H eikasÐa tou Mahler kai h

antÐstrofh anisìthta Santaló

Gewrgioc Tzimpragoc

Metaptuqiakh Ergasia

Panepisthmio Krhthc Tmhma Majhmatikwn Septembrioc 2001

.

H metaptuqiakă aută ergasÐa katatèjhke sto Tmăma Majhmatikÿn tou PanepisthmÐou Krăthc ton Septèmbrio tou 2001. Epiblèpwn ătan o A. Giannìpouloc.

Thn epitropă axiolìghshc apotèlesan oi: A. Giannìpouloc, M. KatsoprinĹkhc kai S. PapadopoÔlou.

.

Perieqìmena

1 Eisagwgă 7 1.1 KurtĹ sÿmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.2 H anisìthta Brunn-Minkowski . . . . . . . . . . . . . . . . . . . . . 10 1.3 K-kurtìthta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 1.4 H ℓ-nìrma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2 H eikasÐa tou Mahler 31 2.1 H anisìthta tou Santaló . . . . . . . . . . . . . . . . . . . . . . . . . 31 2.2 H eikasÐa tou Mahler gia zwnoeidă . . . . . . . . . . . . . . . . . . . 34 2.3 H eikasÐa tou Mahler gia sÿmata summetrikĹ wc proc ta kÔria uperepÐpeda . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3 H antÐstrofh anisìthta Santaló 49 3.1 ArijmoÐ kĹluyhc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 3.2 Isomorfikă summetrikopoÐhsh kai h antÐstrofh anisìthta Santaló . 60 3.3 H antÐstrofh anisìthta Brunn-Minkowski . . . . . . . . . . . . . . . 66

4 H mèjodoc thc migadikăc parembolăc 73 4.1 ArijmoÐ prosèggishc . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 4.2 ’Ena jeÿrhma twn Pajor kai Tomczak . . . . . . . . . . . . . . . . . 77 4.3 Migadikă Parembolă . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 4.4 To basikì jeÿrhma . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 4.5 Efarmogèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

6

KefĹlaio 1

Eisagwgă

1.1 KurtĹ sÿmata

’Ena sumpagèc kurtì uposÔnolo K tou R^n lègetai kurtì sÿma an èqei mh kenì eswterikì. Ja lème ìti to K eÐnai summetrikì, an èqei kèntro summetrÐac thn arqă twn axìnwn 0. O ìgkoc tou K sumbolÐzetai me |K|.

1. ’Estw K summetrikì kurtì sÿma ston R^n . H apeikìnish ‖·‖_K := ‖·‖ : R^n → R^+ pou orÐzetai apì thn ‖x‖ = min{λ ≥ 0 : x ∈ λK} èqei tic exăc idiìthtec:

(α) ‖x‖ ≥ 0 me isìthta mìno an x = 0, (β) ‖λx‖ = |λ|‖x‖ , x ∈ R^n , λ ∈ R, (γ) ‖x + y‖ ≤ ‖x‖ + ‖y‖ , x, y ∈ R^n , eÐnai dhladă nìrma ston R^n . O R^n efodiasmènoc me thn nìrma ‖·‖_K ja sumbolÐzetai me X_K . AntÐstrofa, an X = (R^n , ‖ · ‖) eÐnai ènac qÿroc me nìrma, tìte h monadiaÐa tou mpĹla K_X = {x ∈ R^n : ‖x‖ ≤ 1} eÐnai summetrikì kurtì sÿma ston R^n .

Apì ton orismì thc nìrmac èpetai Ĺmesa ìti an K kai L eÐnai dÔo summetrikĹ kurtĹ sÿmata ston R^n , tìte K ⊆ L an kai mìno an ‖x‖_L ≤ ‖x‖_K giĹ kĹje x ∈ R^n . EpÐshc, ‖x‖_{rK} =^1_r ‖x‖_K giĹ kĹje r > 0 kai kĹje x ∈ R^n .

2. ’Estw X kai Y dÔo n-diĹstatoi qÿroi me nìrma ìpwc parapĹnw. An T : R^n → R^n eÐnai ènac grammikìc metasqhmatismìc (ja grĹfoume T ∈ L(R^n )), orÐzoume thn nìrma ‖T : X → Y ‖ tou T wc telestă apì ton X ston Y wc exăc: ‖T : X → Y ‖ = max{‖T (x)‖_Y : x ∈ K_X }. IsodÔnama, h nìrma tou T eÐnai o mikrìteroc jetikìc arijmìc ρ giĹ ton opoÐo T (K_X ) ⊆ ρK_Y .

O T : X → Y lègetai isomorfismìc an eÐnai antistrèyimoc (dhladă, an T ∈ GL_n).

H apìstash Banach-Mazur twn X kai Y eÐnai o arijmìc d(X, Y ) = min{‖T ‖ ‖T^{−1}‖ : T ∈ GL_n}, kai metrĹei pìso kalĹ isìmorfoi eÐnai oi X kai Y . Mia isodÔnamh gewmetrikă ermhneÐa eÐnai h exăc: h d(X, Y ) eÐnai o mikrìteroc ρ ≥ 1 gia ton opoÐo upĹrqei T ∈ GL_n pou ikanopoieÐ thn K_Y ⊆ T (K_X ) ⊆ ρK_Y . EÔkola blèpoume ìti d(X, Y ) = d(Y, X) gia kĹje X kai Y (h d eÐnai summetrikă), kai d(X, Y ) = 1 an kai mìno an upĹrqei T : X → Y isometrÐa.

JewroÔme to sÔnolo B_n ìlwn twn klĹsewn isodunamÐac n-diĹstatwn qÿrwn me nìrma, ìpou o X eÐnai isodÔnamoc me ton X^′ an kai mìno an oi X kai X^′ eÐnai isometrikoÐ. O B_n eÐnai sumpagăc metrikìc qÿroc, me metrikă thn log d: h trigwnikă anisìthta eÐnai sunèpeia thc d(X, Y ) ≤ d(X, Z) d(Z, Y ) pou epalhjeÔetai eÔkola gia kĹje triĹda X, Y, Z ∈ B_n.

O metrikìc qÿroc (B_n, log d) sunăjwc lègetai Banach-Mazur compactum ă Minkowski compactum. AntÐ gia thn log d, ja qrhsimopoioÔme thn d san mia pollaplasiastikă apìstash ston B_n.

3. Upojètoume ìti o R^n eÐnai efodiasmènoc me mia EukleÐdeia domă ⟨·, ·⟩, kai sumbolÐzoume thn antÐstoiqh EukleÐdeia nìrma me |·|. GrĹfoume B_n gia thn EukleÐdeia monadiaÐa mpĹla, kai S^{n−1} gia th monadiaÐa sfaÐra. O ìgkoc thc B_n ja sumbolÐzetai me ω_n. EÐnai ω_n = π^{n/2}/Γ(^n_2 + 1). Piì genikĹ, an me ℓ^n_p sumbolÐsoume ton qÿro (R^n , ‖ · ‖_p), p ≥ 1, ìpou ‖x‖^p = ∑_n i=1 |x_i|^p, tìte h monadiaÐa mpĹla B^n_p tou ℓ^n_p èqei ìgko |B^n_p | = [2Γ(1 +^1_p )]^n Γ(1 +^n_p ) . (gia thn apìdeixh, blèpe [Pi1]). GrĹfoume σ gia to mètro pijanìthtac sthn S^{n−1} pou eÐnai analloÐwto wc proc touc orjogÿniouc metasqhmatismoÔc tou R^n . H epifĹneia thc S^{n−1} eÐnai Ðsh me nω_n.

4. ’Estw K kurtì sÿma ston R^n , me 0 ∈ int(K). H aktinikă sunĹrthsh ρ_K : R^n \{0} → R^+ tou K orÐzetai apì thn ρ_K (x) = max{λ > 0 : λx ∈ K}. Parathrăste ìti, gia kĹje x ≠ 0 ρ_K (x) = ‖x‖^{−1}. H sunĹrthsh stărixhc h_K : R^n → R tou K orÐzetai apì thn h_K (x) = max{⟨x, y⟩ : y ∈ K}.

H sqèsh anĹmesa sthn aktinikă sunĹrthsh ρ_K kai thn sunĹrthsh stărixhc h_K giĹ dosmènh dieÔjunsh θ ∈ S^{n−1} eÐnai ρ_K (θ) ≤ h_K (θ).

To plĹtoc enìc kurtoÔ sÿmatoc K sthn dieÔjunsh enìc θ ∈ S^{n−1} orÐzetai apì thn w_K (θ) = h_K (θ) + h_K (−θ).

To mèso plĹtoc tou K eÐnai to w(K) = ∫ S^{n−1} w_K (θ)σ(dθ) = 2 ∫ S^{n−1} h_K (θ)σ(dθ). To epifaneiakì mètro σ_K tou K orÐzetai sta Borel uposÔnola thc S^{n−1} wc exăc: an A eÐnai Borel uposÔnolo thc S^{n−1}, jètoume σ_K (A) to (n − 1)-diĹstato mètro twn x ∈ bd(K) ta opoÐa èqoun exwterikì kĹjeto diĹnusma sto A. ExetĹzontac prÿta thn perÐptwsh pou to K eÐnai polÔtopo (kurtă jăkh peperasmènwn to plăjoc shmeÐwn), eÔkola elègqoume ìti |K| = 1 n ∫ S^{n−1} h_K (x)σ_K (dx) kai |P_θ⊥ K| = 1 2 ∫ S^{n−1} |⟨x, θ⟩|σ_K (dx) ìpou P_θ⊥ K h orjogÿnia probolă tou K ston kĹjeto upìqwro tou θ ∈ S^{n−1}. 5. To polikì sÿma K^∘ tou K eÐnai to K^∘ := {y ∈ R^n : |⟨x, y⟩| ≤ 1, ∀x ∈ K}. Oi basikèc idiìthtec tou polikoÔ sÿmatoc perigrĹfontai sthn akìloujh prìtash: Prìtash. ’Estw K kai L summetrikĹ kurtĹ sÿmata ston R^n . IsqÔoun ta exăc:

(1) Gia kĹje θ ∈ S^{n−1}, ρ_K∘ (θ) = 1/h_K (θ). (2) An K ⊆ L, tìte L^∘ ⊆ K^∘.

(3) An T ∈ GL_n, tìte (T K)^∘ = (T^{−1})^∗(K^∘). (4) (K^∘)^∘ = K. (5) |T K||(T K)^∘| = |K||K^∘|. □ H duðkă nìrma ‖ · ‖_∗ thc ‖ · ‖ orÐzetai apì thn ‖y‖_∗ = max{|⟨x, y⟩| : ‖x‖ ≤ 1}. Apì ton orismì eÐnai fanerì ìti |⟨x, y⟩| ≤ ‖y‖_∗‖x‖ giĹ kĹje x, y ∈ R^n . An X^∗ eÐnai o duðkìc qÿroc tou X, tìte h monadiaÐa mpĹla K_X ∗ tou X^∗ eÐnai to polikì sÿma thc monadiaÐac mpĹlac K_X tou X. Ja grĹfoume ‖ · ‖_K∘ ă ‖ · ‖_∗, kai ‖ · ‖_K ă ‖ · ‖ qwrÐc autì na dhmiourgeÐ sÔgqush.

6. JewroÔme èna summetrikì kurtì sÿma K ston R^n kai thn oikogèneia E(K) ìlwn twn elleiyoeidÿn pou perièqontai sto K. ’Ena elleiyoeidèc ston R^n eÐnai èna kurtì sÿma thc morfăc E = { x ∈ R^n : n∑ i=1 ⟨x, v_i⟩^2 α^2_i ≤ 1 } ,

ìpou {v_i}_{i≤n} eÐnai orjokanonikă bĹsh tou R^n , kai α_1, . . . , α_n eÐnai jetikoÐ pragmatikoÐ arijmoÐ (oi dieujÔnseic kai ta măkh twn hmiaxìnwn tou E antÐstoiqa). EÔkola elègqoume ìti E = T (D_n), ìpou T eÐnai o grammikìc metasqhmatismìc tou R^n pou orÐzetai apì tic T (v_i) = α_iv_i, i = 1, . . . , n.

O F. John ([Jo], 1948) èdeixe ìti upĹrqei monadikì elleiyoeidèc E pou perièqetai sto K kai èqei ton mègisto dunatì ìgko, kai ìti K ⊂ √ nE. Sunèpeia autoÔ tou apotelèsmatoc eÐnai h d(X, ℓ^n_2 ) ≤ √ n gia kĹje X ∈ B_n, pou prokÔptei Ĺmesa apì ton egkleismì E ⊂ K ⊂ √ nE kai ton orismì thc apìstashc Banach-Mazur.

7. To Ĺjroisma Minkowski twn A, B ⊂ R^n eÐnai to A + B = {a + b : a ∈ A, b ∈ B}. An λ > 0, tìte λA = {λa : a ∈ A}. Gia tic apodeÐxeic twn parapĹnw isqurismÿn parapèmpoume ton anagnÿsth sta biblÐa twn R.J. Gardner [Gar], V.D. Milman kai G. Schechtman [MS], kai R. Schneider [Sch].

1.2 H anisìthta Brunn-Minkowski

H anisìthta Brunn-Minkowski sundèei to Ĺjroisma Minkowski me ton ìgko ston R^n :

Jeÿrhma 1.2.1 ’Estw K kai T dÔo mh kenĹ sumpagă uposÔnola tou R^n . Tìte, (1) |K + T |^{1/n} ≥ |K|^{1/n} + |T |^{1/n}. Sthn perÐptwsh pou ta K kai T eÐnai kurtĹ sÿmata, isìthta sthn (1) mporeÐ na isqÔei mìno an ta K kai T eÐnai omoiojetikĹ.

H (1) ekfrĹzei me mÐa ènnoia to gegonìc ìti o ìgkoc eÐnai koÐlh sunĹrthsh wc proc thn prìsjesh katĹ Minkowski. Gia to lìgo autì suqnĹ grĹfetai sthn akìloujh morfă: An K, T eÐnai mh kenĹ sumpagă uposÔnola tou R^n kai λ ∈ (0, 1), tìte (2) |λK + (1 − λ)T |^{1/n} ≥ λ|K|^{1/n} + (1 − λ)|T |^{1/n}.

Qrhsimopoiÿntac thn (2) kai thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou, mporoÔme akìma na grĹyoume: (3) |λK + (1 − λ)T | ≥ |K|^λ|T |^{1−λ}. H asjenèsterh aută morfă thc anisìthtac Brunn-Minkowski èqei to pleonèkthma ìti eÐnai anexĹrthth thc diĹstashc.

UpĹrqoun pollèc kai endiafèrousec apodeÐxeic thc (1). Ja dÿsoume edÿ thn apìdeixh thc sunarthsiakăc morfăc thc anisìthtac, pou ofeÐletai stouc Prékopa kai Leindler (blèpe [Pi1]):

Jeÿrhma 1.2.2 ’Estw f, g, h : R^n → R^+ treic metrăsimec sunartăseic, kai λ ∈ (0, 1). Upojètoume ìti oi f kai g eÐnai oloklhrÿsimec, kai ìti, gia kĹje x, y ∈ R^n (4) h(λx + (1 − λ)y) ≥ f(x)^λg(y)^{1−λ}. Tìte, ∫ R^n h ≥ (∫ R^n f )_λ (∫ R^n g )_{1−λ} . Apìdeixh: Ja deÐxoume thn anisìthta me epagwgă wc proc thn diĹstash n. (a) n = 1: MporoÔme na upojèsoume ìti oi f kai g eÐnai suneqeÐc kai gnăsia jetikèc. H apìdeixh pou ja dÿsoume basÐzetai sthn idèa thc metaforĹc tou mètrou. OrÐzoume x, y : (0, 1) → R mèsw twn ∫_{x(t)} −∞ f = t ∫ f , ∫_{y(t)} −∞ g = t ∫ g. Me bĹsh tic upojèseic mac oi x, y eÐnai paragwgÐsimec, kai gia kĹje t ∈ (0, 1) èqoume x^′(t)f(x(t)) = ∫ f , y^′(t)g(y(t)) = ∫ g. OrÐzoume z : (0, 1) → R me z(t) = λx(t) + (1 − λ)y(t). Oi x kai y eÐnai gnăsia aÔxousec. ’Epetai ìti h z eÐnai ki aută gnăsia aÔxousa kai, apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou,

z^′(t) = λx^′(t) + (1 − λ)y^′(t) ≥ (x^′(t))^λ(y^′(t))^{1−λ}.

MporoÔme loipìn na ektimăsoume to oloklărwma thc h kĹnontac thn allagă metablhtÿn s = z(t): ∫ h = ∫_1 0 h(z(t))z^′(t)dt

≥ ∫_1 0 h(λx(t) + (1 − λ)y(t))(x^′ (t))^λ(y^′(t))^{1−λ}dt ≥ ∫_1 0 f^λ(x(t))g^{1−λ}(y(t)) ( ∫ f f(x(t)) )_λ ( ∫ g g(y(t)) )_{1−λ} dt = (∫ f )_λ (∫ g )_{1−λ} . (b) Epagwgikì băma: Upojètoume ìti n ≥ 2 kai ìti to Jeÿrhma èqei apodeiqjeÐ gia k ∈ {1, . . . , n − 1}. ’Estw f, g, h ìpwc sto Jeÿrhma. Gia kĹje s ∈ R orÐzoume h_s : R^{n−1} → R^+ me h_s(w) = h(w, s), kai me anĹlogo trìpo orÐzoume f_s, g_s : R^{n−1} → R^+ . Apì thn (4) èpetai ìti, an x, y ∈ R^{n−1} kai s_0, s_1 ∈ R tìte

h_{λs1 +(1−λ)s0} (λx + (1 − λ)y) ≥ f_{s1} (x)^λg_{s0} (y)^{1−λ},

kai h epagwgikă upìjesh mac dÐnei

H(λs_1 + (1 − λ)s_0) := ∫ R^{n−1} h_{λs1 +(1−λ)s0} ≥ (∫ R^{n−1} f_{s1} )_λ (∫ R^{n−1} g_{s0} )_{1−λ} =: F^λ(s_1)G^{1−λ}(s_0).

Efarmìzontac tÿra xanĹ thn epagwgikă upìjesh gia n = 1 stic sunartăseic F, G kai H, paÐrnoume ∫ h = ∫ R H ≥ (∫ R F )_λ (∫ R G )_{1−λ} = (∫ f )_λ (∫ g )_{1−λ} . □ Apìdeixh tou Jewrămatoc 1.2.1: ’Estw K, T sumpagă mh kenĹ uposÔnola tou R^n , kai λ ∈ (0, 1). OrÐzoume f = χ_K , g = χ_T , kai h = χ_{λK+(1−λ)T} . EÔkola elègqoume ìti ikanopoioÔntai oi upojèseic tou Jewrămatoc 1.2.2, opìte |λK + (1 − λ)T | = ∫ h ≥ (∫ f )_λ (∫ g )_{1−λ} = |K|^λ|T |^{1−λ}. Autì apodeiknÔei thn (3) gia kĹje triĹda K, T, λ. Gia na pĹroume thn (1) jewroÔme K kai T ìpwc sto Jeÿrhma 1.2.1 (me |K| > 0, |T | > 0), kai orÐzoume K_1 = |K|^{−1/n}K , T_1 = |T |^{−1/n}T , λ = |K|^{1/n} |K|^{1/n} + |T |^{1/n} . Ta K_1 kai T_1 èqoun ìgko 1, opìte apì thn (3) paÐrnoume

(∗) |λK_1 + (1 − λ)T_1| ≥ 1.

’Omwc, λK_1 + (1 − λ)T_1 = K + T |K|^{1/n} + |T |^{1/n} , epomènwc h (∗) paÐrnei thn morfă |K + T | ≥ ( |K|^{1/n} + |T |^{1/n} )_n . □

JewroÔme èna kurtì sÿma K ston R^n , kai stajeropoioÔme mÐa dieÔjunsh θ ∈ S^{n−1}. OrÐzoume f = f_{K,θ} : R → R^+ wc exăc: f(t) = |K ∩ (θ^⊥ + tθ)|. O ìgkoc edÿ eÐnai (n − 1)-diĹstatoc. Dhladă, f(t) eÐnai to {embadìn} thc tomăc tou K pou eÐnai kĹjeth sto θ kai se (proshmasmènh) apìstash t apì ton θ^⊥.

Jeÿrhma 1.2.3 ’Estw K kurtì sÿma, θ ∈ S^{n−1}, kai f(t) = |K ∩ (θ^⊥ + tθ)|. Tìte, h f^{1n−1} eÐnai koÐlh ston forèa thc.

Apìdeixh: MporoÔme na upojèsoume ìti θ = e_n, opìte tautÐzoume fusiologikĹ ton θ^⊥ me ton R^{n−1} . Gia kĹje t orÐzoume K(t) = {x ∈ R^{n−1} | | (x, t) ∈ K}. ’Estw I = {t | | K(t) ≠ ∅}. Gia kĹje t ∈ I, to K(t) eÐnai kurtì, kai an t, s ∈ I, λ ∈ (0, 1), tìte λK(t) + (1 − λ)K(s) ⊆ K(λt + (1 − λ)s). Apì thn anisìthta Brunn-Minkowski ston R^{n−1} , |K(λt + (1 − λ)s)|^{1n−1} ≥ λ|K(t)|^{1n−1} + (1 − λ)|K(s)|^{1n−1} . ’Omwc f(t) = |K ∩ (θ^⊥ + tθ)| = |K(t)|, ki autì dÐnei to zhtoÔmeno. □ Paratărhsh. To Jeÿrhma 1.2.3 prohgăjhke thc anisìthtac Brunn-Minkowski. O Brunn èdeixe to parapĹnw apotèlesma me thn mèjodo thc summetrikopoÐhshc, kai o Minkowski èdwse mia apìdeixh tou Jewrămatoc 1.2.1 qrhsimopoiÿntac to.

Pìrisma 1.2.1 Me tic upojèseic tou Jewrămatoc 1.2.3 h f eÐnai logarijmikĹ koÐlh ston forèa thc.

Apìdeixh: Qrhsimopoiÿntac thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou, paÐrnoume f(λt + (1 − λ)s) ≥ f(t)^λf(s)^{1−λ} gia kĹje t, s ∈ I kai λ ∈ (0, 1). Autì shmaÐnei ìti h log f eÐnai koÐlh sto I. □

Pìrisma 1.2.2 An to K eÐnai summetrikì me kèntro to 0, tìte ‖f‖_∞ = f(0), dhladă h mègisth tomă tou K eÐnai h kentrikă.

Apìdeixh: Apì thn upìjesh thc summetrÐac èpetai ìti K(−t) = −K(t) gia kĹje t ∈ I. Apì to Pìrisma 1.2.1 h f eÐnai Ĺrtia kai logarijmikĹ koÐlh sto I. ’Ara, gia kĹje t ∈ I,

f(0) = f ( t + (−t) 2 ) ≥ √ f(t) √ f(−t) = f(t). □ Ja qreiastoÔme Ĺllh mÐa efarmogă thc anisìthtac Brunn-Minkowski, thn anisìthta twn Rogers kai Shephard: To sÿma diaforÿn tou kurtoÔ sÿmatoc K eÐnai to K − K = {x − y | x, y ∈ K}. To K − K eÐnai summetrikì (me kèntro summetrÐac to 0), kai |K − K| ≥ |K|. Oi Rogers kai Shephard [RS] èdwsan akribèc Ĺnw frĹgma gia ton ìgko tou sÿmatoc diaforÿn:

Jeÿrhma 1.2.4 ’Estw K kurtì sÿma ston R^n . Tìte, |K − K| ≤ ( 2n n ) |K|. Apìdeixh: H anisìthta Brunn-Minkowski mpaÐnei sthn apìdeixh me th morfă tou exăc lămmatoc:

Lămma. An K kai T eÐnai kurtĹ sÿmata ston R^n , h sunĹrthsh x → |K ∩ (x + T )|^{1/n} eÐnai koÐlh ston forèa thc.

[To Lămma eÐnai Ĺmesh sunèpeia tou egkleismoÔ

λ(K ∩ (x + T )) + (1 − λ)(K ∩ (y + T )) ⊆ K ∩ ((λx + (1 − λ)y) + T ).

’Epetai ìti |K ∩ ((λx + (1 − λ)y) + T )| ≥ |λ(K ∩ (x + T )) + (1 − λ)(K ∩ (y + T ))|, kai apì thn (2) sumperaÐnoume ìti |K ∩ (λx + (1 − λ)y + T )|^{1/n} ≥ λ|K ∩ (x + T )|^{1/n} + (1 − λ)|K ∩ (y + T )|^{1/n}.] OrÐzoume f(x) = |K ∩ (x + K)|^{1/n}. Jètontac T = K sto Lămma, blèpoume ìti h f eÐnai koÐlh sunĹrthsh ston forèa thc, dhladă sto K − K.

OrÐzoume mia deÔterh sunĹrthsh g : K − K → R^+ wc exăc: kĹje x ∈ K − K grĹfetai sthn morfă x = rθ, ìpou θ ∈ S^{n−1} kai 0 ≤ r ≤ ρ_{K−K} (θ). Tìte, jètoume g(x) = f(0)(1 − r/ρ_{K−K} (θ)). Apì ton trìpo me ton opoÐo orÐsthke, h g eÐnai grammikă sto eujÔgrammo tmăma [0, ρ_{K−K} (θ)θ], mhdenÐzetai sto sÔnoro tou K −K, kai g(0) = f(0). AfoÔ h f eÐnai koÐlh, paÐrnoume f ≥ g sto K − K. Epomènwc, ∫ K−K |K ∩ (x + K)|dx = ∫ K−K f^n(x)dx ≥ ∫ K−K g^n(x)dx = [f(0)]^nnω_n ∫ S^{n−1} ∫_{ρK−K (θ)} 0 r^{n−1}(1 − r/ρ)^ndrσ(dθ) = |K|nω_n ∫ S^{n−1} ρ^n_{K−K} (θ)σ(dθ) ∫_1 0 t^{n−1}(1 − t)^ndt = |K||K − K|n Γ(n)Γ(n + 1)

Γ(2n + 1) = ( 2n n )_{−1} |K||K − K|. Apì thn Ĺllh pleurĹ, to jeÿrhma tou Fubini mac dÐnei ∫ K−K |K ∩ (x + K)|dx = ∫ R^n |K ∩ (x + K)|dx = ∫ R^n ∫ R^n χ_K (y)χ_{x+K} (y)dydx = ∫ R^n χ_K (y) (∫ R^n χ_{y−K} (x)dx ) dy = ∫ K |y − K|dy = |K|^2. SunduĹzontac tic dÔo sqèseic oloklhrÿnoume thn apìdeixh. □

1.3 K-kurtìthta

JewroÔme ènan qÿro pijanìthtac (Ω, A, P ) ston opoÐo eÐnai orismènh mÐa akoloujÐa (g_j ) anexĹrthtwn tupikÿn kanonikÿn tuqaÐwn metablhtÿn. Dhladă, gia kĹje n ∈ N kai kĹje Borel uposÔnolo A tou R^n isqÔei P ({(g_1, . . . , g_n) ∈ A}) = 1 (2π)^{n/2} ∫ A e^{−|x|2} dx_1 . . . dx_n. To mètro tou Gauss γ_n pou èqei puknìthta thn

γ_n(x) = 1 (2π)^{n/2} e^{−|x|2} eÐnai analloÐwto wc proc orjogÿniouc metasqhmatismoÔc, kai autì eÐnai isodÔnamo me to exăc: an U = (u_{ij} ) ∈ O(n) kai

g̃_i = n∑ j=1 u_{ij} g_j , i = 1, . . . , n tìte

(1) P ( {(g̃_1, . . . , g̃_n) ∈ A} ) = P ( {(g_1, . . . , g_n) ∈ A} ) gia kĹje Borel uposÔnolo A tou R^n . MÐa sunèpeia thc (1) eÐnai ìti, an t_1, . . . , t_n ∈ R tìte h t_1g_1 + · · · + t_ng_n èqei thn Ðdia katanomă me thn tg_1 ìpou t = ( ∑ t^2_i )_{1/2} . Epomènwc, gia kĹje p > 0 èqoume ‖^n∑ i=1 t_ig_i ‖ p = ‖g_1‖_p (^n∑ i=1 t^2_i )_{1/2} . IsodÔnama èqoume to exăc.

Lămma 1.3.1 Gia kĹje p > 0 h apeikìnish J_p : ℓ_2 → L_p := L_p(Ω, A, P ) pou orÐzetai apì thn J_p(e_i) = g_i/‖g_1‖_p eÐnai isometrikă emfÔteush. □

Apì to Lămma 1.3.1 blèpoume ìti h eikìna thc J_p eÐnai anexĹrthth tou p. Dhladă, h kleistă jăkh G = J(ℓ_2) thc (g_n) ston L_2(Ω, A, P ) eÐnai kleistă se ìlouc touc L_p kai ‖f‖_p = ‖g_1‖_p‖f‖_2 gia kĹje f ∈ G. GrĹfoume Q_1 gia thn orjogÿnia probolă Q_1 : L_2 → G.

MporoÔme na ulopoiăsoume ton (Ω, A, P ) paÐrnontac Ω = R^{N∗} ìpou N_∗ to sÔnolo twn fusikÿn arijmÿn, A thn Borel σ-Ĺlgebra, kai P to kanonikì mètro Gauss γ_∞. Tìte, oi sunartăseic g_i : R^{N∗} → R me x → x_i sqhmatÐzoun akoloujÐa anexĹrthtwn tupikÿn kanonikÿn tuqaÐwn metablhtÿn.

Ja qreiastoÔme to gegonìc ìti ta poluÿnuma Hermite apoteloÔn orjogÿnia bĹsh tou L_2(R^{N∗} , γ_∞) (gia tic leptomèreiec parapèmpoume ton anagnÿsth sto biblÐo tou Bogachev [Bog]). Ta poluÿnuma Hermite (h_n) miĹc metablhtăc orÐzontai apì thn sqèsh exp ( tx − t^2 2 ) = ∞∑ n=0 t^n n! h_n(x), x ∈ R. Eidikìtera, h_0(x) ≡ 1 kai h_1(x) = x. H akoloujÐa (h_n) sqhmatÐzei orjogÿnia bĹsh tou L_2(R, γ_1 ).

’Epetai ìti, gia kĹje m ∈ N h oikogèneia twn poluwnÔmwn thc morfăc p_{a1 ,...,am} (x_1, . . . , x_m) := h_{a1} (x_1) · · · h_{am} (x_m) ìpou a_1, . . . , a_m ∈ N, sqhmatÐzei orjogÿnia bĹsh tou L_2(R^m , γ_m). Gia na orÐsoume orjogÿnia bĹsh tou L_2(R^{N∗} , γ_∞), douleÔoume wc exăc: JewroÔme to sÔnolo A twn telikĹ mhdenikÿn akoloujiÿn a = (a_1, a_2, . . .) apì stoiqeÐa tou N, kai an a ∈ A jètoume |a| = ∞∑ i=1 a_i kai a! = a_1!a_2! . . . .

Me c_{00} sumbolÐzoume to sÔnolo twn telikĹ mhdenikÿn akoloujiÿn pragmatikÿn arijmÿn. An x = (x_n) kai t = (t_n) ∈ c_{00}, jètoume ⟨t, x⟩ = ∞∑ n=1 t_nx_n, kai gia kĹje a ∈ A orÐzoume t^a = t^{a1}_1 t^{a2}_2 . . . .

Me autìn ton sumbolismì, gia kĹje a ∈ A èqoume to poluÿnumo Hermite

H_a(x) = h_{a1} (x_1)h_{a2} (x_2) . . . .

Ta poluÿnuma Hermite H_a orÐzontai apì thn exp ( ⟨t, x⟩ − 1 2 ∞∑ n=1 t^2_n ) = ∑ a∈A t^a a! H_a(x), x = (x_n), t = (t_n) ∈ c_{00},

kai apoteloÔn orjogÿnia bĹsh tou L_2(R^{N∗} , γ_∞).

GrĹfoume H_k gia thn kleistă grammikă jăkh tou {H_a : |a| = k} ston L_2 (autì eÐnai to qĹoc Wiener bajmoÔ k) kai jewroÔme thn orjogÿnia probolă Q_k : L_2 → H_k. Gia k = 0 èqoume Q_0(f) = ∫ Ω fdP, enÿ gia k = 1 paÐrnoume thn probolă Q_1 pĹnw ston upìqwro tou L_2(R^{N∗} , γ_∞) pou parĹgei h akoloujÐa {x_n : n ≥ 1}.

Prìtash 1.3.1 ’Estw (Ω, A, P ) ìpwc parapĹnw. UpĹrqei akoloujÐa orjogÿniwn probolÿn Q_k, k ≥ 0 ston L_2 := L_2(Ω, A, P ) tètoia ÿste I = ∑ k Q_k, h opoÐa ikanopoieÐ ta exăc:

1. Gia kĹje f ∈ L_2, Q_0(f) = ∫ Ω fdP. 2. Gia kĹje ε ∈ [−1, 1], o telestăc

T (ε) = ∞∑ k=0 ε^kQ_k eÐnai jetikă sustolă ston L_2.

Apìdeixh: MporoÔme na upojèsoume ìti (Ω, A, P ) = (R^{N∗} , γ_∞). ’Estw S = span{H_a : a ∈ A} o qÿroc ìlwn twn poluwnÔmwn metablhtèc x_1, . . . , x_n, . . .. Apì to jeÿrhma twn Stone-Weierstrass, o S eÐnai puknìc ston L_p gia kĹje p > 0.

’Estw −1 ≤ ε ≤ 1. Gia kĹje f ∈ S orÐzoume T (ε)f(x) = ∫ f ( εx + (1 − ε^2)^{12} y ) P (dy). EÐnai fanerì apo ton orismì ìti o T (ε) metasqhmatÐzei poluÿnuma se poluÿnuma kai eÐnai grammikìc lìgw thc oloklhrwtikăc tou anaparĹstashc. Akìmh, gia kĹje 1 ≤ p < ∞ èqoume ‖T (ε)f‖_{Lp} ≤ (∫ ∫ |f ( εx + (1 − ε^2)^{12} y ) |^p dP (x) dP (y) ) 1_p = ‖f‖_{Lp} diìti h tuqaÐa metablhtă (x, y) → εx + (1 − ε^2)^{12} y orismènh ston R^{N∗} × R^{N∗} èqei wc katanomă to P . ’Epetai ìti h T (ε)f orÐzetai x-sqedìn pantoÔ kai ìti ‖T (ε)f‖_{Lp} ≤ ‖f‖_{Lp} . Dhladă, o T (ε) eÐnai grammikă sustolă ston L_p gia kĹje p ≥ 1. Epiplèon, gia kĹje f ≥ 0 isqÔei T (ε)f ≥ 0, dhladă o T (ε) eÐnai jetikìc. Mènei na deÐxoume ìti T (ε) = ∑_∞ k=0 ε^kQ_k.

JewroÔme thn oikogèneia twn sunartăsewn {ϕ_t}, t = (t_n) ∈ c_{00} pou orÐzontai apì thn ϕ_t(x) = exp ( ⟨t, x⟩ − 1 2 ∞∑ n=1 t^2_n ) = ∑ a∈A t^a a! H_a(x), x = (x_n). H {ϕ_t} parĹgei puknì upìqwro tou L_2 apì to jeÿrhma Stone-Weierstrass, sunepÿc an dÔo grammikoÐ telestèc sumpÐptoun se kĹje ϕ_t, tìte sumpÐptoun kai ston L_2. ArkeÐ loipìn na deÐxoume ìti

T (ε)ϕ_t = (_∞ ∑ k=0 ε^kQ_k ) ϕ_t.

(a) Gia kĹje x ∈ R^{N∗} èqoume

T (ε)ϕ_t(x) = ∫ ϕ_t ( εx + (1 − ε^2)^{12} y ) P (dy) = ∫ exp ( ⟨t, εx + √ 1 − ε^2y⟩ − 1 2 ∞∑ n=1 t^2_n ) P (dy)

= exp ( ⟨εt, x⟩ − 1 2 ∞∑ n=1 ε^2t^2_n )

× ∫ exp ( ⟨t, √ 1 − ε^2y⟩ − 1 2 ∞∑ n=1 (1 − ε^2)t^2_n ) P (dy)

= exp ( ⟨εt, x⟩ − 1 2 ∞∑ n=1 ε^2t^2_n )

= ϕ_{εt}(x),

Ĺra T (ε)ϕ_t = ϕ_{εt}.

(b) Apì thn Ĺllh meriĹ, gia kĹje x ∈ R^{N∗} èqoume ìti (_∞ ∑ k=0 ε^kQ_k ) (ϕ_t)(x) = ∞∑ k=0 ε^kQ_k(ϕ_t)(x)

= ∞∑ k=0 ε^kQ_k ( ∑ a∈A t^a a! H_a(x) )

= ∞∑ k=0 ∑ a∈A ε^k t^a a! Q_k(H_a(x)) = ∑ a∈A ε^{|a|} t^a a! H_a(x) = ϕ_{εt}(x),

dhladă, (∑_∞ k=0 ε^kQ_k ) ϕ_t = ϕ_{εt}. ’Ara, T (ε) = ∑_∞ k=0 ε^kQ_k ston L_2. □

Orismìc. ’Estw (Ω, μ) qÿroc mètrou kai T : L_2 → L_2 fragmènoc grammikìc telestăc, ìpou L_2 = L_2(Ω, μ). ’Estw X qÿroc Banach kai I_X : X → X o tautotikìc telestăc.

JewroÔme ton qÿro L_2 ⊗ X pou apoteleÐtai apì ìla ta peperasmèna ajroÐsmata ∑_m i=1 f_i ⊗ x_i (kĹje f ⊗ x : Ω → X orÐzetai apì thn (f ⊗ x)(ω) = f(ω)x). OrÐzoume telestă T ⊗ I_X : L_2 ⊗ X → L_2 ⊗ X

mèsw thc

(T ⊗ I_X ) (_m ∑ i=1 f_i ⊗ x_i ) = m∑ i=1 (T f_i) ⊗ x_i. Ston L_2 ⊗ X jewroÔme th nìrma

‖Φ‖_{L2(X)} = (∫ Ω ‖Φ(ω)‖^2_X dμ(ω) )_{1/2}

kai grĹfoume L_2(X) gia thn plărwsh tou L_2 ⊗ X wc proc aută th nìrma.

Prìtash 1.3.2 ’Estw T : L_2(Ω, μ) → L_2(Ω, μ) kai X qÿroc Banach ìpwc parapĹnw. An o T eÐnai jetikìc telestăc ă an o X eÐnai isìmorfoc me qÿro Hilbert, tìte o T ⊗ I_X epekteÐnetai se fragmèno telestă tou L_2(X). An o T eÐnai jetikìc, isqÔei ‖T ⊗ I_X ‖ ≤ ‖T ‖, enÿ an o X eÐnai isìmorfoc me ton qÿro Hilbert H, tìte ‖T ⊗ I_X ‖ ≤ d(X, H)‖T ‖.

Apìdeixh: ExetĹzoume prÿta thn perÐptwsh pou o T eÐnai jetikìc. Gia kĹje akoloujÐa (ψ_j ) ston L_2 èqoume sup_j |T (ψ_j )| ≤ T (sup_j |ψ_j |).

’Estw Φ = ∑ ϕ_i ⊗ x_i ∈ L_2 ⊗ X kai èstw ϕ(ω) = ‖Φ(ω)‖_X . Tìte, ϕ(ω) = sup{|⟨x^∗, Φ(ω)⟩| : ‖x^∗‖ ≤ 1}, Ĺra

‖(T ⊗ I_X )(Φ)‖ = (∫ ‖ ∑ i (T ϕ_i)(ω)x_i‖^2_X dμ(ω) )_{1/2}

= (∫ sup { T ( ∑ i ϕ_i(ω)x^∗(x_i) ) : ‖x^∗‖ ≤ 1 }_2 dμ(ω) )_{1/2}

≤ ∫ T ( sup { ∑ i ϕ_i(ω)x^∗(x_i) : ‖x^∗‖ ≤ 1 } )_2 dμ(ω) 1/2

= (∫ |T ϕ|^2dμ(ω) )_{1/2}

≤ ‖T ‖ · ‖ϕ‖_{L2(Ω,μ)} = ‖T ‖ · ‖Φ‖_{L2(X)}. ’Ara, o T ⊗ I_X eÐnai fragmènoc ston L_2(X) kai ‖T ⊗ I_X ‖ ≤ ‖T ‖. Ac upojèsoume tÿra ìti X = H. ’Estw {e_j } orjokanonikă bĹsh tou H kai èstw Φ = ∑ i ϕ_i ⊗ x_i ∈ L_2 ⊗ H. An u_j = ⟨Φ, e_j ⟩, tìte

(T u_j )(ω) = T ( ∑ i ϕ_i(ω)⟨e_j , x_i⟩ )

= ∑ i (T ϕ_i)(ω)⟨e_j , x_i⟩ = ⟨e_j , [T ⊗ I_H (Φ)](ω)⟩. ’Ara, ∑ j |(T u_j )(ω)|^2 1/2 = ‖[(T ⊗ I_X )(Φ)](ω)‖_H

kai ∑ j |u_j (ω)|^2 1/2 = ‖Φ(ω)‖_H .

Epomènwc,

‖(T ⊗ I_X )(Φ)‖_{L2(H)} = ∑ j ‖T u_j‖^2_{L2(Ω,μ)} 1/2

≤ ‖T ‖ ∑ j ‖u_j ‖^2_{L2(Ω,μ)} 1/2

= ‖T ‖ · ‖Φ‖_{L2(H)}. Dhladă, o T ⊗ I_H eÐnai fragmènoc ston L_2(H) kai ‖T ⊗ I_H ‖ ≤ ‖T ‖. An tÿra o X eÐnai isomorfikìc me ton H kai ε > 0, jewroÔme isomorfismì S : X → H tètoion ÿste ‖S‖·‖S^{−1}‖ = (1+ε)d(X, H). ’Estw Φ = ∑ i ϕ_i ⊗x_i ∈ L_2 ⊗X. An y_i = S(x_i), tìte Ψ = ∑ i ϕ_i ⊗ y_i ∈ L_2 ⊗ H. Efarmìzontac to prohgoÔmeno apotèlesma gia thn Ψ, paÐrnoume ‖(T ⊗ I_X )(Φ)‖_{L2 (X)} ≤ ‖S^{−1}‖ · ‖(T ⊗ I_X )(Ψ)‖_{L2(H)} ≤ ‖T ‖ · ‖S^{−1}‖ · ‖Ψ‖_{L2(H)} ≤ ‖T ‖ · ‖S^{−1}‖ · ‖S‖ · ‖Φ‖_{L2(X)} dhladă ‖T ⊗ I_X ‖ ≤ (1 + ε)d(X, H)‖T ‖. AfoÔ to ε > 0 ătan tuqìn, h apìdeixh eÐnai plărhc. □ Orismìc. ’Enac qÿroc Banach X lègetai K-kurtìc an o telestăc Q_1 ⊗I_X epekteÐnetai se fragmèno telestă tou L_2(X). Tìte, h K-stajerĹ tou X eÐnai o arijmìc K(X) = ‖Q_1 ⊗ I_X ‖_{L2(X)→L2(X)}. EÐdame ìti an o X eÐnai isìmorfoc me ton qÿro Hilbert H, tìte o X eÐnai K-kurtìc kai K(X) ≤ d(X, H). O Pisier apèdeixe ìti isqÔei polÔ isqurìterh ektÐmhsh. Jeÿrhma 1.3.1 ’Estw ìti o X eÐnai isìmorfoc me ton qÿro Hilbert H. Tìte, K(X) ≤ c log[d(X, H) + 1] ìpou c > 0 apìluth stajerĹ.

H apìdeixh tou Jewrămatoc 1.3.1 ja basisteÐ stic dÔo prohgoÔmenec protĹseic kai sto exăc lămma.

Lămma 1.3.2 ’Estw X qÿroc Banach kai {x_k : k ≥ 0} telikĹ mhdenikă akoloujÐa ston X. Upojètoume ìti max −1≤ε≤1 ‖ ‖ ‖^∞ ∑ k=0 ε^kx_k ‖ ‖ ‖ ≤ 1. An D = max_{k≥0} ‖x_k‖, tìte ‖x_1‖ ≤ c log(D + 1) ìpou c > 0 apìluth stajerĹ.

H apìdeixh tou Lămmatoc 1.3.2 qrhsimopoieÐ mÐa aplă morfă thc anisìthtac tou Bernstein.

Lămma 1.3.3 Gia kĹje trigwnometrikì poluÿnumo Q(t) = ∑_n k=−n ake ikt me migadikoÔc suntelestèc, isqÔei ‖Q^′‖_∞ ≤ 2n‖Q‖_∞. Apìdeixh: JewroÔme ton purăna tou Féjer

F_n(t) = n∑ j=−n ( 1 − |j| n + 1 ) exp(ijt) kai jètoume ψ_n(t) = 2n · sin(nt)F_{n−1}(t). Oi basikèc idiìthtec twn F_n kai ψ_n dÐnontai apì touc parakĹtw isqurismoÔc: Isqurismìc 1. An t /∈ 2πZ, tìte

F_n(t) = 1 n + 1 ( sin^{(n+1)t}_2

sin^t_2

)_2 .

Dhladă, F_n(t) ≥ 0 gia kĹje t ∈ R. EpÐshc, ‖F_n‖_1 =^1_{2π} ∫_{2π} 0 F_n(t)dt = 1.

Apìdeixh: ParathroÔme prÿta ìti

F_n(t) = 1 n + 1 n∑ j=0 j∑ k=−j e^{ikt}.

Jètoume z = e^{it}, z ≠ 1. Aplèc prĹxeic deÐqnoun ìti

(n + 1)F_n(t) = 1 1 − z ( 1 − z^{n+1} 1 − z − z(1 − z^{n+1}) 1 − z )

= 2 − z^{n+1} − z^{n+1} |1 − z|^2 = ( sin^{(n+1)t}_2

sin^t_2

)_2 . AfoÔ F_n ≥ 0, eÐnai fanerì ìti

‖F_n‖_1 = 1 2π ∫_{2π} 0 F_n(t)dt = 1 2π n∑ k=−n ( 1 − |k| n + 1 ) ∫_{2π} 0 e^{ikt}dt = 1. □

Isqurismìc 2. An Q eÐnai trigwnometrikì poluÿnumo bajmoÔ n, tìte Q ∗ ψ_n = −Q^′. Apìdeixh: MporoÔme na grĹyoume Q(t) = ∑_n k=−n ake ikt. Tìte,

(Q ∗ ψ_n)(t) = 1 2π ∫_{2π} 0 2n (_n ∑ k=−n a_ke^{ik(t−s)} ) (_{n−1} ∑ l=−n+1 ( 1 − |l| n ) e^{ils} ) sin(ns)ds

= 2n 2π n∑ k=−n a_ke^{ikt} n−1∑ l=−n+1 ( 1 − |l| n ) ∫_{2π} 0 e^{i(l−k)s} sin(ns)ds.

To oloklărwma mhdenÐzetai, ektìc an |l − k| = n, opìte ∫_{2π} 0 e^{ins} sin(ns)ds = − ∫_{2π} 0 e^{−ins} sin(ns)ds = iπ. AfoÔ |k| ≤ n kai |l| ≤ n−1, prèpei na eÐnai 1 ≤ k ≤ n kai l = k −n, ă −n ≤ k ≤ −1 kai l = k + n. Epomènwc,

(Q ∗ ψ_n)(t) = n π (_n ∑ k=1 a_ke^{ikt}(−i)π ( 1 − n − k n ) + −1∑ k=−n a_ke^{ikt}iπ ( 1 − k + n n ))

= − ∑ k≠0,|k|≤n a_kkie^{ikt} = −Q^′(t). □ MporoÔme tÿra na apodeÐxoume to Lămma 1.3.3. Apì ton prohgoÔmeno isqurismì, ‖Q^′‖_∞ = ‖Q ∗ ψ_n‖_∞. Omwc, |(Q ∗ ψ_n)(t)| ≤ 1 2π ∫_{2π} 0 |Q(t − s)| |ψ_n(s)|ds, Ĺra ‖Q ∗ ψ_n‖_∞ ≤ 1 2π ‖Q‖_∞ ∫_{2π} 0 |ψ_n(s)|ds. Apì ton orismì thc ψ_n kai apì ton prÿto isqurismì, 1 2π ∫_{2π} 0 |ψ_n(s)|dt ≤ 1 2π ∫_{2π} 0 2nF_{n−1}(s)ds = 2n. ’Ara, ‖Q^′‖_∞ ≤ 2n‖Q‖_∞. □

Apìdeixh tou Lămmatoc 1.3.2: ’Estw P (t) = ∑_n k=0 x_kt^k, x_k ∈ C èna poluÿnumo me migadikoÔc suntelestèc. OrÐzoume Q(s) = P ( sin s 2 ) = n∑ k=0 b_k (sin s)^k

2^k . To Q eÐnai trigwnometrikì poluÿnumo bajmoÔ n, kai

Q^′(0) = 1 2 P^′(0).

Apì thn anisìthta tou Bernstein, |Q^′(0)| ≤ 2n‖Q‖_∞ = 2n max_{|s|≤ 12} |P (s)|. ’Ara, (∗) |x_1| = |P^′(0)| ≤ 4n max_{|s|≤ 12} |P (s)|. ’Estw tÿra {x_k : k ≥ 0} telikĹ mhdenikă akoloujÐa se ènan qÿro Banach X, h opoÐa ikanopoieÐ tic upojèseic tou Lămmatoc 1.3.2. Gia kĹje n ∈ N jewroÔme to poluÿnumo P_n(t) = ∑_n k=0 x_kt^k. Qrhsimopoiÿntac to gegonìc ìti ‖x_1‖ = sup{|ζ(x_1)| : ζ ∈ X^∗, ‖ζ‖_∗ ≤ 1}, paÐrnoume ‖x_1‖ = sup{|ζ(x_1)| : ζ ∈ X^∗, ‖ζ‖_∗ ≤ 1} ≤ 2n · sup{|ζ(P_n(ε))| : |ε| ≤ 1 2 , ζ ∈ X^∗, ‖ζ‖_∗ ≤ 1} ≤ 2n · sup{‖P_n(ε)‖ : |ε| ≤ 1 2 }. SuneqÐzontac, mèsw thc trigwnikăc anisìthtac èqoume: ‖x_1‖ ≤ 2n · sup{‖P_n(ε)‖ : |ε| ≤ 1 2 } ≤ 2n [ sup {‖ ‖ n∑ k=0 ε^kx_k ‖ ‖ ‖ : |ε| ≤ 1 2 } + ∞∑ k=n+1 2^{−k}D ]

≤ 2n ( 1 + D2^{−n} ) gia kĹje n. Tèloc, an epilèxoume n = [log D] + 1 èqoume to zhtoÔmeno. □ Apìdeixh tou Jewrămatoc 1.3.1: OrÐzoume ton telestă

T (ε)[f(x)] = ∞∑ k=0 ε^kQ_k[f(x)] = ∫ f ( εx + √ 1 − ε^2y ) P (dy)

EÐdame prohgoumènwc ìti o S = span{H_a : a ∈ A} eÐnai puknìc ston L_2. Gia kĹje f ∈ S ⊗ X me ‖f‖_{L2(X)} ≤ 1 orÐzoume:

(T (ε) ⊗ I_X ) (f) = ∞∑ k=0 ε^k(Q_k ⊗ I_X )(f)

Apì thn Prìtash 1.3.2 èqoume ta exăc:

(1) ‖ (T (ε) ⊗ I_X ) (f)‖_{L2(X)} ≤ 1. (2) ‖(Q_k ⊗ I_X )(f)‖_{L2(X)} ≤ d(X, H).

Efarmìzontac to Lămma 1.3.2 gia ton qÿro Banach L_2(X) me D = d(X, H) kai x_k = (Q_k ⊗ I_X )(f), èqoume

‖(Q_1 ⊗ I_X )(f)‖_{L2(X)} ≤ c log(1 + d(X, H)).

Tèloc, apì thn puknìthta tou S ⊗ X ston L_2(X) prokÔptei ìti

K(X) = ‖Q_1 ⊗ I_X ‖_{L2(X)→L2(X)} ≤ c log(1 + d(X, H)). □

Qrhsimopoiÿntac thn K-kurtìthta mporoÔme na doÔme ton duðsmì anĹmesa se sei- rèc ∑ g_nx_n ston X kai seirèc ∑ g_nx^∗_n ston X^∗: ’Estw n ∈ N. GrĹfoume A_n gia thn σ-upoĹlgebra thc A pou parĹgetai apì tic g_1, . . . , g_n. SumbolÐzoume me G_n(X) ton upìqwro tou L_2(X) pou parĹgetai apì ìlec tic sunartăseic ω → ∑_n i=1 g_i(ω)x_i, ìpou x_i ∈ X. EpÐshc, sumbolÐzoume me N_n(X) ton upìqwro tou L_2(X) pou apoteleÐtai apì ìlec tic A_n-metrăsimec sunartăseic ψ gia tic opoÐec ∫ g_iψ = 0, i = 1, 2, . . . . Tèloc, grĹfoume G_{n∗}(X) gia ton X^n me nìrma thn |||x||| = inf {‖ ‖ ‖ ‖ n∑ i=1 g_ix_i + ψ ‖ ‖ ‖ ‖_{L2(X)} : ψ ∈ N^n(X) } . Dhladă, o G_{n∗}(X) eÐnai isometrikĹ isìmorfoc me ton L_2(Ω, A_n; X)/G_n(X^∗)^⊥.

Prìtash 1.3.3 Oi qÿroi G_n(X^∗) kai (G_{n∗}(X))^∗ eÐnai isometrikĹ isìmorfoi. ’Ara, gia kĹje x = (x_1, . . . , x_n) ∈ X^n isqÔei |||x||| = sup {_n ∑ i=1 ⟨x^∗_i , x_i⟩ : ‖ ‖ ‖^n ∑ i=1 g_ix^∗_i ‖ ‖ ‖ L_2(X^∗) ≤ 1 } .

Apìdeixh: Oi qÿroi G_n(X^∗) kai (G_{n∗}(X))^∗ mporoÔn fusiologikĹ na tautistoÔn me touc (X^∗)^n kai X^n antÐstoiqa. H sqèsh duïsmoÔ metaxÔ twn qÿrwn eÐnai h ⟨ ∑ g_ix^∗_i , x⟩ = ∑ ⟨x^∗_i , x_i⟩ ìpou x = (x_i) ∈ X^n.

’Estw Φ A_n-metrăsimh sunĹrthsh ston L_2(X). Gia kĹje i = 1, . . . , n orÐzoume

x_i = E(g_i Φ) = ∫ g_iΦ. Tìte, h sunĹrthsh ψ = Φ − ∑_n i=1 g_ix_i ∈ N_n(X) diìti ∫ g_j ψ = ∫ g_j Φ − n∑ i=1 [∫ g_ig_j ] x_i

= x_j − n∑ i=1 δ_{ij} x_i = x_j − x_j = 0,

kai aplèc prĹxeic deÐqnoun ìti E ( ⟨ ∑ g_ix^∗_i , Φ⟩ ) = ∑ ⟨x^∗_i , x_i⟩. Dedomènou ìti ‖ ‖ ‖ n∑ i=1 g_ix^∗_i ‖ ‖ ‖_{L2(X ∗)} = sup { E⟨ n∑ i=1 g_ix^∗_i , Φ⟩ : Φ ∈ L_2(A_n, X), ‖Φ‖_2 ≤ 1 } , mporoÔme na grĹyoume ‖ ‖ ‖ ‖ n∑ i=1 g_ix^∗_i ‖ ‖ ‖ ‖_{Gn(X ∗)} = sup {_n∑ i=1 ⟨x^∗_i , x_i⟩ : |||x||| ≤ 1 }

Tèloc, epeidă isqÔei |||x||| = sup{⟨ξ, x⟩ : |||ξ|||^∗ ≤ 1} jètontac ìpou ξ = ∑_n i=1 g_ix^∗_i blèpoume ìti |||x||| = sup {_n∑ i=1 ⟨x^∗_i , x_i⟩ : ‖ ‖ ‖ n∑ i=1 g_ix^∗_i ‖ ‖ ‖ L_2(X^∗) ≤ 1 } . □

Prìtash 1.3.4 ’Estw X ènac K-kurtìc qÿroc Banach. An x_1, . . . , x_n ∈ X, K(X)^{−1} ‖ ‖ ‖ ‖ n∑ i=1 g_ix_i ‖ ‖ ‖ ‖_{L2(X)} ≤ sup {_n ∑ i=1 ⟨x^∗_i , x_i⟩ : ‖ ‖ ‖ ‖ n∑ i=1 g_ix^∗_i ‖ ‖ ‖ ‖_{L2(X ∗)} ≤ 1 }

≤ ‖ ‖ ‖^n ∑ i=1 g_ix_i ‖ ‖ ‖ L_2(X) .

Apìdeixh: AfoÔ (Q_1 ⊗ I_X )(ψ) = 0 gia kĹje ψ ∈ N_n(X), apì ton orismì thc K(X) paÐrnoume ‖ ‖ ‖ n∑ i=1 g_ix_i ‖ ‖ ‖_{L2(X)} ≤ K(X) ‖ ‖ ‖ n∑ i=1 g_ix_i + ψ ‖ ‖ ‖_{L2(X)} gia kĹje ψ ∈ N_n(X). Epomènwc, ‖ ‖ ‖ n∑ i=1 g_ix_i ‖ ‖ ‖_{L2(X)} ≤ K(X)|||x|||. Apì thn Prìtash 1.3.3 èpetai h aristeră anisìthta. H apìdeixh thc dexiĹc anisìthtac eÐnai Ĺmesh. □

1.4 H ℓ-nìrma

H ℓ-nìrma orÐsthke apì touc T. Figiel kai N. Tomczak-Jaegermann [FT]. ’Estw X qÿroc Banach kai u : ℓ^n_2 → X grammikìc telestăc. OrÐzoume ℓ(u) = (∫ ‖u(x)‖^2_X dγ_n(x) )_{1/2}

ìpou γ_n to mètro tou Gauss ston R^n . Me ton sumbolismì thc prohgoÔmenhc paragrĹfou èqoume ℓ(u) = (∫ Ω ‖ n∑ i=1 g_i(ω)u(e_i)‖^2dP )_{1/2}

= ‖ ‖ ‖ ‖ n∑ i=1 g_i ⊗ u(e_i) ‖ ‖ ‖ ‖_{L2(X)}, ìpou {e_i}^n_{i=1} h kanonikă bĹsh tou R^n .

Oi basikèc idiìthtec thc ℓ dÐnontai apì thn epìmenh prìtash.

Prìtash 1.4.1 ’Estw X kai Y qÿroi Banach.

1. H ℓ eÐnai nìrma ston L(ℓ^n_2 , X).

2. Gia kĹje T : ℓ^n_2 → ℓ^n_2 isqÔei ℓ(uT ) ≤ ℓ(u)‖T ‖.

3. Gia kĹje S : X → Y isqÔei ℓ(Su) ≤ ‖S‖ℓ(u). □

Orismìc. ’Estw X ènac n-diĹstatoc qÿroc me nìrma kai èstw α tuqoÔsa nìrma ston L(ℓ^n_2 , X). MporoÔme pĹnta na orÐsoume mia duikă nìrma α^∗ ston L(X, ℓ^n_2 ), jètontac α^∗(v) = sup{tr(vu) : α(u) ≤ 1}.

Lème tìte ìti oi α kai α^∗ eÐnai duikèc wc proc to Ðqnoc. To Lămma tou Lewis [Le] isqÔei gia opoiadăpote nìrma ston L(ℓ^n_2 , X).

Prìtash 1.4.2 Gia kĹje nìrma α ston L(ℓ^n_2 , X), upĹrqei u ∈ L(ℓ^n_2 , ℓ^n_2 ) tètoioc ÿste α(u) = 1 kai α^∗(u^{−1}) = n.

Apìdeixh: ParathroÔme prÿta ìti n ≤ α(v)α^∗(v^{−1}) gia kĹje v ∈ L(ℓ^n_2 , X), afoÔ n α(v) = 1 α(v) tr(I_n) = tr ( v^{−1} v α(v) ) ≤ α^∗(v^{−1}). ’Estw u → det(u) sunĹrthsh orÐzousac (wc proc kĹpoia stajeră bĹsh tou X). PaÐrnoume u ∈ L(ℓ^n_2 , X) me α(u) ≤ 1 ètsi ÿste | det u| = max{| det v| : v ∈ L(ℓ^n_2 , X), α(v) ≤ 1}. Tètoioc u upĹrqei, afoÔ h orÐzousa eÐnai suneqăc sunĹrthsh wc proc thn fusiologikă nìrma, Ĺra kai wc proc kĹje nìrma ston L(ℓ^n_2 , X). EÐnai epÐshc fanerì ìti α(u) = 1.’Estw ε > 0 arketĹ mikrì, kai v ∈ L(ℓ^n_2 , X) tuqÿn. Tìte, o (u + εv)/α(u + εv) èqei α-nìrma Ðsh me 1. Epomènwc, | det(u + εv)| ≤ (α(u + εv))^n | det u|. ’Epetai ìti | det[u^{−1}(u + εv)]|^{1/n} ≤ α(u + εv), kai, afoÔ h α eÐnai nìrma,

| det(I_n + εu^{−1}v)|^{1/n} ≤ α(u) + εα(v) = 1 + εα(v).

Dhladă, [det(I_n + εu^{−1}v)]^{1/n} − 1 ε ≤ α(v), kai afănontac to ε → 0^+ paÐrnoume

tr(u^{−1}v) n ≤ α(v). AfoÔ o v ătan tuqÿn, autì shmaÐnei ìti α^∗(u^{−1}) ≤ n. □ ’Estw X ènac n-diĹstatoc qÿroc me nìrma kai èstw v : X → ℓ^n_2 . An jèsoume x^∗_i = v^∗(e_i), tìte me ton sumbolismì thc prohgoÔmenhc paragrĹfou,

(∗) ℓ(v^∗) = sup {_n ∑ i=1 ⟨x^∗_i , x_i⟩ : ‖ ‖ ‖^n ∑ i=1 g_ix^∗_i ‖ ‖ ‖ L_2(X^∗) ≤ 1 } . ’Ara, h Prìtash 1.3.4 mac dÐnei to exăc.

Lămma 1.4.1 Gia kĹje n-diĹstato qÿro me nìrma X kai kĹje v : X → ℓ^n_2 , èqoume ℓ(v^∗) ≤ K(X^∗)ℓ^∗(v).

Apìdeixh: Apì thn Prìtash 1.3.4 kai thn (∗),

ℓ(v^∗) = ‖ ‖ ‖^n ∑ i=1 g_ix^∗_i ‖ ‖ ‖ L_2(X^∗) ≤ K(X^∗)ℓ^∗(v). □

Qrhsimopoiÿntac kai thn Prìtash 1.4.2 paÐrnoume to exăc.

Jeÿrhma 1.4.1 ’Estw X ènac n-diĹstatoc qÿroc me nìrma. UpĹrqei isomorfismìc u : ℓ^n_2 → X tètoioc ÿste

ℓ(u)ℓ(u^{−1})^∗) ≤ cn log[d(X, ℓ^n_2 ) + 1].

IsodÔnama, upĹrqei diorjogÿnio sÔsthma {x_1, . . . , x_n} ⊂ X kai {x^∗_1, . . . , x^∗_n} ⊂ X^∗ tètoio ÿste ‖ ‖ ‖ ‖ n∑ i=1 g_ix_i ‖ ‖ ‖ ‖_{L2(X)} ‖ ‖ ‖ ‖ n∑ i=1 g_ix^∗_i ‖ ‖ ‖ ‖_{L2(X ∗)} ≤ cn log[d(X, ℓ^n2 ) + 1].

Apìdeixh: Apì thn prìtash 1.4.2 upĹrqei isomorfismìc u tètoioc ÿste ℓ(u) = ℓ^∗(u^{−1}) = √ n. EpÐshc,apì to Lămma 1.4.1 jètontac v = u^{−1} èqoume

ℓ((u^{−1})^∗) ≤ K(X^∗)ℓ^∗(u^{−1}).

Apì to Jeÿrhma 1.3.1 èqoume

K(X^∗) ≤ c log[d(X^∗, ℓ^n_2 ) + 1] = c log[d(X, ℓ^n_2 ) + 1], Ĺra ℓ(u) · ℓ((u^{−1})^∗) ≤ K(X^∗)ℓ(u) · ℓ^∗(u^{−1}) ≤ cn log[d(X, ℓ^n_2 ) + 1].

PaÐrnontac x_i = u(e_i) kai x^∗_i = (u^{−1})^∗(e_i), apì ton orismì thc ℓ-nìrmac èqoume thn isodÔnamh diatÔpwsh tou jewrămatoc. □

30

KefĹlaio 2

H eikasÐa tou Mahler

Sthn §2.1 apodeiknÔoume thn anisìthta tou Santaló: gia kĹje summetrikì kurtì sÿma K ston R^n , P (K) := |K| · |K^∘| ≤ |B_n|^2. H apìdeixh basÐzetai sthn summetrikopoÐhsh katĹ Steiner. Den eÐnai gnwstì gia poiĹ summetrikĹ kurtĹ sÿmata elaqistopoieÐtai to ginìmeno ìgkwn P . H eikasÐa tou Mahler eÐnai ìti P (K) ≥ 4^n/n! gia kĹje summetrikì kurtì sÿma K ston R^n , dhladă ìti to ginìmeno ìgkwn P (K) gÐnetai elĹqisto ìtan to K eÐnai kÔboc. Stic paragrĹfouc §2.2 kai §2.3 epalhjeÔoume thn eikasÐa tou Mahler mèsa se dÔo eidikèc klĹseic swmĹtwn: ta zwnoeidă kai ta sÿmata pou eÐnai summetrikĹ wc proc ta kÔria uperepÐpeda.

2.1 H anisìthta tou Santaló

’Estw K kurtì sÿma ston R^n kai θ ∈ S^{n−1}. GrĹfoume P_θ⊥ (K) gia thn orjogÿnia probolă tou K ston θ^⊥ kai orÐzoume dÔo sunartăseic f, g : P_θ⊥ (K) → R me f(x) = min{t ∈ R : x + tθ ∈ K} kai g(x) = max{t ∈ R : x + tθ ∈ K}. EÔkola elègqoume ìti h f eÐnai kurtă, h g eÐnai koÐlh kai (1) K = {x + tθ : x ∈ P_θ⊥ (K), f(x) ≤ t ≤ g(x)}. OrÐzoume tÿra thn Steiner summetrikopoÐhsh tou K sthn kateÔjunsh tou θ wc exăc:

(2) S_θ(K) = { x + tθ : x ∈ P_θ⊥ (K) , |t| ≤ g(x) − f(x) 2 } .

Dhladă, giĹ kĹje x ∈ P_θ⊥ (K) jewroÔme èna eujÔgrammo tmăma parĹllhlo sto θ me măkoc g(x) − f(x) kai mèso to x, kai paÐrnoume thn ènwsh ìlwn autÿn twn eujugrĹmmwn tmhmĹtwn.

Apì ton orismì, to S_θ(K) eÐnai summetrikì wc proc θ^⊥ (aută h paratărhsh dikaiologeÐ ton ìro {summetrikopoÐhsh} ). Oi basikèc idiìthtec tou metasqhmatismoÔ S_θ perigrĹfontai sto epìmeno lămma:

Lămma 2.1.1 ’Estw K kurtì sÿma ston R^n kai θ ∈ S^{n−1}. Tìte, to S_θ(K) eÐnai kurtì sÿma kai |S_θ(K)| = |K|. □

’Estw K, L mh kenĹ, sumpagă uposÔnola tou R^n . H apìstash Hausdorff twn K kai L eÐnai o arijmìc

(3) d_H (K, L) = min{λ ≥ 0 : K ⊆ L + λB_n kai L ⊆ K + λB_n}.

EÐnai eÔkolo na doÔme ìti h d_H eÐnai metrikă. Epiplèon, diadoqikèc Steiner summetrikopoiăseic fèrnoun opoiodăpote kurtì sÿma osodăpote kontĹ se EukleÐdeia mpĹla.

Jeÿrhma 2.1.1 ’Estw K kurtì sÿma ston R^n . JewroÔme thn klĹsh ìlwn twn diadoqikÿn Steiner summetrikopoiăsewn tou K (4) S(K) = {S_{θm} . . . S_{θ1} (K) : θ_i ∈ S^{n−1}, m ∈ N}. Tìte, giĹ kĹje ε > 0 mporoÔme na broÔme C ∈ S(K) tètoio ÿste d_H (C, ρB_n) < ε, ìpou ρ = ( |K|/|B_n| )_{1/n} . □ To Jeÿrhma 2.1.1 anĹgei thn apìdeixh thc anisìthtac tou Santaló sto exăc.

Jeÿrhma 2.1.2 [MP] ’Estw K summetrikì kurtì sÿma ston R^n kai θ ∈ S^{n−1}. An K_1 = S_θ(K) eÐnai h Steiner summetrikopoÐhsh tou K sthn kateÔjunsh tou θ, tìte |K||K^∘| ≤ |K_1||K^∘_1 |. Apìdeixh: AfoÔ h summetrikopoÐhsh Steiner diathreÐ touc ìgkouc, arkeÐ na deÐxoume ìti |K^∘| ≤ |K^∘_1 |.

Gia eukolÐa upojètoume ìti θ^⊥ = R^{n−1} . Apì ton orismì thc summetrikopoÐhshc mporoÔme na elègxoume ìti

S_θ(K) = K_1 = { ( x, t_1 − t_2 2 ) : x ∈ P_θ⊥ K, (x, t_1) ∈ K, (x, t_2) ∈ K } . GiĹ kĹje A ⊆ R^n grĹfoume A(t) = {x ∈ R^{n−1} : (x, t) ∈ A}.

Isqurismìc: GiĹ kĹje s ∈ R isqÔei

K^∘(s) + K^∘(−s) 2 ⊆ K^∘_1 (s).

Apìdeixh: ’Estw y_1 ∈ K^∘(s) kai y_2 ∈ K^∘(−s). Autì shmaÐnei ìti (y_1, s) ∈ K^∘ kai (y_2, −s) ∈ K^∘. Jèloume na deÐxoume ìti (y_1 + y_2)/2 ∈ K^∘_1 (s), dhladă ìti (_{y1+y2} 2 , s ) ∈ K^∘_1 .

’Estw (x,^{t1−t2}_2 ) ∈ K_1, dhladă (x, t_1) ∈ K kai (x, t_2) ∈ K. ArkeÐ na deÐxoume ìti ⟨( x, t_1 − t_2 2 ) , ( y_1 + y_2 2 , s )⟩ ≤ 1. ’Omwc, h posìthta aută eÐnai Ðsh me ⟨ x, y_1 + y_2 2 ⟩ + st_1 − st_2 2 = ⟨(x, t_1), (y_1, s)⟩ + ⟨(x, t_2), (y_2, −s)⟩ 2 ≤ 1. □

Apì thn anisìthta Brunn-Minkowski, |K^∘_1 (s)| ≥ |K^∘(s)|^{1/2}|K^∘(−s)|^{1/2}. Apì thn summetrÐa tou K^∘ èqoume |K^∘(s)| = |K^∘(−s)|, Ĺra |K^∘_1 (s)| ≥ |K^∘(s)| giĹ kĹje s ∈ R. Me oloklărwsh sumperaÐnoume ìti

|K^∘_1 | = ∫_{+∞} −∞ |K^∘_1 (s)|ds ≥ ∫_{+∞} −∞ |K^∘(s)|ds = |K^∘|. □

H anisìthta tou Santaló. ’Estw K summetrikì kurtì sÿma ston R^n . Tìte, |K||K^∘| ≤ |B_n|^2. Apìdeixh: ’Estw S(K) h klĹsh ìlwn twn diadoqikÿn Steiner summetrikopoiăsewn tou K. Me diadoqikèc efarmogèc tou Jewrămatoc 2.1.2 blèpoume ìti |K||K^∘| ≤ |C||C^∘| giĹ kĹje C ∈ S(K). Apì to Jeÿrhma 2.1.1 upĹrqei akoloujÐa {C_m} stoiqeÐwn thc S(K) me d_H (C_m, ρB_n) → 0, ìpou ρ = ( |K|/|B_n| )_{1/n} . Tìte, d_H (C^∘_m, (ρB_n)^∘) → 0 kai apì thn sunèqeia tou ìgkou wc proc thn Hausdorff metrikă paÐrnoume |K||K^∘| ≤ lim_m |C_m||(C_m)^∘| = |ρB_n||(ρB_n)^∘| = |B_n|^2. □

To prìblhma tou elaqÐstou paramènei anoiqtì. SÔmfwna me thn eikasÐa tou Mahler, giĹ kĹje summetrikì kurtì sÿma K ston R^n isqÔei (5) |K||K^∘| ≥ 4^n n! . An to elĹqisto eÐnai ìntwc autì, tìte èqoume isìthta sthn (5) an to K eÐnai kÔboc (kai se merikèc akìma periptÿseic). ’Opwc ja doÔme stic epìmenec dÔo paragrĹfouc, h eikasÐa tou Mahler isqÔei an perioristoÔme se dÔo eidikèc klĹseic swmĹtwn: sta zwnoeidă kai sta sÿmata pou eÐnai summetrikĹ wc proc ta kÔria uperepÐpeda.

2.2 H eikasÐa tou Mahler gia zwnoeidă

Gia kĹje x ∈ R^n grĹfoume [−x, x] gia to eujÔgrammo tmăma {tx : −1 ≤ t ≤ 1}. Ta summetrikĹ kurtĹ sÿmata thc morfăc A = m∑ j=1 [−x_j , x_j ]

lègontai zwnìtopa. Dhladă, zwnìtopo eÐnai èna Ĺjroisma Minkowski eujugrĹmmwn tmhmĹtwn me mèso to 0. An m = n kai ta x_j eÐnai grammikĹ anexĹrthta, tìte to A lègetai n-kÔboc (parallhlepÐpedo).

Ta ìria akoloujiÿn apì zwnìtopa wc proc thn Hausdorff metrikă lègontai zwnoeidă. H klĹsh twn zwnoeidÿn qarakthrÐzetai apì thn exăc prìtash.

Prìtash 2.2.1 ’Ena summetrikì kurtì sÿma A ston R^n eÐnai zwnoeidèc an kai mìno an upĹrqei jetikì, Ĺrtio mètro Borel μ sthn S^{n−1} me thn idiìthta ‖y‖_A∘ = 1 2 ∫ S^{n−1} |⟨x, y⟩| dμ(x) gia kĹje y ∈ R^n . □

To mètro μ thc Prìtashc 2.2.1 orÐzetai monosămanta kai lègetai mètro stărixhc tou A. Qrhsimopoiÿntac to gegonìc ìti |P_x⊥ A| = 1 2 ∫ S^{n−1} |⟨x, θ⟩|dσ_A(θ) ìpou σ_A to epifaneiakì mètro tou A, blèpoume ìti 1 n ∫ S^{n−1} |P_x⊥ A|dμ(x) = 1 2n ∫ S^{n−1} ∫ S^{n−1} |⟨x, θ⟩|dσ_A(θ)dμ(x) = 1 2n ∫ S^{n−1} ∫ S^{n−1} |⟨x, θ⟩|dμ(x)dσ_A (θ) = 1 n ∫ S^{n−1} ‖θ‖_A∘ dσ_A(θ) = |A|, afoÔ h teleutaÐa isìthta isqÔei gia kĹje summetrikì kurtì sÿma. ’Eqoume loipìn ton exăc {tÔpo} gia ton ìgko zwnoeidÿn.

Prìtash 2.2.2 ’Estw A zwnoeidèc me mètro stărixhc to μ. Tìte, |A| = 1 n ∫ S^{n−1} |P_x⊥ A|dμ(x). □ To basikì jeÿrhma pou ja apodeÐxoume se autăn thn parĹgrafo eÐnai to exăc (blèpe [GMR], arqikĹ apodeÐqjhke alliÿc apì ton Reisner [R]: Jeÿrhma 2.2.1 ’Estw A zwnoeidèc ston R^n . Tìte, P (A) = |A| · |A^∘| ≥ 4^n n! me isìthta an kai mìno an to A eÐnai n-kÔboc.

Gia thn apìdeixh tou Jewrămatoc 2.2.1 ja qreiastoÔme trÐa lămmata. Lămma 2.2.1 ’Estw A ⊆ R^n zwnoeidèc kai μ to mètro stărixhc tou A. Tìte, (1) (n + 1)|A| ∫ S^{n−1} ∫ A^∘ |⟨x, y⟩|dydμ(x) = 2|A^∘| ∫ S^{n−1} |P_x⊥ A|dμ(x). Eidikìtera, upĹrqei x_0 ∈ S^{n−1} tètoio ÿste (2) (n + 1)|A| ∫ A^∘ |⟨x_0, y⟩|dy ≥ 2|A^∘| · |P_x⊥_0 A|. Apìdeixh: Apì to jeÿrhma tou Fubini èqoume ∫ S^{n−1} ∫ A^∘ |⟨x, y⟩|dy dμ(x) = ∫ A^∘ [∫ S^{n−1} |⟨x, y⟩|dμ(x) ] dy = 2 ∫ A^∘ ‖y‖_A∘ dy = 2 ∫ A^∘ [∫_{‖y‖A∘} 0 dt ] dy = 2 ∫_1 0 |{y ∈ R^n : t ≤ ‖y‖_A∘ ≤ 1}|dt = 2 ∫_1 0 |A^∘\tA^∘|dt = 2 ∫_1 0 (|A^∘| − |tA^∘|)dt.

diìti tA^∘ ⊆ A^∘ gia kĹje t ∈ [0, 1]. H teleutaÐa posìthta isoÔtai me 2 ∫_1 0 |A^∘|(1 − t^n)dt = 2|A^∘| ∫_1 0 (1 − t^n)dt = 2n n + 1 |A^∘|. Mia prÿth isìthta loipìn eÐnai h exăc: (3) ∫ S^{n−1} ∫ A^∘ |⟨x, y⟩|dydμ(x) = 2n n + 1 |A^∘|. Apì thn Ĺllh meriĹ, epeidă to A eÐnai zwnoeidèc, apì thn Prìtash 2.2.2 isqÔei ìti (4) |A| = 1 n ∫ S^{n−1} |P_x⊥ A|dμ(x). Apì tic (3) kai (4) prokÔptei h (1).

H Ôparxh enìc x_0 ∈ S^{n−1} pou na ikanopoieÐ thn (2) èpetai apì to gegonìc ìti to μ eÐnai jetikì mètro. PrĹgmati apì thn (1) an ta metafèroume ìla sto aristerì mèloc èqoume ∫ S^{n−1} [ (n + 1)|A| ∫ A^∘ |⟨x, y⟩|dy − 2|A^∘| · |P_x⊥ A| ] dμ(x) = 0 Ĺra upĹrqei x_0 ∈ S^{n−1} tètoio ÿste (n + 1)|A| ∫ A^∘ |⟨x_0, y⟩|dy − 2|A^∘| · |P_x⊥_0 | ≥ 0. Autì apodeiknÔei to zhtoÔmeno. □ Lămma 2.2.2 ’Estw f : R^+ → R^+ me f(0) = 1 kai ∫_∞ 0 f(x)dx > 0. Upojètoume akìma ìti gia kĹpoio p > 0 h f^{1/p} eÐnai koÐlh sto {x : f(x) ≠ 0}. Tìte, ∫_∞ 0 t f(t) dt ≤ p + 1 p + 2 [∫_∞ 0 f(t) dt ]_2

me isìthta an kai mìno an upĹrqei α > 0 tètoioc ÿste f(t) = (1 − αt)^p_+. Apìdeixh: Epeidă ∫_∞ 0 f(x) dx > 0, upĹrqei α > 0 tètoioc ÿste (5) ∫_∞ 0 f(t) dt = ∫_∞ 0 (1 − αt)^p_+dt = 1 α(p + 1) . JewroÔme thn sunĹrthsh g(x) = f(x) − (1 − αt)^p_+. Tìte, g(0) = f(0) − 1 = 0 kai (6) ∫_∞ 0 g(x) dx = ∫_∞ 0 f(x) dx − ∫_∞ 0 (1 − αx)^p_+dx = 0.

AfoÔ h f^{1/p} eÐnai koÐlh sto {x : f(x) ≠ 0} kai h (1−αx)_+ grammikă, sumperaÐnoume ìti upĹrqei x_0 ≥ 0 me thn idiìthta g(x) ≥ 0 an x ∈ [0, x_0] kai g(x) ≤ 0 an x ≥ x_0. ’Epetai ìti gia kĹje x ∈ R^+ (7) ∫_∞ x g(t) dt ≤ 0. PragmatikĹ, gia kĹje x ≥ x_0 isqÔei g(x) ≤ 0 Ĺra ∫_∞ x g(t) dt ≤ 0. An pĹli upărqe kĹpoio x_1 ∈ [0, x_0] tètoio ÿste ∫_∞ x_1 g(t) dt > 0, apì thn (6) ja paÐrname ∫_{x1} 0 g(t) dt < 0 to opoÐo eÐnai Ĺtopo. Tÿra, ∫_∞ 0 ∫_∞ x f(t) dt dx = ∫_∞ 0 ∫_∞ 0 χ_{{t≥x}}(t) f(t) dt dx = ∫_∞ 0 f(t) ∫_∞ 0 χ_{{t≥x}}(t) dx dt = ∫_∞ 0 f(t) ∫_t 0 dx dt = ∫_∞ 0 t f(t) dt, opìte, qrhsimopoiÿntac thn (7) grĹfoume ∫_∞ 0 t f(t) dt = ∫_∞ 0 [∫_∞ x f(t) dt ] dx ≤ ∫_∞ 0 [∫_∞ x (1 − αt)^p_+ dt ] dx. ’Omwc, ∫_∞ 0 [∫_∞ x (1 − αt)^p_+ dt ] dx = 1 (p + 1)(p + 2)α^2 = p + 1 p + 2 · 1 [(p + 1)α]^2 = p + 1 p + 2 [∫_∞ 0 f(t) dt ]_2

apì thn epilogă tou α. ’Ara, ∫_∞ 0 t f(t) dt ≤ p + 1 p + 2 [∫_∞ 0 f(t) dt ]_2 . Apì thn apìdeixh gÐnetai fanerì ìti isìthta isqÔei an kai mìno an ∫_∞ x f(t) dt = ∫_∞ x (1 − αt)^p_+ dt gia kĹje x ∈ R^+ , dhladă an f(t) = (1 − αt)^p_+ gia kĹje t ≥ 0. □

Lămma 2.2.3 ’Estw B summetrikì kurtì sÿma ston R^n . Gia kĹje x ∈ S^{n−1} orÐzoume B(x) = {y ∈ B : ⟨x, y⟩ = 0}. Tìte, ∫ B |⟨x, y⟩|dy ≤ n 2(n + 1) · |B|^2 |B(x)| . Isìthta isqÔei an kai mìno an upĹrqei y ∈ R^n tètoio ÿste B = conv(y, −y, B(x)).

Apìdeixh: OrÐzoume g(t) = |{y ∈ B : ⟨x, y⟩ = t}|, t ∈ R. Gia thn sunĹrthsh g isqÔoun ta exăc:

(a) g(0) = |B(x)| apì ton orismì tou B(x). (b) H g eÐnai Ĺrtia, diìti {y ∈ B : ⟨x, y⟩ = −t} = −{y ∈ B : ⟨x, y⟩ = t}. (g) g(t) = 0 an |t| > ‖x‖_B∘ . (d) H g^{1/(n−1)} eÐnai koÐlh sto forèa thc (−‖x‖_B∘ , ‖x‖_B∘ ): autì prokÔptei apì thn anisìthta Brunn-Minkowski.

(e) Apì to jeÿrhma tou Fubini (mporoÔme na upojèsoume ìti x = e_n), |B| = 2 ∫_∞ 0 ∫ R^{n−1} χ_B (z, t)dzdt = 2 ∫_∞ 0 |{y ∈ B : ⟨x, y⟩ = t}|_{n−1}dt = 2 ∫_∞ 0 g(t) dt. (z) Entelÿc ìmoia, ∫ B |⟨x, y⟩|dy = 2 ∫_∞ 0 ∫ R^{n−1} ⟨(z, t), e_n⟩χ_B (z, t)dzdt = 2 ∫_∞ 0 t|{y ∈ B : ⟨x, y⟩ = t}|_{n−1}dt = 2 ∫_∞ 0 tg(t)dt. Gia thn sunĹrthsh f(t) = g(t)/g(0) èqoume ìti: h f^{1/(n−1)} eÐnai koÐlh sto {x : f(x) ≠ 0} me f(0) = 1 kai ∫_∞ 0 f(t)dt = ∫_∞ 0 g(t) g(0) dt = 1 |B(x)| ∫_∞ 0 g(t) dt = |B| 2|B(x)| > 0. Efarmìzontac to Lămma 2.2.2 me p = n − 1 paÐrnoume (8) ∫_∞ 0 tf(t)dt ≤ n n + 1 [∫_∞ 0 f(t) dt ]_2 me isìthta an kai mìno an upĹrqei α > 0 tètoioc ÿste f(t) = (1 − αt)^{n−1}_+ gia kĹje t ≥ 0. Sthn perÐptwsă mac, h (8) paÐrnei th morfă 1 2|B(x)| ∫ B |⟨x, y⟩|dy ≤ n 4(n + 1) |B|^2 |B(x)|^2 apfl ìpou sumperaÐnoume ìti ∫ B |⟨x, y⟩|dy ≤ n 2(n + 1) · |B|^2 |B(x)| , dhladă to zhtoÔmeno.

Tÿra, an f kai p eÐnai ta parapĹnw, apì to Lămma 2.2.2 èqoume isìthta an kai mìno an f(t) = (1 − αt)^p_+ gia kĹje t ≥ 0, dhladă an g(t) g(0) = ( 1 − t ‖x‖_B∘ )_{n−1} + gia kĹje t ≥ 0 (parathrăste ìti 1/α = ‖x‖_B∘ diìti oi f(t) kai (1 − αt)^{n−1}_+ sumpÐptoun kai èqoun foreÐc ta [0, ‖x‖_B∘ ] kai [0, 1/α] antÐstoiqa).

Apì to jeÿrhma Hahn-Banach upĹrqei y ∈ B tètoio ÿste |⟨x, y⟩| = ‖x‖_B∘ . Lìgw kurtìthtac kai summetrÐac tou B èqoume B ⊇ B_1 = conv(y, −y, B(x)). An loipìn isqÔei ∫ B |⟨x, y⟩|dy = n 2(n + 1) |B|^2 |B(x)| , tìte |B| ≥ |B_1| = 2|B(x)| · ‖x‖_B∘ n = 2 ∫_∞ 0 g(t) dt = |B| opìte B = B_1.

O antÐstrofoc isqurismìc prokÔptei me apeujeÐac upologismì. An B = B_1 kai h to plĹtoc tou B sthn dieÔjunsh tou x, tìte ∫ B |⟨x, y⟩|dy = 2 ∫_h 0 tg(t)dt = 2g(0) ∫_h 0 t ( 1 − t h )_{n−1} dt = 2g(0)h^2 n(n + 1) = n 2(n + 1) · |B|^2 |B(x)| diìti 2g(0)h = n|B|. □ Tÿra piĹ eÐmaste ètoimoi na apodeÐxoume to jeÿrhma.

Apìdeixh tou jewrămatoc: H apìdeixh ja gÐnei me epagwgă wc proc n. Gia n = 1 èqoume A = [−c, c] kai A^∘ = [−c^{−1}, c^{−1}], Ĺra P (A) = 4. ’Estw ìti h anisìthta tou Jewrămatoc isqÔei gia n−1. Tìte apì ta Lămmata 2.2.1 kai 2.2.3 èqoume ìti: upĹrqei x_0 ∈ S^{n−1} tètoio ÿste 2|A^∘| · |P_x⊥_0 A| ≤ (n + 1)|A| ∫ A^∘ |⟨x_0, y⟩|dy ≤ (n + 1)|A| n 2(n + 1) |A^∘|^2 |A^∘(x_0)| Ĺra (9) |P_x⊥_0 A| · |A^∘(x_0)| ≤ n 4 |A| · |A^∘|. Epeidă ìmwc (A^∘(x_0))^∘ = P_x⊥_0 (A), h (9) paÐrnei th morfă

(10) P (A) ≥ 4 n P ( P_x⊥_0 A ) . Tÿra epeidă to A eÐnai zwnoeidèc, h probolă tou P_x⊥_0 A eÐnai epÐshc zwnoeidèc diĹstashc n − 1. Apì thn epagwgikă upìjesh èqoume P (A) ≥ 4 n P ( P_x⊥_0 A ) ≥ 4 n · 4^{n−1} (n − 1)! = 4^n n! . ’Ara to Jeÿrhma isqÔei gia kĹje n ∈ N.

An P (A) = 4^n/n!, tìte gia to sugkekrimèno x_0 ∈ S^{n−1} thc parapĹnw apìdeixhc isqÔei P ( P_x⊥_0 A ) = 4^{n−1}/(n − 1)! Ĺra apì thn epagwgikă upìjesh to P_x⊥_0 (A) eÐnai (n − 1)-kÔboc. Autì shmaÐnei ìti A^∘(x_0) = conv{±y_1, ±y_2, . . . , ±y_{n−1}} gia kĹpoia y_1, . . . , y_{n−1} ∈ R^n . Epiplèon èqoume isìthta sthn ∫ A^∘ |⟨x_0, y⟩|dy ≤ n 2(n + 1) · |A^∘|^2 |A^∘(x_0)| , Ĺra upĹrqei y_0 ∈ R^n gia to opoÐo

A^∘ = conv(y_0, −y_0, A^∘(x_0)}) = conv{±y_0, . . . , ±y_{n−1}}.

Dhladă to A eÐnai n-kÔboc. □

2.3 H eikasÐa tou Mahler gia sÿmata summetrikĹ wc proc ta kÔria uperepÐpeda

To basikì jeÿrhma pou ja apodeÐxoume ofeÐletai ston Saint-Raymond [SR] kai apantĹ jetikĹ sthn eikasÐa tou Mahler gia mia Ĺllh eidikă klĹsh swmĹtwn, autÿn pou eÐnai summetrikĹ wc proc ta kÔria uperepÐpeda.

Jeÿrhma 2.3.1 Gia kĹje kurtì sÿma K ston R^n to opoÐo eÐnai summetrikì wc proc kĹje kÔrio uperepÐpedo isqÔei ìti P (K) := |K| · |K^∘| ≥ 4^n n! . Apìdeixh: Lègontac ìti to K eÐnai summetrikì wc prìc kĹje kÔrio uperepÐpedo, ennooÔme ìti upĹrqei bĹsh {e_1, . . . , e_n} tou R^n me thn idiìthta (1) ‖ε_1ξ_1e_1 + . . . + ε_nξ_ne_n‖_K = ϕ(|ξ_1|, . . . , |ξ_n|) gia kĹje epilogă pragmatikÿn arijmÿn ξ_i kai prosămwn ε_i. Epeidă to ginìmeno ìgkwn eÐnai analloÐwto wc proc antistrèyimouc grammikoÔc metasqhmatismoÔc, gia thn apìdeixh tou Jewrămatoc mporoÔme na upojèsoume ìti to {e_1, . . . , e_n} eÐnai h sunăjhc orjokanonikă bĹsh tou R^n . Tìte, to sÿma K eÐnai summetrikì wc prìc kĹje kÔrio uperepÐpedo. Dhladă, (2) T (K) = K gia kĹje diagÿnio pÐnaka T me suntetagmènec ±1 sth diagÿnio. Apì thn [T (K)]^∘ = (T^{−1})^∗(K^∘) kai thn (2) èpetai ìti to polikì K^∘ tou K eÐnai epÐshc summetrikì wc prìc kĹje kÔrio uperepÐpedo. Dhladă, (3) ‖ε_1ξ_1e_1 + . . . + ε_nξ_ne_n‖_K∘ = ϕ^∗(|ξ_1|, . . . , |ξ_n|) gia kĹje epilogă pragmatikÿn arijmÿn ξ_i kai prosămwn ε_i. An loipìn jèsoume K_+ = K ∩ int(R^n_+ ) kai K^∘_+ = K^∘ ∩ int(R^n_+ ) èqoume ìti |K| = 2^n|K_+| kai |K^∘| = 2^n|K^∘_+|. To Ðdio akribÿc isqÔei gia ton monadiaÐo kÔbo W = {x ∈ R^n : max{|ξ_1|, |ξ_2|, . . . , |ξ_n|} ≤ 1} kai gia to polikì tou W^∘ = { x ∈ R^n : n∑ i=1 |ξ_i| ≤ 1 } . Ta W kai W^∘ eÐnai summetrikĹ wc proc ta kÔria uperepÐpeda, opìte an orÐsoume W_+ = W ∩ int(R^n_+ ) kai W^∘_+ = W^∘ ∩ int(R^n_+ ), èqoume |W | = 2^n|W_+| = 2^n kai |W^∘| = 2^n|W^∘_+| =

2^n n! .

Autì shmaÐnei ìti gia na apodeÐxoume thn zhtoÔmenh anisìthta arkeÐ na deÐxoume ìti |K_+| · |K^∘_+| ≥ |W_+| · |W^∘_+|. KĹnoume thn allagă suntetagmènwn x = (ξ_i) → y = (η_i) ìpou ξ_i = e^{−ηi} kai grĹfoume C_1, C_2, R^n_+ , T gia tic eikìnec twn K_+, K^∘_+, W_+, W^∘_+ antÐstoiqa. Epeidă ta K, K^∘, W, W^∘ eÐnai kurtĹ kai summetrikĹ wc proc ta kÔria uperepÐpeda, eÔkola elègqoume ìti gia to C = K_+, K^∘_+, W_+, W^∘_+ ikanopoieÐtai h exăc:

Idiìthta (U): An x = (ξ_1, ξ_2, . . . , ξ_n) eÐnai èna shmeÐo tou sunìlou C, tìte to αx = (α_1ξ_1, α_2ξ_2, . . . , α_nξ_n) anăkei sto C gia kĹje α = (α_1, α_2, . . . , α_n) ∈ W_+.

Aută h idiìthta mac bohjĹei epiplèon na deÐxoume to exăc.

Lămma 2.3.1 IsqÔoun oi isìthtec

(a) C_1 + R^n_+ = C_1. (b) C_2 + R^n_+ = C_2. (g) T + R^n_+ = T .

Apìdeixh: Gia parĹdeigma ja deÐxoume to (a). ’Estw η = (η_1, . . . , η_n) ∈ C_1 kai α = (α_1, . . . , α_n) ∈ R^n_+ . Tìte, èqoume

η + α = (log(1/ξ_1) + α_1, . . . , log(1/ξ_n) + α_n)

ìpou x = (ξ_1, ξ_2, . . . , ξ_n) ∈ K_+, Ĺra ξ_i > 0. Akìmh mporoÔme na grĹyoume α_i = log β_i kai β_i > 1 afoÔ α_i > 0. ’Ara,

η + α = (log(1/ξ_1) + log β_1, . . . , log(1/ξ_n) + logβ_n) = ( log β_1 ξ_1 , . . . , log β_n ξ_n )

= ( − log ξ_1 β_1 , . . . , − log ξ_n β_n ) . Tÿra, afoÔ 1/β_i < 1 kai (ξ_1, ξ_2, . . . , ξ_n) ∈ K_+, èpetai ìti (ξ_1/β_1, . . . , ξ_n/β_n) ∈ K_+ sunepÿc η + α ∈ C_1. Autì apodeiknÔei thn C_1 + R^n_+ ⊆ C_1. Gia ton antÐstrofo egkleismì, parathroÔme ìti kĹje η = (log(1/ξ_1), . . . , log(1/ξ_n)) grĹfetai sth morfă

η = (log(1/rξ_1) + log r, . . . , log(1/rξ_n) + log r) ∈ C_1 + R^n_+

an epilèxoume to r > 1 allĹ polÔ kontĹ sto 1 (tìte log r > 0 kai (rξ_1, . . . , rξ_n) ∈ K_+ giatÐ to (ξ_1, . . . , ξ_n) eÐnai eswterikì shmeÐo tou K_+). □

Lămma 2.3.2 Ta sÔnola C_1, C_2, T eÐnai kurtĹ. Epiplèon, upĹrqei α ∈ R^n me thn idiìthta C_1, C_2, T ⊆ α + R^n_+ .

Apìdeixh: Ac upojèsoume gia parĹdeigma ìti η^1, η^2 ∈ C_1 kai 0 < t < 1. UpĹrqoun ξ^1, ξ^2 ∈ K_+ tètoia ÿste η^j_i = − log ξ^j_i , j = 1, 2. Tìte, tη^1_i + (1 − t)η^2_i = − log[(ξ^1_i )^t(ξ^2_i )^{1−t}] kai ([(ξ^1_i )^t(ξ^2_i )^{1−t}])_{i≤n} ∈ K_+ lìgw thc summetrÐac tou K wc proc ta kÔria uperepÐpeda kai thc (ξ^1_i )^t(ξ^2_i )^{1−t} ≤ tξ^1_i + (1 − t)ξ^2_1 . ’Ara tη^1 + (1 − t)η^2 ∈ C_1, kai autì deÐqnei ìti to C_1 eÐnai kurtì.

Akìmh, epeidă ta sÿmata K, W eÐnai sumpagă -Ĺra fragmèna- mporoÔme na broÔme èna b ∈ R^n_+ ètsi ÿste ta K_+, K^∘_+, W^∘_+ na perièqontai sto {x : 0 < x_i < b_i}. Epomènwc, oi eikìnec touc mèsw tou metasqhmatismoÔ ξ_i = e^{−ηi} perièqontai sto α + R^n_+ , ìpou α h antÐstoiqh eikìna tou b. □ ParathroÔme ìti

|K_+| = ∫ K_+ dx = ∫ C_1 e^{−⟨y,ē⟩}dy = ∫ R^n e^{−⟨y,ē⟩}χ_{C1} (y)dy = L(χ_{C1} )(ē) ìpou ē = (1, . . . , 1) kai L(f) eÐnai o metasqhmatismìc Laplace thc f. To parapĹnw oloklărwma orÐzetai kalĹ lìgw tou Lămmatoc 2.3.2. Me ìmoio trìpo blèpoume ìti |K^∘_+| = L(χ_{C2} )(ē) |W_+| = L(χ_Rn_+)(ē) |W^∘_+| = L(χ_T )(ē) Apì ta parapĹnw blèpoume ìti gia thn apìdeixh tou jewrămatoc arkeÐ na deÐxoume thn (4) L(χ_{C1} )(ē) · L(χ_{C2} )(ē) ≥ L(χ_Rn_+)(ē) · L(χ_T )(ē). Ja qreiastoÔme kĹpoiec aplèc idiìthtec tou metasqhmatismoÔ Laplace tic opoÐec parajètoume qwrÐc apìdeixh:

Lămma 2.3.3 O L eÐnai jetikìc grammikìc telestăc: an f ≤ g, tìte gia kĹje y ∈ R^n L(f)(y) ≤ L(g)(y). EpÐshc, an f ∗ g eÐnai h sunèlixh twn f kai g tìte L(f ∗ g)(y) = L(f)(y) · L(g)(y) gia kĹje y ∈ R^n . □

SÔmfwna me to Lămma 2.3.3, zhtĹme na deÐxoume ìti (5) (χ_{C1} ∗ χ_{C2} )(y) ≥ (χ_Rn_+ ∗ χ_T )(y) gia kĹje y ∈ R^n . Ereunÿntac kĹje mèloc thc anisìthtac parathroÔme ìti (χ_{C1} ∗ χ_{C2} )(y) = ∫ R^n χ_{C1} (y − z)χ_{C2} (z)dz = ∫ C_2 χ_{C1} (y − z)dz = |(y − C_1) ∩ C_2| kai me akribÿc ton Ðdio trìpo epalhjeÔoume ìti (χ_Rn_+ ∗ χ_T )(y) = |(y − R^n_+ ) ∩ T |.

Lămma 2.3.4 T = C_1 + C_2.

Apìdeixh: ’Estw y_1 ∈ C_1 kai y_2 ∈ C_2. Epeidă C_1 = Im(K_+) kai C_2 = Im(K^∘_+) mèsw tou metasqhmatismoÔ ξ_i = e^{−ηi} , upĹrqoun x_1 ∈ K_+ kai x_2 ∈ K^∘_+ tètoia ÿste x_1 = e^{−y1} kai x_2 = e^{−y2} .

Apì ton orismì tou polikoÔ sÿmatoc èqoume

1 ≥ ⟨x_1, x_2⟩ = n∑ i=1 e^{−(η(1)i +η(2)i )} = ‖e^{−(y1+y2)}‖_W ∘ ìpou e^{−y} = (e^{−η1} , . . . , e^{−ηn} ) kai y = (η_1, . . . , η_n). Autì shmaÐnei ìti e^{−(y1+y2)} ∈ W^∘_+ kai apì to gegonìc ìti T = Im(W^∘_+) gÐnetai fanerì ìti y_1 + y_2 ∈ T . ’Ara, C_1 + C_2 ⊆ T .

AntÐstrofa, èstw t = (t_1, . . . , t_n) ∈ T . UpĹrqei s = (σ_1, . . . , σ_n) ∈ W^∘_+ tètoio ÿste s = e^{−t}, kai apì ton orismì tou W^∘_+ èqoume

(6) 0 < ‖s‖_W ∘ = n∑ i=1 σ_i ≤ 1. H sunĹrthsh ψ(x) = ϕ(ξ_1, ξ_2, . . . , ξ_n) = ∑_n i=1 σ_i log ξ_i ∑_n j=1 σ_j eÐnai austhrĹ koÐlh sto K_+, Ĺra upĹrqei monadikì x_1 = (ξ^{(1)}_1 , ξ^{(1)}_2 , . . . , ξ^{(1)}_n ) = e^{−y1} ∈ K_+ (dhladă y_1 ∈ C_1) me ϕ(x_1) = max{ϕ(x) : x ∈ K_+} =: μ.

GewmetrikĹ, apì thn oikogèneia twn uperepifaneiÿn ϕ(x) = α pou frĹssoun ta kurtĹ qwrÐa ϕ(x) ≥ α tou int(R^n_+ ), h ϕ(x) = μ (dhladă aută pou orÐzetai gia α = μ) efĹptetai sto K_+ se èna shmeÐo x_1 me thn idiìthta ϕ(x_1) = max{ϕ(x) : x ∈ K_+} = μ.

To efaptìmeno uperepÐpedo thc uperepifĹneiac {ϕ(x) = μ} sto x_1 èqei exÐswsh

(7) n∑ i=1

A_i σ^i (∑_n j=1 σ_j ) ξ^{(1)}_i ξ_i = 1.

Epeidă to shmeÐo megÐstou x_1 anăkei sto sÔnoro tou K_+, to uperepÐpedo autì eÐnai kai uperepÐpedo stărixhc tou K_+, kai akìmh perissìtero tou K diìti oi suntelestèc A_i eÐnai jetikoÐ kai to K eÐnai summetrikì wc proc kĹje uperepÐpedo suntetagmènwn. Apì thn (7) blèpoume ìti to shmeÐo^{1∑}n_{j=1 σj} (_σ 1 ξ^{(1)}_1 , . . . , σ_n ξ^{(1)}_n ) anăkei sto K^∘_+, kai

apì thn (6) èpetai ìti to shmeÐo x_2 = (_σ 1 ξ^{(1)}_1 , . . . , σ_n ξ^{(1)}_n ) = e^{−y2} anăkei ki autì sto K^∘_+. Tìte ìmwc isqÔoun ta exăc:

x_1 = e^{−y1} ∈ K_+ kai x_2 = e^{−y2} ∈ K^∘_+ kai y_2 = t − y_1, y_1 ∈ C_1, y_2 ∈ C_2, Ĺra t = y_1 + y_2 ∈ C_1 + C_2.

Dhladă, T ⊆ C_1 + C_2. Autì apodeiknÔei thn isìthta T = C_1 + C_2. □ SÔmfwna me to Lămma 2.3.4, gia thn apìdeixh thc (5) (kai tou Jewrămatoc) arkeÐ na deÐxoume thn exăc Prìtash.

Prìtash 2.3.1 An C_1, C_2 ìpwc parapĹnw, gia kĹje y ∈ R^n isqÔei

(χ_{C1} ∗ χ_{C2} )(y) ≥ (χ_Rn_+ ∗ χ_{C1+C2} )(y).

H apìdeixh thc Prìtashc ja gÐnei me epagwgă wc proc th diĹstash n. Băma 1: Upojètoume ìti n = 1. Apì thn C_i + R_+ = C_i, upĹrqoun γ_1, γ_2 ∈ R tètoioi ÿste C_1 = [γ_1, +∞), C_2 = [γ_2, +∞) kai C_1 + C_2 = [γ_1 + γ_2, +∞). Tìte,

(χ_{C1} ∗ χ_{C2} )(y) = |(y − C_1) ∩ C_2| = |(−∞, y − γ_1] ∩ [γ_2, +∞)| = (y − (γ_1 + γ_2))_+ ,

ìpou ξ_+ = max{ξ, 0} to jetikì mèroc tou pragmatikoÔ arijmoÔ ξ ∈ R.

Entelÿc ìmoia, gia to C_1 + C_2 = [γ_1 + γ_2, +∞) èqoume (χ_{R+} ∗ χ_{C1+C2} )(y) = |(y − R_+ ) ∩ (C_1 + C_2)| = |(−∞, y] ∩ [γ_1 + γ_2, +∞)| = (y − (γ_1 + γ_2))_+ .

Dhladă, gia n = 1 h anisìthta isqÔei pio isqurĹ san isìthta. □ Băma 2: Upojètoume ìti h Prìtash isqÔei gia n = k kai ja deÐxoume ìti isqÔei gia n = k + 1. Gia kĹje kurtì sÿma L ston R^{k+1} = R^k × R kai gia kĹje t ∈ R, orÐzoume L(t) = {y^′ ∈ R^k : (y^′, t) ∈ L}. Tìte,

(χ_{C1} ∗ χ_{C2} )(y^′, η_{k+1}) = ∫ R |[(y^′, η_{k+1}) − C_1](t) ∩ C_2(t)| dt = ∫ R |[y^′ − C_1(η_{k+1} − t)] ∩ C_2(t)| dt,

diìti gia kĹje t ∈ R, [(y^′, η_{k+1}) − C_1](t) = [y^′ − C_1(η_{k+1} − t)].

Qrhsimopoiÿntac thn epagwgikă upìjesh, grĹfoume

(χ_{C1} ∗ χ_{C2} )(y^′, η_{k+1}) = ∫ R |[y^′ − C_1(η_{k+1} − t)] ∩ C_2(t)| dt = ∫ R ( χ_{C1(ηk+1−t)} ∗ χ_{C2(t)} ) (y^′) dt ≥ ∫ R ( χ_Rk_+ ∗ χ_{C1(ηk+1−t)+C2(t)} ) (y^′) dt = ∫ R [∫ R^k χ_Rk_+(y^′ − z) · χ_{C1(ηk+1−t)+C2(t)}(z) dz ] dt = ∫ R^k [∫ R χ_Rk_+(y^′ − z) · χ_{C1(ηk+1 −t)+C2(t)}(z) dt ] dz

= ∫ R^k χ_Rk_+(y^′ − z) H(z) ∫ R χ_{C1(ηk+1 −t)+C2(t)}(z) dt dz

= ∫ R^k χ_Rk_+(z) · H(y^′ − z) dV_n(z) = ( χ_Rk_+ ∗ ∫ R χ_{C1(ηk+1 −t)+C2(t)} dt ) (y^′).

Dhladă deÐxame ìti

(8) (χ_{C1} ∗ χ_{C2} )(y^′, η_{k+1}) ≥ ( χ_Rk_+ ∗ ∫ R χ_{C1(ηk+1−t)+C2(t)} dt ) (y^′). ’Omoia mporoÔme na elègxoume ìti

(χ_Rk+1_+ ∗ χ_{C1+C2} )(y^′, η_{k+1}) = ∫ R ( χ_Rk+1_{+ (ηk+1−t)} ∗ X_{(C1+C2)(t)} ) (y^′) dt = ( χ_Rk_+ ∗ ∫_{ηk+1} −∞ X_{(C1+C2)(t)} dt ) (y^′). Dhladă,

(9) (χ_Rk+1_+ ∗ χ_{C1+C2} )(y^′, η_{k+1}) = ( χ_Rk_+ ∗ ∫_{ηk+1} −∞ X_{(C1+C2)(t)} dt ) (y^′). Apì tic (8) kai (9) faÐnetai ìti to epagwgikì băma ja oloklhrwjeÐ an deÐxoume ìti ( χ_Rk_+ ∗ ∫ R χ_{C1(ηk+1−t)+C2(t)} dt ) (y^′) ≥ ( χ_Rk_+ ∗ ∫_{ηk+1} −∞ X_{(C1+C2)(t)} dt ) (y^′)

gia kĹje y^′ ∈ R^k kai kĹje η_{k+1} ∈ R. Tÿra apì ton orismì thc sunèlixhc dÔo sunartăsewn, arkeÐ na deÐxoume:

(10) ∫ R χ_{C1(ηk+1−t)+C2(t)}(y^′) dt ≥ ∫_{ηk+1} −∞ X_{(C1+C2)(t)}(y^′) dt

gia kĹje y^′ ∈ R^k kai kĹje η_{k+1} ∈ R. AnalÔontac kĹje oloklărwma xeqwristĹ parathroÔme ìti:

(a) Gia to aristerì oloklărwma, parathroÔme ìti y^′ ∈ C_1(η_{k+1} − t) + C_2(t) an kai mìno an (z_2, t) ∈ [(y^′, η_{k+1}) − C_1] ∩ C_2, dhladă an to t ∈ R eÐnai stoiqeÐo thc probolăc [α_{k+1}, b_{k+1}] tou sunìlou [(y^′, η_{k+1})−C_1]∩C_2 sthn eujeÐa pou eÐnai kĹjeth sta e_1, . . . , e_k. Dhladă,

(11) ∫ R χ_{C1(ηk+1−t)+C2(t)}(y^′) dt = b_{k+1} − α_{k+1}.

(b) Gia to dexiì oloklărwma, parathroÔme ìti an y^′ ∈ (C_1 + C_2)(t) kai t ≤ η_{k+1}, tìte upĹrqei (z_2, s) ∈ C_2 tètoio ÿste (y^′ − z_2, t − s) ∈ C_1. Apì tic C_i + R^k_+ = C_i kai t ≤ η_{k+1} èpetai ìti (y^′ − z_2, η_{k+1} − s) ∈ C_1 kai (z_2, η_{k+1} − t + s) ∈ C_2, Ĺra (z_2, s) ∈ ((y^′, η_{k+1}) − C_1) ∩ C_2 kai (z_2, η_{k+1} − t + s) ∈ ((y^′, η_{k+1}) − C_1) ∩ C_2. Epomènwc α_{k+1} ≤ s ≤ (η_{k+1} − t) + s ≤ b_{k+1}, dhladă

η_{k+1} − (b_{k+1} − α_{k+1}) ≤ t ≤ η_{k+1}.

Tìte ìmwc to dexiì oloklărwma grĹfetai: ∫_{ηk+1} −∞ X_{(C1+C2)(t)}(y^′) dt ≤ ∫_{ηk+1} η_{k+1}−(b_{k+1}−α_{k+1} )

dt = b_{k+1} − α_{k+1}.

Dhladă apodeÐxame ìti (12) ∫_{ηk+1} −∞ X_{(C1+C2)(t)}(y^′) dt ≤ b_{k+1} − α_{k+1} Apì tic (11) kai (12) prokÔptei h sqèsh (10) pou ătan to telikì mac zhtoÔmeno. Edÿ loipìn teleiÿnei h apìdeixh tou Jewrămatoc 2.3.1. □

KefĹlaio 3

H antÐstrofh anisìthta Santaló

’Enac aplìc upologismìc deÐqnei ìti an h eikasÐa tou Mahler eÐnai swstă, tìte giĹ kĹje summetrikì kurtì sÿma K ston R^n èqoume c_1 n ≤ 4 (n!)^{1/n} ≤ s(K) := (|K||K^∘|)^{1n} ≤ |B_n|^{2/n} ≤ c_2 n ìpou c_1, c_2 > 0 eÐnai apìlutec stajerèc. Sthn §3.2 ja doÔme ìti h asjenèsterh aută morfă thc eikasÐac eÐnai swstă: h posìthta s(K) eÐnai thc tĹxhc tou 1/n gia kĹje summetrikì kurtì sÿma K ston R^n .

Jeÿrhma (Bourgain-Milman, [BM]) ’Estw K summetrikì kurtì sÿma ston R^n . Tìte, c_1 n ≤ (|K||K^∘|)^{1n} ≤ c_2 n , ìpou c_1, c_2 > 0 eÐnai dÔo apìlutec stajerèc.

H apìdeixh tou Jewrămatoc basÐzetai sthn {isomorfikă summetrikopoÐhsh} kai qrhsimopoieÐ diĹfora ergaleÐa thc asumptwtikăc jewrÐac qÿrwn peperasmènhc diĹstashc (entropÐa, ektimăseic ìgkwn, anisìthta tou Pisier) ta opoÐa parousiĹzontai sthn §3.1. Oi Ðdiec idèec odhgoÔn sthn antÐstrofh anisìthta Brunn-Minkowski, thn opoÐa apodeiknÔoume sthn §3.3:

Jeÿrhma (Milman, [Mi1]) Gia kĹje summetrikì kurtì sÿma K ston R^n upĹrqei U_K ∈ SL_n tètoioc ÿste: an K_1, K_2 eÐnai summetrikĹ kurtĹ sÿmata ston R^n kai t > 0, tìte

|U_{K1} (K_1) + tU_{K2} (K_2)|^{1/n} ≤ C ( |K_1|^{1/n} + t|K_2|^{1/n} ) , ìpou C > 0 eÐnai mia arijmhtikă stajerĹ anexĹrthth thc diĹstashc tou qÿrou kai twn swmĹtwn K_i, i = 1, 2.

3.1 ArijmoÐ kĹluyhc

Orismìc ’Estw X = (R^n , ‖ · ‖) ènac n-diĹstatoc qÿroc me nìrma kai èstw K h monadiaÐa tou mpĹla. JewroÔme thn posìthta

M_X = M_K = ∫ S^{n−1} ‖x‖_K dσ(x) ìpou σ to analloÐwto wc proc tic strofèc mètro pijanìthtac sthn S^{n−1}. EpÐshc orÐzoume M^∗(X) = M_X ∗ = M_K∘ . Parathrăste ìti

M^∗(X) = ∫ S^{n−1} ‖x‖_K∘ dσ(x) = ∫ S^{n−1} max_{y∈K} |⟨x, y⟩|dσ(x) = w(K)/2. Lămma 3.1.1 Gia kĹje summetrikì kurtì sÿma K ston R^n ,

(1) I = ∫ R^n ‖x‖_K dγ_n(x) ≃ √ nM_K . IsodÔnama, ℓ(I : ℓ^n_2 → X) ≃ √ nM_K . Apìdeixh: GrĹfoume I = ∫ R^n ‖x‖_K dγ_n(x)) = nω_n (2π)^n2 ∫ S^{n−1} ∫_{+∞} 0 ‖rθ‖_K r^{n−1} exp ( −r^2/2 ) drdσ(θ) = [ nω_n (2π)^n2 ∫_{+∞} 0 r^n exp ( −r^2/2 ) dr ] [∫ S^{n−1} ‖θ‖_K dσ(θ) ]

≃ √ nM_K . Gia ton deÔtero isqurismì parathroÔme ìti

ℓ(I : ℓ^n_2 → X) = (∫ R^n ‖x‖^2_K dγ_n(x) )_{1/2} ≃ ∫ R^n ‖x‖_K dγ_n(x). □

Apì to Lămma 3.1.1 kai to Jeÿrhma 1.4.1 prokÔptei to exăc basikì apotèlesma (anisìthta tou Pisier [Pi2]).

Jeÿrhma 3.1.1 ’Estw K summetrikì kurtì sÿma ston R^n . UpĹrqei grammikă eikìna K̃ tou K tètoia ÿste

(2) M_{K̃} · M_{K̃}∘ ≤ c log[d(X_K , ℓ^n_2 ) + 1].

Apìdeixh: Apì to Jeÿrhma 1.4.1 upĹrqei u : ℓ^n_2 → X_K me thn idiìthta

ℓ(u)ℓ((u^{−1})^∗) ≤ cn log[d(X_K , ℓ^n_2 ) + 1].

Jètoume K̃ = u^{−1}(K). Tìte,

nM_{K̃} · M_{K̃}∘ ≃ ℓ(I : ℓ^n_2 → X_{K̃} ) · ℓ(I : ℓ^n_2 → X_{K̃}∘ ) = ℓ(u)ℓ((u^{−1})^∗) ≤ cn log[d(X_K , ℓ^n_2 ) + 1],

apfl ìpou èpetai h (2). □

Lămma 3.1.2 An a, b eÐnai oi mikrìteroi jetikoÐ arijmoÐ gia touc opoÐouc 1 b(K) ‖x‖_K ≤ |x| ≤ a‖x‖_K gia kĹje x ∈ R^n , tìte M_K ≤ b(K) ≤ c √ nM_K . Eidikìtera, an M_K = 1 èqoume 1 ≤ b(K) ≤ c √ n. Apìdeixh: Gia thn aristeră anisìthta parathroÔme ìti 1 b(K) ∫ S^{n−1} ‖x‖_K dσ(x) ≤ ∫ S^{n−1} |x|dσ(x) = 1, dhladă M_K ≤ b(K).

Gia th dexiĹ anisìthta ja qrhsimopoiăsoume ta exăc. Isqurismìc 1. An x_1, . . . , x_n ∈ X kai k ≤ n, tìte ∫ Ω ‖ k∑ i=1 g_i(ω)x_i‖dω ≤ ∫ Ω ‖ n∑ i=1 g_i(ω)x_i‖dω.

Apìdeixh: ArkeÐ na deÐxoume thn anisìthta sthn perÐptwsh n = k + 1. GrĹfoume 2 k∑ i=1 g_i(ω)x_i = (_k ∑ i=1 g_i(ω)x_i + g_{k+1}(ω)x_{k+1} ) + (_k ∑ i=1 g_i(ω)x_i − g_{k+1}(ω)x_{k+1} )

kai qrhsimopoiÿntac thn trigwnikă anisìthta, 2 ∫ Ω ‖ ‖ ‖^k ∑ i=1 g_i(ω)x_i ‖ ‖ ‖dω ≤ ∫ Ω ‖ ‖ ‖^{k+1} ∑ i=1 g_i(ω)x_i ‖ ‖ ‖dω

+ ∫ Ω ‖ ‖ ‖ (_k ∑ i=1 g_i(ω)x_i − g_{k+1}(ω)x_{k+1} ) ‖ ‖ ‖dω

= 2 ∫ Ω ‖ ‖ ‖ k+1∑ i=1 g_i(ω)x_i ‖ ‖ ‖dω diìti apì thn summetrÐa thc g_{k+1} oi tuqaÐec metablhtèc k∑ i=1 g_i(ω)x_i + g_{k+1}(ω)x_{k+1}

kai_k ∑ i=1 g_i(ω)x_i − g_{k+1}(ω)x_{k+1}

èqoun thn Ðdia katanomă. □ Isqurismìc 2. An k ≤ n kai ta x_1, . . . , x_k eÐnai orjokanonikĹ, tìte ∫ Ω ‖ k∑ i=1 g_i(ω)x_i‖dω ≃ √ k M (K ∩ span{x_1, . . . , x_k }) . Apìdeixh: ’Amesh apì to Lămma 3.1.1. □ Apì touc dÔo isqurismoÔc èpetai ìti gia kĹje k-diĹstato upìqwro F tou R^n isqÔei √ k M(K ∩ F ) ≤ c √ n M_K . Eidikìtera gia k = 1 blèpoume ìti gia kĹje x ∈ S^{n−1} isqÔei ‖x‖ ≤ c √ nM_K , dhladă b(K) = max{‖x‖ : x ∈ S^{n−1}} ≤ c √ nM_K . □ Orismìc ’Estw K_1, K_2 kurtĹ sÿmata ston R^n . O arijmìc kĹluyhc tou K_1 apì to K_2 eÐnai o

N(K_1, K_2) = min { N ∈ N : ∃x_1 . . . x_N ∈ K_1 t.w K_1 ⊂ N⋃ i=1 (x_i + K_2) } . OrÐzoume epÐshc

Ñ(K_1, K_2) = min { N ∈ N : ∃x_1 . . . x_N ∈ R^n t.w K_1 ⊂ N⋃ i=1 (x_i + K_2) } . EÔkola elègqoume ìti Ñ(K_1, K_2) ≤ N(K_1, K_2).

Jeÿrhma 3.1.2 ’Estw K summetrikì kurtì sÿma ston R^n . Tìte, gia kĹje t > 0 isqÔoun oi anisìthtec (3) N(B_n, tK) ≤ exp ( cn( M_K t )^2 )

kai (4) N(K, tB_n) ≤ exp ( cn( M_K∘ t )^2 ) . H deÔterh anisìthta eÐnai gnwstă wc anisìthta tou Sudakov kai h prÿth eÐnai h duðkă thc. H posìthta c eÐnai mia jetikă apìluth stajerĹ.

Apìdeixh thc (3): [LT] JewroÔme mÐa megistikă epilogă shmeÐwn x_1, . . . , x_N ∈ B_n t.w ‖x_i − x_j ‖_K ≥ t gia kĹje i, j = 1, . . . , N me i ≠ j. Tìte ta sÔnola x_i +^t_2 K èqoun xèna eswterikĹ. ’Epetai ìti gia kĹje b > 0 ta { bx_i +^{bt}_2 K }_N i=1 èqoun epÐshc xèna eswterikĹ. Gia to mètro tou Gauss γ_n paÐrnoume

N · min { γ_n ( bx_i + bt 2 K ) : 1 ≤ i ≤ N } ≤ N∑ i=1 γ_n ( bx_i + bt 2 K )

= γ_n (_N ⋃ i=1 (bx_i + bt 2 K) )

≤ 1. Skopìc mac eÐnai na sugkrÐnoume to γ_n ( bx_i +^{bt}_2 K ) me to γ_n (_{bt} 2 K ) ÿste h parapĹnw anisìthta na apodeusmeuteÐ apì ta x_i. Gia to lìgo autì ja apodeÐxoume thn exăc idiìthta tou γ_n.

Lămma 3.1.3 An A eÐnai summetrikì kurtì uposÔnolo tou R^n kai y ∈ R^n , tìte

γ_n(y + A) ≥ exp(−|y|^2/2) γ_n(A).

Apìdeixh: GrĹfoume

γ_n(y + A) = 1 (2π)^n2 ∫ y+A exp(−|x|^2/2) dx = 1 (2π)^n2 ∫ A exp(−|y + z|^2/2) dz = 1 (2π)^n2 ∫ A exp(−|y − z|^2/2) dz = 1 (2π)^n2 ∫ A exp(−|y + z|^2/2) + exp(−|y − z|^2/2) 2 dz, ìpou qrhsimopoiăjhke h summetrÐa tou A. H x → exp(−x) eÐnai kurtă, Ĺra γ_n(y + A) ≥ 1 (2π)^n2 ∫ A exp [ − 1 2 ( |y + z |^2 2 + |y − z |^2 2 )] dz = 1 (2π)^n2 ∫ A exp(−|y|^2/2) · exp(−|z|^2/2) dz = exp(−|y|^2/2) γ_n(A). □

AfoÔ ìla ta x_i anăkoun sthn B_n èqoume |x_i| ≤ 1, Ĺra gia kĹje i = 1, . . . , N γ_n ( bx_i + bt 2 K ) ≥ exp ( − |bx_i |^2 2 ) γ_n ( bt 2 K )

≥ exp ( − b^2 2 ) γ_n ( bt 2 K ) .

’Ara,

(5) N exp ( − b^2 2 ) γ_n ( bt 2 K ) ≤ 1 gia kĹje b > 0.

Epìmenoc skopìc mac eÐnai na epilèxoume to mikrìtero dunatì b > 0 ètsi ÿste γ_n (_{bt} 2 K ) ≥^1_2 . Apì thn anisìthta tou Markov kai ton orismì tou I prokÔptei ìti γ_n ( { x : ‖x‖_K > bt 2 } ) ≤ 2I bt . EmeÐc jèloume to mikrìtero b > 0 gia to opoÐo γ_n ( { x : ‖x‖_K > bt 2 } ) < 1 2 diìti tìte γ_n ( bt 2 K ) = γ_n ( { x : ‖x‖_K ≤ bt 2 } ) ≥ 1 2 . ArkeÐ loipìn na epilèxoume b =^{4I}_t , kai qrhsimopoiÿntac to Lămma 3.1.1 èqoume

b := 4I t ≃ √ nM_K t . Tèloc, apì thn (5) blèpoume ìti

N ≤ 2 exp ( b^2 2 ) ≤ 2 exp ( cn( M_K t )^2 ) . Apì thn (megistikă wc proc thn ‖x_i − x_j ‖_K ≥ t) epilogă twn x_i èqoume B_n ⊆ N⋃ i=1 (x_i + tK) , dhladă apodeÐxame ìti N(B_n, tK) ≤ exp ( cn( M_K t )^2 ) . □ Paratărhsh. H (3) eÐnai isodÔnamh me thn

A_K = sup{t √ log N(B_n, tK) : t > 0} ≤ c √ nM_K . PrĹgmati, N(B_n, tK) ≤ exp ( cn( M_K t )^2 ) ⇒ t^2 log N(B_n, tK) ≤ cn( M_K t )^2 ⇒ t √ log N(B_n, tK) ≤ c √ nM_K gia kĹje t > 0, Ĺra A_K ≤ c √ nM_K . O antÐstrofoc isqurismìc apodeiknÔetai anĹloga. An loipìn orÐsoume

B_K = sup{t √ log N(K, tB_n) : t > 0} tìte, lìgw duðsmoÔ, gia thn apìdeixh thc (4) arkeÐ na apodeÐxoume thn exăc Prìtash.

Prìtash 3.1.1 [T] Gia kĹje summetrikì kurtì sÿma K ston R^n , B_K∘ ≤ c_1A_K ìpou c_1 apìluth jetikă stajerĹ.

Apìdeixh thc Prìtashc 3.1.1: ParathroÔme prÿta ìti gia kĹje t > 0 2K ∩ ( t^2 2 K^∘ ) ⊆ tB_n.

PrĹgmati, an x ∈ 2K ∩ (_{t2} 2 K^∘ ) , tìte ‖x‖_K ≤ 2 kai ‖x‖_K∘ ≤^{t2}_2 . ’Ara,

|x|^2 = ⟨x, x⟩ ≤ ‖x‖_K ‖x‖_K∘ ≤ 2 t^2 2 = t^2,

dhladă x ∈ tB_n.

Apì ton orismì twn arijmÿn kĹluyhc, an P ⊆ L tìte N(K, L) ≤ N(K, P ). Epomènwc, N(K, tB_n) ≤ N ( K, 2K ∩ (t^2/2)K^∘) ) . Isqurismìc Gia kĹje t > 0, N ( K, 2K ∩ (t^2/2)K^∘) ) ≤ N(K, t^2 2 K^∘). Apìdeixh: ’Estw x_1, . . . , x_N ∈ K t.w K ⊆ ⋃_N i=1 ( x_i +^{t2}_2 K^∘ ) . Jèloume na deÐ-

xoume ìti K ⊆ ⋃_N i=1 ( x_i +^{t2}_2 K^∘ ∩ 2K ) . ’Eqoume

y ∈ K ⇒ y ∈ N⋃ i=1 ( x_i + t^2 2 K^∘ )

⇒ ∃i ∈ {1, . . . , N} : y − x_i ∈ t^2 2 K^∘ Epiplèon èqoume y ∈ K kai x_i ∈ K ⇒ −x_i ∈ K lìgw summetrÐac tou K, opìte y − x_i ∈ 2K gia kĹpoio i ∈ {1, . . . , N}. ’Omwc tìte y ∈ x_i +^{t2}_2 K^∘ ∩ 2K gia kĹpoio i ∈ {1, . . . , N}, dhladă to zhtoÔmeno. □

An K, V, W summetrikĹ kurtĹ sÿmata, tìte gia kĹje r, s > 0 isqÔei: N(K, rsW ) ≤ N(K, rV ) · N(V, sW ). Se sunduasmì me ton isqurismì prokÔptei ìti an eisĹgoume mÐa bohjhtikă metablhtă s tìte N(K, tB_n) ≤ N ( K, 2K ∩ (t^2/2)K^∘) ) ≤ N(K, t^2 2 K^∘) ≤ N(K, sB_n) · N(B_n, t^2 2s K^∘)

Epilègontac s = 2t paÐrnoume N(K, tB_n) ≤ N(K, 2tB_n) · N(B_n, t 4 K^∘), Ĺra t^2 log N(K, tB_n) ≤

(2t)^2 4 log N(K, 2tB_n) + 16 ( t 4 )_2 log N(B_n, t 4 K^∘). Tÿra an pĹroume supremum wc proc t > 0 èqoume

B^2_K ≤

B^2_K 4 + 16A^2_K∘ ⇒ B_K ≤ √ 64/3A_K∘ . ’Omwc A_K ≤ c √ nM_K opìte bĹzontac ìpou K to K^∘ èqoume B_K ≤ cA_K∘ ≤ c √ nM_K∘ dhladă, N(K, tB_n) ≤ exp ( cn (M_K∘ t )_2 )

apì ton orismì tou B_K . □

Lămma 3.1.4 ’Estw K summetrikì kurtì sÿma ston R^n . Tìte, gia kĹje s > 0 (6) |K| ≤ N(K, sB_n) · |K ∩ sB_n|. Apìdeixh: Apì ton orismì tou arijmoÔ kĹluyhc N = N(K, sB_n) upĹrqoun x_1 . . . x_N ∈ K tètoia ÿste K ⊂ ∪^N_{i=1}(x_i + sB_n), dhladă

K = N⋃ i=1 [(x_i + sB_n) ∩ K].

JewroÔme thn sunĹrthsh f(x) = |(x + sB_n) ∩ K|^{1/n}. H f eÐnai Ĺrtia kai koÐlh ston forèa thc (dhladă sto K − K), Ĺra ‖f‖_∞ = f(0). ’Epetai ìti |(x_i + sB_n) ∩ K| ≤ |sB_n ∩ K|, i = 1, . . . , N. AjroÐzontac wc proc i = 1, . . . , N paÐrnoume |K| = | | |[ N⋃ i=1 (x_i + sB_n) ∩ K] | | | ≤ N∑ i=1 |(x_i + sB_n) ∩ K| ≤ N(K, sB_n) · |K ∩ sB_n|. □ Lămma 3.1.5 ’Estw K summetrikì kurtì sÿma ston R^n . Upojètoume ìti B_n ⊆ bK gia kĹpoio b ≥ 1. Tìte, gia kĹje s ≥ 1 | conv ( K ∪ 1 s B_n ) | | ≤ 2enb Ñ(B_n, sK)|K|.

Apìdeixh: EÐnai fanerì ìti N = Ñ(B_n, sK) = Ñ((1/s)B_n, K). Epiplèon, apì ton orismì tou N upĹrqoun x_1, . . . , x_N ∈ R^n tètoia ÿste (7) 1 s B_n ⊆ N⋃ i=1 (x_i + K).

MporoÔme na upojèsoume ìti (x_i + K) ∩^1_s B_n ≠ ∅, opìte x_i ∈^1_s B_n + K kai apì thn B_n ⊆ bK èpetai ìti x_i ∈ ( 1 +^b_s ) K gia kĹje i = 1, . . . , N.

An 0 ≤ α ≤ 1 kai α + β = 1, tìte α ( 1 s B_n ) + βK ⊆ N⋃ i=1 (αx_i + αK) + βK ⊆

= N⋃ i=1 (αx_i + (α + β)K)

= N⋃ i=1 (αx_i + K). Apì ton orismì thc kurtăc jăkhc èqoume ìti:

(8) conv ( 1 s B_n ∪ K ) ⊆ N⋃ i=1 ⋃ 0≤α≤1 (αx_i + K). JewroÔme [bT ] sto plăjoc arijmoÔc α_j , oi opoÐoi eÐnai isokatanemhmènoi sto diĹsthma [0, 1] me T = 2n kai j = 1, . . . , [bT ]. Apì thn sqèsh (8) prokÔptei ìti: gia kĹje z ∈ conv

(_1 s B_n ∪ K ) upĹrqei α_j t.w |α − α_j | ≤^1_{bT} (ìpou^1_{bT} eÐnai to plĹtoc thc diamèrishc) kai epiplèon

z ∈ αx_i + K = (α − α_j )x_i + α_j x_i + K ⇒ z ∈ α_j x_i + ( 1 +^b_s bT + 1 ) K. ’Omwc 1 +^b_s bT = s + b sbT = s + b 2nsb < 1 n diìti b ≥ 1 kai^{s+b}_2 < sb, Ĺra

z ∈ α_j x_i + ( 1 + 1 n ) K. Epistrèfontac sthn (8) blèpoume ìti

conv ( 1 s B_n ∪ K ) ⊆ N⋃ i=1

[bT ]⋃

j=1 { α_j x_i + ( 1 + 1 n ) K } .

Epeidă o ìgkoc paramènei analloÐwtoc apì tic metaforèc kai eÐnai upoprosjetikìc èqoume:

|conv ( 1 s B_n ∪ K ) | ≤ NbT ( 1 + 1 n )_n |K| ≤ NbT e|K| = 2nbeÑ(B_n, sK)|K|, dhladă to zhtoÔmeno. □

Sto epìmeno lămma parajètoume qwrÐc apìdeixh epiplèon aplèc idiìthtec tou polikoÔ enìc summetrikoÔ,kurtoÔ sÿmatoc.

Lămma 3.1.6 ’Estw A kai B summetrikĹ kurtĹ sÿmata ston R^n . Tìte, (a) [conv(A ∪ B)]^∘ = A^∘ ∩ B^∘ (b) (A ∩ B)^∘ = conv (A^∘ ∪ B^∘). □

Lămma 3.1.7 ’Estw D, K, P summetrikĹ kurtĹ sÿmata ston R^n . Tìte, max x∈R^n |{(x + D) ∩ K} + P | = |(D ∩ K) + P |. Dhladă to maximum piĹnetai gia x = 0.

Apìdeixh: Jètoume T_x = {(x + D) ∩ K} + P . Apì thn summetrÐa twn D, K, P èpetai ìti T_{−x} = T_x Ĺra |T_{−x}| = |T_x|. Akìmh, lìgw kurtìthtac èqoume: T_{−x} + T_x 2 = (x + D) ∩ K + (−x + D) ∩ K 2 + P ⊆ (K ∩ D) + P = T_0.

Apì thn anisìthta Brunn-Minkowski prokÔptei ìti |T_x| ≤ | |T^x + T^{−x} 2 | | ≤ |T_0| gia kĹje x ∈ R^n . □ Lămma 3.1.8 Gia kĹje summetrikì kurtì sÿma P ston R^n isqÔei |K + P | ≤ N(K, sB_n) · |(sB_n ∩ K) + P |. Apìdeixh: Apì ton orismì tou N = N(K, sB_n) èqoume: gia kĹje summetrikì kurtì sÿma P ⊆ R^n , upĹrqoun x_1, . . . , x_N ∈ K t.w K ⊆ ∪^N_{i=1}[(x_i + sB_n) ∩ P ]. ’Ara, K + P ⊆ ∪^N_{i=1}[{(x_i + sB_n) ∩ K} + P ]. Apì to Lămma 3.1.7 èpetai ìti |K + P | ≤ N(K, sB_n) |{(x_i + sB_n) ∩ K} + P | ≤ N(K, sB_n) |(sB_n ∩ K) + P |. □ Lămma 3.1.9 ’Estw K, L summetrikĹ kurtĹ sÿmata ston R^n kai L ⊆ bK gia kĹpoio b ≥ 1. Tìte, Ñ (conv(K ∪ L), (1 + 1/n)K) ≤ 2bnÑ(L, K). Apìdeixh: Apì ton orismì tou N = Ñ(L, K), upĹrqoun x_1, . . . , x_N ∈ R^n tètoia ÿste L ⊆ ⋃_N i=1(x_i + K). MporoÔme na upojèsoume ìti L ∩ (x_i + K) ≠ ∅, Ĺra x_i ∈ L + K ⊆ (b + 1)K.

An 0 ≤ α ≤ 1 kai α + β = 1, tìte αL + βK ⊆ N⋃ i=1 (αx_i + αK) + βK

⊆ N⋃ i=1 (αx_i + (α + β)K)

= N⋃ i=1 (αx_i + K), Ĺra conv (L ∪ K) ⊆ N⋃ i=1 ⋃ 0≤α≤1 (αx_i + K).

JewroÔme touc arijmoÔc α_j =^j_{2bn} , j = 1, . . . , [2bn] isokatanemhmènouc sto [0, 1]. Gia kĹje z ∈ conv (L ∪ K) upĹrqei α_j t.w. |α − α_j | ≤^1_{2nb} (ìpou^1_{2nb} eÐnai to plĹtoc thc diamèrishc). EÔkola elègqoume ìti z ∈ α_j x_i +

(_{b+1} 2bn + 1 ) K, sunepÿc

conv (L ∪ K) ⊆ [2bn]⋃

j=1 N⋃ i=1 ( α_j x_i + ( b + 1 2bn + 1 ) K )

⊆ [2bn]⋃

j=1 N⋃ i=1 ( α_j x_i + ( 1 n + 1 ) K ) ,

diìti^{b+1}_{2b} ≤ 1.Teloc, apì ton orismì tou arijmoÔ kĹluyhc èqoume: Ñ (conv(K ∪ L), (1 + 1/n)K) ≤ 2bnÑ(L, K). □ Lămma 3.1.10 ’Estw ìti B_n ⊆ sbK gia kĹpoiouc s, b ≥ 1. Gia kĹje summetrikì kurtì sÿma P ston R^n isqÔei ìti | conv ( K ∪ 1 s B_n ) + P | ≤ 2ebnÑ(B_n, sK) · |K + P |. Apìdeixh: Apì to Lămma 3.1.9 me L =^1_s B_n èqoume

conv ( K ∪ 1 s B_n ) + P ⊆ [2bn]⋃

j=1 N⋃ i=1 (α_j x_i + (1 + 1/n)K) + P Ĺra | |conv ( K ∪ 1 s B_n ) + P | | ≤ 2bnN · |(1 + 1/n)(K + P )| = 2bnÑ(B_n, sK) ( 1 + 1 n )_n |K + P | ≤ 2bneÑ(B_n, sK) · |K + P |. □

3.2 Isomorfikă summetrikopoÐhsh kai h antÐstrofh anisìthta Santaló

Sthn parĹgrafo aută apodeiknÔoume thn antÐstrofh anisìthta Santaló.

Jeÿrhma 3.2.1 UpĹrqei apìluth stajerĹ c > 0 t.w gia kĹje n ∈ N kai gia kĹje summetrikì kurtì sÿma K ston R^n na isqÔei: s(K) ≥ cs(B_n).

Apìdeixh: [Mi2] An X = (R^n , ‖·‖) eÐnai ènac n-diĹstatoc qÿroc me nìrma, orÐzoume d_X := d(X, ℓ^n_2 ). XekinĹme me èna summetrikì kurtì sÿma K ston R^n . Apì to Jeÿrhma 3.1.1 gnwrÐzoume ìti upĹrqei grammikìc metasqhmatismìc T ∈ SL_n tètoioc ÿste to kurtì sÿma K̃ = T (K) pou ja prokÔyei na èqei tic epiplèon idiìthtec M_{K̃} = 1 kai M_{K̃}∘ ≤ c log(d_{XK} + 1). AfoÔ s(K) = s(K̃), mporoÔme na upojèsoume ìti to K ikanopoieÐ tic dÔo autèc anisìthtec. Apì to Lămma 3.1.2 kai to gegonìc ìti M_K = 1 prokÔptei ìti 1 ≤ b(K) ≤ c √ n. Autì pou ja kĹnoume eÐnai na antikatastăsoume to K me èna kainoÔrgio sÿma K_1 pou ja èqei ton Ðdio perÐpou ìgko me to K kai h apìstash Banach-Mazur d_{XK1} ja eÐnai {polÔ mikrìterh} apì thn d_{XK} . EpÐshc, ja èqoume exÐsou kalì èlegqo gia ton ìgko tou K^∘_1 , Ĺra oi posìthtec s(K_1) kai s(K) ja eÐnai sugkrÐsimec. H diadikasÐa aută lègetai {isomorfikă summetrikopoÐhsh}.

Gia dojèn α > 1 (to opoÐo ja epilèxoume argìtera) jewroÔme touc arijmoÔc λ^{up} = M_K∘ α kai λ^{down} = M_K α = α kai orÐzoume K_1 = conv [ (K ∩ λ^{up}B_n) ∪ 1 λ^{down} B_n ] . Isqurismìc 1 IsqÔei h anisìthta |K_1| ≥ |K| exp ( − cn α^2 ) . Apìdeixh: Apì ton orismì tou K_1 kai to Lămma 3.1.4, |K_1| ≥ |K ∩ λ^{up}B_n| ≥ |K| N(K, λ^{up}B_n) . Qrhsimopoiÿntac kai thn anisìthta tou Sudakov, paÐrnoume |K_1| ≥ |K| · exp ( −cn ( M_K∘ λ^{up} )_2) = |K| · exp ( − cn α^2 ) . □ Isqurismìc 2 IsqÔei h anisìthta |K_1| ≤ |K| exp ( cn α^2 ) .

Apìdeixh: Apì ton orismì tou K_1, to Lămma 3.1.5 (parathrăste ìti λ^{down} = α > 1) kai thn duðkă anisìthta tou Sudakov, |K_1| ≤ | | [ conv ( K ∪ 1 λ^{down} B_n )]

= | | [ conv ( K ∪ 1 α B_n )] | | ≤ 2enb(K)N(B_n, αK) · |K| ≤ 2enb(K)|K| · exp ( cn ( M_K α )_2)

= 2enb(K)|K| · exp ( cn α^2 ) . OusiastikĹ mporoÔme na enswmatÿsoume ton ìro 2enb(K) sthn stajerĹ c tou ekjetikoÔ ìrou, diìti sthn anadromikă kataskeuă pou ja akoloujăsoume ja epilègoume kĹje forĹ to α me tètoio trìpo ÿste α ≤ c log n, opìte 2enb(K) < exp ( c^′n α^2 )

afoÔ gia to b(K) isqÔei 1 ≤ b(K) ≤ c √ n. Sunepÿc, mporoÔme na grĹyoume: |K_1| ≤ |K| · exp ( cn α^2 ) . □ SunduĹzontac touc dÔo isqurismoÔc paÐrnoume

(1) exp ( − cn α^2 ) ≤ |K| |K_1| ≤ exp ( cn α^2 )

Apì to Lămma 3.1.6, to polikì K^∘_1 tou K_1 eÐnai to sÔnolo

K^∘_1 = conv ( K^∘ ∪ ( 1 λ^{up} B_n )) ∩ λ^{down}B_n. Isqurismìc 3 IsqÔoun oi anisìthtec

(2) exp ( − cn α^2 ) ≤ |K^∘| |K^∘_1 | ≤ exp ( cn α^2 ) .

Apìdeixh: Apì ton orismì tou K^∘_1 kai to Lămma 3.1.4, |K^∘_1 | ≥ |K^∘ ∩ λ^{down}B_n| ≥ |K^∘| N(K^∘, λ^{down}B_n) . Qrhsimopoiÿntac kai thn anisìthta tou Sudakov, paÐrnoume |K^∘_1 | ≥ |K^∘| · exp ( −cn ( M_K λ^{down} )_2)

= |K^∘| · exp ( − cn α^2 ) .

PĹli apì ton orismì tou K^∘_1 , to Lămma 3.1.5 (parathrăste ìti λ^{up} = M_K M_K∘ α > 1) kai thn duðkă anisìthta tou Sudakov, |K^∘_1 | ≤ | [ conv ( K^∘ ∪ 1 λ^{up} B_n )] | | ≤ 2enb(K^∘)N(B_n, λ^{up}K^∘) · |K^∘| ≤ 2enb(K^∘)|K^∘| · exp ( cn ( M_K∘ λ^{up} )_2)

= 2enb(K^∘)|K^∘| · exp ( cn α^2 ) . ’Opwc prin, mporoÔme na enswmatÿsoume ton ìro 2enb(K^∘) sthn stajerĹ c tou ekjetikoÔ ìrou, dhladă |K^∘_1 | ≤ |K^∘| · exp ( cn α^2 ) . □

Me thn antikatĹstash tou K apì to K_1 autì pou katafèrnoume eÐnai na beltiÿsoume thn apìstash d_{XK1} : Epeidă α > 1, èpetai ìti 1 ≤ M_K M_K∘ α^2 = λ^{up}λ^{down} ⇒ 1 λ^{down} ≤ λ^{up}, opìte apì ton orismì tou K_1 prokÔptei ìti: 1 λ^{down} B_n ⊆ K_1 ⊆ λ^{up}B_n. ’Ara, d_{XK1} ≤ λ^{up}λ^{down} = M_K M_K∘ α^2 ⪯ α^2 log(d_{XK} + 1).

SÔmfwna ìmwc me to jeÿrhma tou John, gia kĹje n-diĹstato qÿro X èqoume d_X ≤ √ n ⇒ log d_X ≤ c log n.

An loipìn epilèxoume α ≃ log n, tìte (3) d_{XK1} ≤ c(log n)^3 enÿ parĹllhla,

(4) exp ( − c α^2 ) ≤ s(K) s(K_1)

≤ exp ( c α^2 ) . EÐmaste plèon ètoimoi na perigrĹyoume thn anadromikă diadikasÐa. Anadromikă diadikasÐa.

JewroÔme thn akoloujÐa α_j me α_1 = log n, α_2 = log(log n) = log^{(2)} n, . . . , α_t = log^{(t)} n ìpou t eÐnai o mikrìteroc fusikìc me thn idiìthta:

α_t = log^{(t)} n < 2.

1o Băma: Xekinÿ me tuqìn summetrikì kurtì sÿma K ⊆ R^n . ’Opwc exhgăsame, mèsw katĹllhlou grammikoÔ metasqhmatismoÔ mporoÔme na upojèsoume ìti M_K = 1 kai M_K∘ ⪯ log(d_{XK} +1) (se ìlh thn diadikasÐa, ⪯ shmaÐnei ≤ c · · · ìpou c apìluth stajerĹ pou mporeÐ na epilegeÐ telikĹ). Gia to α_1 = log n paÐrnoume

λ^{up}_1 = M_K∘ α_1 kai λ^{down}_1 = M_K α_1

kai antikajistoÔme to sÿma K me to

K_1 = conv [ (K ∩ λ^{up}_1 B_n) ∪ 1 λ^{down}_1 B_n ] . ’Opwc eÐdame,

d_{XK1} ≤ M_K M_K∘ α^2_1 ⪯ (log n)^2(log n) = (log n)^3.

Epiplèon, exp ( − c (log n)^2 ) ≤ s(K) s(K_1)

≤ exp ( c (log n)^2 ) . 2o Băma: Tÿra, to sÿma me to opoÐo xekinĹme eÐnai to K_1, gia to opoÐo mporoÔme epiplèon na upojèsoume ìti M_{K1} = 1 kai M_K∘_1 ⪯ log(d_{XK1} +1). Gia to α_2 = log^{(2)} n paÐrnoume λ^{up}_2 = M_K∘_1 α_2 kai λ^{down}_2 = M_{K1} α_2 kai antikajistoÔme to sÿma K_1 me to

K_2 = conv [ (K_1 ∩ λ^{up}_2 B_n) ∪ 1 λ^{down}_2 B_n ] . ’Opwc prin,

d_{XK2} ≤ M_{K1} M_K∘_1 α^2 ⪯ (log^{(2)} n)^2 log d_X ′_1

⪯ (log^{(2)} n)^2 log[(log n)^3] ⪯ (log^{(2)} n)^2(log^{(2)} n) = (log^{(2)} n)^3.

EpÐshc, exp ( − c (log^{(2)} n)^2 ) ≤ s(K_1) s(K_2)

≤ exp ( c (log^{(2)} n)^2 )

Ĺra exp −c 2∑ j=1 α^{−2}_j ≤ s(K) s(K_2) ≤ exp c 2∑ j=1 α^{−2}_j .

SuneqÐzontac me ton Ðdio trìpo, metĹ apì t diadoqikĹ bămata katalăgoume se èna summetrikì kurtì sÿma K_t gia to opoÐo isqÔei: d_{XKt} ⪯ (log^{(t)} n)^3 ≤ c_1.

Akìma isqurìtera, h kataskeuă deÐqnei ìti upĹrqei r > 0 tètoioc ÿste rB_n ⊆ K_t ⊆ c_1rB_n. Apì tic idiìthtec tou polikoÔ sÿmatoc èqoume ìti: 1 c_1r B_n ⊆ K^∘_t ⊆ 1 r B_n kai apì ton orismì tou s(K_t) blèpoume ìti 1 c_1 · s(B_n) ≤ s(K_t) ≤ c_1 · s(B_n). Apì ìlh th diadikasÐa èqoume èlegqo gia touc ìgkouc:

exp −c t∑ j=1 α^{−2}_j ≤ s(K) s(K_t) ≤ exp c t∑ j=1 α^{−2}_j .

Apì tic duo autèc anisìthtec prokÔptei ìti

C^{−1} exp −c t∑ j=1 α^{−2}_j · s(B_n) ≤ s(K) ≤ C exp c t∑ j=1 α^{−2}_j · s(B_n).

Gia to Ĺjroisma ∑_t j=1 α^{−2}_j =^1_{(log n)2} +^1_{(log(log n))2} + . . . +^1_{(log(t) n)2} parathroÔme ìti gia kĹje j < t,

α_{j+1} = log α_j ⇒ α_j = exp(α_{j+1}) ⇒ α_1 = exp(α_2) = · · · = exp(. . . exp(α_t) . . .)

to opoÐo shmaÐnei ìti t∑ j=1 α^{−2}_j = 1 α^2_t + 1 exp(α^2_t ) + . . . + 1 exp(. . . exp(α^2_t ) . . .) < C_1. MporoÔme loipìn na poÔme ìti:

UpĹrqei apìluth stajerĹ C_2 > 0 tètoia ÿste gia kĹje n ∈ N kai gia kĹje summetrikì kurtì sÿma K ston R^n na isqÔei: 1 C_2 · s(B_n) ≤ s(K) ≤ C_2 · s(B_n). □

Mia teleutaÐa paratărhsh eÐnai ìti mazÐ me thn apìdeixh tou Jewrămatoc 3.2.1 proèkuye kai èna Ĺnw frĹgma. H anisìthta aută eÐnai asjenèsterh apì thn anisìthta Santaló pou apodeÐxame sthn §2.1.

3.3 H antÐstrofh anisìthta Brunn-Minkowski

Se autăn thn parĹgrafo apodeiknÔoume thn antÐstrofh anisìthtac Brunn-Minkowski. Basikìc mac skopìc eÐnai na deÐxoume to exăc.

Jeÿrhma 3.3.1 Gia kĹje kurtì sÿma K ston R^n upĹrqei elleiyoeidèc E_K me ìgko |E_K | = |K|, to opoÐo ikanopoieÐ to exăc: gia kĹje kurtì sÿma P ston R^n isqÔei: |K + P | ≤ C^n|E_K + P | ìpou C > 0 eÐnai mia apìluth stajerĹ.

Paratărhsh. ArkeÐ na jewrăsoume thn perÐptwsh ìpou ta sÿmata K, P eÐnai summetrikĹ wc proc to 0.

PrĹgmati, gia kĹje kurtì sÿma mporoÔme na orÐsoume to K̂ =^1_2 (K − K), ìpou K − K eÐnai to sÿma diaforÿn tou K. Apì thn anisìthta twn Rogers-Shephard prokÔptei ìti: |K| ≤ |K̂| ≤ 2^n|K|. An deqtoÔme to jeÿrhma gia summetrikĹ kurtĹ sÿmata, upĹrqei elleiyoeidèc E_{K̂} tètoio ÿste |E_{K̂} | = |K̂| kai |K̂ + P | ≤ C^n|E_{K̂} + P | gia kĹje summetrikì kurtì sÿma P . EpÐshc upĹrqei α ∈

[_1 2 , 1 ] tètoio ÿste |αE_{K̂} | = |K|. An orÐsoume

E_K = αE_{K̂} , tìte |E_K | = |K|. Gia kĹje kurtì sÿma P , |K + P | ≤ |K̂ + P̂ | ≤ C^nV ol(E_{K̂} + P̂ ) = C^n| 1 α E_K + P̂ | ≤ ( C α )_n |E_{K̂} + αP̂ | ≤ ( C α )_n |E_{K̂} + P̂ | = ( C α )_n | | | [ 1 2 (E_{K̂} − E_{K̂} ) + 1 2 (P − P ) ] | | | = ( C α )_n | | | 1 2 (E_{K̂} + P ) − 1 2 (E_{K̂} + P ) | | | ≤ ( C α )_n 2^n | | 1 2 (E_{K̂} + P ) | | = C^n α^n |E_{K̂} + P | ≤ (2C)^n|E_{K̂} + P |. Apì edÿ kai pèra loipìn ja jewroÔme ìti ta K, P ìti eÐnai summetrikĹ kurtĹ sÿmata ston R^n .

Apìdeixh tou Jewrămatoc 3.3.1: [Mi2] H kataskeuă tou elleiyoeidoÔc E_K gÐnetai me th mèjodo thc isomorfikăc summetrikopoÐhshc pou eÐdame sthn apìdeixh tou Jewrămatoc 3.2.1, me kĹpoiec ìmwc basikèc tropopoiăseic. KĹje sÿma W pou ja orÐzoume ja èqei ìgko perÐpou Ðso me |B_n|. To prÿto prĹgma pou qreiazìmaste eÐnai èlegqoc gia ton parĹgonta b(W ) pou emfanÐzetai sto lămma 3.1.10 (eÐnai mia posìthta pou jèloume na eÐnai kalĹ fragmènh). Apì to lămma 3.1.2 gnwrÐzoume ìti M_W ≤ b(W ) ≤ c √ nM_W ìpou b(W ) o mikrìteroc arijmìc gia ton opoÐo B_n ⊆ b(W )K. ’Ara gia na èqoume frĹgma gia to b(W ) qreiazìmaste frĹgma gia to M_W . Qrhsimopoiÿntac thn anisìthta tou Pisier ja jewroÔme to W na ikanopoieÐ tic |W | = |B_n| kai M_W M_W ∘ ⪯ log n. Apì thn anisìthta tou Urysohn, M_W ∘ ≥ ( |K| |B_n| ) 1_n ≃ 1, Ĺra M_W ≤ M_W M_W ∘ ⪯ log n. ’Epetai ìti b(W ) ≤ c √ nM_W ⪯ √ n log n. Perigrafă tou 1ou bămatoc: ’Estw K = K_0 summetrikì kurtì sÿma ston R^n me |K_0| = |B_n|. JewroÔme grammikì metasqhmatismì T_0 : R^n → R^n me | det T_0| = 1, tètoion ÿste gia to K^′_0 na isqÔoun ta exăc:

(a) 1 ≤ b ≤ c √ n · log n.

(b) 1 ≤ M_K′_0 ≤ c · log n.

(c) M_K′_∘ · M_{(K}′_{0)∘} ⪯ log d_{XK0} ⪯ log n. Gia α_1 = log n jètoume

λ^{up}_1 = M_{(K}′_{0)}∘ α_1 kai λ^{down}_1 = M_K′_0 α_1

kai jewroÔme to sÿma

K_1 = conv [ (K^′_0 ∩ λ^{up}_1 B_n) ∪ 1 λ^{down}_1 B_n ] . Tìte,

d_{XK1} ≤ λ^{up}_1 λ^{down}_1 = M_K′_∘ · M_{(K}′_{∘)}∘ α^2_1 ⪯ log n(log n)^2 = (log n)^3.

EpÐshc, gia kĹje summetrikì kurtì sÿma P qrhsimopoiÿntac to Lămma 3.1.10 kai thn duðkă anisìthta tou Sudakov èqoume: |K_1 + P | ≤ | | [ conv ( K^′_0 ∪ 1 λ^{down}_1 B_n ) + P ] | | ≤ 2ebnN(B_n, λ^{down}_1 K^′_0) · |K^′_0 + P | ≤ 2ebn · exp [ cn ( M_K′_0 λ^{up}_1 )_2] · |K^′_0 + P | = 2ebn · exp ( cn α^2_1 ) · |K^′_0 + P | ≤ exp ( cn α^2_1 ) · |K^′_0 + P |.

MporoÔme na apaleÐyoume ton ìro 2ebn allĹzontac thn stajerĹ c ston ekjetikì parĹgonta diìti b ≤ c √ n log n kai ìla ta α_i sthn kataskeuă pou ja kĹnoume ja eÐnai to polÔ thc tĹxhc tou log n.

AntÐstrofa, qrhsimopoiÿntac to Lămma 3.1.8 kai thn anisìthta tou Sudakov, blèpoume ìti gia kĹje summetrikì kurtì sÿma P ston R^n isqÔei kai to exăc:

|K_1 + P | = | | | |conv [ (K^′_0 ∩ λ^{up}_1 B_n) ∪ 1 λ^{down}_1 B_n ] + P | | | | ≥ |(K^′_0 ∩ λ^{up}_1 B_n) + P | ≥ |K^′_0 + P | N(K^′_0, λ^{up}_1 B_n)

≥ |K^′_0 + P | · exp [ −cn ( M_{(K}′_{0)}∘ λ^{up}_1 )_2]

= |K^′_0 + P | · exp ( − cn α^2_1 ) .

SunduĹzontac tic duo anisìthtec, gia kĹje summetrikì kurtì sÿma P èqoume exp ( − cn α^2_1 ) |K^′_0 + P | ≤ |K_1 + P | ≤ exp ( cn α^2_1 ) |K^′_0 + P |. ’Ara se kĹje băma mporoÔme na elègqoume thn metabolă twn ìgkwn. Eidikìtera, gia P = {0} èqoume ìti: exp ( − cn α^2_1 ) |K^′_0| ≤ |K_1| ≤ exp ( cn α^2_1 ) |K^′_0|, dhladă |K_0|^{1/n} = |K^′_0|^{1/n} ≃ |K_1|^{1/n}.

Oi parapĹnw anisìthtec mac epitrèpoun mia anadromikă diadikasÐa panomoiìtuph me autăn tou Jewrămatoc 3.2.1 kai mĹlista me epilogă twn α_i akribÿc thn Ðdia. Me ìmoio trìpo loipìn, gia kĹje j ftĹnoume se èna summetrikì kurtì sÿma K_j tètoio ÿste: gia kĹje summetrikì kurtì sÿma P ston R^n , (∗) exp(−cnα^{−2}_j )|K^′_{j−1} + P | ≤ |K_j + P | ≤ exp(cnα^{−2}_j )|K^′_{j−1} + P |. To K^′_j = T_j (K_j ) orÐzetai sto tèloc kĹje bămatoc ètsi ÿste |K^′_j | = |K_j | kai M_K′_j M_{(K}′_{j )}∘ ⪯ log d_{XKj} .

H diadikasÐa stamatĹei ìtan d_{XKt} ≤ 8. Epeidă to Ĺjroisma ∑_t j=1 α^{−2}_j eÐnai (anexĹrthta apì to t) fragmèno apì mÐa stajerĹ c_1, paÐrnontac P = {0} kai pollaplasiĹzontac tic (∗) katĹ mèlh, blèpoume ìti: |K_t|^{1/n} ≃ |K_0|^{1/n}. (to Ðdio isqÔei gia kĹje K_j ). AfoÔ d_{XKt} ≤ 8, èqoume ìti: αB_n ⊆ K_t ⊆ bB_n me b α ≤ 8. JewroÔme r > 0 tètoio ÿste |rB_n| = |K_t|. Apì thn arqikă upìjesh ìti |K_0| = |B_n| kai apì ton èlegqo pou èqoume gia touc ìgkouc, èpetai ìti α, r, b ≃ 1.

Tÿra, apì th sqèsh K_t ⊆ bD, gia kĹje summetrikì kurtì sÿma P ⊆ R^n èqoume ìti: |K_t + P |^{1/n} ≤ |bB_n + P |^{1/n} ≤ ( b r ) |rB_n + P |^{1/n} ≤ 8|rB_n + P |^{1/n} diìti eÔkola elègqoume ìti b/r ≤ 8. Jètontac E_t = rB_n èqoume breÐ elleiyoeidèc me |E_t| = |K_t| tètoio ÿste gia kĹje summetrikì kurtì sÿma P ⊆ R^n , |K_t + P | ≤ 8^n|E_t + P |. Tÿra, gia kĹje P apì thn anisìthta gia thn metabolă tou ìgkou katĹ to (t − 1)- ostì băma èqoume:

|K^′_{t−1} + P |^{1/n} ≤ exp ( c α^2_t ) |K_t + P |^{1/n} ≤ 8 · exp ( c α^2_t ) |E_t + P |^{1/n} ìpou K^′_{t−1} = T_{t−1}(K_{t−1}). An jewrăsoume to elleiyoeidèc E_{t−1} = T^{−1}_{t−1}(E_t), qrhsimopoiÿntac to gegonìc ìti | det T_{t−1}| = 1 grĹfoume

|T_{t−1}(K_{t−1}) + T_{t−1}(P )|^{1/n} ≤ 8 · exp ( c α^2_t ) |T_{t−1}(E_{t−1}) + T_{t−1}(P )|^{1/n} ⇒ |T_{t−1}(K_{t−1} + P )|^{1/n} ≤ 8 · exp ( c α^2_t ) |T_{t−1}(E_{t−1} + P )|^{1/n} ⇒ |K_{t−1} + P |^{1/n} ⪯ exp ( c α^2_t ) |E_{t−1} + P |^{1/n}. EpÐshc, parathroÔme ìti |E_{t−1}| = |T^{−1}_{t−1}(E_t)| = |E_t| dhladă o ìgkoc tou elleiyoeidoÔc parèmeine ametĹblhtoc. ’Ara gia to K_{t−1} èqoume breÐ elleiyoeidèc E_{t−1} me tic zhtoÔmenec idiìthtec.

SuneqÐzontac thn Ðdia diadikasÐa me bămata proc ta pÐsw kai afoÔ oi ìgkoi twn elleiyoeidÿn pou prokÔptoun eÐnai Ðsoi metaxÔ touc, ftĹnoume telikĹ sto 1o băma kai se mia anisìthta thc morfăc

|K_0 + P |^{1/n} ⪯ exp c t∑ j=1 α^{−2}_j |E_0 + P |^{1/n},

kai epeidă to parapĹnw Ĺjroisma eÐnai omoiìmorfa fragmèno èqoume ìti: |K_0 + P |^{1/n} ≤ C|E_0 + P |^{1/n} gia kĹje summetrikì kurtì sÿma P ston R^n , ìpou E_0 elleiyoeidèc me |E_0| ≃ |K_0|. Me mia aplă (omoiojetikă) tropopoÐhsh tou E_0 kai antÐstoiqh tropopoÐhsh thc apìluthc stajerĹc C, blèpoume ìti sto K = K_0 antistoiqeÐ elleiyoeidèc E_K me |K| = |E_K | pou ikanopoieÐ to sumpèrasma tou Jewrămatoc. □ EÐmaste plèon ètoimoi na apodeÐxoume thn antÐstrofh anisìthta Brunn-Minkowski:

Jeÿrhma 3.3.2 Gia kĹje summetrikì kurtì sÿma K ston R^n upĹrqei U_K ∈ SL_n tètoioc ÿste: an K_1, K_2 eÐnai summetrikĹ kurtĹ sÿmata ston R^n kai t > 0, tìte

|U_{K1} (K_1) + tU_{K2} (K_2)|^{1/n} ≤ C ( |K_1|^{1/n} + t|K_2|^{1/n} ) , ìpou C > 0 eÐnai mia arijmhtikă stajerĹ anexĹrthth thc diĹstashc tou qÿrou kai twn swmĹtwn K_i, i = 1, 2.

Apìdeixh: Apì to Jeÿrhma 3.3.1, sto sÿma K_i, i = 1, 2 antistoiqeÐ elleiyoeidèc E_{Ki} tètoio ÿste |E_{Ki} | = |K_i| kai gia kĹje summetrikì kurtì sÿma P ston R^n isqÔei |K_i + P |^{1/n} ≤ C|E_{Ki} + P |^{1/n}. JewroÔme grammikoÔc metasqhmatismoÔc U_{Ki} : R^n → R^n me | det U_{Ki} | = 1 t.w

U_{Ki} (E_{Ki} ) = r_iB_n.

Gia kĹje summetrikì kurtì sÿma P èqoume |K_i + P |^{1/n} ≤ C|E_{Ki} + P |^{1/n} ⇒ |U_{Ki} (K_i) + U_{Ki} (P )|^{1/n} ≤ C|U_{Ki} (E_{Ki} ) + U_{Ki} (P )|^{1/n} ⇒ |U_{Ki} (K_1) + P_∗|^{1/n} ≤ C|r_iB_n + P_∗|^{1/n} gia kĹje summetrikì kurtì sÿma P_∗ ston R^n . PaÐrnontac i = 1 kai P_∗ = tU_{K2} (K_2) kai katìpin i = 2 kai P_∗ = r_1B_n, èqoume ìti:

|U_{K1} (K_1) + tU_{K2} (K_2)|^{1/n} ≤ C|r_1B_n + tU_{K2} (K_2)|^{1/n} ≤ C^2|r_1B_n + tr_2B_n|^{1/n} = C^2 [ |r_1B_n|^{1/n} + t|r_2B_n|^{1/n} ]

= C^2 [ |U_{K1} (E_{K1} )|^{1/n} + t|U_{K2} (E_{K2} )|^{1/n} ]

= C^2 [ |E_{K1} |^{1/n} + t|E_{K2} |^{1/n} ]

= C_1 [ |K_1|^{1/n} + t|K_2|^{1/n} ] , dhladă to zhtoÔmeno. □

72

KefĹlaio 4

H mèjodoc thc migadikăc parembolăc

4.1 ArijmoÐ prosèggishc

’Estw X, Y qÿroi Banach kai u : X → Y sumpagăc grammikìc telestăc. Oi arijmoÐ prosèggishc tou u orÐzontai gia kĹje k ≥ 1 apì thn a_k(u) = inf{‖u − v‖ : v : X → Y, rank(v) < k}, kai metroÔn pìso kalĹ proseggÐzetai o u apì telestèc dosmènhc peperasmènhc tĹxhc. Oi arijmoÐ Gelfand tou u orÐzontai gia kĹje k ≥ 1 apì thn c_k(u) = inf{‖u|_S‖ : S ≤ X , codim(S) < k}. Gia kĹje kleistì upìqwro S tou Y jewroÔme thn apeikìnish phlÐko Q_S : Y → Y/S. Oi arijmoÐ Kolmogorov tou u orÐzontai gia kĹje k ≥ 1 apì thn

d_k(u) = inf{‖Q_Su‖ : S upìqwroc tou Y, dim(S) < k}.

Me s_k sumbolÐzoume opoiondăpote apì touc a_k, c_k kai d_k. H akoloujÐa {s_k(u)} eÐnai fjÐnousa kai s_k(u) → 0 ìtan k → ∞. EpÐshc, s_1(u) = ‖u‖. Oi sqèseic anĹmesa stouc arijmoÔc perigrĹfontai sto epìmeno lămma.

Lămma 4.1.1 ’Estw X, Y qÿroi Banach kai u : X → Y sumpagăc grammikìc telestăc. Gia kĹje k ≥ 1 isqÔoun ta exăc:

(a) max{c_k(u), d_k(u)} ≤ a_k(u). (b) c_k(u) = d_k(u^∗). (g) d_k(u) = c_k(u^∗). (d) a_k(u) = a_k(u^∗).

Lămma 4.1.2 ’Estw X, Y kai Z qÿroi Banach. Gia kĹje k, n ≥ 1 kai kĹje zeugĹri sumpagÿn telestÿn u : X → Y , v : Y → Z, s_{k+n−1}(vu) ≤ s_k(v)s_n(u). EpÐshc, an u_1, u_2 : X → Y sumpageÐc telestèc, èqoume s_{k+n−1}(u_1 + u_2) ≤ s_k(u_1) + s_n(u_2) gia kĹje k, n ≥ 1.

Oi arijmoÐ entropÐac tou u orÐzontai gia kĹje k ≥ 1 apì thn e_k(u) = inf{t > 0 : N(u(B_X ), tB_Y ) ≤ 2^{k−1}}.

Apì tic stoiqeiÿdeic idiìthtec N(K_1, K_3) ≤ N(K_1, K_2)N(K_2, K_3) kai N(K_1 + K_2, K_3 + K_4) ≤ N(K_1, K_3)N(K_2, K_4) twn arijmÿn kĹluyhc, sumperaÐnoume ìti: an k, n ≥ 1 kai u : X → Y , v : Y → Z, tìte e_{k+n−1}(vu) ≤ e_k(v)e_n(u). EpÐshc, an u_1, u_2 : X → Y , èqoume e_{k+n−1}(u_1 + u_2) ≤ e_k(u_1) + e_n(u_2).

Profanÿc h {e_k(u)} eÐnai fjÐnousa kai e_k(u) → 0 an kai mìno an o u eÐnai sumpagăc. Lămma 4.1.3 ’Estw ‖ · ‖ nìrma ston R^n . GrĹfoume B kai S gia thn monadiaÐa mpĹla kai th monadiaÐa sfaÐra tou (R^n , ‖ · ‖) antÐstoiqa. Gia kĹje δ > 0 upĹrqei δ-dÐktuo A thc S wc proc thn ‖ · ‖, me plhjĹrijmo card(A) ≤ (1 + 2/δ)^n. Apìdeixh: JewroÔme megistikì uposÔnolo A = (y_i)_{i≤m} thc S wc proc thn i ≠ j =⇒ ‖y_i − y_j ‖ ≥ δ. To A eÐnai peperasmèno lìgw thc sumpĹgeiac thc S. EpÐshc, S ⊆ m⋃ i=1 (y_i + δB), dhladă to A eÐnai δ-dÐktuo. ParathroÔme ìti ta B_i = y_i + (δ/2)B èqoun xèna eswterikĹ kai ìti B_i = y_i + δ 2 B ⊆ B + δ 2 B = (1 + δ/2)B gia kĹje i ≤ m, afoÔ y_i ∈ S ⊆ B. ’Ara, m∑ i=1 |B_i| = | |∪^m_{i=1}B_i | | ≤ | |(1 + δ/2)B | | = (1 + δ/2)^n|B|.

EpÐshc, |B_i| = | |y_i + (δ/2)B | | = |(δ/2)B| = ( δ 2 )_n |B|, Ĺra m ( δ 2 )_n |B| = m∑ i=1 |B_i| ≤ (1 + δ/2)^n|B|. Apì thn teleutaÐa anisìthta blèpoume ìti m ≤ ( 1 + (δ/2) δ/2 )_n = ( 1 + 2 δ )_n . AfoÔ to A eÐnai δ-dÐktuo gia thn S, h apìdeixh eÐnai plărhc. □

Lămma 4.1.4 ’Estw X, X_1, Y, Y_1 qÿroi Banach. Upojètoume ìti o X eÐnai isometrikìc me ènan qÿro phlÐko tou X_1 kai o Y eÐnai isometrikìc me ènan upìqwro tou Y_1. ’Estw q : X_1 → X h apeikìnish phlÐko kai j : Y → Y_1 h isometrikă emfÔteush. Tìte, gia kĹje telestă u : X → Y èqoume

e_k(u) = e_k(uq) kai e_k(u)/2 ≤ e_k(ju) ≤ e_k(u) gia kĹje k ≥ 1. Epiplèon, an X_1 = ℓ_1(I) tìte d_k(u) = a_k(uq) enÿ an Y_1 = ℓ_∞(I) tìte a_k(ju) = c_k(u).

Apìdeixh: H prÿth isìthta prokÔptei Ĺmesa apì to gegonìc ìti q (B_{X1} ) = B_X . EpÐshc, gia kĹje k ≥ 1 isqÔei ìti: e_k(ju) ≤ ‖j‖e_k(u) = e_k(u). Tÿra, an to sÔnolo ju (B_X ) kalufjeÐ me 2^{k−1} to plăjoc mpĹlec aktÐnac ε ston Y_1, tìte to sÔnolo u (B_X ) eÐnai h ènwsh 2^{k−1} to plăjoc uposunìlwn diamètrou 2ε diìti h j eÐnai isometrÐa, opìte apì ton orismì tou arijmoÔ entropÐac èqoume e_k(u) ≤ 2e_k(ju). Gia ton teleutaÐo isqurismì qrhsimopoioÔme thn {idiìthta lifting} tou ℓ_1(I) kai thn {idiìthta epèktashc} tou ℓ_∞(I). □

Lămma 4.1.5 Me s_k sumbolÐzoume opoiondăpote apì touc a_k, c_k kai d_k . Gia kĹje α > 0 upĹrqei stajerĹ ρ_α tètoia ÿste: gia kĹje u : X → Y kai kĹje n ∈ N,

sup_{k≤n} k^αe_k(u) ≤ ρ_α sup_{k≤n} k^αs_k(u).

Apìdeixh: KĹje qÿroc Banach X eÐnai isometrikìc me èna phlÐko tou ℓ_1(I) kai kĹje qÿroc Banach Y emfuteÔetai isometrikĹ ston ℓ_∞(I) gia kĹpoio sÔnolo I. Apì to prohgoÔmeno lămma, arkeÐ na apodeÐxoume thn anisìthta sthn perÐptwsh s_k = a_k.

’Estw u : X → Y . MporoÔme na upojèsoume ìti n = 2^N gia kĹpoio N ≥ 0 kai sup_{k≤n} k^αa_k(u) ≤ 1. Tìte, gia kĹje m ≤ N upĹrqei telestăc v_m : X → Y me rank(v_m) < 2^m kai ‖u − v_m‖ < 2^{−mα}. Jètoume T_0 = v_0, T_1 = v_1 − v_0, . . . , T_N = v_N − v_{N−1}. Tìte, u = ∑ m≤N T_m + (u − v_N ),

kai èqoume ‖T_m‖ ≤ 2^{α+1}2^{−mα} kai rank(T_m) < 2^{m+1}.

Jètoume K = u(B_X ), K_m = T_m(B_X ) kai jewroÔme t_m > 0 ta opoÐa ja prosdioristoÔn sth sunèqeia. Apì to Lămma 4.1.3 kai thn K_m ⊆ ‖T_m‖B_Y sumperaÐnoume ìti N(K_m, t‖T_m‖B_Y ) ≤ ( 1 + 2 t )_{rank(Tm)} ≤ ( 1 + 2 t )_2m+1

gia kĹje t > 0.

’Estw r ∈ (0, 1). Qrhsimopoiÿntac thn (1 + y)^d ≤ (1 + y^r)^{d/r} grĹfoume ( 1 + 2 t )_2m+1 < exp (( 2 t )_r 2^{m+1} r ) . GrĹfoume N(t) := N(K, tB_Y ). ’Eqoume K ⊆ N∑ m=0 K_m ∪ (u − v_N )(B_X )

opìte, paÐrnontac upfl ìyh kai thn ‖u − v_N ‖ < 2^{−Nα} paÐrnoume N (_N ∑ m=0 t_m‖T_m‖ + 2^{−Nα} ) ≤ N∏ m=0 N(K_m, t_m‖T_m‖B_Y )

≤ exp (_N ∑ m=0 ( 2 t_m )_r 2^{m+1} r ) .

Epilègoume β > α kai r ∈ (0, 1) ètsi ÿste r < 1/β. Gia kĹje s > 0 orÐzoume t_m = s2^{mβ}2^{−Nβ}. Me autăn thn epilogă, N∑ m=0 t_m‖T_m‖ + 2^{−Nα} ≤ 2^{−Nα}(c_1s + 1)

kai_N ∑ m=0 ( 2 t_m )_r 2^{m+1} r ≤ c_2s^{−r}2^N ,

ìpou c_1, c_2 eÐnai stajerèc pou exartÿntai mìno apì ta α, β kai r. Tèloc, dialègoume s arketĹ megĹlo (to opoÐo ìmwc exartĹtai mìno apì ta α, β kai r), ètsi ÿste

2 exp(c_2s^{−r}2^N ) ≤ 2^{2N} = 2^n.

Tìte, N(2^{−Nα}(c_1s + 1)) ≤ 2^{n−1}, dhladă, e_n(u) ≤ 2^{−Nα}(c_1s + 1) = n^{−α}(c_1s + 1).

Autì apodeiknÔei ìti, gia n = 2^N ,

n^αe_n(u) ≤ (c_1s + 1) sup_{k≤n} k^αa_k(u),

to opoÐo apodeiknÔei to zhtoÔmeno sthn perÐptwsh n = 2^N . H epèktash gia tuqìn n eÐnai aplă. □

4.2 ’Ena jeÿrhma twn Pajor kai Tomczak

To basikì apotèlesma autăc thc paragrĹfou eÐnai to exăc.

Jeÿrhma 4.2.1 [PT] UpĹrqei stajerĹ C > 0 me thn exăc idiìthta. Gia kĹje qÿro Banach X, gia kĹje n ≥ 1 kai gia kĹje telestă u : ℓ^n_2 → X,

sup_{k≥1} (√ kc_k(u^∗) ) ≤ Cℓ(u). H apìdeixh qrhsimopoieÐ tuqaÐouc pÐnakec kai ja basisteÐ se mÐa seirĹ apì Lămmata.

Lămma 4.2.1 ’Estw (g_k)_{k≤m} akoloujÐa anexĹrthtwn tupikÿn kanonikÿn tuqaÐwn metablhtÿn se ènan qÿro pijanìthtac (Ω, A, P ). ’Estw X qÿroc Banach kai èstw z_1, . . . , z_m ∈ X. JewroÔme thn tuqaÐa metablhtă Z = m∑ k=1 g_kz_k kai orÐzoume

σ(Z) = sup (_m ∑ k=1 |z^∗(z_k)|^2 )_{1/2} : z^∗ ∈ X^∗, ‖z^∗‖ ≤ 1 .

Tìte, gia kĹje t > 0 isqÔei P ( | | ‖Z‖ − E‖Z‖ | | > t) ≤ 2 exp(−ct^2/σ^2(Z)),

ìpou c > 0 apìluth stajerĹ.

Apìdeixh: OrÐzoume u : ℓ^m_2 → X me u(x) = ∑_m k=1 x_kz_k, ìpou x = (x_1, . . . , x_m) ∈ R^m . ParathroÔme ìti σ(Z) = ‖u^∗‖ = ‖u‖, epomènwc h zhtoÔmenh anisìthta grĹfetai sth morfă γ_m ( x ∈ R^m : | | ‖u(x)‖ − ∫ ‖u(z)‖dγ_m(z) | | > t ) ≤ 2 exp(−ct^2/‖u‖^2), ìpou γ_m to tupikì mètro Gauss ston R^m .

JewroÔme ton qÿro pijanìthtac (R^m × R^m , γ_m × γ_m) kai grĹfoume (x, y) gia to tuqìn shmeÐo tou R^m × R^m . Gia kĹje θ ∈ [0, 2π] orÐzoume

x(θ) = x sin θ + y cos θ

H parĹgwgoc thc x(θ) wc proc θ eÐnai Ðsh me

x^′(θ) = x cos θ − y sin θ.

GrĹfoume F (x) = ‖u(x)‖. H F eÐnai sunĹrthsh Lipschitz, Ĺra sqedìn pantoÔ paragwgÐsimh ston R^m . ’Estw x, y ∈ R^m . Upojètoume ìti h F eÐnai diaforÐsimh sto x(θ) θ-sqedìn pantoÔ. Tìte,

F (x) − F (y) = F (x(π/2)) − F (x(0)) = ∫_{π/2} 0 [ d dθ F (x(θ)) ] dθ = ∫_{π/2} 0 ⟨F^′(x(θ)), x^′ (θ)⟩dθ. ’Estw λ ∈ R kai ϕ_λ : R → R h sunĹrthsh ϕ_λ(t) = exp(λt). Apì thn kurtìthta thc ϕ_λ kai apì thn anisìthta Jensen èqoume

ϕ_λ(F (x) − F (y)) = ϕ_λ (∫_{π/2} 0 ⟨F^′(x(θ)), x^′ (θ)⟩dθ )

≤ 2 π ∫_{π/2} 0 ϕ_λ (π 2 ⟨F^′(x(θ)), x^′ (θ)⟩ ) dθ.

Oloklhrÿnoume thn ϕ_λ(F (x)−F (y)) wc proc to γ_m ×γ_m. H F eÐnai sqedìn pantoÔ paragwgÐsimh, Ĺra gia sqedìn ìla ta (x, y) h F^′(x(θ)) upĹrqei θ-sqedìn pantoÔ: èqoume ∫ ∫ ϕ_λ(F (x) − F (y))dγ_m(x)dγ_m(y) ≤ 2 π ∫_{π/2} 0 ∫ ∫ ϕ_λ (π 2 ⟨F^′(x(θ)), x^′ (θ)⟩ ) dθdγ_m(x)dγ_m(y). Apì thn kurtìthta thc ϕ_λ paÐrnoume ∫ ϕ_λ ( F (x) − ∫ F (y)dγ_m(y) ) dγ_m(x) ≤ ∫ ∫ ϕ_λ(F (x) − F (y))dγ_m(x)dγ_m(y). Apì thn Ĺllh meriĹ, gia kĹje θ h apeikìnish (x, y) → (x(θ), x^′(θ)) eÐnai orjogÿnioc metasqhmatismìc tou R^{2m} . AfoÔ to γ_m ×γ_m eÐnai analloÐwto wc proc orjogÿniouc metasqhmatismoÔc, èqoume 2 π ∫_{π/2} 0 ∫ ∫ ϕ_λ (π 2 ⟨F^′(x(θ)), x^′(θ)⟩ ) dθdγ_m(x)dγ_m(y) = ∫ ∫ ϕ_λ (π 2 ⟨F^′(x), y⟩ ) dθdγ_m(x)dγ_m(y). Gia kĹje x, y ∈ R^m èqoume |F (x) − F (y)| ≤ ‖u‖ · |x − y|, ìpou | · | h EukleÐdeia nìrma, Ĺra |F^′| ≤ ‖u‖ sqedìn pantoÔ ston R^m . ’Enac aplìc upologismìc deÐqnei ìti ∫ exp(⟨v, y⟩)dγ_m(y) = exp(|v|^2/2). ’Ara, ∫ exp ( π 2 λ⟨F^′(x), y⟩ ) dγ_m(y) = exp ( 1 2 (π 2 )_2

|F^′(x)|^2λ^2 )

≤ exp ( 1 2 (π 2 )_2 ‖u‖^2λ^2 ) . Epomènwc, ∫ ϕ_λ ( F (x) − ∫ F (y)dγ_m(y) ) dγ_m(x) ≤ exp ( 1 2 (π 2 )_2 ‖u‖^2λ^2 ) . Apì thn anisìthta tou Markov, gia kĹje λ > 0 èqoume γ_m ( x : F (x) − ∫ F dγ_m > t ) ≤ exp ( − 1 2 (π 2 )_2 ‖u‖^2λ^2 − λt ) . kai epilègontac λ = (π‖u‖/2)^{−2}t brÐskoume γ_m ( x : F (x) − ∫ F dγ_m > t ) ≤ exp ( − 1 2 (π 2 ‖u‖ )_{−2} t^2 ) . Efarmìzontac thn Ðdia anisìthta gia thn −F èqoume to zhtoÔmeno. □

Lămma 4.2.2 ’Estw g_{ij} , i ≤ n, j ≤ k diplă akoloujÐa anexĹrthtwn kai isìnomwn tupikÿn kanonikÿn tuqaÐwn metablhtÿn se ènan qÿro pijanìthtac (Ω, A, P ). JewroÔme ton tuqaÐo telestă G = (g_{ij} ) : ℓ^k_2 → ℓ^n_2 . ’Estw X qÿroc Banach kai u : ℓ^n_2 → X. Me pijanìthta megalÔterh apì 2/3 isqÔei ‖uG : ℓ^k_2 → X‖ ≤ C(ℓ(u) + √ k‖u‖), ìpou C > 0 apìluth stajerĹ.

Apìdeixh: JewroÔme èna 1/2-dÐktuo A thc S_ℓk_2 . Apì to Lămma 4.1.3, card(A) ≤ 5^k.

Isqurismìc: Gia kĹje v : ℓ^k_2 → X isqÔei ‖v : ℓ^k_2 → X‖ ≤ 2 max_{x∈A} ‖v(x)‖. PrĹgmati, gia kĹje x ∈ S_ℓk_2 upĹrqei y ∈ A me |x − y| ≤ 1/2, Ĺra ‖v(x)‖ = ‖v(x − y) + v(y)‖ ≤ ‖v(x − y)‖ + ‖v(y)‖ ≤ ‖v‖ · |x − y| + ‖v(y)‖ ≤ ‖v‖ 2 + max_{y∈A} ‖v(y)‖. PaÐrnontac supremum wc proc x sumperaÐnoume ìti ‖v‖ ≤ ‖v‖ 2 + max_{y∈A} ‖v(y)‖, apfl ìpou èpetai o isqurismìc. □ JewroÔme tic tuqaÐec metablhtèc

Z_j = n∑ i=1 g_{ij} u(e_i), j = 1, . . . , k. Oi Z_1, . . . , Z_k eÐnai anexĹrthtec kanonikèc kai kajemÐa èqei thn Ðdia katanomă me thn Z = ∑_n i=1 g_iu(e_i).

’Estw x = (x_1, . . . , x_k) ∈ A. Tìte, uG(x) = u n∑ i=1 k∑ j=1 g_{ij} x_j e_i

= n∑ i=1 k∑ j=1 g_{ij} x_j u(e_i)

= k∑ j=1 x_j (_n ∑ i=1 g_{ij} u(e_i) )

= k∑ j=1 x_j Z_j .

AfoÔ |x| = 1, h uG(x) èqei thn Ðdia katanomă me thn Z. ’Ara, E‖uG(x)‖ = E‖Z‖. Epomènwc, gia kĹje t > 0 P (‖uG(x)‖ > E‖uG(x)‖ + t) = P (‖Z‖ > E‖Z‖ + t). Apì to Lămma 4.2.1 kai thn paratărhsh ìti σ(Z) = ‖u‖ èqoume P (‖Z‖ − E‖Z‖ > t) ≤ 2 exp(−ct^2/‖u‖^2), opìte P ( max_{x∈A} ‖uG(x)‖ > E‖Z‖ + t ) = P ( ⋃ x∈A {‖uG(x)‖ > E‖Z‖ + t} )

≤ ∑ x∈A P ({‖uG(x)‖ > E‖Z‖ + t}) ≤ 5^kP ({‖uG(x)‖ > E‖Z‖ + t}) ≤ 2 · 5^k exp(−Ct^2/‖u‖^2).

UpĹrqei c_1 > 0 tètoia ÿste jètontac t = c_1 √ k‖u‖ na exasfalÐzoume thn 2 · 5^k exp(−Ct^2/‖u‖^2) < 1/3.

’Ara, me pijanìthta megalÔterh apì 2/3 èqoume ‖uG : ℓ^k_2 → X‖ ≤ max_{y∈A} ‖v(y)‖ ≤ 2E‖Z‖ + 2c_1 √ k‖u‖. PaÐrnontac upìyin kai thn E‖Z‖ = E‖ n∑ i=1 g_iu(e_i)‖ ≤ ℓ(u), blèpoume ìti me pijanìthta megalÔterh apì 2/3 isqÔei ‖uG : ℓ^k_2 → X‖ ≤ C(ℓ(u) + √ k‖u‖). □ Lămma 4.2.3 ’Estw X, G kai u ìpwc sto prohgoÔmeno lămma. Gia kĹje ε > 0 jewroÔme ton qÿro X_ε pou èqei monadiaÐa mpĹla to B_ε = B_X +^1_ε u(B_ℓn_2 ). Tìte, me pijanìthta megalÔterh apì 2/3 isqÔei ‖uG : ℓ^k_2 → X_ε‖ ≤ C(ℓ(u) + √ kε).

Apìdeixh: ParathroÔme ìti

B_ε = B_X + 1 ε u(B_ℓn_2 ) ⊇ 1 ε u(B_ℓn_2 ),

Ĺra ‖u : ℓ^n_2 → X_ε‖ ≤ ε.

EpÐshc, apì thn B_ε ⊇ B_X èqoume ‖u(x)‖_{Xε} ≤ ‖u(x)‖_X gia kĹje x ∈ ℓ^n_2 , Ĺra ℓ(u : ℓ^n_2 → X_ε) ≤ ℓ(u : ℓ^n_2 → X).

Efarmìzontac to Lămma 4.2.2 gia ton u : ℓ^n_2 → X_ε kai qrhsimopoiÿntac tic dÔo anisìthtec, paÐrnoume to zhtoÔmeno. □

Prìtash 4.2.1 ’Estw G : ℓ^k_2 → ℓ^n_2 ìpwc sto Lămma 4.2.2. Gia kĹje k, m, n ∈ N kai kĹje T ⊂ ℓ^n_2 me card(T ) ≤ 2^m upĹrqei Ω_1 ⊆ Ω me P (Ω_1) > 3/4 tètoio ÿste: gia kĹje ω ∈ Ω_1 kai kĹje y ∈ T a2^{−m/k}‖y‖_ℓn_2 ≤ k^{−1/2}‖(G^∗ω)(y)‖_ℓk_2 ≤ ( 2 + b (m k )_{1/2}) ‖y‖_ℓn_2 .

Apìdeixh: QwrÐc periorismì thc genikìthtac upojètoume ìti ‖y‖_ℓn_2 = 1 gia kĹje y ∈ T . An y = (y_1, . . . , y_n), tìte

G^∗(y) = n∑ i=1 k∑ j=1 g_{ij} e_j .

’Ara, h tuqaÐa metablhtă G^∗(y) èqei thn Ðdia katanomă me thn ∑_k j=1 g_j e_j . GrĹfoume

Z^y = k^{−1/2}‖G^∗y‖_ℓk_2 .

Apì thn prohgoÔmenh paratărhsh, h Z^y èqei thn Ðdia katanomă me thn

Z_k = k^{−1/2} k∑ j=1 g^2_j 1/2 .

Ja qreiastoÔme èna teqnikì lămma.

Lămma 4.2.4 UpĹrqoun a_1, b_1 > 0 tètoioi ÿste, gia kĹje s > 0, P (Z_k < s) ≤ (a_1s)^k kai gia kĹje t > 2 P (Z_k > t) ≤ exp(−b_1kt^2).

Me dedomèno to Lămma 4.2.4 mporoÔme na poÔme ìti gia kĹje y ∈ S^{n−1} kai gia kĹje 0 < s < t me t > 2 P (Z^y /∈ [s, t]) = P (Z_k /∈ [s, t]) = P ({Z_k < s} ∪ {Z_k > t}) ≤ P (Z_k < s) + P (Z_k > t) ≤ (a_1s)^k + exp(−b_1kt^2).

’Ara,

P (∃y ∈ T : Z^y /∈ [s, t]) ≤ card(T )P (Z^y /∈ [s, t]) ≤ 2^m[(a_1s)^k + exp(−b_1kt^2)]. An loipìn epilèxoume s = 1/8a_12^{m/k} kai

t = 2 + ( (m + 4) log 2 b_1k )_{1/2} ≤ 2 + b (m k )_{1/2} , èqoume P (∃y ∈ T : Z^y /∈ [s, t]) < 1/4, dhladă me pijanìthta megalÔterh apì 3/4 èqoume: gia kĹje y ∈ T , a2^{−m/k} ≤ k^{−1/2}‖(G^∗ω)(y)‖_ℓk_2 ≤ ( 2 + b (m k )_{1/2}) . Autì apodeiknÔei thn Prìtash me thn upìjesh ìti ‖y‖_ℓn_2 = 1 gia kĹje y ∈ T . □ Apìdeixh tou Lămmatoc 4.2.4: Gia ton prÿto isqurismì grĹfoume P (Z_k < s) = (2π)^{−k/2} ∫ |x|^2<s^2k exp(−|x|^2)dx . . . dx_k

= (2π)^{−k/2}kω_k ∫_s^√_k 0 ρ^{k−1}e^{−ρ2/2}dρ ≤ (2π)^{−k/2}kω_k ∫_s^√_k 0 ρ^{k−1}dρ = s^kk^{k/2} 2^{k/2}Γ(k/2 + 1) ≤ (a_1s)^{k/2} ìpou a_1 > 0 apìluth stajerĹ. Gia ton deÔtero, parathroÔme ìti P (Z_k > t) = (2π)^{−k/2} ∫ |x|^2>t^2k exp(−|x|^2)dx_1 . . . dx_k ≤ (2π)^{−k/2} exp(−t^2k/4) ∫ R^k exp(−|x|t)dx_1 . . . dx_k .

KĹnontac thn allagă metablhtăc x = √ 2y kai upologÐzontac to teleutaÐo oloklărwma paÐrnoume

P (Z_k > t) ≤ 2^{k/2} exp(−t^2k/4) = exp ( k 4 (2 log 2 − t^2) )

≤ exp(−b_1kt^2) ìpou b_1 > 0 apìluth stajerĹ, kĹnontac thn epiplèon upìjesh ìti t > 2. □ Apìdeixh tou Jewrămatoc 4.2.1: ’Estw u : ℓ^n_2 → X. Jètoume K = u^∗(B_X ∗ ). Apì thn anisìthta tou Sudakov, N(K, ε_kB_ℓn_2 ) ≤ exp(cnM^∗(K)^2/ε^2_k) = exp(cnM(u^{−1}(B_X ))^2/ε^2_k) ≤ exp(c_1ℓ(u)^2/ε^2_k) ≤ 2^k arkeÐ na epilèxoume ε_k ≃ ℓ(u)/ √ k. Dhladă, upĹrqei c_2 > 0 tètoia ÿste N(u^∗(B_X ∗ ), (ℓ(u)/c_2 √ k)B_ℓn_2 ) ≤ 2^k

gia kĹje k ≥ 1. IsodÔnama, upĹrqei T ⊆ ℓ^n_2 me card(T ) ≤ 2^k tètoio ÿste: gia kĹje x ∈ K upĹrqei y ∈ T me |y − x| ≤ ε_k ℓ(u) c_2 √ k . Antikajistÿntac to ε_k me 2ε_k mporoÔme epiplèon na upojèsoume ìti T ⊆ K: gia kĹje y ∈ T me (y + ε_kB_ℓn_2 ) ∩ K ≠ ∅, epilègoume x(y) ∈ K me |y − x(y)| ≤ ε_k. Tìte, K ⊆ ⋃ y∈T (y + ε_kB_ℓn_2 ) ⊆ ⋃ y∈T (x(y) + 2ε_kB_ℓn_2 ).

Upojètoume loipìn ìti T ⊆ K, card(T ) ≤ 2^k kai K ⊆ ⋃ y∈T (y + 2ε_kB_ℓn_2 ).

Tìte, gia kĹje x ∈ K upĹrqei y ∈ T tètoio ÿste y − x ∈ 2K ∩ (2ε_kB_ℓn_2 ). Apì to Lămma 4.2.3 kai thn Prìtash 4.2.1 (me m = k) upĹrqei n × k pÐnakac G pou ikanopoieÐ thn (1) ‖uG : ℓ^k_2 → X_{εk} ‖ ≤ C(ℓ(u) + √ kε_k) kai, gia kĹje y ∈ T , thn (2) a‖y‖_ℓn_2 ≤ 1 √ k ‖G^∗(y)‖_ℓn_2 .

Jètoume F = Ker(G^∗u^∗). Tìte, o F eÐnai upìqwroc tou X^∗ kai codim(F ) ≤ dim(ℓ^k_2 ) = k.

’Estw z ∈ B_F . Tìte u^∗(z) ∈ K, Ĺra upĹrqei y ∈ T tètoio ÿste

u^∗(z) − y ∈ 2(K ∩ ε_kB_ℓn_2 ).

Eidikìtera, ‖u^∗(z) − y‖_ℓk_2 ≤ 2ε_k. Apì thn Ĺllh meriĹ, (G^∗u^∗)(z) = 0 Ĺra

G^∗y ∈ 2G^∗(K ∩ ε_kB_ℓn_2 ) = G^∗u^∗(B_X ∗ ∩ ε_k(u^∗)^{−1}(B_ℓn_2 )) = (G^∗u^∗)(B̃),

ìpou, apì tic idiìthtec tou polikoÔ sÿmatoc,

B̃ = ( co(B_X ∪ 1 ε_k u(B_ℓn_2 ) )_∘

⊆ ( 1 2 B_X + 1 2 1 ε_k u(B_ℓn_2 ) )_∘

= 2(B_X + 1 ε_k u(B_ℓn_2 ))^∘

= 2(B_{Xεk} )^∘.

Epomènwc, G^∗y ∈ 4(G^∗u^∗)(B^∘_{Xεk} ) kai afoÔ ‖G^∗u^∗‖ = ‖uG‖, apì thn (1) paÐrnoume ‖G^∗y‖_ℓk_2 ≤ 4C(ℓ(u) + √ kε_k). Tÿra apì thn (2) kai apì thn epilogă tou ε_k èpetai ìti ‖y‖_ℓn_2 ≤ 4C a (ℓ(u)/ √ k + ε_k) ≤ C_1ℓ(u)/ √ k. Qrhsimopoiÿntac kai to gegonìc ìti u^∗(z) − y ∈ 2ε_kB_ℓn_2 , sumperaÐnoume ìti ‖u^∗(z)‖_ℓn_2 ≤ ‖u^∗(z) − y‖_ℓn_2 + ‖y‖_ℓn_2 ≤ 2ε_k + C_1ℓ(u)/ √ k ≤ C_2ℓ(u)/ √ k. AfoÔ codim(F ) < k, èqoume c_k(u^∗) ≤ C_2ℓ(u)/ √ k, dhladă

sup_{k≥1} (√ kc_k(u^∗) ) ≤ C_2ℓ(u). □

4.3 Migadikă Parembolă

’Estw X_0 kai X_1 dÔo qÿroi Banach pĹnw apì to C . Lème ìti oi X_0 kai X_1 eÐnai {sumbibastoÐ} an embaptÐzontai suneqÿc se ènan megalÔtero qÿro Banach, opìte mporoÔme na milĹme gia touc qÿrouc X_0 +X_1 kai X_0 ∩X_1. Sthn perÐptwsh pou mĹc endiafèrei, ja èqoume X_i = (C^n , ‖ · ‖_i), i = 1, 2 opìte h upìjesh aută ikanopoieÐtai katĹ tetrimmèno trìpo. OrÐzoume S = {z ∈ C : 0 < Rez < 1} S = {z ∈ C : 0 ≤ Rez ≤ 1} S_0 = {z ∈ C : Rez = 0} S_1 = {z ∈ C : Rez = 1}.

JewroÔme ton qÿro F(X_0, X_1) ìlwn twn sunartăsewn f me timèc ston X_0 + X_1 oi opoÐec eÐnai fragmènec kai suneqeÐc sth lwrÐda S, analutikèc sthn anoiqtă lwrÐda S kai, epiplèon, oi sunartăseic f|_{S0} kai f|_{S1} pou orÐzontai apì thn t → f(j + it) (j = 0, 1) eÐnai suneqeÐc apì to R ston X_j kai teÐnoun sto 0 kajÿc |t| → ∞. O F(X_0, X_1) eÐnai profanÿc grammikìc qÿroc. Ston F(X_0, X_1) orÐzoume th nìrma

‖f‖_F = max ( sup_{t∈R} ‖f(it)‖_{X0} , sup_{t∈R} ‖f(1 + it)‖_{X1} ) . Lămma 4.3.1 O qÿroc F(X_0, X_1) eÐnai qÿroc Banach. □

Gia kĹje θ ∈ (0, 1) orÐzoume tÿra ton qÿro parembolăc X_θ := (X_0, X_1)_θ san to sÔnolo ìlwn twn x ∈ X_0 + X_1 = C^n gia ta opoÐa upĹrqei f ∈ F(X_0, X_1) tètoia ÿste x = f(θ). Ston qÿro X_θ orÐzoume th nìrma ‖x‖_θ = inf{‖f‖_F : f ∈ F(X_0, X_1), f(θ) = x}. Lămma 4.3.2 Gia kĹje x ∈ X_θ, ‖x‖_{Xθ} ≤ ‖x‖^{1−θ}_{X0} ‖x‖^θ_{X1} . H apìdeixh autoÔ tou isqurismoÔ eÐnai aplă. An M_0 = ‖x‖_{X0} , M_1 = ‖x‖_{X1} kai an

f(z) = M^{1−θ}_0 M^θ_1 (M^{1−z}_0 M^z_1 )^{−1}x,

tìte f ∈ F(X_0, X_1), ‖f‖_F = M^{1−θ}_0 M^θ_1 kai f(θ) = x. Apì ton orismì thc ‖ · ‖_θ èpetai to zhtoÔmeno. □ Ja qreiastoÔme epÐshc thn duðkă anisìthta. Gia kĹje θ ∈ (0, 1) kai kĹje grammikì sunarthsoeidèc u ∈ (X_0 ∩ X_1)^∗ orÐzoume ‖u‖^∗_θ = sup{|u(x)| : x ∈ C^n , ‖x‖_{Xθ} ≤ 1}. Tìte, isqÔei to exăc.

Lămma 4.3.3 Gia kĹje u ∈ (X_0 ∩ X_1)^∗, ‖u‖^∗_θ ≤ (‖u‖^∗_0)^{1−θ} (‖u‖^∗_1)^θ .

H apìdeixh autoÔ tou isqurismoÔ eÐnai aplă sunèpeia tou {lămmatoc twn triÿn eujeiÿn}:

Lămma 4.3.4 ’Estw g : S → C sunĹrthsh fragmènh, suneqăc kai analutikă sto S. Tìte, gia kĹje θ ∈ (0, 1) kai kĹje t ∈ R |g(θ)| ≤ ( sup_{S0} |g| )_{1−θ} ( sup_{S1} |g| )_θ . Apìdeixh: Jètoume M_0 = sup_{S0} |g| kai M_0 = sup_{S0} |g|. ’Estw r > 0 kai s ∈ R. OrÐzoume F_r(z) = exp(rz^2 + sz)F (z).

Tìte, F_r(z) → 0 kajÿc Imz → ±∞ kai |F_r (it)| ≤ M_0, |F_r (1 + it)| ≤ M_1e^{r+s}. Apì thn arqă Phragmén-Lindelöf èpetai ìti |F_r(z)| ≤ max{M_0, M_1e^{r+s}}, dhladă |F (θ + it)| ≤ exp(−r(θ^2 − t^2)) max{M_0e^{−θr}, M_1e^{(1−θ)s+r}}. H anisìthta aută isqÔei gia kĹje stajerì θ kai t. Afănontac to r → 0 blèpoume ìti |F (θ + it)| ≤ max{M_0ρ^{−θ}, M_1ρ^{1−θ}} ìpou ρ = e^s. To dexiì mèloc elaqistopoieÐtai ìtan M_0ρ^{−θ} = M_1ρ^{1−θ}, dhladă ìtan ρ = M_0/M_1. Gifl autăn thn timă tou ρ paÐrnoume |F (θ + it)| ≤ M^{1−θ}_0 M^θ_1 . □ Efarmìzontac to lămma twn triÿn eujeiÿn gia thn g(z) = ⟨u, f(z)⟩ paÐrnoume |⟨u, x⟩| = |g(θ)| ≤ (‖u‖^∗_0)^{1−θ} (‖u‖^∗_1)^θ , to opoÐo apodeiknÔei to Lămma 4.3.3. □ ’Estw tÿra Y ènac Ĺlloc migadikìc qÿroc Banach kai èstw T : X_0 + X_1 → Y kai R : Y → X_0 ∩ X_1 fragmènoi C -grammikoÐ telestèc. Tìte, o T : X_θ → Y kai o R : Y → X_θ eÐnai fragmènoi telestèc. SumbolÐzoume autoÔc touc telestèc me T_θ kai R_θ.

Lămma 4.3.5 IsqÔoun oi anisìthtec

c_k(R_θ) ≤ ‖R_0‖^{1−θ}(c_k(R_1))^θ kai d_k(T_θ) ≤ ‖T_0‖^{1−θ}(d_k(T_1))^θ.

Apìdeixh: H prÿth anisìthta eÐnai Ĺmesh sunèpeia tou lămmatoc 4.3.2. Gia th deÔterh anisìthta mporoÔme gia aplìthta na upojèsoume ìti oi telestèc T_θ, T_1 eÐnai sumpageÐc kai ìti o X_0 ∩ X_1 eÐnai puknìc tìso ston X_0 ìso kai ston X_1 (sthn perÐptwsh pou mac endiafèrei, ta parapĹnw ikanopoioÔntai katĹ tetrimmèno trìpo). Tÿra, apì tic isìthtec d_k(T_θ) = c_k(T^∗_θ ) kai d_k(T_1) = c_k(T^∗_1 ) h deÔterh anisìthta prokÔptei apì to Lămma 4.3.3. □

To basikì apotèlesma autăc thc paragrĹfou eÐnai to epìmeno jeÿrhma. Ja antikatastăsei thn anisìthta tou Pisier h opoÐa èpaixe basikì rìlo sto prohgoÔmeno kefĹlaio.

Jeÿrhma 4.3.1 ’Estw (X_0, X_1) zeÔgoc sumbibastÿn migadikÿn qÿrwn Banach. An o X_1 eÐnai qÿroc Hilbert, tìte gia kĹje θ ∈ (0, 1) isqÔei K(X_θ) ≤ ϕ(θ) ìpou ϕ(θ) stajerĹ pou exartĹtai mìno apì to θ. Epiplèon, ϕ(θ) = O(1/θ) kajÿc θ → 0. Gia thn apìdeixh ja qreiastoÔme èna lămma.

Lămma 4.3.6 Gia kĹje z ∈ C sumbolÐzoume me Arg(z) to ìrisma tou z pou ikanopoieÐ thn −π < Arg(z) ≤ π. ’Estw D_0 = [−1, 1], D_1 = {z ∈ C : |z| = 1} kai D_θ = { z ∈ C : | | | |Arg ( z + 1 z − 1 ) | | | = θπ 2 } , θ ∈ (0, 1). Tìte, gia kĹje u ∈ D_θ upĹrqei G : S → C analutikă sto S, tètoia ÿste G(S_0) ⊆ D_0, G(S_1) ⊆ D_1 kai G(θ) = u.

Apìdeixh: ParathroÔme ìti to D_θ eÐnai to sÔnolo twn shmeÐwn tou migadikoÔ epipèdou ta opoÐa sqhmatÐzoun me to eujÔgrammo tmăma [−1, 1] gwnÐa akribÿc Ðsh me π − πθ/2. ’Estw u ∈ D_θ. An Imu > 0, upĹrqei pragmatikìc arijmìc t tètoioc ÿste u = i tan(^{πθ}_4 + it). OrÐzoume G(z) = i tan ( π 4 z + it ) kai elègqoume ìti ikanopoieÐtai to zhtoÔmeno. An Imu < 0, upĹrqei pragmatikìc arijmìc t tètoioc ÿste u = −i tan(^{πθ}_4 + it). Tìte, orÐzoume

G(z) = −i tan ( π 4 z + it ) . □

Apìdeixh tou Jewrămatoc 4.3.1: [Pi3] QrhsimopoioÔme to sumbolismì thc §1.3. Gia kĹje z ∈ C me |z| ≤ 1 orÐzoume T (z) = ∑ k≥0 z^kQ_k.

O T (z) eÐnai telestăc nìrmac 1 ston L^2 = L^2(Ω, A, P ). ’Estw 0 < θ < 1. Ja broÔme δ = δ(θ) > 0 tètoio ÿste: gia kĹje z ∈ C me |z| ≤ δ ‖T (z) ⊗ I_{Xθ} ‖_L2_{(Xθ )→L}2_{(Xθ )} ≤ 1. Jètoume T_θ(z) = T (z) ⊗ I_{Xθ} kai Q_{1,θ} = Q_1 ⊗ I_{Xθ} . Apì ton tÔpo tou Cauchy blèpoume ìti Q_1 = 1 δ ∫_{2π} 0 e^{−is}T (δe^{is}) ds 2π , kai ìmoia Q_{1,θ} = 1 δ ∫_{2π} 0 e^{−is}T_θ(δe^{is}) ds 2π . Apì thn anisìthta tou Jensen,

K(X_θ) = ‖Q_{1,θ}‖_L2_{(Xθ )→L}2_{(Xθ )} ≤ 1 δ sup_{|z|=δ} ‖T_θ(z)‖_L2_{(Xθ )→L}2_{(Xθ )}.

Mènei loipìn na deÐxoume ìti upĹrqei tètoio δ.

Apì thn Prìtash 1.3.2, gia kĹje qÿro Banach kai kĹje z ∈ D_0 èqoume (1) ‖T (z) ⊗ I_{X0} ‖_L2_{(X0 )→L}2_{(X0 )} ≤ 1. EpÐshc, afoÔ o X_1 eÐnai qÿroc Hilbert, gia kĹje z ∈ D_1 èqoume (2) ‖T (z) ⊗ I_{X1} ‖_L2_{(X1 )→L}2_{(X1 )} ≤ 1.

Qrhsimopoiÿntac to Lămma 4.3.6 ja apodeÐxoume ìti gia kĹje z ∈ D_θ isqÔei ‖T (z) ⊗ I_{Xθ} ‖_L2_{(Xθ )→L}2_{(Xθ )} ≤ 1. Lămma 4.3.7 Oi qÿroi (L^2(X_0), L^2(X_1))_θ kai L^2(X_θ) eÐnai isometrikĹ isìmorfoi. Apì to lămma, gia kĹje ϕ ∈ L^2(X_θ) me ‖ϕ‖ < 1, upĹrqei f ∈ F(L^2(X_0), L^2(X_1)) tètoia ÿste ‖f‖_F < 1 kai f(θ) = ϕ. StajeropoioÔme z ∈ D_θ kai jewroÔme thn sunĹrthsh G tou Lămmatoc 4.3.6. Eidikìtera, G(θ) = z. JewroÔme thn W : S → L^2(X_0) + L^2(X_1) me W (u) = T (G(u))f(u). H W eÐnai analutikă sto S kai W (θ) = T (z)ϕ.

An Y_0 = L^2(X_0) kai Y_1 = L^2(X_1), tìte ‖T (z)ϕ‖_{(Y0,Y1)θ} ≤ max{‖W ‖_{L∞(S0,Y0)}, ‖W ‖_{L∞(S1,Y1)}}. Apì tic (1), (2) kai apì to Lămma 4.3.6, ‖T (z)ϕ‖_{(Y0,Y1)θ} ≤ 1. Apì to Lămma 4.3.7 èpetai ìti: gia kĹje z ∈ D_θ, (3) ‖T (z)‖_{L2(Xθ )→L2(Xθ )} ≤ 1. ParathroÔme ìti T (z_1z_2) = T (z_1)T (z_2). Aută h paratărhsh mazÐ me tic (1) kai (3) deÐqnei ìti h (3) isqÔei gia kĹje z sto qwrÐo pou perikleÐei to D_θ. Eidikìtera, h (3) isqÔei gia kĹje z ∈ C me |z| ≤ tan(πθ/4). Epomènwc, K(X_θ) ≤ (tan(πθ/4))^{−1} .

Autì apodeiknÔei to Jeÿrhma. □ Paratărhsh. H anisìthta tou Pisier (piì sugkekrimmèna, to Jeÿrhma 1.3.1) eÐnai sunèpeia tou Jewrămatoc 4.3.1. Ac upojèsoume ìti X = C^n (h pragmatikă perÐptwsh èpetai). MporoÔme epÐshc na upojèsoume ìti o tautotikìc telestăc I : ℓ^n_2 → X ikanopoieÐ tic ‖I‖ = d(X, ℓ^n_2 ) kai ‖I^{−1}‖ = 1. JewroÔme ton qÿro parembolăc X_θ = (X, ℓ^n_2 )_θ. Apì to Lămma 4.3.5 me k = 1, èqoume d(X, X_{θ)} ≤ [d(X, ℓ^n_2 )]^θ. Apì to Jeÿrhma 4.3.1 èqoume K(X_θ) ≤ ϕ(θ). ’Ara, K(X) ≤ d(X, X_θ)K(X_θ) ≤ ϕ(θ)[d(X, ℓ^n_2 )]^θ ≤ c θ [d(X, ℓ^n_2 )]^θ.

Epilègontac to bèltisto θ(≃ 1/ log[d(X, ℓ^n_2 ) + 1]), paÐrnoume K(X) ≤ c_1 log[d(X, ℓ^n_2 ) + 1].

4.4 To basikì jeÿrhma

Jeÿrhma 4.4.1 Gia kĹje α > 1/2 upĹrqei mÐa stajerĹ C = C(α) > 0 me thn idiìthta: gia kĹje n ∈ N, gia kĹje n-diĹstato (pragmatikì ă migadikì) qÿro me nìrma X, upĹrqei isomorfismìc u : ℓ^n_2 → X tètoioc ÿste d_k (u) ≤ C(n/k)^α kai c_k(u^{−1}) ≤ C(n/k)^α gia kĹje k = 1, . . . , n. Epiplèon, h stajerĹ C(α) eÐnai O((α − 1/2)^{−1/2}) kajÿc α → 1/2.

Paratărhsh. An upojèsoume ìti h K-stajerĹ tou X eÐnai fragmènh, to zhtoÔmeno prokÔptei Ĺmesa. GiatÐ, upĹrqei isomorfismìc u : ℓ^n_2 → X tètoioc ÿste ℓ(u) ≤ √ n kai ℓ((u^{−1})^∗) ≤ K(X) √ n opìte to Jeÿrhma 4.2.1 mac dÐnei

d_k(u) = c_k(u^∗) ≤ C_1(n/k)^{1/2} kai c_k(u^{−1}) ≤ C_1K(X)(n/k)^{1/2}.

Apìdeixh tou jewrămatoc 4.3.1: [Pi4] JewroÔme prÿta thn migadikă perÐptwsh kai grĹfoume ℓ^n_2 gia ton migadikì n-diĹstato EukleÐdeio qÿro. StajeropoioÔme α > 1/2 kai sumbolÐzoume me C thn mikrìterh jetikă stajerĹ gia thn opoÐa isqÔei to sumpèrasma tou jewrămatoc.

Apì ton orismì thc C, gia kĹje n-diĹstato migadikì qÿro me nìrma X upĹrqei C -grammikìc isomorfismìc u : ℓ^n_2 → X tètoioc ÿste d_k(u) ≤ C(n/k)^α kai c_k(u^{−1}) ≤ C(n/k)^α gia kĹje k = 1, . . . , n. MporoÔme epÐshc na upojèsoume ìti X = (C^n , ‖ · ‖) kai u eÐnai o tautotikìc telestăc.

OrÐzoume θ = (α−1/2)/α ∈ (0, 1) kai jewroÔme ton qÿro parembolăc X_θ = (X, ℓ^n_2 )_θ pou antistoiqeÐ sto zeugĹri (X, ℓ^n_2 ). GrĹfoume u_θ : X_θ → X gia ton tautotikì telestă, o opoÐoc tÿra phgaÐnei apì ton X_θ ston X. Apì thn paratărhsh kai apì to Jeÿrhma 4.2.1, upĹrqei isomorfismìc v : ℓ^n_2 → X_θ tètoioc ÿste

d_k (v) = c_k(u^∗) ≤ C_1(n/k)^{1/2} kai c_k(v^{−1}) ≤ C_1ϕ(θ)(n/k)^{1/2}

gia kĹje k = 1, . . . , n.

PaÐrnontac θ = 0, 1, èqoume u_0 = I : X → X kai u_1 = u : ℓ^n_2 → X. Apì to Lămma 4.3.5, d_k(u_θ) ≤ ‖u_0‖^{1−θ}d_k(u_1)^θ = d_k(u)^θ kai c_k(u^{−1}_θ ) ≤ ‖u^{−1}_0 ‖^{1−θ}c_k(u^{−1}_1 )^θ = c_k(u^{−1})^θ.

Apì ton orismì thc C èpetai ìti

d_k(u_θ) ≤ (C(n/k)^α)^θ kai c_k(u^{−1}_θ ) ≤ (C(n/k)^α)^θ

gia kĹje k = 1, . . . , n.

JewroÔme ton telestă w = u_θv : ℓ^n_2 → X. Apì tic idiìthtec twn arijmÿn prosèggishc èqoume

d_{2k−1}(w) ≤ d_k(u_θ)d_k(v) ≤ C_1C^θ(n/k)^{αθ+1/2} = C_1C^θ(n/k)^α kai c_{2k−1}(w^{−1}) ≤ c_k(u^{−1}_θ )c_k(v^{−1}) ≤ C_1ϕ(θ)C^θ (n/k)^α. An orÐsoume r = 2^αC_1C^θ, oi anisìthtec autèc mac dÐnoun d_k(w) ≤ r(n/k)^α kai c_k(w^{−1}) ≤ rϕ(θ)(n/k)^α gia kĹje k = 1, . . . , n. An jèsoume w_1 = ϕ(θ)^{1/2}w, paÐrnoume

d_k(w_1) ≤ rϕ(θ)^{1/2}(n/k)^α kai c_k(w^{−1}_1 ) ≤ rϕ(θ)^{1/2}(n/k)^α

gia kĹje k = 1, . . . , n. Apì ton orismì thc C,

C ≤ rϕ(θ)^{1/2} = C_1C^θ2^αϕ(θ)^{1/2}, Ĺra C ≤ C(α) = ( C_12^αϕ(θ)^{1/2} ) 1_{1−θ} , ìpou θ = (α − 1/2)/α. Parathrăste ìti apì thn ektÐmhsh pou èqoume gia thn ϕ(θ) kajÿc θ → 0 èpetai ìti C(α) = O((α − 1/2)^{−1}) kajÿc α → 1/2. PernĹme tÿra sthn pragmatikă perÐptwsh. ’Estw X ènac n-diĹstatoc pragmatikìc qÿroc me nìrma. UpĹrqei migadikìc n-diĹstatoc qÿroc X̃ tètoioc ÿste o X na emfuteÔetai isometrikĹ se ènan pragmatikì n-diĹstato upìqwro tou X̃ (an ton doÔme san 2n-diĹstato pragmatikì qÿro) kai na upĹrqei R-grammikă probolă P : X̃ → X nìrmac 1. Gia parĹdeigma, mporoÔme na pĹroume X̃ = C ⊗X, ton qÿro ìlwn twn R-grammikÿn telestÿn apì to C ston X. MporoÔme epÐshc na upojèsoume ìti X ⊆ X̃ an tautÐsoume ton X me thn eikìna tou mèsw thc parapĹnw emfÔteushc. Apì thn migadikă morfă tou jewrămatoc, upĹrqei isomorfismìc u_1 : ℓ^n_2 (C ) → X̃ tètoioc ÿste d_k(u_1) ≤ C(n/k)^α kai c_k(u^{−1}_1 ) ≤ C(n/k)^α

gia kĹje k = 1, . . . , n. Jètoume H = u^{−1}_1 (X). Tìte, mporoÔme na tautÐsoume ton H me ton ℓ^n_2 (R). An orÐsoume u = P u_1|_H : H → X, o u eÐnai R-grammikìc isomorfismìc kai

d_{2k−1}(u) ≤ d_k(u_1) kai c_{2k−1}(u^{−1}) ≤ c_k(u^{−1}_1 )

ìpou oi arijmoÐ prosèggishc jewroÔntai me thn pragmatikă ènnoia gia touc u, u^{−1} kai me thn migadikă ènnoia gia touc u_1, u^{−1}_1 . ’Epetai ìti o u ikanopoieÐ to sumpèrasma tou jewrămatoc me stajerĹ thn C^′ = 2^αC. H stajerĹ 2^α prostÐjetai gia na perĹsoume apì touc d_{2k−1}, c_{2k−1} stouc d_k, c_k. □

4.5 Efarmogèc

’Estw K kai T summetrikĹ kurtĹ sÿmata ston R^n . JewroÔme thn posìthta M(K, T ) = ( |K + T | |K ∩ T | · |K^∘ + T^∘| |K^∘ ∩ T^∘| )_{1/n} . Jeÿrhma 4.5.1 UpĹrqei apìluth stajerĹ C > 0 me thn exăc idiìthta: Gia kĹje n ∈ N kai gia kĹje summetrikì kurtì sÿma K ston R^n upĹrqei elleiyoeidèc E ston R^n tètoio ÿste M(K, E) ≤ C. Apìdeixh: ’Estw X o n-diĹstatoc qÿroc me nìrma pou orÐzetai apì to K kai u o isomorfismìc tou Jewrămatoc 4.4.1. Apì to Lămma 4.1.5 èqoume max{e_n(u), e_n(u^{−1}), e_n(u^∗), e_n((u^{−1})^∗)} ≤ t = ρ_αC(α).

Jètoume E = u(B_ℓn_2 ). Tìte, max{N(K, tE), N(E, tK), N(K^∘, tE^∘), N(E^∘, tK^∘)} ≤ 2^{n−1}. Lămma 4.5.1 An A, B kai C eÐnai summetrikĹ kurtĹ sÿmata ston R^n , tìte |A + C| ≤ N(A, B)|B + C| kai N(A, 2(A ∩ B)) ≤ N(A, B). □ Apì to Lămma 4.5.1 me A = K, B = tE, |K + E|^{1/n} ≤ 2(t + 1)|E|^{1/n} kai ìmoia |K^∘ + E^∘|^{1/n} ≤ 2(t + 1)|E^∘|^{1/n}. Apì to Ðdio Lămma, N(E, 2(tK ∩ E)) ≤ 2^{n−1} Ĺra |E|^{1/n} ≤ 4(t + 1)|K ∩ E|^{1/n} kai ìmoia, |E^∘|^{1/n} ≤ 4(t + 1)|K^∘ ∩ E^∘|^{1/n}. ’Epetai ìti M(K, E) ≤ 64(t + 1)^4.

Epilègontac, gia parĹdeigma, α = 1 kai jewrÿntac ton antÐstoiqo u = u_α èqoume to zhtoÔmeno. □ Prÿth sunèpeia tou Jewrămatoc 4.5.1 eÐnai h anisìthta Santaló kai h antÐstrofă thc.

Jeÿrhma 4.5.2 Gia kĹje n ∈ N kai kĹje summetrikì kurtì sÿma K ston R^n , isqÔei 1 C ≤ ( |K| · |K^∘| |B_n|^2 )_{1/n} ≤ C, ìpou C h stajerĹ tou Jewrămatoc 4.5.1.

Apìdeixh: To ginìmeno ìgkwn |K| · |K^∘| eÐnai analloÐwto wc proc antistrèyimouc grammikoÔc metasqhmatismoÔc, epomènwc mporoÔme na upojèsoume ìti E = B_n sto prohgoÔmeno jeÿrhma. ParathroÔme ìti |B_n|^2 ≤ |K + B_n| · |K^∘ + B_n| × |K| |K ∩ B_n| · |K^∘| |K^∘ ∩ B_n| = M(K, B_n)^n|K| · |K^∘| kai |K| · |K^∘| ≤ |B_n| |K ∩ B_n| · |B_n| |K^∘ ∩ B_n| × |K + B_n| · |K^∘ + B_n| = M(K, B_n)^n|B_n|^2, apfl ìpou èpetai to zhtoÔmeno. □

Efarmìzontac piì prosektikĹ to Jeÿrhma 4.4.1 se sunduasmì me to Lămma 4.1.5, paÐrnoume to exăc.

Lămma 4.5.2 Gia kĹje α > 1/2 upĹrqei mÐa stajerĹ C_1 = C_1(α) > 0 tètoia ÿste: gia kĹje n ∈ N kai kĹje n-diĹstato qÿro me nìrma X upĹrqei isomorfismìc u : ℓ^n_2 → X tètoioc ÿste

max{e_k(u), e_k(u^∗), e_k(u^{−1}), e_k((u^{−1})^∗)} ≤ C_1(n/k)^α

gia kĹje k = 1, . . . , n. Epiplèon, C_1(α) = O((α − 1/2)^{−1}) kajÿc to α → 1/2. □

H gewmetrikă diatÔpwsh tou lămmatoc eÐnai h exăc.

Lămma 4.5.3 Gia kĹje p < 2 upĹrqei stajerĹ A_p tètoia ÿste gia kĹje summetrikì kurtì sÿma K ston R^n na mporoÔme na broÔme elleiyoeidèc E ston R^n pou ikanopoieÐ thn max{N(K, tE), N(E, tK), N(K^∘, tE^∘), N(E^∘, tK^∘)} ≤ exp(A_pn/t^p) gia kĹje t ≥ 1. □

Orismìc. ’Estw α > 1/2. Lème ìti èna summetrikì kurtì sÿma K eÐnai α-kanonikì an o qÿroc X_K ikanopoieÐ to Lămma 4.5.1 me u thn tautotikă apeikìnish. Tìte, upĹrqei r > 0 tètoioc ÿste max{N(K, tB_n), N(B_n, tK), N(K^∘, tB_n), N(B_n, tK^∘)} ≤ exp(A_pn/t^p) gia kĹje t ≥ 1, ìpou p = 1/α. To Jeÿrhma 4.4.1 deÐqnei ìti kĹje summetrikì kurtì sÿma èqei grammikă eikìna pou eÐnai α-kanonikă.

Gia ta α-kanonikĹ sÿmata èqoume mÐa isqură morfă thc antÐstrofhc anisìthtac Brunn-Minkowski.

Jeÿrhma 4.5.3 ’Estw α > 1/2 kai K_1, . . . , K_m α-kanonikĹ summetrikĹ kurtĹ sÿmata ston R^n . Tìte, |K_1 + · · · + K_m|^{1/n} ≤ b(α)m^α m∑ j=1 |K_j |^{1/n} ìpou b(α) stajerĹ pou exartĹtai mìno apì to α.

Apìdeixh: Apì ton orismì tou α-kanonikoÔ sÿmatoc, gia kĹje t ≥ 1 isqÔei max{N(K_j , tr_j B_n), N(r_j B_n, tK_j )} ≤ exp(A_pn/t^p) ìpou p = 1/α. Epomènwc,

N(K_1 + · · · + K_m, t(r_1B_n + · · · + r_mB_n)) ≤ m∏ j=1 N(K_j , tr_j B_n) ≤ exp(A_pnm/t^p). ’Epetai ìti

|K_1 + · · · + K_m|^{1/n} ≤ t exp(A_pm/t^p)|r_1B_n + · · · + r_mB_n|^{1/n} = t exp(A_pm/t^p) ( |r_1B_n|^{1/n} + · · · + |r_mB_n|^{1/n} ) . Apì thn N(r_j B_n, K_j ) ≤ exp(A_pn) blèpoume ìti |r_j B_n|^{1/n} ≤ exp(A_p)|K_j |^{1/n} Ĺra |K_1 + · · · + K_m|^{1/n} ≤ t exp(A_p + A_pm/t^p) ( |K_1|^{1/n} + · · · + |K_m|^{1/n} ) . An epilèxoume t = m^α = m^{1/p} paÐrnoume to zhtoÔmeno. □ Me anĹlogo trìpo apodeiknÔetai to exăc duðkì apotèlesma.

Jeÿrhma 4.5.4 ’Estw α > 1/2 kai K_1, . . . , K_m α-kanonikĹ summetrikĹ kurtĹ sÿmata ston R^n . Tìte, |K_1 ∩ · · · ∩ K_m|^{1/n} ≥ δ(α)m^{−1−α} inf { |K_1|^{1/n}, . . . , |K_m|^{1/n} } ìpou δ(α) stajerĹ pou exartĹtai mìno apì to α. □

96

BibliografÐa

[Bog] V.I.Bogachev, Gaussian measures, Mathematical Surveys and Monographs,Vol.62,AMS (1998).

[FT] T. Figiel and N. Tomczak-Jaegermann, Projections onto Hilbertian subspaces of Banach spaces, Israel J. Math. 33 (1979), 155-171.

[Gar] R.J. Gardner, Geometric Tomography, Cambridge University Press, New York, 1995.

[GMR] Y. Gordon, M. Meyer and S. Reisner, Zonoids with minimal volume product - a new proof, Proc. Amer. Math. Soc. 104 (1988), 273-276.

[Jo] F. John, Extremum problems with inequalities as subsidiary conditions, Courant Anniversary Volume, Interscience, New York (1948), 187-204.

[Le] D.R. Lewis, Ellipsoids defined by Banach ideal norms, Mathematika 26 (1979), 18-29.

[LT] M. Ledoux and M. Talagrand, Probability in Banach spaces, Ergeb. Math. Grenzgeb., 3. Folge, Vol. 23 Springer, Berlin (1991).

[Mi1] V.D. Milman, Inegalité de Brunn-Minkowski inverse et applications à la théorie locale des espaces normés, C.R. Acad. Sci. Paris 302 (1986), 25-28.

[Mi2] V.D. Milman, Isomorphic symmetrization and geometric inequalities, Lecture Notes in Mathematics 1317 (1988), 107-131.

[MP] M. Meyer and A. Pajor, On Santaló’s inequality, Lecture Notes in Mathematics 1376, Springer, Berlin (1989), 261-263.

[MS] V.D. Milman and G. Schechtman, Asymptotic Theory of Finite Dimensional Normed Spaces, Lecture Notes in Mathematics 1200 (1986), Springer, Berlin.

[Pi1] G. Pisier, The Volume of Convex Bodies and Banach Space Geometry, Cambridge Tracts in Mathematics 94 (1989).

[Pi2] G. Pisier, Holomorphic semi-groups and the geometry of Banach spaces, Annals of Math. 115 (1982), 375-392.

[Pi3] G. Pisier, Sur les espaces de Banach K-convexes, Séminaire d’ Analyse Fonctionelle 79-80, Ecole Polytechnique, Palaiseau, Exp. no 11.

[Pi4] G. Pisier, A new approach to several results of V. Milman, J. reine angew. Math. 393 (1989), 115-131.

[PT] A. Pajor and N. Tomczak-Jaegermann, Subspaces of small codimension of finite dimensional Banach spaces, Proc. Amer. Math. Soc. 97 (1986), 637-642.

[R] S. Reisner, Zonoids with minimal volume product, Math. Z. 192 (1986), 339- 346.

[RS] C.A. Rogers and G. Shephard, The difference body of a convex body, Arch. Math. 8 (1957), 220-233.

[Sch] R. Schneider, Convex Bodies: The Brunn-Minkowski Theory, Encyclopedia of Mathematics and its Applications 44, Cambridge University Press, Cambridge (1993).

[Su] V.N. Sudakov, Gaussian random processes and measures of solid angles in Hilbert spaces, Soviet Math. Dokl. 12 (1971), 412-415.

[SR] J. Saint-Raymond, Sur le volume des corps convexes symétriques, Sem. d’Initiation à l’Analyse, 1980-81, no. 11.

[T] N. Tomczak-Jaegermann, Dualité des nombres d’entropie pour des opérateurs à valeurs dans un espace de Hilbert, C.R. Acad. Sci. Paris 305 (1987), 299-301.