¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨

ParĹstash DunĹmewn Prÿtwn Arijmÿn Mèsw Duadikÿn Tetragwnikÿn Morfÿn

¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨

Didaktorikă Diatribă

Giÿrgoc SulligĹrdoc

Majhmatikì tmăma PanepisthmÐou Krăthc e-mail: siligard@poseidon.math.uch.gr

H paroÔsa diatribă ekponăjhke kai me oikonomikă enÐsqush tou IdrÔmatoc Kratikÿn Upotrofiÿn (I.K.U.)

Epiblèpwn kajhghtăc GiĹnnhc A. AntwniĹdhc

Stouc goneÐc mou DiasuniĹ kai Manÿlh

SumbolismoÐ

Se ìlo to parìn keÐmeno, me i ja sumbolÐzoume thn fantastikă monĹda. Me ζ_n ja sumbolÐzoume thn prwtarqikă rÐza thc monĹdac e^{2πin} , n ∈ N enÿ to ζ_3 suqnĹ ja sumbolÐzetai kai wc ω. An Q ( √ m) pragmatikì sÿma arijmÿn me ε_m ja sumbolÐzoume thn jemeliÿdh monĹda tou. Gia èna daktÔlio R sumbolÐzoume me R^× thn pollaplasiastikă omĹda twn monĹdwn tou. An F èna algebrikì sÿma arijmÿn me R_F ja sumbolÐzoume ton daktÔlio twn akeraÐwn algebrikÿn autoÔ kai gia kĹje ideÿdec a ⊲ F tou R_F ă α ∈ R_F me N_F (a), N_F (α) ja sumbolÐzoume tic antÐstoiqec apìlutec (dhladă wc proc to Q ) norms. An F^′/F eÐnai Galois epèktash algebrikÿn swmĹtwn arijmÿn,me G(F^′/F ) ja sumbolÐzoume thn antÐstoiqh omĹda Galois kai, an epiplèon h F^′/F eÐnai abeliană kai p eÐnai prÿto ideÿdec tou F tìte me [^{F ′|F}_p ] ja sumbolÐzoume to sÔmbolo tou Artin gia ton prÿto p. Gia mia epèktash tou Galois algebrikÿn swmĹtwn arijmÿn F^′/F kai èna prÿto p tou F me spl_p(F^′/F ) ja sumbolÐzoume to sÿma anĹlushc tou p sthn F^′/F . Epiplèon, an o p den diakladÐzetai sthn F^′/F me f_p(F^′/F ) ja sumbolÐzoume me ton koinì bajmì adraneÐac ìlwn twn prÿtwn tou F^′ panw apì to p sthn F^′/F kai ìtan F = Q , qĹrin aplìthtac, ja sumbolÐzoume to f_{pZ}(F^′/Q ) me f_p(F^′) kai to spl_{pZ}(F^′/Q ) me spl_p(F^′). An F eÐnai sÿma arijmÿn, p ènac peperasmènoc prÿtoc tou F , α ∈ R_F kai n ∈ N me p ∤ αn, ζ_n ∈ F tìte to (^α_p )_n ja sumbolÐzei to n-stoÔ bajmoÔ sÔmbolo tou Legendre . Dhladă to (^α_p )_n orÐzetai san h monadikă n- rÐza thc monĹdac tètoia ÿste α^{N(p)−1n} ≡ (^α_p )_n(modp). EÐnai gnwstì ìti (bl. [3] Ĺskhsh 5.13): ( α p )_n = 1 an kai mìno an h α ≡ x^n(modp) eÐnai epilÔsimh ston R_F

Gia thn perÐptwsh n = 2 ja paraleÐpoume ton deÐkth n.

’Estw D ènac, eleÔjeroc tetragÿnou, arnhtikìc akèraioc tètoioc ÿste D ≡ 0, 1(mod8). GrĹfoume D = f^2D_0, ìpou D_0 jemeliÿdhc diakrÐnousa kai f ∈ N . Me H(D) Ja sumbolÐzoume thn omĹda klĹsewn ìlwn twn jetikĹ orismènwn prwtarqikÿn duadikÿn tetragwnikÿn morfÿn diakrÐnousac D kai me ℏ(D) (h aplĹ ℏ) thn tĹxh thc H(D). ’Estw k = Q ( √ D_0). Me k(D) ja sumbolÐzoume to ring class field modulo f tou k. Apì thn jewrÐa klĹsewn swmĹtwn èqoume, mèsw tou sumbìlou tou Artin, touc akìloujouc isomorfismoÔc : H(D)^≃←→ I_k(f) P_{k,Z}(f) ≃←→ G(k(D)/k). Edÿ I_k(f) eÐnai h omĹda ìlwn twn idewdÿn tou k pou eÐnai prÿta proc to f kai P_{k,Z}(f) eÐnai h upoomĹda twn kurÐwn idewdÿn aR_k thc I_k(f) ìpou a ∈ (Z + fR_k). Mèsw twn parapĹnw isomorfismÿn h eikìna enìc C ∈ H(D) antistoiqeÐ sto sÔmbolo tou Artin [^{k(D)|k}_C ]. ’Estw tÿra e ènac jetikìc akèraioc. Me H_e(D) ja sumbolÐzoume to ginìmeno ìlwn twn q-Sylow upoomĹdwn tou H(D) gia ìlouc touc prÿtouc diairètec q tou e kai me ℏ_e(D) (ă aplĹ ℏ_e) thn tĹxh tou. ’Estw H(D) ∼= H_e(D) × H^′_e(D). Me ℏ^′_e(D) (ă aplĹ ℏ^′_e) ja sumbolÐzoume thn tĹxh tou H^′_e(D) kai epomènwc (ℏ^′_e, e) = 1. Me k_e(D) ja sumbolÐzoume to upìswma tou sÿmatoc k(D) to opoÐo antistoiqeÐ sthn omĹda H^′_e(D). Sunepÿc to sÿma k_e(D) eÐnai epèktash bajmoÔ ℏ_e pĹnw apì to k to opoÐo perièqei ìla ta endiĹmesa sÿmata thc k(D)/k twn opoÐwn o bajmìc pĹnw apì to k diaireÐ to ℏ_e. EÐnai profanèc ìti ta H_e(D), k_e(D) klp. exartÿntai mìno apì to sÔnolo twn prÿtwn diairetÿn tou e kai ìqi apì touc ekjètec me touc opoÐouc emfanÐzontai sthn anĹlush prÿtwn tou e sto Z. An H eÐnai mia upoomĹda thc H_e(D), me L^{(e)}_H ja sumbolÐzoume to sÿma pou antistoiqeÐ sthn H mèsw antistoiqÐac Galois sthn k_e(D) kai, an H = ⟨C_1, C_2, ..., C_r⟩, tìte to sÿma L^{(e)}_H ja to sumbolÐzoume me L^{(e)}_{C1,C2,···,Cr} . Tèloc, gia èna stoiqeÐo C thc H(D) kai èna akèraio m, h parĹstash C −→ m ja deÐqnei ìti o m parÐstatai apì thn C kai ìtan grĹfoume gia mÐa omĹda G ìti: G = (m_1, m_2, ..., m_l) ja ennooÔme ìti h G eÐnai abeliană kai parĹgetai apì l stoiqeÐa tĹxewn m_1, m_2, ..., m_l antÐstoiqa.

Perieqìmena

1 DunĹmeic Prÿtwn Arijmÿn kai Tetragwnikèc Morfèc DiakrÐnousac −256qr 15 1.1 Apotelèsmata apì jewrÐa gènouc . . . . . . . . . . . . . . . . 15 1.2 Melèth twn uposwmĹtwn tou k_2(D_s) . . . . . . . . . . . . . . 23 1.3 KÔria apotelèsmata . . . . . . . . . . . . . . . . . . . . . . . 34 1.4 To prìblhma parĹstashc gia aujaÐreto D_s . . . . . . . . . . 41

2 ParĹstash DunĹmewn Prÿtwn Arijmÿn kai SÔmbola tou Legendre 45 2.1 Prokatartikèc protĹseic . . . . . . . . . . . . . . . . . . . 45 2.2 EpektĹseic tou k paragìmenec me thn boăjeia rizikÿn thc jemeliÿdouc monĹdac . . . . . . . . . . . . . . . . . . . . . . 47 2.3 KÔria apotelèsmata gia thn perÐptwsh D = −256qr . . . . . 52 2.4 KÔria apotelèsmata sthn perÐptwsh D = −4m . . . . . . . 61 2.5 Upologismìc twn sumbìlwn Legendre . . . . . . . . . . . . 63

BibliografÐa 65

Eisagwgă

IstorikĹ, h melèth parĹstashc arijmÿn mèsw duadikÿn tetragwnikÿn morfÿn, dhladă mèsw morfÿn tou tÔpou: ax^2 + bxy + cy^2 ìpou a, b, c ∈ Z, parapèmpei se ergasÐec kai melètec tou Fermat. O Fermat se èna grĹmma tou to 1640 ston Mersenne anafèretai sthn parĹstash prÿtwn arijmÿn apì thn morfă x^2 +y^2, kai se katopinĹ grĹmmata tou proc to Pascal to 1654 anafèretai sthn parĹstash prÿtwn arijmÿn apì tic morfèc x^2 + 2y^2, x^2 + 3y^2. PĹnw sta apotelèsmata kai tic eikasÐec tou Fermat ergĹsthke argìtera o Euler enÿ h susthmatikă melèth twn duadikÿn tetragwnikÿn morfÿn me akeraÐouc suntelestèc xekÐnhse argìtera apì ton Lagrange (o opoÐoc prÿtoc eisăgage tic idèec thc diakrÐnousac, thc isodunamÐac kai thc anhgmènhc morfăc). Parìlo pou oi ènnoiec thc sÔnjeshc tetragwnikÿn morfÿn kajÿc kai thc jewrÐac gènouc ătan katĹ kĹpoio trìpo ”krummènec” stic ergasÐec tou Lagrange h susthmatikă kai jemeliwmènh melèth touc brÐsketai argìtera sthn ergasÐa tou Gauss me tÐtlo : ”Disquisitiones Arithmiticae”. H parĹstash akeraÐwn arijmÿn mèsw duadikÿn tetragwnikÿn morfÿn sundèjhke metagenèstera, qrhsimopoiÿntac proqwrhmèna majhmatikĹ ergaleÐa, me ton tÔpo anĹlushc twn prÿtwn diairetÿn touc se kĹpoia uposÿmata twn antÐstoiqwn ring class fields .

H paroÔsa ergasÐa qwrÐzetai se dÔo mèrh.

Sto prÿto mèroc meletĹtai h parĹstash akeraÐwn mèsw tetragwnikÿn morfÿn diakrÐnousac −256qr ìpou q, r eÐnai prÿtoi arijmoÐ me q ≡ 5(mod 8), r ≡ 3(mod8), upì thn proôpìjesh ℏ_2(D_0) | 4. QrhsimopoioÔme idiìthtec emfÔteushc uposwmĹtwn tou antÐstoiqou ring class field gia na broÔme gennătorec twn swmĹtwn kai na exĹgoume sunjăkec parĹstashc sugkekrimènwn dunĹmewn prÿtwn arijmÿn apì ambiguous klĹseic, dhladă apì klĹseic me tĹxh 1 ă 2, tetragwnikÿn morfÿn diakrÐnousac −256qr sthn H(−256qr). Sthn perÐptwsh pou (_q r ) = −1, ta apotelèsmata eÐnai polÔ kalĹ afoÔ mporoÔme na broÔme ikanèc kai anagkaÐec sunjăkec parĹstashc gia kĹje mia ambiguous klĹsh. Sthn perÐptwsh pou (_q r ) = 1, ta apotelèsmata den eÐnai tìso kalĹ alla par’ ìla autĹ mporoÔme na pĹroume ikanèc kai anagkaÐec sunjăkec parĹstashc apì kĹpoio zeÔgoc ambiguous klĹsewn. To prÿto mèroc teleiÿnei me mia sÔntomh melèth pĹnw sto pwc h dunatìthta parĹstashc twn dunĹmewn prÿtwn pou meletoÔme apì ambiguous klĹseic diakrÐnousac −256qr sqetÐzetai me thn dunatìthta parĹstashc twn dunĹmewn autÿn apì ambiguous klĹseic diakrÐnousac −2^sqr me s ∈ Z, s ≥ 4.

Sto deÔtero mèroc susqetÐzoume kĹpoia sÿmata klĹsewn me sÿmata pou parĹgontai qrhsimopoiÿntac rÐzec jemeliwdÿn monĹdwn pragmatikÿn tetragwnikÿn swmĹtwn arijmÿn. To apotèlesma eÐnai ìti mporoÔme na pĹroume ikanèc sunjăkec parĹstashc sugkekrimènwn dunĹmewn prÿtwn arijmÿn apì klĹseic morfÿn diakrÐnousac D mèsw sumbìlwn tou Legendre apì klĹseic morfÿn diakrÐnousac D stic akìloujec periptÿseic:

1. D = −256qr, q, r prÿtoi me q ≡ 5(mod8), r ≡ 3(mod8), ℏ_2(D_0) | 4. 2. D = −4m, m > 1 akèraioc, eleÔjeroc tetragÿnou me m ≡ 1(mod12), ℏ_3(D_0) | 9.

EidikĹ sthn prÿth perÐptwsh h opoÐa meletĹtai kai sto prÿto mèroc thc paroÔsac ergasÐac katafèrnoume na pĹroume akribeÐc sunjăkec parĹstashc gia kĹje klĹsh thc omĹdac klĹsewn me tĹxh diairèth tou 4. To deÔtero mèroc teleiÿnei me thn parousÐash enìc trìpou upologismoÔ twn sumbìlwn Legendre pou emfanÐzontai.

H ergasÐa aută gÐnetai sta plaÐsia twn upoqreÿsewn mou gia thn apìkthsh didaktorikoÔ diplÿmatoc sthn JewrÐa Arijmÿn. Ja ăjela na euqaristăsw ton epiblèponta kajhghtă k. IwĹnnh AntwniĹdh gia thn upostărixh kai thn kajodăghsh tou, kajÿc to ’Idruma Kratikÿn Upotrofiÿn (I.K.U.) gia thn oikonomikă enÐsqush pou mou pareÐqe katĹ thn diĹrkeia ekpìnhshc thc diatribăc.

SulligĹrdoc Giÿrgoc HrĹkleio 12 / 8 / 2000

ProkatartikĹ

Sthn parĹgrafo aută meletoÔme thn parĹstash dunĹmewn prÿtwn arijmÿn mèsw tetragwnikÿn morfÿn opoiasdăpote diakrÐnousac D, D ≡ 0, 1( mod 4). Ta apotelèsmata autĹ ja qrhsimopoihjoÔn stic eidikèc periptÿseic pou ja meletăsoume sthn sunèqeia.

Prìtash 0.0.1 ’Estw D arnhtikìc akèraioc, eleÔjeroc tetragÿnou, me D ≡ 0, 1(mod4). ’Estw e ∈ {2, 3, 4, 6}, p perittìc prÿtoc arijmìc p > 2 me (_D p ) = 1. An C ∈ H(D) me C^e = 1 kai spl_p(k_e(D)) = L^{(e)}_C tìte C −→ p^{ℏ′e} .

An e = 4 tìte epiplèon oi sqèseic spl_p(k_2(D)) = L^{(2)}_C kai C −→ p^{ℏ′2} eÐnai isodÔnamec.

Apìdeixh: ’Estw p = p_0p_1 h anĹlush tou p se prÿta ideÿdh tou k. ’Ara N(p_0) = N(p_1) = p kai [p_1] = [p_0]^{−1} ’Estw epÐshc ìti spl_p(k_e(D)) = L^{(e)}_C . Autì shmaÐnei ìti ⟨ [^{ke(D)|k}_{p0} ] ⟩ = ⟨ [^{ke(D)|k}_C ] ⟩ . Oi omĹdec ⟨ [^{ke(D)|k}_{p0} ] ⟩ , ⟨ [^{ke(D)|k}_C ] ⟩ èqoun tĹxh pou diaireÐ to e. Sunepÿc, epeidă (ℏ^′_e, e) = 1, ja èqoume ⟨ [^{ke(D)|k}_C ] ⟩ = ⟨ [^{ke(D)|k}_{p±ℏ}′_{e0} ] ⟩ kai afoÔ kĹje kuklikă omĹda tĹxhc 2, 3, 4 ă 6 èqei to polÔ dÔo gennătorec (oi opoÐoi eÐnai antÐstrofoi metaxÔ touc) èqoume: [^{ke(D)|k}_C ] = [^{ke(D)|k}_{p±ℏ}′_{e0} ]. H teleutaÐa sqèsh mporeÐ na grafeÐ wc: [ k(D) | k C ][ k(D) | k p^{±ℏ′e}_0 ] ∈ G(k(D)/k_e(D)). H G(k(D)/k_e(D)) èqei ìmwc tĹxh prÿth proc to e kai sunepÿc [^{k(D)|k}_C ] = [^{k(D)|k}_{p±ℏ}′_{e0} ] to opoÐo mac dÐnei telikĹ ìti C = [p^{±ℏ′e}_0 ] kai sunepÿc, afoÔ N(p^{±ℏ′e}_0 ) = p^{ℏ′e} , ja èqoume: C −→ p^{ℏ′e} .

JewroÔme tÿra thn perÐptwsh: e = 4 kai upojètoume ìti C −→ p^{ℏ′2} . Ja èqoume loipìn ìti upĹrqei akèraio ideÿdec A tou k pou na antistoiqeÐ sthn klĹsh C me norm N(A) = p^{ℏ′2} . Epomènwc A = p^x_0p^y_1 gia kĹpoia x, y ∈ Z me x + y = p^{ℏ′2} . ’Eqoume loipìn [^{k(D)|k}_C ] = [^{k(D)|k}_A ] = [^{k(D)|k}_{p0} ]^x[^{k(D)|k}_{p1} ]^y = [^{k(D)|k}_{p0} ]^{x−y}. Sthn sunèqeia, paÐrnontac ton periorismì tou sumbìlou tou Artin stì k_2(D) sunĹgoume ìti [^{k2(D)|k}_C ] = [^{k2(D)|k}_{p0} ]^{x−y}. ’Omwc to [^{k2(D)|k}_{p0} ]^{x−y}, wc stoiqeÐo thc G(k_2(D)/k), èqei tĹxh dÔnamh tou 2. ’Ara ta sÔmbola tou Artin [^{k2(D)|k}_{p0} ]^{x−y}, [^{k2(D)|k}_{p0} ] parĹgoun thn Ðdia upoomĹda thc G(k_2(D)/k) (afoÔ x + y = p^{ℏ′2} èqoume ìti o x + y eÐnai perittìc Ĺra kai o x − y eÐnai perittìc). Epomènwc spl_p(k_2(D)) = L^{(2)}_C . □

Paratărhsh: Sthn apìdeixh tou antistrìfou thc prìtashc 0.0.1 gia thn perÐptwsh e = 4 sthriqtăkame sto gegonìc ìti gia x, y ∈ Z, an o x + y eÐnai perittìc tìte kai o x−y eÐnai perittìc. H apìdeixh den mpìrese na efarmosteÐ stic Ĺllec periptÿseic afou o mìnoc fusikìc n > 1 me thn idiìthta ∀x, y ∈ Z, an (x + y, n) = 1 tìte (x − y, n) = 1 eÐnai o 2. Autì pou isqÔei gia ìla ta e ∈ {2, 3, 4, 6} eÐnai ìti an C −→ p^{ℏ′e} , tìte spl_p(k_e(D)) ⊆ L^{(e)}_C . Tèloc, h parapĹnw prìtash anafèretai mìno se e ∈ {2, 3, 4, 6} afoÔ autoÐ eÐnai oi mìnoi fusikoÐ gia touc opoÐouc h^Z_{eZ} èqei to polÔ dÔo gennătorec.

’Estw D_0 jemeliÿdhc diakrÐnousa kai f ∈ N . ’Estw epÐshc k = Q ( √ D_0).

Jètoume D = f^2D_0 opìte to D eÐnai diakrÐnousa me odhgì f. Sthn sunèqeia jètoume : I_k = {a | a ⊲ k}, P_k = {αR_k | α ∈ k}, I_k(f) = {a | a ⊲ k, (N(a), f) = 1}, P_k(f) = {αR_k | α ∈ R_k, (N(α), f) = 1}, P_{k,Z}(f) = {αR_k | α ∈ (Z + fR_k), (N(α), f) = 1}. EÐnai gnwstì (bl. [3] Jeÿrhma 7.24, sqèsh 7.25) ìti upĹrqei epimorfismìc I_k(f) P_{k,Z}(f) −→ I_k P_k tou opoÐou, eÐnai eÔkolo na deÐ kaneÐc, ìti o purănac eÐnai h P_k (f) P_{k,Z}(f) . Epeidă ìmwc

I_k (f) P_{k,Z}(f) ≃ H(D) kai I_k P_k ≃ H(D0), eqoume thn akìloujh

akribă akoloujÐa: 1 −→ P_k(f) P_{k,Z}(f) −→ H(D) −→ H(D_0) −→ 1 EpÐshc, mèsw tou isomorfismoÔ pou epĹgei to sÔmbolo tou Artin metaxÔ twn omĹdwn klĹsewn kai twn omĹdwn Galois, o proanaferjăc epimorfismìc epĹgei ènan epimorfismì: G(k(D)/k) −→ G(k(D_0)/k) ton opoÐo dÐnei o periorismìc sto k(D_0).

Sthn sunèqeia ja jewrăsoume tic akìloujec dÔo periptÿseic:

• 1h PerÐptwsh: D = −256qr, q, r prÿtoi me q ≡ 5(mod8), r ≡ 3(mod 8), ℏ_2(D_0) | 4.

• 2h PerÐptwsh: D = −4m, m > 1 akèraioc eleÔjeroc tetragÿnou m ≡ 1(mod4), ℏ_3(D_0) | 9.

H jemeliÿdhc diakrÐnousa se kĹje perÐptwsh eÐnai:

D_0 = { −qr , sthn 1h PerÐptwsh; −4m , sthn 2h PerÐptwsh Sthn diapragmĹteush autÿn pou ja akoloujăsoun sthn sunèqeia thc ergasÐac ja qrhsimopoihjeÐ eurèwc to parakĹtw lămma:

Lămma 0.0.2 ’An M/K epèktash Galois swmĹtwn arijmÿn me omĹda Galois tÔpou (2,2) me endiĹmesa sÿmata F_1, F_2, F_3 kai p èna prÿto akèraio ideÿdec tou K pou den diakladÐzetai sto M tìte ă akribÿc èna apì ta f_p(F_1/K), f_p(F_2/K), f_p(F_3/K) eÐnai 1 ă ìla eÐnai Ðsa me 1.

Apìdeixh: H omĹda adraneÐac tou p sthn M/K eÐnai tetrimmènh, sunepÿc h omĹda anĹlushc eÐnai isìmorfh me thn G ( R_M q / R_K p )

ìpou q tuqaÐo prÿto akèraio ideÿdec tou M pĹnw apì to p. Epomènwc h omĹda anĹlushc eÐnai kuklikă opìte apokleÐetai na isoÔtai me thn G(M/K). To sÿma anĹlushc katĹ sunèpeia tou p sthn M/K eÐnai: eÐte to F_1 opìte f_p(F_1/K) = 1, f_p(F_2/K) = 2, f_p(F_3/K) = 2 , eÐte to F_2 opìte f_p(F_2/K) = 1, f_p(F_1/K) = 2, f_p(F_3/K) = 2 , eÐte to F_3 opìte f_p(F_3/K) = 1, f_p(F_1/K) = 2, f_p(F_2/K) = 2 , eÐte to M opìte f_p(F_1/K) = f_p(F_2/K) = f_p(F_3/K) = 1. □

KefĹlaio 1

DunĹmeic Prÿtwn Arijmÿn kai Tetragwnikèc Morfèc DiakrÐnousac −256qr Sto kefĹlaio autì ja asqolhjoÔme mìno me thn 1h perÐptwsh thc prohgoÔmenhc paragrĹfou , dhladă me tetragwnikèc morfèc diakrÐnousac D = −256qr ìpou q, r eÐnai prÿtoi arijmoÐ me q ≡ 5(mod8) kai r ≡ 3(mod8) kai epÐshc ℏ(−qr) | 4. To sÿma gènouc tou k = Q ( √ −qr) eÐnai to Σ = Q ( √ q, √ r, √ 2, i) = k(ζ_8)( √ q) (bl. [3] sel. 121 jeÿrhma 6.1 kai [11] Jeÿrhma 2). Jètoume: D_s = 2^{2s}D_0, s ≥ 4 ìpou bèbaia D_0 = −qr kai ètsi D = D_4. Gia lìgouc aplìthtac ston sumbolismì, an H eÐnai upoomĹda thc H_2(D_s) ja sumbolÐzoume me L_H to upìswma L^{(2)}_H tou k_2(D).

1.1 Apotelèsmata apì jewrÐa gènouc

Oi ambiguous klĹseic thc H_2(D_s) eÐnai ( bl. [3] Lemma 3.10 kai [9] Table 2):

I_s = [1, 0, 2^{2s−2}qr], [4, 4, 1+2^{2s−4}qr], [qr, 0, 2^{2s−2}], [4qr, 4qr, qr+2^{2s−4}], [q, 0, 2^{2s−2}r], [4q, 4q, q + 2^{2s−4}r], [r, 0, 2^{2s−2}q], [4r, 4r, r + 2^{2s−4}q].

An perioristoÔme tÿra se akèraiouc arijmoÔc m ∈ Z, m ≥ 0 tètoiouc ÿste (_D p ) = 1, giĹ kĹje prÿto p me p | m, èqoume to akìloujo :

Lămma 1.1.1

• Oi klĹseic I_s kai [4, 4, 1 + 2^{2s−4}qr] paristoÔn akeraÐouc arijmoÔc m me m ≡ 1(mod8) kai (_m q ) = 1 • Oi klĹseic [qr, 0, 2^{2s−2}] kai [4qr, 4qr, qr + 2^{2s−4}] paristoÔn akeraÐouc arijmoÔc m me m ≡ 7(mod8) kai (_m q ) = 1 • Oi klĹseic [q, 0, 2^{2s−2}r] kai [4q, 4q, q + 2^{2s−4}r] paristoÔn akeraÐouc arijmoÔc m me m ≡ 5(mod8) kai (_m q ) = (_r q ) kai • Oi klĹseic [r, 0, 2^{2s−2}q] kai [4r, 4r, r + 2^{2s−4}q] paristoÔn akeraÐouc arijmoÔc m me m ≡ 3(mod8) kai (_m q ) = (_r q ) . Apìdeixh: ’Estw ìti I_s −→ m me m ≥ 0 kai (_D p ) = 1, ∀p | m. UpĹrqoun x, y ∈ Z ÿste x^2 + 2^{2s−2}qry^2 = m. Profanÿc o x eÐnai perittìc (afoÔ o m eÐnai perittìc) opìte m ≡ x^2 ≡ 1(mod8). ExĹllou ( m q ) = ( x^2 + 2^{2s−2}qry^2 q ) = ( x^2 q ) = 1.

’Estw tÿra [4, 4, 1 + 2^{2s−4}qr] −→ n me n ≥ 0 kai (_D p ) = 1, ∀p | n. Autì shmaÐnei ìti upĹrqoun x, y ∈ Z ÿste 4x^2 + 4xy + (1 + 2^{2s−4}qr)y^2 = n. ParathroÔme ìmwc ìti o y eÐnai anagkastikĹ perittìc (an ătan Ĺrtioc ja eÐqame n ≡ 0(mod2) pou eÐnai Ĺtopo) kai ètsi x(x + y) ≡ 0(mod2). Ja èqoume epomènwc ìti

n ≡ 4x^2 + 4xy + y^2 ≡ 4x^2 + 4xy + 1 ≡ 4x(x + y) + 1 ≡ 1(mod8).

Tèloc, ( n q ) = ( 4x^2 + 4xy + (1 + 2^{2s−4}qr)y^2 q ) = ( 4x^2 + 4xy + y^2 q ) = ( (2x + y)^2 q ) = 1.

Oi periptÿseic me ta Ĺlla zeÔgh twn ambiguous klĹsewn mporoÔn na melethjoÔn anĹloga. □

Sunepÿc oi oktÿ ambiguous klĹseic diamoirĹzontai se 4 gènh kai kĹje gènoc èqei dÔo klĹseic. Sthn sunèqeia apodeiknÔoume thn akìloujh prìtash: Prìtash 1.1.2 KĹje stoiqeÐo C thc H_2(D_s) me C −→ m gia kĹpoio m ∈ Z, m ≥ 0 me (_D p ) = 1, gia kĹje prÿto p me p | m, antistoiqeÐ se èna sÔmbolo tou Artin [ Σ | k C ] ètsi ÿste na epĹgetai o isomorfismìc: H_2(D_s) H_2(D_s)^2 ≃−→ (Z/8Z)^× × {±1} me C mod (H_2(D_s)^2) −→ ([

Q (ζ_8 ) | Q m ], [ Q ( √ q) | Q m ]). Apìdeixh: ’Estw m ∈ Z, m ≥ 0 me C −→ m gia kĹpoio C ∈ H_2(D_s). Up- Ĺrqei sunepÿc akèraio ideÿdec A ⊲ R_k me N(A) = m tètoio ÿste [^{k2(Ds)|k}_C ] = [^{k2(Ds)|k}_A ] = [^{k2(Ds)|k}

p_1^ν1 p_2^ν2 ...p_κ^{νκ} ] ìpou A = p1 ν_1 p 2 ν_2 ...p κ ν_κ h anĹlush tou A se prÿ-

touc parĹgontec me p_ξ prÿto ideÿdec tou k pĹnw apì to p_ξ, ξ ∈ {1, 2, ..., κ} ìpou m = p^{ν1}_1 p^{ν2}_2 ...p^{νr}_r h anĹlush tou m se prÿtouc tou Z. ’Etsi, paÐrnontac periorismì sto Σ èqoume: [^{Σ|k}_C ] = [^{Σ|k}_{p1} ]^{ν1} [^{Σ|k}_{p2} ]^{ν2} ...[^{Σ|k}_{pκ} ]^{νκ} . AllĹ epeidă f_{pξ} = 1 èpetai ìti [^{Σ|k}_{pξ} ] = [^{Σ|Q}_{pξ} ] opìte [^{Σ|k}_C ] = [^{Σ|Q}_m ]. Epeidă ìmwc H_2(D_s)^2 = H_2(D_s)∩H(D_s)^2, apì ton orismì tou sÿmatoc gènouc, prokÔptei ìti gia C, C^′ ∈ H_2(D_s) isqÔei h isodunamÐa:

C ≡ C^′(modH_2(D_s)^2) an kai mìno an [ Σ | k C ] = [ Σ | k C^′ ].

Tèloc, afoÔ Σ = k(ζ_8)( √ q), to [^{Σ|Q}_m ] mporeÐ na antistoiqisjeÐ sto zeÔgoc:

([^{Q(ζ8 )|Q}_m ], [^{Q(√q)|Q}_m ]) pou me thn seirĹ tou antistoiqeÐ sto zeÔgoc: (m(mod 8), (_q m ) ) tou^Z_{8Z} × {±1}. Oi antistoiqÐec autèc eÐnai << èna proc èna >> kai omomorfismoÐ omĹdwn opìte paÐrnoume ènan monomorfismì: H_2(D_s) H_2(D_s)^2 ≃−→ (Z/8Z)^× × {±1} o opoÐoc, sÔmfwna me to prohgoÔmeno lămma 1.1.1, eÐnai isomorfismìc. □ Paratărhsh: Autì pou èqoume loipìn mèqri stigmăc apì thn jewrÐa gènouc eÐnai ìti gia kĹje zeÔgoc (m(mod8), ε) ∈ ((Z/8Z)^× × {±1}) upĹrqei èna ν ∈ Z ÿste ν ≡ m(mod8) me C −→ ν gia kĹpoio C ∈ H_2(D_s). Apì thn parĹgrafo 2 tou [7] èqoume ìti^{Pk(s2)}_{pk,Z(2s)} = (2^{s−2}, 2) kai sunepÿc lìgw thc akriboÔc akoloujÐac 1 −→ P_k(f) P_{k,Z}(f) −→ H(D) −→ H(D_0) −→ 1 èqoume thn akìloujh akribă akoloujÐa:

1 −→ (2^{s−2}, 2) −→ H_2(D_s) −→ H_2(D_0) −→ 1 (1.1)

gia s ≥ 4. An (_q r ) = 1 tìte h diofantikă exÐswsh u^2 − 4qv^2 − D_0w^2 = 0 èqei lÔsh (bl. [2] Jeÿrhma 4) kai mÐa lÔsh thc (u, v, w) ja lègetai prwtarqikă ìtan o mègistoc koinìc diairèthc twn u, v, w eÐnai 1. DiakrÐnoume tic periptÿseic:

• PerÐptwsh Ia: (_q r ) = −1.

• PerÐptwsh Ib: (_q r ) = 1 kai (_q v ) = −1, ìpou (u, v, w) eÐnai prwtarqikă lÔsh thc u^2 − 4qv^2 − D_0w^2 = 0.

• PerÐptwsh Ig: (_q r ) = 1 kai (_q v ) = 1, ìpou (u, v, w) eÐnai prwtarqikă lÔsh thc u^2 − 4qv^2 − D_0w^2 = 0.

Apì [3] proposition 3.11 èqoume ìti h H(D_0) èqei akribÿc 2 ambiguous klĹseic, opìte h H_2(D_0) eÐnai anagkastikĹ kuklikă. EpÐshc, h H(D_s) èqei 8 ambiguous klĹseic opìte eÐnai genikĹ tou tÔpou: (2^κ, 2^λ, 2^ξ) allĹ, ìpwc eÐdame prin, upĹrqoun mìno dÔo ambiguous klĹseic se kĹje gènoc, opìte h H(D_s) eÐnai tou tÔpou: (2^{s−2+cqr} , 2, 2), ìpou 2^{cqr+1} eÐnai h tĹxh thc H_2(D_0). Jètoume c_{qr}(s) = s − 2 + c_{qr}, s ≥ 4. ’Otan anaferìmaste se sugkekrimèna q, r ja paraleÐpoume ton deÐkth qr. Apì to jeÿrhma 4 tou [2] prokÔptei ìti sthn perÐptwsh Ia: c(s) = s − 2, kai sthn perÐptwsh Ib: c(s) = s − 1. H perÐptwsh Ig dÐnei c(s) ≥ s kai den ja mac apasqolăsei ìpwc èqoume peÐ sthn eisagwgă (afoÔ sthn perÐptwsh aută h upoomĹda klĹsewn H_2(D_0) èqei tĹxh megalÔterh tou 4) afoÔ emeÐc èqoume upojèsei ìti ℏ_2(D_0) | 4. Jètoume: H_2(D_s) = ⟨A_s, B_s, C_s⟩ ìpou A^{2c(s)}_s = B^2_s = C^2_s = I_s kai ètsi oi ambiguous klĹseic thc H_2(D_s) eÐnai:

I_s, A^{2c(s)−1}_s , B_s, C_s, A^{2c(s)−1}_s · B_s, A^{2c(s)−1}_s · C_s, B_s · C_s, A^{2c(s)−1}_s · B_s · C_s oi opoÐec diamoirĹzontai sta akìlouja 4 gènh:

G_1 , G_2 = B_sG_1 , G_3 = C_sG_1 kai G_4 = B_sC_sG_1 , ìpou G_1 = {I_s, A^{2c(s)−1}_s }. kai epomènwc, apì to lămma 1.1.1, èqoume: A^{2c(s)−1}_s = [4, 4, 1+2^{2s−4}qr]. QwrÐc periorismì thc genikìthtac mporoÔme na grĹyoume: B_s = [qr, 0, 2^{2s−2}] kai C_s = [q, 0, 2^{2s−2}r] ìpote èqoume to akìloujo lămma

Lămma 1.1.3 Ta akìlouja isqÔoun:

A^{2c(s)−1}_s = [4, 4, 1 + 2^{2s−4}qr], B_s = [qr, 0, 2^{2s−2}], C_s = [q, 0, 2^{2s−2}r], A^{2c(s)−1}_s · B_s = [4qr, 4qr, qr + 2^{2s−4}], A^{2c(s)−1}_s · C_s = [4q, 4q, q + 2^{2s−4}r], A^{2c(s)−1}_s · B_s · C_s = [4r, 4r, r + 2^{2s−4}q], B_s · C_s = [r, 0, 2^{2s−2}q].

Apìdeixh: To sÔsthma

4x ≡ 0(mod(8rq)) rqx ≡ 4rq(mod8rq)) 2x ≡ −2^{2s−1}rq(mod8rq)) èqei lÔsh x = 4rq kai epomènwc A^{2c(s)−1}_s · B_s = [4qr, 4qr,^{16r2q2+22sqr}_{16qr} ] = [4qr, 4qr, qr + 2^{2s−4}] (bl. [3] lămma 3.2). To sÔsthma 4x ≡ 0(mod(8q)) qx ≡ 4q(mod8q)) 2x ≡ −2^{2s−1}q(mod8q)) èqei lÔsh x = 4q kai epomènwc A^{2c(s)−1}_s ·C_s = [4qr, 4qr,^{16q2+22sqr}_{16q} ] = [4q, 4q, q+ 2^{2s−4}r]. EpÐshc èqoume C^{−1}_s = [q, 0, 2^{2s−2}r] kai sunepÿc, epeidă to sÔsthma

qx ≡ 0(mod(2rq)) rx ≡ 0(mod2rq)) 0x ≡ −2^{2s−1}qr(mod2rq)) èqei lÔsh x = 0, ja èqoume: [r, 0, 2^{2s−2}q]C^{−1}_s = [r, 0, 2^{2s−2}q]·[q, 0, 2^{2s−2}r]^{−1} = [qr, 0, 2^{2s−2}] = B_s. TelikĹ ja èqoume B_s · C_s = [r, 0, 2^{2s−2}q] to opoÐo dÐnei kai A^{2c(s)−1}_s · B_sC_s = [4r, 4r, r + 2^{2s−4}q].

Qrhsimopoiÿntac ta parapĹnw apotelèsmata apì thn jewrÐa gènouc mporoÔme na apodeÐxoume thn epìmenh :

Prìtash 1.1.4 An p eÐnai perittìc prÿtoc me (^D_p )= 1, tìte

1. An o p^{ℏ′} parÐstatai apì mÐa ek twn I_s, A^{2c(s)−1}_s tìte parÐstatai apì akribÿc mÐa kai epÐshc isqÔei p ≡ 1(mod8) kai (^q_p )= 1

2. An o p^{ℏ′} parÐstatai apì mÐa ek twn B_s, A^{2c(s)−1}_s · B_s tìte parÐstatai apì akribÿc mÐa kai epÐshc isqÔei p ≡ 7(mod8) kai (^q_p )= 1

3. An o p^{ℏ′} parÐstatai apì mÐa ek twn C_s, A^{2c(s)−1}_s · C_s tìte parÐstatai apì akribÿc mÐa kai epÐshc isqÔei p ≡ 5(mod8) kai (^q_p )= (^q_r )

4. An o p^{ℏ′} parÐstatai apì mÐa ek twn B_sC_s, A^{2c(s)−1}_s ·B_s ·C_s, tìte parÐstatai apì akribÿc mÐa kai epÐshc isqÔei p ≡ 3(mod8) kai (^q_p )= (^q_r ).

Apìdeixh: Ja anaferjoÔme mìno sthn apìdeixh tou 1. AnĹloga apodeiknÔontai kai oi upìloipec. Oi klĹseic I_s kai A^{2c(s)−1}_s parĹgoun diaforetikèc omĹdec. Sunepÿc L^{(2)}_{Is} ≠ L^{(2)}_{A2c(s)−1s} prĹgma pou shmaÐnei, apì thn prìtash 0.0.1, ìti an o p^{ℏ′} parÐstatai apì mÐa ek twn I_s, A^{2c(s)−1}_s tìte parÐstatai apì akribÿc mÐa. Apì to lămma 1.1.1 tÿra èqoume ìti (^q_{pℏ}′_2 )= 1 kai p^{ℏ′2} = 1(mod8). ’Omwc o ℏ^′_2 eÐnai perittìc kai sunepÿc 1 = (^q_{pℏ}′_2 )= (^q_p ). ExĹllou, epeidă p perittìc kai ℏ^′_2 −1 Ĺrtioc, èqoume

ìti p^{ℏ′2−1} ≡ 1(mod8) Ĺra 1 ≡ p^{ℏ′2} ≡ p(mod8). □

1.2 Melèth twn uposwmĹtwn tou k_2(D_s)

Jètoume L_0 = L_A2_{s,Bs,Cs} . To L_0 paÐzei shmantikì rìlo o opoÐoc ja faneÐ

parakĹtw. H omĹda Galois G(L_A2_s /k) eÐnai tou tÔpou (2, 2, 2). Epomènwc to

sÿma L_A2_s tautÐzetai me to sÿma gènouc Σ. To sÿma L_A2_s èqei 7 uposÿmata

ta opoÐa eÐnai epektĹseic bajmoÔ 2 pĹnw apì to k. Sugkekrimèna, autĹ ta

sÿmata eÐnai ta k( √ q), k( √ 2), k(i), k( √ 2q), k(i √ q), k(i √ 2), kai k(i √ 2q).

To L_0 eÐnai upìswma tou L_A2_s to opoÐo perièqetai se kuklikă epèktash bajmoÔ

4 pĹnw apì to k (L_0 ⊆ L_A4_{s,Bs,Cs} ). To jeÿrhma 22 tou [10] mac dÐnei ìti:

Prìtash 1.2.1 An d_1, d_2 ∈ Z ÿste na orÐzontai oi akìloujec tetragwnikèc

epektĹseic tou Q : k_1 = Q ( √ d_1), k_2 = Q ( √ d_2) me k_1 ≠ k_2, tìte to Q ( √ d_1, √ d_2) perièqetai se kuklikă epèktash tou Q ( √ d_1 √ d_2) h opoÐa eÐnai

diedrikă bajmoÔ 8 pĹnw apì to Q an kai mìno an gia kĹje prÿto p tou Z to

sÔmbolo tou Hilbert (_{d1,d2} p ) eÐnai Ðso me 1.

An proqwroÔsame se upologismoÔc, ja katalăgame sto ìti:

L_0 = { k( √ q) , an (^q_r )= 1 k( √ 2q) , an (^q_r )= −1.

Den ja to kĹnoume edÿ, diìti to L_0 ja prokÔyei parakĹtw kajÿc ja upologÐ-

zoume ìlec tic kuklikèc bajmoÔ 4 mh diakladizìmenec pèran tou 2 epektĹseic

tou k pou dÐnoun diedrikă omĹda Galois pĹnw apì to Q .

SuneqÐzontac, parathroÔme ìti D_{s+1} = 4D_s kai ìti k_2(D_s) ⊆ k_2(D_{s+1}). EpÐshc, o gennătorac A_s mporeÐ na epilegeÐ ètsi ÿste o epimorfismìc G(k_2(D_{s+1})/k) −→ G(k_2(D_s)/k), o opoÐoc dÐnetai mèsw tou periorismoÔ sto k_2(D_s), na epĹgei epimorfismì

Φ_s : H_2(D_{s+1}) −→ H_2(D_s) : [a, 2b, 4c]^{Φs}−→ [a, b, c]

ìpou b^2 − 4ac = D_s (bl. parĹgrafo 1 tou [7] gia anĹlogh perÐptwsh) me Φ_s(A_{s+1}) = A_s, Φ_s(B_{s+1}) = B_s kai Φ_s(C_{s+1}) = C_s. EpÐshc, gia kĹje zeÔgoc akeraÐwn s, t me s ≥ t ≥ 4, èqoume G(k_2(D_s)/k_2(D_t)) = ⟨ A^{2c(t)}_s ⟩ . Profanÿc isqÔei to akìloujo lămma

Lămma 1.2.2 An H_{s+1} ≤ H_2(D_{s+1}) kai Φ(H_{s+1}) = H_s, tìte L_{Hs} ⊆ L_{Hs+1} .

EpÐshc mporoÔme eÔkola na pistopoiăsoume ìti oi mìnec upoomĹdec thc H_2(D_s) twn opoÐwn h omĹda phlÐko wc poc thn H_2(D_s) eÐnai kuklikă tĹxhc 4 eÐnai : ⟨ A^2_sB_s, C_s ⟩ , ⟨ A^2_sC_s, B_s ⟩ , ⟨ A^2_sB_s, B_sC_s ⟩ kai ⟨ A^4_s, B_s, C_s ⟩ . ParakĹtw ja upologÐsoume ta sÿmata pou touc antistoiqoÔn.

Sthn eisagwgă thc ergasÐac [9] anafèretai h akìloujh prìtash:

Prìtash 1.2.3 Gia èna eleÔjero tetragÿnou jetikì akèraio arijmì m, apì ìlec tic anti-Pell diofantikèc exisÿseic: x^2 − my^2 = dt, ìpou d ≥ 1 eÐnai jetikìc diairèthc tou m, dt ≠ 1 kai t = { 1 , an m ≡ 1, 2(mod4); 1 h 2 , an m ≡ 3(mod4);

akribÿc mÐa eÐnai epilÔsimh sto Z.

Epomènwc sthn perÐptwsă mac:

Lămma 1.2.4

• (^q_r )= 1 an kai mìno an h x^2 − qry^2 = q eÐnai epilÔsimh sto Z.

• (^q_r )= −1 an kai mìno an h x^2 − qry^2 = 2q eÐnai epilÔsimh sto Z.

Apìdeixh: Oi pijanèc periptÿseic eÐnai: d = q, r, qr kai t = 1, 2. ’Estw (^q_r )= 1. Ja apodeÐxoume ìti se ìlec tic Ĺllec periptÿseic h Diofantikă exÐswsh x^2 − qry^2 = dt den eÐnai epilÔsimh sto Z. ’Eqoume An x^2 − qry^2 = 2q tìte (^2_r )= 1. ’Atopo. An x^2 − qry^2 = r tìte x^2 + y^2 ≡ 3(mod8). ’Atopo. An x^2 − qry^2 = 2r tìte (^2_q )= 1. ’Atopo.

An x^2 − qry^2 = qr tìte qrx^{′2} − y^2 = 1 gia x^′ ∈ Z opìte (^{−1}_r )= 1. ’Atopo. An x^2 − qry^2 = 2qr tìte qrx^{′2} − y^2 = 2 gia x^′ ∈ Z opìte (^2_q )= 1. ’Atopo. Sunepÿc, lìgw thc prìtashc 1.2.3 apedeÐqjh to prÿto mèroc tou lămmatoc. Estw tÿra (^q_r )= −1. Tìte An x^2 − qry^2 = q tìte (^q_r )= 1. ’Atopo. An x^2 − qry^2 = r tìte (^r_q )= 1. ’Atopo.

An x^2 − qry^2 = qr tìte qrx^{′2} − y^2 = 1 gia x^′ ∈ Z opìte (^{−1}_r )= 1. ’Atopo. An x^2 − qry^2 = 2qr tìte qrx^{′2} − y^2 = 2 gia x^′ ∈ Z opìte (^2_q )= 1. ’Atopo. An x^2 − qry^2 = 2r tìte x^2 + y^2 ≡ 6(mod8). ’Atopo.

Sunepÿc, kai pĹli lìgw thc prìtashc 1.2.3, apedeÐqjh kai to deÔtero mèroc tou lămmatoc.□

Sthn sunèqeia, kĹnontac qrăsh tou lămmatoc 1.2.4, ja apodeÐxoume thn akìloujh prìtash :

Prìtash 1.2.5 ’Estw t = { 1 , an (^q_r )= 1;

2 , an (^q_r )= −1;

H diofantikă exÐswsh qx^2 − ry^2 = t eÐnai epilÔsimh sto Z. Jètoume μ = t − y √ −tr, v = 2(t − x √ tq), μ̄ = t + y √ −tr, v̄ = 2(t + x √ tq) kai jew-

roÔme ta tèssera sÿmata: k( √ wμ) , w = ±1,±2. Ta sÿmata autĹ eÐ-

nai kuklikèc epektĹseic tou k bajmoÔ 4 kai diedrikèc epektĹseic tou Q me G(k( √ wμ)/k) =< σ > ⋊ < τ > ìpou σ^4 = τ^2 = 1 kai σ( √ −qr) = √ −qr, σ( √ wμ) = √ wμ̄, τ( √ −qr) = − √ −qr, τ( √ wμ) = √ wμ . EpÐshc ta sÿ-

mata autĹ eÐnai dikekrimmèna kai mh diakladizìmena ektìc tou 2 pĹnw apo to

k kai to diĹgramma Galois twn swmĹtwn faÐnetai akìlouja:

Q

Q (v) k Q (μ)

Q ( √ wv) Q ( √ wv̄) k( √ tq) Q ( √ wμ̄) Q ( √ wμ) k( √ wμ)

Sqăma 1

Apìdeixh: ’Eqoume ìti h x^2 − qry^2 = tq eÐnai epilÔsimh sto Z opìte q | x

kai sunepÿc h qx^2 − ry^2 = t eÐnai epilÔsimh sto Z. ’Estw loipìn x, y akèraia

lÔsh thc qx^2 − ry^2 = t kai jètoume μ = t − y √ −tr, v = 2(t − x √ tq), μ̄ = t − y √ −tr, v̄ = 2(t + x √ tq) kai jewroÔme ta tèssera sÿmata: k( √ wμ) , w = ±1,±2. ’Eqoume qx^2 = t + ry^2 opìte tqx^2 = t^2 + try^2 kai sunepÿc tqx^2 = (t + y √ −tr)(t − y √ −tr) pou telikĹ dÐnei tqx^2 = μ̄μ. Profanÿc

isqÔei to akìloujo diĹgramma Galois:

Q

Q (v) k Q (μ) k( √ tq) = k(μ) = k(v)

Sqăma 2

ParathroÔme ìti oi rÐzec tou anagÿgou poluwnÔmou tou wμ pĹnw apì to Q

eÐnai oi ± √ wμ, ± √ wμ̄ pou den anăkoun ìlec sto Q ( √ wμ) kai autì shmaÐnei

ìti h Q ( √ wμ)/Q den eÐnai Galois. PrĹgmati, an eÐqame √ wμ̄ ∈ Q ( √ wμ), tìte lìgw tqx^2 = μ̄μ ja eÐqame kai √ tq ∈ Q ( √ wμ) opìte kai k(μ) = k(v) ⊂ Q ( √ wμ) (bl. to diĹgramma Galois pio pĹnw). An jewrăsoume loipìn to

anĹgwgo poluÿnumo tou √ wμ pĹnw apì to Q (v), autì ja èqei thn morfă

x^2 − (a + bv) gia kĹpoia a, b ∈ Q kai sunepÿc w^2μ^2 = a + bv pou dÐnei

Q (μ) = Q ( √ a + bv) poÔ eÐnai Ĺtopo afoÔ h Q (μ) eÐnai bajmoÔ 2 pĹnw apì

to Q enÿ h Q ( √ a + bv) bajmoÔ 4. DeÐxame loipìn ìti h Q ( √ wμ)/Q den eÐnai

Galois . IsqÔei epÐshc ìti h Q ( √ wμ)/Q èqei èna mìno endiĹmeso sÿma: to

Q (μ). PrĹgmati, kĹje endiĹmesh epèktash thc Q ( √ wμ)/Q eÐnai thc morfăc Q ( √ λ) me λ ∈ Z eleÔjero tetragÿnou. An eÐqame loipìn Q ( √ λ) ≠ Q (μ) tìte, lìgw tou ìti oi bajmoÐ epèktashc twn Q ( √ λ) kai Q (μ) pĹnw apì to Q

eÐnai Ðdioi, ja sumperaÐname ìti Q ( √ wμ) = Q ( √ λ, μ) pou den mporeÐ na isqÔei

afoÔ h Q ( √ λ, μ)/Q eÐnai Galois. MporoÔme tÿra eÔkola na doÔme ìti to

sÿma Q ( √ wμ) den perièqei kanèna apì ta Q(v), k kai ìti eÐnai diaforetikì

apì ta Q ( √ wμ̄), Q ( √ wv), Q ( √ wv̄), Q ( √ wv̄). Parìmoia mporoÔme na doÔme ìti kai h Q ( √ wμ̄)/Q den eÐnai Galois kai ìti èqei mìno èna endiĹmeso

sÿma: to Q (μ̄). Akìlouja, ja deÐxoume ìti √ wμ̄, √ wv, √ wv̄ ∈ k( √ wμ). ’Eqoume √ wμ √ wμ̄ = √ w^2tqx^2 = wx √ tq. ’Omwc k( √ tq) = k(^{q√−tr}_{−qr} ) = k( √ −tr) = k(μ) ⊂ k( √ wμ) opìte √ wμ̄ ∈ k( √ tq, √ wμ) = k( √ wμ). ’Ara √ wμ̄ ∈ k( √ wμ). EpÐshc, ( √ wμ ± √ wμ̄)^2 = wμ + wμ̄ ± 2w √ μμ̄ = w(μ + μ̄) ± 2w √ μμ̄ = 2tw ± 2xw √ tq = 2w(t ± x √ tq). SumperaÐnoume loipìn ìti:

( √ wμ + √ wμ̄)^2 = ( √ wv̄)^2 kai ( √ wμ − √ wμ̄)^2 = ( √ wv)^2

prĹgma pou shmaÐnei ìti √ wv, √ wv̄ ∈ k( √ wμ). Sthn sunèqeia ja deÐxoume

ìti h k( √ wμ)/k eÐnai kuklikă bajmoÔ 4 kai h k( √ wμ)/Q Galois me omĹda

Galois thn diedrikă omĹda D_4. Kat’ arqăn oi rÐzec tou anagÿgou poluwnÔmou tou √ wμ pĹnw apì to Q ìpwc èqoume peÐ eÐnai oi ± √ wμ, ± √ wμ̄ oi opoÐec

deÐxame ìti anăkoun sto k( √ wμ) kai sunepÿc h k( √ wμ)/Q eÐnai Galois .

’Ara kai h k( √ wμ)/k eÐnai Galois kai èstw σ ∈ G(k( √ wμ)/k) me σ( √ wμ) = √ wμ̄. Ta 1, σ, σ^2, σ^3 eÐnai ìla diaforetikĹ metaxÔ touc. Proc apìdeixh

toÔtou ja deÐxoume ìti ta 1, σ, σ^2, σ^3 paÐrnoun diaforetikèc timèc sto √ wμ. Profanÿc: 1( √ wμ) = √ wμ, σ( √ wμ) = √ wμ̄. AfoÔ σ( √ wμ) = √ wμ̄, ja isqÔei σ( √ wμ^2) = √ wμ̄^2 kai sunepÿc σ(μ) = μ̄. AllĹ μ = t − y √ −tr prĹgma pou shmaÐnei ìti σ( √ −tr) = − √ −tr. Epomènwc èqoume

σ( √ tq) = σ (√ −qrt^2 √ −tr ) = tσ( √ −qr) σ( √ −tr) = t √ −qr − √ −tr = − √ tq

prĹgma pou shmaÐnei ìti σ^2( √ wμ) = σ( √ wμ̄) = σ (√ w^2tqx^2 wμ ) = xwσ( √ tq) σ(wμ̄) = −xw √ tq wμ̄ = −xw √ tq √_{wtqx2} μ = − √ wμ.

EpÐshc eÐnai eÔkolo na doÔme ìti σ^3( √ wμ) = σ(− √ wμ) = − √ wμ̄ kai σ( √ wμ̄) = − √ wμ̄, σ(μ) = μ̄, σ(v) = σ(v̄). SÔmfwna me ta parapĹn-

w: G(k( √ wμ)/k) = ⟨σ⟩. ’Estw tÿra τ ∈ G(k/Q ) me √ −qr = − √ −qr. EpekteÐnoume to τ sthn G(k( √ wμ)/Q ) me τ( √ wμ) = √ wμ kai èqoume ta

akìlouja: (τσ)( √ −qr) = τ( √ −qr) = − √ −qr (σ^3τ)(−qr) = −σ^3( √ −qr) = − √ −qr ExĹllou, τ( √ wμ) = √ wμ ⇒ τ(μ) = μ ⇒ τ( √ −tr) = √ −tr. Sunepÿc

τ( √ tq) = τ (√ −qrt^2 √ −tr ) = tτ( √ −qr) τ( √ −tr) = −t √ −qr √ −tr = − √ tq pou shmaÐnei ìti:

τ( √ wμ̄) = τ (√ w^2tqx^2 wμ ) = xwτ( √ tq) τ(wμ) = −xw √ tq wμ = −xw √ tq √_{wtqx2} μ̄ = − √ wμ̄.

kai telikĹ èqoume: (τσ)( √ wμ) = τ( √ wμ̄) = − √ wμ̄ (σ^3τ)( √ wμ) = σ^3( √ wμ) = − √ wμ̄ pou apodeiknÔei ìti: G(k( √ wμ)/Q ) = ⟨σ⟩ ⋊ ⟨τ⟩. Ja deÐxoume tÿra ìti h

epèktash k( √ wμ)/k eÐnai mh diakladizomènh ektìc tou 2. ’Eqoume k( √ tq) = k( √ −tr) kai apì jewrÐa epektĹsewn tou Kummer (bl. [6] chapter V §39)

èqoume ìti h epèktash k( √ tq)/k eÐnai mh diakladizomènh ektìc tou 2 opìte arkeÐ na deÐxoume ìti h G(k( √ wμ)/k( √ tq)) eÐnai mh diakladizomènh ektìc tou 2. PrĹgmati, èstw p prÿto ideÿdec tou R_{k(}^√_{tq)} me p ∤ 2. Ja deÐxoume ìti èna ek twn x^2 − wv, x^2 − wμ eÐnai diaqwrÐsimo modulo p, prĹgma pou, lìgw thc isìthtac k( √ wv) = k( √ wμ), ja mac dÿsei ìti to p den diakladÐzetai sto k( √ wμ). ’Estw ìti kanèna apì ta x^2 − wv, x^2 − wμ den eÐnai diaqwrÐsimo modulo p. Autì shmaÐnei ìti gia kĹje prÿto ideÿdec q tou R_{k(}^√_{wμ)} me q | p ja eÐqame af’ enìc q ∤ 2 kai af’ etèrou √ wv ≡ − √ wv(modq) kai √ wμ ≡ − √ wμ(modq). Sunepÿc 2 √ wv, 2 √ wμ ∈ q ⇒ 4wv, 4wμ ∈ q. AfoÔ ìmwc q ∤ 2 ja èqoume q | v, μ kai sunepÿc q | vv̄ − 4μμ̄. AfoÔ vv̄ − 4μμ̄ = −4t^2 prokÔptei ìti q | −4t^2 ⇒ q | 2. ’Atopo.□

H sÔndesh thc prohgoÔmenhc prìtashc me to prìblhma pou meletoÔme ja faneÐ metĹ apì to akìloujo lămma:

Lămma 1.2.6 KĹje kuklikă epèktash L pĹnw apì to k = Q ( √ −qr) bajmoÔ 4 mă diakladizìmenh ektìc tou 2 h opoÐa eÐnai kai diedrikă epèktash tou Q perièqetai se kĹje k(D_s) gia kĹje s ≥ 4 kai sunepÿc perièqetai kai sto k(D_4) = k(D).

Apìdeixh: SÔmfwna me to jeÿrhma 11 tou [10] , to L perièqetai se èna ring class field pĹnw apì to k kai afoÔ h L eÐnai mh diakladizìmenh ektìc tou 2 epèktash tou k, èpetai ìti to L ja perièqetai se kĹpoio k_2(D_{s0} ) gia kĹpoio s_0 ≥ 2. ’Omwc h omĹda phlÐko thc H_2(D_{s0} ) modulo G(k_2(D_{s0} )/L) eÐnai G(L/k) = (2^2) kai ètsi s_0 ≥ 4. EpÐshc, afoÔ h omĹda phlÐko thc H_2(D_{s0} ) modulo G(k_2(D_{s0} )/L) eÐnai kuklikă bajmoÔ 4, ja èqoume ìti h G(k_2(D_{s0} )/L) eÐnai mÐa ek’ twn ⟨ A^2_{s0} B_{s0} , C_{s0} ⟩ , ⟨ A^2_{s0} C_{s0} , B_{s0} ⟩ , ⟨ A^2_{s0} B_{s0} , B_{s0} C_{s0} ⟩ kai ⟨ A^4_{s0} , B_{s0} , C_{s0} ⟩ . AllĹ G(k_2(D_{s0} )/k_2(D_4)) = ⟨ A^{2c(4)}_{s0} ⟩ opìte G(k_2(D_{s0} )/k_2(D_4)) ⊆ G(k_2(D_{s0} )/L) pou shmaÐnei L ⊆ k_2(D_4) ⊆ k_2(D_s), gia kĹje s ≥ 4. □

SÔmfwna loipon me to parapĹnw lămma ta sÿmata k( √ wμ), w = ±1,±2 pou eÐqame breÐ perièqontai sto k(D) to opoÐo perièqei akribÿc 4 uposÿmata bajmoÔ 4 kuklikĹ pĹnw apì to k. Sunepÿc: {L_A2_{sBs,Cs} , L_A2_{sCs,Bs} , L_A2_{sBs,BsCs} , L_A4_{s ,Bs,Cs} } = {k( √ μ), k( √ −μ), k( √ 2μ), k( √ −2μ)}. Tÿra eÐnai profanèc ìti to sÿma L_0 = L_A2_{s ,Bs,Cs} pou eÐqame jewrăsei arqikĹ eÐnai to k( √ tq) afoÔ eÐnai h tomă twn L_A2_{s Bs,Cs} , L_A2_{sCs,Bs} , L_A2_{sBs,BsCs} , L_A4_{s ,Bs,Cs} . Prin suneqÐsoume parathroÔme ta akìlouja:

Lămma 1.2.7 Gia ìla ta ι ∈ {0, 1, ...c(s)}, j ∈ {0, 1} kai ℓ ∈ {0, 1} èqoume: L_A2ι_{s+1,B}j_{s+1,C}ℓ_{s+1} = L_A2ι_{s ,B}j_{s ,C}ℓ_s Apìdeixh: Apì lămma 1.2.2 èqoume L_A2ι_{s+1,B}j_{s+1,C}ℓ_{s+1} ⊇ L_A2ι_{s ,B}j_{s ,C}ℓ_s . AutĹ ta dÔo sÿmata eÐnai Ðdiou bajmoÔ 2^{ι+2−j−ℓ} pĹnw apì to k kai sunepÿc prèpei na tautÐzontai.□

Pìrisma 1.2.8

L_{A2}c(s)_{s+1 ,Bs+1,Cs+1} = L_{Bs,Cs} , L_{A2}c(s)_{s+1} = L_{Is} = k_2(D_s).

To L_A4_{s,Bs,Cs} emfuteÔetai se mia kuklikă epèktash bajmou 8 pĹnw apo to k (thn L_A8_{s+1,Bs+1,Cs+1} /k). Apì [12] kai to local global principle, èqoume to akìloujo apotèlesma:

Prìtash 1.2.9 ’An M/Q epèktash algebrikÿn swmĹtwn arijmÿn ìpou M = Q ( √ z(A + B √ a), √ b) me A^2 − aB^2 = ab, a, b ∈ Q ìqi tetragwnikÿc isodÔnama, A, B ∈ Q kai z ∈ Q , tìte to M eÐnai diedrikă epèktash tou Q bajmoÔ 8 kuklikă pĹnw apì to Q ( √ b). Epiplèon to M mporeÐ na emfuteujeÐ se mia diedrikă epèktash bajmoÔ 16 pĹnw apì to Q an kai mìno an: ( −b, −zA p ) = ( −ab, −2a p )

gia kĹje prÿto arijmì p, ìpou (^{·,·}_p ) eÐnai to sÔmbolo tou Hilbert .

Sthn sunèqeia ja upologÐsoume to sÿma L_A4_{s,Bs,Cs} :

Prìtash 1.2.10 L_A4_{s,Bs,Cs} = { k( √ −2μ) , an (^q_r )= 1; k( √ −μ) , an (^q_r )= −1; kai apì ìla ta L_A2_{sBs,Cs} , L_A2_{sCs,Bs} , L_A2_{sBs,BsCs} , L_A4_{s,Bs,Cs} mìno to L_A4_{s,Bs,Cs} em- futeÔetai se kuklikă epèktash bajmou 8 pĹnw apì to k pou eÐnai diedrikă bajmoÔ 16 pĹnw apì to Q .

Apìdeixh: Gia ton orismì kai tic idiìthtec tou sumbìlou tou Hilbert parapèmpoume ton anagnÿsth sto [1].

• An (^q_p )= 1, tìte grĹfoume k( √ wμ) = Q (√ w x r ( r x − r x y √ −r ) , √ −qr ) kai epomènwc apì thn prìtash 1.2.9 èqoume ìti an L_A4_{s,Bs,Cs} = k( √ wμ) tìte gia kĹje prÿto p me (^{qr,−w}_p )= (^{−qr2,2r}_p ) ja èqoume ìti:

– H perÐptwsh w = −1 odhgeÐ se Ĺtopo afoÔ (^{qr,1}_q )= 1 kai (^{−qr2,2r}_q )= −1. – H perÐptwsh w = 2 odhgeÐ se Ĺtopo afoÔ (^{qr,−2}_r )= 1 kai (^{−qr2,2r}_r )= −1. – H perÐptwsh w = 1 odhgeÐ se Ĺtopo afoÔ (^{qr,−1}_q )= 1 kai (^{−qr2,2r}_q )= −1. ’Ara kat’ anĹgkh w = −2.

• An (^q_p )= −1, tìte grĹfoume

k( √ wμ) = Q (√ w x r ( 2r x − r x y √ −2r ) , √ −qr )

kai, pĹli apì thn prìtash 1.2.9, èqoume ìti an L_A4_{s,Bs,Cs} = L( √ wμ) tìte gia kĹje prÿto p me (^{qr,−2w}_p )= (^{−2qr2,4r}_p ) ă isodÔnama (^{qr,−2w}_p )= (^{−2q,r}_p ) ja èqoume ìti:

– H perÐptwsh w = 1 odhgeÐ se Ĺtopo afoÔ (^{qr,−2}_r )= 1 kai (^{−2q,r}_r )= −1. – H perÐptwsh w = −2 odhgeÐ se Ĺtopo afoÔ (^{qr,4}_r )= 1 kai (^{−2q,r}_r )= −1. – H perÐptwsh w = 2 odhgeÐ se Ĺtopo afoÔ (^{qr,−4}_q )= 1 kai (^{−2q,r}_q )= −1.

’Ara kat’ anĹgkh w = −1. □

1.3 KÔria apotelèsmata

Periorizìmaste tÿra sthn perÐptwsh s = 4 kai gia aplìthta ston sumbolismì ja paraleÐpoume ton deÐkth s upojètontac pĹntote ìti briskìmaste sthn perÐptwsh s = 4.

Jeÿrhma 1.3.1 ’Estw t = { 1 , an (^q_r )= 1, 2 , an (^q_r )= −1 kai èstw x, y ∈ Z me qx^2 − ry^2 = t. ’Estw epÐshc p perittìc prÿtoc me

( D p )= 1 kai ( tq p )= 1 Jètoume μ = t − y √ −tr kai orÐzoume to sÔmbolo u_p wc exăc:

u_p =

(−1)^{p−12} , an p | x, (^{−μ}_p ), an p ∤ x kai (^q_r )= −1, (^{−2μ}_p ), an p ∤ x kai (^q_r )= 1, ìpou sta sÔmbola Legendre, pou emfanÐzontai, san √ −tr jewroÔme tuqaÐa akèraia lÔsh thc epilÔsimhc isodunamÐac x^2 ≡ −tr(modp). (O anagnÿsthc mporeÐ na parathrăsei ìti to sÔmbolo u_p eÐnai ètsi orismèno wste u_p = 1 an kai mìno an f_p(L_A4_{,B,C} ) = 1). KĹtw apì autèc tic upojèseic kai me autìn to sumbolismì, isqÔoun ta akìlouja:

• Sthn perÐptwsh Ia ìpou (_q r ) = −1 èqoume ìti o p^{ℏ′} parÐstatai apì akribÿc mÐa ambiguous klĹsh kai akribèstera:

– An p ≡ 1(mod8) tìte: I −→ p^{ℏ′} ⇔ u_p = 1 kai A^2 −→ p^{ℏ′} ⇔ u_p = −1;

– An p ≡ 7( mod 8) tìte: B −→ p^{ℏ′} ⇔ u_p = 1 kai A^2B −→ p^{ℏ′} ⇔ u_p = −1;

– An p ≡ 5( mod 8) tìte: C −→ p^{ℏ′} ⇔ u_p = 1 kai A^2C −→ p^{ℏ′} ⇔ u_p = −1;

– An p ≡ 3(mod8) tìte: BC −→ p^{ℏ′} ⇔ u_p = 1 kai A^2BC −→ p^{ℏ′} ⇔ u_p = −1.

• Sthn perÐptwsh Ib ìpou (_q r ) = 1 èqoume:

– An u_p = −1 tìte A^4 −→ p^{2ℏ′} allĹ kamÐa ambiguous klĹsh den paristĹ ton p^{ℏ′} ;

– An u_p = 1 tìte o p^{ℏ′} parÐstatai apo akribÿc mÐa ambiguous klĹsh.

Apìdeixh: H prìtash 1.2.10 mac dÐnei ìti L_A4_{,B,C} = k( √ −2tμ). Kat’ arqă ja deÐxoume ìti to sÔmbolo u_p èqei oristeÐ katĹ tètoio trìpo gia ta p pou anafèrontai sthn ekfÿnhsh ÿste na isqÔei u_p = 1 an kai mìno an f_p(L_A4_{,B,C} ) = 1). PrĹgmati, parathroÔme arqikĹ ìti h sunjăkh ( tq p )= 1

pou jèloume na ikanopoieÐ to p eÐnai isodÔnamh (bl. sqăma sthn prìtash 1.2.5) lìgw (^D_p )= 1 me to ìti f_p(L_0) = 1 kai sunepÿc o p analÔetai plărwc sto L_A4_{,B,C} an kai mìno an f_p(L_A4_{,B,C} /L_0) = 1 ă isodÔnama an kai mìno an (^{−2tμ}_p )= 1. Epeidă to u_p èqei oristeÐ ètsi ÿste gia kĹje p ∤ x na isqÔei u_p = (^{−2tμ}_p ) h isodunamÐa pou zhtĹme isqÔei profanÿc gia ìla ta p ∤ x, enÿ gia ta p me p | x mporoÔme na doÔme ìti afoÔ k( √ wμ) = k( √ wv) ja isqÔei kai L_A4_{,B,C} = k( √ −2tv) opìte afoÔ v ≡ 2t(modp), èqoume telikĹ ìti f_p(L_A4_{,B,C} /L_0) = 1 ⇔ ( −2tv p )= 1 ⇔ ( −4t^2 p )= 1 ⇔ ( −1 p )= 1 ⇔ (−1)^{p−12} .

Q k

L_0 = L_A2_{,B,C}

L_A2_{,B} L_A2_{,BC} L_A2_{,C}

L_A2_B L_B L_A2_{BC} L_A2 L_{BC} L_C L_A2_C

L_I = k_2(D)

Sqăma 3

Sthn sunèqeia meletoÔme thn perÐptwsh Ia ìpou (_q r ) = −1. Sthn perÐptwsh aută h omĹda klĹsewn eÐnai h H(D) = ⟨A, B, C⟩ me A^4 = B^2 = C^2 = I kai oi ambiguous klĹseic eÐnai oi I, A^2, B,C, A^2B, A^2C, BC kai A^2BC. ’Eqoume f_p(L_0) = 1 kai afoÔ L_A2 /L_A2_{,B,C} eÐnai tÔpou (2, 2), akribÿc èna apì ta f_p(L_A2_{,B}), f_p(L_A2_{,BC} ), f_p(L_A2_{,C} ) isoÔtai me 1 ă ìla eÐnai Ðsa me 1 (bl. sqăma 3).

• An f_p(L_A2_{,B}) = f_p(L_A2_{,BC} ) = f_p(L_A2_{,C} ) = 1 tìte f_p(L_A2 ) = 1 kai epomènwc, to sÿma anĹlushc tou p sthn k_2(D) eÐnai eÐte to L_I eÐte to

L_A2 , opìte I −→ p^{ℏ′} ă A^2 −→ p^{ℏ′} .

• An akribÿc èna apì ta f_p(L_A2_{,B}), f_p(L_A2_{,BC} ), f_p(L_A2_{,C} ) isoÔtai me 1 tìte f_p(L_A2 ) ≠ 1 kai

– An f_p(L_A2_{,B}) = 1 tìte, afoÔ L_I /L_A2_{,B} eÐnai tÔpou (2, 2), ja èqoume f_p(L_A2_B) = 1 ă f_p(L_B) = 1 kai epomènwc to sÿma anĹlushc tou p sto k_2(D) ja eÐnai ă to L_A2_B ă to L_B, opìte A^2B −→ p^{ℏ′} ă B −→ p^{ℏ′} . – An f_p(L_A2_{,BC} ) = 1 tìte, ergazìmenoi ìpwc parapĹnw, èqoume ìti A^2BC −→ p^{ℏ′} , ă BC −→ p^{ℏ′} .. – An f_p(L_A2_{,C} ) = 1 tìte, kai pĹli ergazìmenoi ìpwc parapĹnw, èqoume ìti A^2C −→ p^{ℏ′} ă C −→ p^{ℏ′} .

Autì pou mèqri tÿra èqoume deÐxei eÐnai to antÐstrofo thc prìtashc 1.1.4. Sthn sunèqeia ja diaqwrÐsoume tic ambiguous klĹseic. ’Eqoume upojèsei ìti (^D_p )= 1 kai (^{tq}_p )= 1, sunepÿc f_p(L_0) = 1. EpÐshc u_p = 1 akribÿc tìte ìtan f_p(L_{B,C} = 1. An p ≡ 7(mod8) deÐxame prin ìti mÐa ek twn B, A^2B paristĹ ton p^{ℏ′} , opìte to sÿma anĹlushc tou p sto k_2(D) eÐnai ă to L_B ă to L_A2_B. AfoÔ to sÿma L_A2_B eÐnai gnăsio uposÔnolo tou L_{B,C} L_A2_B, èqoume ìti to sÿma anĹlushc tou p sthn k_2(D) eÐnai to L_B an kai mìno an u_p = 1 kai ètsi B −→ p^{ℏ′} an kai mìno an u_p = 1. Oi Ĺllec periptÿseic stic opoÐec p ≡ 1, 3, 5(mod8) mporoÔn na apodeiqjoÔn entelÿc anĹloga (bl. sqăma 4).

Q k L_0 L_{B,C} L_A2 L_I

Q k L_0 L_{B,C} L_B L_A2_B L_I

Q k L_0 L_{B,C} L_C L_A2_C L_I

Q k L_0 L_{B,C} L_{BC} L_A2_{BC} L_I

Sqăma 4

SuneqÐzoume me thn perÐptwsh Ib sthn opoÐa (_q r ) = 1. Edÿ h omĹda klĹsewn eÐnai h H(D) = ⟨A, B, C⟩ me A^8 = B^2 = C^2 = I kai oi ambiguous klaseic eÐnai I, A^4, B, C, A^4B, A^4C, BC kai A^4BC. UpenjumÐzoume ìti u_p = 1 an kai mìno an f_p(L_A4_{,B,C} ) = 1. ’Eqoume f_p(L_0) = 1 kai epeidă h epèktash L_A2 /L_A2_{,B,C} eÐnai tou tÔpou (2, 2), akribÿc ènac ek twn bajmÿn adraneÐac f_p(L_A2_{,B}), f_p(L_A2_{,BC} ), f_p(L_A2_{,C} ) eÐnai Ðsoc me 1, ă ìloi eÐnai Ðsa me 1 (bl. sqăma 5).

• An f_p(L_A2_{,B}) = f_p(L_A2_{,BC} ) = f_p(L_A2_{,C} ) = 1 tìte f_p(L_A2 ) = 1. Epiplèon:

– An f_p(L_A4_{,B,C} ) = 1 tìte kai f_p(L_A2 L_A4_{,B,C} ) = 1. H sÔnjesh ìmwc twn swmĹtwn L_A2 kai L_A4_{,B,C} eÐnai to sÿma L_A4 . Epomènwc ja eÐqame f_p(L_A4 ) = 1 prĹgma pou shmaÐnei ìti A^4 −→ p^{ℏ′} ă I −→ p^{ℏ′} .(ShmeÐwsh To sÿma L_A4_{,B,C} den parÐstatai sto diĹgramma tou sqămatoc 5.)

– An f_p(L_A4_{,B,C} ) = −1 tìte f_p(L_A4 ) = −1 kai ètsi A^2 −→ p^{ℏ′} pou shmaÐnei ìti A^4 −→ p^{2ℏ′} alla o p^{ℏ′} den parÐstatai apì kamÐa ambiguous klĹsh.

• An akribÿc èna ek twn f_p(L_A2_{,B}), f_p(L_A2_{,BC} ), f_p(L_A2_{,C} ) isoÔtai me 1 tìte f_p(L_A2 ) ≠ 1. Sunepÿc:

– An f_p(L_A2_{,B}) = 1 tìte

∗ An f_p(L_A4_{,B,C} ) = 1 tìte, afoÔ L_A2_BL_A4_{,B,C} = L_A4 , ja eÐqame f_p(L_A2_B) = −1 kai ètsi f_p(L_A4_{,B}) = 1 pou dÐnei f_p(L_A4_B) = 1 ă f_p(L_B) = 1 opìte A^4B −→ p^{ℏ′} ă B −→ p^{ℏ′} .

∗ An f_p(L_A4_{,B,C} ) = −1 tìte f_p(L_A4_{,B}) = −1 epomènwc f_p(L_A2_B) = 1 ètsi A^2B −→ p^{ℏ′} pou dÐnei A^4 −→ p^{2ℏ′} kai o p^{ℏ′} den parÐstatai apì kamÐa ambiguous klĹsh.

– An f_p(L_A2_{,C} ) = 1 tìte omoÐwc ∗ An f_p(L_A4_{,B,C} ) = 1 tìte A^4C −→ p^{ℏ′} ă C −→ p^{ℏ′} . ∗ An f_p(L_A4_{,B,C} ) = −1 tìte A^4 −→ p^{2ℏ′} kai o p^{ℏ′} den parÐstatai apì kamÐa ambiguous klĹsh.

– An f_p(L_A2_{,BC} ) = 1 tìte ∗ An f_p(L_A4_{,B,C} ) = 1 èqoume ìti A^4BC −→ p^{ℏ′} ă BC −→ p^{ℏ′} . ∗ An f_p(L_A4_{,B,C} ) = −1 tìte A^4 −→ p^{2ℏ′} kai o p^{ℏ′} den parÐstatai apì kamÐa ambiguous klĹsh, dhladă apodeÐxame plărwc to jeÿrhma. □

Q k

L_0 = L_A2_{,B,C}

L_A2_{,B} L_A2_{,BC} L_A2_{,C}

L_A4_{,B} L_A2_B L_A2_{BC} L_A2 L_A4_{,BC} L_A2_C L_A4_{,C}

L_A4_B L_B L_{BC} L_A4 L_A4_{BC} L_A4_C L_C

L_I = k_2(D)

Sqăma 5

KleÐnoume thn parĹgrafo prosdiorÐzontac ta sÿmata L_A2_{B,C} , L_A2_{C,B},

L_A2_{B,BC} kai L_A4_{,B,C} . Ta apotelèsmata parousiĹzontai ston akìloujo pÐna- ka: PerÐptwsh (_q r ) L_A4_{,B,C} L_A2_{C,B} L_A2_{B,C} L_A2_{B,BC} Ia -1 k( √ −2μ) k( √ −μ) k( √ 2μ) k( √ μ) Ib 1 k( √ −μ) k( √ −2μ) k( √ μ) k( √ 2μ)

Apìdeixh: ’Estw (_q r ) = −1. Apì to jeÿrhma puknìthtac tou Cebotareb

(bl. [3] jeÿrhma 8.17) prokÔptei ìti ta sÔnola spl(k_2(D)) , spl(L_{B,C}), èqoun puknìthtec 1 [k_2(D) : Q ] kai 1 [L_{B,C} : Q ] antÐstoiqa. Sunepÿc mporoÔme na pĹroume perittì prÿto arijmì p ètsi ÿste to sÿma anĹlushc tou sto k_2(D) na eÐnai to L_{BC} , opìte BC −→ p^{2ℏ′} , kai epomènwc, lìgw thc prìtashc 1.1.4, ja èqoume p ≡ 3(mod8). ’Etsi f_p(L_A2_{B,BC} ) = f_p(L_A4_{,B,C} ) = 1 (afoÔ L_A2_{B,BC} , L_A4_{,B,C} ⊆ L_{BC} ). O bajmìc adraneÐac f_p(L_A4_{,B,C} ) eÐnai 1, sunepĹgetai ìti (_{−μ} p ) = 1 kai sunepÿc (_μ p ) = −1. ’Ara L_A2_{B,BC} ≠ k( √ −2μ) kai L_A2_{B,BC} ≠ k( √ μ), sunepÿc L_A2_{B,BC} = k( √ 2μ). MporoÔme epÐshc na pĹroume p_1 ètsi ÿste to sÿma anĹlushc tou sto k_2(D) na eÐnai to L_C to opoÐo dÐnei p_1 ≡ 5(mod8). OmoÐwc, ìpwc prohgoumènwc, ja èqoume f_{p1} (L_A2_{B,C} ) = f_{p1} (L_A4_{,B,C} ) = 1 kai sunĹgoume ìti ja prèpei kai pĹli (_{−μ} p_1 ) = 1 to opoÐo sunepĹgetai ìti (_μ p_1 ) = 1. ’Ara L_A2_{B,C} ≠ k( √ −2μ) pou dÐnei L_A2_{B,C} = k( √ μ) kai epomènwc L_A2_{C,B} = k( √ −2μ). H perÐptwsh Ib sthn opoÐa (_q r ) = 1 mporeÐ na melethjeÐ entelÿc ìmoia paÐrnontac prÿtouc arijmoÔc p, p_1 ÿste ta sÿmata anĹlushc touc so k_2(D) na eÐnai L_{BC} kai L_C antÐstoiqa (kĹti to opoÐo ja dÿsei p ≡ 3(mod8) kai p_1 ≡ 5(mod8)). □

1.4 To prìblhma parĹstashc gia aujaÐreto D_s

Sthn parĹgrafo aută prospajoÔme na doÔme katĹ pìso h parĹstash tou p^{ℏ′s}0 apì mÐa ambiguous klĹsh diakrÐnousac D_{s0} epidrĹ sthn ikanìthta parĹstashc tou p^{ℏ′s} apì ambiguous klĹsh diakrÐnousac D_s , s ≥ s_0 ≥ 4. Prìtash 1.4.1 An s akèraioc arijmìc me s ≥ 4, p ènac perittìc prÿtoc me (^{D0}_p )= 1 kai X_{s+1} mÐa ambiguous klĹsh diakrÐnousac D_{s+1}, tìte isqÔei h akìloujh sunepagwgă: X_{s+1} −→ p^{ℏ′s+1} ⇒ Φ_s(X_{s+1}) −→ p^{ℏ′s} . Apìdeixh: AfoÔ X_{s+1} −→ p^{ℏ′s+1} ja èqoume ìti to sÿma anĹlushc tou p sto k_2(D_{s+1}) eÐnai to L_{Xs+1} pou dÐnei f_p(L_{Xs+1} ) = 1 kai epomènwc lìgw tou lămmatoc 1.2.2, èqoume ìti f_p(L_{Φs(Xs+1)}) = 1. H perÐptwsh X_{s+1} = I_{s+1} eÐnai tetrimmènh. An X_{s+1} ≠ I_{s+1} tìte to f_p(L_{Φs(Xs+1)}) = 1 sunepĹgetai (lìgw tou ìti h L_{Is} /L_{Φs(Xs+1)} eÐnai epèktash bajmoÔ 2) ìti to sÿma anĹlushc tou p sthn k_2(D_s) eÐnai ă to L_{Φs(Xs+1)} ă to L_{Is} . An ătan to L_{Is} tìte afoÔ L_{Is} = L_{A2}c(s)_{s+1} ja eÐqame f_p(L_{Xs+1} L_{A2}c(s)_{s+1} ) = 1 kai sunepÿc f_p(L_{Is+1} ) = 1 pou eÐnai Ĺtopo diìti X_{s+1} ≠ I_{s+1}. □ Pìrisma 1.4.2 ’Estw s ∈ Z, s ≥ 4 kai p perittìc prÿtoc me (^{D0}_p )= 1. An X_s ∈ {I_s, B_s, C_s, B_sC_s} tìte • An A^{2c(s)−1}_s X_s −→ p^{ℏ′s} ă X_s −→ p^{ℏ′s} tìte X_ι −→ p^{ℏ′ι} , ∀ι ∈ {4, ..., s − 1}, • An A^{2c(s)−1}_s X_s −→ p^{ℏ′s} tìte kamÐa ambiguous klĹsh diakrÐnousac D_ι den paristĹ ton p^{ℏ′ι} ,∀ι ≥ s + 1.

Apìdeixh: UpenjumÐzoume ìti Φ(A_s) = A_{s−1}, Φ(B_s) = B_{s−1}, Φ(C_s) = C_{s−1}. ParathroÔme sthn sunèqeia ìti Φ(A^{2c(s)−1}_s ) = A^{2c(s)−1}_{s−1} = I (afoÔ Φ(A_s) = A_{s−1} kai to A_{s−1} èqei tĹxh 2^{c(s−1)} = 2^{c(s)−1}). ’Estw loipìn ìti A^{2c(s)−1}_s X_s −→ p^{ℏ′s} . Tìte Φ(A^{2c(s)−1}_s X_s) −→ p^{ℏ′s−1} , dhladă X_{s−1} −→ p^{ℏ′s−1} . An pĹli X_s −→ p^{ℏ′s} tìte Φ(X_s) −→ p^{ℏ′s−1} opìte X_{s−1} −→ p^{ℏ′s−1} . Se kĹje perÐptwsh loipìn èqoume ìti X_{s−1} −→ p^{ℏ′s−1} kai suneqÐzontac omoÐwc èqoume X_ι −→ p^{ℏ′ι} , ∀ι ∈ {4, ..., s − 1}, dhladă thn apìdeixh tou prÿtou mèrouc tou porÐsmatoc. EÐnai fanerì apì ta parapĹnw, ìti oi eikìnec twn ambiguous klĹsewn mesw thc Φ_s anăkoun sto sÔnolo {I_s, B_s, C_s, B_sC_s}, s ≥ 4 kai sunepÿc, an A^{2c(s)−1}_s X_s −→ p^{ℏ′s} , tìte den eÐnai dunatìn mia ambiguous klĹsh diakrÐnousac D_ι na paristĹ ton p^{ℏ′ι} gia kĹpoio ι ≥ s + 1, dhladă èqoume thn apìdeixh tou deÔterou mèrouc tou porÐsmatoc. □ AntÐstrofa èqoume to akìloujo Jeÿrhma:

Jeÿrhma 1.4.3 An p eÐnai perittìc prÿtoc me (^{D0}_p )= 1 kai X_s ∈ {I_s, B_s, C_s, B_sC_s} gia s ∈ Z, s ≥ 4 me X_s −→ p^{ℏ′s} , tìte isqÔei akribÿc mÐa apì tic akìloujec parastĹseic: • X_{s+1} −→ p^{ℏ′s+1} • A^{2c(s)}_{s+1} X_{s+1} −→ p^{ℏ′s+1} . Epiplèon, X_{s+1} −→ p^{ℏ′s+1} ⇔ f_p(L_{Bs+1,Cs+1} ) = 1.

Apìdeixh: H apìdeixh eÐnai sqedìn profanăc an meletăsei kaneÐc ta akìlouja diagrĹmmata Galois

L_{A2}c(s)_{s+1 ,Xs+1} = L_{Xs} L_{A2}c(s)_{s+1 Xs+1} L_{Xs+1} L_{A2}c(s)_{s+1} = L_{Is} = k_2(D_s)

L_{Is+1} = k_2(D_{s+1})

L_{A2}c(s)−1_{s+1} L_{A2}c(s)_{s+1} = k_2(D_s) = L_{Is}

L_{Is+1} = k_s(D_{s+1})

Sqăma 6

An X_s ≠ I_s tìte f(L_{Xs} ) = 1 kaif(k_2(D_s)) ≠ 1 opìte to sÿma anĹlushc tou p sthn k_2(D_{s+1}) eÐnai akribÿc èna apì ta L_{A2}c(s)_{s+1 Xs+1} , L_{Xs+1} kai autì giatÐ h sÔnjesh autÿn twn dÔo swmĹtwn eÐnai to L_{Is+1} (bl. sqăma 6), prĹgma pou shmaÐnei ìti kĹpoia apì tic klĹseic A^{2c(s)}_{s+1} X_{s+1} , X_{s+1} paristĹ ton p^{ℏ′s+1} (kai sÔmfwna me thn prìtash 0.0.1 akribÿc mÐa). An X_s = I_s tìte afoÔ L_{Xs} = L_{A2}c(s)_{s+1} , èqoume ìti to sÿma anĹlushc tou p sthn k_2(D_{s+1}) eÐnai akribÿc èna ek twn L_{Is+1} , L_{A2}c(s)_{s+1} . Tèloc parathroÔme ìti L_{Is+1} = L_A2c(s)_{s+1 Xs+1} L_{Bs+1,Cs+1} pou shmaÐnei ìti X_{s+1} −→ p^{ℏ′s+1} an kai mìno an f_p(L_{Bs+1,Cs+1} ) = 1.□

Apì ta Jewrămata 1.3.1 kai1.4.3 prokÔptei to akìloujo pìrisma:

Pìrisma 1.4.4 ’Estw (_q r ) = −1. Gia èna prÿto perittì p me (^{D0}_p )= 1 kai ( q p )= { 1, an p ≡ 1, 7(mod8); (^q_r ), an p ≡ 3, 5(mod8).

To sÔmbolo u_p tou Jewrămatoc 1.3.1 eÐnai kalĹ orismèno. IsqÔei ìti u_p = 1 an kai mìno an akribÿc mÐa ek twn A^4_5B_5, B_5 paristĹ ton p^{ℏ′5} . Epiplèon, B_5 −→ p^{ℏ′5} an kai mìno an f(L_{B5,C5} ) = 1. EpÐshc an h A^4_5B_5 paristĹ ton p^{ℏ′5} , tìte den upĹrqei ambiguous klĹsh diakrÐnousac D_s pou na paristĹ ton p^{ℏ′s} , gia kĹje s ≥ 5.

KefĹlaio 2

ParĹstash DunĹmewn Prÿtwn Arijmÿn kai SÔmbola tou Legendre

Se autì to mèroc ja exetĹsoume thn sqèsh metaxÔ thc parĹstashc dunĹmewn prÿtwn apì klĹseic tetragwnikÿn morfÿn kai tou qaraktăra Legendre thc jemeliÿdouc monĹdac tou emplekomènou pragmatikoÔ tetragwnikoÔ sÿmatoc arijmÿn. Oi periptÿseic 1, 2 pou anafèrontai sthn eisagwgă ja melethjoÔn xeqwristĹ. UpenjumÐzoume ìti autèc eÐnai:

• 1h PerÐptwsh D = −256qr, q, r prÿtoi me q ≡ 5(mod8), r ≡ 3(mod 8), ℏ_2(D_0) | 4.

• 2h PerÐptwsh D = −4m, m > 1 akèraioc, eleÔjeroc tetragÿnou me m ≡ 1(mod12), ℏ_3(D_0) | 9.

H 1h perÐptwsh upodiaireÐtai stic periptÿseic Ia kai Ib ìpwc kai sto prohgoÔmeno kefĹlaio.

2.1 Prokatartikèc protĹseic

Lămma 2.1.1 Gia kĹje s ∈ Z, s ≥ 2, isqÔoun ta akìlouja:

• (i) H_2(−2^{2s}qr) = (2^{s−2+cqr} , 2, 2), ìpou H_2(−qr) = (2^{cqr+1}) sthn prÿth perÐptwsh,

• (ii) H_3(D) ∈ {(3), (3, 3), (3^2)} sthn deÔterh perÐptwsh.

Apìdeixh: H (i) èqei melethjeÐ sto prÿto mèroc thc ergasÐac (bl. 1.1) Gia thn (ii) ta anaferìmena sthn ekfÿnhsh eÐnai profană apì tic upojèseic. □

To akìloujo lămma ja faneÐ polÔ qrăsimo sthn sunèqeia afoÔ ja mac dÿsei thn dunatìthta na sundèsoume sÿmata arijmÿn pou ja èqoume kataskeuĹsei me uposÿmata twn emplekomènwn ring class fields.

Lămma 2.1.2

• (i) KĹje kuklikă epèktash L tou k bajmoÔ 4 mh diakladizomènh ektìc tou 2 kai diedrikă upèr tou Q perièqetai sto k_2(−256qr).

• (ii) KĹje mh diakladizomènh epèktash L tou k tĹxhc 3 (antÐstoiqa tĹxhc 2) perièqetai sto k_3(−4m) (antÐstoiqa sto k_2(−4m)).

Apìdeixh: H (i) èqei melethjeÐ sto prÿto mèroc thc ergasÐac kai eÐnai to lămma 1.2.6. Gia thn (ii) èqoume ìti kĹje mh diakladizìmenh epèktash tou k brÐsketai sto Hilbet class field tou k pou eÐnai to k(−4m). □

2.2 EpektĹseic tou k paragìmenec me thn boăjeia rizikÿn thc jemeliÿdouc monĹdac

Prìtash 2.2.1 ’Estw q, r prÿtoi arijmoÐ me q ≡ 5(mod8), r ≡ 3(mod8). ’Estw epÐshc w ∈ {1, 2} kai

t = { 1 , an (^q_r )= 1; 2 , an (^q_r )= −1.

Jètoume: k = Q ( √ −qr), k_0 = Q ( √ qr), K = kk_0, α =^4 √ w^2ε_{qr} M = K(α). Ta akìlouja isqÔoun: UpĹrqei v ∈ K tètoio ÿste w^2ε_{qr} = tqv^2. H epèktash M/K eÐnai kuklikă Kummerian epèktash bajmoÔ 4, M/Q eÐnai diedrikă me G(M/Q ) = ⟨σ, τ⟩ ⋊ ⟨ϱ⟩ kai σ( √ qr) = √ qr, τ( √ qr) = − √ qr, ϱ( √ qr) = √ qr, σ(i) = i, τ(i) = −i, ϱ(i) = −i, σ(α) = iα, τ(α) =^w_α , ϱ(α) = α. EpÐshc h M/K eÐnai mă diakladizìmenh ektìc tou 2 kai ta sÿmata L, L^′ pou antistoiqoÔn stic omĹdec ⟨τ⟩, ⟨στ⟩ mèsw thc antistoiqÐac Galois eÐnai kuklikèc epektĹseic tou k bajmoÔ 4 mh diakladizìmenec ektìc tou 2 kai diedrikèc pĹnw apì to Q . Tèloc K(√ε_{qr}) = k(i, √ tq). AkoloujeÐ to diĹgramma twn proanaferomènwn uposwmĹtwn thc epèktashc M/Q .

Q k Q (i) k0 k( √ tq) K = k(i)

L L^′ K( √ε_{qr})

M

Sqăma 7

Apìdeixh: Lìgw twn isquousÿn isodunamiÿn gia ta q, r, h jemeliÿdhc monĹda tou tetragwnikoÔ pragmatikoÔ sÿmatoc arijmÿn k = Q ( √ −qr) èqei norm Ðsh me 1. H idiìthta aută ja qrhsimopoihjeÐ sta parakĹtw qwrÐc idiaÐterh anaforĹ. ParathroÔme ìti R_{k0} = Z[ √ qr]. ’Eqoume ìti h diofantikă exÐswsh x^2 − qry^2 = tq eÐnai epilÔsimh stouc akeraÐouc (bl. lămma 1.2.4). Jètoume b = x + y √ qr, b̄ = x − y √ qr (2.1) kai èqoume bb̄ = tq. Ta 2, q diakladÐzontai sto k_0. GrĹfoume (t) = q^2_t , (q) = q^2 ìpou to q eÐnai èna prÿto ideÿdec tou R_{k0} kai to q_t eÐnai èna prÿto ideÿdec tou R_{k0} ă ìloc o daktÔlioc R_{k0} . Profanÿc to ideÿdec (b) diaireÐ to (qq_t)^2. Lìgw tou ìti N(b) = bb̄ = tq, apokleÐontai oi periptÿseic

(b) = q_t, (b) = q^2_t , (b) = q^2, (b) = (q_tq)^2

kai sunepÿc (b) = q_tq ⇒ (b)^2 = (q_tq)^2 = (tq) opìte upĹrqei monĹda ε tou Z[ √ qr] ètsi ÿste b^2 = tqε. ’Estw ε = ε^λ_{qr}, λ ∈ Z ìpou ìpwc èqoume ădh anafèrei ε_{qr} eÐnai h jemeliÿdhc monĹda tou R_{k0} = Z[ √ qr]. O λ prèpei anagkastikĹ na eÐnai perittìc. PrĹgmati, an o λ ătan Ĺrtioc tìte (bε^{−λ2}qr )^2 = tq opìte ∃u ∈ Z[ √ qr] : u^2 = tq kai an u = x + y √ qr tìte ja èprepe tq = u^2 = x^2 + qry^2 + 2xy √ qr pou sunepĹgetai xy = 0 kai Ĺra tq = x^2 + qry^2. ’Atopo.

AfoÔ loipìn o λ eÐnai perittìc mporoÔme na jèsoume v = w(bε^{−λ+12}qr ) tq kai ja èqoume α^4 = w^2ε_{qr} = tqv^2. ’Estw tÿra G(K/Q ) = ⟨τ, ϱ⟩ me τ( √ qr) = − √ qr, ϱ( √ qr) = √ qr, τ(i) = −i, ϱ(i) = −i. MporoÔme eÔkola na doÔme ìti τ(v) =^{w2}_{tqv} , ϱ(v) = v kai τ(α^4) =

(_w α )_4 , ϱ(α^4) = α^4 kai ètsi mporoÔme na epekteÐnoume ta τ, ϱ sto M katĹ tètoio trìpo ÿste τ(α) =

(_w α ) , ϱ(α) = α.

ExĹllou h M/K eÐnai epèktash kuklikă tou Kummer kai mporoÔme epomènwc na jèsoume G(M/K) = ⟨σ⟩ me σ(α) = iα. ParathroÔme sthn sunèqeia ìti M = Q (α, i) kai epomènwc èna stoiqeÐo thc G(M/Q ) kajorÐzetai plărwc apì tic timèc tou sta α kai i. Epeidă: (τσ)(α) =^{−iw}_α = (στ)(α) (ϱσ)(α) = −iα = (σ^3ϱ)(α) (τσ)(i) = −i = (στ)(i) (ϱσ)(i) = −i = (σ^3ϱ)(i) èqoume ìti G(M/Q ) = ⟨σ, τ⟩ ⋊ ⟨ϱ⟩ me G(M/k) = ⟨σ, τ⟩ , G(M/k_0) = ⟨σ, ϱ⟩ , G(M/K) = ⟨σ, τ, ϱ⟩ EpÐshc apì nìmo anĹlushc se epektĹseic tou Kummer (bl. [6] chapter V §39) mporoÔme eÔkola na doÔme ìti oi M/K kai K/k eÐnai mh diakladizìmenec ektìc tou 2 kai sunepÿc kai h M/k eÐnai mă diakladizìmenh ektìc tou 2. Tÿra, ta uposÿmata tou M pou antistoiqoÔn

mèsw thc antistoiqÐac Galois stic omĹdec ⟨τ⟩ kai ⟨στ⟩ eÐnai kuklikèc tou k

bajmoÔ 4 mh diakladizìmenec ektìc tou 2 kai mĹlista eÐnai kai diedrikèc epek-

tĹseic tou Q . Tèloc, h sqèsh w^2ε_{qr} = tqv^2 dÐnei k(√ε_{qr}) = k(i, √ tq) ( pou

bèbaia shmaÐnei ìti gia p perittì prÿto me p ≡ (1 mod 4) kai (^D_p )= 1 isqÔei

(^{εqr}_p )= (^{tq}_p )).□

Sthn sunèqeia ja meletăsoume thn perÐptwsh tou tetragwnikoÔ migadikoÔ

sÿmatoc Q ( √ −m) ìpou o m eÐnai fusikìc arijmìc eleÔjeroc tetragÿnou me

m ≡ 1(mod4).

Prìtash 2.2.2 ’Estw m eleÔjeroc tetragÿnou fusikìc arijmìc me m ≡

1(mod4). ’Estw k = Q ( √ −m), k_0 = Q ( √ 3m), K = kk_0 = k(ω), α = 3√ ε_{3m}, M = K(α). IsqÔei ìti h M/K eÐnai Kummerian epèktash bajmoÔ 3

kai h M/Q eÐnai diedrikă tĹxhc 12. Epiplèon, G(M/Q ) = ⟨σ, τ⟩ ⋊ ⟨ϱ⟩ me σ( √ −m) = √ −m, τ( √ −m) = √ −m, ϱ( √ −m) = √ −m, σ( √ −3) = √ −3, τ( √ −3) = − √ −3, ϱ( √ −3) = − √ −3, σ(α) = ωα, τ(α) =^1_α , ϱ(α) = α. H

M/K eÐnai abeliană mh diakladizìmenh ektìc tou 3 epèktash bajmoÔ 6 kai

to upìswma L tou M pou antistoiqeÐ sthn ⟨τ⟩ eÐnai bajmoÔ 3 epèktash tou

k mh diakladizìmenh ektìc tou 3 kai h de L/Q eÐnai diedrikă tĹxhc 6. To

diĹgramma twn uposwmĹtwn pou anafèrontai dÐnetai akìlouja:

Q k Q ( √ −3) k0

K L

M

Sqăma 8

Apìdeixh: ParathroÔme kat’ arqăn ìti

M = k(α, √ −3), ω = −1 + √ −3 2 kai ìti R_{k0} = { Z[ √ 3m] , an m ≢ 0(mod3) Z[ √_m 3 ] , an m ≡ 0(mod3).

H jemeliÿdhc monĹda ε_{3m} tou tetragwnikoÔ pragmatikoÔ sÿmatoc Q ( √ 3m) èqei norm Ðsh me 1. PrĹgmati, an m ≢ 0(mod3) tìte h diofantikă exÐswsh

x^2 − 3my^2 = −1 den èqei lÔsh (afoÔ h sqèsh x^2 − 3my^2 = −1 dÐnei x^2 +

y^2 = 3(mod4) pou eÐnai Ĺtopo), enÿ an m ≡ 0(mod3) tìte h diofantikă

exÐswsh x^2 −^m_3 y^2 = −1 den èqei lÔsh (giatÐ m ≡ 1(mod4) pou shmaÐnei

ìti^m_3 ≡ 3(mod4) kai sunepÿc mÐa sqèsh thc morfăc x^2 −^m_3 y^2 = −1 ja

èdine x^2 + y^2 = 3(mod4) pou eÐnai Ĺtopo). H omĹda Galois G(K/Q ) eÐnai

tÔpou (2, 2) opìte mporoÔme na pĹroume G(K/Q ) = ⟨τ, ϱ⟩ me τ( √ −m) = √ −m, ϱ( √ −m) = √ −m, τ( √ −3) = − √ −3, ϱ( √ −3) = − √ −3. EpÐshc h

M/K eÐnai Kummerian epèktash bajmoÔ 3 opìte mporoÔme na jewrăsoume

G(M/K) = ⟨σ⟩ me σ(α) = ωα. Tÿra, epeidă

τ(α^3) = ε^{−1}_{3m} = ( 1 α )^3, ϱ(α^3) = α^3 ta τ, ϱ eÐnai dunatìn na epektajoÔn se ìlo to M ìpou τ(α) =^1_α , ϱ(α) = α. EÔkola diapistÿnoume ìti: (τσ)(α) =^1_{ωα} = (στ)(α) (ϱσ)(α) = ω^2α = (σ^2ϱ)(α) (τσ)( √ −3) = − √ −3 = (στ)(i) (ϱσ)( √ −3) = − √ −3 = (σ^2ϱ)( √ −3) apì to opoÐo sunepĹgetai ìti G(M/Q ) = ⟨σ, τ⟩ ⋊ ⟨ϱ⟩. Apì jewrÐa anĹlushc stic Kummerian epektĹseic M/K kai K/k mporoÔme na doÔme ìti den diakladÐzontai pèran tou 3 (bl. [6] chapter V §39). To sÿma L pou orÐzetai sthn ekfÿnhsh na antistoiqeÐ sthn ⟨τ⟩, epeidă ⟨σ, τ⟩ ⋊ ⟨ϱ⟩ ⟨τ⟩ ≃ ⟨σ⟩ ⋊ ⟨ϱ⟩ , eÐnai ìntwc diedrikă epèktash tou Q kai bajmoÔ 3 pĹnw apì to k.□

2.3 KÔria apotelèsmata gia thn perÐptwsh D = −256qr

Periorizìmaste tÿra sthn 1h perÐptwsh ìpou D = −256qr me q ≡ 5( mod 8), r ≡ 3( mod 8), ℏ_2(D_0) | 4. Gia aplìthta ìpwc kai sto prohgoÔmeno kefĹlaio ja paraleÐpetai o deÐkthc s = 4. Jètoume k_0 = Q ( √ qr), K = kk_0, M = K(^4√ε_{qr}), M^′ = K(^4 √ 4ε_{qr}). Apì thn prìtash 2.2.1 prokÔptei ìti sto M perièqontai 2 uposÿmata: L_1, L_2 ta opoÐa apoteloÔn mh diakladizìmenec ektìc tou 2 kuklikèc epektĹseic tou k bajmoÔ 4 kai eÐnai diedrikèc pĹnw apì to Q . EpÐshc kai sto M^′ perièqontai 2 uposÿmata: L^′_1, L^′_2 pou eÐnai mh diakladizìmenec ektìc tou 2 kuklikèc epektĹseic tou k bajmoÔ 4 kai diedrikèc pĹnw apì to Q . Apì to lămma 2.1.2 ta L_1, L_2, L^′_1, L^′_2 perièqontai sto k_2(−256qr) kai afoÔ h k_2(−256qr)/k perièqei akribÿc 4 endiĹmesa sÿmata pou na eÐnai kuklikĹ bajmoÔ 4 kai diedrikĹ pĹnw apo to Q (bl. sqìlia metĹ to lămma 1.2.6) ja èqoume {L_1, L_2, L^′_1, L^′_2} = {L^{(2)}_{A4,B,C} , L^{(2)}_{A2B,C} , L^{(2)}_{A2C,B}, L^{(2)}_{A2B,BC} } = {k( √ wμ) | w = ±1, ±2} ìpou μ = t − y √ −tr gia x, y tuqaÐec akèraiec lÔseic thc diofantikăc qx^2 − ry^2 = t kai t = { 1 , an (^q_r )= 1, 2 , an (^q_r )= −1.

ParathroÔme ìti √ 2 /∈ M, M^′ enÿ i ∈ M, M^′. (An p.q. √ 2 ∈ M tìte h K( √ 2) ja ătan upìswma tou M. ’Omwc h G(K( √ 2)/Q ) eÐnai tÔpou (2, 2, 2) kai autì apagoreÔetai apì thn domă thc omĹdac G(M/Q ).) EÐnai eÔkolo tÿra na deÐ kaneÐc ìti { k(i, √ μ), k(i, √ 2μ) } = {M, M^′}. Sthn sunèqeia ja prosdiorÐsoume pìte M = k(i, √ μ) kai pìte M = k(i, √ 2μ). Proc toÔto, ja qreiastoÔme to akìloujo lămma:

Lămma 2.3.1 An q, r eÐnai prÿtoi arijmoÐ me q ≡ 5(mod8), r ≡ 3(mod8) kai ε_{qr} = u + v √ qr h jemeliÿdhc monĹda thc Q ( √ qr), tìte ε_{qr} = u ≡ −1(modq).

Apìdeixh: H ε_{qr}, wc monĹda tou sÿmatoc Q ( √ qr), èqei norm 1 kai sunepÿc u^2 − qrv^2 = 1 prĹgma pou shmaÐnei u ≡ ±1(modq). Upojètoume ìti u ≡ 1(modq). MporoÔme epomènwc na grĹyoume u = 1 + κq gia kĹpoio κ ∈ Z opìte, paÐrnontac tetrĹgwna, ja èqoume u^2 = 1 + 2κq + κ^2q^2 kai ètsi qrv^2 = 2κq + κ^2q^2 ⇒ κ(qκ + 2) = rv^2. ’Estw ìti o κ eÐnai perittìc. Tìte (κ, qκ + 2) = 1 opìte:

• An men r | κ ja eÐqame qrv^2_1 + 2 = v^2 ìpou v = v_1v_2 kai sunepÿc (_2 q ) = (_{v2} q ) = 1 pou eÐnai Ĺtopo.

• An r ∤ κ ja eÐqame v^2_1q + 2 = rv^2 me v = v_1v_2 opìte −1 =

(_2 q ) = (_r q ) . Omwc mporoÔme na grĹyoume kai v^2_1q = −2 + rv^2 opìte (_q r ) = (_{−2} r ) = 1.

’Omwc (_r q ) = (_q r ) kai èqoume pĹli Ĺtopo.

’Estw tÿra ìti o κ eÐnai Ĺrtioc. GrĹfoume κ = 2κ^′ kai ètsi κ^′(qκ^′ + 1) = rv^{′2} gia v = 2v^′.

• An men r | κ^′ tìte grĹfontac κ^′ = rλ me λ ∈ Z ja èqoume λ(qrλ + 1) = v^{′2}. Epeidă oi λ, qrλ + 1 eÐnai prÿtoi metaxÔ touc, ja upĹrqoun akèraioi arijmoÐ v_1 kai v_2 ÿste v^′ = v_1v_2 kai λ = v^2, qrλ + 1 = v^2_1. Sunepÿc ja èqoume tic akìloujec sqèseic:

v^2_1 − qrv^2 = 1, v = 2v^′ = 2v_1v_2, u + 1 = 2 + κq = 2(qrλ + 1) = 2v^2_1. Oi teleutèec sqèseic dÐnoun akèraia lÔsh (v_1, v_2) thc diofantikăc exÐswshc: x^2 − qry^2 = 1 me 0 < v_1 < u kai 0 < v_2 < v, kĹti to opoÐo eÐnai Ĺtopo afoÔ u + v √ qr eÐnai jemeliÿdhc monĹda.

• An de r ∤ κ^′ tìte v^2_1q + 1 = rv^2 ìpou v = v_1v_2 opìte 1 = (_r q ) kai grĹfontac v^2_1q = −1 + rv^2 mporoÔme na pĹroume (_q r ) = −1 pou eÐnai kai pĹli Ĺtopo, afoÔ (_r q ) = (_q r ) . Sunepÿc ε_{qr} = u + v √ qr ≡ u ≡ −1(modq).□ Lămma 2.3.2 IsqÔei h akìloujh sqèsh f_q(k( √ μ, i)) = 1 , an (^q_r )= −1 2 , an (^q_r )= 1 = 2 t

Apìdeixh: IsqÔei k( √ μ, i) = k( √ v, i), ìpou μ, v, ìpwc orÐsthkan sthn

prìtash 1.2.5, kai parathroÔme ìti ( v q )= (

2(t + x √ tq) q )= ( 2t q ). An t = 1, tìte (^v_q )= 1 opìte f_q(k( √ μ, i)) = 2. An pĹli t = 2, tìte (^v_q )= −1

opìte f_q(k( √ μ, i)) = 1.□ Lămma 2.3.3 ’Estw p perittìc prÿtoc me ( −256qr p ) = 1.

IsqÔei ìti:

1. An p ≡ 1(mod4) tìte ( tq p )= ( ε_{qr} p ) kai an epiplèon ( ε_{qr} p )= 1 tìte u_p = ( ε_{qr} p )_4( 2 p ) 2. An p ≡ 3(mod4) tìte ( tq p )= ( ε_{qr} p )_4

ìpou p eÐnai prÿto ideÿdec tou R_{k0} pĹnw apì to pZ.

Apìdeixh: ’Eqoume f_q(K) = 1 (giatÐ f_q(k) = f_q(Q (i)) = 1) kai K(^4√wε_{qr}) = k(i, √ tq) = k(i, √ −tr) opìte afoÔ (^{−tr}_q )= 1 ja èqoume sÐgoura ìti f_q(K(√wε_{qr})) =

1. Estw qR_{k0} = q^2 h anĹlush se prÿta ideÿdh sto k_0. To qR_K eÐnai prÿto

ideÿdec tou R_K kai mĹlista R_K qR_K ≃ Z qZ . AfoÔ ìmwc ( −1 q )_4= (−1)^{NQ(i)(q)−14} = (−1)^{q−14} = −1, apì ton nìmo anĹlushc sthn epèktash K(^4√wε_{qr})/K ja èqoume

f_q(K(^4 √ w^2ε_{qr})/K) = 1 ⇔ ( w^2ε_{qr} q )_4= 1,

to opoÐo, lìgw tou lămmatoc 2.3.1, eÐnai isodÔnamo me ( −w^2 q )_4= 1 ⇔ ( w^2 q )_4= −1 ⇔ ( w q )= −1 ⇔ w = 2.

Sunepÿc f_q(M^′) = 1, f_q(M) = 2 kai, sÔmfwna me to lămma 2.3.2, èqoume

(M, M^′) = (k(i, √ μ), k(i, √ 2μ)) , an (^q_r ) = 1, (k(i, √ 2μ), k(i, √ μ)) , an (^q_r ) = −1. = (k(i, √ tμ), k(i, √ 2tμ)) = (k(i, √ tv), k(i, √ 2tv))

Jumìmaste ìmwc ìti L_A4_{,B,C} = k( √ −2tμ) = k( √ −2tv) (bl. prìtash 1.2.10)

opìte M^′ = L^{(2)}_{A4,B,C} (i). Sthn sunèqeia parathroÔme ìti f_p(k) = 1. Tÿra,

ìtan p ≡ 1(mod4), èqoume ìti f_p(K) = 1 pou dÐnei f_p(K( √ ε_{qr})) = 2 ⇐⇒ f_p(k( √ tq)) = 2 kai epomènwc ( tq p )= ( ε_{qr} p ). EpÐshc, ìtan (^{εqr}_p )= 1, èqoume (^{4εqr}_p )_4= ±1 kai ( 4ε_{qr} p )_4= 1 ⇐⇒ f_p(M^′) = 1 ⇐⇒ f_p(L^{(2)}_{A4,B,C} ) = 1 ⇐⇒ u_p = 1.

An pĹli p ≡ 3(mod4) tìte f_p(K) = 2 kai, afoÔ h K(√ε_{qr})/K eÐnai epèk-

tash tou tÔpou (2, 2), ja èqoume f_p(K(√ε_{qr})) = 2. ’Etsi, ìtan f_p(k( √ tq)) = 2 ja isqÔei f_p(L^{(2)}_{A4,B,C} ) = 4 (AfoÔ h L^{(2)}_{A4,B,C} /k eÐnai kuklikă me endiĹmeso

sÿma to k( √ tq)) prĹgma pou shmaÐnei f_p(M^′) = 4 kai Ĺra (^{4εqr}_p )_4= −1).

’Otan f_p(k( √ tq)) = 1 ja isqÔei ìti o p adraneÐ sthn K(√ε_{qr})/k( √ tq) opìte,

afoÔ h M^′/k( √ tq) eÐnai tÔpou (2,2), ja èqoume f_p(M^′) = 2 pou shmaÐnei

(^{4εqr}_p )_4= 1.

Q k Q (i) k0 k( √ tq) K = k(i)

L^{(2)}_{A4,B,C} K( √ε_{qr}) M^′

Sqăma 9

ExĹllou isqÔei to akìloujo: ( 4 p )_4= ( 2 p )= (^2_p ) , an p ≡ 1(mod4) 1 , an p ≡ 3(mod4).

(2.2)

PrĹgmati, an p ≡ 1(mod4) tìte o p analÔetai sto Q (i) opìte afoÔ analÔetai kai sto k ja analÔetai kai sto K. KatĹ sunèpeia (^2_p )= (^2_p) lìgw tou ìti ta sÿmata^{RK}_{pRK} kai^Z_{pZ} eÐnai isìmorfa. An pĹli p ≡ 3(mod4) tìte o p ja adraneÐ sto Q (i) opìte o bajmìc adrĹneiac tou sto K ja eÐnai 2 kai ètsi N_K (p) = p^2. ’Omwc 2^{p−1} ≡ 1(modp) kai sunepÿc 2^{(p−1)(p+1)}2 ≡ 1(modp) ⇒ 2^{N(p)−12} ≡ 1(modp) ⇒ 2^{N(p)−12} ≡ 1(modp) kai, apì ton orismì tou sumbìlou Legendre, èqoume (^2_p )= 1, dhladă thn apìdeixh thc sqèshc (2.2).□

MporoÔme tÿra na apodeÐxoume to akìloujo Jeÿrhma

Jeÿrhma 2.3.4 Sthn perÐptwsh 1 (bl. sel. 33), èstw ìti (^q_r ) = −1. Epomènwc, H_2(−256qr) = ⟨A, B, C⟩ me A^4 = B^2 = C^2 = 1. ’Estw epÐshc p perittìc prÿtoc me (^{−256qr}_p ) = 1. Ta akìlouja isqÔoun:

(1) O p^{ℏ′2} parÐstatai pĹnta apì kĹpoia klĹsh X thc H(−256qr) me X^4 = I. (2) O p^{ℏ′2} parÐstatai apì mia ambiguous klĹsh tou H(−256qr) an kai mìno an (^{tq}_p ) = 1.

(3) ’Otan p ≡ 1( mod 4), tìte o p^{ℏ′2} parÐstatai apì mÐa ambiguous klĹsh tou H(−256qr) an kai mìno an ( ε_{qr} p ) = 1

kai epiplèon o p^{ℏ′2} parÐstatai apì mia ek twn I, C an kai mìno an ( ε_{qr} p )_4= ( 2 p ) (4) ’Otan p ≡ 3(mod4), tìte o p^{ℏ′2} parÐstatai apì mÐa ambiguous klĹsh tou H(−256qr) an kai mìno an ( ε_{qr} p )_4= 1.

Apìdeixh: H omĹda H_2(D) H_2(D)^2 èqei ta akìlouja stoiqeÐa: {I, A^2}, {B, A^2B}, {C, A^2C}, {BC, A^2BC}, {A, A^3}, {AB, A^3B}, {AC, A^3C}, {ABC, A^3BC}. UpenjumÐzoume ìti to sÿma gènouc modulo D eÐnai to k( √ q, ζ_8) kai o isomorfismìc tou Artin epĹgei isomorfismì

H_2(D) H_2(D)^2 ≃−→ (Z/8Z)^× × {±1} me C mod (H_2(D_s)^2) −→ ([

Q (ζ_8) | Q m ], [ Q ( √ q) | Q m ]) gia C −→ m. Sto Jeÿrhma 1.3.1 eÐdame ìti gia èna perittì prÿto p me (_{−256qr} p ) = 1 isqÔei ìti :

(A). O p^{ℏ′2} parÐstatai apì ambiguous klĹsh diakrÐnousac D tìte (^q_p)= { 1, an p ≡ 1, 7(mod8); −1, an p ≡ 3, 5(mod8).

Oi Ĺllec periptÿseic tou (^q_p ) prèpei na diamoirastoÔn sta upìloipa gènh tou H_2(−256qr) kai ètsi èqoume to akìloujo: (B). An X −→ p^{ℏ′2} me X ∈ {A, AB, AC, ABC} tìte (^q_p)= { −1, an p ≡ 1, 7(mod8); 1, an p ≡ 3, 5(mod8).

Q k

L_{A,B} L_{A,BC} L_{A,C}

L_A2_{,B} L_{AB} L_{ABC} L_A L_A2_{,BC} L_{AC} L_A2_{,C}

L_A2_B L_B L_{BC} L_A2 L_A2_{BC} L_A2_C L_C

L_I = k_2(D)

Sqăma 10 PÔrgoc swmĹtwn sthn perÐptwsh Ia

Apì to sqăma 10 parapĹnw kai me aplĹ epiqeirămata anĹlushc prÿtwn ìpwc akribÿc kai sthn apìdeixh tou Jewrămatoc 1.3.1 mporoÔme na doÔme ìti isqÔei kai to antÐstrofo tou (B) kai ètsi èqoume apodeÐxei to (1). (Shmeiÿnoume ìti gia kĹje X ∈ {A, AB, AC, ABC} isqÔei L_X = L_A2_X pou shmaÐnei: X −→ p^{ℏ′2} an kai mìno an A^2X −→ p^{ℏ′2} ). Tÿra, f_p(L_0) = 1 an kai mìno an (^{tq}_p ) = 1 an kai mìno an o p^{ℏ′2} parÐstatai apì kĹpoia ambiguous klĹsh (bl. sqăma 3) kai ètsi to (2) tou Jewrămatoc prokÔptei Ĺmesa. To Ðdio eÔkola prokÔptoun kai ta (3), (4) tou Jewrămatoc qrhsimopoiÿntac to Jeÿrhma 1.3.1 kai tì lămma 2.3.3 □

Ta prĹgmata sthn perÐptwsh (^q_r )= 1 den eÐnai tìso fiìmorfafl ìso ìtan (^q_r )= −1. Parìla autĹ mporoÔme na pĹroume to akìloujo, endiafèron katĹ thn gnÿmh mac, Jeÿrhma:

Jeÿrhma 2.3.5 Sthn PerÐptwsh 1 (bl. sel 33), èstw ìti (^q_r ) = 1. An p eÐnai perittìc prÿtoc me (^{−256qr}_p ) = 1 kai p eÐnai prÿto ideÿdec tou R_{k0} pĹnw apì to p tìte ta akìlouja isqÔoun:

(1) O p^{ℏ′2} parÐstatai apì klĹsh X thc H(−256qr) me X^4 = I an kai mìno an (^{tq}_p ) = 1.

(2) ’An p ≡ 1(mod4), tìte o p^{ℏ′2} parÐstatai apì klĹsh X thc H(−256qr) me X^4 = I an kai mìno an ( ε_{qr} p ) = 1 kai epiplèon o p^{ℏ′2} parÐstatai apì kĹpoia ambiguous klĹsh thc H(D) an kai mìno an ( ε_{qr} p )_4= ( 2 p )

(3) ’An p ≡ 3(mod4), tìte o p^{ℏ′2} parÐstatai apì klĹsh X thc H(−256qr) me X^4 = I an kai mìno an ( ε_{qr} p )_4= 1.

Apìdeixh: Apì to sqăma 5 eÐnai eÔkolo na deÐ kaneÐc ìti gia touc p pou anafèrontai sthn ekfÿnhsh tou Jewrămatoc, mÐa klĹsh X thc H(−256qr) me X^4 = I paristĹ ton p^{ℏ′2} an kai mìno an (bl. kai prìtash 0.0.1) f_p(L_0) = 1. ’Omwc L_0 = k( √ tq) kai ètsi to (1) prokÔptei Ĺmesa. Ta (2) kai (3) eÐnai sunèpeiec tou lămmatoc 2.3.3 kai tou Jewrămatoc 1.3.1.□

2.4 KÔria apotelèsmata sthn perÐptwsh D = −4m

Gia thn perÐptwsh 2 (bl. sel. 33) jètoume k = Q ( √ −m), k_0 = Q ( √ 3m), K = kk_0, M = K(^3 √ ε_{3m}) kai efarmìzoume thn prìtash 2.2.2. ’Estw L to sÿma pou antistoiqeÐ sthn upoomĹda ⟨τ⟩ mèsw thc antistoiqÐac Galois . To 3 analÔetai wc 3 = (1 − ω)^2 sto Q ( √ −3) kai adraneÐ sto k (afoÔ m ≡ 1(mod12) ⇒ m ≡ 1(mod3)). Autì shmaÐnei ìti h anĹlush tou (3) se prÿta ideÿdh tou K eÐnai (3) = (1 − ω)^2. Apì nìmo anĹlushc se epektĹseic tou Kummer èqoume ìti to 3 diakladÐzetai sto M an kai mìno an h isodunamÐa

ε_{3m} ≡ x^3(mod(1 − ω)^3)

eÐnai epilÔsimh sto K. Epomènwc èqoume to akìloujo Jeÿrhma:

Jeÿrhma 2.4.1 Sthn perÐptwsh 2 (bl. sel. 33), an p eÐnai perittìc prÿtoc me (^{−4m}_p ) = 1 kai h isodunamÐa ε_{3m} ≡ x^3(mod(1 − ω)^3) den eÐnai epilÔsimh sto K tìte:

(1) An H_3(D) = (3) h (3, 3) tìte upĹrqei pĹntote mÐa klĹsh X ∈ H(D) me X^3 = 1 ètsi ÿste X −→ p^{ℏ′3} .

(2) An H_3(D) = (3^2) tìte an fip ≡ 2(mod3)fl ă fip ≡ 1(mod3), (^{ε3m}_p )_3 = 1fl tìte upĹrqei pĹntote mÐa klĹsh X ∈ H(D) me X^3 = 1 ètsi ÿste X −→ p^{ℏ′3} .

(3) An upĹrqei mÐa klĹsh X ∈ H(D) me X^3 = 1 ÿste X −→ p^{ℏ′3} kai epiplèon upĹrqei mÐa klĹsh X^′ ∈ H(D) me X^{′2} = 1 ÿste X^′ −→ p^{ℏ′2} , tìte ja upĹrqei kai E ∈ H(D) me E^6 = 1 ètsi ÿste E −→ p^{ℏ′6} .

Apìdeixh: EÐnai eÔkolo na dei kaneÐc ìti isqÔei h (1). Apì thn domă thc omĹdac klĹsewn èpetai ìti to sÿma anĹlushc tou p sthn k_3(D) ja eÐnai ă to k ă kĹpoia epèktash tou k bajmoÔ 3. H (1) prokÔptei Ĺmesa lìgw prìtashc 0.0.1. Gia thn (2) metaferìmaste sto sqăma 8 kai upojètoume kat’ arqăn ìti p ≡ 2( mod 3). Sthn perÐptwsh aută f_p(Q ( √ −3)) = 2 kai sunepÿc afoÔ, lìgw thc upìjeshc, isqÔei f_p(k) = 1 ja èqoume telikĹ f_p(K/k) = 2. H epèktash M/k ìmwc eÐnai tÔpou (3, 3) kai sunepÿc apokleÐetai sthn M/K na èqoume plărh adrĹneia gia ton prÿto p prĹgma pou shmaÐnei ìti f_p(M) = 2 kai sunepÿc f_p(L) = 1. To sÿma L ìmwc antistoiqeÐ se kĹpoia klĹsh Q thc omĹdac klĹsewn me tĹxh 3 kai ètsi, lìgw thc prìtashc 0.0.1, èqoume to zhtoÔmeno. ’Estw tÿra ìti p ≡ 1(mod3). Sthn perÐptwsh aută f_p(Q ( √ −3) = 1 opìte telikĹ f_p(K) = 1 prĹgma pou shmaÐnei ìti

f_p(L) = 1 an kai mìno an f_p(M/K) = 1 an kai mìno an ( ε_{3m} p )_3 = 1.

Gia thn apìdeixh thc (3), an C_1 ∈ H(D) me C^3_1 = 1 ÿste L^{(3)}_{C1} = spl_p(k_3(D)) kai C_2 ∈ H(D) me C^2_2 = 1 ÿste L^{(2)}_{C2} = spl_p(k_2(D)), tìte mporoÔme na jewrăsoume thn E = C_1C_2 gia thn opoÐa profanÿc isqÔei E^6 = 1 kai epiplèon

L^{(6)}_E = L^{(3)}_{C1} L^{(2)}_{C2} = spl_p(k_2(D))spl_p(k_3(D)).

’Omwc wc gnwstìn ( bl. [3] lămma 6.7 kai Ĺskhsh 6.6(d) ) isqÔei

spl_p(k_2(D))spl_p(k_3(D)) = spl(k_2(D)k_3(D)) = spl_p(k_6(D))

kai sunepÿc E −→ p^{ℏ′6} . □

2.5 Upologismìc twn sumbìlwn Legendre

Sthn parĹgrafo aută dÐnoume ènan komyì trìpo upologismoÔ twn sumbìlwn Legendre pou emfanÐzontai sthn paroÔsa ergasÐa. H idèa proèrqetai apo thn ergasÐa [7] sthn opoÐa o endiaferìmenoc anagnÿsthc mporeÐ na anatrèxei gia parìmoiouc upologismoÔc.

Prìtash 2.5.1 ’Estw m ∈ N , m ≡ 3(mod4) eleÔjeroc tetragÿnou kai n ∈ N . ’Estw epÐshc p perittìc prÿtoc me p ∤ n. Jètoume F := Q ( √ m, ζ_n) kai èstw p èna prÿto ideÿdec tou R_F pĹnw apì to p. An ε = u + v √ m eÐnai mÐa monĹda tou Q ( √ m) tìte u^2 − mv^2 = 1. OrÐzoume thn anadromikă akoloujÐa akeraÐwn (A_j)_{j∈N} wc exăc: A_0 = 2, A_1 = 2u, A_{j+2} = 2uA_{j+1} − A_j. IsqÔei ìti A_j = ε^j + ε^{−j}, ∀j ∈ N_0 kai:

( ε p )_n = 1 an kai mìno an A N_F (p)−1_n ≡ 2(modp)

Apìdeixh: Ja apodeÐxoume thn sqèsh A_j = ε^j + ε^{−j} epagwgikĹ. Gia j = 0, 1 eÐnai profanăc. Upojètoume ìti isqÔei gia j kai j + 1, dhladă ìti A_j = ε^j + ε^{−j} kai A_{j+1} = ε^{j+1} + ε^{−(j+1)}. ’Eqoume

ε^{j+2} + ε^{−(j+2)} = (u + v √ m)^{j+2} + (u − v √ m)^{j+2} = (u + v √ m)^{j+1}(u + v √ m) + (u − v √ m)^{j+1}(u − v √ m) = −(u + v √ m)^{j+1}(u − v √ m − 2u) − (u − v √ m)^{j+1}(u + v √ m − 2u) = −[(u + v √ m)^j + (u − v √ m)^j] + 2u[(u + v √ m)^{j+1} + (u − v √ m)^{j+1}] = −A_j + 2uA_{j+1} = 2uA_{j+1} − A_j = A_{j+2},

opìte apì thn upìjesh thc majhmatikăc epagwgăc èpetai ìti ja isqÔei A_j = ε^j + ε^{−j}, ∀j ∈ N_0 . ParathroÔme ìti

A_j ≡ 2( mod p) ⇔ ε^j+ε^{−j}−2 ≡ 0( mod p) ⇔ (ε^j−1)^2 ≡ 0( mod p) ⇔ ε^j ≡ 1( mod p).

opìte ( ε p )_n = 1 ⇔ ε^{NF (p)−1n} ≡ 1(modp) ⇔ A N_F (p)−1_n ≡ 2(modp).

Epeidă A N_F (p)−1_n ∈ Z, h teleutaÐa sqèsh eÐnai isodÔnamh me

A N_F (p)−1_n ≡ 2(modp). □

BibliografÐa

[1] AntwniĹdh, GiĹnnh, O Genikìc Nìmoc Antistrofăc, Shmeiÿseic, JessalonÐkh 1984.

[2] Brown, Ezra, The Power of 2 Dividing the Class Number of a Binary Quadratic Discriminant, Journal of Number Theory 5 (1973), 413-419.

[3] Cox, A. David, Prime Numbers of The Form x^2 + ny^2, J.

Wiley, New York, 1989.

[4] Cohn, Harvey, Introduction to the Construction of Class Fields, Cambridge University Press, Cambridge (1985).

[5] Cohn, Harvey and Cooke, George Parametric Form of an Eight Class Field, Acta Arithmetica XXX (1976), 367-377.

[6] Hecke, Erich Lectures on the Theory of Algebraic Numbers, Springer-Verlag, New York, c1981.

[7] Halter Koch, Franz, Representation of Primes by Binary Quadratic Forms of Discriminant −256q and −128q, Glasgow Math. J. 35 (1993), 261-268.

[8] Halter Koch, Franz, Einseinheitengruppen und prim Restklassengruppen in quadratischen Zahlkoerpen, Journal of Number Theory 4 (1972), 70-77.

[9] Halter Koch, Franz, An Artin Character and Representations of Primes by Binary Quadratic Forms II, Manuscripta Math. 37 (1982), 357-381.

[10] Halter Koch, Franz, Arithmetische Theorie der Normalkörper von 2-Potenzgrad mit Diedergruppe, Journal of Number Theory 33 (1971), 412-443.

[11] Halter Koch, Franz, Geschlechtertheorie der Ringklassenkörper, J. Reine Angew. Math. 250 (1971), 107-108 [12] Ledet, Arne, Embedding Problems and Equivalence of Quadratic Forms, upì dhmosÐeush (bl. http://www.cs.bgu.ac.il/research/Fields paper No 16).

[13] Siligardos, Giorgos, The Embedding Problem and Representation of Prime Powers by Ambiguous Classes of Quadratic Forms, upì dhmosÐeush sto Journal of Number Theory.

[14] Siligardos, Giorgos, On Power Residue Characters of Units and the Representation of Numbers by Quadratic Forms, upì dhmosÐeush sto Acta Arithmetica.