajeropoioÔme λ ∈ (0, 1) kai jewroÔme ta uposÔnola K = ⋃ {tA : λ ≤ t ≤ 1} kai L = ⋃ {tB : λ ≤ t ≤ 1} thc D_n. Ta K kai L eÐnai kleistĹ, xèna, kai h apìstasă touc eÐnai Ðsh me d(K, L) = 2λ sin(ε/2) ≥ (2/π)λε. Efarmìzontac to Lămma 1, paÐrnoume |L| ≤ exp(−λ^2ε^2n/2π^2)|D_n|. Apì thn Ĺllh pleurĹ, oloklhrÿnontac se polikèc suntetagmènec blèpoume ìti |L| = (1 − λ^n)σ(B)|D_n|. Epomènwc, σ(A_ε) ≥ 1 − 1 1 − λ^n exp(−λ^2ε^2n/2π^2).

Tèloc, epilègoume λ = 1/2 ∈ (0, 1). □

H anisìthta thc Prìtashc 2 exhgeÐ ton ìro {sugkèntrwsh tou mètrou}: ’Oso mikrì ki an eÐnai to ε > 0, to mètro tou sunìlou pou mènei èxw apì thn ε-geitoniĹ tuqìntoc uposunìlou thc sfaÐrac mètrou 1/2, fjÐnei ekjetikĹ sto 0 kajÿc h diĹstash n auxĹnei sto Ĺpeiro. To gegonìc autì (pou prokaleÐ èkplhxh arqikĹ) parathrăjhke gia prÿth forĹ kai qrhsimopoiăjhke apì ton P. Lévy:

• ’Estw f : S^{n−1} → R suneqăc. Me ω_f (·) sumbolÐzoume to mètro sunèqeiac thc f ω_f (t) = max{|f(x) − f(y)| : ρ(x, y) ≤ t, x, y ∈ S^{n−1}}. UpĹrqei monadikìc arijmìc L_f ∈ R tètoioc ÿste σ ({x : f(x) ≤ L_f }) ≥ 1 2 , σ ({x : f(x) ≥ L_f }) ≥ 1 2 . O L_f onomĹzetai mèsoc Lévy thc f. OrÐzoume

A^−_f = {x : f(x) ≤ L_f } , A^+_f = {x : f(x) ≥ L_f } , A_f = {x : f(x) = L_f }.

Apì ton orismì tou L_f kai thn Prìtash 2, gia kĹje ε > 0 èqoume σ ( (A^+_f )_ε ) , σ ( (A^−_f )_ε ) ≥ 1 − c_1e^{−c2ε2 n}. ’Omwc, (A_f )_ε = (A^+_f )_ε ∩ (A^−_f )_ε.

’Ara, σ ((A_f )_ε) ≥ 1 − 2c_1e^{−c2ε2 n}.

AfoÔ |f(x) − L_f | ≤ ω_f (ε) sto (A_f )_ε, sumperaÐnoume to exăc:

Lămma 2. Gia kĹje suneqă sunĹrthsh f : S^{n−1} → R kai kĹje ε > 0, σ ( x ∈ S^{n−1} : |f(x) − L_f | ≥ ω_f (ε) ) ≤ 2c_1 exp(−c_2ε^2n). □

An upojèsoume ìti h f : S^{n−1} → R eÐnai Lipschitz suneqăc me stajerĹ b, dhladă |f(x) − f(y)| ≤ b|x − y| gia kĹje x, y ∈ S^{n−1}, tìte gia kĹje x ∈ (A_f )_ε isqÔei |f(x) − L_f | ≤ bε. Apì to Lămma 2 paÐrnoume:

Prìtash 3. ’Estw f : S^{n−1} → R Lipschitz suneqăc me stajerĹ b. Tìte, gia kĹje ε > 0, σ ( x ∈ S^{n−1} : |f(x) − L_f | ≥ bε ) ≤ 2c_1 exp(−c_2ε^2n). □

H Prìtash 3 mĹc lèei ìti kĹje kală sunĹrthsh f orismènh sth monadiaÐa sfaÐra megĹlhc diĹstashc eÐnai sqedìn stajeră, me thn ènnoia ìti oi timèc thc sugkentrÿnontai gÔrw apì ton mèso Lévy thc L_f : to mètro tou sunìlou sto opoÐo h f paÐrnei timèc kontĹ ston L_f eÐnai praktikĹ Ðso me 1.

Apì th sugkèntrwsh me thn ènnoia tou mètrou, ja perĹsoume se upoqÿrouc megĹlhc diĹstashc, sth sfaÐra twn opoÐwn h f eÐnai sqedìn stajeră. Gia to skopì autì qreiazìmaste to exăc Lămma:

Lămma 3. ’Estw δ > 0. OrÐzoume δ-dÐktuo thc S^{k−1} èna N ⊂ S^{k−1} me thn idiìthta: gia kĹje y ∈ S^{k−1} upĹrqei x ∈ N tètoio ÿste |x − y| < δ. Tìte, upĹrqei δ-dÐktuo thc S^{k−1} me |N | ≤ ( 1 + 2 δ )_k .

Apìdeixh: ’Estw (x_i)^m_{i=1} èna megistikì uposÔnolo thc S^{k−1}, tou opoÐou ta shmeÐa èqoun anĹ dÔo apìstash megalÔterh ă Ðsh tou δ. Tètoio uposÔnolo upĹrqei lìgw thc sumpĹgeiac thc S^{k−1}.

Tìte, to (x_i)^m_{i=1} eÐnai δ-dÐktuo thc S^{k−1}: ’Estw ìti den eÐnai. Tìte, upĹrqei y ∈ S^{k−1} tètoio ÿste |x_i − y| ≥ δ gia kĹje i ∈ {1, . . . , m}. ’Omwc tìte, to {x_1, . . . , x_m, y} eÐnai èna sÔnolo tou opoÐou ta stoiqeÐa anăkoun sthn S^{k−1} kai oi apostĹseic touc anĹ dÔo eÐnai megalÔterec ă Ðsec tou δ. Autì eÐnai Ĺtopo afoÔ to (x_i)^m_{i=1} eÐnai èna megistikì uposÔnolo thc S^{k−1} me thn parapĹnw idiìthta.

JewroÔme ta sÔnola x_i +^1_2 δD_k. AutĹ èqoun anĹ dÔo xèna eswterikĹ, kai

x_i + δ 2 D_k ⊂ D_k + δ 2 D_k gia kĹje i = 1, . . . , m. Epomènwc, | | | | | m⋃ i=1 ( x_i + δ 2 D_k )| | | | ≤ | | | | ( 1 + δ 2 ) D_k | | | | . ’Epetai ìti_m ∑ i=1 | | | δ 2 D_k | | | ≤ ( 1 + δ 2 )_k |D_k|, dhladă, m ( δ 2 )_k |D_k| ≤ ( 1 + δ 2 )_k |D_k|. ’Ara, m ≤ (1 + 2 δ )^k. □ ’Estw X = (R^n , ‖ · ‖) qÿroc me nìrma diĹstashc n. H ‖ · ‖ eÐnai isodÔnamh me thn EukleÐdeia nìrma | · |, dhladă upĹrqoun a, b > 0 tètoioi ÿste 1 a |x| ≤ ‖x‖ ≤ b|x| gia kĹje x ∈ R^n . Sth sunèqeia ja upojètoume ìti oi a, b eÐnai oi mikrìteroi tètoioi jetikoÐ arijmoÐ.

H sunĹrthsh r : S^{n−1} → R me r(x) = ‖x‖, eÐnai Lipschitz suneqăc me stajerĹ b. GrĹfoume L_r gia to mèso Lévy thc.

Lămma 4. ’Estw m ≤ exp(c_2ε^2n/2) kai y_i ∈ S^{n−1}, i = 1, . . . , m. Tìte, upĹrqei B ⊂ O(n) me ν(B) ≥ 1 − 2c_1 exp(−c_2ε^2n/2), tètoio ÿste: gia kĹje U ∈ B, L_r − bε ≤ ‖Uy_i‖ ≤ L_r + bε, i = 1, . . . , m. Apìdeixh: Me bĹsh thn monadikìthta tou mètrou Haar, sthn parĹgrafo 4 eÐdame ìti an x_0 ∈ S^{n−1} kai A ⊂ S^{n−1}, tìte σ(A) = ν{U ∈ O(n) : Ux_0 ∈ A}. OrÐzoume to sÔnolo A = {x ∈ S^{n−1} : L_r − bε ≤ ‖x‖ ≤ L_r + bε}. Tìte, apì thn Prìtash 3, σ(A) ≥ 1 − 2c_1e^{−c2ε2 n}.

Epomènwc, an gia i = 1, . . . , m jèsoume B_i = {U ∈ O(n) : L_r − bε ≤ ‖Uy_i‖ ≤ L_r + bε}, tìte, ν(B_i) > 1 − 2c_1e^{−c2ε2 n}. ’Ara, to B = ⋂ B_i èqei mètro ν(B) ≥ 1 − ∑ ν(B^c_i ) ≥ 1 − 2c_1 exp(−c_2ε^2n/2).

Tèloc, gia kĹje U ∈ B kai kĹje i ≤ m isqÔei L_r − bε ≤ ‖Uy_i‖ ≤ L_r + bε. □ Efarmìzoume to Lămma 4 sthn akìloujh perÐptwsh: ’Estw δ, ε ∈ (0, 1). JewroÔme k ∈ N tètoion ÿste ( 1 + 2 δ )_k ≤ exp(c_2ε^2n/2),

kai stajeropoioÔme upìqwro F_0 tou R^n me diĹstash dimF_0 = k.

Apì to Lămma 3, upĹrqei δ-dÐktuo y_1, . . . , y_m thc monadiaÐac sfaÐrac S_{F0} = S^{n−1} ∩ F_0 tou F_0, me m ≤ (1 + 2/δ)^k.

JewroÔme to B ⊂ O(n) tou Lămmatoc 4: Gia kĹje U ∈ B kai kĹje i ≤ m, L_r − bε ≤ ‖Uy_i‖ ≤ L_r + bε. Jètoume F_U := U(F_0) kai x_i := Uy_i i = 1, . . . , m. AfoÔ o U eÐnai orjogÿnioc metasqhmatismìc, to x_1, . . . , x_m eÐnai δ-dÐktuo thc S_{FU} , gia to opoÐo isqÔei L_r − bε ≤ ‖x_i‖ ≤ L_r − bε. Epomènwc, èqoume apodeÐxei thn exăc:

Prìtash 4. ’Estw δ, ε ∈ (0, 1). An (1 + 2/δ)^k ≤ exp(c_2ε^2n/2), tìte upĹrqei Γ ⊂ G_{n,k} me ν_{n,k}(Γ) ≥ 1 − 2c_1 exp(−c_2ε^2n/2), tètoio ÿste: gia kĹje F ∈ Γ upĹrqei δ-dÐktuo N thc S_F me thn idiìthta L_r − bε ≤ ‖x‖ ≤ L_r + bε , x ∈ N . Apìdeixh: Jètoume Γ = {F_U : U ∈ B}, kai parathroÔme ìti ν_{n,k}(Γ) = ν_{n,k}({U(F_0) : U ∈ B}) = ν(B). □ Qrhsimopoiÿntac tÿra to gegonìc ìti h ‖ · ‖ eÐnai nìrma, ja perĹsoume thn ektÐmhsh thc Prìtashc 4 apì to δ-dÐktuo N thc S_F , F ∈ Γ, se olìklhrh thn S_F :

Prìtash 5. ’Estw δ, ε ∈ (0, 1) kai F ∈ Γ ìpwc sthn Prìtash 4. Tìte, gia kĹje y ∈ S_F isqÔei 1 − 2δ 1 − δ L_r − bε 1 − δ ≤ ‖y‖ ≤ L_r + bε 1 − δ . Apìdeixh: ’Estw y ∈ S_F . UpĹrqei x_0 ∈ N tètoio ÿste |y − x_0| = δ_1 < δ. Tìte, y−x_0 δ_1 ∈ SF , Ĺra upĹrqei x1 ∈ N tètoio ÿste | | | | y − x_0 δ_1 − x_1 | | | | = δ^2 < δ. Tìte, |y − x_0 − δ_1x_1| = δ_1δ_2 < δ^2.

SuneqÐzontac epagwgikĹ, brÐskoume x_0, . . . , x_n ∈ N tètoia ÿste | | | | | y − n∑ i=0 i∏ j=0 δ_j x_i | | | | | ≤ δ^{n+1},

ìpou δ_0 = 1. AfoÔ δ < 1, y = ∞∑ i=0 i∏ j=0 δ_j x_i.

’Omwc, ∏_i j=0 δ_j ≤ δ^i, Ĺra

‖y‖ = ‖ ‖ ‖ ‖ ‖ ∞∑ i=0 i∏ j=0 δ_j x_i ‖ ‖ ‖ ‖ ‖ ≤ ∞∑ i=0 δ^i‖x_i‖

≤ (L_r + bε) ∞∑ i=0 δ^i = L_r + bε 1 − δ . EpÐshc,

‖y‖ ≥ ‖x_0‖ − ‖ ‖ ‖ ‖ ‖ ∞∑ i=1 i∏ j=0 δ_j x_i ‖ ‖ ‖ ‖ ‖ ≥ L_r − bε − δ 1 − δ (L_r + bε) = 1 − 2δ 1 − δ L_r − bε 1 − δ . ’Ara, gia kĹje y ∈ S_F , 1 − 2δ 1 − δ L_r − bε 1 − δ ≤ ‖y‖ ≤ L_r + bε 1 − δ . □

Epilègontac katĹllhla ta δ, ε, paÐrnoume miĹ prÿth ektÐmhsh gia th diĹstash twn sqedìn sfairikÿn tomÿn tou K = K_X :

Jeÿrhma 4. ’Estw X = (R^n , ‖ · ‖) qÿroc me nìrma r(x) = ‖x‖ pou ikanopoieÐ thn ‖x‖ ≤ b|x|, x ∈ R^n , kai ε ∈ (0, 1). An k ≤ k_X (ε) = c_3ε^2[log^{−1}(1/ε)]n ( L_r b )_2 , tìte upĹrqei F upìqwroc tou R^n me dimF = k tètoioc ÿste: gia kĹje x ∈ S_F ,

(∗) (1 + ε)^{−1}L_r ≤ ‖x‖ ≤ L_r(1 + ε).

Apìdeixh: Apì thn Prìtash 5, an ζ, δ ∈ (0, 1) kai o k ∈ N ikanopoieÐ thn (1+2/δ)^k ≤ exp(c_2ζ^2n/2), tìte gia ton tuqaÐo k-diĹstato upìqwro F tou R^n kai gia kĹje x ∈ S_F èqoume 1 − 2δ 1 − δ L_r − bζ 1 − δ ≤ ‖x‖ ≤ L_r + bζ 1 − δ . Gia thn (∗) arkeÐ na epilèxoume ta δ, ζ ∈ (0, 1) ètsi ÿste L_r + bζ 1 − δ ≤ L_r(1 + ε) kai L_r 1 + ε ≤ 1 − 2δ 1 − δ L_r − bζ 1 − δ . EĹn epilèxoume ζ =^{Lr δ}_b kai δ =^ε_3 , parathroÔme ìti oi parapĹnw sqèseic epalhjeÔontai.

Mènei na prosdiorÐsoume thn elĹqisth timă tou k h opoÐa ikanopoieÐ th sqèsh ( 1 + 6 ϵ )_k ≤ exp ( c_2 18 ε^2n ( L_r b )_2) . ZhtĹme

k log 6 ε ≤ c^′_2ε^2n ( L_r b )_2 , opìte to mikrìtero k pou mporoÔme na jewrăsoume eÐnai to k_X (ε), ìpou c_3 > 0 katĹllhlh apìluth stajerĹ. □ To Jeÿrhma 4 mac lèei ìti h diĹstash twn sqedìn sfairikÿn tomÿn enìc summetrikoÔ kurtoÔ sÿmatoc K = K_X exartĹtai apo thn tĹxh thc posìthtac^{Lr}_b . OrÐzoume ènan deÔtero mèso thc r(x) = ‖x‖, jètontac M = ∫ S^{n−1} ‖x‖σ(dx). Tìte, oi L_r kai M sugkrÐnontai an to K eÐnai se kală jèsh:

Lămma 5. Upojètoume ìti h r(x) = ‖x‖ ikanopoieÐ thn^1_a |x| ≤ ‖x‖ ≤ b|x|, x ∈ R^n , kai ab ≤ √ n. Tìte, 1 2 ≤ M L_r ≤ c, ìpou c > 0 apìluth stajerĹ.

Apìdeixh: QwrÐc blĹbh thc genikìthtac mporoÔme na upojèsoume ìti isqÔei |x| ≤ ‖x‖ ≤ b|x|, ìpou b ≤ √ n. Apì thn Prìtash 2, gia kĹje ε > 0 isqÔei σ{x : |r(x) − L_r| ≥ bε} ≤ 2c_1 exp(−c_2ε^2n). GrĹfoume |M − L_r| ≤ ∫ S^{n−1} |r(x) − L_r|σ(dx) = ∫_∞ 0 σ{x : |r(x) − L_r| ≥ t}dt. Jètoume bε = t. Qrhsimopoiÿntac thn b ≤ √ n, paÐrnoume |M − L_r| ≤ ∫_∞ 0 2c_1 exp(−c_2t^2)dt = c_4.

Epomènwc, | | | M L_r − 1 | | | ≤ c^4 L_r . ’Omwc, an x ∈ S^{n−1}, tìte ‖x‖ ≥ |x| ≥ 1. ’Ara, L_r ≥ 1. ’Epetai ìti M/L_r ≤ c = 1 + c_4.

Gia thn antÐstrofh anisìthta, parathroÔme ìti M = ∫ S^{n−1} ‖x‖σ(dx) ≥ ∫ {x: ‖x‖≥L_r} ‖x‖σ(dx) ≥ 1 2 L_r. ’Ara, M/L_r ≥ 1/2. □

To teleutaÐo lămma pou qreiazìmaste eÐnai (ousiastikĹ) mÐa pijanojewrhtikă anisìthta gia th mèsh timă tou megÐstou peperasmènwn to plăjoc anexĹrthtwn kanonikÿn tuqaÐwn metablhtÿn (blèpe [LT], [Pi]): Lămma 6. Gia kĹje 1 ≤ m ≤ n isqÔei ∫ S^{n−1} max_{j≤m} |x_j |σ(dx) ≥ c_5 ( log m n )_{1/2} , ìpou c_5 > 0 apìluth stajerĹ.

Apìdeixh: JewroÔme to mètro tou Gauss γ_n ston R^n me puknìthta (2π)^{−n/2} exp(−|x|^2/2).

Oloklhrÿnontac se polikèc suntetagmènec blèpoume ìti ∫ R^m max_{j≤m} |t_j |dγ_m(t) = ∫ R^n max_{j≤m} |t_j |dγ_n(t) = λ_n ∫ S^{n−1} max_{j≤m} |x_j |σ(dx), ìpou λ_n ≃ √ n. ’Omwc, γ_m ( t : max_{j≤m} |t_j | < s ) = (2π)^{−m/2} ∫_s −s . . . ∫_s −s exp(− 1 2 m∑ j=1 t^2_j )dt_1 . . . dt_m

= ( 1 √ 2π ∫_s −s e^{−t2/2}dt )_m ≤ (1 − ce^{−s2 /2})^m. ’Ara, an epilèxoume s ≃ c_1 √ log m, katalăgoume sthn γ_m ( t : max_{j≤m} |t_j | ≥ c_1 √ log m ) ≥ 1 2 . Tìte, ∫ S^{n−1} max_{j≤m} |x_j |σ(dx) ≃ 1 √ n ∫ R^m max_{j≤m} |t_j |dγ_m(t) ≥ c_1 √ log m √ n γ_m ( t : max_{j≤m} |t_j | ≥ c_1 √ log m )

≥ c_1 2 ( log m n )_{1/2} . □

Jeÿrhma 5. ’Estw X qÿroc me nìrma, diĹstashc n, tètoioc ÿste h D_n na eÐnai to elleiyoeidèc mègistou ìgkou tou K_X . Gia kĹje ε > 0 upĹrqei upìqwroc F tou X diĹstashc k ≥ cε^2[log^{−1}(1/ε)] log n, me thn idiìthta: gia kĹje x ∈ S_F ,

(1 + ε)^{−1}L_r ≤ ‖x‖ ≤ L_r(1 + ε).

Apìdeixh: Apì to jeÿrhma tou John, èqoume^{1√}_n |x| ≤ ‖x‖ ≤ |x|, x ∈ R^n . Efarmìzetai epomènwc to Lămma 5, kai èqoume 1 2 ≤ M L_r ≤ c, ìpou M = ∫ S^{n−1} ‖x‖σ(dx). Apì to lămma Dvoretzky-Rogers, upĹrqei mia orjokano-

nikă bĹsh {x_1, . . . , x_n}, me ‖x_i‖ ≥^1_2 gia i = 1, 2, . . . , [^n_2 ]. JewroÔme tic sunartăseic Rademacher r_i : [0, 1] → {−1, 1} me

r_i(t) = sign sin(π2^it).

Tìte, o telestăc T_t : ℓ^n_2 → ℓ^n_2 me T_t (_n ∑ i=1 a_ix_i ) = n∑ i=1 r_i(t)a_ix_i eÐnai isometrÐa. To σ eÐnai analloÐwto wc proc tic isometrÐec, opìte isqÔei ìti

(∗) M = ∫ S^{n−1} ‖ n∑ i=1 a_ix_i‖σ(da) = ∫ S^{n−1} ∫_1 0 ‖ n∑ i=1 r_i(t)a_ix_i‖dtσ(da). Isqurismìc: Gia j = 1, . . . n, ∫_1 0 ‖ n∑ i=1 r_i(t)y_i‖dt ≥ ‖y_j ‖. PrĹgmati, gia n = 1 eÐnai fanerì, opìte ac upojèsoume ìti ∫_1 0 ‖ n−1∑ i=1 r_i(t)y_i‖dt ≥ ‖y_j ‖ , j = 1, . . . , n − 1. Apì thn trigwnikă anisìthta, gia kĹje t ∈ [0, 1] 2‖ n−1∑ i=1 r_i(t)y_i‖ ≤ ‖ n−1∑ i=1 r_i(t)y_i + y_n‖ + ‖ n−1∑ i=1 r_i(t)y_i − y_n‖, opìte, oloklhrÿnontac paÐrnoume ∫_1 0 ‖ n−1∑ i=1 r_i(t)y_i‖dt ≤ ∫_1 0 ‖ n∑ i=1 r_i(t)y_i‖dt. Qrhsimopoiÿntac thn epagwgikă upìjesh èqoume ìti ∫_1 0 ‖ n∑ i=1 r_i(t)y_i‖dt ≥ ‖y_j ‖ , j = 1, . . . , n − 1, kai h apìdeixh tou isqurismoÔ oloklhrÿnetai me kuklikă enallagă twn y_j . □ PaÐrnontac y_i = a_ix_i, èqoume ∫_1 0 ‖ n∑ i=1 r_i(t)a_ix_i‖dt ≥ max_{1≤i≤n} ‖a_ix_i‖. Epistrèfontac sthn (∗), paÐrnoume M ≥ ∫ S^{n−1} max 1≤i≤n ‖a_ix_i‖σ(da) ≥ ∫ S^{n−1} max 1≤i≤[^n_2 ] ‖a_ix_i‖σ(da).

Tÿra, efarmìzontac to lămma Dvoretzky-Rogers èqoume M ≥ 1 2 ∫ S^{n−1} max 1≤i≤[^n_2 ] |a_i|σ(da), kai apì to Lămma 6 èpetai ìti M ≥ c √ log [^n_2 ] n ≥ c^′ √ log n n . AfoÔ L_r ≥ cM, apì to Jeÿrhma 4 sumperaÐnoume ìti, an

k = [k_X (ε)] = [ c_3ε^2[log^{−1}(1/ε)]n ( L_r b )_2]

≥ c^′_3ε^2[log^{−1}(1/ε)]n ( M b )_2

≥ c^{′′}_3 ε^2[log^{−1}(1/ε)] log n,

tìte upĹrqei F upìqwroc tou R^n me dimF = k tètoioc ÿste: gia kĹje x ∈ S_F ,

(1 + ε)^{−1}L_r ≤ ‖x‖ ≤ L_r(1 + ε). □

Apìdeixh tou Jewrămatoc 2: ’Estw X = (R^n , ‖ · ‖) n-diĹstatoc qÿroc me nìrma, kai ε ∈ (0, 1). Epilègoume δ = ε/4, opìte (1 + δ)^2 ≤ 1 + ε.

UpĹrqei T ∈ GL_n tètoioc ÿste to elleiyoeidèc mègistou ìgkou tou T (K_X ) na eÐnai h D_n. OrÐzoume r(x) = ‖x‖_{T (KX )} kai jewroÔme ton mèso L thc r. Apì to Jeÿrhma 5, upĹrqoun k ≥ c(δ) log n = c(ε) log n kai F k-diĹstatoc upìqwroc tou R^n , ètsi ÿste L (1 + δ)

(D_n ∩ F ) ⊂ T (K_X ) ∩ F ⊂ (1 + δ)L (D_n ∩ F ) .

Tìte, paÐrnontac F_1 = T^{−1}(F ) èqoume d(F_1, ℓ^k_2 ) ≤ (1 + δ)^2 ≤ 1 + ε. □ H gewmetrikă diatÔpwsh tou Jewrămatoc 2 eÐnai h exăc: Gia kĹje summetrikì kurtì sÿma K ston R^n kai kĹje ε > 0, upĹrqoun k ≥ cε^2 log n, upìqwroc F tou R^n diĹstashc k, kai elleiyoeidèc E ston F , tètoia ÿste (∗) E ⊂ K ∩ F ⊂ (1 + ε)E. UpodiplasiĹzontac th diĹstash k tou upoqÿrou, mporoÔme na upojèsoume ìti to E sthn (∗) eÐnai EukleÐdeia mpĹla ston F (qwrÐc kammÐa upìjesh gia thn arqikă jèsh tou K). To gegonìc autì eÐnai Ĺmesh sunèpeia tou parakĹtw Lămmatoc (blèpe p.q. [Z]):

Lămma 7. ’Estw E elleiyoeidèc ston R^{2l−1} me kèntro to o. UpĹrqei l-diĹstatoc upìqwroc F tou R^{2l−1} tètoioc ÿste to E ∩ F na eÐnai EukleÐdeia mpĹla ston F .

Apìdeixh: MporoÔme na upojèsoume ìti E = { x ∈ R^{2l−1} : 2l−1∑

i=1 a^2_i ⟨x, e_i⟩^2 ≤ 1 } , ìpou a_1 > a_2 > . . . > a_{2l−1} > 0 kai {e_i} orjokanonikă bĹsh.

AfoÔ gia kĹje i ≤ l − 1 isqÔei a_i > a_l > a_{2l−i}, mporoÔme na orÐsoume b_1, . . . , b_{l−1} > 0 apì tic exisÿseic a^2_i b^2_i + a^2_{l−i} = a^2_l (b^2_i + 1).

JewroÔme ton upìqwro F pou orÐzetai apì tic exisÿseic ⟨x, e_i⟩ = b_i⟨x, e_{2l−i}⟩ , i = 1, . . . , l − 1. OrÐzoume v_l = e_l kai v_i, i = 1, . . . , l − 1 mèsw twn

v_i = b_ie_i + e_{2l−i} √ b^2_i + 1 , i = 1, . . . , l − 1. Tìte, to {v_1, . . . , v_l} eÐnai orjokanonikă bĹsh tou F . EpÐshc, an x ∈ F tìte l∑ i=1 a^2_l ⟨x, v_i⟩^2 = a^2_l ⟨x, e_l⟩^2 + l−1∑ i=1 a^2_l (b_i⟨x, e_i⟩ + ⟨x, e_{2l−i}⟩)^2 b^2_i + 1

= a^2_l ⟨x, e_l⟩^2 + l−1∑ i=1 a^2_l (b^2_i + 1)⟨x, e_{2l−i}⟩^2

= a^2_l ⟨x, e_l⟩^2 + l−1∑ i=1 (a^2_i b^2_i + a^2_{l−i})⟨x, e_{2l−i}⟩^2

= 2l−1∑

i=1 a^2_i ⟨x, e_i⟩^2. Autì apodeiknÔei ìti to E ∩ F eÐnai mpĹla aktÐnac a^{−1}_l ston F . □ Qrhsimopoiăsame th sugkèntrwsh tou mètrou sthn S^{n−1} gia thn apìdeixh tou Jewrămatoc tou Dvoretzky. H Ðdia arqă brÐskei efarmogèc se plăjoc diaforetikÿn katastĹsewn. Gia na tonÐsoume autì to gegonìc, dÐnoume èna akìma parĹdeigma: Apìstash Banach-Mazur. SÔmfwna me to jeÿrhma tou John, d(X, ℓ^n_2 ) ≤ √ n gia kĹje n-diĹstato qÿro me nìrma X. Epomènwc, h pollaplasiastikă trigwnikă anisìthta gia thn d deÐqnei ìti d(X, Y ) ≤ n gia kĹje zeugĹri qÿrwn X kai Y . Apì thn Ĺllh pleurĹ, o Gluskin [Gl] èqei apodeÐxei ìti h diĹmetroc tou Banach-Mazur compactum eÐnai thc tĹxhc tou n:

UpĹrqei apìluth stajerĹ c > 0 tètoia ÿste: gia kĹje n mporoÔme na broÔme dÔo n-diĹstatouc qÿrouc X_n, Y_n me d(X_n, Y_n) ≥ cn.

Oi qÿroi X_n, Y_n sto parĹdeigma tou Gluskin eÐnai tuqaÐoi kai tou Ðdiou tÔpou: tuqaÐa summetrikĹ polÔtopa me αn korufèc (α > 1). Ja deÐxoume ìti qÿroi pou oi monadiaÐec mpĹlec touc eÐnai polÔ diaforetikĹ gewmetrikĹ antikeÐmena èqoun mikră apìstash:

Prìtash 6. ’Estw X kai Y dÔo n-diĹstatoi qÿroi me nìrma, me |Extr(K_X )| ≤ n^α kai |Extr(K_Y ∗ )| ≤ n^β gia kĹpoiouc α, β > 0, ìpou me Extr(·) sumbolÐzoume to sÔnolo twn akraÐwn shmeÐwn. Tìte, d(X, Y ) ≤ c √ α + β √ n log n. [Mfl Ĺlla lìgia, an èna sÿma èqei lÐgec korufèc kai èna deÔtero sÿma èqei lÐgec èdrec, tìte h apìstasă touc den xepernĹ thn √ n log n.]

Apìdeixh: MporoÔme na upojèsoume ìti^{1√}_n D_n ⊆ K_X ⊆ D_n ⊆ K_Y ⊆ √ nD_n. Tìte, K_Y ∗ ⊆ D_n. An U ∈ O(n), eÔkola elègqoume ìti ‖U^{−1} : Y → X‖ ≤ n. Ja deÐxoume ìti h ‖U : X → Y ‖ eÐnai mikră gia ton tuqaÐo U.

Gia na ektimăsoume th nìrma tou U ergazìmaste wc exăc: ‖U : X → Y ‖ = sup_{x∈KX} ‖Ux‖_Y = max_{x∈Extr(KX )} max_{y∗∈Extr(KY ∗ )} |⟨Ux, y^∗⟩|. ParathroÔme ìti an x ∈ Extr(K_X ) kai y^∗ ∈ Extr(K_Y ∗ ), tìte Ux, y^∗ ∈ D_n. ’Epetai ìti ν (U ∈ O(n) : |⟨Ux, y^∗⟩| ≥ ε) = σ ( θ ∈ S^{n−1} : |⟨θ, y^∗⟩| ≥ ε ) ≤ c exp(−ε^2n/2). Epomènwc, an cn^{α+β} exp(−ε^2n/2) < 1, mporoÔme na broÔme U ∈ O(n) me thn idiìthta |⟨Ux, y^∗⟩| ≤ ε, x ∈ Extr(K_X ), y^∗ ∈ Extr(K_Y ∗ ), dhladă, ‖U : X → Y ‖ ≤ ε. LÔnontac wc proc ε, blèpoume ìti oi periorismoÐ mac ikanopoioÔntai me ε ≃ √ α + β √ log n/n. ’Ara, upĹrqei U ∈ O(n) gia ton opoÐo d(X, Y ) ≤ ‖U : X → Y ‖ ‖U^{−1} : Y → X‖ ≤ c √ α + β √ n log n. □

1.6 H diĹstash twn EukleÐdeiwn upoqÿrwn tou ℓ^n_p

H apìdeixh tou jewrămatoc tou Dvoretzky pou dìjhke sthn prohgoÔmenh parĹgrafo, eÐnai pijanojewrhtikăc fÔshc, kai mac dÐnei ìti tuqaÐoc upìqwroc F tou X = (R^n , ‖ · ‖) me diĹstash dimF = [cε^2n(M/b)^2] eÐnai (1 + ε)-EukleÐdeioc. Autì mac odhgeÐ ston orismì thc akìloujhc paramètrou tou X:

Orismìc. ’Estw X n-diĹstatoc qÿroc me nìrma. OrÐzoume k(X) ton megalÔtero akèraio k ≤ n gia ton opoÐo ν_{n,k} ( F ∈ G_{n,k} : 1 2 M|x| ≤ ‖x‖ ≤ 2M|x|, x ∈ F ) ≥ 1 − k n + k .

Mfl Ĺlla lìgia, k(X) eÐnai h megalÔterh dunată diĹstash k ≤ n gia thn opoÐa h pleioyhfÐa twn k-diĹstatwn upoqÿrwn tou X eÐnai 4-EukleÐdeioi. H epilogă thc stajerĹc M ston parapĹnw orismì, antistoiqeÐ sthn swstă kanonikopoÐhsh, afoÔ o mèsoc tou M(F ) pĹnw sthn G_{n,k} isoÔtai me M gia kĹje 1 ≤ k ≤ n.

Apì to jeÿrhma tou Dvoretzky èpetai ìti k(X) ≥ cn(M/b)^2. ’Opwc ja doÔme, isqÔei kai h antÐstrofh anisìthta: Prìtash 1. k(X) ≤ 8n(M/b)^2.

Apìdeixh: StajeropoioÔme orjogÿniouc upìqwrouc F^1, . . . , F^t diĹstashc dimF^i ≤ k(X) tètoiouc ÿste R^n = ⊕F^i (paÐrnoume [n/k(X)] dĹstashc k(X) kai, endeqomènwc, ènan diĹstashc n − [n/k(X)]k(X), opìte t ≤ 2n/k(X)). Apì ton orismì tou k(X), oi perissìterec orjogÿniec eikìnec kajenìc F^i eÐnai 4-EukleÐdeiec, epomènwc mporoÔme na broÔme U ∈ O(n) ètsi ÿste 1 2 M|x| ≤ ‖x‖ ≤ 2M|x| , x ∈ U(F^i) gia kĹje i = 1, . . . , t. KĹje x ∈ R^n grĹfetai sth morfă x = ∑_t i=1 x_i, ìpou x_i ∈ U(F^i). AfoÔ ta x_i eÐnai kĹjeta anĹ dÔo, paÐrnoume ‖x‖ ≤ 2M t∑ i=1 |x_i| ≤ 2M √ t|x|. Autì shmaÐnei ìti b ≤ 2M √ t, kai afoÔ t ≤ 2n/k(X), sumperaÐnoume ìti k(X) ≤ 8n(M/b)^2. □ Mfl Ĺlla lìgia, isqÔei o akìloujoc asumptwtikìc tÔpoc: Jeÿrhma 1. Gia kĹje n-diĹstato qÿro me nìrma X èqoume k(X) ≃ n(M/b)^2. □ Sth sunèqeia jewroÔme touc klasikoÔc qÿrouc ℓ^n_p , 1 ≤ p ≤ ∞, kai prosdiorÐzoume thn tĹxh megèjouc (san sunĹrthsh twn p kai n) tou k_p = k_ℓn_p (1), thc megalÔterhc dhladă diĹstashc upoqÿrou tou ℓ^n_p pou eÐnai 4-isìmorfoc me ton ℓ^{dimF}_2 . Jeÿrhma 2. An 1 ≤ p ≤ 2, tìte k_p ≃ n.

Apìdeixh: IsqÔei k_p ≥ cn(M/b)^2, ìpou b = max{‖x‖_p : x ∈ S^{n−1}} kai M = ∫ S^{n−1} ‖x‖_pσ(dx).

Apì thn anisìthta tou Hölder, me dedomèno ìti 1 ≤ p ≤ 2, gia kĹje x ∈ R^n èqoume ‖x‖_p ≤ |x|n^{1p − 12} , Ĺra b ≤ n^{1p − 12} . IsqÔei mĹlista isìthta.

PĹli apì thn anisìthta tou Hölder, paÐrnoume ‖x‖_1 ≤ ‖x‖_pn^{1q} , x ∈ R^n , Ĺra M ≥ ∫ S^{n−1} n^{− 1q} ‖x‖_1σ(dx) = n^{− 1q} n∑ i=1 ∫ S^{n−1} |x_i|σ(dx) = n^{1− 1q} ∫ S^{n−1} |x_1|σ(dx). To teleutaÐo oloklărwma upologÐzetai wc exăc: jewroÔme to ∫ D_n |x_1|dx = nω_n ∫ S^{n−1} ∫_1 0 r^n|θ_1|drσ(dθ) = n n + 1 ω_n ∫ S^{n−1} |θ_1|σ(dθ), ìpou ω_n = |D_n|. ’Ara, ∫ S^{n−1} |θ_1|σ(dθ) = n + 1 n 1 ω_n ∫ D_n |x_1|dx = 2(n + 1)ω_{n−1} nω_n ∫_1 0 t(1 − t^2)^{n−12} dt.

UpologÐzontac to oloklărwma, blèpoume ìti ∫ S^{n−1} |θ_1|σ(dx) = 2 n √ π Γ(^n_2 + 1) Γ(^n_2 +^1_2 ) , kai qrhsimopoiÿntac thn anisìthta 1 √ e ( n + 1 2 ) 1_2 ≤ Γ(^n_2 + 1) Γ(^{n+1}_2 ) ≤ ( n + 1 2 ) 1_2 , katalăgoume sthn ∫ S^{n−1} |x_1|dx ≥ 2 √ eπ ( n + 1 2 ) 1_2 1 n ≥ √ 2 √ eπ 1 √ n . Dhladă, M ≥ (2/eπ)^{1/2}n^{1p − 12} .

SunduĹzontac ta parapĹnw èqoume k_p ≥ cn ( M b )_2 ≥ c^′n. AfoÔ (profanÿc) k_p ≤ n, h apìdeixh eÐnai plărhc. □

Jeÿrhma 2. k_∞ ≃ log n.

Apìdeixh: Apì to jeÿrhma tou Dvoretzky èpetai ìti k_∞ ≥ c log n. Gia thn antÐstrofh anisìthta, deÐqnoume prÿta kĹti piì genikì:

Prìtash 2. An P eÐnai èna polÔtopo ston R^k me m èdrec, kai D_k ⊂ P ⊂ aD_k, tìte m ≥ exp(k/2a^2).

Apìdeixh: GrĹfoume to P sth morfă P = {x ∈ R^k : ⟨x, v_j ⟩ ≤ 1 , j ≤ m}. AfoÔ D_k ⊂ P , prèpei na isqÔei |v_j | ≤ 1 (alliÿc, v_j /|v_j | ∈ D_k\P ) gia kĹje j = 1, . . . , m. Apì ton deÔtero egkleismì sumperaÐnoume to exăc:

Gia kĹje θ ∈ S^{n−1}, upĹrqei j ≤ m me thn idiìthta ⟨θ, v_j ⟩ ≥ 1/a. [PrĹgmati, an r > a, tìte rθ /∈ aD_k. Epomènwc rθ /∈ P , dhladă upĹrqei j me ⟨rθ, v_j ⟩ > 1. AfoÔ to r > a ătan tuqìn, èpetai o isqurismìc.]

Jètoume u_j = v_j /|v_j |, j = 1, . . . , m. Tìte, afoÔ |v_j | ≤ 1, {θ ∈ S^{k−1} : ⟨θ, v_j ⟩ ≥ 1/a} ⊆ {θ ∈ S^{k−1} : ⟨θ, u_j ⟩ ≥ 1/a}, Ĺra (∗) S^{k−1} ⊂ m⋃ j=1 { θ ∈ S^{k−1} : ⟨θ, u_j ⟩ ≥ 1/a } .

KĹje {θ ∈ S^{k−1} : ⟨θ, u_j ⟩ ≥ 1/a} eÐnai miĹ mpĹla sthn S^{k−1}, me kèntro u_j kai gwniakă aktÐna 2 arcsin(1/2a). To Lămma pou akoloujeÐ dÐnei Ĺnw frĹgma gia to mètro thc:

Lămma 1. Gia kĹje u ∈ S^{k−1} kai ε ∈ (0, 1) jètoume C(u, ε) = {θ ∈ S^{k−1} : ⟨u, θ⟩ ≥ ε}. Tìte, σ(C(u, ε)) ≤ exp(−ε^2k/2). Apìdeixh: To σ(C(u, ε)) eÐnai Ðso me to posostì thc D_k pou katalambĹnei o sfairikìc kÿnoc pou antistoiqeÐ sto C(u, ε). ’Omwc, autìc o sfairikìc kÿnoc perièqetai se mia EukleÐdeia mpĹla aktÐnac (1 − ε^2)^{1/2}, Ĺra

σ(C(u, ε)) ≤ (1 − ε^2)^{k/2} ≤ exp(−ε^2k/2). □

MporoÔme tÿra na oloklhrÿsoume thn apìdeixh thc Prìtashc: apì thn (∗) kai to Lămma me ε = 1/a, 1 = σ(S^{k−1}) ≤ mσ(C(u, ε)) ≤ m exp(−k/2a^2). □ Gia thn apìdeixh thc k_∞ ≤ c^′ log n, upojètoume ìti gia kĹpoion k ∈ N upĹrqei k-diĹstatoc upìqwroc tou ℓ^n_∞ tètoioc ÿste d(F, ℓ^k_2 ) ≤ 4. O kÔboc Q_n èqei 2n èdrec, epomènwc to polÔtopo Q_n ∩ F èqei ki autì m ≤ 2n èdrec kai upĹrqei elleiyoeidèc E ston F gia to opoÐo E ⊂ Q_n ∩ F ⊂ 4E. Me katĹllhlo loipìn grammikì metasqhmatismì, brÐskoume polÔtopo P_1 = T (P ) ⊂ R^k me m èdrec, pou ikanopoieÐ thn D_k ⊂ P_1 ⊂ 4D_k.

Apì thn Prìtash 2, 2n ≥ m ≥ exp(k/32), dhladă

k ≤ 32 log(2n).

’Epetai ìti k_∞ ≤ 32 log(2n), Ĺra k_∞ ≃ log n. □

Gia thn perÐptwsh pou apomènei (2 < q < ∞) ja qreiastoÔme thn anisìthta tou Khintchine:

Jeÿrhma 3. Gia kĹje 1 ≤ p < ∞ upĹrqoun jetikèc stajerèc A_p kai B_p tètoiec ÿste: gia kĹje n kai kĹje epilogă pragmatikÿn arijmÿn a_1, . . . , a_n,

A_p (_n ∑ i=1 |a^2_i | )_{1/2} ≤ (∫_1 0 | n∑ i=1 a_ir_i(t)|^pdt )_{1/p} ≤ B_p (_n ∑ i=1 |a^2_i | )_{1/2} .

Apìdeixh: MporoÔme na upojèsoume ìti ∑_n i=1 a^2_i = 1. DeÐqnoume thn dexiĹ anisìthta, prÿta gia p = k ∈ N: OrÐzoume f(t) = ∑_n i=1 a_ir_i(t). Tìte, |f(t)|^k ≤ k!e^{|f (t)|} ≤ k! ( e^{f (t)} + e^{−f (t)} ) . ’Omwc, blèpontac tic r_i san anexĹrthtec tuqaÐec metablhtèc sto [0, 1], paÐrnoume ∫_1 0 e^{f (t)}dt = ∫_1 0 m∏ i=1 exp(a_ir_i(t))dt = n∏ i=1 ∫_1 0 exp(a_ir_i(t))dt = n∏ i=1 cosh(a_i).

Apì thn anisìthta cosh(x) ≤ exp(x^2/2), sumperaÐnoume ìti ∫_1 0 e^{f (t)}dt ≤ n∏ i=1 exp(a^2_i /2) = √ e, kai lìgw summetrÐac, ∫ e^{−f (t)}dt ≤ √ e. Dhladă, (∫_1 0 | n∑ i=1 a_ir_i(t)|^k dt )_{1/k} ≤ ( 2 √ ek! )_{1/k} (_n ∑ i=1 a^2_i )_{1/2} . ’Estw p ≥ 2. Jewrÿntac ton fusikì arijmì k = [p] + 1 kai thn anisìthta tou Hölder blèpoume ìti (∫_1 0 | n∑ i=1 a_ir_i(t)|^pdt )_{1/p} ≤ (∫_1 0 | n∑ i=1 a_ir_i(t)|^kdt )_{1/k} ≤ cp (_n ∑ i=1 a^2_i )_{1/2} .

Autì shmaÐnei ìti B_p ≤ cp. Sumplhrÿnoume thn apìdeixh deÐqnontac thn aristeră anisìthta sthn perÐptwsh 1 ≤ p < 2. BrÐskoume θ ∈ (0, 1) tètoio ÿste 2 = pθ + 4(1 − θ), dhladă θ = 2/(4 − p). Tìte,

∫_1 0 |f(t)|^2dt = ∫_1 0 |f(t)|^{pθ}|f(t)|^{4(1−θ)}dt ≤ (∫_1 0 |f(t)|^pdt )θ (∫_1 0 |f(t)|^4dt )1−θ . Apì thn dexiĹ anisìthta (gia p = 4), ∫_1 0 |f(t)|^2dt ≤ (∫_1 0 |f(t)|^pdt )θ 3^{1−θ} (∫_1 0 |f(t)|^2dt )2(1−θ) , to opoÐo mac dÐnei

3^{12 − 1p} (∫_1 0 |f(t)|^2dt )1/2 ≤ (∫_1 0 |f(t)|^pdt )1/p . ’Ara, A_p ≥ 3^{12 − 1p} . □ Jeÿrhma 4. An 2 < q < ∞, tìte k_q ≃ n^{2q} .

Apìdeixh: An q > 2, tìte ‖x‖_q ≤ |x|. ’Epetai eÔkola ìti b = 1. Apì thn Ĺllh pleurĹ, h oloklărwsh thc apìdeixhc tou Jewrămatoc 1 deÐqnei ìti

M ≥ n^{1q − 12} . ’Ara, k_q ≥ cn(n^{1q − 12} )^2 = cn^{2q} .

Gia thn antÐstrofh anisìthta, ac upojèsoume ìti upĹrqei upìqwroc F tou R^n me dimF = k, o opoÐoc eÐnai 4-isìmorfoc me ton ℓ^k_2 . IsodÔnama, upĹrqoun u_j = (u_{j1}, . . . , u_{jn}) me thn idiìthta: gia kĹje epilogă pragmatikÿn arijmÿn a_1, . . . , a_k, k∑ j=1 |a_j |^2 1/2 ≤ ‖ k∑ j=1 a_j u_j ‖_q ≤ 4 k∑ j=1 |a_j |^2 1/2 .

Epilègontac a_i = r_i(t), èqoume: gia kĹje t ∈ [0, 1],

k^{q2} = k∑ j=1 |r_j (t)|^2 q/2 ≤ ‖ k∑ j=1 r_j (t)u_j ‖^q = n∑ i=1 | k∑ j=1 r_j (t)u_{ji}|^q .

Oloklhrÿnoume sto [0, 1] kai qrhsimopoioÔme thn anisìthta tou Khinchine:

(∗) k^{q2} ≤ n∑ i=1 ∫_1 0 | k∑ j=1 r_j (t)u_{ji}|^q dt ≤ B^q n∑ i=1 k∑ j=1 u^2_{ji} q/2 .

’Omwc, gia opoiodăpote i ∈ {1, . . . , n}, paÐrnontac a_i = u_{ji} blèpoume ìti k∑ j=1 u^2_{ji} = k∑ j=1 u_{ji}u_{ji} ≤ n∑ l=1 | k∑ j=1 u_{ji}u_{jl}|^q 1/q

= ‖ k∑ j=1 u_{ji}u_j ‖_q ≤ 4 k∑ j=1 u^2_{ji} 1/2 .

’Epetai ìti k∑ j=1 u^2_{ji} 1/2 ≤ 4, kai epistrèfontac sthn (∗) blèpoume ìti k^{q2} ≤ (4B_q)^q n.

Dhladă, k_q ≤ 16B^2_q n^{2/q}. □

KleÐnoume autăn thn parĹgrafo me dÔo efarmogèc twn mejìdwn pou anaptÔxame (apì to [FLM]).

(a) An X = (R^n , ‖·‖) eÐnai ènac qÿroc me nìrma, tìte h duðkă nìrma orÐzetai apì thn ‖x‖_∗ = sup{|⟨x, y⟩| : ‖y‖ ≤ 1}. An^1_a |x| ≤ ‖x‖ ≤ b|x|, tìte^1_b |x| ≤ ‖x‖_∗ ≤ a|x|, epomènwc an orÐsoume k^∗ = k(X^∗) kai M^∗ = M(X^∗), to Jeÿrhma 1 deÐqnei ìti k^∗ ≃ n(M^∗/a)^2. Apì thn Ĺllh pleurĹ, apì thn anisìthta Cauchy-Schwarz èqoume MM^∗ ≥ (∫ S^{n−1} ‖x‖^{12}_∗ ‖x‖^{12} σ(dx) )_2 ≥ (∫ S^{n−1} |⟨x, x⟩|^{12} σ(dx) )_2 = 1.

PollaplasiĹzontac tic ektimăseic mac gia touc k kai k^∗, sumperaÐnoume ìti kk^∗ ≥ cn^2 (MM^∗)^2

(ab)^2 ≥ cn^2/(ab)^2. SÔmfwna me to jeÿrhma tou John, mporoÔme na epilèxoume thn jèsh tou K ètsi ÿste ab ≤ √ n, Ĺra èqoume apodeÐxei to exăc:

Jeÿrhma 5. Gia kĹje n-diĹstato qÿro me nìrma X, k(X)k(X^∗) ≥ cn. □ Autì ădh deÐqnei ìti gia kĹje zeugĹri (X, X^∗), toulĹqiston mÐa apì tic posìthtec k, k^∗ eÐnai megalÔterh apì c √ n.

(b) H ektÐmhsh log n sto jeÿrhma tou Dvoretzky eÐnai bèltisth ìpwc eÐdame meletÿntac to parĹdeigma tou ℓ^n_∞. To epiqeÐrhma pou dÿsame gia ton kÔbo deÐqnei kĹti piì genikì: An P eÐnai èna summetrikì polÔtopo, kai an sumbolÐsoume to plăjoc twn edrÿn tou me f(P ) kai to plăjoc twn korufÿn tou me v(P ), tìte, k(X) ≤ log f(P ) kai afoÔ v(P ) = f(P^∘), sumperaÐnoume ìti k^∗ ≤ log v(P ). Apì to Jeÿrhma 5 èqoume kk^∗ ≥ cn, kai autì apodeiknÔei to akìloujo sunduastikì apotèlesma:

Jeÿrhma 6. ’Estw P èna summetrikì polÔtopo ston R^n . Tìte, log f(P ) log v(P ) ≥ cn. □

1.7 Lìgoc ìgkwn - to jeÿrhma tou Kashin

’Estw K summetrikì kurtì sÿma ston R^n . O lìgoc ìgkwn tou K eÐnai h posìthta

vr(K) = inf {( |K| |E| )_{1/n} : E ⊆ K } , ìpou to inf paÐrnetai pĹnw apì ìla ta elleiyoeidă pou perièqontai sto K. EÔkola elègqoume ìti o lìgoc ìgkwn eÐnai analloÐwtoc wc proc antistrèyimouc grammikoÔc metasqhmatismoÔc tou R^n .

ParĹdeigma. JewroÔme arqikĹ tuqìn summetrikì kurtì sÿma K ston R^n . An ‖ · ‖ h antÐstoiqh nìrma, tìte ∫ R^n e^{−‖x‖p} dx = ∫ R^n ∫_∞ ‖x‖ pt^{p−1}e^{−tp} dtdx = ∫_∞ 0 pt^{p−1}e^{−tp} |{x : ‖x‖ ≤ t}|dt = |K| ∫_∞ 0 pt^{n+p−1}e^{−tp} dt = |K|Γ ( n p + 1 ) . PaÐrnontac K = B^n_p , 1 ≤ p < ∞, blèpoume ìti ∫ R^n e^{−‖x‖p} dx = ( 2 ∫_∞ 0 e^{−tp} dt )_n = [2Γ(1/p + 1)]^n.

Epomènwc, |B^n_p | = [2Γ(^1_p + 1)]^n Γ(^n_p + 1) .

ParathroÔme ìti, an 1 ≤ p ≤ 2 tìte to elleiyoeidèc mègistou ìgkou thc B^n_p eÐnai h n^{12 − 1p} D_n. ’Ara, vr(B^n_p ) =

2Γ(^1_p + 1)[Γ(^n_2 + 1)]^{1n} n^{12 − 1p} [Γ(^n_p + 1)]^1n √ π ≤ C, ìpou C > 0 apìluth stajerĹ. Dhladă, oi monadiaÐec mpĹlec twn ℓ^n_p , 1 ≤ p ≤ 2 èqoun omoiìmorfa fragmèno lìgo ìgkwn.

Ja deÐxoume ìti an èna sÿma K èqei mikrì lìgo ìgkwn, tìte o qÿroc X_K èqei upoqÿrouc F me diĹstash anĹlogh tou n pou èqoun mikră apìstash Banach-Mazur apì ton ℓ^{dimF}_2 (blèpe [Sz], [STJ]):

Jeÿrhma 1. ’Estw K summetrikì kurtì sÿma ston R^n me vr(K) = A. Tìte, gia kĹje k ≤ n upĹrqei k-diĹstatoc upìqwroc F tou X_K me thn idiìthta d(F, ℓ^k_2 ) ≤ 2(8A)^{nn−k+1} .

Apìdeixh: MporoÔme na upojèsoume ìti h D_n eÐnai to elleiyoeidèc mègistou ìgkou tou K. Tìte, ‖x‖_K ≤ |x| gia kĹje x ∈ R^n . ’Estw k ≤ n. Sthn parĹgrafo 3 eÐdame ìti ∫ G_{n,k} ∫ S_F ‖x‖^{−n}σ_F (dx)ν_{n,k}(dF ) = ∫ S^{n−1} ‖x‖^{−n}σ(dx) = (vr(K))^n. Apì thn anisìthta tou Markov, to mètro twn F ∈ G_{n,k} pou ikanopoioÔn thn ∫ S_F ‖x‖^{−n}σ_F (dx) ≤ (2vr(K))^n = (2A)^n eÐnai megalÔtero apì 1 − 2^{−n}. ’Estw F ènac tètoioc upìqwroc. Tìte, pĹli apì thn anisìthta tou Markov, gia kĹje r ∈ (0, 1) isqÔei σ_F {x ∈ S_F : ‖x‖ < r} ≤ (2rA)^n. ’Estw x ∈ S_F . Tìte, mporoÔme me aplèc ektimăseic na doÔme ìti σ_F (C(x, r/2)) ≥ (r/2)^{k−1} 2^k . Autì shmaÐnei ìti, an (2rA)^n < r^{k−1}/2^{2k−1} tìte C(x, r/2) ∩ {y ∈ S_F : ‖y‖ ≥ r} ≠ ∅. Dhladă, mporoÔme na broÔme y ∈ S_F tètoio ÿste |x − y| ≤ r/2 kai ‖y‖ ≥ r. Apì thn trigwnikă anisìthta paÐrnoume ‖x‖ ≥ ‖y‖ − ‖x − y‖ ≥ r − |x − y| ≥ r/2. Dhladă, d(F, ℓ^k_2 ) ≤ 2 r .

Mènei na doÔme pìso megĹlo mporoÔme na epilèxoume to r: jèloume 2^{n+2k−1}A^nr^{n−k+1} < 1, to opoÐo dÐnei r_{max} = (8A)^{− nn−k+1} . Epomènwc, d(F, ℓ^k_2 ) ≤ 2(8A)^{nn−k+1} . □ Paratărhsh: To Jeÿrhma 1 mac lèei gia parĹdeigma ìti, an 1 ≤ p ≤ 2 kai λ ∈ (0, 1), tìte o ℓ^n_p èqei upoqÿrouc F diĹstashc k = [λn] + 1 me d(F, ℓ^k_2 ) ≤ C^{11−λ}_1 , ìpou C_1 > 0 apìluth stajerĹ. To apotèlesma autì eÐnai isqurìtero apì ta apotelèsmata thc prohgoÔmenhc paragrĹfou, me thn ènnoia ìti èqoume plhroforÐa gia upoqÿrouc diĹstashc λn me to λ osodăpote kontĹ sto 1. Bèbaia, h ektÐmhsh eÐnai kakă ìtan λ → 1.

Ja doÔme èna akìma apotèlesma gia sÿmata me mikrì lìgo ìgkwn (to Jeÿrhma tou Kashin [Ka]):

Jeÿrhma 2. ’Estw K summetrikì kurtì sÿma ston R^n . Upojètoume ìti h D_n eÐnai to elleiyoeidèc mègistou ìgkou tou K, kai vr(K) = A. Tìte, upĹrqei orjogÿnioc metasqhmatismìc U ∈ O(n) me thn idiìthta D_n ⊂ K ∩ U(K) ⊂ 8A^2D_n. Apìdeixh: Profanÿc, D_n ⊂ K ∩ U(K), U ∈ O(n). ParathroÔme ìti, gia kĹje U ∈ O(n) 1/‖x‖_{K∩U(K)} = 1/ max{‖Ux‖, ‖x‖}. YĹqnoume loipìn U ∈ O(n) tètoion ÿste max{‖Uθ‖, ‖θ‖} ≥ 1/8A^2, θ ∈ S^{n−1}, kĹti gia to opoÐo arkeÐ h

N(θ) := ‖Uθ‖ + ‖θ‖ 2 ≥ 1 8A^2 , θ ∈ S^{n−1}. Eqoume ∫ O(n) ∫ S^{n−1} 1 ‖Uθ‖^n‖θ‖^n σ(dθ)ν(dU) = ∫ S^{n−1} (∫ O(n) 1 ‖Uθ‖^n ν(dU) ) 1 ‖θ‖^n σ(dθ) = ∫ S^{n−1} (∫ S^{n−1} 1 ‖ϕ‖^n σ(dϕ) ) 1 ‖θ‖^n σ(dθ) = (∫ S^{n−1} 1 ‖θ‖^n σ(dθ) )_2

= A^{2n}.

Epomènwc, upĹrqei U ∈ O(n) o opoÐoc ikanopoieÐ thn ∫ S^{n−1} ( 2 ‖Uθ‖ + ‖θ‖ )_{2n} σ(dθ) ≤ ∫ S^{n−1} 1 ‖Uθ‖^n‖θ‖^n σ(dθ) ≤ A^{2n}.

’Estw θ ∈ S^{n−1}, kai N(θ) = t. An ϕ ∈ S^{n−1} kai |θ − ϕ| ≤ t, tìte to gegonìc ìti h N eÐnai nìrma me stajerĹ Lipschitz 1 mac dÐnei N(ϕ) ≤ N(θ) + N(ϕ − θ) ≤ t + |ϕ − θ| ≤ 2t. ’Omwc, σ(C(θ, t)) ≥ t^{n−1}/2^n, Ĺra t^{n−1} 2^n 1 (2t)^{2n} ≤ σ(C(θ, t)) 1 (2t)^{2n} ≤ ∫ S^{n−1} ( 2 ‖Uθ‖ + ‖θ‖ )_{2n} σ(dθ) ≤ A^{2n}. Apì thn parapĹnw anisìthta eÐnai fanerì ìti t ≥ 1/(8A)^2, kai h apìdeixh eÐnai plărhc. □ Paratărhsh: Oi apodeÐxeic twn dÔo JewrhmĹtwn eÐnai thc Ðdiac fÔshc. Autì eÐnai èna parĹdeigma enìc polÔ genikìterou fainomènou: protĹseic topikoÔ qaraktăra (ìpwc to Jeÿrhma 1) pou aforoÔn thn domă twn upoqÿrwn enìc qÿrou X me nìrma, èqoun tic antÐstoiqèc touc protĹseic olikoÔ qaraktăra (ìpwc to Jeÿrhma 2) pou aforoÔn thn sumperiforĹ olìklhrhc thc monadiaÐac mpĹlac tou X kai twn orjogÿniwn metasqhmatismÿn thc.

Gia na tonÐsoume autăn th sqèsh, dÐnoume mÐa apìdeixh tou Jewrămatoc 2 qrhsimopoiÿntac to Jeÿrhma 1: ’Estw K summetrikì kurtì sÿma pou perièqei thn D_n kai ikanopoieÐ thn |K|/|D_n| ≤ A^n. H apìdeixh tou Jewrămatoc 1 deÐqnei ìti to mètro twn upoqÿrwn F tou X_K diĹstashc n/2 pou ikanopoioÔn thn D_n ∩ F ⊂ K ∩ F ≤ cA^2D_n ∩ F eÐnai megalÔtero apì 1 − 2^{−n}. Epomènwc, mporoÔme na broÔme F tètoion ÿste 1 cA^2 |x| ≤ ‖x‖ ≤ |x| , x ∈ F, F^⊥. OrÐzoume U = P_F − P_F ⊥ , ìpou P_F , P_F ⊥ oi orjogÿniec probolèc stouc F, F^⊥ antÐstoiqa. Tìte U ∈ O(n), kai an x = x_1 + x_2 eÐnai h grafă tou x me x_1 ∈ F , x_2 ∈ F^⊥, 2|x| ≥ 2‖x‖_{K∩U(K)} ≥ ‖x‖ + ‖Ux‖ = ‖x_1 + x_2‖ + ‖x_1 − x_2‖ ≥ 2 max{‖x_1‖, ‖x_2‖} ≥ ‖x_1‖ + ‖x_2‖ ≥ 1 cA^2 (|x_1| + |x_2|) ≥ 1 cA^2 |x|. ’Ara, D_n ⊂ K ∩ U(K) ⊂ (cA^2/2)D_n.

Jewrÿntac ton ℓ^n_1 , paÐrnoume mia polÔ endiafèrousa efarmogă tou Jewrămatoc 2:

Jeÿrhma 3. UpĹrqoun dianÔsmata y_1, . . . , y_{2n} ∈ S^{n−1} tètoia ÿste c √ n ≤ n∑ j=1 |⟨x, y_j ⟩| ≤ 2 √ n

gia kĹje x ∈ S^{n−1}, ìpou c > 0 apìluth stajerĹ.

Apìdeixh: To elleiyoeidèc mègistou ìgkou thc B^n_1 eÐnai h n^{−1/2}D_n, kai o lìgoc ìgkwn thc eÐnai mikrìteroc apì C. Apì thn apìdeixh tou Jewrămatoc 2, upĹrqei U ∈ O(n) me thn idiìthta 2 √ n ≥ ‖x‖_1 + ‖Ux‖_1 ≥ √ n 8C^2

gia kĹje x ∈ S^{n−1}. Jètoume y_i = e_i kai y_{n+i} = U^∗e_i, i = 1, . . . , n. Tìte, h parapĹnw sqèsh paÐrnei th morfă 2 √ n ≥ 2n∑ j=1 |⟨x, y_j ⟩| ≥ √ n 8C^2 . □

Parathrăste ìti ta y_j eÐnai polÔ eidikăc morfăc: h ènwsh miĹc orjokanonikăc bĹshc me miĹ strofă thc. ’Omwc, den upĹrqei sugkekrimèno parĹdeigma tètoiac epilogăc dianusmĹtwn. H Ôparxh tou U exasfalÐsthke, ìpwc eÐdame, me pijanojewrhtikèc mejìdouc.

54

KefĹlaio 2

To Jeÿrhma tou Krivine

2.1 Eisagwgă

’Estw X ènac qÿroc Banach Ĺpeirhc diĹstashc kai èstw (x_n)^∞_{n=1} mÐa akoloujÐa grammikĹ anexĹrthtwn dianusmĹtwn ston X. MÐa (peperasmènh ă Ĺpeirh) akoloujÐa (y_n)_n ston X onomĹzetai block akoloujÐa thc (x_n)_n, an upĹrqei akoloujÐa fusikÿn k_1 < k_2 < . . . , ÿste, gia kĹje n,

y_n = k_{n+1}∑

i=k_n +1 a_ix_i, gia kĹpoiouc suntelestèc a_i, i = k_n + 1, . . . , k_{n+1}.

JewroÔme tÿra dÔo qÿrouc Banach (X, ‖ · ‖), (Z, |‖ · |‖) kai dÔo akoloujÐec grammikĹ anexĹrthtwn dianusmĹtwn (x_n)^∞_{n=1} ston X kai (z_n)^∞_{n=1} ston Z. Lème ìti h (z_n)_n eÐnai peperasmèna anaparastĹsimh katĹ block sthn (x_n)_n, an, gia kĹje m ∈ N kai kĹje ε > 0, upĹrqei block akoloujÐa (y_i)^m_{i=1} thc (x_n)_n tètoia ÿste (1 − ε)|‖ m∑ i=1 a_iz_i|‖ ≤ ‖ m∑ i=1 a_iy_i‖ ≤ (1 + ε)|‖ m∑ i=1 a_iz_i|‖, gia kĹje akoloujÐa suntelestÿn (a_i)^m_{i=1}.

Eidikìtera, gia 1 ≤ p < ∞, lème ìti o ℓ_p (antÐstoiqa, o c_0) eÐnai peperasmèna anaparastĹsimoc katĹ block sthn akoloujÐa (x_n)_n, an h kanonikă bĹsh tou ℓ_p (antÐstoiqa, tou c_0) eÐnai peperasmèna anaparastĹsimh katĹ block sthn (x_n)_n, dhladă an, gia kĹje m ∈ N kai kĹje ε > 0, upĹrqei block akoloujÐa (y_i)^m_{i=1} thc (x_n)_n tètoia ÿste

(1 − ε) (_m ∑ i=1 |a_i|^p ) 1_p ≤ ‖ m∑ i=1 a_iy_i‖ ≤ (1 + ε) (_m ∑ i=1 |a_i|^p ) 1_p

(antÐstoiqa, (1 − ε) max_{i=1,...,m} |a_i| ≤ ‖ ∑_m i=1 a_iy_i‖ ≤ (1 + ε) max_{i=1,...,m} |a_i|), gia kĹje akoloujÐa suntelestÿn (a_i)^m_{i=1}.

To Jeÿrhma tou Krivine [K] (1976) pou ja parousiĹsoume eÐnai to akìloujo:

Jeÿrhma. ’Estw (x_n)^∞_{n=1} mÐa akoloujÐa grammikĹ anexĹrthtwn dianusmĹtwn se ènan qÿro Banach X. Tìte eÐte upĹrqei p, 1 ≤ p < ∞, ÿste o ℓ_p na eÐnai peperasmèna anaparastĹsimoc katĹ block sthn (x_n)_n eÐte o c_0 eÐnai peperasmèna anaparastĹsimoc katĹ block sthn (x_n)_n.

To erÿthma an kĹje qÿroc Banach Ĺpeirhc diĹstashc perièqei ènan upìqwro isìmorfo me kĹpoion ℓ_p, 1 ≤ p < ∞, ă me ton c_0, ătan èna apì ta kentrikĹ problămata thc jewrÐac qÿrwn Banach wc tic arqèc thc dekaetÐac tou 70. An o X eÐnai qÿroc Banach me bĹsh Schauder (x_n)_n kai upĹrqei upìqwroc tou X isìmorfoc me ton ℓ_p, gia kĹpoio p ∈ [1, ∞) (antÐstoiqa, me ton c_0,), tìte eÐnai gnwstì ìti upĹrqei Ĺpeirh block akoloujÐa (y_n)^∞_{n=1} thc (x_n)_n pou eÐnai isodÔnamh me thn kanonikă bĹsh tou ℓ_p (antÐstoiqa, tou c_0.) Autì shmaÐnei ìti upĹrqoun stajerèc C, c > 0, ÿste, gia kĹje n ∈ N kai kĹje akoloujÐa suntelestÿn (a_i)^n_{i=1}, na isqÔei

c (_n ∑ i=1 |a_i|^p ) 1_p ≤ ‖ n∑ i=1 a_iy_i‖ ≤ C (_n ∑ i=1 |a_i|^p ) 1_p

(antÐstoiqa, c max_{i=1,...,n} |a_i| ≤ ‖ ∑_n i=1 a_iy_i‖ ≤ C max_{i=1,...,n} |a_i|). Me bĹsh autì, to prohgoÔmeno erÿthma mporeÐ na anadiatupwjeÐ wc exăc:

’Estw X qÿroc Banach me bĹsh Schauder (x_n)_n. UpĹrqei pĹnta mÐa Ĺpeirh block akoloujÐa (y_n)_n thc (x_n)_n pou eÐte eÐnai isodÔnamh me th bĹsh tou ℓ_p, gia kĹpoio p ∈ [1, ∞), eÐte eÐnai isodÔnamh me th bĹsh tou c_0;

To parĹdeigma tou Tsirelson [T] (1974) èdwse arnhtikă apĹnthsh se autì to erÿthma. To jeÿrhma tou Krivine mporeÐ na jewrhjeÐ san to kalÔtero dunatì jetikì apotèlesma se autăn thn kateÔjunsh.

MÐa Ĺmesh sunèpeia tou jewrămatoc tou Krivine eÐnai to akìloujo apotèlesma:

Pìrisma. ’Estw 1 ≤ p < ∞ kai X qÿroc Banach isìmorfoc me ton ℓ_p. Tìte, gia kĹje n ∈ N kai kĹje ε > 0, upĹrqei upìqwroc F tou X diĹstashc n pou eÐnai 1 + ε - isìmorfoc me ton ℓ^n_p .

PĹli, an p > 1, to anĹlogo apotèlesma gia upoqÿrouc Ĺpeirhc diĹstashc den eÐnai swstì: Gia kĹje C > 1, upĹrqei qÿroc Banach X isìmorfoc me ton ℓ_p, me thn akìloujh idiìthta: KĹje upìqwroc Ĺpeirhc diĹstashc tou X èqei apìstash Banach-Mazur apì ton ℓ_p megalÔterh tou C [OS].

Shmeiÿnoume ìti, an p = 1, sthn perÐptwsh dhladă pou o X eÐnai isìmorfoc me ton ℓ_1, èna jeÿrhma tou James [J] apodeiknÔei ìti, gia kĹje ε > 0, upĹrqei upìqwroc Ĺpeirhc diĹstashc Y tou X pou èqei apìstash Banach-Mazur apì ton ℓ_1 mikrìterh tou 1 + ε. To anĹlogo isqÔei kai an o X eÐnai isìmorfoc me ton c_0. Thn apìdeixh autoÔ tou jewrămatoc ja th doÔme parakĹtw.

PerigrĹfoume tÿra th domă thc apìdeixhc tou jewrămatoc tou Krivine pou parousiĹzoume.

QrhsimopoioÔme epaneilhmmèna to akìloujo lămma, h apìdeixh tou opoÐou eÐnai Ĺmesh:

Lămma. H sqèsh {peperasmènh anaparastasimìthta katĹ block} eÐnai metabatikă. Dhladă, an oi (x_i)_i, (y_i)_i, (z_i)_i eÐnai akoloujÐec stouc qÿrouc Banach X, Y, Z antÐstoiqa, kai h (z_i)_i eÐnai peperasmèna anaparastĹsimh katĹ block sthn (y_i)_i kai h (y_i)_i eÐnai peperasmèna anaparastĹsimh katĹ block sthn (x_i)_i, tìte h (z_i)_i eÐnai peperasmèna anaparastĹsimh katĹ block sthn (x_i)_i. □

Me bĹsh autì to Lămma h apìdeixh qwrÐzetai se dÔo basikĹ stĹdia, ta opoÐa perigrĹfontai apì ta dÔo epìmena jewrămata.

Jeÿrhma A. ’Estw X qÿroc Banach kai (x_n)^∞_{n=1} akoloujÐa grammikĹ anexĹrthtwn dianusmĹtwn ston X. Tìte upĹrqei mÐa 1 - unconditional kai analloÐwth wc proc diasporĹ akoloujÐa (z_i)^∞_{i=1}, h opoÐa eÐnai peperasmèna anaparastĹsimh katĹ block sthn (x_n)_n.

Jeÿrhma B. ’Estw (x_n)^∞_{n=1} mÐa 1 - unconditional kai analloÐwth wc proc diasporĹ akoloujÐa se ènan qÿro Banach X me x_n ≠ 0 ∀n. Tìte eÐte, gia kĹpoio p ∈ [1, ∞), o ℓ_p eÐnai peperasmèna anaparastĹsimoc katĹ block sthn (x_n)_n, eÐte o c_0 eÐnai peperasmèna anaparastĹsimoc katĹ block sthn (x_n)_n.

Gia thn apìdeixh tou Jewrămatoc A, akoloujoÔme kurÐwc thn ergasÐa tou Rosenthal [R2]. H apìdeixh prokÔptei sunduĹzontac ta akìlouja apotelèsmata: To jeÿrhma tou Rosenthal [R1] gia ton ℓ_1, to jeÿrhma Brunel - Sucheston [BS1,2], to jeÿrhma tou James [J] gia touc qÿrouc pou eÐnai isìmorfoi me ton ℓ_1 ă ton c_0 kai èna lămma tou Krivine [K] gia unconditional akoloujÐec. DÐnoume plăreic apodeÐxeic gia ta trÐa teleutaÐa apotelèsmata, allĹ den apodeiknÔoume to jeÿrhma tou Rosenthal.

Gia to Jeÿrhma B, akoloujoÔme thn apìdeixh tou Lemberg [Lem], ìpwc aută parousiĹzetai sto biblÐo twn Milman - Schechtman [MS]. O Lemberg beltÐwse to arqikì apotèlesma tou Krivine kai aplopoÐhse thn apìdeixh tou. O Krivine eÐqe apodeÐxei arqikĹ to akìloujo: An (x_n)_n eÐnai mÐa akoloujÐa grammikĹ anexĹrthtwn dianusmĹtwn se ènan qÿro Banach X, tìte eÐte upĹrqei p ∈ [1, ∞) ÿste o ℓ_p na eÐnai peperasmèna anaparastĹsimoc katĹ block sthn (x_n)_n, eÐte o c_0 eÐnai peperasmèna anaparastĹsimoc katĹ block se mÐa anadiĹtaxh thc (x_n)_.

2.2 OrismoÐ - ProkatarktikĹ apotelèsmata

Sumbolismìc.

Oi dianusmatikoÐ qÿroi pou jewroÔme eÐnai pragmatikoÐ kai Ĺpeirhc diĹstashc, ektìc an dhlÿnetai to antÐjeto. An to {x_i : i ∈ I} eÐnai uposÔnolo enìc dianusmatikoÔ qÿrou X, sumbolÐzoume me [x_i]_{i∈I} th grammikă jăkh autoÔ tou sunìlou.

SumbolÐzoume me c_{00} to dianusmatikì qÿro twn pragmatikÿn akoloujiÿn pou eÐnai telikĹ Ðsec me 0.

Gia kĹje p ∈ [1, ∞), sumbolÐzoume me ℓ_p to dianusmatikì qÿro { (a_i)^∞_{i=1} : a_i ∈ R, ∞∑ i=1 |a_i|^p < ∞ } ,

efodiasmèno me th nìrma ‖(a_i)^∞_{i=1}‖ = ( ∑_∞ i=1 |a_i|^p )_{1/p} . SumbolÐzoume me c_0 to dianusmatikì qÿro { (a_i)^∞_{i=1} : a_i ∈ R, lim_{i→∞} a_i = 0 } , efodiasmèno me th nìrma ‖(a_i)^∞_{i=1}‖ = sup_i |a_i|.

Oi ℓ_p, 1 ≤ p < ∞, kai o c_0 eÐnai qÿroi Banach.

BĹseic Schauder.

MÐa akoloujÐa (x_n)^∞_{n=1} se ènan qÿro Banach X lègetai bĹsh Schauder tou X, an, gia kĹje x ∈ X, upĹrqei monadikă akoloujÐa suntelestÿn (a_n)^∞_{n=1} ÿste x = ∑_∞ n=1 a_nx_n. MÐa akoloujÐa (x_n)^∞_{n=1} se ènan qÿro Banach X lègetai basikă akoloujÐa, an eÐnai bĹsh Schauder tou upoqÿrou [x_n]^∞_{n=1}.

To epìmeno jeÿrhma dÐnei ènan qarakthrismì twn basikÿn akoloujiÿn.

Jeÿrhma 1. ’Estw (x_n)^∞_{n=1} mÐa akoloujÐa se ènan qÿro Banach X. H (x_n)_n eÐnai basikă akoloujÐa an kai mìno an isqÔoun ta akìlouja: (i) x_n ≠ 0, gia kĹje n.

(ii) UpĹrqei stajerĹ K ≥ 1 ÿste, gia kĹje m, n ∈ N me m ≤ n kai kĹje akoloujÐa suntelestÿn (a_i)^n_{i=1}, na isqÔei ‖ ‖ ‖ ‖ m∑ i=1 a_ix_i ‖ ‖ ‖ ‖ ≤ K ‖ ‖ ‖ ‖ n∑ i=1 a_ix_i ‖ ‖ ‖ ‖ . □

’Estw (x_n)_n kai (y_n)_n dÔo basikèc akoloujÐec. Lème ìti oi (x_n)_n kai (y_n)_n eÐnai isodÔnamec, an upĹrqei isomorfismìc T : [x_n]^∞_{n=1} → [y_n]^∞_{n=1}, me T (x_n) = y_n, ∀n = 1, 2, . . . . Sfl autăn thn perÐptwsh, lème ìti oi (x_n)_n kai (y_n)_n eÐnai C - isodÔnamec (C > 0) , an ‖T ‖‖T^{−1}‖ ≤ C. Me Ĺlla lìgia, oi basikèc akoloujÐec (x_n)_n kai (y_n)_n eÐnai C - isodÔnamec, an upĹrqoun stajerèc a, b > 0 me ab ≤ C, ÿste gia kĹje n ∈ N kai kĹje akoloujÐa suntelestÿn (a_i)^n_{i=1}, na isqÔei 1 a ‖ n∑ i=1 a_ix_i‖ ≤ ‖ n∑ i=1 a_iy_i‖ ≤ b‖ n∑ i=1 a_ix_i‖.

Unconditional akoloujÐec.

’Estw C ≥ 1. MÐa akoloujÐa (x_i)^∞_{i=1} se ènan qÿro Banach X lègetai C - unconditional an, gia kĹje n ∈ N, kĹje akoloujÐa suntelestÿn (a_i)^n_{i=1} kai kĹje akoloujÐa prosămwn (ε_i)^n_{i=1}, isqÔei

(1) ‖ n∑ i=1 ε_ia_ix_i‖ ≤ C‖ n∑ i=1 a_ix_i‖. Prìtash 1. ’Estw (x_n)_n mÐa akoloujÐa se ènan qÿro Banach X. Ta akìlouja eÐnai isodÔnama:

(i) H akoloujÐa (x_n)_n eÐnai unconditional.

(ii) UpĹrqei stajerĹ M ≥ 1 ÿste, gia kĹje n ∈ N, kĹje F ⊂ {1, . . . , n} kai kĹje akoloujÐa suntelestÿn (a_i)^n_{i=1}, na isqÔei

(2) ‖ ∑ i∈F a_ix_i‖ ≤ M‖ n∑ i=1 a_ix_i‖. Epiplèon, an C kai M eÐnai oi kalÔterec stajerèc gia tic opoÐec isqÔoun oi (1) kai (2) antÐstoiqa, tìte M ≤ C ≤ 2M.

Apìdeixh: (i) ⇒ (ii). ’Estw F ⊂ {1, . . . , n}. Gia kĹje i = 1, . . . , n, jètoume ε_i = 1, an i ∈ F, ε_i = −1, an i /∈ F. ’Eqoume ‖ ∑ i∈F a_ix_i‖ ≤ 1 2 ( ‖ n∑ i=1 a_ix_i‖ + ‖ n∑ i=1 ε_ia_ix_i‖ ) ≤ C‖ n∑ i=1 a_ix_i‖. (ii) ⇒ (i). ’Estw (ε_i)^n_{i=1} ∈ {−1, 1}^n. Jètoume F = {i ∈ {1, . . . , n} : ε_i = 1}. Tìte: ‖ n∑ i=1 ε_ia_ix_i‖ ≤ ‖ ∑ i∈F a_ix_i‖ + ‖ ∑ i /∈F a_ix_i‖ ≤ 2M‖ n∑ i=1 a_ix_i‖. □ Eidikìtera èpetai ìti kĹje unconditional akoloujÐa (x_n)_n me x_n ≠ 0 ∀n, eÐnai basikă.

Prìtash 2. ’Estw (e_i)_i mÐa C - unconditional akoloujÐa, m ∈ N kai (a_i)^m_{i=1}, (b_i)^m_{i=1} akoloujÐec pragmatikÿn arijmÿn. An |a_i| ≤ |b_i| ∀i, tìte ‖ m∑ i=1 a_ie_i‖ ≤ C‖ m∑ i=1 b_ie_i‖. Apìdeixh: ’Estw a_i = μ_ib_i, ìpou |μ_i| ≤ 1. JewroÔme èna sunarthsoeidèc x^∗ tètoio ÿste ‖x^∗‖ = 1 kai x^∗ ( ∑_m i=1 μ_ib_ie_i) = ‖ ∑_m i=1 μ_ib_ie_i‖. Tìte, ‖ m∑ i=1 μ_ib_ie_i‖ = | | | |x^∗ (_m ∑ i=1 μ_ib_ie_i )| | | ≤ m∑ i=1 |μ_i||b_i||x^∗(e_i)|

≤ max |μ_i| m∑ i=1 |b_i||x^∗(e_i)| ≤ m∑ i=1 |b_ix^∗(e_i)|.

Epilègoume akoloujÐa prosămwn (ε_i)^m_{i=1} tètoia ÿste ε_ib_ix^∗(e_i) ≥ 0, opìte ‖ m∑ i=1 μ_ib_ie_i‖ ≤ m∑ i=1 |b_ix^∗(e_i)| = m∑ i=1 ε_ib_ix^∗(e_i) = x^∗ (_m ∑ i=1 ε_ib_ie_i )

≤ ‖ m∑ i=1 ε_ib_ie_i‖ ≤ C‖ m∑ i=1 b_ie_i‖. ’Ara, ‖ m∑ i=1 a_ie_i‖ ≤ C‖ m∑ i=1 b_ie_i‖. □

AkoloujÐec analloÐwtec wc proc diasporĹ.

MÐa akoloujÐa (x_n)_n se ènan qÿro Banach X lègetai analloÐwth wc proc diasporĹ (spreading), an, gia kĹje m ∈ N, kĹje {n_1, . . . , n_m} ⊂ N me n_1 < n_2 < . . . < n_m kai kĹje akoloujÐa suntelestÿn (a_i)^m_{i=1}, isqÔei ‖ m∑ i=1 a_ix_{ni} ‖ = ‖ m∑ i=1 a_ix_i‖.

JewroÔme thn akoloujÐa (e_i)^∞_{i=1} ston c_{00} me e_i(j) = δ_{ij} ∀i, j. EÐnai fanerì ìti h (e_i)_i eÐnai bĹsh Schauder tou qÿrou ℓ_p, gia kĹje p ∈ [1, ∞), kajÿc kai tou c_0. Epiplèon, se kajènan apì autoÔc touc qÿrouc, h (e_i)_i eÐnai 1 - unconditional kai analloÐwth wc proc diasporĹ. H (e_i)_i, jewroÔmenh wc akoloujÐa ston ℓ_p, 1 ≤ p < ∞, (antÐstoiqa, ston c_0), onomĹzetai sunăjhc ă kanonikă bĹsh tou ℓ_p (antÐstoiqa, tou c_0).

2.3 Apìdeixh tou Jewrămatoc A

ParousiĹzoume prÿta ta basikĹ jewrămata pou ja qrhsimopoiăsoume sthn apìdeixh.

(a) To Jeÿrhma tou Rosenthal gia ton ℓ_1.

MÐa akoloujÐa (x_n)^∞_{n=1} se ènan qÿro Banach X lègetai asjenÿc Cauchy (w - Cauchy) an, gia kĹje x^∗ ∈ X^∗, h akoloujÐa (x^∗(x_n))^∞_{n=1} sugklÐnei. EÐnai eÔkolo na doÔme ìti an o duðkìc X^∗ tou X eÐnai diaqwrÐsimoc, tìte kĹje fragmènh akoloujÐa (x_n)_n ston X èqei upakoloujÐa pou eÐnai asjenÿc Cauchy: JewroÔme èna arijmăsimo puknì uposÔnolo D = {x^∗_k : k ∈ N} thc B_X ∗ . H akoloujÐa (x^∗_1(x_n))^∞_{n=1} eÐnai fragmènh, Ĺra èqei sugklÐnousa upakoloujÐa. UpĹrqei loipìn èna Ĺpeiro uposÔnolo N_1 tou N ÿste h akoloujÐa (x^∗_1(x_n))_{n∈N1} na sugklÐnei. Me ton Ðdio trìpo brÐskoume N_2 ⊂ N_1 ÿste h akoloujÐa (x^∗_2(x_n))_{n∈N2} na sugklÐnei. EpagwgikĹ kataskeuĹzoume mÐa akoloujÐa (N_k)^∞_{k=1} Ĺpeirwn uposunìlwn tou N me N_1 ⊃ N_2 ⊃ . . .

ÿste, gia kĹje k = 1, 2, . . . , h akoloujÐa (x^∗_k (x_n))_{n∈Nk} na sugklÐnei. Epilègoume n_1 < n_2 < . . . me n_k ∈ N_k, gia kĹje k. Tìte h upakoloujÐa (x_{nk} )_k thc (x_n)_n eÐnai asjenÿc Cauchy.

Apì thn Ĺllh meriĹ, h sunăjhc bĹsh (e_n)_n tou qÿrou ℓ_1 den èqei kammÐa w - Cauchy upakoloujÐa: Gia opoiadăpote akoloujÐa (n_i)^∞_{i=1}, jètoume x^∗ = (a_n)^∞_{n=1} ∈ ℓ_∞ me a_{n2i} = 1, gia kĹje i, kai a_n = −1, gia kĹje n ≠ n_{2i}, H (x^∗(e_{ni} ))_i apoklÐnei. O Rosenthal [R1] apèdeixe to akìloujo jemeliÿdec jeÿrhma diqotomÐac:

Jeÿrhma 1 (Rosenthal) [R1]. ’Estw (x_n)^∞_{n=1} mÐa akoloujÐa dianusmĹtwn nìrmac 1 se ènan qÿro Banach X. Tìte eÐte upĹrqei upakoloujÐa thc (x_n)_n pou eÐnai w - Cauchy eÐte upĹrqei upakoloujÐa thc (x_n)_n pou eÐnai isodÔnamh me thn kanonikă bĹsh tou ℓ_1. □

H aploÔsterh apìdeixh tou Jewrămatoc autoÔ ofeÐletai ston Farahat [F], o opoÐoc sundÔase tic idèec tou Rosenthal me to genikeumèno jeÿrhma Ramsey tou Nash-Williams. H apìdeixh aută parousiĹzetai sta [D] kai [O].

(b) To Jeÿrhma tou James gia qÿrouc isìmorfouc me ton ℓ_1 ă ton c_0.

Jeÿrhma 2 (James) [J]. (1) ’Estw X qÿroc Banach kai (x_n)^∞_{n=1} mÐa akoloujÐa ston X h opoÐa eÐnai isodÔnamh me thn kanonikă bĹsh tou ℓ_1, dhladă upĹrqoun C, c > 0 ÿste c n∑ i=1 |a_i| ≤ ‖ n∑ i=1 a_ix_i‖ ≤ C n∑ i=1 |a_i| ∀n, ∀(a_i)^n_{i=1}. Tìte, gia kĹje ε > 0, upĹrqei block akoloujÐa (y_n)_n thc (x_n)_n, h opoÐa eÐnai^{1+ε}_{1−ε} - isodÔnamh me thn kanonikă bĹsh tou ℓ_1.

(2) ’Estw X qÿroc Banach kai (x_n)^∞_{n=1} mÐa akoloujÐa ston X h opoÐa eÐnai isodÔnamh me thn kanonikă bĹsh tou c_0, dhladă upĹrqoun C, c > 0 ÿste

c max i=1,...,n |a_i| ≤ ‖ n∑ i=1 a_ix_i‖ ≤ C max_{i=1,...,n} |a_i| ∀n, ∀(a_i)^n_{i=1}. Tìte, gia kĹje ε > 0, upĹrqei block akoloujÐa (y_n)_n thc (x_n)_n, h opoÐa eÐnai^{1+ε}_{1−ε} - isodÔnamh me thn kanonikă bĹsh tou c_0.

Apìdeixh. (1) Gia kĹje n ∈ N, jètoume

λ_n = inf { ‖ ∞∑ i=n a_ix_i‖ : ∞∑ i=n |a_i| = 1 } . ’Eqoume c ≤ λ_n ≤ C ∀n kai h akoloujÐa (λ_n)_n eÐnai aÔxousa, Ĺra lim_{n→∞} λ_n = λ, me c ≤ λ ≤ C. ’Estw ε > 0 kai n_0 ∈ N tètoioc ÿste λ(1 − ε) < λ_n ≤ λ, gia kĹje n ≥ n_0. Epilègoume mÐa akoloujÐa fusikÿn (k_n)_n kai mÐa block akoloujÐa (y_n)_n thc (x_n)_n, tètoiec ÿste n_0 ≤ k_1 < k_2 < . . . kai, gia kĹje n, y_n = ∑_{kn+1−1} i=k_n aixi me ∑_{kn+1−1} i=k_n |ai| = 1 kai ‖yn‖ < λkn (1 + ε) ≤ λ(1 + ε).

Tìte, gia kĹje (b_n)^∞_{n=1} me ∑_∞ n=1 |b_n| = 1, apì ton orismì tou λ_n kai thn trigwnikă anisìthta, paÐrnoume λ(1 − ε) < λ_{n0} ≤ ‖ ∑ b_ny_n‖ ≤ sup ‖y_n‖ ≤ λ(1 + ε). ’Epetai ìti h akoloujÐa (^1_λ y_n)_n eÐnai^{1+ε}_{1−ε} - isodÔnamh me thn kanonikă bĹsh tou ℓ_1.

(2) H apìdeixh gia thn perÐptwsh tou c_0 eÐnai anĹlogh. Jètoume

μ_n = sup { ‖ ∞∑ i=n a_ix_i‖ : (a_i)_i ∈ c_0, max_{i∈N} |a_i| = 1 } , gia kĹje n ∈ N. Tìte h akoloujÐa (μ_n)_n eÐnai fjÐnousa kai gia to μ = lim_n μ_n èqoume c ≤ μ ≤ C. Opwc prin, mporoÔme na epilèxoume block akoloujÐa (y_n)_n thc (x_n)_n, tètoia ÿste μ(1 − ε) < ‖y_n‖ kai ‖ ∑ b_ny_n‖ < μ(1 + ε), gia kĹje (b_n)_n ∈ c_0 me max |b_n| = 1.

Gia thn kĹtw ektÐmhsh thc ‖ ∑ b_ny_n‖ èqoume: ’Estw n_0 me |b_{n0} | = max |b_n| = 1.

Tìte ‖ ∑ b_ny_n‖ ≥ 2‖b_{n0} y_{n0} ‖ − ‖ ∑ n≠n_0 b_ny_n − b_{n0} y_{n0} ‖

> 2μ(1 − ε) − μ(1 + ε) = μ(1 − 3ε).

SumperaÐnoume ìti h akoloujÐa (^1_μ y_n)_n eÐnai^{1+ε}_{1−3ε} - isodÔnamh me thn kanonikă bĹsh tou c_0. □

To erÿthma an to anĹlogo apotèlesma eÐnai swstì se kĹje qÿro ℓ_p, 1 < p < ∞, èmeine anoiktì gia arketèc dekaetÐec kai ătan gnwstì me to ìnoma distortion problem. To 1993 oi Odell kai Schlumprecht [OS] èdwsan arnhtikă apĹnthsh se autì to erÿthma. Apèdeixan mĹlista ìti, an 1 < p < ∞, tìte, gia kĹje C > 1, upĹrqei qÿroc Banach X isìmorfoc me ton ℓ_p me thn akìloujh idiìthta: KĹje upìqwroc Y tou X Ĺpeirhc diĹstashc èqei apìstash Banach - Mazur apì ton ℓ_p megalÔterh tou C.

(g) H ènnoia tou spreading model kai to Jeÿrhma twn Brunel kai Sucheston.

To Jeÿrhma twn Brunel kai Sucheston pou parousiĹzoume se autăn thn parĹgrafo basÐzetai se èna klasikì sunduastikì apotèlesma: To Jeÿrhma tou Ramsey.

Gia kĹje Ĺpeiro sÔnolo M ⊆ N sumbolÐzoume me [M]_k to sÔnolo twn uposunìlwn tou M pou èqoun k stoiqeÐa.

Jeÿrhma 3 (Ramsey) [Ra]. ’Estw k ∈ N kai A, B ⊆ [N]_k ÿste [N]_k = A ∪ B. Tìte upĹrqei Ĺpeiro uposÔnolo M tou N ÿste eÐte [M]_k ⊆ A eÐte [M]_k ⊆ B.

Apìdeixh. DÐnoume prÿta thn apìdeixh gia thn perÐptwsh k = 2. ’Estw N = A ∪ B. MporoÔme na upojèsoume ìti A ∩ B = ∅.

’Estw m_1 ∈ N. QwrÐzoume to N \ {m_1} sta dÔo sÔnola {n ∈ N : {m_1, n} ∈ A} kai {n ∈ N : {m_1, n} ∈ B}. Ena apì autĹ ta sÔnola eÐnai Ĺpeiro, dhladă upĹrqei Ĺpeiro uposÔnolo M_1 tou N ÿste eÐte ∀m ∈ M_1 {m_1, m} ∈ A eÐte ∀m ∈ M_1 {m_1, m} ∈ B. Lème ìti to zeugĹri (m_1, M_1) eÐnai kalì an isqÔei h prÿth perÐptwsh, enÿ to (m_1, M_1) eÐnai kakì an isqÔei h deÔterh perÐptwsh.

Epilègoume m_2 ∈ M_1 me m_2 > m_1. JewroÔme ta sÔnola {n ∈ M_1 : {m_2, n} ∈ A} kai {n ∈ M_1 : {m_2, n} ∈ B}. AfoÔ to M_1 eÐnai Ĺpeiro, èna apì ta dÔo autĹ sÔnola eÐnai Ĺpeiro, dhladă upĹrqei Ĺpeiro uposÔnolo M_2 tou M_1 ÿste eÐte ∀m ∈ M_2 {m_2, m} ∈ A eÐte ∀m ∈ M_2 {m_2, m} ∈ B. Opwc prin, onomĹzoume to zeugĹri (m_2, M_2) kalì sthn prÿth perÐptwsh kai kakì sth deÔterh perÐptwsh.

SuneqÐzontac epagwgikĹ, kataskeuĹzoume akoloujÐa zeugariÿn (m_n, M_n), n = 1, 2, . . . , me m_1 < m_2 < . . ., N ⊇ M_1 ⊇ M_2 ⊇ . . . kai ∀n m_{n+1} ∈ M_n, ÿste kĹje zeugĹri (m_n, M_n) na eÐnai kalì ă kakì me thn parapĹnw ènnoia. Ena apì ta sÔnola L_1 = {n ∈ N : to (m_n, M_n) eÐnai kalì}, L_2 = {n ∈ N : to (m_n, M_n) eÐnai kakì} eÐnai Ĺpeiro. An to L_1 eÐnai Ĺpeiro, jètoume M = {m_l : l ∈ L_1} kai eÐnai fanerì ìti [M]_2 ⊆ A. An to L_2 eÐnai Ĺpeiro, jètoume M = {m_l : l ∈ L_2} kai eÐnai fanerì ìti [M]_2 ⊆ B. Autì oloklhrÿnei thn apìdeixh gia thn perÐptwsh k = 2.

Me epagwgă to apotèlesma genikeÔetai gia kĹje k. H apìdeixh tou epagwgikoÔ bămatoc eÐnai teleÐwc anĹlogh me autăn thc perÐptwshc k = 2 kai thn paraleÐpoume. □ Orismìc. ’Estw (x_n)_n mÐa akoloujÐa se ènan qÿro Banach X. MÐa analloÐwth wc proc diasporĹ akoloujÐa (z_i)_i se enan qÿro Banach Z lègetai spreading model gia thn (x_n)_n, an isqÔei to exăc:

Gia kĹje m ∈ N kai gia kĹje ε > 0, upĹrqei n ÿste, an n < n_1 < n_2 < . . . < n_m, tìte (1 − ε)‖ m∑ i=1 a_iz_i‖ ≤ ‖ m∑ i=1 a_ix_{ni} ‖ ≤ (1 + ε)‖ m∑ i=1 a_iz_i‖, gia kĹje akoloujÐa suntelestÿn (a_i)^m_{i=1}.

Parathrăseic. 1. EÐnai fanerì ìti an h akoloujÐa (z_n)_n eÐnai spreading model gia mÐa upakoloujÐa thc (y_n)_n, tìte h (z_n)_n eÐnai peperasmèna anaparastĹsimh katĹ block sthn (y_n)_n.

2. Upojètoume ìti ‖y_n‖ = 1 ∀n kai ìti, gia kĹje k kai gia kĹje akoloujÐa suntelestÿn (a_i)^k_{i=1}, to lim n→∞, n<n_1<...<n_k ‖ k∑ i=1 a_iy_{ni} ‖ upĹrqei kai ikanopoieÐ th sqèsh (∗) max_{i=1,...,k} |a_i| ≤ lim_{n→∞, n<n1 <...<nk} ‖ k∑ i=1 a_iy_{ni} ‖. ’Estw (z_i)^∞_{i=1} h kanonikă bĹsh tou c_{00}. OrÐzoume (∗∗) |‖ k∑ i=1 a_iz_i|‖ = lim n→∞, n<n_1 <...<n_k ‖ k∑ i=1 a_iy_{ni} ‖. Tìte h |‖ · |‖ eÐnai nìrma ston c_{00} kai h akoloujÐa (z_i)_i sto qÿro (c_{00}, |‖ · |‖) eÐnai spreading model gia thn (y_n)_n.

PrĹgmati. EÐnai fanerì apì tic (∗) kai (∗∗) ìti h |‖ · |‖ eÐnai nìrma kai ìti h akoloujÐa (z_i)_i eÐnai analloÐwth wc proc diasporĹ sto qÿro (c_{00}, |‖ · |‖). Epiplèon, h anisìthta | ‖ k∑ i=1 a_iy_{ni} ‖ − ‖ k∑ i=1 b_iy_{ni} ‖ | ≤ k∑ i=1 |a_i − b_i| exasfalÐzei ìti, gia kĹje k, to lim n→∞, n<n_1 <...<n_k ‖ k∑ i=1 a_iy_{ni} ‖

eÐnai omoiìmorfo sto sÔnolo {(a_i)^k_{i=1} : ∑_k i=1 |a_i| ≤ 1}. ’Epetai ìti, gia kĹje k kai kĹje ε > 0, upĹrqei n ÿste, an n < n_1 < n_2 < . . . < n_k, tìte (1 − ε)|‖ k∑ i=1 a_iz_i|‖ ≤ ‖ k∑ i=1 a_iy_{ni} ‖ ≤ (1 + ε)|‖ k∑ i=1 a_iz_i|‖, gia kĹje akoloujÐa suntelestÿn (a_i)^k_{i=1}.

Jeÿrhma 4 (Brunel - Sucheston) [BS1,2]. ’Estw X qÿroc Banach kai (v_n)_n mÐa asjenÿc mhdenikă akoloujÐa ston X me ‖v_n‖ = 1 gia kĹje n. Tìte upĹrqei mÐa 2 - unconditional kai analloÐwth wc proc diasporĹ akoloujÐa (z_n)_n pou eÐnai spreading model gia mÐa upakoloujÐa (v^′_n)_n thc (v_n)_n.

Apìdeixh. Ja deÐxoume ìti upĹrqei upakoloujÐa (v^′_n)_n thc (v_n)_n tètoia ÿste, gia kĹje k kai kĹje (a_i)^k_{i=1}, na upĹrqei to lim n→∞, n<n_1<...<n_k ‖ k∑ i=1 a_iv^′_{ni} ‖. ParathroÔme ìti arkeÐ na broÔme upakoloujÐa (v^′_n)_n thc (v_n)_n ÿste to lim n→∞, n<n_1 <...<n_k ‖ k∑ i=1 a_iv^′_{ni} ‖ na upĹrqei gia kĹje k kai kĹje akoloujÐa suntelestÿn (a_i)^k_{i=1} me a_i ∈ Q, i = 1, . . . , k kai ∑_k i=1 |a_i| = 1. JewroÔme loipìn mÐa arÐjmhsh {b_i : i = 1, 2, . . .} tou sunìlou { (a_i)^k_{i=1} : k ∈ N, a_i ∈ Q, k∑ i=1 |a_i| = 1 } . ’Estw b_1 = (a^1, a^1_2, . . . , a^1_k). Tìte 0 ≤ ‖ ∑_k i=1 a^1_i v_{ni} ‖ ≤ 1, gia kĹje n_1 < n_2 < . . . < n_k. JewroÔme ta sÔnola

A_1 = { {n_1, . . . , n_k} : n_1 < n_2 < . . . < n_k, ‖ k∑ i=1 a^1_i v_{ni} ‖ ∈ [ 0, 1 2 ]} ,

B_1 = { {n_1, . . . , n_k} : n_1 < n_2 < . . . < n_k, ‖ k∑ i=1 a^1_i v_{ni} ‖ ∈ [ 1 2 , 1 ]} . Efarmìzontac to jeÿrhma tou Ramsey paÐrnoume èna Ĺpeiro sÔnolo M_1 ⊆ N, tètoio ÿste eÐte [M_1]_k ⊆ A_1 eÐte [M_1]_k ⊆ B_1. Ac upojèsoume ìti [M_1]_k ⊆ A_1. QwrÐzoume to [M_1]_k sta dÔo sÔnola

A_2 = { {n_1, . . . , n_k} ⊂ M_1 : n_1 < n_2 < . . . < n_k, ‖ k∑ i=1 a^1_i v_{ni} ‖ ∈ [ 0, 1 4 ]} ,

B_2 = { {n_1, . . . , n_k} ⊂ M_1 : n_1 < n_2 < . . . < n_k, ‖ k∑ i=1 a^1_i v_{ni} ‖ ∈ [ 1 4 , 1 2 ]}

kai brÐskoume èna Ĺpeiro sÔnolo M_2 ⊆ M_1 tètoio ÿste eÐte [M_2]_k ⊆ A_2 eÐte [M_2]_k ⊆ B_2. EpagwgikĹ kataskeuĹzoume mÐa akoloujÐa (J_i)^∞_{i=1} kibwtismènwn diasthmĹtwn thc morfăc J_i = [^{si}_{2i} ,^{si +1}_{2i} ], ìpou 0 ≤ s_i ≤ 2^i−1, kai mÐa fjÐnousa akoloujÐa (M_i)^∞_{i=1} Ĺpeirwn uposunìlwn tou N, tètoiec ÿste, gia kĹje i kai kĹje n_1 < . . . < n_k sto M_i, na isqÔei ‖ ∑_k j=1 a^1_j v_{nj} ‖ ∈ J_i. Epilègoume tÿra mÐa diagÿnia akoloujÐa (m_i)^∞_{i=1}, dhladă m_i ∈ M_i ∀i kai m_1 < m_2 < . . . kai jètoume L_1 = {m_i : i = 1, 2, . . .}. EÐnai fanerì ìti to

lim n→∞, n<n1<...<nk n1,...,nk ∈L1 ‖ k∑ j=1 a^1_j v_{nj} ‖

upĹrqei.

EpanalambĹnoume thn Ðdia diadikasÐa gia thn akoloujÐa (v_n)_{n∈L1} kai thn akoloujÐa suntelestÿn b_2 = (a^2_j )^l_{j=1} kai brÐskoume L_2 ⊆ L_1 ÿste to

lim n→∞, n<n1<...<nl n1,...,nk ∈L2 ‖ l∑ j=1 a^2_j v_{nj} ‖ na upĹrqei. EpagwgikĹ kataskeuĹzoume mÐa fjÐnousa akoloujÐa (L_i)^∞_{i=1} Ĺpeirwn uposunìlwn tou N, ÿste, gia kĹje i, gia thn akoloujÐa suntelestÿn b_i = (a^i_j )^{ki}_{j=1}, to lim n→∞, n<n1<...<nk i n1,...,nk ∈Li ‖ k_i∑

j=1 a^i_j v_{nj} ‖ na upĹrqei. Tèloc epilègoume mÐa diagÿnia akoloujÐa (l_i)^∞_{i=1}, dhladă l_i ∈ L_i ∀i kai l_1 < l_2 < . . . . Jètoume v^′_i := v_{li} , i = 1, 2, . . . kai èqoume th zhtoÔmenh upakoloujÐa.

’Estw (z_i)_i h kanonikă bĹsh tou c_{00}. OrÐzoume |‖ k∑ i=1 a_iz_i|‖ = lim n→∞, n<n_1 <...<n_k ‖ k∑ i=1 a_iv^′_{ni} ‖. Ja deÐxoume ìti, gia kĹje k ∈ N, gia kĹje akoloujÐa suntelestÿn (a_i)^k_{i=1} kai gia kĹje F ⊆ {1, . . . , k}, isqÔei h sqèsh (∗) |‖ ∑ i∈F a_iz_i|‖ ≤ |‖ k∑ i=1 a_iz_i|‖. Qrhsimopoiÿntac thn Paratărhsh 2 blèpoume ìti h (z_i)_i eÐnai spreading model gia thn (v^′_n)_n. Epiplèon, apì thn (∗) kai thn Prìtash 1.1 èpetai ìti h akoloujÐa (z_i)_i eÐnai 2 - unconditional.

Apìdeixh thc (∗): ’Estw (a_i)^k_{i=1} kai i_0 ∈ {1, . . . , k}. ArkeÐ na deÐxoume ìti |‖ k∑ i=1 i≠i0 a_iz_i|‖ ≤ |‖ k∑ i=1 a_iz_i|‖.

AfoÔ h akoloujÐa (v^′_n)_n teÐnei asjenÿc sto 0, upĹrqei block akoloujÐa kurtÿn sunduasmÿn u_m thc (v^′_n)_n me lim_m ‖u_m‖ = 0. ’Estw

u_m = p_{m+1}∑

i=p_m +1 λ^m_i v^′_i, ìpou p_1 < p_2 < . . ., λ^m_i ≥ 0 ∀m, ∀i kai ∑_{pm+1} i=p_m +1 λ m i = 1 ∀m. ’Estw ε > 0. Epilègoume n_0 ∈ N tètoio ÿste, an n_0 < n_1 < . . . < n_k, tìte (1) | | | | ‖ k∑ i=1 a_iv^′_{ni} ‖ − |‖ k∑ i=1 a_iz_i|‖ | | | | < ε kai

(2) | | | | | | ‖ k∑ i=1 i≠i0 a_iv^′_{ni} ‖ − |‖ k∑ i=1 i≠i0 a_iz_i|‖ | | | | | | < ε.

Epilègoume m ∈ N tètoio ÿste n_0 + i_0 < p_m kai ‖u_m‖ < ε. Gia kĹje j = p_m + 1, . . . , p_{m+1}, orÐzoume

w_j =

i_0 −1∑

i=1 a_iv^′_{n0+i} + a_{i0} v^′_j + k∑ i=i_0 +1 a_iv^′_{pm+1+i}.

’Eqoume_p m+1∑ j=p_m +1

λ^m_j w_j =

i_0 −1∑

i=1 a_iv^′_{n0 +i} + a_{i0} u_m + k∑ i=i_0 +1 a_iv^′_{pm+1+i}.

Apì th sqèsh (1) paÐrnoume ìti ‖w_j ‖ < |‖ ∑_k i=1 a_iz_i|‖ + ε, gia kĹje j, opìte

‖ p_{m+1}∑

j=p_m +1 λ^m_j w_j ‖ < |‖ k∑ i=1 a_iz_i|‖ + ε.

Apì th sqèsh (2) paÐrnoume ìti

‖ p_{m+1}∑

j=p_m+1 λ^m_j w_j ‖ ≥ ‖ i_0−1∑

i=1 a_iv^′_{n0+i} + k∑ i=i_0 +1 a_iv^′_{pm+1 +i}‖ − |a_{i0} |‖u_m‖

> |‖ k∑ i=1 i≠i0 a_iz_i|‖ − ε − |a_{i0} |ε.

’Ara, |‖ k∑ i=1 i≠i0 a_iz_i|‖ < |‖ k∑ i=1 a_iz_i|‖ + 2ε + |a_{i0} |ε

kai, afoÔ to ε ătan tuqìn, sumperaÐnoume ìti

|‖ k∑ i=1 i≠i0 a_iz_i|‖ ≤ |‖ k∑ i=1 a_iz_i|‖. □

(d) DÔo lămmata tou Krivine.

Gia thn apìdeixh tou Jewrămatoc A qreiazìmaste akìma èna lămma, to opoÐo ofeÐletai ston Krivine [Kr] kai mac epitrèpei na pernĹme apì mÐa C - unconditional kai analloÐwth wc proc diasporĹ akoloujÐa (z_n)_n se mÐa 1 - unconditional kai analloÐwth wc proc diasporĹ akoloujÐa (e_n)_n (Lămma 2).

To prÿto lămma autăc thc paragrĹfou exasfalÐzei ìti, kĹtw apì arketĹ genikèc proôpojèseic, mporoÔme na perĹsoume apì mÐa akoloujÐa û_n, n ∈ N, block akoloujiÿn û_n = (u^n_i )^{kn}_{i=1} thc (x_n)_n se mÐa oriakă akoloujÐa (z_i)^∞_{i=1} pou eÐnai peperasmèna anaparastĹsimh katĹ block sth (x_n)_n. Thn teqnikă aută ja th qrh-

simopoiăsoume tìso sthn apìdeixh tou Lămmatoc 2 ìso kai sthn apìdeixh tou

Jewrămatoc B.

Lămma 1. ’Estw k_n ∈ N, n = 1, 2, . . . , me k_n −→ ∞ kai akoloujÐec (u^n_i )^{kn}_{i=1} se

ènan qÿro Banach X me ‖u^n_i ‖ = 1 gia kĹje n kai i ≤ k_n, kai me thn akìloujh

idiìthta: UpĹrqei δ > 0 ÿste

δ max |a_i| ≤ ‖ k_n∑

i=1 a_iu^n_i ‖,

gia kĹje n kai gia kĹje (a_i)^{kn}_{i=1} Tìte, upĹrqei akoloujÐa (n_k)^∞_{k=1} ÿste gia kĹje

peperasmènh akoloujÐa (a_i)^m_{i=1} me a_i ∈ R, na upĹrqei to lim_k ‖ ∑_m i=1 a_iu^{nk}_i ‖. Epiplèon, h sqèsh

‖(a_i)_i‖ := lim_k ‖ ∑ a_iu^{nk}_i ‖ orÐzei nìrma ston c_{00}.

Apìdeixh: JewroÔme to sÔnolo twn akoloujiÿn pou oi ìroi touc eÐnai rhtoÐ kai

mìno peperasmènoi to plăjoc eÐnai diĹforoi tou mhdenìc. JewroÔme mÐa arÐjmhsh

(b_i)^∞_{i=1} autoÔ tou sunìlou.

’Estw b_1 = (a^1, a^1_2, . . . , a^1_{m1} , 0, . . .), b_2 = (a^2_1, a^2, . . . , a^2_{m2} , 0, . . .), . . . . ’Eqoume 0 ≤ ‖ m_1∑

i=1 a^1_i u^n_i ‖ ≤

m_1∑

i=1 |a^1_i |

gia kĹje n, Ĺra h akoloujÐa ( ‖ ∑_{m1} i=1 a^1_i u^n_i ‖ ) n eÐnai fragmènh, opìte èqei sug-

klÐnousa upakoloujÐa. Dhladă upĹrqei Ĺpeiro sÔnolo N_1 ⊂ N tètoio ÿste to

lim_{n∈N1} ‖ ∑_{m1} i=1 a^1_i u^n_i ‖ na upĹrqei.

Tÿra h akoloujÐa ( ‖ ∑_{m2} i=1 a^2_i u^n_i ‖ ) n∈N_1 eÐnai fragmènh, opìte èqei sugklÐ-

nousa upakoloujÐa. Dhladă upĹrqei Ĺpeiro sÔnolo N_2 ⊂ N_1 tètoio ÿste to

lim_{n∈N2} ‖ ∑_{m2} i=1 a^2_i u^n_i ‖ na upĹrqei. SuneqÐzoume epagwgikĹ kai dhmiourgoÔme mia

fjÐnousa akoloujÐa uposunìlwn twn fusikÿn N_1 ⊃ N_2 ⊃ . . . ⊃ N_k ⊃ . . . tètoia

ÿste to lim_{n∈Nk} ‖ ∑_{mk} i=1 a^k_i u^n_i ‖ na upĹrqei, gia kĹje k.

’Estw N_1 = {n^1, n^1_2, n^1_3, . . .}, N_2 = {n^2_1, n^2, n^2_3, . . .}, . . . . Jètoume n_k = n^k kai

h (n_k)_k eÐnai h zhtoÔmenh. ’Etsi èqoume to apotèlesma gia rhtoÔc a_i.

JewroÔme tÿra (a_i)^m_{i=1} me a_i ∈ R. ’Estw ε > 0. Epilègoume (q_i)^m_{i=1} me q_i ∈ Q kai ∑_m i=1 |a_i − q_i| < ε. Tìte | | | | | ‖ m∑ i=1 a_iu^n_i ‖ − ‖ m∑ i=1 a_iu^p_i ‖ | | | | | ≤ | | | | | ‖ m∑ i=1 a_iu^n_i ‖ − ‖ m∑ i=1 q_iu^n_i ‖ | | | | | +

+ | | | | ‖ m∑ i=1 q_iu^n_i ‖ − ‖ m∑ i=1 q_iu^p_i ‖ | | | | + | | | | ‖ m∑ i=1 q_iu^p_i ‖ − ‖ m∑ i=1 a_iu^p_i ‖ | | | |

≤ 2 m∑ i=1 |a_i − q_i| + | | | | ‖ m∑ i=1 q_iu^n_i ‖ − ‖ m∑ i=1 q_iu^p_i ‖ | | | | < 2ε + | | | | ‖ m∑ i=1 q_iu^n_i ‖ − ‖ m∑ i=1 q_iu^p_i ‖ | | | | . Lìgw tou ìti h (‖ ∑_m i=1 q_iu^{nk}_i ‖)_k eÐnai Cauchy paÐrnoume ìti kai h (‖ ∑_m i=1 a_iu^{nk}_i ‖)_k eÐnai Cauchy, Ĺra sugklÐnei.

Tèloc, apì th sqèsh δ max_{i=1,...,kn} |a_i| ≤ ‖ ∑_{kn} i=1 a_iu^n_i ‖, èpetai ìti

δ max |a_i| ≤ lim_n ‖ ∑ a_iu^n_i ‖ gia kĹje (a_i)_i ∈ c_{00}, Ĺra h sqèsh ‖(a_i)_i‖ := lim_k ‖ ∑ i a_iu^{nk}_i ‖ orÐzei nìrma ston c_{00}. □ Paratărhsh. Upojètoume ìti h (x_j )_j eÐnai mÐa akoloujÐa ston X kai ìti, gia kĹje n, h (u^n_i )^{kn}_{i=1} tou prohgoÔmenou lămmatoc eÐnai block akoloujÐa thc (x_j )_j . ’Estw (e_i)_i h kanonikă bĹsh tou c_{00}. Tìte h (e_i)_i ston qÿro c_{00} me nìrma thn ‖(a_i)_i‖ = lim_k ‖ ∑ a_iu^{nk}_i ‖ eÐnai peperasmèna anaparastĹsimh katĹ block sth (x_j )_j .

PrĹgmati. Apì th sqèsh ‖ ∑ (a_i − b_i)u^n_i ‖ ≤ ∑ |a_i − b_i|, èpetai ìti, gia kĹje m, to lim_k ‖ ∑_m i=1 u^{nk}_i ‖ eÐnai omoiìmorfo sto sÔnolo

{(a_i)^m_{i=1} : m∑ i=1 |a_i| = 1}. ’Ara, gia kĹje m ∈ N kai kĹje ε > 0, upĹrqei n_l ÿste (1 − ε)‖ m∑ i=1 a_iu^{nl}_i ‖ ≤ lim_k ‖ m∑ i=1 a_iu^{nk}_i ‖ = ‖ m∑ i=1 a_ie_i‖ ≤ (1 + ε)‖ m∑ i=1 a_iu^{nl}_i ‖, gia kĹje akoloujÐa sunelestÿn (a_i)^m_{i=1}.

Lămma 2. ’Estw C > 1 kai (z_n)_n mÐa C - unconditional kai analloÐwth wc proc diasporĹ akoloujÐa se ènan qÿro Banach me ‖z_n‖ = 1 ∀n. UpĹrqei tìte mÐa 1 - unconditional kai analloÐwth wc proc diasporĹ akoloujÐa (e_n)_n h opoÐa eÐnai peperasmèna anaparastĹsimh katĹ block sthn (z_n)_n.

Apìdeixh. JewroÔme thn akoloujÐa d_n = ‖ ∑_n i=1 z_i‖, n = 1, 2, . . . . Eqoume dÔo periptÿseic:

1h PerÐptwsh. H akoloujÐa (d_n)_n eÐnai fragmènh, dhladă upĹrqei M > 0 tètoio ÿste ‖ ∑_n i=1 z_i‖ ≤ M ∀n. AfoÔ h (z_i)_i eÐnai C - unconditional, èqoume 1 C max i=1,...,n |a_i| ≤ ‖ n∑ i=1 a_iz_i‖ ≤ C max_{i=1,...,n} |a_i|‖ n∑ i=1 z_i‖ ≤ CM max_{i=1,...,n} |a_i|, gia kĹje n ∈ N kai gia kĹje (a_i)^n_{i=1}. ’Epetai ìti h (z_i)_i eÐnai isodÔnamh me thn kanonikă bĹsh tou c_0. Apì to jeÿrhma tou James gia ton c_0 paÐrnoume tÿra ìti h kanonikă bĹsh (e_i)_i tou c_0 eÐnai peperasmèna anaparastĹsimh katĹ block sth (z_i)_i.

2h PerÐptwsh. H akoloujÐa (d_n)_n den eÐnai fragmènh. Tìte d_n → ∞.

’Estw n ∈ N. Gia kĹje i = 1, . . . , n, orÐzoume

x^n_i = 1 d_n n∑ j=1 (−1)^j z_{i(n+1)+j} .

AfoÔ h (z_i)_i eÐnai analloÐwth wc proc diasporĹ, isqÔei ‖x^n_1 ‖ = ‖x^n_2 ‖ = · · · = ‖x^n‖. Epiplèon, 1 C ≤ ‖x^n_i ‖ ≤ C ∀i = 1, . . . , n. H oikogèneia (x^n_i )_{n∈N, i=1,...,n} ikanopoieÐ tic upojèseic tou Lămmatoc 1, Ĺra upĹrqei akoloujÐa (k_n)_n ÿste to lim_{n→∞} ‖ ∑_m i=1 a_ix^{kn}_i ‖ na upĹrqei, gia kĹje peperasmènh akoloujÐa suntelestÿn (a_i)^m_{i=1}. QwrÐc blĹbh thc genikìthtac upojètoume ìti to lim_{n→∞} ‖ ∑_m i=1 a_ix^n_i ‖ upĹrqei, kai orÐzoume ‖ m∑ i=1 a_ie_i‖ = lim_{n→∞} ‖ m∑ i=1 a_ix^n_i ‖, gia kĹje (a_i)^m_{i=1}, ìpou (e_i)_i eÐnai h kanonikă bĹsh tou c_{00}.

AfoÔ h (z_i)_i eÐnai analloÐwth wc proc diasporĹ kai, gia kĹje n stajerì, ta dianÔsmata x^n_i , i = 1, . . . , n eÐnai isokatanemhmèna wc proc thn (z_i)_i, èpetai ìti h akoloujÐa (e_i)_i eÐnai epÐshc analloÐwth wc proc diasporĹ. Ja deÐxoume ìti h akoloujÐa (e_i)_i eÐnai 1 - unconditional. H apìdeixh basÐzetai sto gegonìc ìti to diĹnusma x^n_i diafèrei apì èna diĹnusma pou èqei thn Ðdia katanomă me to −x^n_i katĹ ènan ìro me nìrma thc tĹxhc tou^1_{dn} .

Sugkekrimmèna, èstw n ∈ N. Gia kĹje i = 1, . . . , n, orÐzoume

y^n_i = 1 d_n n−1∑ j=0 (−1)^j z_{i(n+1)+j} .

ParathroÔme ìti, gia kĹje i = 1, . . . , n, to y^n_i eqei thn Ðdia katanomă me to −x^n_i . ’Ara, gia kĹje u, v me u ∈ [z_j ]^{i(n+1)−1}_{j=1} kai v ∈ [z_j ]^∞_{j=(i+1)(n+1)}, isqÔei (1) ‖u − x^n_i + v‖ = ‖u + y^n_i + v‖. EpÐshc èqoume (2) ‖x^n_i − y^n_i ‖ ≤ 1 d_n ( ‖z_{i(n+1)}‖ + ‖z_{i(n+1)+n}‖ ) ≤ 2 d_n . JewroÔme èna m ∈ N, mÐa akoloujÐa pragmatikÿn suntelestÿn (a_i)^m_{i=1} kai mÐa akoloujÐa prosămwn (ε_i)^m_{i=1}. Jètoume F_1 = { i ∈ {1, . . . , m} : ε_i = 1 } kai F_2 =

{ i ∈ {1, . . . , m} : ε_i = −1 } . Qrhsimopoiÿntac thn (1), èqoume ‖ m∑ i=1 ε_ia_ix^n_i ‖ = ‖ ∑ i∈F_1 a_ix^n_i + ∑ i∈F_2 a_i(−x^n_i )‖ = ‖ ∑ i∈F_1 a_ix^n_i + ∑ i∈F_2 a_iy^n_i ‖.

Qrhsimopoiÿntac thn (2), paÐrnoume loipìn, | | | | ‖ m∑ i=1 a_ix^n_i ‖ − ‖ m∑ i=1 ε_ia_ix^n_i ‖ | | | | ≤ ‖ ∑ i∈F_2 a_i(x^n_i − y^n_i )‖ ≤ 2 d_n m∑ i=1 |a_i|.

PaÐrnontac n → ∞, sumperaÐnoume ìti ‖ m∑ i=1 ε_ia_ie_i‖ = ‖ m∑ i=1 a_ie_i‖. □

(e) Apìdeixh tou Jewrămatoc A.

Jeÿrhma A. ’Estw X qÿroc Banach kai (x_n)^∞_{n=1} akoloujÐa grammikĹ anexĹrthtwn dianusmĹtwn ston X. Tìte upĹrqei mÐa 1 - unconditional kai analloÐwth wc proc diasporĹ akoloujÐa (z_i)^∞_{i=1}, h opoÐa eÐnai peperasmèna anaparastĹsimh katĹ block sthn (x_n)_n.

Apìdeixh: Katfl arqĹc pernĹme se block akoloujÐa (y_n)_n thc (x_n)_n me ‖y_n‖ = 1 ÿste ‖y_n − y_m‖ ≥ 1 ∀n, m, n ≠ m. H epilogă twn y_n gÐnetai me epagwgă, wc exăc:

OrÐzoume y_1 := x_1. Upojètoume ìti èqoume epilèxei ta y_1, y_2, . . . , y_n block thc (x_n)_n, me tic parapĹnw idiìthtec. ’Estw p ∈ N ÿste y_i ∈ [x_k ]^p_{k=1}, gia kĹje i = 1, . . . , n. Dialègoume y^∗_1 , . . . , y^∗_n ston X^∗ tètoia ÿste ‖y^∗_i ‖ = 1 kai y^∗_i (y_i) = ‖y_i‖ = 1. Tìte upĹrqei y_{n+1} ∈ [x_k]^∞_{k=p+1} tètoio ÿste ‖y_{n+1}‖ = 1 kai y^∗_i (y_{n+1}) = 0 ∀i = 1, . . . , n. Gia kĹje m ≤ n isqÔei

‖y_{n+1} − y_m‖ ≥ |y^∗_m(y_{n+1} − y_m)| = |y^∗_m(y_{n+1}) − y^∗_m(y_m)| = y^∗_m(y_m) = 1.

’Ara, gia kĹje m ≤ n, ‖y_{n+1} − y_m‖ ≥ 1.

Efarmìzoume tÿra to jeÿrhma tou Rosenthal sthn akoloujÐa (y_n)_n. Eqoume dÔo periptÿseic:

1h PerÐptwsh: UpĹrqei upakoloujÐa (y^′_n)_n thc (y_n)_n pou eÐnai isodÔnamh me th bĹsh tou ℓ_1. Apì to jeÿrhma tou James paÐrnoume tìte ìti o ℓ_1 eÐnai peperasmèna anaparastĹsimoc katĹ block sthn (y^′_n), Ĺra kai sthn (x_n).

2h PerÐptwsh: UpĹrqei upakoloujÐa (y^′_n)_n thc (y_n)_n pou eÐnai w - Cauchy. OrÐzoume tìte

u_n = y^′_{2n+1} − y^′_{2n} ‖y^′_{2n+1} − y^′_{2n}‖ , n = 1, 2, . . . .

H akoloujÐa (u_n) teÐnei asjenÿc sto 0 kai ‖u_n‖ = 1 ∀n. Apì to jeÿrhma Brunel - Sucheston èpetai ìti upĹrqei mÐa 2 - unconditional kai analloÐwth wc proc diasporĹ akoloujÐa (v_n) h opoÐa eÐnai peperasmèna anaparastĹsimh katĹ block sthn (u_n). Tèloc qrhsimopoioÔme to Lămma 2 gia na perĹsoume se mÐa 1 - unconditional kai analloÐwth wc proc diasporĹ akoloujÐa (z_n) h opoÐa eÐnai peperasmèna anaparastĹsimh katĹ block sthn (v_n), Ĺra kai sthn (x_n). □

2.4 Apìdeixh tou Jewrămatoc B

AkoloujoÔme thn apìdeixh tou Lemberg [L]. O Lemberg aplopoÐhse thn apìdeixh tou Krivine qrhsimopoiÿntac èna katĹllhlo zeugĹri telestÿn. KleidÐ gia thn apìdeixh tou Lemberg eÐnai h Prìtash 1, sthn opoÐa apodeiknÔetai ìti an o X eÐnai migadikìc qÿroc Banach kai oi T, S ∈ L(X) eÐnai èna zeugĹri telestÿn pou antimetatÐjentai, tìte upĹrqoun katĹ prosèggish idiotimèc λ tou T kai μ tou S stic opoÐec antistoiqeÐ mÐa koină akoloujÐa katĹ prosèggish idiodianusmĹtwn (v_n)_n.

To Lămma 1 eÐnai èna gnwstì apotèlesma thc jewrÐac telestÿn, pou lèei ìti kĹje telestăc T ∈ L(X), (X migadikìc qÿroc Banach) èqei mÐa katĹ prosèggish idiotimă. Tèloc, qrhsimopoioÔme èna epÐshc gnwstì apotèlesma thc jewrÐac arijmÿn: To sÔnolo twn arijmÿn thc morfăc 2^k/3^l, k, l ∈ N, eÐnai puknì sto R^+ (Lămma 2).

Lămma 1. ’Estw X migadikìc qÿroc Banach kai T : X → X fragmènoc grammikìc telestăc, kai èstw λ ∈ ∂σ(T ). Tote to λ eÐnai katĹ prosèggish idiotimă tou T .

Apìdeixh: AfoÔ λ ∈ ∂σ(T ), upĹrqei (λ_n)_n ∈ C \σ(T ) tètoia ÿste λ_n → λ. Isqurizìmaste ìti ‖(T − λ_nI)^{−1}‖ → ∞.

Estw ìti h akoloujÐa ‖(T −λ_nI)^{−1}‖ den teÐnei sto Ĺpeiro. Tìte upĹrqei M > 0 kai upakoloujÐa (λ_{kn} ) thc (λ_n) tètoia ÿste ‖(T − λ_{kn} I)^{−1}‖ ≤ M. ’Epetai ìti ‖(T − λ_{kn} I)^{−1}‖|λ_{kn} − λ| → 0, Ĺra gia megĹla n èqoume ìti ‖(T − λ_{kn} I)^{−1}‖|λ_{kn} − λ| ≤^1_2 . IsqÔei ìti an A ∈ L(X) kai ‖A‖ < 1 tìte o I − A eÐnai antistrèyimoc. Eqoume ‖(T − λ_{kn} I)^{−1}(T − λ_{kn} I − T + λI)‖ = ‖(T − λ_{kn} I)^{−1}(λ_{kn} − λ)‖ = ‖(T − λ_{kn} I)^{−1}‖|λ_{kn} − λ| < 1 Ĺra o I −(T −λ_{kn} I)^{−1}(T −λ_{kn} I −T +λI) antistrèfetai, dhladă o (T −λ_{kn} I)^{−1}(T − λI) antistrèfetai, dhladă o T −λI antistrèfetai. Autì eÐnai Ĺtopo, afoÔ λ ∈ σ(T ).

’Ara ‖(T − λ_n)^{−1}I‖ → ∞, dhladă upĹrqei akoloujÐa (v_n)_n ston X me ‖v_n‖ = 1 tètoia ÿste ‖(T − λ_nI)^{−1}(v_n)‖ → ∞.

OrÐzoume y_n = (T − λ_n)^{−1}(v_n). Tìte, (T − λ_nI)(y_n) = v_n, ‖y_n‖ → ∞ kai ‖(T − λ_nI)(y_n)‖ = 1. OrÐzoume u_n =^{yn}_{‖yn‖} . Tìte ‖u_n‖ = 1 kai ‖(T − λ_nI)u_n‖ = ‖(T − λ_nI)(y_n)‖ ‖y_n‖ → 0. Gia thn (u_n)_n isqÔei ìti ‖(T −λI)(u_n)‖ = ‖T u_n −λ_nu_n +λ_nu_n −λu_n‖ ≤ ‖T u_n −λ_nu_n‖+|λ_n −λ|‖u_n‖ → 0, Ĺra to λ eÐnai katĹ prosèggish idiotimă tou T . □

Prìtash 1. ’Estw X migadikìc qÿroc Banach kai èstw T, S : X → X dÔo fragmènoi grammikoÐ telestèc me T S = ST . ’Estw λ mia katĹ prosèggish idiotimh tou T . Tìte upĹrqoun μ ∈ σ(S) kai akoloujÐa (v_n)_n ston X, tètoia ÿste ‖v_n‖ = 1 kai ‖T v_n − λv_n‖ → 0 kai ‖Sv_n − μv_n‖ → 0. Apìdeixh : JewroÔme èna suneqèc grammikì sunarthsoeidèc ston ℓ_∞, to opoÐo sumbolÐzoume me LIM kai èqei thn idiìthta

(∗) lim inf a_n ≤ LIM((a_n)_n) ≤ lim sup a_n ∀(a_n)_n ∈ ℓ_∞.

Ena tètoio sunarthsoeidèc lègetai Banach limit kai brÐsketai jewrÿntac sto qÿro c twn sugklinousÿn akoloujiÿn to sunarthsoeidèc f me f((a_n)_n) = lim a_n ∀(a_n)_n ∈ c. MetĹ efarmìzoume to jeÿrhma Hahn - Banach gia na epekteÐnoume to f se èna sunarthsoeidèc LIM ston ℓ_∞ pou ikanopoieÐ thn anisìthta (∗).

ParathroÔme ìti ‖LIM‖ = 1 kai ìti to LIM eÐnai jetikì sunarthsoeidèc, dhladă an a_n ≥ 0 ∀n tìte lim inf a_n ≥ 0 Ĺra LIM((a_n)_n) ≥ 0. EpÐshc, an h (a_n)_n eÐnai sugklÐnousa akoloujÐa, tìte LIM((a_n)_n) = lim a_n.

JewroÔme to dianusmatikì qÿro ( ∑ ⊕X)_∞ = {(x_n)_n : x_n ∈ X ∀n kai (‖x_n‖)_n fragmènh }.

Sto qÿro autì orÐzoume thn hminìrma |‖(x_n)^∞_{n=1}|‖ = LIM ((‖x_n‖)_n) , ìpou (x_n)^∞_{n=1} ∈ ( ∑ ⊕X)_∞. JewroÔme ton upìqwro N = {(x_n)_n : LIM‖x_n‖ = 0} kai orÐzoume to qÿro Z = ( ∑ ⊕X)_∞ / N. Sto qÿro autì h hminìrma pou orÐsame prohgoumènwc epĹgei mÐa nìrma, thn opoÐa sumbolÐzoume pĹli me ‖ · ‖. ’Estw Z h plărwsh tou Z. OrÐzoume T : ( ∑ ⊕X)_∞ → ( ∑ ⊕X)_∞ ÿc exăc:

T (x_1, x_2, . . .) = (T x_1, T x_2, . . .).

O T eÐnai grammikìc telestăc. O T epĹgei ènan telestă T : Z → Z giatÐ, an LIM‖x_n‖ = 0, tìte apì th jetikìthta tou T èqoume ìti |‖T ((x_n)_n)|‖ = LIM‖T (x_n)‖ ≤ LIM(‖T ‖‖x_n‖) = ‖T ‖LIM‖x_n‖

Ĺra |‖T ((x_n)_n)|‖ = 0.

O T eÐnai grammikìc kai fragmènoc telestăc, sÔmfwna me thn prohgoÔmenh anisìthta, Ĺra epekteÐnetai katĹ monadikì trìpo se fragmèno telestă sthn plărwsh tou Z. OmoÐwc orÐzoume S : ( ∑ ⊕X)_∞ → ( ∑ ⊕X)_∞ me

S(x_1, x_2, . . .) = (Sx_1, Sx_2, . . .)

kai ton epekteÐnoume me ton Ðdio trìpo ston Z.

GnwrÐzoume apì thn upìjesh ìti h λ eÐnai katĹ prosèggish idiotimă tou T , Ĺra upĹrqei akoloujÐa (u_n)_n tètoia ÿste ‖u_n‖ = 1 kai lim ‖T u_n − λu_n‖ = 0. Opìte LIM‖T u_n − λu_n‖ = 0, dhladă |‖(T u_n − λu_n)_n|‖ = 0. Jètontac u = (u_1, u_2, . . .) èqoume ìti |‖T u − λu|‖ = 0, Ĺra T u = λu. ’Ara to λ eÐnai idiotimă tou T kai to u = (u_n)_n eÐnai idiodiĹnusma tou.

’Estw Y ⊆ Z o idiìqwroc tou T pou antistoiqeÐ sthn idiotimă λ. AfoÔ T S = S T , paÐrnoume ìti S(Y ) ⊆ Y. PrĹgmati. ’Estw v ∈ Y. Tìte, apì ton orismì tou Y , èqoume ìti T v = λv. ’Ara, T (Sv) = S(T v) = S(λv) = λ(Sv). Dhladă, Sv ∈ Y. JewroÔme ton periorismì tou S ston Y. To fĹsma tou telestă (S|Y ) eÐnai mh kenì, Ĺra upĹrqei toulĹqiston èna μ tètoio ÿste μ ∈ ∂σ(S|Y ). Tìte, efarmìzontac to prohgoÔmeno lămma, èqoume ìti to μ eÐnai katĹ prosèggish idiotimă tou S|Y.

’Estw (u_i)_i mÐa akoloujÐa katĹ prosèggish idiodianusmĹtwn tou S|Y pou antistoiqeÐ sto μ, dhladă |‖Su_i − μu_i|‖ → 0.

An u_i = (u_{i,n})_n, èqoume lim_i |‖S(u_{i,1}, u_{i,2}, ...) − μ(u_{i,1}, u_{i,2}, . . .)|‖ = 0, dhladă lim_i LIM_n‖Su_{i,n} − μu_{i,n}‖ = 0. Ta u_i eÐnai stoiqeÐa tou Y, opìte èqoume ìti ‖T u_i − λu_i‖ = 0, dhladă LIM_n‖T u_{i,n} − λu_{i,n}‖ = 0 ∀i. AfoÔ lim_i LIM_n‖Su_{i,n} − μu_{i,n}‖ = 0, èqoume ìti upĹrqei i_1 tètoio ÿste LIM‖Su_{i1,n} − μu_{i1,n}‖ < 1, kai gia kĹje i isqÔei ìti LIM_n‖T u_{i,n} − λu_{i,n}‖ = 0. Apì tic parapĹnw sqèseic èqoume ìti LIM_n(‖T u_{i1,n} − λu_{i1 ,n}‖ + ‖Su_{i1,n} − μu_{i1 ,n}‖) < 1. Epomènwc, lim inf (‖T u_{i1,n} − λu_{i1 ,n}‖ + ‖Su_{i1,n} − μu_{i1,n}‖) ≤ LIM (‖T u_{i1,n} − λu_{i1,n}‖ + ‖Su_{i1,n} − μu_{i1 ,n}‖) < 1. ’Ara upĹrqei n_1 tètoio ÿste ‖T u_{i1,n1} − λu_{i1 ,n1} ‖ + ‖Su_{i1,n1} − μu_{i1 ,n1} ‖ < 1.

SuneqÐzoume me ton Ðdio trìpo kai dhmiourgoÔme akoloujÐa (u_{ik ,nk} )^∞_{k=1}, h opoÐa ikanopoieÐ th sqèsh ‖T u_{ik,nk} − λu_{ik ,nk} ‖ + ‖Su_{ik,nk} − μu_{ik ,nk} ‖ < 1 k . ’Ara lim_k ‖T u_{ik,nk} − λu_{ik ,nk} ‖ = 0 kai lim_k ‖Su_{ik ,nk} − μu_{ik ,nk} ‖ = 0. OrÐzoume v_k = u_{ik ,nk} , opìte èqoume ìti lim_k ‖T v_k − λv_k‖ = 0 kai lim_k ‖Sv_k − μv_k‖ = 0. □ Lămma 2. ’Estw τ jetikìc Ĺrrhtoc. To sÔnolo {nτ − m : n, m ∈ N} eÐnai puknì sto R. Apìdeixh: ApodeiknÔoume prÿta ton akìloujo isqurismì. Isqurismìc. Gia kĹje ε > 0 upĹrqei n ∈ N tètoio ÿste 0 < nτ − [nτ] < ε. [Apìdeixh tou isqurismoÔ: ArkeÐ na deÐxoume ìti upĹrqei n ÿste 0 < nτ − [nτ] < τ 2 . MetĹ, epagwgikĹ, deÐqnoume ìti gia kĹje m ∈ N upĹrqei n tètoio ÿste 0 < nτ − [nτ] <^τ_{2m} . Upojètoume ìti 0 < τ < 1. DiaforetikĹ douleÔoume me to τ − [τ]. ’Estw n_0 tètoio ÿste n_0τ < 1 < (n_0 + 1)τ. An isqÔei ìti (n_0 + 1)τ − 1 <^τ_2 , tìte èqoume teleiÿsei. DiaforetikĹ, an den isqÔei to parapĹnw, èqoume ìti 1 − n_0τ <^τ_2 . OrÐzoume θ = 1 − n_0τ, opìte èqoume ìti θ <^τ_2 kai ìti τ 2 < τ − θ = (n_0 + 1)τ − 1.

’Estw k o mikrìteroc fusikìc ÿste 0 < τ − kθ <^τ_2 . Tìte isqÔei ìti

0 < (kn_0 + 1)τ − k < τ 2 , opìte èqoume teleiÿsei, afoÔ gia m := kn_0 + 1, èqoume ìti 0 < mτ − [mτ] <^τ_2 .]

H puknìthta apodeiknÔetai tÿra wc exăc: ’Estw x, y dÔo pragmatikoÐ arijmoÐ me 0 < x < y. Jètoume ε := y − x. Tìte upĹrqoun m, n ∈ N tètoia ÿste 0 < nτ − m < ε. IsqÔei ìti (nτ − m)k^k→ ∞, opìte jewroÔme to mikrìtero k gia to opoÐo x < (nτ − m)k. Tìte (nτ − m)(k − 1) ≤ x, Ĺra x < (nτ − m)k ≤ x + (nτ − m) < x + ε = y, dhladă x < knτ − km < y. ’Ara, oi arijmoÐ thc morfăc nτ − m, n, m ∈ N eÐnai puknoÐ sto R^+ . EÐnai tÿra fanerì ìti eÐnai puknoÐ kai sto R. □ Jeÿrhma B. ’Estw X qÿroc Banach kai (x_j )^∞_{j=1} akoloujÐa ston X, h opoÐa eÐnai 1-unconditional kai analloÐwth wc proc diasporĹ me x_j ≠ 0 ∀j. Tìte upĹrqei p me 1 ≤ p ≤ ∞ me thn akìloujh idiìthta:

Gia kĹje ε > 0 kai gia kĹje n ∈ N upĹrqoun y_1, y_2, . . . , y_n block twn (x_j )^∞_{j=1} tètoia ÿste

(1 − ε) (_n ∑ i=1 |a_i|^p )_{1/p} ≤ ‖ n∑ i=1 a_iy_i‖ ≤ (1 + ε) (_n ∑ i=1 |a_i|^p )_{1/p} , gia kĹje akoloujÐa suntelestÿn (a_i)^n_{i=1}.

Apìdeixh: Metaferìmaste katfl arqĹc apì thn akoloujÐa (x_j )_{j∈N} se mÐa akoloujÐa (e_r)_{r∈Q} arijmhmènh apì to sÔnolo Q twn jetikÿn rhtÿn me ton akìloujo trìpo:

JewroÔme to dianusmatikì qÿro Y ìlwn twn sunartăsewn a : Q → R, oi opoÐec èqoun peperasmèno forèa. SumbolÐzoume me (a_r)_{r∈Q} mÐa tètoia sunĹrthsh kai me supp((a_r )_{r∈Q}) to forèa thc, dhladă supp((a_r)_{r∈Q}) = {r ∈ Q : a_r ≠ 0}.

’Estw (e_r)_r ∈ Q h algebrikă bĹsh tou Y me e_r(q) = 1 ìtan q = r kai e_r(q) = 0 ìtan q ≠ r. OrÐzoume mÐa nìrma ‖ · ‖ ston Y wc exăc: ‖ n∑ i=1 a_ie_{ri} ‖ = ‖ n∑ i=1 a_ix_i‖, gia kĹje r_1 < r_2 < . . . < r_n sto Q kai gia kĹje akoloujÐa suntelestÿn (a_i)^n_{i=1}. O orismìc thc nìrmac eÐnai sunepăc afoÔ h (x_i)_i eÐnai analloÐwth wc proc diasporĹ.

’Epetai ìti kĹje peperasmènh akoloujÐa (e_{ri} )^n_{i=1} me r_1 < r_2 < . . . < r_n, eÐnai 1-isodÔnamh me thn (x_i)^n_{i=1}, Ĺra arkeÐ na deÐxoume ìti upĹrqei p ÿste o ℓ_p na eÐnai peperasmèna anaparastĹsimoc katĹ block sthn (e_r)_{r∈Q}. Epiplèon, afoÔ h (x_i)_i eÐnai analloÐwth wc proc diasporĹ kai 1-unconditional, èpetai ìti h (e_r)_r eÐnai analloÐwth wc proc diasporĹ kai 1-unconditional, dhladă, an r_1 < r_2 < . . . < r_n kai s_1 < s_2 < . . . < s_n, ‖ n∑ i=1 a_ie_{ri} ‖ = ‖ n∑ i=1 ε_ia_ie_{si} ‖ gia opoiadăpote epilogă suntelestÿn (a_i)^n_{i=1} kai prosămwn (ε_i)^n_{i=1}. Ja lème ìti ta dianÔsmata x, y ∈ Y eÐnai isokatanemhmèna, an x = ∑_n i=1 a_ie_{ri} kai y = ∑_n i=1 a_ie_{si} , ìpou r_1 < r_2 < . . . < r_n, s_1 < s_2 < . . . s_n kai a_i ∈ R, i = 1, . . . , n.

JewroÔme tăn plărwsh Y tou Y . EpekteÐnoume touc Y kai Y se migadikoÔc qÿrouc orÐzontac ‖ ∑ r∈Q a_re_r‖ = ‖ ∑ r∈Q |a_r|e_r‖ ìpou a_r ∈ C . OrÐzoume tÿra dÔo grammikoÔc telestèc T kai S ston Y wc exăc: Gia kĹje j = 0, 1, . . . kai gia q ∈ Q ∩ [j, j + 1) me q = j + r, 0 ≤ r < 1, jètoume

T (e_q) = T (e_{j+r}) = e_{j+}^r_2 + e_{j+} r+1_2 kai S(e_q) = S(e_{j+r}) = e_{j+}^r_3 + e_{j+} r+1_3 + e_{j+} r+2_3 .

ParathroÔme ìti oi T kai S eÐnai fragmènoi telestèc. Eidikìtera, qrhsimopoiÿntac to gegonìc ìti h (e_r)_r eÐnai 1-unconditional kai analloÐwth wc proc diasporĹ, èqoume ìti ‖x‖ ≤ ‖T x‖ ≤ 2‖x‖ kai ‖x‖ ≤ ‖Sx‖ ≤ 3‖x‖. Oi T kai S epekteÐnontai monadikĹ se fragmènouc telestèc sthn plărwsh tou Y . Akìma, apodeiknÔetai eÔkola ìti T S = ST .

JewroÔme tÿra ton upìqwro Y_0 tou Y, ìpou

Y_0 = [e_r]_{r∈Q∩[0,1)}.

SumbolÐzoume me T_1 kai S_1 antÐstoiqa ton periorismì tou T kai tou S ston Y_0.

’Estw λ mÐa katĹ prosèggish idiotimă tou T_1. Tètoia upĹrqei toulĹqiston mÐa, afoÔ ∂σ(T_1) ≠ ∅ kai kĹje λ ∈ ∂σ(T_1), sÔmfwna me to Lămma 1, eÐnai katĹ prosèggish idiotimă tou T_1. ’Eqoume loipìn èna qÿro Banach Y_0, dÔo fragmènouc grammikoÔc telestèc T_1, S_1 : Y_0 → Y_0, kai mÐa katĹ prosèggish idiotimă λ tou T_1. Epiplèon, oi T_1 kai S_1 sundèontai me th sqèsh T_1S_1 = S_1T_1. Efarmìzontac thn Prìtash 1 èqoume ìti upĹrqoun μ ∈ σ(S_1) kai akoloujÐa (y_n)^∞_{n=1} tètoia ÿste: y_n ∈ Y_0, ‖y_n‖ = 1, lim_n ‖T_1y_n − λy_n‖ = 0 kai lim_n ‖S_1y_n − μy_n‖ = 0. ’Ara gifl autăn thn (y_n)_n isqÔei ìti lim_n ‖T y_n − λy_n‖ = 0 kai lim_n ‖Sy_n − μy_n‖ = 0.

QwrÐc blĹbh thc genikìthtac mporoÔme na jewrăsoume ìti (y_n)_n ⊆ Y_0, afoÔ an (y_n)_n ⊆ Y_0, tìte upĹrqei (x_n)_n ⊆ Y_0 tètoia ÿste ‖x_n − y_n‖ ≤^1_n , opìte gi’ aută th (x_n)_n isqÔei ìti ‖T x_n − λx_n‖ → 0 kai ìti ‖Sx_n − μx_n‖ → 0.

ParathroÔme akìmh ìti, qwrÐc blĹbh thc genikìthtac, mporoÔme na jewrăsoume ìti, tìso o λ, ìso kai oi suntetagmènec tou kĹje y_n, n ∈ N, eÐnai jetikoÐ arijmoÐ.

PrĹgmati. ’Estw y_n = ∑ a_qe_q . Tìte T y_n = ∑ a_q e^q_2 + ∑ a_q e q+1_2 . ’Ara, ‖T y_n − λy_n‖ = ‖ ∑ a_q e^q_2 + ∑ a_qe q+1_2 − λ ∑ a_q e_q‖ ≥ ‖ ∑ |a_q |e^q_2 + ∑ |a_q |e q+1_2 − |λ| ∑ |a_q|e_q ‖ = ‖T (∑ |a_q |e_q ) − |λ| ∑ |a_q |e_q‖. Gia ton Ðdio lìgo, mporoÔme na jewrăsoume ìti o μ eÐnai jetikìc arijmìc. Lìgw thc sqèshc ‖y_n‖ ≤ ‖T y_n‖ ≤ 2‖y_n‖ kai tou ìti ‖T y_n − λy_n‖ → 0, eÔkola apodeiknÔetai ìti 1 ≤ λ ≤ 2. OmoÐwc, lìgw thc sqèshc ‖y_n‖ ≤ ‖Sy_n‖ ≤ 3‖y_n‖ kai tou ìti ‖Sy_n − μy_n‖ → 0, apodeiknÔetai ìti 1 ≤ μ ≤ 3. AnalÔoume kĹje y_n wc proc th bĹsh (e_r)_r. ’Estw y_n = ∑_{mn} k=1 a^n_k e_qn_k , ìpou {q^n_1 , . . . , q^n_{mn} } ⊂ [0, 1). OrÐzoume, gia kĹje j = 1, 2, . . . ,

u^n_j = m_n∑

k=1 a^n_k e_{j+q}n_k .

ParathroÔme ìti ‖u^n_j ‖ = 1 ∀j, ∀n. Epiplèon, gia kĹje j isqÔei ìti ‖T y_n − λy_n‖ = ‖T u^n_j − λu^n_j ‖, afoÔ ta dÔo dianÔsmata mèsa stic nìrmec èqoun thn Ðdia katanomă kai h (e_r)_{r∈Q} eÐnai analloÐwth wc proc diasporĹ. Gia ton Ðdio lìgo, ‖Sy_n − μy_n‖ = ‖Su^n_j − μu^n_j ‖.

’Epetai ìti, gia kĹje j, h (u^n_j )^∞_{n=1} eÐnai akoloujÐa katĹ prosèggish idiodianusmĹtwn tou T pou antistoiqeÐ sto λ kai tautoqrìnwc eÐnai akoloujÐa katĹ prosèggish idiodianusmĹtwn tou S, pou antistoiqeÐ sto μ.

’Estw i ∈ N. Epeidă ta dianÔsmata u^n_i + u^n_{i+1} kai T u^n_i eÐnai isokatanemhmèna, èpetai ìti, gia kĹje u, v tètoia ÿste supp(u) ⊂ [0, i) kai supp(v) ⊂ [i + 2, ∞] kai gia kĹje n, isqÔei ìti

‖u + u^n_i + u^n_{i+1} + v‖ = ‖u + T u^n_i + v‖.

EÔkola blèpoume ìti isqÔei ‖u + T u^n_i + v‖ − ‖u + λu^n_i + v‖ → 0. SunduĹzontac tic parapĹnw sqèseic èqoume ìti ‖u + u^n_i + u^n_{i+1} + v‖ − ‖u + λu^n_i + v‖ → 0. SÔmfwna me to Lămma 2.1, upĹrqei upakoloujÐa (n_k) tètoia ÿste gia kĹje peperasmènh akoloujÐa (a_i)^m_{i=1} na upĹrqei to lim_k ‖ ∑_m i=1 a_iu^{nk}_i ‖ kai h sunĹrthsh ‖(a_i)^m_{i=1}‖ = lim_k ‖ ∑_m i=1 a_iu^{nk}_i ‖ na eÐnai nìrma ston c_{00}. JewroÔme to qÿro twn telikĹ mhdenikÿn akoloujiÿn me autăn th nìrma. ’Estw (z_i)_i h kanonikă bĹsh autoÔ tou qÿrou, opìte, gia kĹje (a_i)_i ∈ c_{00}, ‖ ∑ i a_iz_i‖ = ‖(a_i)_i‖ = lim_k ‖ ∑ i a_iu^{nk}_i ‖.

ParathroÔme ìti ‖z_i‖ = 1. H (z_i)_i eÐnai analloÐwth wc proc diasporĹ kai 1- unconditional, afoÔ h (e_r)_r eÐnai analloÐwth wc proc diasporĹ kai 1-unconditional kai, gia kĹje n kai i ≠ j, ta dianÔsmata u^n_i kai u^n_j èqoun xènouc foreÐc kai eÐnai isokatanemhmèna.

’Eqoume deÐxei ìti ∀i ∈ N kai u = ∑_{i−1} k=1 b_ku^n_k kai v = ∑_m k=i+2 cku n k isqÔei ìti

‖ i−1∑ k=1 b_ku^n_k + u^n_i + u^n_{i+1} + m∑ k=i+2 c_ku^n_k ‖ − ‖ i−1∑ k=1 b_ku^n_k + λu^n_i + m∑ k=i+2 c_ku^n_k ‖ → 0

Ĺra,

lim_p ‖ i−1∑ k=1 b_ku^{np}_k + u^{np}_i + u^{np}_{i+1} + m∑ k=i+2 c_ku^{np}_k ‖ = lim_{np} ‖ i−1∑ k=1 b_ku^{np}_k + λu^{np}_i + m∑ k=i+2 c_ku^{np}_k ‖.

’Epetai ìti ‖ i−1∑ k=1 b_kz_k + z_i + z_{i+1} + m∑ k=i+2 c_kz_k‖ = ‖ i−1∑ k=1 b_kz_k + λz_i + m∑ k=i+2 c_kz_k‖.

Me epagwgă paÐrnoume ìti, gia kĹje k, n ∈ N, kai u, v ∈ Z me u ∈ [z_i]^n_{i=1} kai v ∈ [z_i]^∞_{i=n+2k +1}, ‖u + n+2^k∑

i=n+1 z_i + v‖ = ‖u + λ^kz_{n+1} + v‖. TeleÐwc anĹloga, paÐrnoume ìti, gia kĹje l, n ∈ N, kai u, v ∈ Z me u ∈ [z_i]^n_{i=1} kai v ∈ [z_i]^∞_{i=n+3l +1},

‖u + n+3^l∑

i=n+1 z_i + v‖ = ‖u + μ^lz_{n+1} + v‖. Eidikìtera, èqoume, gia kĹje k kai l,

‖ 2^k∑

i=1 z_i‖ = λ^k

‖ 3^l∑

i=1 z_i‖ = μ^l

‖ 2^k 3^l∑

i=1 z_i‖ = λ^k μ^l. Ja deÐxoume tÿra ìti h (z_i)_i eÐnai 1- isodÔnamh me th bĹsh tou ℓ_p gia kĹpoio p me 1 ≤ p < ∞ ă me th bĹsh tou c_0.

1h PerÐptwsh: λ = 1, dhladă ‖

∑_2k i=1 z_i‖ = 1 ∀k.

Tìte, gia n ≤ 2^k, lìgw tou ìti h (z_i)_i eÐnai 1-unconditional èqoume ìti

1 = max ‖z_i‖ ≤ ‖ n∑ i=1 z_i‖ ≤ ‖ 2^k∑

i=1 z_i‖ = 1

Ĺra ‖ ∑_n i=1 z_i‖ = 1 gia n ≤ 2^k , ∀k ∈ N, Ĺra ‖ ∑_n i=1 z_i‖ = 1 ∀n ∈ N. Apì thn Prìtash 1.2, afoÔ h (z_i) eÐnai 1 - unconditional, èpetai tÿra ìti gia kĹje n isqÔei ‖ ∑_n i=1 a_iz_i‖ = max |a_i|. ’Ara h (z_i)_i eÐnai isodÔnamh me th sunăjh bĹsh tou c_0.

2h PerÐptwsh: λ ≠ 1.

Isqurismìc. Tìte μ ≠ 1 kai^{log2}_{log3} =^{log λ}_{log μ} .

[Apìdeixh tou IsqurismoÔ: ArkeÐ oi rhtoÐ pou eÐnai mikrìteroi apì to^{log 2}_{log 3} na eÐnai akribÿc ekeÐnoi pou eÐnai mikrìteroi apì to^{log λ}_{log μ} . Jèloume dhladă na deÐxoume ìti, gia kĹje k, l ∈ N, l k ≤ log 2 log 3 ⇔ l k ≤ log λ log μ , ă isodÔnama, 3^l ≤ 2^k ⇔ μ^l ≤ λ^k.

’Estw ìti 3^l ≤ 2^k. Tìte

μ^l = ‖

3^l∑

i=1 z_i‖ ≤ ‖ 2^k∑

i=1 z_i‖ = λ^k.

AntÐstrofa, upojètoume ìti 3^l > 2^k. PaÐrnontac m ÿste 2^{mk+1} < 3^{ml}, èqoume

λ^{mk+1} = ‖

2^{mk+1}∑

i=1 z_i‖ ≤ ‖ 3^{ml}∑

i=1 z_i‖ = μ^{ml},

kai afoÔ λ ≠ 1, paÐrnoume λ^k < μ^l.]

Jètoume p =^{log 2}_{log λ} =^{log 3}_{log μ} , opìte λ = 2^{1/p} kai μ = 3^{1/p}. Gi’ autì to p, ja deÐxoume ìti h (z_i)_i eÐnai 1-isodÔnamh me thn kanonikă bĹsh tou ℓ_p, dhladă ìti, gia kĹje n kai gia opoiousdăpote suntelestèc (a_i)^n_{i=1},

(∗) ‖ n∑ i=1 a_iz_i‖ = (_n ∑ i=1 |a_i|^p )_{1/p} .

’Hdh xèroume ìti gia kĹje k, l ∈ N, isqÔei

‖ 2^k 3^l∑

i=1 z_i‖ = (2^k3^l)^{1/p}.

Gia na perĹsoume sth genikă perÐptwsh qrhsimopoioÔme thn akìloujh prìtash:

To sÔnolo {^{2k}_{3l} | k, l ∈ N} eÐnai puknì sto R^+ .

H prìtash aută eÐnai Ĺmesh sunèpeia tou Lămmatoc 2. SÔmfwna me to lămma, to sÔnolo {k^{log 2}_{log 3} −l : k, l ∈ N} eÐnai puknì sto R. ’Epetai ìti to sÔnolo {log^{2k}_{3l} : k, l ∈ N} eÐnai puknì sto R. ’Ara, to sÔnolo {^{2k}_{3l} : k, l ∈ N} eÐnai puknì sto R^+ .

ApodeiknÔoume tÿra thn (∗) se trÐa bămata:

Băma 1. Gia kĹje k ∈ N, ‖ k∑ i=1 z_i‖ = k^{1p} .

’Estw l ∈ N. Lìgw thc puknìthtac twn arijmÿn thc morfăc^{2n}_{3m} sto R^+ , upĹrqoun n, m ∈ N tètoia ÿste^{2n}_{3m} ≤ k <^{2n}_{3m} (1 + 3^{−l}), dhladă

2^n3^l ≤ k3^{l+m} ≤ 2^n3^l + 2^n.

’Epetai ìti ( 2^n3^l

)^1_p = ‖ 2^n3^l∑

i=1 z_i‖ ≤ ‖ k3^{l+m}∑

i=1 z_i‖ ≤ ‖ 2^n3^l+2^n ∑ i=1 z_i‖

≤ ‖ 2^n3^l∑

i=1 z_i‖ + ‖ 2^n∑

i=1 z_i‖ = ( 2^n3^l ) 1_p + 2^{np} .

’Ara, ( 2^n3^l

)^1_p ≤ ‖ k3^{l+m}∑

i=1 z_i‖ ≤ ( 2^n3^l

)^1_p

+ 2^{np}

Qrhsimopoiÿntac th sqèsh ‖ i∑ k=1 b_kz_k + i+3^n∑

k=i+1 z_k + m∑ k=i+3^n +1 c_kz_k‖ = ‖ i∑ k=1 b_kz_k + μ^nz_{i+1} + m∑ k=i+3^n +1 c_kz_k‖ kai to ìti h (z_i)_i eÐnai analloÐwth wc proc diasporĹ èqoume ìti

2^{np} 3^{lp} ≤ 3^{l+mp} ‖ k∑ i=1 z_i‖ ≤ 2^{np} 3^{lp} + 2^{np}

KĹnontac prĹxeic paÐrnoume ìti ( k 1 + 3^{−l} ) 1_p ≤ ( 2^n 3^m ) 1_p ≤ ‖ k∑ i=1 z_i‖ ≤ ( 2^n 3^m

) 1_p ( 1 + 1 3^{lp} ) ≤ k^{1p} ( 1 + 3^{− lp} ) . PaÐrnontac l → ∞ èqoume ìti ‖ k∑ i=1 z_i‖ = k^{1p} .

Băma 2. An ta a_i, i = 1, . . . , l, eÐnai thc morfăc a_i =^2 ni p 3 mi p , tìte

‖ l∑ i=1 a_iz_i‖ = (_l ∑ i=1 |a_i|^p )_{1/p} .

Jètoume M = max m_i. ’Eqoume ‖ l∑ i=1 a_iz_i‖ = 1 3^{Mp} ‖ l∑ i=1 2^{nip} 3^{M −mip} z_i‖ = 1 3^{Mp} ‖ N∑ i=1 z_i‖ = 1 3^{Mp} N^{1p} ,

ìpou N = ∑_l i=1 2^{ni} 3^{M−mi} . ’Ara,

‖ l∑ i=1 a_iz_i‖ = (_l ∑ i=1 2^{ni} 3^{M−mi} 3^M

)^1_p = (_l ∑ i=1 2^{ni} 3^{mi} )^1_p = (_l ∑ i=1 a_i^p )^1_p .

Băma 3. ‖ l∑ i=1 a_iz_i‖ = (_l ∑ i=1 |a_i|^p )_{1/p} , gia kĹje epilogă suntelestÿn a_i ∈ R, i = 1, . . . , k.

Epeidă h akoloujÐa (z_i) eÐnai 1 - unconditional, arkeÐ na jewrăsoume (a_i)^k_{i=1} me a_i ≥ 0. UpĹrqoun (b^i_l )_l thc morfăc b^i_l =^{2nil}_{3mil} tètoia ÿste lim_l b^i_l = a^p_i , gia kĹje i = 1, . . . , k. Tìte,

‖ k∑ i=1 a_iz_i‖ = lim_l ‖ k∑ i=1 (b^i_l)^{1p} z_i‖ = lim_l (_k ∑ i=1 b^i_l )^1_p = (_k ∑ i=1 a^p_i )^1_p . □

BibliografÐa

[ABV] J. Arias-de-Reyna, K. Ball and R. Villa, Concentration of the distance in finite dimensional normed spaces, Mathematika (to appear).

[Ba] K.M. Ball, Ellipsoids of maximal volume in convex bodies, Geom. Dedicata 41 (1992), 241-250.

[BS1] A. Brunel and L. Sucheston, On B-convex Banach spaces, Math. Systems Th. 7 (1974), 294-299.

[BS2] A. Brunel and L. Sucheston, On J-convexity and some ergodic super-properties of Banach spaces, Trans. Amer. Math. Soc. 204 (1975), 79-90.

[D] J. Diestel, Sequences and series in Banach spaces, Graduate Texts in Mathematics 92 (1984), Springer Verlag (Chapter XI).

[Do] W.F. Donoghue Jr., Distributions and Fourier Transforms, Academic Press, (1969).

[Dv1] A. Dvoretzky, A theorem on convex bodies and applications to Banach spaces, Proc. Nat. Acad. Sci. U.S.A 45 (1959), 223-226.

[Dv2] A. Dvoretzky, Some results on convex bodies and Banach spaces, in Proc. Sympos.

Linear Spaces, Jerusalem (1961), 123-160.

[DR] A. Dvoretzky and C.A. Rogers, Absolute and unconditional convergence in normed linear spaces, Proc. Nat. Acad. Sci., U.S.A 36 (1950), 192-197.

[F] J. Farahat, Espaces de Banach contenant ℓ1 d’après H.P. Rosenthal, Sem. Maurey- Schwartz, Ecole Polytechnique, 1973-74.

[FLM] T. Figiel, J. Lindenstrauss and V.D. Milman, The dimension of almost spherical sections of convex bodies, Acta Math. 139 (1977), 53-94.

[Gar] R.J. Gardner, Geometric Tomography, Cambridge University Press, New York, 1995.

[Gl] E.D. Gluskin, The diameter of the Minkowski compactum is approximately equal to n, Funct. Anal. Appl. 15 (1981), 72-73.

[Go] Y. Gordon, Gaussian processes and almost spherical sections of convex bodies, Ann. Probab. 16 (1988), 180-188.

[Gr] A. Grothendieck, Sur certaines classes de suites dans les espaces de Banach et le theoreme de Dvoretzky-Rogers, Bol. Soc. Math. Sao Paulo 8 (1956), 81-110.

[J] R.C. James, Uniformly non-square Banach spaces, Ann. of Math. 80 (1964), 542- 550.

[Jo] F. John, Extremum problems with inequalities as subsidiary conditions, Courant Anniversary Volume, Interscience, New York (1948), 187-204.

[Ka] B.S. Kashin, Sections of some finite-dimensional sets and classes of smooth functions, Izv. Akad. Nauk. SSSR Ser. Mat. 41 (1977), 334-351.

[Kr] J.L. Krivine, Sous-espaces de dimension finie des espaces de Banach réticulés, Ann.

of Math. 104 (1976), 1-29.

[Le] P. Lévy, Problèmes Concrets d’Analyse Fonctionelle, Gauthier-Villars, Paris (1951).

[Lem] H. Lemberg, Nouvelle démonstration d’un théorème de J.L. Krivine sur la finie représentation de ℓp dans un espace de Banach, Israel J. of Math. 39 (1981), 341-348.

[LT] M. Ledoux and M. Talagrand, Probability in Banach spaces, Ergeb. Math. Grenzgeb., 3. Folge, Vol. 23 Springer, Berlin (1991).

[Mi] V.D. Milman, New proof of the theorem of Dvoretzky on sections of convex bodies, Funct. Anal. Appl. 5 (1971), 28-37.

[MS] V.D. Milman and G. Schechtman, Asymptotic Theory of Finite Dimensional Normed Spaces, Lecture Notes in Mathematics 1200 (1986), Springer, Berlin.

[O] E. Odell, Applications of Ramsey theorems to Banach space theory, Notes in Banach spaces (H.E. Lacey, ed.), University of Texas Press (1980), 379-404.

[OS] E. Odell and T. Schlumprecht, The distortion problem, Acta Math. 173 (1994), 259-281.

[Pi] G. Pisier, The Volume of Convex Bodies and Banach Space Geometry, Cambridge Tracts in Mathematics 94 (1989).

[Ra] F.P. Ramsey, On a problem of formal logic, Proc. London Math. Soc. (2), 30 (1929), 264-286.

[R1] H.P. Rosenthal, A characterization of Banach spaces containing ℓ1, Proc. Nat.

Acad. Sci. U.S.A 71 (1974), 2411-2413.

[R2] H.P. Rosenthal, On a theorem of J.L. Krivine concerning finite representability of ℓp in general Banach spaces, J. Funct. Anal. 28 (1978), 197-225.

[Sc] G. Schechtman, A remark concerning the dependence on ε in Dvoretzky’s theorem, Lecture Notes in Mathematics 1376 (1989), 274-277.

[Sch] R. Schneider, Convex Bodies: The Brunn-Minkowski Theory, Encyclopedia of Mathematics and its Applications 44, Cambridge University Press, Cambridge (1993).

[Sz] S.J. Szarek, On Kashin’s almost Euclidean orthogonal decomposition of ℓ^n_1 , Bull.

Acad. Polon. Sci. 26 (1978), 691-694.

[STJ] S.J. Szarek and N. Tomczak-Jaegermann, On nearly Euclidean decompositions of some classes of Banach spaces, Compositio Math. 40 (1980), 367-385.

[T] B.S. Tsirelson, Not every Banach space contains ℓp or c0, Funct. Anal. Appl. 8 (1974), 138-141.

[Z] C. Zong, Strange phenomena in convex and discrete geometry, Universitext, Springer (1996).