Sugkèntrwsh tou mètrou se

qÿrouc ginìmena

Nikoc D. Markoulakhc

Metaptuqiakh Ergasia

Panepisthmio Krhthc Tmhma Majhmatikwn Septembrioc 2001

.

H metaptuqiakă aută ergasÐa katatèjhke sto Tmăma Majhmatikÿn tou PanepisthmÐou Krăthc ton Septèmbrio tou 2001. Epiblèpwn ătan o A. Giannìpouloc.

Thn epitropă axiolìghshc apotèlesan oi: A. Giannìpouloc, M. KolountzĹkhc kai M. PapadhmhtrĹkhc.

.

Perieqìmena

1 Proseggistikèc isoperimetrikèc anisìthtec 7 1.1 Proseggistikèc isoperimetrikèc anisìthtec . . . . . . . . . . . . . . 7 1.2 H anisìthta twn Prékopa kai Leindler . . . . . . . . . . . . . . . . . 8 1.3 H anisìthta Brunn-Minkowski . . . . . . . . . . . . . . . . . . . . . 9 1.4 H isoperimetrikă anisìthta sth sfaÐra . . . . . . . . . . . . . . . . . 12 1.5 Isoperimetrikă anisìthta ston qÿro tou Gauss . . . . . . . . . . . . 15 1.6 H isoperimetrikă anisìthta ston E_n . . . . . . . . . . . . . . . . . . 18 1.7 To fainìmeno thc sugkèntrwshc tou mètrou . . . . . . . . . . . . . . 20

2 Sugkèntrwsh tou mètrou se qÿrouc ginìmena 23 2.1 ’Ena isoperimetrikì jeÿrhma gia ton kÔbo kai h anisìthta Khintchine- Kahane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 2.2 Epèktash se ginìmena peperasmènwn uposunìlwn qÿrwn me nìrma . 31 2.3 Ginìmena qÿrwn pijanìthtac - èlegqoc me èna shmeÐo . . . . . . . . . 36 2.4 Ginìmena qÿrwn pijanìthtac - èlegqoc me q shmeÐa . . . . . . . . . . 41 2.5 Ginìmena qÿrwn pijanìthtac - kurtă jăkh . . . . . . . . . . . . . . . 45

3 H mèjodoc twn martingales 51 3.1 H summetrikă omĹda - h mèjodoc twn martingales . . . . . . . . . . . 51 3.2 H summetrikă omĹda - h mèjodoc thc kurtăc jăkhc . . . . . . . . . . 60

4 H idiìthta (τ) 71 4.1 H idiìthta (τ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 4.2 MÐa anisìthta tou Talagrand: apìdeixh mèsw thc idiìthtac (τ) . . . 75 4.3 H idiìthta (τ) sto qÿro tou Gauss . . . . . . . . . . . . . . . . . . . 79

5 Logarijmikă anisìthta Sobolev 81 5.1 H logarijmikă anisìthta Sobolev . . . . . . . . . . . . . . . . . . . . 81 5.2 Efarmogèc ston qÿro tou Gauss . . . . . . . . . . . . . . . . . . . . 85

6

KefĹlaio 1

Proseggistikèc isoperimetrikèc anisìthtec

1.1 Proseggistikèc isoperimetrikèc anisìthtec

’Estw (X, A, μ) qÿroc pijanìthtac, ìpou A eÐnai h Borel σ-Ĺlgebra wc proc dedomènh metrikă d ston X. Lème ìti h tetrĹda (X, A, μ, d) eÐnai ènac metrikìc qÿroc pijanìthtac.

Se kĹje metrikì qÿro pijanìthtac mporoÔme na diatupÿsoume to isoperimetrikì prìblhma:

Gia dosmèna 0 < α < 1 kai t > 0, na brejeÐ to inf{μ(A_t) : A ∈ A, μ(A) = α} kai na brejoÔn ta sÔnola A gia ta opoÐa piĹnetai autì to infimum.

Sto parapĹnw erÿthma, me A_t sumbolÐzoume thn t-perioqă tou A: A_t = {x ∈ X : d(x, A) ≤ t}. Stic epìmenec paragrĹfouc autoÔ tou kefalaÐou ja suzhtăsoume merikèc qarakthristikèc periptÿseic isoperimetrikÿn problhmĹtwn gia ta opoÐa h akribăc apĹnthsh eÐnai gnwstă. Gia pollĹ Ĺlla isoperimetrikĹ problămata pou èqoun shmantikèc efarmogèc, kĹti tètoio den eÐnai dunatì. MÐa asjenèsterh apĹnthsh ìmwc eÐnai exÐsou qrăsimh: antÐ na broÔme thn akribă timă tou infimum eÐnai arketì na gnwrÐzoume èna kalì kĹtw frĹgma gia to μ(A_t) me thn upìjesh ìti μ(A) = α.

Ja lème ìti èna tètoio frĹgma lÔnei to sugkekrimèno isoperimetrikì prìblhma {katĹ prosèggish} an h ektÐmhsh pou dÐnei eÐnai bèltisth me thn exaÐresh kĹpoiwn apìlutwn stajerÿn stic {katĹllhlec jèseic}. Oi anisìthtec pou epitugqĹnoun tètoiec katĹ prosèggish lÔseic lègontai proseggistikèc isoperimetrikèc anisìthtec.

Sthn epìmenh parĹgrafo ja suzhtăsoume thn anisìthta twn Prékopa kai Leindler. H anisìthta aută eÐnai mÐa sunarthsiakă èkdosh thc anisìthtac Brunn - Minkowski kai sqetÐzetai Ĺmesa me thn klasikă isoperimetrikă anisìthta ston EukleÐdeio qÿro. Qrhsimopoiÿntac thn ja dÿsoume aplă kai plărh apìdeixh proseggistikÿn isoperimetrikÿn anisotătwn gia th sfaÐra kai gia to mètro tou Gauss. Tèloc, san eisagwgă sto kÔrio jèma autăc thc ergasÐac, suzhtĹme thn proseggistikă isoperimetrikă anisìthta gia to summetrikì mètro pijanìthtac stic korufèc tou kÔbou.

1.2 H anisìthta twn Prékopa kai Leindler

H anisìthta twn Prékopa kai Leindler eÐnai h genÐkeush thc anisìthtac Brunn- Minkowski (thn opoÐa ja suzhtăsoume parakĹtw) sto plaÐsio twn metrăsimwn jetikÿn sunartăsewn.

Jeÿrhma 1.2.1 ’Estw f, g, h : R^n → R^+ treÐc metrăsimec sunartăseic kai λ ∈ (0, 1). Upojètoume ìti oi f kai g eÐnai oloklhrÿsimec kai ìti gia kĹje x, y ∈ R^n (1) h(λx + (1 − λ)y) ≥ f(x)^λg(y)^{1−λ}. Tìte, ∫ R^n h ≥ (∫ R^n f )_λ (∫ R^n g )_{1−λ} . Apìdeixh: Ja deÐxoume thn anisìthta me epagwgă wc proc thn diĹstash n. (a) n = 1: MporoÔme na upojèsoume ìti oi f kai g eÐnai suneqeÐc kai gnăsia jetikèc. H apìdeixh pou ja dÿsoume basÐzetai sthn idèa thc metaforĹc tou mètrou.

OrÐzoume x, y : (0, 1) → R mèsw twn ∫_{x(t)} −∞ f = t ∫ f , ∫_{y(t)} −∞ g = t ∫ g. SÔmfwna me tic upojèseic mac oi x, y eÐnai paragwgÐsimec, kai gia kĹje t ∈ (0, 1) èqoume x^′(t)f(x(t)) = ∫ f , y^′(t)g(y(t)) = ∫ g. OrÐzoume z : (0, 1) → R me z(t) = λx(t) + (1 − λ)y(t).

Oi x kai y eÐnai gnăsia aÔxousec. Epomènwc, h z eÐnai ki aută gnăsia aÔxousa. Apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou,

z^′(t) = λx^′(t) + (1 − λ)y^′(t) ≥ (x^′(t))^λ(y^′(t))^{1−λ}.

MporoÔme loipìn na ektimăsoume to oloklărwma thc h kĹnontac thn allagă metablhtÿn s = z(t): ∫ h = ∫_1 0 h(z(t))z^′(t)dt ≥ ∫_1 0 h(λx(t) + (1 − λ)y(t))(x^′(t))^λ(y^′(t))^{1−λ}dt ≥ ∫_1 0 f^λ(x(t))g^{1−λ}(y(t)) ( ∫ f f(x(t)) )_λ ( ∫ g g(y(t)) )_{1−λ} dt = (∫ f )_λ (∫ g )_{1−λ} .

(b) Epagwgikì băma: Upojètoume ìti n ≥ 2 kai ìti to Jeÿrhma èqei apodeiqjeÐ gia k ∈ {1, . . . , n − 1}. ’Estw f, g, h ìpwc sto Jeÿrhma. Gia kĹje s ∈ R orÐzoume h_s : R^{n−1} → R^+ me h_s(w) = h(w, s), kai me anĹlogo trìpo orÐzoume f_s, g_s : R^{n−1} → R^+ . Apì thn (1) èpetai ìti, an x, y ∈ R^{n−1} kai s_0, s_1 ∈ R tìte

h_{λs1 +(1−λ)s0} (λx + (1 − λ)y) ≥ f_{s1} (x)^λg_{s0} (y)^{1−λ},

kai h epagwgikă upìjesh mac dÐnei

H(λs_1 + (1 − λ)s_0) := ∫ R^{n−1} h_{λs1 +(1−λ)s0} ≥ (∫ R^{n−1} f_{s1} )_λ (∫ R^{n−1} g_{s0} )_{1−λ} =: F^λ(s_1)G^{1−λ}(s_0).

Efarmìzontac tÿra xanĹ thn epagwgikă upìjesh gia n = 1 stic sunartăseic F, G kai H, paÐrnoume ∫ h = ∫ R H ≥ (∫ R F )_λ (∫ R G )_{1−λ} = (∫ f )_λ (∫ g )_{1−λ} . □

1.3 H anisìthta Brunn-Minkowski

H anisìthta Brunn-Minkowski sundèei to Ĺjroisma Minkowski me ton ìgko ston R^n :

Jeÿrhma 1.3.1 ’Estw K kai T dÔo mh kenĹ sumpagă uposÔnola tou R^n . Tìte, (1) |K + T |^{1/n} ≥ |K|^{1/n} + |T |^{1/n}. Parathrăseic. Sthn perÐptwsh pou ta K kai T eÐnai kurtĹ sÿmata, isìthta sthn (1) mporeÐ na isqÔei mìno an ta K kai T eÐnai omoiojetikĹ.

H (1) ekfrĹzei me mÐa ènnoia to gegonìc ìti o ìgkoc eÐnai koÐlh sunĹrthsh wc proc thn prìsjesh katĹ Minkowski. Gia to lìgo autì suqnĹ grĹfetai sthn akìloujh morfă: An K, T eÐnai mh kenĹ sumpagă uposÔnola tou R^n kai λ ∈ (0, 1), tìte (2) |λK + (1 − λ)T |^{1/n} ≥ λ|K|^{1/n} + (1 − λ)|T |^{1/n}. Qrhsimopoiÿntac thn (2) kai thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou, mporoÔme akìma na grĹyoume: (3) |λK + (1 − λ)T | ≥ |K|^λ|T |^{1−λ}. H asjenèsterh aută morfă thc anisìthtac Brunn-Minkowski èqei to pleonèkthma ìti eÐnai anexĹrthth thc diĹstashc.

Apìdeixh tou Jewrămatoc 1.3.1: ’Estw K, T sumpagă mh kenĹ uposÔnola tou R^n , kai λ ∈ (0, 1). OrÐzoume f = χ_K , g = χ_T , kai h = χ_{λK+(1−λ)T} . EÔkola elègqoume ìti ikanopoioÔntai oi upojèseic tou Jewrămatoc 1.2.1. PrĹgmati, an x /∈ K ă y /∈ T tìte h(λx + (1 − λ)y) ≥ 0 = [f(x)]^λ[g(y)]^{1−λ},

enÿ an x ∈ K kai y ∈ T tìte λx + (1 − λ)y ∈ λK + (1 − λ)T , Ĺra

h(λx + (1 − λ)y) = 1 = [f(x)]^λ[g(y)]^{1−λ}.

Efarmìzontac thn anisìthta Prékopa-Leindler paÐrnoume |λK + (1 − λ)T | = ∫ h ≥ (∫ f )_λ (∫ g )_{1−λ} = |K|^λ|T |^{1−λ}. Autì apodeiknÔei thn (3) gia kĹje triĹda K, T, λ. Gia na pĹroume thn (1) jewroÔme K kai T ìpwc sto Jeÿrhma 1.3.1 (me |K| > 0 kai |T | > 0, alliÿc den èqoume tÐpota na deÐxoume), kai orÐzoume K_1 = |K|^{−1/n}K , T_1 = |T |^{−1/n}T , λ = |K|^{1/n} |K|^{1/n} + |T |^{1/n} . Ta K_1 kai T_1 èqoun ìgko 1, opìte apì thn (3) paÐrnoume

(4) |λK_1 + (1 − λ)T_1| ≥ 1.

Omwc, λK_1 + (1 − λ)T_1 = K + T |K|^{1/n} + |T |^{1/n} , epomènwc h (4) paÐrnei thn morfă |K + T | ≥ ( |K|^{1/n} + |T |^{1/n} )_n . □ Orismìc. An A mh kenì sumpagèc uposÔnolo tou R^n , h epifĹneia ∂(A) tou A orÐzetai apì thn ∂(A) = lim inf_{t→0+} |A_t| − |A| t . H isoperimetrikă anisìthta gia ton EukleÐdeio qÿro eÐnai h exăc prìtash.

Prìtash 1.3.1 An A eÐnai mh kenì sumpagèc uposÔnolo tou R^n , tìte ∂(A) ≥ n|A|^{(n−1)/n}|B|^{1/n}, ìpou B h EukleÐdeia monadiaÐa mpĹla.

Apìdeixh: ParathroÔme ìti A_t = A+tB. Qrhsimopoiÿntac thn anisìthta Brunn- Minkowski grĹfoume |A_t| − |A| t = |A + tB| − |A| t ≥ ( |A|^{1/n} + |tB|^{1/n} )_n − |A| t = |A| + nt|A|^{(n−1)/n}|B|^{1/n} + O(t^2) − |A| t = n|A|^{(n−1)/n}|B|^{1/n} + O(t), kai paÐrnontac to ìrio kajÿc t → 0^+ blèpoume ìti

lim inf_{t→0+} |A_t| − |A| t ≥ n|A|^{(n−1)/n}|B|^{1/n}. Apì ton orismì thc epifĹneiac èpetai h Prìtash. □

Pìrisma 1.3.1 ’Estw A mh kenì sumpagèc uposÔnolo tou R^n kai r > 0 tètoioc ÿste |A| = |rB|. Tìte, ∂(A) ≥ ∂(rB). Apìdeixh: Apì ton orismì thc epifĹneiac blèpoume eÔkola ìti ∂(rB) = nr^{n−1}|B|. Apì thn Prìtash 1.3.1, ∂(A) ≥ n|A|^{(n−1)/n}|B|^{1/n} = nr^{n−1}|B| = ∂(rB). □ Apì ìla ta mh kenĹ sumpagă uposÔnola tou EukleÐdeiou qÿrou pou èqoun dedomèno ìgko, h mpĹla èqei thn mikrìterh epifĹneia. Sthn pragmatikìthta, an kai edÿ den èqoume metrikì qÿro pijanìthtac, h mpĹla eÐnai h lÔsh tou isoperimetrikoÔ problămatoc me thn ènnoia thc §1.1:

Prìtash 1.3.2 An |A| = |B| tìte |A_t| ≥ |B_t| gia kĹje t > 0.

Apìdeixh: H apìdeixh eÐnai aplă sunèpeia thc anisìthtac Brunn-Minkowski: èqou- me |A + tB|^{1/n} ≥ |A|^{1/n} + |tB|^{1/n} = |A|^{1/n} + t|B|^{1/n} = (1 + t)|B|^{1/n} = |B + tB|^{1/n}, apfl ìpou èpetai to zhtoÔmeno. □ Dhladă, h mpĹla eÐnai lÔsh tou isoperimetrikoÔ problămatoc me thn piì isqură ènnoia.

1.4 H isoperimetrikă anisìthta sth sfaÐra

JewroÔme th monadiaÐa sfaÐra S^{n−1} ston R^n efodiasmènh me thn gewdaisiakă metrikă ρ: h apìstash ρ(x, y) dÔo shmeÐwn x, y ∈ S^{n−1} eÐnai h kurtă gwnÐa xoy sto epÐpedo pou orÐzetai apì thn arqă twn axìnwn o kai ta x, y. H S^{n−1} gÐnetai qÿroc pijanìthtac me to monadikì analloÐwto wc proc strofèc mètro σ to opoÐo metrĹei to posostì thc epifĹneiac thc sfaÐrac pou katalambĹnei kĹje Borel A ⊆ S^{n−1}. EÐnai eÔkolo na deÐ kaneÐc ìti an ρ(x, y) = θ tìte

(1) |x − y| = 2 sin θ 2 , sunepÿc h gewdaisiakă kai h EukleÐdeia apìstash twn x, y ∈ S^{n−1} sugkrÐnontai mèsw thc (2) 2 π ρ(x, y) ≤ |x − y| ≤ ρ(x, y). To isoperimetrikì prìblhma sth sfaÐra diatupÿnetai wc exăc:

DÐnontai α ∈ (0, 1) kai t > 0. AnĹmesa se ìla ta uposÔnola A thc sfaÐrac giĹ ta opoÐa σ(A) = α, na brejoÔn ekeÐna giĹ ta opoÐa elaqistopoieÐtai h epifĹneia σ(A_t) thc t-perioqăc tou A.

H apĹnthsh dÐnetai apì to akìloujo jeÿrhma:

Isoperimetrikă anisìthta sth sfaÐra. ’Estw α ∈ (0, 1) kai B(x, r) miĹ mpĹla sthn S^{n−1} me aktÐna r > 0 tètoia ÿste σ(B(x, r)) = α. Tìte, giĹ kĹje A ⊆ S^{n−1} me σ(A) = α kai kĹje t > 0 èqoume (3) σ(A_t) ≥ σ(B(x, r)_t ) = σ(B(x, r + t)). Dhladă, giĹ opoiodăpote dosmèno mètro α kai opoiodăpote t > 0 oi mpĹlec mètrou α dÐnoun th lÔsh tou isoperimetrikoÔ problămatoc.

H apìdeixh thc isoperimetrikăc anisìthtac gÐnetai me sfairikă summetrikopoÐhsh kai epagwgă wc proc thn diĹstash. Ac jewrăsoume thn eidikă perÐptwsh α = 1/2. An σ(A) = 1/2 kai t > 0, tìte mporoÔme na ektimăsoume to mègejoc tou A_t qrhsimopoiÿntac thn isoperimetrikă anisìthta:

(4) σ(A_t) ≥ σ ( B(x, π 2 + t) )

giĹ kĹje t > 0 kai x ∈ S^{n−1}. H (4) odhgeÐ sthn akìloujh anisìthta:

Jeÿrhma 1.4.1 ’Estw A ⊆ S^{n+1} me σ(A) = 1/2 kai èstw t > 0. Tìte,

(5) σ(A_t) ≥ 1 − √ π/8 exp(−t^2n/2). Apìdeixh: Lìgw thc (4), arkeÐ na frĹxoume apì kĹtw to σ ( B(x,^π_2 + t) ) . ’Epetai ìti (6) σ ( B(x, π 2 + t) ) = ∫ π_{2 +t} 0 sin^n θdθ ∫_π 0 sin^n θdθ , opìte jètontac h(t, n) = 1 − σ ( B(x,^π_2 + t) ) , zhtĹme Ĺnw frĹgma giĹ thn

(7) h(t, n) = ∫_{ππ} 2 +t sin n θdθ ∫_π 0 sin^n θdθ = ∫ π_2 t cos^n ϕdϕ 2I_n ,

ìpou I_n = ∫_{π/2} 0 cos^n ϕdϕ. KĹnontac thn allagă metablhtăc s = ϕ √ n paÐrnoume

(8) h(t, n) = 1 2 √ nI_n ∫ π_2^√_n t √ n cos^n(s/ √ n)ds. SugkrÐnontac ta anaptÔgmata Taylor twn sunartăsewn cos s kai exp(−s^2/2) blèpoume ìti

(9) cos s ≤ exp(−s^2/2)

sto [0, π/2], epomènwc h (8) mac dÐnei h(t, n) ≤ 1 2 √ nI_n ∫ π_2^√_n t √ n e^{− s22} ds = 1 2 √ nI_n ∫_( π_{2 −t)}^√_n 0 exp(−(s + t √ n)^2/2)ds ≤ exp(−t^2n/2) 2 √ nI_n ∫_∞ 0 exp(−s^2/2)ds = √ π/8 √ nI_n exp(−t^2n/2).

GiĹ thn apìdeixh tou jewrămatoc arkeÐ loipìn na doÔme ìti √ nI_n ≥ 1 giĹ kĹje n ≥ 1. GiĹ to skopì autì parathroÔme ìti apì thn anadromikă sqèsh (n+2)I_{n+2} = (n + 1)I_n èpetai ìti √ n + 2I_{n+2} = √ n + 2 n + 1 n + 2

I_n = n + 1 √ n + 2 I_n ≥ √ nI_n, to opoÐo shmaÐnei ìti arkeÐ na elègxoume tic

I_1 = ∫_{π/2} 0 cos ϕdϕ = 1 ≥ 1 kai √ 2I_2 = √ 2 ∫_{π/2} 0 cos^2 ϕdϕ = √ 2 π 4 ≥ 1. Autì oloklhrÿnei thn apìdeixh thc (5). □

Paratărhsh. Autì pou èqei shmasÐa se sqèsh me thn ektÐmhsh sthn (5) eÐnai ìti, ìso mikrì t > 0 ki an dialèxoume, h akoloujÐa exp(−t^2n/2) teÐnei sto 0 kajÿc n → ∞ kai mĹlista me polÔ taqÔ rujmì (ekjetikĹ wc proc n). Epomènwc, to posostì thc sfaÐrac pou mènei èxw apì thn t-perioqă opoioudăpote uposunìlou A thc S^{n+1} me σ(A) = 1/2 eÐnai sqedìn mhdenikì an h diĹstash n eÐnai arketĹ megĹlh, osodăpote mikrì ki an eÐnai to t.

H apìdeixh tou Jewrămatoc 1.4.1 basÐsthke polÔ isqurĹ sthn isoperimetrikă anisìthta gia th sfaÐra. GiĹ tic perissìterec ìmwc efarmogèc pou èqoume sto noÔ mac eÐnai arketă miĹ anisìthta san thn (5) kai ìqi h akribăc lÔsh tou isoperimetrikoÔ problămatoc. Qrhsimopoiÿntac thn anisìthta Brunn - Minkowski mporoÔme na dÿsoume aplă apìdeixh thc (5) qwrÐc na perĹsoume mèsa apì thn isoperimetrikă anisìthta. H apìdeixh basÐzetai se èna aplì Lămma.

Lămma 1.4.1 JewroÔme to mètro pijanìthtac μ_B me μ_B (A) = |A ∩ B|/|B| giĹ kĹje Borel A ⊆ R^N . An A, C ⊆ B sumpagă, kai δ(A, C) := min{|a − c| : a ∈ A, c ∈ C} = ρ > 0, tìte

(10) min{μ_B (A), μ_B (C)} ≤ exp(−ρ^2n/8).

Apìdeixh: JewroÔme to sÔnolo^{A+C}_2 . Efarmìzontac thn anisìthta Brunn - Minkowski paÐrnoume |^{A+C}_2 | ≥ min{|A|, |C|}. Sunepÿc,

(11) μ_B ( A + C 2 ) ≥ min{μ_B (A), μ_B (C)}. Apì thn Ĺllh pleurĹ, an a ∈ A kai c ∈ C, o kanìnac tou parallhlogrĹmmou dÐnei

(12) |a + c|^2 = 2|a|^2 + 2|c|^2 − |a − c|^2 ≤ 4 − ρ^2, epomènwc

(13) A + C 2 ⊆ ( 1 − ρ^2 4 )_{1/2} B. SunduĹzontac tic (11) kai (13) blèpoume ìti (14) min{μ_B(A), μ_B (C)} ≤ ( 1 − ρ^2 4 )_{n/2} ≤ ( exp(−ρ^2/4) )_{n/2} = exp(−ρ^2n/8). □

Apìdeixh tou Jewrămatoc 1.4.1: ’Estw A ⊆ S^{n−1} me σ(A) = 1/2 kai èstw t > 0. JewroÔme λ ∈ (0, 1) - to opoÐo ja epilèxoume sto tèloc - kai ta uposÔnola (15) A_1 = {ρa : a ∈ A, λ ≤ ρ ≤ 1} , C_1 = {ρa : a ∈ S^{n−1}\A_ε, λ ≤ ρ ≤ 1} thc B. EÔkola elègqoume ìti

(16) δ(A_1, C_1) ≥ 2λ sin ε 2 ≥ 2 λε π . Apì to Lămma 1.4.1 sumperaÐnoume ìti

(17) |C_1| ≤ exp(−δ^2n/8)|B| ≤ exp ( − 4λ^2ε^2 π^2 n 8 ) |B|. Omwc, |C_1| = (1 − λ^n)σ(A^c_ε)|B| kai sunduĹzontac me thn (17) blèpoume ìti

(18) σ(A^c_ε) ≤ 1 1 − λ^n exp ( − λ^2ε^2 π^2 n 2 ) . Epilègontac p.q. λ = 1/2, katalăgoume se mÐa ektÐmhsh thc morfăc

(19) σ(A_ε) ≥ 1 − c_1 exp(−c_2ε^2n)

ìpou c_1, c_2 > 0 apìlutec stajerèc, dhladă thn (5) me thn exaÐresh apìlutwn stajerÿn se {katĹllhlec jèseic}. □

1.5 Isoperimetrikă anisìthta ston qÿro tou Gauss

Se autăn thn parĹgrafo, o qÿroc pijanìthtac pou ja meletăsoume eÐnai o Ω = R^n me thn EukleÐdeia metrikă | · | kai to mètro pijanìthtac γ_n pou èqei puknìthta thn sunĹrthsh (1) γ_n(x) = (2π)^{−n/2}e^{−|x|2/2}.

Dhladă, an A eÐnai èna mh`kenì uposÔnolo tou R^n , tìte (2) γ_n(A) = Prob(x ∈ A) = 1 (2π)^{n/2} ∫ A e^{−|x|2/2}dx. To γ_n onomĹzetai mètro tou Gauss kai o m. qÿroc pijanìthtac Γ_n = (R^n , |·|, γ_n) qÿroc tou Gauss.

To mètro tou Gauss èqei dÔo polÔ shmantikèc idiìthtec: apì th mÐa pleurĹ eÐnai mètro ginìmeno, piì sugkekrimèna γ_n = γ_1 ⊗ . . . ⊗ γ_1. Apì thn Ĺllh pleurĹ eÐnai analloÐwto wc proc orjogÿniouc metasqhmatismoÔc: an U ∈ O(n) kai A eÐnai èna Borel uposÔnolo tou R^n , tìte γ_n(U(A)) = 1 (2π)^{n/2} ∫ U(A) e^{−|x|2/2}dx = | det U| (2π)^{n/2} ∫ A e^{−|Uy|2/2}dy = 1 (2π)^{n/2} ∫ A e^{−|y|2/2}dy = γ_n(A). H isoperimetrikă anisìthta ston qÿro tou Gauss eÐnai h exăc. Jeÿrhma 1.5.1 ’Estw α ∈ (0, 1), θ ∈ S^{n−1}, kai H = {x ∈ R^n : ⟨x, θ⟩ ≤ λ} ènac hmÐqwroc tou R^n me γ_n(H) = α. Tìte, giĹ kĹje t > 0 kai kĹje Borel A ⊆ R^n me γ_n(A) = α, èqoume (3) γ_n(A_t) ≥ γ_n(H_t). Pìrisma 1.5.1 An γ_n(A) ≥ 1/2, tìte gia kĹje t > 0 (4) 1 − γ_n(A_t) ≤ 1 2 exp(−t^2/2).

Apìdeixh: Apì to Jeÿrhma 1.5.1 xèroume ìti 1 − γ_n(A_t) ≤ 1 − γ_n(H_t) ìpou H hmÐqwroc mètrou 1/2. AfoÔ to γ_n eÐnai analloÐwto wc proc orjogÿniouc metasqhmatismoÔc, mporoÔme na upojèsoume ìti H = {x ∈ R^n : x_1 ≤ 0}, opìte oloklhrÿnontac prÿta wc proc x_2, . . . , x_n blèpoume ìti (5) 1 − γ_n(H_t) = 1 √ 2π ∫_∞ t e^{−s2/2}ds. ParagwgÐzontac deÐqnoume ìti h sunĹrthsh F (x) = e^{x2/2} ∫_∞ x e^{−s2/2}ds eÐnai fjÐnousa sto [0, +∞). H F (t) ≤ F (0) se sunduasmì me thn (5) apodeiknÔei thn (4). □ ’Opwc kai sthn perÐptwsh thc sfaÐrac, h apìdeixh thc proseggistikăc isoperimetrikăc anisìthtac (4) qrhsimopoieÐ isqurĹ thn isoperimetrikă anisìthta (3). MporoÔme ìmwc na apodeÐxoume apeujeÐac thn proseggistikă isoperimetrikă anisìthta giĹ ton qÿro tou Gauss.

Jeÿrhma 1.5.2 ’Estw A mh kenì Borel uposÔnolo tou R^n . Tìte, (6) ∫ R^n e^{d(x,A)2/4}dγ_n(x) ≤ 1 γ_n(A) , ìpou d(x, A) = inf{|x − y| : y ∈ A}. Epomènwc, an γ_n(A) = 1/2 tìte (7) 1 − γ_n(A_t) ≤ 2 exp(−t^2/4) giĹ kĹje t > 0.

Apìdeixh: SumbolÐzoume me γ_n(x) thn sunĹrthsh (2π)^{−n/2} exp(−|x|^2/2), kai jewroÔme tic sunartăseic (8) f(x) = e^{d(x,A)2/4}γ_n(x) , g(x) = χ_A(x)γ_n(x) , m(x) = γ_n(x). GiĹ kĹje x ∈ R^n kai y ∈ A èqoume (2π)^nf(x)g(y) = e^{d(x,A)2/4}e^{−|x|2/2}e^{−|y|2/2} ≤ exp ( |x − y|^2 4 − |x|^2 2 − |y|^2 2 )

= exp ( − |x + y|^2 4 )

= ( exp ( − 1 2 |x + y 2 |_2))^2

= (2π)^n ( m ( x + y 2 ))_2 , ìpou qrhsimopoiăsame ton kanìna tou parallhlogrĹmmou kai thn d(x, A) ≤ |x−y|. Parathrÿntac ìti g(y) = 0 an y /∈ A, blèpoume ìti oi f, g, m ikanopoioÔn tic upojèseic thc anisìthtac Prékopa-Leindler me λ = 1/2. Efarmìzoume loipìn to Jeÿrhma 1.2.1 kai èqoume (9) (∫ e^{d(x,A)2/4}γ_n(dx) ) γ_n(A) = (∫ f ) (∫ g ) ≤ (∫ m )_2 = 1.

Autì apodeiknÔei ton prÿto isqurismì tou jewrămatoc. GiĹ ton deÔtero, parathroÔme ìti an γ_n(A) = 1/2 tìte (10) e^{t2/4}γ_n(x : d(x, A) > t) ≤ ∫ e^{d(x,A)2/4}γ_n(dx) ≤ 1 γ_n(A) = 2.

Dhladă, γ_n(A^c_t ) ≤ 2 exp(−t^2/4). □

1.6 H isoperimetrikă anisìthta ston E_n

JewroÔme to sÔnolo E_n = {−1, 1}^n, to opoÐo tautÐzoume me to sÔnolo twn korufÿn tou kÔbou Q_n = [−1, 1]^n ston R^n . Sto E_n orÐzoume to kanonikì mètro pijanìthtac P_n pou dÐnei mĹza 2^{−n} se kĹje shmeÐo. O E_n gÐnetai metrikìc qÿroc me apìstash thn (1) d_n(x, y) = 1 n card{i ≤ n : x_i ≠ y_i} = 1 2n n∑ i=1 |x_i − y_i|. H t-perioqă enìc A ⊆ E_n eÐnai wc sunăjwc to sÔnolo A_t = {x ∈ E_n : d_n(x, A) ≤ t}. Oi timèc pou mporeÐ na pĹrei h d_n eÐnai peperasmènec to plăjoc: 0, 1/n, 2/n, . . . , 1. Epomènwc, autèc eÐnai oi timèc tou t giĹ tic opoÐec h t-perioqă tou A parousiĹzei endiafèron, me thn ènnoia ìti to A_t paramènei ametĹblhto ìtan to t paÐrnei timèc se èna diĹsthma thc morfăc [k/n, (k + 1)/n).

To isoperimetrikì prìblhma eÐnai loipìn to exăc. MĹc dÐnoun ènan fusikì m = 1, 2, . . . , 2^n kai kĹpoio t = k/n, k = 1, . . . , n. GiĹ poiì sÔnolo A me plăjoc stoiqeÐwn m eÐnai h k/n-perioqă tou A h mikrìterh dunată? H apĹnthsh eÐnai ìti to A ja prèpei na èqei ìso to dunatìn {ligìtera kenĹ}. An perièqei miĹ n- Ĺda x = (x_1, . . . , x_n), tìte ja prèpei na perièqei katĹ seirĹ proteraiìthtac kai tic {geitonikèc} thc n-Ĺdec, autèc dhladă pou diafèroun apì thn x se mÐa suntetagmènh, dÔo suntetagmènec, k.o.k. (efìson to plăjoc twn stoiqeÐwn tou A eparkeÐ). Autì, giatÐ h paramikră epèktash tou A ja tic sumperilĹbei oÔtwc ă Ĺllwc. Ta piì oikonomikĹ sÔnola eÐnai oi d_n-mpĹlec (oi legìmenec Hamming mpĹlec tou E_n). ApodeiknÔetai h akìloujh isoperimetrikă anisìthta giĹ ton E_n.

Jeÿrhma 1.6.1 ’Estw A ⊆ E_n me m = ∑_l k=0 (_n k ) stoiqeÐa. Tìte, giĹ kĹje s = 1, . . . , n − l, èqoume (2) μ_n(A_{s/n}) ≥ 1 2^n l+s∑ k=0 ( n k ) = μ_n(B(x, l/n)_{s/n}) = μ_n(B(x, (l + s)/n)) ìpou x tuqìn stoiqeÐo tou E_n. □

H isoperimetrikă aută anisìthta odhgeÐ se mÐa proseggistikă isoperimetrikă anisìthta gia ton E_n.

Pìrisma 1.6.1 An μ_n(A) ≥ 1/2 kai t > 0, tìte

(3) μ_n(A^c_t ) ≤ 1 2 exp(−2t^2n).

H (3) ermhneÔetai wc exăc: gia na ektimăsoume to μ_n(A_t) arkeÐ na jèsoume l = n/2 kai s = tn sthn (2). Tìte blèpoume ìti

μ_n(A^c_t ) ≤ 1 2^n n∑ j=(^1_2 +t)n ( n j ) , to opoÐo fjÐnei ekjetikĹ sto 0 kajÿc n → ∞, giatÐ oi {akraÐoi} diwnumikoÐ suntelestèc eÐnai polÔ mikroÐ se sÔgkrish me touc {mesaÐouc} ìtan to n eÐnai megĹlo.

Den ja apodeÐxoume to Jeÿrhma 1.6.1 (h apìdeixh eÐnai sunduastikă kai gÐnetai me epagwgă wc proc n). Ja dÿsoume ìmwc apeujeÐac apìdeixh thc {proseggistikăc isoperimetrikăc anisìthtac} (3). H apìdeixh ja basisteÐ se èna jeÿrhma tou Talagrand to opoÐo ja meletăsoume sto epìmeno kefĹlaio.

Jeÿrhma 1.6.2 ’Estw A mh kenì uposÔnolo tou E_n. JewroÔme thn kurtă jăkh conv(A) kai giĹ kĹje x ∈ E_n orÐzoume (4) ϕ_A(x) = min{|x − y| : y ∈ conv(A)}. Tìte, isqÔei h anisìthta (5) ∫ E_n exp(ϕ^2_A(x)/8)dμ_n(x) ≤ 1 μ_n(A) . ’Estw A mh kenì uposÔnolo tou E_n. H sunĹrthsh ϕ_A tou Jewrămatoc 1.6.2 kai h sunĹrthsh apìstashc apì to A

d_n(x, A) = min{ 1 2n n∑ i=1 |x_i − y_i| : y ∈ A} sugkrÐnontai sÔmfwna me to epìmeno lămma. Lămma 1.6.1 GiĹ kĹje mh kenì A ⊆ E_n èqoume (6) 2 √ nd_n(x, A) ≤ ϕ_A(x) , x ∈ E_n. Apìdeixh: ’Estw x ∈ E_n. GiĹ kĹje y ∈ A isqÔei (7) ⟨x − y, x⟩ = n∑ i=1 x_i(x_i − y_i) = 2nd_n(x, y) ≥ 2nd_n(x, A). Apì thn (7) èpetai ìti giĹ kĹje y ∈ conv(A) (8) √ n|x − y| ≥ ⟨x − y, x⟩ ≥ 2nd_n(x, A). Autì apodeiknÔei thn (6). □ SunduĹzontac ta dÔo parapĹnw lămmata deÐqnoume thn proseggistikă isoperimetrikă anisìthta giĹ ton E_n:

Jeÿrhma 1.6.3 ’Estw A ⊆ E_n me μ_n(A) = 1/2. Tìte, giĹ kĹje t > 0 èqoume (9) μ_n(A_t) ≥ 1 − 2 exp(−t^2n/2).

Apìdeixh: An x /∈ A_t, tìte d_n(x, A) ≥ t kai to Lămma 1.6.1 deÐqnei ìti ϕ_A(x) ≥ 2t √ n. Omwc, apì to Jeÿrhma 1.6.2 èqoume

(10) e^{t2n/2}μ_n(x : ϕ_A(x) ≥ 2t √ n) ≤ ∫ E_n exp(ϕ^2_A(x)/8)dμ_n(x) ≤ 1 μ_n(A) = 2,

to opoÐo shmaÐnei ìti

(11) μ_n(A^c_t ) ≤ μ_n(x : ϕ_A(x) ≥ 2t √ n) ≤ 2 exp(−t^2n/2). □

1.7 To fainìmeno thc sugkèntrwshc tou mètrou

’Estw (X, A, d, μ) metrikìc qÿroc pijanìthtac. H sunĹrthsh sugkèntrwshc tou qÿrou eÐnai h sunĹrthsh

(1) α(X, t) := 1 − inf{μ(A_t) : μ(A) ≥ 1/2}.

Lème ìti upĹrqei {sugkèntrwsh mètrou} ston qÿro an gia mikrĹ t oi timèc thc α(X, t) eÐnai mikrèc. Sta paradeÐgmata pou meletăsame stic prohgoÔmenec paragrĹfouc èqoume sugkèntrwsh tou mètrou h opoÐa gÐnetai oloèna entonìterh kajÿc h diĹstash n auxĹnei. Gia parĹdeigma, apì to Jeÿrhma 1.4.1 blèpoume ìti

(2) α(S^{n−1}, t) ≤ c_1 exp(−c_2t^2n),

enÿ to Jeÿrhma 1.6.3 deÐqnei ìti

(3) α(E_n, t) ≤ 2 exp(−t^2n/2).

To parĹdeigma tou qÿrou tou Gauss eÐnai kĹpwc diaforetikì. H diĹstash den emfanÐzetai sthn anisìthta sugkèntrwshc

(4) α(Γ_n, t) ≤ 1 2 exp(−t^2/2),

ìmwc h diĹmetroc tou Γ_n eÐnai Ĺpeirh. H shmasÐa tou fainomènou thc sugkèntrwshc tou mètrou gia qÿrouc megĹlhc diĹstashc phgĹzei apì to exăc jeÿrhma.

Jeÿrhma 1.7.1 ’Estw (X, A, d, μ) metrikìc qÿroc pijanìthtac. An f : X → R eÐnai mÐa sunĹrthsh Lipschitz me stajerĹ 1, dhladă an |f(x) − f(y)| ≤ d(x, y) gia kĹje x, y ∈ X, tìte (5) μ ({x ∈ X : |f(x) − M_f | > t}) ≤ 2α(X, t) ìpou M_f eÐnai o mèsoc Lévy thc f.

[O mèsoc Lévy thc f eÐnai o arijmìc M_f gia ton opoÐo μ(x : f(x) ≥ M_f ) ≥ 1/2 kai μ(x : f(x) ≤ M_f ) ≥ 1/2. An h f eÐnai suneqăc, o arijmìc autìc orÐzetai monosămanta.]

Apìdeixh: Jètoume A = {x : f(x) ≥ M_f } kai B = {x : f(x) ≤ M_f }. An y ∈ A_t tìte upĹrqei x ∈ A me d(x, y) ≤ t, opìte (6) f(y) = f(y) − f(x) + f(x) ≥ −d(y, x) + M_f ≥ M_f − t afoÔ h f eÐnai 1-Lipschitz. ’Omoia, an y ∈ B_t tìte upĹrqei x ∈ B me d(x, y) ≤ t, opìte (7) f(y) = f(y) − f(x) + f(x) ≤ d(y, x) + M_f ≤ M_f + t. Dhladă, (8) y ∈ A_t ∩ B_t =⇒ |f(x) − M_f | ≤ t. ’Omwc μ(A_t) ≥ 1 − α(X, t) kai μ(B_t) ≥ 1 − α(X, t), Ĺra μ ({x ∈ X : |f(x) − M_f | > t}) ≤ μ(A^c_t ) + μ(B^c_t ) ≤ 2α(X, t). □ Sthn perÐptwsh pou h sunĹrthsh sugkèntrwshc eÐnai polÔ mikră, autì shmaÐnei ìti oi 1-Lipschitz suneqeÐc sunartăseic eÐnai {sqedìn stajerèc} se {sqedìn olìklhro to qÿro}. Autì èqei polÔ shmantikèc efarmogèc sta paradeÐgmata twn qÿrwn megĹlhc diĹstashc pou exetĹsame stic prohgoÔmenec paragrĹfouc. Skopìc autăc thc ergasÐac eÐnai h melèth Ĺllwn paradeigmĹtwn metrikÿn qÿrwn pijanìthtac me èntonh sugkèntrwsh tou mètrou. Eidikìtera ja asqolhjoÔme me afhrhmènouc qÿrouc ginìmena metrikÿn qÿrwn pijanìthtac.

AxÐzei na prosjèsoume thn paratărhsh ìti isqÔei kai to antÐstrofo tou Jewrămatoc 1.7.1. H sugkèntrwsh twn Lipschitz sunartăsewn kontĹ sto mèso Lévy touc eÐnai isodÔnamh me thn Ôparxh isqurăc proseggistikăc isoperimetrikăc anisìthtac.

Prìtash 1.7.1 ’Estw (X, A, d, μ) metrikìc qÿroc pijanìthtac. An gia kĹpoio t > 0 èqoume (9) μ ({x ∈ X : |f(x) − M_f | > t}) ≤ η gia kĹje 1-Lipschitz sunĹrthsh f : X → R, tìte α(X, t) ≤ η.

Apìdeixh: ’Estw A Borel uposÔnolo tou X me μ(A) ≥ 1/2. JewroÔme th sunĹrthsh f(x) = d(x, A). H f eÐnai 1-Lipschitz kai M_f = 0 giatÐ μ({x : f(x) = 0}) ≥ 1/2. Apì thn (9) paÐrnoume μ({x ∈ X : d(x, A) > t}) ≤ η, dhladă 1 − μ(A_t) ≤ η. ’Epetai ìti α(X, t) ≤ η. □

Anaforèc. Gia to genikì plaÐsio twn proseggistikÿn isoperimetrikÿn anisotătwn, blèpe to prìsfato biblÐo tou Ledoux [Led], to biblÐo twn Ledoux kai Talagrand [LT], kajÿc kai to Ĺrjro episkìphshc tou Schechtman [Sc]. H apìdeixh thc anisìthtac twn Prékopa kai Leindler (blèpe [Lei], [Pr]) pou parousiĹzoume edÿ eÐnai apì to biblÐo tou Pisier [Pi2]. Gia thn anisìthta Brunn-Minkowski kai genikìtera gia thn klasikă jewrÐa twn kurtÿn swmĹtwn, blèpe to biblÐo tou Schneider [Schn]. H sfairikă isoperimetrikă anisìthta apodeÐqjhke apo ton Schmidt [Schm] kai se plărh genikìthta apo touc Figiel, Lindenstrauss kai Milman [FLM]. Prÿtoc o Lévy [Lev] paratărhse to fainìmeno thc sugkèntrwshc tou mètrou sthn EukleÐdeia monadiaÐa sfaÐra megĹlhc diĹstashc. H aplă apìdeixh thc proseggistikăc sfairikăc isoperimetrikăc anisìthtac pou parousiĹzoume eÐnai apì to [ABV]. H apìdeixh tou Jewrămatoc 1.5.2 ofeÐletai ousiastikĹ ston Maurey [Ma2]. To Jeÿrhma 1.6.1 eÐnai tou Harper [Ha]. Gia thn sqèsh thc sugkèntrwshc tou mètrou me thn sumperiforĹ twn Lipschitz sunartăsewn, blèpe to biblÐo twn Milman kai Schechtman [MS].

KefĹlaio 2

Sugkèntrwsh tou mètrou se qÿrouc ginìmena

2.1 ’Ena isoperimetrikì jeÿrhma gia ton kÔbo kai h anisìthta Khintchine-Kahane

JewroÔme to sÔnolo E_n = {−1, 1}^n, to opoÐo tautÐzoume me to sÔnolo twn korufÿn tou kÔbou Q_n = [−1, 1]^n ston R^n . Sto E_n orÐzoume to kanonikì mètro pijanìthtac μ_n pou dÐnei mĹza 2^{−n} se kĹje shmeÐo. Gia kĹje mh kenì A ⊆ E_n jètoume ϕ_A(x) = inf{|x − y| : y ∈ conv(A)}. To basikì jeÿrhma autăc thc paragrĹfou eÐnai to exăc. Jeÿrhma 2.1.1 Gia kĹje A ⊆ E_n, E exp(ϕ^2_A/8) ≤ 1 μ_n(A) . Apìdeixh: Me epagwgă wc proc to plăjoc twn shmeÐwn tou A. An card(A) = 1 dhladă A = {y}, tìte ϕ_A(x) = inf{|x − z| : z ∈ conv(A) = {y}} = |x − y|. ’Ara E exp(ϕ^2_A/8) = E ( e^{|x−y|2/8} )

= 1 2^n ∑ x∈E_n e^{|x−y|2/8}.

KĹje x ∈ E_n diafèrei apì to y se i jèseic, i = 0, 1, . . . , n. To plăjoc twn x ∈ E_n pou diafèroun se i jèseic apì to y eÐnai (_n i ) . ParathroÔme ìti |x − y|^2 = 4i ìtan to x diafèrei apo to y se i jèseic. ’Ara, Ee^{|x−y|2 /8} = 1 2^n n∑ i=0 ( n i ) e^{i/2}

= 1 2^n ( 1 + e^{1/2} )_n = ( 1 + e^{1/2} 2 )n

≤ 2^n = 1 μ_n(A) , afoÔ e^{1/2} ≤ e ≤ 3.

’Estw tÿra ìti card(A) ≥ 2. ExetĹzoume prÿta thn perÐptwsh n = 1. AnagkastikĹ èqoume A = E_1, epomènwc ϕ_A(x) = 0 gia kĹje x ∈ E_1. ’Ara,

E exp(ϕ^2_A/8) = Ee^0 = 1 = 1/μ_1(A).

Gia to epagwgikì băma jewroÔme A ⊆ E_{n+1} me card(A) ≥ 2. QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti

A = (A_1 × {1}) ∪ (A_{−1} × {−1})

ìpou A_1, A_{−1} ≠ ∅. MporoÔme epÐshc na upojèsoume ìti cardA_{−1} ≤ cardA_1.

Lămma 2.1.1 Gia kĹje x ∈ E_n,

ϕ_A((x, 1)) ≤ ϕ_{A1} (x).

Apìdeixh: ArkeÐ na deÐxoume ìti {|x − y| : y ∈ convA_1} ⊆ {|(x, 1) − z| : z ∈ convA}. ’Estw y ∈ convA_1. Tìte, y = ∑_m i=1 t_ix_i ìpou t_i ≥ 0 me ∑_m i=1 t_i = 1 kai x_i ∈ A_1.

Tìte ìmwc (x_i, 1) ∈ A kai m∑ i=1 t_i(x_i, 1) = ( m∑ i=1 t_ix_i, m∑ i=1 t_i) = (y, 1),

dhladă (y, 1) ∈ convA. AfoÔ |x − y| = |(x, 1) − (y, 1)| kai |(x, 1) − (y, 1)| ∈ {|(x, 1) − z| : z ∈ conv(A)}, èqoume to zhtoÔmeno. □

Lămma 2.1.2 Gia kĹje x ∈ E_n kai kĹje 0 ≤ a ≤ 1,

ϕ^2_A((x, −1)) ≤ 4a^2 + aϕ^2_{A1} (x) + (1 − a)ϕ^2_{A− 1}(x).

Apìdeixh: ’Estw z_i ∈ convA_i (i = 1, −1). Tìte, ìpwc prohgoumènwc, (z_i, i) ∈ convA. To convA eÐnai kurtì, Ĺra

z := a(z_1, 1) + (1 − a)(z_{−1}, −1) = (az_1 + (1 − a)z_{−1}, 2a − 1) ∈ convA. ’Eqoume |(x, −1) − z|^2 = |(x − az_1 − (1 − a)z_{−1}, −2a)|^2 = |(x − az_1 − (1 − a)z_{−1}, 0)|^2 + |(0, −2a)|^2 ≤ (a|x − z_1| + (1 − a)|x − z_{−1}|)^2 + 4a^2 ≤ a|x − z_1|^2 + (1 − a)|x − z_{−1}|^2 + 4a^2.

AfoÔ ta z_i ∈ convA_i ătan tuqìnta, èpetai ìti ϕ^2_A(x, −1) ≤ aϕ^2_{A1} (x) + (1 − a)ϕ^2_{A−1} (x) + 4a^2. □

Qrhsimopoiÿntac ta dÔo Lămmata, grĹfoume Ee^{ϕ2A /8} = 1 2^{n+1} ∑ x∈E_{n+1} e^{ϕ2A(x)/8} = 1 2^{n+1} ∑ x∈E_n e^{ϕ2A((x,1))/8} + 1 2^{n+1} ∑ x∈E_n e^{ϕ2A((x,−1))/8} ≤ 1 2^{n+1} ∑ x∈E_n e^{ϕ2A}1^{(x)/8} + 1 2^{n+1} e^{a2/2} ∑ x∈E_n e^{aϕ2A1 (x)/8+(1−a)ϕ2A−1 (x)/8} ≤ 1 2^{n+1} ∑ x∈E_n e^{ϕ2A1 (x)/8}

+ 1 2^{n+1} e^{a2/2} ( ∑ x∈E_n e^{ϕ2A}1^{(x)/8} )_a ( ∑ x∈E_n e^{ϕ2A−1 (x)/8} )_{1−a}

= 1 2 E(e^{ϕ2A1 /8}) + 1 2 e^{a2/2} ( E(e^{ϕ2A1 /8}) )_a ( E(e^{ϕ2A−1 /8}) )_{1−a} . Jètoume u_1 = E ( e^{ϕ2A}1^{/8} ) , v_1 = 1 μ_n(A_1) kai u_{−1} = E ( e^{ϕ2A−1 /8} ) , v_{−1} = 1 μ_n(A_{−1}) . Apì thn epagwgikă upìjesh èqoume u_1 ≤ v_1 kai u_{−1} ≤ v_{−1}. (epÐshc, h cardA_{−1} ≤ cardA_1 grĹfetai v_1 ≤ v_{−1}). ’Ara h prohgoÔmenh anisìthta paÐrnei th morfă Ee^{ϕ2A /8} ≤ 1 2 u_1 + 1 2 e^{a2/2}(u_1)^a(u_{−1})^{1−a} ≤ 1 2 u_1 + 1 2 e^{a2/2}(v_1)^a(v_{−1})^{1−a} ≤ v_1 2 [1 + e^{a2 /2}(v_1/v_{−1})^{a−1}].

H teleutaÐa posìthta gÐnetai elĹqisth gia a = − ln(v_1/v_{−1}). H timă − ln(v_1/v_{−1}) eÐnai perÐpou Ðsh me 1 − v_1/v_{−1}. Epilègoume a_0 = 1 − v_1/v_{−1}. AfoÔ v_1 ≤ v_{−1} èqoume 0 ≤ a_0 ≤ 1, opìte mporoÔme na grĹyoume E(e^{ϕ2A /8}) ≤ v_1 2 [1 + e^{a20/2}(1 − a_0)^{a0 −1}].

Lămma 2.1.3 Gia kĹje 0 ≤ a ≤ 1 èqoume

1 + e^{a2/2}(1 − a)^{a−1} ≤ 4 2 − a . Apìdeixh: Aplèc prĹxeic deÐqnoun ìti h anisìthta pou zhtĹme eÐnai isodÔnamh me thn g(a) = ln(2 + a) − ln(2 − a) − a^2/2 − (a − 1) ln(1 − a) ≥ 0.

ParagwgÐzontac blèpoume ìti g^{′′} ≥ 0 kai g^′(0) = 0. ’Ara h g eÐnai aÔxousa sto [0, 1]. AfoÔ g(0) = 0, èpetai to zhtoÔmeno. □ Qrhsimopoiÿntac to Lămma 2.1.3 èqoume E(e^{ϕ2A /8}) ≤ v_1 2 4 2 − a_0 = 2v_1 1 + v_1/v_{−1} = 2 1/v_1 + 1/v_{−1} = 2 μ_n(A_1) + μ_n(A_{−1}) = 1 μ_{n+1}(A) . H teleutaÐa isìthta eÐnai faneră afoÔ μ_{n+1}(A_i × {i}) = μ_n(A_i)/2, i = ±1. ’Etsi oloklhrÿnontai to epagwgikì băma kai h apìdeixh tou Jewrămatoc 2.1.1. □

Pìrisma 2.1.1 Gia ìla ta t > 0, èqoume μ_n(ϕ_A ≥ t) ≤ 1 μ_n(A) e^{−t2/8}. Apìdeixh: Apì to Jeÿrhma 2.1.1 èqoume E exp(ϕ^2_A/8) ≤^1_{μn(A)} . ’Ara, e^{t2/8}μ_n(ϕ_A ≥ t) ≤ ∫ {ϕ_A≥t} e^{t2/8} ≤ ∫ {ϕ_A≥t} e^{ϕ2A/8} ≤ E(e^{ϕ2A /8}) ≤ 1 μ_n(A) . □ Paratărhsh. ’Opwc eÐdame sthn §1.6, gia kĹje mh kenì A ⊆ E_n kai gia kĹje x ∈ E_n èqoume 2 √ nd_n(x, A) ≤ ϕ_A(x). ’Ara, { d_n(x, A) ≥ t } ⊆ {ϕ_A ≥ 2t √ n}.

H isoperimetrikă anisìthta gia ton E_n dÐnei thn ektÐmhsh μ_n({d_n(x, A) ≥ t} ≤ 1 2 e^{−2t2 n} an μ_n(A) = 1/2. Apì to Pìrisma 2.1.1 èqoume perÐpou thn Ðdia ektÐmhsh gia to mètro tou {ϕ_A ≥ 2t √ n}, to opoÐo eÐnai megalÔtero sÔnolo.

To Jeÿrhma 2.1.1 èqei san sunèpeia thn sugkèntrwsh twn kurtÿn Lipschitz sunartăsewn gÔrw apì ton mèso Lévy touc.

Jeÿrhma 2.1.2 JewroÔme mÐa kurtă Lipschitz sunĹrthsh f : R^n → R me stajerĹ Lipschitz σ. ’Estw M ènac mèsoc Lévy thc f sto E_n. Tìte, gia kĹje t > 0 èqoume μ_n({|f − M| ≥ t}) ≤ 4e^{−t2/8σ2} . Apìdeixh: Gia ton M isqÔoun oi μ_n({f ≥ M}) ≥ 1/2 kai μ_n({f ≤ M}) ≥ 1/2.

Jètoume A = {f ≤ M}. AfoÔ h f eÐnai kurtă, gia kĹje y ∈ convA èqoume f(y) ≤ M. An loipìn f(x) ≥ M + t gia kĹpoio x ∈ E_n, tìte f(x) ≥ M + t ≥ f(y) + t gia kĹje y ∈ convA. ’Ara, σ‖x − y‖_2 ≥ |f(x) − f(y)| ≥ t. Autì shmaÐnei ìti ϕ_A(x) ≥ t/σ. Apì to prohgoÔmeno pìrisma kai apì thn μ_n(A) ≥ 1/2 èqoume μ_n({f ≥ M + t}) ≤ μ_n({ϕ_A ≥ t/σ}) ≤ 1 μ_n(A) e^{−t2/8σ2} ≤ 2e^{−t2/8σ2} . ’Estw t > 0 kai B = {f ≤ M − t}. An u < t, ìpwc prin elègqoume ìti f(x) ≥ M − t + u =⇒ ϕ_B (x) ≥ u/σ kai me qrăsh tou porÐsmatoc èqoume μ_n({f(x) ≥ M}) ≤ μ_n({f(x) ≥ M − t + u}) ≤ μ_n({ϕ_B ≥ u/σ}) ≤ 1 μ_n(B) e^{−u2/8σ2} ’Omwc 1/2 ≤ μ_n({f(x) ≥ M}), Ĺra μ_n(B) ≤ 2e^{−u2/8σ2} .

Afănontac to u na teÐnei sto t paÐrnoume μ_n(B) ≤ 2e^{−t2/8σ2} . SunduĹzontac ta parapĹnw blèpoume ìti μ_n({|f − M| > t}) = μ_n({f ≥ M + t}) + μ_n({f ≤ M − t}) ≤ 2e^{−t2/8σ2} + 2e^{−t2/8σ2} = 4e^{−t2/8σ2} . □ Pìrisma 2.1.2 ’Estw X qÿroc me nìrma kai (x_i)_{i≤n} akoloujÐa dianusmĹtwn ston X. Jètoume

σ^2 = sup { ∑ i≤n |x^∗(x_i)|^2 : x^∗ ∈ X^∗, ‖x^∗‖ ≤ 1 } . JewroÔme mÐa akoloujÐa (ϵ_i)_{i≤n} anexĹrthtwn kai isìnomwn tuqaÐwn metablhtÿn Bernoulli. ’Estw M mèsoc Lévy thc ‖ ∑ i≤n ϵ_ix_i‖ sto E_n. Tìte, gia ìla ta t ≥ 0,

P {| ‖ ∑ i≤n ϵ_ix_i‖ − M | ≥ t} ≤ 4e^{−t2/8σ2} .

Apìdeixh: JewroÔme thn f(u) = ‖ ∑ i≤n u_ix_i‖. H f eÐnai kurtă sunĹrthsh: èstw w^1, w^2 ∈ R^n kai m_1, m_2 ≥ 0 me m_1 + m_2 = 1. Tìte,

f(m_1w^1 + m_2w^2) = ‖ ∑ i≤n m_1w^1_i x_i + m_2w^2_i x_i‖ ≤ m_1‖ ∑ i≤n w^1_i x_i‖ + m_2‖ ∑ i≤n w^2_i x_i‖

= m_1f(w^1) + m_2f(w^2).

’Estw x^∗ ∈ X^∗ me ‖x^∗‖ ≤ 1 kai u, v ∈ R^n . Apì thn anisìthta Cauchy-Schwarz èqoume | | |x^∗ ∑ i≤n u_ix_i − ∑ i≤n v_ix_i | | | = | | | ∑ i≤n u_ix^∗(x_i) − ∑ i≤n v_ix^∗(x_i) | | |

= | | | | ∑ i≤n (u_i − v_i)x^∗(x_i) | | | |

≤ ∑ i≤n |x^∗(x_i)|^2 1/2 ∑ i≤n (u_i − v_i)^2 1/2

≤ σ|u − v|.

Apì to Jeÿrhma Hahn-Banach sumperaÐnoume ìti |f(u) − f(v)| ≤ ‖ ‖ ‖ ‖ ∑ i≤n u_ix_i − ∑ i≤n v_ix_i ‖ ‖ ‖ ‖ ≤ σ|u − v|, epomènwc h f eÐnai Lipschitz me stajerĹ σ. Efarmìzontac to Jeÿrhma 2.1.2 gia thn f èqoume to zhtoÔmeno. □

MporoÔme tÿra na dÿsoume mÐa apìdeixh thc anisìthtac Khintchine-Kahane me bèltisth exĹrthsh apì to p.

Jeÿrhma 2.1.3 UpĹrqei stajerĹ K tètoia ÿste gia kĹje qÿro me nìrma X, gia kĹje n ∈ N, gia kĹje x_1, . . . , x_n ∈ X kai gia kĹje p ≥ 1,

E ‖ ‖ ∑ i≤n ϵ_ix_i ‖ ‖^p 1/p ≤ 2E ‖ ‖ ∑ i≤n ϵ_ix_i ‖ ‖ + Kσ√p,

ìpou σ^2 = sup { ∑ i≤n |x^∗(x_i)|^2 : x^∗ ∈ X^∗, ‖x^∗‖ ≤ 1 } .

Ja qrhsimopoiăsoume to exăc lămma.

Lămma 2.1.4 ’Estw (Ω, μ) qÿroc pijanìthtac kai f : Ω → R^+ metrăsimh. Tìte, ∫ Ω f^p = p ∫_∞ 0 t^{p−1}μ(ω : f(ω) ≥ t)dt. Apìdeixh: GrĹfoume p ∫_∞ 0 t^{p−1}μ(ω : f(ω) ≥ t)dt = ∫_∞ 0 pt^{p−1} (∫ Ω χ_{{f (ω)≥t}}(ω)dμ(ω) ) dt = ∫ Ω ∫_∞ 0 pt^{p−1}χ_{{f (ω)≥t}}(t)dtdμ(ω) = ∫ Ω (∫_{f (ω)} 0 pt^{p−1}dt ) dμ(ω) = ∫ Ω f(ω)^pdμ(ω). □

Apìdeixh tou jewrămatoc: Efarmìzoume to lămma gia thn f : E_n → R^+ me f(ϵ_1, . . . , ϵ_n) = | | ‖ ∑ i≤n ϵ_ix_i‖ − M | |.

Apì to Pìrisma 2.1.2 kai kĹnontac thn allagă metablhtăc x = t^2/8σ^2 èqoume ∫ E_n | ‖ ∑ i≤n ϵ_ix_i‖ − M |_p dμ_n(ϵ) = p ∫_∞ 0 t^{p−1}μ_n(ϵ : |‖ ∑ i≤n ϵ_ix_i‖ − M| ≥ t)dt

≤ 4 ∫_∞ 0 pt^{p−1}e^{−t2/8σ2} dt = 2^{p+1}p( √ 2σ)^p ∫_∞ 0 e^{−x}x^{p/2−1}dx. Me kĹta parĹgontec oloklărwsh kai gia p Ĺrtio paÐrnoume p ∫_∞ 0 e^{−x}x^{p/2−1}dx = p ∫_∞ 0 (p/2 − 1)e^{−x}x^{(p−4)/2}dx = p p − 2 2 p − 4 2 ∫_∞ 0 e^{−x}x^{(p−6)/2}dx = . . . = p p − 2 2 p − 4 2 . . . p − (p − 2) 2 ∫_∞ 0 e^{−x}dx ≤ p^{p/2}. ’Ara, an o p eÐnai Ĺrtioc fusikìc, ∫ | ‖ ∑ i≤n ϵ_ix_i‖ − M|^pdμ_n(ϵ) 1/p ≤ Kσ √ p. Gia tuqìnta p ≥ 2 upĹrqei q Ĺrtioc tètoioc ÿste q ≤ p ≤ q + 2. Apì thn anisìthta tou Hölder èqoume ‖ ‖ ‖ ‖‖ ∑ i≤n ϵ_ix_i‖ − M ‖ ‖ ‖ ‖_p ≤ ‖ ‖ ‖ ‖‖ ∑ i≤n ϵ_ix_i‖ − M ‖ ‖ ‖ ‖_{q+2} ≤ Kσ √ q + 2 ≤ Kσ √ 2p = K_1σ √ p. Gia 1 ≤ p ≤ 2 pĹli apì thn anisìthta tou Hölder èqoume ‖ ‖ ‖‖ ∑ i≤n ϵ_ix_i‖ − M ‖ ‖ ‖_p ≤ ‖ ‖ ‖‖ ∑ i≤n ϵ_ix_i‖ − M ‖ ‖ ‖_2 ≤ Kσ √ 2 ≤ K_1σ √ p. ’Ara, apì thn trigwnikă anisìthta ∫ E_n ‖ ∑ i≤n ϵ_ix_i‖^pdμ_n(ϵ) 1/p ≤ M + K_1σp^{1/2} gia kĹje p ≥ 1. Tèloc, parathroÔme ìti ∫ E_n ‖ ∑ i≤n ϵ_ix_i‖dμ_n(ϵ) ≥ μ_n ‖ ∑ i≤n ϵ_ix_i‖ ≥ M · M ≥ M/2. ’Ara, E ‖ ∑ i≤n ϵ_ix_i ‖_p 1/p ≤ 2E ‖ ∑ i≤n ϵ_ix_i ‖ + Kσ √ p. □

2.2 Epèktash se ginìmena peperasmènwn uposunìlwn qÿrwn me nìrma

’Estw (X_i, ‖ · ‖_i), i ≤ n akoloujÐa qÿrwn me nìrma. Gia kĹje i ≤ n jewroÔme èna peperasmèno uposÔnolo Ω_i tou X_i me diĹmetro mikrìterh ă Ðsh tou 1. ’Estw P_i mètro pijanìthtac sto Ω_i. JewroÔme ton qÿro ginìmeno X^{(n)} = ( ∑ i≤n ⊕X_i ) 2 kai jètoume Ω = Ω_1 × Ω_2 . . . × Ω_n kai P = P^n = P_1 × P_2 × . . . × P_n.

(to mètro ginìmeno sto Ω). Gia kĹje A ⊆ Ω orÐzoume

ϕ_A(t) = d(t, conv(A)),

thn apìstash tou t apì thn kurtă jăkh conv(A) tou A ston X^{(n)}.

Jeÿrhma 2.2.1 Gia kĹje A ⊆ Ω, E ( e^{ϕ2A} /4 ) ≤ 1 P (A) . Apìdeixh: Me epagwgă wc proc n. n = 1: GrĹfoume E ( e^{ϕ2A/4} ) = ∫ Ω e^{ϕ2A(t)/4}dP (t) = ∫ A e^{ϕ2A(t)/4}dP (t) + ∫ Ω\A e^{ϕ2A(t)/4}dP (t) = P (A) + ∫ Ω\A e^{ϕ2A(t)/4}dP (t).

H teleutaÐa isìthta isqÔei afoÔ ϕ_A(t) = 0 gia kĹje t ∈ A. EpÐshc, gia kĹje t ∈ Ω \ A isqÔei ϕ_A(t) ≤ 1. PrĹgmati, ϕ_A(x) = inf{‖x − y‖ : y ∈ conv(A)} ≤ inf{‖x − y‖ : y ∈ A} ≤ diam(Ω_1) ≤ 1.

’Ara, E ( e^{ϕ2A/4} ) = P (A) + ∫ Ω\A e^{ϕ2A(t)/4}dP (t) ≤ P (A) + ∫ Ω\A e^{1/4}dP (t) = P (A) + (1 − P (A))e^{1/4} ≤ 1 P (A) . H teleutaÐa anisìthta isqÔei giatÐ max r∈[0,1] { r(r + (1 − r)e^{1/4}) } = 1.

Epagwgikì băma: ’Estw A ⊆ Ω_1 × Ω_2 × . . . × Ω_{n+1}. Gia kĹje ω ∈ Ω_{n+1} jètoume A_ω = {t ∈ Ω_1 × Ω_2 × . . . × Ω_n : (t, ω) ∈ A}.

’Estw v ∈ Ω_{n+1} tètoio ÿste P^n(A_v ) = max_{ω∈Ωn+1} P^n(A_ω).

Lămma 2.2.1 Gia kĹje t ∈ Ω_1 × . . . × Ω_n, ϕ^2_A(t, v) ≤ ϕ^2_{Av} (t). Apìdeixh: ArkeÐ na deÐxoume ìti {‖t − y‖_X (n) : y ∈ conv(A_v )} ⊆ {‖(t, v) − ω‖_X (n+1) : ω ∈ conv(A)}. ’Omwc an y ∈ conv(A_v ) tìte (y, v) ∈ conv(A) kai ‖t−y‖_X (n) = ‖(t, v)−(y, v)‖_X (n+1) . □ Lămma 2.2.2 Gia kĹje t ∈ Ω_1 × Ω_2 × . . . × Ω_n kai kĹje v ≠ ω, isqÔei ϕ^2_A(t, ω) ≤ inf_{a∈[0,1]}[aϕ^2_{Aω} (t) + (1 − a)ϕ^2_{Av} (t) + (1 − a)^2].

Apìdeixh: An z_ω ∈ conv(A_ω) kai z_v ∈ conv(A_v ) tìte (z_ω, ω) ∈ conv(A) kai (z_v, v) ∈ conv(A). AfoÔ to conv(A) eÐnai kurtì sÔnolo, èqoume

z_a := (1 − a)(z_v , v) + a(z_ω, ω) = (az_ω + (1 − a)z_v , aω + (1 − a)v) ∈ conv(A). Qrhsimopoiÿntac kai thn diam(Ω_i) ≤ 1 èqoume ‖(t, w) − z_a‖^2_{X (n+1)} = ‖(t − az_ω − (1 − a)z_v, (1 − a)(ω − v)‖^2_{X (n+1)} = ‖t − az_ω − (1 − a)z_v‖^2_{X (n)} + ‖(1 − a)(ω − v)‖^2_{n+1} = ‖t − az_ω − (1 − a)z_v‖^2_{X (n)} + (1 − a)^2‖ω − v‖^2_{n+1} = ‖at + (1 − a)t − az_ω − (1 − a)z_v‖^2_{X (n)} + (1 − a)^2‖ω − v‖^2_{n+1} ≤ ‖a(t − z_ω) + (1 − a)(t − z_v)‖^2_{X (n)} + (1 − a)^2.

Apì thn trigwnikă anisìthta kai thn kurtìthta thc sunĹrthshc x → x^2 èqoume ‖a(t − z_ω) + (1 − a)(t − z_v)‖^2_{X (n)} ≤ (a‖t − z_ω‖_X (n) + (1 − a)‖t − z_v‖_X (n) )^2 ≤ a‖t − z_ω‖^2_{X (n)} + (1 − a)‖t − z_v‖^2_{X (n)} . ’Ara, ϕ^2_A(t, ω) ≤ a‖t − z_ω‖^2_{X (n)} + (1 − a)‖t − z_v‖^2_{X (n)} + (1 − a)^2.

Epeidă ta z_ω, z_v eÐnai tuqìnta stoiqeÐa twn A_ω kai A_v, èpetai ìti ϕ^2_A(t, ω) ≤ aϕ^2_{Aω} (t) + (1 − a)ϕ^2_{Av} (t) + (1 − a)^2 gia kĹje a ∈ [0, 1]. □ Qrhsimopoiÿntac ta parapĹnw lămmata kai thn anisìthta tou Hölder grĹfoume E ( e^{ϕ2A/4} ) = ∫ Ω_1 ×Ω_2×...×Ω_n×{v} e^{ϕ2A(s)/4}dP (s) + ∑ ω≠v ∫ Ω_1 ×...×Ω_n×{ω} e^{ϕ2A(s)/4}dP (s)

= P_{n+1}({v}) ∫ Ω_1 ×Ω_2 ...×Ω_n e^{ϕ2A(t,v)/4}dP^n(t) + ∑ ω≠v P_{n+1}({ω}) ∫ Ω_1 ×Ω_2...×Ω_n e^{ϕ2A(t,ω)/4}dP^n(t) ≤ P_{n+1}({v})E(e^{ϕ2Av /4}) + ∑ ω≠v P_{n+1}({ω}) ∫ Ω_1 ×Ω_2×...×Ω_n e^{(1/4)[aϕ2Aω (t)+(1−a)ϕ2Av (t)+(1−a)2]}dP^n(t) ≤ P_{n+1}({v})E(e^{ϕ2A}v^{/4}) + ∑ ω≠v P_{n+1}({ω})e^{(1−a)24}

× (∫ Ω_1 ×Ω_2 ×...×Ω_n e^{ϕ2A}ω^{(t)/4}dP^n(t) )_a (∫ Ω_1 ×Ω_2 ...×Ω_n e^{ϕ2A}v^{(t)/4}dP^n(t) )_{1−a}

= P_{n+1}({v})E(e^{ϕ2Av /4}) + ∑ ω≠v P_{n+1}({ω})e^{(1−a)24} × ( E(e^{ϕ2Aω /4}) )_a (E ( e^{ϕ2Av /4}) )_{1−a}

gia kĹje a ∈ [0, 1]. ’Ara, E(e^{ϕ2A /4}) ≤ P_{n+1}({v})E(e^{ϕ2A}v^{/4}) + ∑ ω≠v P_{n+1}({ω}) inf_{0≤a≤1} (( E(e^{ϕ2Aω /4} )_a ( E(e^{ϕ2Av /4}) )_{1−a} e^{(1−a)24} ) .

Qrhsimopoiÿntac kai thn epagwgikă upìjesh, paÐrnoume E(e^{ϕ2A /4}) ≤ P_{n+1}({v}) 1 P^n(A_v ) + ∑ ω≠v P_{n+1}({ω}) inf_{0≤a≤1} (( 1 P^n(A_ω ) )_a ( 1 P^n(A_v ) )_{1−a} e^{(1−a)24} )

= 1 P^n(A_v ) P_{n+1}({v}) + ∑ ω≠v P_{n+1}({ω}) inf_{0≤a≤1} (( P^n(A_v ) P^n(A_ω) )_a e^{(1−a)24} ) .

To elĹqisto thc^{e(1−a)2 /4}_{λa} ìpou 0 ≤ λ ≤ 1 lambĹnetai sto shmeÐo

a(λ) = 1 + 2 log λ, an 2 log λ > −1

0, alliÿc.

kai h antÐstoiqh timă eÐnai

g(λ) = e^{(1−a(λ))2/4} λ^{a(λ)} = e^{− log λ−(log λ)2} , an 2 log λ > −1

e^{1/4}, alliÿc

EÐqame katalăxei sthn :

E ( e^{ϕ2A/4} ) ≤ 1 P^n(A_v ) P_{n+1}({v}) + ∑ ω≠v P_{n+1}({ω}) inf_{0≤a≤1} (( P^n(A_v ) P^n(A_ω ) )_a e^{(1−a)24} ) .

AfoÔ λ_ω =^{P n(Aω )}_{P n(Av )} ≤ 1, h anisìthta grĹfetai sthn morfă :

E ( e^{ϕ2A/4} ) ≤ 1 P^n(A_v ) P_{n+1}({v}) + ∑ ω≠v P_{n+1}({ω})g(λ_ω) .

Isqurismìc Gia kĹje 0 ≤ λ ≤ 1 isqÔei g(λ) ≤ 2 − λ (h apìdeixh tou isqurismoÔ eÐnai tetrimmènh).

Apì ton isqurismì èqoume: E ( e^{ϕ2A/4} ) ≤ 1 P^n(A_v ) P_{n+1}({v}) + ∑ ω≠v P_{n+1}({ω})(2 − λ_ω )

= 1 P^n(A_v ) [ P_{n+1}({v}) + 2(1 − P_{n+1}({v})) − ∑ ω≠v P_{n+1}({ω})P^n(A_ω ) P^n(A_v ) ]

= 1 P^n(A_v ) [ P_{n+1}({v}) + 2(1 − P_{n+1}({v})) − ∑ ω≠v P^{n+1}(A_ω × {ω}) P^n(A_v ) ]

= 1 P^n(A_v ) [ P_{n+1}({v}) + 2(1 − P_{n+1}({v})) − P (A) − P^{n+1}(A_v × {v}) P^n(A_v ) ]

= 1 P^n(A_v ) [ P_{n+1}({v}) + (1 − P_{n+1}({v})) × ( 2 − ( P (A) − P^{n+1}(A_v × {v}) P^n(A_v )(1 − P_{n+1}(v)) )) ]

= 1 P^n(A_v ) [ P_{n+1}({v}) + (1 − P_{n+1}({v})) × ( 2 − ( P (A) − P^n(A_v )P_{n+1}({v}) (1 − P_{n+1}({v}))P^n(A_v ) )) ] . Jètoume q = P_{n+1}({v}) kai t =

P (A) − P^n(A_v )P_{n+1}({v}) (1 − P_{n+1}({v}))P^n(A_v ) . Tìte, E ( e^{ϕ2A/4} ) ≤ q + (1 − q)(2 − t)

P^n(A_v ) . ParathroÔme ìti 0 ≤ q, t ≤ 1. PrĹgmati, t = P (A) − P^n(A_v )P_{n+1}({v}) (1 − P_{n+1}({v}))P^n(A_v ) = ∑ ω≠v P (Aω × {ω}) (1 − P_{n+1}({v}))P^n(A_v ) = ∑ ω≠v P n(A_ω )P_{n+1}({ω}) (1 − P_{n+1}({v}))P^n(A_v ) ≤ ∑ ω≠v Pn+1({ω}) 1 − P_{n+1}({v}) = 1.

Apì ton orismì tou t èpetai ìti 1 P (A) = 1 P^n(A_v )((1 − q)t + q) . An loipìn deÐxoume ìti gia kĹje q, t ∈ [0, 1] isqÔei q + (1 − q)(2 − t) ≤^1_{q+(1−q)t} ja pĹroume thn E ( e^{ϕ2A/4} ) ≤ 1 P (A) . ’Omwc

[q + (1 − q)(2 − t)][q + (1 − q)t] = q^2 + 2(1 − q)q + (1 − q)^2t(2 − t) ≤ q^2 + 2(1 − q)q + (1 − q)^2 = (q + (1 − q))^2 = 1,

kai autì oloklhrÿnei thn apìdeixh tou jewrămatoc. □

2.3 Ginìmena qÿrwn pijanìthtac - èlegqoc me èna shmeÐo

’Estw (Ω, A, μ) qÿroc pijanìthtac qwrÐc Ĺtoma. JewroÔme to mètro ginìmeno P := P^N = μ ⊗ · · · ⊗ μ (N forèc) ston X = Ω × · · · × Ω. ’Ena shmeÐo x ∈ X grĹfetai sth morfă x = (x_1, . . . , x_N ). H apìstash ston X orÐzetai apì thn d(x, y) = card{1 ≤ i ≤ N : x_i ≠ y_i}. An A ⊆ X, orÐzoume f(A, x) = min{d(y, x) : y ∈ A}. Skopìc mac eÐnai na deÐxoume to exăc jeÿrhma {elègqou me èna shmeÐo}.

Jeÿrhma 2.3.1 Gia kĹje t > 0 èqoume ∫ e^{tf (A,x)}dP^N (x) ≤ 1 P^N (A) ( 1 2 + e^t + e^{−t} 4 )_N

≤ 1 P^N (A) e^{t2N/4}. Pìrisma 2.3.1 Eidikìtera, gia kĹje k ≤ N, P^N ({x : f(A, x) ≥ k}) ≤ 1 P^N (A) e^{−k2/N} . H apìdeixh ja gÐnei me epagwgă wc proc N kai ja basisteÐ sto exăc Lămma.

Lămma 2.3.1 ’Estw g : Ω → [0, 1] metrăsimh. Tìte, ∫ Ω min ( e^t, 1 g(ω) ) dμ(ω) ∫ Ω g(ω)dμ(ω) ≤ a(t), ìpou a(t) =^1_2 +^{et +e−t}_4 .

Apìdeixh: ’Estw ìti èqei gÐnei h apìdeixh gia metrăsimec sunartăseic h : Ω → [e^{−t}, 1]. ’Estw ìti 0 ≤ g ≤ 1. OrÐzoume h = max{e^{−t}, g}. Tìte h h ikanopoieÐ thn ∫ Ω min ( e^t, 1 max{g, e^{−t}} ) dμ ∫ Ω max{g, e^{−t}}dμ ≤ a(t). DiakrÐnontac tic periptÿseic g(ω) > e^{−t} kai g(ω) ≤ e^{−t}, eÔkola blèpoume ìti min ( e^t,^1 max{g,e^{−t} } ) = min ( e^t,^1_g ) . ’Ara, ∫ Ω min(e^t, 1/g) · ∫ Ω g = ∫ Ω min ( e^t, 1 max{g, e^{−t}} ) · ∫ Ω g ≤ ∫ Ω min ( e^t, 1 max{g, e^{−t}} ) · ∫ Ω max{g, e^{−t}} ≤ a(t). ArkeÐ loipìn na deÐxoume to zhtoÔmeno gia g : e^{−t} ≤ g ≤ 1.

GrĹfoume C = {g : Ω → [e^{−t}, 1]} kai gia kĹje b ∈ [e^{−t}, 1] jewroÔme to C_b = {g ∈ C : ∫ Ω g = b}. H sunĹrthsh F : C_b → R me

F (g) = ∫ Ω 1 g dμ eÐnai kurtă sto C_b afoÔ h x →^1_x eÐnai kurtă sto R^+ . JewroÔme to C_b san uposÔnolo kĹpoiou (L_p)^∗ = L_q, p > 1. EÔkola elègqoume ìti to C_b eÐnai w^∗- kleistì uposÔnolo thc B_{Lq} , opìte apì to jeÿrhma tou Alaoglu eÐnai w^∗-sumpagèc. Apì to jeÿrhma twn Krein-Milman, isqÔei

C_b = conv{x_i : x_i ∈ ext(C_b)}^w ∗ . Lămma 2.3.2 Ta akraÐa shmeÐa tou C_b eÐnai thc morfăc χ_Ae^{−t} + χ_{Ω\A}, A ∈ A. Apìdeixh: Me apagwgă se Ĺtopo. ’Estw w ∈ C_b akraÐo shmeÐo tou C_b h opoÐa den eÐnai thc morfăc χ_Ae^{−t} + χ_{Ω\A}. Ean Γ = {ω : e^{−t} < w(ω) < 1}, tìte μ(Γ) > 0. Jètoume Γ_δ = {ω : e^{−t} + δ < w(ω) < 1 − δ}.

Tìte, lim_{δ→0}+ μ(Γ_δ ) → μ(Γ). ’Ara, upĹrqei δ > 0 tètoioc ÿste μ(Γ_δ) > 0. AfoÔ o qÿroc den èqei Ĺtoma, upĹrqoun Δ_1, Δ_2 tètoia ÿste Δ_1 ∪ Δ_2 = Γ_δ , Δ_1 ∩ Δ_2 = ∅ kai μ(Δ_1) > 0, μ(Δ_2) > 0. OrÐzoume

w_1(ω) = w(ω) + δ^{μ(Δ2)}

μ(Δ_1)+μ(Δ_2) , an ω ∈ Δ1

w(ω) − δ^{μ(Δ1)}

μ(Δ_1)+μ(Δ_2) , an ω ∈ Δ2 w(ω), ω ∉ Γ_δ kai

w_2(ω) = w(ω) − δ^{μ(Δ2)}

μ(Δ_1)+μ(Δ_2) , an ω ∈ Δ1

w(ω) + δ^{μ(Δ1)}

μ(Δ_1)+μ(Δ_2) , an ω ∈ Δ2 w(ω), ω ∉ Γ_δ. Tìte, w =^{w1+w2}_2 kai ∫ Ω w_1dμ = ∫ Δ_1 w(ω) + δ μ(Δ_2) μ(Δ_1) + μ(Δ_2) + ∫ Δ_2 w(ω) − δ μ(Δ_1) μ(Δ_1) + μ(Δ_2) + ∫ Ω\Γ_δ wdμ = ∫ Ω wdμ = b. ’Omoia, ∫ Ω wdμ = b. EpÐshc gia tic w_1, w_2 isqÔei e^{−t} ≤ w_1 ≤ 1 kai e^{−t} ≤ w_2 ≤ 1.

’Ara w_1, w_2 ∈ C_b. Epomènwc h w den eÐnai akraÐo shmeÐo tou C_b. □ H F eÐnai w^∗-suneqăc, Ĺra h F |_{Cb} paÐrnei mègisto se akraÐo shmeÐo tou C_b. To Ðdio isqÔei gia thn H(g) = ∫ Ω min(e^t, 1 g(ω) )dμ(ω) ∫ Ω g(ω)dμ(ω), g ∈ C_b. ’Ara, gia kĹje b ∈ [e^{−t}, 1] arkeÐ na elègxoume ìlec tic u = χ_Ae^{−t} + χ_{Ω\A} pou anăkoun sto C_b. IsodÔnama, arkeÐ na elègxoume ìlec tic u = χ_Ae^{−t} + χ_{Ω\A}. ’Estw u mÐa tètoia sunĹrthsh kai èstw μ(A) = p. Tìte, èqoume : ∫ Ω min ( e^t, 1 u(ω) ) dμ(ω) ∫ Ω u(ω)dμ(ω) = (∫ Ω 1 u dμ(ω) ) (∫ Ω udμ(ω) )

= (pe^t + (1 − p))(pe^{−t} + (1 − p)).

Ean jewrăsoume thn sunĹrthsh z(p) = (pe^t + (1 − p))(pe^{−t} + (1 − p)), p ∈ [0, 1], tìte parathroÔme ìti z(1−p) = z(p). EpÐshc z^{′′}(p) = 2(e^t −1)(e^{−t} −1) ≤ 0, dhladă h z eÐnai koÐlh. ’Ara, z(1/2) ≥ z(p) + z(1 − p) 2 = z(p) + z(p) 2 = z(p).

’Ara, to mègisto thc z eÐnai

z(1/2) = ( 1 2 + 1 2 e^t ) ( 1 2 + 1 2 e^{−t} ) = 1 2 + e^{−t} + e^t 4 = a(t). Autì apodeiknÔei to Lămma 2.3.1. □ Apìdeixh tou Jewrămatoc 2.3.1: Me epagwgă wc proc N. ’Estw ìti N = 1 kai èstw A ∈ A. Apì to Lămma 2.3.1 gia thn g = χ_A, èqoume ∫ Ω min ( e^t, 1/χ_A ) dμ(ω) ∫ Ω χ_Adμ(ω) ≤ a(t) Ĺra ∫ A min ( e^t, 1 χ_A ) dμ(ω) + ∫ Ω\A min ( e^t, 1 χ_A ) dμ(ω) ≤ a(t) μ(A) . ’Omwc ean ω ∈ A tìte min(e^t,^1_{χA} ) = 1 = e^{tf (A,ω)} afoÔ f(A, ω) = 0, kai ean ω ∉ A tìte min(e^t,^1_{χA} ) = e^t = e^{tf (A,ω)} afoÔ f(A, ω) = 1. ’Ara, ∫ Ω e^{tf (A,ω)}dμ(ω) ≤ a(t) μ(A) . Epagwgikì băma: Upojètoume oti to Jeÿrhma isqÔei gia to N kai ja to deÐxoume gia to N + 1. JewroÔme A ⊆ Ω^{N+1} kai jètoume A(ω) = {x ∈ Ω^N : (x, ω) ∈ A}, ω ∈ Ω kai Γ = {x ∈ Ω^N : ∃ω ∈ Ω με (x, ω) ∈ A}. Parathrăste ìti A(ω) ⊆ Γ gia kĹje ω ∈ Ω. Isqurismìc 1. f(A, (x, ω)) ≤ f(A(ω), x). Apìdeixh: ’Eqoume f(A, (x, ω)) = min{d((x, ω), z) : z ∈ A} kai f(A(ω), x) = min{d(x, y) : y ∈ A} ìpou d(x, y) = card{i ≤ N : x_i ≠ y_i}. ArkeÐ na deÐxoume ìti {d(x, y) : y ∈ A(ω)} ⊆ {d((x, ω), z) : z ∈ A}. ’Omwc, ean y ∈ A(ω) tìte (y, ω) ∈ A kai d((y, ω), (x, ω)) = d(x, y). □ Isqurismìc 2. f(A, (x, ω)) ≤ f(Γ, x) + 1.

Apìdeixh: ’Estw y ∈ Γ me d(x, y) = f(Γ, x). Tìte, upĹrqei ω^′ tètoio ÿste (y, ω^′) ∈ A. ’Ara, d((y, ω^′), (x, ω)) ≤ d((y, ω^′), (x, ω^′)) + d((x, ω), (x, ω^′)) = d(y, x) + d(ω^′, ω) ≤ d(x, y) + 1. ’Ara d((y, ω^′), (x, ω)) ≤ f(Γ, x) + 1. Epomènwc, f(A, (x, ω)) ≤ f(Γ, x) + 1. □ Qrhsimopoiÿntac thn epagwgikă upìjesh kai touc dÔo isqurismoÔc, paÐrnoume: ∫ Ω^N e^{tf (A,(x,ω))}dP^N (x) ≤ ∫ Ω^N e^{tf (A(ω),x)}dP^N (x) ≤ a^N (t) P^N (A(ω)) kai ∫

Ω^N e^{tf (A,(x,ω))}dP^N (x) ≤ e^t ∫ Ω^N e^{tf (Γ,x)}dP^N (x) ≤ e^t a^N (t) P^N (Γ) . ’Ara, ∫

Ω^N e^{tf (A,(x,ω))}dP^N (x) ≤ min{e^t a^N (t) P^N (Γ) , a^N (t) P^N (A(ω)) }. Ean oloklhrÿsoume wc proc ω thn prohgoÔmenh sqèsh paÐrnoume ∫ Ω^{N +1} e^{tf (A,x)}dP^N (ω)dμ(ω) ≤ a^N (t) ∫ Ω min { e^t P (Γ) , 1 P (A(ω)) } dμ(ω). Apì to Lămma 2.3.1 gia thn g(ω) = P (A(ω))/P (Γ) èpetai ìti ∫ Ω min { e^t P (Γ) , 1 P (A(ω)) } dμ(ω) ≤ a(t) ∫ Ω P (A(ω))dμ(ω) . Apì to Jeÿrhma Fubini,

P (A) = ∫ Ω P (A(ω))dμ(ω). ’Ara, telikĹ ∫

Ω^{N +1} e^{tf (A,(x,ω))} ≤ a^{N+1}(t) P (A) . Autì oloklhrÿnei thn apìdeixh tou Jewrămatoc. Gia na pĹroume thn deÔterh anisìthta, grĹfoume 1 2 + e^t + e^{−t} 4 = 1 + ∞∑ n=1 t^{2n} 2(2n)!

kai parathrÿntac ìti 2(2n)! ≥ 4^nn!, paÐrnoume

a(t) = 1 + ∞∑ n=1 t^{2n} 2(2n)!

≤ 1 + ∞∑ n=1 t^{2n} 4^n n!

= 1 + ∞∑ n=1 (t^2/4)^n n! = ∞∑ n=0 (t^2/4)^n n! = e^{t2/4}.

Epomènwc, ∫ e^{tf (A,x)}dP (x) ≤ 1 P (A) ( 1 2 + e^t + e^{−t} 4 )_N

≤ 1 P (A) e^{t2N/4}. □ Apìdeixh tou PorÐsmatoc: Apì thn anisìthta tou Markov, e^{tk}P ({x : f(A, x) ≥ k}) = ∫ {x:f (A,x)≥K} e^{tk} ≤ ∫ Ω e^{tf (A,x)}dP (x) ≤ 1 P (A) e^{t2N/4}. Gia t =^{2k}_N èqoume P ({x : f(A, x) ≥ k}) ≤ 1 P (A) e^{−k2 /N} . □ Paratărhsh. Ta apotelèsmata autăc thc paragrĹfou genikeÔontai sthn perÐptwsh Ω = Ω_1 × · · · × Ω_N kai P = μ_1 × · · · × μ_N , ìpou (Ω_i, A_i, μ_i), i ≤ N qÿroi pijanìthtac qwrÐc Ĺtoma. H apìdeixh eÐnai akribÿc h Ðdia.

2.4 Ginìmena qÿrwn pijanìthtac - èlegqoc me q shmeÐa

’Estw (Ω, A, μ) qÿroc pijanìthtac. JewroÔme to mètro ginìmeno P := P^N = μ ⊗ · · · ⊗ μ (N forèc) ston Ω^N = Ω × · · · × Ω. ’Ena shmeÐo x ∈ X grĹfetai sth morfă x = (x_1, . . . , x_N ). An q ≥ 2 kai A_1, A_2, . . . , A_q metrăsima uposÔnola tou Ω^N , gia kĹje x ∈ Ω^N jètoume f(A_1, A_2, . . . , A_q , x) = min{card{i ≤ N : x_i /∈ {y^1_i , . . . , y^q_i }} : y^1 ∈ A_1, . . . , y^q ∈ A_q }. Skopìc mac eÐnai na deÐxoume to exăc jeÿrhma {elègqou me q shmeÐa}.

Jeÿrhma 2.4.1 ’Estw q ≥ 2 kai A_1, . . . , A_q ⊆ Ω^N metrăsima. Tìte, ∫ Ω^N q^{f (A1,...,Aq ,x)}dP (x) ≤ 1 ∏ i≤q P (A_i) . Eidikìtera, gia kĹje metrăsimo A ⊆ Ω^N , P ({f(A, . . . , A, x) ≥ k}) ≤ 1 q^kP (A)^q .

Lămma 2.4.1 ’Estw q ≥ 2 kai g : Ω → R metrăsimh, tètoia ÿste 1/q ≤ g ≤ 1. Tìte, (∫ Ω 1 g dμ ) (∫ Ω gdμ )_q ≤ 1. Apìdeixh: DeÐqnoume prÿta ìti (∗) ∫ Ω 1 g dμ + q ∫ Ω gdμ ≤ q + 1. PrĹgmati, eÔkola elègqoume ìti an q^{−1} ≤ x ≤ 1 tìte 1 x + qx ≤ q + 1 Ĺra, afoÔ 1/q ≤ g ≤ 1 èqoume 1/g(ω) + qg(ω) ≤ q + 1 gia kĹje ω ∈ Ω, kai oloklhrÿnontac paÐrnoume thn (∗).

ParathroÔme ìti

a + qb ≤ q + 1 ⇒ a − 1 + q(b − 1) ≤ 0 ⇒ ln a + q ln b ≤ 0 ⇒ e^{ln a+q ln b} ≤ e^0 ⇒ ab^q ≤ 1.

’Ara, ean jèsoume a = ∫ Ω 1/gdμ kai b = ∫ Ω gdμ èqoume to zhtoÔmeno. □

Pìrisma 2.4.1 ’Estw g_i : Ω → [0, 1] metrăsimec, 1 ≤ i ≤ q. Tìte, (∫ Ω min ( q, min_{i≤q} 1/g_i ) dμ ) · ∏ i≤q ∫ Ω g_idμ ≤ 1.

Apìdeixh: Jètoume g = ( min(q, min_{i≤q}^1_{gi} ) )_{−1} . Qrhsimopoiÿntac thn 0 ≤ g_i ≤ 1 elègqoume ìti 1 q ≤ g ≤ 1. Apì to prohgoÔmeno lămma èpetai ìti ∫ Ω min ( q, min_{i≤q} (q, min_{i≤q} 1 g_i ) ) dμ · (∫ Ω gdμ )_q ≤ 1. ’Omwc, ∏ i≤q ∫ Ω g_idμ ≤ (∫ Ω gdμ )_q . Epomènwc, (∫ Ω min ( q, min_{i≤q} 1 g_i ) dμ ) · ∏ i≤q ∫ Ω g_idμ ≤ 1. □

Apìdeixh tou jewrămatoc: Me epagwgă wc proc N. Gia N = 1, jewroÔme tic sunartăseic

g_i(ω) = 1, an ω ∈ A_i 1 n , alliÿc

ìpou n > q, n ∈ N. Apì to prohgoÔmeno pìrisma èpetai ìti ∫ Ω min ( q, min_{i≤q} 1 g_i ) dμ ≤ 1 ∏ i≤q ( μ(A_i) +^{(1−μ(Ai))}_n )

dhladă ∫ A_1∪A_2∪...∪A_q min ( q, min_{i≤q} 1 g_i ) dμ + ∫ Ω\A_1 ∪A_2...∪A_n min ( q, min_{i≤q} 1 g_i ) dμ ≤ 1 ∏ i≤q ( μ(A_i) +^{(1−μ(Ai ))}_n ) .

Ean x ∈ A_1 ∪ A_2 . . . ∪ A_q , tìte upĹrqei i_0 ≤ q me x ∈ A_{i0} . AfoÔ x ∈ A_{i0} , èqoume min(q, min_{i≤q} 1 g_i ) = min(q, 1) = 1 = q^0 = q^{f (A1 ,A2,...,Aq )}.

Ean x ∉ A_1, A_2, . . . , A_q , tìte min{q, min_{i≤q} 1 g_i } = min{q, n} = q kai f(A_1, . . . , A_q , x) = card{i ≤ 1, x_i ∉ {y^1_i , . . . y^q_i }} = 1 ’Epetai ìti ∫ A_1 ∪...∪A_q q^{f (A1,A2,...,Aq ,x)}dμ + ∫ Ω\A_1 ∪...∪A_q q^{f (A1,...Aq ,x)}dμ ≤ 1 ∏ i≤q ( μ(A_i) +^{(1−μ(Ai))}_n ) ≤ 1.

Afănontac to n → ∞ paÐrnoume ∫ Ω q^{f (A1,...,An)}dμ ≤ 1 ∏ i≤q μ(A_i) . Epagwgikì băma: Upojètoume oti to jeÿrhma isqÔei gia to N kai ja to deÐxoume gia to N + 1. ’Estw A_1, . . . A_q ⊆ Ω^{N+1}.

OrÐzoume B_i = {x ∈ Ω^N : ∃ω ∈ Ω, (x, ω) ∈ A_i} kai A_i(ω) = {x ∈ Ω^N : (x, ω) ∈ A_i} Isqurismìc 1. f(A_1, . . . , A_q , (x, ω)) ≤ 1 + f(B_1, B_2, . . . , B_q , x). Apìdeixh: ’Estw y^1 ∈ B_1, . . . , y^q ∈ B_q . Tìte, upĹrqoun ω^1, . . . , ω^q ∈ Ω t.w. (y^1, ω^1) ∈ A_1, . . . (y^q , ω^q) ∈ A_q . Jètoume z^i = (y^i, ω^i) kai p = (x, ω). ParathroÔme ìti f(A_1, A_2, . . . , A_q, (x, ω)) ≤ card{k ≤ N + 1 : p_k ∉ {z^1_k, . . . , z^q_k} : z^1 ∈ A_1, . . . z^q ∈ A_q } = N+1∑ k=1 (1 − χ_{{z}1_{k ,...,z}^q_{k }}(p_k))

= N∑ k=1 (1 − χ_{{z}1_{k ,...,z}^q_{k}}(x_k)) + (1 − χ_{{ω}1_{,...,ω}q_}(ω)) ≤ card{i ≤ N : x_i ∉ {y^1_i , . . . , y^q_i }} + 1. AfoÔ ta y^1, . . . , y^q ătan tuqìnta shmeÐa twn B_1, B_2, . . . , B_q, èqoume to zhtoÔmeno. □ Isqurismìc 2. ’Estw j ≤ q. Tìte, f(A_1, . . . , A_q , (x, ω)) ≤ f(C_1, . . . , C_q , x), ìpou C_i = B_i gia i ≠ j kai C_j = A_j (ω).

Apìdeixh: Jètoume z = (x, ω). ArkeÐ na deÐxoume oti {card{k ≤ N : x_k ∉ {y^1_k, . . . , y^q_k} : y^i ∈ A_i i ≠ j, y^j ∈ A_j (ω)} ⊆ {card{k ≤ N + 1 : z_k ∉ {y^1_k, . . . , y^q_k}} : y^i ∈ A_i} ’Estw oti y^i ∈ A_i gia i ≠ j kai y^j ∈ A_j (ω) (dhladă (y^j , ω) ∈ A_j ). Jètoume b^i = y^i kai b^j = y^j .Tìte, card{k ≤ N + 1 : z_k ∉ {b^1_k, . . . , b^q_k}} = card{k ≤ N : x_k ∉ {y^1_k, . . . , y^q_k}} kai autì deÐqnei to zhtoÔmeno. □ SuneqÐzoume thn apìdeixh wc exăc: orÐzoume g_i(ω) =

P (A_i(ω)) P (B_i) , ω ∈ Ω. ’Estw i_0 tètoioc ÿste min^1_{gi(ω)} =^1_{gi0 (ω)} . Tìte apì touc dÔo isqurismoÔc èqoume f(A_1, . . . , A_q , (x, ω)) ≤ 1 + f(B_1, . . . , B_q , x) kai f(A_1, . . . , A_q , (x, ω)) ≤ f(C_1, . . . , C_q, x) ìpou C_i = B_i gia i ≠ i_o kai C_{i0} = A_{i0} (ω). ’Ara, ∫ Ω^N q^{f (A1,...,Aq ,(x,ω))}dP (x) ≤ ∫ Ω^N q^{1+f (B1,...,Bq ,x)}dP (x) ≤ q ∫ Ω^N q^{f (B1,...,Bq ,x)}dP (x) ≤ q ∏ i≤q P (B_i) . EpÐshc ∫ Ω^N q^{f (A1,...,Aq ,(x,ω))}dP (x) ≤ ∫ Ω^N q^{f (C1,...,Cq ,x)}dP (x) ≤ 1 ∏ i≤q P (C_i) = 1 P (A_{i0} (ω)) ∏ i≠i_0 , i≤q P (Bi) . ’Ara, ∫ Ω^N q^{f (A1,...,Aq ,x)}dP (x) ≤ min { q ∏ i≤q P (B_i) , 1 P (A_{i0} (ω)) ∏ {i≠i_0 , i≤q} P (Bi) }

= 1 ∏ i≤q P (B_i) min { q, 1 P (A_{i0} (ω)) P (B_{i0} ) }

= 1 ∏ i≤q P (B_i) min { q, min_{i≤q} 1 g_i(ω) }

gia kĹje ω ∈ Ω. Apì to Pìrisma 2.4.1 kai to jeÿrhma tou Fubini paÐrnoume ∫ Ω ∫ Ω^N q^{f (A1,...,Aq ,x)}dP (x)dμ(ω) ≤ 1 ∏ i≤q P (B_i) ∫ Ω min { q, min_{i≤q} 1 g_i(ω) } dμ(ω) ≤ 1 ∏ i≤q P (B_i) 1 ∏ i≤q ∫ Ω P (A_i(ω)) P (B_i) dμ(ω) = 1 ∏ i≤q ∫ Ω P (A_i(ω))dμ(ω) = 1 ∏ i≤q P (A_i) . □

2.5 Ginìmena qÿrwn pijanìthtac - kurtă jăkh

’Estw (Ω, A, μ) qÿroc pijanìthtac. JewroÔme to mètro ginìmeno P := P^N = μ ⊗ · · · ⊗ μ (N forèc) ston Ω^N = Ω × · · · × Ω. ’Ena shmeÐo x ∈ Ω^N grĹfetai sth morfă x = (x_1, . . . , x_N ). An A ⊆ Ω^N kai x ∈ Ω^N , orÐzoume U_A(x) = {(s_i)_{i≤N} ∈ {0, 1}^N : ∃y ∈ A, s_i = 0 ⇒ x_i = y_i}.

’Estw V_A(x) h kurtă jăkh tou U_A(x). SumbolÐzoume me f_C (A, x) thn EukleÐdeia apìstash tou 0 Ĺpo to V_A(x).

Paratărhsh. IsqÔei h isodunamÐa: 0 ∈ V_A(x) ⇔ x ∈ A.

Apìdeixh: Ean 0 ∈ V_A(x), tìte afoÔ 0 ∈ ext([0, 1]^N ) prèpei na isqÔei 0 ∈ U_A(x). ’Omwc tìte, x ∈ A. AntÐstrofa, ean x ∈ A tìte 0 ∈ U_A(x), Ĺra 0 ∈ V_A(x). □ JewroÔme san {t-epèktash} tou A to sÔnolo A_t = {x ∈ Ω^N : f_C (A, x) ≤ t}. Skopìc mac eÐnai na apodeÐxoume to exăc jeÿrhma: Jeÿrhma 2.5.1 Gia kĹje metrăsimo A ⊆ Ω^N èqoume ∫ e^{f 2C (A,x)/4}dP (x) ≤ 1 P (A) . Eidikìtera,

P (A_t) ≥ 1 − 1 P (A) e^{−t2/4}. Gia na exhgăsoume ton trìpo me ton opoÐo qrhsimopoieÐtai to Jeÿrhma 2.5.1, qreiazìmaste to exăc lămma.

Lămma 2.5.1 An x ∈ A_t, tìte gia kĹje (a_i)_{i≤N} ∈ R^N upĹrqei y ∈ A me thn idiìthta ∑ {i≤N:x_i≠y_i} a_i ≤ t √∑ i≤N a^2_i .

Apìdeixh: ’Estw (a_i)_{i≤N} ∈ R^N . OrÐzoume ā : R^N → R me ā(x) = ∑ i≤N a_ix_i. Tìte, ‖ā‖ = |a| = √∑ i≤N a^2_i .

To V_A(x) eÐnai sumpagèc, epomènwc upĹrqei x_0 ∈ V_A(x) tètoio ÿste |x_0| = f_C (A, x). ’Ara, min{ā(x) : x ∈ V_A(x)} ≤ ā(x_0) ≤ |ā| · |x_0| = |ā|f_C (A, x) ≤ t‖ā‖. To ā eÐnai grammikì sunarthsoeidèc, Ĺra min{ā(x) : x ∈ V_A(x)} = min{ā(x) : x ∈ U_A(x)}. Epomènwc, upĹrqei s ∈ U_A(x) tètoio ÿste ā(s) ≤ t‖ā‖. H anisìthta aută grĹfetai

ā(s) = ∑ i≤N a_is_i = ∑ {i≤N:s_i =1} a_i ≤ t √∑ a^2_i .

’Epetai oti ∑ {i≤N:x_i≠y_i} a_i ≤ ∑ {i≤N:s_i =1} a_i ≤ t √∑ a^2_i . □

Qrhsimopoiÿntac to Lămma 2.5.1 mporoÔme na sugkrÐnoume ta Jewrămata 2.3.1 kai 2.5.1. To Jeÿrhma 2.3.1 mac dÐnei thn anisìthta P^N ({x : f(A, x) ≥ k}) ≤ 1 P^N (A) e^{−k2 /N} ìpou f(A, x) = min{d(y, x) : y ∈ A} kai d(x, y) = card{1 ≤ i ≤ N : x_i ≠ y_i} (X = Ω^N kai A metrăsimo uposÔnolo tou X me jetikì mètro). An sto Lămma 2.5.1 pĹroume a_i = 1 kai t = k/ √ N, blèpoume oti f_C (A, x) ≤ k √ N =⇒ ∃y ∈ A : d(x, y) ≤ k. Dhladă, {x ∈ X : f(A, x) ≥ k} ⊆ {x ∈ X : f_C (A, x) ≥ k/ √ N}. Efarmìzontac to Jeÿrhma 2.5.1 blèpoume oti P^N ({x : f(A, x) ≥ k}) ≤ P^N (x : f_C (A, x) ≥ k/ √ N}) ≤ 1 P^N (A) exp(−k^2/4N),

dhladă to Jeÿrhma 2.3.1 me elafrÿc qeirìterh arijmhtikă stajerĹ. To megĹlo ìmwc pleonèkthma tou Jewrămatoc 2.5.1 eÐnai oti mac afănei to perijÿrio na epilègoume ta (a_i), kĹti pou èqei shmasÐa gia kĹpoiec efarmogèc. Apìdeixh tou Jewrămatoc 2.5.1: H apìdeixh thc prÿthc anisìthtac gÐnetai me epagwgă wc proc N. Gia N = 1 èqoume: an x ∈ A tìte 0 ∈ V_A(x), Ĺra f(A, x) = d(0, V_A(x)) = min_{y∈VA(x)} |y| = 0. EpÐshc, an x ∉ A tìte U_A(x) = {1} Ĺra V_A(x) = {1}, epomènwc f(A, x) = min_{y∈VA(x)} |y| = 1. Autì shmaÐnei ìti ∫ e^{f 2C (A,x)/4}dP (x) = ∫ A e^{f 2C (A,x)/4}dP (x) + ∫ Ω\A e^{f 2C (A,x)/4}dP (x) = P (A)e^0 + e^{1/4}(1 − P (A)) ≤ 1 P (A) . (èqoume ădh qrhsimopoiăsei thn teleutaÐa anisìthta).

Epagwgikì băma: Upojètoume ìti to Jeÿrhma isqÔei gia to N kai ja to deÐxoume gia to N + 1. ’Estw A ⊆ Ω^{N+1} metrăsimo. Gia kĹje ω ∈ Ω jètoume A(ω) = {x ∈ Ω^N : (x, ω) ∈ A} kai B = {x ∈ Ω^N : ∃ω ∈ Ω, (x, ω) ∈ A}. Isqurismìc 1. Ean s ∈ U_{A(ω)}(x), tìte (s, 0) ∈ U_A((x, ω))).

Apìdeixh: ’Estw z = (x, ω). AfoÔ s ∈ U_{A(ω)}(x), upĹrqei y ∈ A(ω) tètoio ÿste s_i = 0 ⇒ x_i = y_i. Epeidă y ∈ A(ω), èqoume v = (y, ω) ∈ A. To μ = (s, 0) ∈ U_A(x, ω) afoÔ gia kĹje i ≤ N μ_i = s_i = 0 ⇒ z_i = v_i, enÿ gia i = N + 1 èqoume z_{N+1} = v_{N+1} = ω. □ Isqurismìc 2. Ean t ∈ U_B(x), tìte (t, 1) ∈ U_A((x, ω)).

Apìdeixh: AfoÔ t ∈ U_B (x) tìte upĹrqei y ∈ B tètoio ÿste (t_i = 0 ⇒ y_i = x_i) AfoÔ y ∈ B, upĹrqei ω ∈ Ω ÿste (y, ω) ∈ A. Tìte, (t, 1) ∈ U_A(x, ω): apì ton orismì arkeÐ na elègxoume oti gia kĹje i ≤ N μ_i = t_i = 0 ⇒ x_i = y_i, to opoÐo isqÔei. □ Isqurismìc 3. f^2_C (A, (x, ω)) ≤ (1 − λ)^2 + λf^2_C (A(ω), x) + (1 − λ)f^2_C (B, x). Apìdeixh : ’Estw z = (x, ω). An s ∈ V_{A(ω)}(x) kai t ∈ V_B (x), parathroÔme oti s ∈ V_{A(ω)}(q) ⇒ (s, 0) ∈ V_A(x, ω) kai t ∈ V_B (x) ⇒ (t, 1) ∈ V_A(x, ω). AfoÔ to V_A(x, ω) eÐnai kurtì, λ(s, 0) + (1 − λ)(t, 1) = (λs + (1 − λ)t, 1 − λ) ∈ V_A((x, ω)). Apì trigwnikă anisìthta kai apo to gegonoc oti h x^2 eÐnai kurtă, èqoume |(λs + (1 − λ)t, 1 − λ)|^2 = |(λs + (1 − λ)t, 0)|^2 + |(0, 1 − λ)|^2 = |λs + (1 − λ)t|^2 + (1 − λ)^2 ≤ (λ|s| + (1 − λ)|t|)^2 + (1 − λ)^2 ≤ λ|s|^2 + (1 − λ)|t|^2 + (1 − λ)^2.

’Ara f^2_C (A, z) ≤ (1 − λ)^2 + λ|s|^2 + (1 − λ)|t|^2.

AfoÔ ta t, s eÐnai tuqìnta stoiqeÐa twn V_B (x) kai V_{A(ω)}(x), èqoume f^2_C (A, z) ≤ λf^2_C (A(ω), x) + (1 − λ)f^2_C (B, x) + (1 − λ)^2. □

Apì thn prohgoÔmenh anisìthta, apì thn anisìthta tou Hölder kai apì thn epagwgikă upìjesh, èqoume ∫ Ω^N e^{f 2C (A,(x,ω))/4}dP (x) ≤ e^{(1−λ)2 /4} ∫ Ω^N e^{λf 2C (A(ω),x)/4}e^{(1−λ)f 2C (B,x)/4}dP (x) ≤ e^{(1−λ)2 /4} (∫ Ω^N e^{f 2C (A(ω),x)/4} )_λ (∫ e^{f 2C (B,x)/4} )_{1−λ}

≤ e^{(1−λ)2 /4} ( 1 P (A(ω)) )_λ ( 1 P (B) )_{1−λ}

= 1 P (B) e^{(1−λ)2/4} ( P (A(ω)) P (B) )_{−λ}

gia kĹje λ ∈ [0, 1]. ’Ara, ∫ Ω^{N +1} e^{f 2C (A,(x,ω))/4}dP (x) ≤ inf_{λ∈[0,1]} 1 P (B) e^{(1−λ)2/4} ( P (A(ω)) P (B) )_{−λ} . ’Eqoume deÐxei oti gia kĹje 0 ≤ r ≤ 1 isqÔei h inf 0≤λ≤1 r^{−λ}e^{(1−λ)2/4} ≤ 2 − r. An pĹroume r = P (A(ω)) P (B) ≤ 1, blèpoume oti ∫ Ω^{N +1} e^{f 2C (A,(x,ω))/4}dP (x) ≤ 1 P (B) ( 2 − P (A(ω)) P (B) ) . Apì to jeÿrhma tou Fubini èpetai oti ∫ Ω ∫ Ω^N e^{f 2C (A,(x,ω))/4}dP (x)dμ(ω) ≤ 1 P (B) ∫ Ω ( 2 − P (A(ω)) P (B) ) dμ(ω) = 1 P (B) ( 2 − 1 P (B) ∫ Ω P (A(ω))dμ(ω) )

≤ 1 P (B) · P (B) (P × μ)(A) = 1 (P × μ)(A) . H teleutaÐa anisìthta isqÔei lìgw thc x(2 − x) ≤ 1, x ∈ [0, 2]. Autì sumplhrÿnei thn apìdeixh tou prÿtou isqurismoÔ tou Jewrămatoc 2.5.1. Tÿra, gia kĹje t > 0,

e^{t2/4}P (Ω^N \ A_t) ≤ ∫ Ω^N \A_t e^{f 2C (A,x)/4}dP (x)

≤ ∫ Ω^N e^{f 2C (A,x)/4}dP (x) ≤ 1 P (A) . ’Ara,

P (A_t) ≥ 1 − 1 P (A) e^{−t2/4}. □

Anaforec. To Jeÿrhma 2.1.1 apodeÐqjhke apì ton Talagrand sto [T3]. Oi Johnson kai Schechtman èdwsan mia aplă genÐkeusă tou (Jeÿrhma 2.2.1) sto [JS], thn opoÐa qrhsimopoÐhsan sthn asumptwtikă jewrÐa qÿrwn peperasmènhc diĹstashc. Sth sunèqeia, o Talagrand apèdeixe plhjÿra anisotătwn sugkèntrwshc me thn {mèjodo thc epagwgăc}, thn opoÐa anèptuxe se olìklhrh jewrÐa. Ta apotelèsmata pou endeiktikĹ parousiĹzoume stic ParagrĹfouc 2.3, 2.4, 2.5 allĹ kai sthn 3.2 perièqontai sto ektenèc Ĺrjro [T1], sto opoÐo gÐnetai {episkìphsh thc jewrÐac}.

KefĹlaio 3

H mèjodoc twn martingales

3.1 H summetrikă omĹda - h mèjodoc twn martingales

Ja apodeÐxoume mia anisìthta sugkèntrwshc gia thn summetrikă omĹda, qrhsimopoiÿntac mia gnwstă anisìthta gia martingales, thn anisìthta tou Azuma. H mèjodoc ofeÐletai ston Maurey.

DÐnoume prÿta touc basikoÔc orismoÔc thc desmeumènhc mèshc timăc kai tou martingale se ènan qÿro pijanìthtac (Ω, F, P ). An G eÐnai mia upo-σ-Ĺlgebra thc F kai an f ∈ L_1(Ω, F, P ), tìte h sunolosunĹrthsh μ(A) = ∫ A fdP, A ∈ G orÐzei èna mètro sthn G, to opoÐo eÐnai apolÔtwc suneqèc wc proc to P |_G . Apì to jeÿrhma Radon-Nikodym, upĹrqei monadikă h ∈ L_1(Ω, G, P ) me thn idiìthta ∫ A hdP = ∫ A fdP gia kĹje A ∈ G. H h onomĹzetai desmeumènh mèsh timă thc f wc proc thn G kai sumbolÐzetai me h = E(f|G).

Basikèc idiìthtec thc desmeumènhc mèshc timăc eÐnai oi exăc:

1. O telestăc f → E(f|G) eÐnai jetikìc, grammikìc kai èqei nìrma 1 se kĹje L_p qÿro, 1 ≤ p ≤ ∞.

2. An G_1 eÐnai mia upo-σ-Ĺlgebra thc G, tìte E(E (f|G)|G_1 ) = E(f|G_1 ). 3. An g ∈ L_∞(Ω, G, P ) tìte E(f · g|G) = g · E(f|G).

4. An G = {∅, Ω} eÐnai h tetrimmènh σ-Ĺlgebra, tìte h E(f|G) eÐnai stajeră: eÐnai h mèsh timă thc f E(f|G) = Ef = ∫ fdP. Orismìc ’Estw F_1 ⊆ F_2 ⊆ . . . ⊆ F mia akoloujÐa σ-algebrÿn. Mia akoloujÐa f_1, f_2, . . . sunartăsewn f_i ∈ L_1(Ω, F_i, P ) lègetai martingale wc proc thn {F_i} an E(f_i |F_{i−1}) = f_{i−1} gia kĹje i ≥ 2.

H anisìthta tou Azuma dÐnei ektÐmhsh miac sunĹrthshc apì thn mèsh timă thc.

Lămma 3.1.1 ’Estw f ∈ L_∞(Ω, F, P ) kai èstw {∅, Ω} = F_0 ⊆ F_1 ⊆ F_2 ⊆ . . . ⊆ F_n = F mia akoloujÐa σ-algebrÿn. Jètoume d_i = E(f|F_i )−E(f|F_{i−1} ), i = 1, . . . , n. Tìte, gia kĹje c > 0 èqoume P (|f − Ef| ≥ c) ≤ 2e^{−c2/4 ∑ni=1 ‖di‖2∞} . Apìdeixh: ParathroÔme oti h {E(f|F_i )}^n_{i=0} eÐnai martingale wc proc {F_i}^n_{i=0}. PrĹgmati èqoume E(E (f|F_i )|F_{i−1}) = E(f|F_{i−1} ) kai E(f|F_i ) ∈ L_1(Ω, F_i, P ) apo ton orismì thc desmeumènhc mèshc timăc, epomènwc h akoloujÐa {E(f|F_i )}^n_{i=0} eÐnai martingale. Epiplèon èqoume E(d_i |F_{i−1}) = 0: E(d_i |F_{i−1}) = E(E (f|F_i ) − E(f|F_{i−1} )|F_{i−1}) = E(E (f|F_i )|F_{i−1}) − E(E (f|F_{i−1} |F_{i−1})) = E(f|F_{i−1} ) − E(f|F_{i−1} ) = 0. Me sÔgkrish twn dunamoseirÿn twn e^x kai e^{x2/2} paÐrnoume thn anisìthta e^x ≤ x + e^{x2} . AfoÔ o telestăc f → E(f|F) eÐnai jetikìc, sumperaÐnoume oti gia kĹje λ ∈ R E(e^{λdi} |F_{i−1}) ≤ E(λd_i |F_{i−1}) + E(e^{λ2 d2i} ). Apì thn grammikìthta thc f → E(f|F_{i−1} ) èqoume oti E(λd_i |F_{i−1}) = λE(d_i |F_{i−1}) = λ0 = 0. Epomènwc, E(e^{λdi} |F_{i−1}) ≤ E(e^{λ2 d2i} ) ≤ E(e^{λ2 ‖di‖2} |F_{i−1}) = e^{λ‖di‖2} . ParathroÔme oti kĹje d_j ∈ L_∞(Ω, F_j , P ) afoÔ E(f|F_j ) ∈ L_∞(Ω, F_j , P ) kai E(f|F_{j−1} ) ∈ L_∞(Ω, F_{j−1}, P ). PrĹgmati, afoÔ f ∈ L_∞(Ω, F, P ) upĹrqei M > 0 tètoioc ÿste −M ≤ f ≤ M sqedìn pantoÔ sto Ω. Tìte, −M ≤ E(f|F_j ) ≤ M. ’Omoia, E(f|F_{j−1} ) ∈ L_∞(Ω, F_{j−1}, P ). Isqurismìc: IsqÔei h anisìthta Ee^{∑ ni=1 λdi} ≤ e^{λ2 ∑ni=1 ‖di‖2∞} .

Apìdeixh: Me epagwgă wc proc n: Gia n = 1 èqoume Ee^{λd1} = E(e^{λd1} |F_0) ≤ e^{λ2‖d1‖2∞} . Upojètoume oti isqÔei gia n = k, dhladă Ee^{λ ∑kj=1 dj} ≤ e^{∑kj=1 λ2‖dj ‖2} . Ja deÐxoume oti isqÔei gia n = k + 1.

’Eqoume e^{∑kj=1 λdj} ∈ L_∞(Ω, F_k, P ) afoÔ d_j ∈ L_∞(Ω, F_j , P ) ìpwc eÐdame prohgoumènwc. ’Ara, apì thn idiìthta 3 thc desmeumènhc mèshc timăc E(e^{∑ kj=1 λdj} e^{dk} |d_{k−1}) = e^{∑kj=1 λdj} E(e^{dk} |F_{k−1}). Qrhsimopoiÿntac kai thn epagwgikă upìjesh èqoume: E(e^{λ ∑k+1j=1 dj} |F_0) = E(E (e^{∑ k+1j=1 λdj} |F_k)|F_0) = E(E (e^{∑ j=k+1j=1 λdj} |F_k)) = E(E (e^{∑ kj=1 λdj +λdk+1} |F_k)) = E(e^{∑ kj=1 λdj} E(e^{λdk+1} |F_k)) ≤ E(e^{∑ j=kj=1 λdj} )e^{λ2 ‖dk+1‖2∞} ≤ e^{λ2 ∑kj=1 ‖di‖2∞} e^{λ2 ‖dk+1‖2∞} = e^{λ2 ∑k+1j=1 ‖dj ‖2∞} . Gia kĹje λ > 0 èqoume P (f − Ef ≥ c) = P (E(f|F_0 ) − E(f|F_1 ) ≥ C) = P ( n∑ j=1 d_j ≥ C)

= P ( n∑ j=1 λd_j ≤ λC) = P (e^{λ ∑nj=1 −λC} ≥ 1) ≤ Ee^{λ ∑nj=1 λdj −λC} ≤ e^{λ2 ∑nj=1 ‖dj ‖2∞−λC} . ’Ara, P (f − Ef ≥ C) ≤ min_{λ>0} e^{λ2 ∑nj=1 ‖dj ‖2−λC} = e^{−c2/4 ∑nj=1 ‖dj ‖2∞} . Ean efarmìsoume thn anisìthta gia thn −f, paÐrnoume P (−f + Ef ≥ C) ≤ e^{−c2/4 ∑nj=1 ‖dj ‖2∞} . ’Ara, P (|f − Ef| ≥ C|) ≤ P (f − Ef ≥ C) + P (E − f ≥ C) ≤ 2^{−c2/4 ∑nj=1 ‖dj ‖2∞} . □

Jeÿrhma 3.1.1 H oikogèneia S_n twn metajèsewn tou {1, 2, . . . , n} me metrikă thn d(σ, τ) =^1_n |{i : σ(i) ≠ τ(i)}| kai me to omoiìmorfo mètro P pou dÐnei mĹza^1_{n!} se kĹje metĹjesh eÐnai mia kanonikă Lévy oikogèneia me stajerèc c_1 = 2 kai c_2 = 1/64. Dhladă, α(S_n, ε) ≤ 2 exp(−ε^2n/64) gia kĹje ε > 0.

Apìdeixh: ’Estw F_j h Ĺlgebra pou parĹgetai apo ta A_{i1 ,...,ij} = {σ : σ(1) = i_1, . . . , σ(j) = i_j } ìpou i_1, . . . , i_j diakekrimèna stoiqeÐa tou {1, . . . , n}. JewroÔme thn akoloujÐa

{∅, S_n} = F_0 ⊆ F_1 . . . ⊆ F_n = 2^{Sn} .

Tìte, F_j ⊆ F_{j+1} gia kĹje j = 0, 1, . . . , n − 1. PrĹgmati, kĹje Ĺtomo thc F_j eÐnai thc morfăc A_{i1 ,i2 ,...,ij} = ⋃ k∈{1,...,n}\{i_1 ...,i_j } {σ : σ(1) = i_1, . . . , σ(j) = i_j , σ(j + 1) = k},

dhladă anăkei sthn F_{j+1}.

’Estw f mia sunĹrthsh orismènh sto S_n, me stajerĹ Lipschitz 1 kai èstw (f_j )^{j=n}_{j=0} to martingale f_j = E(f|F_j ) pou parĹgetai apo thn f.

Lămma 3.1.2 Gia kĹje Ĺtomo A = A_{i1 ,i2 ,...,ij} thc F_j kai kĹje zeugĹri atìmwn B = A_{i1 ,i2 ,...,ij ,r} kai C = A_{i1 ,...,ij ,s} thc F_{j+1} pou perièqontai sto A, mporoÔme na broÔme mia 1-1 apeÐkonish ϕ : B → C tètoia ÿste d(b, ϕ(b)) ≤^2_n gia kĹje b ∈ B.

Apìdeixh: ’Estw π h metĹjesh pou antimetajètei ta r kai s kai afănei ametĹblhta ta upìloipa stoiqeÐa tou {1, . . . , n}. OrÐzoume ϕ : B → C me ϕ(σ) = π ∘ σ.

Tìte, ϕ(σ)(i) = σ(i) gia i ≠ j + 1 kai i ≠ σ^{−1}(s). PrĹgmati, ean i = σ^{−1}(s) tìte σ(i) = s kaiϕ(σ)(i) = π ∘ σ(i) = π(s) = r. Ean i = j + 1, tìte ϕ(σ)(j + 1) = π ∘ σ(j + 1) = π(r) = s kai an i = σ^{−1}(s) tìte ϕ(σ)(i) = π(s) = r. Epomènwc, d(b, ϕ(b)) ≤ 2 n . H ϕ eÐnai ex orismoÔ 1-1 kai afoÔ cardB = cardC èpetai oti h ϕ eÐnai epÐ. □ ’Estw A, B, C ìpwc ston isqurismì. AfoÔ ta B, C eÐnai Ĺtoma thc F_{j+1}, h f_{j+1} eÐnai stajeră sta B, C. ’Eqoume ∫ B E(f|F_{j+1} )dP = ∫ B fdP = 1 n! ∑ σ∈B f(σ). ’Omwc h f_{j+1} = E(f|F_{j+1} ) eÐnai stajeră sto B, Ĺra f_{j+1}|B ≡ 1 P (B) 1 n! ∑ σ∈B f(σ) = 1 |B| ∑ σ∈B f(σ).

’Omoia deÐqnoume oti f_{j+1}|C =^1_{|C|} ∑ σ∈C f(σ). GrĹfoume f_{j+1}|C = 1 |C| ∑ σ∈C f(σ) = 1 |ϕ(B)| ∑ σ∈B f(ϕ(σ)) = 1 |B| ∑ σ∈B f(ϕ(σ)). AfoÔ h f eÐnai sunĹrthsh Lipschitz me stajerĹ 1, |f_{j+1}|B − f_{j+1}|C| ≤ 1 |B| ∑ σ∈B |f(σ) − f(ϕ(σ))| ≤ 1 |B| ∑ σ∈B d(σ, ϕ(σ)) ≤ 1 |B| ∑ σ∈B 2 n = 2 n . ’Epetai ìti |f_{j+1}|B − f_j |A| ≤^2_n . PrĹgmati, èqoume |A| = | ⋃ s∉{i_1 ,...,i_j } A_{i1 ,...,ij ,s}| = ∑ s∉{i_1 ,...,i_j } |A_{i1 ,i2 ,...,ij ,s}| = (n − j)|C|. Epomènwc, f_j |A = 1 |A| ∑ σ∈A f(σ)

= 1 (n − j)|C| n∑ s∉{i_1 ,...,i_j },s=1 ∑ σ∈A_{i1 ,...,ij ,s} f(σ)

= 1 (n − j)|C| ∑ C⊆A ∑ σ∈C f(σ) = 1 n − j ∑ C⊆A f_{j+1}|C. ’Ara, |f_{j+1}|B − f_j |A| = | | | | 1 n − j ∑ C⊆A f_{j+1}|B − 1 n − j ∑ C⊆A f_{j+1}|C | | | | = | | | | ∑ C⊆A 1 n − j (f_{j+1}|B − f_{j+1}|C) | | | | ≤ ∑ C⊆A 1 n − j |f_{j+1}|B − f_{j+1}|C| ≤ ∑ C⊆A 1 n − j 2 n = 2 n .

’Eqoume Ω = ⋃ B_i ìpou B_i ∈ F_{j+1}. Ja deÐxoume oti |d_{j+1}|B_i| ≤^2_n , ìpou oi d_j orÐzontai ìpwc sthn anisìthta tou Azuma. PrĹgmati, |d_{j+1}|B_i| = |f_{j+1}|B_i − f_j |B_i| = |f_{j+1}|B_i − f_j |A_i| ≤ 2 n ìpou A_i to Ĺtomo thc F_j pou perièqei to B_i. ’Ara, ‖d_{j+1}‖_∞ ≤ 2 n . H f profanÿc anăkei ston L_∞(S_n, F_n, P ), Ĺra h prohgoÔmenh anisìthta kai to Lămma 3.1.1 dÐnoun P (|f − Ef| ≥ c) ≤ 2e^{−c2n/16}. ’Eqoume loipìn apodeÐxei thn exăc prìtash.

Prìtash 3.1.1 ’Estw f : S_n → R sunĹrthsh Lipschitz me stajerĹ 1. Tìte, P (|f − Ef| ≥ c) ≤ 2e^{−c2n/16}. □ Oloklhrÿnoume thn apìdeixh tou jewrămatoc wc exăc. Gia kĹje A ⊆ S_n, h d(·, A) eÐnai Lipschitz me stajerĹ 1. Epilègoume c > 0 tètoion ÿste 2 exp(−c^2n/16) = 1/2. Dhladă, c = 4 √ log 4/n. Tìte, P (|d(·, A) − E(d(·, A))| < 4 √ log 4/n) ≤ 1/2. Ean upojèsoume oti P (A) ≥ 1/2, tìte P (d(·, A) = 0) = P (A) ≥ 1/2. Ta endeqì- mena {σ : d(σ, A) = 0} kai {|d(·, A) − Ed(·, A)| < 4 √ log 4/n} èqoun mh kènh tomă afoÔ P ({σ : d(σ, A) = 0}) + P ({|d(·, A) − Ed(·, A)| < 4 √ log 4/n}) > 1 2 + 1 2 = 1.

’Ara upĹrqei σ ∈ S_n tètoio ÿste |d(σ, A) − Ed(, A)| < 4 √ log 4/n kai d(σ, A) = 0 (dhladă, σ ∈ A). ’Epetai oti Ed(·, A) < 4 √ log 4/n. ’Eqoume P (d(·, A) ≤ c + Ed(·, A)) ≤ P (|d(, A) − Ed(·, A)| ≥ c) ≤ 2e^{−c2n16} . ’Omwc, P (d(·, A) ≤ c + 4 √ log 4/n) ≤ P (d(·, A) ≥ c + Ed(·, A)). ’Ara, P (d(·, A) ≤ c + 4 √ log 4/n) ≤ 2 exp(−c^2n/16).

Gia ε > 8 √ log 4/n paÐrnoume P (d(·, A) > ε) = P (d(·, A) > ε/2 + 4 √ log 4/n) ≤ 2e^{−ε2n64} .

Apì thn Ĺllh pleurĹ, an ε ≤ 8 √ log 4/n P (d(·, A) > ε) ≤ P (S_n \ A) ≤ 1 2 = 2e^{log(1/4)} ≤ 2e^{−ε2n64} .

’Ara, h sunĹrthsh sugkèntrwshc α(S_n, ε) ikanopoieÐ thn α(S_n, ε) ≤ 2e^{−ε2n/64} gia kĹje ε > 0. Dhladă, h (S_n) eÐnai kanonikă oikogèneia Lévy me stajerèc c_1 = 2 kai c_2 = 1/64. □ H Ðdia mèjodoc dÐnei mia Ĺllh apìdeixh thc anisìthtac tou Khintchine.

Jeÿrhma 3.1.2 Gia kĹje 1 ≤ p < ∞ upĹrqoun stajerèc 0 < A_p, B_p < ∞ tètoiec ÿste: an a_1, . . . , a_n ∈ R, tìte

A^{−1}_p ( n∑ i=1 |a_i|^2)^{1/2} ≤ | n∑ i=1 a_ir_i|_p ≤ B_p( n∑ i=1 |a_i|^2)^{1/2}.

Epiplèon, B_p = O( √ p) kajÿc p → +∞ kai h A_p eÐnai fragmènh makriĹ apo to mhdèn: dhladă, upĹrqei mia stajerĹ m > 0 tètoia ÿste |A_p| ≥ m gia kĹje p ≥ 1.

Apìdeixh: ’Estw {a_i}^n_{i=1} ⊆ R me ∑_n i=1 a^2_i = 1. Gia kĹje k ≥ 1 jewroÔme thn Ĺlgebra F_k pou apoteleÐtai apì tic peperasmènec enÿseic twn upodiasthmĹtwn [s/2^k, (s + 1)/2^k), s = 0, 1, . . . , 2^k − 1. Oi sunartăseic Radermacher r_1, . . . , r_k eÐnai metrăsimec wc proc thn F_k . Profanÿc F_1 ⊆ F_2 ⊆ . . . F_n kai h { ∑_k i=1 a_ir_i }_n k=1 eÐnai martingale wc proc thn {F_k}^n_{k=1}. PrĹgmati,

E (_k ∑ i=1 a_ir_i | |F_{k−1} ) = k∑ i=1 a_iE(r_i |F_{k−1}) = k−1∑ i=1 a_iE(r_i |F_{k−1}) + a_kE(r_k |F_{k−1}). Epeidă oi r_i, i = 1, . . . , k − 1 eÐnai metrăsimec wc proc thn F_{k−1}, èqoume E(r_i |F_{k−1}) = r_i, i = 1, . . . , k − 1. EpÐshc, E(r_k |F_{k−1}) = 0. IsqÔei mĹlista kĹti perissìtero: (∗) ∫ A E(r_k |F_{k−1})dP = 0 gia kĹje A ∈ F_{k−1}.

Apìdeixh thc (∗): ArkeÐ na deÐxoume oti ∫ A E(r_k |F_{k−1})dP = 0 gia kĹje Ĺtomo

thc F_{k−1}. ’Estw A Ĺtomo thc F_{k−1}. Tìte, A = B_1 ∪ B_2, ìpou ta B_1, B_2 eÐnai

diastămata măkouc^1_{2k} , Ĺra Ĺtoma thc F_k. Epomènwc, ∫ A E(r_k |F_{k−1})dP = ∫ A r_k dP = ∫ B_1 r_kdP + ∫ B_2 r_kdP = 0. H teleutaÐa isìthta isqÔei afoÔ se èna apo ta B_1, B_2 h r_k paÐrnei thn timă 1 kai

sto Ĺllo thn timă −1. □

’Estw f = ∑_n i=1 a_ir_i. Tìte, E(f|F_k ) = E(E (f|F_{n−1} )|F_k) = E (_{n−1} ∑ i=1 a_ir_i | |F_k ) = E ( E (_{n−1} ∑ i=1 a_ir_i | |F_{n−2} ) | |F_k )

= E (_{n−2} ∑ i=1 a_ir_i | |F_k ) = . . . = E (_{k+2} ∑ i=1 a_ir_i | |F_k )

= E ( E (_{k+2} ∑ i=1 a_ir_i | |F_{k+1} ) | |F_k ) = E (_{k+1} ∑ i=1 a_ir_i | |F_k )

= k∑ i=1 a_ir_i. ’Epetai oti ‖d_k‖_∞ = ‖E(f|d_k ) − E(f|d_{k−1} )‖_∞ = ‖ ‖ ‖^k ∑ i=1 a_ir_i − k−1∑ i=1 a_ir_i ‖ ‖ ‖ ∞ = ‖a_kr_k‖_∞ = |a_k|. Profanÿc f ∈ L_∞([0, 1], F, P ). ’Eqoume Ef = E (_n ∑ i=1 a_ir_i ) = n∑ i=1 a_iEr_i = n∑ i=1 a_i0 = 0.

’Ara, apì to Lămma 3.1.1 paÐrnoume èqoume P (| | | | n∑ i=1 a_ir_i | | | | > c ) ≤ 2e −c2 4 ∑n i=1 ‖di‖ 2 ∞ = 2e^{−c24}

afoÔ ∑_n i=1 a^2_i = ∑_n i=1 ‖d_i‖^2 = 1. Efarmìzoume to Lămma 2.1.4 gia thn f = ∑_n i=1 a_ir_i: an kĹnoume thn allagă metablăthc x = t^2/4, paÐrnoume

∫_1 0 | ∑ a_ir_i|^pdP = ∫_∞ 0 pe^{p−1}P (| | | n∑ i=1 a_ir_i | | | > t ) dt

≤ ∫_∞ 0 pt^{p−1}e^{−t24} dt = 2^pp ∫_∞ 0 e^{−x}x^{p/2−1}dx ’Opwc sthn §2.1, sumperaÐnoume oti an p eÐnai Ĺrtioc fusikìc tìte

2^pp ∫_∞ 0 e^{−x}x^{p/2−1}dx ≤ 2^pp^{p/2}. OrÐzoume

B^p = ∫_∞ 0 pt^{p−1}e^{−t24} dt. Gia kĹje p ≥ 2 upĹrqei q Ĺrtioc me p ≤ q ≤ p + 2, Ĺra

B_p ≤ B_q ≤ 2 √ q ≤ 2 √ p + 2 ≤ 2 √ 2p = 2 √ 2 √ p. ’Ara,

sup_{p≥2} B_p/ √ p ≤ ∞. Apì ton kanona tou parallhlogrĹmmou èqoume

1 = (∫_1 0 | | | ∑ a_ir_i | | | 2 dP )_{1/2} . Oi prohgoÔmenec sqèseic kai h anisìthta tou Hölder deÐqnoun oti gia kĹje 2 ≤ p < ∞, 1 = (∫_1 0 | | | | ∑ a_ir_i | | | | 2 dP )_{1/2} ≤ (∫_1 0 | | | | n∑ i=1 a_ir_i | | | | p dP )_{1/p} ≤ B_p. ExetĹzoume tÿra thn perÐptwsh 1 ≤ p ≤ 2. Apì thn anisìthta tou Hölder, 1 = ∫_1 0 | | | n∑ i=0 a_ir_i | | | 2 dP

= ∫_1 0 | | | n∑ i=1 a_ir_i | | | 2/3| | | n∑ i=1 a_ir_i | | | 4/3 dP

≤ (∫_1 0 (| | | | n∑ i=1 a_ir_i | | | | 2/3 )^{3/2} ) dP )_{3/2} ∫_1 0 (| | | | n∑ i=1 a_ir_i | | | | 4/3)_3 dP 1/3

= (∫_1 0 | | | n∑ i=1 a_ir_i | | |dP )_{2/3} (∫_1 0 | | | n∑ i=1 a_ir_i | | | 4 dP )_{1/3} .

’Epetai oti

B^{−2}_4 ≤

∫_1 0 | | | | n∑ i=1 a_ir_i | | | |dP. EpÐshc, gia 1 ≤ p < 2 apì thn anisìthta tou Hölder èqoume (∫_1 0 | | | n∑ i=1 a_ir_i | | | p dP )_{1/p} ≤ (∫_1 0 | | | n∑ i=1 a_ir_i | | | 2 dP )_{1/2} = 1.

’Ara, gia kĹje 1 ≤ p < 2 èqoume

B^{−2}_4 ≤

∫_1 0 | | |^n ∑ i=1 a_ir_i | | |dP ≤ (∫_1 0 | | |^n ∑ i=1 a_ir_i | | |^pdP )_{1/p} ≤ (∫_1 0 | | |^n ∑ i=1 a_ir_i | | |^2dP )_{1/2} = 1.

Dhladă, gia kĹje 1 ≤ p < ∞ upĹrqoun stajerèc B_p, A_p tètoiec ÿste A^{−1}_p ≤ ‖ ‖ ‖^n ∑ i=1 a_ir_i ‖ ‖ ‖ p ≤ B_p gia kĹje a_1, . . . , a_n me ∑_n i=1 a^2_i = 1.

Apì tic ektimăseic pou dÿsame gia tic A_p kai B_p prokÔptoun Ĺmesa oi upìloipoi

isqurismoÐ tou Jewrămatoc 3.1.2. □

3.2 H summetrikă omĹda - h mèjodoc thc kurtăc

jăkhc

SumbolÐzoume me S_N thn omĹda twn metajèsewn tou sunìlou {1, 2, . . . , N}, efo-

diasmènh me to summetrikì mètro pijanìthtac P_N . Gia kĹje A ⊆ S_N kai σ ∈ S_N ,

jewroÔme to sÔnolo U_A(σ) = {s ∈ {0, 1}^N : ∃τ ∈ A : ∀ l ≤ N, s_l = 0 ⇒ τ(l) = σ(l)} kai sumbolÐzoume me V_A(σ) thn kurtă jăkh tou U_A(σ) sto [0, 1]^N . Jètoume

f(A, σ) = inf { ∑ l≤N s^2_l : s = (s_l) ∈ V_A(σ) } . Skopìc mac eÐnai na apodeÐxoume thn exăc anisìthta:

Jeÿrhma 3.2.1 Gia kĹje mh kenì A ⊆ S_N , ∫ S_N e^{f (A,σ)/16}dP_N (σ) ≤ 1 P_N (A) .

To Jewrhma auto dinei analogh ektimhsh me to Jewrhma 3.1.1 gia thn sunhjh sunarthsh sugkentrwshc tou qwrou metajesewn S_N . Me mia omwc ennoia einai isqurotero (h sugkrish einai paromoia me authn twn Jewrhmatwn 2.3.1 kai 2.5.1: blepe Kefalaio 2, selida 47).

H apìdeixh ja gÐnei me epagwgă wc proc N, eÐnai ìmwc teqnikĹ polÔplokh. An p, m ≤ N kai p ≠ m, orÐzoume f(A, σ, p, m) = inf { s^2_p + ∑ l≤N s^2_l : s ∈ V_A(σ), s_m = 0 } ,

kai gia i, j ≤ N jètoume g(A, σ, i, j) = inf { ∑ l≠i,j s^2_l : s ∈ V_A(σ) } .

To Jeÿrhma 3.2.1 eÐnai Ĺmesh sunèpeia tou exăc:

Jeÿrhma 3.2.2 Gia kĹje mh kenì A ⊆ S_N kai p ≤ N èqoume: (1) ∫ S_N e^{f (A,σ,p)/16}dP_N (σ) ≤ 1 P_N (A) kai (2) ∫ S_N e^{f (A,σ,σ−1(p))/16}dP_N (σ) ≤ 1 P_N (A) . Apìdeixh: Me epagwgă wc proc N.

Gia N = 1 èqoume S_1 = { id} kai p = 1, epomènwc ∫ S_1 e^{f (A,σ,σ−1(1))/16}dP_N (σ) = e^{f (A,id,1)}. AfoÔ A ≠ ∅, èqoume A = S_1. ’Ara, U_A(id) = {1, 0}. ’Epetai oti V_A(id) = [0, 1], opìte f(A, id, 1) = 0. Epomènwc, ∫ S_1

e^{f (A,σ,σ−1(1))/16} = 1 = 1 P_1(A) . ’Omoia apodeiknÔoume thn ∫ S_1 e^{f (A,σ,p)/16}dP_1(σ) ≤ 1 P_1(A) . Upojètoume oti to Jeÿrhma isqÔei gia kĹpoio N kai ja deÐxoume oti isqÔei gia ton N + 1. Gia to epagwgikì băma ja qreiastoÔme ta parakĹtw lămmata:

Lămma 3.2.1 ’Estw i, j ≤ N + 1 me i ≠ j, èstw σ ∈ S_{N+1} kai 0 ≤ λ ≤ 1. Tìte, f(A, σ, i) ≤ 4(1 − λ)^2 + (1 − λ)g(A, σ, i, j) + λf(A, σ, j, i). Apìdeixh: ’Estw s ∈ V_A(σ) kai t ∈ V_A(σ) me t_i = 0. AfoÔ to V_A(σ) eÐnai kurtì, èqoume u = (1 − λ)s + λt ∈ V_A(σ). ’Ara, f(A, σ, i) ≤ ∑ l≤N u^2_l + u^2_i

= 2u^2_i + ∑ l≤N,l≠i u^2_l

= 2u^2_i + u^2_j + ∑ l≤N,l≠i,j u^2_l

≤ 2[(1 − λ)s_i + λt_i]^2 + ((1 − λ)s_j + λt_j )^2 + ∑ l≤N,l≠i,j u^2_l

= 2(1 − λ)^2 + ((1 − λ)s_j + λt_j )^2 + ∑ l≤N,l≠i,j u^2_l .

Apì thn anisìthta (a + b)^2 ≤ 2a^2 + 2b^2 kai tic 0 ≤ s_j ≤ 1, 0 ≤ λ ≤ 1 paÐrnoume ((1 − λ)s_j + λt_j )^2 ≤ 2(1 − λ)^2s^2_j + 2λ^2t^2_j ≤ 2(1 − λ)^2 + 2λ^2t^2_j ≤ 2(1 − λ)^2 + 2λt^2_j .

’Ara, f(A, σ, i) ≤ ∑ l≠i,j ((1 − λ)s_l + λt_l)^2 + 4(1 − λ)^2 + 2λt^2_j .

H x → x^2 eÐnai kurtă, Ĺra ((1 − λ)s_l + λt_l)^2 ≤ (1 − λ)s^2_l + λt^2_l .

Epomènwc, èqoume f(A, σ, i) ≤ (1 − λ) ∑ l≠i,j s^2_l + λ(2t^2_j + ∑ l≠j,i t^2_l ) + 4(1 − λ)^2

= (1 − λ) ∑ l≠i,j s^2_l + λ(t^2_j + ∑ l≤N t^2_l ) + 4(1 − λ)^2

gia kĹje s, t ∈ V_A(σ). PaÐrnontac infimum wc proc t, s paÐrnoume to zhtoÔmeno. □ Orismìc Gia kĹje i ≤ N orÐzoume G_i = {σ ∈ S_{N+1} : σ(i) = N + 1}

SumbolÐzoume me t_i = t_{N+1,i} thn antimetĹjesh twn N + 1 kai i, kai jewroÔme thn apeikìnish R : ρ → ρ ∘ t_i. ParathroÔme oti, ean ρ ∈ G_i tìte R(ρ)(N + 1) = (ρ ∘ t_i)(N + 1) = ρ(i) = N + 1.

Epomènwc mporoÔme na blèpoume thn R san mia apeikìnish apì to G_i sthn S_N . Tèloc, an A ⊆ S_{N+1} orÐzoume A_i = A ∩ G_i. Lămma 3.2.2 Ean σ ∈ G_i, èqoume f(A, σ, j, i) ≤ f(R(A_i), R(σ), t_i(j)). Apìdeixh: JewroÔme prÿta thn perÐptwsh i = N + 1. Tìte, t_{N+1} = id kai R eÐnai h probolă tou G_{N+1} sthn S_N . An s ∈ U_{R(An+1)}(R(σ)), elègqoume eÔkola oti s̄ = (s, 0) ∈ U_A(σ). ’Epetai oti s ∈ V_{R(AN +1)}(R(σ)) =⇒ s̄ = (s, 0) ∈ V_A(σ). EpÐshc, s̄^2_j + ∑ l≤N+1 s̄^2_l = s^2_j + ∑ l≤N s^2_l .

AfoÔ s̄ ∈ V_A(σ) kai s̄_{N+1} = 0, f(A, σ, j, N + 1) ≤ s^2_j + ∑ l≤N s^2_l .

PaÐrnontac infimum wc proc s èqoume to zhtoÔmeno.

’Estw tÿra i ≠ N + 1. JewroÔme s̄ = (s̄_l) ∈ {0, 1}^{N+1} jètontac s̄_i = 0, s̄_{N+1} = s_i kai s̄_l = s_l an l ≠ i, N + 1. Parathrăste oti s̄_l = s_{ti (l)} gia kĹje l ≠ i. Ja deÐxoume oti s ∈ V_{R(Ai )}(R(σ)) ⇒ s̄ ∈ V_{Ai} (σ). ArkeÐ na deÐxoume oti (∗) s ∈ U_{R(Ai)}(R(σ)) ⇒ s̄ ∈ U_{Ai} (σ). AfoÔ s ∈ U_{R(Ai)}(R(σ)), upĹrqei τ ∈ R(A_i) tètoia ÿste l ≤ N, s_l = 0 ⇒ τ(l) = R(σ)(l). AfoÔ τ ∈ R(A_i), èqoume τ = R(ρ) gia kĹpoia ρ ∈ A_i = A ∩ G_i. Epomènwc, l ≤ N, s_l = 0 ⇒ ρ(t_i(l)) = σ(t_i(l)). Ja deÐxoume oti s̄_l = 0 ⇒ ρ(l) = σ(l).

Gia l = i, èqoume (s̄_i = 0 ⇒ ρ(i) = σ(i)) afoÔ ρ(i) = N + 1 = σ(i) lìgw thc ρ, σ ∈ G_i. Ean l ≠ i èqoume s̄_l = 0 ⇒ s̄_{ti(l)} = 0 Ĺra ρ(t_i(t_i(l))) = σ(t_i(t_i(l))), dhladă ρ(l) = σ(l). Autì apodeiknÔei thn (∗).

An s = (s_l)_{l≤N} ∈ V_{R(Ai)}(R(σ)) kai s̄ ∈ V_A(σ) ìpwc parapĹnw, èqoume

s^2_j + ∑ l≤N s^2_l = s̄^2_{ti(j)} + ∑ l≤N s^2_l

= s̄^2_{ti(j)} + ∑ l≤N,l≠i s̄^2_l + s^2_i

= s̄^2_{ti(j)} + ∑ l≤N,l≠i s̄^2_l + s̄^2_{N+1}

= s̄^2_{ti(j)} + ∑ l≤N+1 s̄^2_l .

PaÐrnontac katĹllhla infimum wc proc s ∈ V_{R(Ai)}(R(σ)), sumperaÐnoume oti f(A, σ, j, i) ≤ f(R(A_i), R(σ), t_i(j)). □ SumbolÐzoume me Q_i to omoiìmorfo mètro pijanìthtac sto G_i.

Pìrisma 3.2.1 IsqÔei h anisìthta ∫ G_i e^{f (A,σ,j,i)/16}dQ_i(σ) ≤ 1 Q_i(A_i) = 1 Q_i(A) .

Apìdeixh: Apì th sqèsh f(A, σ, j, i) ≤ f(R(A_i), R(σ), t_i(j)) èqoume ∫ G_i e^{f (A,σ,j,i)/16}dQ_i(σ) ≤ ∫ G_i e^{f (R(Ai),R(σ),ti (j))/16}dQ_i(σ) = ∫ S_N e^{f (R(Ai),ρ,ti(j))/16}dP_N (ρ) ≤ 1 P_N (R(A_i)) = 1 Q_i(A) . H teleutaia anisìthta isqÔei lìgw thc epagwgikăc upìjeshc ∫ S_N e^{f (A,σ,p)/16}dP_N (σ) ≤ 1 P_N (A) , enÿ h teleutaÐa isìthta isqÔei giatÐ

Q_i(A) = |A_i ∩ G_i| n! = |A_i| n! = R(A_i) n! = P_N (R(A_i)). □

Lămma 3.2.3 ’Estw j ≠ i. Tìte, ∫ G_i e^{f (A,σ,i,j)/16}dQ_i(σ) ≤ 1 Q_j (A) . Apìdeixh: JewroÔme thn S : G_j → G_i me S(ρ) = ρ ∘ t_{i,j} . H S eÐnai kalĹ orismènh: S(ρ)(i) = (ρ ∘ t_{i,j} )(i) = ρ(j) = N + 1.

EÐnai fanerì oti h S eÐnai 1-1.

Isqurismìc: ’Estw B ∈ R(S(A_j )). Tìte, g(A, σ, i, j) ≤ f(B, R(σ)). Apìdeixh: ArkeÐ na deÐxoume oti s ∈ U_B(R(σ)) ⇒ s̄ ∈ U_A(σ), ìpou to s̄ ∈ {0, 1}^{N+1} orÐzetai wc exăc: s̄_i = s̄_j = 1, an i, j ≠ N +1 tìte s̄_{N+1} = s_i, kai an l ∉ {i, j, N + 1} tìte s̄_l = s_l.

AfoÔ s ∈ U_B (R(σ)), upĹrqei τ ∈ B tètoia ÿste: gia kĹje l ≤ N, s_l = 0 ⇒ τ(l) = σ ∘ t_i(l).

AfoÔ τ ∈ B, mporoÔme na grĹyoume τ = ρ ∘ t_{i,j} ∘ t_i gia kĹpoia ρ ∈ A_j . ’Ara, an l ≤ N, s_l = 0 ⇒ ρ ∘ t_{i,j} ∘ t_i(l) = σ ∘ t_i(l). Ja deÐxoume oti s̄_l = 0 ⇒ ρ(l) = σ(l).

Ean l ∉ {i, j, N + 1}, tìte s̄_l = 0 ⇒ s_l = 0 epomènwc èqoume ρ ∘ t_{i,j} ∘ t_i(l) = σ ∘ t_i(l) kai lìgw thc l ∉ {i, j, N + 1} èqoume ρ(l) = σ(l).

Ean l = i = j, tìte s̄_l = 1 kai h zhtoÔmenh prìtash isqÔei.

Ean l = N + 1 = i ă l = N + 1 = j, tìte s̄_{N+1} = 1 Ĺra pĹli h zhtoÔmenh prìtash isqÔei.

Tèloc gia l = N +1 kai l ≠ i, j, èqoume s̄_{N+1} = s_i, Ĺra ean s̄_{N+1} = 0 paÐrnoume ρ ∘ t_{i,j} ∘ t_i(i) = σ ∘ t_i(i) Ĺra ρ ∘ t_{i,j} (N + 1) = σ(N + 1) Ĺra ρ(N + 1) = σ(N + 1).

’Ara s̄ ∈ U_A(σ). □

Apì ton isqurismì paÐrnoume ∫ e^{g(A,σ,i,j)/16}dQ_i(σ) ≤ ∫ e^{f (B,R(σ))/16}dQ_i(σ) = ∫ e^{f (B,p)/16}dP_N (p) ≤ 1 P_N (B) = 1 Q_j (A) . H teleutaÐa anisìthta prokÔptei apì thn epagwgikă upìjesh. □ Epistrèfoume sthn apìdeixh thc ∫ S_{N +1} e^{f (A,σ,σ−1(p))/16}dP_{N+1}(σ) ≤ 1 P_{N+1}(A) . QwrÐc blĹbh thc genikìthtac upojètoume oti p = N + 1. Dialègoume j tètoio ÿste max_i Q_i(A) = Q_j (A). JewroÔme i, j ≤ N + 1 me i ≠ j kai 0 ≤ λ ≤ 1. Apì ta prohgoÔmena Lămmata, apì to Pìrisma 3.2.1 kai apo thn anisìthta Hölder èpetai oti ∫ e^{f (A,σ,i)/16}dQ_i(σ) ≤ e^{(1−λ)2/4} ∫ e^{(1−λ)g(A,σ,i,j)/16}e^{λf (A,σ,j,i)/16}dQ_i(σ) ≤ e^{(1−λ)24} (∫ e^{g(A,σ,i,j)/16}dQ_i(σ) )_{1−λ} (∫ e^{f (A,σ,j,i)/16}dQ_i(σ) )_λ

≤ e^{(1−λ)24} ( 1 Q_i(A) )_λ ( 1 Q_j (A) )_{1−λ}

= 1 Q_j (A) ( Q_i(A) Q_j (A) )_{−λ} e^{(1−λ)24}

gia kĹje λ ∈ [0, 1]. ’Omwc, gia kĹje r ∈ [0, 1] inf 0≤λ≤1 r^{−λ}e^{(1−λ)24} ≤ 2 − r. Epomènwc, ∫ e^{f (A,σ,i)/16} ≤ 1 Q_j (A) ( 2 − Q_i(A) Q_j (A) )

gia i ≠ j. H Ðdia sqèsh isqÔei kai gia i = j. ParathroÔme oti

P_{N+1} = 1 N + 1 ∑ i≤N+1 Q_i kai afoÔ σ ∈ G_i ⇒ i = σ^{−1}(N + 1), èqoume ∫ S_{N +1} e^{f (A,σ,σ−1(N+1))/16}dP_{N+1}(σ) = N+1∑ i=1 ∫ G_i e^{f (A,σ,i)}dP_{N+1}(σ)

= N+1∑ i=1 1 N + 1 ∫ G_i e^{f (A,σ,σ−1(N+1))/16}dQ_i(σ)

≤ N+1∑ i=1 1 N + 1 1 Q_j (A) ( 2 − Q_i(A) Q_j (A) )

= 1 Q_j (A) ( 2 − 1 N+1 ∑_{N+1} i=1 Q_i(A) Q_j (A) )

= 1 Q_j (A) ( 2 − P_{N+1}(A) Q_j (A) )

≤ 1 P_{N+1}(A) . Autì oloklhrÿnei thn apìdeixh thc (2). To epagwgikì băma gia thn (1) eÐnai anĹlogo me autì thc (1), allĹ ìqi entelÿc ìmoio.

Lămma 3.2.4 Gia σ ∈ S_{N+1},j ≤ N + 1 j ≠ σ(N + 1) ,0 ≤ λ ≤ 1 èqoume f(A, σ, N + 1) ≤ 4(1 − λ)^2 + (1 − λ)g(A, σ, N + 1, σ^{−1}(j)) + λf(A, σ, σ^{−1} (j), N + 1). Apìdeixh: To zhtoÔmeno prokÔptei apì thn anisìthta tou Lămmatoc 3.2.1 an antikatastăsoume to i me N + 1 kai to j me σ^{−1}(j). □ Jètoume G^′_i = {σ ∈ S_{N+1} : σ(N + 1) = i}.

StajeropoioÔme i kai jewroÔme thn apeikìnish R^′ : ρ → t_i ∘ ρ. An ρ ∈ G^′_i, tìte

R^′(ρ)(N + 1) = t_i(i) = N + 1,

Ĺra mporoÔme na blèpoume thn R^′ san apeikìnish apì to G^′_i sthn S_N . Jètoume A^′_i = A ∩ G^′_i.

Lămma 3.2.5 An σ ∈ G^′_i, i ≠ j, èqoume f(A, σ, σ^{−1}(j), N + 1) ≤ f(R^′(A^′_i), R^′(σ), R^′(σ)^{−1}(t_i(j))). Apìdeixh: Gia kĹje akoloujÐa s ∈ {0, 1}^N jewroÔme thn akoloujÐa s̄ = (s̄_l) ∈ {0, 1}^{N+1} pou orÐzetai apì tic s̄_l = s_l an l ≠ N + 1 kai s̄_{N+1} = 0. AfoÔ

σ^{−1}(j) = R^′(σ)^{−1}(t_i(j)) ≠ N + 1,

arkeÐ na deÐxoume oti s ∈ U_R′_{(A}′_{i)}(R^′(σ)) =⇒ s̄ ∈ U_A(σ). ’Estw èna tètoio s. Apì ton orismì, upĹrqei τ ∈ R^′(A^′_i) tètoia ÿste l ≤ N , s_l = 0 =⇒ τ(l) = R^′(σ)(l).

AfoÔ τ ∈ R^′(A^′_i), èqoume τ = R^′(ρ) gia kĹpoia ρ ∈ A^′_i. ’Ara, l ≤ N , s_l = 0 =⇒ (t_i ∘ ρ)(l) = (t_i ∘ σ)(l) =⇒ ρ(l) = σ(l).

AfoÔ ρ(N + 1) = σ(N + 1) = i, èpetai oti l ≤ N , s̄_l = 0 =⇒ ρ(l) = σ(l). Dhladă, s̄ ∈ U_A(σ). □ SumbolÐzoume me Q^′_i to omoiìmorfo mètro pijanìthtac sto G^′_i. Pìrisma 3.2.2 An j ≠ i, ∫ e^{f (A,σ,σ−1(j),N+1)/16}dQ^′_i(σ) ≤ 1 Q^′_i(A) . Apìdeixh: Apì to Lămma 3.2.5 kai to gegonìc oti h R^′ metafèrei to Q^′_i sto P_N , to aristerì mèloc frĹssetai apì ∫ e^{f (R′(Ai),ρ,ρ−1 (ti(j)))dPN (ρ)≤ 1PN (R′(Ai )) = 1Q′}i^{(A)} lìgw thc (2), h opoÐa èqei ădh apodeiqjeÐ. □ Lămma 3.2.6 An i ≠ j, èqoume ∫ e^{g(A,σ,N+1,σ−1(j))/16}dQ^′_i(σ) ≤ 1 Q^′_j (A) . Apìdeixh: H apeikìnish S^′ : ρ → t_{ij} ∘ ρ eÐnai èna proc èna apì to G^′_j sto G^′_i. Jètoume B = R^′ ∘ S^′(A_j ). Ja deÐxoume oti an σ ∈ G^′_i tìte (∗) g(A, σ, N + 1, σ^{−1}(j)) ≤ f(B, R^′(σ)) (blèpontac thn R^′ san apeikìnish apì to G^′_i sto S_N ). AfoÔ P_N (B) = Q^′_j (A), to Lămma èpetai apì thn epagwgikă upìjesh gia thn (1) ă thn (2).

Gia kĹje s ∈ {0, 1}^N orÐzoume mia akoloujÐa s̄ ∈ {0, 1}^{N+1} wc exăc. An l /∈ {N + 1, σ^{−1}(j)} jètoume s̄_l = s_l. EpÐshc, s̄_{N+1} = s̄_σ−1_{(j)} = 1. Gia na deÐxoume thn (∗) arkeÐ na deÐxoume oti s ∈ U_B (R^′(σ)) =⇒ s̄ ∈ U_A(σ). ’Estw s ∈ U_B (R^′(σ)). UpĹrqei τ ∈ B tètoia ÿste s_l = 0 =⇒ τ(l) = R^′(σ)(l) = (t_i ∘ σ)(l).

AfoÔ τ ∈ B, mporoÔme na grĹyoume τ = t_i ∘ t_{ij} ∘ ρ gia kĹpoia ρ ∈ A^′_j . Epomènwc, s_l = 0 =⇒ t_{ij} ∘ ρ(l) = σ(l) =⇒ ρ(l) = (t_{ij} ∘ σ)(l).

’Omwc, an l ≠ N + 1, σ^{−1}(j), èqoume σ(l) ≠ i, j. Ara, (t_{ij} ∘ σ)(l) = σ(l). Dhladă, gifl autèc tic timèc tou l èqoume

s̄_l = 0 =⇒ s_l = 0 =⇒ ρ(l) = σ(l). □

H apìdeixh tou epagwgikoÔ bămatoc gia thn (1) qrhsimopoieÐ autĹ ta Lămmata kai eÐnai ìmoia me autăn tou epagwgikoÔ bămatoc gia thn (2). □

Anaforèc. To Jeÿrhma 3.1.1 apodeÐqjhke apì ton Maurey [Ma1]. Gia anisìthtec {tÔpou Azuma} blèpe to biblÐo tou Stout [St]. H efarmogă twn martingales sthn apìdeixh thc anisìthtac Khintchine-Kahane (Jewrhma 3.1.2) eÐnai apì to biblÐo [MS]. To Jeÿrhma 3.2.1 eÐnai tou Talagrand [T1].

70

KefĹlaio 4

H idiìthta (τ)

4.1 H idiìthta (τ)

OrismoÐ. ’Estw f kai g metrăsimec sunartăseic orismènec ston R^n . Me f□g sumbolÐzoume thn elaqistikă sunèlixh twn f kai g, (f□g)(x) = inf {f(x − y) + g(y) : y ∈ R^n } . An μ eÐnai èna mètro pijanìthtac ston R^n kai w mÐa jetikă metrăsimh sunĹrthsh ston R^n , lème ìti to zeugĹri (μ, w) ikanopoieÐ thn idiìthta (τ) an gia kĹje fragmènh metrăsimh sunĹrthsh ϕ ston R^n isqÔei (∫ e^{ϕ□w}dμ ) (∫ e^{−ϕ}dμ ) ≤ 1. Lămma 4.1.1 An to (μ_i, w_i) ikanopoieÐ thn (τ) ston R^{ni} gia i = 1, 2, tìte to (μ_1 ⊗ μ_2, w) ikanopoieÐ thn (τ) ston R^{n1} × R^{n2} , ìpou w(x_1, x_2) = w_1(x_1) + w_2(x_2).

Apìdeixh: ’Estw ϕ : R^{n1} × R^{n2} → R fragmènh metrăsimh sunĹrthsh. GrĹfoume (ϕ□w)(x, y) = inf_{(u,v)} {ϕ(x − u, y − v) + w(u, v)} = inf_{(u,v)} {ϕ(x − u, y − v) + w_1(u) + w_2(v)}

= inf_u { inf_v {ϕ(x − u, y − v) + w_2(v)} + w_1(u) } . ’Ara, ∫ e^{ϕ□w}d(μ_1 ⊗ μ_2) = ∫ R^n1 ∫ R^n2

inf_u { e^{w1(u)}e^{infv {ϕ(x−u,y−v)+w2(v)}} } dμ_2(y)dμ_1(x)

≤ ∫ R^{n1} inf_u { e^{w1(u)} ∫ R^{n2} e^{infv {ϕ(x−u,y−v)+w2(v)}}dμ_2(y) } dμ_1(x) ≤ ∫ R^n1

inf_u { e^{w1(u)} (∫ R^n2 e^{−ϕ(x−u,y)}dμ_2(y) )_{−1}} dμ_1(x),

ìpou efarmìsame thn idiìthta (τ) gia to zeugĹri (μ_2, w_2) kai thn sunĹrthsh f_{x,u}(y) = ϕ(x − u, y). Jètoume

ψ(x) = log (∫ R^n2 e^{−ϕ(x,y)}dμ_2(y) )_{−1} . Tìte, h ψ eÐnai fragmènh kai efarmìzontac thn idiìthta (τ) gia to zeugĹri (μ_1, w_1) ston R^{n1} paÐrnoume ∫ e^{ϕ□w}d(μ_1 ⊗ μ_2) ≤ ∫ R^{n1} e^{infu{ψ(x−u)+w1(u)}}dμ_1(x) ≤ (∫ R^n1 e^{−ψ(x)}dμ_1(x) )_{−1}

= (∫ R^{n1} ∫ R^{n2} e^{−ϕ(x,y)}dμ_2(y)dμ_1(x) )_{−1}

= (∫ R^{n1}×R^{n2} e^{−ϕ(x,y)}d(μ_1 ⊗ μ_2)(x, y) )_{−1} . ’Ara, to zeugĹri (μ_1 ⊗ μ_2, w) ikanopoieÐ thn (τ). □ ’Estw μ_1 kai μ_2 mètra pijanìthtac ston R^n . H sunèlixh μ_1 ∗μ_2 twn dÔo mètrwn orÐzetai mèsw thc ∫ R^n h d(μ_1 ∗ μ_2) = ∫ R^n ∫ R^n h(x + y)dμ_1(x)dμ_2(y). Sthn perÐptwsh pou ta dÔo mètra eÐnai apolÔtwc suneqă wc proc to mètro Lebesgue me puknìthtec f_1 kai f_2, to μ_1 ∗ μ_2 eÐnai to mètro pou èqei puknìthta thn f_1 ∗ f_2.

Lămma 4.1.2 An to (μ_i, w_i) ikanopoieÐ thn (τ) ston R^n gia i = 1, 2, tìte to zeugĹri (μ_1 ∗ μ_2, w_1□w_2) ikanopoieÐ thn (τ) ston R^n .

Apìdeixh: ’Estw ϕ : R^n → R fragmènh metrăsimh sunĹrthsh. GrĹfoume

[ϕ□(w_1□w_2)](x + y) = inf_z {ϕ(x + y − z) + (w_1□w_2)(z)}

= inf_z { ϕ(x + y − z) + inf_u {w_1(z − u) + w_2(u)} } = inf_z inf_u {ϕ(x + y − z) + w_1(z − u) + w_2(u)} = inf_u inf_z {ϕ(x + y − z) + w_1(z − u) + w_2(u)}

= inf_u { inf_z {ϕ(x + y − z) + w_1(z − u)} + w_2(u) }

= inf_u { w_2(u) + inf_z {ϕ(x + y − u − z) + w_1(z)} } . ’Ara, ∫ e^{ϕ□(w1□w2)}d(μ_1 ∗ μ_2) = ∫ R^n ∫ R^n e^{[ϕ□(w1□w2)](x+y)}dμ_1(x)dμ_2(y) = ∫ R^n ∫ R^n inf_u { e^{w2(u)}e^{infz {ϕ(x+y−u−z)+w1(z)}} } dμ_1(x)dμ_2(y) ≤ ∫ R^n inf_u { e^{w2(u)} ∫ R^n e^{infz {ϕ(x+y−u−z)+w1(z)}}dμ_1(x) } dμ_2(y) ≤ ∫ R^n inf_u { e^{w2(u)} (∫ R^n e^{−ϕ(x+y−u)}dμ_1(x) )_{−1}} dμ_2(y),

ìpou efarmìsame thn idiìthta (τ) gia to zeugĹri (μ_1, w_1) kai thn sunĹrthsh f_{y,u}(x) = ϕ(x + y − u). Jètoume

ψ(s) = log (∫ R^n e^{−ϕ(x+s)}dμ_1(x) )_{−1} . Tìte, h ψ eÐnai fragmènh kai efarmìzontac thn idiìthta (τ) gia to zeugĹri (μ_2, w_2) ston R^{n2} paÐrnoume ∫ e^{ϕ□(w1□w2)}d(μ_1 ∗ μ_2) ≤ ∫ R^n inf_u { e^{w2(u)}e^{ψ(y−u)} } dμ_2(y) = ∫ R^n e^{(ψ□w2)(y)}dμ_2(y) ≤ (∫ R^n e^{−ψ(y)}dμ_2(y) )_{−1}

= (∫ R^n e^{−ϕ(x+y)}dμ_1(x)dμ_2(y) )_{−1}

= (∫ R^n e^{−ϕ}d(μ_1 ∗ μ_2) )_{−1} . ’Ara, to zeugĹri (μ_1 ∗ μ_2, w_1□w_2) ikanopoieÐ thn (τ). □

Lămma 4.1.3 ’Estw ìti to (μ_1, w_1) ikanopoieÐ thn (τ) ston R^{n1} . ’Estw w : R^{n2} → R jetikă metrăsimh sunĹrthsh kai f : R^{n1} → R^{n2} sunĹrthsh pou ikanopoieÐ thn w_2(f(x) − f(y)) ≤ w_1(x − y) gia kĹje x, y ∈ R^{n1} . ’Estw μ_2 to mètro pijanìthtac f(μ_1) ston R^{n2} , dhladă μ_2(A) = μ_1(f^{−1}(A)). Tìte, to (μ_2, w_2) ikanopoieÐ thn (τ) ston R^{n2} .

Apìdeixh: Ja deÐxoume prÿta ìti [(ϕ ∘ f)□w_1] ≥ [(ϕ□w_2) ∘ f] gia kĹje fragmènh metrăsimh ϕ : R^{n2} → R. ’Eqoume [(ϕ ∘ f)□w_1](x) = inf_{y∈Rn1} {(ϕ ∘ f)(x − y) + w_1(y)} = inf_{y∈Rn1} {(ϕ ∘ f)(y) + w_1(x − y)} ≥ inf_{y∈Rn1} {(ϕ ∘ f)(y) + w_2(f(x) − f(y))} ≥ inf_{w∈Rn2} {(ϕ ∘ f)(y) + w_2(f(x) − w)} = (ϕ□w_2)(f(x)) = [(ϕ□w_2) ∘ f](x) gia kĹje x ∈ R^{n1} . Apì thn μ_2 = f(μ_1) èpetai ìti ∫ R^{n2} e^{(ϕ□w2)(y)}dμ_2(y) = ∫ R^{n1} e^{((ϕ□w2)∘f )(x)}dμ_1(x) ≤ ∫ R^{n1} e^{((ϕ∘f )□w1)(x)}dμ_1(x) ≤ (∫ R^{n1} e^{−(ϕ∘f )(x)}dμ_1(x) )_{−1}

= (∫ R^{n2} e^{−ϕ(y)}dμ_2(y) )_{−1} . ’Ara, to (μ_2, w_2) ikanopoieÐ thn (τ). □ H idiìthta (τ) enìc zeugarioÔ (μ, w) sundèetai me thn sugkèntrwsh tou mètrou μ. H sqèsh dÐnetai apì thn epìmenh prìtash.

Prìtash 4.1.1 ’Estw ìti to (μ, w) ikanopoieÐ thn idiìthta (τ) ston R^n . Gia kĹje metrăsimo A ⊆ R^n kai kĹje jetikì arijmì t èqoume μ (x /∈ A + {w < t}) ≤ (μ(A))^{−1}e^{−t}. Apìdeixh: Gia kĹje n ≥ t jewroÔme thn sunĹrthsh ϕ_{A,n}(x) = { 0, x ∈ A n, alliÿc.

An x /∈ A + {w < t}, tìte (ϕ_{A,n}□w)(x) ≥ t. PrĹgmati, (∗) (ϕ_{A,n}□w)(x) = inf_z {ϕ_{A,n}(z) + w(x − z)}.

An z ∈ A, tìte ϕ_{A,n}(z) = 0 kai afoÔ x /∈ A + {w < t} èqoume w(x − z) ≥ t. ’Ara, ϕ_{A,n}(z) + w(x − z) ≥ 0 + t = t. An pĹli z /∈ A, tìte ϕ_{A,n}(z) = n kai w(x − z) ≥ 0, Ĺra ϕ_{A,n}(z) + w(x − z) ≥ n + 0 ≥ t. Epomènwc, isqÔei h (∗). Apì thn idiìthta (τ) èqoume ∫ R^n e^{ϕA,n□w}dμ ≤ (∫ R^n e^{−ϕA,n} dμ )_{−1}

= (∫ A e^{−ϕA,n} dμ + ∫ R^n\A e^{−ϕA,n} dμ )_{−1}

= ( μ(A) + e^{−n}(1 − μ(A)) )_{−1} ≤ 1/μ(A). Apì thn anisìthta tou Markov, e^tμ(x /∈ A + {w < t}) ≤ e^tμ(x : (ϕ_A□w)(x) ≥ t) ≤ ∫ e^{ϕA,n□w}dμ ≤ (μ(A))^{−1}. ’Ara, μ (x /∈ A + {w < t}) ≤ (μ(A))^{−1}e^{−t}. □

4.2 MÐa anisìthta tou Talagrand: apìdeixh mèsw thc idiìthtac (τ)

OrÐzoume mÐa sunĹrthsh W : R → R me W (t) = { t^2/18, |t| ≤ 2 2(|t| − 1)/9, |t| > 2. H W eÐnai Ĺrtia, kurtă, suneqÿc paragwgÐsimh sunĹrthsh. JewroÔme epÐshc to mètro pijanìthtac μ_e sto R, me puknìthta thn χ_{(0,+∞)}(x)e^{−x}. Prìtash 4.2.1 To zeÔgoc (μ_e, w) ikanopoieÐ thn idiìthta (τ). Apìdeixh: ’Estw ϕ fragmènh suneqăc sunĹrthsh sto (0, +∞). GrĹfoume ψ gia thn ϕ□w kai jètoume I_0 = ∫_{+∞} 0 e^{−ϕ(x)−x}dx kai I_1 = ∫_{+∞} 0 e^{ψ(y)−y}dy.

Gia kĹje t ∈ (0, 1) orÐzoume x(t) kai y(t) apì tic sqèseic ∫_{x(t)} 0 e^{−ϕ(x)−x}dx = tI_0 kai ∫_{y(t)} 0 e^{ψ(y)−y}dy = tI_1. Apì tic parapĹnw sqèseic faÐnetai ìti oi x(t), y(t) eÐnai paragwgÐsimec, me

x^′(t) = I_0e^{ϕ(x(t))+x(t)} kai y^′(t) = I_1e^{−ψ(y(t))+y(t)}.

’Eqoume ψ(y(t)) = inf_{y∈R}{ϕ(y) + w(y(t) − y)} ≤ ϕ(x(t)) + w(y(t) − x(t)). ’Ara, y^′(t) ≥ I_1e^{−ϕ(x(t))−w(y(t)−x(t))+y(t)}. Jètoume z(t) = x(t) + y(t) 2 − W (y(t) − x(t)), opìte

z^′(t) = x^′(t) + y^′(t) 2 − W^′(y(t) − x(t))(y^′(t) − x^′(t)) = ( 1 2 + W^′(y(t) − x(t)) ) x^′(t) + ( 1 2 − W^′(y(t) − x(t)) ) y^′(t). EÔkola elègqoume ìti |W^′| ≤ 1/2 sto R, Ĺra h z(t) eÐnai aÔxousa.

GrĹfoume x, y antÐ twn x(t), y(t). Qrhsimopoiÿntac thn anisìthta 1 2 ( ua + v a ) ≥ √ uv, u, v, a > 0 me a = exp(ϕ(x)), paÐrnoume

z^′(t) ≥ (1 − 2W^′(y − x))I_0e^x e^{ϕ(x)} 2 + (1 + 2W^′(y − x))I_1e^{−W (y−x)+y} e^{−ϕ(x)} 2 ≥ √ 1 − 4(W^′(y − x))^2 √ I_0I_1e^{(x+y)/2−W (y−x)/2} = √ 1 − 4(W^′(y − x))^2 √ I_0I_1e^{(x+y)/2−W (y−x)}e^{W (y−x)/2} = √ 1 − 4(W^′(y − x))^2 √ I_0I_1e^{z(t)}e^{W (y−x)/2}. Isqurismìc: Gia kĹje s, ( 1 − 4(W^′(s))^2 ) e^{W (s)} ≥ 1.

Apìdeixh tou isqurismoÔ: AfoÔ h W eÐnai Ĺrtia, arkeÐ na apodeÐxoume thn anisìthta gia s ≥ 0. Sto [2, +∞) èqoume W^′(s) = 2/9 kai h W eÐnai aÔxousa. An loipìn h anisìthta isqÔei gia s = 2, tìte ja isqÔei gia kĹje s ≥ 2. ZhtĹme ( 1 − 4(2/9)^2 ) e^{2/9} ≥ 1

ă, isodÔnama, e^{2/9} ≥ 81/65. H teleutaÐa anisìthta isqÔei giatÐ

e^{2/9} ≥ 1 + 2 9 + 1 2 ( 2 9 )_2 = 101 81 > 81 65 . Gia s ∈ [0, 2] èqoume W^′(s) = s/9, opìte zhtĹme thn e^{−s2/18} ≤ 1 − 4s^2/81. ArkeÐ loipìn na deÐxoume ìti h sunĹrthsh

f(u) = 1 − 4u 81 − e^{−u/18} paÐrnei mh arnhtikèc timèc sto [0, 4]. ParagwgÐzontac blèpoume ìti h f eÐnai koÐlh, Ĺra arkeÐ na exetĹsoume tic timèc f(0) kai f(4). ’Omwc, f(0) = 0 kai h f(4) ≥ 0 eÐnai isodÔnamh me thn e^{2/9} ≥ 81/65 h opoÐa, ìpwc eÐdame, isqÔei. □ Apì ton isqurismì kai thn prohgoÔmenh anisìthta sumperaÐnoume ìti z^′(t) ≥ √ I_0I_1e^{z(t)},

Ĺra ( −e^{−z(t)} )_′ ≥ √ I_0I_1.

Oloklhrÿnontac sto [0, 1] kai qrhsimopoiÿntac to gegonìc ìti z(0) = 0, paÐrnoume

1 ≥ e^{−z(0)} − e^{−z(1)} =

∫_1 0 ( −e^{−z(t)} )_′ dt ≥ √ I_0I_1.

Dhladă, (∫_∞ 0 e^{ϕ□W} dμ_e ) (∫_∞ 0 e^{−ϕ}dμ_e ) = I_0I_1 ≤ 1.

AfoÔ h ϕ ătan tuqoÔsa, to (μ_e, W ) èqei thn idiìthta (τ). □ JewroÔme tÿra thn summetrikă eikìna μ^′_e tou μ_e sto (−∞, 0), me puknìthta thn χ_{(−∞,0)}(x)e^x. Lìgw summetrÐac, to (μ^′_e, W ) èqei thn idiìthta (τ). An ξ eÐnai to ekjetikì mètro pijanìthtac sto R me puknìthta thn^1_2 e^{−|x|}, eÔkola elègqoume oti ξ = μ_e ∗ μ^′_e. Apì to Lămma 4.1.2, to zeugĹri (ξ, W □W ) èqei thn idiìthta (τ). PaÐrnontac upfl ìyin ton orismì thc W , blèpoume oti h U := W □W dÐnetai apì thn U(t) = { t^2/36, |t| ≤ 4 2(|t| − 2)/9, |t| > 4.

JewroÔme tÿra to mètro ginìmeno ξ_n = ξ ⊗ · · · ⊗ ξ (n forèc) ston R^n . An orÐsoume thn sunĹrthsh U_n : R^n → R me

U_n(x_1, . . . , x_n) = n∑ i=1 U(x_i), to Lămma 4.1.1 mac dÐnei to exăc apotèlesma.

Jeÿrhma 4.2.1 To zeugĹri (ξ_n, U_n) èqei thn idiìthta (τ) ston R^n . □ Apì to Jeÿrhma 4.2.1 kai apì thn Prìtash 4.1.1 èpetai oti gia kĹje metrăsimo A ⊆ R^n kai kĹje t > 0, (∗) ξ_n(x /∈ A + {U_n < t}) ≤ 1 ξ_n(A) e^{−t}. Apì ton orismì thc U_n kai thn (∗) prokÔptei h akìloujh proseggistikă anisìthta tou Talagrand gia to ξ_n:

Jeÿrhma 4.2.2 Gia kĹje metrăsimo A ⊆ R^n kai kĹje t > 0, ξ_n(x /∈ A + 6 √ tB^n_2 + 9tB^n_1 ) ≤ 1 ξ_n(A) e^{−t}. Apìdeixh: ArkeÐ na deÐxoume oti {U_n < t} ⊆ 6 √ tB^n_2 + 9tB^n_1 .

’Estw x ∈ R^n me U_n(x) < t. OrÐzoume y kai z ston R^n wc exăc: y_i = x_i an |x_i| ≤ 4 kai y_i = 0 alliÿc, z_i = x_i an |x_i| > 4 kai z_i = 0 alliÿc. Profanÿc, x = y + z. ParathroÔme oti |y|^2 = ∑ {i:|x_i|≤4} x^2_i = 36 ∑ {i:|x_i|≤4} U(x_i) ≤ U_n(x) < 36t,

Ĺra y ∈ 6 √ tB^n_2 . EpÐshc, an |x_i| > 4, tìte U(x_i) = 2 9 (|x_i| − 2) ≥ 2 9 ( |x_i| − |x_i| 2 ) = |x_i| 9 , Ĺra ‖z‖_1 = ∑ {i:|x_i|>4} |x_i| ≤ 9 ∑ {i:|x_i|>4} U(x_i) ≤ 9U_n(x) < 9t, dhladă z ∈ 9tB^n_1 . □

4.3 H idiìthta (τ) sto qÿro tou Gauss

’Estw γ to tupikì mètro pijanìthtac tou Gauss sto R, me puknìthta thn^{1√}_{2π} e^{−x2/2} kai γ_n = γ ⊗ · · · ⊗ γ to mètro ginìmeno ston R^n .

Jeÿrhma 4.3.1 To zeugĹri (γ_n, |x|^2/4) èqei thn idiìthta (τ).

Apìdeixh: Apì to Lămma 4.1.1, arkeÐ na deÐxoume oti to (γ, x^2/4) èqei thn idiìthta (τ) sto R. MporeÐ kaneÐc na dÿsei apìdeixh autoÔ tou isqurismoÔ parìmoia me autăn thc Prìtashc 4.2.1. Ja dÿsoume ìmwc apeujeÐac apìdeixh qrhsimopoiÿntac thn anisìthta Prékopa-Leindler.

’Estw ϕ fragmènh metrăsimh sunĹrthsh ston R^n . OrÐzoume w(y) = |y|^2/4 kai ψ = ϕ□w. An f(x) = ϕ(x) + |x|^2 2 , g(y) = −ψ(y) + |y|^2 2 kai h(z) = |z|^2 2 , tìte eÔkola elègqoume oti h ( x + y 2 ) ≤ f(x) + g(y) 2 . ’Ara, ( ∫ R^n e^{−f (x)}dx ) (∫ R^n e^{−g(x)}dx ) ≤ (∫ R^n e^{−h(x)}dx )_2 . Dhladă, (∫ R^n e^{−ϕ}dγ_n ) (∫ R^n e^{ϕ□w}dγ_n ) ≤ 1 pou eÐnai to zhtoÔmeno. □ San efarmogă tou Jewrămatoc 4.3.1 paÐrnoume mia anisìthta tou Pisier gia thn sugkèntrwsh twn Lipschitz sunartăsewn wc proc to mètro γ_n.

Jeÿrhma 4.3.2 ’Estw f : R^n → R Lipschitz sunĹrthsh me stajerĹ 1, kai èstw X, Y anexĹrthta tuqaÐa dianÔsmata me katanomă to γ_n. Gia kĹje t > 0 isqÔei E ( exp( t(f(X) − f(Y )) √ 2 ) ) ≤ e^{t2/2}. Apìdeixh: JewroÔme thn w(y) = |y|^2/4 kai orÐzoume ψ = tf √ 2 □w. ’Estw x ∈ R^n kai y ∈ R^n tètoio ÿste ψ(x) = tf(y) √ 2 + |x − y|^2 4 .

Tìte, afoÔ ‖f‖_{Lip} ≤ 1, ψ(x) ≥ tf(x) √ 2 − t √ 2 |x − y| + |x − y|^2 4 ≥ tf(x) √ 2 + min_{s∈R}{ s^2 4 − ts √ 2 } = tf(x) √ 2 − t^2 2 . Apì to Jeÿrhma 4.3.1, (∫ e^ψdγ_n ) (∫ e^{−tf /√2}dγ_n ) ≤ 1. Qrhsimopoiÿntac thn prohgoÔmenh anisìthta paÐrnoume ∫ e^{tf /√2}dγ_n · ∫ e^{−tf /√2}dγ_n ≤ e^{t2/2}, dhladă E ( exp( t(f(X) − f(Y )) √ 2 ) ) ≤ e^{t2/2}. □ Pìrisma 4.3.1 An h f : R^n → R eÐnai sunĹrthsh Lipschitz me ‖f‖_{Lip} ≤ 1, tìte γ ( x : | | |f(x) − ∫ R^n fdγ | | | > s ) ≤ 2e^{−s2/4} gia kĹje s > 0.

Apìdeixh: ’Estw t > 0. Apì to Jeÿrhma 4.3.2 kai thn anisìthta tou Jensen, E ( exp( t √ 2 (f − E(f))) ) ≤ e^{t2/2}. ’Ara, gia kĹje s > 0 γ (x : f(x) − Ef > s) ≤ exp ( t^2 2 − ts √ 2 ) . Elaqistopoiÿntac wc proc t kai akoloujÿntac thn Ðdia diadikasÐa gia thn −f paÐrnoume to zhtoÔmeno. □ ’Opwc èqoume dei sto KefĹlaio 1, h anisìthta tou PorÐsmatoc 4.3.1 ekfrĹzei, isodÔnama, thn sugkèntrwsh tou mètrou ston (R^n , | · |, γ_n).

Anaforèc. To ulikì autoÔ tou KefalaÐou basÐzetai sthn ergasÐa tou Maurey [Ma2]. To Jeÿrhma 4.2.2 apodeÐqjhke arqikĹ apì ton Talagrand [T3] me polÔploko trìpo. To Jeÿrhma 4.3.2 apodeÐqjhke arqikĹ apì ton Pisier [Pi1].

KefĹlaio 5

Logarijmikă anisìthta Sobolev

5.1 H logarijmikă anisìthta Sobolev

’Estw E = (R^n , ‖ · ‖) ènac peperasmènhc diĹstashc qÿroc me nìrma kai èstw E^∗ = (R^n , ‖ · ‖_∗) o duðkìc tou qÿroc. JewroÔme èna mètro pijanìthtac μ ston E me sunĹrthsh puknìthtac thn e^{−V (x)}, ìpou V (x) kurtă sunĹrthsh orismènh se èna anoiqtì kurtì uposÔnolo Ω tou E. Epiplèon, upojètoume ìti upĹrqei stajerĹ c > 0 tètoia ÿste: gia kĹje s, t > 0 me s + t = 1 kai kĹje x, y ∈ Ω isqÔei tV (x) + sV (y) − V (tx + sy) ≥ cts 2 ‖x − y‖^2. ’Estw f ∈ C^∞(Ω). H entropÐa thc f^2 wc proc to μ orÐzetai wc exăc:

Ent_μ(f^2) = ∫ f^2 log f^2dμ − ∫ f^2dμ · log ∫ f^2dμ. Ja apodeÐxoume thn exăc anisìthta.

Jeÿrhma 5.1.1 Gia kĹje f ∈ C^∞(Ω),

Ent_μ(f^2) ≤ 2 c ∫ ‖∇f‖^2_∗dμ. Apìdeixh: MporoÔme na jèsoume f^2 = e^g ìpou g ∈ C^∞_b (Ω), dhladă h g èqei sumpagă forèa sto Ω kai fragmènec merikèc paragÿgouc. ’Estw t, s > 0 me t + s = 1. JewroÔme tic sunartăseic u(x) = e^{g(x)/t−V (x)}, v(y) = e^{−V (y)} kai w(z) = e^{gt(z)−V (z)}, ìpou g_t(z) = sup{g(x) − [tV (x) + sV (y) − V (tx + sy)] : z = tx + sy, x, y ∈ Ω}.

Oi sunarthseic u, v, w : R^n → R^+ eÐnai metrăsimec. EpÐshc, an z = tx + sy isqÔei: w(z) ≥ u(t)^tu(y)^s. PrĹgmati: u^t(x)v^s(y) = e^{g(x)−tV (x)}e^{−sV (y)} = e^{g(x)−tV (x)−sV (y)} = e^{g(x)−[tV (x)+sV (y)−V (tx+sy)]−V (tx+sy)} ≤ e^{supz=tx+sy:x,y∈Ω{g(x)−[tV (x)+sV (y)−V (tx+sy)]}−V (tx+sy)} = w(z). Efarmìzontac thn anisìthta Prékopa -Leindler èqoume: ∫ e^{gt} dμ = ∫ e^{gt (z)−V (z)}dx ≥ (∫ e^{g(x)/t−V (x)}dx )_t (∫ e^{−V (x)} )_s

= (∫ e^{g/t}dμ )_t . AnaptÔssontac to dexiì mèloc gÔrw apì to t = 1 paÐrnoume (∫ e^{g/t}dμ )_t = ∫ e^g dμ + sEnt_μ(e^g) + O(s^2). PrĹgmati, èstw h(t) = ( ∫ e^{g/t}dμ)^t = e^{t log ∫ eg/t dμ}. Tìte, h(t) = h(1) + h^′(1)(t − 1) + O((t − 1)^2) = h(1) − h^′(1)s + O(s^2).

’Omwc,

h^′(t) = (∫ e^{g/t}dμ )_t ( log ∫ e^{g/t}dμ − ∫ e^ggdμ t ∫ e^gdμ ) , Ĺra h^′(1) = −Ent_μ(e^g) opìte èqoume to zhtoÔmeno.

PernĹme tÿra sto aristerì mèloc. Apì thn upìjesh, g(x) − [tV (x) + sV (y) − V (tx + sy)] ≤ g(x) − cts 2 ‖x − y‖^2 gia kĹje x, y ∈ Ω. Apì ton orismì thc g_t èpetai ìti g_t(z) ≤ sup{g(x) − cts‖x − y‖^2 2 : z = tx + sy, x, y ∈ Ω}. Apo thn z = tx + sy èqoume z − y = tx + sy − y = tx − (1 − s)y = tx − ty = t(x − y), Ĺra x − y =^1_t (z − y). EpÐshc tx = z − sy = tz + sz − sy = tz + s(z − y), Ĺra x = z +^{s(z−y)}_t . An loipìn jèsoume h = z − y kai η =^s_t , tìte g_t(z) ≤ sup_{h∈E}{g(z + ηh) − cη‖h‖^2 2 }.

Isqurismìc. Apì to jeÿrhma tou Taylor, g(z + ηh) = g(z) + η⟨∇g(z), h⟩ + η^2O(‖h‖^2), ìpou O(‖h‖^2) ≤ C‖h‖^2 kai h C eÐnai anexĹrthth tou z. Apìdeixh: Jètoume w = ηh kai jewroÔme to upìloipo

R_1(w, z_0) = n∑ i,j=1 ∫_1 0 (1 − t)

∂^2g ∂x_i∂x_j (z_0 + tw)w_iw_j dt

= ∫_1 0 n∑ i,j=1 (1 − t)

∂^2g ∂x_i∂x_j (z_0 + tw)w_iw_j dt

= ∫_1 0 (1 − t)⟨A_{z0 +tw}w, w⟩dt. O A_{z0 +tw} : R^n → R^n eÐnai telestăc me pÐnaka thn Essiană thc g. Apì to gegonìc ìti h g èqei fragmènec merikèc paragÿgouc, elègqoume eÔkola ìti

‖A_{z0+tw} : ℓ^n_2 → ℓ^n_2 ‖ ≤ √ n max_j n∑ i=1 | ∂^2g ∂x_i∂x_j (z_0 + tw)| ≤ M ìpou M stajerĹ anexĹrthth apì to z_0 + tw. ’Ara,

|R_1(w, z_0)| = |

∫_1 0 (1 − t)⟨A_{z0 +tw}w, w⟩dt| ≤ ∫_1 0 (1 − t)|⟨A_{z0 +tw}w, w⟩|dt ≤ ∫_1 0 ‖A_{z0+tw}w‖_2‖w‖_2dt ≤ Mr^2‖w‖^2. ìpou r = ‖I : E → ℓ^n_2 ‖. Jètontac C = Mr^2 èqoume apodeÐxei ton isqurismì. □ Qrhsimopoiÿntac ton isqurismì grĹfoume g_t(z) ≤ sup{g(z) + η⟨∇g(z), h⟩ + η^2O(‖h‖^2) − cη 2 ‖h‖^2} = g(z) + η sup{⟨∇g(z), h > −( c 2 − ηC)‖h‖^2}. KĹje h ∈ R^n grĹfetai sth morfă h = λe ìpou λ ≥ 0 kai ‖e‖ = 1. ’Ara, an jèsoume θ = c − 2ηC, g_t(z) ≤ g(z) + η sup_{λ≥0} sup_{‖e‖=1}{λ⟨∇g(z), e⟩ − ( c 2 − ηC)λ^2} = g_t(z) ≤ g(z) + η sup{λ‖∇g(z)‖_∗ − θ λ^2 2 : λ ≥ 0} = g(z) + η ‖∇g(z)‖^2_∗ 2θ .

EÔkola elègqoume ìti η 2θ = η 2c + O(η^2), |η| < c 2C kai afoÔ h nìrma ‖∇g(z)‖_∗ eÐnai omoiìmorfa fragmènh paÐrnoume η 2θ ‖∇g(z)‖^2_∗ = η 2c ‖∇g(z)‖^2_∗ + O(η^2).

’Ara, g_t(z) ≤ g(z) + η 2c ‖∇g(z)‖^2_∗ + O(η^2).

Apo tÔpo tou Taylor gia thn x → e^x sto x èqoume

e^y = e^x + e^x(y − x) + O((y − x)^2).

’Ara, e^{gt (z)} ≤ e^{g(z)+ η2c ‖∇g(z)‖2∗+O(η2 )} ≤ e^{g(z)} + e^{g(z)} η 2c ‖∇g(z)‖^2_∗ + O(η^2).

Epomènwc, ∫ e^{gt (z)}dμ ≤ ∫ e^{g(z)}dμ + η 2c ∫ ‖∇g(z)‖^2_∗e^{g(z)}dμ + ∫ O(η^2)dμ = ∫ e^{g(z)}dμ + η 2c ∫ ‖∇g(z)‖^2_∗e^{g(z)}dμ + O(η^2). Apì thn anisìthta ( ∫ e^{g/t}dμ )_t ≤ ∫ e^{gt} dμ kai ta anaptÔgmata pou perigrĹyame, prokÔptei h sEnt_μ(e^g) ≤ η 2c ∫ ‖∇g‖^2_∗e^g dμ + O(s^2), Ĺra Ent_μ(e^g) ≤ 1 2c(1 − s) ∫ ‖∇g‖^2_∗e^gdμ + O(s). PaÐrnontac s → 0 katalăgoume sthn (∗) Ent_μ(e^g ) ≤ 1 2c ∫ ‖∇g‖^2_∗e^gdμ. Apì thn f = e^{g/2} blèpoume ìti 2∇f = e^{g/2}∇g, Ĺra 4‖∇f‖^2 = e^g ‖g‖^2. Epistrèfontac sthn (∗) paÐrnoume

Ent_μ(f^2) = Ent_μ(e^g ) ≤ 1 2c ∫ 4‖f‖^2dμ = 2 c ∫ ‖∇f‖^2dμ. □

5.2 Efarmogèc ston qÿro tou Gauss

Se autăn thn parĹgrafo ja doÔme dÔo efarmogèc thc logarijmikăc anisìthtac Sobolev. H prÿth eÐnai h anisìthta tou Poincaré:

Jeÿrhma 5.2.1 ’Estw γ_n to tupikì mètro Gauss ston R^n . An oi f kai |∇f| eÐnai oloklhrÿsimec, tìte ∫ R^n f^2dγ_n − (∫ R^n fdγ_n )_2 ≤ ∫ R^n |∇f|^2dγ_n. Apìdeixh: ’Estw oti èqoume deÐxei thn anisìthta ∫ R^n f^2dγ_n ≤ ∫ R^n |∇f|^2dγ_n gia sunartăseic f me thn epiplèon idiìthta ∫ R^n fdγ_n = 0. (dhladă ìti èqoume to Jeÿrhma gifl autăn thn upoklĹsh). Tìte, gia tuqoÔsa f jètontac h = f − ∫ R^n fdγn èqoume ∫ R^n hdγn = 0. ’Ara, ∫ R^n ( f − ∫ R^n fdγ_n )_2 dγ_n ≤ ∫ R^n | | |∇ ( f − ∫ fdγ_n ) | | | 2 dγ_n dhladă ∫ R^n f^2dγ_n − (∫ R^n fdγ_n )_2 ≤ ∫ R^n |∇f|^2dγ_n. Epeidă h anisìthta eÐnai omogenăc, mporoÔme epÐshc na upojèsoume oti ∫ R^n f^2dγ_n = 1.

Efarmìzoume thn logarijmikă anisìthta Sobolev gia thn 1 + εf me ε > 0 mikrì: ’Eqoume ∫ R^n (1 + εf)^2 log(1 + εf)dγ_n − 1 2 ∫ R^n (1 + εf)^2 log (∫ R^n (1 + εf)^2 ) dγ_n

≤ ε^2 ∫ R^n |∇f|^2dγ_n dhladă ∫ R^n (1 + 2εf + ε^2f^2) ( εf − ε^2f^2 2 + O(ε^3) ) dγ_n

− 1 2 ∫ R^n (1 + 2εf + ε^2f^2) log (∫ R^n (1 + 2εf + ε^2f^2) ) dγ_n ≤ ε^2 ∫ R^n |∇f|^2dγ_n. IsodÔnama, ∫ R^n { εf − ε^2f^2 2 + 2ε^2f^2 + O(ε^3) } dγ_n − 1 2 ∫ R^n (1 + 2εf + ε^2f^2)

× log ( 1 + 2ε ∫ R^n f + ε^2 ∫ R^n f^2 ) dγ_n ≤ ε^2 ∫ R^n |∇f|^2dγ_n, dhladă − ε^2 2 + 2ε^2 + O(ε^3) − 1 2 ∫ R^n (1 + 2εf + ε^2f^2)dγ_n log(1 + ε^2) ≤ ε^2 ∫ R^n ‖∇f‖^2dγ_n dhladă − 3ε^2 2 + O(ε^3) − 1 2 ∫ R^n (1 + 2εf + ε^2f^2)(ε^2 + O(ε^3))dγ_n ≤ ε^2 ∫ R^n |∇f|^2dγ_n. IsodÔnama, − 3ε^2 2 + O(ε^3) − 1 2 ( ∫ R^n ε^2 + 2ε^3f + ε^4f^2 + O(ε^3))dγ ≤ ε^2 ∫ R^n |∇f|^2dγ_n, dhladă 3ε^2 2 + O(ε^3) −

(1 + ε^2) 2 ε^2 + O(ε^3) ≤ ε^2 ∫ R^n |∇f|^2dγ_n, dhladă 3ε^2 2 − (1 + ε^2) 2 ε^2 ≤ ε^2 ∫ R^n |∇f|^2dγ_n + O(ε^3)

dhladă 1 − ε^2 2 ≤ ∫ R^n |∇f|^2dγ_n + O(ε). PaÐrnontac ε → 0 blèpoume ìti ∫ R^n f^2dγ_n = 1 ≤ ∫ R^n |∇f|^2dγ_n. Autì oloklhrÿnei thn apìdeixh. □ H deÔterh efarmogă eÐnai h anisìthta sugkèntrwshc gia to mètro tou Gauss.

Jeÿrhma 5.2.2 An h f : R^n → R eÐnai sunĹrthsh Lipschitz me ‖f‖_{Lip} ≤ 1, tìte γ ( x : | | | |f(x) − ∫ R^n fdγ | | | | > r ) ≤ 2e^{−r2/2}.

To Jeÿrhma 5.2.2 prokÔptei apì thn exăc Prìtash.

Prìtash 5.2.1 An h F : R^n → R eÐnai sunĹrthsh Lipschitz me ‖F ‖_{Lip} ≤ 1 kai an ∫ R^n F dγn = 0, tìte gia kĹje λ > 0, ∫ R^n e^{λF} dγ ≤ e^{λ2/2}. Apìdeixh: ’Estw F me ∫ R^n F = 0 kai ‖F ‖Lip ≤ 1. Jètoume f

2 = e^{λF} , opìte ∇f = λe^{λF} ∇F 2f = λe^{λF} ∇F 2e^{λF/2} = λ 2 e^{λF/2}∇F. Apì thn logarijmikă anisìthta Sobolev gia thn f èqoume ∫ R^n e^{λF} λF 2 dγ − 1 2 ∫ R^n e^{λF} dγ log (∫ R^n e^{λF} dγ ) ≤ ∫ R^n λ^2 4 e^{λF} |∇F |^2dγ ’Omwc |∇F | ≤ 1, Ĺra ∫ R^n e^{λF} |∇F |^2dγ ≤ ∫ R^n e^{λF} dγ kai an orÐsoume H(λ) = ∫ R^n e^{λF} dγ h parapĹnw anisìthta gÐnetai: λ 2 H^′(λ) − 1 2 H(λ) log H(λ) ≤ λ^2 4 H(λ). IsodÔnama, λH^′(λ) − H(λ) log H(λ) λ^2H(λ) ≤ 1 2 . Ean jèsoume k(λ) =^{log H(λ)}_λ èqoume

k^′(λ) = λH^′(λ) − H(λ) log H(λ) λ^2H(λ) , Ĺra k^′(λ) ≤^1_2 . ParathroÔme oti

lim_{λ→0} log H(λ) λ = lim_{λ→0}

H^′(λ) H(λ) = lim_{λ→0} ∫ R^n e λF dγ ∫ R^n e λF dγ = ∫ R^n limλ→0 e λF F dγ ∫ R^n limλ→0 e λF dγ = ∫ R^n F dγ = 0.

MporoÔme loipìn na epekteÐnoume ton orismì thc k jètontac k(0) = 0. Apì thn k^′(λ) ≤^1_2 èqoume k(λ) ≤ k(0) + 1 2 λ = λ 2 Ĺra ∫ R^n e^{λF} dγ ≤ e^{λ2/2}. □ Apìdeixh tou Jewrămatoc 5.2.2: ’Estw f sunĹrthsh Lipschitz me stajerĹ ‖f‖_{Lip} ≤ 1. JewroÔme thn F = f − ∫ fdγ. Tìte, ∫ F dγ = 0 kai |F (x) − F (y)| = |f(x) − f(y)| ≤ ‖f‖_{Lip}|x − y| ≤ |x − y|. ’Ara ‖F ‖_{Lip} ≤ 1. Apì thn Prìtash 5.2.1 èqoume ∫ R^n e^{λF} dγ ≤ e^{λ2/2}. ’Ara, e^{λr}γ({x : F (x) ≥ r}) = ∫ {F ≥r} e^{λF} dγ ≤ ∫ R^n e^{λF} dγ ≤ e^{λ2/2}. Dhladă, gia kĹje λ > 0, γ ({ x : f(x) − ∫ R^n fdγ ≥ r }) ≤ e^{λ22 −λr}. Gia λ = r paÐrnoume γ ({ x : f(x) − ∫ fdγ ≥ r }) ≤ e^{−r2/2}. Akoloujÿntac thn Ðdia diadikasÐa gia thn −f blèpoume oti γ ({ x : −f(x) + ∫ fdγ ≥ r }) ≤ e^{−r2/2}. ’Ara, γ ( x : | | | |f(x) − ∫ fdγ | | | | ≥ r ) ≤ 2e^{−r2/2}. □

Anaforèc. To Jeÿrhma 5.1.1 apodeÐqjhke prìsfata apì touc Bobkov kai Ledoux [BL]. Oi efarmogèc thc ParagrĹfou 5.2 eÐnai klasikèc (blepe [Led]).

BibliografÐa

[ABV] J. Arias-de-Reyna, K. Ball and R. Villa, Concentration of the distance in finite dimensional normed spaces, Mathematika 45 (1998), 245-252.

[BL] S.G. Bobkov and M. Ledoux, From Brunn-Minkowski to Brascamp-Lieb and to logarithmic Sobolev inequalities, Geom. Funct. Anal. 10 (2000), 1028–1052.

[FLM] T. Figiel, J. Lindenstrauss and V.D. Milman, The dimension of almost spherical sections of convex bodies, Acta Math. 139 (1977), 53-94.

[Ha] L.H. Harper, Optimal numberings and isoperimetric problems on graphs, J. Combin. Theory 1 (1966), 385-393.

[JS] W.B. Johnson and G. Schechtman, Remarks on Talagrand’s deviation inequality for Rademacher functions, Functional analysis (Austin, TX, 1987/1989), Lecture Notes in Math., 1470, Springer, Berlin, (1991), 72-77.

[Led] M. Ledoux, The concentration of measure phenomenon, Mathematical Surveys and Monographs, 89. American Mathematical Society, Providence, RI, 2001.

[Lei] L. Leindler, On a certain converse of Hölder’s inequality, Acta Sci. Math. 33 (1972), 217-223.

[Lev] P. Lévy, Problèmes Concrets d’Analyse Fonctionelle, Gauthier-Villars, Paris (1951).

[LT] M. Ledoux and M. Talagrand, Probability in Banach spaces, Ergeb. Math. Grenzgeb., 3. Folge, Vol. 23 Springer, Berlin (1991).

[M1] B. Maurey, Constructions de suites symétriques, C.R. Acad. Sci. Paris 288 (1979), 679-681.

[M2] B. Maurey, Some deviation inequalities, Geom. Funct. Anal. 1 (1991), 188–197.

[MS] V.D. Milman and G. Schechtman, Asymptotic Theory of Finite Dimensional Normed Spaces, Lecture Notes in Mathematics 1200 (1986), Springer, Berlin.

[Pi1] G. Pisier, Probabilistic methods in the geometry of Banach spaces, CIME Varenna 1985, Springer Lecture Notes in Mathematics 1200, 167-241.

[Pi2] G. Pisier, The Volume of Convex Bodies and Banach Space Geometry, Cambridge Tracts in Mathematics 94 (1989).

[Pr] A. Prékopa, On logarithmically concave measures and functions, Acta Sci. Math.

34 (1973), 335-343.

[Sc] G. Schechtman, Concentration results and applications, Handbook of the Geometry of Banach Spaces, Vol. 2 (to appear).

[Schm] E. Schmidt, Die Brunn-Minkowski Ungleichung, Math. Nachr. 1 (1948), 81-157.

[Schn] R. Schneider, Convex Bodies: The Brunn-Minkowski Theory, Encyclopedia of Mathematics and its Applications 44, Cambridge University Press, Cambridge (1993).

[St] W.F. Stout, Almost sure convergence, Academic Press (1974).

[T1] M. Talagrand, Concentration of measure and isoperimetric inequalities in product spaces, Inst. Hautes Études Sci. Publ. Math. 81 (1995), 73–205.

[T2] M. Talagrand, A new isoperimetric inequality and the concentration of measure phenomenon, Geometric aspects of functional analysis (1989–90), Lecture Notes in Math. 1469, Springer, Berlin (1991), 94-124.

[T3] M. Talagrand, An isoperimetric theorem on the cube and the Kintchine-Kahane inequalities, Proc. Amer. Math. Soc. 104 (1988), 905–909.